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Mathematics

We study hybrid imaging techniques that aim to overcome the ill-posedness of the Elec-
tric Impedance Tomography using the acousto-electric coupling. For the isotropic case,
we consider the problem of reconstructing the internal conductivity of an object by mak-
ing electric measurements on the boundary while perturbing the conductivity by sending
ultrasound waves to the object. The conductivity can be uniquely recovered by using one
boundary potential. To obtain the uniqueness, the problem is reduced to an inverse problem
with internal data. Lipschitz type stability results for certain internal data are also discussed.

In the last part of this thesis we discuss similar inverse problems in more general settings.
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Chapter 1
INTRODUCTION AND BACKGROUND

1.1 Introduction and Organization

The behavior of a conductive object when an electromagnetic field is present can be de-
scribed by its electrical properties such as the electrical conductivity, permittivity and per-
meability. These can be used to extract useful information about the object. Imaging the
inhomogeneities of these electrical properties have many uses, for example, in detection
of a unhealthy tissue in medical imaging. The conductivity of a cancerous tissue can be
6 times higher than the healthy tissue (the permittivity can be 3.8 times higher [24],[39]),
and therefore the conductivity map can be very helpful when it is used for the detection
of unhealthy tissues. Another example is in geophysical imaging, in fact, motivated by
geophysical prospection Calder gave mathematical formulation of the inverse problem
of recovering the conductivity map from the knowledge of the electric measurements on
the boundary of the object [16]. This problem is knowrCadderén’s problenfor inverse
conductivity problem) and the inverse method is knowrlastrical impedance tomogra-
phy (EIT). EIT is a low cost, non penetrating and safe modality and it has many potential
application areas. In addition to medical imaging and geophysics it is also used in envi-
ronmental sciences and nondestructive testing of materials. Since @dsdpaper there
has been extensive study on EIT, see [68], [14], [19] for reviews of the theoretical and
numerical studies of the inverse problem of EIT.

A major breakthrough in Caldén’s problem was in [65], [66] where Sylvester and
Uhlmann used a set of special exponentially growing solutions, called complex geometri-
cal optics solutions, to show that the conductivity can be uniquely reconstructed from the

boundary measurements when dimension i3 3 and conductivity map i€. Although



the conductivity can uniquely be recovered, unfortunately EIT is a severely ill-posed inverse
problem [1], and implementations of EIT yield poor resolution images of conductivity.
Therefore it makes it less usable for applications such as medical imaging which typically
requires resolution in the sub-millimeter levels. In order to overcome the ill-posedness and
the resolution limitations of such problems a new type of inverse problems called Hybrid
Inverse Problems have been studied recently. They are also referred as coupled physics,
interior data or multi-wave problems. Hybrid imaging techniques usually aim to combine
the advantages of twoftierent modalities and eliminate their limitations. The key point in
combining the advantage of each modality is making use of the physical coupling between
them instead of applying each separately. Acousto-Electric Tomography (AET, also called
ultrasound modulated electrical impedance tomography or UM-EIT), Photo-acoustic To-
mography (PAT) and Thermo-Acoustic Tomography (TAT) are some of the examples of
hybrid methods that aims to produce high contrast high resolution images of the unknown
codficients by making use of two fierent modalities. Other examples include Ultrasound
Modulated Optical Tomography (UMOT, also known as Acousto-Optic Tomography or
AOT), Magnetic Resonance EIT (MREIT) or Current Density Impedance Imaging (CDII),
and Transient Elastography (TE).

Hybrid inverse problems usually consist of two steps. Typically in the first step an
internal data is obtained by one of the modalities which is usually the high-resolution and
low-contrast one of the two. For example in AET this step involves the ultrasound, and
in PAT and TAT it involves solving an inverse problem for wave equation. We will give
references on AET in the following sections, and more information about various Hybrid
Inverse Problems can be found in the following articles and books [63], [10], [46], [71],
[60], [21]. As in typical inverse problems, the main questions addressed by these hybrid

inverse problems are;

— Uniqueness : Can two distinct properties (inhomogeneity maps such as conductivity)

produce the same boundary measurement results ?
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Figure 1.1: Ultrasound scanning causes a small change in conductivity due to electro-

acoustic &ect and this causes a change in the current readings on the boundarhe
conductivity map and,,, is the ‘'modulated’ conductivity.

— Stability : Does the closeness of two measurement data imply the closeness of the
inhomogeneity maps ?

— Construction or reconstruction : Is there an algorithm to construct the inhomogeneity

map from the known measurement data ?

As a hybrid inverse problem, AET aims to inherit the high contrast from electrical modality
and high resolution from ultrasound, and it is introduced to overcome the ill-posedness of
EIT by making use of the coupling between electromagnetic waves and acoustic waves. It
is known that when ultrasound waves are sent to a conductive object, they cause a small
change in the conductivity [72]. This phenomenon is called acousto-electric coupling, and
it can be detected by making boundary measurements, for example in an EIT experiment
such a change in the conductivity will change the steady current of the experiment and
thus perturb the current readings on the boundary. The main subject of this thesis is AET

and related hybrid inverse problems that are arising from acousto-electric coupling. The
organization of this thesis is as follows.



— Chapter 1. We give necessary introduction on EIT problem and the Acousto-Electric

modulation.

— Chapter 2. We describe and discuss the AET problem and some of the previously
known results. The main purpose of this chapter is to study the AET problem in the

following setting :

I. the conductivity is scalar,

ii. the measurements are coming from one fixed boundary potential

The rest of Chapter 2 follows [43], where the author propose two separate methods
to recover two diterent internal data from the boundary measurements. The first one
is an internal data of the form'/>Vu, and the second igVu (i.e. the current). The

first internal data is recovered using CGO solutions and useful for theoretical con-
siderations such as uniqueness, the latter is recovered assumiignthais small

under suitable norms. Next stability estimates for the recovery of the conductivity
are discussed and Lipschitz type stability estimates are presented. One is achieved by
reducing the problem to the transport equation and using ODE based techniques, and
another by a PDE based approach. Although the internal data arfdredi forms,

the corresponding second steps (i.e. inverse problem with internal data) are simi-
lar. Finally, several numerical examples are presented to study inversion algorithms
(based on the constructive proofs of the results) of both steps anffélteness of

the algorithms under noisy data sets.

— Chapter 3. We discuss some possible generalizations of the problem. One of these
generalizations is to consider steady state case but with anisotropic conductivity. We
give approximation algorithm when the conductivity is close to identity, i.e. local
reconstruction. We also discuss the case of the partial data when the ultrasound scan-

ning might be assumed to be restricted to some part of the domain. Another general



setting for the same problem can be derived by using time-harmonic electromagnetic
waves instead of the steady state case. In this setting, we use Maxwell’'s equations
with the assumption that the permittivity, conductivity, and permeability are scalar
functions. We also assume that one is able to make deformations on thé$e coe
cients locally and try to recover them by making electromagnetic measurements on

the boundary.

In the rest of this section we give brief information on the notation used in the following
sections of this workf~ denotes the Fourier Transform of a distributiinSimilar notation
used for the normalized vector, i.g.:= ﬁ for anyp € R™. H*(Q2) denotes the Sobolev
space (see [67] or [23]) and sometin¥@$ is used instead aoff*(IR™). Similarly for other
spaces, when domain is not specified it is undersidbdWhens > 0 is an integerH” is
defined by

H*(R") = {u € S'(R") : (§)*4 € L*(R")}

wheresS’ is the space of tempered distributions and
(@) = (1+ |2

for x € R™. Whens > 0 H*® can be defined by interpolation of Banach spaces. Suppose
Q) is a subset oR™ with smooth boundary. Therd/;(?) is defined as the completion of

{u € C*(Q)} under theH* norm fors > 0. HereC'>°(2) denotes the smooth functions
which are compactly supported in domdin Fors > 0, H*(£2) is the completion of
{ue () : ul

ms=(0) < oo} under the norm

1/2
o) = {Z/Q|Do‘u(x)|2dx} :

a<s

|

As above, for reak > 0, H*(Q2) can be defined by interpolation of Banach spaces. When
s is a negative integer we defirfé*(Q2) to be the dual spaddi, *(2))*, that is the space
of bounded linear functionals aof, *(€2). H*(2) is then a Hilbert space equipped with the



inner product which is induced from its normi*(0X2) is defined by covering the boundary
02 with local coordinate patches and using the above definitions on the local coordinates.
The spacd.? is calledthe weighted.? spaceand defined as the completion@f°(R")

with respect to the norrf - || 2 which is given by

s = ([ @meras)

This is a summability condition aboub, therefore if<) is a bounded domain then for all
h € L? supported ir

Ca'lhllzz < lIhllzz < Collhlle,

whereCy, is independent of, that is the nornL? is equivalent ta’?. Define H; for s > 0

as the completion of’>°(IR™) with respect to the norr - |

s Which is defined as
5

lull iz = [1{2)* (1 = A)*2u]| 2.

Note that when = 0, H; is equivalent to the Sobolev norf°.

1.2 EIT and Complex Geometrical Optics Solutions

In this section we discuss the complex geometrical optics (CGO) solutions together with

the EIT which is the first inverse problem where CGO solutions are applied.

1.2.1 Forward and Inverse Conductivity Problem

Let 2 be a bounded domain with smooth boundafyand~ be a real valued measurable

function with

1
& <) < Co (1.1)

defined o). Define the dterential operator

Ly(u) =V - (vVu).



Given a functionf € H'/2(09), consider the weak solution € H'(2) of the following

boundary value problem

L,(u) =0,inQ (1.2)

U|8Q =/
When~ is known the problem of finding from a given boundary valug is calledthe
(forward) conductivity problenm regards to the electrical prospection problem it is orig-
inating from. In more general settingsis considered as a symmetric, positive definite
matrix valued function and in that case it is call@disotropic conductivity In this sec-
tion we consider the isotropic case, i-gis a scalar function. We give more details about
the anisotropic case in the last chapter when we study an anisotropic extension of inverse
problem of AET. The map

A’Y : f — ”yvu‘ag

is called Dirichlet-to-Neumann map (or voltage-to-current map) whasethe solution of
(1.2) for a given boundary valug When~ is a smooth functio\, () = vVu|aq is well
defined and iff € H'/2(9Q2) then by bounded linear transformation theordmextends to

a linear map fromi'/2(99) to H='/2(052). An application of divergence theorem shows

that one can weakly define the functiodalf as

(A f,g) = /nyVuf - Vugda

wheref € HY2(082), g € H/*(0Q) andu, is an extension of, andu; is the solution of
(1.2). The Caldém’s problem is then to recoverfrom the knowledge of\,. Note that
knowing A, corresponds to knowing the current response of the object for every possible
boundary potentiaf. As introduced in the previous section, EIT aims to image the con-
ductivity map of an object and it is mathematically modeled by the inverse conductivity
problem.

