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This thesis is dedicated to applications of symmetric function theory to problems in combi-
natorics, representation theory, and geometry. Crucial to our applications is the Frobenius
characteristic map from Algebraic Combinatorics, which associates a symmetric function to
each finite-dimensional symmetric group module.

First, we introduce a family of quotient rings R, s that have the structure of graded
symmetric group modules. This family of rings simultaneously generalizes the cohomology
rings of Springer fibers studied by Garsia and Procesi and the generalized coinvariant rings
of Haglund, Rhoades, and Shimozono. We use techniques developed by Garsia and Procesi
to prove formulas for the graded Frobenius characteristic of R, s, generalizing previous
formulas for Springer fibers and generalized coinvariant rings. We then apply our results to
Eisenbud-Saltman rank varieties.

Second, we present joint work with Gessel and Tewari in which we prove conjectures
of Gessel relating a multivariate generating function G encoding labeled binary trees to
symmetric group representations. We prove these conjectures by expanding G positively
in terms of ribbon Schur symmetric functions. We then connect specializations of G to

symmetric group actions on hyperplane arrangements.
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Chapter 1
INTRODUCTION

Coinvariant rings are a family of graded rings with rich connections to the combinatorics
of the symmetric group, invariant theory, and enumerative algebraic geometry. Let S, be
the symmetric group of permutations of the integers 1,...,n, and let x,, = {z1,...,2,} be a
set of n commuting variables. The group 5, then acts on the polynomial ring in n variables
Z|x,] by permuting the x;, and this action respects the natural grading on the polynomial
ring by total degree in the variables x,. Let I, = (Z[x,]3") be the ideal generated by
all nonconstant homogeneous polynomials that are invariant under the action of S,,. The

coinvariant ring is defined to be the quotient

R, = , (1.0.1)

which inherits the structure of a graded S,-module. It is a classical theorem of Chevalley

that the coinvariant algebra is isomorphic to the regular representation.

Theorem 1.0.1 (Chevalley [12]). There is an isomorphism of S,-modules
R, =~ ZS,. (1.0.2)

Furthermore, there is an explicit basis consisting of monomials, which witnesses the fact

that R,, is a free Z-module of rank n!.

Theorem 1.0.2 (Artin [I]). The set of staircase monomials,

A, = {zt a0, <j—1 foralll <j<n} (1.0.3)



represents a Z-basis of the coinvariant ring R, .

Given a permutation 7 € S,,, we say an index i < n is a descent of 7 if w(i) > 7(i + 1).
The major index statistic on permutations is the quantity maj(m) computed as the sum of
all 7 such that ¢ is a descent of w. Recall that the Hilbert series of a graded free Z-module
is the generating function recording the ranks of the graded pieces. It can be seen from

Theorem that the Hilbert series of R,, has the following beautiful formula,

Hilby(R,) = (1+ )1+ q+¢*) - (L+ g+ +¢"") = > g™, (1.0.4)
€Sy,
where the second equality follows from an identity of MacMahon [57].

Lusztig (unpublished) and Stanley [83] identified the graded pieces of the coinvariant ring
as symmetric group modules using symmetric functions. A symmetric function is a formal
power series in the infinite set of commuting variables x = {1, xs,...,} that is invariant
under any permutation of the variables. It is a basic fact [89] that the vector space of
symmetric functions with coefficients in Q has dimension equal to the number of partitions
A of n. One of the most important bases of this vector space is the set of Schur functions
sx(x). Recall that the irreducible representations of the symmetric group over Q are also
indexed by integer partitions of n. Denote by S* the irreducible representation of S,, indexed
by the partition A\ of n, which we refer to as the Specht module indexed by . The Frobenius
characteristic map Frob is the map from representations of S, to symmetric functions of

degree n that sends

V =P(5)e» (1.0.5)
An
to Frob(V) == >}, , axsx(x), where the sums are over all integer partitions A of n. The
Frobenius characteristic map can be extended to a map on graded representations V' = @;>oV;
of Sy, by defining Frob, (V') == >},_, ¢’ Frob(V;).

Given an integer partition A = (A1,..., A\¢) of n, we can visualize it by its Young diagram,



which consists of rows of boxes called cells. We adhere to the French style of drawing Young
diagrams, where we draw \; many boxes in the ¢th row from the bottom. A standard Young
tableau of X is a labeling of the cells of the Young diagram using each of the positive integers
1,...,n exactly once, such that the labeling increases up each column and along each row
from left to right. The major index statistic maj(T) of a tableau T is defined to be the sum
of all 7 such that ¢ + 1 appears in a row higher than ¢ in 7. We have the following theorem

of Lusztig and Stanley that identifies the graded Frobenius characteristic of R = R, ® Q.
Theorem 1.0.3 (Lusztig-Stanley [83]). The graded Frobenius characteristic of the coinvari-

ant ring 1s

Froby(RY) = > ¢™Msy(x), (1.0.6)

Abn,
TeSYT(N)

where the sum is over all partitions A of n and all standard Young tableaux of shape \.

The coinvariant ring has further importance to the geometry of flag varieties. A complete

flag of C™ is a sequence of nested vector subspaces
Vi=0cVicVc---cV,=C"), (1.0.7)

such that dimc V; = i for all 4, and the complete flag variety Fl(n) is the space of all complete
flags of C". Borel showed that the coinvariant ring R,, is isomorphic to the cohomology ring

of the complete flag variety.

Theorem 1.0.4 (Borel [10]). There is an isomorphism of graded rings
R, =~ H*(Fl(n); Z), (1.0.8)

where the ith graded piece of R, is mapped to the (2i)th cohomology group.

Another important family of varieties are the Springer fibers, whose cohomology rings



give a geometric construction of the Specht modules S*. Given a nilpotent n x n matrix X,

the Springer fiber of X is
BX = {V,eFl(n) : XV, <V, for all i}. (1.0.9)

The Springer fibers get their name from the fact that they are the fibers of the Springer
resolution of the cone of nilpotent matrices. These varieties have importance in Geometric
Representation Theory, because their cohomology groups provide a geometric construction
of the Specht modules S*. Let A be the Jordan type of X and n(\) = Y,.(i—1)A;. Then there
is an action of S,, on the rational cohomology ring of B, originally constructed by Springer
[27], such that H>"(BX; Q) =~ S*. Tt should be noted that the action on the cohomology of
a Springer fiber discussed in this paper differs from the one originally constructed by Springer
by twisting with the sign representation. As a refinement of this result, the graded Frobe-
nius characteristic of the cohomology ring H*(B*; Q) is the dual Hall-Littlewood symmetric

function [56] up to a change of variables,
Frob,(H*(B*;Q)) = ¢™MQ\ (x; ¢72). (1.0.10)

In their seminal paper, Garsia and Procesi [29] showed how to prove (1.0.10)) with only Alge-

braic Combinatorics starting from a presentation of the cohomology ring due to Tanisaki [90].

In the case when X = 0, the Springer fiber is simply the complete flag variety BX = Fl(n),
so the cohomology of the Springer fiber is the coinvariant ring. Furthermore, it can be shown
that the right-hand side of specializes to the Lusztig-Stanley formula, Theorem m
Hence, Garsia and Procesi’s results can be seen as a generalization of the work on coinvariant
rings. See [13] for more background on Springer fibers and [92] for more details on their

combinatorial properties.

In the 90s and early 2000s, many of these results were extended to the setting of the di-

agonal coinvariant ring, which is the quotient of the polynomial ring Z[z1, ..., Zn, Y1, ..., Yn]



by the ideal of positive degree homogenous elements invariant under the action of \S,, acting
diagonally by permutations of the variables x1, ..., z, and yi, ..., y, simultaneously. In [28],
Garsia and Haiman conjectured that a certain S,-module, defined in terms of derivatives
of a Vandermonde determinant in the variables z1,...,x,, y1,...,Yn, gives a representation-
theoretic interpretation for the Macdonald symmetric function H u(X;¢,t), a symmetric func-
tion whose ¢ = 0 specialization is H u(xq) = q”(“)QL(X; ¢~ '). Haiman proved this conjecture
by finding a remarkable connection between these modules and the isospectral Hilbert scheme

of n points in the complex plane [47, 48].

Another family of graded rings that generalize the coinvariant rings are the rings R, j
of Haglund, Rhoades, and Shimozono [45], depending on two positive integers k < n. To
define the ring R, , first let eq4(x,) be the elementary symmetric polynomial of degree d in

the variables x,,, defined by

eq(Xn) = Z Tiy iy +* * Tiy- (1.0.11)

1< <--<ig<n
It can be shown that the ideal I,, in the definition of the coinvariant ring is generated by
the elementary symmetric polynomials, I, = {e1(X,),..,e,(X,)). Haglund, Rhoades, and

Shimozono introduced a variant of this ideal depending on both k£ and n,

Log o= ah o ak e (%0), en1(Xn)s - - s enki1(X0)) € Q[x4]. (1.0.12)
They defined the generalized coinvariant ring R, i, to be the quotient ring R, » = Q[x,,]/ L k-
Since I, is homogeneous and stable under the action of S,,, the quotient ring R, ; has the
structure of a graded S,-module. When k = n, it can be shown that I,, = I, ,, [45, Section

1], and hence the generalized coinvariant ring specializes to the usual coinvariant ring when

n = k.

Haglund, Rhoades, and Shimozono proved that their rings give a representation-theoretic

meaning to ordered set partitions. An ordered set partition of [n] is a partitioning of the set



[n] into an ordered list of subsets By, ..., Bx. We denote such an ordered set partition by
(B1|Bs| - - - |Bg). Let OP,,\ be the collection of ordered set partitions of [n] into & nonempty
blocks. The group S,, acts on OP,, ;, by permuting the letters 1,2, ..., n. Haglund, Rhoades,
and Shimozono [45] proved that R, is isomorphic as an S,-module to the module QOP,,
corresponding to the S, action on OP,  via permuting the letters 1,...,n. Even more
remarkably, they proved that Frob, (R, k) coincides with the symmetric function in the well-
known Delta Conjecture from Algebraic Combinatorics when ¢ = 0, up to a minor twist.

The goal of Chapter (3| of this thesis is to unify the combinatorics and representation
theory of the cohomology rings of Springer fibers and the generalized coinvariant rings R,, .
We do this by introducing a larger family of rings R?,, ) s that includes the cohomology ring
of a Springer fiber and R, ; as special cases. We then generalize many of the previous results
on these two families of rings to R, »s. We also give a geometric interpretation of these
rings in terms of Eisenbud-Saltman rank varieties. In particular, we apply our results on
R, s to give a formula for the Hilbert series of the coordinate ring of the scheme-theoretic
intersection of a rank variety with diagonal matrices.

Another class of combinatorial objects with strong connections to the representation
theory of the symmetric group are hyperplane arrangements, which are finite collections
of hyperplanes in R™. One important example of a hyperplane arrangement is the braid
arrangement, consisting of the set of hyperplanes z; = z; for 1 < i < j < n in R”. The
hyperplanes in a hyperplane arrangement cut R"™ into regions, which are the connected
components of the complement of the union of the hyperplanes in the arrangement. It is not
hard to verify that the number of regions for the braid arrangement are in bijection with
permutations. The symmetric group S,, then acts on the hyperplanes in this arrangement
by permuting the coordinates. We then get an action of S,, on the regions of the braid
arrangements, whose corresponding S,,-module is the regular representation.

Another hyperplane arrangement, which fits into the theory of diagonal coinvariant rings,
is the Shi arrangement consisting of the hyperplanes in the braid arrangement along with

hyperplanes z; — x; = 1 for 1 < i < j < n. Observe that the set of hyperplanes in the Shi



arrangement are not invariant under permutations of coordinates. However, there is a hidden
action of S,, on the regions of the Shi arrangement which utilizes the bijection between parking
functions and regions of the Shi arrangement due to Pak and Stanley [86]. The corresponding
Sp-module is the well-studied parking function representation PF,,. Haiman [46] proved that
the S,-module structure of the diagonal coinvariant ring is simply the parking function
representation tensored with the sign representation. Furthermore, the graded Hilbert series
is given by the inversion generating function on certain labeled trees.

The subject of Chapter [4] of this thesis is on joint work with Gessel and Tewari [35], 36] in
which we find connections between descent statistics on labeled binary trees and symmetric
group actions on hyperplane arrangements. In particular, we study a multivariate gener-
ating function G first defined by Gessel encoding ascent-descent statistics on labeled plane
binary trees. We prove that certain specializations of G are the Frobenius characteristics of
symmetric group actions on hyperplane arrangements.

Finally, in Chapter 5| we prove formulas for the multivariate generating function G in
terms of ribbon Schur functions. As a corollary, we see that G is a positive sum of Schur
symmetric functions. One of our main tools is an extension of the Push-Glide bijection of
Préville-Ratelle and Viennot [69] between the set of binary trees and the set of path-tree

sequences.



Chapter 2

BACKGROUND

2.0.1 Partitions and compositions

A partition of n into € parts is a weakly decreasing sequence of positive integers A = (A\; >
Ay = --- = X\ > 0) such that 3%, \; = n. We sometimes write A - n or [A| = n to denote
that A\ has size n. Let £(\) := ¢ be the length of A\. Let Par(n, s) be the set of partitions of

n into at most s parts. For example, we have
Par(4,2) — {(4), (3,1), (2,2)}. (2.0.1)

Given integers a and b with b > 0, we denote by (a’) the partition (a,a,...,a) where a

appears b many times. When b = 0, then (a) is the empty partition ¢J.

Given two partitions A and u of n, we say that A\ is dominated by p, denoted by A <qom K,
if and only if for all 7 < (), we have that Ay +--- 4+ A\; < pg + - - - + ;. The partial ordering
<dom ON the partitions of n is called dominance order. For A -+ n, we draw its Young diagram
as rows of boxes, called cells, with \; cells in row i. We follow the French convention where
the rows are numbered from bottom to top. We also number the columns of the diagram
from left to right. Let A be the conjugate partition of A\, which is the partition of n whose
1th entry records the number of cells in the ith column of the Young diagram of A. See

Figure [2.1] for the Young diagrams of A = (3,2,1,1,1) and its conjugate \' = (5,2, 1).

Recall from Chapter [1| that n(\) is the statistic

n(A) =D (i — 1)\, (2.0.2)

121



Figure 2.1: On the left, the Young diagram of A = (3,2,1,1,1). On the right, the Young
diagram of X' = (5,2, 1).

Alternatively, the statistic n(\) can be computed as follows. Starting with the French Young
diagram, label all of the entries in the ith row from the bottom with ¢ — 1. Then n(\) is the

sum of the labels. If we instead sum the labels in each column we easily see that

n(\) = i @/) (2.0.3)

i=1

Given A - n and an index 0 < i < £(\), let A®) be the partition of k¥ — 1 obtained by

sorting the parts of

into decreasing order. We say that A\ is the ith reduction of A. Note that our A is the
same as AFY defined in [29]. For example, if A = (6,6,4,4,1), then \?® = (6,6,4,3,1).

Observe that if j is maximal such that i < A, then
A0 = (A =1 ). (2.0.5)

A finite ordered list of nonnegative integers a = (v, ..., ) such that Zle a; = nis
called a composition of n. If a; > 0 for all 7, we say that it is a strong composition of n,
and denote this by a &= n. If a is a composition of n, we say that the size of o is n. We

call «y; the parts of @ and denote the number of parts of a by ¢(«), also called the length of
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||

Figure 2.2: The conjugate diagram dg’(4, 5, 3,0, 1).

a. Let Comp(n,s) be the set of compositions of n of length s. Given o € Comp(n, s), the
conjugate diagram, denoted by dg’(«), is the diagram consisting of a; cells in the ith column
from the left. For \ € Par(n, s), then dg’()\) is the Young diagram of \. If a; = 0 for some
1, we simply draw a horizontal bar at the bottom of column 7 to signify an empty column of
cells. See Figure for the conjugate diagram of o = (4,5,3,0,1). We index the cells (i, )
of the conjugate diagram of a in Cartesian coordinates starting with (1,1) in the lower left
corner, so that (i, 7) is the cell in the 7th column and jth row. In this thesis, we will never
draw the left-justified version of the diagram of a composition as in [43]. These conventions
follow those in [40].

Let sort(«) € Par(n, s) be the partition obtained by sorting the entries of a from greatest
to smallest and then deleting trailing 0s. We denote by trunc(a) = (aq,...,q,—1) the
truncation of a of its last entry. Let rev(a) := (a, as_1, ..., aq) be the reversed composition.

If & € Comp(n,s) and f € Comp(m,s), we say that a is contained in [, denoted by
ac B, ifa; < B foralli <s. If a € B, let dg'(8)/dg'(a) be the set difference of the
conjugate diagrams of 8 and a. When o = p/ < 5 = ) for partitions g and A, this is the
skew diagram \/p.

We define two operations on compositions. Given compositions o = (ay,...,ay) and
B = (Bi,...,0m), we define the concatenation of a and /3, denoted by « e 3, to be the
composition (avy, ..., ap B, ..., Bm). The near-concatenation of a and 3, denoted by a®f, is
defined to be the composition (aq, ..., ap 1,ap+ f1, B2, ..., Bm). For example, if « = (2,1, 3)
and 8 = (4,1), then ave 8 = (2,1,3,4,1) while a ® 5 = (2,1,7,1).
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Recall the well-known bijection between strong compositions « = («q,...,ay) of n and
subsets S < [n — 1] given by S = {aj,a1 + ag,...,a1 + -+ + ay_1}. We denote the set
corresponding to « &= n by set(«), and in the opposite direction, given S < [n— 1], we denote
the corresponding strong composition of size n by comp(S). The inclusion order on subsets
induces a natural poset structure on the set of strong compositions of size n. More precisely,
given «, = n, we say that a < § if and only if set(5) < set(«), and call < the refinement
order on compositions. For instance, consider o = (1,2,4,2,3,2,1) and 5 = (3,4,7,1), both
compositions of size 15. Then set(5) = {3,7,14} and set(«) = {1,3,7,9,12,14}. Clearly we
have that set(f) < set(«), and therefore o < . We denote this poset on strong compositions
of size n by Compy and refer to it as the composition poset. Given strong compositions
a,v E n such that a < =, we denote the interval in Comp comprising compositions (3

satisfying a < 8 < v by [a,7].

2.0.2 Words and permutations

Denote the symmetric group of permutations of 1,...,n by S,. For 1 <i <n, let s; € 9,
be the adjacent transposition s; = (i,7 + 1). For a composition of length n, let s;(«) be the
composition obtained by swapping the ¢th and (i + 1)th entries of «.

Let P be the set of positive integers. Let Pt be the set of nonempty words on PP, which
is the set of finite sequences of positive integers with positive length. If w is a word with
letters wy,ws, ..., w,, we write w = w;---w,. To w, we associate the monomial x¥ =
Tapy Ty * ** Tap,, - We denote the set of words in n letters by P". An ascent of w is an index
1 < i < n—1such that w; < w;;1. A descent of w is an index 1 < ¢ < n — 1 such that
w; > wiy1. Let the descent set of w be Des(w) = {1 <i<n—1: w; > w1 }. An inversion
in w is a pair of indices 1 < ¢ < j < n such that w; > w;. We denote the set of inversions
of w by Inv(w). Therefore, we have i € Des(w) if and only if (7,7 + 1) € Inv(w). Let asc(w),
des(w), and inv(w) be the number of ascents, descents, and inversions in w, respectively.
The inverse descent set of w is defined by iDes(w) := Des(w™1).

The standardization of w, denoted by std(w), is the permutation in &, obtained by
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replacing the entries of w with 1, 2, ..., n, keeping the same relative order, where repeated
letters are considered as increasing from left to right. For example, the standardization of
112123 is 124356. For w € P, the standardization o = sort(w) has the key property that
Inv(o) = Inv(w).

2.0.3  Symmetric functions

A symmetric function is a formal power series in the variables x which is invariant under
swapping any two of the variables. It is well known that the set of symmetric functions with
coefficients in Q, denoted by A, forms a ring under the usual operations of addition and
multiplication. For notions related to the ring of symmetric functions that are not made
explicit here, we refer the reader to [50] 87].

We denote by h,, the nth complete homogeneous symmetric function, which is the sum
over all monomials in x = {1, xs, ..., } of degree n. The nth elementary symmetric function,
denoted by e,, is the sum over all squarefree monomials of degree n. For A - n of length
k, let hy = hy hy,---h), be the complete homogeneous symmetric function indexed by A.
Similarly, let ey = ey, ey, - - €y, be the elementary symmetric function indexed by A. Let
a = n of length k. For convenience, we occasionally write h, to mean hy, ha, - - hq,, and

similarly for e,. Observe that h, = hsort(a) and €4 = €gori(a). Let

H(z) = S e = [[——. (2.0.6)

n>0 i>1 1~ i
E(z) = Z ezt = n(l + z,2). (2.0.7)
n>0 i1

Furthermore, let w be the automorphism of A such that

w(ek) = h)\, w(h)\) = €, w(sk) = Sy. (208)

Given a partition A  n, a standard Young tableau (henceforth SYT) of shape A is a

filling of the boxes of the Young diagram of A with integers from [n] using each label exactly
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once, such that the labeling increases from left to right along rows and up columns. We
denote the set of all SYT of shape A by SYT(X). For T'e SYT()), we define Des(T) to be

the set of all 1 <7 < n — 1 such that ¢ belongs to a row below ¢ + 1 in T

Given partitions A\ 2 u, a semi-standard Young tableau of shape \/p is a filling of the
boxes of the Young diagram of A/u with positive integers such that the labeling weakly
increases from left to right along rows and strictly increases up columns. Let SSYT(A\/u)
be the set of semi-standard Young tableaux of shape \/u. Given such a tableau T, let xT

ng
7

be the monomial defined as the product over all ¢ of %, where n; is the number of times
i appears in T'. The skew Schur function s/, is the sum over all x? for T' a semi-standard
Young tableaux of shape A/u. In the case when p is the empty partition, define sy = sy,

to be the Schur function indexed by A.

Most of the results in Chapter |4 will be in terms of ribbon Schur functions. These
symmetric functions are special instances of skew Schur functions indexed by skew shapes
that are ribbons, which are connected skew shapes that do not contain a 2 x 2 box. We can
associate a composition to a ribbon by counting the number of boxes in every row of the
ribbon from top to bottom. This association allows us to consider ribbon Schur functions as
being indexed by strong compositions. We refer to the ribbon Schur function indexed by a

strong composition « as r,. If a = n, we can alternatively define r, as

ra= Y, x". (2.0.9)

weP™,
Des(w)=set(a)

A useful property of ribbon Schur functions is that the product of two ribbon Schur functions

is a sum of two ribbon Schur functions,
Tal's = Taep + T'aG8; (2010)

which follows easily from (2.0.9). More generally, suppose oV, ... a(™ are compositions
such that a9 & n; and ny+- - -+n,, = n. Letting 3 := aWe...ea™ and § := aWE---©al™,



14

we have that

TaTq@) -« - Tom) = Z Ty, (2.0.11)
V€[B,0]

where [3, 6] is the interval between 8 and § in Compy.
The following proposition gives a positive expansion of a ribbon Schur function in the
basis of Schur functions. This is a special case of the expansion of a skew Schur function

into Schur functions.

Proposition 2.0.1. [95, Equation 2.2.4] Given a strong composition a k= n, we have

Ta = Z b)\,as)\a

An

where by o s the number of T € SYT(N) satisfying comp(Des(T")) = a. In particular, ribbon

Schur functions are Schur positive.

Let ex denote the homomorphism from A to Q[[x]] mapping h,, to z"/n! [87, Section 7.8].
This homomorphism is known as the exponential specialization and has the property that
the coefficient of x"/n! in the image ex(f) of a symmetric function f is the coefficient of
xy -2, in f [87, Proposition 7.8.4].

Recall that the Fulerian polynomial is defined to be

An(t) = ) i), (2.0.12)

TESy

They were introduced by Leonhard Euler in 1749 in his study of the Dirichlet eta function.

It is well known that the Eulerian polynomials satisfy the following useful identity,

" t—1
> Ant) = = ——- (2.0.13)

See [18] [66] for more details.
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We use a 2-parameter weighted power series analogue of the Eulerian polynomial,

A(x;8,t) := Z gase(w) gdes(w) gw (2.0.14)
weP+
By Equation ([2.0.9),
A(x;s,t) = Z Z snH@ge) =Ly | (2.0.15)
n=1 aEn

By the homogenized version of a result of MacMahon [58 Vol. 1, p. 186], we have that

o Dsa(s=t)"'he H(s—t)-—1
A s = TS o=ty iy, s—tH(s 1) (2.0.16)

Let Ag(q be the ring of symmetric functions with coefficients in the field Q(q) of rational
functions in ¢. Let (-, ) be the Hall inner product on symmetric functions with the property

that

(8x(%), 8,(%)) = O s (2.0.17)

where dy , takes the value 1 if A = i, and 0 otherwise. Given a symmetric function F(x), let
F(x)* be the linear operator on A which is adjoint to multiplication by F(x) with respect
to the Hall inner product. Precisely, given a symmetric function G(x), then F(x)tG(x) is

the unique symmetric function such that
(F(x)*G(x), H(x)) = (G(x), F(x)H(x)) (2.0.18)

for all symmetric functions H(x). We primarily work with the operators e;(x)*, which we

refer to as the jth skewing operator.
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2.0.4 Frobenius characteristic

Symmetric functions have a close connection to representations of the symmetric group via
the Frobenius characteristic map. Given A - n, let S* be the irreducible S,-module indexed
by A. Given a finite-dimensional vector space V over Q which has the structure of an S,-

module, it decomposes as a direct sum as

V= @P(SH (2.0.19)

AN

for some nonnegative integers c). The Frobenius characteristic of V is defined to be the

symmetric function

Frob(V) = Y exsa(x). (2.0.20)
AFn

Given a graded S,-module V = @ZOVi with finite-dimensional direct summands V;, the

graded Frobenius characteristic of V' is defined to be
Frob, (V) = i Frob(V;)q" € Ag(q)- (2.0.21)
i=0
The Hilbert series of V' is defined to be
Hilb, (V) = i dimg(V;)q". (2.0.22)
i=0
The graded Frobenius characteristic and the Hilbert series of V' are related by
Hilby (V') = (hany, Frobg(V)) = [x1 - - - ,]Froby(V), (2.0.23)

where if F(x;q) € Ag(g), then [z1---2,]F(x;q) denotes the coefficient of the monomial
x1- - xy, in F(X;q).

We sometimes expand symmetric functions in terms of Gessel’s fundamental quasisym-
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metric functions, defined as follows. Given a subset D € [n — 1], F,, p(x) is defined by

Fop(x) = Y x", (2.0.24)

where the sum is over all words w € P" with 1 < w; < ws < -+ < w, such that w; < w;; for
all © € D. Alternatively, Gessel’s fundamental quasisymmetric function [30] can be written

as

Fop(x)= >, x“ (2.0.25)
weP™,
std(w)=m

where 7 € 5, is a fixed permutation such that iDes(w) = D. We also have the monomial

quasisymmetric function,

M,p(x) = Y X", (2.0.26)
where the sum is over all w € P" with 1 < w; < wy < --- < w,, such that w; < w;,; for all

i€ D and w; = w4 for all i € [n — 1\D.

For 1 <j<mn,letS,_; xS; <5, be the subgroup of S,, of permutations which permute
1,...,n —j among themselves and permute n — j + 1,...,n among themselves. Let QS,, be

the group algebra of S,,, and let ¢; € QS,, be the idempotent element
1
6= Z sgn(m)m. (2.0.27)

If V is an S,-module, then ¢;V is an S,,_;-module. It is well known (see e.g. [45, Equation

6.20]) that

Froby,(e;V) = ej(x) Frob, (V). (2.0.28)
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Furthermore, the symmetric function Frob, (V') is uniquely defined by its images under the

ej(x)* operators for j > 1.

Lemma 2.0.2 ([29],[45] Lemma 3.6). Let F(x) and G(x) be symmetric functions with equal
constant terms. We have that F(x) = G(x) if and only if e;(x)* F(x) = e;(x)*G(x) for all
Jj=1

2.0.5 Hall-Littlewood symmetric functions

The algebra Ag(g) of symmetric functions has a basis given by the Hall-Littlewood symmetric

functions Py(x;q) which have the property that

sx(x) = > Kaulg)Pulxi q), (2.0.29)

pb-n

where K ,(q) is the Kostka-Foulkes polynomial, see [56]. The dual Hall-Littlewood symmetric

functions Q\(x;q) are given by

Q,(x;9) = Y K u(q)sa(x). (2.0.30)

AN

The degree of Q) (x;q) is given by deg(Q)(x;q)) = n(\), defined in (2.0.2). The rever-

sal of these symmetric functions are sometimes denoted by H(x;q) = rev,(Q\(x:q)) =
"M Q4 (x;1/q).

Theorem 2.0.3 ([29, 80]). The Frobenius characteristic of the S,-module Ry is the reversal
of the dual Hall-Littlewood symmetric function,

Froby(Ry) = Hy(x;q) = revy(Q4(x: q)). (2.0.31)

Next, we recall the ¢t = 0 specialization of the Haglund-Haiman-Loehr formula for Mac-
donald polynomials, which gives an expansion for Hj(x;q) = rev,(Q4(x;¢q)) in terms of

inversions in labelings of the Young diagram of X. Given o € Comp(n,s), a pair of cells
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Figure 2.3: Two examples of attacking pairs in dg'(4, 5, 2,0, 3).

3
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11]12] [13]

Figure 2.4: A column-increasing filling o € SCl;g , 5 where a = (4,5,3,0,1).
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4
5
6
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((4,7),(i',7")) in dg'(«) are said to be an attacking pair if either j = j/ and ¢ < ¢, or if
j=7+4+1and i > 7. See Figure for two examples of attacking cells in dg’(4, 5, 3,0, 1),

where the attacking cells are indicated by dots.

Let o be a filling of dg'(«). Given a cell (i,) of the diagram, let o; ; be the label of the
cell (i,7) in 0. The reading word of o, denoted by rw(o), is the word obtained by reading
the filling across each row from left to right, starting with the top-most row and ending with
row 1. We say that the corresponding ordering of the cells of dg'(c) is the reading order
of the diagram. See Figure for an example of a filling o of dg'(4,5,3,0,1) with reading
word rw(o) =14258369107111213.

A filling o with positive integers is said to be column-increasing if the labeling weakly
increases down each column. Let a standard filling be a filling with the integers 1,... n,
such that each integer 1 < i < n is used exactly once. Given A € Par(n, s), let CI,, » s be the
set of column-increasing fillings of A, and let SCIL, » s be the subset of CI, ) s of standard

column-increasing fillings. Similarly, given a composition o € Comp(n, s), let CI,, , s be the
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3] 2] 1] 2] 1]
alu] [alu] [al2] [3]1] [3]2
sl2| [s]3] [s5]3] [s5]a] [5]4
1] 2] 1] 1] 1]
2 3[1] |3 23] |2
5|4 [a]s] [4]s] [4]5] |3

Figure 2.5: All standard column-increasing fillings in SCI; ) o where A = (3, 2).

set of column-increasing fillings of dg’(«), and let SCI,, o s be the subset of CI,, , s of standard
column-increasing fillings. See Figure for all fillings in SCI; 5 » where A = (3, 2).

Define a diagonal inversion of o to be an attacking pair ((7,7), (¢/,7")) of cells of dg'(c)
with (7, ) appearing earlier in the reading order, such that o;; > o ;. Denote by dinv(o)
the number of diagonal inversions of 0. Letting o be the filling in Figure [2.4] then the cells
(1,3) and (3,3) form a diagonal inversion in o, and the cells (2,3) and (1,2) also form a
diagonal inversion in o. The reader can check that dinv(c) = 6.

The diagonal inversion statistic defined above appears in the following corollary of the
beautiful fundamental quasisymmetric function expansion for Macdonald symmetric func-
tions proven by Haglund, Haiman, and Loehr [41]. Setting ¢ = 0 in [41, Equation 36], we
have the following expansion for the reversal of the dual Hall-Littlewood function in our

notation.

Corollary 2.0.4. For \ — n, we have

Froby(Ry) = revy(@A(x;0) = >, ¢"™ 7 F\ipesqru(on (¥)- (2.0.32)

O'ESCITL’/\’E()\)

A family of symmetric functions generalizing the dual Hall-Littlewood functions are the
LLT polynomials introduced by Lascoux, Leclerc, and Thibon [55]. We use here a variant
introduced in [42]. Let A © p, and let v = A\/u be the skew diagram. Let ¢ = (i, ) be the
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cell of v in column i and row j. The content of u is c(u) = j —i.

Given a tuple of skew diagrams v = (v ... v™) let SSYT(v) = SSYT(rv(V) x
SSYT(v®) x -+ x SSYT(v™). Given T = (TW,....T™) e SSYT(v), let xT =
xTW kT Given u = (i,7) a cell in T@ and v = (7, ) a cell of T®, we say (u,v)
form an inversion if we have the inequality of entries 7 > Tv(b), and either ¢ < b and

c(u) = ¢(v), or a > b and c(u) = ¢(v) + 1. Denote by inv(T) the number of inversions of T.

The LLT polynomial indexed by v is

Go(x;q) = Z ¢ MxT (2.0.33)
TeSSYT(v)

We need the following theorem, which has several algebraic and combinatorial proofs.

Theorem 2.0.5 ([41,142, 55]). The LLT polynomial G, (X;q) is symmetric in the x variables.
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Chapter 3

GARSIA-PROCESI MODULES AND GENERALIZED
COINVARIANT RINGS

The goal of this chapter is to unify the representation theory and combinatorics of the
generalized coinvariant algebras R, ) introduced by Haglund, Rhoades, and Shimozono [45],
and the singular cohomology rings R, of the Springer fibers introduced by T. A. Springer
[80, 8I]. On the one hand, the generalized coinvariant algebras are graded modules of the
symmetric group whose combinatorics are controlled by ordered set partitions. On the
other hand, the cohomology rings of Springer fibers are graded modules of the symmetric
group whose combinatorics are controlled by tabloids. We introduce a family of rings R, » s
which are graded modules of the symmetric group whose combinatorics are controlled by
(n, A, s)-ordered set partitions. We recover the rings R, and R, as special cases of our
rings. Furthermore, we show that the rings 2, ) s have connections to the geometry of rank
varieties defined by Eisenbud and Saltman [23]. These rank varieties are not to be confused
with the rank varieties of Billey and Coskun [9]. In particular, we obtain a formula for the
Hilbert series and graded Frobenius characteristic of Q[O,, » N t], the coordinate ring of the

scheme-theoretic intersection of a rank variety with diagonal matrices. The contents of this

chapter are based on work in [38], 39)].

