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We consider the inverse source problem for the radiative transfer equation, under various
assumptions on the scattering and absorption parameters, as well as on the accessible data.
In such a setup, we measure the outgoing radiation intensity of the solution to the equation
when an unknown source is present in the interior of the domain. The goal is to recon-
struct the source from such measurements and obtain some form of stability estimate of
the reconstruction on the data if possible. First, we extend the result of [50] to the case
of partial data, where the absorption and scattering coefficients may lie in a certain dense
open subset of C2(Q x S"71) x C%(Q, Sy C"+1(S)~1)). Here it is shown one can recover
sources supported in a particular subset of the domain, which we call the visible set. We
next show that for an open dense set of C°° absorption and scattering coefficients, one can
recover the part of the wave front set of the source that is supported in the microlocally
visible set, modulo a function in the Sobolev space H* for k arbitrarily large. Following,
we consider the case where the scattering kernel £ is small in suitable norm, and in this
case we can reduce the smoothness requirements on k& from C?(Q x Sj; 1 C"*+{(Sp—1)) to
C?(Q2 x S*~1 x S*~1). Finally, we demonstrate a numerical scheme based on the method in

[30], which we use to solve the inverse source problem in specific cases.
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Chapter 1

INVERSE SOURCE PROBLEM

1.1 Motivations

I suppose that like many young graduate students in mathematics, upon starting graduate
school I didn’t have a very clear idea of an area to which I wanted to devote my research. In
retrospect however, I couldn’t imagine having taken any different path than delving further
into the field of inverse problems. It is a field rich in both application and theory, incorpo-
rating interesting physical phenomena into mathematical models that can be studied quite
abstractly in very meaningful ways. Perhaps it is also my own undergraduate background
in both math and physics which led me to walk a fine line between the theoretical and the
applied. Indeed, one of the most popular applications for which mathematics has helped to
propel forward a great deal is that of medical imaging modalities. The problem of deter-
mining an unknown parameter function in the interior of a domain while only being able
to access measurements on the domain’s boundary is one which has garnered much interest

for decades.

Throughout this work, we consider one particular medical imaging modality, that which
is called Optical Tomography. In particular, we study the propagation of photons in a
medium where both scattering and absorption effects can occur. Such a system is typically
modeled by the so-called Radiative Transfer Equation or Linear Boltzmann Equation. In
Chapters 2 and 3 I present two main results in the case of recovering an unknown opti-
cal source inside a domain given only partial data of outgoing photon intensities on the

boundary. This work has been published in Inverse Problems [24].

In early 2012, I had the opportunity to make a short visit to the University of Helsinki

where there is a vibrant inverse problems group, as well as to visit the University of Jyvéskyla



for an extended period under the advisement of Mikko Salo. During that time I investigated
further possible results for the inverse source problem. In Chapter 4 we consider the case
where the scattering kernel is suitably small in norm and show that slightly less smoothness
is required to obtain unique and stable recovery.

Inspired by the work of Francois Monard in developing a novel solver of the forward
radiative transfer equation using the idea of rotating grids [30], I developed a solver for the
inverse source problem mostly as a means to provide visual confirmation of the aforemen-
tioned theoretical partial data results obtained. In Chapter 5, I provide documentation of
the schemes used to compute the solution operator to the inverse source problem as well as

the normal operator, which provides a representation of the source modulo a smooth error.
1.2 Background and Physical Setup

Radiative transfer equations (also sometimes referred to as linear transport or linear boltz-
mann equations) are often used to model the propagation of particles that exhibit absorption
and scattering in various contexts, including behavior of photons within biological tissues or
neutrons in a reactor. In what follows, we consider a problem relevant to optical molecular
imaging (OMI), which is a fast-growing research area. In this application, biochemical mark-
ers can be used to detect the presence of specific molecules or genes, and suitably designed
markers could potentially identify diseases before phenotypical symptoms even appear. The
markers are typically light-emitting molecules, such as fluorophores or luminophores. In con-
trast to Single Positron Emission Computed Tomography (SPECT), Positron Emission To-
mography (PET), or Magnetic Resonance Imaging (MRI), optical markers emit low-energy
near-infrared photons that are relatively harmless to human tissue. However, because of
their low-energy level, the photons scatter before they are measured. Further specifics can
be found in the bioengineering literature such as [9, 13, 25, 55, 56, 34].

The inverse problem we consider consists of reconstructing the spatial distribution of a
radiation source from measurements of photon intensities at the boundary of the medium in
specific outgoing directions. In many applications, the propagation of photons emitted can
be modeled as inverse source problems of steady-state radiative transfer equations. Once

we know the optical properties of the underlying medium, the problem of determining the



source is feasible. It is shown in [50] that under mild assumptions on the scattering and
absorption parameters of the medium this is possible. However, in the partial data case,
which will be made more clear shortly, one can only hope to recover information about the
singularities of the source. In particular, we seek to recover information about the wavefront
set of the source function. We now describe more precisely the mathematical problem.
Suppose that €2 is a bounded domain in R™ with smooth boundary and outer unit normal
vector v(x). Consider the radiative transfer equation
0-Vou(z,0)+o(x,0)u(z,0) — / k(z,0,0 u(z,0")dd’ = f(x),
S§n—1
ulg_sa =0, (1.2.1)

where the absorption ¢ and the collision kernel k are functions with regularity specified
later, the solution u(x,#) gives the intensity of photons at x moving in the direction 6, and
0459 is the set of points (z,0) € 9Q x S"~! such that +v(x) -6 > 0. That is, 9+ is
the set of points (z,6) € 9Q x S"~! such that  is pointing outward or inward, respectively.
The source term f will be assumed to depend on z only for our purposes. We also remark
that Equation (1.2.1) is only applicable at a single frequency, as the parameters o and k
typically depend highly on frequency. In particular, for high energy photons there is a
coupling between energy and angle, whereas for photons with low energy scattering is not
typically accompanied by an energy change.

In the case of full data, we have boundary measurements
Xf(z,0) = ula, sa- (1.2.2)

In [50], it is shown that for an open, dense set of absorption and scattering coefficients
(o,k) € C2(Q x S"1) x C?(Q2 x S"1 x S»™ 1), one can recover f € L?(Q) uniquely from
boundary measurements X f on all of 0;.59. To set up the case of partial data, first let
V C 0,59 be open and let V € V. Let yy € C§°(0+59) be a smooth cutoff function
such that yy(z,0) = 1 for (x,0) € V and xy(z,0) = 0 for (z,0) ¢ V. The boundary

measurements are then given by

Xy f(x,0) = xv(z,0)ulo, so- (1.2.3)



Figure 1.1: Extending {2 to a convex smooth domain £2;.

To make notation a bit simpler, if V' = 0,5 (complete data) we will just write X, since
in this case Xy = X.

When dealing with the inverse problem, which we will describe in detail in Section 2.4,
we need to take a larger domain (strictly convex for convenience) that compactly contains
Q. That is, fix a strictly convex open set £2; with smooth boundary such that 21 3 €. The
strict convexity of 2y ensures that the functions 74 (x, ) are smooth, where 74 (z,0) is the

travel time from x € €7 to 091 in the direction +6. In other words

(x+7+(x,0)0,0) € 0+50. (1.2.4)

We will extend ¢ and k to functions on 2y with the same regularity. We choose and
fix this extension as a continuous operator in those spaces. Now define X; : L?();) —
L?(04591) in the same way as for X. From this we can look at the restriction of X; applied
to functions f supported in 2 by first extending such f as zero on  \ Q. Essentially, we
are moving the observation surface outward a bit and taking measurements on 9€2;. When
dealing with the inverse problem, we will usually abuse notation and write X instead of X7,

with the understanding that we’'ve already extended the domain € to €.



1.3 Overview of Previous Results

The direct problem of determining uniqueness and existence of solutions u to (1.2.1) and
its variations thereof has been investigated quite extensively (e.g. see [14, 50, 39]). In
particular, assuming (o, k) to be an admissible pair as defined in [12] is more than sufficient
to guarantee existence and unique of solutions. However, many results are based on the
RTE not with an internal source, but instead with some boundary illumination supported

on 0_S5Q. For the time dependent linear Boltzmann equation with null source,
8 / / /
Eu(m,@,t) =—0-Vyu(z,0,t) —o(z,0)u(z,0,t) + /k:(w, 0, 0)u(x,0',t)do’, (1.3.1)

there is a wealth of literature dealing with the associated scattering theory ([54, 44, 39, 15]),
and this has a nice connection with the so-called albedo operator ([10, 45]) used to recover
o and k (also see [3, 12, 11]).

Consider, for the moment, the time-independent case for (1.3.1) with null internal source
where one is free to prescribe a boundary condition of the form u|s_go = g, usually with

g € LY(0_59,d¢)). The albedo operator is then given by
A g ula, s,

where u solves (1.3.1) with u|sp_sq = g. The work of [12, 10] then aims to recover o
and k£ under modest assumptions by decomposing the Schwarz kernel of A into singular
components of different orders. It is then possible to recover ¢ and some information about
k by choosing ¢ to lie in different carefully chosen one-parameter families of boundary
illuminations.

As for the inverse source problem, the primary, recent, existing results to the authors
knowledge are from [7, 50]. The work of Bal and Tamasan in [7] shows the recovery of a
compactly supported L? source given that o € CZ(f2) (isotropic) and k(x,6’,0) = k(x,0 -
0'), as well as an additional smallness condition on the Fourier transform of the Fourier

/

coefficients of k£ with respect to # — 0. Note that such a condition on k£ in phase space
indirectly implies its level of smoothness. A more general result is proven in (Theorem

2, [50]), which establishes that the aforementioned operator X is injective for an open,



dense set of coefficients (o,k) as given in (Theorem 1, [50]) with f € L?(2). Moreover,
a stability result is obtained for the normal operator X*X : L?(Q2) — L?(Q). Here the
adjoint X* : L2(0,5Q,dY) — L*(Q x S"!) is defined with respect to the measure d¥,
which we return to in more detail later. More specifically, for an open and dense set of pairs
(0,k) € C*(2x S"1) x C2(Q, x S 1 C"HL(Sp~ 1), including a neighborhood of (0,0), we
have that the conclusions of (Theorem 1, [50]) hold in 4, that X is injective on L?(f2), and
the stability estimate || f| 72y < C|| X7 X1 f[|#1(q,) for a constant C' > 0 locally uniform in
(0,k).

We remark that the methods in [50] and [7] rely on treating the operator X (which
restricts the solution to (1.2.1) to to 0;.52) as a perturbation of the attenuated ray transform
(see [5, 8, 16, 17, 31, 32, 33, 37| for some background on that problem). Additionally, the
work of [50], and in the sequel, uses some microlocal results related to the geodesic ray
transform with generic weights (see [18]). Earlier works on the inverse source problem

based on different methods can be found in [2, 26, 35, 42, 43].



Chapter 2

THE CASE OF PARTIAL DATA

2.1 Introduction

In this chapter we consider the inverse source problem for the stationary radiative transfer
equation where the data u|p, so is only known on some open subset V' C 0,5Q. What
follows is a brief outline for the chapter. In Section 2.3 we will review the direct problem
and some relevant results of use in the partial data case. We also establish some results
about singular integrals that will be needed to prove the main theorem. In Section 2.4 we
consider the inverse problem with partial data, which consists of determining the source
term f from measuring Xy f. We also compute the normal operator X, Xy when the
scattering coefficient kK = 0. Note that when ¢ = k = 0, the operators X and Xy are the
standard X-ray transforms with full and limited data, respectively. When k = 0, then Xy

is more generally a weighted X-ray transform.

Following, in Section 2.5 we establish an injectivity result, Theorem 2.5.1, for f € L?(Q)
supported in the wvisible set assuming analytic . This result is based on the microlocal
approach used in [18] as well as the original proof for full data in [50]. We then apply it in
order to prove Theorem 2.2.1. Results needed pertaining to singular integral operators are

located in appendices A and B.

2.2 Statement of the Main Result

To understand the main theorem of this chapter, we first need to define the set of points
such that Xy is injective when restricted to sources supported there. This set will clearly

depend on V. We also denote by I, ¢(t) as the line starting at = with direction 6.



Figure 2.1: The visible set is denoted here with hashes in the case where V' consists of a
connected open subset of the boundary together with all outgoing directions.

Definition 1. We define the visible set M C Q by

M={zecQ|V9ecS" 326" € Vwith 4+ -6 =0

such that [, g1 intersects z}. (2.2.1)

It is relatively straightforward to show since V' is open, M is open as well. The proof is
left to the reader.
Now we can state the main result, which is an injectivity condition adapted from results

in [18].

Theorem 2.2.1. Let V € 0,501 be an open set and let M be as defined above. Let

W € M. Then there exists an open and dense set of pairs
(0,k) € C*(2 x S™1) x C*(Q, x S 0™ H(sp— 1Y), (2.2.2)

including a neighborhood of (0,0), such that for each (o,k) in that set, the direct problem
(1.2.1) has a unique solution u € L?(2; x S*™Y) for any f € L?>(Q x S*™ 1), Xy extends to
a bounded operator from L*(Qq x S*~1) to L%(0,5Q4,dY), and

1. the map Xy is injective on L*(W),

2. the following stability estimate holds:

1Fllz20) < CIUXTXv fllaqy,  YF € LAW), (2.2.3)



with a constant C > 0 locally uniform in (o, k).

Remark 1. The proof of uniqueness and stability for the direct problem (1.2.1) as stated in
Theorem 2.2.1 is essentially the same as the one contained in [50], so we will focus on the
subtle differences. Furthermore, the proof that Xy = xy X extends to a bounded operator
from L?(2;) to L?(045%,dY) follows from the proof in [50] that X is bounded and the
fact that multiplication by xy is bounded on L%(9,58,dY).

2.3 The Direct Problem
For notational convenience and to be consistent with convention, we set
To=60-V,, Th=Ty+0, T=Ty+0c—K, (231)

where o denotes the operation of multiplication by o(z,0), and K is defined by

Kf(x,0) = / Kz, 0,0)) f(x,0')de'. (2.3.2)
Snfl
If £ =0, we have that
0
X f(x,0) = I, f(2,0) == / Bz +10,0)f(x+t0)dt, (z,0)€ 0.5,  (2.33)
7 (z,0)

where 74 (z, 0) is the arrival time defined by (z + 7+ (x, 0)0,0) € 0459 for (z,0) € Q x S*~L.
Here E is defined by
E(z,0) = exp (—/ o(x +s6,0) ds) . (2.3.4)
0

Note that if ¢ > 0 depends on x only, then I, is just the attenuated X-ray transform along
the line through z in the direction §. Moreover, in this case it is injective and [32] gives an
explicit inversion formula.

In the general case with k # 0, it is shown in (Theorem 1, [50]) that the direct problem
(1.2.1) is well-posed even for f depending on z and #. That is, for an open and dense set
of pairs

(O-’ k) S 02(§ X Snil) X C2(ﬁm X ngl; Cn+1(Sg—1)),

including a neighborhood of (0,0), the direct problem Tu = f with ulg_gq = 0 has a
unique solution u € L?(Q x S"~1) for any f € L?(Q x S*~!) depending on both = and .
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Furthermore, the complete data operator X, which is only a priori bounded when restricted

to sufficiently smooth f, extends to a bounded operator
X L2(Q xS — L2(0,90,d%).

The proof of this relies on the fact that

0

77 N 0) = [

0
exp <—/ o(x+76,0) dT) f(z+ s60,0)ds, (2.3.5)
—0o0 S
as well as Fredholm Theory applied to the resolvent (Id — (ATy ' K)?)~! where X is a complex
parameter.
In order to solve T'u = f, we observe that Tu = Thiu — Ku = f, and so applying T1_1 to
both sides yields

u="T Y (Ku+ f). (2.3.6)

This is equivalent to the integral equation
(Id - T ' K)yu =T f. (2.3.7)
Thus, if Id — Tl_lK is invertible, we can solve the forward problem uniquely for
u=T"'f=0d-T'K)'T7 1 f. (2.3.8)

To find k such that T~ exists, we note that (Id — 7, ' K) ' = 771 (Id — K77 1)~ and
look at the operator

AN = ([ = AKTH?) (2.3.9)

It is shown in [50] that the operator (KTfl)2 is compact, and for A = 0 the resolvent (2.3.9)
exists. By the analytic Fredholm theorem (Theorem VI.14, [38]), we have that A()) is a
meromorphic family of bounded operators with poles contained in a discrete set. It can be
shown that

(1d = AKTTY) ' = (Id+ AKTY) A(N). (2.3.10)

In particular, the r.h.s above is easily seen to be a right inverse. To show that it is a left
inverse as well, we can expand A()\) as a Neumann series for |[KT} || < 1 and then use
analytic continuation to show that it remains true for all A that are not poles of A(\). These

ideas will be useful later when proving Theorem 2.2.1.
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2.4 The Inverse Source Problem with Partial Data

Let V C 9.59 be some open subset. Then the boundary measurements for the problem
(1.2.1) with partial data are modelled by

Xy f(x,0) = xv(z,0)uls, s, (x,0) € 0,50 (2.4.1)

where u(z, ) is a solution of (1.2.1), and xy : 0+5Q — [0,1] is a smooth function equal to
0 for (z,0) ¢ V and xy(z,0) = 1 for (z,8) € V € V for some open V. We also define the
operator J : L2(Q) — L?(Q x S"~1) by

Jf(x,0) = f(x).

