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Abstract

On Selmer groups and factoring p-adic L-functions

Bharathwaj Palvannan

Chair of the Supervisory Committee:
Professor Ralph Greenberg
Department of Mathematics

Samit Dasgupta has proved a formula factoring a certain restriction of a 3-variable
Rankin-Selberg p-adic L-function as a product of a 2-variable p-adic L-function related to
the adjoint representation of a Hida family and a Kubota-Leopoldt p-adic L-function. We
prove a result involving Selmer groups that along with Dasgupta’s result is consistent with
the main conjectures associated to the 4-dimensional representation (to which the 3-variable
p-adic L-function is associated), the 3-dimensional representation (to which the 2-variable
p-adic L-function is associated) and the 1-dimensional representation (to which the Kubota-
Leopoldt p-adic L-function is associated). Under certain additional hypotheses, we indicate
how one can use work of Urban to deduce main conjectures for the 3-dimensional represen-

tation and the 4-dimensional representation.

Dasgupta’s method of proof is based on an earlier work of Gross in 1980. Gross’s work
involved factoring a certain restriction of a 2-variable p-adic L-function associated to an imag-
inary quadratic field (constructed by Katz) into a product of two Kubota-Leopoldt p-adic
L-functions. In 1982, Greenberg proved the corresponding result on the algebraic side involv-
ing classical Iwasawa modules, as predicted by the main conjectures for imaginary quadratic
fields and Q. Our methods are inspired by this work of Greenberg. One key technical input

to our methods is studying the behavior of Selmer groups under specialization.
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Chapter 1
INTRODUCTION

Over the years, algebraic number theory has profited enormously from studying vari-
ous aspects related to Galois representations coming from geometry. One philosophy, that
appears ubiquitously, while studying Galois representations coming from geometry, is that
invariants defined via analytic objects can be linked to those defined via algebraic objects.

The topics of the thesis involve Hida theory and Iwasawa theory. The results of this thesis
also appear in the article [3I]. In Iwasawa theory for Galois deformations, one considers a

Galois representation
0: Gal(Q/Q) — GL4(R),

satisfying a condition called the Panchiskin condition (a certain “ordinariness” assumption).
Here, the ring R is a finite integral extension of Z,[[11,...,T,]] and is also an integrally
closed domain. The outstanding conjecture in this setup, formulated in [9], relates p-adic
L-functions on the analytic side to Selmer groups on the algebraic side. In literature, this
conjecture is often referred to as the “Main Conjecture” of Iwasawa theory. The main goal
of the thesis is to provide evidence to this conjecture.

Galois deformation theory - as indicated by its key role in proving Fermat’s Last theorem
- illustrates that it is quite fruitful to study arithmetic data in families. One rich source of
deformations comes from Hida theory and it is in the context of Hida theory that this thesis
primarily studies Selmer groups.

To further motivate the discussion on Selmer groups, let’s consider an elliptic curve over
Q with good ordinary reduction at p. It will be helpful to keep this example in mind since it
highlights the Panchiskin condition. It is possible to give a description of the p-primary part
of the Selmer group entirely in terms of the p-adic representation p : Gal(Q/Q) — GLy(Z,)



given by the Tate-module of E. For ordinary elliptic curves, such a description is given in
[10]. It crucially relies on the fact that one has the short exact sequence of free Z,-modules

that is Gal(Q,/Q,)-equivariant :
0 — FilTT,(E) — T,(E) = T,(E) — 0. (1.1)

Here, T,,(E) and T,(E) are the p-adic Tate modules associated to E and its reduction E at
p respectively. Fil™T,(E) is defined to be the kernel of the reduction map T,(E) — T,(E).



Chapter 2

MOTIVATION AND SUMMARY OF RESULTS
Motivation : Results of Gross and Greenberg

We briefly recall the factorization formula obtained by Gross involving p-adic L-functions
(J16]) and a corresponding result obtained by Greenberg ([7]) on the algebraic side. These re-
sults provided evidence for the main conjecture for imaginary quadratic fields (before Rubin’s
proof). Though the earlier formulations of the main conjecture involved classical Iwasawa
modules on the algebraic side, we will restate Greenberg’s results in terms of non-primitive
Selmer groups so that it will be helpful in placing Dasgupta’s factorization of primitive p-
adic L-functions and our results involving non-primitive Selmer groups in the context of
main conjectures. From the outset we would like to inform the reader that we will formu-
late the main conjectures throughout this paper in terms of primitive p-adic L-functions
and non-primitive Selmer groups. To relate our formulation to the formulation of the main
conjecture in [9] (that involves primitive p-adic L-functions and primitive Selmer groups) we
refer the reader to Section 5| In that section, we evaluate the difference in the divisors asso-
ciated to the non-primitive Selmer group and the primitive Selmer group. Let p > 5 be an
odd prime. We shall also fix algebraic closures Q, @p of Q, Q, respectively and embeddings
Q< @p and Q < C. Let O denote the ring of integers in a finite extension of Q,. We let
Xp : Gal(Q/Q) — Z denote the p-adic cyclotomic character.

Let K be an imaginary quadratic field where p splits and whose associated quadratic
character is given by ¢ : Gal(Q/Q) — {#1}. Let K. denote the composite of the Z,-
extensions of K. Let Q. and K, denote the cyclotomic extensions of Q and K respectively.

We have the following picture in mind:



oo Gg = Gal(@/Q), G == Cal(@/K)
KOO/ T = Gal(K/K)
dm\ K I:= Gal(Qu/Q) = Gal(Koo /K) =7,
F\@ %:Gx » D O[I)%, #:Gg—T < O[]

Let ¢ : Gg — O™ be a finite even continuous character. We shall denote the restriction of ¢
to G by ¥x. We shall introduce the three Galois representations that occur in the setup of
Gross’s factorization along with the (primitive) p-adic L-functions and the (non-primitive)
Selmer groups associated to them. We shall not make any attempt to precisely define these
objects. Note that the Selmer groups appearing in these main conjectures can be linked to
classical Iwasawa modules. See [13] for a description of the link.

(A) The 2-dimensional representation Ind% (v~ ') : Gg — GL, (O[[ﬁ]) The
main conjecture associated to this two dimensional representation (now known due to work

of [33]) predicts the following equality of ideals in O[[T]:

(his)(@gr) = Char (Sel™ . (@)). (MC-K)
Katz [23] has constructed a two-variable p-adic L-function 6y, 1 in Oc, [[T]]. Here Oc, is the
ring of integers in C,. And 71 is an element in O[T I that generates the ideal (Oprei-1)

in OCP[[f]]. The element hy, is an “error term” that keeps track of the local Euler factors
away from p. The characteristic ideal associated to the Pontryagin dual of the non-primitive
Selmer group in O[[T']] is denoted by Char (Sellz(;Q (xcF 1)(Q)v>.
(B) The even character ¢r~': Gg — GL1(O[[I]).
(C) The odd character vex™': Gg — GLi(O[[T]]).
The main conjectures associated to ¥x~' and Yer™!

ideals in O[[I']] (now known due to [27]):

predict the following equalities of

(1) (1) = Char (Sel 1 (Q)"), (hyen-1)(yepr) = Char (Sell, (@) . (MC-Q)



The p-adic L-functions 0,1 and 0.1, associated to x~! and ¢er™

, respectively are
in the fraction field of O[[I']] and their construction is essentially due to Kubota and Leopoldt
(J24]). Note that one can relate the p-adic L-function 6,..-1 associated to the odd charac-

ter to another p-adic L-function associated to the even character 1) ~!e™!

KXp- The elements
hyr—1 and hye,—1 are “error terms” that keep track of the local Euler factors away from p
and certain poles of the p-adic L-functions. The characteristic ideals in O[[']] associated
to Pontryagin duals of the non-primitive Selmer groups are denoted by Char <Selig,1 (@)V>

and Char (Sel’, ,(Q)).

The surjection I' — I' of Galois groups gives us ring maps O[[T']] — O[[[']] and Oc, [T]] —
Oc, [[I']]. Abusing notations, we shall denote all of these maps by 75 ;. We have the following

decomposition of Galois representations:
T © Ind% (1/1;(7%’1) =k @ er. (2.1)

Informally, one can think of the map m; as setting the “anti-cyclotomic” variable to equal
zero. As an interesting manifestation of the decomposition of Galois representations in (2.1)),
we have the following theorem due to Gross and unpublished work of Greenberg-Lundell-

Zhang (Gross only considers the case when the conductor of v is a power of p):
Theorem I (Gross, [16], Greenberg-Lundell-Zhang [14]). 721 (y,m-1) = Opr—10per—1-
Implicit in [7] is the following theorem on the algebraic side:

Theorem II (Greenberg, [7]). We have the following equality of ideals in O[[T']]:

Char (SeFo

Wgylolnd%(d)KE*l)(Q)V) = Char <Sel§271((@)v> - Char (Seligml((@)v> .
There is no main conjecture associated to the Galois representation g o Ind% (YRt
(it does not satisfy the “Panchiskin condition”). And so, one can ask the following question:

How are Theorem [[|and Theorem [[] related to the main conjectures MC-K|and MC-QF This

is answered by the following result of Greenberg, described in Pages 283 and 284 of [7]:



Theorem IIT (Greenberg, [7]). Suppose holds. We have the following equality of
ideals in O[[']]:

Char (el o (@) = (Mo (1)) - () (hgen ). (2.2)

Greenberg observed that if held, we would have had the following equality of ide-
als in O[[I']]:

Char (Selig,l(@)v> Char (Seligﬁ,l((@)v) = (Opet) Opent) (g ) gt ). (2.3)

Having assumed the validity of the main conjecture MC-K] equation (2.2)) along with The-
orem |[| and Theorem [[I| showed that equation also held true. It is in this manner that
Theorem [[T] ascertained that Theorem [[]and Theorem [ were completely consistent with the
various main conjectures. In our setup, Dasgupta’s factorization (Theorem (1)) is an analog
of Theorem [[, while Theorem [2| is an analog of Theorem [[I} Just as Theorem [[T]] was used
to relate Theorem [[| and Theorem [T to several main conjectures, we will use Theorem [3] to

relate Theorem [I| and Theorem [2] to several main conjectures.

Main results related to Dasgupta’s factorization

Let ' =% > a,(F)¢" € R][[¢]] be a Hida family. The ring R is an integrally closed local
domain and a finite integral extension of Z,[[z]], where = denotes the “weight variable” for F.
The ring R is the normalization of an irreducible component of Hida’s (ordinary, primitive)
Hecke algebra. The element a,(F') is a unit in the local ring R. Let ¥ be a finite set of primes
in Q containing p, co, all the primes dividing the level of F' and a non-archimedean prime
[ # p. Let g = ¥\ {p}. Let Gy equal Gal(Qg/Q), where Qy is the maximal extension of
Q unramified outside . Suppose F' satisfies the following hypotheses:

IRR The residual representation associated to F'is absolutely irreducible.

p-D1s The restriction of the residual representation to the decomposition subgroup at

p has non-scalar semi-simplification.



Let pr : Gy — GLy(R) be the Galois representation associated to F. Let Lg be the free
R-module of rank 2 on which Gy, acts to let us obtain pp. Without loss of generality, we shall
suppose that the ring O equals the integral closure of Z, in R. We let T" equal the completed
tensor product R®R. The completed tensor product is the co-product in the category of
complete semi-local Noetherian O-algebras (where the morphisms are continuous). The ring
T is a complete integrally closed local domain and a finite integral extension of Z[[x1, x2]],
where x; and x5 are identified with the “weight variables”. The completed tensor product T’
comes equipped with two natural maps iy : R — T and i3 : R — T. We have a 4-dimensional

Galois representation

PEF - Gg — GL4(T)

given by the action of Gy, on Homy (Lp ®;, T, Ly ®;, T'). We denote by Lpp this free T-
module of rank 4 on which Gy, acts to let us obtain pp p. We have anatural map 7pp : 7' — R
obtained by sending an elementary tensor a ®b to ab. Under this map, we have 7p p(z1) = 2
and 7 p(x9) = x. Informally, we can think of this map as setting the two “weight variables”

to equal each other. Composing ppp with mp r gives us the following Galois representation:

PE,F

TFFOPEF GZ — GL4(T) l) GL4(R>

We have the following decomposition of Galois representations:

Ia) 0
TEFOPRF = Ad”(pr) ® 1 : (2.4)
Trivial i fG
Action of Gx; Action of Gx; rivial action of Gx
on My (R) on the trace-zero matrices ~ °% the i?lce}\l/?r matrices
by conjugation via pp in M2(R) 2

by conjugation via pp

Consider a finite Dirichlet character y : Gx; — O*. To a Galois representation ¢ : Gy, —
GL4(R), we shall associate a d-dimensional Galois representation p®x ™! : Gy — GLg(R[[T]])
(which is related to the cyclotomic deformation of g). The Galois representation ¢ ® x~!
will be defined in Chapter [3] We shall introduce the Galois representations that appear in

Dasgupta’s factorization. Note that there are two numbers in the subscripts appearing in the

labels for the various Galois representations. The first number (in boldface) represents the



dimension of the Galois representation while the second number (not in boldface) is a num-
ber one less than the Krull dimension of the underlying ring over which the corresponding
Galois representation is defined. This second number is also often referred to as the number
of variables in the corresponding p-adic L-function. We would like to explicitly state that all
the p-adic L-functions mentioned here are primitive. We will formulate the main conjectures
relating primitive p-adic L-functions and non-primitive Selmer groups. In this paper, the
primitive Selmer groups are mentioned only in Section 3 (where they are defined) and Section
(where the differences in the divisors associated to the primitive and non-primitive Selmer
groups are calculated). We prefer working with non-primitive Selmer groups since it is quite

easier to establish that they satisfy better algebraic properties.

The 4-dimensional representation Let ps 3 : Gy, — GL4(T[[I']]) be the 4-dimensional
Galois representation given by prr(x) @ k', See [18] and [4] for the properties that the
primitive 3-variable p-adic L-function 643, associated to p4 3, satisfies. 43 is an element of
the fraction field of T[[I']]. For 643, we can vary two weight variables and one cyclotomic
variable. We can also associate a non-primitive Selmer group Sel?ﬁS(Q) to pa3.

The 3-dimensional representation We have the 3-dimensional trace-zero adjoint rep-
resentation Ad’(pr) : Gy — GL3(R). We let p3o = Ad°(pr)(x) ® k. See [19] and [4] for
the properties that the 2-variable primitive p-adic L-function 03 5, associated to ps o, satisfies.
For 03 5, we can vary one weight variable and one cyclotomic variable. We can also associate
a non-primtive Selmer group Seli?’2 (Q) to p3 2.

The 1-dimensional representation We let the Galois representation p;o : Gy —
GL;(R][[I']]) equal xx~*. We have a one variable p-adic L-function 6, ; (due to [24]) in the
fraction field of O[[I']]. We let 6,5 denote the image of #;; under the natural inclusion
O[[l']] = RJ[I']]. For 62, we can vary the cyclotomic variable while it is constant in the
weight variable. We can also associate a non-primitive Selmer group Sel>° (Q) to P1,2-

£1,2

nrp induces a map 7 : T[[I']] — R[[[']]. Equation (2.4)) gives us the following isomor-



phism:

T O pa3 = P32 D P12 (2.5)

1>
TOP4,3

We will also associate a non-primitive Selmer group Se (Q) to the Galois representation
7o pg3. The decomposition in (2.5 exhibits an interesting phenomenon involving p-adic
L-functions and Selmer groups. We have the following theorem due to Dasgupta (which was

originally conjectured by Citro [3]):
Theorem 1 (Dasgupta, [4]). 7(0s3) = 632012

The differences between non-primitive Selmer groups and primitive Selmer groups have
been studied systematically in Section 3 of [12]. For the cases we are interested in, these
differences can be evaluated explicitly (see Proposition [5.1)) in terms of certain local factors

at primes v € ¥y (which are given below).

Loc(v, pag) == H'(1,, Dy, )", Loc(v,m 0 pas) := H'(I,, Dropys)" ",

Loc(v, p32) == H'(1,, Dy, )", Loc(v,p1) == H'(I,, D, ).

Here, I, is the inertia subgroup inside Gal(Q,/Q,) and I', is defined to be the quotient

Gal(Q,/Q,)/1,. The discrete modules D D D,, , and Dre,, , associated to py3, p32,

p4a,39 p3,20 P12

p12 and 7 o pg 3 will be defined in Section [3| Let us label a hypothesis that we shall invoke
frequently.

Yo . .
AD-TOR Sel,y,(Q)" is a torsion R[[I']-module.

