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Whole-cell diagnostic methods and analysis tools are critical for characterizing lithium-ion 

batteries as we aim to increase the performance and lifetime of these devices while also minimizing 

safety concerns and cost. Diagnostics of whole-cells can be significantly more complicated than 

their half-cell counterparts because of the lack of a reference electrode, and complex way two 

active electrodes interact with each other to yield a whole-cell response. The complexity of whole-

cell electrochemical methods adds a further burden to the quality and reproducibility of the 

experimental data used to validate the performance of whole-cell analysis tools. 

We create a dataset used in all subsequent analysis that is well replicated and is used to 

showcase the statistical attributes of a testing regime carried out using Samsung INR 18650-15M 

cells with NMC | Graphite chemistry aged to different states-of-health (SoH) at different charging 

rates and temperatures. The dataset includes measurements of open-circuit voltage (OCV) from 

low C-rate scanning along with differential analysis of OCV and capacity, electrochemical 

impedance (EIS) and nonlinear electrochemical impedance (NLEIS) measurements. 

Quadruplicate measurements were taken for nearly all conditions.  

Using data from our well-characterized cells, we adapt the half-cell Multi-Species, Multi-

Reaction (MSMR) model into a whole-cell diagnostic tool via inclusion of whole-cell design 

parameters and cell charge balance constraints. The whole-cell model is first compared to 

experiments using literature reference values for the MSMR thermodynamic parameters. To 

improve fit quality, the MSMR thermodynamic parameters and electrode capacities are 

simultaneously fit to the OCV and differential voltage data, producing low error, high quality fits 
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to experiments. Bootstrap analysis is performed to show the robustness of the fitting software to 

experimental noise and data sampling.  The MSMR results quantify which insertion reactions are 

most responsible for capacity loss in each electrode, while also showing how slippage in the 

lithiation window, changes in useable capacity, and other properties evolve as the cell ages.   

Finally, in this work, we provided an experimental framework for nonlinear electrochemical 

impedance spectroscopy (NLEIS). Increasing the input AC signal from the classic small-amplitude 

linear limit to a moderate amplitude that produces a second harmonic in the output signal (but no 

other harmonics), then the first-harmonic signal remains a valid representation of the linear 

response, while the second harmonic signal introduces new physics to the analysis. We show how 

the second harmonic NLEIS spectra build from, but complements, the Warburg and interfacial 

charge transfer response of the cell, providing unique insights into the evolution of charge transfer 

symmetry at low SOC as the cathode ages during cycling.  

These results launched two additional studies, where we collected the linear and nonlinear 

impedance response over much tighter SoC ranges to try and explore the emergence of these 

second harmonic charge-transfer kinetics and higher-order thermodynamic properties. We use 

traditional equivalent circuit elements to analyze the linear EIS, and then derive nonlinear 

equivalent circuit elements to model the NLEIS. Here, we also show that with inclusion of 

thermodynamic information achieved through the MSMR model, these new nonlinear circuit 

elements can capture the behavior we see in the charge-transfer asymmetry as well as the direction 

and quadrant that these nonlinear low-frequency may extend into. Finally, we also employ a full-

physics pseudo-2-dimensional model, to show the general validity of the results we see from using 

the simpler, empirical equivalent circuit models. 
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Chapter 1 - Introduction 
 

1.1 Background and Motivation 

Advances in energy storage are critical as the world aims to electrify everything with variable 

renewable energy.1,2 Lithium-ion batteries, the dominant electrochemical energy storage 

technology, consist of three major components, the anode, cathode, and the electrolyte/separator 

that allows ion conductivity without electrical shorting. Each of these components have ongoing, 

active research thrusts that are trying to increase energy density, power density, coulombic 

efficiency, cycle life, and safety.3  

In fundamental battery research, half-cell experiments play a critical role. Battery half-cells 

are a simplified configuration that allows detailed study of the anode/electrolyte or 

cathode/electrolyte performance by using bulk lithium metal foil as both the counter and reference 

electrode. Since lithium cations are involved in both the anode and cathode reaction for lithium-

ion insertion electrodes, bulk lithium metal can serve as a nearly ideal, stable reference electrode 

which has a large specific capacity, when prepared correctly.4 Conventionally, new electrode 

materials are tested under conditions that minimize complexity, for example, using excess 

electrolyte (called flooded conditions) and thick lithium foil reference/counter electrodes. Because 

of the simplified conditions, half-cells are useful for determining fundamental thermodynamic, 

kinetic, and transport properties from electrochemical measurements. Moreover, the simplicity of 

the cell supports complementary  operando x-ray crystallography and chemical composition 

studies, and so much more.5–9  

However, half-cells offer an incomplete window into the chemical and physical processes that 

control the performance of the advanced batteries that are ubiquitous in the market. In a 

commercially viable full-cell (or whole-cell), both the anode and cathode are highly engineered 

electrodes that seek to maximize the amount of active material and cell potential, while using 

increasingly thinner separators, resulting in very lean electrolyte conditions, leading to undesired 

reactions.10,11  
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When constructing whole-cells, a new set of design challenges begin to make themselves 

apparent, with the capacity ratios, lithiation ranges, and voltage limits for each electrode and the 

whole cell becoming a coupled set of design parameters. In whole-cells, the capacities of the 

cathode and anode are not equal. In almost all commercial lithium-ion batteries, the anode material 

is a form of natural or synthetic graphite fabricated into a porous electrode with 10 to 30% more 

capacity than the cathode (to limit safety hazard associated with lithium plating on the anode 

during charging).12,13 As a result, neither electrode is fully cycled , but instead often have a shallow 

range for lithiation and delithiation to improve the lifetime of batteries in real-world applications, 

to prevent lithium plating, or slow irreversible structural deformation in some layered transition 

metal oxides cathodes.  

At a fundamental level, whole-cells consist of two materials, one a powerful reducer and the 

other a powerful oxidizer, held microns apart by an ionically conductive electrolyte/separator.14–

16 Half-cells fail to capture the chemical interactivity of these materials, whereas whole-cells are 

subject to the ramifications of these interactions. The most prevalent example is in full-cells with 

cathode materials containing manganese, such as spinel-manganese oxide, or layered Nickel-

Manganese-Cobalt (NMC) electrodes. In these cells, Mn ions have the ability to dissolve into the 

electrolyte, cross through the separator, and deposit themselves into the solid-electrolyte interphase 

(SEI), a critical passivating layer that forms from electrolyte degradation on the graphite electrode, 

where they can act as catalysts for further electrolyte degradation and SEI growth (to the point 

where cell performance is damaged).17–19 Thus, to truly understand the physical and chemical 

properties of advanced batteries, whole-cells must be studied, not just isolated half-cell electrodes. 

Electrochemical methods are mostly oriented toward analyzing half-cells to extract 

fundamental thermodynamic, kinetic, and transport parameters. Half-cell methods such as low-C 

rate cycling, differential voltage and/or capacity analysis, galvanostatic or potentiostatic 

intermittent titration techniques, electrochemical impedance spectroscopy, and much more have 

been applied to whole-cells. However, the added complexity of having two active electrode 

responses, and no reference electrode to anchor the thermodynamic potential, makes it difficult to 

separate the effects of anode and cathode with confidence.20–22 The total electrochemical signal is 

built from the response of the two individual electrodes. For example, the whole-cell open circuit 

voltage (OCV) arises by subtracting the thermodynamic half-cell potential of the anode from the 

cathode (negative parity). The differential voltage adds the differential half-cell potentials for the 
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cathode and anode (positive parity).23 Likewise, whole-cell electrochemical impedance 

spectroscopy (EIS) is well known to have positive parity, that is, it arises from the sum of the 

individual half-cell impedances. We have shown that the whole-cell 2nd harmonic nonlinear EIS 

has negative parity and is derived by the difference of half-cell 2nd harmonic NLEIS from each 

electrode.24 Understanding the mathematical framework that describes these signal parities, and 

using one set of physics-based models to describe each half-cell, is a critical idea developed here 

for whole-cell diagnostic tools that can be used to extract physicochemical properties of the whole 

cell.20,23,24 

In order to ensure proper whole-cell experimental and modeling technique development, it is 

important to use batteries under test that are reproducible and reliable within a very narrow 

tolerance.25 Otherwise, it is unclear if the signals collected, and quality of model fit, are from 

instrumentation or manufacturing variance. Because of this, in this thesis we ensure a high level 

of replication of experiments, even for long duration aging studies. 

1.2 Whole-cell thermodynamic modeling 

In batteries, the solid-state thermodynamics of lithium insertion electrode materials dictate the 

phases and open-circuit potentials of the half-cells as the material is lithiated or delithiated.26,27 In 

a fresh whole-cell, the open circuit potentials of two know half-cells accurately represent the 

(negative parity) whole-cell OCV. However, as cells age, solid state materials are transformed by 

repeated lithiation/delithiation, as is the electrolyte, in ways that depend on the whole-cell design. 

Thus, physics-based modeling tools are needed that can deconvolute the evolving half-cell 

thermodynamic behavior from whole-cell electrochemical measurements.  

Electrochemical methods, such as galvanostatic or potential intermittent titration 

technique28,29, electrochemical impedance spectroscopy30–32, and differential voltammetry 

techniques33–35 can be used with half-cells and whole-cells, and each has a thermodynamic 

signature. Yet, the simplest and most common techniques used though in battery thermodynamic 

analysis is low-rate galvanostatic cycling and its complementary differential voltage or capacity 

analysis, where a very low C-rate is applied to the a half-cell or whole-cell of interest.5,36,37 At low 

enough C-rates, the measured signal is taken to be the thermodynamic open circuit potential of a 

half-cell or OCV of a whole-cell. Without a reference electrode though, as in commercial whole-
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cell batteries, the negative parity OCV alone cannot uniquely determine each half-cell 

thermodynamic potential23,38,39   

Differential voltage (dU/dQ), and its inverse, differential capacity (dQ/dU) are positive parity 

signals that are sensitive to insertion electrodes solid state energetics.23,39 In whole-cells, 

differential voltage and differential capacity is often used to interpret mechanisms for battery 

degradation and fade, inhomogeneous material degradation, and slippage.40–42 

 

Figure 1.1 Capacity (a) and differential capacity (b) plotted against a lithium half-cell reference potential. Each individual colorized 

line represents one of the six different staging reactions in graphite, with the dotted black line representing the cumulative electrode 

response for both the capacity and differential capacity.  

 

Quantitative thermodynamic models of insertion materials link the equilibrium potential to the 

extent of litigation and phases that form.43 However, the complexity of full-physics models can 

limit their usefulness.44–46 One model of interest that aims to reduce this complexity but also 

provide important information on the thermodynamics and solid-state relationships is the Multi-

Species, Multi-Reaction (MSMR) model developed by Verbrugge et al., at General Motors.7,47–49 

In the MSMR model framework, the overarching notion is that an electrode’s open-circuit 

potential plot is a result of a series of solid-state reactions, associated with different lithiated phases 

in layered transition-metal oxide electrodes48, graphite electrodes47, as well as conversion 

reactions, such as silicon electrodes.7 Each reaction can be modeled with three interpretable 

parameters, yielding half-cell potential responses such as those shown in Figure 1.1, for a graphite 
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electrode. Each colored line in both plots show a different reaction. The cumulative response is 

the superposition of all the individual signals for any given voltage. While this model was first 

developed for examining half-cell systems, the inclusion of some design parameters allows it to 

be shifted into the whole-cell paradigm, allowing it to be used to study the individual electrodes in 

a functional cell, as shown in Chapter 3   

1.3 Electrochemical impedance spectroscopy 

Electrochemical impedance spectroscopy (EIS), is a diagnostic tool that can 

nondestructively probe physicochemical phenomena in electrochemical systems using a small AC 

signal and measuring its subsequent response.50 In galvanostatic EIS, a small-amplitude sinusoidal 

current input is used to modulate the battery the resulting, phase-shifted sinusoidal voltage 

response is collected. Assuming the input current was a perfect cosine wave, at a given input 

frequency, , the impedance of the device is defined as: 

 

Z(ω) =
ΔV cos(ωt + θ)

ΔI cos(ωt)
                                                              [1.1] 

 

In a typical EIS experiment, the impedance is measured over a wide range of different 

frequencies. These impedances are commonly broken up into their real, Z’(), and imaginary, 

Z”() components, and then displayed in a Nyquist plot, as shown in Figure 1.2. 

 

 

Figure 1.2 Sample Nyquist plot showing the real and imaginary impedances, broken into three sections, where (a) shows the high-

frequency limit, and one electrode kinetics, (b) kinetics and interfacial processes of the more sluggish electrode, and (c) with the 

low-frequency tail influenced by thermodynamics and transport properties. 
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Lithium-ion batteries are complex systems, where several different physical and chemical 

behaviors are all occurring at different time scales. EIS is unique, in that the wide frequency scans 

allows for the separation and deconvolution of some of these behaviors that information. at the 

limit of the high frequency, the ohmic resistance of the device can be measured, as the high scan 

rates occur at too rapid a pace for any interfacial or diffusion phenomena to happen.50 Due to 

instrumentation and experimental error, inductance caused by the high frequencies can lead to 

positive imaginary components. At slightly lower frequencies where cells can now have a 

measurable intercalation/deintercalation, EIS is able to probe interfacial reactions, such as charge-

transfer, double-layer capacitances, or degradative side reactions.5,30,51–55 In this regime, EIS also 

is capable of distinguishing if one electrode has more sluggish kinetics than the other, as shown in 

region a and b in Figure 1.2. Finally, at low enough frequencies, like in section c of Figure 1.2, a 

tail-element becomes apparent, which contains information on thermodynamic and mass transport. 

Typical analysis of EIS is using equivalent circuit models, with multiple analysis programs 

available to do this type of model fitting to data.56 Equivalent circuits have the distinct advantage, 

in that they are very simple to use, where the simplest model for a full battery can be modeled by 

an ohmic resistor and two RC circuits (resistor and capacitor in parallel) connected in series, as 

shown in Fig 1.3. These RC circuits represent the faradaic current that passes through the charge-

transfer resistance and the non-faradaic current carried through the double-layer capacitance. 

However, these RC circuits capture the interfacial response and do not consider any contributions 

from mass-transfer limitations. Thus, a typical equivalent circuit in battery research is the Randle’s 

circuit, 1b, which includes a Warburg impedance, Zw, in the faradaic branch, that encapsulates the 

effects of mass-transfer limitations in the impedance measurements. Researchers have used 

equivalent circuit modeling in EIS to study phenomena like electrode kinetics and lithium-ion 

transport,29,51 and capacity loss mechanisms,5,30 such as SEI layer deposition and growth.53–55  

A major shortcoming of EIS though is that is a linearized method, and applications of it to 

an inherently nonlinear system can reduce the informational content that’s retrievable. EIS spectra 

are often analyzed using equivalent circuit models,57 and in rare instances, linearized physics-

based models,58 but the drawbacks to these methods of analysis is degeneracy, meaning that a 

single EIS spectra can be represented equivalently by multiple solutions.59 EIS signals from whole 

cells have positive parity, and arise from the sum of the two half-cell impedances. 



7 

 

1.4 Nonlinear electrochemical impedance spectroscopy 

A variant of EIS, nonlinear EIS (NLEIS) uses an increased magnitude of the input 

modulation so that the system of interest enters a weakly nonlinear regime.24 The moderate-

amplitude single-sine input produces small, but measurable, outputs at one or more higher 

harmonics of the fundamental frequency in the Fourier transform. These signals have previously 

been regarded as corruption to the linear response and often removed in the signal processing steps 

of EIS.60–63 However, these signals could be used to examine nonlinear phenomena and have been 

used in the fields of corrosion,64–66 fuel cells,67–69 mass-transport-controlled systems,70–72 chemical 

sensing,73–75 and more recently lithium-ion batteries.76,77  

Lvovich and Smiechowski were able to characterize degradation in industrial lubricants 

through monotonic trends in the second harmonic linear responses, while the linear responses had 

no discernible pattern.78 Wilson et al. used a mixture of NLEIS and physical models to determine 

the rate-determining mechanism of the oxygen-reduction reaction on solid oxide fuel cells, despite 

the models having degenerate answers in the traditional response.67,68 Xu and Riley were able to 

look at even harmonics in the ferri-ferrocyanide redox couple to examine transfer coefficients, 

which are often hard to experimentally determine.79 Heubner et al., then applied these same 

principles to gather transfer coefficients in lithium-iron phosphate cathodes.80 More recently, 

studies on the total harmonic distortion from higher harmonic responses have been used to examine 

nonlinear faradaic processes and battery degradation.76,81,82 

It is important to reiterate that the NLEIS method presented in this document is related to 

the weakly nonlinear regime, meaning that the number of measurable harmonics is few in number 

and that the voltage modulation does not exceed 25 mV. Due to this, NLEIS measurements can be 

a valuable complement to EIS, especially since it also does not require any new equipment. With 

small changes to the experiment methods and signal processing, higher harmonic NLEIS spectra 

can be calculated and better understood when analyzed in conjunction with a physics-based 

model.77 The inclusion of NLEIS and expanded models that look at the nonlinear phenomena can 

break the degeneracy of traditional, linearized models.67 Given the additional heightened 

sensitivity of NLEIS measurements and the eliminated risk of degeneracy, this technique could 

then be applied to study specific frequencies with a comprehensive physics-based model and 

estimate valuable parameters values. As we show in Chapter 4, second harmonic NLEIS is a 
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complementary technique to EIS, as it both reduces degeneracy inherent to EIS, but also has a 

negative whole-cell measurement parity compared to the positive whole-cell parity of EIS.  
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Chapter 2 - Battery Corpus: An open-access dataset of commercially 

available lithium-ion NMC batteries exploring experimental variability 

in battery degradation 
 

2.1 Introduction 

Li-ion cell and pack prices have declined by roughly 15% annually over the past five 

years83 driving exponential growth in the demand for batteries in applications such as consumer 

electronics, commercial and industrial demand management, grid-scale renewables storage, and 

especially electric vehicles. Innovations in materials, manufacturing, and use-case information 

sciences are needed to optimally meet this burgeoning demand in the most economical and 

environmentally sound manner. An obstacle to the pace of innovation is a lack of open datasets 

that link manufacturing test and measurement data, application-specific user data, and data from 

battery second use applications.  

Several  groups have released battery cycling datasets that are of sufficient size for 

statistical and machine learning approaches21,84–86, and some in-field user data is also emerging87, 

but the raw data is not always accessible for re-use. Moreover, data quality metrics are rarely 

reported, nor are the metadata labels standardized for ease of reuse and reanalysis.  In other fields, 

many of these barriers have been addressed, leading to data reuse and reanalysis have resulted in 

meta data standards, repository structures, and open licensing that make data available, findable, 

and reusable.88,89 

To overcome these barriers to sharing and reusing battery data collected by others, there is 

a growing movement toward creating public data repositories85,87,90 However, each group uses 

different data formats, metadata, and user-interfaces. Recently, a team of battery scientists and big-

data experts created the Battery Genome Project to create a common data structure.91 When battery 

datasets are accessible, more experts can explore the data in greater depth and offer alternative 

perspectives, insights, and analysis. Also, larger, and more comprehensive datasets can be made 

by combining efforts from multiple groups, which can then be used for machine learning tools. 

Another obstacle is related to the quality metrics and reproducibility of battery datasets. 

Many experiments prioritize testing across multiple conditions but limit the number of cells at each 
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condition (often, just a single cell per test condition86). This information is useful for understanding 

basic battery capabilities, but in order to make statistically relevant conclusions and predictions, 

especially when testing is of new materials and chemistries in low volume production, rather than 

mass produced cells with high quality control, replicates are needed to minimize the effect of cell 

variability on the results.92,93  

This work aims to contribute more cell cycling data to the community, focusing on 

commercial Samsung Li-NMC power cells. Nickel-Manganese-Cobalt (NMC) cathodes were 

chosen for this study because they have become more prominent due to their high energy density 

compared to Lithium-iron-phosphate and increased chemical stability and reduced cobalt content 

compared to Lithium-cobalt-oxide.94 The dataset includes replicate cycling datasets  and EIS 

measurements. We propose some aggregated statistical metrics that can be used to understand the 

dataset quality and identify outlier cells and experiments that exist even in mass produced cells. 

The data is published using the Battery Genome Project proposed JSON metadata file structure 

and includes a supplementary Jupyter Notebook to demonstrate the analysis and figures presented 

here, and to allow further investigation and data visualization from the broader community.    

  

2.2 Methodology 

2.2.1 Cycling Protocols 

Commercially available Samsung 1.5 Ah Li NMC | C power cells (INR 18650-15M), all 

from the same manufacturers lot number, were used in all measurements. A total of 48 cells were 

used with a balance between replicate experiments and number of uniqure testing conditions, as 

summarized in the test matrix (Table 1). Two different charging C-rates (2.67C and 2.00C) and a 

common discharge rate were compared at two different environment temperatures (5°C and 25°C). 

The charging C-rates were chosen to accelerate testing and degradation, while staying within the 

4A maximum charging rate recommended by the manufacture. The discharge rate for all cells was 

3.00C. In short, all cells were subjected to fairly agressive charge and discharge condiitions. To 

glean information on the states-of-health (SOH) and reproducibility of cells operated under the 

four different conditions,  
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For each of the four unique test conditions, 12 cells were used, summing to 48 distinct cells 

that underwent cycling. To study the intermediate states-of-health (SOH) and probe the 

reproducibility of cells operated under each set of conditions, subsets of cells were cycled 

accordingly with the test matrix in Table 2.1. Diagnostics for cells cycled as shown in Table 2.1 

included C/20 charge and discharge curves as well as electrochemical impedance spectroscopy 

(EIS) analysis at several different states-of-charge (SOC). An additional 4 fresh cells were used to 

collect open-circuit potential and impedance data at the beginning-of-life for this lot of cells. All 

of the 5°C experiments were completed using a Maccor 4000M 16-channel cycler in a Tenney 

TPS C-EVO Environment Testing Chamber and the 25°C were conducted with a Maccor 4000M 

96-channel cycler in a Maccor MTC-020 environment chamber. Individual cell case temperature 

measurements were available only through the 96-channel cycler and thus these data are available 

on select cells for the 25°C datasets. 

Each cell was allowed to equilibrate to the controlled temperature for four hours before 

being subjected to five break-in cycles at C/2 charge and discharge rates over the manufacturer 

recommended voltage range(2.5 V to 4.2 V). The cells were then aggressively cycled using one of 

the charging C-rate under study, and a 3C discharge rate, until they reached the target cycle 

number. The cells then underwent one more C/2 charge and discharge cycle for capacity 

comparisons with the beginning of life. The final measurement is the OCV measurement, which 

is conducted with low constant-current (C/20) measurements on charge and discharge. Once cells 

reached their target cycle number and had OCV and EIS measurements (as detailed in next 

section), they were removed from further cycling experiments. Prior work from this same class of 

commercial cells24 showed that there was low cell-to-cell variability, but the extent of this 

variability has not been systematically characterized. 

2.2.2 Electrochemical Testing 

Following the cycling experiments and the OCV measurements, the cells were then 

removed and EIS measurements were collected using an Autolab PG-STAT128N 

potentiostat/galvanostat with the frequency response analyzer module (Autolab FRA32). All 

measurements were collected at 25°C using a four-electrode configuration with voltage sensing at 

the cell terminals, regardless of the cell cycling temperature. 
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For each cell, a rest step of at least four hours helped ensure thermal equilibrium. EIS 

measurements were then collected at specific voltages that correlate with 10% (3.500 V), 30% 

(3.643 V), and 50% (3.820 V) state-of-charge (SOC) for fresh cells in this chemistry. Since all 

cells were fully discharged at the end of the cycling protocol, the cell under test was charged at a 

C/10 rate to the desired voltage, where it would then enter a two-hour constant voltage charge step, 

before being allowed to rest for another two hours at open-circuit. Impedance measurements were 

made over a logarithmically spaced frequency range from 10 kHz to 5.01 mHz, with ten points per 

decade, using a minimum of five steady-periodic cycles, logged with 4096 data points. 

Since all the cells are at varying degrees of degradation, the amplitude of the single-cosine 

current modulation waveform used to collect the impedance measurements, typically resulting in 

a voltage modulation around X mV, maximizing signal while avoiding measurable third harmonic 

responses (a signature of third-order distortions the linear EIS signal). To select the appropriate 

amperage, we used a cell from each of the different SOH and testing conditions and took 

impedance measurements at 0.100 and 0.010 Hz over a current range between 0.010 to 0.400 A at 

the three different SoCs. The time domain series data were then processed and amplitudes for EIS 

measurements for the remaining replicate cells for the condition of interest were selected where 

there were no detectable third harmonic signals. 

2.2.3 Post-Processing, Validation, and Statistical Analyses 

Due to inherent noise in the instrumentation, post-processing of the low-current (C/20) 

experiments was used to minimize noise in the differential information.95 We applied a third-order 

polynomial Savitzy-Golay filter with a window-length of 99 points across the entire dataset, where 

a center voltage is selected with 49 points before and 49 points after. The differential voltage 

(dV/dQ) is thus computed, where capacity, Q, is directly related to the charge/discharge current. 

The different capacity (dQ/dV) was calculated by taking the inverse. 

An important validation technique for impedance measurements is the Kramers-Kronig 

relationships. Proper Kramers-Kronig relations ensure that the impedance measurement is 

stationary, time-invariant, and is representative of a causal system. Here, we use the validation 

toolkit from the open-source software impedance.py, which implements the Kramers-Kronig 

methodology by Schönleber et al.96,97 
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To garner insight into experimental variability, statistical analysis was conducted for each 

measurement, at each condition for all replicate, following a common framework. First, the mean 

and the standard deviations are calculated at a consistent interval of the independent variable. 

Lower and upper limits of the envelopes of the 95% confidence intervals are calculated subtracting 

or adding two standard deviations to the mean value at that select interval, respectively. Relative 

standard deviations are also used in some of the later analysis and can be computed as the standard 

deviation/mean value*100%. 

. 

Table 2.1 Experimental Matrix with completed experiments marked 

C-Rate 

(charge) 
Temp 300 Cycles 600 Cycles 900 Cycles 

1000 

cycles+ 

2.00 C 5°C 4 4  4 

2.67 C 5°C 4 4  4 

2.00 C 25°C 4  4 4 

2.67 C 25°C 4 2 2 4 

 

2.3 Results and Discussion 

2.3.1 Overview of data 

The 3C discharge capacity of all 48 cells cycled cells cycled between 4.2 V and 2.5V, under 

the four different experimental conditions, are shown in Figure 2.1 as a function of cycle number. 

