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Abstract
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Department of Statistics, School of Social Work, and the
Center for Statistics and the Social Sciences

Preference data, such as rankings and ratings, are prevalent in the social sciences for express-
ing and measuring attitudes or opinions. Oftentimes, deterministic algorithms or summary
statistics are used to aggregate preferences, which lack the ability to measure uncertainty or
identify preference heterogeneity in a population. This dissertation proposes new methodolo-
gies for statistical preference analysis that aid accurate estimation, inference, and decision-
making with preference data in social science applications.

Motivated by previous attempts to integrate ordinal and cardinal data in psychometrics
and computer science, we propose two of the first joint statistical models for rankings and
ratings. Our models exploit the distinct and complementary properties of rankings and rat-
ings to estimate fine-grained preferences in a population and identify potential heterogeneity.
The proposed models impose few assumptions and permit many common preference data
types, allowing their use in a variety of applications. We propose computationally efficient
frequentist and Bayesian estimation frameworks, and apply the models to real peer review
and preference survey data.

Additionally, we propose a Bayesian methodology for estimating rank-clusters from rank-
ings. Rank-clusters denote cases when objects in a collection are equal in quality and thus

should be clustered in their population-level rank. We extend previous frequentist work on



rank-clustering pairwise comparison data to permit analysis of more flexible ordinal data
types. Furthermore, the model relies on a Bayesian framework that naturally allows for
incorporating prior information and uncertainty quantification. We apply our model to real

ranked-choice election data to analyze voters’ perceptions of candidates.
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GLOSSARY

AIBS: American Institute of Biological Sciences.

BTL: Bradley-Terry-Luce, a family of distributions for ordinal data that includes the
Bradley-Terry and Plackett-Luce distributions (sometimes called the generalized Bradley-
Terry).

COMPLETE RANKING: a ranking in which all objects in a collection are considered and
ranked.

CONSENSUS: the quality of a population exhibiting similar preferences.
CONSENSUS RANKING: see overall ranking.

GROUPWISE COMPARISON: a type of ordinal preference data in which three or more
objects are compared, but not the entire collection.

HETEROGENEOUS PREFERENCES: when groups within a population exhibit distinct pref-
erence ideologies, e.g., distinct political ideologies among members of different political
parties.

IIA: Independence from Irrelevant Alternatives, a criterion from Social Choice Theory
which is satisfied when the population-level preference between two objects depends

only on the individual preferences between those two objects.

INCOMPLETE RANKING: a ranking formed by a judge who only considers a subset of the
complete collection of objects; e.g., rankings formed under separate ballots.

INDUCED RANKING: a ranking formed by ordering objects on the basis of their ratings.
JUDGE: an individual or system expressing preferences on a collection of objects.

MFM: Mixture of Finite Mixtures, a Bayesian approach to cluster analysis in which both
the number of clusters and cluster-specific parameters are estimated simultaneously.

viil



NIH: National Institutes of Health.

OBJECT: an item which is assessed or judged based on its perceived worth, value, or
quality.

OVERALL RANKING: the ordering of objects from best to worst with respect to the pref-
erences of an entire group or population. This term may be used interchangeably with
consensus ranking, social order, or modal ranking.

PAIRWISE COMPARISON: a type of ordinal preference data in which only two objects are
compared.

PARTIAL RANKING: a ranking in which all objects are considered but only a subset are
ranked, e.g., a top-3 ranking of 10 objects.

QUALITY: the overall value or worth of an object, which is assumed to exist and be
measurable.

RANK: the level or place an object is assigned in a ranking, e.g., first place or rank 1.

RANK-CLUSTER: a group of objects that are assigned an identical rank in an overall
ranking. Rank-clusters are formed among objects that are indistinguishable or identical
in quality at the population level.

RANKING: a relative ordering of objects from best to worst.

RATING: an absolute assessment of an object on the basis of a pre-defined scale; some-
times called a score.

SEPARATE BALLOTS: the scenario in which each judge sees only a subset of objects from
the complete collection when expressing preferences; see incomplete ranking.
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Chapter 1

INTRODUCTION

This dissertation proposes application-driven methodologies for the statistical analysis
of preferences. Despite the ubiquity of preference data in many social science disciplines,
methods to analyze preferences are underdeveloped. This chapter provides an overview of
the primary contributions of the dissertation to statistical methodology and social science

applications.

1.1 Contributions to Statistical Methodology

Rankings and ratings are two common types of preference data that are usually analyzed
independently. However, rankings and ratings arise simultaneously in many settings and
exhibit distinct and complementary properties that could be exploited (e.g., Biernat (1995);
Ovadia (2004)). Chapter 2 describes these properties and summarizes existing techniques
for analyzing preference data. Until recently, no statistical models existed for their joint
analysis without reliance on data conversion.

In Chapter 3, we fill this gap by proposing the first joint statistical model for rankings and
ratings, the Mallows-Binomial. Our novel methodology estimates preferences in a population
via shared parameters between ranking and rating component distributions. Through theory
and simulation studies, we demonstrate desirable statistical properties of the model, such as
identifiability and consistency of maximum likelihood estimators. Furthermore, we propose
computationally efficient algorithms for frequentist estimation to address known challenges
with estimating related models, and prove the asymptotic validity of bootstrapped estimates
of standard errors. Still, the Mallows-Binomial has certain limitations: The model cannot

handle pairwise comparison data, does not satisfy the desirable Luce’s Choice Axiom, and



lacks a framework for estimating preference heterogeneity.

These limitations lead us to propose a second joint statistical model for rankings and
ratings in Chapter 4, the Bradley-Terry-Luce-Binomial (BTL-Binomial). BTL-Binomial sat-
isfies Luce’s Choice Axiom and allows for complex ordinal data, such as pairwise comparisons
and rankings made under separate ballots. Furthermore, we develop the model in a Mixture
of Finite Mixtures framework (Miller and Harrison 2018), which allows for Bayesian esti-
mation of both the level and type of preference heterogeneity in a population. We compare
assumptions and properties of the Mallows-Binomial and BTL-Binomial models in Chapter
5.

Chapter 6 shifts gears by addressing rank-clustering of objects based on ranking prefer-
ence data. In this context, rank-clustering refers to the scenario in which multiple objects
are indistinguishable or equal in quality at the population level, and thus are clustered in
their overall rank. Existing work in the literature has applied frequentist techniques, such
as the fused lasso (Tibshirani et al. 2005), to pairwise comparison data for the purpose of
inducing rank-clusters (e.g., Masarotto and Varin (2012); Vana et al. (2016). However, these
specific methods have not been developed for richer types of ordinal data, such as partial
or complete rankings. Drawing on techniques from Bayesian variable selection, we propose
a novel spike-and-slab prior for variable fusion that induces rank-clusters via partitions.
The prior is applied to the flexible BTL family of ranking distributions in what we call the
Rank-Clustered BTL model.

1.2 Contributions to Social Science Applications

Chapters 3 and 4 are primarily motivated by the setting of quality assessment in scientific
peer review. A large literature documents myriad concerns regarding the accuracy and fair-
ness of current peer review processes (see Chapter 2.5). Our proposed Mallows-Binomial
and BTL-Binomial models provide formal mechanisms for sharing the distinct and comple-
mentary preference information provided by rankings and ratings into a unified approach to

peer review quality assessment. The models are applicable under a variety of realistic peer



review settings, including preferences made under separate ballots and reviewer heterogene-
ity. Furthermore, we demonstrate our models’ ability to accurately estimate preferences with
uncertainty and aid informed decision-making.

Our joint models are useful to social science settings beyond peer review. In this work,
we analyze survey responses that measure preferences using both ordinal and cardinal data.
Even in the presence of respondent preference heterogeneity and substantial data missing-
ness, we estimate heterogeneous preferences alongside their inherent uncertainty. The ap-
plication suggests our models may be applicable to any social science field with interest in
understanding the preferences or beliefs of a population. These fields may include political
science, psychology, sociology, and education, among others.

Mallows-Binomial and BTL-Binomial address existing gaps in the literatures on measure-
ment and psychometrics, which have long been documenting the differences and deficiencies
of ratings and rankings as expressions of preferences (Alwin and Krosnick 1985; Russell and
Gray 1994; Sung and Wu 2018). As a result, numerous elaborate variations of measurement
approaches have been proposed that attempt to combine the good qualities of each data
type (e.g., Smith and Kendall (1963); Goffin et al. (2009)). In contrast, our joint models
provide simple and principled methods for joint analysis of ordinal and cardinal preference
data without conversion or modification from their original form.

In Chapter 6, we apply our Rank-Clustered BTL model to ranked choice voting data
from the 2021 Minneapolis mayoral election to simultaneously estimate the overall ordering
of candidates and rank-clusters of candidates. Related work on variable fusion with pairwise
comparison data suggests future applications in diverse fields such as sports modeling and

academic rankings (e.g., Tutz and Schauberger (2015); Varin et al. (2016)).
1.3 Organization of Dissertation

To summarize, Chapter 2 provides important background information on preference data and
analysis, Social Choice Theory, and peer review. Chapters 3 and 4 present statistical models

for joint analysis of rankings and ratings. Specifically, Chapter 3 proposes the Mallows-



Binomial model in a frequentist framework, while Chapter 4 proposes the BTL-Binomial
model in a Bayesian framework that allows for the estimation of preference heterogeneity.
Theoretical and practical qualities of the two joint models are compared in Chapter 5. Chap-
ter 6 proposes a Bayesian methodology for estimating rank-clusters among objects in ordinal
preference data. Last, Chapter 7 discusses the complete work and proposes areas for future

research.



Chapter 2
BACKGROUND

In this chapter, we provide key background information that will be useful for under-
standing the subsequent chapters of this dissertation. Specifically, we define key concepts
from the fields of preference learning and Social Choice Theory, review existing methods for

analyzing preference data, and describe our primary application area, peer review.
2.1 Preference Data

Preference data is common to our world: Citizens express preferences through voting in
elections, critics rank movies when creating annual top-10 lists, judges score figure skaters
in the Olympics using numerical scales, wine critics use Likert scales with words such as
“mediocre” to rate wines, the Google PageRank algorithm sorts webpages based on relevance
to a query, and so on. Although preference data exists in many forms, in all cases it expresses
the preferences of a judge on one or more objects. Oftentimes, preference data is provided in
response to a question or query, a process known as preference elicitation.

As can be seen from the previous examples, two common types of preference data are

rankings and ratings. We describe each type in turn before comparing their properties.

2.1.1 Rankings

Rankings are a type of ordinal preference data that denote a relative ordering of objects
from best to worst (potentially allowing ties). In a ranking, an object’s rank is the place it
receives in the ranking. Although some authors have drawn a distinction between the terms
“ranking” and “ordering,” in this dissertation we choose to use solely the former in accordance

with its popular usage. For example, a voter may provide the ranking {Candidate A <



Candidate B < Candidate C} to suggest that they prefer Candidate A first, B second,
and C third. Rankings provide relative judgements by utilizing other objects as reference
points. Thus, rankings are thought to provide objective comparisons between ranked objects
because they require the judge to make explicit comparisons that are scale-free (Biernat
1995). However, rankings force demarcation even when it may not exist and may lack
granularity in comparisons. For example, given the ranking {A < B < C'}, there is no way
to determine if A and B are nearly tied, or if C' is far less-preferred than B.

Rankings arise in different forms. Given a collection of objects, a ranking is called com-
plete when all objects are ranked. In contrast, a ranking is called partial when all objects
were considered, but only a subset of the most-preferred are ranked (e.g., a top-5 ranking).
In a partial ranking, we assume that unranked objects are less-preferred than those ranked,
but also that the preference order among the unranked objects is unknown. Next, we call a
ranking incomplete when a judge is asked only to rank a subset of the complete collection of
objects. In incomplete rankings, no information can be gleaned regarding objects not con-
sidered. For example, if a judge is asked to rank the music genres “classical” and “jazz”, the
ranking should provide no information on their preferences regarding any other music genre.
We call incomplete rankings involving two objects a pairwise comparison, and incomplete
rankings involving more than two objects a groupwise comparison. Rankings may be both
partial and incomplete (e.g., a top-3 ranking of mayoral candidates, but only among the 5

candidates from a specific political party).

2.1.2  Ratings

Ratings are a form of cardinal preference data, which are sometimes called scores. Ratings
are absolute judgements in the sense that they do not directly use other objects as reference
points. Instead, ratings reflect preferences in relation to some standard or target level of per-
formance that is indicated with verbal descriptions of a scale: low to high, poor to excellent,
etc. When the scale has many values, ratings provide granular assessments. Furthermore,

when ratings are calibrated across judges, they allow for global comparisons. However, there



are issues which limit the use of ratings for making such global comparisons. For example,
some judges may be naturally more lenient or harsh (e.g., one judge’s 5/10 may be another’s
7/10), or may become cognitively burdened by the number of scores they need to provide
and stop expressing internally consistent scores (Johnson 2008; Wang and Shah 2018; Poston
2008; Griffin and Brenner 2004). For these reasons, scores have sometimes been described
as highly subjective and inconsistent in different bodies of literature (Biernat 1995; Biernat
and Kobrynowicz 1997; Biernat et al. 2009; Mallard et al. 2009). When a single judge pro-
vides more than one rating, they may be interpreted as allowing the judge to make relative
comparisons implicitly. However, it has been observed that ties are commonly present when
rating two or more objects, thus limiting the use of ratings for demarcating (Feather 1973;
Shah et al. 2018).

Like rankings, ratings also arise in different forms. Ratings are generally provided on
a pre-defined numerical scale. The specific numerical scale used depends on context and
the range of reasonable options. Thus, ratings may be treated as continuous or discrete
measures. Ratings may also be obtained via conversion from Likert-type scales (Likert 1932).
Such ratings have been criticized on the grounds that they only reflect qualitative ordinal
judgements and do not possess interval properties, in that numeric differences between any
two values may not be meaningful. We note that these criticisms, while valid, do not prevent
the widespread use of numerical summaries for high-stakes decisions, as in federal research

grant funding (National Institutes of Health 2021).

2.1.3 Comparison Between Rankings and Ratings

Rankings and ratings exhibit many distinct but complementary properties. Many of these
contrasting properties have already been suggested by our descriptions: Rankings provide
ordinal, scale-free, coarse, and objective comparisons, while ratings provide cardinal, scaled,
granular, and subjective comparisons. We may consider ratings as providing more infor-
mation than rankings, as they may be ordered into an wnduced ranking that also contains

information on the relative distances between the induced rank places.



Psychological and psychometric literatures have long been documenting the comparative
properties and deficiencies of both ratings and rankings as expressions of preferences. Rank-
ings have been criticized for imposing high cognitive load, especially when the number of
options is large (Alwin and Krosnick 1985); for potentially forcing judges to make invalid
distinctions in cases that have low discriminability (Russell and Gray 1994); and for being
difficult to analyze or summarize by means of common statistical techniques (Sung and Wu
2018). On the other hand, ratings have been criticized for providing measurements that
are only coarsely granular as well as for allowing judges to use the same numeric value for
more than one case (Russell and Gray 1994). Comparative judgements are less susceptible
to noise: research on job performance measurement (industrial/organizational psychology),
measurement of attitudes (social psychology), and person perception (personality psychol-
ogy) on comparative and absolute judgements has found that rankings have better validity
and may have more accuracy than absolute ratings (Goffin and Olson 2011). To reconcile
and draw on both approaches, psychological research has moved to suggest variations of
measurement approaches that try to combine good qualities of both expressions of prefer-
ences. Examples include—but are not limited to—the Behaviorally Anchored Rating Scale
(Smith and Kendall 1963); the Visual Analogue Scale for Rating, Ranking, and Paired Com-
parison (Sung and Wu 2018); and the Relative Percentile Method (Goffin et al. 2009). As
the respective names suggest, these measurement approaches offer much more elaborate and

time-consuming data collection mechanisms as compared to either rankings or ratings.
2.2 Preference Learning

Under a general definition, preference learning is “the problem of learning from observations
which reveal, either explicitly or implicitly, information about the preferences of an individual
(e.g., a user of a computer system) or a class of individuals” (Fiirnkranz and Huellermeier
2010, page v).

The output of a preference learning problem varies. In general, models output summary

statistics of the overall group preferences. In the machine learning or Al literature, the



problem is often formulated in terms of a utility function which aggregates preference data
in terms of preference relations; the utility function is often learned using training data
and later used for prediction (Fiirnkranz and Huellermeier 2010). The output may be an
estimated consensus ranking, which expresses the overall preferences of a population. In
other contexts, the consensus ranking is called a social order, modal ranking, or simply the
overall ranking. For simplicity, we use only the term consensus ranking in this subsection.
Still, the term consensus ranking is somewhat of a misnomer. While consensus rankings
are meant to reflect the overall preferences of a population, they may not reflect actual con-
sensus. Even when the consensus ranking reflects true consensus, that consensus may be weak
(e.g., a moderate proportion of judges exhibit preferences that align only partially with the
identified consensus ranking). Additionally, a single consensus ranking may be an inappro-
priate method to summarize preference data when judges exhibit heterogeneous preferences,
which occur when judges use distinct ideologies when deciding and expressing preferences. In
such cases, we may consider whether consensus exists locally within subgroups of the judges
and form consensus rankings among them. A real-world example of this phenomenon is in
political preferences, where voters of different political parties exhibit substantially different
preferences when expressing their preferred candidates for office. Furthermore, some objects
may be of equal quality or indistinguishable in order by the populations of judges. In such

cases, an accurate consensus ranking could potentially include rank-clusters of objects.

Consensus rankings are sometimes formed deterministically under the rules of a system.
For example, in instant-runoff voting systems, well-defined procedures dictate how the ranked
votes provided by constituents (judges) of the candidates (objects) are tabulated to determine
the winner of the election. Here, the winning candidate is an explicit winner of the election,
but the remaining candidates are implicitly ranked according to when in the tallying process
they are removed from consideration. In an example with ratings, movies may be ordered
into a consensus ranking according to their average rating (e.g., 3.56 stars out of 5) assigned
by critics or general audiences. In this context, movies are ranked higher or lower than

the others based solely upon their average rating. Therefore, the consensus ranking does
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not depend upon the number of ratings available for each movie nor how close the average

ratings are between movies.
2.3 Social Choice Theory

Social Choice Theory refers to the analysis and aggregation of individual preferences to
understand the overall preferences of a group or population. Here, preferences are aggregated
using a social welfare function, which takes as input the preferences and returns as output
the ordered preferences of the group, called the social order, which is akin to the consensus
ranking discussed previously (Sen 1986).

A primary result from Social Choice Theory is Arrow’s Impossibility Theorem (Arrow
1950). The theorem states that in a system with 3 or more objects, there is no social
welfare function that simultaneously satisfies all of the following desirable criteria: wunre-
stricted domain, non-dictatorship, Pareto efficiency, and independence from irrelevant al-
ternatives (IIA). Unrestricted domain states that any coherent voter preference is allowed.
Non-dictatorship requires that there is no single, specific voter whose preferences always pre-
vail in the system; anonymous voting methods satisfy this condition. Pareto efficiency states
that if every judge prefers one object to another, the social order will as well. Finally, ITA
states that the social order between two objects only depends on the individual preferences
between those two objects. ITA is related to Luce’s Choice Axiom, which states that the
probability of selecting one object over another is unaffected by the presence or absence of
other objects (Luce 1959). Luce’s Choice Axiom is a stronger condition that implies ITA.

Arrow’s Theorem may be interpreted as suggesting that there is no “perfect” system of

aggregating preferences’. Nonetheless, the Social Choice literature is full of proposed social

!There are some cases in which it may be beneficial to not satisfy one or more of the criteria specified
by Arrow’s Theorem. As examples, medal orders are determined in Olympic sport climbing using a rank-
multiplication system across multiple events (Nguyen et al. 2021), and in US secondary and collegiate
cross-country running competitions using a rank-sum system across teams (Hammond 2007), which are
known to violate Social Choice Theory axioms such as transitivity and ITA (Nguyen et al. 2021; Hammond
2007; Mixon Jr and King 2012; Boudreau et al. 2018). However, Boudreau and Sanders (2015) argue that
these systems actually increase competitive balance (i.e., “level the playing field”) and thus increase fan
engagement and enthusiasm.
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welfare functions. For example, the Kemeny-Young method identifies the social order with
the smallest total distance (under a certain metric) to the observed preferences (Kemeny
1959; Young 1988). Kemeny-Young is an example of a Condorcet method, which identifies
a Condorcet winner if one exists. A Condorcet winner is one that wins a majority of all
pairwise comparisons against each of the other objects. Another example is the Borda rule,
which assigns scores to an object based on the number of objects ranked lower and tallies
scores to determine the social order (de Borda 1781). Interestingly, many of these ideas rely
on preferences expressed as rankings, yet convert ranking information into numerical ratings.
The methods also provide deterministic outcomes; no statistical uncertainty is introduced or

expressed.

2.4 Statistical Models for Preference Learning

In this section, we review statistical models for preference learning based on (1) rankings, (2)
ratings, and (3) rankings and ratings jointly. In contrast to deterministic preference aggre-
gators or utility functions, statistical models for preference data can explore the uncertainty
inherent to estimated preferences. Specifically, they may be used to identify overall or local
consensus, measure its strength, and ultimately provide information on the uncertainty of

the estimated consensus ranking.

2.4.1 Ranking Models

Statistical ranking models have been proposed since at least the early 20th century (Marden
1996). Thurstone (1927) modeled rankings using order statistics of Normal distributions.
Another method to study rankings is through pairwise comparisons. The Bradley-Terry
model (proposed by Zermelo (1929) and discovered independently by Bradley and Terry
(1952)) specifies the probability that object ¢ will be ranked above object j using the likeli-
hood function,

Di
Pi + Dj

Pli > jlpi pil = (2.1)
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where p;, p; > 0. The model was extended to allow for multiple comparisons in the Plackett-
Luce model (sometimes called the generalized Bradley-Terry model), which was proposed
by Plackett (1975) and justified under Luce’s Choice Axiom. In this model, a ranking
T={1<2=<---<J} of J objects is assigned probability

Pl =xlpy,....ps) = [[ =72 (2.2)

7
21 =5 it
where often we set > ;pj = 1 for identifiability. Rankings drawn from the Plackett-Luce
model may be interpreted as being created sequentially, where in the first stage an object is
selected among all the options, in the second stage an object is selected among all the re-
maining, and so on. Together, we refer to the Bradley-Terry and Plackett-Luce distributions

as the Bradley-Terry-Luce (BTL) family.

Many extensions of BTL models have been proposed, such as those that incorporate
judge-level covariates (Gormley and Murphy 2010) or object-level covariates (Chapman and
Staelin 1982; Tutz and Schauberger 2015). Furthermore, mixtures of BTL distributions
have been studied by numerous authors to account for heterogeneous populations of judges
(Gormley and Murphy 2006, 2008; Gormley et al. 2009; Mollica and Tardella 2017; Zhao
et al. 2016; Chierichetti et al. 2018; Liu et al. 2019; Zhao and Xia 2019; Zhang et al. 2022).
Estimation of BTL models is often challenging due to the data-dependent normalizing con-
stant. However, various works have proposed speedy and accurate estimation methods in
both frequentist and Bayesian settings (Hunter et al. 2004; Guiver and Snelson 2009; Caron
et al. 2014; Maystre and Grossglauser 2015; Mollica and Tardella 2017; Turner et al. 2020;
Nguyen and Zhang 2023).

Another common model for rankings is the Mallows model (Mallows 1957). The Mallows
model is sometimes called the normal distribution for rankings, as it is a location-scale
family in which the centrality parameter, m, is the consensus ranking itself and the scale
parameter § > 0 dictates how likely rankings of a given distance to my are to be drawn,

where the probability decreases exponentially with the distance. Specifically, the probability



13

of drawing a ranking 7 from a Mallows(m, #) distribution is

PII = 7|my, 6] = (2.3)
where d(-, -) is a distance metric and 1(#) is a function which provides an appropriate normal-
izing constant. Two common choices for distance metrics are based on Kendall’s 7 (Kendall
1938), leading to the Mallows ¢ model, and Spearman’s p (Spearman 1904), leading to the
Mallows ¢ model. The Kendall distance is the minimum number of adjacent object swaps
needed to convert one ranking into another. The Spearman distance is the squared Eu-
clidean distance between two rankings. Henceforth referred to as simply the Mallows model,
the Mallows ¢ model has received particular attention as a natural fit in many ranking ap-
plications. In seminal works, Fligner and Verducci (1986) and Fligner and Verducci (1988)
extend the model to allow for partial, top-R rankings and explicitly define the normalizing

constant in closed form,

o) = [ Lo (24)
j=1
Furthermore, Fligner and Verducci (1986) propose the Generalized Mallows model that in-
troduces rank level-specific scale parameters. More recently, Meila and Bao (2010) proposed
the Infinite Generalized Mallows model to aggregate rankings over infinite collections of ob-
jects. Mixtures of Mallows models have been studied by Marden (1996), Murphy and Martin
(2003), Busse et al. (2007), Lu and Boutilier (2011), and Collas and Irurozki (2021).

Due to its location-scale form, the Mallows model may be considered as a holistic selection
model (in contrast to the sequential selection form of the Bradley-Terry-Luce family). Under
the Mallows, rankings are drawn with probability that depends on their overall distance to
the central permutation, and not on the specific ordering of objects in that permutation. As a
result, the Mallows model does not generally satisfy the ITA criterion or Luce’s Choice Axiom

(Marden 1996). For completeness, we provide a counterexample: Suppose mp =1 <2 < 3
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and 6 > 0 is fixed. Across all rankings of three objects, the overall probability that 1 < 3 is,

Pr[1 <3| =Pr[{1 <2 <3}]+Pr[{l <3 <2} +Pr[{2<1=<3}

1+2e7f
== 2.5
0 29
However, suppose object 2 is ranked first. The conditional probability that 1 < 3 is then,
: Pr[{2 <1 < 3}]
Pr(l < 3|2 ked first] =
b <312 s ranked first] = 4 s e B <3 < 11
-6
e

= o (2.6)

Since the probabilities in Equations 2.5 and 2.6 are not equal regardless of 8, the Mallows
model does not satisfy Luce’s Choice Axiom or ITA.

Estimation of the Mallows model is often challenging due to the discrete centrality pa-
rameter 7. In a frequentist setting, Meila et al. (2012) proved that the MLE of 7y is precisely
the solution in the Kemeny-Young model. Later research proposed computationally efficient
tree-search algorithms for exact computation of the MLE and approximate estimation meth-
ods to use when the number of objects is large or when consensus is weak (Mandhani and
Meila 2009; Meila and Bao 2010). Tang (2019), He (2022), and Busa-Fekete et al. (2021)
study other asymptotic and finite-sample properties of the Mallows model in frequentist set-
tings such as bias, consistency, and hypothesis testing. Vitelli et al. (2018), Liu et al. (2019),
and Crispino and Antoniano-Villalobos (2022) study Bayesian estimation of the Mallows

model.

2.4.2 Rating Models

Ratings are rarely modeled statistically. Instead, simple summary statistics such as the
mean or median, or variations thereof, are commonly used (Lee et al. 2013; Tay et al. 2020;
National Institutes of Health 2021). For example, the trimmed mean, which is defined as the
mean rating after removal of the highest and lowest values, is used in Olympic figure skating

in an effort to reduce the effects of rating anomalies and bias (Emerson and Arnold 2011).
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Although uncommon, ratings can be modeled using a variety of standard probability
distributions. As continuous measures, the Normal, Truncated Normal, Beta, or Exponential
distributions, among others, may be appropriate depending on the range of allowable ratings
and the patterns observed. Discrete ratings often arise from an ordinal, well-defined, and
equally-spaced set. In such cases, we may linearly transform the set of allowable ratings into
a set of integers that match the support of an appropriate probability distribution. If the
original set is theoretically infinite (e.g., the number of goals scored by a soccer team; see
Egidi and Torelli (2021)), the Poisson or Negative Binomial distributions may be appropriate.
If the original set is discrete (e.g., Likert scale, ratings between 1 and 5 in single decimal
increments), the Binomial or Beta-Binomial may be appropriate. In these parametric models,
a central tendency parameter is useful for interpretability. Nonparametric rating models may

also be reasonable depending upon the data context (Munzel and Bandelow 1998).

2.4.83 Joint Models for Rankings and Ratings

In recent years, a growing body of literature has suggested that collecting and analyzing both
rankings and ratings may be beneficial for understanding preferences. That is, using rankings
and ratings in tandem may retain the benefits and minimize the downsides of each data type,
and thus remove an existing false dichotomy (Belkin et al. 1995; Lee 1997; Ovadia 2004; van
Herk and van de Velden 2007; Macdonald and Ounis 2009; de Chiusole and Stefanutti 2011;
Balog et al. 2012; Shah et al. 2018; Liu et al. 2022; Su 2022). However, few such methods
exist, and none of the statistical models described in Sections 2.4.1 or 2.4.2 can be used
directly to jointly model rankings and ratings. Literatures in a variety of disciplines have
navigated this issue in different ways.