To a finitely generated torsion module over an integrally closed Noetherian local domain
or a non-zero element of its fraction field, we shall associate an element of the divisor group
following [9]. The Pontryagin dual of a ring R will be denoted by R while the Pontryagin
dual of a module M will be denoted by M.
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Theorem 2. The hypothesis|AD-TOR| holds if and only if Sel=2  (Q)Y is a torsion R[[I']]-

TOpP4,3

module. If [AD-TOR] holds, we have the following equality in the divisor group of R[[T']]

relating the non-primitive Selmer groups:
) ) . > . >
Div (,S’elm?p‘i,3 (Q)V) = Div (Selp;2 (Q)V) + Div <Selpf’2((@)v> .
We also have the following decomposition of local factors away from p:
Loc(v, 7o pa3) = Loc(v, p32) & Loc(v, p1.2), for allv € 3.

Remark 1. The difficulty in establishing Theorem [I] arises due to the fact that the ring homo-
morphism 7 lies outside the critical range for pg 3. That is, the p-adic L-function 04 3 satisfies
an “interpolation property” at various critical specializations ¢ € Homeon (T[[I']], Q,). And
for every such critical specialization, we have ker(mw) ¢ ker(¢). As a result, there is no main
conjecture associated to the Galois representation mo py 3 (it does not satisfy the “Panchiskin
condition”). This leads us to the following questions: How are Theorem [I| and Theorem
related to the main conjectures? And, what is the relationship between Selfgpw((@) and

7(043)? The purpose of proving Theorem [3]is to answer these questions and hence to ascer-

tain that Theorem (1| and Theorem [2| are completely consistent with the main conjectures for

Pa3, p3,2 and pyo.

Theorem 3. Sel>° (Q)V is a torsion R[[I']]-module if and only if the height one prime ideal

TOp4.3

ker(r) in T[[I']] does not belong to the support of Sel-* (Q)Y.

P4,3

Suppose Sel>° (Q)Y is a torsion R[[T)]-module. Also, suppose we have the following

TOpP4,3

(in)equality in the divisor group of T[[I']]:

Div(643) + Z Div(Loc(v, ps3)’) > Div (Selfﬁ?) (Q)V> — Div(H°(Gs,, D,,,)") . (ES)
vEY
Then, we have the following (in)equality in the divisor group of R[[T']]:

Div(m(bs3)) + Z Div (Loc(v, o pa3)") > Div (Selfgm’g(@)v) — Div (H°(Gs,, Dropyy)") - (2.6)
VEY
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Furthermore, if the divisor Div (SelEO (Q)V> — Div(H%(Gsx;, D,,,)") generates a torsion

04,3

element in the class group of T[[T']], then equality holds in if and only if equality holds
Remark 2. Though Theorem [3]is an analog of Theorem [[I1} it is slightly more difficult to
prove Theorem |3|since we allow the ring R to be fairly general. When the ring R is a regular
local ring, Theorem (3] is easier to prove. Another interesting point to note is that, if we
had results asserting the vanishing of the p-invariant for the Selmer group associated to the

cyclotomic deformation of twists of the adjoint representation of a cusp form, Theorem [3]

would be easier to prove. We, however, do not place these restrictions.
Relation to the main conjectures

We will recall the main conjectures stated in [9] but formulate it in terms of non-primitive
Selmer groups, the local factors at primes v € ¥y and the primitive p-adic L-function. Note
that the main conjecture is known for p; 5 due to work of [27]. We have the following equality
in the divisor group of R[[T']]:

Div (61,2) + Z Div (Loc(v, p1,2)") = Div (Sel?{’g(@)v> — Div (HO(GE, me)v) . (MC-p12)

VEY

First assume that holds. Proposition [5.1] will allow us to also write the main
conjectures for ps 3 and p3o in terms of non-primitive Selmer groups. The main conjecture
for pa s predicts the following equality in the divisor group of T'[[I']]:

Div (04,3) + » _ Div (Loc(v, pa3)”) ~ Div (seligg((@)v) —Div (H°(Gx, Dy, ,)") . (MC-py3)

vEY
The main conjecture for pss predicts the following equality in the divisor group of R[[I']]:

Div ((9372) + Z Div (LO(:(]/7 p372)V) 2 Div (Self}jso’2 (Q)V> — Div (HO(GE, Dpa,2)v) . (MC—p&g)

vEY

We expect to hold due to recent work of Lei-Loeffler-Zerbes [25] on Euler systems.
Suppose [ES] does hold. Combining Theorem [T, Theorem [2, Theorem [3] and we
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obtain the following (in)equality in the divisor group of R[[I']]:
Div (632) + Z Div (Loc(v, p32)") > Div (Seli(”2 (Q)v> — Div (HO(GZ, Dp3’2)v) .
VEE()
Under certain additional hypotheses mentioned in a work of Urban (Theorem 3.7 in [36]),
we have the following inequality in the divisor group of R][[I']]:

Div (f32) + Z Div (Loc(v, p32)¥) < Div (Selféf2 (Q)V) — Div (H°(Gs, Dy ,)") . (UR)

vEYQ
Let us grant ourselves the validity of [UR]too. Assuming[ES| and [UR] hold, we obtain the
main conjecture [MC-ps ol Further, if the divisor Div (Sel?4f3(@)v> — Div (H%Gs, D, ,)")

generates a torsion element in the class group of T'[[I']], we obtain the main conjecture

too.

Now assume [AD-TOR/ does not hold, i.e. Sel>° (Q)" has positive R[[T]]-rank. In this

P3,2

case, the main conjecture for ps, predicts that 3o = 0. The p-adic L-function 6; o, con-
structed by Kubota-Leopoldt, is not equal to zero. Due to a result of Iwasawa [22] (see also
Proposition 2.1 in [13]), Selfl(”2 (Q)Y is R[[I']]-torsion. These observations along with Theorem
[1} Theorem [2]and Theorem 3 are consistent with the main conjecture for py 3 in the following
way. On the analytic side, we have 7(fy3) = 0. On the algebraic side, one can assert that

the height one prime ideal ker(7) belongs to the support of Seliﬁg(@)v as a T[[I']]-module.

Remark 3. We would like to make a remark about the hypothesis AD-TOR] Let x be an
even character for this remark. In this case, there are results of Hida establishing [AD-TOR]
See Corollary 3.90 in [20]. Consider the odd character wy~t. We briefly indicate how one can
use the results of Hida to establish for the odd character wx ™! too. Let us assume
that [AD-TOR] holds for the even character x. One can use a control theorem to conclude
that Sel*®

Ad(pp) @K1
weight & > 2 (and in fact for all but possibly finitely many classical specializations). One

(Q)Y is Z,[[I']}-torsion for at least one classical specialization f of F' with

can then use a result of Greenberg (Theorem 2 in [§]) and a control theorem to conclude

that Seligo )(wx—l)@m—l((@)v is R][']]-torsion too.
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Remark 4. We only need the hypotheses [RR] and to ascertain that pp satisfies the
Panchiskin condition. Besides this, none of our proofs require these hypotheses. The reason
we include the auxillary prime number [ in 3 is to deduce Proposition |3.15( and Proposition
from Corollary 3.2.3 in [I2] and Proposition 4.2.1 in [6]. Although conjecturally the
divisor Div (Se1§4‘f3((@)v> — Div (H°(Gs, D,,,)") should be principal, none of our results

address this or even whether it generates a torsion element in the class group of T'[[I']].
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Chapter 3

GREENBERG’S RESULTS ON GALOIS COHOMOLOGY AND
SELMER GROUPS

The purpose of this chapter is to recall results from Greenberg’s foundational works
(JT1], [12] and [6]) on Galois cohomology groups and Selmer groups, pertinent to Iwasawa
theory. We shall mainly be interested in restating the results there in a manner useful to our

purposes.
The general setup

Let R be a finite integral extension of Z,[[us, ..., u,]] such that it is an integrally closed
domain. We shall associate a primitive Selmer group Sel,(Q) and a non-primitive Selmer
group Sel?o((@) to a Galois representation ¢ : Gy, — GL4(R) whose associated Galois lattice
(that is free over R) is given by £, and to which we can associate a short exact sequence of

free R-modules that is Gal(Q,/Q,)-equivariant.

L
0—Fil"L,— L, — Fil*gﬁ — 0. (Fil-p)
4

We shall call the short exact sequence as the filtration associated to p. We also
define the discrete modules D, and Fil*D, to equal £, @z R and Fil* L, ®r R respectively.

The (discrete) Selmer groups associated to g are defined below.

) 1 20 D, \"
Sel,°(Q) :=ker | H (Gx,D,) — H (Ip’ F11+D9> ,

S D, \'"
Sel,(Q) := ker (Hl(Gz,DL)) RENYE (Ip, Fil+gDQ> X H Loc(v, g)) )

VvEY

Here, Loc(v, 0) equals H'(1,,D,)"".
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Remark 5. Our choice of fonts in this paper will be guided by the following convention.
For results specifically pertaining to Dasgupta’s factorization, we will use a “normal” font
to denote the the corresponding Galois representations, rings, modules etc (e.g. p, R, L, D
etc). While describing results of a general kind, we will use a “curly” or “calligraphic” font

to denote the corresponding objects (e.g. 0, R, L, D etc).

We will also need to introduce the Galois representation o* : Gy — GL4(R) whose
associated lattice £ is defined by Homg (L, R(xp)). The discrete module D} associated
to o is given by L} ®z R. Using Greenberg’s terminology in [11], we observe that the

R-modules D, and Dj are R-cofree, and hence R-coreflexive and R-codivisible.

Cyclotomic deformations

We shall fix a topological generator vy of I' throughout the paper. There is a non-canonical

isomorphism R[[[']] = R[[s]], obtained by sending the topological generator v of I' to s + 1.
This allows us to view R|[[[']] as a finite integral extension of Z,[[u1, ..., u,,s]]. We shall
define a Galois representation o ® k! : Gy, — GL4(R][[']]), that is related to the cyclotomic
deformation of p. Cyclotomic deformations frequently arise in Iwasawa theory. The defor-

1

mation o ® k™' is given by the action of Gy, on L,g,-1 (defined below). We can associate

the following free R[[[']]-modules to ¢ ® k.

_ . . _ L ®RKk—1 £ _
Logr-1 =Ly @ R[[[](k71), Fil"Lyg,e-1 :=Fil" L, @ R[[T]|(x71), Fﬂfcg@,ﬁ = Fil+gﬁg @RI,
— — D -1 g —
Dygr-1 =L, @R[ (k™"), Fil'Dyg.-1 :=Fil" L, @ R[[T]](x 1), oo = Ko @ R[[T] (k™).

Fil' D, Fil'L,

All the tensor products given above are taken over the ring R. Note that the cyclotomic
deformation of ¢ (as defined in [9]) is given by the action of Gy, on £, ®% R[[I']](k). One can

form the primitive Selmer group Sel,g,—1(Q) and the non-primitive Selmer group Sel?én_l (Q)

corresponding to the filtration given below.

‘CQ@I{_I

iad LN} Fil-o @ 5!
Fil" £t (Fil-o® ™)

0 = FilT L g1 — Loygu-1 —
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To relate the discrete Galois modules D,g,.-1 and D,, we have the following isomorphism

(described in section 3 of [9]).

Dyses & Houe (R0, D, ). Diers = Home (R[N D;). (31

We will need to consider the R-linear involution ¢ : R[[I']] — R[[I']] obtained by sending
7 to 75 . Using the isomorphisms in (3.1)), we obtain the following proposition which is
described in Section 3 of [9].

Proposition 3.1. We have the following isomorphisms of R[[I']]-modules :

H°(Gs, Dygp1) = HY(Gal(Qs/Qoc), D), H*(Gs, Dygpn) = H(Gal(Qs/Qo0), D)
HO(GO’Z(@]}/QP)? DQ@R_l) = HO(ana DQ)7 HO(IZH DQ@H_l) = HO(L]vaQ)v
H°(Gal(Q,/Qy), Fil' D yg—1) = HY(G,,, Fil' D,), H°(I,, Fil' D g .—1) = HO(I,,, Fil'D,),

_ D, s, —1 D D1 D
H° [ Gal e )= (Gyy i |, HO Iy, o2 =~ HO (1, —~2— ).
( alQp/ Q). Fil"D g -1 " pirrp, )’ P Fil™D g 1 " piltD,
If we let v in Xy, we also have the isomorphism

H (Gal(@,/Qy), Do) = Inds, H (G, D,).

Here, for each v € ¥, we choose a single prime 1, in Q. lying above v. The decomposition
and inertia subgroups at m, are denoted by G,, and I,,. The quotient Gal(Q,/Q,)/G,,,
denoted by A, , is a subgroup of finite index inside I'.  The Pontryagin duals of all the

0% -cohomology groups appearing above are finitely generated over R.

Let d* denote the dimension of the +1 eigenspace for the action of complex conjugation

on p. Throughout this section, we shall assume that the following conditions hold.

(p—CRITICAL) Rankn[[p” (Fﬂ+£g®,{_1) =dt.

TOR The RI[T']]-module Sel ,.—1(Q)" is torsion.
(TOR) (7] o1 (Q)
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Remark 6. When o ® k™! satisfies an additional hypothesis (called the “Panchishkin condi-

tion”), one can associate (conjecturally) a p-adic L-function 6,5,.-1 and a main conjecture to

0@~ . The hypotheses [p-CRITICAL|and [TOR|come into play. See [9] for a precise descrip-

tion of the “Panchishkin condition”. The Galois representations py 3, p32 and p; o satisfy the
Panchishkin condition. The Galois representation 7 o ps3 does not satisfy the Panchishkin

condition.
Galois cohomology groups

We shall now proceed to describe the results of [I1] regarding Galois cohomology groups.
The proof of Proposition is essentially described in the proof of Proposition 3.2 of [9].
Let Q, » denote the cyclotomic extension of Q, and G,, denote the decomposition subgroup
of Gal(Q,/Q,.). Let 1, denote a prime in Qq, lying above v; let A, , a subgroup of T
denote the decomposition subgroup corresponding to n, lying above v. Note that both A,

and I' have p-cohomological dimension equal to 1. The key is to then notice that

H'(Gal(Qy,00/Qy), H (Gal(Q, /Qu), Dpzs1) ) = 0, H' (A, H(Gy,, Dygy1)) = 0.
Proposition 3.2. Let v € ¥y. The natural restriction map gives us an isomorphism
H'(Gal(@,/Q.), Dysn-1) = Loc(v, 0 ® k™). (32)
Both these groups are isomorphic to
Indy, H'(G,,,D,).

Corollary 3.3. Let v € Xy. The R[[[']]-module Loc(v,o ® 1) is finitely generated over
R. As a result, there exists a monic polynomial h(s) in R[s] such that h(vyy) annihilates

Loc(v, 0@ k™1)V.

Proof. Since A, is of finite index in I, it suffices to show that H*(G,,,D,)" is finitely

generated over R. This can be done by using results from local class field theory. The Galois
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group Gal(QY"/Q, ) is of profinite order prime to p. Here, Q,  is the cyclotomic extension

of @, and Q¥ is the maximal unramified extension of QQ,. This gives us the isomorphism.
HY(G,,,D,) = H*(Gal(Q}' /Que), H'(1,, Dy)).

To prove the corollary, it is enough to show that H'([,,D,)" is finitely generated over R.
Local class field theory lets us obtain a short exact sequence 0 — W, — [, — P, — 0
where W, is a profinite group of profinite order prime to p and P, is a profinite group that
is isomorphic to Z,. The action of W, factors through a finite group of order prime to p.

These observations let us obtain the following isomorphisms of R-modules:

H'(1,,D,) = H' (P,,H'(W,,D,)) = H" (P, (Dy)y.,) = (Dy),. -

v

Here, (D,),,, and (D,), denote the maximal quotient of D, on which W, and I, respectively

act trivially. The corollary follows. ]

Proposition can be deduced from the arguments given in Section 5 of [12]. The
arguments involved in the proof combine local duality, Proposition 3.10 in [I1] along with

Proposition [3.1}

Proposition 3.4. Let v € 5. The second cohomology group H*(Gal(Q,/Q,), Dygr-1) = 0.
If we let N equal D ,gp—1, Fil Dygr—1 or D’)L_ll, then H*(Gal(Q,/Q,),N) = 0.

FiltD g,

Now consider the prime p. The map

_ D,gr-1 Fp
ap: H'(Gll T,/ Q). Pus) = ' (I, W)

can be written as oy, = 0, 0 3,, where the maps 3, and o, are given below.

_ = Dygr-1
ﬁp : Hl(Gal(Qp/@p)7D9®ﬁ_l) — H! (Gal<Qp/Qp)7 FﬂJrgg@Hl) )

_ D o1 D, o—1 T
o, H' (Gal(Qp/@p),FL) — H' <I L) .

17D g1 P FilTD g1
Since H?(Gal(Q,/Q,),Fil*Dyg,-1) = 0, the map f3, is surjective. The inflation-restriction
exact sequence and the fact that I', has p-cohomological dimension 1 let us conclude that o,

is also surjective. Consequently, «,, is surjective too. This gives us the following lemma:
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Lemma 3.5. We have a short exact sequence 0 — ker(f,) — ker(a,) — ker(o,) — 0 and
the following isomorphism.:

Hl < DQ@N_l )Fp o~ H1<Gal<@p/(@p)a DQ@R_I) .

