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The development of CAR-T cell immunotherapies has been one of the most exciting advancements in

the field of cancer research over the last decade. Many mathematical models have been proposed to better

understand the nonlinear dynamics between immune cells and tumor cells. In this thesis, we introduce a

system of partial differential equations to model CAR-T cell therapies for 3-dimensional tumors. We then

numerically approximate this system using the finite element method for 3 different cases: purely diffusive

tumor growth, tumor growth with logistic forcing, and the coupled CAR-T cell system. We show that

mixed finite elements for the coupled system has the potential to elucidate the behavior of CAR-T cell

immunotherapies on complex tumor geometries.

Misinformation has become pervasive throughout modern society, playing a major role in recent demo-

cratic elections and the ongoing COVID-19 pandemic. Understanding the way viral content spreads on

the internet will help shed light on methods that can prevent misinformation spread. Thus, we formulate

a discrete dynamical system to model retweet cascades on Twitter. We utilize extreme value theory as a

framework to determine superusers in a retweet cascade, and re-forecast our dynamical system to account

for them. We show that re-forecasting for superusers yields extremely high accuracy across the most viral

tweets in our dataset.
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Chapter 1

Finite Element Methods for

Spatio-Temporal CAR T-Cell Models

1.1 Introduction

The development of CAR-T cell immunotherapies has been one of the most exciting advancements in the

field of cancer research over the last decade. CAR-T cells are immune cells that have been genetically

modified with chimeric antigen receptor (CAR), a synthetic receptor that redirects immune cells to destroy

other cells expressing specific antigens [44]. Since 2017, the FDA has approved 6 different types of CAR-T

cell therapies. All therapies with FDA approval have been for liquid tumors, such as lymphoma, leukemia,

and multiple myeloma. While the process has shown incredible promise for liquid tumors, the treatment

still remains shaky for solid tumors [33], [44]. In addition, there are still some questions around efficacy.

A 2020 study by Sermer et al. found that CAR-T cell therapy led to long term survival in less than half of

patients treated for diffuse large B-cell lymphoma [42]. Thus, more work needs to be done to understand

the efficacy and long term effects of CAR-T cell therapies.

One way to approach this is through mathematical modeling. Several mathematical methods have been

proposed to model immune cell interactions, immunotherapies, and CAR-T cell therapies to get a better un-

derstanding of the dynamics underlying the complex biological interactions between tumor cells, immune

cells, and CAR-T cells. Kuznetsov et al. in [22] proposed a 2-dimensional, non-spatial system of ordinary
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differential equations that modeled the nonlinear interaction between tumor cells and immune cells. Sev-

eral new models built on top of the this one by adding new equations or biological assumptions. Similar

models include the work of Kirschner and Panetta [21], Dong et al. [12], and Moore and Li [34]. Specif-

ically for CAR-T cells, Hopkins et al. [15] proposed a method to investigate the side effect of cytokine

release syndrome (CRS) in CAR-T cell patients. Hardiansyah and Ng used a quantitative systems pharma-

cology approach to understand the connection between CAR-T cell dosage size and CRS [14]. Owens and

Bozic utilized a 4-dimensional system of ordinary differential equations to model CAR-T cell therapies in

connection with patient preconditioning plans [37].

In this chapter, we introduce a system of partial differential equations (PDEs) to model CAR-T cell ther-

apies for 3-dimensional tumors. We use a finite element approach to solve this PDE system over a unit cube

mesh for 3 different cases: purely diffusive tumor growth, tumor growth with logistic forcing, and finally

we use mixed finite element methods to solve the full system of coupled equations. This approach shows

that spatio-temporal models for cancer have the potential to elucidate the behavior of immunotherapies, and

that the finite element method is a good numerical approximation technique to capture the behavior of these

models on more complicated domains.

1.2 Deterministic Models

1.2.1 Tumor Growth Models

The simplest deterministic models for tumor growth are based on population biology. These models typi-

cally aim to measure the number of tumor cells as a function of time using an ordinary differential equation

(ODE) model. Let the total number of tumor cells at a given time t be denoted N(t) and assume that all

tumor cells divide at a certain rate r. From this simple assumption, we can create our first ODE model:

dN(t)

dt
= rN(t).

This equation is interpreted as saying that the rate of change in the total number of tumor cells is equal to the

current number of tumor cells multiplied by the rate at which those cells will divide. If we assume we start

10



with 1 tumor cell as the result of a genetic mutation, i.e., N(0) = 1, we can solve this equation directly:

N(t) = ert.

In other words, the tumor cells grow exponentially. Fig. 1.1 shows the solution of this equation for r = 0.1

and 0.25. In practical applications, we compare biological data to our equations in order to determine the

growth rate.
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Figure 1.1: The graph of erx with r = 0.1 (blue), r = 0.25 (red).

If a tumor grows large enough, it reaches a point where tumor cells must compete for resources. Since

some tumor cells aren’t able to get the resources they need, they die off. When the tumor reaches this size,

we say it has reached its carrying capacity, denoted by K. In population dynamics, this is typically modeled

using the Verhulst equation [49]:

dN(t)

dt
= rN(t)

(
1− N(t)

K

)
.

We see that this is equivalent to the exponential equation with an additional 1 − N(t)
K term. Since N(t) ≤

K =⇒ N(t)
K ≤ 1, we see that 1 − N(t)

K → 0 as N(t) → K. Thus, this additional term accounts for the

gradual slowing of the growth rate as the number of cells approaches the carrying capacity. Using the initial

11



condition N(0) = 1, this equation has the solution:

N(t) =
Kert

K + ert − 1
.

A couple solutions to the Verhulst equation for different values of r are plotted in Fig. 1.2 using a carrying

capacity of 100.
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Figure 1.2: The solution to the Verhulst equation with r = 1 (left), r = 0.75 (right).

More advanced 1-dimensional tumor growth ODE models can be realized by introducing cell death, drug

dosage, and other biological phenomenon. We can also introduce systems of ordinary differential equations

to model different populations of cancer cells that are coupled together. For instance, we can consider a two

cell population with drug sensitive and drug resistant cells. This is similar to the model studied by Tomasetti

in [46]. As mentioned in the biological background, drug sensitive tumor cells have the capacity to mutate

and become resistant to certain treatments. Here we consider sensitive cells S(t) which divide at a rate bS

and die at a rate dS , and resistant cells R(t) which divide at a rate bR and die at a rate dR. We also allow

sensitive cells to mutate into resistant cells at a rate u. We can write this as a system of two coupled ODEs.

dS

dt
= bS(t)− dS(t)− uS(t),

dR

dt
= bRR(t)− dRR(t) + buS(t).
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Using S(0) = 1 and R(0) = 0, these equations have the analytical solution

S(t) = e(b(1−u)−d)t,

R(t) = bu
e(bR−dR)t − e(b(1−u)−d)t

(bR − dR)− (b(1− u)− d)
.

The solution to these equations has different trajectories for ∆ < 1, ∆ > 1, and ∆ = 1, where

∆ =
bR − dR
b− d

.

