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In the combinatorial discrepancy theory problem, one is given a base set [n] and a collection
of subsets Sy, ...,.S, C [n] and asked to color the elements of [n] so that each set S; is as
balanced as possible. This simple set-system based question has spawned a multitude of
generalizations and found many recent applications in various areas of machine learning.
In this dissertation, we introduce the discrepancy problem and its geometric generalization,
the vector balancing problem, and then prove two sets of results about applications of the
discrepancy problem to machine learning. To conclude, we prove a more abstract result
about the vector balancing constant for zonotopes. The first application to machine learning—
coresets for kernel density estimators—gives both improved bounds over existing results for
a variety of applications of interest, as well as a new chaining-based technique that allows
for a more data-driven approach to the problem. The second application—to quantization of
neural networks—is a new application of discrepancy theory that provides improvements over
existing algorithmic approaches to the problem. Finally, our results for vector balancing for

zonotopes address and nearly resolves an open conjecture, leaving only a logloglogd gap.
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Chapter 1
INTRODUCTION

1.1 Introduction to Discrepancy Theory and the Discrepancy Method

Discrepancy Theory, a subfield of combinatorics, assigns the following task: given a ground
set [n] := {1,...,n} and a collection of subsets S = {S, ..., S,,} C 2I", color each element of
[n] either red or blue so that each set S; € S is as balanced (in terms of color) as possible.
To make this question rigorous, we will consider colorings of the elements in [n], denoted by
maps X : [n] — {£1}. Then given a fixed coloring x of [n], we denote x(5;) := > ;s X(J)
for each i € [m] and define the discrepancy of S under x as

disc, (S) = max |x(S;)].

i€[m]
Then we can define the discrepancy of the whole set system S as the discrepancy of the
optimally chosen coloring, i.e.

. o N | -
disc(S) Xi[nr]rg?ﬂ}gg%!x(&)l X:[nr]rg?ﬂ}dlscx(‘s) (1.1)

We expect bounds on disc(S) to depend on the number of elements n, the number of sets
m, and the structure of the set system itself. A bound based on purely random colorings can

be obtained fairly immediately by applying the following standard theorem (see for example

[1])-

Theorem 1.1.1 (Chernov bound). Take independent random variables X, ..., Xy such that
Pr(X; = 1] = Pr[X; = —1] = 1/2. Then for any X\ > 0,

k
Zxk‘ > A\/E] < 2e™ /2
=1

pr[ 3



Applying Theorem 1.1.1 for A := y/2log(4m) to the discrepancy of each set S; together
with the union bound shows that with probability at least 1/2, the coloring gives a discrep-
ancy of O(y/nlogm). One of the most ground-breaking theorems in this area, colloquially

known as Spencer’s Theorem, successfully removes the logm term.

Theorem 1.1.2 (Spencer’s Theorem [66]). For any set system S with m > n sets on n

elements, one has
disc(S) = O(y/nlog(2m/n)).

In particular, for m = O(n), disc(S) = O(y/n).

Spencer’s original proof was based on a very non-constructive approach using the pigeon-
hole principle; in his original paper he demonstrated that finding a constructive solution
would be extremely challenging. Bansal [10] and Lovett and Meka [44] were nevertheless
able to successfully prove a constructive version of Spencer’s Theorem. We state Lovett and

Meka’s version below, which was the first to give bounds matching that of Theorem 1.1.2.

Theorem 1.1.3. For any set system S with |S| = m on base set [n], there ezists a randomized
algorithm running in time O((n+m)3)* that with probability at least 1/2 computes a coloring
X : [n] = {1} such that

disc, (S) < K+/n -logy(m/n)

for K >0 a universal constant.

For several conjectured generalizations of Spencer’s Theorem, see Section 4.1. In order
to prove his theorem, Spencer introduced a more general linear-algebraic formulation of
the combinatorial discrepancy problem. This generalization, called the matriz discrepancy
problem, can be formulated as follows: given a matrix A € [—1,1]™*", find signs = €
{£1}" to minimize ||Az|. The discrepancy of A is disc(A) := minge(i1)n [|A2||o. If we

represent the set system S by its incidence matrix A € {0,1}™*" then we immediately

10 suppresses polylogarithmic factors.



obtain disc(A) = disc(S); however, this generalization also captures many other problems of
interest, including a further geometric generalization introduced in Section 1.2.

The matrix discrepancy problem has drawn significant interest from machine learning
applications, to the extent that such approaches have been dubbed the discrepancy method.
For a summary of this method, see the excellent book of Chazelle [20]. Broadly speaking,
the mathematical content of these applications involves analyzing the combinatorial and/or
geometric structures introduced by collections of matrices derived from specific machine
learning problems. We will describe two such approaches in Chapters 2 and 3; in particular,
the problem described in Chapter 3, quantization of neural networks, is a new application
of the discrepancy method, introduced in our paper [6]. For a few other examples of ap-
plications of the discrepancy method see [53] for a connection to differential privacy and
[35] for the best-known approximation algorithm for the Bin Packing problem. Algorithmic
solutions to discrepancy problems—such as Theorem 1.1.3-have been extremely important in
the discrepancy method, as from the standpoint of applications, computational feasibility is

essential.

1.2 A Geometric Version of Discrepancy Theory: Vector Balancing

In this section we introduce an interesting geometric generalization of the discrepancy theory
problem, called the vector balancing problem. Given n € N and two norms || - ||4, || - ||» on
R?, the vector balancing problem asks the following: given a collection of vectors v1, ..., v,

such that ||v;]|, < 1 for all i € [n], find an assignment of signs ¢ € {£1}" to minimize

lervr + - + envnlp-

The n-vector balancing constant of || - ||, and || - ||y is the best bound that holds for any

selection of n such vectors:

vbo (| < oy 1] - Ils) := max min ||eqv1 + -+ €,00|p-
V1yeoeUnt |JUi|la <1 e€{1}"



We can also define the wector balancing constant, where one may choose any number of
vectors:

b(]] - . =5 a i 101 + -+ +¢€ .
O llas [ - llo) :=sup - maxe | min e nUn|lo

One may also define these quantities in an equivalent, more geometric way, using the
Minkowski norm: for a given symmetric convex body K C R?, one obtains the corresponding
Minkowski norm on R%:

|z]| g := min{\ > 0:2 € AK}.

Then one can equivalently state the above definitions in terms of symmetric convex bodies

K,Q C R% the n-vector balancing constant of K and @ is

vb, (K, Q) :=inf{r >0: Yuy,...,v, € K, Je € {£1}" s.t. 01 + -+ + €0, € rQ},
and similarly the vector balancing constant is
vb(K,Q) :=inf{r >0: VYn e N, Yu,...,v, € K, Je € {£1}" s.t. gyv1 + -+ + €,0, € TQ}.

The following surprising result of Lovasz, Spencer, and Vesztergombi relates these two

definitions [45].
Theorem 1.2.1. For any symmetric convex K,Q C R?,
Vb(K7 Q) < 2. Vbd(K’ Q)

In practice, this means that it suffices to consider the case where one has O(d) vectors.

To see that the vector balancing problem is a generalization of the matrix discrepancy
problem, fix the maximum norm || - ||, on R? and consider the task of balancing vectors
V1, ..., v, € BL. Defining a matrix M € R¥" with columns vy, ..., v,, we see that indeed

M € [—1,1]%", and that for a fixed assignment of signs ¢ € {£1}",
”M€||OO = ||5lvl+"'+5nvn”ooa (12)

which directly recovers the vector balancing problem vb(B< , BZ). Using this example, we

can interpret Spencer’s theorem as a vector balancing result.



Theorem 1.2.2. Forn,d € N with n < d,

vbo(BL, BL) = @(s/n log(2d/n)>. (1.3)

Further combining with Theorem 1.2.1 shows that in fact vb(B%, BL) = ©(Vd) (a
matching lower bound can be explicitly constructed with Hadamard matrices).

Many results exist for a wide variety of vector balancing settings; we highlight a few that
will be of particular use for our work and then close the section by mentioning other related
results of interest. The primary vector balancing tool that will be of use in our work (see
Chapter 2 and Chapter 4 in particular) will be the following theorem of Banaszczyk [7] and
its corresponding algorithmic version [9]. By 74 we denote the standard Gaussian measure

on R%; see Section 4.1.3 for more details.

Theorem 1.2.3. Let K C RY be any convex body with v4(K) > 1/2. Given any vectors

V1, .., U € BY, there exist signs € € {£1}" so that
€11 + -t ERU, € CK,
for C >0 a universal constant.

Similar to the story of Spencer’s theorem, for a long time this result was purely non-
constructive; the first complete proof of a constructive version is due to Bansal, Dadush,
Garg, and Lovett [9]. We will state a version of the algorithmic result based on the theory of
subgaussian random variables in Appendix A. One aspect of Banaszczyk’s theorem that is
particularly interesting is that it produces a coloring without relying on the partial coloring
method, first introduced by Beck in [13] and used by Spencer [66]. The partial coloring
method constructs a coloring vector {#1}" by iteratively coloring a constant fraction of the
remaining coordinates until a full coloring has been obtained. To this end, we make the

following definition: a vector x € [—1,1]™ is a good partial coloring if

i eln: = e {=1,1}}| = n/2.



The following result, which we will use in Chapter 4, shows a connection between the

existence of good partial colorings and Gaussian lower measure bounds on sections of convex

bodies [58].

Theorem 1.2.4. For any o > 0, there is a constant ¢ := c(a) > 0 and a randomized
polynomial time algorithm that for a symmetric convex body K C R", a 2n/3-dimensional
subspace F' C R™ with vp(K N F) > e ", and a shifty € (=1,1)", findsx € ¢c- KN F so

that © + vy 1s a good partial coloring.

In addition to the results mentioned above, many other interesting results are known
for various vector balancing problems, of which we list several. It is well-known that
vb(BY, BY) = V/d [62, 19, 68]. This result, along with Spencer’s Theorem, were general-
ized to a colorful setting in [2]. It is also well-known that vb(B¢, B¢) = ©(d), and Beck and
Fiala proved that vb(B¢, BZ) < 2. The long-standing open Komlés conjecture posits that
vb(B4, BL) = O(1); the strongest known result is O(y/log d), implied by Banaszczyk’s theo-
rem [7]. There are also many interesting online versions of the vector balancing problem, as
well as related combinatorial games [67, 40]. Finally, for a summary of classic vector balanc-
ing results, see [30]. Many classical vector balancing results are surveyed by Giannopoulos
[30]. Vector balancing in the plane was studied by Swanepoel [70] and Lund, Magazinov
[46]. Online versions of vector balancing and related combinatorial games were considered
by Spencer in [67, 69]. Various anti-balancing questions were discussed by Banaszczyk [8]

and Ambrus, Gonzalez Merino [3].
1.3 Summary of Topics to Be Covered

To conclude Chapter 1, we summarize the work that will be presented in this dissertation. In
Chapter 2, we cover improved bounds for the problem of finding coresets for kernel density
estimators, an application of the discrepancy method. In particular, we develop a new
technique based on chaining (see Appendix A for more details) that allows dataset specific

considerations not possible using previous techniques, and we show improved bounds for a



wide variety of kernel functions. The complete work can be found in [17]. In Chapter 3, we
describe a new application of the discrepancy method to the problem of quantizing weights
for neural networks. In this dissertation we focus on the theoretical portion of the work; for
more details on the applications and experimental results, see [6]. In Chapter 4, we present
a more abstract, geometric result in vector balancing that generalizes Spencer’s Theorem to
the setting of zonotopes [34]. In addition, in order to prove the existence of good partial
colorings for zonotopes, we prove a lower bound on the Gaussian measure of sections of
zonotopes that generalizes a similar result for the cube [77], and is of independent interest.
Finally, in Chapter 5 we provide a brief summary of the results obtained and a few directions

for future research.



Chapter 2
e-CORESETS FOR KERNEL DENSITY ESTIMATORS

In this chapter we develop a new chaining-based technique using the discrepancy method
to tackle the problem of the coreset complexity of kernel density estimators from machine
learning. In addition to giving improved bounds on the coreset complexity of a wide class of
kernel functions, our technique allows one to give bounds dependent on the geomertry of the
data, offering a strong advantage for practical applications. In Section 2.1 we introduce the
application of interest, coresets for kernel density estimators, followed by an overview of how
the discrepancy method can be applied to this problem in Section 2.2. This is followed by a
summary of existing results in Section 2.3 and the statement of our main results in Section
2.4. We complete the chapter with the proofs of our main results and a summary of their

applications of interest in Sections 2.5 and 2.6, respectively.

2.1 Kernel Density Estimation and the Coresets Problem

Kernel density estimators provide a non-parametric method for estimating probability dis-
tributions. In contrast to parametric machine learning models, in which a set of training
data is used to determine an optimal parameter vector which can be used to predict future
outcomes without the training data, for non-parametric methods the number of parameters
of the model has the capability to grow as the size of the dataset grows. Our paper will focus
on the task of kernel density estimation, in which one estimates a probability distribution
using kernel functions of the form I : DxD — R. Kernels are often defined with a bandwidth
parameter 1/« that controls the width of the kernel function.

Given a probability distribution p and a collection of points X = {z1,...,xz,} ~ p sam-

pled independently, it is well known that for certain well-behaved kernel functions K, the



distribution p can be approximated very well by the kernel density estimator (KDE)
1
KDE =— K(x;,y).
x(y) =~ ; (i)

In particular, it is known that under certain conditions on the kernel function, KDEx ap-
proximates p at the minimax optimal rate as | X| — oo [76].

