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University of Washington

Abstract

Selmer groups for elliptic curves

with isogenies of prime degree
by James Michael Mailhot

Chair of Supervisory Committee:

Professor Ralph Greenberg
Mathematics

The Mordell-Weil theorem states that the points of an ellipti‘c curve defined over
a number field form a finitely generated, abelian group. The rank of this group,
generally referred to as the rank of the elliptic curve, is hard to study. The Selmer
group, defined via Galois cohomology, gives a way of approximating the rank of an
elliptic curve. The Selmer group is, itself, difficult to study in general.

We examine the Selmer group for an elliptic curve which admits an isogeny degree
p, for an odd prime p. Using the kernel of the isogeny, and the kernel of its dual
isogeny, we give upper and lower bounds on the p-rank of the Selmer group in terms
of the arithmetic of certain number fields. We show, by way of examples, that these
bounds can be computed for families of quadratic twists of an elliptic curve.

For elliptic curves defined over the rational numbers, we examine the relationship
between these bounds on the p-rank of the Selmer group and the algebraic Iwasawa

invariants associated to the elliptic curve for the cyclotomic Z,-extension of Q.
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Chapter 1

BACKGROUND

1.1 Ranks and Selmer groups

An elliptic curve F is a one-dimensional abelian variety. Equivalently, an elliptic
curve is a genus one curve with a specified base point. If E is an elliptic curve defined
over the field K, then E(K), the set of K-rational points on E, forms an abelian
group, with the specified base point acting as the identity under the group operation.
Of particular interest to number theorists is the case where K is a number field. In
this case, the Mordell-Weil theorem (see [27]) states that F(K) is a finitely generated,
abelian group. That is, there is a non-negative integer r and a finite, abelian group

T satisfying
EK)=7Z xT. (1.1)

We call r the rank of F over K, and T the torsion subgroup of E(K).

Very little is known, in general, about ranks of elliptic curves. For example, it
is widely conjectured that for fixed K, the ranks of elliptic curves over K should be
unbounded. Over Q, the current record is an elliptic curve of rank at least 22, given
by S. Fermigier in [9]. The naive approach to computing the rank of an elliptic curve
- looking for linearly independent points in E(K) - is generally fruitless. It seems
that curves of high rank are very sparse; over Q, most elliptic curves have rank 0 or
1.

In an effort to get a handle on the rank of F over K, we introduce the Selmer and



Tate-Shafarevich groups for E over K, denoted Selg(K) and Ig(K) respectively.

These groups, which arise via Galois cohomology, fit into the short exact sequence
0 — E(K)®Q/Z — Selg(K) — lIg(K) — 0. (1.2)

Notice that F(K) ® Q/Z = (Z" x T) ® Q/Z = (Q/Z)", and, moreover, this group is

injective, so (1.2) splits, and
Selg(K) = (Q/Z)" x Ulp(K). (1.3)

The Tate-Shafarevich group is conjectured to be finite, so full knowledge of the
Selmer group would conjecturally provide full information on the rank of the elliptic
curve over K. The goals of this paper are more modest. In chapter 2 we will give
bounds on the number of elements of order p in the Selmer group, if p is an odd
prime, E admits a K-rational isogeny of degree p, and E does not have potential
supersingular reduction at any of the primes of K lying over p. In chapter 3 we will
compute these bounds for some families of elliptic curves, including one case where
these bounds give exact information. In chapter 4 we will discuss the connection to

Iwasawa theory.

1.2 Notation

For any abelian group A and any prime number p, A[p™] will denote the p-primary
subgroup of A, and A[p] will denote the group of elements of order dividing p in A.
The Pontryagin dual of A, denoted A" is defined to be Hom(A, Q/Z).

For any Galois extension L/K of fields, G,k will be used to denote the Galois
group of L over K; G will be used to denote the absolute Galois group Gz k. We
will use the shorthand of writing H*(L/K, —) and H*(K, —) for the Galois cohomology
groups H(G/k,—) and H(Gg, —).

If K is a number field, and [ is any place of K, K| will denote the completion of

K at [. If & is any finite set of places of K, Ky will denote the maximal extension of



K which is unramified outside X.

If K is any field and A is any G g-module, we will use A(K) for H°(K, A), the
elements of A fixed by Gx. We will use K(A) for the minimal extension of K whose
absolute Galois group acts trivially on A. (Gk(a) is precisely the kernel of the map
Gx — Aut(A).) If K is a number field and if K(A)/K is ramified at [, we will say
A is ramified at [; Ram(A/K) will denote the set of all places of K at which A is
ramified.

If K is a local field, we will use K, to denote the maximal unramified extension of
K. For any G x-module A and any non-negative integer i, we call elements of H*(K, A)
unramified if they are in H? (K, A) := ker (H'(K, A) — H*(Kp, A)). Suppose fur-
ther that the residue field K/mg has characteristic p. Following J.-P. Serre in [24], if
L/K is an abelian extension and Gk has exponent p, we say the extension L/K is
peu ramifiée if L(p,) = K(lp, /11, - - . , ¥/Tm) for some 0y, ... ,nm € OIX{(M). Suppose
#A = p, and let L/K be the minimal extension such that A = 4, as a Gr-module.

We say an element of H!(K, A) is peu ramifiée if its image under the restriction map
HY(K,A) = H'(L,A) = L*/(L*)P = Z/pZ x O; /(O )" (1.4)
is in OF/(OF)?, and we let H, (K, A) denote the group of such cocycles.

Lemma 1.1. Let K be a local field with residue characteristic p, and let A be a
Gx-module of order p. If A ¥ p, as Gx-modules, then H,.(K,A) = H'(K,A).
Otherwise, H'(K,A)/H, (K, A) = Z/pZ.

Proof. If A= p,, then

HY(K,A) _ K*/(K*)P
Hy (K, A) — O%/(0%)

~ 7./pZ. (1.5)

Suppose A % p, as a Gg-module, and let o be the Z-valued character which
gives the action of Gx on A. Let L be defined as above, so A = u, as a Gr-module.

The degree of the extension L/K must divide (p — 1), so inflation-restriction gives an



isomorphism

HY(K,A) = H'(L,A)%x = HY(L,p,)@ = (L*/(L*)?)
= (Z/pZ x 03/(0)). (1.6)

Since « is non-trivial, (Z/pZ)'® = 0. Thus, H'(K, A) is in the pre-image of 07 /(07)?,
so H(K,A) = H} (K, A). O

It will be useful for us to have an alternate description of H. ;r(K ,A). Let Kygme be
the maximal tamely ramified extension of K, and let K, be the extension of K.

gotten by adjoining p*™* roots of all elements of Ok, .
Lemma 1.2. H) (K, A) = ker (H'(K,A) — HY(K,, A)).

Proof. Let L/K be the minimal extension such that A = y, as a G -module. Then
by definition, H, (K, A) is the pre-image of H}, (L, A) under H'(K, A) — H'(L, A).
Since [L : K] is relatively prime to p, Ligme = Ktame, and Ly, = K.

Suppose 0 € H'(L, A) is represented by = € L*. Then o € H} (L, A) if and only
if p|vp(z). If 71 is a uniformizer for L, we can multiply z by an appropriate power
of 7§ so that 0 < wy(z) < p. Then o € H), (L, A) if and only if v (z) = 0.

If yp(z) = 0, then x € OFf C OF_ , so « is a p power in Ly, and o €
ker (H (L, A) — H(L,,, A)).

If o € ker (HY(L, A) — H'(Lyy, A)), then z is a p*" power in LY.. By Kummer
theory and the definition of L,,, there is some y € O,  such that £ € (Kjy.)"-

Choose z € K|, satisfying 2P = 2, and let M = L(y, 2).
vm(z) = v (ye?) = vm(y) + p- v (z) = p - vm(2) =0 (mod p). (1.7)

On the other hand, since M/L is a tamely ramified extension, vy (z) = 0 (mod p) if

and only if v (x) = 0 (mod p), which is equivalent to o € H,,.(L, A).



Thus, H) (L, A) = ker (H'(L,A) — H'(Lyr, A)). Since H, (K, A) is the pre-

image of H! (L, A) under restriction, and K,, = L,,,
g pr p p

H, (K,A) = ker(H'(K,A) — H'(L,A)/H, (L, A))
= ker (H'(K, A) — H'(Lyr, A))
= ker (H'(K,A) — H' (K, 4)) . (1.8)

Remark. If M/K is any tamely ramified extension, then M,, = K,,, so H;T(K ,A) is
the pre-image of H},.(M, A) under restriction.

1.3 Duality

Fix a prime p, and let A be a p-group. Let K be a local field, and assume Gk acts
on A. Let A" = Hom(A, pip). Then the cup product induces a perfect pairing

(-, Vg : HY(K,A) x H{(K,A") — Q,/Z,. (1.9)

(When K = Q; we will denote this pairing (—, —);.) We have the following orthogo-
nality results when #A4 = p.

Lemma 1.3. Let L/K be a Galois extension of degree p, and suppose the residue
characteristic of K is relatively prime to p. Let H(A) = ker (HY(K, A) — H'(L, A))
and H(A') = ker (H (K, A") — HY(L, A")). Then H(A) and H(A') are orthogonal

complements under the pairing (1.9).

Proof. Suppose A % Z/pZ as a Gg-module. Since [L : K] = p and # Aut(A) =
(p — 1), A(L) = 0, and by inflation-restriction, }(A4) = H!(L/K, A(L)) = 0. Thus
H(A)t = HY(K,A"). Since the residue characteristic of K is relatively prime to p,



the local Euler-Poincaré characteristic is x(K, A’) = 1, and

#H' (K, A) = #H(K, A -#H*(K,A)
= #A(K) #A(K) = #A4'(K)
= #H'(L/K,A' (L)) = #H(A"). (1.10)

Thus H(A') = HY(K, A") = H(A)*.

Suppose A = Z/pZ, in which case A’ = p,. Then H'(K, A) = Hom(Gg,Z/pZ)
and Hl(K, Ay = K*/(K*)P. If f € Hom(Ggk, Z/pZ), then f € H(A) if and only if
f factors through G k. If @ € K*/(K*)?, then oo € H(A') if and only if /o € L, in
which case o € Ny x(L*). By proposition XIV.2.4 of [23], (f,a)x = 0 if and only if

a is a norm in the extension cut out by f. Hence, we again have H(A') = H(A)L. O

Lemma 1.4. Suppose the residue characteristic of K is p. Then H} (K, A) and
H, (K, A") are orthogonal complements under the pairing (1.9).

Proof. If A % Z/pZ, then A" % p,, so by lemma 1.1, H, (K, A") = H'(K,A');
as in lemma 1.3, H, (K, A) = 0. Thus, H,.(K,A’) and H, (K, A) are orthogonal
complements.

Suppose A = Z/pZ, in which case A’ = p,. Let L/K be the unramified extension
of degree p. As before, f € H, (K, A) if and only if f factors through Gp/k; « €
H,.(K,A") if and only if modulo p* powers a € O, in which case o € Ny (L*).
As before, (f,a)k = 0 if and only if « is a norm in the extension cut out by f, and

again we have H] (K, A') = H] (K, A)*. 0

Now, suppose K is a number field, 3 is a finite set of places of K containing the
infinite places, and A is a Gk, /k-module. We define a pairing
(= =) [JH (K, A) x [[ H (K, A') — Qy/Z, (1.11)
lex lex

by (=, =) = > ex{—, =) k- Then we have the following.



Lemma 1.5. Under the pairing (1.11), im (H'(Ks/K, A) — [iex H' (K, A)) and
im (H'(Ks/K, A') — [lies H' (K1, A")) are orthogonal complements.

Proof. This follows immediately from the exactness at the middle term of the long

exact sequence of Poitou-Tate (see [19]). O

1.4 Known results

Most approaches to examining Selmer and Tate-Shafarevich groups have focused on
specific families of elliptic curves. In [17] K. Kramer examined elliptic curves given

by the equation
E:y? +zy =3~ (16m)z* — (8m)z — m, (1.12)

and proved that the 2-rank of the Tate-Shafarevich group for elliptic curves in this

family is unbounded.

Theorem (K. Kramer). Let n be a positive integer. One can choose integers | =
Iy« lyr and m=mq - ... -mys with the following properties:

oly,...  lh,my,...m, are distinct odd primes with l; =1 (mod 4) for 1 <i <mn;

e 1 and s are positive, odd integers and each prime factor of r is 1 (mod 4);

o/ =16m+1,

. (rln—) = (=1)% for1<i,j <n.

Let E be the elliptic curve defined over Q by (1.12), with m as above. Then

dimp, (II(Q)[2]) > 2n. (1.13)

In [10] T. A. Fisher examined elliptic curves with a rational point of order m for
m = 5 or 7, parametrized by X;(m) = P!. In [11] he considered a slightly more
specialized case: elliptic curves whose m-torsion splits as Z/mZ x p,, for m = 3,4
or 5, parametrized by the modular curves X (m) = P!. Each of these curves admits

an isogeny « : E — E' with kernel Z/mZ. In the latter case, the curves also admit



isogenies f : E —» E", with kernel u,,. To these isogenies (and the corresponding
dual isogenies, & and ) we can associate Selmer groups S (E/K), S®(E/K),
S@(E'/K) and S®)(E"/K); these groups group gives information about the number
of elements of order m in the full Selmer group. He was able to estimate the sizes of
these Selmer groups in terms of congruences involving the explicit parametrization of
these curves. In particular, in the case of curves whose m-torsion splits, he was able
to show S®)(E"/K) can be arbitrarily large compared to S (E/K) and S (E'/K),

proving the following.

Theorem (T. A. Fisher). Let K be a number field and let m = 3,4 or 5. Then
the Tate-Shafarevich group of an elliptic curve over K may contain arbitrarily many

elements of order m.

