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Brian C. Fabien

Optimal control is a subject where it is desired to determine the inputs to a dynamical
system which optimize a specified performance index while satisfying any constraints on the
motion of the system at the same time. Because of the complexity of most applications,
optimal control problems (OCPs) are most often solved numerically.

The indirect method for solving OCPs is based on solving the firs-order necessary condi-
tions for the optimum and these necessary conditions are written as a two-point boundary
value problem. This dissertation presents indirect methods for solving OCPs including con-
trol variable inequality constraints (CVICs), state variable inequality constraints (SVICs),
and parameters. The necessary conditions of the optimum for the OCPs are written as a
boundary value problem with differential algebraic equations which are proved to be index-1
(BVP-DAESs). The complementarity conditions in the BVP associated with those inequality
constraints are approximated using Kanzow’s smoothed Fisher-Burmeister formula.

Two numerical methods for solving the BVP-DAESs are developed. The multiple shooting
technique is one of the techniques applied. Except solving the DAE using a single step
linearly implicit Runge-Kutta method, a novel implementation based on MATLAB built-in
DAE solver ode15s is provided. The other method used is a collocation method where the
DAEs are approximated using Lagrange polynomials within each mesh and required to be
satisfied at Lobatto points within each interval. Newton’s method is performed to solve

the BVP-DAEs systems for both methods and the descent direction is found by solving a



sparse bordered almost block diagonal (BABD) linear system with a structured orthogonal
factorization algorithm. For the MATLAB implementation, the efficiency of the embedded
parallel computing toolbox is explored.

Moreover, using the graphics processing unit (GPU) to accelerate the numerical algo-
rithm solving process is very promising by using faster hardware. Combining those, this
dissertation also presents the GPU based parallel implementation for both numerical meth-
ods, which is implemented using Python and CUDA. Numerical examples are presented to
illustrate the efficiency of the implementation. The GPU based parallel implementations
are shown to be significantly faster than the implementation using Central Processing Unit
(CPU) alone or implemented using MATLAB for both methods.

Extending the collocation method presented, a study so called the collocation method
with ph adaptive mesh refinement is introduced to further improve the efficient and the
robustness of the collocation method presented. First, a novel method to estimate the
error of the solution from collocation method is presented which serves as a basis of the
ph adaptive mesh refinement method. In the original collocation method, the problem is
solved based on a global unified number of collocation points used within each mesh interval
without the dynamic mesh of the problem. In the ph adaptive method, not only the mesh
varies during the solving process but also the collocation points used within each mesh
interval keep changing until a desired numerical tolerance is met. The method is called
“ph” because the mesh size of each interval (denoted by h) and the number of collocation
points which is also the polynomial degrees (denoted by p) within each mesh interval are

updated simultaneously.
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OCP: Optimal Control Problem

BVP: Boundary Value Problem

DAE: Differential Algebraic Equation
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Chapter 1
INTRODUCTION

Optimal control problem (OCP) is the problem that deals with finding a control law for
a dynamical system with certain set of boundary conditions over a time period so that an
objective functional is optimized. Numerical methods for solving optimal control problems
can be classified into direct methods and indirect methods [1998]. A schematic with

the breakdown of the components used by each class of optimal control methods is shown

in figure 2009

Indirect Methods

Figure 1.1: Major components of numerical methods for solving optimal control problems.

In a direct method, the states and/or controls are approximated using some appropriate
function approximation and the cost functional is approximated at the same time. Then, the
parameters of the function approximations are treated as unknown optimization variables
and the OCP is transformed to a nonlinear programming (NLP) problem.
develops a direct method where the control inputs are approximated using piecewise
functions while the differential equations involved are approximated by a linearly implicit

Runge-Kutta method. The original optimal control problem is then transformed into a NLP

problem. Gaussian quadrature collocation method [Elnagar et al.| [1995], ELNAGAR and|
RAZZAGHI [1997], Benson [2005], Rao et al.| [2010] is another popular branch for directly

solving OCPs. In a Gaussian quadrature collocation method, the problem is discretized



with points associated with the Gaussian quadrature and the states are approximated using
Lagrange polynomial. The OCP is then transcribed to a finite-dimensional NLP problem.

In an indirect method, the calculus of variations or the minimum principle is employed
to obtain the first-order optimality conditions Hartl et al.| [L995], Agrawal and Fabien| [2013],
Fabien| [1995]. These conditions can be transformed into a two-point boundary-value prob-
lem (BVP) which normally involves differential algebraic equations (DAEs). Numerical
methods for solving BVP-DAEs include collcation methods such as [Ascher et al.| [1981],
Ascher and Spiteri| [1994], Kierzenka and Shampine [2001], |Fabien| [2016a] and multiple
shooting methods like Bock and Plitt| [1984], Fabien| [2014alb]. [Jacobson et al.| [1971] uses
the exterior penalty functions to transform the problems with state variable inequality con-
straints (SVICs) and [Fabien [2014b] uses a slacked unconstrained penalty function method
to approximate the SVICs. The collocation methods solve the problem by approximating
the differential equations using Lagrange polynomial on collocation points. The multiple
shooting method developed by |[Fabien| [2014a] introduces non-negative slack variables to
rewrite the inequality constraints where the DAEs involved are solved using a a single step
linearly implicit Runge-Kutta method. The overall time interval is divided into multiple
intervals where a residual equation is formed thereby and solved via a damped interior
point Newton’s method. A very robust parallel method to solve the sparse boarded al-
most block diagonal (BABD) system from the Newton’s method is presented in that paper.
Gerdts| [2008], Fabien| [2016b] also present indirect methods which are able to deal with
inequality constraints, where the complementarity conditions associated with the inequality
constraints are replaced with with Kanzow’s smoothed Fishcher-Burmeister formula (see
Kanzow| [1996]). Moreover in [Fabien| [2016b], a noninterior damped Newton’s method is
presented.

The dissertation shows that the necessary conditions for the optimum of OCPs which
contain CVICs, SVICs, and parameters can be written as a BVP-DAEs. These necessary
conditions are obtained using the slacked unconstrained penalty function method to relax
the inequality constraints. It is proved that the optimal cost functional of the transformed
OCP using the slacked unconstrained penalty function method is the same as that of the

original OCP. The complementarity conditions are approximated with the smoothed Kan-



zow’s smoothed Fishcher-Burmeister formula. The resultant DAEs are proved to be index-1

Two different numerical algorithms are presented for solving the BVP-DAEs, which
are based on multiple shooting method and collocation method. For the multiple shoot-
ing method, except using the single step linearly implicit Runge-Kutta method in [Fabien
[2014a], the possibility of using a MATLAB MATLAB, [2017] built-in integrator odel5s is
also explored. The computing capability of MATLAB are taken full advantage of. The
embedded parallel computing toolbox is used to try to increase the efficiency of the algo-
rithm. A collocation algorithm is also implemented using MATLAB to better compare the
efficiency of the two algorithms in the same MATLAB environment.

In the last decade, the GPU based parallel computing is gaining more and more traction
on a global level in various areas. Using the graphics processing unit (GPU) to accelerate
the algorithm computation process is very promising by using faster hardware. In this dis-
sertation, the GPU based implementations for the algorithms are also presented, which are
shown to work very well on various OCPs. After showing the algorithms and their imple-
mentations, numerical evaluations of concrete examples are presented to demonstrate the
feasibility and adaptation of the software. Various performance files (Dolan and Moré|[2002],
Gould and Scott| [2016]) are provided to benchmark and quantify the relative performance
of the solvers on the example set of OCPs from open literatures.

Chapter [2| presents the problem statement and the essential assumptions. Then, the
original OCP with constraints is modified using the slacked unconstrained penalty function
method. The resulting first-order necessary conditions are written in the form of a two-
point BVP-DAEs where the DAEs are shown to be index-1. The chapter also shows how
the complementarity conditions in the differential algebraic equations are approximated
using Kanzow’s smoothed Fischer-Burmeister formula.

Chapter [3| shows a multiple shooting method to solve the BVP-DAEs. This multiple
shooting method leads to a system of residual equation that determines the unknowns on a
fixed mesh in the time interval of interest. The residual equation is solved using a damped
Newton’s continuation method. The DAE integration based on both the single step linearly
implicit Runge-Kutta (Rosenbrock-Wanner, ROW) method (Hairer and Wanner| [1996])

and ode15s using MATLAB are presented. The computation of the search direction for



solving the residual equation requires the solution of a BABD linear system (see Amodio
et al.| [2000], and [Fabien| [2014a]). A very robust QR factorization method for solving the
BABD system is presented in both sequential and parallel implementations. The numerical
evaluation on several nontrivial examples are also provided.

Chapter [ presents the collocation method used to solve the BVP-DAEs and some an-
alytical aspects of the continuation Newton’s method used to solve the residual equation
from the collocation formulation. The chapter also gives the collocation algorithm evalua-
tion details. The MATLAB implementation for the algorithm and the comparison with the
multiple shooting algorithm using MATLAB are discussed.

Chapter [5| presents new strategies for using the graphics processing unit (GPU) to adapt
both algorithm structures and accelerate their computational speed. The chapter explains
adequate background to understand the CUDA (Storti and Yurtoglu [2015], Nickolls et al.
[2008], [Luebke| [2008]) programming model and the corresponding GPU based implemen-
tations. Concrete examples of the Python (Van Rossum and Drake Jr [1995]) and CUDA
implementations are given to show the power of the GPU parallel computing.

Chapter [6] discusses the current the further enhancement of the collocation method
introduced in Chapter [4 with an ph adaptive mesh refinement. The chapter first derives
a method to estimate the relative error between the numerical collocation solution and
the exact solution with mathematical derivations. The relative error estimate is then used
to guide the mesh refinement process. In the original collocation method, the problem is
solved with a global unified number of collocation points within each mesh interval without
the dynamic mesh refinement of the problem. Whereas in the ph adaptive method, not
only the mesh varies during the solving process but also the collocation points used within
each mesh interval keep changing until a desired numerical tolerance is met. The method
is called 'ph’ because the mesh size of each interval (denoted by h) and the number of
collocation points which is also the polynomial degrees (denoted by p) om each mesh interval
are updated simultaneously. The mesh size is increased when the estimated error within
a mesh interval is beyond the numerical tolerance by either increasing the order of the
approximating polynomial or dividing the interval into multiple subintervals. In the mesh

interval where the error tolerance has been met, the mesh size is reduced by either decreasing



the degree of the approximating polynomial or merging adjacent mesh intervals. The chapter
presents three examples which show that the approach is more computationally efficient and
robust when compared with fixed-order methods The dissertation summarizes in Chapter
with all the work accomplished.

Below is a list of the publications conducted during this Ph.D. thesis period.
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Chapter 2
OPTIMAL CONTROL PROBLEM

2.1 Optimal Control Problem

All the algorithms developed in this dissertation uses the OCP in the following format.
Find the state vector x(t) € WL°([t;, ], R"*), where W5 ([t;, #;], R") denotes the Ba-
nach space of all absolutely continuous functions v : [t;,¢f] — R" with norm [jv[|; ,, =
max(||v] o, [|?7]l,,) < oo, the control vector u(t) € L*®([t;, t¢], R™), where L>([t;, t¢], R")
denotes the Banach space of all measurable functions v : [t;, t;] — R"™ with norm |jv|| =
ess supy <<y, ||V(t)|| < oo, and the parameter vector w € R"™@ that minimizes the cost

functional

T, w) = (xts), w) + /t L), ult), w)dt (2.1)

subject to the constraints

o(t) = fa(t),u(t), w), t € [t tg], (2:2)
0 =T(z(t;), w), (2.3)
0> di(z(t),u(t),w), i =1,2,...,nq, t € [ti, 1], (2.4)
0> si(z(t), j=1,2,...,n t € [t (2.5)
0= U(z(tr), w). (2.6)

The cost functional J(z,u,w) is made up of a scalar terminal penalty term ¢(x(tf),w),
and a scalar integral term with integrand L(z(t), u(t), w). The optimal solution must satisfy
the differential equations where f(z(t),u(t),w) € R" the initial time constraints
where T'(z(t;),w) € R™, the mixed control state parameter inequality constraints ,
the state variable inequality constraints , and the final time constraints where
U(z(tr), w) € R™.

It should be noted that the dynamic system equations considered are autonomous

and non-autonomous system can be written as autonomous system by adding a new state



variable to represent the independent time variable. Also, note that problems with un-
known initial conditions and minimum time problems with unknown final time #; can be
transformed into the form — by adding parameters to represent the unknown initial
conditions and the unknown final time (see Miele [1980]).

The numerical solutions developed in this paper rely on the following assumptions.

Assumption 1. (Ezistence of a solution.) There ezist a state vector x(t), a control vector

u(t), and a parameter vector w that solve the problem defined by —(@.

Assumption 2. (Smoothness of functions.) The functions ¢, L, f, T, d;, i =1,2,...,nq,

sj, 7 =1,2,...,n5 and ¥ are at least twice differentiable with respect to their arguments.

The i-th control state parameter inequality constraint is said to be active if d;(x, u, w) =
0, while the constraint is said to be inactive if d;(x, u, w) < 0. Let the index set of the active
inequality constraints be denoted as A(x,u,w) = {i | d;(x,u, w) = 0}, with the cardinality
of A(x,u,w) equal to ng. Here, Dyda (z,u,w) is the n, by ng matrix whose columns are

0d;(x,u,w)/0u, i € Az, u,w).
Assumption 3. (Constraint qualification.) The optimal control of the problem is such
that the gradients of the active control state parameter inequality constraints are linearly
independent, i.e.,

rank [DudA(a:,u,w)] =nq
2.2 Transformation of the OCP

In order to obtain an approximate solution to OCP (2.1))-(2.6|), the following relaxed OCP
is considered first. Find x(t) € R™, u(t) € R™, v(t) € R", o(t) € R™, and w € R™ that



minimize the cost functional

J(x,u,w, v, 0;0) = d(x(ty), w) + /t f L(z(t),u(t),w)

i

subject to the constraints

z(t) = f(z(t),u(t),w), t € [t, ], (2.8
0="T"(z(t;),w), (2.9
OSI/Z(t), 1=1,2,...,nq, t € [ti,th (2

I
—_
»
S
»
~
m
=
\-PF
fanci
—~
[\]
—_
—_

In this problem formulation, o > 0 is a penalty parameter. Here, the CVICs and
SVICs are treated as penalty terms using the non-negative slack variables v(t) and o(t),
respectively. These slack variables are considered to be control inputs in this formulation.
Also, the term Ju(t)”u(t) is added to ensure that the second-order condition (Assumption
4]) is satisfied when o > 0 is sufficiently large, which is important in proving Theorem
Note that this formulation is used to extend the results given in [Fabien [2014b].

The usefulness of this slack unconstrained transformation is demonstrated in the follow-

ing theorem.

Theorem 1. Let {oz(k)} be an infinite sequence of positive numbers such that a®) >
a® D) > 0 and limg_oo ) = 0. Let (a:(k),u(k),w(k),V(k),a(k)) represents the optimal so-
lution for the transformed optimal control problem - with the penalty parameter
a = a®. Then, limy_oo j(x(k),u(k),w(k)7V(k),a(k);a(k)) = J(z*,u*, w*), where the triple
(x*,u*,w*) is the optimal solution for the original optimal control problem —(@, and
(@, u,w) = ¢ (te), w) + [ Llx(t), u(t), w)dt.
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Proof. To prove this theorem, we need to restate the original and the transformed op-
timal control problems as follows. First, we define the scalar cost functional J(x,u,w) =
O (x(tr), w)+ftff L(x(t),u(t), w) dt. Define the feasible set of the original problem Q(z, u, w) =
{z(t),u(t),w | z(t) — f(z,u,w) =0, T'(z(t),w) =0, Y(z(t),w) =0, di(x,u,w) <0, i =
1,2,...,nq, sj(z) <0, j =1,2,...,ns}, which is assumed to be compact and non-empty.
Then, the original problem becomes min, , weq J(, u, w) and denote the optimal solution
to this problem as (x*(t),u*(t),w*). Moreover, we assume J(z*,u*,w*) > —oo. Define
Vi (t) = max(—d;(z*(t), u*(t),w*),0), i =1,2,...,nq and 0} (t) = max(—s;(z*()),0), j =

1,2,--- ,ng. Using these definitions, it is easy to show that D* = 2 be ¥

— 2y
(di(z*(t), u*(t), w*) + v} (t))%dt = 0 and S* = % tff XUy (si(@ (1) + 0;(t))2dt = 0. Since
u*(t) is bounded, U* = 1 t? u*(t)Tu*(t)dt < co. So now we can define the scalar cost

functional of the transformed optimal control problem as

K(z,u,w,v,0;a) = ®(x(tf), w) + /t f L(z(t),u(t),w)

The feasible set of the problem is A(z,u, w,v,0) = {x,u, w,v,o | &(t) — f(z,u,w)

= 0, Dz(t),w) = 0, U(x(t),w) = 0, v(t) > 0, i = 1,2,...,nq, 0j(t) > 0, j =
1,2,...,ns}, which is also assumed to be compact and non-empty. Then, the transformed
optimal control problem becomes

min  K(z,u,w,v,o;q).
Tu,w,v,0 €N

For every al®), denote (z®)(t), u® (t), w™® v*)(t),s*)(t)) as the bounded optimal solution
to the problem

min  K(z,u,w,v,o; a(k)).
z,u,w,Vv,0€EA

Define D*) = %ftff S0 (di(a® (), u®) (), w*)) + I/i(k) (t))%2dt and S*) = %ftff ¥
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(s:(z®)(2)) + aj(k) (t))? dt. Therefore, it can be concluded that for all k
which is

K(@® u®) ) 0 56, k)

* % * - oQx (k) *
< J(x*, vt wt) + a(k)D + ()S U
= J(z*,u*, w*) + P U, (2.13)
Since the last equation holds for every a®), we must have limy_,, 5 f ke N
(di(z® (&), u® (t),0®) + v;(t))2dt = 0 and limy_o0 2 ftf 2 ( () (1)) + 0;(t))2dt = 0.

Otherwise, the left hand side of the equation becomes unbounded while the right hand side
approaches J(z*, u*, w*), which is a contradiction. This implies that limg_, (a:(k), uwk) k)
vk (k) e A,

Let (Z,%,w,7,7) be the limit of the sequence (z*),u() w®) v(*) (k) then the last
inequality equation implies

lim K(z (k) (k),w(k),u(k),a(k);a(k)) = J(z,u,w) < J(z*,u*,w"). (2.14)

k—o0
Also, because (d;(z,w,w)+7;) =0, i =1,2,--- ,ngand (s;(z)+7;) =0, j =1,2,--- ,ng,
we know that (Z,u,w) € Q. Since (z*,u*, w*) minimizes J(z,u,w) on the feasible set 2,

we have

J(z* v, w*) < J(Z,u, ). (2.15)

Combining equations (2.14)) and (2.15)), we have J(z,u,w) = J(«*, u*, w*). O

Convex OCP case

In Theorem [1}, we successfully proved that the optimal cost functional of the transformed
OCP (2.7)-(2.12)) converges to the optimal cost functional of the original OCP ({2.1))-([2.6])
as the penalty parameter o« monotonically decreases to 0. If the original OCP is a strictly

convex OCP, then the cost functional has only one global minimum. This indicates that the



12

converged optimal solution of the transformed OCP is the optimal solution of the original

OCP.

2.3 Necessary Conditions

The necessary conditions for (z,u,w,v,0) to be a minimum of the OCP (2.7)-(2.12) can be
derived using the calculus of variations and the Lagrange multiplier rule (see |Agrawal and
Fabien| [2013], [Fabien [1995], and Hartl et al.| [1995]).

To state the necessary conditions, define the scalar Hamiltonian function as

nd

1
H = L(z,u,w) + %0 z;(di(x,u,w) + yl-)z
1=
Ns

+ ;;<sj<x> 400 + T f(, u,w)

— 6Ty —wlo+ %u(t)Tu(t)

where A(t) € R™ are the costate variables, 6(t) € R are the Lagrange multipliers associ-
ated with the non-negative slack variables v(t), and w(t) € R™s are the Lagrange multipliers
associated with the non-negative slack variables o(t).

As we defined v(t) and o(t) as the control inputs, if (z,u,w,v,o) represents a local
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minimum of the OCP, it is necessary that the following conditions be satisfied.

i —‘zf, (2.16)
A=— ?5—57 (2.17)
o :g%’ (2.18)
0 :%IZ’ (2.19)
ong zé(di—kyi)—éi, i=1,2,... ng, (2.20)
o—gi—olé(sfraj)—wj, j=1,2,... ns (2.21)
0=6v;, 6; >0, 1; >0, i=1,2....ng, (2.22)
0 =wjo;, wj >0, 0; >0, j=1,2,...,ng, (2.23)
0 =T(x(t;), w), (2.24)
0 =A(t) + DuT(x(t), w) K, (2.25)
0 =(t) = DuT(&(t), w) K, (2.26)
0 =W (x(tr), w), (2.27)
0 =(te) ~ 92— Do (a(te) w) K, (2.28)
0 =) + g% + Dy (a(ts), w) K. (2.29)

In order to write the stationary conditions in a more compact form, define

pi(t) = (diz(t), u(t), w) +vi(t)) /e, i =1,2,...,ng,

&) = (sj(x(t)) +0;(t)/a, j=1,2,...,ns.

Then, the stationary conditions H,, = 0 gives yu; = &;, i = 1,2,...,ng4. Using this,

equations (2.20) and (2.22) can be rewritten as

0=di(z,u,w) +v; —ap;, i=1,2,...,ng, (2.30)

OZMZ‘VZ', ,uiZO, ViZO; i:1,2,...,nd. (2.31)

Also, the stationary conditions ng = 0 gives {§ = wj, 7 = 1,2,...,n,. Using this,
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equations (2.21) and (2.23) can be rewritten as

O:sj(x)—i—aj—afj, j=1,2,...,ng, (2.32)

0=¢05, >0, 0720, j=1,2,...,n,. (2.33)
2.4 Transformation of the Complementarity Conditions

Fabien [2016b] and Gerdts [2008] approximated the complementarity conditions using the

Kanzow’s smoothed Fisher-Burmeister formula Kanzow! [1996], 1 : R? = R, which is

P(a,b;a) =a+b— a2+ b+ 2. (2.34)

It is proved in Kanzow| [1996] that formula (2.34)) satisfies the following properties which

are critical for proving Theorem
1. For any a > 0, ¥(a,b;a) =0 < ab=a, a >0, b> 0.

2. For all (a,b) € R?, a >0,

oY(a,b; a)
Oa

0< %%

<2, 0< < 2.