In the social and health sciences, the literature on mized-outcomes includes proposed
methods for combining preference data of different types via conversion, such as converting
rankings into ratings or ratings into rankings prior to performing a statistical analysis (Sa-
lomon 2003; Kim et al. 2015; Venkatraghavan et al. 2019). Converting ratings into rankings

is generally straightforward, as ratings from a single judge may be converted into a ranking
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by simple ordering. The reverse is not true, and often requires a model or other assumptions
to convert rankings into ratings. Li et al. (2009) provide one such method, in which ranking
data is converted into ratings for each judge such that the first-ranked object receives that
judge’s best rating, the second-ranked object receives that judge’s second-best rating, etc.
However, in general we find that conversion is suboptimal because it distorts or discards the
observed data.

Motivated by problems in metasearch, information retrieval, and peer review, authors
in computer science have proposed algorithmic approaches for merging ordinal and cardinal
preferences that are known as data fusion (Fagin 2002; Hsu and Taksa 2005; Bhamidipati and
Pal 2008; Li et al. 2009; Ailon 2010; Somers et al. 2017; Zeng and Shen 2020; Xu et al. 2020;
Hochbaum and Moreno-Centeno 2021; Liu et al. 2022). In general, these algorithmic methods
do not allow for the quantification of uncertainty. Furthermore, many assume that a judge’s
rankings and ratings must be internally consistent, an assumption that is often unrealistic
in practice (Biernat et al. 1998; Biernat and Vescio 2002; Biernat 2003; Kamishima 2003;
Biernat et al. 2009; Gallo 2020) and has to be enforced during data collection.

2.5 Peer Review

We conclude this chapter with an introduction to scientific peer review. Peer review may refer
to a broad range of activities, such as the review of funding applications or the assessment
of research for admittance into journals or conferences (Lee et al. 2013). A fair and unbiased
peer review process is important to ensure the high quality of disseminated research and to
create fairness in the scientific community.

Many potential issues and criticisms with peer review have been identified (see Lee et al.
(2013) for a thorough review). These criticisms include, but are not limited to, purportedly
low inter-rater reliability of assessments (McGraw and Wong 1996; Brezis and Birukou 2020;
Pier et al. 2018; Resnik and Elmore 2016; Erosheva et al. 2021); discrepancies with respect
to author characteristics such as prestige, affiliation, nationality, language, race, or gender

(Wenneras and Wold 2010; Grant et al. 1997; Bornmann et al. 2007; Erosheva et al. 2020; Lee
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et al. 2020; Ginther et al. 2018); discrepancies with respect to reviewer characteristics such
as differences in leniency or harshness among reviewers from certain fields or social groups
(Hug and Ochsner 2022); and content-based discrepancies such as preferences for basic or
translational research, confirmation bias, or conservatism (Armstrong 1997; Mallard et al.
2009; Hug and Ochsner 2022).

The subjectivity of peer review assessments is a common concern. For NIH funding
applications, Johnson (2008) demonstrated a “discussion effect” between pre- and post-
discussion ratings, in which systematic shifts were observed in ratings after group discussion
that may or may not be related to funding applications’ scientific merits. Furthermore,
Johnson (2008) found a general tendency of some reviewers to be more or less stringent when
assigning ratings. In a series of works, Biernat (1995); Biernat and Kobrynowicz (1997);
Biernat et al. (2009) described the subjectivity of ratings based on a “shifting standards
model”, or the idea that the scale of ratings is context- or individual-dependent and may be
impacted by reviewer bias. Instead, Biernat (1995) argued that rankings constitute a more
“objective” form of preference data since they rely on absolute comparisons. Relatedly, Wang
and Shah (2018, 2020) discussed how ratings often suffer from “arbitrary miscalibrations.”
That said, they also demonstrated that conversion of ratings into rankings is worse from the
perspective of statistical risk, even with adversarially chosen shifting standards.

These works demonstrate the potential challenges and complexities of quality assessments
in peer review. We propose alternative methods for conducting peer review in Chapters 3
and 4 that allow for collecting and analyzing assessments in the form of rankings and ratings
simultaneously. As we will demonstrate, our models allow for better separation of proposals
based on their perceived quality, estimate the relative and absolute quality of proposals with

uncertainty, and aid accurate and transparent decision-making.
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Chapter 3

THE FIRST JOINT STATISTICAL MODEL
FOR RANKINGS AND RATINGS

This chapter is based on (Pearce and Erosheva 2022a) and (Pearce and Erosheva 2022b).
For consistency with the rest of this dissertation, the word “scores” in the original published
works has been replaced by “ratings” throughout. We would like to thank Dr. Stephen
Gallo (formerly of the American Institute of Biological Sciences) for providing the data
used in this chapter, and Dr. Yen-Chi Chen for his helpful insights regarding the use of
the nonparametric bootstrap for estimating standard errors in our model. This work was

supported by the National Science Foundation under Grant No. 2019901.

3.1 Introduction

Rankings and ratings arise simultaneously in a number of contexts. In peer review, judges
may rate proposals numerically and subsequently rank their top few favorites (Gallo 2023).
In information retrieval, distinct algorithms may assess the relevance of documents to a
query using either ratings or rankings (Hsu and Taksa 2005). In film studies, critics may
rate movies as they are released and later provide year-end rankings of their favorites. In
these examples, the same judges may provide both kinds of information, or distinct sets of
judges may provide solely rankings or ratings.

However, there are few principled methods for analyzing rankings and ratings jointly
(see Chapter 2.4.3). Existing methods are either non-statistical (and thus cannot be used
to understand uncertainty in estimated preferences) or require the practitioner to convert
preference data of one type into another. Data conversion is suboptimal as may distort or

discard the original information, and results usually depend on the chosen data conversion
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procedure.

In this chapter, we propose a unified statistical model to capture information from both
rankings and ratings. Conditional on the latent qualities of objects being assessed, Binomial
ratings and Mallows rankings are assumed to have independent error distributions that re-
flect the distinct tasks of formulating ratings and rankings and realistically allow judges to
be internally inconsistent when expressing preferences using distinct data types. Model pa-
rameters quantify both the absolute and relative qualities of the objects, identify a consensus
ranking, and measure the strength of consensus using an existing metric in the literature.
To estimate the model, we formulate exact and approximate algorithms to find maximum
likelihood estimators and demonstrate regimes in which each may be useful. In addition to
simulation studies, we apply the model to real data from grant panel review in which ratings
and rankings were collected from the same judges. We show how the estimated parame-
ters can be used to learn the rank ordering of grant proposals and the associated statistical
uncertainty to make funding decisions.

The rest of this paper is organized as follows. In Section 3.2, we propose the Mallows-
Binomial model for rankings and ratings, and explore its assumptions and statistical prop-
erties. We develop exact and approximate frequentist estimation algorithms and compare
their performance in a simulation study in Section 3.3. We illustrate the model on real rank-
ing and rating data collected during a Fall 2020 grant panel review cycle at the American
Institute of Biological Sciences in Section 3.4. The chapter concludes in Section 3.5 with a

brief discussion.
3.2 DMallows-Binomial Model

Suppose a judge assesses J objects using both rankings and ratings. We assume that each
object j € {1,...,J} has a true underlying quality, p; € [0,1]. We use the convention that
lower values of p; denote better quality. Let X = [X; X2 ... X,]|T be a vector of integer
ratings, where each X; € {0,1,..., M} is the rating assigned to object j. Let II be the top-R

ranking of the objects, R < J, such that no ties are allowed. II is called a partial ranking
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when R < J and a complete ranking when R = J. Rankings need not align with the order

of the ratings.

We propose a joint probability model for the judge’s ranking I and ratings X,

e—GdRJ(ﬂ'Jro) J

MY ., .
Pl =m X = alp,6] === x| | (:c;-)pf(l —p)M

j=1
3.1
p= [pl s pJ]T € [071]J7 To = Order(p)ae >0, ( )

Xq,..., X, II are all mutually independent,

where dg (-, -) is the Kendall 7 distance between two rankings and ¢ ;(#) is the normalizing
constant of a (partial) Mallows model, as seen in Equation 2.4. We refer to this model as

the Mallows-Binomial(p, @) distribution.

A key aspect of this model is the incorporation of two distinct types of preference data.
It can be seen directly from Equation 3.1 that our model corresponds to J + 1 joint obser-
vations per judge, with J ratings and one (partial) ranking. The Mallows-Binomial model
incorporates information from both data types without conversion to learn object quality
parameters, p;, j = 1,...,J. The joint likelihood ties together the ratings and ranking
by assuming that the modal consensus ranking of the Mallows component is the same as
the ranking induced by the Binomial rating parameters, p;, 7 = 1,...,J. This formulation
naturally reflects the relationship between ratings and rankings given each object’s true un-
derlying quality and the order of all objects induced by their true underlying qualities. The
parameter 6 is the consensus scale parameter, which can be interpreted exactly as in the
Mallows model with respect to the rankings: Large values of 6 suggest strong ranking con-
sensus among judges. As 6 decreases to 0, the model approaches a uniform distribution over
the possible rankings. The Mallows-Binomial model constitutes a proper probability distri-

bution as the product of J + 1 independent component distributions given the parameters

(p,0).
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3.2.1 Assumptions

The Mallows-Binomial distribution makes few assumptions. Primarily, the model assumes
that both rankings and ratings reflect the true underlying qualities of the objects. As a
consequence, deviations from the true underlying qualities are the result of the independent
error distributions corresponding to Mallows and Binomial models for rankings and ratings,

respectively.!

On the other hand, the Mallows-Binomial does not assume that each ranking is of the
same length, that the ratings and ranking of each judge align, or even that the same judges
provide both rankings and ratings. Inconsistent preferences arise in the peer review context
considered in Section 3.4. In our grant peer review data, judges first rate objects (grant
proposals) and openly share their ratings during a panel discussion, and then provide a
separate partial ranking after the discussion of all objects is completed. The partial ranking
is made in private, potentially leading to changes in perception of quality. Inconsistent
preferences may also arise when ratings and rankings are provided by different sets of judges.
For example, in database search or information retrieval, relevancy criteria used by algorithms
may arise from completely separate systems, such as when one system (e.g., a machine
learning algorithm) provides numerical ratings and another (e.g., a human judge) ranks the
most relevant objects. Such situations do not affect estimation or interpretation of estimated

parameters; our model can still capture distinct preferences.

3.2.2  Statistical Properties

For the rest of this subsection, we explore frequentist properties of the Mallows-Binomial dis-
tribution. Specifically, we study identifiability, bias and consistency of maximum likelihood

estimators (MLE), and the estimation of standard errors via the nonparametric bootstrap.

1See Chapter 5 for a detailed exploration of assumptions imposed by the Mallows-Binomial model.
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Identifiability
We prove that the Mallows-Binomial(p, #) model is identifiable via Proposition 1.

Proposition 1 Let M, J, and R be fized and positive integers such that R < J. Then the
Mallows-Binomial(p, ) model is identifiable.

Proof Let P,y denote the probability distribution of ratings X and rankings II under a
Mallows-Binomial(p, §) model. Let 61,6, > 0 and py,ps € [0,1]7 such that P, g, = Pp,.0,-
Then,

Pplﬁl = Pp2792

e—01dr,s(I1,0rder(p1)) J X M o—02dr, s (T1,0rder(ps)) J X,
= Vr,(02)
< 0 = (62dg, (11, Order(ps)) — 61dg 4 (11, Order(p;))) + log ———=-+
Vr,(01)
J .
> [ g 22 1 (0 - X, log 1222
Jj=1 P2; L —pjo
Foreachj =1,...,J, and for any arbitrary X;, the expression X log 7 Py +( M—X;)log i zJ; _

0 if and only if p1; = po; by the identifiability of the Binomial dlstrlbutmn. Thus, for any
arbitrary collection Xi,..., X, the final sum is 0 if and only if p; = p,. Continuing under

the assumption that p; = py, we have Order(p;)=Order(py) and thus,

)
Pp1,91 = szﬂz < O = dR,J(H, Order(pl))(92 — 91) + log _’wR’J( 2)
Vg, (6h)
which for any arbitrary II is 0 if and only if #; = 65. Therefore, the Mallows-Binomial model
is identifiable. =

Bias and Consistency

Bias and consistency of the MLE in the Mallows and Binomial distributions is a natural

starting point to examine bias and consistency of the MLE in the joint Mallows-Binomial.
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Tang (2019) demonstrated that in the Mallows model, the MLE 7 of the consensus ranking
Ty is consistent whereas its bias is difficult to quantify due to the discrete nature of the
parameter, and 0 is biased upward for a finite number of judges, I, but consistent as [
increases to infinity. As a univariate exponential family, p in a Binomial(M, p) distribution
with M known is unbiased and consistent. Therefore, we expect Mallows-Binomial(p, 0)
MLEs p and 6 to be consistent but potentially biased.

It is straightforward to prove that 0 is biased upward. This is because = oo whenever
all rankings are identical to 7y = Order(p), which occurs with positive probability for any
0 > 0. However, excluding such situations, bias is difficult to demonstrate. An illustration
of small but non-zero bias can be found in Appendix A.1. On the other hand, we prove

A

consistency of the MLE (p, #) via Proposition 2.

Proposition 2 Let M, J, and R be fixed and positive integers such that R < J. Let
6y € (0,00) and py € (0,1)7. Let (X,I1); denote a sample of I independent and identically

distributed samples from a Mallows-Binomial(po, 6y) distribution, and (p,0); be the mazimum

likelihood estimators based on that sample. Then, (p,0); = (po, o).

Proof of Proposition 2 is sufficiently technical and thus relegated to Appendix A.2.

Since the magnitude of bias and rate of convergence are challenging to derive analytically,
we explore these concepts through simulation. We run simulations for different values of
the following parameters: the number of judges I € {5,20,80}, maximum integer rating
M € {10,20,40}, number of objects J € {6,12,18}, size of each partial ranking R €
{6,12,18| R < J}, and consensus scale parameter 6 € {1,2,3}. For each unique combination
of I, M, J, R, and 0, we performed 20 simulations, where in each simulation we sampled
a new object quality vector p from a Uniform[0,1]7. After examining results separately
for different values of I, M, J, and R, we noticed minimal differences based on M or R.
Therefore, we present aggregated results for given [ and J in Figure 3.1.

The simulation indicates that the MLE p is unbiased and consistent in I, and that 0

is minimally biased and consistent in I. Estimation error and bias for p and 6 appear
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Figure 3.1: True vs maximum likelihood estimates of p (left) and # (right) in simulated data
from the Mallows-Binomial model across different values of I and J. Results are aggregated
over M and R. The right panel excludes cases where all sampled rankings were equivalent

(é = 00). Red dotted lines represent perfect estimation accuracy.

similar in scale to that when estimating Binomial probabilities or Mallows scale parameters

in independent models, respectively, even for modest numbers of judges, I.

Estimation of Standard Errors

We propose estimating standard errors via the nonparametric bootstrap (Efron and Tibshi-
rani 1994). The asymptotic validity of bootstrap estimates of standard errors is proved via

Proposition 3.

Proposition 3 Let M, J, and R be fixed and positive integers such that R < J. Let
(X, II); denote a sample of I independent and identically distributed samples from a Mallows-
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Binomial(p,0) distribution. Then, nonparametric bootstrap estimates of standard errors for

~

(p,0) based on (X,I1); are parameter-wise asymptotically valid as I — oo.

Proof of Proposition 3, as well as a more thorough description of the nonparametric boot-
strap, is relegated to Appendix A.3.

Given the presence of J+ 1 parameters, we recommend a relatively large number of boot-
strap samples in order to obtain a proper empirical distribution of the estimators. We also
note that bootstrapped confidence intervals for p and 0 do not directly provide confidence
intervals for the estimated consensus ranking of objects, 7y. To create confidence intervals
for consensus rankings, we again propose using the nonparametric bootstrap. Specifically,
for each bootstrap sample and the associated MLE, the order of the estimated object quality
parameters can be treated as one observation in the empirical distribution of the estimated
consensus ranking. We can subsequently form confidence intervals from the empirical distri-
bution in a straightforward manner. Conveniently, the same bootstrap samples used when

creating confidence intervals for p and 0 may be used again here for computational efficiency.

3.3 Frequentist Estimation

Analytic solutions for the maximum likelihood estimator (MLE) of a Mallows distribution
do not exist. Even more, finding the MLE is an NP-hard problem (Meila et al. 2012).
Difficulty arises from the discrete consensus ranking, which may be one of J! unique pos-
sibilities. Although the Mallows-Binomial model contains J + 1 continuous parameters,
(p,0) € [0,1]7 x Rog, the discrete order of p affects the likelihood. Thus, frequentist estima-
tion of the Mallows-Binomial model is both a continuous and discrete problem.

The discrete aspect of estimation in the Mallows-Binomial model allows us to leverage
existing Mallows model estimation algorithms. As we will demonstrate, the inclusion of
ratings in the proposed model generally speeds up estimation as ratings provide information
on the strength of differences in object qualities, beyond their induced ranking. Still, exact

computation of the MLE is difficult, or even intractable, as the number of objects increases.
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In this section, after some preliminaries, we propose exact and approximate algorithms to

estimate the Mallows-Binomial MLEs and compare them in a simulation study.

3.3.1 Preliminaries

Suppose I judges assess a collection of J objects using integer ratings in the range {0,1,..., M}
and rankings of length R, where M, J, and R are all known and fixed integers and R < J,.
We assume that each judge’s ranking and ratings are drawn independently from the same
Mallows-Binomial(p, #) distribution, where p and # are unknown and will be estimated via
the method of maximum likelihood. Let myp = Order(p), II = {II;};=1,_; denote the judges’
rankings and X = {X; }] 1’ ’J denote the judges’ ratings.

We begin by stating a useful property of the Kendall distance: For any two specific

rankings 7y, mo of length R and J, respectively, the Kendall distance can be written as,

dp,y(m1,m) =Y Vi(m,m), (3.2)

j=1
where Vj(my,m3) is the number of adjacency swaps needed to place the first object of 7 in
the first position of my, Va(my,ms) is the number of additional adjacency swaps needed to
place the second object of 7; in the second position of 7, and so on (Fligner and Verducci
1986). Note that each V; € {0,...,J —j}.
Then, the joint log likelihood of the ratings X and rankings IT is,

o0 SR Vj(mimo) M
Tij M—x;;
p;7 (L —p, Y

77Z)RJ ) H (xw) ! ( J) ]

I
> =0 Vilmi, mo) —log b ()

=1

Up, 0| X =z, 11 =m7) = H

J=1

+2J: {10g< a) + x5 logp; + (M — 25) log(1 _pj)}]'

Jj=1

The maximum likelihood estimators, (p, é), are therefore,
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I R
(p,0) = arg maxz [— 92 Vi(mi, mo) — log tr,s(6)+

j=1

i [xij log p; + (M — x;;) log(1 —pj)]]

j=1
R J 1 1
= arg min< 0 Z Vi +9 logyr(0) p + Z Tjlog — + (M — ;) log
p,0 j=1 j=1 p] 1 - p]
= argmin f(p,0), (3.3)
p,0

where V; = I"' S0 Vj(m;, mo) and T; = I7' 301, x;;. As no analytic solution exists, the
function f within Equation 3.3 will be referred to interchangeably as a “cost” or “objective”

function to be minimized via numerical optimization.

3.3.2  FExact Estimation Algorithms

The MLE (p, é) induces an ordering of the true underlying object qualities, 7y = Order(p).
To find the MLE, we flip the problem around. Instead of optimizing over p and 6 directly,
we first obtain 7y and then optimize for p and 0 under the constraints implied by 7 on p.
Mandhani and Meila (2009) and Meila et al. (2012) observed for the Mallows model
that 7y could be estimated exactly using an A* algorithm. A* is a standard graph traversal
algorithm developed by Hart et al. (1968). Given a graph, A* finds the shortest path between
a starting node and any terminal node. The algorithm requires a cost function that measures
the exact cost to get from the starting node to any other node, and a heuristic function that
estimates the remaining cost from any node to the nearest terminal node. The heuristic
function is called admissible when it guarantees a lower bound on the remaining cost. A*
provably yields the shortest path when the heuristic is admissible. A trivial, admissible
heuristic always returns 0, but results in an inefficient graph search. Oppositely, a maximal
or near-maximal (“tight”) admissible heuristic may reduce the number of nodes traversed

during the search but be burdensome to compute and slow the overall algorithm.
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A* algorithms traditionally define separate cost and heuristic functions but these func-
tions are always used together (Hart et al. 1968). Thus, at each node the algorithm sums the
cost and heuristic functions to lower bound the total cost possible given the current node.
Due to the interdependent nature of the model parameters, we use an equivalent method of
defining a single, admissible total cost heuristic function which outputs a guaranteed lower
bound on the total cost possible at any node in the graph. In other words, this single function

is the sum of the usual cost and heuristic functions.

We propose two A* algorithms to calculate the exact MLE of the Mallows-Binomial
model. Both algorithms use the same graph as in Mandhani and Meila (2009) and Meila
et al. (2012) but differ based on their admissible total cost heuristic functions; the first is
crude but fast to compute, the second is tight but slow. We compare their overall speed in

Section 3.3.4.

Graph

We define the graph G as a tree that progressively adds one object to the ranking as you
move down its branches. To specify a single starting node, we let the zero™ layer of G be
empty. In the first layer, there is a node for each object in the collection. Traversing to any
specific node in the first layer constrains the corresponding object to have the lowest-valued
quality parameter (but does not specify any relationships among the remaining objects).
For example, at node n = (1) when J = 3, the quality parameters are required to satisfy
p1 < po and p; < p3, but no relationship is specified between p, and p3. Subsequent layers
are successively formed from each node by adding a unique branch for each object not yet in
the path to the node. Nodes in the (J — 1) layer are terminal as the last object is implied.
For example, when J = 3 the node n = (3, 2) is terminal as it implies the complete ordering
of objects (3,2,1). An example search graph when J = 3 is shown in Figure 3.2 (adapted
from Mandhani and Meila (2009)).
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Figure 3.2: Graph for an A* search algorithm with J = 3 objects.

Crude Total Cost Heuristic

Before stating our first total cost heuristic, we define a useful quantity based on rankings

only: Let @ be a J x J matrix such that each entry Qu,, u,v € {1,...,J}, is

Qs = Zle I{object u is ranked strictly higher than object v in m;} (3.4)
uv T ]- .

When u = v, it follows that @),, = 0. If a comparison between objects cannot be deduced
from any given ranking (due to partial rankings), we define the corresponding term in the
numerator to be zero but do not change the denominator. Thus, Q,, + @,, = 1 whenever
a strict ordering can be deduced between objects u,v for all judges and is less than one

otherwise. We are now ready to define the crude total cost heuristic.

Definition 4 (Crude Total Cost Heuristic) Let n € G such that n = (ny,...,ng), 1 <

k < J—1, where ny,...,ny indicate unique objects in the collection {1,...,J}. Then, the

crude total cost heuristic, g.(n) : G — R, is

ge(n) = {é”L} + { logijJ(é")} + { ]Z:;fj logﬁ% + (M —z;)log 1 _1]571}

J
L = ( Z Qnunv> + ( Z min(@”u”v?@ﬂv"u))
ve{l:k} w,ve{(k+1):J}
ue{(v+1):J}

~

0" = argmin [GL + log wR7J<9):|
0

J
1 1
= argmin[ijlogf + (M —7z;)log 1

» —

]s.t. Pry < < Py Pnp < Dnys L >k

j=1 p] J
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The crude total cost heuristic may be seen as an extension of the quantity L from Meila

et al. (2012). We prove that g, is admissible via Proposition 5.

Proposition 5 Under the conditions of Definition 4,

ge(n) <argmin f(p,0) such that p,, < - < Dupy Doy < Dnyyl >k
p,0

and therefore g.(n) is admissible.

Proof g.(n) consists of three terms which can each be mapped to a unique term in f. We
prove the lower bound by proving (a) the first and second terms of g are a lower bound on the
corresponding terms in f, and (b) the third term of ¢ is a lower bound on the corresponding

term in f.

(a) We first prove that L < Zle V. Following closely the logic of Mandhani and Meila
(2000),

L= Z Qnunv + Z min(Qnunvv QTLvTLu)
ve{l:k} u,ve{(k+1):J}
ue{(v+1):k}

— Z Vj_|_ Z min(QnunU,annu)

je{l:k} u,ve{(k+1):J}
<D Vi+
je{1:k} je{(k+1):J}

R JR—
:Zvj
j=1

The second line above holds by definition of Vj and the third line holds since one

of Quunys @nyn, must appear in the expression » | )T} Vj. The fourth and final

je{(k+1
line holds since each V; = 0 when j > R definitionally. We complete (a) by again
referencing Mandhani and Meila (2009), who proved that given L, " lower bounds the

first two terms of f.
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(b) Since p™ is defined as the arg min over p for the third term of f subject to the bare
minimum constraints imposed by n, the third term of g must lower bound the total cost.
This is because as we traverse down the graph from n, only additional constraints may
be imposed. Each additional constraint cannot lower the objective function, leading to

a lower bound.

Therefore, g.(n) is an admissible total cost heuristic. [

Note that g, is suitably called crude because it is not necessarily a tight lower bound.
Instead, the function independently lower bounds components of the likelihood corresponding
to the Mallows and Binomial models. However, it is easy and quick to compute L using
matrix algebra, " via univariate optimization, and p" via strictly convex optimization in a

highly-constrained subspace of the J-dimensional unit hypercube.

LP Total Cost Heuristic

In the crude total cost heuristic, it can be seen that the lower bound on the cost corresponding
to the ratings cannot be improved independently of the rankings, given n. A comparable
statement is not true for the cost corresponding to rankings. The LP total cost heuristic
makes the latter component tighter.

As a brief aside, the MLE of 7 in the Mallows model is also the solution to the Kemeny
ranking problem (Meila et al. 2012). Conitzer et al. (2006) proposed an algorithm to solve
the Kemeny ranking problem based on an LP relaxation of the linear integer program that
returns the minimum weight feedback edge set. Intuitively, the result can be understood as
follows: In the crude lower bound, each pair of objects u,v must be ranked such that u is
before v or v is before u. It does not take into account more complex relationships. For
example, if u is before v and v is before an object w, the lower bound would still illogically
allow w to be before u. The algorithm of Conitzer et al. (2006) removes this possibility.
Mandhani and Meila (2009) applied their result to an A* search algorithm for the Mallows
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model. In this chapter, we extend this result to the Mallows-Binomial case.

Definition 6 (LP Total Cost Heuristic) Let n € G such that n = (nq,...,ng), 1 <k <
J — 1, where ny, ..., ny indicate unique objects in the collection {1,...,J}. Then, the LP
Total Cost Heuristic, g;,(n) : G — R, is

gip(n) = {0 Lop + {togvm (87} + {

Lip as defined in Conitzer et al. (2006)

M*
—_

>

S

——

og7n+ —Ej)logl_p
=1 J

0" = arg min [GLLP + log wR’J<9)i|
0

1 1
= in| Y 7 log — + (M — ;)]
D argmm[ Tjlog — + ( z;) 0g 7

p. —p S~t- pnlggpnkapnk Spnl7l>k

Note that g, is identical to g. except for the replacement of L with Ljp. We prove that

gip 1s a tighter lower bound than g. and admissible via Proposition 7.

Proposition 7 Under the conditions of Definition 6,

ge(n) < gip(n)
for all nodes n € G. Furthermore,
gip(n) < argminf(p,0) such that pp, < - < puy, Doy < Puyyl >k
p,0

and therefore g,(n) is admissible.

Proof Conitzer et al. (2006) prove that L < Ljp. Note that g. and g, are identical besides
the replacement of L with Lyp. Thus g.(z) < g;p(x).
It was shown in Mandhani and Meila (2009) that Lrp < >, V. In tandem with the

proof of Proposition 5, g;, is admissible. [ |
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3.8.8  Approximate Estimation Algorithms

Exact MLE search algorithms in a Mallows model may be intractably slow when J is large
or consensus among judges is weak (Mandhani and Meila 2009). To deal with such cases,
approximate search algorithms have been proposed (Ali and Meila 2012). Here, we extend
two fast and accurate algorithms proposed by Fligner and Verducci (1988) and Cohen et al.
(1999), respectively. We also state a third approximate algorithm which improves the accu-

racy of the latter algorithm at a computational cost. Each algorithm is described in turn.

FV Algorithm

Under certain weak conditions, Fligner and Verducci (1988) found that the average ranking
is an unbiased estimator of the true consensus ranking in a Mallows model. The same paper
proposed an approximate search algorithm for the MLE by averaging each object’s rank
place across judges and ordering the averages from best to worst into an “average ranking”.
Then, one calculates the joint density of the data given the average ranking, as well as given
each ranking one Kendall distance unit away from the average ranking. The ranking with
the highest density in this small collection becomes the approximate MLE.

