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This thesis is dedicated to applications of symmetric function theory to problems in combi-

natorics, representation theory, and geometry. Crucial to our applications is the Frobenius

characteristic map from Algebraic Combinatorics, which associates a symmetric function to

each finite-dimensional symmetric group module.

First, we introduce a family of quotient rings Rn,λ,s that have the structure of graded

symmetric group modules. This family of rings simultaneously generalizes the cohomology

rings of Springer fibers studied by Garsia and Procesi and the generalized coinvariant rings

of Haglund, Rhoades, and Shimozono. We use techniques developed by Garsia and Procesi

to prove formulas for the graded Frobenius characteristic of Rn,λ,s, generalizing previous

formulas for Springer fibers and generalized coinvariant rings. We then apply our results to

Eisenbud-Saltman rank varieties.

Second, we present joint work with Gessel and Tewari in which we prove conjectures

of Gessel relating a multivariate generating function G encoding labeled binary trees to

symmetric group representations. We prove these conjectures by expanding G positively

in terms of ribbon Schur symmetric functions. We then connect specializations of G to

symmetric group actions on hyperplane arrangements.
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Chapter 1

INTRODUCTION

Coinvariant rings are a family of graded rings with rich connections to the combinatorics

of the symmetric group, invariant theory, and enumerative algebraic geometry. Let Sn be

the symmetric group of permutations of the integers 1, . . . , n, and let xn “ tx1, . . . , xnu be a

set of n commuting variables. The group Sn then acts on the polynomial ring in n variables

Zrxns by permuting the xi, and this action respects the natural grading on the polynomial

ring by total degree in the variables xn. Let In “ xZrxnsSn` y be the ideal generated by

all nonconstant homogeneous polynomials that are invariant under the action of Sn. The

coinvariant ring is defined to be the quotient

Rn –
Zrxns
In

, (1.0.1)

which inherits the structure of a graded Sn-module. It is a classical theorem of Chevalley

that the coinvariant algebra is isomorphic to the regular representation.

Theorem 1.0.1 (Chevalley [12]). There is an isomorphism of Sn-modules

Rn – ZSn. (1.0.2)

Furthermore, there is an explicit basis consisting of monomials, which witnesses the fact

that Rn is a free Z-module of rank n!.

Theorem 1.0.2 (Artin [1]). The set of staircase monomials,

An – txi11 ¨ ¨ ¨ x
in
n : ij ď j ´ 1 for all 1 ď j ď nu (1.0.3)
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represents a Z-basis of the coinvariant ring Rn.

Given a permutation π P Sn, we say an index i ă n is a descent of π if πpiq ą πpi ` 1q.

The major index statistic on permutations is the quantity majpπq computed as the sum of

all i such that i is a descent of π. Recall that the Hilbert series of a graded free Z-module

is the generating function recording the ranks of the graded pieces. It can be seen from

Theorem 1.0.2 that the Hilbert series of Rn has the following beautiful formula,

HilbqpRnq “ p1` qqp1` q ` q
2
q ¨ ¨ ¨ p1` q ` ¨ ¨ ¨ ` qn´1

q “
ÿ

πPSn

qmajpπq, (1.0.4)

where the second equality follows from an identity of MacMahon [57].

Lusztig (unpublished) and Stanley [83] identified the graded pieces of the coinvariant ring

as symmetric group modules using symmetric functions. A symmetric function is a formal

power series in the infinite set of commuting variables x “ tx1, x2, . . . , u that is invariant

under any permutation of the variables. It is a basic fact [89] that the vector space of

symmetric functions with coefficients in Q has dimension equal to the number of partitions

λ of n. One of the most important bases of this vector space is the set of Schur functions

sλpxq. Recall that the irreducible representations of the symmetric group over Q are also

indexed by integer partitions of n. Denote by Sλ the irreducible representation of Sn indexed

by the partition λ of n, which we refer to as the Specht module indexed by λ. The Frobenius

characteristic map Frob is the map from representations of Sn to symmetric functions of

degree n that sends

V “
à

λ$n

pSλq‘aλ (1.0.5)

to FrobpV q –
ř

λ$n aλsλpxq, where the sums are over all integer partitions λ of n. The

Frobenius characteristic map can be extended to a map on graded representations V “ ‘iě0Vi

of Sn by defining FrobqpV q–
ř

iě0 q
i FrobpViq.

Given an integer partition λ “ pλ1, . . . , λ`q of n, we can visualize it by its Young diagram,
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which consists of rows of boxes called cells. We adhere to the French style of drawing Young

diagrams, where we draw λi many boxes in the ith row from the bottom. A standard Young

tableau of λ is a labeling of the cells of the Young diagram using each of the positive integers

1, . . . , n exactly once, such that the labeling increases up each column and along each row

from left to right. The major index statistic majpT q of a tableau T is defined to be the sum

of all i such that i` 1 appears in a row higher than i in T . We have the following theorem

of Lusztig and Stanley that identifies the graded Frobenius characteristic of RQ
n “ Rn bQ.

Theorem 1.0.3 (Lusztig-Stanley [83]). The graded Frobenius characteristic of the coinvari-

ant ring is

FrobqpR
Q
n q “

ÿ

λ$n,
TPSYTpλq

qmajpT qsλpxq, (1.0.6)

where the sum is over all partitions λ of n and all standard Young tableaux of shape λ.

The coinvariant ring has further importance to the geometry of flag varieties. A complete

flag of Cn is a sequence of nested vector subspaces

V‚ “ p0 Ă V1 Ă V2 Ă ¨ ¨ ¨ Ă Vn “ Cn
q, (1.0.7)

such that dimC Vi “ i for all i, and the complete flag variety Flpnq is the space of all complete

flags of Cn. Borel showed that the coinvariant ring Rn is isomorphic to the cohomology ring

of the complete flag variety.

Theorem 1.0.4 (Borel [10]). There is an isomorphism of graded rings

Rn – H˚
pFlpnq;Zq, (1.0.8)

where the ith graded piece of Rn is mapped to the p2iqth cohomology group.

Another important family of varieties are the Springer fibers, whose cohomology rings
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give a geometric construction of the Specht modules Sλ. Given a nilpotent nˆ n matrix X,

the Springer fiber of X is

BX – tV‚ P Flpnq : XVi Ď Vi´1 for all iu. (1.0.9)

The Springer fibers get their name from the fact that they are the fibers of the Springer

resolution of the cone of nilpotent matrices. These varieties have importance in Geometric

Representation Theory, because their cohomology groups provide a geometric construction

of the Specht modules Sλ. Let λ be the Jordan type of X and npλq “
ř

ipi´1qλi. Then there

is an action of Sn on the rational cohomology ring of BX , originally constructed by Springer

[27], such that H2npλqpBX ;Qq – Sλ. It should be noted that the action on the cohomology of

a Springer fiber discussed in this paper differs from the one originally constructed by Springer

by twisting with the sign representation. As a refinement of this result, the graded Frobe-

nius characteristic of the cohomology ring H˚pBX ;Qq is the dual Hall-Littlewood symmetric

function [56] up to a change of variables,

FrobqpH
˚
pBX ;Qqq “ q2npλqQ1λpx; q´2

q. (1.0.10)

In their seminal paper, Garsia and Procesi [29] showed how to prove (1.0.10) with only Alge-

braic Combinatorics starting from a presentation of the cohomology ring due to Tanisaki [90].

In the case when X “ 0, the Springer fiber is simply the complete flag variety BX “ Flpnq,

so the cohomology of the Springer fiber is the coinvariant ring. Furthermore, it can be shown

that the right-hand side of (1.0.10) specializes to the Lusztig-Stanley formula, Theorem 1.0.3.

Hence, Garsia and Procesi’s results can be seen as a generalization of the work on coinvariant

rings. See [13] for more background on Springer fibers and [92] for more details on their

combinatorial properties.

In the 90s and early 2000s, many of these results were extended to the setting of the di-

agonal coinvariant ring, which is the quotient of the polynomial ring Zrx1, . . . , xn, y1, . . . , yns
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by the ideal of positive degree homogenous elements invariant under the action of Sn acting

diagonally by permutations of the variables x1, . . . , xn and y1, . . . , yn simultaneously. In [28],

Garsia and Haiman conjectured that a certain Sn-module, defined in terms of derivatives

of a Vandermonde determinant in the variables x1, . . . , xn, y1, . . . , yn, gives a representation-

theoretic interpretation for the Macdonald symmetric function H̃µpx; q, tq, a symmetric func-

tion whose t “ 0 specialization is H̃µpx; qq “ qnpµqQ1µpx; q´1q. Haiman proved this conjecture

by finding a remarkable connection between these modules and the isospectral Hilbert scheme

of n points in the complex plane [47, 48].

Another family of graded rings that generalize the coinvariant rings are the rings Rn,k

of Haglund, Rhoades, and Shimozono [45], depending on two positive integers k ď n. To

define the ring Rn,k, first let edpxnq be the elementary symmetric polynomial of degree d in

the variables xn, defined by

edpxnq “
ÿ

1ďi1ă¨¨¨ăidďn

xi1xi2 ¨ ¨ ¨ xid . (1.0.11)

It can be shown that the ideal In in the definition of the coinvariant ring is generated by

the elementary symmetric polynomials, In “ xe1pxnq, . . . , enpxnqy. Haglund, Rhoades, and

Shimozono introduced a variant of this ideal depending on both k and n,

In,k :“ xxk1, x
k
2, . . . , x

k
n, enpxnq, en´1pxnq, . . . , en´k`1pxnqy Ď Qrxns. (1.0.12)

They defined the generalized coinvariant ring Rn,k to be the quotient ring Rn,k :“ Qrxns{In,k.

Since In,k is homogeneous and stable under the action of Sn, the quotient ring Rn,k has the

structure of a graded Sn-module. When k “ n, it can be shown that In “ In,n [45, Section

1], and hence the generalized coinvariant ring specializes to the usual coinvariant ring when

n “ k.

Haglund, Rhoades, and Shimozono proved that their rings give a representation-theoretic

meaning to ordered set partitions. An ordered set partition of rns is a partitioning of the set
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rns into an ordered list of subsets B1, . . . , Bk. We denote such an ordered set partition by

pB1|B2| ¨ ¨ ¨ |Bkq. Let OPn,k be the collection of ordered set partitions of rns into k nonempty

blocks. The group Sn acts on OPn,k by permuting the letters 1, 2, . . . , n. Haglund, Rhoades,

and Shimozono [45] proved that Rn,k is isomorphic as an Sn-module to the module QOPn,k
corresponding to the Sn action on OPn,k via permuting the letters 1, . . . , n. Even more

remarkably, they proved that FrobqpRn,kq coincides with the symmetric function in the well-

known Delta Conjecture from Algebraic Combinatorics when t “ 0, up to a minor twist.

The goal of Chapter 3 of this thesis is to unify the combinatorics and representation

theory of the cohomology rings of Springer fibers and the generalized coinvariant rings Rn,k.

We do this by introducing a larger family of rings Rn,λ,s that includes the cohomology ring

of a Springer fiber and Rn,k as special cases. We then generalize many of the previous results

on these two families of rings to Rn,λ,s. We also give a geometric interpretation of these

rings in terms of Eisenbud-Saltman rank varieties. In particular, we apply our results on

Rn,λ,s to give a formula for the Hilbert series of the coordinate ring of the scheme-theoretic

intersection of a rank variety with diagonal matrices.

Another class of combinatorial objects with strong connections to the representation

theory of the symmetric group are hyperplane arrangements, which are finite collections

of hyperplanes in Rn. One important example of a hyperplane arrangement is the braid

arrangement, consisting of the set of hyperplanes xi “ xj for 1 ď i ă j ď n in Rn. The

hyperplanes in a hyperplane arrangement cut Rn into regions, which are the connected

components of the complement of the union of the hyperplanes in the arrangement. It is not

hard to verify that the number of regions for the braid arrangement are in bijection with

permutations. The symmetric group Sn then acts on the hyperplanes in this arrangement

by permuting the coordinates. We then get an action of Sn on the regions of the braid

arrangements, whose corresponding Sn-module is the regular representation.

Another hyperplane arrangement, which fits into the theory of diagonal coinvariant rings,

is the Shi arrangement consisting of the hyperplanes in the braid arrangement along with

hyperplanes xi ´ xj “ 1 for 1 ď i ă j ď n. Observe that the set of hyperplanes in the Shi
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arrangement are not invariant under permutations of coordinates. However, there is a hidden

action of Sn on the regions of the Shi arrangement which utilizes the bijection between parking

functions and regions of the Shi arrangement due to Pak and Stanley [86]. The corresponding

Sn-module is the well-studied parking function representation PFn. Haiman [46] proved that

the Sn-module structure of the diagonal coinvariant ring is simply the parking function

representation tensored with the sign representation. Furthermore, the graded Hilbert series

is given by the inversion generating function on certain labeled trees.

The subject of Chapter 4 of this thesis is on joint work with Gessel and Tewari [35, 36] in

which we find connections between descent statistics on labeled binary trees and symmetric

group actions on hyperplane arrangements. In particular, we study a multivariate gener-

ating function G first defined by Gessel encoding ascent-descent statistics on labeled plane

binary trees. We prove that certain specializations of G are the Frobenius characteristics of

symmetric group actions on hyperplane arrangements.

Finally, in Chapter 5 we prove formulas for the multivariate generating function G in

terms of ribbon Schur functions. As a corollary, we see that G is a positive sum of Schur

symmetric functions. One of our main tools is an extension of the Push-Glide bijection of

Préville-Ratelle and Viennot [69] between the set of binary trees and the set of path-tree

sequences.
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Chapter 2

BACKGROUND

2.0.1 Partitions and compositions

A partition of n into ` parts is a weakly decreasing sequence of positive integers λ “ pλ1 ě

λ2 ě ¨ ¨ ¨ ě λ` ą 0q such that
ř`
i“1 λi “ n. We sometimes write λ $ n or |λ| “ n to denote

that λ has size n. Let `pλq :“ ` be the length of λ. Let Parpn, sq be the set of partitions of

n into at most s parts. For example, we have

Parp4, 2q “ tp4q, p3, 1q, p2, 2qu. (2.0.1)

Given integers a and b with b ě 0, we denote by pabq the partition pa, a, . . . , aq where a

appears b many times. When b “ 0, then pabq is the empty partition H.

Given two partitions λ and µ of n, we say that λ is dominated by µ, denoted by λ ďdom µ,

if and only if for all i ď `pλq, we have that λ1` ¨ ¨ ¨`λi ď µ1` ¨ ¨ ¨`µi. The partial ordering

ďdom on the partitions of n is called dominance order. For λ $ n, we draw its Young diagram

as rows of boxes, called cells, with λi cells in row i. We follow the French convention where

the rows are numbered from bottom to top. We also number the columns of the diagram

from left to right. Let λ1 be the conjugate partition of λ, which is the partition of n whose

ith entry records the number of cells in the ith column of the Young diagram of λ. See

Figure 2.1 for the Young diagrams of λ “ p3, 2, 1, 1, 1q and its conjugate λ1 “ p5, 2, 1q.

Recall from Chapter 1 that npλq is the statistic

npλq :“
ÿ

iě1

pi´ 1qλi. (2.0.2)
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Figure 2.1: On the left, the Young diagram of λ “ p3, 2, 1, 1, 1q. On the right, the Young
diagram of λ1 “ p5, 2, 1q.

Alternatively, the statistic npλq can be computed as follows. Starting with the French Young

diagram, label all of the entries in the ith row from the bottom with i´ 1. Then npλq is the

sum of the labels. If we instead sum the labels in each column we easily see that

npλq “
λ1
ÿ

i“1

ˆ

λ1i
2

˙

. (2.0.3)

Given λ $ n and an index 0 ď i ă `pλq, let λpiq be the partition of k ´ 1 obtained by

sorting the parts of

pλ1, . . . , λi, λi`1 ´ 1, λi`2, . . . , λ`pλqq (2.0.4)

into decreasing order. We say that λpiq is the ith reduction of λ. Note that our λpiq is the

same as λpi`1q defined in [29]. For example, if λ “ p6, 6, 4, 4, 1q, then λp2q “ p6, 6, 4, 3, 1q.

Observe that if j is maximal such that i ă λ1j, then

λpiq “ pλ1, . . . , λλ1j ´ 1, . . . , λ`q. (2.0.5)

A finite ordered list of nonnegative integers α “ pα1, . . . , α`q such that
ř`
i“1 αi “ n is

called a composition of n. If αi ą 0 for all i, we say that it is a strong composition of n,

and denote this by α ( n. If α is a composition of n, we say that the size of α is n. We

call αi the parts of α and denote the number of parts of α by `pαq, also called the length of
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Figure 2.2: The conjugate diagram dg1p4, 5, 3, 0, 1q.

α. Let Comppn, sq be the set of compositions of n of length s. Given α P Comppn, sq, the

conjugate diagram, denoted by dg1pαq, is the diagram consisting of αi cells in the ith column

from the left. For λ P Parpn, sq, then dg1pλq is the Young diagram of λ1. If αi “ 0 for some

i, we simply draw a horizontal bar at the bottom of column i to signify an empty column of

cells. See Figure 2.2 for the conjugate diagram of α “ p4, 5, 3, 0, 1q. We index the cells pi, jq

of the conjugate diagram of α in Cartesian coordinates starting with p1, 1q in the lower left

corner, so that pi, jq is the cell in the ith column and jth row. In this thesis, we will never

draw the left-justified version of the diagram of a composition as in [43]. These conventions

follow those in [40].

Let sortpαq P Parpn, sq be the partition obtained by sorting the entries of α from greatest

to smallest and then deleting trailing 0s. We denote by truncpαq :“ pα1, . . . , αn´1q the

truncation of α of its last entry. Let revpαq :“ pαs, αs´1, . . . , α1q be the reversed composition.

If α P Comppn, sq and β P Comppm, sq, we say that α is contained in β, denoted by

α Ď β, if αi ď βi for all i ď s. If α Ď β, let dg1pβq{dg1pαq be the set difference of the

conjugate diagrams of β and α. When α “ µ1 Ď β “ λ1 for partitions µ and λ, this is the

skew diagram λ{µ.

We define two operations on compositions. Given compositions α “ pα1, . . . , α`q and

β “ pβ1, . . . , βmq, we define the concatenation of α and β, denoted by α ‚ β, to be the

composition pα1, . . . , α`, β1, . . . , βmq. The near-concatenation of α and β, denoted by αdβ, is

defined to be the composition pα1, . . . , α`´1, α``β1, β2, . . . , βmq. For example, if α “ p2, 1, 3q

and β “ p4, 1q, then α ‚ β “ p2, 1, 3, 4, 1q while α d β “ p2, 1, 7, 1q.
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Recall the well-known bijection between strong compositions α “ pα1, . . . , α`q of n and

subsets S Ď rn ´ 1s given by S “ tα1, α1 ` α2, . . . , α1 ` ¨ ¨ ¨ ` α`´1u. We denote the set

corresponding to α ( n by setpαq, and in the opposite direction, given S Ď rn´1s, we denote

the corresponding strong composition of size n by comppSq. The inclusion order on subsets

induces a natural poset structure on the set of strong compositions of size n. More precisely,

given α, β ( n, we say that α ď β if and only if setpβq Ď setpαq, and call ď the refinement

order on compositions. For instance, consider α “ p1, 2, 4, 2, 3, 2, 1q and β “ p3, 4, 7, 1q, both

compositions of size 15. Then setpβq “ t3, 7, 14u and setpαq “ t1, 3, 7, 9, 12, 14u. Clearly we

have that setpβq Ď setpαq, and therefore α ď β. We denote this poset on strong compositions

of size n by Compď
n and refer to it as the composition poset. Given strong compositions

α, γ ( n such that α ď γ, we denote the interval in Compď
n comprising compositions β

satisfying α ď β ď γ by rα, γs.

2.0.2 Words and permutations

Denote the symmetric group of permutations of 1, . . . , n by Sn. For 1 ď i ă n, let si P Sn

be the adjacent transposition si “ pi, i` 1q. For a composition of length n, let sipαq be the

composition obtained by swapping the ith and pi` 1qth entries of α.

Let P be the set of positive integers. Let P` be the set of nonempty words on P, which

is the set of finite sequences of positive integers with positive length. If w is a word with

letters w1, w2, . . . , wn, we write w “ w1 ¨ ¨ ¨wn. To w, we associate the monomial xw “

xw1xw2 ¨ ¨ ¨ xwn . We denote the set of words in n letters by Pn. An ascent of w is an index

1 ď i ď n ´ 1 such that wi ď wi`1. A descent of w is an index 1 ď i ď n ´ 1 such that

wi ą wi`1. Let the descent set of w be Despwq :“ t 1 ď i ď n´1 : wi ą wi`1 u. An inversion

in w is a pair of indices 1 ď i ă j ď n such that wi ą wj. We denote the set of inversions

of w by Invpwq. Therefore, we have i P Despwq if and only if pi, i` 1q P Invpwq. Let ascpwq,

despwq, and invpwq be the number of ascents, descents, and inversions in w, respectively.

The inverse descent set of w is defined by iDespwq :“ Despw´1q.

The standardization of w, denoted by stdpwq, is the permutation in Sn obtained by
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replacing the entries of w with 1, 2, . . . , n, keeping the same relative order, where repeated

letters are considered as increasing from left to right. For example, the standardization of

112123 is 124356. For w P Pn, the standardization σ “ sortpwq has the key property that

Invpσq “ Invpwq.

2.0.3 Symmetric functions

A symmetric function is a formal power series in the variables x which is invariant under

swapping any two of the variables. It is well known that the set of symmetric functions with

coefficients in Q, denoted by Λ, forms a ring under the usual operations of addition and

multiplication. For notions related to the ring of symmetric functions that are not made

explicit here, we refer the reader to [56, 87].

We denote by hn the nth complete homogeneous symmetric function, which is the sum

over all monomials in x :“ tx1, x2, . . . , u of degree n. The nth elementary symmetric function,

denoted by en, is the sum over all squarefree monomials of degree n. For λ $ n of length

k, let hλ – hλ1hλ2 ¨ ¨ ¨hλk be the complete homogeneous symmetric function indexed by λ.

Similarly, let eλ – eλ1eλ2 ¨ ¨ ¨ eλk be the elementary symmetric function indexed by λ. Let

α ( n of length k. For convenience, we occasionally write hα to mean hα1hα2 ¨ ¨ ¨hαk , and

similarly for eα. Observe that hα “ hsortpαq and eα “ esortpαq. Let

Hpzq :“
ÿ

ně0

hnz
n
“
ź

iě1

1

1´ xiz
, (2.0.6)

Epzq :“
ÿ

ně0

enz
n
“
ź

iě1

p1` xizq. (2.0.7)

Furthermore, let ω be the automorphism of Λ such that

ωpeλq “ hλ, ωphλq “ eλ, ωpsλq “ sλ1 . (2.0.8)

Given a partition λ $ n, a standard Young tableau (henceforth SYT) of shape λ is a

filling of the boxes of the Young diagram of λ with integers from rns using each label exactly
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once, such that the labeling increases from left to right along rows and up columns. We

denote the set of all SYT of shape λ by SYTpλq. For T P SYTpλq, we define DespT q to be

the set of all 1 ď i ď n´ 1 such that i belongs to a row below i` 1 in T .

Given partitions λ Ě µ, a semi-standard Young tableau of shape λ{µ is a filling of the

boxes of the Young diagram of λ{µ with positive integers such that the labeling weakly

increases from left to right along rows and strictly increases up columns. Let SSYTpλ{µq

be the set of semi-standard Young tableaux of shape λ{µ. Given such a tableau T , let xT

be the monomial defined as the product over all i of xnii , where ni is the number of times

i appears in T . The skew Schur function sλ{µ is the sum over all xT for T a semi-standard

Young tableaux of shape λ{µ. In the case when µ is the empty partition, define sλ – sλ{µ

to be the Schur function indexed by λ.

Most of the results in Chapter 4 will be in terms of ribbon Schur functions. These

symmetric functions are special instances of skew Schur functions indexed by skew shapes

that are ribbons, which are connected skew shapes that do not contain a 2ˆ 2 box. We can

associate a composition to a ribbon by counting the number of boxes in every row of the

ribbon from top to bottom. This association allows us to consider ribbon Schur functions as

being indexed by strong compositions. We refer to the ribbon Schur function indexed by a

strong composition α as rα. If α ( n, we can alternatively define rα as

rα “
ÿ

wPPn,
Despwq“setpαq

xw. (2.0.9)

A useful property of ribbon Schur functions is that the product of two ribbon Schur functions

is a sum of two ribbon Schur functions,

rαrβ “ rα‚β ` rαdβ, (2.0.10)

which follows easily from (2.0.9). More generally, suppose αp1q, . . . , αpmq are compositions

such that αpiq ( ni and n1`¨ ¨ ¨`nm “ n. Letting β :“ αp1q‚¨ ¨ ¨‚αpmq and δ :“ αp1qd¨ ¨ ¨dαpmq,
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we have that

rαp1qrαp2q . . . rαpmq “
ÿ

γPrβ,δs

rγ, (2.0.11)

where rβ, δs is the interval between β and δ in Compď
n .

The following proposition gives a positive expansion of a ribbon Schur function in the

basis of Schur functions. This is a special case of the expansion of a skew Schur function

into Schur functions.

Proposition 2.0.1. [95, Equation 2.2.4] Given a strong composition α ( n, we have

rα “
ÿ

λ$n

bλ,αsλ,

where bλ,α is the number of T P SYTpλq satisfying comppDespT qq “ α. In particular, ribbon

Schur functions are Schur positive.

Let ex denote the homomorphism from Λ to Qrrxss mapping hn to xn{n! [87, Section 7.8].

This homomorphism is known as the exponential specialization and has the property that

the coefficient of xn{n! in the image expfq of a symmetric function f is the coefficient of

x1 ¨ ¨ ¨ xn in f [87, Proposition 7.8.4].

Recall that the Eulerian polynomial is defined to be

Anptq “
ÿ

πPSn

tdespπq. (2.0.12)

They were introduced by Leonhard Euler in 1749 in his study of the Dirichlet eta function.

It is well known that the Eulerian polynomials satisfy the following useful identity,

ÿ

ně0

Anptq
xn

n!
“

t´ 1

t´ ept´1qx
. (2.0.13)

See [18, 66] for more details.
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We use a 2-parameter weighted power series analogue of the Eulerian polynomial,

Apx; s, tq :“
ÿ

wPP`
sascpwqtdespwqxw. (2.0.14)

By Equation (2.0.9),

Apx; s, tq “
ÿ

ně1

ÿ

α(n

sn´`pαqt`pαq´1 rα. (2.0.15)

By the homogenized version of a result of MacMahon [58, Vol. 1, p. 186], we have that

Apx; s, tq “

ř

ně1ps´ tq
n´1hn

1´ t
ř

ně1ps´ tq
n´1hn

“
Hps´ tq ´ 1

s´ tHps´ tq
. (2.0.16)

Let ΛQpqq be the ring of symmetric functions with coefficients in the field Qpqq of rational

functions in q. Let x¨, ¨y be the Hall inner product on symmetric functions with the property

that

xsλpxq, sµpxqy “ δλ,µ, (2.0.17)

where δλ,µ takes the value 1 if λ “ µ, and 0 otherwise. Given a symmetric function F pxq, let

F pxqK be the linear operator on Λ which is adjoint to multiplication by F pxq with respect

to the Hall inner product. Precisely, given a symmetric function Gpxq, then F pxqKGpxq is

the unique symmetric function such that

xF pxqKGpxq, Hpxqy “ xGpxq, F pxqHpxqy (2.0.18)

for all symmetric functions Hpxq. We primarily work with the operators ejpxq
K, which we

refer to as the jth skewing operator.
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2.0.4 Frobenius characteristic

Symmetric functions have a close connection to representations of the symmetric group via

the Frobenius characteristic map. Given λ $ n, let Sλ be the irreducible Sn-module indexed

by λ. Given a finite-dimensional vector space V over Q which has the structure of an Sn-

module, it decomposes as a direct sum as

V –
à

λ$n

pSλqcλ (2.0.19)

for some nonnegative integers cλ. The Frobenius characteristic of V is defined to be the

symmetric function

FrobpV q “
ÿ

λ$n

cλsλpxq. (2.0.20)

Given a graded Sn-module V “
Àm

i“0 Vi with finite-dimensional direct summands Vi, the

graded Frobenius characteristic of V is defined to be

FrobqpV q “
m
ÿ

i“0

FrobpViqq
i
P ΛQpqq. (2.0.21)

The Hilbert series of V is defined to be

HilbqpV q “
m
ÿ

i“0

dimQpViqq
i. (2.0.22)

The graded Frobenius characteristic and the Hilbert series of V are related by

HilbqpV q “ xhp1nq,FrobqpV qy “ rx1 ¨ ¨ ¨ xnsFrobqpV q, (2.0.23)

where if F px; qq P ΛQpqq, then rx1 ¨ ¨ ¨ xnsF px; qq denotes the coefficient of the monomial

x1 ¨ ¨ ¨ xn in F px; qq.

We sometimes expand symmetric functions in terms of Gessel’s fundamental quasisym-
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metric functions, defined as follows. Given a subset D Ď rn´ 1s, Fn,Dpxq is defined by

Fn,Dpxq :“
ÿ

xw, (2.0.24)

where the sum is over all words w P Pn with 1 ď w1 ď w2 ď ¨ ¨ ¨ ď wn such that wi ă wi`1 for

all i P D. Alternatively, Gessel’s fundamental quasisymmetric function [30] can be written

as

Fn,Dpxq “
ÿ

wPPn,
stdpwq“π

xw, (2.0.25)

where π P Sn is a fixed permutation such that iDespπq “ D. We also have the monomial

quasisymmetric function,

Mn,Dpxq :“
ÿ

xw, (2.0.26)

where the sum is over all w P Pn with 1 ď w1 ď w2 ď ¨ ¨ ¨ ď wn such that wi ă wi`1 for all

i P D and wi “ wi`1 for all i P rn´ 1szD.

For 1 ď j ď n, let Sn´j ˆ Sj Ď Sn be the subgroup of Sn of permutations which permute

1, . . . , n´ j among themselves and permute n´ j ` 1, . . . , n among themselves. Let QSn be

the group algebra of Sn, and let εj P QSn be the idempotent element

εj “
1

j!

ÿ

πPStn´j`1,...,nu

sgnpπqπ. (2.0.27)

If V is an Sn-module, then εjV is an Sn´j-module. It is well known (see e.g. [45, Equation

6.20]) that

FrobqpεjV q “ ejpxq
KFrobqpV q. (2.0.28)
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Furthermore, the symmetric function FrobqpV q is uniquely defined by its images under the

ejpxq
K operators for j ą 1.

Lemma 2.0.2 ([29],[45] Lemma 3.6). Let F pxq and Gpxq be symmetric functions with equal

constant terms. We have that F pxq “ Gpxq if and only if ejpxq
KF pxq “ ejpxq

KGpxq for all

j ě 1.

2.0.5 Hall-Littlewood symmetric functions

The algebra ΛQpqq of symmetric functions has a basis given by the Hall-Littlewood symmetric

functions Pλpx; qq which have the property that

sλpxq “
ÿ

µ$n

Kλ,µpqqPµpx; qq, (2.0.29)

where Kλ,µpqq is the Kostka-Foulkes polynomial, see [56]. The dual Hall-Littlewood symmetric

functions Q1λpx; qq are given by

Q1µpx; qq “
ÿ

λ$n

Kλ,µpqqsλpxq. (2.0.30)

The degree of Q1λpx; qq is given by degpQ1λpx; qqq “ npλq, defined in (2.0.2). The rever-

sal of these symmetric functions are sometimes denoted by rHλpx; qq :“ revqpQ
1
λpx; qqq “

qnpλqQ1λpx; 1{qq.

Theorem 2.0.3 ([29, 80]). The Frobenius characteristic of the Sn-module Rλ is the reversal

of the dual Hall-Littlewood symmetric function,

FrobqpRλq “ rHλpx; qq “ revqpQ
1
λpx; qqq. (2.0.31)

Next, we recall the t “ 0 specialization of the Haglund-Haiman-Loehr formula for Mac-

donald polynomials, which gives an expansion for rHλpx; qq “ revqpQ
1
λpx; qqq in terms of

inversions in labelings of the Young diagram of λ1. Given α P Comppn, sq, a pair of cells
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Figure 2.3: Two examples of attacking pairs in dg1p4, 5, 2, 0, 3q.
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Figure 2.4: A column-increasing filling σ P SCI10,α,5 where α “ p4, 5, 3, 0, 1q.

ppi, jq, pi1, j1qq in dg1pαq are said to be an attacking pair if either j “ j1 and i ă i1, or if

j “ j1 ` 1 and i ą i1. See Figure 2.3 for two examples of attacking cells in dg1p4, 5, 3, 0, 1q,

where the attacking cells are indicated by dots.

Let σ be a filling of dg1pαq. Given a cell pi, jq of the diagram, let σi,j be the label of the

cell pi, jq in σ. The reading word of σ, denoted by rwpσq, is the word obtained by reading

the filling across each row from left to right, starting with the top-most row and ending with

row 1. We say that the corresponding ordering of the cells of dg1pαq is the reading order

of the diagram. See Figure 2.4 for an example of a filling σ of dg1p4, 5, 3, 0, 1q with reading

word rwpσq “ 1 4 2 5 8 3 6 9 10 7 11 12 13.

A filling σ with positive integers is said to be column-increasing if the labeling weakly

increases down each column. Let a standard filling be a filling with the integers 1, . . . , n,

such that each integer 1 ď i ď n is used exactly once. Given λ P Parpn, sq, let CIn,λ,s be the

set of column-increasing fillings of λ1, and let SCIn,λ,s be the subset of CIn,λ,s of standard

column-increasing fillings. Similarly, given a composition α P Comppn, sq, let CIn,α,s be the
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Figure 2.5: All standard column-increasing fillings in SCI5,λ,2 where λ “ p3, 2q.

set of column-increasing fillings of dg1pαq, and let SCIn,α,s be the subset of CIn,α,s of standard

column-increasing fillings. See Figure 2.5 for all fillings in SCI5,λ,2 where λ “ p3, 2q.

Define a diagonal inversion of σ to be an attacking pair ppi, jq, pi1, j1qq of cells of dg1pαq

with pi, jq appearing earlier in the reading order, such that σi,j ą σi1,j1 . Denote by dinvpσq

the number of diagonal inversions of σ. Letting σ be the filling in Figure 2.4, then the cells

p1, 3q and p3, 3q form a diagonal inversion in σ, and the cells p2, 3q and p1, 2q also form a

diagonal inversion in σ. The reader can check that dinvpσq “ 6.

The diagonal inversion statistic defined above appears in the following corollary of the

beautiful fundamental quasisymmetric function expansion for Macdonald symmetric func-

tions proven by Haglund, Haiman, and Loehr [41]. Setting t “ 0 in [41, Equation 36], we

have the following expansion for the reversal of the dual Hall-Littlewood function in our

notation.

Corollary 2.0.4. For λ $ n, we have

FrobqpRλq “ revqpQ
1
λpx; qqq “

ÿ

σPSCIn,λ,`pλq

qdinvpσqFn,iDesprwpσqqpxq. (2.0.32)

A family of symmetric functions generalizing the dual Hall-Littlewood functions are the

LLT polynomials introduced by Lascoux, Leclerc, and Thibon [55]. We use here a variant

introduced in [42]. Let λ Ě µ, and let ν “ λ{µ be the skew diagram. Let c “ pi, jq be the
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cell of ν in column i and row j. The content of u is cpuq :“ j ´ i.

Given a tuple of skew diagrams ν “ pνp1q, . . . , νpmqq, let SSYTpνq :“ SSYTpνp1qq ˆ

SSYTpνp2qq ˆ ¨ ¨ ¨ ˆ SSYTpνpmqq. Given T “ pT p1q, . . . , T pmqq P SSYTpνq, let xT “

xT
p1q
¨ ¨ ¨xT

pmq
. Given u “ pi, jq a cell in T paq and v “ pi1, j1q a cell of T pbq, we say pu, vq

form an inversion if we have the inequality of entries T
paq
u ą T

pbq
v , and either a ă b and

cpuq “ cpvq, or a ą b and cpuq “ cpvq ` 1. Denote by invpTq the number of inversions of T.

The LLT polynomial indexed by ν is

Gνpx; qq :“
ÿ

TPSSYTpνq

qinvpTqxT. (2.0.33)

We need the following theorem, which has several algebraic and combinatorial proofs.

Theorem 2.0.5 ([41, 42, 55]). The LLT polynomial Gνpx; qq is symmetric in the x variables.
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Chapter 3

GARSIA-PROCESI MODULES AND GENERALIZED
COINVARIANT RINGS

The goal of this chapter is to unify the representation theory and combinatorics of the

generalized coinvariant algebras Rn,k introduced by Haglund, Rhoades, and Shimozono [45],

and the singular cohomology rings Rλ of the Springer fibers introduced by T. A. Springer

[80, 81]. On the one hand, the generalized coinvariant algebras are graded modules of the

symmetric group whose combinatorics are controlled by ordered set partitions. On the

other hand, the cohomology rings of Springer fibers are graded modules of the symmetric

group whose combinatorics are controlled by tabloids. We introduce a family of rings Rn,λ,s

which are graded modules of the symmetric group whose combinatorics are controlled by

pn, λ, sq-ordered set partitions. We recover the rings Rn,k and Rλ as special cases of our

rings. Furthermore, we show that the rings Rn,λ,s have connections to the geometry of rank

varieties defined by Eisenbud and Saltman [23]. These rank varieties are not to be confused

with the rank varieties of Billey and Coskun [9]. In particular, we obtain a formula for the

Hilbert series and graded Frobenius characteristic of QrOn,λ X ts, the coordinate ring of the

scheme-theoretic intersection of a rank variety with diagonal matrices. The contents of this

chapter are based on work in [38, 39].

Let us recall the generalized coinvariant algebras Rn,k. Fix positive integers k ď n, and

let xn “ tx1, . . . , xnu be a set of n commuting variables. Let Qrxns be the polynomial ring on

the variables xn with rational coefficients, and let Sn be the symmetric group of permutations

of 1, 2, . . . , n. We consider Qrxns as an Sn-module, where Sn acts by permuting the variables.

For 1 ď d ď n, let edpxnq be the elementary symmetric polynomial of degree d in the variables



23

xn, defined by edpxnq “
ř

1ďi1ă¨¨¨ăidďn
xi1xi2 ¨ ¨ ¨ xid . The ideal In,k is defined to be

In,k :“ xxk1, x
k
2, . . . , x

k
n, enpxnq, en´1pxnq, . . . , en´k`1pxnqy Ď Qrxns. (3.0.1)

Haglund, Rhoades and Shimozono defined the generalized coinvariant algebra Rn,k to be the

quotient ring Rn,k :“ Qrxns{In,k. Since In,k is homogeneous and stable under the action of

Sn, the quotient ring Rn,k has the structure of a graded Sn-module. When k “ n, then it

can be shown that (see [45, Section 1])

In,n “ xe1pxnq, . . . , enpxnqy “ xQrxnsSn` y, (3.0.2)

which is the ideal generated by the homogeneous positive degree invariants of Qrxns. Hence,

Rn,n is the well-known coinvariant algebra.