Therefore, the complementarity conditions ([2.22)-(2.23)) can be approximated by the
smooth formula (2.34]) and rewritten as

0 =tp(pi,vis), i =1,2,...,nq, (2.35)

0=y(&,055a), j=1,2,...,n,. (2.36)
where equation (2.35) implies that
wivi =, >0, v, >0, 1 =1,2,...,ng,

and equation (2.36) implies that

£jaj:a, fj>0, 0j>0, 71=1,2,...,ng,

which are the same as the complementarity conditions (2.22)) and (2.23]) from the first-order

necessary conditions when a approaches 0.
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2.5 Boundary Value Problem

The necessary conditions can be written more compactly by separating the unknowns into:
(1) differential variables (variables whose derivatives appear explicitly in the equations); (i)
algebraic variables (variables whose derivatives appear implicitly in the equations); and (7i7)

parameter variables. Specifically, define

o
z(t) p(t) w
y(t) = [A@) |, 2() = |€@)| . p= |Ki| (2.37)
V(1) v(t) K;
o (t)]

where y(t) € R™ are the differential variables, z(t) € R"= are the algebraic variables, and
p € R" are the parameter variables, with n, = 2n; + ny, n. = ny, + 2ng + 2n,, and
np = Ny + nr + ny. The vector y(t) € R™ is used to write the stationary conditions
associated with the parameters w as differential equations instead of integral equations.
The Lagrange multipliers K; € R"T are associated with the constraints at the initial time
and the Lagrange multipliers K; € R™? are associated with the constraints at the final time.

Using these definitions, the necessary conditions for optimality — can be writ-
ten as a two-point BVP-DAESs as

y(t) = h(y(t), 2(t), p), (2.38)
0=g(y(t),2(t),p, ), (2.39)
0 =r(y(t),y(ts),p) (2.40)

Here, ([2.38)) defines a set of differential equations, (2.39)) defines a set of algebraic equations,
and (2.40) defines a set of boundary conditions. Moreover

OH /OX
hy(t),2(t),p) = | -0H /x| € R"™, (2.41)
OH /ow
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OH |du
d(z,u,w) + Ne — aMe
9(y(t), 2(t),p, o) = s(z) + Se — ae € R", (2.42)

Ya(p, v; @)
¥s(§,030)
L(z(t), w)
A(ti) + Dy F( (ti), w) K
V(t) — DoI'(x(t:), w) K;
( ( £),w)
Alte) — 5o — Da¥(x(ts), w) Ky
Y (tr) —I— + DV (x(ts), w) K

d(z,u,w) = [di(z,u,w),da(z,u,w),...,dn, (2, u,w)|T, s(z) = [sl(x), so(x), ..., 8n, (2)]7T,

r(y(t), y(te),p) = € RWwFne, (2.43)

N = diag(vi,va,...,v,), M = diag(ul,,ug, s lny), S = diag(oi,09,...,00,), € =
diag(€1,€2, ., &n.), Yalp, vi ) = [Y(p1, vis @), ¥pz, v @), o (g, Vngs 0)]T, $s(€, 05 0)
= [¥(&1,0130),9(&2,02;0), ., ¥ (s, On )T, Dol = [071/0,0T2/0x, ..., 0T, /0],
[ = [0T1 /0w, 02 /0w, ...,00 . /0w, D,V = [0V, /0z,0W5/0x, . .., 0V, [/0z]T, D,V
= [0V /0w, 0V /0w, . .., 00, /Ow]T, and e = [1,...,1]T.
Next, it can be shown that the BVP-DAESs — are index-1 along the optimal
trajectory. To do so, the second order necessary condition is required. Hence, the following

assumption is made.

Assumption 4. (Second order necessary condition.) The matriz Hy,, = 0*H/0u® €
R™ X" 4s positive definite along the optimal trajectory. That is, for each bounded vec-
tor function u(t) € R™, in the interval [ti, ts], it is assumed that there is a constant ¢ > 0,
such that 4(t)T Hya(t) > c|la(t)|)?.

Theorem 2. For a > 0, if (z,u,w,v,0) solves the OCP —, then there erists
vector (y,z,p) that solves the BVP-DAEs (2.38)-(2.40) and 8g/0z is non-singular; that is,
the BVP-DAFEs are index-1.

Proof. Equations ([2.38)-(2.40|) are the restatement of the necessary conditions ([2.16)-(2.29)).
Therefore, the proof should show that the BVP-DAEs satisfy the index-1 condition which
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is dg/0z is non-singular along the optimal trajectory for « > 0. The proof is done via
contradiction. Suppose that dg/0z is singular, then there should exist Au € R™ Ay € R™,
AE € R™, Av € R™, and Ao € R™ not being all zero such that

Au 0
Ap 0
[gg} A¢l =10 (2.44)
Av 0
_AU_ _O_
where ) )
Hy, Dyd 0 0 0
Dl —al 0 I 0
[%} =1 0 0 —al 0 I
0 Duyba 0  Dypg 0
[0 0 D 0 Do

In this expression, Hy, = 0*H /0u?, Dyd = [0d1/0u, . ..,0dy,/0u], Dythg =
diag(0vq, /Oi), Dutpa = diag(9¢q,/0vi), i = 1,2,... ,na, Detps = diag(0vs; /0&;), Dyths =
diag(9vs,; /005), j = 1,2,...,ns. In section it is implied that for a > 0, D24, D,vyq,
De¢tpg, and D), are all positive definite.

First, it is easy to show that the third and fifth block rows in yield A¢ = 0 and
Ao = 0. The fourth row shows Av = —(Dy14) ' D,bgAp. Using this result in the second
row yields Ap = [a+ (Dy1q) "1 Dyytba) 1 Dyd? Au. Substitute this result in the first row and

multiply the row by Aul gives
Al {Hyy + [a + (Dutpa) "' Dytba) * DudDyd” } Au = 0. (2.45)

Since Hyy, D,14, and D,1q are all positive definite and a > 0, Equation yields
Au = 0. It then gives the result that Au = Ay = Av = A¢ = Ao = 0, which contradicts
the assumption that dg/0z is singular.

Therefore, this proof provides sufficient conditions for the BVP-DAESs to be index-1. [
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2.6 Conclusion

This chapter first presents the optimal control problem of interest of this thesis which is
equipped with control variable inequality constraints, state variables inequality constraints,
and parameters. Then, a penalty function method is introduced to transfer problems with
variable inequality constraints to a sequence of problems with inequality constraints. By
decreasing the penalty term gradually to zero, it is also shown that the solution given by the
transformed problem converges to the real solution of the original optimal control problem.
The necessary conditions of the optimum of the transformed optimal control problem are the
presented where the associated complementarity conditions are approximated by using the
Kanzow’s smoothed Fisher-Burmeister formula to eliminate the explicit inequalities. The
necessary conditions are then represented in compact form as a boundary value problem

involving differential-algebraic equations which are guaranteed to be index-1.
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Chapter 3
MULTIPLE SHOOTING ALGORITHM

This chapter introduces a multiple shooting method to solve the BVP-DAEs (2.38)-
(2.40). The implementation shown in this chapter are all using MATLAB computing envi-

ronment.
3.1 Multiple Shooting Method

First, the multiple shooting method request the overall time interval [t ¢f] be discretized
into a mesh with N time nodes such that ¢;, = t1 < ts < ... < ty = tr. Note that the mesh
does not need to be uniform.

At each node ¢, j = 1,2,..., N, let si’-’ € R™ represent the differential variables, and
s7 € R"* represent the algebraic variables at ¢;. Let p denote the parameter variables of
the system. Starting with the initial conditions (sé{, s%,p) at time ¢;, let y(t; s?, s3,p) denote
the solution to the DAEs (2.38)-(2.39) at time ¢ in the interval of interest [t;,¢;11]. Then,
we require the following conditions be satisfied:

1. At each time node t;, the following algebraic equations must be satisfied.

g(SggSj’p’a):O, ]:1,2,,N (31)

2. At each time node t; except the last one, the following continuity conditions must be

satisfied.

y(tj+1;s?,s§,p)—s]y+1:0, j=1,2,...,N —1. (3.2)

3. The following boundary conditions must be satisfied.
r(s{, sy, p) =0. (3.3)

Following this setup, the schematic of the multiple shooting method is shown in figure [3.1]



1 1

1 == forward integration “,05}’

— - defect constraints o

= true solution
= initial guess

y(t)
~

t U ts te = t;

Figure 3.1: Schematic of the multiple shooting Method.

These conditions lead to a residual system as

g(Sl{,Sf,p, CV)
y(to; sY,57,p) — 55
9(512/,557]7: O[)
y(t3;832/78§7p) - Sg
F(s,p,a) = ,

.Y Yy
y(tNysN,pS?\[flaZ» — SN

g(s%, sk, p, @)

r(s{, sk, p)

T T T
where s = [s7", 531,857, 83T, ... , % ,S‘JZVT]T € R", F(s,p,a) € R"*" and n, = N(n, +
ny).

Thus, an approximate solution to the BVP-DAEs ([2.38)-(2.40|) can be obtained by solv-
ing the residual equation F'(s,p,a) = 0.

20
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3.1.1 Solution of the residual equation

A damped Newton’s method is used to solve the residual equation (3.4). For each o > 0,

given an initial estimate (sk , pk) of the solution to the residual equation (3.4)), an improved

solution (s*+1, pk*1) is obtained from the damped Newton’s increment
8k+1 Sk . Ask
= +7 } , k=0,1,..., (3.5)
pk:—i-l pk Ap
AsF
DF(Skapka O[) = _F(Skapka Oé), (36)
ApF
where the Jacobian is
pael H |
Az O Hy
DF(s,p,a) = : , (3.7)

An-1 Cn-1 Hn-

By By Hy |
with
;=
Ay(tj+1)/0s" 0y(tj+1)/0s5
0 O
C; = ,
-1 0
_0 s¥. 8%, p,a)/0
1, - 9(s5. s%,p,)/Op 1. N-1
y(tj+1)/0p
0 0
By =
ar(sg,s%,"v,p)/({)slf 0
5 dg(sY, s py ) [0sY, Dg(shy, sk, p, ) /Oy
N — )
87‘(831/,8?\[,]?)/881]/\[ 0
Dg(s%, sk p, ) /Op
Hy =
| Or(si, sy, p)/Op




22

After obtaining (As®, Ap*), we need to find the stepsize 7% to guarantee that HF(skH,pkH, a) H <
|F(s*, p*, a)||, where s*™1 = & + 7 As* and pFtt = pk + 7K ApF. The stepsize 7% is ob-
tained by using the classic line-search method. Starting at 7% = 1 and evaluating the
|F(s5FL, pR L a) |, if || F (¥, pFFE o) || < || F(s*, pF, @)]|, we stop the line-search immedi-

ately, or we obtain a new 7% by dividing it by two 7

o = étl d /2 and reevaluate the residual

term. The maximum number of line-search time is limited. If a damped term 7 is failed to
be found after the maximum number of line-search, a remesh of the problem is performed

which is described below.

3.1.2 Integration of the DAEs and Sensitivity FEquations

This section describes the techniques used to compute the residual and the building blocks of
the Jacobian . The construction of the residual equation requires y(tj41; sg, sj ,D)—
sé’ﬂ, j=1,2,...,N—1, where y(tj41; s?, sj,p) represents the solution to the DAEs -
(2.39) at time node t; 4 using the initial conditions at time node t; where y(t;) = sj‘y and
z(tj) = s%. Whereas, the construction of the Jacobian matrix DF(s,p,a) (3.7) requires the
trajectory sensitivities 6y(tj+1)/85?, 9y(tj+1)/0s3, and Oy(tj41)/0p, j = 1,2,...,N — L.
These trajectory sensitivities are obtained by integrating the variational equations associ-
ated with the DAEs (2.38)-(2.39) in the interval [t;,t;11]. Here, two different implementa-
tions based on different integrators are presented, which are the integrator using a single
step linearly implicit Runge-Kutta (Rosenbrock-Wanner, ROW) method (Hairer and Wan-
ner| [1996]) and the MATLAB built-in integrator ode15s.

3.1.8 Integration using ROW method

The integration is performed as follows.

Define
_ yt)| - h(y(t), 2(t),p)
l‘(t) = ) f(:E,p, a) = )
z(1) 9(y(t), 2(t), p, )
W= I 0 c R(ny+nz)x(ny+nz)’ ] € RWwXny

0 0
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Then the index-1 DAEs (2.38)-(2.39)) is written in the form of Mz = f(Z,p, a).

?T,sj-T]T = s; be the initial condition for the DAEs at time ¢;.

Let z; = z(tj) = [s
The accurate integration of the DAEs requires consistent initial conditions, which should
be g(y(t;), 2(t;),p, ) = 0 at the initial time t;. However, this condition is not guaranteed
during the Newton’s iteration process.

To ensure that the initial conditions are consistent, a relaxation term is introduced. For

example in the interval [t;, ;1] the DAEs (2.38])-(2.39) is substituted b
b Js Ui+ Yy
Mi':f_‘(jap7a)_ﬁj7 (38)

where v; = [0, g(s?, sjz-,p, )T’ € R™w*n= is the relaxation vector. Hence, the initial
conditions (s?, sj,p) are consistent for the DAE equation . One major advantage of
using this technique is that as the iterations of the Newton’s method converge to the solution
of the boundary value problem, the relaxation term v; — 0 and the relaxed DAEs becomes
the original DAEs.

The Jacobian of f(Z,p, a) with respect to Z is needed during the DAEs integration. This

Jacobian is defined as

W(z,p,a)=0f(2,p,a)/0x
3.9
_ 8h(y7 va)/ay ah(ya Zap)/a’z c R(ny+nz)x(ny+nz). ( )
99(y, z,p,) /0y 0g(y, 2, p,)/0z
The inputs to the integration of the DAEs are the relaxed DAEs equation (3.8)), the time
interval of interest [t;,#;11], the initial condition Z;, the parameter p, the mass matrix M,

the Jacobian (3.9) of the DAEs and the relaxation term v;.

Then, the approximate solution of the DAEs at time ¢;;1 in time interval [t;,¢;11],
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j=1,2,...,N — 1 is obtained by using Algorithm
Algorithm 3.1: Single step integration of the DAE from ¢; to t;11 using ROW

method.
Input: Initial time ¢;, terminal time ¢;41, initial condition of the DAEs

T = [syT sz}T, parameters p, Jacobian of the DAE W (Z;, p, ), DAE relaxations

Output: The approximate solution of the DAEs (3.8) Zj41.
Set Wj = W(.@j,p, Oz) and 5j =tjr1 — i
fori=1,2,...,mdo

Set the value for the DAE variables at stage i as

1—1
i‘jﬂ' = .f'j + (5j Zo‘ziyll_cl, (i‘jjl = .fj) (3.10)
=1

Solve the linear system by LU decomposition

i—1
(M — 7}/(5]V_V])];Z = f(:i’j7i,p, a) + (5jo Z 7}/1',[]75[ — vj. (3.11)
end
Set the output values
Tj+1 =25 + 5j Z BzEz (3.12)
i=1

In equations -, the constant coefficients 7, & 1, 7, and b; are the coefficients
of an m-stage linearly implicit Runge-Kutta method. The set of coefficients used in this
paper corresponds to the 4-th order ROW method developed by Novati| [2008] and can be
found in [Fabien| [2014a] Appendix A.

The ROW method also has an embedded formula which is used to estimate the local
truncation error of the solution. Define Z(¢j11) as the true solution to the DAE (3.8)) with
initial condition Z;, p. The estimated error of the approximated solution Z;y; using the

ROW method can be obtained by the formula

m
Ei+1 = ||(tj+1 — Z T(tj1) — Tyl - (3.13)
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The coefficients €; can be found in Fabien [2014a] Appendix A. This local truncation error
estimation is used in the mesh refinement part described in the latter part of the chapter.

The construction of the Jacobian matrix DF(s,p, «) (3.7)) requires the trajectory sensi-
tivities dy(t;11)/0sY, Oy(tj+1)/0s%, and dy(tj4+1)/dp, j = 1,2,..., N — 1. These trajectory
sensitivities are obtained by integrating the variational equations associated with in
the interval [t;,t;41]. The approach used is described as follows.

Let X (t) = [(92/0s))T, (02/9s%)", (02 /0p)" 1" € Ry +72)x(ny+72475) pepresent the sen-
sitivities of T with respect to s?, sj, and p. Then using equation , it can be seen that
in each interval [tj,t;41], j = 1,2,..., N — 1, the trajectory sensitivities must satisfy the
linear DAEs

MX =W(Z,p,a)X(t) + F,(z,p,0) = Vj, (3.14)

where

_ 0 dh(y,z,p)/d
Fyp(Z,p,a) = w,%.2)/0p , (3.15)

0 99(y,zp,a)/0p

0 0 0
dg(sY,s5,p,a)/dy  Bg(sY,s5,p,a)/dz Dg(s¥,s5,p, ) /Op

and W (Z,p, ) is given in (3.9). The DAE sensitivities have the initial conditions as

SN
|

: (3.16)

_ _ I, 0 0
Xj = X(t;) = :
0 I, O
where I} € R™*™ and I, € R™*"= are both the identity matrices. The initial conditions
here are also consistent.

The inputs to the integration of the DAE sensitivities are the relaxed linear DAEs
equation , the time interval [t;,t;41], the initial condition Z;, the parameter p, the
matrix M, the Jacobian of the DAEs and the relaxation term V;. The integration of
the DAE sensitivities needs to be done together with the DAE integration in Algorithm

where the stage vectors 2 ;, the Jacobian V_Vj, the coefficient matrix M — "yéjo are reused.

Then the approximate solution of the DAE sensitivities at time t;11 in time interval
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[tj,tj+1], 7 =1,2,..., N — 1 is obtained by using Algorithm
Algorithm 3.2: Single step integration of the DAE sensitivities from ¢; to ¢j41

using ROW method.
Input: Initial time ¢;, terminal time ¢;41, initial condition of the DAEs

Tj = [S?T, sz}T, parameters p, DAE sensitivity relaxations V] and intermediate

variables from Algorithm
Output: The approximate solution of the DAE sensitivities of equation ([3.14))

Xj+1 at time tjt1.

Set W; = W(Z;,p, ), §; = tj41 —t;, and

L I 00
X;=X(t)) =
0 I 0

fori=1,2,...,m do
Set the values for the DAE sensitivities at stage ¢ as

Xjﬂ' :Xj‘i‘(sjzo_éi,lkl,(Xj,l :Xj) (3.17)

Solve the linear system by LU decomposition

i—1
(M =~36;W5)Ki = W (&4, p, @) Xji+ Fp(&ji,p, ) + ;W5 > 711K —Vj. (3.18)
=1
end
Set the output values
m
Xj-i—l = Xj + 5j Z le_{z (319)

3.1.4 Integration using odelbs

This section presents the integration using the MATLAB built-in DAE solver ode15s which
implements the backward differentiation formulas (BDFs, also known as Gear’s method,

see Shampine et al.| [1999]) to solve the index-1 DAEs. The inputs to this solver are the
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DAE equation (3.8), the time interval [t;,¢;41], the initial condition Z; and the parameter
p. We use the functional options of the ode15s to set the mass matrix M, and the Jacobian
matrix of the DAESs to improve the efficiency. We also want the solution at the mid-point

of the time interval to estimate the residual error of the DAE solution. So we specify the
2]

time interval as [t;, +£”1,tj+1] to get the dense output solution at the mid-point of the

time interval as [s” Then an estimate of the error in the residual can be

midpoint’ S

; ]
midpointl”

obtained using the formula

€j = 9(Spidpoints Smidpoint: P> @); J = 1,2,..., N — L. (3.20)

This residual error estimate €; is used in the mesh refinement strategy described in the
latter part of the chapter.

The linear DAE for trajectory sensitivities is also integrated by using ode15s.
However, while using ode15s, the input to the function must be written in the form of a
column vector. This leads to a reshape from the matrix form to the vector form of the
DAE sensitivities X j to meet the requirement of the input format of ode15s. First, for the

sensitivity variable X (),

X(t) = |oz/0s) 0z/0s: 0z /op

Y z
_ dy/0ds; Oy/os; Oy/Op
y
0z [0si 0z/0si 0z/0p
Oy1 oy Ou1 9y1 Oy oy
¥ o Bl Bt Bsh. me tc Opep
Oyny Oyny  OYny OYny  OYny Oyn,,
= 651{ o as%‘y asi o as%z apl e apnp c R(ny+nz)x(ny+nz+np)a
9z1 9z 9z 0z 9z Oz
9 o Bl G Bs pe tt Ope
Ozn, 0zn, Ozn, Ozn, Ozn, Ozn,
B B B 9 et Ope ]

MATLAB has the built-in function reshape(MATLAB| [2017]) which can reshape the array

into the desired shape. Using the reshape as X (t) = reshape (X (t)), the result column vec-

% v _ % 8yny 0z1 Ozn, % 8yny 0z1 Ozn, oy 8yny
tor X (t) becomes X (t) = [8831’""’ Dl Bal o> Bal Bal > BsY v Bl Bl Bal e BsT
0z1 Ozn, ]T c Rmyt+nz)(ny+nz+np)

Y 5y Yy
8sny Osny
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As the sensitivities are in the column vector form, the transformed Jacobian matrix

becomes a large block diagonal matrix with the number of (n, +n, +n,) Jacobian matrices

W (z,p,«) on the diagonal as

W(jj’ p,a) = diag(V_V(j’p’ a)) = o ,E R (y+nz) (ny+na+np) X (ny+nz) (ny +nz+np)

W
(3.21)

F, and V] are reshaped in the same manner to retain the same linear DAEs as equation
BT as
0
Fy(Z,p,a) = reshape(Oh(y, z,p)/0p) | € R(wtne)(nytnstny)

_reShape(ag(yv 2, D, a)/@p)

0

reshape(g(sé’!, s3,p,)/0y)
~ 0

Vj(z,p,a) = € R(wn)(ny+natny),
reshape(g(SJy, s3,p,a)/0z)

0

| reshape(g(s}, s5,p, )/0p) ]
As the Jacobian matrix (3.9) of the DAE sensitivities depends on the DAE variables,
the integration of the DAEs and sensitivities need to be done together. Therefore, two DAE

systems are combined together and a large DAE System is obtained as

v el I A I I 0 _ Y (3.22)

X W<i.7p7 &)X Fp(j;ap7a) ‘/J

where M is a large block diagonal matrix with (ny +n + np + 1) mass matrices M on the

diagonal as

M _ diag(M) _ L c R(ny+nz)(ny+nz+np+1)><(ny+nz)(ny+nz+np+1) (323)
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Then, the approximate solution of the DAEs and DAE sensitivities at time ¢;4; in time

interval [t;,tj41], j =1,2,...,N — 1 can be obtained by using Algorithm (3.3
Algorithm 3.3: Integration of the DAEs and the DAE sensitivities from ¢; to ¢;41

using odelbs

Input: Initial time ¢;, terminal time ¢;, 1, initial condition of the DAEs Z; = [S?T, 2T

T
f ]+, parameters p,

DAE relaxations 9, and DAE sensitivity relaxations V.
Output: The approximate solution of the DAEs Z;4+1, and the approximate solution of the DAE
sensitivities (3.14) X, 41 at time ¢;41.
Set Wj = W(ij,p, «) and

_ - I 0 O
X;=X(t;) =
0 I O

Reshape the DAE sensitivities and the other variables into the vector form )Z'j = reshape(X;),
F’p(i,p, a) = reshape(F,(Z,p, a)), and \7J = reshape(V}).

