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Abstract

Combinatorial and Probabilistic Approaches to
Planar Tanglegrams, Colorful Permutations, and Cosine Functions

Kevin Liu

Chair of the Supervisory Committee:
Sara Billey
Department of Mathematics

Through combinatorial and probabilistic approaches, we study the structure of three ob-
jects: tanglegrams, colored permutations, and cosine functions. Our work on tanglegrams
includes a characterization of planar tanglegram layouts and a method for sampling pla-
nar tanglegrams. The former generalizes a result of Lozano, Pinter, Rokhlenko, Valiente,
and Ziv-Ukelson for finding a planar layout of a planar tanglegram, and the latter is a pla-
nar analog of an algorithm of Billey, Konvalinka, and Matsen for generating tanglegrams
uniformly at random. Our work on colored permutations involves analyzing the moments
of statistics on conjugacy classes without “short” cycles, with particular emphasis on the
descent, major index, and flag-major index statistics. These generalize results of Fulman
involving the descent and major index statistics on the symmetric group, as well as certain
cases of recent work by Hamaker and Rhoades applying representation theory to the study
of moments on conjugacy classes. Our work on cosine functions involves studying minimal
cases for the correlation of their signs when the input is scaled by various integers. This
is motivated by the study of Schrodinger operators due to Gongalves, Oliveira e Silva, and
Steinerberger, who characterized the minimal cases for n = 2 cosine functions. We provide

the corresponding characterization for n = 3 cosine functions.
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Chapter 1
INTRODUCTION

The intersection of combinatorics with other fields provides profound insights into both
combinatorics and other areas in mathematics, and exploring these connections continues
to fuel modern research in mathematics. We will focus on combinatorial and probabilistic
methods that further our understanding of three objects: tanglegrams, colored permutations,

and cosine functions. In the process, connections with other fields arise.

1.1 Tanglegrams

A tanglegram T = (L, R, 0) is a special type of graph constructed from two rooted binary
trees L, R and a perfect matching between their leaves o. They initially arose in mathematical
biology [Pag93], and they also have applications in computer science [BBBT12|. Tanglegrams
are drawn in the plane using layouts such as the ones shown in Figure[I.I] Similar to drawings
of a graph, a tanglegram can have many layouts. In biology, layouts with the fewest number of
crossings possible are of interest in applications such as determining how two species may have
co-evolved [MBKKI15] or estimating the number of horizontal gene transfers between species
[VASJGO09]. Applications in computer science include clustering, decomposition of programs

into layers, or analyzing the difference in hierarchy between similar programs [BBBT12].

Figure 1.1: Two layouts for the same tanglegram.



Billey, Konvalinka, and Matsen [BKM17| formalized tanglegrams as mathematical ob-
jects and gave the first enumeration formulas in the literature. Note that their mathematical
formalization preceded [MBKKI5], despite the difference in publication date. Since then,
many mathematical properties of tanglegrams have been studied. These include enumerating
various families of tanglegrams [Ges21, RRW18], sampling tanglegrams uniformly at random
[BKM17, [Fus16], and studying properties of random tanglegrams [KW16]. One particularly
interesting subfamily consists of the planar tanglegrams, which have a layout with no cross-
ings. The tanglegram in Figure [1.1] is an example of one, as demonstrated by the second
layout. An efficient algorithm for finding a planar layout was established in [LPR*07], and

a characterization in terms of forbidden subtanglegrams was established in [CSW19].

1.1.1 Main Results

Our work builds on the existing literature for planar tanglegrams. The first result is a
characterization of the planar layouts of a planar tanglegram. Our characterization is based
on leaf-matched pairs of a planar tanglegram 7 = (L, R,o), which are pairs of internal
vertices u € L,v € R where the subtrees rooted at u and v have their leaves matched by o.
On these pairs, we define a paired flip operation that reflects the subtrees rooted at u and v

in a layout. Using this operation, we establish the following result.

Theorem 1.1.1 (Liu ’23). Let T be a planar tanglegram, and let Z(T) be its set of planar
layouts. Each planar layout in P (T) can be obtained by starting with any planar layout in

P(T) and performing some sequence of paired flips at leaf-matched pairs of vertices.

One way to visualize this result on a planar tanglegram 7 is using a graph G(7). The
vertices of G(7T) are the planar layouts of 7, and edges correspond to pairs of planar layouts
that can be obtained from one another using paired flips at leaf-matched pairs. An example
is shown in Figure [1.2] Theorem [1.1.1]is equivalent to the connectedness of this flip graph.

We also consider enumerative results involving leaf-matched pairs, which directly gener-

alize certain enumerative results in [RRWIS]. For any tanglegram 7 = (L, R, o), its size



Figure 1.2: An example of a graph G(7) on the planar layouts of a planar tanglegram.

is the common number of leaves in L and R. Additionally, a tanglegram is urreducible if
its only leaf-matched pairs are the roots of L and R, and for any planar tanglegram, one
can construct its irreducible component by contracting the subtrees at non-root leaf-matched
pairs into a pair of matched leaves. Our generating function results in Theorem [3.2.1] and
Theorem [3.2.2] establish relations that can be used to count the number of tanglegrams based
on size and number of leaf-matched pairs, or size and irreducible component size. Some ini-
tial values are shown in Table [1.1] Additional terms can be found at [OEI24, A349409] and
[OEI24, A371659].

n, k| 1 2 3 4 5) n, k| 2 3 4 5) 6
2 1 2 1

3 1 1 3 1 1

4 5 4 2 4 3 3 5

5 | 34|28 | 11| 3 5 1131 9 | 20| 34

6 2731239102 29 | 6 6 | 90 | 46 | 70 | 170 | 273

Table 1.1: The number of planar tanglegrams of size n with k leaf-matched pairs (left), and
the number of planar tanglegrams with size n and irreducible component of size k (right).



We next consider the problem of efficiently sampling planar tanglegrams uniformly at
random. Note that one can use rejection sampling with the algorithms in [BKMI7] and
[Fus16] for sampling general tanglegrams to sample planar tanglegrams uniformly at random.
However, if we let T}, and t, respectively denote the number of tanglegrams and planar

tanglegrams of size n, then [BKMI17, Corollary 8] and [RRW1S, Theorem 2] respectively

imply

22n=3/2pn=5/2 ond _(0.00788...)(15.77553. ..)"
ﬁenfl/S n )

Consequently, the proportion of tanglegrams that are planar

T, ~
n3

tn  +/m(0.00788...) (6(15.77553...)>"

ﬁ V/8el/8n1/2 4n

approaches 0 rapidly as n increases.

Our approach for planar tanglegrams uses Markov chains to approximate sampling uni-
formly at random. We first use our enumerative results to reduce the problem of generating
planar tanglegrams to the corresponding problem for irreducible planar tanglegrams. In their
work enumerating planar tanglegrams, Ralaivaosaona, Ravelomanana, and Wagner [RRW18]
established a bijection between irreducible planar tanglegrams of size n + 1 and pairs of tri-
angulations of a convex n-gon that do not share a diagonal. We call these pairs of disjoint

triangulations of an n-gon, and starting with n = 3, there are
1,5,34,273,2436, 23391, 237090, 2505228, . ..

such pairs. See [OEI24, A257887] for more terms. We construct a flip graph D, whose
vertices are pairs of disjoint triangulations and whose edges are given by a flip operation
that generalizes the typical flip on triangulations. The flip graph D5 is shown in Figure [1.3]

Our flip operation implies many surprising properties for D,,.

Theorem 1.1.2 (Black, Liu, McDonough, Nelson, Wigal, Yin and Yoo '23). For any pos-

itive integer n > 5, the graph D,, is simple, connected, and 2(n — 3)-reqular. Furthermore,



a random walk on D, that starts at an arbitrary vertex and chooses neighboring vertices

uniformly at random will converge to the uniform distribution on the vertices in D,,.

One natural follow-up question is the mixing time of the random walk on D,,, which is
the number of time steps needed to be within any € > 0 of the uniform distribution with
respect to the total variation metric on probability distributions. Explicit computations for
n < 9 show that the mixing times for these values of n are relatively small, despite the rapid
growth in the number of vertices in D,,. A bound on mixing time for general n remains an

open problem for future work.

1.1.2 Related work

Our work on pairs of disjoint triangulations connects to various problems involving triangula-
tions of a convex n-gon. These are one of many objects enumerated by the Catalan numbers;
see [Stald] and [OEI24, A000108] for more details on Catalan objects. Prior work suggests
that pairs of disjoint triangulations are significantly more complicated than individual tri-
angulations. In particular, there is no known simple formula in n for the number of pairs of

disjoint triangulations of an n-gon, even after fixing one of the triangulations [AR16, RRW18].

N—DON

/@@ @@\
\@@ @@/

@@*@@

Figure 1.3: The flip graph D;. Single lines indicate when only one triangulation is changed,
and double lines indicate when both are changed.



Sampling Catalan objects uniformly or approximately uniformly at random has been an
active area of research over the last several decades. Approaches include direct methods using
properties of Catalan numbers [AS92, BBJ17, [Rém8&5], Boltzmann sampling [DFLS03], and
random walks on flip graphs of Catalan objects [EF23, MT97, MRS01], and our approach
for pairs of disjoint triangulations is based on the latter. The mixing time of a random walk
on the classical flip graph on triangulations of an n-gon is bounded by O(n?log®n) [EF23],
and it may be possible to adapt these techniques to bound the mixing time of our D,, graph.
Note that the proof of Theorem [1.1.2] also provides novel insight into the classical flip graph
on triangulations of an n-gon. Namely, we show in Theorem that the induced subgraph
on the triangulations disjoint from any fixed triangulation is always connected.

Our general construction of D,, is also not the first flip graph on pairs of Catalan objects
satisfying some restriction. Previously, Heitsch and Tetali [HT11] studied meanders, which
are pairs of noncrossing matchings of 2n points that form a cycle. An example is shown in
Figure (1.4l Heitsch and Tetali also constructed a flip graph and random walk that converges

to the uniform distribution, and the mixing time of their random walk also remains open.

Figure 1.4: An example of a meander, with each noncrossing matching color-coded.

1.2 Colored permutation statistics

The symmetric group consists of bijections on [n] = {1,2,...,n} with group operation given
by function composition. A permutation w € &, can be expressed in multiple ways. We
will primarily use the two-line, one-line, and cycle notations. The two-line notation is a

2 x n array where w(1),...,w(n) appears under 1,2,...,n surrounded by a pair of square



brackets. The one-line notation is formed by removing the first line. The cycle notation
decomposes [n| into disjoint cycles denoted by pairs of parentheses. Within each cycle, w(7)
appears after ¢ € [n], where the first element in each cycle is considered to be after the last

one. For example, the permutation w € G,, defined by

has two-line, one-line, and cycle notations respectively given by

1 2 345
W= = [45132] = (143)(25). (1.2.1)
4 5 1 3 2
One can also view elements of &,, as n x n permutation matrices, which have a single 1 in

each row or column and have 0 in all remaining entries. The group operation is then given

by the usual matrix multiplication.

The cycle notation is related to the conjugacy classes of &,,. The cycle type of a permuta-
tion is the multiset of cycle lengths that appear in the cycle notation. This can be expressed
using a partition A = (1m0 2m2N) - nma(N) of n where m;()\) indicates the multiplicity
Y are omitted, and ' is abbreviated as i. For example,

the permutation in (1.2.1]) has cycle type (19,2, 3, 4% 59) = (2, 3). Two elements in &,, are

of i. For brevity, entries of the form ¢

in the same conjugacy class if and only if they have the same cycle type, and the conjugacy

class corresponding to cycle type A will be denoted Cly.

A permutation statistic X is any function from the symmetric group &, to R. By
equipping &,, with the uniform distribution, X can be interpreted as a random variable with

a discrete probability distribution given by

Pre, [X = i] = % (1.2.2)



The random variable X then has k-th moments for each integer £ > 1 given by

1

= — wk. L.

wEGn

Ee,[X"] = i* Pre,[X =]

i€R

The distributions of many statistics are well-understood, including joint distributions and
asymptotic behavior, e.g., see [BZ11l, [BS21l, [DH23, [Fel45, MRO§|. We will focus our attention

on three statistics in particular: descents, inversions, and major index.

Definition 1.2.1. The descent set of w € G,, is
Des(w) ={i € [n—1] | w(i) > w(i+1)}.
The descent statistic and major index of w € G,, are respectively defined as

des(w) = | Des(w)| and maj(w)= Z i

1€Des(w)

Definition 1.2.2. The inversion set of w € G,, is
Inv(w) = {(5,7) € [n] x [n] | i < j and w(i) > w(j)},

The inversion statistic is defined as inv(w) = | Inv(w)|.

Example 1.2.3. Consider the permutation w = [45132] € &5. From the definitions above,
Des(w) ={2,4} and Inv(w)=1{(1,3),(1,4),(1,5),(2,3),(2,4),(2,5),(4,5)}.

Hence, one calculates des(w) = 2, maj(w) = 6, and inv(w) = 7.

The descent, inversion, and major index statistics arise in many contexts. For example,
inversions appear in the study of sorting objects [Knu98§| and testing randomness [Ros42].

Descents appear in the study of card shuffling [BD92] and carrying when adding numbers



[DF09, Hol97]. Descents and inversions also play a fundamental role in the weak Bruhat
order on any Coxeter group, which contains &,, as a special case [BB05]. Versions of the
major index have been used in the study of the representation theory of &,, [BKS20), [Sta79].

The generating functions for the descent, inversion, and major index statistics are well-

understood. For the descent statistic, the Carlitz identity for the Eulerian polynomials states

> gt = (1= g Sk + 1)
webG, k=0

See [Pet15l, Corollary 1.1] for details. For the inversion statistic, first define the g-analog of n

to be [n], = 1+q+¢*+...+¢" " and the g-factorial of n to be [n],! = [n],[n—1],...[2],[1],

Then

Z qinv(w) = [n],!.

weGy,
See [Pet15, Theorem 5.1] for details. Major Percy MacMahon [Mac13| originally introduced

the major index statistic and established the following surprising result.

Theorem 1.2.4. [Macl3, p. 285] The following holds:

> g = [nl,!.

weG,

Consequently, inv and maj have the same distribution on S,,.

When studying permutation statistics, one area of interest is the general or asymptotic
behavior of their distributions. For the statistics above, we will see that when n is large,
their distributions are approximated well by normal distributions. See Figure for an

illustration.

Definition 1.2.5. Let {X,,},,>1 and Y be real-valued random variables with cumulative dis-
tribution functions F,(z) = Pr[X,, < z| and F(z) = Pr[Y < z]|. X,, converges in distribution

to Y if lim,, o Fy(z) = F(z) for all x € R where F(x) is continuous.
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Figure 1.5: The distribution of the descent and inversion statistics on &5, where the corre-
sponding normal curves given in Theorems [1.2.6/ and [1.2.7| are shown in red.

Theorem 1.2.6. [DB62, pp. 150-154] The descent statistic on &, has mean p, = (n—1)/2

2
=

des —pn
On

and variance o, = (n+1)/12. Furthermore, as n — 0o, the random variable

converges

in distribution to the standard normal distribution.

Theorem 1.2.7. pp. 814-815] The inversion statistic on &,, has mean p, = n(n —

1)/4 and variance o2 = n(2n* + 3n — 5)/72. Furthermore, as n — oo, the random variable

n —

inv —pn

converges in distribution to the standard normal distribution.

One can also consider statistics and random variables on conjugacy classes of the sym-
metric group. Restricting a random variable X : &,, — R to (', results in the conditional
distribution

_ I XTE) NG

For brevity, we will use Pry[X = i] to denote this. The distributions of various statistics
refined to conjugacy classes are known, e.g., see [Bre93| [CJZ20, DMP95], [GRI3]. Our work
is inspired by that of Fulman, who considered moments of the descent and major index

statistics on conjugacy classes without “short” cycles.

Theorem 1.2.8. [Ful98, Corollary 5] Let Cy be a conjugacy class of &,. If C\ contains
no cycles of length 1,2,...,2k, then the k-th moments of des and maj on C) match their

respective k-th moments on &,,.
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Using this result, Theorems [1.2.6] and [1.2.7], and a tool called the Method of Moments,

Fulman obtained the following corollary. This shows that when n is large and C\ has no
“short” cycles, the distributions of des and maj on C'\ can be approximated well by their

corresponding distributions on &,,. See Figure for an illustration.

Corollary 1.2.9. [Ful98, Corollary 6] For every n > 1, let C, be a conjugacy class of &,

such that for all i, we have lim,_,o m;(\,) = 0. Let X,, be the descent or major index statistic

2

on C, with mean p, and variance o;. Then as n — oo, the random variable (X, — p,)/on

converges in distribution to the standard normal distribution.

Since Fulman’s work, various analogs for other statistics have been established. Hamaker
and Rhoades [HR22, Theorem 3.16] used representation-theoretic methods to show that for
an arbitrary statistic, any fixed moment depends only on n and the number of “short” cycles
in A. In particular, this fixed moment will coincide on all conjugacy classes C'\ without
“short” cycles.

Our work focuses on the more general setting of colored permutation statistics. The
colored permutation group &,,, is the wreath product Z, ! G,,, and these groups play an
essential role in the classification of irreducible complex reflection groups [SThH4]. The case
of r = 1 corresponds to the usual symmetric group &,,. Similar to how one can view the

elements in &,, as n X n permutation matrices, one can view G,,,. as a more general form of

— deson 525 — des on C_(25)
—— normal approx

025 025

—— normal approx
0.20
0.15

010

0.05

0.00

o 5 10 15 20 25 0 5 10 15 20 25

Figure 1.6: The distributions of the descent statistic on G5 and C|o5), the elements in Gos
whose cycle type is a single cycle of length 25.
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these matrices where any r-th root of unity can appear in the nonzero entry in each row and
column. The group operation is then given by the usual matrix multiplication.

In contrast to the vast literature on permutation statistics, there has been considerably
less work on statistics for general colored permutation groups &,,,. The distributions of
specific colored permutation statistics over the entire group &,,, have been studied, e.g., see
[ARO1a, [CM12) [Fir05, Moul8, Mou21l, [Ste94]. However, we are not aware of any prior work
on individual conjugacy classes except when r = 2. In this case, the colored permutation
groups &,,» are isomorphic to the hyperoctahedral groups B,,, which are the type B Cox-
eter groups. Statistics on the entire group B, and its conjugacy classes have been studied

extensively, e.g., see [ABRO1, [AGR05, [ARO1a, [ARO1D] Rei93al [Rei93b, Rei9s].

1.2.1 Main Results

Since [HR22l Theorem 3.16] implies that any fixed moment of a permutation statistic co-
incides on all conjugacy classes of &,, with no “short” cycles, one might expect similar
properties to hold for colored permutation statistics. We show that this is indeed the case.
Similar to &,,, conjugacy classes of &,,, are determined by cycle type. Similar to the usage
of C) for conjugacy classes of &,,, we will use C to denote a conjugacy class of &, ,, where
A records cycle type. Note that the definition of cycle type in &,,, is somewhat technical,
so we will not give a precise definition here. A careful treatment will be given in Section [2.2

For a colored permutation statistic X : &,,,, = R and a conjugacy class C, we consider

the probability distribution

Prafx = = F— 7 A, (1.2.5)

which has corresponding moments Ex[X*] for all k& > 1. We will define a notion of a colored
permutation statistic being realizable over constraints of size m in Definition [4.1.5] Using
this, we establish the following result, which formalizes the statement that the k-th moment

of a colored permutation statistic stabilizes on conjugacy classes without “short” cycles,
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where “short” is in terms of m and k.

Theorem 1.2.10 (Campion Loth, Levet, Liu, Sundaram, and Yin '24+). Suppose X :
S,r — R is realizable over constraints of size m, where m is some positive integer. For any

k > 1, the k-th moment Ex[X*] coincides on all conjugacy classes Cyx of &, with no cycles

of length 1,2,... mk.

Many statistics have natural decompositions that show they are realizable over constraints
of some size. We will show for example that the descent, major index, and flag-major index
statistics on &,,, are realizable over constraints of size 2. The definitions for these statistics
are also somewhat technical, so we will give them in Section 2.2 Theorem then
implies that the k-th moments for the descent, major index, or flag-major index statistic
will coincide on all C'y without cycles of length 1,2, ...,2m. For these statistics, we will also

show a stronger statement.

Theorem 1.2.11 (Levet, Liu, Sundaram, and Yin '24+). Let X be the descent, major index,
or flag-major index statistic on S, ,, and let Cy be a conjugacy class of &,,,. If Cx has no
cycles of length 1,2, ...,2k, then the k-th moment of X on Cx matches the k-th moment on
G

Analogs of Theorem [1.2.6] and Theorem are known for the statistics in Theo-
rem [1.2.11] [CM12]. Consequently, the preceding theorem can be used to establish the fol-
lowing corollary. Since the descent, major index, and flag-major index statistics on &,,,

generalize the descent and major index statistics on the symmetric group &,,, these results

generalize Theorem and Corollary [1.2.9,

Corollary 1.2.12 (Levet, Liu, Sundaram, and Yin '24+). For every n > 1, let Cy, be a
conjugacy class of &,,, such that for all ¢, the number of cycles of length i in X\,, approaches

0 as n — oo. Let X,, be the descent, major index, or flag-major index statistic on Cl,, with

2

mean (i, and variance o;,. Then as n — 0o, the random variable (X,, — p,)/on converges in

distribution to the standard normal distribution.
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It is interesting to note that the hyperoctahedral group B, = &, also has a descent
statistic from its Coxeter group presentation, but this does not align with the general descent

statistic on &,,,. However, in Theorem and Corollary 4.2.9] we will show similar results

for the Coxeter-descent statistic on B,

1.2.2 Related Work

In the far-reaching paper [HR22] of Hamaker and Rhoades, the authors introduced local
statistics and used character theory to study their moments on conjugacy classes. Their
notion of “k-local” coincides with our notion of “realizable over constraints of size k.” In
particular, our work applied to G,, gives combinatorial interpretations for some of the results
established in [HR22]. Prior to the work of Hamaker and Rhoades, others also used the
irreducible characters of &,, to study permutation statistics, e.g., see [GR20, [Gil13], Hul14].

In addition to Corollary asymptotic results for some other statistics on conjugacy
classes of &,, are known. For descents, Kim and Lee [KL20] extended Corollary to
arbitrary conjugacy classes of &,,, where the asymptotic distribution depends only on the
limiting proportion of fixed points. Our Theorem [1.2.11]is an analog of Fulman’s original
result for G,,,, and exploring the asymptotic distribution of descents on arbitrary conjugacy

classes of G,,, is one potential direction for future work.

1.3 Cosine functions

Finally, we consider a seemingly elementary problem at the intersection of analysis and
combinatorics introduced by Stefan Steinerberger. For any finite set of positive integers
{ai,...,a,} C Zy, consider the associated functions cos(aix), cos(azx),..., cos(a,z) and
ask the following question: if z is chosen uniformly at random from [0, 27|, what is the
probability that all of these n numbers have the same sign? Letting |S| denote the total

length of any subset S C R that is a union of bounded intervals, we are interested in

1
P(al,...,an):%

1<i<n 1<i<n

{x € 10,27 : min cos(a;z) >0 or max cos(a;z) < 0}’ . (1.3.1)
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Figure 1.7: For n runners on a circular track of length 1 all starting at 0 and running at a
constant integer speed, what is the proportion of time that they all spend in the right half
(+) or the left half (—)7

One way to interpret this probability is illustrated in Figure [I.7] Imagine n runners
starting on the right end of a circular track. They then run around this track at varying
speeds, where a; € Z, is the number of loops completed by runner ¢ per unit of time. The
probability in then calculates the proportion of time that the runners are either all
together on the right-hand side of the track or all together on the left-hand side of the track.
This situation also relates to the Lonely Runner Conjecture of Cusick [Cus73] and Wills
[Wil67], which states that regardless of the speed of the n runners, each runner gets lonely
at some time, meaning that they are distance at least 1/n from all other runners. This
conjecture is known to be difficult and only understood for small n and special settings.
We refer the reader to [BS08, BHKOI, [(Czel2, [GW06], Kra21l [PS14, [Ren04 [Taol7] for an

incomplete list of results.

Returning to (1.3.1)), it is clear that for any choice of {ay,...,a,} C Z,, the probability
in (1.3.1) has to be positive because for values of z near 0 or 2w, all of the cosine func-

tions are close to 1. Using the convention a; < ay < ... < a,, one can use this idea to
show P(ay,...,a,) > 1/(2a,). A natural question is to determine what values of ay, ..., a,
minimize P(ay,...,a,). Hence, we define

Prn = inf Play,...,an).

{a1,..,an }CZ4
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It is less clear whether p, is strictly positive, what general upper bounds exist as n grows
large, or if there exists {ay,...,a,} C Z, achieving P(ay,...,a,) = p,. When such a subset
{ai,...,a,} exists, we call it a subset achieving p,. Since P(ay,...,a,) =P(cay,...,ca,) for
any ¢ € Z,, it suffices to consider only the sets {ay, ..., a,} C Z, satisfying ged(ay, ..., a,) =

1, where gcd denotes greatest common divisor.

