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Abstract 

 

Development of Dynamic Equivalent Models for Large Scale Wind Power Plants 

 

Dong-Eok Kim 

 

Chair of the Supervisory Committee: 
Professor Mohamed A. El-Sharkawi 

Electrical Engineering 

 

An individual wind turbine has trivial influence on existing power systems owing to its very small 

percentage of the total generation. In contrast, wind power plants (WPPs) that have large numbers of wind 

turbines in relatively small areas have significant impacts on the power systems, and thus their influence 

must be considered in the studies. This dissertation is of developing suitable dynamic models of WPPs for 

power system dynamics study. 

In this dissertation, dynamic equivalent models (DEMs) for large scale WPPs are proposed for the 

dynamics study. As the dynamics of a WPP are the resultant dynamics of interconnected multiple wind 

turbines, its DEM is developed based on the knowledge of individual wind turbines and their interactions. 

In addition, as the dynamics of individual wind turbines are related to their control scheme, this study 

explains how to achieve an optimized control scheme for them with the use of the DEM. 

For a certain purpose in which a WPP is considered as an external system for dynamics study of a 

power system, its DEM can be developed based on measurements at point of interconnection without any 

pre-knowledge of the WPP. For the case, this dissertation also proposes a DEM developed using an 

adaptive system identification method.  



In addition, this study explains how to model an adequate power system for simulation tests. The 

validities of the proposed DEMs developed in this dissertation are verified by the simulation results with 

the power system model. 
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Chapter 1 

Introduction 

1.1 Background 

Interconnected power systems cover large geographical areas and comprise thousands of devices. In addition, real 
power systems consist of numerous models, such as generators, excitation systems, control parts, and etc. That 
complexity makes it very difficult to perform studies for power systems, especially studies concerned with the 
stability of whole system, such as electromagnetic transient studies, on-line dynamic security assessments, off-line 
stability studies, and control design studies. Making those studies with fully detailed models requires a huge 
computation effort and a large amount of time. Thus, the studies are often performed with power systems broken 
down into several sub systems [1]–[7], where the sub system to be studied (internal system) is connected with other 
sub systems (external systems) by points of interconnection (POIs). If the dynamics at the POIs are retained, each of 
the power units in the external system is not important for internal system studies, and thus the external system can 
be replaced with its simplified equivalent model. 

Wind farms have grown rapidly over the past couple of decades [8]–[13] and, in the USA, wind capacity in some 
regions has increased several-fold [10] in the past several years. Wind farms with capacities similar to that of 
conventional mid-size to large thermal power plants are called wind power plants (WPPs), and an increasing number 
of WPPs have begun to have a significant impact on existing power systems. Thus, WPPs are required to contribute 
stable operation of power systems with grid codes as do conventional power plants [14]–[19]. As an understanding 
of dynamics is essential for maintaining the stable operation of power systems, a proper dynamic model of the WPPs 
needs to be developed. 

However, the WPPs differ significantly from the conventional power plants in terms of structure, operation, and 
dynamics, so a dynamic model of WPPs must account for their differences. Unlike dynamic modeling of 
conventional generation systems [20], the modeling of WPPs poses a unique set of problems: 1) a WPP consists of 
several small generators with limited dispatching capabilities; 2) each wind turbine includes multiple components 
that cause damping in electromechanical dynamics; 3) the wind turbines stand irregularly over a large area and their 
energy source (wind) varies stochastically, so the turbines operate differently; and 4) the turbines are mutually 
interconnected by cables so that they are affected by the operation of each. These problems make modeling WPPs a 
complicated process in which high-order models will necessarily be produced; it is therefore necessary to develop 
low-order dynamic equivalent model that can provide the same dynamic performance as the WPP models. 

The development of a dynamic equivalent model for conventional power plants has been carried out over 
numerous studies [21]–[31], and they typically followed three procedures: coherency identification, network 
reduction, and generation aggregation. Similarly, dynamic equivalent models for WPPs have been developed over 
several researches [32]–[43]. These researches were accomplished in terms of: comparatively small-scale WPPs [34], 
[35], equivalent network construction [36], [37], use of a specific type of wind turbines [38]–[41], and relatively fast 
dynamics [42], [43]. However, a dynamic equivalent model (DEM) should be developed on the basis of 
comprehensive attributes of WPPs, not just one of them. Furthermore, it should be focused on slow 
electromechanical dynamics rather than fast dynamics when studying interaction between power systems [6], [24]. 
Therefore, an accurate slow dynamic DEM development technique, which could be applied regardless of the size, 
configuration, and complexity of WPPs, and even the use of multiple types of wind turbines in the WPPs, is still 
required.  
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1.2 Research Objective 

A DEM should be developed to serve the purpose. If a DEM is meant to be for the study of WPPs themselves, 
such as WPP design, control, and stability study, it is important to identify their parameters and configuration inside 
the WPP. Although it requires huge efforts to identify them owing to the high degree of variability in wind as well 
as the switching of the turbines, they are directly correlated to the stable operation of WPPs. Therefore, a DEM, 
especially concerned with the stable operation of WPPs, should be derived on the basis of these parametric and 
configuration information of WPPs.  

On the other hand, if a DEM is meant to be an imitation of external dynamics for the study of other systems, 
another approach could be made. An effective DEM for this purpose must have the following attributes: low order, 
yet accurate for dynamic studies, adaptability, to accommodate variations in wind and turbine switching; and ease of 
use, with no need for hard-to-find parameters within the WPP. Several attempts were made to develop lower-order 
DEMs for wind farms [44]–[48]. Most of these techniques, however, are based on the identification of the coherent 
performance of the turbines. Hence, they can be developed only when several parameters within the WPP are always 
available. This is a major hurdle because wind variability can change the operating status of individual turbines 
without the knowledge of the control centers of the utilities. Therefore, a DEM needs to be developed without 
knowledge of parametric or configuration information inside the WPP. Instead, it would be better to use 
measurements at the POI. Because the WPP is frequently subjected to natural disturbances due to wind variations 
and wind gusts, there is no need to disturb the system intentionally to acquire a dynamic response. In addition, the 
model needs to be adaptive to track the variability in wind seasons and any large changes within the farm. 

This study proposes two types of DEM development methods: 1. a DEM of a WPP using aggregation technique, 2. 
a DEM of a WPP using parameter identification. For the first method, a DEM of a WPP based on aggregation 
techniques is derived. Separate models of wind-torque characteristics, drive trains, generators, and power converters 
are introduced and then combined to model a wind turbine. The constituent turbines of the WPP are clustered into 
several groups depending on type and operational conditions and slow dynamic models for the various groups and 
matching equivalent static network models in their respective local frames are developed. Then, the slow dynamic 
models are combined with the network models in order to express the WPP DEM as a single low-order system. For 
the second method, a DEM for WPP is developed on the basis of measurements. First, some data are measured and 
the measured data are properly processed for use in the identification process. Then, the DEM parameters are 
derived in the process, and the DEM is properly expressed with the parameters in a form of state-space equation to 
represent a low-order WPP system.  

1.3 Outline of the Research 

The study follows this configuration:  

· In chapter 2, a detailed model of a WPP is first developed. In this chapter, separate models of wind-torque 
characteristics, drive trains, generators, back-to-back converters are introduced and then combined in order to 
model a complete wind turbine. Next, several types of network models are developed. Last, wind turbine and 
network models are combined to represent a wind power plant in a single large system. 

· In chapter 3, a WPP DEM is developed using an aggregation technique, on the basis of the knowledge 
derived in the chapter 2. First, aggregation technique is briefly introduced. Then, slow dynamic model of 
wind turbines is developed. Equivalent slow dynamic models representing groups of the models are derived 
and the matching equivalent network model is also derived. The equivalent slow dynamic models are 
combined with the equivalent network model in order to express the WPP DEM as a single low-order system. 
Through simulation, the performance of the proposed method is verified. 

· In chapter 4, a control design for wind turbines is performed. The control design is carried out using linear 
programming in the frame of linear matrix inequality (LMI). In doing the control design, a model in the form 
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of state space equation is required and the DEM introduced in the chapter 3 is used for it. The control method 
introduced in this chapter is used to control wind turbines. 

· In chapter 5, a WPP DEM is developed on the basis of measurements at the POI. First, it is explained how 
the measured data is properly processed for use in the identification process. Then, the DEM parameters are 
derived in the process, and the DEM is properly expressed with the parameters in a state-space representation. 
In the simulation, an identification technique is used to obtain the DEM, and its performance is verified.  

· In chapter 6, a power system modeling is explained. Generating units are modeled in the dq-representation 
and they are combined with a network model to represent a power system. IEEE 39 bus power system is 
modeled using the method introduced in this chapter and tested.  

· In chapter 7, the DEMs developed in the chapter 3 and 5 are tested by interacting with a power system. A 
part of IEEE 39 bus power system is used as a power system. The power system is modeled as explained in 
chapter 6. The DEMs are integrated to the power system and its validity is proven by comparing the 
dynamics between the WPP and DEM. 
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Chapter 2 

Modeling of Wind Power Plants 

Wind power plants (WPP) consist of numerous wind turbines, and each wind turbine includes multiple 
components. Moreover, the wind turbines interconnect such that modeling WPP becomes a complicated process. To 
model large WPP, separate components of WPP should be modeled first and should then be combined. 

The main components of a wind turbine are the drive train, generator, and power converter systems. Among these 
components, the generator and converter systems are nonlinear and therefore must be linearized. Once this is done, 
they can be combined to represent a complete wind turbine model. Then, multiple wind turbine models combine 
with a network model to represents a detailed model of WPP. 

In this chapter, separate models of wind-torque characteristics, drive trains, generators, back-to-back converters 
are introduced and then combined in order to model a complete wind turbine. Depending on the wind turbine type, 
the combining process is slightly different, which this chapter shows as well. Further, several types of network 
models are developed. Last, wind turbine and network models are combined so that a wind power plant is expressed 
in a single large system. Once the wind power plant model is developed, the stability of the system could be 
analyzed by observing the eigenvalues. 

Note that all the nonlinear models to be introduced in this chapter are linearized and used for the modeling of 
wind power plants. Although linearized models are merely available within certain operating ranges, they have 
distinctive advantages as far as networked systems are concerned such as wind power plant systems: easy to 
combine the models to a single complete system, so thus easy to check the stability of the complete system. 

2.1 Wind Turbine Models 

A wind turbine consists of several components such as the rotor blade, drive train, gear, generator, power 
conversion equipment such as back-to-back converters, step-up transformer, etc. These components are absorbed 
into three dynamic sub-models of the generator, drive train, and converters – including control parts – to represent a 
complete wind turbine.  

2.1.1 Wind – Torque Characteristic 

b b,T w g g,T w

 
Fig. 1.1 A wind turbine 

For a fixed speed wind turbine, the blade-captured wind power mainly varies by wind speed and pitch angle. On 
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the other hand, for a variable speed wind turbine, the captured power varies with the angular speed of rotor blade. 
The rotor speed can change up to 30 percent around synchronous speed. For both fixed and variable speed wind 
turbines, however, the captured power (blade power) is, on average, mainly regulated by pitch angle control. 

The torque of rotor blade (blade torque) equals blade power divided by the angular speed of rotor blade. The 
relationship between wind speed and blade power was introduced in [49]. Using the relationships, the blade torque is 
given 

3,( , , ) ( )
2b b p R
b

T g w c A wJ l J
r

w
w

= = ;  ( /bR wl w= )    (2.1–1) 

where bw  is angular speed of rotor blade, r  is air density, pc  is performance coefficient, l  is tip-speed ratio, RA  
is swept area, J  is pitch angle, and w  is wind speed. The performance coefficient relates to blade design and it 
might differ by the type of wind turbine. For fixed-speed wind turbines, blades (including gears) might be better 
designed to obtain the maximum performance around (or slightly over) synchronous speed, since generation is made 
with negative slip. On the other hand, for variable speed wind turbines, the maximum performance could happen 
under the synchronous speed. 

For modelling of variable speed wind turbines using maximum power point tracking (MPPT) control, it might be 
necessary to calculate how much power a wind turbine can capture at a given wind speed. Thus, the operating 
conditions regarding (2.1–1) are calculated if necessary. Assuming the function of performance coefficient pc  is 
given, the corresponding pitch angle oJ  and tip-speed ratio ol  can be obtained by using the newton-raphson 
method, where the solution is obtained at a point that the derivative of the function of performance coefficient with 
respect to the tip speed ratio is zero. The pitch angle is zero under the rated wind speed while not zero over the rated 
wind speed. After having the pitch angle, tip-speed ratio, and performance coefficient using the newton-raphson 
method, the rotor blade angular speed and blade torque are calculated. 

Linearizing equation (2.1–1) and expressing it in per unit produces the following: 

bu bu w u uT ww J Jk w k kD = D + D + D       (2.1–2) 

where 
bB

bB b
b bo

g

T

w
w w w w

k ¶
¶ =

= , B

bB
o

w g
w T w w w

k ¶
¶ =

= , B

bB
o

g

T

J
J J J J

k ¶
¶ =

=  

This equation could be used to model a wind turbine with wind speed input. Additionally, the dynamics of the pitch 
angle mechanism could be modeled with a first-order low-pass filter if necessary. 

1 1
ref

J Jt t
J J J= - +         (2.1–3) 

where refJ  is the pitch angle reference given by the pitch angle controller and J  is real pitch angle. Jt  is time 
constant of the pitch angle mechanism. 

2.1.2 Drive Train 

Drive train model embodies the dynamics of the energy transfer from rotor blade by shaft to generator. In a one-
mass lumped model of drive train, the angular speeds of generator and rotor blade are assumed to be the same 
( gu buw w= ). 

u

u

D
gu gu eu buJ

T Tw w= + -        (2.1–4) 

On the other hand, by using a two-mass model of this process, the torsion effect of the shaft can be taken into 
account [50], [51], so that the angular speeds of the rotor blade and generator are different in a transient state. The 
two-mass type of drive train model is represented in per unit form: 
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( ) ( ) ( )

1 1

1 1

0 0

0 0
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gu gu gu

bu

bu bu bu

bgu gu bgu bu bgu bgu bgu bgu

gu bu gu bu gu bu
bgu bgu

D

J J Jgu gu
D

bu buJ J J
D D D D D D D D

su su
J J J J J J

K K
T T

w w
w w

æ ö æ÷ç ç- - ÷æ ö æ öç ç÷ç ç÷ ÷ç ç÷÷ ÷ç çç ç÷÷ ÷ç ç÷ç ç÷ ÷ç ÷ç ç= - + -÷ ÷÷çç ç÷ ÷÷çç ç÷ ÷÷ç÷ ÷ç ç÷ç÷ ÷ç ç÷è ø è øç ÷- - - - +ç ÷çè ø è





eu

bu

T

T

ö÷÷÷÷æ ö÷ ÷÷ç ÷ç ÷ç ÷÷ç ç ÷÷ç ÷çè ø÷ç ÷ç ÷ç ÷ç ÷ç ø

 

            (2.1–5) 

where the subscripts g and b signify generator and blade, respectively. D is damping coefficient, J is moment of 
inertia, and K is stiffness of shaft. Because of the gear ratio, the angular speed and torque are different at the side of 
the rotor blade and generator. Therefore, the base values for per-unit representation are also different depending on 
the side. They are given as: 

bB gBw w= ε  ( ε  is gear ratio), 

/bB B bBJ S w= , and /gB B gBJ S w= . 

Equation (2.1–5) is expressed in the state space representation, 

dt dt dt dt dt= +x A x B u         (2.1–6) 

where 

gu

dt bu

suT

w
w

æ öD ÷ç ÷ç ÷ç ÷ç= D ÷ç ÷ç ÷÷çD ÷çè ø

x , eu
dt

bu

T

T

æ öD ÷ç ÷ç= ÷ç ÷D ÷çè ø
u  

Subscript dt denotes drive train. It should be noted that, if the model is represented in the view of motoring, the 
generating torque will be indicated with negative sign. 

2.1.3 Generators 

The dynamic model used in this study applies to induction generators [52]–[60]. For wind turbines types 1 and 2, 
a stator current-rotor flux model is applied. For a type 3 wind turbine, a stator current-rotor current model is used 
while, for a type 4 wind turbine, rotor flux oriented (RFO) model is used. 

2.1.3.1 Stator Current – Rotor Flux Model (Nonlinear Complex) 

A model of induction machine (balanced) is expressed with state variables of stator current and rotor flux. It is 
represented in the nonlinear complex model in per unit form: 

2( ) 1

0 1

1
1

ru

ru

ru

ru

su ru su

c
ru ru

c
R suc c

su Lsu su su c
ruc R c

B ru ruru suL

R R j L a ja

j

v
a aL i i

v
aR j

w s

w
w l

s

w l l

+ - - -
æ öæ ö ÷ç ÷æ ö æ ö÷- çæ ö æ öç ÷÷÷ ÷ çç çç÷ ÷ç ç ÷÷÷ ÷ ç÷ç ç ÷ç ÷ç ç= +÷÷ ÷÷ ÷çç çç ÷ç ç÷÷ ÷÷ ÷çç çç ÷÷ ÷÷ç ç÷ ÷ç çè ø è ø- - ÷ççè ø è ø÷÷ç ÷çè ø ÷çè ø


  

          (2.1–7) 

where c
su sd sqi i ji= + , c

ru rd rqjl l l= + , csu sd sqv v jv= + , cru rd rqv v jv= + , 

ru mu rlL L L= + , su mu slL L L= + , mu

ru

L

L
a = , ( )2

1 mu

su ru

L

L L
s = - , 1suw =  

Superscript c denotes complex. It should be noted that the model is developed in the view of motoring so that stator 
current into the machine is indicated with a positive sign. 

The nonlinear model is often used for rotor field-oriented vector control (RFOC) of the induction motor. When 
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the model is re-expressed in rotor flux-oriented frame, the d-axis is aligned with the rotor flux ( ru rdl l= ) and the 
electrical torque is: 

( )
2 2

0( )p p
eu rq rd rd rq rd sqT i i a il l l== - =       (2.1–8) 

As seen in the equation (2.1–8), if the rotor flux is regulated at a constant value by controlling the d-axis stator 
current, toque can be instantaneously regulated by controlling the q-axis stator current. The nonlinear term ru ruw l  is 
instantaneously feedback-compensated in the advanced servo control scheme. This control method can be applied to 
a type 4 wind turbine, and, in this case, the frequency of stator is not constant so that suw  is not just 1 and varies 
depending on wind speed to capture maximum wind power. 

2.1.3.2 Stator Current – Rotor Flux Model (Linear Complex) 

A nonlinear model can be linearized at steady-state operating points. For instance, a first-order nonlinear model 
with single input is given as 

( ) ( ( ), ( ))h t f h t v t=         (2.1–9) 

where ( )h t  is a state variable and ( )v t  is an input variable. Linearizing results in the following: 

( ) ( )
o oh h v v

f f
h v

h h v
= =

¶ ¶
¶ ¶

D = D + D        (2.1–10) 

where  

( ) oh h t hD = - , ( ) ov v t vD = -  

Likewise, nonlinear model of (2.1–7) is linearized and expressed in the form of complex state space equation, 

c c c c c
gf gf gf gf g= +x A x B u         (2.1–11) 

where 
2( ) ( / )
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B su ru B ru ru ruo

su su

B ru
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R a R a R L j
B suoL Lc

gf R
B ru B suo ruoL
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w
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+ -æ ö÷ç- - ÷ç ÷ç ÷= ç ÷ç ÷ç - - - ÷÷çè ø
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c
suc

gf c
ru
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l

æ öD ÷ç ÷ç= ÷ç ÷ç ÷Dçè ø
x , 

0( )

c
su
c

c ru
g

ru

su

v

v

w
w =

æ öD ÷ç ÷ç ÷ç ÷ç ÷Dç ÷ç ÷= ÷ç ÷ç D ÷ç ÷ç ÷ç ÷D ÷çè ø

u . 

Subscript o denotes the operating points. Subscripts g and f signify generator and rotor-flux, respectively. Note that 
the stator electrical speed (synchronous speed) suw  is assumed constant or hardly change so 0suwD = . This 
assumption is remained for generator modeling of type 1, 2, and 3 wind turbines except type 4 wind turbines until it 
needs to be retracted.  

2.1.3.3 Stator Current – Rotor Flux Model (Dq-representation) 

A generator transforms mechanical power to electrical power. This transforming process is typically embodied by 
torque that is represented with real variables. Hence, the complex model of generator is transformed into a model 
with real variables, to be subsequently interconnected with the drive train model. 

For instance, simple state space equation with complex vector is shown below 

c c cx a x= , where c d qa a ja= + , c d qx x jx= +      (2.1–12) 
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This simple complex model can be expressed in the dq-representation of state space equation as 

( )d d q d d
d q

q q d q q

x a a x x
a a

x a a x x

æ ö æ öæ ö æ ö-÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷ç ç ç ç= = Ä + Ä÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷÷ ÷ ÷ ÷ç ç ç çè ø è øè ø è ø
I J




    (2.1–13) 

where Ä  is Kronecker product, I  is the identity matrix, and ( 0 1 ; 1 0)= -J . In the dq-representation, the d- 
and q-axis components, both real variables, represent real and imaginary components, respectively. 

As seen, a complex model is easily transformed into the dq-representation of state space equation by using 
Kronecker product. The complex model (2.1–11) becomes 

gf gf gf gf g
¢ ¢= +x A x B u         (2.1–14) 

where 

( ) ( )(real) (imag)c c
gf gf gf= Ä + ÄA A I A J ,  

( ) ( )(real) (imag)c c
gf gf gf
¢ = Ä + ÄB B I B J , 

su
gf

ru

æ öD ÷ç ÷ç= ÷ç ÷D ÷çè ø

i
x

l
 where, sd

su
sq

i

i

æ ö÷ç ÷ç= ÷ç ÷÷çè ø
i , rd

ru
rq

l
l

æ ö÷ç ÷ç= ÷ç ÷÷çè ø
l , 

0
g

g

æ ö÷ç ÷¢ ç= ÷ç ÷÷çè ø

u
u   where, 

su

rug

ruw

æ öD ÷ç ÷ç ÷ç ÷D= ç ÷ç ÷ç ÷÷çD ÷çè ø

v

vu , sd
su

sq

v

v

æ ö÷ç ÷ç= ÷ç ÷÷çè ø
v , rd

ru
rq

v

v

æ ö÷ç ÷ç= ÷ç ÷÷çè ø
v . 

Superscript (real) and (imag) signify the real and imaginary components of the matrices, respectively. Removing the 
last column of input matrix gf

¢B  regarding to the zero term in the g
¢u , the transformation process is finalized. 

gf gf gf gf g= +x A x B u         (2.1–15) 

where 

(1,2,3,4,5)gf gf
¢=B B . 

Here, the number in the subscript round brackets denotes the corresponding column matrix. It should be noted that, 
while the model can be represented more simply in the complex frame, the torque and power equations can be easily 
represented with real variables in the dq-frame, as seen in equation (2.1–8).  

The process of transformation from the complex to the dq-representation will be usefully applied to converters 
and network modeling later. 

2.1.3.4 Stator Current – Rotor Current Model (Dq-representation) 

For certain type of wind turbines such as type 3, whose rotor currents are controlled, it might be better to express 
the model with rotor currents instead of rotor fluxes. A stator current–rotor flux model can be transformed to stator–
rotor current model. Using the relation of ru ru ru mu suL i L il = + , the transformation matrix is given as 

1/

1 0

ruLa

æ ö÷ç ÷ç= Ä÷ç ÷- ÷çè ø
T I         (2.1–18) 

Using the transformation matrix, the stator–rotor current model is obtained: 

g g g g g= +x A x B u         (2.1–19) 

where 
1

g gf
-=A TA T , g gf=B TB ,  
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su
g

ru

æ öD ÷ç ÷ç= ÷ç ÷ç ÷Dçè ø

i
x

i
 where, rd

ru
rq

i

i

æ ö÷ç ÷ç= ÷ç ÷÷çè ø
i . 

For this model, the electrical torque is given as 

( )
2
p

eu mu sq rd sd rqT L i i i i= -        (2.1–20) 

Linearizing equation (2.1–20), 

( )
2
p

eu mu rqo sd rdo sq sqo rd sdo rqT L i i i i i i i iD = - D + D + D - D     (2.1–21) 

The stator power, if stator and rotor resistances are ignored, is the same as the electrical torque. Thus, controlling 
stator power has the same control result as that of the electrical torque.  

· Relation between Torque and Stator Real Power  

For type 3 turbines, stator real power is often controlled instead of electrical torque, and controlling stator real 
power in the stator voltage-oriented frame has the same effect as controlling the electrical torque. It is simply proven. 

In the q-axis oriented local frame, the rotor currents in the steady state are given by ignoring the stator resistance,  

( ) /rd sq su sd mui v L i L= -  and su

mu

L
rq sqL
i i= - .      (2.1–22) 

Assuming the pole number is 2 and substituting the equations of the rotor currents into (2.1–20), it is shown that the 
torque equation is the same as the stator power equation in per unit. 

( )eu mu sq rd sd rq sq sq suT L i i i i v i P= - = = .       (2.1–23) 

2.1.3.5 Rotor Flux Oriented (RFO) Model 

1d

1jq 2jq

su
i

fram
e 1 - stator side

slw
sw fq

rul

fram
e 2 -

rotor side

2d¢2jq
¢

2d
fq

1d
¢

1jq
¢

 
Fig. 1.2 Frames for generator model in dq-representation 

The stator current – rotor flux model in the dq-representation of generator has been introduced in sub-subsection 
2.1.3.3. To be clear, it is reminded that the quantities of the stator side and rotor side, which are the stator current 
and rotor flux, are expressed in different frames as shown in figure 1.2. The frame for stator side (frame 1) rotates in 
the synchronous speed sw  and the frame for rotor side (frame 2) rotates in the speed slw , which is the slip times the 
synchronous speed. The position angles of the frames are given 0s s stq w q= +  and sl sl sl0tq w q= +  , respectively, 
where 0sq  and sl0q  are their initial angles. As the slip is a function of the synchronous speed and the rotor speed, the 
frames are coupled by the rotor speed, where the position angle of the rotor is given slr sq q q= - . The frames can 
be rotationally shifted to have the quantities in the frames altered, which is equivalent to projecting the quantities to 
other frames. For instance, the rotor flux can be expressed in real value (d-axis component) by aligning the frame 2 
with the rotor flux. Here, it should be noted that the rotor angle does not change with respect to either the original 
frames or the shifted frames; slr sq q q¢ ¢= -  where s s fq q q¢ = +  and sl sl fq q q¢ = + , and thus the frame 1 and 2 
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are shifted with the same angle fq . 
In sub-subsection 2.1.3.1, a model represented in a frame whose q-axis is instantaneously aligned with the rotor 

flux so that the d-axis component is always zero, was briefly mentioned. Here, it is explained how the RFO model is 
derived from an original model of (2.1–15), where the rotor voltage is assumed zero. As the rotor flux angle is 
required for the creation of the RFO frame and the correspondingly altered frame for stator side, the following 
relation is derived by linearizing 1tan ( / )f rq rdq l l-=  

f f ruqD = DK l  where ( )2 2( )
1

rdo rqo
f rqo rdol l

l l
+

= -K     (2.1–24) 

By linearizing the transformation process of ( ) ( )fj
d q d qz jz e z jzq-¢ ¢+ = + ; it transforms d- and q-axis components 

in a frame to those in the altered frames 

cos sin

sin cos
d qo fo fo d

f
q do fo fo q

z z z

z z z

q q
q

q q

æ ö æ ö æ öæ ö¢ ¢D D÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷ç ç ç ç= D +÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷¢ ¢D - - D÷ ÷ ÷ ÷ç ç ç çè ø è ø è øè ø
     (2.1–25) 

where subscript d and q signify the d- and q-axis components of the state and input variables, and the variables with 
superscript prime represents those in the altered frames. Transforming the input variable of stator voltage to that in 
the corresponding altered frame using (2.1–25), equation (2.1–15) changes to 

gf gf gf gf g
¢= +x A x B u , where su

g
ruw

æ ö¢D ÷ç ÷¢ ç= ÷ç ÷D ÷çè ø

v
u      (2.1–26) 

Now, the state variables of state current and rotor flux need to be transformed to those in the corresponding altered 
frames, and, for that, the transformation matrix is derived using (2.1–25) 

3 4

1 4

´

´

æ ö÷ç ÷ç= ÷ç ÷÷çè ø

T
T

0
; (3 1) (4 1)gf gf´ ´

¢ =x Tx         (2.1–27) 

The transformation matrix of which the rank is 3 is not invertible, and thus the model is equivalently derived using 
the right inverse matrix of the transformation matrix. Then, the original model is completely changed to the RFO 
model: 

gf gf gf gf g
¢ ¢ ¢ ¢ ¢= +x A x B u          (2.1–28) 

where 

1
rightgf gf
-¢ =A TA T , gf gf

¢ =B TB , su
gf

rdl

æ ö¢D ÷ç ÷¢ ç= ÷ç ÷¢D ÷çè ø

i
x  

Figure 1.3 shows a conceptualized model transformation from a model represented in a frame to its modified RFO 
model. 

· Model in a frame loosely aligned with rotor flux 

1u y

x

2u

1u y
fje q- fje qK

1
¢u

x
¢x

2u

( )Dz

 
Fig. 1.3 Model represented in a frame and its modified RFO model 
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When control matter considered, rotor flux needs to be observed or estimated for coordinate transformation. In 
this case, a filtering might be necessary to eliminate some high frequency components that might occur in the 
estimation. Taking into consideration the filtering process in control part, the model can be expressed in a frame 
whose q-axis is loosely aligned with the rotor flux using a filtered quantity of the rotor flux angle. The dynamics of 
the filtered rotor flux angle is given with using (2.1–24) 

1 1
f f ft tq q qD = - D + D         (2.1–29) 

where fq  is the filtered rotor flux angle and t  is the time constant of the low-pass filtering. This angle is included 
as an additional state variable in (2.1–15), so the model order increases to five. By transforming the input and state 
variables to those in the altered frames accordingly using (2.1–25), then, the model represented in the loosely rotor 
flux oriented frame is finalized. The q-axis component of the rotor flux in this model is not always zero but 
converged to zero after transients. This model could be useful to test controllers that are designed using the RFOC 
method. For this model, the linearized equation from original torque equation including the q-axis component of the 
rotor flux is used: ( )

2
p

eu rqo sd rdo sq sqo rd sdo rqT a i i i il l l lD = - D + D + D - D . 

2.1.4 Back-to-back Converters 

For the power converters used in type 3 and 4 wind turbines, back-to-back converters based on Pulse Width 
Modulation (PWM) are used [61]-[64]. The back-to-back converters are modeled by two main dynamic models of 
the dc-link voltage and the converter input currents. 

2.1.4.1 DC–Link Voltage Model 

DC – link voltage dynamics are obtained on the basis of instantaneous real power balance. The derivative of 
energy stored in a dc-link capacitor is same as the instantaneous difference between converter input and output 
powers, 

( )21
2

d
dcu dcu in outdt
C v P P= -        (2.1–30) 

where  

in cd cd cq cqP v i v i= + ,  

( ) ( ) ( ) ( )o o o o
out cd cd cq cqP v i v i= + . 

As seen in (2.1–30), while both sides of the dc-link are coupled by real power balance, imaginary power flow is 
decoupled by the dc-link. Linearizing equation (2.1–30) results in: 

( )
( )

( ) ( ) ( ) ( )1

( ) ( ) ( ) ( )1
dcu dcu

dcu dcu

o o o od
dcu cdo cd cqo cq cdo cd cqo cqdt C v

o o o o
cdo cd cqo cq cdo cd cqo cqC v

v v i v i v i v i

i i i v i v i v

D = - D - D + D + D

+ - D - D + D + D
  (2.1–31) 

Damping is determined by power difference between the input and the output of dc-link voltage. Thus, a crow bar is 
necessary to increase the damping of dc-link voltage dynamics. 

· Enhanced Damping in Dc-link Voltage Dynamics by Crowbar Application 

A crowbar is designed to limit excessive energy in the equipment. For wind turbines, crowbar is generally used 
for two main purposes. One is to prevent the dc-link voltage from exceeding over a certain level by absorbing 
excessive energy, which is often called ‘chopper,’  and the other is to prevent excessive energy from flowing into 
rotor side.  

The former case is generally applied when diode rectifier is connected to the grid side because the dc-link voltage 
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needs to be restricted. But, this chopper is also necessary to properly regulate the back-to-back converters by 
dissipating excessive energy at a faulted condition. The crow bar is connected in parallel at the dc-link capacitor by 
power electronics switch that is rapidly turned on and off. The crowbar resistance can work as a new control input. 
Since the resistance is nothing but the ratio of voltage and current, the crowbar resistance in average can be 
instantaneously altered by using power electronics device with control such as bandwidth control method. For the 
crowbar in parallel at the dc-link capacitor, the dc-link model is re-expressed 

( )2 21
2

/d
dcu dcu in out dcu crowdt
C v P P v R= - -       (2.1–32) 

Although the crowbar resistance in normal condition is zero because the crowbar is disconnected, it can be thought 
that the crow bar is controlled for dc-link voltage to enhance the damping of dc-link voltage dynamics. Thus, 
linearizing it and assuming the crowbar resistance is sort of an input variable, the following is obtained. 