If kK =0, we have that

Xy f(x,0) = Iy f(z,0) = xv(z,0)I,f(z,0). (2.4.2)

We will proceed as in [50] by looking at Xy as a perturbation of I,y . Wishful thinking
suggests that Xy, Xy is a relatively compact perturbation of Iy I5 v, the normal operator
corresponding to k = 0. Here X, is the adjoint of Xy, with respect to the measure dX on
0454 given by

d¥ =10 -v(z)|dS, dSy, (2.4.3)

where as stated earlier, v(z) is the outward unit normal to the boundary 0f2.

Again, consider the case when £ = 0 and compute I;y- Note that I,y : L2(92 x
S — L?(91.59,d%), and hence I}, : L*(845Q,d%) — L*(Q x S*~1). For now we will
restrict ourselves to applying I,y to functions f that depend on x only. Given h(z,0) €
L%(9,59,dY) and f(z) € L*(), one can show that

L@, f@) s = [ [ 0 w07 0.0, 0)T(w) dody,

where g7 (x,6) is the extension of g : 9;5Q — R to Q x S"~! defined by ¢7(z,0) =
g(z + 74(x,0)0,0). We also made use of the diffeomorphism ¢ : O — Q x S*~! where
O = {(z,0,t)|t € (1-(x,0),0) and (x,0) € 0,5Q}. This map is defined by ¢(x,0,t) =
(x +t6,0). The Jacobian determinant of ¢ is |v(x) - 6|; see (Lemma 2.1, [12]). Note that
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¢t QxS — Ois given by ¢~ (z,0) = (z + 74 (2,0)0,0, —74(x,0)). Hence the adjoint

in the no-scattering case has the equation

I yh(z,0) = - E(x,0)h* (x,0)xT (x,0) db. (2.4.4)

2.4.1 The Normal Operator I7 15y
Similar to the way in which we derived the adjoint operator Iy, we may compute the
normal operator Iy Iy : L2(Q) — L?(Q) as

Uovisv f(2),9(7))2(0)

= [ 00 ,0) (e 0, 0% 0] )
o Lgn—

z/Q { Snflﬁ(x’a)ﬁ(x’a) (Xv(ﬂ:,ﬂ)/RE(:c+t9,9)f(:c+t9)dt>#} g(x)dodx (2.4.5)

o Y=z # y—= | y—z
:// E(Cﬂaw)\Xv(ﬁﬂaw) E(y, io=a)f ()
aJo ly — "1

() dy dx.

In the last line we used the substitution y = = +tf to convert the integral over S"~! x R in

(0,t) to an integral over Q in y. Thus

dy. (2.4.6)

- B 2
oLy ) / By, =5 B, 225 |\ (@, 25| 1)
€Tr) =
ooV Q ly — x*t
In the case that o is C°°, we would like to know where I;VI(LV is elliptic. One can show

using (Theorem 3.4, [20]) that

Lvlowf(@) = @m)™ [ @0, f(y) dy (247)

where

NS _ # _ 2
Bl 1P =) [ @ 1)
ly — |1

bz, ) = (2m) " / ¢~y dy. (2.4.8)

Proposition 1 of [50] then gives that I3y I,y : L23(Q2) — HY(Q). See also [51].
Now, unfortunately equation (2.4.8) isn’t particularly useful when trying to analyze the

singularities of I I, v f, even if o is C°°. But recall (2.4.5), which shows that

Iy Iy f(2) = /S N /R A(z,,0)f (z + t0) dt df, (2.4.9)
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for a particular function A. By Lemma 4.2 of [18] we have that if A € C®(2; x R x S*71)
(which occurs if o € C*(; x S"71)), then I3 v1sv is a classical ¥DO of order —1 with

full symbol

b(a,€) ~ Y b(,€), (2.4.10)
m=0
where
,im
b (2,€) = 27— /S O A,0,0)5™ (6 - €) db. (2.4.11)

To check for ellipticity of b, we need only look at the principal symbol corresponding to

when m = 0. This is just

bo(z,€) :27r/. \E(x,0) X (x,0)]? dS(0). (2.4.12)

Since E' is nonvanishing, we immediately have by (2.4.12) that b(z, ) is elliptic on the set
M.

2.5 Injectivity of Xy Restricted to the Visible Set

2.5.1 Injectivity of Iy and I7 1oy

Since we are only able to access some open subset V' of 0,501, we cannot expect for the
operator I,y or the normal operator I I,y to be injective. However, from [18] we can
obtain injectivity for sources f supported in a particular subset of €). But first we must
introduce the notion of a regular family of curves. We will use the notation [, ¢ to denote
the line segment through z € Q in the direction § € S* ! with endpoints on 9Q;. We
can also assume that [, ¢(0) = = and 1;79(0) = . It is also clear that the lines [, o depend
smoothly on (x,0) € T) in the sense that the function I(z,0,t) = I, ¢(t) depends smoothly
on z, 0 and t separately. In fact, we have [(x,{,t) = z + t where t € (a(z,§),b(x,§)), an
interval containing 0, and I(z,§, a(x,§)),l(z,&,b(x,§)) € 0.

Definition 2. Let I" be an open family of smooth (oriented) curves on 2, with a fixed
parametrization on each one of them, with endpoints on 0f2, such that for each (z,¢) €
T\ 0, there is at most one curve v, ¢ € I' through z in the direction &, and the dependence
on (z,&) is smooth. We say that I' is a regular family of curves, if for any (z,&) € T*Q,

there exists v € I' through x normal to £ without conjugate points.
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Remark 2. In our specific case, all curves taken are straight lines and have no conjugate
points. Moreover, if we let I'y4 be the set of lines in €2; which intersect M, then it turns
out (as is shown in the proof of Theorem 2.5.1) that I' s is a regular family when restricted

to M. This is the motivation behind how M was defined in the first place.

Theorem 2.5.1. Let o be analytic on Q. If I,y f = 0 for f € D'(Q) supported in
W € M™, then f =0. In particular, I,y is injective on L*(W).

Proof. 1t is clear that the collection I' of lines in 27 is an analytic regular family of curves
(see [18]). Let I'pyq be only those lines which pass through M. We claim that T'x is a
regular family of curves when restricted to M. To see this, let x € M and § € S*~!. Then
by definition of M there exists z € V and an angle 6 normal to # such that the line lyox
passes through z and (z,60+%) € 9,S9Q. We also have by definition that l,or € I'pm, which
proves the claim. Now, by Theorem 1 of [18] we have that f is analytic on M with support
properly contained in M™. In particular, f = 0 on an open subset of each component of

M. Therefore f = 0. O

Although the definition of M is a bit cryptic and difficult to visualize, it is possible to
easily visualize an important subset of M when V has a certain form, as shown by Lemma

2.5.2. Here we use the notation chA to denote the closed convex hull of a set A C R".

Lemma 2.5.2. Suppose that V. = 7~ Y(W) where W consists of a countable collection of
disjoint connected open subsets of 01, and m : 0180 — 01 is the natural projection.

Then J; (chW;)™ C M where W; is a given component of W.

Proof. Suppose W = |J, Wo where W, C 0f2 are disjoint connected open sets. Let z €
U (chWo )™, Let @ € S* ! and let §+ be any vector perpendicular to 6. If we consider

that

chW,, = {hyperplanes P C R"| P N W,, = (}¢,

then [, p. must intersect W, at some point z. Changing the direction of 61 if necessary
and using the strict convexity of €;, we have that (z,0+) € 9,5Q;. This proves that
(chWo)™ ¢ M for all a. O
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In order to approach the case that k # 0, we will compute explicitly how Xy differs from

I, v. Note that
Xf=xvR T =xvR (Id - Ty K) TN f,

where

Rih = hla, so-
If f depends on z only (the case we are primarily interested in), then
Xvf=xvR T 'Jf=xvR (Id =T ' K) ' S
Now consider the identity
(Id - T Kyt =10t ad - KTt

which implies that
Xyf=xvR I7N1d - KT Y7L

Writing Xy = I, v + Ly and noting that
Ly f=xvRI7 S,

we have that

Xy =Ly + xvRy(=1d+ (1d - T, K) )T

and so we have

Ly := xyRy(=Id + (Id — T, ' K) Y17t

Furthermore,

X‘*/XV = I:'7VIO'7V + Ly, Ly:= I;,VLV + L*VIO',V + LT/LV

Lemma 2.5.3. The operators
8JBI;,VLV’ 8:1:[/*\/-[07\/, amLF‘k/LV

are compact as operators mapping L*(Q1) into L*(£1).

(2.5.1)

(2.5.2)

(2.5.3)

(2.5.4)

(2.5.5)

(2.5.6)

(2.5.7)
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Proof. Following the steps of the proof of Lemma 3 in [50], first note that
(~1d+ (Id - T Ky Yy =10 Ry (d - KTt~ (2.5.8)
To prove it, we note that
TOKT ! = (-1d + (Id — 770 K) Y17 (1d — KT07Y).
Thus Ly can be written as
Ly = xy R TV KT M (1d — KT 7 (2.5.9)

We note that multiplication by xy to obtain Ly from L is bounded and hence preserves
compactness. First we need to analyze I(’;VLV = I;VXVRJrTl_lKTflh, where h = h(z,0).
Recall that

Lhl@) = [ B 0% (. 0x] (. 0) db.

Again, as in [50] we notice that xyvRyT; 1g looks like Iy, except that now the source

depends on 6 and z. Thus

0 #
L R T )@ = [ Bw,0) |xo(e,0) [ E(x—l—t@,@)g(m—i—t@,@)dt} d
’ N —00

o[ BetRd b D)2 i),
971

lx —y[n—t

(2.5.10)

where Fyen(,0) is the even part of F with respect to 6 (i.e. Fuyen(z,0) = 3(F(z,0) +
F(z,—0)) ). To get back to I, Ly, we can let g = KT h.
To proceed, we will now make a slightly weaker assumption on k than stated in (2.2.2)

(see [50]). We will assume that k can be written as the infinite sum

o0

(z,6,0") Z 0)kj(z,0) (2.5.11)
where ©; and x; are functions such that
Z H@jHHl(S”—l)HﬂjHLw(lesn—l) < 0 (2.5.12)

J=1
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In particular, we could take ©; to be the spherical harmonics Y}, and then x; would be the
corresponding Fourier coefficients in such a basis. As discussed in [50], uniform convergence
of (2.5.11) is guaranteed if k € L>(Q; x Sp~ 1 CytH(S*1)), which is indeed a weaker
assumption.

Now let K be the integral operator with kernel ©,x; and B; = lijTl_l, where we regard

k; as integration in ' against the kernel ;. Thus,

(KT h)(x,0) = ©,;(0)[B;h](2), (2.5.13)
Yz, |z —yl, =) Ky (2, =5 T —
Bjh(z) = /91 (| y"x = yy’n)_l =) h (y - ;) dy. (2.5.14)

By the proof of Lemma 1 in [50], we have that B;(Id — KTy *)~'J : L2(Q1) — L2(Q4) is

compact. Now observe that

Ity Ly = 0u I} yxvRLTT KT (1d — KT )~

= > [0L;yxvRTy10,J] [B;(1d — KTy 1) 71| (2.5.15)
j=1

By (2.5.10) and Proposition 1(b) of [50], we have that 8$I;7VXVR+T1_1@jJ : L) —
L?(£21) is bounded with a norm bounded above by CHUHCQ(ﬁxgn,l) 195l 1 (sn-1). Thus each
summand of (2.5.15) is a compact operator with norm bounded above by C||0;|| g1|%;| Lo,
with C' depending on ¢. By the condition (2.5.12), we have that 9.1\, Ly is compact.

Now, the proof for 0,Lj, Ly is similar. In light of the fact that B;(Id — K1)~ is
compact, it suffices to show that 8$L’{/XVR+T1_1J is bounded. Note that KT} ! commutes
with (Id — K77 )™, and hence

LyxvRyT710;J = (xv Ry TV KT (Id — KT 71) v Ry T 1057 (2.5.16)

— (KT ') (o Ry T (1 - KT ) v Ry T

As proven in [50], by the boundedness of XVRJrTfl, the compactness of amL}k,XVRJrTflJ
relies on 9, (KT, 'J)*, and indeed it is.
Finally, to show that OLj I,y is compact, we can proceed similarly to the case of OLj, Ly .

Observe that 0, L{ 15y = L’{/XVR+T1_1J, which is equivalent to (2.5.16) with ©; =1. O
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Now we are ready to prove Theorem 2.2.1 regarding the injectivity of Xy when restricted

to sources f supported compactly in the visible set M.

Proof of Theorem 2.2.1. Our proof mostly parallels the proof of Theorem 2 in [50]. By
Lemma 2.5.3, we have that X7, Xy is equal to I;VI(LV plus a relative compact operator Ly .
First assume that o and k are C°°. In this case, I;vla,\/ is elliptic on M, and thus there
is a parametrix @ of order 1 which we view as an operator Q : H*(Q1) — L?(2) (We've
restricted the image to (2, though M would do based on our assumption on the support of

f). Thus, for f supported in W € M, we have

QlyvIovf=f+EKif, (2.5.17)

where K is of order —1 near M. Now apply @ to X7, Xy to get

QXyXvf=f+Kif+QLvf = f+Kaf (2.5.18)

By Lemma 2.5.3, we have that QL is compact. Furthermore, K : L2(M) — L?*(M) is
compact by Rellich’s lemma since it is smoothing near M. This reduces the problem of
inverting X7, Xy to a Fredholm equation. By Theorem 2.5.1, we have that for o real analytic
on O x (S*71), I,y is injective when restricted to f supported in W & M. Therefore,
I3 15y is as well by an integration by parts. That is, if <I;’VI(,7Vf, 92 = 0 for all
g € L*(Q), then in particular it holds for g = f, and hence HInyH%Q(Q) = 0. In turn, we
obtain that f = 0. In fact, by the remark after (Theorem 2, [18]) injectivity holds for small
enough C! perturbations.

Now fix o real analytic in M. Also fix k so that (o,k) belongs to the generic set in
(Theorem 1, [50]), related to €1, and the regularity assumption (2.2.2) is satisfied. This
can be done for an open dense set of k’s by (Theorem 1, [50]). Now consider Xy related
to (o, Ak) with A belonging to some complex neighborhood C of [0,1]. The operator Ks in
(2.5.18) depends meromorphically on A. This is because K is related to (0,0) (i.e. the
unperturbed case) and is therefore independent of \. Furthermore, the parametrix @ is
also independent of A since it is also related to the unperturbed operator I, 1. Finally,
the remainder term Ly is a meromorphic function of A because Ly has that property, see

(2.3.10) and (2.5.6). For A =0, we have Ly = 0 and hence Ky = K in this case.
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From the proof of Theorem 1.5 in [49], we can add a finite rank operator to ) to ensure
that Id + K is injective, see (2.5.17). We include the details here for clarity. Since K is
compact on L2(W), we have that Id + K; is a Fredholm operator, and hence it has a finite
dimensional kernel F. Let {f1,..., fi} be a basis in it. Since I} /I,y is injective on L*(W),
we can choose this basis such that {I;7VIU7Vf1, ... ’I:;VIU,Vfl} is an orthonormal basis for
I ylsvF C L?(£21). Now we define the finite rank operator Qg : L?(Q1) — L?(Q) by

l

Qoh =Y (h 15 v Lo f)r20) fj- (2.5.19)
j=1

Then set @ = @ + Qg so that
QL yIovf=(d+K{)f (2.5.20)

where K# = K1+ Qol; 15y is compact. We claim that Id—i—K{éé is injective on L2(W). So
suppose that (Id + K1) f + Qol; 1o, v f = 0. Note that K is self-adjoint since I} | I,y and
hence @ are. Thus the term (Id + K1) f is orthogonal to F, because for any g € F we have
((Id + K1) f, 9) r2(y) = (f, Id + K1)g) 12(q,) = 0. Moreover, the term Qol} I, v f € F by
definition of (). Therefore, f = 0. Relabeling Qv as (), we can now assume that Id + K7 is
injective.

