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Abstract

Development of Parallel Indirect Methods for Solving Constrained Optimal Control
Problems

Chaoyi Yang

Chair of the Supervisory Committee:
Brian C. Fabien

Optimal control is a subject where it is desired to determine the inputs to a dynamical

system which optimize a specified performance index while satisfying any constraints on the

motion of the system at the same time. Because of the complexity of most applications,

optimal control problems (OCPs) are most often solved numerically.

The indirect method for solving OCPs is based on solving the firs-order necessary condi-

tions for the optimum and these necessary conditions are written as a two-point boundary

value problem. This dissertation presents indirect methods for solving OCPs including con-

trol variable inequality constraints (CVICs), state variable inequality constraints (SVICs),

and parameters. The necessary conditions of the optimum for the OCPs are written as a

boundary value problem with differential algebraic equations which are proved to be index-1

(BVP-DAEs). The complementarity conditions in the BVP associated with those inequality

constraints are approximated using Kanzow’s smoothed Fisher-Burmeister formula.

Two numerical methods for solving the BVP-DAEs are developed. The multiple shooting

technique is one of the techniques applied. Except solving the DAE using a single step

linearly implicit Runge-Kutta method, a novel implementation based on MATLAB built-in

DAE solver ode15s is provided. The other method used is a collocation method where the

DAEs are approximated using Lagrange polynomials within each mesh and required to be

satisfied at Lobatto points within each interval. Newton’s method is performed to solve

the BVP-DAEs systems for both methods and the descent direction is found by solving a



sparse bordered almost block diagonal (BABD) linear system with a structured orthogonal

factorization algorithm. For the MATLAB implementation, the efficiency of the embedded

parallel computing toolbox is explored.

Moreover, using the graphics processing unit (GPU) to accelerate the numerical algo-

rithm solving process is very promising by using faster hardware. Combining those, this

dissertation also presents the GPU based parallel implementation for both numerical meth-

ods, which is implemented using Python and CUDA. Numerical examples are presented to

illustrate the efficiency of the implementation. The GPU based parallel implementations

are shown to be significantly faster than the implementation using Central Processing Unit

(CPU) alone or implemented using MATLAB for both methods.

Extending the collocation method presented, a study so called the collocation method

with ph adaptive mesh refinement is introduced to further improve the efficient and the

robustness of the collocation method presented. First, a novel method to estimate the

error of the solution from collocation method is presented which serves as a basis of the

ph adaptive mesh refinement method. In the original collocation method, the problem is

solved based on a global unified number of collocation points used within each mesh interval

without the dynamic mesh of the problem. In the ph adaptive method, not only the mesh

varies during the solving process but also the collocation points used within each mesh

interval keep changing until a desired numerical tolerance is met. The method is called

“ph” because the mesh size of each interval (denoted by h) and the number of collocation

points which is also the polynomial degrees (denoted by p) within each mesh interval are

updated simultaneously.
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Chapter 1

INTRODUCTION

Optimal control problem (OCP) is the problem that deals with finding a control law for

a dynamical system with certain set of boundary conditions over a time period so that an

objective functional is optimized. Numerical methods for solving optimal control problems

can be classified into direct methods and indirect methods Betts [1998]. A schematic with

the breakdown of the components used by each class of optimal control methods is shown

in figure 1.1 Rao [2009].

Differential Equations 
and 

Integration of Functions
Nonlinear OptimizationNonlinear Equation

Systems

Indirect Methods

Direct Methods

Figure 1.1: Major components of numerical methods for solving optimal control problems.

In a direct method, the states and/or controls are approximated using some appropriate

function approximation and the cost functional is approximated at the same time. Then, the

parameters of the function approximations are treated as unknown optimization variables

and the OCP is transformed to a nonlinear programming (NLP) problem. Fabien [1998,

2008] develops a direct method where the control inputs are approximated using piecewise

functions while the differential equations involved are approximated by a linearly implicit

Runge-Kutta method. The original optimal control problem is then transformed into a NLP

problem. Gaussian quadrature collocation method Elnagar et al. [1995], ELNAGAR and

RAZZAGHI [1997], Benson [2005], Rao et al. [2010] is another popular branch for directly

solving OCPs. In a Gaussian quadrature collocation method, the problem is discretized
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with points associated with the Gaussian quadrature and the states are approximated using

Lagrange polynomial. The OCP is then transcribed to a finite-dimensional NLP problem.

In an indirect method, the calculus of variations or the minimum principle is employed

to obtain the first-order optimality conditions Hartl et al. [1995], Agrawal and Fabien [2013],

Fabien [1995]. These conditions can be transformed into a two-point boundary-value prob-

lem (BVP) which normally involves differential algebraic equations (DAEs). Numerical

methods for solving BVP-DAEs include collcation methods such as Ascher et al. [1981],

Ascher and Spiteri [1994], Kierzenka and Shampine [2001], Fabien [2016a] and multiple

shooting methods like Bock and Plitt [1984], Fabien [2014a,b]. Jacobson et al. [1971] uses

the exterior penalty functions to transform the problems with state variable inequality con-

straints (SVICs) and Fabien [2014b] uses a slacked unconstrained penalty function method

to approximate the SVICs. The collocation methods solve the problem by approximating

the differential equations using Lagrange polynomial on collocation points. The multiple

shooting method developed by Fabien [2014a] introduces non-negative slack variables to

rewrite the inequality constraints where the DAEs involved are solved using a a single step

linearly implicit Runge-Kutta method. The overall time interval is divided into multiple

intervals where a residual equation is formed thereby and solved via a damped interior

point Newton’s method. A very robust parallel method to solve the sparse boarded al-

most block diagonal (BABD) system from the Newton’s method is presented in that paper.

Gerdts [2008], Fabien [2016b] also present indirect methods which are able to deal with

inequality constraints, where the complementarity conditions associated with the inequality

constraints are replaced with with Kanzow’s smoothed Fishcher-Burmeister formula (see

Kanzow [1996]). Moreover in Fabien [2016b], a noninterior damped Newton’s method is

presented.

The dissertation shows that the necessary conditions for the optimum of OCPs which

contain CVICs, SVICs, and parameters can be written as a BVP-DAEs. These necessary

conditions are obtained using the slacked unconstrained penalty function method to relax

the inequality constraints. It is proved that the optimal cost functional of the transformed

OCP using the slacked unconstrained penalty function method is the same as that of the

original OCP. The complementarity conditions are approximated with the smoothed Kan-
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zow’s smoothed Fishcher-Burmeister formula. The resultant DAEs are proved to be index-1

Two different numerical algorithms are presented for solving the BVP-DAEs, which

are based on multiple shooting method and collocation method. For the multiple shoot-

ing method, except using the single step linearly implicit Runge-Kutta method in Fabien

[2014a], the possibility of using a MATLAB MATLAB [2017] built-in integrator ode15s is

also explored. The computing capability of MATLAB are taken full advantage of. The

embedded parallel computing toolbox is used to try to increase the efficiency of the algo-

rithm. A collocation algorithm is also implemented using MATLAB to better compare the

efficiency of the two algorithms in the same MATLAB environment.

In the last decade, the GPU based parallel computing is gaining more and more traction

on a global level in various areas. Using the graphics processing unit (GPU) to accelerate

the algorithm computation process is very promising by using faster hardware. In this dis-

sertation, the GPU based implementations for the algorithms are also presented, which are

shown to work very well on various OCPs. After showing the algorithms and their imple-

mentations, numerical evaluations of concrete examples are presented to demonstrate the

feasibility and adaptation of the software. Various performance files (Dolan and Moré [2002],

Gould and Scott [2016]) are provided to benchmark and quantify the relative performance

of the solvers on the example set of OCPs from open literatures.

Chapter 2 presents the problem statement and the essential assumptions. Then, the

original OCP with constraints is modified using the slacked unconstrained penalty function

method. The resulting first-order necessary conditions are written in the form of a two-

point BVP-DAEs where the DAEs are shown to be index-1. The chapter also shows how

the complementarity conditions in the differential algebraic equations are approximated

using Kanzow’s smoothed Fischer-Burmeister formula.

Chapter 3 shows a multiple shooting method to solve the BVP-DAEs. This multiple

shooting method leads to a system of residual equation that determines the unknowns on a

fixed mesh in the time interval of interest. The residual equation is solved using a damped

Newton’s continuation method. The DAE integration based on both the single step linearly

implicit Runge-Kutta (Rosenbrock-Wanner, ROW) method (Hairer and Wanner [1996])

and ode15s using MATLAB are presented. The computation of the search direction for
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solving the residual equation requires the solution of a BABD linear system (see Amodio

et al. [2000], and Fabien [2014a]). A very robust QR factorization method for solving the

BABD system is presented in both sequential and parallel implementations. The numerical

evaluation on several nontrivial examples are also provided.

Chapter 4 presents the collocation method used to solve the BVP-DAEs and some an-

alytical aspects of the continuation Newton’s method used to solve the residual equation

from the collocation formulation. The chapter also gives the collocation algorithm evalua-

tion details. The MATLAB implementation for the algorithm and the comparison with the

multiple shooting algorithm using MATLAB are discussed.

Chapter 5 presents new strategies for using the graphics processing unit (GPU) to adapt

both algorithm structures and accelerate their computational speed. The chapter explains

adequate background to understand the CUDA (Storti and Yurtoglu [2015], Nickolls et al.

[2008], Luebke [2008]) programming model and the corresponding GPU based implemen-

tations. Concrete examples of the Python (Van Rossum and Drake Jr [1995]) and CUDA

implementations are given to show the power of the GPU parallel computing.

Chapter 6 discusses the current the further enhancement of the collocation method

introduced in Chapter 4 with an ph adaptive mesh refinement. The chapter first derives

a method to estimate the relative error between the numerical collocation solution and

the exact solution with mathematical derivations. The relative error estimate is then used

to guide the mesh refinement process. In the original collocation method, the problem is

solved with a global unified number of collocation points within each mesh interval without

the dynamic mesh refinement of the problem. Whereas in the ph adaptive method, not

only the mesh varies during the solving process but also the collocation points used within

each mesh interval keep changing until a desired numerical tolerance is met. The method

is called ’ph’ because the mesh size of each interval (denoted by h) and the number of

collocation points which is also the polynomial degrees (denoted by p) om each mesh interval

are updated simultaneously. The mesh size is increased when the estimated error within

a mesh interval is beyond the numerical tolerance by either increasing the order of the

approximating polynomial or dividing the interval into multiple subintervals. In the mesh

interval where the error tolerance has been met, the mesh size is reduced by either decreasing
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the degree of the approximating polynomial or merging adjacent mesh intervals. The chapter

presents three examples which show that the approach is more computationally efficient and

robust when compared with fixed-order methods The dissertation summarizes in Chapter

8 with all the work accomplished.

Below is a list of the publications conducted during this Ph.D. thesis period.
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Chapter 2

OPTIMAL CONTROL PROBLEM

2.1 Optimal Control Problem

All the algorithms developed in this dissertation uses the OCP in the following format.

Find the state vector x(t) ∈ W1,∞([ti, tf ],Rnx), where W1,∞([ti, tf ],Rn) denotes the Ba-

nach space of all absolutely continuous functions v : [ti, tf ] → Rn with norm ‖v‖1,∞ =

max(‖v‖∞ , ‖v̇‖∞) < ∞, the control vector u(t) ∈ L∞([ti, tf ],Rnu), where L∞([ti, tf ],Rn)

denotes the Banach space of all measurable functions v : [ti, tf ] → Rn with norm ‖v‖∞ =

ess supti≤t≤tf ‖v(t)‖ < ∞, and the parameter vector w ∈ Rnw that minimizes the cost

functional

J(x, u, w) = φ(x(tf), w) +

∫ tf

ti

L(x(t), u(t), w)dt (2.1)

subject to the constraints

ẋ(t) = f(x(t), u(t), w), t ∈ [ti, tf ], (2.2)

0 = Γ(x(ti), w), (2.3)

0 ≥ di(x(t), u(t), w), i = 1, 2, . . . , nd, t ∈ [ti, tf ], (2.4)

0 ≥ sj(x(t)), j = 1, 2, . . . , ns, t ∈ [ti, tf ], (2.5)

0 = Ψ(x(tf), w). (2.6)

The cost functional J(x, u, w) is made up of a scalar terminal penalty term φ(x(tf), w),

and a scalar integral term with integrand L(x(t), u(t), w). The optimal solution must satisfy

the differential equations (2.2) where f(x(t), u(t), w) ∈ Rnx , the initial time constraints (2.3)

where Γ(x(ti), w) ∈ RnΓ , the mixed control state parameter inequality constraints (2.4),

the state variable inequality constraints (2.5), and the final time constraints (2.6) where

Ψ(x(tf), w) ∈ RnΨ .

It should be noted that the dynamic system equations considered (2.2) are autonomous

and non-autonomous system can be written as autonomous system by adding a new state
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variable to represent the independent time variable. Also, note that problems with un-

known initial conditions and minimum time problems with unknown final time tf can be

transformed into the form (2.1)-(2.6) by adding parameters to represent the unknown initial

conditions and the unknown final time (see Miele [1980]).

The numerical solutions developed in this paper rely on the following assumptions.

Assumption 1. (Existence of a solution.) There exist a state vector x(t), a control vector

u(t), and a parameter vector w that solve the problem defined by (2.1)-(2.6).

Assumption 2. (Smoothness of functions.) The functions φ, L, f , Γ, di, i = 1, 2, . . . , nd,

sj , j = 1, 2, . . . , ns and Ψ are at least twice differentiable with respect to their arguments.

The i-th control state parameter inequality constraint is said to be active if di(x, u, w) =

0, while the constraint is said to be inactive if di(x, u, w) < 0. Let the index set of the active

inequality constraints be denoted as A(x, u, w) = {i | di(x, u, w) = 0}, with the cardinality

of A(x, u, w) equal to n̄d. Here, DudA(x, u, w) is the nu by n̄d matrix whose columns are

∂di(x, u, w)/∂u, i ∈ A(x, u, w).

Assumption 3. (Constraint qualification.) The optimal control of the problem is such

that the gradients of the active control state parameter inequality constraints are linearly

independent, i.e.,

rank
[
DudA(x, u, w)

]
= n̄d

2.2 Transformation of the OCP

In order to obtain an approximate solution to OCP (2.1)-(2.6), the following relaxed OCP

is considered first. Find x(t) ∈ Rnx , u(t) ∈ Rnu , ν(t) ∈ Rnd , σ(t) ∈ Rns , and w ∈ Rnw that
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minimize the cost functional

Ĵ(x, u, w, ν, σ;α) = φ(x(tf), w) +

∫ tf

ti

L(x(t), u(t), w)

+
1

2α

nd∑
i=1

(di(x(t), u(t), w) + νi(t))
2

+
1

2α

ns∑
j=1

(sj(x(t)) + σj(t))
2

+
α

2
u(t)Tu(t) dt (2.7)

subject to the constraints

ẋ(t) = f(x(t), u(t), w), t ∈ [ti, tf ], (2.8)

0 = Γ(x(ti), w), (2.9)

0 ≤ νi(t), i = 1, 2, . . . , nd, t ∈ [ti, tf ], (2.10)

0 ≤ σj(t), j = 1, 2, . . . , ns, t ∈ [ti, tf ], (2.11)

0 = Ψ(x(tf), w). (2.12)

In this problem formulation, α > 0 is a penalty parameter. Here, the CVICs and

SVICs are treated as penalty terms using the non-negative slack variables ν(t) and σ(t),

respectively. These slack variables are considered to be control inputs in this formulation.

Also, the term α
2u(t)Tu(t) is added to ensure that the second-order condition (Assumption

4) is satisfied when α > 0 is sufficiently large, which is important in proving Theorem 2.

Note that this formulation is used to extend the results given in Fabien [2014b].

The usefulness of this slack unconstrained transformation is demonstrated in the follow-

ing theorem.

Theorem 1. Let
{
α(k)

}
be an infinite sequence of positive numbers such that α(k) >

α(k+1) > 0 and limk→∞ α
(k) = 0. Let (x(k), u(k), w(k), ν(k), σ(k)) represents the optimal so-

lution for the transformed optimal control problem (2.7)-(2.12) with the penalty parameter

α = α(k). Then, limk→∞ Ĵ(x(k), u(k), w(k), ν(k), σ(k);α(k)) = J(x∗, u∗, w∗), where the triple

(x∗, u∗, w∗) is the optimal solution for the original optimal control problem (2.1)-(2.6), and

J(x, u, w) = φ(x(tf), w) +
∫ tf
ti
L(x(t), u(t), w) dt.
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Proof. To prove this theorem, we need to restate the original and the transformed op-

timal control problems as follows. First, we define the scalar cost functional J(x, u, w) =

Φ(x(tf), w)+
∫ tf
ti
L(x(t), u(t), w) dt. Define the feasible set of the original problem Ω(x, u, w) =

{x(t), u(t), w | ẋ(t) − f(x, u, w) = 0, Γ(x(ti), w) = 0, Ψ(x(tf), w) = 0, di(x, u, w) ≤ 0, i =

1, 2, . . . , nd, sj(x) ≤ 0, j = 1, 2, . . . , ns}, which is assumed to be compact and non-empty.

Then, the original problem becomes minx,u,w∈Ω J(x, u, w) and denote the optimal solution

to this problem as (x∗(t), u∗(t), w∗). Moreover, we assume J(x∗, u∗, w∗) > −∞. Define

ν∗i (t) = max(−di(x∗(t), u∗(t), w∗), 0), i = 1, 2, . . . , nd and σ∗j (t) = max(−sj(x∗(t)), 0), j =

1, 2, · · · , ns. Using these definitions, it is easy to show that D∗ = 1
2

∫ tf
ti

Σnd
i=1

(di(x
∗(t), u∗(t), w∗) + ν∗i (t))2dt = 0 and S∗ = 1

2

∫ tf
ti

Σns
j=1(si(x

∗(t)) + σ∗j (t))
2dt = 0. Since

u∗(t) is bounded, U∗ = 1
2

∫ tf
ti
u∗(t)Tu∗(t) dt < ∞. So now we can define the scalar cost

functional of the transformed optimal control problem as

K(x, u, w, ν, σ;α) = Φ(x(tf), w) +

∫ tf

ti

L(x(t), u(t), w)

+
1

2α

nd∑
i=1

(di(x(t), u(t), w) + νi(t))
2

+
1

2α

ns∑
j=1

(sj(x(t)) + σj(t))
2

+
α

2
u(t)Tu(t) dt

The feasible set of the problem is Λ(x, u, w, ν, σ) = {x, u, w, ν, σ | ẋ(t)− f(x, u, w)

= 0, Γ(x(ti), w) = 0, Ψ(x(tf), w) = 0, νi(t) ≥ 0, i = 1, 2, . . . , nd, σj(t) ≥ 0, j =

1, 2, . . . , ns}, which is also assumed to be compact and non-empty. Then, the transformed

optimal control problem becomes

min
x,u,w,ν,σ∈Λ

K(x, u, w, ν, σ;α).

For every α(k), denote (x(k)(t), u(k)(t), w(k), ν(k)(t), σ(k)(t)) as the bounded optimal solution

to the problem

min
x,u,w,ν,σ∈Λ

K(x, u, w, ν, σ;α(k)).

Define D(k) = 1
2

∫ tf
ti

Σnd
i=1(di(x

(k)(t), u(k)(t), w(k)) + ν
(k)
i (t))2 dt and S(k) = 1

2

∫ tf
ti

Σns
j=1
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(si(x
(k)(t)) + σ

(k)
j (t))2 dt. Therefore, it can be concluded that for all k

K(x(k), u(k), w(k), ν(k), σ(k);α(k)) ≤ K(x∗, u∗, w∗, ν∗, σ∗;α(k))

which is

K(x(k), u(k), w(k), ν(k), σ(k);α(k))

≤ J(x∗, u∗, w∗) +
1

α(k)
D∗ +

1

α(k)
S∗ + α(k)U∗

= J(x∗, u∗, w∗) + α(k)U∗. (2.13)

Since the last equation holds for every α(k), we must have limk→∞
1
2

∫ tf
ti

Σnd
i=1

(di(x
(k)(t), u(k)(t), w(k)) + νi(t))

2dt = 0 and limk→∞
1
2

∫ tf
ti

Σns
j=1(si(x

(k)(t)) + σj(t))
2dt = 0.

Otherwise, the left hand side of the equation becomes unbounded while the right hand side

approaches J(x∗, u∗, w∗), which is a contradiction. This implies that limk→∞(x(k), u(k), w(k),

ν(k), σ(k)) ∈ Λ.

Let (x, u, w, ν, σ) be the limit of the sequence (x(k), u(k), w(k), ν(k), σ(k)), then the last

inequality equation (2.13) implies

lim
k→∞

K(x(k), u(k), w(k), ν(k), σ(k);α(k)) = J(x, u, w) ≤ J(x∗, u∗, w∗). (2.14)

Also, because (di(x, u, w)+νi) = 0, i = 1, 2, · · · , nd and (sj(x)+σj) = 0, j = 1, 2, · · · , ns,

we know that (x, u, w) ∈ Ω. Since (x∗, u∗, w∗) minimizes J(x, u, w) on the feasible set Ω,

we have

J(x∗, u∗, w∗) ≤ J(x, u, w). (2.15)

Combining equations (2.14) and (2.15), we have J(x, u, w) = J(x∗, u∗, w∗).

Convex OCP case

In Theorem 1, we successfully proved that the optimal cost functional of the transformed

OCP (2.7)-(2.12) converges to the optimal cost functional of the original OCP (2.1)-(2.6)

as the penalty parameter α monotonically decreases to 0. If the original OCP is a strictly

convex OCP, then the cost functional has only one global minimum. This indicates that the
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converged optimal solution of the transformed OCP is the optimal solution of the original

OCP.

2.3 Necessary Conditions

The necessary conditions for (x, u, w, ν, σ) to be a minimum of the OCP (2.7)-(2.12) can be

derived using the calculus of variations and the Lagrange multiplier rule (see Agrawal and

Fabien [2013], Fabien [1995], and Hartl et al. [1995]).

To state the necessary conditions, define the scalar Hamiltonian function as

H̄ = L(x, u, w) +
1

2α

nd∑
i=1

(di(x, u, w) + νi)
2

+
1

2α

ns∑
j=1

(sj(x) + σj)
2 + λT f(x, u, w)

− δT ν − ωTσ +
α

2
u(t)Tu(t)

where λ(t) ∈ Rnx are the costate variables, δ(t) ∈ Rnd are the Lagrange multipliers associ-

ated with the non-negative slack variables ν(t), and ω(t) ∈ Rns are the Lagrange multipliers

associated with the non-negative slack variables σ(t).

As we defined ν(t) and σ(t) as the control inputs, if (x, u, w, ν, σ) represents a local
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minimum of the OCP, it is necessary that the following conditions be satisfied.

ẋ =
∂H̄

∂λ
, (2.16)

λ̇ =− ∂H̄

∂x
, (2.17)

γ̇ =
∂H̄

∂w
, (2.18)

0 =
∂H̄

∂u
, (2.19)

0 =
∂H̄

∂νi
=

1

α
(di + νi)− δi, i = 1, 2, . . . , nd, (2.20)

0 =
∂H̄

∂σj
=

1

α
(sj + σj)− ωj , j = 1, 2, . . . , ns, (2.21)

0 =δiνi, δi ≥ 0, νi ≥ 0, i = 1, 2, . . . , nd, (2.22)

0 =ωjσj , ωj ≥ 0, σj ≥ 0, j = 1, 2, . . . , ns, (2.23)

0 =Γ(x(ti), w), (2.24)

0 =λ(ti) +DxΓ(x(ti), w)Ki, (2.25)

0 =γ(ti)−DwΓ(x(ti), w)Ki, (2.26)

0 =Ψ(x(tf), w), (2.27)

0 =λ(tf)−
∂φ

∂x
−DxΨ(x(tf), w)Kf , (2.28)

0 =γ(tf) +
∂φ

∂w
+DwΨ(x(tf), w)Kf . (2.29)

In order to write the stationary conditions in a more compact form, define

µi(t) = (di(x(t), u(t), w) + νi(t))/α, i = 1, 2, . . . , nd,

ξj(t) = (sj(x(t)) + σj(t))/α, j = 1, 2, . . . , ns.

Then, the stationary conditions H̄νi = 0 gives µi = δi, i = 1, 2, . . . , nd. Using this,

equations (2.20) and (2.22) can be rewritten as

0 = di(x, u, w) + νi − αµi, i = 1, 2, . . . , nd, (2.30)

0 = µiνi, µi ≥ 0, νi ≥ 0, i = 1, 2, . . . , nd. (2.31)

Also, the stationary conditions H̄σj = 0 gives ξj = ωj , j = 1, 2, . . . , ns. Using this,
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equations (2.21) and (2.23) can be rewritten as

0 = sj(x) + σj − αξj , j = 1, 2, . . . , ns, (2.32)

0 = ξjσj , ξj ≥ 0, σj ≥ 0, j = 1, 2, . . . , ns. (2.33)

2.4 Transformation of the Complementarity Conditions

Fabien [2016b] and Gerdts [2008] approximated the complementarity conditions using the

Kanzow’s smoothed Fisher-Burmeister formula Kanzow [1996], ψ : R2 ⇒ R, which is

ψ(a, b;α) = a+ b−
√
a2 + b2 + 2α. (2.34)

It is proved in Kanzow [1996] that formula (2.34) satisfies the following properties which

are critical for proving Theorem 2.

1. For any α > 0, ψ(a, b;α) = 0 ⇔ ab = α, a > 0, b > 0.

2. For all (a, b) ∈ R2, α > 0,

0 <
∂ψ(a, b;α)

∂a
< 2, 0 <

∂ψ(a, b;α)

∂b
< 2.

Therefore, the complementarity conditions (2.22)-(2.23) can be approximated by the

smooth formula (2.34) and rewritten as

0 =ψ(µi, νi;α), i = 1, 2, . . . , nd, (2.35)

0 =ψ(ξj , σj ;α), j = 1, 2, . . . , ns. (2.36)

where equation (2.35) implies that

µiνi = α, µi > 0, νi > 0, i = 1, 2, . . . , nd,

and equation (2.36) implies that

ξjσj = α, ξj > 0, σj > 0, j = 1, 2, . . . , ns,

which are the same as the complementarity conditions (2.22) and (2.23) from the first-order

necessary conditions when α approaches 0.
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2.5 Boundary Value Problem

The necessary conditions can be written more compactly by separating the unknowns into:

(i) differential variables (variables whose derivatives appear explicitly in the equations); (ii)

algebraic variables (variables whose derivatives appear implicitly in the equations); and (iii)

parameter variables. Specifically, define

y(t) =


x(t)

λ(t)

γ(t)

 , z(t) =



u(t)

µ(t)

ξ(t)

ν(t)

σ(t)


, p =


w

Ki

Kf

 , (2.37)

where y(t) ∈ Rny are the differential variables, z(t) ∈ Rnz are the algebraic variables, and

p ∈ Rnp are the parameter variables, with ny = 2nx + nw, nz = nu + 2nd + 2ns, and

np = nw + nΓ + nΨ. The vector γ(t) ∈ Rnw is used to write the stationary conditions

associated with the parameters w as differential equations instead of integral equations.

The Lagrange multipliers Ki ∈ RnΓ are associated with the constraints at the initial time

and the Lagrange multipliers Kf ∈ RnΨ are associated with the constraints at the final time.

