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Abstract

Analytical and Experimental Evaluation of Multivariable Stability Margins

John K. Berg

Chair of the Supervisory Committee:
Professor Kristi Morgansen

Department of Aeronautics and Astronautics

This work addresses control law synthesis for active flutter suppression followed by the design and

development of an active flexible wind tunnel model representative of high aspect ratio commercial

aircraft. An initial early-design math model of the structural dynamics, unsteady aerodynamics,

sensing, and actuation of the system was used to synthesize three control laws that would stabilize

the system against flutter over a range of speeds below and above the passive open-loop flutter

speed. Three methods for establishing closed-loop robustness measures were used to quantify the

robustness of the system based on its initial mathematical model. The system was then tested with

these control laws, and their robustness to system variations in the wind tunnel was studied. Such

variations included speed as well as gain and phase in the control loops, representing gain and

phase uncertainties in the system. This was followed by revisiting the robustness of the control

laws with mathematical testing, this time with a more accurate mathematical model of the system.

The work adds insight regarding the kind of model variations that the control designer needs to

consider and the way different measures of system robustness compare to one another and relate

to the capacity of the control design to permit model uncertainties.
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Chapter 1

INTRODUCTION

Renewed interest in active flutter suppression has led to rising efforts in recent years to revisit

it, evaluate it, and build more experience with this technology. These efforts are driven partly

by recent developments in instrumentation, sensing, control theory, and hardware, and partly by

the emergence of novel unconventional flight vehicle configurations for which the prevention of

aeroelastic and aeroservoelastic dynamic instabilities with passive airframe solutions may be too

costly or too impractical. A comprehensive review of the history and state of the art of active flutter

suppression (AFS) can be found in [1]. Recent AFS research using UAVs especially designed for

the task is described in [2–6]. But with more than 50 years of AFS history, the technology is still

not considered ready for wide scale implementation.

From the design perspective, the tradeoff outcomes are not clear once reliability, maintain-

ability, and safety constraints are accounted for. To meet such constraints, the weight, cost, and

complexity of AFS systems may end up higher than those of passive solutions. Moreover, the

questions and challenges of how to approach the safety issue – how to consider AFS safety from

the early stages of the design process, how to evaluate safety, how to design for safety, and how to

demonstrate safety in a way that would meet certification requirements – and the research that they

inspire are still evolving.

From a control technology perspective, the issues of control system synthesis for robustness

and closed-loop dynamic systems robustness evaluation have been pursued for years [7–11], lead-

ing to a vast body of experience and literature. The AFS challenge is unique and quite challenging,

however. The physics of the flutter problem is often difficult to capture accurately by analysis.

Both wind tunnel tests and flight tests can be expensive, complex, and risky. The problem is multi-
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disciplinary in nature, and the interdisciplinary interactions involved can be difficult to understand,

often with nasty surprises in the form of hardware failures that were neither expected nor well-

predicted when they were expected.

This paper presents some recent results of a collaborative research effort by the Polytechnic

of Milan, Italy, (POLIMI) and the University of Washington (UW) in Seattle to gain experience

with and new insights into AFS technology, with a focus on the AFS synthesis and implementation

processes, the performance of alternative control law synthesis strategies, the uncertainties involved

in each step of the development, the robustness of resulting control systems as determined by

analysis, and the robustness of those systems as measured in AFS wind tunnel tests [12].

A companion paper [13] presents the development of the wind tunnel model, the wind tunnel

testing capabilities, test procedures, and the process of building mathematical models of the system

(and the uncertainty analysis and test evaluation involved). The present paper focuses on control

law synthesis, control law performance evaluation by analysis, and control law performance in tests

in the face of flight conditions and dynamic system uncertainties. In particular a focus was placed

on three control law synthesis techniques: the ILAF method (Identical Locations of Accelerations

and Forces) [14–17], LQG/LQR, and Static Output Feedback (SOF) [18–20]. The present paper

and its companion paper will serve as the foundation for future research carried out using the new

model and AFS testing capabilities at POLIMI.

The paper begins in chapter 2 with a brief presentation of the aeroservoelastic wind tunnel sys-

tem developed for this research. The synthesis of the control laws studied, the ILAF, LQR/LQG,

and SOF laws, is presented next (chapters 3 and 4), together with analytical evaluation of their

robustness properties (chapter 5). Selected wind tunnel test results follow in chapter 6, including

time response histories of the system in open-loop and closed-loop conditions, and stability bound-

aries measured as functions of variations in speed, control system gains, and control system delays.

Correlations between wind-tunnel tests and the analyses using the multi-loop stability margins and

perturbed root loci are conducted in chapter 7 and major lessons and recommendations for future

work are provided in chapter 8.
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Chapter 2

AEROELASTIC MODEL

The aeroservoelastic wind tunnel experimental model developed for the active flutter suppres-

sion (AFS) studies presented here has been described in [12] and is shown in Figs. 1 and 2. For the

AFS tests described in this paper, two ailerons were used, one on each wing, and “flutter Stopper”

pods were attached to the wing tips. A moving mass in each of the wingtip pods could change

location rapidly from a rear location, for which the passive (open-loop) speed of the model was

well within the wind tunnel speed capabilities, to a forward location, for which the model was

flutter-safe in the wind tunnel. When wing-tip acceleration reached a preset level, the flutter stop-

pers were activated, and the configuration changed abruptly to a stable configuration. Emphasizing

versatility and flexibility in changing control laws from one set to another, tests using different

control law strategies, or different variations of control laws in parametric studies could be carried

out quickly and efficiently. If instability was encountered, the model was protected by the flutter

stoppers, and resetting the model for the next run could be done very quickly. A system identifi-

cation process using the same ailerons that were used for flutter suppression was run continuously

during the tests. This feature of the wind tunnel model and its capabilities was important since

using the same control surfaces for different functions, making sure that they did not saturate, and

that no function was impaired is one of the challenges in optimizing actively-controlled airplanes.

The critical flutter mechanism of the model was symmetric. First steps in the development

of mathematical models for the system are described in [12]. Additional work done during the

program, as more test results became available, to identify sources of test / analysis discrepancy

and improve the math models is described in the companion paper [13]. It is of interest to note

that control laws tested during the tests presented in this paper were based on a mathematical

model that did not capture the physics of the system as well as more recent mathematical models
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which were developed based on accumulated test results. That is, in a way that is typical of the

aircraft development process, much of the early control law synthesis and implementation work

described here was based on a mathematical model whose flutter speed deviated from the flutter

speed measured by tests. Discussion of this aspect of the control of the uncertain systems studied

here will be presented in subsequent chapters of this paper.

The aeroservoelastic mathematical model of the wind tunnel experimental model includes its

structural dynamics and unsteady aerodynamics as well as transfer functions of the 15 Hz actu-

ators. The experimental model was supported on a system of flexible suspension springs with

resulting rigid body natural frequencies that were low enough relative to the range of aeroelastic

frequencies of aeroservoelastic “action” to render the model practically free-free. Doublet Lattice

aerodynamics without correction factors were used first. The importance of aerodynamic correc-

tion factors when linear unsteady aerodynamic models are used is discussed in [21–24] and will

be addressed later in the paper. The need to add high-pass and low-pass filters in the mathematical

models used for simulation was recognized in order to filter out the effects of very low frequencies

of the model on the cable system (knowing that they had no effect on the critical flutter mecha-

nism) and to reflect the low-pass nature of the actuators (which beyond a certain high frequency

become ineffective). The approximate sensor locations are shown in Fig. 2.1. Note that many

more accelerometers are installed on the model than those used for the active flutter suppression

control systems considered in this work. The flexible support cables can be seen in Fig. 2.2.

Changes in wind tunnel dynamic pressure, location of flutter-stopper tip masses, and any structural

dynamic or aerodynamic property (such as changes in aerodynamic correction factors that would

better match linear aerodynamic theory to experiments) lead to variation in the state-space model

matrices. With the simulation capabilities used for this work, state space models corresponding to

variations in the physical properties of the wind tunnel system could be quickly generated.

Figure 2.3 shows a root locus of the passive (active control off) wind tunnel model system

over a range of speeds from 15 m/s (green) to 60 m/s (red). Figure 2.3b shows the first wing-

bending mode crossing the imaginary axis at approximately 41.5 m/s. Also visible in Fig. 2.3b

is a structural mode at around 7.6 rad/s. Though not clear from the figure, this mode also moves
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Figure 2.1: Dimensions of the active aeroelastic wind tunnel model. Approximate accelerometer

locations are shown in blue.

towards the right half plane. Note that the analytical model without low and high pass filters that

eliminate dynamic response in frequency regions in which the math model is inaccurate has three

lightly damped modes, one at 7.6 rad/s and two at approximately 387 rad/s, that are not seen in the

physical hardware. This original state space model inaccuracy is due to the high-reduced-frequency

limit of the rational function unsteady aerodynamic matching and the aerodynamic inaccuracies at

very low frequencies, where fore-aft rigid body motions need special modeling as well the extreme

sensitivity of the accuracy of the unsteady aerodynamic matching to the derivative of the force

coefficients with respect to reduced frequency around k=0. The low-pass and high-pass filters

incorporated into the math model took care of the low-damped poles in the frequency regions that

were of no interest in this study. The passive open-loop root locus results presented here do not

account for any aerodynamic correction factors. Those were added later.
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Figure 2.2: The active aeroelastic wind tunnel model installed in the POLIMI wind tunnel (left)

and wing-tip flutter stoppers (right).
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Figure 2.3: (a) Root locus for air-speeds from 15 m/s to 60 m/s. (b) Enlarged view of the first-wing

bending pole crossing into the right half plane at 41.5 m/s.
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Chapter 3

A BRIEF REVIEW OF SOME MULTIVARIABLE STABILITY MARGINS

The extension of the commonly used robustness estimation methods developed for Single In-

put Single Output (SISO) systems to the Multi-Input Multi-Output case (MIMO) case has not been

straightforward. In what is now a classic example, work in [25] showed that a multivariable system

can have excellent one-loop-at-a-time margins while having arbitrarily small margins to simulta-

neous perturbations in each loop. Despite the extensive research into MIMO stability robustness,

the SISO-based loop-at-a-time margins continue to be used often by the practicing engineer and

are, in fact, even written as requirements for the certification of flight control systems. Consid-

ering that active flutter suppression is not yet certified in general for commercial aviation [1], a

renewed interest in and evaluation of multivariable stability margins was at the heart of the work

presented here. Although quite a number of stability robustness evaluation methods for MIMO

systems have been developed [26], the stability robustness analyses presented here will consider

only two as a first step: the universal gain margin method [10] and the disk margin method [27].

Both resemble in engineering intuition the classical SISO gain and phase margin approaches and

may be faster for the practicing aerospace control community to adopt although, of course, in any

robustness evaluation of AFS control laws all leading methods of robustness analysis should be

used and the tradeoffs, regarding performance versus conservatism in the design, should be care-

fully checked. The standard one-loop-at-a-time stability margins, the SISO margins are calculated

one-loop-at-a-time, are also evaluated and compared against the multi-loop methods.

3.1 Disk Margin Analysis

The disk margin analysis method was created first in [27], and has become a staple of modern

stability analyses, possibly due to the ease-of-use in commercial software packages. The disk
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Figure 3.1: Figure (a): Skewing complex disk using eccentricity e. Figure (b): Disk-based gain

margins and phase margins.

margin method involves finding the largest disk-shaped complex perturbation, f , typically placed at

the plant input or output, that the system can tolerate before becoming unstable. The perturbation,

f , is parameterized as

f =

1 + α

(
1−e
2

)
δ

1− α
(

1+e
2

)
δ

, δ ∈ C, |δ| < 1, (3.1)

where e is termed the eccentricity, and α conveys the disk size. The eccentricity, e, is the user-

defined value that skews the complex disk away from the nominal value of 1. The power of the

eccentricity parameter is in this ability to skew towards more or less gain, as shown in Fig. 3.1a.