A =L
PP Rl D g ker(a,)

The Selmer group is defined as the kernel of a global-to-local map. In Greenberg’s
works ([I2] and [6]), the local factors are described as quotients of local cohomology groups
involving the decomposition subgroup. We prefer to describe the local factors in terms of
local cohomology groups involving the inertia subgroup. Proposition and Lemma [3.5] in
fact also provide a relationship between these descriptions.

To apply many of Greenberg’s results in [I2] and [6], a hypothesis called “Weak Leopoldt
conjecture” (sometimes also called “Hypothesis L) needs to be verified. The Weak Leopoldt
conjecture for o ® k! states that the Pontryagin dual of

I1? (Dygn-1) := ker (HQ(GZ, Dygr-1) — H H*(Gal(Q,/Q,), Dm_l))

veED

is R[[T]]-torsion. We will now show that the Weak Leopoldt conjecture for ¢ ® £~* holds
whenever the hypotheses [TOR] and [p-CRITICAL] hold.

Let i € {0,1,2}. Let us label the ranks of various cohomology groups.

‘ - . — D1 v
hz‘ = RankR[[pH (H1<G27 DQ®5*1)\/) ) hf’ = Ra’nkR[[FH (I—IZ (Gal(Qp/Qp)7 F11+£')§ ) ) !
o®K~1

" = Rankgyry (H (Gal(@,/Qp), Dose1)") . b := Rankgyry (H(Gal(@,/Q,), Dyzn-1)") -
Let v € ¥y. By Proposition , we obtain hg = hl)~ = h(()”) = 0. By Proposition m, we
obtain hép ) = b~ = hg’) = 0. These observations along with the formula for the global and

local Euler-Poincaré characteristics then give us the following equalities:
hy = (d—d") + hy.
WP = (d—d"), B =0.
hg = RankR[[pH (LH2 (’Dg@m—l)) .
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In fact, II? (Dygy-1) = H*(Gx, Dygr-1). Since o, is surjective, the quantity hi"" is greater

FP
than equal to the R[[[']]-rank of the Pontryagin dual of H* (Ip, Fﬂlzgg—”l) . As a result of

0@k~
the hypothesis [TOR] we obtain the following set of implications:

h1 4+ Rankgry (coker(g,g.-1)") <
— (d — d*) + hy + Rankgyy (coker(¢en1)”) < (d — d+),
— Rankgry (II? (Dyes-1)") + Rankgry (coker(¢pg,-1)") < 0,
— Rankg ) (I (D)) = Rankgry (coker(¢y.-1)") =

By Proposition 5.2.3 in [12], the R[[[']]-module H?(G's, D yg.-1)", which equals II1? (Dg,-1) ",

is torsion-free. And since coker(¢™® is a quotient of coker(¢,g.-1), we get the following

0®K™ )

proposition:

Proposition 3.6. The following statements hold whenever the hypotheses [TOR] and [p]
[CRITICAT] hold:

Vv
1. The R[[T]]-modules coker (¢ en-1)" and coker <¢§(§m,1> are torsion.

H? (G5, Dyg-1) = 0. As a result, the Weak Leopoldt conjecture for o ® k=" holds.
Cokernel of the map defining Selmer groups

We shall now proceed to describe the results of [12] concerning the cokernel of ¢,g,.-1. These
results allow us to analyze the difference between the primitive and the non-primitive Selmer

group. Using results from [12] and Proposition , we obtain the following result:

Proposition 3.7 (Proposition 2.3.1, Proposition 3.1.1 and Corollary 3.2.3 in [12]). Suppose

the hypotheses [TOR| and |p-CRITICAL| hold. The map (b?éﬁ_l defining the non-primitive

Selmer group is surjective. As a result, we have the short exact sequence

0 — Selygr-1(Q) — Sel?

on-1(Q) = H Loc(v, 0 ® k") — coker(¢pgn-1) — 0.

vEY
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For the map ¢,g,—1 defining the primitive Selmer group, we have the following relation:
coker (¢oen—1)’ C H' (G, Lig, 1) tor (3.3)

In addition, if ker(ay,) is a sub-module of the mazimal R[[I']]-divisible subgroup of the
local cohomology group H* (Gal(@p/(@p), DQ®F;1), we obtain isomorphism

coker(¢opn-1)" = H' (Gx, Lo, 1) tor

To investigate the R|[[[']]-torsion submodule of H'(Gs, £
by Hl (Gg, EZ@W
annihilator of H'(Gx, L1 )tor- We have

Z®H,1), which has been denoted

1 )tor, We will follow the arguments given in Section 2 of [12]. Let & be an

HI(GZ,LZ@W—I)tor = HI(GZM Z@m*l)[g]'

Note that local duality tells us that H°(Gal(Q,/Q,), L) = H?(Gal(Q,/Qy), Dygy-1) =

0. And so, H° (Gg, Z@n*) also equals zero. The short exact sequence

*
o®K~!

* E *
0= Loge1 = Loge—1 — T —0
then gives us the isomorphism
H' (Gs, Lygpn),, = H' (Gs, Lyg,1) [€] = HO (Gg, %) : (3.4)
okt

For the following lemmas, we will introduce one bit of notation. For every prime ideal p in

R[[I']], we let k, the fraction field of @.

Lemma 3.8. If H*(Gx, L*,, 1 ® ky) = 0 for all height one prime ideals p in R[[T]], then

0Bk
coker(¢ogr-1) = 0.
Proof. Consider the short exact sequence of free R|[[I']]-modules (with the trivial Gx-action)

0— RIC) — @ R — Z =0, (3.5)

ng

(&) npo—1 P
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R{LT]
©)

and where Z is a R[[[']] pseudo-null module. The integers n; are non-negative. After we

where the sum is taken over the height one prime ideals p; of R[[[']] in the support of

tensor the sequence (3.5) over R[[I']] with the Gx-module £, we can take Gs-invariants.

To prove the lemma it suffices to show that for every height one prime ideal p in R[[I']] and

HO (GZ £Z®5*1 ) ;
pn£2®ﬁ—1

Let us fix such a height one prime ideal p and a natural number n. Consider the tower of

every natural number n,

Gs-modules:

‘C:@“*l D) pﬁz(@ﬂq D...Dp" Z®H71.

The lemma would follow if we are able to show that

ox
H’ (Gz,]ﬁimg—f)“) 20, for0<i<n-—1.

o®K~1

Now let’s also fix an integer ¢ such that 0 <7 <n — 1. We have the following observations:

piﬁ* —1 i
. x . Jeldd ~ p *
e Since £}, 1 is a free R[[T]]-module, we have L (le) QR Logp-1-
e Since # is torsion-free over %, we have an inclusion Eﬂ—l — ky, for some integer g.

ik

. . p 1 9 .
As modules over Gy, we have the inclusion piﬂ% — <£’;®H,1 ® kp> . These observations
o@r—1

now let us conclude the lemma. O

Lemma 3.9. Let p be a prime ideal in R[[I']]. The following statements are equivalent:

\%
1. p belongs to the support of H° (Gg, Z@ml> .

2. H(Gx, Lig s @ ky) # 0.

Proof. To prove the lemma, it suffices to observe the following equivalence which one obtains

using Nakayama’s Lemma and Proposition 3.10 in [11] :

L _ v
HO(GE,,CZ@K—l X kip) =0 «— H° (Gz‘” pé)f@’{ : ) =0 <<= é SuppR[[F” (HO (GZ7DZ’®“_1> ) .
o®k~1

]
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Let A(R) denote the algebraic closure of the fraction field of R. For any character
UGy = AR), we let V) = L @r A(R)(¥). Using Proposition one can
argue that the R[[[]]-module H(Gs, D, 1) is finitely generated over R. The generalized
Cayley-Hamilton theorem then gives us a monic polynomial h(s) € R[s] such that h(vp)
annihilates H°(G'y, Dy, —1)". Let p be a height one prime ideal of R[[I']] in the support of

H°(Gx,D*, _1)Y. Then, p must contain h(7p). This implies that p MR = {0} and hence

o®r~1

that @ is a finite integral extension of R. The Galois representation obtained via the

composition

Gy, L)

RIIT
GLRIT]) - 6Ly (FU ) o GLiAR)
is given by o*(¥), for some character ¥ : Gy — A(R)*. We obtain the following implication:
HD (GE,VQ*(\I,)> =0 = HO(G2,£Z®571 & k’p) = 0.

As a result of these observations and Lemma |3.9) we have the following proposition:

Proposition 3.10. Suppose H° (Gg, VQ*(\I,)) =0, for every character ¥ : Gy, — A(R)*. Then,

\%
1. H° <G2,D* > is a pseudo-null R[[I']]-module.

o®Kk ™!
2. coker(¢ogr-1) = 0.

As an immediate corollary to the previous proposition, we have the following result:

Corollary 3.11. If the Galois representation o is absolutely irreducible of dimension greater

than one, then

\%
1. HY (GE,D* > is a pseudo-null R[[T']]-module.

oQk~1

2. coker(¢ygr-1) = 0.
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No non-trivial pseudo-null submodules

The results of this section will play a key role in Section [6] when we study the behavior of
modules under specialization with respect to height one prime ideals. A finitely generated
torsion module over an integrally closed Noetherian domain will be called pseudo-null if the
divisor associated to the module is zero. Over 2-dimensional regular local rings, we have the

following useful proposition (which follows from Theorem 5.1.10 in [2§]).

Proposition 3.12. A finitely generated module over a 2-dimensional reqular local ring has
no non-trivial pseudo-null submodules if and only if its projective dimension is less than or

equal to 1.

There are quite a number of useful results in [11] concerning when the Pontryagin dual
of Galois cohomology groups have no non-trivial pseudo-null submodules. In [I1], Greenberg
uses the terminology - an “almost-divisible” module. A discrete module is said to be “almost-
divisible” if its Pontryagin dual has no non-trivial pseudo-null submodules. First we shall

concern ourselves with the local factors away from p. Let v € 3.

o Propositionestablishes the isomorphism H'(Gal(Q,/Q,), D,gx-1) = Loc(v, 0 ® k1),

e Proposition [3.4] establishes the fact that H?(Gal(Q,/Q,), D,g.-1) equals zero.

Combining these observations along with Proposition 5.3 in [L1] gives us the next proposition.

Proposition 3.13. For every prime v € %, the R[[[']]-module Loc(v, 0 @ k)" has no

non-trivial pseudo-null submodules .

It is easier to establish that the Pontryagin dual of the “strict” non-primitive Selmer group
has no non-trivial pseudo-null modules. The strict non-primitive Selmer group Sel***" (Q)

0@kt
is defined below.
30,str

str o@r! oy D ygr—1
Sel20", (Q) := ker (HI(GZ,D@“) 2, HY (Gal((@p/@p), FL» .

e
11 Dg@mfl
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Note that H*(Gal(Q,/Q,), Fil'D,g,-1) = 0 by Proposition Combining Proposition
4.2.1 and Proposition 4.3.2 from [6], we obtain the following proposition:

Proposition 3.14. Suppose the hypotheses|TOR| and [p-CRITICAL| hold. The R[[I']]-module

Selﬁ%’jﬁ(@)v has no non-trivial pseudo-null submodules.

Using an argument similar to the one used to prove Proposition |3.15] one can show that

Yo,str

-1 defining the strict non-primitive Selmer group is surjective.

the “global-to-local” map ¢
Proposition [3.15], which follows from Lemma[3.5] allows us to evaluate the difference between

the non-primitive Selmer group and the strict non-primitive Selmer group.

Proposition 3.15. Suppose the hypotheses [TOR] and [p-CRITICAL] hold. We have the fol-

lowing short exact sequence:

D, o1
20,8t % 1 0 ="
0— Selgéﬁ_l((@) — Selgén_1 (@) — H <Fp7 H (Izn m)) — 0.

Regular local rings of dimension 2

Classical Iwasawa theory involves the study of modules over the ring Z,|[s]]. The ring Z,|[[s]]
is a regular local ring of Krull dimension 2. In the setup of Hida theory, the rings we are
interested in are not always known to be regular. To obtain a workaround, we shall frequently

maneuver Lemma [3.16]

Lemma 3.16. Let h(s) be a monic polynomial in R[[s]] with positive degree. Let Q be a
height two prime ideal in R[[s]] containing h(s). The 2-dimensional local ring R|[s]]q is

reqular.

Proof. The height two prime ideal 9 in R[[s]] corresponds to a height one prime ideal ¢’ in
R[[s]]/(h(s)). Note that R[[s]]/(h(s)) is an integral extension of R. As a result, the prime
ideal Q N'R (call it q) is of height one in the ring R. Since R is integrally closed, the ring
R4 is a discrete valuation ring. The Weierstrass preparation theorem tells us that for every

element y € R[[s]] and every natural number m, there exists an element d(s) € R|[[s]] such
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that the degree of y — d(s)h(s)™ is a polynomial (whose degree is less than the degree of
h(s)™). We denote the prime ideal Q N R[s] in R[s] by Q'. The height of 9’ equals two

since it contains ¢ and h(s). We have the following isomorphism:

MOESNLIOE 56

A Noetherian local ring is regular if and only if its completion is regular (Proposition 11.24
in [1]). Equation tells us that, to prove the lemma, it suffices to show R[s]q/ is regular.
Observe we have the inclusions R[s] < R4[s] = R[s]q. These observations let us conclude
that the ring R[s|gs is the localization at a height two prime ideal of the polynomial ring

Rg[s] over the discrete valuation ring R, and hence is regular too. The lemma follows. [

The next proposition follows from Lemma/[3.16]and an elementary application application
of the generalized form of Cayley-Hamilton theorem (Theorem 4.3 in [5]). Let M be equal
to one of the 0" Galois cohomology groups appearing in Proposition and let N' = MY,
Proposition tells us that A is finitely generated over R with an R-linear action of 7.

There exists a monic polynomial h(s) in R[s] such that h(vy) annihilates N

Proposition 3.17. Let M be one of the 0" Galois cohomology groups appearing in Proposi-
tion[3.1 Let N'= M. For every height 2 prime ideal Q in R[[L]], the projective dimension
of Na as an R[[I']]q-module is finite.
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Chapter 4
THEOREM 2

The setup in Dasgupta’s factorization

Due to the hypothesis we have the following short exact sequence of free R-modules
that is Gal(Q,/Q,)-equivariant:

Lp

0= FiltLyp = Ly — FT L — 0. (Fil-pr)

e We let 6r : Gal(Q,/Q,) — Ry denote the action of Gal(Q,/Q,) on Fil* L.

e We let ep : Gal(Q,/Q,) — R} denote the action of Gal(Q,/Q,) on F11L+—FLF Here, the

character ep is unramified at p and ex(Frob,) = a,(F).

To the Galois representations ps3 : Gy — GL4(T'[[I']]) and 7o ps3 : Gy — GL4(R[[I]]),
we associated the following modules:
Ly :=Homy (Lp ®;, T, Lr 3, T) (x) @7 T[T (x71), Ly = Homg (Lr, Lr) (x) @r R[[I](x71),

Fil* Ly 3 := Homy (Lp ®;, T,Fil* L ®;, T) (x) ®7 T[]](x™"),  Fil*L, := Hompg (Lp,Fil*Lr) (x) @& R[T))(x),

Lyags Lr 1 Ly < Lp ) 1
=H L i1 T7 ot iz T rr s . =H L [T r .
Fil'Lys " ( R A > 0 er TN, gy = Home { Ley s | (0 @r R[N )
We get the following filtrations associated to ps3 and 7o py3:
. Ly3 .
0— Fil"Lygs — Lgs — = — 0. Fil-
4,3 4,3 Fi Las (Fil-py 3)

L
0> Fl'L, - L, — 0.
' Fil* L,

Remark 7. Consider the set C' of all continuous O-algebra homomorphisms ¢ : T[[T]] = Q,

(Fil-m 0 py 3)

that is defined by considering the following maps:

[

i(R) >R 0Q, (R >RZ2Q, or:IT—-0Q,.
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Here, we allow the ring homomorphisms (; and ¢, to vary over all the classical specializations

of F' subject to the following restriction on their weights:
weight(ps) > weight(p;) > 2.

We also allow ¢ to vary over all the continuous group homomorphisms I' — @: of finite
order. This set C is called the critical set of specializations associated to ps3. The p-adic
L-function 6, 3 satisfies an interpolation property that relates p(6s3), for every ¢ € C, to
the value at s = 1 of the complex L-function associated to ¢ o p4 3.

One can also consider associating a Selmer group to p4 3 corresponding to the following

filtration:

L3 Lp _
0— G Lys— Las— G Las — 0, where G Ly 3 := Homrp <F11+LF ®i, T, Lr Q;, T) (x) @ T[[I)(x7Y).

This filtration also ensures that py 3 satisfies the “Panchishkin condition” (though one must
modify the critical set of specializations). In our arguments, it is essential that 7 o ps 3 does

not inherit this filtration.