2 2
dco crow crowv R R- D , where crow dcuR K vD = D      (2.1–33) 

As seen, a crow bar controlled with power electronics can provide more damping capability for dc-link voltage 
model. Although the dc-link voltage is controlled by the input side converter, the crow bar can provide more 
damping by actively controlling it.  

On the other case, the crow bar is connected in parallel at the output side of the back-to-back converters. For the 
crowbar in parallel at the side of converter output, the converter output is re-expressed  

( ) ( ) ( )( ) ( ) 2 ( ) 2(( ) ( ) ) /o o oo o o
out cd cd cq cq cd cq crowP v i v i v v R= + - +     (2.1–34) 

This type of crowbar could also provide additional damping for the dc-link voltage dynamics when controlled with 
respect to dc-link voltage. However, the damping capability of crowbar connected at the side of converter output 
depends on the rotor voltage while the other directly depends on dc-link voltage. For instance, when type 3 - wind 
turbine operates at the rated wind speed, most real power flows through the stator side and the rotor voltage is so 
small that the crow bar provides less damping ability compared to the other case. In addition, if the crowbar 
resistance is large, most currents flow into the rotor side even if the crow bar is connected, i.e. unsatisfying the 
purpose of rotor side protection. The worst case is that the frequency of output converter voltages is almost dc so 
that the rotor impedance is almost same as rotor resistance (although the main purpose of this crowbar is against 
faulted conditions that mainly cause high frequency transients). Therefore, the minimum resistance of the crow bar 
might need to be as small or at least several times as the rotor resistance.  

· Restriction of Converter Input and Output Voltages by PWM Part 

The magnitude of converter output voltages is limited by dc-link voltage [65]. Assuming the modulation index is 
1, the magnitude of converter output voltages in average cannot exceed 1/2 times the dc-link voltage. Thus, the 
output voltage is restricted in every sample time by 

lim min( , )v v
MI

j j
cu cu dcuv e e v k vq q-=        (2.1–35) 

This effect can be ignored if the output voltage is very small, as in the case of a type 3 wind turbines being operated 
at rated working points. In contrast, a type 4 wind turbine has high stator voltage at rated operating points so the 
effect must be considered. However, the equation (2.1–35) is not appropriate to apply for linearized models, and 
thus a different approach is used. 

Assuming the magnitude of converter output voltage is controllable by the rate to dc-link voltage, the following 
can be derived 

( )
mag Mo M
o
c dcu dcov k v v kD = D + D        (2.1–36) 

where Mk  is the ratio between converter output voltage and dc-link voltage. A term regarding dc-link voltage 

Mo dck vD  is provided and the magnitude of output voltages can be controlled by the other term Mdcov kD , which 
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would not exist if Mk was considered constant. The magnitude and angle of output voltages can be expressed in 
terms of the d- and q-axis components by linearizing them, then the following relation is obtained and used as 
coupling terms for dc-link voltage effect in type 3 and 4 wind turbine models 

( )
( )

( )

o
ocd
dc dcuo

cq

v
v

v

æ öD ÷ç ÷ç = D÷ç ÷ç ÷D ÷çè ø
K         (2.1–37) 

By using (2.1–37), the coupling effect between the converter output voltage and the dc-link voltage is applied. 
Because the magnitude of the converter output voltage is remained controllable by the term Mdcov kD  and the angle 
of the converter output voltage is available to be controlled, the d- and q-axis components of the converter output 
voltage, which will be used as control variables, are preserved. This approach can be applied the same for the 
converter input voltage. 

2.1.4.2 Converter Input Current Model 

Considering resistance and leakage inductance of tap-transformer in the side of converter input, the dynamics 
(voltage equation) are expressed as 

1

B

c c c c cd
cu cu cu cu u cu cu tu cudt
L i R i j L i v v

w
w= - - + -      (2.1–38) 

where ccui , ccuv , and ctuv  are converter input current, converter input voltage, and terminal source voltage in complex, 
respectively. cuR  and cuL  are resistance and inductance on the converter input side, respectively. For type 3, the 
terminal source voltage is assumed to be the same as stator voltage ( c c

tu suv v= ). This complex equation is 
transformed in the dq-representation the same as (2.1–14).  

2.1.4.3 Back-to-back Converter Model 

Models of dc-link and converter input side are combined and represented in the state space as  

cv cv cv cv cv= +x A x B u         (2.1–39) 

where,  

cu
cv

dcuv

æ öD ÷ç ÷ç= ÷ç ÷D ÷çè ø

i
x  where, cd

cu
cq

i

i

æ ö÷ç ÷ç= ÷ç ÷÷çè ø
i . 

The converter input and output sides link to different points of wind turbines, depending on the type. 

· For type 3 turbines, converter input and output sides are connected to the terminal and rotor side of generator, 
respectively. Converter output voltages and currents are the same as generator rotor voltages and currents, 
respectively; ( )o

cu ru=v v , ( )o
cu ru=i i . The stator of generator is also connected to the terminal so that the 

source voltage of converter is assumed to be the same as the stator voltage; tu su=v v . 

( )T T T T T
cv ru su ru cu= D D D Du i v v v . 

· For type 4 turbines, converter input and output sides are connected to the terminal and stator of the generator, 
respectively. Converter output voltages and currents are the same as generator stator voltages and currents, 
respectively; ( )o

cu su=v v , ( )o
cu su=i i . 

( )T T T T T
cv su tu su cu= D D D Du i v v v . 
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2.1.5 Complete Wind Turbine Models 

Type 1, 2, 3, and 4 wind turbine models are developed by combining generator, drive train, and converters models. 
These four types of wind turbines have different characteristics and configurations. A Type 1 wind turbine consists 
of a drive train and a generator connected to the grid, and thus the electrical torque is uncontrollable. A type 2 wind 
turbine is similar as the type 1, but it has varying external rotor resistances so the electrical torque is controllable by 
changing the resistances. Type 3 and 4 wind turbines have additional power converters so they have capability of the 
electrical torque control over large ranges but they have different configuration regarding the converters from each 
other, which will be shown in the following subsections.  

2.1.5.1 Type 1 

One input of the drive train model is electrical torque, which can be expressed by the state variables of generator 
model according to (2.1–21). The two models of drive train and generator can be combined by relating the state 
variables of generator model to the input variables of drive train model. Using (2.1–6), (2.1–19) and (2.1–21), the 
model of type-1 wind turbine is obtained: 

tp1 tp1 tp1 tp1 tp= +x A x B u        (2.1–40) 

tp1 tp1 tp1 tp1 tp= +y C x D u        (2.1–41) 

where 

4 2
tp1

(5)

(1) t

( )gf gf

dt dt

´
æ ö÷ç ÷ç= ÷ç ÷÷çè ø

A B
A

B K A

0
; t 2

( )p
rq rd sq sda i il l= - -K  

4 1
tp1

3 2

(1,2)

(2)

gf

dt

´

´

æ ö÷ç ÷ç= ÷ç ÷÷çè ø

B
B

B

0
0

, tp1
gf

dt

æ ö÷ç ÷ç= ÷ç ÷÷çè ø

x
x

x
, tp

tu

buT

æ öD ÷ç ÷ç= ÷ç ÷D ÷çè ø

v
u ; tu su=v v . 

Subscript “tp1” signifies a type1 wind turbine. The system outputs can be either of stator (terminal) currents or 
powers. Assuming that the outputs are the variations of terminal (stator) powers, the output matrix and feed-through 
matrix are obtained by applying the instantaneous powers of tu sd sd sq sqP v i v i= +  and tu sq sd sd sqQ v i v i= -  

1 5
tp1

1 5

sdo sqo

sqo sdo

v v

v v
´

´

æ ö÷ç ÷ç= ÷ç ÷- ÷çè ø
C

0
0

, tp1

0

0
sdo sqo

sqo sdo

i i

i i

æ ö÷ç ÷ç= ÷ç ÷- ÷çè ø
D , tp1

tu

tu

P

Q

æ öD ÷ç ÷ç= ÷ç ÷D ÷çè ø
y . 

Additionally, leakage inductance and resistance, especially at the low-voltage side, of a step-up transformer is not 
small so their dynamics are not negligible. Thus, the leakage inductance and resistance will be added up in the 
stator’s leakage inductance and resistance, respectively. 

2.1.5.2 Type 2 

For a type 2 wind turbine, external variable resistances (that could be controlled with power electronics) are 
connected to internal rotor resistances in series through slip-rings to control the electrical torque. The varying rotor 
resistance is considered as an additional input variable. Equation (2.1–40) is modified to: 

tp2 tp2 tp2 tp2 tp2= +x A x B u        (2.1–42) 

where 
ext

tp2 ( )T T
su bu ruT R= D D Du v  
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2.1.5.3 Type 3 

 
Fig. 1.4 Type 3 Wind Turbine 

Type-3 wind turbines have back-to-back converters to control stator real (or electrical torque) and reactive power. 
The terminal voltages are assumed to be the same as stator voltages. The terminal currents are the sum of stator 
currents and converter input currents. In addition, leakage inductance and resistance of the step-up transformer are 
absorbed into the leakage inductance and resistance of the stator and the side of converters. Considering these, the 
model is expressed in the form of state space equation as 

u u
tp3 tp3 tp3 tp3 tp3= +x A x B u        (2.1–43) 

where 

4 2 4 2

u
tp3 3 2 3 2 3 3

3 3

(3,4) (5)
( )

(1,2) (3,4) (5,6)

(1) t

( ) ( )

( ) ( + )
g g dc g

o
cv cv cv dc cv dc

dt dt

´ ´

´ ´ ´

´

æ ö÷ç ÷ç ÷ç ÷ç= + ÷ç ÷ç ÷÷ç ÷ç ÷çè ø

A B K B

A B A B K B K

B K A

0 0

0 0 0
0

; 

( )t 2 mu rqo rdo sqo sdo
p L i i i i= - -K  

4 2 4 1
u
tp3 3 1

3 2 3 2 3 2

(1,2) (3,4)

(3,4) (5,6) (7,8)

(2)

g g

cv cv cv

dt

´ ´

´

´ ´ ´

æ ö÷ç ÷ç ÷ç ÷ç= ÷ç ÷ç ÷÷ç ÷çè ø

B B

B B B B

B

0 0
0

0 0 0
, tp3

g

cv

dt

æ ö÷ç ÷ç ÷ç ÷= ç ÷ç ÷ç ÷÷ç ÷çè ø

x

xx

x

, tp3

tu

ru

cu

buT

æ öD ÷ç ÷ç ÷ç ÷Dç ÷ç ÷= ç ÷÷çD ÷ç ÷ç ÷ç ÷çD ÷çè ø

v

v
u

v
; tu su=v v . 

The above is an uncontrolled system. Assuming that the converters are feedback controlled using the method to be 
introduced in chapter 4, the controlled system is expressed as 

tp3 tp3 tp3 tp3 tp= +x A x B u        (2.1–44) 

tp3 tp3 tp3 tp3 tp= +y C x D u        (2.1–45) 

where 
u u

tp3 tp3 tp3(3:6) con= -A A B K , 

u
tp3 tp3(1,2,7)=B B , 

Again, the outputs of system can be either of currents or powers. The terminal powers are chosen as the outputs. 

1 2 1 3
tp3

1 2 1 3

sdo sqo sdo sqo

sqo sdo sqo sdo

v v v v

v v v v
´ ´

´ ´

æ ö÷ç ÷ç= ÷ç ÷- - ÷çè ø
C

0 0
0 0

, 

tp3

0

0

( ) ( )

( ) ( )
sdo cdo sqo cqo

sqo cqo sdo cdo

i i i i

i i i i

æ ö+ + ÷ç ÷ç= ÷ç ÷- + + ÷çè ø
D , tp3

tu

tu

P

Q

æ öD ÷ç ÷ç= ÷ç ÷D ÷çè ø
y . 
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2.1.5.4 Type 4 

 
Fig. 1.5 Type 4 Wind Turbine 

For type 4 wind turbines, either the synchronous (PMSG) or induction generators can be used. Generally, type 4 
wind turbines represent those with generators having many magnetic poles, so they do not require the gear boxes. 
However, in this work, turbines with induction generators, but with gear boxes, are used and will be called type 4 
wind turbines. As mentioned earlier, the generator model is expressed in rotor flux-oriented frame ( 0rqol = , 
c
ru rdl l=  ). The generator model’s state variables are 

( )T T
gf su rdl¢ = D Dx i          (2.1–46) 

In this sub-subsection, the prime signifies that the variables and matrices are expressed with respect to the rotor 
flux-oriented frame. Then, the type 4 wind turbine model is expressed in the dq-representation of state space 
equation as 

u u
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Assuming that the converters are feedback-controlled, 

tp4 tp4 tp4 tp4 tp= +x A x B u        (2.1–48) 

tp4 tp4 tp4 tp4 tp= +y C x D u        (2.1–49) 

where 
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Note that, for type 4, the stator electrical speed suw  varies by control, and thus 0suwD ¹ . Refer to subsection 
4.3.2.2. It is assumed that suwD  was controlled as said in the subsection and absorbed into the model. 

2.1.5.5 Model with Wind Speed 

The model can be further developed so that it uses wind speed as an input. For a type-1 wind turbine, using 
equations (2.1–2) and (2.1–40), 

tp1 tp1 tp1 tp1 tp
w w w= +x A x B u        (2.1–50) 

where 
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Now the model of type-1 wind turbine has wind speed and pitch angle as inputs instead of blade torque. When wind 
is under the rated speed, the pitch angle is kept at constant or zero ( 0uJD = ). In this case, both the pitch angle 
input and the related input matrix can be removed from the model.  

2.1.5.6 Terminal Voltage-oriented Model 

The models in the previous sub-sections are developed in a global dq-frame. Models can also be developed in 
local dq-frames, where either their d-axes or q-axes are aligned with their specific vectors such as stator (terminal) 
voltages. The locally framed models are especially important when control matters are concerned because power 
converters are generally controlled in local frames. In this subsection, models that are locally framed in terms of 
their terminal voltages are introduced.  

· Models represented in Terminal Voltage-oriented Local Frames 

The locally framed model can be developed in two different ways. First, all operating points for linearization are 
set with respect to a local frame (local-frame model 1). The model representation is exactly same as the ones 
developed in the previous sub-subsections, but all operating points have been altered. For example, when a type 3 
wind turbine is modeled in the stator (terminal) voltage-oriented frame, the operating point of d-axis stator voltage is 
considered zero ( vo 0sdov = ). In this case, the output matrix is given as 
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Also, in the voltage-oriented frame, the converter d-axis input current is controlled at zero to regulate reactive power 
at the converter input side. The result is that the operating point is also zero. The feed-through matrix is rewritten as 
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Here, it is assumed that the local-frame model 1 is represented in a local frame whose q-axis is ‘initially’ aligned at 
the stator voltage but the frame could be out of the alignment in either transient or steady states.  

On the other hand, the model (local-frame model 2) can be obtained by further assuming that stator voltage is 
‘instantaneously’ aligned with the q-axis of the local frame. Since the d-axis component of stator voltage is always 
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zero in the frame ( vo 0sdv = , vo 0sdov = ), the inputs of the d- and q-axis stator voltages are reduced to voltage in 
magnitude. These two locally framed models are basically the same in terms of the system parameters, but they are 
completed differently as explained the above by applying their agreeable network models, which will be introduced 
in sub-subsection 2.2.2.2.  

For this modeling, it should be clear of a point, that is, the synchronous speed variation in the stator (terminal) 
voltage-oriented frame vo

suwD  changes by the differential of terminal voltage variation even if the synchronous 
speed in a global frame is constant: 

vo vo( 0)su suw w wD = D = + D ; vo vo1
Bw

w qD = D  ; vo vo sd

sq

v

v
q q

æ öD ÷ç ÷çD = - ÷ç ÷D ÷çè ø
K


   (2.1–51) 

where voqD  is the angle of terminal voltage in a global frame, which is used to align instantaneously the local 
frame’s q-axis at the terminal voltage. If the differential term changes, the added term vowD  also change so the 
synchronous speed variation in the local frame is not zero. However, if the dynamics of the terminal voltage can be 
neglected, the differential of the terminal voltage is assumable zero. This assumption is reasonable because a static 
network model, which will be introduced in sub-section 2.2.2.2, is on the basis of neglecting the dynamics of 
capacitor voltages (voltages across capacitive elements at the buses) of which one is the terminal voltage, and thus 
the added term can be ignored as well. 

· Control in the stator flux-oriented frame 

For control matter in a real, stator flux-oriented frame (where the d-axis is aligned with stator flux) might be 
preferred to the stator voltage-oriented frame. The reason is as follows. The stator voltage-oriented frame is obtained 
with the angle of three-phase components of stator voltages. The problem is that the frame experiences a transient 
response when the stator voltages are abruptly changed. In this case, all states in the frame are in a transient state 
even if they are not actually changed. The frame where control is performed should be insensitive to transient states. 
For this reason, a flux-oriented frame could be preferably applied. A stator flux in a three-phase frame is given as 

( )abcs abcs su abcsv R i dtl = -ò  

As seen, assuming that stator resistance is very small, stator flux is the integrated stator voltages. Since stator flux 
does not quickly respond to the stator voltage change, the stator flux-oriented frame is robust against a voltage 
transient response. The integration produces a 90-degree phase delay. Hence, the d-axis of stator flux is equivalent 
to the q-axis of stator voltage in the steady state. This is shown below: 

( ) /sd sq su sq uv R il w= -  

Here, it is expected that the stator flux oriented frame is equivalent to a frame whose q-axis is loosely aligned with 
the stator voltage by using a filter with a cut-off frequency of nearly zero. Thus the dynamics of a model represented 
in the stator flux-oriented frame is similar to one represented in the loosely stator voltage oriented frame. When the 
voltage-oriented frame is applied, the PLL (phase-locked-loop) technique is generally required to detect the angle of 
the source voltage [86], [87]. 
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2.2 Network Model 

Two types of network model are developed in this section. One is a dynamic network model developed in the 
form of state space equation. The other is a static network model developed by using instantaneous power theory in 
the steady state. While the former includes the dynamics of bus voltages and line currents, it increases the 
complexity of the WPP model combined with the network model. The latter does not provide the dynamics, but the 
complexity can be reduced. Note that, however, to study more in detail the dynamics and stability of the network, 
the dynamic network model will be necessary as the static network model does not explain dynamics regarding the 
voltages and currents in the network. 

2.2.1 Dynamic Network Models 

2.2.1.1 State Space Equation 1 (Complex) 

According to Kirchhoff’s current and voltage laws (KCL and KVL), a network can be represented in the form of 
complex state space equation.  

The buses are connected with each other via resistance and inductance. In addition, the buses are assumed to be 
connected to the ground by capacitive susceptance. In this case, the capacitor voltage is same as the bus voltage. The 
state of connectivity can be found with an incidence matrix of the network. The method of developing the model is 
shown with a simple example. For instance, a network with five buses is expressed in the directed graph as shown in 
figure 1.6.  

23
i

2ini 1ini

 

1 1 1 1 1

1 1

1 1

1 1

1 1 1 1 1

1 1

æ ö÷ç ÷ç ÷ç ÷- -ç ÷ç ÷ç ÷÷ç - - ÷ç ÷ç ÷ç ÷ç - - ÷ç ÷ç ÷ç ÷÷- -ç ÷ç

+

÷ç ÷ç ÷- ÷çè

+ + + +

+ + +

ø+

0g 1g 2g 3g 4g 03 13 23 34

g

0

1

2

3

4

McM

 
Fig. 1.6 Network model and its incidence matrix 

All five buses have capacitive susceptance. The network’s incidence matrix is given. Using the incidence matrix, a 
complex dynamic model is obtained (in per-unit form) 
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          (2.2–1) 

where  

0 1 2 3 4diag{( )}R R R R R=R ,  
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0 1 2 3 4diag{( )}C C C C C=C , 

3 4diag{( )}L L=L , 

line line02 line12 line24 line32diag{( )}R R R R=R ,  

line line02 line12 line24 line32diag{( )}L L L L=L , 

0 1 2 3 4( )c c c c c c Tv v v v v=v  where, c d qv v jv= + , 

02 12 24 32( )c c c c c Ti i i i=i , 3 4( )c c c T
L L Li i=i , 1 2( )c c c T

in in ini i=i . 

where, c d qi i ji= + . 

Since most networks include transformers, a new network with transformers is introduced. The figure below shows 
a network with four transformers.  
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Fig. 1.7 Network model with transformers 

In this case, the matrix M obtained from the incidence matrix should be changed according to transformer’s turn-
ratio: 
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Expressing the complex model in the form of complex state space equation that has currents injected into the 
network as the inputs and bus voltages as the outputs, 

nt1 nt1 nt1 nt1 nt1
c c c c c= +x A x B u        (2.2–3) 

nt1 nt1 nt1
c c c=y C x          (2.2–4) 
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where 

nt1 (( ) ( ) ( ) )L
c c T c T c T T=x v i i , nt1

c c
in=u i ,  

5 5 5 6nt1 ( )c
´ ´=C I 0 , nt1

c c=y v . 

In the steady state, since the derivative terms are zeroes, the relation between the network inputs and the network 
outputs is expressed as 

nt1 nt1
c c=y Z u          (2.2–5) 

where 
1

nt1c nt1c nt1c
-= -Z C A B  

The matrix Z  represents the relation between bus voltages and injected currents (that is, the impedance matrix—
inverting this results in the admittance matrix ( 1-=Y Z )). 

2.2.1.2 State Space Equation 2 (complex) 
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Fig. 1.8 Network model with a constant voltage bus 

If the voltage of a certain bus is assumed to be ideally controlled, capacitive voltage dynamics at the bus can be 
ignored. In this case, the bus voltage can be expected to be an additional network input. Assuming that bus-0 is 
infinite bus, the network can be changed as shown in figure 1.8.  

The state variable of bus 0 voltage is the first-row component of nt1
cx . A new system matrix nt2

cA  is obtained by 
removing the first row of nt1

cA  matrix and the first column of the remained nt1
cA  matrix. A new input matrix nt2

cB is 
obtained by removing the first row of nt1

cB  matrix and adding the first column of the remaining nt1
cA matrix to the 

nt1
cB . Components regarding to resistance and capacitive susceptance at the bus 0 is included in the feed-through 

matrix. nt1
cD  matrix is obtained by adding the corresponding (1, 1) component of nt1

cA  into spot with respect to the 
input 0v . This process is shown below. 
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. 
The new complex state space equation is represented as 

nt2 nt2 nt2 nt2 nt2
c c c c c= +x A x B u        (2.2–6) 

nt2 nt2 nt2 nt2 nt2
c c c c c= +y C x D u        (2.2–7) 
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where 

( )nt2 nt2(1,2) nt2(3)
c c c=B B B  

nt2 (( ) ( ) ( ) )L
c c T c T c T T=x v i i  where, 1 2 3 4( )c c c c c Tv v v v=v  

nt2 0( ( ) )c c c T T
inv=u i , nt2 0( ( ) )c c c T Ti=y v ; 0i  is total current at bus 0. 

For generalization, it will be clearer to explain the process above with matrix manipulation. Let us say that 
network’s original complex state space equation is given 
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


    (2.2–8) 

where, nt1a 0c =x  by assuming nt1a
cx  being the vector of bus voltages whose dynamics are ignored. Then, nt1a

cu  is 
expressed as a function of nt1a

cx , nt1b
cx , and nt1b

cu  by proper matrix manipulation, where which nt1a
cx  will be used 

as a new input variable. By substituting nt1a
cu  into the original state space equation, the original is re-expressed with 

states of nt1b
cx  and inputs of nt1a

cx  and nt1b
cu , where nt1a

cx  are the vector of respective bus voltages. The results 
would be the same as (2.2–6) and (2.2–7) if nt1a 0

c cv=x . 
This complex state space equation can be transformed into the dq-representation of state space equation using 

Kronecker product, as in equation (2.1–8) in sub-section 2.1.3.3. 

2.2.1.3 State Space Equation 3 (Dq-representation) 
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Fig. 1.9 Network model with power injection 

It is now assumed that powers are the inputs into the networks. The complex models of equations (2.2–6) and 
(2.2–7) are transformed into dq-representations: 

0nt2 nt2 nt2 nt2-1 nt2-2in= + D + Dx A x B i B v      (2.2–9) 

1,2 nt2D =v c x          (2.2–10) 

where 

nt2 ( )L
T T T T= D D Dx v i i , 1,2 1 2( )T T TD = D Dv v v . 

Using the instantaneous power theory [66], the following is obtained from the relation of  ink kd inkd kq inkqP v i v i= +  
and ink kq inkd kd inkqQ v i v i= - : 

1,21 2in inD = D - Di q S q v        (2.2–11) 

where 
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Substituting (2.2–11) into (2.2–9), a new network model with power injection is obtained: 

2 1 0nt2 nt2 nt2-1 nt2 nt2-1 nt2-2( ) in= - + D + Dx A B q c x B q S B v    (2.2–12) 

If the powers at the bus 0 are to be chosen as the output, the corresponding output matrix 0C  and feed-through 
matrix 0D  are obtained from the following two equations  

0 0 nt2 03 0 0( )D = = D + Di c x i d v  and (0) (0)
0 o 0 o 0D = D + DS V i I v    (2.2–13) 

Then, the output equation is expressed 

0 0 nt2 0 0= + Dy C x D v         (2.2–14) 

where  

0 0= Dy S , (0)
0 o 0=C V c , and (0) (0)

0 o 0 o= +D V d I . 

2.2.2 Static Network Models 

2.2.2.1 Power Equations 1 (using a Global Frame) 

It is now assumed that network consists of n buses instead of five buses, as in the previous section. Power 
equations of the network model are derived using the instantaneous power theory and the admittance matrix. The 
dynamics of voltages and currents are ignored, unlike in the dynamic network model. Also, the network is assumed 
to be reduced so that all buses are linked with terminals of wind turbines, except POI bus 0. 

The instantaneous power theory expresses powers injected to bus k in the network: 
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By linearizing this, 
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Using (2.2–16), injected powers at n buses are expressed in simple matrix form: 

o oD = D + DS V I I V         (2.2–17) 
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Using the admittance matrix that is represented in the dq-frame (referring to (2.2–5)), equation (2.2–17) is changed 
to a function of bus voltages as 

D = DS F V , where o o= +F VY I       (2.2–18) 

The matrix F  is similar to the Jacobian matrix of the power flow problem but is represented in the dq-frame. 
Decomposing (2.2–18) into two components of bus 0 (POI bus) and terminal buses, the result is: 

0 011 12

ts 21 22 ts
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S F F V

S F F V
       (2.2–19) 

The inputs and outputs of static network model are bus voltages and powers injected to the buses, respectively. The 
equation (2.2–19) can be differently expressed by matrix manipulation, where the inputs and outputs of the model 
are, bus 0 voltages and powers injected to the other buses, and powers injected to bus 0 and the other bus voltages, 
respectively, 

0 011 12

ts 21 22 ts

æ ö æ öæ öD D÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç=÷ ÷ ÷ç ç ç÷ ÷ ÷D D÷ ÷ ÷ç ç çè ø è øè ø

S H H V

V H H S
       (2.2–20) 

The static network model developed on the basis of the power equations in this sub-subsection is for wind turbine 
models developed in a global frame. For wind turbine models developed in their local frames, the power equations 
should be modified. That is introduced in the next sub-subsection. 

· Mixture of Current and Power Equations 

If necessary, the static network model can be modified to have both current and power equations by replacing sets 
of powers with sets of d- and q-axis components of currents: if powers injected to bus-k is intended to be replaced 
with the corresponding currents, ( )

o
kV  and ( )

o
kI  are simply exchanged with the identity matrix and zero matrix, 

respectively. For instance, if the POI powers are exchanged with d- and q-axis components of POI currents, the 
changed static network model is obtained by modifying the matrix F  as the following: 

o o= +F VY I , where { }2 2
(1) ( )

o o odiag , , , n
´=V I V V , { }2 2

(0) ( )
o o odiag , , , n

´=I I I0  

where 2 2´I  and 2 2´0  are 2 by 2 identity matrix and zero matrix, respectively.  

2.2.2.2 Power Equations 2 (using Local Frames) 

Power equations suitable for the local-frame model 1 are developed using dq-frame transformation. The dq-frame 
transformation process can be expressed in two ways based on different assumptions. 

vo vo( ) ( )oj
d q d qv jv e v jvq¢-+ = +         (2.2–21) 

where ( )1tan do

qo
o

v
v

q -¢ =  

vo vo( ) ( )j
d q d qv jv e v jvq ¢-+ = +         (2.2–22) 

where ( )1tan d

q

v
v

q -¢ =   
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Here, v  and vov  represent voltages in a global frame and in a voltage-oriented local frame, respectively. Figure 
1.10 shows the transformation process of equations (2.2–21) and (2.2–22). 

gd

gjq

vod

vojq

q ¢
vo
qvqv

dv

 
Fig. 1.10 Local and global frames 

It needs to be noted that oje q ¢-  is constant while je q ¢- is a function of the voltage. For the equation (2.2–21), because 
the local frame maintains constant angle position to the global frame, the d-axis component of voltage is not 
instantaneously zero but its value in average is zero as long as the voltage varies around the initial point. On the 
other hand, for the equation (2.2–22), the local frame is instantaneously aligned with the voltage so that the d-axis 
component of the voltage is always zero.  

By using either of the equation (2.2–21) or (2.2–22), voltages can be projected (transformed) from a global frame 
to their local frames. Expressing the transformation function with respect to the voltage at bus k in dq-representation, 

vo

vo
kd kd

kv
kqkq

v v

vv

æ ö æ öD D÷ç ÷ç÷ç ÷ç=÷ ÷ç ç÷ ÷ç D ÷ç÷Dç è øè ø
T         (2.2–23) 

For the various buses that multiple wind turbines are connected, a transformation matrix voT , which transforms 
voltages in a global frame to those of their local frames, can be properly obtained using sets of kvT . Then, applying 
the transformation matrix to the equations (2.2–19) or (2.2–20), new power equations in terms of the local frames 
are obtained. As there are two different transformation matrixes, the locally framed power equations will be derived 
in two ways.  

· Local-frame network model 1:  

First, transformation matrix AkvT  by linearizing equation (2.2–21) is, 

cos sin

sin cos
ko ko

kvA
ko ko

q q
q q

æ ö¢ ¢- ÷ç ÷ç= ÷ç ÷¢ ¢ ÷çè ø
T        (2.2–24) 

Using this matrix, power equations for local frame with respect to (2.2–21) is derived, 

00
vo

11 12
vovo vo

ts ts21 22

æ öæ öæ ö DD ÷ ÷ç÷ çç ÷ ÷÷ ç çç = ÷ ÷÷ ç çç ÷ ÷÷ çD ç÷ç D÷ ÷ççè ø è øè ø

VS F F

S VF F
       (2.2–25) 

where 
1vo

11 12 11 12
vovo vo

21 2221 22 A

-æ ö æ öæ ö÷ ÷ç ÷çç÷ ÷ç ÷çç=÷ ÷÷ç çç÷ ÷÷ç ç÷ç÷ ÷çç è øè øè ø

IF F F F

F F TF F
;  

{ }vo
1diag , ... ,A A Av nv=T T T . 
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· Local-frame network model 2:  

On the other hand, another transformation matrix BkvT  by linearizing equation (2.2–22), 

2

2

cos sin 1

sin cos 1B
ko ko kqo kdo kqo

kv
ko ko kdo kqo kdo

av av v

av v av

q q
q q

æ öæ ö¢ ¢- - ÷ç÷ç ÷÷çç= ÷÷çç ÷÷¢ ¢ ç÷ç ÷-çè øè ø
T , where 

2
1

kov
a =    (2.2–26) 

The transformation obtained by (2.2–26) has rank 1, where components in the first row are zeroes and components 
in the second row are identical to ones obtained by linearizing the terminal voltage magnitude of 2 2 1/2( )kd kqv v+ .  
Using this matrix, the other power equations for local frame with respect to (2.2–22) is derived 

0 0
vo

11 12
vo vo vo

tsts 21 22

æ öæ ö æ öD D÷÷ ç ÷ç ç÷÷ ç ÷ç ç= ÷÷ ÷çç ç÷÷ ÷ç Dç ÷çD ÷÷ç ç è øè ø è ø

S H H V

SV H H
       (2.2–27) 

where 
vo

11 12 11 12
vovo vo

21 2221 22 B

æ ö æ öæ ö÷ ÷ç ÷ç ç÷ ÷ç ÷ç ç=÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ÷ç÷ ÷çç è øè øè ø

IH H H H

H HTH H
;  

{ }vo
1diag , ... ,B B Bv nv=T T T . 

