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Abstract

Combinatorial and Probabilistic Approaches to
Planar Tanglegrams, Colorful Permutations, and Cosine Functions

Kevin Liu

Chair of the Supervisory Committee:
Sara Billey

Department of Mathematics

Through combinatorial and probabilistic approaches, we study the structure of three ob-

jects: tanglegrams, colored permutations, and cosine functions. Our work on tanglegrams

includes a characterization of planar tanglegram layouts and a method for sampling pla-

nar tanglegrams. The former generalizes a result of Lozano, Pinter, Rokhlenko, Valiente,

and Ziv-Ukelson for finding a planar layout of a planar tanglegram, and the latter is a pla-

nar analog of an algorithm of Billey, Konvalinka, and Matsen for generating tanglegrams

uniformly at random. Our work on colored permutations involves analyzing the moments

of statistics on conjugacy classes without “short” cycles, with particular emphasis on the

descent, major index, and flag-major index statistics. These generalize results of Fulman

involving the descent and major index statistics on the symmetric group, as well as certain

cases of recent work by Hamaker and Rhoades applying representation theory to the study

of moments on conjugacy classes. Our work on cosine functions involves studying minimal

cases for the correlation of their signs when the input is scaled by various integers. This

is motivated by the study of Schrödinger operators due to Gonçalves, Oliveira e Silva, and

Steinerberger, who characterized the minimal cases for n = 2 cosine functions. We provide

the corresponding characterization for n = 3 cosine functions.
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Chapter 1

INTRODUCTION

The intersection of combinatorics with other fields provides profound insights into both

combinatorics and other areas in mathematics, and exploring these connections continues

to fuel modern research in mathematics. We will focus on combinatorial and probabilistic

methods that further our understanding of three objects: tanglegrams, colored permutations,

and cosine functions. In the process, connections with other fields arise.

1.1 Tanglegrams

A tanglegram T = (L,R, σ) is a special type of graph constructed from two rooted binary

trees L,R and a perfect matching between their leaves σ. They initially arose in mathematical

biology [Pag93], and they also have applications in computer science [BBB+12]. Tanglegrams

are drawn in the plane using layouts such as the ones shown in Figure 1.1. Similar to drawings

of a graph, a tanglegram can have many layouts. In biology, layouts with the fewest number of

crossings possible are of interest in applications such as determining how two species may have

co-evolved [MBKK15] or estimating the number of horizontal gene transfers between species

[VASJG09]. Applications in computer science include clustering, decomposition of programs

into layers, or analyzing the difference in hierarchy between similar programs [BBB+12].

Figure 1.1: Two layouts for the same tanglegram.
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Billey, Konvalinka, and Matsen [BKM17] formalized tanglegrams as mathematical ob-

jects and gave the first enumeration formulas in the literature. Note that their mathematical

formalization preceded [MBKK15], despite the difference in publication date. Since then,

many mathematical properties of tanglegrams have been studied. These include enumerating

various families of tanglegrams [Ges21, RRW18], sampling tanglegrams uniformly at random

[BKM17, Fus16], and studying properties of random tanglegrams [KW16]. One particularly

interesting subfamily consists of the planar tanglegrams, which have a layout with no cross-

ings. The tanglegram in Figure 1.1 is an example of one, as demonstrated by the second

layout. An efficient algorithm for finding a planar layout was established in [LPR+07], and

a characterization in terms of forbidden subtanglegrams was established in [CSW19].

1.1.1 Main Results

Our work builds on the existing literature for planar tanglegrams. The first result is a

characterization of the planar layouts of a planar tanglegram. Our characterization is based

on leaf-matched pairs of a planar tanglegram T = (L,R, σ), which are pairs of internal

vertices u ∈ L, v ∈ R where the subtrees rooted at u and v have their leaves matched by σ.

On these pairs, we define a paired flip operation that reflects the subtrees rooted at u and v

in a layout. Using this operation, we establish the following result.

Theorem 1.1.1 (Liu ’23). Let T be a planar tanglegram, and let P(T ) be its set of planar

layouts. Each planar layout in P(T ) can be obtained by starting with any planar layout in

P(T ) and performing some sequence of paired flips at leaf-matched pairs of vertices.

One way to visualize this result on a planar tanglegram T is using a graph G(T ). The

vertices of G(T ) are the planar layouts of T , and edges correspond to pairs of planar layouts

that can be obtained from one another using paired flips at leaf-matched pairs. An example

is shown in Figure 1.2. Theorem 1.1.1 is equivalent to the connectedness of this flip graph.

We also consider enumerative results involving leaf-matched pairs, which directly gener-

alize certain enumerative results in [RRW18]. For any tanglegram T = (L,R, σ), its size
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Figure 1.2: An example of a graph G(T ) on the planar layouts of a planar tanglegram.

is the common number of leaves in L and R. Additionally, a tanglegram is irreducible if

its only leaf-matched pairs are the roots of L and R, and for any planar tanglegram, one

can construct its irreducible component by contracting the subtrees at non-root leaf-matched

pairs into a pair of matched leaves. Our generating function results in Theorem 3.2.1 and

Theorem 3.2.2 establish relations that can be used to count the number of tanglegrams based

on size and number of leaf-matched pairs, or size and irreducible component size. Some ini-

tial values are shown in Table 1.1. Additional terms can be found at [OEI24, A349409] and

[OEI24, A371659].

n, k 1 2 3 4 5
2 1
3 1 1
4 5 4 2
5 34 28 11 3
6 273 239 102 29 6

n, k 2 3 4 5 6
2 1
3 1 1
4 3 3 5
5 13 9 20 34
6 90 46 70 170 273

Table 1.1: The number of planar tanglegrams of size n with k leaf-matched pairs (left), and
the number of planar tanglegrams with size n and irreducible component of size k (right).
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We next consider the problem of efficiently sampling planar tanglegrams uniformly at

random. Note that one can use rejection sampling with the algorithms in [BKM17] and

[Fus16] for sampling general tanglegrams to sample planar tanglegrams uniformly at random.

However, if we let Tn and tn respectively denote the number of tanglegrams and planar

tanglegrams of size n, then [BKM17, Corollary 8] and [RRW18, Theorem 2] respectively

imply

Tn ∼
22n−3/2nn−5/2

√
πen−1/8

and tn ∼
(0.00788 . . .)(15.77553 . . .)n

n3
.

Consequently, the proportion of tanglegrams that are planar

tn
Tn

∼
√
π(0.00788 . . .)√

8e1/8n1/2

(
e(15.77553 . . .)

4n

)n

approaches 0 rapidly as n increases.

Our approach for planar tanglegrams uses Markov chains to approximate sampling uni-

formly at random. We first use our enumerative results to reduce the problem of generating

planar tanglegrams to the corresponding problem for irreducible planar tanglegrams. In their

work enumerating planar tanglegrams, Ralaivaosaona, Ravelomanana, and Wagner [RRW18]

established a bijection between irreducible planar tanglegrams of size n+ 1 and pairs of tri-

angulations of a convex n-gon that do not share a diagonal. We call these pairs of disjoint

triangulations of an n-gon, and starting with n = 3, there are

1, 5, 34, 273, 2436, 23391, 237090, 2505228, . . .

such pairs. See [OEI24, A257887] for more terms. We construct a flip graph Dn whose

vertices are pairs of disjoint triangulations and whose edges are given by a flip operation

that generalizes the typical flip on triangulations. The flip graph D5 is shown in Figure 1.3.

Our flip operation implies many surprising properties for Dn.

Theorem 1.1.2 (Black, Liu, McDonough, Nelson, Wigal, Yin and Yoo ’23). For any pos-

itive integer n ≥ 5, the graph Dn is simple, connected, and 2(n − 3)-regular. Furthermore,
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a random walk on Dn that starts at an arbitrary vertex and chooses neighboring vertices

uniformly at random will converge to the uniform distribution on the vertices in Dn.

One natural follow-up question is the mixing time of the random walk on Dn, which is

the number of time steps needed to be within any ϵ > 0 of the uniform distribution with

respect to the total variation metric on probability distributions. Explicit computations for

n ≤ 9 show that the mixing times for these values of n are relatively small, despite the rapid

growth in the number of vertices in Dn. A bound on mixing time for general n remains an

open problem for future work.

1.1.2 Related work

Our work on pairs of disjoint triangulations connects to various problems involving triangula-

tions of a convex n-gon. These are one of many objects enumerated by the Catalan numbers;

see [Sta15] and [OEI24, A000108] for more details on Catalan objects. Prior work suggests

that pairs of disjoint triangulations are significantly more complicated than individual tri-

angulations. In particular, there is no known simple formula in n for the number of pairs of

disjoint triangulations of an n-gon, even after fixing one of the triangulations [AR16, RRW18].

Figure 1.3: The flip graph D5. Single lines indicate when only one triangulation is changed,
and double lines indicate when both are changed.
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Sampling Catalan objects uniformly or approximately uniformly at random has been an

active area of research over the last several decades. Approaches include direct methods using

properties of Catalan numbers [AS92, BBJ17, Rém85], Boltzmann sampling [DFLS03], and

random walks on flip graphs of Catalan objects [EF23, MT97, MRS01], and our approach

for pairs of disjoint triangulations is based on the latter. The mixing time of a random walk

on the classical flip graph on triangulations of an n-gon is bounded by O(n3 log3 n) [EF23],

and it may be possible to adapt these techniques to bound the mixing time of our Dn graph.

Note that the proof of Theorem 1.1.2 also provides novel insight into the classical flip graph

on triangulations of an n-gon. Namely, we show in Theorem 3.3.6 that the induced subgraph

on the triangulations disjoint from any fixed triangulation is always connected.

Our general construction of Dn is also not the first flip graph on pairs of Catalan objects

satisfying some restriction. Previously, Heitsch and Tetali [HT11] studied meanders, which

are pairs of noncrossing matchings of 2n points that form a cycle. An example is shown in

Figure 1.4. Heitsch and Tetali also constructed a flip graph and random walk that converges

to the uniform distribution, and the mixing time of their random walk also remains open.

Figure 1.4: An example of a meander, with each noncrossing matching color-coded.

1.2 Colored permutation statistics

The symmetric group consists of bijections on [n] = {1, 2, . . . , n} with group operation given

by function composition. A permutation ω ∈ Sn can be expressed in multiple ways. We

will primarily use the two-line, one-line, and cycle notations. The two-line notation is a

2 × n array where ω(1), . . . , ω(n) appears under 1, 2, . . . , n surrounded by a pair of square
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brackets. The one-line notation is formed by removing the first line. The cycle notation

decomposes [n] into disjoint cycles denoted by pairs of parentheses. Within each cycle, ω(i)

appears after i ∈ [n], where the first element in each cycle is considered to be after the last

one. For example, the permutation ω ∈ Sn defined by

ω(1) = 4, ω(2) = 5, ω(3) = 1, ω(4) = 3, ω(5) = 2

has two-line, one-line, and cycle notations respectively given by

ω =

1 2 3 4 5

4 5 1 3 2

 = [45132] = (143)(25). (1.2.1)

One can also view elements of Sn as n × n permutation matrices, which have a single 1 in

each row or column and have 0 in all remaining entries. The group operation is then given

by the usual matrix multiplication.

The cycle notation is related to the conjugacy classes of Sn. The cycle type of a permuta-

tion is the multiset of cycle lengths that appear in the cycle notation. This can be expressed

using a partition λ = (1m1(λ), 2m2(λ), . . . , nmn(λ)) of n, where mi(λ) indicates the multiplicity

of i. For brevity, entries of the form i0 are omitted, and i1 is abbreviated as i. For example,

the permutation in (1.2.1) has cycle type (10, 21, 31, 40, 50) = (2, 3). Two elements in Sn are

in the same conjugacy class if and only if they have the same cycle type, and the conjugacy

class corresponding to cycle type λ will be denoted Cλ.

A permutation statistic X is any function from the symmetric group Sn to R. By

equipping Sn with the uniform distribution, X can be interpreted as a random variable with

a discrete probability distribution given by

PrSn [X = i] =
|X−1(i)|
|Sn|

. (1.2.2)
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The random variable X then has k-th moments for each integer k ≥ 1 given by

ESn [X
k] =

∑
i∈R

ik · PrSn [X = i] =
1

|Sn|
∑
ω∈Sn

X(ω)k. (1.2.3)

The distributions of many statistics are well-understood, including joint distributions and

asymptotic behavior, e.g., see [BZ11, BS21, DH23, Fel45, MR08]. We will focus our attention

on three statistics in particular: descents, inversions, and major index.

Definition 1.2.1. The descent set of ω ∈ Sn is

Des(ω) = {i ∈ [n− 1] | ω(i) > ω(i+ 1)}.

The descent statistic and major index of ω ∈ Sn are respectively defined as

des(ω) = |Des(ω)| and maj(ω) =
∑

i∈Des(ω)

i.

Definition 1.2.2. The inversion set of ω ∈ Sn is

Inv(ω) = {(i, j) ∈ [n]× [n] | i < j and ω(i) > ω(j)}.

The inversion statistic is defined as inv(ω) = | Inv(ω)|.

Example 1.2.3. Consider the permutation ω = [45132] ∈ S5. From the definitions above,

Des(ω) = {2, 4} and Inv(ω) = {(1, 3), (1, 4), (1, 5), (2, 3), (2, 4), (2, 5), (4, 5)}.

Hence, one calculates des(ω) = 2, maj(ω) = 6, and inv(ω) = 7.

The descent, inversion, and major index statistics arise in many contexts. For example,

inversions appear in the study of sorting objects [Knu98] and testing randomness [Ros42].

Descents appear in the study of card shuffling [BD92] and carrying when adding numbers
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[DF09, Hol97]. Descents and inversions also play a fundamental role in the weak Bruhat

order on any Coxeter group, which contains Sn as a special case [BB05]. Versions of the

major index have been used in the study of the representation theory of Sn [BKS20, Sta79].

The generating functions for the descent, inversion, and major index statistics are well-

understood. For the descent statistic, the Carlitz identity for the Eulerian polynomials states

∑
ω∈Sn

qdes(ω) = (1− q)n+1

∞∑
k=0

(k + 1)nqk.

See [Pet15, Corollary 1.1] for details. For the inversion statistic, first define the q-analog of n

to be [n]q = 1+q+q2+ . . .+qn−1 and the q-factorial of n to be [n]q! = [n]q[n−1]q . . . [2]q[1]q.

Then ∑
ω∈Sn

qinv(ω) = [n]q!.

See [Pet15, Theorem 5.1] for details. Major Percy MacMahon [Mac13] originally introduced

the major index statistic and established the following surprising result.

Theorem 1.2.4. [Mac13, p. 285] The following holds:

∑
ω∈Sn

qmaj(ω) = [n]q!.

Consequently, inv and maj have the same distribution on Sn.

When studying permutation statistics, one area of interest is the general or asymptotic

behavior of their distributions. For the statistics above, we will see that when n is large,

their distributions are approximated well by normal distributions. See Figure 1.5 for an

illustration.

Definition 1.2.5. Let {Xn}n≥1 and Y be real-valued random variables with cumulative dis-

tribution functions Fn(x) = Pr[Xn ≤ x] and F (x) = Pr[Y ≤ x]. Xn converges in distribution

to Y if limn→∞ Fn(x) = F (x) for all x ∈ R where F (x) is continuous.
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Figure 1.5: The distribution of the descent and inversion statistics on S15, where the corre-
sponding normal curves given in Theorems 1.2.6 and 1.2.7 are shown in red.

Theorem 1.2.6. [DB62, pp. 150-154] The descent statistic on Sn has mean µn = (n−1)/2

and variance σ2
n = (n+1)/12. Furthermore, as n→∞, the random variable des−µn

σn
converges

in distribution to the standard normal distribution.

Theorem 1.2.7. [Fel45, pp. 814-815] The inversion statistic on Sn has mean µn = n(n−

1)/4 and variance σ2
n = n(2n2 + 3n− 5)/72. Furthermore, as n → ∞, the random variable

inv−µn

σn
converges in distribution to the standard normal distribution.

One can also consider statistics and random variables on conjugacy classes of the sym-

metric group. Restricting a random variable X : Sn → R to Cλ results in the conditional

distribution

PrSn [X = i | Cλ] =
|X−1(i) ∩ Cλ|

|Cλ|
. (1.2.4)

For brevity, we will use Prλ[X = i] to denote this. The distributions of various statistics

refined to conjugacy classes are known, e.g., see [Bre93, CJZ20, DMP95, GR93]. Our work

is inspired by that of Fulman, who considered moments of the descent and major index

statistics on conjugacy classes without “short” cycles.

Theorem 1.2.8. [Ful98, Corollary 5] Let Cλ be a conjugacy class of Sn. If Cλ contains

no cycles of length 1, 2, . . . , 2k, then the k-th moments of des and maj on Cλ match their

respective k-th moments on Sn.
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Using this result, Theorems 1.2.6 and 1.2.7, and a tool called the Method of Moments,

Fulman obtained the following corollary. This shows that when n is large and Cλ has no

“short” cycles, the distributions of des and maj on Cλ can be approximated well by their

corresponding distributions on Sn. See Figure 1.6 for an illustration.

Corollary 1.2.9. [Ful98, Corollary 6] For every n ≥ 1, let Cλn be a conjugacy class of Sn

such that for all i, we have limn→∞mi(λn) = 0. Let Xn be the descent or major index statistic

on Cλn with mean µn and variance σ2
n. Then as n→∞, the random variable (Xn − µn)/σn

converges in distribution to the standard normal distribution.

Since Fulman’s work, various analogs for other statistics have been established. Hamaker

and Rhoades [HR22, Theorem 3.16] used representation-theoretic methods to show that for

an arbitrary statistic, any fixed moment depends only on n and the number of “short” cycles

in λ. In particular, this fixed moment will coincide on all conjugacy classes Cλ without

“short” cycles.

Our work focuses on the more general setting of colored permutation statistics. The

colored permutation group Sn,r is the wreath product Zr ≀ Sn, and these groups play an

essential role in the classification of irreducible complex reflection groups [ST54]. The case

of r = 1 corresponds to the usual symmetric group Sn. Similar to how one can view the

elements in Sn as n× n permutation matrices, one can view Sn,r as a more general form of

Figure 1.6: The distributions of the descent statistic on S25 and C(25), the elements in S25

whose cycle type is a single cycle of length 25.
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these matrices where any r-th root of unity can appear in the nonzero entry in each row and

column. The group operation is then given by the usual matrix multiplication.

In contrast to the vast literature on permutation statistics, there has been considerably

less work on statistics for general colored permutation groups Sn,r. The distributions of

specific colored permutation statistics over the entire group Sn,r have been studied, e.g., see

[AR01a, CM12, Fir05, Mou18, Mou21, Ste94]. However, we are not aware of any prior work

on individual conjugacy classes except when r = 2. In this case, the colored permutation

groups Sn,2 are isomorphic to the hyperoctahedral groups Bn, which are the type B Cox-

eter groups. Statistics on the entire group Bn and its conjugacy classes have been studied

extensively, e.g., see [ABR01, AGR05, AR01a, AR01b, Rei93a, Rei93b, Rei95].

1.2.1 Main Results

Since [HR22, Theorem 3.16] implies that any fixed moment of a permutation statistic co-

incides on all conjugacy classes of Sn with no “short” cycles, one might expect similar

properties to hold for colored permutation statistics. We show that this is indeed the case.

Similar to Sn, conjugacy classes of Sn,r are determined by cycle type. Similar to the usage

of Cλ for conjugacy classes of Sn, we will use Cλ to denote a conjugacy class of Sn,r, where

λ records cycle type. Note that the definition of cycle type in Sn,r is somewhat technical,

so we will not give a precise definition here. A careful treatment will be given in Section 2.2.

For a colored permutation statistic X : Sn,r → R and a conjugacy class Cλ, we consider

the probability distribution

Prλ[X = i] =
|X−1(i) ∩ Cλ|

|Cλ|
, (1.2.5)

which has corresponding moments Eλ[X
k] for all k ≥ 1. We will define a notion of a colored

permutation statistic being realizable over constraints of size m in Definition 4.1.5. Using

this, we establish the following result, which formalizes the statement that the k-th moment

of a colored permutation statistic stabilizes on conjugacy classes without “short” cycles,
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where “short” is in terms of m and k.

Theorem 1.2.10 (Campion Loth, Levet, Liu, Sundaram, and Yin ’24+). Suppose X :

Sn,r → R is realizable over constraints of size m, where m is some positive integer. For any

k ≥ 1, the k-th moment Eλ[X
k] coincides on all conjugacy classes Cλ of Sn,r with no cycles

of length 1, 2, . . . ,mk.

Many statistics have natural decompositions that show they are realizable over constraints

of some size. We will show for example that the descent, major index, and flag-major index

statistics on Sn,r are realizable over constraints of size 2. The definitions for these statistics

are also somewhat technical, so we will give them in Section 2.2. Theorem 1.2.10 then

implies that the k-th moments for the descent, major index, or flag-major index statistic

will coincide on all Cλ without cycles of length 1, 2, . . . , 2m. For these statistics, we will also

show a stronger statement.

Theorem 1.2.11 (Levet, Liu, Sundaram, and Yin ’24+). Let X be the descent, major index,

or flag-major index statistic on Sn,r, and let Cλ be a conjugacy class of Sn,r. If Cλ has no

cycles of length 1, 2, . . . , 2k, then the k-th moment of X on Cλ matches the k-th moment on

Sn,r.

Analogs of Theorem 1.2.6 and Theorem 1.2.7 are known for the statistics in Theo-

rem 1.2.11 [CM12]. Consequently, the preceding theorem can be used to establish the fol-

lowing corollary. Since the descent, major index, and flag-major index statistics on Sn,r

generalize the descent and major index statistics on the symmetric group Sn, these results

generalize Theorem 1.2.8 and Corollary 1.2.9.

Corollary 1.2.12 (Levet, Liu, Sundaram, and Yin ’24+). For every n ≥ 1, let Cλn be a

conjugacy class of Sn,r such that for all i, the number of cycles of length i in λn approaches

0 as n→∞. Let Xn be the descent, major index, or flag-major index statistic on Cλn with

mean µn and variance σ2
n. Then as n→∞, the random variable (Xn− µn)/σn converges in

distribution to the standard normal distribution.
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It is interesting to note that the hyperoctahedral group Bn
∼= Sn,2 also has a descent

statistic from its Coxeter group presentation, but this does not align with the general descent

statistic on Sn,r. However, in Theorem 4.2.8 and Corollary 4.2.9, we will show similar results

for the Coxeter-descent statistic on Bn.

1.2.2 Related Work

In the far-reaching paper [HR22] of Hamaker and Rhoades, the authors introduced local

statistics and used character theory to study their moments on conjugacy classes. Their

notion of “k-local” coincides with our notion of “realizable over constraints of size k.” In

particular, our work applied to Sn gives combinatorial interpretations for some of the results

established in [HR22]. Prior to the work of Hamaker and Rhoades, others also used the

irreducible characters of Sn to study permutation statistics, e.g., see [GR20, Gil13, Hul14].

In addition to Corollary 1.2.9, asymptotic results for some other statistics on conjugacy

classes of Sn are known. For descents, Kim and Lee [KL20] extended Corollary 1.2.9 to

arbitrary conjugacy classes of Sn, where the asymptotic distribution depends only on the

limiting proportion of fixed points. Our Theorem 1.2.11 is an analog of Fulman’s original

result for Sn,r, and exploring the asymptotic distribution of descents on arbitrary conjugacy

classes of Sn,r is one potential direction for future work.

1.3 Cosine functions

Finally, we consider a seemingly elementary problem at the intersection of analysis and

combinatorics introduced by Stefan Steinerberger. For any finite set of positive integers

{a1, . . . , an} ⊆ Z+, consider the associated functions cos(a1x), cos(a2x),. . . , cos(anx) and

ask the following question: if x is chosen uniformly at random from [0, 2π], what is the

probability that all of these n numbers have the same sign? Letting |S| denote the total

length of any subset S ⊆ R that is a union of bounded intervals, we are interested in

P(a1, . . . , an) =
1

2π

∣∣∣∣{x ∈ [0, 2π] : min
1≤i≤n

cos (aix) > 0 or max
1≤i≤n

cos (aix) < 0

}∣∣∣∣ . (1.3.1)
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0
+−

Figure 1.7: For n runners on a circular track of length 1 all starting at 0 and running at a
constant integer speed, what is the proportion of time that they all spend in the right half
(+) or the left half (−)?

One way to interpret this probability is illustrated in Figure 1.7. Imagine n runners

starting on the right end of a circular track. They then run around this track at varying

speeds, where ai ∈ Z+ is the number of loops completed by runner i per unit of time. The

probability in (1.3.1) then calculates the proportion of time that the runners are either all

together on the right-hand side of the track or all together on the left-hand side of the track.

This situation also relates to the Lonely Runner Conjecture of Cusick [Cus73] and Wills

[Wil67], which states that regardless of the speed of the n runners, each runner gets lonely

at some time, meaning that they are distance at least 1/n from all other runners. This

conjecture is known to be difficult and only understood for small n and special settings.

We refer the reader to [BS08, BHK01, Cze12, GW06, Kra21, PS14, Ren04, Tao17] for an

incomplete list of results.

Returning to (1.3.1), it is clear that for any choice of {a1, . . . , an} ⊆ Z+, the probability

in (1.3.1) has to be positive because for values of x near 0 or 2π, all of the cosine func-

tions are close to 1. Using the convention a1 < a2 < . . . < an, one can use this idea to

show P(a1, . . . , an) ≥ 1/(2an). A natural question is to determine what values of a1, . . . , an

minimize P(a1, . . . , an). Hence, we define

pn = inf
{a1,...,an}⊆Z+

P(a1, . . . , an).
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It is less clear whether pn is strictly positive, what general upper bounds exist as n grows

large, or if there exists {a1, . . . , an} ⊆ Z+ achieving P(a1, . . . , an) = pn. When such a subset

{a1, . . . , an} exists, we call it a subset achieving pn. Since P(a1, . . . , an) = P(ca1, . . . , can) for

any c ∈ Z+, it suffices to consider only the sets {a1, . . . , an} ⊆ Z+ satisfying gcd(a1, . . . , an) =

1, where gcd denotes greatest common divisor.

1.3.1 Main Results

A natural intuition is that if we fix {a1, . . . , an−1} ⊆ Z+ and let an grow very large,

then P(a1, . . . , an−1, an) will approach half of P(a1, . . . , an−1), as large values of an result

in cos(anx) oscillating significantly on any interval where cos(a1x), . . . , cos(an−1x) all share

the same sign. Hence, if we choose a1, . . . , an of different magnitudes, we expect (1.3.1) to

be close to 1/2n−1. The following result shows that there are subsets that are better than

this.

Theorem 1.3.1 (Dou, Goh, Liu, Legate, and Pettigrew ’24). For any n ≥ 2, we have that

P
(
1, 3, 9, . . . , 3n−1

)
=

1

3n−1
.

Consequently, we have that pn ≤ 1/3n−1.

There is a precise result for p2 due to Gonçalves, Oliveira e Silva, and Steinerberger

[GOS21], which we now state. For any S ⊆ Z+ and c ∈ Z+, we use c · S for the set

{c · s | s ∈ S}.

Theorem 1.3.2. [GOS21, Proof of Theorem 1] We have

P(a1, a2) ≥
1

3

with equality if and only if {a1, a2} = gcd(a1, a2) · {1, 3}. Hence, we have that p2 = 1/3.

This shows that in the case n = 2, multiples of the subset in Theorem 1.3.1 are precisely

the ones achieving p2. Our next result provides the corresponding characterization for p3.
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Theorem 1.3.3 (Dou, Goh, Liu, Legate, and Pettigrew ’24). We have

P(a1, a2, a3) ≥
1

9

with equality if and only if {a1, a2, a3} = gcd(a1, a2, a3) · {1, 3, 9}. Hence, we have that

p3 = 1/9.

Our proof uses Fourier analysis to establish that if {a1, a2, a3} is a subset achieving p3,

then most of the elements in {a1, a2, a3} must be relatively small. Using the conventions

a1 < a2 < a3 and gcd(a1, a2, a3) = 1, we specifically show that a1 = 1 and a2 ≤ 7. We then

establish that the remaining element a3 cannot be too much larger than a2. Our specific

result is that a3 ≤ 84, which reduces the problem to a finite search space.

Naturally, one may be tempted to conjecture a general pattern and expect that the powers

of 3 given in Theorem 1.3.1 characterize subsets achieving pn. This is not the case, as an

explicit computation shows

P (1, 3, 11, 33) =
1

33
<

1

27
= P (1, 3, 9, 27) .