We also recall some standard terminology in order to state our main results. A weak

ordered set partition of rns is a partitioning of the set rns into an ordered list of subsets

B1, . . . , Bk, where we allow Bi to be empty in general. We denote such an ordered set

partition by pB1|B2| ¨ ¨ ¨ |Bkq. Let OPn,k be the collection of ordered set partitions of rns into

k nonempty blocks. The size of OPn,k is easy to compute in terms of Stirling numbers of

the second kind,

|OPn,k| “ k! ¨ Stirpn, kq. (3.0.3)

The group Sn acts onOPn,k by permuting the letters 1, 2, . . . , n. Define the usual q-analogues

of numbers, factorials, and multinomial coefficients,

rnsq :“ 1` q ` ¨ ¨ ¨ ` qn´1, rns!q :“ rnsqrn´ 1sq ¨ ¨ ¨ r1sq, (3.0.4)
„

n

a1, . . . , ar



q

:“
rns!q

ra1s!q ¨ ¨ ¨ rars!q
,

„

n

a



q

:“
rns!q

ras!qrn´ as!q
. (3.0.5)

Let Qrrxss be the formal power series ring over the rational numbers in the variables x.
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Given f P Qrrxssrqs, let f “ a0` a1q` ¨ ¨ ¨ ` anq
n be its expansion as a polynomial in q with

coefficients in Qrrxss. Define revqpfq “ an ` an´1q ` ¨ ¨ ¨ ` a0q
n.

Given two sequences of nonnegative integers pa1, . . . , arq and pb1, . . . , bsq, a shuffle of these

two sequences is an interleaving pc1, . . . , cr`sq of the two sequences such that the ai appear

in order from left to right and the bi appear in order from left to right. An pn, kq-staircase

is a shuffle of the sequence p0, 1, . . . , k´ 1q and the sequence ppk´ 1qn´kq consisting of k´ 1

repeated n´ k many times [45].

Haglund, Rhoades, and Shimozono proved that Rn,k has the following properties which

generalize the well-known properties of the coinvariant algebra [45].

• The dimension of Rn,k is given by dimQpRn,kq “ |OPn,k| “ k! ¨ Stirpn, kq. The Hilbert

series is

HilbqpRn,kq “ revqprks!q ¨ Stirqpn, kqq “
ÿ

σPOPn,k

qcoinvpσq, (3.0.6)

where Stirqpn, kq is a well-known q-analogue of the Stirling number of the second kind,

and where coinv is the coinversion statistic on ordered set partitions, respectively. See

[97] for more details on ordered set partition statistics.

• The set of monomials

An,k “ txa11 ¨ ¨ ¨ x
an
n : pa1, . . . , anq is component-wise ď some pn, kq-staircaseu

(3.0.7)

represents a basis of Rn,k, generalizing the Artin basis of the coinvariant algebra. As a

consequence, we have |An,k| “ |OPn,k|.

• As Sn-modules,

Rn,k –Sn QOPn,k, (3.0.8)
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where QOPn,k is the vector space over Q whose basis is indexed by OPn,k and whose

Sn-module structure is induced from the natural action of Sn on OPn,k permuting the

letters 1, . . . , n.

• The graded Sn-module structure of Rn,k can be expressed in terms of the dual Hall-

Littlewood functions Q1µpx; qq as follows,

FrobqpRn,kq “ revq

«

ÿ

µ

q
řk
i“1pi´1qpµi´1q

„

k

m1pµq, . . . ,mnpµq



q

Q1µpx; qq

ff

, (3.0.9)

where the sum is over partitions µ of n into k parts.

• The Sn-module Rn,k is related to the Delta Conjecture of Haglund, Remmel, and Wilson

[44]. Precisely, Haglund, Rhoades, and Shimozono [45] proved that

FrobqpRn,kq “ prevq ˝ ωqCn,kpx; qq, (3.0.10)

where Cn,kpx; qq is the expression in the Delta Conjecture at t “ 0.

• More recently, Pawlowski and Rhoades [65] proved that Rn,k is isomorphic to the

rational cohomology ring for the space of spanning line arrangements Xn,k. Their

result also holds with integral coefficients.

Next, we describe certain quotient rings coming from the geometry of Springer fibers.

Let λ $ n, and let the conjugate partition be λ1 “ pλ11 ě λ12 ě ¨ ¨ ¨ ě λ1n ě 0q. Here, we are

padding the conjugate partition by 0s to make it length n. Let pnmpλq :“ λ1n ` λ1n´1 ` ¨ ¨ ¨ `

λ1n´m`1 for 1 ď m ď n. Given a subset of variables S Ď xn and a positive integer d, define

edpSq to be the sum over all squarefree monomials of degree d in the set of variables S. For

example, we have e2ptx1, x3, x5uq “ x1x3 ` x1x5 ` x3x5. The Tanisaki ideal Iλ is defined by

Iλ :“ xedpSq : S Ď xn, d ą |S| ´ p
n
|S|pλqy, (3.0.11)
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and the ring Rλ is defined by

Rλ :“ Qrxns{Iλ. (3.0.12)

By work of De Concini and Procesi [17], the ring Rλ is isomorphic to the singular co-

homology ring with rational coefficients of the Springer fiber corresponding to a nilpotent

matrix with Jordan type λ. This particular presentation for the cohomology ring in terms

of partial elementary symmetric polynomials is due to Tanisaki [90]. When λ “ p1nq, the

Springer fiber corresponding to p1nq is the complete flag variety whose cohomology ring is

the coinvariant algebra. Indeed, we have Rp1nq “ Qrxns{xe1pxnq, . . . , enpxnqy, which is the

coinvariant algebra. See [13] for more background on Springer fibers and [92] for more details

on their combinatorial properties.

We refer to the graded Sn-module Rλ as the Garsia-Procesi module based on their seminal

work in [29] on the Sn-module structure of Rλ. The ring Rλ has the following properties.

• The dimension of Rλ is the multinomial coefficient

dimQpRλq “

ˆ

n

λ1, . . . , λ`

˙

, (3.0.13)

where λ “ pλ1 ě λ2 ě ¨ ¨ ¨ ě λ` ą 0q. The Hilbert series of Rλ is given by the

generating function for the cocharge statistic on a certain set of words, see [29, Remark

1.2]. Alternatively, we have the following characterization of the Hilbert series which

follows from work of Haglund, Haiman, and Loehr [41],

HilbqpRλq “
ÿ

σ

qinvpσq, (3.0.14)

where the sum is over standard fillings of the Young diagram of λ1 which increase down

each column, and inv is the number of attacking pairs which form an inversion of σ.

• There is a monomial basis Aλ of Rλ which specializes to the Artin basis of the coin-
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variant algebra when λ “ p1nq. In [29], this basis is denoted by Bpλq.

• As Sn-modules, we have

Rλ –Sn QpSn{Sλ1 ˆ ¨ ¨ ¨ ˆ Sλkq, (3.0.15)

where Sλ1ˆ¨ ¨ ¨ˆSλk is the Young subgroup of Sn permuting 1, . . . , λ1 among themselves,

λ1` 1, . . . , λ1`λ2 among themselves, and so on. Equivalently, Rλ is isomorphic to the

Sn-module given by the action of Sn on tabloids of shape λ.

• Springer [80, 81] proved that the top degree component of Rλ is isomorphic to the

irreducible representation Sλ. Thus, the cohomology ring of a Springer fiber Rλ gives

a geometric construction of the irreducible representation Sλ of Sn.

• The graded Sn-module structure of Rλ is given by the reversal of the dual Hall-

Littlewood function,

FrobqpRλq “ revqpQ
1
λpx; qqq. (3.0.16)

• If λ, µ $ n such that λ ďdom µ, we have the monotonicity property

rsνsFrobqpRλq ě rsνsFrobqpRµq, (3.0.17)

for all ν $ n, where rsνsf stands for the coefficient of sν in the Schur function expansion

of f , and the inequality is a coefficient-wise comparison of two polynomials in q.

Fix positive integers k ď n, a partition λ of k, and an integer s ě `pλq, where `pλq is the

length of λ. Let the conjugate of λ be λ1 “ pλ11 ě λ12 ě ¨ ¨ ¨ ě λ1n ě 0q, where we pad the

conjugate partition by 0s to make it length n, and define pnmpλq :“ λ1n` λ
1
n´1` ¨ ¨ ¨ ` λ

1
n´m`1

for 1 ď m ď n. We introduce the ring Rn,λ,s, defined as follows.
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Definition 3.0.1. Define the ideal In,λ,s and quotient ring Rn,λ,s by

In,λ,s :“ xxsi : 1 ď i ď ny ` xedpSq : S Ď xn, d ą |S| ´ p
n
|S|pλqy, (3.0.18)

Rn,λ,s :“ Qrxns{In,λ,s. (3.0.19)

Since the ideal In,λ,s is generated by homogeneous polynomials, it is a homogeneous

ideal. Furthermore, since the generating set is closed under the action of Sn, the ideal In,λ,s

is closed under the action of Sn. Therefore, the quotient ring Rn,λ,s inherits the structure of

a graded Sn-module. For example, the ideal I6,p3,2q,3 is generated by the set of homogeneous

polynomials

tx3
1, . . . , x

3
6u Y te2px6q, e3px6q, e4px6q, e5px6q, e6px6qu Y te3pSq |S Ď x6, |S| “ 5u (3.0.20)

Yte4pSq |S Ď x6, |S| “ 5u Y te5pSq |S Ď x6, |S| “ 5u Y te4pSq |S Ď x6, |S| “ 4u, (3.0.21)

which is closed under the action of S6.

The generalized coinvariant algebras Rn,k and the rings Rλ are special cases of the rings

Rn,λ,s. We have

Rn,k “ Rn, p1kq, k for k ď n, (3.0.22)

Rλ “ Rn, λ, `pλq for λ $ n, (3.0.23)

where (3.0.22) follows from Definition 3.0.1. See Remark 3.1.4 for the justification of (3.0.23).

As a bonus, we also have Rn,k,s “ Rn,p1sq,k, where Rn,k,s is the ring defined in [45, Section 6].

Let a pn, λ, sq-ordered set partition be a weak ordered set partition pB1| ¨ ¨ ¨ |Bsq of rns into

s blocks such that |Bi| ě λi for i ď `pλq. Here, we allow Bi to be empty for `pλq ă i ď s.

Let OPn,λ,s be the set of pn, λ, sq-ordered set partitions. The group Sn acts on OPn,λ,s by

permuting the letters 1, 2, . . . , n.

We prove the following properties of Rn,λ,s, generalizing many of the properties of Rn,k
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and Rλ. All terminology not defined here is defined in the section corresponding to each

theorem.

• The dimension of Rn,λ,s is given by dimQpRn,λ,sq “ |OPn,λ,s| (see Theorem 3.1.20). We

give a formula for the Hilbert polynomial (see Corollary 3.3.14),

HilbqpRn,λ,sq “
ÿ

ϕPSECIn,λ,s

qdinvpϕq. (3.0.24)

The indexing set SECIn,λ,s in the sum on the right-hand side of (3.0.24) is a set of

standard extended column-increasing fillings, which is in bijection with OPn,λ,s. See

Subsection 3.3.1 for the definition of a standard extended column-increasing filling.

• An alternative formula for the Hilbert series was obtained by Rhoades, Yu, and Zhao on

ordered set partitions [71, Corollary 4.9] involving a statistic they call coinv. They also

characterize the harmonic spaces corresponding to the ideals In,λ,s. We define a statistic

inv on SECIn,λ,s which is similar to, but not the same as, their coinv statistic. We prove

that the inv statistic also gives a formula for the Hilbert series (see Corollary 3.3.14),

HilbqpRn,λ,sq “
ÿ

ϕPSECIn,λ,s

qinvpϕq. (3.0.25)

The formula (3.0.25) follows naturally as a corollary of our graded Frobenius charac-

teristic formula. Since [71] uses our work to prove their results, we have been careful

to give independent proofs.

• In Section 3.1, we define an pn, λ, sq-staircase as a shuffle of a certain set of compositions

depending on n, λ, and s. We have that

An,λ,s “ txa11 ¨ ¨ ¨ x
an
n : pa1, . . . , anq is component-wise ď some pn, λ, sq-staircaseu

(3.0.26)
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represents a monomial basis of Rn,λ,s (see Theorem 3.1.17).

• We have the following chain of equalities and Sn-module isomorphisms (see Theo-

rem 3.1.1, Corollary 3.1.2, and Theorem 3.1.20)

Rn,λ,s “
Qrxns

gr IpXn,λ,sq
–Sn QXn,λ,s –Sn QOPn,λ,s, (3.0.27)

where Xn,λ,s is a finite set of points in Qn which is stable under the Sn-action permuting

coordinates.

• In the case when s ą `pλq, we prove that the top degree component of Rn,λ,s is iso-

morphic to the induction of the irreducible Sk-module Sλ up to an Sn module (see

Corollary 3.3.15),

IndÒSnSk S
λ. (3.0.28)

• The graded Frobenius characteristic can be expressed as a sum of monomials (see Theo-

rem 3.3.13), or equivalently in terms of Gessel’s fundamental quasisymmetric functions

(see Corollary 3.3.11),

FrobqpRn,λ,sq “
ÿ

ϕPECIn,λ,s

qinvpϕqxϕ “
ÿ

ϕPSECIn,λ,s

qinvpϕqFn,iDesprwpϕqqpxq, (3.0.29)

“
ÿ

ϕPECIn,λ,s

qdinvpϕqxϕ “
ÿ

ϕPSECIn,λ,s

qdinvpϕqFn,iDesprwpϕqqpxq, (3.0.30)

where xϕ is the monomial whose powers record the number of occurrences of each label

in ϕ.

• In forthcoming work, we prove FrobqpRn,λ,sq can be expressed in terms of the dual
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Hall-Littlewood functions,

FrobqpRn,λ,sq “ revq

»

—

—

–

ÿ

µPParpn,sq,
µĚλ

qnpµ,λq
ź

iě0

„

µ1i ´ λ
1
i`1

µ1i ´ µ
1
i`1



q

Q1µpx; qq

fi

ffi

ffi

fl

, (3.0.31)

where µ10 :“ s, and npµ, λq :“
ř

iě1

`

µ1i´λ
1
i

2

˘

. The proof of this formula has been moved

to a forthcoming article, since the techniques for proving it are different than the

techniques used to prove (3.0.29).

• Let h ď k ď n be positive integers, let λ P Parph, sq, and let µ P Parpk, sq such that

either h “ k and λ ďdom µ or h ă k and λ Ď µ. We have the monotonicity property

(see Theorem 3.1.19)

rsνsFrobqpRn,λ,sq ě rsνsFrobqpRn,µ,sq, (3.0.32)

for all ν $ n.

• The definition of the ring Rn,λ,s was originally motivated by a geometry question posed

to the author by Alexander Woo involving an analogue of Springer fibers in the set-

ting of spanning line arrangements. The elementary symmetric polynomials in In,λ,s

represent relations discovered by the author involving Chern classes in the cohomology

ring of this variety. There were many technical difficulties in trying to work out the

cohomology ring of the varieties posed by Woo, and this work was never completed.

However, study of the ring Rn,λ,s has led the author to introduce a new family of vari-

eties Yn,λ,s that directly generalizes the Springer fibers. In forthcoming joint work with

Levinson and Woo, we prove that

H˚
pYn,λ,s;Qq – Rn,λ,s. (3.0.33)
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By Corollary 3.3.15 mentioned above, in the case s ą `pλq have the following extension

of Springer’s theorem,

Htop
pYn,λ,s;Qq – IndÒSnSk S

λ. (3.0.34)

Unlike the spanning line arrangement varieties of Pawlowski and Rhoades, the varieties

Yn,λ,s are compact and singular. Hence, the variety Yn,p1kq,k provides a compact and

singular variety whose cohomology ring gives a geometric representation for the t “ 0

case of the Delta Conjecture.

One of our main tools for proving these results is Theorem 3.1.1 which identifies the ring

Rn,λ,s as the associated graded ring of the coordinate ring of a finite set of points in Qn.

This identification extends results of Garsia and Procesi [29, Proposition 3.1, Remark 3.1]

and Haglund, Rhoades, and Shimozono [45, Equation 4.28]. See also the work of Kraft [54,

Proof of Proposition 4] from 1981 for a proof in the case of Rλ using associated cones.

Haglund, Rhoades, and Shimozono use Gröbner bases to prove their results. In particular,

they find Gröbner bases of the ideals In,k in terms of Demazure characters. To the author’s

knowledge, such explicit Gröbner bases for the ideals Iλ are not known. Therefore, different

techniques are required to prove our results. Indeed, we prove the above results without the

use of Gröbner bases using techniques similar to those of Garsia and Procesi. In particular, we

use a straightening algorithm which expresses any element of Rn,λ,s in terms of our monomial

basis An,λ,s. It is an open problem to find explicit Gröbner bases for the ideals In,λ,s.

Let λ $ n, and let Oλ be the conjugacy class of nilpotent n ˆ n matrices over Q whose

Jordan blocks are of sizes recorded by λ. Let Oλ be its closure in the space of n ˆ n

matrices. Let t be the set of diagonal matrices. De Concini and Procesi [17], extending work

of Kostant [53] on the coinvariant algebras, proved that Rλ is isomorphic to the coordinate

ring of the scheme-theoretic intersection Oλ1 X t.

We connect the rings Rn,λ,s to a generalization of these scheme-theoretic intersections as
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follows. Given k ď n and λ $ k, define In,λ to be the ideal

In,λ :“ xedpSq : S Ď xn, d ą |S| ´ p
n
|S|pλqy. (3.0.35)

Define the quotient ring Rn,λ :“ Qrxns{In,λ. When k ă n, the ring Rn,λ has positive Krull

dimension, and hence it is infinite-dimensional as a Q-vector space. Observe that for fixed

n, λ, and d, the dth degree components of Rn,λ,s stabilize to the dth degree component of

Rn,λ as sÑ 8.

In Section 3.4, using work of Weyman [96] we prove that Rn,λ is isomorphic to the

coordinate ring of the scheme-theoretic intersection On,λ1 X t, where On,λ is the rank variety

of Eisenbud and Saltman [23] (see Corollary 3.4.4),

Rn,λ – QrOn,λ1 X ts. (3.0.36)

We use our results on the finite-dimensional rings Rn,λ,s to find monomial bases of these

coordinate rings by allowing s to approach infinity in our combinatorial formulas. We also

prove the following formula for the graded Frobenius characteristic of these coordinate rings

(see Theorem 3.4.6 and Corollary 3.4.7),

FrobqpQrOn,λ1 X tsq “
ÿ

ϕPECIn,λ

qinvpϕqxϕ “
ÿ

ϕPSECIn,λ

qinvpϕqFn,iDesprwpϕqqpxq. (3.0.37)

In [14, Question 5.3.1], Church, Ellenberg, and Farb ask for the dimensions of the graded

pieces of the ring of polynomial functions on a certain scheme supported on a rank variety.

We solve a related question by giving a formula for the Hilbert series of QrOn,λ X ts (see

Corollary 3.4.8),

HilbqpQrOn,λ1 X tsq “
ÿ

ϕPSECIn,λ

qinvpϕq. (3.0.38)

The rest of the chapter is structured as follows. In Section 3.1, we construct a monomial
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basis of Rn,λ,s and prove that Rn,λ,s is isomorphic to QOPn,λ,s as an Sn-module. In Sec-

tion 3.2, we give algebraic tools for analyzing the graded Frobenius characteristic of Rn,λ,s,

including a skewing formula. We also prove that the rings Rn,λ,s fit into certain exact se-

quences. In Section 3.3, we define the inversion and diagonal inversion statistics and use

them to provide formulas for the graded Frobenius characteristic of Rn,λ,s. In Section 3.4,

we relate the rings Rn,λ to the geometry of the rank varieties of Eisenbud and Saltman.

We then prove our formula for the graded Frobenius characteristic of the scheme-theoretic

intersection of a rank variety with diagonal matrices.

3.1 The Frobenius characteristic of Rn,λ,s

In this section, we identify Rn,λ,s as a symmetric group module. Our main strategy, used by

Garsia-Procesi [29] and formalized by Haglund-Rhoades-Shimozono [45, Section 4.1], is to

show that Rn,λ,s is the associated graded ring of the coordinate ring of a finite set of points

in Qn. We then prove Theorem 3.1.17, which identifies a monomial basis of Rn,λ,s.

3.1.1 Associated graded rings and point orbits

Throughout this section, we fix positive integers k ď n and s, and a partition λ P Parpk, sq.

Fix s distinct rational numbers α1, . . . , αs P Q. Let Xn,λ,s be the set of points p “

pp1, . . . , pnq P Qn such that for each 1 ď i ď n, pi “ αj for some j, and for each 1 ď i ď s,

αi appears as a coordinate in p at least λi many times. The defining ideal of Xn,λ,s is

IpXn,λ,sq :“ tf P Qrxns : fppq “ 0 for all p P Xn,λ,su Ď Qrxns. (3.1.1)

The quotient ring Qrxns{IpXn,λ,sq is the coordinate ring of the set Xn,λ,s. It is isomorphic to

the ring of polynomial functions Xn,λ,s Ñ Q. See [16] for more background on the defining

ideal and the coordinate ring of a variety.

For a degree d polynomial f “ fd ` fd´1 ` ¨ ¨ ¨ ` f0 P Qrxns where fi is the degree i

homogenous summand of f , define τpfq “ fd to be the top homogenous component of f .
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For example, if f “ x2
1x2 ` 2x2

1x3 ` x2x3 ` x1 ` 3, then τpfq “ x2
1x2 ` 2x2

1x3.

The associated graded ideal of IpXn,λ,sq with respect to the filtration by degree is

gr IpXn,λ,sq “ xτpfq : f P IpXn,λ,sqy, (3.1.2)

which is a homogenous ideal since each of the generators is homogeneous. See [22] for more

details.

It is well known that the corresponding quotient ring Qrxns{gr IpXn,λ,sq is isomorphic to

the associated graded ring of Qrxns{IpXn,λ,sq with respect to the filtration by degree. This

is true more generally for the associated graded ideal of any ideal in Qrxns. See, e.g. [29,

Remark 3.1], for a proof of this fact in the case of the ideal IpXn,λ,sq when k “ n. However,

the proof easily extends to any ideal.

Since Xn,λ,s is a finite set, we have

|Xn,λ,s| “ dimQ
Qrxns
IpXn,λ,sq

“ dimQ
Qrxns

gr IpXn,λ,sq
, (3.1.3)

where all dimensions are as Q-vector spaces. Since Xn,λ,s is stable under the action of Sn

given by permuting coordinates, we have an Sn-action on the rings Qrxns{IpXn,λ,sq and

Qrxns{gr IpXn,λ,sq given by permuting the variables xn. As Sn-modules,

QXn,λ,s –Sn
Qrxns
IpXn,λ,sq

–Sn
Qrxns

gr IpXn,λ,sq
, (3.1.4)

where QXn,λ,s is the Sn-module of formal Q-linear combinations of points in Xn,λ,s. See [45,

Section 4.1] for more details.

Theorem 3.1.1. We have In,λ,s “ gr IpXn,λ,sq. Hence, we have the equality of rings

Rn,λ,s “
Qrxns

gr IpXn,λ,sq
. (3.1.5)

Corollary 3.1.2. As Sn-modules, Rn,λ,s –Sn QXn,λ,s.
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Proof. Combine Theorem 3.1.1 with (3.1.4).

We prove Theorem 3.1.1 in three parts. Recall the definition of In,λ,s in Definition 3.0.1.

First, we show that all of the generators of In,λ,s are in gr IpXn,λ,sq in Lemma 3.1.3 by

adapting the proof of Garsia-Procesi [29, Proposition 3.1]. Second, we find a monomial

spanning set of the quotient Rn,λ,s “ Qrxns{In,λ,s of size |Xn,λ,s|. Finally, we finish the proof

of Theorem 3.1.1 using a dimension counting argument. As a consequence, we see that our

monomial spanning set is a monomial basis of Rn,λ,s.

Lemma 3.1.3. We have the containment of ideals

In,λ,s Ď gr IpXn,λ,sq.

Proof. First we show that xsi P gr IpXn,λ,sq for all i. For any p P Xn,λ,s, the coordinates of p

are in the set tα1, . . . , αsu. Therefore, for each i, the polynomial function

pxi ´ α1qpxi ´ α2q ¨ ¨ ¨ pxi ´ αsq (3.1.6)

is in IpXn,λ,sq. Since the top degree component of (3.1.6) is xsi , we have xsi P gr IpXn,λ,sq.

Second, we show that for any d and S Ď xn such that |S| ě d ą |S| ´ pn
|S|pλq, we have

edpSq P gr IpXn,λ,sq. For m ď n, let xm :“ tx1, . . . , xmu. Since the ideal gr IpXn,λ,sq is closed

under the action of Sn, it suffices to prove that edpxmq P gr IpXn,λ,sq for d and m such that

m ě d ą m´ pnmpλq.

Observe that pnmpλq is the number of cells of λ weakly to the right of column n´m` 1.

For each i ď s, let ci,m be the number of cells of the Young diagram of λ which are in the

ith row and are weakly to the right of column n´m` 1. Observe that for any p P Xn,λ,s, at

least ci,m many αi’s must appear among the coordinates p1, . . . , pm. Therefore,
śm

i“1pt` piq
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is divisible by
śs

i“1pt` αiq
ci,m . Hence, there exists a polynomial zptq such that

m
ź

i“1

pt` piq “ zptq
s
ź

i“1

pt` αiq
ci,m . (3.1.7)

Let ys “ ty1, . . . , ysu be a second set of indeterminates. To show that edpxmq P gr IpXn,λ,sq

for d ą m ´ pnmpλq, we consider the more general division problem of dividing
śm

i“1pt ` xiq

by
śs

i“1pt` yiq
ci,m as polynomials in t with coefficients in Qrxm,yss. Since

ř

i ci,m “ pnmpλq,

the remainder upon dividing
śm

i“1pt ` xiq by
śs

i“1pt ` yiq
ci,m as polynomials in t will be

degree at most pnmpλq ´ 1 in t. Therefore, there exist polynomials qpt,xm,ysq and rdpxm,ysq

for 0 ď d ď pnmpλq ´ 1 such that

m
ź

i“1

pt` xiq “ qpt,xm,ysq
s
ź

i“1

pt` yiq
ci,m `

pnmpλq´1
ÿ

d“0

rdpxm,ysqt
d. (3.1.8)

Observe rdpxm,ysq is homogeneous as a polynomial in Qrxm,yss, so rdpxm, 0
sq is the top

degree component of rdpxm,ysq as a polynomial in xm with coefficients in Qryss. Hence,

rdpxm, 0
sq “ τprdpxn, α1, . . . , αsqq. Plugging yi “ 0 into (3.1.8) for 1 ď i ď s, we have

m
ź

i“1

pt` xiq “
m
ÿ

i“0

em´ipxmqt
i
“ qpt,xm, 0

s
qtp

n
mpλq `

pnmpλq´1
ÿ

d“0

rdpxm, 0
s
qtd. (3.1.9)

Hence, for 0 ď d ď pnmpλq ´ 1, we have em´dpxmq “ rdpxm, 0
sq.

By (3.1.7), we have rdpp1, . . . , pm, α1, . . . , αsq “ 0 for all p P Xn,λ,s and 0 ď d ď pnmpλq´1,

and hence rdpxm, α1, α2, . . . , αsq P IpXn,λ,sq. Hence, we have

em´dpxmq “ rdpxm, 0
s
q “ τprdpxm, α1, α2, . . . , αsqq P gr IpXn,λ,sq (3.1.10)

for all 0 ď d ď pnmpλq ´ 1. Replacing d with m ´ d yields edpxmq P gr IpXn,λ,sq for all

m ě d ě m ´ pnmpλq ` 1. Hence, all of the generators of In,λ,s are in gr IpXn,λ,sq, so

In,λ,s Ď gr IpXn,λ,sq.
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Remark 3.1.4. When k “ n, by [29, Remark 3.1] we have Iλ “ gr IpXn,λ,`pλqq, which

contains x
`pλq
i by the proof of Lemma 3.1.3. Hence, we have Rn,λ,s “ Rλ for all s ě `pλq in

this case.

3.1.2 Shuffles and pn, λ, sq-staircases

Before we proceed, we prove a couple of combinatorial lemmata concerning shuffles of compo-

sitions. We use these lemmata to construct a monomial basis of Rn,λ,s in the next subsection.

Lemma 3.1.5. Let 1 ď a ď b, and let n “ a ` b. Let γ be a shuffle of the compositions

p0, 1, . . . , a ´ 1q and p0, 1, . . . , b ´ 1q. Then there exists a shuffle δ of p0, 1, . . . , a ´ 1q and

p0, 1, . . . , b´ 1q such that δn “ a´ 1 and truncpγq Ď truncpδq.

Proof. If γn “ a ´ 1, then we may take δ “ γ, and we are done. Therefore, we assume

γn “ b´ 1 for the remainder of the proof.

Let P be the labeled lattice path whose corresponding shuffle is γ as follows. Suppose we

have a lattice path in the plane starting at p0, 0q and ending at pa, bq and taking only east

steps E “ p1, 0q and north steps N “ p0, 1q. Label the ith east step with i´ 1 for i ď a, and

label the ith north step of the path with i ´ 1 for all i ď b. To such a labeled lattice path,

we associate the shuffle of p0, 1, . . . , a ´ 1q and p0, 1, . . . , b ´ 1q obtained by reading off the

labels of the steps from left to right.

We construct a lattice path Q starting at p0, 0q and ending at pa, bq which stays weakly

above P as follows. See Figure 3.1 for examples of the path Q we construct from the path P .

First, suppose that the last east step of P lies weakly above the diagonal y “ x, and suppose

it is the mth step of P . Then the starting point of the last east step is at pa´ 1,m´ aq, and

we must have m ´ a ą a ´ 1. Define the first m ´ 1 steps of Q to be identical to the first

m´1 steps of P . Define the rest of the path Q to be Nn´mE. Since the mth step in P is the

last east step of P , then Q stays weakly above P and ends at pa, bq. Furthermore, the label

of the ith step of Q is greater than or equal to the ith step of P for i ă n. Letting δ be the

composition read from the labels of Q from left to right, then we have truncpγq Ď truncpδq.
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Figure 3.1: Two examples of the path Q constructed from the path P in the proof of
Lemma 3.1.5 for the case where a “ 5 and b “ 8. On the left, we have

γ “ p0, 1, 2, 0, 1, 3, 2, 3, 4, 5, 4, 6, 7q. On the right, γ “ p0, 1, 0, 1, 2, 3, 2, 4, 3, 4, 5, 6, 7q.

Furthermore, since Q ends in an east step we have δn “ a´ 1.

Second, suppose the last east step of P lies below the diagonal y “ x. In this case, the

path P must cross the point pa, aq and then end with b ´ a many north steps. In addition,

P must touch the diagonal y “ x in at least one other point. Suppose the point pc, cq is

the second to last time P touches the diagonal. We define Q in three segments, as follows.

Define the first segment of Q to be identical to the subpath of P between the points p0, 0q

and pc, cq. Let P 1 be the subpath of P from the point pc, cq to the point pa, a ´ 1q. Define

the second segment of Q to be the reflection of P 1 across the diagonal y “ x, which is a path

from pc, cq to pa´1, aq. Define the third segment of Q to be N b´aE, so that Q ends at pa, bq.

By construction, Q lies weakly above P . Observe that the label of the ith step of P equals

the label of the ith step of Q for all i ď 2a´ 1. Furthermore, the label of the ith step of Q

is greater than or equal to the ith step of P for i ă n. Letting δ be the composition read

from the labels of Q from left to right, we have δn “ a´ 1 and truncpγq Ď truncpδq.

Definition 3.1.6. For 1 ď j ď λ1, let βjpλq “ p0, 1, . . . , λ1j ´ 1q. An pn, λ, sq-staircase is a
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shuffle γ “ pγ1, . . . , γnq of the compositions β1pλq, β2pλq, . . . , βλ1pλq, and pps´ 1qn´kq. Let

Cn,λ,s :“ tα “ pα1, . . . , αnq : α Ď γ for some pn, λ, sq-staircase γu. (3.1.11)

Observe that when λ “ p1kq P Parpk, kq and s “ k, then β1p1kq “ p0, 1, . . . , k´1q. Hence,

an pn, p1kq, kq-staircase is an pn, kq-staircase, as defined in [45] and in the Introduction.

Lemma 3.1.7. Let α P Cn,λ,s, and suppose αn ă `pλq. Then truncpαq P Cn´1,λpαnq,s.

Proof. Since α P Cn,λ,s, then α Ď γ, for some pn, λ, sq-staircase γ. Let j be maximal such

that αn ă λ1j. It suffices to prove that truncpαq is contained in a shuffle of the compositions

β1
pλq, . . . , truncpβjpλqq, . . . , βλ1pλq, and pps´ 1qn´kq. (3.1.12)

We have two cases: either γn “ s´ 1, or γn “ λ1h ´ 1 for some h.

In the first case when γn “ s´ 1, let q be the index such that γq “ λ1j ´ 1, corresponding

to the last part of the composition βjpλq in the shuffle γ. Let γ be the composition obtained

by swapping the qth and nth entries of γ. Then γ is still an pn, λ, sq-staircase. Furthermore,

since αq ď γq “ λ1j ´ 1 ď s ´ 1, we have truncpαq Ď truncpγq, where truncpγq is a shuffle of

the compositions listed in (3.1.12), hence truncpαq P Cn´1,λpαnq,s.

In the second case, we have γn “ λ1h´1 for some h. Since αn ď γn “ λ1h´1, then αn ă λ1h,

so we must have that h ď j by maximality of j. Let δ be the restriction of the composition

γ to the parts corresponding to βhpλq and βjpλq in the shuffle, so that δλ1h`λ1j “ λ1h ´ 1. By

Lemma 3.1.5 with a “ λ1j and b “ λ1h, there exists a shuffle ε of βhpλq and βjpλq such that

ελ1h`λ1j “ λ1j ´ 1 and truncpδq Ď truncpεq. Let γ be the composition obtained by replacing

the parts of γ corresponding to δ with the parts of the composition ε, in order from left

to right. Then truncpγq is a shuffle of the compositions in (3.1.12). Furthermore, since

truncpαq Ď truncpγq as compositions of length n and truncpδq Ď truncpεq as compositions of

length λ1h ` λ
1
j, we have truncpαq Ď truncpγq Ď truncpγq, hence truncpαq P Cn´1,λpαnq,s.

For a collection C of compositions and an integer i, let us denote by C ‚ piq the collection
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of compositions α ‚ piq for α P C. The symbol Ÿ denotes a union of sets which are pairwise

disjoint.

Lemma 3.1.8. We have the following decomposition of the set Cn,λ,s,

Cn,λ,s “
`pλq´1
ď

¨

i“0

Cn´1,λpiq,s ‚ piq Ÿ
s´1
ď

¨

i“`pλq

Cn´1,λ,s ‚ piq, (3.1.13)

where on the right-hand side we interpret Cn´1,λ,s “ H if n “ |λ|.

Proof. Observe that the right-hand side of (3.1.13) is indeed a disjoint union of sets, since

each set contains compositions with a distinct last coordinate. Given α P Cn´1,λpiq,s for

i ă `pλq with α “ pα1, . . . , αn´1q, then α Ď β for some pn´1, λpiq, sq-staircase β by definition.

Let j be maximal such that i ă λ1j. Then we have α ‚ piq Ď β ‚ pλ1j ´ 1q, where β ‚ pλ1j ´ 1q is

an pn, λ, sq-staircase. Hence, we have α ‚ piq P Cn,λ,s. Given α P Cn´1,λ,s and `pλq ď i ď s´ 1,

then α Ď β for some pn´1, λ, sq-staircase β by definition. Then we have α‚ piq Ď β ‚ ps´1q,

where β ‚ ps ´ 1q is an pn, λ, sq-staircase. Hence, we have α ‚ piq P Cn,λ,s. Therefore, the

disjoint union on the right-hand side of (3.1.13) is contained in the left-hand side as sets.

Let α P Cn,λ,s. By definition of Cn,λ,s, there is a shuffle β “ pβ1, . . . , βnq of

β1pλq, . . . , βλ1pλq, and pps ´ 1qn´kq such that α Ď β. We have truncpαq Ď truncpβq and

αn ď βn.

If αn ě `pλq, since each part of the composition βjpλq is at most `pλq´1, it must be that

βn “ s´ 1. Therefore, truncpβq is an pn´ 1, λ, sq-staircase. Since truncpαq Ď truncpβq, then

truncpαq P Cn´1,λ,s, so that α “ truncpαq ‚ pαnq P Cn´1,λ,s ‚ pαnq.

If αn ă `pλq, then by Lemma 3.1.7, we have truncpαq P Cn´1,λpαnq,s. Therefore, we

have α “ truncpαq ‚ pαnq P Cn´1,λpiq,s ‚ piq for i “ αn. Hence, we have the equality of

sets (3.1.13).

Lemma 3.1.9. Let h ď k ď n and s be positive integers. Let λ P Parph, sq, and let

µ P Parpk, sq. If h “ k and λ ďdom µ, or if h ă k and λ Ď µ, then Cn,µ,s Ď Cn,λ,s.
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Proof. It suffices to show that every pn, µ, sq-staircase is contained in some pn, λ, sq-staircase.

First, suppose h “ k and λ ďdom µ. It suffices to consider the case when µ covers λ in

dominance order. In this case, the Young diagrams of µ and λ differ in only two columns.

Suppose these two columns of µ are lengths b and a from left to right, so that a ď b and

the two columns of λ are lengths b` 1 and a´ 1 from left to right. Given β a shuffle of the

compositions p0, 1, . . . , b´1q and p0, 1, . . . , a´1q, then by Lemma 3.1.5 there exists a shuffle

δ of p0, 1, . . . , b´ 1q and p0, 1, . . . , a´ 1q such that δa`b “ a´ 1 and truncpβq Ď truncpδq. Let

γ “ truncpδq ‚ pbq. Then γ is a shuffle of p0, 1, . . . , bq and p0, 1, . . . , a ´ 2q such that β Ď γ.

Therefore, any pn, µ, sq-staircase is contained in a pn, λ, sq-staircase, hence Cn,µ,s Ď Cn,λ,s.

Second, suppose h ă k and λ Ď µ. It suffices to consider the case when k “ h` 1, hence

when the Young diagrams of µ and λ only differ by one box. In this case, we have µ1j “ λ1j`1

for some j. Given any pn, µ, sq-staircase β, replace the copy of µ1j ´ 1 in β corresponding to

the last entry of βjpµq with an s´ 1. Then the resulting composition is an pn, λ, sq-staircase

containing β, hence Cn,µ,s Ď Cn,λ,s.

3.1.3 Monomial basis of Rn,λ,s

To each weak composition α of length n, we associate a monomial

xαn :“
n
ź

i“1

xαii . (3.1.14)

Let An,λ,s be the following set of monomials in Qrxns,

An,λ,s :“ txαn : α P Cn,λ,su. (3.1.15)

Remark 3.1.10. Observe that if n “ k, then An,λ,s “ An,λ,`pλq. This is consistent with the

fact that In,λ,s “ In,λ,`pλq “ Iλ in this case.

Given a monomial xαn and a set of monomials A, we denote by xαnA the set txαnx
β
n : xβ P

Au. We have the following recursion for the sets of monomials An,λ,s, which is an immediate
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corollary of Lemma 3.1.8.