Let us recall the generalized coinvariant algebras R, ;. Fix positive integers k < n, and
let x,, = {x1,...,2,} be aset of n commuting variables. Let Q[x,] be the polynomial ring on
the variables x,, with rational coefficients, and let S,, be the symmetric group of permutations
of 1,2,...,n. We consider Q[x,] as an S,-module, where S,, acts by permuting the variables.

For 1 < d < n, let e4(x,,) be the elementary symmetric polynomial of degree d in the variables
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X,, defined by e4(x,) = 21<i1<m<id<n Ti Ty, - - T;,. The ideal I, is defined to be

Log o= ab o ak e (%0), en1(Xn), - - s enii1(Xn0)) € Q[x4]. (3.0.1)
Haglund, Rhoades and Shimozono defined the generalized coinvariant algebra R, j to be the
quotient ring R, = Q[x,]/I, k. Since I, is homogeneous and stable under the action of
Sy, the quotient ring R, ; has the structure of a graded S,-module. When k£ = n, then it
can be shown that (see [45], Section 1])

Invn = <61 (Xn)v e 76n(Xn>> = <Q[Xn]i">, (302)

which is the ideal generated by the homogeneous positive degree invariants of Q[x,]. Hence,

R, ,, is the well-known coinvariant algebra.

We also recall some standard terminology in order to state our main results. A weak
ordered set partition of [n] is a partitioning of the set [n] into an ordered list of subsets
By, ..., By, where we allow B; to be empty in general. We denote such an ordered set
partition by (By|Ba| - --|Bx). Let OP,, . be the collection of ordered set partitions of [n] into
k nonempty blocks. The size of OP,, is easy to compute in terms of Stirling numbers of

the second kind,
|OP,, | = k! - Stir(n, k). (3.0.3)

The group S, acts on OP,, j, by permuting the letters 1,2, ..., n. Define the usual g-analogues

of numbers, factorials, and multinomial coefficients,

[n]g=1+q+- -+ g, [n]ly = [nly[n — 1]g- - [1],, (3.0.4)

. a] - T m -t (309

Let Q[[x]] be the formal power series ring over the rational numbers in the variables x.
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Given f € Q[[x]][q], let f = ag + a1q+ - - - + a,q" be its expansion as a polynomial in ¢ with
coefficients in Q[[x]]. Define rev,(f) = an + an—1q + - -+ + apq™

Given two sequences of nonnegative integers (ay, ..., a,) and (by, ..., bs), a shuffle of these
two sequences is an interleaving (ci, ..., c¢.1s) of the two sequences such that the a; appear
in order from left to right and the b; appear in order from left to right. An (n, k)-staircase
is a shuffle of the sequence (0,1,...,k — 1) and the sequence ((k — 1)"*) consisting of k — 1
repeated n — k many times [45].

Haglund, Rhoades, and Shimozono proved that R, ; has the following properties which

generalize the well-known properties of the coinvariant algebra [45].

e The dimension of R, j is given by dimg(R,, ;) = |OPn x| = k! - Stir(n, k). The Hilbert

series is

Hilby (R ) = revy([k]ly - Stirg(n, k) = > ¢, (3.0.6)
O'EO'Pn’k

where Stir,(n, k) is a well-known g-analogue of the Stirling number of the second kind,
and where coinv is the coinversion statistic on ordered set partitions, respectively. See

[97] for more details on ordered set partition statistics.

e The set of monomials

Ap e = {2t 2 (ay,...,a,) is component-wise < some (n, k)-staircase}

(3.0.7)

represents a basis of R, i, generalizing the Artin basis of the coinvariant algebra. As a

consequence, we have |A, x| = |OP,, k|.

e As S,-modules,

Rn,k =g, QO'Pn,k, (3.0.8)
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where QOP,, . is the vector space over Q whose basis is indexed by OP,, , and whose
Sp-module structure is induced from the natural action of S,, on OP,, ;, permuting the

letters 1,...,n

e The graded S,,-module structure of R, ; can be expressed in terms of the dual Hall-

Littlewood functions @}, (x; ) as follows,

ro k) =Tev (=1 (pi—1) " (x; , 0.

where the sum is over partitions p of n into k parts.

e The S,-module R, j is related to the Delta Conjecture of Haglund, Remmel, and Wilson
[44]. Precisely, Haglund, Rhoades, and Shimozono [45] proved that

Frob, (R, k) = (revy o w)C k(X5 q), (3.0.10)

where C,, x(x; ¢) is the expression in the Delta Conjecture at t = 0.

e More recently, Pawlowski and Rhoades [65] proved that R, is isomorphic to the
rational cohomology ring for the space of spanning line arrangements X, ;. Their

result also holds with integral coefficients.

Next, we describe certain quotient rings coming from the geometry of Springer fibers.
Let A - n, and let the conjugate partition be ' = (A} = A\, = --- > X > 0). Here, we are
padding the conjugate partition by Os to make it length n. Let plt(\) ==X, + X, + -+ +
)\/

nem+1 for 1 < m < n. Given a subset of variables S < x,, and a positive integer d, define

eq(S) to be the sum over all squarefree monomials of degree d in the set of variables S. For

example, we have es({x1,x3,25}) = T123 + 175 + x325. The Tanisaki ideal I, is defined by

Iy = (ea(S) : S S Xn, d > [S] — pl (A), (3.0.11)
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and the ring R, is defined by

RA = Q[Xn]/]/\ (3012)

By work of De Concini and Procesi [17], the ring R, is isomorphic to the singular co-
homology ring with rational coefficients of the Springer fiber corresponding to a nilpotent
matrix with Jordan type A. This particular presentation for the cohomology ring in terms
of partial elementary symmetric polynomials is due to Tanisaki [90]. When A = (1"), the
Springer fiber corresponding to (1) is the complete flag variety whose cohomology ring is
the coinvariant algebra. Indeed, we have Rn)y = Q[x,]/{e1(Xn),. .., en(xX,)), which is the
coinvariant algebra. See [13] for more background on Springer fibers and [02] for more details
on their combinatorial properties.

We refer to the graded S,,-module Ry as the Garsia-Procesi module based on their seminal

work in [29] on the S,-module structure of Ry. The ring R, has the following properties.

e The dimension of R, is the multinomial coefficient

n
di = .0.1
lm@(R)\) ()\1’.”,)%)7 (30 3)

where A = (A\y = X2 = -+ = N > 0). The Hilbert series of Ry is given by the
generating function for the cocharge statistic on a certain set of words, see 29, Remark
1.2]. Alternatively, we have the following characterization of the Hilbert series which

follows from work of Haglund, Haiman, and Loehr [41],
Hilb,(Ry) = Y ¢™, (3.0.14)

where the sum is over standard fillings of the Young diagram of A\’ which increase down

each column, and inv is the number of attacking pairs which form an inversion of o.

e There is a monomial basis Ay of Ry which specializes to the Artin basis of the coin-
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variant algebra when A = (1"). In [29], this basis is denoted by Z(\).

e As S,-modules, we have

Ry =5, Q(Sn/Sx x -+ x 8y,), (3.0.15)
where Sy, x- - - xSy, is the Young subgroup of S,, permuting 1, ..., A\; among themselves,
A +1,..., A + Ay among themselves, and so on. Equivalently, R, is isomorphic to the

S,-module given by the action of S,, on tabloids of shape A.

e Springer [80, 8I] proved that the top degree component of R, is isomorphic to the
irreducible representation S*. Thus, the cohomology ring of a Springer fiber R, gives

a geometric construction of the irreducible representation S* of S,,.

e The graded S,-module structure of R, is given by the reversal of the dual Hall-

Littlewood function,

Frob,(Ry) = rev,(Q)\(x;9)). (3.0.16)

o If A\, I n such that A <gom 1, we have the monotonicity property
[sy]Froby(Ry) = [s,]Froby(R,), (3.0.17)

for all v - n, where [s, ] f stands for the coefficient of s, in the Schur function expansion

of f, and the inequality is a coefficient-wise comparison of two polynomials in q.

Fix positive integers k < n, a partition A of k, and an integer s > £(\), where £()\) is the
length of A. Let the conjugate of A be X' = (A} = A\, > --- > X, > 0), where we pad the
conjugate partition by Os to make it length n, and define p} (A) == A, + X, _; +---+ X 4

for 1 < m < n. We introduce the ring R, ) s, defined as follows.
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Definition 3.0.1. Define the ideal I,  ; and quotient ring 12, » s by

Inps =] 1 1<i<n) +{eqS) : S S xp, d>[S] = pfg(N), (3.0.18)

Rn,)\,s = @[Xn]/]n,)\,s‘ (3019)

Since the ideal I, s is generated by homogeneous polynomials, it is a homogeneous
ideal. Furthermore, since the generating set is closed under the action of \S,,, the ideal I, ) s
is closed under the action of S,,. Therefore, the quotient ring R, » s inherits the structure of
a graded S,-module. For example, the ideal I5 (32) 3 is generated by the set of homogeneous

polynomials

{ZL’?, c. ,I‘g} U {62(X6)7 63(X6), 64(X6), 65(X6), 66(X6>} U {63(5) ’ S c Xg, |S‘ = 5} (3020)

Ulea(S)]S < x6,|S| = 5} U {es(S)] S < x6,|S| = 5} U {ea(S)| S < xq, S| = 4}, (3.0.21)

which is closed under the action of Sg.

The generalized coinvariant algebras R, , and the rings R, are special cases of the rings

R, »s. We have

Rn,k = Rn,(lk),k for k < n, (3022)

R)\ = Rn’)\,g()\) for A ~ n, (3023)

where (13.0.22)) follows from Definition|3.0.1} See Remark for the justification of (3.0.23]).

As a bonus, we also have R, i, s = R, (15), Where R, is the ring defined in [45], Section 6.

Let a (n, A, s)-ordered set partition be a weak ordered set partition (B - - -|Bs) of [n] into
s blocks such that |B;| = \; for i < ¢(\). Here, we allow B; to be empty for £(\) < i < s.
Let OP,, s be the set of (n, A, s)-ordered set partitions. The group S, acts on OP,, »s by
permuting the letters 1,2,... n.

We prove the following properties of R, ) s, generalizing many of the properties of R,



29

and Ry. All terminology not defined here is defined in the section corresponding to each

theorem.

e The dimension of R, ) s is given by dimg(R,xs) = |OPns| (see Theorem 3.1.20)). We
give a formula for the Hilbert polynomial (see Corollary [3.3.14]),

Hilb,(Rops) = >, ™™, (3.0.24)

<p€SECIn’/\73
The indexing set SECI, » s in the sum on the right-hand side of (3.0.24) is a set of
standard extended column-increasing fillings, which is in bijection with OP,, . See

Subsection for the definition of a standard extended column-increasing filling.

e An alternative formula for the Hilbert series was obtained by Rhoades, Yu, and Zhao on
ordered set partitions |71, Corollary 4.9] involving a statistic they call coinv. They also
characterize the harmonic spaces corresponding to the ideals I, \ ;. We define a statistic
inv on SECI,, ) s which is similar to, but not the same as, their coinv statistic. We prove

that the inv statistic also gives a formula for the Hilbert series (see Corollary [3.3.14]),

Hilby(Rops) = >, ¢™®. (3.0.25)

@ESECL, )

The formula ((3.0.25)) follows naturally as a corollary of our graded Frobenius charac-
teristic formula. Since [71] uses our work to prove their results, we have been careful

to give independent proofs.

e In Section we define an (n, A, s)-staircase as a shuffle of a certain set of compositions

depending on n, A, and s. We have that

Aprs ={aft 20" ¢ (ay,...,a,) is component-wise < some (n, A, s)-staircase}

(3.0.26)
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represents a monomial basis of R, s (see Theorem [3.1.17)).

e We have the following chain of equalities and S,-module isomorphisms (see Theo-

rem [3.1.1} Corollary and Theorem (3.1.20))

Q[xx]

Rn S = T T~ N
A grl(X,as)

=g, QXoas =5, QOPp s, (3.0.27)

where X, 5 ; is a finite set of points in Q" which is stable under the S,-action permuting

coordinates.

e In the case when s > ¢()), we prove that the top degree component of R, ), is iso-

morphic to the induction of the irreducible Sp-module S* up to an S, module (see

Corollary |3.3.15)),

Indtgr S*. (3.0.28)

e The graded Frobenius characteristic can be expressed as a sum of monomials (see Theo-

rem [3.3.13)), or equivalently in terms of Gessel’s fundamental quasisymmetric functions

(see Corollary |3.3.11]),

FrObq(Rn,)\,s) = Z qinvw)x(p = Z qinv((p)Fn,iDes(rw(go))(X>’ (3029)
‘PEECIn,A,s LPESECIn,/\,s

= Z qdinv(go)xso = Z qdinv(sp)Fn,iDes(rw(go))(X)> (3030)
(pEECIn,)\,s QOGSECIn,)\,s

where x¥ is the monomial whose powers record the number of occurrences of each label

in .

e In forthcoming work, we prove Frob,(R, ) can be expressed in terms of the dual
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Hall-Littlewood functions,

Y
Frobg(Rons) =tevg | ) q"“"”ﬂ[“,_ ] QL(x:q) | . (3.0.31)
uePar(n,s), 120 Hi = Hiva q
H2A

where pg = s, and n(p, \) == 3o, (“’2;’\;). The proof of this formula has been moved
to a forthcoming article, since the techniques for proving it are different than the

techniques used to prove (3.0.29)).

Let h < k < n be positive integers, let A\ € Par(h, s), and let u € Par(k, s) such that

either h = k and A <gqom pt or h < k and A < p. We have the monotonicity property

(see Theorem |3.1.19)
[s,]Froby (R xs) = [s,|Froby (R, 1), (3.0.32)

for all v - n.

The definition of the ring R, » s was originally motivated by a geometry question posed
to the author by Alexander Woo involving an analogue of Springer fibers in the set-
ting of spanning line arrangements. The elementary symmetric polynomials in 7, » s
represent relations discovered by the author involving Chern classes in the cohomology
ring of this variety. There were many technical difficulties in trying to work out the
cohomology ring of the varieties posed by Woo, and this work was never completed.
However, study of the ring R, s has led the author to introduce a new family of vari-
eties Y), \ s that directly generalizes the Springer fibers. In forthcoming joint work with

Levinson and Woo, we prove that

H* (Yn)\,s; Q) = Rn,)\,s- (3033)
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By Corollary [3.3.15{ mentioned above, in the case s > ¢(\) have the following extension

of Springer’s theorem,
H*P (Y055 Q) = Ind g S, (3.0.34)

Unlike the spanning line arrangement varieties of Pawlowski and Rhoades, the varieties
Yoas are compact and singular. Hence, the variety Y, 1x); provides a compact and
singular variety whose cohomology ring gives a geometric representation for the t = 0

case of the Delta Conjecture.

One of our main tools for proving these results is Theorem |3.1.1| which identifies the ring
R, s as the associated graded ring of the coordinate ring of a finite set of points in Q".
This identification extends results of Garsia and Procesi [29, Proposition 3.1, Remark 3.1]
and Haglund, Rhoades, and Shimozono [45, Equation 4.28]. See also the work of Kraft [54]

Proof of Proposition 4] from 1981 for a proof in the case of R, using associated cones.

Haglund, Rhoades, and Shimozono use Grébner bases to prove their results. In particular,
they find Grobner bases of the ideals [, in terms of Demazure characters. To the author’s
knowledge, such explicit Grébner bases for the ideals I, are not known. Therefore, different
techniques are required to prove our results. Indeed, we prove the above results without the
use of Grobner bases using techniques similar to those of Garsia and Procesi. In particular, we
use a straightening algorithm which expresses any element of R,, 5 s in terms of our monomial

basis A, »s. It is an open problem to find explicit Grobner bases for the ideals I;, 5 ;.

Let A - n, and let O, be the conjugacy class of nilpotent n x n matrices over Q whose
Jordan blocks are of sizes recorded by M. Let O, be its closure in the space of n x n
matrices. Let t be the set of diagonal matrices. De Concini and Procesi [17], extending work
of Kostant [53] on the coinvariant algebras, proved that Ry is isomorphic to the coordinate

ring of the scheme-theoretic intersection Oy N t.

We connect the rings R, ) s to a generalization of these scheme-theoretic intersections as
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follows. Given k < n and A - k, define I,, , to be the ideal
Ly = {eq(S) : S<xy,d>|S| —p‘”s‘()\)) (3.0.35)

Define the quotient ring R, ) = Q[x,]/I, . When k < n, the ring R, , has positive Krull
dimension, and hence it is infinite-dimensional as a Q-vector space. Observe that for fixed
n, A, and d, the dth degree components of R, ) s stabilize to the dth degree component of
R, as s — .

In Section , using work of Weyman [96] we prove that R, , is isomorphic to the
coordinate ring of the scheme-theoretic intersection O,y N t, where O,, ) is the rank variety

of Eisenbud and Saltman [23] (see Corollary [3.4.4)),
Rux = Q[O,n N t]. (3.0.36)

We use our results on the finite-dimensional rings R, » s to find monomial bases of these
coordinate rings by allowing s to approach infinity in our combinatorial formulas. We also

prove the following formula for the graded Frobenius characteristic of these coordinate rings

(see Theorem and Corollary [3.4.7)),

Frobq((@[ ax N t]) Z qlnv(w)xw_ Z qinV(w)Fn,iDes(rW(go))(X)- (3.0.37)

QOGECIH A QpESECInV\

In [14] Question 5.3.1], Church, Ellenberg, and Farb ask for the dimensions of the graded
pieces of the ring of polynomial functions on a certain scheme supported on a rank variety.

We solve a related question by giving a formula for the Hilbert series of Q[O,, N t] (see

Corollary |3.4.8)),

Hilb,(Q[Onx nt]) = > g™, (3.0.38)

QOESECIH,)\

The rest of the chapter is structured as follows. In Section 3.1, we construct a monomial
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basis of R, s and prove that R, s is isomorphic to QOP, s as an S,-module. In Sec-
tion , we give algebraic tools for analyzing the graded Frobenius characteristic of R, ) ,
including a skewing formula. We also prove that the rings R, s fit into certain exact se-
quences. In Section [3.3] we define the inversion and diagonal inversion statistics and use
them to provide formulas for the graded Frobenius characteristic of R,, y . In Section ,
we relate the rings R, » to the geometry of the rank varieties of Eisenbud and Saltman.
We then prove our formula for the graded Frobenius characteristic of the scheme-theoretic

intersection of a rank variety with diagonal matrices.

3.1 The Frobenius characteristic of R, ) ,

In this section, we identify R, » s as a symmetric group module. Our main strategy, used by
Garsia-Procesi [29] and formalized by Haglund-Rhoades-Shimozono [45, Section 4.1], is to
show that R, ), is the associated graded ring of the coordinate ring of a finite set of points

in Q". We then prove Theorem [3.1.17] which identifies a monomial basis of R, ) s.

3.1.1 Associated graded rings and point orbits

Throughout this section, we fix positive integers k < n and s, and a partition A € Par(k, s).
Fix s distinct rational numbers aq,...,as € Q. Let X, \s be the set of points p =
(p1,...,pn) € Q" such that for each 1 < i < n, p; = o for some j, and for each 1 < i < s,

«; appears as a coordinate in p at least \; many times. The defining ideal of X,, 5 s is

I(Xups) ={feQ[x,] : f(p)=0forall pe X, s} < Q[x,]. (3.1.1)

The quotient ring Q[x,,]/I(Xns) is the coordinate ring of the set X, » 5. It is isomorphic to
the ring of polynomial functions X, s — Q. See [16] for more background on the defining
ideal and the coordinate ring of a variety.

For a degree d polynomial f = fq+ fo-1 + -+ fo € Q[x,] where f; is the degree i

homogenous summand of f, define 7(f) = f; to be the top homogenous component of f.



35

For example, if f = 22xy + 22273 + Tow3 + 71 + 3, then 7(f) = 2279 + 27323.

The associated graded ideal of 1(X,, ) with respect to the filtration by degree is

gr [<Xn,)\,s) = <7—(f) : f € I(Xn,)\,s)>7 (312)

which is a homogenous ideal since each of the generators is homogeneous. See [22] for more
details.

It is well known that the corresponding quotient ring Q[x,,]/gr I (X, ) is isomorphic to
the associated graded ring of Q[x,]/I(Xy ) with respect to the filtration by degree. This
is true more generally for the associated graded ideal of any ideal in Q[x,]. See, e.g. [29,
Remark 3.1], for a proof of this fact in the case of the ideal (X, ) when k& = n. However,
the proof easily extends to any ideal.

Since X, s is a finite set, we have

Q[xx]

|Xn7>\75‘ = dlm(@ [— = dlm(@

(Xors) (3.1.3)

where all dimensions are as Q-vector spaces. Since X, ) s is stable under the action of S,
given by permuting coordinates, we have an S,-action on the rings Q[x,]/I(X,s) and

Q[x,])/gr I(Xnas) given by permuting the variables x,,. As S,-modules,

Q [Xn] - Q [Xn]

~ , 3.1.4
(Xn,)\,s) o gr I(Xn,)\,s> ( )

QXn,)\,s =g, T

where QX), » s is the S,-module of formal Q-linear combinations of points in X, » 5. See [45]

Section 4.1] for more details.

Theorem 3.1.1. We have I, s = gr I(X,,»s). Hence, we have the equality of rings

Q[xx]

Roysg = —r—.
A grl(X,as)

(3.1.5)

Corollary 3.1.2. As S, -modules, R, s =g, QX xs.
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Proof. Combine Theorem with (3.1.4)). O

We prove Theorem in three parts. Recall the definition of I, ), in Definition m
First, we show that all of the generators of I, ¢ are in grl(X, ,s) in Lemma by
adapting the proof of Garsia-Procesi [29, Proposition 3.1]. Second, we find a monomial
spanning set of the quotient R, \ s = Q[x,]/ I s of size | X, 5| Finally, we finish the proof
of Theorem [3.1.1] using a dimension counting argument. As a consequence, we see that our

monomial spanning set is a monomial basis of 12, ) s.

Lemma 3.1.3. We have the containment of ideals

In,)\,s < gr I(X’VL,/\,S)'

Proof. First we show that 7 € gr I(X,, ) for all i. For any p € X, ) ,, the coordinates of p

are in the set {aq,...,as}. Therefore, for each 7, the polynomial function
(x; —on)(z; — ag) -+ (x; — ) (3.1.6)

is in I(X,, \s). Since the top degree component of (3.1.6)) is =7, we have 5 € gr I[(X,, » 5).

Second, we show that for any d and S € x, such that S| > d > S| — p (A), we have
ea(S) € grI(Xnns). For m < n, let x,, :== {x1,...,2,,}. Since the ideal gr I(X,, ) is closed
under the action of 5, it suffices to prove that e;(x,,) € grI(X, ) for d and m such that
m=d>m—ph(\).

Observe that p” (A) is the number of cells of A weakly to the right of column n —m + 1.
For each ¢ < s, let ¢;,,, be the number of cells of the Young diagram of A which are in the
ith row and are weakly to the right of column n —m + 1. Observe that for any p € X, ) 5, at

least ¢;,, many a;’s must appear among the coordinates py, ..., pn,. Therefore, [ ", (¢ + p;)
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is divisible by [ [7_, (¢ + a;)%™. Hence, there exists a polynomial z(¢) such that

s

[t +p) = 2) [ [t + ). (3.1.7)

=1 =1

Letys = {v1,...,ys} be asecond set of indeterminates. To show that e;(x,,) € gr I(X,, »5)
for d > m — p?,(\), we consider the more general division problem of dividing [ [, (¢t + ;)
by [T;_,(t + i)™ as polynomials in ¢ with coefficients in Q[X,,, ys]. Since >, ¢;m = DL (A),
the remainder upon dividing [ ", (¢ + z;) by [[_,(t + v;)“™ as polynomials in ¢ will be
degree at most pl(\) — 1 in t. Therefore, there exist polynomials ¢(t, X, ys) and 74(Xpm, ys)

for 0 < d < p'(\) — 1 such that

s

m pr(A)—1
[t +2) = alt, xm y) [ [E+w)m + D) ralXm, yo)tt. (3.1.8)
i=1 i=1 d=0

Observe r4(X,,ys) is homogeneous as a polynomial in Q[x,,,ys], s0 r4(X,0%) is the top
degree component of 74(X,,,¥s) as a polynomial in x,, with coefficients in Q[ys]. Hence,

Td(Xm, 0%) = 7(rg(Xn, a1, . .., ). Plugging y; = 0 into (3.1.8) for 1 < i < s, we have

m m pm(N)—1
[+ ) =D emi(xm)t’ = q(t, X, 0°)872 ) 4 7q(Xm, 0°)t9. (3.1.9)
i=1 =0 d=0

Hence, for 0 < d < p'/(\) — 1, we have e, 4(Xm) = ra(Xm, 0%).

By (3.1.7), we have r4(p1, ..., Pm,01,...,as) =0forallpe X, s and 0 < d < pl'(N)—1,

and hence 74(Xy,, 01, a, ..., a;) € I(X,a5). Hence, we have

em—da(Xm) = Ta(Xm, 0%) = 7(rg(Xm, a1, o, ..., a5)) € gr I( X, x ) (3.1.10)

for all 0 < d < p(A\) — 1. Replacing d with m — d yields eq(x,,) € gri(X,,s) for all
m = d = m — pl(\) + 1. Hence, all of the generators of I, are in gri(X, ), so

Lnys € grl(Xnns) O
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Remark 3.1.4. When k = n, by [29) Remark 3.1] we have I, = grI(X, »)), which
contains xf()‘) by the proof of Lemma Hence, we have R, s = Ry for all s > {(\) in

this case.

3.1.2  Shuffles and (n, \, s)-staircases

Before we proceed, we prove a couple of combinatorial lemmata concerning shuffles of compo-

sitions. We use these lemmata to construct a monomial basis of R,, ) ; in the next subsection.

Lemma 3.1.5. Let 1 < a < b, and let n = a+b. Let v be a shuffle of the compositions
(0,1,...,a—1) and (0,1,...,b0—1). Then there exists a shuffle 6 of (0,1,...,a — 1) and
(0,1,...,b—1) such that 6, = a — 1 and trunc(y) < trunc(d).

Proof. If v, = a — 1, then we may take § = v, and we are done. Therefore, we assume
Y, = b — 1 for the remainder of the proof.

Let P be the labeled lattice path whose corresponding shuffle is v as follows. Suppose we
have a lattice path in the plane starting at (0,0) and ending at (a,b) and taking only east
steps £ = (1,0) and north steps N = (0,1). Label the ith east step with ¢ — 1 for ¢ < a, and
label the ith north step of the path with ¢ — 1 for all ¢ < b. To such a labeled lattice path,
we associate the shuffle of (0,1,...,a—1) and (0,1,...,b — 1) obtained by reading off the
labels of the steps from left to right.

We construct a lattice path @ starting at (0,0) and ending at (a,b) which stays weakly
above P as follows. See Figure for examples of the path () we construct from the path P.
First, suppose that the last east step of P lies weakly above the diagonal y = x, and suppose
it is the mth step of P. Then the starting point of the last east step is at (a —1,m — a), and
we must have m — a > a — 1. Define the first m — 1 steps of ) to be identical to the first
m — 1 steps of P. Define the rest of the path ) to be N"™™E. Since the mth step in P is the
last east step of P, then @) stays weakly above P and ends at (a,b). Furthermore, the label
of the 7th step of ) is greater than or equal to the ith step of P for i < n. Letting ¢ be the

composition read from the labels of @ from left to right, then we have trunc(y) < trunc(d).
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A , (a,b) A 4 (a;0)
Q77 Q77
6l 6|P| " ol |P|. "
F e 50 5],
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s of -1 o4
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Figure 3.1: Two examples of the path @) constructed from the path P in the proof of
Lemma for the case where a = 5 and b = 8. On the left, we have
v=(0,1,2,0,1,3,2,3,4,5,4,6,7). On the right, v = (0,1,0,1,2,3,2,4,3,4,5,6,7).

Furthermore, since () ends in an east step we have 9, = a — 1.

Second, suppose the last east step of P lies below the diagonal y = x. In this case, the
path P must cross the point (a,a) and then end with b — @ many north steps. In addition,
P must touch the diagonal y = x in at least one other point. Suppose the point (c,c) is
the second to last time P touches the diagonal. We define @) in three segments, as follows.
Define the first segment of @ to be identical to the subpath of P between the points (0, 0)
and (c,c). Let P’ be the subpath of P from the point (c,¢) to the point (a,a — 1). Define
the second segment of () to be the reflection of P’ across the diagonal y = x, which is a path
from (c,c) to (a—1,a). Define the third segment of ) to be N*~*E. so that Q ends at (a, b).
By construction, () lies weakly above P. Observe that the label of the ith step of P equals
the label of the ith step of () for all # < 2a — 1. Furthermore, the label of the ith step of ()
is greater than or equal to the ith step of P for ¢ < n. Letting § be the composition read

from the labels of @ from left to right, we have ¢, = a — 1 and trunc(vy) < trunc(J). O

Definition 3.1.6. For 1 < j < Ay, let /(X)) = (0,1,...,X; = 1). An (n, \, s)-staircase is a
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shuffle 7 = (71, ...,7,) of the compositions B1(X), B%(N),. .., ()\), and ((s — 1)" 7). Let
Cons = {a=(aq,...,a,) 1 a <~ for some (n, A, s)-staircase v}. (3.1.11)

Observe that when \ = (1%) € Par(k, k) and s = k, then 8*(1%) = (0,1,...,k—1). Hence,

an (n, (1%), k)-staircase is an (n, k)-staircase, as defined in [45] and in the Introduction.
Lemma 3.1.7. Let o€ Cp s, and suppose o, < £(X). Then trunc(a) € C,_; y@n) -

Proof. Since a € Cp, 5, then a < 7, for some (n, A, s)-staircase 7. Let j be maximal such

that a,, < Aj. It suffices to prove that trunc(a) is contained in a shuffle of the compositions
BN, ... trunc(B1(N)), ..., BM(N), and ((s —1)"7F). (3.1.12)

We have two cases: either v, = s — 1, or 7, = A}, — 1 for some h.

In the first case when 7, = s — 1, let ¢ be the index such that 7, = X, — 1, corresponding
to the last part of the composition 57()\) in the shuffle 7. Let 7 be the composition obtained
by swapping the gth and nth entries of . Then 7 is still an (n, A, s)-staircase. Furthermore,
since ay <7, = \j — 1 < s — 1, we have trunc(a) < trunc(¥), where trunc(7) is a shuffle of
the compositions listed in (3.1.12)), hence trunc(a) € Crm1 M(en) s-

In the second case, we have ,, = A}, —1 for some h. Since o, < 7, = A\, —1, then v, < A},
so we must have that h < j by maximality of j. Let d be the restriction of the composition
7 to the parts corresponding to 3%(\) and 87()) in the shuffle, so that Oy +x, = A, — 1. By
Lemma with a = X} and b = X}, there exists a shuffle € of 5"()X) and 37()) such that
ex,+x, = A; — 1 and trunc(d) < trunc(e). Let 7 be the composition obtained by replacing
the parts of v corresponding to d with the parts of the composition €, in order from left
to right. Then trunc(y) is a shuffle of the compositions in (3.1.12)). Furthermore, since
trunc(a) € trunc(y) as compositions of length n and trunc(d) < trunc(e) as compositions of

length A}, + A}, we have trunc(a) < trunc(y) < trunc(¥), hence trunc(a) € C,,_1 y@n) 5. O

For a collection C of compositions and an integer 4, let us denote by C e (i) the collection
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of compositions « e (i) for a € C. The symbol v denotes a union of sets which are pairwise

disjoint.
Lemma 3.1.8. We have the following decomposition of the set C, » s,

-
Cops = U Cos1a).s ® U Co1ns @ (3), (3.1.13)

where on the right-hand side we interpret C,,—1 s = & if n = |A|.

Proof. Observe that the right-hand side of is indeed a disjoint union of sets, since
each set contains compositions with a distinct last coordinate. Given a € C,_y @, for
i < 0(\) witha = (ay,...,q,_1), then a € B for some (n—1, \?), s)-staircase 3 by definition.
Let j be maximal such that i < A;. Then we have cve (i) = S o (X, — 1), where S e (\; —1) is
an (n, \, s)-staircase. Hence, we have cve (i) € C,, 5 5. Given a € C,,—1 s and £(\) <i < s—1,
then a < f3 for some (n—1, A, s)-staircase by definition. Then we have e (i) < feo(s—1),
where [ e (s — 1) is an (n, A, s)-staircase. Hence, we have a e (i) € C,, . Therefore, the
disjoint union on the right-hand side of is contained in the left-hand side as sets.

Let @« € Curs. By definition of C, s, there is a shuffle 8 = (Bi,...,08,) of
BEA), ..., BM(N), and ((s — 1)" %) such that o = B. We have trunc(a) < trunc(f) and

< Bn.

If o, = £()), since each part of the composition 47()) is at most £(\) — 1, it must be that
Bn = s — 1. Therefore, trunc(f) is an (n — 1, A, s)-staircase. Since trunc(«) € trunc(3), then
trunc(a) € Cp,—1 25, SO that a = trunc(a) e (ay,) € Cmy a5 ® ().

