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The theory of quantum chromodynamics (QCD) describes the nuclear forces that bind
quarks into nucleons and nucleons into nuclei. The dynamics in the non-perturbative regime
of QCD are of relevance for understanding inelastic hadron scattering, the behavior of
quark-gluon plasma in the early universe and matter inside of extreme enviroments such as
supernovae. The discretization of QCD onto a spacial lattice gives a formalism that can be
used to study the non-perturbative aspects of the theory and quantum simulation offers the

promise of being able to probe real time dynamics directly.

The research presented in this dissertation contributes to the development of quantum
simulation techniques for quantum field theory. This dissertation is organized into two parts.
The first part discusses digital quantum simulation techniques which can be implemented
on a universal quantum computer. This part begins with an encoding of SU(3) gauge
fields onto quantum computer and a discussion of how to simulate time evolution on a
quantum computer. Variational methods are then used to prepare ground states on quantum
hardware. The similarity renormalization group is used to derive improved Hamiltonians
that mitigate the effects of truncating the gauge fields. As a step towards simulating lattice
QCD with dynamical fermions on quantum computers, a study of algorithms that can
be used to simulate time evolution of a system of fermions interacting through a Coulomb
interaction is performed. An algorithm is introduced to study the decay of unstable particles
and total cross sections. The techniques in this section lay out a path for computing
scattering observables on a quantum computer. In the second part, techniques are developed
for analog quantum simulation of the O(3) non-linear ¢ model on cold atoms. This part
begins with the development of a method to simulate Heisenberg interactions on cold atom
systems. This method is then extended to an adiabatic state preparation technique. This
part concludes with a proposal for an analog simulation of the asymptotically free region

of the O(3) non-linear ¢ model that should be possible on currently existing cold atom



quantum simulators. With the combination of long term algorithm design and near term
implementation, the research in this disseration has contributed to the development of

quantum simulations of quantum field theories.
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Part I
INTRODUCTION

The development of quantum mechanics in the 20" century revolutionized humanity’s
understanding of nature. The deterministic classical mechanics assumed to describe nature
was replaced with a fundamentally probabilistic framework. In the framework of quantum
mechanics, systems exist in a superposition of different states until measured by an external
observer. The correlation between systems can also exist in superposition and this allows
for a form of correlation that goes beyond classical probability theory known as quantum
entanglement. Attempts to understand entanglement led to the development of quantum
information science.

Alongside these advances in fundamental physics, the 20" century also saw the de-
velopment of digital computers. This allowed for calculations to be performed that were
previously unimaginable. Using computers to solve problems also required problems to
be reformulated such that a computer could be useful. These reformulations often led
to new insights into problems. For example, the attempts to use computers to simulate
fluid mechanics led to developments in the field of chaos theory. In addition to new in-
sights into classical problems, attempts to utilize computers also led to insights into new
physics. For example, Ken Wilson’s studies into how to use a computer to perform quantum
field theory calculations led to the development of lattice methods which has provided a
non-perturbative definition of a quantum field theory that can be used for practical calcu-
lation [I].

However, attempts to use computers to simulate quantum systems ran into fundamental
limitations. As realized by Feynman [2], these limitations are a consequence of it not being
possible to efficiently describe entanglement on a computer based on classical laws of nature.
Feynman’s argument assumes that a computer can only have local interactions between its
parts and considers a successful simulation one where the resources scale linearly with
the spacetime volume being simulated. If a classical computer could simulate quantum
systems under these restrictions, then it would be mathematically equivalent to writing
quantum mechanics in terms of a system of local hidden classical variables (which may
or may not be probabilistic). However as the Bell inequalities have shown, this is not
possible due to the existence of entanglement. Therefore, Feynman suggested that efficient
simulations of quantum systems would require the construction of computers that directly

utilize quantum effects. Experimental control over quantum systems has advanced to the



point where quantum computers are being constructed.

Quantum computers offer the possibility of directly simulating the evolution of quantum
systems. This is expected to enable new insights into fundamental physics. Simulations of
the Standard Model are of relevance to a number of physical systems. The strong force
sector of the Standard Model is described by quantum chromodynamics (QCD) [3} 4, 5, [6].
In QCD, matter is described by excitations of quark fields that interact by exchanging
gluons. Due to the strength of this interaction, quarks are confined inside bound states
such as mesons and baryons. The interaction in QCD is also strong enough that it cannot
be studied perturbatively. Non-perturbative aspects of QCD can be studied on a computer
by mapping the theory onto a lattice in a formalism known as lattice QCD [I]. However
as argued by Feynman, a classical computer will be limited in simulating the dynamics of
a quantum system. The dynamics of QCD are relevant to a number of physical systems
such as quark gluon plasma in the early universe, inelastic hadron collisions at particle
accelerators, and supernovae. Quantum computers offer the ability to directly simulate
QCD in these systems and make theoretical predictions from first principles.

Setting up a quantum simulation of lattice QCD requires the development of new theo-
retical tools. Quantum computers require the use of a Hamiltonian formulation unlike lattice
QCD calculations on classical computers which work directly with a path integral. Once a
formulation has been chosen, a physically relevant state must be prepared on the quantum
computer. This could be the vacuum state or a system of hadrons depending on the physics
that one wishes to study. Then the time evolution operator must be approximated on the
quantum computer to evolve the system in time. How this is done depends on the nature
of the simulation being performed. On a digital quantum computer, the computer’s time
evolution is broken into discrete operations known as gates that act on small numbers of the
computer’s degrees of freedom. In principle, an arbitrary unitary time evolution operator
can be constructed on a digital quantum computer using an appropriate set of gates. In an
analog quantum simulation, a quantum system is engineered to have a Hamiltonian that
matches the one being simulated. This framework is limited what theories can be simulated,
but requires less experimental control over the quantum computer which can make it useful
in the near term. Regardless of the method, once the simulation has been evolved in time,
measurements must be performed to extract physics from the simulation. The observables
used in practice will vary depending on what type of physics is being simulated. To develop
the theoretical tools to perform these calculations, it is helpful to study simplified toy mod-
els such as QCD in one spatial dimension or other asymptotically free theories such as the
O(3) non-linear o model.

In addition to the theoretical challenges in setting up the theory, quantum simulations

will have to contend with the effects of noise on the quantum computer. Digital quantum



computers are not able to implement gates without imperfections. Additionally as calcu-
lations are performed, the computer will become entangled with its environment and will
decohere. Fortunately, these effects can be corrected for. Once the error rate in gates drops
below a threshold, it becomes possible to implement error correcting codes and system-
atically reduce these errors. Even if gate errors are not low enough for error correction,
error mitigation techniques can be used to reduce the size of errors. These techniques have
enabled calculations to be performed that would otherwise be outside the reach of present
day quantum computers.

This dissertation contributes to the development of quantum simulation of field theories
with a focus towards performing quantum simulation of lattice QCD. Part II focuses on
developing techniques for digital quantum simulation. In part III, techniques for performing
an analog quantum simulation of the O(3) non-linear o model on an analog cold atom
quantum simulator are introduced.

In chapter a mapping of SU(3) gauge fields onto qubit degrees of freedom is performed.
This is used to perform quantum simulations of the real time evolution for SU(3) Yang Mills
gauge theory on some small lattices. Methods are proposed to extend these calculations to
larger lattices. This work was done in collaboration with N. Klco and M.J. Savage and was
published in Physical Review D 103 (9), 094501.

In chapter [2| variational state preparation for SU(3) lattice gauge theory using the basis
introduced in chapter [1] is studied. Bayesian optimization and gradient descent are both
studied for optimizing the circuit on quantum hardware. The ground state of one and two
plaquettes systems are prepared on IBM’s quantum processors. Methods for constructing
circuits for larger lattices are introduced and tensor network calculations are performed to
demonstrate their scalability. This work was done in collaboration with I. Chernyshev and
was published in Physical Review D 105 (7), 074504.

In chapter [3| improved Hamiltonians are derived to correct for the effects of gauge field
truncation. It is shown in 1 + 1D that this enables low chromo-electric field truncations
to quantitatively reproduce features of the untruncated theory over a range of couplings
and quark masses. In 3 + 1D, an improved Hamiltonian is derived for lattice QCD with
staggered massless fermions. It is shown in the strong coupling limit that the spectrum
qualitatively reproduces aspects of two flavor QCD and simulations of a small system are
performed. This work is drawn from arXiv:2307.05593.

In chapter [4 algorithms for performing time evolution in effective quantum electrody-
namics are developed. An analysis is performed to rigorously upper bound the worst case
performance for these algorithms. Explicit circuits are introduced to implement these al-
gorithms. These techniques are expected to be of relevance for implementing circuits to

perform time evolution of the fermionic piece of the QCD Hamiltonian. This work was



done in collaboration with T. Stetina and N. Wiebe and was published in Quantum 6, 622.

In chapter b an algorithm for computing the decay rate of unstable particles is in-
troduced. A calculation is performed on IBM’s quantum processor for a theory of two
scalar fields. The finite volume errors are quantified and the scalability of the algorithm is
determined. This work was published in Physical Review D 102 (9), 094505.

In chapter [6] methods for performing an analog quantum simulation of the Heisenberg
model on a number of different hardware platforms is introduced. It is shown that above a
critical drive strength, the Heisenberg model can be successfully simulated with perturba-
tively controlled errors. The breakdown of this controlled simulation is shown to be associ-
ated with a dynamical quantum phase transition. This work was done in collaboration with
S. Caspar, H. Singh, M.J. Savage, and P. Lougovski and is drawn from arXiv:2207.09438.

In chapter [7] it is demonstrated that the Heisenberg model and the Ising model with
a strong external field in an appropriate direction share eigenstates up to perturbative
corrections. This is used to develop a proposal for preparation of the Heisenberg model
ground state on analog quantum simulators. The feasibility of this method on cold atoms
and superconducting qubit platforms is investigated. This work was done in collaboration
with S. Caspar, M. Illa, and M.J. Savage and was published in Quantum 7, 970.

In chapter |8 the D-theory regularization of the O(3) non-linear o model is mapped onto
a cold atom quantum simulator. A new definition of the renormalized coupling, suitable for
use with open boundary conditions, is introduced to show that this regularization correctly
reproduces the O(3) non-linear ¢ model in the asymptotically free region with modest
system sizes. Tensor network methods are used to show that the state preparation method
introduced in chapter [7] can be used on cold atom systems to quantitatively reproduce the
0O(3) model’s step scaling curve with experimentally realizable laser strengths and coherence
times. This work was done in collaboration with S. Caspar, H. Singh, and M.J. Savage and
was published in Physical Review A 107 (4), 042404.

0.0.1 Lattice Quantum Chromodynamics

Quantum chromodynamics is the fundamental theory describing nuclear physics in terms of
fundamental particles. The theory is formulated in terms of spin % Dirac fermions known
as quarks coupled to SU(3) gauge fields that describe gluons. The theory is defined by the
action
4., - YY) 7 1 a Qv
Sqep = [ d'w iy by Dby —mypbsiy — 1CwGa” (1)
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where ¢ is the quark field with flavor f, v* are the Dirac gamma matrices, my is the mass

of quarks with flavor f. D, is the gauge covariant derivative defined by
D,=0,—- igTaAZ , (2)

where g is the gauge coupling, T;, are the Gellmann matrices, and Af, are the gluon fields.

G, is the gluon field strength tensor defined by
a9 AT _ 9 A abcAbAb 3
o
G v [ 2 v ,u_{'gf wv ) ( )

where f®¢ are the SU(3) structure constants. Aspects of this theory can be studied pertur-

batively in g by evaluating the path integral
Z= / Dty DippDAl%eSecr (4)

using Feynman diagrams. Due to the property of asymptotic freedom, this expansion is
valid at high energies and can be used to describe fragmentation in high energy collisions
such as those that occur at the LHC [7]. However at lower energies, the quarks and gluons
are confined into color singlet states known as baryons and mesons and the perturbative

expansion breaks down.

Non-perturbative aspects of QCD can be probed by studying the theory on a lattice [I].
In the usual path integral formulation of lattice QCD, the gluon fields are mapped onto the
links between sites in a four dimensional spacetime lattice. The gluon degrees of freedom

are written in terms of parallel transporters which are defined by

U,u ($) — eiachAﬁ(z)

: ()

where x is a spacetime lattice position, u specifies the direction of the link, a is the lattice
spacing, ¢ is the strong coupling constant, T, are the Gellman matrices, and Aﬁ(w) is a
gluon field on a link connected to site z pointing in direction . The action for the gluon

piece of lattice QCD is given by

Sigep =~ ) Re(Tr{0uw(2)}) | (6)

€T,V

where the plaquette term J,,, (x) is defined by

O () = Ul (z + ad)Ul(x + aji + ad)U, (x + @)U,(z) (7)



where [ and ¥ are unit vectors in the p and v directions. Note that the quarks will also
have to mapped onto the lattice to fully simulate QCD, however there are subtleties involved
that will be expanded on in later chapters of this thesis. Lattice QCD can be studied in
Euclidean time by using classical computers to perform Monte Carlo sampling of e~ #9Leco,
This has enabled non-perturbative calculations of static observables in QCD such as hadron
masses and form factors [I}, 8, @, 10, 1T}, 12].

Quantum simulations of Yang-Mills gauge theory can be performed by keeping time
continuous and discretizing the gauge fields in the spatial directions using a cubic lattice of
sites and defining link variables connecting adjacent sites of this underlying grid. These link
variables are parallel transporters that connect, for SU(3), color vectors at one site to those
at an adjacent site. The Hamiltonian is a sum over the chromo-electric and chromo-magnetic

contributions, as first discussed by Kogut and Susskind [13],

2
N g ~ 1 A o
H=gim > BOP + s 3 6 -0 - O], ©

b,links plaquettes

where ¢ is the strong coupling constant, a is the lattice spacing between adjacent sites, and

d is the number of spatial dimensions. In the irrep basis of tensor indices that are labeled

by (p,q), the number of (fundamental, anti-fundamental) indices with total dimension
P+ D@+1)P+q+2)

dim(p,q) = : , ©)

the electric Hamiltonian is diagonal with eigenvalues determined by the Casimir operator,

2 2
~ P +q” +pg+3p+3q
> IEO P p,q) = 3 p,q) - (10)
b

The plaquette operator, ﬁ(x) , is defined in the same way as in the path integral formulation

of lattice gauge theory, i.e.

O(x) = Tr [ U3(x,x +ap) UB(x+ ap,x + ap + av) U3(x + ap + av, x + av) U3 (x + av, x)

(11)
where U 3(x,y) are 3 x 3 unitary matrices, and g and v are unit vectors that define the
spatial orientation of the plaquette. In the electric basis, links are defined by states of
the color irrep to which they belong, R, and the (uncorrelated) orientations in the two
color spaces they connect, o and 3, |R,a, ). The electric contribution from each link is
proportional to the Casimir operator acting on the link without changing the color irrep,

while the plaquette operators, [J + OJf, add color fluxes to the links in the plaquette, 3



and 3, which change the irrep of each link, subject to Gauss’s law. Constraints imposed to
define physically allowed states of the system are included through additional conditions.
In the absence of external color charges and quarks, Gauss’s law is satisfied by the product
of link irreps at each vertex combining to a color singlet. The quantum simulation of this
Hamiltonian was first considered by Byrnes and Yamamoto [14] where the Hilbert space
was made finite by truncating the electric field representations. This enabled the mapping
of electric field basis states onto qubit states and a conceptual framework for constructing
quantum circuits to prepare low energy states and simulate time evolution lattice gauge

theories.



Part 11
DIGITAL QUANTUM SIMULATION



Chapter 1

SU(3) GAUGE FIELDS ON A QUANTUM COMPUTER

1.1 Introduction

For the quantum simulation of lattice gauge theories, the bases that are chosen to spatially
latticize the field and to digitize, or capture through finite quantum resources, the contin-
uous local group manifold affects the processes of initialization, the complexity of the time
evolution operator, creation of localized wavepackets, and the resulting distribution of infor-
mation required to be captured in the final measurement process. Due to its ubiquity and
potential relevance to the initialization process, the efficiency of the time evolution operator
is often prioritized, and a strategy of spatially local distributions of quantum registers is
employed [I5, 16]. With this tactic, algorithms for the implementation of large lattices can
be defined through the design of a small number of local operators, commonly acting in two
conjugate bases, that, when parallelized, allow for temporal propagation of the field with
computation times that are independent of the volume. Thus, constructing an algorithm
for the quantum simulation of fields begins with studies of the chosen basis or mapping of
the field to quantum hardware.

In this chapter, the multiplet basis utilized in the work of Byrnes and Yamamoto [14] is
integrated over the local gauge space at each vertex of the lattice, reducing the Hilbert space
describing the system down to the local SU(N) irreducible representations below a chosen
truncation. This approach has been previously used to explore (1 + 1)-dim SU(2) lattice
gauge theory [I7], further implemented for a 1-dim chain of plaquettes in SU(2) lattice
gauge theory [I§], and is here developed for application to SU(3) lattice gauge theory.

Quantum simulations of Yang-Mills theories and QCD are in their infancy. Precision
calculations of quantities that can be directly compared with experiment are far in the
future, and are expected to require major advances in quantum devices, algorithms and
formalism. However, in starting along the path to this ultimate objective, explorations
of simple systems, establishing informative benchmarks, analyzing features of profitable
mappings, observing natural structures, quantifying truncation sensitivity, and identifying
amenable architectures are all important steps. We focus on understanding the behavior
of simple systems, one- and two-plaquette systems, with regard to coupling, truncations
in color space, the scaling of global and local basis states and operators, and the map-

ping of color irreps onto qubits, qutrits and qudits. We perform quantum simulations of
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low-truncation one- and two-plaquette systems using IBM’s QExperience superconducting
quantum devices. Further, we examine a framework (that appears to scale amiably) for the
use of controlled-plaquette operators on qudit systems as a way to perform simulations of
SU(3) Yang-Mills gauge field theory.

1.2 The SU(3) Yang-Mills Hamiltonian

1.2.1 The Plaquette Operator

In the standard formulation of Hamiltonian lattice gauge theory [13], wavefunctions carry
Clebsch-Gordon (CG) factors at each vertex with the effect of enforcing local gauge invari-

ance. Using the notation of Fig. an example of the local vertex structure is (upper-left

a’bgRt | n

QEOQI
e "Crg Ry 5l g

Figure 1.1: Following an arrow convention generalizable to higher dimension, the above
link labels will be employed. Indices local to one end of each link represent a set of indices
characterizing the local gauge space e.g., the color spin and color hypercharge in SU(3).

vertex)
[sp) ~ > (C1,b,Ry,9|Qqp d)r [C1,a,0)|Qp, ¢, d)[Re, g, B) (1.1)
b,g,d,I’
where the sum is over the quantum numbers internal to the links at the vertex. The
subscript, I, on the SU(3) CG coefficient indexes the multiplicity of combined irreps achieved
through tensor contractions. An example of this multiplicity is in the product 8 ® 8 that
can be combined to produce the 8-dimensional irrep in two distinct ways, symmetric and
antisymmetric contractions, with distinct CGs. These multiplicities mildly complicate the
calculation of plaquette matrix elements, but are otherwise benign with respect to the
structure of the quantum simulation.
With a truncation including only up to the single-index irreps, the vertices that contain
a singlet (and are thus gauge invariant) are 191®1,1®3®3,3®3 ® 3, and those related

under global conjugation and permutation symmetries. With a truncation including the 8
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irrep, described by the two index tensor with one upper and one lower index, the number
of gauge invariant vertices rises to include the 1 ® 8 ® 8,3 ® 3 ® 8 and 8 ® 8 ® 8.

A key role of the vertex CGs is to allow a localization of the plaquette operator, deter-

mining the magnetic Hamiltonian, as the minimal contracted loop of local link operators
(directionality as in Fig. ,

O =02,0%, (03,) (02.)" . (1.2)

dim(R)
U sRa )= S 3 dlfll IR, d, V) (R,a,r,ofR, ), (R,0R,br, B,
G}R/Fa/b/

(1.3)

where r indicates the representation of the link operator, the a(b) label states within an
irrep in the left(right) spaces, and the primes denote final state properties generated by
the application of the link operator. For SU(2), the internal state labels are naturally
identified with half integers capturing the third component projection of the total angular
momentum. For SU(3), these labels may be the three-component vector of color isospin(T)-
hypercharge(Y) rational numbers (T, 7%,Y) with 7%, Y additive as utilized in Ref. [I4] or,
more abstractly, the Gelfand—Tsetlin patterns.

While this four-link operator is naively capable of producing transitions outside the
gauge-invariant subspace, the vertex CGs prevent such transitions. To be concrete, consider
the application of a plaquette operator impacting two links of a three-point vertex in an
initial state of C; = Ry = 3 and Qg = 8. Schematically,

L [mEE eose)
= ‘3>’3>‘§> <37 737 ‘57 >
t g )
L'3)c [8)q,13) Ry — 1506@®3 - 3)3)06) (3. .6 [3.) ) (1.4)
13)[15)[6) (3, .6, |15, )

where the right shows the physical irrep configurations populated by the plaquette oper-
ator application and the associated CGs that would appear in the vertex factor. When
applying the [t operator, 3’s will be applied, according to Eq. , to R; and Q. Some
combinations of the irreps generated by the plaquette operator are disallowed by Gauss’s
law, requiring information of the state of the neighboring link C; stored in the vertex CG
to maintain gauge invariance. An example of such a configuration disallowed by the neigh-
boring link is |3)¢, |15)¢,[3) r, as 3 ® 3 does not produce a 15 or, equivalently, there is no
singlet present in 3 ® 3 ® 15 tensor product.
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As detailed in Appendix the vector components at each vertex can be captured
analytically through the calculation of composite CG factors. As a result, the basis for
quantum simulation can be simplified to expressing an SU(3) irrep on each link, leaving
internal quantum numbers to impact the matrix elements comprising the local plaquette
operator calculated classically. This formulation extends the observations previously made
in SU(2) lattice gauge theory for a one-dimensional string of links [17] and plaquettes [18].
Defining notation through the 9-R symbol,

A B C
3 1 3;=> (D,y,Bz[E,¢)r,(A y,B,z|C,q)r,(A,y,3,¢D,y)r;(C,q¢,3,c|E,¢)r, ,
D B E
(1.5)
where the sum is over all local vector and multiplicity indices, the plaquette matrix elements

may be expressed as

Ci,R;,Cs Ci, Ry, C3
< Q;, Q, U Qr, Q- > =
C2, R}, Cy C2, Ry, Cy

dim(Ry) dim(Ry)
\/ dim(R}) dim(Rj) dim(Qy) dim(Q,) dim(Q)? dim(Q)?

R: C; Q R; C; Q, R, C Q R, C; Q,

3 1 3 3 1 3 3 1 3 3 1 3 , (1.6)
R, C. Qe (R, C Q) (R, ¢; q), |R, C: Q) ,
where the subscipts on the 9-R symbols graphically denote the corresponding vertex in
Fig. The delocalization of information necessary to consider in the application of a
plaquette operator, depicted in Eq. , is set at the distance of neighboring links and
does not grow beyond this locality for larger lattices, nor in higher dimension. Because
the simple Hilbert space structure of qubit degrees of freedom will not provide the vertex
CGs necessary to retain a four-link local plaquette operator, the CGs, usually separately
relegated to the vertex and the operator, have been included here in their entirety. Two
methods of implementation will be explored below. In Section the vertex CGs of
Eq. will be manually captured through symmetry-projected, global wavefunctions of
the lattice mapped to quantum states of a quantum device. In Section the vertex CGs
will be captured in the structure of an eight-link operator controlled on the quantum states

of the four neighboring links.
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1.2.2  Connectivity in Multiplet Space

When designing operations for the implementation of dynamical processes within a Hilbert
space, it is helpful to understand the natural connectivity between states. This basis-
dependent feature will affect the efficiency of digital formulations of time evolution as well as
their ease of implementation on quantum architectures with limited connectivity. Naturally,
designing quantum hardware with connectivity matching that of the field Hilbert space (or

vice versa) is expected to be advantageous.

When an SU(2) link operator in the fundamental representation acts, it is capable of
raising or lowering the total angular momentum j value of the link state by :I:%. When
the vector components of the link Hilbert space are classically incorporated into the matrix
elements of the plaquette operator, as discussed above, these j values are sufficient to
describe the state of the local link degree of freedom. Thus, in a basis of multiplets, the
relevant connectivity of quantum states within an SU(2) gauge link is in the form of a

simple ladder, as shown in Fig. [[.2l While the coefficients associated with connections

SU(2): @i @m0

: ° ° transitions
— ° - L4 o .
B @< @< @< © SR
X " 4 4 p q
O <« < 10 | | :
B« @<« 5 3 :
S
SU(3): B« @<« (8 or T T :
1 1 p q
3« (3 | | :
0 0 N
T P q

{

Figure 1.2: Connectivity diagrams for the low-Casimir irreps in SU(2) and SU(3) gauge
theory upon application of the plaquette operator. In SU(2), connections are bidirectional.
In SU(3), connections between multiplets are directional, shown here for the application
of the fundamental representation. The link Hilbert space can be captured through the
connectivity of a single constrained hexagonal lattice of quantum states (lower-left panel)
or through a pair of correlated one dimensional lattices (lower-right panel).
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between these states depend on the surrounding links and the associated local CG factors,
states interact with maximally two neighboring states.

For SU(3) lattice gauge theory in the multiplet basis, the connectivity among states
within the local gauge link Hilbert space is only slightly more elaborate, and is well known

from group theory. For the link operator in the 3 or 3, the tensor indices become,

(r,g®((1,0)=pP+Lgep@P-lg¢+1)d(pqg-1) ,
(P, ®(0,1)=p g+ (p+lg-1)d(-1,q9 . (1.7)

A connectivity diagram of the transitions described by Eq. is shown at the bottom
of Fig. with black dashed lines indicating a possible truncation of irreps with up to
two fundamental and two antifundamental indices. For each irrep not affected by the lower
boundary of zero indices or the upper truncation, three connections exit the irrep associated
with the three transitions described in Eq. . Connections into any irrep through the
fundamental link operator also appear with maximal number three and along distinct paths
from those exiting the irrep. In this sense, the one-dimensional nearest-neighbor locality of
the SU(2) link-operator-generated gauge space is promoted in SU(3) to a two-dimensional
hexagonal lattice in the bulk of high irrep truncation on each link. Importantly, these

connections remain local upon the two-dimensional manifold.

1.2.3 Embeddings of the Gauge Space

Due to their role in defining the Hilbert space, the basis used to digitize gauge fields impacts
many aspects of quantum simulations of gauge-field theories. It is for this reason that
understanding the practical consequences of basis choice, or distributions of the field content
onto the degrees of freedom, is expected to play a central role in optimizing simulations on
different quantum architectures.

Before discussing the bases explored in this manuscript for the digitization of the SU(3)
gauge field, it is worth pausing to reflect upon the basic assumption that continuous gauge
fields be digitized at all. There is an alternative to digitizing the gauge field directly that
retains a spatially local distribution of qubit degrees of freedom. Rather than implement-
ing the gauge field continuum limit and then the thermodynamic and spatial continuum
limits, it has been proposed, under the names of link models or qubit regularization, that
this can be replaced with a one-step process by devising a spin system of appropriate
local symmetries with a critical point in the same universality class as the field of inter-
est [19, 20} 2T), 22, 23], 24, 25]. Tuning to the lattice continuum limit at a phase transition
of the latticized spin system produces an emergent relativistic field theory. One way to

interpret success with this approach is through spatial blocking of the lattice producing
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effectively continuous field values in the continuum limit at the critical point. Just as the
correlation length of the field determines the lattice volume needed to approach the thermo-
dynamic limit for the spatial continuum with continuous fields, a second correlation length
will be present in the spin lattice expressing the blocked volume necessary to capture effec-
tively continuous fluctuations in the local field degrees of freedom. For a scalar field, it has
been shown that the local digitization of the field, and the efficiency of the local quantum
Fourier transform (QFT), allows the effectively continuous fluctuations in the local field
degrees of freedom to be captured with double exponential convergence in local qubit num-
ber [15] 16, 26, 27]. Benefitting from this application of the Nyquist-Shannon (NS) sampling
theorem, the number of qubits per site relevant to foreseeable applications is expected to
be < 5 [26, 27]. With current methodologies, the spatial continuum of the scalar field re-
tains polynomial lattice artifacts as the volume-sized QFT is not expected to be efficient
and thus modifications to the lattice dispersion relation will appear polynomially with the
lattice spacing [28] 27]. When working in a spin system, both the field continuum and the
spatial continuum limits are naively expected to be of the latter type, allowing neither to
enjoy the rapid NS convergence. It is for this reason, with an expectation that local NS
convergence will retain some relevance for digitized quantum fields beyond the scalar field,
that the current manuscript will focus on the local digitization of the gauge field rather than
the identification of a UV completion structured as a local spin system sharing a univer-
sality class with QCD. However, the rapidly evolving quantum ecosystem and exploratory
nature of current development encourages thorough investigation of all possible avenues for

embedding gauge fields into controllable quantum architectures.

Multiple embeddings of the lattice Hilbert space through the basis of SU(3) irreps will
be considered in the following. The first distinction that can be made is whether the
embedding is global or local. A local embedding of the Hilbert space assigns a qubit register
to each link of the lattice, thus storing local information of the field in locally-distributed
quantum systems. Distributing qubits/qudits across the lattice in this way is not always
the most efficient use of Hilbert space. In particular there are a number of symmetries
present in the gauge theory creating correlations between the link states e.g., vertex gauge
symmetries, spatial parity and color-parity. Being good symmetries of the Hamiltonian,
a state that begins in one symmetry sector will remain within the sector throughout its
dynamical evolution. Transferring to a global embedding allows manual projections into
these symmetry sectors, as utilized in Refs. [29] [30]. The resulting efficient use of Hilbert
space, beyond reducing the total qubit resource requirements of the calculation, protects
the calculation from gauge-variant or symmetry-breaking errors. Each state of the quantum
hardware is associated with a full lattice configuration with the desired projected symmetry.

As long as an error maintains the computational basis, all errors maintain global and vertex



16

symmetries of the lattice in the global embedding.

While the global embedding is advantageous for small lattices on noisy hardware, the
classical computational demands for pre-conditioning the Hilbert space and computing
symmetry-projected matrix elements scale poorly with the volume of the lattice. For this
reason, we further explore two link-local embeddings of the lattice Hilbert space in the
irrep basis. In the first approach, a single quantum register or qudit is used to capture
the gauge space of each link, the operations of Section describe how the internal modes
must interact in order to express time evolution of a quantum state with respect to the
magnetic Hamiltonian. While full connectivity has been permitted within a qudit, with
rotations mixing populations between any two modes, it can be seen from Fig. that the
required mode connectivity does contain a sense of locality. In particular, the dynamical
mode connectivity, reflecting that produced by the plaquette operator between irreps, will
have a structure of nearest neighbor locality in a truncated and constrained two-dimensional
hexagonal lattice. While this locality is an improvement over arbitrarily non-local interac-
tions, this connectivity is potentially sub-optimal, unless a qudit architecture is designed
that naturally reflects this two-dimensional structure. In particular, for a one-dimensional
embedding of the irrep modes into a ladder-structured qudit, necessary mode rotations de-
localize as the irrep truncation increases, reflected by the growing number of irreps per row
in Fig. [[.2]

One natural way to address the growing two-dimensional link structure in gauge space,
inspiring the second local embedding explored in this work, is to introduce a number of
qudits on every link equal to the rank of the gauge group, two for SU(3), as introduced
by Byrnes and Yamamoto [14]. These two qudits will reflect the tensor index structure of
the irrep, in SU(3) denoted as (p,q) in Section above, with one qudit specifying the
value of p and the second indicating the value of ¢. In this local (p, q) representation of the
local irreps, the p and ¢ registers are simply integers from zero to the maximum number of
tensor indices considered. The plaquette operator produces correlated transitions by £1,0
within the p and ¢ qudits at each active link of a plaquette. In this way, further separating
the link space into a pair of qudits naturally simplifies the two-dimensional connectivity
shown in the left panel of Fig. into a correlated pair of qudits shown in the right
panel of Fig. each requiring only a raising/lowering operator within a one-dimensional
embedded space. With this splitting of the link space into two qudits, however, operators
of up to 8 qudits controlled on another 8 qudits will be required for constructing the local
time evolution operators for the one-dimensional plaquette string. As hardware-specific
strategies evolve for implementing mode-isolated multi-qudit unitary rotations, tradeoffs
in the fidelity of intra- and inter-qudit operations will inspire a decision: implementing a

two-dimensional gauge space within a single qudit at each link versus implementing one-
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dimensional correlated gauge spaces within each of two qudits per link, or some spatially

dependent combination of the two.

As will become clear, the choice of basis inspires different ways to perform the gauge
field truncations, resulting in different convergence properties and resource requirements for
simulation. Local truncations at the level of the representations in the link Hilbert spaces
readily scale to larger systems, requiring resources that scale with the spatial volume of the
simulation. While a global truncation connects well to intuition based on globally conserved
quantities, the implementation of such a basis does not scale well with increasing system
size. It would appear that an adaptive local truncation scheme constrained by a global
truncation may be required for optimal use of available resources in future simulations,

though constructing such a scheme is beyond the scope of this work.

1.3 The Single Plaquette

A single plaquette is one of the simplest gauge-invariant objects that can be constructed
within a lattice gauge field theory. For Yang-Mills gauge theory, the Hamiltonian responsible
for its dynamics is a special case of that given in Eq. , given by

. 2 . 1 A s
H:% 3 |E<b>|2+2—2(6—D—DT) , (1.8)
b,links 9

where the lattice spacing is set to a = 1, and b is an adjoint color index. The Hilbert space
of a single link has been defined previously, spanned by the eigenstates of the electric-field
strength operator, |R,a, 8) = |R,a)r|R, f)r. The Gauss’s law constraint allows the state
of the one-plaquette system to be expressed in terms of basis states of the form

1

’R>:dlm(R>2 Z ’R,agﬁ)l’R,B,"}/)Q‘R,’Y,5>3|R,(5,Oz>4 , (19)

a,B,7,6

where R is the representation of each link. The irreducible representations of SU(3) with
tensor representation T;l lb?bjp can be specified by p and ¢, and the global basis states
for the one plaquette system is conventionally denoted by |p,q). The electric energy of a
basis state is determined by the action of the Casimir operator (Eq. ), and is equal
to four times the value of the Casimir operator on a single link multiplied by a factor of
g%/2. The plaquette operator is defined in Eq. , and the subsequent section. For the
one-plaquette system, matrix elements between basis states (Ry|CJ|R;) = 1 if Ry is present

in the decomposition of R; ® 3, and 0 otherwise, by the completeness of CG coefficients.
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1.8.1  Color Space Truncation Errors

As any computational framework is comprised of a finite number of controllable degrees of
freedom, numerical explorations of gauge theories require spatial latticization as well as a
form of digitization and truncation of the continuous field. As discussed above for SU(3)
gauge theory on a single plaquette, digitization will here be accomplished in a gauge invariant
way by truncating the number of tensor indices (p,q) at values (A,, Ay) with A, = A, a
choice following the natural color parity symmetry of the system. Any truncation of the field
will introduce controlled, systematic errors that must be quantified. Previous explorations
of digitized scalar fields on a spatial lattice found that the field-space digitization converged
double-exponentially in the number of qubits per lattice site describing the local field [16], [15]
311, 26l 27]. This convergence is attributed to the Nyquist-Shannon sampling theorem when
the field and conjugate momentum bases are distributed appropriately. In Appendix
it is shown analytically that the asymptotic form of the “color” space wavefunction for a
single plaquette in SU(2) gauge theory is Gaussian with respect to the irrep dimensionality or
number of tensor indices. In the case of 141 dim. SU(2) lattice gauge theory, the exponential
convergence of low-lying quantities with increasing truncation has been identified previously
as discussed, for example, in Ref. [32]. In this section, it is shown numerically that this
Gaussian convergence is also present in the color space of an SU(3) plaquette ground state,

as well as its static and dynamical observables.

Focusing upon the ground state wavefunction in a basis of irreducible representations,

Fig. shows an exponentially localized distribution of amplitudes. In the left panel of
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Figure 1.3: On a grid (left panel) of irreducible representations organized by their dimen-
sionality and plaquette connectivity (as shown in Fig. , support of the the ground state
wavefunction ¥ (R), shown for g = 0.5, is localized to low irrep dimensionalities (center
panel). Conjugate irreps appear on the left half of the grid with real irreps appearing along
the center vertical. The right panel shows log(R) on a scaled quadratic grid for visual
clarity of the convergence structure.



19

< 100 ] ]
a 15} £ oo
@ @ . S 00T
() 3 10_ S ;
2 10 B TE L “
@ 0 200 400 600 800 | <@ o 0.5M015 ¢ 0% i
= 5t A2 = A2 ] [H0.3MW 0.1 a 108 :
16 0__200 400_600 800
T 0 A? = A2
0 | | ' ' ' N = L L 1 A
0 10 20 30 40 &0 10 20 30 40
Np=1N\g Np =1Ng

Figure 1.4: Mass gap (left panel) and vacuum expectation value of the Hermitian magnetic
plaquette operator [J + [Jf (right panel) for one plaquette in SU(3) gauge theory as a
function of A,, the irrep tensor index truncation. Convergence is demonstrated for six
different values of the coupling (¢ = 0.1 to 1). Inset panels show the percent deviation in
observables from their values without truncation. The inset x-axes are squared for visual
clarity of the convergence structure.

Fig. a grid of irrep dimensionalities is established akin to that of Fig. Neighbor-
ing points on this grid are connected through the magnetic plaquette operator and thus
experience a sense of locality. The z-axis of this space is the difference between the num-
ber of fundamental and anti-fundamental indices in the tensor representation of each irrep,
resulting in conjugate irreps residing at negative values and real irreps residing along the
p—q = 0 axis. The dimensionalities of irreps below a truncation of A, = A; = 10 are shown
explicitly, and higher index irreps would appear in the upper triangles. In this space, the
ground state amplitudes of the SU(3) single plaquette wavefunction at coupling g = 0.5 are
shown in the center and right panels. In the center panel, it is seen that support of this
wavefunction is highly localized to the low-index regime. Of course, the extent of localiza-
tion is g-dependent and becomes dispersed as g is lowered toward the weak coupling limit.
The right panel presents the same wavefunction as in the center panel, but with logarithmic
and quadratic functional distortions on the wavefunction amplitudes and the tensor indices,
respectively. From this perspective, the asymptotic Gaussian structure of the irrep-space
wavefunction is visually clear.

The exponential localization of the single plaquette wavefunction extends this profitable
convergence also to static and dynamic observables. Figure[I.4]shows the convergence of the
mass gap and the magnetic plaquette operator expectation value at a range of couplings.

Static observables for the unit coupling are found to converge to 10~8 percent of their

asymptotic values at a low irrep truncation of A, = 4 up to and including tensor irreps with
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Figure 1.5: Expectation of the electric energy as a function of time for the single plaquette
beginning in the strong coupling vacuum. Evolution is shown for tensor index truncations
A, <4 (20) in the left (right) panel where g = 1 (0.1). Insets show the percent deviation
of the electric energy from its value without truncation at fixed times indicated by vertical
lines in the main panels (¢ = 10, 50,100 are beyond the domain of left panel). The inset
x-axes are squared for visual clarity of the convergence structure.

four fundamental and four anti-fundamental indices. As g is lowered and the wavefunction
disperses in irrep space, truncation errors naturally become more dramatic. Interestingly,
the mass gap demonstrates low g-dependence at high truncation, A,, throughout the shown
coupling range. The insets of Fig. [1.4] provide convergence information with tensor index
truncations scaled quadratically, as in the right panel of Fig. such that the linear tra-
jectories experienced at large tensor index truncations express Gaussian-type convergence
structure. From these insets, one can connect necessary quantum resources to the attain-
able precision of local observables as the weak-coupling limit is approached. For example,
percent-level precision for these quantities at couplings g > 0.3 is expected to be achievable
with A, < 10 or equivalently 3-4 qubits per index register. These features are expected
to apply to the link-space localization and convergence on larger lattices of SU(3) gauge
theory. This suggests that SU(3) Yang-Mills simulations in a cubic spatial lattice of extent
10 x 10 x 10 could be performed with < 10* qubits at this coupling.

It is important to keep in mind that our analysis has been performed in the electric basis,
and requires increasing resources with decreasing lattice spacing to achieve the same level of
precision for any given quantity. Therefore, there is a minimum lattice spacing (coupling)
below which computations are inaccessible to the electric basis for a given quantum device
and available classical computing resources. Recent work by Haase et al [33] has shown

in the context of QED that working instead with the magnetic basis is potentially more



21

effective in calculations at small lattice spacings, making it an interesting area for further

investigations.

As a final demonstration, Fig. shows similar exponential convergence properties also
for dynamic observables. Calculating the time evolution of the electric energy as a function
of time at increasing field truncations, A;, similar Gaussian precision improvements are
observed. Related to the fact that the ¢ = 1 mass gap is well captured at low truncation,
the g = 1 time evolution in the left panel of Fig. is well captured at low truncations
even at long times. For example, the expectation value of the electric energy at time
t = 100 is achievable at single precision with just 3 qubits per index register. As the
coupling is reduced and the wavefunction experiences reduced locality, larger truncations
are demanded to achieve precise calculations of long-time observables. The right panel of
Fig. quantifies this scenario for a coupling of g = 0.1. Convergence calculations such as
these inform estimations of resource requirements for future lattice gauge theory simulations
that will be implemented at a selection of coupling strengths and extrapolated to inform the
continuum limit with a complete quantification of uncertainties. In subsequent subsections,
we show the results of simulations of these systems performed on IBM’s superconducting

architecture.

1.3.2 Global Basis for One Plaquette
8 Truncation
It is informative to study a simple basis truncation of p,q < 1, containing the irreps

{1, 3,3, 8}. These can be straightforwardly mapped to two qubits as {|00), [10),]01), |11)} =
{11),13),]3),|8)}. In this basis, the Hamiltonian is

00 0 0 0110
2 16
2|0 ¥ 0 o0 1|,. 1] 1011
== + = |31 - - : 1.10
20 0 ¥ o0 9 21101 (1.10)
00 0 12 0110

consistent with the results provided in Ref. [34] (when truncated at f; < 2 and removing
the contribution from the 6 and 6). In terms of operators acting on a two-qubit system,

the electric Hamiltonian operator can be decomposed as

2
HE:%(17H®H—9Z®H—9H®Z+Z®Z> , (1.11)
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where I is the identity operator. The magnetic Hamiltonian can similarly be decomposed
as

jo8 ;M@]I—Q;(X®H+H®X+;(X®X+Y®?)> . (1.12)

While there is a wide range of tactics being explored for the time evolution of quantum

systems [35], 36, 37, B8, [39], the method of Trotterization [40}, [41] is a qubit-efficient approach

introducing zero auxiliary qubits. Focusing on this latter method, time evolution through

Trotterization [42], 43, 44, 45| [46] for a time At of a general quantum wavefunction is
approximated at first and second orders as

e_m@Hk N He_lAtHk +O(A#?) ~ ﬁ o153 H

k k=N k=1

IS L O(AS) . (113)

,’:]z

Neglecting terms proportional to the identity, the one-plaquette Hamiltonian can be sepa-
rated into Trotterized operators, H = H, + H,, with

R 1 n 2 . A O 1 A A
= (3 foi-Z (920i+9i02)- - (Xel+isX)
6 g2 6 2¢2
~ 92 ~ ~ 1
B=%707- (X®X+Y®Y) . (1.14)
6 4g
The matrix exponential of the first Hamiltonian contribution can be implemented with

single-qubit gates, while that of the second Hamiltonian contribution can be implemented

as
o e e S H X
GaX@X 4V @Y +eZ07) _
- )
{7 e {oi

(1.15)
using the decomposition of the SU(4) Cartan subalgebra [47, [48].

The panels of Fig. show the probability of a single plaquette remaining in the
trivial vacuum, |00), and its electric energy fluctuations for a color irrep basis truncated to
{1,3,3,8}. Up to four 2"%-order Trotter steps of the form,

U(At) — —’Lle —ZAtHQ —Zng (116)

are implemented for a coupling of ¢ = 1. Beyond this number, it is found that the increased
gate fidelity and coherence demands of the extended quantum circuit do not allow controlled
mitigation of noise. The dashed curves correspond to exact classical calculations of each

Trotterization, with the limit of continuous time evolution shown by the solid black curve.
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Figure 1.6:  The (trivial-) vacuum-to-vacuum persistence probability |(00] U(t) |00)
(left panel) and the energy in the electric field (right panel) of the one-plaquette sys-
tem derived from the Hamiltonian given in Eq. for color irreps 1,3,3,8. Dashed
lines correspond to the exact results for 2nd-order Trotterization given in Eq. with
At = t,t/2,t/3,t/4,0. Points correspond to quadratic extrapolations of results obtained
from IBM’s Athens quantum processor, with systematic and statistical uncertainties com-
bined in quadrature.

The data points correspond to results of the circuits discussed above implemented on IBM’s
Athens quantum processor [49], a superconducting qubit system in the lineage of IBM’s
devices using Qiskit [50]. The connectivity of this device is linear across five superconducting
qubits [49] and two of the middle qubits were used to store the wavefunction of the truncated
SU(3) plaquette.

The largest sources of systematic uncertainty in simulating with current quantum devices
are measurements and CNOT gates, with the former dominating by a factor of ~ 3 in
basic benchmarking of the Athens device. To account for systematic errors associated with
CNOT gates, previously employed extrapolation procedures [51], [52] have been utilized.
Mitigation of this CNOT-gate error combines the results obtained by replacing each CNOT
in a circuit with an odd number, r (for r = 3, 5, 7), of CNOTSs and extrapolating to r = 0 (as
CNOT.CNOT= ﬁ) Linear and quadratic extrapolations to 7 = 0 in the number of CNOTs-
per-circuit-CNOT were performed, and 3|O(linear) — O(quadratic)| was used as an estimate
of the systematic uncertainty in the extrapolation of a quantity O. In many cases, the linear
fit was of relatively poor quality and gate fidelity limited the reliable extraction of sufficient
samples in r to estimate the systematic uncertainty at a comparison of higher polynomials.
Hence, this comparison provides only an estimate and should not be considered a complete

quantification of CNOT errors.

Measurement errors were mitigated in two ways. The first was implementing Qiskit’s
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measurement filter subroutine [53] during production, which removes the leading order
measurement errors by optimizing an approximate inverse of the calculated all-to-all mea-
surement matrix. When the error introduced by application of a single CNOT gate is small
compared to those of the measurement procedure, it is viable to mitigate measurement
errors through the use of auxiliary qubits by implementing a majority- or unanimous-vote
for the measurement result. In this democratic approach, each auxiliary qubit is connected
as the CNOT target controlled on a qubit in the plaquette Hilbert space and provides one
correlated measurement to inform post-selected voting. After calibration, the typical sin-
gle qubit measurement error rate on the Athens processor is approximately 3% and the
typical CNOT error rate is approximately 0.9% [49]. As a result, the unanimous voting
criterion provides an improvement that is found in some cases to be comparable to that
of the measurement filter, with degradation for circuits implemented at times distant from
a calibration procedure. The initially positive results observed in this work, along with
the scalability of the voting procedure, inspire future exploration of the device-dependent

tuning necessary to optimize this measurement error mitigation strategy.

In addition to a choice of measurement error mitigation, the calculation shown in Fig.
was implemented with both a 3- and 4-CNOT gate version of ei(aX@X+bY OV +c20Z ), the
time evolution of the Cartan subalgebra. In the absence of noise, these two implementa-
tions should give the same results. While additional noise would be reasonably expected
for the 4-CNOT calculations, temporal fluctuations in error rates of the device instead
produced lower noise fluctuations for the 4-CNO'T calculations. Thus, in order to express
most accurately the uncertainties associated with this calculation on quantum hardware,
the four implementations (3-CNOT Cartan subalgebra with unanimous voting, 4-CNOT
Cartan subalgebra with the measurement filter, and others) after r-extrapolation have been
combined. The uncertainty is a quadrature combination of the extrapolation errors and
standard deviations of the four implementations. As a result, the uncertainties presented
in Fig. and throughout this manuscript are not statistical confidence intervals, but also
capture the systematic errors associated with gate fidelities and temporal fluctuations of

the device between calibrations that produce dominant error contributions.

6 Truncation

The next lowest-lying irreps beyond the {1,3,3,8} to be included in the one-plaquette
basis are the 6 and 6. With six basis states, three qubits are required with two remaining
unphysical states in the Hilbert space. As was leveraged in Ref. [I§], the freedom of gauge-
variant completion allows couplings and interactions within the unphysical subspace to be

chosen to simplify the implementation of the Hamiltonian on the quantum device. The one-
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plaquette basis can be embedded into the Hilbert space of three qubits with the encoding,
{10),11),12),13), 14),17)} = {|1),[3),13) ,8) , 6} ,[6)}, leaving the states [101) and [110) to

be unphysical. With this mapping, the Hamiltonian can be gathered into seven terms,

T
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where b = (X + ZY)/2

Middle qubits on the Athens quantum processor were chosen to represent the state of
the system, while the two remaining qubits were used to mitigate the measurement errors
of the second and fourth qubits when employing voting protocols for measurement error
mitigation. A single application of the Trotterized time evolution operator acted on the
trivial vacuum |000), and the CNOT error extrapolation procedure described in Sec. m
was applied. Due to the nearest neighbor couplings of the device, the Trotterized time
evolution operator is decomposed into 38 CNOT gates and 37 single qubit gates. However,
many of the CNOT gates in the circuit were required to compensate for the linear nearest
neighbor coupling of qubits; on a device with all-to-all couplings between the qubits, this

Trotterized time evolution operator could be implemented with 20 CNOT gates.

Unfortunately, implementation of this three-qubit calculation is found to exceed the
capabilities of the Athens architecture with controllable systematic errors. The r > 3 mea-
surements show clear signs of coherence time saturation and the r = 1 experiences already
large deviations. This combination results in an inability to perform an r extrapolation and
thus an inability to mitigate the CNOT gate errors. It is possible that an extrapolation at

fractional r, introducing error-exacerbating CNOT pairs at stochastically-chosen fractions
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of the CNOTSs in the circuit as implemented in Ref. [I8], could be reliably implemented,
though the errors experienced already at r = 1 remain daunting anchors for extrapolation.

An additional interesting quantity to inform development is the survival probability in
the physical subspace. As gauge theories are commonly designed for quantum simulation by
embedding locally-interacting gauge-invariant spaces within larger Hilbert spaces, maintain-
ing symmetry subspaces to high fidelity will be an important property of future quantum
devices. These subspace fidelity demands also reside at the heart of many quantum error
correction protocols with the space of logical quantum information embedded non-locally
in a low-energy Hilbert space satisfying local symmetries. In Ref. [18], a gauge invariant
survival probability of approximately 40% was calculated for a physical /unphysical Hilbert
space ratio of 4/12 at the peak of the first oscillation in the electric energy of two plaquettes
in SU(2) lattice gauge theory utilizing a circuit of 6 CNOTs on the IBM Tokyo 20-qubit
quantum device. In the current application, a physical/unphysical Hilbert space ratio of 6/2
was explored with a time evolution operator of 38 CNOTs, demonstrating a survival prob-
ability of approximately 90% at the minimum of the first oscillation in the electric energy
of the SU(3) global basis plaquette. While the latter represents a possible improvement in
survival probability per CNOT, the former, being within both the coherence time and gate-
fidelity coherence time of the device, was found to allow reliable extrapolation to a survival
probability of approximately 60% and accurately capture the time evolution of electric-basis
observables at the accuracy of a single Trotter step. These observations further support the
necessity of multi-dimensional optimization in the design of quantum architectures. In the
next subsection, the flexibility of the global basis is leveraged to perform a projection into
the color parity symmetric space respected by the SU(3) Hamiltonian that is shown to allow
reliable exploration of the {1, 3,3,8,6,6} dynamics through reduction onto two qubits with

no unphysical subspace.

1.8.83 Color Parity Bases

To simulate the time evolution of the trivial electric vacuum, only states that are connected
by repeated applications of the Hamiltonian are required to be included in the simulated
basis. Observing the structure of the plaquette operator, color parity is a symmetry of

SU(3) lattice Hamiltonian. Thus, time evolution will only couple states of positive color

parity, , )
|RY) = 7 [IR)+|R)] (1.18)

to the electric strong-coupling vacuum. By including only states of the form of |R™) in the

basis, the evolution of the trivial electric vacuum can be simulated with a reduced Hilbert

space, or a higher precision calculation can be performed using the same quantum register.
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Figure 1.7:  The (trivial-) vacuum-to-vacuum persistence probability (00| U(t) [00)[2 (left
panel) and the energy in the electric field (right panel) of the one-plaquette system in the
color parity basis truncated at 3% evolved according to the Hamiltonian in Eq. . The
points correspond to the average value and the maximal extent of 68% binomial confidence
intervals across four implementations on IBM’s Athens quantum processor, expressing both
statistical and systematic uncertainties.