Corollary 3.1.11. We have the following decomposition of the set An,λ,s,

An,λ,s “
`pλq´1
ď

¨

i“0

xinAn´1,λpiq,s Ÿ

s´1
ď

¨

i“`pλq

xinAn´1,λ,s. (3.1.16)

Example 3.1.12. Let λ P Parpk, sq. We can obtain the set An,λ,s by iteratively applying

the recursion in Corollary 3.1.11. We have that

A4,p2,1q,3 “
 

1, x1, x
2
1, x2, x

2
2, x3, x1x3, x

2
1x3, x2x3, x

2
2x3, x

2
3,

x2x
2
3, x4, x1x4, x

2
1x4, x2x4, x

2
2x4, x3x4, x

2
3x4, x

2
4, x2x

2
4, x3x

2
4

(

.
(3.1.17)

Lemma 3.1.13. Let d and m be positive integers. Let i be a nonnegative integer, and let

S Ď xn´1 with m “ |S|. We have that

xinedpSq P x
i`1
n Qrxns ` In,λ,s (3.1.18)

in the following cases,

(a) d ą m` 1´ pnm`1pλq,

(b) d “ m` 1´ pnm`1pλq and d` i ą m´ pnmpλq,

(c) i ă `pλq and edpSq is in the generating set of In´1,λpiq,s,

(d) `pλq ď i ď s´ 1, k ă n, and edpSq is in the generating set of In´1,λ,s.

Proof. In case (a), by our hypothesis and Definition 3.0.1, we have edpS Y txnuq P In,λ,s.

Hence, we have

edpSq “ ´xned´1pSq ` edpS Y txnuq ” ´xned´1pSq mod In,λ,s, (3.1.19)

xinedpSq ” ´x
i`1
n ed´1pSq mod In,λ,s, (3.1.20)
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so (3.1.18) holds.

In case (b), we assume d “ m`1´pnm`1pλq. For u ą 1, we have d`u ą m`1´pnm`1pλq,

so ed`upS Y txnuq P In,λ,s. Furthermore, since d ` i ą m ´ pnmpλq by assumption, we have

ed`ipSq P In,λ,s. Consider the identity

p1´ xint
i
q
ź

xjPS

p1´ xjtq “ p1` xnt` ¨ ¨ ¨ ` x
i´1
n ti´1

q
ź

xjPSYtxnu

p1´ xjtq. (3.1.21)

The coefficient of td`i on the left-hand side of (3.1.21) is

p´1qd`ied`ipSq ` p´1qd`1xinedpSq ” p´1qd`1xinedpSq mod In,λ,s, (3.1.22)

while the coefficient of td`i on the right-hand side of (3.1.21) is in In,λ,s by the fact that

ed`upS Y txnuq P In,λ,s for all u ą 0. Therefore, we have xinedpSq P In,λ,s, so (3.1.18) holds.

In case (c), we have i ă `pλq and d ą m´ pn´1
m pλpiqq. Let j be maximal such that i ă λ1j,

so the Young diagram of λpiq is obtained from the Young diagram of λ by deleting a cell from

the jth column from the left. If n ´m ď j, then pn´1
m pλpiqq “ pnm`1pλq ´ 1. Combining this

with the inequality d ą m ´ pn´1
m pλpiqq, we have d ą m ` 1 ´ pnm`1pλq, and we are done by

case (a).

If on the other hand we have n ´ m ą j, then pn´1
m pλpiqq “ pnm`1pλq. Since d ą m ´

pn´1
m pλpiqq, we have d ě m ` 1 ´ pn´1

m pλpiqq. If d ą m ` 1 ´ pn´1
m pλpiqq “ m ` 1 ´ pnm`1pλq,

then we are again done by case (a). If we have d “ m ` 1 ´ pn´1
m pλpiqq “ m ` 1 ´ pnm`1pλq.

Furthermore,

pnm`1pλq “ pnmpλq ` λ
1
n´m ă pnmpλq ` i` 1, (3.1.23)

which follows from the maximality of j and our assumption that n´m ą j. Combining our
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assumption that d “ m` 1´ pnm`1pλq with (3.1.23), we have

d` i ą m´ pnmpλq. (3.1.24)

Hence, we are done by case (b).

In case (d), we have d ą m´ pn´1
m pλq. Since k ă n by assumption, we have that λ1n “ 0,

so pnm`1pλq “ pn´1
m pλq. Hence, we have d ą m ´ pnm`1pλq. If d ą m ` 1 ´ pnm`1pλq, then

we are done by case (a). Otherwise, we have d “ m ` 1 ´ pnm`1pλq. Furthermore, since

λ1n´m ď `pλq ă i ` 1, then (3.1.23) continues to hold, and combining it with the equality

d “ m` 1´ pnm`1pλq, we obtain d` i ą m´ pnmpλq. Hence, we are done by case (b).

Lemma 3.1.14. The set An,λ,s represents a Q-spanning set of Rn,λ,s.

Proof. We proceed by induction on n. When n “ 1, either λ “ p1q or λ “ H. In the case

when λ “ p1q, then R1,λ,s “ Qrx1s{xx1y and A1,λ,s “ t1u. In the case when λ “ H, then

R1,λ,s “ Qrx1s{px
s
1q and A1,λ,s “ t1, x1, . . . , x

s´1
1 u. Therefore, the statement holds for n “ 1.

Assume n ą 1. Suppose by way of induction that Am,µ,s is a Q-spanning set of Rm,µ,s for

all µ and m ă n. Let λ P Parpk, sq for some k ď n. Since xsn P In,λ,s, we have an isomorphism

of Q-vector spaces,

Rn,λ,s –

s´1
à

i“0

xinRn,λ,s{x
i`1
n Rn,λ,s. (3.1.25)

Therefore, it suffices to show that every polynomial of the form xinppx1, . . . , xn´1q is congruent

to a polynomial in spanQpAn,λ,sq modulo xi`1
n Qrxns ` In,λ,s. We have two cases: either

0 ď i ă `pλq or `pλq ď i ď s´ 1.

In the first case when 0 ď i ă `pλq, by our inductive hypothesis we have that An´1,λpiq,s

is a Q-spanning set of Rn´1,λpiq,s, so

ppx1, . . . , xn´1q “
ÿ

xαn´1PAn´1,λpiq,s

cα xαn´1 `
ÿ

edpSqPIn´1,λpiq,s

Apd, SqedpSq `
n´1
ÿ

j“1

Ajx
s
j , (3.1.26)
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for some constants cα P Q and some polynomials Apd, Sq and Aj in Qrxn´1s, where the

second sum is over all generators of In´1,λpiq,s of the form edpSq. Hence,

xinppx1, . . . , xn´1q “
ÿ

xαn´1PAn´1,λpiq,s

cα x
i
nx

α
n´1 `

ÿ

edpSqPIn´1,λpiq,s

Apd, SqxinedpSq `
n´1
ÿ

j“1

Ajx
i
nx

s
j .

(3.1.27)

Observe that xinx
s
j P In,λ,s and that xinedpSq P x

i
nQrxns ` In,λ,s by Lemma 3.1.13(a). Fur-

thermore, xinx
α
n´1 P An,λ,s for all xαn´1 P An´1,λpiq,s by Corollary 3.1.11. Therefore, xinp is

congruent to a polynomial in spanQpAn,λ,sq modulo xi`1
n Qrxns ` In,λ,s, and we are done.

In the second case, we have `pλq ď i ď s ´ 1. If n “ k, then xin P Iλ “ In,λ,s by

Remark 3.1.4, so xinp P In,λ,s. Otherwise, we have k ă n, and by our inductive hypothesis we

have that An´1,λ,s is a Q-spanning set of Rn´1,λ,s. A similar application of Lemma 3.1.13(d)

completes the induction. Hence, An,λ,s is a Q-spanning set of Rn,λ,s.

Lemma 3.1.15. We have the equality of cardinalities |Xn,λ,s| “ |An,λ,s|.

Proof. Recall that Xn,λ,s is the set of points p “ pp1, . . . , pnq P Qn such that for each 1 ď

i ď n, pi “ αj for some j, and for each 1 ď i ď s, αi appears as a coordinate in p at

least λi many times. Observe that the size of Xn,λ,s does not depend on our choice of the

distinct rational numbers αi. The statement of the lemma holds when n “ 1. Indeed, if

λ “ p1q then X1,λ,s “ tpα1qu and A1,λ,s “ t1u. Otherwise, we have that λ “ H, in which

case X1,λ,s “ tpα1q, pα2q, . . . , pαsqu and A1,λ,s “ t1, x1, . . . , x
s´1
1 u, which are equinumerous.

In light of Corollary 3.1.11, it suffices to prove that the cardinalities |Xn,λ,s| satisfy the same

recursion as |An,λ,s|, namely that

|Xn,λ,s| “

`pλq´1
ÿ

i“0

|Xn´1,λpiq,s| `

s´1
ÿ

i“`pλq

|Xn´1,λ,s|. (3.1.28)

The identity (3.1.28) follows by observing that for `pλq ď i ď s ´ 1, the set Xn´1,λ,s is in
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bijection with the set

tp P Xn,λ,s : pp1, . . . , pn´1q P Xn´1,λ,s, pn “ αi`1u (3.1.29)

and for 0 ď i ă `pλq, the set Xn´1,λpiq,s is in bijection with the set

tp P Xn,λ,s : pp1, . . . , pn´1q P Xn´1,λpiq,s, pn “ αi`1u, (3.1.30)

which completes the proof.

Remark 3.1.16. The proof of Lemma 3.1.15 naturally leads to a recursively constructed

bijection between the sets Xn,λ,s and An,λ,s, though we will have no use for this bijection.

Proof of Theorem 3.1.1. Recall that by Lemma 3.1.3, we have the containment of ideals

In,λ,s Ď gr IpXn,λ,sq. Combining this with (3.1.3), we have

dimQpRn,λ,sq ě dimQ
Qrxns

gr IpXn,λ,sq
“ |Xn,λ,s|. (3.1.31)

Furthermore, by Lemma 3.1.14 and Lemma 3.1.15, we have

|Xn,λ,s| “ |An,λ,s| ě dimQpRn,λ,sq. (3.1.32)

Stringing together (3.1.31) and (3.1.32), we see that all inequalities must be equalities. In

particular, we have the equality

dimQpRn,λ,sq “ dimQ
Qrxns

gr IpXn,λ,sq
. (3.1.33)

As a consequence, we also have In,λ,s “ gr IpXn,λ,sq, hence Rn,λ,s “ Qrxns{gr IpXn,λ,sq.

Theorem 3.1.17. The set of monomials An,λ,s represents a basis of Rn,λ,s.

Proof. By the proof of Theorem 3.1.1, we have that |An,λ,s| “ dimQpRn,λ,sq. By

Lemma 3.1.14, An,λ,s is a Q-spanning set of Rn,λ,s. Hence, An,λ,s is a basis of Rn,λ,s.
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Lemma 3.1.18. Let h ď k ď n be positive integers, let λ P Parph, sq, and let µ P Parpk, sq.

If h “ k and λ ďdom µ, or if h ă k and λ Ď µ, then An,µ,s Ď An,λ,s and In,λ,s Ď In,µ,s.

Proof. If h “ k and λ ďdom µ or if h ă k and λ Ď µ, then pnmpλq ď pnmpµq for all m. Therefore,

the generating set of In,λ,s is contained in the generating set of In,µ,s, so In,λ,s Ď In,µ,s. By

Lemma 3.1.9, we have Cn,µ,s Ď Cn,λ,s, so the containment An,µ,s Ď An,λ,s follows.

As a consequence of the containment of ideals in Lemma 3.1.18, we have a monotonicity

property of the multiplicities of irreducible representations contained in the ring Rn,λ,s. We

state it next in terms of graded Frobenius characteristics.

Theorem 3.1.19. Let h ď k ď n be positive integers, let λ P Parph, sq, and let µ P Parpk, sq

such that either h “ k and λ ďdom µ, or h ă k and λ Ď µ. For each partition ν $ n, we

have the inequality

rsνsFrobqpRn,λ,sq ě rsνsFrobqpRn,µ,sq, (3.1.34)

where rsνsf stands for the coefficient of sν in the Schur function expansion of f , and the

inequality is a coefficient-wise comparison of two polynomials in q.

3.1.4 Ordered set partitions

In this subsection, we relate the Sn-module Rn,λ,s to an action on pn, λ, sq-ordered set parti-

tions. We then find the Frobenius characteristic of Rn,λ,s.

Theorem 3.1.20. We have that dimQpRn,λ,sq “ |OPn,λ,s|. Furthermore, we have the iso-

morphism of Sn-modules

Rn,λ,s –Sn QOPn,λ,s. (3.1.35)

Proof. By Corollary 3.1.2, we have that Rn,λ,s –Sn QXn,λ,s as Sn-modules. Therefore, it

suffices to show there is an Sn-equivariant bijection between Xn,λ,s and OPn,λ,s. Define a
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map ϕ : Xn,λ,s Ñ OPn,λ,s as follows. Given p P Xn,λ,s, define ϕppq “ pB1| ¨ ¨ ¨ |Bsq where Bi

is the set of indices 1 ď j ď n such that pj “ αi. By the definition of Xn,λ,s, we have that

αi appears at least λi many times as a coordinate in p. Therefore, we have |Bi| ě λi for all

i ď s, so ϕppq P OPn,λ,s. The map ϕ is clearly the desired Sn-equivariant bijection, which

completes the proof.

Corollary 3.1.21. The Frobenius characteristic of Rn,λ,s is

FrobpRn,λ,sq “
ÿ

µPParpn,sq,
µĚλ

hµ
ź

iě0

ˆ

µ1i ´ λ
1
i`1

µ1i ´ µ
1
i`1

˙

, (3.1.36)

where µ10 :“ s.

Proof. By Theorem 3.1.20, we have Rn,λ,s –Sn QOPn,λ,s. We can partition the set OPn,λ,s
into Sn-orbits, where an orbit is determined by the tuple of block sizes α “ p|B1|, . . . , |Bs|q.

This correspondence sets up a bijection between the set of Sn-orbits of OPn,λ,s and the set

of all weak compositions α “ pα1, . . . , αsq of n such that α Ě λ. Given such a composition α,

let O be the corresponding Sn orbit of OPn,λ,s. Letting µ “ sortpαq, then O is isomorphic

as an Sn-module to the set of tabloids with µi boxes in the ith row. Hence, the Frobenius

characteristic of the action of Sn on the submodule QO of QOPn,λ,s is equal to hµ.

Since QOPn,λ,s is the direct sum over all QO where O is an Sn-orbit, we have

FrobpRn,λ,sq “
ÿ

µPParpn,sq,
µĚλ

a
psq
λ,µhµ, (3.1.37)

where a
psq
λ,µ is the number of α P Comppn, sq such that α Ě λ and sortpαq “ µ. It is then

an easy exercise to verify a
psq
λ,µ is equal to the coefficient of hµ in the right-hand side of

(3.1.36).
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3.2 Skewing formulas and exact sequences for Rn,λ,s

In this section, we develop algebraic tools for analyzing the graded Frobenius characteristic

of FrobqpRn,λ,sq. Our main tool is a recursive formula for the image of FrobqpRn,λ,sq under

the skewing operator ejpxq
K from Subsection 2.0.3. We also show that the rings Rn,λ,s fit

into certain exact sequences.

3.2.1 Skewing formula

Fix j, k, s, and n positive integers with k ď n, and fix λ P Parpk, sq throughout

the subsection. In order to simplify notation, let zi :“ xn´j`i for 1 ď i ď j and

zj :“ tz1, . . . , zju “ txn´j`1, . . . , xnu. Given a polynomial fpxn´j, zjq, then σ P Sn´j acts on

the xn´j variables, and εj acts on the zj variables. We have the following definitions, which

we need for our formulas for eKj FrobqpRn,λ,sq.

Definition 3.2.1. Let I “ pi1, . . . , ijq P r0, s ´ 1sj. Construct a partition λpIq recursively

using the reduction operations defined in (2.0.4) as follows. Let λpjq :“ λ, and for 1 ď h ď j,

let

λph´1q :“

$

’

&

’

%

λ
pihq
phq if ih ă `pλphqq,

λphq if ih ě `pλphqq.

Define λpIq :“ λp0q.

Let Ijs be the set of increasing sequences pi1 ă ¨ ¨ ¨ ă ijq of nonnegative integers with

ij ă s. For I P Ijs , let m be maximal such that im ă `pλq. In this case, observe that

λpIq P Parpk ´ m, sq is the partition obtained from λ by deleting one box from the end of

the rows i1 ` 1, . . . , im ` 1 and then sorting the rows. Further observe that for I “ piq, if

0 ď i ă `pλq, then λpIq “ λpiq, and if `pλq ď i ă s, then λpIq “ λ.

Given a sequence I “ pi1, . . . , ijq of distinct nonnegative integers which is not necessarily

increasing, let zIj :“ zi11 ¨ ¨ ¨ z
ij
j . Furthermore, let ΣpIq :“ i1 ` ¨ ¨ ¨ ` ij, and let sortďpIq be the

increasing sequence obtained by sorting the entries of I.
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Theorem 3.2.2. We have

eKj FrobqpRn,λ,sq “ FrobqpεjRn,λ,sq “
ÿ

IPIjs

qΣpIq FrobqpRn´j,λpIq,sq. (3.2.1)

The first equality in Theorem 3.2.2 follows immediately by (2.0.28), so it suffices to prove

the second equality.

Define

Vr :“
à

IPIjs ,
ΣpIq“r

Rn´j,λpIq,s bQtεjzIju. (3.2.2)

The vector space Vr has the structure of an Sn´j-module, where Sn´j acts on the first factor

of each tensor product. It is also graded, where the degree of a nonzero simple tensor fbεjz
I
j

is degpfq ` ΣpIq. Observe that if we could directly show that εjRn,λ,s –
À

rě0 Vr as graded

Sn´j-modules, then the second equality in Theorem 3.2.2 would follow. A natural choice for

this isomorphism would be the map from
À

rě0 Vr to εjRn,λ,s induced by multiplication, if it

is well-defined. Unfortunately, this map is not well-defined in general, as the next example

illustrates.

Example 3.2.3. Let n “ 4, λ “ p13q, s “ 3, and j “ 2. In order to have a well-defined map

Vr Ñ εjRn,λ,s induced by multiplication, then in particular we would need a well-defined map

Rn´j,λpIq,sbQtεjzIju Ñ εjRn,λ,s for each I P Ijs induced by multiplication. Letting I “ p0, 1q,

then we would need a map

R2,p1q,3 bQtx3 ´ x4u Ñ ε2R4,p13q,3. (3.2.3)

However, in order for this map to be induced from multiplication, we would need the con-
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tainment I2,p1q,3 ¨ px3 ´ x4q Ď ε2I4,p13q,3. In particular, we would need

e2px1, x2qpx3 ´ x4q “ x1x2px3 ´ x4q P ε2I4,p13q,3, (3.2.4)

which is not true. However, observe that we do have

x1x2px3 ´ x4q ` x1px
2
3 ´ x

2
4q ` x2px

2
3 ´ x

2
4q ` x3x4px3 ´ x4q P ε2I4,p13q,3, (3.2.5)

which contains x1x2px3´ x4q as a term. Further observe that all other terms in this element

have higher degree in the variables z1 “ x3 and z2 “ x4. This suggests that we may be able

to define a map from Vr induced by multiplication if we first filter the codomain εjRn,λ,s by

total degree in the zj variables.

Indeed, we prove the second equality in Theorem 3.2.2 by filtering εjRn,λ,s by total degree

in the zj “ txn´j`1, . . . , xnu variables and then constructing an explicit isomorphism of Sn´j-

modules which corresponds to the equality of symmetric functions in Theorem 3.2.2. Before

giving the proof, we need a few lemmata. Let Stn´j`1, ..., nu be the subgroup of Sn consisting

of permutations of the letters n´ j ` 1, . . . , n.

Lemma 3.2.4. Given a finite set Y with an Sn-action, let y1, . . . , ym be a distinct set of

representatives of the Stn´j`1, ..., nu-orbits of Y . Then dimQpεjQY q is equal to the number of

yi which have trivial Stn´j`1, ..., nu-stabilizer.

Proof. We have a direct sum decomposition

εjQY “
m
à

i“1

εjQStn´j`1,...,nuyi. (3.2.6)

Observe that if y and y1 are in the same Stn´j`1,...,nu-orbit, then εjy “ ˘εjy
1. Furthermore, if y

has nontrivial stabilizer under the Stn´j`1,...,nu-action, then εjy “ 0. Hence, εjQStn´j`1,...,nuyi

is either one-dimensional if yi has trivial Stn´j`1,...,nu-stabilizer or zero-dimensional otherwise.

Hence, dimQpεjQY q is equal to the number of yi which have trivial Stn´j`1,...,nu-stabilizer.
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Lemma 3.2.5. We have

dimQpεjRn,λ,sq “ dimQpεjQOPn,λ,sq “
ÿ

IPIjs

|OPn´j,λpIq,s|. (3.2.7)

Proof. The first equality in (3.2.7) follows by Theorem 3.1.20, so it suffices to prove the second

equality. Given σ P OPn,λ,s, we may find a unique representative of its Stn´j`1,...,nu-orbit by

sorting the letters n ´ j ` 1, . . . , n so that they appear in order from left to right in σ “

pB1|B2| ¨ ¨ ¨ |Bsq. By Lemma 3.2.4 applied to Y “ OPn,λ,s, we have that dimQpεjQOPn,λ,sq is

the number of such representatives with trivial Stn´j`1,...,nu-stabilizer. Since σ P OPn,λ,s has

trivial Stn´j`1,...,nu-stabilizer if and only if n ´ j ` 1, . . . , n are in distinct blocks of σ, then

dimQpεjQOPn,λ,sq is the number of σ P OPn,λ,s such that n ´ j ` 1, . . . , n are in distinct

blocks and appear in order from left to right.

Define a bijection between the set of σ P OPn,λ,s such that n´ j`1, . . . , n are in distinct

blocks and appear in order from left to right and the formal disjoint union of sets

ğ

IPIjs

OPn´j,λpIq,s (3.2.8)

as follows. Given such a σ, let I “ pi1 ă ¨ ¨ ¨ ă ijq P Ijs be such that n ´ j ` 1, . . . , n are

in Bi1`1, . . . , Bij`1, respectively. Map σ to the ordered set partition obtained by removing

n ´ j ` 1, . . . , n from σ, considered as an element of OPn´j,λpIq,s in the formal disjoint

union (3.2.8). This defines a bijection. Indeed, given σ1 “ pB11| ¨ ¨ ¨ |B
1
sq P OPn´j,λpIq,s for

I “ pi1 ă ¨ ¨ ¨ ă ijq P Ijs , then the corresponding σ may be recovered by adding n´ j ` h to

block B1ih`1 for 1 ď h ď j. Hence, the second equality in (3.2.7) follows.

Lemma 3.2.6. Let H P r0, s ´ 1sj with distinct entries, and let I “ sortďpHq. We have

λpIq ďdom λpHq.

Proof. Recall that we draw Young diagrams according to the French convention. If s “ `pλq,

then there is a bijection between the cells of the skew Young diagram λ{λpHq and the cells
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of λ{λpIq such that each cell of λ{λpHq is weakly above and to the left of its corresponding

cell of λ{λpIq. It follows that λpIq ďdom λpHq. See [29, pp. 128-130] for the full proof of the

case when s “ `pλq. In the case when s ą `pλq, let m be maximal such that im ă `pλq, and

let H 1 be the subsequence of H consisting of elements less than `pλq. Then we have

λpIq “ λpi1,...,imq ďdom λpH
1q
“ λpHq, (3.2.9)

where the inequality in the middle follows from the first case, since H 1 P r0, `pλq ´ 1sm and

pi1, . . . , imq “ sortďpH
1q.

Remark 3.2.7. The alternating polynomial εjz
I
j is equal to a scalar multiple of a generalized

Vandermonde determinant, denoted by ∆i1,i2,...,ij “ j! detpz
iq
p qp,q“1,...,j in [29].

Lemma 3.2.8. The collection of polynomials Aj-alt
n,λ,s defined by

Aj-alt
n,λ,s :“

ď

¨

IPIjs

An´j,λpIq,s ¨ εjzIj (3.2.10)

represents a basis of εjRn,λ,s, where An,λ,s is as defined in (3.1.15).

Proof. By Theorem 3.1.17, we have |An,λ,s| “ |OPn,λ,s|. By Lemma 3.2.5, we have

|Aj-alt
n,λ,s| “

ÿ

IPIjs

|An´j,λpIq,s| “
ÿ

IPIjs

|OPn´j,λpIq,s| “ dimQpεjQOPn,λ,sq “ dimQpεjRn,λ,sq.

(3.2.11)

Hence, it suffices to prove Aj-alt
n,λ,s spans εjRn,λ,s.

Recall Rn,λ,s is spanned by An,λ,s, so εjRn,λ,s is spanned by εjAn,λ,s. Applying the re-

cursion in Corollary 3.1.11 for An,λ,s exactly j many times shows An,λ,s can be partitioned

as

An,λ,s “
ď

¨

HPr0,s´1sj

An´j,λpHq,s ¨ zHj . (3.2.12)
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Applying εj to both sides of (3.2.12), we see that εjRn,λ,s is spanned by the union

ď

HPr0,s´1sj

An´j,λpHq,s ¨ εjzHj . (3.2.13)

Given H P r0, s ´ 1sj, if any two entries of H are equal, then we have εjz
H
j “ 0 by Re-

mark 3.2.7. Therefore, the union (3.2.13) is equal to the same union restricted to those H

with distinct entries. In order to prove Aj-alt
n,λ,s spans εjRn,λ,s, it suffices to prove that for any

H P r0, s´ 1sj with distinct entries and any xαn´j P An´j,λpHq,s, we have that xαn´j ¨ εjz
H
j is in

the span of Aj-alt
n,λ,s.

Indeed, let I “ sortďpHq P Ijs . By Lemma 3.2.6, we have λpIq ďdom λpHq, so by

Lemma 3.1.18 we have An´j,λpHq,s Ď An´j,λpIq,s. Hence, we have xαn´j P An´j,λpIq,s. Fur-

thermore, since H is a permutation of I, we have εjz
H
j “ ˘εjz

I
j , so xαn´j ¨ εjz

H
j is in the span

of Aj-alt
n,λ,s, and the proof is complete.

Given a list of distinct variables W “ pw1, . . . , wvq Ď zj and any subset U “ tu1 ă ¨ ¨ ¨ ă

u|U |u Ă rvs, let WU :“ pwu1 , . . . , wu|U |q. Given a tuple I P Ivs , let IU :“ piu1 ă ¨ ¨ ¨ ă iu|U |q P

I |U |s . For any tuple H “ ph1 ă ¨ ¨ ¨ ă h|U |q P I |U |s , define the monomial WH
U :“ wh1u1 ¨ ¨ ¨w

h|U |
u|U | .

Recall the following lemma on elementary symmetric polynomials.

Lemma 3.2.9 ([29], Lemma 6.1). Let C Ď xn and W “ pw1, . . . , wvq Ď zj be disjoint sets

of variables, where W comes with a total ordering. Let I “ pi1 ă ¨ ¨ ¨ ă ivq P Ivs . For any

d ě 1, we have

edpCq ¨ p´w1q
i1 ¨ ¨ ¨ p´wvq

iv “
ÿ

UĎrvs

p´1q|U |
ÿ

H

p´1qΣpHqed`ΣpIq´ΣpHqpC YWUq ¨W
H
U , (3.2.14)

where the inner sum on the right-hand side is over all tuples H “ ph1, . . . , h|U |q of nonnegative

integers, such that hp ă iup for 1 ď p ď |U |.

Lemma 3.2.10. Let I P Ijs , and let edpSq be a generator of In´j,λpIq,s for some d and S Ď

xn´j. We have edpS Y zaq ¨ z
I
j P In,λ,s, where a “ pn

|S|`jpλq ´ p
n´j
|S| pλ

pIqq and za “ tz1, . . . , zau.
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Proof. Let m “ |S|. Then a “ pnm`jpλq ´ pn´jm pλpIqq, which is the number of boxes weakly

to the right of column n ´ pm ` jq ` 1 of the skew diagram λ{λpIq. In order to show

edpS Y zaq ¨ z
I
j P In,λ,s, it suffices to prove that edpS Y zaq ¨ z

ia`1

a`1 ¨ ¨ ¨ z
ij
j P In,λ,s, where the

product z
ia`1

a`1 ¨ ¨ ¨ z
ij
j is taken to be 1 in the case a “ j. By our assumption that edpSq is a

generator of In´j,λpIq,s, we have

d ą m´ pn´jm pλpIqq. (3.2.15)

In the case a “ j, then by combining (3.2.15) and pn´jm pλpIqq “ pnm`jpλq ´ a, we have

d ą m` a´ pnm`apλq. Hence, edpS Y zaq P In,λ,s so edpS Y zaqz
I
j P In,λ,s, and we are done.

In the case a ă j, then applying Lemma 3.2.9 with C “ S Y za and W “ pza`1, . . . , zjq,

we have that

edpS Y zaqz
ia`1

a`1 ¨ ¨ ¨ z
ij
j (3.2.16)

is an alternating sum of terms of the form

ed`ΣpIq´ΣpHqpS Y za Y zUq ¨ z
H
U , (3.2.17)

where U Ď ta ` 1, . . . , ju and H “ ph1, . . . , h|U |q P I |U |s such that hp ă iup for 1 ď p ď |U |.

To complete the proof, we show that in each case ed`ΣpIq´ΣpHqpS Y za Y zUq P In,λ,s, or

equivalently that

d` ΣpIq ´ ΣpHq ą m` a` |U | ´ pnm`a`|U |pλq. (3.2.18)

We claim that ia`1 ě λ1n´pm`jq`1. If |λ{λpIq| “ a, then by the definition of λpIq, we

see that |λ{λpIq| is the number of elements of I which are strictly less than `pλq. Under

the assumption that |λ{λpIq| “ a, we have ia`1 ě `pλq ě λ1n´pm`jq`1. Otherwise, we have

|λ{λpIq| ě a ` 1, so by the definition of a, the pa ` 1qth box of λ{λpIq from the right must



57

be in a column strictly to the left of column n´ pm` jq ` 1 of λ. Therefore, the inequality

ia`1 ě λ1n´pm`jq`1 continues to hold.

We have the string of inequalities

ij ą ¨ ¨ ¨ ą ia`2 ą ia`1 ě λ1n´pm`jq`1 ě λ1n´pm`j´1q`1 ě ¨ ¨ ¨ . (3.2.19)

Therefore, we have

ÿ

tPra`1,jszU

it ě
m`j
ÿ

t“m`a`|U |`1

λ1n´t`1 “ pnm`jpλq ´ p
n
m`a`|U |pλq, (3.2.20)

since both sides of the inequality sum over j ´ a´ |U | many terms. By our assumption that

iup ą hp for 1 ď p ď |U |, we have

ÿ

tPU

it ě ΣpHq ` |U |. (3.2.21)

Recalling (3.2.15), we have

d ą m´ pn´jm pλpIqq “ m` a´ pnm`jpλq. (3.2.22)

The inequality (3.2.18) then follows by combining (3.2.20), (3.2.21), and (3.2.22) with

ΣpIq ě
ÿ

tPra`1,jszU

it `
ÿ

tPU

it, (3.2.23)

which completes the proof.

Lemma 3.2.11. With the same hypotheses as Lemma 3.2.10, we have

edpSq ¨ εjz
I
j P spanQ

¨

˚

˚

˝

ď

HPIjs ,
ΣpHqěΣpIq`1

Qrxn´js ¨ εjzHj

˛

‹

‹

‚

` εjIn,λ,s. (3.2.24)
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Proof. We have that

edpSq “ edpS Y zaq ´
d
ÿ

t“1

ed´tpSq ¨ etpzaq, (3.2.25)

so multiplying both sides by zIj and applying εj, we have

edpSq ¨ εjz
I
j “ εjpedpS Y zaq ¨ z

I
j q ´

d
ÿ

t“1

ed´tpSq ¨ εjpetpzaq ¨ z
I
j q. (3.2.26)

By Lemma 3.2.10, we have edpS Y zaq ¨ z
I
j P In,λ,s. Therefore, by (3.2.26), it suffices to prove

that each polynomial of the form ed´tpSq ¨ εjpetpzaq ¨ z
I
j q is in the set on the right-hand side

of (3.2.24).

For each t ě 1, consider the expansion of etpzaq ¨z
I
j on the right-hand side of (3.2.26) into

monomials. Each term in the expansion is of one of the following types: (1) a monomial in

zj such that two of the exponents agree, (2) a monomial in zj whose largest exponent is s,

or (3) a monomial of the form π ¨ zHj for some π P Stn´j`1,...,nu and some H P Ijs such that

ΣpHq ě ΣpIq ` 1. Monomials of the first type are sent to 0 by the operator εj, monomials

of the second type are elements of In,λ,s, and for a monomial of the third type, we have

εjpπ ¨ z
H
j q “ ˘εjz

H
j . Therefore, each term in the sum on the right-hand side of (3.2.26) is in

the set on the right-hand side of (3.2.24). Hence, edpSq ¨ εjz
I
j is in the set as well.

Lemma 3.2.12. We have an isomorphism of graded Sn´j-modules

εjRn,λ,s –
à

rě0

Vr, (3.2.27)

where Vr is defined in (3.2.2).
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Proof. Given r ě 0, let

Ur :“
à

IPIjs ,
ΣpIq“r

Qrxn´js bQtεjzIju, (3.2.28)

Wěr :“ spanQ

¨

˚

˚

˝

ď

IPIjs ,
ΣpIqěr

Qrxn´js ¨ εjzIj

˛

‹

‹

‚

Ď εjRn,λ,s, (3.2.29)

Wr :“ Wěr{Wěr`1. (3.2.30)

By Lemma 3.2.8, we have Wě0 “ εjRn,λ,s, so the subspaces Wěr of εjRn,λ,s form a descending

filtration of the space εjRn,λ,s. Observe that the spaces Ur, Vr, Wěr, and Wr are Qrxn´js-

modules. Furthermore, each of them has the structure of a graded Sn´j-module, where Sn´j

acts on the variables xn´j and the grading is by total degree in the variables xn “ xn´j Y zj.

Since Wěr is a filtration of εjRn,λ,s which respects the graded Sn´j-module structure, we

have that εjRn,λ,s –
À

rě0Wr as graded Sn´j-modules. Therefore, it suffices to prove that

Vr – Wr as graded Sn´j-modules.

For r ě 0, let

rµr : Ur Ñ Wr (3.2.31)

be the map induced by sending fpxn´jq b εjz
I
j to the product fpxn´jq ¨ εjz

I
j . Then rµr is a

homomorphism of Qrxn´js-modules, as well as a homomorphism of graded Sn´j-modules.

For each I P Ijs such that ΣpIq “ r and each generator of In´j,λpIq,s of the form edpSq, we

have that rµrpedpSq b εjz
I
j q “ 0 by Lemma 3.2.11. We also have that rµrpx

s
i b εjz

I
j q “ 0

for all i ď n ´ j since xsi ¨ εjz
I
j “ εjpx

s
i ¨ z

I
j q P εjIn,λ,s. Since rµr is a homomorphism of

Qrxn´js-modules, the map rµr descends to an Sn´j-module homomorphism µr : Vr Ñ Wr.
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By Theorem 3.1.17, the set An´j,λpIq,s is a basis of Rn´j,λpIq,s, so

ď

¨

IPIjs ,
ΣpIq“r

An´j,λpIq,s b εjzIj (3.2.32)

represents a basis of Vr. Furthermore, by Lemma 3.2.8 we have that Aj-alt
n,λ,s represents a basis

of εjRn,λ,s, hence

ď

¨

IPIjs ,
ΣpIq“r

An´j,λpIq,s ¨ εjzIj (3.2.33)

represents a basis of Wr. Since µr maps a basis to a basis, it is an isomorphism of graded

Sn´j-modules, hence Vr – Wr as graded Sn´j-modules. This completes the proof.

Proof of Theorem 3.2.2. The identity (2.0.28) implies the first equality in Theorem 3.2.2.

By Lemma 3.2.12, we have the equality of formal power series

FrobqpεjRn,λ,sq “
ÿ

IPIjs

qΣpIqFrobqpRn´j,λpIq,sq, (3.2.34)

which is the second equality in Theorem 3.2.2.

3.2.2 Exact sequences

In this subsection, we show that the ringsRn,λ,s fit into certain exact sequences of Sn-modules.

We use these exact sequences to obtain identities for the graded Frobenius characteristic of

Rn,λ,s.

Lemma 3.2.13. Let k ă n be distinct positive integers, and let λ P Parpk, sq with `pλq ă s.

Then there is an exact sequence of Sn-modules

0 Ñ Rn,λ,s´1 Ñ Rn,λ,s Ñ Rn,λ‚p1q,s Ñ 0 (3.2.35)



61

such that the first map shifts degree by n´k and the second map is degree-preserving. Equiv-

alently, we have the identity

FrobqpRn,λ,sq “ FrobqpRn,λ‚p1q,sq ` q
n´kFrobqpRn,λ,s´1q. (3.2.36)

Proof. It can be checked that In,λ‚p1q,s “ In,λ,s ` xen´kpxnqy. Hence, we have the quotient

map π : Rn,λ,s Ñ Rn,λ‚p1q,s with ker π “ xen´kpxnqy. To construct a map Rn,λ,s´1 Ñ Rn,λ,s,

first define the map

rφ : Qrxns Ñ Rn,λ,s (3.2.37)

of Qrxns-modules given by multiplication by en´kpxnq.

We claim that In,λ,s´1 Ď kerprφq. Since In,λ,s and In,λ,s´1 have the same elementary

symmetric polynomial generators, it suffices to show that rφpxs´1
i q “ 0 for all i ď n, or equiv-

alently that xs´1
i en´kpxnq P In,λ,s. By symmetry, it suffices to show that xs´1

n en´kpxnq P In,λ,s.

Observe that xs´1
n en´kpxnq ” xs´1

n en´kpxn´1q mod In,λ,s. Furthermore, since en´kpxn´1q is

a generator of In´1,λ,s, then by Lemma 3.1.13(d) applied to S “ xn´1 and i “ s, we have

xs´1
n en´kpxn´1q P x

s
nQrxns ` In,λ,s “ In,λ,s. Hence, xs´1

n en´kpxnq P In,λ,s, so In,λ,s´1 Ď kerprφq

as claimed.

Therefore, rφ descends to a map

φ : Rn,λ,s´1 Ñ Rn,λ,s (3.2.38)

whose image is exactly xen´kpxnqy “ kerπ. Therefore, the sequence

Rn,λ,s´1
φ
Ñ Rn,λ,s

π
Ñ Rn,λ‚p1q,s Ñ 0 (3.2.39)
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is exact, where φ shifts degree by n´ k. Furthermore, we have

|OPn,λ,s| “ |OPn,λ‚p1q,s| ` |OPn,λ,s´1|, (3.2.40)

which can be seen by partitioning OPn,λ,s into a disjoint union of two subsets by considering

those elements pB1| ¨ ¨ ¨ |Bsq such that B`pλq`1 ‰ H and those such that B`pλq`1 “ H. By

Theorem 3.1.20, then (3.2.40) implies

dimQpRn,λ,sq “ dimQpRn,λ‚p1q,sq ` dimQpRn,λ,s´1q. (3.2.41)

Hence, φ is injective, and we have an exact sequence

0 Ñ Rn,λ,s´1
φ
Ñ Rn,λ,s

π
Ñ Rn,λ‚p1q,s Ñ 0. (3.2.42)

To complete the proof, observe that φ and π are Sn-module homomorphisms.