1.3.1 Main Results

A natural intuition is that if we fix {a1,...,a,-1} C Z, and let a, grow very large,
then P(aq,...,a,_1,a,) will approach half of P(as,...,a, 1), as large values of a,, result
in cos(a,r) oscillating significantly on any interval where cos(aix), ..., cos(a,_1z) all share
the same sign. Hence, if we choose aq,...,a, of different magnitudes, we expect to
be close to 1/2"71. The following result shows that there are subsets that are better than

this.

Theorem 1.3.1 (Dou, Goh, Liu, Legate, and Pettigrew '24). For any n > 2, we have that

1

P(1,3,9,...,3”—1)=ﬁ.

Consequently, we have that p, < 1/3"1.

There is a precise result for p; due to Gongalves, Oliveira e Silva, and Steinerberger
[GOS21], which we now state. For any S C Z, and ¢ € Z,, we use ¢ - S for the set
{c-s]seS}.

Theorem 1.3.2. [GOS21, Proof of Theorem 1] We have

]P)((Ll, CLQ) 2

Wl =

with equality if and only if {a1, a2} = ged(aq, as) - {1,3}. Hence, we have that py = 1/3.

This shows that in the case n = 2, multiples of the subset in Theorem [L.3.1] are precisely

the ones achieving ps. Our next result provides the corresponding characterization for ps.
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Theorem 1.3.3 (Dou, Goh, Liu, Legate, and Pettigrew '24). We have

P(ay, as,as) >

O

with equality if and only if {a1,as2,a3} = ged(ay,aq,a3) - {1,3,9}. Hence, we have that

Our proof uses Fourier analysis to establish that if {a,as, a3} is a subset achieving ps,
then most of the elements in {ai,as,as} must be relatively small. Using the conventions
a; < ag < az and ged(ag, ag, az) = 1, we specifically show that a; = 1 and ay < 7. We then
establish that the remaining element ag cannot be too much larger than ay. Our specific
result is that ag < 84, which reduces the problem to a finite search space.

Naturally, one may be tempted to conjecture a general pattern and expect that the powers
of 3 given in Theorem [1.3.1| characterize subsets achieving p,. This is not the case, as an

explicit computation shows
P(1,3,11,33) = ! < ! =P(1,3,9,27)
T 33 27 T

Using Monte-Carlo sampling to narrow down a list of candidates 1 < a; < as < az < ag <
105 and then performing an explicit calculation using Lemmal[5.1.4], we believe that multiples
of {1,3,11,33} are the subsets achieving py. As for n = 5, a similar process has identified
{1,3,11,35,105} as a potential subset achieving ps < P(1,3,11,35,105) = 1/105. These

examples show that finding p,, for general n is not an elementary problem.

1.3.2 Related Work

Theorem is established in [GOS21], but phrased in a different setting. In that paper,
Gongalves, Oliveira e Silva, and Steinerberger explored the eigenvalues and eigenfunctions
of differential operators. For certain operators, each eigenfunction can be expressed as a

trigonometric function up to a small error, and this expression is called a WKB expansion,
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named after Wentzel, Kramers, and Brillouin. See [Hall3] for the general theory of WKB
expansions, including their applications to the Schrédinger operators used in mathematical
physics. The problem of finding p,, arises from analyzing sign patterns of these eigenfunctions
at different points using the WKB expansion. We will briefly outline the main ideas below,
focusing our attention on an example based on what is described in [GOS21] and [GOS17].
We refer the reader to those papers and the references therein for a more thorough treatment,

including mathematically rigorous statements.

Consider the Schrodinger operator H = —5—; + t2 on functions defined over R. This
is a special case of the quantum harmonic oscillator, which models oscillation around an
equilibrium point with some potential energy function around this point. The corresponding
eigenfunctions are the Hermite polynomials

o g2 d”

Holt) = (—1)7e" 2o (™),

where m ranges over the nonnegative integers. Ordinarily, one might expect the sign of H,,
at different points a # b to be unrelated as m varies. However, computer calculations for
a=1/2,b=>5/2, and various values of m suggest that

lim {1 << m | sen(Hi(1/2)) = sen(Hi(5/2)}| ~ g (1.3.2)

m—00 1M,

where sgn is the sign function. For any fixed real numbers a # b, Gongalves, Oliveira e Silva,
and Steinerberger called the above quantity the sign correlation limit of a and b. Their
result [GOS21, Theorem 1] establishes bounds on the sign correlation limit of two points,

and Theorem [1.3.2] arises when establishing the lower bound.

The connection to our problem involving cosine functions can be seen using the WKB

)

expansion of the Hermite functions

et =on (2T = ) w0

Bl
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where I' is the gamma function. One can consider various cases for m mod 4, each of which

can be expressed in terms of a cosine function using trigonometric properties. For example,

T'(2m + 1)
I'(4m+1)

€12 Hyp (1) = cos(tv/8m + 1) + O (%) :

so up to an error that disappears as m — oo, we see that Hy,(t) and cos(ty/8m + 1) have the
same sign. Additionally, one can show that the sequence v/8m + 1 mod 27 is equidistributed
on [0,27]. A similar analysis can be performed for other cases of m mod 4, and consequently,
one can analyze the proportion of time that cos(azx) and cos(bx) share the same sign to study
the sign correlation limit of a and b.

Applying this at the values a = 1/2 and b = 5/2, we consider the proportion of time

1

23:) and cos(%:c) share the same sign. Scaling both parameters, one can instead consider

cos (
cos(z) and cos(bx), and we can restrict our attention to the interval [0,27] since these
functions complete an integer number of cycles on [0, 27]. This general approach leads to the
definition given in (1.3.1)), and one can show P(1,5) = 3/5, which is consistent with (1.3.2)).

Our problem of calculating p,, for general n corresponds to finding lower bounds on the sign

correlation limit at n different points that can be scaled simultaneously into integers.
Outline

We start in Chapter [2] by outlining general notation and background for our work. Chapter
will focus on planar tanglegrams. We prove Theorem in Section [3.1] establish our
enumerative results in Section and use these to study sampling in Section [3.3] which
includes establishing Theorem [I.1.2] Chapter [] focuses on colored permutation statistics.
We establish Theorem in Section and establish individual parts of Theorem [I.2.11
and Corollary throughout Section [4.2] Finally, Chapter [5] considers cosine functions.
We begin with results for general n in Section [5.1} including establishing Theorem [1.3.1] We
then study n = 3 in Section [5.2] and prove Theorem [I.3.3] At the end of various sections, we

will also discuss open problems that arise from our results to promote future work.
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Chapter 2
BACKGROUND AND NOTATION

We start by giving a general background and defining our notation for several areas
relevant to our work. These will be organized into two sections involving material related
to graph theory and material related to colored permutation groups. Throughout, we will
assume some background in algebra, analysis, probability theory, and combinatorics at a
level that appears in undergraduate courses. Specifically, we assume familiarity with the
symmetric group as given in [Hunl2|, integration as given in [Rud76], univariate probability

distributions as given in [ASV17], and graphs and enumeration as given in [Bénl17].
2.1 Graphs and tanglegrams

In this section, we outline our general terminology and notation for graphs. We then give

background on trees and tanglegrams.

2.1.1 Graph theory

A graph will be denoted G = (V, E) where V' is a set of vertices and F is a set of edges,
which we express as pairs uwv with u,v € V. The size of G, denoted |G|, is its number of
vertices. Unless otherwise stated, a graph is undirected, so the pairs in E are not ordered.
In general, a graph G = (V, E') can have repeated edges or loops, and when neither of these
exists, G is called simple. For any v € V', we use deg(v) to denote its degree in GG, and a
graph is d-regular if all vertices have degree d. Additionally, recall that a graph is bipartite
if V' can be expressed as a disjoint union X UY such that all edges in F consist of a vertex
from X and a vertex from Y. In this case, we also express G as (X, E,Y).

A graph G = (V, E) is typically illustrated in the plane with vertices as distinct points
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and edges as curves that can potentially cross. We call this a drawing of G. In the case of a
directed graph, edges uv € E are drawn with directed arrows from u to v. We give examples

of these definitions below.

Example 2.1.1. The d-dimensional hypercube @y = (V4, Ey) is the graph with vertex set
Vy given by d-dimensional vectors with entries in {0, 1} and edges between any two vertices
that differ in exactly one coordinate. In general, (), is d-regular and bipartite. The latter
can be shown by letting X; be the vertices whose entries sum to be an even number and
letting Y, be the vertices whose entries sum to an odd number. Two drawings for ()3 are
shown in Figure , one based on coordinates in R? and the other based on its bipartite

structure.

(0,1,1) — (1,1, 1) (0,1,1) —— (1,1,1)

/ /
(0,1,0) (1,1,0) (1,0,1) (0,0,1)
(0,0,1) (1,0,1) (1,1,0) (0,1,0)

/ /
(0,0,0) —— (1,0,0) (0,0,0) —— (1,0,0)

Figure 2.1: Two drawings for the 3-dimensional hypercube ()3, the first based on coordinates
in R3 and the second based on its bipartite structure.

Example 2.1.2. Let V,, be the triangulations of a convex n-gon. These are one of many
objects enumerated by the Catalan numbers. In any triangulation, replacing a diagonal with
the other possible diagonal in the unique quadrilateral containing it is called a flip. The
triangulation flip graph G,, = (V,,, E,) is the graph formed by the vertex set V,, with edges
E,, between any triangulations that can be obtained from one another using a flip. One

can show that in general, GG, is connected and (n — 3)-regular. The graph G5 is shown in

Figure 2.2]
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v
@/ \@

v
O—o

Figure 2.2: The flip graph G5 on triangulations of a convex pentagon.

We now consider a specific random walk on a graph G = (V, E). While the terminology

below can be stated in the language of Markov chains, we will not need this level of generality.

Definition 2.1.3. Let G = (V, E) be a graph. The simple random walk on G is defined
as follows: choose X, to be an arbitrary vertex u € V, and for ¢ > 1, choose X; from the

neighbors of X;_; uniformly at random.

Once a starting vertex u € V' is chosen, each X; in the random walk follows a probability
distribution on the vertices in V. We use Pr,[X; = v] for the value of this distribution at

v € V. We will need a few more technical definitions and results involving these distributions.

Definition 2.1.4. Let G = (V, E) be a graph. The period of u € V' is
ged(t € Zy | Pry[X; = u] > 0). (2.1.1)
Lemma 2.1.5. [LP17, Lemma 1.6 and Ezercise 1.2] If G is connected, then the period of

every vertex w € V is the same.

Definition 2.1.6. The period of the simple random walk (X;);>p on a connected graph
G = (V, E) is the common period of all vertices u € V', and (X;);>0 is aperiodic if its period

s 1.

The following theorem shows that when (X});> is aperiodic, the asymptotic distribution

as t — oo is well-understood. We will be particularly interested in the case of a regular



23

graph, where this asymptotic distribution is the uniform distribution on the vertices in G.

Theorem 2.1.7. |[LP17, Section 1.5 and Theorem 4.9] Let (X¢)i>o0 be a simple random walk
on a connected graph G = (V, E) that starts at w € V. If (Xy)i>0 is aperiodic, then for any

veV,

_ deg(v)
lim Pr,[X; =v] = =————F—.
A S 7y
In particular, if G is d-reqular, then
lim Pr,[X, — 0] = —
im Pr,| X, =v] = —.
100 ! V|

One consequence of this theorem is that sampling from some set of objects V' uniformly
at random can be approximated by using a random walk on an appropriate d-regular graph
on V', where edges correspond to some well-understood “local” operation. The triangulation
flip graphs described in Example [2.1.2| are examples of this approach.

Note that the aperiodicity assumption is essential in Theorem for the convergence
to occur. For example, Theorem does not hold on the hypercube )4 since its bipartite
structure causes Pr,[X; = v| to behave differently depending on whether ¢ is odd or even.
Aperiodicity is a relatively mild assumption though. One can always introduce lazyness,
which is a nonzero probability of remaining at the same vertex. Adding loops at each vertex

would be one method of achieving this.

2.1.2 Trees and tanglegrams

Recall that a tree is a connected graph that has no cycles. A rooted binary tree T is a tree in
which every vertex has either zero or two children. In this case, a unique vertex has degree
2. This is called the root of T" and will be denoted root(7'). A vertex that has children is
called an internal vertex, and a vertex with no children is called a leaf. Unless otherwise
stated, rooted binary trees will be unlabeled and considered up to isomorphism. By ordering

the children of each vertex, one obtains a plane tree, which has essentially a unique drawing
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Figure 2.3: Two plane trees corresponding to the same rooted binary tree.

in the sense that this drawing is unique up to homeomorphism of the plane. Examples are

shown in Figure [2.3|

If v has children v; and v, we call v the parent of v; and vy. We say vertex vy is a
descendant of vy, or vy is an ancestor of vy if there is a sequence of vertices vy, vg, ..., Vg such
that v;11 is the parent of v; for i = 1,2,...,k—1, and we use the notation v; < v; or vi > vy
to denote this. For an internal vertex v € T, the subtree rooted at v is the tree formed by all
vertices u with © < v, and this subtree then has v as its root. For any vertex v € T, we use

Lf(v) to denote the leaves in the subtree rooted at v.

A tanglegram 7 = (L, R,0) is formed from a pair of rooted binary trees L, R and a
bijection o matching their leaves. The size of T is the common number of leaves in L or
R, and this is denoted |T|. We will call the edges in L and R tree edges and call the edges
induced by ¢ between-tree edges. Two tanglegrams 7 = (L, R,0) and 7' = (L', R',0’) are
isomorphic if there is an isomorphism of graphs that maps L to L’ and R to R'. As with
trees, we will consider tanglegrams up to isomorphism. Additionally, in general, tanglegrams
will be unlabeled, though at times, it will be convenient to fix labelings of the leaves in L
and R using [n].

A layout of a tanglegram 7 = (L, R, o) embeds L in the plane left of x = 0 with leaves on
x = 0, embeds R in the plane right of x = 1 with leaves on x = 1, and draws ¢ using straight
lines. Examples are shown in Figure[2.4] A crossing is any pair of crossing edges induced by
o, and a tanglegram is planar if it has a layout with no crossings, which is called a planar
layout. Of the thirteen tanglegrams shown in Figure 2.4] eleven are planar. The remaining

two are not planar, and it is shown in [CSW19] that any non-planar tanglegram of size 4
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Figure 2.4: A layout for each of the 13 tanglegrams of size four.

or more “contains” one of these two. Note that crossings only depend on the relative order
of the matched leaves in T rather than specific coordinates. Consequently, we will consider
layouts up to redrawing the plane trees corresponding to L and R.

For a tanglegram 7 = (L, R, 0), if Lf(u) and Lf(v) are matched by o for some internal
non-root vertices v € L and v € R, then the subtrees rooted at v; and vy with the matching
induced by o is called a proper subtanglegram of T. A tanglegram T is irreducible if it
contains no proper subtanglegrams. Of the eleven planar tanglegrams in Figure [2.4] only
five are irreducible. A classical theorem of Whitney states that a 3-planar graph has only one
planar drawing up to automorphism of the plane, and the following result of Ralaivaosaona,
Ravelomanana, and Wagner is the corresponding result for planar layouts of an irreducible

planar tanglegram.

Proposition 2.1.8. [RRWIS, Proposition 5] FEvery irreducible planar tanglegram T with
|T| > 3 has exactly two planar layouts. Moreover, the two planar layouts are mirror images

of one another.

The planar layouts for irreducible planar tanglegrams can be viewed as certain pairs of
plane trees where the “horizontal” matching does not produce proper subtanglegrams. Since

plane trees are Catalan objects, one natural question is to find bijections into other pairs
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4 3 4
Figure 2.5: The plane dual bijection from Theorem .

of Catalan objects. For triangulations of a convex polygon, the following characterization is

known. Note that two triangulations are disjoint if they do not share any diagonals.

Theorem 2.1.9. [RRW1S, Theorem 4] For any n > 2, there is a bijection between the
following sets:

e the set of planar layouts of irreducible planar tanglegrams of size n, and

e the set of ordered pairs of disjoint triangulations of an (n + 1)-gon.

We describe this bijection. Starting with the two plane binary trees in a planar layout
of an irreducible planar tanglegram 7 = (L, R, o), draw lines from the root and all leaves to

infinity. Then take the plane dual. Label the region above the root in each tree as 1. In L,

proceed clockwise, and in R, proceed counterclockwise. An example is shown in Figure 2.5

We conclude this section with some known enumerative results. Let P and Z respectively

denote the set of planar and irreducible planar tanglegrams. Define the generating functions

1
_ T _ T
T(x)= E 7l and  H(z) = 51’2 + E /71, (2.1.2)
Tep TEL: |T|>2

Ralaivaosaona, Ravelomanana, and Wagner showed the following results.

Theorem 2.1.10. [RRWIS, Theorem 1] The generating functions H(x) and T(x) are de-
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termined by the following relations involving a generating function A(x):

(27“)29:%1 A,

r

()¢
=<
+ |~
=
[\

(2.1.3)

=
S

N N8
3
I
NN

T(w) = H(T(2)) + 2+ %T(ﬁ).

Theorem can be used to compute coefficients of A(x), H(z), and T'(z). For A(x),
one can express A(z) = Y, a,a” and use this to expand § Y7, ﬁ (2:)2[BT(1 — A(z))
in terms of {a,}>>,. Using the relation for A(z) from Theorem one can set up and
solve a system of equations to obtain ay, ..., a, for arbitrary n. The coefficients of H(x) can

then be computed directly from A(z), and the coefficients for T'(x) can then be computed

using a similar technique as the one for A(z).

2.2 Colored permutation groups

In this section, we give background on the colored permutation groups G,, ., their conjugacy
classes, and some commonly studied statistics. Our definitions are based on what is given
in [Ste94], and we refer to [Mac98, Chapter 1, Appendix B| for results involving conjugacy
classes of &,,,. We also give additional background specific to r = 2, as these correspond to
the type B Coxeter groups.

Before beginning, we briefly outline our notation for partitions, which index conjugacy
classes of G,,. We will express each partition A F n in multiplicative notation as A =
(1) gm2 () - e wwhere i indicates that there are m;(\) cycles of length 4 in .
Terms of the form i° will be omitted, and terms of the form i will just be denoted as i. The
number of parts in A will be denoted ¢(X), so that ¢(X) = >".m;(X) and n = >, i - m;(\).

The centralizer of an element w € &,, with cycle type A has order

o= [ Pma), (2.2.1)
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and the size of the conjugacy class C) in &, is given by |&,]|/z2..

2.2.1 Colored permutation groups

We start by describing colored permutation groups. Since &, = &,,;, these definitions

specialize to the typical ones in &,, when r = 1.

Definition 2.2.1. For positive integers n and r, the colored permutation group &, , is the
wreath product Z,16,,, where G,, is the symmetric group on n elements and Z, is the cyclic
group on r elements. A colored permutation is an element in &,, ., and it can be expressed as
(w,7) where w € &, and 7 : [n| — Z, is a function called a coloring. From its construction

as a wreath product, the group operation is defined as follows: for all (wy,71), (w2, 72) € &,

<W177—1>(w277—2) = (wlwza (71 o wg) + 72)7

where o denotes function composition.

The colored permutation group &,,, can be embedded as a subgroup of the symmetric

group S,,,, which we describe explicitly as follows. Let [n]" denote the set of rn elements
{i|ien], ceZ},

where the exponent indicates the color of an element in [n]. We can view the colored
permutation (w,7) as a bijection on [n]”. We abuse notation and also denote this bijection
(w, ), and it is defined by (w, 7)(i¢) = w(i)"*¢ for all i € [n] and ¢ € Z,. Observe that for

all i € [n],
(wr, 71) (w2, 72) (i) = (w1, 70) (wa (1)) = wiwn (1) 22O = (Wi, (11 0 w) + 1) (i),

so this identification makes &,,, into a subgroup of &,,,.

Using the aforementioned identification, we can express &, , in two-line and one-line
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notations as in &,,. However, the values of (w,7)(i°) for i € [n| determine (w,7)(i¢) for
any ¢ € Z,, so we do not need to specify the images of all elements in [n]". Instead, the
two-line notation is a 2 X n array that expresses (w,7)(1%),. .., (w,7)(n°) under 1°,2° ... n°
surrounded by a pair of square brackets, and the one-line notation is formed by removing

the first line. An example is shown below.

Example 2.2.2. Let w = [45132] = (143)(25) € &;. Define 7 : [5] — Z4 by

Combined, this defines an element (w,7) € S5,4. Interpreting (w,7) as a bijection from [5]*

to itself, the images of i® for i € [5] are given by
(w,7)(1%) = 4%, (w,7)(2%) = 5%, (0, 7)(3°) = 1!, (w, 7)(4°) = 3", (w, 7)(5") = 2°.
One can express this colored permutation in two-line and one-line notations, as shown below:

10 20 30 40 50
(W,T) — — [4350113123]'
43 5% 1t 3t 23
Colored permutations also have a cycle notation. Starting with (w, 7), one can express w
in the usual cycle notation with color 0 on all elements and then write w(i)™® under i° for

i € [n]. We will refer to this as the two-line cycle notation. Removing the first row in every

cycle then results in the cycle notation for (w, 7).

Example 2.2.3. Let (w,7) = [435°1!3'2%] € G54 be the permutation from Example [2.2.2]

The two-line cycle notation is given by

10 40 30 20 50

(UJ,T):
43 31 11 50 23
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The cycle notation is then given by (433'1!)(5%23). Note that as in &, the cycle notation
is not unique, as one can change the element that appears first in each cycle and modify
the remaining ones appropriately to express the same colored permutation. For example,

(1'4331)(235°%) defines the same colored permutation.

We next describe the conjugacy classes of G,,,. Similar to permutations in &,,, colored
permutations have a notion of cycle type derived from the cycle notation. We will use a
generalization of partitions to record cycle type, and we will see that the conjugacy classes

of &,,, are well understood in terms of cycle type.

Definition 2.2.4. An r-partition of n € Z, is an r-tuple of partitions A = (/\j);;(l) where
each M is a partition of some nonnegative integer n; such that Z;;é n; = n. When r = 2,

we also call this a bi-partition.

Definition 2.2.5. For any cycle in the cycle notation of (w,7) € &,,,, its length is the
number of elements in it, and its color is the sum of the colors that appear (as an element
in Z,). The cycle type of (w,7) € &, is an r-partition XA where A’ records the cycle lengths
for the cycles with color j. For any such r-partition A, define C to denote the subset of

elements in &,,, with cycle type A.

Example 2.2.6. Consider the colored permutation in &5,4 from Example expressed
in cycle notation as (1'433')(235°). The first cycle has length 3 and color 1, and the second

cycle has length 2 and color 3. Since r = 4, the cycle type of this colored permutation is
A= (AU N0 = (0,(3),0,(2).
Example 2.2.7. For a larger example, consider the following colored permutation in &g 3:

(w, ) = (17377")(2")(475°) (8%)(9")-
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Since r = 3, the cycle type of this colored permutation is

A= ()‘0’ )‘1’ )‘2> = ((1’ 3)7 (12)7 (2))

Proposition 2.2.8. [Mac98, Chapter I, Appendiz B.3] Two colored permutations in &,
are conjugate if and only if they share the same cycle type. Hence, the conjugacy classes of

S, are giwen by Cx, where A is an r-partition of n.

Throughout, we use Prg, .[X = i] and Pry[X = 4] for the distribution of X : &,,, — R
when considered as a random variable on the respective sets &,,, and C equipped with the
uniform distribution. We similarly use Eg, ,[X] and Ex[X] for the corresponding expected
values. It will sometimes be convenient to consider more general (2 C &,, ., and we similarly

use Pro[X = i] for the distribution X as a random variable on €.

We will primarily focus on three statistics on &,,,: descents, major index, and flag-major
index. In the case of r = 1, these will reduce to the usual descent and major index statistics
on G,,.

For any (w,7) € &,,,, an index i € [n] is a descent of (w,7) if 7(i) > 7(i + 1), or
7(1) = 7(i + 1) and w(i) > w(i + 1), where we use the convention 7(n + 1) = 0 and

w(n 4+ 1) =n+ 1. One can alternatively fix the following total order on 7 colored copies of

7

-0

<2< ... <j !

< <1<t < <
(2.2.2)

<.<l'<2t<. <

Viewing (w,7) as a bijection on [n]", a descent is then any i € [n] such that (w,7)(i°) >
(w, 7)((i4 1)) with respect to this ordering, where we use the convention that N° for N > n
are fixed points. Note that a descent at position n occurs precisely when 7(n) # 0, or

equivalently when (w,7)(n°) is any element with nonzero color.

Letting Des(w, 7) denote the set of descents of (w, 7) € &,,,, the descent and major index
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statistics on &,,, are respectively defined as

des, ,(w,7) = |Des(w, )| and majmr(w,r) = Z i. (2.2.3)
77—)

1€Des(w,T)N[n—1]

The color and flag-major index statistics on &,,, are defined by

coly, - (w,7) = Z 7(i) and  fmaj, .(w,7) =7 -maj, . (w,T) 4 col,,(w,T). (2.2.4)
i=1
Note that the col statistic uses {0,1,...,r — 1} as representative elements in Z, and adds

them as elements in Z. We give an example below.