Cycles numbered 300, 600, and 900 are denoted by vertical dashed lines, since some cells were 

taken off-line at each of those cycle numbers for further EIS and low-rate C/20 testing. For each 

cycle number, the two standard deviations of true replicates (away from the mean capacity as 

shaded areas. The standard deviations are calculated based on the number of cells available at that 

particular cycle. The number of cells decreases as some cells are stopped at 300, 600, and 900 

cycles according to our experimental matrix in Table 2.1. Note that some cells did not make it to 

1500 cycles due to the experiments being stopped prematurely (though all these cells were 

degraded well past 80% capacity). 
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Figure 2.1 Capacity with cycles plot for all cycled cells under the four different experimental conditions Case 1: 2.67C, 25oC, Case 

2: 2C, 25oC, Case 3: 2.67C, 5oC, and Case 4: 2C, 5oC. Shaded areas represent two standard deviations. For each condition, cells 

were cycled to either 300, 600, 900, or 1500 cycles, as noted by the dashed lines. 

 

For the two conditions at 25°C, the initial capacity for all cells is higher than that at 5oC. 

Also, at the higher temperature, the cells follow a linear degradative trend, and the C-rate does not 

appear to have an effect on the capacity loss. For the cells cycled at the lower temperature, 

however, we see a steeper linear degradation trend initially, followed by nonlinear aging. There is 

also greater capacity loss at lower C-rates compared to higher C-rates, probably due to heat 

generation at higher C-rates, and much larger cell-to-cell variability. 

Since we have replicates for each experimental condition, we can perform statistical 

analysis to get a measure of data quality which can be affected by experimental measurement 

quality or cell-to-cell variation. Having a way to measure data quality can give us confidence in 

the trends we see from a dataset and also allow us to easily pick out outliers. In this paper, we 

show a few examples of using simple statistical methods to qualify our dataset as a whole.  
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2.3.2 Voltage curves 

For each experimental condition, we can examine the voltage curves at any cycle and also 

look at the variation within the replicate group of cells. For the experimental case, 2.67C and 25°C, 

there are eight cells that reach cycle 500. Figure 2.2 shows the mean of the charge and discharge 

voltages (normalized by capacity) of these eight cells at cycle 500. The two standard deviations 

calculated and shown as shaded areas in Figure 2.2 are relatively small but there is still some 

variation in the voltage curves for these well manufactured commercial cells. This is an example 

of only one of the experimental conditions. Refer to the Jupyter notebook accompanying this paper 

to look at data for other conditions at various cycles. 

 

Figure 2.2 Mean values of (a) charge and (b) discharge voltage with SOC at cycle 500 for a replicate group of cells cycled under 

the 2.67C, 25°C condition. This replicate group consists of 8 cells and the shaded area represents two standard deviations. 
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Figure 2.3 Mean values of end-of-testing C/20 constant current (a) charge and (b) discharge voltage curves with capacity for a 

replicate group of cells cycled under the 2C, 25oC condition. This group consists of cells 21, 22, and 23, which were all cycled for 

1500 cycles. The corresponding mean values of dQ/dV for (c) charge and (d) discharge are calculated from data shown in (a) and 

(b). All four plots include shaded grey areas that represent two standard deviations. The standard deviations are not noticeable in 

the voltage curves ((a), (b)); but in the dQ/dV plots ((c),(d)), the standard deviations are large around the peaks, which are 

highlighted by the vertical bands.  

 

2.3.3 Open circuit voltage and differential capacity analysis (dQ/dV) 

A slow C/20 constant current charge and discharge was carried out at the end of cycling 

for each cell, and the resulting voltage curves can be taken to be the pseudo-OCV. Using the 

experimental case, 2C and 25°C, which has three replicate cells cycled to 1500 cycles, we show 

the mean values and two standard deviations for the charge and discharge curves of these three 

cells in Figure 2.3a and 2.3b. The corresponding differential capacity or dQ/dV plots can then be 

obtained using techniques described in the Methods section and similarly, the mean and standard 

deviations of the differential capacities for charge and discharge for these three cells are shown in 

Figure 2.3c and 2.3d. For the voltage curves, there is little variation in this replicate group of cells; 

however, for the dQ/dV plots, we see larger standard deviations, especially in the regions around 
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the peaks, which are highlighted by the vertical bands. This is because very small changes in the 

voltages, when taking the derivative, can correspond to larger shifts in the peaks or changes in the 

width of the peaks. The peaks in the dQ/dV represent separate phase transitions and differences in 

materials composition, construction, and manufacturing can lead to slightly different peak heights 

and peak locations, leading to variability. Note that the second peak around 3.6V for the dQ/dV 

discharge in Figure 2.3d has especially noisy data with large variation, which we will explore later.  

 

Figure 2.4  For each of the 10 replicate groups, the standard deviation of voltage for the end-of-testing C/20 (a) charge and (b) 

discharge, and the relative standard deviation for the corresponding dQ/dV during (c) charge and (d) discharge. Replicate groups 

with any value above a 10% relative standard deviation in (c) and (d) are labeled in the legend and represented by a different set 

of markers. All other replicate groups with smaller relative standard deviations are represented as grey circles. Vertical bands 

represent the voltage bands of peaks found in the dQ/dV plots in Figure 3(c),(d), where standard deviation is generally larger. 

 

We can take the standard deviations calculated for each of the four plots in Figure 2.3 and 

obtain them for all replicate groups. In total, we have 9 replicate groups with sample sizes of three 

or greater. (In fact, we have 13 replicate groups, two of those only have sample sizes of two cells, 

and two other groups had cells that did not all end at the same number of cycles and are hence not 

true replicates.) Since OCV and dQ/dV are only measured at end-of-testing, a replicate group in 

this case consists of cells that have been cycled under the same conditions and have been cycled 

for the same number of total cycles. The standard deviations of the OCV for charge and discharge 
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for all 11 replicate groups are shown in Figure 2.4a and 2.4b, while the relative standard deviations 

of dQ/dV are shown in Figure 2.4c and 2.4d.  

The standard deviation of the voltages is, for the most part, below 10mV, which is a 

common number used in the community for quantifying voltage fit of model to data. This is true 

with the exception of the end of discharge (Figure 2.3b), where there is large standard deviation 

up to ~90mV due to the steep dropoff in voltage at the end of discharge. For the dQ/dV, the relative 

standard deviations are high around the peaks, indicated by the blue vertical bands. We chose an 

arbitrary 10% for relative standard deviation as a measure of good data quality for the dQ/dV data. 

All replicate groups that have any value of relative standard deviation for dQ/dV greater than 10% 

are labeled in the legend and represented by a different set of markers in Figure 2.4. The remaining 

replicate groups that have small relative standard deviations are represented as gray circles. Further 

details on these other replicate groups and their conditions can be found in the Jupyter notebook. 

We see that the replicate group at 2C, 25°C and cycled to the max number of cycles (1500 cycles, 

represented by orange crosses) have two points with high relative standard deviation in the 

discharge dQ/dV of ~25-30% (Figure 2.4d). We can take a deeper look at this replicate group in 

Figure 2.5.  

In Figure 2.5, we show the voltage and dQ/dV data for each of the cells (as opposed to the mean 

values of the three cells as in Figure 3). We see that Cell 22 (orange line) has a large oscillatory 

behavior for the second peak around 3.6V for the discharge dQ/dV (Figure 2.5d). Upon further 

examination, this is due to the oscillatory behavior in the discharge voltage seen in the inset of 

Figure 2.5b, where we show a zoomed in plot of the voltage. The filtering window that we chose 

to obtain the dQ/dV (~0.0207 Ah) is of similar length scale as the voltage discrepancies, and thus 

does not filter out this behavior, instead, taking the derivative amplifies the noise. We could choose 

to use larger filtering windows to further remove the inherent noise in the data, but larger windows 

might also remove important features. Here, we show that the reason for the large relative standard 

deviation of the dQ/dV for this replicate group is due to the underlying voltage measurement that 

is probably caused by the test equipment. Thus, we have shown how aggregate statistical analysis 

can be used as a tool to examine specific outliers and as a measure of overall data quality. 
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Figure 2.5: End-of-testing C/20 (a) charge and (b) discharge voltage curves for each of the three cells found in the replicate group 

cycled under the 2C, 25oC condition, and cycled for 1500 cycles. The inset of (b) shows a zoomed in plot of the voltage, where 

voltage measurements for cell 22 have an oscillating behavior. This can explain the oscillatory behavior of cell 22’s dQ/dV plot 

for (c) charge and (d) discharge. 

 

2.3.4 Electrochemical impedance spectroscopy (EIS) 

For each cell, EIS measurements were carried out at 10%, 30%, and 50% SOCs at the end 

of cycling. Again, we carry out the same statistical analysis on EIS data for replicate cells. Figure 

2.6 is a Nyquist plot of the mean EIS measurement for cells 1-4 at 30% SOC, with the gray shaded 

area representing two standard deviations from the mean. These four cells have undergone cycling 

for 300 cycles under 2.67C and 25°C conditions. We observe that the EIS measurements for this 

replicate group of cells is relatively reproducible with low standard deviation at the high and 

middle frequencies, and slightly larger standard deviation at the lower frequency tail.  
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Figure 2.6 Nyquist plot of the mean value of EIS measurements at SOC=30% of cells 1,2,3,4. These cells have undergone cycling 

for 300 cycles, under 2.67C and 25°C conditions. The shaded grey area represents two standard deviations. 

 

For each of the 9 replicate groups, we can calculate the relative standard deviation at each 

frequency for both the real and imaginary impedance. This is shown for the EIS measurements at 

30% SOC in Figure 2.7. We observe that one replicate group has significantly higher relative 

standard deviation than all other replicate groups. This replicate group (2C, 25°C, 300 cycles, cells 

13-16; plotted as blue squares in Figure 2.7) has higher relative standard deviation for real 

impedance in the low to middle frequencies, and higher relative standard deviation for imaginary 

impedance in the middle frequencies. Upon closer inspection, we see that the reason for this large 

deviation is due to a single cell being an outlier. Figure 2.8 is the Nyquist plot of the EIS of all 

four cells in the above replicate group at 30% SOC. The impedance for cell 13 is significantly 

different from cells 14, 15, and 16, hence translating to the large standard deviation of this replicate 

group. In this manner, aggregated statistical analysis of all EIS spectra collected allows us to easily 

point out cells that are outliers. Additionally, building a dataset with replicate cells allows us to 

have confidence in our measurements as the EIS of the other three cells demonstrate high quality 

reproducibility. 
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Figure 2.7 The relative standard deviation of the (a) real and (b) imaginary impedance as a function of frequency for each of the 12 

replicate groups, for SOC=30%. The blue square markers represent a replicate group that has high relative standard deviation (2C, 

25degC, 300 cycles). All other replicate groups with smaller relative standard deviation are plotted as grey circles. 

 

 

Figure 2.8 Nyquist plot of EIS measurements at SOC=30% for cells 13,14,15,16. This replicate group set (2C, 25°C, 300 cycles) 

is represented as having high relative standard deviation in Figure 7 as blue square markers. 

 

Finally, validation of collected EIS spectra is also important as discussed in the Methods 

section. The real and imaginary residual percentage errors from carrying out the linear Kramers-

Kronig analysis for all 141 EIS spectra are plotted in Figure 2.9a. Having residuals <2% is 
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indicative of a valid EIS measurement. Here, we point out two cases with the highest maximum 

residual errors of 4.63% and 5.02%, which corresponds to the EIS spectra in Figure 2.9bi and 2.9ci 

respectively, and we can see the residual errors for each frequency in Figure 2.9bii and 2.9cii.  

 

Figure 2.9 (a) Maximum residual percentage errors for real and imaginary values for all 141 collected EIS spectra is shown as a 

histogram. Nyquist plots of EIS spectra for (bi) cell 33 at SOC=10% and (ci) cell 10 and SOC=30%. Data is shown as blue square 

markers while the orange line is the fitted result from the Lin-KK model. The corresponding percentage residual error from the fit 

of real and imaginary data to the Link-KK model at all frequencies is plotted in (bii) and (cii). The highest real residual error shown 

in (bii) is 4.63%, and in (cii) is 5.02%, which are plotted and indicated by the arrows in (a). 

 

The spectrum in Figure 2.9bi is for cell 33 at 10% SOC which has been cycled for 300 

cycles under the 2C, 5°C condition. We observe that there are two residuals of ~2.5% and ~5% at 

low frequencies (9bii) and this corresponds to the points in the low frequency tail that deviate the 

most from the smooth fitted line. This means that the measurements at those frequencies might not 

be valid and violate the conditions required for EIS, but the rest of the spectrum at middle and high 

frequencies can still be considered as valid. The spectrum in Figure 2.9ci is for cell 10 at 30% SOC 

which has been cycled for 1500 cycles under the 2.67C, 25°C condition. In this case, there are a 

few residuals that are relatively high at middle frequencies (~100Hz) with the largest residual being 

5.02%. It is more challenging to visualize where these points might deviate from the fitted curve 

in this scenario, but we can assume, based on the larger residuals, that the measurement is not valid 

due to the cell being non-stationary for example.  

Validation of EIS measurements is important to ensure that any further analysis or 

interpretation of the data is reliable. Having tools to look at the magnitude and frequencies of the 

residuals can give us a better idea of data quality and guide data processing. For example, in the 
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case of cell 33 here (Figure 2.9bi), we might suggest removing the top two residuals while still 

keeping the data for the rest of the spectrum. 

 

2.4 Conclusions 

In this work, we present a dataset that includes cycling data and diagnostic measurements for Li-

NMC commercial cells at various C-rates, temperatures, SOHs, and SOCs. The motivation of this 

dataset is to contribute to the battery open-data community, while also showing the importance of 

prioritizing replicates in cycling datasets to account for cell variation. Most of the measurements 

in this study have four replicates for each condition. We highlight the usefulness of using statistical 

tools to point out outliers and inconsistencies in data quality due to either equipment or 

experimental measurement error, or cell variability. This is only possible with the inclusion of 

replicate data and allows us to have more confidence in any trends or interpretations of results 

from this dataset. Furthermore, we also quantified the variance in these commercial cells for 

various measurements, and we believe the variance for in-house cells would be higher, which 

further emphasizes the importance of replicate data to have larger sample sizes for statistically 

significant conclusions.  

 All data collected in this study is published on Zenodo, including JSON files that include 

the metadata suggested by the Battery Genome Project. A supplementary Jupyter Notebook is also 

available to present the statistical analysis in more detail and the figures presented in this work.  
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Chapter 3 - Low error estimation of half-cell thermodynamic parameters 

from whole-cell Li-ion battery experiments: Physics-based model 

formulation, experimental demonstration, and an open software tool 
 

Note: this chapter was published as an article in the Journal of the Electrochemical Society.98 All 

supporting data and software can be found on Zenodo99 

• Hu, V.W.; Schwartz, D. T. Low Error Estimation of Half-Cell Thermodynamic Parameters 

from Whole-Cell Li-Ion Battery Experiments: Physics-Based Model Formulation, 

Experimental Demonstration, and an Open Software Tool. J. Electrochem. Soc. (2022).  

https://doi.org/10.1149/1945-7111/ac5a1a  

• Hu, V.W.; Schwartz, D.T. https://doi.org/10.5281/zenodo.5847378  

Abstract 

Low C-rate charge and discharge experiments, plus complementary differential voltage or 

differential capacity analysis, are among the most common battery characterization methods. Here, 

we adapt the multi-species, multi-reaction (MSMR) half-cell thermodynamic model to low C-rate 

cycling of whole-cell Li-ion batteries. MSMR models for the anode and cathode are coupled 

through whole-cell charge balances and cell-cycling voltage constraint equations, forming the 

basis for model-based estimation of MSMR half-cell parameters from whole-cell experimental 

data. Emergent properties of the whole-cell, like slippage of the anode and cathode lithiation 

windows, are also computed as cells cycle and degrade. A sequential least-square optimization 

scheme is used for parameter estimation from low-C cycling data of Samsung 18650 NMC|C cells. 

Low-error fits of the open-circuit cell voltage (e.g., under 5 mV mean absolute error for charge or 

discharge curves) and differential voltage curves for fresh and aged cells are achieved. We explore 

the features (and limitations) of using literature reference values for the MSMR half-cell 

thermodynamic parameters (reducing our whole-cell formulation to a 1-degree-of-freedom fit) and 

demonstrate the benefits of expanding the degrees of freedom by letting the MSMR parameters be 

tailored to the cell under test, within a constrained neighborhood of the half-cell reference values.  

Bootstrap analysis is performed on each dataset to show the robustness of our fitting to 

experimental noise and data sampling over the course of 600 cell cycles. The results show which 

specific MSMR insertion reactions are most responsible for capacity loss in each half-cell and the 

collective interactions that lead to whole-cell slippage and changes in useable capacity.  Open-

https://doi.org/10.1149/1945-7111/ac5a1a
https://doi.org/10.5281/zenodo.5847378
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source software is made available to easily extend this model-based analysis to other labs and 

battery chemistries. 
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3.1 Introduction  

 Widespread electrification of new economic sectors is driving the demand for reliable, safe, 

and affordable high energy and power-density batteries.10 To meet this demand, battery materials 

are continually advancing, separators are getting thinner, the ratio of electrolyte to active material 

is falling, and ever larger cell formats are being introduced.  The reality of these modern battery 

engineering strategies is that the response of an engineered cell increasingly requires the analysis 

of two strongly-interacting active electrodes, not a simplified half-cell. Nonetheless, battery 

science is largely half-cell science carried out in small button cell (CR2032) geometries, providing 

key properties of pristine active materials without the complicating (but important) implications 

of a second active electrode microns away.14–16  

 Deconvoluting fundamental physicochemical parameters for each electrode during 

operation of an engineered whole-cell is critical for understanding device performance, especially 

aging, but it is fundamentally challenging .24,26,39,100  The differences between characterizing 

battery half-cells and whole-cells can be profound: coin cells use excess electrolyte whereas 

engineered whole-cells are lean on electrolyte; the two classes of cells have different thermal and 

current distribution behaviors, and it also matters if the whole cell is a cylindrical, pouch, or 

prismatic configurations under (nominally) identical electrochemical testing.14,101 One way to 

extract half-cell electrochemical data from engineered whole-cells is destructive analysis. In this 

case, the (usually aged) whole-cell is disassembled to harvest electrodes for more traditional half-

cell studies and materials analysis, but this introduces uncertainties such as cell compression 

effects, differences in electrolyte composition and amount, and possible damage to electrode 

surfaces and pores structure.102  The alternative is to apply appropriate physics-based modeling to 

analyze whole-cell measurements, then use sophisticated estimation methods to determine 

fundamental physicochemical parameters of the half cell.  

 Here we adapt a half-cell physics-based thermodynamic model, and share open-source 

software, that can be used to parameterize whole-cell measurements, resulting in low residual error 

half-cell data. For insertion electrodes, solid-state thermodynamics dictate material phases and 

reactions that underpin the potential achievable at any given state-of-charge.27 The thermodynamic 

open-circuit voltage (OCV) in a battery is the electrochemical potential difference between the 

anode and the cathode in a common electrolyte.26 Common experimental techniques to measure 
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the OCV at different intercalation states involve low C-rate galvanostatic cycling20,103,104,  

complementary differential voltage (dV/dQ) or differential capacity (dQ/dV), as well as 

galvanostatic or potentiostatic intermittent titration techniques.105,106  Because an engineered 

whole-cell operates without a reference electrode,  OCV vs. state-of-charge data alone is 

insufficient to estimate potentials of either electrodes against a known thermodynamic reference 

.23,38,39 However, we show that whole-cell OCV measurements combined with a physics-based 

solid-state thermodynamic model that is “seeded” with half-cell parameters referenced to lithium 

metal, can be used to self-consistently decouple and quantify individual electrode thermodynamic 

parameters from the whole-cell response. We offer a quantitative approach that goes beyond using 

half-cell studies as a basis for assigning peaks in whole-cell differential analysis107–112 , while 

avoiding destructive postmortem analysis.37 Whole cell parameter estimation using differential 

voltage and differential capacity data from aging cells helps understand inhomogeneous material 

degradation and slippage.40–42 Open software used for the analysis of engineered whole-cells is 

provided as a Jupyter notebook. 

3.2 Physics-Based Modeling and Parameter Estimation Approach 

 Thermodynamic model attributes – The Multi-Species, Multi-Reactions (MSMR) model 

describes the electrochemical thermodynamics of solid-state reactions and phase transitions that 

insertion materials go through at different lithiation states.7,49,113 The model has been shown to 

nicely match experimental half-cell open circuit potential data, and it captures a wide range of 

solid-state complexity, including phase changes. Because the model has a simple deterministic 

form with easily interpretable parameters, it can be tuned to explore the effects of parameters on 

OCP and differential voltage and, as shown here, used in optimization software for robust 

parameter estimation.  Studies of open-circuit and differential voltage spectra of whole-cells 

typically build from half-cell experimental data and models.114–116 As a result of having physically 

interpretable parameters, the MSMR model has been used to gain insight into interfacial 

resistances in graphite47,117, interfacial reactions in Li-Si7, and the effect of scan rate in linear sweep 

voltammetry experiments49,113.    

 Mathematically, the MSMR model describes potential-dependent lithium occupancy of 

different insertion reactions in a half-cell electrode under study (each reaction is denoted by 

subscript j).  To directly align with experimental quantities, we write the MSMR model with 
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extensive variables, representing the inserted Li+ charge with Q (Ah units), rather than site 

occupancy fraction (an intensive variable): 

    𝑄𝑗(𝑈) =
𝑄𝑗,𝑡𝑜𝑡

1+exp [𝑓(𝑈−𝑈𝑗
0) 𝜔𝑗⁄ ]

          (3.1) 

and differential capacity 

   
𝑑𝑄𝑗

𝑑𝑈
(𝑈) =  −

𝑄𝑗,𝑡𝑜𝑡

𝜔𝑗

𝑓 exp[𝑓(𝑈−𝑈𝑗
0) 𝜔𝑗⁄ ]

[1+exp[𝑓(𝑈−𝑈𝑗
0) 𝜔𝑗]]2⁄

        (3.2) 

where f = F/(RT), U is the half-cell potential (vs. a lithium metal reference), Uj
0 is the standard 

potential of any reaction j, and j captures non-ideality associated with intercalation reaction j. 

Ideal Nernstian behavior is represented by j = 1, whereas attractive interactions in the lithiated 

solid occurs with j <1. Strong attractive interactions can represent complex phase behavior such 

as staging seen in graphite anodes. Alternatively, repulsive interaction occurs with j  > 1. Each 

of the j reactions has a total insertion capacity denoted 𝑄𝑗,𝑡𝑜𝑡.  To calculate the overall insertion 

capacity and differential capacity of an electrode at any given voltage, the set of independent 

intercalation reactions are summed over all J reactions that occur in the insertion half-cell: 

     𝑄(𝑈) = ∑ 𝑄𝑗(𝑈)𝐽
1          (3.3) 

and 

     
𝑑𝑄

𝑑𝑈
(𝑈) = ∑

𝑑𝑄𝑗

𝑑𝑈
(𝑈)𝐽

1   .         (3.4) 

The total insertion capacity of all electrode reactions is  

     𝑄𝑡𝑜𝑡 =  ∑ 𝑄𝑗,𝑡𝑜𝑡
𝐽
1   .         (3.5) 

The MSMR half-cell equations work equally well for the typical positive and negative insertion 

electrodes used in many Li-ion chemistries, and later we add a (+) or (–) superscript to variables 

and parameters to assign them to a particular electrode in the whole-cell. 

 Utilizing half-cell models to create a whole-cell response – Qualitatively, the difference 

between half-cell and whole-cell models is the coupling of charge transfer in each electrode, where 

incremental insertion in one electrode (δ𝑄) is complemented, ideally, by an equal and opposite 
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extraction from the other electrode. For safety and durability, this simultaneous 

insertion/extraction process is bounded by upper and lower whole-cell voltage limits. 

Consequently, for typical Li-ion chemistries, positive electrodes are cycled between intermediate 

lithiation states118, whereas graphite anodes cycle to near their fully-delithiated state. The usable 

capacity (Q) achieved by cycling between the upper (charged) and lower (discharged) cell 

voltage limits is lower than the total insertion capacity of either the positive or negative electrode 

(denoted 𝑄𝑡𝑜𝑡
+  and 𝑄𝑡𝑜𝑡

−  , respectively) as defined in Eq. (3.5). 

 Mathematically, the relationship between each half-cell’s lithiation state at the upper 

voltage limits can be written 

    𝑉𝑢𝑝𝑝𝑒𝑟 = 𝑈+(𝑄𝑚𝑖𝑛
+ ) − 𝑈−(𝑄𝑚𝑎𝑥

− )        (3.6) 

for a nominally charged cell, and for the lower cell voltage 

    𝑉𝑙𝑜𝑤𝑒𝑟 = 𝑈+(𝑄𝑚𝑎𝑥
+ ) − 𝑈−(𝑄𝑚𝑖𝑛

− )        (3.7) 

in a nominally discharged cell. The superscripts (+) and (–) denote the positive and negative half-

cell variables computed from Eqs. (3.1)-(3.5), and the subscripts max and min describe the 

maximum and minimum inserted lithium ion in each electrode during a single charge/discharge 

cycle.  The useable charge capacity (Δ𝑄) of an ideal cell operating between the specified upper 

and lower voltage bounds is defined by the relationship 

     𝑄𝑚𝑎𝑥
± = 𝑄𝑚𝑖𝑛

± + Δ𝑄         (3.8) 

for both the positive and negative electrodes.  Of course, batteries are not ideal and age over many 

cycles (by many mechanisms), slowly reducing the useable charge, resulting in a shift of  𝑄𝑚𝑎𝑥
±  

and 𝑄𝑚𝑖𝑛
±  to simultaneously satisfy the constraints set by Eqs. (3.6)-(3.8) with Vupper and Vlower 

fixed. The consequences of loss of capacity, and the resulting “slippage” of the lithiated states for 

nominally fully-charged and fully-discharged cells have consequences that propagate through the 

estimation of all parameters in Eqs. (3.1)-(3.8).  