Theorem 3.2.14. Let k ď n be positive integers and let λ P Parpk, sq such that `pλq ă s.

We have

FrobqpRn,λ,sq “
ÿ

mě0

qps´`pλq´mqpn´k´mq
„

s´ `pλq

m



q

Frobq
`

Rn,λ‚p1mq,`pλq`m

˘

, (3.2.43)

where
”

s´`pλq
m

ı

q
“ 0 for m ą s´ `pλq and Frobq

`

Rn,λ‚p1mq,`pλq`m

˘

“ 0 for m ą n´ k.

Proof. Proceed by induction on s ´ `pλq. The base case where s ´ `pλq “ 1 holds by

Lemma 3.2.13. Fix a ą 1, and assume by way of induction that (3.2.43) holds for s and λ

such that 0 ă s ´ `pλq ă a. Let k ď n be positive integers, and let λ P Parpk, sq such that

s´ `pλq “ a. By (3.2.36), we have

FrobqpRn,λ,sq “ Frobq
`

Rn,λ‚p1q,s

˘

` qn´kFrobq pRn,λ,s´1q . (3.2.44)
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Applying our inductive hypothesis, we have

FrobqpRn,λ,sq “
ÿ

mě0

qps´`pλq´1´mqpn´k´1´mq

„

s´ `pλq ´ 1

m



q

Frobq
`

Rn,λ‚p1m`1q,`pλq`m`1

˘

` qn´k

˜

ÿ

pě0

qps´1´`pλq´pqpn´k´pq

„

s´ `pλq ´ 1

p



q

Frobq
`

Rn,λ‚p1pq,`pλq`p

˘

¸

, (3.2.45)

which we may rewrite as

FrobqpRn,λ,sq “ qps´`pλqqpn´kqFrobq
`

Rn,λ,`pλq

˘

`
ÿ

mě1

˜

qps´`pλq´mqpn´k´mq
„

s´ `pλq ´ 1

m´ 1



q

`qps´1´`pλq´mqpn´k´mq`pn´kq

„

s´ `pλq ´ 1

m



q

¸

Frobq
`

Rn,λ‚p1mq,`pλq`m

˘

. (3.2.46)

The identity
“

a
b

‰

q
“
“

a´1
b´1

‰

q
` qb

“

a´1
b

‰

q
with a “ s´ `pλq and b “ m shows that the coefficient

of Frobq
`

Rn,λ‚p1mq,`pλq`m

˘

on the right-hand side of (3.2.46) is equal to

qps´`pλq´mqpn´k´mq
„

s´ `pλq

m



q

. (3.2.47)

Hence, the right-hand side of (3.2.46) is equal to the right-hand side of (3.2.43), which

completes the induction.

3.3 Inversions and diagonal inversions

In this section, we define inversion and diagonal inversion statistics on labeled objects which

are in bijection with OPn,λ,s and use them to give formulas for the Hilbert series and graded

Frobenius characteristic of Rn,λ,s. In Subsection 3.3.1, we define extended column-increasing

fillings and the statistics inv and dinv. In Subsection 3.3.2, we prove that the statistics inv

and dinv are equidistributed and their monomial generating functions are equal. In Subsec-

tion 3.3.3, we then prove our Hilbert series and graded Frobenius characteristic formulas for
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Figure 3.2: The standard extended column-increasing filling associated to
p1, 3, 5, 7, 8 | 2, 9, 10| 4, 6q P OP10,p3,2q,3, where the basement cells are bolded.

Rn,λ,s in terms of these statistics.

3.3.1 The statistics inv and dinv

Given pB1| ¨ ¨ ¨ |Bsq P OPn,λ,s, define a standard extended column-increasing filling of λ1 as

follows. First, define a column-increasing filling of the Young diagram of λ1 by labeling the

ith column with the λi smallest elements of Bi. Then, for each i, place the rest of the

elements of Bi in their own cells vertically below the ith column of the diagram in increasing

order from top to bottom. We call the labels below the diagram the basement labels and the

cells containing them the basement cells.

Let SECIn,λ,s be the set of standard extended column-increasing fillings of λ1. See Fig-

ure 3.2 for the standard extended column-increasing filling associated to the ordered set

partition p1, 3, 5, 7, 8 | 2, 9, 10 | 4, 6q P OP10,p3,2q,3, where 4, 6, 7, 8, and 10 are basement labels.

Given a composition α P Comppk, sq, we define an extended column-increasing filling ϕ

of dg1pαq to consist of

• A diagram Dpϕq “ dg1pαqYBpϕq, where Bpϕq is a possibly empty collection of basement

cells in columns 1 ď i ď s and rows j ď 0, such that in each column i the basement

cells are top justified so that the top basement cell is at coordinates pi, 0q,

• A labeling of the cells of Dpϕq which weakly increases down each column.

We denote by σpϕq the column-increasing filling obtained by restricting ϕ to dg1pαq. Given



65

1

3

3

2

9

5 10 5

65

1

2

3

0

−1

1 2 3 4

2

Figure 3.3: An extended column-increasing filling in ECI11,p2,3,0,1q,4. We have labeled the
rows and columns for the reader’s aid.

a cell pi, jq P Dpϕq, we denote by ϕi,j the label of ϕ in the cell pi, jq. Let ECIn,α,s be the set

of extended column-increasing fillings ϕ of dg1pαq with n cells. Let SECIn,α,s be the subset

of ECIn,α,s consisting of standard extended column-increasing fillings which use the letters

in rns without repetition. See Figure 3.3 for an example of an extended column-increasing

filling in ECI11,p2,3,0,1q,4.

The reading word of ϕ is the concatenation rwpϕq :“ rwpσpϕqq v, where v is the word

obtained by reading the labels of Bpϕq left to right across each row, from top to bottom.

The inversion reading word of ϕ is the concatenation irwpϕq :“ rwpσpϕqqw, where w is the

word obtained by reading the labels of Bpϕq down each column, starting with column 1 and

ending with column s. The ordering of the cells of ϕ corresponding to rwpϕq and irwpϕq

are the reading order and the inversion reading order of ϕ, respectively. For the standard

extended column-increasing filling ϕ in Figure 3.2, we have rwpϕq “ 1 3 2 5 9 7 10 4 8 6 and

irwpϕq “ 1 3 2 5 9 7 8 10 4 6.

Definition 3.3.1. Given ϕ P ECIn,α,s, an inversion of ϕ is one of the following,

(I1) A diagonal inversion of σpϕq, as defined in Subsection 2.0.5,

(I2) A pair ppi, 1q, pi1, j1qq where pi, 1q P dg1pαq and pi1, j1q P Bpϕq, and such that i ą i1 and

ϕi,1 ą ϕi1,j1 ,
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(I3) A pair pi, pi1, j1qq, where pi1, j1q P Bpϕq and i is an integer such that 1 ď i ă i1.

Let invpϕq be the number of inversions of ϕ.

For ϕ in Figure 3.3, we have the following inversions,

Type (I1): pp1, 2q, p2, 2qq, pp1, 1q, p4, 1qq, and pp2, 1q, p4, 1qq

Type (I2): pp2, 1q, p1, 0qq and pp2, 1q, p1,´1qq

Type (I3): p1, p2, 0qq, p1, p3, 0qq, p2, p3, 0qq, p1, p3,´1qq, and p2, p3,´1qq.

In total, we have invpϕq “ 10.

We also introduce a diagonal inversion statistic on extended column-increasing fillings.

Let an α-attacking pair be a pair of coordinates ppi, jq, pi1, j1qq such that 1 ď i ď s, 1 ď i1 ď s,

j ď αi, and j1 ď αi1 , and such that one of the following holds,

• We have j “ j1 and i ă i1,

• We have j “ j1 ` 1 and i ą i1.

Definition 3.3.2. A diagonal inversion of ϕ is an α-attacking pair ppi, jq, pi1, j1qq such that

one of the following holds,

(D1) We have pi, jq, pi1, j1q P Dpϕq such that ϕi,j ą ϕi1,j1 ,

(D2) We have pi, jq R Dpϕq and pi1, j1q P Dpϕq.

Let dinvpϕq be the number of diagonal inversions of ϕ.

For ϕ in Figure 3.3, we have the following diagonal inversions,

Type (D1): pp1, 2q, p2, 2qq, pp1, 1q, p4, 1qq, pp2, 1q, p4, 1qq, and pp2, 1q, p1, 0qq,

pp2, 0q, p3, 0qq and pp2, 0q, p1,´1qq

Type (D2): pp4, 0q, p1,´1qq, pp4, 0q, p3,´1qq, and pp2,´1q, p3,´1qq.
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In total, we have dinvpϕq “ 9.

Remark 3.3.3. The notion of an extended column-increasing filling is a variation of the

fillings introduced in [71]. To translate between our conventions and theirs, simply flip

our labelings across the horizontal axis and convert each basement label into a floating

number. Under this identification between OPn,λ,s and SECIn,λ,s, the inversion statistic in

Definition 3.3.1 is similar to, but not the same as, the coinv statistic in [71]. In particular,

coinv uses a different definition of attacking pair, where ppi, jq, pi1, j1qq forms an attacking

pair in λ1 if j “ j1 and i ă i1, or j1 “ j ` 1 and i ą i1. The condition (I1) in Definition 3.3.1

is then replaced with the condition that this alternate type of attacking pair contributes to

the number of coinversions if ϕi,j ă ϕi1,j1 .

3.3.2 Equidistribution of inv and dinv

We need the following equidistribution theorem for the statistics inv and dinv. Before proving

the theorem, we prove several lemmata.

Theorem 3.3.4. For λ P Parpk, sq, we have the identity of multivariate generating functions,

ÿ

ϕPECIn,λ,s

qinvpϕqxϕ “
ÿ

ϕPECIn,λ,s

qdinvpϕqxϕ, (3.3.1)

where xϕ :“
ś

iě1 x
#i’s in ϕ
i .

Our strategy for proving Theorem 3.3.4 is inspired by generalizations of the Carlitz bi-

jection constructed by Gillespie [61], Rhoades-Wilson [70], Rhoades-Yu-Zhao [71], and Wil-

son [97]. Since [71] uses our theorems to prove their results, we give independent proofs in

order to avoid creating a cycle in the logical flow of the proofs.

Let γ “ pγ1, . . . , γmq be a composition of n with γi ą 0 for all i. A sequence c “

pc1, . . . , cnq of nonnegative integers is γ-weakly decreasing if every subsequence

cγ1`¨¨¨`γi , cγ1`¨¨¨`γi`1, . . . , cγ1`¨¨¨`γi`γi`1´1
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is weakly decreasing. For example, if γ “ p3, 2, 1, 1q, then the sequence c “ p5, 5, 2, 6, 3, 1, 2q

is γ-weakly decreasing. Let

Cn,λ,spγq :“ tc P Cn,λ,s : c is γ-weakly decreasingu. (3.3.2)

Observe that when γ “ p1nq, then Cn,λ,sp1nq “ Cn,λ,s. For 0 ď i ď s´ 1 and any λ, let

Cpiqn´1,λ,spγq :“ tpc1, . . . , cn´1q P Cn´1,λ,spγq : cn´1 ě iu. (3.3.3)

Lemma 3.3.5. Let γ “ pγ1, . . . , γmq be a composition of n with γi ą 0 for all i. If γm ą 1,

we have

Cn,λ,spγq “
`pλq´1
ď

¨

i“0

Cpiq
n´1,λpiq,s

pγ1, . . . , γm ´ 1q ‚ piq Ÿ
s´1
ď

¨

i“`pλq

Cpiqn´1,λ,spγ1, . . . , γm ´ 1q ‚ piq. (3.3.4)

If γm “ 1, we have

Cn,λ,spγq “
`pλq´1
ď

¨

i“0

Cn´1,λpiq,spγ1, . . . , γm´1q ‚ piq Ÿ
s´1
ď

¨

i“`pλq

Cn´1,λ,spγ1, . . . , γm´1q ‚ piq. (3.3.5)

Proof. In the case where γm ą 1, then for i ă `pλq, the set Cpiq
n´1,λpiq,s

pγ1, . . . , γm ´ 1q ‚ piq

is the subset of Cn´1,λpiq,s ‚ piq of γ-weakly decreasing sequences, by definition. Similarly,

for i ě `pλq, the set Cpiqn´1,λ,spγ1, . . . , γm ´ 1q ‚ piq is the subset of Cn´1,λ,s ‚ piq of γ-weakly

decreasing sequences, by definition. Therefore, the partition (3.3.4) follows immediately

from Lemma 3.1.8 by restricting both sides to γ-weakly decreasing sequences. The case

where γm “ 1 follows from Lemma 3.1.8 by similar reasoning.

Given a word w on positive integers, we say that it has content γ if i appears as a letter

in w exactly γi many times for 1 ď i ď m. Let ECIn,α,spγq be the set of ϕ P ECIn,α,s such

that rwpϕq has content γ.

To each ϕ P ECIn,α,spγq, we assign an inversion code and a diagonal inversion code,
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defined next. These codes are inspired by the generalized Carlitz codes in [61] and the

coinversion codes in [70, 71].

Given ϕ P ECIn,α,spγq, let pi1, j1q, pi2, j2q, . . . , pin, jnq be the cells of Dpϕq, listed so that

ϕi1,j1 ď ϕi2,j2 ď ¨ ¨ ¨ ď ϕin,jn , and breaking ties in inversion reading order. For example, for

ϕ in Figure 3.3, the cells of Dpϕq are listed in the order

p2, 3q, p2, 2q, p4, 1q, p1, 2q, p1, 1q, p1, 0q, p1,´1q, p3, 0q, p3,´1q, p2, 1q, p2, 0q. (3.3.6)

Let cp be the total number of inversions of ϕ of the following types,

• Type (I1) inversions of the form ppi, jq, pip, jpqq for some i and j,

• Type (I2) inversions of the form ppi, 1q, pip, jpqq for some i,

• Type (I3) inversions of the form pi, pip, jpqq for some i.

Define the inversion code of ϕ to be invcodeαpϕq :“ pcn, cn´1, . . . , c1q. Observe that the sum

of the entries of invcodeαpϕq is equal to invpϕq. For ϕ in Figure 3.3, we have

invcodeαpϕq “ p0, 1, 2, 0, 0, 1, 1, 2, 2, 0, 1q, (3.3.7)

where α “ p2, 3, 0, 1q.

Given ϕ P ECIn,α,spγq, let pi1, j1q, pi2, j2q, ¨ ¨ ¨ , pin, jnq be the cells of Dpϕq, listed so that

ϕi1,j1 ď ϕi2,j2 ď ¨ ¨ ¨ ď ϕin,jn , and breaking ties in reading order. For example, for ϕ in Fig-

ure 3.3, the cells of Dpϕq are listed in the same order as in (3.3.6), except with the three cells

labeled by 5 listed in the order p1, 0q, p3, 0q, p1,´1q. Let dp be the total number of diagonal

inversions of type (D1) and (D2) of the form ppi, jq, pip, jpqq for some i and j. Define the

diagonal inversion code to be dinvcodeαpϕq :“ pdn, dn´1, . . . , d1q. For ϕ in Figure 3.3, we

have

dinvcodeαpϕq “ p0, 1, 2, 0, 0, 1, 1, 2, 2, 0, 0q, (3.3.8)
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where α “ p2, 3, 0, 1q.

Lemma 3.3.6. Sending ϕ P ECIn,α,spγq to its inversion code gives a map

invcodeα : ECIn,α,spγq Ñ Cn,sortpαq,sprevpγqq. (3.3.9)

Proof. Let λ “ sortpαq for convenience. It suffices to show that if ϕ P ECIn,α,spγq, then

pcn, cn´1, . . . , c1q P Cn,λ,sprevpγqq. We first show that pcn, cn´1, . . . , c1q P Cn,λ,s.

Let pi1, j1q, pi2, j2q, . . . , pin, jnq be the cells of ϕ, listed so that ϕi1,j1 ď ¨ ¨ ¨ ď ϕin,jn and then

breaking ties in inversion reading order. Suppose the λ1m cells in the mth row of dg1pαq are

the p1th, p2th,. . . , pλ1mth cells in the list, with p1 ă p2 ă ¨ ¨ ¨ ă pλ1m . Then we have cpt ď λ1m´t

for 1 ď t ď λ1m. Therefore, pcp1 , . . . , cpλ1m
q Ď βmpλq “ p0, . . . , λ1m ´ 1q. Furthermore, for each

p such that pip, jpq P Bpϕq, we have cp ď s´ 1. Therefore, pcn, cn´1, . . . , c1q is contained in a

pn, λ, sq-shuffle, hence it is in Cn,λ,s.

To complete the proof, it suffices to show that pcn, cn´1, . . . , c1q is revpγq-weakly decreas-

ing. Equivalently, we show that for 1 ď p ď n´ 1 such that ϕip,jp “ ϕip`1,jp`1 , then we have

cp ď cp`1. Given p such that ϕip,jp “ ϕip`1,jp`1 , define an injection from the set of inversions

counted toward cp to the set of inversions counted toward cp`1 as follows.

First, suppose that both pip, jpq and pip`1, jp`1q are cells of dg1pαq. In this case, all

inversions counting toward cp and cp`1 are among labels in σpϕq. Let ppa, bq, pip, jpqq be

an inversion of σpϕq, so ϕa,b ą ϕip,jp “ ϕip`1,jp`1 . Since pa, bq appears before pip`1, jp`1q

in reading order, then we have b ě jp`1. Therefore, we have a ‰ ip`1 since ϕ is column-

increasing.

If a ă ip`1, then map ppa, bq, pip, jpqq to ppa, jp`1q, pip`1, jp`1qq, which is an inversion since

ϕa,jp`1 ě ϕa,b ą ϕip`1,jp`1 by the fact that ϕ is column-increasing. Otherwise, if a ą ip`1,

then b ě jp`1 ` 1. Map ppa, bq, pip, jpqq to ppa, jp`1 ` 1q, pip`1, jp`1qq, which is an inversion

since ϕa,jp`1`1 ě ϕa,b ą ϕip`1,jp`1 . It is clear that this map is an injection, since each such

inversion ppa, bq, pip, jpqq has a unique a value. Hence, cp ď cp`1.

Second, suppose that pip, jpq P dg1pαq and pip`1, jp`1q P Bpϕq. Let ppa, bq, pip, jpqq be
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an inversion of ϕ. We have that a ‰ ip`1 by the fact that ϕ is column-increasing. If

a ą ip`1, then map ppa, bq, pip, jpqq to the inversion ppa, 1q, pip`1, jp`1qq of type (I2). This is

indeed an inversion since ϕa,1 ě ϕa,b ą ϕip,jp “ ϕip`1,jp`1 . Otherwise, if a ă ip`1, then map

ppa, bq, pip, jpqq to the inversion pa, pip`1, jp`1qq of type (I3). By the same reasoning as the

first case, this map is an injection, hence cp ď cp`1.

Finally, suppose that pip, jpq, pip`1, jp`1q P Bpϕq. Since pip, jpq precedes pip`1, jp`1q in

inversion reading order, we have ip ď ip`1. Let ppa, 1q, pip, jpqq be an inversion of type (I2),

so that ϕa,1 ą ϕip,jp “ ϕip`1,jp`1 . By the fact that ϕ is column-increasing, we have that

a ‰ ip`1. If a ą ip`1, map ppa, 1q, pip, jpqq to the inversion ppa, 1q, pip`1, jp`1qq of type (I2).

Otherwise, if a ă ip`1, then map ppa, 1q, pip, jpqq to the inversion pa, pip`1, jp`1qq of type

(I3). If pa, pip, jpqq is an inversion of type (I3) with a ă ip, then map it to the inversion

pa, pip`1, jp`1qq of type (I3), which is an inversion since a ă ip ď ip`1. By the same reasoning

as the previous two cases, this map is an injection. Hence, we have cp ď cp`1 in all cases.

Lemma 3.3.7. Sending ϕ P ECIn,α,spγq to its diagonal inversion code gives a map

dinvcodeα : ECIn,α,spγq Ñ Cn,sortpαq,sprevpγqq. (3.3.10)

Proof. It suffices to show that if ϕ P ECIn,α,spγq, then pdn, dn´1, . . . , d1q P Cn,sortpαq,sprevpγqq.

The fact that pdn, . . . , d1q P Cn,sortpαq,s follows by the same reasoning as in the proof of

Lemma 3.3.6, so it suffices to prove that pdn, dn´1, . . . , d1q is revpγq-weakly decreasing. Let

pi1, j1q, pi2, j2q, . . . , pin, jnq be the cells of ϕ, listed so that ϕi1,j1 ď ¨ ¨ ¨ ď ϕin,jn and then

breaking ties in reading order. It suffices to prove that for 1 ď p ď n ´ 1 such that

ϕip,jp “ ϕip`1,jp`1 , then we have dp ď dp`1. Given p such that ϕip,jp “ ϕip`1,jp`1 , define

an injection from the set of diagonal inversions counted toward dp to the set of diagonal

inversions counted toward dp`1 as follows.

First, suppose that pip, jpq, pip`1, jp`1q P dg1pαq. Then dp “ cp and dp`1 “ cp`1, where

pcn, . . . , c1q “ invcodeαpϕq, since all diagonal inversions counting toward dp and dp`1 are

among entries in σpϕq, hence we have dp ď dp`1 by Lemma 3.3.6.
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Second, suppose pip, jpq P dg1pαq and pip`1, jp`1q P Bpϕq. Let ppa, bq, pip, jpqq be a diagonal

inversion of ϕ. Just as in the first case of the proof of Lemma 3.3.6, we have b ě jp ě jp`1 and

a ‰ ip`1. If a ă ip`1, map ppa, bq, pip, jpqq to the diagonal inversion ppa, jp`1q, pip`1, jp`1qq,

which is either a diagonal inversion of type (D1) or of type (D2), depending on whether

pa, jp`1q is in Dpϕq or not, respectively. If a ą ip`1, map ppa, bq, pip, jpqq to ppa, jp`1 `

1q, pip`1, jp`1qq, which is similarly either a diagonal inversion of type (D1) or (D2) depending

on whether pa, jp`1 ` 1q is in Dpϕq or not, respectively. The details of the fact that this is a

well-defined injection are similar to the second case of the proof of Lemma 3.3.6, hence we

omit them. We conclude that dp ď dp`1.

Finally, suppose that pip, jpq, pip`1, jp`1q P Dpϕq. The map on diagonal inversions

ppa, bq, pip, jpqq of type (D1) is the same as in the second case above, and we omit the

details. Let ppa, bq, pip, jpqq be a diagonal inversion of type (D2), so that pa, bq R Dpϕq.

Since pip`1, jp`1q P Dpϕq and b ě jp ě jp`1, we have a ‰ ip`1. Observe that since

pa, bq R Dpϕq, then pa, jp`1q R Dpϕq. If a ă ip`1, map ppa, bq, pip, jpqq to the diagonal in-

version ppa, jp`1q, pip`1, jp`1qq of type (D2). Otherwise, if a ą ip`1, then pa, jp`1` 1q R Dpϕq,

and we map ppa, bq, pip, jpqq to the diagonal inversion ppa, jp`1` 1q, pip`1, jp`1qq of type (D2).

Hence, we have dp ď dp`1 in all cases.

We define a map inverse to invcodeα via an insertion algorithm based on [70, 71]. Given

pcn, . . . , c1q P Cn,sortpαq,sprevpγqq, construct an element ιαpcn, . . . , c1q P ECIn,α,spγq by the

following procedure. At each step in the algorithm, label the columns of the partial labeling

of dg1pαq with 0, 1, 2, . . . , s ´ 1 inductively as follows. Suppose we have already used the

column labels 0, 1, . . . , j ´ 1. We say that a column 1 ď i ď s is unfilled if there is a cell of

dg1pαq in column i which is unfilled. If there is an unfilled column of dg1pαq which does not

have a label, scan through the diagram in reading order until an unfilled cell of the diagram

is reached whose column is unlabeled, and label that column with j. Otherwise, label the

leftmost unlabeled column with j.

At the 0th step in the algorithm, start with the unfilled diagram dg1pαq, and let a1a2 ¨ ¨ ¨ an
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be the unique word with content γ such that a1 ď a2 ď ¨ ¨ ¨ ď an. At the ith step for

1 ď i ď n, assume we have already inserted a1, . . . , ai´1 into the filling. Label the columns

of the partially filled diagram according to the procedure above. Let column j be the unique

column labeled ci. If column j is unfilled, label the highest unfilled cell in that column with

ai. Otherwise, add a basement cell to column j and label it with ai. Let ιαpcn, . . . , c1q be

the filling obtained after step n of the algorithm. Although ιαpcn, . . . , c1q also depends on γ,

we suppress γ from the notation for convenience.

See Figure 3.4 for an example of the insertion algorithm when n “ 9, α “ p3, 2, 0q, s “ 3,

pcn, . . . , c1q “ p0, 0, 2, 1, 1, 0, 0, 1, 0q, and γ “ p2, 2, 1, 2, 1, 1q. Observe that the final output is

a filling with inversion code pcn, . . . , c1q.

We also define a map inverse to dinvcodeα via an insertion algorithm. The insertion

algorithm is the same, except that at each step in the algorithm, we label the columns by a

different procedure.

Let pdn, . . . , d1q P Cn,sortpαq,sprevpγqq. At step 1 ď i ď n in the algorithm, suppose we

have a partial filling of dg1pαq. Label the columns of the diagram with 0, 1, 2, . . . , s ´ 1

inductively as follows. Suppose we have already used the labels 0, 1, . . . , j´ 1. Scan through

the coordinates pa, bq with 1 ď a ď s and b ď αa left to right across each row, starting with

the top row. When an unfilled coordinate pa, bq is reached in a column which is unlabeled,

label that column with j.

After all columns are labeled, let column j be the unique column labeled di. If column

j is unfilled, label the highest unfilled cell in column j with ai. Otherwise, add a basement

cell to column j and label it with ai. Let ιαd pdn, . . . , d1q be the filling obtained after step n

of the algorithm.

See Figure 3.5 for an example of the insertion algorithm for ιαd with n “ 9, α “ p3, 2, 0q,

s “ 3, pdn, . . . , d1q “ p0, 0, 2, 1, 1, 0, 0, 1, 0q, and γ “ p2, 2, 1, 2, 1, 1q. Observe that the final

output is a filling with diagonal inversion code pdn, . . . , d1q. Further observe that the two

insertion algorithms for ια and ιαd output different fillings for the same sequence.
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Figure 3.4: An example of the insertion algorithm for ιαpcn, . . . , c1q for n “ 9, α “ p3, 2, 0q,
s “ 3, pcn, . . . , c1q “ p0, 0, 2, 1, 1, 0, 0, 1, 0q, and γ “ p2, 2, 1, 2, 1, 1q.

Lemma 3.3.8. Sending pcn, . . . , c1q to ιαpcn, . . . , c1q gives a map

ια : Cn,sortpαq,sprevpγqq Ñ ECIn,α,spγq. (3.3.11)

Sending pdn, . . . , d1q to ιαd pdn, . . . , d1q gives a map

ιαd : Cn,sortpαq,sprevpγqq Ñ ECIn,α,spγq. (3.3.12)

Proof. Given pcn, . . . , c1q P Cn,sortpαq,sprevpγqq, it is immediate that the reading word of

ιαpcn, . . . , c1q has content γ and that the resulting filling is column-increasing, since a1 ď

¨ ¨ ¨ ď an are inserted in increasing order. Therefore, in order to prove that ιαpcn, . . . , c1q P

ECIn,α,spγq, it suffices to prove that all cells of dg1pαq are filled at the end of the algorithm.

We proceed by induction on n. In the base case n “ 1, if dg1pαq is empty then the conclu-

sion is immediate. Otherwise, dg1pαq consists of one cell, whose column is labeled 0 at the

beginning of the algorithm. The only pn, sortpαq, sq-staircase is p0q, hence the unique cell of
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dg1pαq is filled after step 1.

In the inductive step, let n ą 1 and assume that ια gives a map ια : Cm,sortpαq,sprevpγqq Ñ

ECIm,α,spγq for all m ă n and all α, s, and γ. Fix α, s, and γ, and let λ “ sortpαq. We

claim that ια gives a map ια : Cn,λ,sprevpγqq Ñ ECIn,α,spγq. Let pcn, . . . , c1q P Cn,λ,sprevpγqq,

and initialize the unfilled diagram dg1pαq.

At the first step of the algorithm, the label a1 “ 1 is inserted into the column labeled c1.

Suppose this column is the jth column from the left. If αj ą 0, then the remaining unfilled

cells of dg1pαq form the conjugate diagram of the composition αpc1q :“ pα1, . . . , αj´1, . . . , αsq.

By the way we have labeled the columns of dg1pαq, we have sortpαpc1qq “ λpc1q.

If γ1 ą 1, then by Lemma 3.3.5, we have pcn, . . . , c2q P Cpc1qn´1,λpc1q,s
pγm, . . . , γ2, γ1 ´ 1q. By

our inductive hypothesis, we have the map

ια
pc1q : Cn´1,λpc1q,spγm, . . . , γ2, γ1 ´ 1q Ñ ECIn´1,αpc1q,spγ1 ´ 1, γ2, . . . , γmq, (3.3.13)

so there are no unfilled cells of dg1pαpc1qq in ια
pc1q
pcn, . . . , c2q. Observe that by the construction

of the insertion algorithm, ια
pc1q
pcn, . . . , c2q is obtained from ιαpcn, . . . , c1q by deleting the cell

labeled a1. Hence, there are no unfilled cells of dg1pαq in ιαpcn, . . . , c1q, so ιαpcn, . . . , c1q P

ECIn,α,spγq. The case when αi ą 0 and γ1 “ 1, and the cases when αi “ 0 and γ1 “ 1 or

γ1 ą 1, follow by similar applications of the inductive hypothesis and Lemma 3.3.5. Hence,

ια gives a map to ECIn,α,spγq in all cases, and the induction is complete.

The fact that ιαd is well-defined follows from the fact that ια is well-defined. Indeed, it is

immediate from the construction of ιαd that the reading word of ιαd pcn, . . . , c1q has content γ

and that the columns are weakly increasing. Furthermore, since unfilled columns of dg1pαq

are labeled in the same way in both insertion algorithms, then the fillings ιαpcn, . . . , c1q and

ιαd pcn, . . . , c1q are the same when restricted to dg1pαq. Hence, ιαd pcn, . . . , c1q is also an element

of ECIn,α,spγq, so ιαd is a map to ECIn,α,spγq.

Lemma 3.3.9. The map invcodeα is a bijection with inverse ια, and the map dinvcodeα is

a bijection with inverse ιαd .
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Proof. First, we prove that invcodeαpιαpcn, . . . , c1qq “ pcn, . . . , c1q for all pcn, . . . , c1q P

Cn,sortpαq,sprevpγqq. At step i in the algorithm constructing ιαpcn, . . . , c1q, let pa, bq be the

coordinates at which the label ai is inserted.

First, suppose the column labeled ci is unfilled, so that b ě 1. Since pcn, . . . , c1q is revpγq-

weakly decreasing, then all other labels aj with j ą i and aj “ ai will be inserted in a

position which is after pa, bq in inversion reading order. Therefore, for every q ă a such that

column q has label less than ci then the cell pq, bq is unfilled at step i. Therefore, the cell

pq, bq is filled with a label strictly larger than ai by the end of the algorithm. Furthermore,

for every q ą a such that the column q has label less than ci, the cell pq, b ` 1q is unfilled

at step i, hence pq, b ` 1q must be filled with a label strictly larger than ai by the end of

the algorithm. Since there are ci many labels less than ci, then the number of inversions of

type (I1) of the form ppi, jq, pa, bqq in ιαpcn, . . . , c1q is ci. Hence, the pn ´ i ` 1qth entry of

invcodeαpιαpcn, . . . , c1qq is ci, as desired.

Second, suppose column a is filled, so that ai is inserted into a basement cell in column

a. By construction of the algorithm, for each column q ą a which is unfilled at step i,

the entry pq, 1q will be filled with a number strictly greater than ai. Furthermore, each

column q ă a has a label which is smaller than ci. Hence, the number of inversions in

ιαpcn, . . . , c1q of type (I2) of the form ppq, 1q, pa, bqq plus the number of type (I3) of the form

pq, pa, bqq is ci, so the pn ´ i ` 1qth entry of invcodeαpιαpcn, . . . , c1qq is ci. We conclude that

invcodeαpιαpcn, . . . , c1qq “ pcn, . . . , c1q, so invcodeα ˝ ια “ Id.

We claim that ια ˝ invcodeα “ Id. Let ϕ P ECIn,α,spγq with pcn, . . . , c1q “ invcodeαpϕq.

Suppose column a is the unique column labeled c1 at step 1 of the insertion algorithm for ια.

By the definition of c1, the first 1 in ϕ in inversion reading order is in the top-most cell of

column a. Therefore, the location of the first 1 in ϕ is the same as the location of the label

a1 in ιαpcn, . . . , c1q. Since ια
pc1q
pcn, . . . , c2q is obtained from ιαpcn, . . . , c1q by deleting the first

cell labeled 1 (and shifting labels in the case that γ1 “ 1), then a straightforward induction

on n shows that ιαpcn, . . . , c1q “ ϕ, so the claim follows.

We conclude that ια and invcodeα are mutually inverse, and hence they are bijections.
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Figure 3.5: An example of the insertion algorithm for ιαd pcn, . . . , c1q when n “ 9,
α “ p3, 2, 0q, s “ 3, and pdn, . . . , d1q “ p0, 0, 2, 1, 1, 0, 0, 1, 0q.

The fact that ιαd and dinvcodeα are bijections which are mutually inverse follows by a similar

argument using reading order in place of inversion reading order.

Proof of Theorem 3.3.4. We have the bijection

ιλ ˝ dinvcodeλ : ECIn,λ,spγq Ñ ECIn,λ,spγq, (3.3.14)

which maps ϕ P ECIn,λ,spγq to ϕ1 P ECIn,λ,spγq with dinvcodeλpϕq “ invcodeλpϕ1q. Therefore,

we have dinvpϕq “ invpϕ1q. Hence, we have

ÿ

ϕPECIn,λ,spγq

qinvpϕq
“

ÿ

ϕPECIn,λ,spγq

qdinvpϕq, (3.3.15)

for all γ “ pγ1, . . . , γmq a composition of n into positive parts. Let setpγq :“ tγ1, γ1 `

γ2, . . . , γ1`¨ ¨ ¨`γm´1u. Since both sides of (3.3.1) are quasisymmetric, we have the following
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expansions into monomial quasisymmetric functions,

ÿ

ϕPECIn,λ,s

qinvpϕqxϕ “
ÿ

γ

¨

˝

ÿ

ϕPECIn,λ,spγq

qinvpϕq

˛

‚Mn,setpγqpxq, (3.3.16)

ÿ

ϕPECIn,λ,s

qdinvpϕqxϕ “
ÿ

γ

¨

˝

ÿ

ϕPECIn,λ,spγq

qdinvpϕq

˛

‚Mn,setpγqpxq, (3.3.17)

where the sums are over compositions γ of n such that γi ą 0 for all i. By (3.3.15), the

right-hand sides of (3.3.16) and (3.3.17) are equal. This completes the proof.

Definition 3.3.10. Let Dn,λ,s be the multivariate generating function in Theorem 3.3.4,

Dn,λ,s :“
ÿ

ϕPECIn,λ,s

qinvpϕqxϕ “
ÿ

ϕPECIn,λ,s

qdinvpϕqxϕ. (3.3.18)

Corollary 3.3.11. We have

Dn,λ,s “
ÿ

ϕPSECIn,λ,s

qinvpϕqFn,iDesprwpϕqqpxq “
ÿ

ϕPSECIn,λ,s

qdinvpϕqFn,iDesprwpϕqqpxq, (3.3.19)

where for any permutation π P Sn, iDespπq :“ Despπ´1q.

Proof. Recall from (2.0.25) that

Fn,Dpxq “
ÿ

wPNn,
stdpwq“π

xw, (3.3.20)

where π P Sn is a fixed permutation such that iDespπq “ D. Since the statistic inv is

only dependent on λ, the positions of the labels in ϕ, and rwpϕq, then the result follows

immediately by Theorem 3.3.4 and Definition 3.3.10.

Theorem 3.3.12. The generating function Dn,λ,s is a symmetric function which expands as

a positive sum of LLT symmetric functions, each shifted by some power of q.
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Proof. The right-most side of (3.3.18) is the sum over all β P Comppn´ k, sq of

ÿ

ϕ

qdinvpϕqxϕ, (3.3.21)

where the sum ranges over column-increasing fillings ϕ P ECIn,λ,s which have βi many base-

ment cells in column i for 1 ď i ď s. Fix β, and let m be the number of diagonal inversions

of type (D2) in a filling ϕ P ECIn,λ,s which has βi many basement cells in column i for

1 ď i ď s. Observe that m is only dependent on β and s.

Recall the LLT polynomial Gνpx; qq defined in Subsection 2.0.5. For 1 ď i ď `pλq, let

νpiq be the single row of size βi ` λi, shifted so that the cells have contents

λi, λi ´ 1, . . . , 1, 0,´1, . . . ,´βi ` 1 (3.3.22)

from left to right. For `pλq ă i ď s, let νpiq be the single row of size βi, shifted so that the

cells have contents 0,´1, . . . ,´βi ` 1. Let ν “ pνp1q, . . . , νpsqq.

We claim that

ÿ

ϕ

qdinvpϕqxϕ “ qmGνpx; qq, (3.3.23)

where the sum is over column-increasing fillings ϕ P ECIn,λ,s which have βi many basement

cells in column i for 1 ď i ď s. Indeed, to each T “ pT p1q, . . . , T psqq P SSYTpνq associate the

column-increasing filling ϕ P ECIn,λ,s whose ith column is filled with the same multiset of

labels as T piq. It can then be checked that inversions in T correspond to diagonal inversions

of type (D1) in ϕ, which proves our claim. Since Dn,λ,s is a sum over shifted LLT polynomials

of the form (3.3.23), and each LLT polynomial is symmetric in x by Theorem 2.0.5, then

Dn,λ,s is symmetric in x.

In [72], Roberts gives expansions of certain families of LLT polynomials in terms of Schur

functions. It might be interesting to apply Roberts’s formula to our LLT expansions to find
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an explicit Schur expansion for Dn,λ,s.

3.3.3 Monomial and quasisymmetric function formulas for FrobqpRn,λ,sq

In this subsection, we prove an expansion of FrobqpRn,λ,sq into Gessel’s fundamental qua-

sisymmetric functions in terms of the coinversion statistic. Our main tool to prove this result

is the skewing operator ejpxq
K. We obtain both the monomial expansion of FrobqpRn,λ,sq

stated in the introduction as (3.0.29) and the formula for the Hilbert series of Rn,λ,s stated

as (3.0.25).

We first state the main theorem in this section, Theorem 3.3.13, and two corollaries The

remainder of this subsection is dedicated to proving Theorem 3.3.13.

Theorem 3.3.13. We have

FrobqpRn,λ,sq “ Dn,λ,s “
ÿ

ϕPECIn,λ,s

qinvpϕqxϕ “
ÿ

ϕPECIn,λ,s

qdinvpϕqxϕ, (3.3.24)

Corollary 3.3.14. We have

HilbqpRn,λ,sq “
ÿ

ϕPSECIn,λ,s

qinvpϕq
“

ÿ

ϕPSECIn,λ,s

qdinvpϕq. (3.3.25)

Proof. Apply (2.0.23) to V “ Rn,λ,s and the monomial expansions in (3.3.24).