Example 2.2.9. Consider (w,7) € Gg 3 expressed in one line-notation as
(w, ) = [3'8°5°6'221%4°7"]

The descent set of (w,7) is {1,2,5,6,8}, and the sum of the colors that appear is 7. Using

this, we calculate
desgs(w,7) =5, majgz(w,7) =14, and fmajgs(w,7)=3-14+7 =49,

The asymptotic distributions of des, , and fmaj,, , are due to Chow and Mansour. Since

these will be relevant to our results, we state them below.

Theorem 2.2.10. [CM12, Theorems 3.1 and 3.4] For any positive integers n and r, desy,,

has mean fi,, = mir=2 ond variance o2, = "L

o o w5, and as m — oo, the random variable

desn,r —HUn,r
On,r

converges in distribution to the standard normal distribution.

Theorem 2.2.11. [CM12, Theorems 4.1 and 4.3] For any positive integers n and r, fmaj,, .

n(rn+r—2)
4

2 2r?n343r2n2+(r2—6)n
n,r 72

has mean fi, , = and variance o , and as n — 00, the random

. fmaj,, . — . . . . . . .
variable —2nr Bt converges in distribution to the standard normal distribution.

n,r
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For our results on the asymptotic distributions of certain statistics, we will need additional
tools from probability theory. In general, two different probability distributions can share the
same moments. We will be primarily interested in normal distributions, which are uniquely
determined by their moments, so once we have that the moments of a random variable X
align with those of a normal distribution, we can conclude that the distribution of X coincides
with a normal distribution. See [ASV17, Section 5.1] for details. We will use this property

for normal distributions in conjunction with the following tool.
Theorem 2.2.12 (Method of Moments). Suppose {X,},>1 and Y are real-valued random
variables with finite k-th moments for all k. IfY is uniquely determined by its moments and

lim E[X*] = E[Y*],

n—o0

for all k, then X,, converges in distribution to'Y .

2.2.2  Hyperoctahedral groups

We now consider the hyperoctahedral group B, = &, 2. While one can use the previous
conventions involving &, 2, the alternatives introduced here are intended to align with the
literature on B,. We will adopt the conventions given in this section whenever specifically
considering B,,.

Let [+n] denote the set {+1,+2,... +n}. The hyperoctahedral group B, is the group
of permutations w on [£n] satisfying w(i) = —w(—7) with group operation given by function
composition. A comparison with the definitions in the preceding section shows that this is
isomorphic to the 2-colored permutation group &,, 9, where the set {1,2,...,n} corresponds
to elements colored 0 and the set {—1,—2,..., —n} corresponds to elements colored 1. Note
that we will simply use w to denote elements of B,, rather than the (w, 7) notation used for
general colored permutations.

Similar to general colored permutation groups, it suffices to specify the images of the set

[n] to determine an element in B,,. Using these values, elements in B,, can again be repre-
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sented using the two-line, one-line, and cycle notations. In the cycle notation, a cycle is even
(resp. odd) if there is an even (resp. odd) number of negatives in the cycle. These respec-
tively correspond to cycles with color 0 and 1 in Definition From Proposition [2.2.8|
the conjugacy classes in B,, are uniquely determined by a bi-partition (A, i) of n, where A
records cycle lengths for even cycles and p records cycle lengths for odd cycles. We give an

example below.
Example 2.2.13. Consider

123 4 5 6 7 8
2 73 —48 -1 -6 -5
=[2,7,3,-4,8,—1,—6, 5]

=(2,7,—-6,—1)(3)(—4)(8,-5).

Its even cycles are (2,7, —6,—1) and (3), respectively of lengths 4 and 1, and its odd cycles
are (—4) and (8, —5), respectively of lengths 1 and 2. Hence the cycle type is (A, p) =

((1,4), (1,2)).

Throughout, Cy,, denotes the conjugacy class of B,, indexed by the ordered pair (A, u1).
Additionally, we respectively use Prp [X = i] and Pr) ,[X = 7] to denote the distribution
of X as a random variable on B,, and (), equipped with the uniform distribution. We use
Ep,[X] and E, ,[X] to denote the corresponding expected values.

The size of any conjugacy class in B,, is well-known. Recall the z) constants from (2.2.1)),

which gives the order of the centralizer for any w € &,, with cycle type A.
Definition 2.2.14. For any bi-partition (A, p) of n, define z, , to be 28()‘),2,\25(“)2“.

Lemma 2.2.15. [Mac98, Chapter I, Appendiz B.3] Let Cy ,, be the conjugacy class of B,
indezed by the bi-partition (A, ) of n. The order of the centralizer of an element of cycle

type (A, 1) is zx,, and the size of the conjugacy class is
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n!.2" | By
COnnl = 5i3y s, = 5,
28N 2,250 2, Zap
We will be particularly interested in the descent statistic on B, related to its presentation
as a Coxeter group; see [BB05| for a detailed account. The descent statistic on B,, is defined
as

desp, (w) = {i € {0} U [n — 1] [w(i) > w(i+ 1)},
with the convention that w(0) = 0. Note that the condition w(i) > w(i + 1) is with respect

to the usual ordering on [£n] U {0}. The distribution of desp, is well-understood.

Theorem 2.2.16. [Bre94, Theorem 3.4] For any positive integer n,

37 @) = (1 — )Y (2 + 1)t

wEBp, k>0
Remark 2.2.17. The definition of desp, is not equivalent to the definition of des, > on G, o
under the usual isomorphism between these groups. Steingrimmson originally defined des,, ,

for arbitrary positive integers n and r, and he showed in [Ste94, Theorem 17] that

D o) — (1 )™y (k4 1),

("Jﬂ')€6n,r k>0

Consequently, the distributions of desp, and des,s coincide on B, = 6,2, and Theo-
rem [2.2.10] also applies to desp,. While the distributions for desp, and des, 2 coincide on
B, = 6,2, they do not coincide on all conjugacy classes. For example, we can consider cycle

type (0, (1™)) in B,, = &,,5. The single permutation with this cycle type satisfies

desp, ([-1,-2,...,—n]) =n # 1 =des,o([1',2',...,n']).
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Chapter 3
PLANAR TANGLEGRAMS

In this chapter, we analyze planar tanglegrams. We prove Theorem in Section
and consider the problem of counting the number of planar layouts of a planar tanglegram.
We then establish some enumerative results in Section and apply these in Section
to construct an algorithm for sampling planar tanglegrams. Many of the results up to
Theorem appear in |Liu23]. The remaining results are from a collaboration with Alex
Black, Alex McDonough, Garrett Nelson, Michael Wigal, Mei Yin, and Youngho Yoo, and
these results appear in [BLM™23].

3.1 Planar tanglegram layouts

In this section, we will give our characterization of the planar layouts of a planar tanglegram.
This characterization leads to a connected graph on planar tanglegram layouts, and we will
describe how to determine its number of vertices, as well as characterize extremal cases. Our

results can be viewed as the analog of Proposition for all planar tanglegrams.

3.1.1 A characterization of planar layouts

We start by characterizing the planar layouts of a planar tanglegram. Throughout this
subsection, we will consider a planar tanglegram 7 = (L, R, o) and fix some labeling of the
vertices in L and R. In any layout, the number of crossings is completely determined by
the order of the leaves in the two trees and the bijection o matching these leaves, as the
between-tree edges u;v; and usvs intersect when u; is embedded above uy and vy is embedded

below vy. This leads to the following definition based on the notation used in [LPRT07].

Definition 3.1.1. Let 7 = (L, R,0) be a tanglegram with some arbitrary labeling of the
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vertices in L and R. The leaf order of a layout is a pair of ordered lists (X,Y), where X
and Y respectively list the leaves of T" and S in order of appearance from top to bottom in

the layout.

Note that one can recover a layout from the ordered lists (X,Y’) by drawing the leaves
listed in X and Y from top to bottom respectively on x = 0 and x = 1, and then using the
information from L, R, and o to draw the trees and between-tree edges. Throughout this
section, we abuse terminology and refer to this pair of lists (X,Y") also as a layout.

We now give our ModifiedUntangle algorithm, based on the Untangle algorithm by
Lozano et al. [LPRT07] for finding a planar layout of a planar tanglegram. This algorithm
starts with the roots of L and R and iteratively replaces vertices with their children until
only leaves remain. Lozano et al. called the ordered lists of vertices (X,Y’) from each step
partial layouts, and we retain this terminology. Our modifications from the original Untangle

algorithm involve the set £. We will explain the significance of this set later.

Input: ordered lists of vertices (A, B), u € A, edges E on AU B, Boolean table P
Output: A, E after u has been replaced with its children

1 Uy, U := children of win T'U S

2 for j € [m] such that (u,b;) € E where B = (by,...,by,) do

3 update E = E\ {(u,b;)} // delete edges involving u
4 | for ie{l,2} do

5 if Plu;,b;] = True then

6 | update E = E U {(u;, b;)} // insert edges involving u; or us
7 end

8 end

9 end
10 k:=max{j € [m]: (u1,b;) € E} // last vertex in B adjacent to u;
11 if j > k for all (ug,b;) € E then

[
N

‘ replace u with uyus in A
end
else

‘ replace u with usu; in A
end
return A, F

[
Lo B => TS -\ )

Algorithm 3.1.1: Refine (based on [LPRT07, Algorithm 3])
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Input: planar tanglegram (L, R, o) with some fixed labeling
Output: a planar layout (X,Y) of (L, R,0) and set £ C T x S consisting of pairs
of leaves
1 P := Boolean table with Plu,v] = False ¥V vertices u € L, v € R
2 set Plu,v] = True V leaves u € L and v € R, and then recursively set
Plu,v] = True for internal vertices u € L,v € R if there exists v’ <p u, v' <gwv
with P[u/,v'| = True
3 X = (root(L)), Y = (root(R)) as ordered lists
4 E = {(root(L),root(R))} as a set of edges
5 L:=10
6 while X UY contains an internal vertex of L or R do
7 u = internal vertex of L U R with highest degree in the bipartite graph
G=(X,EY)
8 if u € X then
9 if u has degree 1 in G then
10 ‘ update £ := L U (u,v), where v is the unique neighbor of v in G
11 end
12 update X, E := Refine(X,Y,u, E, P)
13 end
14 else if u € Y then
15 if u has degree 1 in G then
16 ‘ update £ := LU (v, u), where v is the unique neighbor of u in G
17 end
18 update Y, E := Refine(Y, X, u, F, P)
19 end
20 end
21 return (X,Y), L

Algorithm 3.1.2: ModifiedUntangle (based on |[LPRT07, Algorithm 2])

Example 3.1.2. Consider the tanglegram with labeling shown below.

31

Untangle starts with the roots of L and R. At each step, it draws edges according to the
Boolean table P. It then uses Refine on a vertex u of highest degree in (X, E,Y’), which
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replaces u with its children in some order. One way to visualize the chosen order is to
draw the two bipartite graphs resulting from the two possible orders for the children of u
and choose the one that does not have crossings. The following is a potential sequence of
bipartite graphs considered by the algorithm, and the corresponding partial layout (X,Y)
at each step is obtained by listing the vertices on each side from top to bottom. Note that
at some steps, both choices lead to no crossings, and in this example, the graphs given in

the top row are the ones chosen for future steps in the algorithm.

oo
fz'\\ - lo---4 El'\\ r
Uw _ U - —T4 O~ . b---T1 f3~ .
--U1 AN ><U2 -+U3
Use~ U3 - M2 Uz~ U3+ - U3 by
PR U1 v1 u2 v2 us3
Uy U1 — or N or — or i\ or 5 or
U3~ _ U - #V2 2% by - -4 fo~ _
A1 < NP STy
Ugw~ Ugs g Oy S f1 X3 O~
U2 < ¢ T
Uz~ Uz Ay 4~ <
~<U3
l3-~

After one more application of Refine on the top right partial layout, the algorithm outputs

the layout (¢of1030y, ryr1mars) visualized below.

£2777O4
1"
637 T2
4 T

Lozano et al. showed that their Untangle algorithm results in a planar layout when the
inputted tanglegram is planar. Since results from their proof will be relevant to our work,
we give these below for the convenience of the reader. Note that Lemma is stated more

generally here than in [LPRT07].

Definition 3.1.3. A partial layout (X,Y) for a tanglegram is called promising if it can be
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extended to a planar layout by successively replacing vertices with their children in some

order.

Lemma 3.1.4. [LPR™07, Lemma 3] Let (X,Y) be a promising partial layout of a planar
tanglegram T = (L, R, o), and let E be the set of edges on X UY generated using the Boolean
table P, that is, for allu € X andv €Y, (u,v) € E if and only if Plu,v] = True. Let u be

a vertez of highest degree in the bipartite graph (X, E)Y).
(a) If deg(u) = 1, then replacing u with ujus or usuy results in a promising partial layout.

(b) If deg(u) > 1, then either replacing u with ujus or replacing u with usuy results in a

promising partial layout, but not both.

In particular, if (X,Y) is promising at the beginning of an iteration of the while loop in

Untangle, then it is promising at the end.

Proof. Without loss of generality, we will assume v € L, as the result when u € R is done
similarly. We let (X1,Y") and (X»,Y") be the partial layouts obtained by replacing u with
uius or usug, respectively. Since (X,Y) is promising, at least one of these partial layouts
must be promising, so assume that (X;,Y’) is promising.

First, suppose deg(u) = 1 in (X, E,Y). Since u is a vertex of maximum degree, the
unique neighbor of u, denoted v, also has degree 1. Since u and v have degree 1, Lf(u) and
Lf(v) must be matched by ¢. Extend (X1,Y) to a planar layout (X', Y”) of (T, S, ¢), where
Lf(uy) appears before Lf(usy). If we replace the drawings of the subtrees rooted at u and v
with their mirror images, then we obtain a layout where Lf(uy) appears before Lf(u;), as
shown in Figure 3.1} Notice that this is a planar layout that can be obtained by replacing u
with usuy instead, implying (X3, Y) is also promising. Then regardless of how we replace u
with u; and wusy, the result is promising.

Next, suppose that deg(u) > 1. As before, we suppose (Xi,Y) is promising. Let E’ be
the edges on X; UY constructed using the Boolean table P, and for i = 1,2, we let N(u;)
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UL AT U Ny, Tk

U\ Tk UL\ "L

Figure 3.1: Starting with the layout (X', Y”) on the left with {¢;}¥_, and {r;}%_, denoting
leaves, performing flips at © and v produces another planar layout.

denote the set of neighbors of u; in (X, E',Y). We claim that N(u1)AN (uz) # (0, where A
denotes the symmetric difference of two sets. To see this, suppose that N(u;) = N(ug). If
|N(u1)| = |N(ug)| = 1, then this would imply deg(u) = 1 in (X, E,Y), which by assumption
cannot be the case. Hence, |N(u1)| = |N(ug)| > 2. Then there exists some pair of vertices
v1,v9 € N(uy) = N(ug) that are each adjacent to both w; and us. However, this implies
a crossing occurs in both (X1, E’,Y) and (X,, E/,Y), as shown in Figure 3.2l Then by
construction of the Boolean table P, there exist some (11,15 € Lf(u;) and fa1, l29 € Lf(usg)
where each ¢;; € Lf(u;) is matched to some r;; € Lf(v;). Regardless of any refinements of
(X,Y), the resulting layout will have either a crossing formed from ¢15r19 and fo;79, or a
crossing formed from #1177 and foores. Since (X7,Y) is assumed to be promising, it must be
that N(up) # N(ug).

With N(uy)AN(uz) # () established, we let v € N(u;)AN(ug). First, we assume that
v =1v1 € N(up)\ N(uz). Since (X1,Y) is promising, it must be that drawing (X7, E’,Y") with

U1 U1
Uq U2
Uz Vo Uy Vo
Figure 3.2: Arrangements of the vertices uy, ug, v; and ve when N(u;) = N(ug) and deg(u) >
2.
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vertices in the orders indicated by X; and Y produces no crossings. Then v; must appear
before any vy € N(usg) in the list Y. Furthermore, for any vy € N(uy), if we interchange wu;
and us, then the edges uyv; and ugvy will intersect. Regardless of our future refinements,
there will exist some leaves ¢; € Lf(uy), ¢y € Lf(us),r; € Lf(vy1), and ry € Lf(vs) such that
(yry; and flory intersect, which implies (X5,Y’) cannot be promising. A similar argument
applies when v = vy € N(ug) \ N(uq).

Finally, consider the while loop in Untangle. The algorithm uses Refine on a vertex
u of highest degree in (X, F|Y), which replaces u with u; and us. If deg(u) = 1, then (a)
shows that (X,Y) is promising regardless of the choice at u. If deg(u) > 1, Refine replaces
(X,Y) with (X3,Y) or (X3,Y) based on whichever bipartite graph (X, E',Y) or (Xs, E',Y)
does not have crossings, and our proof of (b) shows that this results in a promising partial

layout. O]

Theorem 3.1.5. [LPRT07, Theorem 1] For any planar tanglegram T = (L,R,0), the

Untangle algorithm terminates in a planar layout (X,Y).

Proof. It T = (L, R, 0) is planar, then (X,Y) = (root(L), root(R)) in line [3]is promising. By
Lemma m, (X,Y) is promising after each iteration of the while loop. This loop terminates

when (X,Y') contains only leaves of L and R, which must then be a planar layout. O

Remark 3.1.6. In the proofs of Lemma [3.1.4] and Theorem [3.1.5] the arguments hold re-
gardless of which vertex of highest degree u is selected. In fact, we do not even need to select
the vertex of highest degree at every step in Untangle. We specified a vertex of highest
degree for simplicity. As long as Untangle does not use Refine on a vertex in (X, E|Y)
with degree one while its neighbor has degree more than one, the algorithm will still output

a planar layout for a planar tanglegram.

Remark 3.1.7. Lozano et al. also showed that for a planar tanglegram of size n, their
Untangle algorithm runs in O(n?) time and space, and the bottleneck occurs from computing

the Boolean table P. The additional steps in ModifiedUntangle involve the set £, which
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has size at most n — 1. Hence, for a planar tanglegram of size n, ModifiedUntangle also

runs in O(n?) time and space.

We now consider the additional steps involving the set £ in the ModifiedUntangle
algorithm. While the Untangle algorithm produces a single planar layout for any given
planar tanglegram, one might ask how to generate all possible planar layouts. As observed
in the proof of Lemma and implicitly in Proposition m, if (X,Y) is a planar layout
of (L, R,0), then one method to generate additional planar layouts is using mirror images
at w € T and v € S where Lf(u) and Lf(v) are matched by ¢. We give a name for these
pairs of vertices and the operation involving mirror images at both vertices, followed by an

example in Figure (3.3

Definition 3.1.8. Let 7 = (L, R, o) be a tanglegram. A pair of internal vertices (u, v) with
u € L and v € R is a leaf-matched pair of T if Lf(u) and Lf(v) are matched by ¢. Given
a fixed planar layout, a paired flip at (u,v) in (X,Y) is a reflection at each of the subtrees

rooted at w and v.

Note that in the leaf order of a layout (X,Y"), this operation reverses the orders of Lf(u)
and Lf(v) in X and Y, respectively. Additionally, the roots of L and R always form a leaf-
matched pair, and when a leaf-matched pair does not consist of the roots, then they are the
roots of a proper subtanglegram of 7. We now show that the set £ from ModifiedUntangle

is precisely the set of leaf-matched pairs.

Figure 3.3: A paired flip at (u,v) maps each layout to the other one.
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Lemma 3.1.9. Let T = (L, R,0) be a planar tanglegram. A pair of internal vertices (u,v)
s a leaf-matched pair of T if and only if at some step of the ModifiedUntangle algorithm,
the internal vertices w € L and v € R appear as adjacent degree one vertices in (X, E|Y).

Hence, the set L returned by ModtifiedUntangle is the set of leaf-matched pairs of T.

Proof. Suppose the internal vertices u € L and v € R appear as adjacent degree one vertices
in (X, E,Y) during some step of the ModifiedUntangle algorithm. Since both vertices have
degree one, the construction of the edges in (X, E,Y") using the Boolean table P in line 4| of
Refine implies that Lf(u) and Lf(v) are matched under o, and thus (u,v) is a leaf-matched
pair.

Conversely, suppose (u,v) is a leaf-matched pair. If u and v are the root vertices of
T and S, then these appear as degree one vertices at the first step of ModifiedUntangle.
Otherwise, at some step of the algorithm, either v or v will appear for the first time in a
partial layout (X,Y"), and without loss of generality, we assume it is u € X. Since v has not
appeared in a partial layout yet, there is some vertex v’ € Y that is an ancestor of v. Then
Lf(u) is matched with a proper subset of Lf(v’) in the tanglegram (L, R, o), so deg(v') > 1
in (X, E,Y). From line [7| of ModifiedUntangle, observe that v' will be replaced with its
children before u is. Repeating this argument, v must appear before Refine is used on u,

and at this time, v and v will be adjacent degree one vertices. O]

We know that given a planar layout (X, Y') of (T, S, ¢), paired flips will generate additional
planar layouts, but we do not yet know that they generate all possible planar layouts. It may
be possible that operations not equivalent to a sequence of paired flips also result in a planar
layout. We will show that this is not the case. Our proof for this uses Lemma which
holds for arbitrary promising partial layouts, not just ones considered in ModifiedUntangle.

First, notice that for a tanglegram 7 = (L, R, o) of size n, ModifiedUntangle starts
with a promising partial layout (Xi,Y)) = (root(L),root(R)). At each step, it replaces an
internal vertex of L or R using Refine. Since a tree on n leaves has n — 1 internal vertices,

the algorithm uses Refine a total of 2n — 2 times. Thus, it produces a sequence of promising
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partial layouts {(X}, Yx)};";" that terminates at (X,Y) = (Xa, 1, Yan_1). We give a name

for such a sequence.

Definition 3.1.10. Let (X,Y’) be a planar layout of a tanglegram 7 = (L, R, o). We call
{(X, V) 120" a partial sequence for (X,Y) if

o for k=1,2,...,2n — 1, (X}, Y}) is a partial layout,
e (X1,Y1) = (100t(L), root(R)),
4 (XQn—luyén—1> = (X7 Y)) and

o for k = 1,2,...,2n — 2, the partial layout (Xx;1, Yxi1) is obtained from (Xj,Y) by
refining some vertex u € X, UY}, that is, replacing u with its children in an appropriate

order.

A partial sequence is promising if all (Xj, Yy) are promising partial layouts, or equivalently,
if (X,Y) = (X2,_1, Ya,_1) is a planar layout.

If {(X}, Ys) }3", " is a promising partial sequence for (X,Y'), then for any other planar lay-

out (X', Y") of T, we can use this sequence to find a promising partial sequence {(X}, Y{)}i" !

for (X', Y"). We do this by constructing each (X},Y)) as follows.

e Draw the trees L and R with leaves from top to bottom in the order described by
(X', Y.

e For each u € X, contract the subtree of L rooted at u to the vertex w itself. Do the

same for each v € Y}, and call the resulting trees L; and Ry.

e Let X; be the leaves of Ly listed from top to bottom, and similarly for Y} and Ry.

An example of these steps is shown in Figure . Note that by construction, (X, Yy) and

(X, Y)) contain the same vertices, but possibly in different orders. We now show that
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u Vs
V3
Ul U1
4
U2 2

Figure 3.4: Starting with drawings of L and R corresponding to (X', Y”), we use (Xj, Yy) =
(ugus, vov4v5) to form the contracted trees Ly and Ry shown on the right. Listing leaves from
top to bottom gives us the partial layout (X},Y}) = (ugug, vsv4v2).

{(X}, V)™, ! constructed in this manner is a promising partial sequence for (X’,Y”) and

then use this to establish our characterization of planar tanglegram layouts.
Lemma 3.1.11. The sequence {(X},Y,)}:"," is a promising partial sequence for (X',Y").

Proof. By construction, each (X},Y) is a partial layout, (X7],Y/) = (root(L), root(R)), and
(X%,_1,Ys, 1) = (X', Y"). It remains to show that refining a vertex u € X; UY) produces
(X}11,Y) 1) Denote the vertex refined in (Xj, Y;) to obtain (Xj41, Yii1) as ug, and without
loss of generality, we assume wu;, € Xj. This implies that (Xj,Y]) and (Xj,,,Y; ) have
almost the same vertices, except (X},Y)) contains wu, while (X} ,,Y), ) contains its two
children wuy; and wuy 2. By our construction using contractions, the tree Lj can be obtained
from Lg,; by contracting the two children of u; onto the vertex itself. Thus, we can obtain
(X}, Y)) from (X}, Y}, ) by replacing the adjacent children of u; with uy, itself. Then we can
also obtain (X}, Y/ ) from (X}, Y{) by refining u;. Thus, all conditions in Definition [3.1.10]

are satisfied, so {(X},Y/)};"," is a promising partial sequence for (X', Y"). O

Theorem 3.1.12 (Theorem revisited). Let T be a planar tanglegram, and let 2 (T) be
its set of planar layouts. Each planar layout in P(T) can be obtained by starting with any
planar layout in P(T) and performing some sequence of paired flips at leaf-matched pairs

of vertices.
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Proof. Let the outputs of ModifiedUntangle(7) be (X,Y) and £. By Theorem [3.1.5 we
have that (X,Y) € Z(T), and by Lemma [3.1.9) we have that £ is the set of leaf-matched
pairs of 7. It is clear that if (u,v) € L, then starting with (X,Y’) and performing a paired
flip at (u, v) produces another layout in &(7T), so the same is true if we perform any sequence
of paired flips starting with (X,Y’). We show that all planar layouts can be obtained this
way.