The approach of G. Frey in [12] is somewhat more general. He examined quadratic
twists of elliptic curves defined over Q with Q-rational points of order p, for p odd.
(Note that this forces p = 3,5 or 7.) Let E be such an elliptic curve, of conductor
Npg and j-invariant jp. Let Sg be the set of odd primes ! | Ng with [ = —1 (mod p),
and let Sz C Sk be the subset consisting of primes satisfying v;(jz) # 0 (mod p) and
v(jr) < 0. For a fixed, square-free integer d, let F' = Q(V/d), let e4 be the quadratic
character which gives the Galois action on v/d and let K be the subfield of Q(¢,, V/d)
of index 2 containing neither ¢, nor v/d. Let F' (respectively F”) be the maximal
abelian extension of F' of exponent p unramified outside the set Sg (resp. S E). Let
K’ be the maximal abelian extension of K of exponent p unramified outside the set
{p} U Sg, peu ramifiée above p, such that Gk,q acts on Gk x by Xpeq, Where X, is
the character which gives the Galois action on y,. He was able to prove the following

theorem.

Theorem (G. Frey). Let E be an elliptic curve defined over Q with a point P of
order p > 2 rational over Q. Assume E has either good or multiplicative reduction

at p, and that P is not contained in the kernel of reduction modulo p (so E does not



have supersingular reduction at p). Let d # 1 be a square-free integer relatively prime
to p- Ng such that:

e if 2| Ng then d =3 (mod 4);

o ifl & {2,p}USE butl| Ng then (%) = —1 if E is a Tate curve over Q; or v (jg) > 0,
and (%) = +1 otherwise;

o if v,(ji) < O then (g-) ~ 1.

If E¢ is the quadratic twist by d of E, then

[F': F] < #Selga(Q)[p] < [F": F] - [K': K]. (1.14)

Frey’s result demonstrates a couple of themes. First, the bounds on the p-rank of
the Selmer group tend to be easily applicable to entire families of quadratic twists.
Second, p-ranks of Selmer groups which admit K-rational isogenies of degree p are
closely related to class groups of finite extensions of K. The results in chapter 2
extend Frey’s theorem in two ways. Firstly, by tightening the upper bound on the
number of elements of order p in the Selmer group, and secondly, by increasing the
applicability. Frey’s theorem applies only to elliptic curves defined over Q, and with
very specific Galois action on the kernel of the given isogeny. The results in chapter
2 will be applicable to elliptic curves defined over arbitrary number fields, with no
condition placed on the Galois action on the kernel of the given isogeny.

In [21], E. Schaefer considered Selmer groups in the most general setting. If
¢: A — A'is an isogeny of abelian varieties defined over the number field K, we
can define a Selmer group S (A/K) C H'(K, A[¢]), where A[¢] denotes the kernel
of the isogeny ¢. If H (K (A[¢])/K, A[¢]) is trivial, we can use the inflation-restriction

sequence to embed
S(¢)(A/K) — HomGK(A[¢]) (GK(A[¢])’ A[¢]) (1'15)

Let C®(A/K) be the subgroup of homomorphisms which factor through an every-

where unramified extension of K(A[¢]), a group closely related to the class group



10

for K, and let I®)(4/K) = S (A/K)NCY(A/K). He examined the relative sizes
of SW(A/K), C¥(A/K) and I®(A/K) by considering local conditions. For every
prime p of K, we can define local cohomology groups S(¥(A/K,), C'¥(A/K,) and
I9(A/K,) C H(K,, A[¢]). Schaefer shows that if p is a prime of good reduction
which doesn’t divide the degree of ¢, then S (4/K,) = CW(A/K,) = I¥(A/K,).
Thus, he proved the following.

Theorem (E. Schaefer). There are injective homomorphisms

SOA/K)TD(A/K) = []SDA/K,)/TD(A/K,)
p

COA/K)TD(A/K) — [[COA/K)/T9(A/K,),
P

where the product runs over the finite set of primes of bad reduction and primes

dividing the degree of ¢.

This theorem bounds the difference in sizes between the Selmer group associated
to ¢ and a group related to the class group. When [], HY(K,, A[#]) is small, this
difference will be small. Unfortunately, if p divides the degree of ¢, H'(K,, A[¢])
can grow quite large. In chapter 2, we will examine more closely the precise Selmer
condition at primes of bad reduction, and at primes lying over p (the degree of the
isogeny we will consider), in order to give a more precise description of the relationship

between the Selmer group and class groups.
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Chapter 2

BOUNDS ON THE SELMER GROUP

2.1 Set-up

Let E be an elliptic curve defined over the number field K, and suppose £ admits a
K -rational isogeny of odd, prime degree p. Suppose, in addition, that E has either
multiplicative or good, ordinary reduction at all places of K lying over p. Our goal
in this chapter is to use information about the isogeny to obtain bounds on the size
of Selg(K)|p.

We recall, first, the definition of the p-primary Selmer group for E over K. For
any place [ of K there is an injective map «; : E(K() ® Q,/Z, — H'(Ki, E[p™])
defined as follows. If P € E(K;) and Q € E(K)) satisfies p"Q = P, then x(P® ;) €
H'(K\, E[p*™]) is represented by the cocycle which maps ¢ to (0(Q) — Q). We say
an element of H!(K, E[p™]) satisfies the Selmer condition at [ if, when restricted to
H(K,, E[p™]), it is in im(k;). Such an element is in the p-primary Selmer group if it

satisfies the Selmer condition at all places. That is,

Selg(K)[p™] := ker (Hl(K, E[p*]) — HHl(K[,E[p‘X’])/im(m)> : (2.1)

where the product is taken over all places K. For [ not lying over p, im(x;) = 0. For p
lying over p, we have excluded the possibility of potentially supersingular reduction,
so we can use the description of im(k,) given by J. Coates and R. Greenberg in [4].
On the surface, deciding whether a given element of H' (K, E[p*]) is in the Selmer
group involves checking an infinite number of conditions. Fortunately, by exercise 2.9

of [14], we can replace this definition with an equivalent one involving only finitely
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many places of K. Let ¥ be any finite set of places of K which contains the infinite
places, the places of bad reduction for £ and the places lying over p. Then

Selp(K)[p™] 2 ker (Hl(KE /K, E[p™)) — [ [ H' (K, E[p™])/ im(m[)) . (2.2)

lex

For convenience we will take 3 to be as small as possible. That is, the places in ¥ are
precisely the infinite places, the places of bad reduction for E and the places lying
over p.

Let ¥ be the kernel of the K-rational, degree p isogeny alluded to at the start of
the section. Then V¥ is a G k-invariant, one-dimensional subspace of E[p|, and there

is a short exact sequence
0 — V¥ —Ep—P—0 (2.3)

of Gg-modules, where ® := E[p]/¥. Applying Galois cohomology gives us the long
exact sequence
0 — V(K) — E(K)[p] — ®(K)
—— HY(Ky/K,¥) —— HYKx/K,Elp)) —— HY(Kx/K,®) (2.4)
— H}*Kyg/K,¥) —— e .

Likewise, by applying Galois cohomology to the short exact sequence
0 — E[p] — Ep™] —— E[p*] — 0, (2.5)

we obtain the long exact sequence

0 —  EEp —  BEEP? o BE)p

(2.6)

In light of (2.2) we can view Selg(K)[p] as a subgroup of H'(Kx/K, E[p™])[p].

We define Sgj,) to be the preimage of Selg(K)[p] in H' (K /K, E[p]) given by (2.6),

and we define Sy (respectively Sg) to be the preimage (resp. image) of Sgp in
H'(Ks/K,¥) (resp. H'(Kx/K,®)) given by (2.4).
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Lemma 2.1.

#Sv - #50
# Selg(K)[p| = ZU(K) #OE)" (2.7)
Proof. From (2.4) and (2.6) we have the exact sequences
0 — ¥(K) — E(K)[p] — P(K) 24
— Sy —— Spp —— S — 0 28)
and
0 — E(K)[p] — E(K)p™] — E(K)[p™] 29)
——  Spp — Selp(K)[p] —— 0. ’
Note that the Mordell-Weil theorem implies E(K)[p*] is finite. By (2.9)
o _ #Sep #EE)Pp™®] #Smp
#SE = e #EE ~ #EEE Y
By (2.8)
_ #Sy - #8Ss - #E(K)|p]
#Sppp) = T (K) - #0(K) (2.11)
Hence
_ #Su-#5
# Selg(K)[p] = U (K) #3(K)’ (2.12)
O

2.2 Strategy

In practice, computation of #W¥(K) and #®(K) is trivial, so the problem of counting
# Selp(K)[p] reduces to an analysis of Sy and Sg. Consider, for each | € ¥, the

commutative diagram

H'(Ks/K,¥) ——  HYKy/K,Elp)) — H'(Ky/K,®)

| J |

HY (K, ¥) —— HY(K,, Elp]) ——  HYK,®) (2.13)

l

HY(Ky, E[p])/ im(s).
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If we set Ly(0) := ker (H(K;, ¥) — H'(K;, E[p®])/ im(x)), then

Sg = ker (Hl(KE JK,¥) — H H'(K,,¥) /L;(\Il)) . (2.14)
ex
Likewise, if we set L(®) = im (SE[p] — HY(K, <I>)), then
Ss C ker (Hl(KE/K, o) — [[H' (K, @)/L[> : (2.15)
ex

(Possible lack of surjectivity in the middle line of (2.4) makes it impossible to deter-
mine subgroups L((®) which would give Sg precisely.)

As the following lemma shows, we can ignore infinite places in ¥.
Lemma 2.2. Let | be an infinite place in . Then H'(K, ¥) = HY(K, ®) = 0.

Proof. If 1 is a real place, then K; = R; otherwise K; = C. In either case, Gk, has
order dividing 2, so for i > 1 the groups H*(Kj, —) have exponent 2. On the other
hand, ¥ and ® have order p, so for i > 0 the groups H'(—,¥) and Hi(—,®) have
exponent p. In particular, since p is odd, H' (K|, ¥) and H'(K|, ®) are trivial. O

For finite places in ¥ we define L (¥) and L] (®) as follows.

Definition. If F has multiplicative reduction at [, set
o LF(V) = HYK,¥) and L;(®) = 0 if ¥ corresponds to p, under the Tate
parametrization (see section 2.3);
o LE(V) =0 and L}/ (®) = H'(K;, ®) if ¥ does not correspond to p, under the Tate
parametrization.

If £ has additive reduction at [, set
o L7 (W) =0, L7 (T) = H'(K,, ¥) and L} (D) = H'(K;, D).

If E has good, ordinary reduction at p € X, in which case p | p, set
o L3(¥) = H,.(K,,¥) and L (®) = H, (K, ®) if ¥ is in the kernel of reduction
modulo p;
o L3(V) = H) (Kp, ¥) and L} (®) = H}, (K, ®) if ¥ is not in the kernel of reduction

modulo p.
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Remark. Unless | € ¥ is a place at which E has additive reduction, L; (¥) = L£; (¥).
As we will see in section 2.7, we often have equality even for such [. In particular,

LI(®) =L () forallle Zifp>5.

Our goal in the next few sections is to prove the following theorem.

Theorem 2.3. With the above definitions L7 (V) C Li(¥) C L (¥) and Li(P) C
L (®) for all L € X. If we set

ST := ker (Hl(mj /K, ®) — [[H'(K, ) /L[i(\lf)) , (2.16)
and
SF = ker (HI(KE /K, ®) — [[ H' (K1, ®) /Lr(@)) , (2.17)

then Sy C Sy C S§ and Ss C Sy. Hence,

#5y
#VU(K) - #2(K)

#5§ - #53
U(K) - #(K)

< # Selp(K)lp] < 7 (2.18)

2.3 The Selmer condition away from p

Let [ € ¥ be a finite place not lying over p. Then, by our choice of ¥, E has bad
reduction at [. If E has additive reduction at [, then £, (¥) = 0, L (¥) = H'(K,, )
and L;7(®) = H' (K, ®), so clearly L7 (¥) C L((¥) C L (¥) and L((®) C L (D).
Suppose F has multiplicative reduction at [. Then E is isomorphic to a Tate curve
over either K| or the unramified, quadratic extension of K. (See [28].) That is, for
some qg € K| with v(qg) > 1 there is a Gr-module isomorphism f(f‘/(qE) = E(K)),
where L = K| if F has split, multiplicative reduction at [, and L is the unramified,
quadratic extension of K| if E has non-split, multiplicative reduction at I. (We call

qg the Tate period.) If € is the (trivial or quadratic) character corresponding to the
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extension L/Kj, there is a commutative diagram

0 — up®e —— E]p] — Z/pZ®ec —— 0

| | | (2.19)

0 — fpo ® — EP®] — Qp/Z, Qe —— 0
of Gg,-modules, in which the rows are exact. Applying Galois cohomology we again
have a commutative diagram with exact rows,
HY (K, p,®e) —— HYK,E[p])) —— HYK,Z/pZ®¢)
.| 1 5| 220
H (K, ppe ® ) —— HY(K;, E[p®]) —— HY(Ki, Q,/Z, ®¢).

Lemma 2.4. Mo «ap: HY(Ky, p, ® ) — HYKy, E[p™)) is the zero map.

Proof. 1t is obviously enough to show that A; is the zero map.

Suppose that ¢ is the trivial character. Then
H (K, pyo ® €) = H (Kiy ppee) = K[ ® Qp/Zy = Q) Zy. (2.21)

Meanwhile, the second row of (2.20) comes from the long, exact sequence

0 —  me(K) —— EE)P®] — Q/Z, (2.22)
sy HY(Ky, pyo) —2 HYEK;, E[p®]) — ...... , '

ker(A) = (Qp/Zy)/ im(E(K()[p™]) = Qp/Zp. (2.23)

(The last isomorphism in (2.23) holds rbecause E(K))tors is finite.) Hence ker()\) is
an infinite subgroup of H'(Kjy, ppe) = Qp/Zy, but Q,/Z, has no infinite, proper
subgroups, so A is the zero map.