Although this is an elegant theoretical result, in practice it is computationally inefficient
to store and make computations with an arbitrarily large number of data points n. One
solution to reduce the computational complexity is to use an e-coreset for a kernel density

estimator.
Definition 2.1.1 (KDE e-coreset). For fized ¢ > 0, kernel function K : D x D — R, and
data set X C D, an e-coreset for K is a subset () C X so that

1 1
IKDEx (y) — KDEg(y)||oc = sup ‘7 Y K(zy) - ZK(q,y)‘ <e.
yeD ‘ ‘ zeX ’Q‘ qeQ

We will say that the coreset complexity of a kernel function K is the minimum possible size

of a e-coreset Q) for K.

In general, coreset complexity bounds will depend on € and the dimension d of the kernel
domain, and they will be independent of the size of the set X. These bounds are also often
independent of the choice of X C D, although several previous results and several of our
results give an explicit dependence on X that may allow improvement over existing bounds
for sufficiently nice data sets. In particular, several of our bounds will depend on the radius
of the set X. For more details about non-parametric methods and kernel density estimation,

see for example [76].

2.2 The Discrepancy Method for Coresets for KDEs

One powerful method for proving bounds on the coreset complexity of kernel functions is the
discrepancy approach. 1t has also been used in [55, 72, 57, 39] and is based on a method for
computing range counting coresets [21, 57, 15, 56]. Following the notational conventions of

[55], we make the following definition.
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Definition 2.2.1 (Kernel Discrepancy). Given a data set X C D, a kernel K : DxD — R,
and a coloring B € {£1}X, the kernel discrepancy at a point y € D is defined as

disck (X, B,y) == ‘ Zﬁ(m)K(x,y) :

zeX

The kernel discrepancy can then be defined as

discg(n) = max min max discg (X, B, y).
)I(Xng: pe{£1}X yeD
=n

We will also use the notation discx (X) to denote the kernel discrepancy with respect to
a fixed data set X.

We can interpret Definition 2.2.1 in terms of both matrix discrepancy (see Section 1.1)
and vector balancing (see Section 1.2). For both it will be necessary to make the simplifying
assumption that the domain D of the kernel function is finite; this assumption can be realized
by discretizing the domain using a sufficiently fine epsilon net. Such a tool is used in [55], and
one of the main advantages of our chaining-based technique will be removing this restriction.
Assuming that |D| = d, then we note that defining the kernel matriz AX € R>" with
A = K(y,z)) for i € [d), j € [n],

disc (n) = disc(A%). (2.1)

Similarly, for each data point x;, j € [n], we can define a vector v; € R? with entries v;- =
K (y;,z;), and then ask to balance vy, ...., v, in the maximum norm to obtain disck(X). In
these interpretations, we are then in practice studying the geometric and analytic properties
of vectors and/or matrices defined using a variety of kernel functions.

In order to obtain useful results about the discrepancy of such “kernel matrices”, it is nec-
essary to make a few basic assumptions about the underlying kernels. One such assumption

is of significant importance, and so we introduce it here.

Definition 2.2.2. A kernel K : D x D — R s said to be positive definite if given any
selection of points x1,...,x, € D, the Gram matriz G given by G;; = K(z;,x;) is positive

definite.
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Positive definiteness has played a variety of roles in previous approaches to this problem:
for example, in [55] Phillips and Tai use the decomposition property of positive definite
matrices to write Ax as Ax = BTB and then leverage this decomposition to bound the
matrix discrepancy. Our result relies instead on the theory of reproducing kernel Hilbert

spaces, described by the following famous theorem [4].

Theorem 2.2.1 (Moore-Aronszajn, 1950). Let T be a set and K a positive definite function
onT xT. Then there is a map ¢ : T — Hy to a unique corresponding Hilbert space Hy so

that for any s,t € T,
K(s,t) = (6(5), ()1, -

The Hilbert space Hy is called the reproducing kernel Hilbert space (RKHS) associated

to K. Using this theorem, one can make the following definition.

Definition 2.2.3. The kernel distance associated to a kernel function K 1is the function

Di(z,y) := [[o(z) = ()l

Here ||Allx, = /{h, h)#, is the Euclidean norm in H. In general, it is only true that Dy
is a pseudometric on the domain of K; however, this is all we will need for our proofs. Almost
all of the kernels commonly used in machine learning applications are positive definite.

We close this section by explaining how bounds on kernel discrepancy can be leveraged to
obtain bounds on the coreset complexity for a given kernel K. The strategy is the following,
often called the “halving trick” [21, 15, 56]: we construct a coreset of X by iteratively
removing half of the points in X, and we select which half of the points are removed by
creating colorings 3 € {£1}* minimizing the kernel discrepancy and then removing those
points assigned —1 (in principle, there is no reason to expect that exactly half of the points
are assigned +1, and half —1, but there are standard techniques to overcome this challenge
[49]). Indeed, supposing that we have an optimal choice of signs 3 € {41} such that

sup| 3 B(x) K (x,y)| < f(n).

yeD zeX
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then we simply note that, letting X+ be the set of points assigned +1 and X~ be the set of

points assigned —1, then under the assumption that | X | = |X|/2, for any y € D,
pla) K (x,y) z,9) K(z,y)
|)(|;§; |)(‘x2;; |)(‘ng;
(2.2)
S K- X K
Xl & - X Z

Taking a supremum over y € D, the final line of (2.2) is exactly KDEx(y) — KDEx-(y).
Thus, iterating this procedure ¢ times, and denoting the resulting set at iteration s by X

(with Xy := X), we find that

IKDEx — KDEx, || <> [[KDEy,_, — KDEx, ||«

s€E[t] SGM

/23 1)

Assuming that the function f grows sufficiently slowly!, this sum will be dominated by the
final term, which allows us to calculate the size of a coreset yielding error at most €. Based
on this connection, our proofs will focus on bounding the quantity disck(n) for different
kernels K (or in some cases discx (X), when we want to account for the geometry of the data
set X), and then the “halving trick” can easily be used to determine the corresponding size

of the coreset thus obtained.

2.3 History of the Coresets for KDEs Problem

The problem of coreset complexity for a wide variety of kernel functions has been studied
for several decades. Early approaches focused on random samples [64, 61, 37], but more
recently analytic approaches and new algorithms have been discovered, leading to much
stronger bounds. We provide a brief summary of previous approaches and results.

Joshi et al. [38] used a sampling technique to prove a bound of O((1/&2)(d + log(1/6)))
on the coreset complexity of any centrally symmetric, non-increasing kernel, where ¢ is
the probability of failure. Fasy et al. [27] used sampling to prove a different bound of
O((d/e®)log(dA/ed)), where A := asup, cx ||z — 2'[|2 is the diameter of the data set. This

Tt suffices if f(n) < n¢ for some fixed constant 0 < ¢ < 1.
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result may improve upon that of Joshi et al. in the case that K (z,x) > 1, and it also applies
to the broader class of Lipschitz kernels.

The following collection of results applies to the collection of characteristic kernels, a
subset of positive definite kernels that satisfy the additional property that the mapping ¢k
into the associated RKHS is injective, which implies that the induced kernel distance Dy is
a metric. This class contains many, though not all, positive definite kernels, with a notable
exception being the exponential kernel (see Theorem 2.6.1). Again using random sampling,
Lopaz-Paz et al. [43, 51] gave a simpler bound of O((1/?)log(1/4)).

Improved results were proved using an iterative technique called kernel herding introduced
by Chen et al. [22] to solve a closely related problem called kernel mean approzimation, which
is shown to upper bound kernel density approximation in the case of reproducing kernels
22, 65]. Chen et al. proved a bound of O(1/(erx)), where rx is the largest radius of a ball
centered at ﬁzxex ¢r(r) € Hg that is completely contained in conv{¢p(z) : = € X}.
This paper claimed that ry is always a constant greater than 0; however, Bach et al. [5] gave
a new interpretation of the algorithm and argued that although ry is arbitrarily small for
continuous distributions, the constant 1/rx is finite when X is finite. Their interpretation
provided a bound of (1/r%)log(1/¢). Bach et al. also provided a bound of O(1/£?) in the
case of weighted coreset complexity, where points in X can be assigned a non-negative weight,
and this result was later improved to the setting of unweighted coresets [41].

Harvey and Samadi [32] applied the kernel herding technique to an even more general
problem called general mean approzimation in R? to provide bounds on the coreset complex-
ity of order O((1/¢)y/nlog*®(n)), where n = | X|. The dependence on n is introduced by the
worst case outcome of manipulating ry using affine scaling. Locoste-Julien et al. [41] showed
that actually one can take n = O(1/e?) which improves the bound to O((1/2)log>°(1/¢)).

The next collection of bounds applies to Lipschitz kernels, that is, kernels where we can
bound the Lipschitz factor Ck := maxgy .cp W of K. In the case that Ck is
a small constant, as is the case for most kernels of interest, it is easy to see that taking a

2¢/(Cxv/d)-net G- over the domain of K and mapping each point 2 € X to the closest point
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in G. (with multiplicity) to obtain X, we find that sup,cp |[KDEx(y) — KDEx,_(y)| <
e. Cortes and Scott’s work on the sparse kernel mean problem [24] combined with the
discretization argument above implies a bound of O((A/g)?) on the coreset-complexity, in

the case that A is bounded.

Phillips [57] O((ar/e)24(@+2) |og¥ (442 (o /) Lipschitz, PD
Phillips and Tai [55] Vdlogn Lipschitz, PD
Tai [72] 20(d) Gaussian
New 200, floglog n Laplacian
New O(y/dlog(radiusX + logn)) Gaussian, Laplacian
New O(y/dlog(2 max{a,1})) Exponential, JS, Hellinger

Table 2.1: Results from the Discrepancy Approach

Phillips [57] first used the discrepancy method to show a bound of
O((a/e)* D 10g" ™ (a/e))

for kernels with a Lipchitz factor Cx = O(«). Using a sorting argument, Phillips also showed
in this paper that for d = 1 one can achieve a coreset of size O(1/¢), matching a tight lower
bound. Note that in general the coreset complexity is always bounded below by O(1/¢),
as can be seen by taking O(1/e) points that are spread far apart [57]. Phillips and Tai
[55] improved these results by combining the discretization approach with the discrepancy
approach to give a bound of O((1/¢)y/dlog(1/¢)) for any positive definite, Lipschitz kernel
with bounded influence, a restriction similar to the impact radius condition that we will
define. This result applies to a very wide class of kernels, including all of the kernels that
we will discuss in our paper, and also the sinc kernel, for which no earlier non-trivial bounds
were known. They also provide a lower bound of Q(v/d/e) for d € [2,1/€%), and a tight
lower bound of O(1/£?) in the case that d > 1/&2, for all shift and rotation invariant kernels

that are somewhere-steep. Tai [72] later proved that for d constant, the Gaussian kernel
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has coreset complexity O(1/¢), matching the optimal lower bound in terms of €. This result
supresses an exponential dependence on d, but is still interesting for small-dimensional data
sets.

Finally, a related but not directly comparable result due to Karnin and Liberty [39]
applies to kernels that are analytic functions of the dot product and satisfy the very strong
condition that sup, ,cp ||# — 2’|l < Rk, where Rk is a fixed constant determined by the
kernel K. In this setting, they show a bound of O(v/d/¢) on the coreset complexity. However,
as we will see, for kernels such as the Gaussian or Laplacian kernel, one can only assume that
sup,, yrep || —2'||2 < nlogn, where n = | X|, and thus this result does not apply. Their result
can however be interpreted to give a bound of O(a exp(a)v/d/e) on the coreset complexity of
the exponential kernel, as in this case the domain of the kernel function does have constant

diameter.
2.4 Our Results

In order to state our main results, we will need to introduce the following notation related

to kernel density estimation.

Definition 2.4.1 (Impact Radius). Given a kernel K : D x D — R for D C R, we define

the impact radius of K as
rg(n) =inf{r>0: |lz—yls >r = |K(z,y)|<1/n Va,y e D}.

Definition 2.4.2 (Query Space). Given a kernel K : D x D — R and a data set X C D,
we define the query space of K with respect to X as
Q={yeD: IweX st oyl <re(XN} =20 (| @+ re(X)B)).
zeX
Note that in general both the impact radius and the query space may depend explicitly
on the bandwidth parameter o, but this dependence often cancels out, making the bounds

obtained independent of . One notable exception where this cancellation does not occur is
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when the domain D of the kernel is compact, for example for the exponential, Hellinger, and
Jensen-Shannon kernels; we return to this idea in Section 2.6.

We also note that in the event that the query space () given by a particular data set
is disconnected, it suffices to consider the largest connected component of (). To see this,
note that by the definition of impact radius, the query points and data points from distinct
connected components do not interact, thus we can apply the same bound to each connected
component independently. For the proof of our results, we will assume that () is connected.

Our two main results will be in terms of the size of the query space and the impact radius
of the kernel, respectively. One of the key challenges in earlier applications of the discrepancy
approach was that the domain D is often R?, the sphere S?, the standard (d — 1)-dimensional
simplex A?, or some other potentially unbounded and/or uncountably infinite space. These
domains make bounding the discrepancy challenging, as probabilistic techniques are often
used, and the size of these spaces make the union bound ineffective. The following lemma
shows how the query space and impact radius can simplify this problem to at least ensure

that the domain is bounded for kernels with sufficiently nice decay properties.

Lemma 2.4.1. Let K : D xD — R be a kernel, X C D a data set, and () the query space
assoctated to K and X. Then

disck (n) < discg,(n) + O(1).