These cases are called deleterious, advantageous, and neutral respectively, and the different cases correspond

to different tumor growth scenarios, showing how even a simple model can give useful insight into the

dynamics of tumor growth.

1.2.2 CAR-T cell Models

We now formulate an ODE model to describe CAR-T cells in patients. This model was analyzed by Owens

and Bozic in [36]. We let T (t) be the tumor cell count and E(t) be the endogenous effector cell count. By

endogenous effector cell, we mean both endogenous and engineered immune cells (CAR-T cells). We can

write the following system of coupled ODEs

dT

dt
= aT (1− bT )−DE , (1.1)

dE

dt
= g −mEE + jE

D2
E

k +D2
E

E − qEET, (1.2)

where

DE = dE

(
E
T

)l
s+

(
E
T

)lT.
Is the tumor cell lysis rate, a non-linear coupling term. This defines the coupled dynamics between the

endogenous effector cells and the tumor cells. Table 1.1 describes each of the parameters in our system.

When E = 0, DE = 0 and thus equation 1.1 becomes a logistic (Verhulst) equation with carrying capacity

b−1.
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Parameter List for Owens and Bozic Models in [36], [37]

Parameter Description Units

a Tumor Cell Count Growth Rate day−1

b−1 Carrying capacity of the tumor cells

dE Saturation level of fractional tumor kill by effector cells day−1

dC Saturation level of fractional tumor kill by CAR-T cells day−1

g Base recruitment rate of effector cells cells
day

j Max recruitment rate of effector cells by tumor lysis day−1

k Steepness of effect cell recruitment curve cells2
day2

l Exponent of fractional tumor cell kill by effect cells No units

mE Death rate of effector cells day−1

qC Inactivation of CAR-T cells by tumor cells
day

mC Death rate of CAR-T cells day−1

qE Inactivation of effect cells by tumor cells
day

s Steepness of fractional tumor cell kill by effector cells No units

Table 1.1: Parameter list for the ODE model in [36],[37]

We can non-dimensionalize this system by allowing x(t) = bT , y(t) = aE
g , D∗ = D

a , t∗ = at, and

s∗ = s
(

a
gb

)l
. After non-dimensionalizing we obtain:

dx

dt
= x(1−D∗ − x),

dy

dt
= 1 + y

(
j∗

D2
∗x

2

k∗ +D2
∗x

2
− q∗x−m∗

)
,

D∗ = d∗

( y
x

)l
s∗ +

( y
x

)l ,
where d∗ = d

a , j∗ = j
a , k∗ = b2k

a2
, m∗ = m

a , and q∗ = q
ab . For simplicity we drop the stars from the
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non-dimensional equations. Our final non-dimensional system is given by

dx

dt
= x(1−D − x), (1.3)

dy

dt
= 1 + y

(
j

D2x2

k +D2x2
− qx−m

)
, (1.4)

with D = d
( y
x)

l

s+( y
x)

l . In the same paper, Owens and Bozic introduced an ODE system to model tumor growth

with chemotherapy treatment. They introduced a new variable C(t) based on the method of de Pillis et al

[11] representing the concentration of a chemotherapy drug at time t. The dimensionalized system is given

by

dT

dt
= aT (1− bT )−DE −KT (1− e−C)T, (1.5)

dE

dt
= g −mEE + jE

D2
E

k +D2
E

E − qEET −KE(1− e−C)E + vE(t), (1.6)

dC

dt
= −γC + vC(t). (1.7)

Here KT (1− e−C)T and KE(1− e−C)E are killing terms that represent the number of tumor and immune

cells being killed off by chemotherapy and γ is the decay rate of chemotherapy. vC(t) is a time-dependent

forcing quantity that determines how strong the dose of a chemotherapy drug is at time t

vC(t) =


0 if t /∈ injection times

S if t ∈ injection times ,

where S is the dose strength. Similarly, the CAR-T cells have a time-dependent forcing function, vE(t),

that provides the tumor with a dose level P of CAR-T cells at injection time and 0 otherwise

vE(t) =


0 if t ̸= injection time

P if t = injection times .

Owen’s and Bozic use the system 1.7 to plot different possibilities for tumor growth with treatment. Fig.

1.3 is taken from the Owens and Bozic paper [36] and shows different trajectories of the ODE model using
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different chemotherapy and CAR-T Cell treatment parameters.

Figure 1.3: Figure originally from [36]. (a). Simulation for T0 = 5 × 107 cells, E0 = 5 × 105 cells,
showing successful chemotherapy as the number of tumor cells decreases to 0. The dotted lines show the
trajectories without treatment. (b). Simulation for T0 = 1 × 108 cells, E0 = 5 × 105 cells, showing
successful chemotherapy for the same patient parameters from a. The dotted lines shows the trajectories
without treatment. (c). Simulation using different patient parameters taken from clinical data. We see that
even with chemotherapy the patient moves toward the unhealthy outcome despite initially seeing a decrease
in the number of tumor cells. The dotted lines show the outcome without treatment. (d). The same patient
parameters as a and b but using an initial condition of T0 = 5× 108 cells and E0 = 5× 105 cells results in
an unhealthy outcome.

In [37], Owens and Bozic introduced a slightly refined model using T (t) as the number of tumor cells,

E(t) as the number of endogenous effector cells, C(t) the number of CAR-T cells, and M(t) the concen-

tration of the chemotherapy drug. They introduced the ODE system

dT

dt
= aT (1− bT )−DE −DC −KT (1− e−M )T, (1.8)
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dE

dt
= g −mEE − jE ln

(
E + C

K

)
D2

E

k +D2
E

E − qEET −KE(1− e−M )E, (1.9)

dC

dt
= g −mCC − jC ln

(
E + C

K

)
D2

C

k +D2
C

C − qCET −KC(1− e−M )C, (1.10)

dM

dt
= −γM + vM (t). (1.11)

This model is analogous to the system 1.7 except for the endogenous immune cells and CAR-T cells are split

into 2 similar equations. The justification for this is that CAR-T cells are genetically engineered and thus

have different parameter values from the endogenous immune cells. The authors performed a dynamical

systems analysis and were able to relate the parameters and trajectories of the system to different therapy

outcomes. These CAR-T cell ODE models show the validity of a mathematical approach to understand

the effects of CAR-T cell therapy on patients. Using a system of ODEs, we can gain an insight into what

features of the tumor most influence growth and use these insights to guide cancer therapies. These ODE

models will also guide the derivation of spatio-temporal models for cancer treatment.

1.3 Spatio-Temporal Cancer Models

The Owens and Bozic CAR-T cell model shows that useful insights for cancer treatment can be derived from

ODE models. ODEs, however, tend to average out population-wide spatial effects, and in an environment

such as a tumor, where geometries can often vary widely from patient to patient, this side effect of ODE

models can ignore vital spatial features. In order to introduce more precise spatial properties into our system,

we make use of partial differential equations (PDEs).