Generate the large block diagonal Jacobian matrix Wj

W; = diag(W;). (3.24)
Define the DAEs to be integrated as
_ |z f(z,p, 0 Uj
a7 = Nf(w p oz)~ Ll Y
X W(z,p, )X Fy(z,p, @) Vj

Use ode1bs to solve the DAEs, where the API is

options = odeset('Mass', M, 'Jacobian', VV]-),

[t,y] = ode15s(odefun, tspan, y0, options),

where odefun is the DAEs defined , tspan is [tj, tj+;j+1 ytjt1], yO is [Q?JT, XJT}T, and options
indicate the mass matrix and the Jacobian matrix of the DAEs.

The last row of the output y is the concatenation of the approximate solution of the DAEs Z ;1
and the DAE sensitivities Xj+1~

Those solutions are retrieved as

Zjp1 =ylend, 1: ny),

Xj+1 =ylend,ny + 1 : end],

X ;41 = reshape(X,11).
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3.1.5 Sequential Evaluation of the Residual Equation and the Jacobian

In section we have established methods for computing the trajectories Z;, and the
trajectory sensitivities Xj, j=2,3,...,N. We first present the sequential methods for
evaluating the residual equation and the Jacobian . For the computation in each
interval [t;,t; 1], j =1,2,3,..., N — 1, we only need the initial condition s; at time t;,the
parameters p and the relaxations v; and Vj to integrate the DAEs. It’s easy to come up with
the idea to perform the integration from the first time interval [t1, t2] sequentially to the last
time interval [ty_1,tn]. Therefore, we can obtain the trajectories z;, and the trajectory

sensitivities Xj at every time node t;, j = 2,3,..., N.

3.1.6 Parallel evaluation of the residual equation and the Jacobian

After establishing the sequential methods for computing the trajectories z;, and the tra-
jectory sensitivities )_(j, 7 =2,3,...,N, we can now describe the method for the parallel
construction of the residual equation and the Jacobian .

It is easy to notice that in section the integration done at any time interval [t;, ;1]
is independent of the integration done in any other time interval [t;,t;1+1], @ # j. Therefore,
the integration in [t;,t;41 can be performed simultaneously with the integration in ¢;,t; 1,
i # 7 with no need for communication of sharing data.

In this chapter, we develop a parallel multiple shooting method using MATLAB parallel
computing toolbox which assumes that the availability of the multiple processors P > 1 and
it shares the whole work required to integrate the DAEs and the sensitivities (3.14)).
One approach that can be used to achieve this is to divide the N — 1 time intervals into P
partitions. Normally, P depends on the number of processors available in MATLAB local
parallel pool. The MATLAB parallel computing toolbox has a function parfor (MATLAB
[2017]) which executes for-loop iterations in parallel on workers in parallel pool and loop
iterations are executed in parallel in a nondeterministic order. Notice that the integration
within each interval in the algorithm can be executed independently and in a nonde-
terministic order. So the parallel construction of the integration elements in the residual

equation (3.4) and the sensitivity elements in the Jacobian matrix (3.7) can be realized
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simply using the parfor in MATLAB parallel computing toolbox.
3.2 BABD Linear System Solution

As shown in section the realization of the damped Newton’s method to the residual
equation (3.6) requires the solution of a BABD system of the form as

- B ASl bl
A G H,
ASQ bg
Ay O H, )
- , (3.25)
Asy_1 by_1
Anv—1 Cny-1 Hy—
Asy bn
B By Hy
) ) Ap by

where A;,C; € R"as*mas H; e R*asX™ 5 =12, ..., N —1;b;,As; e R j=1,2,...,N;
Ap,b, € R™, By, By € Rastm)x(nas) and Hy € R(Mastm)xm  Ag = n, +n,. One thing
to notice is that equation is just an expansion of the equation .

Fabien| [2014a] introduces a very robust and accurate method of solving this BABD
system involves the reduction of the coefficient matrix into a sparse upper triangular matrix
using orthogonal factorization. The description of the implementation used is presented

below.

3.2.1 Sequential QR Factorization

Here, the notations of “block-row” and “block-column” are used when specifying the location
of certain sub-matrix in the BABD system. For example, in the system , we say that
Ay is in the first block-row, and first block-column. Similarly, Hs is in the second block-row
and the N + 1 block-column.

To describe the QR factorization algorithm, it’s necessary to rearrange the equations

where the A, and B; blocks appear in the penultimate block-column so that we can form
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a upper-triangular matrix later. Then, equation (3.25)) is rewritten as

B T ASQ bl
Cy Ay Hy
Ass by
A H,
AS4 bg
Asy bn_1
An—1 Cn-1 Hy_4
ASl bN
By By Hy
- 4 Ap by

Notice that Asy is also moved from the first block-row to the penultimate block-row to meet
the consistency.
The serial QR factorization is presented below. Let @ € R??2sX2"as he an orthogonal

matrix such that

Qf = ) (3.27)

where Ry € R™2sX"As g a nonsingular upper triangular matrix and the matrix Q and R are
obtained by performing a QR decomposition on matrix [C{ AZ]”. Then, multiplying both
sides of |) by (QT, I) where I € RIW—Dnastnpx(N=Dnastnp vields

B T ASQ d1
Ry E; Gq Ji -
_ _ N Asg by

CQ GQ H2
AS4 b3

A3 03 H;
ASN bN_1

An—1 Cn—1 Hy_4
A51 bN

By B1 Hy
- 4 Ap by

where
Q{ &) 0 Al Hy b _ R B Gi J1 di ' (328)

Ay Oy 0 Hy by 0 ég ég I:IQ 52
Hence, the first block-row of (3.26]) is reduce to an upper triangular form.
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The second block-row can also be reduced to upper triangular form by using the orthog-
onal factorization
C R
or |72 =77, (3.29)
Ay 0

Again, ()2 is an orthogonal matrix and Ry is upper triangular.

After applying this factorization to the first N — 2 block-rows of (3.26)), the system

becomes

B T ASQ d1

R, E; Gy J1
A83 dQ

Ry E» Ga Jo
AS4 d3

R3 Ej3 G3 J3
~ ~ ~ ASN bN_1

Cn-1 Gn-1 Hn—1
ASl bN

By By Hy
- 4 Ap by

Apply the factorization to the last two block-row yields the strictly upper triangular

system
_Rl £y G1 J1 ] _ASQ- | dq ]
Ry Es Go Ja Asg do
R3 Ej3 Gs J3 Asy ds

Ry-1 Gn-1 JIN-—1 Asn bn-1
Ry JN Asy by
R, Ap by

Here, Ry € R"2s*"as and R, € R"™*" are upper triangular. The unknowns Asj,
j=1,2,..., N and Ap can then be found by from the last block-row to the first block-
row backwardly using the backward substitution by using the “mldivide” function “\” in

MATLAB.
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3.2.2  Parallel QR Fuactorization

The parallel QR factorization method for solving the BABD system is developed to make use
of the fact that modern computers are equipped with more than 1 processors to execute the
computations. The parallel factorization method takes advantage of the special structure
of the BABD system that the first N — 1 block rows of can be divided into M (1 <
M < (N —1)/2) partitions while each smaller partition can be simultaneously factored into
a bordered upper triangular form on an individual CPU core. The resultant BABD system
is composed of M + 1 block-rows and can be solved using the sequential QR factorization
described in section [3.2.11

The parallel method is implemented in the way described as follows. Define M + 1
indices r;, j = 0,1,..., M st. 0 =79 <711 <--- <7y =N —1,and rj11 > r; + 2. The
block-rows associated with each partition are defined using those indices, where block-rows
starting from r9 + 1 = 1 to r; belong to the first partition and block-rows starting from
r1 + 1 to ro belong to the second partition.

Take the first partition as an example first as

_ | oAs o
Al Cl Hl A bl
52
A2 CQ Ho . B b2 (3 30)
Aspi41
A, C, H, ' by,
L oAy [ 971 ]

All the other partitions have the similar structure, where partition j starts at block-row

Tstart = 7j—1 + 1 and ends at block-row repng = 7. The procedure to factor those partitions
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into a boardered upper triangular form is presented in Algorithm

Algorithm 3.4: Partition Factorization.
Input: Block-rows from rgiart = 7j—1 + 1 t0 reng = 15

Output: Block matrices during the factorization, Gy, - Groq—1s
R"'start’ Tty R"'endfl’ ETS':art? trty Erend717 JTstart7 cety JTend717 detart’ trty drend717
Arend ) Crend ) Hend '

Set G"'start = A"'starﬁ Crstart = C”"start’ H”"start = HTstarH sttart = b""start' for

U= Tstarty -+, end — 1 dO
Using householder QR factorization to solve
éi = QZ Rl )
Aip1 0
Compute
E G J d s 0 G Hio b
~ ~ - ~ = i
Cit1 Giy1 Hip1 by Ciy1i. 0 Hipr bip
end

Set A~Terld = érend'
After applying Algorithm to the each partition like (3.30)), the following more com-

pact bordered upper triangular system is obtained as

_ | Asy o
Gl R1 E1 Jl dl
ASQ
G2 RQ EQ J2 d2
: =1 1, (3.31)
~ ~ ~ AS'I’ +1 ~
A, Cp, M, 1 br,
L oAy [Vr1 ]
Then, the variables Ass,..., As,, can be obtained after the variables Asj, As,, 41, and
Ap are solved, with the following formula,
Asj = Rili(dj — Gjo1Dsry, — Ej1Asj1 — Jj-1Ap)

In this system, the variables As;, As,, +1, and Ap are so called boundary variables, while the

variables Asa, ..., As,, are called internal variables. The procedure to recover the solution



36

to the partiton like (3.31]) is presented in Algorithm
Algorithm 3.5: Partition Substitution.

Input: Indices 7start and Tend, ASrgarer DS q+1, and Ap, Grooovo oo, Gro g1,
RT‘scarm ) RT‘end*h Erstart’ s 7E7'end*1? ‘]Tscarm SRR Jrend*h drstart’ s ?drendfl'
output: As, . .t1,..., Asp .
for i = Tends Tend — Ly« + s Tstart + 1 do

Asj = R (dj — Gj1A8py, — Bj1Asj11 — Jj1Ap)

end

Apply Algorithmto all the M partitions gives M reduced systems as (§3.31]). Expand

the last block-row of the reduced partition, we have the equation of

ArstartASTstart =+ C’Tstart AS"‘end+1 + ‘E[T Ap = l;rstart N (332)

Collect the M equations like (3.32)) and assemble them together gives the reduced BABD

System as o
i b
A, ¢ - B
T1 ~7'1 ) ~7“1 A8r1+1 7.”2
Ay, Cy, H,, R (3.33)
b |
AS’I’]\/[+1 M
Bl BN HN bN
L | Ap ]
- bp -

The system contains the boundary variables Asy, Asy 41,AS8y,,+1,Ap for all the
M partitions. Once those boundary variables are obtained by solving the system, all the
interval variables Asg, ..., Asy , Asp +2,...,ASy,, ... can be computed by using Algorithm
3.5

We can notice that the reduced BABD system (|3.33)) is of the exact same form as the
original BABD system . However, the reduced BABD system is only equipped with
M + 1 block-rows instead of N block-rows. Therefore, we can solve the reduced BABD
system using the sequential QR solver described in section with much less

computation effort.
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For the parallel QR solver to solve the BABD system ([3.25)), we can first apply Algorithm
simultaneously to the M partitions. Then, solve the reduced BABD system (|3.33))
sequentially and recover all the necessary internal variables via Algorithm for all M

partitions at the same time.

3.2.8 Mesh Refinement

The BVP-DAEs - is solved primarily on a fixed mesh. However, in some cases we
may need to remesh the problem. The remesh criteria is based on the local truncation error
or the residual error computed with the corresponding integrator in each time
interval. The error is denoted as €;, j = 2,3,--- , N. One remesh criteria is when €; exceeds
the desired numerical tolerance after the convergence of the Newton’s iteration. Amnother
criteria is when Newton’s iteration fails to find a descent direction during the line-search.
The remesh policy is that if €; > €, where € is the desired numerical tolerance, the mesh
interval [t;,t;41] is subdivided by adding one time node to the middle of the time interval
or if €; > 100¢, the mesh interval is subdivided by adding three uniformly spaced nodes to
the time interval. Linear interpolation is used to estimate the solution at the newly created
nodes. Also, if € < 155, we evaluate the residual errors of the 4 subsequent nodes €;;,
i=1,2,3,4 together and if €;4; < 155, @ = 1,2, 3,4, we delete the time nodes ;41 and ;3.
The remesh policy is sequentially applied on each time interval. The implementation limits
the number of nodes that can be added, the minimum number of nodes allowed, and the

number of mesh refinements allowed.
3.3 Continuation Method

The continuation method used to solve the BVP-DAEs — is given as follows.
The algorithm described above is used to solve the residual equation for a sequence
of decreasing parameters o. Starting with an initial estimate (s(?), p(®)) and continuation
parameter a’ > 0, the algorithm solves to obtain (8, p) that satisfies HF(é,ﬁ, aO)H <k,
where € is the desired convergence tolerance. The solution (§,p) is then used as the initial

estimate for the next continuation iteration where « is decreased by a factor 8 which is
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usually between 0.6 and 0.9. The algorithm terminates when o < ay,, where a,, is the

desired continuation parameter termination value.

3.4 Implementation and Evaluation

Algorithms for solving the optimal control problems OCP - are implemented using
MATLAB. The main functionality provided by these codes is a set of routes that solve the
BVP-DAEs problems of the form —. These codes are directly implemented from
all the algorithms described above in this chapter. All the implementations of the parallel
codes are standalone. The usability of the solver is enhanced by the symbolic functionality
in MATLAB to translate the problem of OCPs into MATLAB functions that can be used
by the solver.

The solver is composed of two main parts as: construction of the residual with DAEs
integration and the Jacobian matrix with the sensitivity integration in section [3.1.2] and
BABD linear system solving in section Both the sequential and parallel versions of
these two parts are implemented to compare the efficiency and adaptation to the solver.
The following terminologies are used in the forthcoming analysis. Solver; denotes the solver
implemented with the sequential implementation of the construction of the residual with
DAEs integration and the Jacobian matrix with the sensitivity integration, and sequen-
tial implementation of the BABD linear system solving; Solvers denotes the solver with
the parallel implementation of the construction of the residual with DAEs integration and
the Jacobian matrix with the sensitivity integration, and sequential implementation of the
BABD linear system solving; Solvers denotes the solver implemented with both algorithms
in parallel. Nyesidual and Tresiduar denote the overall calling times and the running time of
the construction of the residual with DAEs integration; Ngensitivity and Tsensitivity denote
the overall calling times and the running time of the construction of the Jacobian matrix
with the DAE sensitivities integration; Npapp and Tsapp denote the overall calling times
and the running time of the construction of the BABD linear system solving. Ty; denotes
the overall computation time of the whole problem and P denotes the number of processors
used.

The solver is tested over 120 examples, while the four examples presented are the typical
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and complicated ones to show the robustness and efficiency of the solver. All the examples
are tested with both solvers implemented with the odel5s integrator the and integrator
with ROW method.

Parallelism. The parallel code in algorithms are implemented using the MATLAB par-
allel computing toolbox with parfor (parallel for loop) and spmd (single program multiple
data) MATLAB|[2017]. The MATLAB parallel pool instantiates the thread for each parallel
process and these threads are executed concurrently. Execution of statements following the
parallel workers are blocked until all threads are completed.

Computing environment. All the numerical results given below are performed on a
desktop with the following hardware and software characteristics. The CPU is an Intel(R)
Xeon(R) CPU E5-2640 @ 2.60GHz and the system has 64.0 GB memory. The operating
system is Windows 7. The MATLAB version is 2017b. All the codes of the solver can be

obtained at https://github.com/UW-0CP/mps_solver MATLAB.

Example 3.4.1. This is a problem of a continuous stirred-tank chemical reactor from [Kirk
[2012] (pp. 405 and 406). The state equations for a continuous stirred-tank chemical reactor
are given below. The flow of a coolant through a coil inserted in the reactor is to control
the first-order, irreversible exothermic reaction taking place in the reactor.
143
min, [ + aafe?)a,

subject to

Z1(t) = —2.0a1(t) + as(t) — ay (t)u(t),

.fz(t) =0.5— Z'Q(t) — a4(t).

where a;(t) = x1(t) + 0.25, az(t) = z2(t) + 0.5, as(t) = z1(t) + 2.0 and
ay(t) = as(t) exp[%@)@)].

The desired objective is to maintain the temperature and concentration close to their
steady-state values. The initial constraint is that I' = [21(0) — 0.05, z2(0)] = 0 and the final

constraint is that ¥ = [z (tf), z2(t)] = 0. The control variable inequality constraints are

bounded as |u(t)| <1, t € [0,t7]. Also the final time is ¢y = 0.78.
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The initial estimate for the two state variables are straight lines with boundary conditions
at both endpoints. The control is estimating with a quadratic function with initial and final
zero value. The estimate is obtained on a uniform mesh with N = 101 nodes.

Using this initial estimate, we obtain the solutions for the differential and algebraic
variables that are shown in figure figure [3.3] and figure The convergence tolerance
for this problem is ¢ = 107%. Both ode15s and ROW integrators are abole to solve this
example with the desired tolerance. The final mesh of this problem has N = 101 nodes
with ode15s and N = 430 nodes with ROW integrator.

Table and show the calling times and running time of each part using both
odelb5s and ROW method as the integrator of the algorithm. It also shows the speedup
factor which is defined as S = 77:—113.

The results show that for the construction of the residual with DAEs integration and
the Jacobian matrix with the sensitivity integration with integrator ode15s is much slower
than ROW method in sequential. However, there is a significant improvement in speed
of the parallel implementation of the algorithm using ode15s. As shown in the table
there is a decrease in speed of the parallel implementation of the algorithm using ROW
method. That’s because the overhead in setting up the parallel worker takes too much
time compared with the computation time used in integration for each function call in
MATLAB. Also, it can be concluded from the results of solvers of the two tables that the
parallel implementation of the BABD linear system solving using the spmd decreases the
speed a lot which is because the data distribution between the parallel workers of MATLAB

takes too much time compared with the sequential linear system solving process.

Example 3.4.2. This problem considers an underwater vehicle problem from aquanautics,
where a model for the control of an underwater vehicle is given with ten state variables and
four control variables from Biuskens and Maurer| [2000] (pp. 99 to pp. 106). The problem
is tested by the algorithms without using the penalty function method (see -) on
the CVICs, and algorithm using the the penalty function method (see —). The
algorithm without the penalty function was stuck and unable to converge with the warning

from MATLAB saying that the condition number of the Jacobian matrix of the DAEs is
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Figure 3.2: Optimal solution of states and costates for Example |3.4.1
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Figure 3.3: Optimal solution of control and Hamiltonian function for Example (3.4.1
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Solver; Solvers Solvers

P 1 4 16 4 16
Nyesidual 1147 | 1147 1147 | 1147 1147
Nsensitivity 627 627 627 627 627
NBABD 494 494 494 494 494
Tresidual(s) 256.8 150.1 107.7 | 160.8 110.2
Tsensitivity(s) | 1079.6 | 301.2 165.0 | 300.5 167.7
Tpapp(S) 4.6 5.9 4.9 | 247.3 6524
Tiotal(s) 1343.4 | 479.8 316.3 | 732.1 971.7

Speedup 2.8 4.2 1.8 14

Table 3.1: Example|3.4.1

Evaluating times, running time and speedup factor with ode15s

Solver; Solvers Solvers

P 1 4 16 4 16
Nyesidual 749 749 749 749 749
Nsensitivity 403 403 403 403 403
NBaABD 270 270 270 270 270
Tresidual (S) 27.3 80.4 81.1 | 80.3 86.4
Tsensitivity () 53.8 90.4 88.0 | 974 955
Tpapp(s) 6.9 6.9 6.4 | 257.3 385.8
Tiotal(s) 89.3 205.0 205.8 | 466.9 600.0
Speedup 0.44 043 0.2 0.15

Table 3.2: Example [3.4.1

integrator

Evaluating times, running time and speedup factor with ROW
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too large. The problem wants to determine the minimum energy control u(t), ¢ € [0, 1] that

minimizes the energy functional

1 4
i (1)? dt
i J, 2w
subject to

21 = cos(xg) cos(xs)ry + T4,

X9 = sin(xg) cos(zs)xy,

x3 = —sin(zs)z7 + 727,

x4 = xg + sin(z4) tan(zs)xg + cos(z4) tan(zs)z1o,

x5 = cos(xq)xg — sin(xy4)x10,

. sin(xy) cos(z4)
Te = xg Z10,
cos(zs) cos(xs)
Ty = u,
Ty = ug,
Tg = u3,
T10 = U4.

The variables x1(t), z2(t), x3(t) specify the position of the center of the vehicle, while
x4(t), z5(t), x6(t) describe the orientation of the mass by Euler angles. The vehicle is as-
sumed to be moving with velocity z7(t) and angular velocities xg(t) —x1(t). Hence, the con-
trol variable w;(t) represents the acceleration of the underwater vehicle, while ua(t) — u4(t)

describe the angular accelerations. The nonlinear currents are modeled by

€T3 — Cz

Ty = _Ummaze_((g“_cw)/w)2 (xl - Cx)( )25
Cz

e~ ((@m1—en)/r)? (L3~ Czy2

Tz = — uzmaz
Cz

with constants ug,,,. = 2 representing the maximal horizontal current, u, . = 1 repre-
senting the maximal vertical current, ¢, = 0.5 representing the center of current (center
of underwater ditch), ¢, = 0.1 representing the depth of zero current, r, = 0.1 repre-

senting the factor for the expansion of the current. The objective is to find the control
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inputs w;(t), i = 1,2, 3,4 that are required to move the vehicle from the initial constraint
I' = [21(0),22(0),23(0) — 0.2,24(0) — 5,25(0) — 0.1,26(0) + F,27(0) — 1,28(0),29(0) —
0.5,210(0) — 0.1] = 0 to the final constraint ¥ = [z1(1) — 1,22(1) — 0.5,23(1),z4(1) —
5,w5(1),26(1), 27(1), 28(1), 29(1), 210(1)] = 0, while minimizing the cost functional. There
are also eight CVICs bounded as follows, |u;(t)| < 15,7 =1,2,3,4, t € [0,1].

The initial estimate for this problem is obtained by solving an unconstrained version
of the problem and with no bounds on the control inputs. The estimate is obtained on a
uniform mesh with N = 101 nodes.