Let (X', Y") € 2(T) be distinct from (X,Y). Let {(Xy, Y3)}i*;! be the promising partial
sequence for (X,Y’) produced in ModifiedUntangle, with corresponding bipartite graphs
{(Xy, Ex, Y3)}:"7'. By Lemma , we can use this sequence for (X,Y) to construct
a corresponding promising partial sequence {(X},Y{)}" ;" for (X, Y”) where (X},Y}) and
(X}, Y/) contain the same vertices, though possibly in different orders. Thus, if we use the
Boolean table P to construct edges Ej on the vertices in X; UY), then E} = Ej. Since
(X",Y") # (X,Y), there must be some minimal m such that (X, 41, Yint1) # (X1, Y1)
Without loss of generality, we assume the refined vertex at this step was u € X,, and that
Refine replaced u with ujuy to obtain (X411, Yiq1), while (X7 ., Y, ) requires replacing
u with uguy.

Consider the degree of u in the bipartite graph (X, Em, Yi) = (X, Em, Y,,). If deg(u) >
2, then Lemma implies that (X7,,,,Y,, ;) is not promising, which is not the case
since {(X},Y})}?"," is a promising partial sequence for (X’,Y’). Thus, it must be that
deg(u) = 1. Since ModifiedUntangle always refines a vertex of highest degree, this implies
that all vertices in (X, B, Yin) = (X, Em, Y,,) must have degree 1. Then let v € Y;,, be the
unique neighbor of w in (X, Fy,, Y;n). Once u is replaced with its children, notice that v will
be the unique vertex in (X, 11, Emi1, Yimy1) with deg(v) > 2. Thus, after ModifiedUntangle
replaces u with ujuy to obtain (X,,41, Yiui1), it will replace v with its children in some order
to obtain (X410, Yii0)-

Lemma implies that (u,v) € £, so we let (X,Y) € P(T,S,¢) be (X,Y) after
a paired flip at (u,v). Using {(Xs, Y3)}:";!, we again use Lemma to construct a
promising partial sequence {()?k, ?k)}iizl for ()?,37) By construction, ()?k, ffk) = (X, Yx)
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for all k& < m, and because of the paired flip at (u,v), we have (Xj,Y;) = (X,,Y)) for all
k < m-+1. Furthermore, the preceding paragraph implies that (erw, 37m+2) is obtained from
()A(Cmﬂ, §7er1) by refining the vertex v. Since deg(v) = 2 in (X'mﬂ, JIE ?mﬂ), Lemmam
implies that a unique choice for the children of v results in a promising partial layout, and
thus it must be that (X1, Ypis) = (X7 y2, Yo o)

If ()~( , 37) # (X',Y’), then we can repeat the above argument. Eventually, this process
terminates in a planar layout ()? , }7) obtained from a sequence of paired flips starting at
(X,Y), where (X, ;) = (X4, Y/) for all k. Hence, we conclude (X’,Y’) = (X,Y), and any
(X", Y") € Z(T) can be obtained using a sequence of paired flips starting with (X,Y). O

We now define a graph on the planar layouts of a planar tanglegram. Theorem [3.1.12

can be restated in terms of connectedness for this graph.

Definition 3.1.13. Let 7 be a planar tanglegram. Define the flip graph of T as G(T) =
(V, E) with vertices in V' corresponding to planar layouts, and edges in E between vertices
whenever the corresponding planar layouts that can be obtained from one another using

paired flips at leaf-matched pairs of vertices.

Corollary 3.1.14. The flip graph of a planar tanglegram is connected.

3.1.2  The flip graph of a planar tanglegram

Since we consider planar layouts of a tanglegram 7 up to drawings of plane trees, the
structure of G(7) is not immediately clear. In the example shown in Figure , deleting
certain edges results in a hypercube graph. We will show that this is always the case, and
using this, we can determine the number of vertices in G(T).

We start by defining degenerate and non-degenerate leaf-matched pairs. See Figure |3.5

for examples.

Definition 3.1.15. Let (u,v) be a leaf-matched pair of a planar tanglegram 7 = (L, R, o).
We call (u,v) a degenerate leaf-matched pair if 7|, the subtanglegram formed by the
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subtrees rooted at v and v, can be constructed by starting with the unique tanglegram
of size 2 and replacing each pair of matched leaves with a copy of the same tanglegram
T'. Otherwise, (u,v) is a non-degenerate leaf-matched pair. We call a paired flip at (u,v)

degenerate (resp. non-degenerate) if (u,v) is degenerate (resp. non-degenerate).

Definition 3.1.16. Let 7 be a planar tanglegram. The reduced flip graph of T, denoted
G'(T), is the subgraph of G(T) formed by including only the edges corresponding to non-

degenerate paired flips.

Corollary implies that paired flips allow us to generate all planar layouts of a planar
tanglegram. We now show that this still holds when restricting to non-degenerate paired

flips, so G'(T) is also connected.

Lemma 3.1.17. Let T be a planar tanglegram. Every planar layout of T can be obtained

from any other planar layout of T using a combination of non-degenerate paired flips.

Proof. 1t suffices to show each degenerate paired flip can be replaced by a sequence of non-
degenerate paired flips, which we do using induction on the number m of degenerate leaf-
matched pairs. The case of m = 0 is trivial. Now assume the result holds when there are
less than m degenerate pairs, and consider a tanglegram 7 with m degenerate leaf-matched

pairs.

Figure 3.5: Vertices that form degenerate leaf-matched pairs are shown in red, while vertices
that form non-degenerate leaf-matched pairs are shown in blue.
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D F
Figure 3.6: An illustration of the argument in Lemma |3.1.17]

We consider two planar layouts D and F for T such that F' can be obtained from D by a
paired flip at some degenerate leaf-matched pair (u,v). Let (uy,v;) and (ug, v9) be the leaf-
matched pairs formed by the children of u and v with corresponding proper subtanglegrams
T1 = T5. The layouts D and F restrict to planar layouts on these tanglegrams, which we can
denote D; and F; for i € {1,2}, as in Figure 3.6

Since 71 & Ty, D; and F; for ¢ € {1,2} are all layouts for the same tanglegram. There
are fewer than m degenerate leaf-matched pairs in 7; = 75, so the inductive hypothesis on
these subtanglegrams implies all of the D;’s and F}’s can be obtained from one another using
non-degenerate paired flips, allowing us to obtain F' from D using non-degenerate paired

flips. By induction on m, the result follows. O

We now show the uniqueness of the non-degenerate paired flips chosen. We will need the

following definition.

Definition 3.1.18. The irreducible component of a tanglegram T, denoted Irr(7), is the
irreducible tanglegram formed by contracting each non-root leaf-matched pair of T to a

single pair of matched leaves. When T’ = Irr(7), we say T’ extends to T.
Lemma 3.1.19. The combination of paired flips in Lemma 1S unique.

Proof. The result is clear for the unique size 1 and unique size 2 tanglegrams, which have

only one layout. For tanglegrams of size 3 or more, we use induction on the total number
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of leaf-matched pairs ¢. The base case of ¢ = 1 leaf-matched pair corresponds to irreducible
tanglegrams, and the result, in this case, follows from Proposition [2.1.8|

Now assume the result holds when there are less than ¢ leaf-matched pairs in a planar
tanglegram, and suppose T = (L, R, o) has ¢ leaf-matched pairs. Let A" denote the set of non-
degenerate leaf-matched pairs of 7, and suppose that starting with a layout D and performing
flips at S;, Sy € N produces the same layout D’. In particular, these layouts D and D’
restrict to the same layout of Irr(7). If Irr(7) has size at least 3, then Proposition [2.1.§]
implies S; and S5 either both contain or don’t contain a paired flip at the roots of L and R.
Applying the inductive hypothesis on each of the maximal proper subtanglegrams of 7 then
implies the remaining elements of S; and Sy must coincide.

Alternatively, if Irr(7) has size 2, then we have two cases involving the two maximal
proper subtanglegrams 7; and 7. If 77 2 75, then S; and S5 either both contain or don’t
contain a paired flip at the roots of L and R. We then again apply the induction hypothesis
on 7; and 75 to conclude the remaining elements of S; and S, are the same. Otherwise,
Ti = 75, so the roots of L and R form a degenerate leaf-matched pair, and hence are not in
N nor in its subsets S; and Sy. Again, we apply the induction hypothesis to 7; and T3 to

conclude S; = S5. The result now follows by induction. O

We now establish a graph isomorphism between G’(T") and the hypercube graph of the
appropriate size. Recall that the hypercube graphs are described in Example [2.1.1]

Theorem 3.1.20. Let T be a planar tanglegram with ¢ non-degenerate leaf-matched pairs.
Then G'(T) is isomorphic to the ¢'-hypercube graph.

Proof. We produce a graph isomorphism between G'(7) and the ¢-hypercube Q = Q,
where (' is the number of non-degenerate leaf-matched pairs in 7. We denote the vertices
in @ as '-tuples with elements in {0, 1}, where edges occur between vertices that differ in
exactly one coordinate. Arbitrarily order the non-degenerate leaf-matched pairs of 7 as

N = {(u, vi)}f/zl. By the preceding lemma, after fixing an arbitrary initial layout D, each
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S C N corresponds to a unique planar layout Dg of 7. Hence, we obtain a bijection

Ds <— (1{(u1,v1)65}7'-'71{(u£/,vg/)65'})7

where 1, v)esy is the indicator function for the pair (u;,v;) being in S. This defines a
bijection between the vertices of G'(7) and Q. Two layouts Dg,, Dg, are adjacent in G'(7)
if and only if the corresponding sets Sy, S differ by a single element, and hence if and only if
the corresponding vertices in () differ in a single coordinate. Consequently, this map between

the vertices of G'(T) and @ preserves all edges, implying that it is a graph isomorphism. [

Corollary 3.1.21. Let T be a planar tanglegram with ¢' non-degenerate leaf-matched pairs.
Then T has exactly 2° planar layouts which can all be obtained from one another using paired

flips at non-degenerate leaf-matched pairs.

Remark 3.1.22. For a planar tanglegram of size n, a planar layout and the set of leaf-
matched pairs can be identified in O(n?) time using ModifiedUntangle, and there are at
most n — 1 leaf-matched pairs. To identify which pairs are non-degenerate, we can consider
the subtanglegram 7 |(,,.) for each leaf-matched pair (u,v), check if its irreducible component
has size 2, and test isomorphism of the two maximal proper subtanglegrams when this is the
case.

Since an isomorphism between tanglegrams 7 = (L, R,0) and 7' = (L', R’,0’) can be
viewed as an isomorphism of graphs that maps the root of L to the root of L’ and the
root of R to the root of R/, we can adapt isomorphism testing for planar graphs to planar
tanglegrams. For example, one can test the isomorphism of the planar graphs obtained by
attaching a single leaf to root(L) and root(L’). Note that isomorphism testing of planar
graphs can be done asymptotically in linear time with respect to the number of vertices
[HWT4], though faster algorithms exist for graphs that are not very large [KHCO04].

Combined, we conclude that identifying the non-degenerate leaf-matched pairs of a tan-
glegram can be completed in O(n?) time. Consequently, one can efficiently compute the

number of planar layouts of a planar tanglegram 7.
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We conclude this section by analyzing the extremal cases in Corollary |3.1.21] for the
number of planar layouts of a planar tanglegram. We start by defining several families of

tanglegrams that will appear. Examples are shown in Figure [3.7

Definition 3.1.23. For h > 0, let Bj, denote the complete binary tree of height h, which
is the tree with 2" leaves and the maximal number of leaves at each level. Define B;, to be

the tanglegram formed from two copies of Bj; with matching induced by an automorphism

of Bh.

Definition 3.1.24. For n > 1, let C,, denote the caterpillar with n leaves, that is, the tree
with n leaves whose internal vertices form a path on n — 1 vertices. Define C, to be the

tanglegram formed from two copies of C,, with matching induced by an automorphism of

Ch.

Definition 3.1.25. Define C} to be the planar tanglegram on 3 leaves that is not Cs. For
n > 4, define C/ to be the tanglegram formed by starting with C,_» and replacing a pair of

matched leaves of maximal distance from the roots with Cj.

We now consider the minimum possible number of planar layouts. Proposition and
Theorem [2.1.10] show that for n > 3, there exist tanglegrams with exactly 2 planar layouts.

The Bj, tanglegrams defined above are precisely the ones that achieve 1 planar layout.

Lemma 3.1.26. Let T be a planar tanglegram. Then |G(T)| = 1 if and only if T = By, for

some h.

G Ty

Figure 3.7: The tanglegrams Cs, Ci, Bs, Cs, and Cf.
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Proof. Corollary implies that Bj, has 1 planar layout, as all leaf-matched pairs are
degenerate. We use induction on size to show this is the only possibility. Observe that if T
has size 1 or 2, then the result is clear since By and B; are the unique tanglegrams of their
respective sizes.

Now assume the result holds for all tanglegrams of size k < n, and assume T = (L, R, o)
has size n and exactly one planar layout. Then the roots of L and R must form a degenerate
leaf-matched pair, implying 7 is constructed by starting with B; and replacing the matched
leaves with some tanglegram 7’. Since 7 has a unique layout, the same holds for the
subtanglegram 7’. Using the induction hypothesis, we conclude 7' = B}, for some h. Then
T = Byy1, and the result follows by induction. O

We now consider tanglegrams with many planar layouts. The following result establishes
an upper bound for the number of planar layouts and gives some necessary conditions for

achieving this bound.

Lemma 3.1.27. Let T = (L, R,0) be a planar tanglegram of size n > 2. Then |G(T)| <
2"=2 When n > 4, each of the following conditions implies that |G(T )| < 2"73:

(a) Trr(T) has size at least 3, or

(b) Ire(T) = By has size 2 and T is formed by replacing the matched leaves in By with two

tanglegrams of size larger than 1.

Proof. Observe that the bound |G(T)| < 2"~! follows from Corollary and the fact
that L and R each have n — 1 internal vertices. To improve this upper bound, consider
a tanglegram 7 = (L, R,0) of size n > 2 with n — 1 leaf-matched pairs. Notice that L
must have an internal vertex u that has only two children, and this vertex forms a leaf-
matched pair (u,v), which must be degenerate. Hence, a planar tanglegram has at most
n — 2 non-degenerate leaf-matched pairs, so the improved upper bound of 272 follows.

We now consider the cases above for the 2"~ bound. As before, we rule out vertices that

cannot form non-degenerate leaf-matched pairs. For (a), first note that if Irr(7) has size at
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least 4, then at least two of the n — 1 internal vertices in L and R cannot be leaf-matched
pairs, so |G(T)| < 2" follows. If Irr(7) has size 3, then at least one internal vertex in each
of the component trees of Irr(7") cannot form a leaf-matched pair. Since T has size at least
4, one of its proper subtanglegrams of size k > 2 has at most £ — 2 non-degenerate pairs,
and hence T has at most n — 3 non-degenerate pairs, again implying |G(7)| < 2"73. For
(b), the two maximal subtanglegrams of size k > 2 and n — k > 2 respectively have at most
k —2 and n — k — 2 non-degenerate pairs, so 7 has at most 1+ (k—2)+(n—k—2) =n—3

non-degenerate pairs, and we again conclude |G(T)| < 2773, O
We conclude with our characterization for the extremal cases of |G(T)|.

Theorem 3.1.28. Let T be a planar tanglegram of size n > 2. Then 1 < |G(T)| < 22

Furthermore,
(a) |G(T)| =1 if and only if T = Biog,(n) with logy(n) € Z; U {0}, and
(b) |G(T)| =2""2 if and only if T =C,, or T =C..

Proof. The lower bound of 1 follows from the definition of a planar tanglegram and the
upper bound of 272 follows by Lemma . Equality in the lower bound follows from
Lemma, For equality in the upper bound, Corollary shows that C, and C
achieve this bound. To show that they are the only tanglegrams, we first note that the
results for tanglegrams of size 2 or 3 are clear, as the only tanglegrams of these sizes are
By = Cs, Cs, and Cj. For tanglegrams of larger size, we use induction with base case n = 3.

Assume the result holds for tanglegrams of size k < n, and suppose T is a tanglegram of
size n > 4 with 272 distinct planar layouts. Then Lemma implies that 7 is formed
by starting with B; and replacing a single pair of matched leaves with some tanglegram 7~
of size n — 1. A planar layout of T is determined by whether 7" is drawn on top or bottom,
and then a layout of 77 itself. Hence, 7’ must have 2”73 layouts, and by the induction
hypothesis, is either C,_; or C/,_;. Then 7 must be C, or C,, and the result follows. m
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3.2 Enumerative results

In this section, we give two enumerative results involving planar tanglegrams, both of which
will generalize the relation between H(z) and T'(x) given in Theorem [2.1.10, Let P denote
the set of planar tanglegrams. Our first result will involve the following generating function

that generalizes T'(z) by also considering the number of leaf-matched pairs:

F(CL’, Q) _ Z x|7'\q|{leaf—matched pairs of T}\ (321)
TeP

Theorem 3.2.1. The generating function F(x,q) satisfies the relation

. F 2 2
F(z,q) :w+q-H(F(x,q))+%- (3.2.2)
Proof. Equation (3.2.2)) is equivalent to
F(x,q)? F(x,q)? + F(2?, ¢?
Fle.g)=2+q- (H(F(:c,q)) - %) pq B FEG) (0

so we establish this relation instead. The term z accounts for the unique tanglegram of
size 1, which has no leaf-matched pairs. For the remaining tanglegrams, we can form each
tanglegram 7T by starting with its irreducible component Irr(7) and replacing matched
leaves with planar tanglegrams (possibly of size 1). The remaining summands correspond to
tanglegrams where Irr(7) has size larger than two or equal to two.

To interpret the first summand, observe that ¢ - [H(x) — 2%/2] counts irreducible pla-
nar tanglegrams of size n > 3 by size and number of leaf-matched pairs. Each term ga*
corresponds to an irreducible planar tanglegram 7T of size k. Proposition 2.1.8 implies that
irreducible tanglegrams of size at least 3 have no symmetry. Consequently, fixing a layout
of T and replacing matched leaves from top to bottom with planar tanglegrams (7;)%_, pro-
duces a distinct tanglegram for each selection of (7;)%,. Replacing the k& matched leaves

of T with k planar tanglegrams corresponds to replacing x in qz* with F(x,q). Hence,
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q - [H(F(z,q)) — F(x,q)?/2] enumerates tanglegrams with irreducible component of size

n > 3.

For the second summand, observe that tanglegrams with irreducible components of size
2 are formed by starting with the unique planar tanglegram of size two corresponding to
the term gx? and replacing the two pairs of leaves with two planar tanglegrams 7; and 75,
where the order is not relevant. The generating function ¢ - F(x,q)? would count ordered
pairs of planar tanglegrams. This correctly counts the case when 7; = 75 but double-counts
the remaining cases. To remedy this over-counting, we can add ¢ - F((z?, ¢*), which counts
the pairs where 7; = 75, and then divide the result by two to account for the order not

(z,9)2+F(22,4%)
2

being relevant. Hence, ¢- £ enumerates tanglegrams with irreducible component

of size two. Combined, we obtain (|3.2.3]). O

Note that substituting ¢ = 1 results in the original relation given in Theorem [2.1.10]
Using Theorem and the coefficients of H(z) from [OEI24, A257887], one can generate
the coefficients of F'(x,q). We collect some of these coefficients in Table See [OEI24]
A349409] for more terms.

We can similarly generalize T'(x) by also considering size of irreducible component. Let

n, k 1 2 3 4 > 6 7 8 total
2 1 1
3 1 1 2
4 5 4 2 11
) 34 28 11 3 76
6 273 239 102 29 6 649
7 2436 2283 1045 325 73 11 6173
8 23391 | 23475 | 11539 | 3852 968 181 23 63429
9 237090 | 254309 | 133690 | 47640 | 12923 | 2756 444 46 688898

Table 3.1: The number of tanglegrams of size n with k leaf-matched pairs.
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P and Z respectively denote the set of planar and irreducible planar tanglegrams, and define

T(w,y) =Y Tyl
TeP

1
H(z,y) = H(wy) = so*y*+ ) "7l
TEL: |T|>2

(3.2.4)

The following result also generalizes Theorem [2.1.10 and substituting y = 1 similarly recov-

ers the original result.

Theorem 3.2.2. The following holds:
T(x,y) = H(T(x),y) + ———— + xy. (3.2.5)

Proof. As in Theorem [3.2.1} we first rewrite the right-hand side of Equation (3.2.5) as

(H(T(a:)7y) — T(‘TTW) + (T@)Qyz ; T(‘Tz)yQ) + 2. (3.2.6)

The third summand xy accounts for the unique tanglegram where both trees consist of a
single vertex. For the remaining summands, we consider those with an irreducible component
of size two and greater than two separately.

To interpret the first summand, observe that H(z,y)— # counts irreducible tanglegrams
of size at least 3, where each term 2*y* corresponds to an irreducible planar tanglegram of
size k. As in Theorem for each irreducible tanglegram 7T of size kK > 2, we can
fix a layout of 7 and replace matched leaves from top-to-bottom with planar tanglegrams
(T:)k_,, which produces a distinct tanglegram for each selection of (7;)¥_,. Replacing pairs
of matched leaves with planar tanglegrams corresponds to replacing = with 7'(z). Hence,
H(T(x),y) — T(zT)QyQ is the generating function for planar tanglegrams with | Irr(7)| > 3.

To interpret the second summand, tanglegrams with |Irr(77)| = 2, we must start with
the unique layout for the unique tanglegram of size two and replace matched leaves with

T: and T3. While T'(z)?y? would correctly count the cases when 7; = 75, it double-counts
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the other cases. As in Theorem we add T'(z%)y? so that all cases are double-counted,
and dividing by 2 then results in the second summand enumerating planar tanglegrams with

irreducible components of size 2. n

Note that once we can efficiently compute the coefficients of T'(z) and H(x), we can
efficiently perform the composition to generate the coefficients of T'(x,y). Using known
values of T'(z) and H(z) from JOEI24] A257887 and A349408|, we give some coefficients of
T(z,y) in Table[3.2] Additional terms can be found at [OEI24, A371659].

We respectively use the notation ¢, and t, for the coefficient of 2™ in T'(z) and "
in T'(x,y). We also use the notation h, for t, ,, which is the number of irreducible planar
tanglegrams of size n. Recall that a composition of n is a decomposition of n into an ordered
sum of positive integers, and we use the notation (a;)¥_, = n to denote this. The preceding

theorem and proof imply the following corollary involving the coefficients t,, 4.

Corollary 3.2.3. Let 2 < k < n. The number of ways to extend a size k irreducible planar
tanglegram into a size n planar tanglegram, denoted c,j, is independent of the irreducible

planar tanglegram. Moreover,

(a) if n is even, then t, o, = % (Z?;ll titn—; + tn/2>,

(b) if n is odd, then t,o = 130" tit, ;, and

n, k 2 3 4 > 6 7 8 9 total
2 1 1
3 1 1 2
4 3 5 11
5 13 9 20 34 76
6 90 46 70 170 273 649
7 47 312 360 680 1638 2436 6173
8 7040 2580 2435 3570 7371 17052 | 23391 63429
9 71736 | 24056 | 19800 | 23970 | 39858 | 85260 | 187128 | 237090 | 688898

Table 3.2: The number of tanglegrams of size n with irreducible component size k.
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(C) ka % 2, th6’n thk; - hk . Z(ai)?:ﬂ:n taltaz N tak'
Additionally, note that ¢, =ty 1/ hg.
3.3 Sampling planar tanglegrams

In this section, we give an algorithm for sampling planar tanglegrams. We start by applying
the ¢, constants from the previous section to reduce the problem of generating planar
tanglegrams to generating irreducible planar tanglegrams or their layouts. Note that in
the following theorem, we assume an algorithm for uniformly sampling irreducible planar

tanglegram layouts.

Theorem 3.3.1. The following procedure generates a planar tanglegram of size n > 3 uni-

formly at random.

hicCn i
tn

1. Choose an integer 2 < k < n with probability and generate a layout D for an

wrreducible planar tanglegram of size k uniformly at random.

2. (a) If k # 2, select (a;)5_, = n with probability % and independently generate

planar tanglegrams (T;)%_, of sizes (a;)%_, uniformly at random.

(b) If n is odd and k = 2, select (a1, a2) = n with probability Lty 4nd independently

2¢n,2

generate planar tanglegrams (T1,T2) of sizes (a1, as) uniformly at random.

(c) If n is even and k = 2,

o with probability Qt;{z, generate a single tanglegram Ty = Ty of size n/2 uniformly
at random, and

e otherwise, select (a1, as) = n with probability = tay tay

St and independently generate
i=1 Yitn—1

planar tanglegrams (T1,T3) of sizes (a1, as) uniformly at random.

