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Due to the recent discovery of topological insulators in condensed matter physics, a new
notion of topology has emerged in association with the intrinsic dispersion behavior of a
structure. In this work, we have taken this notion of topology and have shown some novel
wave manipulation capabilities in one- and two-dimensional (1D and 2D) elastic systems. In
particular, we have taken four different type of elastic systems. First, a 1D elastic system
made of a highly tunable chain of granular particles, in which we analytically, numerically,
and experimentally demonstrate an in situ topological band transition and existence of a
topologically-protected vibration mode. Second, we take a 1D time-dependent system made
of a granular chain, in which nonreciprocal wave dynamics is invoked. Using numerical
simulations, we show that this nonreciprocity can be quantified by a topological invariant of
2D, i.e., Chern number. Third, we consider a 2D discrete lattice consisting of units inspired by
the Stewart platform. By harnessing the bistability of the unit, we show the capability of in
situ manipulation of wave path in this tunable 2D topological structure. We also demonstrate
the uniqueness of topological waveguides in comparison to conventional (non-topological)
waveguides in this platform. Lastly, we propose a continuum structure, i.e., a thin plate, with
systematically arranged local resonators on its top. We show numerically that by judiciously

arranging the local resonators, we can create a subwavelength topological waveguide in the



system, which can robustly guide flexural waves along a path with sharp bends. In principle,
this is analogous to the quantum spin Hall effect discovered in condensed matter physics.
We employ a ubiquitous design of a bolted plate to experimentally demonstrate waveguiding
capability of this plate. These results show that the new notion of topology—emerging
from topological insulators in electronic and optical systems—can provide a fresh outlook
towards manipulating elastic waves in mechanical structures, such as directional propagation,
filtering, and localization of wave modes. These novel effects investigated in this study can be
exploited for engineering applications such as impact mitigation, vibration isolation, smart

sensing, and energy harvesting.
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“One who finds inaction in action, and action in inaction, he (she) is the wise
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Mechanical metamaterials. (a) A 2D mechanical metamaterial to control the
flow of flexural waves in thin plates. The bolts act as local resonator and invoke
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Topological transition and emergence of a boundary mode in the finite system.
(a) Frequency spectrum evolution as a function of . Extracted experimental
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inside the band gap, which follows the trend of numerical simulations (black
curve). (b) Zak phase of the band gap and its transition at a = . (c)-(e)
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2.4 Topologically protected modes arising from dimer configurations with (a)

3.1

3.2

hard-hard and (b) soft-soft interfaces. Below are PSD plots obtained from the
particles’ velocities measured experimentally. At the bottom are the TP mode
shapes extracted from experiments (red markers) and eigenanalysis (black
markers). ...

Phononic crystal model. (a) Cylinders stacked helically to form a one-dimensional

chain. Insets show the two types of wave modes the structure supports. fr and
fo are the frequencies of longitudinal and torsional traveling waves, respec-
tively. (b) Contact stiffness dependence on the angle between two cylinders
(Acar), which is perturbed by the torsional wave. (c) Uniform contact stiff-
ness for the longitudinal wave propagation in the system without torsional
excitation. (d) Spatio-temporal variation of the same stiffness with torsional

excitation. The spatial distribution of stiffness moves by ds distance in time dt. 29

Nontrivial band topology due to quasistatic torsional wave pumping. (a)
Spatio-temporal variation in stiffness, caused by torsional wave, forces the sys-
tem’s eigenfrequencies for longitudinal vibration mode to change over time.
We plot the eigenfrequencies of a finite size system at one such time instant
highlighting the prominent band gaps: 1, 2, and 3 (insets show zoomed-in
view). (b) Evolution of eigenfrequencies over one period of pumping. In-
sets show close view of frequency evolution inside the band gaps: 1, 2, and
3. The points of degeneracy (crossing) are noticeable. (c) A closer view of
the degenerate point inside band gap 3 showing that edge modes interchange
their polarities across the degenerate point, a signature of the bulk-boundary
correspondence in topological transition. Inset shows the corresponding eigen-
modes, both edge and global, represented in different colors. (d) Bloch dis-
persion curve of an infinitely periodic lattice, with Chern numbers assigned to
each bands. Nonzero values of gap Chern numbers (summation of Chern num-
bers of the bands below) confirm the topological nature of all three prominent
band gaps. . . . . ...
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Implication of the bulk-boundary correspondence for small pumping frequency.

(a) Typical topological transitions of the eigenmodes inside band gap 3 as also
shown in Fig. 3.2c. System’s ability to selectively convert a left (and right)
localized edge mode to a global mode with higher (and lower) frequency is
highlighted at two unique time points. A full numerical simulation is carried
out with a Gaussian pulse centered at f; = 18.2 kHz as an input to the system.
(b)-(c) Spatio-temporal map of cylinder velocity when the input is from left
and right end of the chain, respectively, at time point 1. (d)-(e) Propagating
pulse frequency corresponding to the velocity maps. (f)-(i) The same plots
obtained by sending the pulse at time point 2. . . . . .. ... ... .. ..

Dispersion curves obtained using full numerical simulations to show the effect
of high pumping frequency. (a) f, = 0, i.e., a system with only spatial mod-
ulation in stiffness, has a symmetric dispersion curve. The three prominent
band gaps: 1, 2, and 3 are marked. (b) Torsional wave (with f, = 2 kHz
in this case) breaks the time-reversal symmetry, and thus results in asym-
metric band gaps for rightward (positive wavenumber) and leftward (negative
wavenumber) propagating longitudinal wave. The frequency offsets for the
band gaps are indicated, and those are dictated by corresponding topological
invariant, i.e., the summation of Chern numbers of bands below it, defined in
quasistatic sense. . . . . ... L Lo

Implication of asymmetric band gaps. (a) A zoomed-in view of the highest
band gap 3 in the dispersion curve at f, = 2 kHz. System’s response is ex-
amined at input excitation frequency f, = 16.78 kHz. The arrow tips denote
leftward and rightward propagating frequencies indicating interband transi-
tion. (b) Gaussian profile of the input force that is applied at the ends of the
cylinder chain. (c)-(d) Spatio-temporal map of cylinder velocity when signal is
sent from the left (right) end of the chain. (e)-(f) The corresponding frequency
content of the propagating pulse. We observe that rightward traveling pulse
propagates with a higher frequency (slower speed) compared to that of input
pulse, however leftward propagating pulse does not see any such frequency
shift (insets for summary). . . . . .. ...
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4.2

4.3

Design of the tunable topological metamaterial based on bistable SP. (a)-(b)
The two stable states, Y- and P-states, and below are their top views. They
differ in the height (hy) and the relative rotation (6y) between the disks: Y-
state (hg = 0.04 m, 6, = 70°) and P-state (ho = 0.0215 m, 6, = 110°).
Disk radius R = 0.0408 m, connecting spring coefficients k; = 10> N/m and
ko = 10° N/m. Three allowable degrees of freedom, ¢, ¢', and w’, are marked
with the red arrows. (c) Hexagonal arrangement by combining the two stable
states. The lattice constant a of the hexagonal arrangement is 0.212 m, and the
torsional spring coefficient k.. of the reverse spring is 10> N-m. The periodic
unit cell consisting of one Y-state and one P-state is highlighted along with
its basis vectors a; and as. . . . . . . L

Band inversion when the unit cell is transformed from the Y-P to the P-Y
configuration. (a) Unit cell dispersion relation for the Y-P configuration. A
complete band gap emerges around 800 Hz due to broken inversion symmetry.
The dashed lines with a Dirac cone at the K point represent the case with both
SPs of the unit cell having the same effective stiffness. (b) The same for the
P-Y state. Left panels in (c¢) and (d) represent the eigenmodes corresponding
to K; and K, points in the dispersion relations of the Y-P and the P-Y
configurations, respectively. Only one SP shows the motion, demonstrating a
spatial inversion in the unit cell for the two configurations. In the right panels
of (¢) and (d), this reflects as the change in the sign of the Berry curvature at
the K and K’ points in the first Brillouin zone (solid line). . . . . . .. . ..

Topologically protected interface mode between two topologically distinct lat-
tices, and waveguide path manipulation via dial-in actions. (a) A linear topo-
logical defect is highlighted by the blue background at the interface of the
P-Y (I) and the Y-P (II) configurations. Dynamic properties are evaluated
by taking a supercell enclosed by the dashed box. (b) Band structure for the
supercell. The dashed red and blue curves represent the localized modes in
the supercell. (c)-(e) A wide range of waveguide paths at the intersection of
I and II can be achieved simply by dial-in actions in the lattice. Below are
the numerical simulations to confirm the robust energy transport along these
interfaces. Colors denote the rotation of the bottom disks. . . . . . ... ..
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4.4

4.5

4.6

5.1

5.2

Comparison between topological and traditional waveguides. (a)-(b) A finite
40 x 40 lattice can either be dialed in to form a topological or a traditional
waveguide. (c)-(d) Eigenfrequencies of these lattices arranged in the modal
order. In (c), the entire band gap is populated with topologically protected
edge modes at the interface (zoomed-in view in the lower inset). In (d), the
traditional waveguide does not lead to the edge modes spanned over the entire
band gap (zoomed-in view in the lower inset). (e) Transmission spectrum of
both waveguides. . . . . . . . . ..

Wave packet scattering. (a) A topological waveguide showing back scatter-
ing suppressed wave propagation. (b) The same for a traditional waveguide.
Though the wave packet reaches the exit, its propagation is not scattering
free. Colors denote the rotation of the bottom disks. . . . . . ... ... ..

Valley-selective one-way wave propagation. (a) The extracted amplitude ratio
(A;/Ay) of Y- and P-states in the unit cell (green box in inset) from the
supercell analysis. The data points on the left side (red dots) correspond
to the solution with positive group velocity, i.e, forward propagation, while
the right ones (blue dots) are for backward propagating wave. These are the
solutions for two valleys. (b) Phase difference (1 — o) extracted for the same
states. (¢) Numerical simulation results that show one-way wave propagation
along the topological waveguide. The red star indicates the place where the
valley-selective excitation is given (see insets) to induce either forward- or

backward-propagating waves. Colors denote the rotation of the bottom disks.

(a) Lattice arrangement of the resonators with a rhombus shaped unit cell
in red. Dimensional parameters and lattice vectors are also shown. (b) A

26

o8

60

detailed view of the unit cell with six resonators mounted on top of a thin plate. 66

(a) Dispersion plot for the LR plate with a hexagonal arrangement, i.e., R =
a/3 (red curves). It shows a double Dirac cone, which is lower than the
resonating frequency f, of the local resonators. Dispersion of the bare plate
with no local resonators is shown in light gray for comparison. (b) Two unit-
cell representations to enable the zone-folding (i.e., mathematical folding) of
bands and the corresponding Brillouin zones below. The smaller cell (enclosed
by blue dashed lines) represents the typical, irreducible unit-cell configuration
for the hexagonal arrangement, while in this study, we consider the bigger unit
cell (enclosed by red dashed lines) to create a double Dirac cone and for further
topological manipulations. Their sizes are compared with the wavelength in
the bare plate at the Dirac frequency (star mark), making it a subwavelength
unit design. . . ... L.



5.3

5.4

9.5

6.1

Emergence of subwavelength Bragg band gaps and their inversion when the
unit cell of the LR plate is perturbed around the R = a/3 configuration.
(a) A case with R < a/3 leading to a topologically trivial band gap with
p-type modes having lesser frequency than d-type modes. See the insets for
the corresponding mode shapes, with the colors indicating the out-of-plane
displacements of the plate. (b) A case with R > a/3 leading to a topologically
nontrivial band gap with p- and d-type modes inverted. . . . . . . .. .. ..

(a) A supercell made by placing topologically distinct lattices adjacently. (b)
Eigenfrequencies of the supercell as a function of the wave number in the
periodic direction by analyzing a full-scale design with the FEM. We highlight
clockwise (purple) and counterclockwise (yellow) pseudospin modes localized
at the interface between the trivial and nontrivial lattices. In the background
are the other modes, i.e., bulk modes, and local modes that are at the extreme
left and right end of the supercell. (¢) pseudospin mode shapes corresponding
to the points S; and Sy in (b). The color intensity represents the out-of-plane
displacement, and the arrows indicate the time-averaged mechanical energy
flux, thereby confirming their spin nature. . . . . . . .. ... .. ... ...

Pseudospin dependent one-way propagation of a flexural wave. The star in-
dicates the zone of excitation. Multi-point phased excitation in force is used
for exciting (a) clockwise and (b) counterclockwise spin modes. The color
intensity represents the out-of-plane displacement. No backscattering around
the bends is observed. . . . . . . .. . o

System configuration. (a) A hexagonal lattice arrangement with the unit
cell containing six elements. The corresponding first Brillouin zone (FBZ)
is indicated. (b) This unit cell is perturbed around R = a/3 to obtain two
topologically distinct unit cells. Bolts act as local resonators mounted on a
thin plate. (c) A snapshot of the actual system with multiple bolts mounted
on the plate. (d) The experimental setup, in which a domain wall is created
between two topologically distinct lattice patterns in yellow and violet. The
plate is excited by a piezoelectric actuator positioned at the center, and out-
of-plane velocity is measured point-by-point by an LDV mounted on a 2-axis
linear stage. . . . . . . . .
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6.2

6.3

6.4

Presence of multiple band gaps and their inversion in the unit-cell dispersion.
(a) A case with R < a/3 leading to the emergence of two band gaps. Color
of the markers indicates the polarization of plate mode, i.e., it is nearly 1 for
out-of-plane and nearly 0 for in-plane plate modes. The lower band gap is
a partial band gap (PBG) due to the presence of other nearly in-plane plate
modes. The upper band gap is a complete band gap (CBG) for all plate
modes. The two-sided arrow indicates the locally resonant band gap for in-
plane modes. (b) In the hexagonal lattice arrangement, i.e., R = a/3, these
band gaps close and form two distinct double Dirac cones. Zoomed-in view is
in the inset below to show the bolt bending mode between two double Dirac
cones. (¢) When R > a/3, the two double Dirac cones open again to form
two distinct band gaps. (d) The mode shapes (out-of-plane) at the I' point
for the band gaps shown in (a). I'(UP) and I'(DOWN) indicate the upper
and the lower edges of the band gap, respectively. Note that two degenerate
p-type modes have smaller frequency than two degenerate d-type modes for
both band gaps. (e) The mode shapes at the I" point for the band gaps shown

in (c¢). These mode shapes are inverted with respect to the ones shown in (d).

Emergence of topological modes at the domain wall. (a) A supercell made
by placing two topologically distinct lattices adjacently at the domain wall.
(b) Eigenfrequencies of the supercell vs. k;;, the wavevector parallel to the
domain wall. The colormap indicates the localization index (L,). Higher the
value it has, the more localized are the out-of-plane modes at the domain
wall. The upper region (i.e., CBG) shows clear localized modes. The lower
region (PBG) also shows localized modes, but those are mixed with other
extended modes. (c¢) The same eigenfrequencies diagram, but with a different
colormap to show the polarization of plate modes. It denotes 1 (0) for out-
of-plane (in-plane) plate modes. (d)-(g), Localized out-of-plane mode shapes
at some selected frequencies inside PBG and CBG [marked by circles in (b)].
The arrows indicate the time-averaged mechanical energy flux to confirm their
Spin nature. . . . ...

Experimentally obtained steady-state transmission maps at multiple excita-
tion frequencies of the piezoelectric actuator located at the domain wall. Col-
ors indicate the power spectral density (PSD) calculated from the measured
out-of-plane velocity of the plate. (a)-(c) Wave localization at the domain
wall for the frequencies inside PBG. (d)-(e) Disappearance of this localization
indicates the dispersion region between PBG and CBG, where no localized
topological mode exists at the domain wall. (f)-(h) Emergence of wave local-
ization at the domain wall once again indicates the region of CBG. (i) Wave
transmission at a frequency above CBG. . . . . .. ... ... ... .. ...
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B.1

Experimentally obtained transient wavefields. (a)-(c) Velocity wavefields when
a Gaussian input centered at 6.3 kHz is injected by the piezoelectric actuator
in the middle of the domain wall. (d)-(f) Wavefields for the Gaussian input
centered at 7.7 kHz. . . . . ..o oo

A representative unit cell for a periodic dimer chain . . . . .. ... .. ..

Representative eigenvalues of the matrix B,(x) in Eq. (A.6). (a) SSH system
with t = 1, ¢ = 2, and g = 0. (b) Granular chain system with ¢t = 1, ' = 2,
and p = 3; (¢) Square-root of eigenvalues in (b). . . . . ... ... ... ...

Spectrum plots for different dimer configurations represented by the label
[ag/c]. The top three panels represent the cases that o < ag. The middle
panel shows the case when @ = a. The bottom three panels depict the cases
that a > ay. It is evident that a boundary mode emerges inside the band gap
for configurations with « < ag. . . . . . . ..o Lo

Hard-hard topological defect, and corresponding eigenmode (absolute value)

Soft-soft topological defect, and corresponding eigenmode (absolute value) and
center-of-mass motion (absolute value) . . . . . . ... ... ... L.

Spectrum of the dimer chain with a (topologically) trivial defect and its per-
turbation: (a) Defect introduced at the 20° site. (b) Defect introduced at the
10° site. In both cases, the mode disappears within the band gap upon varying
the defect angle ay. In other words, we observe the absence of the boundary
modes (red dots) when oy > 20° in the left panel. In the right panel, there
exists no boundary modes in the band gap when oy < 20°. . . . . . ... ..

Spectrum of dimer chain with a topological defect and its perturbation by
varying the defect angle ay. The topologically protected mode can be seen to
be present always in the band gap. . . . . . . ... ... ... L.

Effect of large mass defect on nonreciprocity in the system: (a)-(b) Frequency
content in the traveling pulse as input is given from left (right) end of the
chain. Input, propagating, transmitted and scattered frequency components
are highlighted using the schematics below. . . . . . . . .. ... .. ... ..
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C.1

C.2

C.3

C4

D.1

D.2

D.3

Bistable behavior of the Stewart Platform (SP). (a) 3D (left) and top (right)
views of the SP unit cell are shown. (b) The surface map of the elastic energy
as a function of both w and ¢ shows the two local minimum states, i.e., Y-
and P- states as denoted by arrows. The energy is normalized by k;h3 and the
displacement is normalized by hg. (¢) The normalized energy as a function of
w is plotted along the minimum potential energy trajectory which corresponds
to the highlighted region in (b). The inset illustrations show the schematic
configuration of the SP at each local minimum state. . . . . .. .. ... ..

Topological and traditional waveguides with two different bend angles. (a) and
(b) are topological waveguides with 120° and 60° bends, respectively. Note
that in the former case, Y-Y connection makes the entire waveguide channel.
However, in the later, Y-Y connection is followed by a P-P connection. (c)
and (d) Their traditional counterparts. . . . . . . . .. ... ... ... ...

Transmission of angle dependent waveguides. (a) Comparing transmissions of
topological and traditional waveguides for 120° bend. (b) The same for 60°

Transient simulations for the topological waveguides. (a) 120° waveguide. (b)
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Chapter 1

INTRODUCTION

1.1 Mechanical metamaterials

The study of elastic wave propagation in solids spans across many engineering and science dis-
ciplines. Starting from large-wavelength earth waves in geophysics to ultra-small-wavelength
surface acoustic waves in modern sensing devices, the relevance of elastic waves has been
evident at a wide range of length scales. Elastic waves, in the form of ultrasound, are also an
essential part of well-established imaging techniques in medical diagnostics and structural
health monitoring. Therefore, any fundamental studies related to elastic waves in solids,
especially to acquire the ability to manipulate them at will, have potential to influence a
wide range of engineering applications.

In this regard, the advent of mechanical metamaterials in recent years offers several new
possibilities [1-4]. In a very generic sense, a mechanical metamaterial is a material that is
artificially designed to show unprecedented mechanical properties (the Greek root “meta”
means “beyond”). The design philosophy of mechanical metamaterial gives more emphasis
to the geometric arrangement of material rather than the type of material itself; and the
enhanced mechanical properties are usually dynamic and, are related to wave propagation
in the medium.

This geometry-based design philosophy thus leverages on numerous degrees of freedom in
a structure, to create basic structural ingredients that invoke versatile wave physics. Period-
icity [5], nonlinearity [6], and structural resonances [7] are usually these structural ingredients
of the metamaterial recipe. See some typical architectures in Fig. 1.1. A stricter definition
of mechanical metamaterials, however, necessitates the presence of structural resonances, so

that even large wavelength waves can be manipulated using in a subwavelength medium [8,9].
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Figure 1.1: Mechanical metamaterials. (a) A 2D mechanical metamaterial to control the
flow of flexural waves in thin plates. The bolts act as local resonator and invoke unique

physics (cf. Chapter 6). (b) A 3D-printed 3D mechancial metamaterial.

Clearly, the design approach of mechanical metamaterials opens new doors for physics-
based structural design paradigm that can not only provide more efficient solutions to existing
applications, but also can pave the way for building novel multifunctional devices. For
example, cloaking [10], vibration isolation [11], negative refraction for superlensing [12,13],
mechanical energy harvesting [14], and novel impact attenuating systems [15, 16] are some
of the areas where the use of mechanical metamaterials have been suggested. Moreover, this
design approach has been more relevant today than ever because of the rapid advancement
of fabrication techniques, such as additive manufacturing, which can enable the realization

of complex geometrical structures with remarkable precision [17].

In this thesis, we present a new structural ingredient in the mechanical metamaterial
recipe. This compliments the existing ingredients in some sense and invokes nontrivial wave

dynamics, potentially leading to novel engineering devices. The ingredient is topology.



1.2 Topology

Topology in mathematics is the study of objects under continuous deformations. To give a
simple example, topology of a sphere remains intact even when it is squeezed, provided we
do not allow any cut or hole. It is natural to ask what makes the topology of a sphere same
as that of its homeomorphic counterpart, e.g., an ellipsoid. The answer lies in the topological
invariant that remains the same while a body is smoothly deformed. It also means that if
we take another body, e.g., a doughnut, its topological invariant would be different from
that of a sphere, simply because a doughnut and a sphere are not homeomorphic, i.e., they
cannot be transformed to each other by a smooth deformation. Mathematically, one can
calculate the topological invariant of these objects performing a surface integral as per the

Gauss-Bonnet theorem [18]. It states that the Euler characteristic

1
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where K is the Gaussian curvature. In addition, the genus g = 1 — x/2 represent the number
of holes in these objects. Therefore it should, of course, remain intact under a smooth
deformation.

Though the field of topology in mathematics is huge in its own right, it would be enough
at this point to grasp the aforementioned basic definition. However, the key would be to
take this simple analogy and apply in the realm of physics. In particular, we would import
this understanding of topology not to characterize the shape of an object, rather we will
use it in a subtler sense, i.e., to characterize the dispersion behavior of a system. It is well
known that a rich dispersion can be obtained by several methods, for example, periodicity
in a structure [5]. We can engineer a structure to support band gaps that do not allow
propagation of waves with frequencies inside them [19]. However, an interesting question in
this context is: Can two band gaps obtained from two distinct structures have a qualitative
difference on topological ground? The answer is yes. We will therefore use topology not to
characterize the real space [as is the case in Eq. (1.1)], but the wavevector space (“k-space”)

of lattice structures. Hence, it would directly relate to the flow of elastic energy in solids, and



Figure 1.2: Topologically distinct objects. A sphere has genus g = 0, and a doughnut has

g=1.

such materials would be called topological mechanical metamaterials. But first, let us briefly
go over the evolution of this notion of topology, which has its origin not in metamaterial

engineering but in condensed matter physics of electronic systems.
1.3 Topology in condensed matter physics

A new notion of topology gained popularity in the context of the quantum Hall effect. It
was the Nobel-prize-winning discovery when, in 1980, Klaus von Klitzing et al. [20] reported
the exact quantization of Hall resistance in 2D electron gas under strong external magnetic
field. In 1981, Laughlin’s [21] and Halperin’s [22] arguments indicated that a quantum
mechanical phenomenon is at work and the quantized Hall conductance was the manifestation
of robust chiral edge currents, propagating on the edges of the sample in one direction
while the Fermi energy was between separated Landau levels. However, it was in 1982,
when Thouless, Kohmoto, Nightingale, and den Nijs (TKNN) explicitly showed that this
quantization is a “bulk property”, i.e., related to integers obtained from the periodic potential
of the sample [23]. These integers were the topological invariants of the system, which related

the topological nature of the bulk to the robustness of the edge currents in the quantum Hall
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Figure 1.3: Band inversion between inside and outside of a sample indicates the closing of

band gap on the edges of the sample. This manifests as an edge state.

effect. It was shortly pointed out by Simon [24] that these topological invariants, also known
as the Chern numbers in mathematics, had a direct connection with the concept of geometric
phase, first discussed by Pancharatnam [25] in 1956 and popularized by Berry [26] in 1984. In
1988, Haldane proposed a “2D-graphite” (graphene) model for the quantum Hall effect [27].
As opposed to the previous efforts, this semimetal did not rely on net external magnetic
field and associated Landau levels. Rather, it had two bands meeting at high-symmetry
points in Brillouin zone, and Haldane imagined creating a band gap (lifting the degeneracy)
by breaking the time reversal symmetry in this lattice using magnetic ordering. Inside this
band gap, the system showed chiral edge conductance that was quantized. This quantization
again relates to the Chern number.