We propose a simple extension to the Mallows-Binomial model which we call “F'V”. First,
the algorithm calculates average rankings based on ratings alone and rankings alone. If a
distinct ordering of objects cannot be determined due to ties or partial rankings, all possible
ways to break those ties are included in the set. Second, we calculate the joint density of
the data given each of the average rankings and all rankings within one Kendall distance
unit from each of the average rankings. The ranking with the highest density becomes the

approximate MLE, 7y. Then, p and 6 are calculated conditional on 7.

Greedy Algorithm

Cohen et al. (1999) proposed a greedy algorithm to approximate 7. Specifically, their

algorithm iteratively estimates 7y by choosing the best available object at each ranking level
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from first to last. Here, “best” means the object which least lowers the joint likelihood of
the data given the current partial ordering. The algorithm is similar to the A* algorithms
from Section 3.3.2, except there is no side-to-side traversal in the tree, i.e., once an object is
selected for first place, that choice is never reconsidered. 6 is calculated conditional on #,.
We apply Cohen et al.’s algorithm to the Mallows-Binomial model using the density function

of the Mallows-Binomial instead of the Mallows, in what we call the “Greedy” algorithm.

Greedy Local Algorithm

The “Greedy Local” algorithm extends the Greedy algorithm with a local search. Specifically,
it runs the Greedy algorithm as stated and subsequently calculates the joint likelihood of the
data given 1y and all rankings within one Kendall distance unit away from 7. If no ranking
yields a higher likelihood than 7y, the search stops. Else, 7 is updated to be the ranking
with the current highest likelihood and the local search repeats until no better ranking is
found. Then, p and 0 are calculated conditional on .

The Greedy Local algorithm is slower than the Greedy algorithm, but guaranteed to
estimate a 7y which yields a likelihood at least as great as that from the Greedy algorithm.
When the Greedy algorithm identifies the exact MLE, the computational expense of per-
forming the Greedy Local algorithm will be minimal as only one round of local search is

performed.

3.8.4  Comparison of Algorithms

We now compare the speed and accuracy of estimation algorithms through a simulation
study. We ran 20 unique simulations for each combination of model constants I € {5, 20, 80},
M € {10,20,40}, J € {6,12,18}, and R € {6,12,18|R < J} and parameter 6 € {1,2,3}.
In each, we sampled p randomly from a Uniform[0, 1]7. Then, estimation was performed on
each data set using each of the 5 algorithms described in Section 3.3: Crude, LP, FV, Greedy,
and Greedy Local. The first two are exact algorithms while the latter three are approximate.

We now demonstrate results separately based on speed and accuracy of the algorithms.
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Speed

There are two useful metrics to consider when evaluating speed in graph search algorithms.
The first is overall time, which we measure in seconds. The second is the number of nodes
traversed, which signifies an efficient algorithm with respect to memory. While time may be
a more practically important metric, if the number of nodes traversed is substantially smaller
for a slower algorithm then potential improvements to memory time or code efficiency may
ultimately result in a faster algorithm. We compare algorithm speed in Figure 3.3 on the

basis of these two metrics.
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Figure 3.3: Comparison of Mallows-Binomial estimation algorithm speed based on time (left)
and number of nodes traversed (right) across different values of J, R, and #. Results are

aggregated over M and I.

Among the exact algorithms, the number of nodes traversed is comparable between both

yet computation time is somewhat higher for LP under most regimes. When exact search
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is desired, we recommend the Crude algorithm on the basis of these results. Regarding
the approximate algorithms, FV is substantially faster than the rest. This difference is
by approximately an order of magnitude in all regimes. Greedy and Greedy Local are
generally similar in speed to the Crude exact algorithm, a potentially disappointing result
given that Greedy and Greedy Local operate under no guarantee of providing an exact
solution. However, they exhibit consistent speed results, unlike the exact algorithms which

have some extreme slow-speed outliers.

Overall, we observe that estimation time generally increases as J increases and decreases
as 0 increases. These results should not be surprising: For large J, the algorithms can be
slow due to the massive parameter domain. When 6 is small, ranking consensus is weak
so search algorithms may be pulled into many distinct subspaces of the parameter domain.

Speed does not change substantially as R increases.

Accuracy

We measure accuracy of the approximate search algorithms using two metrics: The first
is the proportion of simulations in which each algorithm returns the true MLE. However,
incorrect estimates may be trivially different from the truth, which leads us to our second
metric: The Kendall distance to the true MLE. This measures how far away the estimated
ordering of the object quality parameters are from the exact 7y. We compare algorithm

accuracy in Figure 3.4 on the basis of these two metrics.

The proportion correct will be 1 and the Kendall distance to the true MLE will be 0
for both the exact algorithms, by definition. For the approximate algorithms, both metrics
suggest the order of least to most accurate approximate algorithm is F'V, Greedy, and Greedy
Local. We point out that even though FV was the fastest algorithm, it exhibits the worst
accuracy overall, especially when 6 is small. On the other hand, Greedy Local is quite often
exactly correct. Accuracy generally improves in all approximate algorithms as R increases,

which makes sense given that partial rankings equate to less preference information.
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Figure 3.4: Comparison of Mallows-Binomial estimation algorithm accuracy based on the
proportion of estimates equal to the true MLE (left) and the Kendall distance to the true
MLE (right) across different values of J, R, and 6. Results are aggregated over M and I.

Summary

This section provides insights for practitioners when selecting an estimation algorithm for the
Mallows-Binomial model. If exact MLEs are desired, the Crude algorithm is a good choice.
When approximations are satisfactory or required due to computational cost, especially when
J is large or postulated 6 is small, we recommend the Greedy Local algorithm due to its high

accuracy, or the FV algorithm for a fast and rough approximation of the consensus ranking.

3.4 Application: Grant Panel Review

We now apply our model to a real data set on grant panel review. After providing an

exploratory analysis, we display and interpret estimation results.
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3.4.1 Ezxploratory Analysis

We consider one specific instance of grant panel review conducted by the American Institute
of Biological Sciences (AIBS) during Fall 2020, where judges provided both ratings and
rankings (Gallo 2020). In the panel, 9 judges discussed 18 proposals. They were allowed to
assign ratings between 1.0 and 5.0 in single decimal point increments. Scoring each proposal
in turn after an open discussion, judges were asked to provide top-6 partial rankings in
private. Ranking ties were not allowed. Since judges discussed every proposal, a proposal
not receiving a top-6 ranking was deemed worse than each of the ranked top-6 proposals.
With a few exceptions, all judges rated all proposals and ranked their top 6. One judge rated
only one proposal and did not provide a ranking; another did not provide a ranking, and
a third only provided a top-5 ranking. Based on information from the AIBS, missing data
occurred for reasons independent of any characteristics of the proposals, such as child care
or family responsibilities as panel review discussions occurred remotely during the Covid-19
pandemic. Thus, we can assume the missing data to be missing completely at random. In
this case, estimation using all available (partial or complete) rankings and ratings will not
be biased (Little and Rubin 2019). If missingness was due to circumstances related to object
quality, for example, one would have to carry out a different treatment of missing data (Little
and Rubin 2019). Figure 3.5 summarizes the ratings and rankings received by each proposal.

We observe a variety of scoring and ranking patterns by proposal. For some proposals,
all judges gave identical ratings, while for others there was wide disagreement among judges.
We notice that proposals with moderate ratings tend to have higher variances than those
with generally high or low ratings. These observations suggest that Binomial rating models
are reasonable for this data.? For rankings, 13 of the 18 proposals were in at least one judge’s
top-6 ranking. However, Figure 3.5 shows that a smaller subset of proposals were ranked
by a majority of the judges (e.g., proposals 1, 6, 7, and 14). Separately, we also measure

the consistency between rankings and ratings at the judge level. If the rankings were to

2 Additional calculations shown in Appendix A.4 indicate that the observed ratings’ variance for each
proposal are roughly centered around the theoretical variances based on Binomial rating models.
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Figure 3.5: Exploratory data analysis of the Fall 2020 AIBS grant panel review data. Ratings
(top) displays raw ratings in black and summary boxplots in gray; rankings (bottom) are

displayed using stacked bar charts that are colored by rank place.

always align with the order of the ratings, for example, the rankings may be thought of as
providing little additional information. To quantify this, we measure the Kendall distance
(i.e., the number of pairwise disagreements) between each judge’s partial ranking and the
implied order of his/her ratings. When a judge assigns equal ratings to any two proposals or
does not rank any two proposals, we do not count potential inconsistencies between them.
We found the Kendall distances between each judge’s partial ranking and rating-implied

ranking to be {2,4,4,5,7,11,22}, ordered from least to greatest. Given that each judge only
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provided a top-6 ranking of the proposals, there is substantial discordance between rankings
and ratings at the judge level; no judge was internally consistent. We believe this further
motivates the use of a combined model for rankings and ratings for this data set.

The AIBS is principally interested in identifying which proposals should receive fund-
ing. While thematic and other considerations also contribute to funding decisions, funding
agencies rely on peer review to identify which proposals are quality proposals and whether
proposals can be ordered or tied in quality. Thus, both estimating proposal quality param-
eters and identifying a consensus ranking are of interest. Understanding uncertainty in the
estimated consensus ranking is key for understanding if objects are of similar quality.

We fit a Mallows-Binomial model to the data, in which M = 40, I = 9, J = 18, and
R = 6. In doing so, we make note of a few assumptions. First, we assume that each proposal
has a true underlying quality. The underlying qualities imply a true ordering of the proposals
from best to worst, which we seek to estimate. Second, we assume that the population of
judges is homogeneous in its preferences. This may be interpreted as assuming that all judges
use the same criteria when ranking or rating and that all variation in ratings and rankings is
due to random chance, as opposed to true ideological differences. Third, we assume that all
ratings and rankings, even those provided by the same judges, are conditionally independent

given the latent true underlying quality of a proposal and the level of consensus strength.

3.4.2 Results

We now present the MLE and the associated bootstrapped 90% confidence intervals of the
consensus scale parameter 6 and object quality vector p. Confidence intervals are based
on 200 bootstrap samples. Table 3.1 contains parameter estimates and Figure 3.6 displays
expected ratings and associated confidence intervals overlaid on the judges’ observed ratings.

As shown in Figure 3.6, the MLEs of the expected ratings are approximately equal to the
means of the observed ratings. However, confidence bands reflect information obtained from
both ratings and rankings. For example, proposals 8 and 16 have lower confidence limits that

are much lower than the minimum rating they received, which is unusual for a measure of the
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Parameter MLE 90% CI Parameter MLE 90% CI

9 0529 (0.421,1.124) | po 0416 (0.308,0.525)
p 0272 (0.239.0.306) | pn 0.684 (0.642,0.730)
P2 0.683 (0.626,0.729) P12 0.656 (0.565,0.711)
s 0.666 (0.544,0.766) |  pis 0522 (0.481,0.565)
Py 0.575 (0.553,0.616) |  piy  0.169 (0.150,0.186)
ps 0563 (0.511,0.646) |  pi5 0463 (0.374,0.541)
D6 0.400 (0.325,0453) |  pig  0.683 (0.646,0.698)
e 0.153 (0.103,0.199) |  p;y  0.866 (0.850,0.875)
ps 0750 (0.711,0.750) | pis 0.484  (0.444,0.541)
Po 0.563  (0.526,0.583)

#o = {7,14,1,6,10,15,18,13,5,9,4,12,3,16,2, 11,8, 17}

Table 3.1: Maximum likelihood estimates of Mallows-Binomial parameters for the Fall 2020

AIBS grant panel review data.

expected (mean) rating. This likely occurs since they were each ranked comparatively better
than the ratings they received on average. We also notice that a few proposals share the
same MLE of true underlying quality but are strictly ordered (i.e., not tied) in the consensus
ranking. For example, proposals 5 and 9 correspond to p; = pg = 0.563, but proposal 5 is
ranked higher than proposal 9 in 7y. In this case, proposal 5 received a marginally worse
average rating than 9 but was ranked higher. Thus, the model can capture a difference in
ranking while suggesting the true underlying quality is likely nearly identical. See Appendix
A 4 for an exploration of model fit.

We display the estimated consensus ranking and associated 90% ranking confidence in-
tervals for each proposal based on the Mallows-Binomial model in Figure 3.7. Additionally,
we show results that would be obtained under four separate ranking or rating aggregation

models. The first model, Converted Ratings, uses ratings and rankings converted into rat-
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Figure 3.6: Maximum likelihood estimates (MLE) and 90% confidence intervals of expected
score (black) overlaid with raw ratings (gray), by proposal. The order of proposals on the

x-axis aligns with the MLE of the consensus ranking, 7.

ings for each judge such that the first-ranked object receives that judge’s best rating, the
second-ranked object receives that judge’s second-best rating, etc., as suggested by Li et al.
(2009). Then, the model uses independent Binomial rating distributions for each proposal
(no rankings are modeled). The second comparison model, Only Ratings, is identical to the
first but excludes all rankings. The third comparison model, Converted Rankings, uses rank-
ings and ratings converted into rankings for each judge by simple ordering (ties are broken
at random). Then, a Mallows distribution is used to model the ranking data. The fourth
comparison model, Only Rankings, is identical to the third but excludes all ratings. We note
that Converted Ratings and Converted Rankings use all the available data (after conversion)
and therefore provide the most direct comparison to the Mallows-Binomial, while Only Rat-
ings and Only Rankings are limited by the exclusion of certain preference data; none of the

comparison methods jointly model the original rankings and ratings. Confidence intervals
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for each model are based on 200 bootstrap samples.
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Figure 3.7: Estimated ranks and 90% confidence intervals for the Mallows-Binomial model
based on ratings and partial rankings and four competing models based on: (1) ratings
and rankings converted into ratings in Binomial models (Converted Ratings), (2) ratings
in Binomial models that exclude rankings (Only Ratings), (3) partial rankings and ratings
converted into rankings in a Mallows model (Converted Rankings), and (4) rankings in a
Mallows model that excludes ratings (Only Rankings). The order of proposals on the x-axis

aligns with the MLE of the consensus ranking in the Mallows-Binomial model.

We observe in Figure 3.7 that the Mallows-Binomial model provides a sensible estimated
ranking for each proposal: Each proposal has a unique point estimate for rank place and the
associated 90% confidence intervals reflect the ratings and ranks it received. For example,
proposal 7 was ranked first by 5 of the 7 judges and had the best average rating, but proposal
14 was highly ranked by many judges and received a similarly high average rating. Thus, the
90% confidence intervals of (1,2) for the rank place of proposals 7 and 14 appear appropriate.

On the other hand, proposal 3 received the 13th best average rating, which corresponds to
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its point estimate for rank place. However, its 90% confidence interval (7,17) for rank place
is appropriately wide given its wide range of ratings (minimum 15, maximum 35) and a
single fourth-place ranking, which injects uncertainty into the model. In general, confidence
intervals are narrow when consensus between ratings and rankings across judges is strong

and are wider otherwise.

Results from the Mallows-Binomial model improve upon results from the other models
in unique ways. The Converted Ratings and Only Ratings models provide similar rank
place point estimates to the Mallows-Binomial model, but confidence intervals that may
be considered inappropriate. Converted Ratings provides narrow intervals that reflect an
artificially inflated sample size (resulting from combining both original and converted ratings)
but does not account for uncertainty arising from converting rankings into ratings. Using
only ratings limits the amount of information on judges’ perception of proposal quality via
rankings, which naturally leads to a loss in precision. However, sometimes the Only Ratings
model exhibits narrower confidence intervals than the Mallows-Binomial model when ratings
are consistent but rankings are not, which still falsely reflects the true combined preferences
of the judges. The Converted Ratings and Only Ratings models do not estimate the consensus

scale parameter 6.

Point estimates and confidence intervals from the Converted Rankings and Only Rankings
models differ substantially from those of the Mallows-Binomial. Differences are particularly
apparent for proposals ranked in 7th place or worse, as those proposals generally have less
data due to the partial rankings collected. The Converted Rankings model loses precision
compared to the Mallows-Binomial model in the top ranking places, despite having the same
number of observations, since ratings converted into rankings via ordering lack information
on the strength of the difference in quality between proposals. The Only Rankings model has
even less precision, since the complete exclusion of ratings and limited information provided
by partial rankings constrains inference on the many proposals that were never or rarely
ranked and leads to uninformative and insensible rankings. For example, proposals 2, 4, 9,

11, and 17 have near-identical and wide confidence bands as they were never ranked, while
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proposals 3, 5, 8, 12, 13, 16, and 18 have even wider confidence bands since they were ranked
only by a few judges. Furthermore, the Converted Rankings and Only Rankings models do
not estimate the object quality parameter vector p.

Results from the Mallows-Binomial model allow us to compare proposals with confidence.
For example, the model suggests that proposals 7 and 14 are of similarly high quality, and that
proposals 1 and 6 are clearly worse than 7 and 14 but uncertain in order between themselves.
These types of comparisons may be useful when drawing a funding line at the AIBS. If the
AIBS can fund, for example, only 6 proposals, then using 90% marginal confidence intervals
by proposal they should fund proposals 7, 14, 1, 6 and select two additional proposals
between 10, 15, and 13 (perhaps based on point estimates or a random lottery; see Fang
and Casadevall (2016), Roumbanis (2019), and Heyard et al. (2022) for further discussion of

partial lotteries in peer review).
3.5 Discussion

In this chapter, we proposed the first unified statistical model for rankings and ratings
that does not involve data conversion, the Mallows-Binomial model. We formulated a com-
putationally efficient algorithm to find the exact maximum likelihood estimators of model
parameters and demonstrated statistical properties of the model such as bias, consistency,
and variance of estimators. This research aligns well with the recommendations from a peer
review study at the 2016 Neural Information Processing Systems conference that recom-
mended using both rankings and ratings to gain benefits from each data format (Shah et al.
2018). That study also emphasized the need to design algorithms to efficiently combine rat-
ings and rankings for further guidance on conference submission quality (Shah et al. 2018,
p.27).

We applied the Mallows-Binomial model to grant review data which collected both ratings
and partial rankings from a panel of judges. The model was used to identify a consensus
ranking based on the ratings and partial rankings. The estimated consensus ranking was

different from what would be obtained with comparable models for (converted) ratings or
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rankings alone. Furthermore, we demonstrated a method to obtain confidence bands of
proposal qualities and/or rank places via the bootstrap that can be used to select proposals
that are preferred by reviewers with statistical confidence. Confidence bands clearly reflect

information from both ratings and rankings provided by the judges.

The proposed model is useful whenever both rankings and ratings for a collection of
objects are available. Beyond the example presented here, this may occur in a variety of
contexts. For example, relevance of webpages to a search query may be measured from
different systems using either numerical metrics (ratings) or ordinal comparisons (rankings).
In this example, the object quality parameters would measure both relative and absolute
relevance to the search query, and the scale parameter would represent consensus among the
systems. If ratings and rankings arise from the same system, rankings may help break ties
when ratings are close; if different systems are used to provide different ratings and rankings,
using all available data increases estimation precision. In contrast to methods that convert
rankings and ratings into data of a single type, the proposed model removes the potential
introduction of error by using information from both sources directly. Yet, it allows for using
both rankings and ratings to express different types of comparisons and levels of granularity
in preferences. Furthermore, because both types of data are incorporated in a statistical
model, this allows for uncertainty quantification in the estimation of true underlying quality
and strength of consensus when both ratings and rankings are present using standard model-

based statistical approaches.

Estimation methods presented in this chapter for the Mallows-Binomial model can be
improved or extended upon in a number of ways. Computational efficiency of estimation
may be improved via a different heuristic function in the A* algorithm and permit exact es-
timation of the model in the presence of a large number of objects. Approximate algorithms
may be improved to increase accuracy and/or speed. In addition, alternative Bayesian es-
timation methods may be developed by extending the work of Vitelli et al. (2018) on the
Mallows model. Model components may also be generalized: The Beta-Binomial or Pois-

son distributions may replace the Binomial rating distribution component in our proposed
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model if one was interested in accounting for differences in the variance of object ratings
among judges or working with rating data with no theoretical maximum value, respectively.
Additionally, the Generalized Mallows distribution (Fligner and Verducci 1986) or Infinite
Generalized Mallows distribution (Meila et al. 2012) may replace the ranking distribution
component of our proposed model. The Bradley-Terry-Luce family of ranking distributions
may also replace the ranking distribution component to allow for additional types of ranking
data, such as pairwise or groupwise comparisons. Lastly, the model may be considered in
a latent class framework to identify the presence of and to measure local consensus among
heterogeneous preference groups, e.g., by extending earlier work on the mixture of Mallows
distributions (Busse et al. 2007) or Plackett-Luce distributions (Gormley and Murphy 2006;
Gormley et al. 2009). In fact, extensions to Bayesian estimation, Bradley-Terry-Luce rank-
ing distributions, and latent class models to estimate preference heterogeneity will all be

addressed in the following chapter.
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Chapter 4

BAYESIAN CLUSTERING OF PREFERENCES
WITH RANKINGS AND RATINGS

This chapter is based on Pearce and Erosheva (2023) and was written in collaboration
with Dr. Elena A. Erosheva. This work was supported by the National Science Foundation
under Grant No. 2019901.

4.1 Introduction

To our knowledge, the Mallows-Binomial model proposed in Chapter 3 is the first and only
joint statistical model for rankings and ratings that does not rely on data conversion. The
model shares parameters between Mallows and Binomial distributions for rankings and rat-
ings, respectively, which may be used to perform inference on the absolute and relative qual-
ities of objects. The model does not require judges to provide internally consistent rankings
and ratings. However, it has three major drawbacks that limit practical applicability. First,
it requires rankings to be either top-r or complete lists of objects. Thus, Mallows-Binomial
cannot accommodate pairwise comparisons or cases when different judges have access to
different sets of objects (i.e., “separate ballots”). Second, Mallows-Binomial does not allow
for heterogeneity. Third, rankings that follow a Mallows distribution do not satisfy Luce’s
Choice Axiom (Luce 1959), which implies the “independence from irrelevant alternatives”
criterion (Marden 1996).

The work in this chapter is motivated by the following three applied settings: (1) as-
sessment of papers to large academic conferences where, for practical reasons, each reviewer
only evaluates a small subset of proposals using pairwise or groupwise comparisons; (2) panel

review of a small number of grant proposals where reviewers may adhere to distinct ideolo-



49

gies regarding what type of proposals are preferred; and (3) survey data where heterogeneity
and missing data are common. In each, rankings and ratings are of practical use, yet no
statistical models exist to estimate group preferences and the associated uncertainty by using

rankings and ratings jointly. We describe each setting below in greater detail.

Setting 1: Paper Selection in Large Academic Conferences We first consider quality
assessment of papers submitted to large academic conferences, where no single reviewer
evaluates all papers. This situation closely mirrors that studied by Liu et al. (2022) in
computer science, although so-called “distributed peer review” systems have been observed
in astronomy as well (Merrifield and Saari 2009; Patat et al. 2019; Meyer et al. 2022). We
suppose a large number of papers are submitted to a conference and only a small subset may
be accepted. To make decisions, each paper is assigned a few reviewers and each reviewer
is assigned a few papers to review, such that reviewers generally assess overlapping subsets
of papers. A simple method for collecting preferences is to ask each reviewer to rate each of
their assigned papers on a clearly-defined, discrete “common scale”. Then, the papers with
the best average ratings are selected for acceptance. However, this approach is suboptimal
because (1) ratings may be inconsistent since reviewers may interpret the scale in unique
ways (Baumgartner and Steenkamp 2001), and (2) delineating the papers based on average
ratings may be impossible or imprecise since average ratings can produce ties or near ties,
especially when the scale is coarse or the paper is assessed few times. We note that finding
additional reviewers may be impractical. In addition, increasing the granularity of the rating
scale may not increase precision, but instead increase noise (Miller 1956; Jones and Loe 2013).
We will demonstrate that these problems can be addressed by the introduction of rankings.
Both NeurIPS 2016 and ICML 2021 collected rankings from reviewers in addition to ratings
(Shah et al. 2018). Still, a principled statistical method by which to incorporate rankings
and ratings jointly that could be applicable to such settings does not exist. Because such
conferences typically handle high volumes of paper submissions (Shah et al. 2018), we focus

only on point estimation of paper quality and do not estimate any potential heterogeneity.
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Setting 2: Proposal Selection in Grant Panel Review under Heterogeneity In
grant panel review, reviewers evaluate a small number of grant proposals with respect to
some criteria such as scientific merit. Often, mean ratings are used to communicate proposal
quality for funding decisions, even though they exhibit similar problems to those described
in the previous setting. At a time of funding scarcity—for example, RO1 research award rates
at the National Institutes of Health vary between 10 and 20% (Erosheva et al. 2020)-it is
most important to obtain clear and accurate demarcation of proposals at the top. As such,
the addition of top-r rankings, in which r is slightly larger than the number of proposals
to be funded, may be useful. Top-r rankings provide additional information on the “best”
proposals without creating a substantial cognitive burden on reviewers to rank each and every
proposal. We studied this setting in Chapter 3 using the frequentist Mallows-Binomial model
under the assumption of a single ground-truth ranking of proposals (i.e., no heterogeneity).
Lee (2012) studied heterogeneity in peer review, arguing that research commonly overlooks
normatively appropriate disagreements among reviewers. Additionally, Mallows-Binomial
is unable to account for situations in which not all reviewers assess every proposal due to
reviewer burden or conflicts of interest. The model developed in this chapter can handle
incomplete or partial rankings and estimates heterogeneous preferences among reviewers
and the associated uncertainty, and therefore allows for accurate decision-making at the top

of the list.

Setting 3: Modeling of Survey Preference Data under Heterogeneity The third
setting relates to the analysis of survey data, where survey respondents express preferences
on a collection of items. We study a survey dataset on the sushi preferences of Japanese
adults (Kamishima 2003). Respondents provided a complete ranking of ten sushi types and
rated them on a 5-point scale. The coarse rating scale leads to frequent ties between items.
Furthermore, many respondents rated only a few sushi items, creating a substantial amount
of missing data. Given the limited available data, we demonstrate how our proposed model

accurately combines information from rankings and incomplete ratings to model preferences
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of respondents and identify heterogeneity.

In this chapter, we propose a flexible, joint statistical model for rankings and ratings under
heterogeneity: The Bradley-Terry-Luce-Binomial (BTL-Binomial). Using a computationally-
efficient Bayesian Mixture of Finite Mixtures (MFM) Miller and Harrison (2018); Frithwirth-
Schnatter et al. (2021), we simultaneously estimate both the amount and type of heterogene-
ity among judges. We develop tools for model interpretation and goodness-of-fit assessment,
and illustrate those on real and simulated datasets from the three motivating settings to
demonstrate the value and practicality of analyzing preferences jointly with rankings and
ratings.

The rest of the chapter is organized as follows. In Section 4.2, we describe the BTL-
Binomial MFM approach for jointly modeling rankings and ratings under heterogeneous
preference ideologies. Section 4.3 develops tools for Bayesian estimation under fixed and
unknown numbers of clusters and proposes tools for model assessment. We use simulated
and real data from our three motivating settings to illustrate the proposed model in Section

4.4. We conclude with a discussion in Section 4.5.
4.2 Bradley-Terry-Luce-Binomial Model

Suppose I judges assess J objects. Let & = {1,...,J} be the complete set of objects
and S; C S be the subset assessed by judge i. Let R; = |S;| be the size of S;. Let
I, = {I1;(1) < T;(2) < -+ < II;(ry)} be judge i’s ranking of length r; < R;, such that
IT;(r) is the r™-most preferred object by judge i among S;. Let X;; € {0,1,..., M} be the
rating of judge 7 to object j, such that 0 is the best and M the worst. This reversed rating
scale maintains a symmetry with rankings, in that numerically low ratings correspond to
numerically low rankings.

Suppose a judge assesses J objects using a ranking, II, and ratings, X. Assume II is of
length R < J, and each rating X;, j € S, is an integer between 0 (best) and M (worst).
S, R, and M are fixed and known. Under a Bradley-Terry-Luce-Binomial (BTL-Binomial)
distribution, their joint probability is given by:
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I, Xy, ..., X, are mutually independent.

The BTL-Binomial model combines a BTL ranking distribution parameterized by worth
parameters w; = exp(—6p,) and a Binomial rating distribution for each object, with Binomial
probability p,;. As in Chapter 3, we call p the object quality vector and 6 the consensus scale
parameter. The parameter p contains the underlying object qualities on the unit interval
and appears in both ranking and rating components of the model, thus tying together their
estimation to learn preferences. € measures the strength of ranking consensus.