(1,37)

The lowest non-trivial truncation in the color parity basis consists of the states |1) and
131) = %(|3> +|3)). This can be mapped onto a single qubit with the basis choice |0) = |1)

and |1) = |3"), and the Hamiltonian becomes,

. 4 11\ - 4 1\ - 1 .
H=(-¢*+— )1 ——P+—— | Z- X . 1.19
(374 20) 1+ (-3 + 1) 7 3 19

With the availability of arbitrary single qubit gates, the associated time evolution can be

implemented with a single unitary rotation without Trotterization. Figure shows the
results of performing the 3% time evolution on the Athens quantum processor with g = 1
beginning in the electric vacuum. The combinations of measurement error and CNOT
extrapolations have been employed as described in Sec. As this calculation does not
require CNOT gates, there is significantly less noise relative to the associated two-qubit

calculation performed in the global basis without color parity projection.

(1,37,8,67)

With two qubits, the color parity basis can be extended to include the |8) and |6™) states
in a basis encoding of the form {|00),|01),]10),[11)} = {|1),|3T),|6T),|8)}, leading to a
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Hamiltonian of the form,
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To Trotterize, the single qubit terms can be grouped together, and the Cartan subalgebra
(X QX Yov, A=A ) can be implemented as in the case of the global basis 8-truncation
above. When including the 6 irrep in the color parity projected basis, there is an additional
X ® Z term in the Hamiltonian whose Trotterized time evolution can be decomposed with

the following circuit,

plaX®Z _ e ? : (1.21)

Explicitly, the first order Trotterized time evolution operator is chosen to be implemented
as U(t) = e iHste—iHatg—ilht i)

A~
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Implementing this Trotterized time evolution employs 10 single qubit gates and 6 CNOT
gates. The accuracy of the simulation can be improved by using a second order Trotterized

time evolution operator of the form,
U(t) = e iHi5 ity omiHlsto—ithg o—ithy (1.23)

which employs 15 single qubit gates and 8 CNOT gates. Because the second order Trot-
ter step requires fewer gates than performing two first order Trotter steps, higher order

Trotterizations may be capable of improving the calculation.

Implementation of these two forms of Trotterization are presented in Fig. Due to
the extra X ® Z term in the Hamiltonian, the time evolution circuit requires more CNOT
gates and the additional gates in the circuit causes noise to dominate the calculation earlier

than when using the global basis truncated at 8. Adding a majority choice mitigation of the



29

1.2}
1.0t

6
3 5
0.8} n 2 *
S AT w3
& 0.6} Lk . 2,
0 47.Exact : ‘| *{‘* i)
" [ M1 1% Order \‘*\‘I» Llij 1
O.2—!21i'domer {++++++1{ i
0.0LtZhQer ‘
00 05 10 15 20 25 3.0 00 05 10 15 20 25 3.0

Time Time

Figure 1.8: The (trivial-) vacuum-to-vacuum persistence probability (00| U (t) [00)[? (left
panel) and the energy in the electric field (right panel) of the one-plaquette system derived
from the Hamiltonian given in Eq. in the color parity basis truncated at 6. The
different curves correspond to the exact results for 15%-order Trotterizations with At = ¢,¢/2
and for a single step of 2"-order Trotterization with At = t. The points correspond to
quadratic extrapolations of results obtained from IBM’s Athens quantum processor, with
systematic and statistical uncertainties combined in quadrature.

measurement error in addition to the measurement filter does not significantly improve the
results, indicating that the breakdown in the calculation is due to noise in the circuit rather
than the measurement process. As a result, only two steps of the 15%-order and one step of
the 27 order Trotterizations were found to be reliable compared to the four 2°¢ order steps
achievable for the 8-truncated global basis. This two qubit calculation of the 6-truncated
single plaquette contains all of the states coupled to the vacuum present in the three qubit
global basis calculation above [I.3.2] However, due to the more efficient mapping, reliable

time evolution is achievable with the added color parity projection.

1.3.4 Rudimentary Single Plaquette Benchmarks

While the performance of many-body dynamics cannot be captured in a single metric,
benchmarks for scientific application can provide useful information toward the simulation
of dynamical lattice gauge theories as quantum devices develop. Near term benchmarks are
likely too rudimentary to survive into the production era, but may provide helpful guidance
in the near term NISQ era. Given the exacerbated noise experienced by many quantum
devices at local extrema of time evolved observables, a succinct, yet meaningful, quantity
expressing device performance in this area is the extrema of the electric energy fluctuations
for a single plaquette of an SU(3) lattice. Analogously to the array of hardware calibrations

used to capture the high-dimensional optimization affecting the quality of operations and
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measurements across devices, the peaks and troughs in the fluctuation of the electric energy
focuses on one informative aspect of the time evolution.

The left (right) panel of Fig. shows the values of the first minimum (maximum) in
the electric energy time evolution performed on the Athens quantum processor. Numerical
values for the data appearing in Fig. can be found in Tables [ and [3]of Appendix[I.3]
Being a single-qubit calculation and thus requiring no Trotterization, the data of the 3T
truncation is well controlled as seen in Fig. Increasing the irreps included in the basis
moving to the right also increases the number of qubits necessary to capture the Hilbert
space. Within a sub-panel at fixed irrep truncation, the number of Trotter steps used to time
evolve to the local extrema is increased moving to the right, increasing the gate fidelity and
coherence demanded of the quantum device. Thus, from left to right each panel of Fig.
trades the impact of theoretical approximations for the impact of hardware noise. Ideally,
this type of figure will show windows, in which Trotter errors are reduced and hardware
noise has not yet overwhelmed the calculation, for an array of irrep truncations in order to
inform a systematic extrapolation to the limit of infinite truncation.

As discussed in Subsection the exploration of decreasing coupling increases the
required Hilbert space of the ground state wavefunction in the basis of electric multiplets.
While the convergence of observables at fixed g is subsequently exponential in the irrep
truncation, finite computational resources, both in quantity and quality, will limit the pa-
rameter regime that can be controllably explored with extrapolation to infinite A irrep cut
off. This relationship has been visually translated in Fig. to the presence of windows,
with the smallest g reliably accessible being that for which a set of windows relevant for
extrapolation are achievable. In this preliminary exploration, reliable extraction of results
with increasing gauge field truncation was limited to A, = 1 with the {1,3,3,8} basis,
where Fig. [I.9] shows a crossing between the regime dominated by Trotter errors to the
regime dominated by hardware noise with little extended intermediate window. For this
reason, a coupling of ¢ = 1 was chosen for presentation, expressing the limited Hilbert
space delocalization that can be accurately captured. However, the implemented quantum
circuits experience only modified rotation angles for different couplings. For this reason, it
is expected that uncertainties associated with the implementation of alternate g values will
be commensurate with those presented, though the angle dependence of current hardware

performance supports a more thorough exploration.
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Figure 1.9: Calculation of the first local minimum and maximum in the temporal fluctu-
ations of the electric energy for one irrep-truncated SU(3) plaquette at unit coupling on
the Athens quantum processor beginning from the strong coupling vacuum state. Expected
theoretical approximations from Trotterization are shown as dashed lines. Insets provide
the exact values at each truncation with smaller vertical axis scale for perspective. The
irrep truncation of 8 was calculated in the global basis while the 3 and 6 were evaluated
in color parity projected global bases. Numbers associated with each point indicate the
relevant number of CNOT gates.
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1.3.5 Single Plaquette Operator Scalability

While exploring Pauli decompositions of operators are important first steps for lattice gauge
theory time evolution on quantum architectures, construction of relevant operators can
quickly become treacherous as the color space truncation is raised. This was experienced
in the quantum simulation of SU(2) lattice gauge theory and is seen to arise also in SU(3).
For this reason, exploring alternate compilation protocols for the representation of plaquette
operators amenably for hardware implementation is of vital significance. In this subsection,
an approach based on a decomposition into two-level unitaries will be presented for the
single plaquette global basis and similar methods will be used to describe the local plaquette

operator for extended lattices in Section [I.5]

As discussed in Subsection the further splitting of the local irrep basis into two
registers per link representing the fundamental and antifundamental indices is likely to be
practically advantageous in requiring only nearest neighbor connectivity within the two
Hilbert spaces representing the link as shown at the right of Fig. Because the Hilbert
space of the single plaquette lattice satisfying the local Gauss’s law is structurally similar
to that of one (unconstrained) link of a larger lattice, the one plaquette system can be
represented in a global [p,q) basis with p and ¢ digitized in a binary encoding on two
separate qubit registers. With this encoding, the operators capturing the p and ¢ index

values are diagonal,
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where the subscripts on Z specify which register and qubit the operator acts upon. With
this representation, the electric term in the Hamiltonian becomes a sum over one- and
two-qubit Pauli-Z operators as the Casimir of Eq. is quadratic.

Because the connectivity of both the p- and ¢-registers is nearest neighbor, it is conve-
nient to consider the (non-unitary) operator, B, that maps |p) to |p — 1) and annihilates
|p) = |0) when p is stored in the binary encoding with n qubits. The operator B,, can be

constructed recursively according to
n—1 n—1 [n—k—1 k
Bn:H®Bn_1+b®bT = Z ® I ®b®<®zﬂ> , (1.25)
k=1 k=0 \ j=1 i=1

expressed in n contributing terms with an increasing number of bt operators in the Hilbert
spaces. The operator b has been defined previously, just below Eq. 1' Using n qubits



33

to represent each of the p and ¢ registers, the plaquette operator can be written as
O=Bl@l+B,®B +12 B, (1.26)

where the first and second Hilbert spaces represent the p and ¢ registers, respectively. Note
again that the single plaquette lattice shares a Hilbert space structure with that of the single
(unconstrained) link of an extended lattice, leading to later connections between Eq.
and the local link operator. As an explicit example, for a |p) or |¢) register of four qubits,

this non-unitary lowering operator would be decomposed as
Bi=@b+Lobeb +Leobob ob +bob obf obf . (1.27)

If decomposed in the Pauli basis, the B, operator would span 3 2F = 2712 unique terms.
k=1
Decomposing the plaquette operator in the Pauli basis subsequently demands 2""2(2" — 1)

n

unique operators, or O(A,A,) as the index truncation is exponential in the number of qubits
per register. The Pauli decomposition of the Hermitian combination 0 + O relevant for
Trotterized time evolution presents a factor of two simplification to 2"*1(2" — 1) unique
operators, due to the Hermiticity of the Pauli matrices. Ignoring simplifications for the
implementation of terms sharing a basis, each of these exponentially numerous terms can
be implemented with O(2n) or O(log(A,A,)) CNOT gates [54] resulting in the total number
of gates to implement the plaquette operator time evolution scaling exponentially with n or

polynomially in A, ;.

While the exponential suppression of wavefunction amplitudes discussed in Subsec-
tion may allow this nalve approach to be practically fruitful, it is possible to restructure
the plaquette time evolution decomposition for improved scaling. Again allowing p and ¢
to be represented by two quantum registers with n qubits each, the Hermitian combination
of plaquette operators present in the magnetic Hamiltonian can be written as a sum of the

form
n242n

O+ 0 = (Bn—kBIL)@]I—i—]I@(Bn—i—BIL)+Bn®B;Q+B:Q®Bn: Y 0,400 | (1.28)
j=1

where Oj is a tensor product operator of elements of the form {I, b, I;T}@’Z”. For example,
the Oj operators associated with the first term may consist of k£ identity operators, one
b operator, (n — k — 1) conjugate b operators, and n identity operators for the g-register.
Each of these Hermitian operators, O + Of, can be identified as a two-level unitary between

computational basis states dictated by the Hilbert space locations of the b and bf operators.
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As discussed in Ref. [54] (4.5.2), the time evolution associated with such operators can
be implemented by first transforming the basis through a Gray code [55], implementing
a controlled single-qubit rotation, and then inverting the Gray code transformation. For
example, implementing the time evolution associated with the last term of Eq. in
the |p) register, contributing to the first term of Eq. (1.28)), connects the states |1000) and
|0111) in the p-register for every state in the g-register. The time evolution according to

this term can then be implemented with the following circuit acting on the p-register

Pany . Py 5 e 5
% T % X et X
o—ia (bbb +51bbb) _ e—iaX _ O f b
b f\ D N I ¥
Do D b S
(1.29)

where « is both time and coupling dependent. The second equality emphasizes the sim-
plifications often available in the practical application of Gray code techniques, though the
generic implementation of the first equality will be momentarily convenient for the scaling
discussion. At the left, a Gray code is implemented in the order 0111 — 1111 — 1110 —
1100 — 1000 through the first three multi-controlled-X operators and the location of the
central controlled rotation operator. With maximal Hamming distance of 2n between two
bit strings spanning the {|p),|q)} basis, the maximal depth of any Trotter contribution of
the form e~@0+0)) will be 2(2n) + 1 in terms of these maximally-(2n — 1)-controlled X
and rotation operators. Decomposing each of these C* NOT operators into Toffoli, CNOT,
and single qubit gates can be done with O(k) gates without the introduction of any auxil-
iary qubits [56] [54]. In practice, however, the desire to avoid the demand of exponentially
precise rotation gates may inspire the use of a single auxiliary qubit. This efficiency of
multi-controlled CNOT operators translates directly to an equivalent efficiency in the de-
composition of the general multi-controlled SU(2) rotation at the center of this circuit [57].
With this identification of two-level unitaries treated through Gray code manipulation, the
total number of gates to implement the plaquette operator time evolution is found to scale
polynomially with n = logy(A, + 1), the number of qubits used to represent the tensor

indices of irreducible representations composing the basis.

While the qubit decompositions of these two-level contributions to the plaquette time
evolution are straightforward and technically efficient, later discussions in Section of
the local plaquette operator will maintain this level of abstraction due to an expectation
that currently-developing qudit frameworks may provide advantageous hardware-specific

approaches for the implementation of two-level rotations.
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Figure 1.10: Two plaquettes with periodic boundary conditions and an arrow convention
amenable to infinite extension in the two-dimensional plane. Indices local to each end of
each link characterize states in SU(3) e.g., the color isospin and hypercharge indices.

1.4 Global Basis: Two Plaquettes

The results obtained for a single plaquette, detailed in Section have provided insights
into the convergence of the color-representation truncation in a simple system. Some other
features that are required for QCD calculations at scale only first appear in more complex
systems, such as a two-plaquette system subject to spatial periodic boundary conditions
(PBCs). The SU(3) two-plaquette systems are similar to those of the SU(2) system explored
in Ref. [I§], but with additional structure associated with the SU(3) gauge group defining the
link variables. Figure[I.10]shows the layout of the two plaquettes, along with our conventions
that define the action of plaquette operators. With an eye toward an efficient mapping of
the problem onto quantum hardware, we employ the techniques used in Refs. [I7, 18] to
“integrate over” the gauge group at each lattice site. Local gauge invariance of the theory
is used to eliminate redundancies associated with the local orientations in color space,
allowing the vertex amplitudes to be defined completely by the dimensionality of irreducible
representations of the intersecting links. This process reduces the dimensionality of the
Hilbert space and the associated resources required for quantum simulation compared with

previous algorithms, for example, Ref. [14].

Similar to the methods employed for the one-plaquette system, Gauss’s law can be
explicitly satisfied in the global wavefunctions by construction of the basis states. Using
the dimensionality of the color irrep of each link, as shown in Fig. the basis states for
the two-plaquette system are written as |x(R1, Q1, Rz, R3s, Q2,R4)). The gauge invariant

lattice wavefunction for this two-plaquette system, as discussed in greater generality in
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Appendix [1.7] is
1
R, Q1. Rs, Rs, Qs Ry)) = — , Ry a,b)|Qyr, . d)[Ra, e, F)[Ra, g, 1) |Qa. i, ) Ra, k. £
IX(R1,Q1,R2,R3,Q2,R4)) dlm(Ql)d1m(Q2)%| 1,a,0)|Q1, c,d)|Ra, e, f)|R3, g,h)|Qa2,i, )| R4, k, €)

<R37 h, Rb G’Q2,j>1“312 <R17 b, R37 g’le d>F131
<R47€7 R276‘Q27i>r422 <R27f7 R47k‘Q17C>FQ41 ) (130)

where |R, a,b) is a link-state in the electric basis and (Rj, f, Ry, k|Qx, o)r,;,, are SU(3) CG
coefficients.

The global wavefunctions of the two-plaquette system are formed from combinations of
these basis states, consistent with the global symmetries of the system such as: color-parity
symmetry resulting from the sum of O+ O in the Hamiltonian, e.g., {R;, Q;} < {Ri, Q;},
translation invariance, and reflection symmetry. These symmetries lead to a natural block-
diagonalization of the Hamiltonian in these projected bases. Quantum numbers may be
assigned to the states in each block, +1 for each of the symmetries in the case of two-
plaquettes. In this section, we consider a global basis in which dynamical quantum states
are mapped to symmetry-projected configurations of the full two-plaquette lattice. Two
related local truncations in color space are used to explore the convergence of both local

and global truncations.

1.4.1 Two-Plaquette: {1,3,3} Local Truncation

In limiting the local link basis to color irreps {1, 3,3} for the two-plaquette system without
constraints and symmetries, there are 3% independent basis states. Imposing Gauss’s law
at each vertex reduces this number down to 27. Further restricting to global singlet states,
as is the strong coupling vacuum and preserved by the Hamiltonian, the dynamical Hilbert
space becomes 9 dimensional, which decomposes into sectors of dimensions (4, 2, 2, 1) under
the discrete symmetries of color parity and spatial translation. Focusing on the sector that

contains the trivial vacuum, the basis states in the ++ sector are,

Ty = x(1,1,1,1,1,1))
3. 1 _ _ _ _ _ _
|w§133,++)> = 5 [ 1x(3,3,3,1,3,1)) +[x(3,3,3,1,3,1)) + |x(1,3,1,3,3,3)) +[x(1,3,1,3,3,3)) }
3. 1
|¢§133,++)> = 72 [ ’X(?’a 1’ 37 35 ]-7 3)> + |X(37 17 37 37 ]-7 3)> ]
. 1 o o o
B3y = —1x(3,3,3,3,3,3)) + x(3,3,3,3,3,3)) |, (1.31)
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where the superscript ”+4” denotes the transformation properties under color parity in-

version and spatial translation, respectively. The wavefunctions in the other sectors are

= 1 _ — 53 9 9 3 3
15—y 5 [1x(3.3,3,1,3,1)) — [x(3,3,3,1,3,1)) + |x(1,3,1,3,3,3)) - [x(1,3,1,3,3,3)) |
. 1 — — — Iy
¢(133’ +) — 1 [x(3,1,3,3,1,3)) — x(3,1,3,3,1,3 ) 1.32
3 V2

in the —+ sector,

‘¢§13§;+7)> _

[ ’X(?”g’ gv 15 3’ 1)> + |X(§v 3: 37 17§u 1)>

DO | =

- |X(1737 173757 §)> - ’X(lagy laga 373)> ] ) (133)

in the +— sector, and

3. _ 1 N — _ _ _ _
’1#51337 )> = 5 [ ‘X(3737371737 1)> - ’X(3,37371,371)> - ‘X(17371737373)> + ’X(1,37173,373)> ]
3. 1 — _ _
W) = —-[1x(3,3,3,3,3,3)) - [x(3,3,3,3,3,3)) | (1.34)
V2
in the —— sector.

By a direct calculation of the Hamiltonian matrix elements, both the Casimir and pla-

quette operators, we find Hamiltonian matrices of the following form in the ++ sector,

0 0 0 O 6 -2 0 0
gassen _ ¢ [0 F 00 L2 s RV R/ | )
- 9 16 2 V2 5 .
2 00 3 0 29 0 ¥ 6 ~2
0 0 0 8 0 _g _% 6

and in the other sectors

16 V2
goss _ (% 0N, 1 (1 ¢
2 \o 29> \ -2 6 ’
gasseo) _ ¢216 15
2 3 | g22
2 16 V2
o 135 16 1 7 -2
Fass—) _ 9 3 + — 3 ) 1.36
2 \ o 8 22 \ - 6 (156)

The eigenvalues of these sectors are shown in the left panel of Fig. as a function of
the coupling, g. The axes have been re-scaled, according to their behavior in the strong

and weak coupling limits, to be g?F vs 1/g*. At the left of this panel resides the strong
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Figure 1.11: (left panel) The energy eigenvalues of the two-plaquette system as a function

of coupling. The vertical axis shows the scaled energy eigenvalues, g>E; versus 1/g*, from

each of the sectors, H(133 1) (black), H133:~1) (blue), H133+-) (pink), and H133—-)

(green), given in Eqs. (1.35)) and (1.36]). (right panel) Time evolution of > |E%|? in the ++
a

two-plaquette system (with PBCs) locally truncated to {1, 3,3} and globally truncated to
basis Casimir’s of ? (dashed gray curve) and of 8 (solid black curve) for g = 1. The system
is initially in the trivial vacuum.

coupling limit where the electric contributions to the Hamiltonian dominate and the ground
state is well separated. At the right of this panel resides the weak coupling limit where the
magnetic contributions to the Hamiltonian dominate and the ground state remains gapped
below excitations. For demonstration purposes, g = 1 is chosen in what follows, however the
behavior as a function of coupling should be noted when considering the lattice continuum
limit, where ga — 0.

While the present basis is highly truncated, and we will explore a larger basis in subse-
quent sections, it is orienting to see the effect of a global truncation. In the right panel of
Fig. the time evolution of the system initially in the trivial vacuum, \w§13§;++)>

coupling g = 1 is displayed. From this evaluation it is seen that the lowered global cutoff

for a

at a quadratic Casimir of 1—?? has an impact that increases with evolution temporal extent,
a natural observation considering the low-Casimir initialization. Discrepancies first appear
in magnitude at local extrema and build a significant phase shift over a few oscillations
as the restricted Hilbert space of the added global truncation has effectively reduced the
period. Informed by understanding of the truncation dependence of the single-plaquette
wavefunction discussed in Section [1.3] it is not surprising that the presence of states at the
global truncation boundary in this system are significant.

Though severely truncated to the local {1,3,3} basis, this example parallels previous
quantum simulations of a two plaquette SU(2) system [I8] and naturally maps onto a qutrit

device with each qutrit describing the color state of a link. Further, the global wavefunctions



39

discussed above can be simulated with two qubits (embedding the four global states in the
++ sector). While current understanding indicates local bases to be advantageous at scale,
global bases will continue to be valuable techniques (e.g., Refs. [58], 29, 30]) for exploring
the quantum simulation capabilities of available quantum architectures.

Hardware Implementation

Mapping the ++ sector of Eq. (1.31]) onto the computational basis of two qubits,

{5 0) B S (o)) (1.37)

the Hamiltonian of Eq. ([1.35]) is decomposed in the Pauli basis as

Ny
&
Ny

1 1 A A A A A A A A
)—292 <4 (—23]I®]I+Z®H—]I®Z—Z®Z>

+3X@(ﬁ—2>+§<2TI+Z)®X+9\1/§<X®X+Y®Y)> - (1.38)

A Trotterized time evolution can be constructed by further decomposing into a sum of three

terms,

o (T 23\: o (1 . o (1 R P T
H1_(92+2>]I®]I—<2+g2)2®]l+< 92>H®Z— Xol- leX |

37 ' 8 8g 82 6921/2 39
. 1 g2> A 1 L.
H=(—-L)20s- X®X+Y®Y) ,
2 <892 3 18g2\/§(
A 1w a1 .
H=——X0Z-—720X . 1.39
3 692\/§ 392 ( )

The first order Trotterized time evolution operator used in the following implementation
is U(t) = e~iflstg—iflato—iflit - Application of the first evolution contains only single qubit
operators in H 1, which can be implemented by single qubit quantum gates without further
Trotterization, while the second evolution can be implemented using the quantum circuit
in Eq. , and the third can be implemented with the following circuit relation

i(aZeX1pXeZ) _ et , (1.40)

N
U

ipZ S

e

The results of performing first order Trotter time steps with ¢ = 1 beginning in the electric
vacuum are shown in Fig. [[.L12] Two middle qubits were used to store the state of the

system and, when the measurement error mitigation is implemented through voting, the
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remaining three qubits were used to inform the post-selection described in Section
As the results show, three Trotter steps are capable of reproducing the first maximum and
minimum in the evolution of the electric energy and calculations on the Athens quantum

processor are in agreement with the exact calculation.

1.0 2.0
S
0.8; 5 1.5
— c
o Q
0.4] W Exact "3
M 1 Trotter Step o 0.5
0.2 m 2 Trotter Steps w w
0.0 [71 3 Trotter Steps 0.0 [[ |
00 05 10 15 20 25 3.0 00 05 10 15 20 25 3.0
Time Time

Figure 1.12: The (trivial-) vacuum-to-vacuum persistence probability |(00] U(t) [00)|? (left
panel) and the energy in the electric field (right panel) of the two plaquette system in the
color parity basis truncated locally at 3 and 3. Evolution is a 15*-order Trotterization of
the Hamiltonian in Eq. . Points correspond to quadratic extrapolations of results ob-
tained from IBM’s Athens quantum processor, with systematic and statistical uncertainties
combined in quadrature.

1.4.2  Two-Plaquette: {1,3,3,8} Local Truncation

To further explore global wavefunctions and also to demonstrate a further complexity in
such calculations, the discussion in Subsection is here extended to include the 8 in the
local link basis. The construction involves an expanded basis that requires considering non-
trivial multiplicities in the products of irreps, in particular in 8®8 = 27®10H10H8D8P1.
Of the 45 states in this local basis, 109 of them satisfy Gauss’s law. Projecting further to
the global color singlet states—the global color charge being a quantum number conserved
by the Hamiltonian—there are 41 distinct physical configurations potentially connected to
the strong coupling vacuum.

These physical and global color singlet states combine into states with definite transfor-
mation properties under the discrete symmetries of color parity, translation, and reflection,
which is no longer redundant in this larger basis as 3 ® 3 = 8 @ 1 leads to configurations

that can be odd under reflection. Focusing only on the + + 4+ sector, the 15 independent
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states are,

1338;+++
! N =x(1,1,1,1,1,1)) |

=

1338 s+
S )y =

l\.')\)—t

(1338; 3 3 3 3
B [ [4(3,1,3,3,1,3)) + [x(3.1,3,3,1,3)) | .

{1838y 111(8,1,1,8,1,1)) + [v(1,1,8,1,1,8)) | |

gl sl gl

{138y — —111(3,3,3,3,3,3)) + [x(3,3,3,3,3,3)) |,

1 _ _ _ _ _ _ _ _
P =2 [1x(3.1,3,3,8,3)) + [x(3,1,3,3.8,3)) +[x(3,8,3,3,1,3)) + [x(3.8.3,3,1,3)) |
(1338; 1 =5 = =
’1/}5 +++)> W [ |X(37373)17378)> + ’X(3a373785371)>
+1x(3,38,3,1,3,8)) +[x(3,3,3,8,3,1))
+1x(1,3,8,3,3,3)) +[x(8,3,1,3,3,3))
+x(1,3,8,3,3,3)) +x(8,3,1,3,3,3))] ,
(1338; 1 = = = =
’¢6 +++)> s [ ‘X<37873737873)> + ’X(378737 37873>> ] )
V2
1 _ _ _ _ _
55 ) =5 [ 1x(3.3,3,8,3,8)) + [x(3.3.3.8,3,8)) + [x(8,3,8.3,3.3)) +[x(8,3,8,3,3.3)) |

[ Ix
|¢71338+++)> X( 1,8,8,1 8)> ’

1

’¢71338 +++)> =—[1x(8,8,8,1,8,1)) + |x(1,8,1,8,8,8)) ]
V2
1

’¢71338 +++)> =—11x(1,8,8,8,8,1)) + |x(8,8,1,1,8,8)) ] ,
V2
1

’¢81338 +++)> =—11x(8,1,8,8,8,8)) + |x(8,8,8,8,1,8)) | ,
V2
1

[p L3384y =5 [ 1x(1,8,8,8,8,8)) +[x(8,8,8,1,8,8)) + [x(8,8,1,8,8,8)) + |x(8,8,8,8,8,1)) |

(1338;
§1B38T) —11(8,8,8,8,8,8)) . (1.41)

States have been grouped together by the value of the Casimir operator, e.g., ]1/;21338 +++)>

and |w21338 +++)> both have a Casimir of E |E|? = %. The basis states associated with
{1, 3,3} local truncation are, of course, found in this basis, W(133 +++)> = W§13§8;+++)>7

(133;4+++) 1338;+++ 133;++4) 1338;+++) (133;4+++) 1338;+++
8 ) = s ), T ) = [ ), I ) = [ ).

Interestingly, there is a configuration with one or more of the links in the 8 that has a smaller

(13§S;+++)> (13§8;+++)>

Casimir, e.g., |13 has a smaller Casimir than [, , further emphasizing

[[x(3,3,3,1,3,1)) + |x(3,3,3,1,3,1)) + [x(1,3,1,3,3,3)) +x(1,3,1,3,3,3)) |

I’

)

Y
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,,'I.I i '.: 1 truncation
A - local: {1, 3, 3}

i ke \‘ 1 global: 25/3

U: u u ik local: {1, 3, 3, 8}

20 25 30
|2 in the symmetry-

Figure 1.13: Time evolution of the electric Casimir operators » |E®

a
sector-(4++) two-plaquette system (with PBCs) for coupling g = 1 initialized in the trivial
vacuum at three different truncations: a local truncation of irreps {1, 3,3} (gray, dashed),
a global truncation to basis Casimirs of 23—5 (thin solid gray line), and the local truncation

of {1,3,3,8} expressed in Eq. (1.41)) (thick black line).

a practical difference between global and local truncations. The basis states in the other

sectors can be constructed straightforwardly (by inspection from the + + + states).

Using the same methods as described previously, the electric and magnetic matrix ele-
ments of the Kogut-Susskind Hamiltonian can be determined with this symmetry-projected
basis, leading to a 15 x 15 dimensional matrix for the + 4+ sector. The Hamiltonian matrix

containing the electric contributions is diagonal,

~ (1338 2 16 16 25 25 34 34
g8+t 9 g0 (02 2 6.8 22 22 22 2% 19 19.12.15.15,18 ) (1.42
E zlag 73)37773)353737 ) ) ) ) ) ( )
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while the magnetic contributions are

F7(18384++4) _ 3 ¢

B« _972]115 )

02 0 0 0 0 0 0 0O 0 0 0 0 0 0
2 1 ¥ o 2 &2 o &2 g 0 V2 0 0 0 0
02 0o 0 2 0o L o ¥ g 0 0 0 0 0
00 0 0 0 0 5 0 0 0 0 0 0 0 0

2 2 2 2 1 1
02 2 0 o 2 ¥ 1 0o 0 0 0 0 0
0% 0 0 2 0o - 0o 0 0 0 0 0 0

42 1 V2 2v2 1 1 1 1
i ama 1120 % 5% % 1 55 0 0 0 5 0 —550
(1338;+++)

H =——o0o &2 o o 1 (| J— 0 L0 0 0 O 0 0

B,s 292 9 3 92 288v/2
0o o &2 o L 1 0 1 1l 1 1 4 1 1 1
9 3v2 92 2881/2 16 1 12 1 w2 8
00 0 0 0 0 0 0 0 0 0 0 0 0

1
0 v2 0 0 0 0 0 0 & 0 0 0o 0 0 0

1

00 0 0 0 0 % 0 0O 0 0 0 0 0 O
00 0 0 0 0 0 0 -1 0 0 0 0o 0 o0

1 1
00 0 0 0 0 —3% 0 -5 0 0 0 0o 0 o0
00 0 0 0 0 0 0 0o 0 0 0o 0 o0
(1.43)

where I, is the n-dimensional identity matrix, and the full Hamiltonian in the + 4 + sector

is the sum FT(1338+++) — 1.:[1(913§8;+++) _i_ﬁgz§8;+++) + ﬁggﬁs;+++).

The wavefunctions in Eq. form a complete set of gauge invariant states that could
be accessed through applications of the plaquette operators to the trivial vacuum with
a local link truncation of {1,3,3,8}. As previously mentioned, the smallest Casimir for
any state containing an 8 is less than the maximum Casimir associated with the {1, 3,3}
local truncation. Similarly, the smallest Casimir for a state containing a 6 or 6 is 10,
which lies below that of the Casimir of |¢é23§8;+++)> and higher states. Therefore, there
is a fixed number of states in the global basis beyond which changes to observables from
including higher-Casimir states provide an estimate of the systematic uncertainty from the
local link truncation, but do not improve the fidelity of predictions. For the {1, 3,3, 8} local
truncation, the basis states 1, 2a, 2b, 3, 4, 5a, 5b have Casimirs below that of the state with the
first appearance of the 6 or 6. Therefore computing observables from these wavefunctions
provides a consistent prediction for the contribution from {1, 3, 3, 8} link states. Differences
between predictions from the 1,2a, 2b, 3,4, 5a, 5b states and those of part or all of the larger
Hamiltonian matrix provide an estimate of the irrep truncation uncertainties, i.e. the impact
of omitting the 6,6,10,---. Figure shows the time dependence of the energy in the
electric field for three truncations. The dashed gray curve corresponds to the truncation

imposed by the {1, 3,3} local link truncation, the thin solid gray curve corresponds to the
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global truncation at a Casimir of 25/3 including the contribution from the 8 that is below

the threshold for the contribution from the (6,6), and the solid black curve corresponds

to the evolution from the complete matrices in Eqgs. (1.42)) and (1.43)), locally truncated at

with A, = A, = 1. The difference between the solid gray and black curves provides an
estimate of the systematic uncertainty due to the truncation in color space. This parallels
naive dimensional analysis that is used to estimate the systematic uncertainty introduced
by the omission of counterterms in low-energy EFTs. We conclude from this analysis that
the color-space truncation defined at the link level has not fully converged at ¢ = 1, and
inclusion of the 6, 6, followed by the three-index tensor representations, 10, 10, 15 and 15,

will be required to obtain a result that is converged at the percent level.

A technical detail related to multiplicities in products of irreps appears in calculations
with the {1, 3,3, 8} local truncated basis, but absent in the {1, 3, 3} truncation. Specifically,
as is well known, there are two distinct transitions to the 8 irrep in the tensor product 8 ® 8:
the symmetric and anti-symmetric contractions, with two distinct sets of CG coefficients
that contribute to amplitudes, for example, in the fusion of states, Ag + Bg — Cg. For the
calculations in this section, the high-lying states in the spectrum involving three 8 links at
one vertex, require a coherent sum over amplitudes in their fusion. Modifications to the
local or global basis that would denote symmetrization or antisymmetrization at relevant
vertices are not required. A consistently phased set of CG coefficients used to sum over

color states at each vertex is sufficient to arrive at amplitudes and matrix elements.

In the same way that time evolution in the two-plaquette global basis truncated to
{1, 3,3} was performed above by mapping states of projected global symmetries to states
in the quantum hardware, one can contemplate an analogous computation for the {1,3,3, 8}
local truncation from the 15 x 15 matrices in Eqgs. and . The first step in devel-
oping the qubit-based quantum circuit, using the ordering of states that follows naturally
from the basis of increasing global quadratic Casimir, is to project the Hamiltonian onto

tensor products of Pauli and Identity operators, to give rise to coefficients of the form,
H - cuéeioses (1.44)
where 6¢ = {ﬁg, 6%,6Y,6% }. The coefficients ¢;;i; are

1 o
Cijil = TGTr[H&Z@g&J@&’“@&Z} : (1.45)

where an extra row of zeros has been added to the matrices in Eqs. (1.42)) and (1.43). For the
plaquette operator, there are 104 non-zero c;j;. If the system is further truncated to eight

states to be implemented on three qubits, then the number of non-zero coefficients is reduced



45

to 30. While Pauli decompositions do not always utilize quantum resources optimally, as
demonstrated in Section the lack of uniform Hilbert space organization (as is present
in the local (p,q) basis) leads to challenges in identifying scalable alternatives for global
basis circuit decomposition. Even for this small system, involving only two plaquettes, the

anticipated limitations of working with the global basis are becoming evident.

1.5 Local Basis: The Plaquette Operator

Unlike the space-efficient global basis, where classical pre-preprocessing identifies and iso-
lates the physical sector of the gauge field and each symmetry projected configuration of
the field is mapped onto quantum hardware, the local basis distributes local qubit registers
uniformly across the lattice to express local quantum numbers of the field. In this way, an
operator acting on a limited number of quantum registers (dictated by its inherent spatial
locality) can be developed on small lattices while subsequently retaining relevance even in
the infinite volume limit. In this section, a formulation of the local plaquette operator for
the SU(3) magnetic Hamiltonian is presented in the language of digital circuit elements on
an architecture comprised of a qudit (d-level quantum system) representing the gauge field
on each link of a one-dimensional string of plaquettes.

As discussed in Section [I.2.1] the plaquette operator in a Hilbert space without naturally
embedded CG factors will necessarily be controlled on the link registers neighboring the
plaquette. Consider the case of a local qutrit representing the irreps {0,1,2} <+ {1,3,3} on
each link. To define the structure of the associated magnetic time evolution operator is to
characterize an approach for the evolution of an infinite volume lattice with a truncation on
any local excitation of the field. For each plaquette operator interacting with 8 qutrits in this
system, there are 81 physical states out of the total 3% that satisfy Gauss’s law and contain
a singlet at each vertex. In order to design an operator implementing the correct quantum
dynamics, it is necessary to accurately mix these physical states among themselves as well as
to assure vanishing matrix elements between these states and the unphysical Hilbert space.
The remaining portion of the operator, mixing the unphysical states among themselves, is
a source of flexibility for the intended scientific application of gauge theory simulation and
can be optimized or chosen as desired to simplify the circuit implementation. This freedom
has been referred to as gauge variant completion (GVC) and will be used in the following
design of the plaquette time evolution operator.

Of the 81 physical states currently being considered for plaquette operator design, there
are 27 unique external link configurations, as shown in Table These 27 control sectors
are grouped in rows by vertical and horizontal spatial parity as well as by global conjugation.

The time evolution under the Hermitian plaquette operator can be implemented as a series
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{Cb CQa C37 04}

1111
3333 3333
3333 3333
3333 3333

1133 1133 3311 3311
1313 1313 3131 3131
1331 1331 3131 3131
1333 1333 3133 3133 3331 3313 3313 3331

Table 1.1: Physical control sectors of the {1, 3, 3}-truncated SU(3) plaquette operator.

of commuting operators in the control sectors of Table

—— Q D ® g
C, 1 3 3

- G ¢ ¢ ?
—t—  —G G G
a o I O— 3 3
: €y bl hid A
o0 e eyt 1 N a3 3
JEFE 4 age | ]| oot || o+t ||| o+of
| | 1\, C,/ L | 1 1/ | \3 3/ || \3 3

(1.46)

with a total of 27 controlled operators, mixing three physical states each, that are clearly
mutually commuting.

To implement the above magnetic interaction, an architecture of qutrits is natural and
amenable to generalization when higher truncations of the gauge space are designed. Con-
sider the placement of a qutrit on each link degree of freedom. The Pauli operations in the

qutrit space flip pairs of states,

010 00 100

Xoo=|1 0 0 Xee=1]0 1 0 Xip=10 0 1 (1.47)
00 1 10 010
0 —i 0 00 —i 10 0

Yo=|i 0 0 Yoo=10 1 0 Yie=10 0 —i
0 0 1 i 0 0 0 i 0

The natural rotation operator generalizing those available on current quantum architectures
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is the Givens rotation that transfers population between two levels within the qudit,

Gh(t) = exp | it (1)l + eI GI)| (1.48)

Specific rotation angles of 0 and 7/2 correspond to natural extensions of the Pauli-basis

rotations on qubits,

Gl (t) =1 G1.(t) | = exp [=it (|7) (k| + k) (j])] = exp [—itXp] (1.49)

G2(8) = G (t) | = exp [=it (il ) (k| — i1k ()] = exp [<itVs] (1.50)

where the calligraphic X,) structures are Hermitian but not unitary. In terms of these
operators, one GVC of the magnetic Hamiltonian in each control sector can be constructed
through the following Hermitian combinations, with coefficients and transitions determined
by the plaquette matrix elements discussed is Appendix With the plaquette Hilbert
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space designated in the linearized basis of |Ry)|Q,)|R¢)|Qr), the active space rotations are,

1| O+0 [ [ = exp[—ia(Xo1X01X02X02 + Xo2Xo2X01X01 + X2 X12X12X12)]
1 \1 1/ L

(1.51)

1

V3

1

. 1
= exp [—za <3X02X01X01X01 + /3

Xo1X12Xp2Xp2 + X12X02X12X12)] ;

(1.52)

1

V3

) 1 1
= exp [—204 <3X01X02X01X01 + —= X201 Xp2Xp2 + \/§X02X12X12X12>] ;

(1.53)

L . 1 1 1
= exp [—204 <3X01X01X01X01 - ﬁXmXuXmXOQ — \/§X02X02X12X12>] )

(1.54)

(1.55)

L . 1 1 1
= exp [—W <3\/§X01X02X12X01 + 37\/§X12X01X01X02 + 3/"(02%129\’029\712)} ,

(1.56)

L ) 1 1 1
= exp [ZOZ (3X12X02X12X01 + §X02X01X01X02 + 3/'501/'\’12/'\’02/'\—’12)} ,

(1.57)

1

33

) 1 1
= exp [-20& <3X12X01X12X01 + Xoa2 X12Xp1 X2 + 3\/59501?(029(029(12” ,

. 1 § [
i . . L . 1 1 1
( O+ DT> = exp [—204 <—3X01X12X01/1’01 - §X12X02X02X02 + 3X02X01X12X12>} )

(1.58)
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where, when applied in the evolution of the Yang-Mills Hamiltonian, o will be determined
by g and t. As enumerated in Table the 27 rotations present in the decomposi-
tion of Eq. can be determined from these 8 through basic parity and conjugation
transformations. For example, the last rotation at the right of Eq. can be defined
from Eq. through a paired horizontal and vertical parity transformations. Apply-
ing the link directionality structure of Fig. the horizontal parity transformation af-
fects the controls as |C1)|C2)|Cs3)|C4) — |C3)|C4)|C1)|C2) and affects the active space
as |Ry) Q)| R:)|Qr) — |Ry)|Qe)|R:)| Q). Likewise, the vertical parity transformation af-
fects the controls as |C1)|C2)|C3)|Cy4) — |C2)|C1)|C4)|Cs) and affects the active space as
IR3)| Q)[R Qr) — |R4)|Q,)|Rs)|Qy). For an example of the conjugation transformation,
when implementing the third operator from the right-hand circuit of Eq. in the 3%*
control sector, one employes the operator described in Eq. but with swapped mode
indices 1 <+ 2 performing the conjugation 3 <+ 3 in both the control and active spaces.
Appendix provides an explicit enumeration of all 81 operators, transformed from those
of Eqns. -, for the {1, 3,3} Trotterized magnetic time evolution. Crucially, the
construction of this local operator is applicable to lattices of any size when local irreps are

truncated to single-index tensors.

The plaquette time evolution operator can be implemented through a collection of
e X XXX _type operators using the Givens rotations and a generalized CNOT operator
controlling the application of a qutrit Pauli operator from Eq. on the mode occupa-
tion of a second qutrit. When expressing the two-qutrit Givens rotation between the same
two modes in each qutrit, a second rotation can be applied to the spectator mode to remove

inadvertent rotation,

| o ’ ik © O Xjk
e*ink(@Xjka == Gﬁx(a) - T ; (159)
‘ N ' $Gﬁ(§)—m-0ﬁ(%)% %%

where / is the third mode, the complement of j, k. In order to switch the relative modes

acted upon in either qudit space, a pair of X operators can be used to change basis,

e~ iXik@Xmna | = G¥ (@) :

where X is the X operator necessary to bring the modes of the second qutrit in line with

(1.60)

those of the first {m,n} = {j, k} for the duration of this operator’s action. This function is

akin to the basis transformations commonly used in qubit implementations of multi-Pauli
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time evolutions. Extending the tactics of Eq. (1.59)) to three qudits yields,
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where the double-circled controls represent the inclusive-or for multicontrols, applying

the target operation if the state £ is populated in any of the controlled subspaces. For
the G*¥*Y operator, 7 f-controlled operators will be used on either side to construct the
inclusive-or-controlled Pauli for removal of the rotation when the third state is populated

in any of the first three qutrits
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where one functional realization of this multi-controlled inclusive-or operation is
©
©
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While this particular formulation comprised of two single-qutrit rotation operators is func-
tionally clear and seems advantageous when considering T-costs for a potentially fault-
tolerant implementation, it is entirely expected that hardware-specific variations will be
made to this circuit decomposition in the course of practical implementation. Specifically,
it is expected that different quantum architectures may offer unique techniques for imple-
menting the isolated two-mode rotation when the third state is not populated in any of
the four qutrits, as represents the core of this circuit decomposition. Furthermore, a qubit
embedding with the common Gray-code implementation of two-level unitaries discussed in
Subsection may be advantageous for particular architectures.
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In the above, a single qudit is used to capture the local Hilbert space of each link,
demanding the two-dimensional hexagonal connectivity of Fig. between qudit modes.
Section discusses the alternate opportunity to introduce two qudits per link represent-
ing the (p, q) registers of tensor indices, with the advantage that the necessary connectivity
of modes in each qudit is reduced to nearest-neighbor linear, similar in form to that of a
link in SU(2). The quantum circuits necessary for implementing the plaquette operator in
this (p,q) basis of the local Hilbert space can be straightforwardly generalized from that
above. In particular, the Hermitian combinations of Eq. - can be modified with

the following substitutions
Xo1 = A1 ®1 X9 = Xp1 ® Aot Xoo — 1T ® Xo1 (164)

where the {1, 3,3} basis within a single Hilbert space is traded for the pair of Hilbert spaces
|p) ® |g). In words, the last substitution in Eq. replaces a hermitian operator mixing
qudit states 0,2 (irreps 1,3) with an identity operator in the p-register and a mixing of the
lowest two levels in the g-register. The plaquette operator implemented in the (p,q) basis
requires only (correlated) nearest-neighbor interactions within each of the two qudits on

every link. One can write a similar translation for the control operators

C=0-F @=0-F @=0-F 0o

where the two qudit lines at the right represent the |p) and |¢) registers from top to bot-
tom. While the basis with a single qudit per link demonstrated homogeneity in the type
of operators, G;ﬁf XX (1), necessary for a Trotterized implementation of the Hermitian com-
bination of the plaquette operator and its conjugate, the (p,q) basis becomes a mix of
operators Gﬁ@m (t) for 4 < n < 8. These larger operators can be expressed as generaliza-
tions of Eq. . Explicit lists characterizing the set of operators for Trotterized plaquette

implementation in both of these local bases are provided in Appendix [1.5]

1.5.1 Comparison Between Local and Global Bases

Subsection [1.4.1] presented results for the time evolution of the two-plaquette system com-
puted using wavefunctions defined in a global basis truncated in color space by a local link
basis of {1,3,3}. Above, technology was developed to address this and other systems using
local controlled-plaquette operators. It is valuable to assure correspondence between results

of the same quantities with these two quite different approaches.

Figure |1.14 shows the Trotterized time evolution of 3" [E*|? in the chromo-electric field
a

starting from the trivial vacuum as a function of time with a local truncation of {1, 3, 3} for
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Figure 1.14: Time evolution of the Casimirs > |[E?|? in the two-plaquette system (with

a
PBCs) with each link truncated to {1,3,3} for ¢ = 1, initialized in the trivial vacuum.
The black curve is calculated in the global ++ basis (the same curve as shown in the right
panel of Fig. and Fig. , while the points correspond to Trotter evolution of the
contributing controlled-plaquette operators in the local basis.

each link. The black curve corresponds to those in the right panel of Fig. and Fig.
obtained through the time evolution of the two-plaquette system using the four global
basis states in Egs. and . As the quantum circuits discussed above reproduce
identically the unitary evolution of each component contribution to the Hamiltonian, the
same curve is recovered from the local basis through Trotterized evolution leveraging the
controlled-plaquette operator. For example, the last operator in Eq. is implemented,

schematically, as the following set of three controlled Givens rotations,

3 3
exp | —ia (O +0ah —

3 3

e’ e’ e
(exp [ =15 X122 X101 | exp | —i 5 XopXor Xor Koo | exp |15 Xn X2 Koo Xio | ) 9A A2 @A,

and similar decompositions apply to the other contributing controlled operators. As each
unitary operator is associated with a physical transition of a plaquette, with coefficients de-
termined from matrix elements between gauge-invariant states, the Trotterization preserves
gauge invariance. As usual, however, the lack of commutativity introduces discrepancies in
the evolution, analogous to the higher dimension operators in the Symanzik action describ-

ing finite lattice spacing artifacts in lattice QCD calculations.

(1.66)
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As anticipated, Fig. shows that the results of the Trotterized evolution in the local
basis converges to a well-defined function as the Trotter step size is reduced toward zero that
coincides with the result from evolution using the global basis with the same imposed color
truncation. This result, and others, provides a partial validation of the controlled-plaquette
local basis construction for describing QCD dynamics, and thus a framework for a scalable

implementation on quantum architectures.

1.6 Technical Aspects for Simulating at Scale

The results of the previous sections inspire a discussion of technical hurdles that can be
anticipated on the path to simulations of SU(3) lattice gauge theory at scale using local
multiplet bases. We focus on issues related to scalability in volume, circuit depth, and
gauge field truncation, to potential hardware implementations, and to extensions to three

dimensional spatial lattices.

1.6.1  Scalability of Local Basis

This scalability discussion begins first with the total number of qubits required to express the
gauge field; a diagrammatic notation parallel to that developed for large- N, scaling [59] 60]
is then presented to study the number of gauge invariant vertices as well as physical states
and matrix elements comprising the plaquette operator. As naively presented above, the
latter quantity can be made to directly correspond to the number of Givens rotations and
thus the quantum circuit depth for the implementation of each local plaquette operator. In
addition to their scaling, numerical values of these vertex and plaquette operator properties
are provided to inform future practical implementations.

Qubit requirements are sensitive to the basis used to digitize and express the gauge
field. The most efficient use of a hardware Hilbert space is achieved through a global basis,
as discussed in Section [I.4] where the gauge variant space is removed through classical
pre-processing and only the gauge invariant space is mapped onto quantum degrees of
freedom. As demonstrated above, neither the classical pre-processing nor the subsequent
compilation for quantum implementation are expected to be scalable in global bases. For
this reason, local bases have been presented in Section [I.5 trading an expanded Hilbert
space for local operators that may be optimized and implemented equivalently throughout
the lattice. An initial mapping of Yang-Mills to local quantum registers, as first presented
by Byrnes and Yamamoto [I4], requires a large number of quantum registers to define the
gauge field and include the flavor, color and Dirac degrees of freedom of the quarks. Each
link would be described by |p,q,T7,T7,Yr, Tr,Tf, Yr) With a quantum register of qubits

(or qudits) associated with each quantum number. The number of qubits for each quantum
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number can be determined by the cutoff, A, defining a finite (p, ¢) space. The compression
accomplished in this work, using the methods introduced in Refs. [I7, 18], significantly
reduces the required qubit requirements for a given lattice. By integrating over the local
color spaces, the number of registers per link is reduced from 8 to 2. For a lattice of L
sites in each of D spatial directions, the number of qubits required for SU(3) Yang-Mills is
estimated to be # qubits ~ 2L logy(A, + 1). For an L = 10 lattice in D = 3 dimensions
truncated at A, = Ay, = 1 and thus restricted to color irreps {1,3,3,8}, an estimate of
~ 2000 logical qubits are required.

In the formulation of this paper, Gauss’s law is implemented explicitly by the neighbor-
ing controls associated with the action of the plaquette operator between link configurations
and, in particular, the dependence on these controls of the non-vanishing matrix elements
that transition between plaquette configurations. Time evolution of a Yang-Mills wave-
function defined in a local basis can be accomplished by repeated applications of these
controlled-plaquette operators, parallelizable at separations of two plaquettes, and thus
enjoys the volume independence of the circuit depth characteristic of locally-interacting
theories [42].

To estimate the scaling of quantum resources required for the implementation of each
controlled-plaquette operator as the irrep truncation is raised, it is found to be convenient to
work with the (p, ¢) coupled register mapping. With a truncation defined by the maximum
number of upper and lower indices describing the highest dimension tensor within the active
color space of each link, A, 4, it is essential to estimate the scaling as a function of increasing
A, 4. A truncation that respects color parity, A, = A, is employed. The quasi-locality of
the interactions ensures that further scaling with regard to this cutoff involves only (triv-
ial) factors of the spacetime volume. The above analyses of the one- and two-plaquette
systems indicate that, for the low-energy and low-energy-density sectors of calculations,
contributions from color irreps high in the spectrum become exponentially suppressed be-
yond a coupling-dependent value. If this suppression is maintained for extended lattices
upon raising the tensor index truncation, A,, will dominate over the power-law scaling in
the number of non-vanishing matrix elements defining the controlled-plaquette operators. It
is anticipated that analogous arguments will be established for localized high-energy density
configurations that evolve forward in time through fragmentation and hadronization (pro-
cesses that are important for nuclear and high-energy physics) to configurations of low-lying
final-state hadrons.