Proof. To prove the lemma, it suffices to show that for any y € D\ @, discx (X, 3,y) = O(1)
for all 3 € {&1}*. But this follows immediately, as we know by the definition of Q that for
any y € D\ Q and z € X, |K(z,y)| < 1/n. Thus

discx (X, 8, y) = ‘ 3 5(1;)K(3:,y)‘ <Y |K(y) < 1. O

zeX zeX

Earlier approaches using the discrepancy approach [55, 72] needed an even stronger ver-
sion of Lemma 2.4.1 for Lipschitz kernels that also ensured that the query space could be

made finite up to an O(1) error using the Lipschitz constant of the kernel and a sufficiently
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small e-net. This lemma provides an extra factor of y/logn in many results that we will
avoid by using chaining [79], a multi-step construction of e-nets (see Appendix A for more
details and related results).

Note that in general, for an arbitrary data set, the query space can have volume up to
nVoly(rx BY), as it is possible that the data points are well spread out and thus the impact
radii of data points do not intersect. This observation is why [39] cannot be applied to the
general Gaussian kernel, for example.

Our first result gives a discrepancy bound that depends explicitly on the choice of the
data set X C R,

Theorem 2.4.1 (H. and Rothvoss [17]). Let K : R? x R? — R be a kernel with bandwidth
parameter 1/a and X C R? be a dataset. Denote the query space of (K, X) by Q, and define
R = R(X) so that Q C RBY. If K satisfies the following properties:

(i) K is positive definite;
(i) K satisfies K(x,z) =1 for all x € Q;
(1)) K = k(allz —yll2), where k : Rsq — [—1,1] is strictly decreasing and continuous; and

(iv) The following bound holds, where [0,by) is the domain of the integrand:
br 2 2
/ \/ In 27“ >]dr:0(1);

disck (X) = O(y/dlog(2 max{Ra, 1})).

then

Moreover, there is a randomized algorithm that on input of X and K, finds an according

coloring 3 € {£1}* in polynomial time.

We will see in Section 2.6 that Theorem 2.4.1 can give strong improvements on the current
best known bounds on the coreset complexity for the Gaussian and Laplacian kernels in the

case that the data set X has bounded diameter. In particular, we have the following corollary.
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Corollary 2.4.1. Let K be a kernel satisfying the conditions of Theorem 2.4.1, and let
X C R? be any data set. Then

discx (X,n) < O(y/dlog(radius(X) + x=1(1/n))).

Note that because of the discretization necessary to prove Phillip and Tai’s bounds [55],
even in the case where the data set is bounded uniformly, the v/Iog n factor in their discrep-
ancy bound cannot be removed.

In the case where we do not want to account for the geometry of the data set X, we present

the following stronger bound in the case that the dimension d is taken to be constant.

Theorem 2.4.2 (H. and Rothvoss [17]). Let K : R? x RY — R be a kernel with bandwidth
parameter 1/a and X CR? a data set. If K satisfies the following properties:

(i) K is positive definite;
(i) K satisfies K(x,z) =1 for all x € Q;
(1)) K = k(allz —yll2), where k : Rsq — [—1,1] is strictly decreasing and continuous; and

(iv) The following bound holds:

/ObK \/—m {Hl (2 _2T2>]dr = O(1);

discg (n) = 29D \/log(k=1(1/n)).

Moreover, there is a randomized algorithm that on input of X and K, finds an according

then

coloring 8 € {1} in polynomial time.

We will see in Section 2.6 that Theorem 2.4.2 yields significantly stronger bounds than
[55] for several important kernels in machine learning, assuming the data is sufficiently low

dimensional.
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2.5 Our Proofs

For the proofs of Theorems 2.4.1 and 2.4.2 we will need the following results about covering

numbers. Let N(A, B) denote the number of copies of body B needed to cover A.

Lemma 2.5.1. For any conver set K C R? and r > 0, one has

Voly(K + ZBY)

N(K,rBy) <2 Vol,(rBY)
2

Lemma 2.5.2. For any symmetric convex body P C R? and r > 0, one has
N
N(P,rP) < <1+ —) .
r
We begin with the proof of Theorem 2.4.1.

Proof of Theorem 2.4.1. We may assume that Ra > 1, otherwise replace R by é Let
K :RYxR? — R and X C R? satisfy conditions (i)-(iv) outlined in Theorem 2.4.1. As K
is positive definite, there exists an RKHS Hy and a map ¢ : R — Hg so that

K(z,y) = (¢(x), 6(y))re Va,y € R%

We apply the Gram-Schmidt walk from Theorem A.0.1 to the vectors ¢(x) for z € X,
noting that by condition (ii), ||¢(x)||n, = 1 for each z € X. The algorithm yields a
distribution P over {£1}¥ so that the random variable ¥ := Y _ 8(z)¢(x), with § ~ P,
is O(1)-subgaussian. In particular, as we know that ||¢(y)||», = 1 for any y € @, the (mean
zero) random variable

Sy = (5,0(y) = Y Ble)K (x,y) = discx (X, 5,9)
zeX
is O(1)-subgaussian. We will apply Dudley’s integral inequality (see Theorem A.0.3) to the
mean zero process (X,),eq with the pseudometric D (z,y) = ||¢(z) — @(y)||2,, the kernel
distance defined in Section 2.2. To see why Dy satisfies the condition of Theorem A.0.3,
note that for any y,q € Q,

Var[s, — 22 = E[(Z, 6(y) — 6(a))1V? < 6(y) — (0|3 = Dic(y, 9).
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Thus by Dudley’s integral inequality,

diam(Dg)
E discg, (X) = Esug 1z, < / V9eg N(Q, Dic,7) dr + |12y, [l (2.3)
ye 0

for any fixed yo € Q. Here ||X,, ||y, = O(1), and so we may ignore this lower order term. To

estimate N (Q, Dy, r), we use conditions (ii) and (iii) to note that

1 . [2—=7?
Dr(q,y) =2 —-2k(allg—yl2) <r = ||q—y||2§an1( 5 )

where we use that x is strictly decreasing. From this calculation we conclude that

_ 2
N@Q D) =N (@l e 2n (255

Taking ¢ := élfl <E> for a moment, we can bound the quantity on the right using Lemma

2
2.5.1:

N(Q7 H ) HQ’C) = N(Q7 CBS)
< N(RBY,cBYS)

4 Vola((R+ £)BY) (2.4)
2
VOld(CBg)

(4R)d

<|— )

c

where we use Lemma 2.5.1 and ¢ < R (if ¢ > R then the covering number is trivially 1).

Using this bound in (2.3), we find

d
E discg, (X) S / log % dr
0 K =)

(55
diam (D)
S \/g/ log
0

4R

)
diam(Dg) 1

5 \/ leg(2ROé) + \/E/ log 1—2*7”2) dr
0 R\

< V/dlog(2Ra) + O(Vd).

dr

(2.5)




21

To justify these calculations, note that in the event that the quantity inside the radical is

negative, it means that

2
4Ra§ﬁ_1<2 27“ ),

and hence by (2.4) we know that N(Q, Dy, r) = 294, As diam(Dg) < 2, the domain of
r values for which this occurs has length < 2, so we can simply restrict the domain to this
point while losing at most an additive O(\/E) Note that as x is assumed strictly decreasing

. _ _ 2
and continuous, x~! (%

) is an increasing, continuous function of r. Thus in particular

k! (%) — 0 as 7 — 0, based on our assumption that K(x,z) = 1 for all x € R%. Finally,

by Lemma 2.4.1,

E discx (X) < E discg, (X) + O(1) S v/dlog(2aR). O

Next we prove Theorem 2.4.2, which gives improved bounds independent of the geometry

of the data set X.

Proof of Theorem 2.4.2. Fix a kernel K satisfying conditions (i)-(iv) with impact radius rg,
and let X C R? Fix the associated query space @ as given by Definition 2.4.2. As we
assume that K is positive definite and satisfies K (z,z) = 1 for all x € @), there exists a map
¢ : R — Hy, where Hy is a RKHS such that K(x,y) = (¢(z), ¢(y)) for all z,y € R, and
|¢(z)]|3, = 1 for all z € RY. We first find a maximal set of points ¢y, ..., ¢, € @ such that

llg; — qjll2 > ri for any i, j € [m]. We then partition the space () into disjoint cells
Q:=RU---UR,
so that

for each i € [m]. These cells also partition the set X into smaller sets X; := X NR;. We begin
with the set Xi; because the conditions in Theorems 2.4.1 and 2.4.2 are the same, by identical

arguments to the proof of Theorem 2.4.1 we obtain an O(1)-subgaussian random variable
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Xi= ek, B (2)p(z), where 1) ~ {£1}%1 is drawn according to the Gram-Schmidt
walk. Note that then for any y € @, as ||¢(y)||2x = 1, the random variable

S y) = (0), =) = (o). Y BV() - o))

reXq

is also O(1)-subgaussian.

Repeating this argument, for each j € [m], we now have the collection of (mean zero)
O(1)-subgaussian random variables {37(y) : y € R;}. We fix j € [m]; then by our assump-
tion in (2.6), our query space R; has volume at most Voly(rx Bg). By a calculation analogous

to that in (2.4), we have that for all » > 0,

4 d
N(R;, Dk, 1) §max{< arK) ,1}. (2.7)
r
Here we note that because of our assumption that K(z,y) = k(a|x — y|l2) and the

definition of rx(n), we have for x,y with ||z — y|l2 = rx(n),

Kk H(1/n). (2.8)

I~

K(z,y) = k(arg(n)) <1/n = arg(n) <k *(1/n) = rg(n) <

Thus the quantity arg appearing in (2.7) can actually be bounded by a term independent
of a.. Note that by assumption (iii), k7! is a decreasing function. Thus by the same analysis

in the proof of Theorem 2.4.2, we have

diam(DK|Rj)
disci, (X1) S / \/log./\f(Rj,DK,r) dr = O(\/dlogk=1(1/n)).
! 0

Applying Dudley’s concentration inequality (see Theorem A.0.4) with u := Cyv/d yields
that
P{sup |Z'(y)|>C- C’o\/g} < 2¢79% (2.9)

yeRj

where C' is the constant from Theorem A.0.4 and Cy > 0.
Moreover, by standard packing arguments, this probability is in fact 0 for all but at most
20 choices of j € [m], as any R; not adjacent to (or the same as) R; will have distance

Q(rg) from any point z € X;, hence by the definition of the impact radius rx and the bound
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in (2.8), for any such R; the above probability is 0. We apply the union bound over the 20(d)
cells where (2.9) could fail and obtain that for Cy large enough,

IP’{V]' €[m]: sup |S'(y)| >C- Cm/dlong} = ]P{ sup [XH(y)| > Cox/dlong}

yER; yeR (2.10)
<20 . 9(k~1(1/n)) %0 < 1.

Thus with positive probability, discx (X;) < C'- Cyy/dlog k~1(1/n). We then fix such an
outcome and repeat this construction independently for Rs, ..., R,,, at each step repeating
the Gram-Schmidt algorithm until we get the outcome as in (2.10). After repeating this
construction m times, we have a choice of signs 8 = (8%, ..., (™) € {£1}¥ so that by the
triangle inequality

discr(X) < ) discx(X;). (2.11)
1€[m]

For our purposes this bound is too weak; however, because the function K = k(||x — yl|2) is
symmetric in x and y, by the same packing argument we made above, we know that for each
fixed point y € @, only 2°4 terms in the summand in (2.11) can contribute a discrepancy

larger than O(1). Thus we conclude that

discx (X) < 209\ /dlog k=1(1/n).
As X C R? was arbitrary, the bound follows. O
2.6 Applications to Kernels of Interest

In this section we highlight the applications of Theorems 2.4.1 and 2.4.2 to several kernels
of interest in machine learning, beginning with two of the most commonly used kernels in

machine learning: the Gaussian and Laplacian kernels. The Gaussian kernel is defined by
EKg: R'xR'=> R Ko(z,y) = exp(—a’[|z —yl3),
and the Laplacian kernel is defined by

Kp: R'xRY 5 R Kp(z,y) = exp(—aljz — y|2),
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where 1/a > 0 is the bandwidth parameter of the kernels. Currently the best known bound
for the kernel discrepancy of both the Gaussian and the Laplacian kernels in arbitrary di-
mension d is O(yv/dlogn), and because these bounds rely on taking 1/n-nets of the query
space, even if the given data set X satisfies nice properties such as boundedness, the v/logn

term remains. However, Theorem 2.4.1 allows us to give significant improvements on this

O(v/dlogn) bound given such a data set.

Corollary 2.6.1. For the Gaussian kernel Kg with any bandwidth parameter o > 0 and any
data set X C RBS for any fived constant R > 0, we have

disck, (X) = O(y/dloglogn).

In particular, one can find (in randomized polynomial time) a coreset for X of size

<\/_ log log )

Proof. We first check the conditions of Theorem 2.4.1 for the Gaussian kernel. It is well-

known that K¢ is positive definite, and clearly Kg(z,7) = €® = 1 for any z € RY. Taking

ke(z) == e gives us Kg(x,y) = kelallz —yl2), and & is strictly decreasing on R™; finally,

V-loe [ (39)] S log[ﬁ]

2—r2

is dominated by O(1/r?) for r € RT, hence is integrable on its domain. The query space @
is given by

Q= U Bg(‘r7TKG> C O<TKG)BS>

rzeX
as we assume that radius(X) = O(1). Thus Theorem 2.4.1 yields

disck, (X) S O(y/dlog Ra) = O(y/dloglogn)

by the fact that R = O(rk) and the same observation as in the proof of Theorem 2.4.2 that

ark, < kg'(1/n) = /logn.
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To see the bound on the size of a minimal coreset, we will apply the “halving trick” shown
in Section 2.2. The above argument shows a bound of f(n) = O(y/dloglogn) on the kernel
discrepancy; iterating the discrepancy calculation ¢ times and removing the points colored

—1 at each step, we obtain the following bound after ¢ iterations:

,/dloglog T

This sum is dominated by the #" term, so we can repeat this calculation until the size of the

IKDEx — KDEy, [|oc < Z

s€[t]

remaining set of data points m := n/2°7! satisfies

m+/dloglogm = ¢,
which occurs for m = O( log log = ) yielding the bound. n

This exact technique can always be used to provide coreset bounds, assuming that the
term f(n) grows significantly slowly with n, which it always will for our applications. Thus
we will not repeat this calculation for the proofs of the remaining theorems. Note that
an identical argument for the discrepancy yields the proof of Corollary 2.4.1. However, in
general if the diameter of the set X depends on the number of data points, one has to be
more careful to obtain bounds on the coreset complexity, as this dependence may change as
we remove data points.