Using Monte-Carlo sampling to narrow down a list of candidates 1 ≤ a1 < a2 < a3 < a4 ≤

105 and then performing an explicit calculation using Lemma 5.1.4, we believe that multiples

of {1, 3, 11, 33} are the subsets achieving p4. As for n = 5, a similar process has identified

{1, 3, 11, 35, 105} as a potential subset achieving p5 ≤ P(1, 3, 11, 35, 105) = 1/105. These

examples show that finding pn for general n is not an elementary problem.

1.3.2 Related Work

Theorem 1.3.2 is established in [GOS21], but phrased in a different setting. In that paper,

Gonçalves, Oliveira e Silva, and Steinerberger explored the eigenvalues and eigenfunctions

of differential operators. For certain operators, each eigenfunction can be expressed as a

trigonometric function up to a small error, and this expression is called a WKB expansion,
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named after Wentzel, Kramers, and Brillouin. See [Hal13] for the general theory of WKB

expansions, including their applications to the Schrödinger operators used in mathematical

physics. The problem of finding pn arises from analyzing sign patterns of these eigenfunctions

at different points using the WKB expansion. We will briefly outline the main ideas below,

focusing our attention on an example based on what is described in [GOS21] and [GOS17].

We refer the reader to those papers and the references therein for a more thorough treatment,

including mathematically rigorous statements.

Consider the Schrödinger operator H = − d2

dt2
+ t2 on functions defined over R. This

is a special case of the quantum harmonic oscillator, which models oscillation around an

equilibrium point with some potential energy function around this point. The corresponding

eigenfunctions are the Hermite polynomials

Hm(t) = (−1)net2 d
m

dtm
(e−t2),

where m ranges over the nonnegative integers. Ordinarily, one might expect the sign of Hm

at different points a ̸= b to be unrelated as m varies. However, computer calculations for

a = 1/2, b = 5/2, and various values of m suggest that

lim
m→∞

1

m
|{1 ≤ i ≤ m | sgn(Hi(1/2)) = sgn(Hi(5/2))}| ≈

3

5
, (1.3.2)

where sgn is the sign function. For any fixed real numbers a ̸= b, Gonçalves, Oliveira e Silva,

and Steinerberger called the above quantity the sign correlation limit of a and b. Their

result [GOS21, Theorem 1] establishes bounds on the sign correlation limit of two points,

and Theorem 1.3.2 arises when establishing the lower bound.

The connection to our problem involving cosine functions can be seen using the WKB

expansion of the Hermite functions

Γ(m/2 + 1)

Γ(m+ 1)
e−t2/2Hm(t) = cos

(
t
√
2m+ 1− mπ

2

)
+O

(
1√
m

)
,
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where Γ is the gamma function. One can consider various cases for m mod 4, each of which

can be expressed in terms of a cosine function using trigonometric properties. For example,

Γ(2m+ 1)

Γ(4m+ 1)
et

2/2H4m(t) = cos(t
√
8m+ 1) +O

(
1√
m

)
,

so up to an error that disappears as m→∞, we see that H4m(t) and cos(t
√
8m+ 1) have the

same sign. Additionally, one can show that the sequence
√
8m+ 1 mod 2π is equidistributed

on [0, 2π]. A similar analysis can be performed for other cases of m mod 4, and consequently,

one can analyze the proportion of time that cos(ax) and cos(bx) share the same sign to study

the sign correlation limit of a and b.

Applying this at the values a = 1/2 and b = 5/2, we consider the proportion of time

cos
(
1
2
x
)
and cos(5

2
x) share the same sign. Scaling both parameters, one can instead consider

cos(x) and cos(5x), and we can restrict our attention to the interval [0, 2π] since these

functions complete an integer number of cycles on [0, 2π]. This general approach leads to the

definition given in (1.3.1), and one can show P(1, 5) = 3/5, which is consistent with (1.3.2).

Our problem of calculating pn for general n corresponds to finding lower bounds on the sign

correlation limit at n different points that can be scaled simultaneously into integers.

Outline

We start in Chapter 2 by outlining general notation and background for our work. Chapter 3

will focus on planar tanglegrams. We prove Theorem 1.1.1 in Section 3.1, establish our

enumerative results in Section 3.2, and use these to study sampling in Section 3.3, which

includes establishing Theorem 1.1.2. Chapter 4 focuses on colored permutation statistics.

We establish Theorem 1.2.10 in Section 4.1, and establish individual parts of Theorem 1.2.11

and Corollary 1.2.12 throughout Section 4.2. Finally, Chapter 5 considers cosine functions.

We begin with results for general n in Section 5.1, including establishing Theorem 1.3.1. We

then study n = 3 in Section 5.2 and prove Theorem 1.3.3. At the end of various sections, we

will also discuss open problems that arise from our results to promote future work.
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Chapter 2

BACKGROUND AND NOTATION

We start by giving a general background and defining our notation for several areas

relevant to our work. These will be organized into two sections involving material related

to graph theory and material related to colored permutation groups. Throughout, we will

assume some background in algebra, analysis, probability theory, and combinatorics at a

level that appears in undergraduate courses. Specifically, we assume familiarity with the

symmetric group as given in [Hun12], integration as given in [Rud76], univariate probability

distributions as given in [ASV17], and graphs and enumeration as given in [Bón17].

2.1 Graphs and tanglegrams

In this section, we outline our general terminology and notation for graphs. We then give

background on trees and tanglegrams.

2.1.1 Graph theory

A graph will be denoted G = (V,E) where V is a set of vertices and E is a set of edges,

which we express as pairs uv with u, v ∈ V . The size of G, denoted |G|, is its number of

vertices. Unless otherwise stated, a graph is undirected, so the pairs in E are not ordered.

In general, a graph G = (V,E) can have repeated edges or loops, and when neither of these

exists, G is called simple. For any v ∈ V , we use deg(v) to denote its degree in G, and a

graph is d-regular if all vertices have degree d. Additionally, recall that a graph is bipartite

if V can be expressed as a disjoint union X ⊔ Y such that all edges in E consist of a vertex

from X and a vertex from Y . In this case, we also express G as (X,E, Y ).

A graph G = (V,E) is typically illustrated in the plane with vertices as distinct points
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and edges as curves that can potentially cross. We call this a drawing of G. In the case of a

directed graph, edges uv ∈ E are drawn with directed arrows from u to v. We give examples

of these definitions below.

Example 2.1.1. The d-dimensional hypercube Qd = (Vd, Ed) is the graph with vertex set

Vd given by d-dimensional vectors with entries in {0, 1} and edges between any two vertices

that differ in exactly one coordinate. In general, Qd is d-regular and bipartite. The latter

can be shown by letting Xd be the vertices whose entries sum to be an even number and

letting Yd be the vertices whose entries sum to an odd number. Two drawings for Q3 are

shown in Figure 2.1, one based on coordinates in R3 and the other based on its bipartite

structure.

(0, 0, 0) (1, 0, 0)

(0, 1, 0) (1, 1, 0)

(0, 0, 1) (1, 0, 1)

(0, 1, 1) (1, 1, 1)

(0, 0, 0) (1, 0, 0)

(0, 1, 0)(1, 1, 0)

(0, 0, 1)(1, 0, 1)

(0, 1, 1) (1, 1, 1)

Figure 2.1: Two drawings for the 3-dimensional hypercube Q3, the first based on coordinates
in R3 and the second based on its bipartite structure.

Example 2.1.2. Let Vn be the triangulations of a convex n-gon. These are one of many

objects enumerated by the Catalan numbers. In any triangulation, replacing a diagonal with

the other possible diagonal in the unique quadrilateral containing it is called a flip. The

triangulation flip graph Gn = (Vn, En) is the graph formed by the vertex set Vn with edges

En between any triangulations that can be obtained from one another using a flip. One

can show that in general, Gn is connected and (n − 3)-regular. The graph G5 is shown in

Figure 2.2.
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Figure 2.2: The flip graph G5 on triangulations of a convex pentagon.

We now consider a specific random walk on a graph G = (V,E). While the terminology

below can be stated in the language ofMarkov chains, we will not need this level of generality.

Definition 2.1.3. Let G = (V,E) be a graph. The simple random walk on G is defined

as follows: choose X0 to be an arbitrary vertex u ∈ V , and for t ≥ 1, choose Xt from the

neighbors of Xt−1 uniformly at random.

Once a starting vertex u ∈ V is chosen, each Xt in the random walk follows a probability

distribution on the vertices in V . We use Pru[Xt = v] for the value of this distribution at

v ∈ V . We will need a few more technical definitions and results involving these distributions.

Definition 2.1.4. Let G = (V,E) be a graph. The period of u ∈ V is

gcd(t ∈ Z+ | Pru[Xt = u] > 0). (2.1.1)

Lemma 2.1.5. [LP17, Lemma 1.6 and Exercise 1.2] If G is connected, then the period of

every vertex u ∈ V is the same.

Definition 2.1.6. The period of the simple random walk (Xt)t≥0 on a connected graph

G = (V,E) is the common period of all vertices u ∈ V , and (Xt)t≥0 is aperiodic if its period

is 1.

The following theorem shows that when (Xt)t≥0 is aperiodic, the asymptotic distribution

as t → ∞ is well-understood. We will be particularly interested in the case of a regular
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graph, where this asymptotic distribution is the uniform distribution on the vertices in G.

Theorem 2.1.7. [LP17, Section 1.5 and Theorem 4.9] Let (Xt)t≥0 be a simple random walk

on a connected graph G = (V,E) that starts at u ∈ V . If (Xt)t≥0 is aperiodic, then for any

v ∈ V ,

lim
t→∞

Pru[Xt = v] =
deg(v)∑

w∈V deg(w)
.

In particular, if G is d-regular, then

lim
t→∞

Pru[Xt = v] =
1

|V |
.

One consequence of this theorem is that sampling from some set of objects V uniformly

at random can be approximated by using a random walk on an appropriate d-regular graph

on V , where edges correspond to some well-understood “local” operation. The triangulation

flip graphs described in Example 2.1.2 are examples of this approach.

Note that the aperiodicity assumption is essential in Theorem 2.1.7 for the convergence

to occur. For example, Theorem 2.1.7 does not hold on the hypercube Qd since its bipartite

structure causes Pru[Xt = v] to behave differently depending on whether t is odd or even.

Aperiodicity is a relatively mild assumption though. One can always introduce lazyness,

which is a nonzero probability of remaining at the same vertex. Adding loops at each vertex

would be one method of achieving this.

2.1.2 Trees and tanglegrams

Recall that a tree is a connected graph that has no cycles. A rooted binary tree T is a tree in

which every vertex has either zero or two children. In this case, a unique vertex has degree

2. This is called the root of T and will be denoted root(T ). A vertex that has children is

called an internal vertex, and a vertex with no children is called a leaf. Unless otherwise

stated, rooted binary trees will be unlabeled and considered up to isomorphism. By ordering

the children of each vertex, one obtains a plane tree, which has essentially a unique drawing
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Figure 2.3: Two plane trees corresponding to the same rooted binary tree.

in the sense that this drawing is unique up to homeomorphism of the plane. Examples are

shown in Figure 2.3.

If v has children v1 and v2, we call v the parent of v1 and v2. We say vertex v1 is a

descendant of vk or vk is an ancestor of v1 if there is a sequence of vertices v1, v2, . . . , vk such

that vi+1 is the parent of vi for i = 1, 2, . . . , k−1, and we use the notation v1 < vk or vk > v1

to denote this. For an internal vertex v ∈ T , the subtree rooted at v is the tree formed by all

vertices u with u ≤ v, and this subtree then has v as its root. For any vertex v ∈ T , we use

Lf(v) to denote the leaves in the subtree rooted at v.

A tanglegram T = (L,R, σ) is formed from a pair of rooted binary trees L,R and a

bijection σ matching their leaves. The size of T is the common number of leaves in L or

R, and this is denoted |T |. We will call the edges in L and R tree edges and call the edges

induced by ϕ between-tree edges. Two tanglegrams T = (L,R, σ) and T ′ = (L′, R′, σ′) are

isomorphic if there is an isomorphism of graphs that maps L to L′ and R to R′. As with

trees, we will consider tanglegrams up to isomorphism. Additionally, in general, tanglegrams

will be unlabeled, though at times, it will be convenient to fix labelings of the leaves in L

and R using [n].

A layout of a tanglegram T = (L,R, σ) embeds L in the plane left of x = 0 with leaves on

x = 0, embeds R in the plane right of x = 1 with leaves on x = 1, and draws σ using straight

lines. Examples are shown in Figure 2.4. A crossing is any pair of crossing edges induced by

σ, and a tanglegram is planar if it has a layout with no crossings, which is called a planar

layout. Of the thirteen tanglegrams shown in Figure 2.4, eleven are planar. The remaining

two are not planar, and it is shown in [CSW19] that any non-planar tanglegram of size 4
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Figure 2.4: A layout for each of the 13 tanglegrams of size four.

or more “contains” one of these two. Note that crossings only depend on the relative order

of the matched leaves in T rather than specific coordinates. Consequently, we will consider

layouts up to redrawing the plane trees corresponding to L and R.

For a tanglegram T = (L,R, σ), if Lf(u) and Lf(v) are matched by σ for some internal

non-root vertices u ∈ L and v ∈ R, then the subtrees rooted at v1 and v2 with the matching

induced by σ is called a proper subtanglegram of T . A tanglegram T is irreducible if it

contains no proper subtanglegrams. Of the eleven planar tanglegrams in Figure 2.4, only

five are irreducible. A classical theorem of Whitney states that a 3-planar graph has only one

planar drawing up to automorphism of the plane, and the following result of Ralaivaosaona,

Ravelomanana, and Wagner is the corresponding result for planar layouts of an irreducible

planar tanglegram.

Proposition 2.1.8. [RRW18, Proposition 5] Every irreducible planar tanglegram T with

|T | ≥ 3 has exactly two planar layouts. Moreover, the two planar layouts are mirror images

of one another.

The planar layouts for irreducible planar tanglegrams can be viewed as certain pairs of

plane trees where the “horizontal” matching does not produce proper subtanglegrams. Since

plane trees are Catalan objects, one natural question is to find bijections into other pairs
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1 2

3

45

12

3

4 5

1

2

3 4

5

1

2

3 4

5

Figure 2.5: The plane dual bijection from Theorem 2.1.9.

of Catalan objects. For triangulations of a convex polygon, the following characterization is

known. Note that two triangulations are disjoint if they do not share any diagonals.

Theorem 2.1.9. [RRW18, Theorem 4] For any n ≥ 2, there is a bijection between the

following sets:

• the set of planar layouts of irreducible planar tanglegrams of size n, and

• the set of ordered pairs of disjoint triangulations of an (n+ 1)-gon.

We describe this bijection. Starting with the two plane binary trees in a planar layout

of an irreducible planar tanglegram T = (L,R, σ), draw lines from the root and all leaves to

infinity. Then take the plane dual. Label the region above the root in each tree as 1. In L,

proceed clockwise, and in R, proceed counterclockwise. An example is shown in Figure 2.5.

We conclude this section with some known enumerative results. Let P and I respectively

denote the set of planar and irreducible planar tanglegrams. Define the generating functions

T (x) =
∑
T ∈P

x|T | and H(x) =
1

2
x2 +

∑
T ∈I: |T |>2

x|T |. (2.1.2)

Ralaivaosaona, Ravelomanana, and Wagner showed the following results.

Theorem 2.1.10. [RRW18, Theorem 1] The generating functions H(x) and T (x) are de-
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termined by the following relations involving a generating function A(x):

A(x) =
x

2

∞∑
r=1

1

(r + 1)2

(
2r

r

)2

xr(1− A(x))r+1,

H(x) =
x

2
A(x),

T (x) = H(T (x)) + x+
1

2
T (x2).

(2.1.3)

Theorem 2.1.10 can be used to compute coefficients of A(x), H(x), and T (x). For A(x),

one can express A(x) =
∑∞

n=1 anx
n and use this to expand x

2

∑∞
r=1

1
(r+1)2

(
2r
r

)2
xr(1−A(x))r+1

in terms of {an}∞n=1. Using the relation for A(x) from Theorem 2.1.10, one can set up and

solve a system of equations to obtain a1, . . . , an for arbitrary n. The coefficients of H(x) can

then be computed directly from A(x), and the coefficients for T (x) can then be computed

using a similar technique as the one for A(x).

2.2 Colored permutation groups

In this section, we give background on the colored permutation groups Sn,r, their conjugacy

classes, and some commonly studied statistics. Our definitions are based on what is given

in [Ste94], and we refer to [Mac98, Chapter 1, Appendix B] for results involving conjugacy

classes of Sn,r. We also give additional background specific to r = 2, as these correspond to

the type B Coxeter groups.

Before beginning, we briefly outline our notation for partitions, which index conjugacy

classes of Sn. We will express each partition λ ⊢ n in multiplicative notation as λ =

(1m1(λ), 2m2(λ), . . . , nmn(λ)), where imi(λ) indicates that there are mi(λ) cycles of length i in λ.

Terms of the form i0 will be omitted, and terms of the form i1 will just be denoted as i. The

number of parts in λ will be denoted ℓ(λ), so that ℓ(λ) =
∑

i mi(λ) and n =
∑

i i ·mi(λ).

The centralizer of an element ω ∈ Sn with cycle type λ has order

zλ =
∏
i

imi(λ)mi(λ)!, (2.2.1)
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and the size of the conjugacy class Cλ in Sn is given by |Sn|/zλ.

2.2.1 Colored permutation groups

We start by describing colored permutation groups. Since Sn
∼= Sn,1, these definitions

specialize to the typical ones in Sn when r = 1.

Definition 2.2.1. For positive integers n and r, the colored permutation group Sn,r is the

wreath product Zr ≀Sn, where Sn is the symmetric group on n elements and Zr is the cyclic

group on r elements. A colored permutation is an element in Sn,r, and it can be expressed as

(ω, τ) where ω ∈ Sn and τ : [n]→ Zr is a function called a coloring. From its construction

as a wreath product, the group operation is defined as follows: for all (ω1, τ1), (ω2, τ2) ∈ Sn,r,

(ω1, τ1)(ω2, τ2) = (ω1ω2, (τ1 ◦ ω2) + τ2),

where ◦ denotes function composition.

The colored permutation group Sn,r can be embedded as a subgroup of the symmetric

group Srn, which we describe explicitly as follows. Let [n]r denote the set of rn elements

{ic | i ∈ [n], c ∈ Zr},

where the exponent indicates the color of an element in [n]. We can view the colored

permutation (ω, τ) as a bijection on [n]r. We abuse notation and also denote this bijection

(ω, τ), and it is defined by (ω, τ)(ic) = ω(i)τ(i)+c for all i ∈ [n] and c ∈ Zr. Observe that for

all i ∈ [n],

(ω1, τ1)(ω2, τ2)(i
0) = (ω1, τ1)(ω2(i)

τ2(i)) = ω1ω2(i)
τ1(ω2(i))+τ2(i) = (ω1ω2, (τ1 ◦ ω2) + τ2)(i

0),

so this identification makes Sn,r into a subgroup of Snr.

Using the aforementioned identification, we can express Sn,r in two-line and one-line
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notations as in Sn. However, the values of (ω, τ)(i0) for i ∈ [n] determine (ω, τ)(ic) for

any c ∈ Zr, so we do not need to specify the images of all elements in [n]r. Instead, the

two-line notation is a 2×n array that expresses (ω, τ)(10), . . . , (ω, τ)(n0) under 10, 20, . . . , n0

surrounded by a pair of square brackets, and the one-line notation is formed by removing

the first line. An example is shown below.

Example 2.2.2. Let ω = [45132] = (143)(25) ∈ S5. Define τ : [5]→ Z4 by

τ(1) = 3, τ(2) = 0, τ(3) = 1, τ(4) = 1, τ(5) = 3.

Combined, this defines an element (ω, τ) ∈ S5,4. Interpreting (ω, τ) as a bijection from [5]4

to itself, the images of i0 for i ∈ [5] are given by

(ω, τ)(10) = 43, (ω, τ)(20) = 50, (ω, τ)(30) = 11, (ω, τ)(40) = 31, (ω, τ)(50) = 23.

One can express this colored permutation in two-line and one-line notations, as shown below:

(ω, τ) =

10 20 30 40 50

43 50 11 31 23

 = [4350113123].

Colored permutations also have a cycle notation. Starting with (ω, τ), one can express ω

in the usual cycle notation with color 0 on all elements and then write ω(i)τ(i) under i0 for

i ∈ [n]. We will refer to this as the two-line cycle notation. Removing the first row in every

cycle then results in the cycle notation for (ω, τ).

Example 2.2.3. Let (ω, τ) = [4350113123] ∈ S5,4 be the permutation from Example 2.2.2.

The two-line cycle notation is given by

(ω, τ) =

10 40 30

43 31 11

20 50

50 23

 .
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The cycle notation is then given by (433111)(5023). Note that as in Sn, the cycle notation

is not unique, as one can change the element that appears first in each cycle and modify

the remaining ones appropriately to express the same colored permutation. For example,

(114331)(2350) defines the same colored permutation.

We next describe the conjugacy classes of Sn,r. Similar to permutations in Sn, colored

permutations have a notion of cycle type derived from the cycle notation. We will use a

generalization of partitions to record cycle type, and we will see that the conjugacy classes

of Sn,r are well understood in terms of cycle type.

Definition 2.2.4. An r-partition of n ∈ Z+ is an r-tuple of partitions λ = (λj)r−1
j=0 where

each λj is a partition of some nonnegative integer nj such that
∑r−1

j=0 nj = n. When r = 2,

we also call this a bi-partition.

Definition 2.2.5. For any cycle in the cycle notation of (ω, τ) ∈ Sn,r, its length is the

number of elements in it, and its color is the sum of the colors that appear (as an element

in Zr). The cycle type of (ω, τ) ∈ Sn,r is an r-partition λ where λj records the cycle lengths

for the cycles with color j. For any such r-partition λ, define Cλ to denote the subset of

elements in Sn,r with cycle type λ.

Example 2.2.6. Consider the colored permutation in S5,4 from Example 2.2.3 expressed

in cycle notation as (114331)(2350). The first cycle has length 3 and color 1, and the second

cycle has length 2 and color 3. Since r = 4, the cycle type of this colored permutation is

λ = (λ0, λ1, λ2, λ3) = (∅, (3), ∅, (2)).

Example 2.2.7. For a larger example, consider the following colored permutation in S9,3:

(ω, τ) = (103271)(21)(4250)(80)(91).
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Since r = 3, the cycle type of this colored permutation is

λ = (λ0, λ1, λ2) = ((1, 3), (12), (2)).

Proposition 2.2.8. [Mac98, Chapter I, Appendix B.3] Two colored permutations in Sn,r

are conjugate if and only if they share the same cycle type. Hence, the conjugacy classes of

Sn,r are given by Cλ, where λ is an r-partition of n.

Throughout, we use PrSn,r [X = i] and Prλ[X = i] for the distribution of X : Sn,r → R

when considered as a random variable on the respective sets Sn,r and Cλ equipped with the

uniform distribution. We similarly use ESn,r [X] and Eλ[X] for the corresponding expected

values. It will sometimes be convenient to consider more general Ω ⊆ Sn,r, and we similarly

use PrΩ[X = i] for the distribution X as a random variable on Ω.

We will primarily focus on three statistics on Sn,r: descents, major index, and flag-major

index. In the case of r = 1, these will reduce to the usual descent and major index statistics

on Sn.

For any (ω, τ) ∈ Sn,r, an index i ∈ [n] is a descent of (ω, τ) if τ(i) > τ(i + 1), or

τ(i) = τ(i + 1) and ω(i) > ω(i + 1), where we use the convention τ(n + 1) = 0 and

ω(n + 1) = n + 1. One can alternatively fix the following total order on r colored copies of

Z:

10 < 20 < . . . < j0 < . . . < 11 < 21 < . . . < j1 < . . . < 1r−1 < 2r−1 < . . . < jr−1 < . . . .

(2.2.2)

Viewing (ω, τ) as a bijection on [n]r, a descent is then any i ∈ [n] such that (ω, τ)(i0) >

(ω, τ)((i+1)0) with respect to this ordering, where we use the convention that N0 for N > n

are fixed points. Note that a descent at position n occurs precisely when τ(n) ̸= 0, or

equivalently when (ω, τ)(n0) is any element with nonzero color.

Letting Des(ω, τ) denote the set of descents of (ω, τ) ∈ Sn,r, the descent and major index
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statistics on Sn,r are respectively defined as

desn,r(ω, τ) = |Des(ω, τ)| and majn,r(ω, τ) =
∑

i∈Des(ω,τ)∩[n−1]

i. (2.2.3)

The color and flag-major index statistics on Sn,r are defined by

coln,r(ω, τ) =
n∑

i=1

τ(i) and fmajn,r(ω, τ) = r ·majn,r(ω, τ) + coln,r(ω, τ). (2.2.4)

Note that the col statistic uses {0, 1, . . . , r − 1} as representative elements in Zr and adds

them as elements in Z. We give an example below.

Example 2.2.9. Consider (ω, τ) ∈ S8,3 expressed in one line-notation as

(ω, τ) = [3180506122124071]

The descent set of (ω, τ) is {1, 2, 5, 6, 8}, and the sum of the colors that appear is 7. Using

this, we calculate

des8,3(ω, τ) = 5, maj8,3(ω, τ) = 14, and fmaj8,3(ω, τ) = 3 · 14 + 7 = 49.

The asymptotic distributions of desn,r and fmajn,r are due to Chow and Mansour. Since

these will be relevant to our results, we state them below.

Theorem 2.2.10. [CM12, Theorems 3.1 and 3.4] For any positive integers n and r, desn,r

has mean µn,r = rn+r−2
2r

and variance σ2
n,r = n+1

12
, and as n → ∞, the random variable

desn,r −µn,r

σn,r
converges in distribution to the standard normal distribution.

Theorem 2.2.11. [CM12, Theorems 4.1 and 4.3] For any positive integers n and r, fmajn,r

has mean µn,r =
n(rn+r−2)

4
and variance σ2

n,r =
2r2n3+3r2n2+(r2−6)n

72
, and as n→∞, the random

variable
fmajn,r −µn,r

σn,r
converges in distribution to the standard normal distribution.
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For our results on the asymptotic distributions of certain statistics, we will need additional

tools from probability theory. In general, two different probability distributions can share the

same moments. We will be primarily interested in normal distributions, which are uniquely

determined by their moments, so once we have that the moments of a random variable X

align with those of a normal distribution, we can conclude that the distribution ofX coincides

with a normal distribution. See [ASV17, Section 5.1] for details. We will use this property

for normal distributions in conjunction with the following tool.

Theorem 2.2.12 (Method of Moments). Suppose {Xn}n≥1 and Y are real-valued random

variables with finite k-th moments for all k. If Y is uniquely determined by its moments and

lim
n→∞

E[Xk
n] = E[Y k],

for all k, then Xn converges in distribution to Y .

2.2.2 Hyperoctahedral groups

We now consider the hyperoctahedral group Bn
∼= Sn,2. While one can use the previous

conventions involving Sn,2, the alternatives introduced here are intended to align with the

literature on Bn. We will adopt the conventions given in this section whenever specifically

considering Bn.

Let [±n] denote the set {±1,±2, . . . ,±n}. The hyperoctahedral group Bn is the group

of permutations ω on [±n] satisfying ω(i) = −ω(−i) with group operation given by function

composition. A comparison with the definitions in the preceding section shows that this is

isomorphic to the 2-colored permutation group Sn,2, where the set {1, 2, . . . , n} corresponds

to elements colored 0 and the set {−1,−2, . . . ,−n} corresponds to elements colored 1. Note

that we will simply use ω to denote elements of Bn rather than the (ω, τ) notation used for

general colored permutations.

Similar to general colored permutation groups, it suffices to specify the images of the set

[n] to determine an element in Bn. Using these values, elements in Bn can again be repre-
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sented using the two-line, one-line, and cycle notations. In the cycle notation, a cycle is even

(resp. odd) if there is an even (resp. odd) number of negatives in the cycle. These respec-

tively correspond to cycles with color 0 and 1 in Definition 2.2.5. From Proposition 2.2.8,

the conjugacy classes in Bn are uniquely determined by a bi-partition (λ, µ) of n, where λ

records cycle lengths for even cycles and µ records cycle lengths for odd cycles. We give an

example below.