This feature is useful when knowledge of the likely changes in gain is given. However, in most

cases the balanced disk margin, e = 0, is the preferred option [27]. For the MIMO analyses

presented here, the complex perturbation is stacked into a diagonal matrix F = diag(f1, . . . , fn),

and the stability analyses follow by placing the matrix F at the input or output of the plant and

finding the minimum destabilizing perturbation. As the complex perturbation is a disk, classical

gain and phase margins can be found as shown in Fig. 3.1b.

The classical gain margins and phase margins shown in Figure 3.1b could also be used to
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calculate margins for simultaneous changes in gain and phase since the interpretation of Fig. 3.1b is

that the system is guaranteed stable for any perturbation within the disk. It is important to point out

that, although the disk margin can be used for both single loop systems and multiple loop systems,

the results presented here will consider only the multi-loop disk margin. Also worthy of noting is

that the disk margin can easily accommodate analyses at the input and output simultaneously as the

DM, for the MIMO case, is based upon theM−∆ framework of representing uncertainty. For more

information on disk margin analysis, including SISO systems, and simultaneous perturbations at

the input and output, the reader is referred to [28].

3.2 Universal Gain and Phase Margin

The universal gain and phase margin method (UGM) is another method for estimating robustness

of MIMO systems. It was created to establish universal gain and phase margins for MIMO systems

as an extension of the margins that are used for SISO systems [10, 11]. The method is based on

the minimum singular value of the return difference matrix (RDM) over a range of frequencies and

has been used to evaluate and to synthesize many control laws in aeroservoelastic and flight control

applications at NASA.

For an uncertain matrix, L, placed at the input or output of the MIMO plant, the perturbed

system is stable if

σ(L−1 − I) < σ(I +GK), (3.2)

where σ denotes the largest singular value and σ the smallest singular value. Eq. (3.2) is valid for

any stable L. However, if L = diag(k1e
jθ1 , k2e

jθ2 , . . . , kne
jθn), then

σ(L−1 − I) = max

√(
1− 1

ki

)2

+
2

ki
(1− cosφi), (3.3)

where i ∈ {1, . . . , n}. The work in [10, 11] shows how values for φi can be plotted as a function

of the gain, kn. Figure 3.2a shows representative minimum singular values of the return difference

matrix. The universal gain margin / phase margin diagram, shown in Fig. 3.2b, can be used to

determine the gain margins, phase margin, and margins for simultaneous combinations of gain and

phase.
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Figure 3.2: (a) Minimum singular values for two separate example problems. (b) The diagram

used for universal gain margin and phase margin determination.

Figure 3.2b shows that the singular value corresponding to the blue dashed line has a lower

gain margin of approximately −4.5 dB, an upper gain margin of 10.5 db, and a phase margin

of approximately 42◦. Similarly, the singular value corresponding to the red dotted line has a

gain margin of approximately ±1 db and a phase margin of approximately 5◦. Combinations

of phase and gain can be analyzed, using Fig. 3.2b, by selecting first a phase and then finding

the corresponding gain margin or vice versa. Exact values for gain margins, phase margins, and

combinations of gain and phase can be found by solving Eq. (3.3) directly. Note that although

each of these two methods could be applied on a SISO system, the analyses in this paper are for

MIMO systems. That is, the stability analyses, both the DM and the UGM, are performed to find

the stability margins with respect to simultaneous perturbations in each loop for the inputs and the

outputs of the plants, separately.
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Chapter 4

CONTROL DESIGN

By now, after more than fifty years of development, it would be reasonable to assume that prac-

tically every major control law synthesis method and approach has been used in the study of active

flutter suppression (AFS) [1]. Out of the many approaches possible, three were selected for study

in the work here. First is one of the first engineering insight methods to be proposed - the ILAF

approach [14–17]. The Static Output Feedback (SOF) approach [18–20] is a MIMO control law

design method, known for years, in which state estimation is not necessary. The Polytechnic of

Milan team has made the synthesis of SOF control laws more efficient and has significant experi-

ence with such laws. Finally, the LQR/LQG method was used because of its central role in modern

control. The goals of the work here did not include finding the best control law synthesis method

and comparing the control laws used for efficiency and performance. Rather, the focus was on fol-

lowing the process of synthesizing control laws from the early stage in the airplane design process

where math models are still not optimized, the robustness measures evaluated with those control

laws based on the early math models used, and then the study of those control laws’ performance

and robustness by experiments with hardware of the complexity and realism that would represent

real aircraft development.

The ILAF approach is a classical control approach from the very early days of active control

development for flexible flight vehicles. It is based on the insight that if velocity measurements can

be linked to forces at the locations of those velocity measurements and in the opposite direction, a

mechanism for adding damping to the structure by active control can be materialized that will be

independent of the mode shapes of the configurations to be stabilized.

For optimizing SOF control laws, mathematical programming capabilities were developed at

POLIMI, working with a well-posed optimization problem to yield optimal displacement and/or
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velocity and/or acceleration gain matrices that are simple to grasp intuitively. In both the ILAF

case and the SOF case, the flow in the control system closed loops is easy to understand, making it

possible for the engineer to deviate, based on test performance, from original laws and to modify

them quickly by changes that would be equivalent to adding stiffness and damping actively.

The effectiveness of any LQG control law depends, as is well known, on the selection of weight

matrices in its performance metric and associated Kalman Filter and the number, quality and place-

ment of sensors that would impact how well the state estimation process works. A particular se-

lection of the LQR/LQG weight matrices was used here. The goal, as stated above, was not to

find the best control law but just a good enough working control law that would allow analysis/test

correlations and robustness studies.

In the following chapters, each control law synthesis process, as used in this work, will be

concisely described. The control laws, as presented below, were designed only with the nominal

model with no correction factor, as mentioned in chapter 2, applied to account for the uncertainty

in aileron effectiveness.

4.1 Control Design - The ILAF Approach

The approach adopted here is similar to the approach pursued by the authors of [4], who, despite

much progress in controls technology since the early days of AFS, rightly felt that a re-evaluation

of the simple, intuitive, quite straightforward ILAF approach merited a fresh study. In the present

work, it was not only how ILAF laws would perform, but, mainly, how they would perform in the

face of uncertainty that guided the effort.

As stated above, the theoretical basis for ILAF is that adding a force at a particular point

proportional to the velocity at that point would increase the damping of all structural modes. There

are practical concerns with the implementation of ILAF for active flutter suppression. These have

been discussed over the years in publications on the implementation of the method. The most

pertinent of these issues are:

1. Depending on the mode shapes affected, some locations will be more effective at adding
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damping than others.

2. Control surfaces create a distributed loading rather than a point force at a particular location,

though sensor placement can ameliorate this issue by improving the localized force-velocity

relation.

The considerations above make the actuator and sensor selection a critical part of any ILAF-based

design. With the understanding that the first symmetric modes were responsible for flutter, the

trailing edge accelerometers on both sides of the control surfaces were chosen for feedback. As

shown in the block diagram of Fig. 4.1, the outputs of trailing edge accelerometers were combined

and used as an input to SISO-based ILAF controllers - one per side of the wind tunnel model.

Figure 4.1: Control system block diagram for the active aeroelastic model under ILAF control.

In the diagram, the transfer function

H(s) =
(2π · 50)2

s2 + 2(2π · 50)s+ (2π · 50)2
(4.1)

is a second order low-pass filter with a 50 Hz cutoff frequency used to protect against high-

frequency effects that the mathematical model does not capture well, as discussed in chapter 2.

The low-pass filter was not used in the wind tunnel, as natural filtering of high-frequency effects is

provided by the actual hardware.
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In order to generate a force proportional to velocity, the accelerometer signals were integrated

or, more specifically, approximately integrated [18–20]. The approximate integration, rather than

the standard 1
s

integration, is useful for removing low frequency sensor noise and any potential

instabilities associated with the implementation of a pure integrator. Additionally, since each ac-

celerometer measures a 1g offset due to gravity, a first order washout was added to remove this

DC bias and any effect of gravity on the signals of the accelerometers in motions in which the

accelerometers, due to the deformation of the model, tilt sideways from the vertical and read the

resulting effects of gravitational acceleration.

The final form of the controller, before the selection of the gain, K, is shown in Eq. (4.2):

N(s) =
s

s+ π
· K · s
s2 + 0.12s+ 0.0036

(4.2)

The parameters for the second order approximate integration were chosen according to [19]. In-

tuitively, these parameters are chosen such that the controller is rolling off as 1
s

in the frequency

range of interest. In this case, the frequency of interest, based on the mathematical model that was

used for control law synthesis, is the flutter frequency at 40.8 rad/s.

The primary considerations in the selection of the gain,K, were to make the controller effective

over a large range of speeds, lower and higher than the passive flutter speed. Standard root locus

was used to find the gain, K = 0.17, that would lead to stable operation well below and above the

open loop flutter speed. Fig. 4.2 shows the closed-loop root locus for vehicle speed from 15 m/s

(green) to 60 m/s (red).
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Figure 4.2: (a) ILAF controlled closed-loop root locus for air-speeds from 15 m/s (green) to 60

m/s (red). (b) Enlarged view showing the closed-loop flutter speed close to 45 m/s.

The ILAF controller was implemented in discrete-time using a Tustin transform from the

continuous-time design. Since the sampling frequency used during testing was two orders of mag-

nitude greater than the flutter frequency, continuous-time design methods, rather than discrete-time

methods, are sufficiently accurate. The frequency response of the two-input loops and four-output

loops, along with the loop-at-a-time margins, are presented in chapter 5.

4.2 Control Design - The Static Output Feedback Approach

Static Output Feedback Control (SOF) [29] is a simple and effective approach to aeroservoelastic

control law synthesis that has been studied and proven successful for active flutter suppression

(AFS) and gust load alleviation (GLA) [18–20]. In the implementation of Static Output Feedback

(SOF), the control input, U(s), is obtained from measured responses, Y (s), by means of a constant

gain matrix, G, as U(s) = GY (s). The behavior of the controller is then defined by the values of

the elements of the gain matrix, which are computed by minimizing a weighted H2 norm of the

closed loop system.

In order to properly identify the closed loop transfer function whose norm is to be minimized, it
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is necessary to select the performance output of interest, z, that is the set of system outputs whose

responses need to be reduced. The performance output being distinct from the measurement out-

put. For example, the performance output could be a particular modal velocity, or a particular

combination of modal coordinates, or the internal loads in the structure in the case of a gust loads

alleviation (GLA) controller. In order to obtain a well-posed optimization problem, it is also nec-

essary to include the controller input, u, in the list of outputs taken into account in the norm of the

closed loop system. The closed loop system input corresponds to disturbances that are expected to

act upon the system. The minimization of the closed loop H2 norm is equivalent to the minimiza-

tion of a quadratic cost function associated with the norm of the control input and performance

output [29, 30]:

J =

∫ ∞
0

[
zTWzzz + uTWuuu

]
dt, (4.3)

where Wzz and Wuu are weight matrices defining the relative importance of input and output com-

ponents. The computation of the gain matrix, G, that minimizes the cost function cannot be deter-

mined analytically; a numerical computation is required. Several algorithms have been proposed

for that purpose [31, 32]. The one described in [20] is employed here. For the solution of the gain-

finding optimization problem, a second-order Hessian-based algorithm is employed, for which the

unknowns are just the elements of the gain matrix. Though not used in the present work that fo-

cuses on control gains, the vector of optimization unknowns can be extended to include any system

parameter available for optimization.