In [16], Caldebn defined the quadratic form

Q(f) :Z/Q'y(a:)\Vu(x)\zdx



wherewu is the solution of (1.2) and he raised the question whethery — @, is an
injective map. This is restatement of the inverse conductivity problem since the knowledge
of A, is equivalent to the knowledge ¢, by polarization. He didn’t show the injectivity

of @, instead he linearized the problem and showed that the op@ratod®|,_onstant IS
injective. It can be seen that whens constant, the chet derivative o atJ is the linear
operator

do| _ . e / z)|Vu(z)*dw

wherew is the harmonic function of® with u|so = f. In order to show this linearized
operator is injective one needs to prove thaltl.,_,; vanishes for allf thens also vanishes.

This is equivalent to showing
/ d(z)Vuy(z) - Vug(x)dr = 0,Vuy,us € H = 0=0 (1.3)
Q

where H denotes the harmonic functions éh The idea of Caldém was using special

harmonic functions of the form

(E+ik)x uy(z) = el ~E+ik)T (1.4)

ui(x) =e

where¢,n € R” such that¢| = || and¢ - n = 0. Substituting these functions in (1.3)
givesc|k|*(xad)(k) = 0 for anyk € R™ wherexq, is the characteristic function of domain

Q2. Thusé = 0 which shows the injectivity ofl®.

Complex Geometrical Optics

Since the solutions Caldan used are harmonic, the above method is valid onjyisfcon-

stant. Sylvester and Uhlmann [65], [66] showed that this idea can be extended to general
conductivities by using more general functions which are not harmonic but the perturba-
tions of the solutions of the form (1.4). Using these functions they showed that, not only
the linearized operator but also the original operdtory — ()., is injective, which gives

affirmative answer to the question raised by CalderA change of variables shows that the



conductivity equatiorL.,v = 0 is equivalent to the Schdinger equation
Au, —qu, =0 (1.5)

where

Ay
q=——andu = \/yv
Vel VY

assumingy € C?(2). Moreover( is not a Dirichlet eigenvalue ofA — ¢), thus above
system has a unique solution for any Dirichlet dataf®?(02). We denotey as the
conductivity for Schrodinger equation.

CGO solutions are special solutions to (1.5) which behaveefikeas|p| tends toocc.
They are important tools that are proven to be useful for various inverse problems. They

are the solutions t¢1.5) of the form

u(x) = (1 + ()

which have the essential propertieseéf as|p| — oo so that they can be used similarly
as in Caldebn’s argument [66]. For more details we refer the reader to [65], [66] and [53]
where CGO solutions are used to solve the inverse conductivity problem. The following is

an existence theorem for CGO solutions.

Theorem 1. Let —1 < 6 < 0. There exists = ¢(§) andC' = C(4) such that, for every
q € L., with (z)q € L>* andp € C" with p - p = 0 satisfying

{z) gl +1 < €lp|
there exists a unigue solution to
Au+qu =0inR"

of the form
u(x) = e (14 ¢p())

wherey,(z) € L3. Furthermore,

C

lallz
1

[0llz <

2 .
6+1
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The following proposition from [11] is useful for the existence of more regular CGO

solutions.

Proposition 2. ([11], Proposition 3.1 and its corollary) Let € C™ such thatp- p = 0. Set
s=45+k+e Let—1 <0 <0andk € N*. Letq € H{ and hence in{§,, andp satisfy

gl +1 < nlpl. (1.6)

Thenu,(z) = e”*(1 4+ ¢,(z)) is the unique solution to (1.5) ang, € H* satisfy

C
[l < HHQHHgﬂ,

for a constantC' that depends o and.

Moreover, on domaif?, we have

ol Vol s ) + 1ol o1y < Cllgll s @) (1.7)

Remarks.

i. On a bounded domain the result of the above theorem can be restated as
C

[l 2(0) <
p ()\‘p‘

| 220y and ||t g1 ) < Cllgl 2o

for everyq € L>°(Q), andu € H?(Q2). This can be seen by an application of interior
elliptic regularity. Recall that interior elliptic regularity gives higher order regularity

estimates for the solution such as

[ull iy < CUE -2y + llullz2@)

whereQ) c Q) are both bounded subsetsif with smooth boundaries, is the solution

to (A — ¢g)u = Fin our case. Her€' is depending o2, ', [ andg.

ii. The Sobolev embedding and (1.7) together give

ol Yollex@) + 1ol i@y < Cllgll s @) (1.8)



11

Suppose we are givery € H5"*(Q2). Then there exists a bounded extension oper-
ator from H5+2(Q2) to H***(R") (see for example [23]). We thus can assuye ¢
H*"?(R™). This implies that; € H* in sinceH* is an algebra anel\lﬁ € H*"2. Note
that on the bounded domaid (x) is bounded from above and below by positive con-
stants so that € H;(Q). We sayv=y"1/2e**(1 + 1,(x)) is theCGO solution forp of

the conductivity equation ib, ¢ andz, satisfy the conditions given in Propositian

Given two conductivitiesy;, v, on €2, the equality of Dirichlet-to-Neumann maps implies

that
D%y = D%

on the boundary? for any multi-indexa ([45]). This implies that for any two solutions

u, ug Of (1.5) one has

/(fh — @2)urugdr =0 (1.9)
Q
where
0 = Ay o = Ay
1= — 0= —F
Nan V2

are codicients for the above Sabdinger equation. Then showing the injectivity of the
nonlinear operator reduces to showing that (1.9) implies ¢;. This is because, = ¢,
impliesy; = 7, in the account of the fact that (1.5) admits unique solution for a given
boundary value. Note that the statement that (1.9) implies- ¢, is in fact a density
argument which is true if the multiplications of solutions u, are dense ifi.?(2). This

Is shown by means of CGO solutions; Lgt p, satisfy the conditions of Theorem 1 and
let u,, uy be the corresponding solutions far, p, respectively as in Theorem 1. Moreover

assume thap; + p, = ik for some givenk € R", then the decay condition given in

- 1
Uty = e+ 0 (—>
i

in L2(Q2). Then, letting|p| — oo and using arguments similar to Caldais as above gives

Theorem 1 implies that

(¢1 — ¢2) = 0on§2. Note that the above conclusion assumes that for any diviiere
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exist p1, po satisfying conditions of Theorem 1 such that+ p, = ik, in fact such a
freedom exists only if. > 3. The following is the main injectivity given in [66] fof

conductivities.

Theorem 3. Supposey;,y, € C%(Q) such thatd < C~! < 7, < C and n > 3. Then
71 = Y2 impliesA,, = A,.

The above theorem gives a uniqueness result, unfortunately EIT is an ill-posed inverse
problem in the sense that it has logarithmic type stability. In [1] it is proven that when

n > 3 and

V|| ) < C with s > g +9

then~ depends on the operatar, continuously but the modulus of continuity is logarith-
mic. In fact this logarithmic type stability estimate is the best estimate one can expect in
general which is proved in [50] by constructing examples whg« o) < C for any finite

k € N andn > 2.

In the inverse problems one usually have limited information about the solutions of
the corresponding 'forward’ boundary value problem since théicoents are not known.
However some set of boundary values can imply that the corresponding solutions may have
certain qualitative properties which can be very useful. CGO solutions can also be used to
construct such useful sets. An example is from [11]. The authors require & fielsiatisfy
a certain property (more precisely integral curvegiaghaps a point inside the domain to
a point on the boundary in finite time). Moreover this figlddepends on two unknown
solutions of the boundary value problem. For arbitrary solutions this property may not be
satisfied for5. In order to control3, the authors use the CGO solutions and their property
that they have dficiently “flat” gradients whey| is large. Another similar example, given
in the problem of TAT, is using the trace of a CGO solution as a boundary data to make a

map a contraction.
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1.3 Acousto-electric modulation

In this section we introduce the acousto-electric coupling and how it can be used to over-
come the ill-posedness of inverse conductivity problem. We assuisetropic and the

more general cases is discussed in the last chapter. The ultrasound waves can penetrate
deep into tissues and can provide high resolution but with a lower contrast. Therefore a
method that can combine resolution strength of ultrasound and contrast of electrical prop-

erties seems promising. AET is proposed for this aim in [72].

In AET a fixed potential is applied to the boundary of the object under inspection, then
ultrasound waves are sent which cause a small change in the conductivity of the object
due to the acousto-electriffect. The induced current on the boundary is measured before
and after this perturbation. Thefilirence between these two values is observable and
measured as data in the AET setting and the inverse problem is to recover the conductivity
map from the knowledge of this data. The resulting inverse problem is much more stable
compared to EIT. As mentioned in [48], the location of the perturbation of conductivity,
which is an extra information that we don’t have in the case of EIT, has a stabilifex) e
on the inverse problem. Inverse problems arising from AET have been studied recently in
[3], [4], [48], [47], [5], [17], [5], [9], [72], [25], [43], [8]. In Figure 1.2, the first image
shows the modulation functiom where the change in conductivity is modeledhy =
(14+m)~, the second image shows the change in the current caused by the modulation when
boundary potential is fixed, the last image shows the change in current readings on a part
of the boundary. The goal is to construct the conductivity from this boundary data. The
conductivity profile used to generate these images is presented in Figure 2.2 in following

sections.

In AET the first step is usually extraction of an internal information; A fixed potential
f is applied to the boundary, then, by making electro-acoustic measurements mentioned
above, a functional (defined on the domain) is constructed. Although it is constructed with-

out penetrating into the object, this functional is referrethéexrnal datasince it contains
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Figure 1.2: Modulation of the conductivity.

information at each point of the domain. Then the second step is to recover some of the
electrical properties from this internal data. In the isotropic case the property we aim to

recover is the unknown conductivity, in the anisotropic case we consider recovering the
current distribution (see last chapter), and in the Maxwell’'s equations these properties are

conductivity, permittivity and permeability.
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Chapter 2

ISOTROPIC CASE

2.1 Mathematical model

In this Chapter we study AET (isotropic case) in the existence of only one boundary po-
tential f. We also follow a two step approach. In the first step we propose two separate
methods to recover two fllerent internal data, oneisvVu (i.e. the current) and the other is

an internal data of the form'/?V. In order to recover'/?Vu we use a set of well chosen

test functions and we show that/>V« can be recovered by using a fixed boundary poten-
tial whose corresponding internal data not necessarily satisfies (2.3). Test functions we used
in this step are the traces of special solutions called CGO (Complex Geometrical Optics)
solutions. These are defined and discussed in the following sections, and we will mostly
follow [43]. The second internal data we recover is the current and in order to recover it
we provide an iterative algorithm. In our second step, assuming one of the mentioned in-
ternal data is known, we discuss the stability of the recovery of the conductivity, and two
Lipschitz type stability estimates are presented (see Theorem 11 and Theorem 14 below).
Although the internal data are infterent forms the corresponding second steps (the inverse
problems with internal data) are similar. We then obtain a uniqueness result (Proposition
10) for AET without assuming any a priori knowledge of the recovered internal data and

using one fixed boundary potential.