Example 2.2.13. Consider

ω =

1 2 3 4 5 6 7 8

2 7 3 −4 8 −1 −6 −5


= [2, 7, 3,−4, 8,−1,−6,−5]

= (2, 7,−6,−1)(3)(−4)(8,−5).

Its even cycles are (2, 7,−6,−1) and (3), respectively of lengths 4 and 1, and its odd cycles

are (−4) and (8,−5), respectively of lengths 1 and 2. Hence the cycle type is (λ, µ) =

((1, 4), (1, 2)).

Throughout, Cλ,µ denotes the conjugacy class of Bn indexed by the ordered pair (λ, µ).

Additionally, we respectively use PrBn [X = i] and Prλ,µ[X = i] to denote the distribution

of X as a random variable on Bn and Cλ,µ equipped with the uniform distribution. We use

EBn [X] and Eλ,µ[X] to denote the corresponding expected values.

The size of any conjugacy class in Bn is well-known. Recall the zλ constants from (2.2.1),

which gives the order of the centralizer for any ω ∈ Sn with cycle type λ.

Definition 2.2.14. For any bi-partition (λ, µ) of n, define zλ,µ to be 2ℓ(λ)zλ2
ℓ(µ)zµ.

Lemma 2.2.15. [Mac98, Chapter I, Appendix B.3] Let Cλ,µ be the conjugacy class of Bn

indexed by the bi-partition (λ, µ) of n. The order of the centralizer of an element of cycle

type (λ, µ) is zλ,µ, and the size of the conjugacy class is
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|Cλ,µ| =
n! · 2n

2ℓ(λ)zλ2ℓ(µ)zµ
=
|Bn|
zλ,µ

.

We will be particularly interested in the descent statistic on Bn related to its presentation

as a Coxeter group; see [BB05] for a detailed account. The descent statistic on Bn is defined

as

desBn(ω) = |{i ∈ {0} ∪ [n− 1] | ω(i) > ω(i+ 1)}|,

with the convention that ω(0) = 0. Note that the condition ω(i) > ω(i + 1) is with respect

to the usual ordering on [±n] ∪ {0}. The distribution of desBn is well-understood.

Theorem 2.2.16. [Bre94, Theorem 3.4] For any positive integer n,

∑
ω∈Bn

tdesBn (ω) = (1− t)n+1
∑
k≥0

(2k + 1)ntk.

Remark 2.2.17. The definition of desBn is not equivalent to the definition of desn,2 on Sn,2

under the usual isomorphism between these groups. Steingŕımmson originally defined desn,r

for arbitrary positive integers n and r, and he showed in [Ste94, Theorem 17] that

∑
(ω,τ)∈Sn,r

tdesn,r(ω,τ) = (1− t)n+1
∑
k≥0

(rk + 1)ntk.

Consequently, the distributions of desBn and desn,2 coincide on Bn
∼= Sn,2, and Theo-

rem 2.2.10 also applies to desBn . While the distributions for desBn and desn,2 coincide on

Bn
∼= Sn,2, they do not coincide on all conjugacy classes. For example, we can consider cycle

type (∅, (1n)) in Bn
∼= Sn,2. The single permutation with this cycle type satisfies

desBn([−1,−2, . . . ,−n]) = n ̸= 1 = desn,2([1
1, 21, . . . , n1]).
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Chapter 3

PLANAR TANGLEGRAMS

In this chapter, we analyze planar tanglegrams. We prove Theorem 1.1.1 in Section 3.1

and consider the problem of counting the number of planar layouts of a planar tanglegram.

We then establish some enumerative results in Section 3.2 and apply these in Section 3.3

to construct an algorithm for sampling planar tanglegrams. Many of the results up to

Theorem 3.2.1 appear in [Liu23]. The remaining results are from a collaboration with Alex

Black, Alex McDonough, Garrett Nelson, Michael Wigal, Mei Yin, and Youngho Yoo, and

these results appear in [BLM+23].

3.1 Planar tanglegram layouts

In this section, we will give our characterization of the planar layouts of a planar tanglegram.

This characterization leads to a connected graph on planar tanglegram layouts, and we will

describe how to determine its number of vertices, as well as characterize extremal cases. Our

results can be viewed as the analog of Proposition 2.1.8 for all planar tanglegrams.

3.1.1 A characterization of planar layouts

We start by characterizing the planar layouts of a planar tanglegram. Throughout this

subsection, we will consider a planar tanglegram T = (L,R, σ) and fix some labeling of the

vertices in L and R. In any layout, the number of crossings is completely determined by

the order of the leaves in the two trees and the bijection σ matching these leaves, as the

between-tree edges u1v1 and u2v2 intersect when u1 is embedded above u2 and v1 is embedded

below v2. This leads to the following definition based on the notation used in [LPR+07].

Definition 3.1.1. Let T = (L,R, σ) be a tanglegram with some arbitrary labeling of the
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vertices in L and R. The leaf order of a layout is a pair of ordered lists (X, Y ), where X

and Y respectively list the leaves of T and S in order of appearance from top to bottom in

the layout.

Note that one can recover a layout from the ordered lists (X, Y ) by drawing the leaves

listed in X and Y from top to bottom respectively on x = 0 and x = 1, and then using the

information from L, R, and σ to draw the trees and between-tree edges. Throughout this

section, we abuse terminology and refer to this pair of lists (X, Y ) also as a layout.

We now give our ModifiedUntangle algorithm, based on the Untangle algorithm by

Lozano et al. [LPR+07] for finding a planar layout of a planar tanglegram. This algorithm

starts with the roots of L and R and iteratively replaces vertices with their children until

only leaves remain. Lozano et al. called the ordered lists of vertices (X, Y ) from each step

partial layouts, and we retain this terminology. Our modifications from the original Untangle

algorithm involve the set L. We will explain the significance of this set later.

Input: ordered lists of vertices (A,B), u ∈ A, edges E on A ∪B, Boolean table P
Output: A,E after u has been replaced with its children

1 u1, u2 := children of u in T ∪ S
2 for j ∈ [m] such that (u, bj) ∈ E where B = (b1, . . . , bm) do
3 update E := E \ {(u, bj)} // delete edges involving u
4 for i ∈ {1, 2} do
5 if P [ui, bj] = True then
6 update E := E ∪ {(ui, bj)} // insert edges involving u1 or u2

7 end

8 end

9 end
10 k := max{j ∈ [m] : (u1, bj) ∈ E} // last vertex in B adjacent to u1

11 if j > k for all (u2, bj) ∈ E then
12 replace u with u1u2 in A
13 end
14 else
15 replace u with u2u1 in A
16 end
17 return A,E

Algorithm 3.1.1: Refine (based on [LPR+07, Algorithm 3])
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Input: planar tanglegram (L,R, σ) with some fixed labeling
Output: a planar layout (X, Y ) of (L,R, σ) and set L ⊆ T × S consisting of pairs

of leaves
1 P := Boolean table with P [u, v] = False ∀ vertices u ∈ L, v ∈ R
2 set P [u, v] = True ∀ leaves u ∈ L and v ∈ R, and then recursively set

P [u, v] = True for internal vertices u ∈ L, v ∈ R if there exists u′ ≤T u, v′ ≤S v
with P [u′, v′] = True

3 X := (root(L)), Y := (root(R)) as ordered lists
4 E := {(root(L), root(R))} as a set of edges
5 L := ∅
6 while X ∪ Y contains an internal vertex of L or R do
7 u := internal vertex of L ∪R with highest degree in the bipartite graph

G = (X,E, Y )
8 if u ∈ X then
9 if u has degree 1 in G then

10 update L := L ∪ (u, v), where v is the unique neighbor of u in G
11 end
12 update X,E := Refine(X, Y, u, E, P )

13 end
14 else if u ∈ Y then
15 if u has degree 1 in G then
16 update L := L ∪ (v, u), where v is the unique neighbor of u in G
17 end
18 update Y,E := Refine(Y,X, u, E, P )

19 end

20 end
21 return (X, Y ), L

Algorithm 3.1.2: ModifiedUntangle (based on [LPR+07, Algorithm 2])

Example 3.1.2. Consider the tanglegram with labeling shown below.

ℓ1

ℓ2

ℓ3

ℓ4

r1

r2

r3

r4

u2

u3

u1

v2
v1v3

Untangle starts with the roots of L and R. At each step, it draws edges according to the

Boolean table P . It then uses Refine on a vertex u of highest degree in (X,E, Y ), which
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replaces u with its children in some order. One way to visualize the chosen order is to

draw the two bipartite graphs resulting from the two possible orders for the children of u

and choose the one that does not have crossings. The following is a potential sequence of

bipartite graphs considered by the algorithm, and the corresponding partial layout (X, Y )

at each step is obtained by listing the vertices on each side from top to bottom. Note that

at some steps, both choices lead to no crossings, and in this example, the graphs given in

the top row are the ones chosen for future steps in the algorithm.

u1 v1 u1−→

u2

u3
v1

or

u3

u2
v1

v1−→

u2

u3

r4

v2

or

u2

u3

v2

r4

u2−→

ℓ2

u3

ℓ1
r4

v2

or

ℓ1

u3

ℓ2
r4

v2

v2−→

ℓ2

u3

ℓ1

r4

r1

v3

or

ℓ2

u3

ℓ1

r4

v3

r1

u3−→

ℓ2

ℓ1

ℓ3

ℓ4

r4

r1

v3

or

ℓ2

ℓ1

ℓ4

ℓ3

r4

r1

v3

After one more application of Refine on the top right partial layout, the algorithm outputs

the layout (ℓ2ℓ1ℓ3ℓ4, r4r1r2r3) visualized below.

ℓ2

ℓ1

ℓ3

ℓ4

r4

r1

r2

r3

Lozano et al. showed that their Untangle algorithm results in a planar layout when the

inputted tanglegram is planar. Since results from their proof will be relevant to our work,

we give these below for the convenience of the reader. Note that Lemma 3.1.4 is stated more

generally here than in [LPR+07].

Definition 3.1.3. A partial layout (X, Y ) for a tanglegram is called promising if it can be
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extended to a planar layout by successively replacing vertices with their children in some

order.

Lemma 3.1.4. [LPR+07, Lemma 3] Let (X, Y ) be a promising partial layout of a planar

tanglegram T = (L,R, σ), and let E be the set of edges on X∪Y generated using the Boolean

table P , that is, for all u ∈ X and v ∈ Y , (u, v) ∈ E if and only if P [u, v] = True. Let u be

a vertex of highest degree in the bipartite graph (X,E, Y ).

(a) If deg(u) = 1, then replacing u with u1u2 or u2u1 results in a promising partial layout.

(b) If deg(u) > 1, then either replacing u with u1u2 or replacing u with u2u1 results in a

promising partial layout, but not both.

In particular, if (X, Y ) is promising at the beginning of an iteration of the while loop in

Untangle, then it is promising at the end.

Proof. Without loss of generality, we will assume u ∈ L, as the result when u ∈ R is done

similarly. We let (X1, Y ) and (X2, Y ) be the partial layouts obtained by replacing u with

u1u2 or u2u1, respectively. Since (X, Y ) is promising, at least one of these partial layouts

must be promising, so assume that (X1, Y ) is promising.

First, suppose deg(u) = 1 in (X,E, Y ). Since u is a vertex of maximum degree, the

unique neighbor of u, denoted v, also has degree 1. Since u and v have degree 1, Lf(u) and

Lf(v) must be matched by ϕ. Extend (X1, Y ) to a planar layout (X ′, Y ′) of (T, S, ϕ), where

Lf(u1) appears before Lf(u2). If we replace the drawings of the subtrees rooted at u and v

with their mirror images, then we obtain a layout where Lf(u2) appears before Lf(u1), as

shown in Figure 3.1. Notice that this is a planar layout that can be obtained by replacing u

with u2u1 instead, implying (X2, Y ) is also promising. Then regardless of how we replace u

with u1 and u2, the result is promising.

Next, suppose that deg(u) > 1. As before, we suppose (X1, Y ) is promising. Let E ′ be

the edges on X1 ∪ Y constructed using the Boolean table P , and for i = 1, 2, we let N(ui)
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u v

u1

u2

ℓ1

...

ℓk

r1

...

rk

u v

u2

u1

ℓk

...

ℓ1

rk

...

r1

Figure 3.1: Starting with the layout (X ′, Y ′) on the left with {ℓi}ki=1 and {ri}ki=1 denoting
leaves, performing flips at u and v produces another planar layout.

denote the set of neighbors of ui in (X1, E
′, Y ). We claim that N(u1)∆N(u2) ̸= ∅, where ∆

denotes the symmetric difference of two sets. To see this, suppose that N(u1) = N(u2). If

|N(u1)| = |N(u2)| = 1, then this would imply deg(u) = 1 in (X,E, Y ), which by assumption

cannot be the case. Hence, |N(u1)| = |N(u2)| ≥ 2. Then there exists some pair of vertices

v1, v2 ∈ N(u1) = N(u2) that are each adjacent to both u1 and u2. However, this implies

a crossing occurs in both (X1, E
′, Y ) and (X2, E

′, Y ), as shown in Figure 3.2. Then by

construction of the Boolean table P , there exist some ℓ11, ℓ12 ∈ Lf(u1) and ℓ21, ℓ22 ∈ Lf(u2)

where each ℓij ∈ Lf(ui) is matched to some rij ∈ Lf(vj). Regardless of any refinements of

(X, Y ), the resulting layout will have either a crossing formed from ℓ12r12 and ℓ21r21, or a

crossing formed from ℓ11r11 and ℓ22r22. Since (X1, Y ) is assumed to be promising, it must be

that N(u1) ̸= N(u2).

With N(u1)∆N(u2) ̸= ∅ established, we let v ∈ N(u1)∆N(u2). First, we assume that

v = v1 ∈ N(u1)\N(u2). Since (X1, Y ) is promising, it must be that drawing (X1, E
′, Y ) with

u1

u2

v1

v2

u2

u1

v1

v2

Figure 3.2: Arrangements of the vertices u1, u2, v1 and v2 when N(u1) = N(u2) and deg(u) ≥
2.
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vertices in the orders indicated by X1 and Y produces no crossings. Then v1 must appear

before any v2 ∈ N(u2) in the list Y . Furthermore, for any v2 ∈ N(u2), if we interchange u1

and u2, then the edges u1v1 and u2v2 will intersect. Regardless of our future refinements,

there will exist some leaves ℓ1 ∈ Lf(u1), ℓ2 ∈ Lf(u2), r1 ∈ Lf(v1), and r2 ∈ Lf(v2) such that

ℓ1r1 and ℓ2r2 intersect, which implies (X2, Y ) cannot be promising. A similar argument

applies when v = v2 ∈ N(u2) \N(u1).

Finally, consider the while loop in Untangle. The algorithm uses Refine on a vertex

u of highest degree in (X,E, Y ), which replaces u with u1 and u2. If deg(u) = 1, then (a)

shows that (X, Y ) is promising regardless of the choice at u. If deg(u) > 1, Refine replaces

(X, Y ) with (X1, Y ) or (X2, Y ) based on whichever bipartite graph (X1, E
′, Y ) or (X2, E

′, Y )

does not have crossings, and our proof of (b) shows that this results in a promising partial

layout.

Theorem 3.1.5. [LPR+07, Theorem 1] For any planar tanglegram T = (L,R, σ), the

Untangle algorithm terminates in a planar layout (X, Y ).

Proof. If T = (L,R, σ) is planar, then (X, Y ) = (root(L), root(R)) in line 3 is promising. By

Lemma 3.1.4, (X, Y ) is promising after each iteration of thewhile loop. This loop terminates

when (X, Y ) contains only leaves of L and R, which must then be a planar layout.

Remark 3.1.6. In the proofs of Lemma 3.1.4 and Theorem 3.1.5, the arguments hold re-

gardless of which vertex of highest degree u is selected. In fact, we do not even need to select

the vertex of highest degree at every step in Untangle. We specified a vertex of highest

degree for simplicity. As long as Untangle does not use Refine on a vertex in (X,E, Y )

with degree one while its neighbor has degree more than one, the algorithm will still output

a planar layout for a planar tanglegram.

Remark 3.1.7. Lozano et al. also showed that for a planar tanglegram of size n, their

Untangle algorithm runs in O(n2) time and space, and the bottleneck occurs from computing

the Boolean table P . The additional steps in ModifiedUntangle involve the set L, which
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has size at most n − 1. Hence, for a planar tanglegram of size n, ModifiedUntangle also

runs in O(n2) time and space.

We now consider the additional steps involving the set L in the ModifiedUntangle

algorithm. While the Untangle algorithm produces a single planar layout for any given

planar tanglegram, one might ask how to generate all possible planar layouts. As observed

in the proof of Lemma 3.1.4 and implicitly in Proposition 2.1.8, if (X, Y ) is a planar layout

of (L,R, σ), then one method to generate additional planar layouts is using mirror images

at u ∈ T and v ∈ S where Lf(u) and Lf(v) are matched by ϕ. We give a name for these

pairs of vertices and the operation involving mirror images at both vertices, followed by an

example in Figure 3.3.

Definition 3.1.8. Let T = (L,R, σ) be a tanglegram. A pair of internal vertices (u, v) with

u ∈ L and v ∈ R is a leaf-matched pair of T if Lf(u) and Lf(v) are matched by ϕ. Given

a fixed planar layout, a paired flip at (u, v) in (X, Y ) is a reflection at each of the subtrees

rooted at u and v.

Note that in the leaf order of a layout (X, Y ), this operation reverses the orders of Lf(u)

and Lf(v) in X and Y , respectively. Additionally, the roots of L and R always form a leaf-

matched pair, and when a leaf-matched pair does not consist of the roots, then they are the

roots of a proper subtanglegram of T . We now show that the set L from ModifiedUntangle

is precisely the set of leaf-matched pairs.

u v u v

Figure 3.3: A paired flip at (u, v) maps each layout to the other one.
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Lemma 3.1.9. Let T = (L,R, σ) be a planar tanglegram. A pair of internal vertices (u, v)

is a leaf-matched pair of T if and only if at some step of the ModifiedUntangle algorithm,

the internal vertices u ∈ L and v ∈ R appear as adjacent degree one vertices in (X,E, Y ).

Hence, the set L returned by ModifiedUntangle is the set of leaf-matched pairs of T .

Proof. Suppose the internal vertices u ∈ L and v ∈ R appear as adjacent degree one vertices

in (X,E, Y ) during some step of the ModifiedUntangle algorithm. Since both vertices have

degree one, the construction of the edges in (X,E, Y ) using the Boolean table P in line 4 of

Refine implies that Lf(u) and Lf(v) are matched under σ, and thus (u, v) is a leaf-matched

pair.

Conversely, suppose (u, v) is a leaf-matched pair. If u and v are the root vertices of

T and S, then these appear as degree one vertices at the first step of ModifiedUntangle.

Otherwise, at some step of the algorithm, either u or v will appear for the first time in a

partial layout (X, Y ), and without loss of generality, we assume it is u ∈ X. Since v has not

appeared in a partial layout yet, there is some vertex v′ ∈ Y that is an ancestor of v. Then

Lf(u) is matched with a proper subset of Lf(v′) in the tanglegram (L,R, σ), so deg(v′) > 1

in (X,E, Y ). From line 7 of ModifiedUntangle, observe that v′ will be replaced with its

children before u is. Repeating this argument, v must appear before Refine is used on u,

and at this time, u and v will be adjacent degree one vertices.

We know that given a planar layout (X, Y ) of (T, S, ϕ), paired flips will generate additional

planar layouts, but we do not yet know that they generate all possible planar layouts. It may

be possible that operations not equivalent to a sequence of paired flips also result in a planar

layout. We will show that this is not the case. Our proof for this uses Lemma 3.1.4, which

holds for arbitrary promising partial layouts, not just ones considered in ModifiedUntangle.

First, notice that for a tanglegram T = (L,R, σ) of size n, ModifiedUntangle starts

with a promising partial layout (X1, Y1) = (root(L), root(R)). At each step, it replaces an

internal vertex of L or R using Refine. Since a tree on n leaves has n− 1 internal vertices,

the algorithm uses Refine a total of 2n−2 times. Thus, it produces a sequence of promising
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partial layouts {(Xk, Yk)}2n−1
k=1 that terminates at (X, Y ) = (X2n−1, Y2n−1). We give a name

for such a sequence.

Definition 3.1.10. Let (X, Y ) be a planar layout of a tanglegram T = (L,R, σ). We call

{(Xk, Yk)}2n−1
k=1 a partial sequence for (X, Y ) if

• for k = 1, 2, . . . , 2n− 1, (Xk, Yk) is a partial layout,

• (X1, Y1) = (root(L), root(R)),

• (X2n−1, Y2n−1) = (X, Y ), and

• for k = 1, 2, . . . , 2n − 2, the partial layout (Xk+1, Yk+1) is obtained from (Xk, Yk) by

refining some vertex u ∈ Xk∪Yk, that is, replacing u with its children in an appropriate

order.

A partial sequence is promising if all (Xk, Yk) are promising partial layouts, or equivalently,

if (X, Y ) = (X2n−1, Y2n−1) is a planar layout.

If {(Xk, Yk)}2n−1
k=1 is a promising partial sequence for (X, Y ), then for any other planar lay-

out (X ′, Y ′) of T , we can use this sequence to find a promising partial sequence {(X ′
k, Y

′
k)}2n−1

k=1

for (X ′, Y ′). We do this by constructing each (X ′
k, Y

′
k) as follows.

• Draw the trees L and R with leaves from top to bottom in the order described by

(X ′, Y ′).

• For each u ∈ Xk, contract the subtree of L rooted at u to the vertex u itself. Do the

same for each v ∈ Yk, and call the resulting trees Lk and Rk.

• Let X ′
k be the leaves of Lk listed from top to bottom, and similarly for Y ′

k and Rk.

An example of these steps is shown in Figure 3.4. Note that by construction, (Xk, Yk) and

(X ′
k, Y

′
k) contain the same vertices, but possibly in different orders. We now show that
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u1

u2

u3

u4u5

u7

u6
v1

v3

v5
v6

v2

v7

v4

t1
t2
t3
t4
t5
t6
t7
t8

s1
s2
s3
s4
s5
s6
s7
s8

u1

u2

u3

v1

v3

v5

v2

v4

Figure 3.4: Starting with drawings of L and R corresponding to (X ′, Y ′), we use (Xk, Yk) =
(u2u3, v2v4v5) to form the contracted trees Lk and Rk shown on the right. Listing leaves from
top to bottom gives us the partial layout (X ′

k, Y
′
k) = (u3u2, v5v4v2).

{(X ′
k, Y

′
k)}2n−1

k=1 constructed in this manner is a promising partial sequence for (X ′, Y ′) and

then use this to establish our characterization of planar tanglegram layouts.

Lemma 3.1.11. The sequence {(X ′
k, Y

′
k)}2n−1

k=1 is a promising partial sequence for (X ′, Y ′).

Proof. By construction, each (X ′
k, Y

′
k) is a partial layout, (X ′

1, Y
′
1) = (root(L), root(R)), and

(X ′
2n−1, Y

′
2n−1) = (X ′, Y ′). It remains to show that refining a vertex u ∈ X ′

k ∪ Y ′
k produces

(X ′
k+1, Y

′
k+1). Denote the vertex refined in (Xk, Yk) to obtain (Xk+1, Yk+1) as uk, and without

loss of generality, we assume uk ∈ Xk. This implies that (X ′
k, Y

′
k) and (X ′

k+1, Y
′
k+1) have

almost the same vertices, except (X ′
k, Y

′
k) contains uk, while (X ′

k+1, Y
′
k+1) contains its two

children uk,1 and uk,2. By our construction using contractions, the tree Lk can be obtained

from Lk+1 by contracting the two children of uk onto the vertex itself. Thus, we can obtain

(X ′
k, Y

′
k) from (X ′

k+1, Y
′
k+1) by replacing the adjacent children of uk with uk itself. Then we can

also obtain (X ′
k+1, Y

′
k+1) from (X ′

k, Y
′
k) by refining uk. Thus, all conditions in Definition 3.1.10

are satisfied, so {(X ′
k, Y

′
k)}2n−1

k=1 is a promising partial sequence for (X ′, Y ′).

Theorem 3.1.12 (Theorem 1.1.1 revisited). Let T be a planar tanglegram, and let P(T ) be

its set of planar layouts. Each planar layout in P(T ) can be obtained by starting with any

planar layout in P(T ) and performing some sequence of paired flips at leaf-matched pairs

of vertices.
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Proof. Let the outputs of ModifiedUntangle(T ) be (X, Y ) and L. By Theorem 3.1.5, we

have that (X, Y ) ∈ P(T ), and by Lemma 3.1.9, we have that L is the set of leaf-matched

pairs of T . It is clear that if (u, v) ∈ L, then starting with (X, Y ) and performing a paired

flip at (u, v) produces another layout in P(T ), so the same is true if we perform any sequence

of paired flips starting with (X, Y ). We show that all planar layouts can be obtained this

way.

Let (X ′, Y ′) ∈P(T ) be distinct from (X, Y ). Let {(Xk, Yk)}2n−1
k=1 be the promising partial

sequence for (X, Y ) produced in ModifiedUntangle, with corresponding bipartite graphs

{(Xk, Ek, Yk)}2n−1
k=1 . By Lemma 3.1.11, we can use this sequence for (X, Y ) to construct

a corresponding promising partial sequence {(X ′
k, Y

′
k)}2n−1

k=1 for (X ′, Y ′) where (Xk, Yk) and

(X ′
k, Y

′
k) contain the same vertices, though possibly in different orders. Thus, if we use the

Boolean table P to construct edges E ′
k on the vertices in X ′

k ∪ Y ′
k , then E ′

k = Ek. Since

(X ′, Y ′) ̸= (X, Y ), there must be some minimal m such that (Xm+1, Ym+1) ̸= (X ′
m+1, Y

′
m+1).

Without loss of generality, we assume the refined vertex at this step was u ∈ Xm and that

Refine replaced u with u1u2 to obtain (Xm+1, Ym+1), while (X
′
m+1, Y

′
m+1) requires replacing

u with u2u1.

Consider the degree of u in the bipartite graph (Xm, Em, Ym) = (X ′
m, Em, Y

′
m). If deg(u) ≥

2, then Lemma 3.1.4 implies that (X ′
m+1, Y

′
m+1) is not promising, which is not the case

since {(X ′
k, Y

′
k)}2n−1

k=1 is a promising partial sequence for (X ′, Y ′). Thus, it must be that

deg(u) = 1. Since ModifiedUntangle always refines a vertex of highest degree, this implies

that all vertices in (Xm, Em, Ym) = (X ′
m, Em, Y

′
m) must have degree 1. Then let v ∈ Ym be the

unique neighbor of u in (Xm, Em, Ym). Once u is replaced with its children, notice that v will

be the unique vertex in (Xm+1, Em+1, Ym+1) with deg(v) ≥ 2. Thus, after ModifiedUntangle

replaces u with u1u2 to obtain (Xm+1, Ym+1), it will replace v with its children in some order

to obtain (Xm+2, Ym+2).

Lemma 3.1.9 implies that (u, v) ∈ L, so we let (X̃, Ỹ ) ∈ P(T, S, ϕ) be (X, Y ) after

a paired flip at (u, v). Using {(Xk, Yk)}2n−1
k=1 , we again use Lemma 3.1.11 to construct a

promising partial sequence {(X̃k, Ỹk)}2n−1
k=1 for (X̃, Ỹ ). By construction, (X̃k, Ỹk) = (Xk, Yk)
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for all k ≤ m, and because of the paired flip at (u, v), we have (X̃k, Ỹk) = (X ′
k, Y

′
k) for all

k ≤ m+1. Furthermore, the preceding paragraph implies that (X̃m+2, Ỹm+2) is obtained from

(X̃m+1, Ỹm+1) by refining the vertex v. Since deg(v) = 2 in (X̃m+1, Em+1, Ỹm+1), Lemma 3.1.4

implies that a unique choice for the children of v results in a promising partial layout, and

thus it must be that (X̃m+2, Ỹm+2) = (X ′
m+2, Y

′
m+2).

If (X̃, Ỹ ) ̸= (X ′, Y ′), then we can repeat the above argument. Eventually, this process

terminates in a planar layout (X̃, Ỹ ) obtained from a sequence of paired flips starting at

(X, Y ), where (X̃k, Ỹk) = (X ′
k, Y

′
k) for all k. Hence, we conclude (X ′, Y ′) = (X̃, Ỹ ), and any

(X ′, Y ′) ∈P(T ) can be obtained using a sequence of paired flips starting with (X, Y ).