The great simplicity of SOF controllers makes them attractive in many applications where

simple control laws are desired. For example, they are particularly well suited for distributed

systems, where actuator clusters are commanded only through feedback from a co-located set of

sensors, i.e., only by groups of sensors located in the neighborhood of each actuator. To increase its

overall performance, it would be easy to complement a SOF with a low-order dynamic regulator,

designing the coupled static-dynamic controller through the same tools used for a purely static

counterpart [33].

Owing to their simplicity, SOF regulators can also be used as backups, activated after a failure

of a master system [34]. Another case in which SOF design techniques can be used is when some
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parameters of an existing controller must be re-tuned while preserving its structure [35]. Finally, it

is far simpler to schedule and interpolate the elements of a SOF gain matrix than the parameters of

a dynamic controller, making it suitable, by gain scheduling, for varying operating conditions.

An example of an aeronautical application of SOF controllers is provided by the work of [36],

where a SOF controller was used for the flutter suppression and gust alleviation of a HALE aircraft.

The work also showed that a proper choice of the sensor locations provided results similar to those

achievable by the use of an ideal full-state linear quadratic regulator. In the work described in

[37], SOF flutter suppression was used based on a multi-model approach, i.e., weighting several

different models within a single quadratic cost function, thus leading to a controller insensitive to

the uncertainties structured within the accounted models. Another SOF active flutter suppression

controller, using a direct digital design and including a size-constrained dynamic compensator, can

be found in [33].

A common optimization approach in SOF is based on the solution of Lyapunov equations, hav-

ing the closed-loop state matrix as coefficients. Within such a framework, many existing algorithms

support a first-order gradient-based optimization, such as the legacy Levine–Athans algorithm [31],

often revised as in [38], whereas a different approach can be found in work by Anderson and Moore

[32].

Second-order optimization algorithms have also been proposed in [39–41], where the opti-

mization is carried out on a state variance matrix instead of on a gain matrix, with the results

being computationally very expensive when dealing with relatively large problems. The Ander-

son–Moore method [32] was modified to achieve superlinear convergence in [42] by introducing

an approximation of the gain Hessian matrix. In [43] it was further enhanced with the computa-

tion of exact second derivatives of the cost function with respect to the gain matrix. Actually, its

implementation was based on the iterative solution of a system of three coupled matrix equations,

without any actual explicit calculation of the gain Hessian matrix. Another often-used solution

method is the adoption of general-purpose state-of-the-art optimization functions, either uncon-

strained or constrained, for which the user has to provide the support to compute its own objective,

gradient, and (possibly) Hessian



18

In this work, the POLIMI Lyapunov-based method was used [20], providing a simple and di-

rect second-order approximation of the objective function by effectively calculating its true gain

Hessian matrix, so that the optimization could be carried out as an iterative solution of the station-

ary condition through a simple Levenberg–Marquardt modified Newton–Raphson iteration. The

algorithm is described in [20].

For the SOF control law synthesis of the wind tunnel aeroelastic model used here a control

scheme based on eight outputs was used, i.e., the LE and TE tip and mid-wing accelerations.

These accelerations were then individually run through a washout filter followed by an approximate

integration.

The main challenge in the design of a flutter suppression controller using a SOF controller

is that the gain design algorithm needs to be initialized with a stable system, for which the cost

function is well adapted. This requires either starting with a stable system or already having a

stabilizing controller to initialize the algorithm with. The system for which a flutter suppression

controller is required is clearly not stable, and therefore it is not always easy to have a first-guess

stabilizing controller.

In the present application an envelope expansion approach was used: The controller was first

designed at a speed lower than the flutter speed. Then the flight speed was increased slightly,

and the optimization was performed again using the controller obtained at the previous step as

the starting point. The procedure was then repeated until the full speed range was covered, then

obtaining a controller able to stabilize the system beyond the flutter speed.

No gain scheduling was implemented. The general Simulink scheme of the wind tunnel model

implementation of the SOF controller is shown in Fig. 4.3. The controller was digitally imple-

mented with a system working frequency equal to 1 kHz. Two control commands (outputs of the

SOF control law) were used: the left and right ailerons. They were considered to be independent

control surfaces. The control law was developed without taking advantage of the supposed sym-

metry of the model to address uncertainties in the construction of the model that prevented it from

being perfectly symmetric. In Fig. 4.3, the gain matrix, K, is
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Figure 4.3: Static output feedback control structure.

K =

0.0242 0.0242 0.0211 0.0211 0.0614 0.0614 0.0569 0.0569

0.0242 0.0242 0.0211 0.0211 0.0614 0.0614 0.0569 0.0569

 , (4.4)

which is the solution of the SOF optimization problem shown in Eq. (4.3). The approximate

integration takes the form

I(s) =
s

s2 + 1.257s+ 0.3948
, (4.5)

which is a simple high pass filter combined with a second-order system that attenuates low-

frequency signals while appearing as a 1
s

integrator at the 40.8 rad/s flutter frequency. The washout

filter

W (s) =
s

s+ 2π · 3
(4.6)

is a 3 Hz high-pass filter used to remove the 1g offset from gravity measured by the sensors. In

addition, the high-pass filter is used to push the lightly damped 7.6 rad/s mode further into the

left-half plane. As mentioned in chapter 2, the 7.6 rad/s mode does not appear in the physical

hardware. Its presence in the mathematical model is due to inaccuracies in the math model at the

very low frequency range as discussed above.

For wind-tunnel tests, the high-pass filter was lowered to 0.5 Hz. Though not shown in Fig.

4.3, the SOF controller used for analysis and simulation also contains a 50 Hz low-pass filter added
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to attenuate the effects of high frequency effects in the math model where this model is inaccurate.

The 50 Hz low-pass filter is only used for stability analyses and simulation and is not used during

wind-tunnel tests.
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Figure 4.4: SOF controlled closed-loop root locus for air-speeds from 15 m/s (green) to 60 m/s

(red).

Figure 4.4 shows the root locus with three branches crossing into the right-half plane (RHP)

for the closed-loop SOF case. The first crossing occurs at a speed of approximately 46 m/s at a

frequency of 80 rad/s, the second crossing occurs at a speed of 49 m/s at a frequency of 40 rad/s,

and the third crossing occurs at a speed of 57 m/s at a frequency of 130 rad/s. The simulated

flutter branch for the SOF-controlled system is the middle branch shown in Fig. 4.4, that occurs

at a speed of 46 m/s and a frequency of 80 rad/s. Note that the flutter frequency of 12.7 Hz (80

rad/s) is quite close to the actuator bandwidth of 15 Hz. Consequently, the SOF-controlled system

is expected to have difficulty stabilizing past the open-loop flutter speed. Any inaccuracy in the

math model of the actuators or the unsteady aerodynamics of the control surfaces would affect

this predicted critical instability. The SOF controller was discretized at 1000 Hz with a Tustin

transform and implemented as a digital controller for the wind-tunnel tests. As will be shown later,

this was, indeed, found by testing to be the case. Stability analyses for the SOF-controlled system
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will follow in chapter 5.

4.3 Control Design - The LQG Approach

The linear quadratic Gaussian (LQG) is a combination of a full-state linear quadratic regulator

(LQR) for feedback regulation and a Kalman filter for state estimation. The separation principle

allows the control and estimation portions to be designed separately, easing the burden on the

engineer. The LQR problem is to find a control, u, that minimizes the quadratic cost function

J =

∫ ∞
0

(xTQx+ uTRu)dt, (4.7)

where the vector of states is x (in a standard state-space math model), and the matrices Q, and R

penalize the states and inputs, respectively. The effectiveness of LQR control laws depends on the

weighting matrices, Q and R, used for achieving the desired level of performance. The resulting

optimal control law, u∗, is

u∗ = −Kx̂ = −R−1BTPx̂, (4.8)

where P is the steady-state solution to an algebraic matrix Riccati equation, and x̂ is the estimated

state vector. The Kalman filter is the estimation dual of the LQR problem, as described in any

textbook on modern control. Like the LQR problem, the effectiveness of Kalman filters depends

on weighting matrices, QE and RE , used for tuning. In this case the matrices represent the process

and measurement noise covariance matrices, respectively.

Among the first uses of LQG for active flutter suppression was Ref. [44], where the authors

found the design procedure to be straightforward, but the controller order was considered high

for digital implementation. Further research in [45] used model reduction to achieve lower order

controllers and a modified design procedure [46] to recover the stability margins relative to full-

state feedback.

The general control structure of the controllers developed in the work presented here can be

seen in the block diagram shown in Fig. 4.5. The first LQR gain and Kalman filter were originally

designed around a nominal plant created for the 42 m/s wind-tunnel speed. However, this set of
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Figure 4.5: LQG control structure.

gains proved to be unstable in the wind tunnel. The LQR and Kalman filter were then redesigned

using a nominal 45 m/s plant with the following design matrices

Q = (10−6)CTC (4.9)

R = 0.1I, (4.10)

and

QE = I (4.11)

RE = 0.01I, (4.12)

for the LQR and Kalman filter, respectively. The design matrices for the LQR were chosen to

keep the wing-tip accelerations small, while using aileron deflections within the ±20◦ deflection

limit. The Kalman filter design matrices, QE , and RE , were chosen in an effort to minimize the

difference between the theoretical and estimated Kalman filter performance verification metrics

[47].

The measurements shown in Fig. 4.5 were chosen to be the four wing-tip accelerometers as they

capture the desired features of the classical bending-torsional flutter mode exhibited by the wind

tunnel model. The washout filter shown in Fig. 4.5 is the same as used by the ILAF controller. A

closed loop root locus for air speeds from 15 m/s to 60 m/s can be seen in Fig. 4.6.
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Figure 4.6: (a) LQG controlled closed-loop root locus for air-speeds from 15 m/s (green) to 60 m/s

(red). (b) Enlarged view showing closed-loop stability between 36 m/s and 56 m/s.

Figure 4.6 shows the LQG controller developed for the tests to be stable from 35 m/s to ap-

proximately 55 m/s, far exceeding the open-loop flutter speed of 41.5 m/s. Unlike the ILAF and

SOF-controlled systems, the LQG law here was not sensitive to inaccuracies in the math model of

the system that led to the lightly damped modes at 1.2 Hz (7.6 rad/s) and 61 Hz (388 rad/s). As a

consequence, analyses on the LQG cases proceed without the low-pass filter seen on the ILAF and

SOF designs. The LQG controller was discretized at 1000 Hz with a Tustin transform and imple-

mented as a digital controller for the wind-tunnel tests. Stability analyses for the LQG-controlled

system will follow in chapter 5.
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Chapter 5

ROBUSTNESS RESULTS

In the following chapter, the loop-at-a-time margins, the disk margin method, and the universal

gain and phase margin methods were applied to the closed-loop wind tunnel model at both the

inputs and outputs to the plant. The intent is to give a thorough picture of the stability margin

properties of each controller that will be useful when studying correlations with experimental re-

sults. As the intent with the control design and wind tunnel tests is to show stability over a range of

speeds, the DM method and UGM methods were applied across a range of speeds. These results

show, qualitatively, how the multivariable gain and phase margins varied across speeds. Compar-

isons made across the three methods in the particular case of the flexible aeroelastic model project

work described here add insights regarding stability margins for multi-loop systems in general.

The reader will see in the following studies the sensitivities mentioned in chapter 2 for frequencies

around 7.6 rad/s and 390 rad/s. Attempts were made in chapter 4 to filter these frequencies on

the SOF and ILAF controllers, however, the following robustness analyses are sensitive to these

frequencies. The sensitivity of the various methods to the model inaccuracy at the frequencies of

7.6 rad/s and 390 rad/s occurs with no greater magnitude than the dominant flutter mode. As a

consequence, the stability analyses are not unduly affected. An important point to make is that,

although disk margins and universal gain margins can be applied to single loops, the stability anal-

yses carried out here were reserved entirely for multi-loop analyses.