 Formulating a charge conserving full-cell model to optimize against experimental data – 

Experimentally, we use standard cell testing methods, namely, low-rate constant current charge 

and discharge (low C-rate), to determine the equilibrium cell voltage over the accessible range of 



30 

 

lithiation states between the discharged and charged cell. Experimental whole-cell voltages, at any 

state-of-charge, are represented in model variables as  

     𝑉 = 𝑈+(𝑄+) − 𝑈−(𝑄−)        (3.9) 

where the measured voltages are related to state-of-charge in each electrode. Each increment of 

measured charge (δ𝑄𝑒𝑥𝑝) has a concomitant Li-ion insertion/extraction charge, such that δ𝑄𝑒𝑥𝑝 =

δ𝑄+ = – δ𝑄− for ideal faradaic efficiency.  The differential voltage is also often used as a highly 

sensitive method for identifying multiple solid-state insertion reactions. With the nomenclature of 

this work, differential voltage experiments can be represented as: 

    
𝑑𝑉

𝑑𝑄
=

𝑑𝑈+(𝑄+)

𝑑𝑄
+

𝑑𝑈−(𝑄−)

𝑑𝑄
         (3.10) 

with the continuing assumption of ideal faradaic efficiency for a given cycle. 

 The MSMR model, Eq. (3.1)-(3.5), uses half-cell potential as the independent variable, 

with extent of solid lithiation as the dependent variable, whereas typical experiments, represented 

by Eq. (3.9) and (3.10), control lithiation state and measure the resulting voltage.   Though the 

natural independent and dependent variables from modeling and experiments are not identical, 

both formulations behave well when inverted (since voltage and charge are monotonic functions 

in Li-ion batteries). Thus, there are several options for formulating the optimization problem when 

seeking to estimate model parameters against data.  As represented in the Jupyter Notebook used 

for this work119, we have found robust model fitting to experimental data from minimization of the  

Cost function,  

 𝐶𝑜𝑠𝑡 = 𝑤𝑒𝑖𝑔ℎ𝑡1 ∑
|𝛿𝑄𝑘

𝑒𝑥𝑝
−𝛿𝑄𝑘

𝑀𝑆𝑀𝑅|

〈𝛿𝑄𝑒𝑥𝑝〉𝑘 + 𝑤𝑒𝑖𝑔ℎ𝑡2 ∑
|(

𝑑𝑉

𝑑𝑄
)

𝑘

𝑒𝑥𝑝
 − (

𝑑𝑉

𝑑𝑄
)

𝑘

𝑀𝑆𝑀𝑅
|

〈
𝑑𝑉𝑒𝑥𝑝

𝑑𝑄
〉

    (3.11) 

as a function of cell voltage, where the brackets <> denote average values. In initial work, we used 

1000 evenly spaced points in voltage to define incremental charge and differential voltage in the 

experiment and modeled system (even spacing was relaxed in later bootstrap analysis). Moreover, 

if we assume the experimentally measured useable charge ∆𝑄𝑒𝑥𝑝 is ideally related to the modeled 

insertion/extraction in a given cycle, so that, 

     ∆𝑄𝑒𝑥𝑝 = ∆𝑄+ = −∆𝑄− ,       (3.12) 
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then we can use 𝑄𝑚𝑖𝑛
+  and 𝑄𝑚𝑖𝑛

−  as parameters of the model and apply Eq. (3.8) to determine 𝑄𝑚𝑎𝑥
±  

for the positive and negative electrodes.  We also constrain our fits by enforcing Eq. (3.6) and 

(3.7), so that model and experiments agree exactly at the upper and lower cell voltages  

    𝑉𝑢𝑝𝑝𝑒𝑟
𝑒𝑥𝑝 = 𝑈+(𝑄𝑚𝑖𝑛

+ ) − 𝑈−(𝑄𝑚𝑎𝑥
− )      (3.13) 

and   

    𝑉𝑙𝑜𝑤𝑒𝑟
𝑒𝑥𝑝 = 𝑈+(𝑄𝑚𝑎𝑥

+ ) − 𝑈−(𝑄𝑚𝑖𝑛
− )  .      (3.14) 

 Finally, if the total positive and negative electrode capacities are known reliably by 

independent experimental measurements, i.e., 𝑄𝑡𝑜𝑡
𝑒𝑥𝑝

is known for both electrodes, then Eq. (3.5) can 

be used to constrain the modeled values of 𝑄𝑗,𝑡𝑜𝑡 for each electrode by enforcing an exact match 

to the experimental values.  When doing parameter estimation, we allowed total capacity of both 

electrodes to be determined by the fit, rather than imposed as a constraint. This choice has several 

reasons and consequences. First, we are using commercial cells for our experiments, with 

imprecisely known total active material loading, so it is unclear how accurately we can know 𝑄𝑡𝑜𝑡
𝑒𝑥𝑝

. 

Second, as cells degrade with cycling, the total capacity of each electrode evolves into an unknown, 

even if there is good data on the fresh cell. Finally, determining the total capacity based on the fit 

parameters can allow a physics-informed evaluation of the reasonableness of the fitting process. 

 Seeding initial parameters and establishing physical bounds for parameters. —The 

procedures for initiating the best-fit of half-cell parameters (Qj.tot, Uj
0, j) in fresh cells begins with 

reference parameters determined by Verbrugge et al.48 for a variety of cathode and anode materials 

measured in half-cells. As shown in the Results and Discussion section, the reference parameters 

give reasonable representations of the carbon and blended NMC/LMO electrodes in our 

experimental cell, when normalized by an appropriate initial guess for the positive and negative 

electrode total capacities 𝑄𝑡𝑜𝑡, along with enforcement of conditions (3.8), (3.12)-(3.14) at the 

beginning and end of discharge. Because the MSMR model parameters are physically intuitive 

and have easily predicted effects on half-cell behavior, we normally make small user adjustments 

to the reference parameter set to help ensure rapid convergence to low mean absolute error fits of 

the fresh cell experimental data.   Fitting bounds were placed on each type of parameter: Uj
0 was 

allowed to vary by 20 mV from the initial value; Qj,tot was allowed to vary by 25% of the initial 
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value, and j was allowed to vary by 25% of the initial value. The one exception was allowing 

only 5% variation on the Qj,tot parameters for the LMO reactions, to ensure the proportion of NMC 

to LMO in the blended electrode was close to the value we measured experimentally. 

 Our implementation of parameter estimation (see Jupyter notebook119) involves Cost 

function minimization using fmin_slsqp, a sequential least-squares optimization scheme in the 

Python package SciPy. We evenly weight the Cost function between the capacity and differential 

voltage terms in Eq. (3.11). Our basic procedure is to optimize over 1000 evenly spaced points in 

voltage over the range of 3.49 V to 4.15 V. This optimization window is less than the lower and 

upper cell voltage cycling limits (set as Vlower = 2.56 V and Vupper = 4.2 V in the charging 

experiments described below).  By limiting the Cost function minimization to this window, the fit 

focuses on the major features in the differential voltage data, without overly biasing the fit by 

extreme differential voltages seen at the boundaries of the charging curves. Nonetheless, the full 

cycling window is part of the optimization through the constraints set by Eqs. (3.8), (3.12) - (3.14), 

ensuring that the modeled full-cell voltages and usable charge matches the experimental voltages 

at the beginning (2.56 V) and end (4.2 V) of a charge cycle.   

 When doing a full parameter estimation, with model parameters Uj
0, Qj,tot, and j 

determined for low C-rate charging of fresh cells, those parameters become the initial guesses for 

fitting the next dataset after the cells are aged. Here we reevaluated the cells after 300 aggressive 

cycles. For data from 300 aging cycles (and all subsequent cycles), the tight bounds on LMO 

capacity parameters are relaxed to match the ±25% bounds on NMC values of Qj,tot. Likewise, the 

best-fit model parameters from 300 cycles become the initial guess for fitting low C-rate testing 

after 600 total cycles.   For the fits of the 600-cycle aged cell, the Uj
0 parameters are bounded 

within ±10 mV of the values 300 cycle best-fit values. 

 Because the experimentally measured useable capacity declines during cell cycling, Eqs. 

(3.8), (3.12)-(3.14) show the fundamental origin of so called “slippage” in Li-ion batteries. 

Slippage arises naturally when there is model agreement with the experimental voltage constraints 

and (changing) useable charge values.  Here, we allow the minimum inserted lithium in each 

electrode, 𝑄𝑚𝑖𝑛
+  and 𝑄𝑚𝑖𝑛

−  , to provide the degrees of freedom that allow the meeting of constraints 

at the upper and lower voltage bounds of our experimental measurements. For the positive 
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electrode, we set an upper bound for fitting of 𝑄𝑚𝑖𝑛
+  to the value from the last best-fit of data. The 

lower bound for 𝑄𝑚𝑖𝑛
+  is set as if all the measured experimental capacity loss is in slippage of 𝑄𝑚𝑖𝑛

+ ; 

the best fit must fall between these physically-reasonable bounds. For the negative electrode, the 

fitting bounds were set between fully delithiated carbon and 0.5% lithiated carbon (for our fresh 

cells, that means 0 ≤ 𝑄𝑚𝑖𝑛
− ≤ 0.0108 Ahr). 

 Bootstrapping Analysis.—To further explore the statistical sensitivity of our analysis to 

details of experimental sampling and noise, we performed a bootstrapping analysis. Instead of 

using 1000 evenly spaced points within the optimization voltage range, the bootstrapping process 

takes 1000 random points (out of roughly 6000 for each dataset), and then performs the parameter 

estimation, repeating the process (with replacement) through 500 iterations. These bootstrapped 

data are first filtered to remove any fit iterations with differential voltage MAE > 0.04 V/Ahr, as 

this represented outlier fits that do not accurately capture the features of the datasets. These filtered 

data are then used to calculate the population mean and confidence interval for each parameter. 

All data shown in the main body of this manuscript is computed and fit against experimental 

charging data from the lower voltage limit to the upper voltage limit. In the Supplementary 

Information, the complementary experimental data for cell discharge, discharge best-fit 

parameters, and bootstrapped results are presented.  

3.3 Experimental Methods 

 Cycling experiments were performed on commercially available Samsung 1.5 Ahr LiNMC 

| C cells (INR 18650-15M) using a Maccor 4000M battery cycler in a Maccor MTC-020 

environment chamber set at 25°C. All cells were first subjected to five initial cycles with a C/2 

charge and discharge rate within the specified voltage windows (2.5 V to 4.2), where the cell 

capacity stopped increasing. To evaluate cell degradation in these batteries, individual cells were 

cycled to 300 and 600 cycles, where a full cycle included a 2.67C (4 A) charge to 4.2 V, a constant 

voltage hold at 4.2 V until current drops to 100 mA, and then a 2.67C discharge down to 2.5 V. 

 Once the batteries had completed the specified cycling profile, the cells were then 

discharged at a C/10 rate to 2.5 V. The cells were then subjected to a low galvanostatically 

controlled (C/20) charge and discharge to estimate the open-circuit voltage data, with data points 

collected every 10 seconds. To get the differential voltage (dV/dQ), a smoothing filter was applied 



34 

 

for each dataset to reduce differentiation noise and error.95 A Savitzy-Golay filter with a third-

order polynomial was applied around a central voltage with n data points in the window length, 

resulting in (n – 1)/2 points before and after the central voltage.. The smoothed values at the edges 

were calculated from the polynomials fit at the first and last central voltages that satisfy the window 

length. After preliminary evaluation, we selected a value of n = 99 points, resulting in a window 

with a central voltage that has 49 points before and after so that all the major features of the 

differential voltage were easily distinguishable, but not overly smoothed. 

 To estimate the total insertion capacities of the electrodes for the cells under test, we 

discharged the cells to 0.00 V and then opened the cell casing in a glove box to extract the 

electrodes and separator. The positive and negative electrode sheets were peeled from the separator 

and placed into a vacuum oven set at 80°C overnight to remove solvents. Cathode disks were 

punched from the dried sheet using a 15mm arc punch and weighed. Active material from the 

cathode was removed using N-methyl-2-pyrrolidone (NMP, Sigma-Aldrich) to reveal the bare 

current collector, which was then dried overnight in the vacuum oven and weighed. The mass 

difference between the coated and bare current collector was the weight of the active material, 

binder, and other additives; standard ratios were used to estimate a total cathode insertion capacity 

of 𝑄𝑡𝑜𝑡
+ = 1.8 𝐴ℎ.  Anode materials were less reliably measurable, owing to poor adhesion of the 

coating to the current collector, resulting in material losses when peeled from the separator and 

when punched.  Initial differential voltage analysis measurements indicated that these commercial 

NMC cells were a blended cathode system, composed of both NxMyCz and spinel MnO2.
37,120 This 

was confirmed with X-Ray diffraction (XRD) and energy dispersive X-ray spectroscopy (EDX) 

along with the composition of the NMC and fractional MnO2 .  Electrode capacities were then 

estimated from the mass and composition data combined with literature values for published 

capacities for NMC9,121–123, and MnO2,
121,124 along with common formulations for the ratio of 

active electrode material to binder and additives . 

3.4 Results and Discussion 

 Verbrugge et al., determined MSMR parameters for a wide variety of insertion electrodes 

based on fits to half-cell experiments. For our cells under test, X-ray diffraction and energy 

dispersive x-ray analysis showed that the cathode material is a blend of 66% NMC532 and 34% 

spinel-MnO2, combined with a graphite anode. Verbrugge et al. have provided best-fit half-cell 
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parameters for NMC622, LMO, and carbon, and thus, provides a good initial set of 

thermochemical parameters for our cathode  and anode material classes. The MSMR model easily 

accommodates a blended electrode, since the total capacity is additive at a given potential, per Eqs. 

(3.1) and (3.5). Consequently, the appropriate reactions for both LMO and NMC were added 

together, using reaction capacities commensurate with the measured blending ratio, to achieve the 

half-cell thermodynamics of the cathode.  

 Implementing the MSMR half-cell model into the whole-cell paradigm.– To illustrate how 

experimental whole-cell usable charge and voltage constraints, Eqs. (3.8), (3.12)-(3.14) are 

implement with MSMR half-cell models, we start by describing a single degree of freedom fitting 

of the model-to-measurements, then successively relax assumptions to achieve a higher degree of 

freedom best-fit of model-to-measurements.  

 To reduce the model degrees of freedom, we use the MSMR half-cell thermophysical 

parameters reported in Verbrugge et al. to represent our blended NMC/LMO (66/34) cathode and 

graphite anode; this removes all the MSMR model parameters as unknowns (there are six insertion 

reactions per electrode). Further, we scale the thermophysical parameters with an estimate of total 

insertion capacity for each electrode, 𝑄𝑡𝑜𝑡
±  in the experimental cell under test. Specifically, we 

estimate the total cathode capacity 𝑄𝑡𝑜𝑡
+ = 1.8 𝐴ℎ for our 1.5 Ah-rated Samsung cells, based on 

weighing of the cathode loading in disassembled cells, along with reasonable estimates of binder 

and other additive masses, as well as specific capacities for the blended cathode materials (200 

mAh/g and 120 mAh/g for NMC532 and LMO, respectively), A typical n/p ratio of 1.1 was used 

to estimate the negative electrode capacity 𝑄𝑡𝑜𝑡
− = 1.96 𝐴ℎ. 

 With these half-cell and cell-under-test parameters estimated through independent means, 

and not allowed to vary, the whole-cell MSMR model has a single degree of freedom—chosen 

from among the parameters, Q𝑚𝑖𝑛
+ , Q𝑚𝑎𝑥

+ ,  Q𝑚𝑖𝑛
− , Q𝑚𝑎𝑥

− —to fit the measured usable charge 

(∆Q=1.48 Ah) from C/20 experiment charging from a cell voltage of 2.56 V to 4.2 V.  We chose 

to vary Q𝑚𝑖𝑛
+  and used Eqs. (3.8), (3.12)-(3.14), along with the MSMR model (and Verbrugge et 

al. parameters), to search for a model that matched with whole cell experimental data. It was not 

known a priori whether the highly constraining set of modeling assumptions and estimated values 

used to reduce the whole-cell MSMR model to a single degree-of-freedom would produce one, 
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none, or multiple fits to the whole-cell data. Perhaps surprisingly, we found a single value of Q𝑚𝑖𝑛
+  

for the model that permitted all whole-cell equations (3.8), (3.12)-(3.14) to be satisfied between 

the experimental voltage window and measured usable charge.  The single experimentally-aligned 

whole-cell fit of the MSMR model parameters is shown in Figure 3.1 as the differential capacity 

(dQ/dU) for each electrode as a function of the half-cell potential U vs. Li+/Li reference. 

 Figure 3.1 is a representation of the MSMR model that shows the density of lithiation states 

in each electrode as a function of potential (against the reference electrode). Filled lithiation states 

in the blended cathode (red, at more positive potentials) and graphite electrodes (blue, at more 

negative potentials) are shown as shaded areas in the discharged state with cell voltage of 2.56V, 

Figure 3.1(a),  and the charged state, Figure 1(b), with cell voltage of 4.2V.  The quantity of charge 

extracted from the cathode in going from the lower-to-upper cell voltage matches the experimental 

usable capacity (1.48 Ah) measured in the fresh Samsung cells. Likewise, the charge inserted into 

the anode going from the lower-to-upper voltage is equal and opposite to the extracted charge and 

matches the experiments for a fresh cell. The cell voltage in the discharged and charged states has 

half-cell potentials at each lithiated state of the electrodes that, when subtracted, exactly match the 

lower and upper cell voltage bounds used in the experiments.  Thus, Eqs. (3.8), (3.12)-(3.14) can 

be satisfied when we use literature parameters for the MSMR model and our experimental 

estimates of each electrode’s total capacity.  Based on the Verbrugge et al. model parameters and 

whole-cell values described here, we found the minimum lithiation for the positive electrode to be 

0.185 Ahr (Qmin
+ ) and 0.001 Ahr for the negative electrode (Qmin

− ), with the maximum values 

simply being 1.48 Ah greater, per Eq. (3.8). 

 For the blended cathode system, Fig. 3.1 shows that the peaks in the differential capacity 

are broad, indicative of single-phase reactions. It has been shown that NMC follows this behavior, 

but the reactions at 4.0 and 4.15 V are typically two-phase reactions caused by the redistribution 

of the lithium ions in the LMO material. 26,110,125 However purely crystalline, two-phase behavior 

is hard to maintain for real world applications of LMO, leading the electrode reactions to exhibit 

more single-phase behavior.48 In contrast, the differential capacity of the graphite electrode has 

very sharp peaks, due to the different staging reactions that store a large fraction of capacity over 

a narrow potential range.126  These derived differential capacity plots exhibit qualitatively similar 
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features at the potentials found in half-cell experiments for blended NMC | MnO2 cathodes and 

graphite anodes in the literature.37,120  

 

Figure 3.1 Differential capacity of a simulated blended Li NMC | MnO2 cathode (bottom) and graphite cathode (top ) in a discharged 

(a) and charged (b) state that meets the voltage limit constraints in our experimental data. The shaded portions denote the lithiated 

capacity in the positive electrode (red) and the negative electrode (blue) at each state of charge. The maximum differential capacity 

for the anode is more than an order of magnitude larger than the cathode maximum, so anode peaks are cut-off for clarity; this 

makes it difficult to see that the quantity extracted charge from the cathode exactly equals the inserted charge for the anode in going 

from (a) to (b). 

 With this single degree-of-freedom MSMR model fit to the experimentally-measured 

usable capacity (over the experimentally-prescribed voltage window), and estimated total 

capacities of each electrode, it now possible to examine experimentally-relevant half-cell and 

whole-cell responses over the entire range of capacities (state-of-charge) and cell voltages.  Figure 

3.2(a) shows the whole-cell voltage and half-cell potentials of each electrode as a function of 

incremental charging (𝛿𝑄), where the usable state of charge is simply 𝑆𝑂𝐶 (%) =
𝛿𝑄

1.48𝐴ℎ
∗ 100% 
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for our fresh cell. At any given cell incremental charge, the whole-cell voltage is the difference 

between the positive and negative electrode half-cell potentials at the given state of charge. 

Similarly, Figure 3.2(b) shows the differential voltage and differential half-cell potentials as a 

function of cell voltage. In this case, the whole-cell differential voltage is the sum of the half-cell 

potentials at each given cell potential.  

 Through our single parameter fit, we are assured that the two end-points of the whole cell 

charging curve, Figure 3.2(a), match experiments. However, none of the intermediate points, nor 

any of the differential voltages, have been shaped by our experiments. Instead, they represent 

Verbrugge’s half-cell data scaled to our cell. Nonetheless, the whole-cell responses in Figs. 3.2(a) 

and (b) have all the qualitative features expected from experimental results, with the sharp peaks 

at 3.5 V and 3.85 V associated with the graphite reactions, and the broader peaks at 3.7 and 4.0 V 

corresponding to the phase transitions in NMC and LMO, respectively.  

 

Figure 3.2: Calculated open circuit potentials and cell voltage (a) and differential potentials and voltage (b) from the MSMR model 

using thermophysical parameters from the literature, scaled to our cells under test.  Whole-cell responses in black are the difference 

and sum of the positive (red) and negative (blue) electrodes for the open-circuit and differential voltage, respectively. For the data 

shown, whole-cell parameters of electrode capacities, N/P ratios, and lithiation windows were estimated to satisfy Equation (12)-

(14). 

 Adding model degrees-of-freedom for parameter estimation from whole-cell experiments. 

- The single degree-of-freedom whole-cell model presented in Figs. 3.2(a) and (b) is compared to 

the experimental dataset for a fresh Samsung cell in Figs. 3.3(a) and 3.3(b). One sees that the data 
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and model match perfectly at the end points of Fig. 3.3(a), as enforced by our single model 

parameter-fit that satisfies Equations (3.8), (3.12)-(3.14).  Across the whole dataset, the mean 

absolute error (MAE) between the data and model in Fig. 3.3(a) is 27 mV. Generally, one would 

like to see a sub-10 mV error between model and fit. Thus, fixing all of Verbrugge et al’s 

parameters (for a NMC 622 composition) does not meet a satisfactory level of fit for this blended 

NMC 532/LMO cell.  

 The differences between experimental and modeled differential voltages are more 

dramatic, as seen in Fig. 3.3(b). While many of the differential voltage peaks are present in both 

experimental and modeled curves, their locations and relative sizes are quite different. Overall, the 

MAE for differential voltage is 0.1497 V/Ah between the data and model; the results are clearly 

an inadequate representation of the experimental cell.  One of the attributes of the differential 

forms of the MSMR model (Eq. (3.2) or its inverse) is that it describes a series of independent 

insertion reaction “peaks”, as in Figure 1,  akin to an optical spectrum. In particular, Eq. (3.2) 

shows that each of the j insertion reactions has an energy centered at 𝑈𝑗
0 , width controlled by 𝜔𝑗 

, and integrated size set by 𝑄𝑗,𝑡𝑜𝑡 .  Using either a differential capacity or differential voltage 

formulation,  with potential as independent variable, it is fairly intuitive to relax our use of 

Verbrugge’s thermophysical parameters and improve the MAE between experimental and 

modeled differential voltages. Figures 3.3(c) and (d) show the consequences of manually 

manipulating the MSMR parameters to better align the same set of MSMR insertion reaction peaks 

to the data in Fig. 3.3(d), without changing any of whole-cell design parameters (Q, Qmin
± , Qtot

± ). 
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Figure 3.3 Open circuit potential and differential voltage curves of comparing computed to experimental (blue) data, using initial 

reaction parameters from literature (a, b) (black), manually modified reaction parameters (c, d) (green), and optimized reaction 

parameters (e, f) (orange), with their reported mean absolute values. The computed residuals (g, h) are being compared to the same 

experimental data collected from a fresh cell that was charged at a C/20 rate. 

 A distinct set of modeled features are seen to emerge between Figs. 3.3(b) and 3.3(d) 

through intuitive manipulations of parameters. In particular,  three peaks associated with different 

graphite staging events can be coaxed from the model over a cell voltage range of 3.5 V to 3.6 V, 

better matching what is observed experimentally. In the original fits from Verbrugge et al., they 

noted an inability to capture two small peaks of interest in their experimental data.  The parameters 

involved in the peak emergence included shifting the standard voltages lower, reducing the 

capacity of these insertion reactions, and decreasing the j to sharpen the peaks of the first four 
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graphite lithiation reactions. A comparison of Figs. 3.3(b) and (d) also shows that the graphite peak 

at roughly 4.0 V has been shifted to a lower voltage to better match experiments by adjusting the 

capacities (Qj,tot), so that the phase transition between the last graphite staging reactions occurred 

earlier in graphite lithiation. Minor adjustments to the standard potentials in the cathode were also 

made so that the peaks between the model and the experimental data matched better.  Qualitatively, 

these adjusted parameters bring the model much closer into alignment with experimental data, 

though the quantitative MAE only improves a bit. A consequence of adjusting the reaction 

parameters and leaving whole-cell design parameters constant is that the voltage limit constraints 

(𝑉𝑢𝑝𝑝𝑒𝑟
𝑒𝑥𝑝

 and 𝑉𝑙𝑜𝑤𝑒𝑟
𝑒𝑥𝑝

) are no longer met for the 1.48 Ah charge, as seen in Fig. 3.3(c). Moreover, the 

MAE in Fig. 3.3(c) increased slightly to 33 mV compared to Fig. 3.3(a), despite the improved peak 

shapes in Fig. 3.3(d).   

 In short, while the MSMR model is quite intuitive, it is also very challenging to achieve 

quantitative whole-cell agreement between experimental data and the model for a full charge curve 

(or discharge curve, see SI) and associated differential voltage curves, while simultaneously 

meeting the whole-cell constraints represented by Eqs. (3.8), (3.12)-(3.14). Nonetheless, if we hold 

the number of insertion reactions per electrode fixed at 6 for the anode and 6 for the cathode, per 

Verbrugge et al., but allow the thermophysical parameters to be degrees of freedom (with bounds), 

while also letting Qmin
±  and Qtot

±  to be emergent properties that must satisfy Eqs. (3.8), (3.12)-

(3.14), then we can find low MAE optimal fits and a set of realistic thermophysical parameters for 

this specific cell, see Figs. 3.3(e) and 3.3(f) and its corresponding parameters in Table 3.3.  

 Obtaining best-fit parameters starts with the half-cell modeling data given by Verbrugge, 

et al., (Figs 3.3(a) and (b)), with small adjustments to get key features of the differential voltage 

curves (Fig. 3.3(c) and (d)). The adjusted half-cell parameters are used as initial guess for fitting 

the data in Python with the fmin_slsqp (sequential least-squares programming) package in SciPy. 