Using these definitions, the necessary conditions for optimality (2.16)-(2.29) can be writ-

ten as a two-point BVP-DAEs as

ẏ(t) = h(y(t), z(t), p), (2.38)

0 = g(y(t), z(t), p, α), (2.39)

0 = r(y(ti), y(tf), p) (2.40)

Here, (2.38) defines a set of differential equations, (2.39) defines a set of algebraic equations,

and (2.40) defines a set of boundary conditions. Moreover

h(y(t), z(t), p) =


∂H̄/∂λ

−∂H̄/∂x

∂H̄/∂w

 ∈ Rny , (2.41)
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g(y(t), z(t), p, α) =



∂H̄/∂u

d(x, u, w) +N e− αMe

s(x) + Se− αEe

ψd(µ, ν;α)

ψs(ξ, σ;α)


∈ Rnz , (2.42)

r(y(ti), y(tf), p) =



Γ(x(ti), w)

λ(ti) +DxΓ(x(ti), w)Ki

γ(ti)−DwΓ(x(ti), w)Ki

Ψ(x(tf), w)

λ(tf)− ∂φ
∂x −DxΨ(x(tf), w)Kf

γ(tf) + ∂φ
∂w +DwΨ(x(tf), w)Kf


∈ Rny+np , (2.43)

d(x, u, w) = [d1(x, u, w), d2(x, u, w), . . . , dnd
(x, u, w)]T , s(x) = [s1(x), s2(x), . . . , sns(x)]T ,

N = diag(ν1, ν2, . . . , νnd
), M = diag(µ1, µ2, . . . , µnd

), S = diag(σ1, σ2, . . . , σns), E =

diag(ξ1, ξ2, . . . , ξns), ψd(µ, ν;α) = [ψ(µ1, ν1;α), ψ(µ2, ν2;α), . . . , ψ(µnd
, νnd

;α)]T , ψs(ξ, σ;α)

= [ψ(ξ1, σ1;α), ψ(ξ2, σ2;α), . . . , ψ(ξns , σns ;α)]T , DxΓ = [∂Γ1/∂x, ∂Γ2/∂x, . . . , ∂ΓnΓ/∂x]T ,

DwΓ = [∂Γ1/∂w, ∂Γ2/∂w, . . . , ∂ΓnΓ/∂w]T , DxΨ = [∂Ψ1/∂x, ∂Ψ2/∂x, . . . , ∂ΨnΨ/∂x]T , DwΨ

= [∂Ψ1/∂w, ∂Ψ2/∂w, . . . , ∂ΨnΨ/∂w]T , and e = [1, . . . , 1]T .

Next, it can be shown that the BVP-DAEs (2.38)-(2.40) are index-1 along the optimal

trajectory. To do so, the second order necessary condition is required. Hence, the following

assumption is made.

Assumption 4. (Second order necessary condition.) The matrix H̄uu = ∂2H̄/∂u2 ∈

Rnu×nu is positive definite along the optimal trajectory. That is, for each bounded vec-

tor function û(t) ∈ Rnu, in the interval [ti, tf ], it is assumed that there is a constant c > 0,

such that û(t)T H̄uuû(t) ≥ c‖û(t)‖2.

Theorem 2. For α > 0, if (x, u, w, ν, σ) solves the OCP (2.7)-(2.12), then there exists

vector (y, z, p) that solves the BVP-DAEs (2.38)-(2.40) and ∂g/∂z is non-singular; that is,

the BVP-DAEs are index-1.

Proof. Equations (2.38)-(2.40) are the restatement of the necessary conditions (2.16)-(2.29).

Therefore, the proof should show that the BVP-DAEs satisfy the index-1 condition which
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is ∂g/∂z is non-singular along the optimal trajectory for α > 0. The proof is done via

contradiction. Suppose that ∂g/∂z is singular, then there should exist ∆u ∈ Rnu , ∆µ ∈ Rnd ,

∆ξ ∈ Rns , ∆ν ∈ Rnd , and ∆σ ∈ Rns not being all zero such that

[
∂g
∂z

]


∆u

∆µ

∆ξ

∆ν

∆σ


=



0

0

0

0

0


(2.44)

where

[
∂g
∂z

]
=



H̄uu Dud 0 0 0

Dud
T −αI 0 I 0

0 0 −αI 0 I

0 Dµψd 0 Dνψd 0

0 0 Dξψs 0 Dσψs


In this expression, H̄uu = ∂2H̄/∂u2, Dud = [∂d1/∂u, . . . , ∂dnd

/∂u], Dµψd =

diag(∂ψdi/∂µi), Dνψd = diag(∂ψdi/∂νi), i = 1, 2, . . . , nd, Dξψs = diag(∂ψsj/∂ξj), Dσψs =

diag(∂ψsj/∂σj), j = 1, 2, . . . , ns. In section 2.4, it is implied that for α > 0, Dµψd, Dνψd,

Dξψs, and Dσψs are all positive definite.

First, it is easy to show that the third and fifth block rows in (2.44) yield ∆ξ = 0 and

∆σ = 0. The fourth row shows ∆ν = −(Dνψd)
−1Dµψd∆µ. Using this result in the second

row yields ∆µ = [α+(Dνψd)
−1Dµψd]

−1Dud
T∆u. Substitute this result in the first row and

multiply the row by ∆uT gives

∆uT
{
H̄uu + [α+ (Dνψd)

−1Dµψd]
−1DudDud

T
}

∆u = 0. (2.45)

Since H̄uu, Dνψd, and Dµψd are all positive definite and α > 0, Equation (2.45) yields

∆u = 0. It then gives the result that ∆u = ∆µ = ∆ν = ∆ξ = ∆σ = 0, which contradicts

the assumption that ∂g/∂z is singular.

Therefore, this proof provides sufficient conditions for the BVP-DAEs to be index-1.
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2.6 Conclusion

This chapter first presents the optimal control problem of interest of this thesis which is

equipped with control variable inequality constraints, state variables inequality constraints,

and parameters. Then, a penalty function method is introduced to transfer problems with

variable inequality constraints to a sequence of problems with inequality constraints. By

decreasing the penalty term gradually to zero, it is also shown that the solution given by the

transformed problem converges to the real solution of the original optimal control problem.

The necessary conditions of the optimum of the transformed optimal control problem are the

presented where the associated complementarity conditions are approximated by using the

Kanzow’s smoothed Fisher-Burmeister formula to eliminate the explicit inequalities. The

necessary conditions are then represented in compact form as a boundary value problem

involving differential-algebraic equations which are guaranteed to be index-1.
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Chapter 3

MULTIPLE SHOOTING ALGORITHM

This chapter introduces a multiple shooting method to solve the BVP-DAEs (2.38)-

(2.40). The implementation shown in this chapter are all using MATLAB computing envi-

ronment.

3.1 Multiple Shooting Method

First, the multiple shooting method request the overall time interval [ti, tf ] be discretized

into a mesh with N time nodes such that ti = t1 < t2 < ... < tN = tf . Note that the mesh

does not need to be uniform.

At each node tj , j = 1, 2, ..., N , let syj ∈ Rny represent the differential variables, and

szj ∈ Rnz represent the algebraic variables at tj . Let p denote the parameter variables of

the system. Starting with the initial conditions (syj , s
z
j , p) at time tj , let y(t; syj , s

z
j , p) denote

the solution to the DAEs (2.38)-(2.39) at time t in the interval of interest [tj , tj+1]. Then,

we require the following conditions be satisfied:

1. At each time node tj , the following algebraic equations must be satisfied.

g(syj , s
z
j , p, α) = 0, j = 1, 2, . . . , N. (3.1)

2. At each time node tj except the last one, the following continuity conditions must be

satisfied.

y(tj+1; syj , s
z
j , p)− s

y
j+1 = 0, j = 1, 2, . . . , N − 1. (3.2)

3. The following boundary conditions must be satisfied.

r(sy1, s
y
N , p) = 0. (3.3)

Following this setup, the schematic of the multiple shooting method is shown in figure 3.1.
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Figure 3.1: Schematic of the multiple shooting Method.

These conditions lead to a residual system as

F (s, p, α) =



g(sy1, s
z
1, p, α)

y(t2; sy1, s
z
1, p)− s

y
2

g(sy2, s
z
2, p, α)

y(t3; sy2, s
z
2, p)− s

y
3

...

y(tN ; syN−1, s
z
N−1, p)− s

y
N

g(syN , s
z
N , p, α)

r(sy1, s
z
N , p)



= 0 (3.4)

where s = [sy1
T
, sz1

T , sy2
T
, sz2

T , . . . , syN
T
, szN

T ]T ∈ Rns , F (s, p, α) ∈ Rns+np , and ns = N(ny +

nz).

Thus, an approximate solution to the BVP-DAEs (2.38)-(2.40) can be obtained by solv-

ing the residual equation F (s, p, α) = 0.
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3.1.1 Solution of the residual equation

A damped Newton’s method is used to solve the residual equation (3.4). For each α > 0,

given an initial estimate (sk, pk) of the solution to the residual equation (3.4), an improved

solution (sk+1, pk+1) is obtained from the damped Newton’s incrementsk+1

pk+1

 =

sk
pk

+ τk

∆sk

∆pk

 , k = 0, 1, . . . , (3.5)

DF (sk, pk, α)

∆sk

∆pk

 = −F (sk, pk, α), (3.6)

where the Jacobian is

DF (s, p, α) =



A1 C1 H1

A2 C2 H2

. . .
. . .

...

AN−1 CN−1 HN−1

B1 BN HN


, (3.7)

with

Aj =

∂g(syj , s
z
j , p, α)/∂syj ∂g(syj , s

z
j , p, α)/∂szj

∂y(tj+1)/∂syj ∂y(tj+1)/∂szj

 ,
Cj =

 0 0

−I 0

 ,
Hj =

∂g(syj , s
z
j , p, α)/∂p

∂y(tj+1)/∂p

 , j = 1, 2, . . . , N − 1,

B1 =

 0 0

∂r(sy1, s
y
N , p)/∂s

y
1 0

 ,
BN =

∂g(syN , s
z
N , p, α)/∂syN ∂g(syN , s

z
N , p, α)/∂szN

∂r(sy1, s
y
N , p)/∂s

y
N 0

 ,
HN =

∂g(syN , s
z
N , p, α)/∂p

∂r(sy1, s
y
N , p)/∂p

 .
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After obtaining (∆sk,∆pk), we need to find the stepsize τk to guarantee that
∥∥F (sk+1, pk+1, α)

∥∥ <∥∥F (sk, pk, α)
∥∥, where sk+1 = sk + τk∆sk and pk+1 = pk + τk∆pk. The stepsize τk is ob-

tained by using the classic line-search method. Starting at τk = 1 and evaluating the∥∥F (sk+1, pk+1, α)
∥∥, if

∥∥F (sk+1, pk+1, α)
∥∥ < ∥∥F (sk, pk, α)

∥∥, we stop the line-search immedi-

ately, or we obtain a new τk by dividing it by two τknew = τkold/2 and reevaluate the residual

term. The maximum number of line-search time is limited. If a damped term τk is failed to

be found after the maximum number of line-search, a remesh of the problem is performed

which is described below.

3.1.2 Integration of the DAEs and Sensitivity Equations

This section describes the techniques used to compute the residual and the building blocks of

the Jacobian (3.7). The construction of the residual equation (3.4) requires y(tj+1; syj , s
z
j , p)−

syj+1, j = 1, 2, . . . , N − 1, where y(tj+1; syj , s
z
j , p) represents the solution to the DAEs (2.38)-

(2.39) at time node tj+1 using the initial conditions at time node tj where y(tj) = syj and

z(tj) = szj . Whereas, the construction of the Jacobian matrix DF (s, p, α) (3.7) requires the

trajectory sensitivities ∂y(tj+1)/∂syj , ∂y(tj+1)/∂szj , and ∂y(tj+1)/∂p, j = 1, 2, . . . , N − 1.

These trajectory sensitivities are obtained by integrating the variational equations associ-

ated with the DAEs (2.38)-(2.39) in the interval [tj , tj+1]. Here, two different implementa-

tions based on different integrators are presented, which are the integrator using a single

step linearly implicit Runge-Kutta (Rosenbrock-Wanner, ROW) method (Hairer and Wan-

ner [1996]) and the MATLAB built-in integrator ode15s.

3.1.3 Integration using ROW method

The integration is performed as follows.

Define

x̄(t) =

y(t)

z(t)

 , f̄(x, p, α) =

 h(y(t), z(t), p)

g(y(t), z(t), p, α)

 ,
M̄ =

I 0

0 0

 ∈ R(ny+nz)×(ny+nz), I ∈ Rny×ny .
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Then the index-1 DAEs (2.38)-(2.39) is written in the form of M̄ ˙̄x = f̄(x̄, p, α).

Let x̄j = x̄(tj) = [syj
T
, szj

T ]T = sj be the initial condition for the DAEs at time tj .

The accurate integration of the DAEs requires consistent initial conditions, which should

be g(y(tj), z(tj), p, α) = 0 at the initial time tj . However, this condition is not guaranteed

during the Newton’s iteration process.

To ensure that the initial conditions are consistent, a relaxation term is introduced. For

example in the interval [tj , tj+1] the DAEs (2.38)-(2.39) is substituted by

M̄ ˙̄x = f̄(x̄, p, α)− v̄j , (3.8)

where v̄j = [0T , g(syj , s
z
j , p, α)T ]T ∈ Rny+nz is the relaxation vector. Hence, the initial

conditions (syj , s
z
j , p) are consistent for the DAE equation (3.8). One major advantage of

using this technique is that as the iterations of the Newton’s method converge to the solution

of the boundary value problem, the relaxation term v̄j → 0 and the relaxed DAEs becomes

the original DAEs.

The Jacobian of f̄(x̄, p, α) with respect to x̄ is needed during the DAEs integration. This

Jacobian is defined as

W̄ (x̄, p, α) = ∂f̄(x̄, p, α)/∂x̄

=

 ∂h(y, z, p)/∂y ∂h(y, z, p)/∂z

∂g(y, z, p, α)/∂y ∂g(y, z, p, α)/∂z

 ∈ R(ny+nz)×(ny+nz).
(3.9)

The inputs to the integration of the DAEs are the relaxed DAEs equation (3.8), the time

interval of interest [tj , tj+1], the initial condition x̄j , the parameter p, the mass matrix M̄ ,

the Jacobian (3.9) of the DAEs and the relaxation term v̄j .

Then, the approximate solution of the DAEs at time tj+1 in time interval [tj , tj+1],
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j = 1, 2, . . . , N − 1 is obtained by using Algorithm 3.1.

Algorithm 3.1: Single step integration of the DAE from tj to tj+1 using ROW

method.
Input: Initial time tj , terminal time tj+1, initial condition of the DAEs

x̄j = [syj
T
, szj

T ]T , parameters p, Jacobian of the DAE W̄ (x̄j , p, α), DAE relaxations

v̄j .

Output: The approximate solution of the DAEs (3.8) x̄j+1.

Set W̄j = W̄ (x̄j , p, α) and δj = tj+1 − tj .

for i = 1, 2, . . . ,m do

Set the value for the DAE variables at stage i as

x̂j,i = x̄j + δj

i−1∑
l=1

ᾱi,lk̄l, (x̂j,1 = x̄j) (3.10)

Solve the linear system by LU decomposition

(M̄ − γ̄δjW̄j)k̄i = f̄(x̂j,i, p, α) + δjW̄j

i−1∑
l=1

γ̄i,lk̄l − v̄j . (3.11)

end

Set the output values

x̄j+1 = x̄j + δj

m∑
i=1

b̄ik̄i. (3.12)

In equations (3.10)-(3.12), the constant coefficients γ̄, ᾱi,l, γ̄i,l, and b̄i are the coefficients

of an m-stage linearly implicit Runge-Kutta method. The set of coefficients used in this

paper corresponds to the 4-th order ROW method developed by Novati [2008] and can be

found in Fabien [2014a] Appendix A.

The ROW method also has an embedded formula which is used to estimate the local

truncation error of the solution. Define x̄(tj+1) as the true solution to the DAE (3.8) with

initial condition x̄j , p. The estimated error of the approximated solution x̄j+1 using the

ROW method can be obtained by the formula

ε̄j+1 =

∥∥∥∥∥(tj+1 − tj)
m∑
i=1

ēik̄i

∥∥∥∥∥ ≈ ‖x̄(tj+1)− x̄j+1‖ . (3.13)
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The coefficients ēi can be found in Fabien [2014a] Appendix A. This local truncation error

estimation is used in the mesh refinement part described in the latter part of the chapter.

The construction of the Jacobian matrix DF (s, p, α) (3.7) requires the trajectory sensi-

tivities ∂y(tj+1)/∂syj , ∂y(tj+1)/∂szj , and ∂y(tj+1)/∂p, j = 1, 2, . . . , N − 1. These trajectory

sensitivities are obtained by integrating the variational equations associated with (3.8) in

the interval [tj , tj+1]. The approach used is described as follows.

Let X̄(t) = [(∂x̄/∂syj )
T , (∂x̄/∂szj )

T , (∂x̄/∂p)T ]T ∈ R(ny+nz)×(ny+nz+np) represent the sen-

sitivities of x̄ with respect to syj , s
z
j , and p. Then using equation (3.8), it can be seen that

in each interval [tj , tj+1], j = 1, 2, . . . , N − 1, the trajectory sensitivities must satisfy the

linear DAEs

M̄ ˙̄X = W̄ (x̄, p, α)X̄(t) + F̄p(x̄, p, α)− V̄j , (3.14)

where

F̄p(x̄, p, α) =

0 ∂h(y, z, p)/∂p

0 ∂g(y, z, p, α)/∂p

 , (3.15)

V̄j =

 0 0 0

∂g(syj , s
z
j , p, α)/∂y ∂g(syj , s

z
j , p, α)/∂z ∂g(syj , s

z
j , p, α)/∂p

 , (3.16)

and W̄ (x̄, p, α) is given in (3.9). The DAE sensitivities have the initial conditions as

X̄j = X̄(tj) =

I1 0 0

0 I2 0

 ,
where I1 ∈ Rny×ny and I2 ∈ Rnz×nz are both the identity matrices. The initial conditions

here are also consistent.

The inputs to the integration of the DAE sensitivities are the relaxed linear DAEs

equation (3.14), the time interval [tj , tj+1], the initial condition x̄j , the parameter p, the

matrix M̄ , the Jacobian (3.9) of the DAEs and the relaxation term V̄j . The integration of

the DAE sensitivities needs to be done together with the DAE integration in Algorithm 3.1

where the stage vectors x̂j,i, the Jacobian W̄j , the coefficient matrix M̄ − γ̄δjW̄j are reused.

Then the approximate solution of the DAE sensitivities at time tj+1 in time interval
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[tj , tj+1], j = 1, 2, . . . , N − 1 is obtained by using Algorithm 3.2.

Algorithm 3.2: Single step integration of the DAE sensitivities from tj to tj+1

using ROW method.

Input: Initial time tj , terminal time tj+1, initial condition of the DAEs

x̄j = [syj
T
, szj

T ]T , parameters p, DAE sensitivity relaxations V̄j and intermediate

variables from Algorithm 3.1.

Output: The approximate solution of the DAE sensitivities of equation (3.14)

X̄j+1 at time tj+1.

Set W̄j = W̄ (x̄j , p, α), δj = tj+1 − tj , and

X̄j = X̄(tj) =

I 0 0

0 I 0

 .
for i = 1, 2, . . . ,m do

Set the values for the DAE sensitivities at stage i as

X̂j,i = X̄j + δj

i−1∑
l=1

ᾱi,lK̄l, (X̂j,1 = X̄j) (3.17)

Solve the linear system by LU decomposition

(M̄− γ̄δjW̄j)K̄i = W̄ (x̂j,i, p, α)X̂j,i+ F̄p(x̂j,i, p, α)+δjW̄j

i−1∑
l=1

γ̄i,lK̄l− V̄j . (3.18)

end

Set the output values

X̄j+1 = X̄j + δj

m∑
i=1

b̄iK̄i. (3.19)

3.1.4 Integration using ode15s

This section presents the integration using the MATLAB built-in DAE solver ode15s which

implements the backward differentiation formulas (BDFs, also known as Gear’s method,

see Shampine et al. [1999]) to solve the index-1 DAEs. The inputs to this solver are the
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DAE equation (3.8), the time interval [tj , tj+1], the initial condition x̄j and the parameter

p. We use the functional options of the ode15s to set the mass matrix M̄ , and the Jacobian

matrix of the DAEs to improve the efficiency. We also want the solution at the mid-point

of the time interval to estimate the residual error of the DAE solution. So we specify the

time interval as [tj ,
tj+tj+1

2 , tj+1] to get the dense output solution at the mid-point of the

time interval as [symidpoint, s
z
midpoint]. Then an estimate of the error in the residual can be

obtained using the formula

ēj = g(symidpoint, s
z
midpoint, p, α), j = 1, 2, . . . , N − 1. (3.20)

This residual error estimate ēj is used in the mesh refinement strategy described in the

latter part of the chapter.

The linear DAE (3.14) for trajectory sensitivities is also integrated by using ode15s.

However, while using ode15s, the input to the function must be written in the form of a

column vector. This leads to a reshape from the matrix form to the vector form of the

DAE sensitivities X̄j to meet the requirement of the input format of ode15s. First, for the

sensitivity variable X̄(t),

X̄(t) =
[
∂x̄/∂syj ∂x̄/∂szj ∂x̄/∂p

]
=

∂y/∂syj ∂y/∂szj ∂y/∂p

∂z/∂syj ∂z/∂szj ∂z/∂p



=



∂y1

∂sy1
. . . ∂y1

∂syny

∂y1

∂sz1
. . . ∂y1

∂sznz

∂y1

p1
. . . ∂y1

∂pnp

...
. . .

...
...

. . .
...

...
. . .

...

∂yny

∂sy1
. . .

∂yny

∂syny

∂yny

∂sz1
. . .

∂yny

∂sznz

∂yny

∂p1
. . .

∂yny

∂pnp

∂z1
∂sy1

. . . ∂z1
∂syny

∂z1
∂sz1

. . . ∂z1
∂sznz

∂z1
p1

. . . ∂z1
∂pnp

...
. . .

...
...

. . .
...

...
. . .

...

∂znz

∂sy1
. . . ∂znz

∂syny

∂znz
∂sz1

. . . ∂znz
∂sznz

∂znz
∂p1

. . . ∂znz
∂pnp


∈ R(ny+nz)×(ny+nz+np),

MATLAB has the built-in function reshape(MATLAB [2017]) which can reshape the array

into the desired shape. Using the reshape as X̃(t) = reshape(X̄(t)), the result column vec-

tor X̃(t) becomes X̃(t) = [∂y1

∂sy1
, . . . ,

∂yny

∂sy1
, ∂z1
∂sy1

, . . . , ∂znz

∂sy1
, ∂y1

∂sy2
, . . . ,

∂yny

∂sy2
, ∂z1
∂sy2

, . . . , ∂znz

∂sy2
, . . . , ∂y1

∂syny
, . . . ,

∂yny

∂syny
,

∂z1
∂syny

, . . . , ∂znz

∂syny
]T ∈ R(ny+nz)(ny+nz+np).
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As the sensitivities are in the column vector form, the transformed Jacobian matrix

becomes a large block diagonal matrix with the number of (ny +nz +np) Jacobian matrices

W̄ (x̄, p, α) on the diagonal as

W̃ (x̄, p, α) = diag(W̄ (x̄, p, α)) =


W̄

. . .

W̄

 ,∈ R(ny+nz)(ny+nz+np)×(ny+nz)(ny+nz+np)

(3.21)

F̄p and V̄j are reshaped in the same manner to retain the same linear DAEs as equation

(3.14) as

F̃p(x̄, p, α) =


0

reshape(∂h(y, z, p)/∂p)

reshape(∂g(y, z, p, α)/∂p)

 ∈ R(ny+nz)(ny+nz+np),

Ṽj(x̄, p, α) =



0

reshape(g(syj , s
z
j , p, α)/∂y)

0

reshape(g(syj , s
z
j , p, α)/∂z)

0

reshape(g(syj , s
z
j , p, α)/∂p)


∈ R(ny+nz)(ny+nz+np).

As the Jacobian matrix (3.9) of the DAE sensitivities depends on the DAE variables,

the integration of the DAEs and sensitivities need to be done together. Therefore, two DAE

systems are combined together and a large DAE System is obtained as

M̃

 ˙̄x

˙̃X

 =

 f̄(x̄, p, α)

W̃ (x̄, p, α)X̃

+

 0

F̃p(x̄, p, α)

−
v̄j
Ṽj

 . (3.22)

where M̃ is a large block diagonal matrix with (ny + nz + np + 1) mass matrices M̄ on the

diagonal as

M̃ = diag(M̄) =


M̄

. . .

M̄

 ∈ R(ny+nz)(ny+nz+np+1)×(ny+nz)(ny+nz+np+1) (3.23)
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Then, the approximate solution of the DAEs and DAE sensitivities at time tj+1 in time

interval [tj , tj+1], j = 1, 2, . . . , N − 1 can be obtained by using Algorithm 3.3.

Algorithm 3.3: Integration of the DAEs and the DAE sensitivities from tj to tj+1

using ode15s

Input: Initial time tj , terminal time tj+1, initial condition of the DAEs x̄j = [syj
T
, szj

T ]T , parameters p,

DAE relaxations v̄j , and DAE sensitivity relaxations V̄j .

Output: The approximate solution of the DAEs (3.8) x̄j+1, and the approximate solution of the DAE

sensitivities (3.14) X̄j+1 at time tj+1.

Set W̄j = W̄ (x̄j , p, α) and

X̄j = X̄(tj) =

I 0 0

0 I 0

 .
Reshape the DAE sensitivities and the other variables into the vector form X̃j = reshape(X̄j),

F̃p(x̄, p, α) = reshape(F̄p(x̄, p, α)), and Ṽj = reshape(V̄j).

Generate the large block diagonal Jacobian matrix W̃j

W̃j = diag(W̄j). (3.24)

Define the DAEs to be integrated as

M̃

 ˙̄x

˙̃X

 =

 f̄(x̄, p, α)

W̃ (x̄, p, α)X̃

 +

 0

F̃p(x̄, p, α)

−
v̄j
Ṽj

 .
Use ode15s to solve the DAEs, where the API is

options = odeset('Mass', M̃ , 'Jacobian', W̃j),

[t, y] = ode15s(odefun, tspan, y0, options),

where odefun is the DAEs defined (3.24), tspan is [tj ,
tj+tj+1

2
, tj+1], y0 is [x̄Tj , X̃

T
j ]T , and options

indicate the mass matrix and the Jacobian matrix of the DAEs.

The last row of the output y is the concatenation of the approximate solution of the DAEs x̄j+1

and the DAE sensitivities X̃j+1.

Those solutions are retrieved as

x̄j+1 = y[end, 1 : ny ],

X̃j+1 = y[end, ny + 1 : end],

X̄j+1 = reshape(X̃j+1).
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3.1.5 Sequential Evaluation of the Residual Equation and the Jacobian

In section 3.1.2, we have established methods for computing the trajectories x̄j , and the

trajectory sensitivities X̄j , j = 2, 3, . . . , N . We first present the sequential methods for

evaluating the residual equation (3.4) and the Jacobian (3.7). For the computation in each

interval [tj , tj+1], j = 1, 2, 3, . . . , N − 1, we only need the initial condition sj at time tj ,the

parameters p and the relaxations v̄j and V̄j to integrate the DAEs. It’s easy to come up with

the idea to perform the integration from the first time interval [t1, t2] sequentially to the last

time interval [tN−1, tN ]. Therefore, we can obtain the trajectories x̄j , and the trajectory

sensitivities X̄j at every time node tj , j = 2, 3, ..., N .

3.1.6 Parallel evaluation of the residual equation and the Jacobian

After establishing the sequential methods for computing the trajectories x̄j , and the tra-

jectory sensitivities X̄j , j = 2, 3, . . . , N , we can now describe the method for the parallel

construction of the residual equation (3.4) and the Jacobian (3.7).

It is easy to notice that in section 3.1.2, the integration done at any time interval [tj , tj+1]

is independent of the integration done in any other time interval [ti, ti+1], i 6= j. Therefore,

the integration in [tj , tj+1 can be performed simultaneously with the integration in ti, ti+1,

i 6= j with no need for communication of sharing data.

In this chapter, we develop a parallel multiple shooting method using MATLAB parallel

computing toolbox which assumes that the availability of the multiple processors P > 1 and

it shares the whole work required to integrate the DAEs (3.8) and the sensitivities (3.14).

One approach that can be used to achieve this is to divide the N − 1 time intervals into P

partitions. Normally, P depends on the number of processors available in MATLAB local

parallel pool. The MATLAB parallel computing toolbox has a function parfor (MATLAB

[2017]) which executes for-loop iterations in parallel on workers in parallel pool and loop

iterations are executed in parallel in a nondeterministic order. Notice that the integration

within each interval in the algorithm 3.3 can be executed independently and in a nonde-

terministic order. So the parallel construction of the integration elements in the residual

equation (3.4) and the sensitivity elements in the Jacobian matrix (3.7) can be realized
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simply using the parfor in MATLAB parallel computing toolbox.