To begin to establish the scaling of the number of controlled operations that will be
required for time evolution using controlled-plaquette operators acting on the local basis,
it is helpful to explore and quantify the scaling of the 3-point vertex (or 2 — 1 fusion).

This corresponds to multiplicities in the control of a single plaquette vertex. The maximum
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Figure 1.15: Diagrammatic representation of gauge invariant vertex contractions for the 3-pt
vertex. Arrows indicate the flow of tensor indices in the fundamental and anti-fundamental
and external lines are contracted to produce irreducible representations in the local (p,q)
link basis.

possible growth of the Hilbert space for this three-point vertex is A%, allowing a (A + 1)-
dimensional configuration space for each of the (p,q) registers detailing the irrep tensor
structure on each link. However, not all vertex configurations satisfy Gauss’s law, leading
to a reduction to the number of physical vertices. Inspired by the diagrammatic tactics of
large- N, scaling calculations [59, [60], consider directional lines expressing propagations of
fundamental or anti-fundamental indices. The left of Fig[L.15]shows the 3-point vertex char-
acterized by p fundamental indices and ¢ anti-fundamental indices as propagating left-right
and right-left, respectively. The external lines (conventionally absent in the large-N, anal-
ysis of color-singlet objects), can be mapped directly to irreducible representations defining
the local link basis. Whether or not the chosen external lines can be connected through
a center region constructed by gauge invariant index contractions determines whether the
vertex is physical, or contains a singlet. All gauge invariant contractions relevant to the
3-point vertex are shown at the right of Fig. The SU(3) structure provides two in-
variant tensors: the d-function, leading to contractions labeled ¢;_g, and the Levi-Civita,
leading to contractions c¢7_g. When implementing a local truncation in the (p,q) basis,
this appears as correlated constraints between the ¢;’s e.g., p1 = ¢1 +¢c6 +c7 < Ap. Ev-
ery integer vector ¢ refers to a physical 3-point vertex and a unique contraction pattern.
However, every unique contraction pattern does not provide a unique vertex in the local
(p, q) basis, as discussed in Section For example, the 8 ® 8 ® 8 vertex can be expressed
by ¢=1{1,0,1,0,1,0,0,0},{0,1,0,1,0,1,0,0}, or {0,0,0,0,0,0,1,1} through a set of three

d-contractions or a pair of e-contractions.

Using this diagrammatic approach, the algebraic tensorial decomposition methods of

Coleman [61] indicating that the number of three-point vertex completions for given (p, q)2,3
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is

min(pz,g3) min(ps,q2)
dim(ply q1)physical = Z Z 1+ min(p2 - iap3 - ]) + min(QQ - j7 q3 — Z) ) (167)
=0 7=0

or evaluations through computational packages e.g., SU-3-CG-Code Mathematica code [62,

63], explicit calculations can be made of the unique physical vertices in the (p,q) basis.

p,q < Ay | # of singlets || p,q < A, | # of singlets

0 1 ) 182,803 p,q < Ay | # of singlets || p,q < A, | # of singlets
1 19 10 322,621

0 1 6 1,739,833
2 165 11 542,196

1 82 7 5,080,226
3 838 12 874,483

2 1967 8 13,071,135
4 3,049 13 1,361,683

3 19,550 9 30,436,170
5 8,865 14 2,056,971

4 116,929 10 65,372,321
0 22,003 15 3,026,098 5 504,932 11 131,352,884
7 48 514 16 4,349,413 : Gt
8 97,653

Table 1.2: The number of singlets formed from three (left, 2 — 1 fusion process) and four
(right, 3 — 1 fusion process) color irreps up to a cutoff in the number of upper and lower
indices of A,,.
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Figure 1.16: The number of singlets in the product of three (left panel) and four (right

panel) color irreps as a function of the index cutoff Aj,. The main panels show the number
Mmax

of singlets and polynomial fits for a range of orders, f(z) = >  c,2™ from npax = 1 to 10.

n=0
The inset panels shows the L2 norm of residuals in the fits.

Exact values computed for the fusion of modest-sized irreps are given at the left of Table[1.2]
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The left panel of Fig. shows the results of Table along with polynomial fits and
the associated residuals. Significant reductions in fit residuals are found for polynomials up
to order n = 6, beyond which the inclusion of terms of higher degree do not improve the
quality of the (single precision) fit to the exact results. The results in Table indicate
Ag scaling for the number of physical 3-point vertices below a local link truncation of
A,. This asymptotic scaling is equivalent to that of the unconstrained Hilbert space of the
locally-defined vertex, indicating that satisfying Gauss’s law does not modify the asymptotic

polynomial scaling of the physically relevant vertices.

Another quantity whose scaling is important is the number of plaquette control sectors.
This is lower bounded by the number of different products of four irreps that contains at
least one singlet. The unconstrained asymptotic scaling of the associated Hilbert space is
AIS). Using a similar array of techniques as those for the 3-point vertices above, explicit calcu-
lations furnish the results shown at the right of Table As shown in the associated right
panel of Fig. the modest calculated values indicate a necessary and sufficient scaling
exponent of Ag. Once again, the Gauss’s law constraint does not reduce the asymptotic
polynomial scaling of the number of physical vertices. The remaining stagnant residuals
in both the cases of the 3-point and 4-point vertices shown in the insets of Fig. [I.I6] in-
dicate that the Gauss’s law constraint does, however, add an additional non-polynomial
structure to the scaling, acting to reduce the physical dimensionality from the simple A58
unconstrained values. This strong scaling provides a potentially daunting backdrop to im-
plementation on present and future quantum devices. At low A, truncations, increasing
the number of indices for color irreps by one in the dynamical local link basis can produce
factors of ~ 10 in the number of control sectors that are required to be implemented at each

Trotter step of the plaquette time evolution.

To fully understand the circuit complexity of the local controlled plaquette operator, as
discussed in Section [1.5] with increasing gauge field truncation, the total number of non-
vanishing matrix elements within the physical subspace needs to be considered. Explicit
calculations of these properties are presented in Table While classically capturing di-
mensionalities for sufficiently high truncations to numerically constrain the scaling of the
physical plaquette states is nontrivial, experience with the 3- and 4-point vertices suggests
that an asymptotic polynomial scaling consistent with that of the unconstrained Hilbert
space is likely. This would result in a scaling of A}DG. Additionally, a clear lower bound of
Allf can be rationalized by the freedom of the diagonal 3-point vertices before determining
physically viable values for the two remaining control links. Crucially, the final step of deter-
mining the number of non-vanishing matrix elements within the physical space (connected
to the time evolution circuit depth as discussed in Section does not contribute addi-

tional factors of A, to the asymptotic scaling of the number of physical plaquette states.
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Ay = Ay dimensions physical states matrix elements | elements/states

1 (1,3) 81 81 1

1 (1,3,8) 529 1,018 1.92
2 (1,3,8,6) 5,937 19,594 3.30
2 (1,3,8,6,15) 59,737 419,316 7.02
2 (1,3,8,6,15,27) 139,317 1,049,931 7.54
3 (1,3,8,6,15,27,10) 509,271 4,001,111 7.86
3 (1,3,8,6,15,27,10,24) 2,008,297 24,648,819 12.27

Table 1.3: Properties of the plaquette operator truncated in the local index (p,q) basis
and at intermediate truncations organized by dimension. The number of physical states
constituting the gauge-invariant basis of the plaquette operator, as well as the number of
non-zero matrix elements within the physical subspace are presented. The ratio of these
two quantities is shown in the right column.

The irrep-locality of the plaquette operator produces a surface- rather than volume-type
contribution to the dimension of physical states. To see this, consider the active space of
the plaquette operator contracting a 3 or 3 with the irrep at each of the four active links.
As demonstrated in the connectivity diagram of Fig. an application of the fundamental
or anti-fundamental is capable of producing only local nearest-neighbor transitions in the
structure of a two-dimensional hexagonal lattice. As such, the plaquette operator gener-
ates population in each of three new irreps for each link and thus a potential transition
supported to 3% = 81 different final states. Many of the possible states generated will not
satisfy Gauss’s law at the four vertices, as enforced through the plaquette operator controls.
Thus, the number of non-zero matrix elements of the controlled plaquette operator is max-
imally a constant factor of 81 times larger than the total number of physical states. The
right column of Table indicates that in practice, for low Aj,-truncations, this number is

significantly smaller than 81, its unconstrained upper bound.

While the scaling of the number of control structures and matrix elements in the
controlled-plaquette operator with cutoff in irrep space is a relatively high-order polyno-
mial, the operator is nearly local in space, extending over just a few links. This remains the
case, but involving more links, with the plethora of Hamiltonian improvements that could
be implemented, for example, Refs. [28] 64 65, 66]. Consequently, we expect that these op-
erators can be determined using classical computing, and subsequently applied repeatedly
throughout the lattice volume. With the anticipated color irrep localization of low-lying
field configurations, we do not anticipate that classical computing resources will impose

a limitation on defining the Trotterized time evolution operator for the relevant range of
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lattice spacing (a range that remains to be quantified). When increasing the gauge field
truncation in this local multiplet basis, high-order polynomial quantum resources are traded
for improvement in the physical convergence. The delocalization resulting from reducing
the lattice spacing will require controlled extrapolations as the lattice scales are systemati-
cally removed. To understand these features more clearly, and to be able to better estimate
resource requirements, even for modest-sized lattices, further calculations and simulations
are required. For example, the use of binary encodings, as has been used for the single
plaquette in Subsection [1.3.5] may lead to slower polynomial growth, a subject of future

investigations.

The number of qubits and operations ultimately needed for a quantum simulation of
lattice QCD will depend on the gauge field truncation needed to reach the continuum limit.
This can be estimated by considering the size of electric fluctuations as the continuum limit
is approached. Following the approach used in Ref. [67], the chromo-electric field fluctations
are given by (E?) ~ g. The untruncated Hamiltonian should be approximated reasonably
well provided the truncation on the gauge field is chosen such that the electric energy of

the maximum allowed electric field is 3 times the size of the fluctuations. This gives the

3v2
e

constraint

A% +3A > (1.68)

where A is the truncation on p and ¢. From previous strong coupling calculations of hadron
masses and the chiral condensate with the Kogut-Susskind Hamiltonian [68], 69], it can be
estimated that the continuum limit can be probed with g ~ 0.8 — 1. This would suggest a
truncation of A = 3 is sufficient. This is consistent with estimates of the resources required

for g-deformed Kogut-Susskind Hamiltonians to approach the continuum limit [70, [71].

The convergence in color space for low-lying states suggests that a low-dimension-color-
irrep EFT may exist. We conjecture that plaquettes containing “high-energy links”, defined
by their Casimir, can be “integrated out” of the low-dimension-color-irrep space, with their
effects reproduced by higher-dimension gauge-invariant operators in the Hamiltonian with
coefficients determined by matching observables. This possibility remains to be explored,
and will be the subject of future work. In order to perform precision calculations at scale,
developing EFT techniques, such as this and those used to make predictions from lattice

QCD calculations, appear to be essential.

At this point it is worth commenting on instanton configurations that mediate tran-
sitions between distinct topological sectors in Yang-Mills theory. Far from the center of
an instanton, the field strength scales as 1/r* from color fields that scale as 1/r2, and
such configurations are expected to lead to modifications to the naive quantum resource

requirements. From a scaling perspective, these configurations are anticipated to introduce
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power-law structure in color space. The resulting convergence in the presence of an instan-
ton in 3-dimensional calculations is expected to be simply exponential in the number of
qubits, rather than a mix of single- and double-exponential convergence for the latticization
and digitization, respectively, as was found in scalar field theory [72] [15, 16, 31, 27]. Further-
more, motivated by the topological freezing effects experienced when updating gauge field
configurations in Euclidean lattice QCD calculations, it will be important to understand the
ability of quantum simulation time evolution and state preparation techniques to efficiently
capture topological charge sectors. Observed to be influential in this aspect for classical cal-
culations, this feature further inspires the importance of thorough explorations of boundary
conditions in simulation efficiency. Reliable estimates of the impact of these configurations
will only become possible when 3-dim simulations become practical. However, analysis of
lattice QCD gauge-field configurations, e.g., Ref. [73], in particular in regions of topological
charge density may provide helpful information.

In this work, we have focused on controlled-plaquette operators for time evolution, and
have not presented an explicit formulation of a state preparation. By confinement, the
connected correlation functions of the vacuum are exponentially localized with a length
scale set by the mass gap. As such, the techniques associated with exponentially conver-
gent systematically-localizable operators and fixed-point quantum circuits [74} [75] can, in
principle, be implemented. Classical computations of a lattice system containing at least a
correlation length can be used to tune the parameters of a link-based initialization quantum
circuit, which can then be used throughout the larger volume of the quantum simulation.
This is, of course, limited by the lattice spacing, which if small enough would exceed classical

computing resources.

1.6.2 Hardware Implementation FExploratory Discussion

Focusing on the local controlled plaquette implementation due to its advantageous scaling,
two mappings of the color space into the Hilbert space(s) associated with each link have
been considered. The first, with a single quantum register or qudit per link, requires high
connectivity among sets of 8 link registers and two-dimensional hexagonal connectivity
within each. The second, with a pair of quantum registers or qudits per link, simplifies
the connectivity internal to the link space from 2D-hexagonal to a correlated set of one-
dimensional hierarchies requiring only (correlated) nearest-neighbor raising and lowering
operators within each qudit. This further organization of two registers per link, one each
for the upper and lower indices of the tensor describing the color irreps of the link, technically
requires additional 16-register communication to implement the 8-register correlated ladder

operators controlled by 8 neighboring registers.
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Figure 1.17:  Plausible mappings of one (left panel)- and two (right panel)-dimensional
SU(3) lattice gauge theory onto quad-core SRF cavities utilizing the (p, q) local basis. The
light green lines indicate the lattice structure. At the left top, a one-dimensional plaquette
string is illustrated in the (p,q) basis with two qudits per link. At the left bottom, the
(p, q) local basis is used only for the vertical links to homogenize the quad-core operations.
At the right, it is shown how an array of quad-core SRF cavities can be used to represent
a two-dimensional lattice of SU(3) gauge theory in the local (p, q) basis with blue brackets
indicating the cavities used to represent the (p, q) pair of qudits at local links.

While the tactics presented here can be readily implemented on qubits, qutrits, and
generally qudits, they appear to be also suitable for the Superconducting Radio Frequency
(SRF) cavity devices being advanced by Lawrence Livermore National Laboratory (LLNL)
and Fermi National Accelerator Laboratory (FNAL) [76], [77]. Relatively large cutoffs in
color irrep space could be implemented for each link, even with today’s cavities. It would
appear that a quantum communication fabric that connects eight nearest neighbor cavities is
sufficient to simulate a chain of plaquettes using controlled-plaquette operators, as detailed
in this work. The SRF cavities associated with each link and those of the four external
control links would be engaged coherently. This is somewhat more complicated than the

standard hypercubic communication fabric used, for example, for lattice QCD calculations.

It may be profitable to develop SRF cavity systems with sufficient cavity interconnect
and/or optimized control to be able to implement simulations of one- and two-plaquette
SU(3) systems using the local basis (requiring 4 and 6 cavities, respectively, or twice these
numbers if trading qudits for simplified intra-qudit connectivity as in the (p,q) option of
the local basis), an extended one-dimensional chain of plaquettes, and a three-dimensional
cube of plaquettes (requiring 12 cavities), which would provide foundational steps toward
simulations of QCD. Diagrams are provided in Fig. to demonstrate possible lattice
connectivity through the use of quad-core SRF cavity architectures for one (left panels)-

and two (right panel)-dimensional SU(3) lattices. Two different embeddings for the one-
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dimensional plaquette string are imagined: the first with every link represented in the (p, q)
local basis with two cavities per link and the second with a mixture of the (p,q) local
basis on vertical links and the single-qudit local basis on horizontal links. This mixture of
local bases allows unitary operators for the magnetic time evolution to be translationally
invariant among the quad-core cavities, and further emphasizes the flexibility in lattice
structure amenable to hardware codesign.

Crucially, by working in localized bases, the plaquette operators designed and imple-
mented in the process of the demonstrations suggested above remain relevant even as lattices
are scaled to the infinite volume limit. Looking further into the future, one could imagine
~ 103 SRF cavities with a localized communication fabric and optimized controls being used
to simulate three-dimensional Yang-Mills theory on a 10 x 10 x 10 spatial lattice using or
adapting techniques demonstrated in this work, and their extension to higher dimensions.

Complementarily, recent advances in forming high-fidelity qudits within the hyperfine
structure of trapped-ion systems, for example Ref. [7§], indicate that exploratory calcula-
tions using the qutrit encodings presented above for the {1, 3,3} truncation may be imple-
mentable on such systems in the near future. In addition to their appealing connectivity,
these systems of trapped ions are intriguingly capable of naturally generating interaction
Hamiltonians that swap populations between qudit levels with a coupling constant deter-
mined by level-dependent CG sums. While the local calculation of CG coefficients is not
currently foreseen to be a limiting factor, the presence of these natural interactions sug-
gest a potential path forward for a hybrid digital-analog approach to constructing plaquette
operators.

Looking forward toward future production-scale simulations, experience from classical
lattice QCD calculations indicates that tuning QCD simulations, the lattice spacing and
quark masses, will be required for each set of calculations. One could imagine that initial
simple tunings in early productions may involve calculations of the dynamics of one- and
two-plaquette systems (and higher) as benchmarks of device performance, both in execution

time and fidelity.

1.6.3 Higher Spatial Dimensions

Up to this point, strings of plaquettes residing in one spatial dimension have been considered.
In two spatial dimensions, four-point vertices are required, though they can be point-split
into an expanded lattice of again only three-point vertices. For systems in three dimensions,
vertices involve the fusion of 6 links, two in each spatial dimension. Integration over the
gauge space at each vertex can be performed, and links denoted by the irrep dimensionality,

as in lower dimensions. The controlled-plaquette operators will act in each of the spatial
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planes, controlled by the total “external” color at each vertex, as dictated by Gauss’s law.
Therefore, the plaquette control structure that has been developed in this work will be
applicable to three dimensions, and no further structures are required. However, at each
vertex, the coherent sum over all irreps that can be formed from the external four links
defines the control sectors of the operator. This is reminiscent of the function provided by
point-splitting, discussed extensively in the literature for such simulations, e.g., Refs. [79,
80, [81], here applied to the controlled plaquette operator.

This is an extra layer of complexity that has to be incorporated into the quantum circuits
required to analyze the system. Most of the extra layer is anticipated to be accomplished
using classical computation, as it requires determining matrix elements of local objects,
and does not increase in complexity with the system volume. At the level of the quantum
simulation, the increase of operator structure, corresponding to an increase in the number of
link projectors (and the number of orientations), the number of quantum operations scales

trivially with volume.

1.7 Discussion

The quantum simulation of lattice field theories offers a path toward computing dynami-
cal, non-equilibrium processes of importance for basic science and for advancing quantum
technologies that are inaccessible to classical simulation. While classical simulations of field
theories are sophisticated, with ongoing improvements to algorithms, workflows, hardware,
infrastructure and community organization, quantum simulations are at their very earli-
est stages. Simulations of spin systems naturally map to quantum devices with quantum
registers of qubits, and early real-time calculations of elastic and in-elastic processes in low-
dimensions are being performed with present-day quantum devices and quantum simulators.
Further, powerful formal techniques are employed, such as tensor methods, that are of ben-
efit to both classical and quantum simulations. As three of the four fundamental forces
of nature are accurately described by quantum gauge field theories—describing the inter-
actions and dynamics of quarks, gluons, electrons, electroweak bosons, and so forth—their
simulation requires the inclusion of gauge fields. Building upon a large body of work related
to Hamiltonian formulations of non-Abelian quantum field theories, and somewhat recent
investigations related to their implementation on quantum devices, we have investigated
early steps along one of the possible paths forward (a “Trailhead”) for quantum simulations
of lattice SU(3) Yang-Mills gauge theory, with an eye toward QCD. We anticipate that the
results and insights gained in this work may be of benefit to the simulation of other lattice
field theories where local symmetries play a central role and which are implemented, in part,

through the action of plaquette operators. This includes algorithms that are relevant for
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quantum error correction for quantum hardware and computation.

In this work, the path toward implementation of QCD on quantum devices through the
Kogut-Susskind Hamiltonian presented by Byrnes and Yamamoto [I4] has been adapted
to reduce the qubit (qudit) requirements through integration over the local gauge space at
each lattice site. The continuous gauge field is digitized in the field conjugate representation
by truncating the magnitude of the color-electric field that can be supported by any given
link. These local discrete Hilbert spaces can be captured through a basis of quantum
registers distributed locally across the lattice in two main ways: one using a mapping of
irreps onto a qudit and one using two registers for the (p,q) values defining tensor indices
of SU(3) irreps for each link. Applications of the plaquette operator then update each link
in the plaquette, with amplitudes that depend upon irreps of the nearest neighbor links. In
contrast, a global basis can be defined by mapping symmetry-projected link configurations
of the entire lattice onto the states of a quantum device, and the action of the Hamiltonian
determined. The resources required to implement local bases scale with the volume of
the lattice, while those required for global bases scale super-polynomially. We examined,
using classical simulation and IBM’s superconducting quantum hardware, the dynamics and
mappings of a single SU(3) plaquette onto a quantum device, and are encouraged by the
exponential convergence of low-lying states and low-energy dynamics with increasing color-
irrep cutoff. Two-plaquette systems were studied in detail using global and local bases and
are the simplest systems that receive contributions from controlled-plaquette operators, the
construction and implementation of which we have detailed. While the low-lying states and
time evolution of the single-plaquette systems can be efficiently accommodated in a Hilbert
space defined by qubits, the structure of the link color-irrep Hilbert space and the action of
the controlled-plaquette operator lend themselves for embedding into qudit systems, such

as qutrits or SRF cavity based systems.

The plaquette operator plays a central role in the simulation of lattice gauge theories,
and the fidelity with which it can be implemented across the Hilbert space of a given quan-
tum device is a key measure of the ultimate quantum simulation fidelity. Benchmarks
for the performance of devices using both global bases and local bases may provide com-
plementary information, the latter isolating the physical Hilbert space. In addition to the
one-plaquette benchmarks above, analogous benchmarks for the two-, three-, four-plaquette
and higher-dimensional systems will also be valuable, with the two-plaquette system provid-
ing a measure of the fidelity of the controlled-plaquette operator, the four-plaquette system
sensitive to the point-split four-vertex interaction, and the three-dimensional systems sensi-
tive to 6-link vertices. In near-term simulations, it is likely that a series of such benchmarks,
starting from the single plaquette in the global basis, will be performed to identify preferred

mappings onto device architectures and provide calibrations for simulations of larger sys-
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tems. Furthermore, such calibrations are expected to begin the process of tuning simulation
parameters, such as the cutoff in color irrep space, balancing theory approximations with
device performance for the array of lattices and couplings that will eventually be necessary
to extract continuum quantities.

At these early stages of development, there is value in considering, quantifying, and
comparing all potential implementations of Yang-Mills gauge theories on quantum devices.
Beyond the time evolution operator, the finite mass gap in Yang-Mills theories suggests
that systematically localizable quantum circuits may be realizable to prepare the ground
state and localized scattering states through the use of small-volume classical simulations.
Unfortunately, the asymptotic polynomial scaling of the required matrix elements, while
sub-exponential, is sufficiently significant to expect that large-scale classical resources will
be required for both state preparation and design of the controlled-plaquette operators.

Building upon previous frameworks, the multiplet basis has here been further devel-
oped through local gauge-space integrations and circuit-level decomposition of local time
evolution operators, showing promise for designing scalable quantum simulations of SU(3)
Yang-Mills lattice gauge field theory. Early examples of the proposed strategies have been
concretely demonstrated, through implementation on a superconducting quantum architec-
ture and through explicit enumeration of relevant operators, for one- and two-plaquette
systems. These simple systems are expected to guide near-term quantum simulations, in-

form future codesign, and provide calibration quantities for simulations at scale.
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Chapter 2

PREPARATION OF THE SU(3) LATTICE YANG-MILLS VACUUM
WITH VARIATIONAL QUANTUM METHODS

2.1 Introduction

To use quantum computers to study physical systems of interest, physical states, such as the
vacuum of a QFT, need to be prepared. There have been a number of proposals for prepar-
ing the vacuum state of QFT. Approaches for preparing the ground state by performing
imaginary time evolution on a quantum device have been explored, but computational costs
scale exponentially with system size, limiting their applicability [82]. Adiabatic switching
from a known ground state has also been explored and scales polynomially in system size
(provided the system is gapped) [16], 83], 84]. However, the number of time steps needed to
accurately simulate adiabatic switching in practice can be daunting. The Variational Quan-
tum Eigensolver (VQE) is an algorithm suitable for near term noisy quantum computers
that can be used to variationally prepare the lowest energy state of a quantum system by
optimizing an ansatz circuit [85]. The application of VQE to quantum chemistry problems
has been studied in great detail [85], 86l [87, [88] 89, 00, 011, 92] 93], 94, 95| 06, 07, O8]. Ad-
ditionally, use of VQE in the preparation of the vacuum state for various quantum field
theories, including the Abelian Higgs model with a topological 6 term [99], has recently
been examined. The VQE algorithm has been previously applied to find the vacuum state
of small lattices for the Schwinger model [29, 100, 10T]. It has also been used to prepare
hadron states in an SU(2) gauge theory in 141 dimensions [102] and to model the force
between mesons in the Schwinger model [30]. VQE requires an ansatz circuit to prepare the
system’s state and a classical optimizer to determine the angles in the ansatz circuit. To
scale these calculations to situations with a useful quantum advantage, it will be necessary
to understand how to connect these small lattice calculations to a calculation on a larger
lattice and how the optimization procedure performs as system size is increased.

In this chapter, the application of VQE to pure SU(3) lattice Yang-Mills gauge theory is
studied. This provides a starting point for understanding the resources required to simulate
lattice QCD on a quantum computer. We performed a VQE calculation of the vacuum
state for one and two plaquette systems using superconducting quantum processors. We
also examine how to apply ideas from domain decomposition in lattice QCD calculations

on classical computers to the construction of ansatz states for VQE of large lattices from
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the vacuum state of smaller lattices.

2.2 Single Plaquette Vacuum Preparation

2.2.1 Initialization

VQE is a hybrid quantum algorithm that can improve the overlap of an initial state with
the vacuum state. The performance of VQE has a strong dependence on the initial state
used [R5] 86, 88]. In applications of VQE to electronic structure problems, Hartree-Fock
states and unitary coupled cluster states computed on classical computers have been used
as initial starting points for VQE. However, lattice gauge theory does not have comparable
classical calculations in the Hamiltonian formulation available. As an alternative, the Lanc-
zos algorithm can used to initialize VQE for a single plaquetteﬂ The Lanczos algorithm
works by constructing the Krylov subspace spanned by {|¢) JH [y, ... L H™ |1)} for some
integer n and initial state |¢)) and diagonalizing the Hamiltonian in this subspace [103].
Quantum variations of the Lanczos algorithm have also been proposed for use in the study
of state preparation [82]. The result of applying the Lanczos algorithm to a single plaquette
using the electric vacuum as the initial state is shown in Fig. For a fixed coupling,
the overlap with the true vacuum is shown to scale asymptotically as a Gaussian with the
Krylov dimension used in the Lanczos algorithm. The dimension of the Krylov subspace
needed to reach a fixed accuracy scales as é. This behavior can be seen to follow from
the structure of the single plaquette vacuum wavefunction. The vacuum wavefunction is
asymptotically Gaussian in the chromo-electric field with a width inversely proportional to
g. Each time H is applied to increase the dimension of the Krylov subspace, the maximum
p and ¢ included in the Krylov subspace is increased by 1. Therefore, the size of the vacuum
wavefunction components added by increasing the Krylov dimension fall off asymptotically
as a Gaussian, and the Krylov dimension needed to reach a desired accuracy e scales as
%. It should be noted that an exponential convergence with field truncation has also
been observed in the simulation of scalar field theories [27] and U(1) gauge theories [104],
and has been proven to be a rather generic property of theories involving bosonic modes
[105].

The Lanczos algorithm provides approximate wavefunction components of the vacuum

state that must be mapped into a quantum circuit to be useful for state preparation. The

IThis application of Krylov subspaces to quantum simulation was developed in collaboration with other
members of IQuS during the spring of 2020.

2The icons in the corners of the plots in this text were introduced in Ref. [75] and are available at
iqus.uw.edu/resources/icons/. The pink icons indicate the calculations in the figure were performed
on a classical computer and the blue icons indicate the calculations in the figure were performed on a
quantum computer.
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Figure 2.1: This figure shows the dimension of the Krylov subspace required for the overlap
of the state prepared by the Lanczos algorithm, |¢), with the true vacuum, |Vac), to satisfy
[(y|Vac)|?> > 0.999999. The inset panel shows the overlap with the true vacuum as a
function of Krylov dimension for ¢ = 0.5. The true vacuum was computed numerically
using Mathematica’s eigensystem function.

state prepared by using a d-dimensional Krylov subspace potentially spans all basis states
with p,q < d. Therefore, a state with nontrivial support on d? basis states must be pre-
pared, which can be done using a circuit of length O(d?) using standard state preparation
procedures [54]. Using the previous result on the Krylov dimension required to reach an

accuracy €, a quantum circuit of size

2
5-0 (1g<>> | o)

g

can be used to prepare the vacuum of a single plaquette with coupling g on a quantum

computer within an accuracy of e.

2.2.2  Optimization

The VQE algorithm makes use of a classical optimizer to improve the overlap of the ansatz
state with the actual vacuum. In previous work, Bayesian optimizers have been used in
the VQE algorithm to prepare the ground state of the Schwinger model [29] and to prepare
hadron states in an SU(2) gauge theory [102] on small lattices. Bayesian optimization min-
imizes an objective function by iteratively constructing an interpolator, usually a Gaussian

process, from existing data and optimizing the interpolator. It is ideal for optimizations
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where the number of available evaluations of the objective function is limited (typically to
a few hundred evaluations), the objective function is continuous, and the dimensionality
of the domain is no more than 20 [I06]. On existing hardware that only has a handful
of qubits available, circuits that can prepare a generic ansatz state can be implemented
with fewer than 20 parameters. However, as quantum computers grow in qubit count and
coherence time, this will no longer be true. To reach a quantum advantage, it will be impor-
tant to understand when Bayesian optimization breaks down. To test the performance of a
Bayesian optimizer for lattice gauge theory, VQE was simulated without noise on a classical
computer for a single SU(3) plaquette with a truncation of p,q < 3. This system can be
represented using 4 qubits on a quantum processor. The vacuum state of this system lies in
a 10-dimensional CP-invariant subspace which can be parametrized in spherical coordinates
with 9 degrees of freedom. The details of how the Bayesian optimization was performed are
available in Appendix [2.2]

The results of the simulation of VQE with a Bayesian optimizer are shown in Fig. 2.2] In
these calculations, the Gaussian process used to model the energy function being minimized
suffered from multicollinearity. This was mitigated with Tikohonov regularization, which
in this context is equivalent to adding a small constant term A to the covariance matrix
of the energies. As this figure shows, the convergence of the Bayesian optimizer has a
dependence on the regulator . The energy that the Bayesian optimizer converges to cannot
be made arbitrarily close to the vacuum energy because at sufficiently small values of A,
multicollinearity returns and the covariance matrix cannot be inverted, causing the Bayesian
optimizer to fail. The lower panels in Fig. [2.2] show the dependence of the Bayesian
optimizer’s convergence on the dimension of the Krylov subspace used to initialize the
calculation. For certain initializations, the Bayesian optimizer is not able to improve upon
the initial state’s overlap with the actual vacuum. Even for this modest system size, Bayesian

optimization has limitations in how close it can get to the vacuum state.

Gradient descent is an alternative classical optimizer that can be used in VQE. Gra-
dient descent evaluates the gradient of the energy, V f(x), at the current step’s ansatz

parametrization x;, then selects the next step’s ansatz parametrization x;11 according to
Xit1 =X — NV f(x) (2:2)

where 7 is a learning rate that controls the convergence of the gradient descent. Conver-
gence to a local minimum can be guaranteed by the use of backtracking, where 7 is steadily
decreased during the course of the calculation [I07]. Alternatively, the step size can be
selected by using Bayesian optimization to perform a line search [I08]. In applications to

VQE, the gradient can be computed on a quantum processor by making use of parameter
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Figure 2.2: The relative error in the estimation of the vacuum energy obtained by performing
a classical simulation of VQE using Bayesian optimization for a single plaquette with p, ¢ <
3. The left panel is for g = 0.8 and the right panel is for ¢ = 0.5. The top panel shows the
results of Bayesian optimization as a function of the number of iterations of the optimization
for different values of the regulator A. Each of the calculations in the top panel was initialized
with the vacuum states obtained from the Lanczos algorithm with subspace of Krylov
dimension equal to 5. The bottom panel shows the result of Bayesian optimization using
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Figure 2.3: The relative error in the estimation of the vacuum energy obtained by performing
a classical simulation of VQE for a single plaquette with p,q < 3. The coupling is ¢ = 0.5
and the initial state was obtained from the Lanczos algorithm using a Krylov dimension
of 5. The left panel shows a comparison of the results obtained by performing VQE using
a Bayesian optimizer to those obtained by performing VQE using a numerical gradient
descent for different learning rates 7. The right panel shows the results of 250 iterations of
gradient descent with n = 0.1.

shift formulas which give the gradient without discretization errors due to large shift size
[109]. The use of gradient descent as the classical optimizer in VQE will require the energy
of the state to be calculated on the quantum processor a number of times equal to two times
the number of parameters in the circuit ansatz per step in the optimization. For compar-
ison, Bayesian optimization only requires the energy to be computed once per step. The
increase in quantum resources per step in the optimization may be offset by a faster rate of
convergence and ability to converge to the actual vacuum state. As an optimizer, gradient
descent also requires fewer classical resources per step than Bayesian optimization. This
is because with gradient descent, the classical computer only needs to perform subtraction
during gradient descent. Bayesian optimization, on the other hand, requires the computa-
tions of determinants and inverses of a matrix whose dimension is equal to the number of

times the energy was previously evaluated.

Fig. [2:3] compares, for a single plaquette truncated at p,q < 3 and with ¢ = 0.5,
the results of using Bayesian optimization for the classical optimizer to those of using
numerically-computed gradient descent. The Bayesian optimizer shown in this plot was
run with A = 10712, Both optimizers were initialized with the vacuum obtained using the
Lanczos algorithm with a Krylov dimension of 5. As this plot shows, the Bayesian optimizer
converges above the vacuum energy, while VQE using gradient descent with a sufficiently

small 7 is limited only by the number of steps performed in the optimization. To under-
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stand if VQE can offer a quantum advantage, it is helpful to know how many steps in the
optimizer must be performed to reach a certain level of accuracy. Fig. shows the num-
ber of steps needed for a backtracking gradient descent to converge for a single plaquette
with a truncation of p,q < 31. This truncation was chosen so that the relative error in the
mass gap and the vacuum expectation of the plaquette operator due to field truncation was
< 1% for each coupling studied. The left panel shows that as g is decreased, the number of
steps needed by the gradient descent algorithm to start from the electric vacuum and reach
a state |¢) with |(Vacuum]|i)|? > 0.999 scales as O(g~%). The number of steps needed to
reach this level of accuracy can be decreased by beginning the optimization at a state closer
to the vacuum, such as a state obtained from the Lanczos algorithm. The right panel in
Fig. shows the number of steps needed by a backtracking gradient descent to converge
to |(Vacuuml|t)|* > 0.999 for a coupling ¢ = 0.1 as a function of the dimension of the
Krylov subspace used in the Lanczos algorithm to initialize the starting state. From the fit
in the right panel, it appears that the number of steps required for the gradient descent to
converge scales asymptotically as a Gaussian as a function of the Krylov dimension used.
This is expected, as the discussion in the previous section showed that the error in the state
obtained from the Lanczos algorithm falls off asymptotically as a Gaussian as a function of
the Krylov dimension. By beginning in a state obtained from the Lanczos algorithm and
performing the optimization step using gradient descent, classical simulations of the VQE
algorithm are able to reach the vacuum state of a single plaquette at weak couplings that
are beyond the reach of Bayesian optimization. Based on these results, Bayesian optimiza-
tion will not be a practical optimizer for VQE calculations at scale, while gradient based

methods have a chance of reaching the vacuum state at scale.
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Figure 2.4: The left panel shows the number of steps needed for VQE using a backtracking
gradient descent to converge to the true vacuum with an accuracy of 0.999 as a function of
coupling for a single plaquette with p,q < 31. The right panel shows the number of steps
needed for a backtracking gradient descent to converge to the true vacuum with an accuracy
of 0.999 for g = 0.1 as a function of the dimension of the Krylov subspace used to obtain
the initial state.

2.2.8 Hardware Implementation

The discussion in the previous section suggests that VQE should be capable of preparing the
vacuum state for a single plaquette. However, existing quantum hardware suffers from the
effects of noise and imperfect gate implementations. This will have an impact on how VQE
performs in practice. To understand how near-term hardware will perform in the simulation
of SU(3) lattice Yang-Mills theory, IBM’s Manila superconducting quantum processor was
used to perform a VQE calculation for a single plaquette [110].

The SU(3) lattice Yang-Mills Hamiltonian possesses a CP symmetry that guarantees
that the amplitude of a given representation in the vacuum wavefunction will be the same
as the amplitude of the conjugate representation. In principle, this symmetry can be used
to restrict the state preparation circuit used in VQE which will reduce the number of
free parameters. However, in the presence of noise and imperfect gate implementations,
attempting to explicitly enforce the symmetry may prevent the actual state prepared on the
quantum processor from respecting the symmetry. This would be the case if, hypothetically,
the rotations in the circuit suffered from a constant offset error that was not corrected for.
To understand if this is an issue on existing hardware, a single plaquette was simulated
in the global basis truncated at a representation of 8. The Hamiltonian is given by Eq.
(14) of Ref. [III]. A VQE state preparation procedure described in Appendix was
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Figure 2.5: Variational state preparation of the vacuum state for a single plaquette truncated
at 8 with ¢ = 1 run on the Manila quantum processor. The blue points show the results
of gradient descent with CP symmetry enforced in the rotation angles in the ansatz circuit
and the purple points show the result of not explicitly enforcing CP symmetry in the state.

used to prepare the vacuum state starting from the electric vacuum and to optimize the
angles using gradient descent. VQE was performed both by enforcing CP symmetry in the
rotation angles in the circuit ansatz and by allowing all three of the angles to vary freely.
The results of both calculations are displayed in Fig. As this figure shows, explicitly
enforcing the CP symmetry in the VQE calculation does not break the symmetry in the
vacuum state prepared using VQE on this hardware. The ability to explicitly enforce CP
symmetry in the ansatz circuit will be helpful when performing VQE calculations on larger

systems where the number of free parameters is much greater.

As discussed in Section [2.2.] the Lanczos algorithm can be used to obtain an initial
ansatz for the VQE algorithm. At a coupling of g = 1, the vacuum state obtained using a
two dimensional Krylov subspace has an overlap with the true vacuum within experimental
errors on the Manila chip [I10]. To accurately reproduce physics at a lower coupling, more
electric field representations must be included. This can be done without increasing the
qubit count by performing a calculation in the color parity basis. Using two qubits, the
color parity basis allows the 6 and 6 representations to be included, which is sufficient to
accurately describe a plaquette with a coupling of g = 0.8. Fig. shows the results of
performing VQE for a single plaquette with g = 0.8 in the color parity basis, beginning
both at the electric vacuum and the vacuum obtained using a Krylov subspace of dimension

two. As this figure shows, pre-conditioning with the vacuum obtained using the Lanczos
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Figure 2.6: Variational state preparation of the vacuum state for a single plaquette truncated
at 67 in the color parity basis with ¢ = 0.8 run on the Manila quantum processor. The blue
points show the result of gradient descent beginning at the electric vacuum and the green
points begin at the state obtained using the Lanczos algorithm with a Krylov dimension of
two.

algorithm allows one to begin closer to the actual vacuum and to converge to the true
vacuum faster. Note that in both Fig. and the energy computed fluctuates at
late steps in the gradient descent instead of converging. This is because the gradient is
computed on the Manila chip with both statistical and systematic errors. As the optimizer
approaches the vacuum state, the magnitude of the gradient vector decreases. Once the
size of the gradient vector is comparable to the device errors, it can no longer be reliably
computed and the updates to the circuit parameters are random noise which leads to the
displayed fluctuations. This is a generic feature of having uncertainties in the computation
of the gradient and will have to be considered when devising stopping criterion for VQE

calculations of larger systems.

2.3 Multiple Plaquettes

The single plaquette calculations in Section [2.2] provide insight into the requirements of state
preparation in a simple system. To perform calculations at scale, these insights need to be
combined with features that only occur on larger lattices, such as Gauss’s law constraints
that can’t be solved exactly without sacrificing locality. The Lanczos algorithm provides a

good starting ansatz for VQE on a single plaquette, but it is inefficient on larger lattices.
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Figure 2.7: A lattice composed of a chain of plaquettes.

This can be seen by using the electric vacuum as the initial state for a chain of L plaquettes
with periodic boundary conditions (PBC) as shown in Fig. When a Krylov subspace
with dimension d is used, every basis state with d plaquettes excited to have a loop of
electric fields in the 3 representation will occur with equal amplitude. There are (5) of
these states and their superposition requires non-local circuits to capture the non-local
correlations in the state. This leads to the circuit required to prepare the state given by the
Lanczos algorithm growing exponentially in size with the Krylov dimension, and therefore

no quantum advantage. An alternative approach is to use a form of domain decomposition.

In lattice QCD calculations on classical computers, a large amount of time is spent
solving discretized versions of the Dirac equation. These calculations have been accelerated
by making use of a domain decomposition [112} 113}, 114]. Domain decomposition accelerates
the calculation by solving the Dirac equation in separate sub-regions and then stitching the
solutions together. Similar to solving the Dirac equation, directly preparing the vacuum
state for a theory on a large lattice is difficult because the Hilbert space associated with the
entire lattice is too large to efficiently work with. The ideas behind domain decomposition
can be applied in a VQE calculation by splitting the lattice into separate disconnected
sub-regions and preparing each sub-region in its vacuum state (note that there will be
links between these regions that will remain unexcited). The vacuum state of each sub-
region can be computed classically or in another VQE calculation. The VQE algorithm can
then be used to excite links in-between the sub-regions and stitch together the sub-regions
to form the vacuum state for the entire lattice. SU(3) Yang-Mills is a theory with spatial
correlations that decay exponentially fast with distance, so it is anticipated that the domain
decomposition ansatz should converge exponentially fast to the true vacuum as the domain

size is increased.
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Conceptually, this approach to vacuum state preparation is similar to the density matrix
renormalization group (DMRG) algorithm on classical computers [I15]. In DMRG, the
vacuum state of a lattice is prepared, and the density matrix of a sub-region is diagonalized.
The eigenstates of the density matrix with largest weight are then used as the local basis for
a calculation on a larger lattice. In this manner, DMRG constructs the vacuum state for a
large lattice from the vacuum state for smaller regions. This is analogous to beginning the
VQE optimization in a domain-decomposed vacuum, except the calculation on the quantum
computer has no need to extract eigenstates of the density matrix for subregions. Once the
desired lattice length is achieved, DMRG optimizes the approximation to the vacuum state
by decomposing the system into left and right blocks and using the eigenstates of the density
matrix of the subregions to generate a new basis for the regions. By growing and shrinking
the size of the left and right blocks, DMRG is able to converge to the true vacuum state.
The process of growing and shrinking the blocks used is analogous to the stitching procedure
described in this work to improve the overlap with the true vacuum, except, once again, the
quantum calculation does not require the diagonalization of density matrices.

While this stitching procedure will be explicitly demonstrated for a quasi one dimensional
system, it can be performed in higher dimensions as well. For a system with three spatial
dimensions, the sub-regions initialized in their vacuum state will be cubes of some size.
Unlike in one dimension, the number of links left unexcited between the initial subregions
will scale as the surface area of the subregions. A sequence of unitary transformations acting
on the individual unexcited links, controlled by their neighboring links on the two cubes
they connect, can be optimized using VQE to get closer to the vacuum state of the entire
lattice. By limiting the number of links each unitary acts on in this manner, the number
of free parameters in the VQE ansatz circuit can be restricted to grow linearly with the
surface area instead of exponentially as it could if all links were allowed to be acted on

simultaneously.

2.8.1 Domain Decomposition on Plaquette Chains

A lattice composed of a chain of plaquettes as shown in Fig. with PBC displays many
of the complications inherent to larger lattices while still being tractable to simulate on
classical computers. A domain decomposition of a plaquette chain can be performed by
breaking up the lattice into separate sub-chains, preparing each subchain in its vacuum
state and using VQE to optimize circuits that act on the boundaries and space between the
domains to stitch them together.

To be useful as an initial state for VQE, a quantum circuit for the preparation of these

domain-decomposed vacuums must be designed. The circuit to prepare the vacuum state for
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State 1 State 2
1,1,1 1,31
Ri| x| 1,1 > | 3,3 >
1,1,1 1,3,1
3.1,1 3.3.1
Ry | [x| 3,1 > x| 1,3 >
31,1 3,31
3.1,1 3,31
Ry | [x| 3,1 > x| 3,3 >
31,1 3,31
1,1,3 1,3,3
Ry | |x| 1,3 > x| 3,1 >
1,1,3 1,3,3
1,1,3 1,3,3
Rs | |x| 1,3 > x| 3,3 >
1,1,3 1,3,3
3.3.3 3.1,3
Re | Ix| 1,1 > x| 3,3 >
3,3,3 3,1,3
3,3,3

y 3, > 3,1,3 >

Ry | |x| 3,1 x| 3,3
3,3,3 3,1,3

Table 2.1: This table enumerates the local Givens rotations required to initialize a domain
vacuum on the plaquette chain truncated at an electric field representation of 3, (up to CP
conjugates of the rotations listed here). The first column labels the rotation and the other
two columns specify the basis states being rotated. R; excites a single plaquette loop of
electric flux. Ry through Rj stretch the length of a loop of electric flux by one plaquette.

Rg and R; break a loop of electric flux into two loops. The basis labels used here were
introduced in Ref. [I11].
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a domain of length [ can be constructed recursively from the circuit to prepare the vacuum
state for a domain of length [ — 1 as follows. A single plaquette state can be constructed
by performing an R; rotation from Table and its CP conjugate on the qubits that make
up the links in the plaquette. The two plaquette state can be prepared by applying R
rotations on two neighboring plaquettes and then applying R3 and R4 rotations on one of
the plaquettes. The circuit that prepares the three plaquette vacuum state can then be
constructed by exciting a third plaquette (i.e. apply an R; rotation), stretching over the
previous two plaquettes (i.e. apply Rs and R4 rotations to the plaquettes that have been
excited), and performing a rotation on the center plaquette to de-excite it (i.e. apply Rg and
Ry rotations to the center plaquette). In general, the circuit to prepare a domain of size [ can
be constructed from the circuit for a domain of size [ —1 by exciting a neighboring plaquette,
stretching it over the previous domain, and then de-exciting plaquettes in the center. In
general, this approach to constructing circuits for a domain state scales exponentially with

the size of the domain.

The initial domain decomposition ansatz can be improved upon by stitching together
the different domains. More specifically, in the circuit that prepares the vacuum ansatz,
gates Ry through Ry, along with their CP conjugates, can be applied to the plaquettes in-
between the domains and VQE can be used to optimize the rotation angles. This stitching
procedure can also be used to construct the vacuum for a larger domain instead of using
the generic state preparation circuit. After performing the stitching, the overlap with the
true vacuum can be increased further by layering another block of gates on the original
domains and optimizing the angles with VQE again. Explicitly, if the state obtained from
the VQE algorithm is S(62)D(6,) |0), where D(;) prepares the states on the domain and
S (52) stitches the domains together, then the ansatz state

C(61,0,05) |0) = D(05)S () D(61) |0) (2.3)

can be prepared on the quantum processor and the energy can be minimized as a function
of 01, 65 and 53 using the VQE algorithm. Due to the exponentially decaying correlations
in SU(3) Yang-Mills, the overlap with the true vacuum should increase exponentially with

the number of additional gate layers stacked on the domains and their boundaries.

A plaquette chain simulated in the multiplet basis with chromo-electric fields truncated
at the 3 representation will be used to test the performance of the domain decomposition
ansatz. Finite and infinite plaquette chains were studied using an MPS representation of
states in the TEBD algorithm as described in Appendix Fig. shows the results
of optimizing different domain decomposition ansatzes for a chain of five plaquettes with

g = 0.9 and open boundary conditions. Fig. shows the expectation of the electric energy
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Figure 2.8: The left panel shows the overlap of different domain decompositions with the
true vacuum. The right panel shows the RMS error in the expectation of the different
single plaquette operators on the five plaquette lattice with open boundary conditions. The
left-most points show the results for the initial domain decomposition, the middle points
show the result after using VQE to stitch the boundaries of the domains together, and the
right points show the results after using VQE to optimize another layer of circuits on the
domains after stitching.

for the initial single plaquette ansatz and the state obtained after stitching the boundaries
together with VQE. As the size of the initial domains is increased, the overlap with the
actual vacuum increases. However, the improvement eventually saturates due to boundary
effects. Due to the short correlation length at this coupling, even a single layer of stitching
is able to achieve a high overlap with the actual vacuum.

To understand how the domain decomposition VQE ansatz performs for a large lattice,
the time evolving block decimation algorithm was used to prepare the vacuum state and
simulate VQE on an infinite plaquette chain as described in Appendix [23] VQE was
performed using gradient descent as the classical optimizer. The vacuum expectation of
a single plaquette operator was chosen as a test observable to study the convergence to
the true vacuum. As Fig. shows, the vacuum expectation of the plaquette operator
converges exponentially fast with the domain size. A classically simulated version of VQE
was used to simulate the stitching of small domains together. For domains of lengths 1-4
plaquettes, the initial domain vacuum was prepared using a generic state preparation circuit.
For the initial domain of length five, the circuit to prepare the vacuum was constructed by
stitching together a vacuum state preparation circuit for a domain of length three plaquettes
and of length one plaquette. The circuit optimized in VQE consisted of the initial domain

vacuum circuit, along with all rotations in Table with all rotation angles allowed to vary
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Figure 2.9: The top panel shows the expectation of the electric energy for a five plaquette
chain with open boundary conditions where every other plaquette has been initialized to
the single plaquette vacuum. The bottom panel shows the expectation of the electric energy
after the boundaries of the initial domains have been stitched together with VQE.



82

n n
0.70 T T T T T T T T T T T T T T
M Initial Ansatz . ]

0.100 £ .
oesf M stitched | .
. 0.010
060 *
— o e .
é\ ossh 1 e 0.001 -
: fum * . .
v E 104k >
0.50 ° ] >
045 - o= — o - - -t - B B g e a0t - o o] 10°¢ N
0.40 L . . . . 100 kL . . . . . . .
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
Domain Length Domain Length

Figure 2.10: The left panel shows the expectation of a plaquette operator at the center of a
domain as a function of domain length for both the initial ansatz and the state after using
VQE to stitch domains together. The dashed blue line shows the vacuum expectation of a
single plaquette operator on an infinite chain of plaquettes with ¢ = 0.9. The right panel
shows the error in the vacuum plaquette expectation as a function of the domain size.

freely. For each domain size, the optimization of the stitching improved the estimation of

the vacuum plaquette expectation by at least an order of magnitude.