Using this initial estimate, both algorithms with ode15s and ROW integrators are per-
formed. However, the algorithm with ode15s fails to converge to a solution. With ROW
method, we obtain the solutions for the differential and algebraic variables that are shown
in figure figure and figure The final mesh of this problem has N = 407 nodes.
The convergence tolerance for this problem is e = 1076,

From table [3.3] we can see that the parallel implementation of the construction of the
residual with DAEs integration and the Jacobian matrix with the sensitivity integration
using ROW method is faster than the sequential solver with a speedup factor 1.94 (when
P = 4) and 1.75 (when P = 16). The reason why there is speedup in parallel compared
with example 1 is that this problem has more state variables and the system is much
bigger. Therefore, the time for performing the computation of the integration is in a bigger
portion compared with the overhead on setting up the parallel thread. When the number
of workers are too many (like when P = 16), this overhead still delays the computation
process as we see there’s a decrease in the speedup factor with more processors. And the
parallel implementation of the BABD linear system solving is still decreasing the speed in

this example.

3.5 Conclusion

This chapter presents a multiple shooting method to solve the boundary value problem
involving index-1 differential-algebraic equations which are resultant from the necessary
conditions of the optimum for the optimal control problem. A damped Newton’s method is

used to solve the residual equation by collecting the local residual on each time node after
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Figure 3.5: Optimal solution of states and costates for Example |3.4.2
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Figure 3.6: Optimal solution of controls and Hamiltonian function for Example |3.4.2




Table 3.3: Example |3.4.2

grator

Lagrange Parameter w.r.t CVIC

Lagrange Parameter w.r.t CVIC
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Figure 3.7: Optimal solution of multipliers for Example (3.4.2
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Time

Solvery Solvery Solvers

P 1 4 16 4 16
Nyesidual 845 845 845 845 845
Niensitivity 451 451 451 451 451
NpaABD 318 318 318 318 318
Tresidual (S) 93.7 78.0 105.9 | 79.4 106.1
Tsensitivity(S) 554.3 177.8 140.6 | 180.6 143.5
Tpapp(s) 112.5 112.4 115.2 | 348.1 524.5
Tiotal(s) 764.8 | 393.5 409.1 | 634.6 820.8
Speedup 1.94 1.75 | 1.21  0.93
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Calling times,running time and speedup factor with ROW inte-
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discretization and a continuation method is used to deal with the inequality constraints
approximated by the Kanzow’s smoothed Fisher-Burmeister formula.

A numerical solver is implemented using MATLAB which provides a built-in DAE inte-
grator ode15s also with the use of its parallel computing capability. The algorithm imple-
ments the part that can be processed independently in parallel and decrease the running
time for solving the problem significantly. A comparison of the efficiency and robustness
between ode15s and the integrator implemented using Runge-Kutta (ROW) method is also
shown by the examples in this chapter. With the increase of the computing ability of the
computer and the increase of the number of processors used to solve the problem, a further
reduced running time is also possible.

As shown in section [3.4] with a lot of tests performed by both solvers with odel5s
and ROW integrator, it can be concluded that the integrator of odelb5s is not suitable
nor efficient to the multiple shooting algorithm developed. Comparing the performance
of the sequential and parallel implementation of different solvers, it can be seen there is
a big speedup in the parallel implementation with parfor of the construction of the the
Jacobian matrix with the sensitivity integration. The integration with ode15s can give a
better precision but is more time consuming, so the speedup is more remarkable.

The integration with ROW method is faster both in sequential and parallel solvers. How-
ever, there is some overhead in the set-up with parfor that slows down the solving process
as seen from Example 3:4.1] For some complicated problems with lots of variables and
inequality constraints, the parallel algorithm is more efficient. However, the performance
of the parallel implementation using spmd of the BABD linear system solving is not satis-
factory. Because spmd is a form of distributed memory computing, the overhead in setting
up the workers and transferring data from local client to different workers in MATLAB is
too costly compared with doing all the work on the local client using shared memory. So,
we suggest to use the combination of the parallel implementation of the construction of the
residual with DAEs integration and the Jacobian matrix with the sensitivity integration in
section [3.1.2] and a sequential implementation of the BABD linear system solving in section

with the implemented code in MATLAB.
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Chapter 4
COLLOCATION ALGORITHM

This chapter introduces another method called collocation method (Alexander| [1990])

to solve the BVP-DAEs ([2.38)-(2.40).

4.1 Collocation Method

With the algebraic equations, the continuity conditions of the differential variables, and
the boundary conditions, the BVP-DAEs defined by ([2.38)-(2.40)) can be represented in the

form of a residual equation as

where ¢ = [y(t)T, g(t)T, ()", p"]" € Q with Q = Whoo([t;, t¢], R™) x L>([t;, ], R™) x
Leo([t;, te], R™) x R™ and F : Q x R — S, with S = L*°([t;, t¢], R™) x L°([t;, te], R™) x
WLoo([t;, ], R™) x Rw+ne,

The collocation method used in this thesis requests the overall time interval [t;, ] be
discretized into a mesh with N time nodes such that ¢; = t1 < ts < ... < ty = tr. Each
divided time interval S; = [t;,tj41], 7 = 1,2,..., N — 1 is further divided by m; collocation
points, where each collocation point is obtained by 7;; = t; + cl(j)éj, I =1,2,...,mj,
0j = tjy1 —t; and 0 < ng) < cgj) < e < 0%171 < c%i < 1. A global unified number
of collocation points m; is used in this chapter where m; = my = ... = m;, while in
a collocation with adaptive mesh refinement ability, this condition is not necessary. The

coeflicients ¢; used in the implementation of this thesis are from the Lobatto IITA implicit

Runge-Kutta method (Alexander| [1990] pp. 211-214).
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In each time interval S; = [t;,;41], using the collocation method, the derivative at any
time in this interval is approximated using the Lagrange polynomial and derivatives at the

m; collocation points as

m.

s J . t—1t. N
300 =31 (54 i te il (4.2
I=1 J
where )
Gy <—c
L'o=11 "5 (4.3)

k=1k£1 € — Ck
is a basis of Lagrange polynomials and glu ) = gj(j)(ijl) € R,
From equation (4.2), within each time interval S;, the differential variables §/)(t) can

be approximated with

. ~ . . t—t; Nz
y(J)(t) =Yj + (5j ZIl(j) <5]> yl(J), te [tj,tj+1]. (4.4)
=1 J
where
S
196 = [ 10 (45)

and §; = y(t;) € R™ represent the differential variables at ¢;.

The differential variables at certain collocation points in &; can be obtained as

- . 7 (5
3 =g =+ 6> awi) L=1,... my, (4.6)
k=1
G =39 (t0) = 35+ 8; > b g, (4.7)
=1
where _
) L)
a = / L9(¢)de, by = / L9(¢) dc, (4.8)
0 0

are the coefficients associated with the specific m;-stage Lobatto IIIA implicit Runge-Kutta
method used and can be pre-computed before the method is applied to a certain problem.
The algebraic variables Z(¢) in time interval S; can also be approximated with the m —1

degree Lagrange polynomial as

s . t—t; (i
20y =3 LY <5]> 29 bty by, (4.9)
J
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where Zl(j ) = Z(7j;) € R™ represent the algebraic variables at each collocation point in S;.

By requiring the collocation and algebraic conditions be satisfied for all the mesh inter-
vals together using those approximation equations, a residual equation can be formulated

as
m 2 p) — it

gV, 2 5, )

: U1
(G, 2ty D) — Gion) :
9@ 2 5 a) Yj
~(1) ()
. Yo—y1— 01y by - Y;
F(g,a) = ST =0 a= T (4.10)
N V4

hi, 2, 5) -
g(yz( ) ( )7p7 ) YN

%H*%*%Zm@ﬁ”

=

L (91, YN, P) |

where j = 1,2,...,N — 1,4 = 1,2,...,m;. Moreover, § € Q = R™ with ng = Nny +
Z;V 11mj(”y +n:)+np and F(g,a) € S=Q.

Therefore, the BVP-DAES is transformed into the problem of solving the residual equa-
tion F (q,a) = 0, respectively, where ¢ yields the approximate solution of the OCP. It
is shown in [Ascher] 1989, Theorem 18] [Fabien, 2016a, Theorem 2| that let y(t), z(¢),
and p be the true solution to the BVP-DAEs —m then the collocation solution
has consistency of order m; as Hy(j)( ) — U ®)| = of o7") Hz(j)(t) — E(j)(t)H = O(6}"),
j=1,...,N—1.

4.1.1 Solution of the residual equation

A damped Newton’s method (see |[Fabien [2016b]) is used here to solve the residual equation

(4.10), which is similar to the one developed in Section

Suppose an initial guess ¢* which is sufficiently close to the solution of the residual
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equation (4.10)) is provided, a closer solution §**! can be obtained from
Fl =g +eAd", k=0,1,. .., (4.11)

DF(§",a) A" = —F(§", a), (4.12)

where the stepsize factor £ is obtained by using the classic line-search method and the

Jacobian is

JoWi 0 v
1 -D; I 0
L Wy 0 v
DF(§",a) = - _.DZ ! (_) , (4.13)

By By VN
with
[ Ay |
. F ) a W@, 2, p) - i
Ak AT N N ()
' n b 3@, 2 p.a)
Az ‘
Aj; : ; e
v () . hg?, 2 p) - 5
__ | Bk R a3 I P B S N ’
Aq_ aAk]_ . 7F(Q7a)_ f ) g(z ) %4 ,p,a)
. AEZ(J) J )
A : o ~~,~.'~ L
e " e ). 29, 5) — i)
Aky_ AGD) N
N-1 Ymy b s~ () =
. f _ g(ym]-,zm ,p,Od)
~(5) N-1 L _
A el N I U m <)
Aj AN [yjﬂ =G5 =6 2 buyy ] ,

(4.14)



hY, e,
J J ~ = (5) ~(j) ~
. o | R =0n@” 27 5) /oy,
9i1 91 . o ,
| B =0, 29, p) oz,
Ry e | RE = oh(g?) 27 5)/op,
Ji=1 ", vi=]"
J T 1 IR ¢) I ¢ s
i 95 | G5 =09(y;", %", D)/ 0y,
S ga=05Y, 20 p) oz,
Y hP . ) ~() ~
gm ml o gt= 055,20, 5) /op,
Tim [ Tjom
I+ 5].(111;;/?1 ;szl 6]'(112]3?1 0 R 5ja1ml~zgl 0
gjangy  Gn 0501205 0 - 3jarmdy 0
5‘7'(1‘21%?2 0 -1 + 5j(1227:l;‘?;2 B;Q cee (Sja2me?;2 0
;= (5]'(121‘&?2 0 5‘7‘0122,6.:][‘/2 ng T 6ja1m§]yl 0
6jam1i7’?m 0 5jam21~z?m 0 e 5jammilgm ﬁjzm
5jam1§§-/m 0 5jam2§§-’m 0o .- 6jamm§§’m szm_
Dj - 5]’ |:b1] 0 bQI 0 cee me O] )

Bl - af(ﬂlv gNaPN)/agla BN - 8?(:&1,:&]\],]5)/8:&]\]7 VN = (977(3]1,3]]\/,]3)/5']3,

A];j,f;‘z e Rm(ny—l—nz)’ ]'Ejb e Rny,Jj e IRm(ny—l—nz)Xny7 ‘/J e ]Rm(ny—l—nz)><np7

Wj e Rm(ny—l—nz)xm(ny-‘rnz)’ Dj € Rnyxm(ny-l—nz)’

i=1,2...,N—1,i=1,2,....m, fx =r(1,Jn,p) € RO+,
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Expanding equation (4.12) gives that for j =1,2,..., N — 1 we have
JiAy; + WjAI;Zj +V;Ap = — NJ(-Z, (4.15)
—Agj — DjAkj + i = —f}- (4.16)

Since the DAEs are index-1, which implies that g7; is nonsingular so that for sufficiently

small §;, the matrix W; is nonsingular also. Using equation l’ to eliminate l;:j, we get

Akj =W (= f} = J;Ag; — V;Ap). (4.17)

Substitute this result into equation (4.16) gives that
(=1 + D;W; NI AG; + Ajja + DWWV Ap = —f) — DWW

Using this elimination approach, the original BABD system (4.13]) can be reduced to a

compact upper triangular BABD system shown below as

] | ag o
A 4 H, ~ b1
Ago 3
Ay Oy H, . by
N I e TR
Agn-—1 B
Anv—1 Cny-1 Hy 3 bn_1
Ayn .
_Bl By HN_ ~ _bN_
Ap

where Aj = —I + D;W; 1 J; € Rw*™, C; = I € Rw>*™, Hy = D;W; 'V € R,
by =—f —D;W ' fo e R, Hy =V, by = —fn, j=1,2,...,N - L.

Once a solution to is found, the updates Al%j can be obtained via equation .
The updates Agji(j) and Aéi(j) can be determined from Al;:j, j=12...,N—1and i =
1,2,...,m;. This reduced BABD system (3.33) can be solved by the parallel QR reduction
algorithm presented in section

4.2 Collocation Algorithm Evaluation

4.2.1 Generation of the initial input

Normally for the BVP-DAEs ([2.38)-(2.40), the necessary variables are the values of the

differential variables 7;, algebraic variables Z;, and parameter variables p except the values
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of the derivatives of the differential variables g]ﬂ Therefore, the input to the BVP-DAEs

is usually in the form of sg = [le,zf,...,ij,ij,...,y%,z%]T, j=12,...,N. In each

time interval S;, the derivatives of the differential variables yLZ(j) for the initial guess of
the algorithm at each collocation point 7;;,7 = 1,2,...,m; are generated using equation
(2.38]). The inputs to the equation are the differential variables and algebraic variables at
each collocation point which are obtained using the linear interpolation with the variables at

time nodes ¢; and ¢;1. The approach to generating the initial input ¢° is given in Algorithm

4.1l
Algorithm 4.1: Generation of the initial input ¢"

Input: y;,2;,p,7=1,2,...,N.

Output: §;, 57,29 jn.p, j=1,2,... ., N—1;i=12,...,mj.

' %4

for j=1,2,...,N—1do

Yji =Yj

fori=1,2,...,m; do

y = (1= e)yj + iy,
zi(j) =(1—¢)zj + cizjt1,

Using equation 1' yLZ(j) = h(ygj), zi(j),p),
20 _ 0)

end

4.2.2  Ewvaluation of the residual equation and the Jacobian

The residual F(G*, a) is made up by the residual terms [fj‘.lT f;’T]T,j =1,2,...,N—1
in each time interval [t;,¢;41]. So is the Jacobian DF(*,«) which is made up by
the matrix elements J;, V;, D; and W; from each time interval. The computation of these
terms require the differential variables gfj ) at each collocation point which can be obtained
by using the equation . After obtaining g]l(j ), the construction of the residual equation
and the Jacobian can be easily realized by performing the necessary computations with all

the necessary inputs computed.
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The approaches to constructing the residual F(§, ) and its Jacobian DF (g, ) can be

achieved as described in Algorithm and Algorithm

Algorithm 4.2: Construction of F(§, a)

Input: y;, gjgj), z0)

7

JUNSD o, j=1,2,... N =1, i=1,2,...,mj;.

Output: The elements f;‘, N]l-’, and fN, in the residual F‘(cj, «) and the differential
(4)
(]
for j=1,2,...,N—-1do
Evaluate

variables ¢,”’ at the collocation points 7;;.

f=vm—y—06), by’
=1

fori=1,2,...,m; do
Using equation (4.6)), evaluate

3 =g+ 0> an i,
=1

Evaluate h(g}l(j), 2§j),ﬁ),g(§§j), Zgj),ﬁ, «) and construct the corresponding

ith block-row term in ff.

end
end

Compute f N-

Algorithm 4.3: Construction of DF(g, a)

z(j)’ 5z‘(j)

Output: The elements J;,V;, D;, W;, j =1,2,...,N — 1 and By, By, Vy in the
Jacobian DF(q, a).

for j=1,2,...,N—1do

Input: gy JYLYNS P o, g =1,2,... N —=1,i=1,2,...,m;.

fori=1,2,...,m; do
Evaluate iﬁ]’z, iLJZZ, iL?i, 9% G%i» G} and construct the corresponding ith row or

column block in J;, V;, D; and Wj.

end

end

Compute By, By and Vy.
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4.2.8  Parallel evaluation of the residual Equation and the Jacobian

From the evaluation of the residual equation in Algorithm we can easily notice
that the evaluation of the residual in each time interval [ f;‘T f;’T]T, j=12 ..., N—1is
independent of the evaluation done in any other time interval. So the residual in the interval
[tj,tj+1] can be computed with the residual in any other interval [¢;,¢;11],7 # j at the same
time with no need for communication of data between them.

The same is true for computing elements J;,V;, D; and W, j =1,2,..., N — 1 of the
Jacobian DF (q, ) in Algorithm For the computation of the elements in the
interval [t;,?;41], they can be performed independently and simultaneously without sharing
data.

In this chapter, a parallel collocation method taking advantage of MATLAB parallel
toolbox (MATLAB [2017]) is developed which assumes the computer is equipped with mul-
tiple computing cores. To illustrate these parallel computing algorithms, we let P > 1
represent the number of available cores that can share the whole computation work re-
quired. Normally, P depends on the number of cores available in MATLAB local parallel
worker pool. The MATLAB parallel computing toolbox has a function parfor (parallel
for loop) MATLAB| [2017] which executes for-loop iterations in parallel and loop iterations
are executed in parallel in a nondeterministic order. Since there is no data communica-
tion between the computation performed in each time interval, the order of executing the
computation in each time interval is trivial. Then, the parallel execution for (i) the compu-
tation of the block residual equation F(§, ) in Algorithm (7i) the computation of the
Jacobian DF (G, @) in Algorithm can be realized simply using the parfor in MATLAB
which partitions the time intervals into P groups as uniform as possible and execute these

work in an nondeterministic order.

4.2.4  Reduction and recover of the linear system

The original BABD system ({3.7)) is first reduced into a compact upper triangular BABD
system (3.33)) and the resultant system is solved by the QR factorization discussed in details
in section
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The elements Aj,Cj,Hj,Ej, j=12,...,N —1, and HN,l;N are computed using LU
factorization. The results from LU factorization of W; are saved for later use when recovering
the updates Al;j of the original system using forward and backward substitution. The

details of the reduction and the recover of the linear system are shown in Algorithm [4.4] and
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Algorithm
Algorithm 4.4: Reduction of the Jacobian

Input: f¢, f J;,V;,D;, Wy, j=1,2,...,N — L and fy, By, By, Vy,
j=1,2,...,N—1.
Output: Aj,Cj,Hj,i)j, ] = 1,2,. . .,N - 1, and HN,Z)N.

for j=1,2,...,N—1do
Factor W; using LU factorization and save the factorization results. Compute

the following elements using forward and backward substitution using the LU

factorization results,

= —I+D;W;"Jj,

A
C; =1,
H;

D;W 'V,

bj = —f} — D;W; ff.

end

Compute Hy = Vi, by = — N,

Algorithm 4.5: Recover of the updates Al;j

Input: Saved LU factorization results of W, f]‘-l, Jj,Vj, and the solution from the
reduced BABD system Ay;, Ap, j =1,2,...,N — 1.
Output: Solution to the original BABD system AI;:]-.

for j=1,2,...,N—1do
Use the forward and backward substitution with the saved LU factorization

results of W; to solve the equation

Akj =W H(=[f = J;AG; = V;Ap).

end

4.2.5 Continuation method

The continuation method used in this chapter is the same as the one developed in Section

The residual equation 1’ is first solved from an initial guess ¢ and continuation
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parameter «p. The algorithm then uses Newton’s method to solve the residual to
obtain ¢ which satisfies ||F(q, «)|| < ¢, where € is the desired convergence tolerance for the
numerical iteration. After the converged Newton’s iteration, the continuation parameter a
is decreased by a scale factor § which is less than 1 and the converged solution ¢ is used
as the initial guess for the next problem with the decreased continuation parameter. The
algorithm shall stop when the continuation parameter is below the desired continuation

termination tolerance o,,. The part is given below in Algorithm

Algorithm 4.6: Damped Continuation Newton’s Method.
Input: An initial guess sg, an initial continuation parameter o > 0, a scale factor

0 < 8 < 1, a convergence tolerance € > 0, a continuation termination tolerance
oy, > 0 and a maximum iteration number maXier.
Output: ¢* € R™ where |F(§*,a")| < € and o < ap,.
Use Algorithm to generate the initial input ¢ to the collocation method.
while a > «,, do

for i =0,1,..., mazie, do

Use Algorithm to construct F(§, ).
if ||F(§,a)| < € then

7=
break
end

Use Algorithm to construct DE(q, ). /* Compute a descent direction */
Solve the linear system l} for AGH), fe.,

DF(q,a)Aq = —F(q, ).

Use line-search algorithm to find the biggest £ € (0, 1] such that
1F(q +£AG,0)l < [[F(q,@)]. Then Set ¢ = G+ EAG.

end

o = Ba.

qa=q".
end

Output ¢*.
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4.3 Implementation and Evaluation

The solver is directly implemented from the algorithms described in the previous sections
using MATLAB. The solver provides the functionality of solving the BVP-DAE problems
of the form —. The usability of the solver is also enhanced by the symbolic
functionality from MATLAB to translate the OCP into BVP-DAEs of MATLAB functions
that can be used by the solver.

The solver implemented is composed of three main parts as: construction of the residual
equation, construction of the Jacobian matrix in section [£.2.3] and BABD linear system
solving in section The results from Chapter [3] point out that the parallel implemen-
tation of the BABD solving in MATLAB gives no increase in the efficiency of the solver.
Therefore, the BABD solving algorithm is implemented in sequential and the other two
parts are implemented both in sequential and parallel as shown in Algorithm and to
explore the efficiency of the parallel implementation in MATLAB.

The feasibility of the solver is tested by over 120 example problems from open literatures
and the 2 examples chosen are the examples studied in chapter[3| which can directly give the
comparison between those two solvers. A performance profile is generated over the chosen
examples from the example set to compare the performance between the solver from this
chapter and the one from chapter [3| where a multiple shooting method is used to solve the
BVP-DAEs.

Parallelism. The parallel code from Algorithm [£.2] and [£.3] are implemented with the
MATLAB parllel computing toolbox functionality parfor. The MATLAB parallel worker
pool instantiates the thread needed for each parallel process which is very convenient and
all the work is executed concurrently.

Computing environment. All the numerical results given below were performed on a
desktop with the following hardware and software characteristics. The CPU is an Intel(R)
Xeon(R) CPU E5-2640 @ 2.60GHz and the system has 64.0 GB memory. The operating
system is Windows 7. The MATLAB version is 2017b.

As the plots of the solution are provided in that chapter already, we do not provide

plots in this chapter to save space. For the following evaluations, the initial continuation
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parameter is a = 1, the scale factor is § = 0.8, the continuation termination tolerance is

o, = 1le7%, and the numerical convergence tolerance is € = 1e 5.

Example 4.3.1. This problem considers a continuous stirred-tank chemical reactor (see

Kirk [2012] pp. 338 and pp. 406).