3.2 BABD Linear System Solution

As shown in section 3.1, the realization of the damped Newton’s method to the residual

equation (3.6) requires the solution of a BABD system of the form as



A1 C1 H1

A2 C2 H2

. . .
. . .

...

AN−1 CN−1 HN−1

B1 BN HN





∆s1

∆s2

...

∆sN−1

∆sN

∆p


=



b1

b2
...

bN−1

bN

bp


, (3.25)

where Aj , Cj ∈ Rn∆s×n∆s , Hj ∈ Rn∆s×np , j = 1, 2, ..., N − 1; bj ,∆sj ∈ Rn∆s , j = 1, 2, ..., N ;

∆p, bp ∈ Rnp , B1, BN ∈ R(n∆s+np)×(n∆s), and HN ∈ R(n∆s+np)×np , ∆s = ny +nz. One thing

to notice is that equation (3.25) is just an expansion of the equation (3.6).

Fabien [2014a] introduces a very robust and accurate method of solving this BABD

system involves the reduction of the coefficient matrix into a sparse upper triangular matrix

using orthogonal factorization. The description of the implementation used is presented

below.

3.2.1 Sequential QR Factorization

Here, the notations of “block-row” and “block-column” are used when specifying the location

of certain sub-matrix in the BABD system. For example, in the system (3.25), we say that

A1 is in the first block-row, and first block-column. Similarly, H2 is in the second block-row

and the N + 1 block-column.

To describe the QR factorization algorithm, it’s necessary to rearrange the equations

where the A1 and B1 blocks appear in the penultimate block-column so that we can form
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a upper-triangular matrix later. Then, equation (3.25) is rewritten as



C1 A1 H1

A2 H2

A3 C3 H3

. . .
. . .

...

AN−1 CN−1 HN−1

BN B1 HN





∆s2

∆s3

∆s4

...

∆sN

∆s1

∆p


=



b1

b2

b3
...

bN−1

bN

bp


, (3.26)

Notice that ∆s1 is also moved from the first block-row to the penultimate block-row to meet

the consistency.

The serial QR factorization is presented below. Let Q1 ∈ R2n∆s×2n∆s be an orthogonal

matrix such that

QT1

C1

A2

 =

R1

0

 , (3.27)

where R1 ∈ Rn∆s×n∆s is a nonsingular upper triangular matrix and the matrix Q and R are

obtained by performing a QR decomposition on matrix [CT1 AT2 ]T . Then, multiplying both

sides of (3.26) by (QT1 , I) where I ∈ R(N−1)n∆s+np×(N−1)n∆s+np yields



R1 E1 G1 J1

C̃2 G̃2 H̃2

A3 C3 H3

. . .
. . .

...

AN−1 CN−1 HN−1

BN B1 HN





∆s2

∆s3

∆s4

...

∆sN

∆s1

∆p


=



d1

b̃2

b3
...

bN−1

bN

bp


,

where

QT1

C1 0 A1 H1 b1

A2 C2 0 H2 b2

 =

R1 E1 G1 J1 d1

0 C̃2 G̃2 H̃2 b̃2

 . (3.28)

Hence, the first block-row of (3.26) is reduce to an upper triangular form.
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The second block-row can also be reduced to upper triangular form by using the orthog-

onal factorization

QT2

C̃2

A2

 =

R2

0

 . (3.29)

Again, Q2 is an orthogonal matrix and R2 is upper triangular.

After applying this factorization to the first N − 2 block-rows of (3.26), the system

becomes



R1 E1 G1 J1

R2 E2 G2 J2

R3 E3 G3 J3

. . .
. . .

...

C̃N−1 G̃N−1 H̃N−1

BN B1 HN





∆s2

∆s3

∆s4

...

∆sN

∆s1

∆p


=



d1

d2

d3

...

b̃N−1

bN

bp


,

Apply the factorization to the last two block-row yields the strictly upper triangular

system 

R1 E1 G1 J1

R2 E2 G2 J2

R3 E3 G3 J3

. . .
. . .

...

RN−1 GN−1 JN−1

RN JN

Rp





∆s2

∆s3

∆s4

...

∆sN

∆s1

∆p


=



d1

d2

d3

...

b̃N−1

bN

bp


.

Here, RN ∈ Rn∆s×n∆s , and Rp ∈ Rnp×np , are upper triangular. The unknowns ∆sj ,

j = 1, 2, ..., N and ∆p can then be found by from the last block-row to the first block-

row backwardly using the backward substitution by using the “mldivide” function “\” in

MATLAB.
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3.2.2 Parallel QR Factorization

The parallel QR factorization method for solving the BABD system is developed to make use

of the fact that modern computers are equipped with more than 1 processors to execute the

computations. The parallel factorization method takes advantage of the special structure

of the BABD system that the first N − 1 block rows of (3.25) can be divided into M (1 ≤

M ≤ (N − 1)/2) partitions while each smaller partition can be simultaneously factored into

a bordered upper triangular form on an individual CPU core. The resultant BABD system

is composed of M + 1 block-rows and can be solved using the sequential QR factorization

described in section 3.2.1.

The parallel method is implemented in the way described as follows. Define M + 1

indices rj , j = 0, 1, . . . ,M s.t. 0 = r0 < r1 < · · · < rM = N − 1, and rj+1 ≥ rj + 2. The

block-rows associated with each partition are defined using those indices, where block-rows

starting from r0 + 1 = 1 to r1 belong to the first partition and block-rows starting from

r1 + 1 to r2 belong to the second partition.

Take the first partition as an example first as


A1 C1 H1

A2 C2 H2

. . .
. . .

...

Ar1 Cr1 Hr1





∆s1

∆s2

...

∆sr1+1

∆p


=


b1

b2
...

br1

 , (3.30)

All the other partitions have the similar structure, where partition j starts at block-row

rstart = rj−1 + 1 and ends at block-row rend = rj . The procedure to factor those partitions
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into a boardered upper triangular form is presented in Algorithm 3.4.

Algorithm 3.4: Partition Factorization.

Input: Block-rows from rstart = rj−1 + 1 to rend = rj .

Output: Block matrices during the factorization, Grstart , . . . , Grend−1,

Rrstart , . . . , Rrend−1, Erstart , . . . , Erend−1, Jrstart , . . . , Jrend−1, drstart , . . . , drend−1,

Ãrend
, C̃rend

, H̃end.

Set G̃rstart = Arstart , C̃rstart = Crstart , H̃rstart = Hrstart , b̃rstart = brstart . for

i = rstart, . . . , rend − 1 do

Using householder QR factorization to solve C̃i

Ai+1

 = Qi

Ri
0

 ,
Compute Ei Gi Ji di

C̃i+1 G̃i+1 H̃i+1 b̃i+1

 = QTi

 0 G̃i H̃i b̃i

Ci+1 0 Hi+1 bi+1

 .
end

Set Ãrend
= G̃rend

.

After applying Algorithm 3.4 to the each partition like (3.30), the following more com-

pact bordered upper triangular system is obtained as


G1 R1 E1 J1

G2 R2 E2 J2

...
. . .

...

Ãr1 C̃r1 H̃r1





∆s1

∆s2

...

∆sr1+1

∆p


=


d1

d2

...

b̃r1

 , (3.31)

Then, the variables ∆s2, . . ., ∆sr1 can be obtained after the variables ∆s1, ∆sr1+1, and

∆p are solved, with the following formula,

∆sj = R−1
j−1(dj −Gj−1∆srstart − Ej−1∆sj+1 − Jj−1∆p)

In this system, the variables ∆s1, ∆sr1+1, and ∆p are so called boundary variables, while the

variables ∆s2, . . ., ∆sr1 are called internal variables. The procedure to recover the solution
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to the partiton like (3.31) is presented in Algorithm 3.5.

Algorithm 3.5: Partition Substitution.

Input: Indices rstart and rend, ∆srstart , ∆srend+1, and ∆p, Grstart , . . . , Grend−1,

Rrstart , . . . , Rrend−1, Erstart , . . . , Erend−1, Jrstart , . . . , Jrend−1, drstart , . . . , drend−1.

output: ∆srstart+1, . . ., ∆srend
.

for i = rend, rend − 1, . . . , rstart + 1 do

∆sj = R−1
j−1(dj −Gj−1∆srstart − Ej−1∆sj+1 − Jj−1∆p)

end

Apply Algorithm 3.4 to all the M partitions gives M reduced systems as (3.31). Expand

the last block-row of the reduced partition, we have the equation of

Ãrstart∆srstart + C̃rstart∆srend+1
+ H̃rstart∆p = b̃rstart . (3.32)

Collect the M equations like (3.32) and assemble them together gives the reduced BABD

system as


Ãr1 C̃r1 H̃r1

Ãr2 C̃r2 H̃r2

. . .
. . .

B1 BN HN





∆s1

∆sr1+1

...

∆srM+1

∆p


=



b̃r1

b̃r2
...

b̃rM

bN

bp


, (3.33)

The system (3.33) contains the boundary variables ∆s1,∆sr1+1,∆srM+1,∆p for all the

M partitions. Once those boundary variables are obtained by solving the system, all the

interval variables ∆s2, . . . ,∆sr1 ,∆sr1+2, . . . ,∆sr2 , . . . can be computed by using Algorithm

3.5.

We can notice that the reduced BABD system (3.33) is of the exact same form as the

original BABD system (3.25). However, the reduced BABD system is only equipped with

M + 1 block-rows instead of N block-rows. Therefore, we can solve the reduced BABD

system (3.33) using the sequential QR solver described in section 3.2.1 with much less

computation effort.
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For the parallel QR solver to solve the BABD system (3.25), we can first apply Algorithm

3.4 simultaneously to the M partitions. Then, solve the reduced BABD system (3.33)

sequentially and recover all the necessary internal variables via Algorithm 3.5 for all M

partitions at the same time.

3.2.3 Mesh Refinement

The BVP-DAEs (2.38)-(2.40) is solved primarily on a fixed mesh. However, in some cases we

may need to remesh the problem. The remesh criteria is based on the local truncation error

(3.13) or the residual error (3.20) computed with the corresponding integrator in each time

interval. The error is denoted as ε̄j , j = 2, 3, · · · , N . One remesh criteria is when ε̄j exceeds

the desired numerical tolerance after the convergence of the Newton’s iteration. Another

criteria is when Newton’s iteration fails to find a descent direction during the line-search.

The remesh policy is that if ε̄j > ε, where ε is the desired numerical tolerance, the mesh

interval [tj , tj+1] is subdivided by adding one time node to the middle of the time interval

or if ε̄j > 100ε, the mesh interval is subdivided by adding three uniformly spaced nodes to

the time interval. Linear interpolation is used to estimate the solution at the newly created

nodes. Also, if ε̄j <
ε

100 , we evaluate the residual errors of the 4 subsequent nodes ε̄j+i,

i = 1, 2, 3, 4 together and if ε̄j+i <
ε

100 , i = 1, 2, 3, 4, we delete the time nodes tj+1 and tj+3.

The remesh policy is sequentially applied on each time interval. The implementation limits

the number of nodes that can be added, the minimum number of nodes allowed, and the

number of mesh refinements allowed.

3.3 Continuation Method

The continuation method used to solve the BVP-DAEs (2.38)-(2.40) is given as follows.

The algorithm described above is used to solve the residual equation (3.4) for a sequence

of decreasing parameters α. Starting with an initial estimate (s(0), p(0)) and continuation

parameter α0 > 0, the algorithm solves (3.4) to obtain (s̃, p̃) that satisfies
∥∥F (s̃, p̃, α0)

∥∥ ≤ ε,
where ε is the desired convergence tolerance. The solution (s̃, p̃) is then used as the initial

estimate for the next continuation iteration where α is decreased by a factor β which is
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usually between 0.6 and 0.9. The algorithm terminates when α ≤ αm, where αm is the

desired continuation parameter termination value.

3.4 Implementation and Evaluation

Algorithms for solving the optimal control problems OCP (2.7)-(2.12) are implemented using

MATLAB. The main functionality provided by these codes is a set of routes that solve the

BVP-DAEs problems of the form (2.38)-(2.40). These codes are directly implemented from

all the algorithms described above in this chapter. All the implementations of the parallel

codes are standalone. The usability of the solver is enhanced by the symbolic functionality

in MATLAB to translate the problem of OCPs into MATLAB functions that can be used

by the solver.

The solver is composed of two main parts as: construction of the residual with DAEs

integration and the Jacobian matrix with the sensitivity integration in section 3.1.2, and

BABD linear system solving in section 3.2. Both the sequential and parallel versions of

these two parts are implemented to compare the efficiency and adaptation to the solver.

The following terminologies are used in the forthcoming analysis. Solver1 denotes the solver

implemented with the sequential implementation of the construction of the residual with

DAEs integration and the Jacobian matrix with the sensitivity integration, and sequen-

tial implementation of the BABD linear system solving; Solver2 denotes the solver with

the parallel implementation of the construction of the residual with DAEs integration and

the Jacobian matrix with the sensitivity integration, and sequential implementation of the

BABD linear system solving; Solver3 denotes the solver implemented with both algorithms

in parallel. Nresidual and Tresidual denote the overall calling times and the running time of

the construction of the residual with DAEs integration; Nsensitivity and Tsensitivity denote

the overall calling times and the running time of the construction of the Jacobian matrix

with the DAE sensitivities integration; NBABD and TBABD denote the overall calling times

and the running time of the construction of the BABD linear system solving. Tall denotes

the overall computation time of the whole problem and P denotes the number of processors

used.

The solver is tested over 120 examples, while the four examples presented are the typical
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and complicated ones to show the robustness and efficiency of the solver. All the examples

are tested with both solvers implemented with the ode15s integrator the and integrator

with ROW method.

Parallelism. The parallel code in algorithms are implemented using the MATLAB par-

allel computing toolbox with parfor (parallel for loop) and spmd (single program multiple

data) MATLAB [2017]. The MATLAB parallel pool instantiates the thread for each parallel

process and these threads are executed concurrently. Execution of statements following the

parallel workers are blocked until all threads are completed.

Computing environment. All the numerical results given below are performed on a

desktop with the following hardware and software characteristics. The CPU is an Intel(R)

Xeon(R) CPU E5-2640 @ 2.60GHz and the system has 64.0 GB memory. The operating

system is Windows 7. The MATLAB version is 2017b. All the codes of the solver can be

obtained at https://github.com/UW-OCP/mps solver MATLAB.

Example 3.4.1. This is a problem of a continuous stirred-tank chemical reactor from Kirk

[2012] (pp. 405 and 406). The state equations for a continuous stirred-tank chemical reactor

are given below. The flow of a coolant through a coil inserted in the reactor is to control

the first-order, irreversible exothermic reaction taking place in the reactor.

min
x(t)∈R2

∫ tf

0
[x1(t)2 + x2(t)2] dt,

subject to

ẋ1(t) = −2.0a1(t) + a4(t)− a1(t)u(t),

ẋ2(t) = 0.5− x2(t)− a4(t).

where a1(t) = x1(t) + 0.25, a2(t) = x2(t) + 0.5, a3(t) = x1(t) + 2.0 and

a4(t) = a2(t) exp[25.0x1(t)
a3(t) ].

The desired objective is to maintain the temperature and concentration close to their

steady-state values. The initial constraint is that Γ = [x1(0)− 0.05, x2(0)] = 0 and the final

constraint is that Ψ = [x1(tf), x2(tf)] = 0. The control variable inequality constraints are

bounded as |u(t)| ≤ 1, t ∈ [0, tf ]. Also the final time is tf = 0.78.
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The initial estimate for the two state variables are straight lines with boundary conditions

at both endpoints. The control is estimating with a quadratic function with initial and final

zero value. The estimate is obtained on a uniform mesh with N = 101 nodes.

Using this initial estimate, we obtain the solutions for the differential and algebraic

variables that are shown in figure 3.2, figure 3.3, and figure 3.4. The convergence tolerance

for this problem is ε = 10−6. Both ode15s and ROW integrators are abole to solve this

example with the desired tolerance. The final mesh of this problem has N = 101 nodes

with ode15s and N = 430 nodes with ROW integrator.

Table 3.1 and 3.2 show the calling times and running time of each part using both

ode15s and ROW method as the integrator of the algorithm. It also shows the speedup

factor which is defined as S = T1
TP

.

The results show that for the construction of the residual with DAEs integration and

the Jacobian matrix with the sensitivity integration with integrator ode15s is much slower

than ROW method in sequential. However, there is a significant improvement in speed

of the parallel implementation of the algorithm using ode15s. As shown in the table 3.2,

there is a decrease in speed of the parallel implementation of the algorithm using ROW

method. That’s because the overhead in setting up the parallel worker takes too much

time compared with the computation time used in integration for each function call in

MATLAB. Also, it can be concluded from the results of solver3 of the two tables that the

parallel implementation of the BABD linear system solving using the spmd decreases the

speed a lot which is because the data distribution between the parallel workers of MATLAB

takes too much time compared with the sequential linear system solving process.

Example 3.4.2. This problem considers an underwater vehicle problem from aquanautics,

where a model for the control of an underwater vehicle is given with ten state variables and

four control variables from Büskens and Maurer [2000] (pp. 99 to pp. 106). The problem

is tested by the algorithms without using the penalty function method (see (2.1)-(2.6)) on

the CVICs, and algorithm using the the penalty function method (see (2.7)-(2.12)). The

algorithm without the penalty function was stuck and unable to converge with the warning

from MATLAB saying that the condition number of the Jacobian matrix of the DAEs is
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Figure 3.2: Optimal solution of states and costates for Example 3.4.1.

Figure 3.3: Optimal solution of control and Hamiltonian function for Example 3.4.1.

Figure 3.4: Optimal solution of multipliers for Example 3.4.1.
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Solver1 Solver2 Solver3

P 1 4 16 4 16

Nresidual 1147 1147 1147 1147 1147

Nsensitivity 627 627 627 627 627

NBABD 494 494 494 494 494

Tresidual(s) 256.8 150.1 107.7 160.8 110.2

Tsensitivity(s) 1079.6 301.2 165.0 300.5 167.7

TBABD(s) 4.6 5.9 4.9 247.3 652.4

Ttotal(s) 1343.4 479.8 316.3 732.1 971.7

Speedup 2.8 4.2 1.8 1.4

Table 3.1: Example 3.4.1, Evaluating times, running time and speedup factor with ode15s

Solver1 Solver2 Solver3

P 1 4 16 4 16

Nresidual 749 749 749 749 749

Nsensitivity 403 403 403 403 403

NBABD 270 270 270 270 270

Tresidual(s) 27.3 80.4 81.1 80.3 86.4

Tsensitivity(s) 53.8 90.4 88.0 97.4 95.5

TBABD(s) 6.9 6.9 6.4 257.3 385.8

Ttotal(s) 89.3 205.0 205.8 466.9 600.0

Speedup 0.44 0.43 0.2 0.15

Table 3.2: Example 3.4.1, Evaluating times, running time and speedup factor with ROW

integrator
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too large. The problem wants to determine the minimum energy control u(t), t ∈ [0, 1] that

minimizes the energy functional

min
ui∈R

∫ 1

0

4∑
i=1

ui(t)
2 dt,

subject to

ẋ1 = cos(x6) cos(x5)x7 + rx,

ẋ2 = sin(x6) cos(x5)x7,

ẋ3 = − sin(x5)x7 + rz,

ẋ4 = x8 + sin(x4) tan(x5)x9 + cos(x4) tan(x5)x10,

ẋ5 = cos(x4)x9 − sin(x4)x10,

ẋ6 =
sin(x4)

cos(x5)
x9 +

cos(x4)

cos(x5)
x10,

ẋ7 = u1,

ẋ8 = u2,

ẋ9 = u3,

˙x10 = u4.

The variables x1(t), x2(t), x3(t) specify the position of the center of the vehicle, while

x4(t), x5(t), x6(t) describe the orientation of the mass by Euler angles. The vehicle is as-

sumed to be moving with velocity x7(t) and angular velocities x8(t)−x10(t). Hence, the con-

trol variable u1(t) represents the acceleration of the underwater vehicle, while u2(t)− u4(t)

describe the angular accelerations. The nonlinear currents are modeled by

rx = −uxmaxe
−((x1−cx)/rx)2

(x1 − cx)(
x3 − cz
cz

)2,

rz = −uzmaxe
−((x1−cx)/rx)2

(
x3 − cz
cz

)2,

with constants uxmax = 2 representing the maximal horizontal current, uzmax = 1 repre-

senting the maximal vertical current, cx = 0.5 representing the center of current (center

of underwater ditch), cz = 0.1 representing the depth of zero current, rx = 0.1 repre-

senting the factor for the expansion of the current. The objective is to find the control
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inputs ui(t), i = 1, 2, 3, 4 that are required to move the vehicle from the initial constraint

Γ = [x1(0), x2(0), x3(0) − 0.2, x4(0) − π
2 , x5(0) − 0.1, x6(0) + π

4 , x7(0) − 1, x8(0), x9(0) −

0.5, x10(0) − 0.1] = 0 to the final constraint Ψ = [x1(1) − 1, x2(1) − 0.5, x3(1), x4(1) −
π
2 , x5(1), x6(1), x7(1), x8(1), x9(1), x10(1)] = 0, while minimizing the cost functional. There

are also eight CVICs bounded as follows, |ui(t)| ≤ 15, i = 1, 2, 3, 4, t ∈ [0, 1].

The initial estimate for this problem is obtained by solving an unconstrained version

of the problem and with no bounds on the control inputs. The estimate is obtained on a

uniform mesh with N = 101 nodes.

Using this initial estimate, both algorithms with ode15s and ROW integrators are per-

formed. However, the algorithm with ode15s fails to converge to a solution. With ROW

method, we obtain the solutions for the differential and algebraic variables that are shown

in figure 3.5, figure 3.6 and figure 3.7. The final mesh of this problem has N = 407 nodes.

The convergence tolerance for this problem is ε = 10−6.

From table 3.3, we can see that the parallel implementation of the construction of the

residual with DAEs integration and the Jacobian matrix with the sensitivity integration

using ROW method is faster than the sequential solver with a speedup factor 1.94 (when

P = 4) and 1.75 (when P = 16). The reason why there is speedup in parallel compared

with example 1 is that this problem has more state variables and the system is much

bigger. Therefore, the time for performing the computation of the integration is in a bigger

portion compared with the overhead on setting up the parallel thread. When the number

of workers are too many (like when P = 16), this overhead still delays the computation

process as we see there’s a decrease in the speedup factor with more processors. And the

parallel implementation of the BABD linear system solving is still decreasing the speed in

this example.

3.5 Conclusion

This chapter presents a multiple shooting method to solve the boundary value problem

involving index-1 differential-algebraic equations which are resultant from the necessary

conditions of the optimum for the optimal control problem. A damped Newton’s method is

used to solve the residual equation by collecting the local residual on each time node after
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Figure 3.5: Optimal solution of states and costates for Example 3.4.2.

Figure 3.6: Optimal solution of controls and Hamiltonian function for Example 3.4.2.
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Figure 3.7: Optimal solution of multipliers for Example 3.4.2.

Solver1 Solver2 Solver3

P 1 4 16 4 16

Nresidual 845 845 845 845 845

Nsensitivity 451 451 451 451 451

NBABD 318 318 318 318 318

Tresidual(s) 93.7 78.0 105.9 79.4 106.1

Tsensitivity(s) 554.3 177.8 140.6 180.6 143.5

TBABD(s) 112.5 112.4 115.2 348.1 524.5

Ttotal(s) 764.8 393.5 409.1 634.6 820.8

Speedup 1.94 1.75 1.21 0.93

Table 3.3: Example 3.4.2, Calling times,running time and speedup factor with ROW inte-

grator
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discretization and a continuation method is used to deal with the inequality constraints

approximated by the Kanzow’s smoothed Fisher-Burmeister formula.

A numerical solver is implemented using MATLAB which provides a built-in DAE inte-

grator ode15s also with the use of its parallel computing capability. The algorithm imple-

ments the part that can be processed independently in parallel and decrease the running

time for solving the problem significantly. A comparison of the efficiency and robustness

between ode15s and the integrator implemented using Runge-Kutta (ROW) method is also

shown by the examples in this chapter. With the increase of the computing ability of the

computer and the increase of the number of processors used to solve the problem, a further

reduced running time is also possible.

As shown in section 3.4, with a lot of tests performed by both solvers with ode15s

and ROW integrator, it can be concluded that the integrator of ode15s is not suitable

nor efficient to the multiple shooting algorithm developed. Comparing the performance

of the sequential and parallel implementation of different solvers, it can be seen there is

a big speedup in the parallel implementation with parfor of the construction of the the

Jacobian matrix with the sensitivity integration. The integration with ode15s can give a

better precision but is more time consuming, so the speedup is more remarkable.

The integration with ROW method is faster both in sequential and parallel solvers. How-

ever, there is some overhead in the set-up with parfor that slows down the solving process

as seen from Example 3.4.1. For some complicated problems with lots of variables and

inequality constraints, the parallel algorithm is more efficient. However, the performance

of the parallel implementation using spmd of the BABD linear system solving is not satis-

factory. Because spmd is a form of distributed memory computing, the overhead in setting

up the workers and transferring data from local client to different workers in MATLAB is

too costly compared with doing all the work on the local client using shared memory. So,

we suggest to use the combination of the parallel implementation of the construction of the

residual with DAEs integration and the Jacobian matrix with the sensitivity integration in

section 3.1.2, and a sequential implementation of the BABD linear system solving in section

3.2 with the implemented code in MATLAB.
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Chapter 4

COLLOCATION ALGORITHM

This chapter introduces another method called collocation method (Alexander [1990])

to solve the BVP-DAEs (2.38)-(2.40).

4.1 Collocation Method

With the algebraic equations, the continuity conditions of the differential variables, and

the boundary conditions, the BVP-DAEs defined by (2.38)-(2.40) can be represented in the

form of a residual equation as

F̃ (q, α) =


h(y(t), z(t), p)− ẏ(t)

g(y(t), z(t), p, α)

y(t)− y(0)−
∫ t
ti
ẏ(t)dt

r(y(ti), y(tf), p)

 = 0, (4.1)

where q = [y(t)T , ẏ(t)T , z(t)T , pT ]T ∈ Q with Q = W1,∞([ti, tf ],Rny) × L∞([ti, tf ],Rny) ×

L∞([ti, tf ],Rnz) × Rnp , and F : Q × R → S, with S = L∞([ti, tf ],Rny) × L∞([ti, tf ],Rnz) ×

W1,∞([ti, tf ],Rny)× Rny+np .

The collocation method used in this thesis requests the overall time interval [ti, tf ] be

discretized into a mesh with N time nodes such that ti = t1 < t2 < . . . < tN = tf . Each

divided time interval Sj = [tj , tj+1], j = 1, 2, . . . , N − 1 is further divided by mj collocation

points, where each collocation point is obtained by τj,l = tj + c
(j)
l δj , l = 1, 2, . . . ,mj ,

δj = tj+1 − tj and 0 ≤ c
(j)
1 < c

(j)
2 < · · · < c

(j)
mj−1 < c

(j)
mj ≤ 1. A global unified number

of collocation points mj is used in this chapter where m1 = m2 = . . . = mj , while in

a collocation with adaptive mesh refinement ability, this condition is not necessary. The

coefficients ci used in the implementation of this thesis are from the Lobatto IIIA implicit

Runge-Kutta method (Alexander [1990] pp. 211-214).
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In each time interval Sj = [tj , tj+1], using the collocation method, the derivative at any

time in this interval is approximated using the Lagrange polynomial and derivatives at the

mj collocation points as

˙̃y(j)(t) =

mj∑
l=1

L
(j)
l

(
t− tj
δj

)
˙̃y
(j)
l , t ∈ [tj , tj+1], (4.2)

where

L
(j)
l (ς) =

mj∏
k=1,k 6=l

ς − c(j)
k

c
(j)
l − c

(j)
k

(4.3)

is a basis of Lagrange polynomials and ˙̃y
(j)
l = ˙̃y(j)(τj,l) ∈ Rny .