5.1 Robustness Results - The ILAF Approach

A robustness evaluation of the ILAF control law is presented in this chapter. The loop-at-a-time

method and two multivariable stability margin methods are considered and compared.
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5.1.1 Loop-at-a-time Margins

Figure 5.1, below, shows the loop transfer functions calculated at the input and output of the aeroe-

lastic plant at a wind tunnel speed of 42 m/s. These loops were calculated by closing all loops and

then systematically opening one loop at a time and calculating the input/output response [21].
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Figure 5.1: (a) Frequency response of the two-input loops at a wind-tunnel speed of 42 m/s. (b)

Frequency response of the four-output loops at a wind-tunnel speed of 42 m/s.

The input loops shown in Fig. 5.1 can be seen to be nearly identical. Additionally, each input

loop crosses the 0 dB line only near the flutter frequency. The high frequency mode seen at 60

Hz, as discussed in chapter 4.1, does not pose a stability risk as this mode does not manifest itself

in the physical hardware, and the math model does not suitably capture behavior at this frequency

range. Although Fig. 5.1b appears to show only two responses, all four responses are plotted.

The two mid and two wing tip acceleration measurements, one on each side, have nearly identical

responses. The gain difference seen in Fig. 5.1b is between the mid and tip accelerometers. The

loop-at-a-time margins, calculated using the responses in Fig. 5.1 are shown in Table 5.1, below,
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Gain Margin [dB] Phase Margin [◦]

Output y1 7.11 112.0

y2 -6.19 92.7

y3 -7.2 88.0

y4 7.1 115.0

Input u1 -4.01 61.7

u2 4.29 61.8

Table 5.1: Minimum loop-at-a-time margins for the ILAF controlled system at a wind-tunnel speed

of 42 m/s.

and are the minimum margins for each loop.

It is important to note that, although many of the margins in Table 5.1 are negative, this is not

necessarily an indication of a problem. Rather it is an indication that some amount of control is

required for stability. Negative gain margins, in particular, should be expected.

5.1.2 Disk Margin Method

For the following results, MATLAB’s Robust Control Toolbox was used to perform the disk margin

analysis. The following figures show disk margins for the simulated system at the open loop flutter

speed. Note that even though the flutter mechanism is symmetric, control is applied independently

in closed-loop to the right and left wings.

Figure 5.2a shows a drastic decrease in the disk-based stability margins at frequencies of 7.6

rad/s, 40.8 rad/s, and 400 rad/s. These frequencies correspond to the low-frequency mode (see Fig.

5.1a), the flutter mode, and the previously discussed high-frequency characteristics, respectively.

Figure 5.2a also shows the disk-based stability margins to be nearly identical when calculated at

the inputs and outputs. The worst-case disk margins, for three different eccentricities, are shown
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Figure 5.2: (a) Disk-based stability margins as a function of frequency. (b) Allowable gain and

phase variations at the inputs and outputs for three different eccentricities.

in Fig. 5.2b for both the inputs and outputs.

For clarity, the worst-case disk margin can be understood as the smallest complex disk across

all frequencies. Figure 5.2b shows that as the eccentricity, e, is increased, there is an increase in

the allowable change in positive gain. However, when the eccentricity is decreased, there is no

corresponding decrease in the amount of allowable gain. The interpretation of these results is that

the closed-loop system is more robust to positive changes in gain than negative changes in gain.

The balanced disk margin results for the ILAF-controlled wind tunnel model are given below:

GMi,o = [−1.94, 1.94]dB

PMi,o = ±12.69◦,
(5.1)

where the subscripts i, o denote the inputs and outputs, respectively.
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5.1.3 Universal Gain and Phase Margin Method

Figure 5.3 shows the minimum singular values of the return difference matrix at the input and

output of the closed-loop ILAF control wind tunnel model system calculated at a wind-tunnel

speed of 42 m/s. The universal gain margin / phase margin diagram were developed for stability

robustness assessment.
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Figure 5.3: The ILAF controlled system at 42 m/s: (a) minimum singular values for the input and

output return difference matrices; (b) the diagram used for universal gain margin and phase margin

determination.

From Fig. 5.3, it can be seen that the phase margin is approximately 20◦ at the inputs and

approximately 13◦ at the outputs, and the gain margin is approximately ±3 dB and ±2 dB, at

the inputs and outputs respectively. Although the graphical approach represents a quick method

of evaluating stability robustness in addition to giving a qualitative “feel” for the desirable and

undesirable values for the minimum singular value, exact calculations for stability margins can

also be carried out. In that case, Eq. (3.3) can be solved exactly for the gain margin, phase margin,
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or simultaneous gain and phase margins. The exact stability values, calculated using Eq. (3.3), for

the ILAF-controlled wind tunnel model are given below

GMi = [−2.55, 3.63]dB

PMi = 19.67◦

GMo = [−1.78, 2.24]dB

PMo = 13.06◦,

(5.2)

where the subscripts i and o denote the stability margins calculated at the input and output, respec-

tively.

Note that the authors of [10, 11] and the developer of the universal gain and phase margins had

also developed expressions for the sensitivities of those margins to system and design variables

and integrated those sensitivities into an optimization-based tool for the synthesis of control laws

that would meet preset universal gain margin and phase margin constraints.

5.1.4 Summary of Stability Robustness Results at the Open-Loop Flutter Speed - The ILAF Ap-

proach

The stability margin results are summarized in Table 5.2, below. Note that the loop-at-a-time

margins are included in the summary only for the purposes of comparing the optimism, or conser-

vativism, of the various methods. The loop-at-a-time margins are not a replacement for, nor should

they be compared to, the multivariable methods. Additionally, the loop-at-a-time margins shown

in Table 5.2 were the minimum values at the inputs and outputs shown in Table 5.1.
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DM UGM Loop-at-a-time

Input Gain Margin, dB [−1.94, 1.94] [−2.55, 3.63] -4.01

Phase Margin, ◦ 12.69 19.67 61.7

Output Gain Margin, dB [−1.94, 1.94] [−1.78, 2.24] -6.19

Phase Margin, ◦ 12.69 13.06 88.0

Table 5.2: Stability margin summary for the ILAF controller.

5.1.5 Multivariable Stability Margins at Different Speeds - The ILAF Approach

Figures 5.4 and 5.5, below, show how the multivariable stability margins vary with speed. Evident
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Figure 5.4: Universal Gain and Phase Margins for speeds from 15 m/s to 60 m/s: (a) Gain Margin,

(b) Phase Margin.

in Fig. 5.5 is that the input and output disk margins are the same at each speed. The UGM method,

Fig. 5.4, has very similar gain margins and phase margins when compared to the DM method.
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However, it can be seen that the UGM has some differences between input and output phase and

gain margins. These figures highlight how small the margins become below the open-loop flutter

speed of 41.5 m/s and how the qualitative change of the stability margins across speed can be quite

dramatic.

Note that in general an AFS control law designed to stabilize the system over a range of speeds

may destabilize it below or above that range.
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Figure 5.5: Balanced disk margins for speeds from 15 m/s to 60 m/s: (a) Gain Margin, (b) Phase

Margin.

5.2 Robustness Results - The SOF Approach

A robustness evaluation of the SOF control law is presented in this chapter. The loop-at-a-time

method and two multivariable stability margin methods are considered and compared.

5.2.1 Loop-at-a-time Margins

Figure 5.6, below, shows the loop transfer functions calculated at the input and output of the aeroe-

lastic plant at a wind tunnel speed of 42 m/s. The responses were calculated with the relevant loop
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open, while all other loops remained closed. Figure 5.6 shows the increased sensitivity at 1.2 Hz
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Figure 5.6: (a) Frequency response of the two-input loops at a wind-tunnel speed of 42 m/s. (b)

Frequency response of the four-output loops at a wind-tunnel speed of 42 m/s.

and 61 Hz caused by the two structural modes mentioned in chapter 2. While Fig. 5.6a shows that

the input loops are nearly identical, the output loops shown in Fig. 5.6b have a gain that varies over

a range of approximately 20 dB. The variance in gain at the output is likely caused by the different

sensor locations used for this control law, with similar sensors across the air-frame having similar

gains. The loop-at-a-time margins, calculated using the responses in Fig. 5.6 are shown in Table

5.3, below.
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Gain Margin [dB] Phase Margin [◦]

Output y1 14.5 ∞

y2 14.8 ∞

y3 16.4 ∞

y4 16.5 ∞

y5 6.14 ∞

y6 6.14 ∞

y7 5.18 ∞

y8 5.18 ∞

Input u1 2.81 16.6

u2 2.82 16.7

Table 5.3: Minimum loop-at-a-time margins for the SOF-controlled system at a wind-tunnel speed

of 42 m/s.

The stability margins shown in Table 5.3 are the minimum margins for each loop. The similarity

between stability margins shown in Table 5.3 can be understood when considering that the first four

outputs, y1 through y4, are the mid-wing accelerometers located at the leading and trailing edge,

while the last four outputs, y5 through y8, are the wip-tip accelerometers. The consistency among

loop-at-a-time margins is due to the similarity in the physical location of the accelerometers.

5.2.2 Disk Margin Method

Figure 5.7 shows the disk margin as a function of frequency and eccentricity for the SOF-controlled

system. Note that by definition, the disk margin is defined with respect to the worst-case disk

margin across all frequencies. Figure 5.7a shows that the worst-case disk margin likely occurs at

either 7.6 rad/s or at 80 rad/s. Recall that the flutter frequency is predicted to be approximately 80
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rad/s at a speed of 46 m/s from the middle branch on Fig. 4.4.
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Figure 5.7: (a) Disk-based stability margins as a function of frequency. (b) Allowable gain and

phase variations at the inputs and outputs for three different eccentricities.

Figure 5.7b shows the SOF-controlled system to be more resilient to negative than positive

changes in gain. This conclusion is apparent as the decrease in eccentricity, shown in Fig. 5.7b,

allows more perturbation in the negative direction than does a corresponding increase in eccentric-

ity.

The balanced disk margin results for the SOF-controlled wind tunnel model are given below:

GMi,o = [−0.866, 0.866]dB

PMi,o = ±5.70◦,
(5.3)

where the subscripts i, o denote the inputs and outputs, respectively.
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5.2.3 Universal Gain and Phase Margin Method

Figure 5.8a shows the minimum singular values of the return difference matrix at the input and

output of the SOF-controlled system calculated at a wind-tunnel speed of 42 m/s. The “universal

diagram,” Fig. 5.8, can be used to assess stability with respect to simultaneous perturbations in

gain and phase and perturbations that exist only in gain or phase. From Fig. 5.8b, it can be seen
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Figure 5.8: The SOF-controlled system at 42 m/s: (a) minimum singular values for the input and

output return difference matrices; (b) the diagram used for universal gain margin and phase margin

determination.

that the multi-loop stability margins at both the inputs and outputs are approximately 6◦ and ±1

db.
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Solving Eq. (3.3 directly) yields the results below:

GMi = [−0.90, 1.0]dB

PMi = 6.22◦

GMo = [−0.84, .93]dB

PMo = 5.83◦

(5.4)

where the subscripts i and o denote the stability margins calculated at the input and output, respec-

tively.

5.2.4 Summary of Stability Results at the Open-Loop Flutter Speed - The SOF Approach

The stability margin results are summarized in Table 5.4, below. Similar to the analyses for the

ILAF system, the minimum loop-at-a-time margins are included only to highlight the differences,

qualitatively, between the loop-at-a-time margins and a multi-loop stability margin.