We also have the following short exact sequence of free R[[I']]-modules that is Gal(Q,/Q,)-
equivariant:

Lp Lp
Fil"Lg Fil"Lg

Lp
Fil*Lp

0 — Homp ( ) (x) @ RITN(xY) = —="— — Homp (Fﬂ+LF,

Fil* L, ) (x) ®r R[I)J(x~") — 0.

(4.1)
We have the 3-dimensional trace-zero adjoint representation Ad"(pr) : Gy — GL3(R)
associated to pp. Let AdO(L r) denote the free R-module of rank 3 on which Gy, acts to let us

obtain the Galois representation Ad’(pr). We can consider the following free R-submodules

of Ad°(Lr) that are Gal(Q,/Q,)-equivariant:

0 CFil™™Ad°(Lr) C Fil*™Ad’(Lr) € Ad°(Lp),

vV vV
Rank=1 Rank=2

where

eS . L
Fil*“Ad°(Ly) = ker (HomR(LF, Lr) 2% Homp (F11+LF, ﬁ)) NAd°(Lp),
1 F

L
:1even 0 F .
Fil Ad (LF> = HOIHR (FLF, FllJrLF) .



29

As Gal(Q,/Q,)-modules, we have

Fil*YAd° (L)
Fil*"**Ad°(Lp)

Ad°(Lp)
Fil*¥Ad° (L)
Let L35 denote the free R[[T']] on which Gf; acts to let us obtain ps » (which equals Ad®(pr)(x) ® £71).
Let

1%
1%

Fil*""Ad"(Lr) & R(e;'0r), R, R(epdpt).

Fil"Ad®(Lr) (x) @ R[[T]](x7Y), if x is even.

Filt L3, =
Fil*YAd° (L) (x) @ R[[T])(k7Y), if x is odd

This gives us the filtration (which depends on the parity of x) for ps .

L
0— Fil"Lgy — L3y — Fﬂjg?, 5 — 0. (Fil-ps.2)

Our observations along with (4.1)) lead us to the following short exact sequence:

Lp Ly 1
0—H R[[T 4.2
— Hom (s i ) 00 @r AN — 42)
R (xn 1)
L . F _
T H Filt*Lp, ——— (st .
— L — Homg (FiI* L, i) (0 @ AT 1) — 0
——
(i ) @RI () (s ) (@ AT ()

The Pontryagin duals of the primitive and non-primitive Selmer group for p; » can be de-
scribed in terms of primitive and non-primitive classical Iwasawa modules. Such a description

is detailed in [§] and [13]. Let L 5 equal R[[[]](xx™"). We let

Lo, if x is even

0, if x is odd.

Filt L5 =

This gives us the filtration (which depends on parity of x) for py o.

L1
Fil" Ly ,
Similar to (2.5), we also have the following isomorphism of R[[['|]-modules that is Gy-

0= Fil"Lyy — Lyo — — 0. (Fil-p1.2)

equivariant:

Ly = L3s® L. (4.3)
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The proof of Theorem [2

First note that we have a commutative diagram (4.4)) with the following properties: The
top row in (4.4]) is exact. The bottom row in (4.4) is almost-exact (see the definition of an
almost-exact sequence in Appendix |A.1)).

0 Hl(szppl,z) HI(GE7D7TOP4,3) HI(G27D03,2) 0
l¢§;{ ) L¢>§8p4,3 l¢§;{ )
r r r
1 Doy o o oo Dropy 3 " g 1 Dpg 5 ?
0 H <IP’ Fil* Dy, , H\ I, Fil" Drop, 4 H\ Iy, Fil* Dyg ,
(4.4)

The exactness of the top row of (4.4)) follows immediately from the decomposition (4.3]) that

lets us obtain the following isomorphism:
HI(G27 DTFOP4,3) = Hl(G27 DP3,2) SY HI(GXU DP1,2)' (4'5)

We now show that the bottom row is almost-exact. It is easier to first consider the case

when x is even. In this case, (4.2) gives us the following implications:

T

D D b

: +/’1,2 =0 — Hl [p, : +p1,2 —0. (4.6)
Fil" Dy, , Fil" Dy, ,

r r

Dﬂ0p4,3 ~ DP3,2 — Hl I D7rop4’3 : ~ Hl I Dp3’2 !
FiltD " FiltD PPRi*tD N PPFiItD '

1 TOp4,3 1 p3,2 1 TOop4,3 1 p3,2

Now consider the case when x is odd. Since the inertia group I, has p-cohomological

dimension one, (4.2) lets us obtain the commutative diagram whose rows are exact.

D D DTrOp DP
HO I i P3,2 Hl I i 1,2 Hl I : 4,3 Hl I : 3,2
P? FilT Dy P? Fil* Dy, P> Fil* Dropy 4 P Fil* Dy
lFrobp—l lFrobp—l lFrobp—l lFrobp—l

D D D D
0 r3,2 1 P1,2 1 T°P4,3 1 r3,2
H (IP’ FilT D,y 2) H (IP’ FilTD,, 2) H (IP’ FilT Drrop, 3> H (IP’ Fil™ Dy, >
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The Frobenius Frob, is a topological generator for the pro-cyclic group I',. Observe that

we have the following isomorphisms:
_ D D
H | Gal 22 gO T, HO I, 22—
( al(Qy/ Qp)’FiﬁDm P ' Fil* D, ,

D - D
~ fer | HO (I, 22 | 200 go (1, 2 ) )
Fil -Dps,g Fil Dp372

D \
(A) H° <] L) is a torsion R[[I']]-module, and

P Filt Dy, ,

We will now show that

(B) HP (Gal(@p/@p) D—3)v is a pseudo-null R[[I]]-module.

P FilT Dy,

These statements along with Lemma will then show that the bottom row of (4.4)) is
almost-exact. Statement follows from Proposition . When y is odd, Gal(@p/(@p)

Dopg 5
FilT Dyg ,

acts on 1

by the character 0 'erx~~!, which equals the character det(pr)~'x~'ye.
I DPS,2

P) FilT D,y ,

Y
In this case, the group I', acts on H° < ) via ge}Q, for some character ¢ of fi-
nite order. Observe also that ep(Frob,), which equals a,(F), is not an element of O. This
is because the value that a,(F") takes at classical specializations of F' varies as one varies
the weight (see Lemma 3.2 in [I7]). Let @ be a prime ideal contained in the support of
— \Y
H° (Gal((@p /Qy), Fiﬁ“—gjﬂ) . The prime ideal @) should contain the element ce,*(Frob,) — 1,
which is a non-zero element of R. Proposition [3.1] tells us that there exists a monic polyno-
— \Y
mial h(s) in R[s| such that h(y,) annihilates H° (GaI(Qp/Qp), Fiﬁp—gfm) . The prime ideal
() must also contain this element h(7g). As a result, the height of the prime ideal () must

be at least two. Statement also follows.

Taking the Pontryagin dual of all the modules in the commutative diagram (4.4]) and
considering the localization with respect to the prime ideal (0) in R[[[']], we get the following

isomorphism over the fraction field of R][[I']]:

Sel>® @ Frac(R[[T]) = Sel>®  (Q)Y @ Frac(R[[I]).

P3,2 TOP4,3
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We have used the fact that the R[[I']]-module Self& (Q)" is known to be torsion (see [22]) and

the fact that the global-to-local map ¢§1°2 defining the non-primitive Selmer group Sel>* (Q)

P12

is surjective (see Proposition [3.15). We have shown that the hypothesis [AD-TOR]| holds if
and only if Sel>® (Q)V is a torsion R[[I']]-module.

TOP4,3

Suppose [AD-TOR] holds. Taking the Pontryagin dual of all the modules in the commu-
tative diagram (4.4)) and considering the localizations with respect to every height one prime

ideal p in R[[I']], a snake lemma argument will yield the following short exact sequence:

0 (Se1§;2(@)v)p = (Selfgm’s(@)v)p = (se1§1§2 (@)V) 0.

p

We have once again used the fact that the R[[I']]-module SeIEIOQ(Q)V is known to be torsion

and that the map ¢>° is surjective. This gives us the following equality of divisors in R[[T']}:

Div (SelZy,, ,(Q)") = Div (Se, (@)") + Div (Sel22, (@)") (4.7)

The decomposition in (4.3)) also gives us the following isomorphism for all primes v € ¥:
Loc(v, 7 0 pas) = Loc(v, ps.2) ® Loc(v, py).

This completes the proof of Theorem [2|

Remark 8. Consider the following two special cases:

1. When y is even, (4.6)) holds.

2. When F is a CM-Hida family, we have the decomposition of Gal(Q,/Q,)-modules:

~ Dﬂs,z
Fil*D

D

D TOp4 3
Fil™D

p1,2

Fil*D, .,

P3,2 P1,2

TOpP4,3

Following the proof of Theorem [2], it is in these cases that one can establish the following

decomposition of non-primitive Selmer groups:

Sel;2,, (Q) = Sel* (Q) @ Selb?, (Q).
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Chapter 5
ISSUES RELATED TO PRIMITIVITY

5.1 Differences between primitive and non-primitive Selmer groups

Throughout this section, we will assume that the hypothesis [AD-TOR] holds. That is
Sel> (Q)Y is a torsion R[[T]]-module. Using Theorem [2| and Theorem , whenever the

£3,2

hypothesis |AD-TOR] is valid, Seli%(@)v is a torsion T'[[I']]-module. We would first like to

observe that as a direct consequence of Proposition [5.1] we have the following equality in
the divisor group of T'[[T']]:
Div (selfgs(@)V) — 3" Div(Loc(v, pas)*) = Div (Sel,, ,(Q)") — Div (HO(GE, D;;M)V) .
vEY
And we have the following equalities in the divisor group of R[[T']]:

Div (selfs(jz(@)V) — 3" Div (Loc(v, pa2)¥) = Div (Sel,,,(Q)") — Div (HO(GE, D;&Q)V> .

vEYQ

Div (Sel3,(@)") = > Div (Loc(v, pr2)") = Div (Sel,,(Q)") = Div (H*(Gs, D, )" )

vEY

It is this observation that enables us to write the main conjectures [MC-py 3l [MC-p3 of and

in terms of the non-primitive Selmer group (instead of the primitive Selmer group),
the local factors away from p and the primitive p-adic L-function, as mentioned in the

introduction.

Proposition 5.1. We have the following exact sequence:

0 — Sel,, ,(Q) — Sel?fy2 (Q) — H Loc(v, p12) — coker(¢,,,) — 0. (5.1)

VEY

In the divisor group of R[[I']], we have

Div (coker(¢,, ,)") = Div (HO(GZ, D )v> .

P1,2
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In addition if we assume[AD-TOR] holds, we also have the following exact sequences:

0 — Sel,, ,(Q) — Seb? (Q) — [ Loc(v, paz) — 0. (5.2)
VvEYQ
0 — Selyy,(Q) — Seb?, (Q) — [ Loc(v, ps2) — coker(dy,,) — 0. (5.3)

VEYQ

The map ¢,,., is surjective. In the divisor group of T[[I']], we have

Div(H®(Gx, D?

P4,3

) =0,
In the divisor group of R[[I']], we have
Div (coker(¢,,,)") = Div (HO(GZ, D;’;w)v) :
The proof of Proposition [5.1] follows from Proposition [3.15] along with Lemmas [5.2]- 5.5

Lemma 5.2 (Cokernel of ¢, ,). The map ¢,, , is surjective. And H°(Gx, D5, )" is a pseudo-
null T[[T']]-module.

Proof. Consider a character ¥ : Gy, — A(T)*. Here, A(T') denotes the algebraic closure of
the fraction field of T. By Proposition (and following the notations there), it suffices to
show HO(Gs, V,; () £ 0, where

Vi y(w) = Homy(p) <LF ®i, A(T), Ly ®;, A(T)(XIXP\I/)>.

Recall that T is an integral extension of Ol[xy,z5|], where z; and x5 are used to denote
the “weight variables”. Let o1 : Gy — GlLo(A(T)) and 0y : Gy — GL2(A(T)) be the
Galois representations given by the action of Gy, on Lr ®;, A(T)(x *x,¥) and L ®;, A(T)
respectively. The representations o; and oy are both irreducible. We will simply show that

that the semi-simplications of oy | 1, and oy | 1, are not the same.

e Let 03 |7, denote the restriction of o to the inertia subgroup at p. The semisimplifi-
cation of oy | 1, is a direct sum of two characters: i3 0 dr and the trivial character. The

image of the character iy o 0 lies inside O[[z3]] but not inside O.
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e Let oy |;, denote the restriction of oy to the inertia subgroup at p. The semisimplifi-
cation of oy |1, is a direct sum of two characters: (i1 o dp)x "X, ¥ and x 'x,¥. The

image of i1 o d lies inside O[[x;]] but not inside O.

. i100 Iy, U Iy, ¥
Note that O[[z;]]NO[[z2]] = O. As a result, both the ratios % and 55—
lie inside O[[z1]] and hence cannot equal 22°2. So, the semi-simplifications of o |7, and o3 |,
cannot be isomorphic. Consequently, o1 and o5 cannot be isomorphic as G'x-representations

over A(T). Using these observations, we can now conclude that H°(Gs, V,; ) = 0. O

Lemma 5.3 (Cokernel of ¢, ,). In the divisor group of R[[I']], we have the following equality:

P1,2

Div (coker(¢,, ,)") = Div (HO(GZ, D )V> :

Proof. Since Y is a finite character, it would be possible to write y as the product ¢-7, where

the two characters ¢ and 7 are described below.

) . — Kk
e ¢: Gy — O is a finite character such that Q erls

: N Qoo - @
e 7: Gy — I' = R|[I']]* is a finite character that factors through Gal(Q../Q).

The cyclotomic character x, can be written as a product wse. Here w : Gy, — O™ is the
Teichmuller character and » : Gy, — I' = 1 + pZ, — O™ is the natural Galois character
that factors through I'. The Galois representation pj , equals ¢ twr~lxk. Note that the
character 7715k : Gy, — RJ[[']]* factors through I'. First suppose ¢~ 'w is non-trivial. Then
Gy acts non-trivially on V-1,y, for all characters ¥ : Gy — A(R)* that factor through
I'. Here, A(R) is the algebraic closure of the fraction field of R and V -1,y is the one-
dimensional A(R) vector space on which Gy, acts by ¢~ 'wW. By Proposition the map
Gpr , 18 sutjective and HO(Gy, Dy )
Div (coker(¢,, ,)") = Div (HO(GE, D )V> = 0.

P1,2

v is a pseudo-null R[[I']]-module. And hence in this case,
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1

Now let us suppose ¢~ w is trivial. In this case,

H° (Gz, D;m)v — H° <Gg, R/[W(T_I%I{)>v S (Tli[([zi]) 5 (5.4)

Also, FilﬁLDpl’2 equals zero since x (which equals w7 in this case) is an odd character. The

inflation-restriction exact sequence gives us the following equality:

H' (T,,H° (I, D,, ,)) = ker (Hl(Gal(@p/Qp), D,,.,) RNy S8 (1, me)rp )

The residual representation associated to p; o is ramified at p (since the residual represen-
tation associated to the Teichmuller character w is ramified at p). This lets us conclude
that H° (Ip, me) = 0. Hence, ker(cy,) = 0. One can apply Proposition to obtain the
isomorphism coker(¢,, ,)¥ = H'(Gy, L] )tor- If £ is an annihilator for H' (G, Lj 5)tor, then

so is (77 sk (y) — 1). Equation (3.4)) gives us the following isomorphism:

© L R 55)

() (77 k() = 1) (771 2k(70) — 1)

Combining equations 1} and 1} we have Div (coker(¢,, ,)¥) = Div <HO(G2, Dy 2)V>.
[

I

Hl (Gza L;,Q)tor

The investigation of coker(¢,,,) will depend on whether F' is a CM-Hida family or not
(see section 3 of [2] for a definition of CM Hida families). If F' is a not a CM Hida family, the
adjoint representation Ad%(pr) is absolutely irreducible over the fraction field of R. Using

Corollary we have the following lemma:

Lemma 5.4 (Cokernel of ¢,,, - Non CM-Hida family). Suppose F' is NOT a CM Hida
family.

e The R|[T]]-module H°(Gs, D*

veo) i pseudo-null.

o The map ¢, is surjective.
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Suppose now that F'is a CM Hida family with complex multiplication by the imaginary
quadratic field K (where the prime p splits). In this case, pp = Indg (), for some continuous
character ¢ : Gal(Q/K) — R*. Let ¢ : Gal(Q/Q) — {Z£1} be the quadratic character
associated to K. Let ¢ denote any lift in Gal(Q/Q) of the non-trivial element of Gal(K/Q).
We define the character ¢° : Gal(Q/K) — R* as follows -

©°(g) :== @(cge™), for all g € Gal(Q/K).

For a CM Hida-family, the Galois representation pg splits locally at p. That is, we have

the following isomorphism of R-modules which is Gal(@p /Q,)-equivariant:
LF = R((;F) ) R(EF).