From equation (4.2), within each time interval Sj , the differential variables ỹ(j)(t) can

be approximated with

ỹ(j)(t) = ỹj + δj

mj∑
l=1

I
(j)
l

(
t− tj
δj

)
˙̃y
(j)
l , t ∈ [tj , tj+1]. (4.4)

where

I
(j)
l (ς) =

∫ ς

0
L

(j)
l (ζ) dζ (4.5)

and ỹj = ỹ(tj) ∈ Rny represent the differential variables at tj .

The differential variables at certain collocation points in Sj can be obtained as

ỹ
(j)
l = ỹ(j)(τj,l) = ỹj + δj

mj∑
k=1

alk ˙̃y
(j)
k , l = 1, . . . ,mj , (4.6)

ỹj+1 = ỹ(j)(tj+1) = ỹj + δj

mj∑
l=1

bl ˙̃y
(j)
l , (4.7)

where

alk =

∫ c
(j)
l

0
L

(j)
k (ζ) dζ, bl =

∫ 1

0
L

(j)
l (ζ) dζ, (4.8)

are the coefficients associated with the specific mj-stage Lobatto IIIA implicit Runge-Kutta

method used and can be pre-computed before the method is applied to a certain problem.

The algebraic variables z̃(t) in time interval Sj can also be approximated with the m−1

degree Lagrange polynomial as

z̃(j)(t) =

mj∑
l=1

L
(j)
l

(
t− tj
δj

)
z̃

(j)
l , t ∈ [tj , tj+1]. (4.9)
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where z̃
(j)
l = z̃(τj,l) ∈ Rnz represent the algebraic variables at each collocation point in Sj .

By requiring the collocation and algebraic conditions be satisfied for all the mesh inter-

vals together using those approximation equations, a residual equation can be formulated

as

F̃ (q̃, α) =



h(ỹ
(1)
1 , z̃

(1)
1 , p̃)− ˙̃y

(1)
1

g(ỹ
(1)
1 , z̃

(1)
1 , p̃, α)
...

h(ỹ
(1)
m1 , z̃

(1)
m1 , p̃)− ˙̃y

(1)
m1

g(ỹ
(1)
m1 , z̃

(1)
m1 , p̃, α)

y2 − y1 − δ1
∑m1

l=1 bl
˙̃y
(1)
l

...

h(ỹ
(j)
i , z̃

(j)
i , p̃)− ˙̃y

(j)
i

g(ỹ
(j)
i , z̃

(j)
i , p̃, α)

yj+1 − yj − δj
∑mj

l=1 bl
˙̃y
(j)
l

...

r(ỹ1, ỹN , p̃)



= 0, q̃ =



ỹ1

...

ỹj

˙̃y
(j)
i

z̃
(j)
i

...

ỹN

p̃



, (4.10)

where j = 1, 2, . . . , N − 1, i = 1, 2, . . . ,mj . Moreover, q̃ ∈ Q̃ = Rnq̃ with nq̃ = Nny +∑N−1
j=1 mj(ny + nz) + np and F (q̃, α) ∈ S̃ = Q̃.

Therefore, the BVP-DAEs is transformed into the problem of solving the residual equa-

tion F̃ (q̃, α) = 0, respectively, where q̃ yields the approximate solution of the OCP. It

is shown in [Ascher, 1989, Theorem 18] [Fabien, 2016a, Theorem 2] that let y(t), z(t),

and p be the true solution to the BVP-DAEs (2.38)-(2.40), then the collocation solution

has consistency of order mj as
∥∥y(j)(t)− ỹ(j)(t)

∥∥ = O(δmj ),
∥∥z(j)(t)− z̃(j)(t)

∥∥ = O(δmj ),

j = 1, . . . , N − 1.

4.1.1 Solution of the residual equation

A damped Newton’s method (see Fabien [2016b]) is used here to solve the residual equation

(4.10), which is similar to the one developed in Section 3.1.1.

Suppose an initial guess q̃k which is sufficiently close to the solution of the residual
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equation (4.10) is provided, a closer solution q̃k+1 can be obtained from

q̃k+1 = q̃k + ξ∆q̃k, k = 0, 1, . . . , (4.11)

DF̃ (q̃k, α) ∆q̃k = −F̃ (q̃k, α), (4.12)

where the stepsize factor ξ is obtained by using the classic line-search method and the

Jacobian is

DF̃ (q̃k, α) =



J1 W1 0 V1

−I −D1 I 0

J2 W2 0 V2

−I −D2 I 0

. . .
...

JN−1 WN−1 0 VN−1

−I −DN−1 I 0

B1 BN VN



, (4.13)

with

∆q̃ =



∆ỹ1

∆k̃1

...

∆ỹj

∆k̃j
...

∆ỹN−1

∆k̃N−1

∆ỹN

∆p̃



, ∆k̃j =



∆ ˙̃y
(j)
1

∆z̃
(j)
1

...

∆ ˙̃y
(j)
i

∆z̃
(j)
i

...

∆ ˙̃y
(j)
mj

∆z̃
(j)
mj



, F̃ (q̃k, α) =



f̃a1

f̃ b1
...

f̃aj

f̃ bj
...

f̃aN−1

f̃ bN−1

f̃N



,
f̃aj =



h̃(ỹ
(j)
1 , z̃

(j)
1 , p̃)− ˙̃y

(j)
1

g̃(ỹ
(j)
1 , z̃

(j)
1 , p̃, α)
...

h̃(ỹ
(j)
i , z̃

(j)
i , p̃)− ˙̃y

(j)
i

g̃(ỹ
(j)
i , z̃

(j)
i , p̃, α)
...

h̃(ỹ
(j)
mj , z̃

(j)
m , p̃)− ˙̃y

(j)
m

g̃(ỹ
(j)
mj , z̃

(j)
m , p̃, α)



,

f̃ bj =
[
ỹj+1 − ỹj − δj

∑m
l=1 bl

˙̃y
(j)
l

]
,

(4.14)
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Jj =



h̃yj1

g̃yj1
...

h̃yji

g̃yji
...

h̃yjm

g̃yjm



, Vj =



h̃pj1

g̃pj1
...

h̃pji

g̃pji
...

h̃pjm

g̃pjm



,

h̃yji = ∂h̃(ỹ
(j)
i , z̃

(j)
i , p̃)/∂y,

h̃zji = ∂h̃(ỹ
(j)
i , z̃

(j)
i , p̃)/∂z,

h̃pji = ∂h̃(ỹ
(j)
i , z̃

(j)
i , p̃)/∂p,

g̃yji = ∂g̃(ỹ
(j)
i , z̃

(j)
i , p̃)/∂y,

g̃zji = ∂g̃(ỹ
(j)
i , z̃

(j)
i , p̃)/∂z,

g̃pji = ∂g̃(ỹ
(j)
i , z̃

(j)
i , p̃)/∂p,

Wj =



−I + δja11h̃
y
j1 h̃zj1 δja12h̃

y
j1 0 · · · δja1mh̃

y
j1 0

δja11g̃
y
j1 g̃zj1 δja12g̃

y
j1 0 · · · δja1mg̃

y
j1 0

δja21h̃
y
j2 0 −I + δja22h̃

y
j2 h̃zj2 · · · δja2mh̃

y
j2 0

δja21g̃
y
j2 0 δja22g̃

y
j2 g̃zj2 · · · δja1mg̃

y
j1 0

...
...

...
...

. . .
...

...

δjam1h̃
y
jm 0 δjam2h̃

y
jm 0 · · · −I + δjammh̃

y
jm h̃zjm

δjam1g̃
y
jm 0 δjam2g̃

y
jm 0 · · · δjammg̃

y
jm g̃zjm


,

Dj = δj

[
b1I 0 b2I 0 · · · bmI 0

]
,

B1 = ∂r̃(ỹ1, ỹN , p̃)/∂ỹ1, BN = ∂r̃(ỹ1, ỹN , p̃)/∂ỹN , VN = ∂r̃(ỹ1, ỹN , p̃)/∂p̃,

∆k̃j , f̃
a
j ∈ Rm(ny+nz), f̃ bj ∈ Rny , Jj ∈ Rm(ny+nz)×ny , Vj ∈ Rm(ny+nz)×np ,

Wj ∈ Rm(ny+nz)×m(ny+nz), Dj ∈ Rny×m(ny+nz),

j = 1, 2, . . . , N − 1, i = 1, 2, . . . ,m, f̃N = r(ỹ1, ỹN , p̃) ∈ R(ny+np).
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Expanding equation (4.12) gives that for j = 1, 2, . . . , N − 1 we have

Jj∆ỹj +Wj∆k̃j + Vj∆p̃ = −f̃aj , (4.15)

−∆ỹj −Dj∆k̃j + ỹj+1 = −f̃ bj . (4.16)

Since the DAEs are index-1, which implies that gzji is nonsingular so that for sufficiently

small δj , the matrix Wj is nonsingular also. Using equation (4.15) to eliminate k̃j , we get

∆k̃j = W−1
j (−f̃aj − Jj∆ỹj − Vj∆p̃). (4.17)

Substitute this result into equation (4.16) gives that

(−I +DjW
−1
j Jj)∆ỹj + ∆ỹj+1 +DjW

−1
j Vj∆p̃ = −f̃ bj −DjW

−1
j f̃aj .

Using this elimination approach, the original BABD system (4.13) can be reduced to a

compact upper triangular BABD system shown below as



A1 C1 H1

A2 C2 H2

. . .
. . .

...

AN−1 CN−1 HN−1

B1 BN HN





∆ỹ1

∆ỹ2

...

∆ỹN−1

∆ỹN

∆p̃


=



b̃1

b̃2
...

b̃N−1

b̃N


, (4.18)

where Aj = −I + DjW
−1
j Jj ∈ Rny×ny , Cj = I ∈ Rny×ny , Hj = DjW

−1
j Vj ∈ Rny×np ,

b̃j = −f̃ bj −DjW
−1
j f̃aj ∈ Rny , HN = VN , b̃N = −f̃N , j = 1, 2, . . . , N − 1.

Once a solution to (4.18) is found, the updates ∆k̃j can be obtained via equation (4.17).

The updates ∆ ˙̃y
(j)
i and ∆z̃

(j)
i can be determined from ∆k̃j , j = 1, 2, . . . , N − 1 and i =

1, 2, . . . ,mj . This reduced BABD system (3.33) can be solved by the parallel QR reduction

algorithm presented in section 3.2.

4.2 Collocation Algorithm Evaluation

4.2.1 Generation of the initial input

Normally for the BVP-DAEs (2.38)-(2.40), the necessary variables are the values of the

differential variables ỹj , algebraic variables z̃j , and parameter variables p̃ except the values
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of the derivatives of the differential variables ˙̃yji. Therefore, the input to the BVP-DAEs

is usually in the form of s0 = [yT1 , z
T
1 , . . . , y

T
j , z

T
j , . . . , y

T
N , z

T
N ]T , j = 1, 2, . . . , N . In each

time interval Sj , the derivatives of the differential variables ˙̃y
(j)
i for the initial guess of

the algorithm at each collocation point τj,i, i = 1, 2, . . . ,mj are generated using equation

(2.38). The inputs to the equation are the differential variables and algebraic variables at

each collocation point which are obtained using the linear interpolation with the variables at

time nodes tj and tj+1. The approach to generating the initial input q̃0 is given in Algorithm

4.1.

Algorithm 4.1: Generation of the initial input q̃0

Input: yj , zj , p, j = 1, 2, . . . , N .

Output: ỹj , ˙̃y
(j)
i , z̃

(j)
i , ỹN , p̃, j = 1, 2, . . . , N − 1; i = 1, 2, . . . ,mj .

for j = 1, 2, . . . , N − 1 do
ỹj = yj

for i = 1, 2, . . . ,mj do

y
(j)
i = (1− ci)yj + ciyj+1,

z
(j)
i = (1− ci)zj + cizj+1,

Using equation (2.38), ˙̃y
(j)
i = h(y

(j)
i , z

(j)
i , p),

z̃
(j)
i = z

(j)
i .

end

end

ỹN = yN ,

p̃ = p.

4.2.2 Evaluation of the residual equation and the Jacobian

The residual F̃ (q̃k, α) (4.14) is made up by the residual terms [f̃aTj f̃ bTj ]T , j = 1, 2, . . . , N−1

in each time interval [tj , tj+1]. So is the Jacobian DF̃ (q̃k, α) (3.7) which is made up by

the matrix elements Jj , Vj , Dj and Wj from each time interval. The computation of these

terms require the differential variables ỹ
(j)
i at each collocation point which can be obtained

by using the equation (4.6). After obtaining ỹ
(j)
i , the construction of the residual equation

and the Jacobian can be easily realized by performing the necessary computations with all

the necessary inputs computed.
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The approaches to constructing the residual F̃ (q̃, α) and its Jacobian DF̃ (q̃, α) can be

achieved as described in Algorithm 4.2 and Algorithm 4.3.

Algorithm 4.2: Construction of F̃ (q̃, α)

Input: ỹj , ˙̃y
(j)
i , z̃

(j)
i , ỹN , p̃, α, j = 1, 2, . . . , N − 1, i = 1, 2, . . . ,mj .

Output: The elements f̃aj , f̃
b
j , and f̃N , in the residual F̃ (q̃, α) and the differential

variables ỹ
(j)
i at the collocation points τj,i.

for j = 1, 2, . . . , N − 1 do

Evaluate

f̃ bj = yj+1 − yj − δj
m∑
l=1

bl ˙̃y
(j)
l

for i = 1, 2, . . . ,mj do

Using equation (4.6), evaluate

ỹ
(j)
i = ỹj + δj

mj∑
l=1

ail ˙̃y
(j)
l ,

Evaluate h(ỹ
(j)
i , z̃

(j)
i , p̃), g(ỹ

(j)
i , z̃

(j)
i , p̃, α) and construct the corresponding

ith block-row term in f̃aj .

end

end

Compute f̃N .

Algorithm 4.3: Construction of DF̃ (q̃, α)

Input: ỹ
(j)
i , z̃

(j)
i , ỹ1, ỹN , p̃, α, j = 1, 2, . . . , N − 1, i = 1, 2, . . . ,mj .

Output: The elements Jj , Vj , Dj , Wj , j = 1, 2, . . . , N − 1 and B1, BN , VN in the

Jacobian DF̃ (q̃, α).

for j = 1, 2, . . . , N − 1 do

for i = 1, 2, . . . ,mj do

Evaluate h̃yji, h̃
z
ji, h̃

p
ji, g̃

y
ji, g̃

z
ji, g̃

p
ji and construct the corresponding ith row or

column block in Jj , Vj , Dj and Wj .

end

end

Compute B1, BN and VN .
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4.2.3 Parallel evaluation of the residual Equation and the Jacobian

From the evaluation of the residual equation (4.14) in Algorithm 4.2, we can easily notice

that the evaluation of the residual in each time interval [f̃aTj f̃ bTj ]T , j = 1, 2, . . . , N − 1 is

independent of the evaluation done in any other time interval. So the residual in the interval

[tj , tj+1] can be computed with the residual in any other interval [ti, ti+1], i 6= j at the same

time with no need for communication of data between them.

The same is true for computing elements Jj , Vj , Dj and Wj , j = 1, 2, . . . , N − 1 of the

Jacobian DF̃ (q̃, α) (3.7) in Algorithm 4.3. For the computation of the elements in the

interval [tj , tj+1], they can be performed independently and simultaneously without sharing

data.

In this chapter, a parallel collocation method taking advantage of MATLAB parallel

toolbox (MATLAB [2017]) is developed which assumes the computer is equipped with mul-

tiple computing cores. To illustrate these parallel computing algorithms, we let P > 1

represent the number of available cores that can share the whole computation work re-

quired. Normally, P depends on the number of cores available in MATLAB local parallel

worker pool. The MATLAB parallel computing toolbox has a function parfor (parallel

for loop) MATLAB [2017] which executes for-loop iterations in parallel and loop iterations

are executed in parallel in a nondeterministic order. Since there is no data communica-

tion between the computation performed in each time interval, the order of executing the

computation in each time interval is trivial. Then, the parallel execution for (i) the compu-

tation of the block residual equation F̃ (q̃, α) in Algorithm 4.2; (ii) the computation of the

Jacobian DF̃ (q̃, α) in Algorithm 4.3 can be realized simply using the parfor in MATLAB

which partitions the time intervals into P groups as uniform as possible and execute these

work in an nondeterministic order.

4.2.4 Reduction and recover of the linear system

The original BABD system (3.7) is first reduced into a compact upper triangular BABD

system (3.33) and the resultant system is solved by the QR factorization discussed in details

in section 3.2.
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The elements Aj , Cj , Hj , b̃j , j = 1, 2, . . . , N − 1, and HN , b̃N are computed using LU

factorization. The results from LU factorization ofWj are saved for later use when recovering

the updates ∆k̃j of the original system using forward and backward substitution. The

details of the reduction and the recover of the linear system are shown in Algorithm 4.4 and
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Algorithm 4.5.

Algorithm 4.4: Reduction of the Jacobian

Input: f̃aj , f̃
b
j , Jj , Vj , Dj , Wj , j = 1, 2, . . . , N − 1 and f̃N , B1, BN , VN ,

j = 1, 2, . . . , N − 1.

Output: Aj , Cj , Hj , b̃j , j = 1, 2, . . . , N − 1, and HN , b̃N .

for j = 1, 2, . . . , N − 1 do

Factor Wj using LU factorization and save the factorization results. Compute

the following elements using forward and backward substitution using the LU

factorization results,

Aj = −I +DjW
−1
j Jj ,

Cj = I,

Hj = DjW
−1
j Vj ,

b̃j = −f̃ bj −DjW
−1
j f̃aj .

end

Compute HN = VN , b̃N = −f̃N ,.

Algorithm 4.5: Recover of the updates ∆k̃j

Input: Saved LU factorization results of Wj , f̃
a
j , Jj , Vj , and the solution from the

reduced BABD system ∆ỹj ,∆p̃, j = 1, 2, . . . , N − 1.

Output: Solution to the original BABD system ∆k̃j .

for j = 1, 2, . . . , N − 1 do

Use the forward and backward substitution with the saved LU factorization

results of Wj to solve the equation

∆k̃j = W−1
j (−f̃aj − Jj∆ỹj − Vj∆p̃).

end

4.2.5 Continuation method

The continuation method used in this chapter is the same as the one developed in Section

3.3. The residual equation (4.10) is first solved from an initial guess q̃(0) and continuation
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parameter α0. The algorithm then uses Newton’s method to solve the residual (4.10) to

obtain q̃ which satisfies ‖F (q̃, α)‖ ≤ ε, where ε is the desired convergence tolerance for the

numerical iteration. After the converged Newton’s iteration, the continuation parameter α

is decreased by a scale factor β which is less than 1 and the converged solution q̃ is used

as the initial guess for the next problem with the decreased continuation parameter. The

algorithm shall stop when the continuation parameter is below the desired continuation

termination tolerance αm. The part is given below in Algorithm 4.6.

Algorithm 4.6: Damped Continuation Newton’s Method.

Input: An initial guess s0, an initial continuation parameter α > 0, a scale factor

0 < β < 1, a convergence tolerance ε > 0, a continuation termination tolerance

αm > 0 and a maximum iteration number maxiter.

Output: q̃∗ ∈ Rnq where ‖F̃ (q̃∗, α∗)‖ ≤ ε and α∗ ≤ αm.

Use Algorithm 4.1 to generate the initial input q̃ to the collocation method.

while α > αm do

for i = 0, 1, . . . ,maxiter do

Use Algorithm 4.2 to construct F̃ (q̃, α).

if ‖F̃ (q̃, α)‖ ≤ ε then
q̃∗ = q̃.

break

end

Use Algorithm 4.3 to construct DF̃ (q̃, α). /* Compute a descent direction */

Solve the linear system (4.12) for ∆q̃(k), i.e.,

DF̃ (q̃, α)∆q̃ = −F̃ (q̃, α).

Use line-search algorithm to find the biggest ξ ∈ (0, 1] such that

‖F̃ (q̃ + ξ∆q̃, α)‖ ≤ ‖F̃ (q̃, α)‖. Then Set q̃ = q̃ + ξ∆q̃.

end

α = βα.

q̃ = q̃∗.

end

Output q̃∗.
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4.3 Implementation and Evaluation

The solver is directly implemented from the algorithms described in the previous sections

using MATLAB. The solver provides the functionality of solving the BVP-DAE problems

of the form (2.38)-(2.40). The usability of the solver is also enhanced by the symbolic

functionality from MATLAB to translate the OCP into BVP-DAEs of MATLAB functions

that can be used by the solver.

The solver implemented is composed of three main parts as: construction of the residual

equation, construction of the Jacobian matrix in section 4.2.3, and BABD linear system

solving in section 4.1.1. The results from Chapter 3 point out that the parallel implemen-

tation of the BABD solving in MATLAB gives no increase in the efficiency of the solver.

Therefore, the BABD solving algorithm is implemented in sequential and the other two

parts are implemented both in sequential and parallel as shown in Algorithm 4.2 and 4.3 to

explore the efficiency of the parallel implementation in MATLAB.

The feasibility of the solver is tested by over 120 example problems from open literatures

and the 2 examples chosen are the examples studied in chapter 3, which can directly give the

comparison between those two solvers. A performance profile is generated over the chosen

examples from the example set to compare the performance between the solver from this

chapter and the one from chapter 3 where a multiple shooting method is used to solve the

BVP-DAEs.

Parallelism. The parallel code from Algorithm 4.2 and 4.3 are implemented with the

MATLAB parllel computing toolbox functionality parfor. The MATLAB parallel worker

pool instantiates the thread needed for each parallel process which is very convenient and

all the work is executed concurrently.

Computing environment. All the numerical results given below were performed on a

desktop with the following hardware and software characteristics. The CPU is an Intel(R)

Xeon(R) CPU E5-2640 @ 2.60GHz and the system has 64.0 GB memory. The operating

system is Windows 7. The MATLAB version is 2017b.

As the plots of the solution are provided in that chapter already, we do not provide

plots in this chapter to save space. For the following evaluations, the initial continuation



61

parameter is α = 1, the scale factor is β = 0.8, the continuation termination tolerance is

αm = 1e−6, and the numerical convergence tolerance is ε = 1e−6.

Example 4.3.1. This problem considers a continuous stirred-tank chemical reactor (see

Kirk [2012] pp. 338 and pp. 406).

min
x(t)∈R2

∫ tf

0
[x1(t)2 + x2(t)2]dt

subject to

ẋ1(t) = −2.0a1(t) + a4(t)− a1(t)u(t),

ẋ2(t) = 0.5− x2(t)− a4(t).

where a1(t) = x1(t) + 0.25, a2(t) = x2(t) + 0.5, a3(t) = x1(t) + 2.0 and a4(t) =

a2(t)exp[25.0x1(t)
a3(t) ].

The desired objective is to maintain the temperature and concentration close to their

steady-state values.The initial constraint is that Γ = [x1(0)− 0.05, x2(0)0] = 0 and the final

constraint is that Ψ = [x1(tf), x2(tf)] = 0. The control variable inequality constraints are

bounded as follows, |u| ≤ 1. Also with the final time tf = 0.78.

The initial estimate for the states, costates and control is obtained by solving the un-

constrained problem where the CVICs are ignored. The initial values of the multipliers are

all set to 1. The initial mesh of the problem has N = 101 nodes.

The solver converged to the solution with desired numerical tolerance using this initial

estimate. The solution from the solver in this paper has N = 60 nodes while the solution

of the solver using the multiple shooting method from chapter 3 uses N = 430 nodes.

Example 4.3.2. This problem is taken from Büskens and Maurer [2000] (pp. 99 to pp.

106) and considers an underwater vehicle problem from aquanautics. The problem is stated

as follows

min
ui∈R

∫ 1

0

4∑
i=1

ui(t)
2
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subject to

ẋ1 = cos(x6) cos(x5)x7 + rx,

ẋ2 = sin(x6) cos(x5)x7,

ẋ3 = − sin(x5)x7 + rz,

ẋ4 = x8 + sin(x4) tan(x5)x9 + cos(x4) tan(x5)x10,

ẋ5 = cos(x4)x9 − sin(x4)x10,

ẋ6 =
sin(x4)

cos(x5)
x9 +

cos(x4)

cos(x5)
x10,

ẋ7 = u1,

ẋ8 = u2,

ẋ9 = u3,

˙x10 = u4.

The problem has 10 state variables and 4 control variables. The variable x1(t)−x3(t) specify

the position of the center of the vehicle, while x4(t)− x6(t) describe the orientation of the

mass by Euler angles. The vehicle is assumed to be moving with velocity x7(t) and angular

velocities x4(t)− x6(t). Hence, the control variable u1(t) represents the acceleration of the

underwater vehicle, while u2(t) − u4(t) describe the angular accelerations. The nonlinear

current is modeled by

rx = −uxmaxe
−((x1−cx)/rx)2

(x1 − cx)(
x3 − cz
cz

)2,

rz = −uzmaxe
−((x1−cx)/rx)2

(
x3 − cz
cz

)2.

with constants uxmax = 2 representing the maximal horizontal current, uzmax = 1 repre-

senting the maximal vertical current, cx = 0.5 representing the center of current (center of

underwater ditch), cz = 0.1 representing the depth of zero current, rx = 0.1 representing the

factor for the expansion of the current. The objective is to find the control inputs u that are

required to move the vehicle from the initial constraint Γ = [x1(0), x2(0), x3(0)−0.2, x4(0)−
π
2 , x5(0)−0.1, x6(0) + π

4 , x7(0)−1, x8(0), x9(0)−0.5, x10(0)−0.1] = 0 to the final constraint

Ψ = [x1(1) − 1, x2(1) − 0.5, x3(1), x4(1) − π
2 , x5(1), x6(1), x7(1), x8(1), x9(1), x10(1)] = 0,
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while minimizing the cost function. There are also eight CVICs bounded as follows,

|ui| ≤ 15, t ∈ [0, 1].

The initial estimate for the states, costates, and controls is obtained by solving an

unconstrained version of the problem where there is no bounds on the control inputs. All

the other unknowns (multiplier and parameter variables) are set to 1. The initial estimate

uses a uniform mesh with N = 101 nodes.

Using this initial estimate, two solvers successfully solve the problem, where the collo-

cation solver uses N = 171 nodes and the multiple shooting solver uses N = 407 nodes.

Table 4.1 compares the performance of the collocation solver implemented from this

chapter and the multiple shooting solver implemented from chapter 3 when applied to the 2

example problems. For each problem, the table shows CPU computation time required for

the collocation method and the multiple shooting method all using MATLAB. In addition,

the table gives the performance for both solvers ran in sequential or parallel with 4 CPU

cores. As can be seen from the table, the parallel implementation using MATLAB of

the collocation solver can hardly offer any increase in the performance and even slow the

computing process.

Problem Collocation Method-time(s) Multiple Shooting Method-time(s)

Sequential Parallel (4 cores) Sequential Parallel (4 cores)

Ex. 1 61.8 109.2 89.3 205.0

Ex. 2 500.8 418 764.8 393.5

Table 4.1: Performance comparison between solvers implemented using MATLAB

4.3.1 Performance Profile

A performance profile (Dolan and Moré [2002] and Gould and Scott [2016]) is generated to

better quantify the performance of two solvers and benchamark the solver with large problem
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set. There are 99 OCPs in the example set. The collocation solver can successfully all of the

problems whereas the multiple shooting solver can only solve 85 of them. The performance

profile is shown in figure 4.1. From the figure, we can also see that the collocation solver is

not only more robust but also more time efficient and we can conclude that the collocation

solver is more robust and efficient when solving the BVP-DAEs of the form (2.38)-(2.40).

Figure 4.1: Performance profile between solvers implemented using MATLAB.

4.4 Conclusion

In this chapter, another indirect method for solving OCPs with CVICs, SVICs and pa-

rameters is presented based on the work done in Chapter 2 which gives the transformation

from OCPs to index-1 BVP-DAEs. The main work of this chapter is that it develops a

collocation method of solving the index-1 BVP-DAEs and a continuation Newton’s method

to solve the residual equation from the collocation formulation.

A numerical solver is programmed using MATLAB along with the parallel computing

capability. The parts that can be executed independently are implemented in parallel.