The optimization included fitting the differential voltage data between V = 3.49 and V = 4.15 V, 

with the parameter bounds and voltage limit constraints described in the Methods section. Figures 

3.3(e) and 3.3(f) show the whole-cell fully optimized fit to data, with equal weighting in Eq. (3.11). 

The calculated residual plots for each of the three different parameter sets (Verbrugge et al., 

tweaked Verbrugge et al., and fully optimized) are displayed as percent difference from the 

experimental value in Figs. 3.3 (f) and (g). The residuals are calculated as the deviation between 
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the model and experiment, with the qualitative trends discussed in Figures 3.3(a)-(f) presented 

quantitatively thru the residuals. One can see the high degree-of-freedom fitting of the MSMR 

model does an excellent job producing low MAE values in both the voltage and differential 

analysis results. 

 Taking the fit parameters and back-calculating the individual half-cell behavior (akin to 

Fig. 3.2) produces results comparable to half-cell experiments in the literature for these materials. 

Estimating half-cell potentials from a two-electrode cell, with no reference, can only be known up 

to an arbitrary constant. However, because the U0
j parameters we seed our initial estimation with 

are derived from referenced half-cell measurements by Verbrugge, et al., and are bounded in the 

fitting process, the best-fit standard potential estimates are anchored to referenced half-cell 

potentials. Moreover, with six independent reactions in each half-cell, each constrained to within 

a neighborhood of 25 mV or less of the initial parameter, we expect our systematic uncertainty in 

any given U0
j values to be comparable to, or smaller than, the scale of our potential bounds.  All 

parameters for the data in Figure 3.3 are presented in Tables 3.1 – 3.3. 

 Fitting MSMR model parameters to data for degraded cells – As cells cycle, they degrade, 

as typically manifested by a declining useable capacity between the fixed upper and lower cell 

voltage limits. The whole-cell modeling paradigm described above allows one to see the evolution 

of individual parameters of the model, as well as whole-cell emergent phenomenon associated with 

satisfying overall charge and voltage constraints, i.e., satisfying Eq. (3.12)-(3.14) as the cell 

changes. Figure 3.4 shows C/20 charging data and optimized MSMR model fits for a fresh cell, 

Fig 3.4(a) and (b), a cell cycled 300 cycles at 2C (followed by the C/20 charge that gets fit, per 

Methods), Fig. 3.4(c) and (d), and a cell cycled 600 times, Fig. 3.4(e) and (f). The 300-cycle cell 

has a loss of 0.07 Ah of useable capacity (a 4.7% decline),  whereas the 600 cycle cell lost 0.12 

Ah of useable (an 8.0% decline) compared to the fresh cell over the same voltage window.   
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Figure 3.4 Open circuit potential and differential voltage curves of comparing optimized computed (orange) to experimental (blue) 

data for fresh cells (a, b), cells that have been aged over 300 cycles (c, d), and cells that have been aged over 600 cycles (e, f), with 

their reported mean absolute values.  

 

 The model best-fit for each of the state-of-health condition is shown in Fig 3.4, and the 

resulting thermophysical parameters are presented in Tables 3.3-3.5. Our fits achieve low MAE 

between the model and each experimental dataset; replicate cell measurements and fits for each 

state-of-health can be found in the Supporting Information. Initial guesses for fitting aged datasets 

are the parameters of the previous (less degraded). Just like the fresh-cell scenario, the optimization 
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for the aged fits is done between the voltage range of 3.49 V and 4.15 V with equal weighting 

between the voltage and differential voltage curves.  

 In all our best-fits, we allow the total capacity of each electrode to be an emergent property 

of the 6 individual insertion reactions from the electrode, rather than constraining it to a fixed 

value, like we did in Figs. 3.1 and 3.2 (to reduce degrees of freedom). We find that the positive 

electrode loses capacity as it is cycled, unlike the negative electrode which remains mostly 

constant, as shown in Table 3.6.  

 As the battery degrades, we experimentally observe that the three, distinct graphite peaks 

at lower voltages begin to lose definition, and eventually coalesce into a single broad peak; this 

effect is also captured by the MSMR model parameters.  We find that the capacity associated with 

these three early graphite staging insertion reactions is under 15% of the total electrode capacity, 

consistent with the literature.41. As the battery degrades, we see that the graphite peaks are shifting 

towards higher potentials, with the most prominent peak at 3.88 V merging with the LMO 

transition peak at 4.0 V, potentially indicative of the positive electrode slipping towards higher 

potentials. The analysis also shows that a large portion of lithium loss in the positive electrode 

comes from the voltage range between 3.7 V and 3.8 V. This region involves the transition into a 

specific rock salt phase, where electrodes with higher nickel content can more easily undergo 

cation disordering, where lithium and nickel ions can mix, leading to lithium being trapped in the 

lattice and a nickel ion permanently occupying a lithiation site.37,127 

 Capacity loss can be associated with changes in the solid state insertion electrodes116,128,129 

and/or faradaic inefficiencies.114 on one electrode or the other. Most forms of degradation lead to 

slippage in the electrodes, meaning that the utilization window over which the electrodes are 

cycling shifts as the battery is being degraded. In differential voltage data, these phenomena can 

lead to an changes in peak heights in the differential voltage and peak location shifts along the 

voltage axis associated with voltage slippage. 114,36  

 Sensitivity of emergent whole-cell properties on model fitting and experimental noise. - 

State-of-art commercial batteries often have user or testing agreements that forbid opening the cell 

to measure parameters such as active material loading, material composition and structure, and 

specific electrochemical parameters. As Figs. 3.3 and 3.4 show, the whole-cell modeling approach 
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described here appears quite useful for disaggregating half-cell thermodynamic behavior from 

whole-cell experiments, at least when a suitable reference thermophysical dataset is available. The 

features of the fit that we label “emergent” are the properties that arise from the need to achieve 

whole-cell charge and voltage constraints, i.e., the variables in Eqs. (3.8), (3.12)-(3.14). Likewise, 

we include the calculated total capacity for each electrode, Eq. (3.5), when it emerges from the fit 

rather than being known from independent experiments.  Emergent whole-cell properties are 

especially important in cell design, especially for understanding the nature of degradation and its 

impact on safety, for example, through slippage. 

 We expect emergent whole-cell properties to be especially sensitive to the robustness of 

the model optimization process to experimental variation such as noise and data sampling strategy. 

To test this, we performed a bootstrap analysis on the whole-cell datasets by randomly selecting 

1000 points from among the roughly 6000 points in each data set (Figs. 3.3 and 3.4 were generated 

from evenly spaced 1000 points), then replacing and repeating again 500 times.  This bootstrap 

method generates a distribution for every parameter, at every state-of-health tested.  The 

histograms for all these plots can be found in the Supplementary Information. Generally speaking, 

the bootstrapping results show that the fitting process is quite robust to the noise and spacing of 

points in our experimental data; the MSMR model converges nicely when the initial physical 

parameter set is reasonable for the general class of materials being used in the cell. Very few outlier 

fits were generated. 

 Figures 3.5-3.7 show the bootstrapped histograms for the emergent whole-cell design 

parameters, such as the maximum capacities for each electrode, 𝑄𝑡𝑜𝑡
±  and the estimated half-cell 

potentials at the lithiation extremes in each electrode (𝑄𝑚𝑖𝑛
±  𝑎𝑛𝑑 𝑄𝑚𝑎𝑥

± ). For these histograms, we 

show the distribution of each parameter for 0, 300, and 600 cycles, with black dashed lines 

demarcating the 90% confidence interval (5th and 95th percentile), and a solid black line denoting 

the median, or the 50th percentile.  

One insight from performing these bootstraps is to compare their results with capacities from the 

single fit of evenly spaced points (Table 3.6). The single fits suggests that the positive electrode’s 

capacity remains largely constant between 0 and 300 cycles, but there is inherently some 

uncertainty in our fits that is not captured until we employ more statistically driven methods to 
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capture that uncertainty. Figure 3.5 shows the histogram of the two electrode capacities, 𝑄𝑡𝑜𝑡
+  and 

𝑄𝑡𝑜𝑡
− , calculated from the summation of their respective 𝑄𝑗,𝑡𝑜𝑡

±  for each bootstrap iteration, where 

we see a systematic shift towards lower positive electrode capacities with aging, whereas the 

negative electrode narrows into a tightly defined capacity with no significant loss. This behavior 

is congruent with literature that the positive electrode materials deteriorate at a quicker rate than 

graphite electrodes, especially more Ni-rich NMCs.5,129,130 Moreover, when looking at Figure 3.1, 

it is clear that the high density of states provided by staging in the anode means that the sensitivity 

of the negative electrode half-cell potential is fixed, so achieving the high voltage constraint 

equations is largely accomplished by slippage in the positive electrode minimum intercalation 

state. 

 

Figure 3.5 Histograms of each 𝑄𝑡𝑜𝑡
+ (left) and 𝑄𝑡𝑜𝑡

− (right) over the 500 bootstrapped iterations for 0 (a, b), 300 (c, d), and 600 (e, f) 

cycles datasets. We show the 5th and 95th percentiles of the values demarcated by the dashed black lines and the median by the 

solid black line. Histograms showing the same parameter are all plotted along the same x-axis for ease for comparison. 

 

Furthermore, to quantify slippage of the materials, we took each set of fit parameters from the 

bootstrapped iterations and calculated the potentials at the respective 𝑄𝑚𝑖𝑛
±  𝑎𝑛𝑑 𝑄𝑚𝑎𝑥

±  that satisfied 

Vupper and Vlower. Figure 6 shows the distributions of  𝑄𝑚𝑖𝑛
+  and 𝑄𝑚𝑎𝑥

−  that satisfy the constraint at 



47 

 

top of charge. Here, we do not detect any appreciable differences in the distributions, and this 

could be expected. Based on our parameters for the graphite electrode (Table 3.3-3.5), any usable 

capacity greater than 1.0 Ahr will have the negative electrode in the final reaction, which can store 

more than half of the total negative electrode capacity over the half-cell potential window of 0.04 

to 0.10 V vs Li/Li+. Since the negative electrode capacity does not change appreciably as it is 

cycled, one finds the half-cell potential one the charged negative electrode does not drift, forcing 

the positive electrode to also have a nearly constant potential, in order to satisfy whole-cell upper 

voltage limit of 4.2 V. Examining the capacities 𝑄𝑚𝑎𝑥
+  and 𝑄𝑚𝑖𝑛

−  for the discharged cell, as shown 

in Figure 3.7, shows that the lower voltage constraint we observe is shifting towards higher 

potentials as the battery degrades, again, aligning with the literature for this chemistry.5,114 At the 

bottom of discharge, the negative electrode is effectively empty, so even minute changes in the 

capacity could yield large changes in the potential response, whereas the positive electrode is 

operating in a where an appreciable amount of capacity must be added or removed to induce a 

potential shift. 

 

Figure 3.6 Histograms of each 𝑈+(𝑄𝑚𝑖𝑛
+ ) (left) and 𝑈−(𝑄𝑚𝑎𝑥

− ) (right) over the 500 bootstrapped iterations for 0 (a, b), 300 (c, d), 

and 600 (e, f) cycles datasets, where the difference between the two parameters make up the voltage at the top of charge. We show 

the 5th and 95th percentiles of the values demarcated by the dashed black lines and the median by the solid black line. Histograms 

showing the same parameter are all plotted along the same x-axis for ease for comparison. 
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Figure 3.7 Histograms of each 𝑈+(𝑄𝑚𝑎𝑥
+ ) (left) and 𝑈−(𝑄𝑚𝑖𝑛

− ) (right) over the 500 bootstrapped iterations for 0 (a, b), 300 (c, d), 

and 600 (e, f) cycles datasets, where the difference between the two parameters make up the voltage at the bottom of discharge. 

We show the 5th and 95th percentiles of the values demarcated by the dashed black lines and the median by the solid black line. 

Histograms showing the same parameter are all plotted along the same x-axis for ease for comparison. 
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Table 3.1 Initial Parameters from Verbrugge et al. 

Reaction Uj
0 (V vs Li/Li) Qj,tot (Ahr) j 

NMC1 3.623 0.185 0.967 

NMC2 3.727 0.446 1.397 

NMC3 3.906 0.290 3.505 

NMC4 4.230 0.454 5.528 

LMO1 4.012 0.234 1.520 

LMO2 4.149 0.191 0.930 

GRA1 0.088 0.858 0.086 

GRA2 0.128 0.475 0.080 

GRA3 0.143 0.297 0.725 

GRA4 0.170 0.108 2.533 

GRA5 0.215 0.134 0.095 

GRA6 0.363 0.108 5.974 

 

Table 3.2 Parameters from Manual Manipulation for fitting against fresh-cell data 

Reaction Uj
0 (V vs Li/Li) Qj,tot (Ahr) j 

NMC1 3.683 0.185 0.967 

NMC2 3.727 0.446 1.397 

NMC3 3.906 0.290 3.505 

NMC4 4.261 0.454 5.528 

LMO1 4.012 0.234 1.520 

LMO2 4.169 0.191 0.930 

GRA1 0.075 1.131 0.086 

GRA2 0.103 0.504 0.080 

GRA3 0.124 0.049 0.150 

GRA4 0.146 0.054 0.175 

GRA5 0.169 0.134 0.122 

GRA6 0.363 0.108 5.974 
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Table 3.3 Parameters from optimization for fresh cell data 

Reaction Uj
0 (V vs Li/Li) Qj,tot (Ahr) j 

NMC1 3.663 0.231 0.725 

NMC2 3.746 0.407 1.072 

NMC3 3.888 0.306 2.656 

NMC4 4.262 0.392 4.146 

LMO1 4.019 0.222 1.472 

LMO2 4.153 0.181 1.118 

GRA1 0.077 1.251 0.108 

GRA2 0.108 0.549 0.100 

GRA3 0.132 0.061 0.185 

GRA4 0.154 0.061 0.219 

GRA5 0.177 0.165 0.152 

GRA6 0.343 0.081 6.828 
 

Table 3.4 Parameters from optimization for fitting 300 cycles aged cell data 

Reaction Uj
0 (V vs Li/Li) Qj,tot (Ahr) j 

NMC1 3.683 0.289 0.544 

NMC2 3.749 0.413 1.254 

NMC3 3.908 0.260 2.560 

NMC4 4.242 0.429 3.896 

LMO1 4.001 0.226 1.840 

LMO2 4.137 0.136 0.948 

GRA1 0.071 1.269 0.135 

GRA2 0.104 0.536 0.125 

GRA3 0.129 0.054 0.182 

GRA4 0.151 0.066 0.273 

GRA5 0.178 0.158 0.170 

GRA6 0.323 0.099 6.818 
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Table 3.5 Parameters from optimization for fitting 600 cycles aged cell data 

Reaction Uj
0 (V vs Li/Li) Qj,tot (Ahr) j 

NMC1 3.692 0.217 0.408 

NMC2 3.759 0.392 1.398 

NMC3 3.918 0.221 2.452 

NMC4 4.232 0.426 3.858 

LMO1 3.991 0.225 1.763 

LMO2 4.134 0.140 0.896 

GRA1 0.068 1.266 0.168 

GRA2 0.106 0.538 0.151 

GRA3 0.129 0.054 0.228 

GRA4 0.149 0.081 0.342 

GRA5 0.175 0.148 0.213 

GRA6 0.313 0.093 6.652 

 

Table 3.6 Capacity of electrodes from fits 

Cycles 𝐐𝐭𝐨𝐭
+

 (Ahr) 𝐐𝐭𝐨𝐭
−  (Ahr) 

0 1.740 2.168 

300 1.753 2.181 

600 1.619 2.180 

 
 

3.5 Conclusion and Implications 

Battery degradation intrinsically is extremely complex, as there are several physical and 

chemical phenomena that can occur, resulting in electrode imbalance, electrode deformation and 

degradation, and other modes of loss of lithium inventory. Using open-circuit potential data in 

conjunction with differential voltage data can be powerful tools in noninvasively probing these 

phenomena in fully assembled commercial batteries. While teardown, postmortem analyses, and 

reassembly of half cells can provide useful insight into the electrode properties and capacity 

loadings, it is not always feasible or allowed. Here, we extend the easy, generalizable mathematics 

laid out by the MSMR model to include cell design parameters and the thermodynamic 

relationships of the two electrodes to allow for the modeling of whole cells. This gives us the 

unique advantage of interpreting the evolution of fundamental reactions and transitions of each 

electrode, information that is often only extractable from separate half-cell and crystallography 

studies. 
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We show that by employing the thermodynamics framework in the MSMR model, we can 

fit experimental thermodynamic data with low errors, allowing us to extract information about the 

degradative states of the electrodes without having to perform postmortem testing. Using the 

MSMR model, we can identify the specific reactions of the NMC, LMO, and the graphite 

electrodes that are degrading as the cell ages, and how those losses of capacity and deviations from 

their original one or two-phase behavior affects the resulting thermodynamic response. It is 

conceivable to perform crystallography experiments in operando to confirm the compositions of 

each of these phases in cathode materials, to test the validity of the ability of this model to predict 

how these phase transitions evolve over aging so that future experiments may not need XRD or 

time-intensive synchrotron experiments. Furthermore, this work strictly focuses on the 

thermodynamics of the MSMR model, but the framework has been established by Baker et al., to 

use these principles to model transport and kinetic phenomena, allowing for incredible, 

fundamental insight opportunities.49,113  

This present work is aiming to provide the community with a user-friendly tool that allows 

researchers to gain insights into state-of-health of their cells without having to perform half-cell 

studies from postmortem procedures. Instead, researchers can utilize a base knowledge of the 

battery chemistry and the parameters that Verbrugge et al. have published for a variety of 

electrodes.48 It is important to reiterate though, that in the absence of teardown and half-cell data. 

the MSMR model yields an inherent uncertainty since the total capacities nor the true open-circuit 

potentials are known. Additionally, the MSMR model assumes that all reactions are occurring in 

a uniform electrode, which does not always hold true for degraded electrodes where there could 

be inhomogeneous particle sizes, cracks, and deformations, which is why we allow for flexibility 

in the standard potentials to help account for some of these variations. All the data files, code, and 

instructions on how to use this tool are available on GitHub and Zenodo.99  

3.6 Appendix – Supplementary Information 

In Figures 3.7 and 3.8, we show the conventional voltage as a function of capacity and 

differential voltage as a function of voltage for the separate charge and discharge C/20 constant-

current experiments. The charge step (Fig. 3.7) begins after a short rest step, allowing the voltage 

to relax to a point slightly above 2.5 V and ends at 4.2 V. The discharge step (Fig. 3.8) begins 

immediately after the C/20 charge step and ends at 2.5 V, allowing the discharge step to span the 
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entirety of the voltage window. While the usable capacities (Q, 1.473 Ahr and 1.471 Ahr for 

charge and discharge, respectively) and their voltage profiles are similar, we can see distinct 

differences in the different voltages. Due to hysteresis between charge and discharge profiles, the 

central voltages for each corresponding peak are shifted. Significant differences can be seen at the 

peaks between 3.5 and 3.65 V, which are all similar magnitudes in the charged step, with the peaks 

roughly round 0.7 V/Ahr, but these same corresponding peaks are all of much bigger variations in 

the discharge step. We also see the sharp peak, centered at about 3.9 V in the charge step, decrease 

in magnitude with aging, whereas that corresponding peak in the discharge curves grows with 

aging. 

 

Figure 3.8 Open circuit potential and differential voltage spectra for Samsung 18650 LiNMC|Graphite Cells after 0, 300, and 600 

cycles. All data were collected using a C/20 charge rate between the voltage limits of 2.5 and 4.2 V.  

 

Figure 3.9 Open circuit potential and differential voltage spectra for Samsung 18650 LiNMC|Graphite Cells after 0, 300, and 600 

cycles. All data were collected using a C/20 discharge rate between the voltage limits of 2.5 and 4.2 V.  
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Included in Tables 3.7 through 3.9 also are the deviations of each parameter from each of the 

charged fits against experimental data from the base parameters from Verbrugge et., al. We can 

expect some deviations in our parameters, as the materials that are used in our commercial 

batteries can be constructed with different materials (i.e. NMC622 vs NMC532) and different 

formulations.  

Table 3.7 Changes in the parameters between literature and the 0-cycle fit for charging data. 

Reaction Uj
0 (V vs Li/Li+) Qtot,j (Ahr) j 

NMC1 -0.040 -0.046 0.242 

NMC2 -0.019 0.039 0.325 

NMC3 0.018 -0.016 0.849 

NMC4 -0.032 0.062 1.382 

LMO1 -0.007 0.012 0.048 

LMO2 -0.004 0.010 -0.188 

GRA1 0.011 -0.393 -0.022 

GRA2 0.020 -0.074 -0.020 

GRA3 0.011 0.236 0.540 

GRA4 0.016 0.047 2.314 

GRA5 0.038 -0.031 -0.057 

GRA6 0.020 0.027 -0.854 

 

Table 3.8 Changes in the parameters between literature and the 300-cycle fit. 

Reaction Uj
0 (V vs Li/Li+) Qtot,j (Ahr) j 

NMC1 -0.060 -0.104 0.423 

NMC2 -0.022 0.033 0.143 

NMC3 -0.002 0.030 0.945 

NMC4 -0.012 0.025 1.632 

LMO1 0.011 0.008 -0.320 

LMO2 0.012 0.055 -0.018 

GRA1 0.017 -0.411 -0.049 

GRA2 0.024 -0.061 -0.045 

GRA3 0.014 0.243 0.543 

GRA4 0.019 0.042 2.260 

GRA5 0.037 -0.024 -0.075 

GRA6 0.040 0.009 -0.844 

 

  



55 

 

Table 3.9 Changes in the parameters between literature and the 600-cycle fit. 

Reaction Uj
0 (V vs Li/Li+) Qtot,j (Ahr) j 

NMC1 -0.069 -0.032 0.559 

NMC2 -0.032 0.054 -0.001 

NMC3 -0.012 0.069 1.053 

NMC4 -0.002 0.028 1.670 

LMO1 0.021 0.009 -0.243 

LMO2 0.015 0.051 0.034 

GRA1 0.020 -0.408 -0.082 

GRA2 0.022 -0.063 -0.071 

GRA3 0.014 0.243 0.497 

GRA4 0.021 0.027 2.191 

GRA5 0.040 -0.014 -0.118 

GRA6 0.050 0.015 -0.678 
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In Figures 3.10 to 3.12, we show the reproducibility of our data and the MSMR fitting routine. In 

Figure 3.10 to 3.12, we show the results of the fits for the 4 replicates at 0 cycles, 4 replicates at 

300 cycles, and 2 replicates at 600 cycles, respectively. All four 300-cycle fits were seeded with 

the fitting results of the same 0-cycle fit (Cell 51) from the main manuscript, and both 600-cycle 

fits were seeded with the fitting results of the same 300-cycle fit (Cell 1) as well. All fits were 

done using an equal weight of the capacity-voltage and the differential voltage curves. The means 

and the standard deviations of each parameter for each replicate set are shown in Tables 3.10-3.12. 

 

Figure 3.10 Open circuit potential and differential voltage curves of four replicate cells at 0 cycles comparing computed (orange) 

to experimental (blue) data, using the same initial guess from the manually modified reaction parameters with their reported mean 

absolute values. Cells that were charged at a C/20 rate. 
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Figure 3.11 Open circuit potential and differential voltage curves of four replicate cells at 300 cycles comparing computed (orange) 

to experimental (blue) data, using the same initial guess from the resultant 0 cycle fit of cell 51, with their reported mean absolute 

values. Cells that were charged at a C/20 rate. 
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Figure 3.12 Open circuit potential and differential voltage curves of two replicate cells at 600 cycles comparing computed (orange) 

to experimental (blue) data, using the same initial guess from the resultant 300 cycle fit of cell 1, with their reported mean absolute 

values. Cells that were charged at a C/20 rate. 