Suppose, on the other hand, that ¢ is the nontrivial, unramified, quadratic char-

acter of Gk,. Applying Galois cohomology to

0 — [y ®E — fpoo ®E —2 flyo ®E — 0 (2.24)
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gives the long exact sequence

0 —— HYK,u,®e) —— HY (K pipo @) —2— HUK, iy @ €)

—y HY (K ppy ®€) ——> HY(K, iy ® €)[p] —— 0. (22)
Since [ doesn’t lie over p, the Euler-Poincaré characteristic x (K7, yp) = 1, and
#H (K, iy ® ) = #H(Ki, iy @ €) - #H (K, iy @ €). (2.26)
By local duality,
H*(Ki, 1y ®€) = H(K\, Z/pZ ® €)", (2.27)
which is trivial, so
#H (K pp @ ) = #H (K, 1ty @ €). (2.28)

Since H(K\, ppe ® €) is finite,

LHY (K, 1y ® €
#H' (Ki, iy @ €)[p] = #HOEKE, ZZ ® s; = (2-29)

Thus H'(K], pipee ® €) has no elements of order p and must be trivial. It follows

immediately that A\; must be the zero map. O
Lemma 2.5. §: HY(K,Z/pZ ® €) — HY(K,Q,/Z, Q €) is injective.
Proof. By applying Galois cohomology to the short exact sequence

0 — Z/pZR®e — Qp/Z,®c —— Q,/Z,®c — 0 (2.30)

we obtain the long exact sequence

0 — HY(Ky,Z/pli@e) — HO(Ky,Qy/Z, ® ) —— H(K:, Qp/Zy @)
— H\(K,Z/pZ®¢e) -2 HY(K,Qp/Zy®E) —  +-vnn- _

(2.31)
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If ¢ is a non-trivial, quadratic character, then the cohomology groups in the first
row of (2.31) all vanish, and f is injective. If ¢ is trivial, the first row of (2.31)

becomes
0— Z/pZ — Qu/Z, — Q,/Z,. (2.32)
The right-most map in (2.32) is surjective, so f is injective. ]

Proposition 2.6. Suppose E has multiplicative reduction at |, for a prime | not lying

over p. Then Li(¥) = LE(¥) and L(®) C L (D).

Proof. Suppose first that ¥ corresponds to u, under the Tate parametrization. Then
LE(P) = HY(K,,¥). Since ¥ corresponds to u,, H'(K, ¥) is naturally identified
with H'(K\, u, ® ), and the map H' (K, V) — H'(K\, E[p™]) is the zero map, by
lemma 2.4. Thus, £;(¥) = H'(K,, ¥) = LF(T).

Also, Ly(®) = im (Spp — HY (K, ®)). Since ¥ corresponds to pp,, H'(K;, )
is naturally identified with H'(K\,Z/pZ ® €). Elements of Sgp, satisfy the Selmer

conditions at all places in ¥ so in particular they satisfy the Selmer condition at [.

Sep C ker (H'(Kx/K, E[p]) — H'(K,, E[p™]))
C ker (H'(Kx/K,E[p)) — H'(K,,Qy/Z, ®¢))

= ker (H'(Kx/K, E[p]) — H' (K, ®)), (2.33)

where the last equality follows from lemma 2.5. Thus, £;(®) = 0 = L(®).

Now suppose ¥ does not correspond to p, under the Tate parametrization. Then
L (®) = HY(K, ®), so L(P) C L (®P) automatically.

Also, LF(¥) = 0. Since ¥ does not correspond to u,, H'(Ki, ¥) is naturally
identified with H' (K}, Z/pZ ® ¢), and we have the following commutative diagram.

HY(K,¥) — H(K,Z/pZ®e) 2 H'(K,Q,/Z, ®¢)

l T T (2.34)

H'(Ky, E[p]) —  H'Ky,E[p)) —— H(K;E]p™))
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Lo(¥) = ker (H'(I, ¥) — H'(Ki, E[p™)))
C ker (H'Y(K,¥) — HY(K,Q,/Z, ®))
= 0, (2.35)

by lemma 2.5. Thus, L(¥) = 0 = LF(T). a

2.4 The Selmer condition at p

Suppose p is a place of K lying over p at which E has either multiplicative or good,
ordinary reduction. Then E[p>] has a Gk, -invariant subgroup isomorphic to Q, /Z,
as a group, which we will denote E[p™]. If E has multiplicative reduction at p, then
E[p™] is the image of j1,- under the Tate parametrization K /{qr) — E(K,). If E
has good, ordinary reduction at p, then E [p*] is the p-primary subgroup of the kernel
of reduction modulo p. In either case we will use E[p™] to denote E[p>]/E[p™].

The inclusion E[p®] < E[p™] gives a map
A+ H (I, BIp™)) — H'(y, E[p~). (2.3

By proposition 4.5 of [4], im(k,) = im(Ap) giv-

2.4.1 Multiplicative reduction

Throughout this subsection, suppose F has multiplicative reduction at p. Then

E[p°°] > 1,0 ® €, where ¢ is either the trivial character or the unramified, quadratic

character of Gg,. By the Weil pairing (see [27]), E[p™] = Q,/Z, ® e. We have the

following commutative diagram, analogous to (2.20).

Hl(KP’E[p]) — HI(KP,E'[p]) — Hl(Kp,E[p])

| | o | (2.37)

HY(K,, Elp™]) —*— H'(K,, E[p*]) — H'(K,, E[p™])

By the same argument as in the proof of lemma 2.5, §, is injective.
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Lemma 2.7. im(\p) gy = im(Ap).

A

Proof. For any positive integer n, the Euler-Poincaré characteristic x(K,, E[p"]) =

p_n'[KP:QP]_ Thus,
#H' Ky, B[p"]) = #:H(Ky, E[p¥]) - #H*(K,, E[p]) - p 10,
Applying Galois cohomology to the short exact sequence
0 — B[p"] — Elp™] 2 Ep*] — 0
gives the long exact sequence
0 — HK,, E[p"]) — H'(Kyp, E[p™]) —— H(K,, E[p™))
— Hl(vaE[pn]) — Hl(Kp,E[poo])[pn] E— 0.
Since E[p™] = u, ® ¢, HY(K,, E[p™)) is finite. Thus,

#H' (K Blp)
#H' Ky, Elp)

#HY(K,, E[p™)[p"] = = #H(K,, E[p"]) - (") K> D],

By local duality,

) . 0 . p" if € is trivial,
#H*(Ky, E[p"]) = #H" (K, E[p"]) =
1  if ¢ is non-trivial.

Thus,

SH K, Byl 4 O e s rivial,
p PP =
(pn)[Kp:Qp] if € is not trivial.

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

Since this is true for all n, Hl(Kp,E[p"o]) = (Qp/Z,) K9] or (Q,/Z,) >t I

either case, H'(K,, E[p>]) is divisible.

Since the image of a divisible group must be divisible, im(X,)g» = im(A,). O

Proposition 2.8. Suppose E has multiplicative reduction at p for a prime p lying

over p. Then Ly(¥) = LF(¥) and L,(P) C L}(D).
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Proof. Suppose first that ¥ corresponds to p, under the Tate parametrization. Then
LE(W) = H'(K,,¥). Since ¥ corresponds to p,, H'(K,, ¥) is naturally identi-
fied with HY(K,,u, ® ¢) = H'(K,, E[p]), and ), o a, is the map H'(K,, ¥) —
H'(K,, E[p™]). Hence
Lp(¥) = ker (H'(Ky, ¥) — H' (K, E[p®])/im()y))
= Hl(KP’\II)
= Ly (D). (2.44)

Also, £y(®) = im (Sgp) — H'(K,, ®)). Since ¥ corresponds to p,, H(Ky, ®) is

naturally identified with H'(K, E[p]). Elements of Sgy satisfy the Selmer conditions

at all places in ¥ so in particular they satisfy the Selmer condition at p.

Sew C ker (H'(Kx/K, Elp]) — H'(K,, E[p™]))
C Yer (H'(Kz/K, Elp]) — H'(K;, E[p)))
= ker (H'(Kx/K, E[p]) — H'(K,,®)), (2.45)
where the last equality follows from the injectivity of 8,. Thus, £,(®) = L (®).
Now suppose ¥ does not correspond to p, under the Tate parametrization. Then
L} (@) = H (K}, ), so Ly(®) C L (®) automatically.
Also, LF(¥) = 0. Since ¥ does not correspond to p,, H'(K,, ¥) is naturally
identified with H'(K,, E[p]), and we have the following commutative diagram.

HY(K,, ¥) — HV(K,, Elp) 2~ H\(K,, E[p>))

l T T (2.46)

H'(Ky, Elp]) —— H'(K,, E[p])) —— H'(K,, E[p™])
By the injectivity of 5y,
Lp(¥) = ker (Hl(Km‘I’) — Hl(Kp,E[p""])/im(/\,,))
~ ker (HI(K,,, 7 J Hl(Kp,E[pW]))

= 0. (2.47)
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Thus, L, (¥) = 0 = LE(T). O

2.4.2 Good, ordinary reduction

Throughout this subsection, suppose F has good, ordinary reduction at p. Let 6 :
Gk, — Z be the character which gives the Galois action on E[p>]. Then 6 is an
unramified character of infinite order. If x, gives the Galois action on p,e, then by
the Weil pairing, x,-0" gives the Galois action on E[p>]. Let n be the largest integer
such that 6 =1 (mod p").

Lemma 2.9. H'(K,, E[p™)]) & (Q,/Z,)X» %] x (Z/p"Z).
Proof. Take m > n, and consider the short exact sequence

0 — E[p™] — E[p™] = E[p™®] — 0; (2.48)
applying Galois cohomology gives us the long exact sequence

0 — H(K,, Ep™) — HYK,, Ep™])) -2 H(K,, E[p™))

) ’ (2.49)
—— H'(Ky, E[p™]) —— H'(Ky, Ep~))[p™] — 0.
Since HY(K,, E[p™)) is finite,
1 . 00 m #HI(KP7E[pm])
H\(K, E - -
#H (K, Elp®])[p™] £HO(K,, Bl
= #H(Ky, B[p™)) - (X(Ky, Blp™))
= #H(Ky, B[p™]) - pm ), (2.50)
By local duality,
#H*(Ky, E[p™) = #H(K,, E[p™]) = p". (2.51)

Thus, #H'(K,, E[poo])[pm] = p[Ee:Qoltn for gl m > n, and the result follows. O

As in the multiplicative case, we have the commutative diagram (2.37). In contrast

to that case, however, 3, need not be injective.
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Lemma 2.10. ker(8,) = HL.(K,, E[p]).

Proof. Consider the commutative diagram

0 —— H' ((K)u/ K, Blpl) =2 H' (Ko, Blpl) 5 HY (K)o, Blp))

ﬂpl ﬂ{;rl
0 — B () Blp™)) " H' (K, Bp™]) % H' (), Elp™))
(2.52)

where the rows are exact, given by the inflation-restriction sequence. The action of
G(x,)., on E[p™] is trivial, so ker(8") = E[p™]/pE[p>] = 0.

Since E[p™] = Qp/Zp, G (k,).. = Z and E(K,)[p™] is finite, H'((K;)ar, E[p™]) = 0
by exercise 2.2 of [14]. Thus, ress is injective. By the commutativity of (2.52), ress o
By = B" o resy. Since res; and B" are injective, ker(8,) = ker(res;) = H,,.(Kp, E[p)).

O
Lemma 2.11. ker (Hl(Kp, E[p]) — HY(K,, E[p>)) /im()\p)dw) = H! (K,, Elp)).

Proof. Tt is clear from (2.37) that im(\, 0 ep) C im(A,). If n. =0, so § # 1 (mod p),
E[p] % pp. Hence by lemma 1.1, H! (K,, E[p]) = H'(K,, E[p]). In this case, im(},)

is a divisible group, and
H}, (Ky, Blpl) = H' (1, Blp]) = ker (H'(Ky, Blp)) — H'(Ky, Blp™))/ im(Nas ) -
(2.53)
Suppose n > 1. Since H(Ky, E[p™]) & (Q,/Z,) > %] x (Z,/p"Z,),
HY Ky, Ep™)) i = p" - H' (K, E[p™)). (2.54)
Consider the following commutative diagram, with short, exact rows.

0 —— Eprtl] —— Ep™] 25 Ep®] —— 0

S o

0 — Elp] —— E[p*] 2= Ep®] — 0
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Applying Galois cohomology, we obtain a new commutative diagram,

(n+1)

HY(K,, E[prtY]) s H\(K,, E[p™])[p"]
, pnl pnl (2.56)
H' (K, Elp)) 2  H(K,, Ep™)),

in which the maps «, and oz,(g"H) are surjective. Let 0 € H'(K,, E’[p]) and suppose

ap(0) € p*- H' (K, E[p™]); then ay(0) = p™-af"*(5) for some 6 € H'(K,, E[p"*)),
and o0 — p" - G € ker(ay).

As we will prove in lemmas 2.12 and 2.13,
" H' (K, Bp"™) € H,, (K, Elp)) (2.57)
and
ker(ap) C H2, (Ky, Elp)). (2.58)

Thus, if ay(0) € H'(Ky, E[p™])ain, 0 € HL (K,, E[p]). That is,

Hl(Kp,AE[P“])[P]
HY(Ky, E[p™]) div[p]

ker (Hl(Kp,E[P]) — ) C H,,(Ky, Elp)). (2.59)

But

H'(Ky, Ep<Dlp] o 5, -
T Ky, B anls] 7P (2.60)

and by lemma 1.1
H'(Ky, Elpl)/H,,(K,, Elpl) = Z/pZ, (2.61)

s0 ap(0) € HY(Ky, E[p™))aiv if and only if o € HL, (K,, E[p)).
By proposition 4.6 of [4],

_im(Qdp) ) 0 P 007y — o H'(K,, Ep™])
# (im(,\p)dw) = #H"(Ky, E[p™]) = p" = # (HI(KP,E’[pOO])diU> . (262)
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Thus, ker(),) € HY(K,, E[p])ai, s0

o & ker (H'(K, Elpl) — H'(Ky, Ep™])/ im(p)aw ) (2.63)

if and only if
ap(0) € H'(Kyp, E[p™)) sio- (2.64)
Therefore, H}, (Ky, Elp]) = ker (H'(Ky, Blp]) — H'(K,, E[p¥))/im(%)). O

Our proof of lemma 2.11 will be complete once we prove the following two lemmas.
Lemma 2.12. p" - HY(K,, E[p**]) C H} (K,, E[p)).