We first define the inverse problem mathematically. Qebe an open bounded con-
nected domain ifR™ with smooth boundarg() and~ be the unknown conductivity map
whose value is known on the boundar§2. Throughout this chapter, unless otherwise

stated explicitly, we assume thatc C?(Q). Let potential: be the solution to the conduc-
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tivity equation for a fixed boundary potentiale H'/?(9Q). We now define

() = (L+m(z))y(z)

to be the conductivity after the ultrasound modulation, and we assuma:itgat (Q) is
real valued such that
M7 <1+4+m(z) <M, z€Q (2.1)

for someM > 0. For the sake of simplicity we also assume thais chosen large enough
so thatM~! < ~(x) < M is satisfied for alle € Q. In AET, for some fixed potential
f € HY?(99), one has the knowledge of the map,(m) : HY?(0Q) — H~'/2(0Q)
which is defined by

My(m) = (A, — A,)f (2.2)

wherem satisfies (2.1). In the physical setting;(m) corresponds to the change in the
induced current on the boundary due to the modulation of the conductivity. The inverse

problem we are interested in the isotropic case is

Problem 4. Reconstruction of the conductivity from the knowledg&/ pfor a fixed bound-

ary potential f which is imposed on all or some part of the boundary.

There had been many works on AET. In [3], [4], and [48], as a first step, the internal in-
formationH = ~|Vu|? in Q is extracted from the measurements. Herethe conductivity
andu denotes the voltage potential induced by the boundary potefnti@hen assuming
H(zx) is known forz € €, the AET is reduced to the inverse problem of recovefirigpm
H. In [48] a stable algorithm to recover the conductivity is given and their method implies
the local uniqueness and stability of the reconstruction. AET is also studied in [17] for the
2-dimensional setting under the assumption that the gradient of the potential is bounded
away from 0. Then in [5], the authors study the same problem in higher dimensions assum-
ing that one has access to a set @heasurement data corresponding to boundary potentials

{f1,-.., fn} and give stability estimates for the inverse problem assuming

det(Fy,..., F,) = co > 0. (2.3)
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In [4] and [48] the AET problem is first converted into an internal data problem where
the internal data i¥7(z) = ~(z)|Vu(x)|>. The idea of recoverindi(z) is as follows.
Let’s define quadratic fornd),(f) = (A, f, f). First observation is that given a smooth
bounded functiomn(x), with the knowledge of\/; one can calculate the derivative of the
operatory — (., in the direction ofm(x). It is known dtferentiation is mildly ill-posed

but still much better than the ill-posedness of original EIT problem. Tleetiat derivative

of v — @, in the direction ofmn(x) at~, is

4Qu,(m) 1 = [ mla)y ()Tl ax (2.4)

whereu is the solution to the conductivity equatidn- (yVu) = 0on Q2 with u|sq = f.

Note that the value of (2.4) is known for any(x). As done in [4], by choosing
m(x) = cos(k -z + )

for o € {0,7/2} itis possible to recover the Fourier transformmof)| Vu|* at any point:
and thus the internal datgVu/|?.

In [3], the construction of the internal data(x) = ~(z)|Vu(x)|* is obtained by using
focused acoustic waves. They assumed that the ultrasound waves can be focused to a small
ballw C © of volume|w|. Also another assumption is thats known close to the boundary

domain in the region

dist(z, 0Q2) < dy

whered, is very large compared to the radiuswf Let u,, denote the voltage potential

after the ultrasound modulation, so that solves the conductivity equation where conduc-
tivity is v,,. They considered Neumann-to-Dirichlet map instead of Dirichlet-to-Neumann,
mathematically they give same information. Thus, in this case the measured response data

on the boundary is the potenti@l,, — u)|sq for any given currenp, where

Ouyy, ou

7(35)5 = 7(93)% = ¢, on oL,
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They showed that one can approximate the internal d&ta) in the order of a power
of |w|. Thus the assumption that the radius of the focal sp& crucial for an accurate

approximation.

Proposition 5. ([3],Corollary 3.3) Assume that the dimensidn= 2, that the perturbed
areaw is a disk centered at z, and thatc W2>(w). Then, we have
_ (I/(ZL’) _ 1)2 14k
Jo (U — u)pdo = /wy(x) @) 1 Vu - Vudz + O(|w|™)

— |Vu(z)\2/'y(x)%d$ + O(Jw|'™).

Therefore, ify is C%**(w), with0 < o < k < 3, we have
Y(2)[Vu(2)[? = S(2) + O(|w|*)(oro(1) if & = 0),

where the functioy(z) is defined by

S(2) = ( / v(a:)%—;fdx)l [ (.

Similar to the other hybrid inverse problems AET is converted into an internal data
inverse problem where one assumes tHat) = ~(z)|Vu(z)|? is known. Substituting
internal data into the conductivity equation gives the following equation

V- (%u(x}) ~0inQ

%% = ¢ on 1. (2.5)
Then in [3], using two distinct boundary currents, ¢, and assuming/u; x Vug # 0
whereu, uy are the solutions corresponding to the boundary data,, respectively, the
authors present a reconstruction algorithm-fday numerical methods.

In [17] for dimensionn = 2, and in [5] for dimensions: = 2,3, it is shown that
the difusion codicient~ can be uniquely and stably reconstructed from knowledge of a
sufficient large number of power densities of the fofiVu|?. By using a set of inter-

nal datat/ = {H,} ;i whereH;, = vVu,; - Vu, they write equations for the functions
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Sk = /7Vu, that are independent of. For a2D setting they consider two 'internal’
measurement§H, H,) in W1>°(Q) corresponding to the boundary potentigl, g») for
conductivityy. Suppose another conductivilygives internal datdH,, H,) for the same

boundary potentials.

Proposition 6. ([5], Theorem 3.2, 2D global uniqueness and stability). Suppose

det (x/’y(m)Vul(x), \/’y(x)Vug(x)) > cg >0, x € (2.6)

and~(zo) = 7(zo) for somez, € Q then
| log v — log 7||w1.ecq) < C||H — ﬁHWLoo(Q)

Hereu,,u, are the solutions corresponding to the boundary data,, respectively,
and matricedd, [ are obtained from the internal d&tH,, [,) and(H,, H,), respectively.
In two dimensions, there exists a large class of boundary potentglsh that the crucial
constraint (15) above is satisfied over the whole dorfa(see [2]). They also gave three
dimensional version of the above theorem assuming the existence of boundary potentials
g1, 92, g3 and corresponding measuremefi$,, H,, H3) that satisfy (2.6). However in
the three dimensional case, the boundary conditions that satisfy (2.6) is known only for a
restrictive class of functions, namely the traces of complex geometrical optics solutions for
suficiently large|p|. In [9] the authors generalizes these results obtained in [17] and [5] to

multi-dimensional case and to internal data of the form
’}/QVU]' : Vuk

for arbitrarya.

Another related result is in [4] where the author presents existence, uniqueness, and
stability results for the Cauchy problem (2.5). For one measurement data, a local stability
estimate and a stable reconstruction (in the sense that the estimate holds only on a part of

the boundary holds) is given.
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Kuchment and Kunyansky gave a stable local algorithm for the AET problem in [48]
(see also [47]). From the formulas they presented the local uniqueness and stability of
the reconstruction can be inferred. Their algorithm involves two steps. First, instead of
assuming perfectly focused ultrasound modulations they use more realistic spherical waves,
and 'synthetically’ they recover the perfectly focused data. Second, step of the algorithm is
then to recover the unknown conductivity from these perfectly focused perturbations. Their
linearized algorithm recoversassuming that the conductivity is close to a known one, thus
it is a local reconstruction in this sense.

The coupling in the acousto-electric coupling is that the acoustic wakext®or changes
the electromagnetic waves. There is a coupling in the converse direction and the imaging
technique which makes use of this coupling is called Impedance-Acoustic Tomography
which is presented in [25]. Impedance-Acoustic Tomography uses the fact that the ab-
sorbed electrical energy inside the body raises its temperature which causes thermal expan-
sion, then this expansion induces acoustic waves as int he case of PAT. These acoustic waves
can be measured and recorded outside the body. Then the inverse problem is to calculate
the absorbed energy inside the body from these acoustic measurements, and consequently
recovering the electrical conductivity. Similar to AET, Impedance-Acoustic Tomography

aims to combine the high contrast of EIT with the high resolution of ultrasound.

2.2 Uniqueness

Letu? = v € C?(2) be the conductivity map as above. Let,,, € H'(Q) be the induced

potentials before and after the ultrasound modulation, respectively, thegasisfies
V-(yVu) = 0, in €,
U|8Q = fa
andu,, satisfies
V- (ymVu,) = 0, in €,

um‘&ﬂ = fa
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By elliptic regularity ([67]), we have

lull 1) < Coll fll rr200) = Cf- (2.7)
We recall the following elliptic regularity estimate (see for example [22]).
Theorem 7. Let Q2 be a bounded domain with smooth boundéafy, and~ be as above.
Then, for anyf € H'/2(052) the conductivity equation admits a unique solutioa H'(2)
satisfying
[ullz @) < Clf o0
whereC' depends only of andCj in (1.1).

When+ is a vector valued function similar estimates still holds. yet H'/?(09).

Then, by the divergence theorem

(Mf(m),g) = / Y Vi, - Vg — yVu - Vg da (2.8)
Q

wherev, € H'(Q) is an extension of to Q2 that solvesV - (yVu,) = 0. A calculation

shows that

(My(m),g9) = /(1 +m) YV, - Vog —yVu - Vg dz
Q

= / YV, — Vu) - Vg dz + / myV, - Vuy dz.
Q Q

The firstintegral of the last equation vanishes taking into account the faet thatu € Hj (),

thus, we obtain
(M¢(m),g) = / myVu, - Vu, dz. (2.9)
Q
Let us writeuy = u,, — u. Thenu, € H} (), and it solves
V- (3mVua) = =V - (myVu) in€Q,  uglog = 0.