The Binomial rating parameterization is straightforward and follows the rating parame-
terization of Chapter 3. The BTL ranking parameterization that sets each w; to exp(—6p;)
is new and requires further explanation. Note that small values of p; correspond to large wj,
since a small-valued object quality parameter corresponds to a high-quality object, which
should thus be ranked highly with greater probability (and vice versa). The parameteriza-
tion maintains the exponential distance interpretation of the Mallows and Mallows-Binomial
models, in that ranking probabilities are determined based on an exponential relationship
with rate controlled by 6 (Fligner and Verducci (1986); Chapter 3.2). Here, the difference
between the underlying qualities of two objects, pg—pa, is the distance that controls pairwise
ranking probabilities. That is because,

exp(—6pa) _ 1
exp(—0pa) + exp(—Opp) 1+ exp(—0(ps —pa))

P[A< B] =

The parameterization also removes the standard identifiability concern of BTL models be-
cause the worth parameters are now constrained to the interval [exp(—6), 1] and anchored

via the ratings. This claim is made formally in Theorem 8.
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Proposition 8 Let M, J, and R be fized and positive integers such that R < J. Then the
BTL-Binomial(p,6) model is identifiable.

Proof Let P,y denote the probability distribution of ratings X and rankings II under a
BTL-Binomial(p, §) model. Let 6,0y > 0 and py, ps € [0, 1]/ such that Py, ,, = Ps,,,. Given
M, the standard Binomial distribution is identifiable. Thus, for 7 = 1,...,J and arbitrary
X, we know that Py, ,, = Py, p, if and only if p; = p,. Continuing under this assumption, it

remains to show that P, o, = P9, <= 0 = 02. Note that,

Pplﬂl = Pp1,92
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We now interpret BTL-Binomial parameters. The vector p reflects object quality, in which
values close to 0 indicate relatively high quality and values close to 1 indicate relatively low
quality. Comparisons between object quality parameters are also possible. For example,
if objects 1 and 2 have quality parameters p; = 0.1 and py = 0.11, respectively, we may
assume that the objects are of very similar quality, but that object 1 is slightly better than
object 2. If the object qualities are instead p; = 0.1 and p; = 0.9, object 1 is clearly better
than object 2. Beyond comparisons of specific values, p may be ordered to form a consensus
ranking, denoted my. For example, if p = [0.5 0.55 0.1 0.9] in a four object system, the
consensus ranking is mp = 3 < 1 < 2 < 4. Here, we say objects 1 and 2 are similar in
quality, but object 3 is clearly highly quality than object 4. The consensus scale parameter
0 is harder to interpret and may be considered a nuisance parameter. Most directly, 6 is
an input for calculating the probability that some object A is selected over object B in a

pairwise tournament. For example, if pgp — p4 = 0.1, then the probability that object A is
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selected over B is 1/(1 + exp(—0.1 x 6)) (see Table 4.1). Higher (lower) values of 6 imply

rankings among judges will be more (less) similar to each other.

0 1 5 10 20 40
P[A < B|0,pg —pa=0.1] 0.525 0.622 0.731 0.881 0.982

Table 4.1: Pairwise ranking probabilities given pg — p4 = 0.1 under various 6.

4.2.1 MFM Approach to Estimating Heterogeneity
Heterogeneous Preferences

Standard preference models rely on the assumption that each object has a single, true un-
derlying quality. This assumption is inappropriate when judges exhibit heterogeneity. For
example, voters of different political parties may have diverging opinions of candidates. An-
other example arises in peer review, where reviewers may adhere to distinct ideologies for
what constitutes promising research based on their background and training (Lee 2012). In
such situations, we say the judges exhibit heterogeneous preference ideologies.

A latent class mixture model can be used to capture heterogeneous preference ideologies.
Mixture models have been used in the context of both Mallows (Busse et al. 2007; Ali
et al. 2010; Meila and Chen 2012; Liu and Moitra 2018) and BTL distributions (Gormley
and Murphy 2006; Gormley et al. 2009; Mollica and Tardella 2017). To the best of our
knowledge, no joint statistical model for rankings and ratings under heterogeneity exists.
Latent class preference models generally assume there exist K preference ideologies and that
each judge adheres to precisely one. Latent classes represent the preference ideologies, such
that each class k € {1,..., K} has its own set of parameters. We let Z; = k denote judge i’s
class.

The true number of preference classes, K, is often unknown and must be identified or

estimated. Most of the literature on heterogeneous preferences fits separate models un-
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der various choices of K and selects the best-fitting or most parsimonious model via some
goodness-of-fit criteria (Gormley and Murphy 2006; Mollica and Tardella 2017). However,
it is also possible to estimate K probabilistically. A vast Bayesian literature exists regard-
ing these models (Antoniak 1974; Richardson and Green 1997; Pitman and Yor 1997; Nobile
2004; McCullagh and Yang 2008; Miller and Harrison 2018; Frithwirth-Schnatter et al. 2021).
We elect to use a Mixture of Finite Mixtures (MFM) approach. MFMs can be described
as Bayesian latent class mixture models in which the number of classes itself is a random
variable and assigned a prior. In their most general form, MFMs are easily interpretable
and consistent for the true number of classes as the sample size grows (Miller and Harrison

2018).

BTL-Binomial MFM Model

We now propose a joint statistical model for rankings and ratings under heterogeneity. Under
the BTL-Binomial MFM model, the observed preference data Il and X are assumed to arise

from the following generative model:

K ~ fx(+) frisapmfon {1,2,...}
v~ fy () [, is a pdf on R*
7| K,y ~ Dirichletg (7, ...,7) (42)
(e, 00) % foo(:) fpois a pdfon [0,1]7 x RT
Zi|m w Categorical(my, ..., k)

ind.

I, X;|Z; = k,p,0 ~ BTL-Binomial(py, 0%)

We briefly interpret the generative model in Equation 4.2. The number of heterogeneous
preference ideologies, K, is drawn from a prior. Independently, a concentration parameter
~v > 0 is drawn from a hyperprior, where v controls the concentration of class weights between
sparsity (few classes have substantial weight) and equality (all classes have equal weight).

The class weights, m = (7, ...,7k) are then drawn from a symmetric Dirichlet prior. Given
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K, class-specific preference parameters (pg, 0x) are drawn from a prior for each class k. After
drawing the class label Z; for each judge i, their ranking and ratings (II;, X;) are drawn from

a BTL-Binomial distribution with class-specific parameters.

4.2.2  Prior Selection

Table 4.2 summarizes model priors and hyperpriors. Following an example in Frithwirth-
Schnatter et al. (2021), we assign K a shifted Poisson prior such that K — 1 ~ Poisson(\).
The shifted Poisson gives mass only to positive integers. Next, we note that + controls
the homogeneity in class size. We assign v a Gamma(&;, &) hyperprior, as suggested in
the Dirichlet Process Mixture (DPM) (Escobar and West 1995; Jara et al. 2007) and MFM
(Miller and Harrison 2018) literatures. When ~ is small, we expect some large, small, or
even empty classes; when v is large the classes are expected to be roughly uniform in size.
We assign 7 (class weights), a symmetric Dirichlet prior with concentration parameter ~.
This so-called “static” MFM is simple and common (Frithwirth-Schnatter et al. 2021). We
assign the BTL-Binomial parameters pj; i.i.d. Beta(a, b) priors, which are not conjugate but

simplify the posterior given Binomial ratings. We assign 6y, i.i.d. Gamma(~;,72) priors.

Parameter Interpretation Prior
K Number of Ideology Classes Poisson(K — 1|\)
v Dirichlet Concentration Parameter Gamma(v|&1, &)
T Class Weights Dirichletg (7|, ...,7)

Dk, Ok BTL-Binomial Preference Parameters szl Beta(pj;i|a, b) x Gamma(b;|v1, 72)

Table 4.2: Priors for the BTL-Binomial MFM Model.

Hyperparameter settings may be highly influential. A influences the prior expectation on
K, such that E\[K] = A\ + 1. However, the Dirichlet concentration parameter v allows for

unequal weights between classes, thus influencing the number of non-empty classes, K+ < K.
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Values of v close to 0 allow for parsimony in the case of no heterogeneity; values greater
than 1 give high probability to KT = K. The conditional prior density on K given ~y
can be calculated exactly based on the work of Greve et al. (2022) and Frithwirth-Schnatter
et al. (2021), as implemented in the R package fipp (Greve 2021). Selection of A is highly
dependent on context; we suggest choosing the Gamma hyperparameters &, & to provide
density to v € [0,3], which corresponds to substantial probability that K™ may be any
integer between 1 and K. For the Beta hyperparameters, a = b = 1 leads to a proper
and minimally informative Uniform prior. Instead, selecting a and b via an empirical Bayes
approach based on the observed ratings may improve estimation efficiency. For the Gamma,
hyperparameters on 6, setting 7, = 1,7, = 0 leads to a flat but improper prior. We suggest
choosing values to provide substantial density in the region # € [5,35], which corresponds to

varying but reasonable levels of consensus.
4.3 Bayesian Estimation

4.3.1 FEstimation of BTL-Binomial MFM Model

Until recently, MFM models have been computationally challenging to estimate due to diffi-
culties associated with reversible jump MCMC (RJMCMC), the primary available estimation
tool (Nobile 2004; Phillips and Smith 1996; Richardson and Green 1997; McCullagh and Yang
2008). Miller and Harrison (2018) proved theoretical connections between MFM and DPM
models, thus expanding the toolkit and improving speed. Subsequently, Frithwirth-Schnatter
et al. (2021) proposed the “telescoping sampler” which drastically lowered the computational
burden of fitting MFM models. Their work cleverly decomposes the total number of latent
classes, K, from the number of non-empty classes, K. Separating these quantities permits a
simple Gibbs-type sampler (e.g., no RIMCMC) that is similar in form to those for Bayesian
mixture models with fixed K. We adapt the telescoping sampler for the BTL-Binomial MFM
model, which is presented in Algorithm 1. Further details of the algorithm can be found in

Appendix B.1.
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Algorithm 1 Telescoping Sampler for BTL-Binomial MFM Model

Algorithm Parameters: BGbbs pMH 012), o3, ag

1. Initialize: Select starting values for K, 7, 7, px, and 0y for k € {1,..., K}, at random.

2. Gibbs Iterations: Repeat Bgipns times:

(a) Update Z and K™:

i. Sample Z;, i =1,...,1, using

) T, P, K
Zk’:l Kk/l [‘<17111|22 - klapk’76k’]

ii. Calculate N, = 32, I{Z; = k} and K+ = I | I{N,, > 0}, where I{-} is the

indicator function. Relabel the classes such that the first K are non-empty.

(b) Update (Non-Empty) Class Parameters: For k = 1,..., K repeat BMH times:

i. Sample each pj, j = 1,...,J, via random-walk Metropolis-Hastings

(RWMH) with proposal distribution Normal(p;y, 3).

ii. Sample ), via RWMH with proposal distribution Normal(6y, o7 ).

(c) Update K and ~:

i. Sample K|K™, v such that K > K using

K! ['(vK)
(K — KNI T(I + 1K)

PIK|K™ 7] o fx(K)

ii. Sample v|Z, K via RWMH with proposal distribution Normal(~, 03) using

K+

P(K) 77PN +7)
711

(d) Update Empty Classes and

i. If K > KT, sample (pg, 0,) directly from its prior for k = K+ +1,..., K.

ii. Sample 7|K,~y, Z o Dirichlet(y + Ny,...,v+ Ng).
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4.3.2  Estimation Under a Fized Number of Clusters

The number of clusters, K, may alternatively be considered known and fixed. In such
contexts, we may assume the following generative model, which we call the Bayesian BTL-

Binomial latent class mixture model:

v~ f5() fy is a p.d.f. on R*

7|y ~ Dirichletg (7, ...,7)

(k, Ok) ~ foo(+) frois ap.d.f. on [0,1]7 x R* (4.3)

Zi|m w Categorical(my, ..., Tk)

1L, X;| Zi = k, p, 0 "% BTL-Binomial (py, 0y)

Note that Equation 4.3 is identical to Equation 4.2 for the BTL-Binomial MFM model, less
the initial sampling of K. Furthermore, we assume the same priors f, and f, 4.
We estimate the Bayesian BTL-Binomial latent class mixture model using the Gibbs

sampler proposed in Algorithm 2. Further details of the algorithm can be found in Appendix
B.1.

4.8.83 Mazimum A Posteriori Estimation Under a Fized Number of Clusters

Third, we note that maximum a posteriori (MAP) estimates may be desired in the Bayesian
BTL-Binomial latent class mixture model presented in Equation 4.3 for the purpose of
point estimation, decision-making, or prediction. Therefore, we propose an Expectation-
Maximization (EM) algorithm in Algorithm 3. Further details of the algorithm, including
a discussion of how to select priors which align MAP estimators with frequentist maximum

likelihood estimators (MLE), can be found in Appendix B.1.
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Algorithm 2 Gibbs Sampler for BTL-Binomial Latent Class Mixture Model

Algorithm Parameters: B¢ BMH o2 52 52

1. Initialize: Select starting values for 7, 7, pg, and 6y for k € {1,..., K}, at random.

2. Gibbs Iterations: Repeat Bgipns times:

(a) Update Z: Sample Z;, i = 1,...,1, using

WkP[X“H ‘Z =k pk,ek]

P\Z, = k|m,p,
[ | P ] Zk’ 17Tk’P[X27H|Z =K » Dk ek’]

(b) Update Class Parameters: For k = 1,..., K, repeat BM! times:

i. Sample each pjz, j = 1,...,J, via random-walk Metropolis-Hastings

(RWMH) with proposal distribution Normal(pjx, 7).

ii. Sample ), via RWMH with proposal distribution Normal(6y, 03).

(c) Update : Sample v|w via RWMH with proposal distribution Normal(y, 0?) using

Ply|r] o fo(y

||EN

(d) Update 7: Sample 7|y, Z o Dirichlet(y+ Ny, ..., v+ Nk), where N, = > I{Z, =
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Algorithm 3 MAP Estimation via EM in the BTL-Binomial Latent Class Mixture Model

Algorithm Parameters: tol > 0

1. Initialize: Select starting values for 7, 7y, px, and 6 for k € {1,..., K}, at random.

2. EM Iterations: Repeat until convergence, which we define as when the absolute differ-

ence in the model log likelihood between iterations is below the prespecified tol:

(a) E-Step: For each unique pair (i,k), i =1,...,] and k =1,..., K, calculate

TP X3, 1| Z; = K, pr, Ok

Zik = Ew, ,G[Zik|Hia Xi] =
b 2521 Wk’P[Xiv H2|Z1 — k,7pk'7 ek']

(b) M-Step: Maximize the unknown parameters (7, v, p, §) sequentially:

i. Update 7 according to,

K
m=argmax| Ey x| log L(II, X, Z|m,p,0)| + log f(m]y) | subject to =1
|
s k=1
Y14
Ky—-K+1

e T =
ii. Update ~ via numerical optimization according to,

v = arg maX<10g f(7|y) +log f(v))

iii. Update each (pg, ;) via numerical optimization according to,

(Pr: Or) = arg maX(EZ\X [log £(IL, X, Z|m,p,0)] + log f(px, 9k)>

POk

I
= arg max( Z Zi log (BTL—Binomial(Hi, Xilpr, Gk)) + log f(px, Qk)>
i=1

POk
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4.8.4  Model Assessment

In both the BTL-Binomial MFM and related BTL-Binomial Latent Class Mixture Model,
we assess mixing and convergence by examining trace plots of quantities which are invariant
to label-switching (Stephens 2000). We follow the recommendation of Frithwirth-Schnatter
et al. (2021) to examine trace plots of K™ and 7 (ordered by mean). We also examine trace
plots of K and ~. If class-specific parameters suffer from label-switching, one may apply the
algorithm of Stephens (2000) to the posterior samples.

We also examine goodness of fit by comparing the observed and posterior predictive
distributions of three types of statistics: (1) rating mean, by object; (2) rating variance, by
object, and (3) pairwise probability that object A is ranked above object B, for each pair of
objects (A, B). Under a well-fitting model, the observed and posterior predicted statistics

should be similar. We assess similarity via visual inspection.

4.4 Applications in Peer Review and Survey Data

We apply the BTL-Binomial model to three motivating examples: paper selection in large
academic conferences under sparsity of comparisons, proposal selection in grant panel review

under heterogeneity, and modeling of survey data under heterogeneity.

4.4.1 Setting 1: Paper Selection in Large Academic Conferences

Our first application is to the paper selection process in large and highly competitive aca-
demic conferences. These conferences typically handle high volumes of paper submissions,
and thus reviews are dispersed among many reviewers. Here, we simulate reviews in the form
of ratings and rankings and use them to estimate proposal quality via the BTL-Binomial
model. We focus on point estimation under the assumption of a single ideology among re-
viewers (i.e., fixed K = 1). Beyond self-selection of papers into research areas and the timing
restrictions of organizers, estimating heterogeneity in this context may be particularly noisy

given the limited amount of data available from each reviewer.
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Sitmulation Setup

Our simulation study is loosely based on that of Liu et al. (2022), who proposed an algorithm
to integrate rankings into ratings for the paper selection process used by the International
Conference on Learning Representations 2017 (Kang et al. 2018). In our study, we simulate
a conference that has recruited I = 50 reviewers to assess J = 50 papers. Each reviewer
1 cannot possibly assess every paper, so instead each is assigned a subset, S;, at random
such that each paper receives an equal number of reviews. Specifically, |S;| = R; = R and
each paper receives R reviews since I = J. Reviewer i first provides ratings X;;,j € S;.
Ratings are integers between 0 (exemplary) and M (poor). Reviewers do not rate the other
papers. Second, reviewer i provides a top-4 ranking, II;, of their favorite papers among
those assigned, without ties. We assume that a reviewer deems their “unranked” papers
(i.e., {j € Si|j € I1;}) worse than those which were ranked. However, no information can be
gleaned from reviewer ¢ for papers not in ;.

We generate ratings and top-4 rankings from a BTL-Binomial distribution. To capture
different amounts of data and noise, we consider all combinations of the following values: (1)
R € {4,8,12,24}. Small R signifies less work for each reviewer and provides less preference
data. (2) M € {4,9} for a 5- or 10-point rating scale, respectively. Small M increases
the coarseness of ratings and thus the probability of ties. (3) 6 € {1,5,10,20,40}. Large
f implies more consensus in rankings; see Table 4.1. In each simulation scenario, we draw
p; ~ Beta(1,1) < Uniform|0, 1], and then fit a BTL-Binomial model with a single latent
class to the data using hyperparameters a = 1,b = 1,7, = 5, and v, = 0.25, which were

chosen to be diffuse. Each scenario is replicated 100 times.

Results

We now demonstrate the model’s ability to accurately estimate the true overall ranking
of papers, my, and improve estimation of my in comparison to the standard paper selection

method based solely on ratings. That method is to order the papers by their mean rating and
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break ties on the basis of another reviewer (Shah et al. 2018). In the absence of additional
reviewers, we use random tie-breaking. We let 758 be the BTL-Binomial MAP estimate
of mp, determined by ordering papers based on p. Similarly, we let 7 be the ratings-only
MAP estimate of 7y, determined by ordering papers based on mean ratings. The accuracy of
MAP estimates (p, é) is shown in Appendix B.2. In each estimated ranking, ties are broken
at random.! To measure the inaccuracy of each model, we calculate the percentage of object
pairs in which the model incorrectly identifies the true order of the objects, my. This is
equivalent to a normalized Kendall’s 7 distance between 7y and a model estimate 7. We

plot the mean inaccuracy across simulations for each combination of R, M, and 6 from the

BTL-Binomial and ratings-only models in Figure 4.1.

The BTL-Binomial model outperforms the standard ratings-only model on average for
every combination of M, R, and #. The largest improvement in estimation accuracy with the
BTL-Binomial over the standard ratings-only model occurs when R and/or M is small, which
are precisely the settings of the utmost interest for large academic conferences. These results
should be intuitive: When R is small, each paper receives few assessments and thus the
additional information from rankings is highly beneficial to accurate preference modeling.?
When M is small, ties will be common in ratings and lead to haphazard estimation based
on random tie-breaking; rankings help to accurately break those ties. We also notice that
as 0 increases, so does the accuracy of the BTL-Binomial model. This is because higher 6
means that rankings will be more adherent to the true ranking 7y on average, and thus will

provide less noisy information for accurate modeling of paper quality.

We have demonstrated that the BTL-Binomial model leads to more accurate decision-

making using rankings and ratings in academic conference paper selection under realistic

ITjes are uncommon but possible in the BTL-Binomial model. For example, if papers A and B receive
identical ratings and are assigned the ranking A < B by half of their reviewers and B < A by the other
half, they cannot be distinguished.

2The present simulation study does not allow for disentangling the relative effects of R and I on the
estimation accuracy of the BTL-Binomial model. See Appendix B.2 for an additional simulation study in
which R and I vary such that the total number of assessments, I x R, remains fixed.
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Figure 4.1: Scatterplots of the mean inaccuracy across 100 simulations of estimated #Z7%5

(BTL-Binomial model) and #{ (standard ratings-only model) to the true ranking of papers

7 under various combinations of R, M, and 6.

review settings. A key benefit is that reviewers need not assess many papers or greatly
increase their workload. In fact, even with a coarse 5-point rating scale and top-4 rankings of
a small number of papers, quality assessments may be made based on rankings and ratings
with greater accuracy in comparison to the standard mean-ratings model. Furthermore,
there becomes little need for random or subjective tie-breaking, making the work for data

aggregators and conference chairs both easier and more objective.

4.4.2  Setting 2: Proposal Selection in Grant Panel Review Under Heterogeneity

Our second application is to grant panel review administered by the American Institute of
Biological Sciences (AIBS) during the 2021 season (Gallo 2023). The AIBS issues a call for

funding, recruits a panel of qualified reviewers, and administers the peer review process. Prior
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to panel discussion, reviewers are given access to the grant proposals, although they do not
necessarily read each of them in detail. During panel discussion, each proposal is discussed
in turn and each reviewer provides a rating which reflects the overall scientific merit of
each proposal using the numbers between 1 (excellent) and 5 (poor) in single decimal point
increments (which we transform to the integers between 0 and M = 40). After discussion,
each reviewer provides a top-6 ranking of their overall preferred proposals. The ranking is
not required to align with the reviewer’s ratings. The AIBS would like to know if there are
distinct preference groups among reviewers, what those preferences are, and know how much
uncertainty exists in the estimated proposal quality assessments.

Some rankings and ratings are missing due to conflicts of interest and other reasons unre-
lated to proposal quality (e.g., intermittent distractions, internet connectivity issues, lack of
qualification to accurately review). For missing ratings, we simply remove the correspond-
ing Binomial components from the likelihood. If a reviewer does not provide a ranking,
we remove the corresponding BTL components from the likelihood. If reviewer ¢ does not
rank proposals due to a conflict of interest, those proposals are removed from his/her set
of proposals, ;. On the basis of Luce’s Choice Axiom, estimation of model parameters

corresponding to proposals with which a reviewer has a conflict of interest is not affected.

Exploratory Analyses

We study a panel with I = 17 reviewers and J = 25 proposals. Figure 4.2 displays boxplots
of ratings and bar charts of rankings, by proposal. Proposals are numbered at random but
ordered on the basis of their mean rating. Boxplots show observed ratings (after transfor-
mation to the integer scale) by proposal. The mean and variance of ratings given to each
proposal highly vary. For rankings, 14 of the 25 proposals are included in at least one judge’s
top-6 ranking. Although there is no wide agreement between judges on the basis of rankings,
certain proposals nonetheless appear often in the top. For example, proposals 6, 8, 18, and
19 are frequently assigned top-4 ranks (perhaps not coincidentally, these proposals have the

best mean ratings).
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Figure 4.2: Boxplots of ratings (top) and stacked bar charts of ranks (bottom) by proposal.

To explore the internal consistency of ratings and rankings, we calculate Kendall’s 7 dis-
tance® between the ranking of each judge with the ranking induced by the order of his/her
ratings. Internal inconsistency between quality assessments via ratings and rankings by the
same judge was common: For the 13 judges who provided rankings, the Kendall 7 distances
are {0,1,1,2,2,2,2,3,6,7,9,21,26}. This means that only one judge was internally consis-
tent, even under partial rankings, and two judges provided rankings substantially different
from those induced by their ratings (judges 8 and 12). This aligns with psychological re-
search that the two assessments rely on different cognitive processes (Goffin and Olson 2011).

Furthermore, it suggests that rankings can provide additional and unique information.

3As stated in Chapter 3, the Kendall 7 distance is equivalent to the number of pairs of proposals where
the two rankings differ in their ordering. We break ties in favor of the judge and do not consider pairs in
which an ordering between proposals cannot be inferred from the available data (e.g., a missing rating).
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Estimation and Results

We now fit a BTL-Binomial MFM model to the AIBS data. We set priors as follows: Given
the small sample size, we choose A = 1, & = 2, and & = 3 to assign prior weight primarily
to Kt € {1,2,3}. We set a = 2.50 and b = 3.77 using an empirical Bayes approach. We
set 73 = 10 and v, = 0.5 to provide substantial weight to values of 6 € [5,35]. Further
information on model estimation and assessment is provided in Appendix B.2.

Figure 4.3 displays model results. The top-left panel displays the posterior of K+, which
provides strong evidence for a 2-class model. Thus, we display results conditional on Kt = 2
in what follows. The top-right panel displays estimated class membership probabilities by
judge. Class 1 includes 16 judges and class 2 includes just one. The bottom panel displays
the posteriors of preference parameters for each proposal and class. Class 1 prefers proposals

18, 6, 8, and 19, in that order, and exhibits relatively strong consensus. Alternatively, class
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Figure 4.3: Posterior summaries of KT (top-left); class membership probabilities given K+ =

2 (top-right); and class-specific preference parameters given K+ = 2 (bottom).
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2 largely reflects judge 8. The high levels of uncertainty in class 2’s preference parameters
reflects that it comprises a single reviewer. Given the “outlier” judge, the funding agency
may wish to consider what made judge 8 provide such unique preferences and decide if those
warrant separate consideration, or if the results from class 1 should be considered alone in

making funding decisions.

4.4.8 Setting 3: Modeling Survey Preference Data Under Heterogeneity

Our final application is to survey data on the sushi preferences of I = 5,000 Japanese
adults (Kamishima 2003). Both rankings and ratings were collected as part of the survey.
Respondents were first asked to rank a collection of J = 10 sushi types from best to worst.
The sushi types were fatty tuna, tuna, shrimp, tuna roll, sea eel, salmon roe, squid, egg, sea
urchin, and cucumber roll. Each respondent was shown the same collection of sushi types
and provided a complete ranking. Second, the respondents were asked to rate the sushi types
using a 5-point integer scale at will, coded from 0 (best) to M = 4 (worst). Each respondent
generally provided only a few ratings. Our goal is to probabilistically model the amount and
type of heterogeneity in sushi preferences among survey respondents.

The present survey dataset is uniquely positioned for analysis via a joint ranking and
rating model: While rankings are complete, they lack granularity; the ratings provide gran-
ularity but have a very high rate of missingness. For the purpose of understanding hetero-
geneity among judges, using both rankings and ratings may be especially helpful for accurate

inference on preferences.

Exploratory Analyses

Figure 4.4 displays ratings and rankings by sushi type. For ratings, most sushi types have
unimodal distributions with right skew. However, cucumber roll has a unimodal distribution
centered at the middle rating while sea urchin has a bimodal distribution with peaks at the
best and worst ratings. We can also see relative differences in the number of ratings each sushi

type received. For example, the lower density of points for tuna roll and cucumber roll implies
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fewer respondents rated these types. 74.22% of ratings are missing. For rankings, fatty tuna
was ranked first by approximately one-third of respondents, while cucumber roll was ranked
last by approximately one-third. Ties were not allowed in rankings. Consequently, we observe
more demarcation in ranking distributions than in ratings. For example, fatty tuna and tuna
have similar rating distributions, but far more respondents ranked fatty tuna in first place

than tuna.
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Figure 4.4: Ratings (top) and stacked bar charts of rankings (bottom) by sushi type.
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FEstimation and Results

We now fit a BTL-Binomial MFM model to the sushi data. We set priors as follows: To aid
interpretability given the large sample size, we assign prior weight to a moderate number of
classes using A =7, & = 3, and & = 1. We set a = 0.26 and b = 0.77 using an empirical
Bayes approach. We set ;3 = 20 and v, = 1 to provide substantial weight to 6 € [10, 30].
Further information on model estimation and assessment is provided in Appendix B.2.
Results show high posterior probability on K+ = 9, indicating that 9 heterogeneous
preference classes exist among the respondents. Table 4.3 summarizes the estimated classes
conditional on K™ = 9. Each row contains the posterior mean population proportion 7,
top-3 sushi preferences, and posterior mean consensus scale parameter 0, for each estimated
class (rows ordered by 7). Classes 1 and 2 are the largest and exhibit the highest consensus.
Thus, these classes may reflect reasonably homogeneous plurality classes. The remaining
classes represent smaller proportions of the survey respondents and exhibit relatively weak
consensus. Still, we may think of these classes as representing subgroups in the population

that are present but less well-defined. Additional results can be found in Appendix B.2.