3. In all cases, output the tanglegram corresponding to D with matched leaves replaced from

top to bottom by {T;}r_,.
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Proof. The definition of ¢, ; and the results of Corollary imply that all of the necessary
quantities in steps (1) and (2) sum to 1. We show that each tanglegram of size n can be

generated in two ways, and each of these possibilities has probability %

Consider a planar tanglegram 7 with |Irr(7)| > 3. To generate T in the algorithm,
we must first generate one of the layouts of Irr(7) in step (1). Proposition implies
that there are two possibilities D; and D,, and observe that each of them has probability

hicnk 1 _ Cnk
tn 2hy, 2tn

of being generated. For each D;, a unique list of tanglegrams (7;]-)?:1 must

replace the matched leaves in D; from top-to-bottom to construct 7. Letting a; ; = |7; |, the

1. - \k . . . . talta2...tak . 1 1
probability (7;;)j-, is generated in step (2) is given by - oty .~ Hence,
Cn .k . 1 1

= 5— of being generated, so

each of the two ways of generating 7 has probability St ot = T

the probability 7 is generated is ti

Next, consider a planar tanglegram 7 with |Irr(7)| = 2. This requires first generating
the unique layout D for the unique planar tanglegram of size 2. If n = |T| is odd, then
two possibilities (77,73) and (7,71) extend D to 7. Letting a; = |7;1| and ay = |73, the
probability of obtaining 7 is given by

h2cn,2 . (taltag . 1 + tath . 1 ) 1

tn 26,172 taltag 2071,2 taztal

Note that hy = 1, so this term disappears in the product above.

Now consider when n = |7 is even. Suppose T requires replacing the matched leaves

in £ with the same tanglegram 7’. With probability

t o
S22 . we generate 77 twice in the
Cn,2 tn/Q

first case of (2¢), so T has a
hQCn’Q tn/g 1 . 1

tn 2071,,2 tn/2 E

probability of being generated this way. The probability of generating 7 by generating T’

twice in the second case of (2c) is

hacy 2 _ <1 _ tny2 ) o taplap
tn 2Cn,2 Z;’l:_ll tltnfl tn/Qtn/Q'
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Using Corollary [3.2.3, hy = 1, and ¢, 2 = t,, 2, this simplifies to

Cn_,g ) Z?:_ll tltnfz 1 1

tn 2cn,2 E?:_ll tztnfz - Qtn
The case when T requires replacing matched leaves in £ with two distinct tanglegrams is
done using the same properties, where we note that there is no way to generate 7 in the

first case of (2c) but two ways to generate it in the second case. O

The procedure in Theorem can be applied recursively when generating {7;}%_,,
except that the tanglegrams of size 1 and 2 should be generated directly since they are
unique. For efficiency reasons, one can also directly generate all planar tanglegrams below
a certain size. From this, we conclude that uniform sampling of planar tanglegrams can be
reduced to computation of the coefficients in 7'(x,y) and uniform sampling of irreducible
planar tanglegram layouts.

We now consider the problem of uniformly sampling pairs of disjoint triangulations, which
is equivalent to uniformly sampling irreducible planar tanglegram layouts by Theorem [2.1.9]
Throughout, fix a labeling of the convex n-gon using [n| = {1,2,...,n}, and use pairs (a,b)
with a,b € [n] to denote diagonals. For a triangulation 7', we use the notation (a,b) € T to
denote that the diagonal (a,b) is in the triangulation 7.

Recall from Example that given a triangulation 7" and a diagonal (a,b) € T, a flip
replaces (a, b) with the other diagonal in the unique quadrilateral containing (a, b). We extend

the flip operation to pairs of disjoint triangulations. An example is shown in Figure [3.8

Definition 3.3.2. Let (T3, T») be an ordered pair of disjoint triangulations of an n-gon, and

suppose (a,b) € T; for some ¢ € [2]. A flip at (a,b); € (T1,T3) is defined as
(a) flip (a,b) € T;, and

(b) if the resulting diagonal (a',b') is in T} for j # i, then flip (¢/,0') € T;.
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2 1 2 1 2 1 2 1
4 D 4 5 4 ) 4 5

Figure 3.8: A (double) flip at (2,4);.

When only (a) is performed, we refer to this as a single flip, and when both (a) and (b) are

performed, we refer to this as a double flip.

Lemma 3.3.3. Let (T1,T3) be an ordered pair of disjoint triangulations of an n-gon. If
(T7,T3) is obtained from (11,Ts) by a flip at (a,b);, then (T7,T3) is also a pair of disjoint

triangulations. Furthermore, (T1,T,) can also be obtained from (T7],Ty) by some flip.

Proof. Without loss of generality, assume we flip the edge (a,b) € T} to obtain T7. If after
the flip, the new diagonal (a’,b") does not coincide with any diagonals of 75, then we are
done. Note that in this case, we have that Ty = Ty, and the flip (a/,b"); allows us to obtain
(T, Ty) from (717, T3).

Otherwise, we flip (a’,b) in the second polygon to obtain Tj. The resulting diagonal
(a",0") crosses (a’,b'), and hence cannot appear in 7]. Hence, (77,7%) is a pair of disjoint
triangulations. In this case, observe that the flip (a”,b"”), allows us to obtain (73, 7Ts) from

(17, T3). =

The mutual reachability between two pairs of disjoint triangulations allows us to now
formally define the flip graph on pairs of disjoint triangulations. An example was previously

shown in Figure [1.3]

Definition 3.3.4. Let D, denote the (undirected) graph with vertices corresponding to
ordered pairs of disjoint triangulations of an n-gon and edges corresponding to flips as defined

in Definition 3.3.2
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Observe that Dj is a single vertex graph and D, is a path graph on two vertices. Hence,
we are primarily interested in the cases n > 5. For any pair (17, 7,) € D,,, there are 2(n — 3)
diagonals on which a flip can be performed. It is not difficult to see that if n > 5, then

flipping at different diagonals results in different pairs of disjoint triangulations.
Lemma 3.3.5. For any integer n > 5, the flip graph D, is simple and 2(n — 3)-regular.

Proof. It suffices to show that for any pair (77, T%) of disjoint triangulations, a flip at (a,b) €
Ty and a flip at (¢,d) € Ty cannot result in the same pair (77,73). Let (a/,b') € T| and
(c,d") € Ty be the diagonals obtained by flipping (a,b) € T} and (c,d) € T, respectively. If
(T7,T3) is obtained from (77, 7%) by flipping (a,b) € Ty, then (a',V') = (¢,d), and if (77, T3)
is obtained from (77,75) by flipping (¢,d) € T3, then (¢/,d') = (a,b). This implies that
(a,c,b,d) is a quadrilateral in both T} and Ts. Since n > 5, this implies that 77 and T5 share

a diagonal, which is a contradiction. O]

Let G, denote the flip graph for triangulations of an n-gon, as described in Example[2.1.2]
For any triangulation S of an n-gon, the subgraph of GG,, induced by the set of triangulations
disjoint from S is denoted G, (S). Pournin showed in [Pould] that the diameter of G, is
2n — 10 for n > 12. We show the connectedness of D,, and a linear diameter bound for D,

by first showing corresponding statements for G,,(.5).

Theorem 3.3.6. Let n > 5, and let S be a triangulation of the n-gon. Then G,(S) is

connected, and its diameter is at most 2n — 8.

Proof. Every triangulation contains a diagonal of the form (i,i42), so we assume without loss
of generality that S contains the diagonal (2,n). Let A denote the triangulation consisting of
{(1,7) : 3 <i < n—1}, which is called a standard triangulation in Chapter 1 of [DLRS10]. We
show that every triangulation 7" disjoint from S is connected to A by a path in G, (.5) of length
at most n—4. In fact, we claim that if 7' contains d edges of the form {(1,7) : 3 <i <n—1},
then it is connected to A by a path in G, (5) of length at most n — 3 — d. Note that d > 1,

as (2,n) ¢ T implies the existence of some diagonal of the form (1,4).
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We prove the claim by induction on n — 3 — d. If d = n — 3, then T = A, and these
triangulations are connected by a path of length n —3 — (n — 3) = 0 as needed. Now
suppose d < n — 3, and let 3 < i1 < ip < ... < 1g < n — 1 denote the indices such that
(1,7;) € T for all 4;. Since d < n — 3, it must be that ;.1 —4; > 1 for some j € {1,...,d}.
Consider the polygon with vertices {1,4;,7;4+1,7;+2,...,4;41} with triangulation T} induced
by T. Observe that 7} cannot contain any edges of the form (1,7), and since i;,1,4;4; are
consecutive vertices, this can only occur if (i;,4;+1) € Ti. Flipping this diagonal results in
(1,7) for some i; < ¢ < ij41. Note that this diagonal (1,7) cannot appear in S since S
contains (2,n). Hence, flipping (4;,¢;+1) in 7 results in some triangulation 7" disjoint from
S that contains d 4+ 1 diagonals of the form {(1,7) : 3 < i < n — 1}. By the inductive
hypothesis, 7" and A are connected by a path in G,,(S) of length at most n —3 —d — 1, and
hence T is connected to A by a path in G, (S) of length at most n — 3 — d.

Now let T7 and T, be any two triangulations disjoint from S. Choosing A as above, each
T; is connected to A by a path of length at most n — 4 in G,(S), implying 7} and T, are
connected by a path of length at most 2n — 8. [

Pournin’s result for diam(G,,) when n > 12 combined with known values for 5 <n < 12
imply that for all n > 5, we have that diam(G,,) < 2n — 8. Hence, the above result implies

the following statements for D,,.

Corollary 3.3.7. Forn > 5, the flip graph D,, is connected and
diam(D,,) < diam(G,,) + 2n — 8 < 4n — 16.

Proof. Let (T1,T3), (T3, Ty) € D,. Then there is a path of length at most diam(G,,) in D,
from (17, T») to (T3, T) for some T disjoint from T3. By Theorem [3.3.6| there is a path from
(T5,T) to (T3, Ty) of length at most 2n — 8 in D,,. O

Theorem 3.3.8 (Theorem revisited). For any positive integer n > 5, the graph D, is

simple, connected, and 2(n — 3)-reqular. Furthermore, a random walk on D,, that starts at
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Figure 3.9: A pair of disjoint triangulations where two sequences of flips (n,2)s,(2,4); and
(n,2)s, (1,3)2, (2,4); both result in the original pair again.

an arbitrary vertex and chooses neighboring vertices uniformly at random will converge to

the uniform distribution on the vertices in D,,.

Proof. Lemma and Corollary imply that D, is simple, connected, and 2(n — 3)-
regular. For aperiodicity, Lemma [2.1.5] implies that it suffices to consider the random walk
(Xi)i>0 starting at the pair (73, T5) shown in Figure 3.9, The flips described in Figure
imply that

Prop my[Xo = (T1,T2)] >0 and  Prip n)[Xs = (131, T3)] > 0.
From this, we find
1 =ged(2,3) | ged(t € Zy | Prigy 1) [Xe = (Th, T2)] > 0),
so the greatest common divisor on the right must be 1. We conclude that this random walk

is aperiodic. Convergence to the uniform distribution then follows from Theorem 2.1.7 [

Running the random walk on D,, from Theorem for sufficiently many iterations
allows for approximately uniform sampling of pairs of disjoint triangulations. Determining

the number of iterations needed remains a direction open for future work.
Open Problem. Determine the mizing time of the random walk from Theorem[3.3.8

Remark 3.3.9. We note that a trivial upper bound for the mixing time is O(|V(D,)[?)

[LP17, Proposition 10.28]. We suspect that this bound can be improved significantly because



n 5 6 7 8 9
\V(D,)] 10 68 546 4872 46782
iterations 3 7 14 25 39
09 0.5590. .. 0.7287... 0.8478 ... 0.9512. .. 0.9677 ...

Table 3.3: For each n, the number of iterations needed for the total variation distance from
the uniform distribution to be smaller than 1/4 regardless of the initial vertex chosen, and

the second largest eigenvalue of the transition matrix.

the mixing time for a simple random walk on the triangulation flip graph G,, is polynomial in
n [MT97, MRSO01], while |V (D,,)| grows rapidly with respect to n [RRW18]. The computer
data given in Table 3.3 supports our suspicion that O(|V(D,,)|?) is not a useful upper bound

for the mixing time of D,.
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Chapter 4

COLORED PERMUTATION STATISTICS

In this chapter, we study statistics on the colored permutation groups and their conjugacy
classes. We establish Theorem in Section [4.1], which shows that any fixed moment of a
statistic will coincide on all conjugacy classes when there are no cycles of “short” length. In
Section [4.2] we show that for certain statistics, this moment aligns with the corresponding
ones on G,, ., allowing us to translate results on the asymptotic behavior of these statistics on
S, to conjugacy classes without “short” cycles. The results in Section and Section [4.2.1]
are from a collaboration with Jesse Campion Loth, Michael Levet, Sheila Sundaram, and
Mei Yin, and these appear in [CLL"23|. The remaining results are from ongoing work with

Michael Levet, Sheila Sundaram, and Mei Yin [LLSY24].

4.1 Moments of statistics on conjugacy classes without short cycles

In this section, we will introduce colored permutation constraints and realizability over con-
straints of a given size. Using constraints, we prove that any fixed moment of a colored
permutation statistic coincides on all conjugacy classes without cycles of sufficiently short

length. Before giving formal definitions, we start with a motivating example.

Example 4.1.1. Consider the statistic des on &,,. One method for calculating des(w) is to
count the number of i € [n—1] and ji, jo € [n] such that j; < ja, w(i) = j2, and w(i+1) = j;.

We can formalize this by defining an indicator function

1 ifw(i)=jsand w(i+1) =js
I 10y (W) = (4.1.1)
0  otherwise
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and expressing des as
n—1

des = Z Z Tii o) (i41,51))-

i=1 j1<jo

By replacing each summand with ¢ - I(; j,) (i+1,5,), We also obtain a decomposition of this form
for maj on &,,. Hence, one can view these indicator functions I j, i+1,5,) as building blocks
for the descent and major index statistics. Recall from Theorem [1.2.8|that the k-th moments
of des and maj will coincide on all conjugacy classes C, C &,, that have no cycles of length
at most 2k. One might expect that this factor of 2 is related to the fact that the indicator
functions given in (4.1.1)) check two conditions, and we will eventually see that this is indeed

the case.

We now give our definition of colored permutation constraints. The reader should keep
the preceding example in mind as motivation, though our definition applies to &,,, for
any 7. Similar to how colored permutations in &,,, consist of two components, a colored

permutation constraint will also consist of two components.

Definition 4.1.2. A colored permutation constraint on &,,, is a pair (K, k), where

o K = {(in,Jn)}y is a set of ordered pairs of elements in [n] where the sets {i; }}*; and

{jn}7, have m elements, and

e x:{i1,...,im} — Z, is any function, which we can also represent as ordered pairs
{(in, 5(in)) 1oty

We call m the size of (K, k), and we denote it as |(K,x)|. For brevity, we will sometimes
denote a constraint using a single set of ordered pairs

(K, k) = {(i?“j;f(ih)) }m (4.1.2)

h=1

of elements in [n|". When specifically considering &,,, the function x and all colors will be
omitted. When specifically considering B,,, the codomain of £ will be {+, —}, and ordered
pairs in (4.1.2)) will be denoted (ip, jn) with i, € [n] and j, € [£n].
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Definition 4.1.3. Let (K, k) be a colored permutation constraint on &,,, of size m. A
permutation w € &,, satisfies K if w(ip) = j, for all h € [m]. A coloring 7 : [n] — Z,
satisfies k if 7(ip) = k(ip) for all h € [m]. A colored permutation (w,7) € &,,, satisfies
(K, k) if w satisfies K and 7 satisfies k. In the bijective notation, this is equivalent to

(w, ) (i) = 52 for all h € [m).

Example 4.1.4. The colored permutation (w,7) = (1'433")(235%) from Example [2.2.2] sat-
isfies the size 3 constraint (K, k) = {(1°,43), (4°,3"), (5°,23)}, but does not satisfy the size 2
constraint {(1°,42), (4°,31)}.

Recall that a colored permutation statistic is a function X : &,,, — R, and equipping &,, ,
with the uniform distribution allows us to consider X as a random variable. For any colored
permutation constraint (K, ), one useful statistic will be the indicator function [k . :
S, — R that takes value 1 on colored permutations satisfying (K, x) and 0 otherwise.
We will view these indicator functions as building blocks for many permutation statistics

through the following definition.

Definition 4.1.5. A colored permutation statistic X : &,,,, — R is realizable over constraints
of size m if X is in the R-vector space spanned by {/(x. | [(K,x)] < m}. The size of a

statistic is the minimum possible m such that X is realizable over constraints of size m.

Many statistics have natural decompositions in terms of constraints. We give some ex-

amples using the ordered pair notation from Definition [4.1.2]

Example 4.1.6. From Example |4.1.1, the descent and major index statistics on &,, are
realizable over constraints of size 2. More generally, the descent, major index, and flag-

major index statistics on &,,, for any r are realizable over constraints of size 2:

des,,, = Z Z 0 G052 }+ZZI{n0 i

11‘1 j=1 c=0
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ma’jnr Z Z I{(Z 38+, 51}

Z 1 01<]
n—1 n n r—1
fmaj,, , =7 Z Z @ Tyo, g2y 00,550 T Z Z ZC A
i=1 01<J2 i=1 j=1 c¢=0

where the conditions ji' < js? are with respect to the total order on [n]|" given in (2.2.2]).
J1 J2 p

Remark 4.1.7. A colored permutation (w,7) € &,,, is itself a colored permutation con-

straint of size n. Hence, any statistic X is realizable over constraints of size n as

X= ) Xwr7) Iun.

(w,7)EGR,

For the full strength of our results, we wish to realize statistics over constraints of small size.

For any colored permutation constraint (K, x) on &, , of size m, we now consider the
mean of Ik, on &,, and its conjugacy classes. As Ik, is an indicator function, its
mean on 2 C &,,, is equivalent to the probability that [k ) takes value 1 on ). Since
generating (w,7) € &, uniformly at random can be decomposed into generating w € S,

and 7 : [n] = Z, uniformly at random, it is not difficult to show that

. 1 1
Ee, . Ik x) = Prs, . [(w,7) satisfies (K, k)] = Y P B ra———y g

In general, the corresponding expectation on arbitrary Cy C &,,, is complex. However, when
all cycles in Cy have sufficiently long lengths, we will see that Ex[/(x )| has a reasonably

nice formulation. We will need the following notions of constraint graphs and acyclicity.

Definition 4.1.8. Let (K, k) be a colored permutation constraint on &,,,.. The constraint
graph of (K, k), denoted G(K, k), is the directed graph with vertex set [n], directed edge set

K, and coloring of each edge (i,j) € K given by £(i).

Definition 4.1.9. A colored permutation constraint (K, k) on &,,, is acyclic if its constraint

graph G(K, k) does not contain any cycles. Observe that in this case, G(K, k) consists of a
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set of directed paths, each of which has a source vertex. Additionally, acyclicity implies that

the total number of edges in G(K, k) is |(K, k)| < n.

We now show that on any conjugacy class without short cycles,

Ex[{(kr)] = Pral(w, 7) satisfies (K, x)]

takes one of two values determined entirely by acyclicity of (K, ). We do this by explicitly
calculating the probability above.

Lemma 4.1.10. Let (K, k) be a colored permutation constraint on &, of size m, and let
Cx be a conjugacy class of &,,, with no cycles of length 1,2,...,m. If (K, k) is not acyclic,
then

Pry[w satisfies K] = 0.

If (K, k) is acyclic, then

1

Pry[w satisfies K] = =D =2)(n—m)

Proof. We first consider the case when (K, k) is not acyclic. In this case, in order for an
element (w,7) € Cy to have the property that w satisfies K, it must be that w contains a
cycle induced by the conditions in K. Since K has size m, this cycle has length at most m.
However, we assumed C'\ has no cycles of length 1,2,...,m, so this is not possible. Hence,
no such elements exist, and we conclude that Pry[w satisfies K| = 0.

For the case when (K, k) is acyclic, we use induction on n and m to compute the prob-
ability that a colored permutation of cycle type A chosen uniformly at random satisfies K.
As base cases, consider when n is an arbitrary positive integer and m = 1. We express
K ={(i,j)} and analyze Pry[w(i) = j]. Consider any k € [n] \ {i,7}. Letting 0 : [n] — Z,
denote the zero coloring, conjugating by the colored permutation ((j, k), 0) induces bijections
between

{(w,7) € Ox |w(i) =4} and {(w,7) € Cx|w(i)=Fk}.
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Therefore, Pry[w(i) = k] is invariant under our choice of k € [n] \ {i}. Since Cy does not

contain cycles of length 1,2,... m, we have that Pry[w(i) = ¢] = 0. Combined, we conclude

1
n—1

Prafw(i) = jl =

This establishes our base case of m = 1 and positive integers n > 2.

Now fix n > m > 1, and suppose that the result holds for n — 1 and m — 1. Consider an
acyclic constraint (K, k) on &,,, of size m and a conjugacy class C of &,,, without cycles
of length 1,2,...m. Express K = {(i1,71), -, (im,Jm)}, and partition Cy according to the

cycle containing 4,,. Namely, let Cx = | [;_,,+1 Ll.ez, Qk.c, where

c€ L

Qe = {(w,7) € Cx | iy, appears in a cycle of length k and color c}.

Using conditional expectations, the law of total probability, and our result in the preceding

paragraph, we express Pry[w satisfies K| as

-Prafw(im) = ]

by [ﬁ {wlin) = o) = i

h=1
n fm—1
1 . . . .
== > D P | [ {wlin) =5} 0 Qe | wlim) = Jm]
k=m~+1 c€Z, [ h=1
n fm—1
1 . . . . . .
- n—1 Z Z Pry m {w(in) = jn} ’ Qe M{w(im) = ]m}] “Pra[Qpe | w(im) = jm)-
k=m+1 c€Z, L h=1
(4.1.3)
We now consider the remaining pairs {(i1,71), - .-, (¢m—1, jm—1)}. By reordering the pairs

in K if necessary, we can assume without loss of generality that i,, is a source vertex in
G(K, k), SO i, is not an element in (ip,j,) for 1 < h < m — 1. For any fixed k € [n] and
¢ € Z, where Pry[Q.] # 0, define A" to be the r-partition of [n — 1] obtained by starting
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with A and replacing a part in A° of size k with a part of size k — 1. Since A contains only
partitions whose parts have lengths larger than m, A’ contains only partitions whose parts
have lengths larger than m — 1. Additionally, let f : [n] \ {i,,} — [n — 1] be the unique

order-preserving function. Using this, define a function

7Tk:,c : {(w7 T) € Qk,c | w(2m> = jm} — CX

that in the cycle notation of (w, 7) replaces i% 52 with f(j,,)*"? and replaces all other elements

€ [n] \ {im, jm} with f(z). Observe that 7 is an r-to-1 map. Additionally, for a colored
permutation (w,7) in the domain with image (w',7') € C\, we have that w(iy) = jp if
and only if W'(f(in)) = f(jn), where 1 < h < m — 1. In particular, if we let (u',7') €
Cy be generated uniformly at random, then this observation combined with our induction

hypothesis implies that for each fixed k and c,

Pry [ﬁ{w(ih = i} e Celin) = ) ]—Prx [ﬂ{w £}

1
(n—2)(n—3)---(n—m)

Note that the first term is (n — 1) — 1 and the last term is (n — 1) — (m — 1) since this
probability involves &, 1, and {(f(is), f(jn)}7"-]' has size m — 1. Returning to ({£.1.3)), we

conclude
Pry [ﬂ{w(z’h) = jh}]

-1 Z 2 (n—2) n_l) ..(n_m)'Pl"z\[Qk,cW(im):jm]

k=m+1 CEZT
1 .
T Dm—2) Z > Pralie | w(im) = )
k=m+1 c€Z,
1

T m-1n-2)-(n—m) -
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Lemma 4.1.11. Let (K, k) be a colored permutation constraint on &, of size m, and let
Ch be a conjugacy class of &, with no cycles of length 1,2, ... ,m. If (K, k) is not acyclic,
then

Pry[(w, T) satisfies (K, k)] = 0.

If (K, k) is acyclic, then

Pra[(w, ) satisfies (K, k)] = =D = ;) oy r— Tim

Proof. First, we express
Pry[(w, 7) satisfies (K, k)] = Pra|w satisfies K] - Pry[7 satisfies k | w satisfies K]. (4.1.4)

After applying Lemma to the first term on the right side of , it suffices to show
that when (K, k) is acyclic, the second term is 1/r™.

Express K = {(ip, jn)}7,. For each h € [m], define e}, to be the m-tuple with 0 every-
where and 1 in position h. Using this, define an action of Z" on C) as follows: ej acts on

(w,7) by
e adding 1 to the color 7(i5,), and

e subtracting 1 from the color 7(z), where x € [n] \ {i1,...,4,} is the smallest element

that appears in the cycle containing 7y,.