One can think of the Chern number as the k-space counterpart of the topological invariant
mentioned in Eq. (1.1). For instance, for a 2-dimensional lattice, its k-space would be of the
shape of a torus due to the periodicity of two wave vector components, and therefore, the
integral over surface in real space in Eq. (1.1) gets substituted by an integral over the surface

of a torus in k-space. Also, the Gaussian curvature is replaced by the Berry curvature



F =V x A, where the Berry connection A is obtained by the eigenvectors |u,(k)) of nth
band, such that A = —i(u,(k)|Vk|u,(k)). Therefore, the Chern number of nth band has
the following form [28]:

C, = %/S}"d?k. (1.2)
Once the Chern numbers of bands are calculated, one can estimate the topological nature
of a band gap by summing up the Chern numbers of all the bands below it [23]. Tts nonzero
value indicates that the band gap is topologically nontrivial. Physically, if the Fermi energy
lies inside this topologically nontrivial band gap, one observes topological chiral currents
at boundaries of the sample. This is also known as the principle of “bulk-boundary corre-
spondence” [29-31], as the bulk topological properties directly dictate what happens at the
boundaries of a sample.

More intuitive way to understand this process is by so-called “band inversion” [32], which
is usually observed in topological physics. In Fig. 1.3, we show a topologically nontrivial bulk
(e.g., the quantum Hall state) has an inverted band gap compared to the surrounding topo-
logically trivial bulk (e.g., vacuum). Because both the bulks have a band gap, electrons at
Fermi energy inside the band gap would flow neither inside nor outside of the sample. How-
ever, for the band inversion to occur, band gap will have to close, and that can only happen
on the edges, leading to energy localization. This analogy fits very well when one compares
the two topologically distinct spaces to two topologically distinct objects, for example, a
sphere and a doughnut. If one wants to make a transition between these two objects, one
must make a hole. Similarly, if one wants to go from one bulk to a topologically distinct bulk,
one must have a band-closing on the edge. In this way, a new notion of topology emerges
in relation to k-space characterization in band theory and predicts topological edge states.
This therefore explained the extreme robustness of the Hall conductivity in the quantum
Hall effect in the presence of disorder, where the disorder could be thought of as a smooth
deformation of the Hamiltonian and the robustness was the manifestation of the topological
invariance [29).

The role of topology in band theory, however, received a significant boost in recent years
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Figure 1.4: Some schematics of robust energy localization/guiding (purple) in 1D and 2D

mechanical structures on boundaries.

with the proposal of the quantum spin Hall effect shown by topological insulators [33-35] .
As opposed to the requirement of the breakage of the time reversal symmetry or an external
magnetic field in the quantum Hall effect, the quantum spin Hall effect did not require any
external magnetic field and preserved the time reversal symmetry, but still showed robust
edge currents. It was analogous to a superimposition of two quantum Hall systems, each
designed for two opposite electron spins. Consequently, two opposite spins propagated in
opposite directions robustly on the edges of the sample while the bulk remained an insulator.
Clearly, the net charge flow on the edges was 0, and that also implies the Chern number to
be 0. Therefore, a new topological invariant, i.e., the spin Chern number or Z, index was
used to prove the topological robustness of an individual spin.

Since then, there have been a plethora of research to invoke nontrivial physics of electrons
in 1D, 2D, and 3D systems. In fact, a systematic table for topological characterization, i.e.,

the periodic table, encompasses a variety of systems depending on their spatial dimension



and symmetry [36]. However, the next question is whether such a topological framework,
originally developed for electronic (fermionic) systems, can also be used to characterize elas-
tic (bosonic) systems? If yes, such systems would show robust energy confinement at the
boundaries between two topologically distinct structures (Fig. 1.4). This is especially in-
teresting in two aspects. First, they could provide a new way to study and control elastic
energy in solids. Second, given the design freedom mechanical structures provide, topological
physics can be studied in a controllable way in lab settings. Therefore, it is relevant more

than ever to study this new notion of topology in mechanical metamaterials [37].
1.4 Topology in mechanical metamaterials

One of the earliest examples of topological band theory in mechanical systems were found in
relation to the modeling of microtubules [38] and microfilaments [39], where the existence of
robust edge phonon modes was associated with their topological nature. Since then, manip-
ulation of finite-frequency (nonzero frequency) have been demonstrated in several acoustic
metamaterials [40-46]. Similarly, for elastic vibrations, there are systems that require exter-
nal bias or field to invoke a robust one-directional edge wave, analogous to the quantum Hall
effect [47—49]. Also, there are systems that, in fact, do not require any external bias, and
therefore are passive, but still possess topological wave physics [50-52]. Owing to the funda-
mental difference between a fermionic and a bosonic system, which lies in a bosonic system
not having intrinsic spins as electrons do in a fermionic system, one creates “psuedospins” in
these passive systems by judicious geometric designs. In this way, spin-dependent one-way
propagation of edge modes have been shown, analogous to the quantum spin Hall effect.
Apart from manipulating finite-frequency wave modes, there have also been several stud-
ies on the topological nature of zero-frequency modes in mechanical structures. In 2013,
Kane and Lubensky [53] proposed a mechanical counterpart of topological 1D electronic
chain, in which they mapped the zero-energy edge state in electronics to zero-frequency
edge modes in mechanics. This has therefore led to a number of studies in 1D and higher

dimensions [54-56].



However, in this work, we only focus on manipulating finite-frequency modes in elastic
structures, as those are directly relevant to applications in energy harvesting, vibration
isolation, and structural health monitoring [37]. We list some key limitations and challenges

of the research on topological mechanical metamaterials to date:

e Most of the efforts have been limited to theoretical studies due to the complexity in

fabrication and testing of mechanical structures.

e Most of the work involve discrete spring-mass systems. This makes them hard to
practically implement in real-world applications. There have been recent numerical
studies on elastic plates [51,57-59], which indicate the possibility of using continuum

structures as topological mechanical metamaterials.

e Uniqueness of elastic systems in terms of achieving tunability from geometric manipu-
lations is usually not harnessed to demonstrate a topological transition within a same
structure. For example, the role of structural effects such as bistability [60], has not

been explored to tune topological mechanical metamaterials in situ.

e Elastic systems do possess several types of wave modes as opposed to the wave phe-
nomena in acoustics. This makes them far challenging in terms of manipulating wave
modes on topological grounds. Researchers have therefore focused on only one type of

wave mode and ignored others for topological manipulations [57].

Thus, these points motivate our research, and we have taken a variety of 1D and 2D

elastic systems to address these challenges.
1.5 Significance and organization of this thesis

This work is a synthesis of several standalone studies on topological elastic systems (already
published or under review in peer-reviewed journals), and those are arranged as different

chapters in the order of their complexity, i.e, 1D to 2D. Each chapter has its own introduction,
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which includes the motivation and relevant literature. A section on authors’ contributions
have been added at the end of each chapter.

In chapter 2, we take a 1D elastic system that is made of highly tunable granular particles.
To the best of authors’ knowledge, this is the first experimental demonstration of in situ
topological transition in a 1D elastic system. Also, using laser Doppler vibrometer, we are
able to precisely measure the shape of topologically protected mode in the system, and that
matches well with numerical mode shape. We have also derived, for the first time, closed-form
solutions for the frequencies of topologically protected modes in a 1D elastic system.

In chapter 3, we add a synthetic dimension of ¢ime to the aforementioned 1D granular
chain, and make it a 1D time-dependent chain. We introduce the time dependency by using a
secondary pump wave. We show that such a system supports a nonreciprocal wave behavior.
This nonreciprocity is the manifestation of asymmetric dispersion curves in the system. In
quasistatic limit, this time-dependent 1D system can be understood as a 2D system with 1
space and 1 time dimensions. Therefore, we show that the asymmetry in band dispersion
curves can be explained by calculating topological indices in 2D, i.e., the Chern number. To
the best of authors’ knowledge, this is the first instance when such a connection is made in
acoustic and elastic systems.

In chapter 4, we study a discrete 2D lattice. For the first time, we propose the unique idea
of harnessing bistability in structural constituents to manipulate topological configurations
in situ. We show the ability to guide mechanical wave in the lattice, and also show that
this waveguide can be tailored in situ. This tunability allows us to closely compare the
performance of topological waveguide and conventional (non-topological) waveguide.

In chapter 5, we propose a continuum plate structure with local resonators mounted
on top, and numerically demonstrate the ability to guide flexural waves crisply around the
bends. For the first time, we implement a symmetry-protected approach in locally resonant
plates to invoke an effect analogous to the quantum spin Hall effect shown by topological
insulators. We show the existence of two counter-rotating pseudospins and their propaga-

tion in opposite directions at the boundary between two topologically distinct latices. We
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devise a strategy to selectively excite these pseudospin, and demonstrate a spin-dependent
robust one-way wave propagation, which is particularly novel in elastic systems. Also, the
system is a subwavelength metamaterial and the frequency of the local resonators limits the
operating frequencies on the plate. Therefore, low frequency modes, generally requiring large
structures, can also be guided in limited-sized plates.

In chapter 6, we include the experimental study of topological waveguiding in elastic
plate with local resonators. We choose a ubiquitous design of a bolted plate for this purpose,
where bolts act as local resonators. Due to the complex interplay between the bolts and the
plate, and local resonance of the bolts, we observe several unique effects, such as coexistence
of two double Dirac cones, and a complete band gap that forbids all the plate modes.
Consequently, we experimentally demonstrate the ability to guide flexural wave crisply along
a path with minimal losses into the bulk of the structure. This suggests a new design strategy
to manipulate waves in elastic systems on topological grounds, while efficiently managing

other unwanted elastic modes.
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Chapter 2

ONE-DIMENSIONAL TOPOLOGICAL METAMATERIAL

We numerically investigate and experimentally demonstrate an in situ topological band
transition in a highly tunable mechanical system made of cylindrical granular particles. This
system allows us to tune its interparticle stiffness in a controllable way, simply by changing
the contact angles between the cylinders. The spatial variation of particles’ stiffness results in
an in situ transition of the system’s topology. This manifests as the emergence of a boundary
mode in the finite system, which we observe experimentally via laser Doppler vibrometry.
When two topologically different systems are placed adjacently, we analytically predict and
computationally and experimentally demonstrate the existence of a finite-frequency topolog-

ically protected mode at their interface.

2.1 Introduction

Topological insulators (TIs) constitute an intense area of recent interest within condensed
matter physics. TIs support directional electron transport on their surface, and this trans-
port is immune to defects [29]. The existence of such a surface state has a remarkable
correspondence to the nontrivial topological invariants of the bulk of TIs [30]. Therefore,
by knowing the topology of the bulk, one can predict the response on the surface or edge
of the material. This response is robust against defects on the surface as long as the topol-
ogy of the bulk is preserved. Such topological characterization has naturally emerged as a
tool to design novel mechanical structures with unconventional vibration properties on their
surfaces [47,49-52,57]. The study of these mechanical structures not only realizes the topo-
logical phenomenon in easily controllable and observable macroscale systems, but also has

potential to shape a new design paradigm for structural applications, such as vibration isola-
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tion and energy harvesting [37]. At the same time, the paradigm of TIs has had a significant
impact in other areas, e.g., linear and nonlinear optics [61-65].

A dimer system such as the 1D Su-Schrieffer-Heeger (SSH) model provides the basic
framework to understand band topology [66—69]. The direct mechanical analogue of such
a dimer has been recently suggested [53]. This system has a phononic band gap near
zero frequency and, in turn, can support zero-frequency topological modes. Deviating from
this model, one can also arrive at a mechanical dimer that results in a non-zero-frequency
band gap, potentially leading to finite-frequency topological modes [70]. This could be
achieved by tailoring the on-site potentials in the standard SSH model. Such a system
would be especially interesting as it would enable us to understand how the topological
framework can be used to predict and tailor energy localization on the edges or interfaces of
a structure. To study this phenomenon in detail, one would ideally need a system that allows
a smooth control over its topological characteristics, in order to closely observe its effects on
the vibration response of the structure. Achieving such tunability is extremely challenging
in experimental settings, since it requires well-controlled, in situ manipulation of either the
mass or stiffness. Changing the masses of the dimer lattice demands manual reassembly of
the systems’ constituents [71,72]. Altering the stiffness values via external couplings, e.g.,
magnetoelastic [73], electroelastic [74], and photoelastic [75] interactions, could make the
system cumbersome for structural uses. The need of precise actuation and measurement
adds up to this challenge. This explains why an in situ topological band transition for finite-
frequency elastic vibrations has not been demonstrated experimentally. A design that can
address this challenge would not only contribute to our general understanding of topological
mechanical systems; it also holds promise towards catalyzing the implementation of stand-

alone structures with tunable energy localization characteristics.

For this purpose, we use a granular system made of cylindrical particles interacting
through the Hertz contact law [76]. This system is highly tunable in that the interparticle
stiffness can be changed simply by altering the contact angles between cylinders [77]. Such

a versatile structure has been recently exploited for manipulating stress waves in linear [78],
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linear time-dependent [79], and nonlinear media [16]. To overcome the experimental chal-
lenges with regard to controlling the contact angles and conducting precise measurements,
we devise an experimental setup of a tunable, stand-alone cylindrical particle system. This
involves 3D-printed enclosures intended to support and tune the granular chain and to fa-
cilitate particles’ velocity measurements through a laser Doppler vibrometer (LDV). Using
this tabletop setup, we validate the in situ topological band transition in the system by
detecting the emergence of an experimentally measured boundary mode. We further demon-
strate the existence of a topologically protected mode at the interface of two topologically
distinct granular chains. Last, we theoretically calculate the frequency of the topologically
protected mode using symmetries in its shape and show that it has an excellent agreement

with numerics and experiments.
2.2 Experiment and numerical setup

The experimental setup consists of a chain of short cylinders placed inside 3D-printed en-
closures stacked vertically (Fig. 2.1). Each enclosure along with its cylinder can be inde-
pendently rotated about its central axis to change the stacking angles of the particles. We
maintain periodically varying two contact angles ay and «, such that the system resembles
a dimer configuration. To demonstrate the topological transition, we fix ag to 20° and vary
only « from 5° to 40°. The chain is composed of 27 cylinders, and all cylinders are made of
fused quartz (Young’s modulus Y = 72 GPa, Poisson’s ratio 4 = 0.17, and density p = 2187
kg/m?) with identical diameter and a length of 18 mm. A piezoactuator excites the bottom
of the chain to send a frequency sweep signal from 3 to 30 kHz. A free weight (25 N) is
placed on the top of the chain to provide initial static compression to restrict the system
dynamics to the linear regime. We track the velocity of each cylinder using an LDV mounted
on a guide rail. Note that we have judicially designed the enclosure to facilitate the passage
of the laser beam emanating from the LDV in various angles (top inset in Fig. 2.1).

We use a discrete element method to model the system dynamics [80]. We represent the

cylinders by lumped masses and the contacts by springs following the Hertz contact law. The
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Figure 2.1: Schematic of the experimental setup. The top inset illustrates a cut section of
the 3D-printed enclosure. The bottom inset shows the contact angles in the dimer chain and

the representative spring-mass system.
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force between the ith and (i + 1)th cylinders can be written as F; = () [6; + w; — uiy1]/2,
where [((«;) is the stiffness coefficient for the contact angle of «;; d; is the initial static
compression due to the free weight; u; and u;,; denote the dynamic displacements of the
ith and (7 + 1)th cylinders in the longitudinal direction, respectively (see Appendix A). If
|u; — uiy1| < 9y, as is the case here, we can linearize the contact law. Hence, the contact
between the ith and (i 4+ 1)th cylinders can be assigned to a linear stiffness coefficient,
K(ay) = %B(ai)@l /2. This means that a dimer configuration with alternating ao and o
angles can be represented by a lumped mass model with linear stiffness coefficients, K (ap)
and K («), varying along the chain (bottom inset in Fig. 2.1).

For an infinitely long dimer chain, it is straightforward to establish a linear dispersion
relation and calculate the edges of Bloch bands [81]. For a finite lattice, however, we expect
to observe boundary effects. To this end, we perform the relevant eigenvalue analysis. For
an N particle chain, we use u = [uy, ug, us, ..., un| = U exp(jwt), where U and w represent
amplitude of displacement vector and angular frequency respectively, ¢ is time, and 7 is an
imaginary unit. Thus, by neglecting dissipation in the system, we obtain AU = w?mU,
where m is the particle mass and A is a N x N tridiagonal matrix consisting of stiffness
coefficients K (ap) and K(«). This finite system also accounts for the boundary condition
of the finite system. Specifically, we fix the boundaries by choosing stiffness values K, =
2.78 x 10" N/m and K, = 1.62 x 10" N/m at the beginning (actuator side) and the end
of the chain, respectively, to match the experimental data. Using this finite setup, we
evaluate eigenfrequencies and eigenmodes of the system in comparison with analytical and

experimental data.

2.3 Results and discussions

2.3.1 Topological band transition in infinite lattices

We first investigate the topological characteristics of the infinite dimer lattices. Figure 2.2

shows three dimer configurations that represent a topological band transition within our
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system. Theoretically obtained Bloch dispersion curves are plotted below, showing acoustic
(lower) and optical (upper) branches. A frequency band gap spans from (1/27)+/2K (ap)/m
to (1/2m)+/2K (a) /m, and the upper band edge of the optical band is at (1/27)+/2[K (ap) + K (a)]/m.

We notice that if « increases, the frequency band gap first closes at a = ay and then opens
again. In this process, Bloch eigenmodes on the edges of the band gap are also flipped [see
the change between [1, 1] and [1, -1] in Figs. 2.2(a) and (c)]. This indicates a typical topo-
logical band transition in our system as a function of the angle . The system shifts between
distinct dimer configurations that cannot be transformed to each other without closing the
band gap. The mathematical quantification of this notion can be made by calculating the
so-called Zak phase for each band; see Appendix A for detailed calculations.

One notices that the Zak phase of a band directly relates to the symmetry types of
Bloch eigenmodes at its lower and upper band edges. The Zak phase of 0 indicates the
same symmetry type [see Fig. 2.2(c) where the Bloch eigenmodes remain the same within
the branch]. On the other hand, the Zak phase of 7 implies the formation of the opposite
symmetry type within a band [Fig. 2.2(a) where the Bloch eigenmodes are flipped]. We
evidently see the topological characteristics of a band gap are linked to the sum of the Zak
phases of all the bands below the gap [40]. Therefore, the change in the Zak phase of the

acoustic band confirms the in situ topological transition of our infinite lattice system.

2.3.2  Emergence of boundary mode in finite lattices

The topological nature of bulk band gaps observed for an infinite lattice manifests itself
through the emergence of boundary mode(s) inside the band gaps for a finite lattice (i.e.,
the principle of bulk-boundary correspondence) [29]. Therefore, we expect the existence of a
boundary (local or edge) mode in the current topologically nontrivial dimer configurations.
We extract the cutoff frequencies and the local mode information from experimental data
with « varying from 5° to 40° in steps of 5° (see Appendix A for details). Figure 2.3(a)
summarizes the modal frequencies of the system as we vary a. Shaded areas denote modes

corresponding to acoustic and optical branches of dispersion curves, constructed theoretically.
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Figure 2.3: Topological transition and emergence of a boundary mode in the finite system.
(a) Frequency spectrum evolution as a function of a. Extracted experimental data (gray
markers) match the edges of theoretical bulk bands (shaded area). Also, experiments (red
markers) show the emergence of a boundary mode inside the band gap, which follows the
trend of numerical simulations (black curve). (b) Zak phase of the band gap and its transition
at & = ap. (c)-(e) Numerical (black markers) and experimental (red markers) boundary mode

profiles in terms of normalized velocity amplitude at o = 5°, 10°, and 15°.
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We observe an excellent match of the experimental data (gray square markers) with the edges
of the theoretical bands. This successfully demonstrates the band gap closing and opening

mechanism in our tunable system.

Because of the finite size of the chain, we experimentally observe a local mode residing
inside the band gap (red square markers for o« < o). Black curve data, obtained through the
numerical eigenvalue analysis, follow the same trend. These are boundary modes localized in
the front of the chain, which are not witnessed when o > ay. The emergence of these modes
from all configurations that satisfy @ < «g complies with the change in the band topology
at o = ap. In Fig. 2.3(b), we plot the Zak phase of the acoustic band as a function of « to

support the aforementioned argument.

In Figs. 2.3(c)-2.3(e), we show the normalized velocity profiles of the boundary modes
extracted from the experiments and the eigenanalysis. These exponentially decaying profiles
match closely between experiments and numerics. The localization length, however, increases
as we move from o = 5° to a = 15°. This can be explained by extending the intuitive
arguments in Ref. [82], according to which the localization length depends on the stiffness
ratio as § oc 1/In[K(a)/K(ag)]. Therefore, the localization length becomes large as we
increase « for o < ag, and it is natural to expect that the mode becomes extended and is

lost inside the band in the limit of o — .

We note that the study of these boundary modes, i.e., the gap modes in classical lattices,
can be traced back to the pioneering work of Wallis [83]. He extensively explored the effect of
finite boundaries and defects on the spectrum of ordered lattices in terms of the generation
of gap modes. However, the novelty of the first part of this work is that we have kept the
boundary conditions and the length of the system the same and experimentally demonstrated
how the change in bulk properties reflects in the emergence of a finite-frequency boundary

mode as per the topological band theory for 1D dimers.
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Figure 2.4: Topologically protected modes arising from dimer configurations with (a) hard-
hard and (b) soft-soft interfaces. Below are PSD plots obtained from the particles’ velocities
measured experimentally. At the bottom are the TP mode shapes extracted from experi-

ments (red markers) and eigenanalysis (black markers).
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2.3.83 Topological defect and protected modes

We now study the ramifications of having two topologically different dimer configurations
connected to each other. We assemble two dimer chains both with oy = 10° (hard) and
a = 20° (soft), which connect with each other in mirror symmetry, such that we introduce
a topological defect at their interface (see the top panels in Fig. 2.4 and also Refs. [57,84]
for similar settings). The connecting interface can be of two types: 10°-10° or 20°-20°,
representing hard-hard and soft-soft interfaces, respectively. To understand why this defect
is topological and how it is different from a trivial defect, we present the following argument.
Suppose we can modify any interparticle contact stiffness along the chain. Now, in a dimer
system, a topologically trivial defect can be introduced by going to the desired location in
space and changing the stiffness locally. Similarly, the argument can be made that if there
is a trivial defect, we can go to the defect site and perturb the stiffness locally to restore
the original defect-free dimer configuration. However, the case of a topologically nontrivial
defect is special in that it cannot be straightforwardly reverted to such a defect-free scenario
through a compact (i.e., local) perturbation. In other words, if one tries to remove the
topological defect by changing the local stiffness, one can see that it is not possible unless
all stiffness values on one side of the chain are modified (i.e., a noncompact perturbation).
In essence, a topological defect can be removed only by changing the topology of one side of
the configurations adjacently placed. Therefore, the vibration mode caused by this defect is
topologically protected and robust against local perturbations around the interface location

(see Appendix A for details).