Class 7,  Top-3 Sushi Preferences ék
1 0.21 Sea Urchin, Fatty Tuna, Salmon Roe 10.02
2 0.15 Fatty Tuna, Tuna, Shrimp 16.53
3 0.11 Sea Eel, Fatty Tuna, Tuna 5.78
4 0.10 Salmon Roe, Fatty Tuna, Tuna 4.60
5 0.10 Fatty Tuna, Tuna, Shrimp 4.88
6 0.10 Squid, Shrimp, Tuna 3.33
7 0.09 Sea Eel, Salmon Roe, Shrimp 3.84
8 0.08 Sea Urchin, Fatty Tuna, Salmon Roe 7.71
9 0.05 Egg, Shrimp, Sea Eel 2.71

Table 4.3: Posterior summaries of preference classes conditional on K = 9.
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4.5 Discussion

In this chapter, we propose a statistical model for joint analysis of rankings and ratings
under heterogeneity, the BTL-Binomial MFM model. The model is quite flexible in several
important ways. First, it allows for analyzing ranking preference data of various types—
pairwise comparisons, partial rankings, as well as complete rankings—jointly with ratings.
Second, the model allows for incomplete designs (or structural missingness) where each judge
by design would only be assigned to review certain objects and not others. Such “separate
ballots” could arise from either conflicts of interest or selective assignments to reflect expertise
or manage judges’ workloads. The model can also accommodate missing at random data
where rankings or ratings are missing due to circumstances unrelated to the quality of objects
being assessed, such as reviewer fatigue or cases when subsets of reviewers only rate or only
rank the objects. Third, the model allows each reviewer’s ranking to be inconsistent with
their own ratings, which often happens in practice. Fourth, the BTL-Binomial satisfies Luce’s
Choice Axiom and the related independence from irrelevant alternatives criterion which is a
desirable property in Social Choice Theory (Arrow 1950; Luce 1977). Fifth, the model does
not assume a specific number of latent heterogeneous preference groups among the judges
(i.e., the amount of heterogeneity), but instead simultaneously estimates both the number of
heterogeneous ideologies and the specific preferences of each group, as well as the associated

uncertainty.

The BTL-Binomial MFM model makes few parametric assumptions on the reviewers,
objects, and data. The model assumes that, for reviewers in each ideological class, proposals
have a true underlying quality that can be measured on the unit interval. Rankings and
ratings must reflect random deviations from the assumed truth. Rankings must arise from
the Bradley-Terry-Luce (BTL) family of ranking distributions. We consider this assumption
nonrestrictive, as the BTL family allows for a variety of ordinal data types and has been
used in a large variety of application areas (see Chapter 2.1) On the other hand, ratings

are assumed to be Binomial. Integer-valued ratings are appropriate whenever they arise
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from an ordinal and equally-spaced set with minimum and maximum allowable values. The
mean-variance relationship imposed by the Binomial can be tested for validity after model
estimation (e.g., Appendix B.2). If this assumption is not met, it may be indicative of an
incorrectly estimated number of heterogeneous preference groups. We have proposed sensible
goodness-of-fit criteria for assessing the parametric assumptions imposed by the model.

We fit the model by adapting the telescoping sampler of Frithwirth-Schnatter et al. (2021),
which provides computationally efficient Bayesian estimation and a natural approach to
uncertainty quantification. Furthermore, we provide algorithms for posterior sampling and
MAP estimation under a fixed and pre-specified number of heterogeneous preference ideology

classes, K.

The MFM approach was chosen to estimate heterogeneity in preferences among judges.
We find the Bayesian framework of MFM models to be attractive for three principal reasons.
First, Bayesian estimation allows for the incorporation of prior knowledge into the estimation
procedure. This is useful in the case of limited preference data, which is common to many
applications. When no prior knowledge is available, flat and /or minimally informative priors
are available for all model parameters. Second, Bayesian estimation provides a unifying
framework for obtaining uncertainty estimates, which is a key component of our work. Third,
the proposed estimation procedure may actually reduce computation time when compared
to frequentist procedures, due to the fact that K is estimated simultaneously with model
parameters and therefore removes the need to repeatedly fit models with different values of
K. Additionally, analytic uncertainty results are unavailable for the BTL-Binomial model
(and the related Mallows-Binomial model) in the frequentist setting and therefore require the
bootstrap, which can be extremely computationally burdensome (see Chapter 3.2.2). This
is avoided by the present Bayesian approach where uncertainty estimation is natural. We
note that another reasonable approach would have been to use a Dirichlet Process Mixture
(Escobar and West 1995). However, it may be computationally difficult to estimate in high
dimensions due to estimation via reversible jump MCMC and is inconsistent for the true

number of latent classes (Miller and Harrison 2018). Given that we are interested not only
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in density estimation, but also in the latent classes themselves, the MFM approach is more

suitable.

Two models for rankings and ratings may be directly compared to the BTL-Binomial
MFM. First, the Mallows-Binomial proposed in Chapter 3 is a joint statistical model for
rankings and ratings that combines a Mallows ranking distribution with independent Bino-
mial rating distributions. Unlike the BTL-Binomial MFM, the Mallows-Binomial allows only
for partial or complete rankings, does not satisfy Luce’s Choice Axiom, cannot easily handle
separate ballots, and cannot estimate heterogeneity directly. Furthermore, Mallows-Binomial
is estimated in a frequentist framework, which is computationally slow when the number of
objects is large or when uncertainty estimates are desired, which requires the bootstrap. As
a result, the BTL-Binomial MFM is much more flexible while still providing a unified and
statistical approach to preference modeling with rankings and ratings. (A more thorough
comparison between the Mallows-Binomial and BTL-Binomial models is provided in Chap-
ter 5.) A second comparable work is Liu et al. (2022), which proposes a non-parametric
algorithm for integrating rankings into ratings. Their algorithm is not statistical and does
not yield a preference ordering, but instead returns a “de-quantized” score for each judge
and object in a fully data-driven approach. De-quantized scores may be useful and practical
for decision-making, but do not allow for estimation of (heterogeneous) preferences or their
inherent uncertainty. Liu et al. (2022) also assume internal consistency between rankings
and ratings, which is not practical in the motivational settings described herein.

To demonstrate the utility and benefits of modeling preferences with both rankings and
ratings, we analyzed three datasets motivated by real-world settings. The first was a paper
selection dataset from a hypothetical large and highly competitive academic conference,
inspired by current paper review procedures in computer science conferences. Using these
simulated data, we showed that incorporating rankings into the traditional rating system
improves accuracy of paper selection and reduces the frequency of ties among estimated
paper qualities. These benefits exist even when a coarse 5-point rating scale is employed,

and are especially apparent when each reviewer can only assess a few papers. While our
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simulation studies show that similar benefits can be achieved by increasing the number
of papers assessed by each judge, our proposal of incorporating top-4 rankings into the
analysis achieves the same benefits with little additional cognitive burden on reviewers.
Thus, our analyses show that collecting top-4 rankings and using the BTL-Binomial model
for estimating paper quality will make the work of paper selection by computer science
conference area chairs both easier and more objective.

The second example concerned a smaller-scale case of peer review, in which a panel
assessed grant proposals using rankings and ratings. In this setting, the ability of the BTL-
Binomial MFM model to flexibly handle a variety of realistic complexities was demonstrated.
These include missing rankings and ratings due to conflicts of interest, reviewer fatigue, and
logistical difficulties during the review panel; inconsistency between ratings and rankings at
the reviewer level; and potential heterogeneity in preferences among reviewers. We demon-
strated how the BTL-Binomial MFM model naturally handles missing data and inconsistent
rankings and ratings through a flexible model formulation and simultaneously estimates the
number of heterogeneous preference groups among the reviewers with the overall preferences
and level of consensus in each group. We identified two heterogeneous preference groups:
a dominant collection of reviewers and an “outlier” reviewer whose opinions may have oth-
erwise unduly influenced the panel decision. However, our model could capture different
types of heterogeneity, such as potential reviewer preferences for basic versus translational
science that have been noted previously (Lee et al. 2013; Smith 2021; Erosheva et al. 2020;
Kaatz et al. 2014; Helmer et al. 2017; Marsh et al. 2008). Model results may be used to
communicate uncertainty in peer review quality assessment which is important for funding
decisions; see Gallo et al. (2023) for an illustration of decision-making with rankings and
ratings on another peer review dataset.

The third example relates to the analysis of survey preference data, in which Japanese
adults were asked to rate and rank common sushi types. In this setting, the model successfully
combines rankings (which are complete but lack granularity) with ratings (which provide

granularity but with a very high rate of missingness). Previous work on preference surveys has
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modeled heterogeneity among respondents using rankings (e.g., Gormley and Murphy (2010);
Mollica and Tardella (2017); Wang et al. (2017)) and ratings (e.g., Patterson et al. (2002);
Morey et al. (2008); Breffle et al. (2011)). However, the number of mixture components is
usually selected in advance or via goodness-of-fit statistics. Here, we estimate the number
of heterogeneous preference groups, as well as their population proportion, preferences, and
level of consensus concurrently.

Additional research is needed on joint models for rankings and ratings. As noted previ-
ously, the specific parametric form of the rating model based on the Binomial distribution
implies that ratings arise from a discrete, ordinal, finite, and equally-spaced set, and further-
more imposes a specific mean-variance relationship on the ratings. These assumptions may
not be valid in some contexts, and extensions of our model to modify or relax these paramet-
ric assumptions may be useful. Furthermore, the relative influence of rankings and ratings in
this model depends on the amount of available data of each type. In some cases, the ability
to weight the importance of rankings and ratings during estimation may be important to
some practitioners, particularly in contexts where either rankings or ratings are thought to
be more relevant. In addition, the BTL-Binomial model also does not incorporate covariates
or predictors, which may be of interest. The model can be extended to include covariates in
a similar fashion as in BTL models (Tkachenko and Lauw 2016; Chapman and Staelin 1982;
Cheng et al. 2010; Schauberger and Tutz 2017; Schéfer and Hiillermeier 2018).

Incorporating rankings into existing decision-making processes or analyses that currently
use only ratings, or vice versa, has certain benefits. From a psychological or psychometric
perspective, rankings force demarcation and make explicit comparisons but are coarse and
impose high cognitive load on the judges. On the other hand, ratings may provide granular-
ity and allow for ties yet may be highly subjective or inconsistent. The BTL-Binomial MFM
model provides a principled Bayesian approach for analyzing various types of ranking and
rating data jointly, can account for separate ballots, allows for data missing at random, and
imposes minimal parametric assumptions. Furthermore, the model estimates the amount and

type of heterogeneity among reviewers concurrently. Examples from three different contexts
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demonstrate practical applicability of this model for learning preferences. For large-scale
conference review, the model provides a mechanism for tie-breaking similar-quality propos-
als without requiring reviewers to consider more than a few papers. In small-scale panel
review, the model successfully identifies an “outlier reviewer” and estimates the preferences
of the dominant subgroup for decision-making. In survey sushi data, the model estimates
heterogeneous groups of respondents with their distinct preferences, even in the presence of
substantial missingness. Overall, we find the BTL-Binomial MFM to be useful and efficient

in estimating heterogeneous preferences from rankings and ratings jointly.
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Chapter 5

A COMPARISON OF JOINT MODELS
FOR RANKINGS AND RATINGS

This chapter presents material that is largely original to this dissertation. It was written
in conversation with Dr. Elena A. Erosheva and was supported by the National Science

Foundation under Grant No. 2019901.

5.1 Introduction

Chapters 3 and 4 present two joint distributions for rankings and ratings: The Mallows-
Binomial and Bradley-Terry-Luce-Binomial. For convenience, we will refer to these distri-
butions as MB and BTLB, respectively. To the best of our knowledge, these are the first
distributions for modeling preferences from ordinal and cardinal data jointly in a statistical
framework without data conversion.

We begin by describing similarities between the MB and BTLB distributions. In both,
we suppose [ judges assess J objects. We assume that each object j has a latent quality,
p; € [0,1], which represents both the absolute and relative qualities of the collection of
objects. Furthermore, we assume there exists some true level of the consensus strength in
the population, 6§ > 0. Conditional on p and 6, ordinal and cardinal preference data arise
independently. Shared parameters between ordinal and cardinal data-generating mechanisms
tie estimation of overall preferences. In both models, cardinal preference data arises in the
form of integer ratings via the Binomial distribution. For ordinal data, both models employ
an exponential distance model. Exponential distance models have a long history in ordinal
data (e.g., Mallows (1957); Feigin and Cohen (1978); Fligner and Verducci (1986); Critchlow
et al. (1991); Mandhani and Meila (2009); Meila and Bao (2010); Meila et al. (2012)), which
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we continue.

However, MB and BTLB employ different exponential distance distributions for ordinal
data. As suggested by their names, MB employs the Mallows distribution, while BTLB
employs the Bradley-Terry-Luce family of distributions. These distributions impose different
assumptions and properties on the joint models.

The remainder of this chapter is organized as follows. The next four subsections expound
similarities and differences between the MB and BTLB distributions with respect to: the
types of data and data missingness permitted by each model (Section 5.2), the assumptions
imposed by each model and how those relate to different axioms of Social Choice Theory
(Section 5.3), the interpretation of model parameters and results (Section 5.4), and computa-
tional considerations of fitting the models to data under frequentist and Bayesian frameworks
(Section 5.5). Section 5.6 concludes the chapter with a brief discussion on selecting a model

in practice.
5.2 Data Types and Missingness

Both MB and BTLB jointly model cardinal and ordinal data, but the precise data types
permitted by each model vary. Relatedly, the distributions differ in the types of missing
data they may account for. In practice, these differences affect which distribution is most
appropriate given cardinal and ordinal preference data. We describe these differences below.

Both MB and BTLB distributions assume a Binomial model for cardinal data, which
capture cardinal preferences in the form of integer ratings between 0 and some known maxi-
mum rating, M. We use the convention that low ratings indicate high-quality objects. This
convention maintains a symmetry with rankings, in which low rank places correspond to
highly-preferred objects. Whenever ratings arise from a discrete, finite, and equally-spaced
set, they can be converted via linear transformation, f :  — 2/, into the integer form
required by each model. For example, suppose the original ratings, x, are collected on a nu-
merical scale from 1 to 5 in single decimal increments, where 5 indicates the top rating. The

original 41-point scale may be linearly transformed into the reverse integer scale required by



30

the MB and BTLB distribution via f(z) = 50 — 10z, such that f(1) =40 and f(5) = 0.
Regarding ordinal data, MB may be used for complete and partial rankings. Thus, given
a collection of J objects, MB permits rankings where all J objects are ranked from best to
worst, or top-R rankings, R < .J, such as a top-3 ranking from a collection of 10 objects. It is
assumed that judges assess the complete collection of objects when creating these rankings,
i.e., objects which are not included in a partial ranking are deemed worse than those which
are included. BTLB similarly permits complete and partial rankings, but also allows for
pairwise and groupwise comparisons. In pairwise or groupwise comparisons, no information
may be gleaned on a judge’s preferences regarding objects that were not included in their

ranking, since those objects were simply not considered.

5.2.1 Separate Ballots

Related to the inclusion of pairwise or groupwise comparison data is the case of separate
ballots. Separate ballots arise whenever different judges have access to different subsets of
objects when expressing preferences. For example, separate ballots occur when judges are
not allowed to assess certain proposals due to a conflict of interest. Another example of
separate ballots is distributed peer review, where perhaps 50 reviewers assess b0 proposals,
but each reviewer is randomly assigned only R = 10 proposals to read and assess. Pairwise
and groupwise comparisons are examples of separate ballots by construction. Since the BTLB
distribution permits pairwise and groupwise comparisons, it is thus able to easily capture
ordinal preference data arising under separate ballots (Chapter 4 contains additional details
on how this is represented in its model likelihood).

Alternatively, pairwise and groupwise comparisons may be thought of complete rankings
made under separate ballots. For example, suppose objects A, B, C, D, E, and F represent
the complete collection of objects and some specific judge only has access to the first three.
If she provides the ranking {A < B < C'}, we may consider her ranking as either a groupwise
comparison among objects A, B, and C, or alternatively as a complete ranking under her

“separate ballot.” If we operate under the latter assumption, we may ask: Would it be
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possible to model such pairwise or groupwise comparison data using the MB distribution?

The Mallows ranking distribution was not designed to handle separate ballots, resulting
in substantial complications for using the MB distribution in the presence of pairwise and
groupwise comparison data. Still, it is theoretically possible under minor modifications to
the model likelihood and corresponding changes to the interpretation of model parameters
(Lu and Boutilier 2011). These changes are best demonstrated via example, which we now
provide.

Suppose there exists a collection of J = 6 objects, {A, B,C, D, E, F} and I = 2 judges
to assess them, Elena and Michael. Furthermore, suppose Elena has access only to objects
A, B, and C, while Michael has access to C, D, E, and F. We assume Elena and Michael

express preferences as stated in Table 5.1. In this example, Elena and Michael each provide

Judge Ballot Ranking Ratings
Elena A,B,C {A<B=<C} A=1,B=2,C =4
Michael C,D,E,F {C<D<E<F} C=5D=6E=6F=T7

Table 5.1: Example preference data arising under separate ballots.

internally consistent preferences. Their preferences also align with each other, in that we can
use the observed ratings and rankings to reasonably estimate that A < B < C <D < E < F.
Statistical models, like MB and BTLB, could additionally allow us to quantify the uncertainty
inherent in estimated preferences. Under separate ballots, it is not obvious how to use the
MB for estimating preferences with uncertainty in this setting.

If we consider Elena’s perspective alone, we may modify the probability of observing her

preferences under a MB distribution as follows:

Pro[ll={A<B<C},X =][1,24]] (5.1)

e~ 0dx (IL,Order(pa,pp.pc)))

B VYp=3,7=3(0) % HC(Xj)pj (1 —pj) .

j:A7B7
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Similarly, the probability of Michael’s preferences may be written:

Pro[l={C <D <E<F} X =1[56,6,7] (5.2)

e—0dx (I1,0rder(pc,pp,pE.PF)))

B Yr=1,7=4(0) < 1 (ﬁ?) (1= py)M .

j=C.D,E,F N

Note that the likelihoods in Equations 5.1 and 5.2 share the parameters 6 and pc, but Elena’s
likelihood alone contains p4 and ppg, while Michael’s likelihood alone contains pp, pg, and
Pr.

These two data likelihoods could be straightforwardly multiplied, and then parameter
estimation could be performed via maximum likelihood. While theoretically possible, the
practitioner should keep in mind two important considerations: First, it was noted in Chapter
3 how interpretation of the consensus scale parameter 6 in the MB distribution depends
upon both the number of objects, J and the size of the rankings, R (this dependence of
interpretation does not occur in the BTLB distribution). Since R and J differ for Elena
and Michael, interpretation of a single # must be treated with care. One may consider ¢
under an interpretation of marginalization, i.e., as the level of consensus averaging out the
differing sizes of separate ballots and ranking lengths. Second, the value of # may affect
both point estimates and estimated uncertainty of the object quality vector p in MB models,
particularly in cases where rankings and ratings do not align. Thus, one should be aware

that the presence of separate ballots may affect the estimates of p in addition to 6.

In summary, it is theoretically possible to fit an MB distribution in the presence of pair-
wise or groupwise ordinal preference data, but special care must be taken when interpreting
or using model results. In general, the BTLB distribution is more appropriate for modeling
ordinal and cardinal data arising under separate ballots. However, if one still elects to model
preferences made under separate ballots with the MB distribution (perhaps to align with
other assumptions imposed by MB), we recommend additionally fitting the BTLB distribu-

tion and comparing the resulting estimates as a check for robustness.
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5.2.2 Missing Data

Both MB and BTLB handle missing preference data similarly. Consider preference data
that is entirely missing due to reasons unrelated to the quality of the objects. Chapters 3
and 4 included examples from grant panel review in which reviewers did not rate individual
proposals based on reasons such as conflicts of interest, intermittent connectivity issues, or
lack of expertise. In such cases, the missing at random (MAR) assumption is appropriate.
MAR occurs when missingness is not random, but is instead fully explained by variables for
which there is complete information (Little and Rubin 2019). Under the MAR assumption,
the rating and ranking components of the MB and BTLB distributions may simply be
removed and estimation based on the available data will not be biased. If missingness
was due to circumstances related to object quality, this case would no longer be considered
as MAR and one would need to carry out a different treatment of missing data (Little and
Rubin 2019). We consider the scenario where data are missing not at random to be beyond

the scope of this dissertation.

5.2.8 Ties

In some preference data applications, judges are allowed to explicitly express ties in ordinal
preferences. For example, the ranking {A < B = C' < D} suggests that objects B and C'
are equally preferred by a judge. Neither MB nor BTLB distribution permits these types
of ordinal preferences.! The expression of ties in partial rankings is more subtle. In partial
rankings, unranked objects are deemed worse than those which are ranked by the model,
but specific preferences among the unranked objects are unknown. Although this may be
considered an expression of a preference tie, it is more suitably considered as a case of

missing data on the precise preference ordering among the unranked objects. The underlying

'Previous authors have proposed variations of the Mallows (Adkins and Fligner 1998; Brancotte et al.
2015; Zhu et al. 2019) and BTL (Rao and Kupper 1967; Davidson 1970; Cattelan et al. 2013; Tutz and
Schauberger 2015; Sawadogo et al. 2017) ranking distributions which allow for ties. These variations often
involve addition parameters and assumptions, and for simplicity are not considered in this dissertation.
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constructions of the Mallows and BTL distributions allow estimation to be unaffected by

partial rankings.
5.3 Assumptions

The MB and BTLB distributions share many assumptions on the underlying structure of the
ordinal and cardinal preference data, yet some differences exist. Differences largely arise from
the distinct ordinal data distributions used by the models. In this subsection, we explore the
assumptions made by the two models.

We begin by specifying assumptions (or lack thereof) that are shared by the MB and
BTLB distributions:

1. Homogeneity: Each object is assumed to have a single, true underlying quality which
can be represented on the unit interval. The true quality is a reflection of both the
object’s inherent quality and its quality relative to other objects in the collection. By
extension, the distributions assume that judges are homogeneous in their preferences.
That is, the judges express preferences which are reflections of the true underlying

qualities of the objects, subject to error.?

2. Conditional independence: Conditional on the true model parameters, both models
assume that the observed ratings and rankings are conditionally independent. This as-
sumption implies that judges need not be internally consistent when expressing ratings
and rankings. Not requiring internal consistency makes the models more flexible and
increases the situations in which either can be used since inconsistency in common in
practice. However, the conditional independence assumption means that the MB and
BTLB distributions may not be appropriate when rankings and ratings are required to

be internally consistent.

2If judges exhibit non-homogeneous preferences, a latent class mixture model may be applied to either
model to capture the heterogeneity. This technique was applied in Chapter 4 to the BTLB distribution,
but could be straightforwardly applied to the MB distribution as well.
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3. No requirement of equal data: Neither model assumes that there are equal amounts
of ordinal or cardinal preference data, either overall or at the level of each judge. As
a result, either model may be used in cases where certain judges provide ratings and

others provide rankings.

4. FError structure of ratings: Both models assume that the ratings for each object may
be modeled via a Binomial distribution. This parametric model imposes a specific
mean-variance relationship on the ratings, as described in Chapter 3. When using
either model, this assumption can easily be checked based on comparing theoretical

and observed means and variances of the ratings for each object.

Next, we specify three major differences in assumptions between the MB and BTLB

distributions:

1. Independence from Irrelevant Alternative (IIA): The BTLB distribution employs the
Bradley-Terry-Luce family of distributions for rankings, which is based on Luce’s Ax-
iom of Choice. This axiom implies the ITA criterion (and is, in fact, a slightly stronger
criterion). ITA is often considered a desirable property in Social Choice Theory (Arrow
1950), but is not always realistic. In contrast, the MB distribution employs the Mal-
lows distribution for rankings, which does not satisfy or require IIA (Marden (1996);
proof provided in Chapter 2.4.1).

2. Stagewise ranking: Related to ITA, the BTL family of distributions employed by BTLB
can be interpreted as a stagewise selection distribution for rankings, which is not true
for the Mallows model. Instead, the Mallows assigns probability to a ranking based on
its distance to the overall ranking. As such, we may consider it as a “holistic” ranking
creation process, in which a judge forms his/her ranking all at once while attempting

to balance the relative orders between objects simultaneously.

3. Error structure of rankings: The error structure of rankings in both models depends
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upon the scale parameter . However, the precise error structure varies between the
models based on their unique parameterizations. In the MB distribution, 6 controls
the probability that a ranking of a given Kendall distance to the true overall ranking
is drawn; all rankings of a given Kendall distance to the true overall ranking have the
same probability. Thus, the MB model’s error structure depends only on distance, and
not on the order of specific objects in the ranking. In the BTLB distribution, € instead
controls the probability that each object is selected over another at each stage of the
ranking process based on the differences in their quality parameters, p. That is, the
probability of observing rankings depends on both 6 and the continuous values of p,

instead of simply on 6 and the discrete order of p.
5.4 Parameter Interpretation

Both the MB and BTLB distributions are parameterized by the vector-valued object quality
parameter, p, and the consensus scale parameter, . However, these parameters should not
all be interpreted identically. In this section, we describe the similarities and differences
between parameter interpretation in the MB and BTLB distributions.

First, we note that the parameter p may be interpreted identically in both models with
respect to object quality. That is, the value in p corresponding to each object represents
the absolute and relative qualities among objects on the unit interval in the MB and BTLB
distributions. Furthermore, the order of the values of p from least to greatest represents the
overall ranking, which is often of interest. This vector-valued parameter is often of highest
interest in applications, and its shared meaning in both distributions facilitates comparison
of results.

The consensus scale parameter, 6, does not have identical interpretation in each model. In
the MB distribution, 8 controls the probability that a ranking of a given distance to the overall
ranking is drawn (see previous section for details). Alternatively, in the BTLB distribution
0 controls the probability of stagewise object selection in tandem with the object quality

parameters for objects under consideration. One may also use 6 in the BTLB distribution
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to calculate pairwise selection probabilities. For example, if py = .4, pp = .6, and 8 = 5, the
probability that A is selected above B in a pairwise tournament is,
6791;14 672

Pr[A < B] = = ~ 0.73. (5.3)

e—GpA + e—GpB 6_2 + 6_3

This type of probability cannot be easily calculated from the MB distribution (or the related
Mallows ranking model). Due to the differing interpretations of # in each distribution, specific
values should not be compared.

Despite the differing specific interpretations of  in the MB and BTLB distributions, each
model retains the interpretation that low values of 6 represent weak consensus in rankings
among judges, and that high values of # indicate strong consensus in rankings among judges.
What precisely constitutes a high or low value of # depends on the model and type of available
data. To gain intuition for the meaning of a specific value of € in the context of a model,

examining the predictive or posterior predictive distribution may be useful.
5.5 Computation

Last, we consider the computational cost of estimation in each distribution. We note that
computational cost depends on the framework in which each model is estimated, and that
MB was proposed in a frequentist setting and BTLB was proposed in a Bayesian setting that
incorporated latent classes. Still, we discuss various qualities of each distribution that affect
computational cost during estimation.

We first consider estimation in the frequentist setting. As described in Chapter 3, fre-
quentist estimation of parameters in the MB distribution is NP-hard. The challenge arises
from the discrete nature of the model’s overall ranking parameter. Although an efficient,
exact estimation algorithm was proposed (as well as fast approximate algorithms), the com-
putational cost associated with estimation may be substantial, especially in the presence of
a large number of objects, a large number of judges, or weak consensus among judges. In
contrast, the BTLB distribution relies solely on continuous parameters and thus frequentist

estimation is not NP-hard. However, Hunter et al. (2004) identified challenges with ensuring
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exact frequentist estimation of BTL distribution parameters, which contributed to the BTLB
distribution being proposed in a Bayesian framework.? We observe that the estimation of
judge heterogeneity via a latent class mixture model is important to many preference data
applications. Estimation of such a model for the MB distribution in the frequentist setting
would likely be intractably slow, and as such was not considered when proposing the model.
This is not a problem in the BTLB model, as discussed in Chapter 4.