The following theorem follows from essentially identical arguments to those in the pre-
vious proof, noting that the Laplacian kernel can be written as K (x,y) = rr(a||z — y|2),

with kz(z) = e %,

Corollary 2.6.2. For the Laplacian kernel K with any o > 0 and any data set X C RBY

for any fixed constant R > 0 we have

discg, (X) = O(y/dloglogn).

In particular, one can find (in randomized polynomial time) a coreset for X of size

(\é— log log )
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Thus in the interest of applications, we can invoke useful properties of the data set X
in order to obtain better bounds, something that was not possible due to the discretization
technique used in [55]. Karnin and Liberty [39] provide bounds assuming that the entire
query space lies in a bounded region (for a particular constant depending on the kernel), but
our assumption is much weaker: we are only interested in the geometry of the data set, not
the query space.

In the case when our data is sufficiently low dimensional that a 299 factor is not pro-
hibitively large, i.e. for d constant, Theorem 2.4.2 yields the following improvement on the

current best known bound for the Laplacian kernel [55].

Corollary 2.6.3. For the Laplacian kernel K with any o > 0, we have

discg, (n) = 299 /loglogn.

In particular, given any data set X C RY, we can find (in randomized polynomial time) a

200 1
log log —.
3 €

Proof. The verification that the Laplacian kernel satisfies conditions (i)-(iv) of Theorem 2.4.2

coreset of size

is essentially identical to showing that the Gaussian kernel satisfies these properties, so we
refer back to the proof of Corollary 2.6.1. As mentioned previously, the Laplacian kernel can

z

be written as K (x,y) = k(a|lz — yl|2), where k1(z) = e™*, and applying Theorem 2.4.2

then yields the bound above. O

We note that the same bound follows for the Gaussian kernel as well, though a recent
paper of Tai [72] gives a bound of O(1) on the discrepancy of the Gaussian kernel for d
constant. The technique Tai used for the Gaussian does not appear to generalize to other
kernels, whereas our technique applies to a broader class of kernels that also includes the
Laplacian kernel.

We can also obtain improved bounds for the exponential and Hellinger kernels by applying

Theorem 2.4.1.
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Theorem 2.6.1. The exponential kernel
Ke : Sd X Sd_>R7 Ke(l',y) :eXp(—a(l— <‘Tay>))7

has discrepancy satisfying

discg, (n) = O(y/dlog(2 max{a, 1})).

Further, the exponential kernel has coreset complexity

O(v/dlog(2max{a, 1}) f¢),
and such a coreset can be constructed in randomized polynomial time.

Proof of Theorem 2.6.1. First we note that z,y € S? hence in particular ||z|l; = ||yl = 1,

so we can re-write the exponential kernel as

«
Ko(a,y) = exp (= Sl = yll}) = Kolse.

from which we see that K, satisfies the conditions of Theorem 2.4.1. As the query space is

Q = S¢ c BY, we can apply Theorem 2.4.1 with R = 1. ]

This result gives a doubly exponential improvement in terms of dependence on the band-

width parameter from Karnin and Liberty’s result [39].

Theorem 2.6.2. The Hellinger kernel

Ki:AYx A SR, Ky(z,y) = exp (—az (V- ﬂ)) 7

has discrepancy satisfying

disck, (n) = O(y/dlog(2max{a,1}))

Further, the Hellinger kernel has coreset complexity

O(y/dlog(2max{a,1})/¢),

and such a coreset can be constructed in randomized polynomial time.
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Theorem 2.6.2 will follow from showing that the Hellinger kernel has discrepancy bounded
by that of the exponential kernel.

Lemma 2.6.1. The Hellinger kernel Ky has discrepancy at most that of the exponential

kernel K., i.e.

discr, (n) < discg, (n).

Proof of Lemma 2.6.1. Given a data set X C Ay of size n, we make the transformation

FiRESRYE (21, 20) = (V1. - /Td).

Here we make two observations: first, f maps A into S¢, and second, for x,y € S¢, and
Knlr.y) = exp (— a S (VE —vin?) = exp(-allf(z) — fW)[2) = K.(F(2). F0))
i€[d]

By the first observation, we can apply our bound on the exponential kernel discrepancy

of the set {f(z): » € X} C 5% to find signs B € {£1}¥ so that

> B@) K@) 9)| = swp | S B@)K(f(), f(2)]

yes? zeX zeAd zeX

= sup | > ) Kn(, 2)

d
zZEA reX

= discg,, (X)
satisfies the bound of Theorem 2.6.1. Thus we conclude that
discr, (X) < discg, (X),

and as X was an arbitrary data set, the lemma follows.

O

Finally, we prove the following bound for a specific kernel that does not directly satisfy

the conditions of Theorems 2.4.1 and 2.4.2: the Jensen-Shannon (JS) Kernel.
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Theorem 2.6.3. The Jensen-Shannon (JS) kernel

Kys: Agx Ay =R,  Kjs(z,y) = exp <—a(H(x—J2ry) _ —H(x)‘gH(y))> ,

where H(z) = — Zie[d] x;log x; is the Shannon entropy function, has discrepancy satisfying

discg,(n) = O(y/dlog(2max{a, 1})).

Further, the JS Kernel has coreset complexity

O(V/dlog(2max{a, 1})/¢),
and such a coreset can be constructed in randomized polynomial time.

To prove this result, we will need the following lemmas bounding the one-dimensional

entropy function, which we will denote by h(z) := zIn(2) = —zIn(z).
Lemma 2.6.2. For a,d >0 one has |2h(a + 6) — (h(a) + h(a + 20))| < 3.
Proof. By continuity of h it suffices to prove the inequality for the case of a > 0. We have

|2h(a + 6) — h(a) — h(a + 20)]
= |2(a+0)In(a+6) — aln(a) — (a+ 26) In(a + 20)|

= ‘2(@—1—5) : <1n(a) +1In (1 + g)) —aln(a) — (a + 26) - (ln(a) +1In <1+ 2;))’

_ ‘2(&—1—5)111(1—}—%)—(a+25)ln<1+%5>‘

triangle ineq. 5 25 5 25
e a~‘21n<1+—)—1n<1—|——>‘+25-‘1n<1+—>—ln(l-i——) <30
J a a P J a a

>

~~

<b/a <1

Here one can verify that [2In(1+2) —In(142z)| < z for all z > 0 which we use to bound the
left term. To bound the right term we use that |In(1+2) —In(1+2z)| < 1forall z > 0. O

Lemma 2.6.3. For a,b > 0 one has |h(“2) — h(a);h(b)\ < 3la—bl.
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Proof. Suppose b > a. Applying Lemma 2.6.2 with a and § := ”_T“ gives

b b—
‘2h<a;r ) = (h(a) + ho))| <3+ 22 = SJa -
The claim follows after dividing both sides by 2. O]

Proof of Theorem 2.6.3. As the JS kernel is positive definite, there exists a map ¢ : A —
Hi, o, where Hy,, is a RKHS for Kg, i.e. for any choice of z,y € Ay Kys(z,y) =
(¢(2), 9(y))2y,,- Then as [|o(2)|[n,,, = €’ = 1 for any choice of x € A%, we can apply
the Gram-Schmidt walk to the collection of vectors {¢(z)}.en, exactly as in the proofs of
Theorems 2.4.1 and 2.4.2 to obtain a distribution D over {+1}* and a corresponding family

of O(1)-subgaussian random variables
Ey = diSCKJs(X>Byy)a (TS Ada B ~D.

Then applying Dudley’s integral inequality (see Theorem A.0.3) to this collection of random

variables with the pseudometric

D,s(x,y) = 16(2) = (W)l = V2 = 2Kss(2,y),

we find that

diam(DKJS)
E disc,(X) < / Vieg N(Ag, Do, 7) dr. (2.12)
0

We focus on bounding the term N(Ag4, Dk, g, 7), for which we will use Lemma 2.6.3.
First, note that for x = (zy,...,74) € R? breaking the d-dimensional entropy function H

down component-wise as H(z) = ;¢ h(;):

Dr, (w,y) <1 Z[d:] (h (x;y) _ ) ;r h(?m) < élog (22).  (2.13)

By Lemma 2.6.3, we know that for each i € [d],

, (xz +yi> _ h(z) ;r h(y:) <
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hence

> (r(25%) - M) < S -l =l - ol

i€[d] i€(d]
In particular, by (2.13), |lz — y|l1 < Llog (325) =: ¢ implies that Dy, (z,y) < r, so we

— « 2—r2

have the bound

2\d 3\4
N(Da, Dicysm) SN (Al he) < NBYeB) < (1+3) < (2)

for ¢ <1 using Lemma 2.5.2 (and if ¢ > 1, the covering number is 1 anyway).

Returning to (2.12), we conclude

log 2_2T2

diam (D) 3a d
E disck,(X) §/ log dr < /dlog(2max{1,a}),
0

by the same argument as in the proofs of Theorems 2.4.1 and 2.4.2. m

These results greatly improves on the current best bound of O(y/dlogn) for the discrep-
ancy of the JS and Hellinger kernels, in particular by dropping all dependence on the size n
of the data set. We note that as these kernels are not shift or rotation invariant, they are

not known to satisfy any lower bounds other than O(1/¢), which holds for all kernels.
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Chapter 3
QUANTIZATION OF NEURAL NETWORKS

In this chapter we prove a new application of the discrepancy method to the problem of
quantizing neural networks. We introduce the problem in Section 3.1, as well as providing
some background on previous results. In Section 3.2 we introduce the rigorous mathematical
framework for our setting and introduce the discrepancy method approach to this problem.

Finally, in Section 3.3 we state and prove our main theoretical result

3.1 Motivation and History of the Problem

Quantization is a technique developed to compress large deep learning models, in particular
for our purposes large language models (LLMs) for faster training and/or inference. In
order to give a basic introduction to quantization, we will introduce the following notations
related to machine learning models. As our approach focuses on post-training compression
approaches, we will assume that we are given a neural network N, with pre-trained weight
vector w € R", trained with loss function f(w;s), where s € R? is an input sample from
some given data distribution Dy, Post-Training Quantization (PTQ) consists of two steps:
determining a good low-bit complexity representation for the weights w, which we will call the
quantization grid, and rounding the original weights to values in the quantization grid. The
problem of constructing good low-bit representations has been explored extensively (see [63,
75, 26]); however, we work in the setting of rounding optimally to any given quantization grid,
which is under-explored. The primary rounding methods in the literature to date are Round-
to-Nearest (RTN), in which one rounds each weight to the nearest point in the quantization
grid, and which is typically used as a simple baseline, and GPTQ (see [33, 29, 28]), a data
dependent algorithm.
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We now define the mathematical problem a bit more formally. Our goal is to perturb
the original weights w € R™ to values in a given quantization grid without increasing the
loss f(w;s) too much, over any potential sample s ~ Dgyu,. In order to avoid changing
the original model weights too much, we impose the constraint that each weight can only
be rounded up or down. Geometrically, we can visualize the set of allowed quantization
points as the vertices of an n-dimensional hypercube H centered at w. Supposing we have
determined perturbed weights w € R", we can define the resulting change in the loss function
for a given sample s as Af = f(w; s) — f(w; s) and approximate A f with a first order Taylor
expansion: 0f ~ (V, f(w;s),w —w). While it is the case that the average gradients of a
pre-trained model are close to zero (see prior work based on this assumption [52, 33]), per-
sample gradients can be large, and experimental evidence shows that the first order term is
a good approximation to df (see our paper [6] for more details and examples). Following
this logic, our goal is to to choose w so that (V,, f(w;s),w — w) =~ 0 for s sampled from the
data distribution Dg,y,.

A simple linear-algebraic argument shows that if we are given m independent samples
81, s Sm ~ Dyata, for m < n, we can choose w so that (V,, f(w; s),w—w) = 0. This equation
determines an affine subspace V' of dimension n —m, and the intersection V' N H is a convex
polytope K, each vertex of which contains at least n —m fully rounded parameters. In terms
of our application of interest, the number of parameters n will always be much larger than
the number of samples m, hence choosing an arbitrary vertex for any given sample gives
an almost fully rounded solution. This solution is guaranteed to be optimal for the given
samples, but we still have no guarantee that it will generalize to unseen samples from the
data distribution D 4, .

We note that empirically, the distribution of gradients ¢ = V, f(w;s) for s ~ Dgyua
is approximately low-rank (that is, the covariance matrix of gradients ¥ = Eq.p,.,.[99"],
where g = V,, f(w; s), is approximately low-rank). Specifically, we will prove the following:
if the eigenvalues of the covariance matrix of gradients ¥ decay polynomially fast, then

given m = poly(logn/e) samples s1, ..., Sy ~ Dgata, there is a randomized algorithm to find
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quantized weights @ with n —m weights rounded such that E;.p,,, [|[Af]] <e.