2.3 Wind Power Plant Model 

 
Fig. 1.11 N wind turbines connected to 0 (POI) bus though network 

A full detailed WPP model includes multiple wind turbines and networks, which requires a full knowledge of the 
WPP system. In addition, separate linearized models need to be developed depending on various operating points. 
This requires huge efforts in developing WPP model. Nevertheless, a full detailed WPP is still essential, especially, 
to compare the performance of a WPP’s equivalent with it. For this reason, this subsection introduces a full detailed 
(linearized) WPP model. 

Figure 1.11 shows n wind turbines (WTs) are connected to corresponding (terminal) buses which are linked 
through transformers and networked lines to the point of interconnection (POI). The transformer in the figure 
represents ideal transformer of which turn ratio is only considered. The leakage inductance and resistance of step-up 
transformers are assumed absorbed into wind turbine models, and thus they are not considered when modeling 
network. 

The subsequent sections will complete a WPP model by combining wind turbine models with a network model, 
which have been developed in the previous sections. 
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2.3.1 WPP Model using a Global Frame 

As shown in figure 1.11, n wind turbines are linked to the network model. The types are not specified, so they 
could be any types of wind turbines. The inputs of wind turbine are d- and q-axis components of terminal voltage 
and either of blade torque or wind speed. The outputs are chosen terminal powers of wind turbines in motoring view. 

1 1 2 2
ts ts ts ts ts ts ts= + +x A x B u B u        (2.3–1) 

1
ts ts ts ts ts= +y C x D u         (2.3–2) 

where 

{ }ts t-1 t-ndiag , ,=A A A , 

{ }1 1 1
ts t-1 t-ndiag , ,=B B B , { }2 2 2

ts t-1 t-ndiag , ,=B B B , 

{ }ts t-1 t-ndiag , ,=C C C , 

{ }ts t-1 t-ndiag , ,=D D D , 

t-1

ts

t-n

æ ö÷ç ÷ç ÷ç ÷ç= ÷ç ÷ç ÷÷ç ÷çè ø

x

x

x
 , 

t-1

ts

t-n

æ öD ÷ç ÷ç ÷ç ÷ç= ÷ç ÷ç ÷÷çD ÷çè ø

S

y

S
 . 

Here, subscript “ts” denotes a set of n wind turbines. 2
tsu  is the input vector that consists of either blade torques or 

wind speeds. The system matrix tsA  and input matrix tsB  are formed in blocked diagonal matrices, and it means 
wind turbines are not coupled with each other yet. 

A network model is developed in the dq-representation as done in equations (2.2–6) and (2.2–7). Network inputs 
are injected powers from wind turbines to the network and voltage at bus 0 (POI bus). The bus 0 voltage is 
emphasized with capital V. 

1 1 2
net net net net net net 0= + + Dx A x B u B V       (2.3–3) 

net net net net 0= + Dy C x D V        (2.3–4) 

No load is assumed connected at bus 0 ( net =D 0 ). One of the two inputs of the multiple wind turbine model (a set 
of turbines’ terminal voltages) is equivalent to the network model outputs (a set of voltages at buses that the turbines 
are connected) ( 1

ts net=u y ) and vice versa ( 1
net ts= -u y ), so the two models can be combined: 

1 2 2
ts ts ts net ts ts ts

1 2
net net 0net ts net net

æ ö æ öæ öæ ö æ ö÷ ÷ ÷ç ç÷ ÷ çç ç÷ ÷ ÷÷ ç ÷ ç çç ç= +÷ ÷ ÷÷ ÷ç ç çç ç÷ ÷ ÷÷ ÷ç ç ç÷ ÷ç ç D÷ ÷ ÷ç-ç çè ø è ø è øè ø è ø

x A B C x B u

x x VB C A B




0

0
   (2.3–5) 

where 1
net net net ts net= -A A B D C  

Here, the wind turbines are coupled with each other via the network model. Additionally, in this model 
development: 

· it should be noted that all states are expressed in a global dq frame. Therefore, operating points of each wind 
turbine might differ by the terminal voltages not only in magnitude but also in angle. 

· the model (2.3–5) can be reduced if able to assume that the dynamics of network are much faster than those 
of the wind turbines. Assuming the derivative terms of netx  are zeroes, 

1 1 1 2
net net net ts ts net net 0

- -= - Dx A B C x A B V       (2.3–6) 

Substituting it into equation (2.3–5), the result is: 
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1 1 1 1 1 2 2 2
ts ts ts net net net ts ts ts net net net 0 ts ts( )- -= + - D +x A B C A B C x B C A B V B u   (2.3–7) 

The result would be the same when the static network model completed in sub-subsection 2.2.2.1, power 
equations 1 is applied. Unless the dynamics of network is considered, it would be proper to develop WPP 
model with the static network model. 

2.3.2 WPP Model using Local Frames 

In this subsection, wind turbines are assumed to be modeled in the voltage-oriented local dq-frames, where each 
local frame’s q-axis is aligned with each turbine’s terminal voltage. In addition, static network model is applied 
instead of dynamic network model. The WPP model development can be achieved in two ways depending on the 
choice of the models of wind turbine and static network. The first is to use local-frame model 1 for wind turbines 
and the static network model completed in sub-subsection 2.2.2.2, local-frame network model 1, by which it is 
assumed that the turbines’ terminal voltages are initially aligned with the q-axes of their local frames but they could 
deviate from the alignment. The second is to use local-frame model 2 for wind turbines and static network model 
completed in sub-subsection 2.2.2.2, local-frame network model 2, by which it is assumed that the turbines’ terminal 
voltages are instantaneously aligned with the q-axes of their local frames.  

The model of wind turbines in their local frames, which are not interconnected, is expressed in the same form of 
(2.3–1) and (2.3–2), but with slightly different parameters. The output is: ts ts= Dy S  and the input is: 

1 vo
ts ts= Du V . Using equations (2.3–2) and (2.2–24) or (2.2–26), the following is obtained. 

1
ts ts 0a b= + Du L x L V         (2.3–8) 

where the matrixes aL and bL  are different depending on the choice of network models. 

With local-frame network mode 1: vo vo 1
22 ts ts( )a

-= - +L F D C , vo 1 vo
22 ts 21( )b

-= - +L F D F . 

With local-frame network mode 2: vo vo 1 vo
22 ts 22 ts( )a

-= - +L I H D H C , vo 1 vo
22 ts 21( )b

-= +L I H D H . 

Wind turbines are interconnected to completes WPP model development by combining the equation (2.3–8) into the 
model of turbines developed in the local frames 

0
1 2 2

ts ts ts ts ts ts= + D +x A x B V B u       (2.3–9) 

0 0 0 0tsD = + DS C x D V        (2.3–10) 

where 
1

ts ts ts a= +A A B L , 

1 1
ts ts b=B B L , 

With local-frame network model 1: 0
vo

12 a= -C F L , 0
vo

11 12( )b= - +D F F L . 

With local-frame network model 2: 0
vo
12 ts ts( )a= - +C H C D L , 0

vo
11 12 ts( )b= -D H H D L . 

The results obtained in this section will be used to develop a dynamic equivalent model for WPP using aggregation 
technique in the next chapter. 

2.3.3 Frequency-related Modeling 

The WPP models developed in this chapter were on the basis of the assumption that the angular speed gw  of the 
global dq-rotating frame (frequency) is constant, and thus suw  and uw  in the generators (excepting type 4), back-to-
back converters, and network models were also assumed constant: 0gwD = . This implies that the WPPs are only 
affected by other power systems through POI voltage variations with constant frequency. 
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When other power systems are considered into modeling problem, gw  is no longer constant and treated as an 
additional variable. In consequence, the current equations of the network model becomes nonlinear and its 
linearization results 

( )gw=I Y V ; ( )g g
o Yw wD = D + DI Y V K V      (2.3–11) 

Also, the power equations should change accordingly by (2.3–11). These require complicated calculations but 
contribute a little for modeling accuracy if gw  varies within small range. Therefore, for simplicity, it is assumed that 
system and network impedance changes regarding the angular speed are negligible; the second term in (2.3–11) is 
discarded. However, the synchronous speed regarding turbine dynamic models still need to be taken into 
consideration, which can be carried out in the following way.  

· Modeling in POI Voltage-oriented Frame 

gd

gjq

0d

0jq

0d
0qv 0

g
qv

0
g
dv

0w

gw
 

Fig. 1.12 a POI voltage in a fictitious frame and its corresponding in the global frame 

The synchronous speed suw  in the generator models and uw  in the input side of the back-to-back converter 
models are equal to the angular speed 0w  of a fictitious frame where a WPP system is modeled, and thus the 
following relations are obtained 

0suw wD = D  and 0uw wD = D        (2.3–12) 

Then, the ignored terms by the assumption of 0suwD =  in (2.1–11) are re-emerged and the terms regarding uwD  
in the converter models are obtained properly. Using some matrix manipulations, the WPP model of (2.3–9) changes 
to 

0 0
1 2 2 3

ts ts ts ts ts ts ts w= + D + + Dx A x B V B u B      (2.3–13) 

The key to this modeling is properly changing the angular speed of the frame. The voltage-oriented frame whose q-
axis is aligned at POI voltage of the fictitious frame rotates in the speed of 0w  which is the sum of gw , which is the 
angular speed of the global frame, and a supplementary speed adw , which is happened by the POI voltage change. 
The angular speed variation of the voltage-oriented frame is given 

0
g

adw w wD = D + D         (2.3–14) 

Assuming that the fictitious frame is loosely aligned with the POI voltage of the global frame, the differential 
equation of the angle is given by using low-pass filtering, 

0 0 0 0
g

c ca a dd dD = - D + DK V         (2.3–15) 

where ca is the cut-off frequency of the low-pass filtering and dK  is obtained by linearizing 0 0
1tan ( / )g g

d qv v- - . 
The supplementary speed is equal to the time differential of the angle, so it is given 
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0
1
Bad ww dD = D           (2.3–16) 

Here, it is expected that adwD  is assumable zero when the cut-off frequency is chosen very large because its 
dynamics could be ignored; it is not when the cut-off frequency is chosen very small. This is, actually, the same 
concept used to develop the terminal voltage-oriented turbine model; refer to (2.1–51).  

Now, the POI voltage of the global frame is projected to that of the fictitious frame as 

0 0 0 0 0
1( ) g

v od d-D = D + DV K T V       (2.3–17) 

Recalling that powers are conserved between the transformation processes, the frequency-related modeling is 
finalized by applying the equations of (2.3–14, 15, 16, and 17) to (2.3–13), 

0
1 2 2 3

ts- ts- ts- ts- ts- ts ts-
g g

d d d d d d w= + D + + Dx A x B V B u B     (2.3–18) 

0 0- 0- 0ts-
g

d ddD = + DS C x D V        (2.3–19) 

where 0ts- ts( )T T
d d= Dx x . Compare (2.3–9) and (2.3–18). It will be noticed that (2.3–18) has an additional input 

variable of gwD . This frequency-related modeling should be used to combine the WPP model into power systems. 
Note that generating unit models in power systems generally require differential equations of power angles to be 
interfaced each other, while the WPP model of (2.3–18) does not because the WPP consists of asynchronous 
generators. Refer to subsection 6.1.1. This subsection will show the differential equations of power angles for power 
system modeling with synchronous generators.  

2.4 Summary 

Chapter 2 has been assigned to develop a dynamic model of wind power plants. First, dynamic sub-models such 
as drive train, generator, and back-to-back converters were developed. Several components of wind-torque 
characteristics, gear ratios, step-up transformers, crowbars, pulse width modulation parts were absorbed into the sub-
models. The sub-models were properly combined to represent four types of complete models of wind turbines. This 
chapter showed that the complete turbine models could be changed on the basis of their input types and the frames 
where they were developed. Second, networked cables in wind power plants were modeled. By using KVL and KCL, 
the networked cables were dynamically modeled. The dynamic network models were altered by the input types: 
current injection, constant bus voltage, and power injection. Also, this chapter introduced static network models 
using the instantaneous power theory. Furthermore, as wind turbines, especially variable speed wind turbines, are 
feedback controlled in their local frames and thus modeled in the frames, the static network models matching for the 
dynamic models of the turbines were developed. Lastly, the models of wind turbines and network were combined to 
complete a dynamic model of wind power plants. 
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Chapter 3 

Dynamic Equivalent Model of WPP   
using Aggregation Technique 

Wind power generation has emerged as an effective alternative energy source over the past couple of decades, 
with successful research and industry development leading to the construction of wind power generation systems 
that approach the scale of conventional mid- to large-size thermal power plants. This large scale of wind power 
generation systems is referred to as wind power plants (WPPs), and an increasing number of WPPs have begun to 
have a significant impact on existing power systems. However, the WPPs differ significantly from the conventional 
power plants in terms of structure, operation, and dynamics. As an understanding of dynamics is essential for 
maintaining the stable operation of power systems, a proper dynamic model of the WPPs must be developed. 

The dynamic modeling of WPP systems poses a unique set of problems unlike those of conventional generation 
systems in that 1) a WPP consists of numerous small wind turbines with limited dispatching capabilities; 2) each 
wind turbine includes multiple components that cause damping in electromechanical dynamics; 3) the wind turbines 
are placed irregularly over a large area and their energy source (wind) varies stochastically, so the turbines are 
operated differently; and 4) the turbines are mutually interconnected by cables so that they are affected by the 
operation of each. These four problems make modeling WPPs a complicated process in which high-order models 
will necessarily be produced; it is therefore necessary to develop low-order dynamic equivalent model (DEM) that 
can provide the same dynamic performance as the original WPP models. 

In this chapter, a DEM for WPP is developed using aggregation technique. First, the aggregation technique is 
briefly introduced. Then, slow dynamic models of wind turbines are developed, which is important for developing a 
proper WPP DEM. The slow dynamic models are combined with the network models to express the WPP DEM as a 
single low-order system. The performance of the proposed method is verified through simulation. 

3.1 Introduction of Aggregation Technique 

Notes [67]–[69] explain the main concept of model equivalencing. The model equivalencing can be categorized 
into two cases: 1) a detailed model is reduced to its low-order equivalent model, where the detailed model’s slow 
dynamics are equivalently preserved, 2) a single form of multiple models, which is obtained by ‘model combining’, 
is simplified to its low-order equivalent model by the model equivalencing. The figure below shows the concept of 
‘aggregation technique’. For clear understanding, specific terms are used. ‘Model combining’ will refer to the 
process of combining separated multiple models into a single form of the multiple models, where model complexity 
does not change, and ‘model equivalencing’ refers to the process of simplifying a single complex model into an 
equivalent model, respectively. ‘Aggregation technique’ refers to the process including the both. In figure 2.1 (a), a 
detailed model is simplified to its low-order equivalent model by neglecting fast dynamics. Figure 2.1 (b) shows that 
separate models are interconnected and combined into a single form of the models, and then the model is simplified 
to its low-order equivalent model. The model equivalencing used in the figure (a) and the ones used in the part of (2) 
to (3) (or (5) to (6)) in the figure (b) are different, where the former is to neglect fast dynamics and the latter is to 
lump a single form of ‘multiple models’ into the form of a ‘single model’. The part of (1) represents separate 
detailed models interconnected and the part of (4) represents separate low-order equivalent models interconnected, 
where the dynamics of interconnection is ignored. The model of (1) or (4) is combined to be one of (2) or (5) by 
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model combining, then to be one of (3) or (6) by model equivalencing. Dynamic equivalent model of (6) can be 
obtained by any sequence preferred. An efficient procedure to develop the dynamic equivalent model might follow 
the sequence of (1)-(2)-(3)-(6) because a procedure starting from (4) requires multiple low-order equivalent models 
to be developed. For an example of a DEM for a WPP, this process could be performed as: assuming that wind 
turbines in a WPP are pre-identified into a single group on the basis of their operational conditions, the wind turbine 
models are combined with a static network model into a single form of WPP model by model combining. Then, the 
WPP model is lumped into a form of single wind turbine model by model equivalencing, which represents a 
simplified WPP equivalent model, and the WPP equivalent model is further simplified by neglecting fast dynamics, 
significantly  reducing the resultant WPP equivalent model’s complexity. 

In the subsequent subsection, the model equivalencing will be introduced accordingly. 

3.1.1 Slow Dynamic Equivalent Model 

To simplify a detailed model to its equivalence with preserved slow dynamics, the detailed model needs to be 
decomposed into the components in terms of slow and fast dynamics. Let us assume that a system’s detailed model 
is expressed as 

1n´ = +x Ax Bu         (3.1–1) 

= +y Cx Du          (3.1–2) 

When a model is developed from physical concept, it could be easily known which state variables are related to slow 
and fast dynamics. However, the dynamics might be uncertain in many cases. In the cases, the state variables should 
be properly altered with a transformation matrix. Here, for instance, it is assumed that the system is transformed 
using Gramian matrix so that the states have been decomposed into probable slow and fast (quick) states [69]: 

11 12 1

21

q

s s s

æ ö æ ö æ ö÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç= +÷ ÷ ÷ç ç ç÷ ÷ ÷÷ ÷ ÷ç ç çè ø è ø è ø

x A A B
x u

x A A B


        (3.1–3) 

( )1 s= +y C C x Du         (3.1–4) 

According to the minimal realization theory, there is an exact order model if and only if the subsystem 

Model 
combining

Neglecting 
fast dynamics

Model 
equivalencing 

2)

Model equivalencing 1)

detailed simplifed

(a)

(b)

(1) (2)

(4) (5) (6)

(3)

detailed
DEM

simplified
DEM

• Model equivalencing 1)
: Neglecting fast dynamics

• Model equivalencing 2)
: Lumping dynamics

 
Fig. 2.1 Aggregation technique (a) single detailed model simplified to its low-order equivalent model (b) 
multiple models aggregated to its low-order equivalent model and it is simplified to its equivalent model 
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( , , )s s sA B C  has the same impulse response as the full model. This can be satisfied if the states of sx  and qx are 
weakly coupled and the dynamics related to the states qx  are damped out so fast that the eigenvalues of sA  are 
almost same as those of a reduced equivalent model. Thus, it is important to know which state variables relate to 
slow dynamics to develop a proper slow dynamic equivalent model. If the dynamics for state variables are known 
and they are separable, the dynamics of state variables related to fast dynamics can be easily removed. If not, state 
variables related to fast dynamics will be found by eigenvalue-sorting method (modal analysis) and the dynamics of 
the corresponding state variables can be neglected. These are explained in the following two sub-subsections, 
respectively. 

3.1.1.1 Model Equivalencing by Neglecting Fast Dynamics 

If the states can be completely separated in terms of fast and slow dynamics, either of the two dynamics can be 
ignored. First, if fast dynamics are interested, it can be assumed that the changes of slow dynamics are almost 
constant compared to those of the fast dynamics so that the derivatives of the states with respect to the slow 
dynamics are to be near zero. Conversely, if the slow dynamics are the subject of interest, the states related to the 
fast dynamics are assumed to reach the steady state much faster than those for the slow dynamics, so that the 
derivatives of the states with respect to the fast dynamics can be assumed to be zero. Here, what to be interested is to 
the latter case.  

Assuming that a system’s state variables are decomposed according to physically presumable slow and fast 
dynamics, the system is simply expressed by neglecting the respective fast dynamics as 

11 12 1

21s s s

æ ö æ ö æ ö÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç= +÷ ÷ ÷ç ç ç÷ ÷ ÷÷ ÷ ÷ç ç çè ø è ø è ø

A A B
x u

x A A B
0

       (3.1–5) 

In this case, the state variables of fast dynamics can be written in the function of the state variables of slow 
dynamics 

11 12 11 1
1 1

q s
- -= - -x A A x A B u        (3.1–6) 

Then, the equivalent model regarding only the slow dynamics is given as  

21 11 12 21 11 1
1 1( ) ( )s s s s

- -= - + -x A A A A x B A A B u      (3.1–7) 

Although this method is very simple and effective, it presumes that the state variables are properly altered in terms 
of slow and fast dynamics. However, it might be sometimes difficult to decompose states in terms of probable slow 
and fast dynamics. In this case, eigenvalue-sorting method could provide a useful solution, which following sub-
subsection explains. 

3.1.1.2 Model Equivalencing with Eigenvalue-sorting Method 

The eigenvalue-sorting method is performed by modal analysis, which is carried out by converting a state space 
equation to the respective modal form and properly removing some of the eigenvalues. Let us say a transformation 
matrix V (matrix of eigenvectors) exists: 

=x Vh          (3.1–8) 

It is assumed that the matrix V  transforms system matrix A  in the equation (3.1–1) into matrix F  that consists of 
eigenvalues, ordered in largest to smallest: 

1n´ = +h Fh Gu         (3.1–9) 

where 
1-=F V AV , 1-=G V B  
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The slow and fast states are completely decoupled in (3.1–10) under the assumption of ( ) ( )real s real ql lF F ; 
assuming that the damping ratios of all the eigenvalues are similar, the states can be said separable into two groups if 
the absolute values of the eigenvalues regarding a group (the fast states) are, at least, ten times larger than those of 
the other group (the slow states),  

0

0
q q qq

s s ss

æ ö æ öæ ö æ ö÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷ç ç ç ç= +÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷÷ ÷ ÷÷ ç ç çç è øè ø è øè øh

F h Gh
u

F h G


       (3.1–10) 

Noting the following, 

( ) ( )l lL = L          (3.1–11) 

where 

0

0

j

j

a b

a b

æ ö÷ç ÷çL= ÷ç ÷÷çè ø

+

-
 , 

a b

b a

æ ö÷ç ÷çL= ÷ç ÷÷çè ø

-
 

It is assumed that the matrices of sF , qF , sG , and qG  consist of real components, which is called ‘modal form’. 
Assuming that the dynamics of fast states are neglected, the following is obtained 

1
q q q

-= -h F G u          (3.1–12) 

From (3.1–8),  

( ) q
q s q q s s

s

æ ö÷ç ÷= = = +ç ÷ç ÷çè ø

h
x Vh V V V h V h

h
     (3.1–13) 

The equivalent model of slow dynamics with eigenvalue-sorting is expressed as 

s s s s= +h F h G u         (3.1–14) 

s s s= +y C h D u         (3.1–15) 

where 

s s=C CV , 1
s q q q

-= -D D CV F G  

Thus, it has been shown that a high-order model can be simplified to a lower-order one. 

3.1.2 Equivalent Model of Multiple Systems 

If multiple models have the same dynamics, its equivalent model can be obtained by lumping them into a single 
model. This part corresponds to the process of (2) to (3) (or (4) to (6)) in the figure 2.1 (b). Since the concept of this 
method is to merging systems’ dynamics that are identical kind, it can be effective and easily applied for such wind 
turbine systems of which the types are identical. 

Let us assume that two systems are interconnected and can be expressed in the following state space equation by 
model combining: 

11 12

21 22

A A

B B

A

B

æ ö æ öæ ö æ ö÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷ç ç ç ç= +÷ ÷ ÷ ÷ç ç ç ç÷ ÷ ÷ ÷÷ ÷ ÷ ÷ç ç ç çè ø è øè ø è øx

x A A x B
u

A A x B


      (3.1–16) 

If the two systems’ dynamic responses are similar and they are weakly coupled, the following assumption can be 
satisfied. 

(

(
(

1)
1) ( 2 )

1)

n
n n n

n

A
e

B

´
´ ´

´

æ ö÷ç ÷ç= ÷ç ÷÷çè ø

x
x R

x
       (3.1–17) 
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As seen, the state variables of Ax  and Bx  are lumped into the state variable ex  by matrix R . The matrix R  will be 
called ‘aggregation matrix’. If the types of two systems are identical so that their state variables are describing the 
same dynamics, respectively, the aggregation matrix can be simply chosen (2 1) ( )

1
2 n n
T

´ ´= ÄR I1 . Then, the model 
is simplified to an equivalent model without compromising performance: 

e e e e= +x A x B u         (3.1–18) 

where 
1

righte
-=A RAR , e =B RB . 

However, it should be noted that, if two systems’ dynamics, otherwise referred to as their eigenvalues, are far 
different, the equivalent model can still be obtained but its dynamics will be different from those of the originals. 

3.2 Equivalent Models of Wind Turbines 

In this section, slow dynamic equivalent models of wind turbines are developed not only to reduce the model 
complexity but to maintain their slow electromechanical dynamics. This procedure is important in developing a 
proper WPP DEM so that the DEM is sufficient for slow dynamics stability analysis of the power system. 

Fast dynamics ignored in slow dynamics study do not represent states just oscillating fast but being damped out 
fast. How fast oscillation is damped out depends on the damping ratio, i.e., ratio of real value of eigenvalue and 
natural frequency, where the natural frequency is given as the absolute value of eigenvalue. Thus, states being 
damped out fast oscillate fast as well, but the opposite is not true. Some states oscillating fast might be damped out 
very slow. Let us say some states include fast oscillating dynamics, such as high frequency components. The high 
frequency components could be damped out either fast or slowly depending on system structures. However, if high 
frequency components created from a system are not properly damped, they might affect the other system in 
negative ways relating to stability. Thus, for slow dynamics stability analysis of power systems, it is justified the 
high frequency components were damped out fast owing to the system being properly designed and controlled and 
thus as if they did not exist. 

Wind turbines often have properly designed power capacitors with small damping resistance at their terminals. 
The capacitance of power capacitor and line inductance work as filters that quickly damp out high frequency 
components in terminal voltage (input) and current (output), as it does in terminal power. This filtering effect occurs 
by the dynamics of voltages and currents related to line inductance and capacitance with damping resistance at the 
terminals as well as in the network. If the dynamics of the voltages and currents are ignored and the parameters of 
line inductance and capacitance are lumped so that a lumped (reduced) static network model is used in modeling, the 
filtering effect will appear compromised. In this case, high frequency components generated from wind turbines are 

 
Fig. 2.2 (a) Poles and (b) output power variations - with and without taking dynamics of capacitance with 

damping resistance at terminal into account (Type 1)
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transferred without being properly damped out by the filtering effect into other wind turbines and into generating 
units in power systems. Therefore, the use of the static network model ignoring the dynamics of voltages and 
currents inside the network will only be justified with the assumption of: the high frequency components that might 
be generated from wind turbine are properly damped out before being injected to the main network, so the dominant 
electromechanical dynamics generated from wind turbines are slow enough compared to the dynamics of voltages 
and currents in the network. This is the reason why the slow dynamic equivalent model of wind turbine is necessary 
in addition to reducing the model’s order. 

Figure 2.2 shows the poles of a type 1 wind turbine system and its terminal power variations, with and without 
taking into account the dynamics related to the use of capacitance with 10% damping resistance (assumed naturally 
existing) and small inductance at the terminal. (How to include damping resistance is explained in chapter 6) When 
the dynamics are considered, poles except the dominant poles move further away from the imaginary axis so that 
high frequency components are damped out much faster. As seen in the example, it would be appropriate to ignore 
fast dynamics related to the non-dominant poles for the study of slow electromechanical dynamics. 

3.2.1 Slow Dynamic Models of Wind Turbines 

The model with wind speed was introduced in chapter 2, sub-section 2.1.5.5. Pitch angle was added for an 
additional input in this model. The pitch angle is constant or changed to capture maximum power when wind speed 
is under the rated value. When wind speed is over the rated, the wind power captured by blade (blade power) is 
regulated to be the rated power by the pitch angle change. In this case, the pitch angle can be expressed as a function 
of wind speed. Under this assumption, the model can be represented with two inputs of terminal voltage and wind 
speed. Otherwise, blade power can be the input in place of wind speed, disregarding the characteristics of wind 
speed and blade power. The model development in this subsection is carried out with using the blade power as one 
of the inputs. 

Rotor drive train is expected to have the slowest dynamics in a wind turbine system. So, the slow dynamic 
equivalent model could be developed by ignoring fast dynamics related to some states of generator and power 
converters, where the states regarding fast dynamics are replaced as damping factors for slow dynamics. However, if 
the states in a turbine model are strongly coupled and disturbed by the same inputs, they are not decoupled and the 
corresponding fast dynamics cannot be ignored. Thus, finding a proper model representation will be important. For 
type 1 turbines, stator and rotor currents are strongly coupled and disturbed by the same terminal voltage so they 
cannot be decoupled. On the other hand, because rotor flux is mainly disturbed indirectly through stator current, the 
dynamics of stator current can be ignored if the generator model is represented in the stator current-rotor flux form. 
Furthermore, when rotor flux is regulated by rotor voltage injection, the dynamics of rotor flux could be additionally 
ignored: the electrical torque is a function of rotor flux and rotor current, or rotor flux and stator current. To control 
the electrical torque adequately, it is important to control the rotor flux consistently so that oscillation in rotor flux 
dynamics is fast damped out. For type 3 turbines, electrical torque is regulated by rotor current control which makes 
rotor flux fast damped out. In this case, generator speed is more coupled to blade torque in terms of slow dynamics 
so that the dynamics of the generator can be ignored. For type 4 turbines, electrical torque is controlled with constant 
rotor flux control by stator current in the rotor flux oriented frame so that the dynamics of the generator could be 
ignored as well. In addition, for type 3 and 4 turbines with power converters comprehensively feedback controlled 
with integrators, the corresponding integrated states for the integral control should be included in the equivalent 
model. 

Using a one-mass or a two-mass drive train model, the wind turbine models can be expressed as 

11 12 11

21 22 21 22

t t t

t t t t( )
q tu

buP+ +

æ ö æ öæ ö æ öæ öD÷ ÷ ÷ ÷ ÷ç ç ç ç ç÷ ÷ ÷ ÷ ÷ç ç ç ç ç= +÷ ÷ ÷ ÷ ÷ç ç ç ç ç÷ ÷ ÷ ÷ ÷D D = D÷ ÷ ÷ ÷ ÷ç ç ç ç çè ø è øè ø è øè ø

A A x B v

A A B B
0 0

0w w
   (3.2–1) 

where, +Dw  is the vector of state variables concerning slow dynamics, which is different depending on the types of 
wind turbines and drive train model. 



37 

 

For type 1 wind turbine: (2 1)tp1 ru
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For type 4 wind turbine: tp4 tp4
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w
, If rotor flux is fast damped by control: tp4

t= Dk w . 

where, t guwD = Dw  for one mass drive train, and ( )Tt gu bu sTw wD = D D Dw  for two mass drive train. By 
ignoring the dynamics of generator and converters, the states qx  are 

11 12 11 11
1 1

t t t tq tu
- -

+= - D - Dx A A A B vw       (3.2–2) 

Using (3.2–2), the model of which the state variables are +Dw , is be obtained. The outputs could be either currents 
or powers. The powers are functions of terminal voltages and currents, where the currents are two state variables in 

qx . Then, the outputs are expressed as 

t t t tu+D = D + DS C D vw        (3.2–3) 

where t ( )Ttu tuP Q=S . The similarity of slow dynamics between an original model and the corresponding 
reduced model can be confirmed by eigenvalue observation. If dominant poles of the two models are identical, it is 
considered that the two models would produce identical slow dynamics. The tables below offer some results.  

 
Table 1 Result with one-mass drive train model 

Parameters 
Moment of Inertia: Jgen = 50.1 kg·m2, Jblade = 3.1×106 kg·m2,  
Damping due to friction: Dgen,blade = 0.1 N·m/rad, Gear ratio: 1/100 

Type 1 
– 9.98 ± j376.92, 

(dominant) – 2.98, – 1.60 ± j8.68 
– 2.98, – 1.61 ± j8.68 

Type 3 
(w/ P control: LQR) 

– 1208.73 ± j392, – 215.94 ± j9.86, – 126.12, 

– 4.69 ± j372.37, (dominant) – 0.49 
– 0.49 

Type 4 
(w/ P control: LQR) 

– 474 ± j1072.4, – 1068.73, – 891.12, – 222.19, 

(– 5.01), (dominant) – 0.105 
(– 4.95), – 0.105 

 

Table 2 Result with two-mass drive train model 

Parameters 

Moment of Inertia: Jgen = 50.1 kg·m2, Jblade = 3.1×106 kg·m2,  
Damping due to friction: Dgen,blade = 0.1 N·m/rad, Dshaft = 2.53×105 N·m/rad,  
Stiffness of shaft: Kshaft = 3.34×107 N·m/rad/s, Gear ratio: 1/100 

Type 1 
(dominant) – 2.98, 

– 1.66 ± j24.98, – 0.21 ± j3.09 
– 2.98,  

– 1.71 ± j24.97, – 0.21 ± j3.09 

Type 3 
(w/ P control: LQR) 

(dominant) – 1.71 ± j8.60, – 0.499 – 1.68 ± j 8.55, – 0.498 

Type 4 
(w/ P control: LQR) 

(dominant) – 0.53 ± j8.75, – 0.105 – 0.51 ± j8.77, – 0.105 
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The parameters in table 1 and 2 are slightly but arbitrarily tuned on the basis of ones picked from [?]. The pole in the 
bracket for type 4 in table 1 is one related to state variable of d-axis rotor flux. It appears that the corresponding 
dynamics is fast enough to be ignored without affecting the dominant pole and it is proved so as shown in table 2. 

If it is difficult to discern the relationship between state variables and slow dynamics, the eigenvalue-sorting 
method could be useful. However, in this case, the state variables obtained by the method might be less meaningful 
because the state variables of generator and rotor blade speeds are not preserved. It is still possible to recover the 
state variables of the speeds under some assumptions, but it requires complicated process of matrix manipulation. 