Let C be C with the poles of (Id —\K T1_1>_1 removed, and recall that the poles form a
discrete set. Thus C is a connected set containing A = 0 and A = 1. Applying the analytic
Fredholm theorem again on C implies that QX{, Xy is invertible for all A in C with the
possible exception of a discrete set. In particular, there are \’s as close to 1 as we like with
that property. For these values of A, the invertibility of QX7, Xy implies that X7, Xy and
Xy are both injective. This shows that there is a dense set of pairs (o, k) in the space (2.2.2)
such that Xy is injective, which we will denote by Y. Since we need an open dense set of
pairs (o, k), it remains to show that Xy is still injective for (¢, k) in some neighborhood of
U.

Let (0,k) € U so that Xy : L2 (W) — L%(9521,dY) is injective. An integration by parts
can be used to show that X}, Xy : L2(W) — H!(Qy) is injective as well.

To proceed, we will need the following lemma from [49], and for convenience the proof

is repeated.
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Lemma 2.5.4 (Lemma 2, [49]). Let X, Y, and Z be Banach spaces, let A: X =Y be a
closed linear operator with domain D(A), and let K : X — Z be a compact linear operator.

Suppose that
Ifllx < CUAfly + 1K fllz), VfeD(A). (2.5.21)

If A is injective, then
Ifllx < C'lAflly, Vf€DA.

Proof. We show first that one can assume that A is bounded. Indeed, let || - ||p(4) denote

the graph norm given by

£ llpeay = VIIFIZ + [AFII2-

Note that A : X — Y with the norm [|-[|p4) on X is bounded since [|Af|ly < \/HfH?X +||Af]13 =

[ fllp(ay- Furthermore, (2.5.21) implies that

[fllpay < CUASly +[[Kfllz),  Vf € D(A).

Assuming the lemma is true for bounded operators, we then have ||f|lpa) < ClAf]ly.
Since || fl|x < [[fllpa) the result follows.

For bounded A, assume on the contrary that such an estimate does not hold. Then
there exists a sequence f,, in X with ||f,|lx =1 and Af, - 0in Y. Since K : X — Z is
compact, there exists a subsequence, which we still denote by f,, such that K f,, converges
in Z, and is therefore a Cauchy sequence in Z. Applying (2.5.21) to f, — fm, we have that
lfn — fillx — 0 as n,m — oo. That is, f, is a Cauchy sequence in X. Therefore, there
exists f € X such that f, — f, which implies that ||f||x = 1. Since A is closed, we have
Af, — Af =0, which contradicts the injectivity of A. O

Now observe that

1QXVXv [z = If + Kaf L2y
> [ fllz2n) — 1 K2 fl22y)

= 1f 2wy = K2 f Nl 22021 (2.5.22)
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and hence by elliptic regularity of Q

1 £l 22wy < N1QXTVXv 22000y + K2 f | 22(01)

< C(IXVXv fll @ + K2 f 2 @y))- (2.5.23)

Since X3> Xy is closed, linear and injective on L?(W) and K is compact, by (Lemma 2,
[49]) we have that
1flz2wy < CIXTXv fllai (- (2.5.24)

So (2.2.3) holds for (0, k) € U. Furthermore, this estimate implies that the norm || X3 Xv || 2wy 51 (0,
depends continuously on (o, k) as in (2.2.2), and certainly for C* ¢ and k. Therefore, we
can perturb (o, k) and (2.2.3) will still hold true, since the r.h.s will be absorbed by the
Lh.s. Thus X{, Xy is injective for (o,k) in an open dense subset of the generic set of pairs
for which the direct problem is uniquely solvable (see Theorem 1 of [50]), and for such
(0,k) the estimate (2.2.3) holds. On the other hand, X{, Xy being injective implies that
Xy is injective. Finally, for a given (og, ko) € U, we can take C’ as the supremum over
all constants such that (2.5.24) holds for (o, k) in a neighborhood of (og, kg). That is, C’
is locally uniform. This completes the proof of Theorem 2.2.1. From this point, the proof

follows the same as that for Theorem 2 of [50], and so we conclude. O
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Chapter 3
MICROLOCAL RECOVERY OF A SOURCE

3.1 Introduction

Although injectivity of the data operator Xy, is too much to ask for when V' is some proper
open subset of 9,52, it is still possible to analyze how singularities are propagated under
the normal operator I 1,1, v, see (2.4.5). This draws from the theory of pseudodifferential
operators and how singularities are propagated (see [20, 53]). Writing X3, Xy = IJ I, v +
Ly and assuming suitable smoothness conditions on &k, we will prove that one can partially
recover the wavefront set of f from Xj, Xy . This is somewhat analogous to Proposition 1
in [18], which allows one to partially recover the analytic wave front set of f when k& = 0.

Of course, much care must be taken to make sense of and analyze Ly .

3.2 Statement of Main Result

For sources f with more general supports, we hope to be able to recover certain covectors
in the wavefront set of f. Those covectors (x,£) € T*Q that can be detected will depend

on V in the following way:

Definition 3. The microlocally visible set corresponding to partial measurements on 945
is given by
M = {(x,6) € T*Q |30 € S" ! such that §- & =0 and X‘#/é(x, ) # 0}. (3.2.1)
Recall X‘#/é(x, 0) is the extension of xy : 9,501 — R to Q1 x S"~! defined by X‘#/é(x, 0) =
xv(x + 74(x,0)0,0).

Theorem 3.2.1. Let I be a positive integer. There exists an open dense set O; of pairs
(0,k) € C®(Qx S"1) x C=(Q, x St x Sp~1) depending on 1 such that given (o,k) € O,
if (2,€) € M, then there exists a function v € H'(Q) such that

(2,€) ¢ WHXy Xy f) = (2,€) ¢ WEF(f + ). (3.2.2)
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Figure 3.1: An example where (z,¢) is in the microlocally visible set M’, given that the
source f is the characteristic function of the shaded set.

Corollary 3.2.2. Suppose that | KT Y| < 1. Then in Theorem 38.2.1 we have v = 0.

3.3 A Microlocal Result

To get more of an intuition for how to proceed, consider the case when |7 ' K|l < 1. Since

Xy = XVR+T1_1(Id - KTl_l)_lJ, we may use a Neumann series expansion to get

Xy =xvRyTT D (KT . (3.3.1)
7=0

The term corresponding to j = 0 is exactly Iy, which does not account for scattering.
Subsequent terms in the expansion incorporate scattering of higher and higher orders. So
if we can show that K T1_1 is smoothing in some sense, then the most singular part of the
data will be captured in the ballistic term.

Before proceeding, we need to establish a bit of notation. We define the space H;(2 x

S™~1) as the completion of C*°(Q x S"~!) with respect to the norm || - [|3,(xsn-1) given by

0o kmn
lg(@, )3 0xsm-1) = 3 O N0 g uxsn—1y IV L i1 sn-1), (3.3.2)
m=0 k1

where g(x,0) =>00_ ZZ’:”I” atk) (x)ngle(H) is the series representation of g with respect to

the spherical harmonics me) (see Appendix A). Similarly, we define the space C;(2 x
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S™~1) as the completion of C*°(2 x $"~!) with respect to the norm || - ||, (xsn—1) given by

oo k‘mn

19(z,0)llc,xgn-1y = > 3 lal¥ e Q)HY(]C |1 (sn-1) (3.3.3)
m=0 k=1

The following lemma establishes the regularizing properties of the operator K Tl_l.

Lemma 3.3.1. Let f € H;(Qy x S"1) with supp(f) € Q x S" 1 and | > 0, and suppose
that o € C®(Qx S"™1) and k € C®°(Q x Sp ' x Sp~Y). Then KTy ' f € Hypr (94 x SP71).

Proof. First let us recall from the proof of Lemma 1 in [50] that
_ =Y =Y
= (ol =yl =) b (01 y|)f< T—y
n—1 Y,
|z =y |z =y

where ¥(z, 5,0") = exp ( f_ oz + 70,0 dT) The characteristic X(x, |z—y|, §')k(x, 0, ‘i Z‘)

KT f)(w.6) = [ )RR
Q

satisfies the hypotheses of Proposition A.1.1, and the result follows. O
Corollary 3.3.2. Suppose that 0 € C*®(Q x S"71) and k € C®(Q, x Sg/_l X Sg_l). Then
(KT Tf 2 L2(Q) — Hi(Q1 x SP7Y) for all j > 0.

From this result, we see that in the case that HKTI_1 | <1, Xvfisequal to I,y f plus a
remainder consisting of a series of terms with successively higher regularity, corresponding

to higher order scattering.

Lemma 3.3.3. Suppose that 0 € C®(Q x S 1) and k € C®(Q x S*~1 x S*~1). Then
KT K - HY(Qy x S — HY(Qy x S*1) is compact for all | > 0.

Proof. Recall from the proof of Lemma 2 in [50] that

_ =Y /
-1 . Oé(%% ’1’ y‘7 ‘x_y‘aaaa) ’ ’

(KT K f)(2,0) = - F(y.0') dydo (3.3.5)
Qq xSn—1 |,I - y|n 1

with some C'*° «a compactly supported in  and y. The integral in y is a weakly singular
integral of the form in Proposition A.1.1, and so by part (a) we gain a derivative in x for
cach fixed #’. Moreover, the smoothness in 6 of KT, 'K f(x,6) is dependent only on the
smoothness of o. Therefore, KT, 'K : H'(Q; x S" 1) — H*1(Q; x S»1). By Rellich’s
Lemma, the inclusion H*1(Q x S*~1) < HY(Qy x S*71) is compact, which completes the

proof. O
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Again suppose that o and k are C®. Since Ly = xy Ry Ty ' KTy (Id — KT, we
have by Lemma 3.3.1 that Ly : H/() — H;1 (1 x S"71). Since Xi Xy = vy + Ly
and for smooth o, I;tyfa,v is a pseudodifferential operator of order —1, we would like to

show that £y maps H'(Q) into H'*2(Q;). We have the following proposition:

Proposition 3.3.1. Let [ > 0 be a nonnegative integer. There exists an open dense set O
of pairs (o,k) € C=(Q x S"™1) x C®(Q, x Sy x Sp~1) depending on I such that for all

o<l < %, the operator
Ly = I;,VLV + L*VIO',V + L*VLV = I;VLV + L*VXV (336)

maps H' (Q) into H'T2(Qy). Moreover, we can write Ly = F + R where F is a pseudodif-
ferential operator of order —2, and R : L*(Q2) — HY(Q).

Proof. First we write

Lyf=1I;yvLvf+LyXvf
= (xvRT ) xv Ry T KT (1d — KT f
+ (\WRyTU KT (1d — KT 70) T (wwReT M (1d — KTy YD) f (3.3.7)

= ILif+1Iaf.

Given equation (2.5.10), by Proposition A.1.1 we have that (XVRJrTflJ)* XVRJrTfl maps
Hy 1 (Q1 x P71 into HY'+2(€) for all I > 0.

We claim that for an open dense set of (o,k) € C® x C*®, (Id — KT, ')~'J maps
HY () to Hp(Qq xS 1) for all 0 < I’ < [+1. First note that by Lemma 3.3.3 A(KT; 1) :
HY(Qy x S 1) — HY(Q; x S*1) is compact for all I/ > 0. Using the analytic Fredholm
theorem on the resolvent A(\) with (2.3.9) and (2.3.10), we conclude that (Id — AKT; 1)1
exists and is bounded on H (€; x S"~1) for all A in some complex neighborhood of [0, 1]
except for possibly a discrete set, which depends on I’. Taking the complement of the union
of all such discrete sets for 0 < I’ < [+ 1, we obtain that (Id — KT} 1)=1 is bounded on
each Hl,(Ql X S”*I) for all 0 < !’ <[+ 1 and for all but a discrete set of A\. So the set
of pairs (0,k) € C™ x C* for which (1.2.1) has a unique solution and (Id — K7, 1)~! :
H"(Q xS" 1) — H" (1 x S* 1) is bounded for 0 < I’ < [+1, is open and dense. Now, we
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just apply Lemma 3.3.1 to the KTy ! factor in Ij, which shows that I} maps H l’(Q) into
H'2(Q) for 0 <1/ < 1.
To analyze I, we will use the series expansion of k(x, 6,6") previously defined in (2.5.11).

Observe that

If = (Z xv R T KT (1d — KTll)_1J> (R TN (1d — KT 7h)
j=1

/"\
M3

[XVR+T ©,J] [B;(1d - KT;l)—U}) (xvR Ty (1d = KTy )71

Z( (1d = KTy Y1) (\wRe T 1057) (v Ry T (Id — KT 7). (3.3.8)

Similar to (2.5.10), we can compute

(\vR+T7'0,J) xv Ry T g(x)

B (=)o (v i) 0 () B (v i) o (v 5

Q |5C y|n71

. o s, 339

By Proposition A.1.1, it is then evident that (XVR+T1_1®jJ>* XVR+T1_1 maps Hp(Q x
S 1) into H'*1(Q) for any I’ > 0. Applying Proposition A.1.1 to (2.5.14) gives that
B;(Id — KT, 1) ™' maps H'*1(Qy) to H'*2(Q;) for 0 < I’ < I. Therefore, so does its
adjoint. Altogether, we have that Iof € H'T2(Q) for f € H"(Q) where 0 < I’ < 1.

For the next part of the proposition, note that for m > 1

m

(Id — KTy Z Wi =J— (KT Y™t

By Lemma 3.3.1 each summand (KT} l)j J is a pseudodifferential operator of order —j with

symbol depending smoothly on the parameter 6. Therefore, we may construct a symbol
> .
p(@,€,0) ~ > or (KT 1)) (,€,0), (3.3.10)
j=0

where oy, : Lfé(Q) — 5, g(QxR”) is the full left symbol map. Here we are using the notation
5.,(82) to refer to pseudodifferential operators with symbols in the class S (2 x R") (see

[20]). The symbol p corresponds to a pseudodifferential operator F of order 0 with smooth
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parameter 6, and we have
(Id— KTy ') o F =J+ Ry, Roe (LgP(Q);C™(S"1)
F—R=(d—KT; ) 'J (3.3.11)
R=(1d— KT7Y 'Ry : L*(Q) — H'(Q;C(S™1)).
Substituting (3.3.11) into the expression (3.3.7) for Ly gives that
Ly = [(XVR+T1_1J)* XvRYTT KT F + (xv Ry T KT F) (XVR+T1_1f)] +R

=:F+ R, (3.3.12)
where R involves all the terms with R. Specifically,

R= (xvRyT ') xvRyTT KT R + (xv R4 T KT 'R) (xR T 'F)
+ (R KTF) (R T R) + (v Ry T KT 'R) (v R Ty R)
=: Ay + Ax + Az + Ay
It is clear from the fact that R : L2(Q) — H'(Q; x S™1) that A;, Az : L2(Q) — HY(O4).

A bit more care is needed to analyze As and A4. To this end, we consider the adjoint of

(I— KT;')~!. Recall that

(KTl_l)Qf(x70) = KTl_lK[Tl_lf](xv 6)

» _ r—Nk(z.0. 7 —Nk(y. 7 — 1.0
:// (x? |,I y|,$ y) ('Ia afl y) (yax Y, )Tflf(y,al) dydel
Q Jgn—1 |z —y|"

It can be shown that

_ o0 , & + s6 |y—x—59|,m 0',0)
KT 1\27% .%',9 :// / Oé(yCC ) )
(ET)T @00 = | ), Prp——T

$eXp (_/ o(z +76,0) dT) f(y,0') dy do’ ds, (3.3.13)
0

where
a(m,y, |£C - y|,:c/—\y,9,9/) = E(x? |£C - y|,x/—\y)k(:c,9,x/—\y)k(y,x/—\y,9')

In particular, [(KT; ')?]* is compact by the same argument as in Lemma 2 of [50]. Thus,

one can argue that the resolvent (I — A[(KT;1)?*)~! exists for all X in a simply connected
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complex neighborhood of [0, 1] except possibly for a discrete subset. By the same reasoning
as for (I — KT, ')~ we have that [(I — KTy ')~!]* exists and is bounded on H'(Q x S*~1)
for such a dense subset of o, k. From this point, we may as well assume that this property
holds for the dense subset corresponding to (I — K77 1)~1.