 

Table 3.10 Mean and standard deviations for fitting against all replicates of the fresh-cell charge data 

Reaction Uj
0 (V vs Li/Li+) Qtot,j (Ahr) j 

NMC1 3.6629 +/- 0.0002 0.2290 +/- 0.0034 0.7253 +/- 0.0000 

NMC2 3.7464 +/- 0.0001 0.3964 +/- 0.0140 1.0541 +/- 0.0104 

NMC3 3.8880 +/- 0.0026 0.3121 +/- 0.0037 2.6373 +/- 0.0110 

NMC4 4.2640 +/- 0.0037 0.3888 +/- 0.0047 4.1457 +/- 0.0000 

LMO1 4.0215 +/- 0.0028 0.2223 +/- 0.0000 1.4752 +/- 0.0611 

LMO2 4.1538 +/- 0.0020 0.1814 +/- 0.0000 1.1119 +/- 0.0130 

GRA1 0.0780 +/- 0.0017 1.2178 +/- 0.0295 0.1076 +/- 0.0000 

GRA2 0.1067 +/- 0.0013 0.5395 +/- 0.0076 0.0992 +/- 0.0014 

GRA3 0.1346 +/- 0.0056 0.0594 +/- 0.0018 0.1869 +/- 0.0010 

GRA4 0.1468 +/- 0.0118 0.0608 +/- 0.0048 0.2002 +/- 0.0322 

GRA5 0.1746 +/- 0.0042 0.1621 +/- 0.0043 0.1499 +/- 0.0026 

GRA6 0.3433 +/- 0.0000 0.0817 +/- 0.0006 6.7160 +/- 0.1305 
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Table 3.11 Mean and standard deviations for fitting against all replicates of the fresh-cell charge data 

Reaction Uj
0 (V vs Li/Li+) Qtot,j (Ahr) j 

NMC1 3.6825 +/- 0.0009 0.2888 +/- 0.0000 0.5440 +/- 0.0000 

NMC2 3.7502 +/- 0.0058 0.4101 +/- 0.0403 1.2320 +/- 0.0676 

NMC3 3.9084 +/- 0.0000 0.2759 +/- 0.0169 2.4960 +/- 0.0928 

NMC4 4.2520 +/- 0.0113 0.3859 +/- 0.0407 3.5416 +/- 0.4358 

LMO1 4.0117 +/- 0.0066 0.2453 +/- 0.0192 1.8397 +/- 0.0006 

LMO2 4.1395 +/- 0.0022 0.1361 +/- 0.0000 0.9375 +/- 0.0190 

GRA1 0.0699 +/- 0.0021 1.2921 +/- 0.0285 0.1345 +/- 0.0000 

GRA2 0.1048 +/- 0.0024 0.5366 +/- 0.0072 0.1251 +/- 0.0000 

GRA3 0.1298 +/- 0.0019 0.0541 +/- 0.0042 0.1794 +/- 0.0224 

GRA4 0.1515 +/- 0.0008 0.0670 +/- 0.0061 0.2734 +/- 0.0000 

GRA5 0.1784 +/- 0.0007 0.1546 +/- 0.0067 0.1632 +/- 0.0120 

GRA6 0.3299 +/- 0.0115 0.0972 +/- 0.0043 6.7951 +/- 0.0216 

 

Table 3.12 Mean and standard deviations for fitting against all replicates of the fresh-cell charge data 

Reaction Uj
0 (V vs Li/Li+) Qtot,j (Ahr) j 

NMC1 3.6919 +/- 0.0002 0.2166 +/- 0.0000 0.4080 +/- 0.0000 

NMC2 3.7592 +/- 0.0000 0.3951 +/- 0.0035 1.4026 +/- 0.0046 

NMC3 3.9184 +/- 0.0000 0.2081 +/- 0.0129 2.2499 +/- 0.2022 

NMC4 4.2321 +/- 0.0001 0.4163 +/- 0.0092 3.7999 +/- 0.0578 

LMO1 3.9910 +/- 0.0000 0.2273 +/- 0.0024 1.7642 +/- 0.0016 

LMO2 4.1318 +/- 0.0021 0.1462 +/- 0.0067 0.9224 +/- 0.0260 

GRA1 0.0666 +/- 0.0017 1.2662 +/- 0.0003 0.1682 +/- 0.0000 

GRA2 0.1045 +/- 0.0017 0.5405 +/- 0.0025 0.1539 +/- 0.0025 

GRA3 0.1286 +/- 0.0008 0.0561 +/- 0.0020 0.2278 +/- 0.0000 

GRA4 0.1491 +/- 0.0002 0.0794 +/- 0.0019 0.3418 +/- 0.0000 

GRA5 0.1739 +/- 0.001 0.1420 +/- 0.0056 0.2127 +/- 0.0000 

GRA6 0.3132 +/- 0.0000 0.0943 +/- 0.0017 6.5731 +/- 0.0791 
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We also show the shift in each parameter in both the positive (Fig 3.13) and the negative (Fig 3.14) 

electrode as a function of cycles for the main fits shown in the main text (Fig 3.4). The cells’ fits 

that are represented at cells 51 (0 cycles) , 1 (300 cycles), and 49 (600 cycles). Here, we show how 

the differential capacity for each reaction changes that sum into the total dQ/dV response. 

 

Figure 3.13 Comparison of the fit positive electrode parameters at 0, 300, and 600 cycles, with the first three columns showing, for 

each reaction, the standard electrode potential (Uj
0) maximum capacity (Qtot,j), and the j factor, respectively. The fourth column 

is the calculated dQ/dV peak for each reaction at each point in cycling (0 – blue, orange – 300, green – 600). 
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Figure 3.14 Comparison of the fit negative electrode parameters at 0, 300, and 600 cycles, with the first three columns showing, 

for each reaction, the standard electrode potential (Uj
0) maximum capacity (Qj,max), and the j factor, respectively. The fourth 

column is the calculated dQ/dU peak for each reaction at each point in cycling (0 – blue, orange – 300, green – 600). 
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In Figures 3.15 and 3.16 , we show the results of the discharged curves from using the same 

methodology described in the main text for the charged curves. For Fig 3.15a and 3.15b, the 

original parameters from Verbrugge et al., were used and we found 𝑄𝑚𝑖𝑛
+  and 𝑄𝑚𝑖𝑛

−  to be 0.188 

Ahr and 0.003 Ahr, respectively, that satisfied the constraints laid out in Eq (3.12) – (3.14). Since 

hysteresis can be seen the voltage curves, we modified the initial guess in the main text by shifting 

the standard potential parameters by a constant for all the positive electrode reactions (𝑈𝑗
+,0 + 𝑐1) 

and a separate one for the negative electrode reactions initial guess (𝑈𝑗
−,0 + 𝑐2), as shown in Fig 

S6c and S6d. The optimization results perform just as well as in the discharged steps as it does in 

the charged steps, as shown in both the plots shown against the experimental data (Fig 3.15e and 

Fig 3.15f) as well as the residual plots (Fig 3.15g and 3.15h). Figure 3.16 then shows all the fits of 

the MSMR model against experimental discharged data for the 0-, 300-, and 600-cycle cells. All 

the parameters and relevant information for these fits are given in Table S3.13-3.17. 
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Figure 3.15 Open circuit potential and differential voltage curves of comparing computed to experimental (blue) data, using initial 

reaction parameters from literature (a, b) (black), manually modified reaction parameters (c, d) (green), and optimized reaction 

parameters (e, f) (orange), with their reported mean absolute values. The computed residuals (g, h) are being compared to the same 

experimental data collected from a fresh cell that was discharged at a C/20 rate. 
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Figure 3.16 Open circuit potential and differential voltage curves of comparing optimized computed (orange) to experimental (blue) 

discharged data for fresh cells (a, b), cells that have been aged over 300 cycles (c, d), and cells that have been aged over 600 cycles 

(e, f), with their reported mean absolute values. 

 

Table 3.13 Parameters from Manual Manipulation for fitting against fresh-cell discharge data 

Reaction Uj
0 (V vs Li/Li+) Qtot,j (Ahr) j 

NMC1 3.668 0.185 0.967 

NMC2 3.711 0.446 1.397 

NMC3 3.891 0.290 3.505 

NMC4 4.246 0.453 5.528 

LMO1 3.997 0.234 1.520 

LMO2 4.154 0.191 0.930 

GRA1 0.100 1.131 0.086 

GRA2 0.128 0.504 0.080 

GRA3 0.149 0.049 0.150 

GRA4 0.171 0.054 0.175 

GRA5 0.193 0.134 0.122 

GRA6 0.388 0.108 5.974 
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Table 3.14 Parameters from optimization for fresh cell discharge data 

Reaction Uj
0 (V vs Li/Li+) Qtot,j (Ahr) j 

NMC1 3.677 0.148 1.169 

NMC2 3.725 0.513 1.586 

NMC3 3.905 0.229 2.629 

NMC4 4.266 0.422 5.498 

LMO1 4.011 0.222 1.900 

LMO2 4.158 0.181 1.163 

GRA1 0.105 0.849 0.108 

GRA2 0.132 0.564 0.100 

GRA3 0.152 0.061 0.152 

GRA4 0.174 0.048 0.219 

GRA5 0.199 0.142 0.152 

GRA6 0.368 0.106 4.480 

 

Table 3.15 Parameters from optimization for fitting 300 cycles aged cell discharge data 

Reaction Uj
0 (V vs Li/Li+) Qtot,j (Ahr) j 

NMC1 3.685 0.186 0.877 

NMC2 3.742 0.436 1.784 

NMC3 3.925 0.171 2.641 

NMC4 4.263 0.399 5.463 

LMO1 3.991 0.225 1.961 

LMO2 4.151 0.201 1.401 

GRA1 0.100 0.858 0.134 

GRA2 0.133 0.555 0.125 

GRA3 0.152 0.076 0.150 

GRA4 0.172 0.055 0.273 

GRA5 0.201 0.139 0.188 

GRA6 0.348 0.116 4.295 
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Table 3.16 Parameters from optimization for fitting 600 cycles aged cell discharge data 

Reaction Uj
0 (V vs Li/Li+) Qtot,j (Ahr) j 

NMC1 3.700 0.232 0.658 

NMC2 3.760 0.390 1.910 

NMC3 3.945 0.129 2.675 

NMC4 4.243 0.301 5.456 

LMO1 3.974 0.205 1.470 

LMO2 4.142 0.251 1.471 

GRA1 0.092 0.845 0.168 

GRA2 0.133 0.528 0.156 

GRA3 0.155 0.079 0.188 

GRA4 0.179 0.048 0.285 

GRA5 0.213 0.122 0.234 

GRA6 0.328 0.144 4.169 

 

Table 3.17 Capacity of electrodes from discharge fits 

Cycles 𝑸𝒕𝒐𝒕
+  𝑸𝒕𝒐𝒕

−  

0 1.715 1.777 

300 1.618 1.799 

600 1.508 1.766 
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Fig 3.17 through 3.19 show the bootstrapped results of the charge data for the positive (a) 

and negative (b) electrodes for 0, 300, and 600 cycles whereas 3.20 through S3.22 show the results 

for the discharge data. These histograms have a solid, black line representing the median value, 

and then dashed, black lines that mark the 5th and 95th percentile values of the distributions. The 

bootstraps were initialized with the manually modified parameters for the 0-cycle, the results of 

cell 51’s fits for the 300-cycle bootstrap, and the results of cell 1’s fits for the 600-cycle bootstrap. 

We can observe a variety of different distributions in these histograms, where some parameters 

may exhibit a more normal distribution, skewed distributions, bimodal distributions, or even 

remain constant for every iteration.  

 

Figure 3.17 Bootstrapped data from fitting iterations using randomly sampled experimental data with replacement from the 0-cycle 

charge dataset. Each iteration fit was seeded with the same initial guess of the modified parameters found in Table 3 of the main 

manuscript. Each row represents a separate reaction j and the three columns show the distributions of the standard electrode 

potential (Uj
0) maximum capacity (Qj,max), and the j factor, respectively, for both the positive electrode (a) and negative electrode 

(b). A total of 500 iterations were done, but iterations where the fitting error was above 0.04 V/Ahr were removed. 
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Figure 3.18 Bootstrapped data from fitting iterations using randomly sampled experimental data with replacement from the 300-

cycle charge dataset. Each iteration fit was seeded with the same initial guess of the parameters found in Table 3. Each row 

represents a separate reaction j and the three columns show the distributions of the standard electrode potential (Uj
0) maximum 

capacity (Qj,max), and the j factor, respectively, for both the positive electrode (a) and negative electrode (b). A total of 500 

iterations were done, but iterations where the fitting error was above 0.04 V/Ahr were removed. 
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Figure 3.19 Bootstrapped data from fitting iterations using randomly sampled experimental data with replacement from the 600-

cycle charge dataset. Each iteration fit was seeded with the same initial guess of the parameters found in Table 4. Each row 

represents a separate reaction j and the three columns show the distributions of the standard electrode potential (Uj
0) maximum 

capacity (Qj,max), and the j factor, respectively, for both the positive electrode (a) and negative electrode (b). A total of 500 

iterations were done, but iterations where the fitting error was above 0.04 V/Ahr were removed 
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Figure 3.20 Bootstrapped data from fitting iterations using randomly sampled experimental data with replacement from the 0-cycle 

discharge dataset. Each iteration fit was seeded with the same initial guess of the modified parameters found in Table S4. Each row 

represents a separate reaction j and the three columns show the distributions of the standard electrode potential (Uj
0) maximum 

capacity (Qj,max), and the j factor, respectively, for both the positive electrode (a) and negative electrode (b). A total of 500 

iterations were done, but iterations where the fitting error was above 0.04 V/Ahr were removed. 
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Figure 3.21 Bootstrapped data from fitting iterations using randomly sampled experimental data with replacement from the 300-

cycle discharge dataset. Each iteration fit was seeded with the same initial guess of the parameters found in Table S5. Each row 

represents a separate reaction j and the three columns show the distributions of the standard electrode potential (Uj
0) maximum 

capacity (Qj,max), and the j factor, respectively, for both the positive electrode (a) and negative electrode (b). A total of 500 

iterations were done, but iterations where the fitting error was above 0.04 V/Ahr were removed. 
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Figure 3.22 Bootstrapped data from fitting iterations using randomly sampled experimental data with replacement from the 600-

cycle discharge dataset. Each iteration fit was seeded with the same initial guess of the parameters found in Table S6. Each row 

represents a separate reaction j and the three columns show the distributions of the standard electrode potential (Uj
0) maximum 

capacity (Qj,max), and the j factor, respectively, for both the positive electrode (a) and negative electrode (b). A total of 500 

iterations were done, but iterations where the fitting error was above 0.04 V/Ahr were removed. 

. 
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Chapter 4 - Reduced-order modeling of linear and nonlinear 

electrochemical impedance spectra using equivalent circuit methods 
 

4.1 Introduction 

 Electrochemical impedance spectroscopy is an incredibly powerful tool that can be used to 

analyze a multitude of different physical and chemical behaviors in whole-cell lithium-ion 

batteries. By probing at different frequencies, EIS has the ability to parse out behaviors that are 

happening at different time scales, such as pure ohmic resistances at the limit of high frequencies, 

interfacial kinetics and charge-transfer at moderate frequencies, and then transport and 

thermodynamic properties at the limit of lower frequencies.50 When used in a whole-cell, all these 

different physicochemical behaviors of the two electrodes can be convoluted in overlapping 

timescales and are in close proximity to chemically interact, leading to complex, nonlinear 

behavior that cannot always be captured by EIS alone. Thus, a natural extension is to increase the 

small-amplitude signals used in traditional EIS to a more-moderate value, where second harmonic 

signals in the output response can be seen out of the noise. In this method, nonlinear 

electrochemical impedance spectroscopy, NLEIS, information that was once inaccessible in the 

linearized method, EIS, can now be extracted.24 However, few models and tools have been 

developed to analyze the nonlinear response, and those that are can be computationally rigorous 

and complicated. NLEIS and these methods are further explored in Chapter 5. 

In most applications, equivalent circuit models have been the most widely adopted form of 

analysis for EIS spectra, as they are lower in mathematical complexity, efficient, and can easily 

capture degradation in lithium-ion batteries. Saha et al., used the interfacial charge-transfer kinetics 

extracted from equivalent circuit models to perform on Bayesian statistics to improve prognostics 

on the lifetime of lithium-ion batteries.131 Zhang et al., constructed their own equivalent circuit to 

study the effects of the subjected voltage range on the formation of the solid-electrolyte interphase 

(SEI).53 Levi and Aurbach were able to estimate transport properties, like diffusion coefficients, 

using equivalent circuit models from EIS spectra, and is shown that it is comparable to the results 

from other methods like galvanostatic intermittent titration technique.29 While these methods have 

led to a variety of studies that have helped the community gain an understanding into the internal 

behaviors of electrochemical systems, it inherently lacks access to a trove of information because 
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traditional impedance is a linearized system.24 In this work, we show that we are able to incorporate 

new, nonlinear circuit elements that aim to fit the second harmonic NLEIS spectra to extract 

relevant information with simpler, reduced-order methods. 

4.2 Methodology 

4.2.1 Cycling procedure and open-circuit voltage determination 

 All break-in cycling and degradative cycling measurements were made on commercially 

available Samsung 1.5 Ah LiNMC | C cells (INR 18650-15M) using a Maccor 4000M battery 

cycler with the temperature held constant at 25°C with a Maccor MTC-020 chamber. Break-in 

cycling for every cell was done with five C/2 cycles. The replicate cells used for open-circuit 

voltage determination and EIS/NLEIS experiments of fresh cells were removed, and the remaining 

replicate cells were subjected to 100 cycles of degradative aging using a 2C (3 A) constant-current 

within the manufacturer specified voltage limits from 2.5 V (0% SoC) to 4.2 V (100% SoC), a 

constant voltage at 4.2 V until a 100mA current cutoff was reached, and a constant current 

discharge at 2C back down to 2.5 V. 

Low current scans are a common, accessible way of estimating the open-circuit potential 

curves of electrochemical systems because it minimizes the overpotential associated with 

polarization. Here, open-circuit voltage measurements were performed using an extremely low-

rate constant current scan of 30 mA (C/50) on both fresh and aged cells on an Arbin High Precision 

Coulometer. Voltage, current, and capacity measurements were tracked on a per second basis. A 

Savitzy-Golay smoothing filter with a third-order polynomial was used to smooth the open-circuit 

potential plot. For this study, we selected a window length of n = 99 points, resulting in a window 

with 49 points before and 49 points after the central voltage. Each slow-scan contained roughly 

17,000 points, with each point collected ten seconds apart, so this window-length covers a small 

expanse of the total curve. From these plots, the first and second order of the continuous open-

circuit potential curve could be computed by taking the first and second derivative of the higher-

order polynomial filter. As compared to the work in Chapter 3, the second derivative was given 

priority, so this window-length was chosen so that the second derivatives were distinguishable, but 

not overly smoothed.  
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4.2.2 Thermodynamic modeling using the MSMR model 

 Thermodynamic properties, such as the differential voltage and its subsequent derivative 

have been shown to be important parameters that determine the behavior of the low-frequency 

response in impedance measurements.77,132 These impedance models require these thermodynamic 

data for each of the two electrodes, which may be readily accessible in a whole-cell without 

performing destructive or postmortem analysis. Thus, we apply the methodology of the Multi-

Species, Multi-Reaction model explained in Chapter 3 to help us access this information. Since 

these are the same types of cells used in prior studies, we estimated that the full cell has a positive 

electrode capacity, 𝑄𝑡𝑜𝑡
+  = 1.8 Ah, and a n/p ratio of 1.1, leading to a 𝑄𝑡𝑜𝑡

+  = 1.96 Ah. For the model, 

we optimize the capacity and differential voltage points between a voltage range of 3.49 V and 

4.15 V to minimize the contributions of the bounds. However, we follow the same procedure, 

where we set voltage constraints at the lower and upper cell voltage cycling limits (Vlower = 3.10 

V and Vupper = 4.2 V) from the slow-scan experiment, and bounds for each parameter, where 𝑈𝑗
0 

was allowed to vary by 20 mV; Qj,tot  could vary up to 25% from the initial value, and j was 

allowed to vary by 25% of the initial value. It is important to reiterate that the  used in the MSMR 

model is a simplified thermodynamic factor of the activity coefficients, and not frequency as it 

represents in impedance notation. Once the fresh cell was fit, the parameters were then seeded into 

the fitting of the 100-cycle aged cells as initial guesses and the same procedure was used. Once 

these fits were complete, we could then extract out the related differentials, dU/dQ and d2U/dQ2
, 

for each electrode.  

4.2.3 EIS and NLEIS measurements of thermodynamic interest 

Impedance measurements were completed at points of thermodynamic interest, meaning 

where local maxima and minima of the first and second derivatives exist. The full experimental 

data acquisition technique can be found in Chapter 5, where we perform a frequency sweep from 

10 kHz to 3.16 mHz at three different amplitudes (I = 300, 400 and 500 mA). In this case, fresh 

cells and aged cells were used to study two different voltage ranges. The fresh cells were used at 

the voltage window between 3.8 V and 3.92 V while the aged cells were used for all voltages 

below 3.65 V, as shown in Tables 4.1 and 4.2. From prior work, it is shown that the strength of the 

second harmonic response is very low in these cells, which is to be expected. However, even with 
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very mild capacity fade (< 1.0%), it has been shown that the strength of the nonlinear signal grows 

quite substantially. This was done because the second harmonic signals at the lower voltage 

window for the fresh cells had a very low signal-to-noise ratio, leading to very a noisy Z2,2 spectra. 

Once the cells were aged, degradation mechanisms in the lower voltage region increased the 

nonlinear impedance, allowing for cleaner signals with the improved signal-to-noise ratio. From 

the same set of data, both the linear and nonlinear impedance are measured. 

Table 4.1 Voltages for different SoCs in fresh-cell studies 

State-of-Charge (%) Voltage (V) 

50 3.820 

51 3.826 

53 3.850 

55 3.875 

58 3.900 

60 3.920 

 

Table 4.2 Voltages for different SoCs in aged-cell studies 

State-of-Charge (%) Voltage (V) 

10 3.500 

16 3.561 

17 3.575 

19 3.590 

21 3.605 

23 3.620 

 

4.2.4 Equivalent circuit models of impedance measurements 

 One of the most common tools used to analyze and understand impedance data are 

equivalent circuit models, where each electrode in the whole cell is analogous to an RC circuit. 

However, to capture transport and thermodynamic properties, an extension of the RC circuit is the 

Randle’s circuit, which has a capacitor in parallel with the charge-transfer resistance and a 
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Warburg element in series. While these equivalent circuit models have been widely adopted for 

extracting information from EIS measurements, an analog has not yet been fully developed for the 

nonlinear response to enable a more straightforward, less-complicated analysis. 

 

Figure 4.1 Common Randle’s circuit (left) with a double-layer capacitance (Cdl) in parallel with two elements, a charge-transfer 

resistor (RCT) and Warburg (W) element, in series. The additional branch (right) is related to the ict branch in the Randle’s circuit 

nonlinear equivalent circuit elements, where a second-harmonic charge-transfer resistor (RCT,2) and a second-harmonic Warburg 

(W2) element are connected in series. 

 

 In this work, we first take our linear impedance measurement and using an open-source 

package on Python, impedance.py, we fit our data to a whole circuit that consists of three 

elements.97 These three components, all connected in series, are a pure ohmic resistor, one 

Randle’s circuit element to represent the negative electrode, and then another circuit element to 

represent the positive electrode that is another Randle’s circuit. Within each Randle’s circuit, the 

charge-transfer resistance is estimated by the width of each electrode’s arc, whereas the Warburg 

element has a much more complicated impedance, modelled by 

𝑊 =
𝑌0

√𝜔
[1 − 𝑗 (1 +

𝑌1

√𝜔
)]                                                                  [4.1] 

 Once the linear impedance has been fit and the parameters for each of the elements within 

the whole circuit are determined, the next step is to build the nonlinear equivalent circuit analogs 

to try and fit the nonlinear impedance. One way to do this is to employ the formalism developed 

by Schwartz, where we take the same equivalent circuits, as shown above, and calculate the 

complex quantity, 𝜃̃, which splits the proportion of the current that flows through the charge-

transfer branch (RCT and W) into its real component, ’, and the proportion that the flows through 

the capacitive branch into the imaginary component, ”, for either electrode, j. In these Randle’s 

circuits, we can find these quantities through Eq 4.2: 

𝜃′(𝜔) − 𝑗𝜃(𝜔) =
𝑍̃

𝑅𝐶𝑇,𝑗 + 𝑊
                                                             [4.2] 
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If we then assume that there the nonlinear analog of the circuits is as shown in Fig 4.1, then we 

can derive the following equation for the second harmonic impedance 

𝑍̃2,2 = [𝑅𝐶𝑇,2 + 𝑊2][(𝜃′2 − 𝜃"2) − 𝑗(2𝜃′𝜃")]                                        [4.3] 

To determine the second-harmonic Warburg, Schwartz expands the linear Warburg impedance W1 

by examining how deviations in intercalated Li+
 affect the voltage fluctuations. Through this 

analysis, it’s determined that the nonlinear Warburg element contains no new time constants from 

the linear component and is dependent on additional thermodynamic property (the second 

derivative of open-circuit potential), and the linear Warburg. The equation can be written as: 

𝑊2 =
1

2

𝑑2𝑈

𝑑𝑞2
(𝑊

𝑑𝑈

𝑑𝑞
⁄ )

2

                                                               [4.4] 

Thus, we can rewrite the second harmonic impedance to reflect the contribution of the linear 

Warburg component.  

𝑍̃2,2 = [𝑅𝐶𝑇,2 +
1

2

𝑑2𝑈

𝑑𝑞2
(𝑊

𝑑𝑈

𝑑𝑞
⁄ )

2

] [(𝜃′2 − 𝜃"2) − 𝑗(2𝜃′𝜃")]                         [4.5] 

Where the parameters that are allowed to vary for the fitting process are the nonlinear charge-

transfer resistances, RCT,2, and a lumped thermodynamic factor parameter, Bn,j for an electrode, j, 

as defined as: 

𝐵𝑛,𝑗 =
1

2

𝑑2𝑈

𝑑𝑞2
𝑗

(
𝑑𝑈

𝑑𝑞
𝑗

)

2

⁄                                                               [4.6] 

4.3 Results and Discussion 

4.3.1 Understanding the thermodynamics of the Li|NMC cells 

The open-circuit potential curve, first derivative, and second derivative of the open-circuit 

potential with respect to capacity of a fresh Li|NMC battery were determined with a C/50 constant 

current scan, as shown in Fig 4.2a, 4.2b, and 4.2c, respectively. These experiments were done in a 

controlled temperature of 25°C. The open-circuit potential is not completely linear, as evident by 

the subsequent differential capacity plots, where there are at least six prominent peaks in the dV/dQ 

plot, each representing different reactions, phase transitions, or staging phenomena in the two 
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electrodes. The derivatives were calculated using a Savitzy-Golay filter third-order polynomial 

with a moving window. For this work, high-precision coulometry equipment was used to collect 

the C/50 scan, but even with increased precision, errors and noise are undoubtedly propagated with 

further differentiation. Thus, despite the accuracy of this work, we needed to select a window size 

of 129 points to attain a second-derivative curve where features can be distinguished but not overly 

smoothed.  

 

Figure 4.2: Open-circuit voltage curve (a), its first derivative with respect to capacity (b) and its second derivative with respect to 

capacity (c), for a fresh Samsung cell taken at 25°C with a C/50 scan rate. The derivative results here are calculated using a moving, 

smoothing Savitzy-Golay filter that calculates the derivatives of the open-circuit potential over 129 individual points. Each curve 

is made up of roughly 17,000 points. 

 

At first glances of the open-circuit voltages for the fresh and aged cell, Fig 4.2a and 4.3a, 

there are no discernible differences, especially since there has been an extremely small amount of 
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capacity fade in these cells (<1 %). Upon looking at the differential voltage, we can start to see 

pick up details about the solid-states behaviors, where we see the sharper peak centered around 

3.87 V begin to shift towards higher voltages. Just like the open-circuit voltage though, the 

differential voltage is only capable of either monotonically increasing or decreasing, meaning that 

the sign of the value will always be the same. Upon further differentiation, we begin to see this 

monotonicity break, where the second derivative has multiple regions where the signal can be of 

either positive, negative, or zero, giving us more levers to control and examine when we begin to 

include other electrochemical techniques and analyses.  

 

Figure 4.3: Open-circuit voltage curve (a), its first derivative with respect to capacity (b) and its second derivative with respect to 

capacity (c), for an aged Samsung cell (100 cycles) taken at 25°C with a C/50 scan rate. The derivative results here are calculated 

using a moving, smoothing Savitzy-Golay filter that calculates the derivatives of the open-circuit potential over 129 individual 

points. Each curve is made up of roughly 17,000 points. 
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 Furthermore, we can also perform electrochemical impedance spectroscopy and nonlinear 

electrochemical impedance spectroscopy (EIS and NLEIS) to further probe not just the 

thermodynamic and transport properties of these cells, but also charge-transfer kinetics at a variety 

of different states-of-charge. In Figure 4.4, we show the Nyquist plots for the linear impedance 

and nonlinear impedance for fresh cells and aged cells at 10, 30, 50, and 60% SoC. 