· Model Reformation 

The model could be freely modified into different forms by using matrix manipulation. For instance, in the case of 
slow dynamic equivalent model of type 3 wind turbine with one mass drive train, the model could be represented to 
make it more physically meaningful by using the concept of power balance. 

Using the wind turbine model developed in its local frame and decomposing power outputs of (3.2–3) into real 
and imaginary powers results in 

(1) (1)
t t magtu guP C D vwD = D + D        (3.2–4) 

(2) (2)
t t magtu guQ C D vwD = D + D        (3.2–5) 

The terminal voltage can be expressed as a function of terminal real power and generator speed: 

(1) (1)

(1)1 1
mag

t t
tu t guD D

v P C wD = D - D       (3.2–6) 

Using equations (3.2–1) and (3.2–6) and selecting the input of blade power instead of wind speed, the model with 
one-mass drive train is modified to one with the inputs of terminal real power and blade power: 

1 2
t t tgu gu tu buA B P B Pw wD = D + D + D       (3.2–7) 

The system output would be the terminal reactive power obtained from equations (3.2–4) and (3.2–5): 

(2) (2)
t ttu gu tuQ C D PwD = D + D        (3.2–8) 

The model in the form of an inertia model (in the view of motoring) to make it physically meaningful can be 
expressed, 

int dmp dmpgu gu tu buJ D P P Pw wD = D + D -D -D      (3.2–9) 

where 

2
t

1
int B
J = , t

2
t

dmp
A

B
D = , 

2 1
t t

2
t

dmp
B B

tuB
P P

-D = D  

Also, taking the terminal voltage angle into account, the original model can be reformed so that it has real power and 
voltage magnitude as inputs or reactive power and terminal voltage angle as inputs, etc. This model reformation 
might be useful to confirm input variables adequate for system control.  

However, the reformed models require a network model in agreement with them, which involves more process of 
matrix manipulation. Besides, when they are combined with external systems by the corresponding network models, 
their dynamic characteristics would appear the same as those of the original models. Thus, the model reformation 
will remain as a meaningful example, but not used for WPP DEM development. 
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3.3 Equivalent Model of WPP (using a Global Frame) 

 
Fig. 2.3 N-WTs connected to bus 0 (POI bus) through network 

In this section, the way of reducing a WPP model to its equivalent model by using the aggregation technique will 
be introduced, where wind turbine models developed in a global frame are used. For simplicity, it is assume that all 
wind turbines in a WPP are of the same type and being operated in the same operational conditions in terms of wind 
speeds. (More complicated case that includes different types and operational conditions are considered in the next 
section.) Wind turbines are connected to the central bus 0 (POI bus) through networked cables, as shown in figure 
2.3. While the detailed WPP model introduced in (2.3–5) included the network dynamics, a static network model is 
used in this section. An advantage of developing WPP model in a global frame is that the outputs could be either of 
currents or powers without a transformation process. Assuming the currents are chosen as the outputs, a state space 
equation of slow dynamic models of n wind turbines without including a static network model can be expressed 
using equations (2.3–1, 2) and (3.2–1, 2) 

1 1 2 2
ts ts ts ts ts ts ts= + +x A x B u B u        (3.3–1) 

1
ts ts ts ts ts= +y C x D u         (3.3–2) 

where 

1

ts

n

+

+

æ öD ÷ç ÷ç ÷ç ÷ç= ÷ç ÷ç ÷÷çD ÷çè ø

x 
w

w
 , 1

ts 1-n= Du V , 2
ts 1 n-= Du w , ts 1-n= Dy I . 

Because wind turbines are modeled in a global frame, the system parameters of the models will be slightly different 
due to the differences in the inputs of terminal voltages. Wind speed is assumed to be constant so that its variation is 
zero. The DEM can be developed in either as: 1) a slow dynamic model of n wind turbines in a state space 
representation is combined with a static network model, then reduced to the DEM, or 2) a slow dynamic model of n 
wind turbines in a state space representation is reduced to its equivalent, and then the equivalent is combined with a 
static network model to represent the DEM. The both procedures give the same result. Here, the model development 
is carried out by the second procedure. By model equivalencing with the use of aggregation matrix R,  

tswd =x Rx , where 1 T
n

= ÄR I1  

Then, 

1 1
tswd wd wd wd= +x A x B u , where 1

ts rightwd
-=A RA R     (3.3–3) 

1
ts ts tswd wd= +y C x D u ,        (3.3–4) 
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where the subscript wd denotes WPP DEM. The equivalent model has n terminal voltage inputs and current outputs. 
By combining it with a state network model, it has the POI voltage input and current output. Using an admittance 
matrix or the equation (2.2–5), the admittance matrix is expressed in the dq-representation. 

0 11 12 0

1- 21 22 1-n n

æ ö æ öæ öD D÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç=÷ ÷ ÷ç ç ç÷ ÷ ÷D D÷ ÷ ÷ç ç çè ø è øè ø

I Y Y V

I Y Y V
 , where jd

j
jq

v

v

æ ö÷ç ÷ç= ÷ç ÷÷çè ø
V , jd

j
jq

i

i

æ ö÷ç ÷ç= ÷ç ÷÷çè ø
I    (3.3–5) 

As done in subsection 2.3.2 with the admittance matrix, the model is combined with the static network model to 
complete the WPP DEM, 

1
0wd wd wd wd= + Dx A x B V        (3.3–6) 

0 0wd wd wdD = + DI C x D V        (3.3–7) 

where 

wd wd ad= +A A A , 1 1
22 ts( )ad wd wd

-= -A B Y D C . 

It is noted from 1
22
-Y  that if the wind turbines are strongly connected, that is, the impedance between them is low, 

they can be assumed to be weakly coupled. Recall that this method implies, 

ts wd=RA A R          (3.3–8) 

The relation of (3.3–8) might not be true if the wind turbines are not identical. However, this method provides 
proper DEM with comparatively simple matrix manipulation. 

In this section, WPP dynamic equivalent model has been obtained by the method introduced in the section 3.1. 
However, WPP dynamic equivalent model can also be obtained in another way that uses the concept of coherent 
inputs and tied buses, and it is explained in the next section. 

· Common (Tied) bus 

nDV

1DV

avgDV


sumDI

1DI

nDI

 
Fig. 2.4 Equivalent with single terminal 

This aggregation technique is often explained with the concept of ‘common bus’ [25].  If the wind turbines are 
identical and their terminals are connected by cables, the dynamics of the terminal voltages are coherent so that the 
dynamics of currents from the wind turbines are also coherent. Consequently, it is satisfied, 

1- avg
T

nD = DV U V , sum 1-nD = DI U I       (3.3–9) 

where T= ÄU I1  is an aggregation matrix. By substituting (3.3–9) into (3.3–3) and (3.3–4), the model is 
changed to have a single terminal. There is an advantage of using this concept, that is, the equivalents of wind 
turbines and the equivalent static network model can be separately developed. 
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3.4 Equivalent Model of WPP (using Local Frames) 

 
Fig. 2.5 Procedure of WPP DEM development 

In the section, wind turbine models developed in their local frame will be used. In addition, the case of different 
types of wind turbines working in different operational conditions is taken into account. 

The method to be introduced in this section is basically the same as found in section 3.3, but it proceeds in 
different steps. In figure 2.5, the part of (1) shows that separate multiple wind turbines that are not interconnected 
are combined into a single form of the models by model combining and it is simplified to its equivalent by model 
equivalencing. The part of (2) shows that static network model is lumped, and it is absorbed into the equivalent 
model, which achieves the DEM.  

It is noted that the equivalent model of wind turbines and the equivalent static network are developed, separately. 
That is possible if two assumptions are satisfied: 1) wind turbines can be properly grouped depending on their types 
and operational conditions; 2) wind turbines in the same group have coherent inputs of terminal voltages and wind 
speeds.  

3.4.1 Clustering 

To develop a proper equivalent model of a given system, the system inputs must be coherent. As the terminals of 
the constituent wind turbines are electrically interconnected via cables, the dynamics of the terminal voltages will be 
coherent; however, the wind speeds (or blade powers) will not be coherent owing to the separate locations of wind 

 
Fig. 2.6 Clustering n wind turbines into k groups 
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turbines. Although the patterns of wind speed in average, which the individual wind turbines experience, can be 
assumed to be identical, the instantaneous speeds will be relatively displaced in time. In addition, as the turbulence 
generated behind blades can persist over a non-trivial distance, the wind speed faced at each turbine can differ. For 
these reasons, it is more realistic to assume that each turbine experiences wind speeds that are randomly distributed 
around the average pattern of wind speed, making the modeling of wind speeds experienced by a multiple wind 
turbine array a problem involving non-coherent dynamics. Nevertheless, this problem can be solved by the use of 
equivalent wind speed. Because the output of multiple grouped wind turbines is the sum of their individual powers 
at a certain bus, such as the point of interconnection (POI) bus, there exists a probable equivalent wind speed 
corresponding to the sum of the individual powers. Assuming that the wind turbines within a group are identical, the 
equivalent wind speed for the group is simply given by averaging all of the wind speeds:  

1
1

( )
( )

1
( ) ( )

k

k

m
k
G n i

ik

w t w t
m - +

=

D = Då         (3.4–1) 

where km  is the number of wind turbines in the group k. In the case where blade power is used instead of wind 
speed, the equivalent blade power is given as the same.  

As the variations of terminal voltages and wind speeds over a given group are coherent, each can be assumed to 
be identical, which implies that the variations in power produced by all of the wind turbines are also coherent. 
However, some wind turbines might face unique average wind speeds owing to the wind wake effect, in which case 
it should be assumed that the operating points of these wind turbines are also unique. Because the equivalent wind 
speed assumption is only valid in the case in which all average wind speeds are similar, the wind turbines should be 
grouped by similarity in terms of average experienced wind speed:  
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where, 1( )
k

T
k m ´= ÄU I1 , Ä  is the Kronecker product operator, I  is the 2×2 identity matrix. ( )k

Gw  and 

1( )k k km n n -= -  are the equivalent wind speed and the number of wind turbines in group k, respectively. Thus, 
the wind turbines in the WPP model developed in this section are clustered based on their respective turbine types 
and by the amount of wind power that they experience. 

In general, the equivalent of a set of multiple models can be developed by aggregating and simplifying the 
respective models into the form of a single model. For the case shown in figure 2.6, this aggregation and 
simplification process can be denoted by  

( )k
G k Gk=x R x , where 

1t( 1)
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æ ö÷ç ÷ç ÷ç ÷ç= ÷ç ÷ç ÷÷ç ÷çè ø
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x

x

       (3.4–3) 

where ( )k
Gx  and Gkx  are the state variable vectors of the equivalent representing a group k and the wind turbines in 

the group k, respectively, and kR  is an aggregation matrix for the group k. This method incorporates the process of 
developing and properly aggregating all multiple turbine models, which can be burdensome unless the wind power 
plant is properly clustered; this can be accomplished by obtaining the equivalents representing the respective groups 
of turbines with using the corresponding equivalent inputs, i.e., the terminal voltages and wind speeds averaged over 
each group. The respective equivalent model for each group will satisfy the following relations,  

( ) 1
rigth( )k

G k Gk k
-=A R A R ,  

( )k T
G k Gk k=B R B U , 

( ) 1
rigth( )k

G k Gk k
-=C U C R ,  
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( )k T
G k Gk k=D U D U . 

where the subscript Gk signify blocked diagonal matrix that is composed of respective matrices of km  systems in 
the group k. 

· Wind Wake Effect 

When developing DEM based on aggregation, operating condition is a critical aspect for adequate DEM 
development. If groups of wind turbines are operated on largely different conditions, they have to be developed in 
different equivalent models. Especially, the difference in wind speed for each wind turbine could be important 
factor. Generally, it could be considered that all wind turbines have same wind speed in average. However, groups 
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Fig. 2.7 Wind speed on different WT locations (1D)  
(a) WT locations, (b), and (c) wind speeds that type 1 and 3 (or 4) WTs face 
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of wind turbines in WPP are actually operated on different conditions in wind speed due to wind wake effect [70]-
[72].  Therefore, clustering of wind turbines that have possibly same wind speed in average is necessary.  

To clarify the difference wind wake effect makes in wind speed that wind turbines face, figure 2.7 offers some 
examples. Wind speed for each wind turbine is calculated with the method described in [73].  

( )20 0
1,

( ) ( ) (x , ) ( )
n

j j k k kj j
k k j

w t w t w t w tb
= ¹

= + -å      (3.4–4) 

where jw  is the resultant wind speed for an arbitrary turbine j,  (x )k kjw  is the speed of the wind approaching 
turbine j with turbine k as the shadowing turbine, 0jw  is the incoming wind at the turbine location j without any 
shadowing, the quotient kb  represents the ratio of that part of the area of turbine j under the shadow of turbine k to 
its total area, and n is the total number of turbines. 

First, wind speed that wind turbines would have depending on the distance between them is calculated. The front 
wind speed is chosen 10 m/s under the rated wind speed (14 m/s). It is assumed that 10 wind turbines are located 
equally in distance. The distance has been changed from 3R to 10R and the respective wind speed for every wind 
turbine is observed, where R is the radius of swept area. It is observed that wind speed decreases passing the first 
wind turbine and further decreases or recovers near the original value depending on the distance between them. 
Additionally, it is observed what differences are made by different wind turbine types and 20 m/s wind speed over 
the rated. It is shown that, because type 3 wind turbines are controlled at maximum coefficient of performance (CP), 
the CP for type 3 wind turbines are all the same, unlike type 1 wind turbines. In contrast, if wind speed is over the 
rated, pitch angle is controlled to make excessive wind power passing through so that CP is decreased and 
downstream wind speed is less decreased. The results in different circumstances could be dissimilar. But, the 
important observation in developing DEM is that, if wind turbine types are identical, wind turbines could be 
clustered in groups that have similar wind speed. For instance, if the distance between the wind turbines is set 10R, 
then first wind turbine has 10 m/s upstream wind speed and the other wind turbines have around 8 m/s downstream 
wind speed. We conclude that WPP can be generally clustered into at least two groups: one with wind turbine facing 
wind speed without obstacles and the other with wind turbines facing wind speed by wake effect. Depending on 
wind wake condition, the number of clustering could increase. Furthermore, WPP is configured two-dimensionally 
in irregular positions and it does not that differ from the 1D case. With assumption of wind direction fixed, the WPP 
can be clustered into at least two groups: that is wind turbine ‘without or with less wake effect’ and those ‘with more 
wake effect’.  

· Clustering Rule 

Cluster turbines into ones w/o and w/ wind wake effect

Cluster turbs. into ones w/ const. and w/ varying pitch angle
(ones under and over the rated wind speed)

Cluster turbs. in terms of types
(type 1, 2, 3, and 4)

Turbs. w/o wind wake effect Turbs. w/ wind wake effect

Turbs. w/ const. pitch Turbs. w/ varying pitch

Type 1 turbs. Type 2 turbs. Type 3 turbs. Type 4 turbs.

Clustering Rule

... w/ const. and w/ varying pitch angle

Turbs. w/ varying pitch

A

B

C

 

Fig. 2.8. Clustering turbines in terms of the operating conditions regarding wind wake effect and types 
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Clustering is performed on the basis of the types of turbines and their operating conditions regarding the wind 
wake effect, and thus a simple rule of the clustering can be generated and shown in figure 2.8. 

First, by sloving the equation (3.4–4), wind speeds that each turbines face can be known. As mentioned, the wind 
speeds that turbines without and with experiencing the wake effect are quite different. So, the turbines are clustered 
into two groups; one without experiencing wind wake effect and the others; step A. Second, turbines in each group 
are clustered into two groups of ones having constant pitch angles, which are operated under the rated wind speed, 
and ones having varying pitch angles to maintain their captured wind powers at the rated values; step B. Third, 
turbines in each group are clustered into groups on the basis of their types; step C which is the most important 
because the control and dynamics of turbines are very different depending on their types.  

In addition, if the wind wake effect is not considered into the modeling problem and thus all turbines in the WPP 
experience the same averaged wind speed, then the step A and B can be ignored so that the turbines will be clustered 
in terms of their types only. 

3.4.2 WPP Dynamic Equivalent Model 

(1)vo
GDV

(1)
GDS

 

Fig. 2.8 Group 1 of WTs expressed with common bus 

Assuming that wind turbines in WPP are properly clustered, the respective equivalents for k groups are expressed 
in a single space state representation, 

1 1 2 2
wd wd wd wd wd wd wd= + +x A x B u B u       (3.4–1) 

1
wd wd wd wd wd= +y C x D u ,       (3.4–2) 

where 

{ }(1) ( )diag , , k
G Gwd =A A A ,  

{ }1(1) 1( )1 diag , , k
G Gwd =B B B , { }2(1) 2( )2 diag , , k

G Gwd =B B B  

{ }(1) ( )diag , , k
G Gwd =C C C ,  

{ }(1) ( )diag , , k
G Gwd =D D D , 

(1)

( )

=wd
k

+

+

æ öD ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷çD ÷çè ø
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V

u

V

 , 
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æ ö÷Dç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷Dçè ø

u  . 

vo( )k
GDV  and ( )

G
kDS  are the terminal voltage and wind speed averaged over group k. Then, equivalent static network 

model is developed and combined with (3.4–1) and (3.4–2) to represent the DEM.  
The concept of coherent voltages and powers can be simply expressed with nodes tied at the same bus. In figure 

2.8, buses of 1 to n1 in the group 1 are tied so that the voltages at the buses are assumed to be identical. Thus, using 
this concept, the terminal voltages in the group k are related to the equivalent voltage, 
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vo( )vo kT
Gk k GD = DV U V         (3.4–3) 

where  

1

vo
t( 1)

vo

vo
t( )

k

k

n

Gk

n

- +
æ öD ÷ç ÷ç ÷ç ÷ç ÷D = ç ÷ç ÷÷ç ÷ç D ÷÷çè ø

V

V

V

 ,  

1 2 2( )
km
T

k ´ ´= ÄU I1 , and 1k k km n n -= -  

Also, for the powers from wind turbines in the group k, 

( )k
G k GkD = DS U S         (3.4–4) 

where 

1t( 1)

t( )

k

k

n

Gk

n

- +
æ öD ÷ç ÷ç ÷ç ÷D = ç ÷ç ÷ç ÷÷ç D ÷çè ø

S

S

S

 , 

Expressing the above into simple matrix forms, 

vo vo
ts

T
wdD = DV X V         (3.4–5) 

tswdD = DS X S ,        (3.4–6) 

where 
vo
1

vo
ts

vo

G

Gk

æ öD ÷ç ÷ç ÷ç ÷çD = ÷ç ÷ç ÷÷ç ÷çD ÷çè ø
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æ öD ÷ç ÷ç ÷ç ÷ç ÷D = ç ÷ç ÷÷ç ÷çD ÷çè ø

S

S

S
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1
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æ öD ÷ç ÷ç ÷ç ÷D = ç ÷ç ÷ç ÷÷çD ÷çè ø

S

S

S

 ,  

{ }1diag , , k=X U U . 

From equations (2.2–15) and (2.2–26) or (2.2–29), the followings are obtained: 

1. For local-frame network model 1: 

0 0 0
vo

11 12
vovo vo

21 22

or( )

wd wd

æ öæ ö æ öD D D÷÷ ÷çç ç÷÷ ÷çç ç= ÷÷ ÷çç ç÷÷ ÷çç çD D÷÷ ÷ç ççè ø è øè ø

S I VF F

S VF F
,      (3.4–7) 

where  

 vo vo
12 12

T=F F X ,  

 vo vo
21 21=F XF ,  

 vo vo
22 22

T=F XF X . 

2. For local-frame network model 2: 

0 0 0
vo

11 12
vo vo vo

21 22

or( )

wd wd

æ öæ ö æ öD D D÷÷ ÷çç ç÷÷ ÷çç ç= ÷÷ ÷çç ç÷÷ ÷çç çD D÷÷ ÷ç ççè ø è øè ø

S I VH H

V SH H
,      (3.4–8) 

where  
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 vo vo 1
12 12 right

-=H H X ,  

 vo 1 vo
21 left 21( )T -=H X H ,  

 vo 1 vo 1
22 left 22 right( )T - -=H X H X . 

As seen in the equations (3.4–7, 8), POI current variations can be applied instead of POI power variations if 
necessary. Noting that wdDS  and vo

wdDV  in (3.4–7, 8) are equal to wdy  and wdu  in (3.4–2), respectively, 1
wdu  can 

be derived by matrix manipulation using the same procedure as was used in equations from (2.3–8) to (2.3–15) in 
the chapter 2. Using the local-frame network model 1,  

1
0wd a wd b= + Du L x L V ,        (3.4–9) 

where 
vo 1

22( )a wd wd
-= - +L F D C ,  

vo 1 vo
22 21( )b wd

-= - +L F D F . 

Recalling that the equivalent model given in (3.4–1, 2) is simply a set of separated slow dynamic equivalents 
representing k groups of wind turbines, the development of the WPP DEM is finalized by combining the equivalent 
model and the equivalent static network model by substituting 1

wdu  into (3.4–1, 2) and using (3.4–7), 

0
1 2

wd wd wd wd wd wd= + D + Dx A x B V B w       (3.4–10) 

0 0 0 0 0or( ) wdD D = + DS I C x D V ,      (3.4–11) 

where 
1

wd wd wd a= +A A B L ,  

1 1
wd wd b=B B L , 

0
vo

12 a= -C F L ,  

0
vo

11 12( )b= - +D F F L . 

The DEM outputs in (3.4–11) are chosen the same as in (3.4–7, 8), that is, either POI power variations or POI 
current variations.  

 
Fig. 2.9 WPP DEM 

If it can be further assumed that all wind speeds are identical without wind wake effect, (3.4–10) can be changed 
to the following model with single wind speed input: 
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0
1 2

wd wd wd wd wd w= + D + Dx A x B V B , where 2 2
wd wd=B B 1    (3.4–12) 

Figure 2.9 shows WPP DEMs in simple representation. In the left figure, the WPP DEM consists of multiple 
equivalent models of turbines owing to different turbine types and operating conditions regarding wind power. If the 
types of all turbines in the WPP are the same and the wind wake effect is ignore so that all the turbines are in the 
same operating conditions regarding wind power, the WPP DEM can be represented in the form of a single turbine 
as shown in the right figure. 

· Frequency-related Modeling 

When the synchronous speed is not constant so it needs to be considered into the modeling, the equivalent model 
of clustered turbines (3.4–1 and 2) is properly changed to have an additional input of the fictitious frame’s angular 
speed for WPP: refer to subsection 2.3.3, 

1 1 2 2 3 3
wd wd wd wd wd wd wd wd wd= + + +x A x B u B u B u      (3.4–13) 

1 3 3
wd wd wd wd wd wd wd= + +y C x D u D u , where  0

3
wd w= Du     (3.4–14) 

Note that the output equation has the additional input unlike the model of turbines (2.3–1 and 2). This is because 
some parameters of the additional input in the differential equations regarding fast dynamics equivalently are 
replaced into the output equation by the development process of the slow dynamic equivalent model. With the same 
process used in this section, the corresponding WPP DEM is finalized to have the additional input of the angular 
speed 

0 0
1 2 3

wd wd wd wd wd wd wd w= + D + D + Dx A x B V B w B     (3.4–15) 

0 0 0 0 0 0
3

wd wD = + D + DS C x D V D ,      (3.4–16) 

where 

0
3 vo vo 1 3

12 22( )wd wd
-= +D F F D D  

Then, by using the method introduced in subsection 2.3.3, the WPP DEM can be changed to have the POI voltage 
and angular speed of the global frame. In addition, it needs to be noted that, if the POI current was chosen as the 
output, an additional transformation process from the fictitious frame for WPP modeling to the global frame 
regarding the POI current would have been necessary: refer to (2.3–17). 

· Model Structure Change 

The WPP DEM developed in this chapter has the variations of variables, such as voltages, currents, powers, 
fluxes, angular speeds, and etc., as its input, output, and state variables. Sometimes, it might be needed to represent 
the WPP DEM in terms of the original variables, not their variations. It could be done in two ways. The first is to 
add offsets regarding operating conditions to both sides of the input and output. The other is to add the offsets 
equivalently to either side of the input or the output. Let’s say the WPP DEM is expressed in the following form, 

= +x Ax Bu  and = +y Cx Du       (3.4–17) 

Recalling that the variables x , u , and y  are the variations of some variables z , v , and g ,  

D = D + Dz A z B v  and D = D + Dg C z D v      (3.4–18) 

where oD = -z z z , oD = -v v v , and oD = -g g g . The input–output relation of the model in steady state is 
given by 1( )o

-= -D CA Bk . Assuming that oz , ov , and og  are constant, (3.4–18) can be expressed as 

= +z Az Bv  and o= + +g Cz Dv K       (3.4–19) 

where o o o o= -K g vk . The changed model structures of WPP DEM are shown in figure 2.10. Here, oK  is not 
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zeroes because the model (depicted as sys. in the second block diagram) is linearized from originally nonlinear ones. 
In contrast, oK  would have been zeroes if the model were originally linear.  

ov

u
v

y

og

g v

oK

g

 

Fig. 2.10 Model structure change 

In addition, as seen in the equations (3.4–7, 8) and (3.4–11), the POI current variations can be used as the outputs 
of the WPP DEM, instead of the POI power variations. Using this changed model structure, the output will be the 
POI currents. In this case, the POI powers are calculated using nonlinear power equations on the basis of the 
instantaneous power theory, which gives more nonlinearity into the dynamics of the powers. Nonetheless, it should 
be noted that the WPP DEM is developed on the basis of linearized models. When the operating conditions largely 
deviate from the initially given conditions, the WPP DEM should be updated accordingly. 
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3.5 Simulations 

The performance of the proposed linear DEM is verified by simulation tests. The simulation tests in this chapter, 
however, are only focused on the dynamic performance of the DEM. 

The validity of the DEM’s interaction with power system will be verified in the chapter 7. 

3.5.1 Test system 

In the simulation, the WPP is directly connected by the POI bus to a variable ideal voltage source which 
represents a power system. The WPP consists of 49 wind turbines, where are 21 × types 1, 14 × type 3, and 14 × 
type 4 wind turbines, and they are irregularly placed, which is shown in figure 2.1s. Base power is 2 MVA and 
reactive power from type 3 or 4 wind turbine is controlled to be 0.3 pu. In the figure, the step-up transformers at the 
terminal buses of 52 to 100 have only the function of turn-ratio and their impedances are applied in the wind turbine 
models. The capacitances of power capacitors at the terminal buses are applied to the static network model. Wind 
turbines placed in the first column in the wind direction, face 15m/s wind speed and the other wind turbines face 
around 13m/s wind speed due to the wind wake effect. The rate wind speed for wind turbines is chosen 14m/s, so 
wind turbines have their pitch angle adjusted if the wind speed exceeds 14m/s. Wind turbines are accordingly 
clustered by the types and their wind speeds so that they are in: case.1 – 3 and case. 2 – 6 groups. The number of 
equivalent wind turbines is the same as the number of the groups. 

Pitch angle mechanism is not included in the models of turbines, and integrators are not used for the control of 
turbines. Then, the model of type 1 turbine has 7 state variables while type 3 and type 4 have 10 and 9, respectively. 

 
 

 

Fig. 2.1s. WPP clustered into 3 and 6 groups 
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On the other hand, the slow dynamics model of type 1 turbine has 5 state variables while type 3 and type 4 have 3 
and 4, respectively. Therefore, the WPP has 413 state variables, while the DEM has the state variables of: case. 1 – 
12 and case. 2 – 24.  

3.5.2 Results 

The dynamic performance of the DEM for wind speed variations is verified by comparing that of the WPP. The 
DEM has power variations as its outputs. 49 wind speeds are applied for the WPP and equivalent wind speeds are 
applied for the DEM. The variations of 49 wind speeds are randomly generated for the test and the variations of 
equivalent wind speeds are obtained by summing the 49 variations according to the clustered wind turbines in the 

 
 
 

 

Fig. 2.2s. Dynamic performance comparison between the WPP and the DEM  
w/ 1 equivalent wind speed (1 group) 
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WPP. The POI voltage is maintained constant.  
First, all turbines in the WPP are clustered into one group regardless their types and the wind speeds they are 

facing. Figure 2.2s shows the result. In the figure, it is shown that, the variations of 49 wind speeds for the WPP and 
1 equivalent wind speeds for the DEM and the variations of powers at POI bus, which are generated by the WPP and 
the DEM. The DEM provides a poor performance because it is developed without considering the dynamics of 
different types of turbines by grouping all the turbines in the same group.  

Second, the turbines are clustered into three groups by their types. Figure 2.3s shows the variations of 49 wind 
speeds for the WPP and 3 equivalent wind speeds for the DEM. The next figure demonstrates the variations of 
powers at POI bus, which are generated by the WPP and the DEM. The DEM provides much better performance 
than the first case. 

 

 
 
 

 

Fig. 2.3s. Dynamic performance comparison between the WPP and the DEM  
w/ 3 equivalent wind speeds (3 groups) 
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Third, the turbines are clustered into six groups by their types and the wind speeds they are facing. Figure 2.4s 
first shows the variations of 49 wind speeds for the WPP and 6 equivalent wind speeds for the DEM, in next 
compares the variations of powers at POI bus, which are generated by the WPP and the DEM. In the figure showing 
the equivalent wind speeds, the dotted lines represent the 3 equivalents of wind turbines with 15m/s upstream wind 
speed and the solid lines represent the 3 equivalents of wind turbines with around 13m/s downstream wind speed. 
Despite the significantly reduced model complexity of DEM with the use of equivalent wind speed, the DEM 
produces almost identical dynamics as the WPP. Also, the DEM obtained by clustering the WPP in 6 groups 
provides better performance than the DEM in figure 2.3s. 
 
 
 

 
 
 

 

Fig. 2.4s. Dynamic performance comparison between the WPP and the DEM  
w/ 6 equivalent wind speeds (6 groups) 



54 

 

The dynamic performance of the DEM for POI voltage variation is verified by comparing that of the WPP. The 
variation of POI voltage in magnitude dropped to -1 in step for 0.1 second and recovered to 0, while the wind speeds 
were maintained constant. Figure 2.5s shows that, while the WPP creates fast oscillating dynamics, the DEM does 
not. As seen in the extended figure A, the DEM maintains the slow dynamics, which was mixed with the fast 
transients in the ones from the WPP. Also, the extended figure B reveals that the slow dynamics last for a long time, 
even after 10 seconds, and the DEM provides exactly same response regarding it. The results proved that the DEM 
provides the identical slow dynamic performance as the WPP model.  
 
 
 
 

 

 

Fig. 2.5s. Dynamic performance comparison between the WPP and the DEM  
for a sudden POI voltage change 
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Additionally, the dynamics of the DEM, which have the same POI power variations as the outputs are compared 
to those of a DEM having the POI current variations as its outputs. As the latter DEM has the current variations as 
its output, the variations of POI powers are calculated to compare with those of the former DEM. The powers are 
calculated using nonlinear power equations and then their variations are obtained: 0(compr) 0 0oP P PD = -  and 

0(compr) 0 0oQ Q QD = - , where 0 0 0 0 0d d q qP v i v i= + , 0 0 0 0 0q d d qQ v i v i= - , 0 0 0d d doi i i= D + , and 0 0 0q q qoi i i= D + . 
The variation of POI voltage in magnitude dropped to -1 in step for 0.1 second and recovered to 0, which can be 
considered the same as the POI voltage in magnitude drops to almost zero and recovers to the original value (voltage 
sag). Figure 2.6s shows the results.  

When the voltage drops to almost zero, it is expected that power also drops nearly to zero so the power variations 
are changed with negative sign. While the latter DEM meets this expectation, the former DEM does not since it uses 
power variations obtained by linearizing nonlinear power equations, which is valid within a certain amount of range 
from the given operating conditions for the linearization. However, both the DEM provide exactly the same 
dynamics after the voltage sag. Considering the voltage sag is used to trigger transients as, sort of, an impulsive 
input that hardly alters the initially given operating conditions, either of the DEMs can contribute to power system 
dynamics study. 

 
 
 

 

Fig. 2.6s. Dynamics performance comparison between  
a DEM using power outputs and a DEM using current outputs  

for a sudden POI voltage change 
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3.6 Conclusions 

In this chapter, a DEM of a WPP has been developed using an aggregation technique. First, aggregation technique 
to develop equivalent models was conceptualized. Then, slow equivalent models of wind turbines were derived 
using the technique on the basis of dynamic models of wind turbines, which was introduced in chapter 2. Equivalent 
slow dynamic models for groups of wind turbines within the WPP were introduced and aggregated into an 
equivalent static network model to formulate a low-order WPP DEM. Finally, simulation testing of the DEM 
confirmed that it has identical dynamic performance as the WPP model. The usefulness of the DEM increases with 
the number of wind turbines in the WPP, and it is expected that the proposed DEM will be useful for WPP dynamic 
study. 