DM UGM Loop-at-a-time

Input Gain Margin, dB [−0.87, 0.87] [−0.90, 1.0] 2.81

Phase Margin, ◦ 5.70 6.22 16.6

Output Gain Margin, dB [−0.87, 0.87] [−0.84, 0.93] 5.18

Phase Margin, ◦ 5.70 5.83 ∞

Table 5.4: Stability margin summary for the SOF controller.

5.2.5 Multivariable Stability Margins at Different Speeds - The SOF Approach

Figures 5.9, and 5.10, below, show how the multivariable stability margins vary with speed. Note

the reduction of robustness at speeds well below and above the range of speeds for which the SOF

controller was designed.



37

10 20 30 40 50 60

(a) speed, m/s

0

0.5

1

1.5

2

2.5

3

3.5

4
G

ai
n 

M
ar

gi
n,

 d
B

Input
Output

10 20 30 40 50 60

(b) speed, m/s

0

2

4

6

8

10

12

14

16

18

20

P
ha

se
 M

ar
gi

n,
 d

eg
re

es

Input
Output

Figure 5.9: Universal Gain and Phase Margins for speeds from 15 m/s to 60 m/s: (a) Gain Margin,

(b) Phase Margin.
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5.3 Robustness Results - The LQG Approach

The stability results presented below, for the LQG-controlled system, follow those of the ILAF and

SOF-controlled systems. Since introductions to the main themes have already been made, these

results will be presented more concisely.

5.3.1 Loop-at-a-time Margins

Figure 5.11 shows the loop response for the two-input loops and the four-output loops. Figure 5.11a
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Figure 5.11: (a) Frequency response of the two-input loops at a wind-tunnel speed of 42 m/s. (b)

Frequency response of the four-output loops at a wind-tunnel speed of 42 m/s.

shows the three common modes seen throughout these analyses; the 7.6 rad/s mode, the flutter

mode at 40.8 rad/s, and the high-frequency mode at 390 rad/s. The responses shown in Fig. 5.11a

are also nearly identical and have great attenuation above and below the flutter frequency. Figure

5.11b shows how similar outputs on opposite sides of the wind-tunnel model have nearly identical
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responses. Further, the output-loop responses have much less attenuation across the frequency

range of interest. The loop-at-a-time margins are shown below, in Table 5.5.

Gain Margin [dB] Phase Margin [◦]

Output y1 5.7 21.6

y2 5.8 21.6

y3 4.4 -22.6

y4 4.4 -22.7

Input u1 22.8 -104

u2 22.8 -104

Table 5.5: Minimum loop-at-a-time margins for the LQG-controlled system at a wind-tunnel speed

of 42 m/s.

The multiple crossings of 0 dB, for gain, and ±180, for phase, shown in Fig. 5.11 indicate a

few potential areas of instability, however, only the minimum margins were chosen for inclusion

in Table 5.5.

5.3.2 Disk Margin Method

Figure 5.12, below, shows the balanced disk margin as a function of frequency. As a reminder, the

balanced disk margin has zero eccentricity and the allowable perturbations are centered around the

nominal value of one, or 0 dB. Figure 5.12 shows the relative robustness of the input loops and

the output loops across the frequency range of interest. Although the output loops have excellent

margins for all frequencies, the input disk margins shown in Fig. 5.12 are low for frequencies from

1 rad/s to 100 rad/s.

Figure 5.13 shows the disk margins at the input and output for three eccentricities. Figure 5.13a

shows the plant inputs to have very great robustness to perturbations in the positive direction, while
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Figure 5.12: Input and output disk margins for the LQG-controlled system as a function of fre-

quency.

still allowing perturbations in the negative direction, beyond the balanced case. Figure 5.13b shows

the output disk margins to be quite small but also with little variance across eccentricities. The

balanced disk margin results for the LQG-controlled wind tunnel model are:

GMi = [−8.96, 8.96]dB

PMi = ±50.78◦

GMo = [−0.7902, 0.7902]dB

PMo = ±− 5.20◦

(5.5)
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Figure 5.13: Disk margins for the LQG-controlled system for three different eccentricities at the

(a) plant input, (b) plant output.

5.3.3 Universal Gain and Phase Margin Method

Figure 5.14 shows the singular values of the return difference matrices and the corresponding “uni-

versal diagram” used for stability evaluations. Much like the disk margin analysis in Fig. 5.12, Fig.

5.14a shows the minimum singular value of the output return difference matrix to be small across

a broad range, while the minimum singular value for the input return difference matrix is much

higher. Figure 5.14b shows that the outputs have a multi-loop gain margin that is approximately

1 dB and a multi-loop phase margin of 5◦, while the inputs have multi-loop margins of approxi-

mately -5 dB, 17 dB, and 50◦ for the gain margin and phase margin, respectively. A summary of

the universal gain and phase margins at the inputs and outputs is shown below:
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Figure 5.14: The LQG-controlled system at 42 m/s: (a): Minimum singular values for the input

and output return difference matrices; (b): The diagram used for universal gain margin and phase

margin determination.

GMi = [−5.42, 17.50]dB

PMi = 51.35◦

GMo = [−0.75, 0.82]dB

PMo = 5.17◦,

(5.6)

where the subscripts i and o denote the analyses at the inputs and outputs, respectively.

5.3.4 Summary of Stability Results at the Open-Loop Flutter Speed - The LQG Approach

Table 5.6, below, shows the multi-loop margins, DM and UGM, alongside the minimum loop-at-

a-time margin for the inputs and outputs. As shown in Table 5.6, the DM and UGM methods give

similar results, particularly at the plant outputs. Worth noting is that, although the UGM method

shows more robustness to positive changes in gain, the disk margin analysis shown in Fig. 5.13a
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shows that, for increased eccentricity, the disk margin analysis can give similar results to those of

the UGM method.

DM UGM Loop-at-a-time

Input Gain Margin, dB [−8.96, 8.96] [−5.42, 17.50] 22.8

Phase Margin, ◦ 50.78 51.35 -104

Output Gain Margin, dB [−0.7902, 0.7902] [−0.75, 0.82] 4.4

Phase Margin, ◦ 5.20 5.17 21.6

Table 5.6: Stability margin summary at the open-loop flutter speed for the LQG-controlled system.

5.3.5 Multivariable Stability Margins at Different Speeds - The LQG Approach

Figures 5.15, and 5.16 summarize the multi-loop stability results across a range of speeds. Also

evident is the drastic change in stability for different speeds beyond the range of speeds at which

the control law was designed, highlighting the need for some form of gain scheduling or a control

synthesis method to account for the changing plant across the flight envelope of an airplane.
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m/s to 60 m/s: (a) Gain Margin, (b) Phase Margin.

10 20 30 40 50 60

(a) speed, m/s

0

1

2

3

4

5

6

7

8

9

G
ai

n 
M

ar
gi

n,
 d

B

Input
Output

10 20 30 40 50 60

(b) speed, m/s

0

10

20

30

40

50

60

P
ha

se
 M

ar
gi

n,
 d

eg
re

es

Input
Output

Figure 5.16: Balanced disk margins for the LQG-controlled system for speeds from 15 m/s to 60

m/s: (a) Gain Margin, (b) Phase Margin.
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Chapter 6

EXPERIMENTAL RESULTS

Wind tunnel tests were conducted at the POLIMI large low-speed wind tunnel in Milan, Italy

using the aeroservoelastic wind tunnel model described in chapter 2. The goals of the tests were to

validate the mathematical models developed, to test the system over a range of speeds up to as much

higher than the passive flutter speed as possible, and to evaluate the performance and robustness of

the different control laws. Throughout the tests, band-limited white noise was added to the aileron

commands to excite the model for system and flutter boundary identification. Each closed-loop

system, the ILAF, the SOF, and the LQG, was evaluated for flutter envelope expansion and stability

under gain and delay perturbations. The ILAF controller received an additional, more thorough,

assessment of the stability properties by tests as a result of additional time that became available

for wind tunnel tests. While an effort was made to be consistent across the control laws tested and

the robustness tests each controller was subjected to were similar, they were not identical. The

performance of each individual controller guided the direction of testing.

6.1 Experimental Results - The ILAF Approach

Experiments were conducted on the ILAF-controlled system to establish the closed-loop flutter

speed and to evaluate the system’s stability to combinations of gains and delays at the inputs and

outputs to the plant.

6.1.1 Closed-Loop Flutter Speed

Figure 6.1, below, shows the time response of the ILAF-controlled closed loop system when active

flutter suppression is cycled on and off while at the open-loop flutter speed of 41.5 m/s. As shown

in Fig. 6.1, the ILAF-based active control worked very well to suppress flutter at the passive flutter
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Figure 6.1: Time response of wing-tip accelerations with active flutter suppression cycled on and

off.

speed. But if activated too late when the oscillations of the unstable system grew too large, the

flutter stoppers engaged at their 4 g limit before the flutter suppression control could stabilize the

system. The flutter stoppers proved crucial for safe exploration of the flutter boundary. Their

high reliability made it possible to drive the system to the boundary of instability (open-loop and

closed-loop) and deep into unstable regions again and again, which in a flight test without such

safety mechanisms would be too dangerous to do.

The ILAF controller successfully stabilized the model at the open-loop flutter speed, as Fig. 6.1

shows. It was designed, however, to perform well over a range of speeds without gain scheduling:

as low as 30 m/s and up to 43 m/s as shown in Fig. 6.2, below. Open and closed loop tests were

0 10 20 30

(a) Time, s

-5

-2.5

0

2.5

5

W
in

g 
tip

 a
z, g

30 m/s

0 10 20 30

(b) Time, s

-5

-2.5

0

2.5

5
41.5 m/s

OL flutter speed

0 10 20 30

(c) Time, s

-5

-2.5

0

2.5

5
43 m/s

0 10 20 30

(d) Time, s

-5

-2.5

0

2.5

5
43.5 m/s

Figure 6.2: Time response of wing-tip accelerations for ILAF flutter suppression control operated

from 30 m/s to 43.5 m/s.
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Figure 6.3: Test points for injecting gains and delays into the closed loop system.

performed at many intermediate speeds. The speeds shown in Fig. 6.2 were chosen to demonstrate

the ILAF controller performance at the lowest speed for which it was designed, then at the open-

loop flutter speed, and finally, very close to the closed-loop stability boundary and at the closed-

loop stability boundary at 43.5 m/sec where the flutter stoppers had to automatically engage. These

results compare favorably with those of Fig. 4.2, which showed closed-loop stability from 15 m/s

to, approximately, 45 m/s.

Figure 6.2 also shows a dramatic increase in oscillation levels and a certain beating nature of

the oscillation at 43.5 m/s. The test was constrained by the activation of the flutter stoppers, and so

in-depth study of the closed-loop dynamics at and slightly beyond instability could not be pursued.

The beating behavior seen in Fig. 6.2 is likely caused by several poles being close in frequency.

Figure 4.2 shows several sets of poles with the potential to explain this behavior.

6.1.2 Stability Evaluation

In order to evaluate robustness of the closed loop systems, gains and system delays were deliber-

ately changed during the test. Figure 6.3 shows the points at which those gain and delay changes

were made. For these studies, the model was operating at the open-loop flutter speed of 41.5 m/s.

Test point A, in Fig. 6.3, was used to change gains, delays, and simultaneously change gains and
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delays to both aileron inputs. Figure 6.4 shows the time response of a wing-tip accelerometer for

gain changes at test point A. The gains were decreased in increments of 0.1 (relative to the nom-
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Figure 6.4: Time response of wing-tip accelerations to gain changes at both aileron inputs. Wind

tunnel speed = 41.5 m/sec

inal values) at test-point A, shown in Fig. 6.3, until instability was reached, and then increased

gradually. If instability was not reached up to a factor of two increase, no further gain increase was

attempted.