Since C'y contains no cycles of length 1,2,...,m, the element x always exists. Observe that
this action on (w, 7) does not affect w, and using this fact, it is straightforward to see that
extending this action linearly to all elements in Z" results in a well-defined group action on
Ch, and each orbit has size r™. It is clear that each orbit contains an element (w*, 7*) such
that 7* satisfies k, and since the action of any nonzero element in Z" on (w*,7*) results

in a colored permutation (w*,7’) where 7" does not satisfy x, we conclude that exactly one
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element in each orbit has this property. Furthermore, the subset {(w, 7) € C} | w satisfies K}

is invariant under this action, and this allows us to conclude

1
Pry[7 satisfies k | w satisfies K| = Pry[r satisfies k] = —. (4.1.5)
rm

Combined, we conclude the result when (K, k) is acyclic. O

Our proof in the preceding lemma also implies the following corollary. One can view this
corollary as stating that satisfying K and satisfying s are independent when all cycles in C'y

have sufficiently long lengths.

Corollary 4.1.12. Let (K, k) be a colored permutation constraint on &,,, of size m, and let

Cx be a conjugacy class of &,,, with no cycles of length 1,2,...,m. Then
Pra[(w, T) satisfies (K, k)] = Pralw satisfies K| - Pry[T satisfies k.

Remark 4.1.13. Our preceding results also imply that when (K, k) is an acyclic constraint

of size m and C'\ has no cycles of length 1,2,...,m,

1
n—1)(n-2)...(n—m)

Pry[w satisfies K| = Pry[w satisfies K | 7 satisfies k] =

While one can attempt to show these statements directly, we found this to be much more

technical than the proof of Lemma 4.1.10]

Lemma can be used to conclude results involving the means of statistics on conju-
gacy classes with sufficiently long cycle lengths, but our main result stated in Theorem [1.2.10
involves arbitrary moments. To connect these, we will need to analyze products of indicator

functions /(k ). The terminology below is adapted from [HR22].

Definition 4.1.14. Two colored permutation constraints (K7, 1) and (Ks, k) on &,,, are

compatible if there exists a colored permutation (w, k) € &,,, satisfying both constraints.
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Note that when two constraints are compatible, we can use the unions K; U Ky and
K1 U Ko to define a new constraint, and the size of (K; U Ky, 71 UTy) is bounded by the sum
of the sizes of (K, 7) and (K, 72). Using this observation, the following two results are

straightforward exercises.

Lemma 4.1.15. Let (K1, k1) and (K, k2) be two colored permutation constraints on &,,,.. If
(K1, k1) and (K3, k2) are not compatible, then I g, .,y L(k,ns) 5 identically zero. If (K1, k)

and (K, ka) are compatible, then Ik, ) - LKy ) = LK UKs k1 Uks)-

Corollary 4.1.16. Suppose X; and X, are statistics on &, , that are realizable over con-
straints of size my and mo, respectively. Then X, - Xs is realizable over constraints of size
my + my. In particular, for any integer k > 1 such that mik < n, we have that X¥ is

realizable over constraints of size kmy.

Combining all of our results, we now establish Theorem [1.2.10l This formalizes the
statement that the k-th moment of a statistic X will coincide on all Cy without “short”

cycles.

Theorem 4.1.17 (Theorem [1.2.10] revisited). Suppose X : &,, — R is realizable over
constraints of size m, where m is some positive integer. For any k > 1, the k-th moment

Ex[X*] coincides on all conjugacy classes Cx with no cycles of length 1,2, ..., mk.

Proof. We first consider the case when £ = 1 and C\ has no cycles of length 1,2,... m. Ex-
press X = Z( K o) COKR) I k) where each (K, k) has size at most m. Linearity of expectation
implies

EAIX] =) e - Ballixn)- (4.1.6)
(K k)

Applying Lemma {4.1.11| to each summand, either Ex[/(k ] = 0 or

1 ' 1
(n—1)(n—2)...(n—|(K,s)) rlEI

Exll(xn)] = (4.1.7)
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and the latter case corresponds to acyclicity of (K, k). Acyclicity of (K, k) is independent of
C, so (4.1.6)) is equivalent to the following expression that is independent of Cly:

C(K k) . 1
Z (n—1n-2)...(n—|(K,r)]) rlEm"

acyclic (K,k)

For k > 2, it suffices to consider when mk < n, as there are no conjugacy classes C
without cycles of length 1,2,...,mk when mk > n. Corollary implies that if X is
realizable over constraints of size m, then X* is realizable over constraints of size mk. The

general result for Ex[X*] now follows by combining this with the above case of k = 1. m

In the case of G,,, there are known representation-theoretic explanations for Theorem|4.1.17]
Let Class(S,,,C) be the set of class functions from S, to R. The irreducible characters of
G, form a basis for these class functions, and these characters are indexed by partitions. See
[Mac98| for details. We use x* for the irreducible character indexed by a partition A F n.

The following is a result of Hamaker and Rhoades.

Theorem 4.1.18. [HR22, Theorem 3.16] For any 1 < k < n and positive integer m,
Class(Sy, C) N spang {1k : |K| < m}

is the subspace of class functions spanned by the irreducible characters x* for partitions A = n

whose largest part has size at least n — m.

Letting X : &,, — R be a permutation statistic, the class function

X(w) = |S%| Z X (n~ ).

TI'GSn

maps each w € &,, to the mean of X on the conjugacy class containing w. Hamaker and
Rhoades show that if X is realizable over constraints of size m, then so is X. Theorem 4.1.18

implies that X can be expressed as a linear combination of characters xy* where the largest
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part of A is at least n — m. The theory of character polynomials [GG09] implies that X,/)
depends only on the number of cycles of length 1,2, ..., m in y. Combined, we can conclude
that the value of X on a conjugacy class C,, depends only on the number of cycles with
lengths 1,2,...,m in g. Theorem on the symmetric group &,, can be viewed as the
case where there are 0 cycles of length 1,2, ..., m. Given that Theorem holds on any
general colored permutation group &, ,, it is likely that a generalization of Theorem

exists for &,,,. This leads to the following problem, which is a direction for future work.

Open Problem. Use the representation theory of &,,, to obtain an analog of Theorem|4.1.1§
for &,.,.. For various statistics X, study the resulting expansion for X in terms of the

irreducible characters of G,, .

Interested readers can consult [Mac98]| for general background on the representation the-
ory of &, ,. Since much of this theory builds on the representation theory of &,,, certain
techniques from [HR22| should generalize from &,, to &,,,. However, one may need to also
generalize additional representation-theoretic results from &,, to G,,,. For example, we have
not seen an analog of character polynomials in G,,, in the literature, though a Murnaghan-

Nakayama Rule is known [Ste89).

4.2 Asymptotics on conjugacy classes without short cycles

Our results in the preceding section show that any fixed moment of a statistic will coincide
on all conjugacy classes of &,,, without short cycles. As stated in Theorem m, Fulman
showed that for the descent and major index statistics on G,,, these moments align with the
corresponding ones on all of &,,. While this does not hold for all statistics, we show in this
section that this holds for desp, on B, = &,, » and the des,, ,, maj,, ., and fmajm statistics on
S, Note that Remark shows that the result for desg, does not follow immediately
from the one for des, ,, as these statistics do not necessarily share the same distribution on

conjugacy classes.
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4.2.1 The Coxeter group descent statistic on B,

In this subsection, we consider desp, on conjugacy classes of B, as defined in Section [2.2.2]
We will derive properties involving the generating function for desp, +1 on a conjugacy class
Ch i, as well as a formula for the number of elements in C) , with a fixed number of descents.
We then consider the moments of desp, on conjugacy classes without short cycles.

We first recall the definition of the descent statistic
des, () = (i € {0} Un — 1] | () > w(i + D}

with the convention that w(0) = 0. Note that the condition w(i) > w(i + 1) is based on the
usual order on [+n]|. Using the above definition, one can realize desp, over constraints of

size 2 using

desp, _ZI(l )+ Z Z Iiiie) i1,0)}

j€ln] 1€[n—1] kle[£n]
k<t

Theorem implies that the A-th moment of desp, coincides on all C , with no cycles
of length 1,2,...,2k. We will see later that this moment aligns with the k-th moment of
desp, on all of B,,.

We note that Reiner [Rei93b] uses a different notion of descents, which we describe now.
Under the ordering

l1<2<---<n<—n<---<-2<-1, (4.2.1)

w has a descent at position ¢ € [n — 1] if w(i) > w(i + 1), and w has a descent at position n
if w(n) < 0. While the two definitions are different, [FKLP21, Remark 5.1] shows that the

generating function

Z tdean(w )+1 H mz()\ w)) ml pw)) (422)

weBn
is unaffected, where (A(w), u(w)) denotes the cycle type of w € B,,.
Following Fulman'’s analysis for the symmetric group in [Ful9§|, we analyze the generating

function given in (4.2.2) for desp, on a conjugacy class and derive an alternative expression
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for it. We will need several known results, which we state now. We begin with a definition

for an expression that will come up frequently in our analysis.
Definition 4.2.1. Let u(d) be the number-theoretic M&bius function on the positive integers,

p

1 ifn=1
p(n) = (—=1)* if n=p;...p for distinct primes pi, ..., pp

0 otherwise.

\

For nonnegative integers r and m, define

N(r,2m) = =— > pu(d) (rm/* = 1). (4.2.3)

Remark 4.2.2. Reiner [Rei93bl, Theorem 4.1 and Theorem 4.2] describes two sets of objects,
primitive blinking necklaces and primitive twisted necklaces. Reiner then shows that if D,(:)Z is
the number of primitive blinking necklaces D of size m with |D| = i and max(D) < k—1, and

Pslk) is the number of primitive twisted necklaces P of size m with |P| = ¢ and max(P) < k—1,

N3

then )
(1) N2k —1,2m) ifk>0and m>1
Z Dw(v’;)i: k if k>0and m=1 (4.2.4)
i=0
0 if k=0,
(
o) N2k —1,2m) ifk>0andm>1
Z Prsjz‘:<k—1 ifk>0and m=1 (4.2.5)
=0
0 if k=0.

Consequently, N(2k — 1,2m) enumerates primitive blinking necklaces D of size m where
0 < |D| < (k—1)m and max(D) < k — 1, or primitive twisted necklaces P of size m where
0 < |P| < (k—1)m and max(D) < k—1. In particular, N(2k —1,2m) must be a nonnegative
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integer for all k,m > 1.

We use the notation (A(w), u(w)) for the cycle type of w € B,,. The following result, which
is stated without proof in [FKLP21| Theorem 5.3], is a special case of [Rei93b, Theorem 4.1].
In view of some possibly confusing typos in these papers, and the fact that this result plays
a key role in our analysis, we include a proof. Additionally, [Rei93b, Theorem 4.1] uses the
convention that By is the trivial group containing a single permutation with 0 descents, and

we maintain this convention throughout our work.

Theorem 4.2.3. [FKLP21, Theorem 5.3] The following holds:

Z (1 _Ut)n+1 < Z tdean(w)+1 H CL’:’LZ(A(W)):UTZ(M(W)))

n>0 wEBp,

1+ g™ N(2k—1,2m)
=1 tk —r .
+Z 1—x1u1_>[(1—xmum)

k>1

(4.2.6)

Proof. In [Rei93b, Theorem 4.1], it was established that

Z ( ) . ( Z tdes(w)-l-lqmaj(w) H xznz()\(w))yznz(ﬂ(w))> (427)

n>0 tv Q>n+1

weBy
is equal to
(k—1)m “
STETT T O )40 4 g (4:28)
k>0 m>1 =0
where

o (t:q)psr = (1 —8)(1—tq) - (1 —tg"),

e des(w) and maj(w) are the descent and major index statistics with respect to the

ordering in , and

o DWW P,Eﬁ )z are the nonnegative integers defined by Reiner as described in Remark |4.2.2|

mz’
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Setting ¢ = 1, the equality of (4.2.7) and (4.2.8) implies

n>0 wEBy
:Ztkﬂl(u_xmu = ”’"D““?i)-<<1+ymu ) | T
k>0 m>1
1 3 T (1 S5 ) (0 ),
k>1 m>1

As noted in the discussion surrounding , we can replace des in the first expression of
(4.2.9) with desp,. The result then follows by applying Remark on the last expression
in , noting that in the boundary case m = k = 1, the exponent of (1 — zju) is
N(2k —1,2) + 1 from (4.2.4), while the exponent of (1 — yju) is precisely N(2k — 1,2)
from (4.2.5)). [

For a fixed bi-partition (A, ) of n, we can now derive the following expression for the

generating function

By,u(t) = ) tlem(t (4.2.10)

L«)GC)\’H

of descents over the conjugacy class C ,.

Lemma 4.2.4. Let Cy, be a conjugacy class of B, where (X, ) # ((1"),0). Then

e =2 () I IC)

k>2 i>2
(4.2.11)

Proof. We set u =1 in , and the first line can be rewritten as

DDl | (4:212)

n>0 Cy ,CBn

We now examine the coefficient of t* in the second line of (4.2.6)), which can then be written
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as
1 1+ ;| V@120
= H (1 - 1'@)
i>1
) (4.2.13)
= <H(1 + yi)N(2k:—1,2z') H(l _ xi)—N(Qk—l,%)) (1-— $1)_N(2k_1’2)_1.
i>1 i>2
Note that £k = 1 corresponds to permutations with no descents, which are the identity

elements in { B, },>1. For our result, we will not be interested in this term.

For k > 2, we use Newton’s generalized binomial theorem

o)

>0

for m > 0 to find that the coefficient of the product [], xzni()‘)y;ni(“) in (4.2.13)) is

e e ) ()

This must equal the coefficient of t* ix;m(k)y;m(“) in (4.2.12)), so (4.2.11]) follows. O

Corollary 4.2.5. The number of permutations w € B,, that are of cycle type (X, ) and have

d — 1 descents is

Zd:l(—l)dk (Zf;:) <N(2k —;12&; ml()\)> 1;12 <N(2k - 1,5;)(;%&) - 1> 1;[1 (N(Qk:‘— 1, 22'))‘

& m; (i)

Proof. Starting with Lemma 4.2.4] multiply by (1 — ¢)"*! to obtain the generating function
By.(t). The result follows by extracting the coefficient of ¢4. O

We next derive an elegant analog of a result of Fulman [Ful98, Proof of Theorem 2],
which will relate B, ,(t) and
B,(t) = Y tlesm @l (4.2.14)

w€EBy
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We start by describing the tools that we need. First, Theorem [2.2.11] can be restated as

k>1
Additionally, denote A2(\, x) = m1(A)? — my(p)2. Finally, let s be the Stirling number

of the first kind, whose absolute value is the number of permutations in &,, with ¢ disjoint

cycles. The following generating functions are well-known, e.g., see [Sta99, Chapter 1]:

ZS v =yl 1)---(y—n+1):n!(z>’

N +n—1
ZISSW =yly+1)--(y+n—1)= (y )
=1

n

(4.2.16)

Lemma 4.2.6. Let C),, be a conjugacy class of B, where (A, ) # ((1"),0). Then

where g(t) is some polynomial in t.

Proof. From Theorem [2.2.11 Lemma [2.2.15 and Lemma [4.2.4]

BA,u(t)
|C>\,u|

—(1- n+1 Au [ ik (4.2.18)
E>2

(e e e ) (e )]

Using (4.2.16)), the coefficient of t* for k > 2 can be rewritten as

m; b . m; Na
0 s N (2k = 1,2i)° 1 S s IN (2K — 1, 2i)
o m;(p)! P mz(/\)!

m1(A)

5 Z st m1 (2k—21)+1>“ |

(4.2.19)
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the last sum arising from the fact that N(2k —1,2)+1 = k. Combined with the definition of
N(2k —1,2i) given in (4.2.3)), we may view the coefficient of t* for any k > 2 as a polynomial
in (2k —1).

For each k > 2, the largest power of (2k — 1) in B, ,(t) is obtained by taking the largest
power of (2k — 1) in each factor of (4.2.19). From (4.2.3), N(2k — 1,2i) is a polynomial in
(2k — 1) with leading term % It follows that the largest power of 2k — 1 occurs when

we respectively take the summands corresponding to b = m;(u), a = m;(\), and a = m4(\)

in the three parts of (4.2.19)), yielding

\ i (A)Fmi ()
(2k—1)i
H (N (2k — 1,2i))mN)+maw) H ( % )

L Wt T m)hma(w)!

(4.2.20)

Collecting terms with the highest power of (2k — 1) in B, ,(t) for each k > 2 then results in

LA U | B s et

E>2 >l
1
= S (=Y k- 1) (42.21)
n! =
_ By(t) —t(1 — o)~

21|

Observe that in (4.2.21)), the highest power of (2k — 1) for each k is given by (2k — 1),
so we next consider the coefficient of (2k — 1)"~! in (4.2.20). We note that for i > 1,
setting b # m;(p) in the first summation of (4.2.19)), or @ # m;(\) in the second summation

of (4.2.19), or d # 1 in (4.2.3)) will result in a power of (2k — 1) strictly less than n — 1 in
(4.2.20)). So for i > 1, we still respectively set b = m; (i), a = m;(\) in each of the summations

in (4.2.19) and still take d = 1 in (4.2.3)) to identify any terms involving (2k — 1)"~!. This

term must come from the ¢ = 1 term in (4.2.19)), so we turn our attention to

St st |3 (2k = 1) + 1) S 0 (2k—1) = 1)

a=1 a ) ml(u) 2b
mi(A)! ma(p)!

)
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and find the coefficient of (2k — 1)"~1

m1(A) m1(p)

i) i) ma(A) = ma(p) ()= (G (ma (1) ~1)
<|S o S ( 2 + s 1 |5 mllﬂ) +| ml(A) |‘Sml(ﬂ)

1 2%k — 1 mi1(N)+my(p)—1
m(A)!mlw)!( 2 )

(ml()\) ;ml(ﬂ) + <m12()‘)) _ <m12(u)>) ml()\)!lml('u)! (2k2— 1) 1(A)+ma (w)-1

1 2%k — 1 m1(A)+m1(p)—1
7 =) (23 .

" 2my (M)l ()] 2

Hence the terms involving (2k — 1)"~! can be expressed as

(ma () = (1)) o (1= 27 S
e e t)nm, 0 (1222
— _ f\n+1
- 12nt2nBln< L )1) AP\ p) — t(12n?i)! AZ(A, ).

To conclude, we express B, ,(t)/|Ch | as a sum of (4.2.21)), (4.2.22), and the remaining

terms in (4.2.18)) resulting from lower order terms of the form t*(2k — 1)~/ for 2 < j < k.

Equations (4.2.21)) and (4.2.22)) contain the first two terms in our claimed result (4.2.17)), and
the other terms in (4.2.21)) and ([4.2.22)) can be expressed as (1 —t)?f;(¢) for some polynomial

f1(t). For the lower order terms of the form #*(2k — 1)¥~7 with 2 < j < k, we combine these
into

(1- "+12Z“'§ tEh(2k — 1), (4.2.23)
n
k>2

where h(2k —1) is a polynomial in 2k — 1 of degree at most n — 2 obtained from removing the
(2k — 1)™ and (2k — 1)"~! terms from (4.2.19)). For each 2 < j < k, Theorem [2.2.11]implies
- - Bu,(t)
k N\k— k _1\eJ — _ n-J
> 2k — 1) = —t 4> R 2k — 1) = ANt

E>2 E>1
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Since j > 2 and B,,_;(t) is a polynomial in ¢, multiplying the above expression by (1 —¢)"*!
results in a polynomial where (1 —¢)? can be factored out. Hence, each term in can
be expressed as (1 —t)? multiplied by some polynomial in ¢, so the entire expression
can be expressed as (1 —t)?f5(t) for some polynomial fy(t). The result now follows by letting

9(t) = f1(t) + f2(D). O

In the special case of no short cycles, we obtain the following variation of Lemma [4.2.6]
This variation will be used to establish an analog of Theorem [1.2.11]and Corollary [1.2.12] for

desp, .

Corollary 4.2.7. Let Cy, be a conjugacy class of B, that contains no cycles of length

1,2,...,20. Then
Bau(t) _ Bult)
‘C)\”u| 2”71,‘

+(1=1)""h(t),

where h(t) is some polynomial in t.

Proof. As in the proof of Lemma [4.2.6]

e T (V) N2k = 1,20) = 1Y (N(2k — 1,2i)
211 ( mi() ) ™)

We note that, as a polynomial in (2k — 1), the leading term of

1 <m,»(/\) + Nﬂ(fg; 1,2i) — 1) (N(Zk ~1, 2¢)>

i>20 mi(p)

is (2k—1)" as in the general case, but the second highest-degree term is at most (2k—1)"~¢~1

under the long cycle assumption. This is because a lower order term must have either some

a # m;(A) or some b # m;(p) in (4.2.19), or d # 1 in (4.2.3). If some a # m;(\) or some

b # m;(u), then the power of 2k — 1 from such a term is at most n —i < n — 2¢. If some
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d # 1, then the power of 2k — 1 from such a term is at most n — (i —i/3) < n — ¢. We then

proceed similarly as in the proof of Lemma [4.2.6, O

Theorem 4.2.8. Let C, be a conjugacy class of B,. If Cy, contains no cycles of length
1,2,...,2k, then

Ey,[desf, ] = Ep, [des, ].

Proof. We start with the result from Corollary given by

Buult) _ Balt)
|C>\,/$’ 21|

+ (1 — )" g(t). (4.2.24)

Observe that B) ,(t)/|Cx,| and B,(t)/(2"n!) are the probability generating functions of
desp, +1 on C), and B, respectively, so the coefficient of =% in each generating function is
the probability that desp, +1 takes value d. Letting ¢ - % be the operator that differentiates
with respect to ¢ and then multiplies the result by ¢, the j-th moments of desg, +1 on C} ,
and B, can respectively be obtained by applying ¢ - 4 to By ,(t)/|Ch,| and B,(t)/(2"n!) a
total of j times and then evaluating the result at ¢ = 1. If we apply these operations to both
sides of , then whenever 5 < k, the second term on the right side becomes 0. Hence,
Ey.[(desp, +1)] = Ep,[(desp, +1)7] for all j < k. It is then straightforward to use this to
show that E,\,“[des%n] =Eg, [des%n] for all j < k. O

Corollary 4.2.9. For everyn > 1, let Cy, ., be a conjugacy class of B,. Suppose that for all
1, the number of cycles of length t in \,, and p,, approaches 0 asn — oo. Then for sufficiently

large n, desp, has mean 5 and variance 2L on Ch, uns and as m — 00, the random variable

12
(desp, —n/2)/+/(n + 1)/12 converges in distribution to the standard normal distribution.

Proof. The mean and variance follow from applying Theorem [4.2.8 and Theorem [2.2.10| on
the first two moments of desg, with the hypothesis that there are no cycles of length 1,2, 3,

or 4 when n is sufficiently large. For the asymptotic behavior, fix k£ and expand

desp, —n/2 : 1 E /N o ke i
< (n+ 1)/12) - ((n+1)/12)k/2 Z (z) (5) desp .

=0




90

Linearity of expectation then implies that the k-th moment of (desp, —n/2)/+/(n + 1)/12
on &, or C), ., can be expressed as a linear combination of the first kK moments of desp, on
those respective sets. Applying Theorem [4.2.8| with the hypothesis that there are no cycles
of length 1,2, ..., 2k when n is sufficiently large, we conclude that

k k
d —n/2 d —n/2
lim B, | (98822 ) | g, | (B2
n—00 (n+1)/12 n—00 (n+1)/12
The result now follows from the Method of Moments and Theorem 2.2.101 O]

4.2.2  Descents and major index in &, ,

We now consider des,, and maj, . on &, , as defined in (2.2.3)). Throughout this section,

we define X; to be the indicator function for a descent at position i,

1 if i € Des(w, 1)
Xi(w, 1) =

0 otherwise.

The descent and major index statistics can then be expressed as
n n—1
des, , = Z X; and  maj,, = Zz - X
i=1 i=1

Observe that the above decompositions also allow us to decompose the k-th powers of

the descent and major index statistics in terms of Xy,..., X, as
desgr = Z Xay . Xq, and majfm = Z ay...apXeq, ... Xq,.
ai,...,aR€[N] aiy...,ap€n—1]
Note that the aq, ..., a; need not be distinct. Since expectation is linear, an understanding

of the mean of X, ... X,, on &, or Cy informs us of the k-th moments of des,, and maj,,,

on these sets. We start with the following definitions based on [Ful98].
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Definition 4.2.10. The Young subgroup generated by ai,...,a; € [n] is the subgroup of
S, generated by the adjacent transpositions {(ai, a1 +1),..., (ar, ar + 1)} \ {(n,n +1)}.

Definition 4.2.11. Let J be the Young subgroup of &,, generated by ay, ..., a; € [n]. The
blocks induced by ay, ..., a; € [n] are the equivalence classes %, ..., %A; C [n] generated by
the following property: i,j € [n] are in the same equivalence class if some w € J maps i to

j. Observe that one can equivalently express
J =6y X...X Gg,,

where G4, is the group of permutations on the elements in %;.

Example 4.2.12. The blocks induced by 1,2,4,7 € [8] are %, = {1,2,3}, %, = {4,5},
P = {6}, and B, = {7,8}. Note that the blocks induced by 1,2,4,7,8 € [8] will be the
same. Observe that the number of blocks ¢ depends on the specific choices of aq,...,ax

rather than only k.