There are remained tests to confirm the DEM has the same effects on power system dynamics as the WPP. This 
should be confirmed by simulation tests using the DEM interacted with power systems. The tests will be performed 
in chapter 7.  
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Chapter 4 

Design of Wind Turbine Controllers  
      using DEMs 

As increasing number of WPPs have begun to have a significant impact on existing power systems, WPPs are 
asked to contribute the stable operation of the power system with grid codes as do conventional generating units 
[14]-[19]. The grid codes require WPPs to have capabilities of voltage control, reactive power control, active 
frequency adjustment, and fault ride through. To meet these requirements, WPPs need to be centrally controlled, i.e., 
proper references are centrally created and individual wind turbines in the WPPs should be able to effectively follow 
the references. Thus, wind turbines need to be regulated by properly designed controllers. Also, variable speed wind 
turbines with power converters become common types in these days. While these variable speed wind turbines 
provide improved efficiency of power transfer and reduced mechanical stresses, they requires more sophisticated 
control scheme [84], [85]. Furthermore, as wind turbines in a WPP are mutually interconnected by cables, controller 
design should be carried out from the perspective of the WPP operation, not from that of individual wind turbines. 
Consequently, chapter 4 deals with the control design for wind turbines.  

This chapter presents a Proportional Integral (PI) control method as a conventional method. Then, it introduces a 
control design using Linear Quadratic Integral Regulator (LQIR) method. The control design is carried out using 
linear programming based on the linear matrix inequality (LMI). The control design requires a model in the form of 
state space equation and the DEMs introduced in chapter 3 are used for this purpose.  

4.1 Proportional Integral Control 

The Proportional Integral (PI) controller is a generic feedback control method widely used in industrial control 
systems, including wind turbine systems. It has historically been considered a great controller because it provided 
good performance with simple gain tunings. PI controllers generally regulate wind turbine systems such as back-to-
back converters and pitch angle mechanisms. Thus, the subsequent section introduces PI control design as a 
conventional method. 

4.1.1 PI Controller 

PI controller design is introduced with a simple example. Let us say a model is given in the form of a 1st order 
state space equation, 

x ax bu= +          (4.1– 1) 

Assuming the state is to be controlled, the error between the state and its objective (reference) needs to be defined, 

refe x x= -           (4.1– 2) 

If the state is intended to be controlled with an integrator, the integrated error is also defined, 
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Ie e dt= ò           (4.1– 3) 

Applying the error and the integrated error into the original model,  

( )1 2
ref

I I

x x x

e e u

æ ö æ ö æ ö÷ ÷ ÷ç ç ç÷ ÷ ÷= +ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç çè ø è ø è ø
A b b




, where 
0

1 0

aæ ö÷ç ÷ç= ÷ç ÷÷çè ø
A , 1

0

1-

æ ö÷ç ÷ç= ÷ç ÷÷çè ø
b , 2 0

bæ ö÷ç ÷ç= ÷ç ÷÷çè ø
b   (4.1– 4) 

The control input - the properly adjusted states by gains - is fed back to the original model, where the gains are 
designed, for instance, using pole-zero cancellation method [74], 

P ref
I

x
u k x

e

æ ö÷ç ÷ç= - +÷ç ÷÷çè ø
K , where ( )P Ik k=K       (4.1– 5) 

By substituting the control input into the original model, a controlled model is 

2 2( ) P ref
I I

x x
k x

e e

æ ö æ ö÷ ÷ç ç÷ ÷ç ç= - +÷ ÷ç ç÷ ÷÷ ÷ç çè ø è ø
A b K b




      (4.1– 6) 

Now, the model has the reference refx  as an auxiliary input. 

4.1.2 Multi-loop Control 

PI control method is often performed in multi-loop structures. In the case of back-to-back converter control, dc-
link voltage is regulated by a multi-loop control scheme. In the (terminal) voltage oriented frame, real and reactive 
powers can be controlled by q-axis and d-axis converter input currents, respectively. Since the dc-link voltage varies 
by real power balance, it can be regulated by q-axis converter input current control. Thus, the output of dc-link 
voltage controller is equivalent to the reference of the q-axis converter input current controller, which creates a 
multi-feedback loop. 

Take, for instance, a model of type 3 wind turbine, where the converter input and output currents are regulated by 
PI controllers so that the model’s control inputs are now the references of converter input currents and stator powers. 
Yet, the dc-link voltage is not feedback-controlled. In addition, it is assumed that the d-axis converter input current 
and reactive power are controlled at constant values ( ( ) 0cq refiD = , ( ) 0su refQD = ). Then, the model is expressed, 

= + +x Ax Bu Gd , where ( )

( )

cq ref

su ref

i

P

æ öD ÷ç ÷ç= ÷ç ÷D ÷çè ø
u , tu

w

æ öD ÷ç ÷ç= ÷ç ÷D ÷çè ø

v
d    (4.1– 7) 

Applying the dc-link voltage control without an integrator is performed by using the following feedback input, 

( )cq ref dcP dci k eD = - D , where ( ) 0( )dc dcu dcu refe v v =D = D - D    (4.1– 8) 

In addition, if the stator power is not controlled at a constant value but controlled based on generator speed to 
capture maximum power, the reference can be expressed as a function of generator speed, 

( )su ref g guP K wD = D         (4.1– 9) 

The control input variable u  is now absorbed into the model by (4.1– 8) and (4.1– 9), and the disturbance input d  
is remained. The resultant model is given 

= +x Ax Gd           (4.1– 10) 
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4.2 Linear Quadratic Integral Regulator (LQIR) 

Now, Linear Quadratic Integral Regulator (LQIR) is introduced. This is a modified version of Linear Quadratic 
Regulator (LQR) [75]. In addition to the system states, the integrated outputs are feedback-controlled to eliminate 
steady-state errors of the system outputs. In the perspective of the state variables being feedback controlled with 
proportional and integral gains, the LQIR method is similar to the PI control method, but the difference is, the PI 
controller controls chosen states separately while the LQIR controls simultaneously all states included in control 
design. In addition, the PI control method requires repetitive tuning process to obtain proper gains by trial and errors, 
while the LQIR method does not. The gains are derived by solving mathematical problems based on the 
corresponding system model represented in the form of state space equation, and thus it is possible to obtain more 
reliable optimized controllers for the model.  

As an integrator works to eliminates only the local system output’s steady-state error, reducing one system’s 
steady-state error might increase the other systems’ steady-state error in a networked system, and thus stability of 
the networked system could be eventually decrease. Therefore, if integrators are intended to be used in the control, 
the controller should be designed based on the models not only of local systems but also of the network system. 

4.2.1 LQIR Structure 

(= 0)refy

x
Ie u

 
Fig. 3.1 LQIR structure 

In the LQIR method, the integrated states are feedback-controlled to eliminate steady-state error of system output. 
To apply the LQIR method, the state space equation needs to be modified so that integrated system outputs are 
included in the states. For instance, a simple second-order state space equation is given as 

1 1

2 2

x x

x x

æ ö æ ö÷ ÷ç ç÷ ÷ç ç= +÷ ÷ç ç÷ ÷÷ ÷ç çè ø è ø
A Bu




        (4.2– 1) 

Assuming that the state 1x  is chosen the system output to be controlled with an integrator, the integrated state is 
given as 

Ie e dt= ò           (4.2– 2) 

where refe y y= -  and 1y x= . By applying this result, the modified state space equation is obtained as 

0 0 0(1 ) 1 ( )I I refe e y

æ ö æ öæ ö æ öæ ö÷ ÷ ÷ ÷ ÷ç ç ç ç ç÷ ÷ ÷ ÷ ÷ç ç ç ç ç= +÷ ÷ ÷ ÷ ÷ç ç ç ç ç÷ ÷ ÷ ÷ ÷- =÷ ÷ ÷ ÷ ÷ç ç ç ç çè ø è øè ø è øè ø

x A x B u


0 0
0

     (4.2– 3) 

Using (4.2–3), the control law is achieved by solving the corresponding Lyapunov equations, 

Ie

æ ö÷ç ÷ç= - ÷ç ÷÷çè ø

x
u K          (4.2– 4) 

Applying the control input to the original model gives the controlled model. The next section explains how to obtain 
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the gain matrix K. 

· Applying LQIR to Nonlinear System 

When applying LQIR method, which is designed on the basis of a linearized model, to the corresponding original 
nonlinear model, some modifications might have to be made, unless making the nonlinear model work as a linear 
model by canceling the nonlinear terms by feedback compensation, such as the feedback linearization method [63]. 
The operating points used for linearization will be used for control references. Assuming that the states and inputs 
are variations of some variables:  

( )o ref= D = - =x z z z z , o= D = -u v v v , ( )o refy g g g g= D = - =  

The control law is expressed as 

1 2( ) ( )o o og g dt= - - - -òv v K z z K       (4.2– 5) 

where subscript “o” denotes operating points that are used as references in control matter. Figure 3.2 shows the 
control law. 

4.2.2 Control Design in LMI Framework 

Here, control design is simply referred as a process of obtaining a gain matrix. This section explains how to 
obtain the optimized gain matrix K in linear matrix inequality (LMI) framework. For this, a system’s state space 
equation is assumed given as 

= + +x Ax Bu Gd         (4.2–6) 

where u  denotes control inputs and d  denotes disturbance inputs that are not controlled. 

4.2.2.1 Method 1 

When designing a state feedback controller, the system stability should be guaranteed first. The system (4.2–6) is 
asymptotically stable if the followings are satisfied: 

( ) 0TV = >x x Px         (4.2–7) 

( ) ( ) 0T T T T TV = + + + <x x A P PA x x PBu u B Px     (4.2–8) 

where P  is a symmetric matrix in (4.2–7) and is said to be positive by definition. The two equations are called 
Lyapunov stability equations. Adding a boundary condition of ( )T T+x Qx u Ru  that is always positive, (4.2–8) 
can be expressed as 

( ) ( )T T T T T T T+ + + = - +x A P PA x x PBu u B Px x Qx u Ru    (4.2–9) 

( )ref oz z=

refg

ov

 

Fig. 3.2 Applying LQIR to nonlinear system 
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Representing (4.2–9) in matrix form, the following is obtained: 

0

T T

T

æ öæ ö æ ö+ + ÷ç÷ ÷ç ç÷÷ ç ÷ç ç =÷÷ ÷çç ç÷÷ ÷ç÷ ÷ç ç÷çè ø è øè ø

x A P PA Q PB x

u uB P R
      (4.2–10) 

By the Schur complement condition, the Riccati equation is obtained from (4.2–10), resulting in: 

1 0T T-+ + - =A P PA Q PBR B P       (4.2–11) 

The Riccati equation can be numerically solved. However, in this work, the problem is solved in the LMI framework. 
The solution is obtained by maximizing the summation of positive eigenvalues of matrixP . The sum of eigenvalues 
is same as the sum of the diagonal components of the corresponding matrix, called trace of the matrix. The 
optimization problem is configured in the form of linear programming based on LMI constraints as: 

minimize trace( )Z        (4.2–12) 

subject to 0
T
j j j

T
j

æ ö+ + ÷ç ÷ç =÷ç ÷ç ÷çè ø

A P PA Q PB

B P R
,  0
æ ö÷ç ÷ç >÷ç ÷÷çè ø

Z I

I P
,  0>P   

where Z  and P  are variable matrices and they are obtained by solving (4.2–12). Subscript j denotes j operating 
conditions. System and input matrixes of multiple operating conditions could be added into the optimization 
problem. The weight matrices Q  and R  are chosen by designers, where R  is generally chosen the identity matrix. 
Once P  is obtained, then the control gain matrix K  is given as [75]: 

1 T-=K R B P          (4.2–13) 

4.2.2.2 Method 2 

In the method 1, input energy is limited by choosing the input weigh matrix. The gain matrix can also be obtained 
without selecting input weight matrix. The process is as follows [6], [76]: 

· An alternative symmetric variable matrix is chosen as 1-=T P .  
· Using the state feedback of = -u Kx , the system matrix becomes ( )-A BK .  
· The gain matrix is given as 1-=K LT  with an additional variable matrix L . 

Then, the following is obtained by the Lyapunov stability equations, as in (4.2–9) 

( ) ( ) 0T- + - + =T A BK A BK T TQT      (4.2–14) 

Problem (4.2–9) is represented in the LMI framework. 

minimize trace( )+Z R        (4.2–15) 

subject to 
1

0
T T T
j j j j

-

æ ö- + - ÷ç ÷ç =÷ç ÷ç ÷-çè ø

TA L B AT B L T

T Q
, 

  0
æ ö÷ç ÷ç >÷ç ÷÷çè ø

Z I

I T
,  0

Tæ ö÷ç ÷ç >÷ç ÷ç ÷çè ø

R L

L I
,  0>T ,  trace( ) s<Z  

In this case, the gains are limited by reducing the energy of TL L . To find the optimized gain matrix, the additional 
constraint trace( ) s<Z  is also added. The scalar s is chosen as small as possible. If the disturbance in (4.2–6) is 
considered in the design problem, one of the LMI constraints is modified to: 
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where 
G
=R I  and subscript j denotes j operating conditions. This LMI optimization problem is solved with the 

cvx program [77]. 

4.2.2.3 Decentralized Control 

Typically, commands from upper control levels are centrally generated and are transmitted to the lower primary 
control part. The lowest primary control level, such as converter and governor control, should be decentralized. 
Therefore, each wind turbine needs to be controlled by its own state feedback without information from the other 
wind turbines. This is called decentralized control. If wind turbines to be controlled are different in terms of 
dynamics and structure, the gain matrix needs to be related only to the states of corresponding wind turbines. To do 
so, the gain matrix K  is in the form of blocked diagonal matrix as: 

1diag{ , , }k=K K K         (4.2–16) 

To make the gain matrix in the form of blocked diagonal, the following constraint is needed for method 1: 

1diag{ , , }k=P P P         (4.2–17) 

For method 2, the following constraints are required: 

1diag{ , , }k=T T T , 1diag{ , , }k=L L L      (4.2–18) 

The other variable matrices Z  and R  with respect to P , T , and L  would also be in the form of a blocked-
diagonal matrix. 

4.3 Converter Control 

When doing the control design for the back-to-back (PWM) converters, the network parameters of power system 
must be taken into account because wind turbines are connected to the network by the converters. By using the 
equivalent model of the back-to-back converters, which is obtained by the aggregation method, it is possible to 
consider the network parameters into the control design problem. 

The equivalent model of the back-to-back converters is represented in the form of state space equations as (4.2–6), 
and then the optimal gain matrix is derived by solving the corresponding optimization problem. 

4.3.1 Control Design of Back-to-back Converters 

For the control of back-to-back converters, a gain matrix with respect to the state variables such as stator currents, 
rotor currents, converter input currents, and dc-link voltage is required. The electrical torque (or stator real power) 
and stator reactive power are indirectly regulated by controlling the rotor or stator currents. 

When doing the control design for back-to-back converters, the dynamics of drive train are ignored so that the 
equivalent model of the WPP contains only the equivalent state variables of generator and converters. In this case, 
generator angular speed is treated as a disturbance input and the generator angular speed is assumed not changing 
much due to enormous blade inertia: 1. 0guwD =  (or it considered as a disturbance). In addition, the lumped 
network parameters between the POI bus and generating units in external power system are considered, where the 
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buses to which the generating units are connected are assumed as infinite buses of which the voltages are constant: 2. 

0( 0)POI a POI bD = D + D =V K S K V . Then, the equivalent model of back-to-back converters that absorbed the 
network parameters aK  into the system matrix can be expressed (without being controlled) 

= +x Ax Bu          (4.3–1) 
where  
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e
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æ öD ÷ç ÷ç= ÷ç ÷ç ÷Dçè ø
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v
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Superscript “e” denotes the equivalents obtained by the aggregation method as describe in chapter 3. e
gx  and e

cvx  
are the equivalent state variables of generator and back-to-back converters, respectively, and e

Ix  is the integrated of 
equivalent states chosen to be controlled with integrators. The state variables are fed back by a control law: 

= -u Kx , where the gain matrix K is obtained by solving an optimization problem with respect to (4.3–1). The 
gain matrix can directly be applied to back-to-back converters of individual wind turbines. 

Additionally, in configuring an optimization problem, the following assumption could be useful: wind turbines in 
a WPP have slightly different operational conditions because of such wind wake effect. However, for the control 
design, it might be better to assume that all wind turbines are in the same operational conditions if the WPP consists 
of identical wind turbines (their type and system parameters are the same). By doing so, the WPP can be modeled 
into one equivalent model and thus the back-to-back converters are also modeled into one equivalent. Then, the 
optimization problem can be simple and requires less computation. If necessary, multiple equivalents for various 
operational conditions can be derived and they are included in the LMI constraints of the optimization problem.  

4.3.2 Control References (Operating Points) 

In the LQIR method, the gain matrix is obtained based on a linearized model. To apply the LQIR method to the 
original nonlinear model, the operating points need to be calculated. The operating points, which also represent 
control references, are obtained from the steady-state model of wind turbines. Here, the operating points for type 3 
and 4 wind turbines are derived. 

4.3.2.1 Generator for Type 3 wind turbines 

Voltage equations in the steady state of stator and rotor side are given as 

( )c c c
su su u su su u mu ruv R j L i j L iw w= + +       (4.3–2) 

( )c c c
ru ru u ru ru u mu suv R js L i js L iw w= + +lip lip      (4.3–3) 

where slip  is slip and 1uw = . Stator power is expressed as 

*( )c c
su su sus v i=           (4.3–4) 

To derive the operating points, voltage equations and power equation are expressed in the dq-frame. From the stator 
voltage equation (4.3–2), we can derive: 

0 11 1
1 0

rd sd su su sd

rq sq su su sqmu mu

i v L R i

i v R L iL L

æ ö æ öæ ö æ öæ ö÷ ÷ ÷ ÷ ÷ç ç ç ç ç÷ ÷ ÷ ÷ ÷ç ç ç ç ç= -÷ ÷ ÷ ÷ ÷ç ç ç ç ç÷ ÷ ÷ ÷ ÷- -÷ ÷ ÷ ÷ ÷ç ç ç ç çè ø è øè ø è øè ø
    (4.3–5) 

Stator currents in the dq frame can be derived from power equation (4.3–4): 
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æ ö æ öæ ö÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç=÷ ÷ ÷ç ç ç÷ ÷ ÷-÷ ÷ ÷ç ç çè ø è øè ø
       (4.3–6) 

Substituting (4.3–6) into (4.3–5), the reference of rotor currents is obtained: 

1

mu
rd sq a s b sL
i v p qk k= - +        (4.3–7) 

1

mu
rq sd b s a sL
i v p qk k= - + +        (4.3–8) 

where  

2 2
1 ( )su su

mu musd sq

L R
a sd sqL Lv v

v vk
+

= + , 
2 2

1 ( )su su

mu musd sq

R L
b sd sqL Lv v

v vk
+

= -  

If it is assumed that the control is made in the stator voltage-oriented frame and the small stator resistance is ignored, 
0ak = . Therefore, (4.3–7) and (4.3–8) are simplified to: 

1
( ) ( )

mu
rd ref sq b s refL
i v qk¢= +        (4.3–9) 

( ) ( )rq ref b s refi pk¢=         (4.3–10) 

where su

mu sq

L
b L v
k¢ = -  

From (4.3–9) and (4.3–10), it is shown that the imaginary and real powers can be independently controlled by the d-
axis and q-axis currents, respectively. Also, the operating points of stator currents are obtained from (4.3–6): 

( ) ( )sd o c s refi qk=          (4.3–11) 

( ) ( )sq o c s refi pk=          (4.3–12) 

where 1

sq
c v
k =   

To derive the operating points of rotor voltages, equation (4.3–3) is expressed in the dq frame: 

0

0
rd rd sdru ru mu

ru ru murq rq sq

v i iR s L s L

s L R s Lv i i
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lip lip

lip lip
   (4.3–13)  

Assuming that rotor resistance is small enough to be ignored, the operating points are given as 

( ) ( ) ( )rd o ru rq ref mu sq ov s L i s L i= - -lip lip       (4.3–14) 

( ) ( ) ( )rq o ru rd ref mu sd ov s L i s L i= +lip lip       (4.3–15) 

4.3.2.2 Generator for Type 4 wind turbines 

As the generator is modeled in the RFO frame, the rotor flux ( ) ( )ru o rd ol l= . Then, the references of stator 
currents are given 

( ) ( ) /sd ref rd o mui Ll=         (4.3–16) 

( ) ( ) ( )/ ( )sq ref eu o rd oi T al=        (4.3–17) 

If being assumed that the blade power is controlled on optimal points and the corresponding generator speeds are 
given, the operating points of electrical torque are 
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( ) ( ) ( )/eu o bu ref ru refT P w=         (4.3–18) 

Then, the slip speed is calculated 

sl( ) ( ) ( )/o ru sq ref rd oaR iw l=        (4.3–19) 

After the slip speed is given, the angular speed of generator stator side is  

( ) ( ) sl( )su o ru ref ow w w= +         (4.3–20) 

Once all of ( )su refi , ( )ru ol , ( )ru refw , and ( )su ow  are given, ( )su ov  is calculated from the nonlinear equation (2.1–5). 

4.3.2.3 Back-to-back Converters 

In the voltage-oriented frame, the d-axis converter input current is controlled at zero to regulate the reactive 
power at zero: 

( ) 0cd refi =          (4.2–21) 

Assuming that the d-axis converter input current is controlled at zero, then the real power balance of converter 
output side (rotor side for type 3 and stator side for type 4) and converter input side is given as: 

out cq cqp v i=          (4.2–22) 

Also, by ignoring small resistance and 1uw = , the dq-voltage equations of converter input side are given as: 

( 0) 0 ( 0)

0
cu

cu

sd cd cd

sq cq cq

L

L

v v i

v v i

= - =æ ö æ ö æ öæ ö÷ ÷ ÷÷ç ç çç÷ ÷ ÷÷ç ç ç- = ç÷ ÷ ÷÷ç ç çç÷ ÷ ÷÷÷ç÷ ÷ ÷ç ç çè øè ø è ø è ø
     (4.2–23) 

The following operating points of converter input voltages are obtained from (4.2–23): 

( ) ( )cd o cu cq ov L i=          (4.2–24) 

( )cq o sqv v=          (4.2–25) 

Using equations (4.2–22) and (4.2–25), the q-axis converter input current is obtained: 

( ) ( )cq o c out oi pk=          (4.2–26) 

where  

for type 3: ( ) ( ) ( ) ( ) ( )out o rd o rd ref rq o rq refp v i v i= + , 

for type 4: ( ) ( ) ( ) ( ) ( )out o sd o sd ref sq o sq refp v i v i= +  

Last, the reference of dc-link voltage is chosen appropriately. 

4.4 Turbine Governor Control 

The wind turbine governor (blade power control by pitch angle change) is designed with a one-mass drive train 
model. The design of the pitch angle controller makes use of the slow dynamic equivalent model that has been 
developed in the subsection 3.2.1. The model is modified to have pitch angle input. In the one-mass drive train 
model, the angular speeds of rotor blade and generator are the same. Thus, the blade power is expressed as a 
function of wind speed, pitch angle, and the angular speed of generator: 
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bu gu w u uP ww J Jk w k kD = D + D + D       (4.3–1) 

By substituting (4.3–1) into (3.2–1), the model has the pitch angle input. For variable speed wind turbines (types 3 
and 4), the rotor speed of generator guwD  is controlled to regulate blade power. Then, by including the differential 
equation of integrated state of I gux w= D , the slow dynamic equivalent model can be re-expressed, with the 
assumption of constant wind speed 0uwD = , 

uJ= + Dx Ax B          (4.3–2) 

where  
e
gu
e
Ix

wæ öD ÷ç ÷ç= ÷ç ÷ç ÷çè ø
x  

The model to be used for pitch angle control design is represented in 2nd order state space equation. Using this model, 
the gain matrix is derived by the LMI method. 

On the other hand, for fixed speed wind turbine (type 1), terminal real power is feedback-controlled by pitch 
angle controller. Thus, the state of the angular speed of generator e

guwD  needs to be transformed to the terminal real 
power tuPD . By manipulating matrices of the output equation and network power equations, the following relation 
is derived. 

0( 0)tu c dPD = + D =K x K V        (4.3–3) 

By using (4.3–3), a transformation matrix that transforms the state of e
guwD  to tuPD  can be derived, and thus a 

pitch angle controller with respect to the terminal real power can be developed. In addition, as the equivalent model 
includes rotor fluxes, the rotor fluxes might have to be taken into consideration for the control design. Deriving and 
applying the transformation matrix will be explained more in detail in chapter 6, which is similarly used to develop a 
power system stabilizer (PSS). 

4.5 Summary 

For a WPP to operate stably or support the stable operation of power systems, we should guarantee that individual 
wind turbines are regulated by correctly tracking the references created from the control center of the WPP.  
Therefore, chapter 4 has been assigned to design controllers for wind turbines. First, the chapter briefly mentioned a 
conventional PI control method, and then introduced the LQIR method. Optimal gain matrix for LQIR method was 
derived by solving an optimization problem in LMI frame, which was configured using the equivalent models 
introduced in the chapter 3. In case that the method was applied to control a nonlinear model of turbines, the way of 
generating control references was also explained. This control method can be applied for both linear and nonlinear 
models of turbines. The control method was or will be used for simulation tests in the study. 
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Chapter 5 

Dynamic Equivalent Model of WPP   
using Parameter Identification 

Unlike dynamic modeling of conventional generation systems, the modeling of WPPs poses a unique set of 
problems. A WPP consists of several small generators with limited dispatching capabilities. Adding all of the WPP’s 
turbines to a single cumulative model would produce a very high-order model, even for a small number of turbines. 
Furthermore, it is often difficult for the utility to determine the operating status of the individual turbines within the 
WPP. Therefore, detailed models of all generators will not always provide an accurate representation for the WPP. 
In addition, the high degree of variability and stochasticity in the wind seasons and the switching of the turbines 
require an adaptive model. These problems make the development of an aggregated and low-order adaptive model 
for the WPP a challenging task indeed. 

An effective dynamic equivalent model (DEM) must have the following attributes: 

· low order, yet accurate for dynamic studies 
· adaptive to accommodate variations in wind and turbine switching 
· developed without the need for hard-to-find parameters within the WPP. 

The dynamic model used in this study applies to induction generators.  
Several attempts have been made to develop lower-order DEMs for WPPs. However, most of these techniques are 

based on the identification of the coherent performance of the turbines. Therefore, they can be developed only when 
several parameters within the WPP are always available. This is a major hurdle because wind variability can change 
the operating status of individual turbines without the knowledge of the control centers of the utilities. 

A better DEM should not be developed on the basis of parametric or configuration information inside the WPP. 
Instead, it should use measurements at the point of interconnection (POI). Because the WPP is frequently subjected 
to natural disturbances due to wind variations and wind gusts, there is no need to intentionally disturb the system to 
acquire its dynamic response. The DEM should be adaptive in order to track the variability in wind seasons and any 
large changes within the WPP. 

In this chapter, a DEM for WPP is developed on the basis of measurements. First, it is explained how the 
measured data is properly processed for use in the identification process. Then, the DEM parameters are derived in 
the process, and the DEM is properly expressed with the parameters in a state-space representation. In the simulation, 
an identification technique is used to obtain the DEM, and its performance is verified. 

5.1 Measurements 

Figure 4.1 shows a WPP interconnected with a simplified external system by a point of interconnection (POI). In 
the figure, the load or generation change of the external system is represented by current injection that is randomly 
and continuously varying. The current injection has an important role for the DEM identification: Currents cause 
voltage drops across lines, where the voltage drops are equivalent to voltage differences between bus voltages. Thus, 
with the assumption of constant voltage at the infinite bus, the POI bus voltage is determined by currents injected 
from the WPP and the external systems, where the currents reflect the dynamics of the systems. If the external 
current injection is zero or constant, the POI voltage is only varied by the current injected from the WPP, which is 
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the POI current. The POI voltage and current are the input and output of the WPP system, respectively. As the POI 
voltage is now a function of the POI current, the input and output create a feedback loop. This means that the POI 
voltage does not reflect the dynamics of the external system, thus a proper DEM cannot be developed by the 
measurement of the POI voltage. This can be proved from:  

0( ) ( ) ( ) ( )POI a G a POI b injv t h v t z i t z i tD = D + D + D   

1( ) ( ) ( )POI POIi t H q v t-D = D ,  

where POIv  and 0Gv  are the voltages of POI bus and the infinite bus, respectively, POIi  and inji  are the currents 
injected from the WPP and the external systems, respectively, and 1( )H q-  is a transfer function of the WPP system. 
In the case of 0 0GvD =  and 0injiD = , the transfer function between POIvD  and POIiD  is expressed, 

1 1( ) aH q z- -= . 

The transfer function is now just a constant, which does not include any dynamics. This clarifies that the DEM 
cannot be developed by the measurements of the POI voltage unless the external current injection sufficiently varies. 
Therefore, it is assumed that the current (or power) injected from the external power system is sufficiently varying. 

5.1.1 Voltage and Power at POI Bus 

The voltage at the POI bus and the current injected to the bus are measured in three phase quantities, and they are 
transformed into direct- and quadrature-axis components by dq transformation: 

( ( ))dqo abctq=f T f          (5.1–1) 

where 
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Fig. 4.1 WPP (clustered in k groups of wind turbines) interconnected  

with an external power system by a point of interconnection. 
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where w  is the angular speed of rotating dq-axis frame and 0q  is the initial angle of ( )tq . dqof  and abcf  are the 
vectors of dq-components including zero sequence component and three phase components, respectively. The zero 
sequence component of  in a balanced system is always zero, thus it is ignored. 

Using the dq-transformation, the POI voltages and currents are obtained. The powers injected to the POI bus are 
calculated from the voltages and currents: 

*( )c c c
POI POI POI POI POIS v i P jQ= = +       (5.1–2) 

where 
c
POI POId POIqv v jv= + , cPOI POId POIqi i ji= +  

POIdv  and POIqv  are d- and q-axis components of the POI voltage, respectively, and POIdi  and POIqi  are d- and q-
axis components of the POI current, respectively.  

For the inputs and outputs of the DEM, the variations of the POI voltages and powers are applied. The 
measurements are compared to the corresponding moving averages that represent the operating conditions at the 
WPP. The moving average allows us to model the WPP for wide range of operation. In this case, variations in POI 
voltage measurements with respect to the moving averages can be written as:  

POId POId POIdo
POI

POIq POIq POIqo

v v v

v v v

æ ö æ öD -÷ ÷ç ç÷ ÷ç çD = =÷ ÷ç ç÷ ÷D -÷ ÷ç çè ø è ø
V       (5.1–3) 

And, variations in POI powers are given either 

POI POIo

POI POIo

POI
POI

POI

P P P

Q Q Q

æ ö æ öD -÷ ÷ç ç÷ ÷ç çD = =÷ ÷ç ç÷ ÷D -÷ ÷ç çè ø è ø
S       (5.1–4) 

or POI POIdo POIqo POId POIdo POIqo POId
POI

POI POIqo POIdo POIq POIqo POIdo POIq

P v v i i i v

Q v v i i i v

æ ö æ öæ ö æ öæ öD D D÷ ÷ ÷ ÷ ÷ç ç ç ç ç÷ ÷ ÷ ÷ ÷ç ç ç ç çD = = +÷ ÷ ÷ ÷ ÷ç ç ç ç ç÷ ÷ ÷ ÷ ÷D - D - D÷ ÷ ÷ ÷ ÷ç ç ç ç çè ø è øè ø è øè ø
S  (5.1–5) 

where the subscript “o” means the operating condition of the WPP. It is expected that (5.1–5) is less nonlinear than 
(5.1–4) because equation (5.1–5) is a purely linear function. However, (5.1–5) is more computationally burdensome, 
so (5.1–5) is applied for the DEM identification process. 

The POI voltage can also be represented by the magnitude and angle. When the measured voltage is aligned on 
the q-axis, the d-axis component is zero so that the q-axis POI voltage can be considered as voltage in magnitude, 

mag
POI

v

v

q

æ öD ÷ç ÷çD = ÷ç ÷D ÷çè ø
V ,        (5.1–6) 

where 

( ) or( ) 2 2
mag Im   vjc

POI POId POIqv v e v vq-= + ,  

( )1tan POId

POIq
v

v
v

q -= . 

It is noted that, from the equations (5.1-6), both information of voltage magnitude and angle at POI bus would be 
necessary for accurate DEM identification. Although the response of each wind turbine is mainly correlated to wind 
speed and terminal voltage in magnitude, the angle of terminal voltage also affects the response, especially in 
transient state. As the angle variation at POI bus is related to the variations in the magnitude and angle of wind 
turbines’ terminal voltages, the angle information at POI bus is necessary. 