 

Figure 4.4 Linear and nonlinear impedance spectra for fresh (a, c) and 100-cycled aged (b, d) cells at multiple states-of-charge. 

Inset plots in the nonlinear spectra are zoomed in near the origin, where the magnitude of the 30% and 60% SoC spectra can be 

better observed. All impedance measurements were collected over a frequency range from 10,000 Hz to 3.16 mHz. All second-

harmonic spectra are truncated at 10 Hz to remove signals generated from experimental noise. 

 

Here, we can see that despite the minute capacity fade, there can be significant deviations in the 

behavior of the AC responses. For example, at 10% SoC, the battery shows the most prominent 

signs of aging, where we see a more sluggish electrode, given by the emergence of a secondary, 

larger arc in the linear impedance. Similarly, at 30% SoC, we still see the signs of a slower 

electrode, albeit not nearly as pronounced as the 10% spectra. When we move into higher SoCs, 

we begin to see that the response remains relatively constant and that both electrodes have similar 

kinetics, as there are no two distinct arcs, and the magnitudes of the impedance values are similar. 
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More interestingly, some of the NLEIS signals have evolved in ways that are much more dramatic 

than the linear impedance. The NLEIS signals are truncated at 10 Hz because of inherent 

instrumentation noise. For the 10% SoC, we see that the magnitude of the nonlinear response has 

increased with the small amount of aging, as well as what may be an overlap in the timescales of 

contributions from charge-transfer effects and transport effects, much like the response in the 

linear impedance. The 30% SoC is equally interesting, and is further explored in Chapter 5, but 

here, we begin to see a prominent charge-transfer arc in the nonlinear response, as shown in the 

inset, and a low-frequency second-harmonic tail.  Finally, the NLEIS signals at 50% remains 

unchanged and the direction of the low-frequency tail in the 60% changes direction slightly. 

 Using these data, we were able to develop a more careful study, where we can measure the 

linear and nonlinear impedances in between some of these SoCs of interest. For example, we see 

that in between 50% and 60% SoC, aging the battery did not change the linear nor nonlinear 

impedance in a significant way. However, interestingly enough, we do see that in this region 

(between 3.820 and 3.920 V), that the NLEIS spectra shifts from the second quadrant into the 

fourth. In the slow-scan thermodynamic data, we also see that the first derivative traverses through 

the sharp peak at 3.90 V, and that the second derivative is oscillating in signs. Since we did not 

see any appreciable increase in the magnitude of the nonlinear impedance or directional shift from 

aging, we thus used fresh cells to study this voltage range to reduce experiment time and cost. 

However, the lower SoC regions (3.500 V to 3.643 V) exhibited aging effects, with the emergence 

of a mid-frequency response indicative of charge-transfer behavior. In addition, this region also 

has a number of peaks in the first derivative and oscillations in signs as well in the second 

derivative, making these spectra potentially information-rich in both the charge-transfer and 

transport/thermodynamic regions.  

4.3.2 Thermodynamic information using the MSMR model 

The theory behind the physics of EIS and NLEIS states that differences in SoC are 

demonstrated through differences in derivatives of each electrodes’ open-circuit potentials with 

respect to the solid-state concentration, diffusivities, interfacial capacitances, and charge-transfer 

characteristics.58 The first-order derivative can vary widely in magnitude, but will always be 

monotonic or zero, while the second order can vary in both sign and widely in magnitude. The 

physics show that thermodynamic contributions to the linear impedance are only affected by the 
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first-order derivative of the two electrodes,58,132 while the nonlinear, second harmonic impedance 

is affected by both the first- and second-order derivatives.77 Thus, it is critical to understand how 

the whole-cell response of the open-circuit voltage and its subsequent derivatives are achieved by 

the two electrodes. 

From prior studies of differential capacity on similar batteries, confirmed by our own 

postmortem characterization of our cells, show that the positive electrode material of our batteries 

is a blended cathode, comprised of LiNMC and spinel-LiMnO2.120 When the whole-cell response 

is disaggregated, it is reported that the dV/dQ contribution of the positive electrode is mostly 

constant during the first two peaks and slightly decreasing during the third peak of the graphite 

staging process (3.45 V to 3.65 V). The negative electrode is reported to have no contributions to 

the dV/dQ except for the distinct, sharp peaks that are exhibited. Theoretically, this gives us the 

ability to measure the thermodynamic effects of each individual electrode within a fully assembled 

cell, as the reaction peaks are potentially separated along the open-circuit potential curve. To do 

so, we employ the MSMR model from Chapter 3.  
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Figure 4.5 Thermodynamic data on the positive electrode (a, c, e) and negative electrode (b, d, e) for the fresh cells that are extracted 

and derived from the MSMR model fits. The open-circuit potential (a, b), and differential voltage (c, d) for the two electrodes are 

solved analytically using the model equations. The second-order derivative (e, f) are derived empirically using a higher-order 

Savitzy-Golay filter. Red markers are used to indicate approximately the voltages where EIS/NLEIS measurements were taken in 

the fresh-cell study.  

Here we show results of fitting the above C/50 slow scans to the MSMR model. We 

disaggregate the whole-cell response of the fresh and aged cell into their half-cell responses in 

Figures 4.5 and 4.6, respectively. For each figure, the left-hand plots depict the positive electrode 

(a, c, e) response and the right-hand side shows the negative electrode (b, d, f) response. In Figure 

4.5, voltages at which impedance measurements were measured are highlighted in red. Here, the 

MSMR model follows the trends found in literature, where the differential voltage of the positive 

electrode is consistently decreasing and changes concavity (4.5c), which leads to a local minima 

and further fluctuations in the second derivative (4.5e). In the negative electrode, the response in 

this voltage range traverses through the peak (4.5d), leading to second derivative values that are 

near zero, highly negative, and highly positive (4.5f).  
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Figure 4.6 Thermodynamic data on the positive electrode (a, c, e) and negative electrode (b, d, e) for the 100-cycle aged cells that 

are extracted and derived from the MSMR model fits. The open-circuit potential (a, b), and differential voltage (c, d) for the two 

electrodes are solved analytically using the model equations. The second-order derivative (e, f) are derived empirically using a 

higher-order Savitzy-Golay filter. Red markers are used to indicate approximately the voltages where EIS/NLEIS measurements 

were taken in the aged-cell study.  

 

The MSMR results for the aged cells further support the claims found in literature, where 

in this lower SoC range, 10 – 23% (3.500 V to 3.620 V), the magnitude of the positive electrode 

response derivative responses (dU/dQ and d2U/dQ2) remain fairly constant, whereas the negative 

electrode has a much different response. The negative electrode is undergoing multiple different 

staging processes as evident in the differential voltage, leading to constant shifting in signs in the 

second derivative. Because of the MSMR model, we are able to calculate these thermodynamic 

parameters, dU/dQ and d2U/dQ2 and apply them in trying to understand some of the phenomena 

that the linear and nonlinear impedances exhibit.  
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4.3.3 Impedance measurements and fitting for fresh cells 

Figure 4.7 shows the linear and nonlinear NLEIS spectra for a fresh cell as it is charged 

from 50% to 60% SoC. In the linear impedance, all spectra have indistinguishable high-frequency 

( > 1000 Hz) and small differences in the mid-frequency ( > 1 Hz) responses. The largest 

differences can be seen in angles and magnitudes of the low-frequency thermodynamic and 

diffusive tails ( < 1 Hz). In contrast, the second harmonic distinctly lack any mid-frequency 

feature, indicative of charge-transfer symmetry, so the only responses that are being measured are 

those related to the thermodynamics and transport of the cell. Nevertheless, the NLEIS response 

shows much more drastic changes in this regime. However, in the NLEIS response, we see that 

the low-frequency tail has a drastically different phase angle, with a complete switch in quadrant 

by the time the cell reaches 58% SoC.  

 

Figure 4.7 Nyquist plots of measured first (a) and second (b) harmonic coefficients, 𝑍̃1,1(ω1) and 𝑍2,2(ω1) for a fresh cell between 

the SoC range from 50% to 60%. The second harmonic data is truncated at 10 Hz.  
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To try and elucidate what may be causing these dramatic shifts in quadrants, we used the 

Randle’s circuits and the nonlinear circuit elements to fit the data. Here, we first fit the linear 

impedance of the 50% SoC using the initial guesses outlined in Table 4.3, where we assume that 

the electrodes are similar in charge-transfer, where there is some difference in the characteristic 

frequency, but not enough to lead to two distinct arcs. We also assume that the two Warburg 

elements have very different characteristics, where one has significantly faster transport properties 

and shorter diffusion lengths leading to a vertical asymptote with decreasing frequency, and the 

other with a longer diffusion length, leading to a more traditional 45° angle line with decreasing 

frequency. Once the linear impedance was fit, these parameters were held constant, and used to 

calculate the nonlinear impedance, where four additional parameters, the second harmonic charge-

transfer, RCT,2, and the lumped thermodynamic parameters, B, are fit. The initial guesses for these 

parameters are found in Table 4.4. The fit parameters were then seeded into the next SoC, and the 

process continued until the last SoC was solved. In Fig 4.8, we show the results of all the fit 

parameters as a function of SoC.  

 

Figure 4.8 Plots of model parameter fits for the linear impedance (first row and second row) and the nonlinear impedance as a 

function of state-of-charge for the fresh-cell study. The top row includes parameters for the pure ohmic resistance and the Randle’s 

circuit parameters for electrode 1. The middle row contains the Randle’s circuit parameters for electrode 2. The bottom row shows 

parameters for the nonlinear circuit elements. 
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 From these fitting results, we can see that the linear parameters have small variations 

throughout all the fits to capture the small differences seen in the linear Nyquist plots over this 

SoC range. The fits mirrored the initial guess, with no large discrepancy in the kinetic timescales, 

and the two electrodes keeping their vastly differing Warburg elements. For all fits shown using 

this work, we make the assumption that electrode one is the positive electrode and electrode two 

is the negative electrode. When we examine the parameters from fitting the nonlinear parameters, 

we start to see interesting trends emerge. First, in this voltage region, the frequencies related to the 

electrode charge-transfer properties do not generate an appreciable second harmonic signal 

meaning that all the response is purely due to thermodynamic and transport behavior. We can see 

this from our fits, where all the fit values for the nonlinear charge-transfer resistance (RCT2) for 

both the positive and negative electrode are all nominally close to 0 for most SoCs. Additionally, 

the magnitudes of the two nonlinear charge-transfer resistances are roughly equal, meaning that 

the nature of the negative parity signal will result in the whole-cell Z2 response to equate close to 

zero, such as in the cases for the 58% and 60% results. 

 In between 55% and 58% SoC, we see a major shift in the lumped thermodynamic 

parameters, as B1 (positive electrode) becomes negative whereas B2 (positive electrode) shifts into 

positive values. These trends that are observed in the lumped parameter fits follow the trends that 

we see in the derivatives that we calculated with the MSMR model in Figure 4.5, where we see 

both the positive and negative electrodes’ second derivative values change signs. While it does not 

line up perfectly, it is important to reiterate that the results of the MSMR models are still based off 

a C/50 scan, where the dynamic operation, albeit very slow, still generates an inherent offset from 

the true OCV, which may shift the locations of these peaks. However, these offsets are very small, 

so generally, we know that we are probing within the local vicinity of the MSMR results.  

This sudden quadrant shift in the second harmonic could be attributed to phase change of 

the dominating reaction. The dV/dQ plot shows that at these SoCs, the dominating reaction in the 

positive electrode shifts from intercalation/deintercalation of the NMC phase and into the MnO2 

phase. From literature, it is known that spinel MnO2 is blended into electrodes to serve as a high-

rate component, inherently leading to much faster diffusivities and different transport rates.133  

Given that, it is not surprising that this shift is an abrupt transition, as the material that is now being 
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electrochemically investigated is potentially different. This further shows that NLEIS can serve as 

a much stronger diagnostic signal than its traditional EIS counterpart.  

   

4.3.4 Impedance measurements and fitting for aged cells 

  The next SoC region that we wanted to explore was the three graphite peaks that are present 

in the dV/dQ plot below 30% SoC (3.643 V). These three peaks include several different local 

maxima and minima in the first derivative and varying sign changes in the second. Furthermore, 

when the two different electrode contributions are separated, the derivative of the positive 

electrode remains fairly constant, so any changes to the thermodynamics response of the EIS 

should be related to the changes exhibited by the negative electrode, as shown in Figure 4.6.  

In the linear spectra, as shown in Figure 4.9, there is a separation of two different 

electrodes, made evident by the second mid-frequency arc (10 Hz >  > 0.10 Hz), as we have seen 

in these aged cells. However, in this voltage range, the changes in the spectra are small, with a 

monotonically shrinking mid-frequency arc with increasing SoC, and indiscernible differences in 

neither the high-frequency region or the low-frequency tails. However, when we look at the NLEIS 

response of these signals, we see a distinguishable difference between these small increments of 

SoCs. Similar to the linear response, we see that the mid-frequency kinetic arc associated with the 

positive electrode shrinks in magnitude as the SoC is increased. The low-frequency tails observed 

though have subtle differences in their angle and directionality as they approach lower frequencies. 

These signals do not appear to be artifacts of just instrument noise either, as each of these 

experiments were done in triplicate to ensure reproducibility. Understanding these subtle 

differences though is much less intuitive, as the thermodynamics of the second harmonic-response 

is sensitive to changes in both first and second-order derivative of the open-circuit potential.  
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Figure 4.9 Nyquist plots of measured first (a) and second (b) harmonic coefficients, 𝑍1,1(ω1) and 𝑍2,2 (ω1) of an aged battery (100 

cycles) at SoCs between 16% and 23% The second harmonic data is truncated at 10 Hz. 

 

As compared to the 10% SoC, the nonlinear impedances in the 16 – 23 % (3.561 to 3.620 

V) range have two distinct regions that are separately dominated by charge-transfer behavior and 

transport/thermodynamic properties, without one major overlapping set of frequencies where there 

the two processes occur at similar timescales. As with the fresh-aged cells fits, we first start with 

fitting the linear impedance of the 16% SoC, and then use those parameters to fit the nonlinear 

impedance of the same state. Here, the fitting scheme again uses two Randle’s circuits to model 

the two separate electrodes, with one set of Randle’s circuit parameters having faster kinetics and 

faster transport properties (negative electrode), and then a second electrode with sluggish kinetics 

and slower transport (positive electrode). For the nonlinear parameters, we assume an appreciable 

second-harmonic charge-transfer resistance in the positive electrode and none in the negative 

electrode. These initial guesses are shown in Table 4.5 and 4.6, for the linear and nonlinear 
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impedances, respectively. Those results are again, then seeded as the initial guess for the next SoC 

and the process is repeated until the 23% data is complete. In Figure 4.10, we show the results of 

these fits 

 

Figure 4.10 Plots of model parameter fits for the linear impedance (first row and second row) and the nonlinear impedance as a 

function of state-of-charge for the fresh-cell study. The top row includes parameters for the pure ohmic resistance and the Randle’s 

circuit parameters for electrode 1. The middle row contains the Randle’s circuit parameters for electrode 2. The bottom row shows 

parameters for the nonlinear circuit elements. 

 

 Here, we can see the effect of the increasing SoC on the electrode one, which we designate 

to be the positive electrode. We see that as the cell becomes more charged, the RCT1 value 

decreases, leading to a shrinking second arc at lower frequencies. While we do see a decrease in 

the RCT1 value for the negative electrode, the scale of the decrease seen in the positive electrode 

dominates the degradation seen in the kinetic response. However, the remaining transport 

parameters for the positive electrode and most of the parameters in the negative electrode, with the 

exception of the D2,1 parameter which already is contributing an insignificant amount of 

impedance, remain constant. This is, for the most part, in parity with the behavior we see in the 

linear spectra, where neither the low-frequency tail nor the faster charge-transfer arc at the higher 

frequencies are shifting.  
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When we look at the nonlinear fitting parameters,  we see the most prominent feature is RCT2,1, 

or the second-harmonic charge-transfer resistance for the positive electrode, where it follows the 

same trend in decreasing magnitude with increasing lithiation. However, unlike the fresh cells, the 

fit RCT,2 parameters for the negative and positive electrode are not on the same orders of magnitude, 

meaning that they do not cancel out, yielding the charge-transfer arc in the Nyquist plots shown in 

the Figure 4.9. This appreciable RCT2 parameter, especially in the positive electrode, means that 

there is a breaking of charge-transfer symmetry, or in other words, the electrode is no longer able 

to become oxidized with the same ease or difficulty as it is to become reduced. When we employ 

Equation 4.7 and 4.8 to determine the charge-transfer symmetry coefficients, we get that at all 

these SoCs, the a and c values for the positive electrode are about 0.4 and 0.6, respectively.  

𝑅𝐶𝑇2 =
(𝛼𝑐

2−𝛼𝑎
2  )𝑓

4(𝛼𝑎+𝛼𝑐) 
𝑅𝐶𝑇1

2                                                       [4.7] 

1 = 𝛼𝑐 + 𝛼𝑎                                                             [4.8] 

This shows that these reduced-order models are able to capture the breaking of charge-transfer 

symmetry, without the use for complicated physics-based models. However, it is much harder to 

discern a trend or pattern based off the lumped thermodynamic parameters. The positive 

electrode’s differential voltage in this SoC range decreases in magnitude and has a change in 

concavity, leading to a local minimum in the second derivative, but does not exhibit any change 

in the sign of the second derivative. Instead, the negative electrode is traversing through three 

separate reaction peaks, leading to multiple peaks in the dV/dQ values, causing oscillating signs 

in the second derivative. However, when we look at the fit parameter (B2), the value is only 

shrinking in magnitude, without the flipping of the sign of the magnitude like the second derivative 

should cause the B parameter to as shown in Equation 4.6.  

To gain an understanding of how these parameters translate to the whole cell response, we use 

to model to disaggregate the two individual electrode’s contribution to the linear and nonlinear 

impedance. Here, we show the linear and nonlinear impedance of the median SoC (19%) of the 

study, in Figure 4.11, where we have the experimental data plotted against the fits on the left-hand 

side, and then whole-cell fit and its disaggregated, individual electrodes on right-hand side. 

Overall, we see that the linear Randle’s circuits capture the model data match exquisitely well and 

captures all the major features. In the nonlinear spectra, we see that the fit yields the charge-transfer 
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arc of similar width, our time constants still are not in parity, as evident by the fact that the model 

fit frequencies do not match as nicely as the first harmonic does, and that the highest frequency in 

the fit does not circle into the origin.  

 

Figure 4.11 Nyquist plots showing the linear (a, b) and nonlinear (c, d) impedance for an aged-cell at 19% SoC. The left-hand side 

(a, c) show the spectra for the experimental data (light-blue) and the model fits from the equivalent circuit models (black). The 

right-hand side (b, d) show the model fit for the overall whole-cell response (black) and the two electrodes that make up the 

response, with the response dominated by the positive (red) electrode and not the negative (dark blue) electrode. () denote 

frequencies that are 1 × 10𝑥. The second harmonic data is truncated at 10 Hz 

 

As evident by the parameters shown above, the negative electrode half-cell, in blue, contributes 

significantly less to the overall impedance response, and that the positive electrode is mainly 

responsible in both the linear and nonlinear spectra. In the nonlinear impedance, the positive 

electrode is responsible for the charge-transfer arc as well a majority of the low-frequency tail, 

with the negative electrode’s contribution shifting it along the 𝑍2
′  axis. What we know, and can see 

from the negative electrode’s Warburg element, is that if an electrode with fast transport leads to 

a vertical asymptote in the low-frequency response in the linear impedance,  the nonlinear response 

is translated into a horizontal line, with the direction of the low-frequency response  dictated by 

the sign of the lumped parameter. If we were to switch the sign of the B2 parameter, we would see 

that the nonlinear response of the negative electrode would move along the -𝑍2
′  axis rather what 
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we see in Figure 4.11. It is conceivable that the true value for the lumped thermodynamic parameter 

of the negative electrode is not truly captured. Based off Eq 4.6, we see that the lumped B is only 

related to the first and second-order derivatives with respect to the potential. We know from our 

experimental data and the MSMR model that the signs of the second derivative are constantly 

changing during this SoC window, meaning that the sign of the B parameter should be as well. 

Assuming the negative electrode behaves similarly in the real whole-cell, these slight directional 

changes in our thermodynamic tails of these sets of data could very well be explained by the small 

offsets along the positive or negative 𝑍2
′  axis caused by the second-harmonic Warburg element. 

 

Table 4.3 Initial guesses for linear impedance fits for fresh-cell study 

Parameter Initial Guess 

R 0.16 [] 

RCT,1 0.005 [] 

D1,1 0.07 [] 

D1,2 300.0 [s] 

CDL,1 1.0 [F] 

RCT,2 0.005 [] 

D2,1 0.00002 [] 

D2,2 0.2 [s] 

CDL,2 0.1 [F] 

 

Table 4.4 Initial guesses for nonlinear impedance fits for fresh-cell study 

Parameter Initial Guess 

RCT2,1 0.00 [/A] 

RCT2,2 0.00 [/A] 

B1 0.13 [1/V] 

B2 -44 [1/V] 
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Table 4.5 Initial guesses for linear impedance fits for aged-cell study 

Parameter Initial Guess 

R 0.015 [] 

RCT,1  0.01 [] 

D1,1 0.007 [] 

D1,2 300 [s] 

CDL,1 0.9 [F] 

RCT,2 0.005 [] 

D2,1 0.00002 [] 

D2,2 1 [s] 

CDL,2 1 [F] 

 

Table 4.6 Initial guesses for nonlinear impedance fits for aged-cell study 

Parameter Initial Guess 

RCT2,1 -0.00156 [/A] 

RCT2,2 0.00 [/A] 

B1 -0.710 [1/V] 

B2 -21.7 [1/V] 
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4.4 Conclusions and Implications 

A reduced-order model of NLEIS can lead to a quicker adoption of the techniques and 

analysis methods. Without relying on complicated P2D models to be solved in COMSOL or 

through other, equally rigorous calculations, NLEIS signals could be used to gain more 

information into phenomena that is not readily accessible in linear impedance, such as charge-

transfer symmetry. While we do see that the linear impedance is well modeled by the Randle’s 

circuits within these SoCs, the nonlinear impedance does not fully capture the correct time 

constants, as we can see that the points in the Nyquist plots for specific frequencies are not in 

parity. While the fitting with simplified Randle’s circuits do show promise, there are still 

underlying principles that cannot be captured because of the complex nature of the physical 

electrode surface that a lumped model like ECMs cannot capture. This prompts the need for 

improved parameter estimation that uses both EIS and NLEIS, because linear impedance can be 

subjected to degeneracy, where the same solution can be achieved with multiple sets of parameters. 

Incorporation of NLEIS can benefit in two major ways. First, it helps break this degeneracy, and 

it could lead to a better, more accurate estimate of these first-order parameters because there is 

another criterion that these parameters must also account for. Second, by having access to the 

second-order derivatives, we can glean more thermodynamic information. 

 A natural extension to the work presented work would be to expand on an analog of the 

transmission-line model that has these nonlinear circuit elements included, allowing for the porous 

electrode to be better modeled and understood. Once these electrodes can be properly modeled, 

the implications of performing EIS at a certain open-circuit voltage, and then obtaining its first 

and second derivative allows us to reconstruct larger segments of open-circuit potential curve 

without the need for lengthy experiments. Instead, a single EIS experiment can provide 

information about kinetics, interfacial phenomena, and the local open-circuit curve in much faster 

measurement times than other traditional techniques. 
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Chapter 5 - Nonlinear electrochemical impedance spectroscopy of 

lithium-ion batteries: Experimental approach, analysis, and initial 

findings 
 

Note: this chapter has been submitted as a preprint and has been accepted as a peer-reviewed 

article in the following citations.24,134 All data and code are found on the OSF project page.135 

• Murbach, M. D.; Hu, V.; Schwartz, D. T. Nonlinear Electrochemical Impedance 

Spectroscopy of Lithium-Ion Batteries: Experimental Approach, Analysis, and Initial 

Findings. ECSarXiv 2018. https://doi.org/10.17605/OSF.IO/T635X. 

• Murbach, M. D.; Hu, V. W.; Schwartz, D. T. Nonlinear Electrochemical Impedance 

Spectroscopy of Lithium-Ion Batteries: Experimental Approach, Analysis, and Initial 

Findings. J. Electrochem. Soc. 2018, 165 (11), A2758–A2765. 

https://doi.org/10.1149/2.0711811jes. 

Abstract 

Nonlinear electrochemical impedance spectroscopy (NLEIS) is a moderate amplitude extension to 

linear EIS that provides a sensitive and complementary whole-battery diagnostic for charge 

transfer kinetics, mass transport, and thermodynamics. We present the first full-frequency, second 

harmonic NLEIS spectra for lithium-ion batteries using commercially available, 1.5 Ah LiNMC|C 

cells. The mathematical framework for NLEIS shows, and experiments confirm, that moderate-

amplitude input modulations can generate a second harmonic output that does not intrinsically 

corrupt the linear EIS response. Experimental measurements at varied states-of-charge (SoC) and 

states-of-health (SoH) are used to illustrate and compare NLEIS and EIS data. At low frequencies, 

the second harmonic NLEIS spectrum is shown to produce a much more distinct response to SoC 

dependent thermodynamic and diffusion processes than linear EIS. By combining NLEIS and EIS, 

we are able to characterize degradation in early cell cycling (where cells lost <1% of initial 

capacity). We also show that NLEIS complements the characterization of charge transfer kinetics 

of linear EIS through the second harmonic sensitivity to symmetry. For example, NLEIS shows 

that fresh cells have high symmetry charge transfer (αa = αc = 0.5) on both electrodes, whereas 

early in the cycling there is a shift toward kinetics that favor oxidation on the positive electrode 

(αa,pos > 0.5, αc,pos < 0.5). Combined analysis of EIS and NLEIS spectra shows promise for 

improved parameter estimation and model validation. All experimental data and analysis code for 

this manuscript can be found on ECSarXiv.  

https://doi.org/10.17605/OSF.IO/T635X
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5.1 Introduction 

The unrelenting drive for higher energy and power dense lithium-ion batteries means the quantity 

of active materials is increasing at the same time separator thickness and electrolyte volume is 

decreasing.136 Under these conditions, chemical and electrochemical interactions across the whole 

cell are critical for understanding and optimizing battery performance. Thus, there is a growing 

need for sensitive and selective in situ diagnostics that support fundamental studies of whole cells. 