Corollary 3.3.15. Consider Sk Ď Sn as the subgroup permuting the first k elements. If

s ą `pλq, then the top degree component of Rn,λ,s is isomorphic to

IndÒSnSk S
λ. (3.3.26)

Proof. Recall that the top nonzero component of Rn,λ,s is in degree npλq` ps´ 1qpn´ kq. In

the case when s ą `p|laq, then the only terms in (3.3.24) with invpϕq “ npλq` ps´ 1qpn´ kq

are those such that σpϕq is a column-increasing filling such that each row is strictly decreasing

from left to right and all of the basement cells of ϕ are in the sth column. It can be checked
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that the contribution of the σpϕq gives the Schur function sλpxq, and the contribution of the

labeling of the basement cells in the sth column gives the complete homogeneous symmetric

function hn´kpxq. Hence, we have

rqnpλq`ps´1qpn´kq
sFrobqpRn,λ,sq “ sλpxqhn´kpxq. (3.3.27)

The corollary follows from the fact that

Frob
`

IndÒSnSk S
λ
˘

“ sλpxqhn´kpxq. (3.3.28)

Lemma 3.3.16. Given α P Comppk, sq, we have

ÿ

ϕPECIn,α,s

qinvpϕqxϕ “ Dn,sortpαq,s. (3.3.29)

Proof. Let λ “ sortpαq for convenience. By Lemma 3.3.9, we have the bijection

ιλ ˝ invcodeα : ECIn,α,spγq Ñ ECIn,λ,spγq (3.3.30)

which maps ϕ P ECIn,α,spγq to ϕ1 P ECIn,λ,spγq with invcodeαpϕq “ invcodeλpϕ1q. Hence, we

have invpϕq “ invpϕ1q. Therefore,

ÿ

ϕPECIn,α,spγq

qinvpϕq
“

ÿ

ϕPECIn,λ,spγq

qinvpϕq. (3.3.31)

Since both sides of (3.3.29) are quasisymmetric, the proof follows by the same reasoning as

in the proof of Theorem 3.3.4.

Observe that Dn,λ,s and FrobqpRn,λ,sq are homogeneous in x of positive degree, so their

constant terms are both equal to 0. Further observe that FrobqpR1,λ,sq “ D1,λ,s for all λ
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and s. Recall that Dn,λ,s is a symmetric function by Theorem 3.3.12. Furthermore, by

Lemma 2.0.2 any symmetric function with zero constant term is uniquely determined by its

images under the eKj skewing operators. By Theorem 3.2.2 and induction on n, in order to

prove Theorem 3.3.13 it suffices to show that Dn,λ,s satisfies the same identity under the

skewing operators as FrobqpRn,λ,sq, namely that

eKj Dn,λ,s “
ÿ

IPIj`

qΣpIqDn´j,λpIq,s (3.3.32)

for all j ě 1.

Fix a composition β “ pβ1, . . . , βpq of n into positive parts. A β-shuffle is a shuffle of the

decreasing sequences

pβ1, . . . , 2, 1q, pβ1 ` β2, . . . , β1 ` 1q, . . . , pn, n´ 1, . . . , n´ βp ` 1q,

of lengths β1, β2, . . . , βp, respectively. Let SECIβn,λ,s be the set of ϕ P SECIn,λ,s such that

rwpϕq is a β-shuffle. For convenience of notation, let j :“ β1 so that β “ pj, β2, . . . , βpq.

Observe that if ϕ P SECIβn,λ,s, then the cells labeled with 1, 2, . . . , j are in distinct columns,

and hence each of the labels 1, 2, . . . , j is either in the top-most cell in its column or a

basement label.

Proof of Theorem 3.3.13. Following the strategy in [45, pp. 878], Dn,λ,s is the unique sym-

metric function such that for any composition β “ pj, β2, β3, . . . , βpq of n into positive parts,

xDn,λ,s, ejpxqeβ2pxqeβ3pxq ¨ ¨ ¨ eβppxqy “
ÿ

ϕPSECIβn,λ,s

qinvpϕq. (3.3.33)

By the definition of eKj , (3.3.33) is equivalent to

xeKj Dn,λ,s, eβ2pxq ¨ ¨ ¨ eβppxqy “
ÿ

ϕPSECIβn,λ,s

qinvpϕq. (3.3.34)



83

Since elementary symmetric functions form a basis of symmetric functions, then (3.3.32)

is equivalent to the identity

xeKj Dn,λ,s, eβ2pxnq ¨ ¨ ¨ eβppxnqy “
ÿ

IPIjs

qΣpIq
xDn´j,λpIq,s, eβ2pxnq ¨ ¨ ¨ eβppxnqy, (3.3.35)

which can be rewritten as the identity

ÿ

ϕPSECIβn,λ,s

qinvpϕq
“

ÿ

IPIjs

ÿ

ϕPSECIβ
1

n´j,λpIq,s

qΣpIq`invpϕq, (3.3.36)

where β1 :“ pβ2, . . . , βpq.

The identity (3.3.36) has a simple bijective proof, as follows. Let ϕ P SECIβn,λ,s, and

let i1 ` 1, . . . , ij ` 1 be the columns of ϕ containing j, j ´ 1, . . . , 1, respectively, and let

I “ pi1, . . . , ijq P Ijs . Let αI be the composition defined by

αIi “

$

’

&

’

%

λi ´ 1 if i` 1 P I

λi if i` 1 R I

. (3.3.37)

Let ϕ1 P SECIβ
1

n´j,αI ,s
be the extended column-increasing filling obtained from ϕ by removing

cells labeled 1, . . . , j and then standardizing the remaining labels to the set rn´js. The map

sending ϕ to pI, ϕ1q is a bijection between SECIβn,λ,s and tpI, ϕ1q : I P Ijs , ϕ1 P SECIβ
1

n´j,αI ,s
u.

Recall that 1, . . . , j appear in rwpϕq in decreasing order, so each label h ď j is in column

ij´h`1 ` 1. Each h ď j which is a label in σpϕq forms a diagonal inversion with each of the

other cells in its row to its left, hence it contributes ij´h`1 to invpϕq. For each label h ď j

which is the label of a basement cell pa, bq of ϕ, h does not form any inversions of type (I2).

Therefore, the contribution of h to invpϕq is the number of inversions of type (I3) of the form

pi, pa, bqq, which is ij´h`1. Hence, we have invpϕq “ ΣpIq ` invpϕ1q.
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Using the bijection above, we have

ÿ

ϕPSECIβn,λ,s

qinvpϕq
“

ÿ

IPIjs

ÿ

ϕPSECIβ
1

n´j,αI ,s

qΣpIq`invpϕq. (3.3.38)

For each I P Ijs , we have sortpαIq “ λpIq by the definitions of αI and λpIq. By Lemma 3.3.16,

ÿ

ϕPSECI
n´j,αI ,s

qinvpϕqxϕ “ Dn´j,λpIq,s. (3.3.39)

Taking the inner product of both sides of (3.3.39) with eβ2pxq ¨ ¨ ¨ eβppxq, we have

ÿ

ϕPSECIβ
1

n´j,αI ,s

qinvpϕq
“

ÿ

ϕPSECIβ
1

n´j,λpIq,s

qinvpϕq. (3.3.40)

Hence, (3.3.36) follows by combining (3.3.38) with (3.3.40), which completes the proof.

3.4 Applications to rank varieties

In this section, we apply our results on the rings Rn,λ,s to the geometry of rank varieties.

In particular, we show that the ring Rn,λ defined in the Introduction is the coordinate ring

of the scheme-theoretic intersection of a rank variety with diagonal matrices. We then

find a monomial basis for Rn,λ. Furthermore, we compute the Hilbert series and Frobenius

characteristic of Rn,λ in terms of the inversion statistic on extended column-increasing fillings.

We will show that each of these formulas for Rn,λ is a “limit” as sÑ 8 of the corresponding

formula for Rn,λ,s.

Let gln be the space of nˆ n matrices over Q. Let xi,j for 1 ď i, j ď n be the coordinate

functions corresponding to the entries of an n ˆ n matrix. Then the coordinate ring of gln

is Qrglns “ Qrxi,js.

For λ $ n, let Oλ Ď gln be the conjugacy class of nilpotent nˆ n matrices over Q whose

Jordan canonical form has block sizes recorded by λ. Let Oλ be the closure of Oλ in gln in
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the Zariski topology. The set of diagonal matrices t is the variety defined by the ideal

Iptq “ xxi,j : i ‰ jy. (3.4.1)

The scheme-theoretic intersection of the varieties Oλ and t is the affine scheme whose coor-

dinate ring is defined by the sum of the defining ideals of Oλ and t,

QrOλ X ts :“
Qrxi,js

IpOλq ` Iptq
. (3.4.2)

The symmetric group Sn of permutation matrices acts by conjugation on t, which descends

to an action of Sn on QrOλ X ts. Observe that the variables xi,i generate this coordinate

ring. Reindexing the generators xi,i of QrOλ X ts by xi, then Sn acts by permuting the xi

variables.

Motivated by work of Kostant [53] on the coinvariant algebra, Kraft [54] conjectured

that the coordinate ring (3.4.2) is isomorphic to the cohomology ring of a Springer fiber.

De Concini and Procesi [17] proved Kraft’s conjecture. Tanisaki [90] then simplified the

arguments of De Concini and Procesi and further proved that these rings have the explicit

presentation as the quotient ring Rλ “ Rn,λ,`pλq.

Let Flpnq be the complete flag variety of flags V‚ “ pV1 Ď V2 Ď ¨ ¨ ¨ Ď Vnq, where Vi is

an i-dimensional complex vector subspace of Cn for each i. Given a matrix X P Oλ, the

Springer fiber of X is

BX :“ tV‚ P Flpnq : XVi Ď Vi, 1 ď i ď nu. (3.4.3)

The Springer fiber gets its name from the fact that it is the fiber over X of the Springer

resolution of the nilpotent cone, see for example [13]. If X,X 1 P Oλ, then we have an

isomorphism of varieties BX – BX 1 . We denote by Bλ the Springer fiber of any X P Oλ.

In [81], Springer proved that there is an action of Sn on the cohomology ring H˚pBλ;Qq,

even though Sn does not act directly on the space Bλ. Furthermore, Springer proved that
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these graded representations have the remarkable property that the top nonvanishing coho-

mology group H2npλqpBλ;Qq is isomorphic to an irreducible representation of Sn, and that

all irreducible representations of Sn appear in this manner. It is well known that Bλ has

no nontrivial odd cohomology groups [51], so we consider H˚pBλ;Qq as a graded ring by

declaring that the ith graded piece is H2ipBλ;Qq. Therefore, H˚pBλ;Qq has the structure of

a graded Sn-module. Since Springer’s construction of this symmetric group module action,

much work has been done to understand the combinatorics and geometry of Springer fibers

and their generalizations, the Hessenberg varieties [26, 27, 79, 92, 93, 94].

Theorem 3.4.1 ([17, 90]). We have isomorphisms of graded rings and Sn-modules

Rλ – QrOλ1 X ts – H˚
pBλ;Qq, (3.4.4)

where Sn acts on H˚pBλ;Qq via Springer’s representation tensored with the sign representa-

tion.

In [23], Eisenbud and Saltman study varieties generalizing the varieties Oλ. These vari-

eties are the main focus of this section.

Definition 3.4.2. Let k ď n, and let λ $ k. The Eisenbud-Saltman rank variety is the

variety

On,λ :“ tX P gln : dim kerXd
ě λ11 ` ¨ ¨ ¨ ` λ

1
d, d “ 1, 2, . . . , nu (3.4.5)

“ tX P gln : rkpXd
q ď pn´ kq ` pnn´dpλq, d “ 1, 2, . . . , nu. (3.4.6)

The variety On,λ is the same as Xr defined in [23], where r is the rank function rpdq “

pn ´ kq ` pnn´dpλq. Eisenbud and Saltman proved that rank varieties are Gorenstein and

normal with rational singularities [23, Theorem 1]. When n “ k, we have On,λ “ Oλ. When

n ą k, then On,λ contains matrices which are not nilpotent. In particular, the variety On,λ
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contains all block diagonal matrices of the form

Xλ ‘ An´k “

»

–

Xλ 0

0 An´k

fi

fl (3.4.7)

where Xλ P Oλ Ď glk and An´k P gln´k, as well as any matrix which is conjugate to a matrix

in this form.

One can compute the defining ideal of On,λ as the radical of the ideal generated by the

(pn ´ kq ` pnn´dpλq ` 1)-minors of Xd for d ě 1. A more explicit description of the defining

ideal was conjectured by Eisenbud-Saltman [23] and proven by Weyman [96], which we state

next. For an integer m, let
Źm

ptI ´Xq be the exterior power of the matrix tI ´X, where

I is the identity matrix. Recall that the entries of the exterior power are the mˆm minors

of tI ´ X, each of which is a polynomial in t and the variables xi,j. Let fmd be the matrix

of coefficients of tm´d in
Źm

ptI ´Xq, and let Ipfmd q be the ideal generated by the entries of

fmd . Note that fmd is the same as λmd in [23], which is the same as Vn´m,d in [96].

Theorem 3.4.3 (Weyman [96]). The ideal IpOn,λ1q is the sum of the ideals Ipfmd q for d and

m which satisfy d ą m´ pnmpλq.

Recall the ideals In,λ and rings Rn,λ, defined by

In,λ :“ xedpSq : S Ď xn, d ą |S| ´ p
n
|S|pλqy (3.4.8)

Rn,λ :“ Qrxns{In,λ. (3.4.9)

We have the following corollary of Theorem 3.4.3

Corollary 3.4.4. We have an isomorphism of graded rings,

Rn,λ – QrOn,λ1 X ts, (3.4.10)

where the right-hand side is the coordinate ring of the scheme-theoretic intersection, and the
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isomorphism is given by mapping xi to xi,i.

Proof. By Theorem 3.4.3,

QrOn,λ1 X ts “
Qrxi,js

Ipfmd : d ą m´ pnmpλqq ` Iptq
. (3.4.11)

Recall that fmd is the matrix of coefficients of tm´d in
Źm

ptI ´Xq. Observe that any mˆm

minor of tI ´ X which is not a principal minor is contained in Iptq. Furthermore, given

A Ď rns of size m, the principal minor of tI ´ X with row and column set A is equivalent

modulo Iptq to

m
ÿ

d“0

p´1qd edptxi,i : i P Auq tm´d. (3.4.12)

Hence, we have

QrOn,λ1 X ts –
Qrxi,is

xedptxi,i : i P Auq : A Ď rns, d ą |A| ´ pn
|A|pλqy

. (3.4.13)

Identifying xi,i with xi completes the proof.

Recall that βjpλq “ p0, 1, . . . , λ1j ´ 1q for 1 ď j ď λ1. Define an pn, λq-staircase to

be a shuffle of β1pλq, β2pλq, . . . , βλ1pλq, and p8n´kq, which is the sequence consisting of 8

repeated n´k many times. Given α a weak composition of length n and β an pn, λq-staircase,

we say α is contained in β if αi ď βi for all i. Let Cn,λ be the set of weak compositions with

finite integer parts

Cn,λ :“ tα “ pα1, . . . , αnq : α Ď β for some pn, λq-staircase βu. (3.4.14)

For example if n “ 3 and λ “ p1, 1q, then C3,p1,1q is the set of compositions of the form

p0, 0, aq, p0, a, 0q, pa, 0, 0q, p0, 1, aq, p0, a, 1q, pa, 0, 1q, (3.4.15)
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ranging over all integers 0 ď a ă 8. Let

An,λ :“ txαn : α P Cn,λu. (3.4.16)

Theorem 3.4.5. The set An,λ represents a basis of Rn,λ – QrOn,λ1 X ts.

Proof. Observe that for d ě 0, the degree d components of Rn,λ,d`1 and Rn,λ coincide, since

the xd`1
i generators of In,λ,d`1 are in degree d` 1. By Theorem 3.1.17, the set

txαn : α P Cn,λ,d`1, α1 ` ¨ ¨ ¨ ` αn “ du (3.4.17)

represents a basis of the degree d component of Rn,λ,d`1, and hence also for the degree d

component of Rn,λ. Observe that the set (3.4.17) is equal to

txαn : α P Cn,λ, α1 ` ¨ ¨ ¨ ` αn “ du, (3.4.18)

which is the subset of An,λ consisting of degree d monomials. Hence, we have that An,λ
represents a basis for Rn,λ.

Let

ECIn,λ :“
ď

sě`pλq

ECIn,λ,s, (3.4.19)

SECIn,λ :“
ď

sě`pλq

SECIn,λ,s, (3.4.20)

where we identify ϕ P ECIn,λ,s with the extended column-increasing filling in ECIn,λ,s`1

obtained by appending an empty ps` 1qth column to ϕ. We similarly identify each element

of SECIn,λ,s with its counterpart in SECIn,λ,s`1. Observe that for each ϕ P ECIn,λ,s, the

statistic invpϕq does not depend on the parameter s. Hence, we may consider inv to be a

statistic on elements of ECIn,λ. Note that this is not true for the statistic dinv, which is why

our formulas below are only stated in terms of inv.
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Theorem 3.4.6. For any k ď n and λ $ k,

FrobqpRn,λq “ FrobqpQrOn,λ1 X tsq “
ÿ

ϕPECIn,λ

qinvpϕqxϕ. (3.4.21)

Proof. The first equality in (3.4.21) follows by Corollary 3.4.4, so it suffices to show the

left-most side and right-most side of (3.4.21) are equal. Recall that for d ě 0, the degree d

components of Rn,λ,d`1 and Rn,λ coincide. Combining this with Theorem 3.3.13, we have

rqdsFrobqpRn,λq “ rq
d
sFrobqpRn,λ,d`1q “

ÿ

ϕPECIn,λ,d`1,
invpϕq“d

xϕ. (3.4.22)

Observe that for s ą d ` 1, each element ϕ P ECIn,λ,s Ď ECIn,λ which is not identified

with an element of ECIn,λ,d`1 must have a basement cell in some column to the right of

column d` 1. Hence, each of these fillings ϕ has invpϕq ą d. Therefore,

ÿ

ϕPECIn,λ,d`1,
invpϕq“d

xϕ “
ÿ

ϕPECIn,λ,
invpϕq“d

xϕ “ rqds
ÿ

ϕPECIn,λ

qinvpϕqxϕ. (3.4.23)

Combining (3.4.22) and (3.4.23), the qd coefficients of the left-most side and the right-most

side of (3.4.21) are equal for all d ě 0, hence (3.4.21) follows.

We have the following two corollaries of Theorem 3.4.6. The first follows from Theo-

rem 3.4.6 by the same argument as in the proof of Corollary 3.3.11, and the second follows

by applying (2.0.23) to V “ Rn,λ.

Corollary 3.4.7. We have

FrobqpRn,λq “ FrobqpQrOn,λ1 X tsq “
ÿ

ϕPSECIn,λ

qinvpϕqFn,iDesprwpϕqqpxq. (3.4.24)
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Corollary 3.4.8. We have

HilbqpRn,λq “ HilbqpQrOn,λ1 X tsq “
ÿ

ϕPSECIn,λ

qinvpϕq. (3.4.25)
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Chapter 4

LABELED BINARY TREES AND HYPERPLANE
ARRANGEMENTS

The study of permutation statistics is a classical theme in algebraic combinatorics with

its genesis in work by MacMahon [58]. An important statistic introduced by MacMahon

is the descent statistic on permutations. The generating function for the distribution of

this statistic gives rise to the well-known Eulerian polynomials, which show up in many

areas in mathematics. The reader is referred to [66] for a detailed survey. Since the work

of MacMahon, the descent statistic on permutations has been studied in depth, and yet it

continues to inspire new research [75, 74].

In this chapter, which is based on joint work with Gessel and Tewari [35, 36], we study a

multivariate generating function G first defined by Gessel encoding ascent-descent statistics

on labeled plane binary trees. We prove that this generating function is a Schur-positive

symmetric function and find an expansion for G in terms of ribbon Schur functions. We

then use our results to study symmetric group actions on hyperplane arrangements.

For brevity’s sake, by a tree, we will always mean a plane binary tree. Whether the tree

is labeled or not will be clear from context. We remark that the notion of a descent has been

studied with regards to other combinatorial objects before, such as in the case of standard

Young tableaux (SYTs). However, viewing SYTs as P -partitions reveals that their descents

are in fact descents of permutations in disguise. In contrast, the ascent-descent statistics

that we study here are indeed different, as they depend on the embedding of the labeled

trees in the plane and take into account the orientation of the edges.

More specifically, the ascent and descent statistics on labeled trees each come in two

flavors depending on whether one compares the label of the parent node to the label of its
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right child or its left child. Note that in our trees, we are allowing nodes to have just a left

child or just a right child, see Subsection 4.1.1. We always draw our trees embedded in the

plane with the root on top. Given a positive integer n, let T `n (respectively Tn) denote the set

of labeled (respectively unlabeled) plane binary trees on n nodes. The labels on the nodes

are drawn from the set of positive integers Zą0, allowing repeats. A standard labeling of a

tree T P Tn is a labeling of its nodes with distinct labels drawn from rns – t1, . . . , nu, and

we call a tree with a standard labeling a standard labeled tree. For a labeled node v in T ,

denote by v` the label of v. If v is the left child of w, we say the edge between them is a left

ascent if v` ď w`. Otherwise, we say the edge is a left descent. Similarly, if a node v has a

right child w, we say the edge between them is a right ascent if v` ď w`. Otherwise, we say

the edge is a right descent. One can think of these four statistics by listing the labels of the

edge from left to right and then considering whether this pair is an ascent or descent. For

any labeled tree T P T `n , let lascpT q, ldespT q, rascpT q and rdespT q denote the number of left

ascents, left descents, right ascents, and right descents in T , respectively. See Figure 4.3 for

two examples of labeled trees with 3 left ascents, 1 left descent, 3 right ascents, and 1 right

descent.

We recover the case of ascents and descents of permutations by considering labeled trees

in which no node has a left child, or alternatively, by considering labeled trees in which no

node has a right child. Thus, the study of these statistics on labeled binary trees is a natural

generalization of the study of ascents and descents on permutations.

Gessel, in the 1990s, initiated the study of these statistics and considered the following

generating function tracking their distribution over the set of standard labeled trees.

B :“ Bpx; λ̄, λ, ρ̄, ρq “
ÿ

ně1

ÿ

TPT `n
T standard

λ̄lascpT qλldespT qρ̄rascpT qρrdespT qx
n

n!
. (4.0.1)
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In unpublished work, Gessel showed that B satisfies the functional equation

p1` λ̄Bqp1` ρ̄Bq

p1` λBqp1` ρBq
“ erpλ̄ρ̄´λρqB`λ̄`ρ̄´λ´ρsx. (4.0.2)

Subsequently, different proofs of Equation (4.0.2) were given by Kalikow [52] and Drake

[20]. From the definition of B, we observe that Bpx; λ̄, λ, ρ̄, ρq “ Bpx; ρ, ρ̄, λ, λ̄q and

Bpx; λ̄, λ, ρ̄, ρq “ Bpx;λ, λ̄, ρ, ρ̄q. The former is explained by reflecting a standard labeled

tree across a vertical line passing through its root, while the latter follows from changing the

label of a node from i to n´ i` 1 in a standard labeled tree in T `n . Equation (4.0.2) brings

to light another pair of symmetries, that

Bpx; λ̄, λ, ρ̄, ρq “ Bpx; ρ̄, λ, λ̄, ρq “ Bpx; λ̄, ρ, ρ̄, λq. (4.0.3)

These equalities are not obvious from the definition and a simple bijective proof for them

remains elusive, although a complicated bijection can be derived from the work of Kalikow

[52].

One impetus to return to the study of B has been fueled by connections with enumera-

tive aspects of the theory of hyperplane arrangements. Let Bn – Bnpλ̄, λ, ρ̄, ρq denote the

coefficient of xn{n! in B for n ě 1. Gessel observed that certain evaluations of Bn coincide

with the number of regions in various well-known deformations of Coxeter arrangements [33].

This viewpoint has been pursued in [15, 24, 91], and a complete explanation has been offered

by Bernardi [8]. Given a subset A of t´1, 0, 1u, we can consider the arrangement in Rn

consisting of all hyperplanes xi´xj “ a where i ă j and a P A. For A “ t0u, A “ t´1, 0, 1u,

A “ t´1, 1u, A “ t0, 1u and A “ t1u, the corresponding hyperplane arrangements in Rn

are the braid arrangement Bn, the Catalan arrangement Cn, the semiorder arrangement In,

the Shi arrangement Sn, and the Linial arrangement Ln respectively. These arrangements

are very well studied [7, 49, 68, 76, 77, 85] and are instances of deformations of Coxeter

arrangements called truncated affine arrangements [68]. Various aspects of truncated affine
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arrangements have been studied in great detail in [5, 4, 3, 68] and we refer the reader to them

for further information. Remarkably, we have the following equalities in which the left-hand

side is an evaluation of Bn and the right-hand side is the number of regions in a Coxeter

arrangement deformation,

Bnp1, 1, 1, 1q “ number of regions in Cn “
n!

n` 1

ˆ

2n

n

˙

, (4.0.4)

Bnp1, 0, 1, 1q “ number of regions in Sn “ pn` 1qn´1, (4.0.5)

Bnp1, 1, 0, 0q “ number of regions in Bn “ n!, (4.0.6)

Bnp1, 0, 1, 0q “ number of regions in Ln “
1

2n

n
ÿ

k“0

ˆ

n

k

˙

pk ` 1qn´1, (4.0.7)

Bnp1, ζ
´1
6 , 1, ζ6q “ number of regions in In. (4.0.8)

In (4.0.8), ζ6 denotes a primitive sixth root of unity. Section 4.4 of this chapter is devoted

to a representation-theoretic understanding of these equalities.

Our primary object of study is a multivariate generalization of B introduced by Gessel.

Let x “ tx1, x2, . . .u be a set of commuting indeterminates. With every T P T `n , we associate

a monomial xT as follows. For a node v P T labeled i, let xv be xi. Then

xT –
ź

vPT

xv. (4.0.9)

Now consider the formal power series in x with coefficients in Qrλ̄, λ, ρ̄, ρs,

G– Gpx; λ̄, λ, ρ̄, ρq “
ÿ

ně1

ÿ

TPT `n

λ̄lascpT qλldespT qρ̄rascpT qρrdespT q xT . (4.0.10)

It transpires that G is a symmetric function in x with coefficients in Qrλ̄, λ, ρ̄, ρs. This

non-obvious fact follows from the following functional equation satisfied by G.

Theorem 4.0.1. Let Hpzq “
ř

ně0 hnz
n where hn denotes the nth complete homogeneous
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symmetric function. We have

p1` λ̄Gqp1` ρ̄Gq

p1` λGqp1` ρGq
“ Hppλ̄ρ̄´ λρqG` λ̄` ρ̄´ λ´ ρq. (4.0.11)

Observe that the functional equation for B in (4.0.2) can be obtained from (4.0.11) by

applying the homomorphism sending hn to xn{n!. This homomorphism has the crucial feature

of sending the coefficient of x1x2 ¨ ¨ ¨ xn in any symmetric function to the coefficient of xn{n!

in its image.

Given that G is a symmetric function, it is natural to ask for its expansion in the basis

of Schur functions. This brings us to our first new result, which was originally conjectured

by Gessel [31] in 1995.

Theorem 4.0.2. G is Schur positive.

Here we mean that G may be expressed as a sum of Schur functions sλ with coefficients in

the semiring Nrλ̄, λ, ρ̄, ρs. Theorem 4.0.2 follows from another recursive functional equation

satisfied by G, which is also one of our main results. We have the following expansion of G

in terms of ribbon Schur functions rα, defined in Chapter 2

Theorem 4.0.3. We have

G “
ÿ

ně1

ÿ

α(n

pλ̄ρ̄ G` λ̄` ρ̄qn´`pαqpλρG` λ` ρq`pαq´1 rα, (4.0.12)

where recall that rα denotes the ribbon Schur function indexed by the strong composition α

and `pαq denotes the length of α. All

In fact, Theorem 4.0.3 implies the much stronger fact that G may be expressed as a sum

of ribbon Schur functions with coefficients in the semiring Nrλ̄ρ̄, λρ, λ̄` ρ̄, λ` ρs. For n ě 1,

let Gn :“ Gnpx; λ̄, λ, ρ̄, ρq denote the sum of the terms in G of total degree n in x. We use a

certain class of decorated noncrossing partitions called marked interlacing partitions to give

an expansion of Gn in terms of ribbon Schur functions, stated next. Here, wtpπq is a product
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of expressions of the form λ̄ρ̄, λρ, λ̄ ` ρ̄, and λ ` ρ depending on the marked interlacing

partition π. See Section 4.3 for the relevant definitions and notation, and see Section 5.2 for

the proof of Theorem 4.0.4.

Theorem 4.0.4. The formal power series Gn has the following expansion in terms of ribbon

Schur functions.

Gn “
ÿ

πPmNCpnq
π“B1{...{Bk

wtpπqrcpB1qrcpB2q . . . rcpBkq. (4.0.13)

A fact worth noting is that after expanding out the products of ribbon Schur functions on

the right hand side of (4.0.13), the coefficient of rα for every α ( n evaluates to the Catalan

number Catn :“ 1
n`1

`

2n
n

˘

upon setting λ̄ “ λ “ ρ̄ “ ρ “ 1. Additionally, the coefficients of

both rp1,...,1q and rpnq upon setting λ̄ “ λ “ t, and ρ̄ “ ρ “ q respectively are the homogenized

Narayana polynomials

Narnpq, tq :“
n´1
ÿ

k“0

1

n

ˆ

n

k

˙ˆ

n

k ` 1

˙

qktn´1´k.

We provide two proofs of Theorem 4.0.3, each with its own merits. In Section 4.2, we give

an algebraic proof that follows from Theorem 4.0.1 combined with a result of MacMahon [58,

Vol. 1, p. 186]. We postpone our second proof until Chapter 5 on tree enumeration bijections.

We use our weight-preserving bijection to prove Theorem 4.0.4 in Section 5.2. The weight-

preserving bijection will then allow us to establish a further refinement of Theorem 4.0.2,

which was conjectured by Gessel [31].

Theorem 4.0.5. Fix a positive integer n. Let ν be a word of length n ´ 1 in the alphabet

tU,Du, and let T `n,ν denote the set of labeled trees on n nodes with canopy ν. We have that

the generating function

Gn,ν – Gn,νpx; λ̄, λ, ρ̄, ρq “
ÿ

TPT `n,v

λ̄lascpT qλldespT qρ̄rascpT qρrdespT q xT (4.0.14)

is Schur positive.



98

Details on the terminology used in Theorem 4.0.5 can be found in Section 4.1.

In fact, using our weight-preserving bijection, we obtain an expansion of Gn,ν in terms

of ribbon Schur functions using a class of decorated noncrossing partitions called augmented

interlacing partitions. See Section 4.3 for the relevant definitions and notation, and see

Section 5.2 for the proof of Theorem 4.0.6.

Theorem 4.0.6. For n ě 1 and ν P tU,Dun´1, we have

Gn,ν “
ÿ

π˚PmNC˚pn,νq
π˚“B1{...{Bk

wtpπ˚qrcpB1qrcpB2q . . . rcpBkq. (4.0.15)

In Section 4.4, we connect specializations of G to deformations of Coxeter arrangements,

focusing in particular on semiorder and Linial arrangements. Our main results in this setting

are the following.

Theorem 4.0.7. The Frobenius characteristic of the natural Sn-action on the set of regions

of the semiorder arrangement In is Gnpx; 1, ζ´1
6 , 1, ζ6q.

Theorem 4.0.8. There exists an Sn-action on the set of regions of the Linial arrangement

Ln whose graded Frobenius characteristic is given by Gnpx; λ̄, 0, ρ̄, 0q.

The proof of Theorem 4.0.7 utilizes a cycle indicator computation relying on a result of

Postnikov-Stanley [68], whereas the proof of Theorem 4.0.8 utilizes crucially a recent bijection

of Bernardi [8] relating regions of Ln to a certain class of labeled trees that we call Bernardi

trees.

It is worth mentioning that the set of regions of the braid arrangement Bn and that of

the Catalan arrangement Cn also carry a natural Sn-action stemming from the fact that the

set of hyperplanes defining both these arrangements is itself Sn-stable. In the case of Bn, the

Sn-action gives rise to the regular representation of Sn, whereas in the case of Cn we obtain

a direct sum of Catn many copies of the regular representation. It can be seen that the

Frobenius characteristics of the Sn-actions on the regions of Bn and Cn are Gnpx; 1, 1, 0, 0q

and Gnpx; 1, 1, 1, 1q, respectively.
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More interesting and equally well known is the fact that the regions of the Shi arrangement

Sn carry a Sn-action as well. This can be realized, for instance, by identifying the regions

of Sn with parking functions via the Pak-Stanley labeling [86]. The Frobenius characteristic

of the resulting Sn-action on the regions of the Shi arrangement equals PFn, the Frobenius

characteristic of the character of the well-known parking function representation [46]. It is

straightforward to see that the functional equation in Theorem 4.0.1 reduces to the functional

equation satisfied by PFn when we set λ̄ “ λ “ ρ̄ “ 1 and ρ “ 0. Thus, we obtain the

following theorem.

Theorem 4.0.9. The Frobenius characteristic of the Sn-action on the set of regions of

the Shi arrangement Sn coming from their identification with parking functions is given by

Gnpx; 1, 1, 1, 0q.

In Section 4.1, we introduce the main combinatorial objects considered in this chapter

and develop notation. Section 4.2 provides a generating function proof of Theorem 4.0.1. We

then prove Theorem 4.0.3 using a generating function identity of MacMahon. Theorem 4.0.2

will then follow as a corollary. In Section 4.3, we define all definitions and notation used in

Theorem 4.0.4 and Theorem 4.0.6.

In Section 4.4, we discuss applications of our results to studying actions of the symmetric

group on Coxeter deformations focusing in particular on semiorder and Linial arrangements.

In Section 4.5, we prove γ-nonnegativity for the distribution of right edges over local binary

search trees. I

4.1 Binary trees

In this section, we introduce the main combinatorial objects of this chapter, unlabeled and

labeled binary trees. For further details on binary trees, we refer the reader to [89].



100

4.1.1 Unlabeled trees and associated notions

A plane binary tree is a rooted tree in which every node has at most two children, of which

at most one is called a left child and at most one is called a right child. We denote the set

of all plane binary trees by T and the set of plane binary trees on n nodes for n ě 1 by

Tn. Recall that we use the term tree to mean a plane binary tree. Elements of T will be

considered unlabeled trees. We denote the set of nodes of T by NodespT q, the set of edges

of T by EdgespT q, and the root of T by rootpT q. We abuse notation on occasion and write

v P T when we mean v P NodespT q. The nodes of a tree can be categorized as terminal

nodes, which are nodes with no children, and internal nodes, which are nodes with at least

one child.

Given a binary tree T P Tn, let T be the binary tree obtained by appending two children

to every terminal node and one child to every node which is the parent of a single child. We

call these appended nodes leaves, and we call T the completion of T . In total, the completion

T has n` 1 leaves.

Given a binary tree T P T , we can define a partial order ďT on NodespT q by drawing the

tree with its root on top and leaves below and declaring this to be the Hasse diagram of the

partial order. Precisely, we define a relation such that for v, w P NodespT q with v a child of

w, we have v ăT w. Then ďT is defined as the transitive closure of this relation. If v ăT w,

then we say that v is a descendant of w and that w is an ancestor of v.

Additionally, we work with two different types of total orderings on the nodes of a binary

tree T derived from a traversal of its nodes. The preorder traversal is defined recursively,

where we first visit the root, then traverse the right subtree of T in preorder, and finally

the left subtree of T in preorder. It should be noted that this is slightly different from the

usual convention for preorder traversal, where one traverses the left subtree before the right

subtree. The inorder traversal is also defined recursively, where we first traverse the left

subtree of T in inorder, then visit the root of T , and finally traverse the right subtree of T

in inorder. If we order the nodes of a given tree T according to when they are visited in
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the preorder (respectively inorder) traversal, we obtain a total order on NodespT q which we

call preorder (respectively inorder) and denote by ďp (respectively ďi). Figure 4.1 gives an

example each of preorder and inorder, respectively.

v1

v2

v3v4

v5

v7

v6

v9

v8

v1

v2

v5

v8

v9v6

v7

v4

v3

Figure 4.1: The nodes are labeled according to preorder on the left and according to
inorder on the right.

The preorder ďp on T P Tn allows us to associate a composition of size n with it, which

we call the composition type of T and denote by cpT q. To compute cpT q, let v1 ăp ¨ ¨ ¨ ăp vn

be the nodes of T in preorder. Assume further that vi1 ăp ¨ ¨ ¨ ăp vik are all the terminal

nodes in T . Note that 1 ď i1 ă ¨ ¨ ¨ ă ik “ n. We now define cpT q – compti1, . . . , ik´1u “

pi1, i2 ´ i1, i3 ´ i2, . . . , ik ´ ik´1q. Clearly cpT q ( n. The reader can verify that for the tree

T in Figure 4.1, we have cpT q “ p3, 2, 3, 1q.

We work under the convention that the edge vw refers to the edge joining v and w in the

tree, where v comes before w in inorder. If v is the left child of w, we say that vw is the left

edge of w. If w is the right child of v, we say that vw is the right edge of v.

Next, we give a definition of the canopy of a binary tree as a word on tU,Du. To translate

between the canopy defined in [69] and the one defined here, simply flip the tree vertically

and replace U Ø ā and D Ø b in the word vpT q defined in their paper. See [69, Proposition

2.2] for other equivalent definitions of canopy.

Definition 4.1.1. Given a binary tree T P Tn, label each node v except for the last node of

T in inorder with either a D if v has a right child or a U if v does not have a right child.

Traverse the tree in inorder and read off the labels. The resulting word of length n ´ 1 on
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tU,Du is the canopy of T , denoted by canpT q.

Figure 4.2 shows a tree T with its nodes labeled U and D according to Definition 4.1.1.

Reading off the labels in inorder yields canpT q “ UDUUDDUD.

U

D

U

U

U

D

D

D

Figure 4.2: A tree T with canopy canpT q “ UDUUDDUD.

4.1.2 Labeled trees

A labeled plane binary tree (or simply a labeled tree) is a tree whose nodes have labels drawn

from the set of positive integers Zą0. We denote the set of labeled trees by T ` and the set of

labeled trees on n nodes for n ě 1 by T `n . Given T P T `n , we denote by shpT q the unlabeled

tree obtained by removing the labels on the nodes of T . Given a node u in T , we refer to the

label on u as u`. We associate two reading words with T : the preorder reading word denoted

by prepT q, and the inorder reading word denoted by inpT q. If v1, . . . , vn are the nodes of T

in preorder, then prepT q :“ v`1 ¨ ¨ ¨ v
`
n. On the other hand, if v1, . . . , vn are the nodes of T in

inorder, then inpT q :“ v`1 ¨ ¨ ¨ v
`
n.