2.8.2 Hardware Implementation

As with the single plaquette case, it is instructive to study multiple plaquettes on existing
quantum hardware. Unfortunately, simulating multiple plaquettes in a local basis as de-
scribed in the previous section is beyond the reach of existing hardware. However, these
techniques can be applied to state preparation in a global basis. IBM’s Manila quantum
processor was used to simulate a two plaquette system truncated at an electric field repre-
sentation of 3 in the global CP invariant basis [I10]. For this simple system, preparing the
single plaquette vacuum is equivalent to using the vacuum state obtained using the Lanczos
algorithm with a Krylov dimension of two. The results of performing VQE with the error
mitigation procedures described in Appendix [2.]] are shown in Fig. 2.1I] As this figure
shows, the VQE algorithm is able to converge to the true vacuum energy whether it begins
in the electric or single plaquette vacuum. However, by initializing the state in the single
plaquette vacuum, the VQE algorithm is able to converge to the true vacuum state faster.
While the two initial states converge to the same vacuum state, the uncertainties in the
vacuum energy they converge to are quite different. This is due to the circuit ansatz used to

initialize the state having redundancies in the angle parametrization of the state, leading to
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Figure 2.11: Variational state preparation of the vacuum state for a two plaquette system
with ¢ = 1 and PBC run on the IBM Manila quantum processor. The blue points show
the results of performing gradient descent beginning at the electric vacuum and the green
points show the results for beginning with the single plaquette vacuum.

the two initial ansatzes converging to different sets of angles describing the same state. In
the absence of noise on the quantum processor, these parametrizations would be equivalent.
However, existing quantum processors are noisy and there are systematic errors with angle
dependence leading to the different error bars shown in Fig. 2.11]

2.4 Discussion

Achieving a quantum advantage in the simulation of lattice gauge theories requires the
preparation of physically interesting states, such as the vacuum. In the NISQ era, hybrid
algorithms such as VQE will be essential. To make use of VQE, an appropriate classical
optimizer and ansatz circuit must be chosen. In this work, state preparation on simple SU(3)
lattice gauge theories has been performed with an eye towards scalability. In the variational
state preparation of single plaquette systems, we showed that Bayesian optimization suffers
from convergence issues as the coupling ¢ is decreased, while gradient descent methods
suffer from no such issue. This suggests that VQE calculations at scale may need to make
use of gradient descent methods in order to converge, despite the increase in computational
overhead required to compute the gradient. Note that gradient based methods may converge
to a local minimum instead of the true vacuum. This has not occurred for the simple systems

studied in this work, but may need to be considered when performing calculations at scale.
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Calculations at scale will also require appropriate ansatz circuits to perform VQE. Due
to the exponential growth of the Hilbert space with lattice size, circuits capable of preparing
a generic state on the lattice will not be able to go to scale. In this work, it was demonstrated
that in a quasi-1D SU(3) lattice gauge theory, VQE can be used to stitch together domains
in their vacuum state to prepare the vaccum state of a larger lattice. The exponential
convergence with domain size on an infinite lattice suggests that even shallow circuits may
be able to achieve a large overlap with the true vacuum state at scale. The calculations
on IBM’s Manila quantum processor showed that circuit ansatzes that respect a global
symmetry will still respect the global symmetry on existing hardware despite the presence
of noise and imperfect gates. This allows global symmetries to be used to construct circuit
ansatzes that have fewer free degrees of freedom which makes them easier to optimize.

While the computations in this work are encouraging, preparing a vacuum state for QCD
with VQE will require significant developments in the application of quantum algorithms to
lattice gauge theories. The calculations performed in this work were for a one dimensional
string of plaquettes, but QCD is a three-dimensional theory. In a 3D theory, the domains
being initialized in their vacuum state will be 3D blocks and the number of circuits required
to stitch them together will scale with the surface area of the domain blocks. Additionally,
a QCD calculation that can be taken to the continuum limit may require more electric field
representations to be included, which will increase the number of possible local rotations in
the VQE stitching circuit. It is conceivable that it is possible to reach the continuum limit
without increasing the field truncation, but this remains to be investigated. Regardless, as
the continuum limit is approached, the correlation length of the system will diverge and more
layers of circuits will be required in the VQE stitching to accurately prepare the vacuum
state. Matter will also need to be included at the sites, which will complicate the integrating
out of the internal gauge space. In addition to these conceptual complications, achieving a
quantum advantage in the simulation of lattice QCD will require quantum hardware with
more qubits and a lower error rate, in order to enable the simulation of a large lattice in a
local basis. While scaling up quantum hardware is challenging, the rapid improvement in
quantum hardware and recent proposals for co-design [I11], [99] [T16] of quantum processors
suggest that it can be done in a manner that will allow the simulation of lattice QCD on

quantum computers in the near future.
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Chapter 3

QUANTUM SIMULATION OF LATTICE QCD WITH IMPROVED
HAMILTONIANS

3.1 Introduction

The limitations of quantum hardware has limited quantum simulation of non-Abelian gauge
theories to small system sizes. Theoretical studies have been performed into how to scale up
these calculations to larger systems [14] 117, [T18] [1T9], 120, 121, [70, 122, [123], 124, [125] 126,
127, 128, [129], 130, [131]. However, all these approaches to simulating gauge theories require
the gauge field to be truncated and scale poorly with the gauge field truncation. Similar
problems were found in the classical simulation of lattice gauge theories with the scaling
of errors with lattice spacing. These problems were mitigated through the development of
improved Symanzik actions with more favorable scaling of errors with lattice spacing [28]. It
is expected that improved Hamiltonians can be found that mitigate the effects of truncating

the gauge field as well.

In this chapter, improved Hamiltonians are derived for lattice gauge theories through
the application of the similarity renormalization group (SRG). SU(3) gauge fields coupled to
fermions in 141D are used as a case study for the improved Hamiltonians studied. Tensor
network simulations are used to demonstrate that the improved Hamiltonians derived in
141D correctly reproduce observables on large lattices. An improved Hamiltonian for lattice
QCD with two flavors is derived for 34+1D and a small simulation is performed on IBM’s

quantum processors.

3.2 141D

3.2.1 1+1D Hamiltonian

In this chapter, the SU(3) Kogut-Susskind Hamiltonian [I3] with a single flavor of stag-
gered fermions in 1 4+ 1D will be used as a toy model to study the effects of gauge field
truncation and the performance of improved Hamiltonians. Previous one dimension quan-
tum simulations have studied the dynamics of hadrons [102] [132], [133] and 5 decay [134].
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The Hamiltonian describing this theory is

ﬁKin = Z wxa A;v m+1¢x+1b + h.c.

wab

m—mz wxa¢xa

HE - Z xx—l—l mx—l—l ’ (31)

where g is the gauge coupling, m is the fermion mass, zﬁw o is the fermion field at site z
with color a, U +1 is the parallel transporter on the link between the sites xz,x + 1 and
E:W 41 is the chromo—electrlc field operator. By working with open boundary conditions in

the axial gauge, and enforcing Gauss’s law, the gauge fields in this theory can be completely

integrated out yielding the Hamiltonian

~ 1 - ~
Hyip = Z 77#;[3 awerl,a + h.c.

m—mz %awm

HE—ZQ (ZQ“) (ZQ;) , (3:2)

y<x y<zx

where Q; is the chromo-electric charge at site x defined by

Q5 => Wl Tephyy (3.3)

a,b

where T, are the Gell-Mann matrices. By working with this Hamiltonian, we can directly
study the untruncated theory and the performance of improved Hamiltonians that correct

for the gauge field truncation.

3.2.2  Strong Coupling Expansion m =0

Before the Hamiltonian in Eq. (3.1) can be mapped onto a quantum computer, it must
first be truncated to a finite Hilbert space. Typically, this is done by working in the basis
of the chromo-electric field and truncating the field below some cutoff. It has been shown

numerically for some small systems [27, 1111 [70} [71] and rigorously proven in general [105]
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that the error induced by this truncation falls off exponentially with the truncation. The
error due to gauge field truncation can be reduced even further by first performing a unitary
rotation on the Hamiltonian to reduce the coupling to the higher electric field states and
then truncating. In other words, there is a low-energy subspace coupled to a high-energy
subspace and one would like to derive an effective field theory description of the low-energy
subspace with the high-energy subspace decoupled. Previous work has explored how to per-
form this decoupling variationally [135] [I36]. One alternative method to construct such an
effective Hamiltonian is Schrieffer-Wolff perturbation theory which systematically constructs

approximate unitary transformations that decouple the high-energy subspace [137, 138].

As an example, we will consider the Hamiltonian in Eq. on two staggered sites (one
physical site) with massless fermions, truncated at zero electric field. This is the harshest
possible truncation that can be applied, and the only physical states left in the Hilbert
space are those where sites are unoccupied or have three fermions present forming a color
singlet, i.e., a baryon. At this truncation, the Hamiltonian in Eq. is trivial, and there
are no dynamics. The states kept in this truncation span the zero electric energy subspace
while all states with higher electric energy are being discarded. Using the Schrieffer-Wolff
perturbation theory, an effective Hamiltonian for the zero electric energy subspace at leading

order is given by

A 9 . 27 A A
Hepp = Z @Zmzx—i-l + 32794 (X:rXx—i-l + YxYx+1>
X
+0(g7% (3.4)

where X o Yx, 7, are the corresponding Pauli matrices at site x on the lattice. In this basis,
spin up states correspond to a site being unoccupied and spin down states correspond to a
baryon being present on the site. The details of this derivation and how to systematically
derive higher order terms are in Appendix[3] In this context, the Schrieffer-Wolff expansion
corresponds to performing a strong coupling expansion around the zero electric energy
subspace. Note that similar results have been derived for SU(2) lattice gauge theories and
the Schwinger model with multiple flavors, showing that they are equivalent to spin systems
in the strong coupling limit [139] 140, [141].

The effective Hamiltonian in Eq. requires only a single qubit per site to be mapped
onto a quantum computer. The Hamiltonian in Eq. with gauge fields integrated out
requires three qubits per site to represent the state of the system. By using this effective
Hamiltonian to describe a subspace of the system, the computational resources required
are reduced. However, the Schrieffer-Wolff expansion is known to have a finite radius of

convergence [138], so this effective Hamiltonian should only be valid over a limited range of
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Figure 3.1: Energy gaps as a function of coupling g for the improved Hamiltonian derived
with Schrieffer-Wolff perturbation theory. The black dashed curve is the energy gap of the
exact Hamiltonian in Eq. and the blue curve is the energy gap of the Hamiltonian in
Eq. . The other curves correspond to including higher order terms in the Schrieffer-
Wolff expansion of the improved Hamiltonian.

couplings. The energy gap for the effective Hamiltonians obtained at different orders in the
Schrieffer-Wolff expansion over a range of couplings are shown in Fig. Note that both
the ground state and first excited state are in the baryon number zero sector. As this figure
shows, the effective Hamiltonians obtained through the Schrieffer-Wolff expansion are only

valid for strong couplings, and the expansion fails to converge at weak couplings.

3.2.3  Similarity Renormalization Group m = 0

The strong coupling expansion in the previous section was able to yield an improved Hamil-
tonian to correct for the chromo-electric field truncation for a small system. However, the
performance of the improved Hamiltonian was limited by the convergence of the strong
coupling expansion. An alternative approach to derive an improved Hamiltonian is the
SRG. This method works by choosing a generator of unitary rotations that should decou-
ple the high energy subspace and then continuously flowing to decouple the high energy
subspace [142, [143], 144]. Explicitly the Hamiltonian being flowed is parametrized as

Hy=Hy+V, (3.5)

where H) determines the energy scales that should be decoupled, V, is the remaining terms

in the Hamiltonian and s is the flow parameter. The generator of the SRG flow is tradi-
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tionally taken to be
fis = [Ha, Hy] . (3.6)

The evolution of the Hamiltonian under SRG is given by

dH, dV, o
ds _ ds ([H 5, Vi), H]
= [[Ha, Vi], Ha) + [[Hy, Vi), Vi] (3.7)

By flowing to s — oo, the low and high energy sectors will be decoupled.

The similarity renormalization group has previously been used in low energy nuclear
physics to derive low energy nuclear potentials with improved convergence properties [145].
In the following sections, it will be shown how the SRG can be used to derive improved

Hamiltonians that correct for the effects of gauge field truncation.

Two Staggered Sites

Once again, the Hamiltonian in Eq. on two staggered sites (one physical site), truncated
at zero electric field will be used as an example to construct an improved Hamiltonian. The
generator of the SRG flow will be chosen to decouple states with different electric energies,
ie. H A= H g. The SRG equations can then be solved to recover an improved Hamiltonian

of the form
I:.ITSRG = A(g) (XlXQ + Y1Y2> + B(Q)leg , (3.8)

where A(g) and B(g) are constants computed numerically. Note that this Hamiltonian
takes the same form as that derived in the strong coupling expansion in Eq. except
now the coefficients multiplying the operators have been determined through SRG instead
of a perturbative expansion. The energy gap for this Hamiltonian as a function of the
coupling is shown in Fig. 3.2 Unlike the improved Hamiltonian obtained through the
strong coupling expansion, the improved Hamiltonian obtained through the SRG suffers
from no convergence issues and is able to correctly reproduce the energy gap at all values

of the coupling.

Larger Systems

As shown in the previous section, the SRG was capable of producing an improved Hamilto-
nian that correctly describes the physics of a small system. In practice, improved Hamilto-
nians will be needed for larger systems. The setup of the SRG used in the previous section

does not scale efficiently to larger lattices. This is because as the SRG evolves, the number
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Figure 3.2: Energy gaps as a function of coupling g for the improved Hamiltonian derived
with the SRG. The black dashed curve is the energy gap of the exact Hamiltonian in Eq. (3.2))
and the blue points are the energy gap of the Hamiltonian in Eq. (3.8§]).

of operators generated can be exponential in the system size. This can be mitigated through
the use of the in-medium similarity renormalization group (IMSRG) which truncates op-
erators in the SRG flow above a certain weight [146]. The cost of performing the IMSRG
scales exponentially with the size truncation. However the convergence with operator size

is also exponential due to the exponential decay of correlations in low energy states.

As an explicit example, improved Hamiltonians for the zero electric field truncation will
be derived with IMSRG. The smallest nontrivial operator size truncation is at two staggered
sites. The improved Hamiltonian derived with IMSRG at this truncation with coupling g

on L staggered sites is

E[SRG - Z A(g) (XxXa:+1 + Yxf/a:—l—l)
<L

+ B(9)ZeZpy1 . (3.9)

The accuracy of the improved Hamiltonians derived through IMSRG at this electric field
truncation can be improved by computing the IMSRG flow for larger operator size trun-
cations. In general, one would expect this method to work well when the operator size
truncation used is comparable to the correlation length of the system in question. Explic-

itly, the form of the improved Hamiltonians obtained by truncating at operators defined on
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three staggered sites takes the form
IA{B,SRG - Z Al(g) <X1Xa7+1 + ?x}}m-kl) + Bl(g)ZmZm—f—l
€T
+ Ag(g) (XxXz+2 + }A/znyrQ) + BQ (Q)ZIZ$+2 (3'10)

where A;(g), and B;(g) are constants determined from solving the SRG equations numer-
ically. Note that this takes the same form as Eq. just with the inclusion of next to
nearest neighbor hopping. The performance of the improved Hamiltonians can be improved
further by truncating the operator size at four staggered sites. The improved Hamiltonian

obtained at this truncation takes the form

Hy sRe ZZz‘h (b bm+1 +b bz+1) + B1(9) ZoZyir

+ As(g) (babl g+ Bibrs2) + Ba(9) 2o Zuso
+ As3(9) (A 413t b br+3> + B3(9)ZoZn+s
+ Ci(g) ( P +b bx+1> Z 12 23

+ Ca(g) ( 4ot b bachl) Zos1Z0s3

+ Ca(g) ( a:+1bx+3 + bH by 3) Zo o

+ C3(9) ( 2043 T blbo+ ) Zer1 Lo

+ Cu(g) ( +1b;,;+2 + bx+13x+2) Zo i3

+ C5(9) ZaZwi1 ZuvaZurs

+ D1(g) ( bib z+1bx+2bm+3 +b bx+1bz+2bm+3)
+ D2(g) ( x+1bx+2bx+3 +b bz+1bm+2bx+3)
+ Ds(g) ( bus1boiabl g +b bx+1bm+2bx+3) (3.11)

where by, = 3 (Xx + zf/x) is a qubit annihilation operator at site z and A;(g), Bi(g), Ci(g),

and D;(g) are constants determined from solving the SRG equations numerically.

To test the performance of the improved Hamiltonians derived through SRG, density
matrix renormalization group (DMRG) calculations were performed using the C++ iTensor
library [147, 148, [115) 149, 150] to obtain the vacuum state and the single baryon ground
state of the Hamiltonian in Eq. and the improved Hamiltonians described above for
lattices with up to fifteen physical sites with open boundary conditions. Fig. shows the
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Figure 3.3: Baryon mass as a function of lattice size for ¢ = 2. The black dashed curves
shows the baryon mass for the Hamiltonian in Eq. . The different solid curves corre-
spond to the baryon mass in the various improved Hamiltonians derived through the use of
IMSRG with different operator size truncations.
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IMSRG with different operator size truncations.
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mass of the baryon (difference of the energy of the single baryon state and vacuum state)
for the full Hamiltonian and the improved Hamiltonians for the zero electric field truncation
for g = 2. As this figure shows, the relative error in the baryon mass computed with the
improved Hamiltonians grows with system size and then saturates. By using improved
Hamiltonians with a larger operator size truncation in the IMSRG, the relative error in the
baryon mass can be reduced down to the percent level. The baryon mass for ¢ = 1 was
also computed and is shown in Fig. At this weaker coupling, the correlation length
is longer and the relative error in the baryon mass grows uncontrollably with the lattice
size for the improved Hamiltonian obtained by the two staggered site truncation IMSRG.
However, increasing the size of the operator truncation used in the IMSRG decreases the
error in the baryon mass to controllable levels.

In addition to studying the energy of different states on the lattice, the IMSRG flows of
operators can be computed and their expectation values can be computed using improved
Hamiltonians. As an explicit example, the SRG flow of the chromo-electric energy den-
sity was computed. The operators corresponding to the chromo-electric operators in the
improved basis are the same as those that show up in the improved Hamiltonians, just
with different coefficients. The vacuum expectation of the chromo-electric energy density is
shown in Fig. for g = 1 and g = 2. As before, increasing the size of the operator trunca-
tion in the IMSRG improves the accuracy of the improved Hamiltonians. Remarkably, even
though the improved Hamiltonians are being truncated at zero electric field, their ground

states still reproduce the electric energy density of the full untruncated theory.

3.2.4  Similarity Renormalization Group m # 0

In the previous section, IMSRG was used to derive an improved Hamiltonian that describes
the dynamics of baryons in QCD in one dimension with massless quarks. The same technique
can be used to setup improved Hamiltonians in the case of massive quarks as well.

In a theory with massive quarks, the piece of the Hamiltonian that should be used to
generate the SRG flow is the combination of the mass and electric energy terms. At the zero
electric energy truncation, the only state left after truncation is the one with matter sites
empty and anti-matter sites filled. Therefore with massive quarks, there are no dynamics at
this level of truncation. The next lowest truncation in the SRG flow depends on the relative
size of the fermion mass m and the coupling g. If %92 > m, then the next lowest lying
state in the spectrum consists of a baryon at a site. The improved Hamiltonian derived
by truncating at this level takes the same form as in the previous section except with the
addition of a mass term for the baryons. If instead %gz < m, then the next lowest lying

state in the spectrum corresponds to a quark anti-quark pair connected by a link of electric
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Figure 3.5: The expectation of the electric energy on each link for a lattice with 15 physical
sites. The black points were computed using the Hamiltonian in Eq. . The other
points were computed using the improved Hamiltonians for the zero electric field truncation
computed using SRG.
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flux. In the strong coupling limit, this corresponds to a meson at the excited link.

Denoting the trivial vacuum state by |Vac), and the state with a gg pair on link I by |I),
the Hamiltonian obtained under IMSRG flow truncating the energy at single link excitations

and the operator size at two link operators takes the form

Hsre = Eolg,m) |Vac) (Vac|
+ ) " h(g,m) (14 1) 1]+ 11) (L + 1)) + Ex(g,m) 1) (|, (3.12)
!

where Ey(g, m), E1(g,m), and h(g, m) are constants determined through numerically solving
the SRG flow. Note that this Hamiltonian has the same form as that of a single non-
relativistic particle. The Hamiltonian in Eq. can be viewed as a Hamiltonian for a
single link excitation (or meson) and can be mapped onto a second quantized Hamiltonian

to describe a system with more excited links. Explicitly, the single excitation sector of

A h(g,m A A NN
Hspo =) (92) (XZXH-I + Y1Y2+1>
!

n Eo(g,m) — E1(g,m) 5

1
2 L > (3 3)

will be identical to the Hamiltonian in Eq. . This improved Hamiltonian will also be
capable of describing states with multiple links excited as well. The description of these
states with multiple links excited can be improved by raising the truncation of states kept
after SRG flow to include states where two links are excited. By keeping these states after

the SRG flow and keeping the other truncations as before, the improved Hamiltonian given
by

N h(g,m PN A
Hspao =) (92 ) (Xle+1 + Y1Yl+1>
I

Eo(g,m) - Eg.m), (3.14)

-+ 3(97m)2l2l+1 +

will have single and two excitation sectors that match the improved Hamiltonians derived
through SRG. As a test of the performance of this improved Hamiltonian, the mass of the
meson was computed on a lattice with two physical sites for ¢ = 1 and various values of m
in Fig. Similar to the massless case, the improved Hamiltonian derived with the SRG
performs well when there is a large separation in energy scales between the states being
decoupled. Note that in principle, the same comparison can be done with larger lattices,
however the meson is in the same baryon number sector as the vacuum which complicates

the calculation of the meson mass. It is expected that this improved Hamiltonian scales to
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Meson Mass

Figure 3.6: Meson mass as a function of quark mass m for g = 1 on a lattice of 2 physical
sites (4 staggered). The black dashed curves shows the meson mass for the Hamiltonian in
Eq. (3.2). The blue curve shows the meson mass for the improved Hamiltonian in Eq. (3.14)).

larger lattices as in the massless case.

Quantum Simulation

As an example of how these improved Hamiltonians can be used for quantum simulation,
a simulation will be performed of a meson’s time evolution on three physical sites with
open boundary conditions. Using the Hamiltonian in Eq. would require a quantum
computer with 18 qubits to encode the state, and non-local interactions between the qubits
to implement the electric energy piece of the Hamiltonian. Using the improved Hamiltonian
in Eq. requires only 5 qubits to represent the state and only requires nearest neighbor
interactions on the quantum computer to perform time evolution.

Fig. shows the real time evolution of a single meson on three physical sites with
g = 1,m = 1 simulated on IBM’s Perth quantum processor [50, I5I]. A meson state was
prepared on the quantum processor by applying an X gate to the qubit assigned to the
leftmost link. Time evolution was performed using a first order Trotter formula. Explicitly,
the Hamiltonian was decomposed as H= Z?Zl H; where
& h(g ) m) (

2

H; = XleH + Yif/l+1) + s(g, m)ZlZl—H ) (3.15)

and the Trotterized time evolution operator was given by

U(At) = oiH2At  —iHyAt —iH3 At ,—iH1AL (3.16)
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Figure 3.7: Time evolution of a single meson on 3 physical sites performed on the IBM
Perth quantum processor. Each color corresponds to the probability of a different link
being excited. The solid lines show the exact time evolution. The dashed lines show a
classical simulation of the Trotterized time evolution that was implemented on the quantum
processor. The data points were obtained using self-mitigating circuits on IBM Perth.

Each individual e=#75% was decomposed into a circuit with 3 CNOT gates using standard
techniques [47, 48]. The sum over Pauli Z operators can be ignored when performing time
evolution because it commutes with the full Hamiltonian and the operators being mea-
sured. The noise in the quantum simulation was mitigated using self-mitigation combined
with Pauli twirling [152] [153], 154]. For each Trotter step, 50 circuits describing the time
evolution were used along with 50 circuits with At = 0 used to determine the strength of
the depolarizing noise channel. Each circuit was sampled 10,000 times. As Fig. shows,
the quantum hardware is able to describe the time evolution well at short times, but at long
times the hardware noise begins to dominate. However, despite the presence of hardware
noise at late times, the location of the peak of the wavepacket of the meson can still be

located at late times.

3.3 3+1D

3.3.1 3+1D Hamiltonian

Performing a quantum simulation of lattice QCD requires a choice of Hamiltonian to be
used. This choice is complicated by the phenomena of fermion doubling, where the naive
discretization of the Dirac field on the lattice in d dimensions actually describes 2¢ fermions.

Furthermore, the Nielson-Ninomiya theorem forbids the presence of chiral symmetry on the
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lattice when all doublers are removed [I55, [156]. In this work, staggered fermions will be
used. Staggered fermions work by distributing the components of the Dirac field across
different sites of the lattice. This preserves some chiral symmetry at the cost of still having
some fermion doublers remain. In lattice QCD calculations on classical computers, space
and time are both discretized leading to staggered fermions describing 4 types of fermions,
referred to as tastes in the literature. For practical calculations, these can be reduced
to a single flavor through the process of rooting [157, 158, 159 160, 16I]. In quantum
simulation, time is left continuous and only space is discretized. This changes the counting
of the number of tastes present. Explicitly, with three dimensions of space discretized and
time left continuous, staggered fermions describe two tastes. This is a feature, not a bug
for using lattice QCD to study nuclear physics as one taste can be identified as an up
quark and the other can be identified as a down quark. Therefore, we would expect lattice
QCD with a single staggered fermion on a quantum computer to describe two flavor QCD
where both quarks have the same mass. With massless quarks, this lattice regularization
should reproduce the predictions of chiral perturbation theory as the continuum limit is
approached. Explicitly, the Hamiltonian that should be used for 3 + 1 dimensional two

flavor massless lattice QCD on a quantum computer is
H=Hyg+ Hp+ Hg

2 1 ~ ~a.b ~
Hy = Z UF,Q§¢;7aU£%+ﬂ¢F+ﬂ,b+h.c.

Fvﬂvazb
N 92
[ e
l€links,c
A 1
peplaquettes

where vy, is a fermion field at site * with color a, fi is a unit vector in the Z, g, or 2
directions, 7y ; are the spin diagonalization phases, Urf: i is an SU(3) parallel transporter
between sites i and 7+ i, Ef is the SU(3) chromo-electric field on link / and [, is the
Hermitian component of the trace over color indices of the product of parallel transporters on
plaquette p. Previous work has shown that this Hamiltonian has a discrete chiral symmetry
corresponding to translation by one lattice site that is spontaneously broken and an isospin

symmetry that corresponds to diagonal translations [162] [163] [69].

3.3.2  Improved Hamiltonian

As is the case for 1D QCD, mapping the Hamiltonian in Eq. (3.17) onto qubits is chal-

lenging, especially if one wishes to perform a quantum simulation with existing hardware.
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Improved Hamiltonians can also be derived for performing quantum simulations of this
theory. Following the discussions of the previous sections, IMSRG can be applied to this
theory with a truncation in operator size. The smallest non-trivial operator size IMSRG
can be applied to is a single link and the lowest electric field truncation that can be used
is zero electric field. The resulting improved Hamiltonian on the 3 dimensional lattice will
take the same form as in the 1D case except now the hopping terms will have phases that
result from the spin diagonalization.

Explicitly, the improved Hamiltonian obtained through SRG at this truncation in oper-

ator size and electric field is
Hspa = Z A(g) (¢;¢F+:v + @HW)

+ A(g) (=)™ (Wldbryg + 0L,y r)
+ A(g)(—1)rt @;ﬂﬁﬂz + 1&%2@)
+ B(9) Z (21/1;1/177 - 1) (2¢;+ﬂ72)r”+/2 - 1) ; (3.18)

m

where 1 is a colorless fermion field at site 7 and A(g) and B(g) are numerical constants
determined through solving the SRG equations.

Note that this improved Hamiltonian only describes the QCD Hamiltonian accurately
for large coupling g. At large coupling, the = meson is massive and is integrated out of this
improved Hamiltonian. By increasing the chromo-electric field truncation of states kept
after the SRG flow, states with quark-antiquark pairs separated by a link will be included
in the low energy Hilbert space kept after truncation and will yield an improved Hamiltonian

that describes meson degrees of freedom as well.

Spectrum

The improved Hamiltonian in Eq. will describe the untruncated theory accurately in
the limit of large g. While the continuum limit of lattice QCD is in the limit of g — 0, large
couplings can be used to study the theory at finite lattice spacing. In the limit ¢ — oo,
A(g) — 0 and some qualitative features of low energy QCD are recovered. In particular, it
has been shown that in the strong coupling limit this theory has an isospin symmetry and a
spontaneously broken chiral symmetry [162] 163} [69]. In addition to the previously studied
features of this regularization, the strong coupling limit of this Hamiltonian also reproduces

the approximate SU(4) spin flavor symmetry of nuclear physics.

As an example, we will study the improved Hamiltonian in Eq. (3.18]) on a single cube.
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The fermionic fields will be mapped onto qubits using a Jordan-Wigner encoding. When
A(g) = 0, the Hamiltonian in Eq. can be rewritten in terms of Pauli matrices as

Hgpre = 9 N Zilwy (3.19)

169% <

f
The ground state is in the baryon number B = 0 sector and is a degenerate Néel state. For
the rest of this discussion, we will only consider the sector that is even under reflection across
the Z axis. The lowest lying excited states in the B = 0 sector correspond to performing
a SWAP operation on one of the links. Denoting the energy cost of flipping one link as
A= %, this set of excited states has energy 4A and there are 12 of them. These 12 states
should correspond to spin one and spin zero baryon anti-baryon pairs, i.e., pp, nn, np and

pn states.

The lowest lying energy states in the B = 1 sector correspond to flipping one site from
the Néel state on the cube. There are four corners that can be flipped in the Néel state
to end up in the B = 1 sector so there are four degenerate states with energy 3A. These
correspond to the two spin modes of the proton and neutron. Note that the proton and

neutron mass are degenerate which should be expected from isospin symmetry.

In the B = 2 sector, the lowest lying states correspond to flipping two spins in the
Néel state. This results in six degenerate states with energy 6A. These states correspond
to spin 1 pn states and spin 0 pp, pn and nn states. The fact that these states are de-
generate is reflective of spin-flavor symmetry which is approximately present in low energy
nuclear physics. The spin-flavor symmetry has been shown to emerge in the large N, limit
of QCD [I64] and is related to the minimization of entanglement in low energy nucleon
scattering [165] (166} 167, 168 169, 170]. We also see that in the strong coupling limit, the
deuteron has binding energy zero. Similar calculations can be done in the higher baryon
number sectors which also show that these sectors also demonstrate spin-flavor symmetry
and nuclei with binding energy = 0. It is also interesting to note that the nucleon-nucleon
scattering lengths are large. As a result, the pionless EFT describing nucleon scattering is
an expansion around a non-trivial fixed point where the binding energy of nuclei vanishes
as is the case in this lattice regularization [I71), 172} 173, [174].

Quantum Simulation

The Hilbert space describing the Hamiltonian in Eq. (3.18]) consists of a single fermion mode
for each site. Using the Jordan-Wigner encoding, the state of each site can be represented

with a single qubit. In this encoding, a list of fermion operators 1, 1&2, . &N are mapped
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Figure 3.8: Connectivity of the system described by the improved Hamiltonian in Eq. (3.21)).

onto qubit operators as

in= Q22 (Xn+i%) . (3.20)

2
k<n

For a local one dimensional fermionic theory, this fermion encoding leads to a Hamiltonian
that is local in qubits. However, in higher dimensions, the operators in the Hamiltonian
will include strings of Pauli Z operators that wrap around the lattice. These long range
operators are necessary to enforce the anti-commutation relations of the fermionic operators

and may make it difficult to practically scale to calculations on a large lattice.

As a demonstration of how this improved Hamiltonian works in practice, time evolution
on six vertices connected to a single vertex at the center as shown in Fig. will be
simulated. This is the smallest non-trivial subsystem of a full three dimensional lattice
that will be repeated periodically and will be useful for understanding how simulations on

a larger lattice will work. Each of the seven vertices can be mapped onto a single qubit.



103

M Exact
M 1BM Perth -

1.00

—
-—
N
A o095
1 sss\
0.90 g
0.0 0.2 04 06 08 1.0 12 14

Figure 3.9: Probability of staying in the trivial vacuum state computed on the IBM Perth
quantum processor. The solid black line shows the exact time evolution. The blue dashed
line shows the probability computed using a first order Trotter step computed on a classical
computer. The blue data points were obtained using self-mitigating circuits on IBM Perth.

The Hamiltonian describing their time evolution is given by
Hsra =Y Alg) (12)2;% + TZJJ,?Z)O)
+B(9) Y (2000 — 1) (2000 —1) (3.21)

where the 0 subscript denotes the vertex at the center and the sum is over the other ver-
tices. The quantum processor is initialized with the center qubit in the 1 state and the
remaining qubits are in the 0 state. In the staggered fermion lattice regularization, sites are
alternatively identified with matter and anti-matter degrees of freedom so this state should
correspond to the trivial vacuum. By evolving with the Hamiltonian in Eq. , it should
be possible to observe matter anti-matter fluctuations. Note that with this initial state, a
single Trotter step can be performed without having to implement CNOT gates from the
Jordan-Wigner strings. A single Trotter step was implemented on IBM Perth with the
size of the time step being varied to sample different times. Due to the connectivity of the
hardware, this circuit required 28 CNOT gates. Fig. [3.9] shows the results of performing a
single Trotter step for ¢ = 2 on IBM Perth. For small times, the quantum simulation is
able to describe the evolution of the system accurately, however beyond ¢ = 1, the error in
the single Trotter step used is large and limits the accuracy of the quantum simulation.
While the Jordan-Wigner encoding is efficient in the number of qubits used, the Hamil-

tonian generated has long range interactions which are necessary to preserve the anti-
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commutation relation of the fermions. Scaling these calculations to a larger lattice will
require making use of a more efficient fermion encoding. For example, the Bravyi-Kitaev
superfast encoding can be used to map fermions onto qubits [175]. In this encoding, a
qubit is associated with each link on the lattice and represents the parity of the number
of fermions on the link. The length of the strings of Pauli Z operators for an operator
on a link extends only to neighboring links. For a large lattice, this will limit the circuit
depth necessary to perform time evolution and potentially allow for larger calculations to

be performed.

3.4 Discussion

In this chapter, the SRG has been used to derive improved Hamiltonians that mitigate the
effects of gauge field truncation. It was demonstrated in 1+1D that the improved Hamil-
tonians derived this way outperform those derived through the strong coupling expansion
for small systems. Tensor network calculations were performed to demonstrate that these
improved Hamiltonians perform well as the system size is increased. These techniques were
also applied to 3+1D giving an improved Hamiltonian capable of describing two flavour
QCD on the lattice. Real time dynamics on small systems were simulated on IBM’s Perth
quantum processor.

Previous strategies for quantum simulation of lattice gauge theories improved accuracy
by increasing the truncation of the gauge field. This comes at the cost of needing more qubits
to represent the system and a more complicated circuit to implement the time evolution.
The improved Hamiltonians introduced in this work are capable of improving accuracy only
at the cost of requiring more complicated circuits to simulate.

Improved Hamiltonians have been derived for a single flavor of staggered fermions cou-
pled to SU(3) gauge fields truncated at low electric field. This has enabled quantum simu-
lation of systems that would otherwise be out of reach of current quantum hardware. The
same approach introduced here can be used to derive improved Hamiltonians for larger
electric field truncations and with more flavors of fermions. Future work will extend these
methods to higher spatial dimensions with larger operator truncations where the plaquette
terms will modify the SRG flow. This will enable quantum simulations of lattice gauge

theories in multiple dimensions to be performed in the near term.
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Chapter 4

EFFECTIVE QED ON A QUANTUM COMPUTER

In this chapter, we show that quantum computers can efficiently sample from the energy
eigenvalues for an approximation to quantum electrodynamics known as eQED. This for-
mulation of quantum electrodynamics is found from expanding the Feynman path integrals
that describe quantum electrodynamics to second order from which a Hamiltonian can be
derived for only the electronic and positronic degrees of freedom. We specifically provide
algorithms for simulating these dynamics in both position and momentum basis both with
and without an external vector potential. We then analyze the cost of performing such a
simulation using Trotter-Suzuki simulation methods both theoretically and numerically for
a relativistic version of the free-electron gas. The non-relativistic version of this model is
known as jellium, which not only is useful for the foundations of density functional the-
ory [I76l 177] but also has become a standard benchmark problem for quantum chemistry
simulation [I78]. Here we will present a formulation that is appropriate for eQED which we
call “rellium” in analogy to the non-relativistic jellium. While the rellium model by itself
may be considered to be a toy model from an ab initio physics simulation perspective, we
examine this model for its novel Hamiltonian terms that arise in the context of quantum
simulation algorithms, that will be present in more sophisticated relativistic many-body sys-
tems. For example, the terms present in this Hamiltonian will also be present in Hamiltonian
formulations of lattice QCD. Therefore, the quantum simulation techniques developed here
are expected to be of use in quantum simulation of lattice QCD. In addition, we discuss how
to prepare multi-reference configuration singles and doubles (MRCISD) approximations to
the ground state for eQED which is necessary because the strong correlations present in
systems where eQED is needed will often make elementary approximations such as Hartree-
Fock inaccurate. Finally, we present a simple cost estimate for simulating a gold atom using
planewaves in eQED, and context for future work involving QED and relativistic effects in

quantum simulation.

4.1 Review of eQED

Quantum electrodynamics (QED) is the quantum field theory that describes the electro-
magnetic interactions of electrons and positrons. QED is formulated in terms of a four

component fermionic spinor field, ¥,(z) that creates electrons and annihilates positrons
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and a 4-potential, A,(x), that creates and annihilates photons. It should be noted that the
interpretation of v, (x) is not the same as the interpretation of the electron field in non-
relativistic field theory. In non-relativistic field theory, applying the electron field operator
to a state simply removes a single electron, but in the relativistic case, applying ¥, (z) to
a state will create a superposition of a state with one less electron and a state with one
more positron. For this reason, 1, (x) can be interpreted as an operator that increases the
electric charge of the state by 1. For relativistic chemical physics, the primary goal is to
simulate the motion of electrons and positrons, therefore it would be convenient to have a
formulation of QED without the photon degrees of freedom. In other words, the goal of
effective QED is to derive a Hamiltonian H.ggp, such that

(@5l €m0t gy) = (] e Hewmnt |G, (4.1)

where |¢;) and |¢y) are states without free photons propagating, ‘¢~51> and ‘d; f> are the cor-
responding states with the photon field integrated out, Hggp is the full QED Hamiltonian,
and H.ggp has the photon field integrated out. The effective Hamiltonian can be derived in
the path integral formulation of QED with the Feynman gauge fixing procedure [7], giving

(pf| e HaEP! |g;) = /DAu(x)Dw(ﬂf)Dw(x)QS}(Au(ﬂﬂ), Y(@), ¥(2))$i(Au(), ¥(@), ()

exp (i [ ata (16(007#0,0(0) ~ mi(e)ite) - b 0le) ) - A @0A4,(2)) )
(4.2)

and DA, (z)Dy(z)Dy(z) is the

functional measure for the fields being integrated over. The repeated upper and lower

. _ 92 N3 92
where e is the elementary charge, O = 07 — > 7, 0z,
indices corresponds to Einstein summation convention with a spacetime metric using the

mostly negative convention (g,, = diag(1,—-1,—1,—-1)), i.e.
3 . .
atb, = ab’ — Zazbz . (4.3)
=1

The v matrices act on the Fock space that mixes the components of the particles. From
this perspective, they are akin to operations such as fermionic swaps which are widely used
in the quantum chemistry literature [I78] [I79]. The v matrices, when seen as operators

. . . T .
acting on the spinor of fermionic operators [af,ov Qg1 afg,af,g], can be represented in the
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Dirac representation as

7 =1®6s

7 =6y ® &y (4.4)
where &; are the standard Pauli matrices with ¢ = 1,2, 3 specifying a spatial direction. In
Eq. (2)), 1 (x) = ¥ (x)7°, where the summation over the spinor indices of ¥ (z) and 7° has
been suppressed. For states where the electromagnetic field is close to satisfying the classical

equations of motion, an action for eQED can be obtained by performing the integral over

A, (x) in the stationary phase approximation yielding

(dg|eemt]ds) = [ Dite) Du@) (), @)z, b))

ex (i [ ata (16(01#9,0(0) ~ mia)pte) - 30D w0) [ dy W) )
(4.5)

Therefore the action for eQED is given by

Siqep = [ d'a (i6(0)#0,0(0) ~ mi@)w(o) - 350 e) [ duiym))

(4.6)
where O~ !(x,y) is the Green’s function for [J.
O (@t §,t) = — 8t — 1 — |7 — 7 (4.7)
P |

This resulting action is not local in time, which makes it unsuitable for deriving a Hamil-
tonian for the canonical quantization formulation of quantum mechanics. If the radiation
effects are neglected (ie. the Coulomb interaction between electrons and positrons is ap-

proximated as being instantaneous), then

1

it = e
D@ A~ e

St —1t) (4.8)
In this approximation,

- - 1 ,5- 1 -
Siapp = [ d'a (i6()#0,0() ~ mi@)w(o) - 30" [y )
(4.9)
At this point, a Legendre transform can be performed to obtain a Hamiltonian for eQED

given by
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(4.10)

1
mlﬂ?ﬂ%@(ﬂ)

where V; is the typical 3-space gradient operator. Note that when working in momentum
space instead of position space, this issue of time nonlocality is avoided by obtaining the
potentials by matching Feynman diagrams at O(e?) with QED. By performing this match-
ing, the leading order corrections from the radiation effects neglected in the position space

formulation will be included in the momentum space formulation.

4.1.1 eQED for Free Electrons

The first case that we will present is the Hamiltonian for eQED for the uniform electron
gas. There are two representations that we will consider for the Hamiltonian: position
space and momentum space. Both approaches have different advantages and disadvantages
and without further knowledge, it is unclear which will prove to be superior for a given
problem without knowing the number of lattice sites in the real-space or reciprocal-space

lattice needed for the simulation.

Lattice eQED

The Hamiltonian from the previous section can be placed on a discrete cubic lattice with
ns sites and side-length L. In this discrete representation we make the identification that
P = a\/m and ¢ = aT’yOW where a is the standard dimensionless fermionic
annihilation operator, and ng is the total number of lattice sites. 1 and a obey the standard

fermionic anti-commutation relations

{¥z,%5;1 =0

T N
{wf,i’¢§,j} = ﬁéf,ﬁéi,j
{af,i7 ag,j} =0

{at’i,a@j} = (5575(5173' (4.11)

T
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where the first index labels the position on the lattice and the second index labels the spinor

component. The discretized Hamiltonian on the lattice can then be expressed as

H.gpp = Hkx + Hy, + Hy
L " 7.0
= > miaps =Y mal az
S — —
xr X

/3 1/3
eZng
— E E Gup e (ay"1ha) (Py ¥ ay) = E Gup o (aly*y"az) (al /07" ay)
n2 £ 87rL\ 7l 8nL|T — 7
TG H=0 T2 =0
(4.12)

Here we use the convention that #, ¢ and p are vectors of integers that index a particular
fermionic mode. The state of the system can be represented by using a qubit to represent
each a;ax. This will require 4ns qubits total.

A technicality emerges in choosing the correct quantization of the kinetic operator on

the lattice, Hg. In particular, if a finite difference on the lattice is used as in

+
nalve: 2/32 WxZ’Y SE J $ J (413)

where j is a unit vector pointing in the j-th direction, a correct continuum limit will not be

recovered [I55] 156]. Consider a free electron with integer valued momentum p, in units of
1/3  1/3

Ns ne
2

27/ L in one-dimension. The electron’s momentum then lies in the range [— Jwhere

the energy is given by E = \/ m?2 + D sm 2(2np/ ns ) Therefore with this kinetic Hamil-

tonian, both an electron with momentum ”;2/3 and an electron with zero momentum have
energy m. Likewise, by periodicity, at every energy there will be twice as many states
as there are in the continuum limit. This doubling of states prevents this naive choice of
Hamiltonian from correctly reproducing the physics of continuum eQED. Several solutions
to this fermion doubling problem have been developed in the study of lattice gauge theo-
ries [180) [13] 181] 182] [183] 184 185]. Omne solution, known as SLAC fermions, solves this
problem by choosing the kinetic term, Hg such that the dispersion relation agrees with the
continuum limit [I8T], 182].

1
S
2 L2 ei2mns S p(T—9) _ o o %
— _ i2mns 3 p(F—%) 1.0
Hg = Hspac = —73 > - by’ pivs = 73 > e Pl 0y piag
s zgp ’ s Sagp

(4.14)

This choice of kinetic term solves the fermion doubling at the expense of locality. The
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cost model we use for the simulation assumes all-to-all couplings between the qubits and
can perform CNOT between such pairs as well as all single qubit Clifford operations. There-
fore, the loss of locality does not represent a significant cost in this model. It should be
noted that in lattice gauge theory calculations other solutions are typically used, such as
Wilson’s kinetic operator [180], domain wall fermions [I83], and overlap fermions [184] [185].
This is because the SLAC Hamiltonian is non-local which leads to the generation of new
counterterms needed to correctly renormalize the Hamiltonian as the continuum limit is
approached [186], (187, [182]. This is not an issue for eQED as these counterterms are higher
order in e? and are relevant beyond where this effective theory is valid. Additionally, the all
to all connectivity of SLAC fermions presents practical problems when numerically comput-
ing fermion determinants in classical simulations of lattice gauge theories. As the purpose
of this chapter is to obtain a worst case estimate for the cost of quantum simulation of
relativistic fermions on the lattice, this is a feature as other formulations will likely be less

computationally costly.

Momentum Space Finite Volume eQED

The momentum space formulation of a relativistic eQED Hamiltonian without an external
potential can be viewed as a variant of a well known interacting electron model: jellium. We
will follow similar notation to Ref. [I78], where the standard non-relativistic 3 dimensional

jellium Hamiltonian is defined as the following in second quantization

k2 1 47
P,01 (p701)§(()q702) v

where the p, ¢ indices are momentum space electronic planewave orbitals, L is the length
of one dimension of the cubic simulation box, 01,09 € [1,]] are the fermion spin indices,
and k is the momentum. Here {aLyal,aqm} = 0p,g001,0, and atomic units are chosen such
that the charge on the electron e, and the electron mass me, obeys e = m, = 1 to match
the standard unit choice in the literature. In non-relativistic jellium, the planewave basis is

only defined for electronic and spin degrees of freedom

1
pulr) =\ e k= (1.16)
where ¢, (r) is a single plane wave as a function of the momentum grid point v € [-N1/3), N1/3)]3 ¢
73 and distance is denoted by r. The momentum grid is the same size for both spin-up and

spin-down planewaves.
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In order to extend the 3D jellium Hamiltonian to a relativistic framework, we use the
4-spinor solution to the Dirac equation to build a planewave basis, and use the second order
tree Feynman diagrams for eQED to compute the two particle interactions. As mentioned
above, we will refer to this relativistic jellium model as ‘rellium’. In general, the planewave
basis has the same form as above, but the total number of planewaves will be doubled, now
that positronic degrees of freedom must be considered. The general form of the rellium
Hamiltonian takes into account relativistic particle energies, and also eQED interaction
amplitudes that have pair creation (e~ — e~ e~ e™) interactions in addition to the typical
two body interactions (e”"e” — e~ e~ ). In this form charge is conserved, but not particle

number. The rellium Hamiltonian can be described in second quantization as

Hyel = Z Epa;,alapm + Z pr;;,m bp,oy

p,01 p,01

Er.o3 6P+(1—T7ff4

1 € o1 Ep.

p,016p,09 T t

+ — E a al. . Ggq,0

3 p+q—r,047'1,039,02%D,04

2L e \JEpEgErEpyqy
01,02,03,04

b > i bl bl byosb
3 p+q—r,04-1r,0374,027P,01
2L \/EPEQETEP‘HZ—?"

p7q7T
01,02,03,04

-
€r,03ptq—r,04

+ L E .01 s Al al by g.a
- - 50 50
2L p.ar \/EquErEerq—r pramroatnos oot

01,02,03,04

+ — —
64»02€P17036p—q—p1,04
1 €
P,01 T T +
+ 213 Z \/E E E. E ap*qu1704ap1703bq702ap7‘71 + h.c.
D,q,P1 pP—q=p1~pP—q—p1

01,02,03,04

-+ +
./'\/leq'%epl’”3 €p—q—p1.04
1 6;,01 bT bT 1 b h
! 217 Z \/E E.,E, E p—a-p1.04"p1,05%,020p.o1 T 1-C.
P,q,P1 pP—q=p1-—p—q—p1
01,02,03,04

—_
2L3
p7q9r
01,02,03,04

- =t
MepvcleLZ»O'QETaUSe—p—q—T,o'Al
0 al bl al bl + h.c
\/E E E.E p,01°q,027°T,03"—p—q—T,04 T
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1 _ _
+dm Z 5 <u01 (p)ug, (p)a;;al Ap.os = Voy (P)Vory (p)b;;al bp,cs

+ Uoy (_p)uaz (p)bT—p,Q Qp,os + Ugy (_p)v@ (p)aT—p,al bpﬂz) + Ans (4‘17)
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where the relativistic energy Fj is defined as Ej = \/ k2 + k; + k2 +m? where m is the
electron mass, a, b are the annihilation operators corresponding to electronic and positronic
degrees of freedom respectively, M represents the computed eQED amplitudes for the in-
teraction, and o1, 09,03,04 € [1,{] are all independent spin indices. dm is the difference
between the bare mass and the physical electron mass and A is a constant added to guarantee
that the vacuum has zero energy. It is necessary to include these terms in the Hamiltonian
to guarantee that the particles in this discretized theory have a mass equal to the electron
mass and that the correct physics is reproduced in the continuum limit. The electron and

positron operators obey the standard fermionic anti-commutation relations

{agi,ag;} =0
{al; 055} = 85401

{agi bz} =0

{bgirbg i} =0
{01025} = 0570 - (4.18)

The helicity spinors are defined by

1 0
0 1
Uy (p) =V Ep +m D2 s u?(p) =V Ep +m Pe—ipy |
Ep+m Ep+m
pm+ipy —Pz
Ep+m Ep+m
Pz —1Py Pz
Ep+m Ep+m
—Pz pw‘f’ipy
vi(p) = /By +m Epg”” , v2(p) = /By +m E"1+m (4.19)
1 0

and are used in the construction of M. The details of the amplitudes M are discussed in
detail in Appendix[4.1] The state of the system can be represented on a quantum computer
by using a qubit to represent the value of each a;gapﬂ and each b,t,[,bw. Thus the total
number of qubits required to encode the state of the fermionic field here is 4ng, in exact
agreement with the number required in position space (despite the fact that in momentum

basis we explicitly divide the field into a fermionic and anti-fermionic subsystem).
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4.1.2  eQED with an External Potential

In the continuum, when eQED is done in the presence of an external vector potential A*(x),

an additional term

Heat = —¢ | iz ()45 @) (4.20)

must be added to the Hamiltonian. This vector potential term is more general than the
Coulomb term commonly used for external potentials in chemistry applications. In part,
this is because it applies to general external electric potentials but also because this term
includes the vector potential needed to describe interactions with external magnetic fields

as well.

Since quantum computer simulations necessarily require discretized wave functions, it is
necessary to consider discretizations of Eq. (4.20]). The two natural approaches to discretize
the system in a lattice are in position and momentum representations. In the position

representation, the integral of the external potential can be discretized as a finite sum via
HL,ext _67 Z %7“%1‘161 (4‘21)

The momentum space representation can be found from the position space representation
by applying the Fourier transform to the field operators. This approach is analogous to the
fermionic Fourier transform used in quantum chemistry simulations [I88), [178]; however, here
the transform needs to be performed over all four components of the field. The transform

of the vector potential operator is given by

31; . ~
A (z) = / (;lﬂ)gelmAzz(p), (4.22)

This term takes the form

d3pd3 7 Aex
Hepr = —e Z /2 (u@ ()Y g, (p)a;@ap,glAu (p—q)

01,02

+ Ty (@)1 Ve, (P) ) 5,b) 0y ASH(—p — q)

+ U0 ()71, (P)bg.020p., AfY (P + @)

(4.23)

+ Ty ()70, (P)bg,00}, 5, Ay (4 — p))

in momentum space.

In the discretized momentum space simulation, the external potential term takes the
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form of

T Aex

p,ezt —€ Z Z =73 (uaz ’Y Uy (p)aq,UQap,Ul AM (p - Q)
01,02 P,q 2 E E L

+ oy ()7 00, ()b 5,0} 0, AT (=0 — @)

+ Vo (@)Yt (p)bq,02 ap,oq A/ef (r+4q) (4.24)

+ Vo (@)1 00, (P )bq,oz b;: a1 Azx (q— p)) ‘

With these additional definitions, we now have a general form of the eQED Hamiltonian

that we can use for cost analysis.

4.2 Trotter-Suzuki Simulations of eQED

There are many techniques that have been proposed thus far for simulating quantum dy-
namics. The first approach proposed for quantum simulation involves the use of Trotter-
Suzuki formulas to compile quantum dynamics into a discrete sequence of gate opera-
tions [42, [43], 44, 46] [45]. These approaches are space optimal and can take advantage
of properties such as locality and commutation relations that qubitization cannot. For sim-
ulations of the free electron gas, known as jellium, recent work has shown that the scaling
of the time complexity of Trotter-Suzuki simulation methods and qubitization are nearly

equal. For this reason, we focus on Trotter-Suzuki simulations.