Electrochemical impedance spectroscopy (EIS) is a powerful, noninvasive technique that works 

by applying a small current or voltage modulation and measuring the linear voltage or current 

response.137 EIS has been used to characterize lithium-ion battery properties such as the solid-

electrolyte interphase (SEI) layers,55,138 mass transfer and kinetics of the electrode materials,29,51 

and degradative and capacity loss mechanisms.30,139  EIS experiments are traditionally analyzed 

using equivalent circuit analogs, but linearized physics-based models are also available.140–142 

While EIS is a widely used and valuable technique, batteries are inherently nonlinear systems, and 

the linear nature of EIS can lead to degeneracy;  that is, a single EIS dataset can often be 

represented equally well by different linear models143 and circuit analogs.59   

A natural extension to EIS uses moderately larger amplitude perturbations of current or voltage 

to drive the battery into a weakly nonlinear regime. This variant of EIS, which we call nonlinear 

EIS (NLEIS), breaks the degeneracy of linearization and contains complementary information to 

EIS.143 In the weakly nonlinear regime, a moderate-amplitude, single-sine input of current or 

voltage produces one or more measurable (but small) higher harmonics of the fundamental 

frequency in the output Fourier spectrum. These higher harmonics have often been treated as 

evidence of a “corrupted” linear response to be eliminated from EIS measurements;60,61,144–146 

however, NLEIS spectra can be used to elucidate information about the nonlinear dynamics of a 

system that cannot be probed with EIS alone. NLEIS has previously been used in studies of 

corrosion,64–66 fuel cell mechanisms,69,143,147 mass transport-controlled systems,72,148,149 chemical 

sensing,74,75,150 as well as lithium-ion batteries.76,151 Lvovich and Smiechowski were able to 

characterize degradation in industrial lubricants through monotonic trends in the second harmonic 

NLEIS responses, despite no noticeable trend in the linear responses.78 Wilson et al. used physical 

models to distinguish the rate determining mechanism of the oxygen-reduction reaction on solid 

oxide fuel cell electrodes, despite the models being degenerate in their linear response.143  Xu and 
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Riley demonstrated that the transfer coefficients, which have typically been experimentally 

difficult to determine, can be found through the use of even harmonics in the well-characterized 

ferri-ferrocyanide redox couple.79 Heubner et al., further used the same principles to determine the 

transfer coefficients in lithium iron-phosphate electrodes.80 Recently, higher harmonic responses 

in lithium-ion batteries have been studied through a total-harmonic distortion analysis to examine 

nonlinear Faradaic processes, and battery degradation.76,152–154  

In these past studies, it is important to make distinctions between nonlinear measurements in 

the weakly nonlinear regime, where the measurable harmonics are few in number and orders of 

magnitude smaller than the fundamental response,64–66,72,143,147–149,151 versus those studies that use 

much larger modulations of current or voltage and produce many harmonics within an order of 

magnitude of the fundamental response.76,152–154 The NLEIS analysis presented here is only 

appropriate for the weakly nonlinear response. 

NLEIS measurements are an interesting complement to EIS, in part, because the measurements 

do not necessarily require new equipment from traditional EIS.61,79 Here we show how small 

changes in the experimental procedures and signal processing for EIS can allow researchers to 

calculate higher harmonic NLEIS spectra. These results are used in conjunction with an extension 

of the pseudo-two-dimensional (P2D) impedance battery model that includes the nonlinear 

harmonic response151 to gain insight into the physicochemical behavior of commercial Samsung 

18650 lithium-ion cells. 

5.2 Experimental Methods and Signal Analysis 

5.2.1 Cycling procedure of the lithium-ion battery 

Cycling measurements on commercially available Samsung 1.5Ah LiNMC|C cells (INR 

18650-15M) were made using a Maccor 4000M battery cycler in a controlled temperature 

environment of 25°C using a Maccor MTC-020 chamber. In these experiments, all cells were first 

subjected to five formation cycles using a C/2 charge and discharge rate within the specified 

voltage window (2.5 V to 4.2 V). To study the effects of aging, NLEIS measurements were 

conducted on new cells and cells that had been cycled for 100 cycles. The full cycles consisted of 

a 2C (3 A) constant current charge from 2.5 V (0% SoC) to 4.2 V (100% SoC), a constant voltage 

at 4.2 V until a 100mA current cutoff was reached, and a constant current discharge at 2C. 
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5.2.2 Measuring the nonlinear impedance of a lithium-ion battery 

We demonstrate the full-spectrum application of nonlinear electrochemical impedance 

spectroscopy for batteries using an Autolab PGSTAT128N potentiostat/galvanostat with the 

frequency response analyzer module (Autolab FRA32).  The measurements were made at a 

controlled temperature of 25°C and used a four-electrode configuration with voltage sensing at the 

cell terminals. 

A single cosine current modulation waveform with frequency 𝜔1 and amplitude ∆𝐼 was sent 

to the galvanostat 

   𝐼(𝑡; ∆𝐼, 𝜔1) = ∆𝐼 𝑅𝑒{exp(𝑗𝜔1𝑡)},    [5.1] 

where 𝑗 =  √−1  and Re denotes the real component of the bracketed function. The notation 

𝐼(𝑡; ∆𝐼, 𝜔1) can be generalized as 𝑋(𝑎; 𝑏, 𝑐, … ) to show 𝑋 is the dependent variable, 𝑎 is an 

independent variable, and 𝑏, 𝑐, … are experimental parameters of the solution. The actual time 

domain current perturbation applied to the battery by the galvanostat, 𝐼(𝑡; ∆𝐼, 𝜔1), and the 

measured voltage response, 𝑉(𝑡; ∆𝐼, 𝜔1), were recorded using input modulations of 0.3, 0.4, and 

0.5 A over a logarithmically spaced frequency range from 10 kHz to 3.16 mHz. Time domain data 

were recorded after the system had reached a steady-periodic state. A minimum of 10 steady-

periodic cycles were logged with 𝑁 = 4096 synchronous time domain measurements for both 

current and voltage. A rest time of 30 minutes was provided between each frequency sweep to 

provide a consistent baseline.  

Measurements at specific states-of-charge were carried out by adding a specified amount of 

charge to a fully discharged battery (discharged to 2.5 V and held until the current reached 1 mA). 

The amount of charge to add was determined by capacity measurements at C/10 cycling. The 

voltages of specific states of charge were recorded after a four-hour rest to allow the cell to 

equilibrate.155 For subsequent NLEIS experiments, each cell was charged to the desired voltage 

designated by the baseline (summarized in Table A1) through a C/10 rate, and then subjected to a 

two-hour constant voltage charge at the desired voltage. The cells were then allowed to equilibrate 

for an additional two hours at open circuit. 
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Fast Fourier transformation (𝐹𝐹𝑇) of a steady-periodic input current of the form given by 

Equation 5.1, theoretically results in a very simple spectrum, 

  𝐹𝐹𝑇{𝐼(𝑡; ∆𝐼, 𝜔1)} =  ∆𝐼,       [5.2] 

at the frequency 𝜔1, and zero at all other frequencies. The resulting voltage spectrum, however, 

often contained complex Fourier coefficients at integer multiples, 𝑘, of the fundamental 

frequency, 𝜔1,       

   𝐹𝐹𝑇{𝑉(𝑡; ∆𝐼, 𝜔1)} =  𝑉̃(𝑘𝜔1; ∆𝐼).      [5.3] 

The experimental reality of our galvanostat was that harmonic distortions of the pure cosine 

current were introduced into the ideal spectrum given by Equation 5.2 when operated at higher 

frequencies and amplitudes, leading to an input current spectrum of the form: 

𝐹𝐹𝑇{𝐼(𝑡; ∆𝐼, 𝜔1)} =  𝐼′(1𝜔1; ∆𝐼) + 𝑇𝐻𝐷    [5.4] 

where 𝑇𝐻𝐷 is the total harmonic distortion of the single sine input signal and 𝐼′(1𝜔1; ∆𝐼) is the 

real Fourier coefficient at the fundamental frequency of the current perturbation (closely 

approximating ∆𝐼). To ensure nonlinear experimental results presented here are from nonlinearity 

in the battery, not the power amplifier, we only report second harmonic data up to a frequency of 

10 Hz for this instrument, where 𝑇𝐻𝐷 in the input was always below 1.0%. Linear EIS is reported 

for the entire frequency range.  

The complex Fourier voltage spectrum had a pure harmonic structure comprised of signal at 

integer 𝑘 values of the fundamental frequency 𝜔1.  The lack of sub-harmonic (0 < 𝑘 < 1) or 

anharmonic (non-integer 𝑘) output voltage spectrum indicated that the batteries (and measurement 

instrument) were stable, in all cases, to the finite amplitude current modulations. However, noise 

and imperfect sampling did lead to a small, continuous baseline in the spectrum. The baselines for 

the linear (𝑘 = 1) and second harmonic (𝑘 = 2) peaks were subtracted using a quadratic 

polynomial fit to several anharmonic baseline points adjacent to each harmonic peak of interest.  

The amplitude of each voltage harmonic depends on the current modulation amplitude, ∆𝐼. 

Prior research has shown that the weakly nonlinear response of the battery can be expressed as a 

power series in perturbation amplitude such that,143,148,149 
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                                         𝑉̃(𝑘𝜔1; ∆𝐼) =  ∑ ∆𝐼𝑘+2𝑟𝑍̃𝑘,𝑘+2𝑟(𝜔1)∞
𝑟=0     [5.5] 

where the resulting double indexed coefficients, 𝑍̃𝑘,𝑝(𝜔1), are pure frequency dispersion 

coefficients – we will call them linear and nonlinear impedance coefficients – corresponding to 

harmonic number, 𝑘, and order, 𝑝.  The double indexed coefficient 𝑍̃1,1(𝜔1) is identically equal to 

the normal (linear) electrochemical impedance of the system.  𝑍̃2,2(𝜔1) is the leading order 

nonlinear electrochemical impedance derived from the second harmonic of the voltage response 

to a pure cosine input current. The impedance coefficients for 𝑝 > 𝑘, represent higher order 

corrections to the leading order 𝑘 = 𝑝 solutions. In this work, we present an experimental and 

computational evaluation of the leading order terms in Equation 5.5,  

   𝑉̃(1𝜔1; ∆𝐼) =  ∆𝐼𝑍̃1,1(𝜔1),        [5.6] 

 𝑉̃(2𝜔1; ∆𝐼) =  ∆𝐼2𝑍̃2,2(𝜔1) .     [5.7] 

From the complete form of Equation 5.5, it is possible to estimate how error scales when we 

truncate the series and use Equations 5.6 to determine the traditional linear electrochemical 

impedance, and Equation 5.7 to find the second harmonic NLEIS spectrum.  Specifically, the error 

associated with using Equation 5.6 scales as ~𝒪(∆𝐼3) and the error from using Equation 5.7 scales 

as ~𝒪(∆𝐼4).  

All of the data presented in this paper, including additional experiments showing 

reproducibility across several identical Samsung cells and data for analyzing the frequency-

dependent galvanostat harmonic distortion, along with all of the software used for signal 

processing and analysis, can be found in the Supplementary Jupyter Notebook.135 

5.3 Results 

5.3.1 Current perturbation and voltage response signals 

Typical time domain measurements of the input current and output voltage response from a 

Samsung high power NMC/C cell are shown for a frequency of 𝜔1 = 0.5 Hz in Figure 1a and 1b, 

respectively, for three different current modulation amplitudes (∆𝐼 = 0.1 A, 0.3 A, and 0.5 A). 

Time domain data of this nature, measured at different states of charge, frequencies, and 

amplitudes, are the raw data for our method.  
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Figure 5.1. Measured time domain current (a) and voltage (b) response for a commercial 1.5 Ah LiNMC|C cell excited 

by a 𝜔1 = 0.5 Hz current perturbation of varying amplitudes (𝛥𝐼) ranging from 0.1 A to 0.5 A. These signals are 

transformed into the frequency domain to enable analysis of the real (c, e) and imaginary (d, f) components at different 

harmonics, k. Offsets are added for clarity and the real and imaginary values for 𝑘 > 1.5 are multiplied by 500 and 

50, respectively, to be on the same scale. Voltage signal has mean open circuit value of 3.643 V subtracted.  

 

In the time domain, the current (Figure 5.1a) appears to be a pure cosine. The output voltage 

response (Figure 5.1b) also appears to be a sinusoidal signal, with a phase and amplitude that 

depends on the input frequency and amplitude of the modulated current. For these high-power 

1500 mAh cells, a current modulation of 100 mA is seen to produce a voltage modulation of about 

4 mV around the open circuit voltage, whereas the largest current modulation of 500 mA produces 

roughly 20 mV of voltage modulation around the open circuit voltage. In EIS, a 4 mV modulation 

would be expected to fall in the linear response regime of nearly any electrochemical system. In 

contrast, a 20 mV modulation would generally be considered large enough to drive a weakly 

nonlinear response. For all of the NLEIS experiments reported here, we use current modulations 

between 300 and 500 mA; for the Samsung cells under test, the modulated voltages are in the 10s 
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of millivolts, or weakly nonlinear regime. We also do select experiments with 33 mA current 

modulation to determine impedances under traditional, very small amplitude linear conditions. 

Details of the phase, amplitude, and harmonic content of the input current and output voltage 

signals are more evident in frequency domain spectra determined through FFT of the time domain 

signals, as shown in Figures 5.1c-f.  The real and imaginary current spectra (Figure 5.1c and 5.d, 

respectively) show that the input is a purely real signal. A tiny amplifier-induced second harmonic 

signal (𝑘 = 2) is made evident by multiplying that portion of the spectrum by 500x, demonstrating 

that the actual galvanostat amplifier has a spectrum represented by Equation 5.4, but it is close to 

the ideal input given by Equation 5.2. In all that follows, we use the measured value 𝐼′(1𝜔1; ∆𝐼) 

rather than the ideal value ∆𝐼, when computing experimental impedances via Equations 5.6 and 

5.7.  As noted, the difference between the measured 𝐼′(1𝜔1; ∆𝐼) and ∆𝐼 is generally small. 

The real and imaginary frequency domain voltage spectra (Figure 5.1e and 5.f, respectively) 

show several features not easily seen in time domain measurements. In the frequency domain, the 

phase shift and magnitude of each harmonic in the voltage spectra can be quantified based by the 

magnitudes of the real and imaginary components. Qualitatively, one can see that the first 

harmonic in voltage grows linearly with 𝐼′(1𝜔1; ∆𝐼) values from Figure 5.1c, as predicted by 

Equation 5.6. Likewise, the 𝑘 = 2 second harmonic in voltage appears to grow at a super-linear 

rate with 𝐼′(1𝜔1; ∆𝐼); Equation 5.7 suggests a quadratic dependence.  The signs and ratios of the 

real and imaginary components for the 𝑘 = 2 peaks are different than the 𝑘 = 1 peaks at the 

fundamental frequency.  

5.3.2 Amplitude dependence of voltage harmonics 

 To calculate the linear (traditional EIS) and nonlinear second harmonic impedance 

coefficients for the data in Figure 5.1 at frequency 𝜔1 = 0.5 Hz, we use the real and imaginary 

𝑘 = 1 and 𝑘 = 2 data along with Equations 5.6 and 5.7. Figure 2 shows the amplitude dependence 

of the voltage harmonics in Figures 1e and 1f, as a function of 𝐼′(1𝜔1; ∆𝐼), the k=1 peak in Figure 

1c. The impedance coefficients 𝑍̃1,1(𝜔1) and 𝑍̃2,2(𝜔1) are the best-fit coefficients from the 

polynomials in Equations 5.6 and 5.7, where 𝐼′(1𝜔1; ∆𝐼) rather than ∆𝐼 is used. To retain the phase 

information in the double-indexed impedance coefficients, the real (Figure 5.2a) and imaginary 

(Figure 5.2b) components of the harmonic response are fit separately.   
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The solid lines in Figure 5.2 are the best-fit curves, and the dashed regions represent the 

extrapolations outside the three fit data points. The 𝑘 = 1 line shows an independent, very small 

amplitude data point at 0.033 A, representing a measurement taken under conditions well away 

from any experimentally detectable voltage second harmonic. The 0.033 A points are seen to lie 

on the extrapolated linear fit made from the 0.3, 0.4, and 0.5 A data. The calculated 𝑍̃′1,1 value 

from fitting the three larger amplitude points in Figure 2a is 𝑍̃′1,1 = 37.31 ±  0.45 mΩ. The value 

measured from the traditional small amplitude 0.033 A modulation, where there is no 𝑘 = 2 peak, 

is 𝑍̃′1,1 =  37.37 mΩ, well within the confidence interval of the larger amplitude value. Moreover, 

all 𝑍̃1,1(𝜔1) linear impedances calculated from the 0.3, 0.4, and 0.5 A points were found to satisfy 

Kramers-Kronig relations156 to within 1.0% (see the Supplementary Jupyter Notebook).135 

The results shown in Figure 5.2 are consistent across our wide range of frequency response 

data, and they support the hierarchical mathematical structure of Equation 5.5. Specifically, our 

results and the math show it is possible to simultaneously, self-consistently, and accurately 

determine the 𝑍̃1,1 spectrum from 𝑘 = 1 voltage data (that scale with ∆𝐼) and the 𝑍̃2,2 spectrum 

from 𝑘 = 2 voltage data (that scales with ∆𝐼2), because the leading order truncation error in 𝑍̃1,1 

scales with 𝒪(∆𝐼3). Stated another way, there is no fundamental reason the presence of an easily 

detected second harmonic in the voltage spectrum should be taken to indicate the linear impedance 

is corrupted by nonlinear effects. Instead, the math suggests that a cautionary signature of 

nonlinearity corrupting EIS is the presence of a third harmonic in the voltage spectrum (i.e., 𝑘 = 3 

signature), because that harmonic scales with ∆𝐼3, just like the truncation error in 𝑍̃1,1.  The 

experimental implication is that we chose current modulation amplitudes of 0.3, 0.4, and 0.5 A 

because, for the battery under test, these values are a good compromise between measurable second 

harmonics but negligible third harmonics in the voltage spectra. 
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Figure 5.2 Amplitude dependence of the real (a) and imaginary (b) components of the Fourier transformed voltage 

response (𝜔1 = 0.5 Hz) as a function of the current perturbation amplitude, ∆𝐼. The first (k = 1, ) and second (k = 2, 

) voltage harmonics are fit to linear, 𝐼′(1𝜔1; ∆𝐼)𝑍̃1,1(𝜔1), and quadratic, 𝐼′(1𝜔1; ∆𝐼)2𝑍̃2,2(𝜔1), functions of the 

measured perturbation amplitude, respectively. The real and imaginary second harmonic data are multiplied by 500x 

and 50x, respectively, to place them on the same scale as the linear response. The data are shown for cell 5 at 30% 

SoC. 

 

As noted in the discussion of Equation 5.4, the galvanostat (like all amplifiers) is imperfect 

and generates harmonic distortions; these instrument-induced signals are expected to appear in the 

input current and output voltage spectra. To assess the magnitude and remove galvanostat-

generated second harmonic in the voltage output, we use a 𝑍̃1,1
′ = 21  mΩ resistive wire that is 

comparable in magnitude to the impedance of the batteries under test but has no intrinsic nonlinear 

harmonic generating behavior. Using the same analysis of 𝑘 = 2 voltage spectra as shown in 

Figure 5.2, we find the purely linear resistor produced a frequency invariant 𝑍̃2,2
𝑖𝑛 = 4.56 × 10−5 𝛺

𝐴
 

that can be entirely associated with the instrument. In all of the second harmonic NLEIS spectra 
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we report, this instrument value is subtracted from each 𝑍̃2,2(𝜔1) point to remove the small 

instrument offset.  

5.3.3 Nyquist representation of linear and nonlinear EIS spectra 

Measuring the linear and nonlinear impedance coefficients over a range of frequencies 

provides insights into the system at different physicochemical timescales. Figure 5.3 shows a 

Nyquist representation of the experimentally measured linear EIS spectrum, 𝑍̃1,1(𝜔1), and second 

harmonic NLEIS spectrum, 𝑍̃2,2(𝜔1), for a fresh cell at 50% state-of-charge. The linear response 

shown in Figure 5.3a is a typical EIS spectrum for a lithium-ion battery. Figure 5.3a has a high 

frequency real-axis intercept (> 1 kHz) related to the internal resistance of the battery, a mid-range 

frequency arc (~1 kHz to 1 Hz) attributable to the coupled charge transfer kinetics and double-

layer capacitance of the porous electrodes, and a low frequency tail (< 1Hz) attributable to 

diffusive transport and thermodynamics. The linear EIS spectra we are measuring can be thought 

of as the sum of two half-cell impedances for the positive and negative electrodes, 

      𝑍̃1,1 = 𝑍̃1,1
+ + 𝑍̃1,1

− ,          [5.8] 

where each half cell is defined at the mid-plane of the separator. Analysis of linear EIS spectra 

using equivalent circuit modeling is common in the literature, where circuit elements can be related 

to characteristics of the electrodes and separator.137,140,157,158 

Prior work151 shows that the second harmonic response is highly sensitive to several forms of 

symmetry in the system under test. The second harmonic NLEIS spectra we are measuring can be 

thought of as the difference between the half-cell impedances for the positive and negative 

electrodes, 

      𝑍̃2,2 = 𝑍̃2,2
+ −  𝑍̃2,2

−  .          [5.9] 

In a symmetric cell, where the positive and negative electrodes are identical, 𝑍̃2,2 will be identically 

zero for all frequencies. Of course, a functional battery is not a symmetric cell because 

thermodynamic differences in each electrode material largely defines the battery.  Figure 5.3b 

shows that essentially all of the 𝑍̃2,2 response, for a fresh cell at 50% SoC, occurs at frequencies 
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below 1 Hz, where cell thermodynamics and diffusive transport are expected to be the dominating 

physics.   

 

Figure 5.3 Nyquist plots of measured first (a) and second (b) harmonic coefficients, 𝑍1,1(𝜔1) and 𝑍2,2(𝜔1) of a “fresh” 

battery at 50% SoC. The data at 1 kHz ( ), 1 Hz ( ), and 10 mHz ( ) are labeled for clarity. 

 

In the mid-frequency regime (>1 Hz), where interfacial kinetic/capacitive processes dominate 

the linear EIS spectrum of Figure 5.3a, we see negligible 𝑍̃2,2 second harmonic response. In our 

full-physics model of lithium ion batteries, the lack of kinetic/capacitive response in 𝑍̃2,2 was 

attributed to high symmetry charge transfer where 𝛼𝑎 =  𝛼𝑐 in the Butler-Volmer expression.151  

To get a basic understanding of charge transfer symmetry in the linear and nonlinear impedance, 

we carry out a Taylor series expansion of the Butler-Volmer equation, 
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                                              𝑗 = 𝑖0 [exp (
𝛼𝑎𝐹

𝑅𝑇
𝜂) − exp (

−𝛼𝑐𝐹

𝑅𝑇
𝜂)]          [5.10] 

and include the first two terms 

𝑗 = [
𝑖0(𝛼𝑎+𝛼𝑐)𝐹

𝑅𝑇
 ] 𝜂 + [

𝑖0(𝛼𝑎
2−𝛼𝑐

2)𝐹2

2𝑅2𝑇2
] 𝜂2 +  𝒪(𝜂3),    [5.11] 

where 𝑖0 is the exchange current density, 𝛼𝑎 and 𝛼𝑐 are the anodic and cathodic transfer 

coefficients, and 𝐹, 𝑅, and 𝑇 are Faraday’s constant, the gas constant, and the temperature, 

respectively. The first term on the right-hand side of Equation 5.11 is the inverse of the classic 

linear charge transfer resistance whereas the second term describes the leading order nonlinear 

behavior. Note that the second term is zero when charge transfer is symmetric with 𝛼𝑎 = 𝛼𝑐, but 

can be either positive or negative when 𝛼𝑎 ≠ 𝛼𝑐.  

The classic linear charge transfer resistance in EIS is insensitive to symmetry because 𝛼𝑎 + 𝛼𝑐 

is a constant (the number of electrons transferred) for each electrode. On the other hand, the second 

term of Equation 5.11, when combined with Equation 5.9, provides a symmetry-dependence that 

is consistent with our full-physics battery model behavior when 𝛼𝑎 = 𝛼𝑐,  𝛼𝑎 > 𝛼𝑐 or 𝛼𝑎 < 𝛼𝑐 for 

either or both electrodes.151 Thus, we can think of the second term in Equation 5.11 as being related 

to a “second harmonic charge transfer resistance” for each electrode. The absence of second 

harmonic NLEIS features at interfacial kinetic/capacitive frequencies in Figure 5.3b suggests 

charge transfer on both “fresh” electrodes is symmetric. 

5.3.4 State-of-Charge (SoC) dependence for fresh cell 

The full physics theory for linear EIS and second harmonic NLEIS includes explicit state-of-

charge (SoC) dependence through derivatives of the open circuit potential of each electrode, and 

implicit dependence on parameters such as diffusivities, interfacial capacitances, and charge 

transfer parameters.151  Specifically, linear EIS response depends on the first derivative of open 

circuit voltage with respect to intercalated lithium content; the first derivative is always negative 

for either electrode, but the magnitude can vary widely by material. The second harmonic NLEIS 

response depends on both the first and second derivative with respect to intercalated lithium 

content; the second derivative can be positive, negative, or zero for either electrode. As a result of 

the additional parameters, their varied signs, and the fact the response comes from differences 
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between electrodes, per Equation 5.9, our theory suggests that the thermodynamics/diffusion 

dominated regions of second harmonic NLEIS spectra can display a much richer set of SoC-

dependent behaviors compared to the Warburg-like behavior expected for linear EIS.151 

 

 

Figure 5.4 Nyquist plots of measured first (a) and second (b) harmonic coefficients, 𝑍1,1(𝜔1) and 𝑍2,2(𝜔1), for a “fresh” 

cell at several states-of-charge. The data at 1 Hz ( ) and 10 mHz ( ) are labeled for clarity and the inset in (b) shows 

the region near the origin in more detail.  