Let us recall from the Introduction that for a labeled tree, we have a refined classification

for its edges given by left and right ascents and descents. First, suppose that v is the left

child of w. If v` ď w`, then vw is a left ascent. Otherwise it is a left descent. Second, suppose

that v has a right child w. If v` ď w`, then vw is a right ascent. Otherwise it is a right

descent. Using this classification, we associate a weight wtpT q to a labeled tree T as follows,

wtpT q :“ λ̄lascpT qλldespT qρ̄rascpT qρrdespT q. (4.1.1)
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Recall that lascpT q (respectively, ldespT q, rascpT q, and rdespT q) is the number of left ascents

(respectively, left descents, right ascents and right descents) in T . For the labeled tree T in

Figure 4.3, each edge is labeled with λ̄, λ, ρ̄, or ρ, corresponding to the edge’s orientation

and whether the labels on the edge form an ascent or descent. It may help the reader to

remember that λ corresponds to left edges, ρ corresponds to right edges, unbarred parameters

correspond to strict inequalities, and barred parameters correspond to weak inequalities.

7

3

34

2

1

1

4

2

λ

λ

λ

λ

ρ

ρρ

ρ

9

5

67

3

1

2

8

4

λ

λ

λ

λ

ρ

ρρ

ρ

Figure 4.3: On the left, a tree with weight wtpT q “ λ̄3λ1ρ̄3ρ1. On the right, the inorder
standardization sortpT q.

Letting v1, v2, . . . , vn be the nodes of T listed in inorder, we can obtain a standard labeled

tree by relabeling node vi with the ith letter of the permutation sortpinpT qq. We call the

resulting standard labeled tree the inorder standardization of T , denoted by sortpT q. Given

an edge vivj in T , it forms a (left or right) descent if and only if pi, jq P InvpinpT qq. Since

standardization preserves the inversion set of a word, we have wtpT q “ wtpsortpT qq.

4.2 Two functional equations for G

We begin by proving Theorem 4.0.1 which establishes a functional equation for G. We then

use this identity to give our first proof of Theorem 4.0.3.

A labeled tree is increasing if it has no left ascents or right descents. The term increasing

is motivated by the fact that if T is an increasing tree, then the labels increase —weakly

toward the right and strictly toward the left— along the path from the root of T to any
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terminal node. The next lemma shows that these trees are in bijection with words on

positive integers.

Lemma 4.2.1. Fix n and 1 ď j ď n. Then the map ϕnpT q “ inpT q from the set of

increasing binary trees T on n nodes to Zną0 is a bijection. Furthermore, ϕn restricts to a

bijection between the subset of trees whose completion has j right leaves and the subset of

words with j ´ 1 descents.

Proof. First, let T be an increasing binary tree on n nodes whose completion has j right

leaves, and let w “ inpT q. It can be checked that the ith node of T in inorder has no

right child if and only if i P Despwq or i “ n. Recalling the definition of the completion T

from Subsection 4.1.1, a node of T has a right leaf in T if and only if it has no right child.

Therefore, we see that j “ #Despwq ` 1, so w has j ´ 1 descents.

Next, we recursively define a map ψn from Zną0 to the set of increasing binary trees on n

nodes which maps a word with j ´ 1 descents to a tree whose completion has j right leaves.

Let ψ1 be the map which sends a word w1 with length one to the tree on one node labeled

with w1. Clearly, ψ1 is the inverse of φ1. For n ą 0, suppose we have constructed ψi for i ă n

such that φi˝ψipwq “ inpψipwqq “ w. Fixing w P Zną0 with j´1 descents, let us define ψnpwq

as follows. Let i be the smallest index of the smallest letter in w. Let T1 “ ψi´1pw1 . . . wi´1q,

and let T2 “ ψn´ipwi`1 . . . wnq. Then define ψnpwq “ T to be the tree whose root is labeled

wi and whose left and right subtrees are T1 and T2, respectively.

Finally, we show that ψn is the inverse of φn. By our inductive assumptions on the maps

ψi´1 and ψn´i, we have that inpT1q “ w1 . . . wi´1 and inpT2q “ wi`1 . . . wn. Therefore, we

have φn ˝ ψnpwq “ inpT q “ inpT1qwiinpT2q “ w by the recursive definition of the inorder

traversal. Furthermore, it follows from our choice of i that T is increasing, hence ψn is the

right inverse of φn. We leave it to the reader to check that ψn is also the left inverse of φn,

hence it is the inverse of φn. This completes our recursive construction of ψn, and hence φn

is a bijection with inverse ψn.
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Proof of Theorem 4.0.1. Recall that Theorem 4.0.1 claims that

p1` λ̄Gqp1` ρ̄Gq

p1` λGqp1` ρGq
“ H

`

pλ̄ρ̄´ λρqG` λ̄` ρ̄´ λ´ ρ
˘

. (4.2.1)

Let llpT q and rlpT q denote the number of left leaves and right leaves in the completion T ,

respectively. Let

Dpx; λ̄, λ, λ˝, ρ̄, ρ, ρ˝q “
ÿ

ně1

ÿ

TPT `n

λ̄lascpT qλldespT qλllpT q
˝ ρ̄rascpT qρrdespT qρrlpT q

˝ xT . (4.2.2)

In T , since every node has a left child that is either a node or a leaf, we have

n “ lascpT q ` ldespT q ` llpT q (4.2.3)

and similarly,

n “ rascpT q ` rdespT q ` rlpT q. (4.2.4)

Thus,

Dpx; λ̄, λ, λ˝, ρ̄, ρ, ρ˝q “ Gpλ˝ρ˝x; λ̄{λ˝, λ{λ˝, ρ̄{ρ˝, ρ{ρ˝q, (4.2.5)

where λ˝ρ˝x means that each variable xi is replaced with λ˝ρ˝xi.

Let T be a labeled tree. If pq is a left ascent of T , such that p is the left child of q, we

call p a left ascent-child. If pq is a right descent of T , such that q is the right child of p,

we call q a right descent-child. We obtain a marked tree from T by “marking” some of the

nodes of T . We require that every left ascent-child and right descent-child must be marked,

the root must not be marked, and other nodes may be either marked or unmarked. See

Figure 4.4 for an example of a marked tree. Let lmpMq be the number of marked left

children in M , and let rmpMq be the number of marked right children in M .

Let

Cpx;λ˝, λm, ρ˝, ρmq “
ÿ

M

λllpMq
˝ λlmpMq

m ρrlpMq
˝ ρrmpMq

m xM (4.2.6)
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Figure 4.4: An example of a marked tree on 9 nodes with nodes v1, v2, v3, v6, and v8 in
inorder marked.

where the sum is over all marked labeled trees M and where xM , llpMq and rlpMq are equal

to xT , llpT q, and rlpT q for T the underlying tree of M , respectively. Then by the definition

of marked trees we have

Cpx;λ˝, λm, ρ˝, ρmq “ Dpx;λm, 1` λm, λ˝, 1` ρm, ρm, ρ˝q, (4.2.7)

and it follows from (4.2.5) that

Cpx;λ˝, λm, ρ˝, ρmq “ G

ˆ

λ˝ρ˝x;
λm
λ˝
,
1` λm
λ˝

,
1` ρm
ρ˝

,
ρm
ρ˝
,

˙

. (4.2.8)

Substituting xi ÞÑ xi{pλ˝ρ˝q, λ˝ ÞÑ 1{pλ ´ λ̄q, λm ÞÑ λ̄{pλ ´ λ̄q, ρ˝ ÞÑ 1{pρ̄ ´ ρq and ρm ÞÑ

ρ{pρ̄´ ρq into (4.2.8), we find that

Gpx; λ̄, λ, ρ̄, ρq “ C

ˆ

pλ´ λ̄qpρ̄´ ρqx;
1

λ´ λ̄
,

λ̄

λ´ λ̄
,

1

ρ̄´ ρ
,

ρ

ρ̄´ ρ

˙

. (4.2.9)

We shall find a functional equation for C “ Cpx;λ˝, λm, ρ˝, ρmq which through (4.2.9) will

yield (4.2.1).

Next we count increasing labeled trees by left and right leaves. Let

Kpx;λ˝, ρ˝q “
ÿ

T

λllpT q
˝ ρrlpT q

˝ xT , (4.2.10)
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where the sum is over all increasing trees T . Recall the 2-parameter weighted power series

analogue of the Eulerian polynomial Apx; s, tq defined in (2.0.14) and the identity 2.0.16,

reproduced here for the reader’s convenience,

Apx; s, tq “

ř

ně1ps´ tq
n´1hn

1´ t
ř

ně1ps´ tq
n´1hn

“
Hps´ tq ´ 1

s´ tHps´ tq
. (4.2.11)

Therefore, we have

Kpx;λ˝, ρ˝q “ λ˝ρ˝Apx;λ˝, ρ˝q “ λ˝ρ˝
Hpλ˝ ´ ρ˝q ´ 1

λ˝ ´ ρ˝Hpλ˝ ´ ρ˝q
, (4.2.12)

where the first equality follows from Lemma 4.2.1, and the second equality follows from

(2.0.16).

We claim that C satisfies the functional equation

C “ Kpx;λ˝ ` λmC, ρ˝ ` ρmCq. (4.2.13)

To see this, given a marked labeled tree M on rns, let P be the set of unmarked nodes p of

M with the property that no ancestor of p is marked. It is clear that the induced subtree of

M on P is an increasing tree I. Then M can be recovered from I by attaching marked trees

to the leaves of I and marking the roots of the attached trees. Equation (4.2.13) follows

from this decomposition.

Using (4.2.12), we may expand (4.2.13) as

C “ pλ˝ ` λmCqpρ˝ ` ρmCq
Hpλ˝ ` λmC ´ ρ˝ ´ ρmCq ´ 1

pλ˝ ` λmCq ´ pρ˝ ` ρmCqHpλ˝ ` λmC ´ ρ˝ ´ ρmCq
. (4.2.14)

Solving for H in (4.2.14) gives

pρ˝ ` pρm ` 1qCqpλ˝ ` λmCq

pλ˝ ` pλm ` 1qCqpρ˝ ` ρmCq
“ Hpλ˝ ´ ρ˝ ` pλm ´ ρmqCq. (4.2.15)
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Finally, set λ˝ “ 1{pλ´λ̄q, λm “ λ̄{pλ´λ̄q, ρ˝ “ 1{pρ̄´ρq and ρm “ ρ{pρ̄´ρq in (4.2.15), and

replace x with pλ´ λ̄qpρ̄´ ρqx. Applying (4.2.9) to the resulting identity gives (4.2.1).

Remark 4.2.2. Our proof above of Theorem 4.0.1 is based on a proof given in [32] of a

result equivalent to the case λ̄ “ 0 of (4.0.2). The paper [32] counts forests of labeled rooted

trees by descents and leaves instead of counting binary trees, but one can convert between

forests of rooted trees and binary trees by applying a simple bijection.

As a corollary to Theorem 4.0.1, we see that G has some surprising symmetries. We state

these next in Corollary 4.2.3.

Corollary 4.2.3. The following identities hold,

Gpx; λ̄, λ, ρ̄, ρq “ Gpx; ρ̄, λ, λ̄, ρq “ Gpx; λ̄, ρ, ρ̄, λq, (4.2.16)

ωpGpx; λ̄, λ, ρ̄, ρqq “ Gpx;λ, λ̄, ρ, ρ̄q. (4.2.17)

Proof. We can rewrite the functional equation (4.2.1) as

G “ p1` λGqp1` ρGq
ÿ

ně1

ppλ̄ρ̄´ λρqG` λ̄` ρ̄´ λ´ ρqn´1 hn. (4.2.18)

This gives a recursive method for computing Gn in terms of Gm for m ă n. Therefore, G

is uniquely determined by the functional equation. Identity (4.2.16) then follows from the

fact that the functional equation is invariant under swapping λ̄ and ρ̄ and under swapping

λ and ρ. To see identity (4.2.17), apply ω to both sides of the functional equation (4.2.1),

and then use the fact that Hp´zqEpzq “ 1.

Letting A :“ Apx; s, tq, we may rewrite (2.0.16) as

Hps´ tq “
1` sA

1` tA
. (4.2.19)

At this point, we have all the tools we need to establish Theorem 4.0.3, which also implies

Theorem 4.0.2.
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Proof 1 of Theorem 4.0.3. Substituting s “ λ̄ρ̄G` λ̄` ρ̄ and t “ λρG` λ` ρ into (4.2.19),

then Hps´ tq becomes the right-hand side of (4.2.1). Thus, we can rewrite (4.2.1) as

p1` λ̄Gqp1` ρ̄Gq

p1` λGqp1` ρGq
“

1` sA

1` tA
. (4.2.20)

Since p1 ` λ̄Gqp1 ` ρ̄Gq “ 1 ` sG and p1 ` λGqp1 ` ρGq “ 1 ` tG, the identity (4.2.20) is

equivalent to
1` sG

1` tG
“

1` sA

1` tA
, (4.2.21)

which implies that

G “ A “ Apx; λ̄ρ̄ G` λ̄` ρ̄, λρG` λ` ρq, (4.2.22)

and Theorem 4.0.3 follows by (2.0.15).

Remark 4.2.4. Theorem 4.0.3 together with (2.0.10) gives a way to recursively expand

each Gn positively in terms of ribbon Schur functions. Therefore, the Schur positivity of

G follows immediately from Theorem 4.0.3 by using Proposition 2.0.1. However, it is not

clear how to prove the Schur positivity of the more refined generating functions Gn,ν using

these same techniques. Instead, we prove Theorem 4.0.6 in Section 5.2 after developing our

weight-preserving bijection in Section 5.1. Theorem 4.0.5 then follows from Theorem 4.0.6

by Proposition 2.0.1.

4.3 Marked and augmented interlacing partitions

In this section, we present the definitions and notation used in the statements of Theo-

rems 4.0.4 and 4.0.6. We delay the proofs of these two theorems until Section 5.2 after

developing all of the key concepts in Section 5.1.

4.3.1 Noncrossing partitions

We need some notions concerning the lattice of noncrossing partitions, so we recall the

relevant definitions briefly. A partition π of rns is a collection of pairwise disjoint nonempty
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subsets B1, . . . , Bk whose union is rns. We write this as π :“ B1{ ¨ ¨ ¨ {Bk where the Bi are

ordered in increasing order of their minimal elements. The subsets B1, . . . , Bk are the blocks

of π, and the number of blocks is denoted by bkpπq. The set of partitions of rns, denoted

by Πn, can be endowed with the structure of a graded lattice by defining a partial order as

follows. Given partitions σ and τ , we say that σ ďΠn τ if each block in σ is contained in a

block in τ . In particular, a partition τ covers a partition σ in Πn if τ is obtained by merging

two distinct blocks in σ. If σ ďΠn τ , we say that σ is finer than τ or equivalently that τ is

coarser than σ. The rank of π P Πn is given by n´bkpπq. The partition of rns into singleton

sets gives the unique minimal element in Πn, and the partition of rns consisting of a single

block gives the unique maximal element.

We identify a partition of rns with its arc diagram, which is defined as follows. Consider

n nodes v1, . . . , vn representing the integers 1 through n from left to right, and connect two

nodes vi and vj with i ă j by an undirected arc if i and j belong to the same block and if

there is no k in that block such that i ă k ă j. If i and j belong to the same block in π,

then we denote this equivalence by i „π j.

A partition π of rns is said to be noncrossing if there do not exist 1 ď a ă b ă c ă

d ď n such that a „π c, b „π d and a π b. The set of noncrossing partitions of n,

denoted by NCpnq, inherits a graded lattice structure from that on Πn. For the many

interesting properties of NCpnq, the reader is referred to the beautiful survey by Simion [78]

and references therein. For a more recent survey on the relevance of NCpnq in various areas

of mathematics, the reader is referred to McCammond [59].

4.3.2 Interlacing partitions

We now introduce a special type of noncrossing partition, called an interlacing partition, and

decorated generalizations of interlacing partitions.

Let π “ B1{ . . . {Bk P NCpnq. If i „π i ` 1, then we say the node vi is a stepper

and the arc connecting vi and vi`1 is a short arc. If i „π j with j ě i ` 2 and there

is an arc connecting vi and vj in the arc diagram, then we say the node vi is a jumper
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and the arc between vi and vj is a long arc. Let maxpπq :“ tmaxpB1q, . . . ,maxpBkqu and

minpπq :“ tminpB1q, . . . ,minpBkqu. We say that π is interlacing if i P maxpπq implies that

i ` 1 R minpπq for all i. Finally, an interlacing partition π P NCpnq is said to be marked

if a subset of nodes in tv1, . . . , vnuztvi : i P maxpπqu is marked. Let mNCpnq denote the

set of all marked interlacing partitions whose underlying interlacing partition is in NCpnq.

For the marked interlacing partition π in Figure 4.5, the nodes v2, v4, and v8 are marked.

Furthermore, the nodes v1, v2, v7, and v9 are steppers, and the nodes v3, v4, and v8 are

jumpers.

v1 v2 v3 v4 v5 v7 v8 v9 v10 v11v6

Figure 4.5: The arc diagram of the interlacing partition
π “ 1 2 3 7 8 11{4 6{5{9 10, with nodes v2, v4, and v8 marked.

Remark 4.3.1. The cardinality of the set of interlacing partitions for n ě 1 is given by the

sequence of Motzkin numbers [63, A001006], which are well known to enumerate Motzkin

paths, which are lattice paths from p0, 0q to pn, 0q where the steps allowed are up, down

and level. The cardinality of the set of marked interlacing partitions for n ě 1 is given by

[63, A071356], which counts Motzkin paths where the up and level steps are bicolored. In

theory we could have phrased our results in the language of Motzkin paths but it is (marked)

interlacing partitions that arise naturally in our context.

To each π P mNCpnq, we associate a sequence of compositions as follows. Partition each

block B of π into disjoint subsets by breaking B after each marked node. Define cpBq to be

the composition obtained by recording the sizes of these subsets. For π “ B1{B2{B3{B4 in
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Figure 4.5, we have

B1 “ t1, 2, 3, 7, 8, 11u cpB1q “ p2, 3, 1q,

B2 “ t4, 6u cpB2q “ p1, 1q,

B3 “ t5u cpB3q “ p1q,

B4 “ t9, 10u cpB4q “ p2q.

Consider the following four statistics associated to a marked interlacing partition π. Let

sapπq “ # Unmarked steppers in π (4.3.1)

sdpπq “ # Marked steppers in π (4.3.2)

japπq “ # Unmarked jumpers in π (4.3.3)

jdpπq “ # Marked jumpers in π. (4.3.4)

Let the weight of a marked interlacing partition be

wtpπq “ pλ̄` ρ̄q sapπq
pλ` ρqsdpπqpλ̄ρ̄qjapπqpλρqjdpπq. (4.3.5)

Remark 4.3.2. The letters a and d in the names of the statistics in (4.3.1)–(4.3.4) correspond

to ascent and descent. We will see in Section 5.2 how each marked interlacing partition π

corresponds to a set of labeled binary trees, where each marked node in π represents a descent

in the labeling, and each unmarked node represents an ascent in the labeling.

We define an augmented interlacing partition π˚ to be a marked interlacing partition

such that each short arc in its arc diagram is labeled either U or D. To each augmented
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interlacing partition π˚, we associate the following six statistics. Let

saUpπ˚q “ # Unmarked steppers in π˚ whose corresponding short arc is labeled U ,

sdUpπ˚q “ # Marked steppers in π˚ whose corresponding short arc is labeled U ,

saDpπ˚q “ # Unmarked steppers in π˚ whose corresponding short arc is labeled D,

sdDpπ˚q “ # Marked steppers in π˚ whose corresponding short arc is labeled D,

japπ˚q “ # Unmarked jumpers in π˚,

jdpπ˚q “ # Marked jumpers in π˚.

Combining all six statistics, we define

wtpπ˚q “ λ̄saUpπ˚qλsdUpπ˚qρ̄ saDpπ˚qρ sdDpπ˚q
pλ̄ρ̄q japπ˚q

pλρq jdpπ˚q. (4.3.6)

For π˚ in Figure 4.6, we have wtpπ˚q “ ρ̄λpλ̄ρ̄qpλρqρ̄pλρqλ̄ “ λ̄2λ3ρ̄3ρ2.

To each augmented interlacing partition π˚, associate words wpπ˚q and ŵpπ˚q defined

recursively as follows. If π˚ contains a single block, define wpπ˚q to be the word obtained by

recording the labels on the short arcs from left to right, and define ŵpπ˚q to be Dwpπ˚qU .

If π˚ contains more than 1 block, let B1 be the block of π˚ which contains v1 and vn.

Partition B1 into blocks C1, . . . , Cp that are maximal under connectedness by short arcs. For

1 ď i ď p´ 1, let π˚i denote the augmented interlacing partition induced by π˚ on the nodes

vj for j P pmaxpCiq,minpCi`1qq. Define

wpπ˚q :“ wpC1qŵpπ
˚
1 q ¨ ¨ ¨wpCp´1qŵpπ

˚
p´1qwpCpq P tU,Du

n´1, (4.3.7)

where the dots signify that the concatenation continues and n is the number of nodes of π.

Given ν P tU,Dun´1, let mNC˚pn, νq be the set of augmented interlacing partitions π˚ such

that wpπ˚q “ ν. For the augmented interlacing partition π˚ in Figure 4.6, we have that

π˚ P mNC˚p11, DUDDUUDDUUq.
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D U D U

v1 v2 v3 v4 v5 v7 v8 v9 v10 v11v6

Figure 4.6: An augmented interlacing partition π˚ with wpπ˚q “ DUDDUUDDUU .

4.4 Sn-modules from deformations of Coxeter arrangements

In this section, we provide a representation-theoretic meaning to some of the equalities in the

introduction relating specializations of Bnpx; λ̄, λ, ρ̄, ρq to the number of regions in hyperplane

arrangements related to the Coxeter arrangement. In particular, we focus on the semiorder

and Linial arrangements. While there is an obvious symmetric group action on regions of

the semiorder arrangement In by permutation of the coordinates, the question of finding one

on regions of the Linial arrangement Ln is a bit more subtle. Throughout this section, we

assume the ribbon Schur expansions in Theorem 4.0.4 and Theorem 4.0.6, which are proven

in Section 5.2.

We briefly introduce our notation pertaining to hyperplane arrangements. For a detailed

introduction, we refer the reader to [64, 82]. A hyperplane arrangement is a finite collection

of affine hyperplanes in a vector space. Let A be a hyperplane arrangement in a finite-

dimensional vector space V over R. A region of A is a connected component of V ´
Ť

HPAH.

We denote the set of regions of A by RegionspAq and the number of regions of A by rpAq “

|RegionspAq|.

4.4.1 Semiorder arrangements

Recall that the semiorder arrangement In is the hyperplane arrangement in Rn given by the

hyperplanes Hij : xi ´ xj “ 1 for 1 ď i ‰ j ď n. Note that this set of hyperplanes is stable

under the natural action of the symmetric group Sn. This implies that RegionspInq inherits

an action of Sn. We first expand a certain specialization of Gn in terms of the Motzkin

numbers and the Frobenius characteristics of Foulkes characters. We then use this formula
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to show in Theorem 4.4.4 that the Frobenius characteristic of the action on RegionspInq is a

specialization of Gn.

Figure 4.7 demonstrates the action of S3 on RegionspI3q. In this case, we can compute

the Frobenius characteristic of this action to be h3 ` 2h21 ` 2h111. In terms of ribbon Schur

functions, this may be written as 5r3 ` 3pr21 ` r12q ` 2r111. Note that since ribbon Schur

functions do not form a basis for the ring of symmetric functions, this expansion in terms of

ribbon Schur functions is not unique.

x1

x3x2

x1 − x3 = 1x1 − x2 = 1

x2 − x3 = 1

x1

x3x2

x1 − x3 = 1x1 − x2 = 1

x2 − x3 = 1

h2,1 h1,1,1

h2,1h1,1,1

h3

Figure 4.7: On the left is the arrangement I3 (projected onto x1 ` x2 ` x3 “ 0). On the
right is a depiction of the S3-action on RegionspI3q with regions of the same color

belonging to the same orbit (see the electronic version).

By Theorem 4.0.4, we know Gn expands in terms of ribbon Schur functions with coef-

ficients which are polynomials in λ̄ρ̄, λ̄ ` ρ̄, λρ, and λ ` ρ. Consider the case λ̄ “ ρ̄ “ 1,

λ “ ζ´1
6 , and ρ “ ζ6, where ζ6 is a primitive sixth root of unity. Then we have that

λ̄ρ̄ “ λ`ρ “ λρ “ 1, whereas λ̄` ρ̄ “ 2. Thus, for this specialization we have wtpπq “ 2sapπq

for π P mNCpnq. From Theorem 4.0.4 and (2.0.11), we obtain

Gnpx; 1, ζ´1
6 , 1, ζ6q “

ÿ

πPmNCpnq

2sapπq

ˆ

ÿ

δPrqcpπq,pcpπqs

rδ

˙

, (4.4.1)

where if π “ B1{ . . . {Bk, then qcpπq “ cpB1q ‚ ¨ ¨ ¨ ‚ cpBkq and pcpπq “ cpB1q d ¨ ¨ ¨ d cpBkq.
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For 0 ď k ď n´ 1, let

Fn,k –
ÿ

α(n
`pαq“k`1

rα. (4.4.2)

It can be shown that the dimension of the Sn-module corresponding to Fn,k is the Eule-

rian number An,k enumerating the number of permutations in Sn with k descents [25]. The

symmetric group character corresponding to Fn,k under the Frobenius characteristic map

is known as the Foulkes character, introduced by Foulkes in his study of descents in per-

mutations. They show up in various areas such as counting permutations by descents and

cycle types [37], enumerating alternating permutations according to cycle type [88], and the

analysis of the carrying process [18, 50, 62]. Foulkes characters have been generalized to

other reflection groups in [60].

Throughout this section, we encode most of our formulas in terms of marked and aug-

mented interlacing partitions. However, it should be noted that all of these formulas could

just as easily be encoded in terms of binary trees via the following bijection between Tn and

NCpnq, which is a special case of a bijection due to Edelman. Figure 4.8 shows a binary tree

T and its corresponding noncrossing partition.

Theorem 4.4.1 (Edelman [21]). Given T P Tn, let v1, . . . , vn be its vertices listed in preorder.

Define ncpT q to be the finest partition of rns with the property that distinct positive integers

1 ď i ă j ď n are in the same block if vj is the left child of vi. The map T ÞÑ ncpT q defines

a bijection between Tn and NCpnq.

Given a binary tree T P Tn, we say that it is left-leaning if for every node v of T , whenever

v has a right child, then it also has a left child. We denote the set of left-leaning trees on

n nodes by LT n. From the definition of ncpT q, we see that if T P LT n, then ncpT q is an

interlacing partition of rns. In fact, Edelman’s bijection restricts to a bijection between LT n
and the set of interlacing partitions of rns.

For n ě 1, let Motn denote the nth Motzkin number [63, A001006] which is defined to be
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v1

v2

v3v4

v5

v7

v6

v9

v8 v1 v2 v3 v4 v5 v6 v7 v8 v9

Figure 4.8: On the left is a binary tree T , and on the right is its corresponding noncrossing
partition ncpT q.

the number of interlacing partitions on rns, or equivalently the number of left-leaning binary

trees on n nodes. Let Mpxq denote the generating function for the Motzkin numbers,

Mpxq–
ÿ

ně1

Motn x
n
“ x` x2

` 2x3
` 4x4

` ¨ ¨ ¨ . (4.4.3)

Let Catn “ |Tn| be the nth Catalan number [63, A000108]. Let Cpxq denote the generating

function for the Catalan numbers,

Cpxq–
ÿ

ně1

Catn x
n
“ x` 2x2

` 5x3
` 14x4

` ¨ ¨ ¨ . (4.4.4)

Then it can be checked that Mpxq and Cpxq are related by the following identity,

M

ˆ

x

1´ x

˙

“ Cpxq. (4.4.5)

Equation (4.4.5) implies the following identity that will come in handy later,

Mpex ´ 1q “ Cp1´ e´xq. (4.4.6)

Decomposing a tree into its root with two subtrees, each of which is potentially empty, yields

the identity C “ xp1`Cq2. By using (4.4.5) again, we see that Mpxq satisfies the functional
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equation

M “ xp1`M `M2
q. (4.4.7)

Compare this to [19, Equation 1], for example, where our indexing differs from theirs by 1.

Theorem 4.4.2. For n ě 1, we have the following expansion of Gnpx; 1, ζ´1
6 , 1, ζ6q in terms

of the Frobenius characteristics of Foulkes characters,

Gnpx; 1, ζ´1
6 , 1, ζ6q “

ÿ

α(n

Mot`pαq hα “
n
ÿ

j“1

˜

n´j
ÿ

k“0

ˆ

n´ j

k

˙

Motn´k

¸

Fn,j´1.

Proof. Just for this proof, we denote Gpx; 1, ζ´1
6 , 1, ζ6q by G. Similarly, let H “ Hp1q “

ř

iě0 hi. To obtain the h-expansion for Gnpx; 1, ζ´1
6 , 1, ζ6q, we use the functional equation for

G from Theorem 4.0.1. When λ̄ “ ρ̄ “ 1, λ “ ζ´1
6 , and ρ “ ζ6, we get that

G “ p1`G`G2
qpH ´ 1q. (4.4.8)

A comparison of the functional equation in (4.4.8) with the functional equation satisfied by

Mpxq in (4.4.7) reveals that

G “
ÿ

mě1

Motm pH ´ 1qm (4.4.9)

“
ÿ

mě1

ÿ

`pαq“m

Motm hα, (4.4.10)

where the above sum is over all compositions α of any size with length m. Focusing on terms

indexed by compositions of size n in (4.4.10) yields the first equality in the statement of the

theorem.

To obtain the expansion in terms of the Frobenius characteristics of Foulkes characters,
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we utilize the fact that hα “
ř

βěα rβ and (4.4.10) to obtain

G “
ÿ

mě1

ÿ

`pαq“m

Motm
ÿ

βěα

rβ (4.4.11)

“
ÿ

mě1

ÿ

β(m

rβ

ˆ

ÿ

βěα

Mot`pαq

˙

(4.4.12)

“
ÿ

mě1

ÿ

β(m

rβ

ˆm´`pβq
ÿ

k“0

ˆ

m´ `pβq

k

˙

Motm´k

˙

. (4.4.13)

Note that the innermost sum is only dependent on `pβq. Collecting terms corresponding to

compositions of a fixed size and grouping them according to their lengths gives us the second

equality in the statement of the theorem.

For example, G3px; 1, ζ´1
6 , 1, ζ6q “ Mot1h3`Mot2ph12`h21q`Mot3h111 “ h3`2h21`2h111,

which is the Frobenius characteristic of the S3-action on I3 as shown in Figure 4.7. To

compute the Frobenius characteristic in the general case we need the following result.

Lemma 4.4.3 ([68, Lemma 7.6]). Let σ P Sn be a permutation with k cycles. Then the

number of regions in In fixed by σ is equal to the number of regions in Ik.

We remark here that the statement in Lemma 4.4.3 differs slightly from that in [68] as

Postnikov-Stanley consider the hyperplane arrangement In projected onto the hyperplane

x1 ` ¨ ¨ ¨ ` xn “ 0 as their definition of the semiorder arrangement. This induces a harmless

shift in indices and does not affect the mathematical content.

Theorem 4.4.4. The symmetric function Gnpx; 1, ζ´1
6 , 1, ζ6q is the Frobenius characteristic

of the action of Sn on RegionspInq.

Proof. Our proof uses the fact that the cycle indicator Zn of the Sn-action on RegionspInq,

is also the Frobenius characteristic of the character of this action. See [87, Section 7.24] for

more background on the cycle indicator. In view of Lemma 4.4.3, we find that the cycle
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indicator is given by

Zn “
ÿ

λ$n

rpI`pλqq
pλ
zλ

(4.4.14)

“

n
ÿ

k“1

rpIkq
ÿ

λ$n
`pλq“k

pλ
zλ
. (4.4.15)

Let Z –
ř

ně1 Zn. Then we have that

Z “
ÿ

ně1

n
ÿ

k“1

rpIkq
ÿ

λ$n
`pλq“k

pλ
zλ

(4.4.16)

“
ÿ

kě1

rpIkq
k!

ˆ

ÿ

jě1

pj
j

˙k

. (4.4.17)

Now let H “
ř

iě0 hi again. Then we have
ř

jě1 pj{j “ logH. Using this in (4.4.17) gives

Z “
ÿ

kě1

rpIkq
plogHqk

k!
. (4.4.18)

We have the expansion

plogHqk

k!
“

ÿ

mě0

p´1qm´k Stirpm, kq
pH ´ 1qm

m!
(4.4.19)

where p´1qm´k Stirpm, kq is the signed Stirling number of the first kind [63, A008275] enu-

merating permutations in Sm having exactly k cycles in their cycle factorization. Using this

equality, we can rephrase (4.4.18) as

Z “
ÿ

kě1

rpIkq
ÿ

mě0

p´1qm´k Stirpm, kq
pH ´ 1qm

m!
(4.4.20)

“
ÿ

mě1

pH ´ 1qm

m!

m
ÿ

k“1

p´1qm´k rpIkq Stirpm, kq, (4.4.21)
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where, in changing the order of summation, we have used the fact that Stirp0, kq “ 0 for

k ě 1. By [85, Theorem 2.3], the following equality holds

ÿ

mě1

rpImq
xm

m!
“ Cp1´ e´xq. (4.4.22)

Recall (4.4.6) states that Mpex ´ 1q “ Cp1 ´ e´xq, and hence the left hand side of (4.4.22)

also equals Mpex ´ 1q. This implies that

m!Motm “
m
ÿ

k“1

p´1qm´k rpIkq Stirpm, kq. (4.4.23)

Substituting (4.4.23) into (4.4.21), we conclude that

Z “
ÿ

mě1

Motm pH ´ 1qm “ Gpx; 1, ζ´1
6 , 1, ζ6q. (4.4.24)

The second equality in (4.4.24) follows from (4.4.10). Then (4.4.24) implies that the cycle

indicator Zn is equal to Gnpx; 1, ζ´1
6 , 1, ζ6q, which completes the proof.

We conclude this subsection with a generalization of Theorem 4.4.4. Given a positive

integer p, define the p-semiorder arrangement In,p to be the hyperplane arrangement in

Rn defined by the hyperplanes xi ´ xj “ ˘1,˘2, ¨ ¨ ¨ ,˘p for 1 ď i ă j ď n. As before,

the symmetric group Sn acts on RegionspIn,pq and one can ask about the corresponding

Frobenius characteristic. We provide a brief description of its computation next, omitting

details.

Let Cppxq “
ř

ně1 Catn,p x
n denote the generating function for the Fuss-Catalan numbers

Catn,p :“ 1
pn`1

`

pp`1qn
n

˘

. Let T pn be the set of rooted plane pp ` 1q-ary trees T such that each

node of T has at most one ith child for each 1 ď i ď p ` 1. Then Catn,p is the cardinality

of the set T pn . Let Motn,p denote the cardinality of the set LT pn consisting of rooted plane

pp ` 1q-ary trees on n nodes such that every internal node which has a pp ` 1qth child also

has at least one other child.
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Let Mppxq–
ř

Motn,p x
n. As was the case earlier, we have that

Mp

ˆ

x

1´ x

˙

“ Cppxq, (4.4.25)

which implies Mppe
x ´ 1q “ Cpp1´ e

´xq.

Crucially for us, Lemma 4.4.3 continues to hold for In,p as well. Thus, we can repeat

the cycle indicator computation of Theorem 4.4.4. We only need the relation analogous

to (4.4.22). Indeed, by [85, Theorem 2.3], we have that

ÿ

mě1

rpIm,pq
xm

m!
“ Cpp1´ e

´x
q. (4.4.26)

In arriving at the above equality we have used the fact that the number of regions in the

p-Catalan arrangement defined by the hyperplanes xi´xj “ 0,˘1, . . . ,˘p for 1 ď i ă j ď n

is given by Catn,p (see [85, Section 2] or [2, Section 5]). Thus, we obtain the following theorem

whose p “ 1 case is Theorem 4.4.4.

Theorem 4.4.5. For p ě 1, the Frobenius characteristic of the action of Sn on RegionspIn,pq

is given by MppH´1q, where H “
ř

iě0 hi. Additionally, the Frobenius characteristic expands

positively in terms of the Fn,k.

4.4.2 Linial arrangements and local binary search trees

We turn our attention to studying the Linial arrangement Ln and defining an Sn-action on its

regions. Observe that, unlike in the case of the semiorder arrangement, the symmetric group

Sn does not stabilize the set of hyperplanes defining Ln. Hence it is not immediate how to

construct an Sn-action on RegionspLnq. Another well-studied arrangement with the property

that the set consisting of its defining hyperplanes is not stable under the Sn-action is the Shi

arrangement Sn. In spite of this limitation, one can define an Sn-action on RegionspSnq by

using one of the many ways to index its regions by parking functions of length n, and then

using the natural Sn-action on them. Drawing inspiration from this, we use certain labeled
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Figure 4.9: An example of a local binary search (LBS) tree on 9 nodes.

trees that we call Bernardi trees instead of parking functions to index regions of Ln, and

then construct a natural Sn-action on Bernardi trees to derive one on RegionspLnq. First,

we need to understand how the symmetric function Gn relates to RegionspLnq.

The problem of enumerating rpLnq was first considered by Postnikov [67], inspired by a

question of Linial and Ravid. He showed that rpLnq equals the number of intransitive trees

and gave a bijection between intransitive trees and local binary search trees. It is the latter

that carries a description in terms of ascents and descents in labeled trees.

Consider the case where λ “ ρ “ 0. In the setting of the introduction, this corresponds

to considering labeled trees that only have left ascents and right ascents. We refer to such

trees as local binary search trees (henceforth LBS trees). See Figure 4.9 for an example of a

local binary search tree on 9 nodes. We construct another subset of T `n that is equinumerous

with standard LBS trees on n nodes and use it to define an Sn-action on RegionspLnq. It

is worth emphasizing that the same subset of trees has been considered by Bernardi [8] to

solve the long-standing problem of finding a bijection between Linial regions and standard

LBS trees.

By writing Gn as a sum of the Gn,ν where ν runs over all possible canopies of length n´1

and using Theorem 4.0.6, we have

Gnpx; λ̄, 0, ρ̄, 0q “
ÿ

π˚“B1{...{Bk

λ̄saUpπ˚qρ̄ saDpπ˚q
pλ̄ρ̄qjapπ

˚qrcpB1q . . . rcpBkq (4.4.27)

“
ÿ

π˚“B1{...{Bk

λ̄saUpπ˚qρ̄ saDpπ˚q
pλ̄ρ̄qjapπ

˚qhp|B1|,...,|Bk|q (4.4.28)
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where the sum runs over all augmented interlacing partitions π˚ on n nodes such that all

nodes are unmarked. The second equality comes from the fact that, for a block Bi in π˚,

since all steppers and jumpers are unmarked, then rcpBiq “ rpmiq “ hmi where mi “ |Bi|.

Next, we use a bijection between the set of augmented interlacing partitions on n nodes

such that all nodes are unmarked and the set Tn in order to get an expansion in terms of

binary trees. Given an augmented interlacing partition π˚ on n nodes such that all nodes

are unmarked, delete all short arcs in π˚ which are labeled with a U , and then remove all

U and D labels. This provides a bijection between these objects and NCpnq. Then compose

this bijection with the inverse of Edelman’s bijection from NCpnq to Tn. Finally, apply the

bijection from Tn to itself which flips a tree across the vertical line passing through its root.