If o, < €(\), then by Lemma [3.1.7, we have trunc(a) € C, ;y@n . Therefore, we
have o = trunc(a) e (o) € C, 1 0 ® (1) for i = a,. Hence, we have the equality of

sets (3.1.13)). [

Lemma 3.1.9. Let h < k < n and s be positive integers. Let A € Par(h,s), and let
pePar(k,s). If h =k and X\ <gom 1, or if h <k and X < p, then C, s < Cpas-
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Proof. 1t suffices to show that every (n, , s)-staircase is contained in some (n, A, s)-staircase.
First, suppose h = k and A <gom p. It suffices to consider the case when p covers A in
dominance order. In this case, the Young diagrams of 1 and A differ in only two columns.
Suppose these two columns of p are lengths b and a from left to right, so that a < b and
the two columns of A\ are lengths b+ 1 and a — 1 from left to right. Given S a shuffle of the
compositions (0,1,...,b—1) and (0,1,...,a— 1), then by Lemma/3.1.5] there exists a shuffle
dof (0,1,...,b—1)and (0,1,...,a—1) such that §,, = a—1 and trunc(f) < trunc(J). Let
v = trunc(d) e (b). Then ~ is a shuffle of (0,1,...,b) and (0,1,...,a — 2) such that 5 < .
Therefore, any (n, i, s)-staircase is contained in a (n, A, s)-staircase, hence C, s < Cy -
Second, suppose h < k and X\ < u. It suffices to consider the case when k& = h + 1, hence
when the Young diagrams of y and A only differ by one box. In this case, we have p; = \; +1
for some j. Given any (n, u1, s)-staircase 3, replace the copy of p; — 1 in 3 corresponding to
the last entry of 37(u) with an s — 1. Then the resulting composition is an (n, A, s)-staircase

containing 3, hence C, ;s S Cp z - O

3.1.8  Monomial basis of Ry, »s

To each weak composition « of length n, we associate a monomial

xq = | [ (3.1.14)
=1

Let A, s be the following set of monomials in Q[x,,],
A = {x5 1 @ €Chpst (3.1.15)

Remark 3.1.10. Observe that if n = k, then A, » s = A, » 4. This is consistent with the

fact that I, s = I, x ¢ = I in this case.

Given a monomial x2 and a set of monomials A, we denote by x2A the set {x2x? : 27 €

A}. We have the following recursion for the sets of monomials A, ) 5, which is an immediate
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corollary of Lemma |3.1.8]

Corollary 3.1.11. We have the following decomposition of the set A, » s,

L(A)—1 ‘ s—1 A
Anns = | #hAiposw | 2hdnins (3.1.16)
i=0 i=0())

Example 3.1.12. Let A € Par(k,s). We can obtain the set 4, , ¢ by iteratively applying
the recursion in Corollary [3.1.11} We have that

2 2 2 2 2
Ay o)z = {1, 21,27, 20, 23, 13, T123, 1113, Tox3, B3T3, T3, (3.1.17)

2 2 2 2 2 2 2
x2x37 Ty, X124, x1x47 Loy, x2x47 T34, x3x47 x47 x2x47 x3x4} .

Lemma 3.1.13. Let d and m be positive integers. Let © be a nonnegative integer, and let

S < x,,—1 with m = |S|. We have that

whea(S) € 2 Qlxp] + Las (3.1.18)

n

in the following cases,

(a) d>m+1—pl_ (M),

(b) d=m+1—-p. (N and d+i>m—pl(N),

(c) i < L(N) and eq(S) is in the generating set of I, yu

(d) {(N\) <i<s—1, k<mn, and eq(S) is in the generating set of I,,_; 5.

Proof. In case (a), by our hypothesis and Definition we have e4(S U {z,}) € Lyas.

Hence, we have

eq(S) = —xpeq—1(S) + eq(S U {z,}) = —xneq-1(S) mod I, ) s, (3.1.19)

zleq(S) = —attley 1(S) mod I, (3.1.20)

n
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so (|3.1.18)) holds.

In case (b), we assume d = m+1—p!_;(A). For v > 1, we have d+u > m+1—p!'_;(N),
50 €qu(S U {xn}) € I as. Furthermore, since d + ¢ > m — pl’ (\) by assumption, we have

eq+i(S) € I, ) 5. Consider the identity

L—ait) [ A —ajt) = At ant+ -+ 2707 [ (1—a50). (3.1.21)

xz;€8 z;eSU{wn}

The coefficient of %+ on the left-hand side of (3.1.21]) is

(—=1)%eq,i(S) + (=)l eg(S) = (1) 2l ey(S) mod Loxs, (3.1.22)

n n

while the coefficient of t?*% on the right-hand side of (3.1.21]) is in I, »s by the fact that
earu(S U {xn}) € I for all u > 0. Therefore, we have z%e4(S) € I, 5, so (3.1.18)) holds.

In case (c), we have i < £(A) and d > m —p; (M), Let j be maximal such that i < X},
so the Young diagram of A®) is obtained from the Young diagram of A by deleting a cell from
the jth column from the left. If n —m < j, then pit(A®) = p2 ,(\) — 1. Combining this
with the inequality d > m — p}(AD), we have d > m + 1 — p" | ()), and we are done by

case (a).

If on the other hand we have n —m > j, then p’*(A®@) = p7 . ()\). Since d > m —
Pt D), we have d = m + 1 — p YD) If d > m+ 1 —pnt(AD) = m+ 1 —p2 (),

then we are again done by case (a). If we have d = m + 1 — p» ' (A\D) =m + 1 — Pt (A).

Furthermore,
Prs1(A) = P (A) + Ny < P(A) + i+ 1, (3.1.23)

which follows from the maximality of 7 and our assumption that n —m > j. Combining our
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assumption that d = m + 1 —p_;(A\) with (3.1.23), we have
d+1i>m—pp(N). (3.1.24)

Hence, we are done by case (b).

In case (d), we have d > m — p™~1()\). Since k < n by assumption, we have that \/, = 0,
so plh 1 (A) = pt(N). Hence, we have d > m — p= . ;(A). It d > m+1—p2_ ,()), then
we are done by case (a). Otherwise, we have d = m + 1 — p? ;(\). Furthermore, since
N < U(N) < i+ 1, then continues to hold, and combining it with the equality
d=m+1—pl.,()), we obtain d +i > m — p}! (A). Hence, we are done by case (b). O

Lemma 3.1.14. The set A, s represents a Q-spanning set of R, 5.

Proof. We proceed by induction on n. When n = 1, either A = (1) or A = ¢J. In the case
when A = (1), then Ry, = Q[x1]/{x1) and A; s = {1}. In the case when A\ = ¢, then
Rixs = Qz1]/(x5) and Ay s = {1,71,...,25 '}, Therefore, the statement holds for n = 1.

Assume n > 1. Suppose by way of induction that A, , s is a Q-spanning set of R,, , s for
all pand m < n. Let A € Par(k, s) for some k < n. Since z}, € I, ) 5, we have an isomorphism

of Q-vector spaces,

s—1
Rons = PRy s/Ti  Rys. (3.1.25)
i=0
Therefore, it suffices to show that every polynomial of the form z! p(x1, ..., z,_;) is congruent

to a polynomial in spang(Ay,»s) modulo i 1Q[x,] + Inas. We have two cases: either
O0<i</lN)orl\)<i<s-—1.
In the first case when 0 < i < ¢(A), by our inductive hypothesis we have that A, ; yo ,

is a Q-spanning set of R, _; \@) s, SO

n—1
Py, .. Tny) = D CaXq b Y, A(d,S)ea(S) + ) Al (3.1.26)
j=1

x2_ €A ea(S)el

n—1="n 12 s n—1,2(0) s
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for some constants ¢, € Q and some polynomials A(d,S) and A; in Q[x,_;], where the

second sum is over all generators of I, |y , of the form e4(5). Hence,

n—1
wip(wy,. . Te) = Z CaTLXY | + Z A(d, S)zleq(S) + Z Ajal s,

x®_ €A eq(S)el

n—1 n—l,/\(i),s j=1

n—l,)\(i) ,8

(3.1.27)

Observe that x,z% € I, 5, and that x}eq(S) € 2, Q[x,] + Iy, by Lemma [3.1.13(a). Fur-
thermore, z,x%_, € A, for all x3_, € A, | o, by Corollary 3.1.11] Therefore, z}p is
congruent to a polynomial in spang(Ay ) modulo 25 Q[x,] + I, s, and we are done.

In the second case, we have /(\) < i < s—1. If n = k, then 2, € I, = I, by
Remark [3.1.4] so 2’ p € I,, » 5. Otherwise, we have k < n, and by our inductive hypothesis we
have that A, )¢ is a Q-spanning set of R,_; . A similar application of Lemma (d)

completes the induction. Hence, A, , ; is a Q-spanning set of R, ) . ]
Lemma 3.1.15. We have the equality of cardinalities | X, xs| = |Anas|-

Proof. Recall that X, » s is the set of points p = (p1,...,p,) € Q" such that for each 1 <
i < n, p; = «a; for some j, and for each 1 < i < s, a; appears as a coordinate in p at
least \; many times. Observe that the size of X, ), does not depend on our choice of the
distinct rational numbers «;. The statement of the lemma holds when n = 1. Indeed, if
A = (1) then Xj s = {(ou1)} and A; s = {1}. Otherwise, we have that A = ¢J, in which
case Xias = {(a1), (an),...,(as)} and Ay xs = {1,21,...,25 '}, which are equinumerous.
In light of Corollary it suffices to prove that the cardinalities | X, » 5| satisfy the same

recursion as | A, » s|, namely that

{N)-1 s—1
Xl = D) Xuciposl + D 1 X1l (3.1.28)
1=0 i=0(\)

The identity (3.1.28) follows by observing that for ¢(\) < i < s — 1, the set X, is in
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bijection with the set

{p € Xn,/\,s : (pla s 7pn—1) € Xn—l,)\,s7 Prn = ai-i—l} (3129)

and for 0 <i < £()\), the set X,,_; 3@  is in bijection with the set

{p € Xn,)\,s : (plv ce apn—l) € anL)\(i),sa Pn = ai-‘rl}: (3130)

which completes the proof. O

Remark 3.1.16. The proof of Lemma |3.1.15| naturally leads to a recursively constructed

bijection between the sets X, \ s and A, » s, though we will have no use for this bijection.

Proof of Theorem |3.1.1,. Recall that by Lemma |3.1.3] we have the containment of ideals
Inys € grl(Xnns). Combining this with (3.1.3]), we have

Q[x4]

dimg(Ryp,) > dimg -2 5"
1mQ( A, ) 1mg gr ](Xn,)\,s)

= [ Xl (3.1.31)
Furthermore, by Lemma |3.1.14] and Lemma [3.1.15] we have
|Xn,)\’s| = |An’)\,s’ = dim@(Rn,A7s). (3132)

Stringing together (3.1.31)) and (3.1.32), we see that all inequalities must be equalities. In

particular, we have the equality

Q[xx]

1mQ( A ) Mg or [(Xm/\,s)

(3.1.33)

As a consequence, we also have I, \ s = gr (X, ), hence R, s = Q[x,]/gr [(Xn2s). O
Theorem 3.1.17. The set of monomials A, s represents a basis of Ry x -

Proof. By the proof of Theorem [3.1.1] we have that |A,,s|] = dimg(R,.s). By
Lemma [3.1.14] A, ) s is a Q-spanning set of R,, ;. Hence, A, » 5 is a basis of R, ) . O
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Lemma 3.1.18. Let h < k < n be positive integers, let A € Par(h, s), and let u € Par(k, s).
If h =k and X <gom p, or if h <k and X < p, then A, s © Aprs and Iy s S I s

Proof. If h = k and A <qom porif h < kand A € pu, then p?,(A) < p (1) for all m. Therefore,
the generating set of I, ) s is contained in the generating set of I, , 5, S0 I, x5 & In s By

Lemma [3.1.9] we have C, , s < Cp x s, so the containment A, , s A, » s follows. O

As a consequence of the containment of ideals in Lemma [3.1.18] we have a monotonicity
property of the multiplicities of irreducible representations contained in the ring R,, ;. We

state it next in terms of graded Frobenius characteristics.

Theorem 3.1.19. Let h < k < n be positive integers, let X\ € Par(h,s), and let € Par(k, s)
such that either h = k and A\ <gom 1, or h < k and A\ S p. For each partition v — n, we

have the inequality
[su]Froby (R xs) = [su|Froby (R, i), (3.1.34)

where [s,]f stands for the coefficient of s, in the Schur function expansion of f, and the
inequality 1s a coefficient-wise comparison of two polynomials in q.
3.1.4 Ordered set partitions

In this subsection, we relate the S,-module R, ) s to an action on (n, A, s)-ordered set parti-

tions. We then find the Frobenius characteristic of R, y s.

Theorem 3.1.20. We have that dimg(R, ) = |OPprs|. Furthermore, we have the iso-

morphism of S,-modules
Rn,)\,s =5, Qopn,)\,& (3135)

Proof. By Corollary [3.1.2, we have that R, s =g, QX, s as Sy,-modules. Therefore, it

suffices to show there is an S,-equivariant bijection between X,, y ; and OP,, »s. Define a
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map ¢ : Xpas — OPps as follows. Given p € X, 55, define p(p) = (By|---|B;) where B;
is the set of indices 1 < j < n such that p; = a;. By the definition of X, 5 ;, we have that
«; appears at least \; many times as a coordinate in p. Therefore, we have |B;| = \; for all
i <s,80 p(p) € OP,as. The map ¢ is clearly the desired S,-equivariant bijection, which
completes the proof. O

Corollary 3.1.21. The Frobenius characteristic of Ry, s 1S

L\
Frob(Rop.) = >, hu|] <Z ”1), (3.1.36)

A
pePar(n,s), =0 v 1+1
H2A

where pg == s.

Proof. By Theorem we have R, s =g, QOP,, 5. We can partition the set OP,, 5
into S,,-orbits, where an orbit is determined by the tuple of block sizes a = (|By],...,|Bs|).
This correspondence sets up a bijection between the set of S,-orbits of OP,, s and the set
of all weak compositions o = (ay, . .., ay) of n such that @« 2 A. Given such a composition «,
let € be the corresponding S,, orbit of OP,, »s. Letting p = sort(«), then & is isomorphic
as an S,-module to the set of tabloids with u; boxes in the ith row. Hence, the Frobenius

characteristic of the action of S, on the submodule Q& of QOP,, , ; is equal to h,,.

Since QOP,, 5 s is the direct sum over all Q& where & is an S,,-orbit, we have

Frob(Rops) = Y ayhh, (3.1.37)
uePar(n,s),
B2

(s)

where a,

is the number of o € Comp(n, s) such that « 2 X\ and sort(a) = p. It is then
(s)
A p

(3.1.36). O

an easy exercise to verify a, is equal to the coefficient of h, in the right-hand side of
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3.2 Skewing formulas and exact sequences for R, ) s

In this section, we develop algebraic tools for analyzing the graded Frobenius characteristic
of Frob,(R, ). Our main tool is a recursive formula for the image of Frob,(R,, »s) under
the skewing operator e;(x)* from Subsection [2.0.3, We also show that the rings R, fit

into certain exact sequences.

3.2.1 Skewing formula

Fix j, k, s, and n positive integers with k& < n, and fix A\ € Par(k,s) throughout
the subsection. In order to simplify notation, let z, = z,_;;; for 1 < ¢ < j and
z; = {z1,...,2j} = {Tn_js1,...,2,}. Given a polynomial f(x,_;,z;), then o € S,,_; acts on
the x,,_; variables, and ¢; acts on the z; variables. We have the following definitions, which

we need for our formulas for ejFrobq(Rn, As)-

Definition 3.2.1. Let [ = (iy,...,4;) € [0,s — 1]7. Construct a partition A recursively
using the reduction operations defined in (2.0.4) as follows. Let Ay := A, and for 1 < h < 7,

let

o A if in < (),
(h—1) =
)\(h) if 4, = é()\(h))-

Define A := \g).

Let Z7 be the set of increasing sequences (i; < --- < i;) of nonnegative integers with
i; < s. For I € 77, let m be maximal such that i, < £()\). In this case, observe that
M) e Par(k — m, s) is the partition obtained from A by deleting one box from the end of
the rows iy + 1,...,iy, + 1 and then sorting the rows. Further observe that for I = (i), if
0 <i<£()\), then A\ = XD and if £()\) < i < s, then A) = ).

Given a sequence I = (iy,...,1%;) of distinct nonnegative integers which is not necessarily
increasing, let zjl- =z z;’ Furthermore, let ¥(I) :=4; + - -- +4;, and let sort<(/) be the

increasing sequence obtained by sorting the entries of I.
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Theorem 3.2.2. We have

ejFrobq(Rn7A7s) Frob, (e Ry 5) Z g Frob R, 5)- (3.2.1)

IeT?

The first equality in Theorem follows immediately by (2.0.28]), so it suffices to prove
the second equality.

Define

@ Rnfj,/\(l),s X Q{EJ ]} (322)

IeT?,

S()=r
The vector space V, has the structure of an 5,,_;-module, where S,,_; acts on the first factor
of each tensor product. It is also graded, where the degree of a nonzero simple tensor f ®ejz§
is deg(f) + X(I). Observe that if we could directly show that €; R, xs = @, -, V; as graded
Sp—j-modules, then the second equality in Theorem would follow. A natural choice for

this isomorphism would be the map from @, ., V; to €; R, » s induced by multiplication, if it

r=0
is well-defined. Unfortunately, this map is not well-defined in general, as the next example

illustrates.

Example 3.2.3. Let n = 4, A = (13), s = 3, and j = 2. In order to have a well-defined map
V. — €; R, s induced by multiplication, then in particular we would need a well-defined map
R,_j 0 s®Q{e;zl} — €; R, 5 for each I € 77 induced by multiplication. Letting I = (0,1),

then we would need a map

Ro1)3 @ Q{rz — 24} — 2Ry (13) 3. (3.2.3)

However, in order for this map to be induced from multiplication, we would need the con-
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tainment Iy (1)3 - (3 — 24) S €214,(13) 3. In particular, we would need
ea(21, 22) (w3 — x4) = T122(T3 — T4) € €21413) 3, (3.2.4)
which is not true. However, observe that we do have
T1To (T3 — T4) + 31 (25 — 7) + D2(2] — 27) + T3za(T3 — T4) € €214 (133, (3.2.5)

which contains z1259(z3 — 24) as a term. Further observe that all other terms in this element
have higher degree in the variables z; = x3 and 25 = 4. This suggests that we may be able
to define a map from V, induced by multiplication if we first filter the codomain €¢;R,, » s by

total degree in the z; variables.

Indeed, we prove the second equality in Theorem [3.2.2] by filtering ¢; R, 5 s by total degree
in the z; = {z,,_j11,...,%,} variables and then constructing an explicit isomorphism of S,,_ ;-
modules which corresponds to the equality of symmetric functions in Theorem |3.2.2] Before
giving the proof, we need a few lemmata. Let Sg,—j11, . ny be the subgroup of S, consisting

of permutations of the letters n — 57+ 1,...,n.

Lemma 3.2.4. Giwven a finite set Y with an S,-action, let yi,...,y, be a distinct set of
representatives of the Sg,_ji1, .. ny-orbits of Y. Then dimg(e;QY) is equal to the number of

y; which have trivial Sin_j41, .. ny-stabilizer.

Proof. We have a direct sum decomposition
QY = @ €QSn—j+1,..n}Yi- (3.2.6)
i=1

Observe that if y and 3’ are in the same Sy,,_j11,.. »-orbit, then €;y = +¢;3/. Furthermore, if y
has nontrivial stabilizer under the Sg,_;11,. nj-action, then €;5 = 0. Hence, €;QS,—j11,...n¥i
is either one-dimensional if y; has trivial Sy,_;1,.. »)-stabilizer or zero-dimensional otherwise.

Hence, dimg(e;QY") is equal to the number of y; which have trivial Sg,_ ;1. n)-stabilizer. [
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Lemma 3.2.5. We have

dimg(€; Ry, 55) = dimg(¢;QOP,,5) = Y [OP,_j 4. (3.2.7)
IeT]

Proof. The first equality in follows by Theorem so it suffices to prove the second
equality. Given o € OP,, 5, we may find a unique representative of its Sy,_;11,.. »-orbit by
sorting the letters n — j + 1,...,n so that they appear in order from left to right in ¢ =
(B1|Bs| -+ |Bs). By Lemma applied to Y = OP,, » s, we have that dimg(e;QOP,, ;) is
the number of such representatives with trivial Sy,_;1,.. nj-stabilizer. Since o € OP,, » , has
trivial Sg,—j41,. ny-stabilizer if and only if n — j + 1,...,n are in distinct blocks of o, then
dimg(e;QOP,, 5 s) is the number of 0 € OP,, 5 s such that n — j + 1,...,n are in distinct

blocks and appear in order from left to right.
Define a bijection between the set of o € OP,, \ s such that n —j +1,...,n are in distinct

blocks and appear in order from left to right and the formal disjoint union of sets

| | 0P s (3.2.8)
IeT]
as follows. Given such a o, let [ = (i; < -+ < i;) € Z! be such that n — j + 1,...,n are
in B;,1,...,Bi;11, respectively. Map o to the ordered set partition obtained by removing
n—j+1,...,n from o, considered as an element of OP,_; \n ; in the formal disjoint

union (3.2.8). This defines a bijection. Indeed, given o' = (Bj|---|B.) € OP,_; w4 for
I =(iy <---<1ij) € Z{, then the corresponding o may be recovered by adding n — j + h to

block B] ,, for 1 < h < j. Hence, the second equality in (3.2.7) follows. O

Lemma 3.2.6. Let H € [0,s — 1}7 with distinct entries, and let I = sort<(H). We have

AD) < gy AU,

dom

Proof. Recall that we draw Young diagrams according to the French convention. If s = £(\),

then there is a bijection between the cells of the skew Young diagram A\/AUD) and the cells
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of A/AY) such that each cell of A\/AU?) is weakly above and to the left of its corresponding
cell of /AU, Tt follows that A <gom AH). See [29, pp. 128-130] for the full proof of the
case when s = £(\). In the case when s > £()\), let m be maximal such that 7,, < ¢(\), and

let H' be the subsequence of H consisting of elements less than ¢(\). Then we have
AD = \im) g NED = NI (3.2.9)

where the inequality in the middle follows from the first case, since H' € [0,4(\) — 1]™ and
(11, .., 1m) = sort<(H'). O

Remark 3.2.7. The alternating polynomial ejzl» is equal to a scalar multiple of a generalized

,,,,,

Lemma 3.2.8. The collection of polynomials Aj_alt defined by

n,A\,S

iilts = U A A s " €% (3.2.10)

IeT?

represents a basis of €;R,, 5 s, where A, » s is as defined in (3.1.15)).

Proof. By Theorem [3.1.17, we have | A, | = |OP, xs|. By Lemma [3.2.5, we have

313;\1’58| - 2 |‘An 32D s ‘ Z |O,Pn—j,/\<1>,s| = dim@(ej@olpn)\,& = dimQ(EJ'RnJ\,S)'

IeT! IeT!
(3.2.11)

Hence, it suffices to prove A spans €, » s.

m, )\ ,8
Recall R, ), is spanned by A, » s, so €;R, s is spanned by €;A,, 5 s. Applying the re-
cursion in Corollary [3.1.11] for A,, » s exactly j many times shows A, ) s can be partitioned

as

An,x,s= L Awaon,s 2] (3.2.12)

€[0,s—1]7
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Applying €; to both sides of (3.2.12)), we see that €, R, ) s is spanned by the union

U A, €25 (3.2.13)

€[0,s—1]7

Given H e [0,s — 1}/, if any two entries of H are equal, then we have €;z!" = 0 by Re-
mark [3.2.7 Therefore, the union (3.2.13) is equal to the same union restricted to those H

with distinct entries. In order to prove An s Sbans €; 1, s, it suffices to prove that for any

H € [0,s —1]7 with distinct entries and any x;,_; € A,_j\an 5, we have that xj; e]zf is in
the span of Aﬁ,&lts

Indeed, let I = sort<(H) € ZJ. By Lemma [3.2.6, we have A} <40 M) so by
Lemma [3.1.18 we have A, ;s S A,_j 0, Hence, we have x;,

n—j € An—j,)\(I),s' Fur-

thermore, since H is a permutation of I, we have ;2] = +¢;z/, so x3_; - ¢;z!" is in the span
of Ai'7§1fs, and the proof is complete. n

Given a list of distinct variables W = (wy, ..., w,) € z; and any subset U = {u; < --- <
up(t < [v], let Wy == (wyy, -+, Wy, ). Given a tuple I € I7, let Iy == (i, < -+ < dyy,) €

7! For any tuple H = (hy <--- < hy|) € 7Vl define the monomial Wl = wh .. -wZ‘UI.

Recall the following lemma on elementary symmetric polynomials.

Lemma 3.2.9 ([29], Lemma 6.1). Let C < x,, and W = (w1, ...,w,) S z; be disjoint sets
of variables, where W comes with a total ordering. Let I = (iy < --- < i,) € ZV. For any

d > 1, we have

ea(C) - (—wi) -+ (—wy)™ = Z (-1l Z Degiso—sen(C o Wy) - WH, (3.2.14)
Uc|v]
where the inner sum on the right-hand side is over all tuples H = (hy, ..., hjy|) of nonnegative

integers, such that h, <1i,, for 1 <p <|U|.

Lemma 3.2.10. Let I € T, and let e4(S) be a generator of I, ;\a) , for some d and S =

Xp—j. We have eq(S U z,) - 2} € I x5, where a = Plsjy;(A) — p‘S‘ TONDY and zq = {z1, ..., 24}
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Proof. Let m = |S|. Then a = pj,, ;(\) — =7 (AD), which is the number of boxes weakly
to the right of column n — (m + j) + 1 of the skew diagram A/AY). In order to show
la+1 ij

eq(S U z4) - 2} € I, it suffices to prove that eq(S U z,) - 2,757 - 2

J € I, s, where the

product z/%H! - - z;’ is taken to be 1 in the case a = j. By our assumption that e4(5) is a

generator of I, _; ) 5, we have

d>m—phI(\D). (3.2.15)

In the case a = j, then by combining and pid(AD) = pr () — a, we have
d>m+a—pp..(\). Hence, eq(S U z,) € I, ) 5 50 €q(S U za)zjl € I, s, and we are done.

In the case a < j, then applying Lemma with C' =S Uz, and W = (2441, ..., %),
we have that

ea(S U zq) 20 - - z;’] (3.2.16)

is an alternating sum of terms of the form

ears(n)-xm) (S U Zq U Zy) - Zg, (3.2.17)

where U < {a +1,...,5} and H = (h4,..., hjy)) e 7)! such that hy < iy, for 1 <p < |U|.
To complete the proof, we show that in each case eqysn—xm)(S U 2o U 2y) € I\, OF

equivalently that

d+%(I) = %(H) >m+a+ Ul = ppyayio/(N)- (3.2.18)

We claim that 4,41 > A If INMAD| = a, then by the definition of A we

—(m+j)+1-
see that |[\/AU)| is the number of elements of I which are strictly less than ¢()\). Under

the assumption that [A\/AD)| = a, we have i, > £()\) > AM—(mijy+1- Otherwise, we have

IAAD| > a + 1, so by the definition of a, the (a + 1)th box of A/A!) from the right must
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be in a column strictly to the left of column n — (m + j) + 1 of A. Therefore, the inequality
lag1 = A;_(mﬂ.)ﬂ continues to hold.

We have the string of inequalities
le > > 000 > lgy = )‘;Lf(m+j)+1 = /nf(m+j71)+1 = (3219)

Therefore, we have

m+j
Z = Z Nts1 = Pt (A) = Phgario (V) (3.2.20)
tela+1,7\U t=m+a+|U|+1

since both sides of the inequality sum over j —a — |U| many terms. By our assumption that

iu, > hy for 1 < p < |U|, we have

Yy = S(H) + U (3.2.21)
teU
Recalling (3.2.15)), we have
d>m—pI(\D) =m+a—p,.,i(A). (3.2.22)

The inequality (3.2.18)) then follows by combining (3.2.20)), (3.2.21)), and (3.2.22)) with

Sz Y, h+ (3.2.23)

tela+1,j\U teU
which completes the proof. O

Lemma 3.2.11. With the same hypotheses as Lemma|3.2.10, we have

ea(S) - €z € spang U Qlxn—j] - €z |+ €jLnps- (3.2.24)

HeT?,
S(H)=3(I)+1
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Proof. We have that
eq(S) = eq(S U z,) Zed () - er(za), (3.2.25)

so multiplying both sides by zjl and applying ¢;, we have
ea(S) - €25 = ¢j(ea(S U z4) - Z ea—t(S) - €;(e(2a) - 25). (3.2.26)

By Lemma [3.2.10, we have e4(S U z,) - zJI- € I, s. Therefore, by (3.2.26)), it suffices to prove
that each polynomial of the form ey_;(S) - €j(e:(2,) - z}) is in the set on the right-hand side

of (3.2.24).

For each t > 1, consider the expansion of e;(z,) -z]I- on the right-hand side of (3.2.26]) into
monomials. Each term in the expansion is of one of the following types: (1) a monomial in
z; such that two of the exponents agree, (2) a monomial in z; whose largest exponent is s,

or (3) a monomial of the form 7 -z}’ for some m € Sp,,_j;1,. ) and some H € Z7 such that

Y(H) = X(I) + 1. Monomials of the first type are sent to 0 by the operator €;, monomials
of the second type are elements of I, ), and for a monomial of the third type, we have
e;(m - z; oy = +€] . Therefore, each term in the sum on the right-hand side of (3.2.26) is in

the set on the right-hand side of ([3.2.24] m Hence, e;4(S) - ejz§ is in the set as well. ]

Lemma 3.2.12. We have an isomorphism of graded S, _;-modules

ejRn,)\,s = @‘/;’7 (3227)

r=0

where V. is defined in (3.2.2)).
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Proof. Given r = 0, let

U = @ Qlxnj] ®Q{esz)}, (3.2.28)
IeT?,
S()=r
W, := spang U Q[xn—j] - ejzjl- C €;Ru s, (3.2.29)
IeT?,
S(I)=r
WT = WZ’I‘/W>T+1° (3230)

By Lemma we have Wxo = €; R, 5, so the subspaces W, of €;R,, 5 s form a descending
filtration of the space €;R, . Observe that the spaces U,, V,, W>,, and W, are Q[x,,—;]-
modules. Furthermore, each of them has the structure of a graded S,,_;-module, where S,,_;
acts on the variables x,,_; and the grading is by total degree in the variables x,, = x,,_; U z;.
Since Wy, is a filtration of ¢;R,, y ; which respects the graded S,_;-module structure, we
have that €; R, » s = (—B@O W, as graded S,,_;-modules. Therefore, it suffices to prove that
V. = W, as graded S,,_;-modules.

For r = 0, let
iy 2 U, — W, (3.2.31)

be the map induced by sending f(x,_;) ® ;2] to the product f(x,—;) - €;z}. Then [, is a
homomorphism of Q[x,_;]-modules, as well as a homomorphism of graded S,,_;-modules.
For each I € 7 such that X(I) = r and each generator of I, ;) . of the form e4(S), we

have that [i,(eq(S) ® €;z;) = 0 by Lemma [3.2.11, We also have that [, (2} ® €;z]) = 0

. . . s I _ I
for all ¢ < n — j since z} - ¢;z; = i

i €j(xf - z:) € €, Since i, is a homomorphism of

Q[x;,—;]-modules, the map fi, descends to an S,_;-module homomorphism g, : V, — W,.
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By Theorem the set A,,_; o), is a basis of R,,_; ) 5, 50

) Avjpos @€z (3.2.32)
IeT?,
S()=r

j-alt

represents a basis of V.. Furthermore, by Lemma [3.2.8| we have that AJ"\" represents a basis

of €;R, » s, hence

U A jam s ejzjl- (3.2.33)
IeT?,
S(I)=r

represents a basis of W,.. Since u, maps a basis to a basis, it is an isomorphism of graded

Sy—j-modules, hence V,, = W, as graded S,,_;-modules. This completes the proof. O

Proof of Theorem[3.2.3 The identity (2.0.28) implies the first equality in Theorem [3.2.2]

By Lemma [3.2.12] we have the equality of formal power series

Frob, (¢ Rnx.s) Z g Frob R, i), (3.2.34)
IeT?
which is the second equality in Theorem [3.2.2] ]

3.2.2  Exact sequences

In this subsection, we show that the rings R,, 5 s fit into certain exact sequences of S,,-modules.
We use these exact sequences to obtain identities for the graded Frobenius characteristic of

Rn)\,s‘

Lemma 3.2.13. Let k < n be distinct positive integers, and let X € Par(k, s) with £(\) < s

Then there is an exact sequence of S,-modules

0— Rn,)\7s—1 - Rn,)\,s - Rn,)\o(l),s —0 (3235)
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such that the first map shifts degree by n —k and the second map is degree-preserving. Equiv-
alently, we have the identity

Froby(Rs) = Froby (R ae(1).s) + ¢" "Froby(Ros-1)- (3.2.36)

Proof. It can be checked that I, ye(1),s = Inxs + {en_r(x,)). Hence, we have the quotient
map 7 : Ry s — Ryjeq),s With kerm = (e,_x(x,)). To construct a map Rnxs—1 — Rpas,

first define the map

(g : Q[Xn] - Rn,)\,s (3237)

of Q[x,]-modules given by multiplication by e, _x(X,).