We now define a graph on the planar layouts of a planar tanglegram. Theorem 3.1.12

can be restated in terms of connectedness for this graph.

Definition 3.1.13. Let T be a planar tanglegram. Define the flip graph of T as G(T ) =

(V,E) with vertices in V corresponding to planar layouts, and edges in E between vertices

whenever the corresponding planar layouts that can be obtained from one another using

paired flips at leaf-matched pairs of vertices.

Corollary 3.1.14. The flip graph of a planar tanglegram is connected.

3.1.2 The flip graph of a planar tanglegram

Since we consider planar layouts of a tanglegram T up to drawings of plane trees, the

structure of G(T ) is not immediately clear. In the example shown in Figure 1.2, deleting

certain edges results in a hypercube graph. We will show that this is always the case, and

using this, we can determine the number of vertices in G(T ).

We start by defining degenerate and non-degenerate leaf-matched pairs. See Figure 3.5

for examples.

Definition 3.1.15. Let (u, v) be a leaf-matched pair of a planar tanglegram T = (L,R, σ).

We call (u, v) a degenerate leaf-matched pair if T |(u,v), the subtanglegram formed by the
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subtrees rooted at u and v, can be constructed by starting with the unique tanglegram

of size 2 and replacing each pair of matched leaves with a copy of the same tanglegram

T ′. Otherwise, (u, v) is a non-degenerate leaf-matched pair. We call a paired flip at (u, v)

degenerate (resp. non-degenerate) if (u, v) is degenerate (resp. non-degenerate).

Definition 3.1.16. Let T be a planar tanglegram. The reduced flip graph of T , denoted

G′(T ), is the subgraph of G(T ) formed by including only the edges corresponding to non-

degenerate paired flips.

Corollary 3.1.14 implies that paired flips allow us to generate all planar layouts of a planar

tanglegram. We now show that this still holds when restricting to non-degenerate paired

flips, so G′(T ) is also connected.

Lemma 3.1.17. Let T be a planar tanglegram. Every planar layout of T can be obtained

from any other planar layout of T using a combination of non-degenerate paired flips.

Proof. It suffices to show each degenerate paired flip can be replaced by a sequence of non-

degenerate paired flips, which we do using induction on the number m of degenerate leaf-

matched pairs. The case of m = 0 is trivial. Now assume the result holds when there are

less than m degenerate pairs, and consider a tanglegram T with m degenerate leaf-matched

pairs.

Figure 3.5: Vertices that form degenerate leaf-matched pairs are shown in red, while vertices
that form non-degenerate leaf-matched pairs are shown in blue.
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D2

D1

D

u v

F1

F2

F

u v

Figure 3.6: An illustration of the argument in Lemma 3.1.17.

We consider two planar layouts D and F for T such that F can be obtained from D by a

paired flip at some degenerate leaf-matched pair (u, v). Let (u1, v1) and (u2, v2) be the leaf-

matched pairs formed by the children of u and v with corresponding proper subtanglegrams

T1 ∼= T2. The layouts D and F restrict to planar layouts on these tanglegrams, which we can

denote Di and Fi for i ∈ {1, 2}, as in Figure 3.6.

Since T1 ∼= T2, Di and Fi for i ∈ {1, 2} are all layouts for the same tanglegram. There

are fewer than m degenerate leaf-matched pairs in T1 ∼= T2, so the inductive hypothesis on

these subtanglegrams implies all of the Di’s and Fi’s can be obtained from one another using

non-degenerate paired flips, allowing us to obtain F from D using non-degenerate paired

flips. By induction on m, the result follows.

We now show the uniqueness of the non-degenerate paired flips chosen. We will need the

following definition.

Definition 3.1.18. The irreducible component of a tanglegram T , denoted Irr(T ), is the

irreducible tanglegram formed by contracting each non-root leaf-matched pair of T to a

single pair of matched leaves. When T ′ = Irr(T ), we say T ′ extends to T .

Lemma 3.1.19. The combination of paired flips in Lemma 3.1.17 is unique.

Proof. The result is clear for the unique size 1 and unique size 2 tanglegrams, which have

only one layout. For tanglegrams of size 3 or more, we use induction on the total number
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of leaf-matched pairs ℓ. The base case of ℓ = 1 leaf-matched pair corresponds to irreducible

tanglegrams, and the result, in this case, follows from Proposition 2.1.8.

Now assume the result holds when there are less than ℓ leaf-matched pairs in a planar

tanglegram, and suppose T = (L,R, σ) has ℓ leaf-matched pairs. LetN denote the set of non-

degenerate leaf-matched pairs of T , and suppose that starting with a layoutD and performing

flips at S1, S2 ⊆ N produces the same layout D′. In particular, these layouts D and D′

restrict to the same layout of Irr(T ). If Irr(T ) has size at least 3, then Proposition 2.1.8

implies S1 and S2 either both contain or don’t contain a paired flip at the roots of L and R.

Applying the inductive hypothesis on each of the maximal proper subtanglegrams of T then

implies the remaining elements of S1 and S2 must coincide.

Alternatively, if Irr(T ) has size 2, then we have two cases involving the two maximal

proper subtanglegrams T1 and T2. If T1 ̸∼= T2, then S1 and S2 either both contain or don’t

contain a paired flip at the roots of L and R. We then again apply the induction hypothesis

on T1 and T2 to conclude the remaining elements of S1 and S2 are the same. Otherwise,

T1 ∼= T2, so the roots of L and R form a degenerate leaf-matched pair, and hence are not in

N nor in its subsets S1 and S2. Again, we apply the induction hypothesis to T1 and T2 to

conclude S1 = S2. The result now follows by induction.

We now establish a graph isomorphism between G′(T ) and the hypercube graph of the

appropriate size. Recall that the hypercube graphs are described in Example 2.1.1.

Theorem 3.1.20. Let T be a planar tanglegram with ℓ′ non-degenerate leaf-matched pairs.

Then G′(T ) is isomorphic to the ℓ′-hypercube graph.

Proof. We produce a graph isomorphism between G′(T ) and the ℓ′-hypercube Q = Qℓ′ ,

where ℓ′ is the number of non-degenerate leaf-matched pairs in T . We denote the vertices

in Q as ℓ′-tuples with elements in {0, 1}, where edges occur between vertices that differ in

exactly one coordinate. Arbitrarily order the non-degenerate leaf-matched pairs of T as

N = {(ui, vi)}ℓ
′
i=1. By the preceding lemma, after fixing an arbitrary initial layout D, each
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S ⊆ N corresponds to a unique planar layout DS of T . Hence, we obtain a bijection

DS ←→
(
1{(u1,v1)∈S}, . . . , 1{(uℓ′ ,vℓ′ )∈S}

)
,

where 1{(ui,vi)∈S} is the indicator function for the pair (ui, vi) being in S. This defines a

bijection between the vertices of G′(T ) and Q. Two layouts DS1 , DS2 are adjacent in G′(T )

if and only if the corresponding sets S1, S2 differ by a single element, and hence if and only if

the corresponding vertices in Q differ in a single coordinate. Consequently, this map between

the vertices of G′(T ) and Q preserves all edges, implying that it is a graph isomorphism.

Corollary 3.1.21. Let T be a planar tanglegram with ℓ′ non-degenerate leaf-matched pairs.

Then T has exactly 2ℓ
′
planar layouts which can all be obtained from one another using paired

flips at non-degenerate leaf-matched pairs.

Remark 3.1.22. For a planar tanglegram of size n, a planar layout and the set of leaf-

matched pairs can be identified in O(n2) time using ModifiedUntangle, and there are at

most n− 1 leaf-matched pairs. To identify which pairs are non-degenerate, we can consider

the subtanglegram T |(u,v) for each leaf-matched pair (u, v), check if its irreducible component

has size 2, and test isomorphism of the two maximal proper subtanglegrams when this is the

case.

Since an isomorphism between tanglegrams T = (L,R, σ) and T ′ = (L′, R′, σ′) can be

viewed as an isomorphism of graphs that maps the root of L to the root of L′ and the

root of R to the root of R′, we can adapt isomorphism testing for planar graphs to planar

tanglegrams. For example, one can test the isomorphism of the planar graphs obtained by

attaching a single leaf to root(L) and root(L′). Note that isomorphism testing of planar

graphs can be done asymptotically in linear time with respect to the number of vertices

[HW74], though faster algorithms exist for graphs that are not very large [KHC04].

Combined, we conclude that identifying the non-degenerate leaf-matched pairs of a tan-

glegram can be completed in O(n2) time. Consequently, one can efficiently compute the

number of planar layouts of a planar tanglegram T .
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We conclude this section by analyzing the extremal cases in Corollary 3.1.21 for the

number of planar layouts of a planar tanglegram. We start by defining several families of

tanglegrams that will appear. Examples are shown in Figure 3.7.

Definition 3.1.23. For h ≥ 0, let Bh denote the complete binary tree of height h, which

is the tree with 2h leaves and the maximal number of leaves at each level. Define Bh to be

the tanglegram formed from two copies of Bh with matching induced by an automorphism

of Bh.

Definition 3.1.24. For n ≥ 1, let Cn denote the caterpillar with n leaves, that is, the tree

with n leaves whose internal vertices form a path on n − 1 vertices. Define Cn to be the

tanglegram formed from two copies of Cn with matching induced by an automorphism of

Cn.

Definition 3.1.25. Define C ′3 to be the planar tanglegram on 3 leaves that is not C3. For

n ≥ 4, define C ′n to be the tanglegram formed by starting with Cn−2 and replacing a pair of

matched leaves of maximal distance from the roots with C ′3.

We now consider the minimum possible number of planar layouts. Proposition 2.1.8 and

Theorem 2.1.10 show that for n ≥ 3, there exist tanglegrams with exactly 2 planar layouts.

The Bh tanglegrams defined above are precisely the ones that achieve 1 planar layout.

Lemma 3.1.26. Let T be a planar tanglegram. Then |G(T )| = 1 if and only if T = Bh for

some h.

Figure 3.7: The tanglegrams C3, C ′3, B2, C5, and C ′5.
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Proof. Corollary 3.1.21 implies that Bh has 1 planar layout, as all leaf-matched pairs are

degenerate. We use induction on size to show this is the only possibility. Observe that if T

has size 1 or 2, then the result is clear since B0 and B1 are the unique tanglegrams of their

respective sizes.

Now assume the result holds for all tanglegrams of size k < n, and assume T = (L,R, σ)

has size n and exactly one planar layout. Then the roots of L and R must form a degenerate

leaf-matched pair, implying T is constructed by starting with B1 and replacing the matched

leaves with some tanglegram T ′. Since T has a unique layout, the same holds for the

subtanglegram T ′. Using the induction hypothesis, we conclude T ′ ∼= Bh for some h. Then

T ∼= Bh+1, and the result follows by induction.

We now consider tanglegrams with many planar layouts. The following result establishes

an upper bound for the number of planar layouts and gives some necessary conditions for

achieving this bound.

Lemma 3.1.27. Let T = (L,R, σ) be a planar tanglegram of size n ≥ 2. Then |G(T )| ≤

2n−2. When n ≥ 4, each of the following conditions implies that |G(T )| ≤ 2n−3:

(a) Irr(T ) has size at least 3, or

(b) Irr(T ) = B1 has size 2 and T is formed by replacing the matched leaves in B1 with two

tanglegrams of size larger than 1.

Proof. Observe that the bound |G(T )| ≤ 2n−1 follows from Corollary 3.1.21 and the fact

that L and R each have n − 1 internal vertices. To improve this upper bound, consider

a tanglegram T = (L,R, σ) of size n ≥ 2 with n − 1 leaf-matched pairs. Notice that L

must have an internal vertex u that has only two children, and this vertex forms a leaf-

matched pair (u, v), which must be degenerate. Hence, a planar tanglegram has at most

n− 2 non-degenerate leaf-matched pairs, so the improved upper bound of 2n−2 follows.

We now consider the cases above for the 2n−3 bound. As before, we rule out vertices that

cannot form non-degenerate leaf-matched pairs. For (a), first note that if Irr(T ) has size at
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least 4, then at least two of the n − 1 internal vertices in L and R cannot be leaf-matched

pairs, so |G(T )| ≤ 2n−3 follows. If Irr(T ) has size 3, then at least one internal vertex in each

of the component trees of Irr(T ) cannot form a leaf-matched pair. Since T has size at least

4, one of its proper subtanglegrams of size k ≥ 2 has at most k − 2 non-degenerate pairs,

and hence T has at most n − 3 non-degenerate pairs, again implying |G(T )| ≤ 2n−3. For

(b), the two maximal subtanglegrams of size k ≥ 2 and n− k ≥ 2 respectively have at most

k− 2 and n− k− 2 non-degenerate pairs, so T has at most 1+ (k− 2)+ (n− k− 2) = n− 3

non-degenerate pairs, and we again conclude |G(T )| ≤ 2n−3.

We conclude with our characterization for the extremal cases of |G(T )|.

Theorem 3.1.28. Let T be a planar tanglegram of size n ≥ 2. Then 1 ≤ |G(T )| ≤ 2n−2.

Furthermore,

(a) |G(T )| = 1 if and only if T = Blog2(n) with log2(n) ∈ Z+ ∪ {0}, and

(b) |G(T )| = 2n−2 if and only if T = Cn or T = C ′n.

Proof. The lower bound of 1 follows from the definition of a planar tanglegram and the

upper bound of 2n−2 follows by Lemma 3.1.27. Equality in the lower bound follows from

Lemma 3.1.26. For equality in the upper bound, Corollary 3.1.21 shows that Cn and C ′n
achieve this bound. To show that they are the only tanglegrams, we first note that the

results for tanglegrams of size 2 or 3 are clear, as the only tanglegrams of these sizes are

B1 = C2, C3, and C ′3. For tanglegrams of larger size, we use induction with base case n = 3.

Assume the result holds for tanglegrams of size k < n, and suppose T is a tanglegram of

size n ≥ 4 with 2n−2 distinct planar layouts. Then Lemma 3.1.27 implies that T is formed

by starting with B1 and replacing a single pair of matched leaves with some tanglegram T ′

of size n− 1. A planar layout of T is determined by whether T ′ is drawn on top or bottom,

and then a layout of T ′ itself. Hence, T ′ must have 2n−3 layouts, and by the induction

hypothesis, is either Cn−1 or C ′n−1. Then T must be Cn or C ′n, and the result follows.
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3.2 Enumerative results

In this section, we give two enumerative results involving planar tanglegrams, both of which

will generalize the relation between H(x) and T (x) given in Theorem 2.1.10. Let P denote

the set of planar tanglegrams. Our first result will involve the following generating function

that generalizes T (x) by also considering the number of leaf-matched pairs:

F (x, q) =
∑
T ∈P

x|T |q|{leaf-matched pairs of T }|. (3.2.1)

Theorem 3.2.1. The generating function F (x, q) satisfies the relation

F (x, q) = x+ q ·H(F (x, q)) +
q · F (x2, q2)

2
. (3.2.2)

Proof. Equation (3.2.2) is equivalent to

F (x, q) = x+ q ·
(
H(F (x, q))− F (x, q)2

2

)
+ q · F (x, q)2 + F (x2, q2)

2
, (3.2.3)

so we establish this relation instead. The term x accounts for the unique tanglegram of

size 1, which has no leaf-matched pairs. For the remaining tanglegrams, we can form each

tanglegram T by starting with its irreducible component Irr(T ) and replacing matched

leaves with planar tanglegrams (possibly of size 1). The remaining summands correspond to

tanglegrams where Irr(T ) has size larger than two or equal to two.

To interpret the first summand, observe that q · [H(x) − x2/2] counts irreducible pla-

nar tanglegrams of size n ≥ 3 by size and number of leaf-matched pairs. Each term qxk

corresponds to an irreducible planar tanglegram T of size k. Proposition 2.1.8 implies that

irreducible tanglegrams of size at least 3 have no symmetry. Consequently, fixing a layout

of T and replacing matched leaves from top to bottom with planar tanglegrams (Ti)ki=1 pro-

duces a distinct tanglegram for each selection of (Ti)ki=1. Replacing the k matched leaves

of T with k planar tanglegrams corresponds to replacing x in qxk with F (x, q). Hence,
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q · [H(F (x, q)) − F (x, q)2/2] enumerates tanglegrams with irreducible component of size

n ≥ 3.

For the second summand, observe that tanglegrams with irreducible components of size

2 are formed by starting with the unique planar tanglegram of size two corresponding to

the term qx2 and replacing the two pairs of leaves with two planar tanglegrams T1 and T2,

where the order is not relevant. The generating function q · F (x, q)2 would count ordered

pairs of planar tanglegrams. This correctly counts the case when T1 ∼= T2 but double-counts

the remaining cases. To remedy this over-counting, we can add q · F (x2, q2), which counts

the pairs where T1 ∼= T2, and then divide the result by two to account for the order not

being relevant. Hence, q · F (x,q)2+F (x2,q2)
2

enumerates tanglegrams with irreducible component

of size two. Combined, we obtain (3.2.3).

Note that substituting q = 1 results in the original relation given in Theorem 2.1.10.

Using Theorem 3.2.1 and the coefficients of H(x) from [OEI24, A257887], one can generate

the coefficients of F (x, q). We collect some of these coefficients in Table 3.1. See [OEI24,

A349409] for more terms.

We can similarly generalize T (x) by also considering size of irreducible component. Let

n, k 1 2 3 4 5 6 7 8 total
2 1 1
3 1 1 2
4 5 4 2 11
5 34 28 11 3 76
6 273 239 102 29 6 649
7 2436 2283 1045 325 73 11 6173
8 23391 23475 11539 3852 968 181 23 63429
9 237090 254309 133690 47640 12923 2756 444 46 688898

Table 3.1: The number of tanglegrams of size n with k leaf-matched pairs.
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P and I respectively denote the set of planar and irreducible planar tanglegrams, and define

T (x, y) =
∑
T ∈P

x|T |y| Irr(T )|,

H(x, y) = H(xy) =
1

2
x2y2 +

∑
T ∈I: |T |>2

x|T |y|T |.
(3.2.4)

The following result also generalizes Theorem 2.1.10, and substituting y = 1 similarly recov-

ers the original result.

Theorem 3.2.2. The following holds:

T (x, y) = H(T (x), y) +
T (x2)y2

2
+ xy. (3.2.5)

Proof. As in Theorem 3.2.1, we first rewrite the right-hand side of Equation (3.2.5) as

(
H(T (x), y)− T (x)2y2

2

)
+

(
T (x)2y2 + T (x2)y2

2

)
+ xy. (3.2.6)

The third summand xy accounts for the unique tanglegram where both trees consist of a

single vertex. For the remaining summands, we consider those with an irreducible component

of size two and greater than two separately.

To interpret the first summand, observe thatH(x, y)− x2y2

2
counts irreducible tanglegrams

of size at least 3, where each term xkyk corresponds to an irreducible planar tanglegram of

size k. As in Theorem 3.2.1, for each irreducible tanglegram T of size k > 2, we can

fix a layout of T and replace matched leaves from top-to-bottom with planar tanglegrams

(Ti)ki=1, which produces a distinct tanglegram for each selection of (Ti)ki=1. Replacing pairs

of matched leaves with planar tanglegrams corresponds to replacing x with T (x). Hence,

H(T (x), y)− T (x)2y2

2
is the generating function for planar tanglegrams with | Irr(T )| ≥ 3.

To interpret the second summand, tanglegrams with | Irr(T )| = 2, we must start with

the unique layout for the unique tanglegram of size two and replace matched leaves with

T1 and T2. While T (x)2y2 would correctly count the cases when T1 = T2, it double-counts
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the other cases. As in Theorem 3.2.1, we add T (x2)y2 so that all cases are double-counted,

and dividing by 2 then results in the second summand enumerating planar tanglegrams with

irreducible components of size 2.

Note that once we can efficiently compute the coefficients of T (x) and H(x), we can

efficiently perform the composition to generate the coefficients of T (x, y). Using known

values of T (x) and H(x) from [OEI24, A257887 and A349408], we give some coefficients of

T (x, y) in Table 3.2. Additional terms can be found at [OEI24, A371659].

We respectively use the notation tn and tn,k for the coefficient of xn in T (x) and xnyk

in T (x, y). We also use the notation hn for tn,n, which is the number of irreducible planar

tanglegrams of size n. Recall that a composition of n is a decomposition of n into an ordered

sum of positive integers, and we use the notation (ai)
k
i=1 |= n to denote this. The preceding

theorem and proof imply the following corollary involving the coefficients tn,k.

Corollary 3.2.3. Let 2 ≤ k ≤ n. The number of ways to extend a size k irreducible planar

tanglegram into a size n planar tanglegram, denoted cn,k, is independent of the irreducible

planar tanglegram. Moreover,

(a) if n is even, then tn,2 =
1
2

(∑n−1
i=1 titn−i + tn/2

)
,

(b) if n is odd, then tn,2 =
1
2

∑n−1
i=1 titn−i, and

n, k 2 3 4 5 6 7 8 9 total
2 1 1
3 1 1 2
4 3 3 5 11
5 13 9 20 34 76
6 90 46 70 170 273 649
7 747 312 360 680 1638 2436 6173
8 7040 2580 2435 3570 7371 17052 23391 63429
9 71736 24056 19800 23970 39858 85260 187128 237090 688898

Table 3.2: The number of tanglegrams of size n with irreducible component size k.
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(c) if k ̸= 2, then tn,k = hk ·
∑

(ai)ki=1|=n ta1ta2 . . . tak .

Additionally, note that cn,k = tn,k/hk.

3.3 Sampling planar tanglegrams

In this section, we give an algorithm for sampling planar tanglegrams. We start by applying

the cn,k constants from the previous section to reduce the problem of generating planar

tanglegrams to generating irreducible planar tanglegrams or their layouts. Note that in

the following theorem, we assume an algorithm for uniformly sampling irreducible planar

tanglegram layouts.

Theorem 3.3.1. The following procedure generates a planar tanglegram of size n ≥ 3 uni-

formly at random.

1. Choose an integer 2 ≤ k ≤ n with probability
hkcn,k

tn
and generate a layout D for an

irreducible planar tanglegram of size k uniformly at random.

2. (a) If k ̸= 2, select (ai)
k
i=1 |= n with probability

ta1 ta2 ...tak
cn,k

and independently generate

planar tanglegrams (Ti)ki=1 of sizes (ai)
k
i=1 uniformly at random.

(b) If n is odd and k = 2, select (a1, a2) |= n with probability
ta1 ta2
2cn,2

and independently

generate planar tanglegrams (T1, T2) of sizes (a1, a2) uniformly at random.

(c) If n is even and k = 2,

• with probability
tn/2

2cn,2
, generate a single tanglegram T1 = T2 of size n/2 uniformly

at random, and

• otherwise, select (a1, a2) |= n with probability
ta1 ta2∑n−1

i=1 titn−i
and independently generate

planar tanglegrams (T1, T2) of sizes (a1, a2) uniformly at random.

3. In all cases, output the tanglegram corresponding to D with matched leaves replaced from

top to bottom by {Ti}ki=1.
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Proof. The definition of cn,k and the results of Corollary 3.2.3 imply that all of the necessary

quantities in steps (1) and (2) sum to 1. We show that each tanglegram of size n can be

generated in two ways, and each of these possibilities has probability 1
2tn

.

Consider a planar tanglegram T with | Irr(T )| ≥ 3. To generate T in the algorithm,

we must first generate one of the layouts of Irr(T ) in step (1). Proposition 2.1.8 implies

that there are two possibilities D1 and D2, and observe that each of them has probability

hkcn,k

tn
· 1
2hk

=
cn,k

2tn
of being generated. For each Di, a unique list of tanglegrams (Ti,j)kj=1 must

replace the matched leaves in Di from top-to-bottom to construct T . Letting ai,j = |Ti,j|, the

probability (Ti,j)kj=1 is generated in step (2) is given by
ta1 ta2 ...tak

cn,k
· 1
ta1 ta2 ...,tak

= 1
cn,k

. Hence,

each of the two ways of generating T has probability
cn,k

2tn
· 1
cn,k

= 1
2tn

of being generated, so

the probability T is generated is 1
tn
.

Next, consider a planar tanglegram T with | Irr(T )| = 2. This requires first generating

the unique layout D for the unique planar tanglegram of size 2. If n = |T | is odd, then

two possibilities (T1, T2) and (T2, T1) extend D to T . Letting a1 = |T1| and a2 = |T2|, the

probability of obtaining T is given by

h2cn,2
tn
·
(
ta1ta2
2cn,2

· 1

ta1ta2
+

ta2ta1
2cn,2

· 1

ta2ta1

)
=

1

tn
.

Note that h2 = 1, so this term disappears in the product above.

Now consider when n = |T | is even. Suppose T requires replacing the matched leaves

in L with the same tanglegram T ′. With probability
tn/2

2cn,2
· 1
tn/2

, we generate T ′ twice in the

first case of (2c), so T has a
h2cn,2
tn
·
tn/2
2cn,2

· 1

tn/2
=

1

2tn

probability of being generated this way. The probability of generating T by generating T ′

twice in the second case of (2c) is

h2cn,2
tn
·
(
1−

tn/2
2cn,2

·
)
·

tn/2tn/2∑n−1
i=1 titn−i

· 1

tn/2tn/2
.
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Using Corollary 3.2.3, h2 = 1, and cn,2 = tn,2, this simplifies to

cn,2
tn
·
∑n−1

i=1 titn−i

2cn,2
· 1∑n−1

i=1 titn−i

=
1

2tn
.

The case when T requires replacing matched leaves in L with two distinct tanglegrams is

done using the same properties, where we note that there is no way to generate T in the

first case of (2c) but two ways to generate it in the second case.

The procedure in Theorem 3.3.1 can be applied recursively when generating {Ti}ki=1,

except that the tanglegrams of size 1 and 2 should be generated directly since they are

unique. For efficiency reasons, one can also directly generate all planar tanglegrams below

a certain size. From this, we conclude that uniform sampling of planar tanglegrams can be

reduced to computation of the coefficients in T (x, y) and uniform sampling of irreducible

planar tanglegram layouts.

We now consider the problem of uniformly sampling pairs of disjoint triangulations, which

is equivalent to uniformly sampling irreducible planar tanglegram layouts by Theorem 2.1.9.

Throughout, fix a labeling of the convex n-gon using [n] = {1, 2, . . . , n}, and use pairs (a, b)

with a, b ∈ [n] to denote diagonals. For a triangulation T , we use the notation (a, b) ∈ T to

denote that the diagonal (a, b) is in the triangulation T .

Recall from Example 2.1.2 that given a triangulation T and a diagonal (a, b) ∈ T , a flip

replaces (a, b) with the other diagonal in the unique quadrilateral containing (a, b). We extend

the flip operation to pairs of disjoint triangulations. An example is shown in Figure 3.8.

Definition 3.3.2. Let (T1, T2) be an ordered pair of disjoint triangulations of an n-gon, and

suppose (a, b) ∈ Ti for some i ∈ [2]. A flip at (a, b)i ∈ (T1, T2) is defined as

(a) flip (a, b) ∈ Ti, and

(b) if the resulting diagonal (a′, b′) is in Tj for j ̸= i, then flip (a′, b′) ∈ Tj.
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Figure 3.8: A (double) flip at (2, 4)1.

When only (a) is performed, we refer to this as a single flip, and when both (a) and (b) are

performed, we refer to this as a double flip.

Lemma 3.3.3. Let (T1, T2) be an ordered pair of disjoint triangulations of an n-gon. If

(T ′
1, T

′
2) is obtained from (T1, T2) by a flip at (a, b)i, then (T ′

1, T
′
2) is also a pair of disjoint

triangulations. Furthermore, (T1, T2) can also be obtained from (T ′
1, T

′
2) by some flip.

Proof. Without loss of generality, assume we flip the edge (a, b) ∈ T1 to obtain T ′
1. If after

the flip, the new diagonal (a′, b′) does not coincide with any diagonals of T2, then we are

done. Note that in this case, we have that T2 = T ′
2, and the flip (a′, b′)1 allows us to obtain

(T1, T2) from (T ′
1, T

′
2).

Otherwise, we flip (a′, b′) in the second polygon to obtain T ′
2. The resulting diagonal

(a′′, b′′) crosses (a′, b′), and hence cannot appear in T ′
1. Hence, (T ′

1, T
′
2) is a pair of disjoint

triangulations. In this case, observe that the flip (a′′, b′′)2 allows us to obtain (T1, T2) from

(T ′
1, T

′
2).