See Figure 4.10 for an example of an augmented interlacing partition on 8 nodes with all

nodes unmarked, together with its image under the composition of these bijections.

D U

v1 v2 v3 v4 v5 v7 v8v6

U

v1 v2 v3 v4 v5 v7 v8v6
v1

v2

v3

v8

v7 v4

v6 v5

v1

v2

v3

v8

v7v4

v6v5

Figure 4.10: An example of an augmented interlacing partition on 8 nodes with all nodes
unmarked, and its corresponding elements of NCp8q and T8.

We claim that sortpcpT qq “ sortp|B1|, . . . , |Bk|q, where sortpαq is the partitition un-

derlying a composition α and cpT q denotes the composition type of T defined in Subsec-
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tion 4.1.1. We make note of two pertinent aspects of this composition of three bijections.

Let π˚ “ B1{ . . . {Bk be an augmented interlacing partition on n nodes such that all nodes

are unmarked, and let T P Tn be the corresponding binary tree.

1. If vi and vi`1 are connected by a short arc labeled U (respectively D) in π˚, then in T

the node vi has only a left child (respectively right child) which is vi`1.

2. If nodes vi and vj where i ă j are connected by a long arc in π˚, then vi has two

children in T . In particular, the right child is vj and the left child is vi`1.

It follows that any two nodes in T connected by an edge which are visited in succes-

sion in the preorder traversal correspond to nodes in π˚ connected by an arc. Hence, we

have sortpcpT qq “ sortp|B1|, . . . , |Bk|q. Additionally, we see that saDpπ˚q ` japπ˚q “ rpT q,

saUpπ˚q ` japπ˚q “ `pT q, where `pT q and rpT q denote the number of left edges and right

edges in T , respectively.

Hence, from (4.4.28) we obtain the following expansion,

Gnpx; λ̄, 0, ρ̄, 0q “
ÿ

TPTn

λ̄`pT qρ̄ rpT qhcpT q. (4.4.29)

Since `pT q` rpT q “ n´1 for any T P Tn, we set λ̄ “ 1 and ρ̄ equal to an indeterminate q. In

order to give a representation-theoretic interpretation of Gnpx; λ̄, 0, ρ̄, 0q, it suffices to find a

Sn-module whose graded Frobenius characteristic is Gnpx; 1, 0, q, 0q, which we give next.

A Bernardi tree is a standard labeled binary tree satisfying the condition that every

internal node has a label that is greater than the label of its right child provided it exists,

otherwise it is greater than the label of its left child. Let T Bn denote the set of Bernardi trees

on n nodes. It can be checked that the image of the homomorphism ex applied to the right-

hand side of (4.4.29) is a generating function enumerating Bernardi trees by the number of

left and right edges. Since Gnpx; λ̄, 0, ρ̄, 0q is the generating function corresponding to LBS

trees on n nodes, applying ex to the left-hand side of (4.4.29) establishes that the number
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Figure 4.11: The Bernardi trees on 3 nodes.

of standard LBS trees on n nodes is equal to the cardinality of T Bn . Figure 4.11 shows all

trees in T B3 .

Remark 4.4.6. For the reason behind the name Bernardi trees, we refer the reader to

[8, Example 1.1] where Bernardi gives a bijection between T Bn and RegionspLnq. In the

notation of [8], the bijection associates to T P T Bn the region of Ln defined by the inequalities

xi ´ xj ă 1 where 1 ď i ă j ď n and either driftpiq ď driftpjq, or driftpiq “ driftpjq ` 1 and

i ăp j. Here, driftpvq is the number of ancestors of v (including v) that are right children.

Figure 4.12 shows the regions of L3 indexed by the corresponding Bernardi trees according

to this bijection.

An equivalent characterization of Bernardi trees is as follows. Let v1 ăp ¨ ¨ ¨ ăp vn be

the nodes of a standard labeled binary tree T listed in preorder. If for all cover relations

vi ăp vi`1 where vi is the parent of vi`1, we have that v`i ą v`i`1, then T is a Bernardi tree.

For T P T Bn , let v1 ăp ¨ ¨ ¨ ăp vn be the nodes of T in preorder. Among these nodes, let

vi1 ăp ¨ ¨ ¨ ăp vik be all the terminal nodes and set i0 :“ 1. Observe that the preorder reading

word prepT q “ v`1 ¨ ¨ ¨ v
`
n can be factorized as W1 ¨ ¨ ¨Wk, where for j ě 1 we have

Wj “ v`ij´1`1v
`
ij´1`2 ¨ ¨ ¨ v

`
ij´1v

`
ij
, (4.4.30)

Given the definition of T Bn , we know that each Wj is strictly decreasing when read from

left to right. For the tree T P T B9 in Figure 4.13 on the left, the shaded regions give us

the words W1 “ 731, W2 “ 86, W3 “ 952 and W4 “ 4 and their concatenation gives us

prepT q “ 731 86 952 4.
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Figure 4.12: Regions of L3 indexed by trees in T B3 .

The factorization of prepT q as W “ W1 ¨ ¨ ¨Wk as described earlier allows us to define an

obvious Sn-action on T Bn as follows. Given σ P Sn, define rσpWiq to be the word obtained by

replacing every letter in Wi by its image under σ, and then sorting the resulting word so that

it is strictly decreasing when read from left to right. Now define rσpW q to be rσpW1q ¨ ¨ ¨ rσpWkq,

and let σpT q be the unique labeled tree such that shpσpT qq “ shpT q and prepσpT qq “ rσpW q.

By the alternative characterization for Bernardi trees in Remark 4.4.6, these two conditions

ensure that σpT q P T Bn .

This is a well-defined Sn-action on T Bn . One way to see this is to observe that Bernardi

trees T with a fixed shpT q are in bijection with tabloids [73] of partition shape sortpcpT qq.

Indeed, given the factorization W1 ¨ ¨ ¨Wk of prepT q defined above, form k rows of boxes with

ij ´ ij´1 many boxes in row j ď k, where the boxes in row j are labeled with the letters of

Wj in order from left to right. Then sort the rows to get a tabloid on the partition shape

sortpcpT qq. This map defines the desired bijection and the action of Sn on Bernardi trees
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with fixed shpT q corresponds to the usual action of Sn on tabloids under the bijection.

In Figure 4.13, for the tree T on the left, we have σpT q on the right where σ “ p38q in cycle

notation. Note that for the instance under discussion, we have rσpW q “ 871 63 952 4. Thus,

σpT q is the unique tree whose preorder reading word is 871639524 and whose underlying

shape is that of T . Had we chosen σ “ p37q, then σpT q would be T itself.

7

9

4 5

2 6

8

3

1

8

9

4 5

2 3

6

7

1

Figure 4.13: On the left, a tree T P T B9 . On the right, σpT q where σ “ p38q P S9.

Let CT Bn denote the Sn-module whose underlying vector space is generated by formal

linear combinations of trees in T Bn . Denote by T Bn,k the set of Bernardi trees with exactly k

right edges. Let CT Bn,k Ď CT Bn be the Sn-submodule spanned by Bernardi trees in T Bn,k. We

have the following equality of Sn-modules

CT Bn “

n´1
à

k“0

CT Bn,k. (4.4.31)

Thus, we can think of CT Bn as being graded by the number of right edges.

Theorem 4.4.7. The graded Frobenius characteristic of the Sn-module CT Bn is given by

Gnpx; 1, 0, q, 0q “
ÿ

TPTn

qrpT qhcpT q. (4.4.32)

Using Bernardi’s bijection between T Bn and RegionspLnq, our Sn-action lifts to an action on

RegionspLnq whose graded Frobenius characteristic is also Gnpx; 1, 0, q, 0q.
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Proof. Observe that the identity (4.4.32) follows from (4.4.29). Therefore, it suffices to

prove that the Frobenius characteristic of CT Bn,k is the qk coefficient of the right-hand side

of (4.4.32). Given α ( n of length m, let Sα – Sα1 ˆ ¨ ¨ ¨ ˆ Sαm be the corresponding Young

subgroup of Sn. It is well known (see, e.g. [73]) that hα is the Frobenius characteristic of

1 ÒSnSα , the trivial Sα-module induced up to Sn.

Given an unlabeled tree T P Tn, the Bernardi trees T 1 P T Bn,k such that shpT 1q “ T

span a Sn-submodule of CT Bn,k isomorphic to 1 ÒSnScpT q
. Hence, we have an isomorphism of

Sn-modules,

CT Bn,k –
à

TPTn
k right edges

1 ÒSnScpT q
. (4.4.33)

The proof is then completed by using the fact that the Frobenius characteristic of a direct

sum of submodules is the sum of the Frobenius characteristics.

Observe that by applying the homomorphism ex to Gnpx; 1, 0, 1, 0q, we can compute the

cardinality of T Bn . This gives another formula for rpLnq, which is not in any way more concise

than the known formula and hence is omitted.

In fact, we can recover Postnikov’s formula [67] for rpLnq by computing the character

of our action on Bernardi trees. This requires us to write Gnpx; 1, 0, 1, 0q in terms of power

sum symmetric functions. See [87] for definitions and background pertaining to power sum

symmetric functions. We proceed by a generating function argument involving Lagrange

inversion. It would be interesting to establish the same by a combinatorial argument.

Set q “ 1 for the remainder of this subsection. By Theorem 4.0.1, we know that

Gpx; 1, 0, 1, 0q satisfies the functional equation

p1`Gpx; 1, 0, 1, 0qq2 “ Hp2`Gpx; 1, 0, 1, 0qq. (4.4.34)

In order to expand Gpx; 1, 0, 1, 0q in terms of power sum symmetric functions, we need the

following general result.
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Theorem 4.4.8. Let Qptq be a polynomial, let y be an indeterminate, and let F be the

solution of

F “ HpQpF qqy.

For every positive integer k, we have

F k
“
ÿ

λ

pλ
zλ
y`pλq

8
ÿ

m“1

km`pλq´1
rtm´ksQptq|λ|, (4.4.35)

Proof. For k ą 0, by Lagrange inversion (see, e.g., [34, equation (2.4.4)]) we have

F k
“

8
ÿ

m“1

k

m
rtm´ksHpQptqqmy. (4.4.36)

We can write HpQptqqmy as

HpQptqqmy “ exp

ˆ

my
8
ÿ

i“1

pi
i
Qptqi

˙

(4.4.37)

“
ÿ

λ

pλ
zλ
pmyq`pλqQptq|λ|, (4.4.38)

where the sum in (4.4.38) is over all partitions λ with |λ| ě 0. Substituting (4.4.38) into the

right-hand side of (4.4.36) gives

F k
“

8
ÿ

m“1

k

m
rtm´ks

ÿ

λ

pλ
zλ
pmyq`pλqQptq|λ| (4.4.39)

“
ÿ

λ

pλ
zλ
y`pλq

8
ÿ

m“1

km`pλq´1
rtm´ksQptq|λ|, (4.4.40)

and the theorem follows.

Corollary 4.4.9. Under the same assumptions as Theorem 4.4.8, if we expand F k as
ř

λ cλpλ{zλ then cλ depends only on `pλq, |λ|, y, k and Q.

Using Theorem 4.4.8, we have the following result.
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Theorem 4.4.10. We have

Gnpx; 1, 0, 1, 0q “
ÿ

λ$n

cλpλ{zλ,

where

cλ “
1

2`pλq

n`1
ÿ

m“1

m`pλq´1

ˆ

n

m´ 1

˙

. (4.4.41)

Proof. Let F – 1`Gpx; 1, 0, 1, 0q. From (4.4.34) we know that

F “ pHp1` F qq1{2. (4.4.42)

Using y “ 1{2, k “ 1, and Qptq “ 1` t in Theorem 4.4.8, then (4.4.35) gives

F “
ÿ

λ

pλ
2`pλqzλ

8
ÿ

m“1

m`pλq´1
rtm´1

sp1` tq|λ|, (4.4.43)

For each λ $ n with n ě 1, the coefficient cλ of pλ{zλ in Gnpx; 1, 0, 1, 0q is equal to the

coefficient of pλ{zλ in F . Therefore, we have

cλ “
1

2`pλq

n`1
ÿ

m“1

m`pλq´1

ˆ

n

m´ 1

˙

, (4.4.44)

which completes the proof.

As a corollary of Theorem 4.4.10, we obtain the following generalization of Postnikov’s

formula for rpLnq [67]. The reader is invited to compare it with the statement of Lemma 4.4.3.

Corollary 4.4.11. Given a permutation σ P Sn with k cycles, the number of Bernardi trees

fixed by σ equals

1

2k

n`1
ÿ

m“1

mk´1

ˆ

n

m´ 1

˙

.

Observe that Postnikov’s formula is obtained by setting k “ n in Corollary 4.4.11.
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Remark 4.4.12. Given the similarity of Lemma 4.4.3 and Corollary 4.4.11, the reader may

wonder if Gnpx; 1, 0, 1, 0q expands as a positive integer linear combination of the Frobenius

characteristics of Foulkes characters. This is not the case. Indeed, G3px; 1, 0, 1, 0q serves as

a counterexample.

We conclude this subsection with a curious relation between Gnpx; 1, 0, 1, 0q and certain

symmetric functions that arise as special cases of Jack symmetric functions when one sets

the Jack parameter y “ 2. Following Macdonald [56, Page 407, Equation 2.20], consider the

symmetric function gm defined by

gm “
ÿ

λ$m

pλ
2`pλqzλ

. (4.4.45)

The key property of gm for our purposes is expressed in the following relation

Hpyq
1
2 “

ź

iě1

p1´ xiyq
´ 1

2 “
ÿ

mě0

gmy
m. (4.4.46)

Instead of solving (4.4.34) using Lagrange inversion, one may alternative proceed by ‘taking

square roots’ on both sides and then rewrite the resulting functional equation in terms of

the gm. Thus, the functional equation (4.4.34) translates to

1`G “
ÿ

mě0

gmp2`Gq
m. (4.4.47)

One can solve this functional equation in terms of Dyck paths, similar to the case of the

h-expansion of the parking function representation. We keep our exposition brief.

For λ “ pλ1, . . . , λkq, set gλ :“ gλ1 ¨ ¨ ¨ gλk . For n ě 1, let Dn be the set of Dyck paths,

which are lattice paths that start at p0, 0q, end at pn, nq, take North and East steps, and stay

weakly above the diagonal y “ x. Given D P Dn, let λpDq be the partition of n obtained by

sorting the lengths of the vertical runs of D in decreasing order. Recall that a vertical run

in a Dyck path is any maximal contiguous sequence of North steps. Let peakpDq denote the



133

number of peaks in D. Solving (4.4.47) for Gn yields the expansion

Gn “
ÿ

DPDn

2n`1´peakpDqgλpDq. (4.4.48)

Stanley (see [84, Equation 10] and [84, Proposition 2.4]) describes the expansion of gµ in

terms of Jack symmetric functions Jλ at y “ 2 (also called zonal symmetric functions). Note

that Stanley uses scaled versions of our gµ, which he denotes by Jµ. Thus, we may expand

Gn in terms of zonal symmetric functions. Since we already know by Theorem 4.4.7 that Gn

is h-positive, we arrive indirectly upon a curious combination of zonal symmetric functions

that is h-positive.

4.5 Local binary search trees and γ-nonnegativity

Theorem 4.0.4 implies that Gn can be written in terms of ribbon Schur functions with

coefficients in Nrλ̄ ` ρ̄, λ̄ρ̄, λ ` ρ, λρs. Suppose that Gnpx; λ̄, λ, ρ̄, ρq “
ř

α(n cαrα where the

cα belong to Nrλ̄` ρ̄, λ̄ρ̄, λ` ρ, λρs. Applying the homomorphism ex yields

Bnpλ̄, λ, ρ̄, ρq “
ÿ

α(n

cα|tπ P Sn : Despπq “ setpαqu|
xn

n!
. (4.5.1)

Note that the functional equation for B in (4.0.2) does not immediately imply an expansion

of the form in (4.5.1). We use this expansion to turn our discussion to another notion of

importance both in algebraic combinatorics and discrete geometry, that of γ-nonnegativity.

We say that a polynomial P ptq of degree n ě 0 is γ-nonnegative if it has an expansion of

the form

P ptq “

tn
2

u
ÿ

j“0

γn,jt
j
p1` tqn´2j, (4.5.2)

where γn,j ě 0. If such an expansion exists, then P ptq is also palindromic and unimodal.

We refer the reader to [66, Chapter 4] for a book exposition and [6] for a detailed exhaustive
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survey on γ-nonnegativity. For another recent survey on the relevance and prevalence of

γ-nonnegativity and real-rootedness of polynomials arising naturally in combinatorics, the

reader is referred to [11]. Our focus here is the connection between intransitive trees of

Postnikov [67] and regions of Linial arrangements.

Following Postnikov [67], an intransitive tree on n nodes is a tree whose nodes are labeled

with distinct positive integers from rns such that the label of a node is either greater than

labels of its neighbors, in which case we call it a right vertex, or is less than the labels of its

neighbors, in which case we call it a left vertex. Note that the trees considered by Postnikov

are neither plane nor rooted, and they do not have to be binary. We refer the reader to [67]

for further details on the terminology. Let fnptq –
ř

kě1 fnkt
k where fnk is the number of

intransitive trees on rn` 1s with k right vertices. Consider the generating function

F pt, xq “
ÿ

ně0

fnptq
xn

n!
. (4.5.3)

By [67, Theorem 3], we have that F – F pt, xq satisfies the functional equation

F pF ` t´ 1q “ texpF`tq. (4.5.4)

We note that in Postnikov’s statement of the above functional equation, the roles of x and

t are switched. Consider the functional equation satisfied by rB – 1 ` ρ̄Bpx; 1, 0, ρ̄, 0q.

From (4.0.2), it can be seen that

rBp rB ` ρ̄´ 1q “ ρ̄exp
rB`ρ̄q. (4.5.5)

By comparing (4.5.4) and (4.5.5), we obtain the following proposition.

Proposition 4.5.1. For n ě 1, the number of intransitive trees on rn ` 1s with k right

vertices equals the number of standard LBS trees on rns with k ´ 1 right edges.
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Setting λ̄ “ 1, λ “ 0, ρ̄ “ t, and ρ “ 0 in Theorem 4.0.4, we have

Gnpx; 1, 0, t, 0q “
ÿ

LBS TPT `n

trpT qxT “
ÿ

π“B1{...{Bk

tjapπqpt` 1qsapπqhp|B1|,...,|Bk|q, (4.5.6)

where the last sum is over π P mNCpnq such that all nodes are unmarked. Hence, it is a

sum over all interlacing noncrossing partitions on n nodes. Applying the homomorphism ex

to the second and third expressions in (4.5.6), we obtain

ÿ

TPT `n
standard LBS

trpT q “
ÿ

π“B1{...{Bk
interlacing on rns

tjapπqp1` tqsapπq
ˆ

n

|B1|, . . . , |Bk|

˙

, (4.5.7)

where
`

n
m1,...,mk

˘

“ n!
m1!¨¨¨mk!

for a composition pm1, . . . ,mkq ( n. Thus, we have established

that the distribution of right edges over standard LBS trees is γ-nonnegative.

In fact, we can obtain an explicit combinatorial description for the coefficients in the γ-

nonnegative expansion. For 0 ď j ď n´1
2

, let γn,j denote the number of left-leaning Bernardi

trees on n nodes such that exactly j nodes have two children. Using Edelman’s bijection

between NCpnq and Tn, one can show that (4.5.7) implies

ÿ

TPT `n
standard LBS

trpT q “
ÿ

0ďjďn´1
2

γn,jt
j
p1` tqn´1´2j. (4.5.8)

Combining this with Proposition 4.5.1, we have the following theorem.

Theorem 4.5.2. For n ě 1, the distribution of right edges over the set of standard LBS

trees on n nodes is γ-nonnegative. Equivalently, the polynomials fnptq in (4.5.3) considered

by Postnikov are γ-nonnegative. As a corollary, we have that the sequence of coefficients of

fnptq is unimodal.

In the spirit of the theme in [11], we offer the following stronger conjecture.

Conjecture 4.5.3. The polynomials fnptq are real-rooted with all roots negative for all n ě 1.

In particular, the coefficients of fnptq form a log-concave sequence.
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Chapter 5

A BIJECTIVE APPROACH TO
LABELED TREE ENUMERATION

In this chapter, after setting up the necessary notation, we present a bijective proof

of Theorem 4.0.3 using a weight-preserving bijection involving path-tree sequences. Our

inverse bijection is inspired by the Push-Glide algorithm of Préville-Ratelle and Viennot [69].

Corollary 5.1.16 gives a natural noncommutative analogue of Theorem 4.0.3. In Section 5.2,

we use the weight-preserving bijection defined in Section 5.1 to prove the ribbon Schur

expansions stated in Theorems 4.0.4 and 4.0.6.

5.1 A bijective proof of Theorem 4.0.3

We begin by restating the identity that we seek to establish for the convenience of the reader,

G “
ÿ

ně1

ÿ

α(n

pλ̄ρ̄ G` λ̄` ρ̄qn´`pαqpλρG` λ` ρq`pαq´1 rα. (5.1.1)

Since our proof is intricate, we present a broad outline of this section.

1. We first interpret the right-hand side of (5.1.1) as the multivariate generating func-

tion of the set of alternating sequences of labeled trees and lattice paths. This is

accomplished in Lemma 5.1.1.

2. We then discuss in detail the case of labeled trees that contribute to G3,ν for all pos-

sible canopies ν P tUU,UD,DD,DUu. To each standard labeled tree on 3 nodes we

associate an alternating sequences of labeled trees and lattice paths.

3. The insight gained from understanding the n “ 3 case leads us to the crucial notions



137

of distinguished triples, life-sustaining nodes, and prunable nodes in Subsection 5.1.1.

4. The prunable nodes in a labeled tree determine a particular partition of the nodes of

the tree, which in turn determines an alternating sequence of labeled trees and lattice

paths. In Subsection 5.1.3, we show that this correspondence is in fact a weight-

preserving bijection between the set of labeled binary trees and the set of alternating

sequences of labeled trees and lattice paths.

5. Finally, in Section 5.2, we use this weight-preserving bijection to prove Theorem 4.0.5.

The notions of (augmented and marked) interlacing partitions defined in Section 4.3

can be seen to arise naturally from our act of dismantling a tree into an alternating

sequence of labeled trees and lattice paths.

A lattice path is a sequence ν “ pν1, . . . , νkq of points in the plane starting at ν1 “ p0, 0q

such that νi`1 is either νi ` p1, 1q or νi ` p1,´1q. We identify the lattice path ν with its

corresponding path graph where points are nodes and for each i ă k, we have an edge

joining νi and νi`1. Let startpνq – ν1 and endpνq – νk. If νi`1 “ νi ` p1, 1q, we say that

the edge between νi and νi`1 is an up step in the path, and denote it by U . Otherwise, if

νi`1 “ νi ` p1,´1q, we say that the edge between the nodes is a down step in the path and

denote it by D. A lattice path consisting of k nodes is said to be of length k ´ 1. Let wν

be the length k´ 1 word on the alphabet tU,Du recording the up and down steps of ν from

left to right.

Given a positive integer k, a labeled lattice path of length k ´ 1 is the data of a lattice

path ν of length k ´ 1 and a labeling of the nodes of ν with positive integers. If ν1, . . . , νk

are the nodes of ν, we let ν`i denote the label of νi. If ν is a labeled lattice path, its inorder

reading word inpνq is defined to be ν`1ν
`
2 . . . ν

`
k.

To the edge joining the labeled nodes νi and νi`1 in ν, we associate an edge weight based

on its orientation as indicated in Figure 5.1. Precisely, if νiνi`1 form a U step, then the edge

is assigned the weight λ̄ if ν`i ď ν`i`1, or the weight λ if ν`i ą ν`i`1. On the other hand, if
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νiνi`1 form a D step, then the edge is assigned the weight ρ̄ if ν`i ď ν`i`1, or the weight ρ if

ν`i ą ν`i`1. Note that the barred parameters λ̄ and ρ̄ correspond to weak inequalities, while

the unbarred parameters λ and ρ correspond to strict inequalities. We define the weight of

ν`i+1

ν`i

ρ̄ ρλ̄ λ

ν`i

ν`i ν`iν`i+1

ν`i+1 ν`i+1

Figure 5.1: Determining the weight of a labeled edge.

the labeled lattice path ν to be the product of the weights on its edges, and denote it by

wtpνq. Observe that the weights in Figure 5.1 are consistent with the weights assigned to

the edges of a labeled tree based on their orientation. Suppose we draw a labeled (plane

binary) tree with the root on top, left edges going Southwest to Northeast, and right edges

going Northwest to Southeast. If we defined the weight of a labeled (plane binary) tree to

be the product of the weights along its edges according to the rules in Figure 5.1, then this

new weight in fact coincides with the one in Subsection 4.1.2.

We define a path-tree sequence to be an alternating sequence

S “ pνp0q, T1, ν
p1q, . . . , νpm´1q, Tm, ν

pmq
q (5.1.2)

of labeled lattice paths νphq and labeled trees Th, with m ě 0, such that the sequence starts

and ends with a lattice path. We define the inorder reading word of S, denoted by inpSq, to

be the concatenation of the inorder reading words of the labeled lattice paths and labeled

trees in the order in which they appear in S from left to right,

inpSq– inpνp0qqinpT1qinpν
p1q
q ¨ ¨ ¨ inpνpm´1q

qinpTmqinpν
pmq
q, (5.1.3)

where the ellipsis here denotes that the concatenation continues. Define a monomial xS
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Figure 5.2: A path-tree sequence S.

associated to S by

xS – xinpSq
“ xinpνp0qq

m
ź

h“1

xTh xinpνphqq. (5.1.4)

Let the weight of S be

wtpSq– wtpνp0qq
m
ź

h“1

γh wtpThqwtpνphqq, (5.1.5)

where for each 1 ď h ď m,

γh –

$

’

&

’

%

λ̄ρ̄ if endpνph´1qq` ď startpνphqq`,

λρ if endpνph´1qq` ą startpνphqq`.

(5.1.6)

We define the canopy of S to be the word on tU,Du given by the concatenation

canpSq “ wνp0q D canpT1qU wνp1q ¨ ¨ ¨wνpm´1qD canpTmqU wνpmq . (5.1.7)

Given ν a word on tU,Du of length n ´ 1, let PT `
n,ν be the set of all path-tree sequences

with canopy ν. See Figure 5.2 for a path-tree sequence S with inpSq “ 314275434222,

xS “ x1x
4
2x

2
3x

3
4x5x7, wtpSq “ pρρ̄qpλ̄ρ̄qpλρ̄qpλqpλρqpλρ̄qp1q “ λ̄λ4ρ̄4ρ2 and canpSq “

DDDDUUUDUDU .

We denote the set of all path-tree sequences of any finite length by PT `. Recall that

by our convention, the ` in this notation refers to the fact that all path-tree sequences have
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labeled nodes. The weighted generating function of PT ` is equal to the right-hand side of

the equation in Theorem 4.0.3 by the following lemma.

Lemma 5.1.1. We have that

ÿ

SPPT `

wtpSqxS “
ÿ

ně1

ÿ

α(n

pλ̄ρ̄ G` λ̄` ρ̄qn´`pαqpλρG` λ` ρq`pαq´1 rα. (5.1.8)

Proof. By the definition of rα in (2.0.9), we can rewrite the right-hand side of (5.1.8) as

ÿ

ně1

ÿ

α(n

pλ̄ρ̄ G` λ̄` ρ̄qn´`pαqpλρG` λ` ρq`pαq´1 rα (5.1.9)

“
ÿ

ně1

ÿ

wPZną0

pλ̄ρ̄ G` λ̄` ρ̄qascpwq
pλρG` λ` ρqdespwq xw. (5.1.10)

For w P Zną0, consider the summand

pλ̄ρ̄ G` λ̄` ρ̄qascpwq
pλρG` λ` ρqdespwq xw, (5.1.11)

which can be rewritten as

»

–

ź

iPAscpwq

pλ̄ρ̄ G` λ̄` ρ̄q
ź

jPDespwq

pλρG` λ` ρq

fi

flxw “
ÿ

pA1,...,An´1q

A1 . . . An´1 xw, (5.1.12)

where the sum in the right-hand side of (5.1.12) is over all tuples pA1, . . . , An´1q such that

Ai P

$

’

&

’

%

tλ̄ρ̄wtpT qxT |T P T `u Y tλ̄, ρ̄u if i P Ascpwq,

tλρwtpT qxT |T P T `u Y tλ, ρu if i P Despwq.

(5.1.13)

For each w P Zną0, define a function fw from the collection of tuples pA1, . . . , An´1q satis-

fying (5.1.13) to PT ` as follows. First, define a sequence on tU,Du Y T ` by replacing each

λ̄ρ̄wtpT qxT and λρwtpT qxT with T in pA1, . . . , An´1q and then replacing each remaining

λ̄ and λ with a U and each remaining ρ̄ and ρ with a D. Then replace each maximum
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consecutive subsequence of Us and Ds with its corresponding lattice path. If two trees ap-

pear consecutively in the sequence, then we insert a lattice path consisting of a single node

between the two trees in the sequence. If the sequence begins with a tree, we insert a lattice

path consisting of a single node at the beginning of the sequence. Likewise, if the sequence

ends with a tree, we insert a lattice path consisting of a single node at the end of the se-

quence. Observe that the total number of nodes in the disjoint union νp0q \ νp1q \ ¨ ¨ ¨ \ νpmq

is n. Finally, label the nodes of the lattice paths we have just constructed from left to right

with the letters in w to obtain a path-tree sequence

S “ pνp0q, T1, ν
p1q, . . . , νpm´1q, Tm, ν

pmq
q P PT ` (5.1.14)

with

inpνp0qqinpνp1qq ¨ ¨ ¨ inpνpmqq “ w. (5.1.15)

Observe that

wtpSqxS “ A1 . . . An´1 xw. (5.1.16)

For example, in the case when w “ 314432, one possible tuple is

pA1, A2, A3, A4, A5q “ pρ, ρ̄, λ̄ρ̄wtpT1qx
T1 , λ, λρwtpT2qx

T2q, (5.1.17)

for some labeled trees T1 and T2. Then fwpA1, . . . , A5q “

3

1

4

, ,T1
4

3
, T2 , 2

,

which is an element of PT `.
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The map fw is a bijection onto the subset of PT ` of alternating sequences S “

pνp0q, T1, ν
p1q, . . . , νpm´1q, Tm, ν

pmqq which satisfy (5.1.15). Indeed, given a sequence S “

pνp0q, T1, ν
p1q, . . . , νpm´1q, Tm, ν

pmqq P PT `, we can recover w by reading off the labels of

the lattice paths in S from left to right. Furthermore, the tuple pA1, . . . , An´1q can be re-

covered by recording the weights of the edges of the lattice paths together with γhwtpThqx
Th

in the order in which the edges and trees appear in S. Therefore,

ÿ

SPPT `

wtpSqxS “
ÿ

ně1

ÿ

wPZną0

ÿ

pA1,...,An´1q

A1 . . . An´1 xw (5.1.18)

“
ÿ

ně1

ÿ

α(n

pλ̄ρ̄ G` λ̄` ρ̄qn´`pαqpλρG` λ` ρq`pαq´1 rα, (5.1.19)

where the inner sum in the right side of (5.1.18) is the right-hand side of (5.1.12).

By Lemma 5.1.1, in order to prove Theorem 4.0.3 it suffices to show that

G “
ÿ

SPPT `

wtpSqxS. (5.1.20)

Before we proceed to prove this identity, we first verify that G3 is equal to the degree 3

homogeneous component of the right-hand side of (5.1.20). This example will give us insight

into how to prove the identity and will motivate many of the ideas in the rest of this section.

Example 5.1.2. Recall from (4.0.14) that for ν a word on tU,Du of length n´ 1, we have

Gn,ν is the weighted generating function summing over trees with canopy ν. We have that

G3 “ G3,UU `G3,DD `G3,UD `G3,DU .

Recall from (5.1.7) the definition of the canopy of a path-tree sequence. We show that for
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each canopy ν, we have that

G3,ν “
ÿ

SPPT `
3,ν

wtpSqxS. (5.1.21)

In the case ν “ UU , it is not hard to verify that

G3,UU “ λ̄2rp3q ` λ̄λrp2,1q ` λλ̄rp1,2q ` λ
2rp1,1,1q (5.1.22)

“
ÿ

SPPT `
3,UU

wtpSqxS. (5.1.23)

Indeed, the path-tree sequences S with canpSq “ UU are those consisting of a single lattice

path whose steps are given by UU . On the other hand, the only binary tree T with canpT q “

UU is a path graph starting from the root and going down and to the left. Therefore, we

can define a bijection Φ3,UU : T `3,UU Ñ PT `
3,UU which simply converts the two left edges of

T into U steps in a lattice path. Furthermore, the map Φ3,UU preserves weight, meaning

that wtpT q “ wtpΦ3,UUpT qq. Similar statements hold with UU replaced by UD and DD.

In the case ν “ DU , there is no obvious way to convert a labeled tree T with canpT q “ DU

into a labeled path with steps DU while preserving weight. Recall from Subsection 4.1.2 that

the weight of a labeled tree T is the same as the weight of its inorder standardization. Let us

partition the set of labeled trees T with canopy DU according to their inorder standardization

sortpT q. The 12 possibilities for sortpT q are listed in Figure 5.3. One can verify that if we

restrict G3 to summing over labelings of the trees in the first row of Figure 5.3, the resulting

multivariate formal power series is quasisymmetric but not symmetric. Therefore, if we wish

to expand G3 in terms of ribbon Schur functions, we must group terms corresponding to

labeled trees in the first row of Figure 5.3 with terms corresponding to labeled trees in the

second row of Figure 5.3.

It remains to show that (5.1.21) holds for ν “ DU . Observe that if S has canopy DU ,

then either S “ pνp0qq where wνp0q “ DU , or S “ pνp0q, T1, ν
p1qq where νp0q, T1 and νp1q
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Figure 5.3: The 12 possibilities for sortpT q for T with canpT q “ DU .
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Figure 5.4: The 12 possible standardizations of the path-tree sequences with canopy DU .

each consist of a single node. Define the inorder standardization of a path-tree sequence S,

denoted by sortpSq to be the unique path-tree sequence whose underlying unlabeled paths

and trees are the same as those of S, and whose inorder reading word is sortpinpSqq. Figure 5.4

lists the possible standardizations of the path-tree sequences with canopy DU . Our goal is

to find a bijection Φ3,DU between the 12 labeled trees T whose inorder standardization is

listed in Figure 5.3 and the 12 path-tree sequences S whose inorder standardization is listed

in Figure 5.4. We would also like to construct the map so that Φ3,DU preserves weight and

inorder reading word. See Figure 5.5 for a summary of the map Φ3,DU we defined on standard
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Figure 5.5: A summary of the map Φ3,DU defined on standard trees.

trees with canopy DU . The reader is encouraged to verify that this map preserves weight

and inorder reading word using Figure 5.5.

Observe that for some trees the image is uniquely determined by the weight and inorder

reading word requirements, while for other trees, there was some choice for the image. For

example, looking at tree #2 in Figure 5.3, we see that its inorder reading word is 132 and

its weight is λ̄ρ̄. In order to preserve both its inorder reading word and weight, Φ3,DU must

map it to path-tree sequence #8 in Figure 5.4. On the other hand, both trees #1 and #7

have inorder reading word 123 and weight λ̄ρ̄. Similarly, both path-tree sequences #1 and

#7 have inorder reading word 123 and weight λ̄ρ̄. We make the arbitrary choice to map tree

#1 to path-tree sequence #1 and tree #7 to path-tree sequence #7.

We extend the definition of Φ3,DU to a map Φ3,DU : T `3,DU Ñ PT `
3,DU as follows. Given

T P T `3,DU , suppose that sortpT q maps to the path-tree sequence S in Figure 5.5. Then define
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Φ3,DUpT q to be the unique path-tree sequence whose underlying unlabeled paths and trees

are the same as those in S, such that the inorder reading word is inpT q. Therefore, Φ3,DU is

a bijection which preserves weight, inorder reading word, and canopy. Then we have

G3,DU “
ÿ

TPT `3,DU

wtpT qxT (5.1.24)

“
ÿ

TPT `3,DU

wtpΦ3,DUpT qqx
Φ3,DU pT q (5.1.25)

“
ÿ

SPPT `
3,DU

wtpSqxS, (5.1.26)

so (5.1.21) holds for ν “ DU .

We make one more observation from this example. Let T be a tree whose inorder stan-

dardization is a tree listed in either the second or fourth row of Figure 5.5. Let v2 be the

second node of T in inorder, which is the lowest node drawn in each of the trees in these rows.

We can think of the map Φ3,DU as “pruning” off v2 from T and mapping T to pv1, v2, v3q,

where we think of v2 as a single node tree sandwiched between v1 and v3.

The outline of the proof of Theorem 4.0.3 is organized as follows. In Subsection 5.1.1, we

define the notion of a “prunable node” in a tree and show that we can identify the weights of

a corresponding set of edges in the tree. In Subsection 5.1.3, we use the antichain of maximal

prunable nodes in a labeled tree to partition the node set of a labeled tree. We then use

this partition to define a map Φn,ν : T `n,ν Ñ PT `
n,ν which generalizes the map Φ3,DU in

Example 5.1.2. Finally, we use Φn,ν to prove the identity

G “
ÿ

SPPT `

wtpSqxS

from (5.1.20), completing the proof of Theorem 4.0.3.
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5.1.1 Distinguished triples and prunable nodes

Throughout this section, let us fix a labeled tree T P T `n . Let the nodes of T be v1, v2, . . . , vn

listed in inorder, as in Figure 4.1. After setting up some notation, we identify a special subset

of nodes of T as “prunable”. This set of nodes will allow us to give a simple description of

the weights of a corresponding set of edges in T .

Let the roof of T be the set of nodes of T which can be reached from the root by either

traversing only left edges or traversing only right edges. Let the set of nodes which are not

in the roof be the attic.

Definition 5.1.3. Let vj P NodespT q be a node in the attic of T .

• If vj is the left child of vk for some k ą j, let i be the greatest index smaller than j

such that vi is an ancestor of vj. Define the distinguished triple corresponding to vj to

be pvi, vj, vkq, and define the distinguished ancestor of vj to be vi “ dapvjq.

• If vj is the right child of vi for some i ă j, let k be the smallest index greater than j

such that vk is an ancestor of vj. Define the distinguished triple of vj to be pvi, vj, vkq,

and define the distinguished ancestor of vj to be vk “ dapvjq.

Observe that if vj P NodespT q is in the attic of T , then its distinguished ancestor always

exists. Indeed, assuming vj is the left child of vk for some k ą j, if there exists no i ă j

such that vi is an ancestor of vj, then vj must be in the roof of T , a contradiction, hence the

distinguished ancestor of vj exists. Similar reasoning holds when vj is the right child of vi

for some i ă j. See Figure 5.6 for a schematic diagram of the two cases in Definition 5.1.3,

where the blue triangles indicate arbitrary subtrees of T .

We call the unique path from vj to dapvjq, including both vj and dapvjq, the distinguished

path of the node vj. Figure 5.7 shows a tree T with its roof and attic highlighted, with a list

of the distinguished triples for each vj in the attic of T .