Next, consider that since Ry € Ly " (Q2; C> (S"~1), we have by definition of the adjoing

of a pseudodifferential operator (see Theorem 3.5 of [20]) that

Rif(2,0) = 2n) " [ [ @€l € 0)f(y) dy e,

where a(z,€,0) belongs to the symbol class S75°(€2 x R") with the smooth parameter 6.
Thus R* = R3[(I— KT, 1)~1]* is smoothing on L?, which takes care of Ay and A4. Tt then
follows that R maps L?(Q) — H'(Qy), which completes the proof. O

For reference, given an operator A € LT({2), we define WF(A) as the smallest closed
cone C C T*Q\ 0 such that o4|ce € ST°(C), where o4 is the symbol of A. We are now

ready to prove the main theorem:

Proof of Theorem 3.2.1. Assume first that (o, k) € C*° x C° is in the same open, dense set
as in Proposition 3.3.1. Since ¢ is C*°(QxS" 1), we have that I; v 1o,y is a pseudodifferential
operator of order —1. Furthermore, it is elliptic on N*[(xg,0y) by (3.2.1). Let (2,§) €
N*l(x0,0p). Then there exists a microlocal parametrix @ € Lio(Ql) elliptic at (z,&) and
S1 € L?,O(Q) such that

QI Iy =1d+ 1,

and (z,€) ¢ WF(S;1). We will also restrict the image of Q so that Q : H'(;) — L%(Q).
Since WF(S1f) € WEF(S1) N WF(f) (e.g. by Lemma 7.2 of [20]), we have that S;f is
microlocally smooth near (z,&), i.e. (2,&) ¢ WF(S1f).
Now we apply @ to the normal operator Xy, Xy = I I,v + Ly to get
QXyv Xy =1d+ S1 4+ QLy.
By Proposition 3.3.1, we have that £y € H¥(Q) — H*2(Q) for 0 < k < I, and hence

QLy : HE(Q) — H*1(Q). Moreover, from (3.3.12) we have that

QX Xy =1d+ QF + S + QR.
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We can then construct (Id +QF)~! modulo a smoothing operator on Q1, since Id +QF has

principal symbol 1, and we can ignore the smooth error term for our purposes. Thus
Id+QF)'QXy Xy =1d+ (Id + QF) ™S + (Id + QF) ' QR.
We let
v=(Id+QF) 'QRf (3.3.14)

and note that v € H'(Q). The other term (Id + QF)~'S; f is microlocally smooth near
(2,€). Thus, (2,€) ¢ WF((Id+ QF) QX Xy f) = (2,€) € WF(f + v). Since

WF((Id + QF)'QX{ Xv f) € WF((Id + QF)~'Q) N WF(Xy Xy f),
the result follows. O

Remark 3. Tt is easy to see that the open dense sets of pairs (o, k) that are dependent on
[ form a nested sequence. Moreover, one can eliminate the remainder function v by taking
the intersection of all such open dense subsets. By the Baire category theorem, this limiting

set of pairs will still be dense, but it is not clear if it remains open.

Proof of Corollary 5.2.2. In this case the series Y 72,(KT} 1)J7.J converges to the identity
plus a weakly singular integral operator F', which altogether is a pseudodifferential operator
of order 0. In light of (3.3.11) this implies that Ry = 0, and hence R = 0. By (3.3.12) and
(3.3.14) we have v = 0. O
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Chapter 4

RECOVERY OF A SOURCE FOR SMALL K IN C?

4.1 Introduction

Consider the inverse source problem for the stationary RTE (1.2.1) with complete data when
the collision kernel & is a function in C?(2xS" =1 xS"~1). The goal of this chapter is to make
a first step in removing the rather technical assumption that k € C2(Q x Sp,~1; " F1(Sp—1))
as introduced in [50]. For now, we limit ourselves to the case that k have small C? norm.
Note that the smallness condition on the Fourier coefficients of k introduced in [7] seems to
suggest a weaker smoothness condition. However, in that result they also need to assume

more about the anisotropic structure of k.

Remark 4. In the 2-dimensional case, if we also assume that the absorption ¢ is a function
of the form o(z,0) = og(z) + 0 - b(x), where b a smooth vector field, then from [36] we have
injectivity for the attenuated ray transform [I, f](z,6) = [ exp (— fso o(x+176,0) dT) flx+
sf)ds with f € C*(Q) and (x,0) € 0;50Q.

More specifically, the authors consider the following operator, which in the Euclidean

case takes the form

0-Vou+Au=—f 1inSQ, wulsg_sq=0, (4.1.1)

where A(z,0) : TQ — C>*? is a smooth map (called a connection) which is linear in 6 for
each z. In other words, A is a complex matrix whose entries are 1-forms. In this case,
uw: SQ — C? is a complex vector-valued function on SQ and f is a smooth C? valued
function on either SO or €2, depending on the assumptions. The attenuated ray transform
is then familiarly defined as Iaf = u/|s, so, where uf solves (4.1.1). [36] shows that I, is
injective on the space of smooth functions f € C°°(€2). More generally, they show injectivity
of I if f : SQ — C? is smooth and has the form f(z,0) = F(z)+a;(z)07, where F : Q — C?

is a smooth function and « is a C2 valued 1-form.
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However, this result is quite more general than we need here, as it treats the case of an
arbitrary 2-dimensional compact, simple Riemannian manifold. So we leave it as merely an
aside remark.

In this chapter, we seek to establish injectivity and stability of the operator X in (1.2.2)
for such ¢ and k with slightly weaker smoothness by adapting the proof of Theorem 2.2.1.
This presents a slight improvement over the conclusions of [50], since in that result we have
injectivity and stability of X for (o, k) in a C? neighborhood of (0,0) with the additional
C™*! regularity of k in 6 and dependence of k on the size of . In the future, one problem of
interest is to be able to remove the same C™*! regularity assumption for k with no smallness

condition.

Remark 5. As in Chapter 2 we assume the domain 2 has been extended to 2y, which is
convex for convenience. As such, the source function f is always compactly supported inside
of €1, and k and ¢ have the same smoothness on 1 as on ). However, for simplicity of
notation, we will replace €21 by 2 with the understanding that the domain has already been

extended.
4.2 Statement of Main Result
Recall the relevant integro-differential equation:
0V, u(x,0) + oz, 0)ulz,0) — / k(z, 0,0 u(z,0)d0' = f(z)

Sn—1

ulg_so =0

The measurements are then given by X f = ulg, so where u solves the above equation.
The first question to address before proceeding any further is the well-posedness of the
forward problem under such assumptions on ¢ and k. Recall that the solution to (1.2.1) is
given by
w=(Id - T, 'K) 17 g f =17 (1d — KT ) 7T

It was previously proven in [50] that for a generic open dense set of pairs (o, k) in C2(Q x
S"1) x C2(Q2 x S"~! x S"71), the problem is well-posed. The set of pairs is obtained by

using the analytic Fredholm theory in order to determine where Id — KT~ ! has a bounded
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inverse. But assuming that k is small, we can use a Neumann series for (Id — K77 ')~!. In
this way, one can solve the forward problem uniquely for any C? o and k, so long as ||k||c2
is small enough.

Recall one of the main steps in showing injectivity of X lies in writing X = I, + L where
1, involves no scattering and

oo
L=R/T KTy (Id — KTy YN = RyTT KT Y (KT D)™
m=0
Then we consider the normal operator
X'X=ILI1,+I;L+L*I,+L*L"
=01, + L.

If ¢ is C™, then it has been shown that I}, is an elliptic pseudodifferential operator of
order —1, and so has a parametrix ) of order 1. Applying Q to X*X, we get Id+ K1 +QL,
where K3 is a smoothing operator and hence compact. By adding a finite rank operator to
(), we can also arrange that Id + K is injective.

In order to proceed further, we want to be able to show that Id + K7 + QL is injective
assuming that Id + K7 is injective. One way is to show that QL is compact and then to use
the analytic Fredholm theorem, but this is a more difficult task than simply showing Q)L has
small L? — L? norm, which in turn implies that the associated Neumann series converges
absolutely. Furthermore, this simpler approach gives a way to estimate how large an open

set around 0 to which k can belong. We now state the main theorem of this chapter:

Theorem 4.2.1. There exists a generic dense, open set of o € C?*(Q x S*™1), such that
for each o in that set, there exists a number € > 0 depending on Q,n,o, so that for any
ke C?(Q xSt x S 1) with ||k||c2 < €, the result of Theorem 1 in [50] holds. That is, the
direct problem (1.2.1) has a unique solution u € L*(Q1 x S*=Y) for any f € L*(Q x S*71),
X estends to a bounded operator from L?(21 x S"~1) to L?(0,5Q1,dY), and

1. the map X is injective on L?(Q),

2. the following stability estimate holds:

Ill2) < CIX* X fllirary.  YF € L*(Q),
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with a constant C > 0 locally uniform in (o, k).
4.3 The Simpler Case k € C?(Q x Sj; 1 C™HL(Sy™1))

Let us first consider the original simpler case, in order to get some idea of the size of ||k||o2
for which the inverse problem has guaranteed uniqueness and stability. We thus make the
additional assumption (as in [50]) that k € C?(Q x S5 C™1(S"1)). This ensures that

we can write k as a harmonic series expansion in 6, given by
o
(2,0,0") E Kkj(z,0")O
J=1

4.3.1 Bounding I;L

We then have the decomposition

Ol = 0, 'Ry T KT (1d — KTy ~1T

=Y (0. I;R Ty '0;J] [B;(1d — KT 1)1
j=1

where

ng(x):/z(x,m—m,ﬁ) i (x’z—_z‘;)g@ x_y>dy-

|z =y ]
Recall from [50]

B (2 25) B (v i) 0 ()]

o = o] g(y) dy.

L3R 1770, Jg)(x) = 2
From Proposition 1 of [50] we have that the L? — H' norm of I(’;RJrTfl@jJ is bounded by

Crllallcz@xaxsn—1) 195l g1 sn-1y

where a(z,y,0) = E(x,0)E(y,0) and C), is a constant depending only on n.
It remains to analyze B;(Id — KT, ')~1J, and we need only derive an L? — L? bound

for it. We start with (Id — K7, ")~!. Recall that

oxp (= [y o (o + rizy fmhy) dr) k (2,0, ﬁ%(y z—y ) o,

o=yt

KT f(x,0) :/
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We then estimate

HKTflfH%Q(QxS"*l)

2
T —y — k(x 6’ i‘ y _
_ / X(z, | | ) 1( | y)f<y’ r—Y ) dy| dxdo
R7 xSn—1 n |$ - y|n |$ B y|
b xz, Z7i k(x 0, ’
_ / ( H|z|)1( ||)f<x—2,i>dz dx df
R7 xSn—1 n ‘z’n ‘Z’
(2, 2], )k, 0, ) 2
o (L g o
RnxSn—1 n ‘Z’n ’ ‘

IN
T

k(z,0, = 2
/ (7lz)f<x—z,i> dz| dedo
nxsn-1 \Jre |2 2]
k(. 0, ) z i
/ 71 f x—z —) dzdz | do
n—1 R xR"? ’n ‘Z’

2
/R . 1/ \f(x—rn,n)]dwdrdn) do
+>< n— n

IA AN
%\ U\
I

2
x(x —rn)|f(x — rn,n)\dxdrdn) do

(sapsc.09)

(i)
nlegﬂﬁﬁ)(LIAJM)(HWMWMWWMHWMMOQM

(sapic.9)

(sapsc.09)

IA I

o %\
L~
%\
E\
\

I
Us\
L

z,0’
2
< [ (ko) L ORC s ae] an [ 1 do
Sn—1 1’,9/ Sn—1 R+
2
= C(Q)2‘|f“%2(ﬂxgn71) /Snl <Su€Pk(,9, )) de,
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where
2
c@f = [ | [ N = ridliagenyar|
Sn—l R+
1/2 2
:/ (/ (/ x(2)x(z —rn) dz) dr) dn
S§n—1 R+ n
1/2 2
:/ (/ (/ X(z—m)dz) dr) dn
Sn—1 R+ Q
diam () 1/2 2
< / </ (/ dz) dr) dn
s»=1 \Jo Q
< (diam () Vol(€2)'/2)* dn
Snfl
= wydiam(92)*Vol(Q).
Thus
KT g e < ol *diam(@)VOL(@)/2 [ sup k(- 0. ) 12 a1,
x,0’
< wpdiam(Q) Vol (Q)Y2|k|| o , (4.3.1)
and so
I(d = KT < = (4.3.2)
! = 1 — wydiam(Q) Vol () /2||E| 1o "

Similarly, we need to compute the L?( x S*~1) — L?(Q) norm of B;. Identical computa-

tions show that

1B 2 ks 1) £20) < wndiam(€)Vol(2)!/2y | = (4.3.3)

Finally, we estimate the L?(Q) — L?(Q2) norm of I R, Ty '©;J. We do this by means of
Schur’s Lemma. Denoting by K (z,y) the Schwarz kernel of the integral operator I;RJrTfl@j J,

we note K (z,y) is symmetric in z and y, so we need only compute sup,, [ |K(x,y)|dz. Ob-
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serve that
Bz, =) E (v, 2=51) 195 (=
SHPQ/[ (o) 2 (v '21‘ i (# |)Lvendx
Yy Q ly — x|
O. y—x
SsupQ/ L ](yx_)1|-| dx
y Jo Uy—x]" J
—sup2 [ [y ) [0, A
Y R+ Sn—l
diam(2)
<sup L I =l 105 agey -y dr
< wy/2diam(9)|0;]| 12 (gn-1).-
So

IR Ty '0;J)[B;(1d — KTy )™ T £l
< “I;R-FTl_l@jJ”L?—)HlHBjHL2(Q><S”*1)—>L2(Q)H(Id - KTl_l)ilHL2—>L2HJHL2(Q)—>L2(Q><S"*1)HfHL2

< Cull E(x,0)E(y, 0) e (xxsn—1) 1| sn-1)wndiam () Vol (2) '/

* K o} - 1 w
5512 (1— ||KT11\|> Il

= [|E(z,0)E(y, 0) | c2(axaxsn—1)l1O; | 51 (sn-1)

o [ Gt Pdiam(@vol) 2\
Kl 700
e\ T dimm@vol @2y ) 11

erl/z
— E ,HE ,9 n— @ n— ] oo n 9
1 OE Olesasae Ol ol (wnldiam(Q)lVol(Q)1/2—Hk‘||Loo>HfHL2

and thus

5Ll 2 i1

< D IR T 10;J1[B;(1d — KT )™ ] pe

j=1
anyl/Q >

<N E(z,0)E(y, 0)llc2@@xaxsn-1) (wldiam(ﬂ)1V01(9)1/2 — |kl ) > 1105l sn-1y 155 2o
n >/ j=1

anrll/ 2

= ||E(z,0)E(y, 0 n— k . 4.3.4
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4.3.2 L*L

From the series expansion for k, we have that

LD =Y (KT )" (RyT(Id — KT Y)Y RyT 10,0 B (1d — KTy )4
j=1

We use the fact that given an operator A : X — Y for Hilbert spaces X and Y, we have

HAH = HA*H AISO, it is shown in [50] that HR-l—Tl_lHLQ(QXSnfl)—)LQ(ajLSQ,dZ) < diam(Q)l/Q.
So
L7 L 2

> 1
< KT7lJ n— R.T! —_—
< 3 IKT sy i 5z )

_ 1
AR T 22221105 L2 sn-1) | Byl 2 12 (1_7) wy?

KT
2
1
<N 0wz 0k (1, 0, 0")|| 2 diam (£
< X G230, it (e )
19| L2 wndiam () Vol ()12 || k| oo w2
2 o0
1
< C,wdiam(Q)2Vol(0)Y/2 kE-% N oo 10417 2.
< Cpw, diam () Vol(Q2) 1w diam () Vol () V2] k] 1 | ez > 15l 185 12

j=1
(4.3.5)

In the second third line above we applied the result of Proposition 1 of [50] to bound

HKTl_lJHLQ(QXS'nfl)_)HI(Q) by a constant times ||X(y,x,0")k(y, 0,0")| 2.