However, the performance of the parallel solver is not satisfying. That is mainly because

the overhead on setting up the parallel worker in MATLAB parallel computing pool is too

much than just computing the whole work in sequential in MATLAB.

Two concrete examples are tested with both solvers shown in this chapter and the one in

chapter 3 to directly compare the performance between them. A performance profile tested
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over 95 examples from open literatures is also shown to better quantify the efficiency and

robustness between the solvers. It can be seen from the performance profile that the solver

using collocation method is more robust and efficient on a large set of OCP examples than

the solver using multiple shooting method.

Next chapter will present the work focusing on implementing the algorithm on more ad-

vanced computing hardwares as graphics processing units (GPUs) using Python (Van Rossum

and Drake Jr [1995]). Although the the computing ability of single GPU computing core

is not better that on single CPU computing core, the number of computing cores on a

GPU is much more than that on a CPU and it can increase the efficiency of the solver to a

large extent. Python also has lots of packages that are efficient and convenient for scientific

computing such as sympy, numpy, and scipy.
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Chapter 5

GPU BASED IMPLEMENTATION

5.1 Motivation

In chapters 3 and 4, two numerical methods to solve the BVP-DAEs (2.38)-(2.40) are

introduced. The implementation using MATLAB for both algorithms are presented and

the parallel computing toolbox in MATLAB is explored. However, the evaluation results of

the implementation using MATLAB are not satisfactory. For the multiple shooting method

in chapter 3, the implementation tries to make use of the built-in integrator ode15s, where

the test results showed it was not suitable for the multiple shooting algorithm developed

than the integrator implemented using ROW method. Moreover, due to the heavy overhead

in the MATLAB parallel computing toolbox, the parallel implementation can not provide

too much performance boost on the multiple shooting algorithm and even decrease the

performance on the collocation algorithm.

In the past decade, the increase of computing power of CPUs has slowed down due

to the breakdown of Moore’s law, which states that the number of transistors in a dense

integrated circuit doubles approximately every two years Brock and Moore [2006]. In con-

trast, leveraging the ability of Graphics Processing Units (GPUs) to do massively paralleled

work has become increasingly popular in the community of computational science and en-

gineering. Using the GPU to accelerate the algorithm solving process is very promising by

using faster hardware and more computing cores. GPU is a special purpose processor that

is built specifically for performing large volumes of computations. Modern GPU contains

thousands of cores which are capable of performing trillions of floating point operations per

second (FLOPs), accelerating the rate at which the computations can be completed. For

large computations GPU can perform the same operation over and over again on them at

a much faster rate than a CPU alone. Many researchers from different disciplines such as

molecular dynamics Anderson et al. [2008], Liu et al. [2007], computational biology Schatz
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et al. [2007], weather forecasting Michalakes and Vachharajani [2008], linear algebra Bar-

rachina et al. [2008], computational fluid dynamics Schive et al. [2010], astrophysics Wang

et al. [2010], tsunami modeling Qin et al. [2019] have developed numerical models that run

on the GPUs to make use of the computing power.

The GPU is initially widely used in the computer graphics community, while before the

appearance of libraries for general-purpose GPU computing like CUDA, researchers had to

write their own programs in a way such that they could take use of the GPUs’ capability of

computing color for a large number of pixels in parallel Owens et al. [2007]. The appearance

of programming models for general purpose GPU computing such as CUDA (Nickolls et al.

[2008], Luebke [2008]) makes developing numerical algorithms on the GPU much easier.

Python (Van Rossum and Drake Jr [1995]) is becoming one of the most popular pro-

gramming languages recently as it has many well-developed tools for scientific computing

which allows developers to better focus on the hurdle on the path to performance.

In the optimal control community, the author does not know any research on employing

the computing power of the GPU yet. In this chapter, we present the GPU based imple-

mentation for the multiple shooting method from Chapter 3 and the collocation method

from Chapter 4 using CUDA and Python.

5.2 CUDA Programming Model

The CUDA programming used is supported by a high performance Python compiler Numba

(Lam et al. [2015]), which directly compiles a restricted subset of Python code into CUDA

kernels and device functions following the CUDA execution model. The detailed instructions

of the CUDA programming model can be found in the Nvidia CUDA C Programming Guide

(Nvidia [2019]) and Storti and Yurtoglu [2015]. Here, we provide adequate introduction

about CUDA programming to help understand the implementation shown in this chapter.

CUDA is a hardware and software combined system for parallel computing on the CUDA-

enabled GPUs. The functions executed on the GPU is called CUDA kernel functions.

CUDA follows the Single Instruction, Multiple Threads (SIMT) programming model where

the kernel function specifies the instructions which are then executed by certain threads

using the GPU. Threads are grouped into blocks, which form a grid then. On the hardware
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side, a single CUDA-enabled GPU contains thousands of compute cores which are capable

of performing the specified instructions. Those compute cores are grouped together and

called Streaming Multiprocessors (SMs). CUDA blocks are independent of each other and

every SM can be assigned with multiple blocks. Every CUDA block is futher divided as

warps where each warp contains 32 threads and execute the same instructions concurrently.

Each active thread is uniquely identified based on the block and thread index information

and is able to access its corresponding portion of the data.

5.3 Multiple Shooting Method

5.3.1 CUDA kernel implementation

The CUDA implementation of the multiple shooting method uses the integration evaluation

from Section 3.1.3, where a single step linearly implicit Runge-Kutta (ROW) method is used

for integrating the DAEs.

The core idea for CUDA implementation is to design the implementation of the kernel

function. When implementing the CUDA kernel function, the primary goal is to divide

the overall algorithm into parallel tasks that can be assigned to CUDA threads. From

Algorithm 3.1 and Algorithm 3.2 of the whole method, it is intuitive to conclude that

the integration of the DAEs (3.8) and linear DAEs (3.14) performed in each time interval

[tj , tj+1], j = 1, 2, . . . , N − 1 can be assigned to each individual CUDA thread.

Figure 5.1: CUDA kernel layout for multiple shooting method.

Figure 5.1 shows how the CUDA threads are first assigned to each time interval for

integrating DAEs, and how the approximated solutions are returned. The solid arrows
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denote initial set up for each thread by passing the corresponding input while the the thin

arrows show the return of the approximate solutions after the computation of the integration.

5.3.2 Numerical evaluation

Algorithms for solving the OCP (2.7)-(2.12) are implemented using Python and CUDA.

The main functionality provided by this implementation is a set of routines that solve

BVP-DAE problems of the form (2.38)-(2.40). The codes are directly implemented from

all the algorithms described above which can be found at web site https://github.com/

UW-OCP/Multiple_Shooting_Solver_CUDA, and all the implementations of the codes are

standalone.

The solver is composed of two major parts: (i) construction of the residual with DAEs

integration and construction of the Jacobian with the DAE sensitivities integration described

in section 3.1.3; (ii) the solver for the BABD linear system described in section 3.2. Both

the sequential and parallel versions of these two parts are implemented to compare the

efficiency of the implementation.

As shown in the tables below, Solver1 denotes the solver implemented with the sequential

implementation of the construction of the residual with DAEs integration and the construc-

tion of the Jacobian with the DAE sensitivities integration, and sequential implementation

of the BABD linear system solving; Solver2 denotes the solver with the parallel implemen-

tation of the construction of the residual with DAEs integration and the construction of the

Jacobian with the DAE sensitivities integration, and parallel implementation of the BABD

linear system solving.

The result tables use the following terminologies. Nsolution denotes the number of times

nodes in the final solution; Tall denotes the overall computation time of the whole problem;

M denotes the number of partitions used in solving the BABD system in parallel; Nresidual

denotes the number of evaluating times of the construction of the residual (3.4) with DAEs

integration; Tresidual denotes the the running time of the construction of the residual (3.4)

with DAEs integration; NJacobian denotes the number of evaluating times of the construction

of the Jacobian (3.7) with the DAE sensitivities integration; TJacobian denotes the running

https://github.com/UW-OCP/Multiple_Shooting_Solver_CUDA
https://github.com/UW-OCP/Multiple_Shooting_Solver_CUDA
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time of the construction of the Jacobian (3.7) with the DAE sensitivities integration; NBABD

denotes the number of evaluating times of the BABD linear system solving (3.25); and Tall

denotes the running time of the BABD linear system solving (3.25).

The solver is evaluated using more than 140 examples from opern literatures which can

be found at website https://github.com/UW-OCP/ocp_test_problems. Here, we present

two examples from this problem set to illustrate the robustness and efficiency of the solver.

Computing environment. All the numerical results given below are performed on a com-

puter with the following hardware and software characteristics. The computer is equipped

with an Intel® Core™ i9-9900K CPU @ 3.60GHz × 16 and a GeForce RTX 2070 SU-

PER/PCIe/SSE2 GPU. The operating system is Ubuntu 19.10.

Example 5.3.1. This is a self-excited oscillation system described by van der Pol’s equation

with two state variables, one control variable, and one state variable inequality constraint

from Shimizu and Ito [1994].

min
x(t)∈R2,u(t)∈R

∫ tf

0
0.5[x1(t)2 + x2(t)2 + u(t)2] dt,

subject to

ẋ1(t) = x2(t),

ẋ2(t) = −x1(t) + (1.0− x1(t)2)x2(t) + u(t).

The initial condition is that Γ = [x1(0) − 1.0, x2(0)] = 0 and there is no final time

constraint. The state variable inequality constraint is −(x2(t) + 0.25) ≤ 0. Also the final

time is tf = 5. The initial estimates for the state variables and control variable are all ones

and obtained on a uniform mesh with N = 101 nodes.

Using those initial estimates, we obtain the solutions for the differential and algebraic

variables that are shown in figure 5.2 and figure 5.3. The convergence tolerance for this

problem is ε = 10−6.

Table 5.1 shows the number of calling times of each algorithm and the computational

running time of each algorithm. It also shows the speedup factor which is defined as S =

Tsequential

TM
, where Tsequential is the running time of the sequential solver and TM is the running

time of the parallel solver with M partitions in BABD system solving.

https://github.com/UW-OCP/ocp_test_problems
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The results show that there is a significant boost in speed of the GPU based parallel

implementation in every part of the algorithm and an overall speedup factor between 24 to

71 are obtained with different number of partitions M used in the BABD system solving. It

can be seen that the running time for evaluating residual equation and Jacobian are almost

the same for parallel solvers with different partitions M which only affects the BABD linear

system solving. As the number of partitions M is increased from 1 to 16, a very significant

decrease in the BABD system solving time is realized. It also can be seen that the number

of evaluating times for each part of the algorithm and the number of time nodes of the final

solution Nsolution are exactly the same for sequential and parallel solvers. This indicates

that although the instructions of the sequential solver happens on CPU which is different

from the GPU based parallel solver, their numerical computation are still identical.
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Figure 5.2: Optimal solution of states and costates for Example 5.3.1.
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Figure 5.3: Optimal solution of control and multipliers for Example 5.3.1.
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Solver1 Solver2

M 1 1 4 8 16 32

Nresidual 512 512 512 512 512 512

NJacobian 254 254 254 254 254 254

NBABD 191 191 191 191 191 191

Tresidual(s) 367.5 9.4 9.7 9.5 9.5 9.5

TJacobian(s) 1777.6 14.4 14.8 14.7 14.7 14.2

TBABD(s) 403.2 81.7 25.7 16.3 12.9 11.8

Nsolution 2440 2440 2440 2440 2440 2440

Ttotal(s) 2548.6 105.8 50.5 40.9 37.4 35.8

Speedup 24.1 50.5 62.3 68.1 71.2

Table 5.1: Example 5.3.1, Evaluating times, running time and speedup factor

Example 5.3.2. This problem considers a system with 6 state variables, 4 control variables,

1 parameter variable, and 4 control variable inequality constraints. The problem is tested by

the algorithms without using the penalty function method (see (2.1)-(2.6)) on the CVICs,

and algorithm using the the penalty function method (see (2.7)-(2.12)). (Note that the

algorithm without the penalty function was unable to converge.) The problem is to minimize

the cost functional

min
ui∈R,p∈R

∫ 1

0
(p+ 10)(ρ+ u1(t)2 + u2(t)2 + u3(t)2 + u4(t)2) dt,



73

subject to

ẋ1(t) = (p+ 10)x2(t),

ẋ2(t) = (p+ 10)((u1(t) + u3(t)) cos(x5(t))− (u2(t) + u4(t)) sin(x5(t))/m,

ẋ3(t) = (p+ 10)x4(t),

ẋ4(t) = (p+ 10)((u1(t) + u3(t)) sin(x5(t))− (u2(t) + u4(t)) cos(x5(t))/m,

ẋ5(t) = (p+ 10)x6(t),

ẋ6(t) = (p+ 10)((u1(t) + u3(t))d− (u2(t) + u4(t))l)/I,

with constants m = 10.0, d = 5.0, l = 5.0, I = 12.0, and ρ = 10.0. The objective

is to find the control inputs ui, i = 1, 2, 3, 4 that move the system from the initial time

constraint Γ = [x1(0), x2(0), x3(0), x4(0), x5(0), x6(0)] = 0 to the final time constraint

Ψ = [x1(1) − 4.0, x2(1), x3(1) − 4.0, x4(1), x5(1) − π
4.0 , x6(1)] = 0, while minimizing the

cost functional. There are also four inequality constraints that bound the control variables

as follows, −(ui(t)− 5.0)(−5.0− ui(t)) ≤ 0, i = 1, 2, 3, 4.

The initial estimate for this problem is obtained by solving an unconstrained version

of the problem and with no bounds on the control inputs. The estimate is obtained on a

uniform mesh with N = 101 nodes.

Using this initial estimate, we obtain the solutions for the differential and algebraic

variables that are shown in figure 5.4, figure 5.5 and figure 5.6. The convergence tolerance

for this problem is ε = 10−6.

From table 5.2, we can see that both solvers converge to the same solution with a mesh of

Nsolution = 287 nodes and every part of the algorithm has a significant boost in performance

with an overall speedup factor from 27 to 54. This problem contains a large number of

unknown variables and as a result, the computation for sensitivity integration and the

solution of the BABD system are time consuming where the performance improvement is

significant. However, more variables in the system mean that the memory transfer between

the CPU and the GPU is slower. Also, the number of time nodes in this problem is much

fewer than the previous example so that the speedup for evaluating the residual and the

Jacobian is smaller.
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Figure 5.4: Optimal solution of states and costates for Example 5.3.2.
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Figure 5.5: Optimal solution of controls for Example 5.3.2.
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Figure 5.6: Optimal solution of multipliers for Example 5.3.2.

Solver1 Solver2

M 1 1 4 8 16 32

Nresidual 187 187 187 187 187 187

NJacobian 123 123 123 123 123 123

NBABD 60 60 60 60 60 60

Tresidual(s) 460.6 16.4 16.6 16.4 16.4 16.4

TJacobian(s) 10661.2 163.9 164.6 167.6 165.7 167.0

TBABD(s) 1650.6 285.2 89.9 71.5 53.3 52.4

Nsolution 287 287 287 287 287 287

Ttotal(s) 12772.4 465.6 271.1 255.6 235.4 235.8

Speedup 27.4 47.1 50.0 54.3 54.2

Table 5.2: Example 5.3.2, Evaluating times,running time and speedup factor
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5.4 Collocation Method

5.4.1 Overview

Generate the initial input to the
collocation algorithm.
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Figure 5.7: Work flow of the Collocation algorithm.

Figure 5.7 shows the major workflow procedures of the collocation algorithm introduced

in chapter 4. The two colors presented in the figure represent the two major types of

hardware resources that are involved in the execution of the code, CPU and GPU. The

red block indicates the code of the procedure that is executed on the CPU, whereas the

green block indicates the execution on the GPU. The arrow from procedure 1 to procedure

2 indicates that the procedure 2 can be executed only after procedure 1 is finished. The

memory transfer between CPU and GPU is kept at the least amount possible and can be

neglected.
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5.4.2 Design of CUDA Kernel

The implementation of the multiple shooting algorithm in section 5.3 employs a 1D CUDA

kernel. However, the CUDA kernel function can be launched by multi-dimensional block

where up to 3-dimensional is supported. The thread can then be indexed with the corre-

sponding multi-dimensional identifier.

����−1��−2 ��+1 ��+2

��−2,1

��−2,2

��−2,�−1

......

............

��−1,1

��−1,2

��−1,�−1

...... ��,1

��,2

��,�−1

......

��−2,2

......��+1,1 ��+1,�−1

Figure 5.8: The 1-dimensional layout of the mesh of the time interval from the collocation

algorithm.

Figure 5.8 shows the 1-dimensional layout of the mesh of the overall time interval re-

sultant from collocation method shown in section 4.1. The overall time interval [ti, tf ] is

divided into N − 1 sub-intervals [tj , tj+1], j = 1, 2, . . . , N − 1 and each sub-interval [tj , tj+1]

is further divided by mj collocation points τj,i, i = 1, 2, . . . ,mj . A global unified number

of collocation points mj is used here. From Algorithms 4.1, 4.2, 4.3, 4.4, and 4.5, it is

easy to notice that all the computations performed in the interval [tj , tj+1] can be done

independently and concurrently with any other interval [ti, ti+1], i 6= j without any data

racing possibility. Therefore, the computation in each time interval can be done by easily

assigning each CUDA thread to finish the corresponding computation using 1-dimensional

CUDA grid.

However, notice that Algorithms 4.1, 4.2, and 4.3 are computed with a nested for loop

where all the computation in the nested loop can be done independently. The only difference

between those algorithms is that for Algorithm 4.2, some computation needs to be done at

the first level of the loop which has no effect on the inner loop. Figure 5.9 shows according

to the 2D nested loop how we are able to transform the mesh of the time interval from the

original 1D mesh to the 2D mesh.

Current implementation makes use of the above feature and a 2-dimensional CUDA

grid is used in implementing Algorithms 4.1, 4.2, and 4.3. Figure 5.10 shows how CUDA
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Figure 5.9: The 2-dimensional layout of the mesh of the time interval from the collocation

algorithm.
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Figure 5.10: Assignment of 2D CUDA threads to the mesh.
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threads are assigned to the 2D mesh to solve the whole problem. Each arrow shows the

correspondence between the collocation points and the 2D CUDA threads where the index

can be uniquely identified with CUDA API. For the extra work in the first level of the

loop mentioned above in Algorithm 4.2, current implementation uses the first thread in the

second dimension (thread j, 1 shown in Figure 5.10) to finish the work. The implementation

for Algorithms 4.4 and 4.5 uses a simpler 1D CUDA grid to solve the problem where each

thread solves the work of the corresponding time interval.

5.4.3 Data and memory Layout

When executing the kernel function, CUDA blocks are broken up into warps where each warp

consists of 32 threads and run the same instructions including memory loading and writing

simultaneously. Warps are switched to execute on the SM where only one warp can be

executed on the SM at the same time. GPU is able to execute the memory loading operations

in a warp in the most efficient way if the memory requested by the threads in the warp

are contiguous on memory, which is called coalesced memory access in CUDA. Due to this

property of CUDA, we use the Structures of Arrays as the data layout in the implementation.

Using this data layout format, all the variables, such as ỹj , ˙̃y
(j)
i , z̃ji, f̃

a
j , f̃

b
j , Jj , Vj , Dj ,Wj ,

j = 1, 2, . . . , N − 1, i = 1, 2, . . . ,mj are stored together continuously as arrays on the

memory during the execution. All the memory are pre-allocated before the execution of the

kernel.

The memory types most critical to the performance in GPU parallel computing are

register memory, shared memory, and global memory. Global memory lies furthest from the

compute cores and has the longest data access latency. However, global memory has the

largest device memory and can be accessed by all the threads in the grid. Shared memory

lies locally with each SM and is allocated for every CUDA block where all the threads in

the same block can access it. It has a much faster latency than global memory, while the

amount on each SM is limited. Register memory provides the fastest access, but is handled

directly by the device. Each thread has its own register memory but is extremely limited.

Using shared memory is very advantageous in computations which access the same mem-
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ory locations multiple times. When computing the differential variables ỹ
(j)
i in Algorithm

4.2, the variables ỹj , ˙̃y
(j)
l and the collocation coefficients ail are accessed mj times for the

threads. Therefore, the implementation can benefit from loading those variables from the

global memory to the shared memory first and then execute all the computations. However,

notice that it is not practical to load all the memory from the global memory to the shared

memory, perform all the computations using the shared memory to load data, and write the

results back to the global memory. The reason is that the shared memory on each SM is

limited and if the CUDA block uses too much shared memory, then only few blocks are able

to reside on the SM simultaneously. This is called low occupancy and the CUDA kernel

executes very inefficiently.

5.4.4 Numerical evaluation

This section aims to evaluate the performance and correctness of the GPU implementation of

the collocation method introduced. The solver is directly implemented from the algorithms

and evaluation details shown using Python and CUDA. All the codes are standalone and

can be obtained at https://github.com/UW-OCP/Collocation-Solver-CUDA. The solver

aims to solve the BVP-DAEs problem of the form (2.38)-(2.40) respectively. The usability of

the solver is enhanced by the symbolic functionality to translate the OCP into BVP-DAEs

of the desired format. All computation results are obtained on a machine equipped with

Intel® Core™ i9-9900K CPU @ 3.60GHz × 16 and GeForce RTX 2070 SUPER/PCIe/SSE2

GPU running Ubuntu 19.10 Operating System.

The feasibility of the solver is tested by over 140 examples which are taken from the

open literatures. The solver is applied to four specific examples in this section to show the

robustness and efficiency. Performance profiles Dolan and Moré [2002], Gould and Scott

[2016] are generated over the chosen example sets to compare the performance between the

solver here and in section 5.3 where a GPU based multiple shooting method is implemented,

and between solvers with different number of collocation points used.

Following terminologies are used in the upcoming example evaluations. Col denotes

the collocation algorithm; Ms denotes the multiple shooting algorithm; TAlg 4.2 denotes the

https://github.com/UW-OCP/Collocation-Solver-CUDA
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computation time of Algorithm 4.2; TAlg 4.3 denotes the computation time of Algorithm

4.3; TAlg 4.4 denotes the computation time of Algorithm 4.4; TAlg 4.5 denotes the compu-

tation time of Algorithm 4.5; and T denotes the overall computation time for solving the

example. All the examples are tested with the numerical tolerance ε = 10−6. The solver

is executed with double-precision floating point formats. To keep the order of the solution

accuracy the same between the collocation method and the multiple shooting method, all

the examples are executed with mj = 4 collocation points. Details of the formulation and

plots of the solutions of examples 5.4.1-5.4.4 can refer to https://github.com/UW-OCP/

Collocation-Solver-CUDA/blob/master/Notebook/examples_presentation.ipynb.

Example evaluation

Example 5.4.1. Container transfer problem

Consider a problem of transferring container from a ship to a cargo truck adapted from

Teo [1996]. The problem is to minimize the swing during the transfer where the container

crane is driven by a hoist motor and a trolley drive motor. The problem can be modelled

as follows:

J =

∫ 1

0
p(1 + 0.01(u1(t)2 + u2(t)2) dt,

subject to the dynamic equations

ẋ1(t) = px4(t),

ẋ2(t) = px5(t),

ẋ3(t) = px6(t),

ẋ4(t) = p(u1(t) + 17.2656x3(t)),

ẋ5(t) = pu2(t),

ẋ6(t) = − p

x2(t)
[u1(t) + 27.0756x3(t) + 2x5(t)x6(t)],

and the boundary conditions

x(0) = [0, 22, 0, 0,−1, 0]T ,

x(1) = [10, 14, 0, 2.5, 0, 0]T ,

https://github.com/UW-OCP/Collocation-Solver-CUDA/blob/master/Notebook/examples_presentation.ipynb
https://github.com/UW-OCP/Collocation-Solver-CUDA/blob/master/Notebook/examples_presentation.ipynb
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Table 5.3: Example 5.4.1, computation time and speedup factor

Sequential Parallel Speedup

TAlg 4.2 (s) 10.86 3.68 2.95

TAlg 4.3 (s) 56.61 2.65 21.36

TAlg 4.4 (s) 5073.96 37.30 136.03

TAlg 4.5 (s) 1617.51 10.17 159.05

T (s) 7002.13 71.63 97.75

and the inequality constraints

|u1(t)| ≤ 2.83374,∀t ∈ [0, 1],

−0.80865 ≤ u2(t) ≤ 0.71265,∀t ∈ [0, 1].

The initial guesses are obtained by solving the unconstrained problem with all the un-

known variables being constants with N = 101 nodes. The final converged solution has a

mesh of N = 108 nodes. The computation time for the sequential and parallel implemen-

tation of each algorithm in section 4.2 is shown in table 5.3. Sequential code is executed on

a single CPU alone. The table also shows the speedup factor for each algorithm, which is

defined as S = Tsequential/Tparallel.

Algorithm 4.2 presents relative lower speedup compared with Algorithms 4.3, 4.4, and

4.5. It is because the overhead to launch GPU kernels takes nearly a fixed amount of time

no matter how long the actual execution time of the kernel takes. To execute a tiny GPU

kernel function, the overhead of launching the kernel can take a large portion of the whole

execution time. Compared with the total work costs of the execution of the kernels in

Algorithms 4.3, 4.4, and 4.5, the total work cost in Algorithm 4.2 is much less so that the

speedup is not as great. However, the overall performance boost for solving the example is

very promising with a speedup factor around 97.
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Example 5.4.2. Underwater vehicle problem

This is a high dimensional and highly nonlinear optimal control problem taken from

Büskens and Maurer [2000]. The problem is to control an underwater vehicle with ten state

variables and four control variables respectively. The objective is to minimize the energy

control corresponding to:

J =

∫ 1

0

4∑
i=1

u2
i dt,

subject to the dynamic equations

ẋ1 = cos(x6) cos(x5)x7 + rx,

ẋ2 = sin(x6) cos(x5)x7,

ẋ3 = − sin(x5)x7 + rz,

ẋ4 = x8 + sin(x4) tan(x5)x9 + cos(x4) tan(x5)x10,

ẋ5 = cos(x4)x9 − sin(x4)x10,

ẋ6 =
sin(x4)

cos(x5)
x9 +

cos(x4)

cos(x5)
x10,

ẋ7 = u1,

ẋ8 = u2,

ẋ9 = u3,

ẋ10 = u4,

and the boundary conditions

x(0) = [0, 0, 0.02,
π

2
, 0.1,−π

4
, 1.0, 0, 0.5, 0.1]T ,

x(1) = [1.0, 0.5, 0,
π

2
, 0, 0, 0, 0, 0, 0]T ,

and eight control variable inequality constraints

−15 ≤ ui(t) ≤ 15, ∀t ∈ [0, 1], i = 1, . . . , 4.

Here, x1-x3 represent the position of the center of the mass of the vehicle and x4-x6

denote the angular orientation of the vehicle. x4 specifies the roll motion, while x5 and x6
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Table 5.4: Example 5.4.2, computation time and speedup factor

Sequential Parallel Speedup

TAlg 4.2 (s) 104.42 15.53 6.72

TAlg 4.3 (s) 378.93 7.54 50.26

TAlg 4.4 (s) 58004.93 265.57 218.42

TAlg 4.5 (s) 19536.56 68.79 284.00

T (s) 80167.24 459.71 174.39

describe the pitch and the yaw motions. The model assumes the vehicle moves with velocity

x7 and angular velocities x8-x10. u1 denotes the vehicle acceleration and u2-u4 refer to the

angular accelerations. The nonlinear current is modeled by

rx = −uxmaxe
−((x1−cx)/rx)2

(x1 − cx)(
x3 − cz
cz

)2,

rz = −uzmaxe
−((x1−cx)/rx)2

(
x3 − cz
cz

)2.

with constants uxmax = 2 representing the maximal horizontal current, uzmax = 1 repre-

senting the maximal vertical current, cx = 0.5 representing the center of current (center of

underwater ditch), cz = 0.1 representing the depth of zero current, rx = 0.1 representing

the factor for the expansion of the current.

The initial estimates for the states, costates, and controls are obtained by solving an

unconstrained version of the problem where there is no bound on the control inputs. All

the other unknown variables are set as constants. The initial estimate uses a uniform mesh

with N = 101 nodes.