We claim that [, -1 S ker(g). Since I, »s and I, s—1 have the same elementary
symmetric polynomial generators, it suffices to show that gg(xf_l) = 0 for all i < n, or equiv-
alently that 75 e, 4(x,) € I, s By symmetry, it suffices to show that x5 e, _(x,) € L x .
Observe that x5 'e, 1(x,) = 25 e, k(X,-1) mod I, s Furthermore, since e, (x,_1) is
a generator of I, ; s, then by Lemma (d) applied to S = x,,_; and 7 = s, we have

~

i te, k(xn-1) € 25Q[x,] + Lnns = Inns. Hence, x5 te, 1(x,) € Inrs, 50 I xs—1 S ker(o)

as claimed.
Therefore, quS descends to a map
¢ Ryas—1 = Ros (3.2.38)
whose image is exactly {e,_r(x,)) = ker . Therefore, the sequence

Rn,)\,s—l i)’ Rn,)\,s 5 Rn,)\o(l),s — 0 (3239)
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is exact, where ¢ shifts degree by n — k. Furthermore, we have
|0Pn,/\,s| = |0Pn,)\o(1),s| + |O7Dn,/\,s—1|7 (3240)

which can be seen by partitioning OP,, 5 s into a disjoint union of two subsets by considering

those elements (B ---|Bs) such that By)+1 # & and those such that Byyy1 = &. By

Theorem , then implies
dimg(Rnas) = dimg (R re(1),s) + dimg (R x s—1)- (3.2.41)
Hence, ¢ is injective, and we have an exact sequence
0= Rurs1 > Runs = Rueys — 0. (3.2.42)

To complete the proof, observe that ¢ and 7 are S,-module homomorphisms. O]

Theorem 3.2.14. Let k < n be positive integers and let A € Par(k,s) such that ((\) < s.
We have

—t(N\)—m)(n—k—m) |5 £(A
Frob, (R s) = 2 gt —m)(n=hk=m) [ ( >] Frob, (Rn)\.(lm)’g()\)_i_m) , (3.2.43)
q

where [S_flm] =0 for m > s —{(\) and Frob, (Rn,/\O(lm),Z(A)-&-m) =0 form>n—k.
q

Proof. Proceed by induction on s — ¢(\). The base case where s — ¢(A) = 1 holds by
Lemma [3.2.13| Fix a > 1, and assume by way of induction that (3.2.43]) holds for s and A
such that 0 < s — £(\) < a. Let k < n be positive integers, and let A € Par(k, s) such that

s —L(A\) = a. By (3.2.36]), we have

Frob, (R, s) = Frob, (Rn,,\.(l),s) + q”_kFrobq (Roas—1) - (3.2.44)
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Applying our inductive hypothesis, we have

) T (ko1 —mm) |5 — C(A) — 1
FrObq(Rn,/\,S) = Z q(s -t J(n—k-1 ) l ( ) ] FI‘Obq (Rn,)\o(lm+1),€()\)+m+l)
q

m=0 m

s—=L(\)—1
4 gt (Z g5~ 1= =p)(n—k—p) l () ] Frob, (Rn,Ao(lp),f(A)+P)> ., (3.2.45)
q

p=0 p

which we may rewrite as

FrObq(Rn,/\,s) = q(37£()\))(nik)FrObq (an)\,f(/\))

(s—t(N)—m)(n—k—m) |5 — l(A) —1
+ ) (q l m-1 |,

m=1

0O ) (e Fe—r) (i) | S — C(A) — 1
LI (k) m[ En) ])Frobq (Rue(o)coyim) - (3.2.46)
q

The identity [Z]q = [Z:ﬂq +q¢" [agl]q with a = s — £(\) and b = m shows that the coefficient

of Frob, (Rn’)\.(lm)yg()\)er) on the right-hand side of (3.2.46]) is equal to

o~ =m)n—k=m) {5 - KW] - (3.2.47)
m q

Hence, the right-hand side of (3.2.46|) is equal to the right-hand side of (3.2.43)), which

completes the induction. O

3.3 Inversions and diagonal inversions

In this section, we define inversion and diagonal inversion statistics on labeled objects which
are in bijection with OP,, » s and use them to give formulas for the Hilbert series and graded
Frobenius characteristic of R, ;. In Subsection , we define extended column-increasing
fillings and the statistics inv and dinv. In Subsection [3.3.2] we prove that the statistics inv
and dinv are equidistributed and their monomial generating functions are equal. In Subsec-

tion |3.3.3 we then prove our Hilbert series and graded Frobenius characteristic formulas for
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Figure 3.2: The standard extended column-increasing filling associated to
(1,3,5,7,8(2,9,10[4,6) € OP1,3,2),3, where the basement cells are bolded.

R, s in terms of these statistics.

3.8.1 The statistics inv and dinv

Given (By|---|Bs) € OPp.s, define a standard extended column-increasing filling of X' as
follows. First, define a column-increasing filling of the Young diagram of X by labeling the
1th column with the \; smallest elements of B;. Then, for each i, place the rest of the
elements of B; in their own cells vertically below the ¢th column of the diagram in increasing
order from top to bottom. We call the labels below the diagram the basement labels and the
cells containing them the basement cells.

Let SECI, » s be the set of standard extended column-increasing fillings of \'. See Fig-
ure for the standard extended column-increasing filling associated to the ordered set
partition (1,3,5,7,8(2,9,10(4,6) € OP1g,(3,2),3, where 4,6,7,8, and 10 are basement labels.

Given a composition « € Comp(k, s), we define an extended column-increasing filling ¢

of dg' () to consist of

e A diagram D(p) = dg'(a) UB(p), where B(y) is a possibly empty collection of basement
cells in columns 1 < 7 < s and rows j < 0, such that in each column ¢ the basement

cells are top justified so that the top basement cell is at coordinates (,0),

e A labeling of the cells of D(¢) which weakly increases down each column.

We denote by o(y) the column-increasing filling obtained by restricting ¢ to dg’(a). Given
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3 1]
2 32
1 319 ﬂ
0 5 [10f 5
- [E] 6]
1 2 3 4

Figure 3.3: An extended column-increasing filling in ECI;q 230,14 We have labeled the
rows and columns for the reader’s aid.

a cell (4,7) € D(p), we denote by ¢; ; the label of ¢ in the cell (7, j). Let ECIL, , s be the set
of extended column-increasing fillings ¢ of dg'(«) with n cells. Let SECI, , s be the subset
of ECI,, o s consisting of standard extended column-increasing fillings which use the letters
in [n] without repetition. See Figure for an example of an extended column-increasing
filling in ECIL1,(2,3,0,1),4-

The reading word of ¢ is the concatenation rw(yp) = rw(o(y)) v, where v is the word
obtained by reading the labels of B(y) left to right across each row, from top to bottom.
The inversion reading word of ¢ is the concatenation irw(y) := rw(o(y)) w, where w is the
word obtained by reading the labels of B(¢) down each column, starting with column 1 and
ending with column s. The ordering of the cells of ¢ corresponding to rw(y) and irw(p)
are the reading order and the inversion reading order of o, respectively. For the standard
extended column-increasing filling ¢ in Figure , we have rw(p) = 13259710486 and
irw(p) =13259781046.

Definition 3.3.1. Given ¢ € ECI,, , 5, an inversion of ¢ is one of the following,

(I1) A diagonal inversion of o(¢), as defined in Subsection [2.0.5]

(I2) A pair ((i,1), (¢, 7")) where (i,1) € dg'(a) and (¢, j') € B(), and such that i > 7' and

Pi1 = Qi g,



66

(I3) A pair (7, (¢, 7)), where (7', 7) € B(¢) and i is an integer such that 1 <i < 7'
Let inv(p) be the number of inversions of .

For ¢ in Figure [3.3) we have the following inversions,

Type (11): ((1,2),(2,2)), ((1,1),(4,1)), and ((2,1), (4,1))
Type (12): ((2,1),(1,0)) and ((2,1), (1, 1))

Type (I3): (1,(2,0)), (1,(3,0)), (2,(3,0)), (1,(3,—1)), and (2,(3,—1)).

In total, we have inv(y) = 10.
We also introduce a diagonal inversion statistic on extended column-increasing fillings.
Let an a-attacking pair be a pair of coordinates ((4, ), (¢',j")) such that 1 <i < s, 1 <’ <s,

j < aj, and j' < aj, and such that one of the following holds,

e We have j = j' and i < 7/,

e We have j =j + 1 and i > 7.

Definition 3.3.2. A diagonal inversion of ¢ is an a-attacking pair ((7,j), (¢, 7)) such that
one of the following holds,

(D1) We have (4, j), (¢, j') € D(¢) such that ¢; ; > @i i1,
(D2) We have (i, ) ¢ D) and (7, ) € D(p).

Let dinv(y) be the number of diagonal inversions of ¢.

For ¢ in Figure [3.3] we have the following diagonal inversions,

Type (D1): ((1,2),(2,2)), ((1,1),(4,1)), ((2,1),(4,1)), and ((2,1), (1,0)),
((27 0)7 (37 0)) and ((27 0)7 (17 _1))
Type (DQ): ((4a 0)7 (17 _1))7 ((4a O)’ (37 _1))7 and ((27 _1)7 (3’ _1))'
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In total, we have dinv(p) = 9.

Remark 3.3.3. The notion of an extended column-increasing filling is a variation of the
fillings introduced in [7I]. To translate between our conventions and theirs, simply flip
our labelings across the horizontal axis and convert each basement label into a floating
number. Under this identification between OP,, s and SECI,, » 5, the inversion statistic in
Definition is similar to, but not the same as, the coinv statistic in [71]. In particular,
coinv uses a different definition of attacking pair, where ((4,7), (¢, 5)) forms an attacking
pair in \ if j = j’ and ¢ < ¢, or j' = j + 1 and ¢ > 7. The condition (I1) in Definition [3.3.1]
is then replaced with the condition that this alternate type of attacking pair contributes to

the number of coinversions if ¢; ; < @y jr.

3.3.2  FEquidistribution of inv and dinv

We need the following equidistribution theorem for the statistics inv and dinv. Before proving

the theorem, we prove several lemmata.

Theorem 3.3.4. For \ € Par(k, s), we have the identity of multivariate generating functions,

Z PENONC. Z g @xe (3.3.1)

SOEECIVL,)\,S SDGECIn,)\,s

where x? 1= [ [,o, 275" 7.

Our strategy for proving Theorem [3.3.4] is inspired by generalizations of the Carlitz bi-
jection constructed by Gillespie [61], Rhoades-Wilson [70], Rhoades-Yu-Zhao [71], and Wil-
son [97]. Since [71] uses our theorems to prove their results, we give independent proofs in
order to avoid creating a cycle in the logical flow of the proofs.

Let v = (y1,-..,7%m) be a composition of n with v; > 0 for all i. A sequence ¢ =

(c1,...,c,) of nonnegative integers is y-weakly decreasing if every subsequence

Coypteotyy Cyp ety - o Cyp by by —1
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is weakly decreasing. For example, if v = (3,2,1,1), then the sequence ¢ = (5,5,2,6,3,1,2)

is y-weakly decreasing. Let
Cons(y) ={ceCphrs : cis y-weakly decreasing}. (3.3.2)
Observe that when v = (1"), then C,, » s(1") = Cy 2. For 0 <i < s—1 and any A, let

Cr(jllﬁ)\’s(fy) = {(c1, ... Cn1) € Coins(Y) t Coy =i} (3.3.3)

Lemma 3.3.5. Let v = (71,...,7vm) be a composition of n with v; > 0 for all i. If v, > 1,

we have

(N—
Crrs(y U c?” @M U C s v — 1) o (). (3.3.4)

If v, = 1, we have

L(N)—
n/\s U Cn 1)\(1) ’71,...,’}/m 1 U Cn 1,\,s ’71,...,’7m_1)0(i). (335)

Proof. In the case where 7, > 1, then for ¢ < ¢()\), the set C( C1AG) s (71, s Ym — 1) @ (i)
is the subset of C, ;@ ¢ ® (i) of y-weakly decreasing sequences, by definition. Similarly,
for i = ((X), the set CT(LZ'ZLA’S(%, e oyYm — 1) o (7) is the subset of C,,_1 5 ® (i) of y-weakly
decreasing sequences, by definition. Therefore, the partition follows immediately
from Lemma by restricting both sides to y-weakly decreasing sequences. The case

where v, = 1 follows from Lemma by similar reasoning. ]

Given a word w on positive integers, we say that it has content ~ if i appears as a letter
in w exactly +; many times for 1 < i < m. Let ECIL, ,s(7) be the set of ¢ € ECI,, , ¢ such
that rw(y) has content ~.

To each ¢ € ECIL, ,4(7), we assign an inversion code and a diagonal inversion code,
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defined next. These codes are inspired by the generalized Carlitz codes in [61] and the
coinversion codes in [70, [71].

Given ¢ € ECI, o s(7), let (i1, 1), (i2,72), - - -, (in, jn) be the cells of D(¢p), listed so that
Girjr < Pigjo < -+ < 5, 5., and breaking ties in inversion reading order. For example, for

¢ in Figure the cells of D(¢p) are listed in the order
(2,3), (2,2), (4,1), (1,2), (1,1), (1,0), (1,—1), (3,0), (3,—1), (2,1), (2,0). (3.3.6)

Let ¢, be the total number of inversions of ¢ of the following types,

e Type (I1) inversions of the form ((4, j), (ip, jp)) for some i and j,
e Type (I12) inversions of the form ((4, 1), (4,, j,)) for some 4,

e Type (I3) inversions of the form (¢, (4,, j,)) for some i.

Define the inversion code of ¢ to be invcode®(p) = (¢u, 1, .., c1). Observe that the sum

of the entries of invcode®(y) is equal to inv(p). For ¢ in Figure [3.3| we have
inveode®(y) = (0,1,2,0,0,1,1,2,2,0,1), (3.3.7)

where o = (2,3,0,1).

Given ¢ € ECL, o5(7), let (i1,71), (42, 92), -+, (in, jn) be the cells of D(y), listed so that
Girjr < Pigjo < -+ < 5 ., and breaking ties in reading order. For example, for ¢ in Fig-
ure the cells of D(¢p) are listed in the same order as in (3.3.6)), except with the three cells
labeled by 5 listed in the order (1,0),(3,0),(1,—1). Let d, be the total number of diagonal
inversions of type (D1) and (D2) of the form ((i,7), (4, j,)) for some ¢ and j. Define the
diagonal inversion code to be dinvcode®(p) = (dn,dn—1,...,d1). For ¢ in Figure 3.3} we

have

dinveode® () = (0,1,2,0,0,1,1,2,2,0,0), (3.3.8)
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where a = (2,3,0,1).

Lemma 3.3.6. Sending ¢ € ECL,, , () to its inversion code gives a map
invcode® : ECL, 0.5(7) = Chsort(a),s(rev(7))- (3.3.9)

Proof. Let A\ = sort(«) for convenience. It suffices to show that if ¢ € ECI, , s(7), then
(Cny Cn—t,...,c1) € Cyns(rev(y)). We first show that (¢, cpo1,...,¢1) € Cps-

Let (i1, j1), (%2, J2), - - -, (in, Jn) be the cells of ¢, listed so that ¢;, ;, < -+ < ¢;, j, and then
breaking ties in inversion reading order. Suppose the X/ cells in the mth row of dg'(a) are
the pith, path,. .., px th cells in the list, with p; < py < --- < py . Then we have ¢,, < A\, —t
for 1 <t < Ay, Therefore, (cp,,..., ¢y, ) = B™(A) = (0,..., A, —1). Furthermore, for each
p such that (ip,j,) € B(p), we have ¢, < s — 1. Therefore, (¢, ¢p—1,...,c1) is contained in a
(n, A, s)-shuffle, hence it is in C,, ) .

To complete the proof, it suffices to show that (¢,, ¢, 1,...,¢1) is rev(y)-weakly decreas-

ing. Equivalently, we show that for 1 < p <mn — 1 such that ¢;, ;, then we have

= Pipi1dpi1s
¢p < ¢py1. Given p such that ¢; ;. = @i, ..., define an injection from the set of inversions
counted toward ¢, to the set of inversions counted toward ¢, as follows.

First, suppose that both (i,,j,) and (ip.1,jp11) are cells of dg'(«). In this case, all
inversions counting toward ¢, and ¢, are among labels in o(p). Let ((a,b), (ip,J,)) be
an inversion of (), SO Yap > Vi,jy = Pipi1.jper- Oince (a,b) appears before (ipi1,jp41)
in reading order, then we have b > j,41. Therefore, we have a # i,.; since ¢ is column-
increasing.

If @ < i1, then map ((a,b), (ip, jp)) to ((a, jp+1), (ipt1, Jp+1)), Which is an inversion since
Cajprr = Pab > Pipsrjpes DY the fact that ¢ is column-increasing. Otherwise, if a > 541,
then b > j,.1 + 1. Map ((a,b), (ip, jp)) to ((a, jp+1 + 1), (ip+1, jp+1)), Which is an inversion
SINCE Yaj,, 141 = Pap > Piyi1,jper- 1018 clear that this map is an injection, since each such

inversion ((a,b), (ip, jp)) has a unique a value. Hence, ¢, < ¢p41.

Second, suppose that (ip,j,) € dg'(«) and (ipi1,jp1) € B(p). Let ((a,b), (ip,7,)) be
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an inversion of ¢. We have that a # ¢y;; by the fact that ¢ is column-increasing. If
a > ip41, then map ((a,b), (ip, j,)) to the inversion ((a, 1), (ip41,Jp+1)) of type (I2). This is
indeed an inversion since Qa1 = Qap > Piyjy = Pipr1,jpsr- Otherwise, if a < i,,1, then map
((a,b), (ip, jp)) to the inversion (a, (ip11,jp+1)) of type (I3). By the same reasoning as the
first case, this map is an injection, hence ¢, < ¢,1;.

Finally, suppose that (ip,jp), (ip+1, Jp+1) € B(p). Since (ip,J,) precedes (ipi1,Jp+1) in
inversion reading order, we have i, < i,.1. Let ((a,1), (i, j,)) be an inversion of type (I12),
so that ¢,1 > @i, j, = Pi,i1.4,4.- DBy the fact that ¢ is column-increasing, we have that
a # ipy1. I a > ipq, map ((a,1), (ip,Jp)) to the inversion ((a, 1), (ip4+1, jp+1)) of type (I2).
Otherwise, if @ < i,11, then map ((a,1), (ip,j,)) to the inversion (a, (ip+1,Jp+1)) of type
(I3). If (a, (ip,Jp)) is an inversion of type (I3) with a < i), then map it to the inversion
(a, (ip+1, Jp+1)) of type (I3), which is an inversion since a < i, < i,41. By the same reasoning

as the previous two cases, this map is an injection. Hence, we have ¢, < ¢p41 in all cases. [

Lemma 3.3.7. Sending ¢ € ECL, , () to its diagonal inversion code gives a map
dinveode® : ECIL, o,5(7) = Chsort(a),s(rev(7)). (3.3.10)

Proof. It suffices to show that if ¢ € ECI, 4 +(7), then (d,,dn—1,...,d1) € Cysort(a),s(rev(7)).
The fact that (dn,...,d1) € Chsort(a),s follows by the same reasoning as in the proof of
Lemma , so it suffices to prove that (d,,d,_1,...,d;) is rev(y)-weakly decreasing. Let
(i1,41), (i2,92), - - -, (in, Jn) be the cells of ¢, listed so that ¢;, ;, < -+ < ¢;, ;. and then
breaking ties in reading order. It suffices to prove that for 1 < p < n — 1 such that
ipip = Pipr1.jpsrs then we have d, < dpi1. Given p such that ¢, ;, = ¥i,,, ..., define
an injection from the set of diagonal inversions counted toward d, to the set of diagonal
inversions counted toward d,; as follows.

First, suppose that (iy, j,), (ip+1, jps1) € dg'(a). Then d, = ¢, and dp1 = ¢,p+1, where
(¢n,...,c1) = invcode®(yp), since all diagonal inversions counting toward d, and d,; are

among entries in o(p), hence we have d,, < d,1 by Lemma [3.3.6]
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Second, suppose (i, j,) € dg'(a) and (ip+1, jp+1) € B(p). Let ((a,b), (ip, jp)) be a diagonal
inversion of . Just as in the first case of the proof of Lemma|3.3.6, we have b > j, > j,11 and
a # ipr1. If a < ipy1, map ((a,b), (ip, jp)) to the diagonal inversion ((a, jp+1), (ips1s Jp+1)),
which is either a diagonal inversion of type (D1) or of type (D2), depending on whether
(a,jp+1) is in D(¢) or not, respectively. If a > i,.q, map ((a,b), (ip,J,)) to ((a,jp+1 +
1), (4p+1, Jp+1)), which is similarly either a diagonal inversion of type (D1) or (D2) depending
on whether (a, j,+1 + 1) is in D(¢) or not, respectively. The details of the fact that this is a
well-defined injection are similar to the second case of the proof of Lemma [3.3.6] hence we
omit them. We conclude that d, < dj41.

Finally, suppose that (i, jp), (ip+1,Jp+1) € D(¢). The map on diagonal inversions
((a,b), (ip, jp)) of type (D1) is the same as in the second case above, and we omit the
details. Let ((a,b), (ip,,)) be a diagonal inversion of type (D2), so that (a,b) ¢ D(y).
Since (ip+1,Jp+1) € D(p) and b > j, = jp+1, we have a # ip11. Observe that since
(a,b) ¢ D(p), then (a,jp+1) ¢ D(¢). If a < ipyq, map ((a,b), (ip,j,)) to the diagonal in-
version ((a, jp+1), (ip+1, Jp+1)) of type (D2). Otherwise, if @ > i, 1, then (a, j,+1 + 1) ¢ D(yp),
and we map ((a, ), (ip, j,)) to the diagonal inversion ((a, jp+1 4+ 1), (ips1, Jps1)) of type (D2).

Hence, we have d,, < dp;1 in all cases. O]

We define a map inverse to invcode® via an insertion algorithm based on [70, [71]. Given
(Cny--yc1) € Chpsort(a)s(rev(7y)), construct an element t*(c,,...,c1) € ECI, o s(7) by the
following procedure. At each step in the algorithm, label the columns of the partial labeling
of dg'(a) with 0,1,2,...,s — 1 inductively as follows. Suppose we have already used the
column labels 0,1,...,7 — 1. We say that a column 1 < ¢ < s is unfilled if there is a cell of
dg’(c) in column ¢ which is unfilled. If there is an unfilled column of dg’(«) which does not
have a label, scan through the diagram in reading order until an unfilled cell of the diagram
is reached whose column is unlabeled, and label that column with j. Otherwise, label the

leftmost unlabeled column with j.

At the Oth step in the algorithm, start with the unfilled diagram dg’(«), and let ajay - - - a,,
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be the unique word with content v such that a; < as < -+ < a,. At the ith step for
1 <7 < n, assume we have already inserted ay,...,a;_; into the filling. Label the columns
of the partially filled diagram according to the procedure above. Let column j be the unique
column labeled ¢;. If column j is unfilled, label the highest unfilled cell in that column with
a;. Otherwise, add a basement cell to column j and label it with a;. Let t*(c,,...,c1) be
the filling obtained after step n of the algorithm. Although (*(c,, ..., ;) also depends on 7,
we suppress v from the notation for convenience.

See Figure for an example of the insertion algorithm when n =9, a = (3,2,0), s = 3,
(cny...,c1) =1(0,0,2,1,1,0,0,1,0), and v = (2,2,1,2,1,1). Observe that the final output is
a filling with inversion code (¢, ..., c1).

We also define a map inverse to dinvcode® via an insertion algorithm. The insertion
algorithm is the same, except that at each step in the algorithm, we label the columns by a
different procedure.

Let (dy,...,d1) € Cpsort(a)s(rev(y)). At step 1 < i < n in the algorithm, suppose we
have a partial filling of dg’(«). Label the columns of the diagram with 0,1,2,...,s — 1
inductively as follows. Suppose we have already used the labels 0,1, ..., 7 — 1. Scan through
the coordinates (a,b) with 1 < a < s and b < «, left to right across each row, starting with
the top row. When an unfilled coordinate (a,b) is reached in a column which is unlabeled,
label that column with j.

After all columns are labeled, let column j be the unique column labeled d;. If column
j is unfilled, label the highest unfilled cell in column j with a;. Otherwise, add a basement
cell to column j and label it with a;. Let 1§(d,,...,d;) be the filling obtained after step n
of the algorithm.

See Figure for an example of the insertion algorithm for «§ with n =9, a = (3,2,0),
s =3, (dy,...,d;) =(0,0,2,1,1,0,0,1,0), and v = (2,2,1,2,1,1). Observe that the final
output is a filling with diagonal inversion code (d,, ...,d;). Further observe that the two

insertion algorithms for :* and ¢§ output different fillings for the same sequence.
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1 1 1 1]
1 211 211
2
0o 1 2 0o 1 2 0 1 2 0O 1 2 1 0 2
1] 1] 1] 1] 1]
211 211 211 211 211
2 2 2 205 IE
3 3 3] [4 3| [4 31 [4
4] 4] 4] 4]
6
1 0 2 1 0 2 1 0 2 0 1 2 -

Figure 3.4: An example of the insertion algorithm for ¢*(c,,...,¢;) for n =9, a = (3,2,0),
s=3, (Cns..re1) = (0,0,2,1,1,0,0,1,0), and v = (2,2,1,2,1,1).

Lemma 3.3.8. Sending (c,,...,c1) to t“(cp,...,c1) gives a map

1% Cpsort(a),s(rev(y)) = ECL, 4 5(7). (3.3.11)

Sending (dy, . ..,d1) to 1§(dy,,...,d;) gives a map

tg : Cpsort(a),s(rev(y)) — ECL, .4(7). (3.3.12)

Proof. Given (cy,...,c1) € Chsort(a)s(rev(y)), it is immediate that the reading word of
t*(Cpy ... ,c1) has content v and that the resulting filling is column-increasing, since a; <

- < a,, are inserted in increasing order. Therefore, in order to prove that *(c,,...,c1) €
ECI,, . .s(7), it suffices to prove that all cells of dg’(«v) are filled at the end of the algorithm.
We proceed by induction on n. In the base case n = 1, if dg’(a) is empty then the conclu-
sion is immediate. Otherwise, dg'(c) consists of one cell, whose column is labeled 0 at the

beginning of the algorithm. The only (n,sort(«), s)-staircase is (0), hence the unique cell of
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dg’(a) is filled after step 1.

In the inductive step, let n > 1 and assume that % gives a map ¢* : Cpp, sort(a),s(rev(7y)) —
ECLy,as(7y) for all m < n and all a, s, and 7. Fix a, s, and v, and let A = sort(a). We
claim that (* gives a map ¢* : C,, 5 s(rev(y)) = ECL, 05(7). Let (cn,...,c1) € Cons(rev(y)),
and initialize the unfilled diagram dg’(c).

At the first step of the algorithm, the label a; = 1 is inserted into the column labeled ¢;.
Suppose this column is the jth column from the left. If o; > 0, then the remaining unfilled
cells of dg’ () form the conjugate diagram of the composition a(®) := (ay, ... ca;—1, 0 ).

By the way we have labeled the columns of dg’(a), we have sort(a(®)) = Alev),

If 44 > 1, then by Lemma [3.3.5 we have (c,,...,c2) € Cic_l)lﬁ/\(q%s(fym, ceyY2,71 — 1). By

our inductive hypothesis, we have the map

La(ﬂl)

1Chinen) s(Yms -+ ¥2,m — 1) = ECL_y yen (71— 1,725, Ym), (3.3.13)

so there are no unfilled cells of dg’ () in t*““(cy, . . ., ¢2). Observe that by the construction

oD (e . cy) is obtained from 1%(cy, . .., 1) by deleting the cell

of the insertion algorithm, ¢
labeled a;. Hence, there are no unfilled cells of dg'(a) in ¢t“(cy,...,c1), 50 t%(cy,...,c1) €
EClL,as(7). The case when o; > 0 and 7, = 1, and the cases when o; = 0 and 93 = 1 or
~v1 > 1, follow by similar applications of the inductive hypothesis and Lemma |3.3.5 Hence,
™ gives a map to ECIL, , s(7) in all cases, and the induction is complete.

The fact that § is well-defined follows from the fact that * is well-defined. Indeed, it is

immediate from the construction of : that the reading word of 5 (c,,...,c;) has content ~y

and that the columns are weakly increasing. Furthermore, since unfilled columns of dg’(«)

are labeled in the same way in both insertion algorithms, then the fillings :*(c,, ..., ¢;) and
15(Cp, - .., c1) are the same when restricted to dg’(a). Hence, 15(cp, ..., c1) is also an element
of ECL, 4 s(7), so 5 is a map to ECIL, 4 s(7)- O

Lemma 3.3.9. The map invcode® is a bijection with inverse 1, and the map dinvcode® is

a bijection with inverse (5.
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Proof. First, we prove that invcode®(:“(cp,...,c1)) = (Cn,...,c1) for all (c,,...,c1) €
Crsort(a),s(rev(7y)). At step ¢ in the algorithm constructing t*(cy,...,c1), let (a,b) be the
coordinates at which the label a; is inserted.

First, suppose the column labeled ¢; is unfilled, so that b = 1. Since (¢, ..., c1) is rev(y)-
weakly decreasing, then all other labels a; with j > ¢ and a; = a; will be inserted in a
position which is after (a,b) in inversion reading order. Therefore, for every ¢ < a such that
column ¢ has label less than ¢; then the cell (¢, b) is unfilled at step i. Therefore, the cell
(q,0) is filled with a label strictly larger than a; by the end of the algorithm. Furthermore,
for every ¢ > a such that the column ¢ has label less than ¢;, the cell (¢,b + 1) is unfilled
at step 4, hence (¢,b + 1) must be filled with a label strictly larger than a; by the end of
the algorithm. Since there are ¢; many labels less than ¢;, then the number of inversions of
type (I1) of the form ((7,j), (a,b)) in t*(cy,...,c1) is ¢;. Hence, the (n — i + 1)th entry of
invcode® (t*(cy, ..., ¢1)) is ¢, as desired.

Second, suppose column a is filled, so that a; is inserted into a basement cell in column
a. By construction of the algorithm, for each column ¢ > a which is unfilled at step ¢,
the entry (q,1) will be filled with a number strictly greater than a;. Furthermore, each
column ¢ < a has a label which is smaller than ¢;. Hence, the number of inversions in
t*(n, ..., c1) of type (I2) of the form ((g, 1), (a, b)) plus the number of type (I3) of the form
(q,(a,b)) is ¢;, so the (n — i + 1)th entry of invcode®(:*(cy, ..., c1)) is ¢;. We conclude that
invcode®(t*(cp, ..., ¢1)) = (Cn, - - -, 1), SO inveode® o 1* = Id.

We claim that ¢* o invcode® = Id. Let ¢ € ECI, , s(7) with (c,,...,c1) = invcode®(yp).
Suppose column a is the unique column labeled ¢; at step 1 of the insertion algorithm for .
By the definition of ¢p, the first 1 in ¢ in inversion reading order is in the top-most cell of
column a. Therefore, the location of the first 1 in ¢ is the same as the location of the label

oD (e . ¢) is obtained from t*(cy, . . ., ¢1) by deleting the first

aj in t“(¢p, ..., c1). Since ¢
cell labeled 1 (and shifting labels in the case that v; = 1), then a straightforward induction
on n shows that ¢“(cy, ..., c1) = ¢, so the claim follows.

We conclude that (“ and invcode® are mutually inverse, and hence they are bijections.
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Figure 3.5: An example of the insertion algorithm for ¢§(c,,...,c;) when n =9,
a=(3,2,0),s=3 and (dn,...,d) = (0,0,2,1,1,0,0,1,0).

The fact that 1§ and dinvcode® are bijections which are mutually inverse follows by a similar

argument using reading order in place of inversion reading order. O]

Proof of Theorem[3.3.4] We have the bijection
o dinveode? : ECL,s(7) = ECL,5(7), (3.3.14)

which maps ¢ € ECI,, » o(7) to ¢’ € ECL,  +(7) with dinvcode(¢) = invcode?(¢'). Therefore,

we have dinv(p) = inv(¢'). Hence, we have

Z qinV(@) _ 2 qdiHV(so)7 (3.3.15)

@EECIH,)\,S(’Y) SOGECIn,)\,s(’Y)

for all v = (7,...,7%m) a composition of n into positive parts. Let set(y) = {y1,71 +
Y2y -y Y1+ +Ym—1}. Since both sides of (3.3.1]) are quasisymmetric, we have the following
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expansions into monomial quasisymmetric functions,

D = X Y M (%), (3.3.16)

pEECT, x,s v \¢eECI, x s(v)

DogmExe =3 N g My e (%), (3.3.17)

EECL, x5 Y \@eECI, xs(7)

where the sums are over compositions v of n such that +; > 0 for all <. By (3.3.15)), the
right-hand sides of (3.3.16|) and (3.3.17)) are equal. This completes the proof. n

Definition 3.3.10. Let D, ), be the multivariate generating function in Theorem [3.3.4]

Dypsi=  ». ¢™@WxP= Y gimvlxe (3.3.18)
(pEECIn,)\,S LpEECIn,)\VS

Corollary 3.3.11. We have

Dn,)\,s = 2 qu(Lp)Fn,iDes(rw(cp))(X) = Z qdinV(gO)Fn,iDes(rw(go))(X)v (3319)

QOGSECI",,\’S QOESECIH,NS

where for any permutation w € S, iDes(w) = Des(m ™).

Proof. Recall from ([2.0.25)) that

Fop(x)= > x" (3.3.20)
weN"
std(w)=m

where m € S5, is a fixed permutation such that iDes(w) = D. Since the statistic inv is
only dependent on A, the positions of the labels in ¢, and rw(y), then the result follows
immediately by Theorem [3.3.4] and Definition |3.3.10} O

Theorem 3.3.12. The generating function D, » s is a symmetric function which expands as

a positive sum of LLT symmetric functions, each shifted by some power of q.
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Proof. The right-most side of (3.3.18)) is the sum over all 5 € Comp(n — k, s) of

D gtimeIxe, (3.3.21)
©
where the sum ranges over column-increasing fillings ¢ € ECI,, , 4 which have §; many base-
ment cells in column ¢ for 1 <7 < s. Fix 3, and let m be the number of diagonal inversions
of type (D2) in a filling ¢ € ECI, s which has ; many basement cells in column ¢ for
1 <i < s. Observe that m is only dependent on § and s.
Recall the LLT polynomial G, (x;q) defined in Subsection 2.0.5] For 1 < i < £(X), let

v be the single row of size §; + \;, shifted so that the cells have contents
Aischi—1,...,1,0,—-1,..., =8+ 1 (3.3.22)

from left to right. For £(\) < i < s, let ¥ be the single row of size 3;, shifted so that the
cells have contents 0, —1,...,—3; + 1. Let v = (v, ... v®).

We claim that

quinv(g")x“" = q"GL(x;q), (3.3.23)

@
where the sum is over column-increasing fillings ¢ € ECI,, » s which have 3; many basement
cells in column 7 for 1 < i < s. Indeed, to each T = (T™W, ..., T®)) e SSYT(v) associate the
column-increasing filling ¢ € ECI,, , ; whose ith column is filled with the same multiset of
labels as 7. It can then be checked that inversions in 7" correspond to diagonal inversions
of type (D1) in ¢, which proves our claim. Since D, s is a sum over shifted LLT polynomials
of the form (3.3.23), and each LLT polynomial is symmetric in x by Theorem [2.0.5] then

D, 5 s is symmetric in x. ]

In [72], Roberts gives expansions of certain families of LLT polynomials in terms of Schur

functions. It might be interesting to apply Roberts’s formula to our LLT expansions to find
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an explicit Schur expansion for D, ) s.

3.3.8  Monomial and quasisymmetric function formulas for Froby(R, . s)

In this subsection, we prove an expansion of Froby(R, »s) into Gessel’s fundamental qua-
sisymmetric functions in terms of the coinversion statistic. Our main tool to prove this result
is the skewing operator e;(x)*. We obtain both the monomial expansion of Frob,(R, )

stated in the introduction as (3.0.29) and the formula for the Hilbert series of R, » s stated
as (13.0.25)).