Figure 6.4 shows a degradation in performance for a gain of 0.7 and instability for a gain of

0.6 applied to both aileron inputs. Qualitatively, Fig. 6.4 also shows there to be a slight general

decrease of the acceleration’s response to wind tunnel turbulence for the gain of 2.0 at both aileron

inputs. The results shown in Fig. 6.4 compare well with both the disk margin analysis and universal

gain margin analysis of chapter 5. As a reminder, chapter 5 showed the wind tunnel model to be

stable under ILAF control for gains in the ranges of [-1.94,1.94] dB, and [-2.55,3.63] dB using

the disk margin and universal gain margin analyses, respectively. Figure 6.5 shows the results of

varying the delays applied to both aileron inputs.

The closed-loop system is shown in Fig. 6.5 to be stable (but with higher response to exci-

tation by tunnel’s turbulence) for a delay of 5 ms, and unstable for a delay of 10 ms applied to

both aileron inputs. Using the flutter frequency of 40.8 m/s, delays of 5 ms and 10 ms correspond

to phase changes of 11.7◦ and 23.4◦, respectively. The multi-loop phase margins for the ILAF-

controlled system were found to be 12.69◦ and 19.67◦ using the disk margin and universal gain
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tunnel speed = 41.5 m/sec.

margin method, respectively. The results shown here are not overly conservative as the destabi-

lizing phase delay occurred only marginally outside the regions of guaranteed stability calculated

using either method.

The last stability test performed at test point A was to change the gain while applying a constant

5 ms delay. The results can be seen in Fig. 6.6. Despite the 5 ms delay applied at test point A,
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Figure 6.6: Time response of wing-tip accelerations for simultaneous gains and delays added to

both aileron inputs. Speed = 41.5 m/sec.

the qualitative behavior shown in Fig. 6.6 indicates somewhat lower levels of accelerations due to

tunnel turbulence for the gain increase factor of 2.0. This test shows stability to a simultaneous

gain of 2.0 and phase change of 11.7◦ at both aileron inputs. A gain of 2.0 and a phase change
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delays at test points D through G. Wind-tunnel speed = 41.5 m/sec.

of 11.7◦ are outside the guaranteed stability region for simultaneous changes in gain and delay,

see Table 5.2, however, this does not necessarily mean the methods are overly conservative. A

perturbation may exist with a smaller phase change for a particular direction of gains. Whether or

not the method is conservative depends on if the instabilities found using the various methods, DM

or UGM, are physically possible or are of practical concern.

This last test shows a certain level of robustness to simultaneous delays and increased gains.

However, lacking in these tests were independent perturbations at the inputs and outputs. The

following tests will evaluate the robustness of the ILAF-controlled system to simultaneous changes

in gain and delays at the inputs and outputs using the test points shown in Fig. 6.3.

6.1.3 Stability for Simultaneous Control Law Perturbations

To evaluate robustness to independent control law perturbations at the inputs and outputs, tests

were conducted at points B through G using independent gains and delays based on the stability

analyses performed in chapter 5. Note that control law perturbations implemented during the tests

are equivalent to changes in the dynamic system in closed loop, with the nominal control law being

active.

Figure 6.7a shows the time response of a wing-tip accelerometer to a control law perturbation

consisting of a 2 ms delay and gains of 0.9 and 1.122 at the left and right ailerons, respectively. Fig-
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ure 6.7b shows the time response for a delay on all outputs of 2 ms combined with gain changes of

1.168, 0.86, 0.86 and 1.168 on the first through fourth outputs, respectively. Figure 6.7c shows the

time response for the same changes in gain but for a larger 5 ms delay. The DM and UGM methods

both show, see Fig. 5.2 and Fig. 5.3, that the closed-loop system should be stable for simultaneous

perturbations of approximately 5◦ and ±1 dB on both aileron inputs or the measurement outputs.

The stability results shown in Fig. 6.7 are in agreement with these analyses.

6.2 Experimental Results - The SOF Approach

Tests were conducted in the wind tunnel to evaluate the closed-loop flutter speed of the SOF-

controlled system and to evaluate the robustness to changes in delay and changes in gains. Cor-

relations between these test results and equivalent tests performed on the numerical model will be

presented in chapter 7.

6.2.1 Closed-Loop Flutter Speed

Figure 6.8 shows that the closed loop flutter speed for the SOF-controlled system was 50 m/s. The

predicted flutter speed, based on Fig. 4.4, was 46 m/s.
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Figure 6.8: Time response of wing-tip accelerations for SOF flutter suppression control operated

from 41.5 m/s to 50 m/s.
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6.2.2 Stability Robustness Evaluation

The stability robustness evaluations performed on the SOF-controlled system were more limited

than on the ILAF-controlled system. Tests were conducted for changes in gains on the aileron

inputs for wind-tunnel speeds of 41.5 m/s, 46 m/s, and 50 m/s. A delay test was also conducted on

the aileron inputs at a wind-tunnel speed of 41.5 m/s.

Figure 6.9 shows the SOF-controlled system to be stable for changes in gain at the aileron inputs

of 0.2, 0.4, and the nominal value of 1.0. The margins at the open loop flutter speed can be seen in

Table 5.4. For completeness, the margins shown for the SOF-controlled system at the open-loop

flutter speed are [−0.87, 0.87], and [−0.90, 1.0], using the DM and UGM methods, respectively.

These margins correspond to gain decreases of 0.9 and gain increases of 1.1 at the aileron inputs.

The results shown in Fig. 6.9 show the closed-loop system to be much more resilient to negative

gain changes than predicted by the multi-loop margins.
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Figure 6.9: Time response of wing-tip accelerations to gain changes at both aileron inputs. Wind

tunnel speed = 41.5 m/sec.

Figure 6.10 shows the results of gain changes applied to the aileron inputs at a wind-tunnel

speed of 46 m/s. Stability is shown in Fig. 6.10 for decreases in gain of 0.4 and 0.6. The margins

for a wind-tunnel speed of 46 m/s can be approximated by looking at Fig. 5.10a; these margins are

≈ ±0.2 dB for both the DM and UGM methods. Considering that the physical model was stable at

50 m/s (Fig. 6.8) while the numerical/analytical model predicted a closed-loop flutter speed of 46

m/s, the discrepancies in these stability evaluations are likely caused by inaccuracies in modeling
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rather than conservativeness of the methods. Highlighting the apparent model inaccuracy, the gain

changes conducted at a wind-tunnel speed of 50 m/s (Fig. 6.11) cannot be correlated with the

numerical model as the numerical model shows instability at this speed.
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Figure 6.10: Time response of wing-tip accelerations to gain changes at both aileron inputs. Wind

tunnel speed = 46 m/sec.
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Figure 6.11: Time response of wing-tip accelerations to gain changes at both aileron inputs. Wind

tunnel speed = 50 m/sec.

Figure 6.12 shows the SOF-controlled system to be stable for input delays of 3 ms and 5 ms

added to the aileron inputs. With a flutter speed of 40.8 rad/s, 3 ms and 5 ms delay correspond to

phase changes of 7 and 11.7 degrees, respectively. The stability margins for the SOF-controlled

system at a wind-tunnel speed of 41.5 m/s, see Table 5.4, show multi-loop phase margins of 5.70

and 6.22 degrees for the DM and UGM methods, respectively. The amount of delay added to the
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aileron inputs was outside the predicted multi-loop margins, resulting in good correlation between

test and analysis.
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Figure 6.12: Time response of wing-tip accelerations to delays at both aileron inputs. Wind tunnel

speed = 41.5 m/sec.

6.3 Experimental Results - The LQG Approach

Wind-tunnel tests were conducted for the LQG-controlled system to evaluate the closed-loop flutter

speed and the robustness properties of the closed-loop system. The robustness properties were

evaluated through the application of gains and delays on the aileron inputs. Correlations between

these test results and equivalent tests performed on the numerical model will be presented in chapter

7.

6.3.1 Closed-loop Flutter Speed

The closed-loop flutter speed for the LQG-controlled system was found to be 46.5 m/s, based

on the results presented in Fig. 6.13. These results are considerably different than the predicted

closed-loop flutter speed, see Fig. 4.6, of 56 m/s. This discrepancy may be accounted for by

considering the correction factor, mentioned in chapter 2, used to account for aileron effectiveness.

The correction factor will be considered in chapter 7.
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Figure 6.13: Time response of wing-tip accelerations for LQG flutter suppression control operated

from 40 m/s to 46.5 m/s.

6.3.2 Stability Evaluation

The stability tests on the LQG-controlled system consisted of gain and delay changes at the open-

loop flutter speed, and a test of delays for various speeds. Figure 6.14 shows the LQG-controlled

system to be stable for gain changes of 0.9 and 1.2. These gain changes are well within the margins

shown for the LQG-controlled system in Table 5.6. Figure 6.15 shows stability for 5ms and 10ms

delays added to the aileron inputs. For context, 5 ms and 10 ms delays correspond to phase changes

at the flutter frequency of approximately 12 degrees and 24 degrees, respectively. The multi-loop

phase margins for the LQG-controlled system, shown in Table 5.6, are 50.78◦ and 51.38◦ for the

DM and UGM methods, respectively. The delays were clearly well within the predicted multi-loop

margins.
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Figure 6.14: Gain changes at the inputs at the open-loop flutter speed of 41.5 m/s.
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Figure 6.15: Delay changes at the inputs at the open-loop flutter speed of 41.5 m/s.
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Figure 6.16 shows the effects of a 5 ms delay for the wind-tunnel speeds of 41.5 m/s, 43.5

m/s, 44 m/s, and 44.5 m/s. Qualitatively, the response seen in Fig. 6.16c seems to indicate that

the stability margins have been severely degraded. A further increase in speed by 0.5 m/s, seen in

Fig. 6.16d, bring about instability. As seen in Fig. 5.16 and 5.15, the multi-loop phase margins are

never lower than 30◦ across these speeds. The 5 ms delay added to the aileron inputs corresponds

to an approximate phase margin, at the relevant modal frequency, of 12◦. This represents a differ-

ence in multi-loop phase margin of at least 18 degrees. The conclusion is that there likely exists

a significant mismatch between the model and the physical hardware at the wind-tunnel speeds

beyond the OL flutter speed.
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Chapter 7

ANALYSIS AND EXPERIMENT CORRELATION

Some discussion of the correlation between analysis and tests has already been presented. This

chapter will further explore the correlation between the analyses performed using the analytical

model from chapters 2 and 5 and the experimental results presented in chapter 6. The first compar-

ison, and possibly the most straightforward, is to compare the predicted closed-loop flutter speed

for each method to the closed-loop flutter speed observed in the wind-tunnel tests. This will be

followed by correlations between the robustness tests performed in the wind tunnel and the multi-

variable stability margins and perturbed closed-loop root loci based on the analytical model. The

perturbed closed-loop root loci, to be presented below, were created with gains variations and,

when necessary, pade approximations for the delays.

7.1 Correlation in Closed-Loop Flutter Speed

The table below summarizes the prediction results from chapter 4 and the measured results from

chapter 6. Note that the experimentally-found closed-loop flutter speed for the LQG-controlled

system had a gain of 1.2, rather than a gain of 1.0. This is because with the LQG controller on, no

instability was reached within the range of wind tunnel speeds planned for the reported tests.