· Measurements for Frequency-related Identification 

In this chapter, the frequency will be assumed constant and ignored in the DEM development process. However, 
when the frequency needs to be considered for the DEM development, the frequency matter is simply taken into the 
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development process by measuring the angular frequency 0w  at the POI and including it as an additional input of 

0 0 0ow w wD = -  into the identification process.  
When the frequency is not only inconstant also uncertain, a Phase Locked Loop (PLL) method is typically used to 

detect the angular frequency w  and angle ( )tq  of the equation (5.1–1): a frame in which the POI voltage is 
represented in the d-and q-axis components rotates in the angular speed w  and the frame’s d-axis is positioned by 
the angle. The POI voltage can be represented in various ways in terms of different frames. For instance, let say the 
angle ( )tq  of (5.1–1) is obtained by using a PLL method so that the d-axis component of the POI voltage in the 
corresponding frame is maintained nearly zero. In this case, it can be thought that the POI voltage is represented in a 
POI voltage-oriented frame whose angular speed is w : the angular speed is equal to the differential of ( )tq  and 
considered as 0w . In this way, the d-and q-axis components of the POI voltage and the angular frequency 0w  can be 
obtained and used for the identification process. 

5.1.2 Equivalent Wind Speed 

1GwD

GkwD

POIVD

POISD

 
Fig. 4.2 WPP DEM with inputs of multiple equivalent wind speeds 

 

Wind is decomposed of three vector components, where the x-axis is vertical to the blades. It is assumed that only 
the x-axis component of wind is effective and the others do not contribute to power generation. Here, the wind speed 
indicates the speed of the x-axis wind component. 

While the wind pattern could be assumed to be the same at a certain height in some areas because wind is 
spatially continuous, the instantaneous patterns of wind that wind turbines experience are not identical. There are 
two main reasons for it. First, because the moment at which the wind reaches the wind turbines varies due to the 
separate location of the wind turbines, the speed of wind blowing to wind turbines appears to be delayed depending 
on their location. Wind turbines are typically located more than 100m from each other. In this case, the time delay 
could be more than 5 sec in rated wind speed. This time delay is critical in identifying DEM based on wind speed 
measurement. Second, due to the wind wake effect and turbulence by it, wind turbines have different wind speed in 
either or both average and instantaneity. If the wind turbines in the area are located far enough from each other, 
turbulence effect in average caused by blades might be small, but turbulence effect in instantaneity still cannot be 
ignored. Therefore, it would be better to assume that all wind turbines have different pattern of wind speed. Because 
the instantaneous patterns of wind that wind turbines experience are not identical because of the separate locations 
of the wind turbines and the wind wake effect [70]–[73], the data regarding the wind speeds for all wind turbines in 
a WPP are necessary to develop a proper WPP DEM. Thus, it is assumed that each wind turbine is equipped with a 
wind speed sensor so that the instantaneous wind speed of the wind turbine can be measured. 

However, if the WPP consists of a large number of wind turbines, it is not proper to use the all wind speeds as the 
inputs of the DEM in the identification because too many input parameters have to be identified. Thus, it would be 
appropriate to cluster wind turbines into several groups and to use equivalent wind speeds for the groups as the 
inputs of the DEM. The wind turbines are properly clustered by their types and operational conditions on the basis 
of the wind power that they experience. The equivalent wind speed for group k of the wind turbines is expressed as  
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= å        (5.1–7) 

where 1( )k k km n n -= -  is the number of wind turbines in group k. For the inputs of the DEM, the variation of the 
equivalent wind speeds GkwD  is used. The figure 4.2 shows a WPP DEM with multiple equivalent wind speeds. 

5.1.3 Filtering Process 

The DEM deals mainly with the slow electromechanical dynamics and neglects the fast electric dynamics. 
However, improper rational transfer functions amplify the high-frequency noise so does the same the DEM 
improperly developed; therefore, low-pass filters are used to eliminate these high-frequency components. The filters 
on the inputs and outputs must have the same structure in order to ensure equal phase delays: 

1( ) ( ) ( )f fy t H q u t-=         (5.1–8) 

where 1( ) ( ) ( )n
fy t G q y t-=  and 1( ) ( ) ( )n

fu t G q u t-=  are the filtered output and input, respectively. 1( )G q-  is the 
filter transfer function and n denotes the number of filtering. The filtering can be done as many times as required to 
eliminate the fast dynamics and to maintain the slow dynamics. Note that using filters does not affect the 
identification of DEM transfer function 1( )H q-  because the filter transfer functions are cancelled. In this work, the 
cutoff frequency of the infinite impulse response filters is approximately 1.5 Hz. 

5.2 Linear DEM Development 

5.2.1 MIMO Structure of DEM Transfer Function 

 

POIPD

Dw POIQD
+

+

+
+

POIDV 1
11( )q-B

1( )q-H
1

12( )q-B

1
21( )q-B

1
22( )q-B

+
+

+
+

1
11( )a q-

1
21( )a q-

1
12( )a q-

1
22( )a q-

 

Fig. 4.3 MIMO structure of DEM transfer function 

In this subsection, multi-inputs multi-outputs (MIMO) structure of the DEM transfer function is introduced. This 
is not directly associated with the DEM identification, but it gives an intuitive conception of the DEM structure. The 
MIMO relationship of the DEM is  

1 1( ) ( ) ( ) ( )q t q t- -=A y B u        (5.2–1) 

where 

( ) POIt = Dy S , 
(2 ) 1

( )
( )

( )
POI

k

t
t

t
+ ´

æ öD ÷ç ÷ç= ÷ç ÷D ÷çè ø

V
u

w
. 
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where 1( ) ( ( ) ( ))TG Gkt w t w t=w   that is the vector of k multiple equivalent wind speeds, 1q-  is the backward 
shift operator. 1( )q-A  and 1( )q-B  are the system polynomials given by 

1( )q- =A
1 1

11 12
1 1

21 22

( ) ( )

( ) ( )

q q

q q

a a

a a

- -

- -

æ ö÷ç ÷ç ÷ç ÷ç ÷÷çè ø
 1

1
p

pq q- -= + + +I A A    (5.2–2) 

1( )q- =B
1 1
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q q
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The roots of equation (5.2–2) are the poles of the MIMO DEM transfer function model, where the DEM transfer 
function is 

1 1 1 1( ) ( ) ( )q q q- - - -=H A B        (5.2–4) 

where  
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Figure 4.3 shows the block diagram of the DEM transfer function.  

5.2.2 DEM Identification 

Now, a basic form of DEM identification is introduced [78]. To identify the parameters of the DEM, the DEM is 
written in the form of deterministic autoregressive moving average (DARMA) model: 

0
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= - + +åy R F B u k       (5.2–7) 
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( )tu  and ( )ty  are the measured values for the input and output of the model at time instance t, respectively, and 
(̂ )ty  is the estimated value of ( )ty . A  and B  are the parameter matrixes of the model, p  is the degree of the 

model, and ( )tk  is a biased vector. Equation (5.2–7) can be expressed by  

(̂ ) ( )Tt t=y J y          (5.2–8) 

where 

0 1( )T T T
p= k B R RJ , 

( )

( 1)( )

( )

t

tt

t p

æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç -= ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷-çè ø

u

F

F



1
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2p  is the DEM order. The DEM order is chosen on the basis of the complexity of the original system dynamics. 
The parameter vector J  is identified by minimizing the cost function ( )J J : 
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2
( ) ( )

1 0

( ) ( ( ) ( ) )
n

j i i T
s s

i j

J t j t jJ l
= =

= - -åå e e       (5.2–9) 

where 

( ) ( ) ( )T
s s st j t j t j- = - - -e y J y ,  

( )( ) ( ) ( 1)s t t t s= - +y y y , ( )( ) ( ) ( 1)s t t t s= - +y y y . 

l  is the forgetting factor, and 0 1l £ . ( )s te  is the error between the measured ( )s ty  and the estimated ˆ ( )s ty , 
and s  is the size of the samples in the batch. The cost index is minimized by a recursive least-squares (RLS) method. 
In this study, the forgetting factor and the number of the samples in the batch are chosen as 0.99 and 50, respectively. 
The covariance matrix ( )tP  is updated by solving equation (5.2–10) using the Woodbury matrix identity (binomial 
inverse theorem): 

1 1( ) ( ( 1) ( ) ( ) )Ts st t t tl - -= - +P P y y       (5.2–10) 

The Woodbury matrix identity is processed, 

1 1( ( ) ( ) ( ) ) ( ) ( ) ( )( ( ) ( ) ( )) ( ) ( )T T T
s s s s s st t t t t t t t t t t- -+ = - +Ik y y k k y y k y y k  (5.2–11) 

where 
1( ) ( 1)t tl-= -Pk  

The parameters of the DEM are updated according to 

( ) ( 1) ( )( ( ) ( ) ( 1))T T
s st t t t t t= - + - -K yJ J y J      (5.2–12) 

where ( ) ( ) ( )st t t=K P y  is the RLS gain. The covariance matrix is reset to a predetermined matrix when needed. 
One way to choose the initial covariance matrix is to set it a very large value times the identity matrix. The 
estimated parameters are bounded within a given threshold to ensure stable convergence, which is introduced in 
section 5.2.4. 

· Modified Identification Process 

The DEM identification can be processed differently depending on the data manipulation. For instance, the DEM 
for a WPP system can be represented into two DARMA models depending on the choice of POI voltage input. In 
this case, the characteristic responses of the two models should be the same and so possibly does the parameters 
corresponding to recursive terms. Then, the two models can be simultaneously developed with two types of terminal 
voltage inputs. Two DAMRA equations representing the same system can be given as 
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i j i

t t i t i t
= = =

¢ ¢ ¢ ¢ ¢ ¢= - + - +å ååy Ay b u k   

Both the models represent the same system, that is, if the two models are developed in a same condition and they 
have the same autoregressive terms (outputs), the system characteristics or dynamics regarding to the autoregressive 
terms could be the same. Therefore, by choosing the powers as the outputs, it leads to 

i i
¢=A A  

Powers for the two models are not necessarily the same as far as they vary around the same operating conditions. 
However, for simplicity, it is assumed that 
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( ) ( )t t¢=y y  

As both the models have wind speeds as one of the inputs, the following is obtained from the same reason above: 
(2) (2)
i i

¢=b b  and (2) (2)
¢=u u . The voltage inputs for the two DARMA models are different, but the problem can be 

solved with linearization. The voltage inputs of magnitude and angle are transformed by linearization. Newly 
obtained dq-axis voltages are  
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-¢=b b T . Finally, from those relations attained above, the original matrix form 
of DARMA equation can be modified as 
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where r  and r ¢  are weights that are simply chosen 1 and 1. The process of parameter identification is performed 
exactly the same way as the one using Woodbury matrix identify. Once all parameters are identified, the 
components in the numerator are given, for DARMA model with the input of dq-axis POI voltages 

( )(1) (2)
0 0 0=B b b , ( )(1) (2)

i i i=B b b  

And, for the DARMA model with the inputs of POI voltage magnitude and angle 

( )(1) (2)
0 0 0o
¢ =B T b b , ( )(1) (2)

i o i i
¢ =B T b b  

5.2.3 State Space Representation of DEM 

Once the parameter vector J  is properly obtained, the DEM is represented in a state-space form in order to 
utilize the DEM in power system studies, such as dynamic stability. The DEM is first represented in the observable 
canonical form of the discrete state space: 

( 1) ( ) ( )s ds s dsk k k+ = +x A x B u        (5.2–12) 

( ) ( ) ( )ds s dsk k k= +y C x D u        (5.2–13) 
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The subscript “ds” denotes a discrete system. This discrete model is transformed into a corresponding continuous 
model by using a bilinear transformation (Tustin method) from the s-plane to the z-plane, 

2 1

1s

z
s
T z

-
»

+
          (5.2–14) 

In this study, the sampling time sT  is set to 0.1s. Applying (5.2–14) to (5.2–12) and (5.2–13), the DEM in a 
continuous state-space representation is 

( ) ( ) ( )s cs s cst t t= +x A x B u         (5.2–15) 

( ) ( ) ( )cs s cst t t= +y C x D u         (5.2–16) 

where 
1( )( )cs ds dsk -= - +A A I A I , 

1( )( )cs ds ds dsk -= - +B I A A I B , where 2 / sk T=  ( sT : sampling time) 

cs ds=C C , 1( )cs ds ds ds ds
-= - +D D C A I B . 

The subscript “cs” denotes a continuous system. 

5.2.4 Constraint of Parameters 
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Fig. 4.4 Constraint of parameters 

In the middle of parameter identification process, it might be necessary to perform the process stably by setting 
the roots of DAMRA equation within the unit circle (stable region). This can be done using Eigen-decomposition. 
Although the Eigen-decomposition requires comparatively large computation, the process can be carried out in a 
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short time with a computer. Thus, a direct approach of constraining parameters using the Eigen-decomposition is 
introduced here. 

Let us assume that ( )o tJ  is the original parameter vector obtained at time instant t, which includes some 
parameters that make the identification process unstable. It is certain that the parameters making the process 
unstable are related to the recursive terms. For expressional simplicity, it is assumed that the parameter vector is 
permuted in the way of 

( )( ) ( ) ( )T T T
o oA oBt t t¢ ¢ ¢=J J J , where ( )1( ) ( ) ( )T

oA pt t t¢ = A AJ    (5.2–17) 

From the parameter vector, the following controllable canonical form is obtained 
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       (5.2–18) 

The Eigen-decomposition gives the diagonal eigenvalue matrix 

1 ( )t
o

-=V A VL , where 1 1diag{ }l l pl l l l+=  L    (5.2–19) 

1-
L =B V B , where ( )T=B I  0       (5.2–20) 

Assuming that ll  and 1ll +  are the unstable eigenvalues with imaginary parts so that the magnitudes of ll  and 1ll +  
are larger than 1, these eigenvalues are projected to the unit circle’s boundary for the stable identification process, as 
figure 4.4 shows. In this case, the ratio of real and imaginary components of the eigenvalue is maintained.  

lim lj
l e al = , where ang( )l la l=        (5.2–21) 

lim lim *
1 ( )l ll l+ =          (5.2–22) 

Next, updated eigenvalue matrix is given 

lim lim
lim 1 1diag{ }l l pl l l l+=  L      (5.2–23) 

Using the controllability matrix, the matrix can be transformed into 
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Finally, the constrained parameters for ( )oA t¢J  is obtained from the matrix of ( )
lim
tA   

( )lim lim lim
1( ) ( ) ( )T

A pt t t= A AJ       (5.2–25) 

Since the other parameters except those regarding to recursive terms should not be constrained in the process, only a 
part of parameter vector needs to be constrained. This problem can be solved using a projection method [78]. 

1 lim
1 11( ) ( ) ( ) ( ) ( ( ) ( ))o A oAt t t t t t-¢ ¢ ¢= + -P PJ J J J       (5.2–26) 

where 
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( )tP  is the covariance matrix in the equation (5.2–10). 1( )tP  and 11( )tP  are a column matrix and a fragment 
matrix corresponding to ( )oA t¢J , respectively. It needs to be cautious that the parameter vector was assumed 
permuted. 

Figure 4.5 shows the result. The identification process is performed twice, with and without the constraint method. 
In the identification process, the order of DARAM model was chosen unnecessarily large with small forgetting 
factor and small number of batched samples so that the process is unlikely to be stable. The figure shows the 
trajectory of an eigenvalue with the largest absolute value. As seen, if the parameters are not constrained, the 
eigenvalue exceeds unity over the process so the parameters obtained are expected less useful. In contrast, when the 
parameters are constrained, the eigenvalue is always less than unity and the parameters obtained in the process are 
likely satisfactory. 

5.2.5 Noise-Like Fast Dynamics Excursion 

 
Fig. 4.6 Construction of region that eigenvalues are remained 
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Fig. 4.5 Trajectory of DEM largest eigenvalue’s magnitude 



78 

 

When identifying the parameters of the DEM, setting the DEM to a high order might provide seemingly finer 
results such that the error between the original model and the DEM is lower. However, in this case, it is more likely 
that the DEM has redundant and unnecessarily fast dynamics that generate high-frequency noise. Therefore, if the 
order of the DEM is initially set high to capture as much dynamic performance as possible, the eigenvalues are 
examined after identifying the parameters of the DEM and then eigenvalues related to high frequency modes are 
removed using modal analysis since we are interested in the slow system electromechanical dynamics. The modal 
method is carried out by converting the DEM in continuous canonical form to the respective modal form and 
properly removing some of the eigenvalues. The way of eigenvalue removal was explained in sub-subsection 3.1.1.2. 

There are reasons for this process: 1. The dynamics of the network are typically ignored in a slow dynamic study 
such that a static network model is used. However, the line inductance and capacitance in the network function as 
filters that eliminate high-frequency components in real circumstances. Thus, a DEM for slow dynamic study should 
not generate unnecessary fast dynamics that are expected to be damped out quickly and to not exist in the slow 
dynamic study. 2. Wind turbines, especially those with power converters, typically have a capacitor with a damping 
resistance at the terminal to prevent a high-frequency component from being injected into the main network. 3. 
Because of the aliasing effect that occurs when sampling the data, the existing frequency components greater than 
half the sampling frequency are unreliable. Thus, these frequency components need to be removed if the DEM is 
identified as generating fast dynamics. 

The region is constructed by the modal method: the most dominant poles with imaginary parts were first 
identified. Then, a trajectory from the origin point to the eigenvalues is extended as shown in figure 4.6. Next step is 
to identify the least dominant eigenvalue to be kept. Then, an arc is constructed, of which center is the point of 
origin. The region that is bounded by the trajectories and the arc contains the eigenvalues of the reduced order DEM. 
One more consideration is when the frequency components are greater than half the sampling frequency, the 
described method could include inaccurate fast dynamics in the DEM. Thus, these frequency components need to be 
removed by restricting the described region between the horizontal lines in figure. 4.6, which are selected 
accordingly to the sampling frequency. This way, we can obtain the reduced order DEM suitable for power system 
dynamic studies. 

5.2.6 Input and Output Modification 

After the DEM has been developed, the DEM’s input and output can be altered with simple matrix manipulation 
if necessary. For instance, the DEM can be modified so that real power and voltage magnitude are produced when 
reactive power and voltage angle are provided. Assuming that the inputs are POI voltage’s magnitude and angle 
(with constant wind speeds) and the outputs are real and reactive powers,  

 mag( )POI
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POI v

P v
k

Q q

æ ö æ öD D÷ ÷ç ç÷ ÷ç ç= +÷ ÷ç ç÷ ÷D D÷ ÷ç çè ø è ø
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Manipulating the equation (5.3–27), the following two equations are obtained. 
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Substituting the first into an original state space equation gives new state space equation and the second is used for 
new output equation. Likewise, the DEM can also be modified in various forms of state space equations. 

5.3 Nonlinear DEM Development 

In this section, the nonlinear DEM is developed using a recurrent neural network. Neural networks include 
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nonlinear activation function in perceptron of hidden layers and thus provide some nonlinearity into the DEM [79]. 
On the other hand, the nonlinear functions make it difficult to determine whether or not the DEM stable. The DEM 
must be stable before applying it to power system dynamic study. Therefore, in order to avoid the problem, a 
recurrent network, of which output is bypassed to the output layer without linking it with the hidden layer, will be 
used. The following subsections explain the DEM development process.  

5.3.1 Normalization 

Neural network requires data normalization to produce better performance of both implementation and the 
training process. The network inputs and outputs are scaled by either the method of range or variance normalization. 
The normalization can be expressed as: 

scaledx ax b= +          (5.3–1) 

The range normalization is performed by mapping the minimum and maximum of corresponding data to -1 and +1, 
respectively, and mapping the data between the extremes between -1 and +1, accordingly. For this method,  

max min2/( )a x x= - , max min max min( )/( )b x x x x=- + -     (5.3–2) 

On the other hand, the variance normalization is carried out by subtracting the mean from corresponding data and 
dividing it by its standard deviation, where 

std1/a x= , mean std/b x x=-        (5.3–3) 

5.3.2 Neural Network DEM Structure 
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Fig. 4.7 Neural network DEM structure 

Figure 4.7 shows the neural network DEM structure. Network input is ( )u k  and is reproduced by being sample-
delayed, according to DEM order. The output is also fed back by a sample-delaying and reproduced accordingly. 
The results are 
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where 2p  is the DEM order. The inputs and outputs of hidden layer are represented as 

(2 2) ( ) 1et h p k´ += +n W u b        (5.3–5) 
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( )o etf=h n          (5.3–6) 

where etn  is a hidden layer net input and oh  is a hidden layer output. W  and 1b  are weight matrices related to the 
reproduced network inputs and the bias term, respectively, and ( )f ⋅  means activation function. Linear and nonlinear 
activation functions can be used together. h  is the number of hidden layer perceptron. The outputs are 

2 ( 2 ) 2( ) h pk ´ += +y V v b         (5.3–7) 

where  

( )a b=V V V  and 
( 1)

o
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y
 

where V  is weight matrix related to hidden layer outputs and network outputs. 2b  is weight for the bias term. As 
seen, the output is fed back without passing through a hidden layer perceptron. Therefore, the DEM stability can be 
checked by observing eigenvalues of DEM system matrix below, which provides the information for DEM 
convergence. 

2 2
( )

b
ds

p p´

æ ö÷ç ÷ç= ÷ç ÷÷çè ø

V
A

I 0
         (5.3–8) 

5.3.3 Network Training 
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Fig. 4.8 Neural network for training process 

Training is the process of obtaining the weight matrices W , V , 1b , and 2b . For training, a feed-forward 
network is used instead of a recurrent network. The network inputs are DEM inputs and outputs that are one sample 
delayed and reproduced according to DEM order. To identify the parameter matrices, a Levenberg-Marguardt 
algorithm is used. The procedure is as follows.  

The error between each target and network output for pattern k  is defined as 

( ) 2
, 2

( ( ) ( ))
N k

k j j jN
e t k y kl -

= - , where j = 1, 2     (5.3–9) 

The error vector is organized as 
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where N is total number of patterns (samples) for training and l  is the forgetting factor. The weight matrices in 
(5.3–5) and (5.3–7) are decomposed into several column vectors: 
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1 ( 2 2)( )
w w wn h n n p´ = +=W w w , 1 2 ( 2 )( )
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Then, the weight vector is organized accordingly.  
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The variation of the weight vector is related to the error vector by a Jacobian matrix: 

D = -J ew           (5.3–12) 

Using the left inverse of the Jacobian matrix, the weight vector is iteratively updated:  

( 1) ( ) 1
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where i  in the bracket is iteration number and J is the Jacobian matrix with respect to the error and the weight 
vectors. As noted in (5.3–13), by adding small residualm , the left inverse of Jacobian matrix always exists and is 
called the Levenberg-Marguardt training method. One cumbersome issue in this method is calculating the Jacobian 
matrix obtained by back-propagation and the chain rule. It is explained in [79]. The parameter constraint can be 
performed in the same way explained in the subsection 5.2.4. 

Although the nonlinear DEM provides more accurate performance in fitting with given training data, the neural 
network must be trained on large sets of training data to guarantee the well-generalized performance of the DEM: 
that is, the process needs huge computations. Besides, training the nonlinear neural network using the Levenberg-
Marguardt algorithm requires large iteration process while the RLS method does not. Therefore, we have only 
introduced the nonlinear DEM as a comparable DEM development method in this study. 
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5.4 Simulations 

The performance of the proposed linear DEM is verified by simulation tests. The simulation tests in this chapter, 
however, only focus on 1) the dynamic performance of the DEM and 2) the adaptiveness of the DEM identification. 

The validity of the DEM’s interaction with the power system will be verified in chapter 7. 

· Nonlinear wind turbine models 

To verify the adaptiveness of the DEM identification, the original system to collect data from it and to be 
compared with the DEM should be smoothly transitioned from one operational condition to another, and thus 
nonlinear models are required. In the simulation, nonlinear models of wind turbines are used to collect the data 
required for the DEM identification. The nonlinear model of wind turbines consists of several linear and nonlinear 
dynamic models and static models, which are interconnected and work together. The models are, for instance, static 
nonlinear wind model, linear dynamic drive train model, nonlinear dynamic generator model, nonlinear dynamic 
power converters model, power converters control part (digital), and pitch angle control part. These models were 
described in chapter 2, but none of nonlinear terms are linearized. Unlike linear models, it is highly difficult to 
aggregate nonlinear models into a single form due to nonlinear (or logical) components such as limiters in control 
parts. Therefore, separate multiple nonlinear models each of which are decomposed into two parts: linear dynamic 
models and nonlinear (or logical) parts. 

Figure 4.1s offers an example of a nonlinear type 3 wind turbine model, which is constructed using Simulink in 
the MATLAB program. The figure shows a blade power model with pitch angle control, drive train model, 
generator model, converter model, and control part. In the blade power model, wind power captured by blades is a 
function of wind speed, rotor blade speed, and pitch angle. The pitch angle is generated by PI controller of which the 

Fig. 4.1s Nonlinear models of a type 3 wind turbine (MATLAB) 
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output is restricted over zero. The dynamics of pitch angle mechanism is simplified with a first order low pass filter. 
Nonlinear dynamic models of generator and drive train consist of linear dynamic models and nonlinear terms fed 
back to the linear models. In the back-to-back converters, the dc-link voltage dynamics are modeled with additional 
nonlinear parts owing to the condition of dc being larger than zero and the crowbar connected in parallel at the dc-
link capacitor. Also, the converter input and output voltages in magnitude are restricted by dc-link voltage, which is 
modeled using a PWM part. Terminal current is the sum of stator and converter input currents. The controls of the 
wind turbine are performed using the method introduced in the chapter 4, and they are digitally programmed with S-
functions of MATLAB. 

5.4.1 Test System 

For the simulation, the WPP consists of 49 wind turbines (28 × type 1 and 21 × type 3) that are irregularly placed, 
as figure 4.2s shows. The base power for each turbine is 2 MVA, and the reactive power of any type 3 turbine is 
controlled to be 0.3 pu. Wind turbines standing in the first column in the wind direction initially face 13.5-m/s 
upstream wind speeds, and the other wind turbines behind the first column face wind speeds of approximately 11.5 
to 12 m/s. The rated wind speed for the wind turbines is chosen to be 14 m/s; thus, all wind turbines have initial 
pitch angle of 0°. These wind turbines are clustered according to their types and wind speeds. In this work, the 
linkage clustering method is used, and the wind turbines are clustered in four groups such that the number of 
equivalent wind speeds is only four. 

The nonlinear model of type 1 turbine has 9 state variables while type 3 has 12, including the pitch angle 
mechanism, and thus the WPP has 504 state variables. 

The DEM for the WPP is identified by using a natural disturbance of wind. This DEM is adaptively adjusted 
according to variations in forthcoming wind speed. 

 To test the adaptive performance of the DEM, we assumed that upstream wind speed is increased from 13.5 m/s 
to 17 m/s, and the downstream wind speed is increased to approximately 15.5 m/s. In this case, all wind turbines 
have their pitch angles adjusted. Thus, the operating conditions are altered.  

 

POIv

POIi

inji

Fig. 4.2s WPP clustered into 4 groups 
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5.4.2 Results 

Figure 4.3s shows the data for wind speed, real power, and reactive power of each of the 49 turbines. Figure 4.4s 
shows the voltages and powers at POI. These data are used in lieu of measurements.  

 

 
Fig 4.3s.  49 wind speeds (m/s), real and reactive powers generated by the 49 wind turbines. 

 
 
 

 
Fig. 4.4s.  Voltages and powers at POI 
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Figure 4.5s shows the variations of the four equivalent wind speeds, the voltages and the powers at POI. These 
data are used as the inputs and outputs of the DEM. Figure 4.6s shows examples of trajectories of two parameters. 
When the parameters of the DEM change due to variations in wind speed, the DEM is updated with the new 
parameters.  
 
 
 

 
Fig. 4.5s.  Data used as the inputs and outputs in the DEM identification process. 

 
 
 

 
Fig. 4.6s. Trajectories of two parameters. 
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The DEM was tested under various operating conditions. Two of these tests are done for region of A and B in 
Figure 4.5s. Figure 4.7s shows the real and reactive powers at POI of the original nonlinear system and that of the 
DEM for region A. The figure also shows the error in both powers. Figure 4.8s shows the same test for region B. 
These tests show that the DEM is highly accurate and is adaptive. 
 

 
Fig. 4.7s.  Dynamic performance of the DEM compared with the WPP for region A in Fig. 4.5s. 

 
 
 

 
Fig. 4.8s.  Dynamic performance of the DEM compared with the WPP for region B in Fig. 4.5s. 
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To test the validity of the DEM under different type of disturbance, we performed the test in figure 4.9s. The system 
is disturbed due to a sudden change in the POI bus voltage while the wind speeds are maintained constant. The 
parameters of the DEM are the same as those of the DEM in figure 4.8s. The results are shown in three different 
time durations. In subfigures C and D, we observe that the WPP and the DEM react differently; however, the 
dynamics relate to fast transients that are not important in this study. Besides, because the original system is 
nonlinear; it is expected to respond differently from the linear DEM. Nevertheless, subfigure C reveals, after the 
initial fast transients have subsided, the DEM matches the dynamics of the WPP, which proves the DEM is accurate 
under the different types of disturbances. 
 
 
 

 
Fig. 4.9s Dynamic performance of the DEM compared with the WPP (nonlinear) 

when the POI voltage drops in magnitude by 0.1 pu for 0.1 s. 
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5.5 Conclusions 

This chapter proposed a linear DEM development technique for a WPP system. It developed the linear DEM 
using the RLS method. The proposed technique was carried out adaptively and only required the data of the inputs 
and outputs to identify the DEM. Additionally, this chapter introduced a nonlinear DEM development technique 
using a neural network. It was noted that the nonlinear method requires huge computation in the training process so 
it was remained as a comparable method. Simulation results verified the validity of the proposed method showing 
that the proposed method significantly reduced the order of the system without sacrificing accuracy. 

There are remained tests to confirm the DEM has the same effects on power system dynamics as the WPP. These 
tests, performed in chapter 7, will use the DEM interacted with power systems. 
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Chapter 6 

Power System Modeling 

This chapter models a power system in dq-representation. The dq-representation is categorized in two ways using 
different frames: a dq-frame (q-axis leading d-axis) and a qd-frame (d-axis leading q-axis). Power systems are 
typically modeled in the qd-frame. In the previous chapters, the WPP model has been developed in the dq-frame. To 
avoid confusion between the representations and to clarify the difference between dq-frame and qd-frame, all 
models of generator, governor, excitation system, power system stabilizer, and network in power systems are 
developed in the dq-frame.  

The model of a generating unit consists of the models of generator, governor, excitation system, and power 
system stabilizer. The models of generating units and network are combined to represent a power system. Before 
integrating generating units with a network model, the stability of a network is checked using its dynamic model. 
Also, the stability of the power system is strengthened by applying power system stabilizers to some of the 
generating units in the power system. The adequacy of modeling and control method is tested using the IEEE 39 bus 
power system. Once the adequacy is proven, the power system developed in this chapter will be used in the next 
chapter to verify the validity of the WPP DEM. 

6.1 Modeling of Generating Units 

6.1.1 Modeling of Generating Units in Dq-frame 

The modeling of a generating unit in dq-representation can be performed into two ways. In the first general way, 
the model of a generating unit is obtained using the Park’s transformation that has q-axis lagging d-axis so that d- 
and q-axis components correspond to imaginary and real parts, respectively. In the other way, the model is 
expressed in a frame where the q-axis leading the d-axis. To distinguish the two presentations, the first is called qd-
frame and the second is called dq-frame.  

q

lqljd

q

ld

ljq

 
Fig. 5.1 Generator cross section represented in qd-frame and in dq-frame. 
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In the previous chapters, the WPP model has been developed in the dq-frame. To make it consistent with respect 
to the model representation, this chapter briefly introduces the model development of generating units in the dq-
frame. A generating unit is typically developed with the Park’s transformation in the qd-frame. There is not much 
difference between the models developed in either the qd- or dq-frame. However, the model developed in one of the 
frames has different signs from the other model in its model parameters. In both representations, the q-axis internal 
voltage should be aligned with the q-axis so that the q-axes in both frames are the same but their d-axes are in 
opposite. In other words, the d-axis aligns with the rotor but with a different part of pole. Rotating speeds of the 
rotor and the frame are the same. Figure 5.1 shows the difference between the qd- and dq-frame. 

The voltage equation of a generator, which is represented in the qd-frame, is given from [80], [81] as 
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tv  and ti  are terminal voltage and armature current. Fv  and Fi  are field voltage and current. Dv , Qv , Di , and Qi   
are the voltages and currents of d-axis and q-axis damping winding, respectively. The variables of terminal voltages 
and currents in the local frame have been denoted with superscript l. Reminding of the fact ( )( ) ( ) qdqd qd
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        (6.1–2) 

Because of the difference between the qd- and dq-frames, the terminal voltage ( )qd
tv  and armature current ( )qd

ti , 
which flows through the terminal, are needed to be changed. Using the transformation, the voltage equation in the 
qd-frame is transformed into one in the dq-frame 

( ) 1l l l
u

B
w wD = - + D - Dv R N i L i       (6.1–3) 

where  
( ) 1qd -=N PN P , ( ) 1qd -=L PL P , { }diag -1, 1, 1, 1, 1=P  

Since the model of a generating unit is developed in its local frame rotating at the speed of its rotor, the angle 
difference between the local frame and the global frame, which will be called power angle, is required when 
interfacing with the other models that are also developed using their own local frames.  