The termV - (m~Vu) is bounded ini ~1(£2), and another application of elliptic regularity
shows that

[uall @) < Km0, (2.10)
where K is independent ofn. Note thatK depends on thé.> norm of v,, which is

bounded above by a constant.
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Complex Modulations

For the sake of simplicity, we extend the definition of the m#&pto complex modulations.

Substitutingu,,, = u + ug in (2.9) gives

(My(m),g) = JomyVu-Vugdz + Qn(g),
where
Qm(g) = / myVug - Vg d.
Q

Note that the first term in the decomposition of our measurement operator is lineaaind

the second term is negligible whenis small. Thus, we defin&/; for m(z) = h(z)+in(x)

as
(Mg(m),g) = My(h)+iM¢(n) (2.11)
= [y myVu - Vugdz + R(g)
where
R(g) == Qn(g) +iQu(g)-
From (2.10) and the Cauchy-Schwartz inequality we obtain
[B(g)l < K'[|ml[poeo[lm Vol 2(e)- (2.12)

Using CGO solutions to derive the internal data

We now need CGO solutions for the recovery of the internal data. We assume, without
losing any generality, th&® ¢ {z € R" : 2; > 1,1 < i < n}. Fix a vectorp € C" with
p-p=0suchthaRRe(p) € {r e R":2; > 0,1 <i<n}. Let

m(z) = e(=p=ik)z
be the ultrasound modulation whetez R is fixed. Hence,

V(@) = (1+ e )y(2)
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is the modulated conductivity. Note thatz > |p| for x € 2, thus the modulatiom(z) is
small for large|p|. Let = /2. Assuming|p| is large enough to satisfy (1.6), choage
so that it is the trace of the CGO solutiéhfor p, i.e.,g = G|aq, Where

G(z) = p™H ()" (1 +1)y(x))

with ¢, satisfying estimate (1.8) (see Proposition 2 and following Remark). Then substi-
tuting
VG = e (™ (1 +)p+ (1 +4,) Vi + 7'V,

in (2.11) gives
(My(m),g) = Joe™ uVu- pde (2.13)
+01(2) + O2(z) + Os(z) + R(9)

where

Oy (z) = [y e *  up,Vu - pdx

Os(z) = — Joe* (1 +v,)Vu - Vude

Os(x) = Jo e * T uVu - Vi, d
We also assume thit] is sufficiently large so thatI°l < [p|~!, and thereforgm| . o) <
|p|~!. From this, together with (1.7),(2.7), and (2.12), we can deduce that

01 (2)] + |05 ()| + [Os(2)| + |R(9)| < L (2.14)

for someL independent op. We define

1
S<k7 p) = H<Mf(m)v g>’

and from (2.13) we obtain

s(hap) = fye*uVu - pdx+0(p ).
— (WY pNk) + O(lo| ™).

(2.15)

We summarize this result in the following proposition.
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Proposition 8. Suppose we have the knowledge of the Mayfor some fixedd € H/2(992).
Letu be the solution to the conductivity equation with, = f. Lets(k, p) be defined as
above. Then we can recovel(z) = u(z)Vu(x) by the following formula

F(k) = A7 Y(lim s(k, p1)), ..., (lim s(k, p,))]"

T—00 T—00

wherep; = 7(e; + ie,) for 1 < j < n, p, = 7(e, + ie1), and A is a fixed invertible

invertible matrix. Here{e; } , denotes the standard basisBf.

Proof. From (2.15), we already have
(nVu- FTTk) = lim s(k, pj).

Then A is the matrix whosé™ row is the transpose of the vectgr. A is thus invertible

with determinant 2. ]

Note that the calculation of(k, p) from the map)\/; requires the knowledge of traces
of CGO solutions. We postpone the discussion of this issue until after having presented the
uniqueness result in Section 4.

We now can give a uniqueness result for the AET problem with one boundary potential.
The unique determination of the conductivity depends on the fixed boundary poténtial
For example, iff = 0, then clearlyM; = M for any two distinct conductivities and~'.
However, under favorable conditions, this is the only exception to uniqueness. We show
that uniqueness holds A, f does not vanish on some (possibly small) part of the boundary
0. It is known that in dimension > 3 the knowledge of the Cauchy data on particular
subsets of the boundary determines the potential uniquely ([15],[41]):;Letof2 and the
tangent plané{ of OS2 atx; be given. We say tha? is strongly star-shaped with respect to
x1 if every line throughz; which is not contained in the tangent plalecuts the boundary
0 at precisely two distinct points;; andz,, and the intersection at, is transversal. We

use the following result of [41].
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Proposition 9. ([41], Corollary 1.4) Lety,~' € C?(Q) be strictly positive. Lef2  R" be

an open bounded connected set witft boundary where: > 3. Letx; be a point such
that the tangent plané/ of 0N2 at z; satisfies02 N H = {x;}. Assume in addition, that
(2 is strongly star-shaped with respectitg. Assume that = 1’ on 0f2, and there exists a

neighborhoodv € 052 of 1, such that
Ag=Ayg inw, forallge H'?(09). (2.16)
Theny = +'.
The following is the main result of this section.

Proposition 10. Let f € H'™(9Q) for somes > 0. Lety,+/, 2, x; be as in Proposition 9.
Let My, M} be two maps as defined above foand~’, respectively. Assume that= +'
on 01}, and there exists a neighborhoade 0 of =1, such that

A f(z) #0, forae zecw
ThenM; = M} impliesy = +".
Proof. If (2.16) holds, then, by Proposition 9 we immediately get ~'. Thus, it remains
to show (2.16). Sinc€>(9) is dense inH/2(d2), and A, is a bounded operator, it
is suficient to show that (2.16) holds for ajl € C*°(052). Letu,u, be the solutions to
(3.1) with boundary datg andg, respectively. The power densities of the fofiz) =
v(z)Vu(z) - Vuy(x) can be constructed from the knowledgeldf (see for example [17]
or [4] for details). This can be seen by replacif@®, m) with (u,, e~***) in (2.13) and

following calculations. Thus,
YVu - Vuy, = +'Vu' - Vg, (2.17)

whereu', v are solutions t&/ - (v'Vv) = 0 with boundary values'|sq = f andu; |aq = g,
respectively. By elliptic regularityy, v’ € H*?>*(Q), andu,,u, € C*(Q), thus (2.17)
holds in H'/2+¢((2). Restricting (2.17) to the boundary yields

YO, udyuy = ~'0,u' 0, u
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in L2(09Q) since the tangential components are equal. Moreover, letting ¢ for some
constant gives
cAyf = My(c) = My(c) = cAy f.
Thusyd,u = ~v'd,u’ in L*(052), which in turn implies that\. g(z) = A_,g(x) whenz ¢
{z € 0 : A, f(z) = 0}. In particular, by our assumption gf for anyh € H/2(02) N
&'(w)
(Ayg,h) = (Ayg,h),

which shows that\_ g = A./g in w as desired. O
2.3 Stability

In this section, we focus on the inverse problem of recovering the conductitfty) =
v(x) from the knowledge of the internal dat&z) Vu(z), whereu solves the conductivity
equation withu|sq = f, andf € HY2(09) is a fixed boundary potential. The Lipschitz
constants of the stability estimates we present depend on the norms of fhei@ois and

internal data. For a normed linear spa¢ewe define the generic set of dheients as
B(M,H) ={heH: |hlly<M}.

We assume that, i € B(M,C?*(Q)) for someM . We first present the following stability
estimate, for the case= 1/2, then we deal with the case of more generby using an

ODE based approach.

Theorem 11. Let 4, i, be as above. Lef,f € B(M,HY?*(9Q)) be two boundary
potentials with corresponding internal datd = pVu and F = V4, respectively, as

above. Then we have the following two stability estimates:

i. Let Fo () = min{| F(z)|~, | F(z)| '} If Fuw € L*(Q), then there exists a constant
C = C(M,) such that

1= pllzvey < ClFullzze (IF = Flme + 1 = fllavzoo)
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ii. Suppose thap, i € B(M,C**(Q)), f,f € B(M,C**(9Q)) for somek > 1. If
|F(z)| > 0 > 0, then there exists a constafit= C'(M, 2) such that

17— pller-ra < CUIEF = Fllorra@ + 1 = flloran)-

Proof. Our first step is to construct a vector fields L>°(2) from the internal daté' such

thatwu solves
Au+J-Vu=0, on{Q

(2.18)
uloq = f.
Sinceu is the solution to the conductivity equation, it satisfies
0=pu2V . u?>Vu
poves (2.19)

:Au+2%~Vu.

We cannot calculate the vector fieY/gf directly from the internal data, however, the vector
projection of%H onto the vector field/« is given by
Vi -Vu V.
uVu - Vu
whenVu # 0 and0 otherwise. This vector field can be calculated from the internal data
by using the fact that
V- -F=-Vu-Vu,

which is a result of (2.19). We thus define

on the setty, = {z € Q : F(x) # 0}. Itis known that the critical set af has Lebesgue
measure 0 ([34]), and can thus be defined an by the above equality. We obtain the

vector fieldJ from the internal data, and moreover

J-Vu = 2@ -Vu. (2.20)
i
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Therefore, by (2.19) and (2.20), we conclude thablves (2.18) o2 as desired. We now

check that/ is bounded from above independent.of

—2V - F(x) 2V - Vu
F LVREIVE
F(z)- F(x) (z) w*Vu - Vu pvu
< 9 Vil
i

Thus, by the weak maximum principle, the solutiorof (2.18) is unique, that isy = w.

Similarly, @ is the unique solution to (2.18) anwith (J, f) replaced by(J, f). Let® =

u — %. Then
A+ J- VO =—(J—J) Vi, onQ,
5 (2.21)
Plog = f— f.
A calculation shows that
(J—T)-Va = g [(J-F—JF)—J-(F-F)
= Y2~V -F+V-F)—J-(F-F), (2.22)
which implies
I(J = J)- Vil 2@ < CIF = Fllao). (2.23)

The inequality (2.23) and standard elliptic regularity estimates for the equation (2.21) yield
lu =@l 1@y < CUF = Fllan@ + I = Flavzen)- (2.24)

Note that in the above calculations, we overwrite the definition of conétéwith a greater
one whenever needed) for the sake of brevity. Sifice F' = (ji — ) Vi + u(Vi — V),
we directly get

|F(2) = F(2)| + plVi(z) — Vu(z)]
Val '

This calculation is symmetric in the sense thiét| and|Vu| can be permuted. We thus

obtain .
|F(z) — F(z)| + C|Vi(z) — Vu(z)]
max{|Vi(z)], [Vu(z)|} 7

(2.25)
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which implies

I — plley < CUIF = Fllieq) + Cllt — ull o)) | Faninll 220

Finally, using this inequality and (2.24), the desired result follows immediately.