Proof. If n = 0, then H) (K, E[p]) = H'(K,, E[p)), and the result is automatically
true.

Suppose n > 1, and let L/K, be the minimal extension such that 0|¢, = 1 (mod
p"*1). Then L/K, is the unramified extension of degree p. We have the following

commutative diagram, in which the horizontal maps are given by restriction.

. NG
HY(K,, Blp"™]) —— HY(L, ppn+1)) — ((LXL)W)
p"J{ p"l p"l (2.65)
H'(Ky, Blp)) ——  H'(L, 1) (5 )(0)
P p a/'l/p e (Lx)p

Let m be a uniformizer for K,. Then, since L/K, is unramified, = is also a

uniformizer for L. Since § =1 (mod p),

(%)w = ((gz;)y (2.66)

Since # = 1 (mod p"), but § # 1 (mod p™*?),

() = b (i) oo
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Thus,
()" < (&) e

p" - HH(Ky, Blp™)) C ker (H'(K,, Blp)) — H'(L, Blp))/H}, (L, Blp))) . (269)

Since L/K, is an unramified extension of degree p, it is tamely ramified. By the

remark following lemma 1.2

, Hy, (K, Blp)) = ker (H'(K,, Blp)) — H'(L, Elp))/H}, (L, Elp)) ), (2.70)
and g - HY(Ky, Blpr]) € H, (Ky, E). 0
Lemma 2.13. ker(cy,) C HL (K, Elp)).
Proof. If n = 0, then HL (K, E[p]) = H'(K,, E[p]) and the statement is automati-

cally true.
Suppose n > 1. Then E[p] = 1, Consider the following long exact sequence.
0 — H(Kyyp) — HO(Ky B[p™]) —2— HO(Ky, B[p™)
s By i)~ B, Bp™)lp) — 0
If up, € Ky, then H(K,, E[p™]) = 0, and ay is injective, so the statement automati-

(2.71)

cally holds. Suppose , C K, and let m be the largest integer such that x,-67' =1
(mod p™). Then m > 1, and H(K,, E[p™]) = H*(K,, E[p™]) = Z/p™Z. Take P to
be a generator of E[p™], and choose Q € E[p™*!] such that p- @ = P. Then ker(cy,)
is generated by the cocycle fo : g — (9(Q) — Q).

Let L = K,(Q), a degree p extension of K, and consider the extension Ly, /(¥)n,-
Since HlGKp is trivial ppm C (Kp)nr, and Ly, = (Kp)nr(ttym+1). Thus, Ly, is gotten
from (K,)q by adjoining the p™ power of a unit, so L C Ly, C (Kp)p,.

fo € ker (Hl(
C ter (H'(Ky, Elpl) — H'((Ky)yr, Elp))
= H (K, Elp)), (2.72)
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so ker(a,) C H, (K, Elp)). O
Lemma 2.14. Let L/K, be the unramified extension of degree p. Then
im(\p) Nker (H'(K,, E[p™]) — H'(L, E[p™])) C im(Ap)div- (2.73)

Proof. Consider the following commutative diagram.

H Ky, Blpl) " H'(Ky, Bp]) — H'(Ky, E[p™)
pll pzl pgl (2.74)
H'(L,Blp)) — HY(L,E[p™) — HY(L, E[p™])
Since [L : K,] = p, ker(p;) has exponent p. Let o € im(),) N ker(ps), and choose
& € H'(K,, E[p™]) such that \,(6) = 0. By proposition 4.6 of [4], ker(),) C
HY(K,, E[p®])4iw. Thus, since ¢ has order dividing p, we can write & = o4 + 0,
where o4 € H'(K,, E[p™])4iv and o, € H'(K,, E[p>])[p].

By the commutativity of (2.74), Ay 0 po(6) = p3(o) = 0, so pa(6) € ker(A,) C
HY(L, E[p™))4iv. Since py(0q) € HY(L, E[p™))div, p2(0p) € HY(L, E[p™]) i as well.
By construction, o, has order dividing p, so p2(o,) also has order dividing p. The
maps a, and oy, are surjective onto the elements of H'(K,, E[p*]) and H*(L, E[p>))
of order p. Thus, we can choose o, € H'(K,, E[p]) and o, € H'(L, E[p]) such that
op = ap(0p) and pa(0y) = ar(or).

Again using the commutativity of (2.74), ar o pi(oy) = po(op) = ar(or), so
by lemma 2.13, o, — p1(0y) € ker(ar) C H;T(L,E[p]). By construction, ar(or) €
HY(L, E[p®))4iv, s0 o1 € H}.(L, E[p]). Hence pi(0}) € H’}T(L,E[p ). Since L/K, is
unramified, H}, (K,, E[p)) = p;* (H;T(L,E[p])), and o, € H} (K,, Elp)).

By the proof of lemma 2.11, o (H;T(Kp,E[p])) C HY(Ky, E[p®))diw, 50 0, €
HY(K,, E[p™)) aiv, whence 6 = o4+0, € H'(K,, E[p®]) 4iv, and o = Ay () € im(\) giy-

]

Proposition 2.15. Suppose E has good, ordinary reduction at p for a prime p lying
over p. Then L,(¥) = L5 () and Ly(®) C L (D).
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Proof. First suppose V¥ is in the kernel of reduction modulo p. Then we can associate
H(K,, V) with H'(K,, E[p]) and H'(K,, ®) with H'(K,, E[p]), so
LEW) = H)(
= ker (H'(K,, ¥) — H'(K,, E[p>])/im(X,) i)
(H'(Ky, ©) — H'(K,, B[p*])/ im(s,))
= Lp(¥). (2.75)

Also,

N
-
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Ky, ®)/H,, (K, @), (2.76)

50 £y(®) € HY (K3, ) = L3 (®).

Next, suppose W is not in the kernel of reduction modulo p. Then E[p] = ¥ x E[p]
as a Gg,-module, and we can associate H'(K,, ¥) with H'(K,, E[p]) and H'(K,, ®)
with H'(K,, E[p]). Consider the following commutative diagram.

HY(K,,® —— HYK,, Elp)) «— HY(K,¥)
apl | l ﬂpl (2.77)
H (Ky, Bp™]) — H'(Ky, Bp]) —— H'(Ky, Bp*))
By lemma 2.10,
H,, (K, ¥) = ker(f,)
= ker (H'(K,, ¥) — H'(K,, E[p™])/im(Xy)) . (2.78)

If L/K, is the unramified extension of degree p, then
H, (K,,¥) C ker (Hl(Kp,\Il) — HY(L, \Il))

C ker (H'(K,, ¥) — H'(L, E[p™])). (2.79)
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Thus, by lemma 2.14
Ly(®) = H,(K, )
= ker (H'(K,, ¥) — H'(Ky, E[p™])/im(N,) giv)
= L,(7). (2.80)
Let o € Sp, and choose o’ € Sgp, such that o is the image of o’ in H'(Kz/K, ®).
o' € ker (H'(Kx/K, E[p]) — H'(Ky, E[p™])/im(Xp) aw) , (2.81)

so the image of o in H'(K,, E[p™]) is in the subgroup generated by im(\,)a» and
im (HY(K,, ¥) — H'(K,, E[p>])); the image of ¢ must also be in im(},), so by

lemma 2.14 the image of o must be in im(\y) 4.

Thus,
Ss C ker (H'(K»/K,®) — H'(K,, Ep™])/im(Xp) div)
= ker (H'(Ks/K,®) — H'(K,, ®)/H,.(K,,T))
= ker (H'(Ks/K,®) — H'(K,, ®)/L(®)), (2.82)
and L,(®) C L7 (D). 0

Combining propositions 2.6, 2.8 and 2.15, we have proved theorem 2.3.

2.5 Selmer groups and class groups

Consider the cohomology groups H'(Ky/K,¥) and H'(Ks/K,®). For notational
convenience, we use © to denote one of the Galois-modules ¥ and @, and let § denote
the character which gives the Galois action on ©. Inflation-restriction gives us an
exact sequence
0 — HY(K(0)/K,0) L HY(Kz/K,0) 2 H'(Ky/K(©),0) ke«
—— H?*(K(©)/K,0).

~——

(2.83)
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Since © has order p, [K(©) : K] | (p — 1). Thus, the groups H'(K(0)/K,©) and
H?*(K(©)/K,©) vanish, and res gives an isomorphism

H'(Kz/K,0) = H'(Kz/K(©),0)%®rx (2.84)
But, G,k (@) acts trivially on ©, so

H'(Kx/K(©),0)% < =~ HYKy/K(0),Z/pZ)®
>~ Hom (GKE/K(G)y Z/pZ) ®
> Hom ((G/x(e)™ Z/pZ)" . (2.85)

That is, elements of H!(Kyx/K,©) correspond to extensions L/K(©) of degree
p which are Galois over K, unramified outside the set of primes of K(©) lying over
primes in 3, and such that Gk (e),x acts on G /k(e) by the character §. The extension
L/K(©) is unramified (resp. peu ramifiée) at all primes of K(©) lying over I if and
only if the corresponding element of H'(Ky/K,©) is in the pre-image of H. (K|, ©)
(resp. H,,(K\,©)) under the map H'(Ks/K,©) — H'(K|,©). The primes of K(O)
lying over [ split completely in L/K(©) if and only if the corresponding element of
H'(Ks/K,©) is in

ker (Hl(KE/K, 0) — H'(K, @)) (2.86)
Hence, we have the following.

Definition. Let L (resp. L}) be the maximal, abelian extensions of K(¥) (resp.
K(®)) of exponent p which are unramified outside ¥, such that Gxw)/x acts via v
on Gz gy (Tesp. Gr(ay/k acts via ¢ on Gy )k (q)), and such that:

e if E has additive reduction at [ 1 p then places lying above [ split completely in
Ly/K(9);

e if F has multiplicative reduction at [ and ¥ corresponds to p, under the Tate

parametrization then places lying above [ split completely in L} /K (®);
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e if £ has multiplicative reduction at [ and ¥ does not correspond to y, under the
Tate parametrization then places lying above I split completely in LE /K (¥);
e if F has good, ordinary reduction at p | p and ¥ is in the kernel of reduction modulo
p then places lying over p are unramified in L§ /K (®) and peu ramifiée in L /K (¥);
e if E has good, ordinary reduction at p|p and ¥ is not in the kernel of reduction
modulo p then places lying over p are peu ramifiée in L] /K(®) and unramified in
LE/K (V).

With these definitions, #S% = [LE : K(¥)], #S3 = [L} : K(®)], and we have the
following. '

Theorem 2.16.
[Ly : K(9)]
#V(K) - #2(K)

< Ly : K(V)] - [Le : K(P)]

< # Sele(Q)[p] #U(K) - #3(K)

(2.87)

2.6 Frey’s theorem

As a consequence of theorem 2.16 we have the following strengthening of Frey’s the-

orem (see section 1.4).

Corollary 2.17. Let E, p, Sg, Sg, F, F', F", K and K' be defined as in Frey’s
theorem, and let K"/K be the mazimal subeztension of K' in which the places of K
lying over primes in Sg split completely. If d # 1 is a square-free integer satisfying

the hypotheses of Frey’s theorem, then
[F': F] < #Selga(Q)[p] < [F": F]-[K" : K]. (2.88)

Remark. The bounds given in corollary 2.17 agree with the bounds given in Frey’s
theorem unless K” # K', in which case the upper bound in corollary 2.17 is stronger.
A necessary (but not sufficient) condition for K" # K’ is for Sk to be non-empty. Let
I € Sg. Then | = —1 (mod p); in particular, [ # +1 (mod p), so dimp, H*(Q,, ®) < 1.
Thus, [K' : K"] < p#5_ and the upper bound in corollary 2.17 differs from the upper

bound in Frey’s theorem by at most a factor of p#°&,
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Proof. Let €4 be the quadratic character corresponding to the extension F/Q. Be-
cause £(Q) has a point of order p, E¢ admits a Q-rational isogeny of degree p with

kernel ¥ & Z/pZ ® ¢4, and we have the short exact sequence
0 —V-—Ep—&—0 (2.89)

where ® &y, ® 4. Since d # 1, pis odd and (d,p) =1, ¥(Q) = ®(Q) = 0.

Let Ly and L} be the fields defined in section 2.5, noting that F = Q(¥) and
K = Q(®). We will show F' = Ly, F" = L} and L} = K". The corollary will
then follow directly from theorem 2.16. These fields are all defined as the maximal,
abelian extensions of F' or K of exponent p, with certain specified Galois action, and
with specified behavior at places of F' or K. In order to prove the equalities, it will
be enough to show the specified behavior at all places is the same.

Let D be the discriminant of the field F, and let £ = {l: [ | Ng - D} U {p, o0}.

Suppose E* has good reduction at [ € % for some [ # p. Then | D, so ¥ and ® are
ramified at [ and H(Q;, ¥) = H*(Qy, ®) = 0. Thus, places dividing !/ automatically
split completely in extensions of F' and K of exponent p with the appropriate Galois
action, and the conditions on Ly and F', L} and F”, and L} and K" at places
dividing ! are equivalent.

Suppose E¢ has additive reduction at I. (By hypothesis, [ # p.) Then either [ | D
or [| Ng. In the former case, H(Q;, ¥) = H'(Q,, ®) = 0, and again the conditions
at places dividing [ are equivalent. In the latter case, v;(jg) > 0, since otherwise
E Would be isomorphic to a Tate curve over a ramified, quadratic extension of Q,
and Z/pZ would then necessarily be ramified at {. By hypothesis, ($) = —1. If
I # —1 (mod p), then H'(Q;, ¥) and H'(Q;, ) are trivial yet again. If { = —1 (mod
p), then | € Sg — Sp, HL (Q;,¥) = 0 and H. (Q;, ®) = H'(Q;,®). Places of F
lying over ! must split completely in Lg/F, and must be unramified in F’/F’; since
H!.(Qi, ¥) = 0, these conditions are equivalent. No condition is imposed on places

of F' lying over [ for the extensions L{/F and F”/F. No condition is imposed on
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places of K lying over [ for the extension L} /K, and these places must be unramified
in K" /K. Since H. (Qq, ®) = H'(Qy, D), these conditions are equivalent.