The predicted closed-loop flutter speed for the LQG-controlled system, shown in Table 7.1, has

been updated to reflect a gain of 1.2 on both aileron inputs. The average of the percent differences

seen in Table 7.1 is 9.8%. As mentioned in chapter 2, the original aeroelastic model that was used

for synthesizing the control laws did not include aerodynamic corrections – in particular a correc-

tion factor to account for the aileron aerodynamic effectiveness. Short of carrying out dedicated

tests in the wind tunnel or detailed CFD simulations for establishing aerodynamic correction fac-

tors, Ref. [48] was used. Results for plain flaps in that reference lead to a 0.8 correction factor for
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Predicted (m/s) Measured (m/s) Percent Difference (%)

ILAF 44 43.5 1.1

SOF 46 50 8.0

LQG 56 46.5 20.4

Table 7.1: Summary of predicted and measured closed-loop flutter speed for the ILAF, SOF, and

LQG-controlled systems.

the effect of aileron motions on the generalized aerodynamic force changes. Adding a correction

factor of 0.8 to the aileron inputs gives the results shown in Table 7.2, below.

Updated Prediction (m/s) Measured (m/s) Percent Difference (%)

ILAF 42 43.5 3.4

SOF 48 50 4.0

LQG 54 46.5 9.7

Table 7.2: Summary of predicted and measured closed-loop flutter speed for the ILAF, SOF, and

LQG-controlled systems using an aileron-effectiveness correction factor of 0.8.

The average of the percent differences seen in Table 7.2 is 7.8%. It is clear that the correc-

tion factor applied to the aileron inputs improved the accuracy of the predicted closed-loop flutter

speeds. The development of “best” correction factors to be used requires more analysis and test

efforts. However, in the context of the present work it is not that essential since this work studies

how control laws with their robustness measures developed for aeroelastic systems that are known

to have uncertainties in their mathematical models perform in reality.

This is not to say, of course, that the designers can be sloppy in developing the system math

models that they will use for designing active controls for. What this means, in the context of
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aeroservoelastic active control, is that the closed loop systems are to be designed anticipating

uncertainties in particular areas such as aerodynamic forces, natural frequencies, mode shapes,

actuator dynamics, etc. starting with reasonable mathematical models capable of capturing the

essential physics involved. The uncertainties in the models should be addressed by making the

control laws robust.

Note also that in the numerical studies and tests presented here, variation of wind tunnel speeds,

plus variations of gains and delays in the closed loop system had the effect of capturing how a

nominal control law, based on an imperfect math model, would perform in the face of speed,

aerodynamic force, and structural dynamic / actuation variations.

7.2 Correlation Analysis - ILAF

In this chapter, the individual wind-tunnel experiments performed on the ILAF-controlled system

will be compared to similar tests on the analytical model and compared against the multivariable

stability margins. In order to compare the effects of delays and gains on the closed loop system,

closed-loop root loci have been constructed using third-order pade approximations for the time de-

lays, and gains have been added, when appropriate, to the inputs and outputs of the plant. The in-

tent with the closed-loop root loci is to capture the conditions that occurred during the wind-tunnel

tests. The aileron aerodynamic correction factor added in the previous chapter has an obvious ef-

fect on the robustness tests previously conducted. These robustness results were recalculated using

the updated model with the 0.8 correction factor on the aileron inputs. The robustness results are

presented concisely below. Worthy of reiterating at this time is that the analytical model contains

modes at approximately 7.6 rad/s and 390 rad/s that do not exist on the physical model (due to inac-

curacies of the math model at those frequencies, as discussed above). Instabilities caused by these

modes in the following perturbed root loci will receive little attention as the intent is to correlate

the known, 40 rad/s, flutter mode with the experimental results. Updated closed-loop root locus,

disk margin analysis, and universal gain margin analysis are presented below in Figs. 7.1, 7.2, and

7.3, respectively. The closed-loop flutter speed shown in Fig. 7.1 is approximately 42 m/s, which

is less than the measured closed-loop flutter speed, see Fig. 6.2, of 43.5 m/s. The multivariable
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Figure 7.1: Figure (a): ILAF-controlled closed-loop root locus for the updated model with 0.8

correction factor for air-speeds from 15 m/s (green) to 60 m/s (red). Figure (b): Enlarged view

showing the closed-loop flutter speed close to 42 m/s.

stability margins shown in Figs. 7.2, and 7.3 are considerably less than those determined in chapter

5. Exercising the power of the eccentricity parameter in the DM analysis, Fig. 7.2 shows that the

closed-loop system is much more resilient to positive changes in gain than negative changes and,

in fact, is robust to combinations of increases in both gain and phase. A summary of the stability

properties for the nominal system with the 0.8 correction factor is shown below in Table 7.3. The

margins shown in Fig. 7.2, and 7.3 reflect the proximity of the speed at which they were calculated

to the speed at which instability is lost. Not surprisingly the system is very sensitive to parameter

variations at these conditions.
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Figure 7.2: Input disk margins for the ILAF-controlled system with the 0.8 correction factor at

a wind-tunnel speed of 42 m/s: (a) balanced disk margin, and (b) Disk margin heavily-skewed

towards positive changes in gain.

DM UGM

Input Gain Margin, dB [−0.0460, 0.0460] [−0.0460, 0.0463]

Phase Margin, ◦ 0.30 0.30

Output Gain Margin, dB [−0.0460, 0.0460] [−0.0419, 0.0421]

Phase Margin, ◦ 0.30 0.28

Table 7.3: Stability margin summary for the ILAF controller with the 0.8 correction factor added

to the aileron inputs at a wind-tunnel speed of 42 m/s.
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Figure 7.3: The ILAF-controlled system with the 0.8 correction factor at 42 m/s: (a) minimum

singular values for the input and output return difference matrices, and (b) the diagram used for

universal gain margin and phase margin determination.

7.2.1 Gain changes on the aileron inputs

Figure 6.4 in chapter 6 shows the results of wind-tunnel tests where the gains were varied from

0.6 to 2.0. Figure 7.4, below, shows an attempt to correlate these experimental results with the

equivalent conditions on the analytical model. As shown in Fig. 7.4, the closed-loop system

is more robust to positive changes in gain than negative changes in gain. The resilience of the

physical system is corroborated by the disk margin analyses in Fig. 7.2b.
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Figure 7.4: (a) Eigenvalues of the ILAF-controlled system at 42 m/s with gain changes on both

aileron inputs. (b) Enlarged view showing the poles of the flutter mode.

7.2.2 Input Gain and Delay

Figure 6.6 in chapter 6 shows the results of wind-tunnel tests where a 5 ms delay was applied to

both aileron inputs and the gains on the inputs were varied. Figure 7.5 shows that the analytical

system remains stable for all perturbations. This observation is consistent with the wind-tunnel

results and with the disk margin analysis for the greatly skewed positive eccentricity. As mentioned

previously, Fig. 7.2b shows the analytical model to be stable for positive changes in gain and phase.
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Figure 7.5: (a) Eigenvalues of the perturbed ILAF-controlled system at 42 m/s with gains and

delays on both aileron inputs. (b) Enlarged view showing the poles of the flutter mode.

7.2.3 Input and Output Perturbations

Figure 6.7 in chapter 6 shows the result of simultaneous and independent perturbations applied to

the inputs and outputs. The input perturbations consisted of a 2 ms delay on both inputs and gains of

1.122 and 0.9, on the right and left ailerons, respectively. Output perturbation 1, labeled ∆1 in Fig.

7.6, is the addition of a 2 ms delay to all measurement outputs combined with a gain of 1.168, 0.86,

0.86, and 1.168, on the first through fourth outputs. Output perturbation 2, is the same as output

perturbation 1 but with the delay increased from 2 ms to 5 ms. Note that these gains were chosen

to be tested in the wind tunnel based on the previous robustness analyses of chapter 5. Figure 7.6,

below, shows the effects of these perturbations on the closed-loop system. As a reminder, pade

approximations were used to add delays to the analytical model. The experimental results, see

Fig. 6.7, show the closed-loop ILAF-controlled system to be stable for all perturbations unlike the

results shown in Fig. 7.6. Figure 7.6 shows the system to be stable for the input perturbations and

the second output perturbation, with the larger delay. However, the system is shown to be unstable

for the output perturbation with the smaller delay. There is an obvious discrepancy between the
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analytical and physical model. The multivariable stability margins shown in Table 7.3 reflect the

fact that the closed-loop system with the aileron correction factor is exceedingly sensitive to the

flutter mode at the 42 m/s wind-tunnel speed. This is a consequence of the speed that these analyses

were conducted relative to the speed that the analytical model predicts that instability will occur.
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Figure 7.6: (a) Eigenvalues of the ILAF-controlled system for input and output perturbations at

42 m/s. (b) Enlarged view showing the flutter poles associated with the nominal and perturbed

systems.

7.3 Correlation Analysis - SOF

In this chapter, the results from the wind-tunnel tests in chapter 6 will be compared against similar

tests conducted on the analytical model. The SOF-controlled system was subjected to changes in

gain and delays at different wind tunnel speeds; these individual scenarios have been recreated and

the results shown with plots of the eigenvalues of the nominal and perturbed system. As discussed

previously, third-order Padé approximations were used to incorporate time delays into the closed

loop system. The 0.8 correction factor added to the aileron inputs affects both the closed-loop

root loci, and the robustness analyses performed previously. In order to facilitate correlations

between analysis and experimentation, the closed-loop root loci and robustness tests for the model
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including the 0.8 correction factor are shown concisely below. For brevity, the discussion of the

robustness tests will be omitted. The reader is referred to chapters 3 and 5 for more info on the

multivariable stability margins. Note that, since the predicted closed-loop flutter speed is less

than 50 m/s, correlations at a wind-tunnel speed of 50 m/s between the analytical model and the

robustness measures, and the experimental results cannot be performed. The closed-loop locus for

wind-tunnel speeds from 15 m/s to 60 m/s is shown in Fig. 7.7, and the robustness analyses are

shown in Figs. 7.8 and 7.9.
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Figure 7.7: (a) SOF-controlled closed-loop root locus for the updated model with 0.8 correction

factor for air-speeds from 15 m/s (green) to 60 m/s (red). (b) Enlarged view showing the closed-

loop flutter speed close to 49 m/s.

Figure 7.7 shows the closed-loop flutter speed to be approximately 49 m/s. The results shown

in Fig. 7.7 underestimate the results seen in Fig. 6.8, where the closed-loop system was seen to

be stable at 50 m/s in the wind-tunnel. The stability summary shown in Table 7.4, shows similar

margins at the inputs and outputs using both the DM and UGM methods.
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Figure 7.8: Input/output disk margins for three different eccentricities for the analytical model with

the 0.8 correction factor on the aileron inputs operated at a wind-tunnel speed of 42 m/s.

DM UGM

Input Gain Margin, dB [−2.21, 2.21] [−1.82, 2.31]

Phase Margin, ◦ 14.42 13.40

Output Gain Margin, dB [−2.21, 2.21] [−1.72, 2.14]

Phase Margin, ◦ 14.42 12.54

Table 7.4: Stability margin summary for the SOF controller with the 0.8 correction factor added to

the aileron inputs at a wind-tunnel speed of 42 m/s.
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Figure 7.9: The SOF-controlled system with the 0.8 correction factor at 42 m/s: (a) minimum sin-

gular values for the input and output return difference matrices; (b) the diagram used for universal

gain margin and phase margin determination.
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7.3.1 Gain changes to the aileron inputs at a wind-tunnel speed of 41.5 m/s

The perturbed root locus shown in Fig. 7.10 is related to the results shown in Fig. 6.9 of chapter

6. The closed-loop SOF-controlled system was shown stable in Fig. 6.9 for the nominal condition

and for gains of 0.4 and 0.2. The stability for these gains is shown on the perturbed root locus in

Fig. 7.12. Though not shown, a gain of 1.5 on both aileron inputs would make the analytical model

unstable at 42 m/s. There is some correlation between these ideas, as the physical hardware and

the analytical model both seem more resilient to decreases in gain rather than increases in gain.