123
i t)? t)?)dt
min, [0+ a0

subject to

fl(t) = —2.0a1 (t) + a4(t) — al(t)u(t),
fz(t) =0.5— :L'Q(t) — CL4(t).

where a1(t) = z1(t) + 0.25, a2(t) = x2(t) + 0.5,a3(t) = z1(t) + 2.0 and a4(t) =

ax(Bexp i)

The desired objective is to maintain the temperature and concentration close to their

steady-state values.The initial constraint is that I' = [x;(0) —0.05, 22(0)0] = 0 and the final
constraint is that ¥ = [z (tf), z2(t¢)] = 0. The control variable inequality constraints are
bounded as follows, |u| < 1. Also with the final time ¢ = 0.78.

The initial estimate for the states, costates and control is obtained by solving the un-
constrained problem where the CVICs are ignored. The initial values of the multipliers are
all set to 1. The initial mesh of the problem has N = 101 nodes.

The solver converged to the solution with desired numerical tolerance using this initial
estimate. The solution from the solver in this paper has N = 60 nodes while the solution

of the solver using the multiple shooting method from chapter [3| uses NV = 430 nodes.

Example 4.3.2. This problem is taken from Biiskens and Maurer| [2000] (pp. 99 to pp.
106) and considers an underwater vehicle problem from aquanautics. The problem is stated

as follows

1 4
min/ Zui(t)Q
u; ER 0 im1
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subject to

21 = cos(xg) cos(xs)ry + T4,

X9 = sin(wg) cos(zs)x7,

¥y = —sin(zs)r7 + 712,

x4 = xg + sin(x4) tan(zs)xg + cos(z4) tan(zs)x1o,

x5 = cos(xq)xg — sin(xy4)x10,

. sin(xy) cos(z4)
T = ZT9 10,
cos(xs) cos(xs)
Ty = ui,
Ty = ug,
Tg = u3,
Tio = U4.

The problem has 10 state variables and 4 control variables. The variable 1 (t) —z3(t) specify
the position of the center of the vehicle, while z4(t) — xg(t) describe the orientation of the
mass by Euler angles. The vehicle is assumed to be moving with velocity xz7(¢) and angular
velocities x4 (t) — z¢(t). Hence, the control variable uy(t) represents the acceleration of the
underwater vehicle, while ug(t) — u4(t) describe the angular accelerations. The nonlinear

current is modeled by

€T3 — Cz

)%,

Ty = _u$mamei((xlicz)/rz)2 (xl - Cg;)(
Cz

—((w1—ca)/ra)? (F3 — C2y2
(B,

Ty, = —Uy, ..€
with constants u,, . = 2 representing the maximal horizontal current, w, . = 1 repre-
senting the maximal vertical current, ¢, = 0.5 representing the center of current (center of
underwater ditch), ¢, = 0.1 representing the depth of zero current, r, = 0.1 representing the
factor for the expansion of the current. The objective is to find the control inputs u that are
required to move the vehicle from the initial constraint I' = [x1(0), z2(0), x3(0) — 0.2, 4(0) —

Z,25(0) —0.1,26(0) + §, 27(0) — 1, 28(0), £9(0) — 0.5, 19(0) — 0.1] = 0 to the final constraint
U = [1‘1(1) — 1,$2(1) — 0.5,$3(1),$4(1) — g,l‘5(1),l‘6(1),3§‘7(1),33‘8(1),33‘9(1),33‘10(1)] = O,
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while minimizing the cost function. There are also eight CVICs bounded as follows,
lu;| < 15,t € [0,1].

The initial estimate for the states, costates, and controls is obtained by solving an
unconstrained version of the problem where there is no bounds on the control inputs. All
the other unknowns (multiplier and parameter variables) are set to 1. The initial estimate
uses a uniform mesh with N = 101 nodes.

Using this initial estimate, two solvers successfully solve the problem, where the collo-

cation solver uses N = 171 nodes and the multiple shooting solver uses N = 407 nodes.

Table compares the performance of the collocation solver implemented from this
chapter and the multiple shooting solver implemented from chapter [3| when applied to the 2
example problems. For each problem, the table shows CPU computation time required for
the collocation method and the multiple shooting method all using MATLAB. In addition,
the table gives the performance for both solvers ran in sequential or parallel with 4 CPU
cores. As can be seen from the table, the parallel implementation using MATLAB of
the collocation solver can hardly offer any increase in the performance and even slow the

computing process.

Problem | Collocation Method-time(s) ~ Multiple Shooting Method-time(s)
Sequential Parallel (4 cores) Sequential Parallel (4 cores)
Ex. 1 61.8 109.2 89.3 205.0
Ex. 2 500.8 418 764.8 393.5

Table 4.1: Performance comparison between solvers implemented using MATLAB

4.8.1 Performance Profile

A performance profile (Dolan and Moré¢ [2002] and (Gould and Scott|[2016]) is generated to

better quantify the performance of two solvers and benchamark the solver with large problem
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set. There are 99 OCPs in the example set. The collocation solver can successfully all of the
problems whereas the multiple shooting solver can only solve 85 of them. The performance
profile is shown in figure From the figure, we can also see that the collocation solver is
not only more robust but also more time efficient and we can conclude that the collocation

solver is more robust and efficient when solving the BVP-DAEs of the form ([2.38)-(2.40)).

Performance Profile of collocation method and multiple shooting metho

10
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=
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(=]
-

=
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0 2 1 & B 10
T

Figure 4.1: Performance profile between solvers implemented using MATLAB.

4.4 Conclusion

In this chapter, another indirect method for solving OCPs with CVICs, SVICs and pa-
rameters is presented based on the work done in Chapter [2| which gives the transformation
from OCPs to index-1 BVP-DAEs. The main work of this chapter is that it develops a
collocation method of solving the index-1 BVP-DAEs and a continuation Newton’s method
to solve the residual equation from the collocation formulation.

A numerical solver is programmed using MATLAB along with the parallel computing
capability. The parts that can be executed independently are implemented in parallel.
However, the performance of the parallel solver is not satisfying. That is mainly because
the overhead on setting up the parallel worker in MATLAB parallel computing pool is too
much than just computing the whole work in sequential in MATLAB.

Two concrete examples are tested with both solvers shown in this chapter and the one in

chapter [3| to directly compare the performance between them. A performance profile tested
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over 95 examples from open literatures is also shown to better quantify the efficiency and
robustness between the solvers. It can be seen from the performance profile that the solver
using collocation method is more robust and efficient on a large set of OCP examples than
the solver using multiple shooting method.

Next chapter will present the work focusing on implementing the algorithm on more ad-
vanced computing hardwares as graphics processing units (GPUs) using Python (Van Rossum
and Drake Jr| [1995]). Although the the computing ability of single GPU computing core
is not better that on single CPU computing core, the number of computing cores on a
GPU is much more than that on a CPU and it can increase the efficiency of the solver to a
large extent. Python also has lots of packages that are efficient and convenient for scientific

computing such as sympy, numpy, and scipy.
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Chapter 5
GPU BASED IMPLEMENTATION

5.1 DMotivation

In chapters |3| and two numerical methods to solve the BVP-DAEs — are
introduced. The implementation using MATLAB for both algorithms are presented and
the parallel computing toolbox in MATLAB is explored. However, the evaluation results of
the implementation using MATLAB are not satisfactory. For the multiple shooting method
in chapter [3] the implementation tries to make use of the built-in integrator ode15s, where
the test results showed it was not suitable for the multiple shooting algorithm developed
than the integrator implemented using ROW method. Moreover, due to the heavy overhead
in the MATLAB parallel computing toolbox, the parallel implementation can not provide
too much performance boost on the multiple shooting algorithm and even decrease the
performance on the collocation algorithm.

In the past decade, the increase of computing power of CPUs has slowed down due
to the breakdown of Moore’s law, which states that the number of transistors in a dense
integrated circuit doubles approximately every two years Brock and Moore| [2006]. In con-
trast, leveraging the ability of Graphics Processing Units (GPUs) to do massively paralleled
work has become increasingly popular in the community of computational science and en-
gineering. Using the GPU to accelerate the algorithm solving process is very promising by
using faster hardware and more computing cores. GPU is a special purpose processor that
is built specifically for performing large volumes of computations. Modern GPU contains
thousands of cores which are capable of performing trillions of floating point operations per
second (FLOPs), accelerating the rate at which the computations can be completed. For
large computations GPU can perform the same operation over and over again on them at
a much faster rate than a CPU alone. Many researchers from different disciplines such as

molecular dynamics |Anderson et al.| [2008], Liu et al.| [2007], computational biology [Schatz
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et al. [2007], weather forecasting [Michalakes and Vachharajani [2008], linear algebra Bar-
rachina et al.| [2008], computational fluid dynamics |Schive et al.| [2010], astrophysics [Wang
et al. [2010], tsunami modeling |Qin et al.| [2019] have developed numerical models that run
on the GPUs to make use of the computing power.

The GPU is initially widely used in the computer graphics community, while before the
appearance of libraries for general-purpose GPU computing like CUDA, researchers had to
write their own programs in a way such that they could take use of the GPUs’ capability of
computing color for a large number of pixels in parallel|Owens et al. [2007]. The appearance
of programming models for general purpose GPU computing such as CUDA (Nickolls et al.
[2008], Luebke| [2008]) makes developing numerical algorithms on the GPU much easier.

Python (Van Rossum and Drake Jr| [1995]) is becoming one of the most popular pro-
gramming languages recently as it has many well-developed tools for scientific computing
which allows developers to better focus on the hurdle on the path to performance.

In the optimal control community, the author does not know any research on employing
the computing power of the GPU yet. In this chapter, we present the GPU based imple-
mentation for the multiple shooting method from Chapter |3] and the collocation method
from Chapter [4] using CUDA and Python.

5.2 CUDA Programming Model

The CUDA programming used is supported by a high performance Python compiler Numba
(Lam et al.| [2015]), which directly compiles a restricted subset of Python code into CUDA
kernels and device functions following the CUDA execution model. The detailed instructions
of the CUDA programming model can be found in the Nvidia CUDA C Programming Guide
(Nvidial [2019]) and |Storti and Yurtoglu| [2015]. Here, we provide adequate introduction
about CUDA programming to help understand the implementation shown in this chapter.

CUDA is a hardware and software combined system for parallel computing on the CUDA-
enabled GPUs. The functions executed on the GPU is called CUDA kernel functions.
CUDA follows the Single Instruction, Multiple Threads (SIMT) programming model where
the kernel function specifies the instructions which are then executed by certain threads

using the GPU. Threads are grouped into blocks, which form a grid then. On the hardware
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side, a single CUDA-enabled GPU contains thousands of compute cores which are capable
of performing the specified instructions. Those compute cores are grouped together and
called Streaming Multiprocessors (SMs). CUDA blocks are independent of each other and
every SM can be assigned with multiple blocks. Every CUDA block is futher divided as
warps where each warp contains 32 threads and execute the same instructions concurrently.
Each active thread is uniquely identified based on the block and thread index information

and is able to access its corresponding portion of the data.
5.3 Multiple Shooting Method

5.3.1 CUDA kernel implementation

The CUDA implementation of the multiple shooting method uses the integration evaluation
from Section where a single step linearly implicit Runge-Kutta (ROW) method is used
for integrating the DAEs.

The core idea for CUDA implementation is to design the implementation of the kernel
function. When implementing the CUDA kernel function, the primary goal is to divide
the overall algorithm into parallel tasks that can be assigned to CUDA threads. From
Algorithm [3.3] and Algorithm [B.2] of the whole method, it is intuitive to conclude that
the integration of the DAEs and linear DAEs performed in each time interval
[tj,tjx1], 7 =1,2,...,N — 1 can be assigned to each individual CUDA thread.

.. | Thread j-2 | Thread j-1 | Thread j | Thread j+1 | Thread j+2

Figure 5.1: CUDA kernel layout for multiple shooting method.

Figure shows how the CUDA threads are first assigned to each time interval for

integrating DAEs, and how the approximated solutions are returned. The solid arrows
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denote initial set up for each thread by passing the corresponding input while the the thin

arrows show the return of the approximate solutions after the computation of the integration.

5.3.2 Numerical evaluation

Algorithms for solving the OCP — are implemented using Python and CUDA.
The main functionality provided by this implementation is a set of routines that solve
BVP-DAE problems of the form —. The codes are directly implemented from
all the algorithms described above which can be found at web site https://github.com/
UW-0CP/Multiple_Shooting_Solver_CUDA, and all the implementations of the codes are
standalone.

The solver is composed of two major parts: (i) construction of the residual with DAEs
integration and construction of the Jacobian with the DAE sensitivities integration described
in section (ii) the solver for the BABD linear system described in section Both
the sequential and parallel versions of these two parts are implemented to compare the
efficiency of the implementation.

As shown in the tables below, Solver; denotes the solver implemented with the sequential
implementation of the construction of the residual with DAEs integration and the construc-
tion of the Jacobian with the DAE sensitivities integration, and sequential implementation
of the BABD linear system solving; Solvers denotes the solver with the parallel implemen-
tation of the construction of the residual with DAESs integration and the construction of the
Jacobian with the DAE sensitivities integration, and parallel implementation of the BABD
linear system solving.

The result tables use the following terminologies. Ngolution denotes the number of times
nodes in the final solution; Ty, denotes the overall computation time of the whole problem;
M denotes the number of partitions used in solving the BABD system in parallel; N, esiqual
denotes the number of evaluating times of the construction of the residual with DAEs
integration; Tyesiqual denotes the the running time of the construction of the residual
with DAEs integration; Njacobian denotes the number of evaluating times of the construction

of the Jacobian (3.7)) with the DAE sensitivities integration; Tyacobian denotes the running


https://github.com/UW-OCP/Multiple_Shooting_Solver_CUDA
https://github.com/UW-OCP/Multiple_Shooting_Solver_CUDA

70

time of the construction of the Jacobian with the DAE sensitivities integration; Ngasp
denotes the number of evaluating times of the BABD linear system solving ; and Ty
denotes the running time of the BABD linear system solving .

The solver is evaluated using more than 140 examples from opern literatures which can
be found at website https://github.com/UW-0CP/ocp_test_problems. Here, we present
two examples from this problem set to illustrate the robustness and efficiency of the solver.

Computing environment. All the numerical results given below are performed on a com-
puter with the following hardware and software characteristics. The computer is equipped
with an Intel® Core™ i9-9900K CPU @ 3.60GHz x 16 and a GeForce RTX 2070 SU-
PER/PCle/SSE2 GPU. The operating system is Ubuntu 19.10.

Example 5.3.1. This is a self-excited oscillation system described by van der Pol’s equation
with two state variables, one control variable, and one state variable inequality constraint

from [Shimizu and Ito| [1994].

te
i 0.5[z1(t)? )2 + u(t)?] dt
i [T 050 e + )

subject to

:Ifl (t) = $2(t),

Za(t) = —x1(t) + (1.0 — 21 (£)H) 2o (t) + u(t).

The initial condition is that I' = [21(0) — 1.0,22(0)] = 0 and there is no final time
constraint. The state variable inequality constraint is —(x2(¢) 4+ 0.25) < 0. Also the final
time is £y = 5. The initial estimates for the state variables and control variable are all ones
and obtained on a uniform mesh with NV = 101 nodes.

Using those initial estimates, we obtain the solutions for the differential and algebraic
variables that are shown in figure [5.2] and figure The convergence tolerance for this
problem is € = 1076,

Table shows the number of calling times of each algorithm and the computational
running time of each algorithm. It also shows the speedup factor which is defined as S =
Tyequential

YV where Tyequential 1 the running time of the sequential solver and Ty is the running

time of the parallel solver with M partitions in BABD system solving.
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The results show that there is a significant boost in speed of the GPU based parallel
implementation in every part of the algorithm and an overall speedup factor between 24 to
71 are obtained with different number of partitions M used in the BABD system solving. It
can be seen that the running time for evaluating residual equation and Jacobian are almost
the same for parallel solvers with different partitions M which only affects the BABD linear
system solving. As the number of partitions M is increased from 1 to 16, a very significant
decrease in the BABD system solving time is realized. It also can be seen that the number
of evaluating times for each part of the algorithm and the number of time nodes of the final
solution Nggution are exactly the same for sequential and parallel solvers. This indicates
that although the instructions of the sequential solver happens on CPU which is different

from the GPU based parallel solver, their numerical computation are still identical.

State Variables State Variables

Co-State

Figure 5.2: Optimal solution of states and costates for Example |5.3.1]

Control Variable Lagrange Multiplier

— —a

Figure 5.3: Optimal solution of control and multipliers for Example |5.3.1}




Solvery Solvers
M 1 1 4 8 16 32
Nresidual 512 512 512 | 512 | 512 | 512
Njacobian 254 254 | 254 | 254 | 254 | 254
NBABD 191 191 191 | 191 | 191 | 191
Tresidual(s) | 367.5 9.4 9.7 9.5 9.5 9.5
Tyacobian(s) | 1777.6 | 14.4 | 14.8 | 14.7 | 14.7 | 14.2
TsaBD(S) 403.2 81.7 | 25.7 | 16.3 | 129 | 11.8
Ngolution 2440 2440 | 2440 | 2440 | 2440 | 2440
Tiotal () 2548.6 | 105.8 | 50.5 | 40.9 | 374 | 35.8
Speedup 24.1 | 50.5 | 62.3 | 68.1 | 71.2
Table 5.1: Example [5.3.1] Evaluating times, running time and speedup factor
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Example 5.3.2. This problem considers a system with 6 state variables, 4 control variables,

1 parameter variable, and 4 control variable inequality constraints. The problem is tested by
the algorithms without using the penalty function method (see (2.1)-(2.6))) on the CVICs,
and algorithm using the the penalty function method (see (2.7)-(2.12))). (Note that the

algorithm without the penalty function was unable to converge.) The problem is to minimize

the cost functional

min /Ol(p +10)(p + w1 (£) + ua(t)® + uz(t)* + ua(t)?) dt,

u; ER,peER
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subject to

(p+ 10)x2(t),

(P +10)((ua () + us(t)) cos(xs(t)) — (ua(t) + ua(t)) sin(ws(t))/m,
(p+ 10)z4(t),
(
(
(

)
(
)
P +10)((ua (t) + ua(t)) sin(5(1)) — (u2(t) + ua(t)) cos(zs(t))/m,
)
(

T1(t

Ta(t

t

Ty4(t

.5'65 t p+ 10)1‘6(t y

(t)
(t)
a3(t)
(t)
(t)
(t)

a6(t) = (p+10)((ur (t) + uz(t))d — (uz(t) + ua(t))/1,

with constants m = 10.0, d = 5.0, I = 5.0, I = 12.0, and p = 10.0. The objective
is to find the control inputs u;, ¢ = 1,2,3,4 that move the system from the initial time
constraint I' = [21(0), 22(0), 23(0), 24(0), 25(0),26(0)] = 0 to the final time constraint
U = [21(1) — 4.0,22(1), 23(1) — 4.0,24(1),25(1) — F5,26(1)] = 0, while minimizing the
cost functional. There are also four inequality constraints that bound the control variables
as follows, —(u;(t) —5.0)(—=5.0 —u;(t)) <0,i=1,2,3,4.

The initial estimate for this problem is obtained by solving an unconstrained version
of the problem and with no bounds on the control inputs. The estimate is obtained on a
uniform mesh with N = 101 nodes.

Using this initial estimate, we obtain the solutions for the differential and algebraic
variables that are shown in figure 5.4} figure [5.5| and figure The convergence tolerance
for this problem is e = 1076,

From table[5.2] we can see that both solvers converge to the same solution with a mesh of
Nsolution = 287 nodes and every part of the algorithm has a significant boost in performance
with an overall speedup factor from 27 to 54. This problem contains a large number of
unknown variables and as a result, the computation for sensitivity integration and the
solution of the BABD system are time consuming where the performance improvement is
significant. However, more variables in the system mean that the memory transfer between
the CPU and the GPU is slower. Also, the number of time nodes in this problem is much
fewer than the previous example so that the speedup for evaluating the residual and the

Jacobian is smaller.
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Figure 5.4: Optimal solution of states and costates for Example
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Figure 5.5: Optimal solution of controls for Example




Lagrange Multiplier

Figure 5.6: Optimal solution of multipliers for Example

Lagrange Multiplier

Time

Lagrange Multiplier

Lagrange Multiplier

5.3.2

Solvery Solvers
M 1 1 4 8 16 32
N-esidual 187 187 187 187 187 187
Niacobian 123 123 | 123 | 123 | 123 | 123
NBABD 60 60 60 60 60 60
Tresiaual(s) | 460.6 | 16.4 | 16.6 | 164 | 16.4 | 16.4
TJacobian(s) | 10661.2 | 163.9 | 164.6 | 167.6 | 165.7 | 167.0
TeaBD(S) 1650.6 | 285.2 | 89.9 | 71.5 | 53.3 | 52.4
Nyolution 287 287 287 287 287 287
Tiotal(s) 12772.4 | 465.6 | 271.1 | 255.6 | 235.4 | 235.8
Speedup 274 | 471 | 50.0 | 54.3 | 54.2

Table 5.2: Example

5.3.2, Evaluating times,running time and speedup factor

75



76

5.4 Collocation Method

5.4.1 QOwverview

@ O)

CPU GPU

Generate the initial input to the
collocation algorithm.

Compute the residual equation.

heck whether the residual
converges.

No
Compute the Jacobian of the
residual.
Reduce the BABD of Jacobian.

Recover the updates of original
BABD.

Update the solution using line-
search.

Compute the residual error of the
solution.

Check whether the residual
error converges.

pdate the continuation’
parameter and check if it
meets the termination
condition.

Figure 5.7: Work flow of the Collocation algorithm.

Figure shows the major workflow procedures of the collocation algorithm introduced
in chapter [ The two colors presented in the figure represent the two major types of
hardware resources that are involved in the execution of the code, CPU and GPU. The
red block indicates the code of the procedure that is executed on the CPU, whereas the
green block indicates the execution on the GPU. The arrow from procedure 1 to procedure
2 indicates that the procedure 2 can be executed only after procedure 1 is finished. The
memory transfer between CPU and GPU is kept at the least amount possible and can be

neglected.
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5.4.2 Design of CUDA Kernel

The implementation of the multiple shooting algorithm in section [5.3] employs a 1D CUDA
kernel. However, the CUDA kernel function can be launched by multi-dimensional block
where up to 3-dimensional is supported. The thread can then be indexed with the corre-

sponding multi-dimensional identifier.

...... -2 Tj-22 tio1 Tjimia i T tiy1 Tj—22 tiy2

Tj21 - Tj2m=1Tj-1,1 Tji—tm-1 Tj1 o Tim=1 Tjg1,1 - Tjtl,m-1

Figure 5.8: The 1-dimensional layout of the mesh of the time interval from the collocation

algorithm.