The mutual reachability between two pairs of disjoint triangulations allows us to now

formally define the flip graph on pairs of disjoint triangulations. An example was previously

shown in Figure 1.3.

Definition 3.3.4. Let Dn denote the (undirected) graph with vertices corresponding to

ordered pairs of disjoint triangulations of an n-gon and edges corresponding to flips as defined

in Definition 3.3.2.
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Observe that D3 is a single vertex graph and D4 is a path graph on two vertices. Hence,

we are primarily interested in the cases n ≥ 5. For any pair (T1, T2) ∈ Dn, there are 2(n− 3)

diagonals on which a flip can be performed. It is not difficult to see that if n ≥ 5, then

flipping at different diagonals results in different pairs of disjoint triangulations.

Lemma 3.3.5. For any integer n ≥ 5, the flip graph Dn is simple and 2(n− 3)-regular.

Proof. It suffices to show that for any pair (T1, T2) of disjoint triangulations, a flip at (a, b) ∈

T1 and a flip at (c, d) ∈ T2 cannot result in the same pair (T ′
1, T

′
2). Let (a′, b′) ∈ T ′

1 and

(c′, d′) ∈ T ′
2 be the diagonals obtained by flipping (a, b) ∈ T1 and (c, d) ∈ T2 respectively. If

(T ′
1, T

′
2) is obtained from (T1, T2) by flipping (a, b) ∈ T1, then (a′, b′) = (c, d), and if (T ′

1, T
′
2)

is obtained from (T1, T2) by flipping (c, d) ∈ T2, then (c′, d′) = (a, b). This implies that

(a, c, b, d) is a quadrilateral in both T1 and T2. Since n ≥ 5, this implies that T1 and T2 share

a diagonal, which is a contradiction.

Let Gn denote the flip graph for triangulations of an n-gon, as described in Example 2.1.2.

For any triangulation S of an n-gon, the subgraph of Gn induced by the set of triangulations

disjoint from S is denoted Gn(S). Pournin showed in [Pou14] that the diameter of Gn is

2n − 10 for n > 12. We show the connectedness of Dn and a linear diameter bound for Dn

by first showing corresponding statements for Gn(S).

Theorem 3.3.6. Let n ≥ 5, and let S be a triangulation of the n-gon. Then Gn(S) is

connected, and its diameter is at most 2n− 8.

Proof. Every triangulation contains a diagonal of the form (i, i+2), so we assume without loss

of generality that S contains the diagonal (2, n). Let ∆ denote the triangulation consisting of

{(1, i) : 3 ≤ i ≤ n−1}, which is called a standard triangulation in Chapter 1 of [DLRS10]. We

show that every triangulation T disjoint from S is connected to ∆ by a path inGn(S) of length

at most n−4. In fact, we claim that if T contains d edges of the form {(1, i) : 3 ≤ i ≤ n−1},

then it is connected to ∆ by a path in Gn(S) of length at most n− 3− d. Note that d ≥ 1,

as (2, n) /∈ T implies the existence of some diagonal of the form (1, i).
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We prove the claim by induction on n − 3 − d. If d = n − 3, then T = ∆, and these

triangulations are connected by a path of length n − 3 − (n − 3) = 0 as needed. Now

suppose d < n − 3, and let 3 ≤ i1 < i2 < . . . < id ≤ n − 1 denote the indices such that

(1, ij) ∈ T for all ij. Since d < n− 3, it must be that ij+1 − ij > 1 for some j ∈ {1, . . . , d}.

Consider the polygon with vertices {1, ij, ij+1, ij+2, . . . , ij+1} with triangulation T1 induced

by T . Observe that T1 cannot contain any edges of the form (1, i), and since ij, 1, ij+1 are

consecutive vertices, this can only occur if (ij, ij+1) ∈ T1. Flipping this diagonal results in

(1, i′) for some ij < i′ < ij+1. Note that this diagonal (1, i′) cannot appear in S since S

contains (2, n). Hence, flipping (ij, ij+1) in T results in some triangulation T ′ disjoint from

S that contains d + 1 diagonals of the form {(1, i) : 3 ≤ i ≤ n − 1}. By the inductive

hypothesis, T ′ and ∆ are connected by a path in Gn(S) of length at most n− 3− d− 1, and

hence T is connected to ∆ by a path in Gn(S) of length at most n− 3− d.

Now let T1 and T2 be any two triangulations disjoint from S. Choosing ∆ as above, each

Ti is connected to ∆ by a path of length at most n − 4 in Gn(S), implying T1 and T2 are

connected by a path of length at most 2n− 8.

Pournin’s result for diam(Gn) when n > 12 combined with known values for 5 ≤ n ≤ 12

imply that for all n ≥ 5, we have that diam(Gn) ≤ 2n− 8. Hence, the above result implies

the following statements for Dn.

Corollary 3.3.7. For n ≥ 5, the flip graph Dn is connected and

diam(Dn) ≤ diam(Gn) + 2n− 8 ≤ 4n− 16.

Proof. Let (T1, T2), (T3, T4) ∈ Dn. Then there is a path of length at most diam(Gn) in Dn

from (T1, T2) to (T3, T ) for some T disjoint from T3. By Theorem 3.3.6, there is a path from

(T3, T ) to (T3, T4) of length at most 2n− 8 in Dn.

Theorem 3.3.8 (Theorem 1.1.2 revisited). For any positive integer n ≥ 5, the graph Dn is

simple, connected, and 2(n − 3)-regular. Furthermore, a random walk on Dn that starts at
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Figure 3.9: A pair of disjoint triangulations where two sequences of flips (n, 2)2, (2, 4)1 and
(n, 2)2, (1, 3)2, (2, 4)1 both result in the original pair again.

an arbitrary vertex and chooses neighboring vertices uniformly at random will converge to

the uniform distribution on the vertices in Dn.

Proof. Lemma 3.3.5 and Corollary 3.3.7 imply that Dn is simple, connected, and 2(n − 3)-

regular. For aperiodicity, Lemma 2.1.5 implies that it suffices to consider the random walk

(Xt)t≥0 starting at the pair (T1, T2) shown in Figure 3.9. The flips described in Figure 3.9

imply that

Pr(T1,T2)[X2 = (T1, T2)] > 0 and Pr(T1,T2)[X3 = (T1, T2)] > 0.

From this, we find

1 = gcd(2, 3) | gcd(t ∈ Z+ | Pr(T1,T2)[Xt = (T1, T2)] > 0),

so the greatest common divisor on the right must be 1. We conclude that this random walk

is aperiodic. Convergence to the uniform distribution then follows from Theorem 2.1.7.

Running the random walk on Dn from Theorem 3.3.8 for sufficiently many iterations

allows for approximately uniform sampling of pairs of disjoint triangulations. Determining

the number of iterations needed remains a direction open for future work.

Open Problem. Determine the mixing time of the random walk from Theorem 3.3.8.

Remark 3.3.9. We note that a trivial upper bound for the mixing time is O(|V (Dn)|2)

[LP17, Proposition 10.28]. We suspect that this bound can be improved significantly because
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n 5 6 7 8 9
|V (Dn)| 10 68 546 4872 46782
iterations 3 7 14 25 39

σ2 0.5590 . . . 0.7287 . . . 0.8478 . . . 0.9512 . . . 0.9677 . . .

Table 3.3: For each n, the number of iterations needed for the total variation distance from
the uniform distribution to be smaller than 1/4 regardless of the initial vertex chosen, and
the second largest eigenvalue of the transition matrix.

the mixing time for a simple random walk on the triangulation flip graph Gn is polynomial in

n [MT97, MRS01], while |V (Dn)| grows rapidly with respect to n [RRW18]. The computer

data given in Table 3.3 supports our suspicion that O(|V (Dn)|2) is not a useful upper bound

for the mixing time of Dn.
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Chapter 4

COLORED PERMUTATION STATISTICS

In this chapter, we study statistics on the colored permutation groups and their conjugacy

classes. We establish Theorem 1.2.10 in Section 4.1, which shows that any fixed moment of a

statistic will coincide on all conjugacy classes when there are no cycles of “short” length. In

Section 4.2, we show that for certain statistics, this moment aligns with the corresponding

ones on Sn,r, allowing us to translate results on the asymptotic behavior of these statistics on

Sn,r to conjugacy classes without “short” cycles. The results in Section 4.1 and Section 4.2.1

are from a collaboration with Jesse Campion Loth, Michael Levet, Sheila Sundaram, and

Mei Yin, and these appear in [CLL+23]. The remaining results are from ongoing work with

Michael Levet, Sheila Sundaram, and Mei Yin [LLSY24].

4.1 Moments of statistics on conjugacy classes without short cycles

In this section, we will introduce colored permutation constraints and realizability over con-

straints of a given size. Using constraints, we prove that any fixed moment of a colored

permutation statistic coincides on all conjugacy classes without cycles of sufficiently short

length. Before giving formal definitions, we start with a motivating example.

Example 4.1.1. Consider the statistic des on Sn. One method for calculating des(ω) is to

count the number of i ∈ [n−1] and j1, j2 ∈ [n] such that j1 < j2, ω(i) = j2, and ω(i+1) = j1.

We can formalize this by defining an indicator function

I{(i,j2),(i+1,j1)}(w) =

1 if ω(i) = j2 and ω(i+ 1) = j2

0 otherwise

(4.1.1)
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and expressing des as

des =
n−1∑
i=1

∑
j1<j2

I{(i,j2),(i+1,j1)}.

By replacing each summand with i · I(i,j2),(i+1,j1), we also obtain a decomposition of this form

for maj on Sn. Hence, one can view these indicator functions I(i,j2),(i+1,j1) as building blocks

for the descent and major index statistics. Recall from Theorem 1.2.8 that the k-th moments

of des and maj will coincide on all conjugacy classes Cλ ⊆ Sn that have no cycles of length

at most 2k. One might expect that this factor of 2 is related to the fact that the indicator

functions given in (4.1.1) check two conditions, and we will eventually see that this is indeed

the case.

We now give our definition of colored permutation constraints. The reader should keep

the preceding example in mind as motivation, though our definition applies to Sn,r for

any r. Similar to how colored permutations in Sn,r consist of two components, a colored

permutation constraint will also consist of two components.

Definition 4.1.2. A colored permutation constraint on Sn,r is a pair (K,κ), where

• K = {(ih, jh)}mh=1 is a set of ordered pairs of elements in [n] where the sets {i1}mh=1 and

{jh}mh=1 have m elements, and

• κ : {i1, . . . , im} → Zr is any function, which we can also represent as ordered pairs

{(ih, κ(ih))}mh=1.

We call m the size of (K,κ), and we denote it as |(K,κ)|. For brevity, we will sometimes

denote a constraint using a single set of ordered pairs

(K,κ) =
{(

i0h, j
κ(ih)
h

)}m

h=1
(4.1.2)

of elements in [n]r. When specifically considering Sn, the function κ and all colors will be

omitted. When specifically considering Bn, the codomain of κ will be {+,−}, and ordered

pairs in (4.1.2) will be denoted (ih, jh) with ih ∈ [n] and jh ∈ [±n].



70

Definition 4.1.3. Let (K,κ) be a colored permutation constraint on Sn,r of size m. A

permutation ω ∈ Sn satisfies K if ω(ih) = jh for all h ∈ [m]. A coloring τ : [n] → Zr

satisfies κ if τ(ih) = κ(ih) for all h ∈ [m]. A colored permutation (ω, τ) ∈ Sn,r satisfies

(K,κ) if ω satisfies K and τ satisfies κ. In the bijective notation, this is equivalent to

(ω, τ)(i0h) = j
κ(ih)
h for all h ∈ [m].

Example 4.1.4. The colored permutation (ω, τ) = (114331)(2350) from Example 2.2.2 sat-

isfies the size 3 constraint (K,κ) = {(10, 43), (40, 31), (50, 23)}, but does not satisfy the size 2

constraint {(10, 42), (40, 31)}.

Recall that a colored permutation statistic is a functionX : Sn,r → R, and equippingSn,r

with the uniform distribution allows us to consider X as a random variable. For any colored

permutation constraint (K,κ), one useful statistic will be the indicator function I(K,κ) :

Sn,r → R that takes value 1 on colored permutations satisfying (K,κ) and 0 otherwise.

We will view these indicator functions as building blocks for many permutation statistics

through the following definition.

Definition 4.1.5. A colored permutation statisticX : Sn,r → R is realizable over constraints

of size m if X is in the R-vector space spanned by {I(K,κ) | |(K,κ)| ≤ m}. The size of a

statistic is the minimum possible m such that X is realizable over constraints of size m.

Many statistics have natural decompositions in terms of constraints. We give some ex-

amples using the ordered pair notation from Definition 4.1.2.

Example 4.1.6. From Example 4.1.1, the descent and major index statistics on Sn are

realizable over constraints of size 2. More generally, the descent, major index, and flag-

major index statistics on Sn,r for any r are realizable over constraints of size 2:

desn,r =
n−1∑
i=1

∑
j
c1
1 <j

c2
2

I{(i0, jc22 ),((i+1)0, j
c1
1 )} +

n∑
j=1

r−1∑
c=0

I{(n0, jc)},
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majn,r =
n−1∑
i=1

∑
j
c1
1 <j

c2
2

i · I{(i0, jc22 ),((i+1)0, j
c1
1 )},

fmajn,r = r ·
n−1∑
i=1

∑
j
c1
1 <j

c2
2

i · I{(i0, jc22 ),((i+1)0, j
c1
1 )} +

n∑
i=1

n∑
j=1

r−1∑
c=0

c · I{(i0, jc)},

where the conditions jc11 < jc22 are with respect to the total order on [n]r given in (2.2.2).

Remark 4.1.7. A colored permutation (ω, τ) ∈ Sn,r is itself a colored permutation con-

straint of size n. Hence, any statistic X is realizable over constraints of size n as

X =
∑

(ω,τ)∈Sn,r

X(ω, τ) · I(ω,τ).

For the full strength of our results, we wish to realize statistics over constraints of small size.

For any colored permutation constraint (K,κ) on Sn,r of size m, we now consider the

mean of I(K,κ) on Sn,r and its conjugacy classes. As I(K,κ) is an indicator function, its

mean on Ω ⊆ Sn,r is equivalent to the probability that I(K,κ) takes value 1 on Ω. Since

generating (ω, τ) ∈ Sn,r uniformly at random can be decomposed into generating ω ∈ Sn

and τ : [n]→ Zr uniformly at random, it is not difficult to show that

ESn,r [I(K,κ)] = PrSn,r [(ω, τ) satisfies (K,κ)] =
1

n(n− 1) . . . (n−m+ 1)
· 1

rm
.

In general, the corresponding expectation on arbitrary Cλ ⊆ Sn,r is complex. However, when

all cycles in Cλ have sufficiently long lengths, we will see that Eλ[I(K,κ)] has a reasonably

nice formulation. We will need the following notions of constraint graphs and acyclicity.

Definition 4.1.8. Let (K,κ) be a colored permutation constraint on Sn,r. The constraint

graph of (K,κ), denoted G(K,κ), is the directed graph with vertex set [n], directed edge set

K, and coloring of each edge (i, j) ∈ K given by κ(i).

Definition 4.1.9. A colored permutation constraint (K,κ) on Sn,r is acyclic if its constraint

graph G(K,κ) does not contain any cycles. Observe that in this case, G(K,κ) consists of a
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set of directed paths, each of which has a source vertex. Additionally, acyclicity implies that

the total number of edges in G(K,κ) is |(K,κ)| < n.

We now show that on any conjugacy class without short cycles,

Eλ[I(K,κ)] = Prλ[(ω, τ) satisfies (K,κ)]

takes one of two values determined entirely by acyclicity of (K,κ). We do this by explicitly

calculating the probability above.

Lemma 4.1.10. Let (K,κ) be a colored permutation constraint on Sn,r of size m, and let

Cλ be a conjugacy class of Sn,r with no cycles of length 1, 2, . . . ,m. If (K,κ) is not acyclic,

then

Prλ[ω satisfies K] = 0.

If (K,κ) is acyclic, then

Prλ[ω satisfies K] =
1

(n− 1)(n− 2) · · · (n−m)
.

Proof. We first consider the case when (K,κ) is not acyclic. In this case, in order for an

element (ω, τ) ∈ Cλ to have the property that ω satisfies K, it must be that ω contains a

cycle induced by the conditions in K. Since K has size m, this cycle has length at most m.

However, we assumed Cλ has no cycles of length 1, 2, . . . ,m, so this is not possible. Hence,

no such elements exist, and we conclude that Prλ[ω satisfies K] = 0.

For the case when (K,κ) is acyclic, we use induction on n and m to compute the prob-

ability that a colored permutation of cycle type λ chosen uniformly at random satisfies K.

As base cases, consider when n is an arbitrary positive integer and m = 1. We express

K = {(i, j)} and analyze Prλ[ω(i) = j]. Consider any k ∈ [n] \ {i, j}. Letting 0 : [n] → Zr

denote the zero coloring, conjugating by the colored permutation ((j, k),0) induces bijections

between

{(ω, τ) ∈ Cλ | ω(i) = j} and {(ω, τ) ∈ Cλ | ω(i) = k}.
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Therefore, Prλ[ω(i) = k] is invariant under our choice of k ∈ [n] \ {i}. Since Cλ does not

contain cycles of length 1, 2, . . . ,m, we have that Prλ[ω(i) = i] = 0. Combined, we conclude

Prλ[ω(i) = j] =
1

n− 1
.

This establishes our base case of m = 1 and positive integers n ≥ 2.

Now fix n > m > 1, and suppose that the result holds for n− 1 and m− 1. Consider an

acyclic constraint (K,κ) on Sn,r of size m and a conjugacy class Cλ of Sn,r without cycles

of length 1, 2, . . .m. Express K = {(i1, j1), . . . , (im, jm)}, and partition Cλ according to the

cycle containing im. Namely, let Cλ =
⊔n

k=m+1

⊔
c∈Zr

Ωk,c, where

Ωk,c = {(ω, τ) ∈ Cλ | im appears in a cycle of length k and color c}.

Using conditional expectations, the law of total probability, and our result in the preceding

paragraph, we express Prλ[ω satisfies K] as

Prλ

[
m⋂

h=1

{ω(ih) = jh}

]

= Prλ

[
m−1⋂
h=1

{ω(ih) = jh}
∣∣∣∣ω(im) = jm

]
· Prλ[ω(im) = jm]

=
1

n− 1
·

n∑
k=m+1

∑
c∈Zr

Prλ

[
m−1⋂
h=1

{ω(ih) = jh} ∩ Ωk,c

∣∣∣∣ω(im) = jm

]

=
1

n− 1
·

n∑
k=m+1

∑
c∈Zr

Prλ

[
m−1⋂
h=1

{ω(ih) = jh}
∣∣∣∣Ωk,c ∩ {ω(im) = jm}

]
· Prλ[Ωk,c | ω(im) = jm].

(4.1.3)

We now consider the remaining pairs {(i1, j1), . . . , (im−1, jm−1)}. By reordering the pairs

in K if necessary, we can assume without loss of generality that im is a source vertex in

G(K,κ), so im is not an element in (ih, jh) for 1 ≤ h ≤ m − 1. For any fixed k ∈ [n] and

c ∈ Zr where Prλ[Ωk,c] ̸= 0, define λ′ to be the r-partition of [n − 1] obtained by starting
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with λ and replacing a part in λc of size k with a part of size k − 1. Since λ contains only

partitions whose parts have lengths larger than m, λ′ contains only partitions whose parts

have lengths larger than m − 1. Additionally, let f : [n] \ {im} → [n − 1] be the unique

order-preserving function. Using this, define a function

πk,c : {(ω, τ) ∈ Ωk,c | ω(im) = jm} → Cλ′

that in the cycle notation of (ω, τ) replaces iamj
b
m with f(jm)

a+b and replaces all other elements

x ∈ [n] \ {im, jm} with f(x). Observe that π is an r-to-1 map. Additionally, for a colored

permutation (ω, τ) in the domain with image (ω′, τ ′) ∈ Cλ′ , we have that ω(ih) = jh if

and only if ω′(f(ih)) = f(jh), where 1 ≤ h ≤ m − 1. In particular, if we let (ω′, τ ′) ∈

Cλ′ be generated uniformly at random, then this observation combined with our induction

hypothesis implies that for each fixed k and c,

Prλ

[
m−1⋂
h=1

{ω(ih) = jh}
∣∣∣∣Ωk,c ∩ {ω(im) = jm)}

]
= Prλ′

[
m−1⋂
h=1

{ω′(f(ih)) = f(jh)}

]
=

1

(n− 2)(n− 3) · · · (n−m)
.

Note that the first term is (n − 1) − 1 and the last term is (n − 1) − (m − 1) since this

probability involves Sn−1,r and {(f(ih), f(jh)}m−1
h=1 has size m − 1. Returning to (4.1.3), we

conclude

Prλ

[
m⋂

h=1

{ω(ih) = jh}

]

=
1

n− 1

n∑
k=m+1

∑
c∈Zr

1

(n− 2)(n− 3) · · · (n−m)
· Prλ[Ωk,c | ω(im) = jm]

=
1

(n− 1)(n− 2) · · · (n−m)
·

n∑
k=m+1

∑
c∈Zr

Prλ[Ωk,c | ω(im) = jm]

=
1

(n− 1)(n− 2) · · · (n−m)
.
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Lemma 4.1.11. Let (K,κ) be a colored permutation constraint on Sn,r of size m, and let

Cλ be a conjugacy class of Sn,r with no cycles of length 1, 2, . . . ,m. If (K,κ) is not acyclic,

then

Prλ[(ω, τ) satisfies (K,κ)] = 0.

If (K,κ) is acyclic, then

Prλ[(ω, τ) satisfies (K,κ)] =
1

(n− 1)(n− 2) · · · (n−m)
· 1

rm
.

Proof. First, we express

Prλ[(ω, τ) satisfies (K,κ)] = Prλ[ω satisfies K] · Prλ[τ satisfies κ | ω satisfies K]. (4.1.4)

After applying Lemma 4.1.10 to the first term on the right side of (4.1.4), it suffices to show

that when (K,κ) is acyclic, the second term is 1/rm.

Express K = {(ih, jh)}mh=1. For each h ∈ [m], define eh to be the m-tuple with 0 every-

where and 1 in position h. Using this, define an action of Zm
r on Cλ as follows: eh acts on

(ω, τ) by

• adding 1 to the color τ(ih), and

• subtracting 1 from the color τ(x), where x ∈ [n] \ {i1, . . . , im} is the smallest element

that appears in the cycle containing ih.

Since Cλ contains no cycles of length 1, 2, . . . ,m, the element x always exists. Observe that

this action on (ω, τ) does not affect ω, and using this fact, it is straightforward to see that

extending this action linearly to all elements in Zm
r results in a well-defined group action on

Cλ, and each orbit has size rm. It is clear that each orbit contains an element (ω⋆, τ ⋆) such

that τ ⋆ satisfies κ, and since the action of any nonzero element in Zm
r on (ω⋆, τ ⋆) results

in a colored permutation (ω⋆, τ ′) where τ ′ does not satisfy κ, we conclude that exactly one
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element in each orbit has this property. Furthermore, the subset {(ω, τ) ∈ Cλ | ω satisfies K}

is invariant under this action, and this allows us to conclude

Prλ[τ satisfies κ | ω satisfies K] = Prλ[τ satisfies κ] =
1

rm
. (4.1.5)

Combined, we conclude the result when (K,κ) is acyclic.

Our proof in the preceding lemma also implies the following corollary. One can view this

corollary as stating that satisfying K and satisfying κ are independent when all cycles in Cλ

have sufficiently long lengths.

Corollary 4.1.12. Let (K,κ) be a colored permutation constraint on Sn,r of size m, and let

Cλ be a conjugacy class of Sn,r with no cycles of length 1, 2, . . . ,m. Then

Prλ[(ω, τ) satisfies (K,κ)] = Prλ[ω satisfies K] · Prλ[τ satisfies κ].

Remark 4.1.13. Our preceding results also imply that when (K,κ) is an acyclic constraint

of size m and Cλ has no cycles of length 1, 2, . . . ,m,

Prλ[ω satisfies K] = Prλ[ω satisfies K | τ satisfies κ] =
1

(n− 1)(n− 2) . . . (n−m)
.

While one can attempt to show these statements directly, we found this to be much more

technical than the proof of Lemma 4.1.10.

Lemma 4.1.11 can be used to conclude results involving the means of statistics on conju-

gacy classes with sufficiently long cycle lengths, but our main result stated in Theorem 1.2.10

involves arbitrary moments. To connect these, we will need to analyze products of indicator

functions I(K,κ). The terminology below is adapted from [HR22].

Definition 4.1.14. Two colored permutation constraints (K1, κ1) and (K2, κ2) on Sn,r are

compatible if there exists a colored permutation (ω, κ) ∈ Sn,r satisfying both constraints.
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Note that when two constraints are compatible, we can use the unions K1 ∪ K2 and

κ1 ∪ κ2 to define a new constraint, and the size of (K1 ∪K2, τ1 ∪ τ2) is bounded by the sum

of the sizes of (K1, τ1) and (K1, τ2). Using this observation, the following two results are

straightforward exercises.

Lemma 4.1.15. Let (K1, κ1) and (K2, κ2) be two colored permutation constraints on Sn,r. If

(K1, κ1) and (K2, κ2) are not compatible, then I(K1,κ1) · I(K2,κ2) is identically zero. If (K1, κ1)

and (K2, κ2) are compatible, then I(K1,κ1) · I(K2,κ2) = I(K1∪K2,κ1∪κ2).

Corollary 4.1.16. Suppose X1 and X2 are statistics on Sn,r that are realizable over con-

straints of size m1 and m2, respectively. Then X1 · X2 is realizable over constraints of size

m1 + m2. In particular, for any integer k ≥ 1 such that m1k ≤ n, we have that Xk
1 is

realizable over constraints of size km1.

Combining all of our results, we now establish Theorem 1.2.10. This formalizes the

statement that the k-th moment of a statistic X will coincide on all Cλ without “short”

cycles.

Theorem 4.1.17 (Theorem 1.2.10 revisited). Suppose X : Sn,r → R is realizable over

constraints of size m, where m is some positive integer. For any k ≥ 1, the k-th moment

Eλ[X
k] coincides on all conjugacy classes Cλ with no cycles of length 1, 2, . . . ,mk.

Proof. We first consider the case when k = 1 and Cλ has no cycles of length 1, 2, . . . ,m. Ex-

press X =
∑

(K,k) c(K,κ)I(K,κ) where each (K,κ) has size at most m. Linearity of expectation

implies

Eλ[X] =
∑
(K,κ)

c(K,κ) · Eλ[I(K,κ)]. (4.1.6)

Applying Lemma 4.1.11 to each summand, either Eλ[I(K,κ)] = 0 or

Eλ[I(K,κ)] =
1

(n− 1)(n− 2) . . . (n− |(K,κ)|)
· 1

r|(K,κ)| , (4.1.7)
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and the latter case corresponds to acyclicity of (K,κ). Acyclicity of (K,κ) is independent of

Cλ, so (4.1.6) is equivalent to the following expression that is independent of Cλ:

∑
acyclic (K,κ)

c(K,κ)

(n− 1)(n− 2) . . . (n− |(K,κ)|)
· 1

r|(K,κ)| .

For k ≥ 2, it suffices to consider when mk < n, as there are no conjugacy classes Cλ

without cycles of length 1, 2, . . . ,mk when mk ≥ n. Corollary 4.1.16 implies that if X is

realizable over constraints of size m, then Xk is realizable over constraints of size mk. The

general result for Eλ[X
k] now follows by combining this with the above case of k = 1.

In the case ofSn, there are known representation-theoretic explanations for Theorem 4.1.17.

Let Class(Sn,C) be the set of class functions from Sn to R. The irreducible characters of

Sn form a basis for these class functions, and these characters are indexed by partitions. See

[Mac98] for details. We use χλ for the irreducible character indexed by a partition λ ⊢ n.

The following is a result of Hamaker and Rhoades.

Theorem 4.1.18. [HR22, Theorem 3.16] For any 1 ≤ k ≤ n and positive integer m,

Class(Sn,C) ∩ spanC {IK : |K| ≤ m}

is the subspace of class functions spanned by the irreducible characters χλ for partitions λ ⊢ n

whose largest part has size at least n−m.