In order to prove partii), we now assumeF'(z)| > § > 0. First note that, by our
assumptions and elliptic regularity, we halieFl’ € B(M', C*~12(Q)) whereM’ depends
on M and(). ThenJ is also bounded i*~1%(Q), and hence (2.22) implies

H(J_J) quCk 2a CHF F“Ck la
Hence, by elliptic regularity applied to the equation (2.21), it follows that

[ =Tl oray < CUIEF = Fllor-ra@ + IIf = fllenaon)- (2.26)

Let us writeF — F = (ji — p)Vu + fi(Va — Vu). Then at any point €

i) = plo) = - (o) - [(F(o) — F(2) = plo)(Vile) ~ V(o))

By differentiating the last equality, and using the boundedness Bf =2, and their

derivatives, we obtain
17 = pllgr-re < C(IF = Fllgrr.ag@ + 1@ — ull g on)-
The desired result now follows from (2.26). O

We additionally note that under weaker regularity conditions than the ones ifipart
of the above theorem, it is still possible to make similar conclusions. For example, suppose

Fiuin € L(22). Then, it can be seen that

17— ullrze) < ClFunlle=@UIE = Flla@ + I1f = flmaen),

by taking square and integrating both sides of the inequality (2.25).
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An ODE based approach

In this part, we use an ODE based method to give a stability estimate assuming a more
general internal data of the fors = +/Vu is known fort € R. In order to achieve this
we use two facts, the first is that®S is a gradient and second is thdt S is a divergence
free field. For any vector ¥ (vy, ..., v,) in R™, let M, denotes the x n diagonal matrix

whose main diagonal entries arg and let the operatab, be defined as

Z” OH,;
D H — 7
’ i=1 ' Oz;

for any vector fieldH in R". We choose « R" such thatD,Vu = 0. Note that the set
of such vectors can be characterized a3 wherew = (1,...,1). Then, wherk A0 we

obtain
O — Dv(’}/its)

= M,S-Vy '+ (D,S)y™"
= —tM,S-Vv+(DyS)~

for any ve {w}+. Note thatD,, is the divergence operator, and when=1

0 = Du(y'"9)

Thus combining last two equalities for any R, we obtain a first order PDE
F.-Vy+ Hy =0, (2.27)

whereF, H andu|sq are known. Suppose there exists a boundary potefsach that the
corresponding cdicient F' has integral curves that map anye (2 to a point of boundary
in finite time. Then one can transform (2.27) into an ODE by method of characteristics, and
solve forvy(z) by time reversal. IfF' is a complex field, then sinceis real, we can obtain

two distinct equations by taking real and imaginary parts of the equation (2.27). Thus we
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can do similar analysis on any linear combination of these equations. We give the following

definition.

Definition 12. We say a complex vector field satisfies Property?;, - in €2, if there exist

scalar functions:, b € C*(Q) with

laller @y [1ollery < 1

such that the integral curves of the real vector fiéld, = aR(F) + bS(F) map a dense

subset of2 to 992 in time less tharT".

Remark. Suppose that solves (2.27) for somé& € C*(Q2) and thatF satisfies Prop-
erty P, r, i.e., there are, b such thatf,,, satisfies the property mentioned in the above

definition. Then;y also solves
Fa,b : V’Y + Ha,b’y = 0. (228)

Moreover,

1 Fap = Fupllor@ < IF = Fllowa)

for any F € C*(Q), sincea andb are bounded if©*. Thus we don’t loose stability when

we replace F, ;, F,;) with F, I sinceF — F,, is a Lipschitz map irC*(Q).

We give the following lemma for more general ¢oeents(F, H) than the ones con-

structed above.

Lemma 13. Let Q be a bounded domain with bounda®f2 of classC**'. LetF,F e

B(M,C*(Q)), H, H € B(M,C*1(Q)) given for somek > 1. Supposé” (or F) satisfies
Property P, 7 for someT” > 0. Lety € B(M, C*(Q)) solves (2.27) and € B(M,C*(Q))

be the solution of (2.27) corresponding to giments(F, H). Then for anye > 0 there
existsC' = C'(M, ) such that

Iy = Allorr@) < CUE = Fllorva) + [1H = Hllorvq) (2.29)

+ |7 1o — ,S/|89H0k—1(89) +supjo [ D7y — DWHC(FE)) ;

wherel'. = {z € 0Q : |F,,(x) - v(z)| < €}, anda, b are defined as in Definitioh2.
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We postpone the proof of the Lemma to the end of this section. We now prove the

following stability result.

Theorem 14. Let() be a bounded domain with boundad§? of classC**!. Assume that
v,5 € B(M,C*(Q))fork > 1. LetF, F € B(M,C*(Q)) be the corresponding cgiients
of (2.27) constructed from boundary potentidls’ € B(M, C*+1(Q)), respectively.

I. SupposeF’ satisfies Property?, - for someT” > 0. Then there is a constait such
that
v = Aller-10) < C(|F - Fllor@ + ||7loe — W|BQHC,€,1(BQ)
+supy;i<i, D77 — D3 |ler.)),
wherel’, is defined as in Lemma 13.

ii. Supposef (and thereforeF) is real valued such thatF'| > ¢ > 0 in € for someJ.

ThenF satisfies Property’, - for somel’ > 0

iii. There is an open set of boundary potentigisc C*(99) such that the recovered

internal data satisfies Property .

Remark. The stability estimate iifi) requires that we need to control not only tangential
but also the normal derivatives of— 5 in order to have a higher order control on- 7.
However, if we additionally assume thid, ,(x)| > § > 0 for = € 0%, then by modifying

the proof of part(ii) of Theorem 11 by using Schauder type estimates near boundary, it
is possible to bound the normal derivativesyof- 4 at the boundary. Combining this
assumption with the above result thus gives a stability estimate involving only tangential

derivatives.

Proof. (of Theorem 14) As noted above,c C*(Q) solves (2.27), and € C*(Q) is the
solution of (2.27) with cofficients(F, H). Leta,b € C*(Q) be defined as in Definition
12. Thusy solves (2.28), and similarly solves

Fop VA + Haypiy = 0.
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SinceF — F,; is a Lipschitz map irC*(Q), |H,, — ﬁa,bHCH(Q) is bounded above by
|H — Hl|cx-10), and thus bounded bYF — F||cxq). The stability estimate itti) now
follows from Lemma 13.

Next, we show tha¥' satisfies Property’, » for some7" > 0 assumingF' is real and
|F| > > 0in Q. This can be seen from the fact that the velocity vector along the integral
curve is parallel tovu, butu is bounded above by the maximum principle. More precisely,
let o(x0,t) be the integral curve of' starting atz,. Existence and uniqueness pfis

guaranteed by Picard-Lind#ltheorem, sincé’ Lipschitz. Then,

i (o, 8)) P2 (a0, 8))dt = / $(z0,5) - Vau(p(xo, 5))ds

= u(p(zo,1)) — u(wo).

The value of the integral on the left hand side is bounded beloqubb{jom)é?t, and
increases asincreases. However, the right hand side is bounded above independgnt of
andt. We thus conclude that there exists a tifhsuch that any integral curve exitsin a
time less tha". This provegii).

We now use CGO solutions in order to show the existence of the open set mentioned in
(i71). We follow similar steps as in [11]. Fix € C" such thap - p = 0 with |p| sufficiently
large (to be defined precisely below). Let 2 + k + . Supposey € H**?(2). Then by

Proposition 2 and the remark following it, there exists a solutiea~y~'e”*(1 + v,) with
Pl 1Yller @) + [[pllorr@y < C
for someC' independent of. Let f = u|sq. Then a calculation shows that
F = Ay'Vu = 4712eP" A(p + R(x))

such that|| ||+, is bounded from above independentof Let p = ¢ + in. Define

a,be C>(Q2) as

a(x) +ib(z) = \p\’kei”'x
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so that||a|| ¢ (q),

|b]|cr @) < 1. We note that,, ., = aF, 5, and for any scalal
(RF) w5 = [h(x)]? R(F(x)).
We then get

Fop =772 |p| e AR (p + R(x))

= TR A E + (),

wherer(z) = R(R(x)). Sincelr||cxq is bounded independent ¢f|, we can fix|p| =

V2|¢| suficiently large so thaf¢| > 2||7(z)||¢q)- Then by Cauchy-Schwartz

€ Foy| = Clp| kel

for some positive constar. Sincef) is bounded,|€ - F,p| > ¢ for somed > 0, thus
the integral curves of, , maps any point € 2 to boundary in time less thatiam(€2) /4.
This shows that the cdigcient /' corresponding to the boundary potentfak u|sq satisfies
PropertyP, r for someT" > 0. By elliptic regularity, the vector fielg*Vu is stable under
the perturbation (i< (92)) of f. As noted abové” — F,, is also stable, thus the above

arguments can be applied for boundary potentials figaiC*<(92) norm. ]
We conclude this section with the proof of the lemma.

Proof. (of Lemma 13) First note that, we can assume without losing generality-tisat
real vector field. We can make this assumption by considefingand 7, , instead ofF’
and F', respectively, and by recalling Definition 12 and the remark following it. Sifiée
of classC!, it is Lipschitz continuous ). Thus by Picard-Lindélf theorem there exists a

unique integral curve,, (t) = p(xg, t) of the vector fieldF’ starting atr, € (2, that is,

$(20,t) = F(p(wo,t)), p(x0,0) = 0.