1.3.1 Reaction-Diffusion Equation

Imagine an abstract 3-dimensional tumor Ω which is simply-connected and compact. We define u(x, t) to

be the density of tumor cells at a point x ∈ R3 at a time t ∈ [0,∞). We also define the flux of cells across

∂Ω as ϕ(x, t). The goal is to write a PDE to describe how the tumor concentration changes in time after we

inject cells into the tumor Ω. We assume that the tumor Ω exhibits the property of chemotaxis, that is, cells
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∂Ω

Ω

Figure 1.4: Abstract Tumor Ω

flow from areas of high concentration to low concentration. Mathematically, this is written

ϕ ∝ ∇u =⇒ ϕ = −D(x, t)∇u.

Here D(x, t) is the diffusion coefficient which we’ve written as a function to show that diffusion varies

across the tumor. In order to write this as a PDE, we require a conservation law. Since tumor cells are

proliferating and more cells are flowing in across the boundary, we can write the rate of change of the tumor

cell density as follows.

Rate of change of tumor cell density = Diffusion of cells (motility) Ω+ net cell proliferation Ω.

Using volume integrals, we write this as

d

dt

(˚
Ω
udΩ

)
= −

‹
Ω
ϕ · n⃗dΩ−

˚
Ω
F (x, t)dΩ,

and by divergence theorem, we have

−
‹

Ω
ϕ · n⃗dΩ =

˚
Ω
∇ · (D(x, t)∇u)dΩ.

18



Substituting this into the conservation law:

d

dt

(˚
Ω
udΩ

)
=

˚
Ω
∇ · (D(x, t)∇u)− F (x, t)dΩ.

Taking derivatives on both sides we end up with the reaction-diffusion equation, which describes how our

tumor changes over time in response to an influx of nutrients:

∂u

∂t
= ∇ · (D(x, t)∇u)− F (x, t). (1.12)

The reaction-diffusion equation is a well-studied PDE and has widespread application across a variety of

scientific disciplines including physics, biology, and the social sciences. The reaction-diffusion equation has

been used extensively in cancer modeling, see [9], [45], [51].

1.3.2 CAR-T cell Model

As shown in section 2.2.2, deterministic ODE models describing CAR-T cells require coupling between the

tumor cells and the immune cells due to the complex nonlinear interaction between the two cell populations.

For the PDE model we require a similar tumor cell lysis term. We introduce a system of two reaction-

diffusion equations and modify the F (x, t) term from the reaction-diffusion equation to account for the

nonlinear coupling. We let u(x, t) be the density of tumor cells and v(x, t) be the density of CAR-T cells.

∂u

∂t
= ∇ · (DT (u)∇u) + F1(u, v), (1.13)

∂v

∂t
= ∇ · (DC(u)∇v) + F2(u, v), (1.14)

where DC is the diffusion coefficient for the CAR-T cells and DT is a piecewise function defined to be:

DT (u) =


0 u(x, t) ≤ u∗

D∗
T u(x, t) > u∗.

This piecewise coefficient models crowding, which is the the tendency for tumor cells in smaller tumors

to get bunched up in locations up to a carrying capacity, and once the carrying capacity is met the cells
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proliferate outwards toward sparse areas. The nonlinear forcing functions F1(u, v) and F2(u, v) are given

by

F1(u, v) = a(1− bu(x, t))u(x, t) +D(u, v),

F2(u, v) = j ln

(
k

v(x, t)

)
D(u, v)

k +D(u, v)
v(x, t)− (m+ qu(x, t))v(x, t),

D(u, v) = d

(
v(x,t)
u(x,t)

)l
s+

(
v(x,t)
u(x,t)

)l ,
where a, b, d, l, s, j, k, m, q are the same as in table 1.1. These forcing functions describe the complex

non-linear coupling between the tumor and CAR-T cells and are based on the terms from the ODE model

1.11. To derive the dimensionless equations, we use the timescale T = 1
a and we let: αT =

aR2
0

DC
, αC =

jR2
0

DC
,

κ = k
u∗

, βT = bu∗, βC = d
k , γT = d

a , γC = qu∗
j , and χ = m

j . Using these parameters, we get the

dimensionless system

∂ũ

∂t
= ∇ · (D̃T (u)∇u) + F̃1(ũ, ṽ), (1.15)

∂ṽ

∂t
= ∇ · (D̃C(u)∇v) + F̃2(ũ, ṽ), (1.16)

where D̃T (u) is now:

D̃T (u) =


0 u(x, t) ≤ 1

D∗
T u(x, t) > 1,

and the non-linear coupling terms are

F̃1(u, v) =

[
1− βT ũ− γ

ṽl

sũl + ṽl

]
ũ(x, t),

F̃2(u, v) = α

[
ln
(κ
ṽ

) ṽlũ

sũl + ṽl + ζC ṽlũ

]
v(x, t).

For the remainder of the thesis, we drop the tilde’s and u and v will refer to the dimensionless equations

1.15. Due to the highly nonlinear forcing functions in this PDE system, it would not be feasible to search

for an analytical solution. Therefore, we look for numerical approximations to the system 1.15.
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1.4 Finite Element Approximation of Tumor Models

Tumors are heterogeneous environments - even the same type of tumor can differ greatly between 2 patients

[32]. As a consequence, we look for a numerical method that can handle complicated geometries. Since

finite differences use square lattices to discretize PDEs, they struggle with more complicated geometries

[38]. Spectral methods, while maintaining high accuracy, use basis functions that are globally non-zero

on the entire domain. This makes them slower to convergence compared to finite element methods when

the domain varies locally. Thus, we will numerically approximate the system 1.15 using the finite element

method (FEM) to make it generalizable to the heterogeneous tumors found in clinical patients.

1.4.1 Finite Element Method

The finite element method is one of the most widely used methods of approximating PDEs, and it has found

wide application in engineering, physics, and biology. The FEM works by discretizing an n-dimensional

domain Ω into an associated mesh by subdividing the domain into n-dimensional polynomials. There are

many different ways of subdividing a mesh, and the choice of subdivision will impact the convergence of

the solution. A great visual summary of the different families of elements can be found in [2]. We will

focus on the Lagrange family of elements. This is the most common family of finite elements and utilizes

n-dimensional tetrahedrons as a means of discretizing the mesh. A 2-dimensional example can be found in

Fig. 1.5. Let Ω ⊂ Rn be an n-dimensional domain. Let Th be our mesh, or the set of all n-dimensional

tetrahedrons Th that discretize the domain. The subscript h is the mesh level, which defines the number of

tetrahedrons in our mesh (see Fig. 1.5). The act of subdividing the mesh into tetrahedrons is referred to as a

tessellation of Ω. We introduce the definition for a finite element based on Ciarlet [10].