Trotter-Suzuki simulations can be viewed as a method for compiling the unitary matrix
e~ as a sequence of unitary gates, U, such that |[e~#* — U|| < §, where the notation || - ||
refers to the spectral norm, and § is a chosen error threshold. If H = Zj Hj for a set of
iH;0

local Hamiltonians Hj, such that e~ can be efficiently compiled as a quantum circuit

via

m 1
[T 2| | [[e ™| =™ +0 (mka%( |[H;, [Hk,Hg]]Ht3> (4.25)

vy

then this approximation can effectively compile e “*#* into a sequence of unitary operations.
Here, O(:) refers to the standard big-O notation denoting an upper bound in the asymp-
totic limit. Additionally, 6(), O(-) denotes the asymptotic upper bound with suppressed
poly-logarithmic terms, and the asymptotic tight bound respectively used throughout this

manuscript. Since each Hj is assumed to be implementable using a polynomial-sized circuit,
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this approximation effectively compiles e~** into a sequence of unitary operations. Higher-
order variants of the Trotter-Suzuki approximation can be constructed from the symmetric

Trotter formula Uy via [189, 190]

Usia(t) := Ugy(s2t) Usi (1 — Asop )t) Usy, (saxt)

=e M40 ( max  ([|[Hjy, [ - [Horr2, Hopys] - -]]H)t2k+3) ; 20

J15--+3J2k+3

where sop = (4 — 41/F+1)=1 " Such high-order Trotter-Suzuki formulas are not always
superior to their lower-order brethren. This is because the number of exponentials in Uy (t)
is in ©(5%m) and hence tradeoffs between the exponential improvements to accuracy yielded
increasing k£ and the exponentially increasing costs of doing so must be made. Further, as
the error in the Trotter-Suzuki approximation depends on the commutators between the
Hamiltonian terms, the cost of such simulations can be better than these upper bounds
suggest [191], 192} [190].

Thus in order to construct the operation Uy(t), for some integer value of k, we need to
develop circuits for implementing each of the terms in the decomposition separately. That
is to say we need to take each Hamiltonian term present in the Hamiltonian and convert
them to easily simulatable Hamiltonians before using the Trotter-Suzuki approximation to
compile it to a sequence of operations that can be run on a quantum computer.

The individual H; in our representation will, similar to chemistry, be expressable as
Pauli operators through the use of a Jordan-Wigner transformation. Such a transformation

yields the following transformation for the fermionic creation operator al via

X —iY), Zn,
ooy e @rca )

(4.27)

for some arbitrary canonical ordering of the site labels. Note that it may be tempting
to make this assignment to the field operators ' and ¢ but we cannot do so directly
since the field operators are dimensionful. For this reason, we discuss in the following
the dimensionless fermionic operators a, and will use these operators interchangeably with
their anti-particle counterparts, b,. Other fermionic representations are possible, such as
the Bravyi-Kitaev encoding [193], but here we use Jordan-Wigner for its simplicity.

One technicality that needs to be considered with the Jordan-Wigner encoding is that
the pattern of Pauli-Z operations depends on the lexigraphical ordering of the site labels.
In one-dimension, such orderings are straightforward, but in higher dimensions there are a
multitude of natural lexigraphical orderings of the sites (orbitals) that can be chosen.

Here we focus on a simplified cost model for the simulation wherein non-Clifford opera-

tions constitute the majority of the cost. Specifically, we assume our quantum computer has
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all-to-all couplings between the qubits and can perform CNOT between such pairs as well
as all single qubit Clifford operations (which can be formed from products of the Hadamard
gate H and the phase gate S = v/Z). We also assume that the T = /S gate can be applied
to each quantum bit. Further we assume that all Clifford operations can be implemented
without cost and only T-gates are costly. This further motivates why we choose Jordan-
Wigner representation for our problem because the additional gates needed to enforce the
correct signs from the lexigraphical ordering are all Clifford operations, which we take to
be without cost. Thus, within our cost model, the choice of the ordering of the labels of the
sites will prove to be irrelevant.

With the Jordan-Wigner transformation in place we have all we need to compile the
circuit from the Trotter-Suzuki simulation Ug(t) into a sequence of gates that can be
executed on a quantum computer. Below, we discuss ways that exponentials of the one-
and two-body terms in the Hamiltonian can be compiled into a gateset involving Clifford
gates and single qubit rotations. We will discuss later what translations need to be done to

convert the single qubit rotations into circuits involving H and T.

4.2.1  Quantum Circuit for the one-body operators

The free piece of the eQED Hamiltonian consists of a sum over terms of the form w},@bq,
however the representation of these terms can vary depending on whether we are interested
in the position or momentum basis. In the momentum basis formulation, all terms take the
form a:r,,pa(,,p and bl,pb&p, which acts only on a single qubit register and is trivial to simulate.
Therefore, evolving according to the free Hamiltonian in the momentum basis requires 4n
single qubit gates. In the position space lattice formulation, the free Hamiltonian terms can
take one of two more additional forms: a;ay +a;f,ax and i(alay - aLax). These operators can
then be converted into Pauli operators using the Jordan-Wigner transformation. Assuming
without loss of generality that in the canonical ordering we choose x < y, the Jordan-Wigner

representation of these terms takes the form

JW
L. a;ay + azax — Xy(®m<n<y Zn)Xs + Yy<®x<n<y Zn)Ys

. JW
2. 4( jI»‘C‘y - aLax) = Xy(@rcney Zn)Ye — Yy(Qrcney Zn) Xa

While Case 1 appears in standard constructions for quantum circuits for simulating chem-
istry [194], Case 2 does not typically arise in existing quantum circuit constructions and
so we provide optimized networks for implementing it, shown in Figure An optimized

circuit for the one-body operations in Case 1 is given in Figure
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Figure 4.1: Circuit used to implement (X (®zcncy Zn)OXatYy (@rcnay Zn)OVz)

for y = + 2.
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Figure 4.2: Circuit used to implement (X (®zcncy Zn) Y Yy (®ucncy Zn)®Xe)

for y = x + 2.

There are 2ns(4ns — 1) couplings of this form in the Hamiltonian. Therefore, Trotter

simulation of the free Hamiltonian requires
Nyot = 20ns(4ns — 1) (4.28)

single qubit Z-rotations. The focus of this chapter is on fault-tolerant quantum simulation
and so the cost of simulation is dominated by the number of non-Clifford operations needed
to implement the rotations. Other cost models may not assume Clifford operations can
be implemented without cost and the number of CNOT gates required may be of interest.
Ignoring the Jordan-Wigner strings, 8ns(4ns — 1) CNOTs are needed per step. The Jordan-

Wigner strings require

Ang—1n—1 Ing—1
S S 16
4 k=2 nn—1) = —ns(2ns — 1)(4ns — 1 4.29
n§:o go ;:0 (n—1) = Zns( ) ) (4.29)

CNOT gates. Therefore a single Trotter step requires 3n,(16n? — 1) CNOT gates for the
free Hamiltonian. However, the number of CNOT operations can be reduced to O(n2) using

fermionic swap networks [178], [195] [179].
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4.2.2  Interaction Circuits

As shown in the previous section, the eQED Hamiltonian potential is a sum of a 2 — 2 term
that takes the same form as the non-relativistic case, and a new 1 — 3 term. New circuits

will be required to simulate this 1 — 3 term which takes the form > hy j,k,l7ma;a2a}am+

Ji>k>lm
h.c.. Using the Jordan-Wigner encoding, a;ala;am can take 4 different forms depending
on value of m. For each case below, it is assumed that for all other sites greater than the
highest site index and smaller than the lowest index, the local jth operator is simply the
identity matrix I;.

Case 1. m < 1

P

;00 Gy =
. j—1 . k—1 . -1 .
(X —iY); ’ (X —iY ), (X —iY), (X +iY )
—f@) ®Zn ®f® ®In ®#® ® Zn ®f
n=k+1 n=I[+1 n=m+1
(4.30)
Case 2. me[l+1,k—1]
a}azamaj =
. j—1 . k—1 . m—1 .
(X —iY); ’ (X —iY ) (X +1Y)p, (X —iY),
n=k+1 n=m-+1 n=l+1
(4.31)
Case 3. mek+1,5—1]
a;f»ama;rcazf =
. j—1 . m—1 . k—1 .
(X —iY); y (X +iY)m (X —iY)y, (X —iY),
T © & Zn o ® & I g ® & 2 Py
n=m+1 n=k+1 n=Il+1
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Case 4. m > j

ama; aZaZr =

(X4 i) &)IZ ®(XiY)j<(]§I>®—(X—iY)k®<(§Z)@—(X—iY)l
2 " 2 " 2 "

n=j+1

Suppressing the chains of Z’s and identities, the contribution to the Hamiltonian takes
the following forms
Case 1.

vty
16

H = (XXXX+XXYY+XY XY - XYY X+Y XXY-YXYX-YYXX-YYYY)

hy — hi
i IV XX XY —XXYX—XYXX-YXXX-XYYY-YXYY-YYXY+YYYX)

16
(4.34)

Case 2.

_ v thy
16

H (XXXX+XXYY-XYXY-YXXY+Y XY X-YYXX+XYYX-YYYY)

Ty — B

+1 16 (- XYYY-YXYY4+YYXY-YYYX-YVXXX-XYXX+XXYX-XXXY)

(4.35)

Case 3.

vty
16

H = (XXXX-XXYY+XYXY-YXXY-YXYX+YYXX+XYYX-YYYY)

hy — hi
iV XX XY - X XY X+ XY XX -V XXX-XYYY+YXYY-YYXY-YYYX)

16
(4.36)

Case 4.

_ hy +h}
16

H (XXXX-XXYY-XYXY4+YXXY-XYYX+YXYX+YYXX-YYYY)
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hy — Y,

+1 16 (XYYY-YXYY-YYXY-YYYX-XXXY-XXYX-XYXX4+YXXX).

(4.37)

Additionally, the eQED Hamiltonian also contains 4 creation/annhilation terms when

expressed in the planewave basis. The Jordan Wigner representation of these terms is

a} ala; al,

. Jj—1 . k—1 . -1 .
D (8 a0 00 () a)o U5 () )0 ot

n=m-+1

(4.38)

_fhwvthy

H
16

(XXXX-XXYY-XYXY-YXXY-XYYX-YXYX-YYXX+YYYY)
—|—ihvl_6h;(XYYY+YXYY+YYXY+YYYX—XXXY—XXYX—XYXX—YXXX).
(4.39)

From these equations, it can be seen that each term contains every possible tensor
product of 4 X’s and Y’s. In a naive Trotterization simulation, each term would be treated
separately. However, this is suboptimal because all terms with an even number of X’s and
Y’s commute and all terms with an odd number of X’s and Y’s commute. Previous work
has introduced a circuit to simulate all terms with an even number of X’s and Y’s. It
will be shown here that the same techniques can be adapted for the odd case as well. A
Hamiltonian that contains all terms with odd numbers of X’s and Y’s can be efficiently

simulated by using a circuit that will simultaneously diagonalize all terms.

—r—154]

VAR
N\

Figure 4.3: Circuit G used to diagonalize all tensor products of an odd number of X’s and
Y’s.

The circuit G can be used to implement time evolution according to a Hamiltonian made

out of a sum over the odd tensor products. For example, take

H=XXXY-XXYX-XYXX-YXXX-XYYY-YXYY-YYXY+YYYX. (4.40)
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Figure 4.4: Implementation of e

Then using the results in Appendix we see that
H=G(ZZZZ — ZZZ1 — ZZ11 — Z111 + ZZ1Z + Z11Z + Z1Z7 — Z1Z1)G'  (4.41)

and the resulting circuit in Fig. can be used to implement e’“?. From Fig. it can
be seen that single term in the interaction Hamiltonian requires 12 single qubit gates to
implement, and 16 CNOT gates in addition to however many CNOT gates are needed to
implement the Jordan-Wigner strings. In the position space formulation, there are at most

25612 terms and in the momentum space formulation there are at most 8192n2 terms.

4.3 Cost Estimates for eQED Simulation

The aim of this section is to provide preliminary cost estimates for simulating effective
quantum electrodynamics on quantum computers using Trotter-Suzuki approximations and
also provide a comparison to the asymptotic scaling expected from a naive application of
qubitization. All such cost estimates are performed within a computational model wherein
Clifford gates are free but non-Clifford gates (specifically the T-gate) are not free. We will
consider the cost of simulations both for lattice eQED (position space) or momentum space
eQED.

4.3.1 Cost Estimates for Lattice eQED

Estimating the trotterization error for eQED requires the computation of nested commuta-
tors of terms in the Hamiltonian [196, 190]. The Hamiltonian for eQED in position space
is given by

H = Hgpac + Hy + Hing + HE eqt (4.42)

where

L3 -
Hy, = nis Zm%% = Zmajgfyoaa?
z z
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Z,9,p Ty e

2
e
Hiny = Z Z e 87TL| 7 (a T’YO’VMGQ‘:‘)( agy 'yuay Z Vmﬂyl/ ) I; af,,u’azjyag‘,u’a

T#Y p=0 TAY
(4.43)

here we have taken the convention that & and i are 4-vectors of integers and that the indices

1, v specify one of the components of the 4-vector.

Theorem 1. Let H be the Hamiltonian of Eq. (4.42) with ng > 8 sites in the cubic lattice

with side-length L and external vector potential operator A*(x) and let

4/3
A := max (m—i—emaxHA“( |, ¢ ”S ”L ) . (4.44)

Finally let 1) be an eigenstate of H such that H [¢) = E|¢). The number of T-gates, N,

needed to estimate E within error € and constant failure probability less than 1/3 obeys

2\ 14o(1)
Nt € (Ans> .

€

Proof. In order to estimate the error in the Trotter-Suzuki approximation, we need to
evaluate the commutators between all these terms. A first step towards this is to estimate

the commutators between the individual terms involved.

In order to evaluate the commutator terms involving Hgrac we need to estimate the
magnitude of these terms. As seen above, this involves estimating an oscillating sum. This
expression is symmetric with respect to exchange of x, y, z axis labels and so we will proceed
by bounding the coefficient for £ =1 (i.e. the x component of the momentum. Further, let

—

A = Z — 3/, and pi be the kth component of vector p.
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T = 217T > m (eizmslﬁ‘&)

Z,y 1

3

TZSL D

1/3 1/3
2 ”Zs/ [? ~1/3 nz/ [? ~1/3
— T plel27rn5 p1A1 62271’715 (p2A2+p3A3)

3

ns L pri=—nt/3/2+41 p2.p3=—ni/? /241

(4.45)

Next let us assume Ay > 0 and Az > 0. In this case we have from the formula for the sum

of a geometric series that under these circumstances

ni/3/2
S e mtn)| Z 4 oy ), (4.46)

pa=—n?j2+1
Similarly, if Ay = 0 then

n;/3/2
3 oi2mns 2 (p22r) = nl/3. (4.47)

pa=—ny/%/241

We then have that, for n;/g > 2

1/3 1/3
2 ns /2 . -1/3 ns /2 . -1/3
‘Tj(*,lg}l)’ < Z plez%ns P1Ay Z ei2mns 7 (p2A2+p3Asz)
3 .
ns Lo\, —n13 04 pa.ps=—ni'? /241
ny/%/2 ny/%/2
< 2; Z 1] Z eizmgl/g(mAﬁm&)
nsL pi=—ni/?/241 p2.p3=—ns® /241
1 n§/3/2
€0 I Z Ip1[(1 + 5A2,0n;/3)(1 + 6A370n;/3)
i L\
1 (n? 1/3 1/3
co 1 92 9 +1)(1+ 5A2,0n5/ )(1+ 5A370ns/ )
nd L
L1/3
=¢ ( 2 (1+ 5A270n§/3)(1 + 5A3,0n;/3)> (4‘48)
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By symmetry, the exact same bound holds by permuting the labels of the indices,
(00 nl/S
, s
’Tf,)gjx €0 ( L (1+ 5Ax+1 mod 3+170ni/3)(1 + 5Ax+2 mod 3+170n;/3)> (4.49)

The exact same argument can be applied to find a similar expression for |T§%Z£)| for £ # x.
Specifically, it can be shown that for each y, ¢ there exist f,g € {1,2,3} such that

1/3

yTg;ﬁ\ €0 (”2(1 +0a,,0n ) (1 + 5Ag,on;/3)> (4.50)

Next it is straightforward to see that for each of the ng terms in H,,, their coefficients
are at most m. The situation for Hj, is a little more complicated since the coefficients
for a given term vary with the distance between & and 3. It is useful for us to envision a
probability distribution over the possible coefficients that emerge in the expansion. Let V' be
a random variable drawn from a uniform distribution over upper bounds on the coefficients
of T. It follows from the above discussion that there exist constants x; and ko such that
the distribution on the upper bounds on the coefficients for the creation operators in the

potential term obeys

P(V < (me?/L)) €0(1), P <V > (@e2n;/3/L)) € O(1/ny). (4.51)

Thus we have that the expectation value of V satisfies

E(V)eO <€;> (4.52)

Similarly, from the previous discussion it follows that if we define W to be a random

variable found by sampling T(Xyig) we find that there exist constants K;, Ko, K3, K4 such

f?

that the sampled upper bound on the coefficients reads

1
Kind
plw< |22 c0(1),
2/3 2/3
p (W c K2Zs 7 KSZS > c O(l/n;/:g), (453)

P (W > <K4Ln>> € O(1/n2/3)
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Hence the expectation value of W satisfies

1/3
E(W) € O <"L ) . (4.54)

Thus since W > 0 we have from Chebyshev’s inequality that for any constant § > 0,
P(W > 0E(W)) € O(1/5). Thus from the union bound for independent and identically
distributed variables W1, ..., Wy, P(Wy---Wx > SE(W)Y) € O(N/§). Therefore taking
§ € O(nN) for some constant A\ > 0 yields P(Wy--- Wy > (n2E(W)N) € O(Nn; V).
Thus because W € O(ns/L) for all inputs,

wN e NE(W)N+O), (4.55)

The exact same reasoning implies that V1V is similarly bounded.

Now let us consider all commutators consisting of V,,, mass terms, N.,; external potential
terms, Nr kinetic terms and Ny two-body interaction terms. Each such commutator is
a Lie-product between even monomials of creation and annihilation operators of degree
at most 4. Each commutator at most doubles the number of terms in the polynomial
and increases the degree of each monomial by at most 4. For example, we have that
it ¢, PsyPss¥s, 1s @ monomial taken from the set ¢ € {a‘i,al, .. .,al;s,ans, 1} that for any
polynomial in the creation and annihilation operators of degree d, P, which can be expressed
as P = Zj CjPo;s *** Po; 4 We have that

[¢S1 Ps2Ps3 Psas P] = Z Cj [(bsl P3Pz Psas ¢ij,1 T (Z)Uj,d}
J

4.56
= Z Cj[Ps) Psy sy Bsas Pory 1 - '¢C’ivd] ( )

]{¢s} ﬂ{d’om m¢"j,d}g{®’l}

Therefore there exists a polynomial ) of degree at most d + 4 in the elements of ¢ and a

sequence Xy ; such that

Q= Ybs1) bs(ars) = [bs Gsrbssbssr P, (4.57)
0

where max(||) = max(|¢j|) and {e} < 2{c¢j - {ds} (W oy, -+~ b0y} Z {0, 13} < 2[{c;}]

If we consider an initial term Py to be of the form ¢y, ¢¢, ¢r, @1, then it is easy to validate that

for any ¢s, s, GssGsys (Ot Oty Pt Prys Chsy PsyPssPs,] 1S at most an eighth-order polynomial
with coefficients at most ¢. Therefore we have by induction that for any sequence y
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H [¢X1,£¢X2,2¢X3,4¢X4,z’ [ ) [¢X1,2¢X2,2¢X3,2¢X4,2a ¢X1,1 ¢X2,1 ¢X3,1 ¢X4,1] o H H < 25 mjax ”(bj HM = 2€
(4.58)
By setting ¢ = N,;, + Next + N1 + Ny, it therefore follows that the expectation value over
indices 7, 7/, the norm of the commutators of such terms is with constant probability greater
than 2/3, from the triangle inequality, Eq. and the sub-multiplicative property of the

operator norm, in

O(2'(|Hn + Hrean| Vet (Np Ny ) (E(V) MTE(W)MV)

C 2Nm+Nemt+NT+NVNTNV(m + emax |‘Aez(x)||)Nm+Nemt(maX(K/l? 52)62/L)NT+O(1)
xT

x (max(K71, K, K3, K4)/(n;/3L))NV+O(1))

C gNm+Nezt+Nr+Ny (m + emax HAew(x)H)Nm-&-Nexz (max(k1, K2)62/L)NT+O(1)
X

x (max(K1, Ko, K3, K4)/(n}/3L0))Nv+01) (4.59)

The maximum number of non-zero commutators that can arise in the commutator series
can be bounded using the following argument. Let us consider the simplest non-trivial com-
mutator which is of the form [aLay, aLaU]. There are clearly O(n?%) possible combinations.

However, unless the sets {z,y} and {u,v} have a non-empty intersection the commutator

3

3) rather than O(n?%) possible non-zero commuta-

is zero. Therefore there are actually O(n
tors of this form. Iterating this, it is clear that there are O(n?) non-zero commutators of
the form [alau, [alay, aLav]]. In general it follows by induction that for the k-fold nested

commutator (if k¥ € O(1)) that there are at most n!** such terms.

The situation is even more constrained with terms that arise from the external potential
as well as the mass. Such terms consist of creation and annihilation operators that only
act on one fermion site (and 4 potential components). Therefore for each such term intro-
duced the site must match one of the other terms in the commutator product otherwise
the commutator will be zero. Thus the number of non-zero commutators in a k-fold nested

commutator series, where k£ € O(1), is also in O(1).

Thus combining these two observations we see that the total number of non-zero com-

mutators that can be formed from a general product is in
O(nttNv+ir), (4.60)

Thus the sum over all terms formed by these commutators is simply the number of com-

mutators multiplied by the expectation value of the coefficients. We can use the expression
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in Eq. (4.59) to estimate the sum over all commutators by simply multiplying the mean by
the number of commutator terms in (4.60)). This yields

0 [ . gNm+ Newet Nr 4+, (m + emax HAex(x”')NerNm <e2n8>NT+o(1) <n;1/3>Nv+O(1)
T L L
(4.61)
Next let A := max (m + emaxg || A% (z)|], GQL"S, ”22/3) The sum of over all commutators
with N,, + Next + N7 + N, = £ is then in
ng A OO (4.62)

Therefore the size of any commutator that arises from the expansion of the error in the

Trotter-Suzuki formula, using time-step ¢, is in
ns(At)fe9® (4.63)

It then follows from Theorem 6 of [I90] that the Trotter-Suzuki error for a p" order formula

is therefore in
Azs(p) € ng(At)PTe0®), (4.64)

Thus we can choose t such that the error, Arg is at most epg for

1 [ eps \ V@D

Next note that each product formula of order p consists of a product of 572~ second-
order Trotter formulas. Each such product formula is composed of O(n?) exponentials.

Therefore we have that the number of exponentials in the product formula is [44]
No = O (n257/271) . (4.66)

Next let Urg(t) be the Trotter-Suzuki formula for e=*#*. If we apply phase estimation to
Urs(t) the eigenvalues returned are, with high probability, those of Ht. Therefore if we
wish to estimate the eigenvalues of H within error O(erg) the phase estimation protocol
requires O(1/(eTst)) repetitions. We choose the error in the phase estimation protocol to be
in ©(erg) because we want to ensure that epg +erg < € where € is our total error tolerance.

This can be attained by choosing epr € ©O(ers) as we do here.

The cost of performing phase estimation and estimating the energy within error ¢ =
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O(epst) and probability of failure § < 1/3 is in

Nexp n§+1/(P+1)A1+0(1)5p/2
0] <6Tst> co ( Engl/(pH) . (4.67)

In practice, however, we only guarantee that ||e~#* — Upg(t)|| < ers and need to ensure
that the errors in the eigenvalues of the unitaries are comparable. The necessary result
follows from Theorem 6.3.2 of [197] and using this result and the fact that unitary matrices
are unitarily diagonalizable that if \,(-) is the 2'" eigenvalue of a matrix then for any z

there exists a y such that
Ae(e™ ) = Ay (Urs ()] < [le™ = Urs(t)]| < ers - (4.68)

Next, choosing the error from this step such that erg € O(€) we then have after optimizing

over the value of p as per [44] the number of exponentials needed for the simulation is in

Nexp A1+o(1)n§+o(1)
- . .
o(%e) e (S (169
Gate complexity estimates then easily follow from Eq. (4.69). The exponential that
requires the most T-gates to simulate is given in Fig. It consists of 8 Pauli operations.

From Box 4.1 of Nielsen and Chuang [54], it suffices to synthesize each rotation within error
€/Nexp. Using an optimal synthesis method, such as [198] 199] this can be achieved using
O(log(Nexp/€)) T-gates. Therefore the number of T-gates needed for the simulation is in

2 1+0(1)
Nr € <A”> : (4.70)

€
O

A key assumption in eQED is that the mass energy of the electrons dominates the mo-
mentum contributions. This is necessary because the derivation of eQED truncates the
path integral expansion of the propagator at second order. The case that most closely re-
sembles the canonical case in the electronic structure literature is where ni/ 3 /L <m <K
ni/? /L [178, 200} 201]. In this non-relativistic case considered in the electronic structure
literature, the mass energy of the electron is not included and so the Trotter error is domi-
nated by the momentum of the terms in the Hamiltonian and the number of T" gates needed
for the simulation scales as Np € (nio/ 3 /Le)t o) If we consider the thermodynamic limit
where L € @(ni/s), we then have that Ny € (n3/e)'t°(). This result is comparable to

some of the earlier results for simulations of electronic structure in local-bases [I7§], but
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does not precisely match these bounds because of the use of the SLAC kinetic operator,
which is much less local than the corresponding kinetic operator used in planewave-dual
simulations [178, [190].

4.3.2  Cost Estimates for Momentum Basis Simulations using Trotter

The calculation of the norm of the nested commutators for the momentum space Hamilto-
nian are needed to estimate the Trotterization error for the momentum space simulation.
Fortunately, these nested commutators are much easier to evaluate than their position space
brethren because of the lack of summation over auxiliary indices in the definition of the in-

teraction and constraint terms in the Hamiltonian.

Theorem 2. Let H,, be the momentum space effective QED Hamiltonian of Eq. and
Eq. in three spatial dimensions in a cavity of volume L® with electrons of mass m
and charge e € O(1) and external vector potential A" such that for any momentum mode
within the reciprocal lattice, |E, — m| € o(1). Then, there exists a quantum algorithm that
when provided a state |v) such that Hy|)) = E|¢), the energy value E can be estimated

within error € for any € > 0 and failure probability at most 1/3 using a number of T-gates

A, 14o(1)
(=)

where Ay = O (ns (nms + 62% + e|Ae"”|)) .

Proof. The Hamiltonian is the sum of three terms, the kinetic energy term, the electron-

that is in

electron interaction term and the external potential term. First let us consider the kinetic

term, which is trivial in a momentum basis

H= Z C"v’/(ajﬁua’d»l’ + b;uba,u) (4.71)

o,V

4 2
Cpy =By = |m2 + %W € O(m) (4.72)

The two-body interactions are much more complicated in momentum representation.

where

For example, the fermion-fermion interaction can be written as

2 T
Z € DP:Q»Tvo'l»027037U4a(p+q—r)7g4a7t,0'3aQ702ap7017 (4.73)
P,q,1,01,02,03,04
where M ™
|D | < €0 <> . (4.74)
p,q,7,01,02,03,04| — 3 3.9
AL3\/Epq—+E-ELE, L3m
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Here for convenience we take M an upper bound on the values of the coefficients in Eq. ,
, , and . By doing so we make the result of (4.74]) hold for all the two body

interactions in the problem. First, we see that (in units where e = 1)

MeO (M (man{Huj(mn‘*, o )11} ))

pa \|(Bp — B~z 17— 0P
(Ep +m)? (4.75)
co (max < . P -
p o \ming [(E, — Eg)? — [p'— q1?/L?|
cCoO (m2L2)
Therefore,
1
| Dp.q.r01.02,.05,04] €O <L) : (4.76)

The exact same scaling holds by inspection for every two body term in the momentum space

Hamiltonian.

The external potential (in momentum space) is given by Eq. (4.24). The Hamiltonian

in this case can be chosen (in units where e = 1) to be

Hp,emt = Z Eal,ag,p,qa;r;aq (477)
01,02,p,4
where
By onpal €O (maxp ]u,,\%max\A”\) co <maxp(Ep —i—m)emax[A”]) C O(eA%)).
m m
(4.78)

Next let us consider a Lie-Polynomial of kinetic, mass, interaction and external poten-
tial terms consisting of Ny, Next, N7, Ny mass, external potential, kinetic and two-body
interaction terms. As noted above, the indices for each mass term must match the indices
of existing terms in the polynomial; whereas all other terms must match at least one term.

Therefore the total number of valid commutators that can be present is in
O(nlttNext2Nv) (4.79)

Next, let us assume that Neyt + Ny + Ny = £. We can then see that the sum of all nested

commutators of order ¢ is in
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¢ Np N Newt. 14+ Negt 2Ny
O | 2 (max|Cop| ™" max | Dpgrorososenl™ + Max [Epgoral o ng e )
, p,q,T »4,01,
01,02,03,04

(max,.,, |Co /1| ) Nr

s

Nezt
cCoO (2715)@ max (62’Dp7q7r701’02703704‘)N“ ns max |Ep, gz 0]
P4, P.q,01,02

01,02,03,04

(4.80)
Next if we let
maxgy |Cop /s 2
Ap :=max JVnSUV d ) g};ﬁf € ’DP7Q7T70170'270'37U4 y Ns p&ﬁ’f@ |Ep,q,a1,az‘
01,02,03,04
2
€0 <ns <m + 655 + emax|A€x|>> (4.81)
S

We then have from Theorem 6 of [I90] that the error in the p*"-order Trotter-Suzuki formula

1S
Ars(p) € ng(Apt)PHtel®)., (4.82)

Thus if we wish to have Apg(p) < erg then it suffices to choose

1 [epg) /@D
te® (Ap ( . ) (4.83)

We can then invoke Eq. (4.68) to show that this corresponds to a systematic error of at

most e in the eigenvalues of e " that arises from the Trotter-Suzuki approximation. Let

us define the correct eigenphase that we would see from phase estimation to be Et and the
approximate phase ETgt. This means we can use phase estimation on the Trotter-Suzuki
approximation to learn the eigenphase ETgt within error ergt and probability of failure less
than 1/3 using O(1/erst) applications of the Trotter-Suzuki formula [202]. Thus the total
number of operator exponentials that need to be invoked in the simulation in order to learn
the Et within error O(epgt) is in

Nexp n§+1/(p+1)Ap5p/2
© <6T5t> co ( L1/ (1) ’ (4.84)
TS
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Provided that ¢(||H|| + ers) < 7, we can unambiguously infer £ from this result by taking

Bt

E ==
t

+ O(ers), (4.85)

which implies that this estimate also suffices to provide E within error O(epg) with proba-
bility at least 2/3.

The final step involves following the reasoning laid out in [44} [190] to choose p to minimize
the number of operator exponentials needed to achieve error € > erg. This corresponds to
taking p € O(y/log(nst/e€)), which when substituted into Eq. leads to a number of
operator exponentials that scales as (LEA")HO(D, where (-)°1) is used to refer to factors
that are at most sub-polynomial (but not necessarily poly-logarithmic).

We then see from our circuit constructions that each operator exponential requires a

number of T gates that scales as O(log(nsAt/e)) thus the number of T-gates required by

3A 140(1)
Nr € <” ”) : (4.86)

€

the simulation obeys

O]

The asymptotics of the simulation complexity in momentum space are interesting for

a number of reasons. First, let us consider the case where the two-body interaction term
1/3 2
dominates the Trotter-Suzuki error. This occurs when ™— < m < nf Note that we

require that the lower bound hold in order to justify the assumptions in Theorem [2] as well
as to ensure that we remain in the situation where effective QED, rather than full QED, is

appropriate. In the thermodynamic limit, we take L n;/ ® and therefore have that

(4.87)

€

R H2/3 140(1)
N%herm c ( S )

The continuum limit, unfortunately, is not naturally defined without making further promises
on the system. This is because in the continuum limit we need to take L € o(n;/ 3), which
leads to momentum modes where the kinetic contribution to the energy dominates the
mass energy. Such modes invalidate our assumptions and so effective QED cannot be con-
sidered valid in the continuum limit for finite mass electrons without imposing restrictions
on the input state. Note that these issues arise for both the position and momentum space
formulations of eQED. Taking the continuum limit is also complicated by the issue of renor-
malization. To ensure the electron mass takes the correct value and the potential between
two electrons has the correct 1/r dependence, the electron mass and charge in the Hamilto-

nian must be varied as a function of the lattice spacing. For the continuum limit of QED,



133

this leads to the electron charge being forced to zero as the lattice spacing goes to zero. This
is known as triviality and is due to QED likely not being a valid interacting field theory
when defined without a cutoff [203], 204] 205, 206].

4.3.83 Cost Estimates for Qubitization

In recent years, qubitization has emerged as an alternative to Trotter-Suzuki simulations
on fault tolerant hardware [207, 38, 208, 209, 210, 201]. Unlike Trotter-Suzuki methods,
qubitization is known to saturate lower bounds on the query complexity for quantum simu-
lation. Further, it is much simpler to provide tight bounds for the complexity of simulation
using qubitization [I91]. However, qubitization is not space optimal and further cannot
directly exploit locality of the Hamiltonian to reduce the costs of simulation unlike Trotter-
Suzuki methods. For these reasons, qubitization does not supplant Trotter-Suzuki methods
but rather provide us with a new set of tools that can perform favorably to Trotter-Suzuki
methods under certain circumstances.

The central idea of qubitization is that a walk operator, W € CWHM)X(N+M) cqp
be constructed for any Hamiltonian such that if H = Zj NjH; € CNXN for unitary H;
then for every eigenvector [¢) of H and any integer ¢, W |¢) |0) is a vector within a
two dimensional subspace spanned by the non-orthogonal vectors |1) [0Y* and W |¢) [0).
Further let A = 377" [\;]. With these assumptions in place, if we define )t to be the
orthogonal component of W [) [0)™, then within the basis [¢) [0)* and ‘1/#}, the walk

operator restricted to this two-dimensional subspace then takes the form

RV RV (wIHlY) 1— <wu;12|w>2
(o)l 0401+ |o: X Pt o 001+ [ Kot = | — T
(4.88)

which is isospectral to the rotation e=~* cos™H((WIH[¥)/A),

This shows that if the eigenvalues of H can be estimated, given knowledge of A, we can
then construct an estimator F for the energy, from an estimator for the phase (;AS using [209,
211]

E = \cos ((;3) (4.89)

Thus the energy can be estimated within error e using O(\/¢€) applications of W [209]. The
position space normalization can be found by examining the Jordan-Wigner representation
of each of the terms individually. Specifically, we have that for each &, a; is expressed as
a sum of 2 Pauli-operators in the Jordan-Wigner representation. Since Pauli operators are
unitary we can compute the asymptotic scaling of any term in the Hamiltonian by treating

the fermionic operators as if they were unitary because only constant factors are introduced
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by expanding the Jordan-Wigner representation. We further have that A\ = A\, + Aegt +
Aint +AsAc, which are the contributions to the normalization terms from the mass, external

vector potential and the kinetic operator. These expressions are straightforward to compute

H,, = Zma;’yoaf = Am € O(mng)

z

HL,ea:t = Z ea;VO")/MAZx(f)af = )\ext €0 <nsemfax ‘Aex (f)’>
z

I = L

5/3
271' —i2en s 35 (z—g n
Z,Y,p

n2e?

e 4
Hint — Z Zg,u,u 87TL| |((IT70'7H(I:E)(CZ;’)’O’Y ag) = )\int €0 < I
TEY v

> . (4.90)

where the last expression in Eq. (4.90)) follows from the average over position of 1/|Z — g
given in (4.52)). We therefore have that the normalization constant in position space eQED
is

n2
Apos € O (mns + ngemax | A (Z)| 4+ (n;1/? + e ) 7 )> (4.91)

It is straightforward to compute the values of A for the momentum space formalism
for eQED under worst-case assumptions about the functional form of the external vector
potential A®(x):

3
Amom € O (mns + % + nZemax \Aem(f)|> (4.92)
x

More specifically, the walk operator is constructed from a pair of unitary operations
SELECT and PREPARE. For simplicity let us assume without loss of generality that A; > 0
(any signs or phases can be absorbed into the Hj). The operator PREPARE is defined to

PREPARE |0) = \/1% z]: \//t\T 7). (4.93)

Note the operation of PREPARE on states other than |0) is not specified here because any

prepare an initial state

unitary matrix that satisfies Eq. (4.93)) can be used to construct the walk operator W.
The action of select is similarly defined via

SELECT |j) |¢) = |j) Hj |4) - (4.94)
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The walk operator W is then defined to be

W := (1 — 2PREPARE |0)(0| PREPARE')SELECT. (4.95)

It is then clear from this exposition that the cost of performing the quantum simulation
depends directly on two quantities: the normalization constant A and the costs of performing
SELECT and PREPARE. The costs, however, depend sensitively on the construction used for
these two operations and the circuit constructions for the two operations are complicated
relative to those used in Trotter-Suzuki simulations.

For simplicity, we will adapt the construction of [200}, 209] which was derived for simu-
lations of non-relativistic chemistry in an arbitrary basis to the relativistic case considered
here. The prepare circuit is implemented using a memory access model known as a QROM,
which can be thought of as an oracle replacement that uses a lookup table to store each of
the unique amplitudes in the state PREPARE |0). If there are K such amplitudes then the
cost of preparing the state within error € is in O(K + log(1/€)) using the approach outlined
in Section 3.D of [209].

The number of unique coefficients in the position space Hamiltonian, K, is substan-
tially lower than the number of terms in the Hamiltonian. While the number of terms
in the postion space Hamiltonian is in O(n2) only O(ns) of these can take unique values.
This can easily be seen from Eq. wherein H,, only takes O(1) values, Hp .+ takes
at most O(ns) values (assuming each A®*(Z) is unique). Hgrac contains O(ng/ 3) unique
exponentials of the form e~?27"s PEE-9) and O(ni/ 3) values of p;. Thus the total number
of distinct amplitudes for Hgrac is at most in O(ns) as well. Finally the fermion-fermion

interaction consists of only O(n;/ 3) distinct values and hence
Kpos € O(ns). (4.96)

The number of unique coefficients in the momentum space Hamiltonian is much more
challenging to analyze and such simple patterns in the magnitudes of the coefficients do not

naturally reveal themselves. As such, we use the trivial bound of
Kpom € O(n?). (4.97)

It is likely, however, that by refactoring the momentum space Hamiltonian using techniques
analogous to [?] that a substantial reduction in K, may be attainable.

The last piece that needs to be considered is the implementation of SELECT. The ap-
proach that we use again mirrors the presentation in Fig. 9 of [209]. The strategy we take is

to decompose the fermionic operators into Majorana operators of the form X ® Z7®---® Z
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and Y ® Z ® --- Z. At most four Majorana operators are needed in both position and mo-
mentum space and thus the cost of implementing the select operator is O(1) times the cost
of applying the selected Majorana operator. The construction in [212] allows such Majorana
operators to be selected in time O(ny) and therefore the cost of the select circuit is in O(ny)
in both the position and momentum bases. Therefore, with this construction the cost of

state preparation dominates the cost of the select circuit.

The number of T-gates needed in the qubitized simulation is therefore the product of
the number of applications of W needed by phase estimation and the sum of the number of
T-gates needed by the prepare and select circuits. This means that the complexity for the

position space simulation under the assumption that e? > ny 13 i

Nrpos €0 ()\pos(Kpos + ns)) co <n§(m + e maxg | A% ()| + 627};3)) . (4.98)

€ €

Similarly, the number of gates needed to perform the momentum space simulation at most

scales as

co
€

~ )\mom Kmom s
NT,mom€O< ( p +n)>

_ <n§<m + % 4 nge maxy !A“@)')) o (499)

If we assume the thermodynamic limit, then we have that the scaling of qubitization is upper
~ 242/3 ~ 542/3
bounded by O(™s——) in position space and O(**——) in momentum space. The scaling
of qubitization in position basis is slightly superior to the upper bound on the scaling of
3
Trotterization, (n—:)Ho(l). In momentum basis, the use of a brute force prepare circuit

switches this behavior and leads to worse scaling than the (n§+2/ 3 /€)

1+o(1) gealing provided
by Trotter formulas. This bound, however, is likely pessimistic and by taking advantage
of symmetries in the Hamiltonian terms it is likely that the number of unique coefficients

can be further compressed. A summary of the results presented in this section are given in

Table [4.1]

Method Hamiltonian Basis | T-gate Complexity
Trotter-Suzuki Position O(n2/e)t+e)
Trotter-Suzuki Momentum O(n§+2/3/6) 1+o(1)

Qubitization Position 0] (n§+2/ 3 /€)
Qubitization Momentum 9) (nﬁZH/ 3 /€)

Table 4.1: The T-gate complexities for both Trotter-Suzuki and Qubitization simulations
in the position and momentum based eQED Hamiltonians in the thermodynamic limit.
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A final point of interest is that the performance of Trotter-Suzuki methods in the non-
relativistic limit may be superior to qubitization. Specifically, if we define the non-relativistic
limit to be the case where m >> n2/L, then the scaling of position space simulation using
Trotter-Suzuki methods becomes (n2m/e)'*°(M). On the other hand, qubitization’s cost
scales as O(n%m/e) in this limit. Thus for cases where relativistic effects are small, but
highly accurate simulations are required then the bounds for Trotterization coincide (up to
sub-polynomial factors) with those of qubitization. Further, since the empirical performance
of Trotter-Suzuki methods is often much better than the upper bounds [213] [191] it is natural
to suspect that Trotter’s performance may be even better than this bound as also noted in

the following section.

4.4 Rellium Model Analysis

4.4.1  Numerical Fvaluation of Momentum Space Commutators

In this section, we present a numerical study of the momentum space rellium Hamiltonian
commutators. We focus on the momentum space Hamiltonian because said Hamiltonian
can be simply constructed, where the spinor interaction terms are computed with planewave
integrals. For the following simulations, the Hamiltonian terms and integral coefficients
were constructed utilizing the SymPy software package [214], and the cell box size was kept
constant at L = 1. Each successive model system with different numbers of planewaves ng,
were created by modifying the planewave energy cutoff, F.,; within this constant box size.
Additionally, renormalization terms in the rellium Hamiltonian, Eq. , were ignored
for simplicity.

In the following result, the expectation value over 4, j, k of the nested commutator, also
called the second order commutator, ||[H;, [H;, Hi]]|| was computed by randomly sampling
Hamiltonian terms using Monte Carlo. The indices i, j, k in this case represent any possible
term in the Hamiltonian. A total of 8 different rellium systems were used by defining the
planewave energy cutoff values at E.,; = 8,9,11,14,15,17,20, 23,26 eV which correspond
to the number of planewaves being N = 24, 72,104, 128, 224, 320, 584, 808, 1216 respectively.
Each average commutator value was computed by running a Monte Carlo simulation with
increasing sample numbers in order to evaluate the limit of the average commutator, and
then taking the average of the corresponding Monte Carlo runs. Specifically, 13 simulations
were performed for each rellium system equally spaced on the logarithmic scale between a
minimum of 108 and a maximum of 10'° samples inclusively.

The results of the Monte Carlo simulations are presented in Fig. where each data
point is the average of all runs for each system, including the standard deviation in the

error bars. By using a least squares power law fit, we can compare how the number of terms
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Figure 4.5: The Monte Carlo sampled 2°9 order commutator average for different E,,; values
defining different rellium systems with constant box length L = 1. Plotted points are the
average value across all Monte Carlo runs, and the error bars denote the standard deviation.
The dashed red line corresponds to the least-squares power law fit where f(M) = 0.3M %9

in the Hamiltonian, M, affect the average second order commutator. The power law fit
function from the commutator average data in Fig. results in f(M) = 0.3M %9, Using
the fact that the number of terms in the Hamiltonian M scales as O(n?) with the number of
planewaves, we can naively state that the complexity of the second order commutator would
scale as O(n?). However, since there needs to be at least one index in common between each
Hamiltonian term, the upper bound is actually O(n[). By multiplying the upper bound for
the number of second order commutator terms to evaluate, nl, with the fitted function
f(M), where M = n3, we see that the relationship of this complexity is observed to be

~ O(n?), performing better than the upper bound. The derivation of the estimated T-gate

complexity is detailed in the following section.

4.4.2 Cost Estimate for QPE

The most common goal of Hamiltonian simulation in general is to find ground state energies.
By using the above rellium model for analysis, we can gain an understanding of the error
scaling throughout the Trotter-Suzuki decomposition, quantum phase estimation (QPE),
and T-gate synthesis. First, in the standard surface code model of fault-tolerant quantum

computation, all Clifford gates are trivial in cost, where non-Clifford gates such as the T-
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gate end up dominating the computational cost of an arbitrary circuit. Therefore, we can
simply understand the cost of our simulation with the number of R, gates required, which

are typically implemented as a circuit of multiple T-gates.

Second, it is important to note that the problem of finding ground states is generically
hard. Specifically, if we could find a ground state energy in polynomial time then the
complexity class BQP would contain QM A, which is the quantum analog of P = NP.
For this reason, we strongly suspect that the generic ground state preparation problem is
intractable on quantum computers unless a sufficiently good guess of the ground state can
be provided to the phase estimation algorithm. Although we discuss in the following section
strategies that can ameliorate this problem, it is important to note that we do not necessarily
know how well these methods will work with a particular instance of a rellium simulation
and hence the only thing we can say with confidence is that the estimates contained here

will give the cost of sampling from the spectrum of rellium.

In order to eventually compute the ground state energy tolerance within some precision
€, we first need to find out the error scaling in the Trotter-Suzuki (T'S) decomposition, erg.
Specifically we will focus on the second order decomposition of our unitary time propagator

the error in which is given by [I90] to be at most

3 3 3
ers < 1o SONNSS Ha | S0 #p |||+ 55 S| [ | S0 s | ||| < 5 2 (8w [H5, 11,
ol a B v B

7,08
(4.100)

Using Ref. [2T5], the root-mean-square error in the measured phase during phase estimation

can be denoted as the following

T \2
Ap ~ \/<2n+1> + (75 + €syn + TeqQrT)? (4.101)

where n is the number of ancilla qubits used. We will now neglect the cost of the quantum
Fourier transform as it needs to be done only once and so egrr can be taken to be an

incredibly small value without altering the time-complexity of the simulation.

A~ \/(2;:1)2 + (ers + €syn)” (4.102)

We can now set the phase error target to be equivalent to the total RMS error in the energy
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multiplied by the total time propagation ¢

Aqb 1 7T 2 2
== t\/<2n+1> + (eTs + €syn) (4.103)

For simplicity, we choose e7g = €gyn, = ™3 / 27+2 With this choice we find

1 /1 /77m\2 3 /m\2 T
~1/1 S(TN_ ™ 4.104
¢ t\/4<2n> +4<2n> ton’ (4.104)

where n is the number of qubits used in the phase estimation routine.

Next, using the fitted function from the Monte Carlo simulation given in Figure 4.5 we

can take :
0.3n
> [Ha, [Hg, Hy])|| = 708 = 0.3n%3 (4.105)
0.8
which we can define as
Xi = Anj (4.106)

where A = 0.3 and b = 4.3. Note that if we assumed the worst case commutator scaling
that would be predicted from the commutators would be b = 7 for momentum basis simula-
tions. This shows that substantial gaps likely exist between the worst case scalings and the
actual scaling for eQED, similar to observations that have already been made for quantum

simulations of non-relativistic chemistry.

Therefore, we can substitute the estimate in Eq. (4.105)) into erg to find

™3 _ txu
oz S g (4.107)
Now we find that the correct choice of ¢, relative to these bounds, will satisfy
3
o TV (4.108)

xmp2rt T

Picking t to saturate the lower bound (which corresponds to the worst-case scenario) we
find that t = {/ X;ﬁ r, and can then solve for the number of qubits required in the QPE

procedure.
2
log(7r XH)
n= {W’w . (4.109)

21og(2)

For a single Trotter step, the number of rotations required is based on the total number
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of terms in the Hamiltonian
Nierms = 2ns +9n2 . (4.110)

Using the above formula, the max number of rotations required for a single term being equal
to 8, and the fact that the number of exponentials required for the second order TS formula

is Nezp = 2Nierms; The total number of rotations per trotter step is

Npiot = 8 X 2Njerms < 32n, + 144n3 . (4.111)

The number of rotations needed in QPE is 2", therefore the overall number of rotations

needed for the simulation is

NP = 2™ (32n, + 144n?) (4.112)

Using chemical accuracy, ¢ = 1.6mHa for our error target, we can then estimate the
number of qubits needed for QPE, and ultimately the number of T-gates required to obtain
the ground state energy eigenvalue within the error tolerance of choice. The number of
T-gates per rotation can be computed using the scaling from Ref. [216], and our chosen

error for the T-gate synthesis, €5y, where
Nr = 1.151ogy(1/€gyn) X Nt . (4.113)

Since the error in the eigenvalue scales at most linearly with the error in the unitary ma-
trix [197] and since the error in the unitary scales at most linearly with the number of gates
comprising the unitary from Box 4.1 of Ref. [54] we have that it suffices to take €5y, = €Npgot.
With this assignment Nt becomes

Np = 1.151logy(Ngot /€) x Naim (4.114)

Using the empirical values for A and b defined above, chemical accuracy e, the number
of qubits necessary for QPE in Eq. , the relation for 7T-gate count in Eq. ,
we can finally estimate the T-gate count for the full QPE routine given some number of
planewaves for the system, ng. The log-log plot of this relationship is given in Fig. The

full equation for this relationship is

32n, 4 144n3 ~(ndyxm\ =~ (nd?
Np = | 1.15 x 2" (32n, + 144n%) log, (320, 144m5) ) | 5 (” XH) -0 <” )
7r\/§/2"+2

for an error of € = 1.6mHa, and n is determined from Eq. (4.109)).
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Figure 4.6: The estimated total number of T-gates required to sample from the spectrum of
the rellium Hamiltonian for a box of length L = 1 within an error tolerance of ¢ = 1.6mHa
corresponding to chemical accuracy as a function of the number of planewaves in the system,
Ng.

In contrast to Eq. , the costs for such a planewave simulation in the constant L
and e limit are given by Theoremto be in n§+0(1) for adaptively chosen high-order Trotter-
Suzuki formulas. We find empirically that for the second-order Trotter-Suzuki formula the
number of gates needed to reach 1.6mHa is in 5(nj:’2) This suggests that, the empirical
performance of this simulation is comparable to what we expect from our prior theoretical
analysis; however, it is worth considering that this analysis still does rely on crude triangle-
inequality based estimates that disregard cancellation between terms in the expansion of
the error operator, and that further studies may be needed to determine the impact of

neglecting such cancellations.

Finally, the number of non-Clifford operations needed to perform a classically challenging
simulation using 20 plane waves (comprising 80 logical qubits) is projected by our results
to be on the order of 10'3 non-Clifford operations. In contrast, the best known results for
simulating jellium using Trotter methods are on the order of 10 non-Clifford operations for
systems of 27 spin orbitals (54 qubits). The gulfs between these two estimates suggest that
further optimization may be needed to allow eQED to reach the same levels of performance
that we can reach for non-relativistic electronic structure calculations, however, the gulfs
between the two are not so large as to suspect that such simulations will be infeasible

once subjected to the same optimizations that lowered the costs of simulation for challenge
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problems in chemistry from 10'* non-Clifford gates [217] to on the order of 10° non-Clifford
gates [201], 210]

4.5 State Preparation

In order to efficiently simulate any Hamiltonian on a quantum register, it is necessary to start
with a high quality wavefunction ansétz that has a large overlap with the true wavefunction.
For the jellium or rellium Hamiltonian, the degeneracy of the ground state is a non-trivial
problem. Typically this is referred to as “strong correlation” where many different electronic
configurations are entangled and contribute to the ground state wavefunction. This is in
contrast to the familiar Hartee-Fock ground state, where a single electronic configuration
is the wavefunction. Ground state electronic systems where the Hartree-Fock configuration
is not dominant are sometimes called multi-reference (MR) ground states, where using the
Hartree-Fock reference has a small overlap with the true ground state wavefunction due
to other configurations being just as important. The multi-reference nature of electronic
systems is also present in many chemical systems, typically large conjugated carbon systems,
and multi-metal centered molecules due to the abundance of low lying spin states.

A commonly known classical method for computing multi-reference wavefunctions in
quantum chemistry is called multi-reference configuration interaction (MRCI). [218] 219] In
short, this method captures static correlation by first expanding the Hartree-Fock reference
into a complete active space (CAS) of all configurations included within a truncated orbital
and particle space, typically centered around the occupied and unoccupied valence orbitals.
Next, a number of additional configurations are added for capturing correlation effects
beyond the CAS space, sometimes referred to as “dynamic correlation.” A common version
of MRCI, is MRCI singles and doubles (MRCISD), where additional determinants are added
to the CAS wavefunction, including single and double particle excitations. Additionally, the
singly and doubly excited particle and hole space spans a larger space then just the initial
CAS determinants, and are commonly referred as restricted active space 1 (RAS1) for the
additional occupied orbitals, and subsequently RAS3 for the virtual orbitals. The single
and double excitations span across all three spaces. As an aside, RAS2 sometimes refers to
the original CAS space in the literature.