Similarly, for L*I, = (KT J)* (Ry T (1d — KT~ RyT!J we have

1
L*I, <||KT'J e R. T s
| 2w m < KTyl r2xse—1)—m1 @ | R+ 1Y HL2—>L2<1_HKT1_1H
> Crwypdiam(Q)||k(y, 0,0 )E(y, x,8") || c2

~ 1 — wydiam(Q)Vol(Q)1/2| k| L

JIRT 12

(4.3.6)
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Altogether, (4.3.4), (4.3.5) and (4.3.6) imply that

I X* X 2 0

an}/Z
wy, 'diam(Q)~1Vol (€2)~1/2 — HkIILoo) 1517400
1
1 — wydiam(Q)Vol(Q)Y/2|k]|
Cowndiam(Q)||k(y, 0, 6") 2 (y, =, 6') | 2
1 — w,diam(Q)Vol(Q)1/2|| k]|
_ Crwpdiam(§2)
a <1 — wydiam(Q) Vol ()12 k]|
n wndiam(Q)VOl(Q)l/QHk(y’ 0,0)S(y, z,0")| o2
1~ wndiam(Q)Vol ()2 k][~

< |[|E(z,0)E(y,0)l|c= (

2
+ Cw2diam(2)2Vol() /2 ( ) (. 0,05y, 2,0 | o= e

) [Vl 2 (e 0) Bl 0

kllae + 1(y, 0,05y, 2,60 |2
(4.3.7)

. 0 e 1
So the radius about k = 0 is RS O STITER

4.4 The Case k € C?

Returning to the original problem assumptions, we start by analyzing £ more closely. L
involves a series of terms of the form (KT, ')™.J where m > 1. In order to deal with such
less restrictive assumptions on k, we will need to analyze the explicit form of the integral
operator (KT 1)™.J. The case m = 1 is already computed explicity in [50], which takes the
form of a weakly singular integral operator with C? numerator. Such operators map L?(Q)
to H'(Q2) with the additional C? parameter §. In the case m > 2, we apply the results of
Appendix B. Define
afz,y,r,n,0) = X(z,r,n)k(z,0,n),
where
Y(x,s,0') = exp (— /O oz +76,0") dT) .
—s

Then

a(m,y,|x—y|,%,9)
KT Jf)(x,0 :/ i
KT o) = [ =

More generally, for f depending on x and 6 we have

[KTflfo,e):/a(x’y"x_y"'i_%"a) =

Q |z —y[n! "z -yl

f(y)dy
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By the results of Appendix B, we have for m > 2 that

(KT 11,0 = [ Kol 0)F(9) dy,
Q

where

dyy -+ dym—1

Oém Ty Ym, |1E y1| Tmy /_?15@59)
(z,y,0 Iz

="y =yl Yy —yn !
and a,, is defined inductively from « according to (B.0.1). The key point to realize is
that a,, is a C? function of the variables &, y1,. .., Ym—1,Y,71,. .- s Tms MLy« -, Mm—1,0 and

is, roughly speaking, a product of m copies of k - 3.

4.4.1  Estimating 1L

It follows that

B (o =) B (v =) Kn (0.2 170)]

LRI KT @) =2 [ ] |

P L f(z) dy dz.
From Appendix B, we have that
I*R+Tf1(KTf1)me(:v)
y—a y—a
x, |y m| E (y, ‘y,x‘) 5m(yaza |y Z| ‘y Z‘ ly— x)}evenf(z) du d=
o=y Ty — 2 !

where B, (y, z,7,1,0) is C?. Furthermore,

1Bmllc2 < C™ [

where C depends on o, 2 and n. Using a similar approach as in Appendix B and applying

Proposition 1 of [50], we then obtain that

11 Ry T (KT )™ Tl < (C)™|1K]| P (4.4.1)
Thus
> 1
* * —1 -1
1oLl 2 < jEZOHIaRJl (KT )" Iz < 1=k (4.4.2)
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4.4.2  Estimating L*L and L*1,

First note that when computing L* L, after expanding the Neumann series for (Id— KT} 1)*1,

we will end up with a series of terms of the form
(ReTT H(ETTH)™ J) RyTy  (KTTH)™2 .

In particular, estimating L*I, is the special case when msy = 0, so it suffices to provide

norm estimates for the above operators. Let
P, = R TN (KT Y™
Then
P (@,0) = [T [ Kooy ) (0) dy (2,6)
= /0 exp (— /0 o(x+76,0) dT) /QKm(x + s60,y,0)f(y) dyds.

—00

Recall the diffeomorphism between Q x S"~! and O = {(z,0,t)| (z,0) € 9, SQ and t €
(T*(x?e)a 0)} given by gb(x, 9) = (m + TJr(xa 0)9’9’ —’T+($,9)) and ¢_1($,9,t) = (m + tea 9)

For functions ¢, h in L?, it is straightforward to show that

(Prg,h) = (g, Pnh)

- 8+Sﬂg(:s,e) UO exp <_ /Sog(x—FTH,H) d7>/QKm(x+59,y,9)h(y) dyds} a5

—00

—T4 (:B,@)

= /Q [/QXS”—l g(x + 74(2,0)0,0) exp (— /0 o(x+ (r4(x,0) +7)0,6) dT)
K (z,y,0) dx d@] h(y) dy
— /Q l/ﬂxgn_l g#(x, 0) exp (— /Ou(xﬁ) o(x+170,0) d7'> Ky (z,y,0)dz d@] h(y) dy.
Thus

+(y,0)
Prg(x) = /Q .- g™ (y,0) exp (—/ ’ o(y+716,6) dT) Kp(y,z,0)dydf. (4.4.3)
XS 0



41

From this we can compute
P Py f(2)

7+(,0)
[ et 0o (< [ oty 10.0)dr) Ko .0.0) g
Qxsn—1 0

7+(y,9)
:/ l/ /exp <—/ U(y—i-TG,H)dT)
o | Jaxs—1 Jr s

K, (y+ 80, 2,0) K, (y, 2,0) ds dy dﬂl f(z)dz.
We then want to analyze the integral

7+ (y,9)
/ / exp (— / " oy +176,0) dT) K, (y + 50, 2,0) Ky, (y, x,0) ds dy db.
QxsSn—1 JR s

Using the definition of K, as well as the computations conducted in Appendix B, this

integral has the form

7+(y,0) B ,/—T
/ /eXp (_/+ a(y+76,6)d7>5m2(y+80’z"y+86 i\_,f/—l—sé? z,0)
QxSn—1 JR s \z —y—s@]

. 5M1(yaxa |y - CC|,y/—\,I,9)
|z =yt

ds dy de,

where By, (z,y,7,n,0) are C? functions. Let w = s so that dw = |w|" 'dsdf. Then using

the method of cutoffs employed in Appendix B, we have

o~

T+ (y,w) i Tw_20
| e <_/ U(@H-ﬂ’u\,@)dT) Iyt 2yt oy w2 0)
QxR™ S

|Z —y— w|n71|w|n71

. ﬁml(yax’ |y _ $|,y - 27,9)
|z —y["t

dw dy

_ Bz, z, |x — z|,x/—\z)

|£C _ Z|nfm17m2

where B(z, z,7,60) € C? and ||8]|c2 < (3C)™T™2||k||Z47™2. Thus

— \ C'llkllc>
|L*L|| 2y < (Cymtm2 ||| matme = <7 : (4.4.4)
o = 2 2 < 1= C'llkllc»

4.4.8  Proof of Theorem

We are now ready to prove the main result, stated in Theorem 4.2.1. As mentioned earlier,
the argument is mostly identical to that of Theorem 2.2.1, except that now we need not

resort to the analytic Fredholm theorem.
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Proof of Theorem 4.2.1. First assume that o € C*° and is such that I, is injective. This is
the case if ¢ is real analytic. Since injectivity of X*X = I*I, + £ implies injectivity of X,
we may ensure that X is injective simply by bounding the norm of £. We do this by making
the restriction ||k||¢2 < €1 for a suitably small ¢; > 0, since the L? — H! norm of £ depends
continuously on ||k||c2. Moreover, since £ is also continuously dependent ||o| o2, we may
assume that ¢; is chosen locally uniformly so that for any @ € C? with ||& — o|c2 < €1, we
have the same bound on £ for any ||k||c2 < €.

From Equation (4.3.1) we have that (Id — K7, ')~! exists and is bounded if ||k||c2 <
[(,undiam(Q)Vol(Q)1/2]71 =: €2. Recall that I}, is elliptic and thus there is a parametrix
Q of order 1 which we view as an operator Q : H'(Q1) — L2(2). So for f € L?(f2), we have

QLI f = f+ Kif,
where K is a pseudodifferential operator of order —1. Now apply @ to X*X to get
QX*Xf=f+Kf+QLS. (4.4.5)
As in the proof of Theorem 2.2.1, we may add a finite rank operator to ) to ensure that
Id+ K is injective. Then using the estimates (4.4.4), (4.4.2) on || L*L||r2_ g1, |L* Lo || 2 p1s
and || IXL|| ;2 g1, and choosing €3 > 0 small enough, we may ensure that |QL||r2_,r2 < 1
whenever ||k||c2 < e3. Hence Id + QL is invertible. We take a moment to remark that €3 is

also locally uniform in & and ¢ in the sense that ¢ and k can be slightly perturbed in C?

and the estimate ||QL||;2_r2 < 1 still holds. Applying the inverse to both sides, we have
Id+ QL) 'QX*Xf=f+ (Id+ QL) 'K f, (4.4.6)
where the operator involving K is still compact. We then have the estimate
1fllr2@) < (1d+ QL) 'QX* X fllr2) + 11d + QL) K1 fl 120
< C(IX* X fll (o) + 1Ad + QL) ' K1 fll r2(a) ) -
X* X is injective by the fact that ||k||c2 < €1, and so the estimate || f||z2(q) < CI|X* X ]| g1(q)
then follows from Lemma 2.5.4. Finally, by perturbing o slightly in C? we get the injec-

tivity of X for a generic dense open set, and for each such o we can take any k € C? with

HkHCQ < €e=: min{€1,€2,63}. ]
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Chapter 5

NUMERICAL SCHEME FOR SOURCE RECOVERY
5.1 Introduction and Assumptions

We now consider the complementary problem of numerical computation of solutions to
(1.2.1) and using the accessible part of the synthethized data to visualize the results of
Chapters 2 and 3. To this end, we employ a technique from [30] that uses rotations applied to
the parameters in the spectral domain to help eliminate the ray effect, which is a byproduct
of the discrete ordinates method. It should be noted that in principle such a method could
be applied in any dimension, but for the actual computations we will restrict ourselves to
the two dimensional case. We also refer the reader to [19] for another approach to solving

the direct transport equation using finite element methods, which we do not use here.

The main goal of this chapter is to approximate the operators X*X f and X Xy f
in the two-dimensional case. Ignoring the technical details for the moment, the idea is
to utilize a Neumann series to approximate (Id — K7y 1)*1 when computing the forward
solution operator X and adjoint X™*. As such, one must truncate the series to a finite
number of terms when computing X*X, and the difference of the approximation from
the true function X*X f will have some Sobolev regularity. The only theoretical result of
this chapter is Lemma 5.4.1, which essentially asserts that, if m, terms are computed in
the approximation of X and ms terms are computed in the approximation of X*, then
[X* Xapproxf — X*X f € HF™HL(Q), where m = min{m;,ms} and f € H'(Q).

As previously assumed, let  be a convex bounded domain in R? and again recall the

transport equation

0-Vouto(z,u— | kz0,0)u(x,0)dd = f(x), inQxS
Sl

u(z,0) =0 on J_SQ.
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We need to generate the solution to the radiative transport equation, given by
u="T'1d- KTy )~ ' Jf
oo
-1 -1
=T Z (KTl )" I f
m=0
If we set ug(z,0) := [T} ' f](z,0) and set w; = T; "Ku;_y for | > 1, then u = Y50 u.
In practice, it is quite simple to compute the scattering term Kwu;_1 at each iteration. In

order to compute 77 ! we will use a simple first order Euler method to solve the associated

differential equation to which 77 1'is the solution operator:

0-Vou(z,0) +o(z,0)u(z,0) = g(z,0), (z,0)€QxS"!

u’a_sg =0.

5.2 Numerical Method for the Direct Problem

We now present a detailed summary of the method used to solve (1.2.1) for n = 2. Note
that at this stage it is not important that the source f be isotropic, but such an assumption
will be used when computing the normal operator later on. As in [30] we use the source

iteration method, which requires one to solve problems of the form

0-Vyu+o(z,0)u=g(x,0)

ulp_so = 0. (5.2.1)

Without loss of generality, we may take Q = D C R? where D is the unit disk, and
assume that o,k and f are all supported compactly in I x S' or D as appropriate. Such
an assumption can be justified by finding a ball B(0, R) large enough and rescaling the
coordinates accordingly. The main advantage here from a numerical standpoint is that 2
remains invariant under rotations. Now, for actually computing 7| L it will be easier to
have boundary conditions on a cartesian domain. To that end, for each n € (0,27) denote
6 = 0(n) = (cos(n),sin(n)) and let 6+ = O(n)* be the counterclockwise rotation of 6 by 7 /2.

That is 6(n)* = (—sinn, cosn). For each n € (0,27) define the n-dependent square

C, = {x € R? such that |z - 0| < 1 and |z -6*] < 1}.
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In short, C, is the square of side length 2 rotated by an angle n. The corresponding incoming

and outgoing sets (analogous to 0152 are given by
Iy, = {x € dC, such that 2 -0 = +1 and |z - 0F| < 1}.

At the heart of the rotational method, we perform a rotational change coordinates so that
the derivative in the direction 6 becomes 9,. Fix an angle n € [0,27) and for z = (x,y) €

[—1,1]? define

up(x,y) = [ul,(x,y) = u(xcosn — ysinn,xsinn + y cosn,n) (5.2.2)

vy(x,y) = [v]y(x,y) == v(xcosn — ysinn,xsinn 4y cosn) (5.2.3)

where u, v are functions on R? and R? x S!, respectively. The bracket notation will only be
used for functions which already have a subscript. With this change of variables, we can

rewrite (5.2.1) as

g ,3) + (05 ¥ g, ) = 94 6.9), (524

up(—=1,y) =0 onI'_,

We remark that for a general (possibly non-zero) function h € L'(9_SD), we would have
the boundary condition ?L,] on I'_,, obtained by projecting h onto I'_, via the relation

7Ln(£€1,£ﬂ2) = h(P:l(Cﬂl,CCQ,’I’])), where
Py :0:8D 5 (2,m) — Pi(z,n) = £60(n) — det(x,0(n))0(n)" € Ty

Since the measurements are necessarily discrete, we introduce the fixed parameters IV,
Ny and Ngeat to represent the number of grid points in each spatial dimension, the num-
ber of directions measured, and the number of scattering terms computed in the series
7 ! 3o (KT, 1)mJ , respectively. Typically, we will take each such parameter to be a
power of 2, since FFT algorithms are used to rotate the grids. Then the basic idea for
computing 17" 1 is to solve equations of the type (5.2.4) by first computing g, and o,
by rotating the images of o and g(-,n) clockwise by the angle . Then we solve (5.2.4)
for w,, which can be done using a standard ODE solver along each column of the carte-

sian grid. Specifically, denote s, := N%c’ set up(z1,:) = 0 and consider the cartesian grid
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{x1,....%xn, } @ {y1,...,¥n, } where x;,y; = =1+ (i — 3)s, for 1 <i < N,. Using a first

order Euler method, we have the iterates

up(z5,y) = up(rj-1,¥) + 82 (g (Tj-1,¥) — on(@j-1,¥)un(2j-1,¥)), 2<j<N,.
In order to compute K, we define the angular step size § := ]2\,—7; and sum over the set

of angles {n1,...,nn,} where n; = (1 — %) 6. We can then approximate K by the discrete

operator Ky which has the formula

Ny

Ksg(x,m) =6 gla,ny)k(z,nj,m), xe€Q,1<i<Ng (5.2.5)
j=1

5.2.1 Computing Xy

We can now describe the iterative scheme to numerically solve (1.2.1) and simulate the
partial data Xy f with respect to some subset V' C 9,45Q. We summarize the steps in
Algorithm 1.