The theoretical guarantees that we will demonstrate in section 3.2 are based on tools
and techniques from discrepancy theory, in particular the algorithmic version of Spencer’s
Theorem due to Lovett and Meka (see Theorem 1.1.3). The only other work to connect
discrepancy theory to quantization is [47], though their method is quite different from ours
and based on a discrepancy-motivated approach for quantizing the output of a single neuron.
On the other hand, our approach applies to entire neural networks.

The practical algorithm, called DiscQuant, that is applied in the experimental sections
of our paper is based on a slightly different algorithm, informed by our theoretical results.
Experimental results show that DiscQuant provides significant improvements over GPTQ
and RTN over multiple benchmarks on real-world models. See [6] for more details on the

applied side of the work.
3.2 Theoretical Results

In this section we formalize the discrepancy-based theory of quantization and prove our main
theoretical result, stated informally in Section 3.1. Suppose we are given f(w;s), the loss
function of a pre-trained neural network N, with weights w € R" on an input sample s, the
data distribution Dyq,, and a scalar quantization grid @ = Q1 X - -- X @), where @); C Ris a
finite set of quantization points that can be used to quantize the j** parameter. Here we note
that in general the quantization grid can depend on w, see for example the Block Scaling
method [28], but to simplify notation we ignore this dependence. By scalar quantization, we
mean that each parameter can be independently rounded to a finite set of available values,
as opposed to vector quantization, in which a group of d variables are rounded together to
one of a finite set of quantization points in R (see for example [75, 26, 78]).

To re-state our goal, we would like to find a rounding w € Q of the original weights w
satisfying f(w;s) ~ f(w;s) for s ~ Dgar,. We restrict the rounding of a parameter w; to
either

w;” = min{z > w; : 2 € Q;} or wi* = max{z <w;: z € Q;};
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up

in the case that w; < min@; or w; > max @, we set w;

_ down : : )
= wj to either min @); or

max ), respectively. We consider the Taylor expansion
Af = flwss) = fw;s) = (Vauf(w;s), b —w) + (0 — w) Vi, fwss) (0 —w) + -+

As long as the quantization grid Q is sufficiently fine, and given our assumption that

w; € {wy?, wi"}, |l — wl| is small enough that we can restrict consideration to the first
and second order terms. In our work we will use that the linear term is dominant, an
assumption that was justified empirically. Assuming that we are given si,...,8m ~ Dyata

sampled independently, with m < n, we can identify two questions of interest.

Question 3.2.1 (Bounding Empirical Error). Can one find @ € Q such that (i) w; €

{wgown,w;p} for each j € [n] and (ii) (V. f(w;s;), 0 —w) ~ 0 for each i € [m]?

Question 3.2.2 (Bounding Generalization Error). Given a w satisfying the conditions of

Question 3.2.1, will it generalize to the true data distribution, i.e. will
(Vi f(w;s),w —w)~0 fors~ Dia?
If so, how many samples are needed for such a guarantee?

We first address Question 3.2.1; to begin, we assume the quantization grid is uniform (i.e.
w;? — wdown = § for all i € [n] and some § > 0), an assumption we will later explain how to

)

remove. Define a new vector of parameters z € [0, 1]" such that w® = w®*™ + §x, so that

w? is an interpolation between w®™ and w;?, with w; = wi*™ for z; = 0 and w; = w;? for
x; = 1. Choosing y € [0,1]" so that w¥ = w, then we can re-write the first order term of

interest in terms of x as
(Vuf(w;si), w" —w) = (Vy f(w;s;), w" —w’) = 6(Vyf(w;si),r —y) Vie[m]. (3.1)

Defining M € R™" with i"" row given by V,,f(w;s;), we can succinctly write all linear
constraints in equation 3.1 as M (z — y). In this language, our goal is to find a fully integral

z € {0,1}" such that M(z —y) = 0. These linear constraints define an affine subspace
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V ={z € R": Mz = My} of dimension at least n — m; then K := [0,1]" NV is a
non-empty (as y € K) convex polytope, hence it is a well known result (see for example
[31]) that any vertex of K contains at least n — m integral coordinates. As we assume that
there are far more parameters than samples (i.e. n > m), any vertex of K is almost fully
integral and exactly satisfies all of the constraints in (3.1). In general one could further apply
techniques from discrepancy theory to obtain a fully integral solution, however for practical
applications of interest to our work, a vertex of K combined with RTN for the remaining
fractional parameters is more than sufficient.

To conclude our discussion of Question 3.2.1, we show how to reduce the case of a
non-uniform quantization grid to the setting described above by defining a slightly more
complicated matrix. In this setting, we introduce a new parameter vector z € [0, 1]"™ and
define

w® =w" © (1-2)+w"? © z,

where ©® denotes the component-wise product. Thus each component w? interpolates between

w¥™ and w;?, as in the uniform setting. Defining y € [0,1]" so that w¥ = w, then in this

setting we can rewrite the constraints from (3.1) as

(Vi f(w;s;), w* —w) = (Vy, f(w;s;), w” —wY)
= (Vuf(w; s;), (W —w™™) © (z — y))

= (Vo (w; ;) © (W' —w™™), 2 —y).

Then similar to the uniform case, we can define an m x n matrix M with i** row given by
Vo f(w;s;) ® (W — w¥™) and the linear constraints can be written as M(z — y).

We now turn to Question 3.2.2. Again, for simplicity we will work in the setting of uniform
quantization grids, noting that by the above argument these results apply to non-uniform
grids as well (assuming that the necessary conditions hold on the associated gradient matrix

M). Supposing that we have chosen w0 as in Question 3.2.1 so that @ — w is approximately®

L —w is approximately orthogonal because there are at most m coordinates that are still to be rounded.
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orthogonal to the sample gradients V, f(w;s;) for i € [m] , a priori there is no reason
to expect that w — w will also be orthogonal to unseen gradients V,,f(w;s) for samples
S ~ Dyaia. In order for such generalization to occur, we will need to add the additional
(empirically justified) assumption that the covariance matrix of the distribution of sample

gradients,

Z = IESNIDdata [ggT]7 for g = wa(w7 S)?

has eigenvalues decaying quite quickly. Our model assumption will be that A\, < A\ /k® for

some « > 1; note that we may assume o > 1 as

n

EoDioia [191°] = Bonyora [Tr(99")] = Tr(Einp,,ia[997]) = Te(Z) = Y A

i=1

It is well-known that gradients of a pre-trained model have constant norm on most samples,
hence > A; = O(1), and the decay coefficient o must be at least 1.

With this additional spectral assumption on the covariance matrix, it is reasonable to
expect generalization, as we will explain in Section 3.3; however, in general it is quite difficult
to find such a generalizing solution, as any deterministic algorithm choosing a vertex of K is
unlikely to generalize. In the next section we will give theoretical guarantees on a randomized
rounding algorithm based on techniques from discrepancy theory. The final assumption
that we will need (again, empirically verified) is a certain notion of well-behavedness of the

gradient distribution.

Definition 3.2.1 (p-Reasonable Distributions [54]). For a parameter f > 1, a random

vector X € R" is [f-reasonable if

For a few simple examples, note that  ~ {—1,1}" and any Gaussian X ~ N(0,3) are

O(1)-reasonable.
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3.3 Proof of Main Theoretical Result

In this section we will prove our main theoretical result, which gives a constructive argument

for finding a generalizable solution under appropriate assumptions on the data distribution.

Theorem 3.3.1 (Backurs, Chee, H., Li, Kulkarni, Rotvhoss, and Sivakanth [6]). Let a > 1
and > 1 be constants and let 1 < m < n/16. Let D be a B-reasonable distribution with
unknown covariance matriz 3 € R"™ ™ whose Figenvalues satisfy A, < M\ /k® for k € [n].
Then there is a randomized polynomial time algorithm that given any y € [0,1)" and m
independent samples g1, ..., gm ~ D, produces an x € [0, 1|™ with probability at least 0.99 such
that

(i) |frac(z)| < 16m, and

(it) (X, (z —y)(x —y)") Sa log(n/m) - Fo(m,n), where

(

m= fl<a<3/2

Fo(m,n) = {280 if o = 3/2
1 .
|7 if a > 3/2.

Stated more simply, we obtain (with high probability) a solution x € [0,1]™ such that all but

O(m) parameters in x are fully rounded and
Eg-pl(g,2 = )°] = (& = 9)"S(x = y) Sap em™ ™2 logn)?, (3.2)

Note that this theorem proves the statement given in Section 3.1, as we take the distri-
bution D to be that of the gradients, and note that the guarantee on the expectation in (3.2)
exactly bounds the generalization error introduced in Question 3.2.2. The theorem will be
proved via an analysis of a rounding algorithm that is based on the Lovett-Meka algorithm
(see Theorem 1.1.3). To begin, we briefly describe the Lovett-Meka algorithm: given a point

y € [0, 1]™, vectors vy, ..., v, € By, and parameters ¢; > 0 so that Z;nzl exp(—c§/16) < n/16,
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then in randomized polynomial time we find a point x € [0,1]" with at least half integral
coordinates and so that |(v;,x —y)| < ¢; for each j € [m]. The algorithm works as follows: z
is the outcome of a random walk that starts at y and iteratively takes Gaussian steps scaled
by a parameter § > 0. After hitting a constraint (which is of the form z; = 0,z; = 1, or
|(vj,z —y)| = C;), all future Gaussian updates are taken orthogonal to the corresponding
normal vectors. Geometrically, this can be visualized as a random Gaussian walk inside of a
polytope which—upon hitting a constraint of the polytope—continues inside of the given face.
Lovett and Meka’s result shows that if the updates are performed O(1/6%) times, the walk
will cover enough distance so that on average €2(n) coordinates will be integer.

We will apply this strategy with the parameters ¢; = 0, as we are simply interested in
finding a vertex. However, we will need a few additional properties of the outcome of the

Lovett-Meka algorithm that are not explicitly stated in the literature.

Theorem 3.3.2 (Derived from [44]). Let g1, ..., gm € R™ be any vectors with m < n/16 and
lety € [0,1]™. Then in polynomial time one can compute a sample x ~ D := Dry(gry vy Gy Y)

so that

(i) One has x € [0,1]", and with probability at least 1/10

{7 €nl: = €{0,1}} = n/2.

(i1) For any vector 6 € R"™ one has

E.p[(0,2 —y)°] < O(ll6]3).

(i) For any symmetric matriz M € R™™ one has E[(M, (z — y)(z — y)")] < O(|M||sq))-

Here | - ||s) denotes the Schatten 1-norm (equivalently the nuclear norm or the trace

norm) of M, which is defined as the sum of its singular values.
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Proof. Property (i) is explicit in [44]. To prove (ii), note that the outcome of the random
walk can be written in the form

0(1/62)
rT=y+9 Z u;  where wu; ~ N(0,,).

t=1
Here 0 < %, < I,,, and we note that as each covariance matrix >; may depend on the outcome
of uy,...,us_1, * — y is not Gaussian. However, it is a Martingale, and since at each step ¢

one has E[(u;, 0)] = 0 and E[{uy, 6)?] < O(]|0||3), we still have that the variance satisfies
0(1/82) )
E[<5 3w e> ]
t=1
showing (ii). To see why (iii) holds, note that (ii) can also be stated as E,p[(z—y)(x—y)T] =<
O(1) - I,, hence

E[(M, (z —y) (@ —y)")] = (M,E[(z — y)(z — y)"])
< IMllsq - B[z = y)(@ = )" ]llop

< O([|M||s1y)-

We now state the rounding algorithm that we will use:

LOVETT-MEKA ROUNDING ALGORITHM

Input: Weight vector y € [0, 1]™ and parameter m
Output: Rounded vector x

(1) Sample gy, ..., gm ~ D. Initialize 20 :=y
(2) FORt=1TO oo DO

(3) IF |frac(z(*~Y)| < 16m then return z*—1)

(4) Set x® = Drri(g1y -+ Gm, :c(t_l))
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The proof of Theorem 3.3.1, which rests on an analysis of Algorithm 3.3, requires under-
standing the Schatten 1-norm distance between the covariance estimator % Z;nzl gjng and
the actual covariance matrix. To this end we formulate the following matrix concentration

bound, the proof of which we defer to the end of this section.

Lemma 3.3.1. Let a > 1, f > 1, and let D be a [-reasonable distribution with covariance
matriz X € R™"™ with Figenvalues satisfying A\ < 1/k% for all k € [n]. Let g1, ..., gm ~ D be
independent samples and let X := Lg,gI" and X = POy X©_ Then

E[lX = Zllsm)] Sas Falm,n),
where F,(m,n) is as defined in Theorem 3.3.1.
Equipped with these tools, we prove our main theoretical result.

Proof of Theorem 3.3.1. Let z{!") be the vector returned by Algorithm 3.3. For notational
convenience, we define £® = 2" for all ¢ > t*. We will call iteration t good if either
|frac(z*=V)| < 16m or if |frac(z®)| < L|frac(z~V)|. If iteration ¢ is not good, we repeat the
iteration until it is good, which we know occurs with probability at least 1/10, independent of
previous outcomes. Thus by standard Chernov bounds, with probability at least 0.99 there
are at least log(n/m) good iterations in the first 7' := C’log(n/m) iterations, for C’ > 0 a
sufficiently large constant. Having acheived log(n/m) good iterations, |frac(z™)| < 16m,
and the discrepancy is

E[(, (2 —y) (@™ —y)")] < Y ELE, (@ = 2O) (@ — 2] Sop T - Falm,n),

t=1

proving the theorem. O]

As promised, we conclude the section with the proof of Lemma 3.3.1.