The number of determinants required to build an MRCI ansétz can be defined by the
chosen active spaces, RAS1, CAS, and RAS3. Following the notation in Ref. [220] where

we only consider singly occupied spin-orbitals that follow the Jordan-Wigner mapping.

mp  Me
N N, N,
MRC’I RASl CAS RAS3
- . _ 4.116
Niey ZZ< )(ne—NRAsq-l-lh—Ze)( le ) ( :

1, =01,=0
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where Nras1, Noas, and Nrags are the number of orbitals in each active space respectively,
ne is the total number of electrons in all of the correlated spaces, i is the hole index,
i is the particle index, mjy and m. are the number of holes in RAS1 and the particles
in RAS3 respectively. For the MRCISD ansétz the number of determinants then scales
exponentially with Ngag, but quadratically in both Npag1 and Nrags. Additionally for
MRCISD, mp, = me = 2.

For the purpose of state-preparation on a quantum computer, we can pre-compute the
MRCISD wave function classically, and then use the coefficients for the determinants to
initialize a better wavefunction that hopefully has a much higher overlap with the true
ground state. A convenient method to prepare the initial MRCISD state is to use a Givens
rotation on the creation and annihilation operators, defined by a general Slater determinant
generated by the classical MRCISD wavefunction. [221],[I78] The general Slater determinant

can be defined as

@) =dl--dl [0),  dl =" Qyel (4.117)
J

where ¢ is the arbitrary particle type creation operator in the computational basis, dr is
the rotated creation operator for the new basis based off of fractional particle occupation,
Ny is the number of fermions, and ng is the number of orbitals in the chosen basis. The
Ny x ng matrix @ rotates the original creation/annihilation operators into the rotated
basis based off the choice of initial wavefunction. Therefore the rows of () correspond to
single particle wavefunctions that are linear combinations of the original orbital basis. In
general, the rotated Slater determinant can be generated by a unitary rotation of a simple

computational basis state generated by the original creation operators
@) =Uél---é J0),  dl =velUt (4.118)

Following Ref. [221] we see that this unitary transformation can be represented by sequences

of 2-qubit rotations, also known as Givens rotations where
U=Gn, -GGy (4.119)

where N¢ is the total number of Givens rotations, and the Givens rotation matrix between

spin-orbitals p, g is defined as

sinf@ e cosf

0 —e¥sind
G0, ) = <cos €'? sin ) (4.120)

where the angles 6§ and ¢ can be solved classically by diagonalizing the () matrix, where
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Q = VIDU. The number of Givens rotations required to perform the basis transform is
NG = (ns — Ny) Ny € O(n?). (4.121)

Each Givens rotation, G(, ¢), can be implemented using a rotation of the form il abagteitajap)d

As discussed, each exponential can be simulated using O(log(1/¢)) T-gates. The complexity

of performing this state preparation is therefore in O(n? log (ng / e)), which is sub-dominant

to the cost of simulation in momentum basis which is in 5(n§+2/ s /€) in the thermodynamic

limit. For this reason, we neglect the cost of the state preparation in all of our previous

analysis.

Additionally, for typical electronic systems of interest, we only care about linear combi-
nations of electronic single particle functions and the positronic block is trivially occupied.
This means that for a system of Ng. number of electrons our matrix @) will already be

diagonal in the positronic space, meaning simply that Ny = Ngjec.

4.6 Planewave Cutoff Estimates for Heavy Atoms

In this section we will provide heuristic arguments that estimate the number of planewaves
needed to solve a realistic relativistic problem in the momentum basis. This is important
because the cost of both the MRCISD ansétz as well as the simulation of the dynamics can
be non-trivial. As a target problem, we focus on the simulation of atomic gold. This is
chosen because relativistic effects are needed in order to even qualitatively understand the
spectrum of gold and thus such a simulation is arguably the first logical benchmark problem
to consider after simulation of the relativistic free electron gas (rellium). In the estimates

below we use the atomic unit convention where A = m, = e = 1.

For the momentum space planewave Hamiltonian, we estimate that a single all-electron
gold atom will require at least 31 million planewaves, which is obviously beyond the reach
of quantum computers in the foreseeable future. The number of planewaves Npy needed
for an arbitrary system is defined by the cell volume L3 and energy cutoff.

LP 3/
Npw = Q—WQEC,Q (4.122)
To find the lowest possible cutoff energy, we can calculate the highest possible kinetic

energy of an electron in an atomic potential with nuclear charge Z, which will be in the 1s

orbital. The kinetic energy of the 1s electron can be estimated to be the following, using
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the hydrogenic Dirac equation

1
E=¢ —1 (4.123)

1+ Z2a? 2
(n—(j+1/2)+ (j+1/2)2_z2a2)

where « is the fine structure constant, n = 1 is the principle quantum number and for the
ground state s orbital, j = % By plugging in Z =79 and L = 2r4 where r4 is the atomic
radius, using 3.14ag for gold , and finally setting F.y = FEy;n we estimate that the all
electron gold atom to require at least 3.08 x 107 planewaves and in turn roughly 1.23 x 10%
logical qubits. This means that based on the number of sites in the reciprocal lattice and the
cost of the simulation, enforcing chemical accuracy (1.6 mHa), will require roughly on the

order of 1038

non-Clifford operations. Our analysis therefore suggests that such simulations
will likely be out of reach for any quantum computer in the next few decades and beyond,
since the number of planewaves for a single atom all electron system is expected to increase
as O(L3Z3). We expect similar conclusions to hold for other heavy element atomic systems
as well.

This is not too surprising since planewave simulations in general need a large number of
basis functions to properly describe atomic core orbitals. The most obvious remedy to this
issue is to switch to a different basis set. In particular, Gaussian orbitals model the nuclear
cusp condition much better than planewaves and so the number of Gaussians needed to
describe the system to within chemical accuracy can be substantially lower. This makes
them often a more natural choice.

The opposite approach would be to instead of investigating eQED in second quantization
to look at it instead in first quantization using an appropriately anti-symmetrized wave
function. Within such a framework, the number of qubits needed to store the atomic
configuration can be exponentially smaller. The prefactors, however, make such applications

outside of the reach of existing or near-future quantum computers.

4.7 Discussion

In this chapter, we have presented how to simulate the eQED Hamiltonian on a quantum
computer. Specifically, we presented an analysis of both the position basis using a cubic
lattice, and the momentum basis planewave formulations of the Hamiltonians. From this

analysis we find that for the position basis, the number of T-gates required for simulating

. . An2 ) 1to() e2n, ni/®
the Hamiltonian scales as (TS> where A = max (m + emax, |A(x)], S, =5
. X n3 1+0(1)
For the momentum basis, the number of T-gates required scales as (%) where
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A, € O <ns (nﬂS + 5+ e|Az’”|>). This shows that the the ground state energy can be
computed in polynomial time given that a copy of the ground state is provided to a quantum
computer, which suggests that the problem of deciding whether there exists an eigenstate
with energy less than a threshold, is contained within the complexity class QMA, for effective
QED.

Further, we investigated the cost of using quantum phase estimation to estimate the
ground state energy of the relativistic jellium (rellium) model as the simplest momentum
based eQED Hamiltonian. Specifically we computed the number of T-gates needed empir-
ically for quantum phase estimation using the second order Trotter-Suzuki decomposition,
and using Monte Carlo sampling of different rellium Hamiltonians by increasing the cutoff
energy for the system. For this routine, we find that for a constant box size, L = 1, the
number of T-gates needed to estimate the ground state energy eigenvalue within an error
of chemical accuracy € = 1.6mHa is on the order of 10'6 T-gates for a classically intractable
problem involving 100 planewaves (400 qubits) or 10'3 T-gates for a classically challenging
problem with 20 plane waves (80) qubits. These costs, while substantial, suggest that by
further optimizing our simulation algorithm that the costs of quantum simulation may be
reduced to reasonable levels.

While this chapter has explored how eQED can be simulated in general, the momentum
space and lattice formulations of the Hamiltonian are not necessarily the most pertinent
for all applications to physics and chemistry. Specifically, the focus of including QED
corrections to relativistic effects in molecular systems is most prominent for heavy elements
at the bottom of the periodic table which have large potential wells from the nuclear charge.
However, QED corrections to the energies and properties of light elements can be important
in certain situations as well. Future work will focus on adapting this method for simulating
eQED on quantum computers to other more convenient basis sets for chemistry, such as the
well known Gaussian basis sets that can more compactly model the electronic wavefunction

at the nuclear cusp.
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Chapter 5

ALGORITHM FOR QUANTUM COMPUTATION OF PARTICLE
DECAYS

5.1 Introduction

The predictions of QCD are often tested in experiments where unstable hadrons decay and
their decay products are observed. For high energy phenomenon, Feynman diagrams and
other perturbative techniques provide an excellent description. In the low energy region, the
QCD coupling constant becomes large and these methods fail. Nonperturbative approaches
such as lattice QCD (LQCD), chirial perturbation theory and other effective field theories
have enabled the calculation of some hadronic properties in this region. For example,
Luscher’s method [222], 223] has allowed the computation of some decay rates and scattering
cross sections using LQCD by relating them to finite volume energy shifts. It has been used
to compute scattering phase shifts for several low energy processes [10, 12, 11} 224], and the
decay widths of p and o mesons [225] 226]. The extraction of finite volume energy levels
becomes difficult for excited states and for large lattices which limits the applicability of
the method. In this chapter, a method of extracting particle decay rates and scattering
cross sections from a Green’s function calculated on a quantum computer is demonstrated.
This method only requires the ability to prepare initial particle states and perform real time
evolution. It has been shown for scalar and fermionic field theories that state preparation
and real time evolution can be performed on quantum computers using resources that
scale polynomially with the system size [16, [84], 83]. The computational costs of classically
performing real time evolution usually scales exponentially with the system size [227, 228]
229,230, 231, 2321, 233, 234] so the use of quantum computers would represent an exponential
speedup. A classical simulation of this quantum algorithm is explicitly demonstrated for
a 141 dimensional QFT where a heavy scalar decays to a pair of light scalars. A 0+ 1
dimensional demonstration is performed using IBM’s superconducting hardware. Although
this calculation is demonstrated for a specific model, the approach is based on general
properties of Green’s functions and it is expected that it can be applied to particle decays
or scattering in other theories.

This chapter is organized as follows. The method of computing the decay rate from
the Green’s function is described in Section [£.2] and the mathematical details are shown

in Appendix The quantum circuit used to calculate the Green’s function is described
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in Appendix The time truncation and discretization errors are analyzed in Appendix
The systematic errors present in extracting a decay rate from a finite volume Green’s
function are analyzed in Appendices and The errors due to finite particle number
truncations for theories containing bosons are analyzed in Appendix A classical simu-
lation of this quantum algorithm is performed in Section IBM’s quantum processor is
used to implement this algorithm in Section The Trotterization procedure used in this
demonstration is described in Appendix

5.2 Quantum Computation of Green’s Functions

For a single particle state |¢), the Green’s function can be written as (¢ — 1§+i77 lv) =
1

T T’ where E is the energy of the state [¢)), H is the Hamiltonian and
T is the scattering T" matrix as shown in Appendix If the Hamiltonian, H, can be

split into a free piece Hy that describes the propagation of free particles and an interaction

piece V' that describes the interaction of particles, the state |¢) can be prepared on a
quantum computer as an eigenstate of Hy using previously developed methods [16], 84 235].
For theories like QCD, where no such division is known, an unstable particle state can be
prepared by simulating two stable particles colliding on resonance. For example, a p meson
can be prepared by simulating the collision of two pions with total energy equal to the p

meson mass. The inclusive decay rate of a particle in d spatial dimensions is given by
. 2
D=3 [Py, o5t Py, — Py) |04 T(E) ) (5.1)
X

where Py, is the energy-momentum vector of the initial particle, Px, is the energy-momentum
vector of the final state Xy, the sum is performed over all possible final states and the
integral is performed over all possible energy-momenta vectors of the final state. The op-
tical theorem relates this sum to the forward matrix element of the T matrix by I' =
-2 liL% Im((¢p| T(E +in) |1)) [7]. Therefore, if the Green’s function can be computed in the
i —n> 0 limit, the inclusive decay rate can be extracted from it. For n # 0, the difference
between Im((¢)| T(E + in) 1) and T is O(n) as shown in Appendix Furthermore, if
|1) is a two particle state, the same kind of relationship between the Green’s function and
the T" matrix holds, and the optical theorem can be used to find the inclusive scattering
cross section for the two particles present in the state. To simplify the following discussion,
the case of particle decays will be focused on. When the theory describing the particle is
simulated inside a finite volume box with periodic boundary conditions, the difference be-
tween Im((1)| T(E +in) 1)) in the finite volume and the infinite volume value for a 1 — N
decay is O(E%Nﬂe_fviﬂé) for a d + 1 dimensional theory with a mass gap, and O(U%L)
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otherwise, where L is the length of a side of the finite volume box, as shown in Appendix
.5.3] Therefore, if the Green’s function can be calculated in a finite volume for a theory
with a mass gap, I' for 1 — N decays can be determined with finite 7 errors that are O(n)
and finite volume errors that are O(M%N_%WVLH%). It should be noted that the L — oo
and n — 0 limits are not independent and to have finite volume errors vanish in the L — oo
limit, n must be chosen such that nLL — co. To evaluate this Green’s function, it is helpful

to express it in integral form,

1

W 9 = /0 (] im0t |y gt (5.2)

If this integral is truncated at finite time 7', a Riemann sum approximation,

T/At R
R = Z ei(w—l-z'n)kAt <,¢| e—inAt W)) N (53)
k=0

to this integral can be evaluated on a quantum computer with the techniques described in

Appendix within an accuracy of € using a gate count that scales as

log(%) 1 2
Gate Count =0 | —5—= (w+E+n)p < log<>,ne> (5.4)
n-e n ne

where p(t,d) is the gate count required to evolve to time ¢ with accuracy 0, provided that
|1)) has already been prepared and E is the energy of the state [¢)). Once the Green’s
function has been computed, the particle decay rate can be extracted from the imaginary
part of its pole. It should be noted that in the n — 0 limit, the imaginary part of the
Green’s function becomes the spectral density function and other work has been done on
using quantum computers to calculate the spectral density function [236, 237, 238]. I can
be extracted from the peak of the Green’s function which takes the value % Therefore, to
compute I' to within an accuracy 61", the Green’s function must be computed to within an
accuracy of ‘%—1;. Since the uncertainty in I' scales linearly with 7, I' can be determined to

an accuracy of dI' using
log(z(%r) 9 2 V20 5T\ ?
= —= 1" (2E + T —1 — — :
Gate Count = O ( e (2E +4dT) p st 5 ) < T > (5.5)
gates with a lattice whose size scales as O(% log(%)) when the theory has a mass gap.

Another approach to computing the decay rate of an unstable particle would be to

prepare the initial state, evolve for some time and measure detector operators at the border
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of the box, similar to the algorithm for the scattering of scalar particles in previous work
[16]. This requires the simulation to run for a time ¢t = O(%) before measuring the detector
operators. The algorithm presented here only requires the simulation to run for a time
t= % log(%). Therefore, this algorithm is expected to perform better for particles with
a long lifetime. This algorithm also provides a method of computing decay rates that is
different from direct time evolution and should have different systematic errors. Comparing
decay rates computed with these two different methods will allow them to be determined
with a higher degree of confidence.

As an example, one could consider applying this algorithm to study glueball resonances
in lattice QCD. The resources required can be estimated from the techniques developed in
Chapter [I] and Chapter 2] Previous work has shown glueballs can be reliably studied on
lattices with a spatial volume of 24 x 24 x 24 [239]. Using the truncation of p,q < 3 as
discussed in Chapter leads to this calculation requiring O(10°) qubits. The computational
cost of performing this calculation will be dominated by the implementation of the magnetic
terms in the Kogut-Susskind Hamiltonian. From Chapter [I} each plaquette operator will
require O(107) rotations to be performed each of which will require roughly 30 gates. The
number of Trotter steps performed to approximate the time evolution shoud be roughly
the same order of magnitued as the length of the lattice so at this lattice volume, the
entire calculation on a quantum computer should require O(10'°) gates. Note that this
estimate ignores potential improvements that could come from using improved Hamiltonians
as described in Chapter [3| or possible reductions in gate cost from careful ordering of the

rotations needed to simulate the plaquette operator.

5.3 Decay of a Heavy Scalar

A demonstration of the algorithm discussed in previous sections will be provided by a
classical simulation of the decay of a heavy scalar, ¢, to a pair of light scalars, x, in 141

dimensions. The Lagrangian for this process is given by

L= S(067 + 5007~ M3 — Jmidn* — Jgon* — " (56)
where My and mg have been chosen such that the heavy particle’s mass is 2.01 times the
light particle’s mass (so the ¢ — 2x channel is the only allowed decay channel) and A > J\%ng
(to ensure a stable vacuum without spontaneous symmetry breaking in the infinite volume
continuum theory). This theory was placed on a lattice with periodic boundary conditions
and with lattice spacing a = 0.2m~!' where m is the light particle’s mass. This was done
for lattices with three, five and seven sites. With these boundary conditions, the allowed

momentum modes are in the set {—”(nzfl),—ﬂ(nfl) + 2%, e W}, where ng is the
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number of sites and L = nsa is the length of the finite volume box. To simulate this on a
classical computer, the ¢ occupation numbers were truncated at one for each momentum
mode and the y occupation numbers were truncated at two for each momentum mode.
Since the mass of the heavy particle is only slightly larger than two times the light particle’s
mass, the arguments of Appendix indicate that the error in the decay rate calculation
due to this particle number truncation should be negligible.

A classical computer was used to determine the renormalization parameters, and to
simulate the quantum algorithm from the previous section. The renormalization conditions
were that the vacuum has zero energy and the mass of the heavy scalar is 2.01 times the
mass of the light scalar. For each lattice volume, n was chosen to minimize the sum of the
finite volume and finite 7 error calculated using the methods in Appendices and

Three Site Heavy Scalar Decay Rate Five Site Heavy Scalar Decay Rate
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Figure 5.1: Heavy particle decay rates calculated on different lattice volumes plotted as a
function of the coupling constant. The blue points are the decay rates calculated in the
classical simulations of the quantum algorithm and the red curves are the one loop infinite
volume continuum calculation. The error bars on the finite lattice decay rates represent
finite volume and finite 7 errors calculated using the methods in Appendix The icons
appearing are defined in Ref. [240].

The heavy particle decay rates calculated classically in this example are displayed in
Fig. 5.1} The finite volume and finite 7 uncertainties were calculated using the methods

described in Appendix To improve the precision of this calculation, a larger lattice
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must eventually be used. No matter what truncation is used, the dimension of the Hilbert
space will grow exponentially with the number of lattice sites. The Green’s function can be
computed on a classical computer using matrix inversion techniques, the fastest of which
scale as the dimension of the Hilbert space which grows exponentially with the number of
sites [241) 242]. Due to this exponential scaling, it is infeasible to use a classical computer
to compute Green’s functions on a large lattice. However, using previously developed tech-
niques for simulating scalar field theories, the method described in the previous section can
be used to compute the Green’s function on a quantum computer using resources that scale
polynomially [16], 243].

5.4 Demonstration of 041 Theory on IBM’s Quantum Processor

The calculations in the previous section were performed using classical computers, but it
is possible to use existing quantum computers to do these calculations for a single lattice
site with the truncations from the previous section. The Ourense quantum processor made
available by IBM was used to implement this method for a one site calculation of the heavy

particle decay rate.
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Figure 5.2: Green’s functions computed with the Ourense quantum processor. The solid
blue curve is a zero noise classical simulation of this calculation with Qiskit. The light blue
points were computed using the error mitigated amplitudes from the Ourense quantum
processor. The error bars represent uncertainties from the error mitigation extrapolation.
The red curve is the Lorentzian fit to the error mitigated Green’s functions.

The details of how the theory was discretized and how time evolution was implemented
on the quantum computer are described in Appendix The Hadamard test method [244]
was used to obtain (¢| e—iH Ak |¢) for At =0.2m~ ! and k = 1,2,...,96 , where |¢) is a state
describing a single heavy scalar at rest. Two Trotter steps were used to calculate each time
slice so the circuits used to calculate the real component of (¢| e—tHAtk |¢) used 36 single
qubit gates and 28 CNOT gates. The circuit used to estimate the imaginary component had
one additional single qubit gate. Due to the length of the circuit used, the effect of imperfect
gate implementation on the Ourense quantum processor is non-negligible. The contribution
of imperfect gate implementation to the error in the computed amplitudes was estimated
using the technique described in Appendix[5.6] Each circuit used in the Hadamard test was

sampled 8000 times so the resulting statistical error was negligible relative to the systematic
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gate errors. To mitigate the effects of gate errors, an error mitigation technique described
in Appendix was used to extrapolate to the zero CNOT gate error limit. The Green’s

function,
2

G = , (5.7)

Z ei(w-i—in)kAt <¢’ e—iHAtk |¢> At
k

was calculated classically using the error mitigated amplitudes and the results for two dif-
ferent couplings are displayed in Fig. The heavy particle decay rate was extracted from
the Green’s function by performing a least squares fit to a Lorentzian distribution. The

extracted decay rate is compared to the ideal decay rate,

2
‘ (5.8)

r = 1w (61 FO1 +in) ) = 3 | (5 V19

n

where the states |E,) are eigenstates of the Hamiltonian with energy F,, that would be

computed in the absence of any finite T" or At errors in Table

g Ideal I' | Extracted I’
0.5 | 0.070m | (0.099 +0.037)m
1. | 0.287m | (0.286 £+ 0.047)m

Table 5.1: Heavy particle decay rates calculated with the Ourense quantum processor. The
first column is the coupling constant. The second column is the value of I' that would be
computed in the absence of any finite T or At errors. The third column is the decay rate
calculated with the Ourense quantum processor. The error represents uncertainties in the
fit to the Green’s function.

The heavy particle decay rates calculated on the Ourense quantum processor are in
agreement with the ideal calculation. However, even after using these error mitigation

techniques, the error due to imperfect gates remained large.

5.5 Discussion

In this chapter, a quantum algorithm to calculate the decay rate of unstable particles and
scattering cross sections has been introduced. The resources required to implement this
method scale polynomially with the system size provided that state preparation and time
evolution can be performed using resources that scale polynomially in the system size and
field value truncations. It has been shown that this is possible for scalar and fermionic
field theories [16], 84], 235]. This technique can be applied to LQCD using the techniques

developed in the previous chapter. IBM’s Ourense quantum processor was used to apply this
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algorithm to a scalar field theory defined on a single lattice site with truncated occupation
numbers. Bounds on the finite volume error of 1 — N decay rates and 2 — N scattering
cross sections computed with this method have been determined. More work will need to be
done to understand how different truncations effect the error in the computed decay rate.
The method presented here only requires preparation of the initial state and the ability to
simulate the Hamiltonian. Classical methods of computing decay rates and cross sections
from lattice calculations such as Luscher’s method rely on relating these observables to finite
volume energy shifts. In general this is a difficult process, and only allows the calculation
of decay rates and cross sections for limited processes. Due to the greater generality of this
method, it is expected that quantum computers will be able to calculate decay rates and

cross sections beyond the reach of classical computers.
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Part III
ANALOG QUANTUM SIMULATION
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Chapter 6

SIMULATING HEISENBERG INTERACTIONS IN THE ISING
MODEL WITH STRONG DRIVE FIELDS

6.1 Introduction

In this chapter, the potential for using Ising systems for analog simulations of physical
systems that can be mapped to the Heisenberg model is investigated. The Ising model
is considered because a number of platforms available for quantum simulation, such as
Rydberg atoms, trapped ions and superconducting qubits, can be natively described by
this Hamiltonian [245, 246, 247, 248, 249, 250, 251, 252]. Unlike previous approaches,
this method of analog simulation of the Heisenberg model can be implemented with a
time-independent Hamiltonian which could be beneficial for some platforms. There is an
extensive literature regarding the time evolution of Ising models in background fields [253],
254, 255, 2506, 257, 258, 259], 260, 261, 261, 262, 263, 264, 265, 266], 267, 268], including recent
work related to transitions to chaotic phases induced by finite-time steps in Trotterized time
evolution in digital quantum simulations [267, 268], identified through studying the system
at periodic times. Previous work has shown that Ising interactions with a transverse field
generate time evolution according to the XY model [255] 256] 257, 258, 269]. Studying the
time evolution of the Ising model has also shown that the Ising model undergoes confinement
analogous to QCD near its critical point with a field in the & and 2 directions [254], 253, 270].
Known to be universal in a computational sense [271], developing analog simulations of the
Heisenberg model is expected to also advance simulations of other physical systems. We
show how constant driving fields in the Ising model generate an effective Heisenberg model
Hamiltonian to leading order in the inverse field strength at periodic times. The systematic
errors associated with the periodic dynamics are quantified, revealing that the convergence
of the expansion in the inverse field strength is limited by the location of dynamical quantum

phase transitions (DQPTSs) in the Ising model with an external field.

6.2 Heisenberg from Ising with Strong Fields

The Ising Hamiltonian with constant global driving fields is given by

e | 5 % 5
[ylsing _ Z Jz‘jZiZj + 5 Z Q. X; + QyY; +0.7; . (6.1)

1>] %



159

To analyze the evolution of this Hamiltonian, it is helpful to transform into the interaction
picture, where the driving fields are taken to be the “free” term in the Hamiltonian. The

interaction-picture Hamiltonian is

HP™8 () =" JiZ1:(0) Zr5(t) (6.2)

1>7

where Z1,(t) = Ul(t) ZiUo(t) = &(t) - S, Up(t) = I1; e~ MWK+ Yi+9:25) | G i 4 vector of
Pauli matrices and é(¢) is a unit vector. From this perspective, the driving fields can be
viewed as rotating €(t) from the north pole to other points on the unit sphere. By choosing
periodic driving fields that generate closed paths on the sphere, it is possible to engineer
evolution according to different Hamiltonians. The use of periodic dynamics to generate
different Hamiltonians, known as Floquet engineering, has been used to simulate a range
of interactions [272, 273, 274, 275, 276, 277, 278, 279, 280, 281, 282, 283, 284], including
the Ising Hamiltonian from the Heisenberg interaction in quantum-dot systems [285], 286].
Floquet engineering has also been previously applied to static Hamiltonians in the inter-
action picture to understand how some systems prethermalize to a Hamiltonian that is
not the generator of their evolution [287, 288, 289, 290]. In particular, it has been used
to show that the dynamics of the XYZ-Heisenberg model with a strong external field are
approximated by the XXZ-Heisenberg model for times that are exponential in the driving
field [287]. We will show that in the Ising model, evolution according to the XXZ-Heisenberg
Hamiltonian can be approximated by taking €2, = Qsin6, €}, = 0, and €2, = Qcos . With
these driving fields, the interaction Hamiltonian becomes periodic over time intervals %’r,
and the Schrodinger picture becomes equivalent to the interaction picture at these periods.
A representative path generated by such fields on the unit sphere is shown in Fig. [7.1]
The time-evolution of the system after discrete time intervals, and the associated Magnus

expansion is given by

2
Up = Texp{—i/ﬂdt' ﬁ}smg(t’)}

0

~ .2 - 1 .
= Ujrg exp{—zg (H1 + O <Q> >}UB , (6.3)

where

i 2
A oA sin“@ 7 ~ - A
o= S Jy [00829 2:2;+ =5 (Xin+YZ-Yj)], (6.4)

i>j
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Figure 6.1: A representative path on the unit sphere taken by €(t) that generates time
evolution according to the XXX-Heisenberg model. The green line corresponds to the
direction of the driving field.

where Up is a local change of basis given by Up = Hj eti0Y5/2 (that aligns the driving
field with the z axis). Therefore, time evolution of the Ising model with this choice of
driving fields approximates that of the XXZ-Heisenberg model between discrete intervals
of At = %” Note that while the formalism of Floquet engineering was used to derive
this result, the Hamiltonian is time independent and the periodicity is only manifest in
the interaction picture. Also, the Ising model with a fast oscillating drive field could be
used to simulate an XXZ-Heisenberg model because the dynamics of a transversely driven
Ising model are equivalent to that of a time-independent Ising model with external fields
in the Z and & directions [259]. The O (#) higher-order terms in the Magnus expansion
of the Floquet operator in Eq. have one-body and three-body operators. The one-
body operators can be eliminated by renormalization of the “free” Hamiltonian employed
to transform to the interaction picture, but the three-body terms are a genuine deviation
from the Heisenberg Hamiltonian. Such higher-order terms in the Magnus expansion can
be removed through the use of time-dependent driving fields [291].

This approach to simulating the XXZ-Heisenberg model is similar in spirit to recent
proposals for simulating gauge theories by adding terms to the Hamiltonian that generate
gauge symmetries [292, 293, 294, 295, 296]. In these proposals, an energy penalty for
breaking gauge invariance decouples the gauge invariant sector from the rest of Hilbert
space analogously to how dynamical decoupling can be used to decouple systems from their
enviroment [295]. In this chapter, the addition of driving fields to the Ising model can be
interpreted as adding an energy penalty for violating the global U(1) symmetry generated
by the driving fields. This causes the different symmetry sectors to decouple, leading to
time evolution that can be described by the XXZ-Heisenberg model.
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Figure 6.2: The spectral norm (magnitude of the largest eigenvalue) He_’%r XXX — Up||

of the difference between the XXX-Heisenberg chain time-evolution operator derived from
Eq. (6.5) and the Floquet engineered approximation in Egs. (6.3]) and (6.4]) as a function of
the driving field strength 2, for a selection of chain lengths.

6.3 Beyond Leading Order in the Magnus Expansion and Dynamical Phase
Transitions

The derivation of the approximate Heisenberg time evolution indicates that systematic errors
from the Magnus expansion are suppressed by Q! compared to leading order. However,
the Magnus expansion is known to have a finite radius of convergence, and a priori it is not
obvious what the minimum value of €2 is for the leading order term to accurately describe
dynamics. As mentioned previously, numerical studies of digital quantum simulations have
been used to show that Trotterized time evolution transitions into chaotic dynamics for
sufficiently large time steps [267, 268]. In this context, the Floquet-period At = %’r is
analogous to a Trotter time step, and we show that at small 2 the breakdown of the
Magnus expansion is associated with a dynamical quantum phase transition in the Ising

model.
As an example, we focus on the special point # = tan~'+/2, where the leading or-
der Eq. (6.4) becomes an XXX-Heisenberg Hamiltonian with enhanced non-abelian O(3)-

symmetry

s 1 - . .
5% = 3 Z XiXip1 + YY1 + ZiZiga. (6.5)
i

The systematic errors in the time evolution (of any state) are bounded by the spectral
norm (magnitude of the largest eigenvalue) of the difference between the exact Heisenberg

time-evolution operator and the Floquet engineered approximation given in Egs. (6.3)) and
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1) He‘i%ﬁﬁ%& — Up||. This is shown for the one-dimensional XXX-Heisenberg model
with J = 1/3 in Fig. as a function of {2 for varying chain lengths. At large values of 2,
systematic deviations in the spectral norm decrease with increasing {2 as predicted by the
Magnus expansion. At small values of 2, the spectral norm saturates below a critical value
Q.. Unfortunately, the lattice sizes for which the spectral norm can be efficiently computed

are not large enough to determine the scaling of €2, with chain length. For longer chain
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Figure 6.3: The rate function, defined in Eq. for the ground state of XXX-Heisenberg
chains of different lengths.

lengths, Loschmidt echoes of the ground state of the XXX-Heisenberg model in Eq. (6.5),

|a), time evolved over ¢t = %’r with the driven Ising model,

T N Q A N
ave = z; ZiZit1 + 23 (Zi + \@Xi) ; (6.6)
are computed. If the time evolution of the XXX-Heisenberg model were perfectly reproduced
by the driven Ising model, the Loschmidt echo, defined as the probability to return to the
initial state, i.e.,

21 fFrlsing 2
L(Q) = |(Yale e lva)| (6.7)

would equal unity, and deviation from unity provide an estimate of contributions beyond
leading order in the Magnus expansion. As log £(2) is an extensive quantity, the rate

function
A(9) = —log (£(2) /L, (6.8)

is computed to compare chains of different lengths L, as shown in Fig.|6.3] For chains of L <

16, time evolution was computed using exact diagonalization. The ground states of the L =
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50 and L = 100 chains were computed using DMRG and time evolution was performed using
TDVP [148, [115], 149, 297, 298, 299]. The ground state and time evolution of the infinite
Heisenberg chain was computed using iTEBD [300, B0, [150]. At large Q, A(2) decreases
with increasing 2, indicating that the leading order Magnus expansion is correctly describing
the dynamics of the model. This asymptotic behavior only occurs beyond a “kink” in
A(Q), indicating that at small values of © the Magnus expansion is failing to converge.
The presence of a kink (non-analytic behavior) in A\(Q2) is the defining characteristic of
a dynamical quantum phase transition [260]. Note that other inequivalent definitions of
dynamical phase transitions have been introduced in the literature [302]. DQPTs have
previously been studied in spin systems and have been shown to be associated with unstable
renormalization group fixed points [260} 261, 2611, 262} 263], 264, B03]. Our results show that
the Ising model with a constant driving field Q=0 (%2 + \@ic) undergoes a DQPT into

a regime with an approximate O(3) symmetry at discrete time intervals, as seen in Fig. [6.3
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Figure 6.4: The log IPR for the ground state of XXX-Heisenberg chains of different lengths.
The IPR for the chain of length 10 was computed with exact diagonalization and the IPR
for larger chains was computed by averaging the Loschmidt echo over 1000 periods.

These calculations demonstrate that for short time scales Heisenberg evolution is being
successfully simulated, provided a sufficiently large driving field strength is used. However,
this does not guarantee that the dynamics are reproduced at long times. Generically, pe-
riodically driven systems are expected to heat at late times [304] [305, [306], however in the
context of digital quantum simulation it has been shown that quantum localization prevents
this in Trotterized time evolution [267), [268]. The Floquet engineering technique used in this
chapter uses a static Ising Hamiltonian so one would expect that at large field strengths the

eigenstates of the Ising model are perturbatively close to those of the Heisenberg Hamil-
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Figure 6.5: The rate function for the ground state of XY-Heisenberg chains of different
lengths.

tonian. This would guarantee that long time dynamics are correctly reproduced as in the
case of Trotterized time evolution. This perturbative argument can be verified through the
calculation of the inverse participation ratio (IPR). For a given state, |¢), and eigenstates,
|n) of some Hamiltonian, the IPR is defined by

IPR =Y |(nly)* . (6.9)

The IPR measures how localized [1)) is relative to the eigenbasis |n). In practice, it can be
evaluated by averaging the Loschmidt echo over long periods of time. To compare systems
of different sizes, a normalized IPR, defined by Aipr (L) = — 1 log(IPR) for a chain of length
L, was computed for the ground state of the XXX-Heisenberg model in Fig. For the
chain of length 10, the IPR was computed by explicitly evaluating Eq. while for the
larger chains the IPR was computed by averaging Loschmidt echos. As this figure shows, for
large €2 the log IPR is small which indicates the perturbative argument holds and the XXX-
Heisenberg ground state is localized with respect to the Ising Hamiltonian. This indicates
that the long time dynamics of the XXX-Heisenberg model is being successfully simulated
with this technique.

When the constant driving field is taken to be in another direction, an approximate O(2)
symmetry emerges. The arguments above suggest that there should be a DQPT that occurs
in this case as well. As an example, the traditional one-dimensional transverse field Ising

model with the driving field purely in the & direction will generate evolution according to
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the XY-Heisenberg model (up to a change of basis),
~ Heis 1 IS A
W= B ZYiY;+1 +ZiZiy1 - (6.10)
7

The rate function A(Q) for the ground state of Hyy evolved under the transverse field Ising
Hamiltonian for one period is shown in Fig. As is the case for the XXX-Heisenberg
model, there is a series of kinks indicating a DQPT before the rate function begins to
decrease. It is interesting to note that the final kink is at Q* ~ 1.948 which is close to,
but not quite at the critical point of the transverse field Ising model at 2 = 2. While this
chapter shows that the Ising model can be used to simulate Hyy in the strong field limit, it
has been shown in previous work that in 2 4+ 1 dimensions, the weak field limit of the Ising
model also reproduces the dynamics of the XY-Heisenberg model [265, [266].

These results explicitly show that in 1D, this technique can be used to simulate Heisen-
berg model physics for long times with a driving field that is not extensive with the system
size. While there are classical computational tools that enable the study of large 1D systems
such as tensor networks, simulating real time evolution in 1D systems still has computa-
tional costs that grow exponentially with time and analog quantum simulation may be of
practical use. While these calculation were only performed for 1D, this technique can also
be applied to simulate higher dimensional Heisenberg models and it is likely that the re-
quired driving field strength for simulating dynamics accurately is not extensive with the
system size as well. Even if the required driving field strength is extensive with system
size in higher dimensions, this technique may still be of practical importance as real time
evolution for even modest sized 2D systems is difficult for classical computers. In addition
to enabling analog quantum simulation of the Heisenberg model on platforms with Ising
interactions such as Rydberg atoms and superconducting qubits, this technique could be
combined with the results of Ref. [271] to potentially perform analog quantum simulation of
an arbitrary Hamiltonian. This could potentially enable analog simulations of any quantum

field theory of physical interest on these platforms.

6.4 Discussion

In this chapter, a method for analog simulation of the Heisenberg model has been proposed
that can be implemented on platforms whose natural evolution is described by the Ising
model with constant external fields. For a specific driving field, the time-evolution operator
of the Ising model is approximately that of the Heisenberg model over periodic time intervals.
Interestingly, the leading-order effective Heisenberg operator has enhanced symmetry over

the intrinsic Hamiltonian.
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The systematic errors associated with this method at small external-field strength are
limited by non-analytic behavior in the Ising model, associated with dynamical quantum
phase transitions, which indicates the Magnus expansion is failing to converge. Beyond a
critical value of the driving field, the effective Hamiltonian describing the time-evolution
can be determined from a Magnus expansion, with each increasing order in 1/€2 introducing
operators involving an increasing number of spins.

The technique presented in this chapter could be implementable on a range of quan-
tum devices, including systems of Rydberg atoms or even superconducting qubits, in any
dimension. While Rydberg systems are very promising as analog quantum simulators, one
of the main challenges is that natively they offer a very narrow class of interactions, which
severely limits their applicability. Therefore, being able to engineer new interactions makes
an important step forward in expanding the systems that can be studied on these platforms.
Furthermore, unlike previous proposals for quantum simulations of Heisenberg models, this
method can be implemented using time-independent fields, which is extremely important
for experimental platforms with a limited slew rate for the external fields. In the near term,
analog quantum simulations will be the only method of probing the long time dynamics of
large systems. The dynamics of the Heisenberg model are of particular interest, not only for
condensed matter applications, but also for high-energy physics, such as in coherent neu-
trino oscillations and as a lattice regularization of the O(3) nonlinear o model which will be
important for developing quantum simulations of QCD. Importantly, this technique easily
scales to higher dimensions. By enabling analog simulation of the Heisenberg model on Ry-
dberg atoms and superconducting qubits, systems beyond the reach of classical computers

may potentially be simulated.
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Chapter 7

STATE PREPARATION IN THE HEISENBERG MODEL THROUGH
ADIABATIC SPIRALING

7.1 Introduction

The Heisenberg model with arbitrary couplings is computationally universal in the sense
that all other lattice models can be simulated in arbitrary dimensions, particle content and
interactions by simulations of Heisenberg models [271]. Therefore, detailed understandings
of quantum simulations of the Heisenberg model inform the simulations of quantum field
theories describing the forces of nature. Translating results obtained from lattice field theo-
ries to predictions that can be compared with experiment requires that all relevant physical
length scales are much larger than the scale of discretization of spacetime, and universality
guarantees that low-energy continuum physics can be reproduced from simulations that are
tuned near a 2nd order critical point [307, 308, B09]. As an example, it has been proposed
that universality assures that the continuum physics of the 1 + 1d O(3) NLoM, which has
been studied as a toy model of quantum chromodynamics (QCD) due to sharing a number of
qualitative features such as asymptotic freedom, dynamical transmutation, the generation
of a non-perturbative mass gap and non-trivial # vacua, can be recovered from simulations
of an anti-ferromagnetic Heisenberg model [310] 22] 31T, 24} 25, 312, 313}, [314]. Thus, quan-
tum simulations of the low-energy dynamics of the anti-ferromagnetic Heisenberg model,
which requires preparing a low-energy state and evolving it forward in time, are expected

to provide key insights into strategies for simulating QCD, including state preparation.

To enable practical quantum simulations of physical systems, preparation of states that
have energies much less than the inverse lattice spacing is required. Omne proposal for
preparing low energy states in both digital and analog quantum simulation is adiabatic
switching. This works by beginning in the ground state of a known Hamiltonian and slowly
varying the Hamiltonian through a path in parameter space where the energy gap does not
close. Implementation of adiabatic switching in a quantum simulation requires the ability to
prepare the eigenstate of the initial Hamiltonian and simulate time evolution. Schemes for
simulating the Heisenberg model’s time evolution have been proposed using digital quantum
simulation [191L 190], hybrid digital-analog simulation [315], periodically driven trapped
ions [283], global microwave pulses on Rydberg atoms [282], nuclear spins [316], [317], and

adding strong single qubit terms to systems described by Ising interactions [318].
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In this chapter, we present an argument that the eigenstates of the Heisenberg model
are approximate eigenstates of the Ising model with a strong external field pointed in an
appropriate direction. This is used to develop an analogue quantum simulation technique,
called the adiabatic spiral, to adiabatically prepare the ground state of the Heisenberg model
by adiabatically varying the direction of the external field in the Ising model. The feasibility
of implementing the adiabatic spiral on Rydberg atoms and D-Wave’s quantum annealer is
investigated. It is found that current Rydberg atom experiments have sufficient coherence
time and drive field strengths to implement the adiabatic spiral, while the D-Wave quantum

annealer suffers from some limitations.

7.2 Adiabatic Spirals: Spiraling Toward Ground States

We recently showed that the Ising model with large external fields in the transverse and
longitudinal directions can approximate the time evolution of the Heisenberg model at
discrete time intervals [318]. This generalizes previous work showing the Ising model with a
large transverse field approximates the dynamics of the XY model [255] 256, 257, 258 269],
and is related to techniques used to study pre-thermalization [287, 288|289, 290]. Explicitly,

if a quantum simulator evolves under the Hamiltonian
H'sine — Z Ji 27+ Z it (cos 0Z; + sin 9X,> (7.1)
- 5] J - 2 )

then the time evolution of

(40| (72)

FLC o [2 02:2; +

i?j

will be approximated at times that are integer multiples of ¢t = %’r, up to a change of basis
and corrections that are O (%) In this work, X , Y and Z refer to the respective Pauli
operators.

We now observe that if the time evolution was reproduced exactly at these time inter-
vals, it would guarantee that HHS and H'™" ghare the same eigenstates and that their
energy levels agree up to integer multiples of €. This would suggest that by beginning
with § = 0 and adiabatically increasing 6, it should be possible to prepare an eigenstate
of the Heisenberg model from an eigenstate of the Pauli Z operators. When viewed in the
interaction picture where the free part of the Hamiltonian is taken to be the single spin

driving terms
Q7 =
Holt) =5 Y_R1)-a . (7.3)
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Figure 7.1: The top graphic shows the path on the unit sphere taken by A(t) (the time-
dependent drive field defined in Eq. (7.3)) and the bottom graphic shows €(t) (defining

the time dependence of the Z operator in the interaction picture) during the course of

the adiabatic spiral. 6(t) is taken to be 6(t) = arccos (%) # and ¢ varies from ¢ = 0

to t = T. During the evolution, &(¢) is precessing around %(¢) while the opening angle 6
changes adiabatically, resulting in a spiral path on the unit sphere in the interaction picture.
Vectors from the origin indicate the direction at the end of the spiral evolution.
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the local Z operator becomes
Zj(t) = U§ () Z;Uo(t) = &(t) - &; (7.4)

where & is a vector of Pauli matrices and €(t) is a unit vector. For the Hamiltonian in
Eq. , €(t) rotates in a circle about a vector pointing in the cos 02 + sin 62 direction. As
0 is adiabatically varied to prepare the ground state of a Heisenberg model, é(t) will move
in a spiral motion along the surface of the sphere as shown in Fig. For this reason
we call this method of state preparation adiabatic spiraling. It is important to note that
the implementation of the adiabatic spiral does not require the switching time to be an
integer multiple of %“ Studying the evolution of the Ising model at periodic times was only
necessary to argue that the eigenstates of the Heisenberg model are also eigenstates of the
Ising model up to O (é) corrections. Typically in quantum simulation, adiabatic switching
is done between ground states of gapped Hamiltonians. In contrast, the adiabatic spiral can
be understood as performing adiabatic switching in the middle of the spectrum of the Ising

model to prepare eigenstates of the Heisenberg model.

In practice, the initial eigenstate of the Ising model will often be degenerate, and this
degeneracy will need to be split for the adiabatic approximation to be valid. This can be
done by modifying the single-spin terms in the Hamiltonian. Explicitly, at times that are

integer multiples of ¢ = %’T, the time evolution generated by

Z; (7.5)

Fylsing _ Z Ji i ZiZ; + Z 5 (cos 0Z; + sin 9Xj> +
— 7

can be approximated by the Floquet operator,

2 - 27 o, sin? /o o .\
Ur = U]TS, exp{ — Zﬁ ZJ” <0052 HZiZj + 5 (X X YY))
! (7.6)
2 1
g *COS@hP()Z —I—O }

where Ug is a local change of basis given by Up = H ¢35, The additional single-qubit
term can be tuned to create an energy penalty that breaks the degeneracy of the initial
Hamiltonian which enables the application of the adiabatic approximation. With these
additional single-qubit terms present, the same arguments at large €2 can be used to justify

the applicability of the adiabatic spiral.

As an explicit demonstration, we consider the preparation of the ground state of the
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anti-ferromagnetic Heisenberg model on a 1D chain, with a Hamiltonian of the form

FHes: — JZ [Xij+1 + ijffj—&-l + Zj2j+1 : (7.7)
J

Preparing the ground state of this system with the adiabatic spiral will require beginning in
an eigenstate of the Ising model that is adiabatically connected to the ground state of the
Heisenberg model. Equation reproduces Eq. when 6 = arccos % and would suggest
that the ground state of Eq. is connected to the ground state of Eq. at other values
of §. The ground state of the Heisenberg Hamiltonian with § = 0 is a state with spins
alternating up and down in the Z direction (a Néel state), e.g., |11 1) ...). This ground
state is degenerate and the degeneracy can be split by adding a single qubit term to the
Hamiltonian with alternating signs. Therefore, the ground state of the full Heisenberg model
can be prepared by beginning in a Néel state and applying a time-dependent Hamiltonian

of the form

10 =% 12,20+ 5 (2,0 50%) + M0wiz] o a

J

for a time T, where hp(0) > 0, hp(T) = 0, £(0) = 0, and f(T) = /2. Explicitly, if [Vac) is
the ground state of the anti-ferromagnetic Heisenberg model given in Eq. (7.7) and |Néel)

is a Néel state, then
. T ke
Vac) = Te Ho #HO | Neel) (7.9)

up to O (é) and finite time corrections where H (t) is the time-dependent Hamiltonian

defined in Eq. (|7.8).

Typically, analog quantum simulators are initialized with all qubits in their ground state,
e.g., | 1)®". However, to apply the adiabatic spiral to the anti-ferromagnetic Heisenberg
model, relevant for simulations of the O(3) NLoM, the initial state should be a Néel state,
which can be accomplished by applying a rotation on every other qubit. Alternately, com-
putations could be performed in a different basis. If X is defined to be a product of Pauli
X’s on every other site such that |[Néel) = X |[)®" where ||)®" is the state with all spins
down, then Eq. can be written as

Vac) = Te~tJo ¢HOX |y (7.10)
Multiplying both sides of this equation by X yields

X ’VCLC> _ XTe—ifoT dtﬁ(t)X |\L>®n _ Te—ifoT dtﬁ[(t) |\L>®TL ’ (711)
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where

H(t) = ZJ: [—J@ZH +% <(\/‘2] Z; + f(t)fg) + h’PQ(t) Zj] . (7.12)
If the quantum simulator can directly implement H (t), then an adiabatic spiral can be
used to adiabatically prepare the Heisenberg ground state from the |¢>®" state up to a
basis transformation. However, on some analog quantum simulators such as Rydberg atom
systems, the sign of the two-spin interaction is fixed to be positive. This does not present an
issue in using an adiabatic spiral, as it can be implemented with —H (t). This is because a
change of overall sign does not change the eigenstates or presence of an energy gap between

eigenstates, indicating that the adiabatic approximation remains valid.

7.3 A Numerical Example

To implement the adiabatic spiral in Egs. and , specific choices have to be made
for hp(t) and f(t). As an example, we consider the Heisenberg comb that has recently
been shown to reproduce the O(3) NLoM in the continuum and infinite-volume limits.
It has modest qubit requirements, making it a good candidate for near term quantum

simulations [24] 25]. The Hamiltonian is given by

I:I = Z [Jg‘%l . §$+1,1 + Jpgx’l . §$’2:| , (7.13)

where gm,y = %Ex,y is the vector of Pauli matrices divided by 2 at position (z,y) on the

lattice. An adiabatic spiral can be used to prepare the ground state of this model from a

Néel state with the Hamiltonian

1 4 hp(t)
2

1 5 5 L4 Q .
H(t) = 1 Z [JZx,1Zx+1,1 + Jpr,1Zz,2} -I—Z [2 (\/me,y + f(t)Xw’y> +
x x,y

(~1)™*¥ 75y

(7.14)
The simplest choices for f(t) and hp(t) are linear functions of ¢. Once the functional forms of
f(t) and hp(t) have been chosen, implementing the adiabatic spiral further requires choices
of Q, T, and hp(0). To ensure the eigenstates of the Ising model are as close to eigenstates of
the Heisenberg model as possible, and the conditions of the adiabatic theorem are satisfied,
Q and T should be taken to be as large as possible. As an example, Fig. shows the
energy of a state obtained using the adiabatic spiral as a function of Q) for a Heisenberg
comb of length 4 with J = Jp = 1 and a switching time of 7' = 25. In this calculation,
hp(t) = 0 for all times and f(t) was taken to be a linear function. Evolution under H (t) was
H(%T)

evaluated numerically by computing HZ«LV:1 eTiN and increasing N until convergence.

At small values of €2, the eigenstates of the Ising model and Heisenberg model are not close
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and the adiabatic spiral fails. At large €2, the adiabatic spiral is able to prepare a state with
an energy below the energy of the first excited state. The reason the energy of the state in
Fig. saturates above the ground-state energy is due to a combination of the amount of

time used in the switching and the initial degeneracy in the ground state.

Figure 7.2: The energy of the final-state obtained after implementing an adiabatic spiral
as a function € for a comb of length 4 with J = Jp = 1 and a switching time of T' = 25,
starting from a Néel state. The spiral utilized the Hamiltonian given in Eq. , with
hp(t) = 0 and f(t) a linear function. The black dashed line is the energy of the ground
state and the red dashed line is the energy of the first excited state.

The energy of the state prepared by the adiabatic spiral can be lowered by taking a
non-zero value of hp(0). Unlike with  and 7', the energy of the state prepared by an
adiabatic spiral is not monotonic in hp(0). If hp(0) is taken to be too large, the process
of switching off the initial energy penalty in a finite amount of time can break adiabaticity,
leading to a state with larger energy being prepared. An optimal value of hp(0) can be found
variationally. Fig. shows the energy obtained from the adiabatic spiral with 2 = 8 and
hp(0) = 0.18. This value for hp(0) = 0.18 was selected by minimizing the energy obtained
by performing the adiabatic spiral with 2 = 8 and T = 25.

The adiabatic spiral’s performance can be improved further by optimizing the path taken

through parameter space. If h,(t) is taken to be a linear function of time, and f(t) taken

o be
| f(t) = \/g (;, + nZNBn sin (m%)) , (7.15)

an optimal path through parameter space can be found by minimizing the energy obtained

as a function of the 3,s. Note that if the maximum driving field strength is limited on the
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analog simulator, this will constrain the values that the 5,s can take. For long switching
times, assuming that the maximum value of the driving field is obtained at the end of the
spiral and truncating at (1, it was found that the energy obtained by the adiabatic spiral
was monotonic as a function of 8;. This means that in practice, the largest value of 5;
allowed by the constraint should be used so that the maximum value of the driving field
is obtained at the end of the spiral, which is f; = % The energy of the state obtained by
performing the adiabatic spiral with this path is also shown in Fig. At long switching
times, this path can offer an improved performance over linear switching. It was also found
that including more terms in the expansion in Eq. offered minimal improvements in

the performance of the adiabatic spiral.

M Linear
I Linear+Sin |

Switching Time (T)

Figure 7.3: The dependence of the final state energy, after implementing an adiabatic
spiral, on the total switching time used for a comb of length 4 with J = Jp = 1. The dark
green curve shows the energy obtained when f(¢) and hp(t) are taken to be linear functions.

The light green curve shows the energy obtained when f(t) = \/g (% + 1 sin(w%)). The

black dashed line is the energy of the ground state and the red dashed line is the energy of
the first excited state.