We first state the main theorem in this section, Theorem [3.3.13] and two corollaries The

remainder of this subsection is dedicated to proving Theorem |3.3.13

Theorem 3.3.13. We have

Frob,(Ruxs) = Dpas = 2 G P)x? = Z g Oxe, (3.3.24)

SﬂeECIn,)\,S @GECI’”)\,S

Corollary 3.3.14. We have

Hilby(Rops) = >, ¢™® = > ¢, (3.3.25)
wESECInA’S (pESECIn’)\’S
Proof. Apply (2.0.23) to V = R, ) s and the monomial expansions in (3.3.24)). m

Corollary 3.3.15. Consider S, < S, as the subgroup permuting the first k elements. If

s > U(X), then the top degree component of Ry, » s is isomorphic to
Indfg 5. (3.3.26)

Proof. Recall that the top nonzero component of R, ) s is in degree n(\) + (s —1)(n—k). In
the case when s > ¢(|la), then the only terms in (3.3.24) with inv(¢) = n(A\) + (s —1)(n—k)
are those such that o () is a column-increasing filling such that each row is strictly decreasing

from left to right and all of the basement cells of ¢ are in the sth column. It can be checked
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that the contribution of the o(y) gives the Schur function sy(x), and the contribution of the
labeling of the basement cells in the sth column gives the complete homogeneous symmetric

function h,,_x(x). Hence, we have
[q"VHE=DO=R] Frob, (R ) = sa(X) Ak (X). (3.3.27)
The corollary follows from the fact that

Frob (Ind1gr S%) = sx(x)hn—k(x). (3.3.28)

Lemma 3.3.16. Given o € Comp(k, s), we have

D ™XP = Dy ort(a.s: (3.3.29)
@eECly a,s

Proof. Let A\ = sort(«) for convenience. By Lemma [3.3.9, we have the bijection
1 o inveode® : ECL, o 4(7) — ECL,».4(7) (3.3.30)

which maps ¢ € ECI,, o.(7) to ¢’ € ECIL,  .(7) with invcode®(¢) = invcode(¢'). Hence, we
have inv(y) = inv(¢'). Therefore,

Z qinv(cp) _ Z qinv(‘P)‘ (3331)

p€ECIn,a,s(7) eECL, x,5(7)

Since both sides of (3.3.29) are quasisymmetric, the proof follows by the same reasoning as
in the proof of Theorem [3.3.4] O]

Observe that D,, , , and Frob,(R, ) are homogeneous in x of positive degree, so their

constant terms are both equal to 0. Further observe that Frob,(R;s) = Dy s for all A
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and s. Recall that D, ) is a symmetric function by Theorem Furthermore, by
Lemma [2.0.2] any symmetric function with zero constant term is uniquely determined by its
images under the ejL skewing operators. By Theorem and induction on n, in order to
prove Theorem it suffices to show that D, ), satisfies the same identity under the

skewing operators as Frob, (R, s), namely that

7 Dnps = X, "D Dy (3.3.32)
IeT]
for all j > 1.
Fix a composition 5 = (i, ..., 5,) of n into positive parts. A B-shuffle is a shuffle of the

decreasing sequences

(ﬁla"'7271)7 (51+527"'7ﬁ1+1)7"'7(”?”_17"'7n_ﬁp+1)7

of lengths 1, B, ..., By, respectively. Let SECI?

n,A,8

be the set of ¢ € SECI, ) s such that
rw(yp) is a f-shuffle. For convenience of notation, let j := (; so that 5 = (4,52, ..., ).
Observe that if ¢ € SECIﬁ)\’S, then the cells labeled with 1,2,..., are in distinct columns,
and hence each of the labels 1,2,...,7 is either in the top-most cell in its column or a

basement label.

Proof of Theorem[3.3.15 Following the strategy in [45, pp. 878], D, s is the unique sym-

metric function such that for any composition 8 = (j, B2, 8s, - . ., B,) of n into positive parts,

Dups: €j(X)esy (X)es (%) eg,(x)y = 3 ¢™@. (3.3.33)

8
peSECI] | |

By the definition of ej, 3.3.33|) is equivalent to

(e Dnps, €5,(x) - --eg,(x) = > ¢™@, (3.3.34)

peSECT?

n,\,s
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Since elementary symmetric functions form a basis of symmetric functions, then (3.3.32))

is equivalent to the identity

(€] Dpasr €8,(%n) - €5, (%)) = Y ¢"D(Dy_j a0 €8,(%n) -+ - €5, (Xn)), (3.3.35)

IeT)

which can be rewritten as the identity

Z 1nv(<p) Z Z qE(I)"FiHV(‘P)’ (3336)

@eSECT’ | | I1eT! pesECT”
A, n—j, )\(I) s

where 5 == (Ba,...,[5p).

The identity ((3.3.36} m ) has a simple bijective proof, as follows. Let ¢ € SECI? and

n,\,8?

let ¢4 +1,...,7; + 1 be the columns of ¢ containing j,j — 1,...,1, respectively, and let
I = (i1,...,i;) € ZJ. Let o! be the composition defined by

Ni—1 ifi+lel
ol = : (3.3.37)
i ifi+1¢l

Let ¢ € SECIE /_j oI ¢ be the extended column-increasing filling obtained from ¢ by removing
cells labeled 1, ..., j and then standardizing the remaining labels to the set [n— j]. The map
sending ¢ to (I, ¢') is a bijection between SECIg,,\,s and {(I,¢') : [€Ti, ¢ € SECIilj ol et

Recall that 1,..., 7 appear in rw(y) in decreasing order, so each label h < j is in column
ij—n+1 + 1. Each h < j which is a label in o(¢) forms a diagonal inversion with each of the
other cells in its row to its left, hence it contributes i;_511 to inv(y). For each label h < j
which is the label of a basement cell (a,b) of ¢, h does not form any inversions of type (12).
Therefore, the contribution of A to inv(¢p) is the number of inversions of type (I3) of the form

(i, (a,b)), which is 4;_,11. Hence, we have inv(y) = X(I) + inv(¢').
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Using the bijection above, we have

Z qinv(cp) _ Z Z qZ(I)—&-inv(cp)' (3338)

peSECT | | IeT] pesECT?

gral,s

For each I € Z7, we have sort(a!) = A) by the definitions of o/ and A!). By Lemma |3.3.16]

Y ™¥Yx? =D, (3.3.39)
peSECI I

n—j,at,s

Taking the inner product of both sides of (3.3.39) with eg,(x) - --eg,(x), we have

2 g™V = Z v, (3.3.40)

8 8
L‘DGSECIn—j,aI,s L‘DGSECIn—j,A(I),s

Hence, (|3.3.36)) follows by combining (|3.3.38|) with (3.3.40)), which completes the proof. []

3.4 Applications to rank varieties

In this section, we apply our results on the rings R, s to the geometry of rank varieties.
In particular, we show that the ring R, ) defined in the Introduction is the coordinate ring
of the scheme-theoretic intersection of a rank variety with diagonal matrices. We then
find a monomial basis for R,, . Furthermore, we compute the Hilbert series and Frobenius
characteristic of R,, ) in terms of the inversion statistic on extended column-increasing fillings.
We will show that each of these formulas for R, ) is a “limit” as s — oo of the corresponding
formula for R, » s.

Let gl,, be the space of n x n matrices over Q. Let z; ; for 1 <4, j < n be the coordinate
functions corresponding to the entries of an n x n matrix. Then the coordinate ring of gl,
is Q[al,.] = Q[zi;].

For A - n, let O, < gl,, be the conjugacy class of nilpotent n x n matrices over (Q whose

Jordan canonical form has block sizes recorded by A. Let O, be the closure of Oy in gl, in
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the Zariski topology. The set of diagonal matrices t is the variety defined by the ideal

The scheme-theoretic intersection of the varieties O, and t is the affine scheme whose coor-

dinate ring is defined by the sum of the defining ideals of O, and ¢,

— Q[z:]

Q[0 N ] = GAPSIO] (3.4.2)

The symmetric group 5, of permutation matrices acts by conjugation on t, which descends

to an action of S, on Q[O, N t]. Observe that the variables x;; generate this coordinate
ring. Reindexing the generators z;; of Q[Oy N t] by w;, then S, acts by permuting the
variables.

Motivated by work of Kostant [53] on the coinvariant algebra, Kraft [54] conjectured
that the coordinate ring is isomorphic to the cohomology ring of a Springer fiber.
De Concini and Procesi [17] proved Kraft’s conjecture. Tanisaki [90] then simplified the
arguments of De Concini and Procesi and further proved that these rings have the explicit
presentation as the quotient ring Ry = Ry, » ¢()-

Let Fl(n) be the complete flag variety of flags V, = (V; € Vo < -+ < V},), where V; is
an i-dimensional complex vector subspace of C™ for each i. Given a matrix X € O,, the

Springer fiber of X is
B* = {V,eFl(n) : XV, V;,1 <i<n} (3.4.3)

The Springer fiber gets its name from the fact that it is the fiber over X of the Springer
resolution of the nilpotent cone, see for example [13]. If X, X’ € O,, then we have an
isomorphism of varieties BX =~ BX'. We denote by B* the Springer fiber of any X € O,.

In [81], Springer proved that there is an action of S,, on the cohomology ring H*(B*; Q),

even though S,, does not act directly on the space B*. Furthermore, Springer proved that
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these graded representations have the remarkable property that the top nonvanishing coho-
mology group H?*"W(B*:Q) is isomorphic to an irreducible representation of S,, and that
all irreducible representations of S, appear in this manner. It is well known that B* has
no nontrivial odd cohomology groups [51], so we consider H*(B*;Q) as a graded ring by
declaring that the ith graded piece is H*(B*; Q). Therefore, H*(B*; Q) has the structure of
a graded S,-module. Since Springer’s construction of this symmetric group module action,
much work has been done to understand the combinatorics and geometry of Springer fibers

and their generalizations, the Hessenberg varieties [26] 27, [79] 92 [93], 04].

Theorem 3.4.1 ([I7,00]). We have isomorphisms of graded rings and S, -modules
Ry = Q[Oy nt] = H*(B*; Q), (3.4.4)

where S,, acts on H*(B*; Q) via Springer’s representation tensored with the sign representa-

tion.

In [23], Eisenbud and Saltman study varieties generalizing the varieties O,. These vari-

eties are the main focus of this section.

Definition 3.4.2. Let £ < n, and let A\ — k. The FEisenbud-Saltman rank variety is the

variety

Opr={Xegl, : dimker X* > N +---+ \,,d=1,2,...,n} (3.4.5)

={Xegl, k(X)) <(n—k)+p 4\),d=1,2,...,n}. (3.4.6)

The variety O, is the same as X, defined in [23], where r is the rank function r(d) =
(n — k) + p"_,(\). Eisenbud and Saltman proved that rank varieties are Gorenstein and
normal with rational singularities [23, Theorem 1]. When n = k, we have 57% y» = O,. When

n > k, then 5n7 A contains matrices which are not nilpotent. In particular, the variety Gn, A
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contains all block diagonal matrices of the form

X o
X ® Ay = | —2 (3.4.7)

0 An—k

where X, € O, € gl and A,,_j, € gl,,_,, as well as any matrix which is conjugate to a matrix
in this form.

One can compute the defining ideal of O,, ) as the radical of the ideal generated by the
((n — k) 4+ p*_4(\) + 1)-minors of X? for d > 1. A more explicit description of the defining
ideal was conjectured by Eisenbud-Saltman [23] and proven by Weyman [96], which we state
next. For an integer m, let A" (tI — X) be the exterior power of the matrix ¢/ — X, where
I is the identity matrix. Recall that the entries of the exterior power are the m x m minors
of tI — X, each of which is a polynomial in ¢ and the variables x; ;. Let fJ* be the matrix
of coefficients of t™~4 in A™(t] — X), and let I(f") be the ideal generated by the entries of

fir. Note that f]* is the same as A\’ in [23], which is the same as V,,_,,, 4 in [96].

Theorem 3.4.3 (Weyman [96]). The ideal 1(O, ) is the sum of the ideals I(f7) for d and
m which satisfy d > m — p (\).

Recall the ideals I, » and rings R, ), defined by

Iy =<ea(S) © S S xpy d>[S| = pg(A) (3.4.8)

Ry = Q[x5]/Inx- (3.4.9)

We have the following corollary of Theorem [3.4.3

Corollary 3.4.4. We have an isomorphism of graded rings,
Rox = Q[0 N, (3.4.10)

where the right-hand side is the coordinate ring of the scheme-theoretic intersection, and the
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isomorphism is given by mapping x; to x;;.
Proof. By Theorem (3.4.3],

Q[z;]
(f - d>m—pn(N)+I(t)

QOnynt] =7 (3.4.11)

Recall that f7" is the matrix of coefficients of t™~¢ in A\"™(t] — X). Observe that any m x m
minor of t/ — X which is not a principal minor is contained in I(t). Furthermore, given
A < [n] of size m, the principal minor of t/ — X with row and column set A is equivalent

modulo 7(t) to
3 (—1)eq({xi; : i€ At (3.4.12)

d=0

Hence, we have

Ceal{zii = i€ A}) + A< [n], d > |A] = py (V)

Q[Opx ] = (3.4.13)

Identifying x;; with x; completes the proof. O

Recall that #/(A) = (0,1,...,A; = 1) for 1 < j < A;. Define an (n, \)-staircase to
be a shuffle of S1(\), B2(N), ..., BM(N), and (00" %), which is the sequence consisting of oo
repeated n—k many times. Given v a weak composition of length n and 5 an (n, A)-staircase,
we say « s contained in 3 it a; < ; for all i. Let C,, 5 be the set of weak compositions with

finite integer parts
Cop ={a=(a,...,a) : a < f for some (n, \)-staircase [}. (3.4.14)
For example if n = 3 and A = (1,1), then Cs 1 1) is the set of compositions of the form

(0,0,a),(0,a,0),(a,0,0),(0,1,a),(0,a,1), (a,0,1), (3.4.15)
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ranging over all integers 0 < a < c0. Let

Apy={x : aeCpyn} (3.4.16)

Theorem 3.4.5. The set A, » represents a basis of R, = Q[Oy, v N t].

Proof. Observe that for d > 0, the degree d components of Iz, ) 441 and R, ) coincide, since

the JEf“ generators of I, ) 4+1 are in degree d + 1. By Theorem |3.1.17, the set
{Xg HNOAS Cn7)\7d+1, oar+ -+ o, = d} (3417)

represents a basis of the degree d component of R, ) 441, and hence also for the degree d

component of R, . Observe that the set (3.4.17) is equal to
{x :aeChr, a0+ +a, =d}, (3.4.18)

which is the subset of A, ) consisting of degree d monomials. Hence, we have that A, \

represents a basis for R, ». ]
Let
ECL,x = | ] ECLyas, (3.4.19)
s=0()\)
SECL,\ == | ] SECL,as, (3.4.20)
s=L(N)

where we identify ¢ € ECI, ) s with the extended column-increasing filling in ECI,, ) 541
obtained by appending an empty (s + 1)th column to ¢. We similarly identify each element
of SECI,, s with its counterpart in SECI, 5 s41. Observe that for each ¢ € ECI, ), the
statistic inv(p) does not depend on the parameter s. Hence, we may consider inv to be a
statistic on elements of ECI,, . Note that this is not true for the statistic dinv, which is why

our formulas below are only stated in terms of inv.
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Theorem 3.4.6. For any k <n and \ + k,

Froby(Ry,») = Froby(Q[Onx nt]) = > ¢™¥)x? (3.4.21)

@EECITL bY

Proof. The first equality in (3.4.21)) follows by Corollary so it suffices to show the
left-most side and right-most side of (3.4.21)) are equal. Recall that for d > 0, the degree d
components of R, ) 4+1 and R, ) coincide. Combining this with Theorem [3.3.13] we have

[¢"]Froby(Rya) = [¢“]Froby(Rypar) = D>, X% (3.4.22)

»€ECL, A d+1,
inv(p)=d

Observe that for s > d + 1, each element ¢ € ECI, ) s < ECI, » which is not identified
with an element of ECI,, ) 4+1 must have a basement cell in some column to the right of

column d + 1. Hence, each of these fillings ¢ has inv(yp) > d. Therefore,

Z x¥ = Z x? = [q"] Z g Pxe, (3.4.23)

peECL, X d+1, peECL, i, peECL, A
inv(yp)=d inv(p)=d

Combining (3.4.22)) and (3.4.23)), the ¢¢ coefficients of the left-most side and the right-most
side of (3.4.21)) are equal for all d > 0, hence (3.4.21)) follows. O]

We have the following two corollaries of Theorem [3.4.6, The first follows from Theo-

rem by the same argument as in the proof of Corollary [3.3.11} and the second follows
by applying (2.0.23]) to V' = R, 5.

Corollary 3.4.7. We have

Froby(Ro,») = Froby(Q[Ony nt]) = > ™ F, ipesiru(e) (%). (3.4.24)

QDESECIH’A
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Corollary 3.4.8. We have

Hilb,(R,,\) = Hilby(Q[Opx nt]) = > g™, (3.4.25)

LPESECI.,L,)\
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Chapter 4

LABELED BINARY TREES AND HYPERPLANE
ARRANGEMENTS

The study of permutation statistics is a classical theme in algebraic combinatorics with
its genesis in work by MacMahon [58]. An important statistic introduced by MacMahon
is the descent statistic on permutations. The generating function for the distribution of
this statistic gives rise to the well-known Eulerian polynomials, which show up in many
areas in mathematics. The reader is referred to [66] for a detailed survey. Since the work
of MacMahon, the descent statistic on permutations has been studied in depth, and yet it

continues to inspire new research [75], [74].

In this chapter, which is based on joint work with Gessel and Tewari [35], 36], we study a
multivariate generating function G first defined by Gessel encoding ascent-descent statistics
on labeled plane binary trees. We prove that this generating function is a Schur-positive
symmetric function and find an expansion for G in terms of ribbon Schur functions. We

then use our results to study symmetric group actions on hyperplane arrangements.

For brevity’s sake, by a tree, we will always mean a plane binary tree. Whether the tree
is labeled or not will be clear from context. We remark that the notion of a descent has been
studied with regards to other combinatorial objects before, such as in the case of standard
Young tableaux (SYTs). However, viewing SYTs as P-partitions reveals that their descents
are in fact descents of permutations in disguise. In contrast, the ascent-descent statistics
that we study here are indeed different, as they depend on the embedding of the labeled

trees in the plane and take into account the orientation of the edges.

More specifically, the ascent and descent statistics on labeled trees each come in two

flavors depending on whether one compares the label of the parent node to the label of its
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right child or its left child. Note that in our trees, we are allowing nodes to have just a left
child or just a right child, see Subsection [£.1.1] We always draw our trees embedded in the
plane with the root on top. Given a positive integer n, let 7.* (respectively 7,,) denote the set
of labeled (respectively unlabeled) plane binary trees on n nodes. The labels on the nodes
are drawn from the set of positive integers Z-, allowing repeats. A standard labeling of a
tree T' € 7T, is a labeling of its nodes with distinct labels drawn from [n] == {1,...,n}, and
we call a tree with a standard labeling a standard labeled tree. For a labeled node v in T,
denote by v* the label of v. If v is the left child of w, we say the edge between them is a left
ascent if v* < w’. Otherwise, we say the edge is a left descent. Similarly, if a node v has a
right child w, we say the edge between them is a right ascent if v* < w’. Otherwise, we say
the edge is a right descent. One can think of these four statistics by listing the labels of the
edge from left to right and then considering whether this pair is an ascent or descent. For
any labeled tree T' € T, let lasc(T), ldes(T), rasc(T) and rdes(T) denote the number of left
ascents, left descents, right ascents, and right descents in T', respectively. See Figure for
two examples of labeled trees with 3 left ascents, 1 left descent, 3 right ascents, and 1 right

descent.

We recover the case of ascents and descents of permutations by considering labeled trees
in which no node has a left child, or alternatively, by considering labeled trees in which no
node has a right child. Thus, the study of these statistics on labeled binary trees is a natural

generalization of the study of ascents and descents on permutations.

Gessel, in the 1990s, initiated the study of these statistics and considered the following

generating function tracking their distribution over the set of standard labeled trees.

B = B($7 5\7 )\’ﬁ’ p) _ Z Z j\lasc(T)/\ldes(T)ﬁrasc(T)prdes(T)x_“ (401)
b n!
T standard
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In unpublished work, Gessel showed that B satisfies the functional equation

(1+ AB)(1 + pB) _ o[OF=2p)B+A+i—A—plz (4.0.2)
(1+ AB)(1+ pB)

Subsequently, different proofs of Equation (4.0.2]) were given by Kalikow [52] and Drake
[20]. From the definition of B, we observe that B(z;\ A\, p,p) = B(x;p,p,\A) and
B(z; M\, A\, p, p) = B(x; M\, )\, p,p). The former is explained by reflecting a standard labeled
tree across a vertical line passing through its root, while the latter follows from changing the
label of a node from i to n — i + 1 in a standard labeled tree in T*. Equation (4.0.2]) brings

to light another pair of symmetries, that

B(xz; M\ A, p,p) = B(x;p, A\, A, p) = B(; A, p, p, A). (4.0.3)

These equalities are not obvious from the definition and a simple bijective proof for them
remains elusive, although a complicated bijection can be derived from the work of Kalikow

5.

One impetus to return to the study of B has been fueled by connections with enumera-
tive aspects of the theory of hyperplane arrangements. Let B, = B,(\, ), p, p) denote the
coefficient of 2" /n! in B for n > 1. Gessel observed that certain evaluations of B,, coincide
with the number of regions in various well-known deformations of Coxeter arrangements [33].
This viewpoint has been pursued in [I5] 24} [91], and a complete explanation has been offered
by Bernardi [8]. Given a subset A of {—1,0,1}, we can consider the arrangement in R”"
consisting of all hyperplanes z; —x; = a where ¢ < j and a € A. For A = {0}, A = {—1,0,1},
A ={-1,1}, A = {0,1} and A = {1}, the corresponding hyperplane arrangements in R"
are the braid arrangement B, the Catalan arrangement C,, the semiorder arrangement I,
the Shi arrangement S,,, and the Linial arrangement L, respectively. These arrangements
are very well studied [7, 49, 68, [76] [77, 85] and are instances of deformations of Coxeter

arrangements called truncated affine arrangements [68]. Various aspects of truncated affine
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arrangements have been studied in great detail in 5] [4] [3, 68] and we refer the reader to them
for further information. Remarkably, we have the following equalities in which the left-hand
side is an evaluation of B, and the right-hand side is the number of regions in a Coxeter

arrangement deformation,

n! (2n
B,(1,1,1,1) = number of regions in C, = , 4.0.4
( ) = number of regions in T ( n> ( )
B,(1,0,1,1) = number of regions in S, = (n +1)"*, (4.0.5)
B,(1,1,0,0) = number of regions in B,, = n!, (4.0.6)

1
B,(1,0,1,0) = number of regions in £,, = 7 Z <Z) (k+1)" 1 (4.0.7)
k=0

B,(1,¢;',1,¢s) = number of regions in Z,,. (4.0.8)

In (4.0.8), (s denotes a primitive sixth root of unity. Section of this chapter is devoted

to a representation-theoretic understanding of these equalities.

Our primary object of study is a multivariate generalization of B introduced by Gessel.
Let x = {x1, 29, ...} be a set of commuting indeterminates. With every T € T, we associate

a monomial x” as follows. For a node v € T labeled i, let x,, be x;. Then

x! = Ha:v. (4.0.9)

veT

Now consider the formal power series in x with coefficients in Q[\, A, g, p],

G = G(X, )\7 )\’p’ p> _ Z Z /_\lasc(T))\ldes(T)ﬁrasc(T)prdes(T) XT. (4010)

n=z1TeTt

It transpires that G is a symmetric function in x with coefficients in Q[\, A, p, p]. This

non-obvious fact follows from the following functional equation satisfied by G.

Theorem 4.0.1. Let H(z) = >, . hn2" where h, denotes the nth complete homogeneous
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symmetric function. We have

(14 2G)(1 + pG)
(1+ AG)(1 + pG)

=H((M—=A)G+A+p—X—p). (4.0.11)

Observe that the functional equation for B in can be obtained from by
applying the homomorphism sending h,, to 2"/n!. This homomorphism has the crucial feature
of sending the coefficient of z1x5 - -z, in any symmetric function to the coefficient of z"/n!
in its image.

Given that G is a symmetric function, it is natural to ask for its expansion in the basis
of Schur functions. This brings us to our first new result, which was originally conjectured

by Gessel [31] in 1995.
Theorem 4.0.2. G is Schur positive.

Here we mean that G may be expressed as a sum of Schur functions s, with coefficients in
the semiring N[\, A, p, p]. Theorem follows from another recursive functional equation
satisfied by G, which is also one of our main results. We have the following expansion of G

in terms of ribbon Schur functions r,, defined in Chapter

Theorem 4.0.3. We have

G= Y MG+A+p)" NG+ A+ p) @ r,, (4.0.12)

n=1 akEn

where recall that r, denotes the ribbon Schur function indexed by the strong composition «

and {(a) denotes the length of o. All

In fact, Theorem implies the much stronger fact that G may be expressed as a sum
of ribbon Schur functions with coefficients in the semiring N[Ap, Ap, A + p, A + p]. For n > 1,
let G, := Gn(x; A\, \, p, p) denote the sum of the terms in G of total degree n in x. We use a
certain class of decorated noncrossing partitions called marked interlacing partitions to give

an expansion of GG, in terms of ribbon Schur functions, stated next. Here, wt(7) is a product
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of expressions of the form A\p, A\p, A + p, and A + p depending on the marked interlacing
partition 7. See Section [4.3] for the relevant definitions and notation, and see Section [5.2] for

the proof of Theorem [4.0.4

Theorem 4.0.4. The formal power series G, has the following expansion in terms of ribbon

Schur functions.

Gn = Z Wt(W)TC(Bl)TC(BQ) .. -Tc(Bk)~ (4013)
7emNC(n)
n=DB1/.../Bj

A fact worth noting is that after expanding out the products of ribbon Schur functions on

the right hand side of (4.0.13)), the coefficient of r,, for every a = n evaluates to the Catalan

1

number Cat, = P

(2:) upon setting A = A = p = p = 1. Additionally, the coefficients of
both (.. 1y and r(,) upon setting A= \=t and p = p = ¢ respectively are the homogenized

o1 kyn—1—k
Nar,(q,t Zﬁ( )<k+1>qt .

Narayana polynomials

We provide two proofs of Theorem [4.0.3], each with its own merits. In Section [£.2] we give
an algebraic proof that follows from Theorem combined with a result of MacMahon [58],
Vol. 1, p. 186]. We postpone our second proof until Chapter [5/on tree enumeration bijections.
We use our weight-preserving bijection to prove Theorem in Section The weight-
preserving bijection will then allow us to establish a further refinement of Theorem [4.0.2]

which was conjectured by Gessel [31].

Theorem 4.0.5. Fiz a positive integer n. Let v be a word of length n — 1 in the alphabet
{U, D}, and let 7;{,/ denote the set of labeled trees on n nodes with canopy v. We have that

the generating function

Gn L = Gn Z/(X; 5\7 )\’ ﬁ’ p) _ Z j\lasc(T) )\ldcs(T)ﬁrasc(T)prdos(T) XT (4014)

b 9
TeTr,

1s Schur positive.
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Details on the terminology used in Theorem can be found in Section [4.1]
In fact, using our weight-preserving bijection, we obtain an expansion of G, in terms
of ribbon Schur functions using a class of decorated noncrossing partitions called augmented

interlacing partitions. See Section for the relevant definitions and notation, and see
Section [5.2] for the proof of Theorem [4.0.6]

Theorem 4.0.6. Forn > 1 and v e {U, D}""!, we have

Gn,l/ = Z Wt(?T*)T’C(Bl)TC(BQ) .. ~Tc(Bk)- (4015)

m*emNC* (n,v)
By /.| By

In Section 4.4}, we connect specializations of G to deformations of Coxeter arrangements,
focusing in particular on semiorder and Linial arrangements. Our main results in this setting

are the following.

Theorem 4.0.7. The Frobenius characteristic of the natural S, -action on the set of regions

of the semiorder arrangement T, is G,(x; 1,51 1, Gg).

Theorem 4.0.8. There exists an Sy,-action on the set of regions of the Linial arrangement

L,, whose graded Frobenius characteristic is given by G, (x; ), 0, p,0).

The proof of Theorem [4.0.7| utilizes a cycle indicator computation relying on a result of
Postnikov-Stanley [68], whereas the proof of Theorem utilizes crucially a recent bijection
of Bernardi [§] relating regions of £,, to a certain class of labeled trees that we call Bernardi
trees.

It is worth mentioning that the set of regions of the braid arrangement B, and that of
the Catalan arrangement C,, also carry a natural S,-action stemming from the fact that the
set of hyperplanes defining both these arrangements is itself S,-stable. In the case of B,,, the
Sp-action gives rise to the regular representation of .S,,, whereas in the case of C,, we obtain
a direct sum of Cat, many copies of the regular representation. It can be seen that the
Frobenius characteristics of the S,-actions on the regions of B,, and C, are G,(x;1,1,0,0)

and G,(x;1,1,1,1), respectively.
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More interesting and equally well known is the fact that the regions of the Shi arrangement
S, carry a S,-action as well. This can be realized, for instance, by identifying the regions
of 8, with parking functions via the Pak-Stanley labeling [86]. The Frobenius characteristic
of the resulting S,-action on the regions of the Shi arrangement equals PF,,, the Frobenius
characteristic of the character of the well-known parking function representation [46]. It is
straightforward to see that the functional equation in Theorem reduces to the functional
equation satisfied by PF, when we set A = A = p = 1 and p = 0. Thus, we obtain the

following theorem.

Theorem 4.0.9. The Frobenius characteristic of the S,-action on the set of regions of

the Shi arrangement S, coming from their identification with parking functions is given by

Gn(x;1,1,1,0).

In Section we introduce the main combinatorial objects considered in this chapter
and develop notation. Section provides a generating function proof of Theorem [4.0.1 We
then prove Theorem [4.0.3 using a generating function identity of MacMahon. Theorem [4.0.2
will then follow as a corollary. In Section we define all definitions and notation used in

Theorem [4.0.4] and Theorem [4.0.6l

In Section [4.4] we discuss applications of our results to studying actions of the symmetric
group on Coxeter deformations focusing in particular on semiorder and Linial arrangements.
In Section [4.5 we prove y-nonnegativity for the distribution of right edges over local binary

search trees. |

4.1 Binary trees

In this section, we introduce the main combinatorial objects of this chapter, unlabeled and

labeled binary trees. For further details on binary trees, we refer the reader to [89].
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4.1.1  Unlabeled trees and associated notions

A plane binary tree is a rooted tree in which every node has at most two children, of which
at most one is called a left child and at most one is called a right child. We denote the set
of all plane binary trees by 7 and the set of plane binary trees on n nodes for n > 1 by
T.. Recall that we use the term tree to mean a plane binary tree. Elements of 7 will be
considered unlabeled trees. We denote the set of nodes of T' by Nodes(T'), the set of edges
of T by Edges(T"), and the root of T" by root(7"). We abuse notation on occasion and write
v € T when we mean v € Nodes(T'). The nodes of a tree can be categorized as terminal
nodes, which are nodes with no children, and internal nodes, which are nodes with at least

one child.

Given a binary tree T € T,,, let T be the binary tree obtained by appending two children
to every terminal node and one child to every node which is the parent of a single child. We
call these appended nodes leaves, and we call T the completion of T. In total, the completion

T has n + 1 leaves.

Given a binary tree T' € T, we can define a partial order <7 on Nodes(7") by drawing the
tree with its root on top and leaves below and declaring this to be the Hasse diagram of the
partial order. Precisely, we define a relation such that for v, w € Nodes(T) with v a child of
w, we have v <7 w. Then <7 is defined as the transitive closure of this relation. If v < w,

then we say that v is a descendant of w and that w is an ancestor of v.

Additionally, we work with two different types of total orderings on the nodes of a binary
tree T' derived from a traversal of its nodes. The preorder traversal is defined recursively,
where we first visit the root, then traverse the right subtree of 7" in preorder, and finally
the left subtree of T" in preorder. It should be noted that this is slightly different from the
usual convention for preorder traversal, where one traverses the left subtree before the right
subtree. The inorder traversal is also defined recursively, where we first traverse the left
subtree of T in inorder, then visit the root of T', and finally traverse the right subtree of T’

in inorder. If we order the nodes of a given tree T' according to when they are visited in
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the preorder (respectively inorder) traversal, we obtain a total order on Nodes(7T") which we
call preorder (respectively inorder) and denote by <, (respectively <;). Figure gives an

example each of preorder and inorder, respectively.

(4 (%)

PN 2 AN
5N\ 2SN a N\
YN N

Figure 4.1: The nodes are labeled according to preorder on the left and according to
inorder on the right.

The preorder <, on T" € T,, allows us to associate a composition of size n with it, which
we call the composition type of T and denote by ¢(T"). To compute c(7T'), let v; <, --- <, vy,
be the nodes of 7" in preorder. Assume further that v;, <, --- <, v;, are all the terminal
nodes in 7. Note that 1 < i; < -+ < i, = n. We now define ¢(T') == comp{iy,...,ix_1} =
(1,19 — 41,43 — 42, ...,0, — ig_1). Clearly ¢(T") = n. The reader can verify that for the tree
T in Figure 4.1, we have c(T) = (3,2,3,1).

We work under the convention that the edge vw refers to the edge joining v and w in the
tree, where v comes before w in inorder. If v is the left child of w, we say that vw is the left
edge of w. If w is the right child of v, we say that vw is the right edge of v.

Next, we give a definition of the canopy of a binary tree as a word on {U, D}. To translate
between the canopy defined in [69] and the one defined here, simply flip the tree vertically
and replace U <> a and D < b in the word v(7") defined in their paper. See [69, Proposition

2.2] for other equivalent definitions of canopy.

Definition 4.1.1. Given a binary tree T' € 7T, label each node v except for the last node of
T in inorder with either a D if v has a right child or a U if v does not have a right child.

Traverse the tree in inorder and read off the labels. The resulting word of length n — 1 on
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{U, D} is the canopy of T, denoted by can(T).

Figure |4.2] shows a tree T' with its nodes labeled U and D according to Definition [4.1.1}
Reading off the labels in inorder yields can(7") = UDUUDDUD.

D/D\D
2R VRN
U/UU

U

D

N

Figure 4.2: A tree T with canopy can(T) = UDUUDDUD.