Similarly, we defines (o, t) to be the integral curve of starting atz, € 2. Then

G(wo,t) — @0, ) = F(B(20,1)) — Flp(wo,1)). (2.30)
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Both F and F are Lipschitz, thus, assuming both integral curves staf) &t timet, an

application of Gonwall's lemma yields

for some constant’ depending on the Lipschitz constants/fand 7. We now assume
thatz, € € is an element of the dense set mentioned in the Definition 12, i.e., the flow line

©(xo, -) hits the boundary for the first time @&, < 7', thus
|3 (20, t) — @(w0,)] < CT||F = Fllo sy,

for 0 < t < min{7},,T,,}. Moreover, bothy and¢ are of clasg”*. Then taking spatial
partial derivatives of (2.30) and using the fact thatF is Lipschitz for any multi-indexy

with |a| < k£ — 1, we can obtain
[D[@(,t) = (@ )] < C'IF = Fllor-1) (2.31)

by using similar arguments as above. For more details, we refer the reader to [20] or [11]
where the estimate (2.31) is established. We nowrfix min{7T},,7,,}. Restricting
of (2.27) to the curves and ¢ gives two equations, and by time reversal we obtain the
following ODE’s

—S7W®) + HeM)y(w(1) =0,  —$3((®)) + HW ()7 () = 0,

Y((0)) = v(e(xo, 7)), Y(W(0)) = 3(&(x0, 7)),
where(t) = ¢(xo, 7 — t) andd(t) = G(xo, 7 — t) for t € [0, 7]. More generally, if the
integral curves of” mapz € (2 to the boundary in tim&, < 7', then

(@) =y, 7)eld e and - §(x) = §(p(x, 7))eld AEEDE - (2.32)

These solutions are obtained by solving the above two ODE’s, and evaluating thenrat
The functionsy(¢(z, 7)) and elo #(#(@=)ds are bounded inC*~1(Q), thus by the chain

and product rules, the stability of (at pointz) reduces to the stability of the functions
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v(p(-,7)) and [ H(p(-,s))ds. Let D> denotes the spatial partial derivation operator for a

multi-indexa. Then, for anyx with |a| < k& — 1, a calculation shows that

Dbt ) = 3@@ ]| <O (lelo) = 6Dl

| | (2.33)
+ SUP|ji<ir—1] }D]'Y’xf — D77z,

wherex, = ¢(z,7) andz, = @(z, 7). In obtaining the above inequality, we used the fact
that D7 and D’4 are both continuously fierentiable and thus Lipschitz gb Then by
(2.31)

D[y(e(w, 1)) = (@, )] < C'(IF = Fllosq)

. . (2.34)
+ SUD|ji< k-1 ‘D]’Y’xf — D77z,

).

It remains to show a similar stability estimate for— [ H(¢(z,s))ds. Sincer < T,
differentiation under the integral sign can be justified. Thus by (2.31), for any multi-index
a with |o| < k — 1, we have
D2 Ji Hlplw,5)) = H(@(w, 9)ds| < CUH = Aoy
R (2.35)
HF = Fller-10)-

whereC' depends o, k, and the norms of{, 4, F, F, but not onz. Letw = T, =
min{7T,,T,}. By our assumption, we know that < 7. Thus, by (2.32), (2.34), (2.35),

and lettingr — w, we obtain
Dly(x) = 3(@)]| < C'(|F = Flles1@ + [|1H = Hllcr10)
+supjicpp1) | Do, — D'l |) -
D77 is Lipschitz for|j| < k — 1, thus,
DA e, = D's| < IWller@lvw = 7ol < CTIF = Flicy.
Sincez,, € 012, by triangular inequality, we obtain

Dy(@) = A(@)]| < C(IF = Fller-s@ + I1H = Hlor-1 @

+supyji<i [ D7y — D3 lcon))-
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We note that this inequality is point-wise, and holds for arsuch that the integral curves
of F' mapz € € to the boundary in time less th&h But by our assumption on the vector

field F', the collection of such points are denséinThus, continuity ofD*(y — ) yields

-9 - <C F—F —1’+H—]:I —1(0
7 = Aller-1@) (I H@ @+ I lerr 036
+ supyj <, [|[ D7y — D' co0))-

In order to obtain (2.29) from (2.36), we decompésmmto two components),, 2, where
Q. ={re€Q:pxT,) €T},

andQ, = Q \ .. We recall thatp(x, T},) denotes the first hitting point a¥ of the flow
line starting atr € Q. It remains to give a stronger estimate where ), i.e., with a

bound depending only on tangential derivative$of- 7). From (2.27), we calculate

(Vy=V7)-F=—(H-H)y-(y—9)H - (F-F)- V7. (2.37)

LetI'y = 00\ I'.. We fixz, € Iy, so that|F,(z1)| = |F(z1) - v(z1)| > €. We also note

that
|(Oy(21) — 0 A(x1)) Foa1) | < |(VA(a1) — VA(21)) - F(a) |

C' ||y loe — ﬂaQHCl(aQ) ,
for someC"’ depending orF'. Thus considering the equality (2.37)aatyields

[(07(21) = 0,3(11))Fu(21) | < C(IF = Fllog + 1H — Hllo)
+ |7 loa — ’7\89“01(69)> :
This holds for anyr; € I'y, and sinceF, (z;)| > ¢ we obtain

sup | Dy — D¥llewy < CUIF = Flle@ + I1H = H| ooy

il <1
+ |7 loe — :Y’aQHCI(m)) :
The higher order estimates can be established in a similar way. fByeahtiating (2.37),
and using an induction argument, it can be seen that
SUpP|ji<k HDW - DjWC(Fo) < C(HF - FHCk—?(Q) + [ H — ﬁ”ck—'z(ﬁ)

+ H/y |8Q - ’ﬂaQHC’ﬁ—l(aQ)) :
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Combining this with(2.36) establishes (2.29). ]

2.4 Construction and Numerical results

In order to give an approximation to the curreiit:) = v(x)Vu(z) induced by the bound-

ary potentialf, let us set the modulation function as
m,(z) =em(z — z)

wherem is a nonnegative smooth function supported in a ball of radiabout0 and
bounded by 1 with/ m = 1. We also require thatis comparable ta, that is there exists
a positive constantsuch that~'c < r < ce. We now explain our linearization procedure.

We first fix z and note that all the integrations and norms below arevariable. Then

(M¢(m,),g9) = / m,yVu - VGdr + / Ym. Vg - VGdx (2.38)
Q Q

whereuy = u,,. — u, andG is any harmonic extension gfto (2. We emphasize that this
time we don't require~ to be a solution to the conductivity equation. Clearlydepends

on z and it is the solution of
V- (yWVug) = -Vm,-J inQ, ugloo = 0. (2.39)
Let ), be the solution to
V-(yWVuy) =-Vm,-J(z) inQ, uyloa =0, (2.40)

For the sake of brevity we define = J(z), and let(.J,); denote the*® component of/.,

then we can decomposg as

where each/, solves
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for 1 <4 < n. We now writeu’; as
: w;
u@:a(i+hi+n> :

then the last PDE can be written as the following system of elliptic PDE’s

Exact Conductivity Iteration #2 Iteration #1

Exact Conductivity Iteration #1

Figure 2.1: Two conductivity distributions withfiierent properties are tested. Mesh size is
64x64 in both cases.

Aw;(x) = —(Vm(z —2));,
V- (y(x)Vhi(z)) = 0, (2.41)
Ve (y(@)ri) = V- (wil@) D),
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in Q and we choose the boundary conditions as

w; = 0, ondf)
h;, = —r;, ondf) (2.42)
o,r; = 0, onodf.

These solutions will be our main objects of the reconstruction algorithm. We note that
one can calculate); directly since the modulatiom is known. Now our next step is to

estimate the last term of (2.38). We have
/ YWl - VG = 5/ AWV (v tw; + by + 1) - VGdo
Q Q
= ¢ / (Vw; +~Vh;) - VGdx + ¢ / (vYVr; —wyy V) - VGdx
Q Q

= E/QV (w;VG)dzx + 8/QV - (vVh,G)dx
=~ (rilon), G)

from the divergence theorem and the definitionswpfh,;, andr;. Combining this with
(2.38) we obtain

(M¢(m,),g9) = /QmﬂVu -VGdzr + /vazVudVde
= / m.yVu - VGdx + 5/ Y. Vu,VGdz + Q1(2)
= / m,yVu - VGdx — SZ Ay (rilon), G) + Q1(2) + Q2(2)
where(@), () represents the error in the above linearization and given by

Qi(z) = [ rm.V(ug—u))VGdz,
@2(2) = [,mAVu,VGd.

If we assume that/ is a Lipschitz on) with Lipschitz constant. then we can estimate

uq — uy, by standard elliptic regularity

|ua — ugll i) < rL[mzl 2@
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and it is straightforward to show that

Q1(2) + Q2(2) = O(E?|VG| 120
Thus we obtain

(My(m.),g9) = ) (Jom(z = 2)VG(x)d — (A,(rlon), G))
+O(€2HVG||L2(Q))

Here by (A, (r|oq), G) we mean the vector valued functidn_, e;(A,(r;|oq), G). Now

we have freedom to choose the test funcigon G|y and we letG(z) = z;. We get

(M¢(m,),z;) = ( fQ m(x — z)dx — (A (r|aq), i) - JZ) + O(g?).

Then
K(z) = (I+RN(2))J(2)+ O(e), (2.43)

where!l denotes the identity matriXy (=) can be directly calculated from the measurements

Ze (Ms(my), x;)e;, (2.44)
and R denotes the matrix valued operator such that

(R[V])ji = (Ay(rilon), )

wherer; solves (2.41) with boundary conditions (2.42)] can be estimated by ™' V|| 12(q)
thus the matriX7 + R[y]) is invertible at each if we assume thaty ' V|| ;2(q) is small.
Next we discuss the recovery gffrom J, thus (2.43) allows an iterative algorithm to con-
struct~ and this is discussed in the last part of this section along with some numerical
examples.

The construction procedure of the internal datér) requires to test the functional
M;(m) against the traces of CGO solutions which are not known. In order to obtain the
internal dataF’ = ;' Vu by using CGO solutions one needs high precision in the computa-

tion of M. Note that the proof of Proposition 10 shows that the knowledg¥ pimplies
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the knowledge of\, under certain conditions. More precisely, assume the hypotheses of

Proposition 10, and in addition assume that the set
N={zed: A, f(z)=0}

has measure 0 i6Q2. Then, following the steps of the proof, it is possible to obtaiy
for all ¢ € H'/2(09). Moreover from a practical point of view, it is not unreasonable to
assume we have access\tpsince the calculation af/; already requires the knowledge of
A.,. Assuming we have accessAQg, it is possible to construct the traces of CGO solutions
([53]) also traces of CGO solutions have been computed numerically in [42]. However
the method presented in Section 3 implies that when higher accuracy is needed one needs
to use largetp|. Unfortunately such test functions are not physical and the construction
procedure given in Section 3 to recovgty Vu becomes numerically unstable whignis
large.