 

Figure 5.4 shows the linear EIS and second harmonic NLEIS spectra as the SoC is varied from 

50% (same as Figure 3) to 10% in a fresh cell. The accompanying Supplemental Jupyter Notebook 

includes data for other states-of-charge, but they are excluded from Figure 5.4 for clarity.135 The 

series of linear EIS spectra in Figure 5.4a all have characteristic mid-frequency arcs associated 

with interfacial kinetic/capacitive behavior  (𝜔1 > 1Hz) and low frequency 
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thermodynamic/diffusive tails (𝜔1 < 1Hz). The interfacial charge transfer impedance grows 

systematically as the SoC is reduced.  The low frequency EIS tail displays subtle changes in length 

with state-of-charge, being longest at 50% SoC, shortest at 30%, and longer again at 10%. Based 

on the full physics EIS model presented elsewhere, the mid-frequency changes are likely to be 

driven by SoC-dependent changes in exchange current density (𝑖0) and double-layer capacitance 

(𝐶𝑑𝑙) on one or both electrodes. The low frequency response is typically driven by SoC-dependent 

changes in the first derivative of open circuit voltage and solid-state diffusivity on one or both 

electrodes, though other transport processes can also come into play.142,151 The effects of these 

changes are additive, per Equation (5.8). 

The second harmonic spectra in Figures 5.4b show much greater variation in behavior than the 

linear EIS as the SoC changes. Despite large variation in the low-frequency region, none of the 

spectra show significant responses in the interfacial kinetic/capacitive regime (𝜔1 > 1Hz), see 

inset in Figure 5.4b. As discussed above, the lack of significant second harmonic response in the 

mid-frequency regime indicates symmetry of charge transfer over all states-of-charge tested. The 

complexity of the low-frequency second harmonic NLEIS response is not surprising given the 

increased number of parameters controlling the behavior, as described above. Moreover, the fact 

that the NLEIS spectrum results from differences in each electrode, Equation (5.9), means that 

subtle changes in one electrode can be amplified. In theory, this increased sensitivity to parameter 

changes improves parameter identifiability, but the more complex dependencies of NLEIS means 

that more sophisticated analysis is required.  We will explore detailed SoC-dependent analysis and 

parameter estimation of NLEIS spectra in future work. 

5.3.5 State-of-Health (SoH) 

We have begun to explore the sensitivity of second harmonic NLEIS as a method for state-of-

health (SoH) assessments. Figure 5.5 shows the linear EIS and second harmonic NLEIS spectra at 

30% SoC for the fresh Samsung power cells and cells that have been charged and discharged at 

2C for 100 cycles. The measured capacity loss from this cycle-dependent aging is only 0.8%. The 

small change in the overall capacity implies small changes to physicochemical processes in the 

battery.  
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EIS is known to be valuable for prognostic and diagnostic analysis of battery aging.131 Here 

we see the linear EIS response in Figure 5.5a is noticeably changed in the mid-frequency 

kinetic/capacitive regime, despite less than 1% degradation of capacity. In particular, the mid-

frequency impedance has grown, and two distinct arcs are now visible in the aged cell. For 

LiNMC|C cells, the growth of a second mid-frequency kinetic/capacitive arc from cycling is 

typically attributed to an increase in the positive NMC electrode charge transfer resistance.139  The 

highest frequency arcs for fresh and aged cells continue to overlap in Figure 5.5a, suggesting 

negligible changes to the negative electrodes from 100 cycle aging. Likewise, aging related 

changes in the low frequency tail are extremely subtle. 

While linear EIS provides useful insights, Figure 5.5b shows second harmonic NLEIS 

produces much greater changes from 100 cycle aging than linear EIS; we find all measurable 

frequencies are distinctly altered in the aged cell. In particular, the emergence of a mid-frequency 

response in the aged cell indicates a breaking of charge-transfer symmetry for at least one 

electrode. Combining the EIS interpretation with the new NLEIS results here suggests the positive 

NMC electrode ages with an increase in linear charge transfer resistance (i.e., decreasing 𝑖0) and 

that change is accompanied by a breaking of charge transfer symmetry (i.e., 𝛼𝑎 ≠ 𝛼𝑐).  

Previous full-physics theory results show that the “second harmonic charge transfer 

resistance”, as we called it above, can be either positive or negative depending on the direction of 

charge transfer asymmetry and the electrode where that asymmetry arises.151 Using these prior 

results, and attributing all the degradation to the positive electrode, means the charge transfer arc 

in Figure 5.5b arises from the anodic transfer coefficient, 𝛼𝑎,𝑝𝑜𝑠, being larger than the cathodic 

transfer coefficient, 𝛼𝑐,𝑝𝑜𝑠. For a positive electrode with 𝛼𝑎,𝑝𝑜𝑠 >  𝛼𝑐,𝑝𝑜𝑠, oxidation (charging) is 

relatively easier (requires lower overpotential) than the equivalent reduction (discharging). This 

new insight into mechanistic changes in charge transfer cannot be determined from EIS alone, as 

linearization of the governing equations (and the governing physics) makes EIS wholly insensitive 

to charge transfer symmetry in either electrode. 
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Figure 5.5 Nyquist plots of measured first (a) and second (b) harmonic coefficients, 𝑍1,1(𝜔1) and 𝑍2,2(𝜔1) for a fresh 

cell and a cell which has been cycled 100 times at 2C. The data at 1kHz ( ), 1 Hz ( ) and 10 mHz ( ) are labeled 

for clarity. The second harmonic data is truncated at 10 Hz. Cells are at 30% SoC. 

 

As described in Figure 5.4b, the low frequency tail is sensitive to subtle changes in several 

thermodynamic and diffusive transport parameters for either or both electrodes.  As noted above, 

the sensitive, multi-parameter nature of the NLEIS low frequency domain makes attention to 

modeling more essential for interpretation. Overall, second harmonic NLEIS appears to 

complement linear EIS as a method for probing degradation processes at the earliest stages of 

cycling. 
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5.3.6 Physics-based modeling of the EIS and NLEIS spectra 

 All of the experimental observations we have made in Figures 5.3-5.5 can be represented 

by our previously developed pseudo 2-dimensional (P2D) physics-based model for the linear EIS 

and second harmonic NLEIS response of a lithium-ion battery.151   We are currently building up 

the computational tools needed for multi-parameter estimation of linear EIS and second harmonic 

NLEIS based on full-physics parameter estimation fit to experiments.159 However, even without 

best-fit parameters, it is possible to qualitatively demonstrate that important characteristics of the 

linear and nonlinear response for the battery can be captured by the model.  For example, Figure 

5.6 shows simulated spectra that qualitatively mirror the EIS and NLEIS aging results presented 

in Figure 5.5; the two sets of model parameters are given in Table 5.2.  

 

Figure 5.6 Nyquist plots of computed first (a) and second (b) harmonic coefficients, 𝑍1,1(𝜔1) and 𝑍2,2(𝜔1) from 3.16 

mHz to 10kHz. The data at 1 kHz ( ), 1 Hz ( ), and 10 mHz ( ) are labeled for clarity. 
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In the aged cell experiments, the appearance of two distinct kinetic/capacitive arcs in the EIS 

spectrum was attributable to growth of the charge transfer resistance and an increase in the 

characteristic “RC” time constants for the positive electrode.  The main way the model captures 

this aging affect is by a large reduction in positive electrode 𝑖0 and large increase in double-layer 

capacitances 𝐶𝑑𝑙 for both electrodes. Changes to the charge transfer symmetry have no effect on 

the linear EIS.  Further, looking at Table 5.2, we see that many of the thermodynamic and .diffusion 

parameters are changed for the aged cell, but these changes only produce subtle differences in the 

linear EIS spectrum at low frequencies, similar to the experimental observations in Figure 5.5a. 

As noted in the discussion of Figure 5.5b, aging qualitatively changes everything about the 

second harmonic NLEIS spectrum; that behavior is mirrored by our model.  As expected, 

symmetric charge transfer coefficients (𝛼𝑎 =  𝛼𝑐 = 0.5), for both electrodes, produce a low 

frequency curve that goes straight toward the origin, as seen with the “fresh cell” model 

parameters. In this case, there are no mid-frequency kinetic/capacitive features. Introducing 

asymmetry in the transfer coefficients of the positive electrode, (𝛼𝑎,𝑝𝑜𝑠 = 0.55, 𝛼𝑐,𝑝𝑜𝑠 = 0.45) 

results in the characteristic second harmonic kinetics arc seen in Figures 5b and 6b.  At low 

frequencies, the changes in thermodynamic and diffusion coefficients for both electrodes drive a 

radically different low frequency second harmonic NLEIS response, despite having only modest 

impact on the linear EIS response.  

The impact of charge transfer symmetry on the second harmonic signature is further illuminated 

in Figure 5.7. The effect of varying the positive electrode anodic transfer coefficient, 𝛼𝑎,𝑝𝑜𝑠, for 

three cases where 𝛼𝑎,𝑝𝑜𝑠 >  𝛼𝑐,𝑝𝑜𝑠,  𝛼𝑎,𝑝𝑜𝑠 =  𝛼𝑐,𝑝𝑜𝑠, and 𝛼𝑎,𝑝𝑜𝑠 <  𝛼𝑐,𝑝𝑜𝑠, is shown. The result 

shows that, depending on the nature of the asymmetry, the “second harmonic charge transfer 

resistance” can be positive or negative and its sign defines the quadrant of the resulting 

kinetic/capacitive arc. A similar, but inverted, dependence on symmetry exists for the negative 

electrode, because of the effect Equation (5.9) has on the total cell response.  We are exploring 

scaling relationships and analytical approaches for relating the second term of Equation (5.11) to 

the quantity we refer to as the “second harmonic charge transfer resistance,” which we think of as 

a nonlinear analog to the Randles’ circuit; we will report on those results later. 
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Figure 5.7 Nyquist plots of simulated second harmonic spectra, 𝑍2(𝜔1) for varying positive electrode anodic transfer 

coefficients, 𝛼𝑎,𝑝𝑜𝑠. 

5.4 Conclusions and Implications 

 Nonlinear electrochemical impedance spectroscopy (NLEIS) can be implemented as an 

add-on to traditional linear EIS by using a modestly larger input current or voltage modulation and 

advanced signal processing. Our experiments and analysis show that NLEIS provides 

complementary information to EIS; this new information helps unlock insights into the charge-

transfer kinetics, thermodynamics, and mass transport processes that govern lithium-ion batteries. 

We lay out experimental method and complications, as well as the mathematical framework for 

analysis of NLEIS. State-of-charge and state-of-health data for a fresh and cycled commercial 

Samsung LiNMC|C cell is used to illustrate the sensitivity of NLEIS.  

 There is a general notion that the existence of higher harmonics in the output voltage or 

current spectrum necessarily means EIS data is corrupted by nonlinear phenomenon.60,78  Instead, 

we show that the general mathematical form of the weakly nonlinear regime does not support this 

as a universal premise. Specifically, the mathematical truncation error associated with a linear 

impedance measurement is ~𝒪(∆𝐼3), assuming current is modulated with amplitude ∆𝐼, whereas 

the second harmonic output is an ~𝒪(∆𝐼2) signal.  Thus, it is generally possible to find input 

modulation amplitudes where first order (EIS) and second order (second harmonic NLEIS) effects 

dominate third order effects (error in the EIS signal and third harmonic NLEIS). Of course, the 

exception to this statement is a symmetric electrochemical system with identical electrodes; the 

second harmonic output is identically zero at all frequencies for a symmetric cell. Fortunately, 

functional whole batteries are always asymmetric cells.  For our experiments with 1500 mAh 
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power cells, input current modulations up to 500 mA produced fundamental peaks on the order of 

10s of millivolts, second harmonics several orders of magnitude smaller, and no measurable third 

harmonic. Experiments showed that EIS results acquired under these conditions matched much 

smaller modulations, and satisfied Kramers-Kronig relationships to within 1% error at all 

frequencies. 

It is worth reiterating here that instrumental limitations constrained the useable frequency 

range for second harmonic NLEIS spectra to 𝜔1 ≤ 10 Hz because of the total harmonic distortion 

that was generated by the galvantostat for these low impedance cells. Thus, we were unable to 

achieve high enough frequencies to fully probe the negative electrode kinetic/capacitive regime. It 

is worth noting, however, if the higher frequency electrode possessed asymmetric charge transfer, 

the effect would be reflected in the lower frequency second harmonic as a real axis offset from the 

origin. Consequently, improvements in instruments that enable larger current modulations for low 

impedance batteries are crucial for accurately probing smaller, and higher frequency, 

physicochemical processes with NLEIS.  

 A tantalizing view into the power of combining NLEIS experiments with NLEIS physics-

based models was provided in the analysis of cell aging.  We used a previously developed physics-

based linear EIS and second harmonic NLEIS model to interpret the second harmonic response’s 

sensitivity to charge transfer symmetry at mid-frequency ranges, as well as thermodynamic and 

mass transport parameters at low frequencies. The aged batteries, despite losing less than 1% of 

capacity from cycling, showed a fundamentally different signature in the nonlinear response due 

to the presence of asymmetric charge transfer kinetics. The measurable effects of the transfer 

coefficients, which have not been detectable in standard EIS, can now be monitored with aging, 

and at various states of the battery. This ability to measure fundamental aspects of charge transfer 

more completely, such as symmetry coefficients in situ and in whole cells, is a potentially 

important advance.  We are working on the tools to extract quantitative parameters from combined 

EIS and second harmonic NLEIS.  
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5.5 Appendix 
 

Table 5.1 Voltages for NLEIS measurements 

State-of-

Charge 10% 30% 40% 50% 60% 

Voltage 3.500 3.643 3.706 3.820 3.920 

 

Table 5.2  Physicochemical parameters for simulated fresh and aged cells 

 

Parameter 

Fresh Cell 

Value [Units] 

Aged Cell 

Value [Units] 

𝑪𝒅𝒍,𝒏 10 [μF/cm2] 50 [μF/cm2] 

𝑪𝒅𝒍,𝒑 25 [μF/cm2] 1000 [μF/cm2] 

𝒄𝟎 1000 [mol/m3] 1000 [mol/m3] 

𝑫 1.5E-10 [m2/s] 7.5E-10 [m2/s] 

𝑫𝒔,𝒏 3.9E-14 [m2/s] 9.8E-15 [m2/s] 

𝑫𝒔,𝒑 1.0E-14 [m2/s] 2.5E-15 [m2/s] 

𝒅𝑼𝒏

𝒅𝒄𝒔
 0 [V∙cm3/mol] -3.21 [V∙cm3/mol] 

𝒅𝑼𝒑

𝒅𝒄𝒔
 -10 [V∙cm3/mol] -11.7 [V∙cm3/mol] 

𝒅𝟐𝑼𝒏

𝒅𝒄𝒔𝟐  -100 [V∙cm3/mol] -400 [V∙cm3/mol] 

𝒅𝟐𝑼𝒑

𝒅𝒄𝒔𝟐  0 [V∙cm3/mol] -600 [V∙cm3/mol] 

𝒊𝟎,𝒏 29.7 [A/m2] 14.85 [A/m2] 

𝒊𝟎,𝒑 33.0 [A/m2] 5.51 [A/m2] 

𝒕+
𝟎  0.364 [–] 0.364 [–] 

𝜶𝒂,𝒏 0.5 [–] 0.5 [–] 

𝜶𝒂,𝒑 0.5 [–] 0.55 [–] 

𝜶𝒄,𝒏 0.5 [–] 0.5 [–] 

𝜶𝒄,𝒑 0.5 [–] 0.45 [–] 

𝜿 0.205 [S/m] 0.205 [S/m] 

𝝈𝒏 100 [S/m] 100 [S/m] 

𝝈𝒑 100 [S/m] 100 [S/m] 
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Table 5.3 Geometric parameters for simulated fresh and aged cells 

 

Parameter 

Fresh Cell 

Value [Units] 

Aged Cell 

Value [Units] 

𝒍𝒏 88 [μm] 88 [μm] 

𝒍𝒔 25 [μm] 25 [μm] 

𝒍𝒑 80 [μm] 80 [μm] 

𝑹𝒏 2 [μm] 2 [μm] 

𝑹𝒑 2 [μm] 2 [μm] 

𝝐𝒇,𝒏 0.0326 [–] 0.0326 [–] 

𝝐𝒇,𝒑 0.025 [–] 0.025 [–] 

𝝐𝒏 0.485 [–] 0.485 [–] 

𝝐𝒔 0.724 [–] 0.724 [–] 

𝝐𝒑 0.385 [–] 0.385 [–] 
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Chapter 6 - Conclusions and future work 
 

In order to advance further battery research and improve our understanding of the different 

types of aging that can occur in lithium-ion batteries, we must continue to develop and expand 

upon whole-cell diagnostic techniques and models. One way to rapidly improve the pace of these 

methods and tool development is to have a large repository of open data where researchers can use 

and properly cite. This can allow for model and tool developers to test and validate their methods 

on replicate data or even cells of different chemistries without the need to expend time and 

resources on collecting data that may already exist. In our work, we aimed to provide the 

community with a dataset with cycling, open-circuit estimates, and impedance data across replicate 

cells for a ubiquitous battery chemistry, NMC | Graphite, that the battery community will have 

access to. For our own work, we used the open-circuit voltage and its subsequent differential 

voltage to test and validate the Multi-Species, Multi-Reaction model that we converted from the 

half-cell framework into the whole-cell paradigm via inclusion of whole-cell design parameters. 

We fit the model to these slow-scans at various states-of-health and were able to investigate the 

electrodes’ thermodynamic behaviors with aging and how those propagate into the emergent 

properties that come with the whole-cell design. Finally, we were also able to expand upon 

traditional impedance by developing the experimental methods for the natural extension, NLEIS. 

To analyze these new data, we used both new nonlinear equivalent circuit methods as well as more 

complicated, full physics-based modelling to mirror the spectra we see in the EIS and NLEIS 

spectra. 

6.1 Advancing open battery data  

 With lithium-ion batteries becoming increasingly commonplace in everyday applications, 

it is no surprise that there is an increasing demand for battery data and characterization and 

diagnostic tools to provide insight into the internal states. In the research community, open-data 

has not kept pace with the exponential adoption of lithium-ion batteries. Here, we sought to collect 

an battery dataset using NMC | Graphite cells, which can be found in many commercial devices 

and battery packs. We aimed to look at how different temperatures and different charging C-rates 

affect the aging of these cells, and we collected reference performance data at intermediate SoHs 

with open-circuit potential estimations and impedance measurements. We also prioritized 



121 

 

collecting replicate cell data for each SoH for each condition to capture the experimental variation 

in these cells, respectively, as this is not commonly seen in many open-datasets. An important 

implication of collecting replicate data is to try and understand these experimental variations, 

which when determined, can provide users with confidence intervals or windows of when the cells  

are operating safely. Thus, in the instance where a cell is degrading abnormally, either through 

external or excessive stress or manufacturing flaws, it can be easily detected well before any 

noticeable safety hazards occur. 

 While still in progress, the aim of this work is to publish it into an open-data repository, 

following the guidelines laid out in the Battery Data Genome Project.91 We believe that in doing 

so, we are removing a time and resource-intensive step for researchers by supplying the community 

with a dataset on a popular chemistry that can be used to speed up model development and machine 

learning techniques. For example, machine learning studies, like the one developed by Severson 

et al86 can be further validated by using the input parameters found in their work to see if our 

batteries’ lifetimes can be predicted at the beginning of life. Furthermore, these data include open-

circuit data estimates, EIS, and NLEIS measurements. While the work on NLEIS was done 

primarily on cells that have undergone very little degradation (100 cycles, < 1% capacity fade), 

yet show incredible, emergent effects. The data collected in this dataset contain spectra for cells at 

widely different SoHs, allowing us to further examine NLEIS spectra and possibly features that 

had not yet emerged with our limited cycling.  

 

6.2 Whole-Cell Modeling with the Multi-Species, Multi-Reaction model 

 There is an increasing need for proper, whole-cell diagnostics in real-world applications, 

such as in electric vehicles, where postmortem analysis and subsequent half-cell studies are not a 

viable option. Here, we took the Multi-Species, Multi-Reaction model, developed by Verbrugge 

et al., and converted it into a whole-cell model using additional design parameters, such as total 

capacity loadings, lithiation ranges, and usable capacity within set voltage limits. Here, we were 

able to take open-circuit and differential voltage data at different SoHs from our dataset for one 

charge C-Rate and temperature and fit the whole-cell MSMR model. We were then able to examine 

how both the fundamental thermodynamic reactions, design parameters, and emergent properties 
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change with increased cycling. Using this model, we are able to estimate how the fundamental 

reactions and phase transitions within each electrode are degrading, using an accessible 

measurement and without the need for destructive testing or expensive crystallography or 

synchrotron experiments. 

 While the framework is mainly assessed against insertion electrodes, Verbrugge et al., has 

used the model to analyze different reaction systems, such as conversion electrodes. This makes 

the MSMR model increasingly valuable, as it can incorporate additional reaction schemes, 

allowing it to remain a viable analysis tool with new discoveries and achievements. As long as 

there is an open-library of available, well-procured half-cell data, the MSMR model can be seeded 

with relevant fundamental starting parameters for any electrode and used to study the whole-cell 

characteristics that emerge. 

 To improve upon this work, Baker et al., has expanded on this thermodynamic framework 

to incorporate kinetic and transport properties that can allow for increased accuracy of the model. 

Given that the OCV estimates in this work were derived from a dynamic, albeit very slow, 

operation, there is still an inherent offset generated by the overpotentials that occur at any passage 

of current. Especially since the whole-cell response is made up of the two electrodes, the inclusion 

of these important physical and chemical properties can reduce these overpotentials on both 

electrodes and yield more accurate parameters.  

Furthermore, we know from experience that the charge and discharge curves are not 

equivalent, and that there is some inherent hysteresis as shown in Figure 6.1. We can see that the 

locations of the peaks are shifted, which is to be expected with the hysteresis, but the height of the 

peaks also differ, particularly in the graphite peaks. This could be indicative of an asymmetric 

reaction, where one direction, lithiation or delithiation, may be favored, proving to be ideal points 

of study with techniques such as NLEIS. In addition, the MSMR model can provide relevant 

thermodynamic information on the two electrodes for further analyses, as shown in the EIS/NLEIS 

fitting with equivalent circuits. 
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Figure 6.1 Open-circuit voltage data vs capacity (a) and the differential voltage (dV/dQ) vs voltage (b) for the two separate charge 

and discharge steps in the C/20 scans for a fresh cell. 

 

6.3 Linear and nonlinear electrochemical impedance spectroscopy 

 In this work, we demonstrate that by simply increasing the input signal of an AC signal to 

a more-moderate amplitude, we can extract second harmonic signals, or nonlinear responses, 

without invalidating the linear impedance. While the incorporation of NLEIS experimental 

methods can be straightforward, without the need for any additional equipment, the models and 

data analysis can be significantly more complicated. However, we are still able to extract out new 

information that was previously invisible in the linearized technique, such as the breaking of 

charge-transfer symmetry in our electrodes, even with limited degradation. Here, we demonstrate 

that the inclusion of new, nonlinear circuit elements can be used in conjunction with the linearized 

equivalent circuit methods, to yield fit spectra for both the first and second-harmonic impedance. 

While not as flexible or tunable as the full-physics, pseudo-2-dimensional based COMSOL model, 

the equivalent circuit elements can model similar features at a much reduced-order and complexity. 

 While the equivalent circuits do a great job at capturing the linear impedance behavior in 

our tight SoC window studies in Chapter 4, it can be seen that there is still room for improvement, 

as the timescales in the nonlinear impedance do still differ between the fits and experimental data. 

In addition, these lumped thermodynamic parameters in the nonlinear impedance fits may not 
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accurately reflect the true thermodynamics of the electrode, as illustrated by the fact the B 

parameter remains negative in the aged studies, but based off the MSMR models, should be 

oscillatory in signs. For this work, fitting was done sequentially, where the linear impedance was 

fit first, and then these were held constant and used to fit the new nonlinear impedance parameters. 

Since ECMs in the linear impedance can be degenerate, multiple parameter sets can yield the same 

fit and solution. Thus, to improve the confidence of these fits in the linear regime and to improve 

the accuracy of the second-harmonic fit, a co-optimization could be implemented, where all the 

parameters are allowed to vary, with the hopes of finding solutions that match the timescales in 

both spectra.  

 

Figure 6.2 Nyquist plots showing the linear (a, b) and nonlinear (c, d) impedance for an aged-cell at 10% SoC. The left-hand side 

(a, c) show the spectra for the experimental data (light-blue) and the model fits from the equivalent circuit models (orange) when 

using two Randle’s circuits with double-layer capacitances. The right-hand side (b, d) show the spectra for the same experimental 

data (light-blue) and the model fits from the equivalent circuit models (orange) when using one Randle’s circuits and one circuit 

where the double-layer capacitance on the sluggish electrode is replaced with a constant-phase element. () denote frequencies that 

are 1 × 10𝑥. The second harmonic data is truncated at 10 Hz. 

 

 Finally, the impedance spectra collected in both of the fresh and the aged SoC studies were 

well modeled using just Randle’s circuits, but in the limiting case of 10%, where we approach a 
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lithiation boundary, these elements can no longer accurately model the exhibited behavior. This 

could arise from porous electrode behavior, where inhomogeneity in the current distribution across 

the electrode can lead to drastically different responses than a perfectly uniform electrode. This 

can be seen in Fig 6.2a and 6.2c, where the same equivalent circuits with the two Randle’s circuits 

for the two electrodes were used to try and fit the 10% impedance spectra, but the charge-transfer 

arc appears too large and the nonlinear Warburg element is not well captured, despite good parity 

in the linear impedance. One way to try and address the porous electrode behavior is to use a 

constant-phase element, which depresses the semicircles, to better match the response. While we 

see a much better fit in the linear impedance, particularly in the more sluggish electrode, there is 

still a separation in the charge-transfer and transport regimes in the nonlinear response. This spurs 

the need for further improved models in these limiting cases where the porous electrode behavior 

dominates the impedance response. One way would be to use full-physics based modelling with 

complicated models like the P2D model, but this can become inaccessible and overly complex for 

the experimental community. Instead, a good extension of the equivalent circuit methods would 

be to develop transmission-line models with the necessary nonlinear additions to help capture the 

porous electrode behavior.  
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