4.1.2  Labeled trees

A labeled plane binary tree (or simply a labeled tree) is a tree whose nodes have labels drawn
from the set of positive integers Z-,. We denote the set of labeled trees by 7 and the set of
labeled trees on n nodes for n > 1 by T,Y. Given T € T, we denote by sh(T) the unlabeled
tree obtained by removing the labels on the nodes of T'. Given a node u in T', we refer to the
label on u as u’. We associate two reading words with T': the preorder reading word denoted
by pre(T'), and the inorder reading word denoted by in(T). If vy, ..., v, are the nodes of T'
in preorder, then pre(T) := v{---v.. On the other hand, if vy,...,v, are the nodes of T in
inorder, then in(T) := vf---vf.

Let us recall from the Introduction that for a labeled tree, we have a refined classification
for its edges given by left and right ascents and descents. First, suppose that v is the left
child of w. If v* < w’, then vw is a left ascent. Otherwise it is a left descent. Second, suppose

that v has a right child w. If v* < w*, then vw is a right ascent. Otherwise it is a right

descent. Using this classification, we associate a weight wt(7") to a labeled tree T as follows,

Wt(T) — j\lasc(T) )\ldes(T) ﬁrasc(T) prdes(T) ) (411)
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Recall that lasc(T") (respectively, ldes(T'), rasc(T"), and rdes(T")) is the number of left ascents
(respectively, left descents, right ascents and right descents) in T'. For the labeled tree T" in
Figure , each edge is labeled with X, A, p, or p, corresponding to the edge’s orientation
and whether the labels on the edge form an ascent or descent. It may help the reader to
remember that A\ corresponds to left edges, p corresponds to right edges, unbarred parameters

correspond to strict inequalities, and barred parameters correspond to weak inequalities.

/\ /\
A/V’ A/V’ V\“ V\“
V V V \p

Figure 4.3: On the left, a tree with weight wt(7") = 5\3)\1ﬁ3p1. On the right, the inorder
standardization sort(7).

Letting vy, vs, ..., v, be the nodes of T listed in inorder, we can obtain a standard labeled
tree by relabeling node v; with the ith letter of the permutation sort(in(7")). We call the
resulting standard labeled tree the inorder standardization of T, denoted by sort(7T'). Given
an edge v;v; in T, it forms a (left or right) descent if and only if (¢,7) € Inv(in(7)). Since

standardization preserves the inversion set of a word, we have wt(7") = wt(sort(T)).

4.2 Two functional equations for G

We begin by proving Theorem which establishes a functional equation for G. We then
use this identity to give our first proof of Theorem [4.0.3|

A labeled tree is increasing if it has no left ascents or right descents. The term increasing
is motivated by the fact that if T" is an increasing tree, then the labels increase —weakly

toward the right and strictly toward the left— along the path from the root of T' to any
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terminal node. The next lemma shows that these trees are in bijection with words on

positive integers.

Lemma 4.2.1. Fix n and 1 < j < n. Then the map ¢,(T) = in(T) from the set of
increasing binary trees T' on n nodes to ZZ, is a bijection. Furthermore, ¢, restricts to a
bijection between the subset of trees whose completion has j right leaves and the subset of

words with 7 — 1 descents.

Proof. First, let T" be an increasing binary tree on n nodes whose completion has j right
leaves, and let w = in(7T). It can be checked that the ith node of T in inorder has no
right child if and only if i € Des(w) or i = n. Recalling the definition of the completion T
from Subsection , a node of T has a right leaf in T if and only if it has no right child.

Therefore, we see that j = #Des(w) + 1, so w has j — 1 descents.

Next, we recursively define a map v, from Z2 to the set of increasing binary trees on n
nodes which maps a word with j — 1 descents to a tree whose completion has j right leaves.
Let 91 be the map which sends a word w; with length one to the tree on one node labeled
with wy. Clearly, 1 is the inverse of ¢1. For n > 0, suppose we have constructed ; for i < n
such that ¢;01);(w) = in(¢;(w)) = w. Fixing w € Z, with j—1 descents, let us define 1, (w)
as follows. Let i be the smallest index of the smallest letter in w. Let T} = ;1 (wy ... w;_1),
and let T = ¢, _;(w;41 ... wy). Then define 1, (w) = T to be the tree whose root is labeled

w; and whose left and right subtrees are T} and T5, respectively.

Finally, we show that 1, is the inverse of ¢,. By our inductive assumptions on the maps
;1 and 1,_;, we have that in(7}) = w; ... w;_1 and in(T3) = w41 ... w,. Therefore, we
have ¢, o ¥, (w) = in(T) = in(T})w;in(T3) = w by the recursive definition of the inorder
traversal. Furthermore, it follows from our choice of ¢ that T is increasing, hence 1, is the
right inverse of ¢,. We leave it to the reader to check that 1, is also the left inverse of ¢,
hence it is the inverse of ¢,. This completes our recursive construction of v,,, and hence ¢,,

is a bijection with inverse 1),,. O]
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Proof of Theorem [{.0.1, Recall that Theorem claims that

14+ XG)(1 + pQ)
(1+ XG)(1 + pG)

=H(Ap—Ap)G+X+p—X—p). (4.2.1)

Let 1I(7T) and r1(T) denote the number of left leaves and right leaves in the completion T,

respectively. Let

D(X; /_\7 A Ao, B, P, po) _ 2 Z /_\lasc(T))\ldes(T)/\Ll(T)ﬁrasc(T)prdes(T)pl(;l(T)XT‘ (422)
n=1TeTt

In T, since every node has a left child that is either a node or a leaf, we have

n = lasc(T") + ldes(T") + 1(T") (4.2.3)
and similarly,
n = rasc(T") + rdes(T") + rl(7T). (4.2.4)
Thus,
D(X7 5\7 )‘) /\O) ﬁ) P, Po) = G(/\OPOX; X//\O) /\/)‘07 ﬁ/pov p/p0)7 (425)

where \,p.x means that each variable z; is replaced with \,p.z;.

Let T be a labeled tree. If pq is a left ascent of T', such that p is the left child of ¢, we
call p a left ascent-child. If pq is a right descent of T', such that ¢ is the right child of p,
we call ¢ a right descent-child. We obtain a marked tree from T by “marking” some of the
nodes of T'. We require that every left ascent-child and right descent-child must be marked,
the root must not be marked, and other nodes may be either marked or unmarked. See
Figure for an example of a marked tree.  Let Im(M) be the number of marked left
children in M, and let rm(M) be the number of marked right children in M.

Let

C(X; Aoy Ay oy pm) = D AT A prl(M) prm(M) x M (4.2.6)
M
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Figure 4.4: An example of a marked tree on 9 nodes with nodes vy, vs, v3, vg, and vg in
inorder marked.

where the sum is over all marked labeled trees M and where x* 11(M) and rl(M) are equal
to xT, 1(T), and rl(T) for T the underlying tree of M, respectively. Then by the definition

of marked trees we have
C(Xa )‘07 )‘ma Pos pm) = D(X7 )\ma I+ )‘ma >\07 I+ Pms Pm,; pO)a (427)

and it follows from (4.2.5)) that

A 1+ A\ 1+pmp_m) (4.28)

C ')\o,)\m, o5 Pm =G )\o o X N ) )
(x; Pos Pm) ( PXi 3 Ty P

Substituting ; = 2;/(Aops), Ao > 1/(A = X), A = A(X =X, po = 1/(p — p) and p,, —
p/(p— p) into (4.2.8)), we find that

_ SN 1 A 1
GoiA g0 =C(O-No-pxi g oy =) (429)

We shall find a functional equation for C' = C(x; Ao, A, o, Prn) Which through (4.2.9)) will
vield (L2.1).

Next we count increasing labeled trees by left and right leaves. Let

K(x; X0, p0) = > ATt (4.2.10)
T
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where the sum is over all increasing trees 7. Recall the 2-parameter weighted power series

analogue of the Eulerian polynomial A(x;s,t) defined in (2.0.14) and the identity [2.0.16]

reproduced here for the reader’s convenience,

_t n_lhn H _t - 1
As. 1) = —2n=8 =) _HA=p-1 (4.2.11)
L=t (s—=t)" h, s—tH(s—1)
Therefore, we have
H(M —p,) —1
K (x5 A0, 00) = AopoA(X; Ao, po) = Aopo ( p) (4.2.12)

/\o - poH<Ao - po)’

where the first equality follows from Lemma [4.2.1] and the second equality follows from

(2-0.16)).

We claim that C' satisfies the functional equation
C = K(x; Ao + A\nC, po + pnC). (4.2.13)

To see this, given a marked labeled tree M on [n], let P be the set of unmarked nodes p of
M with the property that no ancestor of p is marked. It is clear that the induced subtree of
M on P is an increasing tree I. Then M can be recovered from I by attaching marked trees

to the leaves of I and marking the roots of the attached trees. Equation (4.2.13)) follows

from this decomposition.

Using (4.2.12)), we may expand (4.2.13) as

H(Mo + MiC — po — pC) — 1

C =X+ XC)(po mC . (4.2.14
(et MmOt o 5 = (0o % 9OV + M€ — =) 2
Solving for H in (4.2.14]) gives
: m + 1)C) (Ao + A\, C
(po + (pm + NOYAo +AnC) _ H = po + (n — pm)C). (4.2.15)

(Ao + (A + 1)C)(po + pnC)
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Finally, set Ao = 1/(A=X), Ay = A/ (A=), po = 1/(p—p) and p,, = p/(p—p) in (4.2.17)), and
replace x with (A — A)(p — p)x. Applying to the resulting identity gives (£.2.1). O
Remark 4.2.2. Our proof above of Theorem is based on a proof given in [32] of a
result equivalent to the case A = 0 of . The paper [32] counts forests of labeled rooted
trees by descents and leaves instead of counting binary trees, but one can convert between

forests of rooted trees and binary trees by applying a simple bijection.

As a corollary to Theorem [4.0.1], we see that G has some surprising symmetries. We state
these next in Corollary

Corollary 4.2.3. The following identities hold,

G M p.p) = G(x:0, M\, p) = G(x3 X, p, p, N), (4.2.16)
w(G(x 00,0, ) = G(x5 M, A, p, ). (4.2.17)

Proof. We can rewrite the functional equation (4.2.1)) as

G=(1+AG)(1+pG) Y (A= A)G+ A+ 5= A= p)" " hy. (4.2.18)

n=1

This gives a recursive method for computing G,, in terms of G,, for m < n. Therefore, G
is uniquely determined by the functional equation. Identity (4.2.16)) then follows from the

fact that the functional equation is invariant under swapping A and p and under swapping

A and p. To see identity (4.2.17)), apply w to both sides of the functional equation (4.2.1),
and then use the fact that H(—z)FE(z) = 1. O

Letting A := A(x; s,t), we may rewrite (2.0.16)) as

_ 1+ sA
14 tA

H(s —t) (4.2.19)

At this point, we have all the tools we need to establish Theorem which also implies
Theorem [4.0.2
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Proof 1 of Theorem[].0.3. Substituting s = A\pG + A + p and t = ApG + X + p into (4.2.19),
then H(s — t) becomes the right-hand side of (4.2.1]). Thus, we can rewrite (4.2.1)) as

(1+AG)(1+pG) 1+ sA
(1+AG)(1+pG)  1+tA

(4.2.20)

Since (1 + AG)(1 + pG) = 1+ sG and (1 + AG)(1 + pG) = 1 + tG, the identity (4.2.20) is

equivalent to
1+sG  1+sA

1+tG  1+tA

(4.2.21)

which implies that
G=A=Ax NG+ A+ p, \pG + X+ p), (4.2.22)

and Theorem follows by (2.0.15)). O

Remark 4.2.4. Theorem together with gives a way to recursively expand
each G,, positively in terms of ribbon Schur functions. Therefore, the Schur positivity of
G follows immediately from Theorem by using Proposition [2.0.1, However, it is not
clear how to prove the Schur positivity of the more refined generating functions G, , using
these same techniques. Instead, we prove Theorem in Section |5.2| after developing our
weight-preserving bijection in Section [5.1. Theorem then follows from Theorem
by Proposition [2.0.1}

4.3 DMarked and augmented interlacing partitions

In this section, we present the definitions and notation used in the statements of Theo-

rems [4.0.4] and 4.0.6, We delay the proofs of these two theorems until Section [5.2] after

developing all of the key concepts in Section .1}

4.3.1 Noncrossing partitions

We need some notions concerning the lattice of noncrossing partitions, so we recall the

relevant definitions briefly. A partition 7 of [n] is a collection of pairwise disjoint nonempty
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subsets By, ..., By whose union is [n]. We write this as m := B;/--- /By where the B; are
ordered in increasing order of their minimal elements. The subsets By, ..., By are the blocks
of 7, and the number of blocks is denoted by bk(w). The set of partitions of [n], denoted
by IIL,,, can be endowed with the structure of a graded lattice by defining a partial order as
follows. Given partitions o and 7, we say that o <, 7 if each block in o is contained in a
block in 7. In particular, a partition 7 covers a partition ¢ in II,, if 7 is obtained by merging
two distinct blocks in 0. If 0 <y, 7, we say that o is finer than 7 or equivalently that 7 is
coarser than o. The rank of 7 € I1,, is given by n —bk(7). The partition of [n] into singleton
sets gives the unique minimal element in II,,, and the partition of [n]| consisting of a single
block gives the unique maximal element.

We identify a partition of [n] with its arc diagram, which is defined as follows. Consider
n nodes vy, ..., v, representing the integers 1 through n from left to right, and connect two
nodes v; and v; with ¢ < j by an undirected arc if ¢ and j belong to the same block and if
there is no k in that block such that ¢ < k < j. If 7 and ;5 belong to the same block in m,
then we denote this equivalence by ¢ ~ j.

A partition 7 of [n] is said to be noncrossing if there do not exist 1 < a < b < ¢ <
d < n such that a ~; ¢, b ~; d and a #, b. The set of noncrossing partitions of n,
denoted by NC(n), inherits a graded lattice structure from that on II,. For the many
interesting properties of NC(n), the reader is referred to the beautiful survey by Simion [78§]
and references therein. For a more recent survey on the relevance of NC(n) in various areas

of mathematics, the reader is referred to McCammond [59)].

4.3.2  Interlacing partitions

We now introduce a special type of noncrossing partition, called an interlacing partition, and
decorated generalizations of interlacing partitions.

Let 1 = By/.../By € NC(n). If i ~; i+ 1, then we say the node v; is a stepper
and the arc connecting v; and v;1 is a short arc. 1If ¢ ~, j with j > ¢ + 2 and there

is an arc connecting v; and v; in the arc diagram, then we say the node v; is a jumper



111

and the arc between v; and v; is a long arc. Let max(m) := {max(B), ..., max(B)} and
min(m) := {min(By), ..., min(By)}. We say that 7 is interlacing if i € max(m) implies that
i+ 1 ¢ min(m) for all . Finally, an interlacing partition 7 € NC(n) is said to be marked
if a subset of nodes in {vy,...,v,}\{v; : i € max(m)} is marked. Let mNC(n) denote the
set of all marked interlacing partitions whose underlying interlacing partition is in NC(n).
For the marked interlacing partition 7 in Figure [1.5] the nodes vq, vy, and vg are marked.
Furthermore, the nodes vy, v9, v7, and vg are steppers, and the nodes vs, vy, and vg are

jumpers.

U1 V2 U3 V4 Us Ve %4 Ug V9 V10 V11

Figure 4.5: The arc diagram of the interlacing partition
m=1237811/46/5/9 10, with nodes vs, v4, and vg marked.

Remark 4.3.1. The cardinality of the set of interlacing partitions for n > 1 is given by the
sequence of Motzkin numbers [63, A001006], which are well known to enumerate Motzkin
paths, which are lattice paths from (0,0) to (n,0) where the steps allowed are up, down
and level. The cardinality of the set of marked interlacing partitions for n > 1 is given by
[63, A071356], which counts Motzkin paths where the up and level steps are bicolored. In
theory we could have phrased our results in the language of Motzkin paths but it is (marked)

interlacing partitions that arise naturally in our context.

To each m € mNC(n), we associate a sequence of compositions as follows. Partition each
block B of 7 into disjoint subsets by breaking B after each marked node. Define ¢(B) to be

the composition obtained by recording the sizes of these subsets. For m = By/By/B;/B, in



Figure we have

B, = {1,2,3,7,8,11}

B, = {4,6}
By = {5}
By = {9,10}

Let the weight of a marked interlacing partition be

wi(m) = (3 + )+ p) O () )

=
w0
—_

o o
@
B

~—~ /N /N
M~
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W W
- W
~—  —  ~— —

(4.3.5)

Remark 4.3.2. The letters a and d in the names of the statistics in (4.3.1])—(4.3.4]) correspond

to ascent and descent. We will see in Section [5.2] how each marked interlacing partition =

corresponds to a set of labeled binary trees, where each marked node in 7 represents a descent

in the labeling, and each unmarked node represents an ascent in the labeling.

We define an augmented interlacing partition 7 to be a marked interlacing partition

such that each short arc in its arc diagram is labeled either U or D. To each augmented
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interlacing partition 7*, we associate the following six statistics. Let

saU(7m*) = # Unmarked steppers in 7* whose corresponding short arc is labeled U,
sdU(7*) = # Marked steppers in 7% whose corresponding short arc is labeled U,
saD(7*) = # Unmarked steppers in 7* whose corresponding short arc is labeled D,

sdD(7*) = # Marked steppers in 7* whose corresponding short arc is labeled D,

Combining all six statistics, we define
wt (’ﬂ'*) _ /_\saU(w*))\SdU(W*)ﬁsaD(ﬂ'*)psdD(w*) (Xﬁ)ja(w*) (/\p) jd(m*) ] (436)

For 7* in Figure we have wt(7*) = pA(AD)(Ap)p(Ap) X = A2A3p3p2.

To each augmented interlacing partition 7*, associate words w(n*) and w(7*) defined
recursively as follows. If 7* contains a single block, define w(7*) to be the word obtained by
recording the labels on the short arcs from left to right, and define w(7*) to be Dw(7*)U.
If 7* contains more than 1 block, let B; be the block of 7* which contains v; and wv,.
Partition B; into blocks (', ..., C, that are maximal under connectedness by short arcs. For
1 <i<p-—1,let n} denote the augmented interlacing partition induced by 7* on the nodes

v; for j € (max(C;), min(Cj41)). Define
w(m*) == w(Cy)w(ry) - w(Cpoy )i (mi_y )w(C,y) € {U, D", (4.3.7)

where the dots signify that the concatenation continues and n is the number of nodes of 7.
Given v € {U, D}"!, let mNC*(n,v) be the set of augmented interlacing partitions 7* such
that w(7m*) = v. For the augmented interlacing partition 7* in Figure , we have that
7 e mNC*(11, DUDDUUDDUU).
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U1 V2 U3 Vg Us Vg v7 Ug Vg V10 V11

Figure 4.6: An augmented interlacing partition 7* with w(7*) = DUDDUUDDUU.

4.4 S,-modules from deformations of Coxeter arrangements

In this section, we provide a representation-theoretic meaning to some of the equalities in the
introduction relating specializations of B,,(x; A, A, p, p) to the number of regions in hyperplane
arrangements related to the Coxeter arrangement. In particular, we focus on the semiorder
and Linial arrangements. While there is an obvious symmetric group action on regions of
the semiorder arrangement Z,, by permutation of the coordinates, the question of finding one
on regions of the Linial arrangement L£,, is a bit more subtle. Throughout this section, we
assume the ribbon Schur expansions in Theorem [4.0.4] and Theorem 4.0.6] which are proven
in Section 5.2

We briefly introduce our notation pertaining to hyperplane arrangements. For a detailed
introduction, we refer the reader to [64, 82]. A hyperplane arrangement is a finite collection
of affine hyperplanes in a vector space. Let A be a hyperplane arrangement in a finite-
dimensional vector space V' over R. A region of A is a connected component of V' —| .4 H.
We denote the set of regions of A by Regions(.A) and the number of regions of A by r(A) =
|Regions(A)|.

4.4.1 Semiorder arrangements

Recall that the semiorder arrangement Z,, is the hyperplane arrangement in R™ given by the
hyperplanes H;; : ¢; —x; = 1 for 1 <14 # j < n. Note that this set of hyperplanes is stable
under the natural action of the symmetric group S,,. This implies that Regions(Z,) inherits
an action of S,. We first expand a certain specialization of G,, in terms of the Motzkin

numbers and the Frobenius characteristics of Foulkes characters. We then use this formula
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to show in Theorem that the Frobenius characteristic of the action on Regions(Z,) is a
specialization of G,,.

Figure demonstrates the action of S on Regions(Z3). In this case, we can compute
the Frobenius characteristic of this action to be hs + 2ho; + 2h111. In terms of ribbon Schur
functions, this may be written as 5r3 + 3(r2; + r12) + 2r111. Note that since ribbon Schur

functions do not form a basis for the ring of symmetric functions, this expansion in terms of

ribbon Schur functions is not unique.
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Figure 4.7: On the left is the arrangement Z3 (projected onto x; + x5 + 23 = 0). On the
right is a depiction of the Ss-action on Regions(Z3) with regions of the same color
belonging to the same orbit (see the electronic version).

By Theorem |4.0.4] we know G, expands in terms of ribbon Schur functions with coef-
ficients which are polynomials in Ap, A 4+ p, Ap, and A + p. Consider the case A\ = p = 1,
A = (' and p = (, where (s is a primitive sixth root of unity. Then we have that
Ap = A+p=Ap =1, whereas A+ p = 2. Thus, for this specialization we have wt(7) = 25(7)

for 7 € mNC(n). From Theorem and ([2.0.11)), we obtain

Gl 1,G1,G) = )] 2%(”)( > m>, (4.4.1)
sele )]

memNC(n) (m),e(m

where if m = By/.../By, then ¢(n) = ¢(By) e ---e¢(By) and ¢(7) = ¢(B1) ©® -+ © ¢(By).
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ForO<k<n-—1,let

Fop= ). Ta (4.4.2)
Z(ao)t'zZJrl

It can be shown that the dimension of the S,-module corresponding to £}, is the Eule-
rian number A, ; enumerating the number of permutations in S,, with k& descents [25]. The
symmetric group character corresponding to F,, ; under the Frobenius characteristic map
is known as the Foulkes character, introduced by Foulkes in his study of descents in per-
mutations. They show up in various areas such as counting permutations by descents and
cycle types [37], enumerating alternating permutations according to cycle type [88], and the
analysis of the carrying process [18, 50, [62]. Foulkes characters have been generalized to
other reflection groups in [60].

Throughout this section, we encode most of our formulas in terms of marked and aug-
mented interlacing partitions. However, it should be noted that all of these formulas could
just as easily be encoded in terms of binary trees via the following bijection between 7,, and
NC(n), which is a special case of a bijection due to Edelman. Figure shows a binary tree

T and its corresponding noncrossing partition.

Theorem 4.4.1 (Edelman [21]). Given T € Ty, let vy, ..., v, be its vertices listed in preorder.
Define nc(T') to be the finest partition of [n] with the property that distinct positive integers
1 <i<j<n arein the same block if vj is the left child of v;. The map T — nc(T') defines
a bijection between T, and NC(n).

Given a binary tree T € 7T,,, we say that it is left-leaning if for every node v of T', whenever
v has a right child, then it also has a left child. We denote the set of left-leaning trees on
n nodes by L7 ,. From the definition of nc(T'), we see that if T € LT, then nc(T) is an
interlacing partition of [n]. In fact, Edelman’s bijection restricts to a bijection between LT,
and the set of interlacing partitions of [n].

For n > 1, let Mot,, denote the nth Motzkin number [63, A001006] which is defined to be
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Figure 4.8: On the left is a binary tree T', and on the right is its corresponding noncrossing
partition nc(7T').

the number of interlacing partitions on [n], or equivalently the number of left-leaning binary

trees on n nodes. Let M (z) denote the generating function for the Motzkin numbers,

M(z) = Z Mot, 2" = z + 2* + 22° + 42 + - - . (4.4.3)

n=1

Let Cat,, = |7,| be the nth Catalan number [63, A000108]. Let C'(x) denote the generating

function for the Catalan numbers,

C(z) = > Catya" =z + 227 +52% + 1o’ + -+ . (4.4.4)

n=1

Then it can be checked that M (z) and C(z) are related by the following identity,

M (1 - z) — CO(x). (4.4.5)

Equation (4.4.5)) implies the following identity that will come in handy later,

M(®—1)=C(1—e™). (4.4.6)

Decomposing a tree into its root with two subtrees, each of which is potentially empty, yields

the identity C' = x(1 + C)2. By using (4.4.5)) again, we see that M (z) satisfies the functional
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equation
M =z(1+ M + M?). (4.4.7)

Compare this to [19, Equation 1], for example, where our indexing differs from theirs by 1.

Theorem 4.4.2. Forn = 1, we have the following expansion of G,(x;1,(;*,1,(s) in terms

of the Frobenius characteristics of Foulkes characters,

- n n—j n— i
Gn(X, 17(6 17 17C6) = Z MOtg(a) ha = A <Z ( k j) MOtn—kz) Fn,j—l-

aEn 7j=1 \k=0

Proof. Just for this proof, we denote G(x;1,(;',1,(s) by G. Similarly, let H = H(1) =
>0 hi- To obtain the h-expansion for G, (x;1,(; ", 1,(s), we use the functional equation for

G from Theorem When A =p =1, A= ¢!, and p = (5, we get that
G=(1+G+G*(H-1). (4.4.8)

A comparison of the functional equation in (4.4.8)) with the functional equation satisfied by

M (zx) in (4.4.7) reveals that
G =) Mot,, (H—1)" (4.4.9)

= > > Moty ho, (4.4.10)

where the above sum is over all compositions « of any size with length m. Focusing on terms
indexed by compositions of size n in (4.4.10)) yields the first equality in the statement of the

theorem.

To obtain the expansion in terms of the Frobenius characteristics of Foulkes characters,
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we utilize the fact that h, = Z/B?a rg and (4.4.10) to obtain

G=)>, Z Mot,, > 74 (4.4.11)

mz=1/4(a) B=a
=2 7“/3( )y 'V'Otaa)) (4.4.12)
mz=1 fEm B>a
mO o)
Z B;W( kZ:O (m 1 )MOtmk)- (4.4.13)

Note that the innermost sum is only dependent on ¢(3). Collecting terms corresponding to
compositions of a fixed size and grouping them according to their lengths gives us the second

equality in the statement of the theorem. O]

For example, G3(X; 1, §6_17 1, Cg) = MOtlthrMOtg(hngthl)+M0t3h111 = h3+2h21+2h111,
which is the Frobenius characteristic of the Ss-action on Z3 as shown in Figure 4.7, To

compute the Frobenius characteristic in the general case we need the following result.

Lemma 4.4.3 ([68, Lemma 7.6]). Let 0 € S,, be a permutation with k cycles. Then the

number of regions in I, fized by o is equal to the number of regions in Iy.

We remark here that the statement in Lemma differs slightly from that in [68] as
Postnikov-Stanley consider the hyperplane arrangement Z, projected onto the hyperplane
x1 + -+ + x, = 0 as their definition of the semiorder arrangement. This induces a harmless

shift in indices and does not affect the mathematical content.

Theorem 4.4.4. The symmetric function G, (x;1,(;", 1, s) is the Frobenius characteristic

of the action of S, on Regions(Z,).

Proof. Our proof uses the fact that the cycle indicator Z,, of the S,-action on Regions(Z,),
is also the Frobenius characteristic of the character of this action. See [87, Section 7.24] for

more background on the cycle indicator. In view of Lemma [£.4.3] we find that the cycle
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indicator is given by

Z = r(Tiy) 2 (4.4.14)
ZX
A-n
=Sz B (4.4.15)
k=1 A A
)=k

Let Z =} _, Zn. Then we have that

Z = ir(Ik) 2 (4.4.16)

n>1k=1 e X
o(N)=k
@) (v
- o <27 . (4.4.17)
k=1 j=1

Now let H =}, h; again. Then we have };_, p;/j = log H. Using this in (4.4.17) gives

(1 H
z =) Og . (4.4.18)
k>1
We have the expansion
(log H)* m—k Qs (H—1)™
- 20(—1) kStlr(m,k)T (4.4.19)

where (—1)™7% Stir(m, k) is the signed Stirling number of the first kind [63, A008275] enu-
merating permutations in S, having exactly k cycles in their cycle factorization. Using this

equality, we can rephrase (4.4.18]) as

Z = Z (Zr) Z )"~ Stir(m, k)(H;L—,lyn (4.4.20)
= Z - 1 i )" *r(Z,) Stir(m, k), (4.4.21)

m=1 k=1
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where, in changing the order of summation, we have used the fact that Stir(0,k) = 0 for

k = 1. By [85, Theorem 2.3], the following equality holds

N (Zn) 5 = C1—e). (4.4.22)

m=1 m!
Recall (4.4.6) states that M(e” — 1) = C(1 — e™*), and hence the left hand side of (4.4.22)
also equals M (e” — 1). This implies that

m! Mot,, Z r(Z) Stir(m, k). (4.4.23)

Substituting (4.4.23)) into (4.4.21]), we conclude that

Z = > Mot,, (H—1)" = G(x;1,¢57", 1, G). (4.4.24)

m=1
The second equality in (4.4.24)) follows from (4.4.10). Then (4.4.24) implies that the cycle
indicator Z, is equal to G,,(x; 1,5 ", 1, (s), which completes the proof. O

We conclude this subsection with a generalization of Theorem {4.4.4] Given a positive
integer p, define the p-semiorder arrangement Z,, to be the hyperplane arrangement in
R"™ defined by the hyperplanes x; — z; = +1,£2,--- ,£p for 1 < ¢ < j < n. As before,
the symmetric group S, acts on Regions(Z,,) and one can ask about the corresponding
Frobenius characteristic. We provide a brief description of its computation next, omitting
details.

Let Cp(z) = 35,5, Catyp 2™ denote the generating function for the Fuss-Catalan numbers

(pﬂ)"). Let TP be the set of rooted plane (p + 1)-ary trees T such that each

Cat, ), = p_n+1( .

node of 7" has at most one ¢th child for each 1 < ¢ < p + 1. Then Cat,,, is the cardinality
of the set 7”. Let Mot,,, denote the cardinality of the set £L7? consisting of rooted plane
(p + 1)-ary trees on n nodes such that every internal node which has a (p 4+ 1)th child also

has at least one other child.
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Let My(z) == > Mot, , z". As was the case carlier, we have that

1—=x

A@(x):@@, (4.4.25)

which implies M,(e* — 1) = C,(1 —e™").
Crucially for us, Lemma continues to hold for Z, , as well. Thus, we can repeat

the cycle indicator computation of Theorem {4.4.4. We only need the relation analogous
to (4.4.22). Indeed, by [85, Theorem 2.3], we have that

" .
Zm%@m:@uﬂ). (4.4.26)
m>=1
In arriving at the above equality we have used the fact that the number of regions in the
p-Catalan arrangement defined by the hyperplanes z; —z; = 0,+1,..., #pfor1 <i<j<n
is given by Cat,,, (see [85], Section 2] or [2, Section 5]). Thus, we obtain the following theorem

whose p = 1 case is Theorem [4.4.4

Theorem 4.4.5. Forp > 1, the Frobenius characteristic of the action of S,, on Regions(Z,, ;)
is given by M,(H—1), where H = Y ,_ h;. Additionally, the Frobenius characteristic expands

positively in terms of the F), j.

4.4.2  Linial arrangements and local binary search trees

We turn our attention to studying the Linial arrangement £,, and defining an S,-action on its
regions. Observe that, unlike in the case of the semiorder arrangement, the symmetric group
Sy, does not stabilize the set of hyperplanes defining £,. Hence it is not immediate how to
construct an S,-action on Regions(£,). Another well-studied arrangement with the property
that the set consisting of its defining hyperplanes is not stable under the S,,-action is the Shi
arrangement S,. In spite of this limitation, one can define an S,-action on Regions(S,,) by
using one of the many ways to index its regions by parking functions of length n, and then

using the natural S,-action on them. Drawing inspiration from this, we use certain labeled
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Figure 4.9: An example of a local binary search (LBS) tree on 9 nodes.

trees that we call Bernardi trees instead of parking functions to index regions of £,,, and
then construct a natural S,-action on Bernardi trees to derive one on Regions(L,). First,

we need to understand how the symmetric function G,, relates to Regions(L,,).

The problem of enumerating r(L£,,) was first considered by Postnikov [67], inspired by a
question of Linial and Ravid. He showed that r(L£,,) equals the number of intransitive trees
and gave a bijection between intransitive trees and local binary search trees. It is the latter

that carries a description in terms of ascents and descents in labeled trees.

Consider the case where A = p = 0. In the setting of the introduction, this corresponds
to considering labeled trees that only have left ascents and right ascents. We refer to such
trees as local binary search trees (henceforth LBS trees). See Figure for an example of a
local binary search tree on 9 nodes. We construct another subset of T* that is equinumerous
with standard LBS trees on n nodes and use it to define an S,-action on Regions(L,). It
is worth emphasizing that the same subset of trees has been considered by Bernardi [§] to
solve the long-standing problem of finding a bijection between Linial regions and standard

LBS trees.

By writing G, as a sum of the G,,, where v runs over all possible canopies of length n—1

and using Theorem [4.0.6, we have

Gn(X, 5\’ O, D, O) _ Z XsaU(ﬂ*)ﬁsaD(ﬂ’*)(j\ﬁ)ja(ﬂ’*)rc(Bl) e Te(By) (4427)
n*=B1/.../By
_ Z XsaU(”*)ﬁsaD(w*)(j\ﬁ)ja(ﬂ*)h(\BlL...JBk\) (4.4.28)

m*=B1/.../By,
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where the sum runs over all augmented interlacing partitions 7* on n nodes such that all
nodes are unmarked. The second equality comes from the fact that, for a block B; in 7*,
since all steppers and jumpers are unmarked, then r.g,) = 7(m,) = hm, Where m; = |B;|.
Next, we use a bijection between the set of augmented interlacing partitions on n nodes
such that all nodes are unmarked and the set 7, in order to get an expansion in terms of
binary trees. Given an augmented interlacing partition 7* on n nodes such that all nodes
are unmarked, delete all short arcs in 7* which are labeled with a U, and then remove all
U and D labels. This provides a bijection between these objects and NC(n). Then compose
this bijection with the inverse of Edelman’s bijection from NC(n) to 7,. Finally, apply the
bijection from 7, to itself which flips a tree across the vertical line passing through its root.
See Figure for an example of an augmented interlacing partition on 8 nodes with all

nodes unmarked, together with its image under the composition of these bijections.