To demonstrate the topologically nontrivial modes, we follow the same procedure as men-
tioned in the earlier section for the experimental study. A piezoactuator is used for sending
a frequency sweep signal from one end. It is understood that if a vibration mode caused due
to a defect is localized in the middle of the chain, it is not easy to excite it using the input
signal sent from the end of the chain. However, our current system is short enough that the

topologically protected (TP) mode—Ilocalized in the middle of our short chain—can still be
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excited by coupling it to the evanescent waves inside the band gap. In this way, we detect the
existence of TP modes for hard-hard and soft-soft configurations (Fig. 2.4). Power spectral
density (PSD) plots are obtained experimentally by performing Fourier transformation on
the temporal velocity profiles of all particles in each chain. As indicated by the arrows, we
can evidently observe the existence of the TP modes in both cases. In the bottom panel, we
show the extracted normalized mode shape from the experimental data, which agree with the
corresponding computed eigenmodes. The deviation in the initial part of the chain is due to
the evanescent wave in experiments, which the numerical eigenanalysis does not incorporate.

Last, we derive analytical expressions for the frequencies of the TP modes by utilizing the
symmetries of their eigenmodes, which are evident through their spatial waveform (bottom
panel in Fig. 2.4). Let K} and K denote the linear stiffness corresponding to hard (10°)
and soft (20°) contacts. For the hard-hard interface, we observe from the mode shape
that alternate particles do not move, while the rest of the particles oscillate around their
equilibrium positions. Thus, considering that their net stiffness is Kj + K, the frequency of

the TP mode in this hard-hard case would be f;, = L“ / % Similarly, for the soft-soft

2
. . . 2K (1 -1 _ /Or2 _
interface, one can derive that the frequency is f; = ==1/ %, where v = Sr=1tvIr-Zldr+9

2 2(r—1)

Ky

= (see Appendix A for further details). We compare these analytical frequencies

with r =
with the experimental values extracted directly from the spectrum plots in Fig. 2.4 and the
numerical ones obtained from the eigenanalysis. For the current configuration, we find the
frequency of the hard-hard TP mode is 12.18 (theory), 12.18 (numerics), and 12.15 £ 0.19
kHz (experiment). Similarly, the frequency of the soft-soft TP mode is 11.80 (theory), 11.80
(numerics), and 11.70+£0.08 kHz (experiment). Here, the standard deviations in experiments
are based on the frequencies measured from all cylinder locations.

Judging from the agreement of analytical frequencies with computational and experimen-
tal results, these mathematical expressions can be used for distinguishing the TP modes from
trivial defect modes. We see that for any values of K} and K (complying with K, > Kj),

the interface modes exist and the corresponding frequencies reside inside the band gap with-

out coalescing with the bulk bands. Hence, the modes are protected as long as we have a
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topological defect (hard-hard or soft-soft) created at the intersection of two topologically
distinct dimer configurations. Again, these TP modes are robust against perturbations near
the interface in contrast to trivial defect modes, and we verify such a nature of the TP
modes via numerics in Appendix A (see also other related works, such as Refs. [85-87], on

1D topological interface modes).

2.4 Conclusions

In this work, we proposed a highly tunable mechanical system made of cylindrical granular
particles, which can demonstrate an n situ topological band transition in a controllable
manner. Using noncontact laser vibrometry, we precisely captured the smooth topological
transition and showed how it leads to the emergence of a boundary mode in the system.
We demonstrated the existence of topologically protected modes at the interface of two
topologically distinct dimer configurations. The experimental observations of the resulting
modes are supported by the theory and numerics. We also confirmed that these topologically
protected modes are robust under perturbations, unlike trivial defect modes observed in
granular chains. Though the current study is limited to linear dynamics, the proposed
system can be tuned to incorporate nonlinear effects. In that light, this framework can
provide a promising test bed for future studies involving the interplay of nonlinearity and

topologically protected modes.
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Chapter 3

ONE-DIMENSIONAL TIME-DEPENDENT TOPOLOGICAL
METAMATERIAL

We present an active, purely mechanical stress wave isolator that consists of short cylin-
drical particles arranged in helical manner. This phononic architecture allows us to change
interparticle stiffness dynamically by controlling the contact angles of the cylinders. We
use torsional traveling wave to control the contact angles, thereby imposing a desired spatio-
temporal stiffness variation to the phononic crystal along the longitudinal direction. We note
that such torsional excitation is a form of parametric pumping in the system, which results in
the breakage of the time-reversal symmetry. We report that, in quasistatic sense, the system
shows topologically nontrivial band gaps. However, in a dynamic regime where the pumping
effects are significant, these band gaps become asymmetric with respect to the frequency and
wavenumber domains in the dispersion relationship. Using numerical simulations, we show
that such asymmetry has a direct correspondence to the topological invariant, i.e., Chern
number, of the system. We propose that this asymmetry, accompanied by selective interband
transition, can be utilized for directional isolation of the stress wave propagating along the

phononic crystal.

3.1 Introduction

A wide variety of researchers have been striving to attain the ability to control the flow of
energy in a medium for centuries. In particular, one-way transmission of electrical energy by
semiconductor diode and transistor has revolutionized the modern era. On the similar lines,
one-way propagation of light, heat, and sound have captured the attention of the scientific

community, leading to the invention of novel devices, namely photonic [89], thermal [90],
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and acoustic diodes [91], respectively. With regard to controlling the mechanical waves in
structures, however, researchers constantly face challenges mainly due to the complexity
stemming from different modes of stress waves that can simultaneously propagate in the
medium [92]. Recently, the advent of phononic crystals and mechanical metamaterials has
opened the possibility of controlling such versatile wave propagation in solids [4,93].

One of the most common ways to realize one way transmission in a mechanical system is
to break the time-reversal symmetry [94]. Such a nonreciprocal system can also be termed as
an isolator in one-dimensional settings. The nonreciprocity can be achieved, for example, by
applying an external bias/field [95] or by introducing nonlinearity [96]. In the scenarios when
in situ tunability of wave transmission direction is desired, a linear medium would take the
precedence over a nonlinear one. This is because the allowed direction of wave propagation
can be reversed simply by flipping the external bias, which is not the case with passive settings
of nonlinearity-based isolators. Moreover, the isolation characteristics could be tuned by
adjusting the magnitude of the external bias directly, thereby making such systems active.
One could use different types of biases in these active systems. For example, in an acoustic
domain, external moving fluid can serve as a bias [97,98]. However, nonfluidic structural
settings require an external inertial, optical, magnetic, electric or thermal field [99-102].
These external fields can then couple with the elastic properties of the host structure in order
to introduce time modulation of elastic parameters. For the structures that cannot afford
aforementioned couplings or are required to be placed in the settings where the application
of external nonmechanical fields is not a viable option, it is desired that a purely mechanical
system is devised in order to isolate the stress waves.

In this study, we propose a one-dimensional phononic crystal that consists of a chain of
cylinders, to achieve the stress wave isolation in a purely mechanical manner. The array
of cylinders has shown extraordinary tunability in terms of tailoring the stress wave prop-
agation through them [78,103,104]. This tunability stems from the Hertz contact law [76]
between adjacent cylinders, where their contact stiffness can be easily varied by changing

the contact angle of the cylinders [77]. With this fundamental ability, we explore versatile,
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one-directional stress wave propagation in the helicoidal phononic crystal. The structure
allows both longitudinal and torsional modes of wave propagation in the medium. Remark-
ably, we use the complex interaction of these two different wave modes to our advantage, and
dynamically tune the system’s stiffness for the longitudinal wave by having a direct control
over the torsional modes. In particular, we use a torsional traveling wave to induce a specific
spatio-temporal modulation of the system’s stiffness, which resembles the sliding lattice po-
tential of the topological Thouless pump in quantum mechanics [105]. This, in turn, makes
the system behave as a topological mechanical pump, and thus breaks the time-reversal
symmetry. In comparison with such symmetry breaking in topological acoustic [41,106,107]
and mechanical [47,49] metamaterials in two dimensions, which results in a robust one-way
propagation of edge mode, our time-dependent one-dimensional system results in asymmet-
ric bulk wave propagation along the phononic crystal. Moreover, the topological invariants
quantify the amount of asymmetry in our system, in contrast to a two-dimensional system,

in which, those are related to the number of edge modes.

Therefore, inspired by the mechanics of Hertzian contact, the architecture of helix, and
the physics of Thouless pump, this study claims threefold novelty as following. First, in
terms of design, we propose a purely mechanical system utilizing an interesting coupling of
two mechanical wave modes to break the time-reversal symmetry. Second, in terms of the
fundamental physics of a time-dependent, one-dimensional mechanical system, we show that
this system is topologically nontrivial and can be characterized by the topological invariant
in two dimensions, i.e., Chern number [28]. Its nonzero value remarkably acts as a bridge
connecting quasistatic and dynamic scenarios, and quantifies the asymmetry observed in
dispersion curves. The third novelty is in terms of the mechanism that facilitates the con-
trollable, directional wave propagation, as a consequence of the asymmetry in dispersion
curves. To the best of the authors’ knowledge, such type of mechanism—reminiscent of in-
terband transition in electronics [108], and photonics [109]—has not be observed previously

in a purely mechanical system.
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3.2 Setup and theoretical background

3.2.1 Phononic crystal architecture

The phononic crystal to be investigated in this study consists of short cylindrical particles
stacked helically as a one-dimensional chain (Fig. 3.1a). Each cylinder is oriented in a way
that the contact angle with its neighboring particle is uniform throughout the chain at
equilibrium. Under the application of compression to the chain, the contact stiffness among
the particles in the longitudinal direction is governed by the Hertzian contact law [76] (see
Fig. 3.1b for the contact between two neighboring cylinders). When there are no dynamic
perturbations of the torsional angles, all cylinders will maintain constant contact stiffness
over time (Fig. 3.1c). However, if a torsional traveling wave is sent from one end of the chain,
we would expect it to perturb the contact angles from the equilibrium. The perturbation
in the contact angle will, in turn, change the contact stiffness following the relationship in
Fig. 3.1b. This will eventually cause a spatio-temporal modulation of the contact stiffness
along the longitudinal direction of the medium (Fig. 3.1d).

Based on the previous work by Li et al. [104], we establish a framework to define and
calculate instantaneous contact stiffness, which governs the wave propagation in the system.

For a chain of cylinders, we write the absolute orientation angle of ith cylinder as
a;(t) = tag + Ay cos(kai F 27 ful), (3.1)

where ag is the contact angle between any two cylinders at equilibrium; A, is the dynamic
perturbation in the contact angle caused by a traveling torsional wave; k,=2m/N represents
a wavenumber with N being the spatial period of the contact angle variation; f, denotes
the frequency of the traveling torsional wave; and F signs indicate forward and backward
direction of the traveling torsional wave, respectively.

We can define the contact angle, i.e., relative angle between two cylinders, as Aa;(t) =
a;(t) — a;—1(t). Using the Hertz’s contact law, instantaneous contact force between ith and

(i-+1)th cylinders would be $3;(t)§%/2, with § as the relative longitudinal displacement between
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Figure 3.1: Phononic crystal model. (a) Cylinders stacked helically to form a one-dimensional
chain. Insets show the two types of wave modes the structure supports. f; and f, are the
frequencies of longitudinal and torsional traveling waves, respectively. (b) Contact stiffness
dependence on the angle between two cylinders (Ac«), which is perturbed by the torsional
wave. (c) Uniform contact stiffness for the longitudinal wave propagation in the system
without torsional excitation. (d) Spatio-temporal variation of the same stiffness with torsional

excitation. The spatial distribution of stiffness moves by ds distance in time dt.
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two cylinders. The time-dependent stiffness coefficient (3;(¢) is of the following form [76,77]:

ok 1 P 4 2 12
e(t) a
SN EN e

Here, Y, pand R denote Young’s modulus, Poisson’s ratio, and the radius of a cylinder. K

2Y R
3(1 —v2) \/ sin Aa,(t)

Bi(t) =

and E,; represent the complete elliptical integrals of the first and second kinds, respectively.
The elliptical contact area has eccentricity e(t) = /1 — (b/a)?, with a and b as its semi-major
and semi-minor axes, respectively. b/a is equal to [(1 + cos Aa;(t))/(1 — cos Aa(t))] /3,

approximately [76].

3.2.2  FEquations of motion

Once we have formulated the instantaneous contact stiffness between constituents elements,
we can now write the equations of motion for the system consisting of n cylinders of equal
masses m. We fix the longitudinal motion and keep the torsional motion free at both the
ends of the chain. Let z;(t) represent instantaneous longitudinal displacement of the ith
cylinder, and 6; be the initial deformation between ith and (i + 1)th cylinders under static
precompression. For a generic scenario, under the excitation forces p;(t) and p,(t) applied

to the first and last cylinders of the chain, respectively, we write

miy (1) = pa(t) + Bo(t) [0 — 21 (1)]** = Bu(t)[61 + 21 () — 22(8)]*?,
mi(t) = Bia () [6i1 + w1 (8) — 2:(8)] " = Bilt) [6; + w:(t) — 2441 (1)]

M (t) = Bt (D) [0nor + a1 () = 20 (8)] "% = Bult) [0 + 2a(t)]** = palt).

Py 9<i<(n—1)33)

For small instantaneous displacements x;(t) < ¢;, we linearize Eq. (3.3) and define linear
stiffness K;(t) = %Bi(t)éil/ ? to obtain the following matrix form
MX (t) = K(t)X(t) + F(t), (3.4)

where displacement vector X (t), stiffness matrix K(¢), mass matrix M, and forcing vector
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F(t) are expressed as

1 (t) Ko(t) + Ki(t)  —Ki(t) 0
X(t) = xo(t) K(f) = — K (t) Ki(t) + Ko(t) —Ks(t) 0
- n—1<t)
| 2a(t) | i 0 0 —Kpa(t) Knoa(t) + Ka(t) |
(o0 0 ) | [ Bl - put)ed”
3/2 3/2
N B P — 0 . Br(t)63% — By(t)88
00 0 m | pa(t) || Baa 05 = Ba(0)3? |

Let us now look at the Eq. (3.4)—which includes multiple time-dependent terms—in more
detail. We have a time-dependent stiffness matrix K(¢) and a forcing vector F'(t), which
make the system dynamics fairly complex yet interesting. K(¢) imbibes spatio-temporal
modulation of contact stiffness in the system, whereas the forcing term F'(¢) has an external
forcing component as well as a component dependent on stiffness modulation. Under no
external force p(t) applied to the system, we can easily deduce that a traveling torsional
wave as in Eq. (3.1) would enforce time periodicity on these terms. Therefore, we have
K(t) =K({t+T)and F(t) = F(t+T), where T = 1/f,. This periodic evolution of K(t)
represents parametric pumping in the system caused by torsional wave. The mechanism is
analogous to the pumping action performed, for example, when one wants to change the
amplitude of oscillation of a swing without exerting an external force. Instead, one changes
the center-of-mass and thus vary the effective swing length with time [110]. K(¢) acts as such
a time varying parameter in this case, which is pumped with frequency f, of the torsional
wave.

Note that this parametric pumping has direct consequences on vibration modes the sys-
tem supports. If the perturbation in contact angles were to depend solely on space but not
time, i.e., f, = 0, we see that the second component of F(t) vanishes, and this equation

reduces to the familiar standard form: MX (t) = KX (t) with time independent K. We
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can easily analyze it further to obtain eigenfrequencies and Bloch states. However, due to a
nonzero f,, simultaneous space-time stiffness modulation is enforced, and a time-periodic set
of equations with a period T represents our system. This period is dictated by the pumping
frequency f, of the torsional wave. In this way, our system not only supports the Bloch states
caused by spatial variation of parameters, but also allows us to tailor them by an additional

degree of freedom, i.e., time, hence taking us to the realm of Floquet-Bloch engineering [111].
3.3 Results and discussion

3.3.1 Quasistatic analysis: nontrivial topological band gaps

To understand the system dynamics, we start with analyzing the normal modes of vibration
in the system. We would take the homogenized form of Eq. (3.4) by suppressing the forcing

term such that
MX (t) = K(t) X (1) (3.5)

where K (¢t +T) = K(¢). This time-periodic system of equation resembles the well studied
Mathieu’s equation, and it can be solved using Floquet theory [110]. However, we take a
different approach to connect our system to an adiabatic topological quantum pump [105].
We first analyze the system in quasistatic scenario, and then extend the key characteristics
to explain dynamic scenario of pumping. With regard to quasistatic evolution over time, we
assume that the variation in the stiffness matrix K(¢) with respect to time is significantly
small, such that the natural modes of vibration can be calculated directly from the matrix
at any time instant. Natural frequencies corresponding to such quasistatic evolution of
system are named as static frequencies [110]. It is worth emphasizing again that k, in
Eq. (3.1), which is the measure of spatial variation in stiffness, is responsible for frequency
band gaps [104]. On the other hand, the term f,, i.e., the pumping frequency, causes
temporal variations in stiffness, and is the measure of how quickly static frequencies are
varied over time. If we understand how static frequencies evolve over time, that would give

us direct insights into the actual system dynamics for quasistatic pumping. It would also
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Figure 3.2: Nontrivial band topology due to quasistatic torsional wave pumping. (a) Spatio-
temporal variation in stiffness, caused by torsional wave, forces the system’s eigenfrequencies
for longitudinal vibration mode to change over time. We plot the eigenfrequencies of a finite
size system at one such time instant highlighting the prominent band gaps: 1, 2, and 3
(insets show zoomed-in view). (b) Evolution of eigenfrequencies over one period of pumping.
Insets show close view of frequency evolution inside the band gaps: 1, 2, and 3. The points
of degeneracy (crossing) are noticeable. (c¢) A closer view of the degenerate point inside band
gap 3 showing that edge modes interchange their polarities across the degenerate point, a
signature of the bulk-boundary correspondence in topological transition. Inset shows the
corresponding eigenmodes, both edge and global, represented in different colors. (d) Bloch
dispersion curve of an infinitely periodic lattice, with Chern numbers assigned to each bands.
Nonzero values of gap Chern numbers (summation of Chern numbers of the bands below)

confirm the topological nature of all three prominent band gaps.
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be useful to decipher the complex dynamics in case of rapid pumping (with high torsional
wave frequency) where secondary mode of vibration with frequency offsets, namely frequency
cascades [112], can no more be neglected (to be discussed in the later sections).

Under the quasistatic assumption, we can convert Eq. (3.5) to an eigenvalue problem by

substituting time-periodic ansitz X = X exp{j(2r fz|,)t} and deduce
M'K(H)X = (27 fi|,)*X. (3.6)

Here f1|, denotes the static frequency of the longitudinal waves, which should not be confused
with pumping frequency f, of the torsional waves. For the analysis, we choose oy = 10,
A, = 2° N = 6, and n = 300. We take geometrical dimensions and material properties
of quartz cylinders from our previous experimental studies (Y = 72 GPa, v = 0.17, density
p = 2187 kg/m?, height & = 18 mm and R =9 mm) [78]. We apply a precompression of 40
N to the chain and solve Eq. (3.6) at each time step for a small pumping frequency f, = 0.1
kHz of the forward propagating torsional wave.

In Fig. 3.2a, we show eigenfrequencies for the longitudinal wave at one time instance,
e.g., t = 0. In general, we expect five band gaps in frequency spectrum for the spatial
period (N = 6) of stiffness variation. However, the perturbation A, in contact angles is
small, and therefore we notice only three prominent band gaps, labeled as 1, 2, and 3 (insets
show zoomed-in view). We then calculate how these frequencies evolve over time due to the
quasistatic pumping of torsional wave. Since the pumping is periodic, we expect evolution
of the eigenfrequencies to be periodic as well. In Fig. 3.2b we show such time evolution for
one pumping period 7. It is important to note that only frequencies on the edges of band
gaps evolve quite distinctly over time. Frequencies corresponding to global modes do not
evolve as distinctly as the edge modes. This is intuitive if we rely on the following argument:
spatio-temporal stiffness variation in our system is equivalent to a sliding potential, so at
each time instant, stiffness variation is just spatially shifted from the one at last time instant.
Quasistatically speaking, this only reflects as a change in the edge modes of a finite lattice,

not the global modes. Hence, the modulation is only evident for the modes on the edges. It
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is also important to note that all three band gaps evolve distinctly over time with a different
number of degeneracies (crossings). We will now shed light on the same in more detail, and

establish their nontrivial topological characteristics.

Figure 3.2c¢ includes a zoomed-in view of the typical time evolution of modes inside the
highest band gap 3, centered around 18.2 kHz. We observe that the pumping forces the band
gap to open and close periodically over time. Interestingly, such transition is accompanied by
a process of phase change for the edge modes across a point of degeneracy. For example, the
highlighted mode at the bottom edge of the band gap transitions from being global to a left
localized edge mode, then to a right localized, and global mode again. This implies that the
system changes its characteristics with time, as we see edge modes appearing, interchanging
their phases, and then disappearing. This time-dependent bulk-boundary correspondence
indicates breaking of the time-reversal symmetry; and it is the classical analogue of the
topological band gaps of the sliding lattice first proposed by Thouless in 1983 [105].

Such nontrivial topological nature of band gaps manifests the quantization of pumped
charge in a time-dependent, one-dimensional quantum mechanical system. The average
charge/photon flow in one period of pumping cycle can be quantified using a topological
invariant in two dimensions, i.e., Chern number [28,113,114]. In the current case, we adopt a
similar approach to characterize the band gaps in theoretically possible quasistatic limit. We
choose wavevector and time as two independent variables and calculate the Chern number
using the method detailed in Ref. [49] for a mechanical system. In Fig. 3.2d, we show
the Bloch dispersion curve for an infinitely periodic system. We label each band with the
corresponding Chern number. It is known that the topological characteristics of a band gap
is dictated by the “gap Chern number”, which is the summation of the Chern numbers of
all the bands below it. In this way, gap Chern numbers —1, 2, and 1 can be associated with
three prominent band gaps: 1, 2, and 3, respectively. It is evident that these nonzero values
indicate nontrivial band topology of the system under time evolution. It is also remarkable
that these gap Chern numbers directly explain the number of degenerate points during one

period of time evolution of band gaps as seen in Fig. 3.2b. Opposite signs of the numbers
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associated with band gaps 1 and 3 simply denote the opposite phase reversal of the edge
modes (interchanging the blue and red colors of Fig. 3.2c). In the later sections, we would
discuss how these topological invariants relate to the asymmetry in the dispersion curve, and

hence influence the dynamic response of our system.