Estimation in the Bayesian setting does not vary substantially between models with
respect to computational cost. Unfortunately, neither model has conjugate priors available.
Thus, estimation via Markov chain Monte Carlo (MCMC) is required. Although no Bayesian
estimation procedure has been proposed for MB, a similar MCMC method to that seen
in Chapter 4.3.2 for the BTLB distribution should suffice. We note that the algorithms
presented in Chapter 4.3 occasionally exhibit difficulty with mixing and convergence, and
thus it is important to check for such properties during Bayesian estimation of the MB
distribution. Bayesian estimation of both the MB and BTLB distributions may require

reasonable computational power and statistical knowledge to confirm accurate results.
5.6 Discussion

In this chapter, we have explored similarities and differences between the Mallows-Binomial
(MB) and Bradley-Terry-Luce-Binomial (BTLB) distributions. To organize our discussion,
we have considered four main axes of comparison: First, we considered the types of data
and missingness allowed by each model. Although each model can handle identical types of
ratings and generally treats missing data identically, BTLB flexibly allows for a wide variety
of ordinal data types (including those arising under separate ballots), while MB is largely
limited to partial and complete rankings. Second, we described the varying assumptions of
each model. In their simplest form, both models assume homogeneity, conditional indepen-

dence between rankings and ratings, and the same distributional form for ratings; neither

3Chapter 4 does in fact propose an algorithm for maximum a posteriori estimation of the BTLB distri-
bution and discuses priors which align MAP estimates with the frequentist MLE.
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assumes judges provide equal amounts of ordinal or cardinal preference data. However, the
models differ based on their distributional form for rankings, in which the BTLB model
assumes a stagewise ranking process and implies the ITA criterion. Third, we described how
parameters may be interpreted differently in each model. Although both estimate object
quality parameters and consequently, the overall ranking, the interpretation of 6 is model-
and data-dependent, and thus should not be compared between models. Fourth, we consid-
ered the computational complexity of estimating each model in both frequentist and Bayesian
frameworks, identifying potential challenges in either case.

In the presence of ordinal and cardinal data, one should carefully consider the varying
requirements and assumptions of MB and BTLB before selecting a model. To use either
model, it is important to consider if ratings can be appropriately modeled via independent
Binomial distributions (perhaps after linear transformation to a finite set of integers). If so,
carefully weighing the distinct assumptions of the BTL and Mallows ranking distributions is
important: Were judges likely to adhere to the ITA criterion? Did judges employ a stagewise
or holistic approach to forming ordinal preferences? Did the data collection mechanism
impose separate ballots? Model selection may also depend upon the types of results that are
important to practitioners, such as the ability to estimate pairwise selection probabilities in
the BTLB distribution. Last, computational considerations are often of practical importance

and may influence whether a model is estimated in a frequentist or Bayesian framework.
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Chapter 6
BAYESIAN RANK-CLUSTERING

This work was written in collaboration with Dr. Elena A. Erosheva and was supported by
the National Science Foundation under Grant No. 2019901. We would like to acknowledge
Drs. T. Brendan Murphy and I. Claire Gormley for inspiring conversations on rank data

modeling during the early stages of this work.
6.1 Introduction

In a traditional analysis of ordinal data, we assume a group of I judges assess J objects
by providing ordinal preferences, I1. Each judge’s ordinal preferences, II;, may be a partial
ranking, complete ranking, pairwise comparison, groupwise comparison, or mixture thereof.
Then, a model uses the observed preference data to estimate the overall rank of each object
at the population level. Most analyses, including those from all statistical models reviewed
and introduced previously in this dissertation, derive or estimate the rank of each object such
that each object receives a unique rank. Thus, they obtain an overall ranking that orders all
objects from best to worst on the basis of their estimated rank.! Analyses of this kind are
performed in diverse settings, such as to rank candidates in an election using ranked choice
votes, sports teams in a league using individual game outcomes, or graduate programs in an
annual list using preference rankings elicited in a survey of academics.

However, requiring estimated ranks to be unique is not always useful or appropriate:
When objects are indistinguishable in quality or ability, they may be more correctly consid-

ered as rank-clustered, i.e., identical in rank. Estimating overall orderings with rank-clusters,

IThe overall ranking is sometimes referred to as a social order or consensus ranking in the philosophy or
computer science literatures, respectively (see Chapter 2.2). However, since the population may not truly
exhibit a social ordering or consensus, we instead use the phrase overall ranking in this chapter.
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when appropriate, may therefore improve interpretability and aid accurate inference, predic-
tion, and decision-making.

Limited methods exist for estimating rank-clusters with ordinal preference data. Many
of these are based on parameter fusion, which is the process of simultaneously estimating
parameter values and groups of parameters that should be set equal in value (i.e., “fus-
ing” parameters together). Masarotto and Varin (2012) analyze pairwise comparison data
from sports tournaments with techniques from parameter fusion under the Bradley-Terry
model. The Bradley-Terry model is parameterized by the vector w € RZ;, in which each
w; corresponds to the worth of object j (see Chapter 2.4.1 for more details on the param-
eterization and interpretation of Bradley-Terry models for ordinal data). They estimate an
overall ranking of teams with rank-clusters by applying the frequentist fused lasso (Tibshi-
rani et al. 2005), in which the absolute difference between every pair of worth parameters
is penalized after some data-driven normalization. In this approach, the fused parameters
are made equal and thus create a rank-cluster among their corresponding objects. The ap-
proach of Masarotto and Varin (2012) was applied to additional datasets in sports (Tutz
and Schauberger 2015) and academic journal rankings (Varin et al. 2016; Vana et al. 2016).
Jeon and Choi (2018) argue that shrinkage methods like those proposed by Masarotto and
Varin (2012) and Tutz and Schauberger (2015) were developed specifically for pairwise com-
parisons, and thus have inappropriate penalty functions for application to richer kinds of
ordinal data like partial or complete rankings. As a result, Jeon and Choi (2018) proposed
a modified regularization penalty that may be applied to partial or complete rankings under
the more general Plackett-Luce(w) model.

The parameter fusion methods described in the previous paragraph exhibit five distinct
disadvantages: First, maximum likelihood estimation of Bradley-Terry-Luce models, even in
their simplest forms, often suffers from numerical instability and slow computational speed.
As a result, numerous authors have proposed complex algorithms to improve estimation
accuracy or speed (Hunter et al. 2004; Maystre and Grossglauser 2015; Turner et al. 2020;
Nguyen and Zhang 2023). Second, uncertainty quantification is challenging and theoretically
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tenuous in lasso-based methods (Tibshirani 1996; Fan and Li 2001). Third, lasso penalty
parameters may be difficult to select, requiring data-driven or ad hoc techniques (Tibshirani
1996; Masarotto and Varin 2012). Thus, interpretation of the resulting parameter estimates
and associated uncertainty is reliant on the specific choice of penalty parameter. Fourth,
prior knowledge on the amount and size of rank-clusters cannot be directly incorporated
into the frequentist framework: Although the penalty parameter influences estimation of
rank-clusters, the specific meaning of various possible choices is not directly interpretable in
advance. Fifth, to our knowledge only Jeon and Choi (2018) have formulated a parameter
fusion method for ordinal data types other than simple pairwise comparisons. As a result,
only their method is available to estimate rank-clusters from complete or partial ranking

data.

Many of these disadvantages may be addressed using Bayesian methods. For example,
Bayesian counterparts of the lasso and fused lasso (specifically, the Bayesian lasso (Park
and Casella 2008) and Bayesian fused lasso (Casella et al. 2010)) allow for valid uncertainty
quantification and the incorporation of prior knowledge via the selection of interpretable
hyperparameters (and not penalty parameters). Additional Bayesian methods for shrinkage
and variable selection may also be useful for rank-clustering with ordinal data, but have not

yet been studied in that context.

Bayesian methods for shrinkage and variable selection can be broadly categorized into two
classes: Continuous shrinkage and spike-and-slab priors. Examples of continuous shrinkage
priors include the Bayesian Lasso (i.e., Laplace; Park and Casella (2008)), Bayesian Fused
Lasso (Casella et al. 2010), t-distribution (Song and Cheng 2020), Normal-Exponential-
Gamma (Griffin and Brown 2005; Shimamura et al. 2019), Normal-Gamma (Griffin and
Brown 2010), horseshoe (Carvalho et al. 2010), and Dirichlet-Laplace (Bhattacharya et al.
2015). No continuous shrinkage priors place positive probability on coefficients (or their
differences) being precisely zero, which would encourage sparsity. Thus, parameter fusion
must be performed via thresholding the posterior distribution, which is often ad-hoc (Porwal

and Rodriguez 2021). This leads us to consider priors of the latter class. Spike-and-slab
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priors (Mitchell and Beauchamp 1988; George and McCulloch 1997; Ishwaran and Rao 2005)
assign weight to both a point-mass at 0 (“spike”) and a continuous density function (“slab”).
Although the specific formulations of these priors vary, they allow us to estimate which
parameters are precisely zero in a probabilistic framework. Thus, spike-and-slab priors can
be used for parameter fusion and uncertainty quantification. However, we are aware of only
one existing modification of this prior class for parameter fusion: Wu et al. (2021) apply spike-
and-slab to the differences in successive parameters in the linear regression setting. In their
method, the order of parameters from least to greatest in coefficient value must be known in
advance (as in the fused lasso). This is not practical in the ordinal data setting because the
parameter order is equivalent to the overall ranking, whose estimation is a primary goal in
the canonical preference data problem. Thus, no Bayesian parameter fusions methods exist

which may be directly applied to ordinal data analyses with rank-clustering.

In this chapter, we propose a Bayesian method for ordinal data analysis that estimates
an overall ranking of objects with rank-clusters. We use the Bradley-Terry-Luce family of
distributions, which allows us to analyze ordinal preferences from pairwise comparisons, par-
tial rankings, complete rankings, and comparisons made under separate ballots. We propose
a novel spike-and-slab prior that uses partitions to induce rank-clusters. The model does not
require the parameter order nor the number or size of rank-clusters to be known in advance.
Instead, these quantities are treated as random variables and estimated simultaneously. We
develop a computationally-efficient Gibbs sampler for estimation and apply the model to real

and simulated data.

The rest of this chapter is organized as follows. We propose the Partition-based Spike-
and-Slab Fusion prior in Section 6.2 and apply it to a Bradley-Terry-Luce model for ordinal
data in Section 6.3. We develop a computationally-efficient GGibbs sampler based on reversible
jump Markov chain Monte Carlo in Section 6.4 and demonstrate its accuracy on simulated
data. Section 6.5 applies the model to ranked choice voting data from the 2021 Minneapolis

mayoral election. We conclude with a brief discussion in Section 6.6.
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6.2 Partition-based Spike-and-Slab Fusion Prior

Suppose data are drawn exchangeably from a model, M, parameterized by the vector w.
We suppose w is of length J and let each w; € €2, 2 C R. Our goal is to estimate w under
the belief that some pairs or groups of parameters in w may be clustered (i.e., fused). We
say that two parameters m,n € {1,...,J}, m # n, are clustered precisely when w,, = w,,.

Clustered parameters may take on any value in their domain, €.

Before specifying the prior, we provide some notation on partitions. A partition of an ob-
ject set J ={1,2,...,J} is a collection g = {C(1),C(2),...,C(K)} of K disjoint nonempty
subsets (henceforth referred to as “clusters”) of 7 such that their union forms 7. Let C~1(j)
represent the cluster that contains object j € J. We let S(k) = |[{C(k)}| be the size of the
subset C'(k), and denote by K the number of clusters in g. To emphasize dependence on g,
we often write K,, Cy(k), etc. Lastly, we let G represent the collection of all partitions g of
J,and let G, ={g€ G : K, =k}

We are now ready to specify the Partition-based Spike-and-Slab Fusion (PSSF) prior.

Under PSSF, w is assumed to be generated via the following hierarchical model:

G~ fa
wlG=g"%f, k=1,2,... K, (6.1)
Wi = Vo) jeJ

In Equation 6.1, fg(+) is a probability mass function on G and f,(+) is a probability density
function on €2. In words, the prior generates a partition g, and then assigns a unique value vy
to each cluster C'(k) € g. Last, each parameter in w is assigned the value of v corresponding

to its cluster in g.

As an example, suppose J = {1,2,3} and we draw g = {C(1),C(2)} such that C(1) =
{2} and C(2) = {1, 3}, and draw v = [5,10]. Then, w = [10, 5, 10] because,
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(JJl - ch—l(l) = VQ - 10,
Wy = Vg-1g) =11 = 5, and

W3 = Vgo1(g) = Vo = 10.

6.2.1 Marginal Prior Probabilities

A useful feature of the PSSF prior is that, regardless of fg, the marginal distribution of each

w;j follows f,. This is because,

Plw;] = Plulj € C(k)|P[j € C(k)] (6.2)
= P[] > Plj € C(k)] (6.3)
= fu()- (6.4)

Equation 6.2 holds as there cannot be more than J clusters and each object belongs to
a cluster, Equation 6.3 holds by the exchangeability of 4, and Equation 6.4 holds since
P[v1] = f,(-) by definition and the Law of Total Probability.

6.2.2 Relationship to Spike-and-Slab

We have not yet explained the proposed PSSF prior’s relationship to the spike-and-slab. It
is easiest to understand their connection by considering the joint prior distribution on two
arbitrary component parameters, w,, and w,, such that m # n. Due to the partitioning
structure of parameters in the PSSF prior, there is prior probability associated with a pa-
rameter cluster. Thus, their joint prior distribution contains a “spike” component along the
line w,, = w,, with density of that line determined by f,. Oppositely, given w,, # w, their

joint prior distribution reflects independent draws from f,.
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Prior Cluster Probability

Normal(0,1)

Gamma(5,3)

@ Slab Spike

Figure 6.1: Joint distribution of (w;,ws) under the PSSF prior with varying combinations
of f¢ and f,. In all cases, J = {1,2}, and plots show 20,000 sampled values with marginal

density estimates along the axes. Rows correspond to the choice of f, and columns to fg.

Figure 6.1 gives examples of the PSSF prior under varying choices of f; and f,. In
all panels, we let J = {1,2} and display the joint prior distribution of (w;,ws). In this
setting, there are only two unique partitions, g = {1, 1} and g = {1,2}. Thus, we specify the
prior fg by stating the so-called “cluster probability,” i.e., the probability that g = {1,1}.
Columns correspond to cluster probabilities 0.1, 0.5, and 0.9, respectively. Rows correspond
to f, = Normal(0, 1) and Gamma(5, 3), respectively. We notice that as the cluster probability
increases, so does the density of points in the spike component. Regardless of f;, marginal

distributions of each parameter follow f,. The marginal relationships seen in Figure 6.1 hold
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identically even as J grows.

Additionally, we display the difference between parameters, ws — wq, across different
scenarios in Figure 6.2. The rows and columns are identical to that from Figure 6.1 and
make clear the PSSF prior’s relationship with the traditional spike-and-slab, which has a

spike component at 0 and a background slab density.

Prior Cluster Probability
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Figure 6.2: Distribution of wy — w; under the PSSF prior with varying combinations of fg

and f,. In all cases, J = {1,2}. Rows correspond to the choice of f, and columns to fg.

6.3 Rank-Clustered Bradley-Terry-Luce Model

We now introduce the Rank-Clustered Bradley-Terry-Luce model for ordinal data using the

notation of previous chapters. As a reminder, let I be the number of judges who assess J
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objects. Let II; represent the ordinal preferences provided by judge ¢, which may be a partial
ranking, complete ranking, pairwise comparison, or groupwise comparison. Let R; = |II;|
and S; denote the objects in J considered by judge ¢, such that S; C J. R; and S; are
assumed known.
Under the Rank-Clustered Bradley-Terry-Luce (BTL) model, we assume ordinal data is
generated via the following Bayesian model:
w ~ PSSF(fe o Poisson(K,|\), f, = Gamma(vy|a,, b))

(6.5)

IT; |w w Bradley-Terry-Luce(w|S;, R;) i=1,...,1

Y

Rank-Clustered BTL applies the proposed PSSF prior under specific choices of f; and fv
to the BTL family of distributions for ordinal data. We emphasize that the model does
not pre-specify the number of clusters, a specific rank-clustering structure, or the order of

objects. These are treated as random variables and estimated simultaneously.

6.3.1 Prior Selection

We now discuss the selection of priors and hyperparameters. We set fg according to
fa(g) o< Poisson(K | A). (6.6)

In words, the prior probability of drawing a specific partition g depends only on how many
unique clusters, K, it contains. Thus, every partition with the same K, has equal prior
probability. As a consequence, cluster sizes do not explicitly impact the prior probability of
each g. Still, there is an implicit connection between cluster size and K. For example, if
K, = J, every cluster must be a singleton. In this setup, one could set A =~ 1 to encourage

rank-clustering, or A = J to discourage rank-clustering. Next, we set f, according to
fo(v) = Gamma(v|a,, b,). (6.7)

This Gamma prior has been used in Bayesian estimation of BTL models as it allows for

closed-form Gibbs sampling via data augmentation (Caron and Doucet 2012; Mollica and
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Tardella 2017). The hyperparameters a., and b, control the prior distribution on the worth
parameters. Since w is invariant to multiplicative transformations, a, and b, are generally
non-influential. Still, the ratios between worth parameters could become very large when
one object is strongly preferred over another. Thus, (a.,b,) should be chosen to give some

density to values near 0 to allow for such extreme ratios.
6.4 Bayesian Estimation

In this section, we develop a Gibbs sampler for Bayesian estimation of Rank-Clustered BTL

models and provide simulations to demonstrate its performance in different regimes.

6.4.1 Gibbs Sampler

Equation 6.1 defines w by the pair (v, g). Thus, to estimate w, we sample from the joint
posterior distribution of (v,g). We do so using a reversible jump Markov chain Monte
Carlo (RJMCMC) Gibbs sampler that alternates between updating g and v via their full

conditionals after data augmentation. The sampler is summarized in Algorithm 4.

Algorithm 4 Gibbs sampler for Rank-Clustered Bradley-Terry-Luce models

1. Initialize ¢, at random, ensuring that |v(©| = K.
2. Fort=1,2,....T),

(a) Sample g® via its full conditional using RIMCMC in order to traverse the space

of partitions of varying numbers of clusters.

(b) Sample v® via its full conditional T, times, which is possible via closed-form

Gibbs sampling with data augmentation.

Based on our experience fitting Rank-Clustered BTL models to real and simulated data,

we recommend initializing ¢ = {1,2,...,J} (and thus K s = J) as it allows rank-clusters
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to be formed during the estimation process (as opposed to being imposed by the analyst
during initialization). For Step 2, T} should be sufficiently large to allow for convergence
of the MCMC chain, although specific choices are context-dependent. Step 2(a) performs
RJMCMC on clusters of objects. Since RJIMCMC can be slow to converge in high dimensions,
it is important to run multiple chains and assess for mixing and convergence (Gelman et al.
2013). Step 2(b) relies on a closed-form Gibbs sampler. We find 7, < 5 is usually sufficient

for posterior sampling.

Details of Step 2(a)

We now detail Step 2(a), which proposes a new partition ¢’ based on the current partition
g. Since (g,v) are intricately tied, ¥ must simultaneously be updated to an appropriate v/
The sampling of discrete partitions is challenging to perform efficiently. In a seminal paper
on RIMCMC, Green (1995) provided a method for sampling partitions. We adapt that work
for the Rank-Clustered BTL model.

Following Green (1995), we only propose ¢’ which are slight modifications of g: Precisely,
we allow only for ‘births’ splitting one cluster into two, or ‘deaths’ merging two clusters into
one. Since all partitions have positive probability, this process is irreducible, as required.
There is no need to propose ¢’ that shuffle the partitions but maintain the number of clusters,
as these partitions may be obtained by successive birth and death moves.

Births are attempted with probability b, = 0.5. In this case, we select a cluster k at
random among those with at least two objects. The cluster is split “binomially”, meaning
that each object is placed independently into one of the “child” subgroups, ki or ks, with
equal probability, conditional on each subgroup ultimately containing at least one object.
Deaths are attempted with probability d, =1 — b, = 0.5. In a death, two adjacent clusters
are merged at random. Adjacency means that Ak : vy € (Vi,, Vk,)-

Births and deaths require updating v by increasing or decreasing its dimension by 1,

20ne could specify an alternative b, € (0,1) or make b, a function of K, (as in Green (1995)). For
simplicity, we fix by = 0.5.
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respectively. In a birth, we split a cluster’s worth v into (v, ,v},) using,
Vp, = W, UV, =U ', (6.8)

where u ~ Unif(0.5, 1.5). The corresponding death solves these equations simultaneously:

Vk = A/ Vi, Vo (6.9)

For reversibility, we automatically reject proposed births where v , v, are not adjacent.
Per Green (1995), the Metropolis-Hastings probabilities for a birth and death, respec-
tively, are min(1, A) and min(1, A™'), where
_ P(V/, ¢TI q(v, 9|V, g') Vi, Viy)
= X — X
P(Vagu_[) Q(V79|V79)P(u) a(uayk)

where ¢(v/, ¢'|v, g) is the transition probability of sampling (¢, ¢’) given current parameter

(6.10)

set (v, g). We now calculate each term in A. First,

P/, g p(, ¢ )PV |¢|P[d] > g S P, g") Pl |g"]dv" Plg"]
P(v,g|ll) — > [, P([v", g")Pv"|g"]dv" P[g") Py, g)Plv|g]Plg]

_ pPIp, g PV |g1PlY]

~ P(ll|v, ) Plv|g]Plg]

P, g « Gamma(vy, |a,,b,)Gamma(v, |a,,by)  P[g]

B X , 6.11
P(I|v, g) Gamma(vg|a,, b,) Plg] (6.11)

where P(Il|v, g) and P|g] are defined by Equation 6.5. Second,

1

/ / -
q(V7g|V 7g ) — Kg/_l (612)

!l P 1 2 1
q(v', g'lv, g) P(u) (bg X S5 < 2sg(k),2> (1.5—0.5)

dg#{1: S,() > 232501 1)
B by(Ky —1)

dg/ X

The numerator in Equation 6.12 is the death probability, dy/, times the probability of selecting
a pair of adjacent partitions given K total partitions after a split (there are Ky — 1 such
pairs). The denominator is the birth probability, b,, times the probability of selecting a

specific cluster £ among those with at least two members. This term also includes the
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probability of dividing the Sy(k) objects in cluster k£ into two non-empty subsets. There
are (259(k) — 2)/2 such subsets, since there are 25:(k) total possible partitions, two empty

partitions, and two ways to obtain each two-way split. Third and last,

a(yllﬂ ? VIICQ) _ %V]/ﬂl %V]/ﬂ — 6auuyk 6?/ 'L“/k — Vk u
O(u, vy) 24, a%kyl'@ Lufu 3 J/k/u —u/u* 1/u
2
_ (6.13)
u

Details of Step 2(b)

To update v conditional on a partition g and our data, II, we turn to a clever trick for
Bayesian estimation of Plackett-Luce models proposed by Caron and Doucet (2012). Here,

we adapt their trick to account for the more general BTL family of distributions and rank-

clustering. Let Y = {Y},} be a collection of independent random variables, i = 1,...,I and
r=1,..., R;, sampled according to
r—1
}/ir ~ Exponential( Z Vg—l(j) — Z ngl(m(s))>- (614)
JjES; s=0

The exponential rates are precisely the denominator terms from BTL densities that are

burdensome to calculate. Conditional on Y, the full conditional probability P[v|Y,1II, g] is,

Plv|Y, 11, g] <P[YIL, g,v] P[Il|g, V] Plg|v] P[]

O<P[Y|H g,v|P[llg, v]Pv]

ST (v - S ) (B i)

i=1r=1 jeS§;
K

H H ngl(”i(?)il « H V}‘iwfle—b'wk

i=1 r=1 ]ES,L- ngl(j) - ZSZO ngl(ﬂ'i(s)) k=1

s

~
EU

K

:HHngl(ﬂ'i(T))eiyir(szSi Vo=1(jy~ PO g—l(ﬂi(s))) > HVZw—le—bwk (6.15)

i=1 r=1 k=1

Given these cancellations, we notice a closed-form expression for the posterior:
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V|YH g O(HHVCI“ Ver 1yzr NG Hl/a’y 1 _’YVk

=1 k=1

i=1r=1

K .
a’y_‘—i;l Cri—1 7l/k(b—y+z Z Yir 7,'rk:)
I E

ox H Gamma(uk

G~ + Z Cliy b + Z Z Yir zrk) (616)

i=1 r=1

where

={j:jemg7(j) =k} (6.17)
ik = {717 €83, €{m(1),...,m(r—1)},g7'(j) = k}| (6.18)

Thus, we can sample v from a closed-form Gamma distribution after augmentation of the

conditioning data II and random variable g with Y.

6.4.2 Numerical Simulation

We now demonstrate accurate estimation of worth parameters and rank-clusters via a Rank-
Clustered BTL model in a numerical simulation. We assume there are J = 12 objects which
form K=3, 6, 9, or 12 rank-clusters. When K = J = 12, every object is independent; there
are only singleton rank-clusters. In the true worth parameter vector, wy, rank-clustered
objects have identical values and successive rank-clusters are separated in value by a factor
of 4 (see Table 6.1 for specific values). Fourfold increases create strong but not absolute
separation between objects: For demonstration, in a pairwise tournament between an object
with w; = 1 and wy = 4, the probability of selecting object 2 is,

w 4
P2 < 1|wy = 1,wp = 4] = wlng =108

We also vary the Poisson hyperparameter on the number of rank-clusters, A € {4,812},

which encourages rank-clustering to different extents and allows us to measure robustness
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of results when \ is somewhat misspecified. Finally, we vary the number of judges I €
{50,200,800}. For each combination of I, wy, and A\, we generate 10 independent datasets
and fit a Rank-Clustered Bradley-Terry-Luce distribution to each. We set a, = 5 and b, = 3.
We set T7 = 5,000 and T, = 4 to obtain 25,000 posterior samples in each MCMC chain and
burn-out the first 15,000. For identifiability, all posterior estimates of wy are normalized

post-hoc such that Zj woj = 1.

Setting:  wy

K=3 {1,1,1,1,44,44, 16,16,16,16}

K=6 {11, 44, 16,16, 64,64, 256,256, 1024,1024}

K=9 {11,416, 64,64, 256, 1024, 4096,4096, 16384, 65536}

K =12 {1, 4, 16, 64, 256, 1024, 4096, 16384, 65536, 262144, 1048576, 4194304}

Table 6.1: Simulation settings for wy under varying numbers of true rank-clusters, K.

We first examine the accuracy of estimation for wy across our distinct simulation settings.
Figure 6.3 displays boxplots of mean absolute error (MAE) for wy by number of judges I,
true number of rank-clusters K, and the choice of hyperparameter A. In general, estimation
is quite accurate. We see that for any specific combination of K and A\, MAE decreases as [
increases. Estimation error is higher when K is large and [ is small, most likely the result
of error estimating a complex rank-clustering structure.

Figure 6.4 displays the mean posterior probability of rank-clustering across object pairs
which are truly rank-clustered (blue) or independent (gold) in wy. Results are further sep-
arated by the number of judges, I, true number of clusters, K, and hyperparameter .
Overall, the model correctly identifies rank-clustered and independent object pairs. For
rank-clustered pairs, accuracy increases as the number of judges I increases. Accuracy is
generally best when hyperparameter A ~ K, which occurs when prior belief regarding the
number of clusters is approximately correct. The posterior probability of rank-clustering

independent object pairs is near 0 in all simulations, indicating excellent accuracy.
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Figure 6.3: Boxplots of mean absolute error for wy across combinations of the number of

judges I, true number of rank-clusters K, and hyperparameter A.
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Figure 6.4: Boxplots of the mean posterior probability of rank-clustering object pairs which

are truly rank-clustered (blue) or independent (gold), across combinations of I, K, and A.
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6.5 Application: 2021 Minneapolis Mayoral Election

We now analyze real voting data from the 2021 mayoral election in Minneapolis, Minnesota
(Minneapolis Elections and Voter Services 2021). This election included 17 candidates (ex-
cluding write-ins and one who received no votes) and asked voters to rank their top-3 choices,
in order. This mayoral election was the first after the 2020 murder of George Floyd in Min-
neapolis, leading to a contentious campaign. We want to estimate the overall preferences
of Minneapolis voters regarding mayoral candidates and learn which candidates, if any, are
rank-clustered at the population level. We expect there may be some rank-clustering based
on the political ideologies and experiences of the candidates.

This dataset is well-suited to be studied by a Rank-Clustered BTL. Local elections in
Minneapolis use ranked choice voting, which provides ample information for modeling relative
preferences among the candidates. Clustering candidates may be of interest to political
scientists or local political organizations for the purpose of understanding voter preferences

(Gunther and Diamond 2003; Dimock et al. 2014).

6.5.1 FExploratory Analysis

A total of 145,337 votes were cast in this election. For our analysis, we randomly sample 1000
valid votes for modeling, which we treat as a sample of preferences from the population of
Minneapolis voters. Figure 6.5 displays stacked bar charts of the sampled votes by rank level
for each candidate. Candidates are ordered by their final placement according to the official
ranked choice voting algorithm. The incumbent, Jacob Frey, receives the largest share of first
place votes, although Kate Knuth and Sheila Nezhad also receive substantial support. The
remaining candidates receive comparatively few votes. Most candidates are associated with
the Democratic-Farmer-Labor (DFL) party, which is affiliated with the national Democratic
Party. Laverne Turner and Bob “Again” Carney Jr. are the only Republicans (GOP) in the
race. The remaining candidates represent Grassroots—Legalize Cannabis (GLC), Libertarian

(LIB), Socialist Workers Party (SWP), For the People Party (FPP), Independence (INC),
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Independent (IND), and Humanitarian-Community Party (HCP).
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Figure 6.5: Number of votes by rank level and candidate. Candidates are ordered by their
position in the official ranked choice election. Acronyms on the tops of bars represent each

candidate’s political party.