As a result, we have

L3» _ RHFH((SFGFXR_I) @ R[[T)](xx™1), if x is even 56)
Fil'Laz | IO epxn ). if y i odd '

Let Q : Gy — GLy(R[[I']]) be the Galois representation given by Indg <§>. Let Lop)en-
and L. (y)zx— denote the free R[[I']]-modules on which Gy, acts to let us obtain Q(y) ® £~

and e(x)®@k~!. We have the following isomorphism of R[[I']]-modules that is Gx-equivariant:
L372 = LQ(X)@K]*l 69 La(x)@nfl' (57)

One can form primitive Selmer groups Selqy)gx-1(Q) and Sel.(y)g.-1(Q) corresponding to

the following filtrations:

Lotvyon-
0 — Fil" Logyen 1 = Lopgen 1 — =X ), (Fil-Q(x) © k)
Fil LQ(X)®,€71
0— Fil"L L _Leen Fil -1
— P Le(yon—t = Le(yor—t — Fil" L. g1 - (Fil-e(x) ® ™)
e(x)®k
Here,
0, if x is even

Fil" Logyen-1 = R[[D))(ex"0rxr"),  Fil' Loyyge1 = T
R[[T]](exx™1), if x is odd
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Locally, we have the following decomposition of free R[[I']]-modules that is Gal(Q,/Q,)-

equivariant:

L372 ~ LQ(X)®,{ 1 L e(x\)®K1
FLlss  Fil' Logyent  Filt Logeet

(5.8)
The decompositions (5.7) and ([5.8)) allow us to obtain the following isomorphisms:

Selys , (Q) = Selgyer—1(Q) ® Sele, (er—1(Q), coker (¢, ,) = coker(dpap)en—1) ® coker(dz(er-1)-

Since pr is absolutely irreducible, the 2-dimensional representation 2 is also absolutely

Y
irreducible. By Corollary [3.11} the R[[[']]-module H° (Gz, DB(X)®E_1> is pseudo-null. The

isomorphism
H' <GE’ o3 2) = H’ (GZ’ D:(x)®m1> @ H° (GZv Dél(x)@n*) )
then gives us the following equality in the divisor group of R[[I']]:

Vv \%
Div (HO (G5 D;,.) ) — Div (HO (G D2en ) ) .

By Corollary [3.11} the map ¢q(y)ex-1 turns out to be surjective. This tells us that

COker(¢ps 2) = COker(Qbe ) @K™ 1)
Lemma gives us the following equality in the divisor group of R[[I']]:
Div (coker(¢e(yen-1)") = Div( °Gy, i 1)V> .

These observations give us the following lemma:

Lemma 5.5 (Cokernel of ¢,,, - CM Hida family). In the divisor group of R[[I']], we have
the equality Div (HO(Gg, pes) ) = Div (coker(dpy,)").

5.2 Divisors associated to local factors away from p

Just as the main conjecture formulated in [9] relates the primitive p-adic L-function and the

primitive Selmer group, one should be able to formulate an equivalent conjecture relating
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the non-primitive p-adic L-function and the non-primitive Selmer group. We avoid stating
this conjecture here since we avoid mentioning the non primitive p-adic L-function in this
paper. For a description of the non-primitive p-adic L-functions, the interested reader is
referred to [4] (for the 4-dimensional representation ps3) and to [34] (for the 3-dimensional
representation pso). The differences between the non-primitive p-adic L-functions and the
non-primitive Selmer groups can be described in terms of Euler factors at primes v € Y. The
divisors generated by these Euler factors are exactly equal to the divisors generated by the
local factors at primes v € X, that came up in Proposition while studying the differences
between the primitive and the non-primitive Selmer groups. The purpose of Proposition
is to calculate the divisors attached to these local factors at all primes v € 3. The proof of
Proposition follows the proof of Proposition 2.4 in [I5]. There is one slight difference. In

[15], the authors work with Galois groups over Q,, while we work with Galois groups over Q.

Let R be an integrally closed local domain that is also a finite integral extension of
Zp|luy, ..., u,]]. Let v be a non-archimedean prime in ¥,. Consider a continuous represen-
tation o : Gal(Q,/Q,) — GL4(R). Let £ denote the underlying free R-module of rank d
on which Gal(Q,/Q,) acts. Let D = £ @z R. Let M = H'(I,,D)". By Proposition 3.3 in
[11], the R-module M is torsion-free. Let V = M ®% K, where K denotes the fraction field
of R. We shall let m equal the dimension of V as a vector space over . If we let W equal

L @7 K, local duality gives us the following isomorphism:
Ve HO (Iy, Hom (W, K(Xp))).

We denote the Frobenius at the prime v by Frob,. The Frobenius Frob, is a topological
generator for the Galois group I', = Gal(Q,/Q,)/I,. The Frobenius Frob, acts on the R-
module M and hence on the vector space V. Let B denote the m x m matrix that gives

the action of Frob, on V. Using local duality and the fact that I', is pro-cyclic, we have the
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following isomorphisms:

M
(Frob, — 1)M

~ HYT,,M) = (Hl(L,,D)F”)v.

Consider the following hypothesis:

1-EV 1 is not an eigenvalue for the matrix B.

Assuming hypothesis holds, we have the following short exact sequence:
0— M Z2h A HYT,, M) — 0.

If p is a height one prime ideal in R, then R, is a DVR. Since the R-module M is
torsion-free, M, is a free Ry-module of rank m. Using these observations, we obtain the

following proposition:

Proposition 5.6. If[I-EV]| holds, we have the following equality in the divisor group of R:

Dz’v(Hl(Fl,,M)) = Dz’v(HO(Fl,, Hl(Iy,D))V) = Div (ﬁ(ei - 1)) :

=1

where the values e; correspond to the eigenvalues of the matriz B.

Note that the hypothesis holds if and only if H'(T',, M) is R-torsion. As a result
of Proposition (which follows from Corollary [3.3)), the hypothesis does hold for
P43, TO pag, ps2 and p;o. This completes the study of the divisors associated to the local

factors at v € 3.

Proposition 5.7. Let v € ¥y be a prime. The T[[I']]-module Loc(v, pas)” is torsion. The

\

R[[T']]-modules Loc(v,m o ps3)¥, Loc(v,ps2)” and Loc(v, pr12)" are also torsion.
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Chapter 6
HEIGHT ONE SPECIALIZATIONS OF SELMER GROUPS

An important topic which we would like to pursue, that may be of independent interest,
is the question of studying the behavior of Selmer groups under specialization. It may first
be useful to approach this topic from a general persepective. Let R and t be two integrally
closed domains that are finite integral extensions of Z,[[us, ..., u,]] and Z,[[v1, ..., vu_1]]

respectively. Consider a ring map w : R — t such that the following conditions hold:

e ker(w) is a height one prime ideal in R.

e v is the integral closure of %w (note that as a result of Cohen’s structure theorems,

v is finitely generated as an R-module).

Consider a Galois representation o : Gy — GL4(R) with an associated Galois lattice £,
and an associated filtration [F1l-g so that we can associate to it a non-primitive Selmer group
Sel?0 (Q) as well. One can associate to the Galois representation w o g the following filtration
of free t-modules that is Gal(Q,/Q,)-equivariant:

L, Rzt

0->Fil'L, @t > L, — —2 - Z
UL, Rpt 0 Ot Fil' L, ot

— 0. (Fil-w o o)

In a natural way, one can then associate a non-primitive Selmer group Seli%p(@) to the

Galois representation w o p as well. Given the element Div (Sel?o(@)v) in the divisor group
of R, the problem we are interested in is finding the element Div (Seli‘; p(Q)V) in the divisor
group of t. We shall proceed in two steps. First, we will relate the element Div (Sel?o(@)v)
in the divisor group of R to the element Div (Sel?o((@)v Rw t) in the divisor group of .

The key result for this purpose is Proposition Second, we will prove a control theorem
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relating Sel?0 (Q)Y @t to Sel=

00(Q)Y. Various control theorems in literature have addressed

a similar question. For e.g., see [29]. This second step will be in that spirit.

A commutative algebra perspective

For a finitely generated R-module N, we shall frequently need to consider the following

hypotheses in this section:

No-PN For every height two prime ideal £ in R containing ker(w), the Rq-module

Ng has no pseudo-null submodules.

FIN-PROJ  For every height two prime ideal 9 in R containing ker(w), the Rg-module

Nj has finite projective dimension.

If p is a height one prime ideal in R, then the R-module % satisfies If a is a

non-zero element of R, then the R-module % also satisfies NO-PN| When R is a regular

local ring, the hypothesis is automatically satisfied. Before discussing the main

proposition, it will be illustrative to discuss an example that highlights why the hypothesis
is important in the case when R is not regular.

Example 6.1. Let R = Z,[[u]][¥], where 9? = u(u — p). This ring is a quadratic extension
of the UFD Z,|[u]]. The height one prime ideals py = (¥,u) and py = (V,u —p) in R lying
above the height one prime ideals (u) and (u — p) in Zy|[u]] are not principal. We keep the

picture below in mind.

7‘2 p1 = (V,u) p2 = (V,u —p)
| |
Zp|[u]] (u) (u—p)

Consequently, R is not a UFD, and hence not a reqular local ring too. We have the

following equality in the divisor group of R:

Div(d) = Div (pﬁl @ p—f) . (6.1)
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Let v = 7Z,,. For simplicity, suppose 2 is a square in Z, so that V2 € Z,. Consider the map

w : R — t defined below.

This gives us the following (in)equality in the divisor group of v:

R R

Div(p) = Div(w (1)) # Div ((p— ) p—) R t) = Div(p?). (6.2)
1 2

Note that the R-module pEl &) % satisfies . Howewver, its projective dimension over R

1s infinite. While studying specialization of Selmer groups, keeping equations and

mn mind, we would like to avoid a situation when the module PEl P p% plays the role of a Selmer

group and the element ¥ plays the role of a p-adic L-function.

Proposition 6.2. Suppose Vi, Vo and M are three finitely generated torsion R-modules

satisfying the following conditions:

Hyp-1 The height one prime ideal ker(w) does not belong to the support of Y1, Vo or M.

HYP-2 The R-modules Vi and Yy satisfy the hypotheses [NO-PN| and [FIN-PROJ|

Hypr-3 If Q is a height two prime ideal containing the height one prime ideal ker(w) and
contained in the support of M, then

(a) The 2-dimensional local ring Ry is regular,

(b) The 1-dimensional local domain <%@>Q 15 integrally closed.

Fiz the symbol <t> to denote either “>" or “<”. Suppose further that we have the following

equality in the divisor group of R:

Div (Y1) <> Div(Ys) — Div(M).
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Under these assumptions, we obtain the following equality in the divisor group of t:
Div (Y ®zt) <> Div(Yo @ ) + Div (Tor (v, M)) — Div(M @ t).

Remark 9. As a consequence of Proposition [6.2] if Div ();) + Div (M) = Div()») in the

divisor group of R, we obtain the following equality in the divisor group of t:
Div (V1 ®4 t) = Div (Vs ®g t) + Div (Torf (v, M)) — Div (M & 1) .

Remark 10. Whenever (kerL(w)>Q is integrally closed, it is a DVR; and there is exactly one

prime ideal in t lying above the height one prime ideal in %(w) that Q corresponds to. And

R'SO

S0, ty equals <L> . Whenever the map @w : R — t is surjective, we have v =2 Fer(@)
9

ker(w)

in this case is automatically an integrally closed domain.

_R
ker () aQ

Proof. Fix the symbol <i>> to denote “>" throughout the proof. The proof proceeds similarly

_R

when the symbol <> denotes <. Let us fix a height one prime ideal q in t. Let ' = gN Tor(m)

And let Q be the height two prime ideal, containing ker(w), that corresponds to q’. We shall
use the notion of lengths, denoted by len, to describe divisors (see [1]). In the divisor group
of R, we have

Div(y))= > leng,(V)y-p,  Div(Qdh)= > leng,(2),-p,

p hgigh§ one p hfeigh§ one
prime in R prime in R

Div(M) = E leng, (M,) - p.
p height one
prime in R

The hypotheses stated in the proposition tell us that, for all height one prime ideals
pinR,

leng, (V1)p > leng, (Da)p — leng, (M,) . (6.3)

To prove the proposition, we will need to show that the following (in)equality holds:

len,, (V1 ®x 1) > len,, (V2 @ tq) + len,, (Tor?(t, ./\/l)q) — len,, (M Rz 1y). (6.4)
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We shall first analyze )y and )». Let Qg equal Z,[[us,...,u,]] N Q. The extension
Zypl[u1, . .., uplla, = Rgq is integral. Consequently, the Zy[[u1, ..., uy]]gq,-modules (), and

(V2)q have no pseudo-null submodules too. By Proposition [3.12} we have

The depth of an Rg-module over Rq equals its depth over the ring Z,[[u1, . . ., uy]]q, (see the
Appendix in [26]). Using the Auslander-Buchsbaum formula over the 2-dimensional regular

local ring Zy|[u1, - . ., un]]q,, We obtain

unllag (yl)Q = depthRQ (yl)Q > 1, deptth[[ul

..........

Using Auslander-Buchsbaum formula over the 2-dimensional local ring Ry, we have

pdg, (V1)q +depthg (V1)q < 2, pdg,, (V2)g + depthr (V2)g < 2.

We write down projective resolutions for (V;)g and ()s)q respectively.
0— RY =5 RE — (V1)a — 0, 0— RE 5 RE — (Wa)q — 0. (6.5)

Here, wy and wy are ny x ny and ny X ny matrices respectively over Rq. The elements det(w; )
and det(ws) do not belong to ker(w). So w(det(w;)) and w(det(ws)) do not equal zero.

Tensoring the sequences in (6.5)) with v, (over Ry), we obtain the following exact sequences:

0 e ey, 50, 0o e L (e, 50, (66)

Using ,we have

g

len, (V1 @ tg) = len,, (m) o leng, (Vs @5 ty) = leng, (m) . (6.7)

There are two cases we need to consider. First we shall suppose that the height one prime

ideal q in v does not belong to the support of M ®,, ¢ (and hence the height two prime ideal

unlla, (V2)g = depthr, (V2)q > 1.
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9 in R does not belong to the support of M). In this case, for all height one prime ideals p

inside £, we have

M

M= (ker(w)/\/l

) = Mg = Tor¥ (v, M)q = Tor¥(t, M), = 0.
q/

— leng, (M,) = len,, (Tor?(t,/\/l)q) = len,, (M ®g tq) = 0.
Combined with the fact that Rgq is integrally closed, we have

leng, (yl)p > leng, (yZ)p , for all height one prime ideals p in Q.
— det(w;) = zdet(wsy), for some non-zero element z in Ry.
—> w(det(wy)) = w(z) - w(det(ws)), and w(z) # 0.

= len,, (V1 @ tg) > len, (Vo @ 1)

Thus, equation holds in this case. For the second case, we shall suppose that q
belongs to the support of M ®,, v (and hence the height two prime ideal  in R does belong
to the support of M). The hypotheses of the proposition tell us that Rq is a regular local
ring. So, the height one prime ideal generated by ker(w) in Rq is principal, say equal to (¢).
Using the structure theorem for regular local rings of Krull dimension 2 (Theorem 5.1.10 in
[28]), we obtain a short exact sequence 0 — @ (7;1_1’3) — Mgy — Z — 0. Here, the Rg-module

Z is pseudo-null and the elements ¢; generate height one prime ideals in the regular local

ring Rg. The non-negative integers a; are equal to zero for all but finitely many height one

prime ideals (¢;). For all height one prime ideals p in Ry,

leng, (1), + leng, (M), > leng, (V2),. (6.8)

— leng, ((det(W§ p He?")) = o Qde?ﬁ)

= det(wy) H €/ = zdet(wsy), for some element z in Ry,

— w(det(wy)) Hw(ei)“i = w(z)w(det(wsq)), and w(z) # 0.

= 1o () < (Trt) 2 o (G
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In this second case, the hypotheses of the proposition also tell us that v, = vq = % As a

result,

Tor® (e, M), = Torf (s, M)g = Torfs (% MQ) = Ma[(

We also have the following commutative diagram:

R
0 D (Ej?) MQ Z 0
Cj C\ C\
R
0 @ (8;1?) MQ Z 0

None of the elements ¢; generate ker(w). Snake’s lemma then gives us the following exact

sequence:
TH MQ Z
00— Myl(] — Z2[(]—® — — — 0. 6.9
S T VI (6.9)
Torf* (v,M)q v
Mrq

Length is additive in exact sequences. To show that (6.4 holds in this second case, we will use

equations and . It only remains to show that len,, (Z[¢]) = len,, (%) Since the

local ring Ry is 2-dimensional and since the Rg-module Z is pseudo-null, leng,, (Z) < oo.

Also since the map Rq — tq is surjective in this case, we have the following equalities:

len,, (Z[¢]) = leng,, (Z[C]),  len,, (g%) — leng,, (ciZ) .