3

Proof of Lemma 3.3.1. We will first prove the case 1 < a < 3 and then discuss how a

modification of the proof shows the remaining two cases. Because the claim is invariant
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under changing basis, we can assume X is diagonal with Eigenvalues \; > --- > )\, >0, i.e.
Y =\ fori € [n].

The first step of the proof is to bound the variance terms entry-wise: we show that for
each 4,7 € [n], one has E[|X;; — ¥4 <p % To this end, we note that E[X] = ¥ and
E[X] = L% Thus

E[|X;; — 545/ = Var[X;;]

¢
=Y Var[X)]
=1
1
= —Eppllhih; — 247 (a—b)? < 2a® + 20
m
2 272 2
< E(EMDU%’ hj] + Eij)
2
< —(EhND[h?]l/QEhND[h?]lﬂ + i) Cauchy Schwarz + ¥ diagonal
m
2
< Z(BY’Epoplh?] .51/2EhND[hj2-] + i) D is (B-reasonable.
m

For the next step of the proof, consider J, := {i € [n] : 27! < i < 2°}. Note that
| Jy] < 2¢ and the sum of the eigenvalues in each block satisfies
Z)"' <9t (2)7e = (2f)l-e
=
by our decay assumption on the Eigenvalues of . We will prove the lemma by using the
triangle inequality to bound
EIX = Slls] 2D ) El X — Esnlsw); (3.3)
0>1 k>t
where X, ;. is the |J;| X |Jg| submatrix of X indexed by rows in .J; and columns in J,. We
will use different estimates of the summands on the right hand side based on both parameter
regime and diagonal vs off diagonal. These bounds are described in the following series of

cases; however, first we prove the following claim which be useful for several regimes.

Claim 3.3.1. Let ¢ < k and denote Y := X, 5, — X,.4,; then

T +k
E[||Y <, =27
Y llsy] S p- ,
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assuming that rank(Y') < r for any outcome of Y.

Proof of Claim 3.3.1. Recall the following standard norm equivalence result:
1450y < V/rank(4) - | Al r.

Then for all ¢ < k we have

E[|[Yllsw] < VPE[Y]#]

< r-E[|]Y|%]V? Jensen’s Inequality
1 1/2
R <E ( Z M) ( Z )\j)> Variance bound
i€Jy jE€Jg

SV e e

_\/%.

(1 a)
[l

Case 1: Off-Diagonal Blocks: First we consider the contribution of the off-diagonal blocks
o (3.3). Noting that rank(Xj, ;) < min{m, 2},

S EIX s = Snallsm) = D0 BN llsw)] g, =0

>1 k>4 >1 k>4
/ 27}
<y VLSS mm{m 9% (-2 (laim 3.3.1
>1 k>/
Sa Y minfl, \/%/m} (25
>1
< ml—a

~Q ’

where the last line follows from the fact that f(z) = \/z-2!~® is monotonically increasing and
f(2) = 27 is monotonically decreasing for 1 < o < 3/2, thus the m = 2¢ term dominates

the sum.
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Case 2: Diagonal Blocks with Small Indices: for this case we consider the range of

small indices, i.e. blocks with 2¢ < m; then by the bound
rank(XJbJ[ — Z]e’JZ) S |Jg‘ S 2£,

we conclude by Claim 3.3.1 that

2f —a —«
Z E[HXJz,Jz - EJuJeHS(l)] < Z \/ m 2(1=) N m!Te.

0 20<m ¢ 20<m
Again we use that in this regime of v, f(z) = v/z-2'~ is monotonically increasing to conlude
that the last summand, 2° = m, dominates the sum.
Case 3: Diagonal Blocks with Large Indices: Once we are in the setting 2¢ > m, we
can ignore concentration provided by the randomness and bound

> ElXss — Saallsol < D EUXsallso] + 125.0lsw)

0:26>m £ 2¢6>m

= ) (EB[Tr[X,00 + Tr[Sy,.0))

In this calculation, we have used positive semi-definiteness of X, ;, and ¥, ;,, as well as the

decay assumptions on the eigenvalues. This case concludes the argument for 1 < o < 3/2.
Now consider o = 3/2: then /2¢/m - (2/)'=% < 1/y/m, so Case 1 (off-diagonal blocks) is

bounded by log(n)/y/m. For a = 3/2, Cases 2 and 3 can be merged: by Claim 3.3.1,

2¢ _o - log(n)
> B[ Xss — Snalsm] <4 /E Lgtli-a) < e (3.4)

>1 >1
In the remaining case that a > 3/2, then in Case 1 and in the merged Cases 2 and 3 shown
in (3.4), the first term ¢ = 1 dominates the sums and so we can omit the log(n) term. This

completes the proof. O
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Chapter 4
VECTOR BALANCING FOR ZONOTOPES

In this chapter we prove new bounds for the vector balancing constant of zonotopes.
We also prove a lower bound on the Gaussian measure of sections of zonotopes. In Section
4.1 we introduce the problem and its history. In Section 4.2 we introduce an appropriate
notion of normalization of zonotopes and prove a few corresponding properties, including
approximation and decomposition properties that will be essential to our proof. Sections 4.3
and 4.4 contain the main details of our proof: the lower bound for the Gaussian measure of
sections of normalized zonotopes and the upper bounds on the vector balancing constants of

zonotopes, respectively.
4.1 History of the Problem

A zonotope is the linear image of a cube. For a matrix A € R™*?, with m > d,
K={Y wdi: ye[-1,1]"} = AL C B!
i=1

is a d-dimensional zonotope with m segments. The cube BZ is the simplest example of a
d-dimensional zonotope, and it is known that for all p > 2, the ¢, ball B is the (Hausdorff)
limit of a sequence of zonotopes, called a zonoid [16]. Our result addresses the following

conjecture of Schechtman:
Conjecture 4.1.1. For any zonotope K C R, vb(K, K) = O(+/d).

Conjecture 4.1.1 is a proposed geometric generalization of Spencer’s theorem (see Theo-
rem 1.2.2), which shows that Conjecture 4.1.1 holds for the simplest example of a zonotope:

the cube. At least two other extensions of Spencer’s Theorem exist in the literature, which
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we briefly describe here. The first, the Matrix Spencer conjecture, is an analytic generaliza-
tion popularized by Zouzias [80] and Meka [50]; it posits that for any symmetric matrices
Ay, Ay € R™™ with all eigenvalues in [—1,1], there are signs x € {£1}" so that the
maximum singular value of > | x;4; is at most O(y/n). This problem reduces to Spencer’s
theorem by considering only diagonal matrices, and taking the diagonal of each matrix to
be the vectors to be balanced. Standard matrix concentration bounds show that a random
coloring gives an O(y/nlogn) bound, and the conjectured O(y/n) bound holds for matrices
that are block-diagonal with constant-sized blocks [25] and for matrices with rank O(y/n)
[36]. Improved matrix concentration bounds allow one to weaken this assumption to rank at
most n/log(n).

The second generaliztion, called the Beck-Fiala conjecture, is a combinatorial generaliza-
tion of Spencer’s theorem. It considers set systems in which every element is in at most ¢
sets, and posits that the discrepancy of such set systems is O(\/Z) In the same paper where
this conjecture was originally stated, Beck and Fiala used the linear algebra method to prove
a discrepancy bound of 2¢ [14]; the strongest known bounds are O(v/tlogn) [7] (see [9] for
the algorithmic version) and 2t — log™t [18]. The Beck-Fiala conjecture can be even further
generalized to obtain the Komlds conjecture, which hypothesizes that vb(Bg, BL) = O(1).
In this direction the strongest known result shows that vb(BY, BL) = O(y/logd) [7].

Conjecture 4.1.1 is closely related to the problem of sparsification of zonotopes; the

strongest result in this direction is stated below [73].

Theorem 4.1.1. For any zonotope K C RY and 0 < € < 1/2, there is a zonotope Q with at
most O(% logd) segments so that Q C K C (14 ¢)Q.

It is further conjectured that an O(d) bound holds, which would imply Conjecture 4.1.1
after combining an O(d) sparsification with Spencer’s Theorem on the underlying cube. The
same argument combined with Theorem 4.1.1 implies vb(K, K) = O(y/dloglogd). Our

result improves on this bound:
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Theorem 4.1.2 (H., Reis, and Rothvoss [34]). For any zonotope K C R?,
vb(K, K) = O(Vdlogloglog d).

Moreover for any vy,...,v, € K, one can find in randomized polynomial time a coloring

x € {—1,1}" with | 37, z0i||x = O(v/dlogloglog d).

Because Theorem 4.1.2 is invariant under linear transformations, we will define an ap-
propriate normalized position for zonotopes; see Section 4.2 for more details. Our main
technical result, and the key ingredient of our proof, is the following tight lower bound on

the Gaussian measure of sections of any normalized zonotope.

Theorem 4.1.3 (H., Reis, and Rothvoss [34]). For any normalized zonotope K C R?, any

subspace H C RY with n := dim(H), and any t > 1, one has
yu(t-C-KNH)> exp(—e‘t2/2 n),
where C' > 0 is a universal constant.

Theorem 4.1.3 can also be used to balance vectors between different normalized zonotopes.

Theorem 4.1.4 (H., Reis, and Rothvoss [34]). For any normalized zonotopes K,Q C R%,

vb(K, Q) = O(v/dlog d).

Moreover, for any vy,...,v, € K, one can find in randomized polynomial time a coloring

z € {—1,1}" such that || Y1, zvi]|o = O(y/dlog min{d,n}).

In Section 4.4 we will explain why the case of non-matching zonotopes is more challenging

than that of matching zonotopes.

4.2 Normalized Zonotopes

In this section we define an appropriate notion of normalization of zonotopes for our purposes

and show that one can always approximate a given zonotope by a normalized zonotope while
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only losing a constant factor in the vector balancing constant. We also show that normalized
zonotopes have a nice decomposition property. We begin by defining approximately regular

matrices and normalized zonotopes.

Definition 4.2.1. A matriz A € R™*¢ is approximately regular if:

(i) The columns A, ..., A are orthonormal.

(i) The rows satisfy || A;|la < 2\/% foralli=1,...,m.

A zonotope K C R? is normalized if there exists an approzimately reqular matriz A € R™*4
so that K = \/ZATBO@.
m

Note that by the choice of scaling, any cube BZ is normalized and any d-dimensional

d

[o.op)

zonotope has volume and radius comparable to that of B? , independent of the number of

segments m. To this end, we have the following lemma.
Lemma 4.2.1. Any normalized zonotope K C R? satisfies K C /dBj.

Proof. As K is normalized, K = \/%ATB’” where A € R™*? is approximately regular.

(oo}

Then AT A = I,; by orthonormality of the columns of A, hence || All,, = HATAH},,/,2 = 1. For
any x € K, there exists y € B such that x = \/%ATy so that

lalls = \/£14%gllo < /214y - Iyl < V. (4.1)
O

We now show the following approximation property for normalized zonotopes.

Lemma 4.2.2. For any full-dimensional zonotope K = ATB™ C RY, there is a normalized

zonotope K and an invertible linear map T so that
4 . .
EK CT(K)CK.

In particular,

4~ - -~
gvb(K,K) < vb(K,K) < ZVb(K,K).
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One main ingredient of the proof of Lemma 4.2.2 will be the existence of Lewis weights

[23].

Theorem 4.2.1. Given a matriz A € R™*?, there exists a unique vector w € RY, so that

for all i € [m], one has

WAL (AT A) A = 1
where W := diag(w). Moreover, Tr(W) < d, with equality for full rank A.

Proof of Lemma 4.2.2. Let K = ATB™ be a full-dimensional zonotope with A € R™*¢ and
let W be the diagonal matrix defined by the Lewis weights of A. Scale W by an appropriately
large constant D > 0 so that W := DW satisfies that w; := Wi; > 1 for all i. Define a
matrix B := A(ATW~1A)~Y2 € R™*4 and define a second matrix A by replacing each row
B; of B by |w;| copies of w; ' B; and, in the case that {w;} # 0, one copy of {w;}/?w;'b;.
Under this construction the new matrix A contains m’ := > [w;] many rows. Define the

linear transform
T:R'5RY T(K)=/L(ATWA) 2K = /4. BTBT

and K = \/%ETBO”Z)/. Note that by construction of A, BTB™ = ETBO@/. We first show
that K is normalized by showing that Ais approximately regular. For orthonormality of the

columns, note that

m

(ATA)j = > w*(lwi] + {wi}) - BijBix = Y _w;' - BijBiy,
=1

i=1

and thus by construction of B,
AVTAV: BTW_lB _ (ATw—lA)—1/2ATw—1A<ATW—1A)—1/2 _ [d-

To see boundedness of the row norms, note that for each ¢ € [m/], there exists a j € [m] so

that either A, = wj_lBj or {wj}l/ij—lBj' As {w;} <1,

VAN
I

A3 < wi?BEB; = w2 AT(ATW T A) A, =

SR
2
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Note that the last inequality follows from the following calculation:

Z(wz 1<2- Zw,—ZDZZwZ<2D d.

=1 =1

This concludes the proof that K is normalized. We now show that %I? CT(K)C K , which
immediately implies vb(K,K) < vb(K,K) < 3vb(K, K). We fix an arbitrary y € %I?,

5 4

which by definition can be written as

[w:]

4 ~ 4~
< V3 (S B ') € [ A 1R

and rewrite it as

[w:]

\/ Z( (wa—i—xl wﬂ{wl}>+x” JM)B €/ LBYBT = T(K).