6.5.2 Results

We now fit a Rank-Clustered BTL to the 2021 Minneapolis mayoral election data. We set
a, = 5, b, = 3, and A\ = 2 to encourage a small number of rank-clusters.”> We run 10
independent chains, each with 77 = 4000 and 715 = 4, for a total of 20,000 iterations per
chain. After removing the first half of each chain as burn-in, we merge the chains and view

results on the combined posterior samples.*

3See Appendix C for a visualization of the prior with respect to partitions.

4We also estimate models under alternative choices of A to assess robustness. We find largely similar
results. See Appendix C for details.
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Figure 6.6: Posterior boxplots of normalized worth, w, by candidate. Results marginalize

out the estimated clustering structure.

Figure 6.6 displays posterior distributions of worth parameters, w, by candidate. Each
posterior sample of w has been normalized to sum to 1 for identifiability and ease of inter-
pretation. The candidates are again ordered by their position in the official ranked choice
election. We see that Jacob Frey does not have majority support, but represents a plurality
of voters with an estimated 28% of voters selecting him as their first choice according to the
model. We also notice that adjacent candidates according to the ranked choice election do
not necessarily have posterior worth distributions which follow that order. These changes
in candidate order from the ranked choice election may occur due to the imposed rank-
clustering structure of the model and the BTL model’s consideration of all voting data (as
opposed to the ranked choice voting algorithm, which considers only first-place votes until
a candidate is “knocked out”). For example, Turner is ranked worse than Conner based on
posterior worth, despite ranking better in the official election. However, Turner received far

fewer overall votes than Conner, despite receiving slightly more first-place votes.
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We now look at results from the perspective of estimated rank-clustering. Figure 6.7
displays a matrix of posterior probabilities that each pair of candidates is rank-clustered. In
the matrix, the color of the (m,n)™ entry corresponds to the probability that candidates
m and n are rank-clustered. Candidates are ordered by their estimated rank in the Rank-
Clustered BTL model, which is defined according to the order of posterior median estimates
of worth, w. The order of candidates according to the model does not match that of the
official ranked choice voting algorithm. Cluster 1 consists of Jacob Frey, the winner and
incumbent. Cluster 2 consists of Kate Knuth and Sheila Nezhad, both non-incumbent DFL
candidates with substantial political backing and fundraising. There is some evidence that
Knuth could be rank-clustered with Frey, which aligns with the ranked choice election results
in which Knuth advanced to the final round and Nezhad was knocked out. Clusters 3 and
4 consist of AJ Awed and Clint Conner, respectively, who are each DFL candidates with
less experience and political backing than candidates in previous rank-clusters. Cluster 5
consists of Laverne Turner, a GOP candidate, and Cluster 6 consists of Carney Jr., Harcus,
Globus, and Nelson. There is some evidence that Turner should be merged into Cluster 6,
and even stronger evidence for merging her with Carney Jr. and Harcus. This is notable
because Turner and Carney Jr. are the only Republican candidates, and Harcus represents
the Grassroots—Legalize Cannabis Party which shares many ideological viewpoints with the
GOP. Last, Cluster 7 consists of 6 candidates with minimal support and liberal /independent

ideologies.

Figure 6.8 compares point estimates of rank for each candidate among four methods.
The first and second rows display assigned ranks from ranked choice and “first-past-the-post”
(FPP) election procedures, respectively.® To calculate FPP ranks, we order the candidates by
the number of first place votes he/she received (ignoring all second and third place votes).
If an actual election of this kind had occurred, the results may be different based on the

differing voter strategies encouraged by ranked choice and FPP elections. The third and

5Since ranked choice and FPP elections use deterministic procedures, we use the term “assigned rank”.
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Figure 6.7: Clustering matrix showing the posterior probability that each pair of candidates

is clustered. Candidates are ordered by their estimated rank according to the Rank-Clustered

BTL model.
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Figure 6.8: Comparison of estimated rank for each candidate across four aggregation meth-
ods: Ranked Choice, First-Past-the-Post (FPP), BTL, and Rank-Clustered BTL (RC BTL).

Candidates are ordered by their rank in the actual ranked choice election.

fourth rows display estimated ranks from a standard Bayesian BTL and our Rank-Clustered
BTL, respectively. Estimated ranks are based on maximum a posterior: estimates. Frey
wins the election in all methods. The two deterministic algorithms, Ranked Choice and
FPP, switch the second and third place candidates but otherwise provide identical results.
The BTL and Rank-Clustered BTL models roughly reflect the deterministic algorithms,
although we notice some swaps in candidate ranks which may be attributed to differences
between first place and second or third place votes. For example, Conner received fewer
first place votes than Turner, but far more second and third place votes. As a result,
deterministic algorithms rank Turner above Conner, while the BTL model takes into account
the additional preference information and ranks Conner above Turner. The Rank-Clustered
BTL additionally clusters candidates with similar levels of support. Most notably, Knuth and
Nezhad are rank-clustered. Additionally, the eccentric third-party candidate Nate “Honey

Badger” Atkins is estimated to be in the last place rank-cluster despite a modest number of
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first place votes. This may be attributed to his limited number of second and third place
votes, suggesting that overall he is less preferred than Globus, Nelson, and Perry (who were

ranked worse than Atkins in the deterministic methods).
6.6 Discussion

In this chapter, we proposed the Rank-Clustered Bradley-Terry-Luce model for estimating an
overall ranking with rank-clusters. The model employs the Bradley-Terry-Luce (BTL) family
of distributions for ordinal data and estimates model parameters in a Bayesian framework
under the proposed Partition-based Spike-and-Slab (PSSF) prior. In a simulation study, we
demonstrated the model’s ability to accurately estimate an overall ranking of objects that
rank-clusters objects that are identical in quality, and successfully distinguishes objects that
are not. Furthermore, we showed that estimation error decreases as the number of data
points increases. When applied to voting data from the 2021 Minneapolis mayoral election,
the model estimated the overall preferences of voters while simultaneously estimating rank-
clusters of candidates. Thus, the model is a useful tool for understanding preferences via
rankings.

To our knowledge, the PSSF prior is only the second spike-and-slab based prior for
parameter fusion, after Wu et al. (2021), whose prior was developed for regression and
requires a known parameter order. Visual inspection of the prior distribution makes obvious
its connection to spike-and-slab: “spike” components correspond to parameter clusters and
“slab” components correspond to independent parameters. Estimation of parameters under
this model requires reversible jump MCMC. We proposed a computationally efficient Gibbs
sampler for estimation based on the seminal work of Green (1995).

A useful benefit of estimating parameter values and clusters in a single Bayesian frame-
work is the avoidance of selective inference (Taylor and Tibshirani 2015) or more colloquially,
double dipping (Kriegeskorte et al. 2009). Selective inference occurs in frequentist analyses
when the same data is used twice in the process of model selection and/or estimation, e.g., to

estimate some latent structure underlying the data and subsequently to estimate parameters
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conditional on that estimated structure. In our context, selective inference would occur if or-
dinal preference data was used first to identify rank-clusters and then used again to estimate
worth parameter values conditional on those clusters. Selective inference often leads to in-
valid inference in part because uncertainty regarding the estimated clustering structure is not
taken into account. However, Rank-Clustered Bradley-Terry-Luce models do not perform
selective inference because parameter values and rank-clusters are estimated simultaneously.
As such, our parameter estimates incorporate uncertainty across the posterior distributions

of both the rank-clustering structure and the specific parameter values.

Results from Rank-Clustered BTL models are useful in a variety of contexts. As noted in
other fusion literatures on rankings, estimated overall rankings may be easier to understand
and interpret when rank-clusters of objects are identified, as rank-clusters lead to fewer rank
levels of objects to distinguish (Masarotto and Varin 2012). In contexts where model results
are used for prediction, such as in sports, estimating rank-clusters could improve predictive
accuracy (Tutz and Schauberger 2015). Similarly, estimating rank-clusters is important in
the context of decision-making: In peer review, for example, rank-clusters can be beneficial
for communicating uncertainty in the assessment of preferences and for better transparency
in funding decisions. We might imagine a scenario where a government agency is only able
to fund two grants, however, two grant proposals are rank-clustered in second place. In
this case, rank-clustering can be used to communicate uncertainty in the relative quality of
the top proposals. A potential danger is that under this uncertainty, decision makers may
be tempted to resort to unfair tie-breaking methods, e.g., selecting the proposal with the
most famous author. Instead, tie-breaking should occur based on a fairer or more principled
method, such as a partial lottery (Fang and Casadevall 2016; Roumbanis 2019; Heyard et al.
2022).

We list a few possible directions for future research. In this chapter, the model was only
used to analyze partial and complete rankings. Analysis of other forms of ordinal preference
data allowed by the BTL distribution, such as pairwise comparisons or rankings made under

separate ballots, require further study, including a comparison of rank-clustering accuracy
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with existing frequentist methods available for analyzing pairwise comparison data (e.g.,
Masarotto and Varin (2012)). In the presence of such data, it will also be important to
study how estimation is impacted based on the level of interconnectedness in the objects
assessed by the judges (e.g., if separate groups of judges assess completely distinct sets of
objects). We expect the Rank-Clustered BTL model to perform well on pairwise comparison
data based on our analysis of top-3 voter preferences in Section 6.5. However, simulation
studies and applications to real data are needed to confirm these expectations.

Moreover, the PSSF prior could be applied in other settings. In the field of preference
learning, the PSSF prior could be applied to BTL distributions that incorporate covariates
(e.g., Gormley and Murphy (2010); Chapman and Staelin (1982)). In that case, the prior
could require modification to allow for covariate parameter estimation in addition to rank-
clustering. Also, the PSSF prior may be used in regression for variable fusion, and its
performance may be compared to other existing Bayesian variable fusion methods (e.g.,

Casella et al. (2010); Song and Cheng (2020); Shimamura et al. (2019)).
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Chapter 7
DISCUSSION

7.1 Contributions

In this dissertation, we have provided an overview of deterministic and statistical methods
for the analysis of preference data and proposed three new methods for preference analysis
driven by applications in the social sciences. We expound our primary contributions below.

In Chapter 3, we proposed the first joint statistical model for rankings and ratings without
data conversion, the Mallows-Binomial. Mallows-Binomial uses shared parameters between
ranking and rating components to estimate the preferences of a group or population re-
garding a collection of objects. The model was proposed in a frequentist framework and
estimated via a computationally efficient A* search algorithm. In Chapter 4, we proposed
a second joint statistical model for rankings and ratings, the Bradley-Terry-Luce-Binomial
(BTL-Binomial). BTL-Binomial allows for additional types of ordinal preference data be-
yond standard rankings, such as pairwise comparisons and rankings made under separate
ballots. Furthermore, BTL-Binomial was proposed in a Bayesian Mixture of Finite Mixtures
framework, which allows for the estimation of both the number of heterogeneous preference
ideologies in a population and the specific preference ideologies of each group. Chapter 5
compared and contrasted the various assumptions, properties, and practical considerations
of using each model, providing insights on model selection in the presence of both ordinal and
cardinal preference data. Through simulation studies, toy examples, and real data analyses in
Chapters 3-5, both the Mallows-Binomial and BTL-Binomial were demonstrated to sensibly
combine the distinct and complementary preference information provided by rankings and
ratings. Furthermore, we analyzed datasets to demonstrate the models’ ability to account

for missing data, estimate potentially heterogeneous preferences, and aid accurate decision-
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making in a number of contexts, including large-scale distributed peer review, small-scale
grant panel review (with and without heterogeneity), and survey preference data.

Chapter 6 proposed a novel methodology for analyzing ordinal preference data with rank-
clusters. In traditional ranking data analyses, an overall ranking of objects is estimated based
on the observed data. However, if some objects are thought to be equal or indistinguishable in
quality, they may be more correctly considered rank-clustered, i.e., identical in population-
level rank. Existing rank-clustering methods rely on frequentist penalty-based techniques
and primarily allow for analyzing only pairwise comparison data, thus limiting their use.
To address this problem, we proposed the Rank-Clustered BTL model, which applies a
cluster-inducing prior to the BTL family of ranking distributions. Our Bayesian model has
interpretable prior parameters, is efficiently estimated via Gibbs sampling, and allows for the
estimation of uncertainty in a unified approach. We applied the model to a sample of voting
data from the 2021 Minneapolis mayoral election and demonstrated its ability to cluster

similarly-preferred candidates along interpretable dimensions.
7.2 Discussion and Future Work

The methodologies and data analyses presented in this dissertation relate to a variety of
existing literatures in the natural sciences, social sciences, and humanities. At their root,
each of our proposed methods aggregates observed preference data into summary statistic(s)
of preferences. This task is central to the philosophical literature on Social Choice Theory
(described in Chapter 2.3). Social Choice theorists have been describing desirable properties
of social choice and proposing methods to satisfy them since the Marquis de Condorcet first
noticed the existence of cyclic preferences in the late 18th century (de Condorcet 1785). In
this work, we have noted qualities satisfied by our methods, such as the Independence from
Irrelevant Alternatives (IIA) criterion satisfied by the BTL family of ranking distributions
(but not the Mallows), and the non-dictatorship and unrestricted domain satisfied by all
our methods. Still, additional research is needed to connect statistical preference models,

including, but not limited to, the models proposed in this dissertation with axioms of social
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choice. There is some modern literature connecting deterministic preference aggregation
algorithms to social choice axioms (Hammond 2007; Mixon Jr and King 2012; Medcalfe
2018; Boudreau et al. 2018; Nguyen et al. 2021), but only limited research connects Social
Choice axioms to statistical preference models (e.g., Marden (1996); Nagaraja and Sanders

(2020); Sanders et al. (2022)).

Chapters 4 and 6 draw on methods from model-based clustering. Model-based clus-
tering refers to the statistical estimation of clusters using a probability model, as opposed
to deterministic algorithms or methods based on heuristics (Bouveyron et al. 2019). We
have performed two distinct kinds of clustering: First, the proposed BTL-Binomial Mixture
of Finite Mixtures (MFM) model clusters judges into heterogeneous preference ideologies
based on their observed preference data. The MFM approach extends traditional latent
class analyses (Lazarsfeld 1950), in which the number of clusters is selected via an ad-hoc
heuristic or goodness-of-fit statistic and then estimates cluster labels and parameters us-
ing traditional statistical techniques like maximum likelihood (Sinha et al. 2021). Instead,
MFM is a Bayesian framework that treats both the number of latent classes and the as-
sociated class-specific parameters as random variables, and estimates both simultaneously
(Miller and Harrison 2018). Second, the Rank-Clustered BTL clusters objects in their rank
based on their overall quality or support in the population of judges. We emphasize that
the Rank-Clustered BTL model does not cluster judges, but instead clusters model param-
eters that represent the quality of each object. Parameters are considered clustered when
their values are made identical, which results in the formation of a rank-cluster among their
corresponding objects. Our rank-clustering technique draws on the statistical model selec-
tion literature, such as the fused lasso (Tibshirani 1996) and spike-and-slab priors (Mitchell
and Beauchamp 1988). Here, we propose the Partition-based Spike-and-Slab Fusion (PSSF)
prior that induces parameter clustering, and hence, rank-clustering when applied to the BTL
distribution. Although our Rank-Clustered BTL model was shown to successfully estimate
rank-clusters and independent objects on both real and simulated data, additional research

is required. Theoretical properties of the model and prior, such as asymptotic convergence
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rates and consistency, should be investigated. Comparisons of results should also be made
with existing frequentist methods for rank-clustering. Last, we note that all models pro-
posed in this dissertation could be extended to allow for co-clustering. Co-clustering refers
to the simultaneous clustering of observations and variables (Hartigan 1972), which in our
preference context would mean clustering both judges and objects. Co-clustering could be

accomplished by applying a modified PSSF prior alongside a Bayesian latent class model.

We now turn to future work regarding our joint models for rankings and ratings. First,
each model uses the Binomial distribution to model ratings. However, the Binomial distri-
bution imposes certain assumptions on the data. That is, ratings must arise from a discrete,
finite, and equally-space set, and follow a specific mean-variance relationship. The rating
component of each model could be replaced with other distributions. For example, a Beta-
Binomial distribution when the Binomial mean-variance relationship does not hold or a
Truncated Normal for continuous ratings. Second, the relative weights of ratings and rank-
ings in our joint models could be directly specified by practitioners or estimated. Currently,
no direct weighting occurs, although data missingness and data types may impact the influ-
ence of each model component during estimation. For example, more granular rating scales
imply that ratings are more precise and contain more information. However, this precision
may not be meaningful in practice (Miller 1956; Jones and Loe 2013), and practitioners may
wish to down weight ratings during estimation as a result. Still, how to impose, interpret,
and modify weights between ratings and rankings is unclear. Future research could formu-
late methods for direct weighting of rating and ranking model components in the presence of
distinct levels of missing data and the available data formats. Third, both models could be
modified to incorporate covariates, perhaps with respect to judge or object characteristics.
Incorporating covariates may be useful for hypothesis testing. In the context of peer review,
object-level covariates would allow for testing if significant disparities exist in the perceived
quality of proposals based on the proposer’s gender or race. Fourth, the Mallows-Binomial
model could be estimated in a Bayesian framework and under preference heterogeneity via a

latent class model. A Bayesian approach would reduce the substantial burden of frequentist
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estimation, an NP-hard problem that is especially difficult when the number of objects is
large.

Mallows-Binomial and BTL-Binomial joint models for rankings and ratings may be useful
for estimating preferences in social science disciplines beyond those presented in this disser-
tation. As discussed in Chapter 2.1.3, psychologists and psychometricians have long been
proposing measurement approaches that draw on the distinct and complementary properties
of ratings and rankings (e.g., Smith and Kendall (1963); Sung and Wu (2018)). Unfortu-
nately, these methods require elaborate and time-consuming data collection mechanisms. In
contrast, our joint models allow for a variety of standard ordinal and cardinal data types
and have estimation tools available under multiple frameworks. Our models could allow for
better understanding of preferences in a plethora of social science disciplines: Political sci-
entists may obtain fine-grained estimates of political preferences among voters when asked
to assess potential candidates with ratings and rankings (Campbell and Cowley 2014), so-
ciologists could measure absolute and relative support for certain opinions or attitudes by
asking study participants to rate and rank pairs of statements from a larger collection, ed-
ucators may measure the effectiveness of teaching strategies by asking students to compare
them using numerical scores and ordinal comparisons, and health scientists may transpar-
ently rank health systems across geographic regions using existing ordinal and cardinal data
on patient outcomes (Remington et al. 2015; Schiitte et al. 2018). These examples barely
scratch the surface of settings where our joint models may provide more accurate summaries
of preferences or quality assessments among members of a group or population.

Future work is needed on the Rank-Clustered BTL model as well. With potential mod-
ification to the PSSF prior, the Rank-Clustered BTL model may be extended to account
for ties in observed preferences (e.g., a tie in pairwise comparison can be used to represent
tied matches when modeling sports tournaments (Tutz and Schauberger 2015)) or covariates
corresponding to the objects being assessed. The PSSF prior may also be considered in the
context of model selection in regression, which is a more traditional home for spike-and-slab

priors. The Rank-Clustered BTL model may also be useful in social science settings beyond
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political preferences. For example, the model may be used to estimate an overall ranking of
graduate programs where approximate ties in quality are stated, an overall ranking of hospi-
tals based on patient outcomes that clusters hospitals into relative categories such as “better
outcomes” or “worse outcomes”, or an overall ranking of grant proposals that estimates if
proposals near the funding line are truly different in quality or not.

Statistical preference analysis estimates and summarizes population-level preferences with
uncertainty. This dissertation has proposed three novel methods for statistical preference
analysis, driven by social science settings which previously had few or no principled methods.
This work improves our understanding of statistical inference on preferences, which in turn
aids informed decision-making and opens the door for future developments in the statistical

analysis of preferences.
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Appendix A

This is the Appendix to Chapter 3. It includes an exploration of estimation bias, proofs
of asymptotic consistency of the maximum likelihood estimators and asymptotic validity of
bootstrapped standard errors for the Mallows-Binomial model, and additional results from

the AIBS grant panel review application from Chapter 3.4.
A.1 Bias in Mallows-Binomial Maximum Likelihood Estimators

In this section, we explore bias of the Mallows-Binomial maximum likelihood estimates

(MLE), (p, ), for parameters (pg, o). We start with a simple example of bias before provid-

ing theoretical results.

A.1.1 Example Demonstrating Bias

Consider the following example: Let I = 1, J = R = 3, and M = 1. Then, there are
48 unique possible preference observations. Specifically, they are the combinations of X; €
{0,1}, X5 € {0,1}, X5 € {0,1},and IT€ {1 <2<3,1<3<2,2<1<3,2<1<3,3<
1 <2,3<2=<1}. We enumerate each possible observation and state its associated MLE in
Table A.1.

Now suppose po = [0.1,0.4,0.9]7 and 6y = 1. Then, the bias of each MLE is,

Bias(p1) = Ep,, . [51] — po1 ~ 0.1419 — 0.1 = 0.0419
Bias(ps) = Ep, , [b2] — poz ~ 0.4192 — 0.4 = 0.0192

Thus, each MLE in this example is biased.



Observed Data

Associated MLE

Observed Data

Associated MLE

I Xi X2 X3 p p2 b3 0 I Xi Xo X5 p1 po ps 0
1<3<2 0 0 0 0 0 0 ool 2<1<3 O 0 0 0 0 oo
2<1<3 1 0 0 05 0 05 oo 3=<2<1 1 0 0 1 0 0 o
3<2<1 0 1 0 05 05 0 oof1<3<2 0 1 0 0 1 0 o
1<3<2 1 1 0 05 1 05 oof 2<1<3 1 1 0 1 1 0 0
2<1<3 0 0 1 0 0 1 oo 3<2<1 O 0 1 0 0 1 0
3<2<1 1 0 1 1 05 05 oof 1=x3<2 1 0 1 1 0 1 0
1<3<2 0 1 1 0 1 1 oo | 2<1<3 0 1 1 05 05 1 oo
2<1<3 1 1 1 1 1 1 oo | 3<2<1 1 1 1 1 1 1 o
1<2<3 0 0 0 0 0 0 ool 3=<2<1 0 0 0 0 0 0 oo
3<1<2 1 0 0 05 05 0 oo 1<3<2 1 0 0 1 0 0 0
2<3<1 0 1 0 0 1 0 0 || 2<1<3 O 1 0 0 1 0 0
1<2<3 1 1 0 1 1 0 0 || 3=2<1 1 1 0 1 1 0 o
3<1<2 0 0 1 0 0 1 0 || 1<3<2 0 0 1 0 05 05 o
2<3<1 1 0 1 1 0 1 oo | 2<1<3 1 0 1 1 0 1 o
1<2<3 0 1 1 0 1 1 oo 3<2<1 O 1 1 0 1 1 0
3<1<2 1 1 1 1 1 1 oo 1x3<2 1 1 1 1 1 1 oo
2<3<1 0 0 0 0 0 0 ool 3<1=<2 0 0 0 0 0 0 oo
1<2<3 1 0 0 1 0 0 0 | 2=3<1 1 0 0 1 0 0 oo
3<1<2 0 1 0 0 1 0 ool 1=2=<3 O 1 0 0 05 05 o
2<3<1 1 1 0 1 05 05 o] 3<1<2 1 1 0 1 1 0 o
1<2<3 0 0 1 0 0 1 oo 2<3<1 O 0 1 05 0 05 o©
3<1<2 1 0 1 1 0 1 0 || 1<x2<3 1 0 1 05 05 1 o0
2<3<1 0 1 1 0 1 1 0 || 3<1<2 0 1 1 05 1 05 o©
1<2<3 1 1 1 1 1 1 oo | 2<3<1 1 1 1 1 1 1 o
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Table A.1: Enumerated observations and associated MLEs in a toy example demonstrating

bias of Mallows-Binomial maximum likelihood estimators.
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A.1.2 Theoretical Results on Bias

We begin by proving (p, f) is biased when 7 is known: Assume 7 is fixed and known. Then,

I deK (m;,0rder(p))

(D, é)|7To = argmax px” 1—p;) M,%
p,0|Order(p)=mo leIl VYr,s(0 H J

7=1
I
= argmax G[Zd;( 5, To } — Ilogvr s(0)+ (A.1)
p,0|Order(p)=mo i—1
I
Z [Z:UU logp; + (UM — wa log(1 —pj)]
j=1 =1

p and € factor in Equation A.1. Thus,

I
é|7r0 = argmax — Q[Zd(m, Wo)] — I'log ¥r(0)
i=1

O|mo
J

plmo = argmax Z [fj logp; + (M —Z;)log(1 — pj)]
p|Order(p)=mno j=1

Tang (2019) proved that E[f|m] > 6. So when 7 is known, 0 is biased upward. Regarding
p, the problem is now precisely an isotonic regression problem for Binomial probabilities. It
was shown in Ayer et al. (1955) and Barlow and Brunk (1972) that

) z;/M T1yeo oy Tjm1 <Tj < Tji1y...,Tg

pjlmo =

(D iea, Ti)/M, otherwise

where A, is the intersection of the lower and upper sets of my that include j. Robertson
(1988) proved that E[p;|mg] # p; in generality, i.e., the parameters p;, j = 1,...,J are
biased. The direction of the bias may vary between each p;. Thus, (p, é)|7r0 is biased.

We would now like to prove that the MLEs are biased even when my is not known.
This is a substantially more challenging problem due to the interconnectedness of p and 9
during estimation. A complete proof is left open. However, the previous counterexample
demonstrates that bias is present in at least some situations. At the same time, simulations

in Chapter 3.2.2 demonstrate the bias is often minimal.
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A.2 Consistency of Mallows-Binomial Maximum Likelihood Estimators

In this section, we prove consistency of the Mallows-Binomial MLE.

Proposition 2 Let M, J, and R be fired and positive integers such that R < J. Let
6o € (0,00) and py € (0,1)7. Let (X,11); denote a sample of I independent and identically
distributed samples from a Mallows-Binomial(po, 0y) distribution, and (p,0); be the mazimum
likelihood estimators based on that sample. Then, (p, é)] L (po. o).
Proof Assume that each true py;, j = 1,...,J lie within in the unit interval and are each
bounded away from 0 and 1. Furthermore, assume that the true 6, is less than J and is
bounded greater than 0. We note that the restrictions on py ensure each proposal may receive
any integer rating between 0 and M with positive probability. Furthermore, the restrictions
on 0y ensure there is not a complete lack of consensus (as if §; were equal to 0) and does not
substantially impact situations of near-complete consensus (when 6, > J, it is near certain
that all rankings are identical and match the true 7y regardless of how large 6y is). Under
these assumptions, the unknown parameters live in a compact space. We denote this space
by ©.

We define a few quantities. First, let ¢, (X}, II;) be the log likelihood of data (X, IL;)
under a Mallows-Binomial(p, 8) distribution, less the normalizing constant. Specifically,

lpo(X;,1L;) = — Odp s (IL;, Order(p)) — log v, (6)

T Z [Xijlog pj + (M — Xi;) log(1 — p;)] (A.2)

j=1
Note that ¢(p,8)(-,-) is not continuous in p. Discontinuities may exist when p; = py, j # k.
Furthermore, note that dg ;(II;, Order(p)) € {0,1,...,J(J — 1)/2} and ¢g s(0) € (1, J!).

Continuing on, we define,

M;(p,0) = %ng,e(Xi, I1;) (A.3)

M(p,0) = Ellpp( Xy, )] (A.4)
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Note that
L J
M;(p,8) = —0dg (11, Order(p)) — log ¥r s (0) + Z [X;logp; + (M — X;)log(1l — p;)]
j=1

by definition and

Re™? d je 79
M(p,0) = — 9[1_—6_9 - > T e_j9:| — log ¥, (0)
j=J—R+1
J
+y [ij log p; + (M — Mp;)log(1 —Pj)]
j=1
since,
E[X;] = Mp;, Var[X;] = Mp;(1—p;) (A.5)
Re™? / je3?
Eldg ;] = - Z Qi (A.6)
j=J—R+1
Re—? J j2e=30
Var[dRJ] = m - ‘ Z m (A?)
j=J—R+1

Equation A.5 is a standard result for Binomial random variables and Equations A.6 and A.7
follow directly from Fligner and Verducci (1986).