Definition 1. A finite element is a triple (Th, Vh, Lh) where Th ⊂ Rn is an n-dimensional polygon, Vh ⊂

H1(Ω) is a finite dimensional polynomial space on Th, and Lh = {ℓ0, . . . , ℓn−1} is the basis of the dual

space V∗
h. The basis functions {ϕ0, . . . , ϕn−1} of Vh satisfy

ℓi(ϕj) =


1 i = j

0 i ̸= j
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(a) Mesh with h=1 (b) Mesh with h=2 (c) Mesh with h=3

(d)
(e)

Figure 1.5: A geometric picture of a 2-dimensional mesh and the associated nodal basis functions. In a, b,
and c we see a tessellated square mesh with mesh levels 1, 2, and 3 respectively. In d we see a geometric
picture of the basis function for Lagrangian order 1 finite elements. The peak of the "tent" function has
value 1, and outside the tent the function is 0. e shows us a 2D overview of the coordinate patch defined for
a single nodal basis function.

Fig. 1.5 shows this definition geometrically for 2 dimensional nodal basis functions on a square mesh

of triangles. We utilize the weak form of a PDE in order to discretize. To get the weak form, we simply

multiply by a test function v ∈ H1
0 (Ω) and integrate over the domain. Once we have specified the finite

elements for our domain Ω, we can use the function space to get a discretized version of the weak form of a

PDE. Let

a(u, v) = L(v),

u(x, 0) = u0(x),

be a bilinear form representing the weak form of a linear partial differential equation with initial condition

u0(x) and v ∈ H1
0 (Ω) arbitrary. Then, we can take uh, vh ∈ Vh to obtain the discrete approximation to the

bilinear form

a(uh, vh) = L(v),

uh(x, 0) = u0,

where u0 is the L2 projection of the initial condition u0(x) onto the finite element space Vh. Since vh ∈ Vh
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is an arbitrary test function, we let vh = ϕj . We can then write uh in terms of nodal basis functions:

uh =
N∑
i=1

ciϕi,

where N is the number of tetrahedrons in our mesh and ci ∈ R. Since a(uh, vh) is bilinear, we have

a(uh, vh) = a

(
N∑
i=1

ciϕi, ϕj

)
=

N∑
i=1

cia(ϕi, ϕj) = L(ϕj).

This is commonly formatted in terms of an N ×N matrix equation Ac⃗ = b⃗:



a(ϕ1, ϕ1) ... a(ϕN , ϕ1)

a(ϕ1, ϕ2) ... a(ϕN , ϕ2)

...
. . .

...

a(ϕ1, ϕN ) ... a(ϕN , ϕN )





c1

c2
...

cN


=



L(ϕ1)

L(ϕ2)

...

L(ϕN )


.

Solving this equation for c1, . . . , cN allows us to reconstruct uh using the known basis functions. This

matrix can be solved using a number of different methods from numerical linear algebra.

If the variational form of the PDE is nonlinear we can’t directly achieve a matrix equation to solve

for the constants. Instead, we take a linear approximation and use iterative methods to solve for uh. Let

a(u, v) = L(u) be a nonlinear variational form for a PDE with initial condition u0(x). We put the PDE into

the following form

F (u, v) = a(u, v)− L(u) = 0.

We discretize this equation the same way as the linear FEM case. Let vh = ϕj be an arbitrary test function

and uh =
∑N

i=1 ciϕi. Then we get:

F (uh, vh) = F (
N∑
i=1

ciϕi, ϕj) = 0.

Since the basis functions are known, this becomes a function of the constants ci. In order to approximate

the solution, we linearize around u = uh to get a bilinear form F̃ (uh, vh) and then use iterative methods to
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solve for uh in the equation F̃ (uh, vh) = 0.

1.4.2 Variational Form of CAR-T Cell System

We derive the variational form of the system 1.15. Since both equations are in the same form the derivations

will be the same, thus we will only show the derivation for the tumor growth equation. Since both equations

vary in time, we take a backward Euler approximation to the time derivative

∂u

∂t
= ∇ · (DT (u)∇u) + F1(u, v)

=⇒ un+1 − un

∆t
= ∇ · (DT (u)∇u) + F1(u, v)

=⇒ un+1 − un = ∆t∇ · (DT (u)∇u) + ∆tF1(u, v)

=⇒ un+1 = ∆t∇ · (DT (u)∇u) + ∆tF1(u, v) + un.

Since un is known and un+1 is what we wish to solve for, we let un+1 = u. We subtract all the unknown

terms to the left hand side:

u−∆t∇ · (DT (u)∇u)−∆tF1(u, v) = un.

Now we derive the weak form by letting w1 ∈ H1
0 (Ω) be an arbitrary test function. We multiply both sides

by w1 and integrate, and we get

ˆ
Ω
uw1 −∆tw1∇ · (DT (u)∇u)− w1∆tF1(u,w1)dΩ =

ˆ
Ω
unw1dΩ.

Integrating the second term on the left hand side by parts and noting that the boundary terms are 0 due to

Neumann boundary conditions, we can eliminate the divergence and obtain

ˆ
Ω
uw1 −∆t∇(DT (u)u) · ∇w1 − w1∆tF1(u,w1)dΩ =

ˆ
Ω
unw1dΩ.

This is of the form a(u,w1) = L(u). We note that when F1(u,w1) = 0, which corresponds to non-forced

tumor growth, we get a bilinear variational form. However, in the CAR-T Cell model, F1(u,w1) is highly
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nonlinear. Thus, we rewrite in the form:

F (u,w1) =

ˆ
Ω
uw1 −∆t∇(DT (u)u) · ∇w1 − w1∆tF1(u,w1)− unw1dΩ = 0. (1.17)

This is the variational form for the first equation in our CAR-T cell model. Following the same derivation

steps and choosing a test function w2 ∈ H1
0 (Ω), we get the analogous variational form for the CAR-T cell

equation:

F (v, w2) =

ˆ
Ω
vw2 −∆t∇(DC(v)v) · ∇w2 − w2∆tF2(v, w2)− vnw2dΩ = 0. (1.18)

To use the FEM on a system of PDEs, mixed spaces must be used. A mixed finite element space is simply

the product space of 2 finite element spaces. The basis functions for the mixed space are defined to be the

tensor product of the basis functions for each space. Let Vh = V(1)
h × . . .V(n)

h be the product of n finite

element spaces, then the basis functions for Vh are given by

ϕi =

n⊗
j=1

ϕ
(j)
i ,

where ϕ
(i)
i is the i-th basis function for the j-th finite element space. Instead of a matrix equation, mixed

finite element spaces solve a tensor equation to find the tensor [c(1)1 , c
(1)
2 , . . . , c

(1)
N ] ⊗ [c

(2)
1 , c

(2)
2 , . . . , c

(2)
N ] ⊗

· · · ⊗ [c
(n)
1 , c

(n)
2 , . . . , c

(n)
N ], then apply tensor decomposition methods to obtain the constants corresponding

to each finite element space.

1.5 Results

We solve 3 PDEs related to tumor growth using different variations of the finite element method: purely

diffusive tumor growth, tumor growth with logistic forcing, and tumor growth with CAR-T cell coupling.