The proposition now follows from these observations because we have the exact sequence

0— ZI[(] 2525 C% — 0 of Rq-modules. O

It will be interesting to consider, whenever Div ();) > Div ();) — Div (M) in the divisor

group of R, whether we have the following inequality in the divisor group of t:
?
Div (Vi ®w t) > Div (Vs ®4 t) + Div (Tor} (v, M)) — Div (M @4 ).

We would require this stronger result for Theorem[3] One can modify the proof of Proposition

to obtain this stronger result if the ideal generated by the height one prime ideals ker(w)
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and p is of height 2 inside R, for all height one prime ideals p in the support of Y, Vs, or M.
In a UFD, the sum of two height 1 prime ideals generates an ideal of height 2. However, as
Example [6.3] shows, this is not generally true. It will be helpful to discuss this example that

illustrates the pathologies which we wish to avoid.

Example 6.3. Let R = Z,[[u]][9] be the ring discussed in Ezample [6.1 Recall that R is
not a UFD and that 9* = u(u — p). Let us identify the completed tensor product RIR with
Zp[[ur, us]][91, V2] such that 93 = ui(uy — p) and V3 = uy(uy — p). The ring ROR has Krull
dimension 3 and is not a UFD. The mazimal ideal of ROR equals (01, V9, uy, ug, p). We
keep the following picture in mind that describes how the height one prime ideals (uy — us)

and (uy +uy — p) of Zy[[ur, us)] split in ROR:

ROR (V1 — Vo, up —ug) (V1 4+ V2,u1 —ug) (Y1 — Fa,u1 + ug — p) (V1 + Vo, uy + us — p)

N N

ZLp|[ur, us]] (u1 — u2) (w1 +u2 — p)
Let us label these height one prime ideals in ROR.

p1 = (U1 — Do, un — ua), p2 == (U + o, w1 — u2),

ps = (V1 — Vo, us + ua — p), pa:= (V1 4 do, w1 +up — p).

We have the following inequality in the divisor group of ROR.:

po

Consider the map @ : ROR — R defined below.

w:RER — R,
w(ﬁl) = 19? ’W(ﬁg) = ﬁa w(“’l) =, w(”?) =u.

The kernel of w is p1. Let us make a few observations. First note that the R&R-module

R%R satisfies NO-PN| Now, we claim that the R&R-module RL;R satisfies [FIN-PROJ|. To
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see this, consider the ideal p; + po in RIR which equals the ideal (01,99, u1 — ug). The
minimal primes containing the ideal py + po are (91,09, ui, us) and (91,92, u1 — p,us — p),
both of which have height 2. Thus, the height of the ideal p1 + ps equals 2 in RR. We have
the following equality:

(V1 = Do) (V1 + V) = (ur — uz)(uy + ug — p).

Let Q be a height two prime ideal containing py + p2. In particular, as we observed earlier,
it equals (91,09, u1,us) or (V1, Vs, u1 — p,us —p). The element uy +us — p does not belong to
Q (otherwise Q would have height 3). So, uy + uy — p is a unit in (ROR)g. In (ROR)q,
the height one prime ideal generated by py must thus be principal (in fact, it can be generated

by the element U1 + ¥3). Our observations indicate that the projective dimension of the

(RR)q-module (%)Q equals 1.

Our observations indicate that, though we started with the inequality in equation , we
obtain the following equality in the divisor group of R:

Div(w (91 + 1)) = Div(d) = Div(R?R Ow R)
2

Now note that the minimal prime containing the ideal p; + ps in ROR equals the mazimal
ideal (91,92, u1, ug,p) in ROR. This implies that the height of p1+p4 equals 3 in ROR. This
can only happen if the height one prime ideals in the set {p1,ps} each generate an element
of infinite order in the class group of RQR. Similarly, the height one prime ideals in the set
{p2,p3} also each generate an element of infinite order in the class group of RIR. This is

precisely the pathology that we wish to avoid.

Proposition 6.4. In addition to the hypotheses [HYP-1, [HYP-Z and [HYP-5 given in Propo-
sition [6.9, suppose also that both Div(Y1) and Div(Ys) — Div(M) generate torsion elements

in the divisor group of R. Fix the symbol <> to denote either “>" or “<”.

Suppose we have the following equality of divisors in R:

Div(Y1) < >Div(Ys) — Div (M) .
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Then, we have the following equality of divisors in v:
Div (Y1 ® t) < >Div (Vo @ t) + Div (Tor (v, M)) — Div(M & t).

Proof. Let the symbol <> denote >. The proof proceeds similarly when the symbol <>
denotes <. There exist a positive integer n and two non-zero elements v, /s in R such that

we have the following equality in the divisor group of R:
n - Div()) = Div(dh), n - (Div()s) — Div(M)) = Div(ds).

Let 91 = ®V1, Yo = D)s, and M = M denote direct sums of n copies of Yy, Vo and M
respectively. We have the following equality in the divisor group of R:

Div(2);) = Div(d,), Div(2)2) — Div(9) = Div(vs).

Note that R-modules % and (19—72) have no non-zero pseudo-null submodules and have finite
projective dimension. Proposition gives us the following equality in the divisor group of

t
Div(9; ® t) = Div(w(v)), Div(Ys @ t) + Div (Tor} (r,9)) — Div(M @ t) = Div(w(ds))

Since Div(d;) > Div(¥s) and R is integrally closed, there exists an element z € R, not a
unit, such that ¥; = z-¥5. We get that w(¥;) = w(z) - w(¥2) and that w(z) is not a unit in

t. Combining these observations, we obtain the following (in)equality in the divisor group of

T
Div(w (1)) > Div(w(vs))
= n-Div()1 ®t) >n- (Div(yz ®t) 4+ Div (Torf (v, M)) — Div(M ® t))
This completes the proof of the Proposition since n is not zero. O

Projective Dimensions

Let G be a profinite group. Let M be a finitely generated free R-module on which there is a
R-linear continuous G-action. Let N' = M ®x R. Since NV is isomorphic to Homg (M, R)
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as an R-module, NV is also a free R-module. Let S be a multiplicative set in R. Let
Wo = HY(G,N)Y, Wy = HY(G,N)¥ and W, = H*(G,N)". We would like to thank Jan

Nekovar for indicating to us on how these projective dimensions can be examined.

Proposition 6.5. Suppose the following conditions hold:

1. The p-cohomological dimension cd,(G) of G is less than or equal to 2.

2. S YW, has finite projective dimension.

Then, S™YWy has finite projective dimension over SR if and only if STYW, has finite

projective dimension over ST'R.

Proof. Proposition 5.2.7 and Corollary 5.2.9 in [28] give us the following isomorphisms for

all ¢ > 0:
H'(G,N)" = Tor] 9 (R, A7) .

Let Zg denote the augmentation ideal in R[[G]]. We have the short exact sequence of R[[G]]-

modules
0—Zg — R[G]] = R — 0. (6.11)

Tensoring this short exact sequence by AV, we obtain an exact sequence

0 — Tor ¥ (R, AY) = (6.12)
Tor 19N (R[1G) N V) H(GN)V
— Torgz[[gﬂ (IgJ\/'v) — Toréz[[g” (R[[QH,N’V) —
Ta@r(g N NY

— Torgz[[g” (R,Nv) — 0,
~HO(GN)Y

and for each ¢ > 1, an isomorphism

~\~

Tor 9 (R, NY) 2 Tor 9 (75, M)
Hi+1(GN

)VJ
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By Corollary 5.2.13 in [28§], the projective dimension of R as an R[[G]]-module is equal to
cd,(G) (which is assumed to be less than or equal to 2). By (6.11)), the projective dimension
of the augmentation ideal Zg over the ring R[[G]] is less than or equal to 1. Consider a
projective resolution 0 — P; — Py — Zg — 0 of R[[G]]-modules for the augmentation ideal

Zg. Tensoring with AV, we obtain the following exact sequence:
0 — Torl (24 NVY = Py @rpan NV = Po @riag NV = Tg Orgg NV — 0.

The R-modules P; @ggy NV and Py @gjgy NV are direct summands of free R-modules
(since Py and P, are direct summands of free R[[G]]-modules) and hence they are pro-
jective R-modules. Combining this observation with the fact that S™'W, (which equals
S‘lTor?Hg” (Zg,N'"Y)) has finite projective dimension over S~'R, we can conclude that
S (Zg @rygy NV also has finite projective dimension over S'R. These observations along
with then complete the proof of the Proposition.

O

Proposition 6.6. Suppose the Pontryagin dual of the non-primitive Selmer group Sel>° (Q)Y

04,3

is T[[T]]-torsion. For every height two prime ideal QQ containing the height one prime ideal

ker(r) in T[[T]], the projective dimension of Sel’ (Q)" @7y T[[[lq as a T[[T]]q-module is

P4,3

finite.

Proof. Let @ be a height two prime ideal in T[[']] containing the height one prime ideal
ker(m). Let S denote the multiplicative set T[[T]] \ @. The global-to-local map ¢>° is

P4,3

surjective (see Proposition [3.15]) which gives us the following short exact sequence:

Y\ v
D
0— (Hl (Ip, Fﬂfl‘f)> ) — H'(Gx,D,, )" — Sel>? (Q)Y — 0.

P4,3

To prove the proposition, it will be sufficient to show that the localizations of

T \4
H'(Gs, Dy, )" (1, Dees p
sy paz) o P Fil+Dp413

at the multiplicative set S have finite projective dimension over S~'T'[[T']].
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The p-cohomological dimension of Gy is less than or equal to 2 (Proposition 8.3.17 in
[28]). Also H*(Gx, D,,,) =0 (Proposition . If 571 (H°(Gs, D,,,)") = 0, the projective
dimension of S~ (H%(Gs,, D,,,)") over ST'T[[I']] is finite. By Proposition [3.1] and Lemma
, if S7'(H(Gx,D,,,)") is not zero, then S~'T[[T]] is a regular local ring. Finitely
generated modules over regular local rings have finite projective dimension. As a result, in
this case too, the projective dimension of S7' (H°(Gyx, D,, ,)") over S~'T[I']] is finite. By
Proposition , the projective dimension of S~! (H'(Gy, D,, ,)¥) over S~*T[[I']] is also finite.

The p-cohomological dimension of Gal(Q,/Q,) is less than or equal to 2. Let W; denote
\%
(Gal(@ /Q,), F1+p53 ) Let Vo = H° (Ip, Fiﬁ%) . We have W5 = 0 (by Proposition
P43
B.4). If W, =0, then S~ has finite projective dimension over S™!T[[']]. By Propo-
sition |3.1) and Lemma if S™1Wy is not zero, then ST!T[T]] is a regular local ring. As a
result in this case too, S™'W; has finite projective dimension over S™'T[[T']]. By Proposition
[6.5] the projective dimension of S~'W; over S~!T[[I']] is finite. Using a similar argument,

we can conclude that the projective dimension of S™'Vj over ST'T[[T]] is finite. We have

the following short exact sequence:

0= V" = vy 27y W — 0. (6.13)

As a result of (6.13), the projective dimension of S~* (VOFP) over STIT[[[]] is also finite.

Considering the Pontryagin dual of the short exact sequence given by inflation-restriction,

we get the following short exact sequence:

r,\ v
D r
0_>(H1<Ivaﬂ+;;3> ) - W =V," —=0.

P43

D r
Our observations now let us conclude that the localization of | H* (Ip, ﬁ) p) at
P43

the multiplicative set S also has finite projective dimension over S™'T[[T']]. The proposition

follows. O]
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Chapter 7
CONTROL THEOREMS

Let R; and R, be two integrally closed local domains that are finite integral extensions
of Zy[luy, ..., u,]] and Zy[[vy, ..., v,]] respectively. Consider a ring map Ry — R such that
R is finitely generated as an Ri-module. Note that R; and R, are profinite rings. Let G
be a profinite group. Let M be a finitely generated R;-module with a continuous R;-linear
action of G. In this way, M obtains an action of the completed group ring R;[[G]]. Let us

define the following modules:
DR1 = M ®R1 7/?,\1, DR2 = M ®R1 7/?,\2, CRl = D;él, CR2 = D'\//32
We also have the following isomorphisms:

Dr, = M ®@r, R g, 7/3\2,

C’Rl = HOHIR1 (M, R1> , C’R2 = Hole (M, Rg) = HOIIIR2 (M PR, RQ, Rz) .

The last two isomorphisms are obtained by applying Hom-Tensor adjunction. Note that if
M is a free Ri-module, then so is Cg,. Pontryagin duality also gives us the isomorphism
H°(G,Dgr,)" = Hy(G,Cr,). Here, the Ri-module Hy(G,Cr,) denotes the maximal quotient
of Cr, on which G acts trivially. We now state the proposition which we will maneuver to
obtain our control theorems. In this proposition, we shall also frequently consider R; and

R4y as G-modules with the trivial G-action.
Proposition 7.1. Let M be a free Ri-module. We have the following exact sequence:

TorJ* (Re, H°(G,Dgr,)Y) — H'(G,Dr,)" ®r, R2 — H'(G,Dr,)" — Tor}* (R, H(G,Dr,)") — 0.
(7.1)
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Proof. We begin with the following isomorphism:

Ra @r, (R1 @r,()) Cr.) = Ra @r, i) Cri = Ra Oryg) (Rall9)] ©r4jig)) Cry ) -

Corollary 5.8.4 in [38] gives us the following spectral sequences:

Torf (Ra, Torf ) (Ry, Cr,)) — Torf (Ry, Cr, ) (7.2)
Tor2 4 (R, Tor 9 (Ry[[9]).Cr,)) = Torl ) (R, Cr,) (7.3)

The first spectral sequence ([7.2)) gives us the exact sequence:

Tory <R2, Tory 19 (R176R1)> — Ry ®g, Torg " (R, Cr,) = (7.4)

— Tor?l[[g” (Ra,Cr,) — Tor™ (RQ, Torz)zl[[g” (R, CR1)> — 0.
The second spectral sequence ([7.2)) gives us the exact sequence:

Torg? 9 (Ry, Ry[[G]] ®ry 16y Cry) — Ra @y Torp W (Ro[[G]], Cry) —

— Tor ! 9 (Ry, Cr, ) — Tor* ¥ (Ry, RG] ®r, 1) Cry ) — 0.

According to Lemma 4.5 in [2], R, [[G]] is a projective Ri-module. Also, since R, is a finitely
generated Ri-module, we have Rs[[G]] = Re ®r, R1[[G]] (for example, see Lemma 5.5.1 in
[32]). By flat base change theorems for the Tor functor (Proposition 3.2.9 in [3§]), we obtain

the following isomorphism for all ¢ > 0:
Tor] ¥ (Ry[[G]), Cr,) = Tor®" (Ry, Cry).

Both these modules are zero whenever i > 1 since Cg, is a free Ri-module. So, we have the

following isomorphisms:
Tor?l[[gﬂ (RQ, CR1) = TOIFZHQH (RQ, RQ[[Q]] ®R1[[gn CR1) = TOI"?QHQH (RQ, Rz ®R1 CR1> .
Since M is a free Ri-module, we have the following G-equivariant isomorphisms:

CR2 = HOIHR1 (M, RQ) = HOHIR1 (M, Rl) ®R1 RQ = CR1 ®R1 RQ = RQ ®R1 CRl-
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We obtain the following isomorphism:
Tor 9 (R, Cr,) = Torf? 9 (Ry, Cr,) - (7.5)
Proposition 5.2.7 and Corollary 5.2.9 in [28] give us the following isomorphisms for all i > 0:
H'(G,Dg,)" = Tor (R Cr,), H(G, Dr,) = Tor 9 (R, Cr,) .
The above isomorphisms along with and complete the proof of the Proposition. [

Non-primitive Selmer groups

We will work with the notations and hypotheses given in the beginning of Chapter [6] Note
that the group I', is defined to be the quotient Gal(Q,/Q,)/I,, where I, denotes the inertia
subgroup at p. Suppose there is an R-linear action of I', on a finitely generated R-module
M, we will let Mr, denote the maximal quotient of M on which I, acts trivially. Since I,
is topologically generated by the Frobenius Frob,, we can identify Mr, with the cokernel of

Frobp—1
the natural map M ——2— M.

Proposition 7.2. For all i > 1, suppose that the t-modules

D \%
Tor* (v, H'(Gx,D,)"), Tor® (r, H° <Ip, Fufq,) >
are torsion. The t-module Selg%g((@)v 1s torsion if and only if the height one prime ideal

ker(w) in R does not belong to the support of the R-module Sel,*(Q)".

[>o

0o(Q)Y is torsion. In addition, we shall make the following

Suppose that the t-module Se

assumptions:

1. Suppose Q is a height two prime ideal in R containing ker(w) and in the support of the

\2
R-module H*(Gx, D,)¥ or H° (Ip, %) . Then, the 2-dimensional local ring Ry is

reqular and tq = (%)D
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2. The global-to-local map =0, defining the non-primitive Selmer group Sel=, (Q) is sur-

wop o

jective.