We are now ready to prove the consistency of the maximum likelihood estimators. We do
so using Theorem 5.7 of van der Vaart (2000). Specifically, we must prove (1) uniform con-
sistency of Mj(p,0) to M(p, @), (2) the true parameter values are well-separated in M (p, 0),
and (3) that M;(pr,8;) > M;(po,6o) — 0,(1) as I — co. Then, the MLE is consistent.

Condition 1 Uniform consistency is proven via Corollary 2.2 of Newey (1991). Specifically,
under the assumption that the true parameters live in the compact space ©, we must prove
that M; converges pointwise to M and that V(p,0), (p/,0') € ©, |[M;(p',0") — M;(p,8)| <

O, 0"), (p, 0)]]1-

We start with pointwise convergence: Let (p,6) € © be arbitrary but fixed. Then,



149

zmmm—Mmmz—m@JJMan%ﬁg
*-iiilogz» E[X]) +log(1 — p,)(E[X;] - X))

=—0o,(1) + Z log pjo,(1) +log(1 — pj)o,(1)

=0,(1).

Thus, M; converges pointwise to M. Next, let (p,6),(p/,0') € © be arbitrary but fixed.
Then,

P(6')
b(0)

| M (p',0') — Mi(p,0)] 2)9'3(@ Order(p')) — 6D(II, Order(p')) + log

< 1. Dj + 1 —p,
X log = M—-X;)1
X108 2 + (M = X, log =]

J J

+

<.
I Mk
o

_ , P(o)
< |o'D(11, Order(p ));eD(H,Order(p))\ﬁ\log ¢<9)‘
——

Term 1

Term 2
1 —p}

J/

M“

X, log % (M —X;)log (A.9)

1

(.
Il

Te;gl 3
where Equation A.8 holds by definition and Equation A.9 by the triangle inequality. We

investigate each numbered term sequentially. Starting with Term 1,
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Term 1

(IL, Order(p')) — HE(H,Order(p’))’

( (I1, Order(p')) — [E(n,order(p'm+E[E(H,order(p'))]—E[E(H,order<p0))])—

0( D(I1, Order(p')) — E[D(IL, Order(p'))] + E[D(II, Order(p'))] — E[D(II, Order(po))]>+

/\

(0 — 0)E[D(1I, Order(po))])
= |0/ (00(1) + 0,(1)) = 6(0,(1) + O,(1)) + (¢ = 0)0,(1)

Op(1).

—|@ -0

Next,

Term 2 = |logy(0') — log¥(0)| < C110" — 0] = O,(1)|6" — 0],
since log () is a continuous function defined on a compact range and therefore must have

a maximum and minimum slope over that range. Similarly,

J
Term 3 =Y | X;(logp; —logp}) + (M — X,)(log(1 — p;) — log(1 — p}))]

since log(p;) and log(1 — p;) are also continuous functions on the compact range. Combining
these results for Terms 1, 2, and 3, we have
M0/ 8) = Mi(p. 6)] =O,(1)|8" = 6] + O, (1|6 — 6] + Z OVl =

=0,V 6", (0 O)I 1. (A.10)

Therefore, the estimator is uniformly consistent.
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Condition 2 The well-separation condition on M (pyg, 0y) is straightforward to prove using
Lemma 2.2 of Newey and McFadden (1994): Since the model is identified (as proved via
Proposition 1) and E|¢, ¢(X,II)| < oo Vp, 8 € © due to the constrained domain of each X;

and II; regardless of p,f € O, we have the desired result.

Condition 3 The third condition that the sequence (py, 91) as [ — oo satisfies M;(py, 91) >
M;(po,6y) — 0,(1) is a standard property of the MLE.

Thus, according to the conditions of Theorem 5.7 in van der Vaart (2000), (pr, 0 1) is consistent

for (po, 0o)-

A.3 Asymptotic Validity of Bootstrapped Standard Errors

In this section, we prove the asymptotic validity of bootstrapped standard errors in the

Mallows-Binomial model. This work was adapted from Pearce and Erosheva (2022a).

A.3.1 Background on the Nonparametric Bootstrap

The bootstrap is a very general tool for uncertainty quantification that was first proposed in
Efron (1979). The nonparametric bootstrap is used to estimate the inherent uncertainty of an
estimator without making assumptions on its distributional form. Given ni.i.d. observations,

X = (Xy,...,X,), the nonparametric bootstrap is performed using the following steps:

1. Re-sample n observations with replacement from the original dataset B times, for large

B. Denote each bootstrap sample X*, b=1,...,B.

2. Estimate the unknown statistic(s) of interest, , separately using each bootstrap sam-

ple. Denote the estimates from each bootstrap sample éb, b=1,...,B.
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3. Form an empirical distribution for 0 using the values éb, b=1,...,B.

Quantiles from the empirical distribution of the unknown statistic(s) of interest may be used
for the purpose of creating confidence regions.

Despite its wide applicability, the nonparametric bootstrap does not always yield asymp-
totically valid confidence intervals. A canonical example in which the bootstrap fails is the
estimation of the unknown parameter 6 given i.i.d. samples from a Uniform(0, ¢) distribu-
tion. Here, the MLE of 6 is the maximum order statistic, which has a limiting exponential
distribution. The bootstrap empirical distribution, however, will not be able to replicate
the asymptotic distribution given the fixed sample, in which the bootstrap estimates of 6
will always be less than or equal to the full-sample maximum order statistic (Bickel and
Freedman 1981). Another canonical example in which the bootstrap fails is in estimating
the location parameter of a Cauchy distribution. In this setting, the MLE is the sample
mean which is itself Cauchy distributed and therefore has infinite variance. As a result, the
bootstrap estimator behaves poorly even given large samples (Politis 1998).

The Mallows-Binomial likelihood has an unusual form that makes the asymptotic validity
of bootstrap uncertainty for the MLE unclear. Specifically, the model is parameterized by
continuous parameters whose discrete order impacts the likelihood. That is, the likelihood
contains both continuous and discrete components; discontinuities may exist whenever the
order of certain parameters change. Thus, frequentist estimation of the Mallows-Binomial
model is both a continuous and discrete problem. In the absence of theoretical results
regarding the asymptotic distribution of the maximum likelihood estimators, the validity of

the nonparametric bootstrap is unclear.

A.3.2  Proof

We now prove the asymptotic validity of bootstrapped standard errors in the Mallows-
Binomial model.

Proposition 3 Let M, J, and R be fixed and positive integers such that R < J. Let
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(X,II); denote a sample of I independent and identically distributed samples from a Mallows-
Binomial(pg, 00) distribution. Then, the nonparametric bootstrap estimates of standard errors
for (p, é) based on (X,I1); are parameter-wise asymptotically valid as I — oo.

Proof We begin with a few preliminaries. First, let m,, = Order(py), i.e., the true consensus

ranking. Then, note that the joint likelihood of the observed data (X,II); can be written,

J
11 ( >p§f (1 —po])M‘”””) (A.11)
j=1
J

i=

790 Zz 1 d(ﬂ-l 7TP0 I I
> i1 Tij =S @
- P(O <11 (H( )) po; =" (1 = poy) M,

Jj=1

I —9 d(m;,mpg)
£<(X, H)I|p0790> = 11 ( : ~ %

where d(-,-) is the Kendall’s 7 distance between the two rankings and

1—e 99

A.12
1—e?’ ( )

¥(f) =

E&

Il
—

J

Thus, the MLE (p, é) can be expressed according to,

I
(p,0) = arg max[ GZd mi, mp) — Ilog(6)
i=1

+ Z(Z ;5) log(py) + (IM — sz‘j) log(1 — Pj)]

J
= argmax | — 0D(m, 7,) — log () + Z (1'] log(p;) + (M — ;) log(1 — pj))
J=1

p,0

p,0

= arg max | f(x,m, (P, 9)] , (A.13)

where

D(m,m,) =1"" Z d(m;,mp) (A.14)

fj =7 ZSL’” (A15)
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Now, assume that pg; # por whenever j # k, each po; € (a,b) C [0,1], and 0 € (¢,d) C
[0,00). Under these conditions, Proposition 2 proves that (p, é) is consistent for (pg,fy) as
I — oo.

A sufficient condition for bootstrap validity is local asymptotic normality of the MLE
(Hall 2013; Bickel and Freedman 1981). As such, we show that the (J 4 1)-dimensional MLE

~

(p, 0) is coordinate-wise, locally asymptotically normal.

Local Asymptotic Normality of p;: We begin by considering each p;, 7 = 1,...,J.

Note that p; is the solution to the following equation:

0
0= %f(x,n)z(ﬂ 0) (A.16)
0 = X M —Z;
= —0|—D(m,m,)| + - — J A7
[5pj ( p)] pi 11— (A-17)

A key challenge in calculating p; is the derivative %D(ﬂ', Tp), which is a function of the
J-dimensional vector p. However, as long as each p; # p;, whenever k # j, then m, will
remain constant in small perturbations around p; and the derivative in p; will thus be 0.

Generalizing from p; to p, we require there to exist an e-ball around the J-dimensional
vector p such that Order(p) = m, remains constant for all p’ in the ball. In such cases, we
have %D(ﬂ', mp) = 0 and thus p; is defined by the standard Binomial MLE, z;/M, which is
asymptotically normal as it is a function of the mean of i.i.d. random variables.

Specifically, this means that in a local region defined by the order of p, we have the
standard Binomial result,

ﬁ(gﬁj - p0j> L\ N(O, p—Oj(lﬂz pof')), (A.18)

which establishes the coordinate-wise local asymptotic normality of p;, 7 =1,...,J.
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Local Asymptotic Normality of f: We now show that § is coordinate-wise a locally

asymptotically normal estimator of y. Note that 6 is the solution to the following equation:

0= 3 S, 0.0) (219
N YN )
= —D(m, m) o0 (A.20)
= D(m,m,) = —Z((g; (A.21)

For simplicity, we define x(6) = —¢/(0)/1(0). Thus, we have

0 =k Y(D(r,m,)). (A.22)

! exists. However, it can be seen from Equation A.12 that

No simple expression for x~
when J > 2 and for any 6 > 0, ¢ is a continuous and positive function with a continuous
and strictly negative first derivative and a continuous and strictly positive second derivative.
Thus, () is a smooth and positive function. Furthermore, x is monotone decreasing (Fligner
and Verducci 1986). As a result, its inverse £~ 1(-) is well-defined and so is 6 given D(r, Tp).

For reasons which will be made clear later, we also write out an expression for x(6):

(1—e= ) (& 1y 1= 90)—(TT]_; 1—e9%) Je O (1—e )71

V'(0) (e )2
K(0) = — =— ! _ (A.23)
0 j=1 1—e=99
¥(0) Mo ”
_ (I 1—e ) = (I 1—e %) Je?/(1—e?) (A.24)
H}]:l 1—e 70 ‘
~ Je? (% H;'Izl 1—e7) A
=T R — (A.25)
Hj:l €
Je™? 0 J i
=T log(JJ1-¢7) (A.26)
j=1
Je? je 79
T e (A27)
j=1

Next, note that D(7,7) is a random variable given a fixed consensus ranking 7, due to

the randomness in the collection of rankings 7. According to Fligner and Verducci (1986),
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D(r,m,,) is asymptotically normal with mean and variance depending on the true . Specif-

ically,
Je=% T je—it
fo, = Egy [D(mi, mp,)] = 1ot Z 1= o it (A.28)
j=1
Je~b0 L j2eifo
ago = Varg,[D(mi, mp )] = m - Z m (A.29)
j=1
— VI(D(m,mp) — 1g,) % N(0,03,) (A.30)

Interestingly, we see from comparing Equations A.27 and A.28 that uy, = k(6p), which

17

implies £ (g, ) = 0y. Since k™ is a real-valued function that does not equal 0, by the

Delta method,

VI(57 (D, m0)) = 5 () 5 N (0, 02, [ (1)) (A31)
— VI (é - 90) 4 N(o, o2 [ﬁ—lfwgo)]?) (A.32)

Although the asymptotic variance cannot be written in closed-form expression, it is positive
and finite. Therefore, in a local area of m,, 0 is coordinate-wise an asymptotically normal

estimator of 6.

~

Asymptotic Normality of (p,f): We have now proven that in a local neighborhood of
the true consensus ranking m,,, the estimators p;, j = 1,...,J and 0 are coordinate-wise
asymptotically normal. As stated, the MLE is consistent as I — co. Thus, p = py and
0 % 6y. As a result, as I — oo the MLE 7 will be in a local neighborhood of the true m,,

with probability tending to 1, and the MLE (p, #) will be coordinate-wise an asymptotically

normal estimator of (pg, #y) in that local neighborhood. [

A.3.3 Additional Notes on Bootstrap Validity

This work proves coordinate-wise, local asymptotic normality of the vector-valued MLE.

Thus, only asymptotically accurate marginal coverage in guaranteed. As a result, boot-
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strapped confidence intervals may suffer from either overcoverage or undercoverage when
applied jointly. To understand why, we can think of the marginal confidence intervals jointly
creating a confidence region that is a (J + 1)-dimensional hypercube, as opposed to a (J +1)-
dimensional confidence ellipse that could be created via a true joint analysis. Overcoverage
may occur if the confidence hypercube contains as a subset the (theoretical) confidence el-
lipse. But if each coordinate of the confidence hypercube is independent, joint coverage
becomes a multiple testing problem and may result in undercoverage. That said, the present
results do not preclude the possibility that bootstrap uncertainty estimates provide asymp-
totically correct coverage in the joint setting. We find no evidence to suggest asymptotically
correct joint intervals are invalid. Further research may demonstrate proper coverage in the
joint setting by establishing joint asymptotic normality of the (J + 1)-dimensional MLE in

a local neighborhood of 7.
A.4 Additional Application Results from Section 3.4

A.4.1 Mean-Variance

Figure A.1 displays the relationship between the sample mean and variance of real grant
panel review ratings to test the appropriateness of the Binomial rating model. We find that
the sample variances are roughly centered around their theoretical values, and thus suggest

that the Binomial rating model is appropriate.

A.4.2 Kendall Distances

We also examine model fit by calculating the Kendall distance between each judge’s partial
ranking with the estimated consensus ranking. In the right panel, we notice that for most
judges, their partial ranking is mostly aligned with the MLE of the consensus ranking. The
outlier in the right panel of Figure A.2 corresponds to a judge who assigned top-6 rankings

to three proposals with comparatively poor ratings (proposals 3, 8, and 16).
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Figure A.1: Sample variance vs. sample mean of ratings by proposal (black circles) and the

theoretical mean-variance relationship in a Binomial distribution (red dotted line).
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Figure A.2: Histogram of the Kendall distance between each judge’s partial ranking with

the estimated consensus ranking.
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Appendix B

This is the Appendix to Chapter 4. It includes additional details on BTL-Binomial
estimation algorithms (under the MFM framework, fixed K, and MAP estimation under
fixed K') and further material from the three applications studied in this chapter.

B.1 Additional Details on BTL-Binomial Estimation Algorithms

B.1.1 Algorithm 1: Telescoping Sampler for BTL-Binomial MFM Model

BYPbs g the number of times steps 2(a)-

e Selection of Algorithm Parameters:
(d) will be repeated, which corresponds to the number of unique times Z, K*, K,
7v, and 7 are re-sampled. BM is the number of times within each Gibbs iteration
that each set of class parameters (pg, 0) will be re-sampled using Metropolis-Hastings.
Setting BM! > 1 often improves algorithm efficiency since class labels tend to stabilize
over the course of a chain and hence need not be resampled each time that the class
parameters are updated. K is the initial number of classes, which may be chosen
to be any integer between 1 and I. We find that setting K.« = I often yields quickly
converging chains but comes with a computational cost when [ is large in the first few
Gibbs iterations as classes collapse. Lastly, the Metropolis-Hastings proposal variance
parameters az, o3, and 0',2y should be chosen such that the acceptance probabilities are
reasonably efficient (see Gelman et al. (2013) for further information on the efficiency

of Metropolis-Hastings). Tuning these parameters after a short initial test run can be

useful.

e Step 1 (Initialization): One may initialize 7, 7, p, and 6 by sampling these quantities

from their prior distributions. For greater efficiency, one may also initialize using MAP
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estimates for a prespecified choice of K. If multiple chains are run, they should have

unique initializers.

e Step 2(b) (Update Non-Empty Class Parameters): Due to the assumed inde-
pendence structure of observation from each class, the parameters from each of the
non-empty classes can be updated independently (and thus in a parallel manner to
for computational efficiency, if desired). We propose sequential updated of each of the

J + 1 specific parameters in (py, 6x) for simplicity.

e Step 2(c) (Update K and 7): The probabilities found in Step 2(c) are taken directly
from Frithwirth-Schnatter et al. (2021), Algorithm 3, which includes details of their

derivation.

B.1.2  Algorithm 2: Gibbs Sampler for BTL-Binomial Latent Class Mizture Model

e Selection of Algorithm Parameters and Initializers: See discussion in Appendix

Section B.1.1 for advice on selecting the algorithm parameters specific to Algorithm 2.

B.1.3  Algorithm 3: MAP Estimation via EM in the BTL-Binomial Latent Class Mizture
Model

e Data Log Likelihood and Objective Function: To aid intuition for the EM al-
gorithm presented for MAP estimation, we state the log likelihood after augmentation
with latent classes and the objective function we seek to maximize: Assume the model
presented in Equation 4.3. Let z;; = [{Z; = k}, where I(-) is the indicator function.

Then, the log likelihood of the preference data augmented with class indicators Z can

be written,
L1, X, Z|7, p,0) (B.1)
I K R ekal(mk . Zik
= T X X (1-— i :
1 1 e e | (R L
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We seek MAP estimates (9, 7, p, é) defined as,
9.7, ,0 = argmax( log (T, X, Z|r,p,0) + log f(+,7,.0) ). (B.2)
¥,75p,0

where f(~, 7, p,0) specifies the joint density of the prior distributions on 7, m, p, and
0.

Selection of Algorithm Parameters: Algorithm 3 includes a single algorithm pa-
rameter, the convergence tolerance, tol. The tolerance should be a small, positive
constant such as 1073. Alternatively, one may specify tol as a percentage and re-
peat the EM iterations until the absolute change in the model log likelihood between

successive iterations falls less than the pre-specified tolerance.

Step 2(b)(ii) (Update 7): At each stage of the EM algorithm, the current estimate
of v can be found via univariate numerical optimization. We use the function optimize

in base R (R Core Team 2022).

Step 2(b)(iii) (Update (pg,0)): At each stage of the EM algorithm, the current
estimates of (pg, k) can be found independently for each k via multivariate numerical
optimization. We use the function optim in base R with the method L-BFGS (R Core
Team 2022; Byrd et al. 1995).

Obtaining Frequentist Maximum Likelihood Estimators: To obtain frequentist
maximum likelihood estimators, hyperparameters are available for each prior distribu-
tion. Setting & = 1 and & = 0 yields a flat but improper prior on . Alternatively,
one may set v = 1 and remove step 2(b)(ii). Setting a = b = 1 yields a flat and proper
prior on each pj, and setting 74 = 1 and v, = 0 yields a flat but improper prior on

each 6.



B.2 Additional Application Results from Section 4.4

B.2.1  Paper Selection in Large Academic Conferences
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Bias and Consistency of MAP Estimates We present the bias and consistency of MAP

estimates in order to demonstrate good statistical properties of the BTL-Binomial model.

We examine bias in Figure B.1 and consistency in Figure B.2.
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Figure B.1: Scatterplot of MAP estimates p against true py (left) and violin plots of MAP

estimates 0 against true (right) under various M and R.

We observe in the left panels of Figures B.1 and B.2 that estimation of p appears to be

unbiased and consistent in both M and R, regardless of #y. Estimation of p is central for

understanding the quality of each paper and consensus ranking of the reviewers. Thus, the

apparent unbiasedness and consistency of p suggest accurate estimation of group preferences

regardless of M, R, and 6. For 6, the right panels demonstrate potentially biased estimation.

This is unsurprising given a similar result for the corresponding parameter in the related

Mallows-Binomial model from Chapter 3. Estimation accuracy appears worst when 6 is
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Figure B.2: Violin plots of estimation error for p, calculated p — py (left) and estimation

error for 4, calculated 6 — 6, (right) under various M and R.

very large, which often leads to perfect uniformity of observed rankings. In such cases,
estimation of € is most difficult; estimation is more accurate when 6 is small. We notice
that 0 appears consistent in R but not M, which makes sense given that M only relates to
the rating scale while 6 is only applicable to ranking consistency. Although the potentially
biased estimation of 6 is disappointing, it may not have much practical impact in the present
setting since it corresponds to the strength of consensus and not the relative or ordered
preferences of the group, which are paramount for deciding which papers to accept to the

conference.

Additional Simulation to Study the Relative Effects of R and I The simulation
study from Chapter 4.4.1 demonstrated the accuracy of the BTL-Binomial model for fixed I
and J as R, M, and 6 varied. One conclusion from the study was that estimation accuracy
increases as the number of papers reviewed by each judge, R, increases. This is an intuitive
result since increasing R represents an increased sample size. However, we note that increas-

ing the number of reviewers, I, also increases the sample size. Since I was kept fixed in the
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simulation study, we cannot use the study to disentangle the relative effects of R and I.

We now conduct an additional simulation to study if and how accuracy of the BTL-
Binomial model changes as R and [ vary such that the total number of paper assess-
ments, I x R, is fixed. Specifically, we let J = 50 and fix R x I = 600, and vary
I € {15,25,50,100,200,300} such that R = 600/I. Additionally, we vary M € {4,9} and
6 € {1,5,10,20,40}. In each simulation scenario, we draw p; ~ Beta(1,1) 4 Uniform[0, 1],
and subsequently draw data from a BTL-Binomial model with a single latent class. Unlike
in the original simulation study, judges rank all R objects they are assigned. Then, we fit
a BTL-Binomial model to the data using hyperparameters a = 1,0 = 1,v; = 5,7, = 0.25,
which were chosen to be diffuse. Each scenario is replicated 200 times.

First, we present the bias and consistency of MAP estimates across simulation scenarios

in Figures B.3 and B.4, respectively. ~ We notice similar patterns in estimation bias and
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Figure B.3: Scatterplots of MAP estimates p against true py (left) and violin plots of MAP
estimates 0 against true 6y (right) under various I, R, and M such that I x R is fixed.
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Figure B.4: Violin plots of estimation error for p, calculated p — py (left) and estimation

error for 6, calculated 6 — 6, (right) under various I, R, and M such that I x R is fixed.

consistency as in Figures B.1 and B.2 from the original simulation study. Regarding the
relationship between R and [ with respect to estimation accuracy, we notice that parameter
estimates appear more accurate as R increases, even with commensurate decreases in I. The
result is especially pronounced for the object quality parameter estimates, p.

Second, we present the mean inaccuracy of the BTL-Binomial and ratings-only model
when estimating the true consensus ranking of objects, g in Figure B.5. The plot was created
identically to Figure 4.1; see Section 4.4.1 for details. Again, we observe that the accuracy of
the BTL-Binomial model tends to increase as R increases, even with commensurate decreases
in .

In conclusion, we find that given a fixed number of assessments across all judges and
proposals, the accuracy of the BTL-Binomial model when estimating p, 6, and 7 increases

as the number of objects assessed by each judge, R, increases.
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(BTL-Binomial model) and 7 (standard ratings-only model) to the true ranking of papers

7o under various I, R, and M such that I x R is fixed.

B.2.2  Proposal Selection in Grant Panel Review under Heterogeneity

Hyperparameter and Algorithm Parameter Settings Given the small sample size,

we assign prior weight primarily to K+ € {1,2,3}. Thus, we choose A = 1, {; = 2, and &, = 3.
The effect of these choices on the prior distribution of K can be seen in Figure B.6. We set
a = 2.50 and b = 3.77 using an empirical Bayes approach, in which we fit a Beta distribution
to the observed ratings after normalization to the unit interval based on maximum moment

estimators of the first two moments. We set 7, = 10 and 7, = 0.5 to provide substantial
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weight to values of § € [5,35]. We carry out Algorithm 1 with B¢ = 1000 and BMH = 10,
Kgare = 1 =17, 07 = 0.05, 07 = 3, and ¢ = .5. The first half of the total 10,000 iterations

were removed as burn-in.

Goodness-of-Fit and Trace Plots Figures B.7, B.8, and B.9 display goodness-of-fit and

trace plots for Setting 2. We find the results to be satisfactory.
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Figure B.7: BTL-Binomial MFM goodness-of-fit. Red dots represent the observed mean

(left) or variance (center).
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B.2.3 Modeling Complex Survey Data under Heterogeneity

Hyperparameter and Algorithm Parameter Settings To aid interpretability given
the large sample size, we assign prior weight primarily to K™ € {5,...,10} using A = 7,
&1 =3, and & = 1. The effect of these choices on the prior distribution of v, K, and K+ can
be seen in Figure B.10. We set a = 0.26 and b = 0.77 using an empirical Bayes approach,
in which we fit a Beta distribution to the observed ratings after normalization to the unit
interval based on maximum moment estimators of the first two moments. We set v, = 20
and 5 = 1 to provide substantial weight to values of 6 € [10,30]. We carry out Algorithm 1
with BEP> = 35000 and BM = 2, K = 1, az = 0.05, O'g =2, and 03 = 2. The first 20%

of the 35,000 iterations were removed as burn-in.

Prior ony Prior on K Prior on K* | y

0.6 1
0.2+ 0.4 Y

0.01

Density

0.5

Density
o
R
Density

0.2 o2

0.2+ | ‘ | , 8
00+ -1 | | I ... 0.0 ’ ®
0 : 10 15
K

0.01

2'0 (I) é ].IO 1I5 2IO
+

K

Figure B.10: Prior distribution on v, K, and Kt given 7.

Further Estimation Results Figure B.11 displays posterior summaries of Kt, «, and
m, where classes are ordered by size. We see that an 9-class model has very high posterior
probability, which leads us to present results conditional on K+ = 9.

Figure B.12 displays posterior probabilities of shared class membership across survey
respondents. We do not display class membership probabilities by respondent due to the

very large number of respondents. On the x- and y-axes are survey respondents, with order
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Figure B.11: Posterior distributions of K+ (left), v (center), and 7 (right).

determined to keep similarly-clustered respondents together, as determined by the salso
package (Dahl et al. 2021). The color indicates cluster similarity via the posterior proba-
bility of shared class membership (white represents low probability; black represents high
probability). We notice high within-class homogeneity with respect to clustering probabil-
ity and relatively strong heterogeneity between classes. We take this as evidence that the

algorithm is successful at distinguishing heterogeneous groups.

Goodness-of-Fit and Trace Plots Figures B.13 and B.14 display goodness-of-fit and
trace plots for Setting 3. We notice that posterior means for ratings and pairwise probabilities
for rankings appear satisfactory. The posterior predictive ratings variance appears to be low
in comparison to the observed ratings variance, which is likely a result of providing strong
prior probability to a relatively small number of clusters. Given the focus on interpretability,

we find the results to be satisfactory.



172

Figure B.12: Similarity matrix of survey respondents by shared class membership. Survey
respondents are on the x- and y-axes, ordered to display clusters cohesively. White (black)

represents low (high) posterior probability that two respondents are in the same class.
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Appendix C

This is the Appendix to Chapter 6. It includes additional results from our analysis of

the 2021 Minneapolis mayoral election data.
C.1 Additional Application Results from Section 6.5

First, we visualize the prior density given to each partition, g, based on the J = 17 candidates
and choice of Poisson hyperparameter A = 2 in Figure C.1. We note that the prior gives some
density to all partitions, regardless of K, even though there are significantly more partitions

g with moderate K, than those with K, near 1 or 17.
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Figure C.1: Prior density on partitions in the 2021 Minneapolis mayoral election data.

Second, we display trace plots of K and w across 10 independent MCMC chains and
A € {1,2,4} in Figures C.2 and C.3, respectively. By visual inspection, the chains seem
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to have mixed and converged. Furthermore, results look very similar across values of A,

indicating robustness to our choice of prior.

rA=1 A=2 A=4
104 104 104
91 94 94
8+ 84 84
¥ 71 71 74
61 64 6
5+ 54 54
44 44 44
Ok 10k 20k 30k 40k 50k 60k 70k 80k 90k 100k Ok 10k 20k 30k 40k 50k 60k 70k 80k 90k 100k Ok 10k 20k 30k 40k 50k 60k 70k 80k 90k 100k
Iteration

Figure C.2: Trace plots of the number of candidate clusters, K, by A € {1,2,4}. Every

successive 10k iterations represents the final 10k iterations of an independent MCMC chain.
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Figure C.3: Trace plots of normalized candidate worth parameters, w, by A € {1,2,4}. Every

successive 10k iterations represents the final 10k iterations of an independent MCMC chain.
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Third, we view the candidate clustering matrices by A. Again, the results are quite similar

across alternative A, indicating robustness to our choice of prior.
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Figure C.4: Posterior candidate clustering matrices by A € {1,2,4}
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