We run the finite element method for each case in a unit cube mesh with 30 discrete cells in the x, y, and z

directions, corresponding to 6×303 = 162000 tetrahedra and 29791 vertices. We solve each using FeNICS,

a python finite element library built on top of Dolfin and UFL. We note that FeNICS currently has an issue in

that it will not allow non-integer exponents in the variational formulation, therefore unless otherwise stated
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we take l = 1. This is a slight biological inaccuracy as l has been measured to be 1.36. More information

about these libraries and how they work can be found in [41], [40], [29], [4][26], [5], [20], [54], [28], [18],

[19].

1.5.1 Purely Diffusive Tumor Growth

The equation for tumor growth without forcing is given by

∂u

∂t
= ∇ · (D(x, t)∇u).

This is equivalent to the first equation in the system 1.15 but with F1(u, v) = 0. Using the variational

formulation 1.17 with F1 = 0 we get:

F (u, v) =

ˆ
Ω
uw −∆tDT (u)∇(u) · ∇(w)− unwdΩ, (1.19)

where w ∈ H1
0 (Ω) is an arbitrary test function. We note that this PDE is linear and by taking uh, wh ∈ Vh,

we get the discrete variational form

a(uh, wh) =

ˆ
Ω
uhwh −∆tDT∇(uh) · ∇(wh)dΩ,

L(wh) =

ˆ
Ω
unwhdΩ.

We model this with a constant diffusion source DT = 0.00556 and the initial condition

u0(x) =


1000 x, y, z ≤ 0.25

0 otherwise ,

(1.20)

The results are shown in Fig. 1.6. We plot a 2-dimensional heatmap of the tumor concentration for the

2-dimensional slice z = 0, and show the results at different time steps. We see that after the initial concen-

tration, the tumor starts to spread out symmetrically in all directions.
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Initial condition 12 time steps 25 time steps

Figure 1.6: Tumor heatmap for the denisty of tumor cells at time steps 0, 12, and 25. We plot the 2-
dimensional slice at z = 0. We see the initial condition slowly diffuse outward.

1.5.2 Tumor Growth without Forcing

The equation for tumor growth with nonlinear forcing is given by

∂u

∂t
= ∇ · (D(x, t)∇u) + F1(u, v),

which is equivalent to system (1.15) but with v = 0. This leaves the forcing term as:

F1(u, v) = (1− βTu)u.

This is equivalent to the first equation in the system (1.15) so we can again use the variational formulation

(1.17), but with F1 = (1− βTu)u. We get:

F (u,w) =

ˆ
Ω
uw −∆t∇(DT (u)u) · ∇w − w∆t(1− βTu)u− unwdΩ = 0, (1.21)

where w ∈ H1
0 (Ω) is an arbitrary test function. We note that this PDE is nonlinear, so we have written

it in the form F (u,w) = 0. As above, we discretize using the Lagrange family of finite elements. Let

uh, wh ∈ Vh. The discrete variational form is then

F (u,w) =

ˆ
Ω
uhwh −∆tDT∇(uh) · ∇wh − wh∆t(1− βTuh)uh − unwdΩ = 0. (1.22)
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Initial condition 2 time steps 3 time steps

Figure 1.7: Tumor heatmap for tumor cell density at t = 0, 2, 3. We see the tumor cells quickly die out to
far below the initial condition. In the initial condition, there is a high concetration of tumor cells in the box
x, y, z ≤ 0.25. By the second time step, the nonlinear forcing term has almost completely wiped out the
tumor cells, only a small volume of cells remain in the box. By 3 time steps, the tumor looks to be almost
wiped out, with no noticable coloring on the heatmap.

We model this with a diffusion source DT = 0.00556, βt = 4.27256601 · 10−9, and the initial condition

u0(x) =


1000 x, y, z ≤ 0.25

0 otherwise ,

(1.23)

The results are shown in Fig. 1.7 and 1.8. We can see the tumor initially decrease due to the forcing term,

but over time there is a relapse and the tumor begins to diffuse out again. In 1.7, we plot a heatmap of the

tumor at z = 0 for 6 different times. We see that after the initial concentration, the forcing term causes the

tumor to shrink to near 0 over a few time steps. In 1.8, we plot the total tumor volume over time to show

that the tumor starts to relapse, although it has far less concentration than the initial condition. We cannot

show the relapse on the heatmap as the concentration is too low to be visible.

1.5.3 Coupled CAR-T Cell Model

For the coupled model, we use the system 1.15

∂u

∂t
= ∇ · (DT (u)∇u) + F1(u, v),

∂v

∂t
= ∇ · (DC(u)∇v) + F2(u, v),
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Figure 1.8: Plot of the total volume of the tumor over time. We can see that after a steep drop off in the
early time steps, the tumor starts to relapse as the volume increases.

where the forcing functions are given by

F1(u, v) =

[
1− βTu− γ

vl

sul + vl

]
u(x, t),

F2(u, v) = α

[
ln
(κ
v

) vlu

sul + vl + ζCvlu

]
v(x, t).

The variational formulation was derived in equation 1.17 and 1.18

F (u,w1) =

ˆ
Ω
uw1 −∆t∇(DT (u)u) · ∇w1 − w1∆tF1(u, v)− unw1dΩ = 0,

F (v, w2) =

ˆ
Ω
vw2 −∆t∇(DC(v)v) · ∇w2 − w2∆tF2(v, v)− vnw2dΩ = 0.

Using mixed finite element method, we combine these together to form one variational formulation for the

mixed space Vh × Vh, which is the product space of two identical Lagrange finite element spaces

F (u, v;w1, w2) =

ˆ
Ω
uw1 −∆t∇(DT (u)u) · ∇w1 − w1∆tF1(u, v)

− vw2 −∆t∇(DC(v)v) · ∇w2 − w2∆tF2(u, v)− vnw2dΩ = 0.
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We discretize by letting uh, vh, w1,h, w2,h ∈ Vh
1 and we get the discrete variational form

F (uh, vh;w1,h, w2,h) =

ˆ
Ω
uhw1,h −∆t∇(DT (uh)uh) · ∇w1,h − w1,h∆tF1(uh, vh)

− vw2,h −∆t∇(DC(vh)vh) · ∇w2,h − w2,h∆tF2(uh, vh)− vnhw2,hdΩ = 0.

Due to an error in FEniCS, we are unfortunately unable to take non-integer powers in our variational for-

mulation. However, despite this issue, we can still see that the mixed finite element approach allows us to

solve the nonlinear coupled CAR-T cell system over 3D geometries. We start by assuming a Gaussian initial

condition across the tumor of u0(x) = e−x2−y2−z2 . We let v0(x) be the initial condition for the CAR-T cell

injection given by

v0(x) =


1000 x, y, z ≤ 0.1

0 otherwise

The results are shown in Fig. 1.9. We see that over time, the tumor slowly dies out; however, the area of the

tumor where there is a large concentration of CAR-T cells dies off noticeably faster than the surrounding

area. We see the CAR-T cells slowly diffuse out and begin to die off.