Under these assumptions, we have the following equality of divisors in t:

\Y%
Dw<sez§° (Q)Y ®r t> + Dz‘v(TorF (v, HO(GZ,DQ)V)> = Dw(se@gg(Q)V> +D¢U<Tm«? (r, H° (Ip, F?’p) ) )
WLy

Proof. We begin by first proving that the following t-modules are pseudo-null:
D Y
Tor} (v, H(Gx,D,)Y),  Tork <t, H° <Ip, Fﬂ+QDg> > : (7.6)
Let 9 be a height two prime ideal in R containing ker(w). It is enough to show that
the localizations at the prime ideal £ of the R-modules given in equation vanish.
Further, it is enough to consider the case when £ belongs to the support of H°(Gx,D,)" or

\%
HO < I, Fﬁ%g) . Observe that we have the following isomorphisms:

Ra
ker(w)q

Tory’ (v, H(Gx,D,)") 5 = Tory® (tg, (HO(GE,DQ)V)D> =~ TorXe ( ,(HO(GE,DQ)V)D> )

(7.7)

D v D v D v
Tory [ ¢, H® [ I,, —2— =~ Tory® | ta, | H® ( I, —%— > Tory 2 Ra | H I, —2— .
Fil*D Fil*D ker(w)q Fil*D
e Io) ¢ 2 ¢ I}

The hypotheses in the proposition tell us that Rg is a regular local ring and hence a

UFD. The height one prime ideal ker(w)q generates a principal ideal inside Rq. This forces
the projective dimension of the Rg-module ﬁzﬁ

equation ([7.7) must thus vanish. This proves the claim that the t-modules appearing in

to equal 1 . The modules appearing in

(7.6) are pseudo-null. We now claim that the rows of the following commutative diagram
are almost-exact (see Appendix for the definition of an almost-exact sequence):

\% \%
g1 1 Deos g2 R 0 D,
—_— (H (Ipa FiHDng) )F e TOI'l T, H Ip, FilJrDe - —0
P

P

1 D v
0——(H (Ip, WQDQ) R
FP

| = r

0 ——— H'(Gx,D,)" @g t —————— HY(G's, Drop)" Tor (v, H(Gx,D,)Y) — 0.

(7.8)

Proposition immediately lets us obtain that the bottom row of the commutative diagram
(7.8)) is almost-exact. To see why the top row of the commutative diagram (|7.8)) is almost-

Vv
exact, one needs to use Proposition , the fact that the r-module Tor¥ <t, H° (Ip, %) )
e
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is pseudo-null, Lemma and analyze the following commutative diagram:

Tor® (e,1° (1,,—Pe " (- Pe Vg e ot (1, Pwoe Y o m(emo(r, P V) o
2 \® P’ Bt D, P Rt D, R P FilT Doyog " P Bt D,
LFrobpl lFrobpl LFrobpl LFrcbpl
\2 Vv \2 Vv
R 0 Dy 1 Dy 1 Dwop R 0 Do
Torz (r’ " (Ip’ Fi1+Dg) ) " (Ip’ Filt D, Or v ——>H"(Ip, FilT Dop = T (n T e Filt Dy -

Localizing all the modules in the commutative diagram (7.8]) at the zero prime ideal (0) of

t, we get the following isomorphism (which gives us the first part of the proposition):
(Sel>*(Q)¥ ®x t) @ Frac(r) =N (SelZ%,(Q)") ®: Frac(r).

Now let us suppose that ker(w) does not belong to the support of R-module Sel?O(Q)V.
Localizing all the modules in the commutative diagram ([7.8) at every height one prime ideal

q of v and using the Snake Lemma, we obtain the following short exact sequence:

0 — ker(u), — (Sel*(Q)" ®r t)q — (Sel (Q)V)q — (coker(u)), — 0.

wop

)

wop

Here, we have used the fact that the global-to-local map ¢ is surjective. And so the

o
woo

induced map ((b )v on the Pontryagin duals is injective. We get the following equality in

the divisor group of t:

Div ( ker(u)> + Div (Selggg(@)v> = Div <Se1§0 (Q)Y ®@r r) + Div <coker(u)> . (7.9)

The exact sequence of torsion t-modules

D

0 — ki — Tor® (v, HO (1, —2—
ex() = Torf (5.1 (1 s

v
) ) % Tor® (v, H(Gx,D,)") — coker(u) — 0,
Fp

gives us the following equality of divisors in t:

D \/
Div(ker(u)) + Div (Tm"{z (v, H°(Gy, D,)") ) = Div (Toﬂ2 (t, HY (Ip, Fl"'gD> > > + Div (Coker(u)>.
iI™D, r,
(7.10)
Combining equations ([7.9) and ([7.10), we get the desired equality of divisors stated in the

proposition. ]

To relate SelZ0  (Q)Y to Sel’* (Q)Y ®@7yry R[[I']], we can utilize Proposition .

TOopy,3 P43
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Proposition 7.3. Sel>° (Q)V is a torsion R[[T]]-module if and only if the height one prime

TOpP4,3

ideal ker () in T[[T]] does not belong to the support of Sel>° (Q)V.

04,3

Suppose Sel (Q)V is a torsion R[[T]]-module. We have the following equality in the

TOP4,3

divisor group of R[[T']]:
Dzv(sez§4ﬁ3(@)v 7y R[[F]]) + Dz’v(TorlTHF” (R[[T]), H*(G', Dp4’3)v)) = Dz’v(Selfgpw (@)V).

Proof. Let

D v
. 0 Pa,
R

P4,3

To show that a finitely generated R[[I']]-module is torsion we will show that, as a T'[[I']]-
module, its localization at the prime ideal ker(w) is zero. For all ¢ > 1, the R[[I']]-modules

ToriT[[F” (R[[T']], M) and Tor; (R[[T']], N) are torsion due the following isomorphisms:

Tor! W (R[[T]], M)y = Tory 5 (B[ er(rys Micr(my) = 0.

(m)
T F er(m
Tor] " (R[TT), N)yrmy = Tor; P (R rerr)s Neer(m)) = 0.

7

To obtain the above isomorphisms, we have made use of Proposition [3.1] which provides a
monic polynomial h(s) in T[s] with the property that h(7,) annihilates M and N. This
element A(7) is not in the kernel of the map = : T[[I']] — RJ[[[']] and consequently

Mker(ﬂ') = Nker(w) = 0.

By Proposition , Selfgp (@) is a torsion R[[I']]-module if and only if the height one
prime ideal ker(7) in T[[I']] does not belong to the support of Seliﬁ3 (Q)Y. Let us now verify
the remaining hypotheses given in Proposition[7.2] Any height two prime ideal ) containing
ker(m) and in the support of M or N would also have to contain h(7y). And by Lemma|3.16]

for such a prime ideal @, the local ring T[[I']]o would have to be regular. By Proposition

3.15| the global-to-local map defining the non-primitive Selmer group Selfgp . (Q) is surjec-

tive. These observations verify all the remaining hypotheses given in Proposition
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To complete the proof of this Proposition using Proposition [7.2] it only remains to show
the following equality in the divisor group of R][[']]:

Div (TorlT[[F” (R[], N)Fp> — 0.
In fact, we will prove that Tor, 1! (R[[T]], N) is a pseudo-null R[[I']]-module. To do so, let us
consider a height two prime ideal @ in T[[I']] containing ker(7). Let us assume for the sake
of contradiction that ) belongs to the support of TorlTHFH (R[[T]], N). It must then belong

to the support of N too because we have the following isomorphism:
~ o T[T
Torf (R[], N)g 2 Tor, "¢ (R[[]g, No).

Note that this also forces h(7) to belong to (). As a result, QN7 must equal the height one
prime ideal given by the kernel of the map ngr : T — R. The extension Tyer(n,. .y — T[[I']]o
is flat. By flat base-change theorems for Tor (Proposition 3.2.9 in [38]), we have the following

isomorphisms:

TorlT“FHQ (R[] g, No) = TorlTHFHQ <IZ(;[1V[(F71])27 NQ> (7.11)

~ Tker(ﬂ'F,F')®Tker(7rF F)T[[F”Q Tker(ﬂ'F’F)
~ Tor, ’ L

T[[T]g, N
ker(mp p) OTer(rp, ) (Ma, Q)

Tker(wF F) Tker(ﬂ—F F)
~ T Tl 5 No |-
o (ker(ﬂp;p)’ Q

The modules in equation (7.11)) above are zero if Ng is a flat Tye(n. -)-module. To obtain

TEF

our contradiction, and hence complete the proof of this proposition, it suffices to show that

Ng is a flat Tier(r,. ,)-module. By Ng, we mean the localization of N at the multiplicative

TE,F

set T[[I']] \ Q. By Nier(rpr), We will mean the localization of N at the multiplicative set
T \ ker(mpp). We have an inclusion of sets T\ ker(rpp) C T[[[]] \ Q. If we show that

Nier(npp) 18 @ flat Tier(ry -)-module, then Ng will turn out to be a flat Txer(np,)-module as

TF,F

well. We shall show that Nier(rp ) 18 @ free Tier(ry, )-module in the remaining part of the

proof; this will complete the proof of the Proposition.
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Let 7, be the unique prime above p in Q4 and I,, be the corresponding inertia subgroup.
Proposition [3.1] gives us the following isomorphism of T[[T']]-modules:

\ \%
D D
N=m"(I,—" | =g, —Lrr )
( PPRITD "Rt D

P43 pF,F(X)

Results of Section E|, along with the observation that the restrictions to I, of the characters

x and ep are trivial, let us obtain the following I, - equivariant isomorphism of T-modules:

D v
or,F(X) ~ -1
———— | Z2Lp®;,T(x "),
(FﬂJrDﬂF,F(X)) '

This gives us the following isomorphism of T-modules:
N = HD ([77;7’ LF ®7;1 T(X_l)) .

Here Hy({,

m Lr @i, T(x™")) denotes the maximal quotient of Ly ®;, T(x™!) on which I,

acts trivially. For the free T-module Lr ®;, T'(x™'), one can choose a basis {ej, €2} such that
x(g) det(pr(g))  dg )

0 x(9)
Here, d, is an element of i;(R) for each element g in I,,. Observe that the restrictions of the

the action of every element g in I, is given by the 2 x 2 matrix

characters x and det(pr) to I, are of finite order. So there exists a closed subgroup Z inside
I,,, of finite index such that for all g € Z, the action of g on Ly ®;, T(x ') (with respect to
1 d,

0 1
Note that p ¢ ker(7pr) and hence p is invertible in Ty

the basis {ej, e2}) is given the 2 x 2 matrix

. By Lemma to show that

TFF)

Nier(npr) 18 @ free Txer(np)-module, it is enough to show that the localization of Hy(Z, Lr ®;,
T(x™')) at the prime ideal ker(7pr) is a free Tier(ny, ,)-module. If the action of Z on Ly is
decomposable, then the localization of Ho(Z, Ly ®;, T(x™')) at the prime ideal ker(mp )

is a free Tyer(np p)-module of rank 2. Otherwise, the localization of Hy(Z, Lp ®; T(x™ "))

TF,F

at the prime ideal ker(mpr) is a free Tier(rp »)-module of rank 1. This previous statement

used the fact that every non-zero element of 7;(R) is invertible in Tyer(r,. .y The proposition

TR, F

follows. u
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We shall now utilize the proof of to deduce results concerning the pseudo-null sub-

modules of Selliog(@)v. Let us first consider the following implication:

Vv Y
D D
_ o P4,3 ~ rrl 0 P4,3
N=H (Ip, = ) — N[Frob, — 1| = H (FP,H (Ip, S )) :

P4,3 P43

Let @ be a height two prime ideal in the support of N[Frob, — 1]. We shall now show that
the projective dimension of (N[Frob, — 1]), over T[[I']]q is less than or equal to one. The
proof of shows us that Ng is a finitely generated flat Tier(xy. -)-module. Consequently, it
is also free over Tie(np ). Since Tiey( is integrally closed, the 1-dimensional local ring

Tker(

TF,F)
rp) 18 a discrete valuation ring. We have (N[Frob, —1]), C Ng. So, the Tie(rp r)-
module (N[Frob, — 1]), is torsion-free and consequently free as well. In particular, none of
the non-zero elements of (N[Frob, — 1]), are annihilated by ker(mpr). Thus, the maximal
ideal generated by () (which contains ker(7p r)) inside the 2-dimensional local ring T'[[I']]¢

cannot be an associated prime ideal for the module (N[Frob, — 1])Q. As a result (see the

Appendix in [26]),

depthT[[F”Q (N[FrObp — 1]>Q Z 1.

The proof of also tells us that since @) is in the support of N (as it is in the support
of N[Frob, — 1]), the local ring T'[[I']]g is regular. We can use the Auslander-Buchsbaum

formula over the regular local ring T'[[I']] .

pdTHF]]Q (N[FI'Obp — ].])Q + depthT[[F”Q (N[FI'Obp — 1])Q = depthT[[F]]QTHF]]Q = 2.

— pdT[[FHQ (N[FI'Obp — 1])Q S 1.

Now let us suppose that Seli‘)s(@)v is a torsion T'[[I']]-module. What we have shown is
that if the height two prime ideal () containing ker(r) is in the support of N[Frob, — 1], then

the local ring T'[[I']] is regular. Our arguments have also shown that in this case, we have
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pdryry, (N[Frob, —1]), < 1. We have

Pdryryq (N[Frob, — 1) < 1, pdayy, <Self?ﬁésw(@)v>@ <1
by Proposition :nd Proposition

P
— pdyry, (selp;{B(@)V)Q <1

J/

~
by Proposition |3.15

£4,3

Now using Proposition [3.12, we can conclude that the T[[I']|o-module (SelZO (Q)V>Q has no

non-trivial pseudo-null submodules.

If the height two prime ideal @ containing ker(r) is not in the support of N[Frob, — 1],
we have the following isomorphism (by Proposition [3.15)):

(Setz, (@)V)Q S <Se1§£f"(@)v>Q .

In this case too, by Proposition [3.14} the T'[[I']|o-module <Se1§403(Q)V>Q has no non-trivial

pseudo-null submodules. We have proved the following proposition:

Proposition 7.4. Suppose Sel?fg(@)v is a torsion T[[I']]-module. For every height two prime
ideal @ containing ker(w), the T[[I']]qg-module (Sel20 (Q)V) has no non-trivial pseudo-
Q

P4,3

null submodules.

Local factors away from p

Proposition 7.5. Let v € ¥y. We have the following equality in the divisor group of R[[T]]:
Div(Loc(v, 7 0 py3)") = Div(Loc(v, pag)” @7y R[] -

Proof. Letn, be a prime above v in Q.. Let G, be a decomposition group inside Gal(Q/Q..)
corresponding to the prime 7,. Also, we let A, denote the decomposition group inside

Gal(Qu/Q) corresponding to the prime n, lying above v. Note that A, is isomorphic to
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Z, as a topological group and that the index [I' : A, | is finite. We have the following
isomorphisms due to Proposition [3.2}

LOC(V, ™o ,04,3) = Indgnu H1<G77u7 DT"F,FOﬂF,F(X))7 LOC(”? P4,3) = Indgny H1<G77u7 DPF,F(X))'
Furthermore, we have a natural map
v v
a: H' (Gy,, Dypry) @1y RITN = H' (G Drppoprrto)
that gives us the following map

Y

~ \%
a:Indy H'(Gy, Dopro) @y RIT —= Indy, H' (G, Drppoprrn)

J/ J/

Loc(v,pa,3)" @11y R[] Loc(vmopa,3)"
To prove the proposition, we will show that the R[[']]-modules ker(a) and coker(a) are
pseudo-null. Since A, is of finite index in I, the ring R[[A,, ]] is a finite integral extension
of R[[I']]. These observations tell us that to prove the proposition, it will be sufficient to
prove that ker(c) and coker(a) are pseudo-null R[[A,, ]]-modules. From Corollary 3.3 we can
deduce that there exists a monic polynomial h(s) in R[s] such that h(vy,,) annihilates both
H" (G, Dpyp))” @7y RIT] and H' (G, Doy yoprptx)) - And hence, h(v,,) annihilates
both ker(a) and coker(a) too. Here, 7,, is some chosen topological generator for the pro-
cyclic group A, . A prime ideal @ in R[[A,,]] that contains a non-zero element of R and
h(7,,) has height at least two. So to prove the proposition, it will now be sufficient to prove
that there exists a non-zero element of R that annihilates both ker(«) and coker(«). From
Corollary 3.3 one can easily deduce that both ker(«) and coker() are finitely generated
R-modules. It will thus be sufficient to prove that both ker(«) and coker(«) are torsion R-
modules. Let S denote the multiplicative set T\ ker(mg r). Recall that the map npp : T — R
was obtained by sending an elementary tensor x ®y in 1" to xy. Henceforth, we shall consider
ker(a) and coker(a) as modules over T' instead; it will suffice to show that their localizations
at the multiplicative set S equals zero. Also since R[[I']] = T'[[I']] ®r R, we have the natural

isomorphism of R-modules:

v -~ v
H' (G Dppopivy) @1 R= H' (G, Do o))~ @1y R[]
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The T-module Lgr is free. We have the following exact sequence due to Proposition [7.1}

Tor? (R HGryy Dpr i) ) S H! (Gny,DprF(XOV or RS

& H' (Gy,, D ))v = Tor] (R, H(Gyy Dy )" ) = 0.