Fulman shows in [Ful98| Proof of Theorem 3| that when the blocks induced by ay, ..., ax €
[n — 1] are %, ..., %,

t
1
Ee,[Xo, Xos - Xa ) = ] Tz (4.2.25)
i=1 L

In &,,,, we will derive the corresponding formulas for Eg, [X,, Xq, - .. X4, ], and there will be

two cases depending on whether or not aq, ..., a; contains n. When this is not the case, we

show that Equation (4.2.25)) translates directly to G, .

Lemma 4.2.13. Let ay,...,a; € [n — 1] with induced blocks %, ..., PB;. Then

1
Ean

t
Ee,,[Xa, Xa, - - Xo,] = B, [Xo, Xa, .- Xo ] =[] (4.2.26)
i=1

Proof. Let G,, act on &,,, by permuting entries in the one-line notation. This partitions

S,,» into orbits based on the elements that appear in the one-line notation. Each orbit (2.
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can be indexed by ¢ = (¢y,...,¢,), where ¢; € Z, is the color of element 7 in the one-line
notation. Let f.: {i“}" ; — [n] be the unique order-preserving bijection from {i%}? ; with
the ordering in (2.2.2)) to [n] with the usual ordering. This induces a bijection F, : Q. — &,

that on the one-line notation is given by

Fo([(w, 7)(1%, (w,7)(2%), .., (w, 7)(n")]) = [fel(w, 1) (1)), fel(w, 7)(2), - ., fe((w, 7)(n"))].

Furthermore, since f. is order-preserving, F, preserves descents. Therefore, for all (w,7) €
Q., we have that X, X,, ... X, (w,7) = X4, Xoy - .- Xo, (Fe(w, 7)). As F, is a bijection, this
implies that

Ee, [ Xa Xas - Xy, | Q] = Eg,, [Xa, X, - - Xa, |- (4.2.27)

Equation (4.2.27)) holds for every )., so we use the Law of Total Expectation to conclude

The result now follows from (4.2.25)). O

It remains now to consider products involving X,,. We start with the case of consecutive
indices X,,41 ... X, containing n. Since X, (w,7) = 1 occurs precisely when 7(n) # 0,
observe that X,,1...X,(w,7) = 1 implies 7(i) # 0 for all ¢ > m. Conditioning on this

property, we compute the expectation of X,,1...X,, on G,,,.

Lemma 4.2.14. For any 1 < m < n, the following holds:

Ee, [Xmi1.. Xo] = (T - 1)n_m : (; (4.2.28)

r n—m)!
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Proof. We first express

Ee, [Xmi1.- Xo] = Pre, [Xps1 ... X, = 1]

=Prg, [{7(i) #0Vi>m} N {Xpy1 ... Xymy = 1}]

= Prg, [7(i)) #0Vi>m] Pre, [ Xpmi1.. . Xpo1 =1 7(0) #0Vi > m].
The first term is equal to ((r—1)/r)"~™, so it suffices to show the second term is 1/(n—m)!.
For this, we let &,,_,, act on the set {(w,7) € &, | 7(i) # 0¥ > m} by permuting the last
n — m entries in the one-line notation. Under this action, each orbit has size (n —m)!, and

exactly one element in each orbit has these last n — m elements in descending order. The

same argument as in Lemma 4.2.13| shows then that

. . 1
Pan,T[Xerl---anl:l |T(Z)7£0\V/Z>m]:m ]

Corollary 4.2.15. For any positive integers m and n,
Es,, [X1Xo. .. X0] = Es,p [ X1 Xtz - - - X -

Finally, we consider the expectation of arbitrary products of the X; statistics that contain

X,,. Our approach is to again use an action by a symmetric group of appropriate size.

Lemma 4.2.16. For any ai,...,a; € [m — 1] C [n],
Es, ., [Xa - Xoy, X1 Xmi2 ... Xo] = Es,, [ Xa, - Xo)] - Ee,, [Xinp1 Xomaa - - Xa).

Proof. Express

EGn,r [Xal “ e Xanm+1Xm+2 “ e Xn]
= Pre, [ Xay - Xo, Xeni1 Xmio - Xpy = 1] (4.2.29)

= PI'GTM, [Xal .. -Xaj = 1] . Pan,,-[Xm—‘rl .. Xn =1 | Xa1 .. -Xa- = 1]

J
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The first term is Eg,, , [X,, ... X,,], and the group action and argument from Lemma 4.2.14

J

shows that

r—1\"" 1
PrGHVT[Xerl"'Xn:l‘Xal-"Xakzl]:( , ) m ]

Corollary 4.2.17. Consider any ay, ..., a; € [n] with induced blocks S, ..., B;, where B,

contains n. If n € {aq,...,a}, then

r—1\" ﬁ 1
Ee,, [Xo; - Xo] = ( ) : .
T i1 |'%Z|'

Proof. Since n € {ay,...,a}, we can express X, ... Xq, as Xo; ... Xo; Xpnp1 Xngo .. X,

where ay,...,a; € [m —1]. By Lemma [4.2.16]
Ee, [ Xa, - - Xop) = Es, . [Xa, - .Xaj] ‘B, [Xmg1 - Xal.

The result follows by applying Lemma 4.2.13| and Lemma [4.2.14] O]

We now consider Ex[X,, ... X,,] on Cy without cycles of length 1,2,...,2k and estab-
lish analogs of Lemma and Corollary [£.2.17, Many of our techniques for proving
Lemma and Corollary involved group actions where orbits have exactly one
element with X,, ... X,, (w,7) = 1, and we will define an appropriate action on C with the
same property.

Fix ay,...,a; € [n], let HB,..., B, C [n] be blocks induced by ay,...,ax, and let J =
Sy, X ... X By, be the Young subgroup of &,, generated by aq,...,a;. Define an action of

J on &,,, as follows: for all 7 € J and (w,7) € &,,,,
T (w,7) = (7,0)(w, 7)(m,0)7 ", (4.2.30)

where 0 is the zero coloring. Alternatively, this is the conjugation action of J on &,,, after
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identifying J with the subgroup J x 0. The following result describes orbits under the action
given in (4.2.30)).

Lemma 4.2.18. Let (w,7) € &,,,.. Letm € &,, and 0 be the zero coloring. If (i, 5%, ..., ;")

is a cycle in (w, T), then
(m,0) (i, 52, ..., ig)(w, 0) " = (m(i1), w(ia)?, . .., 7(if)%).

Consequently, (m(i1), mw(iz)2, ..., 7(ig)%) is a cycle in (7,0)(w,7)(mw,0)7 .

Proof. For any i;, we consider the image of 7(i;)? under (7, 0) ' (w, 7)(m, 0):

(m,0)(w, 7) (. 0) " (7(i;)") = (m,0)(w, 7)(i)
= (7, 0)(i%})

= 7T<ij+1)6j+1 )

where in the case of j = ¢, we replace j + 1 with 1. Hence, m(i;41)%*+ follows 7(i;)% in the

cycle notation as claimed. O]

Lemma implies that the orbit of any (w,7) € &,,, under the action in (4.2.30))
consists of colored permutations that can be obtained by starting with the cycle notation of
(w,7) and permuting elements within each block %, ..., %, without changing the location
of colors. On conjugacy classes C'y without cycles of length 1,2, ... 2k, we will show that

these orbits are particularly well-behaved.

Lemma 4.2.19. Let ay,...,a; € [n— 1] with induced blocks B, ..., By, and let J = Sy, X
... X8, act on a conjugacy class Cy of &, , by (4.2.30). If Cx contains no cycles of length
1,2,...,2k, then each orbit under this action has size |J| = [[._, |%:|!. Furthermore, there

1s a unique element in each orbit that has descents at aq, . .., ay.

To prove Lemma4.2.19, we will define an algorithm that identifies necessary conditions for

descents at aq, ..., a; to appear and replaces elements in each block %1, ..., %, appropriately.
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This algorithm will generalize one used by Fulman in [Ful98| Proof of Theorem 3]. Since our

algorithm is very technical, we will start with an example.

Example 4.2.20. Consider indices 1,2,4,5 € [9] and (w,7) = (1°3'8%2522°7°419962) € Gg 3.
The blocks induced by 1,2,4,5 are %, = {1,2,3}, By = {4,5,6}, B3 = {7}, B, = {8}, and
HBs = {9}. We wish to find an element in the orbit of (w,7) under the action in
that has descents at positions 1, 2,4, and 5, so we start by replacing elements in the cycle

notation with the smallest number in its corresponding block, resulting in
(1°1'824%1°97°419%42). (4.2.31)

We now must find an appropriate way to replace the instances of 1 and 4 with elements
in the same block. Ignoring colors for the moment, we observe that the elements 7,8, and 9
appear exactly once, and they are respectively preceded by 1,1, and 4. Both 1 and 4 appear
multiple times in (4.2.31]), so we can try to use the information involving 7,8, or 9 to change
this. For simplicity, we choose the largest element 9, which is preceded by a 4 in .
The elements directly after appearances of 4’s are 19, 9°, and 1°. Regardless of how these
two appearances of 1 are replaced with other elements in B; = {1,2,3}, the element 9° will
still be the largest. Then for descents at positions 4 and 5 to occur, the element 4° must

map to 9°. Using this information, we next consider
(1°1'825%1°7°419%5%), (4.2.32)

as we have determined the image of 4°, but we have not determined the images of 5° or 6°.
Observe that since 9 appeared exactly once in , the element preceding it in (4.2.32)
now appears exactly once.

Continuing in this manner, 8 is now the largest element that appears only once but
whose preceding element 1 in (4.2.32)) appears multiple times. The elements that follow

these appearances of 1 are 1!, 82, and 7°. We wish for descents at positions 1 and 2, and the
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unique option for this is (2°1182523°7°41952). Finally, we consider repeated instances of 5
to obtain (2°1'825%3°79419%62). Observe that this is in the orbit of (w,7) under the action
(4.2.30), and it has descents at positions 1, 2,4, and 5.

We now give an algorithm that formalizes the example above. We then use this to

establish Lemma [£.2.19

Input: (w,7) € &,,, with no cycles of length 1,2,...,2k; indices ay,...,a; € [n]
Output: a colored permutation (w',7") € &,,, in the orbit of (w, 7) under (4.2.30)
1 A, ...,%B, = blocks induced by aq,...,ax
2 01,...,0, = cycles of (w,7)
3 0},...0, = cycles obtained by starting with oy,. .., 0, and replacing each i € [n]
with the smallest number from the block that contains it

4 while of,..., 0/, contains repeated integers from [n] do
S = subset of [n] consisting of elements that appear exactly once in o}, ..., 0/,
6 J = largest element in S whose preceding element i in of,..., 0/ appears

multiple times
A = block containing 1
i1,...,1 = elements in o7, ..., o), that are in the block %

o o . . . ,

9 Jits ..., J," = elements respectively following ¢1,...,% in oy,...,0,,
10 <:= partial order on ji*,...,j,* given by (2.2.2) with repeated elements treated
as distinct, incomparable elements

11 == the partial order on iy, ..., i, formed by starting with <, replacing each j;"
with i, and reversing the relations in <
12 o1y, 00 =0,...,00 after replacing instances of iy, ..., 4, with minimal
elements in % in a manner that respects <
13 end
/ /
14 return oy,...,0,,

Algorithm 4.2.1: ColoredDescents

Proof of Lemma[{.2.19 It was shown in [Ful98| Proof of Theorem 3] that the conjugation
action of J on any conjugacy class C'\ of &, with no cycles of length 1,2, ... 2k results in

orbits of size |J| = [[i_,|%:|!. Define f : &,, — &, to be the projection f(w,7) = w.
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Combining all of this with Lemma 4.2.18] we conclude that for any (w,7) € Cl,

|7+ (w, )| = [{(7,0)(w,7)(m,0)" | 7 € J}
> {f((x,0)(w,7)(m,0)") | w € T}

(4.2.33)
= {{rwr ™' |7 e J}
=|J|.
Since |J - (w,7)| < |J] always holds, we conclude |J - (w, 7)| = |J|. It now suffices to show
that there is a unique element in each orbit with descents at ay, ..., ar, which we do using
ColoredDescents. We start by showing that this algorithm is well-defined.
First, observe that the k elements in ai,...,a; can induce at most k blocks of size

larger than 1, which accounts for at most 2k of the elements in [n]. Hence, some blocks in
B, ..., must initially consist of only one element. If (w,7) € &,,, has no cycles of lengths
1,2,...,2k, then each cycle o{,...,0,, in line |3 must contain some element from a block of
size 1. Consequently, choosing j in the while loop is well-defined in the first iteration. After
each iteration of the while loop, the number of elements that appear exactly once increases
in at least one cycle in of,...,0/ , as the element that precedes j appears multiple times
at the start of the loop but appears exactly once at the end of the loop. Consequently,
future iterations of the while loop are well-defined, and the algorithm will continue until it
terminates at a colored permutation. Furthermore, ColoredDescents only replaces elements
in the cycle notation with others in the same block while leaving colors unchanged, so by

Lemma [4.2.18] the output of this algorithm is in the same .J-orbit as the original colored

permutation.

Now observe that at the start of the algorithm, the cycles o}, ..., 0/, in ColoredDescents
satisfy the property that whenever iy < iy appear in o4, ..., 0, and belong to the same block,
the elements ji* and j3* that follow them in o}, ..., 0] satisfy ji* > j5? with respect to the
ordering for descents given in (2.2.2]). This property is preserved after each iteration of the

while loop, so the colored permutation resulting from ColoredDescents has the property
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that when i; < 75 are in the same block, the elements following them in the cycle notation
satisfy ji' > j5°. Comnsequently, the colored permutation resulting from the algorithm has
descents at aq, ..., ag. Additionally, it is clear that at each iteration of line [I2] the algorithm
identifies necessary conditions for descents to eventually occur at aq, ..., ag, and the replace-
ment used at this line is unique. Consequently, the outputted colored permutation must be

the unique permutation in the orbit of (w, 7) that has a descent at all aq, ..., a. O

Lemma 4.2.21. Let ay,...,a; € [n] with induced blocks %, ..., B, where B, contains

n. Let Cx be any conjugacy class of G,,, that contains no cycles of length 1,2,...,2k. If

ay,...,ax € [n—1], then t
ExlXo, Xa, .. Xa] = Hl @1“ (4.2.34)
Otherwise,
r— 1\ & 1
Ex[Xa, X, - Xa,] = ( - ) : 11 T (4.2.35)
Proof. First consider when ay,...,a; € [n — 1]. Define J = G4, X ... X Sy, and let w € J

act on C'y as given in (4.2.30). Lemma [4.2.19 shows that this action decomposes C' into

orbits of size |J| where exactly one element in each orbit has descents at aq,...,a,. This
implies (4.2.34)).
For (4.2.35)), we assume without loss of generality that a;, = n and a4, ...,ax_1 € [n —1].

Expressing B; = {m + 1,...,n}, we have that

Ea[Xa, Xay - .- Xa,] = Pra[r(i) # 0Vi > m] - Pra[Xa,, ... Xop_, = 1| 7(i) # 0Vi > m].
(4.2.36)

By summing over all choices of nonzero colors and applying (4.1.5)), the first term is ((r —
1)/r)"~™. For the second term, Lemma [4.2.18] shows that the action of .J preserves the
property that 7(i) # 0 for all i > m, as the colors on the elements following m + 1,...,n in

the cycle notation are unaffected by the conjugation action of J. Hence, this action stabilizes

the subset in C where 7(i) # 0 for all i > m. Lemma {4.2.19| then implies that the second
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term in (4.2.36]) is 1/|.J] as needed. O

Combining our results, we can now establish Theorem |1.2.11] for des,,, and maj, .. In

fact, this result holds for any statistic that is a linear combination of the X; statistics.

Theorem 4.2.22. Let X = > ¢, X; with ¢; € R, and let Cy be the conjugacy class of
S, indezed by X. If Cx contains no cycles of length 1,2,. .., 2k, then Ex[X*] = B, [X*].

Furthermore, if ¢, = 0, then this is also equal to Eg, [X*].

Proof. Using the decomposition X =Y " | ¢;X; with ¢; € R and expanding, we obtain

ExXf = ) (ﬁci>~EA[Xal...Xak]. (4.2.37)

at,...,ap€[n] \i=

Note that the summation ranges over all possible aq, ..., a, so it is possible that some of
the X;’s in the product X, ... X,, are redundant. Regardless, using the fact that C has no
cycles of length 1,2, ..., 2k with Lemma [£.2.13] Corollary £.2.17], and Lemma[4.2.21] each of
the summands in is equal to the corresponding summand in

k
Ee, [X* = ) ( ci> Ee, . [Xa, - - Xap, (4.2.38)
1

ai,...,ag€n] \i=

so the k-th moments of X on Cy and &,,, coincide.
In the case where ¢, = 0, we can restrict the summation in (4.2.38) to aq,...,ax €
[n — 1]. Lemma [4.2.21] then implies that each term in the summation for Eg, , [X*] equals

the corresponding one in

Egn [Xk] = Z (H Ci) EGn [Xm T Xak]’
]

so the k-th moments of X on &,,, and &,, coincide. O

Corollary 4.2.23. Let Cy be a conjugacy class of &,,,. If Cx contains no cycles of length
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1,2,...,2k, then
EA I:deSfL,T:I = Een,'r I:des’]:;l,’!’:l a'nd EA [manL,T] = ]Een,r I:mac]’rkl,’!’:l = ]EGTL [maJk]

We conclude this section with Corollary [1.2.12{ for des,,, and mayj,, . These follow from a
similar argument as in Corollary where we apply the preceding result with the Method
of Moments and either Theorem 2.2.10 or a combination of Theorem [[.2.4 and Theorem [L.2.7

Corollary 4.2.24. For everyn > 1, let Cy,, be a conjugacy class of &,,,. Suppose that for all

1, the number of cycles of length i in A, approaches 0 asn — co. Then for sufficiently large n,

_ rn4r—2 . 2 _ n+l
des,, has mean p,, = ™5 == and variance o, . = 5= on Cy,, and as n — oo, the random

variable (des,,, —piny)/0ny converges in distribution to the standard normal distribution.

Corollary 4.2.25. For every n > 1, let Cy, be a conjugacy class of G,, .. Suppose that for

all i, the number of cycles of length i in A, approaches 0 as n — oo. Then for sufficiently

. -1 . 2n2+43n—5
large n, mayj, . has mean fi,, = "(”4 ) and variance o2, = %2") on Cy,, and as

n,r

n — 00, the random variable (maj, , —finy)/0n, converges in distribution to the standard

normal distribution.

4.2.83  Flag-major index

In this section, we consider the flag-major index statistic fmaj, , and show that its k-th
moment coincides on &,,, and any conjugacy class with no cycles of length 1,2,...,2k.
Our general approach follows the approach we used for des,, and maj, ., but with several
technical modifications to account for the col,, , statistic.
Throughout this section, we define Y; . to be the indicator function for the color of i € [n]
being ¢ € Z,.,
1 ifr(i)=c

}/;,c(wa T) -
0 otherwise.

Using the same X; indicator functions for descents, this allows us to express fmaj, . from
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(2.2.4]) as
n—1 n r—1
fmaj, , =1 - Z iX; + Z Z Yie,
i=1 i=1 ¢=0

In particular, fmajfl , can be expressed as linear combinations of the random variables

KXoy XaYa, 1000 Yagon (4.2.39)
where ay,...,a; € [n—1], ajq1,...,a; € [n], and ¢j4q, ..., ¢ € Z,. We will consider products
of this form, and show that their expectations align on &,,, and all Cx with no cycles of

length 1,2,...,2k. We start with a definition and then a result on realizability.

Definition 4.2.26. Let a1,...,a; € [n — 1], ajq1,...,a; € [n], and ¢j41,...,¢; € Z,. The
Y, is

j+1:Cj+1 * T Ag,Ck

support of the statistic X, ... X, Y,

J k
SUPP(Xay -+ XoyYarirsnr - Yapsor) = (U{ai,ai + 1}) U ( U {ai}> :
i=1 i=j+1
Lemma 4.2.27. Let ay,...,a; € [n — 1], aji1,...,a, € [n], and ¢ji1,..., ¢, € Zy. Then

Z=Xg - Xo,;Ye .. Yo, oo 15 realizable over constraints of size j + k. Consequently,

J+1C+1
its mean coincides on all conjugacy classes Cx of G,,, without cycles of length 1,2, ..., j+k.

The same holds for ZY;. when i € supp(Z) and ¢ € Z, 1is arbitrary.

Proof. By Theorem [4.1.17] it suffices to show that Z and ZY; . are realizable over constraints
of size j+k. Observe that summands for fmaj,, , in Example can be used to realize each
X,, using constraints of size 2 and each Y, . using constraints of size 1. Using Lemma ,
Z is then realizable over constraints of size 2j + (k — j) = j + k.

For ZY; ., first observe the resulting expansion described above for Z consists of products

of linear combinations of statistics of the form

HI{(GO x?i),((ai+1)07yfi)} . H I{(G%Z:i)}, (4240)

i

i=1 i=j+1
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where 2 < y% are elements in [n]” and 2 are elements in [n]” with color ¢;. Additionally,

we can express

Yie=Y_ITjo.a0)) (4.2.41)
=1

It now suffices to show that the product of (4.2.40) with any summand Ijo, ey of (4.2.41])

is realizable over constraints of size j + k.

Since i € supp(Z), there is some I(k . in the product where (K, k) contains an
ordered pair of the form (i%, z%). If 2¢ = 2¢, then multiplying by Ij0 zey has no effect,
and hence, this additional indicator function can be omitted. Otherwise, z¢ # z¢ implies
that Ik ) is not compatible with /(o zcy, so the product of and I{(po, 5y is identically
0 by Lemma . Combined, we conclude that ZY; . is also realizable over constraints of

size j + k. O

In statistics of the form X, ... X0, Ya, ) ;01 - - - Yay e, SOme of the elements in a1, ..., ax
may be involved with descents at positions ai, ..., a;, while others are not. Our next result
allows us to reduce to when all elements in a;41,. .., a; are involved in descents at aq, ..., a;.

Lemma 4.2.28. Let ay,...,a; € [n — 1], aj+1,...,ar € [n], and ¢ji1,...,cx € Zy. If

ar & supp(Xa, - Xo; Yo, 100 Yap_r,enr), then
1
EGn,r[Xm - 'Xajyaj+17cj+1 s Yak—hck—lY;lk,Ck] = ; ’ EGn,r [Xth - 'Xan;le,CjH - 'Yak—lvck—l]‘

The same holds on any Cy with no cycles of length 1,2,...,7 + k.

Proof. For simplicity, we let Z = X,, ... X,.Y, Y, and express

cLraitaj41,¢541 0 0 Fagp—1,Ck—1

EGn,T [ZYalmck] = Pren,r [ZY

=Prs, . [Z2 =1] - Prg, [V

ak,Ck

—1|Z=1]

- ]EGn,r [Z] ' PIGn,r D/ak,ck — ]- | Z — 1]

It now suffices to show the second term is 1/r. Define an action of Z, on &,,, as follows: m
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acts on (w, 7) by adding m to 7(ax). Since ay is not in the support of Z, this fixes the set of
elements where Z = 1. Within each orbit of size r, exactly one satisfies 7(ax) = ¢x. Hence,
Pre,  [Yape, = 1| Z =1] = 1/r as desired.

For conjugacy classes with no cycles of length 1,2,...,7 + k, we let €2, be the conjugacy
class of &,,, consisting of permutations with a single cycle of length n and color ¢, and we

consider 2 = UCGZ 2.. The same action of Z, on &,,, given above is stable on €2, implying

1

Eq[ZY,.c] = ;EQ[Z]

ik,Ch

Lemma [4.2.27] with the Law of Total Expectation implies that

EolZ] = 3" Prol] -En,[2] = 3 © -Eo,[2] = B, (2],

CGZT CEZT

and the same holds when Z is replaced with ZY;, .. Applying Lemma [4.2.27] again allows
us to conclude that on any C) with no cycles of length 1,2,...,j + k

1 1 1
EAI:Z}/;](HC]C:I = EQO[ZYZMCJ = EQ[ZYik,Ck] = ;EQ[Z] = ;EQO [Z] = ;EA[Z] O
We now consider when a; 1, ..., ay is the support of X,, ... X,,. In this case, our preced-

ing work with ColoredDescents shows that the mean coincides on &,,, and any conjugacy

classes without cycles of length j + k.

Lemma 4.2.29. Letay,...,a; € [n—1], aji1,...,a; € [n], and ¢jt1, ..., cx € Z,, and define

Z=Xa o XY err o Yapoo If

supp(Xa, - -+ Xa;) = supp(Ya, 11 - - - Yapoer)s

then on any conjugacy class Cx of &, , with no cycles of length 1,2,...,27,

Es, . [Z] = EA[Z].
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Proof. We can assume without loss of generality that all of the elements a4, ..., a; are dis-
tinct, and all of the elements a1, ..., a; are distinct. Let %, ..., %, be the blocks induced
by ai,...,a;. We first consider when there exists some ¢ and ¢ + 1 in the same block, and
both Y; . and Y41 ~» appear in Z for some ¢,c¢. If ¢ < ¢, then a descent at position ¢ is
impossible. This implies Z = 0 on both the entire group and on conjugacy classes, so the
result is clear. If ¢ > ¢/, then removing X; from the product defining Z results in the same
statistic. Iterating this argument, we can assume without loss of generality that for any ¢ and
i+ 1 in the same block where some Y; . and Y;1 » appear in Z, we have ¢ = ¢’. Combined

with the fact that

supp(Xa, - .- Xa,;) = supp(Ya, 101 - - - Yaper)s

this implies that the property Yo, e\, .. Ya, . (w,7) = 1 is equivalent to 7 satisfying some

fixed  : {ajs+1,...,ar} — Z, that is constant on any block %, ..., %, of size larger than 1.