/\/\/—\/\
N /—\

U1 U1

Vg / \Uz
g %
vy / \v4 v4 / \w
\Ug Vg / \v5 Us / \v6 U8 /

Ug

Figure 4.10: An example of an augmented interlacing partition on 8 nodes with all nodes
unmarked, and its corresponding elements of NC(8) and 7s.

We claim that sort(c(T")) = sort(|Bi],...,|Bk|), where sort(«) is the partitition un-

derlying a composition o and ¢(7") denotes the composition type of 7" defined in Subsec-
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tion [4.1.] We make note of two pertinent aspects of this composition of three bijections.
Let 7 = By/... /By be an augmented interlacing partition on n nodes such that all nodes

are unmarked, and let T" € 7T,, be the corresponding binary tree.

1. If v; and v; 41 are connected by a short arc labeled U (respectively D) in 7*, then in T’

the node v; has only a left child (respectively right child) which is v;;.

2. If nodes v; and v; where 7 < j are connected by a long arc in 7*, then v; has two

children in 7. In particular, the right child is v; and the left child is v;4;.

It follows that any two nodes in T connected by an edge which are visited in succes-
sion in the preorder traversal correspond to nodes in 7n* connected by an arc. Hence, we
have sort(c(T)) = sort(|Bil,...,|Bk|). Additionally, we see that saD(7*) + ja(n*) = r(T),
saU(7*) + ja(n*) = £(T), where ¢(T') and r(7") denote the number of left edges and right
edges in T, respectively.

Hence, from (4.4.28]) we obtain the following expansion,

Gn(x:1,0,5,0) = > MDD (4.4.29)
TeT,
Since {(T) +1(T) = n—1 for any T € T,, we set A = 1 and p equal to an indeterminate ¢q. In
order to give a representation-theoretic interpretation of G, (x; A, 0, p,0), it suffices to find a
Sp-module whose graded Frobenius characteristic is G, (x; 1,0, ¢,0), which we give next.

A Bernardi tree is a standard labeled binary tree satisfying the condition that every
internal node has a label that is greater than the label of its right child provided it exists,
otherwise it is greater than the label of its left child. Let 7,? denote the set of Bernardi trees
on n nodes. It can be checked that the image of the homomorphism ex applied to the right-
hand side of is a generating function enumerating Bernardi trees by the number of
left and right edges. Since G, (x;\,0,5,0) is the generating function corresponding to LBS
trees on n nodes, applying ex to the left-hand side of establishes that the number
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Figure 4.11: The Bernardi trees on 3 nodes.

of standard LBS trees on n nodes is equal to the cardinality of 7,7. Figure shows all

trees in T;7.

Remark 4.4.6. For the reason behind the name Bernardi trees, we refer the reader to
[8, Example 1.1] where Bernardi gives a bijection between 7,7 and Regions(£,). In the
notation of [§], the bijection associates to T' € T,® the region of £, defined by the inequalities
x; —x; < 1 where 1 <i < j < n and either drift(i) < drift(j), or drift(:) = drift(j) + 1 and
i <, j. Here, drift(v) is the number of ancestors of v (including v) that are right children.
Figure shows the regions of L3 indexed by the corresponding Bernardi trees according
to this bijection.

An equivalent characterization of Bernardi trees is as follows. Let v; <, --- <, v, be
the nodes of a standard labeled binary tree T' listed in preorder. If for all cover relations

v; <p U1 Where v; is the parent of v;;1, we have that vf > fo, then T is a Bernardi tree.

For T € T.B, let v; <, - -+ <, v, be the nodes of T in preorder. Among these nodes, let
v, <p -+ <p v;, be all the terminal nodes and set iy := 1. Observe that the preorder reading

14 14

word pre(T") = v - - - v, can be factorized as W - - - Wy, where for j > 1 we have

WJ = vfj71+1vfj71+2 T Ufj-l”i? (4430)
Given the definition of 7,7, we know that each W; is strictly decreasing when read from
left to right. For the tree T € 74 in Figure on the left, the shaded regions give us
the words Wy = 731, Wy = 86, W3 = 952 and W, = 4 and their concatenation gives us
pre(T) = 731 86 952 4.
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Figure 4.12: Regions of L3 indexed by trees in T;5.

The factorization of pre(7') as W = Wy - - - W}, as described earlier allows us to define an
obvious S,-action on T,Z as follows. Given o € S,,, define &(W;) to be the word obtained by
replacing every letter in W; by its image under o, and then sorting the resulting word so that
it is strictly decreasing when read from left to right. Now define &(W) to be a(W;) - - - a(Wy),
and let o(7) be the unique labeled tree such that sh(o(T")) = sh(7T") and pre(o(T")) = o(W).
By the alternative characterization for Bernardi trees in Remark [4.4.6], these two conditions
ensure that o(T) € T,2.

This is a well-defined S,,-action on 7,Z. One way to see this is to observe that Bernardi
trees 17" with a fixed sh(7) are in bijection with tabloids [73] of partition shape sort(c(7)).
Indeed, given the factorization W - - - Wy, of pre(T") defined above, form & rows of boxes with
i; — i1 many boxes in row j < k, where the boxes in row j are labeled with the letters of
W; in order from left to right. Then sort the rows to get a tabloid on the partition shape

sort(c(7")). This map defines the desired bijection and the action of S,, on Bernardi trees
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with fixed sh(7") corresponds to the usual action of S,, on tabloids under the bijection.

In Figure[4.13] for the tree T on the left, we have o(7") on the right where o = (38) in cycle
notation. Note that for the instance under discussion, we have (W) = 871 63 952 4. Thus,
o(T) is the unique tree whose preorder reading word is 871639524 and whose underlying
shape is that of 7. Had we chosen ¢ = (37), then o(7") would be T itself.

/ \ 9/8\7
/\ /\ AR 6/ g
/ / /

6 2 3

Figure 4.13: On the left, a tree T € 7¢°. On the right, o(T) where o = (38) € Sy.

Let CT.2 denote the S,-module whose underlying vector space is generated by formal
linear combinations of trees in 7,”. Denote by ’TB the set of Bernardi trees with exactly k
right edges. Let CT,5 < CT,” be the S,-submodule spanned by Bernardi trees in . We

have the following equality of S,-modules
CT.F = PCTE. (4.4.31)

Thus, we can think of CT? as being graded by the number of right edges.

Theorem 4.4.7. The graded Frobenius characteristic of the S,-module CTB is given by

Gn(x1,0,4,0) = > ¢ herry. (4.4.32)

TeT,

Using Bernardi’s bijection between TP and Regions(L,,), our S,-action lifts to an action on

Regions(L,) whose graded Frobenius characteristic is also G,(x;1,0,q,0).
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Proof. Observe that the identity follows from (4.4.29)). Therefore, it suffices to
prove that the Frobenius characteristic of Cffk is the ¢* coefficient of the right-hand side
of . Given a = n of length m, let S, == S,, x --- x S,,, be the corresponding Young
subgroup of S,,. It is well known (see, e.g. [73]) that h, is the Frobenius characteristic of
1 ng, the trivial S,-module induced up to .S,,.

Given an unlabeled tree T' € 7T,, the Bernardi trees 7" € 7], such that sh(T") = T
span a S,-submodule of C fk isomorphic to 1 Tg:m. Hence, we have an isomorphism of

S,-modules,

CTo= @ 115, - (4.4.33)

TeT,
k right edges

The proof is then completed by using the fact that the Frobenius characteristic of a direct

sum of submodules is the sum of the Frobenius characteristics. O

Observe that by applying the homomorphism ex to G, (x; 1,0, 1,0), we can compute the
cardinality of 7. This gives another formula for r(£, ), which is not in any way more concise
than the known formula and hence is omitted.

In fact, we can recover Postnikov’s formula [67] for r(L£,) by computing the character
of our action on Bernardi trees. This requires us to write G,,(x;1,0,1,0) in terms of power
sum symmetric functions. See [87] for definitions and background pertaining to power sum
symmetric functions. We proceed by a generating function argument involving Lagrange
inversion. It would be interesting to establish the same by a combinatorial argument.

Set ¢ = 1 for the remainder of this subsection. By Theorem [4.0.1, we know that
G(x;1,0,1,0) satisfies the functional equation

(14 G(x;1,0,1,0))* = H(2 + G(x;1,0,1,0)). (4.4.34)

In order to expand G(x;1,0,1,0) in terms of power sum symmetric functions, we need the

following general result.
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Theorem 4.4.8. Let Q(t) be a polynomial, let y be an indeterminate, and let F' be the

solution of

F=H(Q(F))".

For every positive integer k, we have

ZIZ A i Em V1R Q ), (4.4.35)

m=1

Proof. For k > 0, by Lagrange inversion (see, e.g., [34, equation (2.4.4)]) we have

[t M H(Q(t))™. (4.4.36)

3=

m=1

We can write H(Q(t))™ as

H(Q(B)™ — exp (myz 2y (4.437)

1=1

- Y P Q) (44.38)

where the sum in (4.4.38]) is over all partitions A with |A| = 0. Substituting (4.4.38]) into the
right-hand side of (4.4.36) gives

E ok

= > =[] QM (4.4.39)

m=1 m A

)\ 0
e m—k [Al

km® t )M, 4.4.40
- %2y z o) (1.0
and the theorem follows. O]

Corollary 4.4.9. Under the same assumptions as Theorem [{.4.8, if we expand F* as
D5 CaDr/ 2 then ¢y depends only on (), ||, y, k and Q.

Using Theorem [£.4.8] we have the following result.
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Theorem 4.4.10. We have

Gn(x:1,0,1,0) = ) exapa/2a,
AN

where
_ 1 Tf mtf-1 " (4.4.41)
AT m—1) -
Proof. Let F':==1+ G(x;1,0,1,0). From (4.4.34) we know that
F = (H(1+ F)Y2 (4.4.42)
Using y = 1/2, k =1, and Q(t) = 1 + t in Theorem {4.4.8| then (4.4.35) gives

Rx

i m N1 (1 4 )M (4.4.43)

m:I

For each A - n with n > 1, the coefficient ¢y of py/z) in G,(x;1,0,1,0) is equal to the

coefficient of py/z, in F. Therefore, we have

1 n+1 , n
= S mil m <m - 1), (4.4.44)
which completes the proof. O

As a corollary of Theorem [£.4.10] we obtain the following generalization of Postnikov’s
formula for 7(L£,,) [67]. The reader is invited to compare it with the statement of Lemmal4.4.3|

Corollary 4.4.11. Given a permutation o € S,, with k cycles, the number of Bernardi trees

p 2 (0)

Observe that Postnikov’s formula is obtained by setting k£ = n in Corollary [4.4.11]

fixed by o equals
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Remark 4.4.12. Given the similarity of Lemma and Corollary [£.4.11], the reader may
wonder if G, (x;1,0,1,0) expands as a positive integer linear combination of the Frobenius
characteristics of Foulkes characters. This is not the case. Indeed, G3(x;1,0,1,0) serves as

a counterexample.

We conclude this subsection with a curious relation between G,(x;1,0,1,0) and certain
symmetric functions that arise as special cases of Jack symmetric functions when one sets
the Jack parameter y = 2. Following Macdonald [50, Page 407, Equation 2.20], consider the

symmetric function g, defined by

DPx
- = —= 4.4.45
! ,\;n 2Nz ( )

The key property of g,, for our purposes is expressed in the following relation

1 1 m
Hy)e =] —azm) 2 = )] guy™ (4.4.46)
i>1 m=0
Instead of solving (4.4.34)) using Lagrange inversion, one may alternative proceed by ‘taking
square roots’ on both sides and then rewrite the resulting functional equation in terms of

the g,,. Thus, the functional equation (4.4.34]) translates to

L+G =) gn(2+G)™ (4.4.47)
m=0
One can solve this functional equation in terms of Dyck paths, similar to the case of the
h-expansion of the parking function representation. We keep our exposition brief.

For A = (A1,...,Ak), set gx == gx, -+~ gr,- For n > 1, let D, be the set of Dyck paths,
which are lattice paths that start at (0,0), end at (n,n), take North and East steps, and stay
weakly above the diagonal y = x. Given D € D, let A(D) be the partition of n obtained by
sorting the lengths of the vertical runs of D in decreasing order. Recall that a vertical run

in a Dyck path is any maximal contiguous sequence of North steps. Let peak(D) denote the
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number of peaks in D. Solving (4.4.47)) for G,, yields the expansion

Gp= ), 2tireak®lgy o). (4.4.48)

DeD,
Stanley (see [84, Equation 10] and [84, Proposition 2.4]) describes the expansion of g, in
terms of Jack symmetric functions Jy at y = 2 (also called zonal symmetric functions). Note
that Stanley uses scaled versions of our g,,, which he denotes by _#,,. Thus, we may expand
G, in terms of zonal symmetric functions. Since we already know by Theorem that G,
is h-positive, we arrive indirectly upon a curious combination of zonal symmetric functions

that is h-positive.

4.5 Local binary search trees and y-nonnegativity

Theorem implies that G, can be written in terms of ribbon Schur functions with
coefficients in N[\ + p, A\p, A + p, Ap]. Suppose that G,,(x;\, A, p, p) = D ain CaTa Where the
ca belong to N[ + p, A\p, A + p, Ap]. Applying the homomorphism ex yields

n

Bu(MApup) = Y. cal{me S, - Des(r) = set(oz)}\%. (4.5.1)

akEn

Note that the functional equation for B in does not immediately imply an expansion
of the form in . We use this expansion to turn our discussion to another notion of
importance both in algebraic combinatorics and discrete geometry, that of v-nonnegativity.

We say that a polynomial P(t) of degree n = 0 is y-nonnegative if it has an expansion of
the form

2]
P(t) = > qut/ (1 + )", (4.5.2)

j=0

where 7, ; = 0. If such an expansion exists, then P(¢) is also palindromic and unimodal.

We refer the reader to [66, Chapter 4] for a book exposition and [6] for a detailed exhaustive
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survey on <y-nonnegativity. For another recent survey on the relevance and prevalence of
~v-nonnegativity and real-rootedness of polynomials arising naturally in combinatorics, the
reader is referred to [II]. Our focus here is the connection between intransitive trees of

Postnikov [67] and regions of Linial arrangements.

Following Postnikov [67], an intransitive tree on n nodes is a tree whose nodes are labeled
with distinct positive integers from [n] such that the label of a node is either greater than
labels of its neighbors, in which case we call it a right vertez, or is less than the labels of its
neighbors, in which case we call it a left vertex. Note that the trees considered by Postnikov
are neither plane nor rooted, and they do not have to be binary. We refer the reader to [67]
for further details on the terminology. Let f,(t) = >, fort® where f,; is the number of

intransitive trees on [n + 1] with k right vertices. Consider the generating function

Fit,r) = Y fn(t)i—?. (4.5.3)

n=0

By [67, Theorem 3|, we have that F':= F(t, ) satisfies the functional equation
F(F +t—1)=te®It, (4.5.4)

We note that in Postnikov’s statement of the above functional equation, the roles of  and

t are switched. Consider the functional equation satisfied by B =1+ pB(x;1,0,p,0).
From (4.0.2)), it can be seen that

B(B+p—1) = pe”B+0). (4.5.5)

By comparing (4.5.4)) and (4.5.5)), we obtain the following proposition.

Proposition 4.5.1. For n = 1, the number of intransitive trees on [n + 1] with k right

vertices equals the number of standard LBS trees on [n] with k — 1 right edges.
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Setting A\ =1, A\ =0, p = ¢, and p = 0 in Theorem we have

Gn(X; 1, 0, t, O) = Z tr(T)XT = Z tja(w) (t + 1)Sa(ﬂ)h(‘31|7m7|3k‘), (456)
LBS TeT}! w=B1/.../Byg

where the last sum is over 7 € mNC(n) such that all nodes are unmarked. Hence, it is a

sum over all interlacing noncrossing partitions on n nodes. Applying the homomorphism ex

to the second and third expressions in (4.5.6)), we obtain

(D) _ Halm) (1 4 ¢ysalm) " 4.5.7
> 2 0" B B) (4.5.7)

TeT} n=Bi/.../By
standard LBS interlacing on [n]
| ol .
where ( " ) = —2 for a composition (mq,...,my) E n. Thus, we have established
mM1y.e..,MME mie—Mmp:

that the distribution of right edges over standard LBS trees is y-nonnegative.
In fact, we can obtain an explicit combinatorial description for the coefficients in the -
nonnegative expansion. For 0 < j < ”T_l, let v, ; denote the number of left-leaning Bernardi

trees on n nodes such that exactly 57 nodes have two children. Using Edelman’s bijection

between NC'(n) and 7T, one can show that (4.5.7) implies

DA S AL ) (4.5.8)

Tetr’f 0S]$ ngl
standard LBS

Combining this with Proposition [£.5.1 we have the following theorem.

Theorem 4.5.2. For n > 1, the distribution of right edges over the set of standard LBS
trees on n nodes is y-nonnegative. Equivalently, the polynomials f,(t) in (4.5.3)) considered
by Postnikov are y-nonnegative. As a corollary, we have that the sequence of coefficients of

fu(t) is unimodal.
In the spirit of the theme in [I1], we offer the following stronger conjecture.

Conjecture 4.5.3. The polynomials f,(t) are real-rooted with all roots negative for alln > 1.

In particular, the coefficients of f.(t) form a log-concave sequence.
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Chapter 5

A BIJECTIVE APPROACH TO
LABELED TREE ENUMERATION

In this chapter, after setting up the necessary notation, we present a bijective proof
of Theorem {4.0.3| using a weight-preserving bijection involving path-tree sequences. Our
inverse bijection is inspired by the Push-Glide algorithm of Préville-Ratelle and Viennot [69].
Corollary gives a natural noncommutative analogue of Theorem In Section [5.2)
we use the weight-preserving bijection defined in Section to prove the ribbon Schur

expansions stated in Theorems |4.0.4] and |4.0.6|

5.1 A bijective proof of Theorem [4.0.

We begin by restating the identity that we seek to establish for the convenience of the reader,

G=> DG+ A+p)" NG+ A+ p) ™, (5.1.1)

n=1 akEn

Since our proof is intricate, we present a broad outline of this section.

1. We first interpret the right-hand side of ([5.1.1)) as the multivariate generating func-
tion of the set of alternating sequences of labeled trees and lattice paths. This is

accomplished in Lemma [5.1.1]

2. We then discuss in detail the case of labeled trees that contribute to G, for all pos-
sible canopies v € {UU,UD, DD, DU}. To each standard labeled tree on 3 nodes we

associate an alternating sequences of labeled trees and lattice paths.

3. The insight gained from understanding the n = 3 case leads us to the crucial notions



137

of distinguished triples, life-sustaining nodes, and prunable nodes in Subsection [5.1.1

4. The prunable nodes in a labeled tree determine a particular partition of the nodes of
the tree, which in turn determines an alternating sequence of labeled trees and lattice
paths. In Subsection [5.1.3] we show that this correspondence is in fact a weight-
preserving bijection between the set of labeled binary trees and the set of alternating

sequences of labeled trees and lattice paths.

5. Finally, in Section [5.2] we use this weight-preserving bijection to prove Theorem [£.0.5]
The notions of (augmented and marked) interlacing partitions defined in Section
can be seen to arise naturally from our act of dismantling a tree into an alternating

sequence of labeled trees and lattice paths.

A lattice path is a sequence v = (v, ..., 1) of points in the plane starting at v, = (0, 0)
such that v, is either v; + (1,1) or v; + (1,—1). We identify the lattice path v with its
corresponding path graph where points are nodes and for each i < k, we have an edge
joining v; and v;41. Let start(v) == 14 and end(v) = v;. If v;41 = v; + (1,1), we say that
the edge between v; and ;.1 is an up step in the path, and denote it by U. Otherwise, if
vit1 = v; + (1,—1), we say that the edge between the nodes is a down step in the path and
denote it by D. A lattice path consisting of k nodes is said to be of length k — 1. Let w,
be the length k£ — 1 word on the alphabet {U, D} recording the up and down steps of v from
left to right.

Given a positive integer k, a labeled lattice path of length k — 1 is the data of a lattice
path v of length £ — 1 and a labeling of the nodes of v with positive integers. If v1,..., 14
are the nodes of v, we let v/ denote the label of v;. If v is a labeled lattice path, its inorder
reading word in(v) is defined to be vivs. .. vL.

To the edge joining the labeled nodes v; and v;,; in v, we associate an edge weight based
on its orientation as indicated in Figure [5.1] Precisely, if v;1;,1 form a U step, then the edge

¢

is assigned the weight \ if v < v q, or the weight A if v/ > vf,;. On the other hand, if

)
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viviy1 form a D step, then the edge is assigned the weight p if v/ < l/fH, or the weight p if

vl > vt .1~ Note that the barred parameters X and p correspond to weak inequalities, while

the unbarred parameters A and p correspond to strict inequalities. We define the weight of

0 0 0 0
Vit Vi1 v ?,
L 7/ YV N
Vi v Vie+1 Viz-k—l
A A p p

Figure 5.1: Determining the weight of a labeled edge.

the labeled lattice path v to be the product of the weights on its edges, and denote it by
wt(v). Observe that the weights in Figure are consistent with the weights assigned to
the edges of a labeled tree based on their orientation. Suppose we draw a labeled (plane
binary) tree with the root on top, left edges going Southwest to Northeast, and right edges
going Northwest to Southeast. If we defined the weight of a labeled (plane binary) tree to
be the product of the weights along its edges according to the rules in Figure [5.1] then this
new weight in fact coincides with the one in Subsection 4.1.2

We define a path-tree sequence to be an alternating sequence
S =0 1, W D ) (5.1.2)

of labeled lattice paths v and labeled trees T},, with m > 0, such that the sequence starts
and ends with a lattice path. We define the inorder reading word of S, denoted by in(S5), to
be the concatenation of the inorder reading words of the labeled lattice paths and labeled

trees in the order in which they appear in S from left to right,
in(S) = in(v)in(71)in(xV) - - - in(r™ " )in(T,, )in(v™), (5.1.3)

where the ellipsis here denotes that the concatenation continues. Define a monomial x°
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3 2

2
\1\477>574/374/\272

Figure 5.2: A path-tree sequence S.

associated to S by
XS — Xin _ 1n (@) H T 1n l/(h) (514)
Let the weight of S be

wt(S) = wt(v ) H v wt(T) wt (™), (5.1.5)
where for each 1 < h < m,

Mo if end(vPD)E < start(v )Y,
Th = (5.1.6)
Ap if end(vD)f > start (M)~

We define the canopy of S to be the word on {U, D} given by the concatenation
can(S) = wy D can(Ty) Uw,q) - - wym-1 D can(Ty,) U w,,m). (5.1.7)

Given v a word on {U, D} of length n — 1, let 27 f;’y be the set of all path-tree sequences

with canopy v. See Figure for a path-tree sequence S with in(S) = 314275434222,
x® = mayririvser, wi(S) = (pp)(AD)(AD)(N)(Ap)(Ap)(1) = AN'p'p® and can(S) =
DDDDUUUDUDU.

We denote the set of all path-tree sequences of any finite length by Z27°. Recall that

by our convention, the ¢ in this notation refers to the fact that all path-tree sequences have
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labeled nodes. The weighted generating function of 2277 is equal to the right-hand side of
the equation in Theorem by the following lemma.

Lemma 5.1.1. We have that

D owt(9)x¥ = YT YAG+ A+ p)" NG+ A+ p) O, (5.1.8)

SepT* nzlakEn

Proof. By the definition of 7, in (2.0.9)), we can rewrite the right-hand side of (5.1.8]) as

DI IAPG+ X+ p)" NG+ A+ p) O, (5.1.9)

n=1 akEn

= > G+ X+ p) M (ApG + A+ ) xv, (5.1.10)

n
n>1weZ?

For w e Z"

o, consider the summand

MG+ X+ p)*W\pG + X + p)des®) xv, (5.1.11)

which can be rewritten as

[T GaG+x+p) [[ QpG+r+p)|x"= > A A_x" (5112

i€Asc(w) j€Des(w) (A1,..;An—1)

where the sum in the right-hand side of ([5.1.12]) is over all tuples (A;,..., A,,_1) such that

de Dpwt(T)xT | T e T u{Np} ifie Asc(w), (5.1.19)

Ppwt(T)xT | T e T U {\ p} if i € Des(w).

For each w € Z", define a function f,, from the collection of tuples (A, ..., A,_1) satis-
fying (5.1.13) to 27" as follows. First, define a sequence on {U, D} U T* by replacing each
Mpwt(T)x” and A\pwt(T)x” with T in (Ay,..., A,_1) and then replacing each remaining

A and A with a U and each remaining p and p with a D. Then replace each maximum
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consecutive subsequence of Us and Ds with its corresponding lattice path. If two trees ap-
pear consecutively in the sequence, then we insert a lattice path consisting of a single node
between the two trees in the sequence. If the sequence begins with a tree, we insert a lattice
path consisting of a single node at the beginning of the sequence. Likewise, if the sequence
ends with a tree, we insert a lattice path consisting of a single node at the end of the se-
quence. Observe that the total number of nodes in the disjoint union v© 1M ... Ly p(m)
is n. Finally, label the nodes of the lattice paths we have just constructed from left to right

with the letters in w to obtain a path-tree sequence

S = (1/(0), T, v, D vy e 2T¢ (5.1.14)
with
in(v)in(xM) - in(v™) = w. (5.1.15)
Observe that
wt(S)x% = Ay ... A XV (5.1.16)

For example, in the case when w = 314432, one possible tuple is
(Al, A27 Ag, A4, A5) = (p, P, S\ﬁWt(Tl) XTl7 )\, )\p Wt(Tg) XTZ), (5117)

for some labeled trees T} and Ty. Then f, (A, ..., As) =

which is an element of 277,
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The map f, is a bijection onto the subset of LT  of alternating sequences S =
@O, Ty, vW L pm=D T, M) which satisfy (5.1.15). Indeed, given a sequence S =
VO, 1y, M D T um) e 2T we can recover w by reading off the labels of
the lattice paths in S from left to right. Furthermore, the tuple (Ay,..., A, 1) can be re-
covered by recording the weights of the edges of the lattice paths together with ~,wt(7T},)xh

in the order in which the edges and trees appear in S. Therefore,

Dowt(S)x¥ = > D A A x” (5.1.18)

SepT* n=1 weZl (As,...,An-1)
= DX G+ A+ )" (NG + A+ ), (5.1.19)
n=1 akEn
where the inner sum in the right side of (5.1.18)) is the right-hand side of ((5.1.12]). m

By Lemma [5.1.1], in order to prove Theorem it suffices to show that

G= > wi(9)x". (5.1.20)

SepT*t

Before we proceed to prove this identity, we first verify that G5 is equal to the degree 3
homogeneous component of the right-hand side of (5.1.20)). This example will give us insight

into how to prove the identity and will motivate many of the ideas in the rest of this section.

Example 5.1.2. Recall from (4.0.14)) that for v a word on {U, D} of length n — 1, we have

G, is the weighted generating function summing over trees with canopy v. We have that
Gs = Gsyv + Gspp + Gsup + G pu.

Recall from ([5.1.7) the definition of the canopy of a path-tree sequence. We show that for
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each canopy v, we have that

Gsp= Y. wi(S)x". (5.1.21)

Sex7%

In the case v = UU, it is not hard to verify that

G3,UU = /_\27“(3) + 5\/\7“(2,1) + /\5\7”(172) + )\27’(17171) (5.1,22)
= > wi(9)x". (5.1.23)
Se2T4 vy

Indeed, the path-tree sequences S with can(S) = UU are those consisting of a single lattice
path whose steps are given by UU. On the other hand, the only binary tree T' with can(T") =
UU is a path graph starting from the root and going down and to the left. Therefore, we
can define a bijection @3y : Ty py — PT ngU which simply converts the two left edges of
T into U steps in a lattice path. Furthermore, the map ®3;y preserves weight, meaning

that wt(7T") = wt(P3 (7). Similar statements hold with UU replaced by UD and DD.

In the case v = DU, there is no obvious way to convert a labeled tree 7" with can(7T") = DU
into a labeled path with steps DU while preserving weight. Recall from Subsection that
the weight of a labeled tree T is the same as the weight of its inorder standardization. Let us
partition the set of labeled trees 1" with canopy DU according to their inorder standardization
sort(T"). The 12 possibilities for sort(7") are listed in Figure One can verify that if we
restrict G3 to summing over labelings of the trees in the first row of Figure[5.3] the resulting
multivariate formal power series is quasisymmetric but not symmetric. Therefore, if we wish
to expand (G5 in terms of ribbon Schur functions, we must group terms corresponding to
labeled trees in the first row of Figure [5.3| with terms corresponding to labeled trees in the

second row of Figure 5.3

It remains to show that (5.1.21f) holds for v = DU. Observe that if S has canopy DU,
then either S = (v©) where w,0 = DU, or S = (v, T}, vM) where v, T} and ™
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X/3 X/2 X/3 )/1 )/2 )/1
2 B M VR B R MV M
H#1 2 49 3 43 1 #4 3 45 1 46 2
1\ﬁ 1\3 2\3 2\£ B\p 3\p
X/3 )/2 X/3 )/1 X/Q )/1
2 @7 9 | #8|T |49l G xi0l T olp11] @ |12
Figure 5.3: The 12 possibilities for sort(7") for T' with can(T") = DU.
1 3 1 2 2 3 2 1 3 % 3 1
x| g | e | e | T | e
71 72 #3 #4 #5 #6
@928 | (090 (0200 | (200 | (300 | (390
bY; bY; bY; Ap Ap Ap
#7 #8 49 #10 #11 #12

Figure 5.4: The 12 possible standardizations of the path-tree sequences with canopy DU.

each consist of a single node. Define the inorder standardization of a path-tree sequence S,

denoted by sort(S) to be the unique path-tree sequence whose underlying unlabeled paths

and trees are the same as those of S, and whose inorder reading word is sort(in(S)). Figure[5.4]

lists the possible standardizations of the path-tree sequences with canopy DU. Our goal is

to find a bijection ®3 pyy between the 12 labeled trees 7" whose inorder standardization is

listed in Figure [5.3and the 12 path-tree sequences S whose inorder standardization is listed

in Figure [5.4 We would also like to construct the map so that ®3 pyy preserves weight and

inorder reading word. See Figure for a summary of the map ®3 pr we defined on standard
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2 —own | B =00 )
\ﬁ 2\ 2

p P
o —(00e) | » —(eoe) | B —(asg
RN 23 I e A e A 0 Kl I 2T

Figure 5.5: A summary of the map ®3 py defined on standard trees.

trees with canopy DU. The reader is encouraged to verify that this map preserves weight

and inorder reading word using Figure [5.5]

Observe that for some trees the image is uniquely determined by the weight and inorder
reading word requirements, while for other trees, there was some choice for the image. For
example, looking at tree #2 in Figure 5.3, we see that its inorder reading word is 132 and
its weight is Ap. In order to preserve both its inorder reading word and weight, ®3 py; must
map it to path-tree sequence #8 in Figure 5.4l On the other hand, both trees #1 and #7
have inorder reading word 123 and weight Ap. Similarly, both path-tree sequences #1 and
47 have inorder reading word 123 and weight A\p. We make the arbitrary choice to map tree
#1 to path-tree sequence #1 and tree #7 to path-tree sequence #7.

We extend the definition of ®5 py to a map @3 py : T3 py — ﬁﬂéDU as follows. Given

T e 755 pu» suppose that sort(7") maps to the path-tree sequence S in Figure . Then define
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@5 pu(T') to be the unique path-tree sequence whose underlying unlabeled paths and trees
are the same as those in 5, such that the inorder reading word is in(7"). Therefore, ®3 py is

a bijection which preserves weight, inorder reading word, and canopy. Then we have

Gspy = Y, wt(T)x" (5.1.24)
TGT‘f,DU
= D wt(®spy(T)) xPeru ) (5.1.25)
Te%{DU

= > wi(9)x7, (5.1.26)

SePT pu

so ((5.1.21)) holds for v = DU.

We make one more observation from this example. Let T be a tree whose inorder stan-
dardization is a tree listed in either the second or fourth row of Figure [5.5 Let vy be the
second node of T" in inorder, which is the lowest node drawn in each of the trees in these rows.
We can think of the map ®3 py as “pruning” off vy from 7" and mapping 7' to (vy, va, vs),

where we think of v, as a single node tree sandwiched between v; and vs.

The outline of the proof of Theorem is organized as follows. In Subsection [5.1.1} we
define the notion of a “prunable node” in a tree and show that we can identify the weights of
a corresponding set of edges in the tree. In Subsection[5.1.3] we use the antichain of maximal
prunable nodes in a labeled tree to partition the node set of a labeled tree. We then use
this partition to define a map ®,,, : ’7;57,, — PT fz,v which generalizes the map ®3 py in

Example 5.1.2] Finally, we use ®,, to prove the identity

G= > wt(9)x’

SepTt

from (5.1.20f), completing the proof of Theorem m
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5.1.1 Distinguished triples and prunable nodes

Throughout this section, let us fix a labeled tree T € T,*. Let the nodes of T be vy, v, ..., v,
listed in inorder, as in Figure[d.1} After setting up some notation, we identify a special subset
of nodes of T" as “prunable”. This set of nodes will allow us to give a simple description of
the weights of a corresponding set of edges in 7.

Let the roof of T be the set of nodes of T" which can be reached from the root by either
traversing only left edges or traversing only right edges. Let the set of nodes which are not

in the roof be the attic.

Definition 5.1.3. Let v; € Nodes(T) be a node in the attic of T'.

o If v; is the left child of v; for some k£ > j, let i be the greatest index smaller than j
such that v; is an ancestor of v;. Define the distinguished triple corresponding to v; to

be (v;, v;,vx), and define the distinguished ancestor of v; to be v; = da(v;).

o If v; is the right child of v; for some ¢ < j, let k be the smallest index greater than j
such that vy, is an ancestor of v;. Define the distinguished triple of v; to be (v;, v}, vg),

and define the distinguished ancestor of v; to be v, = da(v;).