Figure [5.8) shows the 1-dimensional layout of the mesh of the overall time interval re-
sultant from collocation method shown in section The overall time interval [t;, tf] is
divided into N — 1 sub-intervals [t;,t;41], 7 = 1,2,..., N — 1 and each sub-interval [t;, ;1]
is further divided by m; collocation points 7;;, ¢ = 1,2,...,m;. A global unified number
of collocation points m; is used here. From Algorithms and it is
easy to notice that all the computations performed in the interval [tj,¢;11] can be done
independently and concurrently with any other interval [¢;,¢;+1], ¢ # j without any data
racing possibility. Therefore, the computation in each time interval can be done by easily
assigning each CUDA thread to finish the corresponding computation using 1-dimensional
CUDA grid.

However, notice that Algorithms and are computed with a nested for loop
where all the computation in the nested loop can be done independently. The only difference
between those algorithms is that for Algorithm [£.2] some computation needs to be done at
the first level of the loop which has no effect on the inner loop. Figure[5.9] shows according
to the 2D nested loop how we are able to transform the mesh of the time interval from the
original 1D mesh to the 2D mesh.

Current implementation makes use of the above feature and a 2-dimensional CUDA

grid is used in implementing Algorithms and Figure [5.10] shows how CUDA
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...... ) Ty t; 478} ti
| | |
Tj-2,1 Tj-1.1 Tj1 Tj+11 Tj+2,1
Tj-22 Tj-12 Tj2 Tj+12 Tj+22
Tji-2,m-1 Tj-1,m-1 Tjm-1 Tjt1,m-1 Tjr2,m-1
Tj-1 ] Tjt1 Tjt2 1j+3

Figure 5.9: The 2-dimensional layout of the mesh of the time interval from the collocation

algorithm.

...... ) Ty t; 7781 ti
| | | | |
Tj2,1 Ti-1,1 Tj1 Tj+1.1 Tj+2.1
Tj-22 Tj-12 7j2 < Tj+1.2 Tjs22
Tj-2.m-1 Tj—1,m—1 Tjm—1 [~ 4 Titlm—1 Tjt2.m—1
1j-1 1 Tjt1 Tjt2 1j43

thread | thread
jF1m

j+#1m

YD >

thread | thread | thréad | thread | thread
2m | j1m ji #1m | j+2,m

Figure 5.10: Assignment of 2D CUDA threads to the mesh.
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threads are assigned to the 2D mesh to solve the whole problem. Each arrow shows the
correspondence between the collocation points and the 2D CUDA threads where the index
can be uniquely identified with CUDA API. For the extra work in the first level of the
loop mentioned above in Algorithm current implementation uses the first thread in the
second dimension (thread j, 1 shown in Figure to finish the work. The implementation
for Algorithms and uses a simpler 1D CUDA grid to solve the problem where each

thread solves the work of the corresponding time interval.

5.4.8 Data and memory Layout

When executing the kernel function, CUDA blocks are broken up into warps where each warp
consists of 32 threads and run the same instructions including memory loading and writing
simultaneously. Warps are switched to execute on the SM where only one warp can be
executed on the SM at the same time. GPU is able to execute the memory loading operations
in a warp in the most efficient way if the memory requested by the threads in the warp
are contiguous on memory, which is called coalesced memory access in CUDA. Due to this
property of CUDA, we use the Structures of Arrays as the data layout in the implementation.
Using this data layout format, all the variables, such as yjj,gjl(j),éji,ﬁ‘,ﬁ, J;, Vi, Dj, Wj,
j=12,...,N—1,4¢ = 1,2,...,m; are stored together continuously as arrays on the
memory during the execution. All the memory are pre-allocated before the execution of the
kernel.

The memory types most critical to the performance in GPU parallel computing are
register memory, shared memory, and global memory. Global memory lies furthest from the
compute cores and has the longest data access latency. However, global memory has the
largest device memory and can be accessed by all the threads in the grid. Shared memory
lies locally with each SM and is allocated for every CUDA block where all the threads in
the same block can access it. It has a much faster latency than global memory, while the
amount on each SM is limited. Register memory provides the fastest access, but is handled
directly by the device. Each thread has its own register memory but is extremely limited.

Using shared memory is very advantageous in computations which access the same mem-



80

()

ory locations multiple times. When computing the differential variables g,”" in Algorithm
the variables 7;, gjl(] ) and the collocation coefficients a; are accessed m; times for the
threads. Therefore, the implementation can benefit from loading those variables from the
global memory to the shared memory first and then execute all the computations. However,
notice that it is not practical to load all the memory from the global memory to the shared
memory, perform all the computations using the shared memory to load data, and write the
results back to the global memory. The reason is that the shared memory on each SM is
limited and if the CUDA block uses too much shared memory, then only few blocks are able
to reside on the SM simultaneously. This is called low occupancy and the CUDA kernel

executes very inefficiently.

5.4.4  Numerical evaluation

This section aims to evaluate the performance and correctness of the GPU implementation of
the collocation method introduced. The solver is directly implemented from the algorithms
and evaluation details shown using Python and CUDA. All the codes are standalone and
can be obtained at https://github.com/UW-0CP/Collocation-Solver-CUDA. The solver
aims to solve the BVP-DAEs problem of the form (2.38)-(2.40) respectively. The usability of
the solver is enhanced by the symbolic functionality to translate the OCP into BVP-DAEs
of the desired format. All computation results are obtained on a machine equipped with
Intel®) Core™ i9-9900K CPU @ 3.60GHz x 16 and GeForce RTX 2070 SUPER /PCle/SSE2
GPU running Ubuntu 19.10 Operating System.

The feasibility of the solver is tested by over 140 examples which are taken from the
open literatures. The solver is applied to four specific examples in this section to show the
robustness and efficiency. Performance profiles Dolan and Moré [2002], Gould and Scott
[2016] are generated over the chosen example sets to compare the performance between the
solver here and in section [5.3| where a GPU based multiple shooting method is implemented,
and between solvers with different number of collocation points used.

Following terminologies are used in the upcoming example evaluations. Col denotes

the collocation algorithm; Ms denotes the multiple shooting algorithm; T'4;,g3 denotes the


https://github.com/UW-OCP/Collocation-Solver-CUDA
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computation time of Algorithm @; T'agp3) denotes the computation time of Algorithm
TaigEa denotes the computation time of Algorithm Tag[rs) denotes the compu-
tation time of Algorithm and T denotes the overall computation time for solving the
example. All the examples are tested with the numerical tolerance ¢ = 1075, The solver
is executed with double-precision floating point formats. To keep the order of the solution
accuracy the same between the collocation method and the multiple shooting method, all
the examples are executed with m; = 4 collocation points. Details of the formulation and
plots of the solutions of examples can refer to https://github.com/UW-0CP/

Collocation-Solver-CUDA/blob/master/Notebook/examples_presentation.ipynbl

Ezample evaluation

Example 5.4.1. Container transfer problem

Consider a problem of transferring container from a ship to a cargo truck adapted from
Teo| [1996]. The problem is to minimize the swing during the transfer where the container
crane is driven by a hoist motor and a trolley drive motor. The problem can be modelled

as follows:
1
J= / (14 0.01(ur ()2 + us (H)2) dt,
0

subject to the dynamic equations

@1(t) = pra(t),

La(t) = prs(t),

&3(t) = pas(t),

a4(t) = pluy (t) + 17.265623(t)),

@5(t) = pua(t),

d6(t) = —xﬁt) [y (£) + 27.075625 () + 225 (t)26(t)],

and the boundary conditions

.’L’(O) = [07 227 07 07 _17 O]T7

z(1) = [10,14,0,2.5,0,0]T,


https://github.com/UW-OCP/Collocation-Solver-CUDA/blob/master/Notebook/examples_presentation.ipynb
https://github.com/UW-OCP/Collocation-Solver-CUDA/blob/master/Notebook/examples_presentation.ipynb
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Table 5.3: Example [5.4.1) computation time and speedup factor

Sequential Parallel | Speedup

Tagpz (5) 1086 3.68 | 2.95
Ty (3)  56.61 2.65 | 21.36

5073.96 37.30 136.03
1617.51 10.17 159.05

TAlg@ S

TAlg@
T(s) 700213  71.63 | 97.75

S

~—~~ Y~ o~
o N

and the inequality constraints

|lug ()] < 2.83374,V¢ € [0, 1],

—0.80865 < uy(t) < 0.71265,Vt € [0,1].

The initial guesses are obtained by solving the unconstrained problem with all the un-
known variables being constants with N = 101 nodes. The final converged solution has a
mesh of N = 108 nodes. The computation time for the sequential and parallel implemen-
tation of each algorithm in section is shown in table Sequential code is executed on
a single CPU alone. The table also shows the speedup factor for each algorithm, which is
defined as S = Tyequential/ T parallel -

Algorithm presents relative lower speedup compared with Algorithms and
It is because the overhead to launch GPU kernels takes nearly a fixed amount of time
no matter how long the actual execution time of the kernel takes. To execute a tiny GPU
kernel function, the overhead of launching the kernel can take a large portion of the whole
execution time. Compared with the total work costs of the execution of the kernels in
Algorithms [4.3] [£.4] and [£.5] the total work cost in Algorithm [4.2]is much less so that the
speedup is not as great. However, the overall performance boost for solving the example is

very promising with a speedup factor around 97.



83

Example 5.4.2. Underwater vehicle problem

This is a high dimensional and highly nonlinear optimal control problem taken from
Biiskens and Maurer| [2000]. The problem is to control an underwater vehicle with ten state
variables and four control variables respectively. The objective is to minimize the energy

control corresponding to:

subject to the dynamic equations

&1 = cos(xg) cos(xs)ry + T4,

&9 = sin(xg) cos(zs)x7,

&3 = —sin(xs)z7 + 712,

&4 = xg + sin(z4) tan(zs)xg + cos(z4) tan(zs)z1o,

&5 = cos(xq)xg — sin(xy4)x10,

) sin(zy4) cos(z4)
Tg = Tg z10,
cos(xs) cos(zs)
Ty = uy,
Ty = ug,
L9 = ug,
T10 = U4,

and the boundary conditions

2(0) = [0,0,0.02, %,0.1, —g, 1.0,0,0.5,0.1)7,

2(1) = [1.0,0.5,0, g,o,o,o,o,o,o]T,

and eight control variable inequality constraints

—15 < () <15Vt €[0,1],i=1,...,4.

Here, x1-x3 represent the position of the center of the mass of the vehicle and x4-z¢

denote the angular orientation of the vehicle. x4 specifies the roll motion, while x5 and x¢
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Table 5.4: Example [5.4.2) computation time and speedup factor

Sequential Parallel | Speedup

Taigrz (s) 104.42 15.53 6.72
Taigpg (s) 378.93 7.54 50.26

Talgra 58004.93 265.57 | 218.42
Tagfrs) 19536.56 68.79 284.00
T (s) 80167.24 459.71 174.39

S

~—~~ Y~ o~
o N

S

describe the pitch and the yaw motions. The model assumes the vehicle moves with velocity
x7 and angular velocities xg-x19. u1 denotes the vehicle acceleration and wuo-uy refer to the

angular accelerations. The nonlinear current is modeled by

€T3 — Cy

)%,

Ty = _Uacmm;e_((m_cr)/m)2 (1‘1 - C:v)(

Cz

2.

— _ 2,3 —C
Ty = —Uzpe € (@1=co)/ra) ( :

Cz
with constants u,,,.. = 2 representing the maximal horizontal current, u,, . = 1 repre-
senting the maximal vertical current, ¢, = 0.5 representing the center of current (center of
underwater ditch), ¢, = 0.1 representing the depth of zero current, r, = 0.1 representing
the factor for the expansion of the current.

The initial estimates for the states, costates, and controls are obtained by solving an
unconstrained version of the problem where there is no bound on the control inputs. All
the other unknown variables are set as constants. The initial estimate uses a uniform mesh
with N = 101 nodes.

Using the initial estimates, the solver successfully solves the problem with N = 295
nodes. The computation time for the sequential and parallel implementation is shown in
table 5.4

Table shows a similar result as in Table while a higher overall speedup factor
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around 175 is achieved here. The reason is that this example has more number of variables
with 10 state variables, 4 control variables, and 8 control variable inequality constraints. As
the overhead to launch GPU kernels takes a nearly fixed amount of time, kernel function

which takes longer computation time can benefit more and thus has a higher speedup.

Example 5.4.3. Freespace rocket problem

This is problem about a freespace rocket model with three states and one control from
Houska et al.| [2011]. The aim is to fly in minimum time from the initial location to the final
location where the final time is represented with the parameter variable p. The problem is

formulated as follows:
1
J—/ p(1+0.1u(t)?) dt,
0

subject to the dynamic equations

yl (t) - pr(t)7
. . U(t) - 0.2y2(t)2
Ya(t) =p v () ;

—0.01pu(t)?,

Nl
w
—~
o~
N—
Il

and the boundary conditions

z(0) = [0,0,1.0)7,

z(1) = [10.0,0]T,
and two control variable inequality constraints
—1.1 <w(t) <1.1,vt €10,1],
and two state variable inequality constraints
—0.1 < yo(t) < 1.7,Vt € [0,1].

The three states denote the distance, velocity, and acceleration of the rocket.
The initial guesses are obtained by solving a relaxed problem with a bigger cost func-

tional. The final solution obtained has N = 83 time nodes with the optimal time ¢ = p =
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Table 5.5: Example [5.4.3] computation time and speedup factor

Sequential Parallel | Speedup

Tagaz (s) 411 4.23 0.97
Tagp (s) 16.08 2.44 6.59
Taigpa (s) 897.46 15.64 57.38
Tagfs) (s)  374.58 5.56 67.37

T (s) 131562  43.62 | 30.16

7.43. The computation time for the sequential and parallel implementation of the algorithm
evaluation is shown in table 5.5

It can be seen from the table that except Algorithm [4.2) every other part has a perfor-
mance boost with parallel implementation. The reason for no speedup in Algorithm is
because the parallel implementation uses a just-in-time (jit) compilation where the GPU
kernel functions are compiled when they get called for the first time which takes a huge
amount of time. As the Algorithms get evaluated very few times and need less time to
finish, compilation overhead is much slower compared with direct CPU execution. This
amortized time complexity may decrease the performance however it is suggested in the
compiler Numba as it can generate optimized code based on the jit compilation. Also, it
can be seen that the speedup of this example is smaller than the two preceding examples
where the overall speedup factor is around 30. This is mainly due to the problem has
relatively less number of variables and is less complicated. The total computation time
is shorter so that the parallel implementation can not benefit too much due to the fixed

overhead.

Example 5.4.4. Trolley problem
This is a problem |Chen and Gerdts, 2012] considering a trolley of mass m; moving in

a high rack storage area with a load of mass my attached to the trolley by a rigid cable of
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lengh [. The problem is formulated as follows: for ¢y = 2.7, minimize

te
J:/ u® + 523 dt,
0
subject to the dynamic equations

1 = T3,

i;2 = T4,
iy = m313sin (z2)25 — mal?u + malylad sin (x2) — Iyu + m3l?g cos (z2) sin (x2)
= > ,
—mymal? — mq I, — m312 — mal, + m3i? cos (z2)

) mal(mal cos (12)x2 sin (x) — cos (z2)u + gsinxe(my + ma))
Ty = )
—mamal? — mq I, — m31% — mol, + m3l? cos (x2)2

and the boundary conditions

z(0) = [0,0,0,0]%,

z(t¢) = [1.0,0,0,0]7,
and two control variable inequality constraints
—0.5 < wu(t) <0.5,Vt € [0, 1],

where g = 9.81, my = 0.3, mg = 0.5, [ = 0.75, and I, = 0.002. Here, 1 and x3 represent
the coordinate of the trolley and its velocity in x direction, while x5 and x4 denote the angle
between the cable and the vertical axis and the corresponding velocity.

The initial estimates are obtained by solving the problem without inequality constraint
with N = 101 time nodes. The computation time for the sequential and parallel implemen-
tation is shown in table B.6

A speedup factor of around 110 is achieved for this example. This is mainly because
the example is highly nonlinear and complicated which can be seen from the dynamical
equations of the problem. The nonlinearity and complexity results in longer computation

time needed and a higher speedup in parallel evaluation.

5.4.5 Results discussion

Table [5.7] compares the performance of the GPU based collocation solver in section [5.4] and
the GPU based multiple shooting solver in section when applied to examples 5.4.4]
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Table 5.6: Example [5.4.4) computation time and speedup factor

Sequential Parallel | Speedup

Tagz (s)  31.95 4.56 7.01
Tagpg (s) 85.31 4.88 17.48
Taigpa (s) 3476.31 10.22 340.15
Taigps (s) 1116.54 3.74 298.54

T (s) 495344 4508 | 109.88

For each example, the table shows the computation time required for the sequential and
parallel collocation solver and the parallel multiple shooting solver. Both parallel solvers
are implemented using one single GPU. It can be seen that the parallel collocation solver
has a much better computation efficiency than the parallel multiple shooting solver on those

example OCPs.

5.4.6 Performance Profiles

Four performance profiles shown in figure [5.11] are generated to better quantify and bench-
mark the performance of solvers on large problem set. The files compare the collocation
solver and the multiple shooting solver both in parallel, and collocation solvers with differ-
ent number of collocation points m; used. The set of optimal control problems can be found
at https://github.com/UW-0CP/ocp_test_problems. Gould and Scott| [2016] points out
that the performance can be better evaluated with only two solvers in single performance
profile.

From figure|5.11(a)] it can be seen that the parallel collocation solver is more robust and
efficient compared with the parallel multiple shooting solver, where the collocation solver
can solve more problems in shorter time. Figure compares the performance between

collocation solvers using m; = 3 and m; = 4 collocation points. This profile shows that


https://github.com/UW-OCP/ocp_test_problems
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Table 5.7: Performance comparison between solvers

Col, time (s) Ms, time (s)

Example Sequential Parallel Parallel

Ex. 5.4.1] 7002.13 71.63 463.0
Ex. [5.4.2 80167.24 459.71 40194
Ex. [p.4.3] 1315.62 43.62 214.2
Ex. [5.4.4] 953.44 45.08 1428.3

although m; = 3 collocation solver is more time efficient, while m; = 4 solver is capable
of solving more problems. Performance profile between m; = 4 and m; = 5 is presented
in figure and profile between m; = 4 and m; = 7 is exhibited in figure
The two profiles also give the result that solver using less collocation points (m; = 4) saves
computation time while solvers using more collocation points (m; = 5,7) are more robust

on the example set. This motivates the work presented in chapter [6]

5.5 Conclusion

This chapter presents two fast and accurate GPU-based version of the solvers introduced
in the chapter [3] and chapter ] The numerical solvers are implemented using Python and
CUDA with the use of GPU parallel computing capability. The algorithm implements
the part that can be processed independently in parallel and decrease the running time
for solving the problem significantly. Several concrete optimal control problem examples
from open literatures are presented to show the accuracy and efficiency of the solvers. The
solvers are able to solve high dimensional and highly nonlinear problems both accurately
and efficiently.

Comparing the performance of the sequential and parallel implementation of the multiple

shooting method, it can be seen there is a significant speedup in the parallel implementation.
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For some complicated problems with many variables and complicated inequality constraints,
the parallel multiple shooting algorithm is very efficient.

The special structure of the collocation algorithm are made full use of by designing adapt-
able CUDA kernels to employ the power of the GPU hardware resources and the use of the
shared memory to further improve the performance. Significant and consistent speedups in
the performance of the GPU based parallel collocation implementation are noticed through
those examples using a single GeForce RTX 2070 SUPER GPU. The comparison of the
efficiency and robustness between the solvers is also shown by the performance profiles in
this chapter which show that the GPU based collocation solver in section [5.4]is more robust
and efficient than the GPU based multiple shooting solver in section With the increase
of the computing ability of the hardware, a further reduction of computation time is also
possible.

The result from the performance profiles conducted on the parallel collocation solver
with different number of collocation points used showed that the solver more collocation
points are more robust but less time efficient. The implementation developed here uses a
global unified number of the collocation points. This result motivates the development of
a collocation method with the ability to adaptively refine the number of collocation points

used within each interval which is presented in the next chapter.
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Chapter 6
COLLOCATION METHOD WITH ADAPTIVE MESH REFINEMENT

6.1 Introduction

In chapter 4] we introduced a collocation method to solve the BVP-DAEs. The method
discretize the overall time interval [¢;, ¢f] into a mesh with N time nodes such that ¢; = ¢; <
ty < ... <ty = t;. Each divided time interval [¢;,¢;41], j = 1,2,..., N —11is further divided
by m; collocation points and a global unified number of collocation points m; is used within
each mesh interval. From the performance profiles shown in we can see that solver
with more collocation points are more robust than fewer points. The number of collocation
points used is indeed controlling the degree of the underlying approximation polynomial of
the problem. However, the increase in the number of collocation points used can increase
the computations cubically or even more. The dominant part when using the collocation
method are the Algorithms and where the LU decomposition of the matrix Wj is
the most time consuming part. As the size complexity of the element W; in the Jacobian
is ~ O(m;), the time complexity of the LU decomposition of the matrix is ~ O(m3).
Therefore, we may waste lots of computation resources if we try to only increase the number
of collocation points m; globally. This leads to the need to developed a collocation method
with the ability to adaptively refine the mesh of the problem where not only the mesh size
can be varied but also the number of collocation points within each interval is not the same.
The work first appeared in the domain of finite elements in mechanics and spectral methods
in fluid dynamics. Babuska and Suri [1990, |1994], Gui and Babuska, [1986] introduced
the mathematical properties of h, p, hp methods for finite elements. (Galvao et al. [2008]
introduced an hp adaptive least-squares spectral element method (LS-SEM) for solving
hyperbolic partial differential equations. Dorao and Jakobsen| [2008] solved the population
balance equation by a hp adaptive LS-SEM. There have been some existing research work

in the optimal control community also and we give an overview of the previous related work
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in the next section.
6.2 Overview

Numerical methods for solving optimal control problems (OCPs) are divided into direct and
indirect methods [Betts, [1998, Rao, [2009).

In a direct method, the state and/or control of the OCP is discretized in some manner
and the problem is transcribed into a nonlinear optimization problem or nonlinear program-
ming problem (NLP)[Fabien| 1998, 2008, |Goh and Teol 1988, |Von Stryk and Bulirsch, |1992].
In direct collocation methods, the overall time interval of the problem is divided into a num-
ber of sub mesh intervals [Herman and Conway, 1996, [Herman, [1995]. The methods are
called h methods as the degree of the polynomial used to approximate the variable within
each mesh interval is fixed and the number of mesh intervals is varied in order to solve the
problem. Recently, Gaussian quadrature collocation methods become popular when solving
OCPs directly, where the state is approximated using a Lagrange polynomial at support
points associated with the Gaussian quadrature formula [Elnagar et all 1995, ELNAGAR
and RAZZAGHI, 1997, Benson, 2005, |Rao et al., |2010]. Originally, the direct Gaussian
quadrature collocation methods were implemented as p methods using a single interval. For
problems with smooth and well-behaved solutions, the direct Gaussian quadrature collo-
cation methods have relative simple structures and can converge rapidly [Fornberg, 1998,
Trefethen, 2000].