We now show the claimed equality, first by considering &,,,. We first express

EGTL,T [Z] = Pan,r [Xal A ‘)(CL‘7 = 1 ’ Ya Y - 1] * PI‘@;n’T [Y Y = 1]

j+1,Cj+1 * ° T Ak,Ck Aj+1,Cj+1 * ° 7 AkyCk

= Prg,, [Xa, ... Xo, = 1| 7 satisfies x] - Prg, , [7 satisfies ]

There are k — j elements in the domain of x, so the second term is 1/r*=J. For the first
term, we use a similar approach as the one for descents. Let J = G4, x ... x &4, act by
permuting the one-line notation within each block so that o € G4, permutes the images of
i for i € %;. Since k is constant on each block of size larger than 1, this action stabilizes
the subset of colored permutations satisfying . Each orbit has size |J| and contains exactly
one element where the one-line notation within each block is in descending order. Hence,

exactly one element in each orbit has the appropriate descents at ai, ..., a;, and we conclude

1+ 1
Fe., 2] = rk=i H | B;|
=1
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For a conjugacy class C'y with no cycles of length 1,2,...2j, we similarly express
Ex[Z] = Pra[Xq, ... Xo;, = 1| 7 satisfies x] - Pry[7 satisfies x].
Since we assumed that

supp(Xg, ... Xq;) = supp(Y,

Aj41,C541 * * ° Yak,ck)

and the left side has size at most 27, we conclude that the domain of x has size k — j < 27.
Since Cy has no cycles of length 1,2, ..., 27, the second term in the product above is 1/r¥=7
by (4.1.5). For the first term, let 7 € J act on (w,T) as conjugation by (r,0). We know x
is constant on any block 2, of size larger than 1, so for any (w,7) € Cx where 7 satisfies &,
all elements following 7 € 4, in the cycle notation have the same color. Then Lemma

implies that this property is preserved under the action of J, and hence J stabilizes the

elements in C satisfying x. This allows us to apply Lemma to conclude that exactly

one element in each orbit of size |J| has descents at aq, ..., a;. Thus,
Ey[Z] = 1f[1 _ Ee, [Z] 0
A - T’k_j o |%z| — L6Gnr .

Finally, we show that the mean of X, .. X, Yq .Ya, ¢, coincides on &,,, and

GHLCH1

appropriate Cy. We then conclude with Theorem [1.2.11} and Corollary [1.2.12] for fmaj,, ,..

Lemma 4.2.30. Let Z = X4, ... Xo, Yo, 10501 - - Yapo Whereay, ... a; € [n—1], ajqq,... a1 €
(n], and ¢ji1,...,c, € Z,. Then on any conjugacy class Cx of &, with no cycles of length
1,2,...,7+k,

Ee,..[Z] = EAlZ].
Proof. We can assume without loss of generality that all of the elements a4, ..., a; are dis-
tinct, and all of the elements a;;i,...,a; are distinct. Starting with Y, observe that if

some a; € {a;41,...,ax} is not in the support of X, ... X,,, then Lemma 4.2.28| implies
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that it suffices to remove Y, ., and prove the result for the resulting statistic. Applying this
repeatedly, we see that we can assume supp(Y, Yae.) € supp(Xa, - .. Xq,).

Aj41,C5+1 * * "~ Qf,Ck

Now suppose that this is a proper subset, so there exists some i € supp(Xq, ... X4;) \

{@j+1,...,a;}. In this case, we can express
r—1
Z = E Z - Yie,
c=0

where each statistic in the sum is still realizable over constraints of size j+k by Lemma[4.2.27]
Hence, it suffices to show the statements for each Z-Y; .. Iterating this process, we see that it

suffices to consider when supp(Ya, ,c;t: - - - Yapep) = Supp(Xa, - - - Xq,), and this case follows

from Lemma [4.2.29] O

Theorem 4.2.31. Let Cy be a conjugacy class of &,,, with no cycles of length 1,2, ..., 2k.
Then

]Een,r [fmav]fl,’!‘] = EA [fman7T] :

Proof. As noted in (4.2.39)), fmaj® can be expressed as linear combinations of

X, ... X, Y, A

37 41,541

where ay,...,a; € [n—1], aj1,...,a; € [n], and ¢j4q,..., ¢, € Z,. The previous result

implies that on any Cy C 6,,, with no cycles of length 1,2, ..., 2k,

Es, , [Xai - Xo;Yaj 10501 - Yarer] = Ex[Xay - Xo, Yo, 0500 -+ Yol
Linearity of expectation allows us to conclude Ey [fmajfl’r] =Es,, [fmajfw]. O

Corollary 4.2.32. For every n > 1, let C, be a conjugacy class of G,,,.. Suppose that for

all v, the number of cycles of length i in X, approaches 0 as n — oo. Then for sufficiently

n(rn+r—2) . 2 2r?n343r2n2+(r2—6)n
——— and variance o, , = - on Cy,.

large n, fmaj, , has mean i, =
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Furthermore, as n — oo, the statistic (fmaj,, , —fins)/on, converges in distribution to the

standard normal distribution.

Our methods for analyzing the asymptotic distributions of des,, ., maj,, ., and fmaj,, , on
conjugacy classes without short cycles involved moments. However, one might be interested
in the actual distributions for these statistics on conjugacy classes, and this is one potential

direction for future work.

Open Problem. Study the generating functions for des, ,, maj, ., and fmaj, , on conjugacy
classes of &, ,. FEstablish analogs of the results in Section for these statistics, and

explore asymptotic distributions on arbitrary conjugacy classes of &, ;.
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Chapter 5
COSINE SIGN CORRELATION

We now consider sign patterns of cosine functions as described in Section [1.3] Recall

from ((1.3.1]) that for positive integers {a, a1, ...,a,} C Zy,

1
]P’(al,...,an):%

{x € 10,27 : min cos(@;xz) >0 or max cos(a;z) < OH

1<i<n 1<i<n

is the probability that cos(aix), cos(asz),..., cos(a,z) all share the same sign when x is
chosen uniformly at random from [0,27]. In particular, we minimize this probability by
finding

Pn = inf P(ay,...,an).

{a1,....an}CZ4
We begin with some general results in Section |5.1], including a more general case of Theo-
rem [1.3.1] We then focus on n = 3 in Section [5.2] including the characterization of p3 given
in Theorem All results in this section are from a collaboration with Shilin Dou, Ansel
Goh, Madeline Legate, and Gavin Pettigrew, and these appear in [DGLT24].

5.1 Properties for general n

Throughout this section, we assume without loss of generality that a; < as < ... < a,.
While we are primarily interested in cosine sign correlation on the interval [0, 27, it is useful

at times to consider other intervals.
Definition 5.1.1. The cosine sign correlation of {aq,...,a,} C Z, on a bounded interval

I C R is defined as

Pi(ar,...,an) = — - Hx € I : min cos(a;x) > 0 or max cos(a;x) < 0}' :

1<i<n 1<i<n
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0.5 \ / 0.5
{ f
0 4 e 3m/4 m 5m/4 3m/2 T4 rag 0 4 w2 3n/4 ™ 5m/4 32 T4 2n
-0.5 \ / 0.5

-1 \J A

Figure 5.1: The functions cos(z),cos(3z), cos(5x) on [0,2x] are shown on the left, and
X35 (z) is shown on the right. The intervals where x@ss(x) = 1 are [0,7/10),
(97/10,117/10), and (197/10, 27|, implying P(1,3,5) = 1/5.

When [ = [0, 27], we omit the subscript.

Given {ay,...,a,} C Z,, we consider the indicator function

1 if minlgign COS(GZ‘JZ> >0 or maxi<;<n COS(CLZ'ZL') < 0,
Xo1,.an () =
0  otherwise.

Observe that the cosine sign correlation of {ay,...,a,} can be equivalently expressed as

1
Pr(ay,...,a,) = m /Ixah,_yan (x) dx. (5.1.1)

Note that continuity of cos(a1z), ..., cos(a,x) implies that xq, . ., takes value 1 on a union
of open intervals in R, so Xq,. .4, i Riemann-integrable on any bounded interval I C R. An

example is shown in Figure 5.1l Applying these definitions, we establish Theorem [I.3.1

Lemma 5.1.2. Suppose that P(ay,as,...,a,) = 1/a, and a; is odd for all i. Then for any

positive integer m,
1

3mq,,

m
P(ay, a9, ... a0, 3ay,,...,3Ma,) =
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Proof. We first show that when ay,...,a, are all odd and P(ay,as,...,a,) = 1/a,, we have
that

I SN P SIS NUN U - 1.2

Xap 0, (1) 0, S Ulmr 2an77r+2an U (2 Sa, T (5.1.2)

Since all a; are odd, we know that all cos(a;x) are positive in a neighborhood of 0, negative
in a neighborhood of 7, and positive in a neighborhood of 27. Since cos(a;x) has period

27 /a; and a, is the largest of the a;’s, we have

[o, i) U (w _ Tt l) 0 (zw - QL,%} il (513)
a E) sUn

2a,, 2a, 2a, n

Note that the total length of the intervals given in (5.1.3)) is 27/a,. By assumption, we know

1 _ 1
]P(alaaQa s 7an) = % ' |Xa11,...,an(1)| = a_a

.....

,,,,,

Second, consider {ai,...,a,,3a,} C Z.. The period of cos(3a,z) is 27/(3a,), so on
the interval I = [0,7/(2a,)), we have that cos(3a,z) > 0 only for z € [0,7/(6a,)). On

the remaining intervals in x,'

we find

-1 ™ ™ (e ™
1) =10, — | U - — U (27 — —, 27| . 5.1.4
s = [0 U (7= St Yo (2 D] G

From this, we conclude

1 2 1 27 1
Plai,...,an,3a,) = — 1. 3a dr = — - — .
(a1, an, 3an) 271/0 Xar..an 300 (T) 4 2r 3a, 3a,
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Finally, observe that if a,, is odd, then 3a,, is also odd. Hence, the general result follows from

induction on m. [

Theorem 5.1.3 (Theorem revisited). For any n > 2, we have that

1

po <P(1,3,9,...,3") = 3

Proof. A direct calculation shows P(1,3) = 1/3. The result now follows from the preceding

lemma. O

Our general approach in the results above is to consider where x4, . ., has value 1. Using

.....

this idea, we derive a general method for calculating P(a4, ..., a,).

Lemma 5.1.4. Let { = lem(ay,...,a,). For each m € {0,1,...,4¢ — 1}, choose a sample
point . € (mm/(20), 7(m + 1)/(2¢)). Then

P(ay,...,a,) =

Proof. The function cos(a;z) is 0 when a;z = 7/2 + 7wk for some k € Z. Then zeros can only

occur when
T +7Tk3 (1 +2k) (14 2k)-4/a;
€T = _—= — 7 ———
2a;  a; 2a; 20

Hence, Xq,....a, is constant on intervals of the form (wm/(2¢), 7(m+ 1)/(2¢)). Using this, we

find that

.....

2w
1 MU-1 ar(m41)/(26)
— 2_ / Xal ..... Qan (x) dx
T = Jam/(20)
1 ™ * *
:%?ﬁ#{meal ..... an('ljm):l}

40
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Note that the finitely many points of the form 7m/(2¢) on [0, 27| do not affect the integral

above. O

Theorem implies that p, = 1/3, and Lemma implies p3 < 1/9, so p3 < pa/3.
Focusing on this factor of 1/3, we show that P(ay,...,a,) <P(ay,...,a,-1)/3 can only hold

when a,, is sufficiently small with respect to the remaining integers {ai,...,a,_1}.

Lemma 5.1.5. Ifa, > 12 -lem(ay,...,a,-1), then

1
P(al,...,an) > g‘P(al,...,an,1>.

a,_, 18 constant on any

an71|[ = 1. The

Proof. Let { =lcm(aq,...,an—1). As observed in Lemma [5.1.4] xq, ..,
interval of the form I = (mm/(2¢), 7(m + 1)/(2¢)) C [0,27]. Suppose X,

77777

function cos(a,t) completes r full cycles on I for some r € Z,. We denote the intervals for

these cycles Iy, ..., I, and let I, be the remaining portion of I. Decompose

22:1 |[]| -ij(al, RN ,an) + |Ir+1| .P]r+1(a17 o ’an)
1|

> > - Pr(as, .. an)

- 7| '

Pr(ay,...,an) =
(5.1.5)

Since cos(a,t) completes one full cycle in each I; and all remaining components have the

same sign, we have that

1 1
Plj(al,...,an) = 5 ‘Plj(alv"-aanfl) = 5

All intervals I4,.. ., I, have the same length, so this implies

r| |
P O .
I(a17 7a’ ) — 2|I|
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Since |I| =7 /(20), || = 27/a,, and r = | (7/(20)) /(27 /ay) ]| = |a,/(4€)], we find

Pf(al,...,an)E%- LZ—ZJ >2—5<Z—Z—1>:%—2—f.

Since the assumption a,, > 12¢ implies 2¢/a,, < 1/6, we have

1 1 1
]P)[(Cll,...,an) > 5 — E = g = §P1(a1,...,an_1)
on any I where x4, 4, , = 1. Hence, P(ay,...,a,) > P(ay,...,a,-1)/3. O

Remark 5.1.6. By also considering an upper bound in the proof of Lemma |5.1.5] one can

obtain the bounds

120 1 4
—— — <P ey p) < =+ — 5.1.6
2 an, = I(ab aa)—2+an ( )
on any interval I where cos(aix),...,cos(a,—1z) share the same sign. Hence, as a, — oo,
we have Pr(ay,...,a,) — 1/2. This allows us to conclude that
. 1
lim P(ay,...,a,) = = -Play,...,an_1).
An—>00 2

This formalizes the idea that large values of a, will multiply cosine sign correlation by a
factor of approximately 1/2. The bounds in (5.1.6|) also allow us to find a, so that the factor
is arbitrarily close to 1/2, and Lemma is a special case of this.

Remark 5.1.7. When a,, < 12 - lem(ay, ..., a,-1), the conclusion of Lemma need not
hold. For example, Lemma allows us to calculate P(1,3,11) = 5/33 and P(1, 3,11, 33) =
1/33.

5.2 'The subsets achieving p3

We now focus on the three-dimensional case. In the case of three distinct positive integers

a,b,c} C Z, with ged(a,b,c) = 1, we will show that subsets achieving p; have at least
_l’_
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two of the elements in {a, b, c} relatively small and then apply Lemma to bound the
remaining element.
We start by revisiting a key lemma used in establishing Theorem [1.3.2] Gongalves,

Oliveira e Silva, and Steinerberger considered
O (z,y) = sgn(cos(2mx) cos(2my)). (5.2.1)

Using Fourier Analysis, they established the following result for lines on the two-dimensional

torus T?, which we view as R? with points separated by integer coordinates identified.

Lemma 5.2.1. [GOS21, Lemma 3] Let a,b € R be nonzero such that a/b = p/q for some
coprime p,q € Z. Let o, 5 € R and let v(t) = (at — a, bt — ) be the corresponding ray on
T2. Ifp or q is even, then

1 T
lim —/ O (y(t)) dt = 0. (5.2.2)
T—o0 0
If both p and q are odd, then
1" pra 8 = cos(27(20 + 1)(pf — qar))
lim — [ ®(y(¢))dt = (-1 . 2.
Jim o [ ona = (-0 S (5:23)

There is one important consequence of this result, which we use multiple times. We state

and prove this below.

Corollary 5.2.2. Let a,b € R be nonzero such that a/b = p/q for some coprime p,q € Z,
and define y(t) = (at,bt) to be a ray on T?. Then

lim % /0 O(~(t)) = /0 O(~(t)) dt. (5.2.4)

T—00

Furthermore, if p or q is even, then

/0 B(~(1)) = 0, (5.2.5)
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and if both p and q are odd, then

/01 @(’y(?ﬁ))‘ - @. (5.2.6)

Proof. For a = 8 = 0, the function ®((t)) is 1-periodic, so for any positive integer k, the
integral of ®((t)) on [k, k + 1] is the same. Then for any positive integer T,

1 (T
— P
!

Taking the limit as 7" — oo, we conclude that (5.2.4)) holds. If p or ¢ is even, then (5.2.2)

implies the left side of (5.2.4)) is 0, and we conclude ([5.2.5)) holds. For the case when p and ¢

are odd, first note that & = 8 = 0 implies that pf — ga = 0, so cos(2m (20 +1)(pf — qa)) =1
for all £ in the summation on the right-hand side of (5.2.3)). Since >",° 1/(2¢+ 1)* = 7?/8,

1 T
g [ o) =

We consider lines of the form () = (at, bt, ct) on the three-dimensional torus T2, which

T

—1 k1 1
—7 2 [ etwa= [ enma

k=0

we conclude that

o0

1
szqzo 2£—i— 1)2

~ pdl’

IREOTE

is R3 with points separated by integer coordinates identified. Define the function

O (at, bt) + O(at, ct) + ©(bt, ct) — 1

U(v(t) = 5 : (5.2.7)

which takes value 1 when cos(2mat), cos(2mbt), cos(2mct) have the same sign and —1 other-
wise. Letting I denote the set of all x € [0,2x] such that W (v (z/27)) = 1, a change of

variables shows

/01 W (1)) dt = 5 OM‘I’ (v (55)) e = 5 (11 = —11)

1
:%(2-|]|—27T):2-IF’(a,b,c)—1.

(5.2.8)
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For the remainder of this section, we fix distinct a, b, c € Z, and select p,q, 7, s,u,v € Z
such that a/b = p/q, a/c = r/s, and b/c = u/v with ged(p, q) = ged(r, s) = ged(u,v) = 1.

We now give a reduction to the case when a, b, ¢ are all odd.

Lemma 5.2.3. Suppose ged(a,b,¢) =1 and P(a,b,c) < 1/9. Then a,b,c are odd and

111
+—+
pal  rs[ |uvl

3
> —.
-9

Proof. Since P(a,b,c) <1/9, (5.2.8) implies

! 1
/ \If(at,bt,ct)dt‘ — [ —2-P(a,b,c)| > ‘1 9. 5’ _ g (5.2.9)
0

We show that if a, b, or ¢ are even, then

Wl N

1
/ U(at, bt ct)dt’ <
0

so ((5.2.9) is not satisfied.

First, assume that we have exactly one even integer in {a, b, c}. Without loss of generality,

suppose it is ¢. Then v and s are even integers and p and ¢ are distinct odd integers, so by

the triangle inequality and Corollary [5.2.2),
1
/ (b, ct)dt‘ + 1)
0

1 1 1 1
/ U(at, bt,ct)dt' < 5 </ @(at,bt)dt‘ + / @(at,ct)dt‘ +
0 0 0

(5.2.10)

Lo
= 2lpg| 2

2
< -
-3

Next, assume that we have exactly two even integers in {a, b, c}. Without loss of generality,

suppose these are a and b. Then r and u are both even. If p and ¢ are both odd, then
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(5.2.10)) again holds. If p or ¢ is even, then Corollary implies a smaller bound of

! 1 ! 1
/ U (at, bt,ct)dt‘ < = ( / (P(bt,ct)dt‘ + 1> = —.
0 2 0 2

Combined, we conclude that all three of a, b, and ¢ must be odd for (5.2.9) to hold.
To conclude, we use the triangle inequality on the left-hand side of ([5.2.9) and apply

Corollary to obtain

1 1
/ O (at, bt)dt‘ + / Cb(at,ct)dt‘ +
0 0

1 n 1 . 1 +1
2lpq|  2|rs|]  2uv| 2

7
> —.
-9

Rewriting this, we conclude that

1 1 1
+ -+
lpgl ~ |rs|  |uv]

> 2, 0
-9

Finally, we rule out the case a # 1. We then conclude with our result characterizing
subsets achieving ps.
Lemma 5.2.4. Suppose ged(a,b,c) =1 and a < b < c. If a # 1, then P(a,b,c) > %.

Proof. 1f a, b, or ¢ is even, then the result follows from Lemma [5.2.3] Assume then that a,
b, and c are all odd, so that p, q, r, s, u, and v are all odd as well. We do not consider the
case when both a | b and a | ¢ since this violates ged(a, b, c) = 1. We also do not consider
the case when both a | b and b | ¢ since this also violates ged(a,b,¢) = 1. The remaining

cases can be grouped into the following situations:
1. atbyate,
2. atebte,
3. afb,bfec, and

4. atbyalcb|ec
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By Lemma |5.2.3] it suffices to show that in these cases,

111
+— <
pal  rs| |uvl

bt
9

We will consider cases (1), (2), and (3) simultaneously. Note that 1 < a < b < ¢ implies
g>p>1l,s>r>1,andv>u>1. Ifatb, it follows that p > 3 and ¢ > 5. Likewise, a { ¢
implies 7 > 3 and s > 5, and b { ¢ implies u > 3 and v > 5. In (1), (2), and (3), two out of
the following three hold: a1b, afc, or bfec. Then

1+1+1<1+1+1_7<
lpg|  |rs|  |uww| — 15 15 3 15

O ot

Thus, in these cases, we have P(a, b, c) > 1/9.
Now consider case (4). Note that a t b, so p > 3 and ¢ > 5. We consider r, s, u, and v.
We know that a | c and b | ¢ with a < b, so s > v. If s > 7, then
1 1 1 1 1 1 19 5
< —

Py - - = =<
pd Tl T ST T3 T35 50

Note that v > 3 would imply s > 7 since s > v. Hence, the only remaining possibility to
rule out is s = 5 and v = 3. From the definition of r, s, u, and v, this implies that a/c = 1/5
and b/c = 1/3. We conclude that ¢ = 5a and ¢ = 3b, which implies b = 5a/3. Thus, we
consider triples of the form {a,5a/3,5a}. Since we assumed ged(a, b, c) = 1, {3,5,15} is the
only possibility. A direct check with Lemma [5.1.4] shows that P(3,5,15) > 1/9. O

Theorem 5.2.5 (Theorem revisited). We have

P(ay, ag,as) >

O =

with equality if and only if {a1,as,a3} = ged(ay,as,a3) - {1,3,9}. Hence, we have that

Proof. By Theorem [1.3.1} 1/9 is achieved by k - {1,3,9} for any k € Z,. We show that
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no other choices of a, b, ¢ can attain P(a,b,c) < 1/9. It suffices to consider a < b < ¢ with
ged(a, b, c) = 1. Recall from Lemma that if P(a,b,c) < 1/9, then a,b, and ¢ are odd

and
1 1 1

+—+
pal  rs[ |uvl

3
> —.
-9

In addition, Lemma [5.2.4] shows that a = 1, which forces p =r =1, ¢ = b, and s = ¢. Since
b < ¢, we also have u > 1 and v > 3. Additionally, ¢ is odd, so ¢ > b+ 2. Combined, we

conclude

1 N 1 N 1 <1+ 1 +1
lpgl  Irs| w0 b4+2 3
Note that for b > 9, we have
1+ 1 +1<1+1+1_53<5
b b+2 3-9 11 3 99 9

Hence, we must have b < 9, and since b cannot be even, we conclude that b < 7. The-
orem implies P(a,b) > 1/3 for any a and b, so it follows from Lemma that
P(a,b,c) < 1/9 can only occur if ¢ < 12b < 84. Therefore, if P(a,b,c) < 1/9, we must have
a=1,b<7 and ¢ < 84. Computer verification using Lemma then establishes the
result. O

The cases of n =4 and n = 5 are natural follow-up problems. The subsets achieving py
and ps suggest that powers of 3 may be involved in subsets achieving general p,,. However, as
stated in Section , the subsets {1,3,11,33} and {1, 3,11,35,105} achieve smaller cosine
sign correlations for n = 4 and n = 5, respectively. Consequently, using only powers of 3 is

not sufficient. These observations suggest several directions for future work.
Open Problem. Determine if py is achieved precisely by multiples of {1,3,11,33}.

Open Problem. Determine if either of the following conditions are necessary for a; < as <

... < ay, to be a subset achieving p,: as = 3a; or a, = 3a,_1.
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In general, we know that p, > 0, and Theorem gives us an upper bound p,, < 1/3"71.
This upper bound can also be improved slightly by using p, < P(1,3,11,33) = 1/33 or
ps < PP(1,3,11,35,105) = 1/105 with Lemma/5.1.2| though the resulting bound still involves

powers of 1/3. Another natural future direction is to improve these bounds for general n.

Open Problem. Find f(n) and g(n) such that the following hold for alln € Z, :
(a) f(n) <p. < g(n),
(b) f(n) >0, and

(¢) g(n+1) < 1g(n) when n is sufficiently large.
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