1.6 Conclusion and Discussion

In this chapter, we introduced a spatio-temporal system of partial differential equations to model the non-

linear interaction between tumor cells and CAR-T cells. We solved this system of equations using the finite

element method for 3 different cases: purely diffusive tumor growth (F1 = F2 = 0, v = 0), tumor growth

with logistic forcing (v = 0), and finally we solved the coupled model using a mixed finite element ap-

proach. In each case, we saw convergence using parameters informed by biological data on the unit cube

mesh. More work needs to be done to run this system of PDEs over different types of meshes, but this work

provides a good starting point and shows the promise of the FEM approach in numerically solving nonlinear

PDEs on complex tumors.

For future work, we would like to run the coupled PDE model for different mesh types to get a more

1Formally, we are taking some χ ∈ Vh × Vh such that χ = uh ⊗ vh and w ∈ Vh × Vh such that w = w1 ⊗ w2, but the end
result is the same: uh, vh, w1, w2 ∈ Vh
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Figure 1.9: Tumor heatmap for tumor cell density for the coupled CAR-T cell model. We plot 6 different
time steps: 0, 6, 12, 18, 24, 30. We see that the tumor cell density decreases overall; however it decreases
much faster in the area where CAR-T cells are injected. Even after the CAR-T cells have been wiped out
(see Fig 1.10), the area still dies off quicker, going from green to purple faster than the surrounding section.

Initial Condition 3 time steps

Figure 1.10: CAR-T cell heatmap for CAR-T cell density. We see that the CAR-T cells very quickly go to
0, but the initial injection has a big effect on the local area in the tumor (see Fig. 1.9). Since the CAR-T
cells die off very quickly, we only plot 2 time steps: one where there is a visible number of CAR-T cells and
the first time step in which there is no easily visible color change to denote the concentration.
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biologically accurate picture of how the model behaves on different kinds of tumors. We would also like

to derive more theoretical results from finite element methods, such as error bounds and convergence rates.

Finally, we would be interested in utilizing a neural network approach to learn the underlying Green’s

function for our system. This would allow us to directly solve the PDE for any arbitrary tumor type without

needing to worry about convergence which would be incredibly useful for analysis on real patient data where

tumor geometries can often be very complex.
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Chapter 2

Dynamic Modeling of Viral Tweets

2.1 Introduction

Over the last 10 years, misinformation has become a major topic of conversation in the social sciences. It

has played a major role in the 2016 and 2020 election cycles as well as the COVID-19 pandemic, with some

scientists even saying misinformation is pervasive enough to be considered a crisis discipline on the scale

of climate change [6]. As such, it has become imperative that we understand how and why information

spreads online. Many mathematical models have been introduced to shed some light on this phenomenon.

Such models include compartmental model approaches [17], [31], [16], Ising models from statistical physics

[25], and agent based approaches to opinion formation on networks [13], [8]. While these approaches can

give a lot of insight into how and why information spreads, it can be difficult to compare these abstract

formulations directly with data.

When a piece of content undergoes explosive, exponential growth it is said to have gone viral. In order to

understand how misinformation spreads online, it’s important to have an accurate model for this category of

content. Many medical professionals say that viral vaccine misinformation is one of the biggest public health

threats of the 21st century [48], [39], and the viral spread of misinformation by bots played a significant role

in the 2016 election [43], [24]. In this chapter, we focus specifically on modeling viral content from Twitter,

one of the world’s largest social media sites by daily active users and one of the largest propagators of

misinformation on the internet. On Twitter, content is shared through retweeting, a mechanism that allows a
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piece of content to be shared to all of the retweeter’s followers. The cumulative time series for retweets on

a single tweet is called a retweet cascade.

The literature for modeling and forecasting viral content on Twitter is vast. In [50], the authors consid-

ered an approach based on community structure in networks to predict whether a Twitter meme had become

viral. Zhao et al. [53] introduced a statistical model based on self-exciting point processes to predict the

final popularity of a tweet. Many statistical models have been utilized that forecast popularity based on

tweet content, such as hastags. These include approaches based on Bayesian analysis [52], [30] and linear

regression [35], [47]. A discrete approach has been considered by Bak-Coleman et al. in [7]; however, their

model was derived through statistical methods and seeks to model cumulative engagement across entire

event cycles, such as political elections. Finally, the RC-Tweet model used a continuous model analogous

to equations used in circuit analysis to model retweet cascades [27].

In this chapter, we introduce a discrete dynamical system to accurately model retweet cascades. This

discrete dynamical system relies entirely on growth parameters that can be estimated using least-squares

methods without needing to look at lifetime tweet data. We show that using statistical approaches based in

extreme value theory, the model accuracy can be significantly improved by accounting for retweeters that

have an exceptionally large follower count. This model maintains high accuracy across the 10 most viral

retweets from our dataset and has a lot of potential to inform interventions on Twitter to reduce the spread

of viral misinformation.

2.2 The Retweet Model

We introduce a deterministic model that is based on classical birth-death population growth models in pop-

ulation biology. Since the number of individuals undoing their retweets is negligible, we do not have an

analogous death term for our equation. In order to obtain the logistic growth we see in the tweet data (see

Fig. 2.1), we introduce a simple discrete dynamical equation Vt called the virality that decays in time. Vi-

rality is a hidden variable that encodes information about how viral a tweet is. This verbiage was introduced

in [7]. We then introduce the discrete equation St, which is the cumulative number of retweets at a time t.

We consider retweets to be an exponential function of the virality Vt. This accounts for the logistic growth
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that we see in the data. Our final model can be written

St+1 = α

(
eβVt+1 − 1

Vt+1 − 1

)
, (2.1)

Vt+1 = δVt + ln
(
e
− 1

F0−1 + (1− e−1)
)
, (2.2)

where α, β are unknown parameters describing the growth of the retweet cascade, 0 < δ < 1 is the virality

parameter that determines how quickly virality decays, and F0 is the initial number of followers for the user

who tweeted. We let V0 = 0 and for simplicity we let γ = ln
(
e
− 1

F0−1 + (1− e−1)
)

. Here, γ has been

written so that when F0 = 0 the virality term remains at 0 as it would be effectively impossible to propagate

a tweet with 0 followers. By setting δ < 1, we assure that Vt decays in time, and thus the growth of St

slows in time, giving us the logistic growth we see in the data. This set of equations has a fixed point that

we obtain by letting Vt+1 = Vt = V ∗ and solving for V ∗. Solving this equation, we get the fixed point

V ∗ =
γ

1− δ
, (2.3)

and thus, the fixed point for St+1 is

S∗ = α

(
e

βγ
1−δ − 1− δ

γ − δ − 1

)
. (2.4)

As a consequence, if we can estimate the parameters α, β, and δ we obtain an estimate for the final number

of retweets. This implies that our system is inferring the carrying capacity of the logistic curve based solely

on growth parameters, which can be estimated without needing to look at the entire retweet cascade.