Observe that in each case of Definition 5.1.3, we have i ă j ă k. Furthermore, vi has a
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vi = da(vj)

vk

vj

Tvj

vk = da(vj)

vi

vj

Tvj

e

f e

f

Figure 5.6: A schematic diagram for distinguished triples pvi, vj, vkq.

right edge e, and vk has a left edge f . Further observe that

NodespTvjq “ tvh : i` 1 ď h ď k ´ 1u, (5.1.27)

where Tvj is the subtree of T consisting of vj and all of its descendants. Indeed, it can be seen

from Figure 5.6 that i is maximum such that i ă j and vi is not in Tvj , and k is minimum

such that k ą j and vk is not in Tvj .

Next we prove a lemma relating the canopy of T to distinguished ancestors. Recall from

Definition 4.1.1 that canpT q is the word on tU,Du whose jth letter is a D if and only if vj

has a right child.

Lemma 5.1.4. Consider a node vj in T for j ď n´ 1. Then the following hold.

(a) Suppose the jth letter of canpT q is a U . Then either vj is the left child of vj`1, or vj is

in the attic and vj`1 “ dapvjq.

(b) Suppose the jth letter of canpT q is a D. Then either vj`1 is the right child of vj, or vj`1

is in the attic and vj “ dapvj`1q.

Proof. If the jth letter of canpT q is a U , then vj does not have a right child. Therefore, vj`1

must be an ancestor of vj. In this case, vj cannot be the root, so vj must have a parent. If vj
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Figure 5.7: On the left, a tree T P T16 with its roof and attic highlighted. On the right, a
table listing the distinguished triples pvi, vj, vkq, where in each row the distinguished

ancestor of the node vj is starred.

is the left child of a node, then vj`1 must be its parent by the definition of inorder and the

fact that vj has no right child. In this case, the condition in (a) is satisfied, so we can assume

that vj is the right child of some node. By the definition of inorder and the fact that vj`1 is

its ancestor, vj must be in the attic. By Definition 5.1.3, dapvjq “ vk for the minimal k ą j

such that vk is an ancestor of vj. Since vj`1 is an ancestor of vj, then we have j ` 1 “ k.

Hence, vj`1 “ dapvjq. This concludes the proof of part (a). The proof of part (b) follows

similarly.

The reader may verify the claim in Lemma 5.1.4 in the case of the tree in Figure 5.7

whose canopy equals UUDUDUUUDDDDUUD.

Definition 5.1.5. Given vj in the attic of T , let pvi, vj, vkq be its distinguished triple. We

call the node vj life-sustaining if and only if one of the following criteria holds:

(S1) The node vj is a left child, and

sortpv`iv
`
jv
`
kq P t132, 312, 321u.
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(S2) The node vj is a right child, and

sortpv`iv
`
jv
`
kq P t123, 213, 231u.

If vj is in the attic of T and it is not life-sustaining, we call it prunable.

See Figure 5.8 for a summary of the six cases where vj is life-sustaining and Figure 5.9

for a summary of the six cases where vj is prunable. Observe that if T is a labeled tree on

3 nodes with canpT q “ DU , then v2 is life-sustaining if and only if the standardization of

T appears in either rows 1 or 3 of Figure 5.5. These are exactly the cases where Φ3,DUpT q

consists of a single lattice path in Example 5.1.2. On the other hand, v2 is prunable if and

only if the standardization of T appears in either rows 2 or 4 of Figure 5.5. These are exactly

the cases where Φ3,DUpT q is a path-tree sequence of length 3 in Example 5.1.2.
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vi

vj

vk = da(vj) vk = da(vj) vk = da(vj)

vj vjvj vj vj

vk

vi = da(vj) vi = da(vj) vi = da(vj)

vi vivk vk

e e e f f f

f f f e e e

Figure 5.8: The six cases where vj is life-sustaining.

Next we prove a lemma which identifies certain edge weights in the tree associated to

life-sustaining nodes. We then use it to prove Lemma 5.1.7, which identifies products of

edge weight of the form λ̄ρ̄ and λρ. Lemma 5.1.7 will help explain the appearance of the γh

weights in the definition of the weight of a path-tree sequence (5.1.5).

Lemma 5.1.6. Let vj be a node in the attic of T such that all of the nodes in the distinguished

path of vj are life-sustaining nodes of T . Let pvi, vj, vkq be the distinguished triple of vj, let

e be the right edge of vi, and let f be the left edge of vk. Then the following hold.
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Figure 5.9: The six cases where vj is prunable.

(a) If vj is the left child of vk, then

wtpeq “

$

’

&

’

%

ρ̄ if v`i ď v`j,

ρ if v`i ą v`j.

(b) If vj is the right child of vi, then

wtpfq “

$

’

&

’

%

λ̄ if v`j ď v`k,

λ if v`j ą v`k.

Proof. (a) The proof is by case analysis. First, suppose that the distinguished path of vj

consists of only nodes vi, vj and vk. Looking at Figure 5.8, we see that if sortpv`iv
`
jv
`
kq “

132, then v`i is weakly smaller than both v`j and v`k. Therefore, we are in the case where

v`i ď v`j, and wtpeq “ wtpvivkq “ ρ̄. On the other hand, if sortpv`iv
`
jv
`
kq P t312, 321u, then

v`i is strictly greater than both v`j and v`k. Therefore, we are in the case where v`i ą v`j,

and wtpeq “ wtpvivkq “ ρ.

Now, suppose that the distinguished path of vj consists of more than three nodes. Since

all of the nodes along the distinguished path are life-sustaining, there are only two cases.

Either v`i is weakly smaller than all of the other labels along the distinguished path, or
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v`i is strictly greater than all of the other labels along the distinguished path. In the first

case, v`i ď v`j and wtpeq “ ρ̄. In the second case, v`i ą v`j and wtpeq “ ρ.

(b) A similar case analysis shows that either v`k is weakly greater than all of the other labels

along the distinguished path of vj, or v`k is strictly smaller than all of the other labels

along the distinguished path. In the first case, v`j ď v`k and wtpfq “ λ̄. In the second

case, v`j ą v`k and wtpfq “ λ.

Lemma 5.1.7. Let vj be a node in the attic of T . Suppose that vj is prunable and that all

other nodes in the distinguished path of vj are life-sustaining. Let pvi, vj, vkq be the distin-

guished triple of vj, let e be the right edge of vi, and let f be the left edge of vk. Then

wtpeqwtpfq “

$

’

&

’

%

λ̄ρ̄ if v`i ď v`k,

λρ if v`i ą v`k.

(5.1.28)

Proof. It suffices to show that

wtpeq “

$

’

&

’

%

ρ̄ if v`i ď v`k,

ρ if v`i ą v`k,

(5.1.29)

wtpfq “

$

’

&

’

%

λ̄ if v`i ď v`k,

λ if v`i ą v`k.

(5.1.30)

First, suppose vj is the left child of vk, and let vi “ dapvjq. If the distinguished path of vj

consists of only the nodes vi, vj and vk, then vk is the right child of vi. Therefore, e “ vivk,

so wtpeq “ wtpvivkq, and (5.1.29) holds. Otherwise, vk is in the attic of T , and vi “ dapvkq.

By hypothesis, we know that every node on the distinguished path of vk is life-sustaining.

Therefore, applying Lemma 5.1.6(a) to the distinguished path of vk, we have that (5.1.29)

continues to hold.

Since vj is the left child of vk, then (5.1.30) follows from a case analysis. Indeed, looking



153

at Figure 5.9, then v`i ď v`k exactly when sortpv`iv
`
jv
`
kq P t213, 123u. In both of these cases we

have that v`j ď v`k, which means exactly that wtpfq “ wtpvjvkq “ λ̄, so (5.1.30) holds. On

the other hand, v`i ą v`k exactly when sortpv`iv
`
jv
`
kq “ 231. In this case, we have v`j ą v`k, so

(5.1.30) continues to hold.

This concludes our proof of the lemma in the case when vj is the left child of vk. The

case when vj is the right child of vi follows by a similar application of Lemma 5.1.6(b) and

a case analysis.

Lemma 5.1.8. Consider a node vj in T for j ď n ´ 1. Suppose vj and all its ancestors of

vj are life-sustaining. Then the following hold.

(a) If the jth letter of canpT q is a U , then vj`1 has a left edge which has the same weight

and orientation as a U step in a lattice path labeled v`jv
`
j`1.

(b) If the jth letter of canpT q is a D, then vj has a right edge which has the same weight

and orientation as a D step in a lattice path labeled v`jv
`
j`1.

Proof. If the jth letter of canpT q is a U , then by Lemma 5.1.4(a), either vj is the left child

of vj`1, or vj is in the attic and vj`1 “ dapvjq. In the first case, simply observe that the left

edge vjvj`1 has the same weight and orientation as a U step labeled v`jv
`
j`1. In the second

case, apply Lemma 5.1.6(b) where k “ j ` 1 and f is the left edge of vj`1. Then we have

wtpfq “

$

’

&

’

%

λ̄ if v`j ď v`j`1,

λ if v`j ą v`j`1,

(5.1.31)

which is exactly the weight of a U step labeled with v`jv
`
j`1. This concludes the proof of part

(a). Part (b) follows from a similar application of Lemma 5.1.4(b) and Lemma 5.1.6(a) using

the edge labeled e.
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5.1.2 Partition of a tree

Throughout this subsection, let us continue to fix a labeled tree T P T `n . Let the nodes of T

be v1, v2, . . . , vn listed in inorder. Let us define some notation which we use throughout the

rest of Section 5.1.

Definition 5.1.9. Let T P Tn, and let A “ tvj1 , vj2 , . . . , vjmu be an antichain under the

partial ordering ďT of nodes in the attic such that j1 ă j2 ă ¨ ¨ ¨ ă jm. For each 1 ď h ď m,

define the following notation.

• Let Th be the subtree of T consisting of vjh and all of its descendants.

• Let pvih , vjh , vkhq be the distinguished triple of the node vjh .

• Let eh be the right edge of vih , and let fh be the left edge of vkh .

• Let k0 – 1 and im`1 – n.

• Let wphq be the word on tU,Du given by traversing the nodes in the interval rvkh , vih`1
q

of T in inorder and recording a D if the node has a right child, and a U otherwise.

Observe that ih ă jh ă kh ď ih`1 for all h. Indeed, let vm be the lowest common ancestor

of vjh and vjh`1
. Then we have jh ă m ă jh`1 by the definition of inorder. Hence, by the

definition of kh and ih`1, we have kh ď m ď ih`1. Therefore, we have partitioned the set rns

into a disjoint union of intervals,

r1, i1s \ ri1 ` 1, k1 ´ 1s \ rk1, i2s \ ¨ ¨ ¨ \ rkm´1, ims \ rim ` 1, km ´ 1s \ rkm, ns. (5.1.32)

Further observe that rih ` 1, kh ´ 1s “ tp : vp P NodespThqu by (5.1.27).

Lemma 5.1.10. Let T P Tn, and let A “ tvj1 , vj2 , . . . , vjmu be an antichain in the attic such

that j1 ă j2 ă ¨ ¨ ¨ ă jm. Using the notation in Definition 5.1.9, the canopy of T is equal to
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v15

e1
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e3

f2 f3
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v16

Figure 5.10: A tree T P T16 with canopy DUDUUUDUUDUDUUD, partitioned using the
antichain tv2, v4, v12u.

the following concatenation

canpT q “ wp0q pD canpT1qUqw
p1q
¨ ¨ ¨wpm´1q

pD canpTmqUqw
pmq. (5.1.33)

Proof. Recalling the definition of the canopy of a tree, Definition 4.1.1, we label each node

in NodespT qztvnu with a D if it has a right child, or with a U if it does not have a right child.

Recall the partitioning (5.1.32) of the set rns, which corresponds to a partition of the nodes of

T , where the interval rih`1, kh´1s corresponds to the set of nodes of Th. By Definition 5.1.9,

we have that wphq is the word read from the labels of the nodes in rvkh , vih`1
q in inorder. For

h ă m, the node vih has a right edge, so it is labeled with a D. Let th be the final node of

Th in inorder. Then the word read from the labels of the nodes in NodespThqztthu in inorder

is exactly canpThq. Since th is the last node of Th in inorder, it does not have a right child,

so it is labeled with a U . By definition, canpT q is the word read from the labels of the nodes

in NodespT qztvnu in inorder, which is exactly the right-hand side of (5.1.33).

Figure 5.10 shows a binary tree T , together with a choice of antichain tvj1 , vj2 , vj3u. Each
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blue striped region corresponds to an interval of nodes rvkh , vih`1
s, and each solid green region

corresponds to a subtree Th. In this case, we have

canpT q “ pqpDUqpqpDUqpUUDUUqpDUDUUqpDq

“ DUDUUUDUUDUDUUD,

where canpT1q “ canpT2q are the empty word and canpT3q “ UDU . The reader can check

that Lemma 5.1.10(b) holds in this case.

Remark 5.1.11. Note that even though the subgraph formed by each interval rvkh , vih`1
s is

connected in Figure 5.10, these subgraphs may not be connected in general.

5.1.3 Construction of the map Φn,ν

In this subsection, we define a map Φn,ν : T `n,ν Ñ PT `
n,ν which extends the map Φ3,ν defined

in Example 5.1.2. We then prove that it is a weight-preserving bijection and use it to prove

Theorem 4.0.3.

Definition 5.1.12. We define the map Φn,ν : T `n,ν Ñ PT `
n,ν as follows. Given T P T `n,ν , let

A “ tvj1 , vj2 , . . . , vjmu, ordered so that j1 ă j2 ă ¨ ¨ ¨ ă jm, be the subset of prunable nodes

of T which are maximal among prunable nodes under the partial order ďT . By definition,

A is an antichain, and all of its elements are in the attic of T . Recall the notation defined

in Definition 5.1.9.

Let νphq be the unique labeled lattice path whose steps are wνphq “ wphq and whose inorder

reading word is inpνphqq “ v`khv
`
kh`1 ¨ ¨ ¨ v

`
ih`1

. Define

Φn,νpT q– pνp0q, T1, ν
p1q, . . . , νpm´1q, Tm, ν

pmq
q,

which lies in PT `
n,ν by Lemma 5.1.10.

Figure 5.11 shows a tree T with its prunable nodes highlighted in green. In this labeled

tree, we have A “ tv2, v4, v12u. Figure 5.12 shows the image of the tree T under the map
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Figure 5.11: A tree T P T `16 whose prunable nodes are highlighted in green with
canpT q “ DUDUUUDUUDUDUUD.
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Figure 5.12: The image under Φn,ν of the tree in Figure 5.11.

Φn,ν . The reader can check that for T in Figure 5.11 and Φn,νpT q in Figure 5.12,

wtpT q “ λ̄3λ6ρ̄3ρ3
“ λ̄λ3ρ̄ρpλ̄ρ̄wtpT1qqpλ̄ρ̄wtpT2qqpλρwtpT3qq “ wtpΦn,νpT qq,

inpT q “ 3235461765768131 “ inpΦn,νpT qq.

Lemma 5.1.13. For all T P T `n,ν, we have that wtpT q “ wtpΦn,νpT qq and inpT q “

inpΦn,νpT qq.

Proof. Definition 5.1.12 states that inpνphqq “ v`khv
`
kh`1 ¨ ¨ ¨ v

`
ih`1

. Therefore, the fact that
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inpT q “ inpΦn,νpT qq follows from the partition of rns in (5.1.32).

Recall from (5.1.5) that

wtpΦn,νpT qq “ wtpνp0qq
m
ź

h“1

γh wtpThqwtpνphqq, (5.1.34)

where

γh “

$

’

&

’

%

λ̄ρ̄ if endpνph´1qq` ď startpνphqq`,

λρ if endpνph´1qq` ą startpνphqq`.

(5.1.35)

Observe that v`ih “ endpνph´1qq` and v`kh “ startpνphqq`. Since vjh is maximal among prunable

nodes in T , then all ancestors of vjh are life-sustaining. Applying Lemma 5.1.7 with i “ ih,

j “ jh, k “ kh, e “ eh and f “ fh, we have

wtpehqwtpfhq “

$

’

&

’

%

λ̄ρ̄ if v`ih ď v`kh ,

λρ if v`ih ą v`kh ,

(5.1.36)

“

$

’

&

’

%

λ̄ρ̄ if endpνph´1qq` ď startpνphqq`,

λρ if endpνph´1qq` ą startpνphqq`,

(5.1.37)

“ γh. (5.1.38)

Let us define a map on the disjoint union of the sets of edges of the paths νphq,

Λ :
m
ğ

h“0

Edgespνphqq Ñ EdgespT qz

˜

m
ď

h“1

teh, fhu Y EdgespThqq

¸

(5.1.39)

with the property that wtpeq “ wtpΛpeqq. Given e P Edgespνphqq, let its endpoints be the jth

and pj ` 1qth nodes of S in inorder. First, suppose that e is a U step. Since νphq is defined

so that wνphq “ wphq, then the jth letter of canpT q is a U . It follows from Lemma 5.1.4(a)

that vj`1 has a left edge, which we then define to be Λpeq. Similarly, if e is a D step, then
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the jth letter of canpT q must be a D. It follows from Lemma 5.1.4(b) that vj must have a

right edge, which we then define to be Λpeq. By construction, we have that Λ is a bijection.

In the case that e is a U step, then by Lemma 5.1.8(a) we have wtpeq “ wtpΛpeqq. In the

case that e is a D step, then by Lemma 5.1.8(b) we have wtpeq “ wtpΛpeqq. Therefore, Λ is

a weight-preserving bijection. Hence,

wtpΦn,νpT qq “
m
ź

h“0

wtpνphqq
m
ź

h“1

γhwtpThq (5.1.40)

“

m
ź

h“0

wtpνphqq
m
ź

h“1

wtpehqwtpfhqwtpThq (5.1.41)

“ wtpT q. (5.1.42)

Next, we prove that the map Φn,ν is a bijection by constructing an inverse map. Our

inverse map to Φn,ν involves an algorithm which is inspired by the Push-Gliding algorithm

of Préville-Ratelle and Viennot [69], which gives a bijection between binary trees and certain

pairs of lattice paths.

Define Ψn,ν : PT `
n,ν Ñ T `n,ν as follows. Let

S “ pνp0q, T1, ν
p1q, . . . , νpm´1q, Tm, ν

pmq
q

be an element of PT `
n,ν . Define ν̂ to be the unique labeled lattice path such that

wν̂ “ wνp0q DU wνp1q DU ¨ ¨ ¨DU wνpmq (5.1.43)

and

inpν̂q “ inpνp0qq rootpT1q
` inpνp1qq ¨ ¨ ¨ inpνpm´1q

qrootpTmq
`inpνpmqq. (5.1.44)

For easy comparison with [69], we switch momentarily to drawing our lattice paths with

North and East steps instead of U and D steps, respectively. Similarly, we draw our trees

so that right edges are horizontal and left edges are vertical.
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Figure 5.13: The Ω-tree corresponding to the path-tree sequence in Figure 5.12.

Recall from Préville-Ratelle and Viennot [69] that an Ω-tree T is defined to be a lattice

path with some binary trees rooted at some nodes of the path. Define the inorder traversal

of T by traversing the lattice path Southwest to Northeast, except that whenever a node is

reached which is the root of a binary tree, traverse the binary tree in inorder and continue

on with the rest of the path. If the highest node of T is at height y “ h, let R denote the

subset of points px, yq on the integer lattice strictly above the lattice path with x ě 0 and

y ď h.

Iteratively construct a tree from ν̂ and the trees Th as follows. Initialize the Ω-tree T to

be the path ν̂ together with each tree Th rooted at the node of ν labeled v`jh . Identify the jth

node of T in inorder with the jth node of S in inorder. Both nodes will simultaneously be

denoted by vj. Draw T in the plane with the first node inorder situated at the origin p0, 0q

in Cartesian coordinates. For example, if S is the element of PT ` in Figure 5.12, then the

initial Ω-tree T and set of lattice points R are shown in Figure 5.13. At any step, we keep

track of an Ω-tree T , all of whose nodes are labeled. Suppose rootpThq “ vjh for each h.

If R is nonempty, let q be the Eastern-most point of the bottom row of R. Let vi, vj
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and vk be the nodes of the path which are immediately South, Southeast, and East of q,

respectively. We say the node vj of T is prunable if vj “ rootpThq for some Th and vj is

life-sustaining otherwise.

(C1) If vj is prunable and sortpv`iv
`
jv
`
kq P t132, 312, 321u, or if vj is life-sustaining and

sortpv`iv
`
jv
`
kq P t123, 213, 231u, then delete the edge vjvk, shift the part of T which is

weakly Northeast of the node vk 1 unit West, and draw a new edge between vi and the

new location of vk. Update the Ω-tree T accordingly.

(C2) If vj is prunable and sortpv`iv
`
jv
`
kq P t123, 213, 231u, or if vj is life-sustaining and

sortpv`iv
`
jv
`
kq P t132, 312, 321u, then delete the edge vivj, shift the part of the Ω-tree

which is weakly Northeast of the node vj 1 unit South, and create a new edge between

vi and the new location of vk. Update the Ω-tree T accordingly.

Repeat this procedure until the set R is empty. At the end of this algorithm, we obtain

a labeled plane binary tree T rooted at the Northwestern-most node.

Remark 5.1.14. This procedure of converting S into Ψn,νpSq is essentially a modified version

of the Push-Gliding algorithm of Préville-Ratelle and Viennot [69], where translating part

of the path West by 1 unit is a Glide operation and translating part of the path South by 1

unit is part of a Push operation.

Define the canopy of an Ω-tree to be the word on tU,Du obtained by recording the U

and D steps of ν̂ from left to right, except that whenever a node is reached which is the root

of a binary tree, we record the canopy of that binary tree and continue on with the rest of

the path. By (5.1.43), the canopy of the initial Ω-tree is canpSq. From [69], Push and Glide

operations preserve the canopy of the Ω-tree T . Define Ψn,νpSq– T , which is in PT `
n,ν .

Figure 5.14 shows the construction of Ψn,νpSq where S “ Φn,νpT q shown in Figure 5.12

and T is the labeled tree in Figure 5.11. Note that we do indeed reconstruct the original

tree in this example.
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Figure 5.14: The inverse bijection Ψn,ν applied to the path-tree sequence S from
Figure 5.12.

Note that throughout this procedure, we need to avoid creating cycles when drawing T .

Therefore, some of the edge lengths may have to be drawn lengthened in order to avoid

collisions in the grid (see the footnote at the bottom of [69, page 5230]).

Lemma 5.1.15. The map Φn,ν is a bijection.

Proof. The choice of either applying (C1) or (C2) at each step guarantees that the node vjh

of the tree Ψn,νpSq is prunable and that it is maximal among prunable nodes in Ψn,νpSq.

Therefore, the subtrees in the path-tree sequence Φn,νpΨn,νpSqq will be exactly T1,. . . ,Tm.

From [69], Push and Glide operations preserve the canopy and inorder reading word of an

Ω-tree. Therefore, the sequences of U and D steps in the m`1 lattice paths of Φn,νpΨn,νpSqq



163

must be wνp0q , wνp1q , . . . , wνpmq , respectively. It is easy to see that their inorder reading words

are inpνp0qq, inpνp1qq, . . . , inpνpmqq, respectively, so the lattice paths of Φn,νpΨn,νpSqq must be

νp0q, . . . , νpmq. Therefore, Φn,νpΨn,νpSqq “ S so Φn,ν is surjective.

Given an integer n, a word w P Zną0, and a sequence ν P tU,Dun´1, let T `n,ν,w be the

subset of T `n,ν of trees with inorder reading word w, and let PT `
n,ν,w be the subset of PT `

n,ν

with inorder reading word w. Observe that Φn,ν maps T `n,ν,w surjectively onto PT `
n,ν,w by

the argument above, so |T `n,ν,w| ě |PT `
n,ν,w|. Furthermore, observe that T `n,ν,w is in bijection

with the set of unlabeled trees on n nodes with canopy ν. Similarly, the set PT `
n,ν,w is in

bijection with unlabeled path-tree sequences on n nodes with canopy ν.

A simple generating function argument shows that the number of unlabeled path-tree se-

quences on n nodes is |Tn| “ Catn, the nth Catalan number. Indeed, the ordinary generating

function for unlabeled path-tree sequences is given by

ÿ

iě1

ˆ

x

1´ 2x

˙i`1

Cpxqi “
x

1´ 2x´ xCpxq
. (5.1.45)

Recall from Subsection 4.4.1 that Cpxq “
ř

ně1 Catnx
n and that C :“ Cpxq satisfies the

relation C “ xp1 ` Cq2. This relation implies in turn that the right hand side of (5.1.45)

equals C. Therefore, for fixed n and w we have

Catn “ |Tn| “
ÿ

ν

|T `n,ν,w| ě
ÿ

ν

|PT `
n,ν,w| “ Catn. (5.1.46)

Hence, the inequality in (5.1.46) must be an equality, and in fact each inequality |T `n,ν,w| ě

|PT `
n,ν,w| must be an equality, so |T `n,ν,w| “ |PT `

n,ν,w|.

Since Φn,ν maps T `n,ν,w surjectively onto PT `
n,ν,w, and these two sets have the same

cardinality, then Φn,ν must restrict to a bijection between T `n,ν,w and PT `
n,ν,w. As we run

over w, the sets T `n,ν,w and PT `
n,ν,w partition the domain and codomain, respectively, of the

map Φn,ν . Therefore, Φn,ν is a bijection.

Proof 2 of Theorem 4.0.3. By Lemmas 5.1.13 and 5.1.15, we have that Φn,ν : T `n,ν Ñ PT `
n,ν
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is a bijection such that wtpT q “ wtpΦn,νpT qq and inpT q “ inpΦn,νpT qq. Therefore,

ÿ

TPT `
wtpT qxT “

ÿ

ně1

ÿ

νPtU,Dun´1

ÿ

TPT `n,ν

wtpΦn,νpT qqx
Φn,νpT q (5.1.47)

“
ÿ

SPPT `

wtpSqxS (5.1.48)

“
ÿ

ně1

ÿ

α(n

pλ̄ρ̄ G` λ̄` ρ̄qn´`pαqpλρG` λ` ρq`pαq´1 rα, (5.1.49)

where the last equality holds by Lemma 5.1.1.

In addition to proving Theorem 4.0.3, the same proof allows us to obtain a noncommu-

tative version of Theorem 4.0.3.

5.1.4 Noncommutative version

Let x “ tx1,x2, . . . u be a set of noncommutating variables. Given a word w “ w1 . . . wn P

Zną0, define the noncommutative monomial xw to be xw1 . . .xwn . Let

G – Gpx; λ̄, λ, ρ̄, ρq “
ÿ

ně1

ÿ

TPT `n

wtpT qxinT .

Let s and t be parameters which do not commute with the xi. For w P Z`ą0, let xwps, tq be

the extended noncommutative monomial given by inserting s between xwi and xwi`1
in the

monomial xw for each ascent wi ď wi`1 and inserting t for each descent wi ą wi`1. For

instance, if w “ 21131, then xwps, tq “ x2tx1sx1sx3tx1.

As a corollary of Proof 2 of Theorem 4.0.3, we obtain the following noncommutative

analogue of the functional equation in Theorem 4.0.3.

Corollary 5.1.16. We have the following functional equation in terms of substitutions into

the extended noncommutative monomials,

G “
ÿ

wPZ`ą0

xwpλ̄ρ̄G` λ̄` ρ̄, λρG` λ` ρq.
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5.2 Proofs of Theorem 4.0.4 and Theorem 4.0.6

In this section, we use the weight-preserving bijection defined in Definition 5.1.12 to prove

Theorem 4.0.6. We then show how Theorem 4.0.4 follows from Theorem 4.0.6.

Our key tool in this section is a weight-preserving surjective map Θn,ν from PT `
n,ν onto

mNC˚pn, νq with the following crucial property: The preimage of π˚ P mNC˚pn, νq consists

of certain S P PT `
n,ν such that the sum over the monomials xS is a product of ribbon Schur

functions. The map Θn,ν is defined recursively. Informally put, all nodes that belong to paths

in a path-tree sequence S contribute the block B1 in our augmented interlacing partition π˚.

Furthermore, individual paths in S correspond to sub-blocks in B1 that are maximal under

connectedness by short arcs. The labels of the short arcs record the sequences of up and

down steps in individual paths. To determine the remaining blocks in π˚, we first apply Φn1,ν1

for the appropriate n1 and ν 1 to each tree in S, and subsequently apply Θn1,ν1 to the resulting

path-tree sequence. In this manner we recursively compute all blocks in π˚. Finally, in view

of the definitions of weights of elements of PT `
n,ν and mNC˚pn, νq, the choice of which nodes

get marked is essentially ‘forced’ by our demand that Θn,ν be weight-preserving. With this

informal description serving as a crutch, we give precise details.

Given S “ pνp0q, T1, . . . , Tm, ν
pmqq P PT `

n,ν , let v1, . . . , vn be the nodes of S listed in

inorder. For 0 ď h ď m, let rkh, ih`1s be the set of indices of nodes in νphq and rih`1, kh´1s

be the set of indices of nodes in Th.

Define a map Θn,ν : PT `
n,ν Ñ mNC˚pn, νq recursively as follows. If n “ 1, define Θ1,H

to be the map which sends each sequence pνp0qq consisting of a single labeled node to the

unique augmented interlacing partition on a single node. Now, given n ą 1 and S P PT `
n,ν ,

define the arc diagram of an augmented interlacing partition as follows.

1. Initialize a set of nodes u1, . . . , un, and draw arcs so that all of the nodes up with

p P r1, i1s \ rk1, i2s \ ¨ ¨ ¨ \ rkm, ns are in the single block B1.

2. For 0 ď h ď m and p P rkh, ih`1q, observe that vpvp`1 is an edge e of νphq. If e is an up
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DU

u1 u2 u3 u4 u5 u7 u8 u9 u10 u11u6 u12 u13 u14 u15 u16

U U U DU

Figure 5.15: The augmented interlacing partition Θn,νpSq for S in Figure 5.12.

step, then label the short arc upup`1 drawn in step (1) with a U . Otherwise, label the

short arc upup`1 with a D. In addition, if v`p ą v`p`1, then mark the node up.

3. For 1 ď h ď m, mark the node uih if and only if v`ih ą v`kh .

4. For 1 ď h ď m, let nh “ |NodespThq| and νh “ canpThq. Recursively construct

the augmented interlacing partition π˚h – Θnh,νhpΦnh,νhpThqq on the set of nodes

uih`1, uih`2, . . . , ukh´1.

5. Define Θn,νpSq– B1{π
˚
1{ ¨ ¨ ¨ {π

˚
m, i.e. the augmented interlacing partition whose blocks

are B1 together with the blocks in π˚1 ,. . . ,π˚m.

For the path-tree sequence S in Figure 5.12, its image Θn,νpSq is shown in Figure 5.15.

Lemma 5.2.1. We have that Θn,ν is a well-defined map to mNC˚pn, νq which is weight-

preserving and surjective.

Proof. We prove that Θn,ν is well-defined, weight-preserving, and surjective by induction on

n. The n “ 1 case of each part is trivial, because in this case the only element of PT `
n,ν

is a path-tree sequence pνp0qq consisting of a single node, which maps to the augmented

interlacing partition consisting of a single node. Let us assume by way of induction that the

lemma holds for all n ă N and all ν and S.

To show ΘN,ν is well-defined, we must show wpΘN,νpSqq “ canpSq for all S “

pνp0q, T1, . . . , Tm, ν
pmqq P PT `

N,ν . Let the nodes of S be v1, . . . , vN listed in inorder, let

nh “ |NodespThq|, and let νh “ canpThq. By our inductive hypothesis, we have

wpΘnh,νhpΦnh,νhpThqqq “ canpΦnh,νhpThqq “ canpThq. (5.2.1)
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Letting B1 be the block of ΘN,νpSq, partition B1 into blocks C0, C1, . . . , Cp that are maximal

under connected by short arcs. Then wpCiq “ wνpiq for 0 ď i ď m by step (2) of the definition

of ΘN,ν . Therefore, by the definition of wpΘN,νpSqq, see (4.3.7), and the definition of canpSq,

see (5.1.7), we have wpΘN,νpSqq “ canpSq.

To show ΘN,ν is weight-preserving, we must show wtpΘN,νpSqq “ wtpSq for all S P

PT `
N,ν . Using the same notation as above, by our inductive hypothesis we have

wtpΘnh,νhpΦnh,νhpThqqq “ wtpΦnh,νhpThqq “ wtpThq. (5.2.2)

Recall the definition of wtpΘn,νpSqq, see (4.3.6). Observe that by step (2) of the construction

of ΘN,ν , the number of unmarked steppers whose short arc is labeled U in Ci is equal to the

number of up steps in νpiq which form a descent. Similar equalities hold for the three other

types of steppers. Furthermore, the contribution of the marked and unmarked jumpers

to wtpΘn,νpSqq is equal to the contribution of the γi to wtpSq by step (3). From these

observations together with (5.2.2), we conclude wtpΘN,νpSqq “ wtpSq.

To show ΘN,ν is surjective, let π˚ P mNC˚pN, νq an augmented interlacing partition on

nodes u1, . . . , uN . Letting B1 be the part of π˚ containing u1 and uN , partition B1 into

blocks C0, . . . , Cm that are maximal under connectedness by short arcs, and let π˚h be the

augmented interlacing partition induced by π˚ on the nodes uj for j P pmaxpCh´1q,minpChqq.

By our inductive hypothesis, we have Θnh,νh is surjective, where nh is the number of nodes

of π˚h and νh “ wpπ˚hq. Hence, there exists Sh such that Θnh,νhpShq “ π˚h. For 0 ď i ď m,

let νpiq be the unlabeled lattice path on |Ci| many nodes such that wνpiq is given by the

labels of the short arcs in Ci. Furthermore, label the nodes of the νpiq so that if we define

S “ pνp0q,Φ´1
n1,ν1

pS1q, . . . ,Φ
´1
nm,νmpSmq, ν

pmqq, then steps (2) and (3) would give us the marking

of π˚ back under applying Θn,ν . Finally, by step (4) we see that S has been chosen exactly so

that we recover the π˚h. Hence, we have ΘN,νpSq “ π˚, so ΘN,ν is surjective, which completes

the induction.

The reader can verify that for the path-tree sequence S in Figure 5.12 and Θn,νpSq in
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Figure 5.15, we have wtpΘn,νpSqq “ λ̄λ4ρ̄ρpλ̄ρ̄q2pλρq2 “ wtpSq.

Proof of Theorem 4.0.6. By Lemma 5.2.1, we have

Gn,ν “
ÿ

TPT `n,ν

wtpT qxT (5.2.3)

“
ÿ

SPPT `
n,ν

wtpSqxS (5.2.4)

“
ÿ

SPPT `
n,ν

wtpΘn,νpSqqx
S (5.2.5)

“
ÿ

π˚PmNC˚pn,νq

wtpπ˚q
ÿ

SPΘ´1
n,νpπ˚q

xS, (5.2.6)

where (5.2.4) follows from the fact that Φn,ν is a weight-preserving bijection.

It remains to show that for an augmented interlacing partition π˚ “ B1{ . . . {Bk P

mNCpn, νq, we have

ÿ

SPΘ´1
n,νpπ˚q

xS “ rcpB1qrcpB2q . . . rcpBkq. (5.2.7)

We prove this by induction on n. The case of n “ 1 is immediate since Gn,H “ r1. Let n ą 1,

and let π˚ P mNC˚pn, νq. Letting B1 be the block of π˚ containing 1 and n, decompose

B1 into blocks C0, . . . , Cm maximal under connectedness by short arcs, as in (4.3.7). Let

π˚1 , . . . , π
˚
m be the induced augmented interlacing partitions on the remaining nodes. Let

nh be the number of nodes in π˚h, and let νh “ wpπ˚hq. Then S “ pνp0q, T1, . . . , Tm, ν
pmqq P

Θ´1
n,νpπ

˚q if and only if

(a) The word obtained by concatenating the inorder reading words of νp0q, . . . , νpmq has strict

descents in positions corresponding to marked nodes of C0, . . . , Cm and weak ascents in

positions corresponding to unmarked nodes,

(b) For 0 ď h ď m, wνphq is equal to the word read from the labeling of the short arcs
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connecting the nodes in Ch,

(c) For 1 ď h ď m, we have Φnh,νhpThq P Θ´1
nh,νh

pπ˚hq.

For fixed π˚, the steps of νphq are determined by (b). If T1, . . . , Tm are fixed trees which

satisfy (c), then by (a) and the definition of cpB1q in Section 4.3, we have that

ÿ

S

xinpνp0qqxinpνp1qq . . .xinpνpmqq
“ rcpB1q, (5.2.8)

where the sum is over all S “ pνp0q, T1, . . . , Tm, ν
pmqq P Θ´1

n,νpπ
˚q.

Finally, by (5.2.8) and our induction hypothesis applied to each π˚h, we have

ÿ

SPΘ´1
n,νpπ˚q

xS “ rcpB1q

m
ź

h“1

¨

˝

ÿ

ThPΦ
´1
nh,νh

pΘ´1
nh,νh

pπ˚h qq

xTh

˛

‚ (5.2.9)

“ rcpB1q

m
ź

h“1

¨

˝

ÿ

ShPΘ
´1
nh,νh

pπ˚h q

xSh

˛

‚ (5.2.10)

“ rcpB1qrcpB2q . . . rcpBkq, (5.2.11)

which completes the proof.

Proof of Theorem 4.0.4. We have Gn “
ř

νPtU,Dun´1 Gn,ν . Furthermore, for each π P

mNCpnq, summing over all augmented interlacing partitions π˚ whose underlying element of

mNCpnq is π, we get

ÿ

π˚

wtpπ˚q “
ÿ

π˚

λ̄saUpπ˚qλsdUpπ˚qρ̄ saDpπ˚qρ sdDpπ˚q
pλ̄ρ̄q japπ˚q

pλρq jdpπ˚q (5.2.12)

“ pλ̄` ρ̄q sapπq
pλ` ρqsdpπqpλ̄ρ̄qjapπqpλρqjdpπq (5.2.13)

“ wtpπq. (5.2.14)

The result follows by summing both sides of (4.0.15) over all ν P tU,Dun´1.
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toire. He has also given research talks at Portland State University, Simon Fraser University,

University of California at Davis, University of California at San Diego, University of Penn-

sylvania, University of Rome Tor Vergata, University of Washington, Washington University

in St. Louis. He has also given contributed talks at the 32nd international conference on

Formal Power Series and Algebraic Combinatorics (FPSAC), an AMS special session, and

a JMM contributed paper session. In Fall 2020, he will be a visiting lecturer at the Uni-

versity of California at San Diego, and in Spring 2021 he will be a postdoctoral fellow at

Brown University’s Institute for Computational and Experimental Research in Mathematics

(ICERM).


	List of Figures
	Introduction
	Background
	Garsia-Procesi modules and generalized coinvariant rings
	Frobenius characteristic of Rn,, s
	Skewing formulas and exact sequences for Rn,, s
	Inversions and diagonal inversions
	Applications to rank varieties

	Labeled binary trees and hyperplane arrangements
	Binary trees
	Two functional equations for G
	Marked and augmented interlacing partitions
	Sn-modules from deformations of Coxeter arrangements
	Local binary search trees and -nonnegativity

	A bijective approach to  labeled tree enumeration
	A bijective proof of Theorem 4.0.3
	Proofs of Theorem 4.0.4 and Theorem 4.0.6

	Bibliography