Letting X : Sn → R be a permutation statistic, the class function

X(ω) =
1

|Sn|
∑
π∈Sn

X(π−1ωπ).

maps each ω ∈ Sn to the mean of X on the conjugacy class containing ω. Hamaker and

Rhoades show that if X is realizable over constraints of size m, then so is X. Theorem 4.1.18

implies that X can be expressed as a linear combination of characters χλ where the largest
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part of λ is at least n − m. The theory of character polynomials [GG09] implies that χλ
µ

depends only on the number of cycles of length 1, 2, . . . ,m in µ. Combined, we can conclude

that the value of X on a conjugacy class Cµ depends only on the number of cycles with

lengths 1, 2, . . . ,m in µ. Theorem 4.1.17 on the symmetric group Sn can be viewed as the

case where there are 0 cycles of length 1, 2, . . . ,m. Given that Theorem 4.1.17 holds on any

general colored permutation group Sn,r, it is likely that a generalization of Theorem 4.1.18

exists for Sn,r. This leads to the following problem, which is a direction for future work.

Open Problem. Use the representation theory of Sn,r to obtain an analog of Theorem 4.1.18

for Sn,r. For various statistics X, study the resulting expansion for X in terms of the

irreducible characters of Sn,r.

Interested readers can consult [Mac98] for general background on the representation the-

ory of Sn,r. Since much of this theory builds on the representation theory of Sn, certain

techniques from [HR22] should generalize from Sn to Sn,r. However, one may need to also

generalize additional representation-theoretic results from Sn to Sn,r. For example, we have

not seen an analog of character polynomials in Sn,r in the literature, though a Murnaghan-

Nakayama Rule is known [Ste89].

4.2 Asymptotics on conjugacy classes without short cycles

Our results in the preceding section show that any fixed moment of a statistic will coincide

on all conjugacy classes of Sn,r without short cycles. As stated in Theorem 1.2.8, Fulman

showed that for the descent and major index statistics on Sn, these moments align with the

corresponding ones on all of Sn. While this does not hold for all statistics, we show in this

section that this holds for desBn on Bn
∼= Sn,2 and the desn,r,majn,r, and fmajn,r statistics on

Sn,r. Note that Remark 2.2.17 shows that the result for desBn does not follow immediately

from the one for desn,r, as these statistics do not necessarily share the same distribution on

conjugacy classes.
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4.2.1 The Coxeter group descent statistic on Bn

In this subsection, we consider desBn on conjugacy classes of Bn, as defined in Section 2.2.2.

We will derive properties involving the generating function for desBn +1 on a conjugacy class

Cλ,µ, as well as a formula for the number of elements in Cλ,µ with a fixed number of descents.

We then consider the moments of desBn on conjugacy classes without short cycles.

We first recall the definition of the descent statistic

desBn(ω) = |{i ∈ {0} ∪ [n− 1] | ω(i) > ω(i+ 1)}|

with the convention that ω(0) = 0. Note that the condition ω(i) > ω(i+ 1) is based on the

usual order on [±n]. Using the above definition, one can realize desBn over constraints of

size 2 using

desBn =
∑
j∈[n]

I(1,−j) +
∑

i∈[n−1]

∑
k,ℓ∈[±n]

k<ℓ

I{(i,ℓ),(i+1,k)}.

Theorem 4.1.17 implies that the k-th moment of desBn coincides on all Cλ,µ with no cycles

of length 1, 2, . . . , 2k. We will see later that this moment aligns with the k-th moment of

desBn on all of Bn.

We note that Reiner [Rei93b] uses a different notion of descents, which we describe now.

Under the ordering

1 < 2 < · · · < n < −n < · · · < −2 < −1, (4.2.1)

ω has a descent at position i ∈ [n− 1] if ω(i) > ω(i+ 1), and ω has a descent at position n

if ω(n) < 0. While the two definitions are different, [FKLP21, Remark 5.1] shows that the

generating function ∑
ω∈Bn

tdesBn (ω)+1
∏
i

x
mi(λ(ω))
i y

mi(µ(ω))
i (4.2.2)

is unaffected, where (λ(ω), µ(ω)) denotes the cycle type of ω ∈ Bn.

Following Fulman’s analysis for the symmetric group in [Ful98], we analyze the generating

function given in (4.2.2) for desBn on a conjugacy class and derive an alternative expression
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for it. We will need several known results, which we state now. We begin with a definition

for an expression that will come up frequently in our analysis.

Definition 4.2.1. Let µ(d) be the number-theoretic Möbius function on the positive integers,

µ(n) =


1 if n = 1

(−1)k if n = p1 . . . pk for distinct primes p1, . . . , pk

0 otherwise.

For nonnegative integers r and m, define

N(r, 2m) =
1

2m

∑
d|m
d odd

µ(d)
(
rm/d − 1

)
. (4.2.3)

Remark 4.2.2. Reiner [Rei93b, Theorem 4.1 and Theorem 4.2] describes two sets of objects,

primitive blinking necklaces and primitive twisted necklaces. Reiner then shows that if D
(k)
m,i is

the number of primitive blinking necklaces D of sizem with |D| = i and max(D) ≤ k−1, and

P
(k)
m,i is the number of primitive twisted necklaces P of sizem with |P | = i and max(P ) ≤ k−1,

then

(k−1)m∑
i=0

D
(k)
m,i =


N(2k − 1, 2m) if k > 0 and m > 1

k if k > 0 and m = 1

0 if k = 0,

(4.2.4)

(k−1)m∑
i=0

P
(k)
m,i =


N(2k − 1, 2m) if k > 0 and m > 1

k − 1 if k > 0 and m = 1

0 if k = 0.

(4.2.5)

Consequently, N(2k − 1, 2m) enumerates primitive blinking necklaces D of size m where

0 ≤ |D| ≤ (k − 1)m and max(D) ≤ k − 1, or primitive twisted necklaces P of size m where

0 ≤ |P | ≤ (k−1)m and max(D) ≤ k−1. In particular, N(2k−1, 2m) must be a nonnegative
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integer for all k,m ≥ 1.

We use the notation (λ(ω), µ(ω)) for the cycle type of ω ∈ Bn. The following result, which

is stated without proof in [FKLP21, Theorem 5.3], is a special case of [Rei93b, Theorem 4.1].

In view of some possibly confusing typos in these papers, and the fact that this result plays

a key role in our analysis, we include a proof. Additionally, [Rei93b, Theorem 4.1] uses the

convention that B0 is the trivial group containing a single permutation with 0 descents, and

we maintain this convention throughout our work.

Theorem 4.2.3. [FKLP21, Theorem 5.3] The following holds:

∑
n≥0

un

(1− t)n+1

(∑
ω∈Bn

tdesBn (ω)+1
∏
i

x
mi(λ(ω))
i y

mi(µ(ω))
i

)

=1 +
∑
k≥1

tk
1

1− x1u

∏
m≥1

(
1 + ymu

m

1− xmum

)N(2k−1,2m)

.

(4.2.6)

Proof. In [Rei93b, Theorem 4.1], it was established that

∑
n≥0

un

(t; q)n+1

(∑
ω∈Bn

tdes(ω)+1qmaj(ω)
∏
i

x
mi(λ(ω))
i y

mi(µ(ω))
i

)
(4.2.7)

is equal to ∑
k≥0

tk
∏
m≥1

(k−1)m∏
i=0

(1− xmu
mqi)−D

(k)
m,i(1 + ymu

mqi)P
(k)
m,i , (4.2.8)

where

• (t; q)n+1 = (1− t)(1− tq) · · · (1− tqn),

• des(ω) and maj(ω) are the descent and major index statistics with respect to the

ordering in (4.2.1), and

• D
(k)
m,i, P

(k)
m,i are the nonnegative integers defined by Reiner as described in Remark 4.2.2.
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Setting q = 1, the equality of (4.2.7) and (4.2.8) implies

∑
n≥0

un

(1− t)n+1

(∑
ω∈Bn

tdes(ω)+1
∏
i

x
mi(λ(ω))
i y

mi(µ(ω))
i

)

=
∑
k≥0

tk
∏
m≥1

[(
(1− xmu

m)−
∑(k−1)m

i=0 D
(k)
m,i

)
·
(
(1 + ymu

m)
∑(k−1)m

i=0 P
(k)
m,i

)]
(4.2.9)

= 1 +
∑
k≥1

tk
∏
m≥1

[(
(1− xmu

m)−
∑(k−1)m

i=0 D
(k)
m,i

)
·
(
(1 + ymu

m)
∑(k−1)m

i=0 P
(k)
m,i

)]
.

As noted in the discussion surrounding (4.2.1), we can replace des in the first expression of

(4.2.9) with desBn . The result then follows by applying Remark 4.2.2 on the last expression

in (4.2.9), noting that in the boundary case m = k = 1, the exponent of (1 − x1u) is

N(2k − 1, 2) + 1 from (4.2.4), while the exponent of (1 − y1u) is precisely N(2k − 1, 2)

from (4.2.5).

For a fixed bi-partition (λ, µ) of n, we can now derive the following expression for the

generating function

Bλ,µ(t) =
∑

ω∈Cλ,µ

tdesBn (ω)+1 (4.2.10)

of descents over the conjugacy class Cλ,µ.

Lemma 4.2.4. Let Cλ,µ be a conjugacy class of Bn where (λ, µ) ̸= ((1n), ∅). Then

Bλ,µ

(1− t)n+1
=
∑
k≥2

tk
(
N(2k − 1, 2) +m1(λ)

m1(λ)

)∏
i≥1

(
N(2k − 1, 2i)

mi(µ)

)∏
i≥2

(
N(2k − 1, 2i) +mi(λ)− 1

mi(λ)

)
.

(4.2.11)

Proof. We set u = 1 in (4.2.6), and the first line can be rewritten as

∑
n≥0

∑
Cλ,µ⊆Bn

Bλ,µ(t)

(1− t)n+1

∏
i

x
mi(λ)
i y

mi(µ)
i . (4.2.12)

We now examine the coefficient of tk in the second line of (4.2.6), which can then be written
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as

1

1− x1

∏
i≥1

(
1 + yi
1− xi

)N(2k−1,2i)

=

(∏
i≥1

(1 + yi)
N(2k−1,2i)

∏
i≥2

(1− xi)
−N(2k−1,2i)

)
(1− x1)

−N(2k−1,2)−1.

(4.2.13)

Note that k = 1 corresponds to permutations with no descents, which are the identity

elements in {Bn}n≥1. For our result, we will not be interested in this term.

For k ≥ 2, we use Newton’s generalized binomial theorem

(1− x)−m =
∑
j≥0

xj

(
m+ j − 1

j

)

for m > 0 to find that the coefficient of the product
∏

i x
mi(λ)
i y

mi(µ)
i in (4.2.13) is

∏
i≥1

(
N(2k − 1, 2i)

mi(µ)

) ∏
i≥2

(
N(2k − 1, 2i) +mi(λ)− 1

mi(λ)

) · (N(2k − 1, 2) + 1 +m1(λ)− 1

m1(λ)

)
.

This must equal the coefficient of tk
∏

i x
mi(λ)
i y

mi(µ)
i in (4.2.12), so (4.2.11) follows.

Corollary 4.2.5. The number of permutations ω ∈ Bn that are of cycle type (λ, µ) and have

d− 1 descents is

d∑
k=1

(−1)d−k

(
n+ 1

d− k

)(
N(2k − 1, 2) +m1(λ)

m1(λ)

)∏
i≥2

(
N(2k − 1, 2i) +mi(λ)− 1

mi(λ)

)∏
i≥1

(
N(2k − 1, 2i)

mi(µ)

)
.

Proof. Starting with Lemma 4.2.4, multiply by (1− t)n+1 to obtain the generating function

Bλ,µ(t). The result follows by extracting the coefficient of td.

We next derive an elegant analog of a result of Fulman [Ful98, Proof of Theorem 2],

which will relate Bλ,µ(t) and

Bn(t) =
∑
ω∈Bn

tdesBn (ω)+1. (4.2.14)
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We start by describing the tools that we need. First, Theorem 2.2.11 can be restated as

Bn(t)

(1− t)n+1
=
∑
k≥1

(2k − 1)ntk. (4.2.15)

Additionally, denote ∆2(λ, µ) = m1(λ)
2 − m1(µ)

2. Finally, let s
(i)
n be the Stirling number

of the first kind, whose absolute value is the number of permutations in Sn with i disjoint

cycles. The following generating functions are well-known, e.g., see [Sta99, Chapter 1]:

n∑
i=1

s(i)n yi = y(y − 1) · · · (y − n+ 1) = n!

(
y

n

)
,

n∑
i=1

|s(i)n |yi = y(y + 1) · · · (y + n− 1) = n!

(
y + n− 1

n

)
.

(4.2.16)

Lemma 4.2.6. Let Cλ,µ be a conjugacy class of Bn where (λ, µ) ̸= ((1n), ∅). Then

Bλ,µ(t)

|Cλ,µ|
=

Bn(t)

2nn!
+

1− t

2n

Bn−1(t)

2n−1(n− 1)!
∆2(λ, µ) + (1− t)2g(t), (4.2.17)

where g(t) is some polynomial in t.

Proof. From Theorem 2.2.11, Lemma 2.2.15, and Lemma 4.2.4,

Bλ,µ(t)

|Cλ,µ|
=(1− t)n+1 zλ,µ

2nn!

[∑
k≥2

tk (4.2.18)

·

∏
i≥1

(
N(2k − 1, 2i)

mi(µ)

) ∏
i≥2

(
N(2k − 1, 2i) +mi(λ)− 1

mi(λ)

) · (N(2k − 1, 2) +m1(λ)

m1(λ)

)]
.

Using (4.2.16), the coefficient of tk for k ≥ 2 can be rewritten as

(∏
i≥1

∑mi(µ)
b=1 s

(b)
mi(µ)

N(2k − 1, 2i)b

mi(µ)!

∏
i≥2

∑mi(λ)
a=1 |s

(a)
mi(λ)
|N(2k − 1, 2i)a

mi(λ)!

)

·

 1

m1(λ)!

m1(λ)∑
a=1

|s(a)m1(λ)
|
(
(2k − 1) + 1

2

)a
 ,

(4.2.19)
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the last sum arising from the fact that N(2k−1, 2)+1 = k. Combined with the definition of

N(2k−1, 2i) given in (4.2.3), we may view the coefficient of tk for any k ≥ 2 as a polynomial

in (2k − 1).

For each k ≥ 2, the largest power of (2k − 1) in Bλ,µ(t) is obtained by taking the largest

power of (2k − 1) in each factor of (4.2.19). From (4.2.3), N(2k − 1, 2i) is a polynomial in

(2k − 1) with leading term (2k−1)i

2i
. It follows that the largest power of 2k − 1 occurs when

we respectively take the summands corresponding to b = mi(µ), a = mi(λ), and a = m1(λ)

in the three parts of (4.2.19), yielding

∏
i≥1

(N(2k − 1, 2i))mi(λ)+mi(µ)

mi(λ)!mi(µ)!
∼
∏
i≥1

(
(2k−1)i

2i

)mi(λ)+mi(µ)

mi(λ)!mi(µ)!
. (4.2.20)

Collecting terms with the highest power of (2k− 1) in Bλ,µ(t) for each k ≥ 2 then results in

zλ,µ
2nn!

(1− t)n+1
∑
k≥2

tk
∏
i≥1

(
(2k−1)i

2i

)mi(λ)+mi(µ)

mi(λ)!mi(µ)!

=
1

2nn!
(1− t)n+1

∑
k≥2

tk(2k − 1)n

=
Bn(t)− t(1− t)n+1

2nn!
.

(4.2.21)

Observe that in (4.2.21), the highest power of (2k − 1) for each k is given by (2k − 1)n,

so we next consider the coefficient of (2k − 1)n−1 in (4.2.20). We note that for i > 1,

setting b ̸= mi(µ) in the first summation of (4.2.19), or a ̸= mi(λ) in the second summation

of (4.2.19), or d ̸= 1 in (4.2.3) will result in a power of (2k − 1) strictly less than n − 1 in

(4.2.20). So for i > 1, we still respectively set b = mi(µ), a = mi(λ) in each of the summations

in (4.2.19) and still take d = 1 in (4.2.3) to identify any terms involving (2k − 1)n−1. This

term must come from the i = 1 term in (4.2.19), so we turn our attention to

∑m1(λ)
a=1 |s

(a)
m1(λ)
| 1
2a
((2k − 1) + 1)a

m1(λ)!
·
∑m1(µ)

b=1 s
(b)
m1(µ)

1
2b
((2k − 1)− 1)b

m1(µ)!
,
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and find the coefficient of (2k − 1)n−1 is

(
|s(m1(λ))

m1(λ)
| · s(m1(µ))

m1(µ)
·
(
m1(λ)−m1(µ)

2

)
+ |s(m1(λ)−1)

m1(λ)
| · s(m1(µ))

m1(µ)
+ |s(m1(λ))

m1(λ)
| · s(m1(µ)−1)

m1(µ)

)
· 1

m1(λ)!m1(µ)!

(
2k − 1

2

)m1(λ)+m1(µ)−1

=

(
m1(λ)−m1(µ)

2
+

(
m1(λ)

2

)
−
(
m1(µ)

2

))
1

m1(λ)!m1(µ)!

(
2k − 1

2

)m1(λ)+m1(µ)−1

=
1

2m1(λ)!m1(µ)!

(
m1(λ)

2 −m1(µ)
2
)(2k − 1

2

)m1(λ)+m1(µ)−1

.

Hence the terms involving (2k − 1)n−1 can be expressed as

(
m1(λ)

2 −m1(µ)
2
) 1

2nn!
(1− t)n+1

∑
k≥2

tk(2k − 1)n−1

=
1− t

2n

Bn−1(t)− t(1− t)n

2n−1(n− 1)!
∆2(λ, µ)

=
1− t

2n

Bn−1(t)

2n−1(n− 1)!
∆2(λ, µ)− t(1− t)n+1

2nn!
∆2(λ, µ).

(4.2.22)

To conclude, we express Bλ,µ(t)/|Cλ,µ| as a sum of (4.2.21), (4.2.22), and the remaining

terms in (4.2.18) resulting from lower order terms of the form tk(2k − 1)k−j for 2 ≤ j ≤ k.

Equations (4.2.21) and (4.2.22) contain the first two terms in our claimed result (4.2.17), and

the other terms in (4.2.21) and (4.2.22) can be expressed as (1− t)2f1(t) for some polynomial

f1(t). For the lower order terms of the form tk(2k− 1)k−j with 2 ≤ j ≤ k, we combine these

into

(1− t)n+1 zλ,µ
2nn!

∑
k≥2

tkh(2k − 1), (4.2.23)

where h(2k−1) is a polynomial in 2k−1 of degree at most n−2 obtained from removing the

(2k − 1)n and (2k − 1)n−1 terms from (4.2.19). For each 2 ≤ j ≤ k, Theorem 2.2.11 implies

∑
k≥2

tk(2k − 1)k−j = −t+
∑
k≥1

tk(2k − 1)k−j = −t+ Bn−j(t)

(1− t)n+1−j
.
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Since j ≥ 2 and Bn−j(t) is a polynomial in t, multiplying the above expression by (1− t)n+1

results in a polynomial where (1− t)2 can be factored out. Hence, each term in (4.2.23) can

be expressed as (1− t)2 multiplied by some polynomial in t, so the entire expression (4.2.23)

can be expressed as (1− t)2f2(t) for some polynomial f2(t). The result now follows by letting

g(t) = f1(t) + f2(t).

In the special case of no short cycles, we obtain the following variation of Lemma 4.2.6.

This variation will be used to establish an analog of Theorem 1.2.11 and Corollary 1.2.12 for

desBn .

Corollary 4.2.7. Let Cλ,µ be a conjugacy class of Bn that contains no cycles of length

1, 2, . . . , 2ℓ. Then
Bλ,µ(t)

|Cλ,µ|
=

Bn(t)

2nn!
+ (1− t)ℓ+1h(t),

where h(t) is some polynomial in t.

Proof. As in the proof of Lemma 4.2.6,

Bλ,µ(t)

|Cλ,µ|
=

1

2nn!
(1− t)n+1

∏
i>2ℓ

(2i)mi(λ)+mi(µ)mi(λ)!mi(µ)!

·
∑
k≥1

tk
∏
i>2ℓ

(
mi(λ) +N(2k − 1, 2i)− 1

mi(λ)

)(
N(2k − 1, 2i)

mi(µ)

)
.

We note that, as a polynomial in (2k − 1), the leading term of

∏
i>2ℓ

(
mi(λ) +N(2k − 1, 2i)− 1

mi(λ)

)(
N(2k − 1, 2i)

mi(µ)

)

is (2k−1)n as in the general case, but the second highest-degree term is at most (2k−1)n−ℓ−1

under the long cycle assumption. This is because a lower order term must have either some

a ̸= mi(λ) or some b ̸= mi(µ) in (4.2.19), or d ̸= 1 in (4.2.3). If some a ̸= mi(λ) or some

b ̸= mi(µ), then the power of 2k − 1 from such a term is at most n − i < n − 2ℓ. If some
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d ̸= 1, then the power of 2k − 1 from such a term is at most n− (i− i/3) < n− ℓ. We then

proceed similarly as in the proof of Lemma 4.2.6.

Theorem 4.2.8. Let Cλ,µ be a conjugacy class of Bn. If Cλ,µ contains no cycles of length

1, 2, . . . , 2k, then

Eλ,µ[des
k
Bn

] = EBn [des
k
Bn

].

Proof. We start with the result from Corollary 4.2.7 given by

Bλ,µ(t)

|Cλ,µ|
=

Bn(t)

2nn!
+ (1− t)k+1g(t). (4.2.24)

Observe that Bλ,µ(t)/|Cλ,µ| and Bn(t)/(2
nn!) are the probability generating functions of

desBn +1 on Cλ,µ and Bn, respectively, so the coefficient of xd in each generating function is

the probability that desBn +1 takes value d. Letting t · d
dt

be the operator that differentiates

with respect to t and then multiplies the result by t, the j-th moments of desBn +1 on Cλ,µ

and Bn can respectively be obtained by applying t · d
dt

to Bλ,µ(t)/|Cλ,µ| and Bn(t)/(2
nn!) a

total of j times and then evaluating the result at t = 1. If we apply these operations to both

sides of (4.2.24), then whenever j ≤ k, the second term on the right side becomes 0. Hence,

Eλ,µ[(desBn +1)j] = EBn [(desBn +1)j] for all j ≤ k. It is then straightforward to use this to

show that Eλ,µ[des
j
Bn

] = EBn [des
j
Bn

] for all j ≤ k.

Corollary 4.2.9. For every n ≥ 1, let Cλn,µn be a conjugacy class of Bn. Suppose that for all

i, the number of cycles of length i in λn and µn approaches 0 as n→∞. Then for sufficiently

large n, desBn has mean n
2
and variance n+1

12
on Cλn,µn, and as n→∞, the random variable

(desBn −n/2)/
√

(n+ 1)/12 converges in distribution to the standard normal distribution.

Proof. The mean and variance follow from applying Theorem 4.2.8 and Theorem 2.2.10 on

the first two moments of desBn with the hypothesis that there are no cycles of length 1, 2, 3,

or 4 when n is sufficiently large. For the asymptotic behavior, fix k and expand

(
desBn −n/2√
(n+ 1)/12

)k

=
1

((n+ 1)/12)k/2

k∑
i=0

(
k

i

)(n
2

)k−i

desiBn
.
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Linearity of expectation then implies that the k-th moment of (desBn −n/2)/
√
(n+ 1)/12

on Sn or Cλn,µn can be expressed as a linear combination of the first k moments of desBn on

those respective sets. Applying Theorem 4.2.8 with the hypothesis that there are no cycles

of length 1, 2, . . . , 2k when n is sufficiently large, we conclude that

lim
n→∞

EBn

( desBn −n/2√
(n+ 1)/12

)k
 = lim

n→∞
Eλn,µn

( desBn −n/2√
(n+ 1)/12

)k
 .

The result now follows from the Method of Moments and Theorem 2.2.10.

4.2.2 Descents and major index in Sn,r

We now consider desn,r and majn,r on Sn,r as defined in (2.2.3). Throughout this section,

we define Xi to be the indicator function for a descent at position i,

Xi(ω, τ) =

1 if i ∈ Des(ω, τ)

0 otherwise.

The descent and major index statistics can then be expressed as

desn,r =
n∑

i=1

Xi and majn,r =
n−1∑
i=1

i ·Xi.

Observe that the above decompositions also allow us to decompose the k-th powers of

the descent and major index statistics in terms of X1, . . . , Xn as

deskn,r =
∑

a1,...,ak∈[n]

Xa1 . . . Xak and majkn,r =
∑

a1,...,ak∈[n−1]

a1 . . . akXa1 . . . Xak .

Note that the a1, . . . , ak need not be distinct. Since expectation is linear, an understanding

of the mean of Xa1 . . . Xak on Sn,r or Cλ informs us of the k-th moments of desn,r and majn,r

on these sets. We start with the following definitions based on [Ful98].
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Definition 4.2.10. The Young subgroup generated by a1, . . . , ak ∈ [n] is the subgroup of

Sn generated by the adjacent transpositions {(a1, a1 + 1), . . . , (ak, ak + 1)} \ {(n, n+ 1)}.

Definition 4.2.11. Let J be the Young subgroup of Sn generated by a1, . . . , ak ∈ [n]. The

blocks induced by a1, . . . , ak ∈ [n] are the equivalence classes B1, . . . ,Bt ⊆ [n] generated by

the following property: i, j ∈ [n] are in the same equivalence class if some ω ∈ J maps i to

j. Observe that one can equivalently express

J = SB1 × . . .×SBt ,

where SBi
is the group of permutations on the elements in Bi.

Example 4.2.12. The blocks induced by 1, 2, 4, 7 ∈ [8] are B1 = {1, 2, 3}, B2 = {4, 5},

B3 = {6}, and B4 = {7, 8}. Note that the blocks induced by 1, 2, 4, 7, 8 ∈ [8] will be the

same. Observe that the number of blocks t depends on the specific choices of a1, . . . , ak

rather than only k.

Fulman shows in [Ful98, Proof of Theorem 3] that when the blocks induced by a1, . . . , ak ∈

[n− 1] are B1, . . . ,Bt,

ESn [Xa1Xa2 . . . Xak ] =
t∏

i=1

1

|Bi|!
. (4.2.25)

In Sn,r, we will derive the corresponding formulas for ESn [Xa1Xa2 . . . Xak ], and there will be

two cases depending on whether or not a1, . . . , ak contains n. When this is not the case, we

show that Equation (4.2.25) translates directly to Sn,r.

Lemma 4.2.13. Let a1, . . . , ak ∈ [n− 1] with induced blocks B1, . . . ,Bt. Then

ESn,r [Xa1Xa2 . . . Xak ] = ESn [Xa1Xa2 . . . Xak ] =
t∏

i=1

1

|Bi|!
. (4.2.26)

Proof. Let Sn act on Sn,r by permuting entries in the one-line notation. This partitions

Sn,r into orbits based on the elements that appear in the one-line notation. Each orbit Ωc
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can be indexed by c = (c1, . . . , cn), where ci ∈ Zr is the color of element i in the one-line

notation. Let fc : {ici}ni=1 → [n] be the unique order-preserving bijection from {ici}ni=1 with

the ordering in (2.2.2) to [n] with the usual ordering. This induces a bijection Fc : Ωc → Sn

that on the one-line notation is given by

Fc([(ω, τ)(1
0), (ω, τ)(20), . . . , (ω, τ)(n0)]) = [fc((ω, τ)(1

0)), fc((ω, τ)(2
0)), . . . , fc((ω, τ)(n

0))].

Furthermore, since fc is order-preserving, Fc preserves descents. Therefore, for all (ω, τ) ∈

Ωc, we have that Xa1Xa2 . . . Xak(ω, τ) = Xa1Xa2 . . . Xak(Fc(ω, τ)). As Fc is a bijection, this

implies that

ESn,r [Xa1Xa2 . . . Xak | Ωc] = ESn [Xa1Xa2 . . . Xak ]. (4.2.27)

Equation (4.2.27) holds for every Ωc, so we use the Law of Total Expectation to conclude

ESn,r [Xa1Xa2 . . . Xak ] =
∑
c

PrSn,r [Ωc] · ESn,r [Xa1Xa2 . . . Xak | Ωc]

=
∑
c

PrSn,r [Ωc] · ESn [Xa1Xa2 . . . Xak ]

= ESn [Xa1Xa2 . . . Xak ].

The result now follows from (4.2.25).