TR, Fopr,F(X

The proposition would follow if we show that the localization of Tor; (R, H*(G,,, Dppi)Y)
at the multiplicative set S equals zero, for each i > 1. Since localization commutes with Tor
(Proposition 3.2.9 in [38]), it will be sufficient to show that the localization of H(G,),, D, )"

at the multiplicative set S is a free S~!T-module.

Note that the extension Q. /Q is unramified at v. So, I, C G,,. What we will now
show is that the localization of H(1,, D, ()" at the multiplicative set S is a free S™!7-
module. This is sufficient for our purposes. To see why, let us suppose that the localization of
H°(I,,D,, ()" at the multiplicative set S is a free S~'T-module. The group Gy, /I, which
is isomorphic to Gal(Q¥"/Q,.~), is of profinite order prime to p. Here, Q, ~, denotes the cy-
clotomic extension of Q,. The group of T-linear automorphisms Autp (H (1o, Dy ()" )
has an open pro-p subgroup (see Lemma 4.5.5 in [32]). Also the image of Gal(QY /Q, )
inside the automorphism group Autp (S (H O(L,,DpF e0))” )> factors through its image
inside the automorphism group Auty (H (1, Dy ()" ) These observations indicate that
the action of Gal(Q¥ /Qy,) on S™! (H(I,, Dy, py))”) factors through a finite group (say
F) that is of order prime to p. Note that the group ring S™T [F } is semi-simple. This finally
lets us conclude that whenever the localization of H%(1,,, D,,. .(y))" at the multiplicative set S
is a free S™'T-module, then so is the localization of H(Gy,, D, ()" at the multiplicative
set S. It thus remains to show that the localization of H%(I,, D, ,.(y))" at the multiplicative

set S is a free S~'T-module.

Observe also that p is invertible in the multiplicative set S since p ¢ ker(mp ). So in fact,
for any finite group F’, the group ring S™!T[F’] is semi-simple. Our arguments above can

be modified to show that whenever [, acts on L via a finite group (and hence on D;’ 00
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too), the localization of H%(I,, D,, .(y))" at the multiplicative set S is a free S~'T-module.
We shall thus assume that I, acts on Lg via an infinite group, say Z. We keep the following

diagram in mind:

@lljer(p Fln) IT=2Agx P, P, denotes the p-sylow subgroup of 7
|
Qyr By local class field theory, P, = Z,
T, |
Q. Ay : finite and of order prime to p

Let T, be a topological generator for P,. We will first argue that the two eigenvalues given
by the action of T, on Lp are the same. For the sake of contradiction, suppose that the
eigenvalues were different (say a and b). Working over a quadratic extension K of Frac(R),
if necessary, we shall assume that we can find a basis {e1, es} over K such that the action
of T, is given by a diagonal matrix (with diagonal entries a and b). Let Frob, be a lift in
Gal(@l;er(pph”) /Q,) of Frob,. If we let [, denote the characteristic of the residue field, local

class field theory provides us the following equality, for some element dy in Ay:

50T 55" = Froby T, Froby

The element pp(d, 1F/‘r\o/b,,) belongs to the normalizer of the group of invertible diagonal ma-
trices and hence must act on the set {ej,es}. It cannot act trivially on the set {eq,es}, for
otherwise a and b would be roots of unity (since we would have a = a' and b = b*) and
the action of I, on Lr would then have to factor through a finite group. If the element
pF(do’lF/‘r?)El,) permutes the elements of set {e1,es}, then a* = b and b* = a. This once
again forces a and b to be (two distinct) roots of unity. This also contradicts the fact that
the action of I, on L factors through an infinite group. What we have thus shown is that
the two eigenvalues for the action of T, on Lp are equal (to ¢, say), if the action of I, on

Ly factors through an infinite group.

We will choose a basis {e1, ea} over Frac(R) so that the action of T, on Lr ®g Frac(R)
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can be given by an upper triangle matrix (whose diagonal entries are both equal to ¢). We

have the following isomorphism of free T-modules (of rank 4) that is [,-equivariant:

DV >~ Homy (Lp ®;, T, Lp @i, T) (X 1.

pr,F(X)

Recall that T is an integral extension of O[[xy, xs]], where x;, 25 denote the weight variables.
Note that ker(mppr) N O[[z1]] = {0} and ker(mrr) N O[[z2]] = {0}. So, the fraction fields
of i1(R) and iy(R) should be contained inside the multiplicative set S. This allows us to
choose a basis {Te, ;) Teger, Teyens Teges b for S71 (D;»/F,F) over ST'T, where the elements

Terers Oepers Ocqep AN Oy e, in Homy (Lp ®;, T, Ly ®;, T') are described below.

Oerey tla(€1) = i1(€1),  Oepey o G2(€1) =0,  Oepey i d2(e1) = i1(€2), Oeyey : taler) — 0,

is(eg) — 0. ia(e2) — i1(eq). ia(e2) — 0. ia(e2) — i1(e2).

Note that since the action of I, on Lg factors through an infinite group, the action of T, on
Lr ®pg Frac(R) is reducible but indecomposable. Since det(pr |7,) is finite, the eigenvalue
¢ has to be a root of unity. Also, x is of finite order. This allows us to find a positive
integer n such that the action of T on Lp ®pg Frac(R) (with respect to the basis {e, e2})

d
is given by the 2 x 2 matrix , for some non-zero element d in Frac(R); and such

01
that x(T7) = 1. The actions of Y and T? —Id on S~! <DXFF(X)> (with respect to the basis

described above) are then given by the 4 x 4 matrices

10 i 0 0 0 id) 0
—iz(d) 1 —ii(d)ia(d) i1(d) —iz(d) 0 —ii(d)iz(d) i1(d)
0 0 1 o |’ 0 0 0 0
0 0 —is(d) 1 0 0 —is(d) 0

respectively. The elements i (d), i2(d) and i1(d)iz(d) belong to the multiplicative set S, hence
they are invertible in S~'7". This lets us conclude that the localization of H°(P}', D, ..(y))"
at S is a free S~'T-module of rank 2. By Lemma the localization of H%(I,,D,, ()"
at the multiplicative set S is also a free S~'T-module. The proposition follows.

O
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Chapter 8

PROOF OF THEOREM 3

The proof follows entirely by recalling results from earlier sections. Proposition tells
us that ker(m) does not belong to the support of the T'[[I']]-module Sel?fg(@)v if and only
if the R[[I']]-module Sel® (Q)Y is torsion. Let us now assume that the R[[']]-module

TOP4,3

Selfgm’g((@)v is torsion. Let 643 equal 4, for two non-zero elements n and d in T'[[I']}.

Without loss of generality, we shall assume that n, d and 7(n) are non-zero. Following the

notations of Proposition [6.2], we let

T[]
(n)

T(Ir
@ (EBZ/EEOLOC(Vu p4,3)v) ’ Y2 = M D Seliﬁg (Q)V7 M = HO(G27 Dp473)\/'

= ()

Let us now verify the hypotheses given in Proposition We will need to show that Y;
and Y5 satisfy [NO-PN| and |FIN-PROJ.  The T[[I']]-modules % and % clearly satisfy
INO-PN| and [FIN-PROJ| For every prime v € ¥, Proposition asserts that Loc(v, pa3)”
satisfies Corollary [3.3|and Lemma assert that Loc(v, ps3) satisfies [FIN-PROJ]
Proposition asserts that the Sel,io’3 (Q)Y satisfies [NO-PN| Proposition asserts that
Seli‘)’g(@)v satisfies [FIN-PROJ| These observations show that Y; and Y3 satisfy [NO-PN|and
[FIN-PROJ| As for the remaining hypotheses we have that for every height two prime ideal
@ containing ker(r) and in the support of H%(Gx, D,,,)", by Proposition and Lemma

3.16}, the local ring T'[[I']] is regular. Note also that the map = : T[[I']] — R][']] is surjective.

Suppose [ES| holds. It can be rewritten as the following (in)equality of divisors in T'[[I']]:

Div (Y;) > Div(Y;) — Div(M).
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Proposition [6.2| then gives us the following (in)equality of divisors in R|[[[']]:

Div (R[[F”> + Z Div (Loc(u, pa3)” Qr([r)] R[[FH) (81)

m(n
vEX

)
R[] ol e (@) v [ TorTIrN 0 v
() ) +D (S Lo s (Q)" @7y R[[FH)HD (T 1 (RIT)), HY(Gs, Dy, ) )>

> Div <
— Div (H*(G, Dropys)") -
By Proposition [7.3| we have the following equality in the divisor group of R[[T']]:
Div (Se1§£3((@)v 7] R[[ﬂ]) + Div (Torle] (R[[F]LHO(GE,DPLQV)) = Dw(seggm(@)V). (8.2)
For all v € ¥, Proposition [7.5] gives us the following equality in the divisor group of R][[[']]:

Div (Loc(v, pa;3)" @rryy RI[T]]) = Div (Loc(v, 7 0 pa3)”) (8.3)

Equation (2.6 in Theorem [3| now follows by combining equations ({8.1)), (8.2) and (8.3)).

Now suppose that the divisor Div <Sel§£3 (Q)V) — Div(M) generates a torsion element in
T[[I']]. This implies that Div (Y3) — Div(M) also generates a torsion element in 7'[[I']]. Recall
that, for each v € X, the divisor Div(Loc(v, ps3)") is principal (see Proposition . So,
the divisor Div(Y]) generates the trivial element in the class group of T'[[I']]. Proposition

now gives us the last part of the theorem. This completes the proof.
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Chapter 9
FUTURE WORK

We would like to formulate a more general framework where a decomposition of Galois
representations (such as the one given in equation ({2.5))) leads to a factorization of Selmer

groups (such as Theorem . Consider the following Galois representations.

pc : Gal(Q/Q) = GLy(Rg),  pa: Gal(Q/Q) — GSp, (Frac(J)).

Here, p¢ is the Galois representation associated to a Hida family G = 322 4, (G)q¢™ € Ra[[q]]
whose associated residual representation is reducible. We let p) be the 4-dimensional Galois
representation constructed by Tilouine-Urban [35] (see Theorem 7.1). Suppose, for the sake
of simplicity, it takes values in GSp, (J). Here, J is an integrally closed domain and a finite
integral extension of a power series ring Z,[[11, T3]].

Suppose there exist height one prime ideals pg;s and ppx in Rg and J respectively, of
residue characteristic zero, containing the Eisenstein ideals (as in [30] and in the Siegel-
Parabolic case as described in Section 3 of [36] respectively). If we let O and I denote the

integral closures of pRTC? and % respectively, we have the following natural projections.

Tris - Rg — O, Tk J — L

We let x; and x_ denote the one-dimensional characters appearing in the semi-simplification
(ss) of mgis 0 pg. We let pg, and pg, denote the two-dimensional Galois representations oc-
curing in the semi-simplification of mgx o py. We would like to deduce an analog of Theorem

corresponding to the following decomposition of Galois representations.

88 ~v

(TEis © pa)™ = x4+ @ x-, (mEK 0 pA)”" = pey, © pe,- (9.1)
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Appendix A

A.1 Results from Commutative Algebra

Let R be an integrally closed local domain that is a finite integral extension of Z[[u, . .., u,]].
We shall say that a sequence M; — ... — M,, of finitely generated R-modules is almost-

exact if for every height one prime ideal p of R, the following sequence of R,-modules is exact:

(M) = oo = (M),

Suppose we have an exact sequence C; 22, B 0y 24 ¢y 5 0 of finitely generated

R-modules along with the following commutative diagram:

Cl g1,2 CQ 92,3 C3 93,4 C4 0
Cl g1,2 CQ 92,3 C3 93,4 C4 0

It is possible to split the diagram above into three commutative diagrams given below.

0 ——ker(g1,2) — C1 ——Im(g1,2) —= 0, 0 ——Im(g1,2) — Co ——ker(ga,3) —=0
] ]
0 ——ker(g;2) —=C; ——Im(g12) —=0 0 ——Im(g12) — Co —ker(g2,3) —=0
0 —— ker(gz 3) Cs Cy 0
]
0 —— ker(g23) Cs Ca 0,

If C; is a torsion R-module, then ker(u,) is a pseudo-null R-module if and only if coker(u;)
is pseudo-null. A simple application of Nakayama’s Lemma tells us that a surjective endo-
morphism of a finitely generated module over a Noetherian ring is in fact an isomorphism
(see Proposition 1.2 in [37]). Using these observations and by a careful diagram-chasing

argument, we obtain the following lemma:
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Lemma A.1. Suppose Cy is a torsion R-module. Suppose also that either ker(uy) or coker(uy)

1s pseudo-null. Then, the following sequence is almost-exact:
0 — ker(uy) 225 ker(us) 225 ker(uy) — coker(uy) 22 coker(us) =2 coker(ug) — 0

We shall say that a sequence D,, — ... — Dj of discrete R-modules (whose Pontryagin
duals are finitely generated R-modules) is almost-ezact if the sequence DY — ... — D, of
finitely generated R-modules is almost-exact. Using an argument similar to the one given
above, we have the following lemma for discrete modules:

g1, 92, 93,
Lemma A.2. Suppose we have an exact sequence Dy = Dy =2 Dy L4 Dy — 0 of

discrete R-modules (whose Pontryagin duals are finitely generated as R-modules) along with

the following commutative diagram:

Dl g1,2 D2 92,3 DS 93,4 'D4 0
Dl g1,2 DQ 92,3 Dg 93,4 'D4 0

Suppose further that the Pontryagin dual of Dy is a torsion R-module. Assume also that
either the Pontryagin dual of ker(uy) or the Pontryagin dual of coker(uy) is pseudo-null.

Then, the following sequence is almost-exact:

0 — ker(us) 22 ker(us) 2% ker(uy) — coker(ug) 22 coker(us) 2% coker(ug) — 0
A.2 A group theory lemma

For this final part of the appendix, we shall let R be a Noetherian domain. The ring R is not
assumed to be complete. Suppose G is a profinite group. Let M be a free R-module with
an R-linear action of G. For the purposes of brevity, we shall let Mg denote the maximal
quotient R-module of M on which G acts trivially. Let H be an open subgroup of G. Let S

be a multiplicative set in R.

Lemma A.3. Suppose that the index |G : H] is invertible in ST'R. If S~ (My) is a free
S7'R-module, then so is S~H(Myg).
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Proof. The action of G on M extends naturally to one on S~! M since the action is R-linear.
Let My denote the R-submodule of M generated by the elements of the form (g — 1)m, as
g varies over all the elements of group G and m varies over all the elements of the module

M. We observe that we have the following isomorphisms:

M _
Mg = S H(Mg) =

~ S_IM o~
R

SMy (§7'M)g
This observation will allow us to assume, without loss of generality, that the set S equals the
set of units in R and that [G : H] is a unit in R. What we will now need to show is that if
My, is a free R-module, then so is Mg. Consider the G-module Indg{ (Res%./\/l), which we
will denote by N'. We also have a natural G-isomorphism N3 = Ind% ((Res%/\/l)q.[), which
lets us obtain the isomorphism

Ng = (Ny)g = (Ind% (Res$,(M)y) )g. (A.1)
The kernel of the natural map G — Aut(N3) contains H. The action of G on Ny would
thus factor through a finite group, say A, of order dividing [G : H|. The hypothesis that
Res} (M) is a free R-module combined with the semi-simplicity of the ring R[A] and
equation lets us conclude that Ay is a free R-module.

We shall now show that M is a direct summand of N as an R[G]-module. This tells us
that Mg is a free R-module whenever Ng is. This would complete the proof of the lemma.
First observe that the restriction functor Res% is a left-adjoint to the Induction functor Ind%
(by Frobenius reciprocity). Since the index [G : H] is finite, the induction of a module is also
non-canonically isomorphic to its co-induction. So one can view the restriction functor Res%
as a right-adjoint to the Induction functor Ind%(by Hom-Tensor adjunction). This gives us

the following isomorphisms:

\’%“/ Homy (Res%./\/l, Res$ M) \%:/ Homg (N, M) .

Frobenius Hom-Tensor
Reciprocity adjunction
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The identity map in Homy (Resg/\/l, Res%/\/l) can be pulled back to a map i : M — N
in Homg (M, N) along with a “splitting” map s : N' — M in Homg (N, M) . Tracing the
isomorphisms, one gets that the composition s o i equals the identity map. Thus, M is a

direct summand of N as an R[G]-module. The Lemma follows.
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