7.4 Potential Hardware Implementations

7.4.1 Rydberg Atoms

Arrays of Rydberg atoms are an experimental platform that could be used to implement

the adiabatic spiral. If the atoms in the Rydberg state interact through the Van der Waals
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Figure 7.4: An arrangement of Rydberg atoms that can be used to perform an analog
quantum simulation of the Heisenberg comb.

interaction, the Hamiltonian describing their dynamics is

AR (¢ ZX A(t an—i—z

1<J

‘x niﬁj s (7.16)

where 7; is the Rydberg state occupation at site i, Z; is the position of site ¢ and X; couples
the ground state of the atom at site 7 to its Rydberg state. This native implementation of
Ising interactions has enabled the use of Rydberg atoms to perform analog simulations of

the Ising model in 1D and 2D [319] [320, 3211, 322 323, 324, [325], [320], 246, 245]. Their native

Ising interactions allows for the implementation of adiabatic spirals.

This is not the only technique that can be used to simulate the Heisenberg interaction
on Rydberg atoms. In recent work, a method of simulating Heisenberg interactions on Ry-
dberg atoms making use of dipole-dipole interactions and an external microwave field was
proposed [282]. This approach uses global microwave pulses to rotate the dipole-dipole in-
teraction to generate time evolution approximating an XXZ7 Heisenberg Hamiltonian, analo-
gous to how one could Trotterize the Heisenberg interaction on a digital quantum computer.
While this proposal makes use of dipole-dipole interactions, the same approach could be
used for Rydberg atom simulations that use the Van der Waals interaction to couple atoms.
In that experimental setup, an effective ZZZ] is available. In principle, the ground state
of a Heisenberg model could be prepared on this hardware using the adiabatic spiral or
by using global pulses to perform a Trotterized adiabatic switching. The choice of which
method to use will depend on the specific analog simulator being used. As a case study, we

can consider hardware parameters used in a recent experiment to study phases of the 2D



176

Ising model [245]. This experimental setup used a driving field with a max amplitude of
Qunaz = 27 X 4.3MHz and had a max coherence time of 3us. With these hardware param-
eters, the preparation of the ground state of a Heisenberg comb with the adiabatic spiral
parameters from the previous section can be performed by placing atoms in an array as
shown in Fig. [7.4] with a lattice spacing of a ~ 10.5um. Note that the Hamiltonian simu-
lated will not quite be the same as the Hamiltonian from the previous section due to the
%6 coupling between the atoms, but the alternating vertical positions of atoms will ensure
the next-to-nearest neighbor interactions will be suppressed. This same arrangement of
atoms could be used to implemented Trotterized adiabatics. In this approach, 5 pulses are
alternated with periods of the external field turned off to construct a first order Trotterized

approximation of time evolution according to

. L. t /n s " n t .
H(t) = Z Jij (ZiZj tT (Xi i+ YZYJ)> +hp <1 - T> Z(—l)zzi ; (7.17)
2,J %
where (—1)? represents an alternating pattern of signs that breaks the initial degeneracy of
the Hamiltonian. The errors in this state preparation method come from a finite switching
time, standard Trotterization errors and the amount of time required to implement the 3
pulses. This is similar in spirit to previous proposals to simulate time evolution using global

controls [327]. The explicit pulse sequences for first order Trotterization can be found in

Appendix

Figure shows the energy that can be obtained using the path optimized adiabatic
spiral and Trotterized adiabatics with different numbers of Trotter steps as a function of
total runtime on the analog simulator. At short times, a small number of Trotter steps
are able to outperform the spiral. However, if the number of Trotter steps is fixed and
the switching time is increased, the Trotterization error will grow and the energy of the
state obtained eventually will increase. This can be mitigated by performing more Trotter
steps, but as the number of Trotter steps increases the contribution to the error from the
finite pulse time will accumulate. As shown in Fig. this effectively puts a limit on the
total number of Trotter steps that can be performed before adiabatics is no longer being
effectively simulated. As shown in Appendix [6.2] some of these errors can be cancelled at
leading order with a modified pulse sequence. The dashed curves in Fig. [7.5]show the energy
of the state that can be obtained by mitigating these errors at leading order in Trotterized
adiabatics. The adiabatic spiral does not suffer from either of these issues. Increasing the
amount of time used in the adiabatic spiral only increases the overlap with the ground state.
It should also be noted that in the Trotterization simulations it was assumed that the drive

field can be instantly ramped to its maximum value. In practice, this is not possible and
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Figure 7.5: The dependence of the final-state energy from an adiabatic spiral and Trotter-
ized adiabatics on the total switching time used for a comb of length 4 with J = Jp = 1.
The solid lines used the Trotter sequence from Appendix and the dashed curves used
the improved Trotter sequence from Appendix The horizontal black dashed line is
the energy of the ground state and the horizontal red dashed line is the energy of the first
excited state. The vertical blue line indicates the coherence time of 3us in units of J 1.

the shape of the pulse while ramping on the drive field will contribute to errors in the time
evolution. Given these limitations, it appears that the adiabatic spiral is a better choice for
preparing the ground state of a Heisenberg model than Trotterized adiabatics on a Rydberg
system. It should also be noted that the pulse sequences required to implement the adiabatic
spiral are quite similar to other pulse sequences that have been implemented on Rydberg
atoms [320], [325] 2406, 245]. As such, it is expected that the adiabatic spiral will be robust

against experimental errors when implemented on Rydberg atoms.

7.4.2 D-Wave

Another experimental platform that could potentially implement the adiabatic spiral is
D-Wave’s quantum annealer. The D-Wave quantum annealer implements time evolution

according to the Hamiltonian,

AV = AP S g BOO (S 2 Sz | . (as)

2 , —
7 1<J

where A(s) and B(s) are fixed functions, but s(t), h; and J;; can be programmed by the
user, up to some constraints. Although it is designed to solve optimization problems, D-

Wave’s hardware has been used to perform analog simulations of the Ising model [328] 329,



178

330, 331, 332], 333, 334, [335], 336, 337, [338]. In previous work, D-Wave’s quantum annealer
has also been used to simulate time evolution and perform state preparation for lattice
gauge theories, however these mappings to quantum simulation have more in common with
digital quantum simulation than the analog protocol we are proposing [154, B339, 132]. To
implement the adiabatic spiral on the D-Wave annealer, a set of qubits with a comb pattern
coupling must be selected. Given the connectivity of the hardware, this is straightforward

to do. J;; and h; should be chosen so that the implemented Hamiltonian is

HPY(t) = ZXw 4 Bett)) (Z hZay + ZJZI 1 Zas11 + TpZa 1Zx2>
Y
(7.19)

The spiral can be implemented by using D-Wave’s reverse annealing function to begin in

6000 -

4000 - 8

A(t).B(Y)

2000 - 8

0 5 10 15 20

Device time

Figure 7.6: Annealing schedule on the D-Wave’s Advantage 6.1 to implement the adiabatic
spiral with h = 2. A(t) and B(t) are given in units of MHz and time is in units of us.

a Néel state with A(s(0)) = 0, and adiabatically evolve to s* such that A(s*) = v/2B(s*)h.
As long as J,J, < h, the adiabatic spiral will be able to prepare an equal superposition
of the ground state and the first excited state of the Heisenberg comb. The pure ground
state will not be prepared because an energy penalty cannot be implemented to break the
degeneracy within the initial state. Note that to perform a measurement on the D-Wave
QPU, the pulse schedule must end with A(s = 1) = 0. The process of turning off A(s) will
create errors in the state preparation whose size are controlled by the slew rate of A(s) and
the choice of s*. One choice of time dependence of A(¢) and B(¢) to implement the adiabatic
spiral is shown in Fig. As an explicit example, we once again consider the Heisenberg

comb of length 4 with J = J,. The energy of states prepared with classical simulations
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Figure 7.7: Energy of the state produced on a simulation of D-Wave’s Advantage 6.1
hardware for different values of J and h. The gray line is the energy of the initial state.
The black line is the vacuum energy, and the red line is the energy of the first excited state.
Note that the energy shown here is measured in units of J.

Device time

Figure 7.8: Energy of the state produced on a simulation of D-Wave’s Advantage 6.1 as a
function of time for a comb of length 4 with J = Jp = 0.1 and h = 2. The black dashed line
is the energy of the ground state and the red dashed line is the energy of the first excited
state. Note that the energy is given in units of J.
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(Mathematica and python) of the D-Wave Advantage 6.1 hardware for different choices of
J and h are shown in Fig. For small values of J and h, simulations of the D-Wave
hardware are able to produce states with a lower energy than the initial state. However, the
quantum device has calibration errors on the order of §.J ~ 4 % 10~3, making it unlikely that
these parameters can be used in practice. For larger values of J, the simulations cannot
reach states with energy lower than the initial state. As an example, the energy of states
as a function of time for J = 0.1 and h = 2 found in simulations of Advantage are shown
in Fig. As seen, Advantage is expected to be able to prepare a low energy state with
respect to the Heisenberg Hamiltonian part-way through a simulation. However, in the
process of turning off A(s) as required to perform a measurement, the time evolution is still
approximately adiabatic, and the system ends up in a final state with large overlap with
the initial state. If the slew rate of Advantage could be increased, or if measurements could
be performed without fully turning off A(¢), it would be possible to perform measurements
of the low-energy state prepared by the adiabatic spiral and potentially use Advantage
in a scalable manner for quantum simulation of the Heisenberg model. Implementing the
adiabatic spiral on Advantage also suffers from the complication that the single qubit terms
must be tuned to a specific value to successfully implement the spiral. While a pulse schedule
is provided by D-wave for this hardware, the pulses actually implemented can vary from
this schedule by up to 30%. This is not an issue for the classical optimization problems
the Advantage quantum annealer is designed to solve, but represents a significant issue for

reliable implementation of the adiabatic spiral on this hardware.

7.5 Discussion

In this chapter, a method of simulating the Heisenberg model on quantum hardware with
native Ising interactions was extended to perform adiabatic state preparation of the Heisen-
berg ground state. Due to the number of quantum simulation platforms able to natively
implement the Ising model, this technique is likely to have experimental applicability. It was
shown that it should be feasible to implement this technique on Rydberg atoms, and that
it can out-perform a Trotterized approach to adiabatic state preparation. The feasibility of
implementing the adiabatic spiral on D-Wave quantum annealers was also investigated, and
it was found that the requirement of turning off the X driving field at the end of the cal-
culation limits its efficacy. The ability of the adiabatic spiral to prepare low-energy states
of the Heisenberg model on these hardware platforms suggests that near-term quantum
simulators can be used to perform analog quantum simulations of the O(3) NLoM, and
other such theories of importance to nuclear and particle physics. While the case of the

fully symmetric XXX Heisenberg model was focused on in this work, the adiabatic spiral
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can also be applied to the XXZ Heisenberg model as well. As the approximation of the
dynamics of the Heisenberg model by an Ising model with strong drive fields is a special
case of the more generic phenomena of prethermalization [287, 288 289] 290], similar ideas
may find applicability for other Hamiltonians on analog quantum simulators with different

native couplings.
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Chapter 8

QUANTUM SIMULATION OF THE 1+ 1D O (3) NON-LINEAR
0c-MODEL USING COLD ATOMS

8.1 Introduction

The O(3) NLSM in 1 4+ 1 dimensions is a theory of interacting scalar particles that is
asymptotically free, and can support a topologically non-trivial ground state (vacuum).
Because of these qualitative similarities with QCD, it serves as a useful test-bed for the
development of computational methods for QCD. A number of mappings of the O(3) NLSM
suitable for quantum simulation have been introduced, including the Heisenberg comb, fuzzy
sphere, angular momentum truncations and D-theory [312], 340, 25] 310, 22], B314]. Previous
work has shown that at lowest truncation, the fuzzy sphere regularization reproduces the
O(3) NLSM [341], while the angular momentum truncation requires a larger local Hilbert
space to do so [311]. The D-theory mapping with PBC has been shown in a number of works
to reproduce the O(3) NLSM, both with and without a #-term [310} 22), 314]. However,

present-day analog simulators, including arrays of cold atoms, only support OBC.

A central ingredient in lattice simulations of asymptotically-free QFT is the perturba-
tive matching between the continuum and the lattice at short-distances (compared to the
scale at the theory becomes non-perturbative). In this work, it is shown that it should be
possible to perform this matching for the O(3) NLSM on existing analog quantum simu-
lators. A definition of the renormalized coupling in the O(3) NLSM that is suitable to be
used with OBC is introduced, and implemented using tensor network simulations to com-
pute the step-scaling function in the D-theory mapping. The step-scaling function is then
matched to perturbative results at short distances (ultraviolet), and the results of Monte
Carlo calculations at long-distances (infrared), allowing for the minimum number of qubits
required to reproduce continuum physics of the O(3) NLSM (to a given level of precision)
to be determined. Tensor-network simulations indicate that asymptotic freedom and non-
perturbative dynamics beyond the capabilities of classical computers in the O(3) NLSM can

be potentially simulated with current cold-atom experimental configurations.
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8.2 Mapping D-Theory to Qubit Registers

The 1+ 1D O(3) NLSM is defined by the action
1 . .
S = % /dt dr Ou¢(x,t) - Mo(x,t) (8.1)

where ¢(z,t) is a vector of three scalar fields subject to the constraint (E(ib‘, t) - p(z,t) = 1.
This constraint is responsible for transforming the free-boson action in Eq. into an
interacting asymptotically-free QFT.

This theory has been extensively studied using classical MC methods using a straight-

forward discretization of the above continuum action,

Stat = L > 6 b (8:2)
)
where the sum is over all nearest-neighbor sites 7, 7 on a square Euclidean spacetime lattice.
Simulating this theory on a quantum computer requires a truncation of the field, and
the D-theory formulation provides a natural mapping onto qubit degrees of freedom, and
an intrinsic truncation, utilizing dimensional reduction. In this mapping, spin—% degrees of
freedom are placed on a 2D rectangular lattice of length L, sites in the x direction and L,
sites in the y direction and coupled through an antiferromagnetic Heisenberg interaction,
i.e.,
H? = 7.3 Sy Sepriy+ 0y Y Sey Soysr (8.3)
T,y T,y

To obtain the 1+1D O(3) NLSM, we choose J, Jy such that the 2D model is in a massless
(symmetry broken) phase when L, L, — co. With these choice of parameters, the contin-
uum limit of the NLSM is obtained in the limit L, > L, > 1, as has been demonstrated in
several previous works for J, = J, [342] 22, [343, [310, [314]. This has enabled classical Monte
Carlo studies of the O(3) NLSM at finite density [342] and with a 6 term [314] without a
sign problem. In the isotropic (J, = Jy,) D-theory approach, each even L, corresponds to
a fixed coupling, and as the correlation length grows exponentially in L,, this corresponds
to a coarse set of lattice spacings. A more refined set of lattice spacings can be explored
by varying J,/Jy. In the regime J,/J, < 1, dimensional reduction should still occur, while

the correlation length is reduced.
Determining the lattice spacing (in physical units) in any simulation of a QFT requires
matching one or more dimensionful quantities calculated in lattice units to the corresponding
experimentally or theoretically determined quantity. Such determinations have associated

systematic errors due to the finite volume, imprecise input parameters, and other effects, see
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for example Ref. [344]. For the O(3) NLSM, the renormalized coupling can be used to set
the length scale. Typically, Monte Carlo studies of the O(3) NLSM have been performed in
a Euclidean spacetime with PBC, and the renormalized coupling, g(L), is defined in terms
of two-point spacetime correlation functions projected onto momentum modes [345]. This
definition is somewhat problematic for our present purposes because quantum simulation
platforms do not have direct access to Euclidean spacetime correlation functions, and, fur-
ther, it is more natural to implement OBC (for which momentum modes are no longer
non-interacting eigenstates) on current platforms. Previous work has explored renormal-
ized couplings defined in terms of energy gaps with OBC [341]. However, this is resource
intensive to extract in practice on hardware, as it requires accurate preparation of both the
ground state and first excited state and measurements of their energies. In this work, we
introduce a new definition of g(L), given in terms of spatial correlations, that recovers the
traditional definition in the perturbative regime, and which can be practically implemented

in quantum simulations. Explicitly, g(L) is defined by

9(L) = ;\/L sinl(;L) <g(1) - 1) ’ (84)

where G and G are the largest and second largest eigenvalues of the vacuum correlation

matrix, G, 4,, defined by

Gx1,:c2 = Z (_1):B1+y1+:v2+y2 <¢’ gzhyl S;Q,yQ ’¢> s (85)

Y1,Y2

where [1)) is the vacuum state of the Hamiltonian in Eq. 1 , and Sjy is the z-component
of the spin operator at site (z,y). Recently, another method to extract the running coupling

on quantum platforms for 24+1D quantum electrodynamics was proposed in Ref. [?], albeit
with PBC.

To show that the continuum physics of the O(3) NLSM can be recovered on a quantum

device, we compute a universal step-scaling function, Fy(z), defined as

a(sL N
FS(Z) _ g(s 7gba e)

=3 , 8.6
g(Lagbare) ( )

where z = g(L, gpare). Here, we emphasize that the bare coupling gpare is kept fixed on the
right hand side. In the limit z — 0, F5(z) probes IR physics and in the z — oo limit, Fy(2)
probes UV physics. Therefore, if a lattice regularization reproduces the entire step scaling
function it can be said to reproduce the continuum physics of the O(3) NLSM. Any lattice
regularization should be able to bridge the gap between perturbative UV physics and the
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Figure 8.1: The step scaling function F'1 : (z) for the coupling in Eq. computed by varying

J & for the nearest neighbor (NN) D- theory Hamiltonian for going from a lattice of size 6 x L,
51tes to 8 x L, sites. The black line is a fit to results of Monte Carlo calculations using the
traditional lat‘mce regularization. The dashed blue line is the perturbative result [345].

non-perturbative IR physics. For simulations of asymptotically-free theories, it is essential to
match the lattice theory to the continuum theory (UV) with as few computational resources
as possible, as the resulting non-perturbative IR physics emerges at parametrically larger

length scales.

To determine the size of lattices required to reproduce the O(3) NLSM, DMRG cal-
culations were performed using the C++ ITensor library [147) [148] to obtain the vac-
uum state of the Hamiltonian in Eq. for lattices of size 6 x L, and 8 x L, with
OBC [148, 115}, 149, 150]. The renormalized couplings defined by Eq. were used to
compute Fy(z) with s = %. Note that while traditionally Fs(z) is computed for s = 2,
any value of s may be used in principle, and we have used s = % to reduce the classical
computing overhead. Different points on the F% (z) curve, shown in Fig. were computed
by varying z in the range 0.1 < ‘}—z < 1.3. At the lower end of the perturbative regime,
z < 0.55, Fy(2) is reproduced sufficiently well with L, = 6, 8 lattice sites, provided a large
transverse direction L, = 8 is used. This indicates that perturbative matching between the
continuum and lattice O(3) NLSM theories can be accomplished with as few as 64 qubits

on a quantum device.

While the D-theory Hamiltonian with nearest-neighbor couplings is natural to consider,
some quantum simulation platforms, such as cold atoms, have long range couplings. For

example, arrays of Rydberg atoms with an s-wave coupling are described by a Hamiltonian
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Figure 8.2: The step-scaling function computed by varying Z—Z for the %6 D-theory Hamil-
tonian for going from a lattice of size 6 x L, sites to 8 x L, sites.

with the form,

2

AW =% Gt) ¢ S A+ Y G iy nn]|6 , (8.7)
i i

where 7; is the Rydberg-state occupation of atom ¢, Z; is the position of atom i, and X;
couples the ground state of atom ¢ to its excited Rydberg state [346] [347]. €;(¢) specifies the
strength of the driving field at atom ¢, and A;(¢) specifies a local detuning. By identifying
the excited-state occupation number with the z-component of a spin, it can be seen that
this system is described by an Ising Hamiltonian with long-range interactions and time-
dependent external fields. Due to this native encoding of the Ising model, Rydberg atoms
have been used in a number of studies to perform analog quantum simulations of the Ising
model [245] 246] 320, [348]. As we have shown in previous works, the Ising model with
a strong transverse and longitudinal field can reproduce the dynamics of the Heisenberg
model, and time dependent external fields can be used to adiabatically prepare ground
states of the Heisenberg model with long range interactions [318, [349]. In particular, by
arranging atoms in a rectangular lattice and identifying the number operator of the atom at
site (z,y), Ny y with a staggered z-component of a spin operator, i.e., g, = %—l—(—l)‘”yS’;’y,

it is possible to engineer a Heisenberg Hamiltonian,

TS
3
T1,Y1,22,Y2 (a’?c(xl —x2)% + a%/(yl - 92)2)

SSC17y1 : SI27y2 ) (88)

(_1)1+$1+y1+$2+y2
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Figure 8.3: The step-scaling function computed for L, = 6,12, 18 and 24 sites with the %6
D-theory Hamiltonian with L, = 6 sites.

where a, , are the lattice spacings in the x,y directions. The staggered identification of the
number operator with the spin operator is necessary to ensure that the state with all atoms
in their ground state, in which the system will begin in a quantum simulation, corresponds
to a state with staggered spins that is adiabatically connected to the ground state of Eq.
The staggering identification also makes the long range interactions frustration-free. Note
that the Hamiltonian implemented on hardware will differ from that of Eq. by a sign, but
due to time reversal symmetry this does not present an issue. This Hamiltonian is equivalent
to the Hamiltonian in Eq. with the addition of long-range frustration-free Heisenberg
interactions. Therefore, it is expected that a,, can be tuned so that dimensional reduction
occurs and the low energy degrees of freedom are described by the 1+ 1D O(3) NLSM. To
verify this, the step-scaling function for the vacuum state of this Hamiltonian was computed
using DMRG, with the results shown in Fig. where % was varied in the range 0.1 <

(%)6 < 1.3. The step-scaling function computed with L, = 6 reproduces the perturbative
function over a range of parameters well into the perturbative regime, demonstrating that,
for this range of couplings, the UV physics of the O(3) NLSM is correctly reproduced.
It is interesting to note that L, = 6 with nearest neighbor couplings only is not able
to reproduce the step-scaling function as precisely in this region, and in this sense, the
%6 coupling effectively implements an “improved” Hamiltonian that enables more precise
matching with fewer qubits. However, L, = 6 appears to be an optimum in this case, since

L, = 8 has again larger systematic errors for this L.

With controlled matching to the continuum theory, non-perturbative IR physics of the
O(3) NLSM is expected to be able to be simulated by keeping the Hamiltonian parameters
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Figure 8.4:  Fj/3(2) computed by varying Z—Z for the %6 D-theory Hamiltonian for going
from a lattice of size 12 x 8 sites to 16 x 8 sites.

Jz, Jy, Ly fixed while increasing the lattice size L;. To demonstrate that this procedure
reproduces the IR correctly, Fy(z) was computed with DMRG for lattices with larger L,
and L, = 6, as shown in Fig. F 4 (z) is correctly recovered in the nonperturbative
regime as the lattice size is increased (when compared with the results of classical Monte
Carlo calculations), over a wide range of anisotropy 0.45 < (a,/a,)® < 0.95.

To match at scales further into the UV, lattices with larger L, must be used. However,
when L, > L, it is possible for dimensional reduction to fail and the 1 + 1D O(3) NLSM
may not be reproduced, as is found for L, = 8 where the results overshoot the Monte
Carlo and perturbative step-scaling functions, as shown in Fig. This can be remedied
by using lattices with larger L,. In Fig. Fy3(z) from 12 x 8 to 16 x 8 lattices with
the %6 D-theory Hamiltonian is shown, which correctly reproduces the known result over a
larger range than with the L, = 6, %6 D-theory Hamiltonian. This demonstrates how larger

correlation lengths may be accessed, and hence the approach to the continuum limit.

8.3 Quantum Simulations of O(3) NLSM using Rydberg Atoms

Arrays of cold atoms are a promising platform for quantum simulation and as shown above,
modest lattice sizes of 6 x 6 and 8 x 6 are sufficient to reproduce the UV physics of the
0O(3) NLSM, and demonstrate asymptotic freedom. This provides an opportunity for a
first attempt at performing quantum simulations of non-perturbative (IR) dynamics of the
O(3) NLSM. To do so will require the preparation of a low energy state with respect to the
Hamiltonian in eq. . The adiabatic spiral [349] can be used to adiabatically prepare the

ground state of this Hamiltonian on an array of cold atoms. To understand the quantum



189

1.30F 1

1.20F .

Fa3(z)

115} 1
1.10F 1

1.05F 1

1.00 ! . ! ! ! 1
0.0 0.2 04 06 08 1.0

z

Figure 8.5: Results for Fyy/3(z) computed in a TDVP simulation of a rectangular array of
8TRb atoms assuming 5000 shots are used.

resources required to adiabatically prepare states with energy that is sufficiently low to
reproduce low-lying physics of the O(3) NLSM, we performed TDVP simulations of the
adiabatic spiral using the C++ ITensor library [148, 147, 297, 298, 299]. Details of these
calculations can be found in Appendix [[7] The classical simulations we performed assumed
a rectangular array of 8"Rb atoms, with Cg = 5.42 x 105 MHz pum®, with a vertical lattice
spacing of 11 um, and a selection of horizontal lattice spacings to probe different couplings.
We assumed a maximum Rabi frequency of 2 = 25 MHz, and a maximum coherence time
of 4us. The initial state of the system with all atoms in their ground state corresponds
to a Neel state that is degenerate due to a symmetry under reflection of the spins. This
degeneracy can be split by evolving with a global detuning term that is turned off during the
course of the adiabatic evolution to apply an energy penalty. The initial size of the energy
penalty was variationally optimized so that the renormalized coupling of the prepared state
matched the vacuum state. The specific energy penalties and horizontal lattice spacings
that we used are shown in Tables and Results for the step scaling obtained from
these simulations are shown in Fig. [8.5] where the uncertainties are derived from a sample

of 5000 shots in computing the renormalized coupling for each lattice configuration.

These simulations show that an ideal cold-atom quantum simulator with only 48 atoms
can correctly recover the UV physics of the O(3) NLSM with sufficient precision. To perform
this quantum simulation in reality would require a rectangular array of 8’Rb atoms with a
global driving field and a staggered detuning term. The parameters used in these simulations
are close to those that have been implemented in previous cold-atom experiments [245], 246,
320, [348| B50]. Therefore, it is anticipated that analog quantum simulations of the O(3)
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ax (pm) | Energy Penalty (MHz) | Final Energy (A)
12.5 0.44 2.81
12.1 0.52 2.90
11.8 0.56 3.43
11.1 0.49 4.64

Table 8.1: Energy of the ground states prepared using the adiabatic spiral. The left column
shows the lattice spacing used for the tensor network simulations of a 6 x 6 lattice. The
center column shows the energy penalty used to match the vacuum renormalized coupling.
The right column shows the energy of the state prepared by the adiabatic spiral in units of
the Hamiltonian’s energy gap.

ax (pm) | Energy Penalty (MHz) | Final Energy (A)
12.5 0.3 4.52
12.1 0.4 4.56
11.8 0.46 5.43
11.1 0.45 7.52

Table 8.2: Energy of the ground states prepared using the adiabatic spiral. The left column
shows the lattice spacing used for the tensor network simulations of a 8 x 6 lattice. The
center column shows the energy penalty used to match the vacuum renormalized coupling.
The right column shows the energy of the state prepared by the adiabatic spiral in units of
the Hamiltonian’s energy gap.

NLSM should soon be within reach. Due to the similarity to previous cold atom experiments,
it is expected that these simulations can be performed with a high degree of fidelity. Scaling
to larger systems will require the same pulse sequences applied to larger arrays of atoms.
This is not expected to present an issue as larger arrays of Rydberg atoms have been utilized
in experiment [245], [246] [348] and the techniques used to simulate Heisenberg evolution have
been shown to scale to large systems [318]. Note that while the simulations performed here
are for arrays of 8"Rb atoms, similar calculations could be performed using different atomic
species, such as Cs [351], 352].

Reproducing the step scaling curve shows that O(3) NLSM physics is actually being
reproduced on the quantum simulator and is the first step towards achieving a quantum
advantage in the simulation of the O(3) NLSM. Once an approximate vacuum state has
been prepared on quantum hardware, particle wavepackets can be excited by varying a
local detuning or driving term. By exciting multiple particles in this manner, scattering in
the O(3) NLSM can be directly simulated. Alternatively, all of this can be also be done at

a nonzero 0, by moving the atoms from a rectangular array into a staggered array [314].
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Using dynamical reconfiguration of atoms, this could even be done dynamically, simulating
a quench of the # term. Rapidly turning on # would correspond to a rapidly changing axion
field [353] 354] and has been shown to generate a dynamical quantum phase transition in
the context of lattice gauge theories [355] [356]. Both of these calculations involve real-
time dynamics that have exponentially scaling computational costs on classical computers,
and their successful simulation on a quantum computer could represent a true quantum
advantage of scientific relevance to high energy physics.

Note that these problems on the lattice sizes simulated in this section are within the
reach of classical computers. Also, a true quantum advantage in simulations of the 1+1D
O(3) NLSM will need to be performed with a choice of parameters that are outside the
reach of perturbation theory. Based on Fig. performing these simulations on a lattice of
size 18 x 6 with (a,/a;)® = 0.45 is a potential candidate for quantum advantage. A lattice
of this size is outside the reach of statevector simulation and lies in the non-perturbative
region of the step scaling curve. The DMRG calculations to produce Fig. [8:3] required a
bond dimension of 2000 to converge and simulating scattering dynamics or a 6§ quench will
involve an exponentially growing bond dimension beyond this. Note however, that some
tensor networks more suited to 2D such as PEPS may be able to perform this calculation
with a lower bond dimension. Regardless, a simulation on this lattice size will be in a
regime that is difficult for classical computers and would represent a first chance at seeing

a quantum advantage.

8.4 Discussion

For strong interactions, asymptotic freedom has been key in enabling non-perturbative
classical calculations with lattice QCD of near-static quantities, and much of the associated
technology will translate across to quantum simulations. In this chapter, we have studied
a different asymptotically-free field theory. By developing new methods and performing
classical simulations, we have shown that present-day analog quantum simulators have the
potential to perform quantum simulations of non-perturbative dynamics within this QFT
with fully-quantifiable uncertainties. A definition of the renormalized coupling for the 1+1D
O(3) NLSM with OBC was developed to enable the first perturbative matching of lattice
calculations on quantum simulators to the continuum. It is expected that this will enable
the use of quantum simulators to compute quantities of interest in the continuum limit of the
1+1D O(3) NLSM. Additionally, this definition was used to determine the minimal number
of qubits required for a quantum computer to reproduce continuum physics. Remarkably,
a cold atom quantum simulator only needs a rectangular array of 48 atoms to begin to

quantitatively reproduce non-perturbative dynamics within the O(3) NLSM. Cold atoms
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have been previously used to simulate larger systems and tensor network simulations suggest
that existing cold-atom experiments should be capable of demonstrating the asymptotic
freedom of the O(3) NLSM. We have also shown that the long-range coupling present in
cold-atom quantum simulators enables them to make contact with the continuum physics
of the O(3) NLSM with fewer qubits than mappings that are restricted to nearest neighbor
couplings. This is the first concrete example of an “improved” Hamiltonian that reduces
the qubit count required for a quantum simulation of a lattice field theory to rigorously
simulate continuum physics with controlled uncertainties.

While the 141D O(3) NLSM does not describe any of the fundamental forces in nature,
it does share a number of qualitative aspects with QCD so these simulations will provide
valuable insights into how to perform quantum simulations of Standard Model physics. Our
calculations correctly recover the classically-computed step-scaling function, and demon-
strate that the continuum O(3) NLSM is being matched, within tolerances, to lattices, and
provides new and valuable further steps toward rigorously extracting information about a
continuum QFT from quantum computers. Once matching has been performed, a quantum
computer can be used to simulate non-perturbative quantities in the theory that are beyond
the reach of classical computers, including scattering and fragmentation, and #-quenches.
Further, the D-theory mapping studied in this work has the potential to be used to simu-
late the O(3) NLSM in 2 4 1 dimensions by making use of 3D cold-atom arrays which have

recently been experimentally demonstrated [357].
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Part IV
SUMMARY

The research in this dissertation has focused on the development of quantum simulation
techniques for lattice QCD. An encoding of SU(3) gauge fields onto a quantum computer was
investigated. This encoding was used to simulate time evolution on a quantum computer
for small lattices. The potential for scaling up this encoding to larger lattices was investi-
gated. Techniques for preparing the vacuum state with this encoding were also developed
and applied on quantum processors. The scalability of these techniques were investigated
using tensor network simulations. Improved Hamiltonians have been derived to correct for
truncating the gauge fields encoded on a quantum processor, enabling the first quantum
simulation of lattice QCD with quarks in three spatial dimensions. Time evolution algo-
rithms for a fermionic Hamiltonian were developed and their worst case performance was
bounded. An algorithm was introduced to compute particle decay rates. This algorithm
was implemented to study a scalar field theory and the theoretical scaling of the algorithm
was determined. These investigations in the first part of this dissertation are expected to be
directly relevant for performing quantum simulations of lattice QCD at scale in the future.

The second part of this dissertation investigated analog quantum simulation of the O(3)
non-linear ¢ model. Due to the simplicity of this model, it was possible to construct ob-
servables and determine the resources required to probe the continuum limit on a quantum
simulator. It is expected that the insights from this investigation will be relevant for taking
the continuum limit of a lattice QCD calculation performed on a quantum computer. These
investigations also led to new insights into approximate symmetries of the Ising model with
strong external fields which describes a number of quantum simulation platforms.

The techniques discussed in this dissertation have enabled quantum simulations of lattice
QCD on small lattices. In the time in which the work in this dissertation was performed,
quantum computers have grown in size and error rates have fallen. Error mitigation tech-
niques have also improved and enabled more sophisticated calculations to be performed on
quantum processors. With these advances, it is now possible to begin probing non-trivial
dynamics of lattice QCD on quantum computers. This will enable the use of near term
quantum computers to begin computing dynamical quantities such as the QCD viscosity
and real time simulations of hadronization. These first calculations will be limited to small
lattices with coarse spacings but will be useful for developing techniques for more accurate

calculations in the future. As quantum computers grow in capability and theoretical tech-
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niques improve, these calculations will be refined and provide new insights into the dynamics

of QCD.
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Part V

APPENDIX

.1 SU(3) Plaquette Operators

.1.1 Plaquette Matriz FElements

A derivation of plaquette operator matrix elements is presented after classical incorporation
of the local vector indices. Due to the single-link delocalization of the plaquette operator
in a generically structured Hilbert space, as discussed in Section [[.2.1] calculating matrix
elements on a three plaquette lattice will be sufficient for evaluations of plaquette strings of

arbitrary length.

Employing the labels of Fig. the wavefunction for the three-plaquette system with

open boundary conditions is

' Ci, Ry, C3 1
Qfa Qr > = 3 .
Cy Ry, C. dim(Q) dim(Q;)

Z ’Cha7 b>‘Qg,C, d>‘c27 €, f>’Rtvg7 h)’Qﬁi?.j)’Rb’ k7€>’C37m,n>‘C4apa q>
all

<Cl7b7ﬁt7g|6bd>r1<Rt7h7637m‘6r7j>r2<c27f7ﬁb7k’Qf:C>F3<Rb7€7647p|QT7i>F4 ) (9)

where the sum is over all component indices, characterized by color isospin and color hy-
percharge quantum numbers. The normalization of this state has been determined through

the application of the CG sum relation,

> [{R1,a,Ry,a[R/,d)p|* = dim(R/) , R cR ®Ry . (10)

a,a,a’
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Application of the plaquette operator can be expressed in terms of four local link operators,

Op® (5O (3) ©1 R G 1

~(3 3 -

2 (02) (@) || @ve |} - g =
C2,Rb,C4 all

<Cl7 baﬁhg‘ab d>F1 <Rt7 ha637 m‘6r7j>f‘2 <CQ7 f7 ﬁbv k’Qg, C>F3 <Rb7 67647p’QT7 i>f‘4
C1,a, )03 |1Qu, ¢, )| Ca, e, UL Re, g, MUY |Qp i, )0 )Ry, b, €)]Cs,m,m)|Ca,py )

(11)
Explicitly acting in the left and right spaces, the link operator functions as,
U R.a.b) = U R.a) @ [R.D)
= jfjn“ffj, IR, a)(R,d|R,a,3,0r, ® R,b)(R,V[R,b,3,r)r, ,
SR/,I’
= Z ((jli::llR IR',d", V) (R,a,3, (R ,d")r, (R, VR, b,3,7)p, , (12)

oR/T

leading to a final state of,

Ci.R;,C
A EQ EQ ’ > Z 5 dim(R dim(Rb)dim(Qg)dim(Qr)
£y Sgr di . -
dim( lel r dim(R}) dim(R}) dim(Q/) dim(Q/.
e @jdm(@) 2 2= (R}) dim(Q)) dim(Q)

(C1,b, Ry, 9|Qq, )1, (Re, h, C3,m|Qy, j)1,(Co, f, Riyy k| Qo ) (R, £, Cat, p|Qyrs i)y
(Ry, k, 3, Ry, k') s (Ry, 'R, £, 3, B)rg

(Qr.4,3,81Q0, ) r-(Qr, 5'1Qr, 5, 3, 7)1y
(Rt, 9,3, 0|RE, ¢ )rg (Ri, I [Re, 1, 3, 7)1y,
(Qu; ¢, 3,0]Q), )1, Q) 4 Qe d, 3, 0)r,

C1,a,0)[|Qp, ¢, d)[Ca, e, /IR, ¢, W) QL 7, 5) R, K, )| Cs,m, n)|[Caypyq) - (13)
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Contraction with a final state produces the following matrix elements,

Ci,R},Cs C1,Rt,Cs
< Q;, Q. O Qe, Qr > =
CQ7R;;7C4 CQ,Rb,C4

1 5 Wim(Rt)dim(Rb)dim(Qwdim(Q»
dim(Qe) dim(Q,) dim(Q;) dim(Q;.) e dim(R}) dim(Ry) dim(Qj) dim(Qy.)
(C1,b,Re,91Qy, d)r, (Re, h, C3,m|Q,., )1, (Ca, f, Ry, k|Qy, )15 (Ro, £, Ca, p|Qyr, i)y

(R, k, 3, Ry, K)r; (Rp,, €'[Rey, £, 3, B)r
(Qr.i,3, B1Q, i)y (Q, 5'1Qr, 4,3, 7)1y
(Rt,9,3,0|Ry, g')ro (R, B[Ry by 3,9)1y,
(Qu,¢,3,|Q, )1y (Qp, 4| Qe d, 3, 0)1,

(Qy, d|C1, b, R, ¢V (Qr, 5 |RY, B, Ca, myr, (Q), ¢ |Ca, £, Ry, K'Yy (QL, 7[R, €, Cay Py -
(14)

This expression can be collected into four vertex factors

Ci,R},Cs Ci,R;,C3
< Q. Q. U Qr, Q: > o
C2, R}, Cy C2, Ry, Cy
dim(Ry) dim(Ry)
dim(R}) dim(R}) dim(Q) dim(Q,) dim(Q})?3 dim(Q;.)3

> (C1,0, Ry, g[Qp. d)r, (Ry, 9,3, 6|R}, o)1, (Q), d'| Q. d, 3, 8)r, (Qp, '|C1, b, Ry, ¢ ),
Z<Rt’ haé?n m|6r7j>F5<Q;aj,’QTaja 3’ /7>F6 <R;, h/|Rta haga ’Y>F7 <Q;a],|Rga h/aé& m)Fg
Z<027 fv ﬁba k’QE: C>F9 <Rb7 ka 37 O“Rév k/>F10<Q€7 ¢, g: O“Qléa c,>F11<Q/Zv C/’C% f7 ﬁ;a kl)Fm

Z(Rb7£7647p|Q7‘7 i>F13< ;)76/’Rb7£7 37 /B>F14 <Q'f‘7 i? 37 /B|Q;“7 Z'/>1_‘15 <Q{r7 Z/‘Rga 617647P>F16 .
(15)

Using a phase convention of real CGs, thus equivalent in the left and right spaces, and a
full-conjugation of the irreps in 4 of the 16 above CGs to standardize indices, yields the
identification of plaquette matrix elements as written in Eq. .

Below is presented the collection of physical plaquette matrix elements of Eq. for

the 8 unique control sectors of the local plaquette operator in the truncated qutrit space

{1,3,3}.
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1 1 o1 0 03 0 .3 0
((@,E}T)) (1,1>> 3,3)> 3,3)>
1 1 o1 e 03 0 0.3 e
o 1 e
< 1,1 (0,0) (1,0) (0,1)
o1 e
e 3 e
< 3.3 (0.1) (0,0) (1,0)
3,0
3,0
< 3,3 (1,0) (0,1) (0,0)
e 3 e
1 3 o1, 0 e 3. 0 3,0
((D,Eﬂ)) (1,3>> 3,1)> 3,3)>
1 3 o1l e e3¢ 0.3 e
o1 e
< 1,3 (0,0) (3,0) 0, 7)
o1 e
e 3 e
< 3,1 (0.4) (0,0) (4-.0)
3 e
.3 0
< 3.3 (50 (0, 5) (0,0)
e 3 e
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1 3 03 0 3,0 o1 e
(mRm(y ‘ 3,3 > ' 3,1 > ‘ 1,3 >
3 3 o1 e e 3,0 e 3 e
e 3 e
< 3,3 (0,0) (3:0) (0,—3)
o1 e
.3 0
< §L1 (07%) (an) (_%70)
¢ 3 e
o1 e
< 17§ (_%70) (0,—%) (070)
e 3 e
3 3 03,0 o1 e 0.3 e
((E,Eﬁ) (3,3>> '(33)> (11)>
3 3 o1 e e3¢ e 3 0
.3, ¢
< 3,3 (0,0) (3,0) (0,535
o1 e
1, e
< 3.3 0.3) (0.0 (350
3 e
e 3 e
< 1,1 (5050) 0. 55) (0,0)
e 3 e
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1.2 One SU(2) Plaquette

The SU(2) gauge theory of a single plaquette is interesting to study in the context of SU(3)
as it allows a first glimpse of what may be expected for the behavior of color fields associated
with low-energy states in larger systems. Of course, SU(2) Hamiltonian gauge theory has
been extensively studied in the past, for example, Refs. [358] [359]. The Hamiltonian for
SU(2) Yang-Mills theory for one plaquette is similar to that for SU(3) in form,

2
; g a2 1( : AT)
H = = E — 4 — O-0 . 1
a,links

Working with normalized states that satisfy Gauss’s law at each of the four vertices, and in

the basis eigenstates of the Casimir operator, |x;), the Hamiltonian matrix in this basis is,
1, . 1
Hij = 59730 +1D%y + -3 (2075 = Oj4140 — Ojrg) (17)

where 7,7 > 0. Recognizing the form of the magnetic operator as the single-separation
finite-difference approximation to V2, and neglecting boundary and positivity issues, and

taking the continuum limit in j-space, the Hamiltonian can then be written as,

Loz 1o
acting in j-space, where J? is the SU(2) Casimir operator. The eigenstates of the low-lying

wavefunctions satisfy,
2 . 2 1 4 .- .
Vi) + (9B =597 +1) |¥(j) =0, (19)

a Weber type-A differential equation, with Parabolic Cylinder functions as solutions. Asymp-
totically for large j, these functions scale as

,i(jJrl)?

P — e 2v2Y 2 , (20)

demonstrating Gaussian convergence in field space. Considerations have to be given to

the discrete nature of the field, to the boundary conditions at j = 0, and so forth, but

for wavefunctions with support over many j-values, the approximate dependence on large

j is expected to be given by Eq. . This result is encouraging as it suggests a rapid

convergence in j-space for j2 4/g, which provides a guide for the extent of field values in

a finite dimensional Hilbert space defining the plaquette. To obtain comparable fidelity for
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somewhat higher lying states, only modest increases in maximum field values are expected
to be required. This distribution resembles that of the low-lying field configurations in scalar
field theory.

Extending this discussion to multi-plaquette systems, it is anticipated that the support
of the field on any given link in the low-lying states will have a localized distribution that
is similar to Eq. up to polynomial corrections. This remains to be verified by direct
simulation. Further, the comparison between SU(2) and SU(3) is complicated by the non-
linear behavior in color space of SU(3). However, the expectation is that SU(3) color fields

are also localized in irrep space, in a way that resembles the behavior found in SU(2).

.1.8 Benchmarks for Single Plaquette Time Evolution

It is important to establish robust benchmarks to guide future quantum simulations of gauge
field theories. Section [I.3]of the main text explores bases within the multiplet digitization of
an SU(3) plaquette and their consequences for digital quantum simulation. To complement,
subsection focuses on the effectiveness of simulations in capturing local maxima and
minima in time evolution. Tables [3| and [4| provided in this appendix show the numerical
values in Fig. of the main text.

First Maximum of (Hg) for g =1

Basis Truncation Exact Trotter Steps | Order | CNOTs | Trotterized Athens
Global Basis p,q — oo 0.9389 - - - - -
Color Parity truncated at 3 | 0.7967 - - 0 - 0.829 (0012
Global Basis p,q <1 0.8699 1 2 3 1.1602 1.06 + 0.08
Global Basis p,q <1 0.8699 2 2 6 0.9019 0.91+0.18
Global Basis p,q <1 0.8699 3 2 9 0.8837 09+04
Global Basis p,q <1 0.8699 4 2 12 0.8776 1.0+0.5
Color Parity truncated at 6 0.9296 1 1 ) 4.2582 4.3+04
Color Parity truncated at 6 0.9296 2 1 10 1.8280 1.9+0.5
Color Parity truncated at 6 0.9296 1 2 7 0.8820 0.94+0.24

Table 3: The first maximum of (Hg) for g = 1 in the time evolution of the trivial vacuum
for a single plaquette. The columns of entries correspond to: (first) the basis truncation,
(second) results of exact time evolution performed on a classical computer, (third) the
number of Trotter steps, (fourth) the order of the Trotterization, (fifth) the number of
CNOT’s used on the Athens quantum processor, (sixth) the results of Trotterized time
evolution using a classical computer, (seventh) the results of Trotterized time evolution
obtained from IBM’s Athens quantum processor.
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First Minimum of (Hg) for g =1

Basis Truncation Exact Trotter Steps Order | CNOTs | Trotterized Athens
Global Basis p,q — o 0.0234 - - - - -

Color Parity truncated at 3 | 0.0000 - - 0 - 0.0037 (% s03s)
Global Basis p,q <1 0.0096 1 2 3 0.0000 0.04 + 0.08
Global Basis p,qg <1 0.0096 2 2 6 0.0803 0.11+£0.1
Global Basis p,q < 1 0.0096 3 2 9 0.0452 0.18 £0.29
Global Basis p,q <1 0.0096 4 2 12 0.0140 0.09+0.24

Color Parity truncated at 6 0.0206 1 1 5 2.782 -

Color Parity truncated at 6 0.0206 2 1 10 1.1840 1.1+£0.7

Color Parity truncated at 6 0.0206 1 2 7 0.1555 0.25+0.2

Table 4: The first minimum of (Hg) for g = 1 in the time evolution of the trivial vacuum
for a singe plaquette. The columns of entries correspond to: (first) the basis truncation,
(second) results of exact time evolution performed on a classical computer, (third) the
number of Trotter steps, (fourth) the order of the Trotterization, (fifth) the number of
CNOT’s used on the Athens quantum processor, (sixth) the results of Trotterized time
evolution using a classical computer, (seventh) the results of Trotterized time evolution
obtained from IBM’s Athens quantum processor. In the simulations, if a minimum was not
obtained in the time evolution, the seventh column contains a dash.

1.4 SU(3) Clebsch Gordan Coefficients

The methods proposed in the main text for the implementation of real time dynamics of
SU(3) lattice gauge theory through the use of quantum devices currently require the classical
calculation of CG tensorial projections in the contraction of SU(3) irreducible representa-
tions. While the calculation of generic CG coefficients has been classified as #P-complete
and thus a daunting dependency, the restriction to fixed rank (2 for SU(3)) has been identi-
fied as a sufficient condition for the existence of a polynomial time algorithm [360]. As shown
in Eq. , matrix elements of the local plaquette operator can be formulated through 9-R
composite CG vertex factors. These vertex factors and plaquette matrix elements are inde-
pendent of the basis chosen to enumerate the states within each irrep. Due to discrepancies
we have observed in the CG coefficients calculated with publicly accessible codes when mul-

tiplicities occur in tensor decomposition (e.g., Ref [361]), an explicit set of 9-R symbols for




irreps appearing at index truncation A, = A, = 1 is provided in Eq. .
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=2V2
=4 (21)
29

Importantly, note that the antisymmetric contribution within the 8 ® 8 — 8 CG produces

a factor of (-1) upon conjugation of the last 9-R symbol in this set.

.1.5  Local Operators for {1,3,3} Magnetic Time Evolution

In this appendix, we provide an explicit enumeration of the 81 operators in the {1,3,3}
local basis contributing to Trotterized magnetic time evolution, see Eqns. (1.51))-(|1.58)).