It remains now to consider products involving Xn. We start with the case of consecutive

indices Xm+1 . . . Xn containing n. Since Xn(ω, τ) = 1 occurs precisely when τ(n) ̸= 0,

observe that Xm+1 . . . Xn(ω, τ) = 1 implies τ(i) ̸= 0 for all i ≥ m. Conditioning on this

property, we compute the expectation of Xm+1 . . . Xn on Sn,r.

Lemma 4.2.14. For any 1 ≤ m < n, the following holds:

ESn,r [Xm+1 . . . Xn] =

(
r − 1

r

)n−m

· 1

(n−m)!
. (4.2.28)
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Proof. We first express

ESn,r [Xm+1 . . . Xn] = PrSn,r [Xm+1 . . . Xn = 1]

= PrSn,r [{τ(i) ̸= 0∀ i > m} ∩ {Xm+1 . . . Xn−1 = 1}]

= PrSn,r [τ(i) ̸= 0∀ i > m] · PrSn,r [Xm+1 . . . Xn−1 = 1 | τ(i) ̸= 0∀ i > m].

The first term is equal to ((r−1)/r)n−m, so it suffices to show the second term is 1/(n−m)!.

For this, we let Sn−m act on the set {(ω, τ) ∈ Sn,r | τ(i) ̸= 0∀ i > m} by permuting the last

n−m entries in the one-line notation. Under this action, each orbit has size (n−m)!, and

exactly one element in each orbit has these last n −m elements in descending order. The

same argument as in Lemma 4.2.13 shows then that

PrSn,r [Xm+1 . . . Xn−1 = 1 | τ(i) ̸= 0∀ i > m] =
1

(n−m)!
.

Corollary 4.2.15. For any positive integers m and n,

ESn,r [X1X2 . . . Xn] = ESm+n,r [Xm+1Xm+2 . . . Xm+n].

Finally, we consider the expectation of arbitrary products of the Xi statistics that contain

Xn. Our approach is to again use an action by a symmetric group of appropriate size.

Lemma 4.2.16. For any a1, . . . , aj ∈ [m− 1] ⊆ [n],

ESn,r [Xa1 . . . XajXm+1Xm+2 . . . Xn] = ESn,r [Xa1 . . . Xaj ] · ESn,r [Xm+1Xm+2 . . . Xn].

Proof. Express

ESn,r [Xa1 . . . XajXm+1Xm+2 . . . Xn]

= PrSn,r [Xa1 . . . XajXm+1Xm+2 . . . Xn = 1]

= PrSn,r [Xa1 . . . Xaj = 1] · PrSn,r [Xm+1 . . . Xn = 1 | Xa1 . . . Xaj = 1]

(4.2.29)
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The first term is ESn,r [Xa1 . . . Xaj ], and the group action and argument from Lemma 4.2.14

shows that

PrSn,r [Xm+1 . . . Xn = 1 | Xa1 . . . Xak = 1] =

(
r − 1

r

)n−m

· 1

(n−m)!
.

Corollary 4.2.17. Consider any a1, . . . , ak ∈ [n] with induced blocks B1, . . . ,Bt, where Bt

contains n. If n ∈ {a1, . . . , ak}, then

ESn,r [Xa1 . . . Xak ] =

(
r − 1

r

)|Bt|

·
t∏

i=1

1

|Bi|!
.

Proof. Since n ∈ {a1, . . . , ak}, we can express Xa1 . . . Xak as Xa1 . . . XajXm+1Xm+2 . . . Xn,

where a1, . . . , aj ∈ [m− 1]. By Lemma 4.2.16,

ESn,r [Xa1 . . . Xak ] = ESn,r [Xa1 . . . Xaj ] · ESn,r [Xm+1 . . . Xn].

The result follows by applying Lemma 4.2.13 and Lemma 4.2.14.

We now consider Eλ[Xa1 . . . Xak ] on Cλ without cycles of length 1, 2, . . . , 2k and estab-

lish analogs of Lemma 4.2.13 and Corollary 4.2.17. Many of our techniques for proving

Lemma 4.2.13 and Corollary 4.2.17 involved group actions where orbits have exactly one

element with Xa1 . . . Xak(ω, τ) = 1, and we will define an appropriate action on Cλ with the

same property.

Fix a1, . . . , ak ∈ [n], let B1, . . . ,Bt ⊆ [n] be blocks induced by a1, . . . , ak, and let J =

SB1 × . . .×SBt be the Young subgroup of Sn generated by a1, . . . , ak. Define an action of

J on Sn,r as follows: for all π ∈ J and (ω, τ) ∈ Sn,r,

π · (ω, τ) = (π,0)(ω, τ)(π,0)−1, (4.2.30)

where 0 is the zero coloring. Alternatively, this is the conjugation action of J on Sn,r after
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identifying J with the subgroup J×0. The following result describes orbits under the action

given in (4.2.30).

Lemma 4.2.18. Let (ω, τ) ∈ Sn,r. Let π ∈ Sn and 0 be the zero coloring. If (ic11 , i
c2
2 , . . . , i

cℓ
ℓ )

is a cycle in (ω, τ), then

(π,0)(ic11 , i
c2
2 , . . . , i

cℓ
ℓ )(π,0)

−1 = (π(i1)
c1 , π(i2)

c2 , . . . , π(ij)
cℓ).

Consequently, (π(i1)
c1 , π(i2)

c2 , . . . , π(iℓ)
cℓ) is a cycle in (π,0)(ω, τ)(π,0)−1.

Proof. For any ij, we consider the image of π(ij)
0 under (π,0)−1(ω, τ)(π,0):

(π,0)(ω, τ)(π,0)−1(π(ij)
0) = (π,0)(ω, τ)(i0j)

= (π,0)(i
cj+1

j+1 )

= π(ij+1)
cj+1 ,

where in the case of j = ℓ, we replace j + 1 with 1. Hence, π(ij+1)
cj+1 follows π(ij)

cj in the

cycle notation as claimed.

Lemma 4.2.18 implies that the orbit of any (ω, τ) ∈ Sn,r under the action in (4.2.30)

consists of colored permutations that can be obtained by starting with the cycle notation of

(ω, τ) and permuting elements within each block B1, . . . ,Bt without changing the location

of colors. On conjugacy classes Cλ without cycles of length 1, 2, . . . , 2k, we will show that

these orbits are particularly well-behaved.

Lemma 4.2.19. Let a1, . . . , ak ∈ [n− 1] with induced blocks B1, . . . ,Bt, and let J = SB1 ×

. . .×SBt act on a conjugacy class Cλ of Sn,r by (4.2.30). If Cλ contains no cycles of length

1, 2, . . . , 2k, then each orbit under this action has size |J | =
∏t

i=1 |Bt|!. Furthermore, there

is a unique element in each orbit that has descents at a1, . . . , ak.

To prove Lemma 4.2.19, we will define an algorithm that identifies necessary conditions for

descents at a1, . . . , ak to appear and replaces elements in each block B1, . . . ,Bt appropriately.
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This algorithm will generalize one used by Fulman in [Ful98, Proof of Theorem 3]. Since our

algorithm is very technical, we will start with an example.

Example 4.2.20. Consider indices 1, 2, 4, 5 ∈ [9] and (ω, τ) = (103182522070419062) ∈ S9,3.

The blocks induced by 1, 2, 4, 5 are B1 = {1, 2, 3}, B2 = {4, 5, 6}, B3 = {7}, B4 = {8}, and

B5 = {9}. We wish to find an element in the orbit of (ω, τ) under the action in (4.2.30)

that has descents at positions 1, 2, 4, and 5, so we start by replacing elements in the cycle

notation with the smallest number in its corresponding block, resulting in

(101182421070419042). (4.2.31)

We now must find an appropriate way to replace the instances of 1 and 4 with elements

in the same block. Ignoring colors for the moment, we observe that the elements 7, 8, and 9

appear exactly once, and they are respectively preceded by 1, 1, and 4. Both 1 and 4 appear

multiple times in (4.2.31), so we can try to use the information involving 7, 8, or 9 to change

this. For simplicity, we choose the largest element 9, which is preceded by a 4 in (4.2.31).

The elements directly after appearances of 4’s are 10, 90, and 10. Regardless of how these

two appearances of 1 are replaced with other elements in B1 = {1, 2, 3}, the element 90 will

still be the largest. Then for descents at positions 4 and 5 to occur, the element 40 must

map to 90. Using this information, we next consider

(101182521070419052), (4.2.32)

as we have determined the image of 40, but we have not determined the images of 50 or 60.

Observe that since 9 appeared exactly once in (4.2.31), the element preceding it in (4.2.32)

now appears exactly once.

Continuing in this manner, 8 is now the largest element that appears only once but

whose preceding element 1 in (4.2.32) appears multiple times. The elements that follow

these appearances of 1 are 11, 82, and 70. We wish for descents at positions 1 and 2, and the
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unique option for this is (201182523070419052). Finally, we consider repeated instances of 5

to obtain (201182523070419062). Observe that this is in the orbit of (ω, τ) under the action

(4.2.30), and it has descents at positions 1, 2, 4, and 5.

We now give an algorithm that formalizes the example above. We then use this to

establish Lemma 4.2.19.

Input: (ω, τ) ∈ Sn,r with no cycles of length 1, 2, . . . , 2k; indices a1, . . . , ak ∈ [n]
Output: a colored permutation (ω′, τ ′) ∈ Sn,r in the orbit of (ω, τ) under (4.2.30)

1 B1, . . . ,Bt := blocks induced by a1, . . . , ak
2 σ1, . . . , σm := cycles of (ω, τ)
3 σ′

1, . . . σ
′
m := cycles obtained by starting with σ1, . . . , σm and replacing each i ∈ [n]

with the smallest number from the block that contains it
4 while σ′

1, . . . , σ
′
m contains repeated integers from [n] do

5 S := subset of [n] consisting of elements that appear exactly once in σ′
1, . . . , σ

′
m

6 j := largest element in S whose preceding element i in σ′
1, . . . , σ

′
m appears

multiple times
7 B := block containing i
8 i1, . . . , iℓ := elements in σ′

1, . . . , σ
′
m that are in the block B

9 jc11 , . . . , jcℓℓ := elements respectively following i1, . . . , iℓ in σ′
1, . . . , σ

′
m

10 ≤:= partial order on jc11 , . . . , jcℓℓ given by (2.2.2) with repeated elements treated
as distinct, incomparable elements

11 ⪯ := the partial order on i1, . . . , iℓ formed by starting with ≤, replacing each jchh
with ih, and reversing the relations in ≤

12 σ′
1, . . . , σ

′
m := σ′

1, . . . , σ
′
m after replacing instances of i1, . . . , iℓ with minimal

elements in B in a manner that respects ⪯
13 end
14 return σ′

1, . . . , σ
′
m

Algorithm 4.2.1: ColoredDescents

Proof of Lemma 4.2.19. It was shown in [Ful98, Proof of Theorem 3] that the conjugation

action of J on any conjugacy class Cλ of Sn with no cycles of length 1, 2, . . . , 2k results in

orbits of size |J | =
∏t

i=1 |Bi|!. Define f : Sn,r → Sn to be the projection f(ω, τ) = ω.
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Combining all of this with Lemma 4.2.18, we conclude that for any (ω, τ) ∈ Cλ,

|J · (ω, τ)| = |{(π,0)(ω, τ)(π,0)−1 | π ∈ J}|

≥ |{f((π,0)(ω, τ)(π,0)−1) | π ∈ J}|

= |{πωπ−1 | π ∈ J}|

= |J |.

(4.2.33)

Since |J · (ω, τ)| ≤ |J | always holds, we conclude |J · (ω, τ)| = |J |. It now suffices to show

that there is a unique element in each orbit with descents at a1, . . . , ak, which we do using

ColoredDescents. We start by showing that this algorithm is well-defined.

First, observe that the k elements in a1, . . . , ak can induce at most k blocks of size

larger than 1, which accounts for at most 2k of the elements in [n]. Hence, some blocks in

B1, . . . ,Bt must initially consist of only one element. If (ω, τ) ∈ Sn,r has no cycles of lengths

1, 2, . . . , 2k, then each cycle σ′
1, . . . , σ

′
m in line 3 must contain some element from a block of

size 1. Consequently, choosing j in the while loop is well-defined in the first iteration. After

each iteration of the while loop, the number of elements that appear exactly once increases

in at least one cycle in σ′
1, . . . , σ

′
m, as the element that precedes j appears multiple times

at the start of the loop but appears exactly once at the end of the loop. Consequently,

future iterations of the while loop are well-defined, and the algorithm will continue until it

terminates at a colored permutation. Furthermore, ColoredDescents only replaces elements

in the cycle notation with others in the same block while leaving colors unchanged, so by

Lemma 4.2.18, the output of this algorithm is in the same J-orbit as the original colored

permutation.

Now observe that at the start of the algorithm, the cycles σ′
1, . . . , σ

′
m in ColoredDescents

satisfy the property that whenever i1 ≤ i2 appear in σ1, . . . , σm and belong to the same block,

the elements jc11 and jc22 that follow them in σ′
1, . . . , σ

′
m satisfy jc11 ≥ jc22 with respect to the

ordering for descents given in (2.2.2). This property is preserved after each iteration of the

while loop, so the colored permutation resulting from ColoredDescents has the property
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that when i1 < i2 are in the same block, the elements following them in the cycle notation

satisfy jc11 > jc22 . Consequently, the colored permutation resulting from the algorithm has

descents at a1, . . . , ak. Additionally, it is clear that at each iteration of line 12, the algorithm

identifies necessary conditions for descents to eventually occur at a1, . . . , ak, and the replace-

ment used at this line is unique. Consequently, the outputted colored permutation must be

the unique permutation in the orbit of (ω, τ) that has a descent at all a1, . . . , ak.

Lemma 4.2.21. Let a1, . . . , ak ∈ [n] with induced blocks B1, . . . ,Bt, where Bt contains

n. Let Cλ be any conjugacy class of Sn,r that contains no cycles of length 1, 2, . . . , 2k. If

a1, . . . , ak ∈ [n− 1], then

Eλ[Xa1Xa2 . . . Xak ] =
t∏

i=1

1

|Bi|!
. (4.2.34)

Otherwise,

Eλ[Xa1Xa2 . . . Xak ] =

(
r − 1

r

)|Bt|

·
t∏

i=1

1

|Bi|!
. (4.2.35)

Proof. First consider when a1, . . . , ak ∈ [n− 1]. Define J = SB1 × . . .×SBt , and let ω ∈ J

act on Cλ as given in (4.2.30). Lemma 4.2.19 shows that this action decomposes Cλ into

orbits of size |J | where exactly one element in each orbit has descents at a1, . . . , ak. This

implies (4.2.34).

For (4.2.35), we assume without loss of generality that ak = n and a1, . . . , ak−1 ∈ [n− 1].

Expressing Bt = {m+ 1, . . . , n}, we have that

Eλ[Xa1Xa2 . . . Xak ] = Prλ[τ(i) ̸= 0∀ i > m] · Prλ[Xa1 , . . . Xak−1
= 1 | τ(i) ̸= 0∀ i > m].

(4.2.36)

By summing over all choices of nonzero colors and applying (4.1.5), the first term is ((r −

1)/r)n−m. For the second term, Lemma 4.2.18 shows that the action of J preserves the

property that τ(i) ̸= 0 for all i > m, as the colors on the elements following m+ 1, . . . , n in

the cycle notation are unaffected by the conjugation action of J . Hence, this action stabilizes

the subset in Cλ where τ(i) ̸= 0 for all i > m. Lemma 4.2.19 then implies that the second
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term in (4.2.36) is 1/|J | as needed.

Combining our results, we can now establish Theorem 1.2.11 for desn,r and majn,r. In

fact, this result holds for any statistic that is a linear combination of the Xi statistics.

Theorem 4.2.22. Let X =
∑n

i=1 ciXi with ci ∈ R, and let Cλ be the conjugacy class of

Sn,r indexed by λ. If Cλ contains no cycles of length 1, 2, . . . , 2k, then Eλ[X
k] = ESn,r [X

k].

Furthermore, if cn = 0, then this is also equal to ESn [X
k].

Proof. Using the decomposition X =
∑n

i=1 ciXi with ci ∈ R and expanding, we obtain

Eλ[X
k] =

∑
a1,...,ak∈[n]

(
k∏

i=1

ci

)
· Eλ[Xa1 . . . Xak ]. (4.2.37)

Note that the summation ranges over all possible a1, . . . , ak, so it is possible that some of

the Xi’s in the product Xa1 . . . Xak are redundant. Regardless, using the fact that Cλ has no

cycles of length 1, 2, . . . , 2k with Lemma 4.2.13, Corollary 4.2.17, and Lemma 4.2.21, each of

the summands in (4.2.37) is equal to the corresponding summand in

ESn,r [X
k] =

∑
a1,...,ak∈[n]

(
k∏

i=1

ci

)
ESn,r [Xa1 . . . Xak ], (4.2.38)

so the k-th moments of X on Cλ and Sn,r coincide.

In the case where cn = 0, we can restrict the summation in (4.2.38) to a1, . . . , ak ∈

[n − 1]. Lemma 4.2.21 then implies that each term in the summation for ESn,r [X
k] equals

the corresponding one in

ESn [X
k] =

∑
a1,...,ak∈[n−1]

(
k∏

i=1

ci

)
ESn [Xa1 . . . Xak ],

so the k-th moments of X on Sn,r and Sn coincide.

Corollary 4.2.23. Let Cλ be a conjugacy class of Sn,r. If Cλ contains no cycles of length
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1, 2, . . . , 2k, then

Eλ[des
k
n,r] = ESn,r [des

k
n,r] and Eλ[majkn,r] = ESn,r [majkn,r] = ESn [majk].

We conclude this section with Corollary 1.2.12 for desn,r and majn,r. These follow from a

similar argument as in Corollary 4.2.9, where we apply the preceding result with the Method

of Moments and either Theorem 2.2.10 or a combination of Theorem 1.2.4 and Theorem 1.2.7.

Corollary 4.2.24. For every n ≥ 1, let Cλn be a conjugacy class of Sn,r. Suppose that for all

i, the number of cycles of length i in λn approaches 0 as n→∞. Then for sufficiently large n,

desn,r has mean µn,r =
rn+r−2

2r
and variance σ2

n,r =
n+1
12

on Cλn, and as n→∞, the random

variable (desn,r−µn,r)/σn,r converges in distribution to the standard normal distribution.

Corollary 4.2.25. For every n ≥ 1, let Cλn be a conjugacy class of Sn,r. Suppose that for

all i, the number of cycles of length i in λn approaches 0 as n → ∞. Then for sufficiently

large n, majn,r has mean µn,r = n(n−1)
4

and variance σ2
n,r = n(2n2+3n−5)

72
on Cλn, and as

n → ∞, the random variable (majn,r−µn,r)/σn,r converges in distribution to the standard

normal distribution.

4.2.3 Flag-major index

In this section, we consider the flag-major index statistic fmajn,r and show that its k-th

moment coincides on Sn,r and any conjugacy class with no cycles of length 1, 2, . . . , 2k.

Our general approach follows the approach we used for desn,r and majn,r, but with several

technical modifications to account for the coln,r statistic.

Throughout this section, we define Yi,c to be the indicator function for the color of i ∈ [n]

being c ∈ Zr,

Yi,c(ω, τ) =

1 if τ(i) = c

0 otherwise.

Using the same Xi indicator functions for descents, this allows us to express fmajn,r from
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(2.2.4) as

fmajn,r = r ·
n−1∑
i=1

iXi +
n∑

i=1

r−1∑
c=0

cYi,c,

In particular, fmajkn,r can be expressed as linear combinations of the random variables

Xa1 . . . XajYaj+1,cj+1
. . . Yak,ck (4.2.39)

where a1, . . . , aj ∈ [n−1], aj+1, . . . , ak ∈ [n], and cj+1, . . . , ck ∈ Zr. We will consider products

of this form, and show that their expectations align on Sn,r and all Cλ with no cycles of

length 1, 2, . . . , 2k. We start with a definition and then a result on realizability.

Definition 4.2.26. Let a1, . . . , aj ∈ [n − 1], aj+1, . . . , ak ∈ [n], and cj+1, . . . , ck ∈ Zr. The

support of the statistic Xa1 . . . XajYaj+1,cj+1
. . . Yak,ck is

supp(Xa1 . . . XajYaj+1,cj+1
. . . Yak,ck) =

(
j⋃

i=1

{ai, ai + 1}

)⋃(
k⋃

i=j+1

{ai}

)
.

Lemma 4.2.27. Let a1, . . . , aj ∈ [n − 1], aj+1, . . . , ak ∈ [n], and cj+1, . . . , ck ∈ Zr. Then

Z = Xa1 . . . XajYaj+1,cj+1
. . . Yak,ck is realizable over constraints of size j + k. Consequently,

its mean coincides on all conjugacy classes Cλ of Sn,r without cycles of length 1, 2, . . . , j+k.

The same holds for ZYi,c when i ∈ supp(Z) and c ∈ Zr is arbitrary.

Proof. By Theorem 4.1.17, it suffices to show that Z and ZYi,c are realizable over constraints

of size j+k. Observe that summands for fmajn,r in Example 4.1.6 can be used to realize each

Xai using constraints of size 2 and each Yai,c using constraints of size 1. Using Lemma 4.1.15,

Z is then realizable over constraints of size 2j + (k − j) = j + k.

For ZYi,c, first observe the resulting expansion described above for Z consists of products

of linear combinations of statistics of the form

j∏
i=1

I{(a0i , x
ci
i ),((ai+1)0, y

di
i )} ·

n∏
i=j+1

I{(a0i , z
ci
i )}, (4.2.40)
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where xci
i < ydii are elements in [n]r and zcii are elements in [n]r with color ci. Additionally,

we can express

Yi,c =
n∑

x=1

I{(i0, xc)}. (4.2.41)

It now suffices to show that the product of (4.2.40) with any summand I{(i0, xc)} of (4.2.41)

is realizable over constraints of size j + k.

Since i ∈ supp(Z), there is some I(K,κ) in the product (4.2.40) where (K,κ) contains an

ordered pair of the form (i0, zd). If xc = zd, then multiplying (4.2.40) by I(i0,xc) has no effect,

and hence, this additional indicator function can be omitted. Otherwise, xc ̸= zd implies

that I(K,κ) is not compatible with I(i0,xc), so the product of (4.2.40) and I{(i0, xc)} is identically

0 by Lemma 4.1.15. Combined, we conclude that ZYi,c is also realizable over constraints of

size j + k.

In statistics of the form Xa1 . . . XajYaj+1,cj+1
. . . Yak,ck , some of the elements in aj+1, . . . , ak

may be involved with descents at positions a1, . . . , aj, while others are not. Our next result

allows us to reduce to when all elements in aj+1, . . . , ak are involved in descents at a1, . . . , aj.

Lemma 4.2.28. Let a1, . . . , aj ∈ [n − 1], aj+1, . . . , ak ∈ [n], and cj+1, . . . , ck ∈ Zr. If

ak /∈ supp(Xa1 . . . XajYaj+1,cj+1
. . . Yak−1,ck−1

), then

ESn,r [Xa1 . . . XajYaj+1,cj+1
. . . Yak−1,ck−1

Yak,ck ] =
1

r
· ESn,r [Xa1 . . . XajYaj+1,cj+1

. . . Yak−1,ck−1
].

The same holds on any Cλ with no cycles of length 1, 2, . . . , j + k.

Proof. For simplicity, we let Z = Xa1 . . . XajYaj+1,cj+1
. . . Yak−1,ck−1

and express

ESn,r [ZYak,ck ] = PrSn,r [ZYak,ck = 1]

= PrSn,r [Z = 1] · PrSn,r [Yak,ck = 1 | Z = 1]

= ESn,r [Z] · PrSn,r [Yak,ck = 1 | Z = 1].

It now suffices to show the second term is 1/r. Define an action of Zr on Sn,r as follows: m
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acts on (ω, τ) by adding m to τ(ak). Since ak is not in the support of Z, this fixes the set of

elements where Z = 1. Within each orbit of size r, exactly one satisfies τ(ak) = ck. Hence,

PrSn,r [Yak,ck = 1 | Z = 1] = 1/r as desired.

For conjugacy classes with no cycles of length 1, 2, . . . , j + k, we let Ωc be the conjugacy

class of Sn,r consisting of permutations with a single cycle of length n and color c, and we

consider Ω =
⋃

c∈ZΩc. The same action of Zr on Sn,r given above is stable on Ω, implying

EΩ[ZYik,ck ] =
1

r
EΩ[Z].

Lemma 4.2.27 with the Law of Total Expectation implies that

EΩ[Z] =
∑
c∈Zr

PrΩ[Ωc] · EΩc [Z] =
∑
c∈Zr

1

r
· EΩ0 [Z] = EΩ0 [Z],

and the same holds when Z is replaced with ZYik,ck . Applying Lemma 4.2.27 again allows

us to conclude that on any Cλ with no cycles of length 1, 2, . . . , j + k

Eλ[ZYik,ck ] = EΩ0 [ZYik,ck ] = EΩ[ZYik,ck ] =
1

r
EΩ[Z] =

1

r
EΩ0 [Z] =

1

r
Eλ[Z].

We now consider when aj+1, . . . , ak is the support of Xa1 . . . Xaj . In this case, our preced-

ing work with ColoredDescents shows that the mean coincides on Sn,r and any conjugacy

classes without cycles of length j + k.

Lemma 4.2.29. Let a1, . . . , aj ∈ [n−1], aj+1, . . . , ak ∈ [n], and cj+1, . . . , ck ∈ Zr, and define

Z = Xa1 . . . XajYaj+1,cj+1
. . . Yak,ck . If

supp(Xa1 . . . Xaj) = supp(Yaj+1,cj+1
. . . Yak,ck),

then on any conjugacy class Cλ of Sn,r with no cycles of length 1, 2, . . . , 2j,

ESn,r [Z] = Eλ[Z].



105

Proof. We can assume without loss of generality that all of the elements a1, . . . , aj are dis-

tinct, and all of the elements aj+1, . . . , ak are distinct. Let B1, . . . ,Bt be the blocks induced

by a1, . . . , aj. We first consider when there exists some i and i + 1 in the same block, and

both Yi,c and Yi+1,c′ appear in Z for some c, c′. If c < c′, then a descent at position i is

impossible. This implies Z = 0 on both the entire group and on conjugacy classes, so the

result is clear. If c > c′, then removing Xi from the product defining Z results in the same

statistic. Iterating this argument, we can assume without loss of generality that for any i and

i + 1 in the same block where some Yi,c and Yi+1,c′ appear in Z, we have c = c′. Combined

with the fact that

supp(Xa1 . . . Xaj) = supp(Yaj+1,cj+1
. . . Yak,ck),

this implies that the property Yaj+1,cj+1
. . . Yak,ck(ω, τ) = 1 is equivalent to τ satisfying some

fixed κ : {aj+1, . . . , ak} → Zr that is constant on any block B1, . . . ,Bt of size larger than 1.

We now show the claimed equality, first by considering Sn,r. We first express

ESn,r [Z] = PrSn,r [Xa1 . . . Xaj = 1 | Yaj+1,cj+1
. . . Yak,ck = 1] · PrSn,r [Yaj+1,cj+1

. . . Yak,ck = 1]

= PrSn,r [Xa1 . . . Xaj = 1 | τ satisfies κ] · PrSn,r [τ satisfies κ]

There are k − j elements in the domain of κ, so the second term is 1/rk−j. For the first

term, we use a similar approach as the one for descents. Let J = SB1 × . . . × SBt act by

permuting the one-line notation within each block so that σ ∈ SBj
permutes the images of

i0 for i ∈ Bj. Since κ is constant on each block of size larger than 1, this action stabilizes

the subset of colored permutations satisfying κ. Each orbit has size |J | and contains exactly

one element where the one-line notation within each block is in descending order. Hence,

exactly one element in each orbit has the appropriate descents at a1, . . . , aj, and we conclude

ESn,r [Z] =
1

rk−j

t∏
i=1

1

|Bi|
.
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For a conjugacy class Cλ with no cycles of length 1, 2, . . . 2j, we similarly express

Eλ[Z] = Prλ[Xa1 . . . Xaj = 1 | τ satisfies κ] · Prλ[τ satisfies κ].

Since we assumed that

supp(Xa1 . . . Xaj) = supp(Yaj+1,cj+1
. . . Yak,ck)

and the left side has size at most 2j, we conclude that the domain of κ has size k − j ≤ 2j.