By subtracting the angle of global frame 0
g g gtq w q= +  from the angle of local frame 0

l ltq w q= + , the 
equation of  power angle d  is obtained 

1
B

g
w d w wD = D - D , where l gd q q= -       (6.1–4) 

The power angle d  in the equation (6.1–4) is the same as the angle between the local frame and the global frame, 
where the global frame rotates in the synchronous speed gw . The synchronous speed is generally assumed constant 
( 0gwD = ) when developing an individual generating unit’s model. However, when interfacing the model with the 
other models, one of generating units will be selected as the reference unit so that the synchronous speed will be the 
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same as the reference unit’s rotor speed. In this case, the power angle equation of the reference generating unit will 
be 0dD =  because its rotor speed is instantaneously the same as the synchronous speed. With torque equation 
given in [80], of which the signs are properly altered, a generating unit’s dq-representation is obtained as 

l l l l l
g g g g g= +x A x B u          (6.1–5) 

where  

( )l l l T
g td tq F D Qi i i i i w d= D D D D D D Dx , 

( )l l l T
g td tq F mv v v T= D D D Du . 

Once the power angle is given, the vectors of terminal voltages and currents can be expressed in the global frame 
and be interconnected with the other generating units by transmission lines. They can be transformed into the 
corresponding vectors in the global frame using the following equations. 

l j
dq tdqv e vd-=  and j l

dq dqi e id=        (6.1–6) 

Linearizing the equations and expressing in matrix forms, 

1( )
l l
td tqo td

ol l
tq tdo tq

v v v

v v v
d d-

æ ö æ ö æ öD D÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç= D +÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷D - Dç ç çè ø è ø è ø
T       (6.1–7) 

( )
l

td tqo td
o l

tq tdo tq

i i i

i i i
d d

æ ö æ ö æ öD - D÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç= D +÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷D Dç ç çè ø è ø è ø
T       (6.1–8) 

where 

cos sin
( )

sin cos
o o

o
o o

d d
d

d d

æ ö- ÷ç ÷ç= ÷ç ÷÷çè ø
T ,  

angle( ) / 2o qoEd p= - ,  

qo to q toE v jx i= + . 

Using the equations (6.1–7) and (6.1–8), the model has been properly transformed into the one represented in the 
global frame as 

g g g g g= +x A x B u          (6.1–9) 

where 

gjd

gq

ljd

lq qE

gjq

ljq

ld

gd
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d

d
vd

tv
qE

tvtdv

l
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v

 
Fig. 5.2 Internal (q-axis) and terminal voltages represented in qd-frame and in dq-frame. 
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( )Tg td tq F D Qi i i i i w d= D D D D D D Dx , 

( )Tg td tq F mv v v T= D D D Du  

A generating unit generally includes turbine governor and excitation system. So, they should be included in the 
model. Their block diagrams are shown in figure 5.3 and 5.4. 
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Fig. 5.3 Turbine governor 
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Fig. 5.4 Excitation system 

The excitation system in figure 5.4 uses two different values in the place of the parameter SE with respect to the 
exciter saturation, that is, a value for the desaturation mode and another value for the saturation mode. The mode is 
determined in terms of the magnitude of the internal voltage or the field voltage. The magnitude of terminal voltage 
to be feedback-controlled in the excitation system is linearized and interconnected with the equation (6.1–9) using 

1 ( )
to

t tdo td tqo tqv
v v v v vD = D + D       (6.1–10) 

Finally, the model of a generating unit including turbine governor and excitation system is completed as 

pss pssgen gen gen gen gen v= + + Dx A x B u B       (6.1–11) 

where 

8 9( )Tgen g R Fx x v v= D Dx x , ( )Tgen td tqv v= D Du  

The number of state variables in this model is 11. Among these, the state variables of rotor speed and power angle 
are related to the dominant slow electromechanical dynamics. The dynamics related to the other state variables can 
be ignored and the model can be properly reduced by the aggregation technique. 

-pss pssrg rg rg rg gen rg v= + + Dx A x B u B        (6.1–12) 

gen rg rg rg gen= +y C x D u         (6.1–13) 

where 

rg

w
d

æ öD ÷ç ÷ç= ÷ç ÷D ÷çè ø
x , td

gen
tq

i

i

æ öD ÷ç ÷ç= ÷ç ÷D ÷çè ø
y  

6.1.2 Power System Stabilizer Design 
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The md is the angle between the internal voltage and terminal voltage, which can be measured or estimated in real 
circumstances. It will be called ‘local’ power angle here. Ignoring the small armature resistance, this angle is the 
same as the angle between the air-gap flux and rotor flux. It is given 

m vd d d ¢= -  , where / 2v vd d p¢ = -       (6.1–14) 

The local power angle might need to be indirectly controlled to stabilize the power system. The reason follows. To 
control the terminal voltage at a given value when load increases, it needs to produce more reactive power to recover 
the terminal voltage and to let more currents flow through armature winding. In this case, the voltage drop across the 
armature reactance increases due to the increased armature current and it leads to the local power angle increased. If 
the local power angle abruptly increases above a certain limit, it would lead to out-of-synchronization. Hence, 
terminal voltage control might need to be restricted in certain cases by controlling the rotor speed, which also 
represents the differential term of local power angle. For this reason, it is assumed that rotor speed and the local 
power angle are additionally controlled by Power System Stabilizer (PSS). However, controlling the local power 
angle completely at certain value would lead to make the generator not be able to produce more reactive power. 
Besides, in the case of load absorbing constant power, adding PSS could reduce the terminal voltage control 
capability and it might make the power system less stable. Therefore, the PSS control should be designed to control 
mainly rotor speed. Here, the controller will be designed using the linear quadratic regulator method. The dynamics 
of rotor speed and local power angle are both slow; either of them cannot be ignored. In this case, a model that 
includes both states is required. 

The angle vd ¢  is a function of d- and q-axis terminal voltages in the global frame and it is given as 

( )1tan td

tq

v
v v
d --¢ =          (6.1–15) 

Linearizing the equations (6.1–14) and (6.1–15), 

m vd d d ¢D = D - D         (6.1–16) 

where 

td
v

tq

v

vdd
æ öD ÷ç¢ ÷D = ç ÷ç ÷çDè ø

K , ( )2
1

| |to
tqo tdov
v vd = -K  

As noticed in the equation, the angle is a function of both the power angle and the terminal voltages. So, this angle 
can change rapidly because the dynamics of terminal voltage could be fast and abrupt, while the power angle cannot, 
which leads to the conclusion that the dynamics of vd ¢D  could be ignored ( 0vd ¢D = ). In this case, the original 
model can be simply modified by subtracting the term dK  from the input matrix and adding the term to the feed-
through matrix as 

rg rg
d

æ ö÷ç¢ ÷= - ç ÷ç ÷çè ø
B B

K

0
,  rg rg rg

d

æ ö÷ç¢ ÷= + ç ÷ç ÷çè ø
D D C

K

0
     (6.1–17) 

On the other hand, the model also can be modified without ignoring the voltage dynamics by taking the network 
into account. It is a little more complicated than the simple method. Regarding the network, it is assumed that all 
loads are constant admittance loads so that the load buses are eliminated. Except for the bus to which targeted 
generating unit is connected, the other buses are considered infinite buses with constant voltages. Then, the 
following is obtained: 

( ) ( )

( ) ( )

a b
tdq dq dq tdq

c d
tdq dq -

æ öæ ö æ öD D÷ç÷ ÷ç ç÷ç÷ ÷ç ç÷= ç÷ ÷÷ç ç÷ ÷ç ÷ D÷ ÷ç ç÷è ø ç è øè ø

v Z Z i

iZ Z0
       (6.1–18) 

where tdqv  is the dq-axis voltages of a bus to which the targeted generating unit is connected. The voltages are the 
same as the unit’s terminal voltages. tdqi  is the injected dq-axis currents to the bus and they are the same as the 
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unit’s armature currents. t-i  are the currents injected to the other buses, which have constant voltages. Reducing the 
equation (6.1–18),  

( )eq
gen dq gen=u Z y , where ( ) ( ) ( ) ( ) ( )1( )eq a b d c

dq dq dq dq dq
-= -Z Z Z Z Z     (6.1–19) 

Using the equation (6.1–18) and (6.1–19), the terminal voltages are expressed in rotor speed and power angle as 

( ) 1( )eq
gen dq rg rg rg

-= -u Y D C x , where ( ) ( ) 1( )eq eq
dq dq

-=Y Z     (6.1–20) 

Recall v gendd ¢D = K u  which leads to v rgdd ¢D = K x , where ( ) 1( )eq
dq rg rgd d

-¢= -K K Y D C . The matrix to 
transform power angle to local power angle is obtained as 

d

æ ö÷ç ÷ç= - ÷ç ÷÷çè ø
T I

K

0
          (6.1–21) 

Using the transformation matrix, the original model can be modified as 

-pss pssrg rg rg rg gen rg v¢¢ ¢¢ ¢¢ ¢¢ ¢¢= + + Dx A x B u B        (6.1–22) 

gen rg rg rg gen
¢¢ ¢¢= +y C x D u         (6.1–23) 

where 

rg
m

w
d

æ öD ÷ç¢¢ ÷= ç ÷ç ÷çDè ø
x   

Again, ( ) 1( )eq
gen dq rg rg rg

- ¢¢ ¢¢= -u Y D C x  is newly given. Then, the model of the generating unit that includes the 
network can be expressed as 

-pssrg rg rg rg pssv¢¢ ¢¢¢ ¢¢ ¢¢= + Dx A x B , where ( ) 1( )eq
rg rg rg dq rg rg

-¢¢¢ ¢¢ ¢¢= + -A A B Y D C   (6.1–24) 

Using this state space equation, a gain matrix K is derived by the linear quadratic regulator method. When choosing 
the weight matrix Q , the weight related to the rotor speed will only be chosen, for instance, 

T
rg rq
¢¢ ¢¢x Qx  , where 

2 0

0 0

wæ ö÷ç ÷ç= ÷ç ÷ç ÷çè ø
Q         (6.1–25) 

In this case, the gain for local power angle generally is given 0. The gain matrix K will be applied to the excitation 
system, as figure 5.5 shows: 
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Fig. 5.5 Excitation system with PSS 

Once the transformation matrix and gain matrix are both given, the generating unit with PSS can be expressed from 
the equations (6.1–12) as 

rg rg rg rg gen= +x A x B u         (6.1–26) 
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where  

-pssrg rg rg= -A A B KT , 

By using this PSS control design method, where the local power angle assumed estimated, the linear quadratic 
regulator method can be successfully applied. In addition, it is possible to observe what effect controlling local 
power angle has against the stability of networked power system. However, since the gain for local power angle is 
typically zero, the transformation matrix might not be required when applying the PSS. If a method that uses 
eigenvalue sensitivity theory [82] is applied to control only the rotor speed, this transformation process to obtain the 
local power angle could be avoided.  

When only the rotor speed is fed-backed with the gain K , the PSS control can be applied with a high pass filter 
in the form of ( )KF s , where ( )F s  is the transfer function of the filter that satisfies lim ( ) 1

s
F s

¥
=  and 

0
lim ( ) 0
s
F s


= ; by the initial and final value theorems, the corresponding values of the filter for the step input are 1 

and 0, respectively. This is equivalent to a PSS designed with a lead-lag compensator. By doing so, relatively high 
frequency components of the rotor speed are fed-back so that oscillating components except dc are damped out 
faster. 

6.2 Network Design 

6.2.1 Dynamic Network Model with Damping Resistance 

Network model with pure capacitance is generally stable when loads are modeled with linear RLC components. 
However, if a certain type of load model is applied, such as a constant power load (CPL) model, the network 
dynamic model could be unstable since the capacitance acts as a source of resonance [83]. It might be necessary to 
add some damping resistance to the capacitance to stabilize the network.  

There assumed exists capacitance regarding long distance transmission lines. One is natural capacitance existing 
between conductors and the other is capacitance between the conductors and ground. The capacitance is typically 
assumed attached at near buses. It might be able to think that the capacitance existing at the buses is connected to the 
ground by some earth resistance. However, the assumption of damping resistance being connected from the neutral 
point of capacitance to the ground is not enough to stabilize the network. That is proven by the following. 

1i

gi

1v2v 12i

 
Fig. 5.6 Two bus system including capacitance with damping resistance of neutral point to the ground 

In the figure, the current is injected to the bus 1 and bus 2 voltage is assumed controlled. When the neutral point of 
Y-connected three phase capacitance is linked to the ground by damping resistance, the ground current gi  is equal to 
the sum of three phase capacitance currents 

g ca cb cci i i i= + +          (6.2–1) 
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And, the phase voltage of bus 1 is equal to the sum of phase capacitance voltage and voltage between the neutral 
point and the ground, gv  

1
abc abc

c gv v v= + , where  g g gv R i=       (6.2–2) 

The three phase voltages and currents are transformed to dq0 components. Then, the dq0 components of capacitance 
voltage is given as 

1
0 0
1

0dq dq
c

gc

v v

vv v

æ ö æ ö æ ö÷ ÷ç ç ÷ç÷ ÷ç ç ÷ç= +÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ÷ç÷ ÷ç ç è øè ø è ø
         (6.2–3) 

where superscript 0 denotes zero-sequence component. With applying the dq0 ‘power invariant’ transformation, the 
zero-sequence component of capacitance current is the same to the ground current 

0g ci i=           (6.2–4) 

Then, the voltage gv  can be expressed as 

0g g cv R i=          (6.2–5) 

In addition, the dq0 capacitance currents are related to the dq0 components of injected current to the bus 1 and the 
line current as 

0 0 0
1 12

dq dq dq
ci i i= -         (6.2–6) 

Assuming that the injected currents are balanced so that its zero-sequence is zero, the following relation is obtained 

0 0
12ci i= -          (6.2–7) 

By Kirchhoff’s laws, the equations of capacitance voltage and line current are given 

0 0 00

dq dq dq
c c c

c c c

v j C v i
C
v v i

wæ ö æ ö æ öæ ö-÷ ÷ ÷ç ç ç÷ç÷ ÷ ÷ç ÷ç çç= +÷ ÷ ÷÷ç ç çç÷ ÷ ÷÷ç ç ç÷ç÷ ÷ ÷ç ç çè øè ø è ø è ø




      (6.2–8) 

12 12 1 2
0 0 0
12 12 1

0 0

dq dq dq dqi j L i v v
L
i i v

wæ ö æ ö æ ö æ öæ ö-÷ ÷ ÷ ÷ç ç ç÷ çç÷ ÷ ÷ ÷ç ÷ç ç çç= + -÷ ÷ ÷ ÷÷ç ç ç çç÷ ÷ ÷ ÷÷ç ç ç ç÷ç÷ ÷ ÷ ÷çç ç çè ø è øè ø è ø è ø



      (6.2–9) 

Combining the equation (6.2–8) and (6.2–9) and organizing it using the equations of (6.2–3) to (6.2–7), the 
following is obtained. 
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ö æ ö÷ ÷ç÷ ÷ç÷ ÷ç÷ ÷ç÷ ÷ç÷ ÷- ç÷ ÷÷ ÷ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷ç ç÷ ÷÷ ÷ç çø è ø

  (6.2–10) 

As seen in the equation, the dq components and zero-sequence component are completely decoupled. It means that 
the damping resistance only works and stabilizes the network with respect to some faults generating zero-sequence 
components into the network. To eliminate the stability issue regarding the capacitance resonance, which is related 
to high frequency components, and to stabilize the network in steady state, the damping resistance for each phase 
capacitance might be required. So, it is assumed that small damping resistance exist at every (or chosen) capacitance 
in the network. This assumption especially holds true when capacitor banks are connected to buses because they 
include small internal resistance as well. More importantly, some generating units using high-frequency power 
converters such as wind turbines equipped PWM converters often apply LCL filters that use damping resistances in 
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series with the capacitors. Therefore, the dynamic network model will be adequately developed with the use of 
damping resistance. A simple example is shown in the figure below. 

1cv
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Fig. 5.7 Two bus system including capacitance with damping resistance. 

In this figure, RL loads are Y-connected without grounding. However, their zero-sequence voltages are always zero 
so they can be assumed grounded. The capacitance existing at the bus 1 and 2 has damping resistance in series. 
Then, the bus voltages are equal to the voltages across the capacitance and damping resistance, which is given as 

1 1 1

2 2 2

c c c
c c

cc c c
c c

v v i

v v i

æ ö æ ö æ ö÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç= +÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç çè ø è ø è ø
R         (6.2–11) 

where 

1 2diag{ , }c c cR R=R   

The capacitance voltage equations and the inductance current equations are expressed  

1 1 1 1 1

2 22 2 2

1 c c c
c u c c

c c c
uB c c c

C v j C v i

C j Cv v i

w
ww

æ ö æ ö æ öæ ö æ ö-÷ ÷ ÷ç ç ç÷ ÷ç ç÷ ÷ ÷÷ç ÷ç çç ç= +÷ ÷ ÷÷ ÷ç ç çç ç÷ ÷ ÷÷ ÷ç ç ç-÷ ÷ç ç÷ ÷ ÷ç ç çè ø è øè ø è ø è ø
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
    (6.2–12) 
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æ ö æ ö÷ ÷ç ç÷ ÷ç ç= - + - + -÷ ÷ç ç÷ ÷ç ç÷ ÷ç çè ø è ø
R  (6.2–13) 
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R



  (6.2–14) 

The currents flowing through capacitance can be expressed 

1 11 1

22

( )
c
c

cc
c

i g

gi
- -

æ ö æ ö÷ç ÷ç÷ç ÷ç= +÷ ÷ç ç÷ ÷ç ÷ç÷ç è øè ø
I R R        (6.2–15) 

where 

1 1 11
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g v i
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g av i
-

æ ö æ öæ ö æ ö æ ö- -÷ ÷ç ç÷ ÷ ÷ç ç ç÷ ÷÷ ç ÷ ÷çç ç ç= - + +÷ ÷÷ ÷ ÷ç çç ç ç÷ ÷÷ ÷ ÷ç ç-÷ ÷ ÷ç ç ç÷ ÷ç çè ø è ø è øè ø è ø
R ,  

1 2diag{ , }R R=R  

Using the binomial inverse theorem, the equation (6.2–15) can be modified 
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1 1 11

2 22

( )
c
c

c cc
c

i g g

g gi
-

æ ö æ ö æ ö÷ç ÷ ÷ç ç÷ç ÷ ÷ç ç= - +÷ ÷ ÷ç ç ç÷ ÷ ÷ç ÷ ÷ç ç÷ç è ø è øè ø
R R R       (6.2–17) 

As seen, the parts with the matrix cR  do not exist if c =R 0 . These parts give more damping ability to the network 
so that it is more stable. By choosing the bus voltages as the outputs, the state space equation of network model can 
be modified from the equations (2.2–3) and (2.2–4) as 

nt1 nt1 nt1 nt1 nt1
c c c c c= +x A x B u        (6.2–18) 

nt1 nt1 nt1 nt1 nt1
c c c c c= +y C x D u        (6.2–19) 

where  

nt1 nt1 1 3
c c= +A A K K  , 

nt1 nt1 1 in
c c= +B B K B , 

nt1 nt1 2 3
c c= +C C cK K , 

nt1 2 in
c =D cK B   

where, 

1 1

1 line b 2

c 2

( )c c
T

B
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rw

- -æ öæ ö - + ÷ç÷ç ÷ç÷ç ÷÷ çç ÷÷ ç ÷ç= -÷ ç ÷ç ÷ ç ÷ç ÷ ÷ç÷ç ÷ç÷ç - ÷çè ø è ø

R R RC

K L T M K

L M K

,  

 1 1
2 ( )c c

- -= +K R I R R , 1
3 a c( )-= -K R M M   

Although the damping resistance helps for the stability issue regarding to high frequency resonance components, 
it also might work to reduce the stability margin in terms of slow dynamics. Therefore, damping resistance should 
be included very small in values. 

The complex state space model can be transformed into dq-representation in the same way that is done in the 
chapter 2. Once it is proven that the network model is stable and the dynamics of voltages and currents in the 
network is faster than those of generating units, the dynamics for the network can be ignored and the static network 
model can be applied. 

 
Fig. 5.8 Inductance with series resistance 

In addition, unlike adding series damping resistance to the capacitance, adding series resistance to the inductance 
is straightforward. For instance, from the equation (6.2–14),  
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6.2.2 Lumped Static Network Model with Power Loads 
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Fig. 5.9 Model of constant power load 

This sub-subsection explains that lumped static network model with power injection where the power injection 
implies loads. The static network model plays an important role in developing the model of power systems since the 
stability of the power systems might change depending on the use of different types of static network models. We 
talk about two types of static network model here: one is a model with constant current loads (constant current 
model) and the other is a model with constant power loads (constant power model). For the constant current (or 
power) model, it could be assumed that the injected current (or power) does not vary in a normal condition whatever 
the bus voltage is so that the current (or power) variation of the load bus is zero. In this case, the network model can 
be reduced and that is just the same as eliminating the load from the network. This reduced model should be used for 
the study of power system stability. It needs to be noted that, because the respective variations of injected currents 
(or powers) into the corresponding load buses are zero while their real values are not actually zero, the reduced 
network model can only be applied to the power systems using linearized dynamic models.  

Models of power loads (power equation) with both the characteristic of constant current and constant power are 
developed based on the following equation. 
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   (6.2–20) 

If the generating unit’s outputs are chosen currents, the equation (6.2–20) is modified accordingly. The procedures 
of developing the models are different. For the constant current model, a reduced current equation is first obtained 
and then a power equation is developed using the current equation. Considering the admittance matrix is properly 
organized regarding generator buses and load buses, the current equation is expressed as 

Original: 11 12

21 22( 0)

g g

l l=
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     (6.2–21) 

Reduced: cclg gD = DI Y V        (6.2–22) 

Since the operating points are identical for both the original and reduced current equations, power equation based on 
the constant current injection is simply expressed as  

( ) ( )
o o ccl
g g

g g g gD = D + D = DS V I I V F V       (6.2–23) 

From the equation (6.2–21), it is easily noticed that, although the variation of currents injected to load bus is zero 
( 0lD =I ), the variation of powers at the load bus is not zero ( 0lD ¹S ) when the variation of load bus voltage is 
not zero ( 0lD ¹V ). The power absorbed by constant current loads varies with load bus voltages. If the load bus 
voltages increase, it results in the increase of powers absorbed by the loads.  

On the other hand, a power equation with constant power loads should be different because the power equation 
with constant current loads does not properly represent the constant power loads’ characteristic. The power equation 
is firstly developed with the original current equation ( 0lD ¹I ), and then it is reduced based on the assumption of 

0lD =S , as shown in the below 
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Reduced: cplg gD = DS F V        (6.2–25) 

It should be noted that, although the forms of power equations for both constant current loads and constant power 
loads are identical, they have different parameters ( cpl ccl¹F F ). 

6.2.3 Fault Model 

v
i

 
Fig. 5.10 Fault model 

To demonstrate the dynamics of a power system when a fault happens, the fault model is required. When a bus is 
short circuited to the ground with zero-impedance line, infinite current flows through the faulted line and the bus 
voltage drops to zero for a short time until the fault is cleared. It is quite difficult to say that how much power is 
withdrawn from the bus because the power is a function of the bus voltage and the fault current. However, huge 
current flowing through the faulted line causes huge reactive power flowing from elsewhere to the point of the fault. 
So, it is assumed that huge reactive power is injected (withdrawn) when a fault happens. On the other hand, if the 
bus is short circuited to the ground with relatively high impedance line, it is clear that the fault can be modeled with 
power injected from the bus as load does. The power injected from a bus can be modeled the same as the equation 
(6.2–24).  

Given generating units’ state space equations, 

g g g g g= + Dx A x B V         (6.2–26) 

The voltages of generating units are expressed with either of faulted bus voltages or powers injected, 

g a b fD = + DV L x L V  or g a b f
¢ ¢D = + DV L x L S      (6.2–27) 

where fDV  and fDS are voltage and power, respectively, at a faulted bus that could be any one of the buses, 
including load buses. By substituting (6.2–27) into (6.2–26), a state space equation for faulted condition is obtained. 
In normal conditions, unlike the fault model of power injection, the fault model using faulted bus voltages has the 
following relation that is derived with the assumption of 0fD =S . 

f cD = -V L x          (6.2–28) 

fDV  is forced to certain values when a fault happens and exists in a short time, otherwise fDV  is reset to c-L x  
accordingly when the fault is cleared. On the other hand, fDS  is forced to certain values when a fault happens, 

fDS  is zero when the fault is cleared.  

Normal condition (before and after a fault): g g g
¢¢=x A x  ( 0fD =S ) 

Abnormal condition (during a fault): g g g g f
¢ ¢= + Dx A x B V  or g g g g f

¢¢ ¢¢= + Dx A x B S  
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6.3 IEEE 39 Bus Power System 

 

 
Fig. 5.11 New England power system 

In this power system, the generating unit 2 is the reference unit, and the other 9 generating units’ power angles are 
expressed on the basis of the generating unit 2’s power angle that is always zero. The generating unit 1 is considered 
as an equivalent model of external systems so that this unit does not have the capability to control the terminal (bus) 
voltage.  

6.3.1 Network Stability 

Before integrating the generating units into the network, the network stability is first checked with its dynamic 
model. It is assumed that the buses with capacitance have series damping resistance of 10% (in pu) of the 
corresponding capacitance value, which is thought as naturally existing, and that the buses without capacitance have 
very small capacitance (10-9) so that current hardly flows through the capacitance. Including the damping resistance 
can be performed with the equations (6.2–18, 19) as introduced in the previous section. 

All loads are modeled with constant power loads (CPLs). Because 0D =S  for constant power loads, the load is 
modeled with, 

l lD = DI K V , where ld
l

lq

i

i

æ öD ÷ç ÷çD = ÷ç ÷D ÷çè ø
I   and ld

l
lq

v

v

æ öD ÷ç ÷çD = ÷ç ÷D ÷çè ø
V  

where lDI  and lDV   are the input and output of the dynamic network model, respectively, and it creates a 
feedback loop. Thus, the constant power load is applied with low pass filter to avoid the stability issue concerned 
with high frequency components that might be generated by the feedback loop. The use of the filter is proper 
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because the equivalent reactance at low voltage side in distribution level is high enough to eliminate very high 
frequency components. Also, it might be thought that there exist some filters, in the distribution level, designed with 
an impedance matching method so that the equivalent impedance of a link, by which the network and the constant 
power load is connected, is only very small in relation to fundamental frequency; It is reminded that band-pass 
filtering in the three-phase frame (or the stationary dq-frame) is equivalent to low-pass filtering in the rotating dq-
frame. Under these assumptions, the cut off frequency of 1st order low pass filter is chosen properly. Figure 5.12 
shows the load model. 

Kl
¢DV

lDV lDI

l
¢DI

lDVl
¢DV

lDI
l
¢DI

2( )sG1( )sG
 

Fig. 5.12 Constant power load with low pass filters 

In the power system, it is assumed that the generating unit 1 attached at the bus 39 is an equivalent model that 
represents the external system and that the unit does not have capability to control the voltage of bus 39.  With this 
assumption, the network input to the bus 39 could be constant power and the other network inputs to the bus 30 to 
38 are constant voltage sources. A test has been performed by varying the cut off frequency for CPLs. Table 5.1 
shows the result. 

 
Table 5.1 Network stability for varying cutoff frequency of low pass filters (LPF) 

LPF cut off frequency Real part of the most dominant eigenvalue 

210 Hz – 4.71 

220 Hz – 3.00 

230 Hz + 0.61 

꞉ ꞉ 

400 Hz + 180.70 

 

Because the network system in real circumstances is more complicated, the use of the result might be limited. 
However, at least, the result provides the observation that if dynamics generated by CPLs are fed to the network 
system without proper filtering, the network could become unstable.  

Once the network system is proven stable, the dynamics of network model is ignored and lumped static network 
model can be used. The effects of low pass filtering do not exist in the steady state, which means the relation 
between the input and output of the filter is just 1. Thus, the network model is given 

For generating unit model with current output: cplg gD = DI Y V  

For generating unit model with power output: cplg gD = DS F V  

It should be noted that the matrix cplY  is not the same as the admittance matrix. This static model is used to 
interconnect the generating units so that they compose a power system. 

6.3.2 PSS Damping Ability 
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It is expected that applying PSS is to increase the power system’s stability. However, it is not certain what effect 
PSS provides depending on the types of loads: admittance load, constant current load, and constant power load. 
Thus, the power system stability has been checked with applying PSS to one or two generating units except 
generating unit 1. 

Firstly, in order to verify the effect of different types of loads in applying PSS, the network models with the three 
different loads have been used and PSS is designed using lumped static network model with the respective loads. In 
the figures, the x-axis is for the weight in the equation (6.1–25) and the y-axis is for the real value of the most 
dominant eigenvalue of the power system. Figure 5.13 shows the result that PSS is applied to one of 8 generating 
units one at a time, and weights are varied from (0, 0) to (1002, 0). As seen in the figure 5.13, applying PSS gives 
more damping for all types of loads, but different results depending on the types. Additionally, it needs to be noted 
that applying PSS to generating unit 2 that is connected to swing bus, could make power system unstable if the type 

 

Fig. 5.13 Power system stability for weight variation of PSS design 

 

Fig. 5.14 Power system stability for weight variation of PSS design (w/ PSS applied to gen. unit 9) 

 

Fig. 5.15 Power system stability when PSS applied for gen. unit 9 and 10. 
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of load is CCL or CPL. After all, it seems that PSS applied for generating unit 9 provides consistent damping to the 
power system with all three types of loads. Thus, PSS is first designed with 502 in weight and applied to the 
generating unit 9.  

Second, generating unit 9 with PSS designed by the weight 502 is permanently applied and additional PSS is 
applied to one of 7 generating units one at a time in the same way. Figure 5.14 shows the result. With the aid of 
generating unit 9 with PSS, applying PSS on generating unit 10 gives more damping for the power system with 
admittance loads or CPLs than applying PSS on any other generating units. By comparison, applying PSS on the 
generating unit 7 gives better damping ability for power system with CCLs. Also, it is observed that, if PSS is 
applied to any of generating unit 2, 4, and 6 when the power system is composed of CCLs, it works negatively for 
system stability, even the power system could be unstable with PSS applied to generating unit 2. It is expected, in 
real circumstances, that applying PSS on more generating units does not guarantee better damping capability for 
power systems because the type and amount of loads in the power system might continuously change so that it might 
create some unexpected results. Therefore, for consistent damping capability for power system, it seems better to 
apply PSS on generating unit 10. As a result, it would be appropriate to apply PSS on one or two of generating units 
at most so that the power system is robust. Additionally, figure 5.15 shows the power system stability regarding to 
the weight variation of PSS design for generating units 9 and 10. 

 
Table 5.2 Power system stability with three different load types 

Gen. unit 

PSS gain 
(Admittance Load)

PSS gain 
(CCL)

PSS gain 
(CPL) 

wD  mdD   wD  mdD  wD  mdD  

G9 (weights: 502, 0) – 46.86 0.002 – 47.16 0 – 47.17 0 

G10 (weights: 1002, 0) – 80.92 – 0.360 – 93.37 0 – 96.05 0.001 

Dominant eigenvalue 
– 0.095 ± j2.127 →  

– 0.158 ± j3.464 
– 0.059 →  

– 0.135 ± j3.460 
– 0.086 → – 0.133 

 

The gains of PSS designed for generating units 9 and 10 with 3 types of loads, are shown in the table 5.2. By 
applying PSS, the real value of the most dominant eigenvalue of the power system is increased from – 0.095 to – 
0.158, from – 0.059 to – 0.135, and from – 0.086 to – 0.133, respectively. It is noticed that the gain of local power 
angle for generating unit 10 PSS is not zero when admittance load is applied. This is because that, if loads in the 
power system are modelled with constant admittance, powers absorbed by the loads vary depending on bus voltages 
so that the loads do not require more currents when the bus voltages decrease. In this case, controlling terminal 
voltages of generating units is not as important as in the case of power systems composed of CCLs or CPLs, then 
controlling the local power angle might help in more stabilizing the power system. On the other hand, if the power 
system consists of CCLs or CPLs, applying PSS might reduce its stability because it generally compromises the 
performance of controlling terminal voltage.  

Considering that power system consists of various types of loads, PSS might or might not be helpful in increasing 
damping ability of the power system. Therefore, the use of PSS control should be carefully determined depending on 
the types of loads. 

· Dynamic Responses 

The dynamic responses of the power system, which is modeled as explained in this chapter, are shown. It is 
assumed that fault happened at bus 17. The fault condition is generated by injecting real and reactive power in step 
for 0.1 second, which can be though as impulse inputs. The real and reactive powers injected are -10 pu and -1 pu, 
respectively. The dynamics of the individual generating unit’s rotor speed and power angle are shown in figures 5.17, 
and 5.18, respectively. 
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Fig. 5.16 Rotor speed variations of 10 gen. units shown (a) collectively and (b) individually 

 

 
Fig. 5.17 Power angle variations of 10 gen. units shown (a) collectively and (b) individually 
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Figure 5.17 reveals that the generating units 9 and 10, which are equipped with PSS, have better damping with 
respect to the rotor speed.  