What we have not yet described in much detail is the method used to compute the
rotations of each function, which we discuss briefly as follows. For more details however, we
refer the reader to [30]. The general idea is to write the rotation map r,(x,y) = (xcosn +
ycosn, —xsinn + y cosn) as a composition of dilations and shearing/slant operations in

each variable separately. In particular, we can write

Ty = dxvcolsn O Sx,—sinn © dy,cosn © Sy tann;
Sy,a(xa y) = (Xa Yy — OZX), Sx,ﬁ(xa Y) = (X - IBy’ y)’ a, 5 € R
dxﬂf(xv Y) = (tx7 Y), dy,t(xa Y) = (X7 tY)a teR.

The shearing/slant operations sx g and sy o are implemented in phase space using a periodic
interpolation function together with some identities utilizing the discrete forward and inverse
Fourier transform. Specifically, we first embed the N, x N, image into a 2N, x N, image,
padding the top and bottom of the image with % X N, zeros. We then perform the vertical
shearing operation sy ,by independently shifting each column of the image by an amount

that depends linearly on the column index with factor —a.



Algorithm 1 Computing Xy f

1: Let ug solve 6 - Vu + ou = f
2: for 1 =1 to Ny do

3: compute o,, and f,,

4: solve O, [uo)n, + o, [uoln, = fn, for [uoly,
5 uo(X,y,m) < [[uoly]_,, (x,y)

6: end for

7: for j =1 to Ngeat do
8: fj — Kguj,1

9: for i =1 to N; do

10: compute [fj],,

11: solve Oy, [ujly, + on;[wsly, = [filn: for [ujly,
12: wi(X,y,mi) < [lujln]_,, (%,¥)

13: end for

14: end for

15: u 4— ij:scoat Uy

16: compute yyu
9, SD
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Figure 5.1: The values of a random 16-vector x are plotted while overlayed with the spectral
interpolant Z(y) = 3274 &1 Dy, (y — 1) for y € [0, 16].

The operation of shifting a vector z = [z1,... ,mm]T by an amount s is done in phase

space. First we define the 2m-periodic function

sin(7y)
D = ——~ eR. 5.2.6
We then define the spectral interpolant
m
#(y) ==Y @iDum(y - 1), (5.2.7)
=1

which coincides with z; when y = j and interpolates between those values sinusoidally (see

Figure 5.1). The spectrally shifted vector x4 is given by
zs=[F(1+5),2(245s),...,2(m+ )L

Note that x4 is not a priori defined for s € Z, but it can be extended continuously to such
points due to the structure of the singularities of D,,.

Now, in practice we have first padded the image above and below with zeros, so we have
m = 2N, which is even. It is then straightforward to verify that

Ngz—1

sin(7t) 1 I (1+1)t
D t) = = Nz VT2 e |0, 2N,].
ZNgc( ) 2Nx Sinﬁ 2Nx l:;\[ € [ l‘]
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Recall the N-point discrete Fourier and inverse Fourier transforms, given by

7=1
1,N 1 I ;
(7)) = By [X(R)] = Y X(k)eTNG -1k -1), j=1...,N
k=1
It is then possible to write Z(l — s) for [ = 1,...,2N, as a composition of discrete Fourier

transforms and inverse transforms and multiplication by complex exponentials. In particu-

lar,

Bl — 5) = VDD 1N, [ (1Nt e 2 [ ) RN DG
(5.2.8)

The dilation operations dy; and dy ; are computed via a resampling done in the Fourier
domain. In particular, we must resample a vector x of size 2N, down to a vector T of size
N, but with a different step size. We can do this by using the N-point fractional Fourier

transform with coeflicient «, defined by

N
X(l) Z f2mak (- 1) (5.2.9)

k»—>l
For example, if we start with a vector x sampled at the gridpoints {j — 1}?21 and we want
to shift x by s (i.e. sample at {j — 1+ s ?7:”1) and then resample back to a vector  taking
values at the m points y; = s + h(l — 1) for [ = 1,...,m, then

L im(Cmyd )h(lfl)G2m7 T {eiﬁ(kfm 1+4 )sF2m [ (j)efiﬁ(fer%)(jfl)H ‘

Z(y) = %e m kil

(5.2.10)

This corresponds to a vertical dilation composed wth a vertical shift (see [4, 30]).

5.3 Approximating the Normal Operator

After approximating the solution to the forward problem and restricting to 0.5 to obtain

the simulated data X f, we can then proceed with computing X* X f, and similarly, X3, Xy f.
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Figure 5.2: The angularly averaged solution to (1.2.1) corresponding to the internal source
given in Figure 5.3 (left). The other two images show the complete and partial data X f
and Xy f, respectively, where V is the outgoing conic set above the arc of 0D defined by
n € [0,7/3]. The axes are labeled such that 6 is the transport direction and 7 is the position
along the boundary 0D, with 7 = 0 corresponding to the point (1,0).

Recall that for any N € N

Xvf=xvR T7Ad - KTy YT
N
= x\vRyTTH Y (KT Y™ I f + xv R T (KT YN T 1= K1Y f

m=0

so that

o0

Xy =J (Z([Tll]*K*)m> v Ry T (5.3.1)

m=0
To numerically compute X7, we separately compute the three types of terms appearing in
(5.3.1).

Since J : L2(Q) — L?(2 x S"71), let us compute

([J*g] ($)7 h($)>L2(Q) = (g(.’L‘, 0)7 [Jh] (‘Ta 0)>L2(Q><S”*1)
= / h(x)g(z,0)do dx
QxSn—1

:/Qh(x) /Sn_lg(w,é?) df dx.

Thus

Tg(z) = /S  g(x.6)db. (5.3.2)
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Next, recall that K : L2(2 x S"71) — L?(Q x S"~1) and we compute

(K7g(x,0), h(x,0)) 12(Qxsn-1) = (9(2,0), Kh(2,0)) 12(0x5m-1)

_ 9(x,0) / k(x, 0,0 h(x,0') do’ du do
Qxsn—1 sn-1

_ h(z,0) / Kz, 0, 0)g(x,6') 6’ da db.
-1 Snfl

Thus

K*g(z,0) = /S"—l k(z,0",0)g(x,0")do'. (5.3.3)

In the isotropic scattering case, this gives

K*g(x,0) = k(z) /S gl 0 ds (5.3.4)

We will need the discretized version of (5.3.3) in the same vain as (5.2.5), which is given by
Ng

Kig(z,mi) =6 k(x,n5,m:)9(z,m5), 1<i< Ny (5.3.5)

j=1

It is also a straightforward computation to verify that T, ' : L2(QxS"1) — L2(QxS" 1)

has adjoint

77 g(w.0) = [

exp (_/ o(z +76,6) dT) gz + 6,0) ds. (5.3.6)
0 0

However, in order to apply [Tl_l]* numerically, it is easier to use the associated first order
differential equation for which it is the solution operator. We already know that 7 s the
solution operator for the ODE 6 -V + ¢. So naturally —6 -V + ¢ is the associated ODE for
[T, To see this, given f,¢ € C®(Q x S*~1) we have

(=0 V +0(z,0))[T7 '] f(2,6), 6(x,6)) 2 (0xsn-1)
= ([T7 " f(2,0),0 - V(x,0) + o(2,0)6(x,0)) 12(0xsn-1)
= (f(2,0),T7" (0 - V(x,0) + o(z,0)d(z,6))) 12(xsn-1)
= (f(2,0), (2, 0)) 2(xsn-1)-

Thus we can again use a first order Euler method to compute [T]']* just as with T, '
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Finally, we must compute [yy R T, : L*(8.59Q,d%) — L?(Q x S*~1). Observe that
for g € L?(0,89,dY) and h € L?(Q2 x S"71)
(Ixv R Ty ' g(@,0), h(2,6)) 2 (xsn-1)
= (g(x,0), xv Ry Ty ' h(,0)) 125, 502,05

0 0
= / g(z, 0)xv(z, 6)/ exp (—/ o(x+176,0) dT) h(x + s6,0) ds d>
0450 —00 s

= / gz + 74(x,0)0,0)xv(x + 74 (2,0)0,0)
QxSn—1

- exp <_ /0 o(z + (74 (2,0) + 7)0,0) d7> h(z,0) dz 6

—T4 (:B,@)

# # T+({L',9)
/QS 97 (2, 0)xy (2, 0) exp —/O o(x+76,0)dr | h(z,0) dz db
xXSn—

[ @0 @0 B, 0)h(w.0) do df
QxSn—1

Thus
v R T g(,0) = g% (2,0)xF (2,0) E(x, 0). (5.3.7)

Recall the truncation parameter Nyt € N corresponding to how many terms in the

Neumann series S2%°_o ([T, ]* K*)™ to use. We proceed as in Algorithm 2.

Algorithm 2 Computing X, Xy f
1: vo(w,m) v R Xy f(w,m) = (X ) (2, m) E(x,m)
2: for j =1 to Ngear do

3: Vj K:;Uj_l > Apply K*
4: for i =1 to N; do

5 wy, (XN,,y) =0 > Apply [T1]*
6: solve —0,, wy, + opwy, = [vj]y, for wy,.

T: Vi (X, y, M) < w = [w”i]—m (x,y)

8: end for

9: end for

10: 0(X,y) 4 6 10 SN v (%, y,m:) > Apply J*

11: > v is an approximation to Xy, Xy f
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5.4 Smoothness Analysis

When trying to recover microlocally the most singular part of the source via X, Xy as
analyzed in Chapter 3, it turns out that in theory only the first term of the Neumann series
is needed. We summarize this in the following Lemma.

Lemma 5.4.1. Suppose f € H (Q) and o,k € C®. Let mi,ms > 0. Then

m2 Mmi
XoXvf =D R T (KT Y I xv Ry T (KT T f € HA ™ ()
j=01i=0

where m = min{my, ma}.
Proof. Observe that
Xy =vRy T (1= KT )L )

ma2
= > wRTT KT IV + o Ry T (KT Y™ 1= K1)~ )
§=0

Xy = xyR Ty 01— K177

mi
=Y xR TTNKTTY'T + xv Ry (KT )™ (1 — KTyt

=0
Thus
Xy Xvf— ii[va+Tl_l(KTfl)j Jxv Ry Ty N KT T f
D0z
- %[XVRJrTfl(I — KTy YKT Y™ ) v Ry T KT T f
=0
+ %[XVR+T1_1(KTfl)jJ]*XvRJrTfl(KTfl)ml“(I — KT7h7 s
j=0

+ Ry T 0 = KTy Y Y KT Y™ )y Ry T (KT Y™ P (1 — KT )L f

=: Ay + Ay + As.
First note that
v R T xv RLT f(x,0) = xv (s, 0)? /exp (—/ o(z+76,6) dT) flz+s6,0)ds.

In particular, [xyRyTy ) xvRyTy " is bounded on HI(Q x S*~1) for all j. Moreover,
from the proof of Proposition 3.3.1 we have that [(Id — KT, ')~']* can be taken to be
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bounded on H?(Q x "~ 1) whenever (Id — KT, ')~ is, which we can assume is the case for

Jj <1+ max{my,mo} + 1. From the discussion in Appendix B, we have that

mo ) - a/_\ae

_ x|n7m

Using a similar argument as in Lemma 2 of [50] and applying Proposition B.2.1, we have
that [(KT;)™2+1J]* is bounded from H'(Q x S*~1) — HFm2+1(Q x s*—1).

Now, to analyze A; we write

mi
A=Y Ry T (I - KT KT Y™ 0 Ry T (KT
=0
mi
— (KT I [(1d - KT o Ra T P v ReT S (KT,
=0

and from this it is clear that A; maps H'(Q) to H*™2F1(Qy). Similarly,

m2
Ap =Y R T (KT Y I v Ry Ty (1= KT )~ (KT )™
=0

ma
— Z[KT;l)ﬂ JI v RLTT  xv Ry T (1 — KT Y YKy hy™ g
j=0

and so As maps H' () to H*™+1(Qy). A similar argument shows that Az maps H'(Q2) to
Hl+m1+m2+2(91). |

5.5 Numerical Computations

For our numerical computations, the goal is to provide visual verification of Theorem 3.2.1,
and more specifically, of the related result of Lemma 5.4.1. In all examples, we use a
cartesian grid of 256 by 256 with 128 directions 6. We’ll use the notation (z,y) to denote a
point in R2. In order to incorporate anisotropy in k, we use the Henyey-Greenstein (H-G)

phase function [22], which is very commonly used in optical imaging:

iié_f n=2

21 1+g2—2g0-0" =%

p(0,0)=q A (5.5.1)
(g7 29002 =3

To set g = 0 corresponds to the isotropic case, while ¢ = 1 and g = —1 correspond to

forward scattering and backscattering, respectively. In typical applications g is around 0.80

to 0.95 ([19]), which is characteristic of highly forward-peaked scattering.
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Source, max = 1 Normal Operator from Complete Data Normal Operator from Partial Data

Figure 5.3: A source consisting of circular bump functions with height 1. The partial data is
measured without noise on the set V = {(n,0) € 0,50 = dDxS! |5 € [0,7/3] and 1-0 > 0}.

We also incorporate noise into the boundary data in the following way. The noiseless
data X f is an m x 128 matrix, with the rows corresponding to the position along the unit
circle and the columns corresponding to the direction considered. Given a parameter p > 0,
for the jth column v; of X f (i.e. [X f];) we compute [|vj|2 = \/vaivj and generate a vector
w of length m with values chosen randomly according to the standard normal distribution

(variance 1 and mean 0). We then define the jth column of the noisy data by

w w
= illoT—- 9.9.2
/—wT’u) UJ +M||UJ||2||w||2 ( )

Thus p represents the fraction of |lvj||2 to which we would like to rescale the variance of the

[X froiselj = [X f]; + 1 [Xf]]T[Xf]J

noise.

With these details in mind, for all computed examples we have taken

1—0.85%
1+0.852—2-0.85-0 -0

1 .
k(z,y,0,0) = %X{z2+y2<l}($’ Y) (0.05 + sin? as'y)

and

o(z,y,0) = 0.5x (22142 <13 (2,9)[0.05 + cos® xy]sin? 0.

Moreover, using the notation of Lemma 5.4.1, we take m; = 8 and mo = 2. This corresponds
to computing the first 9 terms of the Neumann series expansion for X f and only 3 terms

in the series representation of X*.
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Source, max =1 Normal Operator from Complete Data Normal Operator from Partial Data

Figure 5.4: Same parameters as Figure 5.3 except with a noise coefficient p = 0.50.

Source, max =1 Normal Operator from Complete Data Normal Operator from Partial Data

Figure 5.5: A source consisting of rectangular bump functions with height 1. The partial
data is measured without added noise on the same set V' as given in Figure 5.3.

Source, max =1 Normal Operator from Complete Data Normal Operator from Partial Data

Figure 5.6: Same parameters as Figure 5.5 except with a noise coefficient p = 0.5.
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Source, max = 0.99993 Normal Operator from Complete Data Normal Operator from Partial Data

Figure 5.7: A spiral pattern of continuous circular bump functions of the form g(z,y) =
A\/ 1— % (x— )% — r%(y — yo)?, where A is the maximum height and r is the radius. In
0

this example, starting from the largest bump and moving counterclockwise, we have the
set of heights and radii A = {0.5,1,0.3,0.3,0.4,0.3} and r = {0.2,0.15,0.1,0.1,0.07,0.03},
respectively. The partial data is measured with no added noise on the set V' given in Figure
5.3.

Source, max = 0.99993 Normal Operator from Complete Data Normal Operator from Partial Data

Figure 5.8: Same parameters as Figure 5.7 but with an added noise coefficient © = 0.50.



58

5.6 Conclusions

We have shown that from partial knowledge of the solution to (1.2.1) on 0,5, one can
recover an unknown isotropic radiative source f(z) which is supported in the wvisible set.
This gives a slight generalization of the result in [50]. More generally, we have shown that
even for isotropic f supported on any part of €2, one can still recover information about
the singularities of f supported in the microlocally visible set. And although the result
presented here relies on the classical theory of pseudodifferential operators, thus requiring
that ¢ and k& be C* functions, in light of the theory of paradifferential operators and H*®
wavefront sets, it is very likely such results can be extended to at least C? coefficients
with analogous statements. Note that we have assumed that ¢ and k are known. Just
as in X-ray tomography with incomplete data, in order to “see” a singularity, one must
have knowledge or the ray transform along a line that intersects the associated wavefront
covector normally. Thus, it is somewhat surprising that the presence of scattering does not
alter this relationship.