There are some mesh refinement strategies that use h methods or p methods alone when
solving OCPs directly. For example, Gong et al.| [2008] used a differentiation matrix to
identify the discontinuities while using the p method to solve the problem. |Griine [1997],
Munos and Moore| [2002] employed a local splitting scheme on certain sub mesh intervals
according to some splitting criteria. Although h methods have a long history and p meth-
ods have became prominent while solving certain types of problems, they both have their
drawbacks. When trying to solve highly nonlinear and complicated problems with high ac-
curacy, h methods may require particularly fine meshes while p methods may require some
extremely high-degree polynomial approximations and either drawback can lead to a large

computational burden in terms of both computation time and memory.
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In order to reduce the computational burden, a great deal of research has been focusing
on developing the combination of both methods which are so called hp direct collocation
methods. In hp direct collocation methods, both the number of mesh intervals and the
degree of the approximating polynomial within each mesh interval are allowed to vary si-
multaneously [Darby et al., |2011alb, Patterson et al., [2015| [Liu et al. [2015, [Zhao and Li,
2020]. Darby et al.| [2011ab] presented hp adaptive methods where the error estimate is
based on the difference between an approximation of the time derivative of the state and the
right-hand side of the dynamics midway between the collocation points. It should be noted
that the method from [Darby et al.| [2011alb| created a great deal of noise in the error esti-
mate, thereby making these approaches computationally intractable when a high-accuracy
solution is desired. In Betts| [2010], an error estimate was developed considering only the
state in the differential algebraic equations (DAEs) by integrating the difference between
an interpolation of the time derivative of the state and the right-hand side of the dynamics
using the Romberg method. The error estimate developed in Betts| [2010] was predicated on
the use of a fixed-order method (trapezoid, Hermite-Simpson, Runge-Kutta) and computed
a low-order approximation of the integral of the aforementioned difference. |Patterson et al.
[2015] developed an error estimate considering only the state variables based on the dif-
ference between the state interpolated on an increased number of Legendre—Gauss—Radau
(LGR) points in each mesh interval and the state obtained by integrating the dynamics
on the solution using the interpolated state and control. The paper also developed a ph
mesh refinement method which can only increase the size of the mesh. [Liu et al|[2015]
introduced an adaptive mesh refinement method that had the ability to both increase and
decrease the mesh size based on the error estimate from Patterson et al.| [2015]. The mesh
size was decreased by either reducing the degree of the approximating polynomial within
a mesh interval or combining neighboring mesh intervals based on the power series repre-
sentation. |Zhao and Li [2020] presented an error estimation considering only the control
variables based on the interpolation obtained from all the neighboring points from the mesh
and developed an adaptive mesh method based on the multiresolution techniques (MRTS).

In an indirect method, the calculus of variations or the minimum principle is used to

determine the first-order optimality conditions of the original OCP. These conditions are
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then converted into a two-point boundary value problem (BVP) which normally involves
DAEs. Numerical methods for solving BVP-DAEs include collocation methods |Ascher and
Spiteri, |1994} Kierzenka and Shampine, 2001, Fabien, |2016a] and multiple shooting methods
[Fabien) 2014alb, Stoer and Bulirsch, 2013|. Those methods also request the overall time
interval be discretized into multiple mesh intervals. In an indirect collocation method, the
variables are parameterized using Lagrange polynomials where the degree of the polynomials
are associated with the number of collocation points used within each mesh interval. While
in an indirect multiple shooting method, initial guesses are made in each mesh interval
where the variables are then integrated using some appropriate approach and the continuity
conditions are requested at the inner mesh points. In chapter [2| we developed a method
based on the slacked unconstrained penalty function approach for converting the OCP
containing mixed control-state variable inequality constraints and parameters to a BVP
involving index-1 DAEs. A multiple shooting method was developed to solve the BVP-DAESs
where a fourth-order Rosenbrock-Wanner method is used to integrate the DAEs in chapter[3]
Chapter 4] introduced an indirect collocation method to solve the same index-1 BVP-DAEs
and in chapter 5] both the multiple shooting method and collocation method introduced were
successfully accelerated by the GPU and |Fabien| [2016a] developed an indirect collocation
method to solve the index-1 BVP-DAEs that arises directly from constrained OCPs. All
those methods are h methods as only the number of the mesh intervals are allowed to vary
and a global unified number of collocation points is used.

The main contribution of this chapter is the development of an adaptive mesh refinement
method based on the indirect collocation method introduced in chapter 4] for solving the
index-1 BVP-DAEs introduced in chapter 2l The chapter develops a novel error estimation
for the collocation solution obtained, where the related errors for both differential and
algebraic variables are interconnected by a boarded almost block diagonal (BABD) [Amodio
et al., |2000] linear system. By solving the BABD system, the upper bound of the error for
the variables can be obtained, which is then used for the mesh refinement process. The
adaptive mesh refinement scheme is based on the power series representation of the variables
[Liu et al., [2015], that allows the number of mesh intervals, the width of each interval, and

the number of collocation points used in each interval to vary simultaneously, An adapted
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GPU-accelerated implementation of the algorithm using Python [Van Rossum and Drake Jr,
1995] and CUDA [Nickolls et al.| 2008, Luebke, 2008, |Stoer and Bulirsch), 2013] is contributed
and the parallel code is shown to work very well on various OCPs. Three concrete OCP
examples are shown to prove that the adaptive mesh refinement method developed is more
computationally efficient and robust and is able to produce smaller meshes for a given

numerical accuracy tolerance when compared with the original fixed-order h method.

6.3 DMotivation

This section provides an example to better motivate the development of an ph adaptive
collocation method. Consider the following two first-order differential equations on the

interval 7 € [—1, 1]:

d
% =mcos(n7),—1 <7 < +1,y1(—1) = y1o. (6.1)
-
0, 1< < —1/2,
dya _
dr | Teos (r7), —1/2<7<+1/2, y2(—1) = ya0. (6.2)
0, +1/2 <7<,

The solution to the differential equations (6.1)) and (6.2)) are

y1(7) = y10 +sin (n7), -1 <7 < +1. (6.3)
Y20, —1§T<—1/2,
Y2(T) = { yoo + sin (77), —1/2<7 < +1/2, (6.4)
Y20, +1/2<7<1.

Suppose we want to approximate the solutions to the differential equations and
using the three different methods based on the collocation method described in chapter
(7) an h method using N equally spaced mesh intervals where N is allowed to vary
and 4 collocation points are used within each time interval; (i) a p method where the
function is approximated using m collocation points on the interval [—1, 1] and m is allowed
to vary; and (4i7) an ph method where both the number of mesh intervals N and the

number of collocation points m within each interval are allowed to vary simultaneously. The
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functions yi(7), (kK = 1,2) are approximated using the Lagrange polynomials as equation
(4.6). Following the format in the collocation method developed in section 7, denotes
the ith collocation point within the interval [t;,¢;11]. Let ijl denote the analytic solution
of y, at 7.

Define the maximum absolute error in the solution of the differential equation as

b = Jelly N Te L, o) Vi~ welmi)| (h=1,2).

Figure [6.1(a)| and [6.1(b)| show the result of the base 10 logarithm of E; as a function

of N for the h method and as a function of m for the p method. First, it is seen that

because y1(7) is a smooth function, both h and p methods converge fast to the analytic

solution. Figure |6.1(c)| and [6.1(d)| show the result of the base 10 logarithm of F,. Unlike

function y;(7), function y2(7) is continuous but not smooth. As a result, the h method
converges faster than the p method, because no single polynomial on the domain [—1,1] is
able to approximate the solution to equation as accurately as a piecewise polynomial.
However, while the h method converges faster than the p method when approximating the
solution of equation , it is seen that the h method does not converge as accurate as it
does when approximating the solution to equation .

Given the analysis above, suppose now that the solution to equation (6.2 is approx-
imated using the ph collocation method. Assume further that the ph method is con-
structed such that the time interval [—1, 1] is divided into three mesh intervals as [—-1, —1/2],
[—1/2,41/2], and[+1/2, 1], and m1, mg, and ms collocation points, respectively, are used
within each mesh interval. Suppose m; = mo = 3, and my is allowed to vary. This is
because solution yo(7) is a constant in the first and third mesh intervals, so E2 only de-
pends on mgy. Figure m shows the error Egp in yo(7). It can be seen that the result
is much better than using only h or p method alone. Therefore, while an h method may
outperform a p method on a problem whose solution is not smooth, it is possible to improve
the convergence rate by using a ph adaptive method. This further motivates the work to
develop an adaptive collocation method and the more motivations can be referred to |Darby

et al.| [2011a], Patterson et al.| [2015].
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6.4 Collocation Method as the Basis

As the indirect collocation method to solve the BVP-DAEs — is already intro-
duced in chapter [4, we omit the re-introduction here. The only thing to notice is that a
global unified number of collocation points is used before and here we do not have that re-
quirement. This may introduce some non-uniformity of the dimension in the block term of
the residual and the block matrix term in the Jacobian . However, notice that
the block terms in the reduced BABD system has the uniform size which does not
depend on the number of collocation points used. Due to this feature, we only need to mod-
ify the CUDA implementation a little bit to incorporate the non-uniformity in the residual
and Jacobian construction. And due to the overhead of the CUDA programming model,
1D CUDA grids are used for those implementations instead of the 2D grids introduced in
section

6.5 Adaptive Mesh Refinement Method

In this section, we present the developed adaptive mesh refinement for using the indirect
collocation method. Section introduces the method to estimate the error in the com-
puted collocation solution, while section [6.5.2| presents the detailed mesh scheme based on
the estimated error obtained in section [6.5.1] The adaptive mesh refinement collocation

algorithm is summarized in section [6.5.3]

6.5.1 FError estimation

In this section, the estimate of the relative error in the collocation solution is derived. [Betts
[2010] developed a method to estimate the error of the problem containing DAEs. However,
in that approach, only the differential variables are considered and the related error is
obtained using the Romberg method. |Patterson et al. [2015] introduced an approach by
integrating the dynamics considering only differential variables using an increased number
of LGR points and the integration is done by using the Gaussian quadrature. Both methods
ignore the error related to the algebraic variables.

The error estimate developed in this thesis considers the error both in differential and
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algebraic variables as both variables are interconnected in the DAEs. The chapter uses the
same setup as [Patterson et al. [2015] where an increased number of the collocation points
is used. The key idea is that the error related to the variables can be obtained by solving
a related BABD (boarded almost block diagonal) linear system. Then, the associated error
can be estimated using the Lobatto quadrature method.

Assume the residual equation has been solved on the fixed mesh S;, j = 1,2,..., N—
1 with m; collocation points. And notice that m; does not to be equal to m; where j # i
here. The error of the solution in each mesh interval S; is estimated by using a set of
n; = m; + 1 Lobatto collocation points in the interval, where 7;; = t; + El(j)éj, l=1,...,n;
and 0 < El(j) < 1 are the associated collocation points.

The differential variables at the mesh points t;, j = 1,..., N are obtained via equation
(4.4) which are denoted as y;. The derivatives of the differential variables and algebraic
variables at the new collocation points 7j, [ = 1,...,n; are obtained using the Lagrange
polynomial approximation via equations and 1’ which are denoted as (ygj ), .. ,g&’))
and (2 5 ) 27(3]) ). By using the Lagrange Polynomial approximations with the n; colloca-

tion points, the differential variables can be obtained as

. . " (a
g7 = g9 (70) = 4 + 6 > g =1, m (6.5)
k=1
G =99 (t1) =55+ 0, y_bi g, (6.6)

=1
Let yU)(t), 2U)(t), p be the true solution to the BVP-DAES, the values of the differential

equation (2.38)) at the newly allocated collocation points of the true solution can be expanded

using Taylor series with respect to the approximated solution as

y y (1 _ _ ah _ -
hy?, 27 p) =h@”, 57 p) + ay Wi~ 5 E ai (5 = 57)
oh L) _ 50) oh _
+ —(p—p)+ h.o.t.
82( ! ! ) Op (p=p) ©

where h.o.t. denotes the second order and higher order terms.

The derivative of the differential variables at the collocation points can be represented
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as

9 = 59 4 GO — 59,

Because the true solution satisfies the DAEs at the collocation points as y(J ) = h(yl(j ), zl(j ) ,D),
by applying the Taylor series expansion and ignoring the higher order terms, we can obtain

the fact that

g(]) h(y(J) —(J),ﬁ) ah( )+ %5. Ej:azk (y(j) o 2j(j))
l l ay J J ay J Pt k k

ah 1 (1 (9h _ (7 ~(7
+ 5(2,1(3) . ZZ(J)) + %(p —p) — (yl(J) . yl(]))
oh oh .(5) oh ()

=—Ay; —diay — IAY —9; Ay
9 yﬂ“ay jau — I)Ag, * 5y ;; lﬁalk Uy
i
8h ( h Oh
— Az 4+ A
R T

Then, considering the continuity condition of the differential variables, we have that

nj
Yj+1 =Y; + 5 Zbl y]l
=1
) s N~y (o) ()
G+ W — Ti) =0+ W — ) + 6> _ b g + 6, b —4”)
=1 =1
yj +9; Zbl 3 — Gie1 = (Yj1 — Gi1) — 0 Z b @ = 57 = (v — 75)

=1
nj
= ij-H — 5j Z bl Ayl(J) — ij.
=1
Next, by expanding the algebraic equation using the Taylor series expansion with respect
to the approximate solution at the collocation points, and neglecting higher-order terms,
we get

. . () () ag B ag nj (4 (i
9”2 0) =0 270 + 5 (s — ) + 500 a5 — )
k=1
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()

Taking into account that g(y, ,zl(j )

,p) = 0, the equation can be simplified as

392 Jg an NG 392 (4) 892
. — . y J ‘] .
oy Yi y % P Uk 2k 0 “ D p

51(3)7 zl(]) : 5

_g( 713) -

By expanding the boundary condition in the same manner, we can get

—7r(Y1, YN, D) Zﬁﬁﬁh + or. or
oy Oyn
By forming all those equations at all the n; new allocated collocation points in Sj,
j=1,...,N—1, we can get a BABD linear system in the same form as equation (4.12). By
solving the BABD system, we can obtain the error with the increased number of collocation
points as [ij,Ayl(j),Azl(j),ij,Ap], j=1L...,N=-1,1=1,...,n;
Consider the error of the differential variables within §; first. By integrating the differ-
ential variables directly we get
A A ti+1 ti+1
W) =) =g+ [ iOOa =g+ [ 00 i
i j
"

Jj+1 .
= Ay; + Ag)(¢) dt.

tj

Taking absolute values of each component, we then obtain the bound as
A . tj+1 .
99 (t541) — 59 (tj40)] = [Ay; + AGY)(¢) dtf
t

tj+1 .
< |Ay;| + | / Ay (1) dt|
t;

tjt1 .
< |Ay;| + / 1AG9(8)] dt.

tj
As the error term of the derivatives of the differential variables are computed at the Lo-
batto collocation points, the integral j;i?“ |Ay(t)|dt can be estimated using the Lobatto

quadrature. So the error can be approximated and bounded as

n; A '
WD (ti) = 59 ()| < [Ays| +6; Y wilAg| = B0V,
=1

where w; is the associated Lobatto quadrature weight.
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Denote EZ-(j Y) as the ith element of E(%) . The error can be scaled as

, (:y)
EOY) = B Ty, (6.7)
where the scale weight is
(v) _ SOINE
Wi = j:f}}?}éil’uyu | 175l (6.8)
=1,....m;

J

and g]l(]Z), 1;,; denote the ith element of gjl(J )

and gj.
Then, the error associated with the algebraic variables can be obtained by taking the

maximum of the error on the collocation points as

E-(j’Z) = max |AZ(])’,'L = 1’ ey Ny, (69)

v l:l,...,nj b

By normalizing the absolute error, we can obtain the relative error of the algebraic

variables as

. EUA)
Ei(J:Z) _ 7 (6.10)
()
1+ w;
where the scale weight is defined as
(2) _ ()
W = max 1% 1. (6.11)
l:L...,mj
The maximum relative error in §; is then defined as
EY) = max{ max El-(j’y), max EZ-(j’Z) }. (6.12)

i=1,...,ny i=1,...,nz
6.5.2 Mesh refinement scheme

When the residual equation is solved with a fixed mesh, the estimated maximum
relative error of the current mesh S;, j =1,2,..., N — 1 is computed using equation .
If the estimated maximum relative error EU) in S is above the desired mesh refinement
threshold tolerance ¢,, then the current mesh interval is updated by first trying to increase
the number of collocation points used in the interval. If the increased number of collocation

points exceeds the maximum allowable number of collocation points in a single interval,
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the mesh interval is divided into multiple subintervals. This is a so called “p-then-h” mesh
refinement scheme when dealing with intervals having errors beyond the threshold tolerance
[Patterson et al., 2015]. Moreover, if EU) is below the desired mesh refinement threshold
tolerance €., the current mesh interval S; is updated by either decreasing the number of
collocation points used or trying to merge with the adjacent mesh intervals [Liu et al., 2015].
If the estimated maximum relative error from two adjacent mesh intervals are all below €,
and the number of collocation points in both intervals reaches the minimum allowable
number of collocation points simultaneously, an attempt to merge the two mesh intervals is

performed.

Method for increasing the number of collocation points

Assume that the estimated error Ej in a certain mesh interval S; with m; collocation points
does not meet the desired mesh refinement threshold tolerance €¢,. Then, the number of
collocation points used is increased to meet the tolerance ¢,. Denote My, and mpmax as
the minimum and maximum allowable number of collocation points used within any mesh
interval. It is shown in chapter [4] that the error of the collocation solution is of the order
(9(5;”). If the width of the mesh interval remains the same between the two meshes, the

additional required number of collocation points M; can be computed by

Ej = 0(5;"),

€a = O],

which implies that

€

M; = log(;j(E—C;). (6.13)
Because the number of collocation points in a mesh interval must be an integer, we need to
round up the result obtained from equation (6.13)) to get a valid number as

M; = [loga(g';)w : (6.14)

Notice that M; > 1 because we only employ the method when Ej > €4. Thus the updated

number of collocation points of the mesh interval is m; = m; + M;. However, if the number
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of the updated collocation points exceeds myax, the mesh interval is divided into multiple

subintervals by the method introduced in section [6.5.2

Method for dividing the mesh interval

When the estimated error E; in a mesh interval S; = [t;,¢;+1] does not meet the desired
threshold tolerance and the computed increased number of collocation points 1; = m; + M;
exceeds the maximum allowable collocation points, which is 71; > Myax, our method divides
the mesh interval into multiple smaller intervals.

The method follows the following scheme. The needed collocation points 7; of the
original mesh interval are divided into multiple subintervals equipped with the minimum

allowable collocation points myin. The number of subintervals A; is obtained as

m;

A; =

(6.15)

Mmin
Note that the number of the divided subintervals must also be an integer. We use the same

roundup technique in equation (6.15]) to get a valid number as

Aj = { m; 1 (6.16)

Mmin
Using this scheme, it is ensured that the number of collocation points in the interval [¢;,¢;41]
remains the same no matter whether the mesh interval uses more collocation points or is
divided into multiple subintervals. The scheme is so called “p-then-h” mesh refinement
scheme as the method initially tries to increase the number of collocation points in the
interval which actually increases the order of the underlying approximation polynomial
(“p” scheme). After the number of collocation points reaches the maximum allowable, the
original mesh interval is divided into multiple subintervals where the width of each sub-
interval is smaller (“h” scheme). The “h” scheme is only applied when the “p” scheme

reaches its limit whereas afterwards the “p” scheme starts again.

Method for decreasing the number of collocation points

When the estimated error Ej in §; is below the desired mesh refinement threshold e,, we

try to decrease the mesh size by either decreasing the number of collocation points in the
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mesh interval or merging the two adjacent mesh intervals. The two schemes are introduced
in section and The method used here is similar to [Liu et al. [2015], while in that
paper only the state variables are considered and here we consider a more complex case.
When the number of collocation points m; is above mmpi,, we first try to decrease the
number of collocation points in the mesh interval while still keeping the estimated error
below the threshold ¢,. The decision is made based on using the power series representation
of the Lagrange polynomial approximation of the differential and algebraic variables. The
Lagrange polynomial from equation is a polynomial of order m;—1 and can be rewritten
as a power series in the form as
m; m;—1
1= II == ag (6.17)

C] — C
=1kl Pk ko

Similarly, the integration of the Lagrange polynomial from equation (4.5 can be written as

a power series of order m; as

. <
Il(ﬂ)(g):/o LY (n dn—Zbklg (6.18)

Coefficients the in power series representation in equation (6.17)) and (6.18) only depend

on the number of Lobatto IITA collocation points used in each mesh interval and can be

pre-computed and saved before the algorithm is applied to the specific problem.
Applying equation (6.18)) to equation (4.4), we obtain that

(J) — yj + 5 Z[ ( )
=+ Zc )t e [t tivl, (6.19)
&) — 5, Z G, (6.20)
=1
where tgjtj <1,teS; = [tjtjy], and (tgjtj ¥ <1,k =1,...,mj. As we decrease the

number of collocation points in the mesh interval, we are actually dropping the power series

)

terms in descending order starting from order m; in equation (6 . Let QQ )(t) denote the

ith element in 7 (t) and c(] Y) denote the ith element in cl(f Y = 1,...,ny. Therefore,
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as we drop the kth order term, the pointwise absolute error in gZ(j )(t) is at most ]5,(3 ;y)|. As

the estimated error from equation 1' is in a relative scale, normalizing the coefficients 6]y.k
is also necessary for comparison with the mesh refinement threshold ¢,. The normalizing
quantity used is the same as equation .

Thus, in terms of the differential variables, starting from the highest order term in the
&

power series in descending order, the term is allowed to be removed as long as O
Wi

< €&,
t=1,...,ny.

Next, consider the estimated error related to the algebraic variables. Applying equation
to equation , the approximation of the algebraic variables can be rewritten as

the power series of order m; — 1 as

(7 <L t—ti
Z(J)(t) — ZLZU)( 5 1 Zl(j)’
=1 J

m;—1
J i), t—
= Z cg’ )(Tj)k, t e [tj,tj+1], (6'21)
k=0 J
=1

The decrease of the number of collocation points drops the power series term in equation

(6.21)) in the same way as the differential variables. The normalizing quantity used is the

&oi |

(2)
1+w;
the kth order term in the power series expansion without violating the threshold tolerance

same as equation (6.11f). Then, so as long <e€,1=1,...,n,, we are allowed to drop

for the estimated error in terms of the algebraic variables.