2.2.1 Parameter Estimation

Given a sequence of data points ŷ1, . . . , ŷn in our data for the retweet cascade, we wish to determine the

parameters α, β, and δ. Since this is an underdetermined system of 2 equations with 3 unknowns, we need

to utilize special methods to determine our parameters. For these equations, we use nonlinear least-squares
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fitting. We look to minimize the equation:

F (α̂, β̂, δ̂) = min
α̂,β̂,δ̂

N∑
t=1

||St(α̂, β̂, δ̂)− ŷt||2, (2.5)

where Si(α̂, β̂, δ̂) is the ith predicted retweet, ŷi is the ith retweet coming from our data, and α̂, β̂, δ̂ are the

estimated parameters. Since the data points correspond to a time series, we use the subscript t to indicate

that the data points and the predicted function are indexed by time. The function notation is being used to

indicate that we are varying the parameters in St in order to minimize the error.

2.2.2 Results

We now present the results for our model on retweet time series data. For our analysis, we used the top 10

most retweeted tweets in the Cornell Climate Change dataset [1]. This dataset contains retweet information

as a time series as well as information about each user who retweeted, such as follower and friend counts.

We use the scipy least_squares() function to do our parameter estimation. We compute the root

mean squared error (RMSE), mean absolute percentage error (MAPE), and R2 correlation coefficient (R2)

between our fitted model and the data. Table 2.1 shows these error values for each of the 10 retweets, and

Fig. 2.1 shows a few of the model fits graphically. We also show the residual error between the last data point

and the last predicted point as a means of quantifying whether or not we capture the long term behavior.

This is denoted FRE for "final residual error" in the table.

Error Results for Retweet Model on Top Ten Most Retweeted Tweets

Tweet ID RMSE MAPE R2 FRE

1066155330986541058 12.9384 3.41% 0.997 141.8472

1067149009867878400 10.1407 7.04% 0.9908 120.8795

1065274149461987328 9.4115 11.36% 0.9941 155.1605

1069278755041001472 8.5322 7.95% 0.9972 48.1857

1069686443109466113 11.4633 31.69% 0.9788 59.2932
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1068113206525202433 8.0642 15% 0.9957 11.1861

1069700156067594240 7.4095 4.31% 0.9896 80.1939

1064191037571297280 7.6306 10.01% 0.9927 59.9518

1068595221188042753 6.032 2.82% 0.9954 22.1765

1066352623358361600 4.7473 3.08% 0.9986 19.2811

Averages: 8.6370 9.667% .9930 71.8156

Table 2.1: The results of fitting the retweet model (2.2) to the top ten most retweeted tweets in our dataset.

We see R2 correlation values that show a high level of correlation between our predicted model and the

data. We also see relatively low values for RMSE and MAPE, implying that our model is capturing the

global qualities of the data effectively. However, we do see that while some of our models capture long term

accuracy well, some of them are more than a 100 retweets off the final estimated value. This is not terrible

considering all of these tweets obtained a significant number of retweets, but we would like to improve our

error estimates. We will try to remedy some of these accuracy issues in the following section by considering

the idea of superusers.

2.3 Superusers

As seen in the figures and results from the previous section, the retweet cascade is somewhat noisy. There

are jumps in the time series and places where the curve seems to taper off but then bumps up again. If we

superimpose the retweet time series on top of a time series displaying the maximum number of followers

per user at each 5 minute time step, we see that there might be a relationship between the max number of

followers and the deviations from a simple logistic growth curve.
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Figure 2.1: Actual retweet time series vs. predicted retweet time series for a few viral tweets in the dataset.
The x-axis is measured in 5-minute intervals, so 100 corresponds to 500 minutes.
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Figure 2.2: Max number of followers at each time step measured in millions vs. the retweet time series. We
see that large deviations in the max followers time series corresponds to deviation in the logistic growth of
the retweet cascade. Tweet ID = 1069686443109466113

Figure 2.3: Histogram of the max number
of followers for each 5 minute interval for
tweet 1069686443109466113.

Figure 2.4: Histogram of the max number
of followers for each 5 minute interval for
tweet 1069278755041001472.

Looking at Fig. 2.2, the y-axis on the left hand side corresponds to the maximum number of followers for

a retweeter per 5 minute interval. The right hand side is the number of retweets per 5 minute interval. In 2.2,

we can see clearly that the large fluctuations in the max followers correspond to jumps in the retweet time

series. In Figs 2.3 and 2.4, we show the histogram plot of max followers per 5 minute interval for 2 tweets

showing that follower counts in the time series are very over-dispersed, with the majority of retweeters in the

lowest bins and relatively few in the higher bins. Based on this, we hypothesis that the bumps in the retweet

cascade are caused by retweeters with large follower counts far above the median that are causing a huge

influx in new users and resulting in far more retweets at the next time step. This effectively means that each
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retweeter with extremely high follower counts can be modeled as their own tweet, as they have a significant

effect on the growth parameters. We refer to these individuals with high follower counts as superusers. Our

goal is to analyze the large fluctuations in the follower time series to get a probability distribution to describe

superusers.

2.3.1 Extreme Value Theory

In order for us to analyze the effect that superusers have on the spread of viral tweets, we turn to a branch

of statistics known as extreme value theory (EVT). The goal of EVT is to find limiting distributions for

the values in a dataset that deviate far away from the mean [23]. EVT has found use in a wide range of

applications including finance, insurance, weather forecasting, and even predicting the height of buildings.

For our purposes, we will use EVT to analyze the time series of followers per retweeter. That is, a time

series where each data point corresponds to the number of followers of a single retweeter at the time they

retweeted the tweet.

2.3.2 Extreme Value Distributions

We restate the main theorem of interest from EVT. The statement of the theorem comes from EVT textbook

[23].

Theorem 1. The class of extreme value distributions is

Gξ(s) = exp
(
−(1 + ξs)−1/ξ

)
, 1 + ξs > 0, (2.6)

with γ real and where for γ = 0 the right-hand side is interpreted as e−e−s
and s = x−µ

σ where µ is the

location parameter and σ > 0 is the scale parameter.

We omit the proof here, but refer to the text [23] for the full proof. This theorem tell us that any sequence

of extreme values will tend to equation (2.6) as the number of extreme values in our dataset goes to ∞. This

is analogous to the central limit theorem in classical statistics. The goal of our extreme value analysis is to

determine ξ and s (µ can be any real number). Once these parameters are determined, the CDF and the PDF

for the extreme value distribution follow easily from the theorem.
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2.3.3 Peak-Over-Threshold Model

To extract the extreme values from our follower time series, we use the peak-over-threshold (POT) model.

The POT model works by selecting all values of a time series that exceed a certain threshold. Once those

values are found, the POT model clusters all the data points by time intervals and selects the maximum from

each time interval. We use these data points as our samples to fit to an extreme value distribution. For our

purposes, we will be using pyextreme, a python library that aids in performing extreme value analysis [3].