3.3.2  One-way transmission of stress waves

We now verify the results obtained through quasistatic analysis, and demonstrate the impli-
cations of the bulk-boundary correspondence in the system by carrying out full numerical
simulations at a small pumping frequency, f, = 0.01 kHz. In Fig. 3.3a, topological tran-
sitions are highlighted for the highest band gap 3, in which we notice that there are two
time instances which are particularly important at a given input frequency of longitudinal
wave. The first instance (indicated by Point 1 in Fig. 3.3a) is a point from which an edge
mode—Ilocalized at the right end—evolves to a global mode. The other instance (Point 2 in
Fig. 3.3a) is where an edge mode—Tlocalized at the left end—evolves to a global mode. To
verify this wave evolution, we send a short pulse of longitudinal wave (specifically, 0.8 ms
long Gaussian force excitation at f;, = 18.2 kHz) from both left and right ends of the chain
separately and see how the pulse propagates in the medium. We send these pulses at the
two different time points 1 and 2, and solve Eq. (3.3) using the Runge-Kutta scheme for all
further numerical simulations. First, when we send pulses at the time point 1, as shown in
Figs. 3.3b-c, we observe that the longitudinal waves can propagate only from the right to the
left end. This is accompanied by a frequency shift shown in Figs. 3.3d-e, where the shifted
frequency corresponds to the lower edge of the band gap. In the reverse direction, we do
not see the transmission of the input pulse. In the second case when the pulse is sent at the
time point 2, Figs. 3.3f-i show that the pulse can travel only from the left to the right end.
In addition, frequency shifts to a higher value, which corresponds to the upper edge of the
band gap. We also notice that wave speeds are not equal in these cases because of the in-
herent dispersion in the system, where higher frequency wave propagates slowly. Therefore,

it is clear that the system responds selectively to excitation sent from left and right end of
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Figure 3.3: Implication of the bulk-boundary correspondence for small pumping frequency.
(a) Typical topological transitions of the eigenmodes inside band gap 3 as also shown in
Fig. 3.2c. System’s ability to selectively convert a left (and right) localized edge mode to a
global mode with higher (and lower) frequency is highlighted at two unique time points. A
full numerical simulation is carried out with a Gaussian pulse centered at f; = 18.2 kHz as
an input to the system. (b)-(c) Spatio-temporal map of cylinder velocity when the input is
from left and right end of the chain, respectively, at time point 1. (d)-(e) Propagating pulse
frequency corresponding to the velocity maps. (f)-(i) The same plots obtained by sending

the pulse at time point 2.
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the chain, and introduces different frequency shifts in accordance with the bulk-boundary
correspondence in quasistatic analysis.

It should be also noted that if we flip the sign of the pumping frequency [essentially of
the phase factor 27 f,t in Eq. (3.1)], we can easily see that the above observations would be
reversed. For example, the pulse sent from the left end would propagate with lower frequency,
and the pulse sent from the right end would propagate with higher frequency. This would
also reflect in the change of sign (positive to negative, and vice versa) of the Chern numbers
associated with the bands. This implies that we break the time-reversal symmetry in the
system for a non-zero pumping frequency. Therefore we show that our system offers non-
reciprocity for a mechanical pulse, and the fundamental mechanism relies on the topological
bulk-boundary correspondence inside the band gaps in a quasistatic limit. At this juncture,
a natural question to ask would be: how is this nontrivial topology of band gaps important
when we break the quasistatic assumption and start applying high-frequency torsional waves?
We note that quasistatic evolution of eigenfrequencies (Fig. 3.2b) no longer would dictate
the dynamics directly. We would have to take dynamic factors into our consideration once
the torsional wave has a significantly high frequency. Would the nonreciprocity shown in
the quasistatic limit still hold true? How do the topological invariants translate into the

dynamic system? We would answer these questions in the following sections.

3.3.8  Dynamic analysis: Asymmetry in dispersion curves

To investigate the dynamic effect of the torsional waves on the longitudinal ones, we solve
Eq. (3.3) computationally for two different torsional wave frequencies: 0 and 2 kHz, while
other system parameters are kept the same. The first case represents a chain with only spatial
variation of stiffness, whereas the later also incorporates the effect of simultaneous temporal
modulation. We give an impulse excitation at one end of the chain to excite all possible
vibration modes. By using the Fast Fourier Transformation (FF'T) of velocity map, we obtain
dispersion curves as per extended Brillouin zone scheme. For zero pumping frequency, the

dispersion curves are perfectly symmetric with respect to the zero longitudinal wavenumber
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Figure 3.4: Dispersion curves obtained using full numerical simulations to show the effect of
high pumping frequency. (a) f, = 0, i.e., a system with only spatial modulation in stiffness,
has a symmetric dispersion curve. The three prominent band gaps: 1, 2, and 3 are marked.
(b) Torsional wave (with f, = 2 kHz in this case) breaks the time-reversal symmetry, and
thus results in asymmetric band gaps for rightward (positive wavenumber) and leftward
(negative wavenumber) propagating longitudinal wave. The frequency offsets for the band
gaps are indicated, and those are dictated by corresponding topological invariant, i.e., the

summation of Chern numbers of bands below it, defined in quasistatic sense.
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axis (Fig. 3.4a). In particular, we see symmetric Bloch band gaps on both wavenumber and
frequency domains. Also noticeable are the symmetric secondary mode branches that are
horizontally shifted by +mk, /27 with m being an integer that represents the interference

order as a result of spatial variation of stiffness in the system [104].

On the other hand, as we introduce a significant pumping frequency (f, = 2 kHz),
the time-reversal symmetry is broken, and we notice asymmetry in the dispersion curves
(Fig. 3.4b). Firstly, the secondary mode branches are asymmetric. This asymmetry can, in
turn, be quantified as a vertical shift equivalent to £l f,, where [ is an integer representing
the mode index (primary mode being [ = 0). However, the most remarkable observation is
that each band gap, on the primary mode branch, shows a unique asymmetry with respect
to positive and negative wavenumber axes. Those are not only distinct in terms of the
magnitude of frequency and wavenumber offset but also in their directional shifts. For
example, band gap 1 shifts up for positive wavenumbers, whereas band gap 3, even though
showing the same frequency offset, shifts down for the positive wavenumbers. Band gap 2,
however, shows entirely distinct offset with double the magnitude compared to those of band
gap 1 and 3.

In order to explain this key observation, we refer to our earlier section on quasistatic anal-
ysis. We had shown that the system supports nonreciprocity for mechanical waves based on
the bulk-boundary correspondence quantified by a topological invariant in two dimensions.
In particular, the degeneracy (mode crossing)—which occurs during the time evolution of
eigenfrequencies (Fig. 3.2b)—essentially influences the system response and results in non-
reciprocity with distinct frequency shifts (Fig. 3.3). In this way, a degenerate point can be
treated as the core element in the pumping due to the torsional wave. The number and the
type of degenerate points would, thus, dictate the dynamics in and around the respective
band gap. As stated earlier, the gap Chern numbers associated with the band gaps would
give us this number and the type of degeneracy. We find that these numbers are —1, 2 and 1
for band gaps 1, 2, and 3, respectively. Hence, for the pumping frequency of f,, these band
gaps would be individually pumped at the rate of —f,, 2f, and f,, respectively. This is ex-
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actly what is reflected as the distinct asymmetry of band gaps in the dispersion curve shown
in Fig. 3.4b. Therefore, we find an interesting connection between the asymmetry of band
gaps caused by dynamics pumping, and their topological characteristics in the quasistatic
limit. We would like to mention that rapid pumping into the system might cause instability,
so we limit ourselves to a finite system analyzed for a finite time. Detailed discussion on

instability in such systems can be found in the earlier work by Li et al. [104].

3.3.4  Nonreciprocity and interband transition

We now explore the implication of these asymmetric band gaps, and their potential to tailor
mechanical wave propagation in the medium. Referring to Fig. 3.5a, a zoomed-in view of the
same asymmetric dispersion curve at pumping frequency f, = 2 kHz, we focus on the widest
and highest band gap 3. We choose a longitudinal traveling pulse with frequency f;, = 16.78
kHz, such that it lies inside and outside of the band gap of the primary mode for the right and
left branches of dispersion curve, respectively. We use 0.8 ms long Gaussian pulse (Fig. 3.5b)
with the aforementioned central frequency f; to give force excitation and send the pulse
from both ends of the chain. Figures 3.5¢c-d show the spatio-temporal map of particles’
velocities when the system is excited from left and right ends, respectively. Interestingly, we
observe that the system allows the injected pulse to propagate in both directions. However,
it is remarkable that wave frequency is direction dependent, which makes the wave speed
direction dependent due to dispersion. We show the spectrum of the propagating wave in
Figs. 3.5e-f. This is obtained by running the numerical simulation for 13 ms, and then
performing FFT on the velocity map. It is evident that the wave traveling from left to right
has a higher frequency compared to the injected one at 16.78 kHz, and the difference is equal
to the pumping frequency f,. Note that the stoppage of the highlighted parts in figures does
not mean that waves stop propagating at that point. On the other hand, a pulse injected
at the right end propagates with the same speed without any frequency shift. We observe
even more interesting wave directional behavior in the presence of a defect in the medium

(Appendix B).
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Figure 3.5: Implication of asymmetric band gaps. (a) A zoomed-in view of the highest
band gap 3 in the dispersion curve at f, = 2 kHz. System’s response is examined at input
excitation frequency f, = 16.78 kHz. The arrow tips denote leftward and rightward prop-
agating frequencies indicating interband transition. (b) Gaussian profile of the input force
that is applied at the ends of the cylinder chain. (c¢)-(d) Spatio-temporal map of cylinder
velocity when signal is sent from the left (right) end of the chain. (e)-(f) The correspond-
ing frequency content of the propagating pulse. We observe that rightward traveling pulse
propagates with a higher frequency (slower speed) compared to that of input pulse, however

leftward propagating pulse does not see any such frequency shift (insets for summary).
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This is indeed a peculiar type of wave dynamics we observe in our system. Though,
an input wave can propagate in both the directions, there is nonreciprocity in terms of
the frequency spectrum. Different frequencies propagate in opposite directions. This is in
contrast to usual cascading process in time-dependent systems, in which we observe wave
mixing effect due to the presence of multiple modes separated by the pumping frequency [112].
In the present case, however, we see only two types of modes propagating in the medium
instead of multiple ones. We identify that the selection of these two modes is can be linked
to the interband transition mechanism [108,109]. Interband transition is facilitated in a
way that a frequency lower than a band gap region propagates in one direction (left), and
a frequency higher than the band gap region propagates in the opposite direction (right).
These are indicated as the tips of the arrow marked in Fig. 3.5a. Clearly, those will have
different wavenumbers as well. The difference in frequencies would be equal to the offset in
band gaps. As we discussed previously, topological invariants (gap Chern number) dictate
this offset, which is f, for the current band gap. Hence, we see the modes traveling in
opposite directions lie on different bands of the dispersion curve (one lower than gap, and

one higher); and hence the term interband transition is justified.
3.4 Conclusions

In this study we have proposed a purely mechanical device based on a helical phononic crystal,
which shows nonreciprocity in terms of stress wave propagation. We used the coupling of two
mechanical waves—Ilongitudinal and torsional modes—to achieve the breakage of the time-
reversal symmetry. We related such symmetry breaking to the topological nature of band
gaps induced by spatio-temporal variation of system parameters. In this phononic crystal,
the topological characteristics represented by the Chern number directly dictate the level of
asymmetry associated with each band gap in the dispersion curves. Notably, the asymmetry
in the dispersion curve can be used to achieve the interband transition at a specific frequency
range. Towards the practical significance, if the higher frequency mode in such asymmetric

wave propagation can be filtered, e.g., by using the fact that it would attenuate more in the
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presence of material dissipation or by taking advantage of its slower wave propagation speed,
the current system would serve the purpose of stress wave isolator, allowing stress waves only
in one direction. Moreover, the allowable direction as well as general characteristics of the
longitudinal wave can be simply controlled by fine-tuning the torsional wave parameters,

thereby making the proposed system active and tunable.

3.5 Author contributions

This chapter is based on the following manuscript: R. Chaunsali, F. Li, J. Yang, “Stress
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Wave Isolation by Purely Mechanical Topological Phononic Crystals,” Scientific Reports
6, 30662, 2016 [79]. All authors along with their collaborators conceived the idea of the
project together. R. Chaunsali designed the study, performed the analysis, and wrote the

manuscript. J. Yang supervised the project.
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Chapter 4

TWO-DIMENSIONAL DISCRETE TOPOLOGICAL
METAMATERIAL

Recently, there have been significant efforts to guide mechanical energy in structures by
relying on a novel topological framework popularized by the discovery of topological insula-
tors. Here, we propose a topological metamaterial system based on the design of the Stewart
Platform, which can not only guide mechanical waves robustly in a desired path, but also
can be tuned in situ to change this wave path at will. Without resorting to any active
materials, the current system harnesses bistablilty in its unit cells, such that tuning can be
performed simply by a dial-in action. Consequently, a topological transition mechanism in-
spired by the quantum valley Hall effect can be achieved. We show the possibility of tuning
in a variety of topological and traditional waveguides in the same system, and numerically
investigate key qualitative and quantitative differences between them. We observe that even
though both types of waveguides can lead to significant wave transmission for a certain fre-
quency range, topological waveguides are distinctive as they support robust, back scattering

immune, one-way wave propagation.

4.1 Introduction

The discovery of topological insulators [29,30], which are labeled as a new state of matter
in the condensed matter physics, has galvanized research efforts in multiple fields. Topo-
logical framework enables us to understand fascinating phenomena such as quantum Hall
effect (QHE) [105, 115], quantum spin Hall effect (QSHE) [33], and quantum valley Hall
effect (QVHE) [116]. These are special because of the intriguing directional and robust

edge states they support. It is recent that these fundamental concepts have been ex-
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tended to the fields of photonics [117], acoustics [41-43, 106, 107, 118-120], and mechan-
ics [37,47,49-52,57,79,88,121-123]. Such extension is of the fundamental interest to the
research community as it has potential to set new design principles for topological metama-
terials that aim to strategically tailor energy transport for waveguiding, isolating, switching,

filtering, and related applications.

Acoustic and mechanical metamaterials that rely on QHE need active components (e.g.,
gyroscope and flow circulator) or applications of external fields (e.g., magnetic field) to
break the time reversal symmetry [41,47,49,79,106,107,118,121]. This adds complexity to
the system, and thus, these metamaterials based on QHE are challenging to be realized in
practical environments. QSHE-inspired metamaterials employ only passive components, but
usually mandate intricate ways to achieve a double Dirac cone in their dispersion relation
[43,50-52,119, 122]. Metamaterials based on QVHE [42,57, 120, 123], however, rely on the
breakage of the inversion symmetry to achieve topological properties, and these can be
comparably easier to be designed and realized in practical settings. QVHE originates from
the newly discovered valley degree of freedom (DOF) of electrons in the two-dimensional
honeycomb lattice of graphene [116]. These valley DOFs are energetically degenerate but
are largely separated in momentum space [42,120]. Due to this large separation, inter-
valley scattering can be avoided, and valley DOF's constitute two pseudospins, which have
opposite-directional and robust properties on the topological interfaces. On this principle,
backscattering immune and robust energy transport along topological waveguides with sharp
bends have been proposed in acoustic [42,120] and mechanical [57,123] systems.

Though the aforementioned configurations have shown to be guiding energy in a specific
path in the system, there remains a challenge; Can one change the path in situ and thus
achieve a complete control over the waveguide? Once achieved, this will provide a fertile
testbed for future experiments related to wave guiding capability of various types of topo-
logical interfaces, and at the same time those can be compared with traditional waveguides
in the same system more closely than ever. However, adding such versatility into the system

comes at a cost. Generally, in situ tunability requires complex components or mechanisms to
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be present in the system, so that the wave path in the lattice structure can be reconfigured
in a controllable and versatile manner. But such complexity in design could again make the
system cumbersome for practical use, and it would defeat the purpose of building a simple
QVHE-based system to some extent.

Here we show that in situ tunability in the QVHE-based mechanical metamaterial can be
achieved by utilizing nonlinearity of the constituent elements in the system. More specifically,
we use an assembly of the Stewart Platform (SP), in which translation and rotational degrees
of freedoms of each SP are judiciously tailored to achieve a bistable response. Consequently,
a simple dial-in action changes its configuration from one stable state to the other, and this
feature can be used for in situ control of the wave path in the system. The SP already
has a wide range of engineering applications such as vibration control, precise positioning,
and flight simulation [124,125]. Therefore, by integrating the elegant engineering of SP
with the fascinating physics of QVHE, we propose a dial-in mechanical metamaterial for
creating tunable topological waveguides. We use extensive numerical simulations and show
that this metamaterial can be tuned in situ to design a variety of topological waveguides with
robust wave propagation characteristics. The tunability allows us to also build traditional
waveguides by suppressing topological variations in the same systems, making it possible to
compare their performance with the topological counterpart to a remarkable detail. Such a
comparison therefore plays a key role in extending our knowledge and appreciation towards

the uniqueness of topological waveguides in the proposed system.
4.2 Design of the tunable topological metamaterial

The tunable system we propose is illustrated in Fig. 4.1. Each SP is bistable, i.e., it has
two stable configurations: Y-state (yellow) and P-state (purple) as shown in Figs. 4.1a-b.
This unit is made of two parallel disks connected with six linear springs. The conventional
SP unit has six DOF's for the top disk, while the bottom disk is fixed [124]. However, by
judiciously choosing the connecting springs, one can decouple some DOF's and reduce the

total DOF's (see Appendix C.1). In this study, for the sake of simplicity, we assume that the
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Figure 4.1: Design of the tunable topological metamaterial based on bistable SP. (a)-(b) The
two stable states, Y- and P-states, and below are their top views. They differ in the height
(ho) and the relative rotation (fy) between the disks: Y-state (hg = 0.04 m, 6y = 70°) and
P-state (ho = 0.0215 m, 6y = 110°). Disk radius R = 0.0408 m, connecting spring coefficients
ky = 10> N/m and ky = 10° N/m. Three allowable degrees of freedom, ¢, ¢!, and w', are
marked with the red arrows. (c¢) Hexagonal arrangement by combining the two stable states.
The lattice constant a of the hexagonal arrangement is 0.212 m, and the torsional spring
coefficient k.. of the reverse spring is 10> N-m. The periodic unit cell consisting of one Y-state

and one P-state is highlighted along with its basis vectors a; and as.
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bottom disk in pinned at its center, such that it can only rotate about the z direction. We
denote this rotational DOF of the bottom disk by ¢?. The top disk can have only rotational
(¢") and translational (w') motions along the z direction with respect to its equilibrium
position. Note that these dynamic perturbation parameters, ¢, ¢, and w', should not be
confused with 6y and hg, which denote the equilibrium parameters of the SP unit cell and
vary depending on whether it is in the Y- or P-state (Fig. 4.1a). All three DOFs of these
dynamic motions in terms of ¢°, ¢!, and w’ are governed by the six springs between the
plates. The detailed mathematical relationships—including the derivations of the bistability
in the SP unit cell—are described in Appendix C.2.

We design a hexagonal lattice by combining two stable states, such that the system
breaks Cs symmetry but retains C3 symmetry (Fig. 4.1¢). Only the bottom disk of each SP
is connected with neighboring SPs with springs (indicated with a torsional spring coefficient
k... Note that this connection is a reverse spring, i.e., it induces opposite torque in the
connected units (a similar setup can be found in a recent work [52]). Tunability comes from
the fact that one can easily change the stable state of each SP—independently—to achieve

a desired lattice configuration.

4.3 Results and discussion

4.3.1 Band inversion and topology

In this section, we evaluate dispersion characteristics of the system and observe a topological
transition. For describing the dynamics of the (infinite) hexagonal lattice, we choose a
periodic unit cell (highlighted in Fig. 4.1¢), which consists of two SPs indexed as 1 and 2.
Here, each SP can take either Y- or P-state by dial-in actions. Since a single SP has three
DOFs, the unit cell would be represented by the following six parameters: [¢p(1)?, ¢t ¢

S Dt 2]
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Figure 4.2: Band inversion when the unit cell is transformed from the Y-P to the P-Y
configuration. (a) Unit cell dispersion relation for the Y-P configuration. A complete band
gap emerges around 800 Hz due to broken inversion symmetry. The dashed lines with a
Dirac cone at the K point represent the case with both SPs of the unit cell having the same
effective stiffness. (b) The same for the P-Y state. Left panels in (¢) and (d) represent the
eigenmodes corresponding to K; and K, points in the dispersion relations of the Y-P and
the P-Y configurations, respectively. Only one SP shows the motion, demonstrating a spatial
inversion in the unit cell for the two configurations. In the right panels of (c¢) and (d), this
reflects as the change in the sign of the Berry curvature at the K and K’ points in the first

Brillouin zone (solid line).
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First, we write the equations of motion for the periodic unit cell (index as i, j) as

168 + ke300 + 62 + 620 4+ 620 ) — kS + kw @)~y =0 (4.1a)

168 + kw0 — oy =0 (4.1D)

mwz,j + kwwwi,j + kw¢(¢i,jt - @(,lj)b) =0 (4.1c)

162" 4 ko308 + 610"+ o0 4+ 0t ) — kD™ + k2 (02 — ¢ =0 (4.2a)
cc 1,5 1,3 z]+1 i+1,5 pwWij fote) (] )

163" + kgow) + k) (07 — 6" =0 (4.2b)

¢w i J 1]

ma) + k2w +kw¢(¢i,jt—¢§?}”) 0 (4.20)

where I and m are the rotational inertia and the mass of the disks, respectively. Ky, kgo,
kwg, and kg, are the stiffness coefficients for the relative translation and rotations, and their
coupling. The detailed expressions of these coefficients as a function of ky, ko, and geometric
parameters are described in Appendix C.1.

For a lattice length of a, we invoke the Bloch’s theorem by using the periodicity in two

directions: a; = [1,0]a and ay = [1/2,1/3/2]a, and obtain the following eigenvalue problem:

w’MU = BU (4.3)
where U = [gbzlj)b, 12] ,gzﬁ” ,gbd ,wgﬁlj)t,wg?t] is the generalized eigenvector, and w is the

angular frequency. B and M are the stiffness and mass matrices, respectively (see the
detailed expressions in Appendix C.3).

There are two possible configurations of the C3 symmetric hexagonal unit cell: Y-P
configuration and P-Y configuration. Figure 4.2 displays the dispersion properties and asso-
ciated band inversion when one state is transformed to the other. Due to the breakage of the
inversion symmetry, a complete band gap emerges at the K point between the fifth and the
sixth bands (see the highlighted red and blue bands in Figs. 4.2a-b). Note that these bands

would have a degeneracy at the K point if the inversion symmetry is not broken (see the blue
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dashed lines). Although the dispersion curves for these two Y-P and P-Y configurations look
similar, there is a difference in terms of the topology. The highlighted bands are inverted in
these configurations—so-called band inversion. We verify this by plotting in the left columns
of Figs. 4.2c-d the mode shapes of the unit cell corresponding to the points K; (744.5 Hz)
and K, (839.8 Hz) marked in the dispersion relations. For the Y-P configuration in Fig. 4.2c,
we see that the low frequency vibration (K; point) corresponds to the case when only the
P-state is vibrating in the lattice. In Fig. 4.2d, the P-state vibrates in the P-Y configuration
at the low frequency in the same way. This makes sense as the designed stiffness for the
P-state is lower than that of the Y-state (see Appendix C.2). However, there is an inversion
in terms of where in the unit cell the vibration is dominant due to the filpping of the Y- and

P-states.

The aforementioned band inversion resembles the one seen in the valley Hall effect. We
can calculate the valley Chern number in order to track the topological transition associated
with this effect. This is achieved by integrating its Berry curvature over half of the first
Brillouin zone. Mathematically, the valley Chern number C' = (1/2n) [[ £2(k)dk, where
the Berry curvature 2(k) = izgzl,viu [(u|0B/0k,|v){v|0B/0k,|u) — c.c.] /(w? — w?)?* [57].
Here, i is the imaginary unit, c.c. denotes complex conjugate, (:|-) represents the inner prod-
uct, k = [k, k| is the wavevector, and w,, and w, are the angular frequencies corresponding
to the normalized eigenvectors u and v, respectively. The calculated Berry curvature in
the first Brillouin zone is shown in the right columns of Figs. 4.2c-d. One notices that it
is localized at K and K’ points in the Brillouin zone, and it changes its sign as we alter
from the Y-P to the P-Y configuration—reflecting the band inversion process. Therefore,
the calculated valley Chern numbers C* (or CX") for the fifth and the sixth bands of the
Y-P configuration (highlighted red and blue bands in Fig. 4.2a) are —1/2 and 1/2 (or 1/2
and —1/2), respectively. These are reversed for the P-Y configuration, and this confirms
that the two configurations are topologically distinct. The quantized difference of the valley
Chern numbers of the two configurations, i.e., |Cy.p — Cp.y| = 1, indicates the emergence

of a topologically protected edge state at the interface if these configurations are placed
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adjacently.