Using the initial estimates, the solver successfully solves the problem with N = 295

nodes. The computation time for the sequential and parallel implementation is shown in

table 5.4.

Table 5.4 shows a similar result as in Table 5.3, while a higher overall speedup factor
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around 175 is achieved here. The reason is that this example has more number of variables

with 10 state variables, 4 control variables, and 8 control variable inequality constraints. As

the overhead to launch GPU kernels takes a nearly fixed amount of time, kernel function

which takes longer computation time can benefit more and thus has a higher speedup.

Example 5.4.3. Freespace rocket problem

This is problem about a freespace rocket model with three states and one control from

Houska et al. [2011]. The aim is to fly in minimum time from the initial location to the final

location where the final time is represented with the parameter variable p. The problem is

formulated as follows:

J =

∫ 1

0
p(1 + 0.1u(t)2) dt,

subject to the dynamic equations

ẏ1(t) = py2(t),

ẏ2(t) = p
u(t)− 0.2y2(t)2

y3(t)
,

ẏ3(t) = −0.01pu(t)2,

and the boundary conditions

x(0) = [0, 0, 1.0]T ,

x(1) = [10.0, 0]T ,

and two control variable inequality constraints

−1.1 ≤ u(t) ≤ 1.1, ∀t ∈ [0, 1],

and two state variable inequality constraints

−0.1 ≤ y2(t) ≤ 1.7, ∀t ∈ [0, 1].

The three states denote the distance, velocity, and acceleration of the rocket.

The initial guesses are obtained by solving a relaxed problem with a bigger cost func-

tional. The final solution obtained has N = 83 time nodes with the optimal time tf = p =
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Table 5.5: Example 5.4.3, computation time and speedup factor

Sequential Parallel Speedup

TAlg 4.2 (s) 4.11 4.23 0.97

TAlg 4.3 (s) 16.08 2.44 6.59

TAlg 4.4 (s) 897.46 15.64 57.38

TAlg 4.5 (s) 374.58 5.56 67.37

T (s) 1315.62 43.62 30.16

7.43. The computation time for the sequential and parallel implementation of the algorithm

evaluation is shown in table 5.5.

It can be seen from the table that except Algorithm 4.2 every other part has a perfor-

mance boost with parallel implementation. The reason for no speedup in Algorithm 4.2 is

because the parallel implementation uses a just-in-time (jit) compilation where the GPU

kernel functions are compiled when they get called for the first time which takes a huge

amount of time. As the Algorithms get evaluated very few times and need less time to

finish, compilation overhead is much slower compared with direct CPU execution. This

amortized time complexity may decrease the performance however it is suggested in the

compiler Numba as it can generate optimized code based on the jit compilation. Also, it

can be seen that the speedup of this example is smaller than the two preceding examples

where the overall speedup factor is around 30. This is mainly due to the problem has

relatively less number of variables and is less complicated. The total computation time

is shorter so that the parallel implementation can not benefit too much due to the fixed

overhead.

Example 5.4.4. Trolley problem

This is a problem [Chen and Gerdts, 2012] considering a trolley of mass m1 moving in

a high rack storage area with a load of mass m2 attached to the trolley by a rigid cable of
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lengh l. The problem is formulated as follows: for tf = 2.7, minimize

J =

∫ tf

0
u2 + 5x2

4 dt,

subject to the dynamic equations

ẋ1 = x3,

ẋ2 = x4,

ẋ3 =
m2

2l
3 sin (x2)x24 −m2l

2u+m2Iylx
2
4 sin (x2)− Iyu+m2

2l
2g cos (x2) sin (x2)

−m1m2l2 −m1Iy −m2
2l

2 −m2Iy +m2
2l

2 cos (x2)
2 ,

ẋ4 =
m2l(m2l cos (x2)x24 sin (x2)− cos (x2)u+ g sinx2(m1 +m2))

−m1m2l2 −m1Iy −m2
2l

2 −m2Iy +m2
2l

2 cos (x2)
2 ,

and the boundary conditions

x(0) = [0, 0, 0, 0]T ,

x(tf) = [1.0, 0, 0, 0]T ,

and two control variable inequality constraints

−0.5 ≤ u(t) ≤ 0.5,∀t ∈ [0, 1],

where g = 9.81, m1 = 0.3, m2 = 0.5, l = 0.75, and Iy = 0.002. Here, x1 and x3 represent

the coordinate of the trolley and its velocity in x direction, while x2 and x4 denote the angle

between the cable and the vertical axis and the corresponding velocity.

The initial estimates are obtained by solving the problem without inequality constraint

with N = 101 time nodes. The computation time for the sequential and parallel implemen-

tation is shown in table 5.6.

A speedup factor of around 110 is achieved for this example. This is mainly because

the example is highly nonlinear and complicated which can be seen from the dynamical

equations of the problem. The nonlinearity and complexity results in longer computation

time needed and a higher speedup in parallel evaluation.

5.4.5 Results discussion

Table 5.7 compares the performance of the GPU based collocation solver in section 5.4 and

the GPU based multiple shooting solver in section 5.3 when applied to examples 5.4.1-5.4.4.
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Table 5.6: Example 5.4.4, computation time and speedup factor

Sequential Parallel Speedup

TAlg 4.2 (s) 31.95 4.56 7.01

TAlg 4.3 (s) 85.31 4.88 17.48

TAlg 4.4 (s) 3476.31 10.22 340.15

TAlg 4.5 (s) 1116.54 3.74 298.54

T (s) 4953.44 45.08 109.88

For each example, the table shows the computation time required for the sequential and

parallel collocation solver and the parallel multiple shooting solver. Both parallel solvers

are implemented using one single GPU. It can be seen that the parallel collocation solver

has a much better computation efficiency than the parallel multiple shooting solver on those

example OCPs.

5.4.6 Performance Profiles

Four performance profiles shown in figure 5.11 are generated to better quantify and bench-

mark the performance of solvers on large problem set. The files compare the collocation

solver and the multiple shooting solver both in parallel, and collocation solvers with differ-

ent number of collocation points mj used. The set of optimal control problems can be found

at https://github.com/UW-OCP/ocp_test_problems. Gould and Scott [2016] points out

that the performance can be better evaluated with only two solvers in single performance

profile.

From figure 5.11(a), it can be seen that the parallel collocation solver is more robust and

efficient compared with the parallel multiple shooting solver, where the collocation solver

can solve more problems in shorter time. Figure 5.11(b) compares the performance between

collocation solvers using mj = 3 and mj = 4 collocation points. This profile shows that

https://github.com/UW-OCP/ocp_test_problems
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Figure 5.11: Performance profiles between solvers
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Table 5.7: Performance comparison between solvers

Col, time (s) Ms, time (s)

Example Sequential Parallel Parallel

Ex. 5.4.1 7002.13 71.63 463.0

Ex. 5.4.2 80167.24 459.71 4019.4

Ex. 5.4.3 1315.62 43.62 214.2

Ex. 5.4.4 953.44 45.08 1428.3

although mj = 3 collocation solver is more time efficient, while mj = 4 solver is capable

of solving more problems. Performance profile between mj = 4 and mj = 5 is presented

in figure 5.11(c) and profile between mj = 4 and mj = 7 is exhibited in figure 5.11(d).

The two profiles also give the result that solver using less collocation points (mj = 4) saves

computation time while solvers using more collocation points (mj = 5, 7) are more robust

on the example set. This motivates the work presented in chapter 6.

5.5 Conclusion

This chapter presents two fast and accurate GPU-based version of the solvers introduced

in the chapter 3 and chapter 4. The numerical solvers are implemented using Python and

CUDA with the use of GPU parallel computing capability. The algorithm implements

the part that can be processed independently in parallel and decrease the running time

for solving the problem significantly. Several concrete optimal control problem examples

from open literatures are presented to show the accuracy and efficiency of the solvers. The

solvers are able to solve high dimensional and highly nonlinear problems both accurately

and efficiently.

Comparing the performance of the sequential and parallel implementation of the multiple

shooting method, it can be seen there is a significant speedup in the parallel implementation.
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For some complicated problems with many variables and complicated inequality constraints,

the parallel multiple shooting algorithm is very efficient.

The special structure of the collocation algorithm are made full use of by designing adapt-

able CUDA kernels to employ the power of the GPU hardware resources and the use of the

shared memory to further improve the performance. Significant and consistent speedups in

the performance of the GPU based parallel collocation implementation are noticed through

those examples using a single GeForce RTX 2070 SUPER GPU. The comparison of the

efficiency and robustness between the solvers is also shown by the performance profiles in

this chapter which show that the GPU based collocation solver in section 5.4 is more robust

and efficient than the GPU based multiple shooting solver in section 5.3. With the increase

of the computing ability of the hardware, a further reduction of computation time is also

possible.

The result from the performance profiles conducted on the parallel collocation solver

with different number of collocation points used showed that the solver more collocation

points are more robust but less time efficient. The implementation developed here uses a

global unified number of the collocation points. This result motivates the development of

a collocation method with the ability to adaptively refine the number of collocation points

used within each interval which is presented in the next chapter.
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Chapter 6

COLLOCATION METHOD WITH ADAPTIVE MESH REFINEMENT

6.1 Introduction

In chapter 4, we introduced a collocation method to solve the BVP-DAEs. The method

discretize the overall time interval [ti, tf ] into a mesh with N time nodes such that ti = t1 <

t2 < . . . < tN = tf . Each divided time interval [tj , tj+1], j = 1, 2, . . . , N−1 is further divided

by mj collocation points and a global unified number of collocation points mj is used within

each mesh interval. From the performance profiles shown in 5.4.6, we can see that solver

with more collocation points are more robust than fewer points. The number of collocation

points used is indeed controlling the degree of the underlying approximation polynomial of

the problem. However, the increase in the number of collocation points used can increase

the computations cubically or even more. The dominant part when using the collocation

method are the Algorithms 4.4 and 4.5, where the LU decomposition of the matrix Wj is

the most time consuming part. As the size complexity of the element Wj in the Jacobian

(4.13) is ∼ O(mj), the time complexity of the LU decomposition of the matrix is ∼ O(m3).

Therefore, we may waste lots of computation resources if we try to only increase the number

of collocation points mj globally. This leads to the need to developed a collocation method

with the ability to adaptively refine the mesh of the problem where not only the mesh size

can be varied but also the number of collocation points within each interval is not the same.

The work first appeared in the domain of finite elements in mechanics and spectral methods

in fluid dynamics. Babuška and Suri [1990, 1994], Gui and Babuška [1986] introduced

the mathematical properties of h, p, hp methods for finite elements. Galvão et al. [2008]

introduced an hp adaptive least-squares spectral element method (LS-SEM) for solving

hyperbolic partial differential equations. Dorao and Jakobsen [2008] solved the population

balance equation by a hp adaptive LS-SEM. There have been some existing research work

in the optimal control community also and we give an overview of the previous related work
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in the next section.

6.2 Overview

Numerical methods for solving optimal control problems (OCPs) are divided into direct and

indirect methods [Betts, 1998, Rao, 2009].

In a direct method, the state and/or control of the OCP is discretized in some manner

and the problem is transcribed into a nonlinear optimization problem or nonlinear program-

ming problem (NLP)[Fabien, 1998, 2008, Goh and Teo, 1988, Von Stryk and Bulirsch, 1992].

In direct collocation methods, the overall time interval of the problem is divided into a num-

ber of sub mesh intervals [Herman and Conway, 1996, Herman, 1995]. The methods are

called h methods as the degree of the polynomial used to approximate the variable within

each mesh interval is fixed and the number of mesh intervals is varied in order to solve the

problem. Recently, Gaussian quadrature collocation methods become popular when solving

OCPs directly, where the state is approximated using a Lagrange polynomial at support

points associated with the Gaussian quadrature formula [Elnagar et al., 1995, ELNAGAR

and RAZZAGHI, 1997, Benson, 2005, Rao et al., 2010]. Originally, the direct Gaussian

quadrature collocation methods were implemented as p methods using a single interval. For

problems with smooth and well-behaved solutions, the direct Gaussian quadrature collo-

cation methods have relative simple structures and can converge rapidly [Fornberg, 1998,

Trefethen, 2000].

There are some mesh refinement strategies that use h methods or p methods alone when

solving OCPs directly. For example, Gong et al. [2008] used a differentiation matrix to

identify the discontinuities while using the p method to solve the problem. Grüne [1997],

Munos and Moore [2002] employed a local splitting scheme on certain sub mesh intervals

according to some splitting criteria. Although h methods have a long history and p meth-

ods have became prominent while solving certain types of problems, they both have their

drawbacks. When trying to solve highly nonlinear and complicated problems with high ac-

curacy, h methods may require particularly fine meshes while p methods may require some

extremely high-degree polynomial approximations and either drawback can lead to a large

computational burden in terms of both computation time and memory.
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In order to reduce the computational burden, a great deal of research has been focusing

on developing the combination of both methods which are so called hp direct collocation

methods. In hp direct collocation methods, both the number of mesh intervals and the

degree of the approximating polynomial within each mesh interval are allowed to vary si-

multaneously [Darby et al., 2011a,b, Patterson et al., 2015, Liu et al., 2015, Zhao and Li,

2020]. Darby et al. [2011a,b] presented hp adaptive methods where the error estimate is

based on the difference between an approximation of the time derivative of the state and the

right-hand side of the dynamics midway between the collocation points. It should be noted

that the method from Darby et al. [2011a,b] created a great deal of noise in the error esti-

mate, thereby making these approaches computationally intractable when a high-accuracy

solution is desired. In Betts [2010], an error estimate was developed considering only the

state in the differential algebraic equations (DAEs) by integrating the difference between

an interpolation of the time derivative of the state and the right-hand side of the dynamics

using the Romberg method. The error estimate developed in Betts [2010] was predicated on

the use of a fixed-order method (trapezoid, Hermite–Simpson, Runge–Kutta) and computed

a low-order approximation of the integral of the aforementioned difference. Patterson et al.

[2015] developed an error estimate considering only the state variables based on the dif-

ference between the state interpolated on an increased number of Legendre–Gauss–Radau

(LGR) points in each mesh interval and the state obtained by integrating the dynamics

on the solution using the interpolated state and control. The paper also developed a ph

mesh refinement method which can only increase the size of the mesh. Liu et al. [2015]

introduced an adaptive mesh refinement method that had the ability to both increase and

decrease the mesh size based on the error estimate from Patterson et al. [2015]. The mesh

size was decreased by either reducing the degree of the approximating polynomial within

a mesh interval or combining neighboring mesh intervals based on the power series repre-

sentation. Zhao and Li [2020] presented an error estimation considering only the control

variables based on the interpolation obtained from all the neighboring points from the mesh

and developed an adaptive mesh method based on the multiresolution techniques (MRTs).

In an indirect method, the calculus of variations or the minimum principle is used to

determine the first-order optimality conditions of the original OCP. These conditions are
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then converted into a two-point boundary value problem (BVP) which normally involves

DAEs. Numerical methods for solving BVP-DAEs include collocation methods [Ascher and

Spiteri, 1994, Kierzenka and Shampine, 2001, Fabien, 2016a] and multiple shooting methods

[Fabien, 2014a,b, Stoer and Bulirsch, 2013]. Those methods also request the overall time

interval be discretized into multiple mesh intervals. In an indirect collocation method, the

variables are parameterized using Lagrange polynomials where the degree of the polynomials

are associated with the number of collocation points used within each mesh interval. While

in an indirect multiple shooting method, initial guesses are made in each mesh interval

where the variables are then integrated using some appropriate approach and the continuity

conditions are requested at the inner mesh points. In chapter 2, we developed a method

based on the slacked unconstrained penalty function approach for converting the OCP

containing mixed control-state variable inequality constraints and parameters to a BVP

involving index-1 DAEs. A multiple shooting method was developed to solve the BVP-DAEs

where a fourth-order Rosenbrock-Wanner method is used to integrate the DAEs in chapter 3.

Chapter 4 introduced an indirect collocation method to solve the same index-1 BVP-DAEs

and in chapter 5, both the multiple shooting method and collocation method introduced were

successfully accelerated by the GPU and Fabien [2016a] developed an indirect collocation

method to solve the index-1 BVP-DAEs that arises directly from constrained OCPs. All

those methods are h methods as only the number of the mesh intervals are allowed to vary

and a global unified number of collocation points is used.

The main contribution of this chapter is the development of an adaptive mesh refinement

method based on the indirect collocation method introduced in chapter 4 for solving the

index-1 BVP-DAEs introduced in chapter 2. The chapter develops a novel error estimation

for the collocation solution obtained, where the related errors for both differential and

algebraic variables are interconnected by a boarded almost block diagonal (BABD) [Amodio

et al., 2000] linear system. By solving the BABD system, the upper bound of the error for

the variables can be obtained, which is then used for the mesh refinement process. The

adaptive mesh refinement scheme is based on the power series representation of the variables

[Liu et al., 2015], that allows the number of mesh intervals, the width of each interval, and

the number of collocation points used in each interval to vary simultaneously, An adapted



96

GPU-accelerated implementation of the algorithm using Python [Van Rossum and Drake Jr,

1995] and CUDA [Nickolls et al., 2008, Luebke, 2008, Stoer and Bulirsch, 2013] is contributed

and the parallel code is shown to work very well on various OCPs. Three concrete OCP

examples are shown to prove that the adaptive mesh refinement method developed is more

computationally efficient and robust and is able to produce smaller meshes for a given

numerical accuracy tolerance when compared with the original fixed-order h method.

6.3 Motivation

This section provides an example to better motivate the development of an ph adaptive

collocation method. Consider the following two first-order differential equations on the

interval τ ∈ [−1, 1]:

dy1

dτ
= π cos (πτ),−1 ≤ τ ≤ +1, y1(−1) = y10. (6.1)

dy2

dτ
=


0, −1 ≤ τ < −1/2,

π cos (πτ), −1/2 ≤ τ ≤ +1/2,

0, +1/2 < τ ≤ 1,

y2(−1) = y20. (6.2)

The solution to the differential equations (6.1) and (6.2) are

y1(τ) = y10 + sin (πτ),−1 ≤ τ ≤ +1. (6.3)

y2(τ) =


y20, −1 ≤ τ < −1/2,

y20 + sin (πτ), −1/2 ≤ τ ≤ +1/2,

y20, +1/2 < τ ≤ 1.

(6.4)

Suppose we want to approximate the solutions to the differential equations (6.1) and (6.2)

using the three different methods based on the collocation method described in chapter

4: (i) an h method using N equally spaced mesh intervals where N is allowed to vary

and 4 collocation points are used within each time interval; (ii) a p method where the

function is approximated using m collocation points on the interval [−1, 1] and m is allowed

to vary; and (iii) an ph method where both the number of mesh intervals N and the

number of collocation points m within each interval are allowed to vary simultaneously. The
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functions yk(τ), (k = 1, 2) are approximated using the Lagrange polynomials as equation

(4.6). Following the format in the collocation method developed in section 4.1, τj,i denotes

the ith collocation point within the interval [tj , tj+1]. Let Y k
j,i denote the analytic solution

of yk at τj,i.

Define the maximum absolute error in the solution of the differential equation as

Ek = max
j∈[1,...,N ],i∈[1,...,m]

∣∣∣Y k
j,i − yk(τj,i)

∣∣∣ , (k = 1, 2).

Figure 6.1(a) and 6.1(b) show the result of the base 10 logarithm of E1 as a function

of N for the h method and as a function of m for the p method. First, it is seen that

because y1(τ) is a smooth function, both h and p methods converge fast to the analytic

solution. Figure 6.1(c) and 6.1(d) show the result of the base 10 logarithm of E2. Unlike

function y1(τ), function y2(τ) is continuous but not smooth. As a result, the h method

converges faster than the p method, because no single polynomial on the domain [−1, 1] is

able to approximate the solution to equation (6.2) as accurately as a piecewise polynomial.

However, while the h method converges faster than the p method when approximating the

solution of equation (6.2), it is seen that the h method does not converge as accurate as it

does when approximating the solution to equation (6.1).

Given the analysis above, suppose now that the solution to equation (6.2) is approx-

imated using the ph collocation method. Assume further that the ph method is con-

structed such that the time interval [−1, 1] is divided into three mesh intervals as [−1,−1/2],

[−1/2,+1/2], and[+1/2, 1], and m1, m2, and m3 collocation points, respectively, are used

within each mesh interval. Suppose m1 = m2 = 3, and m2 is allowed to vary. This is

because solution y2(τ) is a constant in the first and third mesh intervals, so E2 only de-

pends on m2. Figure 6.1(e) shows the error Ehp2 in y2(τ). It can be seen that the result

is much better than using only h or p method alone. Therefore, while an h method may

outperform a p method on a problem whose solution is not smooth, it is possible to improve

the convergence rate by using a ph adaptive method. This further motivates the work to

develop an adaptive collocation method and the more motivations can be referred to Darby

et al. [2011a], Patterson et al. [2015].
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(b) E1p v.s. m using p method.
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(d) E2p v.s. m using p method.
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(e) E2hp v.s. m using hp method.

Figure 6.1: Absolute errors in solutions of equation (6.2) using h, p, hp method.
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6.4 Collocation Method as the Basis

As the indirect collocation method to solve the BVP-DAEs (2.38)-(2.40) is already intro-

duced in chapter 4, we omit the re-introduction here. The only thing to notice is that a

global unified number of collocation points is used before and here we do not have that re-

quirement. This may introduce some non-uniformity of the dimension in the block term of

the residual (4.10) and the block matrix term in the Jacobian (4.13). However, notice that

the block terms in the reduced BABD system (4.18) has the uniform size which does not

depend on the number of collocation points used. Due to this feature, we only need to mod-

ify the CUDA implementation a little bit to incorporate the non-uniformity in the residual

and Jacobian construction. And due to the overhead of the CUDA programming model,

1D CUDA grids are used for those implementations instead of the 2D grids introduced in

section 5.4.2.

6.5 Adaptive Mesh Refinement Method

In this section, we present the developed adaptive mesh refinement for using the indirect

collocation method. Section 6.5.1 introduces the method to estimate the error in the com-

puted collocation solution, while section 6.5.2 presents the detailed mesh scheme based on

the estimated error obtained in section 6.5.1. The adaptive mesh refinement collocation

algorithm is summarized in section 6.5.3.

6.5.1 Error estimation

In this section, the estimate of the relative error in the collocation solution is derived. Betts

[2010] developed a method to estimate the error of the problem containing DAEs. However,

in that approach, only the differential variables are considered and the related error is

obtained using the Romberg method. Patterson et al. [2015] introduced an approach by

integrating the dynamics considering only differential variables using an increased number

of LGR points and the integration is done by using the Gaussian quadrature. Both methods

ignore the error related to the algebraic variables.

The error estimate developed in this thesis considers the error both in differential and
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algebraic variables as both variables are interconnected in the DAEs. The chapter uses the

same setup as Patterson et al. [2015] where an increased number of the collocation points

is used. The key idea is that the error related to the variables can be obtained by solving

a related BABD (boarded almost block diagonal) linear system. Then, the associated error

can be estimated using the Lobatto quadrature method.

Assume the residual equation (4.10) has been solved on the fixed mesh Sj , j = 1, 2, . . . , N−

1 with mj collocation points. And notice that mj does not to be equal to mi where j 6= i

here. The error of the solution in each mesh interval Sj is estimated by using a set of

nj = mj + 1 Lobatto collocation points in the interval, where τ̄jl = tj + c̄
(j)
l δj , l = 1, . . . , nj

and 0 ≤ c̄(j)
l ≤ 1 are the associated collocation points.

The differential variables at the mesh points tj , j = 1, . . . , N are obtained via equation

(4.4) which are denoted as ȳj . The derivatives of the differential variables and algebraic

variables at the new collocation points τ̄jl, l = 1, . . . , nj are obtained using the Lagrange

polynomial approximation via equations (4.2) and (4.9) which are denoted as ( ˙̄y
(j)
1 , . . . , ˙̄y

(j)
nj )

and (z̄
(j)
1 , . . . , z̄

(j)
nj ). By using the Lagrange Polynomial approximations with the nj colloca-

tion points, the differential variables can be obtained as

ȳ
(j)
l = ȳ(j)(τ̄j,l) = ȳj + δj

nj∑
k=1

alk ˙̄y
(j)
k , l = 1, . . . , nj (6.5)

ȳj+1 = ȳ(j)(tj+1) = ȳj + δj

mj∑
l=1

bl ˙̄y
(j)
l . (6.6)

Let y(j)(t), z(j)(t), p be the true solution to the BVP-DAEs, the values of the differential

equation (2.38) at the newly allocated collocation points of the true solution can be expanded

using Taylor series with respect to the approximated solution as

h(y
(j)
l , z

(j)
l , p) =h(ȳ

(j)
l , z̄

(j)
l , p̄) +

∂h

∂y
(yj − ȳj) +

∂h

∂y
δj

nj∑
k=1

aik (ẏ
(j)
k − ˙̄y

(j)
k )

+
∂h

∂z
(z

(j)
l − z̄

(j)
l ) +

∂h

∂p
(p− p̄) + h.o.t.

where h.o.t. denotes the second order and higher order terms.

The derivative of the differential variables at the collocation points can be represented
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as

ẏ
(j)
l = ˙̄y

(j)
l + (ẏ

(j)
l − ˙̄y

(j)
l ).

Because the true solution satisfies the DAEs at the collocation points as ẏ
(j)
l = h(y

(j)
l , z

(j)
l , p),

by applying the Taylor series expansion and ignoring the higher order terms, we can obtain

the fact that

˙̄y
(j)
l − h(ȳ

(j)
l , z̄

(j)
l , p̄) =

∂h

∂y
(yj − ȳj) +

∂h

∂y
δj

nj∑
k=1

alk (ẏ
(j)
k − ˙̄y

(j)
k )

+
∂h

∂z
(z

(j)
l − z̄

(j)
l ) +

∂h

∂p
(p− p̄)− (ẏ

(j)
l − ˙̄y

(j)
l )

=
∂h

∂y
∆yj + (

∂h

∂y
δjall − I)∆ẏ

(j)
l +

∂h

∂y
δj

nj∑
k=1
k 6=l

alk ∆ẏ
(j)
k

+
∂h

∂z
∆z

(j)
l +

∂h

∂p
∆p.

Then, considering the continuity condition of the differential variables, we have that

yj+1 = yj + δj

nj∑
l=1

bl ẏjl

ȳj+1 + (yj+1 − ȳj+1) = ȳj + (yj − ȳj) + δj

nj∑
l=1

bl ˙̄y
(j)
l + δj

nj∑
l=1

bl (ẏ
(j)
l − ˙̄y

(j)
l )

ȳj + δj

nj∑
l=1

bl ˙̄y
(j)
l − ȳj+1 = (yj+1 − ȳj+1)− δj

nj∑
l=1

bl (ẏ
(j)
l − ˙̄y

(j)
l )− (yj − ȳj)

= ∆yj+1 − δj
nj∑
l=1

bl ∆ẏ
(j)
l −∆yj .

Next, by expanding the algebraic equation using the Taylor series expansion with respect

to the approximate solution at the collocation points, and neglecting higher-order terms,

we get

g(y
(j)
l , z

(j)
l , p) =g(ȳ

(j)
l , z̄

(j)
l , p̄) +

∂g

∂y
(yj − ȳj) +

∂g

∂y
δj

nj∑
k=1

alk (ẏ
(j)
k − ˙̄y

(j)
k )

+
∂g

∂z
(z

(j)
l − z̄

(j)
l ) +

∂g

∂p
(p− p̄).
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Taking into account that g(y
(j)
l , z

(j)
l , p) = 0, the equation can be simplified as

−g(ȳ
(j)
l , z̄

(j)
l , p̄) =

∂g

∂y
∆yj +

∂g

∂y
δj

nj∑
k=1

alk ∆ẏ
(j)
k +

∂g

∂z
∆z

(j)
l +

∂g

∂p
∆p.

By expanding the boundary condition in the same manner, we can get

−r(ȳ1, ȳN , p̄) =
∂r

∂y1
∆y1 +

∂r

∂yN
∆yN +

∂r

∂p
∆p.