In order to use the peak-over-threshold model for a follower time series, we first need to choose an

appropriate threshold value. An approach to choosing a threshold is to plot the mean residual life. This

means that we vary the threshold along the x-axis and plot the average excess value over that threshold on

the y-axis. In Fig. 2.5, we plot this for three tweet id’s 1066155330986541058, 1069278755041001472,

1069686443109466113. In each of these plots, we see that the mean excess increases with the threshold

value, since as the threshold gets higher, the number of data points that exceed that threshold decreases,

leaving only the very large values. This also explains the increasing variance and the stepwise motion. To

choose a good threshold value, we look for areas that are approximately linear above a certain value. This

value becomes the threshold. In each of these graphs, we see that at 20,000 the mean excess is roughly

linear. To save space, the other 7 graphs have been omitted, but each graph is roughly linear in the 20,000

range. Thus, 20,000 is our first guess for the threshold.

Another method of determining the appropriate threshold is parameter stability. Parameter stability

varies the threshold value and fits an extreme value distribution for each threshold. We look for places along

the graph where the threshold value is relativity stable, i.e., varies by a small amount, to inform our choice

of threshold. If a region on the graph is not stable, that means a small change in the threshold yields a large

change in the extreme value distribution. Since we want our threshold to give us a stable distribution, we

need to ensure we choose a threshold in a region of stability. In Fig. 2.6 we have plotted the parameter

stability for the tweet id 1066155330986541058. We see in the figure that the area with the least variance

(i.e., most stable) begins around 20,000 for both parameters. Plotting the parameter stability for each retweet

in our time series, we see that there is a stable region around 20,000 in each graph. Therefore, we conclude

that 20,000 is a good estimate for the threshold.

Using the threshold of 20,000, we can now use pyextreme to determine the shape and scale parameters

41



Figure 2.5: Mean residual life plots for 1066155330986541058 (top), 1069278755041001472 (middle),
1069686443109466113 (bottom).
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Figure 2.6: Parameter stability plots for Tweet 1066155330986541058.

by using a Markov Chain Monte Carlo method. In Fig. 2.7, we have plotted probability density functions

on the top row for the 3 tweet IDs used in this section. We have also displayed Q-Q plots showing the

correlation between the residual error of our follower data and the estimated distribution based on the shape

and scale parameters. The Q-Q plots show that the residual errors have a high correlation to a Gaussian

distribution, meaning that up to white noise, our data fits an extreme value distribution. We do see larger

values fluctuate away from the normal line, but this can be explained by not having enough data in between

the very large extreme values and the smaller extreme values. From the pdf, we can determine the probability

that a specified user will have enough followers to be considered a superuser.

2.3.4 Accounting for Superusers

Lastly, we want to use our analysis on superusers to get a more accurate dynamic model. For each of our top

10 most retweeted tweets, we ran an extreme value analysis using a threshold of 20,000 to get an extreme

value distribution for the corresponding follower time series. We determined which users were superusers

by how far above the extreme value median they were, in this case we looked for users that were greater than

4 standard deviations above the median of the extreme value distribution. We then treated each retweet from
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ID: 1069278755041001472ID: 1066155330986541058 ID: 1069686443109466113

Figure 2.7: Probability density and Q-Q plots showing the extreme value distribution and Q-Q plot of the
fit for 3 different tweets in our dataset. We can see extremely varied histograms; some are extremely over
dispersed with upper bins in the millions, while the middle plot is less varied. However, the 20,000 threshold
manages to produce an extreme value distribution with high correlation for each follower histogram.
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a superuser as if it were a new tweet by rerunning the least squares parameter estimation at the time where

a superuser retweets the tweet up until the next superuser, or until the end of the tweet if none is found.

We then stitch the tweet before and after each superuser to form one prediction. The error results from the

analysis are shown below in table 2.2, and some graphical results are shown in Fig. 2.8.

Results for Superuser Model on Top Ten Most Retweeted Tweets

Tweet ID RMSE MAPE R2 FRE

1066155330986541058 8.0415 1.09% 0.9996 8.5866

1067149009867878400 4.1701 1.15% 0.9998 14.1446

1065274149461987328 3.5832 .082% 0.9999 12.4618

1069278755041001472 5.1802 3.36% 0.9996 31.3567

1069686443109466113 4.0602 1.67% 0.9997 24.7479

1068113206525202433 3.8691 1.43% 0.9998 14.0503

1069700156067594240 7.497 4.26% 0.9889 85.6555

1064191037571297280 3.8869 1.56% 0.9995 0.9076

1068595221188042753 6.4604 3.36% 0.9939 29.3616

1066352623358361600 3.1524 1.46% 0.9998 1.8565

Averages: 4.9901 1.9422% .9981 22.3129

Table 2.2: Results for running a model fit using the retweet model (2.2) but treating each superuser inde-
pendently.

We see a large decline across each error metric when taking superusers into account. Notably, we capture

the long term behavior far better, with only being roughly 22 retweets off on average. We see that across

all 10 tweets we have an extremely high correlation between the prediction and the data. Not only does

this analysis show that retweet cascades can be modeled to a high degree of accuracy deterministically by

considering superusers, it also exposes how much of a role superusers play when it comes to spreading viral

content online.

45



Figure 2.8: 4 tweets from the dataset that have been modeled based on the superuser approach using Ex-
treme Value Theory.
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2.4 Conclusions and Discussion

In this chapter, we introduced a discrete dynamical system to model retweet cascades. We showed that a

discrete dynamical systems approach can give high correlation and capture long term behavior on the top 10

most viral retweets in our dataset. We then made use of extreme value theory to determine which retweeters

in our time series were influential enough to have a significant impact on the overall number of retweets, and

used these values to improve the accuracy of our model. In doing this, we achieved significantly improved

metrics across our 10 tweets.

The effect of superusers on the retweet cascade is substantial. As a case study, we looked at tweet

1069278755041001472. The user who tweeted this tweet was flagged by Twitter as violating their con-

tent policy by spreading misinformation and their account was subsequently given a permanent ban. For

reference, this tweet was plotted in Fig. 2.1. Our model shows that the initial tweet, before the influence

of the first superuser, was only projected to obtain 78 retweets. This tweet had 4 superusers that aided in

information spread, and by the end of the tweet lifecycle it had secure 2800 retweets in total. Intriguingly,

none of the superusers who retweeted the tweet have been banned for violating Twitter’s content policy,

despite having a significant effect on the spread of the viral misinformation. Our model shows that, for the

tweets in our dataset, a significant decrease in the spread of information could be attained by reducing the

influence of superusers. Thus, a good direction for future intervention efforts in reducing the spread of viral

misinformation might lie in reducing the role of superusers in retweet cascades.

For future work, we would be interested in using our extreme value analysis to create a stochastic

branching process model like the types considered in cancer modeling. Such a model could be useful for

forecasting the spread of information in real-time based on available data, similar to weather forecasting.

We would also like to consider machine learning methods to determine the extreme values in the follower

time-series in real-time. Both of these projects could provide useful insights into how we should detect and

reduce viral misinformation.
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