4.3.2  Topological defect and its manipulation

In this section, we will show how a topological defect can be created by placing topologically
distinct lattices, P-Y (defined hereafter to be type I for the sake of simplicity) and Y-P (type
IT), adjacently. We will also show that this topological defect can easily be reconfigured
to any other shapes—thanks to the extreme tunablity of the system. First, we confirm
the existence of topologically protected interface modes for a linear topological defect (see
Fig. 4.3a). To this end, we take a supercell of size 1 x 20 with the top and the bottom
boundaries fixed, and we apply the periodic boundary condition in the x direction.

The resulting dispersion of the supercell strip is plotted in Fig. 4.3b. We notice several
bulk modes (curves in black color). These correspond to the bulk bands seen in the unit cell
analysis done earlier (Figs. 4.2a-b). However, we also note some additional modes (dashed
red and blue curves in Fig. 4.3b). In blue color are the two overlapping modes that appear
at the top and the bottom of the supercell due to the identical boundaries on both sides.
However, there is a distinguished mode (red color) inside the band gap. This corresponds
to the interface mode emerging due to the distinct topological nature of the lattices I and
II. Additionally, to the extreme top of the dispersion curve, we do observe another interface
mode (red color) outside the cutoff frequency.

Now that we have shown the framework of creating a topological defect, it is also possible
to achieve various complex shapes of the topological interfaces in a 2D lattice by strategic
dial-in actions of the SP cells. In Figs. 4.3c-e, we assemble some of these shapes with various
bends, showcasing the manipulation capability in the system. Below are the plots, obtained
from the numerical experiments (see methods) for a harmonic excitation at 760 Hz applied
to the 40 x 40 lattice. This frequency excitation, being inside the band gap, excites the
topologically protected mode, and thus demonstrates a robust energy transport through

various interfaces.
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Figure 4.3: Topologically protected interface mode between two topologically distinct lat-
tices, and waveguide path manipulation via dial-in actions. (a) A linear topological defect
is highlighted by the blue background at the interface of the P-Y (I) and the Y-P (II) con-
figurations. Dynamic properties are evaluated by taking a supercell enclosed by the dashed
box. (b) Band structure for the supercell. The dashed red and blue curves represent the
localized modes in the supercell. (c)-(e) A wide range of waveguide paths at the intersection
of I and II can be achieved simply by dial-in actions in the lattice. Below are the numerical
simulations to confirm the robust energy transport along these interfaces. Colors denote the

rotation of the bottom disks.
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4.3.8  Topological vs. traditional waveguides

It is now natural to ask—in what ways the topological waveguide different from a traditional
waveguide? Here, by a traditional waveguide, we refer to a waveguide that is created without
incurring topological disparities in the same system. One way to create such a waveguide is
by introducing a topologically trivial defect along the desired wave path so as to utilize the
localized defect modes for wave transmission [126]. Figures 4.4a-b show the exemplary cases
of topological and traditional waveguides, respectively, realized in the same SP settings.
Note that given the initially uniform C3 symmetric hexagonal structure, we can achieve
the creation of the traditional defect simply by transforming P-states into Y-states (i.e., in
situ dial-in action) along the desired wave path (see the inset of Fig. 4.4b). However, the
creation of the topological defects in the originally uniform lattice requires more actions, since
it necessitates the border between the type I and the type II lattices. That is, we need to
convert the one side of the SP cells (i.e., the upper side of the lattice with respect to the wave
path in Fig. 4.4a) from the type I to the type II lattice, which demands the whole flipping
(i.e., dial-in action) of the SP cells from the Y- to P-state and vice versa. The analogous
operation in 1D lattice systems has been investigated by Chaunsali et al. [88]. The advantage
of our system is that it can realize both types of traditional and topological waveguides in
the same system by leveraging the bistable SP network and the in situ dial-in action on it.

This provides an excellent opportunity to compare their transmission properties.

We perform an eigen analysis on a 40 x 40 structure (with 9600 DOF in total) for both
types of waveguide structures. In Figs. 4.4c-d, we plot the eigenfrequencies against the
modal order for the topological and traditional waveguides, respectively. The blue and yellow
curves correspond to the bulk bands, highlighted in the unit cell dispersion in Figs. 4.2a-b.
Sandwiched between these two branches are the modes localized at the waveguide interfaces
(red color, as magnified in the insets). We observe that the topological waveguide ensures
that the entire band gap is populated by the interface modes. This affirms our observations

in the previous sections where a robust transmission was shown along topological interfaces.
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Figure 4.4: Comparison between topological and traditional waveguides. (a)-(b) A finite
40 x 40 lattice can either be dialed in to form a topological or a traditional waveguide. (c)-
(d) Eigenfrequencies of these lattices arranged in the modal order. In (c), the entire band
gap is populated with topologically protected edge modes at the interface (zoomed-in view in
the lower inset). In (d), the traditional waveguide does not lead to the edge modes spanned
over the entire band gap (zoomed-in view in the lower inset). (e) Transmission spectrum of

both waveguides.
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The traditional waveguide, however, does not lead to the modes spanned over the entire band
gap (Fig. 4.4d)—indicating its limitations in terms of constructing a wide range of defect

modes.

The aforementioned characteristics provide us with a deep insight into the differences
of the topological and traditional waveguides, and these are now used to explain different
transmission spectra along the waveguide channels. We perform numerical simulations and
calculate the transmission spectra for a range of input frequencies (see methods). In Fig. 4.4e,
we plot the obtained transmission. We can immediately notice a clear difference in the
transmission inside the band gap (i.e., 744.5 to 839.8 Hz). The topological waveguide leads
to a superior transmission all along the band gap, however, the traditional waveguide yields a
significant transmission only in a small range of frequencies (Af). This transmission limited
to a small frequency window is due to the presence of the defect modes, previously shown in

Fig. 4.4d.

Even though the topological waveguide shows a superior transmission overall for the
frequencies inside the band gap, we investigate if it has any qualitative differences from the
traditional waveguide for the small range of frequencies (Af in Fig. 4.4e). To answer this
question, we perform a numerical experiment on the waveguides by sending a 50 ms long
Gaussian packet at a frequency (757 Hz) lying inside the range of interest Af. In Fig. 4.5, we
compare the transient responses for topological and traditional waveguides. We observe that
the topological waveguide in Fig. 4.5a shows that the wave packet does not back scatter at
the multiple sharp bends, and it smoothly travels along the path. However, the traditional
waveguide in Fig. 4.5b indicates the presence of scattering around the bends. Note that the
wave packet still propagates along the path and would lead to a significant transmission as
shown in Fig. 4.4e. Nonetheless, it is qualitatively different from the topological waveguide
in terms of guiding a wave packet by allowing back scattering around bends. The difference
of wave transmission efficiency between the traditional and topological waveguides is further

investigated systematically for bends of various angles in Appendix C.4.
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(a) A topological waveguide showing back scattering

Figure 4.5: Wave packet scattering.

(b) The same for a traditional waveguide. Though the wave

suppressed wave propagation.

packet reaches the exit, its propagation is not scattering free. Colors denote the rotation of

the bottom disks.
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4.3.4  One-way waveguide

Lastly, we demonstrate that a topological waveguide constructed through our system can
support one-way wave propagation if a valley-selective excitation is given at the source. To
this end, we first extract the amplitude and phase information of the topologically protected
mode from the supercell analysis done earlier (Figs. 4.3a-b). In Figs. 4.6a-b, we calculate the
amplitude ratio (i.e., A;/Ay) and phase difference (¢1 — ¢2) of the bottom disks’ rotations
between the Y-and P-states at the topological interface (see insets), and plot them as a
function of reduced wavevector (k,) in the band-gap range. We observe that the trend can
be categorized into two walleys. One corresponds to the forward propagation (data points
indicated with the subscript F' in Figs. 4.6a-b), and the other to the backward propagation
(subscript B). These can be verified by looking at the slope (i.e., group velocity) of the
protected mode (red color) in Fig. 4.3b. In this way, appropriate amplitude ratio and phase
difference can be applied (i.e., valley selection at either K or K’ ) to the disks at the interface
to excite either forward or backward propagating waves. This is confirmed by a transient
analysis performed at 778 Hz in Fig. 4.6c. If the lattice is excited in the middle point
(marked with a star) with the amplitude of A;/A; = 1.748 and the phase difference of
1 — o = 0.387, we observe a forward propagating wave (left panel in Fig. 4.6¢). However,
if the excitation with the same amplitude but opposite phase (i.e., 1 — @2 = —0.387) is
applied, we observe a backward propagating wave (right panel). These numerical results
attest that the bistable SP-based metamaterial system proposed in this study allows not
only the in situ manipulation of wave paths via dial-in actions, but also a selective one-way

propagation of mechanical waves by strategic excitations.

4.4 Conclusions

Here, we propose a dial-in topological metamaterial system based on the bistable Stewart
Platform (SP) and report robust one-way propagation of mechanical waves in it along tai-

lorable wave paths. By arranging the bistable SP cells hexagonally in an alternating fashion,
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Figure 4.6: Valley-selective one-way wave propagation. (a) The extracted amplitude ratio
The data points on the left side (red dots) correspond to the solution with positive group
velocity, i.e, forward propagation, while the right ones (blue dots) are for backward propa-
gating wave. These are the solutions for two valleys. (b) Phase difference (1 —¢2) extracted
for the same states. (c¢) Numerical simulation results that show one-way wave propagation
excitation is given (see insets) to induce either forward- or backward-propagating waves.

(A1/As) of Y- and P-states in the unit cell (green box in inset) from the supercell analysis.
along the topological waveguide. The red star indicates the place where the valley-selective

Colors denote the rotation of the bottom disks.
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we can create two types of topologically distinctive lattices, which can be transformed to
each other simply by a dial-in action. We prove that this transformation changes the topol-
ogy of the system—quantified by the valley Chern numbers. When lattices with these two
topologically distinct configurations are placed adjacently, we show the existence of a topo-
logically protected mode at the interface. This idea is extended to tune the system in situ to
create variety of waveguides, and we demonstrate a robust energy propagation along them
using numerical simulations. We conduct eigenmode analysis and transient simulations of
finite structures to highlight some key differences between topological and traditional waveg-
uides in the same system. While the traditional waveguides also lead to significant wave
transmission due to interfacial local modes inside the band gap, the edge modes generated
in the topological waveguides are qualitatively different in that they support a wider range
of frequencies and are immune to back scattering at sharp bends in the structure. We also
show the strategy of giving valley-selective excitation to the system such that one-way wave
propagation is achieved along the waveguide. Therefore, this tunable system opens up pos-
sibilities to realize various complex shapes of topological waveguides without resorting to
external fields or adding/removing the masses from the system. Further studies including
the experimental verification of the proposed tunable metamaterials would be reported in

authors’ future publications.
4.5 Methods

Numerical experiment: We employ the Runge-Kutta method (step size = 107 s) to get
the response at any time instant for a variety of input signals: harmonic, Gaussian pulse,
and sinusoidal frequency sweep.

Calculation of the transmission spectrum: We perform a numerical experiment and
calculate the transmission spectra. A sweep frequency signal (20 to 1000 Hz in 5 s) is used
as a rotational perturbation applied to the bottom disk at the input location. The transient
rotation of the bottom disk is measured at the output location. Thus, the transmission

T(w) = 20log[®?

output

(w) /P, s (w)], where &(w) represents the power spectral density (PSD)
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of transient rotation ¢(t) of the disk.
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Chapter 5

TWO-DIMENSIONAL PLATE TOPOLOGICAL
METAMATERIAL: NUMERICAL SIMULATIONS

Inspired by the quantum spin Hall effect shown by topological insulators, we propose
a plate structure that can be used to demonstrate the pseudospin Hall effect for flexural
waves. The system consists of a thin plate with periodically arranged resonators mounted
on its top surface. We extend a technique based on the plane wave expansion method to
identify a double Dirac cone emerging due to the zone-folding in frequency band structures.
This particular design allows us to move the double Dirac cone to a lower frequency than the
resonating frequency of local resonators. We then manipulate the pattern of local resonators
to open subwavelength Bragg band gaps that are topologically distinct. Building on this
method, we verify numerically that a waveguide at an interface between two topologically
distinct resonating plate structures can be used for guiding low-frequency, spin-dependent

one-way flexural waves along a desired path with bends.

5.1 Introduction

A topological insulator has emerged as a new state of matter in condensed matter physics.
This is a special type of insulator that conducts electricity only on its boundary. Here
topology is relevant because one can predict the boundary properties of these finite materials
(i.e., finite-sized lattices) solely by knowing the bulk properties of infinite materials (i.e.,
infinitely large lattices). A topological framework provides an elegant way to categorize
the bulk properties in terms of a topological invariant, and thus, one expects a topological
protection and a degree of robustness for the boundary properties [29, 30].

Recently, that this whole framework dealing with the flow of electrons has evolved further
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and influenced other areas, such as photonics [117] and acoustics [40-45,119,128]. It has
also propelled a new design paradigm for artificial mechanical structures, so-called topological
mechanical metamaterials, to achieve unconventional static (zero-frequency) [53-56,129] and
dynamic (nonzero-frequency) [47-52,57, 58,79, 85,86, 88, 130-134] responses. In particular,
tailoring nonzero-frequency responses, i.e., elastic waves in structures, on topological grounds
shows tremendous potential to be used for energy-harvesting, sensing, and impact mitigation
purposes [37].

One of the most unique topological effects is the quantum spin Hall effect, the underlying
phenomenon shown by topological insulators [33,35]. These systems are passive in the
sense that they do not require any external field, but they still possess directional boundary
states. This is due to the presence of Kramers partners, i.e., two opposite spins of an electron,
which travel in the opposite directions on their boundaries, thereby keeping the time reversal
symmetry intact. Although mechanical counterparts, being bosonic systems, do not possess
these intrinsic spins, one can carefully design the system to have two pseudospins by imposing

certain symmetries in the lattice, and thus realize the pseudospin Hall effect [50-52,132,133].

While previous studies have successfully reported the feasibility of the pseudospin Hall
effect in mechanical settings, in this study, we focus on the feasibility of the same in less-
explored continuum structures such as plates. One of the approaches that has recently been
applied in plate structures is a so-called zone-folding technique [135], in which one considers
a larger unit cell rather than an irreducible one in a hexagonal lattice arrangement, so that
the frequency band structure folds onto itself, creating a double Dirac cone at the I' point.
Based on the same, Brendel et al. [132] and Yu et al. [133] showed that purely geometric
manipulation of holes can invoke topological effects in plates. However, these topological
effects have been restricted to high-frequency wave modes. Therefore, in this research, we
ask the following question: How can one invoke the pseudospin Hall effect at low frequencies
for a given plate dimension? It is important because of several reasons: (i) the low-frequency
plate modes, such as flexural modes, carry a large amount of energy, and manipulating

them could lead to relevant engineering applications; and (ii) these lower modes generally
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require bigger lattice patterns of holes on conventional plates due to the Bragg condition,
and thus, an improved way of controlling the low-frequency wave modes can relax the current
stringent size limitations. Therefore, it would be a significant advancement to the current
research trend if one could demonstrate a low-frequency pseudospin Hall effect in a continuum

mechanical structure such as plates, which are ubiquitous in many engineering disciplines.

To address the aforementioned challenges, we propose a topological plate system that
consists of a thin plate with periodically arranged local resonators mounted on its top surface.
This locally resonant (LR) plate is reminiscent of sonic crystals [7]. Pal et al. [57] proposed
such a structure for realizing the elastic analog of the quantum valley Hall effect. Building on
a similar methodology, in this research, we employ a technique based on a combination of the
classical plate theory and the plane wave expansion (PWE) method [136-138] that enables
fast and efficient calculation of the wave dispersion relation. Furthermore, we integrate into
this scheme the zone-folding technique to create a double Dirac cone for flexural wave modes.
As a result, we report that the double Dirac cone can be formed in low-frequency regimes
by tuning the resonating frequency of the resonators. In this way, we can demonstrate a
subwavelength characteristic of the proposed plate system, i.e., the lattice size of the LR
plate being smaller than the wavelengths in the bare plate at operating frequencies. We
then show that a purely geometric manipulation of the local resonator pattern results in
the opening of topologically trivial and non-trivial subwavelength Bragg band gaps around
the double Dirac cone. Building on these findings, we verify numerically—by using the
finite element method (FEM)—that a waveguide created at the interface of topologically
distinct LR plates can guide low-frequency flexural waves along a designed path. Moreover,
it shows a unique spin-depenedent one-way propagation characteristic. Unlike the traditional
plate-based waveguides studied in the past [74,139-148], we show that this LR topological
plate system has the potential to guide one-way flexural waves along a path with multiple

bends—generally challenging in topologically trivial waveguides.
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Figure 5.1: (a) Lattice arrangement of the resonators with a rhombus shaped unit cell in
red. Dimensional parameters and lattice vectors are also shown. (b) A detailed view of the

unit cell with six resonators mounted on top of a thin plate.

5.2 Description of the locally resonant topological plate

Our system consists of a thin plate on which multiple local resonators are attached to form
a lattice arrangement (Fig. 5.1). The rhombus-shaped unit cell is of length a and consists
of six resonators in a hexagonal arrangement (Fig. 5.1a). Each resonator is at a distance R
and rotationally symmetric from the center of the unit cell, showing the Cs symmetry. a;
and d, are the lattice vectors. We model the resonators as cylindrical heads attached to the
plate with a thin neck (Fig. 5.1b). In order to invoke the topological effects in the system,

we will only vary radius R, keeping the Cy symmetry intact in this unit cell.

As a substrate material, we choose an aluminum plate (£ = 77.6 GPa, p = 2,730 kg/m?,
v = 0.352) of thickness h = 1 mm with the unit cell of size @ = 45 mm. The resonator
neck is made of acrylic plastic (Epeer = 3.2 GPa) with hpeer, = 5 mm and dpeer = 2 mm,
whereas the resonator head is made of tungsten (ppeqq = 19, 260 kg/ m?’) with Apeqq = 14 mm
and dpeqq = 9 mm. The aforementioned material properties are based on nominal values of

standard materials.
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5.3 Results and discussion

5.8.1 Calculation of the unit cell dispersion

We first evaluate the dispersion characteristics of the unit-cell design with six resonators for
variable R. For fast calculations, we rely on the PWE method. To this end, we simplify the
resonator design with a lumped mass (m = Tppeaddsenqlhead/4) connected to the plate with
a linear spring (8 = TEpeerd? i /4Pnect). In this process, we neglect the bending motion of
the resonators and only consider their motion in the out-of-plane z direction. The bending
(and other modes) of resonators, though taken into account in full-scale models in later
sections, does not affect the topological phenomenon in our system as those frequencies can
be separated from the Dirac point we will be investigating, and they have minimal coupling
with out-of-plane wave modes (see Appendix D.1). We have h < a, therefore the plate can
be assumed to be thin [136], and the transverse motion of the plate can be calculated as per
the classical plate theory (i.e., Kirchhoff-Love theory) [149]. Following the approaches taken
by Pal et al. [57], Xiao et al. [138], and Torrent et al. [144], the governing equations for the

time-harmonic vibration of the unit cell with angular frequency w can be written as

DV*w(r) — w’phw(r) = =B [w(Ra) — B(Ra)]5(r — Ra), (5.1a)

—w'mi(R,) = Blw(Ry) — w(Ry)], (5.1b)

where D = Eh3/12(1 — v?) represents the flexural rigidity of the plate, r = (z,y) denotes
the generalized coordinate of the plate, w(r) represents the transverse displacement of the
plate, and w(R,) represents the displacement of the resonating masses attached at points
R,. We have a = 1,2,...,6 for six different resonating masses per unit cell, and é(r — R,)
is a delta function in two dimensions.

We introduce the following non-dimensional angular frequency:
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Also, the mass of the resonator can be normalized as

m
T= m>
where A, = /3 a?/2 is the area of a unit cell. We can write the normalized resonance
frequency of a resonator as Q, = a*\/(8/m)ph/D.

Employing the PWE method, we write the displacement of the plate for a Bloch wave

vector K as a superposition of multiple plane waves such that
Z W —Z(K+G (52)

where W (G) is a plane wave coefficient and G denotes the reciprocal lattice vector given by
G = pb; + gbs, in which p and ¢ are integers, and b; and by are the basis vectors of the
reciprocal lattice. We truncate the summation with respect to G by choosing both p and
qas —M,—(M —1),...,0,...,(M — 1), M. Therefore, the reciprocal space is a N x N finite
grid with N =2M + 1.

The displacement of the plate at the locations where the resonators are attached can be

simply deduced from Eq. (5.2) as
Z W fZ(KJrG Ra (53)

Substituting Eq. (5.2) and Eq. (5.3) into Eq. (5.1a)

D Z |K + Gl|4W<G/)€—i(K+G')-r — W th W —z (K+G')r
— /6 Z |:lI)( Z W —7, K+G
< 5(r—R,). (5.4)

i(K+G)r

Multiplying both sides with ¢ , we obtain

Z {D|K + Gt - wz,oh} W(G')e UG -G)r
G/

_ 5Zei<x+e>~r{~ ZW eI Re | (r _ R (5.5)
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Taking the area integral over the entire unit cell of area A. leads to

Z {D|K+ G|" - prh} // UG =G)r g2
p=y
_ ﬁ Z |:U~) Z W —z(K—l—G

// IK+G)T5(r — R, )dr?. (5.6)

We now use the following relations

, A, ifG=G
// UG =C)rgp2 — (5.7a)

0, otherwise

//f (r—Ry)dr* = f(Ra) (5.7b)
to obtain

AC[D|K+G]4—w2ph]W(G) = 52@?{@( ZW —i(K+G) R

x  (lK+GIRa, (5.8)

Using the Bloch’s theorem for the resonators, we write w(R,) = w(0,)e " ®Re where
w(0,,) represents the Bloch displacement of the resonator (indexed with «) at the reference

unit cell. Thus, we deduce

‘| K + G|* — 92} W(G) = Q2 ) e CRe {w(oa) - W(G’)e‘iG/'R“} . (5.9)

« G/

Similarly, we simplify the second governing Eq. (5.1b) (for « = 1,2,...,6) as
—02w(0,) = O [Z W(G)e 'GRa _ w(oa)] : (5.10)
G

Given the N x N size of the reciprocal space, we arrange Eq. (5.9) and Eq. (5.10) in

the form of an eigenvalue problem to solve for {2 at a specific Bloch wave vector K and
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obtain the dispersion relation. Note that we multiply Eq. (5.10) with v to make the matrices

Hermitian. Therefore, we have

Pll P12 W(G) Qll Ql? W(G)

=02 (5.11)
Poy Py w(0,) Qo Qp w(0,)
with
K + Gy 0 0
0 K + G, 0
PH _ CL4 | ‘ 2|
0 0 |K+ Gyl
B 4 B 7 3\ ) ( B 7] )
G1 Rl
2 . G2 . R2
+ Y expqi| Ri Ry -+ Rg|pexpq—t| | |Gt Go -+ Gp2| ¢
\ _GNQ_ Y, \ _RG_ 7
4 B 7 3\
Gy
t 2 | Ge 2
Py, = Py =—Qexpq1 . R, R, -+ Rg|p, Pa=701s,
\ _GN2_ J

Qn = Iy, Qp= Q£1 = Onz61, Qao = 71s,

where ‘exp’, T, I, and 0 represent the exponential function, the conjugate transformation, the

identity matrix, and the null matrix, respectively. We choose N = 7 for further calculations.