Figure 5.18 shows that the generating unit 2 is the reference unit, which is the one connected at the swing bus, and 
thus it has always power angle of zero. The power angles of generating units 9 and 10 less abruptly change because 
their derivatives, the rotor speeds, are controlled with PSS. 

6.4 Summary 

This chapter has been assigned to introduce power system modelling. A model of generating units, which is 
represented in the rotating dq-frame that is aligned with the rotor of the corresponding generating units, was 
introduced. As generating units are often equipped with PSS to enhance the stability of power systems, PSS design 
was also presented. In addition, dynamic network model that was introduced in the chapter 2 is re-expressed with 
using damping resistance, which might be useful to study network stability. The dynamic network model could be 
replaced with static network model for power system dynamic study. Thus, static network models with different 
types of loads were developed. Finally, it was explained how a fault condition could be modeled using the models of 
the generating units and the network. After the explanations for the modelling process, IEEE 39 bus system was 
introduced. By using the system, it was shown that network stability could be altered unless dynamics of generating 
units and loads were properly damped. Also, it was shown that PSS would not always provide more damping on a 
power system, and thus PSS should be carefully applied. Finally, a simulation result was shown to observe how the 
power system response to an impulsive fault condition. The power system introduced in this chapter will be used as 
a basic power system for simulation tests in chapter 7. 
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Chapter 7 

Simulations 

7.1 Introduction of Basic Test System 

This section introduces a power system for simulation tests to be made in the next sections. The simulation tests 
use linearized models of the power system. Unlike simulation tests using nonlinear power systems whose system 
parameters are updated at every time instance, the simulation tests to be made in this chapter use linearized power 
systems whose parameters are updated on the basis of events that cause the operating points to largely deviate from 
those initially given. For this reason, the process of the simulation tests is briefly explained. 

7.1.1 Power System 

 

Fig. 6.1 IEEE 39 bus power system (left) and an isolated part of the system (right) 

For the simulation tests, IEEE 39 bus power system explained in the chapter 6 is used. However, to study 
effectively the impact of WPP on the power system, the size of the WPP must be a good percentage of the total 
generation. Therefore, a small power system, which is obtained from the IEEE 39 bus power system, is applied:  a 
part of the IEEE 39-bus power system is isolated by disconnecting the lines of bus 1 to 2, bus 3 to 18, and bus 15 to 
16 and by removing the generating unit 1 from the bus 39. Figure 6.1 shows the IEEE 39 bus power system in the 
left and the isolated part in the right. In the new small power system, the buses are re-numbered accordingly. The 
bus 17 is the swing bus and the generating unit 1 is the reference unit. 

In the new power system, an additional bus 16, which is connected to bus 15, is created (as a POI bus for WPPs to 
be attached later). In addition, a load is created and connected to bus 1. The amounts of loads are as shown in table 1. 
The resultant test system is shown in figure 6.2.  
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In the test system, all loads are constant power loads. It is assumed that negative constant power load (NCPL) is 
connected to bus 16 in lieu of WPP, and the negative power load is, for instance, chosen: 200 MW, 11.5 Mvar. 
Assuming that the two generating units have identical cost functions, optimal operating conditions are determined 
by solving optimal power flow problem. In a solution, generating unit 1 (swing bus) produces 830.13MW and 
330.02Mvar and generating unit 2 produces 823.49MW and 433.78Mvar. The powers transferred through the lines 
are accordingly obtained by the solution as shown in figure 6.2. 

Now, some possible fault scenarios in the test system are presented: First, it is well known that some of lines in a 
power system have critical roles in transferring powers from generating units to loads. If any of the lines are faulted, 
the whole power system might be troubled. In the test system, the lines of bus 3 to 4, bus 4 to 5, bus 9 to 12, bus 12 
to 13, and bus 13 to 3 have large powers transferred through them, which is said to be bottlenecked. If any of them is 
disconnected, there might be problem in transferring the powers to the loads. Therefore, this case can be studied in 
simulation tests. Second, a line between buses in a power system actually consists of several lines, not just one. If 
the lines are not fully disconnected due to, sort of, circuit breaker malfunction so that some of the lines are remained, 
it results that the line impedance between the buses increases. For instance, in the test system, the largest load is 
connected to bus 2 among the loads at the end buses of 1, 2, 11, and 14. Assuming that the number of lines 
connecting bus 2 to 3 is four, no power is transferred to bus 2 if all lines are disconnected. On the other hand, if only 
some of the four lines are disconnected, more reactive power should be transferred to meet the demand because of 
the line impedance increased. This case can also be studied in simulation tests. In addition, lines of bus 7 to 8, bus 8 
to 15, and bus 15 to 16 have a critical role to support voltage at bus 16. If a system which requires a voltage source 
such as WPP was connected at bus 16, the system would not be able to operate properly when any of the lines was 
disconnected. However, this case will not be studied because it is obvious WPP systems cannot survive unless they 
work with proper ride-through technique. 

7.1.2 Process of Simulation 

Table 1 Loads in test system 

Bus 1 – 85.4 MW, 8.6 Mvar Bus 2 – 336 MW, 54.6 Mvar Bus 3 – 446 MW, 106 Mvar 

Bus 6 – 244 MW, 84 Mvar Bus 7 – 544 MW, 138 Mvar Bus 11 – 20 MW, 80 Mvar 

Bus 14 – 134 MW, 115 Mvar Bus 15 – 40 MW, 0 Mvar Bus 17 – 9.2 MW, 4.6 Mvar 

 

 
Fig. 6.2 Test system (base power: 100 MVA) 
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As the simulation tests are carried out by using dynamic models of generating units and WPP, which are 
linearized on operating points, by what sequences the tests are performed needs to be told in advance and explained 
in this subsection. 

For the simulation tests, it is assumed that: 1) a fault occurs near a bus, and 2) the line between the bus and 
another one, that is, the line between where the fault occurred, is disconnected by circuit breaker 0.1 second after the 
fault.  

With the assumptions, the tests are carried out by the sequence as: First, for given load conditions, real powers 
and voltage magnitudes of generating units are determined by solving optimal power flow problem, and the initial 
operating points are obtained. By using them, the models of generating units and WPP are obtained. Then, it is 
assumed that a fault occurs at a chosen bus, and powers are injected to the bus or voltage magnitude at the bus is 
forced to zero. After 0.1 second, the line connecting buses between the fault occurred is disconnected by circuit 
breaker and fault is cleared. Power flow problem (not optimal) is solved again for the altered operating conditions 
due to network change. Updated models of generating units and network are obtained according to the power flow 
solution, and they are applied in the simulation tests. 

Table 2 Process of simulation to be performed 

A 

By solving optimal power flow problem, real powers and voltage magnitudes of generating units are 

determined, and the initial operating points are obtained. By using them, linearized models of 

generating units, wind power plant, and network are obtained. 

B 
A (faulted) bus is chosen. Then, powers due to the fault are injected to the bus or the corresponding 

bus voltage in magnitude is forced to zero, for a short time. 

C 

After the short time, it is assumed that a line linked from the faulted bus to another bus is 

disconnected by circuit breaker and the fault is cleared. Power flow problem (not optimal) is solved 

again for the altered operating conditions due to network change. Updated linearized models are 

obtained according to the power flow solution. 

D Updated models are applied to continue the simulation test. 

 
An example of the simulation test is performed as the way explained above, which is also listed in table 2, and it 

is shown in figure 6.3. The instances of A, B, C, and D in the figure are the same as those in table 2. One thing to be 
noticed in the figure is that, because operating points of A and D are different by power flow solutions for different 
networks, real power from a generating unit is shown suddenly changed to meet the demand. 

 
Fig. 6.3 Voltage magnitudes and powers at a bus near fault occurred and at buses of generating units and bus 16. 
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7.2 Simulation A 

Now, simulation tests are performed using the power system introduced in section 7.1. This section is allocated 
for tests using the DEM developed in the chapter 3. For the tests, a WPP model using the local-frame network model 
1: refer to subsection 2.2.2.2 and the corresponding DEM are applied. To interface the WPP model and its DEM into 
the power system, the method of modeling in POI voltage-oriented frame introduced in subsection 2.2.3 is used. 

7.2.1 Test system 

 
Test system for simulation is shown in figure 6.4. The WPP consists of 49 wind turbines (21 × type 1, 14 × type 3, 

and 14 × type 4) that are irregularly placed, as shown in the left of figure 6.4. The WPP system is the same as that 
used for the simulation tests in the chapter 3. The first column turbines directly facing the wind experience a wind 
speed of 15 m/s, while the other turbines experience only about 13 m/s owing to the wind wake effect. The rate wind 
speed for wind turbines is chosen 14m/s and the pitch angles are adjusted if the wind speeds exceed this value. 

The power generated from one WPP at the wind speed is 83.3 MW with 12 Mvar, and it is assumed that two 
additional identical WPPs are connected to bus 16, which is done by amplifying the output power of the original 
WPP threefold. In the right of figure 6.4, it is seen a test system with a base power of 100 MVA in which two 
generating units with identical cost functions were assumed; the optimal operating conditions of these were 
determined by solving the optimal power flow problem. Based on the solution, generating unit 1 (at the swing bus) 
produced 815.37 MW with 316.69 Mvar and unit 2 produced 808.85 MW with 437.92 Mvar. 

The performance of the DEM proposed in the chapter 3 is verified by using the test system shown in figure 6.4. 
The wind turbines were clustered by respective types and wind powers, producing six groups and, correspondingly, 
six equivalent wind turbines. The slow dynamic model of the WPP is used and it has 203 state variables, while the 
DEM has 24 state variables. 

To determine whether the DEM produced the same effect on the power system as the WPP, the rotor speed 
variations in generating units 1 and 2 were observed when a fault occurred and was cleared. 

7.2.2 Results 

First, it is assumed that a fault occurred at bus 3 and that the lines of bus 2 to 3 were disconnected 0.1 s after the 
fault. No power was transferred to the load connected at the bus 2, and thus powers generated from unit 1 and 2 

  

 

 

Fig. 6.4 Test system for simulation A 
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were reduced accordingly by a solution of power flow problem (not optimal).  
Figure 6.5 shows the rotor speed variations of generating units and the rotor-blade speed variations of turbines in 

the WPP (figure (a)) and in the DEM (figure (b)).  
Figures (c) and (d) show the generator speed variations and rotor-blade speed variations of type 1 turbines in the 

WPP and in the DEM. 
Figures (e) and (f) show the generator speed variations and rotor-blade speed variations of type 3 turbines in the 

WPP and in the DEM. 

 
Fig. 6.5 Rotor speed variations of generating units and rotor-blade speed variations of turbines in WPP - (a) and in DEM - (a), 
generator and rotor-blade speed variations of type 1, 3, and 4 turbines in WPP - (c), (e), and (g) and in DEM - (d), (f), and(h). 
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Figures (g) and (h) show the generator speed variations and rotor-blade speed variations of type 4 turbines in the 
WPP and in the DEM. 

Figure 6.6 shows the rotor speed variations of generating unit 1 and 2, which are the same as those shown in 
figure 6.5 (a) and (b). It is seen that, for both the WPP and DEM, the variations in rotor speed converged over time. 
The right figure shows the dominant eigenvalues of the power system before and after the fault; the eigenvalue at the 
origin is for the reference generating unit’s angle and it does not affect the system stability so ignored. It is seen that 
the most dominant eigenvalue is moved to the left side, which means the power system become more stable, and 
also that the most dominant eigenvalues of the power system are at the same place for both results of using the WPP 
and using the DEM. 

Second, it is assumed that three of the four lines from bus 2 to bus 3 were disconnected, causing the impedance on 
the remaining line to increase fourfold. In this case, the generating unit 1 and 2 should generate more reactive power 
to meet the load connected at the bus 2, and it causes the damping ability of generating units to decrease so that the 
power system is unstable. Figure 6.7 shows the variations in rotor speed slowly diverged over time for both the WPP 
and the DEM. Here, it is observed that the dominant eigenvalue determining the system stability is moved into the 
graph from the right side. This is explained by the trajectory of the eigenvalues shown in the figure 6.8, which is 
obtained by increasing gradually the impedance of the transmission line of but 2 to 3 from 1 to the infinite value. 
When the impedance increases, two eigenvalues move to the right side in the shape of arc, which represents the 
system becoming unstable. At certain point, one moves to the left and the other moves very fast to the right infinity. 
When the impedance becomes large, the one that moved to the right infinity is canceled by a zero that is supposed to 
exist at the right infinity and appears again at the left infinity. When the impedance becomes very large to be 
considered almost the infinite value, which represent the lines are fully disconnected, the other one that moved to the 
left comes into the left half-plane, and thus the system become stable. 

Third, a fault occurred at bus 3 and the lines from bus 3 to bus 4 were disconnected. No power was transferred 
through the lines, and thus powers generated from unit 1 and 2 were changed accordingly. Figure 6.9 shows the 
rotor speed variations of generating unit 1 and 2 diverged slowly over time, for both the WPP and the DEM. The 
right figure shows the dominant eigenvalue accountable for the power system being unstable, which moved into the 
graph from the right side. However, this is the different case from the previous ones because the eigenvalue moves 
much slower in the similar trajectory as the one shown in figure 6.8 by the line impedance increasing. Thus, even if 
the line impedance quite increases, for instance twenty or even thirty times, the power system will be still stable. In 
addition, the figure shows that the dominant eigenvalues of the power system with the DEM are the same as those 
with the WPP.  

Fourth, a fault occurred at bus 13 and the lines from bus 3 to bus 13 were disconnected. Figure 6.10 shows the 
rotor speed variations of generating units 1 and 2 converged after making a small overshoot over time, for both the 
WPP and the DEM. In the right figure, the most dominant eigenvalue is moved a little to the left side but two 
dominant eigenvalues which is expected accountable for the overshoot were moved to the right side with decreased 
damping ratio.  

Fifth, a fault occurred at bus 5 and the lines from bus 4 to bus 5 were disconnected. Figure 6.11 shows the rotor 
speed variations of generating units 1 and 2 diverged fast, for both the WPP and the DEM. The right figure shows 
the three eigenvalues were moved into the right half-plane for both results with the WPP and with the DEM. 

Sixth, a fault occurred at bus 12 and the lines from bus 9 to bus 12 were disconnected. Figure 6.12 shows the rotor 
speed variations of generating units 1 and 2 diverged fast, for both the WPP and the DEM. The right figure shows 
the dominant eigenvalue accountable for the power system being unstable moved from the right side. 

Seventh, a fault occurred at bus 13 and the lines from bus 12 to bus 13 were disconnected. Figure 6.13 shows the 
rotor speed variations of generating units 1 and 2 diverged slowly over time, for both the WPP and the DEM. The 
movements of the eigenvalues are similar as the sixth case, and the dominant eigenvalues of the power system with 
the DEM are the same as those with the WPP.  

These all results confirm that the DEM has the same effects consistent with those of the WPP on the power 
system. 
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Fig. 6.6 Rotor speed variations of generating unit 1 (the left) and 2 (the middle) when a fault occurred at bus 3 and is 
cleared by fully tripping lines of bus 2 to 3: with using the WPP and with using the DEM. The dominant eigenvalues 

of the power system (the right): before and after the fault. 

 

 
Fig. 6.7 Rotor speed variations of generating unit 1 (the left) and 2 (the middle) when a fault occurred at bus 3 and is 
not fully cleared by partially tripped lines of bus 2 to 3: with using the WPP and with using the DEM. The dominant 

eigenvalues of the power system (the right): before and after the fault. 

 

 

Fig. 6.8 Trajectory of the dominant eigenvalues of the power system where the impedance of transmission line 
between bus 2 and 3 is gradually increased from 1 to infinite value. 
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Fig. 6.9 Rotor speed variations of generating unit 1 (the left) and 2 (the middle) when a fault occurred at bus 4 and is 
cleared by fully tripping lines of bus 3 to 4: with using the WPP and with using the DEM. The dominant eigenvalues 

of the power system (the right): before and after the fault. 

 

 
Fig. 6.10 Rotor speed variations of generating unit 1 (the left) and 2 (the middle) when a fault occurred at bus 13 and 

is cleared by fully tripping lines of bus 3 to 13: with using the WPP and with using the DEM. The dominant 
eigenvalues of the power system (the right): before and after the fault. 

 

 
Fig. 6.11 Rotor speed variations of generating unit 1 (the left) and 2 (the middle) when a fault occurred at bus 5 and is 
cleared by fully tripping lines of bus 4 to 5: with using the WPP and with using the DEM. The dominant eigenvalues 

of the power system (the right): before and after the fault. 
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Fig. 6.12 Rotor speed variations of generating unit 1 (the left) and 2 (the middle) when a fault occurred at bus 12 and 

is cleared by fully tripping lines of bus 9 to 12: with using the WPP and with using the DEM. The dominant 
eigenvalues of the power system (the right): before and after the fault. 

 

 
Fig. 6.13 Rotor speed variations of generating unit 1 (the left) and 2 (the middle) when a fault occurred at bus 13 and 

is cleared by fully tripping lines of bus 12 to 13: with using the WPP and with using the DEM. The dominant 
eigenvalues of the power system (the right): before and after the fault. 
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7.3 Simulation B 

This section presents simulation tests using the DEM developed in chapter 5. For the tests, a WPP model using 
the local-frame network model 1 is applied and the corresponding DEM is obtained using the data generated with 
the full detailed of the WPP model. To interface the WPP model and its DEM into the power system, the method in 
subsection 2.2.3 is used. 

7.3.1 Test system 

 
Test system for simulations is shown in figure 6.14. The WPP consists of 49 wind turbines (28 × type 1 and 21 × 

type 3) that are irregularly placed, as shown in the left of figure 6.14. The first column turbines directly facing the 
wind experience a wind speed of 17 m/s, while the other turbines experience only about 15.5 - 16 m/s owing to the 
wind wake effect. The rate wind speed for wind turbines is chosen 14m/s and thus all turbines have their pitch 
angles adjusted. The system parameters of the WPP are the same as those used for the simulation test in chapter 5. 
However, while the WPP used in chapter 5 was nonlinear model, in this subsection, the WPP is linearized on the 
operating points with respect to the wind speeds and used for the simulation tests. The DEM is also derived using 
the linearized WPP. 

The power generated from one WPP at the wind speed is 96.7 MW with -4.27 Mvar, and it is assumed that two 
additional identical WPPs are connected to bus 16, which is done by amplifying the output power of the original 
WPP threefold. In the right of figure 6.14, it is seen a test system with a base power of 100 MVA in which two 
generating units with identical cost functions were assumed; the optimal operating conditions of these were 
determined by solving the optimal power flow problem. Based on the solution, generating unit 1 (at the swing bus) 
produced 794.18 MW with 325.3 Mvar and unit 2 produced 788.45 MW with 403.31 Mvar. 

The performance of the DEM proposed in chapter 5 is verified by using the test system shown in figure 6.14. The 
wind turbines were clustered by respective types and wind powers, producing six groups and, correspondingly, six 
equivalent wind turbines. The slow dynamic model of the WPP is used and it has 203 state variables, while the 
DEM has 9 state variables. 

To determine whether the DEM produced the same effect on the power system as the WPP, the rotor speed 
variations in generating units 1 and 2 were observed when a fault occurred and was cleared. 

 

 

Fig. 6.14 Test system for simulation B 
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7.3.2 Results 

First, it is assumed that a fault occurred at bus 3 and that the lines of bus 2 to 3 were disconnected 0.1 s after the 
fault. No power was transferred to the load connected at the bus 2, and thus powers generated from unit 1 and 2 
were reduced accordingly. By the reduced powers, the damping abilities of generating units were expected to 
increase. Figure 6.15 shows the rotor speed variations of generating unit 1 and 2. It is seen that, for both the WPP 
and DEM, the variations in rotor speed converged over time. The right figure shows the eigenvalues of the 
corresponding power systems, where one is with using the WPP and the other is with using the DEM. Although 
there is a very small displacement between the most dominant poles, which determine the system stability, of the 
power systems, it is negligible in terms of the stability issue. 

Second, it is assumed that three of the four lines from bus 2 to bus 3 were disconnected, causing the impedance on 
the remaining line to increase fourfold. In this case, the generating units 1 and 2 should generate more reactive 
power to meet the load connected at bus 2, and it causes the damping ability of generating units to decrease so that 
the power system is unstable. Figure 6.16 shows the variations in rotor speed diverged fast over time for both the 
WPP and the DEM and the right figure shows the dominant eigenvalues of the corresponding power systems. Here, 
one thing is noticed that the power system with the WPP has two more dominant eigenvalues compared to the power 
system with the DEM. It is expected that the dynamics of the power system appear by the combination of these two 
dominant and the most dominant eigenvalues, but the divergence is mostly determined by the most dominant 
eigenvalue in this case. As seen the power system with the WPP has the smaller dominant eigenvalue than that with 
the DEM, and thus it diverged slower than the power system with the DEM. 

Third, a fault occurred at bus 3 and the lines from bus 3 to bus 4 were disconnected. No power was transferred 
through the lines, and thus powers generated from unit 1 and 2 were changed accordingly. Figure 6.17 shows the 
rotor speed variations of generating unit 1 and 2 diverged slowly over time, for both the WPP and the DEM. The 
right figure shows the dominant eigenvalue moved from the right side, which is accountable for the power system 
being unstable. The figure also shows that the dominant eigenvalues of the power system with the DEM are the 
same as those with the WPP. 

Fourth, a fault occurred at bus 13 and the lines from bus 3 to bus 13 were disconnected. Figure 6.18 shows the 
rotor speed variations of generating units 1 and 2 converged over time, for both the WPP and the DEM. In the right 
figure, the most dominant eigenvalue was moved to the left side and one existed out of the graph was moved to the 
right side, so they become complex eigenvalues. This figure also confirms that the eigenvalues of the power systems 
with the WPP and DEM moved in the same pattern. 

Fifth, a fault occurred at bus 5 and the lines from bus 4 to bus 5 were disconnected. Figure 6.19 shows the rotor 
speed variations of generating unit 1 and 2 diverged slowly oscillating over time, for both the WPP and the DEM. 
The right figure also confirms that the dominant eigenvalues of the power sistem with the DEM moved the same as 
those with the WPP. 

Sixth, a fault occurred at bus 12 and the lines from bus 9 to bus 12 were disconnected. Figure 6.20 shows the rotor 
speed variations of generating unit 1 and 2 slowly diverged, for both the WPP and the DEM. The right figure shows 
that the movements of the dominant eigenvalues are similar as the fifth case, but they moved to the right side more.  

Seventh, a fault occurred at bus 13 and the lines from bus 12 to bus 13 were disconnected. Figure 6.21 shows the 
rotor speed variations of generating units 1 and 2 with using the WPP, and with using the DEM. The variations 
diverged very fast over time for both the WPP and the DEM. As seen in the right figure, the most dominant 
eigenvalue moved far to the right side in the right half-plane. 

Lastly, we might mistakenly conclude the DEM performance is relatively inaccurate by the result shown in the 
figure 6.16, 20, and 21 owing to the small dissimilarities between the curves. However, when any of states in power 
system diverge quickly, it results in large difference in the state even by very small difference in system parameters 
of the WPP and the DEM. Thus, it will be adequate to check if the power system with the DEM becomes stable or 
unstable in a manner consistent with the WPP to confirm the DEM’s validity.  

More tests were carried out to confirm the consistent effects of the DEM on the power system. Figure 6.22 show 
the results for six different faults. The results shows that the variations in the rotor speed, with using the WPP and 
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with using the DEM, are dynamically alike (slightly more or less), and the results confirm that the DEM is valid on 
power system dynamic study. 

 
 
 
 
 
 
 

 
Fig. 6.15 Rotor speed variations of generating unit 1 (the left) and 2 (the middle) when a fault occurred at bus 3 and is 
cleared by fully tripping lines of bus 2 to 3: with using the WPP and with using the DEM. The dominant eigenvalues 

of the power system (the right): before and after the fault. 

 
 

 
Fig. 6.16 Rotor speed variations of generating unit 1 (the left) and 2 (the middle) when a fault occurred at bus 3 and is 
not fully cleared by partially tripped lines of bus 2 to 3: with using the WPP and with using the DEM. The dominant 

eigenvalues of the power system (the right): before and after the fault. 
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Fig. 6.17 Rotor speed variations of generating unit 1 (the left) and 2 (the middle) when a fault occurred at bus 4 and is 
cleared by fully tripping lines of bus 3 to 4: with using the WPP and with using the DEM. The dominant eigenvalues 

of the power system (the right): before and after the fault. 

 
 

 
Fig. 6.18 Rotor speed variations of generating unit 1 (the left) and 2 (the middle) when a fault occurred at bus 13 and 

is cleared by fully tripping lines of bus 3 to 13: with using the WPP and with using the DEM. The dominant 
eigenvalues of the power system (the right): before and after the fault. 
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Fig. 6.19 Rotor speed variations of generating unit 1 (the left) and 2 (the middle) when a fault occurred at bus 5 and is 
cleared by fully tripping lines of bus 4 to 5: with using the WPP and with using the DEM. The dominant eigenvalues 

of the power system (the right): before and after the fault. 

 
 

 
Fig. 6.20 Rotor speed variations of generating unit 1 (the left) and 2 (the middle) when a fault occurred at bus 12 and 

is cleared by fully tripping lines of bus 9 to 12: with using the WPP and with using the DEM. The dominant 
eigenvalues of the power system (the right): before and after the fault. 
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Fig. 6.21 Rotor speed variations of generating unit 1 (the left) and 2 (the middle) when a fault occurred at bus 13 and 

is cleared by fully tripping lines of bus 12 to 13: with using the WPP and with using the DEM. The dominant 
eigenvalues of the power system (the right): before and after the fault. 

 
 

 
Fig. 6.22 Rotor speed variations of generating unit 1 and 2, when a fault occurred (a) at bus 7: line 4-7, (b) at bus 6: 

line 5-6, (c) at bus 10: line 5-10, (d) at bus 7: line 6-7, (e) at bus 10: line 9-10, and (f) at bus 10: line 11-10. 
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7.4 Conclusions 

In this chapter, simulation tests to verify the validity of the DEMs were finalized. Firstly, basic power system to 
be used for the simulation tests was introduced. The power system was derived on the basis of IEEE 39 bus power 
system introduced in the chapter 6. In addition, it is explained how the simulation tests were processed. Unlike 
nonlinear power systems whose system parameters are updated at every time instance, a linear power system uses 
updated system parameters on the basis of events which cause operating points to largely deviate from initially given 
conditions. Thus, to make it clear how the simulation tests are carried out, the process of the simulation was 
explained with an example.  

The sections of simulation A and B were allocated to prove the validity of the DEMs, specifically, when they 
were interacted with a power system. In simulation A, the DEM developed in the chapter 3, on the basis of 
aggregation technique, was used. In simulation B, the DEM developed in the chapter 5, on the basis of parameter 
identification technique, was used. The simulation tests were conducted by comparing the dynamics of the WPP and 
the DEM under several fault conditions. The simulation testing of the DEMs confirmed that they have the same 
effects on power system dynamics as a WPP model. 

The simulation results showed that the both proposed DEMs significantly reduced the order of the system without 
sacrificing accuracy. The usefulness of the DEMs increases with the number of wind turbines in the WPP, and they 
are expected to be useful not only for WPP design but also for power system dynamic study. 
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Chapter 8 

Conclusions 

 
As the number of large-scale wind power plants increase, their significant impacts on existing power system 

became inevitable, and thus large-scale wind power plants are required to contribute for the stable operation of the 
power system as conventional generating units. However, because the wind power plants are basically different from 
the conventional power plants in terms of structure, operation, and dynamics, lots of efforts to understand their 
fundamental characteristic, problems, and requirements for stable operations have been made over numerous 
researches. Dynamic study for wind power plants, in particular, is an important area because stable operation for 
both wind power plants and power system cannot be achieved without understanding their dynamic characteristics. 
Therefore, dynamic equivalent models of wind power plants are required for dynamics study of power system 
including wind power plants.  

As the dominant electromechanical dynamics are mostly slow frequency components due to the inter-area power 
transfer, power system dynamics are studied in terms of slow dynamics, and thus dynamic equivalent models of 
wind power plants are required to be developed to serve the purpose. This study was dedicated to develop fair 
dynamic equivalent models of wind power plants. The study extended over six chapters, each making contributions 
with a specific purpose.  

· Chapter 2 has been allocated to develop dynamic models of wind power plants. As dynamics of wind power 
plant are created by dynamics of individual wind turbines and their interactions, accurate dynamic models of 
wind turbines and models of networked cables between them were developed. Furthermore, dynamic models 
of wind turbines in their local frames and network models matching for the dynamic models were established. 
The models of wind turbines and network were combined to complete a dynamic model of wind power plants.  

· As the dynamic model developed in chapter 2 embodied complicated structure of wind power plants, the 
model became very complex. Therefore, reduced dynamic equivalent models (DEMs) of wind power plants 
(WPPs) were developed in chapter 3. In chapter 3, the concepts of equivalent model development using an 
aggregation technique were first introduced, and slow dynamic equivalent model of wind turbines was 
presented by using the aggregation technique. Also, how to develop an equivalent model representing 
multiple slow dynamic models of wind turbines was mentioned. Equivalent network models matching the 
equivalent models were developed. Finally, the equivalent models of multiple wind turbines and network 
models were combined to represent a DEM of a WPP.  

· Wind power plants are centrally regulated to contribute to the stable operation of power system. The central 
regulation can be achieved under the condition that all wind turbines are accurately tracking the references 
created from the control center of the wind power plants. Inadequately designed controllers decrease the 
damping in slow electromechanical dynamics, and thus the controlled system could be unstable when they 
interact with other systems. Therefore, a fair control design for individual wind turbines is required, and it 
was achieved in chapter 4. In chapter 4, Linear Quadratic Integral Regulator (LQIR) method was introduced 
and the gain matrix for the LQIR method was derived by solving linear programming, which was configured 
using the DEM developed in chapter 3, in a Linear Matrix Inequality (LMI) frame. The control design 
introduced in this chapter was used for simulation tests in this study. 

· In chapter 5, a linear DEM development technique based on measurements at point of interconnection as well 
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as equivalent wind speeds was introduced, which does not require the knowledge of system parameters and 
operating status. The DEM was adaptively developed using Recursive Least Square (RLS) method. In 
addition, nonlinear DEM development technique using neural network was introduced as a comparable 
method. It was noted that the linear DEM gives well-generalized performance while the nonlinear DEM 
requires large computation and training process. The adaptiveness and dynamic performance of the DEM 
was verified by simulation tests at the end of the chapter. 

· To verify the validity of the DEM proposed in chapter 3 and 5, a model of power systems was essential for 
simulation tests that interacted with power systems. Thus, power system modelling was introduced in chapter 
6. Since the DEM was developed in the rotating dq-frame, models of generating units and network in power 
system were represented in the dq-frame as well. Generating units sometimes includes power system 
stabilizer (PSS) to enhance stability of power system, and thus PSS design was also introduced. It was shown 
that network stability could be checked using dynamic network models. Although the dynamic network 
models are generally stable because the network simply consists of resistance, inductance, and capacitance, 
they could be unstable if high frequency components were injected into the network due to improper control 
or system structure. It was proved with simple tests using a dynamic network model. As static network 
models can be used in cases where a dynamic network model is stable under the assumptions of improper 
high frequency components damped out fast, lumped (reduced) static network models with three different 
types of loads were introduced: 1) admittance loads, 2) constant current loads, and 3) constant power loads. It 
was shown that the lumped network model could be useful when applying either constant current loads or 
constant power loads. Also, the effects of PSS on power system using network models with different loads 
were briefly studied. At the end of the chapter, by using IEEE 39 bus system, an example of dynamics in 
power system by a fault condition was shown.  

· In chapter 7, it was proved the proposed DEMs are valid with respect to dynamic study on power systems 
interacted. Firstly, a basic power system was introduced, and then the DEM performances were compared 
with those of the WPP, where both interacted with the power system. The simulation tests were carried out 
under several fault conditions, and simulation testing of the DEMs confirmed that they have the same effects 
on power system dynamics as the WPP.  

This entire study has been devoted to develop accurate dynamic models of wind power plants and the 
corresponding dynamic equivalent models, and to verify their validities. The dynamic equivalent models were 
achieved by using two different development methods: 1) equivalent slow dynamic models for groups of wind 
turbines within the wind power plant were developed and aggregated into an equivalent static network model to 
formulate a low-order DEM for a WPP, 2) a low-order DEM was adaptively developed using the RLS identification 
method on the basis of measurements of voltage and power at point of interconnection, and wind speeds. This study 
carefully verified the validity of the DEMs with simulation experiments. The proposed DEMs are highly beneficial 
when the number of turbines in a WPP is very large. We conclude the DEMs are useful not only for wind power 
plant design but also for power system dynamic study. 
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