By forming all those equations at all the nj new allocated collocation points in Sj ,

j = 1, . . . , N −1, we can get a BABD linear system in the same form as equation (4.12). By

solving the BABD system, we can obtain the error with the increased number of collocation

points as [∆yj ,∆ẏ
(j)
l ,∆z

(j)
l ,∆yj ,∆p], j = 1, . . . , N − 1, l = 1, . . . , nj .

Consider the error of the differential variables within Sj first. By integrating the differ-

ential variables directly we get

y(j)(tj+1)− ỹ(j)(tj+1) = yj +

∫ tj+1

tj

ẏ(j)(t) dt− ȳj +

∫ tj+1

tj

˙̄y(j)(t) dt

= ∆yj +

∫ tj+1

tj

∆ẏ(j)(t) dt.

Taking absolute values of each component, we then obtain the bound as

|y(j)(tj+1)− ỹ(j)(tj+1)| = |∆yj +

∫ tj+1

tj

∆ẏ(j)(t) dt|

≤ |∆yj |+ |
∫ tj+1

tj

∆ẏ(j)(t) dt|

≤ |∆yj |+
∫ tj+1

tj

|∆ẏ(j)(t)| dt.

As the error term of the derivatives of the differential variables are computed at the Lo-

batto collocation points, the integral
∫ tj+1

tj
|∆ẏ(t)| dt can be estimated using the Lobatto

quadrature. So the error can be approximated and bounded as

|y(j)(tj+1)− ỹ(j)(tj+1)| ≤ |∆yj |+ δj

nj∑
l=1

wl|∆ẏ
(j)
l | = E(j,y),

where wj is the associated Lobatto quadrature weight.
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Denote E
(j,y)
i as the ith element of E(j,y). The error can be scaled as

Ē
(j,y)
i =

E
(j,y)
i

1 + ω
(y)
i

, i = 1, . . . , ny, (6.7)

where the scale weight is

ω
(y)
i = max

j=1,...,N−1,
l=1,...,mj

[| ˙̃y(j)
l,i |, |ỹj,i|], (6.8)

and ˙̃y
(j)
l,i , ỹj,i denote the ith element of ˙̃y

(j)
l and ỹj .

Then, the error associated with the algebraic variables can be obtained by taking the

maximum of the error on the collocation points as

E
(j,z)
i = max

l=1,...,nj

|∆z(j)
l,i |, i = 1, . . . , nz, (6.9)

By normalizing the absolute error, we can obtain the relative error of the algebraic

variables as

Ē
(j,z)
i =

E
(j,z)
i

1 + ω
(z)
i

, (6.10)

where the scale weight is defined as

ω
(z)
i = max

j=1,...,N−1,
l=1,...,mj

|z̃(j)
l,i |. (6.11)

The maximum relative error in Sj is then defined as

Ē(j) = max{ max
i=1,...,ny

Ē
(j,y)
i , max

i=1,...,nz

Ē
(j,z)
i }. (6.12)

6.5.2 Mesh refinement scheme

When the residual equation (4.10) is solved with a fixed mesh, the estimated maximum

relative error of the current mesh Sj , j = 1, 2, . . . , N − 1 is computed using equation (6.12).

If the estimated maximum relative error Ē(j) in Sj is above the desired mesh refinement

threshold tolerance εa, then the current mesh interval is updated by first trying to increase

the number of collocation points used in the interval. If the increased number of collocation

points exceeds the maximum allowable number of collocation points in a single interval,
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the mesh interval is divided into multiple subintervals. This is a so called “p-then-h” mesh

refinement scheme when dealing with intervals having errors beyond the threshold tolerance

[Patterson et al., 2015]. Moreover, if Ē(j) is below the desired mesh refinement threshold

tolerance εr, the current mesh interval Sj is updated by either decreasing the number of

collocation points used or trying to merge with the adjacent mesh intervals [Liu et al., 2015].

If the estimated maximum relative error from two adjacent mesh intervals are all below εr

and the number of collocation points in both intervals reaches the minimum allowable

number of collocation points simultaneously, an attempt to merge the two mesh intervals is

performed.

Method for increasing the number of collocation points

Assume that the estimated error Ēj in a certain mesh interval Sj with mj collocation points

does not meet the desired mesh refinement threshold tolerance εa. Then, the number of

collocation points used is increased to meet the tolerance εa. Denote mmin and mmax as

the minimum and maximum allowable number of collocation points used within any mesh

interval. It is shown in chapter 4 that the error of the collocation solution is of the order

O(δmj ). If the width of the mesh interval remains the same between the two meshes, the

additional required number of collocation points Mj can be computed by

Ēj = O(δ
mj

j ),

εa = O(δ
mj+Mj

j ),

which implies that

Mj = logδj (
εa
Ēj

). (6.13)

Because the number of collocation points in a mesh interval must be an integer, we need to

round up the result obtained from equation (6.13) to get a valid number as

Mj =

⌈
logδ(

εa
Ēj

)

⌉
. (6.14)

Notice that Mj ≥ 1 because we only employ the method when Ēj > εa. Thus the updated

number of collocation points of the mesh interval is m̃j = mj +Mj . However, if the number
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of the updated collocation points exceeds mmax, the mesh interval is divided into multiple

subintervals by the method introduced in section 6.5.2.

Method for dividing the mesh interval

When the estimated error Ēj in a mesh interval Sj = [tj , tj+1] does not meet the desired

threshold tolerance and the computed increased number of collocation points m̃j = mj+Mj

exceeds the maximum allowable collocation points, which is m̃j > mmax, our method divides

the mesh interval into multiple smaller intervals.

The method follows the following scheme. The needed collocation points m̃j of the

original mesh interval are divided into multiple subintervals equipped with the minimum

allowable collocation points mmin. The number of subintervals Aj is obtained as

Aj =
m̃j

mmin
. (6.15)

Note that the number of the divided subintervals must also be an integer. We use the same

roundup technique in equation (6.15) to get a valid number as

Aj =

⌈
m̃j

mmin

⌉
. (6.16)

Using this scheme, it is ensured that the number of collocation points in the interval [tj , tj+1]

remains the same no matter whether the mesh interval uses more collocation points or is

divided into multiple subintervals. The scheme is so called “p-then-h” mesh refinement

scheme as the method initially tries to increase the number of collocation points in the

interval which actually increases the order of the underlying approximation polynomial

(“p” scheme). After the number of collocation points reaches the maximum allowable, the

original mesh interval is divided into multiple subintervals where the width of each sub-

interval is smaller (“h” scheme). The “h” scheme is only applied when the “p” scheme

reaches its limit whereas afterwards the “p” scheme starts again.

Method for decreasing the number of collocation points

When the estimated error Ēj in Sj is below the desired mesh refinement threshold εr, we

try to decrease the mesh size by either decreasing the number of collocation points in the
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mesh interval or merging the two adjacent mesh intervals. The two schemes are introduced

in section 6.5.2 and 6.5.2. The method used here is similar to Liu et al. [2015], while in that

paper only the state variables are considered and here we consider a more complex case.

When the number of collocation points mj is above mmin, we first try to decrease the

number of collocation points in the mesh interval while still keeping the estimated error

below the threshold εr. The decision is made based on using the power series representation

of the Lagrange polynomial approximation of the differential and algebraic variables. The

Lagrange polynomial from equation (4.3) is a polynomial of ordermj−1 and can be rewritten

as a power series in the form as

L
(j)
l (ς) =

mj∏
k=1,k 6=l

ς − ck
cl − ck

=

mj−1∑
k=0

ã
(j)
kl ς

k. (6.17)

Similarly, the integration of the Lagrange polynomial from equation (4.5) can be written as

a power series of order mj as

I
(j)
l (ς) =

∫ ς

0
L

(j)
l (η) dη =

mj∑
k=1

b̃
(j)
kl ς

k. (6.18)

Coefficients the in power series representation in equation (6.17) and (6.18) only depend

on the number of Lobatto IIIA collocation points used in each mesh interval and can be

pre-computed and saved before the algorithm is applied to the specific problem.

Applying equation (6.18) to equation (4.4), we obtain that

ỹ(j)(t) = ỹj + δj

mj∑
l=1

I
(j)
l (

t− tj
δj

) ˙̃y
(j)
l

= ỹj +

mj∑
k=1

c̃
(j,y)
k (

t− tj
δj

)k, t ∈ [tj , tj+1], (6.19)

c̃
(j,y)
k = δj

mj∑
l=1

b̃
(j)
kl

˙̃y
(j)
l , (6.20)

where
t−tj
δj
≤ 1, t ∈ Sj = [tj , tj+1], and (

t−tj
δj

)k ≤ 1, k = 1, . . . ,mj . As we decrease the

number of collocation points in the mesh interval, we are actually dropping the power series

terms in descending order starting from order mj in equation (6.19). Let ỹ
(j)
i (t) denote the

ith element in ỹ(j)(t) and c̃
(j,y)
k,i denote the ith element in c̃

(j,y)
k , i = 1, . . . , ny. Therefore,
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as we drop the kth order term, the pointwise absolute error in ỹ
(j)
i (t) is at most |c̃(j,y)

k,i |. As

the estimated error from equation (6.7) is in a relative scale, normalizing the coefficients c̃yjk

is also necessary for comparison with the mesh refinement threshold εr. The normalizing

quantity used is the same as equation (6.8).

Thus, in terms of the differential variables, starting from the highest order term in the

power series in descending order, the term is allowed to be removed as long as
|c̃(j,y)

k,i |

1+ω
(y)
i

< εr,

i = 1, . . . , ny.

Next, consider the estimated error related to the algebraic variables. Applying equation

(6.17) to equation (4.9), the approximation of the algebraic variables can be rewritten as

the power series of order mj − 1 as

z̃(j)(t) =

mj∑
l=1

L
(j)
l (

t− tj
δj

) z̃
(j)
l ,

=

mj−1∑
k=0

c̃
(j,z)
k (

t− tj
δj

)k, t ∈ [tj , tj+1], (6.21)

c̃
(j,z)
k =

mj∑
l=1

ã
(j)
kl z̃

(j)
l . (6.22)

The decrease of the number of collocation points drops the power series term in equation

(6.21) in the same way as the differential variables. The normalizing quantity used is the

same as equation (6.11). Then, so as long
|c̃(j,z)

k,i |

1+ω
(z)
i

< εr, i = 1, . . . , nz, we are allowed to drop

the kth order term in the power series expansion without violating the threshold tolerance

for the estimated error in terms of the algebraic variables.

Therefore, for Sj originally equipped with mj > mmin collocation points, when the

estimated error is below the threshold εr, we start from the highest order in the power series

expansion and check whether dropping the term keeps the upper bound of the pointwise

error still below the threshold tolerance for both differential variables and algebraic variables.

If the bounded pointwise error is below the threshold tolerance for both variables, we keep

dropping the power series term, which is equal to decrease the number of collocation points

in Sj until the minimum allowable number is reached or the upper bound of the pointwise

error is beyond the threshold tolerance.
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Method for merging adjacent mesh intervals

When the number of collocation points in a mesh interval reaches the minimum allowable

number mmin, the way to reduce the mesh size is by trying to merge the mesh interval

Sj with the adjacent mesh interval Sj+1 if both estimated errors are below the threshold

tolerance εr. The intervals are merged based on that if the polynomial representation

from the bigger interval is extended to the smaller interval, the pointwise difference of

the estimated error resulting from the polynomial extension is below the tolerance still.

Notice that if the number of collocation points in two intervals are not the same, we can

not perform the merge as the polynomial degrees in the two intervals are not the same.

Due to the continuity condition, the variables are the same at tj+1 for the two intervals.

Intuitively, if we extend the polynomial from one interval to the other, the biggest difference

should happen at the end points, either tj or tj+2. Here, we present a method to derive

an upper bound of the pointwise difference of the estimated error due to the substitution

of the extension polynomial for the original polynomial which is valid through the entire

smaller mesh interval.

Consider two adjacent mesh intervals Sj = [tj , tj+1] and Sj+1 = [tj+1, tj+2] whose esti-

mated errors are both below the desired tolerance εr and the number of collocation points

used are both the minimum allowable as mj = mj+1 = mmin. As the two intervals are con-

nected at tj+1, we first unify the representations of the variables in both intervals in terms

of tj+1 which helps bound the difference between the extended and the original polynomials

in the smaller interval. This requests the expansion of the the Lagrange polynomial repre-

sentation in Sj using the end point tj+1 instead of the start point tj as illustrated before.

The Lagrange polynomials representation (4.3) can be expanded in terms of the end point

as

L
(j)
l (ς) =

mj−1∑
k=0

â
(j)
kl (ς − 1)k, (6.23)

Then, the integration of the Lagrange polynomial from equation (4.5) can be expanded in

terms of the end point as

I
(j)
l (ς) =

mj∑
k=1

b̂
(j)
kl (ς − 1)k. (6.24)
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Apply the power series expansion of the Lagrange polynomial in terms of the end point

using equation (6.24) to equation (4.4) in Sj and the power series expansion in terms of the

start point as equation (6.19) in Sj+1, we get

ỹ(j)(t) = ỹj+1 +

mj∑
k=1

c̄
(j,y)
k (

t− tj+1

δj
)k, t ∈ [tj , tj+1], (6.25)

c̄
(j,y)
k = δj

mj∑
l=1

b̂
(j)
kl

˙̃y
(j)
l , (6.26)

ỹ(j+1)(t) = ỹj+1 +

mj∑
k=1

c̄
(j+1,y)
k (

t− tj+1

δj+1
)k, t ∈ [tj+1, tj+2], (6.27)

c̄
(j+1,y)
k = δj+1

mj∑
l=1

b̃
(j+1)
kl

˙̃y
(j+1)
l . (6.28)

The power series representations of the differential variables in two intervals now only differ

with the denominator in the series as δj is used in equation (6.25) while δj+1 is used in

equation (6.27). The difficulty can be overcame by defining δ̄j = min{δj , δj+1} to unify the

representations as

ỹ(j)(t) = ỹj+1 +

mj∑
k=1

d̄
(j,y)
k (

t− tj+1

δ̄j
)k, t ∈ [tj , tj+1], (6.29)

d̄
(j,y)
k = c̄

(j,y)
k (

δ̄j
δj

)k, (6.30)

ỹ(j+1)(t) = ỹj+1 +

mj∑
k=1

d̄
(j+1,y)
k (

t− tj+1

δ̄j
)k, t ∈ [tj+1, tj+2], (6.31)

d̄
(j+1,y)
k = c̄

(j+1,y)
k (

δ̄j
δj+1

)k. (6.32)

As the power terms are the same in two intervals, the difference between the differential

variables between the two representations can be obtained as

ỹ(j)(t)− ỹ(j+1)(t) =

mj∑
k=1

(d̄
(j,y)
k − d̃(j+1,y)

k )(
t− tj+1

δ̄j
)k. (6.33)

Because
t−tj+1

δ̄j
≤ 1 is always true in the smaller interval, the difference can be bounded as

ỹ(j)(t)− ỹ(j+1)(t) ≤
mj∑
k=1

(d̄
(j,y)
k − d̃(j+1,y)

k ), t ∈ S̄j , (6.34)
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where S̄j is the smaller interval of the two. The pointwise difference can be bounded as

|ỹ(j)
i (t)− ỹ(j+1)

i (t)| ≤
mj∑
k=1

|d̃(j,y)
k,i − d̃

(j+1,y)
k,i |, i = 1, . . . , ny, t ∈ S̄j . (6.35)

Equation (6.35) provides the upper bound for the pointwise difference in the differential

variables in the smaller interval. To compare with the threshold tolerance εr, it is necessary

to normalize the absolute difference to get a upper bound of the relative difference between

the differential variables. Scaling equation (6.35) with the normalizing quantity defined in

equation (6.8) gives

|ỹ(j)
i (t)− ỹ(j+1)

i (t)

1 + ω
(y)
i

| ≤
∑mj

k=1 |d̄
(j,y)
k,i − d̄

(j+1,y)
k,i |

1 + ω
(y)
i

, i = 1, . . . , ny, t ∈ S̄j . (6.36)

If the relative upper bound of the pointwise difference of the differential variables is below

the threshold tolerance εr for all components as∑mj

k=1 |d̄
(j,y)
k,i − d̄

(j+1,y)
k,i |

1 + ω
(y)
i

< εr, i = 1, . . . , ny, (6.37)

this indicates that by extending the Lagrange polynomial from the bigger interval into the

smaller interval, the relative difference of the differential variables is kept below the threshold

tolerance still.

Then, consider the estimated error change of the algebraic variables if two intervals

are merged. The algebraic variables from two intervals are expanded using power series

where algebraic variables from Sj are expanded in terms of the end point tj+1 and algebraic

variables from Sj+1 are expanded in terms of the start point tj+1 in the similar manner as

equations (6.29) and (6.31) as

z̃(j)(t) =

mj−1∑
k=0

d̄
(j,z)
k (

t− tj+1

δ̄j
)k, t ∈ [tj , tj+1], (6.38)

d̄
(j,z)
k = (

δ̄j
δj

)k
mj−1∑
l=1

â
(j)
kl z̃

(j)
l , (6.39)

z̃(j+1)(t) =

mj−1∑
k=0

d̄
(j+1,z)
k (

t− tj+1

δ̄j
)k, t ∈ [tj+1, tj+2], (6.40)

d̄
(j+1,z)
k = (

δ̄j
δj+1

)k
mj−1∑
l=1

ã
(j+1)
kl z̃

(j+1)
l . (6.41)
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The absolute difference of the algebraic variables and the corresponding upper bound can

be obtained as

z̃(j)(t)− z̃(j+1)(t) =

mj−1∑
k=0

(d̄
(j,z)
k − d̄(j+1,z)

k )(
t− tj+1

δ̄j
)k (6.42)

≤
mj−1∑
k=0

(d̄
(j,z)
k − d̄(j+1,z)

k ), t ∈ S̄j . (6.43)

Then, normalize the quantity using the scale weight defined in equation (6.11). If the

relative upper bound of the pointwise difference of the algebraic variables is below the

threshold tolerance εr for all components as∑mj

k=1 |d̄
(j,z)
k,i − d̄

(j+1,z)
k,i |

1 + ω
(z)
i

< εr, i = 1, . . . , nz, (6.44)

this indicates that the relative difference of the algebraic variables by extending the Lagrange

polynomial from the bigger interval into the smaller interval is kept below the threshold

tolerance also.

So long as the conditions from equations (6.37) and (6.44) are met simultaneously,

the two intervals Sj and Sj+1 are possible to be merged into one single mesh interval

Ŝj = [tj , tj+2] with mj collocation points without violating the mesh refinement threshold

tolerance.

6.5.3 Mesh adaptive collocation method

The mesh adaptive collocation method for solving the BVP-DAEs (2.38)-(2.40) is concluded

in the algorithm 6.1, where the details about the collocation method for solving the residual
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equation (4.10) can be found in Chapter 4.

Algorithm 6.1: Adaptive mesh collocation method

Input: initial continuation parameter α0, termination continuation parameter αm,

continuation parameter scaler β, numerical tolerance ε, εa = ε and εr, mmin, mmax.

Initialize the continuation parameter α = α0.

for i = 1, 2, . . . , itermax do

Solve the residual equation (4.10) with ε.

Evaluate the estimated error in every mesh interval Sj using the method given

in section 6.5.1.

if maxj=1,...,N−1 Ē
(j) < εa then

if α < αm then

Break.

end

Decrease the continuation parameter as α = βα.

end

else

Refine the mesh using the methods given in sections 6.5.2 to 6.5.2 with εa,

εr, mmin, mmax.

end

end

Output the solution.

6.6 Implementation and Evaluation

A GPU-accelerated implementation of the algorithm presented in this chapter is contributed

using Python and CUDA which can be obtained at https://github.com/UW-OCP/. The

implementation details is almost the same as shown in chapter 5 which uses Python and

CUDA to implement the collocation algorithm for solving the OCPs while as mentioned the

implementation here uses 1D grid for all the CUDA kernels.

The code is applied to three typical optimal control problems and the performance of the

algorithm is discussed with a normal mesh refinement method, where a global unified number

of collocation points is used and when the estimated error in a mesh interval is beyond

https://github.com/UW-OCP/
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the threshold tolerance εa, the mesh interval is divided into two subintervals. Following

terminologies are used in the upcoming example evaluations. First, minit denotes the initial

number of collocation points used in each interval; N denotes the total number of mesh

nodes in the final mesh; mtotal denotes the total number of collocation points in the final

mesh; while T denotes the computation time for solving the problem. In all the examples,

the numerical tolerance used are ε = εa = εr = 1× 10−6; the initial continuation parameter

is α0 = 0.1; the termination continuation parameter is αm = 1 × 10−6; the scale factor

is β = 0.9. It should be noted that by adjusting εr, the behavior of the solver can be

adjusted towards either keeping a dense mesh or evolving to a sparse mesh. All the results

shown are the five runs average result. All computation results are obtained on a machine

equipped with Intel® Core™ i9-9900K CPU @ 3.60GHz × 16 and GeForce RTX 2070

SUPER/PCIe/SSE2 GPU running Ubuntu 19.10 Operating System.

Example 6.6.1. Hyper-sensitive problem

This is a hyper-sensitive optimal control problem from Rao and Mease [2000]. Minimize

the cost functional

J =

∫ 1

0

tf
2

(x2 + u2) dt,

subject to

ẋ = tf (−x+ u),

x(0) = 1.5, x(1) = 1.0,

where tf is fixed. It is known that for sufficiently large values of tf , the solution of the

hyper-sensitive problem presents a so-called “take-off”, “cruise”, and “landing” structure.

While during the “cruise” period, the state and control remain as constants and during the

“take-off” and “landing” periods, the state and control have rapid decaying and growing

phenomenon. The “cruise” period takes most percentage of the solution and the the “take-

off” and “landing” periods take place in a very short amount of time.
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The analytic optimal solution of the problem is given as

x∗(t) = c1 exp(t
√

2) + c2 exp(−t
√

2),

λ∗(t) = −ẋ∗(t)− x∗(t),

u∗(t) = ẋ∗(t) + x∗(t),

where c1

c2

 =
1

exp (−tf
√

2)− exp (tf
√

2)

1.5 exp (−tf
√

2)− 1

1− 1.5 exp (tf
√

2)

 .
Figure 6.2(a), 6.2(b), and 6.2(c) show state, costate, and control variables of the ana-

lytical optimal solution and the numerical solution using the ph collocation method with

tf = 10000, mmin = 3, mmax = 9, minit = 3. In terms of the state variable, the “take-off”

and “landing” segments correspond to the initial rapid decay segment t ∈ [0, 50] and the

terminal rapid growth segment t ∈ [0 = 9950, 10000] while the “cruise” segment corresponds

to the long constant middle segment. The problem is solved using an initial mesh with 101

mesh points. Figure 6.2(d) presents the mesh points distribution history of every mesh

refinements and figure 6.2(e) and 6.2(f) show the local mesh points distribution of the final

mesh for the “take-off”, “landing” segments. From the mesh points distribution history,

it can be seen that the ph method successfully figures out the solution is pretty smooth

in the “cruise” segment where it keeps reducing the mesh size in that segment by merging

adjacent intervals. Also, the rapid decay and growth segments around the initial and final

segments are identified successfully and more mesh points are placed.

The ph mesh refinement method is compared against the normal h method and tested

with different settings. The results with various mmin, mmax, minit, tf are presented in table

6.1. It should be noted by setting mmin = mmax = minit, the ph method is the same as

the h method with the extra ability to reduce the mesh size than the normal h method.

For tf = (100, 1000, 10000), it can be seen from table 6.1 that under this h method setting,

the mesh size and the total number of collocation points using the ph method are much

smaller than the h method. More importantly, as we increase mmax, the mesh size and

the total number of collocation points are even smaller, which is because by using more

collocation points, the underlying polynomial degree is increased and can approximate the
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solution with a bigger mesh interval. Also, the mesh size by using the normal h method

increases a lot each time because the problem can only be solved with a mesh that is dense

enough as the method can not automatically identify the smoothness of the segments and

can only increase the mesh size. While using the ph method, the method can identify

the segment where the solution is smooth and uses less nodes in the smooth segment and

concentrates the mesh nodes in the segment where the solution changes rapidly. However,

the computation time does not benefit a lot from using the ph method. This is due to the

overhead in using CUDA programming model, as the computation in each interval is done

by each thread, the performance is limited by the longest computation time in the interval

using the most collocation points.

Table 6.1: Total number of nodes of the final mesh for example 6.6.1 with different tf ,

various mesh size, and initial number of collocation points.

tf method mmin mmax minit N mtotal T

100

normal - - 3 212 633 15.08

normal - - 4 127 504 14.87

normal - - 5 108 535 14.78

p-h mesh 3 3 3 136 405 15.18

p-h mesh 3 5 3 33 145 15.05

p-h mesh 3 7 3 19 94 15.00

p-h mesh 3 9 3 16 75 14.91

p-h mesh 4 4 4 50 196 14.96

p-h mesh 3 5 4 26 116 15.04

p-h mesh 3 7 4 17 82 14.96

p-h mesh 3 9 4 12 65 15.15

p-h mesh 5 5 5 30 145 14.72

p-h mesh 3 5 5 30 136 14.95

p-h mesh 3 7 5 15 83 15.01
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p-h mesh 3 9 5 12 72 14.98

1000

normal - - 3 273 816 15.49

normal - - 4 164 652 15.16

normal - - 5 133 660 15.01

p-h mesh 3 3 3 134 399 15.35

p-h mesh 3 5 3 31 130 15.44

p-h mesh 3 7 3 21 95 15.36

p-h mesh 3 9 3 14 69 15.12

p-h mesh 4 4 4 51 200 15.10

p-h mesh 3 5 4 28 125 15.26

p-h mesh 3 7 4 16 77 15.45

p-h mesh 3 9 4 12 68 15.43

p-h mesh 5 5 5 35 170 14.98

p-h mesh 3 5 5 36 154 15.12

p-h mesh 3 7 5 15 82 15.29

p-h mesh 3 9 5 10 65 15.30

10000

normal - - 3 617 1848 15.81

normal - - 4 385 1536 15.55

normal - - 5 298 1485 15.36

p-h mesh 3 3 3 143 426 15.72

p-h mesh 3 5 3 42 165 15.98

p-h mesh 3 7 3 19 90 15.97

p-h mesh 3 9 3 15 74 16.08

p-h mesh 4 4 4 58 228 15.60

p-h mesh 3 5 4 29 126 15.72

p-h mesh 3 7 4 19 93 16.06

p-h mesh 3 9 4 14 81 16.05

p-h mesh 5 5 5 34 165 15.20

p-h mesh 3 5 5 38 161 15.31
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p-h mesh 3 7 5 14 75 15.75

p-h mesh 3 9 5 11 69 15.91

Next, we analyze the quality of the error estimate developed in section 6.5.1. Table

6.2 shows the estimated and exact relative error in the differential and algebraic variables

with different mesh size and number of collocation points used. First, it is seen that as

the number of mesh nodes or the collocation points is increased, the error in the computed

solution decreases accordingly which meets the error analysis of the collocation method.

The relationship of the base-10 logarithm of the exact relative error for both variables with

different mesh size for the same number of collocation points used are plotted in figure

6.3(a) and 6.3(b), which follows a linear relationship meeting the order consistency of the

collocation method given. Next, the consistency in the estimated relative error and the

exact relative error demonstrates the accuracy of the error estimation derived in section

6.5.1. Therefore, the error estimate method proposed in this chapter can give a conservative

estimate and is able to reflect the locations where the error of the computed solution is

large correctly. The ph mesh refinement method can successfully construct new meshes by

making the mesh dense in segment where the error is big and reduce the unnecessary mesh

in segment where the error is small.