Suppose E¢ has multiplicative reduction at I, for | # p, and suppose | € Sg.
Then E must also have multiplicative reduction at I. If [ Z —1 (mod p), F is a
Tate curve over Qy, so (%) = -1, HY(Q;,¥) = H'(Q;,®) = 0, and the various
conditions at places lying over [ are equivalent. If ] = —1 (mod p) and E is a Tate
cufve over Q,, then ¥ does not correspond to p, under the Tate parametrization.
By hypothesis, (¢) = —1, so H,,.(Q;,¥) = 0 and H},(Q;,®) = H'(Q;, ®). Places
of F' lying over [ must be unramified in F'/F and F"/F, and must split completely
in LE/F; since H} (Q;, ¥) = 0, these conditions are equivalent. Places of K lying
over | must be unramified in K”/K and no condition is imposed in L{/K; since
Hl (Q;,®) = H'(Qy, ), these conditions are equivalent. If | = —1 (mod p) and F is
not a Tate curve over Q,, then ¥ corresponds to u, under the Tate parametrization.
By hypothesis, () = +1, so Hy.(Q;, ¥) = H(Q,, ¥) and H] (Q;, ®) = 0. Places of
F lying over | must be unramified in F'/F and F"/F, and no condition is imposed
in LE/F; since HL.(Qq, ) = H'(Qy, ¥), these are equivalent. Places of K lying over
! must be unramified in K”/K and split completely in L} /K since H}.(Q;, @) = 0,
these are equivalent.

Suppose E? has multiplicative reduction at I, for [ # p, and suppose [ € Sg. Then
E is not a Tate curve over Q;, and ¥ corresponds to p, under the Tate parametriza-
tion. No condition is imposed at places of F' lying over [ in the extensions F'/F,
F"/F and Li/F. Places of K lying over must split completely in the extensions
K"/K and L} /K.

Suppose E¢ has multiplicative reduction at p. Then E also has multiplicative
reduction at p, and ¥ does not correspond to u, under the Tate parametrization. By
hypothesis, (%) = —1, so ¥(Q,) is non-trivial and ® % y, as a Gq,-module. Thus,
H) (Qp,¥) = 0 and H,,(Q,,®) = H'(Q,, ®). Places of F' lying over p must be
unramified in F'/F and F"/F, and must split completely in L3/ F; since H.,.(Qp, ¥)
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vanishes, these conditions are equivalent. Places of K lying over p must be peu ramifiée
in K"/K, and no condition is imposed in L3 /K. Since H),(Q,, ®) = H'(Q,, ®), these
conditions are equivalent.

Finally, suppose E? has good, ordinary reduction at p, in which case so does E.
By hypothesis, ¥ is not in the kernel of reduction modulo p. Thus, places of F' lying
over p must be unramified in the extensions F'/F, F"/F and LE/F, and places of K
lying over p must be peu ramifiée in the extensions K”/K and L} /K.

For all places of F' and K lying over primes in ¥, the conditions on F’ and Ly,
F" and L}, and K" and L} are equivalent. Hence, F' = Ly, F" = L} and K" = L},
and the result follows. O

2.7 Additive reduction

In this section, we will discuss what happens when E has additive reduction at I,

considering separately the cases [{ p and [|p.

2.7.1 Additive reduction away from p

Suppose E has additive reduction at [ { p. Then E has either potentially good, or

potentially multiplicative reduction at [.

Lemma 2.18. Suppose | is a finite place of K not lying over p. Then | € Ram(¥/K)
if and only if | € Ram(®/K).

Proof. Let ¢, ¢ and w be the Z;-valued characters which give the action of Gk, on

¥, ® and p, respectively. As a consequence of the Weil pairing, 1)¢ = w. Hence,
(¥, @) = Ki(¥, 1) = Ki(®, ). (2.90)

Since 1 { p, Ki(up)/ K, is an unramified extension. Thus, K(¥, up)/ K is ramified if
and only if Ki(¥, up,)/Ki(1p) is ramified, which happens if and only if [ € Ram(¥/K).
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Likewise, K(®,u,)/K; is ramified if and only if { € Ram(®/K). By (2.90), [ €
Ram(¥/K) if and only if [ € Ram(®/K). O

Lemma 2.19. If p > 5 and E has additive, potentially good reduction at 11 p, then
[€ Ram(¥/K)NRam(®/K).

Proof. For any integer n > 3 and relatively prime to [, E' has good reduction over
the field K{(F[n]). Taking n = p, and noting that reduction type doesn’t change in
unramified extensions, we have that Ki(E[p])/ K| is a ramified extension.

On the other hand, K\(E[n], E[p])/Ki(E[n]) is an unramified extension for any
choice of n subject to the above conditions, by the criterion of Néron-Ogg-Shafarevich
(see [27]). Thus e(K(E[p])/K\) | [Ki(E[n]) : Ki]. Taking n = 4 when [ = 3 and
n = 3 otherwise, and noting that # Aut(F[3]) = 48 and # Aut(E[4]) = 96, we have
e(K(E[p))/Ki) | 96. Since p > 5, pt e(Ki(E[p])/ K1)

Now [K((E[p]) : K(¥, ®)] is either 1 or p, so K((E[p])/K (¥, ®) is an unramified
extension. It follows that K\(¥,®)/K; is ramified, so [ € Ram(¥/K) U Ram(®/K).
Thus, by lemma 2.18, | € Ram(¥/K) N Ram(®/K). O

Lemma 2.20. If E has additive, potentially multiplicative reduction at | 1 p, then
[ € Ram(¥/K)NRam(¥/K).

Proof. Since E has additive, potentially multiplicative reduction at I, F is isomorphic
to a Tate curve over a ramified, quadratic extension of K. Let ¢ be the (ramified,
quadratic) character cofresponding to this extension. Thus, there is a short exact

sequence
0— p,®e — Elpl — Z/pZQ@ec — 0 (2.91)

of Gg,-modules. As Gg,-modules ¥ = 1, ® ¢ or ¥ = Z/pZ @ €. Since ¢ is a ramified
character we have | € Ram(¥/K), whence by lemma 2.18, [ € Ram(®/K) as well. O
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Proposition 2.21. Suppose E has additive reduction at V1 p. If E has potentially
multiplicative reduction at |, or if p > 5 and E has potentially good reduction at |,

then HY(K, ) and H'(K\, ®) are trivial.

Proof. By lemmas 2.19 and 2.20, [ € Ram(¥/K) N Ram(®/K). Thus, ¥(K)) and
®(Kj) are trivial. By local duality, H?(K;, ¥) & ®(K;)" and H*(K,, ®) = V(K|)" are

trivial.
#H (K, ¥) = #U(K) - #H* (K, ¥) - x(K, ) = 1 (2.92)
#H' (K, ®) = #3(K) - #H*(K,, @) - x(K, ®) = 1 (2.93)
Hence, H*(K;, ¥) and H!(K|, ®) are trivial. O

2.7.2 Additive reduction above p

Suppose E has additive reduction at p|p. Then E has either potentially good, or
potentially multiplicative reduction at p. If E has potentially good reduction at p,

we assume that the reduction is potentially good, ordinary.

Lemma 2.22. Suppose E has potentially multiplicative reduction at p. Then there is
a quadratic extension of K in which E achieves multiplicative reduction at the place

lying over p.

Proof. Since F has additive, potentially multiplicative reduction at p, E is isomorphic
to a Tate curve over a ramified, quadratic extension of K,. We can choose a quadratic
extension L/K such that E is isomorphic to a Tate curve over LK,. Since reduction
type doesn’t change in unramified extensions, p must be ramified in L/K. Thus,
there is only one place ‘B of L lying over p. By construction, £ is isomorphic to a

Tate curve over Ly, so E has split, multiplicative reduction at . 1

Lemma 2.23. Suppose p > 5, and suppose E has potentially good reduction at p.
Then there is an extension of K of degree relatively prime to p in which E achieves

good reduction at all places lying over p.
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Proof. By the criterion of Néron-Ogg—Shafarevich, E has good reduction at all of the
places of K(E[3]) lying over p. Since p > 5 and # Aut(E[3]) = 48, p is relatively
prime to the degree of K(E|[3])/K. O

Suppose E has either potentially good, ordinary, or potentially multiplicative re-
duction at p and L/K is an extension in which E achieves good, ordinary or multi-
plicative reduction. Let P be a place of L lying over p. Then as before we can define
a G'pq-invariant subgroup E[p®] C E[p™®)]. This subgroup is actually invariant under

the action of G,, so we can consider a short, exact sequence
0 — E[p®] — E[p™] — E[p®] — 0 (2.94)
as before. We make the following definitions.

Definition. If E has potentially multiplicative reduction at p | p, set
o LF(T) = H'(K,, ¥) and L (®) =0 if ¥ = Elp];
o LF(¥) =0 and L (®) = H(K,, ®) if ¥ # E[p].
If E has potentially good, ordinary reduction at p | p, set
o LE(W) = HY, (Ky, U) and L (D) = H],(K,, ®) if ¥ = Elp)
o LE(T) = HY,(K,, W) and £F(8) = H}, (K, ) if U # Efp].

Proposition 2.24. If E has either potentially multiplicative reduction at p|p or if
E has potentially good, ordinary reduction at p|p and achieves good reduction in an

extension of degree relatively prime to p, then Ly(¥) = LF(¥) and Lg C L3,

Proof. Let L/K be an extension of degree relatively prime to p in which E achieves
either good, ordinary or multiplicative reduction, and let B be a place of L lying over
p. Let p: HY(K,, E[p>®]) — H'(Lg, E[p™]) be the restriction map. By lemma 4.2
of 4],

im(kp) = (p~" (im(ky))) div- (2.95)
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Since [Lyp : K] and p are relatively prime, p is injective. Thus
im(k,) = 5" (im (). (2.96)

Consider the commutative diagram

H'(K, %) " H\(Ky, Ep])/ im(s,)
l ﬁl (2.97)
HY(L, W)~ HY(Ly, B[p™])/ im(xyp).
By definition, £,(¥) = ker(fx). Equation (2.96) implies p is injective. Thus, L,(¥) =

o3 (ker(f1)) = 5 (L(D).

Let py : HY(K,, U) — H'(Lg, ¥) be the restriction map. Since [L : K] and p
are relatively prime, pgl(ﬁ;fﬁ(\P)) = L (¥). By propositions 2.8 and 2.15, Lp(¥) =
L5(®). Thus, L,(¥) = LE(T).

Elements of Sk, satisfy the Selmer condition at p, so

Sem C ker (H'(Ks/K, Elp]) — H'(K,, B[p™])/ im(x;))
= ker (H'(Kx/K, Elp|)) — H'(Lg, E[p™])/ im(xg)) - (2.98)

Thus, im (Sgy) — H'(Ly, ¥)) € Lj(®). If pg : H'(K,, @) — H'(Lgp, D) is the
restriction map, then p' (L4 (®)) = L} (®), so

Lp(q)) = im (SE[p] — Hl(Kp, (ID))

C Ly () (2.99)
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Chapter 3

EXAMPLES

3.1 Introduction

In this section we compute bounds for the p-ranks of Selmer groups for elliptic curves
in families of quadratic twists which satisfy the hypotheses of theorems 2.3 and 2.16.

The data used in these calculations are taken from J. E. Cremona’s tables [6].

3.2 Twists of 11A1 - 3

Let Eq, Ey and Ej3 be the elliptic curves 11A1, 11A2 and 11A3 respectively, given by

the following equations.

E : y+y=2"—22-10z-20 (3.1)
E, : y*+y=2"— 2% - 7820z — 263580 (3.2)
By : ¥ +y=2"—1? (3.3)

These curves are related via rational isogenies of degree 5 as follows.
E, = E, 2 Es (3.4)

Since E1(Q)tors = Z/5Z = E3(Q)iors, the kernels of the isogenies E5 — E; and
E, — E5 are isomorphic to Z/5Z as Gg-modules. As a consequence of the Weil
pairing, the kernels of the isogenies F, — F; and Ey; — Ej are isomorphic to us

as Gq-modules. Thus

E\5] & 115 ® Z/5Z, (3.5)



40

and we have the following short exact sequences.

0 — ps — Ey[5] — Z/5Z — 0 (3.6)
0 — Z/5Z — E3[5] — pus — 0 (3.7)

Since the conductor of E;, F3 and Ej is 11, these curves have good reduction at all
primes except 11, and multiplicative reduction at 11. If, for | # 11, we let E; denote
the reduction of E; modulo [ and set ¢; = 1 +1 — #Ei(Fl), then as = 1. (Note that
a; does not depend on the choice of 1 = 1,2, or 3.) In particular, 5t a5, so the curves
E; have good, ordinary reduction at 5. Since the Gq,-action on E[5] is unramified,
the kernels of the isogenies £y —> E; and E; — FEj3 are contained in the kernel of
reduction modulo 5, but the kernels of the isogenies K3 — E; and E; — E, are
not.