€[—1/4,1/4]

~
-1

S

For the second inclusion, select an arbitrary y := /-4 3" 2;B; € B'B™ = T(K), note
that it can be rewritten as

Lwi ]

Y=/ Z(wa 'B; + zi{w;}w; 1B> 6\/%ZTBO"§:[?
[l

To conclude this section, we show the following decomposition property of approximately
regular matrices, which will be essential in our proof. In particular, it will allow us to
approximately break down our original zonotope into a sum of smaller, simpler zonotopes in

the proof of Theorem 4.1.3.

Lemma 4.2.3. There is a universal constant C > 0 so that the following holds: let A € R™*4
be an approzimately reqular matriz. Then there are disjoint subsets J;U---UJy C [m] with

k> &5 and || < Cd, and 3, A AT = apla for all £ € [K].

The key ingredient of the proof of Lemma 4.2.3 will be the Kadison-Singer theorem [48]

from operator theory.
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Theorem 4.2.2. Let vy, ..., v, € R™ with ;" viv] = I, and let € > 0 so that |jv|3 < ¢

for all i € [m]. Then there is a partition [m] = S1USy so that for both j € {1,2}, one has
1
T A
H Z V;; 2Id
ZESj

We formulate the following slight variant of Theorem 4.2.2, which is more suitable for

< 3y/e.

op

our purposes.

Lemma 4.2.4. Let vq,...,v,, € R? be vectors with 221 vivl = L-1I; for some L > 0, and

.....

Sonl = (§-3VIe)la Ve {12}

i€S;

Proof of Lemma 4.2.4. We define M :=>"" v;vl, a PSD matrix satisfying M = L-I;. We

define a new collection of vectors by v} := M~/?u;, so that
m m
Zv;(vg)T = M_1/2<Zviv;f>M_1/2 = I
i=1 i=1
Define ¢’ : —¢/L and note that for each i € [m],
oill3 = vf M~ oy < of ($1a)vi = IIUEIIE <.

Thus we can apply Theorem 4.2.2 to v}, ..., v/, to obtain a partition [m] = S;US5 so that for
7 € 1,2, one has
Thm 4.2.2 /1
M—1/2< | ,T) 12 N T (__ ) . .
Z vl )M Z vl (v)) > 5 —3Ve/L) 1y (4.2)
i€S; 1€S;
Note that if A = B, then MY2AM'/? = M'/2BM"/?; thus combining this fact with (4.2),
we conclude that

1 L
S vl = (5 —3 5/L> MY2[MY? = (5 - 3\/L5> L.

i€S;
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The proof of Lemma 4.2.3 is based on iteratively applying Lemma 4.2.4.

Proof of Lemma 4.2.3. In the case that % < C, we can take k = 1 and .J; = [m] to prove
the statement, thus we can assume that m > Cd. We set ¢ := 4% so that by approximate
regularity of A, ||A;||3 < e for all i € [m]. Set t € N to be a parameter to be fixed later. For
s € {0,...,t}, we obtain partitions Py of the row indices, beginning with Py := {[m]}, so that
Psy1 is a refinement of Py, and |Ps| = 2°. In more detail: for each iteration s € {0, ...,t — 1},
and for each S € P, we apply Lemma 4.2.4 to the collection of vectors { 4;};cs. Denoting the
obtained partition as S = S;US,, we add {5y, S2} to P,y ;. Defining L, := 27° — 15v2-%¢, we
first analyze how well we can approximate the identity at each step of our partition process.
Specifically, we show that if 2t < &y for a sufficiently large constant C' > 0, then for all
s €A{0,...,t} one has Y, o A;AT = LI, for all S € Py. It is immediate that L, < 27¢ for all
s > 0. We prove the desired bound by induction on s. For s =0, Py = {[m]} and the claim
is true, as Ly < 1. We next consider an iteration s € {0,...,t — 1}, and suppose S € P; is
partitioned as S = S;US,. Then by Lemma 4.2.4,

S AAT - (% —3 Lse)ld Vi€ {1,2}. (4.3)

i€S;

To see that this is at least Ly,

L L, Pr—— _
?—3 LSEZ7—3 2= s¢ LSSQS

15
> 9~ (s+1) _ 7\/2—55 —3V2—s¢

> 9=+ _ 15/9-(s+1)¢ 15/2+3 < 15v2-L.

To complete the proof, fix a large enough constant C' and ¢ € N so that 57 < 2' < ZL.

As long as C' is sufficiently large,

cd 2Cd d d C d
Li>— —15y/— - 4—=—-(C—-15v8C) > — - —.
m m m m 2 m

In addition, Eg.p,[|S]] = 5 < 2Cd. Thus by applying Markov’s inequality, at least half of
the sets S € P, have at most 4C'd indices, and those sets satisfy the lemma. n
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4.3 Technical Details: the Gaussian Measure of Sections of Zonotopes

In Section 4.2, we showed that one can always approximately decompose a normalized zono-
tope into a sum of “simpler” zonotopes. We will prove a Gaussian measure lower bound
on sections of normalized zonotopes by first proving a bound on sections of such “simpler”
zonotopes, and then applying log-concavity of 4 to infer such a result for all normalized
zonotopes, based on our decomposition lemma in Section 4.2. Recall from Section 1.2 that
there is a well-established connection between the Gaussian measure of sections of convex
bodies and the existence of good partial colorings for such convex bodies; see [30] for a nice
explanation and summary of such results.

To begin this section, we introduce the Gaussian measure v, on R? with the standard

1

(27‘r)d/2
F C R%, denote by I € R¥ the identity on the subspace. In particular, Ip = Z?i:nf(F) uul

Gaussian density e~ 1I713/2 and distribution denoted by N (0,1;). Given any subspace
where g, ..., Ugim(r) is any orthonormal basis of F. It is well-known that the Gaussian
distribution is log-concave, which means by definition that for all compact subsets S,7 C R?

and 0 < A <1 one has
Ya(AS + (1= XN)T) > 7a(S)* - va(T) .

By induction one can extend this claim to any collection of compact subsets Sq, ..., Sp C
R? and A, ..., A, > 0 with Zle Ai = 1, we have v4(A\1S1 + -+ - + A\ Sk) > H?:l ya(Se)™e.
The Sidak-Khatri theorem, stated below, will be useful for our proof. A strip is a sym-

metric convex body of the form P = {x € R?: |[(a,z)| < 1}, for some a € R%.

Theorem 4.3.1. For any two symmetric convex bodies P,Q C R?, where at least one is a

strip, one has

Ya(P N Q) = va(P) - 7a(Q).

More recently, it has been proved that this theorem holds for any pair of symmetric

convex bodies [59], but the weaker result suffices for our purposes.



o4

The following estimate gives a lower bound on the Gaussian measure of sections of sym-

metric convex bodies.
Lemma 4.3.1. For any symmetric convex body K and any subspace H C R?, one has
(K N H) 2 74(K).
The next lemma gives a lower estimate on the Gaussian measure of a strip.

Lemma 4.3.2. For any a € R? with ||al]ls <1 and t > 1,
2
Pry v, in[l{a ) < 1] > exp(—e™/2 - [lalf3).

Proof. We apply the following tail inequality, due to Szarek and Werner [71], for t > —1:

1 de=t/?
PrgNN(O,l)[g > t] < \/%?ﬁ + (t2 + 8)1/2'
From this bound we see that for t > 1,

P N(0,1 L 4€_t2/2
r ~J , > t < [ ,
g (0, 1)g ] e 6

hence

4
Pryononllgl < 1> 1— ——e /2,

3V 2

~22/3 we have 1 — #%z > e72%/3 for any z € [0,e /2.

By convexity of the function f(z) = e

Thus for £ > 1, we have shown that
Pr(lg| < ] > exp(—2e/?).

Thus for any a € R? with [jalls <1 and t > 1,

llall2

42 a2 _ 42
Pryevio ol ()] < 1] = Prouon [lo] < | > exp(=3e */CID) > exp(—e/2 - la]}).

The last inequality follows from the following calculation:

2 12 12 2 1 1 2 2
= —— ) < = - )< Zel2 2 2 < 2,
3“(22MQ—3m(2mw9—f e " lellz =

The second to last inequality follows from observing that e* > ez for z := 1/(2]al|3). O
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The next lemma is a useful comparison inequality (see for example [42]).

Lemma 4.3.3. Let K be a symmetric convex body and let 0 < A < B. Then
Pryn0,4) ly € K| > Pr,n(0,B) ly € K]
Proof. Sample a random variable z ~ N (0, B — A). Applying log-concavity,

PryNN(O’A) [y € K] > Pl"yNN(07A) [Prsz(O,B—A) [y + 2z € K] = Pl"yNN(O,B) [y S K]

Finally, the following lemma allows us to dismiss constant scaling factors [74].

Lemma 4.3.4. Let K C R? be a measurable set and B be a Euclidean ball centered at the
origin such that v4(K) = v4(B). Then v4(tK) > ~4(tB) for all t € [0,1]. In particular, if
74(Cy - K) > e~ for some constant Cy > 1, then also va(K) > e~ for some Cy =

Cy(Cy) > 0.

We are now ready to prove Theorem 4.1.3, which we will do in three steps. First, we will
show a simple bound for any zonotope defined by a matrix with orthonormal columns; next,
we will loosen the assumption that the columns are orthonormal to match the conditions of
the matrices obtained via Lemma 4.2.3; finally, we combine Lemma 4.2.3 with log-concavity

of 74 to prove Theorem 4.1.3.

Lemma 4.3.5. Let K := ATB™ C R? be a zonotope, where A € R™*? has orthonormal

columns. Then for any subspace H C R® with n := dim(H), and any t > 1,
vu(t- KN H) > exp(—e 72 n).

Proof. Let U € R¥™" be a matrix with orthonormal columns U, ..., U™ spanning H. Sam-
pling y ~ N(0,1,), Uy is a standard Gaussian random variable in H. As we assume that

S AAT = 1, we can always write

m

Uy =Y ylal? =Y A >y, U7) = Aily, UTAy). (4.4)
i=1 j=1

j=1 i=1
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We interpret UZ A; € R™ as the coordinates of I1(A;) (the orthogonal projection of A; onto
H) in terms of the basis U of H. Note that equation (4.4) shows the following: for all y € R™
and s > 0 in order to show that Uy € sK, it is sufficient to show that |(y,UT A;)| < s for all
i € [m]. We combine this observation with the Sidak-Khatri inequality (see Theorem 4.3.1

above) to lower bound the Gaussian measure:

'YH(t KN H) = PryNN(O,In)[Uy et- K]

(UTA;,y)| <t Vi€ [m]]

> Pryeno,n)|

2 H Pry~N(0Jn)[|<UTAz‘, y)| <t Theorem 4.3.1
i=1

> Hexp —#2|UT 4,)2) Lemma 4.3.2

p——— Z T ALR)
— exp(—c ),
where we have used that by orthonormality of the columns of A, ||[UTA;]|s < [|Aillo < 1. O

We now proceed to the second step: showing that the same bound holds if the matrix

has nearly orthonormal columns by adding a rescaling argument.

Lemma 4.3.6. Let K = ATBO”Z> C R? be a zonotope where A € R™? is a matriz so that
St AAT = aly for some o > 0. Then for any n-dimensional subspace H C R and any
t>1, one has

'VH(\/LE KN H)>exp(—e /% n).

Proof. As scaling K by a factor of 1/y/a is equivalent to scaling > ;" A;AT by 1/a, we can
assume that o = 1. Define the symmetric positive definite matrix M = > 7" A, AT = I,
and define A € R™* with rows rescaled as A; := M~Y2A;, so that S :{:ET =1;. We
use A to define a rescaled zonotope K = AVTBO’Z = M~Y2(K) and rescaled subspace H =
M~Y2(H). For U', ..., U™ any orthonormal basis of H, U := M~'2U with columns U?, ..., U"
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will be the basis of H , though it may not be orthonormal. Thus we use the comparison
inequality from Lemma 4.3.3 and the observation that for y ~ N (0, I,,), Cov(ij) =UUT =
M~Y2UUT M=% < I, which allows us to return to the setting of Lemma 4.3.5:

~_ Lem4.3.3 ~_ Lem4.3.5

Prwa(O,]d)[Uy S tK] = PryNN(O,Id)[ﬁy - tK] Z PryNN(O,IH)[y € tK] Z exp(—e_t2/2

]

We are now ready for the final step: the proof of Theorem 4.1.3. In what follows, for a
matrix A € R™*¢ and indices J C [m], A; € RI*? is the submatrix of A with rows indexed

by J.

Proof of Theorem 4.1.3. Fix a normalized zonotope K C R? and a subspace H C R?¢ with
dimension n. As K is normalized, K = \/%ATBOTZ for A € R™*? an approximately regular
matrix. We apply Lemma 4.2.3 to obtain disjoint subsets JiU---UJ, C [m] with k& > o7l
satisfying . 7, A AT = %Id for C' > 0 constant. We now consider the zonotopes generated
by these matrices: K, := \/%AZBL}?‘. As Jp,...J} partition a subset of the rows of A, we

also have
Kit+ -+ K, CK and (KinH)+--+(K,NH)CKNAH.

Becuse we know that k& > m/Cd, we also have kK, C \/gAge BL”OTZ‘, so in particular we obtain

S (Vea)(Ver) =g gt ot

i€Jy

Thus we can apply Lemma 4.3.6 to kK, with o := % to obtain that
v (tC** kK, N H) > exp(—etg/2 n) WekK, t>1.

The last step is to apply log-concavity of the Gaussian measure with scaling factors \; =
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== 1k

v (tC3PK N H) > VH(%(tC?’pkKl NH)+ -+ %(t03/2k[(k N H))

k

> H v (tC*? - kK, H)'* Log-concavity of 4
=1

> exp(—e /% n) Lemma 4.3.6.