In a first effort to reduce the regularity assumption on the scattering coefficient k, we
have shown in Chapter 4 that for a generic open, dense set of ¢ € C? it is enough that k lie
in C?(Q x S*~1 x S"~1) with suitably small C? norm. In light of the weakly-singular type
integrals used to compute the normal operator X*X, it is the author’s own intuition that
no improvements in regularity can be made beyond C1®. In the future, hopefully one can
improve the smallness condition on k to simply requiring that it lie in a generic dense set.

Finally, we have presented a numerical method to solve the direct problem (1.2.1) based
on the work of [30], which utilizes the discrete Fourier transform and fractional discrete
Fourier transform to implement a rotation-based method for computing the necessary line
integrals. Moreover, we have computed the normal operator X*X in a similar manner.
Ultimately, this has given us some nice visual examples in the presence of anisotropic (o, k)
with or without added noise, where the anisotropic parts of the parameters have physically
meaningful structure as given in [19, 22]. Such examples visually demonstrate the ability
to detect the singularities of an unknown source with only partial data of the transport

solution u at the boundary.
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Appendix A
RELEVANT RESULTS ON SINGULAR INTEGRAL OPERATORS

Suppose we have an integral operator of the form

Kf@) = o@)f@)+ [ Ko —pfwdy,  K@o—y) =r"6@0, (A1)

where f € H'(Q), 6 = Ii:ZI’ and r = |z —y|. The function ¢(z, 0) is called the characteristic

of the singular integral operator. We formally define the symbol ®(x,&) of K by
®(z,&) = /efiz'gK(:c,z) dz. (A.1.2)

It is easy to see by a change of variables that under such assumptions on K, ® is homoge-
neous of degree 0 in £. Letting w = é—|, we will write ®(z,w) from now on. It can be shown

that if K(z,z —y) = ¢(z,0)r™", then

ew)= [ o.0) {m( ) + %Tsign (cos 7)} do (A.1.3)

| cos |
where v is the angle between the vectors # and w.

Consider the singular operator with a variable symbol,

¢(z,0)

Re |7 —y|"

Wiy = [ a0 ferd =t (A1)

(Af)(x) :==a(x)f(x) + [3

We introduce the class % 5 of those symbols that satisfy the condition
Do®(z,w)EHNS" ), Va:|a| <1 (A.1.5)
Here the relation 8(z,w)&H'(S"!) means that
/S IDCB(z,w)dw < C, 0<|a| <. (A.1.6)

In this case, we say that 3(z,w) belongs to H!(S"~!) uniformly with respect to the parameter
x. For symbols of singular integral operators that satisfy such a condition, we have the

following useful theorem.
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Theorem A.1.1 (Theorem X1.9.2, [29]). If ®a(z,w) € %) » where A > 5=, then the operator
(A.1.4) is bounded in H'(R™).

For relating the characteristic ¢(z, 0) to its symbol ®(z,w) we have the following theorem

Theorem A.1.2 (Theorem X.7.1, [29]). The symbol of a singular integral operator satisfies
the relation ®(x,w)EH(S"1) if and only if the characteristic of this integral satisfies the
condition ¢(z,0)EH'(S"™1) where | = X\ — 2.

We also recall that the derivative of a weakly singular integral operator ([29], IX §7) is

given by

D rman= [ 10 | D - ) [ ol 0 dsw). (A7)

Oz Jo rnl rn—1

This formula holds for any f € L*(Q2) and for ¢ € C*(Q,S"71).

In dealing with weakly singular integral operators depending on a parameter # and
acting on functions f depending on = and ¢’, it will be helpful to work with a particular
type of space on which these operators work nicely. In particular, we will use expansions of
functions in terms of spherical harmonics. Recall that any function g(z,6) € C°(R" xS" 1)

can be expanded as a series

@0 =3 3 a®(@)yE,0). (A18)

where
k _ @2m+n—-2)(m+n-—3)!
e (n —2)!m!

denotes the number of linearly independent spherical functions of order m. Furthermore, if

g has compact support we claim that

o0 kmn

ST 1P ey 1Y gnm1y < 00 WL > 0. (A.1.9)
m=0 k=1

In [50] it is stated that for g € L>°(R"™; C"*1(S"*1)) with compact support, we have that

(e o] k?mn

Y 3 laf oo @y VM a1 sn-1) < 00 (A.1.10)

m=0 k=1
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Under the assumption that g is compactly supported, we have that the L° norm is com-
parable to the L? norm. Since all derivatives of g also satisfy (A.1.10) with Ha7(7]7<j)||Loo(]Rn)
replaced by HG%)HLQ(RW,), we have that (A.1.9) holds.

Recall our definition of H;(£2 x S*~1) as the completion of C*°(Q x S*~1) with respect to
the norm || - |3, (xsn-1y, and C; (€2 x S"~1) as the completion of C*°(2 x S"~1) with respect
to the norm || - [|¢,(axsn-1)-

The following proposition related to weakly singular integral operators and its applica-

tions in context will prove useful.

Proposition A.1.1. Let A be the operator

[Af](w)=/a(x’y’|x_y|’ﬁ)f<y, - ) dy

|z —y[nt lz -y

with a(x,y,r,0) compactly supported in x andy. Then for a constant C > 0 depending only

onn andl € Z>o,

a) If @ € CHH2(R? x Ry x R, x Sph), then A : HY(Q) — HTYR™) is continuous with

a norm not exceeding C||a||caite.
b) If oz, y,r,0) = (z,y,7,0)0(0) and also in C?*2, then
1Al @)= i1 mny < Clle oz 6]l 1 gny.-

c) If f € Hy(Q) and « is as in (a), then A : Hy(Q x S*~1) — H!FY(Q) is continuous with

1A, (oxsn-1) s m+1 () < Cllaf|c2isa.

d) If a = a(z,y,7,0,n7) € C°(Ry x Ry x R, x Syt x Sz_l) is compactly supported in x
and y, then A : Hy(Q x S"71) — H; 1 (R™ x S"1) is bounded with

||AHHZ(QXSn_1)HHl+1(RnXSn_l) S CHa||C21+2(R"XSn_1)'

Proof. First note that in all cases, since « is compactly supported in x and y, we can let

U € R" be such that a(x,y,r,0,n) =0 for x,y ¢ U. We can then replace a by ap without
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affecting the integral, where 1) € C°(R) satisfies ¢(r) = 1 for r € [0,diam(U)]. Thus, we
may as well assume that « is compactly supported in all variables.

Consider the case that f is independent of 6 and « only depends on x and 6. From the
Calderéon-Zygmund theory of singular operators, we know that for an integral operator K
with singular kernel k(z,y) = ¢(z,0)r~™ where we recall r = |z — y|, if ¢ has mean value
0 as a function of # for each x, then K is a well-defined operator on test functions, where
the integration has to be understood in the principal value sense. Moreover, K extends to
a bounded operator on L? satisfying || K|| < C sup, ||¢(z, 2 gn-1) (Theorem XI1.3.1, [29]).
As a remark, the extension can be considered as a convolution in the sense of distributions,
and then ¢ need not have mean value 0 in 6.

Let (j1,J2,---,71+1) be a multi index. To make notation a bit more consistent, let
ap = a. Consider the derivative d;; A, which by (A.1.7) and ([50], Proposition 1) consists
of a bounded term a;(x)f(z) plus the integral operator with kernel

alx, ) _ (1 —n)bj 00+ 9y, 4 Os;, (2, 9)_ (A.1.11)

Tj1 rn—1 rn rn—1

Letting ¢1(z,0) := (1 — n)bj,a(z,0) + 0y, a(x,0), since a € C?+2 and is compactly sup-
ported in x, we have that the symbol

Q(z,w) = /eiz'“’L (x, |_§|) dz
K1

of ¢ belongs to C2+1(R™ xS~ 1). Since ¢; is compactly supported in z, 03¢ EHAH1-1I(SP—1) ¢
H'™=3(S" 1) for all 0 < |y| <[ and for some fixed A > 2L (in particular we could take
A = §). By Theorem A.1.2, ®1(z,w) € % x. By Theorem A.1.1 we have that the inte-
gral kernel ¢;(x,0)r™™ corresponds to a singular integral operator that is bounded on H'.
For the second term in (A.1.11), which is a weakly singular integral kernel, we have that
a1(z,0) == 0y; afz,0) € C%+1. Similarly as before, we compute Oz, (%) which cor-
responds to an operator with a bounded multiplier as(x), a singular integral operator, and
a weakly singular integral operator. It can be shown analogously that the symbol ®5(z, &)
corresponding to the characteristic ¢o(z,#) of the singular integral term belongs to Z;_1 x.

Thus the integral operator with kernel ¢5(z,6)r~™ is bounded on H'~'. We then focus our

attention on the weakly singular integral operator that remains.



63

After repeating this process a total of [+ 1 times, which involves [+ 1 differentiations, the
remaining weakly singular integral operator has a kernel ayyq(x,8)r~"*! with ag41(z,0) €
C!*1. We can then proceed as in the proof of ([50], Proposition 1) to obtain that this term
is bounded on L2(f2). In particular, we use the criterion from Calderén Zygmund Theory

which states that if K is an integral operator with integral kernel k(x,y) satisfying

sup/]k(x,y)\dy < M, sup/]k(x,y)\dx < M, (A.1.12)
x Y

then K is bounded in L? with a norm not exceeding M ([51], Prop. A.5.1).

Now we want to bound the operator norm || Al| g1 (g, gi+1(rn) in this simpler case. Let ¢;
be the characteristic of the ith singular integral operator obtained by the above process with
symbol ®; and /TZ the corresponding singular integral operator. Note that ZZ is bounded

on H'=™*1(Q). One can explicitly compute that

o = amh%...xjia, (A.1.13)
o =(1— n)ejiaifl + 891'1' o1, (A.1.14)
ai(x) = /ai,l(x,e)eji ds(y), forl<i<l+1. (A.1.15)
Also define
~ o, (x,0
R = [ 0D s 0y (A.1.16)
We have

[@illcrii-s < Cllaf|cre
lillgrer-i < Clledlrn

laillci—i < Cllai-illgin—i < Cllagtllgr-n < C'llallcin (A.1.17)
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If | fll i) = 1, then ([29], Thm X1.3.2, Thm X1.9.2) imply that for 1 <i <l +1,

[Aifllgr-isrmy = > IDEAf | r2@n)
|8|<l—i+1

< XX S I @ g e I i

By 1

<Cc > ZSUPHD?W%(%')||L2(Sn—1)||f||Hl(Q)

1B|<l—i+17<B8 *
< C|\illci-it
S C||OéHCl+1. (A.1.18)

Now we estimate [|Af| zi+1 using (A.1.18) with the understanding that we sum over all

indices j1, j2,.... Again, assume that || f|| ) = 1.

[Af er = (1Al 2 + 110y, Af [l
S llallco + lavfllm + 1A f e+ IR f e
S llalleo + larllcr + el + 1R fllzz + 190, B fll -
S llallcir + llallco + laillco + larllcr + lagfllgi—r + |42 f | or + [ Rof | i

S llallgr + llafleo + llelico + llarller + llagllci—r + 1 R2f |l s

+1

S IRllze + e + 3 laizillco + llaillgra-s
i=1
+1

< llaviilleo + lledlgrs + ) lladleen
i=1

S llefler

Thus in the simplified case where « only depends on x and 6 and f is independent of 8, we

have

1Al e (@)— i+ mny < Cllef|grer (A.1.19)

To extend to @ = o depending also on y and r, we use a first order Taylor expansion
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in y and r centered at y = z and r = 0, similarly to in ([50], Prop. 1), to get
1
ag(z,y, 7, 0) = ap(x,2,0,0) + > By — x)”/ Bfagao(ﬂc,x +t(y —x),tr,0)dt
1Bl+1=1 0

1
= ap(x,z,0,0) + Z Tlm(—TH)V/ 8?630[0(% x4ty —x),tr,0)dt
1Bl +h1=1 ‘

1
= ap(x,z,0,0) +r Z (—1)”'9“//0 (9?(93(10(3:,3: +t(y — x),tr,0)dt.
|Bl+1v|=1

We can then write

ao(x,y,r,ﬂ) = aO(x’x’Oa 9) + 7'71(%%7“, 9) (A120)

where y; € C?*1. After dividing by ™!, the first term in (A.1.20) maps H' to H'*! by
the previous argument. The second term corresponds to an integral operator with kernel
yi(z,y, 7, 0)r~"2. If we differentiate this with respect to =, we get a weakly singular integral

operator with kernel oy (z,y,r,0)r "t where oy € C*. Now repeat as before, writing
al(x’ Y, 7 9) = al(x’ z,0, 9) + T72(xa y,r 9) (A121)

where v € C?~1. The first term a1 (z,x,0,6) corresponds to a bounded operator A; :
H=YQ) — HY(R™). Moreover, v2(z,y,7,0)r "*2 can be differentiated with respect to x to
obtain a weakly singular integral operator with kernel as(x, 3, r, 0)r~"! where ap € C?—2,

After repeating this process a total of [ times, we have a remainder term that is a weakly

singular integral operator with kernel oy (x,y,7,6)r "' where a; € C2. Write
Oél(,l?, Yy, 9) = Oél(x, z, 0, 9) + 7“714_1(3:, y,r, 9)

with ;41 € C'. Then 7;,; corresponds to the operator v, (z,y,r,0)r "2, which we can
differentiate with respect to z to obtain a weakly singular operator that is bounded on
L? with a bound not exceeding ||7;41||c1 by using the estimates in (A.1.12) and applying
the Calderén Zygmund theorem. Since each weakly singular integral operator with ker-
nel a;(z,,0,0)r "1 is a bounded map from H!=/(Q) — H!77*(R"), we combine the
remainder terms together to get that A : H'(Q) — H!*L(R™).

More explicitly, let A; be the weakly singular integral operator with kernel a;(z, «, 0, 8)r ="+

and R; the integral operator with kernel ~; y1(x,y,,0)r~"*2. In particular, A; = iji R;_4.
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We will also need the straightforward estimates
laillgi-er S llallgrees,  Illem S llallgmesr. (A.1.22)
For || f|l gt = 1 we have

[AS e < N[ Aoflies + [1Rof || s
< [lewllcr+1 + [[Rofl L2 + [|0z,, Rof ||
S laolleier + lInllce + 1AL e + 1By f |
S laolleier + lInllce + llaalicr + (1B fllzz + 1102y, B f || g

S llaollers + llealler + Imllco + [lallco + 1A2f | s + [ B2 f |l s

-1
S Al + IRl + Y loillerei-i + 1ialloo
i=0
-1
< lleallor + I1Rifllzz + 110z, Riflpe + D llaillorri-i + [visalleo
i=0
-1
< llallgz + helloo + Irllor + D lelloris + lallgzin
i=0
-1
< lladlgzn + llellgasz + ) llallgris + llollgn
i=0

< lladlgarea:

This proves (a).
Now consider if a(x,y,r,0) = o' (x,y,r,0)p(0). Then

(1 —n)bjo+ dg,a = (1 —n)bia’ ¢+ 'y, ¢ + ¢Dp, . (A.1.23)

In short, for each term in the decomposition of A by differentiation, ¢ is differentiated

exactly once. Therefore

1Al )= 41 @y < Clle[| 242 |l 1 gn-1y, (A.1.24)

which proves (b).
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For f € H;(Q2 x S*~1) depending on 6 as well, we expand f as a series

Then
o x? y? /r?a
Aflw) = [ ELED 1,000y
o kmn
_ [alz,y,r0) (k Y(k) p
- r— T on—1 Z Z mmn ) Y
m=0 k=1
oo km,n (k)
0)Ym.n (6
=> Z/ & :7 OV ®) 01y .
m=0 k=1 r
Hence
(z,y,1,0)Y, mn 0
JAF s gneny < 30 3 / o )1 ©) 0 (y) dy
m=0 k=1 HI+1(Rn xSn—1)
o0 km,n
<SS IAD N e lal) o
m=0 k=1
[ee) k?m,n
< Cllallgaez > S IVE ey llad | ooy
m=0 k=1

< Cllallgare || f 13,0 -

Here the operator A,@,’i?n is given by [A#f?ng] ()= [ W (y) dy. This proves (c).