Since each F; has multiplicative reduction at 11, each is isomorphic to a Tate
curve over a quadratic extension of Q3. (In fact, the curves have split multiplicative
reduction at 11, so each is isomorphic to a Tate curve over Qy; itself.) Let g; denote the
Tate period for E;, so Q7 /{(g:;) = E;(Qu1). Since Z/5Z = us as Gq,,-modules, it is, a
priori, possible for any of the kernels of the various isogenies to correspond to p; under

the Tate isomorphism. If j; denotes the j-invariant of E;, then vi1(g;) = —v11(Ji)-

(@) = 5, (3.8)
() = 1, (3.9)
1)11(Q3) = 1. (310)

For i = 2 or 3, {/q; & Qu. Since Gq,, acts trivially on the kernels of the isogenies
E; — E), these kernels must correspond to subgroups of p5 x (/g;)/{g;) on which
Gq,, acts trivially. The only possibility is for these kernels to correspond to us. On
the other hand, the following lemma shows that the kernels of the isogenies F; — E;

for 4 = 2 or 3 do not correspond to us under the Tate parametrization.
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Lemma 3.1. Let K be a local field, and let E and E' be Tate curves defined over
K, with Tate periods q and ¢', respectively. Suppose there is a K-rational isogeny
E — E' of degree p, and suppose the kernel of this isogeny corresponds to u, under

the Tate parametrization K*/{q) — E(K). Then vk(q') = p - vk(q).

Proof. Consider the Gg-invariant map K;/{g) — K;*/{¢?) induced by raising el-
ements of K to the p™ power. This map is surjective, with kernel p,. On the
other hand, the composition K*/{q¢) — E(K) — E'(K) — K;/(¢') is also
G g-invariant, with kernel p,, so K*/{(¢?) & K*/{(¢'} as Gx-modules. In particular,
K () = K> /().

Notice that this isomorphism restricts to an isomorphism between Ox C K*/(¢?)

and 0% C K*/{¢'). Hence,
Z/vk(¢")Z = (K> /(")) Ok = (K™ /{d) | Ok = Z/vk(d)Z, (3.11)

and vi(¢') = vk (¢?) = p - vk (q). O

Let d # 1 be a square-free integer, and let Ei(d) denote the quadratic twist by d of
E;, for i = 1,2, or 3. Let F = Q(+/d), let D be the discriminant of F (so D = d or
4d), and let £4 be the quadratic character which gives the action of Gq on Vd. Let
U =27Z/5Z®¢4 and & = s ® ¢4. Then from (3.5),

E9[5] > d x ¥ (3.12)
and from (3.6) and (3.7) we have short exact sequences

0— & — EPB] — ¥ — 0 (3.13)

0— ¥ — EP5 — & —0 (3.14)

The curves Ei(d) have additive reduction at all [ dividing D. If 11 { D, Ei(d) has
multiplicative reduction at 11. In this case, ® C Eéd) and ¥ C E?(,d) correspond to us
under the Tate parametrization for E; over Q;(v/d), but ¥, ® C E%d) do not. If 54 D,
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Ei(d) has good, ordinary reduction at 5; otherwise Ei(d) has potentially good, ordinary
reduction at 5. In either case, ® C E¥ [5] and & C Eéd) [5] are in the respective
kernels of reduction modulo 5, whereas ¥ C E\¥ and ¥ C E{?[5] are not.

For each d and each 1, Ei(d) satisfies the hypotheses of theorems 2.3 and 2.16,
so we can now compute bounds for # Sel «(Q). Throughout this section, take
Y = {5,11,00} U {l : l|D}, the smallest set zcontaining 5,00, and all primes of bad
reduction for EZ-(d). Note that since d # 1, ¥(Q) and ®(Q) are trivial.

3.2.1 Twists of 11A8

First, consider the curve E = Eéd)

sequence (3.14). Since F' = Q(¥), the lower bound for # Selg(Q)[5] comes from

, whose b-torsion points fit into the short exact

the maximal abelian extension F’ of F' which is unramified outside X, which satisfies
certain conditions for the primes in X, such that Gr//r has exponent 5 and G/q acts
as —1 on Gy p.

For l € £, 11511, the local cohomology groups H*(Q;, ¥) vanish, so there is no
need to impose any condition on the behavior in F’/F of the primes of F lying over [;
these primes will automatically split completely in F'/F. Since, viewing F as a Tate
curve over Q(\/a), VU corresponds to u, under the Tate parametrization, we place no
restriction on the behavior in F'/F of primes of F' lying over 11. Since ¥ is not in
the kernel of reduction modulo 5, we insist that the primes of F' lying over 5 must be
unramified in F'/F.

Thus, F'/F is the maximal, abelian extension of F' which is unramified out-
side {11}, such that Gp/r has exponent 5, and such that Gr/q acts as —1 on
Gryp. If Cl}ll} denotes the ray class group of conductor 11 for F', then Gp/r &
(1 /sci) ) and

( Cl};‘n} )(—)
p (L) < pseln@l (3.15)
5C1L y
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-)

If (&) = =1 or 0, then (CUPV /501 ) = (Clp/5Cx). If (&) = +1, then
=)

(Cl}“} /501}”}) = (Clp/5Clp) or (Clp/5Clp) x (Z/5Z), and the exact answer,

which depends on d, can be easily determined computationally in each case. Thus,

57 . ( 500111 ) < #Selz(Q)[5], (3.16)

where 13 = 0 or 1, and can easily be computed.

Because the local cohomology groups H'(Q;, ¥) vanish for all primes [ # 5 at
which E has additive reduction, the contribution from H'(Qx/Q, ¥) to the upper
bound for # Selg(Q)[5] is the same as the contribution to the lower bound, computed
above. Thus, all that remains to compute the upper bound is to analyze the contribu-
tion from H!'(Qs/Q, ®). We will analyze this contribution in terms of the Kummer
theory of F', rather than the class field theory of Q(®).

Inflation-restrction gives us an exact sequence

0 — HYF/Q,®(F)) —£ HY(Qs/Q,d) —=> H'(Qs/F,®)Sr/a
—— HX(F/Q,3(F)).

(3.17)

Since #Gp/q =2 and #® =5, H'(F/Q, ®(F)) and H*(F/Q, ®(F)) are trivial, and

res is an isomorphism. Since ® = u5 as Gp-modules,
H'(Qs/Q, @) & H(Qu/F, )7 = H(Qu/F, us)7) € (F*/(F*)'7 (3.18)

Since 5 is odd, each element of (F*/ (FX)5)(_) has a representative a € F'* satisfying
Nr/q(a) = 1. Such an o represents an element of H'(Qg/F, ps)(7) if and only if
vi(a) = 0 (mod 5) for all primes [ lying over [ € ¥. The groups H'(Q, ®) vanish for
all [ # 5 at which E has additive reduction, so Np/q(a) = 1 implies that v(a) =0
(mod 5) for all [ lying over [ # 5 at which E has additive reduction.

Since ¥ corresponds to us under the Tate parametrization, and ¥ is not in the
kernel of reduction modulo 5, a will contribute to the upper bound if and only if

a corresponds to a trivial cocycle in H'(Q;,®) and to a peu ramifiée cocycle in
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H'(Qs,®). The latter is equivalent to vy(a) = 0 (mod 5) for p|5. The former is
equivalent to o € (F*)® for []11.

If (£) = —1 or 0, then H'(Qu1,®) is trivial, and & € (F*)® is automatically
satisfied for [|11. In this case, a contributes to the upper bound if and only if
v(e) = 0 (mod 5) for all primes [ of F. Such an « can arise in two ways; either
a € OF, of norm 1, or the fractional ideal (o) = I°, where I is a fractional ideal

representing an ideal class in Clp[5] such that o(I) = I}, where o is the non-trivial

element of Gp/q. Thus, for (£) = —1 or 0 the upper bound is given by
Cly o
#Selp(Q)[5] < #Clp[5] - # <ﬂ;) - # ((—({W)
ox
= (#Clg[5))*- <——F—-> 3.19

If (L) = +1, then H'(Qu,®) = (Z/5Z)>. Cocycles in H'(Qs/Q, ®) represented
by o € F'* of norm 1 arising as in thé previous case will satisfy the Selmer condition
at all [ # 11, but in general, their image in H'(Qy;, ®) need only be in H! (Qy, ®).
To analyze how often these cocycles will satisfy the Selmer condition at the prime 11,

consider the following maps.

™ HY(Qg/Q,¥) — HY(Qs5,9) x H'(Qq1,7) (3.20)
Ty Hl(QE/Q,(I)) — Hl(Qg,,(I)) X Hl(Qn,q)) (321)

If we let (—, —)s and {—, —)1; be the pairings described in section 1.3, then lemma 1.5
implies im(m;) and im(7) are orthogonal complements under the pairing (—, —) :=
(=, —)s+(—, —)11. Likewise, H} (Qs, ¥) and H,, (Qs, ®) are orthogonal complements
under {(—, —)s5, and H} (Qq1, ¥) and H} (Qi;,®) are orthogonal complements under
(= =)

Let A = irf1(7r1) N (HL.(Qs,¥) x H(Qq1, 7)), and let B be the image of im(m)
under the map

H'(Q5, ) x H(Qq1,®) — (g%%) x HY(Qu1, ®). (3.22)
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Let A’ be the image of A under the projection
H}.(Qs,7) x H(Qu1,¥) — HY(Qu1,7), (3.23)

and let B' = BN ({0} x HY(Qu1, ®)), viewed as a subset of H'(Q11, ®). Then A’ and
B' are orthogonal complements under (—, —);;, so A’ C H} (Qq,¥) if and only if
H,.(Qu,®) C B.

The quantity 73 from (3.16) is nonzero if and only if A’ € H} (Qi;1,¥). In this
case H (Qq1,®) € B, so the cocycle represented by o will always satisfy the Selmer

condition at 11, and the upper bound is given by

#Selp(Q)[5] < 5 #Cly[5] - # (5%1{;) ¥ ((§F>)

_ 5. (#CL[5))? - # ((gg’)s) , (3.24)

Conversely, n3 = 0 if and only if A’ C H} (Qu1, ¥), in which case H},(Qu1,®) C B’

and some cocycles represented by « will not satisfy the Selmer condition at 11. Since
H. (Qq,®) = Z/5Z, the subspace of F*/(F*)® representing cocycles which satisfy
the Selmer conditons at all primes [ will have one dimension less than the subspace

given by all possible choices of a. Hence, in this case

#Selp(Q)[5] < 5‘1'#01F[5]‘#(5%ﬂ) # <(§§)5>

OX
— 5—1 . - l 2 . —-—-F ) . .2
oD # (g (3.29)
e - - {11} /e g1
Note that A" C H} (Qq1, ¥) if and only if #Clp[5] = # (CIF /5Cly ) :
thus, we have proved the following.

Theorem 3.2. Let d # 1 be a square-free integer, and let E be the quadratic twist by
d of the elliptic curve 11A8. Letng =0 ifd <0, andny =1 ¢fd > 1. If (%) =-1

or 0, then

#Clp[5] < #Selp(Q)[5] < 5™ - (#Clp[5])*. (3.26)
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)
If (&) = +1, then let ns = 0 if #Clg[5] = # ((01}11}/501};”) ) and n5 = 1

otherwise. Then

5% . #Clp[5] < # Selg(Q)[5] < 5™~V™ . (#Clx[5])2. (3.27)

3.2.2 Twists of 11A2

In this section, let £ = Eéd), the quadratic twist by d of 11A2. As in the previous
case of twists of 11A3, the local cohomology groups H'(Q;, ¥) and H'(Q;, ®) vanish
for all [ # 5 dividing D. Since ® C E[5] is in the kernel of reduction modulo 5,
and corresponds to ps under the Tate parametrization over Q;1, the subgroup of
H'(Qs/Q, ¥) which satisfies the Selmer conditions at all primes [ can be viewed
as the Gg/r, where F" is the maximal abelian extension of F' which is everywhere
unramified, in which the primes of F' lying over 11 split completely, and such that
Gr/q acts as —1 on Gpyp. If I is a prime of F lying over 11, and if cl(l;) denotes
its class in Clp, then the contribution from H!(Qs/Q, ¥) to the upper bound for
dimp, (Selg(Q)[5]) is dimg, (Clp/{cl(l11), 5ClF)).

As before, it is easiest to analyze the elements of H*(Qx/Q, ®) which satisfy the
Selmer conditions at all primes [ in terms of the Kummer theory of F', elements of
H'(Qsz/Q, ®) can be represented by o € F* such that Npjq(a) = 1 and v(a) = 0
(mod 5) for I lying over primes not in 3. Once again, this condition is automatically
satisfied for [ lying over [ | D not equal to 5. The cocycle represented by « satisfies the
Selmer condition at 5 if and only if v,() = 0 (mod 5) for p lying over 5. This cocycle
automatically satisfies the Selmer condition at 11. (In the notation of the previous

chapter, £;(®) = H'(Qq,®), so the Selmer condition at 11 is vacuous.)

If (£) = —1 or 0, then either a € OF, or the fractional ideal (o) = I° for
some fractional ideal I such that o(I) = I'. Note that for such d, cl(l;;) € 5Clp
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automatically. In this case we have

X

#O1el) # (o ) < #seal@l] 240" # (ghs ). 629

For (%) = +1, it is possible that cl(l;;) ¢ 5Clg. If A" and B’ are defined as

in the previous section, cl(l;;) € 5Clp if and only if Hl (Qq;,¥) C A’, whence
B' C H! (Qq1,®). Thus, if cl(ly;) & 5ClF, then v(a) = 0 (mod 5) for all I not lying
over 11 forces vy, (@) = 0 (mod 5) as well, and the « described above represent all of

the elements of H'(Qx/Q, ®) which satisfy all of the Selmer conditions. In this case,

05 _ 0%

#01e15) # (o5 ) < #Sele(@)ls] <571 - (ROl # (s ) - (329)
(OF) (OF)

Conversely, if () = +1 and cl(l;;) € Cl, then there are o € F* with Np/q(a) =

1 such that vy, (@) #Z 0 (mod 5) but v((@) = 0 (mod 5) for all [ not lying over 11.

Since H'(Qq1,®)/H. (Q11,®) & Z/5Z, the subgroup of H(Qx/Q, ®) of elements

which satisfy the Selmer condition at all primes has order

5. #CIp[5] - # ( (85)5) , (3.30)
and
5+ #01sD]- # (o5 ) < #Sela(QUE] < 5- (O # (g ) (831

Combining these statements, we have the following.