Observe that if v; € Nodes(7') is in the attic of T, then its distinguished ancestor always
exists. Indeed, assuming v; is the left child of v; for some k > j, if there exists no i < j
such that v; is an ancestor of v;, then v; must be in the roof of 7', a contradiction, hence the
distinguished ancestor of v; exists. Similar reasoning holds when v; is the right child of v;
for some ¢ < j. See Figure for a schematic diagram of the two cases in Definition [5.1.3]
where the blue triangles indicate arbitrary subtrees of 7.

We call the unique path from v; to da(v;), including both v; and da(v;), the distinguished
path of the node v;. Figure shows a tree T" with its roof and attic highlighted, with a list
of the distinguished triples for each v; in the attic of T'.

Observe that in each case of Definition [5.1.3] we have ¢ < j < k. Furthermore, v; has a
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Figure 5.6: A schematic diagram for distinguished triples (v;, v;, v).

right edge e, and vy has a left edge f. Further observe that
Nodes(T,;) = {vn : i+1<h<k-1} (5.1.27)

where T, is the subtree of T" consisting of v; and all of its descendants. Indeed, it can be seen
from Figure that ¢ is maximum such that 7 < j and v; is not in T, and & is minimum
such that k > j and vy is not in T,

Next we prove a lemma relating the canopy of T to distinguished ancestors. Recall from
Definition that can(7") is the word on {U, D} whose jth letter is a D if and only if v,
has a right child.

Lemma 5.1.4. Consider a node v; in T for j <n — 1. Then the following hold.

(a) Suppose the jth letter of can(T) is a U. Then either v; is the left child of vjiq1, or v; is

in the attic and vy = da(v;).

b) Suppose the jth letter of can(T') is a D. Then either v;y1 is the right child of v;, or viiq
j j j

is in the attic and v; = da(vj41).

Proof. If the jth letter of can(T) is a U, then v; does not have a right child. Therefore, v,

must be an ancestor of v;. In this case, v; cannot be the root, so v; must have a parent. If v,
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Figure 5.7: On the left, a tree T' € Ti¢ with its roof and attic highlighted. On the right, a
table listing the distinguished triples (v;, v, vy), where in each row the distinguished
ancestor of the node v; is starred.

is the left child of a node, then v;;; must be its parent by the definition of inorder and the
fact that v; has no right child. In this case, the condition in (a) is satisfied, so we can assume
that v; is the right child of some node. By the definition of inorder and the fact that v, is
its ancestor, v; must be in the attic. By Definition [5.1.3| da(v;) = vy for the minimal k > j
such that v; is an ancestor of v;. Since v;4; is an ancestor of v;, then we have j + 1 = k.
Hence, v;41 = da(v;). This concludes the proof of part (a). The proof of part (b) follows
similarly. [

The reader may verify the claim in Lemma in the case of the tree in Figure
whose canopy equals UUDUDUUUDDDDUUD.

Definition 5.1.5. Given v; in the attic of 7', let (v;,v;,vy) be its distinguished triple. We

call the node v; life-sustaining if and only if one of the following criteria holds:

(S1) The node v, is a left child, and

sort(vivivg) e {132,312, 321}.
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(S2) The node v; is a right child, and

sort(vjviuy) € {123,213, 231}.

If v; is in the attic of T and it is not life-sustaining, we call it prunable.

See Figure for a summary of the six cases where v; is life-sustaining and Figure
for a summary of the six cases where v; is prunable. Observe that if 7" is a labeled tree on
3 nodes with can(7") = DU, then vy is life-sustaining if and only if the standardization of
T appears in either rows 1 or 3 of Figure . These are exactly the cases where @3 py (7T')
consists of a single lattice path in Example On the other hand, vy is prunable if and
only if the standardization of T appears in either rows 2 or 4 of Figure These are exactly
the cases where @3 piy(T) is a path-tree sequence of length 3 in Example m

v; =da(v;) v, =da(v;) v, =da(vy) v =da(vj) vp =da(v;) v, =da(v))
N 3., 3 3 3 1
N N N, / /
2/ 2/ 1/ \1 \2 \2
f (Y f v f v (% € (% € (% €
3/ ' 1/ ' 2/ k \2 \1 \3
Uj vj vj vj U Uy

Figure 5.8: The six cases where v; is life-sustaining.

Next we prove a lemma which identifies certain edge weights in the tree associated to
life-sustaining nodes. We then use it to prove Lemma [5.1.7] which identifies products of
edge weight of the form \p and Ap. Lemma, will help explain the appearance of the v,
weights in the definition of the weight of a path-tree sequence .

Lemma 5.1.6. Let v; be a node in the attic of T' such that all of the nodes in the distinguished
path of v; are life-sustaining nodes of T'. Let (v;,v;,v;) be the distinguished triple of v;, let
e be the right edge of v;, and let f be the left edge of vi,. Then the following hold.
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v; =da(v;) v, =da(v;) v, =da(v;) v =da(v;) v =da(vj) vr = da(v;)
D N 2 a7
3/ 3/ 1/ \1 \3 \3

f v f (% f v V; € V; € (% €

2/ ' 1/ ' 3/ ' \3 \1 \2

Uj 1}]' Uj Uj (& Uj

Figure 5.9: The six cases where v; is prunable.

(a) If v; is the left child of vy, then

pif vl <,
wt(e) = B

TN
pif v > v

(b) If v; is the right child of v;, then

pl

z'fvf <L,
wt(f) =

TN
A if vy > v

Proof. (a) The proof is by case analysis. First, suppose that the distinguished path of v,
consists of only nodes v;, v; and v;. Looking at Figure we see that if Sort(vafvﬁ) =
132, then v¢ is weakly smaller than both vf and vi. Therefore, we are in the case where
vf < vf, and wt(e) = wt(v;v) = p. On the other hand, if sort(vjvivy) € {312,321}, then
v! is strictly greater than both vf and vi. Therefore, we are in the case where v > Uf,

and wt(e) = wt(v;ug) = p.

Now, suppose that the distinguished path of v; consists of more than three nodes. Since
all of the nodes along the distinguished path are life-sustaining, there are only two cases.

Either v¢ is weakly smaller than all of the other labels along the distinguished path, or
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v! is strictly greater than all of the other labels along the distinguished path. In the first

0

case, v} < vf and wt(e) = p. In the second case, v}

%

> vf and wt(e) = p.

(b) A similar case analysis shows that either v is weakly greater than all of the other labels
along the distinguished path of v;, or v} is strictly smaller than all of the other labels

along the distinguished path. In the first case, vf < vf and wt(f) = A. In the second

case, vt > vy, and wt(f) = . O

Lemma 5.1.7. Let v; be a node in the attic of T'. Suppose that v; is prunable and that all
other nodes in the distinguished path of v; are life-sustaining. Let (v;,v;,vs) be the distin-

quished triple of vj, let e be the right edge of v;, and let f be the left edge of vi. Then

Ao if vl <o,
wt(e)wt(f) = : (5.1.28)
Ao if vl > vl

Proof. Tt suffices to show that

f

pif v <vp,

wt(e) = < (5.1.29)
[/ if vf > v,
(_

A ifof <ol

wt(f) = < (5.1.30)

ol o ol
K)\ it v; > v;.

First, suppose v; is the left child of vg, and let v; = da(v;). If the distinguished path of v,
consists of only the nodes v;, v; and vy, then vy is the right child of v;. Therefore, e = v;vy,
so wt(e) = wt(v;vg), and holds. Otherwise, vy is in the attic of 7', and v; = da(vy).
By hypothesis, we know that every node on the distinguished path of vy is life-sustaining.
Therefore, applying Lemma [5.1.6a) to the distinguished path of vy, we have that
continues to hold.

Since v, is the left child of vy, then (5.1.30) follows from a case analysis. Indeed, looking
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at Figure 5.9] then v} < vf exactly when sort(v/vivy) € {213,123}, In both of these cases we
have that v < vf, which means exactly that wt(f) = wt(vjvr) = A, so (5.1.30) holds. On

14

the other hand, v{ > vj exactly when sort(vjvivy) = 231. In this case, we have v} > v,

> v, SO
(5.1.30)) continues to hold.

This concludes our proof of the lemma in the case when v; is the left child of v,. The
case when v; is the right child of v; follows by a similar application of Lemma m(b) and

a case analysis. ]

Lemma 5.1.8. Consider a node v; in T for j < n — 1. Suppose v; and all its ancestors of

v; are life-sustaining. Then the following hold.

(a) If the jth letter of can(T') is a U, then vji1 has a left edge which has the same weight

and orientation as a U step in a lattice path labeled U] g+1

(b) If the jth letter of can(T) is a D, then v; has a right edge which has the same weight

and orientation as a D step in a lattice path labeled v ]H

Proof. If the jth letter of can(T") is a U, then by Lemma [5.1.4(a), either v; is the left child
of vj41, or v; is in the attic and vj11 = da(v;). In the first case, simply observe that the left

edge v;v;11 has the same weight and orientation as a U step labeled vtv In the second

J _]+1

case, apply Lemma m ) where k = j + 1 and f is the left edge of v;+;. Then we have

A if ol <ol
wt(f) = s (5.1.31)

A 1fv >v]+1,

which is exactly the weight of a U step labeled with v v’ ,. This concludes the proof of part

J+1-

(a). Part (b) follows from a similar application of Lemmal5.1.4[b) and Lemma 5.1.6|(a) using
the edge labeled e. O
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5.1.2  Partition of a tree

Throughout this subsection, let us continue to fix a labeled tree T' € T.*. Let the nodes of T
be v1,vs, ..., v, listed in inorder. Let us define some notation which we use throughout the

rest of Section [B5.11

Definition 5.1.9. Let T' € 7,, and let A = {v;,,vj,,...,v;,,} be an antichain under the
partial ordering <r of nodes in the attic such that j; < jo < -+ < j,,. For each 1 < h < m,

define the following notation.

o Let T}, be the subtree of T' consisting of v;, and all of its descendants.

o Let (v;,,v;,,vx,) be the distinguished triple of the node vj, .

Let e;, be the right edge of v;,, and let f;, be the left edge of vy, .

Let kg == 1 and 2,,,41 == n.

Let w® be the word on {U, D} given by traversing the nodes in the interval [vy, , v;, )

of T' in inorder and recording a D if the node has a right child, and a U otherwise.

Observe that 1, < 7, < kp < 141 for all h. Indeed, let v, be the lowest common ancestor
of v;, and vj,,,. Then we have j, < m < jn41 by the definition of inorder. Hence, by the
definition of kj, and ij,,1, we have k, < m < i,41. Therefore, we have partitioned the set [n]

into a disjoint union of intervals,
[1,01] wliy + 1k — 1w [kyydo) wew [kt i) W [ + 1k — 1w [k, 0] (5.1.32)

Further observe that [i, + 1,k, — 1] = {p : v, € Nodes(7})} by (5.1.27)).

Lemma 5.1.10. Let T € T, and let A = {vj,,v),,...,vj, } be an antichain in the attic such

that j1 < jo < -+ < jm. Using the notation in Definition [5.1.9, the canopy of T is equal to
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Figure 5.10: A tree T € Tig with canopy DUDUUUDUU DU DUU D, partitioned using the
antichain {vy, vy, v12}.

the following concatenation
can(T) = w® (D can(71) U) w® - - - w™ Y (D can(T},) U) w™. (5.1.33)

Proof. Recalling the definition of the canopy of a tree, Definition 4.1.1] we label each node
in Nodes(T')\{v,} with a D if it has a right child, or with a U if it does not have a right child.
Recall the partitioning of the set [n], which corresponds to a partition of the nodes of
T, where the interval [i, + 1, k, — 1] corresponds to the set of nodes of T},. By Definition ,

we have that w™ is the word read from the labels of the nodes in [vy, ) in inorder. For

Vijyi
h < m, the node v;, has a right edge, so it is labeled with a D. Let t;, be the final node of
T, in inorder. Then the word read from the labels of the nodes in Nodes(7),)\{t,} in inorder
is exactly can(T}). Since t5, is the last node of T}, in inorder, it does not have a right child,
so it is labeled with a U. By definition, can(7T’) is the word read from the labels of the nodes

in Nodes(T)\{v,} in inorder, which is exactly the right-hand side of (5.1.33]). O

Figure shows a binary tree T', together with a choice of antichain {v;,, v;,,v;,}. Each
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blue striped region corresponds to an interval of nodes [vy, , v5, . ], and each solid green region

corresponds to a subtree 7},. In this case, we have

can(T) = ()(DU)()(DU)({UUDUU)(DUDUU)(D)
— DUDUUUDUUDUDUUD,

where can(7) = can(73) are the empty word and can(73) = UDU. The reader can check
that Lemma [5.1.10[(b) holds in this case.
Remark 5.1.11. Note that even though the subgraph formed by each interval [vy, , ] is

Vipgq

connected in Figure [5.10], these subgraphs may not be connected in general.

5.1.8  Construction of the map ®,,,

In this subsection, we define a map ®,,,, : 7;{1, — PT fw which extends the map @3, defined
in Example We then prove that it is a weight-preserving bijection and use it to prove

Theorem [4.0.3]

Definition 5.1.12. We define the map ®,,, : 7;{1, — ngfw as follows. Given T € 7;{1,, let
A ={v;,,v),,...,v;,.}, ordered so that j; < jo < --- < jn, be the subset of prunable nodes
of T which are maximal among prunable nodes under the partial order <7. By definition,
A is an antichain, and all of its elements are in the attic of T'. Recall the notation defined
in Definition [5.1.9]

Let v be the unique labeled lattice path whose steps are w,m = w® and whose inorder

reading word is in(v™) = vf vg, 40!, . Define

P, ,(T) = (V(O), T, y(l), o V(mfl), T, y(m)),

which lies in 277, , by Lemma 5.1.10

Figure shows a tree T with its prunable nodes highlighted in green. In this labeled
tree, we have A = {v9, vy, v12}. Figure shows the image of the tree T' under the map



157

\ \\US
fi N\ €2

v2 U4

T T T

Figure 5.11: A tree T € T}% whose prunable nodes are highlighted in green with
can(T) = DUDUUUDUUDUDUUD.

Figure 5.12: The image under ®,,, of the tree in Figure m

®,,,. The reader can check that for 7" in Figure and ®,,,(7) in Figure [5.12]

Wh(T) = NA°0%p° = AN pp(Apwi(T1))(Ap wi(To)) (Ao wh(T3)) = wt(@,.,,(T)),
in(T) = 3235461765768131 = in(®,,,(T)).

Lemma 5.1.13. For all T € T*

wys we have that wt(T) = wt(®,,(T)) and in(T) =
in(®,,(7)).

Proof. Definition [5.1.12] states that in(v™) = vf vf - -vj, - Therefore, the fact that



158

in(7T) = in(®,,, (7)) follows from the partition of [n] in (5.1.32).
Recall from (5.1.5)) that

wt(®p, (T)) = wt(v(®) ﬁ v W (T3) wt (™), (5.1.34)

h=1
where

Ap  if end(v D) < start(v W),
Th = (5.1.35)

Ao if end(v DY > start(vW)E.

Observe that vf, = end(v"~V)* and vj, = start(v")". Since v;, is maximal among prunable
nodes in T, then all ancestors of v;, are life-sustaining. Applying Lemma with 7 = i,

J=17Jn k="Fkn e=e,and f = fp, we have

Ap o if vl < Uﬁh,
wt(en)wt(fn) = < (5.1.36)

el ¢
Ap it v, >,

Ap if end(v D) < start(v M),

=< (5.1.37)
Ao if end(vP D) > start (v W)Y,
Let us define a map on the disjoint union of the sets of edges of the paths v,
A |_| Edges(v'™) — Edges(T)\ ( {en, fnt L Edges(Th))> (5.1.39)
h=0 h=1

with the property that wt(e) = wt(A(e)). Given e € Edges(v™), let its endpoints be the jth
and (j + 1)th nodes of S in inorder. First, suppose that e is a U step. Since v® is defined
so that w,m = w®, then the jth letter of can(T) is a U. It follows from Lemma M(a)

that v;41 has a left edge, which we then define to be A(e). Similarly, if e is a D step, then
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the jth letter of can(7") must be a D. It follows from Lemma [5.1.4(b) that v; must have a
right edge, which we then define to be A(e). By construction, we have that A is a bijection.

In the case that e is a U step, then by Lemma|5.1.8(a) we have wt(e) = wt(A(e)). In the
case that e is a D step, then by Lemma [5.1.§b) we have wt(e) = wt(A(e)). Therefore, A is

a weight-preserving bijection. Hence,

wt(®,,,(T)) = ﬁ wt(v™) ﬁ Yawt(T}) (5.1.40)
= ﬁwt(v(h)) ﬁWt(eh)Wt(fh)Wt(Th) (5.1.41)
= wt(7).0 (5.1.42)

Next, we prove that the map ®,,, is a bijection by constructing an inverse map. Our
inverse map to ®,,, involves an algorithm which is inspired by the Push-Gliding algorithm
of Préville-Ratelle and Viennot [69], which gives a bijection between binary trees and certain

pairs of lattice paths.

Define V¥, , : 27 fw — Tt as follows. Let
S =@ 1, W D )
be an element of 227 f;y. Define © to be the unique labeled lattice path such that
wp = w0 DU w,q) DU -+ DU w,,(m) (5.1.43)

and

in(9) = in(r?) root(71) in(rV) - - - in(v™Mroot (T, ) in(v™). (5.1.44)

For easy comparison with [69], we switch momentarily to drawing our lattice paths with
North and East steps instead of U and D steps, respectively. Similarly, we draw our trees

so that right edges are horizontal and left edges are vertical.
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Figure 5.13: The (-tree corresponding to the path-tree sequence in Figure m

Recall from Préville-Ratelle and Viennot [69] that an Q-tree T is defined to be a lattice
path with some binary trees rooted at some nodes of the path. Define the inorder traversal
of T by traversing the lattice path Southwest to Northeast, except that whenever a node is
reached which is the root of a binary tree, traverse the binary tree in inorder and continue
on with the rest of the path. If the highest node of T" is at height y = h, let R denote the
subset of points (x,y) on the integer lattice strictly above the lattice path with z > 0 and
y < h.

Iteratively construct a tree from © and the trees T}, as follows. Initialize the 2-tree T to
be the path © together with each tree T} rooted at the node of v labeled "Ufh. Identify the jth
node of T" in inorder with the jth node of S in inorder. Both nodes will simultaneously be
denoted by v;. Draw T in the plane with the first node inorder situated at the origin (0, 0)
in Cartesian coordinates. For example, if S is the element of 227 in Figure , then the
initial Q-tree T" and set of lattice points R are shown in Figure [5.13] At any step, we keep

track of an Q-tree T, all of whose nodes are labeled. Suppose root(7}) = v;, for each h.

If R is nonempty, let ¢ be the Eastern-most point of the bottom row of R. Let v;, v;
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and v be the nodes of the path which are immediately South, Southeast, and East of ¢,
respectively. We say the node v; of T' is prunable if v; = root(T}) for some T} and v; is

life-sustaining otherwise.

(C1) If v; is prunable and sort(vjvivy) € {132,312,321}, or if v; is life-sustaining and
sort(vfvivy) € {123,213,231}, then delete the edge vjvg, shift the part of T which is
weakly Northeast of the node vy 1 unit West, and draw a new edge between v; and the

new location of vi. Update the Q-tree T" accordingly.

(C2) If v; is prunable and sort(vivivy) € {123,213,231}, or if v; is life-sustaining and
sort(vivivy) € {132,312,321}, then delete the edge vyv;, shift the part of the Q-tree
which is weakly Northeast of the node v; 1 unit South, and create a new edge between

v; and the new location of v;. Update the (2-tree T" accordingly.

Repeat this procedure until the set R is empty. At the end of this algorithm, we obtain

a labeled plane binary tree T rooted at the Northwestern-most node.

Remark 5.1.14. This procedure of converting S into W, ,,(.5) is essentially a modified version
of the Push-Gliding algorithm of Préville-Ratelle and Viennot [69], where translating part
of the path West by 1 unit is a Glide operation and translating part of the path South by 1

unit is part of a Push operation.

Define the canopy of an Q-tree to be the word on {U, D} obtained by recording the U
and D steps of ¥ from left to right, except that whenever a node is reached which is the root
of a binary tree, we record the canopy of that binary tree and continue on with the rest of
the path. By (5.1.43), the canopy of the initial Q-tree is can(S). From [69], Push and Glide
operations preserve the canopy of the Q-tree T'. Define ¥,, ,(S) := T, which is in 2T f;,/.

Figure shows the construction of ¥, ,(S) where S = @, ,(T) shown in Figure [5.12]
and T is the labeled tree in Figure [5.11] Note that we do indeed reconstruct the original

tree in this example.



162

o

|
|
|

-
|
|
|

-
I
|

Figure 5.14: The inverse bijection ¥, , applied to the path-tree sequence S from

Figure [5.12]

Note that throughout this procedure, we need to avoid creating cycles when drawing 7T'.
Therefore, some of the edge lengths may have to be drawn lengthened in order to avoid

collisions in the grid (see the footnote at the bottom of [69, page 5230]).
Lemma 5.1.15. The map ®,,, is a bijection.

Proof. The choice of either applying (C1) or (C2) at each step guarantees that the node v;,

of the tree U, ,(S) is prunable and that it is maximal among prunable nodes in W, ,(.5).

Therefore, the subtrees in the path-tree sequence ®,, ,(V,,,(S)) will be exactly T1,...,Tp,.
From [69], Push and Glide operations preserve the canopy and inorder reading word of an

(-tree. Therefore, the sequences of U and D steps in the m + 1 lattice paths of @, ,(¥,, ,(5))
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must be w0y, w,q), ..., w,m), respectively. It is easy to see that their inorder reading words
are in(v),in(vM), ... in(v™), respectively, so the lattice paths of ®,, (¥, ,(S)) must be
v© . v, Therefore, ®,, (¥, ,(S)) = S so ®,, is surjective.

Given an integer n, a word w € Z%,, and a sequence v € {U, D}"7 !, let 7;{”@ be the

subset of T,(,, of trees with inorder reading word w, and let 27 ¢ . be the subset of 27 fw

n,V,W

with inorder reading word w. Observe that ®,,, maps 7%, surjectively onto 227 fuv,w by

n,v,w

Furthermore, observe that 7., is in bijection

n,V,W

the argument above, so [T,¢, | = |27,

vl
with the set of unlabeled trees on n nodes with canopy v. Similarly, the set 27 fm,’w is in
bijection with unlabeled path-tree sequences on n nodes with canopy v.

A simple generating function argument shows that the number of unlabeled path-tree se-
quences on n nodes is |7,| = Cat,, the nth Catalan number. Indeed, the ordinary generating

function for unlabeled path-tree sequences is given by

2 (1 _:sz)Hl C(z)' = 1—2xix0(x)' (5.1.45)

=1

Recall from Subsection that C(z) = >,o4
relation C' = x(1 + C)?. This relation implies in turn that the right hand side of ([5.1.45)

Cat,z" and that C' := C(x) satisfies the

equals C. Therefore, for fixed n and w we have
Cat, = |Tul = DT 00l = D127, ] = Cats. (5.1.46)

Hence, the inequality in (5.1.46)) must be an equality, and in fact each inequality |7:f’l,’w| =

| 2T,
L

n,V,w)

27" .| must be an equality, so |T;*

n,v,w n,V,w‘ - RAT) ’ .

Since ®,,, maps T, , surjectively onto LT and these two sets have the same

n,V,w

cardinality, then ®,,, must restrict to a bijection between 7,  and 2T ¢ As we run

n,V,W n,v,w*

over w, the sets 7;{1,@ and 27*¢  partition the domain and codomain, respectively, of the

n,v,w

map ®,, . Therefore, ®,,, is a bijection. O

Proof 2 of Theorem[{.0.5 By Lemmas |5.1.13| and |5.1.15|, we have that ®,,, : 7,/

n,v

- t@ﬂﬁju
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is a bijection such that wt(7T") = wt(®,,,(7")) and in(T") = in(P,, ,(T")). Therefore,

Dwt(T)xT =D Y Y wh( @, (T))x ) (5.1.47)

TeT? nz1ve{U,D}"~1 TeTt ,
= > wi(9)x® (5.1.48)
SepT*
= > DG+ A+ )" MG+ A+ p) O, (5.1.49)
n=1 akEn
where the last equality holds by Lemma [5.1.1] [

In addition to proving Theorem [4.0.3] the same proof allows us to obtain a noncommu-
tative version of Theorem [.0.3]

5.1.4  Noncommutative version

Let x = {X1,Xs,...} be a set of noncommutating variables. Given a word w = wy ... w, €
7", define the noncommutative monomial x,, to be x,,, ...x,,,. Let

G = G(X;j\a)‘7ﬁ7 p) = Z Z Wt(T)XinT-

n=1TeTt

Let s and t be parameters which do not commute with the x;. For w € Z%,,

let x,(s,t) be
the extended noncommutative monomial given by inserting s between x,, and x,,,, in the
monomial x,, for each ascent w; < w;;; and inserting t for each descent w; > w;,1. For
instance, if w = 21131, then x,(s,t) = Xotx;5x15X3tx;.

As a corollary of Proof 2 of Theorem we obtain the following noncommutative

analogue of the functional equation in Theorem [4.0.3]

Corollary 5.1.16. We have the following functional equation in terms of substitutions into

the extended noncommutative monomials,

G= ) xuMG+A+p G +A+p)

+
wezZ_
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5.2 Proofs of Theorem and Theorem

In this section, we use the weight-preserving bijection defined in Definition to prove
Theorem [£.0.6l We then show how Theorem [4.0.4] follows from Theorem 0.6

Our key tool in this section is a weight-preserving surjective map ©,,, from L7 fw onto
mNC*(n,v) with the following crucial property: The preimage of 7* € mNC*(n, ) consists
of certain S € 27 fw/ such that the sum over the monomials x* is a product of ribbon Schur
functions. The map ©,,,, is defined recursively. Informally put, all nodes that belong to paths
in a path-tree sequence S contribute the block B; in our augmented interlacing partition 7*.
Furthermore, individual paths in S correspond to sub-blocks in B; that are maximal under
connectedness by short arcs. The labels of the short arcs record the sequences of up and
down steps in individual paths. To determine the remaining blocks in 7%, we first apply @, .
for the appropriate n’ and v/ to each tree in S, and subsequently apply ©,,, to the resulting
path-tree sequence. In this manner we recursively compute all blocks in 7*. Finally, in view
of the definitions of weights of elements of 227 fw and mNC*(n, v), the choice of which nodes
get marked is essentially ‘forced” by our demand that ©,,,, be weight-preserving. With this
informal description serving as a crutch, we give precise details.

Given S = (VO Ty, ..., T, v™) € 2T

n,wo

let vq,...,v, be the nodes of S listed in
inorder. For 0 < h < m, let [k, in41] be the set of indices of nodes in v™ and [4j, + 1, k;, — 1]
be the set of indices of nodes in T},

Define a map ©,,,, : szfw — mNC*(n, v) recursively as follows. If n = 1, define ©;

to be the map which sends each sequence (%)) consisting of a single labeled node to the
¢

n,v)

unique augmented interlacing partition on a single node. Now, given n > 1 and S € 27

define the arc diagram of an augmented interlacing partition as follows.

1. Initialize a set of nodes w4, ..., u,, and draw arcs so that all of the nodes w, with

pe[l,i] w ki, iz] u - w[kny,n] are in the single block Bj.

2. For 0 < h < m and p € [ky,ip11), observe that v,v,,; is an edge e of v™). If e is an up
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Uu U D U U U D
/\/\/\(9/\

@ O
Uy U2 U3 U4 U U U7 U U9 U U1 U2 U3 U4 U5 Ul

Figure 5.15: The augmented interlacing partition ©,,,(S) for S in Figure m

step, then label the short arc w,u,+1 drawn in step (1) with a U. Otherwise, label the

short arc upu,,1 with a D. In addition, if v} > v

»+1, then mark the node .

3. For 1 < h < m, mark the node v;, if and only if Ufh > vﬁh.

4. For 1 < h < m, let n, = |Nodes(7},)| and v, = can(7T},). Recursively construct
the augmented interlacing partition 7} = O, 1, (Pn, ., (1)) on the set of nodes
Ujp,+15 Uip 425 - -+ 5 Uky—1-

5. Define ©,,,(S) = By/n¥/--- /mk,, i.e. the augmented interlacing partition whose blocks

*
m-

are B; together with the blocks in 7f,... 7

For the path-tree sequence S in Figure m, its image ©,,,(S5) is shown in Figure m

Lemma 5.2.1. We have that ©,,, is a well-defined map to mNC*(n,v) which is weight-

preserving and surjective.

Proof. We prove that O, , is well-defined, weight-preserving, and surjective by induction on
n. The n = 1 case of each part is trivial, because in this case the only element of 27 fw
is a path-tree sequence (1)) consisting of a single node, which maps to the augmented
interlacing partition consisting of a single node. Let us assume by way of induction that the
lemma holds for all n < N and all » and S.

To show Oy, is well-defined, we must show w(Oy,(S)) = can(S) for all S =
(O Ty, T, ™) € @yf\,’y. Let the nodes of S be vq,...,vy listed in inorder, let

ny = |Nodes(T})|, and let v, = can(7},). By our inductive hypothesis, we have

w(@nhﬂfh(q)nhﬂ/h (Th))) = Can((I)nhvVh(Th)) = Can(Th)' (5'2'1)
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Letting B; be the block of O, (.5), partition By into blocks Cy, C1, ..., C, that are maximal
under connected by short arcs. Then w(C;) = w, for 0 < i < m by step (2) of the definition
of On,,. Therefore, by the definition of w(Oy,(9)), see ([£.3.7), and the definition of can(S),
see (5.1.7)), we have w(Oy,,(5)) = can(9).

To show Oy, is weight-preserving, we must show wt(Ony,(S)) = wt(S) for all S €

PT fvvy. Using the same notation as above, by our inductive hypothesis we have

Wt<@nhﬂ/h(q)nh7vh (Th))) = Wt((I)nhWh(Th)) = Wt<Th)' (5'2'2)

Recall the definition of wt(6,,,(S5)), see ([1.3.6)). Observe that by step (2) of the construction
of Oy, the number of unmarked steppers whose short arc is labeled U in C; is equal to the
number of up steps in ¥ which form a descent. Similar equalities hold for the three other
types of steppers. Furthermore, the contribution of the marked and unmarked jumpers
to wt(0,,(S5)) is equal to the contribution of the 7; to wt(S) by step (3). From these
observations together with (5.2.2)), we conclude wt(Oy,(5)) = wt(S).

To show Oy, is surjective, let 7 € mNC*(V,v) an augmented interlacing partition on
nodes uy,...,uy. Letting B; be the part of 7* containing u; and uy, partition B; into
blocks Cy, ..., C,, that are maximal under connectedness by short arcs, and let 7} be the
augmented interlacing partition induced by 7* on the nodes u; for j € (max(Cj,_1), min(Cy)).
By our inductive hypothesis, we have ©,,, ,, is surjective, where n;, is the number of nodes
of m} and v, = w(wy). Hence, there exists S such that ©,, ,, (S,) = 7. For 0 < i < m,
let v be the unlabeled lattice path on |C;] many nodes such that w,u is given by the
labels of the short arcs in C;. Furthermore, label the nodes of the v so that if we define
S=@O 0! (S1),...., 9.1, (Sn),v™), then steps (2) and (3) would give us the marking
of 7 back under applying ©,, .. Finally, by step (4) we see that S has been chosen exactly so
that we recover the 7. Hence, we have Oy, (5) = 7*, so Oy, is surjective, which completes

the induction. O

The reader can verify that for the path-tree sequence S in Figure and ©,,,(5) in
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Figure , we have wt(0,,,(9)) = AM*pp(Ap)2(Ap)? = wt(9).

Proof of Theorem [{.0.6, By Lemma [5.2.1], we have

Gow = Y. wH(T)x" (5.2.3)

9
TeTY,

= > wi(9)x® (5.2.4)

Se27! ,

= ) wt(0,,(9)x° (5.2.5)

Sex7t ,

= D wi(@) D x° (5.2.6)
m*emNC* (n,v) SeO, % (%)
where (5.2.4) follows from the fact that ®,,, is a weight-preserving bijection.
It remains to show that for an augmented interlacing partition 7* = By/.../By €

mNC(n, v), we have

Z X% = o) Te(B) - - - Te(By)- (5.2.7)

SeOn L (%)
We prove this by induction on n. The case of n = 1 is immediate since G, g = r1. Let n > 1,
and let 7* € mNC*(n,v). Letting B; be the block of 7* containing 1 and n, decompose
By into blocks Cy, ..., (), maximal under connectedness by short arcs, as in . Let
7y, ..., m, be the induced augmented interlacing partitions on the remaining nodes. Let
ny, be the number of nodes in 7}, and let v, = w(nw}). Then S = (VO Ty,...,T,,,v™) €

0,1 (7*) if and only if

n,v

(a) The word obtained by concatenating the inorder reading words of v(?), ... v(™ has strict
descents in positions corresponding to marked nodes of Cy, ..., C,, and weak ascents in

positions corresponding to unmarked nodes,

(b) For 0 < h < m, w,m is equal to the word read from the labeling of the short arcs
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connecting the nodes in C},

(c) For 1 < h < m, we have &, ,, (T)) € O, (7}).

NhyVh

For fixed 7*, the steps of v are determined by (b). If Ty,...,T,, are fixed trees which
satisfy (c), then by (a) and the definition of ¢(By) in Section we have that

Z XM xin@ ) i) Te(B1) (5.2.8)
S

where the sum is over all § = (VO Ty, ..., T,,,v(™) € O, (7*).

Finally, by (5.2.8) and our induction hypothesis applied to each 7}, we have

Z x = re(p) H Z x' (5.2.9)

S€O5 (%) =1 \The®np v, (Onp v, (1))

= ro) ﬁ X% (5.2.10)

h=1 \Speon} 1, (xf)

= Te(B1)Te(Bs) - - - Te(By)> (5.2.11)

which completes the proof. O

Proof of Theorem[{.0.4} We have G, = 3} pyn-1Gnp. Furthermore, for each m €
mNC(n), summing over all augmented interlacing partitions 7* whose underlying element of

mNC(n) is 7, we get

Z Wt(?‘r*) _ Z /_\S&U(W*))\SdU(W*)ﬁsaD(ﬂ*)deD(ﬁ*)(Xﬁ)ja(w*)()\p) jd(m*) (5‘2‘12)
— (R )M (A ) (Rl (1)) (5.2.13)
= wt(m). (5.2.14)

The result follows by summing both sides of (4.0.15)) over all v € {U, D} O
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