Finally, if « = a(z,y,r,6,7n) is C*° with compact support, we can expand it as a series

o kmn
alz,y,r0.n) =3 > b8 (@, y,r,0)YE (). (A.1.25)
m=0 k=1

Note that a € Cj(R™ x R x R x S"~1 x §"71) for all j > 0. Then for f € H;(Q x S"1), we
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have

IAf 13,y (e xsn—1)

o0 kmln (kl)
bm xayarae

= Z Z HY HHI(Sn 1) /%f(y,e)dy

m1=0 k1=1 Hl+1(Rn><Sn71)

k‘ml n k'mg n (k;l (kJQ)
biny’ ( y,r 0 Yo n(0

S Y D Sl oy 220 ot 4) dy

m1=0 k1=1 ma2=0 ko=1 Hl+1(Rn><Sn—1)

[e'e) kml n oo ka n

k1) (k2)
Yoo > > I e DG o2 Y02 s sn1) i, | e

m1=0 k1=1 m2=0 ko=1

A

= llellea o 1l @xsn-1)-
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Appendix B

SMOOTHING PROPERTIES OF COMPOSITIONS OF WEAKLY
SINGULAR-TYPE INTEGRAL OPERATORS

Let’s consider an operator of type

Afl.0) = [ SIS0 (45 dy

where a(z,y,7,1,0) € CC(R" xR" x Ry x S"~! x§"~1). We would like to analyze composi-
tions of the form [A™J f](x,0) where J : L?*(R") — L?(R™ x S*~1) is the extension operator
Jf(z,0) = f(x) as used previously.

For m = 2, we compute

[A%J f](x,0)
alz,y, | — ,w/—\,ﬁ T —
:/ (z, 1, | yl!n_l Y1 )[AJf] <y1, Y1 > s
|z — 1 |z — 1]
Oéw,yhﬂﬁ—yu:v/—?,@ o yl,y2,|y1—y2|,y1—y2,~’ﬂ/—\yl
:/ ( | |n4 1 )/ ( - >f(y2)dy2dy1
|z — v ly1 — v

—

_/ {/ a(z,y, |z —yil, @ — 1, 0)e (y1, v, [y — vol, 1 — y2, 2 — 1)

|z —y1 [Py — yo ot dyl} [ (y2) dya.

Similarly for m = 3,

(A% f](x,6)

_/<//Oé(l“,yl,|90—yl|,$—y1,9)a(y1,y2,|y1—y2|,y1—y2,$—y1)

|z — y1|" "y — ya2 " Hyz — ys|™ !

e <y27y37 ly2 — yal, y2 — y3, y1 — y2) dya dyl)f(l/:%) dys
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In general, define

o] = Q,

042(907%,2/2, \90 - yl’a \yl y2’ yh@l/\y%@) = 041(907y1, \90 - yl’amaa)

car (Y1, y2: [y1 — vl o1 — w2, T — 1)

(T, Y1y Ymy [T = Y1l ey [Ym—1 — YUm, T — Y1y oy Y1 — Ym, 0) = (B.0.1)
amfl(yl,y%---,yma |y1 - y2|, sy |ym71 - yml,y1 — Y2,y Ym—-1 — Ym, T — Z/l)

~ay(z,y1, |l — 1), T — y1,6),

where g := z. For simplicity of notation, define

Ym = (?/1,- .- ,?/m—l,?/)
rm = (Y1 —v2ls - [Ym=1 — ¥|)

e —-

T o= (Y1 — Y2, Ym—1 — Y)-

Then set for m > 2

CV?n Ty¥Yms ’1’ yl’ﬂnm7 /Earmne)
(z,y,0 Iz

L L E T

Also let
I . al(x’y’ |x—y|,x—y,9)
ap = J[(S( - y)]’ al(x,y,é?) = s

|z —y|nt

so that [ ao(z,y,0)f(y)dy = [0(z —y)f(y)dy = f(z). Then

A" Tf1(,6) = [ an(e,p.0)/ ) dy,  m>o0.

Now we would like to show that A™J has a kernel of the form

5m($aya ‘.%' - y!, -%'/_\3/79)

|z —y|n—m

(B.0.2)

where B, (z,y,7,n,0) is C*°. Ultimately, our goal is to rigorously show for m > 2 that A™.J
is a pseudodifferential operator of order —m, by adapting the proof of Lemma 2 in [18],

which already directly applies to the case m = 1.
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B.1 The Case m =2

For n € S"~1, define the set D, := R™\ (Bo(1/4) U B,(1/4)). Also let A, be the rotational
matrix such that A,n = eq, the first unit basis vector of R". Let ¢(r) be a smooth even
bump function such that 0 < < 1,¢ =1 for |r| < 1/4, and ¢ =0 for |r| > 1/2. We will

frequently use the notation r = |z — y| and n = :U/—\y Note that differentiation of A, with

respect to x yields, from the fact that 0, :U y = |m]:3/|]2, that |0, Ay| § C E Similarly,
lth order derivatives of A, with respect to x will have bounds of the form W Of course,

if we treat A, as a matrix of functions of 7 only, and not implicitly dependent on z, then

each such coordinate function is in C°°(S"~1).

We have

- y,0
(x’yje):/az(x,yl,y,\x vil ly1 =yl 7 =y, 90—y %9) g

lz —y1|" "ty — y[n !

We may then cut up the above integral, using ¥ and suppressing some variables, to obtain

[o () [o (i) ewtn [ =0 (5=50) o (=it e

=11 + 1+ I3.

Let’s focus on the first term. Substitute w = ﬁ__yyl‘ so that |z —y|"dw = dyy, y1 = z—|z—y|w

and y; —y = |z — y\(x/—\y — w). We also note that the region of integration is w € Bo(%).

We obtain
lz—y1] _ . 0
; _/¢ ( ‘x_y‘)OéQ(%yl,y,\x yilsly1 = yl.z — g1 91— ,0)
1 = gy — g g
L veas (2o — o =yl e — yllel, o - ylle =y - wl, @, 2222 0)
= / vl dw
z =y e =y — wl?
. 1 / w(‘w‘)QQ <x7x_‘x_y‘waya‘x_wala‘x_y"n_wlaaan_waa) dw
=2 JBy(1/2) lw["=n —wr—t

Tn72 dw.

B 1/ v(jwl)as (z,2 — rA  w,y,rlw],rler —w|, @, A, ey —w, 6)
Bo(1/2)

|w|n71 |61 _ w|n71
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Let’s consider the other terms:

I = / (0 (H) 042(1',y1,y, ’1’ - yl’? ‘yl - y‘?'%'/_-?lay/-_\y?H) dyy
|z ="y =yt
1 / Y(|lr —y —w|)az (:U,:c — rA;lw,y,r|w|,r|el — w|,w, A;lﬁ,ﬂ) "
=2 JBo(1/2) w| ey — w|~t ’
I / (1w (=) = (=) as(a, yn, s o = wal, lon =yl — 1,1 — 9,6) »
|z — " Hyr — gyt

dw.

1 / (1= v(jw]) = ¢(ler — w])) ag (z, 2 — rA; w,y, rlw], rler — w|, @, A, er —w,6)
D

— 2 Jp,, jw[*Her —w[r~t

Notice that after multiplying each term by 7”2, the remaining integrals are smooth in the

variables z,y,r,n and 6.

B.2 The General Case

We seek to record a general formula for the integral representation of A™.Jf(z) which
resembles a weakly singular integral with integral singularity W Let’s make some
new definitions to simplify the notation. Set yo = z and vy, = ym+1 = ¥y, and given

1 <7 <m-—1, define
! 2 — yjl’ ! |z — yj41]

Note that n = :U/—\y = Wy,. Also define wy = 0 for convenience, and then set

W} (wj, wj) = (|wj]),

3 (wy, wh) =1 = P(|wy]) — P(|w])).

We notice a few useful formulas for 1 <j <m—1

whi = Wjy1 — wj,
m—1
yi=a— |z —ylw; [T lwl,
1=5+1

Yi — Yj1 = |z — yj|(wj —wy).



Define

m—1 m—1
Y=Y, Ym-1,Y] = Hﬂc—\x—y\wj‘ 1T !wz!} Y

1=j+1

j=1
|'7n_1 -‘ m—1
(w| = [H |wl|J .
I=j i1
We can partition the integrations involved in oy, (x,y, ) as

-1
[ 5 [Toumemm-n

v€{1,2 3}’” J=l1

e R™,
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eyl T B - R O
n—m n—1 n—Il—1 n1du]1...dwm71.
) — W [P 17 W1 — wy]
For 0 < j <m — 1 define
Dj := By(1/2)

D? := B—(1/2)

Wj+1

D} :=R"\ (By(1/4) U B —(1/4)).

For each v € {1,2,3}" fia 1 , set D, H;“;ll D;-/j . Then we have the integral

I (2, y,m,m,0) = Z /D H 1/) w]’wj+1 )}
j 1

~ve{1,2,3}m—1

am(m,y,r|w| Wi, ‘lwuz lwuh Yo |Z:$::i|’9)

= — W [P T P T et — wl !

‘We then define
Bm(z,y,7,m,0) == r"""L,(z,y,7,n,0),

so that

Iw —ylrm

dw1

dwm—h

(B.2.1)

(B.2.2)

In order to justify the convergence of such an iterated integral (as we have changed the

order around), we first note that = and y are restricted to £ by assumption. Secondly, the
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singularities in each variable w; are all locally integrable since near such singularities we

have local behavior like ™ .‘nl_j_l or T 1 = It remains to show bounds on the terms in
J Wj+1—wi| ™

the sum which involve integrations over one or more of the domains D? =R"\ (Bp(1/4) U

B@(l /4)). Let j be the first index where such an integration occurs in a given term.
J

We may integrate out the variables wy ... w;_1 first since the domains of integration are

bounded in those cases. Since y; € €2, we have x — rw; H;l;}rl |wy| € Q. Thus

diam(€2)

lwj| £ ——F—— = M.
TH;Zj-i-l |wil
So we may estimate the integral by
/ C
Dy PN = W1 |V Wi o1 — Wi Wi — wiga |
==l r=iN
. A dwjiyq -+ dwpy—
H?l;-lu ’wl’n—l—l un—i—2], Jj+1 m—1
< diam(Q)?/—" / c
AT oy Ty WP i — w5 — wyal
1

I i dwjyy - dwm,
=]

where D’7 is the domain obtained from D, by removing the domains of integration with
respect to wy ... w;. Since 1 < j < m — 1, we have that 3—m <2+ j —m < 1. In all cases,
the behavior in r is an integrable singularity since n > 2. Further integrations over domains
D?, will result in similar estimates, and in all cases the power on r remains integrable. It

"=l we obtain a function that is C™

follows that, upon multiplying the whole integral by r
in x,y,r and 6, since the multiplicative factor of r has exponent between n—2 and n+m—3,
all of which are smooth at 0.

It remains to show smoothness in 7. Notice that when ~,,—1 = 1 or 3 (i.e. when
Wrm—1 € By(1/2) or wy,—1 € R™\(By(1/4)UB,(1/4))), then |n—wy,—1] is uniformly positive.
Thus, we can differentiate under the integral sign with respect to 7 the term P
infinitely many times. On the other hand, to differentiate the terms with ~,,—1 = 2 (i.e.

Wm—1 € By(1/2)), we make the substitution z,_1 = 7 — wp—1 and note that z,_1 €

By(1/2). The term

is uniformly bounded away from 0, so we may

1 —
‘wm_1|n—m - ‘nfzm—l |n—m
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differentiate it arbitrarily many times with respect to 7. The only other potential problem

will occur if in addition, ym—2 = 2, or equivalently, w2 € B;—(1/2) = Bﬁ—/z\l(l/2)' In

this case, we make yet another change of variables z,,_2 = Wy—1 —Wm—2 = 1 — Zm—1—Wm—2,

so that z,—2 € Bp(1/2) and the term ?\17“ does not depend on 7. Similarly, the
Wm—1—Wm—2|""
1 1
term e

i — is uniformly bounded for z,,_2 € By(1/2), and so
we can differentiate it arbitrarily many times with respect to 1. Continuing in this way, if
at any point v; = 2, we can make the change of variables z; = w;; — w; and obtain similar
bounds. The main idea is to transfer the derivative to the numerator function a,. It is
a routine matter to check that under such changes of variables, differentiation of «,,, with
respect to 17 does not result in any unbounded factors involving n via the chain rule.
Remark 6. By the same reasoning, if a(x,y,7,7,0) is in C2(R™® x R™® x R, x S*~1 x §"~1)]
then 3, € C2.

We now consider the following adaptation of Lemma 2 from [18]:

Lemma B.2.1. Let m > 1 and let A: Co(Q2) — C(2,S"1) be the operator

Af(x,0) :/ /Tm_la(a:,r,w,ﬁ)f(x+rw)drdw,
sn-1 JR

where o € C®°(Q x R x S*71 x §S"71). Then A is a classical VDO of order —m with full

symbol
a(z,&) ~ Y ap(x,8),
k=m—1
where
&
ag(xz, &) = 2712— OFA(x,0,w, 0 55 (w <€) dw.
k' Sn—l r

Proof. The proof directly follows from the proof of the case m = 1in [18]. Let A'(x,r,w, ) =
r™ L A(x,7,w,0), and note that if A’ is an odd function of (r,w), then Af = 0. So we may
replace A’ = 1™~ 1A by

AL (rw) = %(A'(r,w) b A (=, —w))

even

rmflA(r,w) + (—T)mflA(—r, —w))

m—1

= (A(r,w)—i—(—l)m_lA(—r, —w)).

1
2
r




76

We can then integrate over » > 0 only and double the result. Thus,

= 2/ / Al o(@rw, 0) f(x + rw) dr dw.
Sn—1

Changing to polar coordinates via z = rw and setting y = x + rw, we obtain

— X
_ Q/Aeven —a), L= 0 ‘_f(y)n_l dy.
ly—=z|" ) |y — =l

We then use a finite Taylor expansion of Aeyen(z,7,w,0) in r near r = 0 with N > 0 to get

ALz, w, 0) Z Alyen (2 (z,w,0)r* + TN Ry (z,7,w,0).

even

even k(T W, 0) = A} (7,w,0) + (—1)* 4 (2, —w,0), where klA} =
OFr—0A’ = OF|,—¢ [r™ 1A]. Clearly, A} = 0 for all k < m — 1. Therefore, following the

One can compute that 24

proof of Lemma 2 in [18], we obtain that the terms ax(z, &, 0) = 2mi* [g,—1 A} (z,w,0)6%) (w-
€)dw =0 for all k <m — 1. O

Proposition B.2.1. Let a € CX(R™ x R" x R x "1 x §"~1) and consider the operator
A 2R x SP71) — L2(R™; C=(S™1)) defined by

olz,y, |z —y|,z —y,0 —
Af)w,0) = [ SEEEZIE D )

Then for m > 1, A™J is a classical pseudodifferential operator of order —m with smooth

parameter 0, where J : L>(R") — L?(R"™ x S"~1) is the extension operator Jf(z,0) = f(x).

Proof. Recall that

A7 If1(.0) = [ Tyl — gl 7= 5.0)f(3) dy

_ / 5m(xay7 "%;_ a’i:;_ y70)f(y) dy
[z -yl

= / / rm_lﬂm(x, x —rw,r,w,0)f(x —rw)drdw
sn—1Jo

_ / / P B (@, 4 rw, 7, —w,0) f (@ + rw) dr dw.
sn-1.Jo

We can then apply Lemma B.2.1 to complete proof. ]



7

Let us also compute the adjoint of the operator A™.J. Given functions f € L2(R"xS" 1)

and g € L?(R"), we have

([A™J]*f, 9) r2@ny = (f, AT J ) L2 (R xsn-1)
(2, y, |z — b, /_\’9
:///5 S )g(y)f(m,e)dydxde

|z —y[r—m
m\L, Y, |T — ax/_\?a
= [t ([, [, Pt e =0 oy asan) ay
Rn Jgn-1 [z -yl
Thus -
* m y L, — I, —27,9
gy sy = [ P b= B2 80 g, gy agay
Rn Snfl |ﬂj y|

It is then clear that [A™J]* : H{(Q x S"~!) — H!™™(Q) using a similar argument as in

Lemma 2 of [50] together with Proposition B.2.1.

B.2.1 Estimates of A™J for C? a,,

Suppose that the characteristic « in the integral formula for A is in the space C?(2 x Q x
R, x S"~1 x §»~1). Then ay,, the kernel of A™J is also C?. From Proposition 1 of [50], we
know that A™.J is a bounded operator from L?(2) to H'(£;C%(S"~!)), and we have the

estimate

[A™ T2y < CllBmllc2- (B.2.3)

Furthermore, by the definition of f,, and the inductive definition of «;,, see (B.0.1), we
have that
[A™ Tl L2y < CllBmllcz < CBC)™[lallg < (C")™lallc2 (B.2.4)

where C” only depends on n and m.
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