Theorem 3.3. Let d # 1 be a square-free integer, and let E be the quadratic twist by
d of the elliptic curve 11A2. Let ng =0 ifd <0, andn =14 d > 1. If (%) = -1

or 0, then
5™ . #Clp[5] < # Selg(Q)[5] < 5™ - (#Clp[5])%. (3.32)

If (—ld—l) = +1, then let ny = 1 if the class of one of the prime ideals of F' lying over
11 is in 5Clg and n, = 0 otherwise. Then

5 #Clp[5] < # Selg(Q)[5] < 5V - (#Clp[5]) . (3.33)
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3.2.8 Tuwists of 1141

In this section, let E = Efd), the quadratic twist by d of 11A1. As in the previous
sections, the local cohomology groups H'(Qq, ¥) and H'(Q,, ®) vanish for all [ # 5
dividing D. Since E admits two rational isogenies of degree 5, we can choose which
isogeny to use when computing the bounds on # Selg(Q)[5]. We will choose the
isogeny whose kernel is ¥. Since E[5] & ¥ x @,

H'(Qs/Q, El3]) = H'(Qs/Q,¥) x H'(Qx/Q, ®), (3.34)

and we can hope to compute the # Selg(Q)[5] exactly. To do this, we must compute

#Sy = # (H'(Qz/Q, ¥) N Selg(Q)[5]) (3.35)

and

#So = # (im (Selp(Q)[5] — H'(Qx/Q, D)) . (3.36)

Since ¥ C EI5] is not in the kernel of reduction modulo 5, and doesn’t correspond
to us under the Tate parametrization over Qqq, L$ is the maximal, abelian extension
of F' which is everywhere unramified, in which the primes of F' lying over 11 split
completely, and such that Gr/q acts as —1 on G LE/E If I; is a prime of F lying over

11, and if cl(ly;) denotes its class in Clp, then
#Sy = [LE : F] = # (Clp/{cl(l1;),5Clg)) . (3.37)
Since ® is in the kernel of reduction modulo 5,

ker (H'(Qx/Q, E[5]) — H'(Qs, E[5*])/ im(xs))
= ker (H'(Qx/Q,¥) — H'(Qs, E[5%])/ im(ks)) (3.38)
x ker (H'(Qx/Q, ®) — H'(Qs, E[5™])/ im(xs)) .
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On the other hand, since ® does not correspond to us under the Tate parametrization

over Qui,
ker (H'(Qz/Q, E[5]) — H'(Qu, E[5™)))
+ ker (H'(Q/Q, ¥) — H'(Qu, E[5))) (3.39)
x ker (H'(Qx/Q, ®) — H'(Qu, E[5™))) .

Thus, 7 € HY(Qx/Q, ®) is the image of an element of Selg(Q)[5] if and only if it is
peu ramifiée at 5 and there is a 7' € H'(Qy/Q, ¥) which is unramified at 5 satisfying

(7',T) € ker (H'(Qz/Q, ¥) x H'(Qs/Q,®) — H'(Qu, E[5™))) . (3.40)

If (%) = —1 or 0, then H'(Qq;,¥) and H'(Qq;,®) are trivial, so elements of
H'(Qx/Q,®) contribute to # Selg(Q)[5] if and only if they can be represented by
a € FX/(F*)® of norm one, satisfying vi(a) = 0 (mod 5) for all primes [ of F'. That

is,

#So = #Clp[5] - # <(§£)5) . (3.41)
Combining 3.37 and 3.41 we have
#5e15(Q)f5] = (#O1B)°  # (gt )- (342

If (L) = +1, then HY(Qu1,¥) & (Z/5Z)° 2 H'(Quy, ®), and HL(Qu, V)
Z/57Z = H (Qq1,®). If A/ C HY(Qq1,7) and B' C H'(Qq1, ®) are defined as before,
there are four possibilities.

If A’ is trivial, then B’ = H(Q,®), 7o = 1 and 53 = 0. In this case, 7 €
H'(Qyx/Q, @) is the image of an element of Sel(Q)[5] if and only if it is peu ramifide
at 5 and completely trivial in H'(Q,,®). Since H..(Q1,®) C B', not every « of
norm one satisfying v((a) = 0 (mod 5) represents a 7 which is the image of an element

of Selg(Q)[5], and we have

#Ses(@I] =57 (OB # (o ) (3.43)
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If A = HY(Qu, ¥), then B’ is trivial, 7, = 0, 73 = 1, and 7 will be the image of
an element of Selg(Q)[5] as long as it is peu ramifiée at 5. Thus, (3.43) again holds.

If A= H (Qu1,¥), then B' = H} (Qi1,®) by lemma 1.3, and 7, = 53 = 0. In
this case, 7 will again automatically be the image of an element of Selg(Q)[5] as long
as it is peu ramifiée at 5, and again (3.43) holds.

If A" is a proper, non-trivial subgroup of H*(Qy;, ¥) which doesn’t coincide with
H} (Qi1,7), then the same holds for B’ C H'(Qy;,®). In this case, 7, = 13 = 1,
and 7 will automatically be the image of an element of Selg(Q)[5] as long as it is peu
ramifiée at 5. However, in this case there are 7 represented by « such that vy, («) Z 0

(mod 5), so

#S =5 - #Clp[5] - # <(§§)5> : (3.44)
and
#Selp(Q)[5] = 5 - (#C1p[5])” - dimp, (%3) : (3.45)

Combining (3.42), (3.43) and (3.45) we have proved the following.

Theorem 3.4. Let d # 1 be a square-free integer, and let E be the quadratic twist by
d of the elliptic curve 11A1. Let ng =014 d <0, andny=1ifd > 1. If (%) =-1

or 0, then

# Selp(Q)[5] = 5™ - (#Clp[5])* . (3.46)

If (%) =41, then let n = min{ng, 7’]3},' in this case

# Selp(Q)[5] = 5™~ U™ . (#Clp[5])%. (3.47)

3.2.4 Data

If we call dimg,(A[p]) the p-rank of A, then from theorems 3.2, 3.3 and 3.4 we can
see that the 5-ranks of the Selmer group for Ei(d) are roughly between the 5-rank
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and twice the 5-rank of the class group of the quadratic field F = Q(v/d). The
5-ranks of class groups of quadratic fields are conjectured to be unbounded. This
is equivalent to the conjecture that the 5-ranks of the Selmer groups of quadratic
twists of the elliptic curves 11A1 - 3 are unbounded, which is in turn equivalent to
the conjecture that either the ranks of these quadratic twists or the 5-ranks of their
Tate-Shafarevich groups are unbounded. In the direction of the initial conjecture,
J.-F. Mestre proved in [18] that there are infinitely many real quadratic fields and
infinitely many imaginary quadratic fields whose class group has 5-rank at least 3.

This, with theorem 3.4 gives us the following corollary.

Corollary 3.5. There are infinitely many square-free integers d < 0 such that the
5-rank of the Selmer group for the quadratic twist by d of the elliptic curve 11A1 s
at least 5. There are infinitely many square-free integers d > 1 such that the same

quantity is at least 6.

Given a non-negative integer r, it is very natural to ask what is the smallest
value of d for d > 1 (or the smallest value of —d for d < 0) such that the twist of
11A1 by d has 5-rank r. Table 3.1 shows the answer to this question for d < 0 and
r < 5, computed using the PARI/GP program [1]. In [3], D. A. Buell computed
the class groups of all imaginary quadratic fields with D > —25 000 000, finding only
two examples where the 5-rank of the class group is 3, and none where the 5-rank
of the class group is greater than 3. In both of these cases - d = —2800905 and
d = —18397407 - (%) = +1 and n; = 0, so the 5-ranks of the Selmer groups of
the twists of 11A1 by these d are 5. The smallest value of —d, for d < 0, for which
the 5-rank of the Selmer group of the twist of 11A1 by d is at least 6 must satisfy
—D > 25000 000, if it exists.

Theorems 3.2, 3.3 and 3.4 can also be used to find values of d for which the groups
Sel ;@ (Q)[5] do not all agree. If d is chosen so that #Clp[5] = 5, ;1 = 73 = 0 and
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Table 3.1: The first negative d for which the 5-rank of the Selmer group of the twist
by d of 11A1 has rank r.

r|d
0-1
11-2
2| -86
3 |-206
4 | -4486
5 | -285 797
e = 1, then
5% < #Sel @ (Q)[5] < 5°, (3.48)
2
but
# SelEgd)(Q)[E')] = # SelEéd)(Q)[S)] = 5. (3.49)

Similarly, if 7, = 7, = 0 and 73 = 1, then
5 < # Sel o (Q)[5] < 5%, (3.50)
but
#SelEid)(Q)[5] = #SelEéd)(Q)[E)] = 5. (3.51)

For d < 0, the first example of the former is d = —1 327, and the first example of the
latter is d = —321.
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3.3 Twists of 19A1 - 3

Let B, F, and E3 be the elliptic curves 19A1, 19A2 and 19A3 respectively, given by

the following equations.

E : yY+y=2+2>-9z-15 (3.52)
Ey, @ y+y=2+2%- 769z — 8470 (3.53)
Es : y*+y=2"+2° (3.54)

This example is exactly analogous to the example in section 3.2. These curves are

related via rational isogenies of degree 3 by
Ey,=2 Ey 2 E3 (3.55)

Since E1(Q)iors = Z/3Z = E3(Q)iors, the kernels of the isogenies F3 — FE; and
F; — E, are isomorphic to Z/3Z as Gq-modules. As a consequence of the Weil
pairing, the kernels of the isogenies £ — E; and Ey — Ej are isomorphic to u3

as Gg-modules. Thus
Ei[3] = us ® Z/3Z, (3.56)
and we have the following short exact sequences.

0 — uz — Eq[3]| — Z/3Z — 0 (3.57)
0 —Z/3Z — E3[3] — pu3 — 0 (3.58)

Since these curves have conductor 19, they have good reduction at all primes

except 19, and multiplicative reduction at 19.
a3 := 4 — #B;[3] = —2 # 0 (mod 3), (3.59)

so the curves have good, ordinary reduction at 3. As in section 3.2, the kernels of the

isogenies Fo — E; and E; — Fj3 are contained in the kernels of reduction modulo
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3, but the kernels of the isogenies B3 — E; and E; — E, are not. If j; denotes the

J-invariant of E;, and g; its Tate period over Qg, then vig(g;) = —v19(j;)-

’Ulg(ql) = 3, (360)
vig(g2) = 1, (3.61)
’U19(Q3) = 1. (362)

Thus, the same argument used in section 3.2, together with lemma 3.1, implies
that the kernels of the isogenies £, — E) and E5 — E)| correspond to 3 under the
Tate parametrizations of E; over Qig, but the kernels of £, — E, and E; — Ej
do not.

If we again let d # 1 be a square-free integer, D be the discriminant of F = Q(\/E),
and ¢4 be the quadratic character corresponding to the extension F'/Q, then Ei(d) has
additive reduction at all primes /| D. For such I, Ei(d) achieves good reduction (for
[ # 19) or multiplicative reduction (I = 19) over F. Since [F : Q] = 2 is relatively

prime to 3,
HYQuus®eq) =0=H"(Qi,Z/3Z ® 4) (3.63)

foralll|D,1+#3. If3| D, Ez.(d) achieves good, ordinary reduction at 3 over F', so since
F/Q is a quadratic extension, the theorems of chapter 2 apply. All of the ingredients
are exactly analogous to those in section 3.2, and we have the following analogues of

theorems 3.2, 3.3 and 3.4.

Theorem 3.6. Let d # 1 be a square-free integer, and let E be the quadratic twist by
d of the elliptic curve 19A8. Let g =0 1ifd <0, andny =14ifd > 1. If (%) =-1

or 0, then
#Clp[3] < # Selp(Q)[3] < 3™ - (#CLp[3])*. (3.64)

(=) .
If (£) = +1, let g = 0 if #Clp[3] = # <(Clg9}/3Cl}19}) >, and 3 = 1 otherwise.
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Then
37 . #Clp[3] < # Selp(Q)[3] < 3T~ U™ . (#Cl[3])°. (3.65)

Theorem 3.7. Let d # 1 be a square-free integer, and let E be the quadratic twist by
d of the elliptic curve 19A2. Let g =0 ifd <0, andny =1 ¢fd > 1. If (%) = -1

or 0, then
3™ . #Clp(3] < # Sel(Q)[3] < 3™ - (F#Clp[3])*. (3.66)

If (I%) = +1, let 7o = 1 if the class of one of the prime tdeals of F' lying over 11 is
in 3Clg and 1o = 0 otherwise. Then

3F™ . #Clp[3] < # Selp(Q)[3] < 3™~V - (#Clp(3))°. (3.67)

Theorem 3.8. Let d # 1 be a square-free integer, and let E be the quadratic twist by
d of the elliptic curve 19A1. Letno =0 ifd <0, and o =1 ifd > 1. If (&) = -1
or 0, then

# Sels(Q)[3] = 3™ - (#Clr[3])°. (3.68)
If (&) = +1, let n = min{nz, n3}; in this case

# Selz(Q)[3] = 3™~ U™ . (#Clp[3])°. (3.69)
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Chapter 4

IWASAWA THEORY

4.1 Introduction

Let K be a number field, and let Ko/K be a Z,-extension. That is, let K, /K be
a Galois extension with I' := Gg_/x = Z,. For each positive integer n there is a
unique intermediate field K, with 'y, := Gg_/k, = I'?", and Gk,/xk = Z/p"Z. Every
number field has at least one such extension: the cyclotomic Z,-extension of K is the
unique field K#° C KQ(upe~) such that Ggeve i = Z,,. Throughout this chapter, we
restrict our attention to the cyclotomic Z,-extension, and set K, = K&°.