Control Sector

Givens Rotation

{C1,Cy,C3,Cs}  {C1,Cy,Cs5,Culyq) | coefficient | {Ry, Q;, Ry, Qr} {Rs, Qr, R, Q) (p.g)
1 Xo1X01 X02X02 X011X01 I X011 X1
{1,1,1,1} {00000000} 1 Kog Xoa Xo1 Xoy X1 T X Xo T Ao, T
1 X1 X129 X12X12 X1 X1 Xo1 Xo1 Xo1 X1 X01 X071
% Xo1X12X02X02 Xo11X01 Xo1 LX011X01
{1,1,3,3} {00001001} 3 Xo2X01 X01X01 1X01 Xo1 1X01 LXp: I
% X12 X2 X12X12 Xo1Xo11X01 Xo1 Xo1X01X01
3 Xo1 Xo2X01X01 Xo1 11 X1 Xo1 IX01 I
{1,3,1,3} {00100010} % Xo2X12X12X12 IX01 X1 X01 X01 X01 X01 X01
% X12X01 Xp2X02 Xo1X01 X1 1LX01 101
3 Xo1Xo1 X01X01 Xo11X01LX01 LX01 I
{1,3,3,1} {00101000} —% KXoz Xo2 X12X12 1011 X1 X1 X1 X01 X01
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—% X192 X712 X2 X02 Xo1X01X01 X011 X01 T XD,
-1 Xo1 X12X01X01 Xo11X01 X1 Xo1 LX01 I
{1,3,3,3} {00100101} 3 Xo2X01 X12X12 1 X1 Xo11X01 Xo1 Xo1 X01
-3 X12X02 Xo2X02 X1 X01 1X011X01 11
37\1/5 Xo1Xo2X12X01 Xo1IIXp1 Xo1 Xo1 Xp1 I
{3,3,3,3} {10101010} 3 Xo2X12X02X12 1X01 Xo1 Xo11X01 Xo1 X01
37\1/5 X12X01X01X02 Xo1X01 X011X01 TTX01
3 Xo1X12X02X12 Xo11X01 Xo1 1X01 Xo1 Xo1
{3,3,3,3} {10011001} 3 Xo2Xo1X01 Xo2 [ X01 Xo1 1Xp1 I XD,
3 X12 X2 X12X01 Xo1X011X01 Xo1 Xo1 X011
37\1/5 Xo1X02 X022 X011 Xp1 LX01 Xo1 Xo1
{3,3,3,3} {10010110} 37\1/5 KXoz X12X01 X2 1X01X01 X01 X011 XD
3 X12X01 X12X01 Xo1Xo1 X011 X01 Xo1 X1 1
3 Xo1 Xo2 X02X02 Xo1 1T X1 LXp1 I
{1,1,3,3} {00000110} % Xo2X12X01X01 1X01 X1 X01 X011Xp1 I
% X2 X1 X122 Xo1X01 X011X01 Xo1 Xo1 X1
3 Xo1X01X01X02 X011 X1 1Xp1 11Xy
{3:1,3,1} {10001000} % KXoz Xo2 X12X01 I X011X01 Xo1 Xo1 Xp1 I
% X2 X712 X212 X01X01X01 X011X01 Xo1 Xo1
3 Xo1Xo2X01X02 Xo1 11X Xo1 [T X1
{3:1,1,3} {10000010} —% KXoz X12X12X01 X1 Xo1 X1 X01 X01 X011
—% X12X01 Xp2X12 Xo1X01 X011 Xp1 Xp1 Ao
-3 Xo1 X12X01X02 Xo11X01 Xo1 Xo1 I A1
{3.1,3,3} {10000101} —% Xo2 X1 X12X01 [X01 Xo11X01 Xo1 Xoa I
3 X12Xp2 X2 X12 X1 Xo11X01 1X01 X1 Xo1
3 Xo1 Xo2 Xo2X01 Xo1 11X T X1 Xoa I
{3,3,3,3} {01100110} 3 KXo X12X01 X2 1X01 Xo1 X01 X011X01 X071
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3 X12X01 X12X02 Xo1Xo1X011X01 X011 X0
ﬁ Xo1X12X02X01 Xo11X01 Xp1 IX01 X011
{3,3,3,3) {01101001} ﬁ Xo2X01 X01X12 IX01 Xo1 1X01 TX01 X1
3 X12X02 X12X02 Xo1X011X01 Xo1 Xo11X01
% X1 X12X12X12 Xo11X01 Xo1 Xo1 Xo1 Xo1 Xo1
{1,3,1,3} {00010001} i Xo2Xo1 Xo2X02 [ X01 Xp1 ITLXp1 T X,
% X12X02 X01X01 Xo1 X011 X01 Xp1 1X01 T
—% Xo1 X1 X12X12 Xo11X01 TXo1 Xo1 Xo1 Xo01
{1,3,3,1} {00010100} 3 KXoz Xo2 Xo2X02 [ X01 LXo1 LXp1 T X,
—% X12X12X01 X01 Xo1Xo1X01X01 Xo11X01 1
3 Xo1 Xo2 X12X12 X011 X1 Xo1 Xo1X01 Xo1
{1,3,3,3} {00011010} -3 Xo2X12 X02X02 IX01 Xo1 X011 X01 IX 01
-3 X12X01 X01 X01 Xo1X01 X011Xp1 LX01 I
3 Xo1 X12X01 X712 Xo11X01 X01 Xo11X01 Xo1
{3,3,3,3} {01010101} ﬁ Xo2X01 X12X02 IX01 Xo11X01 Xo1 IX 01
ﬁ X12 X092 X02X01 X1 X011X01 LX01 X011
% Xo1X01X12X02 X011X01 LX01 Xo11X01
{3,1,3,1} {01000100} i Xo2X02X02X01 IX011X011X01 Ao I
% X12X12 X1 X12 Xo1X01X01 X01 X011X01 X1
—% Xo1X12X12X02 Xo11X01 Xo1 Xo1 Xo1 1 X01
{3,1,1,3} {01000001} 3 Xo2Xo1 Xo2 Xo1 [ X1 Xo1 XD Ao I
—% X12X02X01 X12 X1 X011 X01 Xo1 1X01 X1
-1 Xo1Xo2 X12X02 X011 X1 Xo1 Xo11X01
{3,1,3,3} {01001010} -1 Xo2 X12 X2 X01 [ Xp1 Xo1 Xo1 1 X1 Xo1 I
3 X12X01 Xo1 X12 Xo1X01Xo11X01 LXD1 Xo1
i X01X01 X02X01 X011 X01 1T Xo1 Xo1 I
(3,3,1,1} (01100000}
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% KXoz Xo2Xo1X12 I X011 X1 X011X01 Xo1

% X129 X12X12X02 Xo1X01X01 X01 X01 X011 X01

3 Xo1 X12X12X01 Xo11X01 Xo1 X01 Xo1 X011
{3,3,1,3} {10100001} -3 Xoz2Xo1 Xo2X12 [X01 Xo111X01 Xo1 Xo1

-1 X12X02 X01X02 X1 X011 X1 Xo1 I X1

% Xo1X01Xp2 X712 Xo11X01 TTXo1 Xo1 Xo1
{3,3,1,1} {10010000} 3 KXoz Xo2X01 X2 X011 X01 Xo1 T 01

% X2 X2 X12X01 Xo1X01X01 X1 X1 X1 X011

-3 Xo1X01X12X01 X011 X011Xp1 Xo1 Xp1 I
{3,3,3,1} {10100100} —3 Xo2 Xp2 Xp2 X12 IXo1 TXp1 11X 1 X1 Aot

3 X12X12X01 X2 Xo1X01X01X01 X011 X0

-3 Xo1Xo2X01X12 X011 Xp1 Xo1 LXo1 Xoa
{3,3,1,3} {01010010} 3 Xo2X12X12X02 1 X01 Xo1 Xo1X01 Xo11X01

—1 X12X01 Xo2X01 Xo1X01 Xo1 1T Xp1 Ao I

-1 Xo1Xo1 Xo1X12 Xo11X011X01 LX01 X1
{3,3,3,1} {01011000} -3 KXoz Xo2 X12X02 1011 X1 Xo1 X011X01

3 X12X12X02X01 Xo1X01X01 X011X01 Xp1 I

Table 5: Local operators in the 27 control sectors of the generic plaquette operator with

irrep truncation on each link of {1,3,3} mapped to qutrit levels {0, 1,2} or (p,q)-qutrit

pair levels of {(0,0), (1,0),(0,1)}.



{Cq,Cz2} | coefficient Givens Operator

1 Xo1Xo1 Xo2 Xo2

{1,1} 1 Xo2 Xo2X01X01
1 X192 X192 X12X12

3 Xo1X02X01 X01

{1,3} % X2 X12X12X12
% X12X01 Xo2X02

ﬁ Xo1Xo2X12X01

{3.3} 3 KXoz X12X02X12
ﬁ X12X01 X01X02

3 Xo1X12X02X12

{3,3} 3 Xo2X01X01X02
3 X12Xp2 X12X01

3 Xo1X01 X01 X02

3,1} % Xo2 Xo2X12X01
% X12X12X02X12

5 XorXoeXozeXor
{3,3} % XooX12Xp1 X12
% X129 X1 X12X02
% Xo1 X12X12X12
{1,3} 3 XopXo1 XoaXoz
% X120 X2 X01 X1
% Xo1X12X01 X2
{3,3} ﬁ KXoz Xo1 X12X02
ﬁ X192 X2 Xo2 X1
% X1 X1 X12 X2
{3,1} 3 XpXpaXoaXor
% X120X12 X1 X12

209

Table 6: Local operators (isolated from Table [5| for convenience) in the nine control sectors
of the plaquette operator on the two-plaquette lattice with PBCs and irrep truncation on

each link of {1,3,3} mapped to qutrit levels {0, 1,2}.

.2 VQE

.2.1 Hardware Calculations

To perform VQE on a quantum computer, a circuit must be designed to prepare the ansatz

state. For the calculations demonstrated here, only two qubits were used, so the circuit used

to construct the state was capable of preparing an arbitrary 2 qubit state whose wavefunc-

tion has only real coefficients. Once the ansatz state has been prepared on the quantum

computer, the energy of the state must also be computed. This can efficiently be done by

breaking the Hamiltonian up into a sum over tractable terms, applying gates that diagonal-

ize each term of the Hamiltonian, and performing measurements in the computational basis.

This approach to computing the energy will require one circuit per term in the Hamiltonian.
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Figure 6: The top circuit is used to compute the expectation of Hi, the second circuit is
used to compute the expectation of Hy, and the bottom circuit is used to compute the
expectation of Hjs.

Each of the Hamiltonians studied in this work can be written in the form

ﬁ=ﬁ1+ﬁ2+ﬁ3

H=hmi®Z+hoXol+hXeZ
Hy=hnZ@1+hpleoX

Hy=h1 X @ X +hV @Y +hssZ® 7 . (22)

These Hamiltonians can be diagonalized using the circuits shown in Fig. [6l To use gradient
descent based methods in the classical optimization step of VQE, the gradient for the energy
of the state as a function of the rotation angles in the ansatz circuit must be computed on
the quantum computer. Due to the periodicity of sin and cos, the gradient can be computed
exactly using a symmetric finite difference formula with a shift of 7. Explicitly, components
of the gradient are computed using

OE (0) =B (7+75) - B(7-Fi) (23)

4 4

where F (0_) is the energy as a function of the angles in the ansatz circuit and i is a
unit vector pointing in the i-th direction. Therefore the gradient can be computed on the
quantum computer using a number of circuits equal to two times the number of parameters
in the ansatz circuit. The calculation of the energy on a real quantum computer suffers
from systematic errors due to errors in the implementation of the gates on the computer
and errors in the measurement process. The measurement errors can be mitigated by using

Qiskit’s measurement filter subroutine, which removes the leading order measurement
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errors by optimizing an approximate inverse of the calculated all-to-all measurement matrix
[53]. The dominant gate errors come from the implementation of CNOT gates. The errors
associated with CNOT gates are mitigated using an extrapolation procedure [51], [52]. Each
CNOT in the circuit is replaced with an odd number r of CNOT gates (r = 3,5,7) and a

linear extrapolation is performed to r = 0.

.2.2 Bayesian Optimization

Bayesian optimization is a classical optimizer that can be used in the VQE algorithm.
Bayesian optimization uses the data already collected to create a Gaussian process-based
surrogate function that approximates the function, f, being optimized. This surrogate
function is then used to create an acquisition function, which is then optimized to find a
new trial point for the location of f’s minimum. f is then evaluated at that new point and
the result is incorporated into the data for the next iteration. The Gaussian process used
requires both a mean and covariance matrix for the function f. The covariance matrix used

in this work is constructed from the Gaussian kernel, which defines the covariance between
f(x1) and f(x2) to be
_yd (@172,

K(xi,x2)=e = " ) (24)
where d is the number of dimensions of the inputted point and I; are hyperparameters
specifying the width of the Gaussian for each component of x. The mean of f is generically
unknown, but given the covariance matrix the mean can be approximated by the best linear
unbiased predictor,

p=>01Tc 1) "1Tc 'z (25)

where 1 is a vector with all entries equal to 1, C is the covariance matrix with matrix
elements given by C;; = K(x;,x;), and Z is a vector with entries given by the value of the
function at the evaluated points, Z; = f(x;).

Given the mean and variance of the Gaussian process, the value of f at a point Xpesterior
that has not already been evaluated follows a Gaussian distribution with a mean and vari-

ance given by

tposterior = €T C'Z — (1 — cT'Cc1)aTc 1) " 1Tc'z

O'gogt@rior = K(Xposteriora Xposterior) - CTC_IC + (1 - CTC_ll)Q(lTC_ll)_l s (26)
where ¢ is a vector with entries ¢; = K (Xposterior; Xi). Eq. expresses the posterior
mean and variance under the assumption that f can be evaluated without error. In order

to incorporate errors, the variance of the data must be added to the diagonal elements of
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the covariance matrix C and to U}%osterior'

To use a Gaussian process in practice, the hyperparameters of the kernel must be se-
lected. In this work, this was done by maximizing the likelihood of the data under a multi-
variate Gaussian model with a mean equal to the best linear unbiased predictor’s mean and
with a covariance equal to C (with the variance of the data added to its diagonal elements)
from Eq. . Another issue with practical implementation that arises is that C often ends
up singular as the Gaussian process is iterated. This issue is known as multicollinearity
and it occurs when one of the points used to construct C can be exactly predicted from
the other points leading to zero being an eigenvalue of C. This can be remedied by using
Tikohonov regularization where a fake “data variance” distinct from the real data variance
is added to C but not to azostm()r.

The probability distribution of f at unevaluated points is used to construct an acquisition
function, whose job it is to balance exploration and exploitation. The acquisition function
is optimized to find the minimum of f. In this work, probability of improvement was used
as the acquisition function, ie. the probability that the minimum of f is smaller than the
previously found minimum is maximized. This is equivalent to minimizing

__ Mposterior (X) = fmin

acq(x)pr = o ostorion (%) (27)
posterior

where f,,in is the previously found minimum of f.

.2.8  Plaquette Chain Tensor Network

The time evolving block decimation (TEBD) algorithm can be used to simulate the time
evolution of an infinite translationally invariant quantum system by Trotterizing the time
evolution operator [300, B0I, 150]. The vacuum state of a system can be prepared by
performing imaginary time evolution. This algorithm was developed for the simulation of
systems whose Hamiltonian only consists of 2-site nearest-neighbor couplings, so its appli-
cation to the simulation of a plaquette chain requires nonstandard modifications. Fig.
shows how the links in the plaquette chain can be blocked together to form a 1D quantum
system whose state can be described with MPS.

In this blocking, the electric field operator on a single link becomes a single site operator,
the plaquette operator becomes a three site operator, and the Gauss’s law constraint become
a constraint on neighboring sites. The Gauss’s law constraint can be enforced by adding an
energy penalty for violating Gauss’s law.

The TEBD algorithm finds the vacuum by applying a Trotterized version of the imagi-
nary time evolution operator to a translationally invariant state. For a 2-site Hamiltonian,

this is accomplished by storing a unit cell of 2 sites and performing an SVD after applying
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¥

Figure 7: An infinite chain of SU(3) plaquettes can be mapped onto a 1D quantum system
whose state can be represented with MPS by blocking sets of 3 links together as shown.

each gate to keep the most relevant states. For a 3-site Hamiltonian, such as the Hamilto-
nian obtained for the plaquette chain, a unit cell of 3 sites must be stored and two SVD’s
must be performed to obtain the most relevant local states as shown in Fig. The ap-
proach used to perform time evolution in TEBD can also be used to apply arbitrary gates.
To represent the ansatz states obtained using domains of [ plaquettes, a unit cell of length
[+ 1 had to be stored and the state was prepared by applying gates and performing a SVD

to return to MPS form as in the case of time evolution.
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Figure 8: This figure shows the required sequence of SVDs that must be performed to return
an MPS tensor network to MPS form after applying a 3 site gate.
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.3 Schrieffer- Wolff Perturbation Theory

The improved Hamiltonians derived in this chapter are based on performing a unitary trans-
formation before truncating the electric field to reduce the coupling to the states being re-
moved by the truncation. This can be done perturbatively through the use of Schrieffer-Wolf
perturbation theory (SWPT). In this section, the application of SWPT to the Hamiltonian
in Eq. with m = 0 will be demonstrated. The Hamiltonian for lattice gauge theories

in 1D we wish to simulate takes the form
H=Hg+Hp+V | (28)

where Hp is the electric Hamiltonian, V couples the low energy subspace to the high energy
subspace and Hp describes dynamics in the high energy Hilbert space. Note that the kinetic
term of Eq. is equal to Hp+ V. For the zero electric field truncation, V' is the piece of
the kinetic term that corresponds to a baryon on a site ejecting a quark to a neighboring site
and Hp is the piece of the kinetic term that describes a quark propagating freely between
sites. SWPT systematically generates a unitary, ¢S that decouples the selected low energy
subspace. For lattice gauge theories, we will be decoupling the electric vacuum and states

with low energy relative to the electric Hamiltonian. To leading order we have
eslﬁe_sl = ﬁE + [gl,I:IE + ﬁD] + ﬁD + V + [Shf/]
1. - A A A N
+ 5[517 [S1, Hg + Hp] + O(V?) . (29)
The leading order coupling between the low and high energy subspace comes from V and
be cancelled at leading order by choosing S such that [Sl, Hg+H p| = -V. Explicitly, the

matrix elements of S are

(S)ab = =—=Var (30)

where the indices label eigenstates of Hpg + Hp with eigenvalues FE,. To leading order, the

effective Hamiltonian is

N ) 1 . .
and provided that the low energy subspace has an electric energy of 0, the commutator is
equal to
1 . - N 1 N A ~\n 1 -
—15,V]=-Vo0e—"-"7>0-V=— (—H‘lHD) —V . (32)
2 Hp + Hp zn: F Hg



216

Therefore to O(H?), the effective Hamiltonian is given by

R N TP NP A
Hgff:HE—VFEV+VﬁEHDﬁEV+0(HE3) . (33)

Plugging in the corresponding pieces of Eq. (3.2) yields the improved Hamiltonian in
Eq. (3.4). Techniques for performing this expansion to higher orders can be found in
Ref. [138].

.4 eQED Circuits

4.1  Momentum Space Hamiltonian

The interactions in an effective field theory should be chosen to correctly reproduce some
physics of the full model. To correctly reproduce the physics of QED, the effective interaction
will be chosen to correctly reproduce the QED scattering amplitudes at lowest order in
perturbation theory. This means the potential will consist of 4 fermion terms which describe
the scattering processes etet — eiei, ete™ — efe™, et = etete” and 0 = eteete.
Note that the 1 — 3 and 0 — 4 scattering amplitudes will always be off-shell, so these
scattering processes will not be directly observed, but including them in the Hamiltonian
is necessary for scattering amplitudes at higher orders to be correctly reproduced. The
necessary scattering amplitudes in the following subsections are computed using Feynman

diagrams at leading order. Further details of these derivations can be found in [7].

etet — eTe® Amplitudes

The electron scattering amplitude is given by

M e res _ 2 <ﬂas (P3)7" Ui, (P1) Uy (P2) Vuthos (P2)  Uoy (PA)7" Uy (P1) Uy (P3) Yoy (m)) .
(Epy — Ep,)? — (93 — pi)? (Ep, — Ep,)? — (pi — p_i)(2 )
34

€p,01€p,o0

The positron scattering amplitude takes a similar form and it is given by

e _ 2 (val (P1)7" V5 (P3)V0s (P2)uV04 (P4) Vot (P1)V* V54 (P2) Vs (P2) YV (m))
(Epy — Ep,)* — (93 — pi)? (Ep, — Ep,)? — (pi — p_i)g( )
35

+ o+
€p,01€q,09
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ete™ — eTe™ Amplitude

The electron positron scattering amplitude is given by

Me;a3€;+q7r,a4 _ 62 (Uo'z (%)’Y”uol (pl)ﬂo'g (pZ)/YMqu(QQ) + ﬁo’g (pQ)’}/'u'Uo'l (pl)@o'g (‘h)’}’u’l}m (QQ)>
(Epl + Ep2)2 — (1 + p3)* (Epl - Ep2)2 — (p1 — p_é)z( )
36

-+
€p,01€q,09

et — eTe et Amplitude

The e~ — e~ eTe™ scattering amplitude is given by

Meq+,02€;1,03€;_q_p17g4 _ 62 <ua3 (pl)’)/‘u’LLo'l (p)ﬁoz; (pQ)'Yuvag (Q) . 7710'4 (pQ)’y”ual (p)ﬂa?) (p1>7uvg2 (q>>
(Ep - Ep1)2 — (- p_i)Q (Ep - Epz)2 - (- ]7(3)72)
3

€p,oq

The et — etete™ scattering amplitude is given by

Meq,fmem,ffsep—qul,” — 2 <Uag (Q)’Y'uvaz; (p

+
€p,oq

Vo (p)’)/,ﬂ)@ (p1) . Uoy (@)Y Vo5 (P3) Vo, (p)%ﬂ)m; (p2) >
— (- P_i)Q (Ep - Ep2)2 — (- p_%i)’)28)

Naive Vacuum Coupling

The amplitude describing the coupling of the naive vacuum to states with nonzero electron
and positron number is given by
ME;»‘H 610’265‘73 etp*qfnml Ug, (p)vuvm (q)ﬂ% (T)’YM’U(M (_p —q— T)
0

N (Ep + Eg)? — (P + q)? ‘ (39)

.4.2  Diagonalization of Interaction Terms

In order to derive our simulation circuits for the imaginary terms in the eQED Hamilto-
nian we need to show explicit simulation circuits for the mutually commuting Pauli op-
erators of the form Y XXX, XY XX, ..., XYYY. There are eight possible combinations
of which four cases need to be considered. To see why this is, let us consider the cases
XYYY, YXYY YYXY YYYX. The GHZ preparation circuit, G, has a symmetry in that
the circuit is invariant under swaps of qubits 2,3 and 4. Thus if we utilize this permuta-
tional symmetry, the only cases that need to be considered are XYYY and Y XYY as the
other two are equivalent to Y XYY under exchange of the last three qubits. The exact same
argument holds true for XX XY, ..., Y XXX and so only four cases need to be considered
to understand how the modified GHZ preparation circuit G diagonalizes such terms.

The proof that the circuit G introduced in section diagonalizes all the relevant

Pauli operators will make use of the X and Z error propagation identity shown in Fig. [9]
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‘ Original ‘ Equivalent H Original ‘ Equivalent
GUXYYY)G | —Z27z7Z || GI(YXXX)G Z111
GYYYYX)G | -ZZZ1 || GH(XXXY)G Z11Z
GUWYYXY)G | -ZZ1Z || GI(XXYX)G Z171
GYYXYY)G | -Z1ZZ || GHXYXX)G ZZ11

Table 7: Summary of diagonalization of Hamiltonian terms using the GHZ preparation
circuit G

%
|
A

—— & {x

Hw

&

&
]
&
#

Figure 9: X and Z Error Propagation Identities and definition of the GHZ transformation
circuit G

In the first line of Fig. the identity Y = ¢XZ has been used to replace the Y
gate acting on the first qubit. The X error identity was then used to move the X gate
acting on the first qubit past the CNOT gate. Since a Z gate acting on the control of a
CNOT commutes with the CNOT and an X gate acting on the target of a CNOT commutes
with the CNOT, the Z gate acting on the first qubit can be moved past the CNOTs and
the X gates acting on the lower qubits can be moved past the CNOTs. This results in a
cancellation of all of the CNOTs and X’s acting on the three lower qubits. Calculating
GT(YX X X)G is reduced to computing the product of the single qubit gates in the second
to last diagram of Fig. [10[which concludes the proof that GT(Y X X X)G = Z111. The same
techniques are applied in the following diagrams to diagonalize the remaining relevant Pauli

operators.
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X X

X X
O x| © & x| b

X o X]

X x———
o{Xo{x—

Figure 10: Diagonalization of Y X X X

Y] iZHX

Y] iZHX
O x| © & x| b

iz} ]
&z} —Z

Figure 11: Steps involved in showing the diagonalization of YYY X using GHZ transforma-

tions.
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V] lizJX]

V] lizJ-X]
ORI oizHxF
-5 X}-{5}-{H]
iz} Z]
iz} ]

&z (7]

Figure 12: Diagonalization of XYYY

(s X} (HH st X sHu]
[X]
[t
=] o Ve {x—
¢ Y] @

st
e A (7]

Figure 13: Diagonalization of X X XY
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.5 Error Analysis of Particle Decay Calculations

.5.1 Green’s Function Poles

The Green’s function used in this method is

G = ———— ) (40)
w—H+ 1

where |1) is a state describing the particle that will be decaying and H is the Hamiltonian
of the system. This Green’s function has poles whose real part is the energy of the state
|t) and whose imaginary part is given by the imaginary part of the forward scattering
amplitude. The manipulations to show this are standard [223], but have been reproduced
here for the reader’s convenience. The Hamiltonian can be split into a free term and an
interaction term so that H = Ho 4V, Hy [¢) = Eg ). Let P = [¢) (4|, Q = 1 — [) (1)).

The Green’s function can be written as

1 1 - 1 A\
= — + . Vv —V . 41
w— Ey+n (W_EO+Z77)2<¢’ Z%(w Hy +in > ) (41)
Using the matrix identity
A (B+C)A)" = A> (BA)" (42)
n=0 n=0
where A’ = An;O(C'A)" with A=V, B = W*I:{Z)Jri?? and C' = wi}%ﬂﬂ, the Green’s function

is

G= L - 5 (WIT (w—fjf) %) (43)

w—FEy+in (w—Ep+in) vt 0+ in
where "
=V 1% . 44
Z (w — Hy+ in ) (44)
w—Hy+in w—Eo+in ~’
SO

o A ~ n 0o 1 ] .
Z <w Hy —l—mT) [v) = Z (cu—Eo—i—in <¢‘T|¢>) lv) . (46)

n=0 n=0
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Using this fact, Eq. becomes

1 1 ~ 1

G= — . TI) + ——————5 W T )+
1 1 1
_ T : _ = . - : (47)
w— Lo+ \1— s—prm (I T |4) w— Eo+in— (| T'[¥)

In the limit that n goes to zero, T becomes the scattering 7' matrix, T, and according to

the optical theorem & = — Im((¢)| T [4)) for a single particle state, |). So

1 2 1

- = - ) 48
’ww—H—i—in’w (w—E)2+ (5 +n)2 (48)

and from Eq. the decay rate can be extracted since it is proportional to the width of

a Lorentzian distribution centered at the particle’s energy.

5.2 Quantum Computation of the Green’s Function

Fully Quantum Approach

In the previous section it was shown that the imaginary part of the poles of the Green’s

function <w| H-Hn
efficiently, then the decay rate can be computed efficiently as well. This Green’s function

) is 5 + . Therefore, if this Green’s function can be computed

can be expressed as an integral

1 o -
Wl =y =i [ e g (49)
w—H+ 1 0
If this integral is cut off at some finite large time T, it can be approximated with a Riemann

sum

T/At
. A 1
. i(w+in)kAt —iHkAt — 3 - -
a0 kZO ¢ Wie A= T in i (%0
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0) —{R:] OFT

- B

V) ————— g—iHAL | o—iH2At — - -+ — —iH2"At

;

Figure 14: The quantum circuit used to calculate the Riemann sum approximation to the
Green’s function.

If T = (27" — 1)At, this sum can be evaluated on quantum computer using a register
of n ancilla qubits in addition to a register used to store the state of the system and a
number of gates that scale polynomially with n and the size of the system. The circuit
used to calculate the Green’s function is displayed in Fig. The calculation begins with
the quantum computer in the state [0)®" 1)) where all qubits in the ancilla are in the state
|0) and the system register is in the state [¢)) which describes the unstable particle that

cos(f) —sin(fy)

sin(f)  cos(6y) )
and #;, = arctan <e*2k’7At). Up to normalization factors, the quantum computer is in the

2n—1

state > e "FA|E)|¢). From the kth ancilla qubit, a controlled time evolution evolution
k=0

operator is applied to the system register for time 2¥At. Finally, the quantum Fourier

will be decaying. Ry is applied to the kth ancilla qubit, where R = (

transform is applied to the ancilla qubits which will put the quantum computer in the state
M—12n—1 ., o . .

> Ham=nmmimkAl |m) e "*HEAL |4} Performing a measurement on both registers,
m=0 k=0

the probability that the ancilla register is in the state m and the system register is in the

state ¢ is
2

2n—1
Plm, ) o | 3 flontmhat ) o ifikat g, (51)
k=0
where w,,, = ﬁ. This is directly proportional to the Riemann sum that approximates

the Green’s function, and by repeatedly running this circuit, estimates for P(m, 1)) can be
obtained.
Hybrid Approach

The circuit described in the previous section allows the Green’s function to be computed

using only quantum resources. However, that circuit requires many CNOT gates and ancilla
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qubits which makes implementation on a near term quantum computer difficult. Previous
work has introduced variational methods to compute the Green’s function on near term
quantum computers [362]. In this section, a method of computing Green’s functions using
the Hadamard test will be introduced. This method only requires a single ancilla qubit,
which makes it more suitable for near term quantum computers than the method in the
previous section. The Hadamard test method [244] can be used to compute (1| il [4)
with a quantum computer for several time slices. For the circuit in Fig. P(0)—P(1) =
Re ((M emift |1j))), where P(0) is the probability that the ancilla qubit is measured to be in
that state 0 and P(1) is the probability it is measured to be 1. For the circuit in Fig. m
P0)—-P(1) =Im ((1/1] e—iHt \1@) By running these two circuits n times, (| il |1) can

be computed with statistical error given by ﬁ

0) —{H}— 0)
) ——— it —— A ) ——— it f——{ A

(a) Circuit used to determine (b)  Circuit used to  determine

Re((¢|e """ [y)) Im((| e )

Figure 15: Circuits used in the Hadamard Test

Once (9| e—iHt |1) has been computed for several time slices, the Green’s function can be
computed by classically performing a discrete Fourier transform. This requires a separate
quantum circuit for each time slice, but the circuits used are shorter than the circuit in the
previous section which makes them better suited for implementation on near term quantum
computers. Implementing the Hadamard test requires at most a polynomial overhead over
the cost of implementing e~ **. Therefore, the quantum and classical resources needed to
compute the Green’s function scale polynomially with this method as long as [¢)) can be
prepared using polynomially many resources and time evolution can be performed using

polynomially many resources on the quantum computer.

.5.8  Error Scaling
Finite T and At

This calculation is based on performing a Riemann sum approximation to an integral, so

errors due to a finite T cutoff and a finite step size At will need to be estimated. The
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Riemann sum being evaluated is

T/At )
R= Z ei(w+i77)kAt <¢| e—inAt |w> At (52)
k=0
which approximates
T ) A
1= [ et ety ar (5)
0
Eq. differs from the T" — oo limit by
1 (o F
ol = Ty T 54
W) (54

Therefore, to determine the Green’s function to within an accuracy of €, T must be taken
to be O (% log(%)). Using integration by parts, it can be shown that

to t2
/ dte® = (tg — t1)e™? —/ dt (t—t1) a e™ (55)

t1 t1
and using Eq. it can be shown that

ng At n N
I-R—_ / S (t— At (n—1)) (] (w — H + in)el@H+mt ) (56)

n=1 At (n—1)

where n; is the number of time slices used in the Riemann sum. |¢)) can be expanded in the
cigenbasis of H as |¢) = 3, ¢, |Ey,). The Hamiltonians for which this method of computing
the Green’s function is to be applied to have been renormalized such that the lowest energy
state has zero energy. Therefore, it may be assumed that E,, > 0 for all n. If (¢/| H V) = E,

then
Z ’Cn‘QEne_iEnt
n

Using this bound, it can be shown that

[l e )| =

<> lenl’En=E . (57)
n

T
T
]I—R\g/ M@+ E4me™ < (it +E) (58)
0 t
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Therefore the number of time slices needed to determine the Green’s function evaluated at

w + in with an accuracy of € must be

0 bi@(m+E+n) . (59)

Number of Time Slices =

Many implementations of Hamiltonian simulation on quantum computers do not implement
the time evolution operator exactly [35] 38, 191, 190]. To calculate the Green’s function
with accuracy e, the error in the implementation of the time evolution operator must be
O(ne). If the gate cost required to evolve to a time T with accuracy ¢ is given by p(T', ),

then the gate cost required to calculate the Green’s function is
2

10g(5) 1 2
Gate Count =0 | —5—= (w+ E+n) p| —log| — |,ne . (60)
n-e n ne

Finite Volume Errors
d+ 1 Dimensions With a Mass Gap
When scattering calculations are done inside of a finite volume, first the . — oo limit should

be taken, followed by the n — 0 limit. The order in which this limit is taken matters, as

can be seen from a rearrangement of I' = —2Im((¢|T'|¢)),

2
| (61)

2n ~

I = ’ BV
where |E,) are eigenstates of the full Hamiltonian, |¢) is the state describing the unstable
particle, V is the interaction piece of the Hamiltonian, and M is the mass of the particle
decaying. If the n — 0 limit is taken first then this discrete sum goes to zero. Alternatively,

if L — oo first, the energy levels become continuous and

ro= | g e e (62)

If then n — 0, the Lorentzian term becomes a delta function and the usual expression for

the decay rate is recovered.

= 21 (M| V()] p(0) (63)
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Finite volume errors in a 1 — N particle decay rate will be calculated in the case where
all of the decay products are massive. If the interaction energy between the decay products
can be ignored (as in the L — oo limit), then for a 1 — N decay, the calculated decay rate

is

2n - ST 2
Prva= Y - [, VIg)[ (60
ﬁl,ﬁg,---ﬁNGZd 2 277
M S fmt s ()] e
( = k L

in the a — 0 limit, where M is the mass of the heavy particle decaying and my, is the mass

of the k-th decay product. In this case,

dz 287 f;ﬁ 2 N
‘2 Az "I kM| 1

k=1

ﬁe 2M kl_[l d 2 27t 2

where M is the scattering amplitude which is generically an analytic function of all the

(i1, fig, - 7in| V| 6) (65)

decay products momentum, and T is integrated over the region [_TL, %]d Therefore, the

decay rate computed inside a finite volume at finite 7 is

L2 =

N
ddf zLx~<Z ﬁk> 9
Trvp= D, T .

d 2
A1, e, AN €LY N 2 27t 2 2
M — > \[mi+ (7% +n

2 N

M o \ 2
k=1 1d9 m%-i— ( Wme)

If instead, the goal is to calculate a cross section for 2 — N scattering in the center of mass

frame, an initial state with two particles each with energy K; must be prepared. In this

case,
) dlz ﬁf(% ﬁk> yj\/l|2 N 1
|(fi1, T, - Tin| V |0)|” = Lde = AK2[A 2 (67)
7 _ 277
k=1 L2\ [m? + ( ’}j”“)

The scattering cross section, o, is given by the decay rate divided by the incident flux which
IvlL—dv2|

is equal to , where v7 and v5 are the velocities of the particles present in the initial
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state. The extracted value for the cross section at finite volume and 7 is given by

N
_ d'E 2“”(,;1"’“) 29
i3 o= (5] ) <

1 IMP H 1 | (68)

U] — 03| 4K N2
’1 2‘ z k=1 [d9 mz+<27r£zk)

This expression takes the same form as Eq. [66] just with M replaced by 2K; and with some
slightly different prefactors, so the finite volume error analysis for cross sections can proceed
in the same way as the decay rate analysis. To simplify the following discussion, the finite

volume errors will be computed only for decay rates.

As L — o0, the computed decay rate becomes

S 2
<,§1 p’“) 21) M

d =
77—H/ P %/d N 2 2M
(2m)92 my +p <M—Z mz+ﬁ]2€> + 2

The Poisson resummation formula states that

> st = [ a7 f@)+ 3 [ d's g (70)

nezs P#0

and using Eq. , the finite volume error in the calculation of I'; is given by

oTpy =Ty, — T = —2Im > I, (71)
ne{{ni, s, my€ZI}\{0, - 0}
where

d= N d = 2
I, = / d’z 11 / dpi i L) 1 M g

L (27)42,/m2 + p? X e 2M

k=1 kT Pk M — > \/mi+p; +in
k=1

Using the fact that
dE 1

1
2/m?2 + p2 / 27i (E +i6)? — p? — m?

where « is a contour enclosing the lower right quadrant of the complex plane, Eq. can

(73)
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be rewritten as

/dd* /dEk / ddpk ePe- (M L+3) 1 IM[?
271 . 2 N 2M
(Betinks) —B-miM— 3 By+igh
k=1

(74)
The component of pj, parallel to i can be integrated over with contour integration yielding
/ dd_, ﬁ / dEk / dd 1 \/ Ek+1N+l) %—(ﬁ%)z\nklﬁ-ﬁk-ﬂﬁ-iﬁ{-f 1 |M|2
27T)d i \/ )2 N L, 2M
¥ E ~T)
(75)

where pf is a d-dimensional vector integrated over vectors perpendicular to 7. The integral
over pg can be performed in the large L limit using the saddle point approximation method
which states that

Lzn(2) e M@ — (2”>2 h(Eg)e M (@) ! 76
/ (Z)e A (Zo)e det(Hessian(f(7y))) (76)

N[

in the A — oo limit, where & is a stationary point of f(Z) in the integration domain.
Therefore, in the large L limit Eq. [75] becomes

da—3
I / dd:L‘ N /dEk 1 (\/(Ek+14N+1) mk) el- (Ek+iN11)2*m%|nkL+ﬁk'f|
= —d d—1 a—1
Ld oy A (2m) 7 IngL + iy, - &) 2
1 |IM|?

— )
M — Z E; +ZNL+1
k=1

The E} integrals over v can be written as a sum over an integral over the positive real axis
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and the negative imaginary axis. Explicitly writing out these integrals,

d—3

E L2 —m2) Y ; L
I, = Z / / dEk 1 g (\/( k+ZN+1) mk) o (Brtigty)?—mi|ng Lty 1|

a1
|nkL+ﬁk-£L‘| 2

oC{1,2,
d—3
2 2
H/ _ZdEk 1 (\/<Ek B TH) + mk> e (Erx— )2 +mi Ing L+ 7|
d—1 a1
keo )z gL+ fg - | 2
1 2
‘;\;4‘ (78)
M — ZEk+Z'<NT_7H+ ZEk>
k¢o keo

For k € o, the Fj integrals can be evaluated using the saddle point approximation again,

d—3
c 2,2 2
I, = Z / / dEk L W (Bt i) —mi) Bty =mE i L3
n — 1 d—1
0C{1,2,- |np L + g, - | 2
d—2
2
H —i my e_mk‘nkL"F'flk'f‘
ico ) L + g - |2
1 IM|? (79)
. 1
M- > Ep+ ’m% 2M
kéo
The final set of Ey integrals will be performed by making the substitution £y = Efy,
d—.\
I, = /d / dEEN-lo1-1
aC{l 2,
d—3
i N2 2 2
H / dfk 1 \/(E’flC + ZNJFI) mk) ei\/(Efk‘f'i N11)2_mi|nkL+ﬁk'f|
d—1
ko gL + 1y, - Z| 2
d—2

: = 2
keo 4r (27T) |ng L + 1y, - )2 5 M—-FE+ anj(:,‘ill 2M

where the fi are integrated over the region 0 < fi <1 and > fx = 1. The integral over E
can be performed by performing a contour integration over a contour enclosing the upper

quadrant of the complex plane. Performing this contour integral yields

In= > Au(0)+Bu(o) (81)

ocC{1,2,,N}
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where

d—3

- )2 2) 2
A, (0) /dd H/dEk L (\/(Ek+N+1) +mk) oV Bt ) 4m i L ]

1
|nkL + fy - Z| 2

2
—i 1 ka g Lot ] 1 : M| (82)
AT (9m)8 ng L+ iy - |3 M = Y0 iBx + infHE 2M
comes from integrating along the positive imaginary axis and
d—3
2
((M+z’ “"*1)]“ +igls )2—m2
o] + 1\ VleI= dfy 1 TN ) IR T :
Bn(J):—Qﬂ’i<M+Z ]V—i—l) H/4 d—1 R ,d=1
T (27) 2 |ngL + fg, - | 2

kéo

2
ei\/(<M+i77 T )fk+iNL+1) —m2|ny, Lty &

d—2
. 2
-t 1 My e~ k| kLt Z| M (83)
4 (Qﬁ)% 2M

4
keo Ing L + 7y, - 7|2

comes from the pole located at £ = M + in |X,‘Ill The integrals in Eq. can be evaluated

using the saddle point approximation and using the fact that [ngL + i - Z| > (ng — 3)L, it
follows that Ay (o) = O(57z [] e_m’“("’f_%)L). Using the bound
k

ol +1 )\’ n
Im \/<<M+ZU|N|+1>fk+ZN+1> —m? ZN—I—I ) (84)

it can be seen that

Bu(0) = 0 (Mdle_Q e He ] e—wnk—éﬂ) . (85)

keo kéo

Therefore, in the limit of small 7,

N
I, =0 <M°51N—2 11 e‘zvil("k"%)L> , (86)
k=1

and

STpy = O (Md% 2 ML%) . (87)
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d 4+ 1 Dimensions Without a Mass Gap

The bound in the previous section was calculated under the assumption that all decay
products are massive, however this is not always the case. In the case where there are
massless particles, the decay rate calculated in finite volume is again given by Eq. and
the infinite volume limit is given by Eq. I'rv, is a Riemann sum approximation to I',
and using the multidimensional bound on the Riemann sum error for integrating over a k

dimensional hypercube with side length R

. . . >iy max gg{i 1
/d x f(Z) — Z Az™ f(Azi)| < R" Ax

;o (88)
2
A€z \{|ni|Az> 5}

it can be seen that 0I'py is O( ) for small 7.

Finite n Errors

The value of I' calculated for a 1 — N particle decay at finite 1 in an infinite volume is
given by I';, = —=2Im(T'(M + in)) where

N

N
245, 27rd5d<z_: >

76 =11 / D

is the forward scattering amplitude, M is the mass of the particle decaying, my, is the mass

\M\

(89)
15,%

WM

of the k-th decay product and M is the scattering amplitude for the given decay channel.
The decay rate I' is given by liH(l) I';. It will be shown in this section that 6I';, = I') — T’
n—

is O(n) for small 7. Changing to spherical coordinates and making the substitution Ej =

pi + mz — myg, Eq. becomes
H dEk ko : (90)
2(2m)d N 2M
z— > (Bg +my)

Now making the substitution Ey = fiE, T'(2) can be expressed in the form

1) = [ apse)— 1ZN k (91)
z2—E—->3_1m
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where

_ pN- IH/dfk/dQ Esz+22’f7flrl)cEfk) 2 )5 (Zpk> |M| L (92)

where the fj are integrated over the region 0 < f; < 1 and Zivzl fr = 1. Note that f(F)
has the following properties, 2w f(AM) = I where AM = M — Z]kvzl my, f(0) =0, and
f(E) > 0. T(z) is known to be analytic in the upper half of the complex plane [7] which
implies 51_13(130 f(E) =0, since otherwise Re(T'(z)) would diverge. The decay rate calculated

at finite 7 is

_ [T 21
rr,_/0 AENE) s (93)

Integrating Eq. [93] by parts gives

T, =2 /00o dEf'(E) tan™ (E_UAM>

_9 / MM BB cot ! <E_”AM> i /0 M B () ot <E_’7AM> (94)

[e.9]

To show that ') =T',, — I' is O(n) for small n, it suffices to show that

() =G ®
is finite. Differentiating under the integral shows that for n > 0,
‘ill;’?:z/ooodEf’( ) 2+E(E A]XM 27D/ dEf'(E) 2+E(];A]XM)2 . (96)
Therefore, .
‘iirn" . 279/0 dEf'(E) =7 _1AM : (97)

The integral in Eq. is finite due to the properties of f(£) discussed above and so dI', is
O(n) for small 7.

Particle Number Truncation

When a quantum field theory describing bosons is simulated on a quantum computer, the
degrees of freedom must be truncated. For the bosonic theories considered in this paper,
this was done by simulating the theory on a finite lattice with particle numbers truncated.
The calculations in the previous section bounded the error in the computed decay rate due

to the finite lattice and in this section, the error due to the particle number truncation will



234

be calculated. The scattering T' matrix can be computed from the recurrence relation
. 1 .

E— Hy+ i

where Vj is the free part of the Hamiltonian describing the motion of free particles and V is

the interaction part of the Hamiltonian. If p projects out the finite particle subspace under

consideration, then the T matrix computed with this truncation satisfies the recurrence

relation .
A A N P -
T =V +V——F——1Ty (99)
E — Hy+1n

Then the difference between the actual 7" matrix and the 7" matrix computed with a particle

number truncation, §=T-— Tf satisfies

A~

PN 1 PN 1-P
0=V - —0+V - —T (100)
E—Hy+1in E—Hg+ 1
This can be rewritten as )
. . 1-P .
0=T————Tf . (101)
E—Hyg+1in

Therefore, if the lightest particle in the theory has mass m and particle number is truncated

at n, then the error in T'(FE) due to the particle number truncation is O (W)

.5.4  Error Mitigation

While the Hadamard test enables the computation of matrix elements, it does not address
errors due to imperfect gates on the device itself. To mitigate this error, an extrapolation
technique was used [51, [52]. In each circuit, every CNOT was replaced with an odd number,
r (for r = 3,5,7), of CNOT’s, and each amplitude was linearly extrapolated to r = 0. If
there was no noise, these additional CNOT gates would make no change to the outcome of
the circuit.

This procedure reduces the error from imperfect implementation of CNOT gates on the
quantum computer, but does not mitigate readout errors. To address readout errors, the

default calibration matrix method included in the Qiskit Ignis package was used [50].

.5.5  Hamiltonian Sitmulation

The one site calculation done on IBM’s quantum computer was done in the momentum
basis. While the gate cost of performing time evolution in the momentum basis does not

scale to large lattices as well as in the position basis, it is suitable for small calculations
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[243]. With a single site,

~ 1 R N
¢ = \/W(Chb + alﬁ)
. . .
X = \/%(aX+ax)

A

o= %fr; + %wi + %M%@? + %m2§<2 + %g o+ %)\ A+ %51\4%2 + %5m2f<2 +A . (102)
where H is the Hamiltonian, M is the mass of the heavy particle, m is the mass of the
light particle, A is chosen to make the vacuum energy equal to zero, and dM and dm are
the differences between the physical and bare masses. This Hamiltonian only couples states
with the same parity in the number of y particles so states with an even number of x
particles are the only ones needed. The mapping of basis states to qubit states is listed in
Table [8] Two qubits were used to store the state of the system and one ancilla qubit was

used to implement the amplitude estimation algorithm described in Appendix

Qubit State | Basis State
00 Vacuum

01 1¢

10 2 x

11 1¢and 2y

Table 8: Basis States
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In this truncated basis, the Hamiltonian is

A= (Mo LM 3N g
S\ 2 32m2  2M 4dm

A V26m?2\ - 3\ om2\ - .

X — 4+ \Z 1

+<<8ﬂm2+ im > <m+16m2+ 2m> ©

. 39 - M 5M2> )
+lo| ——X - =+ —)Z
<4m\/2M (2 4M

g 5 g 5
+ X — 7
<4m\/M 2mvV2M )

(103)

The amplitude estimation procedure described in the previous section requires implementa-
tion of a controlled time evolution operator which was implemented using a Trotter-Suzuki
decomposition e~? 22 Hkdt x5 T, e~k where

. M o) SM?  36m? .
Hy= <2—|—m+32m2+ S+ 4:; +A>1®1
A A V2om?\ . 3\ om? . - -
i = X - 22 L2 @i
! <<8\/§m2+ 4dm ) (m+16m2+ Qm) >®

A 39 (M 5M2> )
H=1|—=X-|—4+— |72

2 (4m\/2M 2 " AM

2 9 5 g

H; = X - —
’ <4m\/M 2m/2M
Implementing a controlled version of this time evolution operator requires the ability to per-
icd®l i(c1 X+e22)®1 i(ClX+CQZ)®X'

Z> X . (104)

form controlled unitary transformations of the form e e and e

P 1 0 N N
A controlled e*“'®! can be performed by applying (O i | tO the control qubit. c; X +c2Z
e

is a 2x2 Hermitian matrix, and the matrix U that maps the computational basis to the
eigenbasis of this matrix can be found classically. Using this matrix U, it is trivial to mod-
ify the textbook implementation of a controlled Z rotation [?] to a controlled rotation about
¢1 X +coZ as shown in Fig. A similar trick can be used to implement the (¢; X +¢22)®@ X
term as shown in Fig.
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Figure 17: Circuit for e=(1X+e22)@X controlled on the first qubit

.5.6  Estimation of Imperfect Gate Implementation Errors

On NISQ era quantum computers, the statistical error and error due to imperfect imple-
mentation of logic gates on the quantum processor must both be addressed. In general, the

density matrix describing the state of the quantum computer is given by
Pexp = (1 - p)pideal + Z -Eipideall?;r (105)
i

where p;4eq; 18 the density matrix describing the state of the quantum computer if every gate
was implemented perfectly, p is the probability there is an error anywhere in the circuit, E;

are the Krauss operators describing the errors and ) EZEZT = p. The difference between the

7
probability observed on a real quantum computer and an ideal quantum computer is given

by
(0]
Tr <_p @ Pideal + Z @ EZ Pideal Ej) =D Tr (p ZEZ Pideal EJ -0 pideal) (106)
i i

where O is the projection operator corresponding to the measurement result. % Y E; pidealElT
i

is a density matrix because EZEJ =p. Solr (2 > E; pideal EZT - Opideal> is a difference

1 1
of probabilities which must be bounded above by one. As a result, the difference between
the probability of a given measurement observed on a real quantum computer and an ideal

quantum computer is bounded above by p. For the calculation on IBM’s Ourense quantum
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processor, p was calculated using the calibration data provided by IBM, and was used as

an estimate of the error due to imperfect gate implementation.

.6 Engineering Time Evolution on Rydberg Atoms

.6.1 First Order Trotterization with Rydberg Atoms

In this section, it will be shown how to engineer a Trotterized approximation to an adiabatic
turning on of the Heisenberg interaction on an array of Rydberg atoms. Assuming access
to a global and staggered driving field, the Hamiltonian describing the time evolution of an

array of Rydberg atoms is given by
Y (1) =3 -2i2»+2ﬁ(t>-§¢+2@(—1)i2i . (107)
ij o i i 2

It will also be assumed that the strength of the global drive field is limited, |&(t)| < Q, as
is the case in actual Rydberg atom experiments. The approximation to Heisenberg time

evolution will be assembled from the following set of global analog gates,
+ . LSRN T 5
RX(e) = exXpq —1€ Z Ji,jZiZj + Z Z Xj s
0. J
. _ s s T
RY(E) = exXpq —ue Z JZ‘J‘ZZ‘Z]' + Z Z Y; R
0. J

Ry(t,k) = exp —it > Ji ;22 —ig Sz p . (108)

Y] J

Ri(e) and R?(e) correspond to global §-pulses about the x and y axes respectively and
can be generated using the global drive field. Rz(¢, ) can be generated by only turning on
the staggered driving field. Due to the maximum driving field strength, €2, the F-pulses,
ngy, need a minimum device time € = 55 during which the ZZZ] interaction cannot be
“turned off.” This leads to O(e) cross-talk errors that will be studied in further detail in

Appendix With this analog gate set, a first order Trotter approximation to a generic
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XXZ Heisenberg evolution with a staggered single qubit term is given by

Uxxz(z,z,h) =exp —ZZJJ (:cXX —}-xYY-i— ZZ)—th

7] Z

HZ Rz(z,h) R (€)Rz(z,0)R% (€) Ry (€)Rz(z,0)Ry-(¢) . (109)

Note that since ) Zj commutes with the XX7 Heisenberg Hamiltonian, the product over
Zj’s can be neglected when performing adiabatic state preparation as its only contribution
is to change the overall phase of the prepared eigenstate. With this pulse sequence, the
time evolution generated by the Hamiltonian in Eq. can be approximated by

7z (7 he (1 57) ) Rb(ORz (50) RE@RHOR2 (50) R0
(110)

szfo dt H(t

||',:2

.6.2  Cross-talk Mitigated Trotter Sequence

The accuracy of the Trotterized approximation to the time-evolution operator can be im-
proved by using shorter Trotter steps or higher order formulas. However, for Trotter step
sizes comparable to the 5 pulse length, it becomes important to compensate for the O(e)
contributions to the error. In this section, it will be shown how a modification of the pulse
sequence in Appendix [.6.I]can be performed to cancel this error at leading order. To leading

order in ¢, the 7 rotations are given by

R%(€) = exp $ ZX exp QZQZJ” (g (ZAzZ]JrY/ﬂA/J)i(ZAz jﬁLiA/z‘ZAj)) +0(e)

A~

R;‘;(e) = exp :Fzzﬂ— Z}A/J exp —29 ZJ’J ( (ZZZ XZX]) + (ZZXJ + )AQZJ)) + 0(62)
J

(111)
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Using these expressions, it can be shown that at leading order in € the pulse sequence from
Appendix is

Rz(2,h)R (€)Rz(x,0)RE (€) Ry () Rz (,0) Ry (e HZ
exp] —i Z Jij ((x + XX+ (x4 VY + (2 4+ 26) Z; Z, ) - zhz . (112)
,J

By shifting the length of pulses in the sequence from Appendix the O(e) terms can be
absorbed into the time evolution. This motivates the improved adiabatic Trotter sequence

given by

(o (3 )
rpnz (e -c)o (s -e)0)mio .

where 6(x) is the Heaviside theta function. When 2 is larger than e, this pulse sequence
cancels the cross-talk errors at O(e). When the Trotter step size is taken to be smaller, this

pulse sequence will only cancel the cross-talk errors for the later steps in the sequence.

.7 Classical Simulation of Rydberg Atoms

The Hamiltonian describing the evolution of a rectangular array of Rydberg atoms is

ﬁRyd.(t) _
Z Cs ﬁxl:yl ﬁm,yz
3
1 anmeye (@2(21 = 22)? + a2 (y1 — y2)?)
R Qoo (t) -
) Apy(Way + Y ”;’ ( )Xm, : (114)
T,y x,Y

where 7., is the Rydberg occupation number, A, ,(t) is a position dependent detuning
term, €, ,(t) is a position dependent driving term, a, is the horizontal lattice spacing and
ay is the vertical lattice spacing. As presented in the main text, the Rydberg number
operator can be identified with a staggered spin operator, i.e., gy = % + (= ):HyS; > Such
that the state with all atoms in their ground state corresponds to a Néel state. With this
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identification, the adiabatic spiral introduced in Ref. [349] can be used to prepare a low
energy state of the Hamiltonian in Eq. (8.8)), by using

—1)*™Qp + hp <1 - ;)

C
2 6 7

(eom)p (@) (@3 = 22)° + aj(y — 12)?)

Quy(t) = V2 Qp <; + %sin <7r;>> , (115)

Ax,y(t) =

—~

+
[N

where hp is an initial energy penalty, 2p specifies the final strength of the driving field, and
T is the total time used for the adiabatic state preparation. For our calculations, we have
used Qp = %25 MHz, T = 3.83us, and hp is presented in Tables and Performing
a measurement on a Rydberg atom simulator requires the drive field to be turned off, which
we simulated by quenching () to zero over a time interval of 0.1 us. We assumed that
a combined time of 0.07 us was required to turn the detuning on and off.

The adiabatic spiral described here was simulated with tensor networks. This was done
with the C++ iTensor library with OpenBLAS as the backend to parallelize the linear al-
gebra operations [148]. The state of the system was represented with a matrix product
state (MPS) tensor network that wound through the 2D lattice. Time evolution was per-
formed by discretizing H®Y4(¢) into 200 time independent steps and evolving with 1-site
TDVP [297, 298]. Before each step, the bond dimension was increased using the global

Krylov method [299], with a maximum allowed bond dimension of 550.
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