The apparent robustness to decreases in gain can also be seen in the disk margin analysis of Fig.

7.8.
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Figure 7.10: (a) Eigenvalues of the SOF-controlled system with the 0.8 correction factor for gains

on the aileron inputs at a wind-tunnel speed of 42 m/s. (b) Enlarged view showing the eigenvalues

of the nominal and perturbed systems associated with the 40 rad/s flutter mode.

7.3.2 Gain changes to the aileron inputs at a wind-tunnel speed of 45 m/s

The closed-loop root locus of the nominal and perturbed system shown in Fig. 7.11 corresponds

to the experimental results seen in Fig. 6.10. Figure 6.10 shows the SOF-controlled system to be
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stable at a wind-tunnel speed of 46 m/s for gains of 0.4 and 0.6 applied to the aileron inputs. The

perturbed eigenvalues of Fig. 7.11 show the analytical model to be unstable at a gain of 0.4. Though

not shown here, for brevity, similar analyses to Fig. 5.10 and Fig. 5.9 reveal the SOF-controlled

system with the 0.8 correction factor to have a multi-loop gain margin, at 45 m/s, of approximately

1.5 dB. As a result, the wind-tunnel test results shown in Fig. 4.3 indicate considerably more

robustness to decreases in gain than are shown in the analyses of the analytical model. Once again,

the discrepancy does not indicate that the multi-loop methods are conservative, as the eigenvalues

clearly show instability, but likely an indication of model inaccuracy.
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Figure 7.11: (a) Eigenvalues of the SOF-controlled system with the 0.8 correction factor for gains

on the aileron inputs at a wind-tunnel speed of 45 m/s. (b) Enlarged view showing the eigenvalues

of the nominal and perturbed systems associated with the 40 rad/s flutter mode.

7.3.3 Delays added to the aileron inputs at a wind-tunnel speed of 41.5 m/s

The results shown in Fig. 6.12, of chapter 6, are recreated in Fig. 7.12, below. The experimental

results in Fig. 6.12 show the system to be stable with a delay of 3 ms, and unstable for a delay of

5 ms. For context, a 3 ms and 5 ms delay at the frequency of peak sensitivity, seen in Fig. 7.9a,
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correspond to a phase change of 13 and 23 degrees, respectively. The stability margin summary

in Table 7.4 shows the analytical model for the SOF-controlled system to be robust to the 3 ms

delay. However, the physical model was destabilized by the 5 ms delay. As the eigenvalues shown

in Fig. 7.12b are clearly stable while the response in Fig. 6.12c is not stable, the likely culprit is a

mismatch between the analytical and physical model.
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Figure 7.12: (a) Eigenvalues of the SOF-controlled system with the 0.8 correction factor for delays

added to the aileron inputs at a wind-tunnel speed of 41.5 m/s. (b) Enlarged view showing the

eigenvalues of the nominal and perturbed systems associated with the 40 rad/s flutter mode.

7.4 Correlation Analysis - LQG

In this chapter, a correlation of analysis and experiment is conducted for the LQG-controlled sys-

tem. The experimental results are those of chapter 6, while the analyses are concisely recreated

below for the analytical model with the 0.8 correction factor applied to the aileron inputs. These

analyses include a new closed-loop root locus, along with disk margin and universal gain margin

analyses across the various speeds experienced by the LQG-controlled system in the wind tunnel.

The updated closed-loop root locus can be seen in Fig. 7.13, and the updated stability-margin

analyses can be seen in Fig. 7.14 - 7.17. The ultimate flutter speed of the LQG-controlled system
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was seen in the wind tunnel, see Fig. 6.13, to be 46.5 m/s, while the closed-loop root locus in Fig.

7.13 shows the ultimate flutter speed to be approximately 48 m/s to 49 m/s – roughly a 4.5 percent

difference. It is worth pointing out that, as the results shown in Fig. 6.13 were created with a gain

of 1.2 on the aileron inputs, and the results in Fig. 7.13 have also used a gain of 1.2 on the aileron

inputs. The multi-loop margins shown in Figs. 7.14 - 7.17 and Table 7.5 show good robust margins

at the aileron inputs but poor robustness at the measurement outputs.
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Figure 7.13: (a) LQG-controlled closed-loop root locus for the updated model with 0.8 correction

factor for air-speeds from 15 m/s (green) to 60 m/s (red). (b) Enlarged view showing the closed-

loop flutter speed close to 42 m/s.
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Figure 7.14: Input disk margins for the LQG-controlled system with the 0.8 correction factor: (a)

balanced disk margin; (b) disk margin heavily-skewed towards positive changes in gain.
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Figure 7.15: Balanced disk margins for the LQG-controlled system with the 0.8 correction factor

for speeds from 15 m/s to 60 m/s: (a) Gain Margin, (b) Phase Margin.
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Figure 7.16: The LQG-controlled system with the 0.8 correction factor at 42 m/s: (a) minimum sin-

gular values for the input and output return difference matrices; (b) The diagram used for universal

gain margin and phase margin determination.
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Figure 7.17: Universal Gain and Phase Margins for the LQG-controlled system with the 0.8 cor-

rection factor for speeds from 15 m/s to 60 m/s: (a) Gain Margin, (b) Phase Margin.
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DM UGM

Input Gain Margin, dB [−8.76, 8.76] [−5.48, 18.36]

Phase Margin, ◦ 49.91 52.16

Output Gain Margin, dB [−0.70, 0.70] [−0.66, 0.71]

Phase Margin, ◦ 4.55 4.50

Table 7.5: Stability margin summary for the LQG controller with the 0.8 correction factor added

to the aileron inputs at the open-loop flutter speed of 41.5 m/s.
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7.4.1 Gain changes on the aileron inputs at the open-loop flutter speed

The analytical results shown in Fig. 7.18 are in agreement with the experimental results shown in

Fig. 6.14 from chapter 6. The multi-loop margins shown in Table 7.5 are also in agreement with

this conclusion as these margins are quite large and the perturbations on the aileron inputs, 0.9 and

1.2, were quite small.
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Figure 7.18: (a) Eigenvalues of the LQG-controlled system with the 0.8 correction factor for gains

added to the aileron inputs. (b): Enlarged view showing the eigenvalues of the nominal and per-

turbed systems associated with the 40 rad/s flutter mode.

7.4.2 Delays added to the aileron inputs at the open-loop flutter speed

Figure 7.19, below, shows the recreation on the analytical model of the wind-tunnel test results

shown in Fig. 6.15. The analytical and experimental test results are in alignment, as the qualitative

response shown in Fig. 6.15 is stable and there are no poles in the RHP in Fig. 7.19. The stability

analyses, Table 7.5, also agree with these results.
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Figure 7.19: (a) Eigenvalues of the LQG-controlled system with the 0.8 correction factor for de-

lays added to the aileron inputs. (b) Enlarged view showing the eigenvalues of the nominal and

perturbed systems associated with the 40 rad/s flutter mode.

7.4.3 Delays added to the aileron inputs across several wind-tunnel speeds

The wind-tunnel test results shown in Fig. 6.16 are recreated in the plot of the nominal and per-

turbed eigenvalues for wind-tunnel speeds from 40 m/s to 45 m/s shown in Fig. 7.20. The eigenval-

ues shown in Fig. 7.20b correspond to wind-tunnel speeds of 40 m/s, 42 m/s, and 45 m/s, from the

upper right to lower left, respectively. As expected based on the stability margin analyses in Fig.

7.15, and Fig. 7.17, the analytical model is quite robust to changes in phase. Near the destabilizing

test condition shown in Fig. 6.16, the analytical model should have greater than 30◦ of multi-loop

phase margin, which would correspond to a delay on both aileron inputs of approximately 13 ms.

Consequently, there appears to be a difference in multi-loop phase margin between the analytical

model at 45 m/s and the physical hardware at 44.5 m/s of approximately 18◦.
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Figure 7.20: (a) Eigenvalues of the LQG-controlled system with the 0.8 correction factor for delays

added to the aileron inputs at wind-tunnel speeds of 40 m/s, 42 m/s, and 45 m/s. (b) Enlarged view

showing the eigenvalues of the nominal and perturbed systems associated with the 40 rad/s flutter

mode for three different wind-tunnel speeds.

7.5 Discussion of Experimental and Analytical Correlation Results

The development of aeroservoelastic math models during the design evolution of an airplane or

a wind tunnel model is a gradual process in which best mathematical / numerical tools are used

first to create a first math model with which control law development can begin. This is followed

by a gradual process of math model improvement as more test data and results from high-fidelity

simulations become available and as the configuration reaches maturity. New control laws are

developed periodically throughout the process.

Knowing that system math models are uncertain, with more uncertainty early in the develop-

ment process and less uncertainty later, closed-loop robustness analysis can be used (in addition

to the necessary stability and performance analyses) in two ways. First, at the early stages of the

design and development process, control law synthesis may require large robustness margins in an-

ticipation of the model changes that would come. Once the final configuration has been frozen, and
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with as much high-fidelity analysis and test information as possible and practical to support ”best

possible” math models, control robustness measures must be demonstrated to protect the system

against that level of uncertainty and those probable variations that may still be encountered in real

life.

The analysis, synthesis, and test program demonstrate all this. Beginning with a ”best practice”

math model that was created early in the wind tunnel model development process, preliminary

control laws were synthesized and their robustness levels, based on the original math model of

the system were checked. Tests using these control laws were carried out next and were used

to improve the math model of the system (the aileron aerodynamic effectiveness correction) and

to vary the properties of the system in order to study how well the control laws performed. Not

surprisingly, control laws that were created based on a math model that missed certain aspects of

system behavior were found to be less robust to changes in the system when studied with the

improved math model of the system. In the design process of an actively controlled airplane

new control laws would be synthesized now based on the most up to date math model, subject

to certification robustness constraints that would protect the system against uncertainties that the

best math models (given state of the art analysis and testing practices) may not capture.
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Chapter 8

CONCLUSION

Control law synthesis for active flutter suppression followed the design and development of

an active flexible wind tunnel model representative of high aspect ratio commercial aircraft. An

initial ”best practice” math model of the structural dynamics, unsteady aerodynamics, sensing, and

actuation of the system was used to synthesize three control laws that would stabilize the system

against flutter over a range of speeds below and above the passive open-loop flutter speed. Three

methods for establishing closed-loop robustness measures were used to quantify the robustness of

the system based on its initial mathematical model. The system was then tested with these control

laws and their robustness to system variations in the wind tunnel was studied. Such variations, in

tests, included speed variations as well as gain and phase variations in the control loops, represent-

ing gain and phase uncertainties in the system. This was followed by revisiting the robustness of

the control laws tested mathematically, this time with a more accurate mathematical model of the

system.

The work highlights the importance of (a) working with as high accuracy math models of

the system as possible, (b) understanding the key sources and types of uncertainties possible, (c)

evolving the control laws during the vehicle development process to account for initial uncertainties

in the models that can be large and then ending with final control laws that demonstrate sufficient

robustness (as required by certification agencies) with the most accurate math models available and

then tested in flight at selected critical conditions subject to selected variations in the system.

The work adds insight regarding the kind of model variations that the control designer needs to

consider and the way different measures of system robustness compare to one another and relate

to the capacity of the control design to address model uncertainties.

Other robust control techniques may be used. The more test results in the wind tunnel and
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in flight will be available the more firm the basis will be on which the safety of active flutter

suppression technology will be assessed and accepted for application.

It would be nice to go back to the wind tunnel with the model and the capabilities described

here to test new control laws that would be developed based on a much improved math model of

the system. With such a mature and accurate math model, control laws should be synthesized to

meet constraints on their level of robustness in the flight envelope and its safety margins that would

resemble what may become required robustness of active control systems in the aircraft industry.
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