5.3.2  Band folding and subwavelength unit design

By using the aforementioned technique, we calculate the dispersion relation for the hexagonal
arrangement of resonators, i.e., R = a/3 (see Fig. 5.1a), and we plot it in Fig. 5.2a. Torrent
et al. [144] showed the existence of a single Dirac cone in such a system. Building on this

finding, in the current study, we create a double Dirac cone (two Dirac cone dispersion curves



71

R plats 00, 00 oo
27 I Bare plate | o0 00 00
r N Y

/ 4
e 00 00 o
00 00 __0906
/\ <+ >
Ad

-
(@)}

e

; N\ M

double Dirac cone —___ | G
\\ / R=a/3
r K

M M

o
o

Frequency [kHZz]
7

0

Wave vector

Figure 5.2: (a) Dispersion plot for the LR plate with a hexagonal arrangement, i.e., R = a/3
(red curves). It shows a double Dirac cone, which is lower than the resonating frequency
fr of the local resonators. Dispersion of the bare plate with no local resonators is shown in
light gray for comparison. (b) Two unit-cell representations to enable the zone-folding (i.e.,
mathematical folding) of bands and the corresponding Brillouin zones below. The smaller
cell (enclosed by blue dashed lines) represents the typical, irreducible unit-cell configuration
for the hexagonal arrangement, while in this study, we consider the bigger unit cell (enclosed
by red dashed lines) to create a double Dirac cone and for further topological manipulations.
Their sizes are compared with the wavelength in the bare plate at the Dirac frequency (star

mark), making it a subwavelength unit design.
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superimposed) with the frequency f; = 0.94 kHz at the I point. This is possible because we
have chosen a bigger unit cell consisting of six resonators instead of two (compare the unit
cells in Fig. 5.2b of different colors and corresponding Brillouin zones below). This results in
the dispersion curves folded onto a smaller Brillouin zone [135]. Note that the physics is the
same in both representations and it is simply a mathematical zone-folding of bands. However,
achieving a double Dirac cone—which is a key ingredient of the spin Hall systems—guides
us to realize topological effects by manipulating the geometrical configuration of the larger

unit cell (to be further discussed in later sections).

In Fig. 5.2a, we also mark the resonating frequency f, of the local resonator. It equals
fr = (1/27r)\/5/_m = 1.72 kHz. It is important to realize that f; < f,., as was thoroughly
investigated by Torrent et al. [144]. Therefore, the resonator design can be used as a tuning
knob to push the Dirac frequency further down in the dispersion relation. In the same
figure, we also plot the dispersion relation for a bare plate (i.e., the identical plate to the
substrate described in Section II, but without local resonators attached). This is to compare
the wavelength (\;) of the flexural wave in the bare plate if excited at the Dirac frequency.
This is indicated by the star marker on the dispersion curve. For the chosen set of design
parameters, \g is approximately 2.3 times longer than the length of the large unit cell (i.e., a),
and 4 times longer than the size of the small, irreducible unit cell (a/v/3). Figure 5.2b shows
the relative sizes of the unit cells compared to this wavelength, indicating subwavelength
units of the LR plate. Therefore, as the topological effects will be seen around the Dirac
frequency, this opens up new pathways to controlling large-wavelengths flexural waves by
using a relatively small substrate. Again, by further reducing the resonant frequency, it is
possible to shift the Dirac point to an even lower frequency regime, thereby making the plate
design deep-subwavelength. However, practical challenges in designing such a system can

limit the same, e.g., due to heavy resonating masses and soft neck structures.
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Figure 5.3: Emergence of subwavelength Bragg band gaps and their inversion when the unit
cell of the LR plate is perturbed around the R = a/3 configuration. (a) A case with R < a/3
leading to a topologically trivial band gap with p-type modes having lesser frequency than d-
type modes. See the insets for the corresponding mode shapes, with the colors indicating the
out-of-plane displacements of the plate. (b) A case with R > a/3 leading to a topologically

nontrivial band gap with p- and d-type modes inverted.
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5.8.83  Band inversion and topology

We now vary the radius R and see its effects on the wave dispersion in the system. For
R < a/3, as shown in Fig. 5.3a, there emerges a band gap near the Dirac frequency. We
call it a subwavelength Bragg band gap because it lies in the subwavelength regimes as
discussed above but emerges due to the change in translational periodicity of the resonators.
By keeping the Ci symmetry intact, two modes on each side (the lower or higher side) of the
gap are degenerate at the I' point. Seen in the insets are the corresponding degenerate mode
shapes of the plate at the I point, which are obtained by the PWE method described in
Section III. Here, the lower frequency modes are of p-type (p; and p, as shown in the bottom
panel of Fig. 5.3a), and the higher frequency modes are d-type (d; and ds, upper panel in
Fig. 5.3a) as per the analogy to electronic orbital shapes. For R > a/3, however, the band
gap still exists, but its topological characteristic is different from the earlier case. As shown
in Fig. 5.3b, the degenerate modes are flipped, i.e., d-type modes are at the lower frequency
compared to p-type modes. This band inversion as we vary R around R = a/3 indicates a
typical topological transition in the system. Again, the validity of this result based on the
lumped mass model is verified and discussed in Appendix D.1 in comparison with the FEM
(using COMSOL MULTIPHYSICS), which takes into account all geometrical features in the

resonator design.

The presence of degenerate modes around the band gap has important implications in
realizing the pseudospin Hall effect. One can take linear combinations of these modes and
construct two alternate modes, i.e., pseudospin modes, without changing the physics of the
system. Let pi = p; £ ips and d+ = dy £ ids represent such spin modes for these degenerate
points. The sign in the middle determines if these are rotating clockwise or counterclockwise.
We can interpret the dispersion near the I' point in terms of the pair of spins by projecting
the eigenstates onto the spin basis {py,d+}. Therefore, the effective Hamiltonian of the
system around the I' point reduces to the one for the Cd/Te/HgTe/CdTe quantum well [35]

and would resemble a mechanical pseudospin Hall system. One can show that the bands have
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a nonzero spin Chern number for the case with R > a/3, hence, proving it to be topologically

nontrivial [119,128,135].

5.3.4  Emergence of the topological interface state

Now that we verified the feasibility of the double Dirac cone formation and the band inversion
in the unit-cell level, we move to the investigation of waveguiding characteristics in multi-
cell configurations. To account for more complicated geometry and boundary conditions
in such a multi-cell setting, we resort to the FEM henceforth. According to the bulk-
boundary correspondence of topology [29], we expect distinct behaviors on the boundaries
of topologically trivial and nontrivial lattices. One way to observe it clearly is to have
topologically distinct lattices placed adjacently and investigate their connecting interface
for a nontrivial local response. To this end, we take a supercell, which consists of both
topologically trivial (R = 0.8a/3) and nontrivial (R = 1.1a/3) lattices, 10 units of each
placed as one strip (Fig. 5.4a). The periodic boundary condition is introduced in the direction
of another lattice vector (at 60° from the horizontal). In this way, such a system provides
a quick way to calculate vibration responses at the interface and monitor their propagation
along the periodic direction.

In Fig. 5.4b, we plot the eigenfrequencies of the supercell as a function of wave number in
the periodic direction. The presence of two modes inside the band gap (shown in purple and
yellow colors) is especially striking, since those have the following nontrivial properties. First,
they represent two types of pseudospin modes localized at the interface: one rotates clockwise,
while the other rotates counterclockwise. Second, both have opposite group velocities at a
given frequency. Figure 5.4c shows the respective mode shapes corresponding to points S;
and Sy in Fig. 5.4b, which are excited at 0.91 kHz. Opposite spins and group velocities
of these modes can be verified by looking at the harmonic evolution of these modes. We
also plot in-plane time-averaged mechanical energy flux (I; = —o;;v;, where o;; and v; are
stress tensor and velocity vector, respectively) over a harmonic cycle as black arrows. This

further confirms the spin nature of these flexural modes in the LR plate. There is a small
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Figure 5.4: (a) A supercell made by placing topologically distinct lattices adjacently. (b)
Eigenfrequencies of the supercell as a function of the wave number in the periodic direction
by analyzing a full-scale design with the FEM. We highlight clockwise (purple) and coun-
terclockwise (yellow) pseudospin modes localized at the interface between the trivial and
nontrivial lattices. In the background are the other modes, i.e., bulk modes, and local modes
that are at the extreme left and right end of the supercell. (c) pseudospin mode shapes
corresponding to the points S; and Sy in (b). The color intensity represents the out-of-plane

displacement, and the arrows indicate the time-averaged mechanical energy flux, thereby

confirming their spin nature.



7

frequency gap at the I' point for these spin modes. The absence of topological interface
modes indicates the absence of topological protection, and that suggests these pseudospin
modes are not topologically protected in the full frequency band gap. This is because, in our
system, the protection is guaranteed by the Cg symmetry, which we break by introducing a
sharp interface between topologically trivial and nontrivial lattices, and thereby resulting in
an avoided crossing at the I' point. Nevertheless, we will show in the next section that these
modes can still be used to build robust and directional waveguides. The remedy to reduce
the gap at the I point is to minimize the effect of the Cs symmetry breaking at the interface.
This can be done in several ways, including (1) by choosing the radii of trivial and nontrivial
configurations as close as possible, or (2) by constructing a graded interface between two
topologically distinct lattices (see Appendix D.2). This therefore leads to a “greater” degree

of protection of the topological spin-modes.

5.3.5  Directional waveguides

In the previous section, we showed that the mechanical spin Hall effect enables us to have two
pseudospins at one frequency but in opposite directions. In order to demonstrate how this
property can be used to build unconventional waveguides on plates, we combine topologically
trivial and nontrivial LR plates to form a 2D structure. Figure 5.5 shows the waveguide
(three linear segments with two bends) along the interface of two types of lattices. We give a
forced excitation in the z direction at the center of the plate (indicated by the star symbol)
in such a way that we selectively excite spin modes. This could be done, for example, by
choosing multiple points in the vicinity but with a phase difference in their forcing. Insets
show the three excitation points in a nontrivial unit cell (i.e., with R = 1.1a/3) where the
spin is predominantly d-type. We extract the phase information from the spin modes in the
supercell analysis done earlier for 0.91 kHz (see the resonators in red and blue, representing
out-of-phase oscillations in Fig. 5.4c). We apply this phased excitation as F; = F exp(iwt),
F; = Fexpli(wt + 27/3)], and F3 = F expli(wt + 7)]. Note that the phase differences in the

three excitation points are not equally spaced, but show 7/3 and 27/3 differences between
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Figure 5.5: Pseudospin dependent one-way propagation of a flexural wave. The star indicates
the zone of excitation. Multi-point phased excitation in force is used for exciting (a) clock-
wise and (b) counterclockwise spin modes. The color intensity represents the out-of-plane

displacement. No backscattering around the bends is observed.

the neighboring ones (i.e., 7/3 between F» and Fj, and 27/3 between F; and Fy). This
excitation tactic induces clockwise spin in Fig. 5.5a and counterclockwise spin in Fig. 5.5b.
We enforce low-reflecting boundary conditions on the plate and perform harmonic analysis
using the FEM.

We confirm the unique features of this topological waveguide. The clockwise spin mode
propagates to the left (Fig. 5.5a) and the counterclockwise spin propagates only to the right
(Fig. 5.5b). These spin waves propagate robustly along the waveguide interface in such a
way that even though there are sharp bends, there is no backscattering and the spins remain
intact. These simulation results imply that by using the pseudospin Hall effect induced
in this LR plate structure, we can guide flexural waves in a selected path and direction
without resorting to the breakage of time-reversal symmetry. That is, without using any
active components, we can achieve directional control of low-frequency flexural waves simply

by creating a topological boundary and exciting the host medium strategically via a phased
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excitation. It is important to note that the robustness of these spin waves shown along a
waveguide with sharp bends does not imply that these are also robust against any other types
of “defects” along the waveguide, as shown in acoustics recently [150]. Though our elastic
LR plate structure demands a thorough stand-alone study on this subject in future, we have
explored exemplary cases here, in which certain defects along the waveguides can(not) back

scatter these spin waves (Appendix D.3).

5.4 Conclusions

We have proposed a locally resonant plate structure to demonstrate the pseudospin hall
effect for directional control of flexural waves. We show that the resonator design can be
simplified with a lumped mass model and solved by employing the plane wave expansion
method. This method enables us to efficiently investigate the key design parameters respon-
sible for forming a double Dirac cone at a lower frequency than the resonating frequency of
the local resonators. Keeping the Cg symmetry intact, we perturb the unit cell and show
an opening of subwavelength Bragg band gaps and the corresponding band-inversion pro-
cess. This provides us with two topologically distinct lattice configurations. When these
lattices are placed adjacently, we show the existence of two pseudospin modes traveling in
the opposite directions along the interface. This unique feature is used to build topological
waveguides with multiple bends and robustly guiding the spin-dependent flexural waves in
a selected direction. The finding could be useful in designing compact and robust one-way
channels for guiding low-frequency flexural waves in applications such as energy harvest-
ing, sensing, and impact mitigation. Future studies include the optimization of the locally
resonant plate configurations by using the proposed numerical techniques, as well as the
experimental verification of the waveguiding effects, which will be reported by the authors’

future publications.
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Chapter 6

TWO-DIMENSIONAL PLATE TOPOLOGICAL
METAMATERIAL: EXPERIMENTS

It is recent that the emergence of topological insulators in condensed matter physics has
inspired analogous wave phenomena in mechanical systems. However, to date, the design of
these mechanical systems has been limited mostly to discrete lattices or perforated structures.
Here, we take a ubiquitous design of a bolted elastic plate and demonstrate that it can guide
flexural waves crisply around sharp bends. We show that this continuum system eliminates
unwanted in-plane plate modes and allows the manipulation of low-frequency flexural modes
by exploiting the local resonance of the bolts. We report the existence of a pair of double
Dirac cones near the resonant frequency of the bolts, one of which leads to the creation of
a topological complete band gap that forbids all the plate modes. These finding open new
possibilities of managing multiple wave modes in elastic solids for applications in energy

harvesting, impact mitigation, and structural health monitoring.

6.1 Introduction

The discovery of topological insulators in condensed matter physics has prompted a new
notion of topology in association with the intrinsic dispersion behavior of a material [29,30].
By using this concept, one can characterize the dispersion behavior of an infinite (i.e., “bulk”)
material, which consequently provides a tool to predict the response at the “boundaries” of
a finite material. This “bulk-boundary correspondence” leads to a topologically protected
boundary response of a non-trivial bulk, thereby offering a degree of robustness. At the
physical level, the topological insulator has thus shown an exotic state, in which a robust

and directional current flows along the material’s boundary, while it is forbidden in the bulk.
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This tool of topology has paved a way for researchers to control the flow of energy in other
areas, such as photonics [117] and acoustics [41,43,45,151]. It has also given an impetus
to a new way of designing elastic systems [47-50, 52,79, 88,127,130, 131, 152, 153]. These
topological structures—mostly in the setting of discrete lattices or perforated structures—aim
at manipulating elastic vibrations and offer a tremendous degree of flexibility in controlling
their dynamic responses. Therefore, these prototypical systems are excellent candidates
for tabletop designs, in which topological physics can be systematically investigated [37].
However, one of the outstanding challenges in the topological manipulation of elastic systems
is to have control over several types of wave modes that can exist in elastic solids, particularly
in a low-frequency domain. This becomes even more relevant when one goes beyond the
discrete lattice models and considers continuum structures such as plates. Though a judicious
manipulation of plate modes has been shown in high frequencies [51,58,154], a simple design
of low-frequency waveguiding remains yet challenging. Conventional designs thus far tend to
focus selectively on certain plate modes, and therefore, are prone to energy leakage through

other modes [57,122,144,155].

Therefore, a natural question is whether there exists a way to manipulate flexural plate
waves at low frequencies yet avoiding the wave leakage into other modes. This can be of
significant importance, because low-frequency flexural modes typically carry high vibrational
energy. Their efficient manipulation can be useful for several engineering applications, such
as energy harvesting, vibration isolation, and structure health monitoring. However, lowering
the operating frequencies generally demands large lattice sizes due to the Bragg condition.
This can pose challenges especially under stringent size limitations of wave media. While
recent numerical studies provide novel solutions to this issue [156, 157], the experimental
realization of topological manipulation of low-frequency waves in elastic systems remains a
formidable challenge to date.

Here we propose a ubiquitous design of bolted plates to tackle the aforementioned chal-
lenges. This strikingly simple design complements the topological physics in a continuum

elastic plate with the mechanism of local resonance of bolts [7]. The design is rich in physics
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Figure 6.1: System configuration. (a) A hexagonal lattice arrangement with the unit cell
containing six elements. The corresponding first Brillouin zone (FBZ) is indicated. (b) This
unit cell is perturbed around R = a/3 to obtain two topologically distinct unit cells. Bolts
act as local resonators mounted on a thin plate. (¢) A snapshot of the actual system with
multiple bolts mounted on the plate. (d) The experimental setup, in which a domain wall
is created between two topologically distinct lattice patterns in yellow and violet. The plate
is excited by a piezoelectric actuator positioned at the center, and out-of-plane velocity is

measured point-by-point by an LDV mounted on a 2-axis linear stage.
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as it allows not only the out-of-plane coupling between the mounted bolts and the plate, but
also the interweaving of their bending with in-plane modes. This results in a simultaneous
effect of guiding low-frequency flexural plate modes and removing unwanted in-plane modes.
To achieve this, we employ the zone-folding technique [135] to invoke the Cg symmetry-
protected pseudo-spin Hall effect and manipulate flexural waves by strategically arranging
the bolts on the plate. Remarkably, this bolted plate system forms a pair of double Dirac
cones [158] in the low-frequency range of the bolt’s bending resonance. We numerically
investigate the opening of multiple topological band gaps by manipulating the bolt arrange-
ment on the plate, one of which is notably a complete band gap that prevents the leakage of
flexural waves into other modes. We experimentally verify efficient waveguiding capability
of this bolted plate along a path with sharp bends, when excited at frequencies inside these
topological band gaps.

6.2 The locally resonant topological plate

6.2.1 Design and fabrication

Our system consists of a thin plate and bolts that are tightly fastened to form a periodic
pattern. As a starting point, we take a hexagonal lattice pattern shown in Fig. 6.1A. We focus
on a large unit-cell representation, i.e., a rhombus-shaped unit cell (lattice constant a = 45
mm) that contains six bolts to facilitate zone-folding. We then perturb this unit cell by
varying the circumferential radius R of the mounted bolts around R = a/3 (Fig. 6.1B). This
is to obtain two topologically distinct unit-cell configurations of the bolted plate. Note that,
in the process, we keep the (s symmetry intact in the unit cell, so that we obtain degenerate
modes in the dispersion to be shown later. These two types of unit cells, specifically R =
0.8a/3 and 1.1a/3 in this study, are then tessellated to form a periodic pattern in the plate
(Fig. 6.1C). We construct a domain wall consisting of three linear segments (one horizontal
and two inclined at 60°) by joining these two types of periodic patterns (Fig. 6.1D).

The substrate is an aluminum 6061-T6 plate (91.4 x 61.0 cm and thickness ¢ = 2 mm).
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We use CNC milling machine to drill 1320 holes, followed by manual tapping and fastening
M4-0.7 mm black-oxide alloy steel bolts (91290A180, McMaster-Carr). To facilitate the firm
contact between the bolts and the threads of the plate, we add a drop of glue (Henkel Loctite
adhesive) in the process of mounting bolts using a screwdriver. The partial thread on the
screws comes handy, as it allows tightening them firmly on the plate without using any

additional nuts.

6.2.2  Ezxperimental measurements and processing

To excite the system, we bond a piezoelectric ceramic disc (STEMiNC, diameter 10 mm,
and thickness 1 mm) with silver epoxy adhesive on the plate as shown in Fig. 6.1D. We
mount the Polytec OFV 534 laser Doppler vibrometer (LDV) on the 2-axis linear stage and
control its motion using MATLAB to measure vibrations on the plate. The LDV takes
point-by-point measurements by moving in a square grid of 7.5x7.5 mm. We measure 114
points horizontally and 60 points vertically, i.e., a total of 6840 points. All measurements
are synchronized with respect to the onset of the input voltage signal from the function
generator, which sends a signal to the piezoelectric actuator via an amplifier. To get the
steady-state transmission profiles, we send a 100 ms wide frequency sweep signal from 2
to 40 kHz. Then, we employ fast Fourier transformation on the time-history obtained by
each measurement and construct a 2D transmission profile for a frequency slice. To get the
transient wavefields, we send a Gauss-modulated sine pulse with 80 cycles at a given center
frequency. We apply a bandpass filter around the center frequencies to eliminate ground
noise on the plate. Then, we use a cubic interpolation on the measured grid data for a better

visualization of wavefield on the plate.

6.2.3 Numerical modeling

We use commercial finite element software (COMSOL Multiphysics) to perform numerical
simulations. We take nominal material properties of aluminum plate (Young’s modulus

E = 68.90 GPa, density p = 2,700 kg/m?, Poisson ratio v = 0.33) and steel bolts (Young’s
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modulus E = 210.60 GPa, density p = 7,800 kg/m?, Poisson ratio v = 0.30). See Appendix
E.1 for the geometric details of the bolt. The threaded contact between the bolt and plate is
modeled using a simple approach, which captures the realistic contact stiffness by modeling
an effecting contact area (see Appendix E.2). We mesh the model with tetrahedral elements.
To obtain the dispersion diagrams, we take a unit-cell and apply Bloch-Floquet boundary

conditions and solve for eigenfrequencies along the irreducible Brillouin zone.

6.3 Results and discussion

6.3.1 Unat-cell dispersion and band inversion

In Fig. 6.2, we numerically show dispersion diagrams for the unit-cell configurations with

radii varying across R = a/3. The colormap indicates the polarization index defined as
Sy, uz]?adV

Ju, (ual + Juy * + |uz]?)dV

and u, are the displacement components in x,y, and z axis, respectively. P, would be close

P, =

, where V,, is the plate volume in the unit cell, and u,, u,,

to 1 for out-of-plane plate modes and near 0 for in-plane plate modes. For R = 0.8a/3,
we observe two distinct band gaps in the range of 6.2 — 8.5 kHz in Fig. 6.2A. Clearly, the
polarization index confirms that the band gaps are for out-of-plane modes (blue markers).
The lower band gap is a partial band gap (PBG) because it supports nearly in-plane modes
(Sp and SHy) shown with red and yellow markers. Notably, the upper one is a complete
band gap (CBG). This is because the bending-dominated local resonance of the bolts occurs
near 6.9 kHz (see the horizontal blue markers in Fig. 6.2A), and it is coupled with in-plane
modes of the plate (further explanations to follow next). This results in a locally resonant
band gap (see the two-sided arrow) for “undesired” in-plane modes (red and yellow markers)
in the range of 6.9 — 9.4 kHz. Consequently, we observe a complete band gap between 6.9
kHz to 8.5 kHz for all plate modes.

This is an example of judicious engineering of overlapping two types of band gaps: locally
resonant band gap for in-plane modes and Bragg band gap for out-of-plane modes in the

same system. We call the later Bragg band gaps because those emerge solely when the
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Figure 6.2: Presence of multiple band gaps and their inversion in the unit-cell dispersion.
(a) A case with R < a/3 leading to the emergence of two band gaps. Color of the markers
indicates the polarization of plate mode, i.e., it is nearly 1 for out-of-plane and nearly 0 for
in-plane plate modes. The lower band gap is a partial band gap (PBG) due to the presence
of other nearly in-plane plate modes. The upper band gap is a complete band gap (CBG)
for all plate modes. The two-sided arrow indicates the locally resonant band gap for in-plane
modes. (b) In the hexagonal lattice arrangement, i.e., R = a/3, these band gaps close and
form two distinct double Dirac cones. Zoomed-in view is in the inset below to show the bolt
bending mode between two double Dirac cones. (¢) When R > a/3, the two double Dirac
cones open again to form two distinct band gaps. (d) The mode shapes (out-of-plane) at
the I" point for the band gaps shown in (a). I'(UP) and I'(DOWN) indicate the upper and
the lower edges of the band gap, respectively. Note that two degenerate p-type modes have
smaller frequency than two degenerate d-type modes for both band gaps. (e) The mode
shapes at the I' point for the band gaps shown in (c). These mode shapes are inverted with

respect to the ones shown in (d).