Since Cλ has no cycles of length 1, 2, . . . , 2j, the second term in the product above is 1/rk−j

by (4.1.5). For the first term, let π ∈ J act on (ω, τ) as conjugation by (π,0). We know κ

is constant on any block Bj of size larger than 1, so for any (ω, τ) ∈ Cλ where τ satisfies κ,

all elements following i ∈ Bj in the cycle notation have the same color. Then Lemma 4.2.18

implies that this property is preserved under the action of J , and hence J stabilizes the

elements in Cλ satisfying κ. This allows us to apply Lemma 4.2.19 to conclude that exactly

one element in each orbit of size |J | has descents at a1, . . . , aj. Thus,

Eλ[Z] =
1

rk−j

t∏
i=1

1

|Bi|
= ESn,r [Z].

Finally, we show that the mean of Xa1 . . . XajYaj+1,cj+1
. . . Yak,ck coincides on Sn,r and

appropriate Cλ. We then conclude with Theorem 1.2.11 and Corollary 1.2.12 for fmajn,r.

Lemma 4.2.30. Let Z = Xa1 . . . XajYaj+1,cj+1
. . . Yak,ck where a1, . . . , aj ∈ [n−1], aj+1, . . . , ak ∈

[n], and cj+1, . . . , ck ∈ Zr. Then on any conjugacy class Cλ of Sn,r with no cycles of length

1, 2, . . . , j + k,

ESn,r [Z] = Eλ[Z].

Proof. We can assume without loss of generality that all of the elements a1, . . . , aj are dis-

tinct, and all of the elements aj+1, . . . , ak are distinct. Starting with Y , observe that if

some ai ∈ {aj+1, . . . , ak} is not in the support of Xa1 . . . Xaj , then Lemma 4.2.28 implies
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that it suffices to remove Yai,ci and prove the result for the resulting statistic. Applying this

repeatedly, we see that we can assume supp(Yaj+1,cj+1
. . . Yak,ck) ⊆ supp(Xa1 . . . Xaj).

Now suppose that this is a proper subset, so there exists some i ∈ supp(Xa1 . . . Xaj) \

{aj+1, . . . , ak}. In this case, we can express

Z =
r−1∑
c=0

Z · Yi,c,

where each statistic in the sum is still realizable over constraints of size j+k by Lemma 4.2.27.

Hence, it suffices to show the statements for each Z ·Yi,c. Iterating this process, we see that it

suffices to consider when supp(Yaj+1,cj+1
. . . Yak,ck) = supp(Xa1 . . . Xaj), and this case follows

from Lemma 4.2.29.

Theorem 4.2.31. Let Cλ be a conjugacy class of Sn,r with no cycles of length 1, 2, . . . , 2k.

Then

ESn,r [fmajkn,r] = Eλ[fmajkn,r].

Proof. As noted in (4.2.39), fmajk can be expressed as linear combinations of

Xa1 . . . XajYaj+1,cj+1
. . . Yak,ck

where a1, . . . , aj ∈ [n − 1], aj+1, . . . , ak ∈ [n], and cj+1, . . . , ck ∈ Zr. The previous result

implies that on any Cλ ⊆ Sn,r with no cycles of length 1, 2, . . . , 2k,

ESn,r [Xa1 . . . XajYaj+1,cj+1
. . . Yak,ck ] = Eλ[Xa1 . . . XajYaj+1,cj+1

. . . Yak,ck ].

Linearity of expectation allows us to conclude Eλ[fmajkn,r] = ESn,r [fmajkn,r].

Corollary 4.2.32. For every n ≥ 1, let Cλn be a conjugacy class of Sn,r. Suppose that for

all i, the number of cycles of length i in λn approaches 0 as n → ∞. Then for sufficiently

large n, fmajn,r has mean µn,r = n(rn+r−2)
4

and variance σ2
n,r = 2r2n3+3r2n2+(r2−6)n

72
on Cλn.
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Furthermore, as n → ∞, the statistic (fmajn,r−µn,r)/σn,r converges in distribution to the

standard normal distribution.

Our methods for analyzing the asymptotic distributions of desn,r, majn,r, and fmajn,r on

conjugacy classes without short cycles involved moments. However, one might be interested

in the actual distributions for these statistics on conjugacy classes, and this is one potential

direction for future work.

Open Problem. Study the generating functions for desn,r, majn,r, and fmajn,r on conjugacy

classes of Sn,r. Establish analogs of the results in Section 4.2.1 for these statistics, and

explore asymptotic distributions on arbitrary conjugacy classes of Sn,r.
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Chapter 5

COSINE SIGN CORRELATION

We now consider sign patterns of cosine functions as described in Section 1.3. Recall

from (1.3.1) that for positive integers {a1, a1, . . . , an} ⊆ Z+,

P(a1, . . . , an) =
1

2π

∣∣∣∣{x ∈ [0, 2π] : min
1≤i≤n

cos (aix) > 0 or max
1≤i≤n

cos (aix) < 0

}∣∣∣∣
is the probability that cos(a1x), cos(a2x),. . . , cos(anx) all share the same sign when x is

chosen uniformly at random from [0, 2π]. In particular, we minimize this probability by

finding

pn = inf
{a1,...,an}⊆Z+

P(a1, . . . , an).

We begin with some general results in Section 5.1, including a more general case of Theo-

rem 1.3.1. We then focus on n = 3 in Section 5.2, including the characterization of p3 given

in Theorem 1.3.3. All results in this section are from a collaboration with Shilin Dou, Ansel

Goh, Madeline Legate, and Gavin Pettigrew, and these appear in [DGL+24].

5.1 Properties for general n

Throughout this section, we assume without loss of generality that a1 < a2 < . . . < an.

While we are primarily interested in cosine sign correlation on the interval [0, 2π], it is useful

at times to consider other intervals.

Definition 5.1.1. The cosine sign correlation of {a1, . . . , an} ⊆ Z+ on a bounded interval

I ⊆ R is defined as

PI(a1, . . . , an) =
1

|I|
·
∣∣∣∣{x ∈ I : min

1≤i≤n
cos(aix) > 0 or max

1≤i≤n
cos(aix) < 0

}∣∣∣∣ .
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Figure 5.1: The functions cos(x), cos(3x), cos(5x) on [0, 2π] are shown on the left, and
χ(1,3,5)(x) is shown on the right. The intervals where χ(1,3,5)(x) = 1 are [0, π/10),
(9π/10, 11π/10), and (19π/10, 2π], implying P(1, 3, 5) = 1/5.

When I = [0, 2π], we omit the subscript.

Given {a1, . . . , an} ⊆ Z+, we consider the indicator function

χa1,...,an(x) =

1 if min1≤i≤n cos(aix) > 0 or max1≤i≤n cos(aix) < 0,

0 otherwise.

Observe that the cosine sign correlation of {a1, . . . , an} can be equivalently expressed as

PI(a1, . . . , an) =
1

|I|

∫
I

χa1,...,an(x) dx. (5.1.1)

Note that continuity of cos(a1x), . . . , cos(anx) implies that χa1,...,an takes value 1 on a union

of open intervals in R, so χa1,...,an is Riemann-integrable on any bounded interval I ⊆ R. An

example is shown in Figure 5.1. Applying these definitions, we establish Theorem 1.3.1.

Lemma 5.1.2. Suppose that P(a1, a2, . . . , an) = 1/an and ai is odd for all i. Then for any

positive integer m,

P(a1, a2, . . . , an, 3an, . . . , 3man) =
1

3man
.
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Proof. We first show that when a1, . . . , an are all odd and P(a1, a2, . . . , an) = 1/an, we have

that

χ−1
a1,...,an

(1) =

[
0,

π

2an

)
∪
(
π − π

2an
, π +

π

2an

)
∪
(
2π − π

2an
, 2π

]
. (5.1.2)

Since all ai are odd, we know that all cos(aix) are positive in a neighborhood of 0, negative

in a neighborhood of π, and positive in a neighborhood of 2π. Since cos(aix) has period

2π/ai and an is the largest of the ai’s, we have

[
0,

π

2an

)
∪
(
π − π

2an
, π +

π

2an

)
∪
(
2π − π

2an
, 2π

]
⊆ χ−1

a1,...,an
(1). (5.1.3)

Note that the total length of the intervals given in (5.1.3) is 2π/an. By assumption, we know

P(a1, a2, . . . , an) =
1

2π
· |χ−1

a1,...,an
(1)| = 1

an
,

so |χ−1
a1,...,an

(1)| = 2π/an. If (5.1.2) does not hold, then there is some x∗ not in the left-hand

side of (5.1.3) satisfying χa1,...,an(x
∗) = 1. However, since each cos(aix) is continuous, this

would imply χa1,...,an ≡ 1 in some open interval containing x that is not contained in (5.1.2),

which would contradict the fact that |χ−1
a1,...,an

(1)| = 2π/an. We conclude that (5.1.2) holds.

Second, consider {a1, . . . , an, 3an} ⊆ Z+. The period of cos(3anx) is 2π/(3an), so on

the interval I = [0, π/(2an)), we have that cos(3anx) > 0 only for x ∈ [0, π/(6an)). On

the remaining intervals in χ−1
a1,...,an

(1), we have that cos(3anx) < 0 precisely when x ∈ (π −

π/(6an), π + π/(6an)) and cos(3anx) > 0 precisely when x ∈ (2π − π/(6an), 2π]. Combined,

we find

χ−1
a1,...,an,3an

(1) =

[
0,

π

6an

)
∪
(
π − π

6an
, π +

π

6an

)
∪
(
2π − π

6an
, 2π

]
. (5.1.4)

From this, we conclude

P(a1, . . . , an, 3an) =
1

2π

∫ 2π

0

χa1,...,an,3an(x) dx =
1

2π
· 2π
3an

=
1

3an
.
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Finally, observe that if an is odd, then 3an is also odd. Hence, the general result follows from

induction on m.

Theorem 5.1.3 (Theorem 1.3.1 revisited). For any n ≥ 2, we have that

pn ≤ P
(
1, 3, 9, . . . , 3n−1

)
=

1

3n−1
.

Proof. A direct calculation shows P(1, 3) = 1/3. The result now follows from the preceding

lemma.

Our general approach in the results above is to consider where χa1,...,an has value 1. Using

this idea, we derive a general method for calculating P(a1, . . . , an).

Lemma 5.1.4. Let ℓ = lcm(a1, . . . , an). For each m ∈ {0, 1, . . . , 4ℓ − 1}, choose a sample

point x∗
m ∈ (πm/(2ℓ), π(m+ 1)/(2ℓ)). Then

P(a1, . . . , an) =
#{x∗

m : χa1,...,an(x
∗
m) = 1}

4ℓ
.

Proof. The function cos(aix) is 0 when aix = π/2+πk for some k ∈ Z. Then zeros can only

occur when

x =
π

2ai
+

πk

ai
=

π(1 + 2k)

2ai
= π · (1 + 2k) · ℓ/ai

2ℓ
.

Hence, χa1,...,an is constant on intervals of the form (πm/(2ℓ), π(m+1)/(2ℓ)). Using this, we

find that

P(a1, . . . , an) =
1

2π

∫ 2π

0

χa1,...,an(x) dx

=
1

2π

4ℓ−1∑
m=0

∫ π(m+1)/(2ℓ)

πm/(2ℓ)

χa1,...,an(x) dx

=
1

2π
· π
2ℓ
·#{x∗

m : χa1,...,an(x
∗
m) = 1}

=
#{x∗

m : χa1,...,an(x
∗
m) = 1}

4ℓ
.
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Note that the finitely many points of the form πm/(2ℓ) on [0, 2π] do not affect the integral

above.

Theorem 1.3.2 implies that p2 = 1/3, and Lemma 5.1.2 implies p3 ≤ 1/9, so p3 ≤ p2/3.

Focusing on this factor of 1/3, we show that P(a1, . . . , an) ≤ P(a1, . . . , an−1)/3 can only hold

when an is sufficiently small with respect to the remaining integers {a1, . . . , an−1}.

Lemma 5.1.5. If an > 12 · lcm(a1, . . . , an−1), then

P(a1, . . . , an) >
1

3
· P(a1, . . . , an−1).

Proof. Let ℓ = lcm(a1, . . . , an−1). As observed in Lemma 5.1.4, χa1,...,an−1 is constant on any

interval of the form I = (πm/(2ℓ), π(m + 1)/(2ℓ)) ⊆ [0, 2π]. Suppose χa1,...,an−1|I = 1. The

function cos(ant) completes r full cycles on I for some r ∈ Z+. We denote the intervals for

these cycles I1, . . . , Ir, and let Ir+1 be the remaining portion of I. Decompose

PI(a1, . . . , an) =

∑r
j=1 |Ij| · PIj(a1, . . . , an) + |Ir+1| · PIr+1(a1, . . . , an)

|I|

≥
∑r

j=1 |Ij| · PIj(a1, . . . , an)

|I|
.

(5.1.5)

Since cos(ant) completes one full cycle in each Ij and all remaining components have the

same sign, we have that

PIj(a1, . . . , an) =
1

2
· PIj(a1, . . . , an−1) =

1

2
.

All intervals I1, . . . , Ir have the same length, so this implies

PI(a1, . . . , an) ≥
r|I1|
2|I|

.
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Since |I| = π/(2ℓ), |I1| = 2π/an, and r = ⌊(π/(2ℓ))/(2π/an)⌋ = ⌊an/(4ℓ)⌋, we find

PI(a1, . . . , an) ≥
4ℓ

2an
·
⌊an
4ℓ

⌋
≥ 2ℓ

an

(an
4ℓ
− 1
)
=

1

2
− 2ℓ

an
.

Since the assumption an > 12ℓ implies 2ℓ/an < 1/6, we have

PI(a1, . . . , an) >
1

2
− 1

6
=

1

3
=

1

3
PI(a1, . . . , an−1)

on any I where χa1,...,an−1 = 1. Hence, P(a1, . . . , an) > P(a1, . . . , an−1)/3.

Remark 5.1.6. By also considering an upper bound in the proof of Lemma 5.1.5, one can

obtain the bounds
1

2
− 2ℓ

an
≤ PI(a1, . . . , an) ≤

1

2
+

4ℓ

an
(5.1.6)

on any interval I where cos(a1x), . . . , cos(an−1x) share the same sign. Hence, as an → ∞,

we have PI(a1, . . . , an)→ 1/2. This allows us to conclude that

lim
an→∞

P(a1, . . . , an) =
1

2
· P(a1, . . . , an−1).

This formalizes the idea that large values of an will multiply cosine sign correlation by a

factor of approximately 1/2. The bounds in (5.1.6) also allow us to find an so that the factor

is arbitrarily close to 1/2, and Lemma 5.1.5 is a special case of this.

Remark 5.1.7. When an ≤ 12 · lcm(a1, . . . , an−1), the conclusion of Lemma 5.1.5 need not

hold. For example, Lemma 5.1.4 allows us to calculate P(1, 3, 11) = 5/33 and P(1, 3, 11, 33) =

1/33.

5.2 The subsets achieving p3

We now focus on the three-dimensional case. In the case of three distinct positive integers

{a, b, c} ⊆ Z+ with gcd(a, b, c) = 1, we will show that subsets achieving p3 have at least
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two of the elements in {a, b, c} relatively small and then apply Lemma 5.1.5 to bound the

remaining element.

We start by revisiting a key lemma used in establishing Theorem 1.3.2. Gonçalves,

Oliveira e Silva, and Steinerberger considered

Φ(x, y) = sgn(cos(2πx) cos(2πy)). (5.2.1)

Using Fourier Analysis, they established the following result for lines on the two-dimensional

torus T2, which we view as R2 with points separated by integer coordinates identified.

Lemma 5.2.1. [GOS21, Lemma 3] Let a, b ∈ R be nonzero such that a/b = p/q for some

coprime p, q ∈ Z. Let α, β ∈ R and let γ(t) = (at − α, bt − β) be the corresponding ray on

T2. If p or q is even, then

lim
T→∞

1

T

∫ T

0

Φ(γ(t)) dt = 0. (5.2.2)

If both p and q are odd, then

lim
T→∞

1

T

∫ T

0

Φ(γ(t)) dt = (−1)
p+q
2

8

π2pq

∞∑
ℓ=0

cos(2π(2ℓ+ 1)(pβ − qα))

(2ℓ+ 1)2
. (5.2.3)

There is one important consequence of this result, which we use multiple times. We state

and prove this below.

Corollary 5.2.2. Let a, b ∈ R be nonzero such that a/b = p/q for some coprime p, q ∈ Z,

and define γ(t) = (at, bt) to be a ray on T2. Then

lim
T→∞

1

T

∫ T

0

Φ(γ(t)) =

∫ 1

0

Φ(γ(t)) dt. (5.2.4)

Furthermore, if p or q is even, then

∫ 1

0

Φ(γ(t)) = 0, (5.2.5)
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and if both p and q are odd, then ∣∣∣∣∫ 1

0

Φ(γ(t))

∣∣∣∣ = 1

|pq|
. (5.2.6)

Proof. For α = β = 0, the function Φ(γ(t)) is 1-periodic, so for any positive integer k, the

integral of Φ(γ(t)) on [k, k + 1] is the same. Then for any positive integer T ,

1

T

∫ T

0

Φ(γ(t)) =
1

T
·
T−1∑
k=0

∫ k+1

k

Φ(γ(t)) dt =

∫ 1

0

Φ(γ(t)) dt.

Taking the limit as T → ∞, we conclude that (5.2.4) holds. If p or q is even, then (5.2.2)

implies the left side of (5.2.4) is 0, and we conclude (5.2.5) holds. For the case when p and q

are odd, first note that α = β = 0 implies that pβ− qα = 0, so cos(2π(2ℓ+1)(pβ− qα)) = 1

for all ℓ in the summation on the right-hand side of (5.2.3). Since
∑∞

ℓ=0 1/(2ℓ+ 1)2 = π2/8,

we conclude that∣∣∣∣∫ 1

0

Φ(γ(t)) dt

∣∣∣∣ = ∣∣∣∣ limT→∞

1

T

∫ T

0

Φ(γ(t))

∣∣∣∣ =
∣∣∣∣∣ 8

π2pq

∞∑
ℓ=0

1

(2ℓ+ 1)2

∣∣∣∣∣ = 1

|pq|
.

We consider lines of the form γ(t) = (at, bt, ct) on the three-dimensional torus T3, which

is R3 with points separated by integer coordinates identified. Define the function

Ψ(γ(t)) =
Φ(at, bt) + Φ(at, ct) + Φ(bt, ct)− 1

2
, (5.2.7)

which takes value 1 when cos(2πat), cos(2πbt), cos(2πct) have the same sign and −1 other-

wise. Letting I denote the set of all x ∈ [0, 2π] such that Ψ (γ (x/2π)) = 1, a change of

variables shows∫ 1

0

Ψ(γ(t)) dt =
1

2π

∫ 2π

0

Ψ
(
γ
( x

2π

))
dx =

1

2π
(|I| − (2π − |I|))

=
1

2π
(2 · |I| − 2π) = 2 · P(a, b, c)− 1.

(5.2.8)
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For the remainder of this section, we fix distinct a, b, c ∈ Z+ and select p, q, r, s, u, v ∈ Z+

such that a/b = p/q, a/c = r/s, and b/c = u/v with gcd(p, q) = gcd(r, s) = gcd(u, v) = 1.

We now give a reduction to the case when a, b, c are all odd.

Lemma 5.2.3. Suppose gcd(a, b, c) = 1 and P(a, b, c) ≤ 1/9. Then a, b, c are odd and

1

|pq|
+

1

|rs|
+

1

|uv|
≥ 5

9
.

Proof. Since P(a, b, c) ≤ 1/9, (5.2.8) implies∣∣∣∣∫ 1

0

Ψ(at, bt, ct)dt

∣∣∣∣ = |1− 2 · P(a, b, c)| ≥
∣∣∣∣1− 2 · 1

9

∣∣∣∣ = 7

9
. (5.2.9)

We show that if a, b, or c are even, then∣∣∣∣∫ 1

0

Ψ(at, bt, ct)dt

∣∣∣∣ ≤ 2

3
,

so (5.2.9) is not satisfied.

First, assume that we have exactly one even integer in {a, b, c}. Without loss of generality,

suppose it is c. Then v and s are even integers and p and q are distinct odd integers, so by

the triangle inequality and Corollary 5.2.2,∣∣∣∣∫ 1

0

Ψ(at, bt, ct)dt

∣∣∣∣ ≤ 1

2

(∣∣∣∣∫ 1

0

Φ(at, bt)dt

∣∣∣∣+ ∣∣∣∣∫ 1

0

Φ(at, ct)dt

∣∣∣∣+ ∣∣∣∣∫ 1

0

Φ(bt, ct)dt

∣∣∣∣+ 1

)
≤ 1

2|pq|
+

1

2
(5.2.10)

≤ 2

3
.

Next, assume that we have exactly two even integers in {a, b, c}. Without loss of generality,

suppose these are a and b. Then r and u are both even. If p and q are both odd, then
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(5.2.10) again holds. If p or q is even, then Corollary 5.2.2 implies a smaller bound of∣∣∣∣∫ 1

0

Ψ(at, bt, ct)dt

∣∣∣∣ ≤ 1

2

(∣∣∣∣∫ 1

0

Φ(at, bt)dt

∣∣∣∣+ ∣∣∣∣∫ 1

0

Φ(at, ct)dt

∣∣∣∣+ ∣∣∣∣∫ 1

0

Φ(bt, ct)dt

∣∣∣∣+ 1

)
=

1

2
.

Combined, we conclude that all three of a, b, and c must be odd for (5.2.9) to hold.

To conclude, we use the triangle inequality on the left-hand side of (5.2.9) and apply

Corollary 5.2.2 to obtain

1

2|pq|
+

1

2|rs|
+

1

2|uv|
+

1

2
≥ 7

9
.

Rewriting this, we conclude that

1

|pq|
+

1

|rs|
+

1

|uv|
≥ 5

9
.

Finally, we rule out the case a ̸= 1. We then conclude with our result characterizing

subsets achieving p3.

Lemma 5.2.4. Suppose gcd(a, b, c) = 1 and a < b < c. If a ̸= 1, then P(a, b, c) > 1
9
.

Proof. If a, b, or c is even, then the result follows from Lemma 5.2.3. Assume then that a,

b, and c are all odd, so that p, q, r, s, u, and v are all odd as well. We do not consider the

case when both a | b and a | c since this violates gcd(a, b, c) = 1. We also do not consider

the case when both a | b and b | c since this also violates gcd(a, b, c) = 1. The remaining

cases can be grouped into the following situations:

1. a ∤ b, a ∤ c,

2. a ∤ c, b ∤ c,

3. a ∤ b, b ∤ c, and

4. a ∤ b, a | c, b | c.
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By Lemma 5.2.3, it suffices to show that in these cases,

1

|pq|
+

1

|rs|
+

1

|uv|
<

5

9
.

We will consider cases (1), (2), and (3) simultaneously. Note that 1 < a < b < c implies

q > p ≥ 1, s > r ≥ 1, and v > u ≥ 1. If a ∤ b, it follows that p ≥ 3 and q ≥ 5. Likewise, a ∤ c

implies r ≥ 3 and s ≥ 5, and b ∤ c implies u ≥ 3 and v ≥ 5. In (1), (2), and (3), two out of

the following three hold: a ∤ b, a ∤ c, or b ∤ c. Then

1

|pq|
+

1

|rs|
+

1

|uv|
≤ 1

15
+

1

15
+

1

3
=

7

15
<

5

9
.

Thus, in these cases, we have P(a, b, c) > 1/9.

Now consider case (4). Note that a ∤ b, so p ≥ 3 and q ≥ 5. We consider r, s, u, and v.

We know that a | c and b | c with a < b, so s > v. If s ≥ 7, then

1

|pq|
+

1

|rs|
+

1

|uv|
≤ 1

15
+

1

7
+

1

3
=

19

35
<

5

9
.

Note that v > 3 would imply s ≥ 7 since s > v. Hence, the only remaining possibility to

rule out is s = 5 and v = 3. From the definition of r, s, u, and v, this implies that a/c = 1/5

and b/c = 1/3. We conclude that c = 5a and c = 3b, which implies b = 5a/3. Thus, we

consider triples of the form {a, 5a/3, 5a}. Since we assumed gcd(a, b, c) = 1, {3, 5, 15} is the

only possibility. A direct check with Lemma 5.1.4 shows that P(3, 5, 15) > 1/9.

Theorem 5.2.5 (Theorem 1.3.3 revisited). We have

P(a1, a2, a3) ≥
1

9

with equality if and only if {a1, a2, a3} = gcd(a1, a2, a3) · {1, 3, 9}. Hence, we have that

p3 = 1/9.

Proof. By Theorem 1.3.1, 1/9 is achieved by k · {1, 3, 9} for any k ∈ Z+. We show that
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no other choices of a, b, c can attain P(a, b, c) ≤ 1/9. It suffices to consider a < b < c with

gcd(a, b, c) = 1. Recall from Lemma 5.2.3 that if P(a, b, c) ≤ 1/9, then a, b, and c are odd

and
1

|pq|
+

1

|rs|
+

1

|uv|
≥ 5

9
.

In addition, Lemma 5.2.4 shows that a = 1, which forces p = r = 1, q = b, and s = c. Since

b < c, we also have u ≥ 1 and v ≥ 3. Additionally, c is odd, so c ≥ b + 2. Combined, we

conclude

1

|pq|
+

1

|rs|
+

1

|uv|
≤ 1

b
+

1

b+ 2
+

1

3
.

Note that for b ≥ 9, we have

1

b
+

1

b+ 2
+

1

3
≤ 1

9
+

1

11
+

1

3
=

53

99
<

5

9
.

Hence, we must have b < 9, and since b cannot be even, we conclude that b ≤ 7. The-

orem 1.3.2 implies P(a, b) ≥ 1/3 for any a and b, so it follows from Lemma 5.1.5 that

P(a, b, c) ≤ 1/9 can only occur if c ≤ 12b ≤ 84. Therefore, if P(a, b, c) ≤ 1/9, we must have

a = 1, b ≤ 7, and c ≤ 84. Computer verification using Lemma 5.1.4 then establishes the

result.

The cases of n = 4 and n = 5 are natural follow-up problems. The subsets achieving p2

and p3 suggest that powers of 3 may be involved in subsets achieving general pn. However, as

stated in Section 1.3, the subsets {1, 3, 11, 33} and {1, 3, 11, 35, 105} achieve smaller cosine

sign correlations for n = 4 and n = 5, respectively. Consequently, using only powers of 3 is

not sufficient. These observations suggest several directions for future work.

Open Problem. Determine if p4 is achieved precisely by multiples of {1, 3, 11, 33}.

Open Problem. Determine if either of the following conditions are necessary for a1 < a2 <

. . . < an to be a subset achieving pn: a2 = 3a1 or an = 3an−1.
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In general, we know that pn ≥ 0, and Theorem 1.3.1 gives us an upper bound pn ≤ 1/3n−1.

This upper bound can also be improved slightly by using p4 ≤ P(1, 3, 11, 33) = 1/33 or

p5 ≤ P(1, 3, 11, 35, 105) = 1/105 with Lemma 5.1.2, though the resulting bound still involves

powers of 1/3. Another natural future direction is to improve these bounds for general n.

Open Problem. Find f(n) and g(n) such that the following hold for all n ∈ Z+:

(a) f(n) ≤ pn ≤ g(n),

(b) f(n) > 0, and

(c) g(n+ 1) < 1
3
g(n) when n is sufficiently large.
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[BS21] N. Blitvic and E. Steingŕımsson. Permutations, moments, measures. Transac-
tions of the American Mathematical Society, 374(08):5473–5508, 2021.

[BZ11] A. Baxter and D. Zeilberger. The number of inversions and the major
index of permutations are asymptotically joint-independently normal, 2011.
arXiv:1004.1160.

[CJZ20] M. C. Cooper, W. S. Jones, and Y. Zhuang. On the joint distribution of cyclic
valleys and excedances over conjugacy classes of Sn. Adv. in Appl. Math., 115:Pa-
per No. 101999, 2020.

[CLL+23] J. Campion Loth, M. Levet, K. Liu, S. Sundaram, and M. Yin. Moments of
colored permutation statistics by conjugacy class, 2023. arXiv:2305.11800.

[CM12] C.-O. Chow and T. Mansour. Asymptotic probability distributions of some
permutation statistics for the wreath product Cr ≀ Sn. Online Analytic Journal
of Combinatorics, 7:Article #2, 12 2012.

https://arxiv.org/abs/1004.1160
https://arxiv.org/abs/2305.11800


124
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