]

4.4 Proof of Main Results

In this section we will use Theorem 4.1.3 to prove upper bounds on the vector balancing
constant of a zonotope with itself and of two distinct zonotopes. We begin with the former,
for which we will use the partial coloring method introduced in Section 1.2. To begin, we show
the following argument for obtaining a constant discrepancy partial coloring when selecting

vectors from BY.

Lemma 4.4.1. Let vy, ...,v, € B and let K C R? be a symmetric convex body with v (K N
H) > e for some a > 0, where H = span{vy,...,v,}. Then there is a randomized
polynomial time algorithm that given a shift y € (—1,1)™ finds a good partial coloring x+y €

(=1, 1" with 377, xjv; € cK where ¢ := c(a) is a constant.

Proof. Define the random variable Z ~ Y

i=1

random variables so that E[ZZ"] = 377 v;v] has trace Tr[E[ZZ7]] = Y77, [lv;l3 < n.

z;jv; where z; ~ N(0,1) are i.i.d. Gaussian

Take uq,...,u, any orthonormal basis of H; then r < n, and we can write z;zl vjv;fp =
Z;Zl ajuju?. As 22:1 = 0, we know that o; > 0 for all j, hence without loss of generality
we may reindex so that 0 <oy <--- <o, As 337 [[v;ll5 < n, Markov’s inequality implies

that 09,/3 < 3/2 (where we denote o; = 0 for j > r). We now define the subspaces

2n/3

F = span{uy, ..., uan/3}, V= {g eR": Zgjvj € F}
j=1
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Thus
n 2n/3
Pro no,1v) [Zgﬂ)j €3/2- K] = Pryon,15,5) [Zgj SOl €32 K}
j=1 j=1
2n/3
> Pryano )| D95 3/2 usul €3/2- K| Lemma 433
j=1
>vg(KNH) Lemma 4.3.1
Z efan.

Applying Theorem 1.2.4 to the symmetric convex body

Q= {xGR": jilxjvjel(}

contains a good partial coloring in Q) N F'. [

The main purpose of Lemma 4.4.1 for our proof is to show the existence of a partial

coloring with optimal bounds as long as n is of the order of d.

Corollary 4.4.1. Let K C R be a normalized zonotope and let vy, ...,v, € K. Then there

is a randomized polynomial time algorithm to find a good partial coloring x € [—1,1]" so that

13775zl = O(Vd).

Proof. Denoting H := span{vy, ...,v,}, Theorem 4.1.3 implies that v4(C - KN H) > e™™.
By Lemma 4.3.4, there exists a constant o > 0 such that yg(K N H) > e~ *". As we showed
in Lemma 4.2.1, our choice of scaling for normalized zonotopes implies that v; € \/aBg for

each ¢ € [n], and the statement follows from Lemma 4.4.1. O

Equipped with the guaranteed existence of such partial colorings, we can prove an

O(V/dlogloglog d) bound on vb(kK, K) for any zonotope K.

Proof of Theorem 4.1.2. We may assume that K is generated by m = O(dlogd) segments
by Theorem 4.1.1 and that K = \/%ATBO’Z for an approximately regular A € R™*? by
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Lemma 4.2.2. By Theorem 1.2.1 we may assume that n = d, although for clarify we only
apply this result in the final bound. As in the previous proof, we define the partial coloring
body @ :={z € R": 7  xu; € K}. We iteratively apply Lemma 4.4.1 ¢ times to obtain
a partial coloring ' € @ N [—1,1]™ such that the set I := {i : |z}] < 1} of partially colored

indices satisfies |I| < n/2', hence by the triangle inequality,

H jilm;vj

KZO(\/Zi-t).

For each j € I, we can write v; = \/gATui for some u; € BZ. By applying Spencer’s
theorem to {u;};cs, we obtain signs ¥ € R™ (with z; := 0 for i & I) so that z :== T + 2’ €

{~1,1}", and

> Fu; € /1] - log(2m/|I]) - c - B2,
el

Setting t := log log(2m/n),
|, <[ X, + [ X7
j=1 j=1 Jel
n 2m
<vd-t+ . 12 ( >
<Vd-t+ \/2t og YT

= Vdloglog <27m> + \/ﬁ -log <27m 103(27"1/”))

2m/n)

K

< Vdloglog(2m/n)

< Vdloglog (dlogd).
Finally, applying Theorem 1.2.1
vb(K, K) < 2vby(K, K) = O(vdlogloglog d).
O

To conclude the section, we prove that for any zonotopes K,Q C RY vb(K,Q) =
O(v/dlogd). First we note that we cannot apply the same proof as for Theorem 4.1.2, as we
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relied on Spencer’s theorem, which implies that vb, (K, K) = O(y/nlog(2m/n)), in partic-
ular that giving a bound that improves as n decreases; such a bound does not hold in the
setting where K # (). As such an example, take H € {—1,1}%*¢ any Hadamard matrix (i.e.
all rows and columns are orthogonal). Then one can check that K := \/LEH TB4 is a normal-
ized zonotope (in fact, a rotated cube). Fix any n < d and the points v; = \/iaHTHi = Vd-e;
for i € [n], vy,...,v, € K. Taking Q := B% as the second normalized zonotope, then we
note that any good partial coloring x € [—1,1]" must have a coordinate i with |z;| > 1/2,
thus || Y27 zvllg > Vd|z;| > V/d/2. Thus iterating Corollary 4.4.1 only implies a bound
of v/dlog d, but we can do better by applying Banaszczyk’s theorem (see Theorem 1.2.3 and
A.0.1).

Proof of Theorem 4.1.4. Let K,Q C R be normalized zonotopes and vy, ...,v, € K the
vectors to be balanced. Let H := span{vy,...,v,} with r := dim(H) < min{d,n}. By
applying Theorem 4.1.3 to ) with subspace H and t := /2log 27, we conclude

7H<\/210g27“C'Q N H) >e M2 > 1/2.

As Lemma 4.2.1 shows, v; € v/dB{ for each i € [n], thus by Theorem A.0.1, one can compute

in polynomial time signs € {—1,1}" so that

Z:Ujvj € ﬁC’”(VQlogQrC'Q N H) C C+/dlogmin{d,n}Q,
=1

as desired. In particular, vb(K, Q) = O(y/dlogd). O
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Chapter 5

CONCLUSIONS AND FUTURE WORK

We conclude this dissertation by briefly summarizing the three collections of results pre-

sented and discussing potential future research directions.

In Chapter 2 we introduced the kernel discrepancy problem, motivated by the coreset
problem for kernel density estimation from machine learning, and gave improved bounds
for many kernels of interest, in addition to developing a new discrepancy based technique
that allows for more data driven approaches in future work. Our approach opens several
interesting directions for future research. The main remaining direction of interest for this
problem would be to show a @(\/E) bound on the kernel discrepancy for positive definite
kernels, which amounts to showing a matching upper bound to the lower bound proved in
[55]. Towards this goal I propose multiple strategies. First, our chaining argument operates
by transforming the problem into a discrepancy-style problem in a Hilbert space by applying
the theory of reproducing kernel Hilbert spaces. We conjecture that the image of the domain
of interest in the Hilbert space may have bounded Hilbert norm, which would show the
tight upper bound. Another related direction will be to explore a stronger formulation of
the chaining technique, which relies on bounds specific to the Hilbert space geometry [79].
Second, by removing the need to discretize the domain, we are able to apply additional
geometric, analytic, and other conditions on the data points sampled from the distribution p
to obtain stronger results. For example, if we make stronger assumptions on p (i.e. bounded
variance, unimodality, etc), what assumptions can we consequently make about the sampled
data points (with high probability), and—to combine with the previous approach—what impact
do such assumptions have on the geometric properties of the point sets in the associated

Hilbert space?
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In Chapter 3 we describe a new application of the discrepancy method to the problem of
quantizing the weights of neural networks. In particular, we show a computationally efficient
algorithm for quantizing the weights of a neural network and prove theoretical guarantees
on its expected performance on unseen samples. Potential extensions of this work could
include making stronger spectral assumptions on the matrix. Our result assumes that the
eigenvalues decay at some fixed rate, an assumption that is informed by the data; however,
there are further assumptions we could make. For example, experimental evidence shows
that the worst-case matrices for our solution, where all eigenvectors are concentrated in
one direction, do not occur in practice. A similar combined experimental and theoretical
approach as in our work could be taken to determine what assumptions on the matrix are
both reasonable and lead to stronger bounds. As a first step towards solving this problem,
we could consider the case that we have access to the full covariance matrix, rather than
sampling and approximating the matrix as we do in our current results. Though practically
infeasible, this approach introduces interesting connections to integer programming as well,
opening other potential solution avenues.

Finally, in Chapter 4 we show an improved bound for the vector balancing constant of a
zonotope with itself, as well as for two distinct zonotopes. In order to prove this result, we
also prove a Gaussian measure lower bound on sections of normalized (in a precise sense)
zonotopes, which is of independent interest. The main remaining open question in this area
is to prove the tight O(v/d) bound conjectured by Schechtman [60]; as mentioned in Section
4.1, this would follow from showing that any d-dimensional zonotope can be approximated
up to a constant factor by a zonotope with O(d) segments.

Using polar convex bodies, and noting that the polar body of a zonotope AT B™” C R4
is the preimage AY(B") := {z € R? : ||Az||; < 1}, we can equivalently restate this

sparsification question as follows:

Question 5.0.1. Does there exist a universal constant C' > 0 such that given any matriz

A€ R™ withm > d and 0 < e < %, one can always find another matriz A € RO/*xd
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with ||Az|, < |Az|y < (14 ¢)||Az||y for all z € R4?

If one replaces the /1 norm by the ¢, norm, a similar statement directly follows from the
existence of linear-size spectral sparsifiers [12]. In that setting, each row of A is a scalar
multiple of a row of A, and it is reasonable to hope that a different rescaling of the rows may
work for the ¢; norm. Finally, the following question relates to the existence of good partial

colorings in the ¢; norm.

Question 5.0.2. Given any matriz A € R™*?, does the set

K = {m cR™: ‘zm:xiKAi,zH) < \/%||Az||1 V2 e Rd}
=1

have large Gaussian measure Yp,(K) > e=“™ where C > 0 is a universal constant?
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Appendix A
SUBGAUSSIAN RANDOM VARIABLES AND CHAINING

We begin by giving one of several equivalent definitions of subgaussian random variables,
as well as the definition of the subgaussian norm, which we will need in Chapter 2 (see [79]

for more details).

Definition A.0.1. A random variable X is K-subgaussian if the tails of X satisfy
P[|X| > t] < 2exp(—t*/K?) Vt > 0.
The subgaussian norm of X is then
| X ||y, :=1inf {s > 0: P[X|> 1] < 2exp(—t*/s*) Vt>0}.

Using the subgaussian norm, we can formulate the following version of the algorithmic
version of Theorem 1.2.3). Due to its reliance on Gram-Schmidt normalization, the algorithm

is called the Gram-Schmidt Walk.

Theorem A.0.1 (Gram-Schmidt Walk [11]). There is a polynomial-time randomized algo-
rithm that takes as input vectors vy, ...,v, € R™ of ly norm at most 1 and outputs random

signs € {£1}" such that the (mean zero) random variable Y | Biv; is O(1)-subgaussian.

This is the formulation that Dadush et. al. used to prove the algorithmic version of
Banaszczyk’s theorem, and it is also the version that will be more useful for our proofs.

The subgaussian norm will also be essential to the chaining-based approach that we
develop in Chapter 2. The term chaining refers to a technique for creating a multi-layer
e-net, often allowing one to obtain better bounds than would be obtained by taking an e-net
over the entire space. For more details see [79].

To develop the key results related to this technique, we will need the following definitions.
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Definition A.0.2. Given a (pseudo)metric space (T,d) and r > 0:
o By(s,r)={teT: d(s,t) <r};
i dlam(d> = SUPy seT d(ta S);

o N(T,d,r) is the size of a minimal r-cover of T w.r.t. d, i.e.

N(T,d,r) = min{}S‘ : SCT, TC U Bd(s,r)}.
sES
The key results regarding chaining are captured in the following collection of inequalities.
The multi-step e-net construuction can be seen by the fact that we are in essence integrating
over the size of the e-net, and thus able to appropriately weight the contributions accrued

for different mesh sizes.

Theorem A.0.2 (Dudley’s Integral Inequality). Let (X;)ier be a random process on a pseu-
dometric space (T,d) satisfying

1X; — Xylly, < d(t,s) Vi, s €T

Then for any to €T,

diam(d)
Esup | X; — X3, | S V1og N (T, d,r) dr.

teT 0

For our application we need to control the absolute value, which can be done as follows:

Theorem A.0.3 (Dudley’s Integral Inequality II). Let (X;)ier be a random process on a
pseudometric space (T,d) satisfying

| Xt — Xy, < d(t,s) VE,seT.

Then for any ty € T,

diam

(d)
Esup ‘Xt| 5 V IOgN(T, d7 T) dr + ”Xtouwz'
teT 0
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Proof. By the triangle inequality Esup,c; | Xi| < Esup,er | Xe — Xt | + E[| X4, ]]. The claim
then follows from Theorem A.0.2 and the fact that E[| Xy, |] S || X |lws- O

There is also a concentration version of this inequality.

Theorem A.0.4 (Dudley’s Concentration Inequality). Let (X;)ier be a random process on

a pseudometric space (T, d) satisfying
| Xt — Xy, < d(t,s) Vt, s eT.

Then, for every u > 0, the event

diam(T)
VIog N(T,d,r) dr + wu-diam(T)

sup | X, — X,| < C

t,seT

0

holds with probability at least 1 — 2 exp(—u?), where C > 0 is a universal constant.