We now give a proposal of an algorithm to recoveand the currentVu that uses

physical test functions. We start with an initial conductivity gugsand calculate

(R0 = (M (silan), z;)

wheres; is the solution to

V- (o(@)Vsie) = V- (wi(x)288), (2.45)

Yo(z)

and w; is defined as in (2.41) and (2.42). We assu|m§1V70||Lz(Q) is small so that

(I + R[vo]) is invertible so that we can calculate

Jo(z) = (I+Rhl(2)"K(z) (2.46)
whereK (z) is defined as in (2.44).
By using (2.46), we now have an estimate for the current in doflaiifhen by us-

ing the ODE method (described in the proofs of Lemma 13 and Theorem 14), we recover

our first estimatey; to the conductivity from the knowledge of current estimatign We
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then update the conductivity in (2.45) in order to proceed to the next iteration. In fact in
the numerical examples that are presented in this section, we started the iteration with a
constant conductivity (that is the first estimate of the currer(s) = K (z)) and the first
iterations are still providing good approximations to the conductivity (see Figure 2.1). We
note that it is also possible to change this algorithm so that it works without assuming the
knowledge ofA.,, in that case one needs to estimate (s;|sn), z;) by using the conduc-
tivity estimate of the algorithm. The equations given in (2.41) and (2.42) have a smoothing
effect on the reconstruction. In fact, it can be seen from the numerical examples that even
when||y'V7]| 12(q) is not small the algorithm produces high resolution images with small
approximation error (Figure 2.2). In order to test the performance of our method we test it
on different conductivity profiles. We have used iFEM [18] to solve the forward problems.
We also studied thefiectiveness of the method on a noisy data set. Figure 2.3 shows

the result of the reconstruction when %20 of noise is introduced to the measurement data.
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Exact Conductivity Iteration #3
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Figure 2.2: Another construction test using a mesh size 64x64. Thd togator of the4!®
iteration is less than 0.5 which corresponds to 1.5%.
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Exact Conductivity Iteration #1

Figure 2.3: The noise level of %20 is introduced to the measurement data.
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Chapter 3
GENERAL CASES

3.1 Current Density Imaging in the Anisotropic Case

As noted in the previous chapter the ultrasound waves perturb the conductivity locally and
in the isotropic case this is modeled by (2.2). Next, our aim is to give some justification
that a similar ultrasound modulation model can also be applied when the condugtisity
anisotropic, and then to give the mathematical formulation of the problem we are interested
in. The main diference with the isotropic case is that our goal is to recover the current
density distribution in the object instead of the conductivity.

Let 2 C R" be an open, bounded, simply connected domain with smooth boundary
which represents a conductive object in the physical settingy denotes the conductivity

tensor which is symmetric and uniformly elliptic, i.e.
g <€ <ClEP, geR,

for some constant$ < ¢ < C. The electric potential solves the anisotropiconductivity
equation
>t 5 (7”5;) = 0in,

ulog = f.

(3.1)

When we fix a boundary potential on the conductive object we can measure the current
response on the boundary. Similar to the isotropic case, the electrical boundary measure-
ments can be represented by the Dirichlet-to-Neumann map which can be defined by

; Ou Ouy
(At 9) Z / dx; O, de,

7,7=1

whereu, is an extension of to (2.
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The Drude model ([38]) suggests a motivation to extend the modulation model (2.2) to
the anisotropic case. In Drude model the conductivity is given by

U 62

mg
wheren, is the number of electrons per unit volumejs the electron charge; is the
damping constant, anﬁ;{ is the inverse of thefective mass tensor. The acoustic waves
causes local elastic deformation and assuming this deformation is isotropic, then according
to the Drude model, the anisotropy of thffeetive mass tensor (thus the anisotropy of
the conductivity) won’t change. The change in the conductivity, thus, can be assumed to
be only in the magnitude and proportional to the amplitude of the acoustic signal. More

precisely, we assume that the perturbation of the conductivity tensor can be modeled by
Tm(@) = (I +mI)y(x) (3.2)

wherem represents the amplitude of the acoustic signal, and as the physical model suggests

we assume it is small and satisfy
Mt <1+m(x) <M, €.

Then the change in the current response of the conductive object to any fixed boundary
potential f/ can be measured on the boundary. This is represented by thé/majhich is
defined by

Mp(m) = (Ay,, = Ay f

as in the case of isotroptc The inverse problem we are interested in is the following.

Problem 15. Reconstruction of the current density from the knowledg#/ pfor a fixed

boundary potentialf’ which is imposed on all or some part of the boundary.

As noted in the Introduction section the conductivity map has a high contrast and can
be very useful for mapping the inhomogeneities. The inhomogeneities of other electrical

responses or properties which reflects this high contrast can also be useful especially if its
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recovery is more stable and provides an improved resolution. For example Current Den-
sity Imaging (CDI) is such technique and can provide a similar internal information about
electrical properties of a conductive object. This method is known since [40], [61] where
the authors used Magnetic Resonance Imaging (MRI) in order determine the magnetic flux
density induced by an applied current. There have been studies on electric conductivity
imaging from the internal measurement of current densities [54], [35], [36], [6], [55], [56].
Another reason that we define our problem with the aim to recover the current density is
that the recovery of an anisotropic conductivity from one boundary potential is an under-
determined inverse problem. In order to obtain the conductivity itself ftdprone needs

more data, i.e. boundary potentials. In [8], [7] the authors study the linearized version
of AET in the anisotropic case. Their method requires knowledge of a larger number of
internal functionals each of which corresponds to a distinct boundary potégnitiabur
definition above. They gave a local reconstruction method when C1*(Q2) from the

power densities of the forfiVu - yVu : wis a solution to conductivity equation }, and a
global reconstruction with assuming existence of admissibility sets that satisfy conditions

similar to (2.3).
3.2 A Born-type Approximation

In this section we give an approximation scheme for the problem 15 when the conductivity
is close to a constant. Let us denote the current distributiori by that(.J); = yivf%“j.
Testing our measurement operator against a known boundary potgatial'/2(92) and
an application of divergence theorem yields
(My(m),g) = 22;’:1 fQ (7%88”7? - Vi’ngu) %dx
= fomJ - Vuyde + 377" [, ’yf,gjg%‘;%dx

whereuy = u,, — u is the diference between the modulated and unmodulated potentials,

(3.3)

andu, is an extension of to 2.
Note that left hand side is known and we are controlling the modulatiom addition

if we assume that the last term of the above equation is known then the first term on the
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Eorn Approsimation Algor thrrea,

Eract

Figure 3.1: Another discontinuous example. The magnitudes of images of approximations
Jo, J|, and exact current distribution respectively.

right hand side can be used to recover some internal information either by using Fourier
transform or by localized ultrasound waves. In particular, whgis chosen to be a solution
to (3.1) with~ replaced withy,, then second term on the right hand side of (2.38) vanishes,
thus one can recover power densitiesVu by choosingg = u,,|aq (see [6] and [7] for a
related problem). However in this case the direction information is lost.

Figures 3.3 and 3.4 compares the outputs of two algorithms unfieretit grid sizes.
Note that the exact current densities are pictured in the target resolution, that is, an algo-
rithm that recovers the exact current density would give the images shown under the title
“Exact”. The grid size is not only used for the discretization of the problem but we also use
it as acoustic scanning points. The acoustic signals assumed to be focused to the elements.

Thus increasing the grid size gives better resolutions however from the practical point of
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Algarithm-1 % coord Exact Current Density x coord

Figure 3.2:z andy coordinates of approximatio#f, and.J of the previous example.

view the modulation function is becoming less realistic because of the phydidalities
of focusing ultrasound waves (see Remark below).
Clearly, wheny is a multiple of identity we have

8ud Gug B / 8ud 8ug B 9
> [ Gl 12 = O(ml%)

ij=1 i

if we chooseu, to be the harmonic extension @f This follows from the fact thafuy|| <
O(|lm||;2). Thus (3.3) becomes

(Mg(m),g) = JomJ - Vugdz + O([ml|7.)
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for any harmonicu,. Then by a suitable choice of (one can use focused modulations
thus the first term on the right hand side of last equality becomes convolution with approx-
imations of identity, or use oscillatory modulations then apply inverse Fourier transform)
it is possible to estimate - Vu, and thusJ since we are free to choose any harmonic
functionwu,. Then motivated by the Born-approximation, assuming that the “scattering” is
not strong thus the harmonic functiap does not dier substantially from a solution to the
conductivity equation, the above scheme can also be used to obtain an approximdtion to
for anisotropic conductivities close to constant in the sense that

ST IDY | aey <A 1<ij<n (3.4)

la]=1,

wherea is a multi-index. Moreover leg be the trace of
Ug = T;

for somel < i < n. We also setn = m,, to be the translations of a smooth mollifie,

such that
m.(z) = Yjn(z = 2) (3.5)
where
Vin(x) =e;N""Y(Nx)
andy € C*(R") is a fixed smooth non-negative function wifh)(z)dz = 1 supported

in a ball of radiusl. Note that/ m, = ¢; and||m.||z> = £;]|¢||z2. Then (3.3) becomes

(My(m),z;) = [omJide + [o(ymVua)ids
= [omJidz — [ uaV - (Ym)idz
= [ymJidz — [ uqV - vide — [, ugV - (my);da.
Moreover it is clear that
/QUdV yide < Cflm 2o
and

/Q waV - (mA)ids < Cllmlf2aq
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whereC' depends on\. Thus combining these and (3.5) we get
|€]'_177Z)j,N * J(Z) — Mj,N,z| < CEJ'

where

Mjy,. =e; (Ms(m.), z)

whendist(z, 9Q) > + so thaty; v is supported if). Note that)/; v . can be obtained
from the measurements. For the sake of brevity, in the above notation the integration (and
convolution) of a vector field is carried out for each of the component of the vector field
as usual. Then for shiciently large NV ej‘l@bjw x J gives a reasonable approximation (in
LP,; 1 < p < o0) to the unknown vector field. Thus lettings; — 0 (or in facte; < \is
suficient) we calculate

Jo(2) ~ g5 (My(m.), ) (3.6)
as an approximation td, and the error of this approximation is in the order)oivhich
is defined by (3.4). As noted above, this will be a good approximation whisrclose a
homogeneous medium. Similar approximations can be obtained ¥drich are close a
known isotropic conductivity. In such a case one might replace the harmgmith the
CGO solutions of the known conductivity.
Remark. Above, also in the isotropic case, we assumed that the ultrasound waves can be
focused to any point in domai. In practice there are flliculties to achieve this, and the
resolution of the recovery of the internal data is closely related to the focusing diameter.
For example in [3], the recovery of the internal data has accuracy of qrdferfor an
0 < a < 1/2 as noted in Proposition 5 above. Using oscillatory waves instead of focuses
waves inherit similar type of practical problems.