Example 6.6.2. This is an optimal control problem with non-negative control variable

inequality constraint from Dontchev [1996]. Minimize the cost functional

J = 0.5

∫ 2

0
u(t)2 dt,

subject to

ẋ1(t) = x2,

ẋ2(t) = u,

u(t) ≥ 0, ∀t ∈ [0, 2],

x1(0) = 0.0, x2(0) = 0.0,

x1(2) = 5/6, x2(2) = 1/2.
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Table 6.2: Estimated relative error and exact relative error of the solution for example 6.6.1

with tf = 100 with various mesh size and number of collocation points

N minit Ēy
estimate Ēy

exact Ēz
estimate Ēz

exact

21

3 9.23e-01 1.80e-01 1.57e-01 1.37e-01

4 3.09e-01 5.33e-02 4.43e-02 5.14e-02

5 8.96e-02 1.21e-02 1.69e-02 1.56e-02

41

3 1.77e-01 3.88e-02 6.01e-02 5.55e-02

4 3.22e-02 6.26e-03 1.06e-02 1.12e-02

5 5.09e-03 7.80e-04 1.56e-03 1.92e-03

81

3 2.20e-02 5.70e-03 1.49e-02 1.46e-02

4 2.03e-03 4.26e-04 1.49e-03 1.51e-03

5 1.68e-04 2.77e-05 1.13e-04 1.31e-04

161

3 1.97e-03 6.04e-04 2.67e-03 2.71e-03

4 9.32e-05 1.98e-05 1.44e-04 1.45e-04

5 3.96e-06 6.71e-07 5.61e-06 6.15e-06

−5.00 −4.75 −4.50 −4.25 −4.00 −3.75 −3.50 −3.25 −3.00
log(h)

−16

−14

−12

−10

−8

−6

−4

−2

0

lo
gE

z

N= 21.0N= 41.0N= 81.0N= 161.0 N= 21.0N= 41.0N= 81.0N= 161.0 N= 21.0N= 41.0N= 81.0N= 161.0
error of algebraic variables

m=3(interpolate)
m=3
m=4(interpolate)
m=4
m=5(interpolate)
m=5

(a) differential variables vs nodes.

−5.00 −4.75 −4.50 −4.25 −4.00 −3.75 −3.50 −3.25 −3.00
log(h)

−16

−14

−12

−10

−8

−6

−4

−2

0

lo
gE

y

N= 21.0N= 41.0N= 81.0N= 161.0 N= 21.0N= 41.0N= 81.0N= 161.0 N= 21.0N= 41.0N= 81.0N= 161.0
error of differential variables

m=3(interpolate)
m=3
m=4(interpolate)
m=4
m=5(interpolate)
m=5

(b) algebraic variables vs nodes.

Figure 6.3: Error in log scale of example 6.6.1
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The optimal control is a nonsmooth function in time, that is,

u∗(t) =


1− t, for t ∈ [0, 1),

0, for t ∈ [1, 2];

where the optimal control is discontinuous at t = 1.

We apply the ph collocation method with mmin = 3, mmax = 9, minit = 3 to the problem

and solved the problem with the optimal solution of the states, costates, control, multiplier

shown in figure 6.4(a)-6.4(d). From the plots of the solution of the problem, it can be seen

that the optimal control obtained using the ph method captured the discontinuity accurately

around t = 1. Thus, to have an accurate solution with the existence of the discontinuity,

it is necessary that more mesh points are put near the discontinuity of the control and less

mesh points are put around the area that the control is constant and the state is smooth.

The problem is solved using an initial mesh with 101 mesh points. The final solution

has a mesh of N = 19 time nodes and the node distribution of the final mesh is presented

in figure 6.4(e). Interesting, it can be seen that the ph method progresses to a final mesh

distribution that the mesh points concentrate densely near the control discontinuity point

and are very sparse in other parts. The figures of the states and costates show that the

nonsmoothness of the solution are accurately captured by the ph method.

The problem can also be successfully solve by the collocation method with the normal

h mesh refinement method. Table 6.3 summarizes the computation time and mesh sizes for

various methods with different settings. It is seen that the mesh size using the ph method is

much smaller than using the normal mesh refinement method not only in the total number

of collocation points used but also the total number of mesh intervals. This is due to the

flexible feature of the ph method such that for the solution segment that is smooth enough,

it chooses to use a small number of collocation points in the segment and when the solution

is not that smooth, it chooses to increase the underlying polynomial degree or divide the

interval into small subintervals with less collocation points. For the segment that is smooth,

the mesh intervals are merged together to further reduce the mesh size which saves lots of

computational memory used. It should be noted that the computation time using the ph

method is more than that of the normal h method. This is due to the essence of the CUDA
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Figure 6.4: Optimal solution of states, costates, control and multipliers for example 6.6.2
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Table 6.3: Total number of nodes of the final mesh and computation time using various

collocation methods for example 6.6.2.

Method mmin mmax minit N mtotal T

normal - - 3 129 384 31.64

normal - - 4 108 428 31.28

normal - - 5 105 520 32.74

p-h mesh 3 3 3 30 87 30.33

p-h mesh 3 5 3 19 67 32.24

p-h mesh 3 7 3 18 64 32.72

p-h mesh 3 9 3 19 68 33.65

p-h mesh 4 4 4 20 76 30.20

p-h mesh 3 5 4 21 73 30.76

p-h mesh 3 7 4 16 60 32.75

p-h mesh 3 9 4 15 59 32.80

p-h mesh 5 5 5 21 100 31.79

p-h mesh 3 5 5 29 106 31.80

p-h mesh 3 7 5 16 62 33.92

p-h mesh 3 9 5 15 59 34.49

programming model where the performance is bottlenecked by the execution of the thread

taking the longest time which is also mentioned in example 6.6.1.

Example 6.6.3. Consider a time optimal low-thrust trajectory problem, where a satellite

is transferred from a circular low-Earth orbit to a geosynchronous orbit from Büskens and

Maurer [2000] Find a thrust direction control u(t), 0 ≤ t ≤ 1, that minimizes

J = p1,
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subject to

p1 = 20 + tf ,

a(t, p) = 0.01 + p,

ẋ1 = p1x2,

ẋ2 = p1(
x2

3

x1
− rµ
x2

1

+ a(t, p) sin(u)),

ẋ3 = p1(−x2x3

x1
+ a(t, p) cosu),

ẋ4 = p1(
x3

x1
),

|u(t)| ≤ 0.65, ∀t ∈ [0, 1],

− p1 ≤ 0,

x(0) = [6.0, 0.0,

√
rµ

x1(0)
, 0.0],

x(1) = [6.6, 0.0,

√
rµ

x1(1)
].

where x1(t) represents the radial position, x2(t) the radial velocity, x3(t) the circumferential

velocity and x4(t) the polar angle, with rµ = 62.5 representing the gravitational parameter

for the earth. In the original model, a(t, p) is a function of time describing the thrust

acceleration of the spacecraft and depending on the reduced mass. For simplicity we consider

the function a(t, p) = 0.01+p with perturbation parameter p to illustrate sensitivity analysis

for this problem. The nominal parameter is p0 = 0. The free final time tf is treated as an

additional optimization parameter and this is a minimum time optimal control problem.

This is a highly nonlinear and complicated optimal control problem with 4 state vari-

ables, 1 control variables, and 3 control variable inequality constraints. Figures 6.5(a)-6.5(e)

show the optimal solution obtained by using the ph collocation method with mmin = 3,

mmax = 9, minit = 3 with an initial mesh of 101 mesh points.

It can be seen that the optimal controls of the problem have several discontinuities and

the states and costates are pretty nonsmooth. The normal mesh method failed to solve the

problem with a limited total of 4000 mesh points to the maximum with various number of

collocation points (minit = 3, 4, 5).
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Figure 6.5: Optimal solution of states and costates, control, and multupliers for example

6.6.3

Table 6.4 summarizes the computation time and mesh sizes for the ph mesh method

with different settings. It is seen as the initial number of collocation points used is increased

minit = (3, 4, 5), the total number of mesh points and collocation points all decrease. As

using more collocation points is the same as using a polynomial with higher degree to

approximate the solution, and the same error accuracy can be obtained with a bigger mesh

interval. As the normal h mesh method is not able to solve the problem with a maximum

allowable number of mesh points, this means the ph mesh method is more flexible and can

put the mesh points at necessary locations to save the computational workload.

6.7 Discussion

All the examples shown in section 6.6 present various features of the adaptive ph mesh

refinement method introduced in this chapter. Example 6.6.1 presents that the ph mesh

refinement method is able to dramatically decrease the mesh size by eliminating mesh
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Table 6.4: Total number of nodes of the final mesh and computation time for example 6.6.3

Method mmin mmax minit N mtotal T

p-h mesh 3 9 3 214 999 390.01

p-h mesh 3 9 4 200 997 395.83

p-h mesh 3 9 5 169 936 444.73

points and collocation points and merging adjacent mesh intervals in the segment where the

solution does not change significantly and put mesh points in the segment where the solution

changes rapidly. The result from example 6.6.2 exhibits how the ph mesh refinement method

can effectively detect the discontinuity in the variable and therefore concentrates the mesh

points in the vicinity of the discontinuity while reduces the mesh size in the segment where

the solution is smooth at the same time. Moreover, similar to the result obtained in example

6.6.1, the result shows the mesh size is dramatically smaller when solving the problem using

the ph mesh refinement method compared with the normal h mesh refinement method.

Example 6.6.3 shows the ability of the ph method to economically solve the complicated

problem where the solution is highly nonsmooth and contains several discontinuities.

The adaptive ph mesh refinement method introduced in this chapter has the potential

advantage that the final mesh is smaller in size when compared with that of a normal h

method, requiring less memory than might be required to achieve the same accuracy using

an h method. Also, the method is more robust when the number of maximum allowable

mesh points is limited. Moreover, the ph mesh refinement method introduced in this chapter

is based on the novel error estimate of both the differential and algebraic variables.

6.8 Conclusion

An adaptive mesh refinement method for solving optimal control problems based on the

indirect collocation method has been introduced in this chapter. The method has the ability

to both increase and decrease the mesh size. The mesh refinement is guided by a method to

estimate the error of both the differential and algebraic variables. Using this error estimate,

a mesh refinement method is developed that is able to iteratively reduce the error estimate
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when necessary either by increasing the degree of the polynomial approximation in a mesh

interval or by increasing the number of mesh intervals. Furthermore, the size of the mesh can

be decreased either by dropping the negligible terms in the power series representation of the

variables or by combining mesh intervals that share the similar polynomial approximation.

The method is described in detail and applied successfully to three examples from the

open literatures. The results obtained in this research show that the method outperforms

fixed-order methods a lot and can reduce the computational burden to a big extent.
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Chapter 7

AUTO DETECTION OF ACTIVE SVICS

7.1 Backgroud

When solving the Newton’s iteration (4.12) of collocation method, the original BABD sys-

tem (4.13) is reduced into a smaller BABD system (4.18) via equation (4.17). Whereas,

equation (4.17) is based on the assumption that matrix Wj is nonsingular for sufficiently

small δj . However, during the empirical testing to the OCPs, we found that for some OCPs

equipped with SVICs, the assumption is not always true, which lead us to further investigate

what happened behind the scene.

Originally, the index of the BVP-DAEs considered (2.38)-(2.40) is directly affected by

∂g
∂z which is

[
∂g
∂z

]
=



H̄uu Dud 0 0 0

Dud
T −αI 0 I 0

0 0 −αI 0 I

0 Dµψd 0 Dνψd 0

0 0 Dξψs 0 Dσψs


.

The DAEs is index-1 when ∂g
∂z is nonsingular which is det(∂g∂z ) 6= 0.

Consider problems equipped with only SVICs where ∂g
∂z can be further simplified as

[
∂g
∂z

]
=


H̄uu 0 0

0 −αI I

0 Dξψs Dσψs

 .
As the elements in ∂g

∂z are all diagonal, which does not affect the behavior when com-
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puting the determinant. Consider a problem with only one SVIC, ∂g
∂z becomes

[
∂g
∂z

]
=


H̄uu 0 0

0 −α 1

0 Dξψs Dσψs

 .
where

Dξψs = 1− ξ√
σ2 + ξ2 + 2α

,

Dσψs = 1− σ√
σ2 + ξ2 + 2α

,

can be computed using the Kanzow’s smoothed Fisher-Burmeister formula (2.34).

The determinant det (∂g∂z ) can be obtained simply as

det(
∂g

∂z
) = H̄uu(−αDσψs −Dξψs)

= −H̄uu(αDσψs +Dξψs).

By the second order necessary condition assumption 4, it is ensured that H̄uu > 0. By the

properties of the Kanzow’s smoothed Fisher-Burmeister formula (2.34), it is ensured that

0 < Dσψs < 2, 0 < Dξψs > 2. With α > 0, it is ensured that

det (
∂g

∂z
) = −H̄uu(αDσψs +Dξψs) < 0

= −H̄uu[α(1− σ√
σ2 + ξ2 + 2α

) + (1− ξ√
σ2 + ξ2 + 2α

)],

which proves that ∂g
∂z shall not be singular for α > 0.
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Then, we investigate under what condition ∂g
∂z can be singular which is when

[α(1− σ√
σ2 + ξ2 + 2α

) + (1− ξ√
σ2 + ξ2 + 2α

)] = 0

ξ + ασ√
σ2 + ξ2 + 2α

= 1 + α

(1 + α)(
√
σ2 + ξ2 + 2α) = ξ + ασ

(1 + 2α+ α2)(σ2 + ξ2 + 2α) = (ξ2 + 2ασξ + α2σ2)

σ2 + ξ2 + 2α+ 2ασ2 + 2αξ2 + 4α2 + α2σ2 + α2ξ2 + 2α3 = ξ2 + 2ασξ + α2σ2

σ2 + 2α+ 2ασ2 + 2αξ2 + 4α2 + α2ξ2 + 2α3 = 2ασξ

σ2 − 2ασξ + α2ξ2 + 2α+ 2ασ2 + 2αξ2 + 4α2 + 2α3 = 0

(σ − αξ)2 + 2α+ 2ασ2 + 2αξ2 + 4α2 + 2α3 = 0

(σ − αξ)2 + 2α(1 + σ2 + ξ2 + 2α+ α2) = 0

This can be discussed under two cases as

1. When the SVIC is active, σ − αξ = 0, 2α(1 + σ2 + ξ2 + 2α+ α2) > 0 ≈ 0.

2. When the SVIC is inactive, (σ − αξ)2 + 2α(1 + σ2 + ξ2 + 2α+ α2) > 0.

So, the discussion meets the empirical results as when the SVIC is active, det (∂g∂z ) ≈ 0

resulting in a large condition number of the matrix Wi.

7.2 Methodology

From the above discussion, we draw the conclusion that the large cond(W ) can indirectly

indicate the active SVICs. Solving equations (2.32) and (2.33) with the active SVIC can

draw the result that σ = α, ξ = 1. Thus, we no longer need the Fischer-Burmeister formula

of the complementarity condition associated with the SVICs and can eliminate one of the

σ or ξ. To avoid the diminishing determinant problem of ∂g
∂z , we choose to keep the σ

variable and eliminate the ξ variable which reduces the complexity of the system and ∂g
∂z
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are simplified as [
∂g
∂z

]
=

H̄uu 0

0 1


for problems with SVICs only.

Equations (4.15) and (4.16) become

J ′j∆ỹj +W ′j∆k̃
′
j + V ′j∆p̃ = −f̃a′j , (7.1)

−∆ỹj −D′j∆k̃′j + ỹj+1 = −f̃ bj . (7.2)

where f̃a
′

j ∈ Rm(ny+nz−ns), f̃ bj ∈ Rny , J ′j ∈ Rm(ny+nz−ns)×ny , D′j ∈ Rny×m(ny+nz−ns), V ′j ∈

Rm(ny+nz−ns)×np , W ′j ∈ Rm(ny+nz−ns)×m(ny+nz−ns), k̃′j ∈ Rm(ny+nz−ns) and ns is the number

of SVICs of the problem. f̃a
′

j , J ′j , D
′, V ′, W ′j , k̃

′
j are obtained by eliminating the rows

corresponding to the Fischer-Burmeister formula associated with the SVICs and the columns

corresponding to the variables ξ.

Equation (4.17) are substituted as

∆k̃′j = W
′−1
j (−f̃a′j − J ′j∆ỹj − V ′j∆p̃). (7.3)

where the eliminated variables ξ are set automatically to α. The other parts are kept the

same as shown in Chapter 4.

7.3 Numerical Evaluation

A hybrid CPU-GPU implementation of the algorithm presented in this chapter is con-

tributed using Python and CUDA. The implementation details is almost the same as shown

in chapter 6 and the calculation of the condition number of Wi is done by using Numpy

Harris et al. [2020].

The code is applied to two typical optimal control problems and the performance of the

algorithm is discussed. Following terminologies are used in the upcoming example evalua-

tions. Niter denotes the number of continuation iterations used to solve the problem, while

T denotes the computation time for solving the problem. In all the examples, the numerical

tolerance used is ε = 1× 10−5; the initial continuation parameter is α0 = 0.1; the termina-

tion continuation parameter is αm = 1× 10−6; the threshold for deciding the activeness of



131

the SVICs by checking the condition number of Wi is
√

1
εmachine

. All computation results are

obtained on a machine equipped with Intel® Core™ i9-9900K CPU @ 3.60GHz × 16 and

GeForce RTX 2070 SUPER/PCIe/SSE2 GPU running Ubuntu 19.10 Operating System.

Example 7.3.1. This is a problem from Jacobson and Lele [1969] with three state variables

and one control variable which is to minimize

J =

∫ 1

0
x2

1(t) + x2
2(t) + 0.005u2(t) dt,

subject to

ẋ1(t) = x2(t),

ẋ2(t) = −x2(t) + u(t),

ẋ3(t) = 1.0,

and the boundary conditions

x1(0) = 0.0, x2 + 1.0 = 0, x3 = 0.0,

with the CVICs

|u(t)| ≤ 20.0,∀t ∈ [0, 1],

and the SVIC

−(8.0(x3(t)− 0.5)2 − 0.5− x2(t)) ≤ 0, ∀t ∈ [0, 1].

The initial guesses for solving this problem are using straight lines between the initial and

final conditions for those variables with them and constants for those without. Both methods

with or without automatically adjusting the problem solving formulation by detecting the

activeness of the SVICs through the condition number of Wi are able to solve the problem.

The plots of the numerical solution from the proposed method are shown in figure 7.1(a)-

7.1(e) and the computation results for both methods are shown in table 7.1.
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Figure 7.1: Optimal solution of states, costates, control and multipliers for example 7.3.1
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Table 7.1: Computation results for example 7.3.1 using both methods

method cost function Niter T

auto 0.16981926 160 74.89

normal 0.16981929 177 57.90

It can be seen from table 7.1 that the proposed method is able to solve the problem

with much less continuation iterations (around 10%). As the analytical solution of the

problem is unknown, the cost function values computed for both methods are also listed

for a comparison. It is worth noting that the cost function values from both methods are

consistent up to seven decimal places, while the proposed method can give a slightly better

cost function value. Also, the computation time of the proposed method is longer than

the normal method. This is mainly due to the fact that the proposed method needs to

compute the condition number at every iteration and when it detects the SVIC is active, it

needs to automatically set the values for the lagrange multipliers and transform the original

problem into another reduced form problem which introduces some overhead. Although the

improvement in the cost function value is small, this example demonstrates the ability of

the proposed method to converge faster to the solution of the problem efficiently and fast.

Example 7.3.2. This is problem with three states and one control from Houska et al.

[2011]. The final time of the problem is represented with the parameter variable p. The

problem is formulated as follows:

J =

∫ 1

0
p(1 + 0.1u(t)2) dt,
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Table 7.2: Computation results for example 7.3.2 using both methods

method cost function Niter T

auto 7.47173740 197 138.66

normal 7.47173741 224 117.68

subject to the dynamic equations

ẏ1(t) = py2(t),

ẏ2(t) = p
u(t)− 0.2y2(t)2

y3(t)
,

ẏ3(t) = −0.01pu(t)2,

and the boundary conditions

x(0) = [0, 0, 1.0]T ,

x(1) = [10.0, 0]T ,

and two control variable inequality constraints

−1.1 ≤ u(t) ≤ 1.1, ∀t ∈ [0, 1],

and two state variable inequality constraints

−0.1 ≤ y2(t) ≤ 1.7, ∀t ∈ [0, 1].

The initial guesses are obtained by solving a relaxed problem with a relaxed cost func-

tional. Both methods are able to solve the problem. The plots of the numerical solution

from the proposed method are shown in figure 7.2(a)-7.2(e) and the computation results for

both methods are shown in table 7.2.

The computation results for this example exhibit the same effect with example 7.3.1.

The proposed method is able to solve the problem with much less continuation iterations
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Figure 7.2: Optimal solution of states, costates, control and multipliers for example 7.3.2
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with longer computation time due to the overhead it introduced. The cost function value

computed for both methods are consistent up to seven decimal places and the proposed

method gives a slightly better cost function value. This again proves the robustness and

effectiveness of the proposed method compared with the normal method.

7.4 Conclusion

A method which can automatically detect the activeness of the SVICs of the OCPs based on

the indirect collocation method is introduced in this chapter. The chapter first investigates

the problems from the empirical results using the original indirect collocation method and

gives the analysis on the reason of the problem. Then, the chapter proposes a method to

solve the problem due to the active SVICs which makes the original system unstable to

solve. By reducing the original system into a more compact system when know the SVIC

is active, the unstable numerical solving problem can be resolved where the values of the

lagrange multipliers are automatically set. The method is described in detail and applied

successfully to two examples from the open literatures. The results obtained in this research

show that the method outperforms the original indirect collocation method by solving the

problem with much less continuation iterations and can give a solution at least as accurate

as the original method.
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Chapter 8

SUMMARY AND FUTURE WORK

8.1 Summary

The primary focus of this work is on developing robust and efficient parallel indirect methods

for solving optimal control problems equipped with inequality constraints and parameters.

The goal also includes implementing a general-purpose software based on the indirect meth-

ods introduced which can overcome several difficulties

• Deriving the analytical optimality conditions in the software program.

• Incorporating various inequality constraints without a-prior knowledge of the sequence

of constrained and unconstrained segments.

• Time consuming numerical computations.

A slacked unconstrained penalty function method is used to incorporate the control vari-

able inequality constraints and state variable inequality constraints of the optimal control

problems. It is proved that the optimal cost functional of the transformed problem by using

the penalty function method converges to the optimal cost functional of the original problem

by decreasing the penalty parameter term gradually to zero. Then, the first-order necessary

optimality conditions are obtained by using the calculus of variation and can be represented

in a compact form as a boundary value problem involving differential-algebraic equations.

The complementarity conditions associated with the inequality constraints in the neces-

sary conditions are approximated in a more compact way using the Kanzow’s smoothed

Fisher-Burmeister formula. It is proved that the involved differential-algebraic equations

are guaranteed to be index-1, which enables the use of various numerical methods to solve

the problem.
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A multiple shooting method is first introduced to solve the derived BVP-DAEs. Except

an integrator based on a single step linearly implicit Runge-Kutta (Rosenbrock-Wanner,

ROW) method, the use of the MATLAB (MATLAB [2017]) built-in integrator ode15s is

explored to integrate the associate differential equations. Adapted differential equation

formats are designed to adapt to the API of the ode15s integrator. A damped Newton’s

method is used to solve the residual equation resulted from the multiple shooting formulation

where the Jacobian is in a boarded almost block diagonal structure and a huge linear

system is to be solved. A very robust parallel QR decomposition method is used to solve

the associated linear system and the classic line-search is employed to obtain the descent

direction from using the Newton’s method. To improve the computational efficiency, the

MATLAB parallel computing toolbox is employed to implement the parallel version of

the multiple shooting algorithm. The performance of the implemented multiple shooting

solvers with the two different integrators are compared by testing over 140 optimal control

problems from open literatures and it is shown that the MATLAB (MATLAB [2017]) built-

in integrator ode15s is not suitable for the multiple shooting algorithm developed here.

From the test performances, it is also concluded that the algorithm can not benefit from

the MATLAB parallel computing toolbox due to the heavy overhead from it.

A collocation method is also presented to solve the BVP-DAEs. where a global unified

number of collocation points is used and the derivatives of the differential variables and

the algebraic variables are approximated using the Lagrange polynomials at the collocation

points associated with the specific m-stage Lobatto IIIA implicit Runge-Kutta method.

The same damped Newton’s method is employed to solve the residual system from using

the collocation method. The associated Jacobian is able to be reduced into the same BABD

form as the multiples shooting method by some reduction techniques and the same parallel

QR decomposition method is used to solve the reduced BABD system. A parallel MATLAB

implementation of the collocation algorithm is conducted and compared with the MATLAB

implementation of the multiple shooting algorithm. Although the MALTAB implemen-

tation of the collocation algorithm is more efficient and robust than that of the multiple

shooting algorithm, the collocation method still can not benefit from the MATLAB parallel

computing technique.
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After figuring out the inefficiency of the MATLAB parallel computing toolbox, the mul-

tiple shooting algorithm and the collocation algorithm are accelerated with the Graphics

Processing Units (GPUs) by using the CUDA programming model. Adequate background

knowledge about the CUDA programming model is presented to help understanding the

implementation. The adapted multiple shooting algorithm structure is first described to

help explain the design and implementation of the GPU code. The GPU parallel implemen-

tation boosts the performance a lot and several concrete numerical examples are shown to

prove the efficiency and robustness of the implementation. Next, the GPU based parallel

collocation algorithm is presented. Ideas about how to design the specialized CUDA kernels

to fully take advantage of the collocation algorithm structures are described and a corre-

spondence graph between the collocation time nodes and 2D CUDA threads is constructed.

Custom memory pool and data structure are developed to reduce the overhead of frequent

allocation of the GPU memories. Several non-trivial examples are shown to explore the

performance of the GPU parallel implementation of the collocation algorithm. Also, the

performance profile between the GPU implementations of the multiple shooting algorithm

and collocation algorithm is construct to better quantify the robustness and efficiency of the

two. Several other performance profiles between using different number of collocation points

for the collocation algorithm are constructed. It is shown that the GPU implementation

of the collocation algorithm is much more efficient and robust than the multiple shooting

algorithm. And collocation algorithm with more collocation points can solve more problems

in a longer computation time.

Based on the results from performance profiles between the collocation algorithms using

different number of collocation points, a research of developing a collocation algorithm with

the ability to dynamically refining the mesh is conducted to best improve the efficiency and

robustness. Originally, the collocation method uses a global unified number of collocation

points in all the mesh intervals and the width of the mesh interval is allowed to vary, whereas

in the developed ph adaptive mesh refinement method, both the width of the mesh interval

and the corresponding number of collocation points used with the interval are allowed to

vary simultaneously. A novel method to estimate the relative error between the numerical

solution and the optimal solution is developed first to be used as the basis for the adaptive
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mesh refinement process. Based on this error estimate, a ph mesh refinement method

was developed which is able to iteratively reduce the error of the interval when needed by

either increasing the number of collocation points used in a mesh interval or decreasing the

interval width. Moreover, the method can reduced the mesh size by either decreasing the

number of collocation points used or by merging adjacent mesh intervals. The method is

applied successfully to three examples from the open literature which demonstrates different

features of the method and the results show that the developed method outperforms fixed-

order methods a lot and can reduce the computational burden to a big extent.

8.2 Future Work

This dissertation contributes to the development of the parallel indirect methods for solving

optimal control problems. The general-purpose software is developed based on the methods

described in this dissertation and the power of the faster hardware as GPU is exploited.

A drawback for using the indirect method to solve the optimal control problem is that

the initial guess of the solution is very important where the convergence space is pretty small

Rao [2009]. Moreover, Newton’s method can only offer a fast convergence only when the

solution is pretty close to the optimum. This leads to the need to develop some systematic

method to generate good initial guess before applying those methods which can lead to a

guaranteed and faster convergence to the optimal solution.

Future extension of the presented work could also focus on further exploiting the power

of the GPUs. In the current implementation, only one GPU is used when running the

algorithm and for highly nonlinear and complicated problems, the algorithm may be able

to benefit from the use of multiple GPUs. There are some existing framework which is

able to incorporate the use of multiple GPUs like OpenMP which could be easily applied

to the current work. Also, current CUDA implementation uses a high level programming

language Python and CUDA also supports lower programming languages as C and C++.

Implementations using C/C++ and CUDA can offer more flexibility and further increase

the efficiency.

The scheme of the current adaptive mesh refinement method is that when reducing the

error within a mesh interval, the method first try to increase the number of collocation
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points used and then divide the interval after reaching the maximum number of collocation

points allowed. However, in the segment where the solution is not smooth, the best way to

refine the mesh is to directly divide the bigger interval into multiple smaller intervals. So,

a method to detect the smoothness of the solution in every interval can be a good directly

to work on.
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