If we define the p-primary Selmer group for E over K, in the same manner in

which we defined the Selmer group over a number field,

Sel(Koo), := ker (HI(KOO, Ep™)) — [ (H (Kw)i Elp™)) /im(m[))> (4.1)

there is a natural, continuous I'-action on Selg(K),, making Selg(K o), a module
over the completed group ring A := Z,[[[']], known as the Iwasawa algebra. If we
choose a topological generator v of I', then there is a (non-canonical) isomorphism
A = Z,[[T]] sending 7 to (T + 1). Modules over the Iwasawa algebra have been
extensively studied; although A is not a principal ideal domain, there is the following
analogue to the structure theorem for finitely generated modules over principal ideal

domains (see [14]).

Theorem. Suppose X is a finitely generated A-module. Then there exists a A-module
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homomorphism

[4
o: X — A" x J[A/(£:(T)%) (4.2)
i=1
with finite kernel and cokernel, where r > 0, fi(T), ..., fi(T) are irreducible elements
of A, and e1, ... ,e; are positive integers. The integer r, the prime ideals (fi(T)), and

the corresponding exponents e; are uniquely determined by X.

The group Selg(K), is generally not finitely generated as a A-module. Its Pon-
tryagin dual Xp(Ky) := Hom(Selg(Kw)p, Qp/Zp), on the other hand, is a finitely
generated A-module. (We say Selg(Ky)p is cofinitely generated.) The following the-
orem of Kato and Rohrlich gives sufficient conditions for Xg(K) to be a torsion

A-module (equivalently, for Selg(K ), to be A-cotorsion). (See [20].)

Theorem (Kato-Rohrlich). Assume that E is defined over Q and is modular. As-
sume also that E has good, ordinary reduction or multiplicative reduction at p, and

that K/Q is abelian. Then Selg(K)p is A-cotorsion.

Remark. All elliptic curves over QQ are modular, as shown in [32]; [29], [7], [5] and [2].

If F satisfies the hypotheses of the theorem, then Selg(K), is A-cotorsion, and
the structure theorem for finitely generated A-modules gives a homomorphism (4.2)
with X = Xg(Ky) and r = 0. Let I = (fi(T)** -...: fi(T)*). By the Weierstrass
Preparation Theorem, we can choose a generator of I of the form p# - g(T), where p
is a non-negative integer and g(T') is a distinguished polynomial of degree A. This
allows us to define the algebraic Iwasawa invariants associated to E: A% (Ko /K) = A
and % (Ko /K) = p.

Hereafter, we restrict our attention to the cyclotomic Z,-extension Qe /Q. As we

will not discuss the analytic Iwasawa invariants, we simplify the notation by using Mg

and pp to denote A% (Qoo/Q) and 15 (Qoo/Q)-
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4.2 Mu invariants

In [13], R. Greenberg made the following conjecture.

Conjecture. Let E be an elliptic curve defined over Q. Assume that Selg(Qoo)p 18

A-cotorsion. Then there exists a Q-isogenous elliptic curve E' such that pug = 0.

Remark. M. J. Drinen showed in [8] that the conjecture need not hold if Q is replaced

with an arbitrary number field.

If o : E — E'is an isogeny, P. Schneider [22] gives a relationship between uz and
per in terms of ¥ := ker(c). If deg(o) is prime to p, or if o is the multiplication-by-p
map, then up = pp. If o is a cyclic isogeny of p-power degree (that is, if ¥ = Z/p"Z
for some n) the situation is more complicated. We say W is ramified at p if p is
ramified in Q(¥)/Q, and otherwise ¥ is unramified at p. We say ¥ is odd (resp.
even) if complex conjugation acts non-trivially (resp. trivially) on ¥. (For p = 2 we
need to use a different definition of odd and even.) Suppose E has good, ordinary

reduction at p. Then

n : WVis ramified at p and odd
pE = pe + 4 —n : W is unramified at p and even . (4.3)

0 : otherwise

We can use (4.3) to rephrase the conjecture.

Conjecture. Let E be an elliptic curve defined over Q with good, ordinary reduction
at p. Let U be the largest cyclic, Gq-invariant subgroup of E[p*°] which is ramified
and odd, and set p" = #V. Then ug = n.

Suppose E is an elliptic curve defined over Q which admits a rational isogeny of
degree p for p an odd prime, and suppose E has good, ordinary reduction at p. Let
¥ be the kernel of the isogeny. If W is either ramified at p and even, or unramified at

p and odd, then the conjecture predicts pg = 0. R. Greenberg proved this in [13].
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The cases where ¥ is unramified at p and even or ramified at p and odd are
currently untractable. (M. Trifkovié has verified the conjecture for a few examples
in this case in [30].) For the rest of this chapter, assume ¥ is unramified and even,
and assume E[p| is indecomposable as a Gg-module, in which case the conjecture

predicts g = 0. The following lemma relates pg for E to the orders of the groups
Selg(Qu)[p)-

Lemma 4.1. Suppose Selg(Qoo)p is A-cotorsion. Then # Selg(Qn)[p] is bounded as

n — oo if and only if ug = 0.

Proof. Mazur’s Control Theorem (see [14]) states that the kernels and cokernels of

the natural maps

Selz(Qn)p — Selp(Qoo)p' ™ (4.4)

are bounded as n — oo. Thus,

dimp, (Selp(Qn)[p]) — dim, (Sels(Qoo)[p])" (4.5)

is also bounded as n — oo.

Let w,(T) = 1+T) —1¢€ A If X = Xp(Qu) is the Pontryagin dual of
Sels(Qoo)p, then X := X/pX is the Pontryagin dual of Selg(Qu)[p], and X Jwn(T)X
is the Pontryagin dual of (Selg(Qoo)[p])"™. Let

X — [ [A/(R(T)) (4.6)

be the map given in the structure theorem for finitely generated A-modules, with finite
kernel and cokernel. (Note that X is a torsion A-module, so r = 0.) We can take
each f;(T) to be either p or a distinguished polynomial of degree d;, and relabel so
that f;(T) is a distinguished polynomial for 1 <7 < s and f;(T) =pfors+1 <i < ¢.
Then

AJ(F(T)%)

N { @) s 1siss wn
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Let A = A/pA; for any f(T) € A, let f(T) be its image in A. Applying the Snake
Lemma to (4.6), the kernel and cokernel of the map
t t
% — I (A=) =TT (A/Gae) < T1 (3) (4.8)
=1 i=1 i=g+1

are finite. Another application of the Snake Lemma shows the kernels and cokernels

of
X Jon(T)X —>HA/ Fi(T), @a(T)) X H A/(@n(T)) (4.9)

are finite, and of bounded order as n — oo.
For 1 < i < s, f&(T) = T%¢; @,(T) = T?" for all n. Thus, for n > 0,
(A/(fes,n)) = (Z/pZ)%es and (A/(@n(T))) & (2/pZ)?", and

Zdez +(t — s)p" — dimp, (X'/wn(T)f() (4.10)

is bounded as n — co. Since X /w,(T)X is the Pontryagin dual of Selg(Quo), ", (4.5)
and (4.10) imply

(t — s)p" — dimp, (Selg(Qn)[p)) (4.11)

is bounded as n — oo. That is, # Selg(Q,)[p|] is bounded as n — oo if and only if

s = t, which is equivalent to yug = 0. O

Since ¥ is even and @ is odd, corank; (H'(Qx/Qw, ®)) =1 and H'(Qx/Qw, ¥)
is finite, by lemma 5.9 of [13]. Thus, as n — oo, H(Qx/Q,, ¥) is bounded, but
H'(Qs/Q, @) is unbounded.

Since F has good, ordinary reduction at p and ¥ is not ramified at p, ¥ is not in
the kernel of reduction modulo p. Thus, if p,, is the (unique) prime of Q,, lying over
p, we have L, (®) = H}, ((Qn)p,,®) in the language of chapter 2. Let ¥ be as in
chapter 2, and let X,, be the set of primes of Q, lying over primes in ¥. No primes

split completely in the cyclotomic extension Qu/Q, 50 #Xy, is bounded as n — oo.
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Since H(Qgs/Qn, ¥) is bounded as n — oo, so are the contributions of ¥ to both
the upper and lower bounds for # Selg(Q,)[p] given in theorem 2.16. On the other
hand, the contribution of ® to the upper bound is given by the size of

ker (Hl(QE/Qn,@) — [] #' (Qu)1 ®) /L[(<I>)> . (4.12)
(€T
The size of the cokernel of this map is bounded by
H' (Qu) @) (£t -
# ({1;[ ) ) < #Hlmao ) * [ean_{pn} ((Qn), @)

< pep#Eh, (4.13)

which is bounded as n — oo. Since H!(Qx/Qp,®) is unbounded, the contribution
of ® to the upper bound given in theorem 2.16 must be unbounded. That is, when
applying theorem 2.16 to the Selmer group for E over intermediate fields in the
extension Qu,/Q, the lower bound for # Selg(Q,,){p] remains bounded as n — oo,
but the upper bound does not.

For the conjecture to hold, the actual value of # Selz(Qy)[p] must remain bounded,
so most elements of H'(Qgs/Q,,, ®) which satisfy the Selmer conditions at all primes
must not actually contribute to the Selmer group. There are two possible ways
for this to happen. Such an element must either not be the image of an element
of H'(Qs/Qn, E[p]), or it must not be the image of an element which satisfies the
Selmer conditions at all primes. As the next lemma shows, the former cannot account

for much of the conjectured discrepancy.
Lemma 4.2. coker (H! (Qx/Qu, E[p]) — H' (Qs/Qu, ®)) is bounded as n — co.

Proof. From the long, exact sequence of Galois cohomology, we have the exact se-

quence

H'(Qs/Qu, Elp]) — H'(Qz/Qn, ®) — H*(Qz/Qn, ¥), (4.14)
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so it is enough to show #H?*(Qx/Q,, ¥) is bounded as n — oo.
Since ¥ is even and Q. is totally real, the Euler-Poincaré characteristic (see [19])

for ¥ is given by

0
WQ/Qu ) = ] w —1 (4.15)
infinite places
Thus, #H2(Qs/Qn, ¥) = #H"(Qs/Qn, ¥)/#U(Q,) is bounded as n — c0. [

Since corank; H'(Qs/Qoo, ®) = 1 and A is a principal ideal domain, the Pontrya-
gin dual of H(Qx/Qu, ®) satisfies

H'(Qs/Qo, ®)V 2 A x A (4.16)
for some finite A-module A. Hence,
H'(Qs/Qo0, ®) = AY x A, (4.17)

Let Sgp)(Qn) € HY(Qx/Qu, Elp]) consist of those elements which satisfy the Selmer
conditions at all primes of Q,,, and let S¢(Q,) € H'(Qx/Qn, ®) be the image of Sgp,).

Define Sgpp)(Qo) and Sp(Qoo) in a similar manner. Then, under the restriction maps

H'Y(Qs/Qn, ®) — H'(Qz/Qc, @) (4.18)

we have injective maps Se(Qn) — Se(Qo)- If pp > 0, then #S5(Q,) is un-
bounded as n — oo and Se(Qu) is infinite. Thus, ug > 0 if and only if Se(Qe) N
HY(Qs/Qoo, ®)i_ g, is non-trivial.

Let o be a non-trivial element of H'(Qx/Qoos ®)5_ g, There is some n such that

o € H'(Qx/Qn, ®). Consider the commutative diagram

H'(Qs/Qn, @) — s, #'((Qn)i, ®)

l l (4.19)

Hl(QE/Qooa Q)) E— H[wezw HI((QOO)IOQ, (I))'
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If [, € ¥, is a prime not lying over p, and [, an extension of [, to Q, then
H'((Quo)r.., P) is finite; hence, its maximal A-divisible subgroup is trivial. The image
of H'(Qx/Quo)i_4nw Mmust be contained on the maximal A-divisible subgroup, so o

has trivial image in H*((Q )1, ®). Since

ker (Hl((Qn)(na (I)) - Hl((Qoo)looa (I))) g ker (Hl((Qn)[na (I)) - Hl((Qn—!—l)[n-q-u (I))) y
(4.20)

we can choose n sufficiently large that o must have trivial image in H'((Qn)1,, ®).
Thus, such o will automatically satisfy the Selmer condition at all primes not lying
over p. Suppose, in addition, that o satisfies the Selmer condition at the prime of Q,

lying over p. If F,, = Q,(¥), then by inflation-restriction

x N\ (@
H'Y(Qs/Qn, @) = H (Qx/F,, ®)CFe/an C ((FF;‘)p) : (4.21)

Since o satisfies the Selmer condition at the prime lying over p and is completely trivial
at all other primes in ¥,,, we can take ¢ to be represented by a € F,* which is either an
element of O or a generator of the p*™ power of an ideal. By the Ferrero-Washington
Theorem (see [31]), the p-ranks of the ideal class groups of F,, are bounded. So, the
subset of H'(Qx/Qoo, P)i_4:, represented by elements of Of for some n has finite
index in H(Qx/Qoo, ®)5_4,- The element represented by o € O is in the maximal
A-divisible subgroup if and only if it is a universal norm for the extension Qu./Qn.
Since o is represented by a, o corresponds to an extension Q,(®, va)/Q,(P).
Suppose o is the image of & € H'(Qg/Qn, Elp]). Let K, = Q,(E[p]). From the

restriction map

H'(Qs/Qn, Elp]) — H'(Qu/Ky, E[p])“%~/a~ = Homg, ,q. (Gag/k., Ep)),
(4.22)

& corresponds to an extension L/ K, (/) of degree p with Gk, = E[p] as a Gk, /q,-
module. By Kummer theory, L = K,(¥/¢), for some ¢ € K such that (a,e) C

KX /(K))? is a Gk, q,-invariant submodule isomorphic to Ep].
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If 6 can be chosen to satisfy the Selmer conditions at all primes, then pg > 0, and
o can be so chosen if and only if we can choose ¢ so that the extension L/K,(¥/<) is

everywhere unramified.
x (9
Thus, pg = 0 if and only if for every a € <(—Of—")p) which is a universal norm
Fy

for Foo/Fy, there is no ¢ € Ok such that (o,¢) = Elp] as a G, q,-module and
K, (¥/a, ¥/e)/K,(¥/a) is unramified at p.
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