38

translational symmetry in the system is changed by varying the radius across R = a/3. This
point can be further justified when we plot the dispersion diagram for the case of the perfectly
hexagonal system, i.e., with R = a/3, in Fig. 6.2B. We observe that both band gaps (denoted
by PBG and CBG above) close. However, the band gap for in-plane modes (red markers)
remains intact, because it is a locally resonant band gap caused by the local bending of the
bolts, which we do not change in the process (see the two-sided arrow). Remarkably, near
the resonant frequency of the bolts, we observe the formation of a pair of distinct double
Dirac cones (see the panel below Fig. 6.2B for the zoomed-in view of the dispersion curves
along with the mode shape of the resonant bolts). To the best of the authors’ knowledge,
creation of such multiple double Dirac cones at different frequencies in an elastic system has

not been reported in the literature.

In Fig. 6.2C, we plot the dispersion diagram for the case when we further increase the
unit-cell radius to R = 1.1a/3. We choose this radius to avoid the bolts approaching too
close to the unit cell boundary, and at the same time to ensure an overlap with the band gaps
established in R = 0.8a/3 (compare the locations of band gaps between Figs. 6.2A and C).
We observe that the two double Dirac cones open again and form two band gaps. However,
these are different from the ones observed in Fig. 6.2A in terms of topology. For further
investigation, we revisit Fig. 6.2A, examine the out-of-plane mode shapes, and plot them
in Fig. 6.2D. For the lower band gap, i.e., PBG, we extract the mode shapes of its edges
at the I' point. We observe that two p-type modes are degenerate at the lower edge, i.e.,
['(DOWN), and two d-type modes are degenerate at the upper edge, i.e., I'(UP). Naturally,
the d-type modes show prominent bending of the bolts, approaching the vicinity of local
resonance region around 6.9 kHz. A similar pattern is observed for the upper band gap
(CBG) as well, wherein d-type modes are at the upper edge. Sandwiched between these two
regions are the locally resonant bending modes of the bolts.

In Fig. 6.2E, we plot the mode shapes at the aforementioned band edges at the I' point,
but for the configuration with R = 1.1a/3 shown in Fig. 6.2C. A similar degeneracy of

modes is observed. However, p-type modes are at higher frequencies than d-type modes
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for both band gaps. This so-called band-inversion is a crucial ingredient of the topological
phenomena at work and makes this configuration topologically non-trivial. This mechanism
is a reminiscent of the pseudo-spin Hall effect in photonics [135], where the degeneracy of
p- and d-type modes is used for creating two counter-propagating pseudo-spin modes at the
domain wall between two topologically distinct unit cells. Here we realize this effect for a
flexural wave at a low frequency regime (i.e., in the vicinity of the bending mode of the bolts)

in a continuum plate.

6.3.2 FEmergence of topological interface state

Now moving to the multicell configuration, we first take a supercell consisting of eight unit
cells of each type and join them to form a domain wall as shown in Fig. 6.3A. We apply a
periodic boundary condition in parallel to the domain wall to investigate the wave dynamics
of this tessellated system. We keep the other boundaries free. In Fig. 6.3B, we show the

eigenfrequencies of the supercell as a function of wavevector k,,. The colormap indicates

fVS* u,|2dV
—Jy w2V
where V; is the entire plate volume of the supercell and Vi, is the plate volume of two unit

the localization index for out-of-plane wave modes. This is defined as L,

cells touching the domain wall (see the enclosed cells in Fig. 6.3A with a darker solid line).
The high value of the localization index in the colormap clearly highlights the presence of
localized modes at the domain wall (red markers) inside both band gaps (PBG and CBG).
The modes in the upper region are desolate as expected in the complete band gap. However,
the localized modes in the lower region are populated with other modes in this partial band
gap.

To verify the polarization of these localized modes, we replot Fig. 6.3B in Fig. 6.3C but
with a different colormap indicating the wave polarization, as was used in Fig. 6.2. We
clearly observe that the localized modes at the domain wall are out-of-plane modes (blue
markers). Again, the upper region shows clean out-of-plane modes. The additional branch

in this band gap corresponds to the modes at the other ends of the supercell, and therefore is
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Figure 6.3: Emergence of topological modes at the domain wall. (a) A supercell made by
placing two topologically distinct lattices adjacently at the domain wall. (b) Eigenfrequencies
of the supercell vs. k/,, the wavevector parallel to the domain wall. The colormap indicates
the localization index (L,). Higher the value it has, the more localized are the out-of-plane
modes at the domain wall. The upper region (i.e., CBG) shows clear localized modes. The
lower region (PBG) also shows localized modes, but those are mixed with other extended
modes. (c) The same eigenfrequencies diagram, but with a different colormap to show the
polarization of plate modes. It denotes 1 (0) for out-of-plane (in-plane) plate modes. (d)-
(g), Localized out-of-plane mode shapes at some selected frequencies inside PBG and CBG
[marked by circles in (b)]. The arrows indicate the time-averaged mechanical energy flux to

confirm their spin nature.
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not of any important considerations here. The lower region, however, shows weaker out-of-
plane localized modes, and those are intermixed with other in-plane modes (red and yellow
markers). This fact leads us to understand the difference of topological wave localization
between PBG and CBG. The advantage of having the CBG is evident as it facilitates a
clean wave localization at the domain wall and eliminates the possibility of wave leakage
into other modes. Note in passing that there is a small gap at the k,, = 0 point in both
regions, where there is no localization at the domain wall. As highlighted in the previous
studies [122,135], this is due the breakage of crystalline Cg symmetry at the domain wall.
By employing engineering tricks, such as a slowly-varying (i.e., gradient) domain wall, one
can also reduce this small gap at the k;, = 0 point and impart greater protection to the

topological modes.

We proceed to investigate the mode shapes of the aforementioned localized modes. We
plot out-of-plane displacements at selected frequencies marked as circles in Fig. 6.3B. Fig-
ures 6.3D-E correspond to the frequencies inside PBG, and Figs. 6.3F-G correspond to the
frequencies inside CBG, all arranged in the order of increasing frequencies. It is clear that
these modes are localized at the domain wall. Insets show zoomed-in views of the mode
shapes on which the superimposed arrows indicate in-plane time-averaged mechanical en-
ergy flux (I; = —oyjv;, where 0;; and v; are stress tensor and velocity vector, respectively)
over a harmonic cycle. It is evident that these modes have spin characteristics. More specifi-
cally, in Figs. 6.3D,F that correspond to the cyan markers in Fig. 6.3B, we observe clockwise
spins. In Figs. 6.3E,G (corresponding to the green markers in Fig. 6.3B), we witness counter-
clockwise spins (see the lattices with smaller R for clearer visualization). As the time-reversal
symmetry is intact in our system, it is obvious that we will have exactly the opposite spins at
these frequencies for a negative wavevector k/,. Therefore, judging from the group velocity,
i.e., the slope of the dispersion branch at the green circles in Fig. 6.3B, we expect that the
counterclockwise spin propagates along the domain wall towards positive wavevector, while
the clockwise spin propagates in the opposite direction. We will look for these spins in the

experimental results later.
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Figure 6.4: Experimentally obtained steady-state transmission maps at multiple excitation
frequencies of the piezoelectric actuator located at the domain wall. Colors indicate the
power spectral density (PSD) calculated from the measured out-of-plane velocity of the
plate. (a)-(c) Wave localization at the domain wall for the frequencies inside PBG. (d)-(e)
Disappearance of this localization indicates the dispersion region between PBG and CBG,
where no localized topological mode exists at the domain wall. (f)-(h) Emergence of wave
localization at the domain wall once again indicates the region of CBG. (i) Wave transmission

at a frequency above CBG.
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6.3.3 Steady-state transmission

Building from this numerical result, we experimentally verify the existence of topological
modes at the domain wall for both PBG and CBG regions. In Fig. 6.4, we show the evolution
of steady-state transmission plots on the plate, as we inject vibrational energy through
a piezoelectric actuator attached at the center of the domain wall and increase its input
frequency via a sweep signal. At low excitation frequencies (Figs. 6.4A-C), we observe that
energy is primarily localized at the domain wall. This waveguiding pattern detected in this
low frequency range corresponds to the PBG (see Figs. 6.3B-C). We observe some traces
of elastic energy far away from the domain wall. This can be attributed to the nature of
this PBG as it allows other wave modes to co-exist in the system. In addition, the smaller
size of this band gap would generally mean higher localization length of the modes at the
domain wall, and hence, the flexural wave would penetrate more into the bulk. Beyond this
PBG, the wave localization is lost, marking the presence of global modes (extended in plate
as shown in Fig. 6.3D). At 7.33 kHz (Fig. 6.3E), the wave is highly attenuated around the

point of excitation.

Remarkably, for the frequencies above this point, we again observe wave localization
along the domain wall (Figs. 6.4F-H). This corresponds to the localization region in the
CBG as indicated in Figs. 6.3B-C. We clearly observe a persistent wave localization along
the horizontal domain wall for a wide range of frequencies. Among these, the transmission
at 7.70 kHz (Fig. 6.4G) is robust, in which the wave follows the entire domain wall without

any significant back scattering around the sharp bends.

It is worth pointing out that at 7.51 and 7.98 kHz (Figs. 6.4F and H), the wave back scat-
ters around the sharp bends. A similar behavior was also observed recently in experiments
on a mechanical counterpart of quantum valley Hall effect [159], where guided topological
waves are back scattered around a sharp bend for some frequencies inside the topological
band gap. However, here we observe that the wave is able to pass through the left bend at
a lower frequency (Fig. 6.4F) and through the right bend at a higher frequency (Fig. 6.4H).
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This implies the preference of the topological wave propagation around one bend over the
other, depending on the excitation frequency in the CBG. We explain this mechanism by
the asymmetry of the two bends experienced by the spin waves. That is, as marked by the
circular arrows in Fig. 6.4H, the bending angle experienced by the counterclockwise spin
that propagates towards the right is different from that by the clockwise spin towards the
left. Note that in this symmetry-protected topological system, we have intentionally bro-
ken Cs symmetry at the domain wall, including the sharp bends. This makes the modes less
“protected” (i.e., less robust), thereby resulting in the spin-dependent transmission efficiency

around the bends.

6.3.4 Robust waveguiding

Now we demonstrate robust waveguiding capabilities of our system by capturing the transient
wavefield when excited at the frequencies inside PBG and CBG. Navigating the steady-state
profiles observed in the previous section, we choose two central frequencies of excitation, 6.3
kHz (in PBG) and 7.7 kHz (in CBG), and send Gaussian pulses from the piezo-actuator. In
Figs. 6.5A-C, we show transient wave propagation on the plate at three different time steps
inside PBG. We observe that the wave, emanating from the point of excitation at the middle
of the domain wall, is effectively guided through the domain wall. We also verify (via plotting
these figures as a movie) that a counterclockwise spin propagates towards the right and a
clockwise spin propagates towards the left. Note Fig. 6.5C that there is some visible leakage
into the bulk, complying well with the result from the steady-state response (Fig. 6.4B). In
Figs. 6.5D-F, we show transient wave propagation inside CBG. It is evident that this wave
is also being guided along the domain wall without any significant back scattering at the
sharp bends. However, the key difference is that there is no evident leakage into the bulk
due to the presence of CBG (Fig. 6.5F). This result is consistent with the supercell analysis
(as shown in Fig. 6.3B) and the steady state response (Fig. 6.4G).
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Figure 6.5: Experimentally obtained transient wavefields. (a)-(c) Velocity wavefields when
a Gaussian input centered at 6.3 kHz is injected by the piezoelectric actuator in the middle

of the domain wall. (d)-(f) Wavefields for the Gaussian input centered at 7.7 kHz.
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6.4 Conclusions

In this study we have demonstrated numerically and experimentally the capability of topo-
logical waveguiding in a plate with local resonators. By incorporating the local resonance
effects in the design, we observe some novel phenomena in this study. First, low-frequency
bending mode of the bolt leads to the creation of a pair of double Dirac cones, thus invoking
topological effects at low-frequencies. Second, it enables us to deal with undesired in-plane
plate modes, which makes it possible to clearly guide flexural waves along a topological
waveguide, eliminating their leakage to in-plane modes. This is highly desirable in designing
efficient waveguides for low-frequency flexural waves. In addition, we have also observed
spin-dependent transmission efficiency of our topological waveguide around sharp corners
for certain frequencies inside topological band gaps. This is an interesting feature that can
be exploited in applications, but at the same time, demands further exploration.

This simple and tunable design paves the way for a number of studies in future, especially
with regard to studying the effect of disorder in such symmetry-protected topological systems.
For example, the height of the bolts can be changed, or a nut can be attached to it, in order
to introduce disorder in the system (see Appendix E.3 for a few examples). It is remarkable
that even though a degree of disorder exists in the current setup in terms of bolt torques
and plate threads, which in turn can change the effective coupling, we are still able to guide

stress waves robustly. This is a hallmark of topological mechanical systems.
6.5 Author contributions

This chapter is based on the following preprint: R. Chaunsali, C.-W. Chen, and J. Yang, “Ex-
perimental demonstration of topological waveguiding in elastic plates with local resonators,
arXiv:1806.00655” [160]. C.-W. Chen conceived the design and performed the numerical
simulations. R. Chaunsali and C.-W. Chen fabricated the sample. R. Chaunsali performed
experiments and interpreted results. R. Chaunsali and C.-W. Chen wrote the manuscript.

J. Yang supervised the project.
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Chapter 7
CONCLUSIONS AND OUTLOOK

Through a number of studies on 1D and 2D systems in this work, we showed how a new
notion of topology comes into the design process of mechanical metamaterials. Topological
characterization of dispersion in elastic systems allows us to treat structures in a different
light. Using a combination of analytical, numerical, and experimental techniques we arrive

at the following conclusions:

e We learned that structures having similar dispersion can still be qualitatively different
on topological grounds. This has interesting repercussions when such lattices are joined
together to create a boundary. We observed that such boundaries support localized
vibration modes in 1D (chapter 2) and localized traveling wave in 2D (chapter 4,

chapter 5, and chapter 6).

e Localization of vibration energy at the boundaries is robust against small perturbation
(chapter 2). This is interesting because engineering uncertainties, which can generally
alter vibration characteristics, would less likely influence topological modes, and hence,
this fact might lead to better designs for containing elastic energy. Also, countering
the traditional problems of backscattering at corners when a wave is bent, the topo-
logical waveguides in 2D (chapter 4, chapter 5, and chapter 6) do not show significant

backscattering around the bends.

e Topological waveguides in 2D (chapter 4, chapter 5, and chapter 6) have unique spin
characteristics such that counter-rotating spins propagate in opposite directions ro-
bustly. Therefore, this suggests new strategies to force the wave to flow in a specific

directional line if the corresponding spin is excited selectively.
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e We experimentally demonstrated how different elastic modes of a plate system can be
managed to create efficient topological waveguides (chapter 6). This relies on creating
a complete band gap, a combination of a Bragg type band gap and a locally resonant

band gap, for all the elastic modes.

e We show that geometric manipulation of structures could be used to tune topological
waveguiding capability. In particular, we have used bistable lattices to demonstrate
that waves can be guided in different paths in the same structure by tuning it in situ

(chapter 4).

e Apart from energy localization at boundaries of 1D and 2D structures, we have shown
that topology can also dictate nontrivial bulk transport in 1D time-dependent nonrecip-
rocal lattices (chapter 3). Here, the asymmetry in band dispersion could be explained

by the topological indices in 2D, i.e., the Chern number.

These findings thus convince us that topological framework in mechanical structures could
be further extended to exploring fundamental physics as well as designing novel application-
oriented systems. For example, here we list the avenues that could be of interest to the

research community:

e A natural extension of this research would be to explore 3D metamaterials with topo-
logical properties. One of the aims could be to design a structure that guides elastic
waves only on its outer surfaces. If it is conceptually feasible, it would be challenging
to fabricate and test these complex systems. However, using advanced additive manu-
facturing and high-precision measurement techniques, one can potentially demonstrate

nontrivial wave dynamics.

e Most of the topological manipulations have been on rectilinear objects, e.g., plates in

this study. As most of the thin wall structures in use are curved, it would be important
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to study how any physical curvature of a plate affects the propagation of topological

guided modes.

Generally, topological vibration modes are robust to small perturbations in the system.
However, an open question is to know how robust these are. Mechanical structures
could be excellent platforms for this investigation. Their geometrical features can be
systematically tailored to introduce perturbations (or disorder), which is not convenient

in condensed matter electronic systems.

Topological framework discussed here is limited to linear wave dynamics. A fundamen-
tal question is to know how this framework can be integrated with any nonlinearity in

a system.

It would be relevant to investigate if surface acoustic waves, such as Rayleigh waves,
could also be robustly manipulated using the topological framework. If yes, it might
open up new possibilities in practical scenarios ranging from manipulation of large-scale

seismic waves to small-scale SAW devices.

In chapter 4, chapter 5, and chapter 6, we showed that the presence of pseudospins
results in nontrivial waveguiding in structures. Generally, one does not expect such
pseudospins in conventional mechanical structures that do not allow any real spin
degree of freedom. Therefore, it would be interesting to explore the possibility of using

these beyond waveguiding applications discussed in this work.
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Appendix A
ONE-DIMENSIONAL TOPOLOGICAL METAMATERIAL

A.1 Hertz contact law

As defined in the main text, the contact force between two similar cylinders follows the Hertz
contact law such that F' = B(a)[§ + Au]*2. The stiffness coefficient 5(a) has the following
dependence on « [76,77]:

Bl :3(12—Yy2) \/E
1) i)

Here, Young’s modulus, Poisson’s ratio and radius of each cylinder are denoted by symbols

™

—-3/2
2Ke] /

(A1)

Y, pand R, respectively. The contact area between the cylinders is assumed to be elliptical
with eccentricity e = /1 — (b/a)?, where a and b are semi-major and semi-minor axes,
respectively. Correspondingly, K. and E. are the complete elliptical integrals of the first
and second kind, respectively. The ratio b/a can be approximated to [(1 + cosa)/(1 —
cos )] ~2/3 [76].

A.2 Effect of gravity

In this study, we neglect the effect of gravity. The rationale behind this approximation is as
follows. Given the total number of cylinders (27) and the weight of the quartz cylinders (10.0
g), the additional amount of the pre-compression experienced at the bottom of the chain is
about 2.7 N. This corresponds to 11% of the static pre-compression used in this study (Fj

= 25 N). When the Hertzian contact law is linearized under the static pre-compression, we
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see that contact stiffness K o FO1 /3. This means that the contact stiffness would have a
maximum deviation of approximately 3.6%. Now the band edge frequencies (f) are related
to the stiffness as f oc K''/2, so frequencies would have 1.8% deviation. The average frequency
near that band gap is about 12 kHz. Therefore, the self-weight will cause an error in the
order of 0.21 kHz. This will be even smaller in the middle of the chain where topologically
protected mode is centered. We see that an error of this order is indeed reflected in our
experimental results for the topologically protected mode frequencies, which are based on
measurements from all cylinder locations. While neglecting the effect of gravity is reasonable
in the settings investigated in this study, it is necessary to account for this feature when the

particle weight becomes comparable to the amount of the applied precompression.
A.3 Eigenvalue analysis

To get the modal frequencies of a finite chain, we solve the eigenvalue problem described in
the main text. Let o; denote the contact angle between ith and (i+1)th cylinders. Therefore,
for an N-particle granular system, with generalized contact angles (aq, a,... an_1), we have

the tridiagonal matrix A of the form:

K, + K(a) —K(a) 0
—K(vp) K(ag)+ K(az) 0
—K(&Nfl)
O 0 —K(OéN_l) K(OéN_1> + Kw

where K, and K, are the stiffness values at the front (actuator side) and the end of the

chain. Here, cylinder indices start from the bottom of the chain to the top.
A.4 Differences with the SSH model

An infinitely long dimer chain can be represented by a unit cell consisting of two cylinders
and having periodic boundary condition (Fig. A.1). This would be used to arrive at the

governing eigenvalue problem, and we would compare the matrices involved with the standard
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in-th unit cell
K(a) Kao) K(a),

Figure A.1: A representative unit cell for a periodic dimer chain

Su-Schrieffer-Heeger (SSH) formulation. Let K(cg) and K(«) be the two linear contact
stiffnesses inside the nth unit cell made of cylinders of mass m; and 4, represents the
dynamic displacement of the rth cylinder in the sth unit cell. Therefore, the equations of

motion can be written as

mﬁljn = K(oz)[ﬂgm,l — 'LALLn] — K(ao)[ﬂm — 'LAl,Qyn], (A2)

m’l.igm = K(Oéo)[alm — ﬁgm] — K(Oé)[?lgm — 'LALLn_H]. (A3)

Taking into account the periodicity, we now invoke the Bloch wave solutions of the fol-

lowing form:

Ui Urn—1

= eI (A.4)
a2,n a2,n—1

with xk being the wave-number defined in terms of the number of cylinders. The factor of 2

comes from the periodicity of dimer, which is of 2 cylinders. Considering the steady-state

solution of the type @ = [ty y, Ua,] = U e/t the equations of motion can be reduced to the

following eigenvalue problem:

~

B(k)U(k) = w*mU(k). (A.5)

A~

Here, w is the angular frequency, U(k) is the Bloch eigenmode, and the stiffness matrix reads

K(ag) + K(«) —K(ap) — K(a)e 7%r

B(r) = |
—K(ap) — K(a)e??s K(w) + K(a)
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Figure A.2: Representative eigenvalues of the matrix B,(x) in Eq. (A.6). (a) SSH system
with ¢ = 1, ¢ = 2, and g = 0. (b) Granular chain system with ¢ = 1, ¢ = 2, and u = 3; (¢)

Square-root of eigenvalues in (b).