In [47] authors propose a technique to avoid the use of focused waves through the so
called synthetic focusing. The synthetic focusing technique is a step prior to reconstruction
of the internal data and it recovers the would be response of the object to the focused
modulation from the measurements corresponding to realistic unfocused waves such as

spherical waves and plane waves.
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For the practical purposes it is also possible to eliminate some of the approximation
error of the magnitude/y| in (3.6), thus obtaining a slightly better approximation scheme.

More precisely, lev = |.J| and suppose that = .J/|.J| is known, then sinc& - .J = 0
J-Vo+V-Jo = 0

ando is known on the boundary d. Thus under suitable conditions (such as the con-
ditions of Lemma 13F replaced withJ and~ replaced witho) one can recoves. The

approximation scheme will contain 2 steps.

i. First approximate tol using 3.6,

li. Recovero as in the proof of Lemma 13.

ThenJj = aJo gives an approximation to the current distribution, and we will refer this
approximation scheme as Algorithrh. The recovery of the current distribution works
well even when the conductivities are not close to identity as demonstrated in the examples

below.

Numerical Examples

In order to study the féciency of this approach, we have tested both of the methods on
different settings in two dimensions. We made our tests using Matlab and iFEM [18] and
in most of our examples we usea x 64 grid and we noted if that is not the case. In the
examples domain of interest is a rectanglé, 1] x [—1, 1]. Figures 3.6 and 3.7 presents an
example with smooth conductivity where we use a fixed boundary potéitial) = z+vy.
See Table 3.1 for thé! errors of the both algorithms after we add a noise of 2.5%.

Another example is a conductivity which is continuousyidlirection and have jump
discontinuities inz direction. We tested with imperfect data and a uniform noise of 10% is
introduced to the readings. Born type algorithm fails to recover the current distribution but

Algorithm A still gives reasonable results, see Figures 3.1 and 3.2.
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Example1 Example?2

Algorithm A : 7.6% 12.8%
Born Approx. : 8.5% 48.2%
Noise Level 2.5% 10%

Table 3.1:L! errors of first two examples.

We also tested a conductivity with constant inclusions. Figure 3.4 and Figure 3.5 shows

our example with data without any noise. Theerrors of the two algorithms are :

Algorithm A : 6.8%
Born Approx. : 7.2%

Although these errors are close to each other, Algorithseems to estimate the extreme

levels of the current density better, see Figures 3.4 and 3.5.
3.3 Extensions and Notes

3.3.1 Partial data case

Partial data problems are interesting since they are relatively more realistic models com-
pared to full data models. Since hybrid inverse problems usually consist of two steps (re-

covery of internal data from the boundary measurements and an inverse problem with inter-
nal data) partial data might refer to restrictions on boundary measuremers isuternal

data. For example, in AET assume that one has access to only a Bulds&e boundary

of the conductive object. Then, electric measurements can be done only on that restricted
part of the boundary. The uniqueness given by Proposition 10 in the isotropic case provides
some understanding for this kind of partial measurements. Another type of partial data

problem occurs when the ultrasound scanning is restricted to some sub-doriaiv\ef

now give a non-uniqueness for anisotropic case for this type of partial data problem.
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It is clear that in general the uniqueness of the anisotropic problem depends on the
boundary potentiaf. For example a constant boundary potentiafill make M ¢(m) van-
ish for every possible:. In the isotropic case we know that such examples (more precisely,
the ones which doesn’t satisfy the conditions of Proposition 10) are the only exceptions to
uniqueness, but in the anisotropic case we don’t know if a similar result holds. However the
partial data problem inherit the non-uniqueness from the Caideroblem. Based on the
transformation optics, in [33], it is shown that that there are distinct conductivities whose
Dirichlet-to-Neumann maps coincide. Since then transformation optics has been a popular
research topic and, based on it, there has been many research on the theory and applications
of invisibility and cloaking [32], [27], [28], [29], [49], [52], [51], [44], [59] (see [30] and
its references for an extensive list).

Lety : Q — Q be aC™ diffeomorphism with)|sq = I, wherel denotes the identity
map. Then, given an anisotropic conductivity mapn 2, define a new conductivity map
7 by the push-forward of in v, that is

(DYoo (DY)
v—m—( o )w. 3.7)

It is known that

A, = A5,
thus there is an infinite set of conductivities such that the Dirichlet-to-Neumann maps co-
incide. This well known fact also gives a non-uniqueness for the anisotropic AET problem
with partial data. Suppose an open sub-domaia (2 is not reachable by the ultrasound
scanning. Thus all the experiments mentioned in the definition of the problem can be done

on2\w and one can ask to recover the current distribution from the knowledge of
My¢(m), suppm C Q\w.

Let us fix aC> diffeomorphismy : QO — Q such thati)|g\, = I andv|sq = I. Then
we claim that the modulated conductivities (z) = (1 + m(z))vy(x) andd,,(z) = (1 +

m(z))7(x) have same Dirichlet-to-Neumann map. This immediately follows from the fact
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that¥, defined by the push-forward (3.7), has the same Dirichlet-to-Neumann mgp as
which implies

Tmo = (L+m(z))y(x)
— (1+m(m)) ((D@D) OFyO(Dw))O@D_l(I)

| det D1
(Dy)" o (1 +m(z))y o (DY) 1
() v
= YiVm

since(1 + m(x)) is scalar and supported §a\w, andy is identity on its support. Thus

A, =A

TYm Ym?

which in turn implies

My (m) = My(m),

therefore we don’t have a uniqueness for AET problem with partial data.

3.3.2 Electromagnetic case

In this section we give an inverse problem motivated by the AET and give an approxima-
tion to an internal data. For the Maxwell’s equations we denote the conductivityy

the electric permittivity by («) and the magnetic permeability lyx). We assume all are
isotropic bounded functions ift, and(2 is an open bounded domain iR® with smooth
boundary. We consider the electromagnetic figldsH ) which satisfy the time indepen-

dent Maxwell’'s equations

Ax E = iwuH,
Ax H = —iweE+0oFE,

(3.8)

in 2, wherew > 0 is the time-harmonic frequency of the fields. We also asstmend
p areC?(Q) functions. The inverse conductivity problem can be generalized to the time-

harmonic Maxwell's equations, and in this case the goal is to recover the electromagnetic
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parameters, ¢, 1 from the knowledge of boundary mappingwhich is defined by
AZVXE|39'—>VXH’39

wherev is the outward unit normal vector tf). See [62], [57], [58] for the properties of

the problem, and [70] for a review of inverse boundary problems for electromagnetic waves.
The above problem is first defined in [62] where they gave an approximate constructive
recovery procedure for the linearized problei¥*(0f2) denotes the space of tangential
vector fields ord$2 with components in the Sobolev spalé(0f?). It is well known that
except for a discrete set of resonant frequencies (in the non dissipative cas®, the

forward problem admits a unique solution, and
A THY?(0Q) — THY2(0Q)

is a well defined map. In this section we assume th& not a resonant frequency. Let
us assume that, motivated by the electro-acousitect it is possible to make local elastic
deformations which creates a change in the electromagnetic parameters, that is, we assume
that these deformations change the conductivity as in the steady current case. The modu-

lated conductivity is given by
om(r) = (1+m(z))o(x).

Once again we setV/;(m) := A,,f — Af for some fixedf € THY/2(02), and then our

inverse problem is :

Problem 16. Reconstruction of the electromagnetic properties and i from the knowl-

edge ofM.

We consider the problem in a slightlyftérent framework. Suppose that all three elec-
tromagnetic coféicients can be locally perturbed, and e and i denotes the conduc-
tivity, permittivity and permeability after the deformation. For the sake of brevity in the

below calculations we usé = —¢ + o/iw andd = — + &/iw. Suppose thatE, H)
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is the solution to (3.8) withf = v x E|yq for some fixedf € THY/2(0Q). Similarly
the electromagnetic fields, /) denote the solution to (3.8) withv x E|sq, = f where
o,e,u are replaced witly, € and i, respectively. We use the subscriphotation for the

differences between the perturbed and the initial fields,
E,=E—E, H,:=H — H,
and similarly for the coicients
pa=p—pn  dg=d—d.
Then a straightforward calculation shows

AxX E; = iwpuHg+ iw,udﬁ,

AX Hy = iwdE;+ iwdyFE.

Since we have accessitox Ey|aq — v X Hyloq On the boundary, we can measure

/V'(deA) - /v.(deA),
o) Q
= /VxEd-A—Ed-VxA,
Q

= /ZW(ILLHd—F/,Ldﬁ)A—EdVXA
Q
Similarly

Joqv-(HaxB) = [,VxHy-B—Hy; -V xB,
= Joiw(dEs+d4E)-B—Hy-V x B,

Then

faQI/'(EdXA—i-HdXB) = fQVXHd'B—Hd'VXB,
= fQ iwddE~B+iwud]:I-A
+ [o Eq- (iwdB =V x A) + Hy - (iwpA — V x B).
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As motivated by AET, where we had control over the perturbation, if we as$f#ine) is

another solution to our system, that is

AXx B = iwuA,
Ax A = iwdB,

then the last integral above vanishes, and we can conclude that from the measurements one

can obtain the functionals of the form
/ iwdyE - B+ iwudlf[ A
Q

In particular if we assuméB, A) = (£, H) and also assume the knowledge of measure-
ments for more than one non resonant frequencies, then one can approximate to internal
datacE - EanduH - H — ¢ FE - E. In amore restricted case if we assume we can only per-
turb the conductivity (as in the case of AET) then internal ddfa £ can be approximated

from the boundary measurements.
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Born Approximation Algorithm-A

Exact

Figure 3.3: The images of the magnitude of the approximatidsis| /| and exact current
distribution|.J|, respectively. The grid siz&l x 64.



61

Born Approximation Algorithm-A

0.5

-0.5

1 -0.5 0 05 1 -1 -0.5 0 0.5 1

Exact

Figure 3.4: The images of the magnitude of the approximatidyis| /| and exact current
distribution|.J|, respectively. The grid size &6 x 256.
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Born Approximation Algorithm-A

7

N
s \\
NS,

y,

Exact

Figure 3.5: The magnitudes and integral curves of images of approximakiong and
exact current distributiod respectively.
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Figure 3.6: A smooth conductivity example. The magnitudes of images of approximations
Jo, J|, and exact current distribution respectively.
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Algarithm-1 % coard Exact Current Density x coord

Figure 3.7:xz andy coordinates of approximatio#f, and.J of the previous example.
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