This matrix is used for calculating the Bloch dispersion curve of the system, and therefore
governs the nature of the band gap in the system. In order to compare this matrix form
with the standard SSH Hamiltonian, we take the following generalized form

U —t — tle 9%
B, (x) = | . (A6)
—t —t'el?r 1

In the SSH model, the on-site potential x vanishes from the above matrix [66,161]. How-
ever, in the granular crystal system, u is nonzero and equals the sum of coupling coefficients
t and ¢’. This has an important implication on the nature of the resulting dispersion curves.
As opposed to the dispersion curves that are symmetric with respect to the zero-eigenvalue
in the SSH system [see Fig. A.2(a)], the cylindrical granular chain presented in this work
exhibits the dispersion curves that have an offset [Fig. A.2(b)]. Consequently, all eigenvalues
are positive, and the band gap is formed around a nonzero eigenvalue. By taking the square-
root of these eigenvalues, we obtain the eigenfrequencies of the system. The results are shown

in Fig. A.2(c), qualitatively describing the nature of dispersion curves in the current study.
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A.5 Zak phase calculation

Continuing from the eigenvalue problem in the current system [Eq. (A.5)], we find the nor-
malized eigenmodes U (k) at each k and then proceed towards calculating the Zak phase.
The Zak phase for a band is the amount of phase the corresponding eigenmode U (k) accu-
mulates over the entire first Brillouin zone, i.e., kK = [-7/2,7/2] in this case. It is given by
the following relation [40,67, 68|
/2

Z—i / U0 (A7)
where (1) denotes the conjugate transpose. We then use numerical integration and calculate
the Zak phases from the eigenmodes for acoustic and optical branches in the dispersion plot,
separately. Note that the Zak phase in the current system is gauge dependent. This means
that if we represent the same dimer chain by choosing a slightly different periodic unit cell
lexchanging K (ap) and K («) in Fig. A.1], the Zak phases will change. Therefore, there is no
absolute Zak phase for a dimer configuration. However, the difference in Zak phases of two
different dimer configurations studied is, in fact, gauge invariant [68], and hence, the change

of 7 explains the topological band transition at o = «y.
A.6 Experimental results on topological band transition

We include the detailed experimental results here for the first part of the study on n situ
topological transition. These have been taken for a dimer configuration with oy = 20°
and varying « from 5° to 40° in steps of 5°. By measuring the time history of velocity
at each cylinder location, we generate the spectrum plots by performing the Fast Fourier
Transformation (FFT). Figure A.3 shows the spectrum plots for all the configurations tested.
One can see the boundary mode inside the band gap for all the configurations with o < «g
(see the highlighted horizontal line around 12 kHz in the top three panels in Fig. A.3). When
a = ap (i.e., the monomer case), the upper (optical) and the lower (acoustic) bands merge

into a single band, and thus, the boundary mode vanishes (see the middle panel in Fig. A.3).
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Figure A.3: Spectrum plots for different dimer configurations represented by the label [ag/a].
The top three panels represent the cases that o < ay. The middle panel shows the case when
a = ag. The bottom three panels depict the cases that a > «ay. It is evident that a boundary

mode emerges inside the band gap for configurations with o < ay.
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If we further increase a to the level of @ > o (bottom three panels in Fig. A.3), the band

gap reopens. However, there exists no boundary modes in the band gap.
A.7 Frequency calculations of topologically protected modes

The frequency calculation of the topologically protected mode at the hard-hard interface

of the dimer configuration is straightforward. Observing the corresponding mode shape
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(absolute value) in Fig. A.4, it is clear that alternate mass particles do not move, and
therefore the rest of the mass particles oscillate around their equilibrium positions through
a spring of net stiffness K + Kj,. This corresponds to a frequency f;, = %\ / %

On the other hand, for the topologically protected mode of the soft-soft interface of dimer,
we observe in Fig. A.5 that it supports a special symmetry condition. In particular, it is

symmetric about the topological interface, and hence the dynamic displacements of particles

at any symmetric ¢th locations can be written as

Now, if the displacements of the center of mass of any two adjacent masses are calculated,
we see that two consecutive centers of mass (COM) move equally on both sides of the interface
(bottom panel of Fig. A.5). One can easily check that this movement of consecutive COMs
is in the opposite direction, i.e., an out-of-phase motion (not shown in the figure). Therefore,

we can enforce the following conditions on the displacements.
Ugm + 2Uzma1 + Usmyo = 0; m=..—1,0,1... (A.9)

We know that at steady state, the ratio of (dynamic) displacements of two similar particles
would be equal to the ratio of net dynamic forces (F') on them. Thus, for the particles at

locations 0 and 1, we have

w _ o
w R
_ Ky(u_y —ug) — Ky(up — uy) (A.10)
Ky(uo — ur) — Kp(uy — ug) ‘
Using Eq. (A.8) and Eq. (A.9), we can rewrite Eq. (A.10) as
Uo _ 2K3(U1 — Uo) (A 11)

u (K, — Kp)ug — (K, + 3Kp)uy

Solving this equation, we obtain:

up  — Ky + 3Ky, + /(K — 3K,)? + 8K, (K, — Kp)

(75} 2<Ks —Kh)
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For simplification, we let r = K}, /K. This leads to:

ug  1—=3rx+9r?—14r+9

up 2(r — 1)

—7. (A.12)

As the mode in consideration is a decaying mode from the topological interface, it would
satisfy |ug/u1| > 1. Hence, we exclude the irrelevant solution of v by dropping (+) sign, and

obtain the net force on particle 0 as

F() = QKS(Ul—U())

—mwiuy = 2K,(—y 1 — 1)ug

)
= f, = wszi —2Ks(1+7 ), (A.13)

o or m

3r—14v9r2—14r+9
2(r—1) :

where v =
A.8 Robustness of topologically protected modes

In this section, we discuss the robustness of the topologically protected mode against local
perturbations near the interface. To this end, we first take two cases of trivial defects in
the dimer chain, and plot their spectrum for different defect angles (cy). Figure A.6 shows
these two cases of (topologically) trivial defects and the corresponding eigen spectrum for a
sufficiently long dimer chain. We can see that the gap mode seen (in red) due to the defect
is highly dependent on «gy. It will coalesce with the bulk bands at a certain value of defect
angle. Therefore, the local perturbation in the chain can dictate the presence (or absence)
of a gap mode, thus rendering it not robust.

In Fig. A.7, however, we take the case of topological defect and check its robustness
against local perturbations near the interface. We can clearly see that even though we
change one of the interface angles, the resulting mode is always inside the band gap and does
not coalesce with the bulk bands. Hence, it is robust, and it can not be removed simply by

local perturbations near the interface.
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Figure A.6: Spectrum of the dimer chain with a (topologically) trivial defect and its pertur-
bation: (a) Defect introduced at the 20° site. (b) Defect introduced at the 10° site. In both
cases, the mode disappears within the band gap upon varying the defect angle ay. In other
words, we observe the absence of the boundary modes (red dots) when ay > 20° in the left

panel. In the right panel, there exists no boundary modes in the band gap when ay < 20°.
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always in the band gap.
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Appendix B

ONE-DIMENSIONAL TIME-DEPENDENT TOPOLOGICAL
METAMATERIAL

B.1 Scattering from large defects

In this section, we evaluate the effect of large defects on the nonreciprocal behavior of the
current system. As a preliminary analysis, we consider a mass defect which is assigned by
doubling the mass of one cylinder at the center of the chain. We keep rest of the parameters
the same. We send a Gaussian pulse at 16.78 kHz from both ends of the chain and see how the
propagating waves interact with the defect. We would expect that the defect would scatter
a fraction of energy in the form of reflected waves; and the rest would be simply transmitted
to the other side of the defect. In Fig. B.1a, we show the spectrum of propagating pulse
injected from left end of the chain. As discussed in the main text, we first observe a frequency
shift to a higher value as soon as the input excitation enters the system. The wave is then
partially reflected and transmitted due to the defect. However, what is interesting is that
reflected wave again is at the original input frequency, and that is because the system can
allow the wave to propagate in backward direction only at the input frequency (see the main
text). On the contrary, when the chain is excited from the right end, Fig. B.1b shows how
the wave first travels in the same frequency. But after the scattering, the reflected wave
attains a higher frequency. These interesting wave interband transfers in the presence of a

defect have been summarized in the insets attached to each plot.
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Figure B.1: Effect of large mass defect on nonreciprocity in the system: (a)-(b) Frequency
content in the traveling pulse as input is given from left (right) end of the chain. Input, propa-
gating, transmitted and scattered frequency components are highlighted using the schematics

below.
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Appendix C

TWO-DIMENSIONAL DISCRETE TOPOLOGICAL
METAMATERIAL

C.1 Generalized model of SP

Here we show how the conventional SP that has six DOF's of the top plate and a fixed bottom
plate can be reduced to a 3-DOF structure by maintaining symmetry in the connecting spring
constant attached between two plates. Based on Kane’s method [124], we formulate the full
dynamic model of 6-DOF SP. These DOF's are labeled as u, v, w, 1, 1, ¢. Here, u, v, and w
denote the displacements, and v, 9, and ¢ represent the rotations of the top plate along =,
y, and z directions, respectively (see Fig. C.1a). Therefore, the full stiffness matrix of SP is
B3, =JBAJ"

ke 0 0 kwy kO
0 kw 0 kyy kw O

0 0 kpw 0 0 kg (C.1)

0 0 hpw 0 0 gy

where, By = diag[ ky ky ki ko k; ko | represents the symmetrical arrangement of
. . : u - U . .
spring constants connecting two disks, and J = is the Jacobian ma-
piu; -+ PeUs

trix, in which, u; is the unit vector along the direction of ith spring connector, and p; is
the skew-symmetric matrix for the position vector p; of the ith spring joint on the top disk
(see Fig. C.1a). The entries marked in blue denote the displacement and rotation along the

zdirection, which are naturally coupled with each other but are independent with the rest
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four DOFs. As a result, we are able to extract Ky, Kwe, Kow, and kg from the stiffness
matrix and add one rotation DOF to the bottom disk to eventually fabricate the stiffness

matrice of our simplified 3-DOF SP as

koo —kop  —Kug
Bfezuced = | koo koo kuwe | (C.2)
ko kpw  Fuww
with
kuww = 3kihy /15 + 3kahi /13
kpp = 3k RY[1 + cos(20y — 57/3)]/13
+ 3k R*sin?(0y — 27/3) /13
kuwp = kpw = 2R?k1hosin(fy — 27 /3) /13
+ 2V3R%k1hg cos(6y — 27/3) /12
— 2R?kohg sin(fy — 27/3)/13.
Here, [; and [, represent the lengths of alternating springs with constants k; and ks as shown

in Fig. C.1a.
C.2 Bistable behavior analysis of SP

To analyze the bistable behavior of the SP unit cell, we can further reduce 3-DOF SP
structure to a 2-DOF structure. This is because only the relative height and angle between
the two plates determine the stable configurations. So, for simplicity, we can restrict the
rotation of the bottom disk and only analyze the rotation and translation of the top disk
for this study. As shown in Fig. C.1a, let the initial height and rotation angle be hy and 6,
respectively (representing the Y-state). We examine the folding behavior of the SP structure
by using the principle of minimum total potential energy. First, we consider the length of

the spring elements [; and [, as shown in Fig. C.1a . Based on the geometry of the SP, we
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Figure C.1: Bistable behavior of the Stewart Platform (SP). (a) 3D (left) and top (right)
views of the SP unit cell are shown. (b) The surface map of the elastic energy as a function
of both w and ¢ shows the two local minimum states, i.e., Y- and P- states as denoted by
arrows. The energy is normalized by kjhZ and the displacement is normalized by hg. (c)
The normalized energy as a function of w is plotted along the minimum potential energy
trajectory which corresponds to the highlighted region in (b). The inset illustrations show

the schematic configuration of the SP at each local minimum state.



129

can derive [; and [, as follows:

2 .. 9 (b 90 1l
= — + 4R? -+t =
1 \/(ho w) R?sin <2 5 6)’

2 . 9 (b 00 1l
= — 4R? —+—+—=).
ly \/(ho w)” + 4R?%sin <2—|— 5 +6)

From Eq. (C.3), we can calculate the deformation in the spring elements and thus the total

(C.3)

elastic energy as
3

2

3

U= hm—L&+§@@—Lﬁ, (C.4)

where, L; and Ly are the initial lengths of the two springs.

Also, the work done on this system is
W = Fw+ T, (C.5)

where, F' and T are the external force and torque, respectively.
Then, the total potential energy (IT = U — W) would simply reduce to the total elastic

energy U under no external force/torque in our system, such that

3 3
H(w,¢) =U = §k1(ll — L)’ + §k2(lz — Ly)*. (C.6)
Therefore, applying the principle of minimum total potential energy (i.e., dII = 0) to
Eq. (C.6), we have
0II/ow =0 and 0OII/0¢p =0, (C.7)

which are used to obtain a trajectory to analyze the folding behavior of the SP unit cell.
We plot the total potential energy of SP unit cell during folding/unfolding motion by
using Eq. (C.6) in Fig. C.1b. In the parameter space of w and ¢, the highlighted region
indicates low energy levels. The darkest spots indicate two local minima in the system, and
hence, prove the existence of two stable equilibrium states: Y-state and P-state. By further
focusing on this highlighted trajectory we deduce a double-well potential curve (Fig. C.1c)

showing the energy level as a function of the normalized displacement. Note that this bistable
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behavior can be tuned by the geometrical parameters such as the initial height (hy) and angle

(6y), as well as the materials properties such as spring constants k; and ks.

Therefore, for the initial stable configuration, i.e., Y-state (hg = 0.04 m, 6y = 70°), we can

obtain the parameters for another stable P-state (hg = 0.0215 m, 6y = 110°). In addition,

the stiffness matrices for these states would be

69.13
—69.13
—2.167 x 103

Y —state __
reduced ~

3.846
—3.846
—268.8

P—state __
reduced

Judging from the magnitude of the entries,

P-state.

—69.13 —2.167 x 103
69.13  2.167 x 10° |,
2.167 x 10> 6.813 x 104
—3.846 —268.8
3.846 268.8

268.8 1.969 x 10*

it is clear that the Y-state is stiffer than the

C.3 Eigenvalue problem for hexagonal unit cell

The unit cell of hexagonal lattice has two SP units, each with three DOFs. Hence, for a

wave vector k, 6 x 6 stiffness and mass matrices in Eq. 3 of the main text are given by

Bhee Ky —hly kGl kel e o) 00

~kyg Koy K 0 0 0

B-— S I v 0 0 0
Feo(1 4 e g ekazy 0 0 Bhoo + k2 —kZ) —k2) |

I 0 0 0 —kS kg kG
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and ) )
I 00 0 00
0 I 00 00
0 0m 0 0 O
M =
000 I 00
000 0 I 0
0000 0 m

To illustrate the analogy with systems exhibiting QVHE, we express the effective Hamil-
tonian of the system as [42,57,120]
H(k) = M~ /?BM /2

(C.8)
= 300®To+00®71 +(CO’1 —802) ®’7’0—50’3®T1,

where 0, 01, 02, and o3 are the Pauli matrices; 7o = 7_1/27TeT_1/2, T1 = T_1/2ThT—1/2, T—1/2 =
7'77;1/ * are the parameter matrices, in which 7. = diag(k.,0,0), 7_1/2 = average of stiffness
matrices of Y and P states, 7,, = diag(I,I,m), ¢ = 1+ cos(k-a;) + cos(k - az), and s =
sin(k - a;) + sin(k - az).

The first two terms in the Hamiltonian are the constant matrices that just translate the
band dispersion curves without changing their topology. The third term, which is similar to
the effective mass Hamiltonian of graphene, leads to the formation of a Dirac cone [33,57].
The last term emerges due to the breakage of the inversion symmetry (thus keeping Cj

symmetry), and it will vanish when the two SPs inside a unit cell are at the same stable

configuration (i.e., Cg symmetry).
C.4 Angle-dependent waveguides

We have already shown in the main text that various complex shaped topological waveguides
can be built in the system and a robust wave propagation can be observed. In this note,
we highlight a subtle difference in transmission if one uses bends of different angles. In

Fig. C.2, we show topological waveguides at two angles: 120° and 60°, and their traditional
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Figure C.2: Topological and traditional waveguides with two different bend angles. (a)
and (b) are topological waveguides with 120° and 60° bends, respectively. Note that in the
former case, Y-Y connection makes the entire waveguide channel. However, in the later, Y-Y

connection is followed by a P-P connection. (c¢) and (d) Their traditional counterparts.
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counterparts. Note that both waveguides in Fig. C.2a-b are topological. However, due to the
difference in the bend angles, the interface connections are not identical along the waveguides.
In the former, the interface all along the length of the waveguide is made of Y-Y connections.
But, in the later, it is a mix of Y-Y and P-P connections. These distinct connections can
be understood as the direct extension of soft-soft and hard-hard type topological interfaces
in 1D systems [88]. We evaluate the transmission characteristics of these and compare them
with their traditional counterparts shown in Fig. C.2¢c-d.

Shown in Fig. C.3 are the transmission profiles for a sinusoidal frequency sweep signal
given at the input of the waveguides. One sees that the topological waveguides are clearly
superior to traditional waveguides. However, there is not any discernible difference between
the transmission of two distinct topological waveguides. This makes sense as this transmis-
sion profile is mainly dictated by the presence of local modes inside the band gap, and both
the topological waveguides guarantee the presence of local modes all along the band gap.

In Fig. C.4, we compare these two topological waveguides in transient conditions by
sending a 50 ms Gaussian wave packet at 760 Hz. We notice that the waveguide with
120° bend is absolutely back scattering free, however, 60° waveguide leads to a minute back
scattering. This is the subtle difference in term of transmission properties of the topological
waveguide at different angles, which arises due to the uneven interface along the length of

the waveguide as mentioned above.
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Figure C.3: Transmission of angle dependent waveguides. (a) Comparing transmissions of

topological and traditional waveguides for 120° bend. (b) The same for 60° bend.
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Figure C.4: Transient simulations for the topological waveguides. (a) 120° waveguide. (b)

Colors denote the

60° waveguide, for which, a slight scattering is highlighted at 90 ms.

rotation of the bottom disks.
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Appendix D

TWO-DIMENSIONAL PLATE TOPOLOGICAL
METAMATERIAL: NUMERICAL SIMULATIONS

D.1 Comparison between the lumped mass model (PWE) and the full-scale
model (FEM)

We corroborate the results obtained earlier based on the lumped mass model now by using
the FEM, in which we account for all geometrical features described in Fig. 5.1b. As shown
in Fig. D.1, we see excellent agreement between the PWE method (red curves) and the
FEM (green circles). It should also be noted that the p- and d-type degenerate mode shapes
obtained through the lumped mass model comply with those obtained by the full-scale model
(compare the inset images between Figs. 5.3 and D.1). In the dispersion relation obtained by
the FEM, however, we observe that previously neglected shear-horizontal (SHy) and shear
(So) plate modes do appear for a thin plate. In our analysis, it is reasonable to ignore
such modes and focus solely on anti-symmetric (Ay) flexural modes for the transverse source
excitation at low frequencies, as was already demonstrated by full-scale simulations in Section
VI and Section VII. We also see nearly flat dispersion curves due to the other modes of local
resonators, which were not accounted for in the lumped mass model. Nevertheless, these
modes have minimal coupling with the out-of-plane vibration of the plate, and these are
away from the double Dirac cone. Therefore, the band-inversion process is not affected by

them and it is reasonable to neglect them in the PWE method.
D.2 Graded interface between two topologically distinct lattices

Here we verify the scheme of reducing the gap observed at the I" point in Fig. 5.4b. The gap

emerges due to the breakage of the Cs symmetry at the interface. Therefore, we minimize the
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Figure D.1: Comparison of unit cell dispersion curves obtained from the lumped mass model
(solid curves) and the full-scale FEM (dotted curves) for the cases: (a) R = 0.8a/3, (b)
R = a/3, and (¢) R = 1.1a/3. Excellent agreement is observed, and the band-inversion
mechanism (insets with modes shapes obtained via the full-scale FEM) is confirmed for
flexural modes (Ag). Additional modes emerging in the full-scale numerical simulation are

SHy and Sy guided plate modes, and other modes of local resonators.
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Figure D.2: The effect of a graded interface on the pseudospin modes at the interface. (a) A
supercell with a smooth interface (radii R; > Ry > R3 > R,) between topologically trivial
and nontrivial lattices. (b) Eigenfrequencies of the modified supercell. The gap reduction

at the I' point can be observed, indicating a greater degree of topological protection. (c)

Pseudospin modes corresponding to S; and S, points in the dispersion curve.

effect of symmetry breakage by modifying the interface. Figure D.2a shows a supercell, in
which a topologically nontrivial lattice (R = 1.1a/3) smoothly transitions to a topologically
trivial lattice (R = 0.8a/3) via four lattices with a gradient in their radii, i.e., Ry = 1.05a/3,
Ry =1.02a/3, Ry = 0.95a/3, and Ry = 0.9a/3. The gap reduction is confirmed in Fig. D.2b.
It is about 3 times smaller than the one observed in Fig. 5.4b. The spin nature of these

interface modes is also intact, as shown in Fig. D.2c.
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D.3 The presence of defects along the waveguide

We further examine the robustness of spin-dependent one-way flexural waves against certain
defects present at the topological interface, as shown in Fig. D.3. The first defect, i.e., Defect
1, is introduced by removing four local resonators from one of the topologically trivial unit
cells along the interface (see Fig. D.3a). We then excite a point on the left most end of
the waveguide (shown by a star marker) with low-reflecting boundary conditions, and we
perform harmonic analysis for the same frequency as that in Fig. 5.5. We observe that the
presence of this defect does not have any noticeable effect in terms of scattering the spin
mode. The mode continues to propagate from the left to the right with a counterclockwise
spin (the same as in Fig. 5.5b) and maintains a similar modal amplitude before and after
the defect location. Therefore, this defect would qualify as a non spin-mixing defect [150].
We take another defect, i.e., Defect 2, in which we remove all six local resonators from
the same unit cell (see Fig. D.3b). Thus this defect is ‘stronger’ than Defect 1. Under the
same excitation and boundary conditions as those in the previous case, we observe that this
defect affects the spin mode more drastically. In Fig. D.3b, we see that the modal amplitude
is almost negligible on the right side of the defect because of strong back-scattering. The
defect causes the spin modes to mix. Consequently, the rightward-propagating counterclock-
wise spin mode is converted to a leftward-propagating clockwise spin mode. Therefore, this

represents a case of a spin-mixing defect [150].
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Figure D.3: The effect of defects on the spin-dependent one-way propagation of flexural
waves. (a) Defect 1 is created by removing four resonators in one of the unit cells along the
interface. The star indicates the point of excitation. No obvious backscattering is observed.
(b) Defect 2 is created by removing all siz resonators in the same unit cell. We observe

backscattering of the spin mode from this defect.
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Figure E.1: Bolt geometry used for numerical simulations.

Appendix E

TWO-DIMENSIONAL PLATE TOPOLOGICAL
METAMATERIAL: EXPERIMENTS

E.1 Geometrical details of the bolts

We model the bolts by assuming a uniform diameter along their shank and threaded areas
as shown in Fig. E.1. We take the height h of the bolt above the plate as 8.5 mm (measured
nominal value), which is dictated by the length of the thread and the applied torque to the

bolt during the assembly process.
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Figure E.2: Scaling of dispersion curves. (a) The “full contact” model, in which the plate
and the bolt are rigidly connected throughout the entire contact area (whole thickness of
the plate). (b)-(c) Dispersion curves for this model in configurations with R = 0.8a/3 and
R =1.1a/3, respectively. (d) The “reduced contact” model, in which the plate and the bolt
are connected only through a limited area (a fraction of thickness of the plate). (e)-(f) The

corresponding dispersion curves.
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E.2 Modeling of the bolt-plate contact

We first model the bolt-plate contact using the simplest approach, i.e., assuming a rigid
connection at the entire contact area between them (see Fig. E.2A). The resulting dispersion
is plotted in Figs. E.2B,C for the cases with R = 0.8a/3 and R = 1.1a/3, respectively.
The colormap indicates polarization of plate modes as discussed in the main text. Though
we find the existence of topological band gap, the dispersion bands are generally up-shifted
in comparison to the experimental observations (see steady-state transmission in Movie 2).
This makes sense because by assuming this perfectly rigid connection, we overestimate the
resulting out-of-plane stiffness that comes from the threaded contact between the bolt and
the plate. Therefore it leads us to scale down the contact area as shown in Fig. E.2D. We
introduce a tiny cut in the plate t.,; = 0.15 mm, from the top and the bottom as shown,
to separate some area of plate from the bolt, and therefore maintain an effective thickness
teg = 0.5t at the contact. In this way, the resulting dispersion bands (see Figs. E.2D-F)
explain the experimentally observed wave transmission to a reasonable degree. Note that a
better match can be achieved if we model the thread connection between the bolt and plate
with a greater detail. Nonetheless, our simple model with a reduced contact area captures
the effective contact stiffness reasonably well, thus elucidating the nature of band gaps and

topological localization in our bolted plate system.
E.3 Tuning dispersion by bolt height

In this section, we show numerically some exemplary cases to tune the plate dispersion by
changing the height h of the bolts. In Fig. E.3, we show the dispersion curves for the case
with R = a/3 for a number of bolt heights. We observe that the bolt height primarily
influences the bending resonance of the bolts, and therefore affects the onset of the locally
resonant band gap for in-plane plate modes (in red). However, by closely looking in the
vicinity of the double Dirac cone for out-of-plane plate modes (in blue), we notice a slight

change in these modes as well. Our current setup with the bolt height as 8.5 mm (Fig. E.3C)
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Figure E.3: Tuning dispersion by bolt height. (a)-(d) The configurations (R = a/3) with
bolt height h = 27.5, 19.5, 8.5, and 5 mm, respectively.
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is particularly unique as it shows the locally resonant band gap for in-plane modes and
the double Dirac cones for out-of-plane plate modes in the similar frequency range. This
facilitates the emergence of a complete band gap for all the plate modes as shown in the
main text. Moreover, the emergence of two separate double Dirac cones in the vicinity of
bolt bending resonances is also remarkable. Therefore, we see that such a dependence of

dispersion modes on the bolt height can be further utilized to tune the system.
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