Therefore, for S; originally equipped with m; > muyn collocation points, when the
estimated error is below the threshold €., we start from the highest order in the power series
expansion and check whether dropping the term keeps the upper bound of the pointwise
error still below the threshold tolerance for both differential variables and algebraic variables.
If the bounded pointwise error is below the threshold tolerance for both variables, we keep
dropping the power series term, which is equal to decrease the number of collocation points
in S; until the minimum allowable number is reached or the upper bound of the pointwise

error is beyond the threshold tolerance.
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Method for merging adjacent mesh intervals

When the number of collocation points in a mesh interval reaches the minimum allowable
number Mmy,, the way to reduce the mesh size is by trying to merge the mesh interval
S, with the adjacent mesh interval Sj;q if both estimated errors are below the threshold
tolerance ¢.. The intervals are merged based on that if the polynomial representation
from the bigger interval is extended to the smaller interval, the pointwise difference of
the estimated error resulting from the polynomial extension is below the tolerance still.
Notice that if the number of collocation points in two intervals are not the same, we can
not perform the merge as the polynomial degrees in the two intervals are not the same.
Due to the continuity condition, the variables are the same at t;11 for the two intervals.
Intuitively, if we extend the polynomial from one interval to the other, the biggest difference
should happen at the end points, either ¢; or ¢;42. Here, we present a method to derive
an upper bound of the pointwise difference of the estimated error due to the substitution
of the extension polynomial for the original polynomial which is valid through the entire
smaller mesh interval.

Consider two adjacent mesh intervals S; = [tj,tj4+1] and Sj11 = [tj41,tj42] whose esti-
mated errors are both below the desired tolerance €, and the number of collocation points
used are both the minimum allowable as m; = m;j41 = Mmmin. As the two intervals are con-
nected at ¢;41, we first unify the representations of the variables in both intervals in terms
of ;41 which helps bound the difference between the extended and the original polynomials
in the smaller interval. This requests the expansion of the the Lagrange polynomial repre-
sentation in S; using the end point t;4; instead of the start point ¢; as illustrated before.

The Lagrange polynomials representation (4.3) can be expanded in terms of the end point

as 1
L0 = 3 ap'c -1, (6.23)
k=0

Then, the integration of the Lagrange polynomial from equation (4.5) can be expanded in

terms of the end point as
m;

17(6) = Y b (= Dk, (6.24)
k=1
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Apply the power series expansion of the Lagrange polynomial in terms of the end point

using equation ((6.24) to equation (4.4]) in S; and the power series expansion in terms of the

start point as equation (6.19)) in Sj;1, we get

100) = g1+ Yl (S et (6.25)
k=1

e =5 Zb,jl)yl(f , (6.26)

GUT(t) = g1 + Z e ) t_::rl)k’ t € [tj41,tj42], (6.27)

Ei(gHLy) Z putD £ J+1) (6.28)

The power series representations of the differential variables in two intervals now only differ
with the denominator in the series as ¢; is used in equation (6.25)) while 6;41 is used in
equation (6.27). The difficulty can be overcame by defining d; = min{d;, ;41} to unify the

representations as

g(]) (t) — y]+1 + Zd(] Y) T]H)k7 te [t]’,t]’+1], (629)
k=1 J
N
afgfj’y) _ clgayy)(ﬁ)k, (6.30)
J
» 3 R (1) E—t
gII(E) = g + ngfﬂ’y)(%)k’ t € [tjr1,tjtal, (6.31)
k=1 J
qu19) _ gl % k. (6.32)
L Jj+1

As the power terms are the same in two intervals, the difference between the differential

variables between the two representations can be obtained as

(i < G+ bt
9 (t) — 01 Z (dY) — gty ) (6.33)
k=1 J
Because = t” < 1 is always true in the smaller interval, the difference can be bounded as

i

m]- ) » 3
g — i) < S (@dPY - dPT) e S, (6.34)
k=1
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where Sj is the smaller interval of the two. The pointwise difference can be bounded as
. . m] e ~f _
30 — a7 ) <SP — 7T i =1,y te S (6.35)

Equation provides the upper bound for the pointwise difference in the differential
variables in the smaller interval. To compare with the threshold tolerance €,., it is necessary
to normalize the absolute difference to get a upper bound of the relative difference between
the differential variables. Scaling equation with the normalizing quantity defined in
equation gives

300 50 ), S g —

| < yi=1,...,ny, tE€S;. (6.36)

1+w® 14w
If the relative upper bound of the pointwise difference of the differential variables is below
the threshold tolerance e, for all components as

<€, i=1,...,1n, (6.37)
1+w§y) Y

this indicates that by extending the Lagrange polynomial from the bigger interval into the
smaller interval, the relative difference of the differential variables is kept below the threshold
tolerance still.

Then, consider the estimated error change of the algebraic variables if two intervals
are merged. The algebraic variables from two intervals are expanded using power series
where algebraic variables from S; are expanded in terms of the end point ¢;;1 and algebraic

variables from §;1 are expanded in terms of the start point ;41 in the similar manner as

equations (6.29)) and (6.31) as

Z d(J z) ]-‘rl)k’ t e [tj tis), (6.38)
. g mj—1 . .
J=1
mj;—1 + +
@) = Y I I e [t gl (6.40)
k=0 J
J§€j+1z _ ) z_: (J+1 J+1 (6.41)

j+1
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The absolute difference of the algebraic variables and the corresponding upper bound can

be obtained as

mj;—1

. . ” TR -
20y — 200 (1) = Y (@) — aUth >)(T7“)’f (6.42)
k=0 J
m;—1 A )
< N (@ - di) te 8. (6.43)
k=0

Then, normalize the quantity using the scale weight defined in equation . If the
relative upper bound of the pointwise difference of the algebraic variables is below the
threshold tolerance ¢, for all components as

‘ ({(J z J(J"rl Z)’

1~|—w§)

<é€,i=1,...,n,, (6.44)

this indicates that the relative difference of the algebraic variables by extending the Lagrange
polynomial from the bigger interval into the smaller interval is kept below the threshold
tolerance also.

So long as the conditions from equations and are met simultaneously,
the two intervals §; and S;y1 are possible to be merged into one single mesh interval
Sj = [t,tj4+2] with m; collocation points without violating the mesh refinement threshold

tolerance.

6.5.3 Mesh adaptive collocation method

The mesh adaptive collocation method for solving the BVP-DAEs (2.38))-(]2.40)) is concluded

in the algorithm where the details about the collocation method for solving the residual
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equation (4.10) can be found in Chapter
Algorithm 6.1: Adaptive mesh collocation method

Input: initial continuation parameter «g, termination continuation parameter a,,,,
continuation parameter scaler 3, numerical tolerance €, ¢, = € and €,, Mmin, Mmax-
Initialize the continuation parameter @ = .

for i =1,2,...,iterpe; do
Solve the residual equation (4.10) with e.

Evaluate the estimated error in every mesh interval S; using the method given
in section [6.5.1]
if max;j=1,. N—1 EW) < ¢, then

if a < a4, then
| Break.

end

Decrease the continuation parameter as a = SBa.

end

else
Refine the mesh using the methods given in sections to with e,

€ry Mmin, Mmax-

end

end

Output the solution.

6.6 Implementation and Evaluation

A GPU-accelerated implementation of the algorithm presented in this chapter is contributed
using Python and CUDA which can be obtained at https://github.com/UW-0CP/. The
implementation details is almost the same as shown in chapter [5| which uses Python and
CUDA to implement the collocation algorithm for solving the OCPs while as mentioned the
implementation here uses 1D grid for all the CUDA kernels.

The code is applied to three typical optimal control problems and the performance of the
algorithm is discussed with a normal mesh refinement method, where a global unified number

of collocation points is used and when the estimated error in a mesh interval is beyond


https://github.com/UW-OCP/
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the threshold tolerance ¢,, the mesh interval is divided into two subintervals. Following
terminologies are used in the upcoming example evaluations. First, mj,;; denotes the initial
number of collocation points used in each interval; N denotes the total number of mesh
nodes in the final mesh; myqt, denotes the total number of collocation points in the final
mesh; while T" denotes the computation time for solving the problem. In all the examples,
the numerical tolerance used are € = ¢, = €, = 1 x 107%; the initial continuation parameter
is agp = 0.1; the termination continuation parameter is o, = 1 x 107%; the scale factor
is 8 = 0.9. It should be noted that by adjusting €,, the behavior of the solver can be
adjusted towards either keeping a dense mesh or evolving to a sparse mesh. All the results
shown are the five runs average result. All computation results are obtained on a machine
equipped with Intel®) Core™ 19-9900K CPU @ 3.60GHz x 16 and GeForce RTX 2070
SUPER/PCIe/SSE2 GPU running Ubuntu 19.10 Operating System.

Example 6.6.1. Hyper-sensitive problem
This is a hyper-sensitive optimal control problem from |Rao and Mease| [2000]. Minimize

the cost functional

subject to

T = tf(—l‘ + u),

2(0) = 1.5, z(1) = 1.0,

where ¢y is fixed. It is known that for sufficiently large values of t7, the solution of the
hyper-sensitive problem presents a so-called “take-off”, “cruise”, and “landing” structure.
While during the “cruise” period, the state and control remain as constants and during the
“take-off” and “landing” periods, the state and control have rapid decaying and growing
phenomenon. The “cruise” period takes most percentage of the solution and the the “take-

off” and “landing” periods take place in a very short amount of time.
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The analytic optimal solution of the problem is given as

2*(t) = ¢1 exp(tV/2) + ¢3 exp(—tV2),
A(t) = =% (t) — 2" (1),
u*(t) = & (t) + z*(¢),

where
cl 1 1.5exp (—tf\@) —1

c2 ~exp (—t5V2) —exp(tv2) | 115 exp (trV/2)

Figure [6.2(a), 6.2(b)l and [6.2(c)| show state, costate, and control variables of the ana-

lytical optimal solution and the numerical solution using the ph collocation method with
ty = 10000, Muyin = 3, Mmax = 9, Minit = 3. In terms of the state variable, the “take-off”
and “landing” segments correspond to the initial rapid decay segment ¢ € [0,50] and the
terminal rapid growth segment ¢ € [0 = 9950, 10000] while the “cruise” segment corresponds
to the long constant middle segment. The problem is solved using an initial mesh with 101

mesh points. Figure |6.2(d)| presents the mesh points distribution history of every mesh

refinements and figure [6.2(e)[ and |6.2(f)[ show the local mesh points distribution of the final

mesh for the “take-off”, “landing” segments. From the mesh points distribution history,
it can be seen that the ph method successfully figures out the solution is pretty smooth
in the “cruise” segment where it keeps reducing the mesh size in that segment by merging
adjacent intervals. Also, the rapid decay and growth segments around the initial and final
segments are identified successfully and more mesh points are placed.

The ph mesh refinement method is compared against the normal h method and tested
with different settings. The results with various mumin, Mmax, Minit, tf are presented in table
It should be noted by setting mmin = Mmax = Minit, the ph method is the same as
the h method with the extra ability to reduce the mesh size than the normal h method.
For t; = (100, 1000, 10000), it can be seen from table that under this h method setting,
the mesh size and the total number of collocation points using the ph method are much
smaller than the h method. More importantly, as we increase mpax, the mesh size and
the total number of collocation points are even smaller, which is because by using more

collocation points, the underlying polynomial degree is increased and can approximate the
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solution with a bigger mesh interval. Also, the mesh size by using the normal h method
increases a lot each time because the problem can only be solved with a mesh that is dense
enough as the method can not automatically identify the smoothness of the segments and
can only increase the mesh size. While using the ph method, the method can identify
the segment where the solution is smooth and uses less nodes in the smooth segment and
concentrates the mesh nodes in the segment where the solution changes rapidly. However,
the computation time does not benefit a lot from using the ph method. This is due to the
overhead in using CUDA programming model, as the computation in each interval is done
by each thread, the performance is limited by the longest computation time in the interval

using the most collocation points.

Table 6.1: Total number of nodes of the final mesh for example [6.6.1| with different ¢y,

various mesh size, and initial number of collocation points.

Ly method | Mmin  Mmax  Minit | N Mtotal T
normal - - 3 212 633 15.08
normal - - 4 127 504  14.87
normal 5 108 535 14.78

p-h mesh 3 3 3 136 405  15.18
p-h mesh 3 5 3 33 145  15.05
p-h mesh 3 7 3 19 94 15.00
p-h mesh 3 9 3 16 75 14.91
100 | p-h mesh 4 4 4 50 196 14.96
p-h mesh 3 5 4 26 116  15.04
p-h mesh 3 7 4 17 82 14.96
p-h mesh 3 9 4 12 65 15.15
p-h mesh 5 5 5 30 145 14.72
p-h mesh 3 5 5 30 136 14.95
p-h mesh 3 7 5 15 83 15.01



p-h mesh 3 9 5 12 72 14.98
normal - - 3 273 816  15.49
normal - - 4 164 652  15.16
normal ) 133 660 15.01

p-h mesh 3 3 3 134 399 15.35

p-h mesh 3 5 3 31 130  15.44

p-h mesh 3 7 3 21 95 15.36

p-h mesh 3 9 3 14 69 15.12

1000 | p-h mesh 4 4 4 51 200  15.10

p-h mesh 3 5 4 28 125  15.26

p-h mesh 3 7 4 16 7 15.45

p-h mesh 3 9 4 12 68 15.43

p-h mesh 5 5 5 35 170 14.98

p-h mesh 3 5 5 36 154  15.12

p-h mesh 3 7 5 15 82 15.29

p-h mesh 3 9 5 10 65 15.30
normal - - 3 617 1848 15.81
normal - - 4 385 1536  15.55
normal 5 298 1485 15.36

p-h mesh 3 3 3 143 426  15.72

p-h mesh 3 5 3 42 165  15.98

p-h mesh 3 7 3 19 90 15.97

p-h mesh 3 9 3 15 74 16.08

10000 | p-h mesh 4 4 4 58 228 15.60

p-h mesh 3 5 4 29 126 15.72

p-h mesh 3 7 4 19 93 16.06

p-h mesh 3 9 4 14 81 16.05

p-h mesh ) ) ) 34 165  15.20

p-h mesh 3 5 5 38 161  15.31

117
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p-h mesh 3 7 ) 14 75 15.75
p-h mesh 3 9 5) 11 69 15.91

Next, we analyze the quality of the error estimate developed in section [6.5.1l Table
[6.2] shows the estimated and exact relative error in the differential and algebraic variables
with different mesh size and number of collocation points used. First, it is seen that as
the number of mesh nodes or the collocation points is increased, the error in the computed
solution decreases accordingly which meets the error analysis of the collocation method.
The relationship of the base-10 logarithm of the exact relative error for both variables with

different mesh size for the same number of collocation points used are plotted in figure

16.3(a)| and [6.3(b), which follows a linear relationship meeting the order consistency of the

collocation method given. Next, the consistency in the estimated relative error and the
exact relative error demonstrates the accuracy of the error estimation derived in section
[6.5.1] Therefore, the error estimate method proposed in this chapter can give a conservative
estimate and is able to reflect the locations where the error of the computed solution is
large correctly. The ph mesh refinement method can successfully construct new meshes by
making the mesh dense in segment where the error is big and reduce the unnecessary mesh

in segment where the error is small.

Example 6.6.2. This is an optimal control problem with non-negative control variable

inequality constraint from Dontchev| [1996]. Minimize the cost functional

2
J = 0.5/ u(t)? dt,
0

subject to



Table 6.2: Estimated relative error and exact relative error of the solution for example

with t; = 100 with various mesh size and number of collocation points

Fy
N ‘ Minit | E

EY

E*?

EZ

estimate exact estimate exact
3 9.23e-01 1.80e-01 1.57e-01 1.37e-01
21 4 3.09e-01 5.33e-02 4.43e-02 5.14e-02
5 8.96e-02 1.21e-02 1.69e-02 1.56e-02
3 1.77e-01 3.88e-02 6.01e-02 5.55e-02
41 4 3.22e-02 6.26e-03 1.06e-02 1.12e-02
5 5.09e-03  7.80e-04 1.56e-03 1.92e-03
3 2.20e-02 5.70e-03 1.49e-02 1.46e-02
81 4 2.03e-03 4.26e-04 1.49e-03 1.51e-03
5 1.68e-04 2.77e-05 1.13e-04 1.31e-04
3 1.97e-03  6.04e-04 2.67e-03 2.71e-03
161 4 9.32e-05 1.98e-05 1.44e-04 1.45e-04
5 3.96e-06  6.71e-07 5.61e-06  6.15e-06
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The optimal control is a nonsmooth function in time, that is,

w(t) = 1—t, fortel0,1),
0, fort € [1,2];
where the optimal control is discontinuous at ¢t = 1.

We apply the ph collocation method with mpyin = 3, Mmax = 9, Minit = 3 to the problem
and solved the problem with the optimal solution of the states, costates, control, multiplier
shown in figure From the plots of the solution of the problem, it can be seen
that the optimal control obtained using the ph method captured the discontinuity accurately
around ¢ = 1. Thus, to have an accurate solution with the existence of the discontinuity,
it is necessary that more mesh points are put near the discontinuity of the control and less
mesh points are put around the area that the control is constant and the state is smooth.

The problem is solved using an initial mesh with 101 mesh points. The final solution
has a mesh of NV = 19 time nodes and the node distribution of the final mesh is presented
in figure Interesting, it can be seen that the ph method progresses to a final mesh
distribution that the mesh points concentrate densely near the control discontinuity point
and are very sparse in other parts. The figures of the states and costates show that the
nonsmoothness of the solution are accurately captured by the ph method.

The problem can also be successfully solve by the collocation method with the normal
h mesh refinement method. Table summarizes the computation time and mesh sizes for
various methods with different settings. It is seen that the mesh size using the ph method is
much smaller than using the normal mesh refinement method not only in the total number
of collocation points used but also the total number of mesh intervals. This is due to the
flexible feature of the ph method such that for the solution segment that is smooth enough,
it chooses to use a small number of collocation points in the segment and when the solution
is not that smooth, it chooses to increase the underlying polynomial degree or divide the
interval into small subintervals with less collocation points. For the segment that is smooth,
the mesh intervals are merged together to further reduce the mesh size which saves lots of
computational memory used. It should be noted that the computation time using the ph

method is more than that of the normal h method. This is due to the essence of the CUDA
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Table 6.3: Total number of nodes of the final mesh and computation time using various

collocation methods for example W

Method ‘ Mmin ~ Mmax  Minit | N Mtotal T
normal - - 3 129 384 31.64
normal - - 4 108 428 31.28
normal - - 5 105 520 32.74
p-h mesh 3 3 3 30 87 30.33
p-h mesh 3 5 3 19 67 32.24
p-h mesh 3 7 3 18 64 32.72
p-h mesh 3 9 3 19 68 33.65
p-h mesh 4 4 4 20 76 30.20
p-h mesh 3 5 4 21 73 30.76
p-h mesh 3 7 4 16 60 32.75
p-h mesh 3 9 4 15 59 32.80
p-h mesh 5 5 5 21 100 31.79
p-h mesh 3 5 5 29 106 31.80
p-h mesh 3 7 5 16 62 33.92
p-h mesh 3 9 5 15 59 34.49

programming model where the performance is bottlenecked by the execution of the thread

taking the longest time which is also mentioned in example |6.6.1

Example 6.6.3. Consider a time optimal low-thrust trajectory problem, where a satellite
is transferred from a circular low-Earth orbit to a geosynchronous orbit from |Buiskens and

Maurer [2000] Find a thrust direction control u(t), 0 < ¢ < 1, that minimizes

J:p17
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subject to

pP1 = 20+tf,

a(t,p) = 0.01 +p,

L1 = P12,
2
. x r .
Ty = pl(i3 - % + (L(t,p) Sln(”))a
. ZT2X3
z3 :pl(_ +a(tap) COSu),
X1
(T3
T4 —P1($1)a

lu(t)| < 0.65,¥¢ € [0, 1],

—p1 <0,
z(0) = [6.0,0.0, F&))’O‘O]’
z(1) = [6.6, 0.0, xlé‘l)].

where 1 (t) represents the radial position, zo(t) the radial velocity, x3(t) the circumferential
velocity and x4(t) the polar angle, with r, = 62.5 representing the gravitational parameter
for the earth. In the original model, a(t,p) is a function of time describing the thrust
acceleration of the spacecraft and depending on the reduced mass. For simplicity we consider
the function a(t, p) = 0.01+p with perturbation parameter p to illustrate sensitivity analysis
for this problem. The nominal parameter is pg = 0. The free final time ¢ is treated as an
additional optimization parameter and this is a minimum time optimal control problem.

This is a highly nonlinear and complicated optimal control problem with 4 state vari-
ables, 1 control variables, and 3 control variable inequality constraints. Figures
show the optimal solution obtained by using the ph collocation method with my, = 3,
Mmax = 9, Minit = 3 with an initial mesh of 101 mesh points.

It can be seen that the optimal controls of the problem have several discontinuities and
the states and costates are pretty nonsmooth. The normal mesh method failed to solve the
problem with a limited total of 4000 mesh points to the maximum with various number of

collocation points (minit = 3,4,5).
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F53

Table summarizes the computation time and mesh sizes for the ph mesh method
with different settings. It is seen as the initial number of collocation points used is increased
minit = (3,4,5), the total number of mesh points and collocation points all decrease. As
using more collocation points is the same as using a polynomial with higher degree to
approximate the solution, and the same error accuracy can be obtained with a bigger mesh
interval. As the normal h mesh method is not able to solve the problem with a maximum
allowable number of mesh points, this means the ph mesh method is more flexible and can

put the mesh points at necessary locations to save the computational workload.

6.7 Discussion

All the examples shown in section present various features of the adaptive ph mesh
refinement method introduced in this chapter. Example [6.6.1] presents that the ph mesh

refinement method is able to dramatically decrease the mesh size by eliminating mesh
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Table 6.4: Total number of nodes of the final mesh and computation time for example [6.6.3

Method Mmin Mmax Minit N Mtotal T
p-h mesh 3 9 3 214 999 390.01
p-h mesh 3 9 4 200 997 395.83
p-h mesh 3 9 5 169 936 444.73

points and collocation points and merging adjacent mesh intervals in the segment where the
solution does not change significantly and put mesh points in the segment where the solution
changes rapidly. The result from example[6.6.2) exhibits how the ph mesh refinement method
can effectively detect the discontinuity in the variable and therefore concentrates the mesh
points in the vicinity of the discontinuity while reduces the mesh size in the segment where
the solution is smooth at the same time. Moreover, similar to the result obtained in example
the result shows the mesh size is dramatically smaller when solving the problem using
the ph mesh refinement method compared with the normal h mesh refinement method.
Example [6.6.3] shows the ability of the ph method to economically solve the complicated
problem where the solution is highly nonsmooth and contains several discontinuities.

The adaptive ph mesh refinement method introduced in this chapter has the potential
advantage that the final mesh is smaller in size when compared with that of a normal h
method, requiring less memory than might be required to achieve the same accuracy using
an h method. Also, the method is more robust when the number of maximum allowable
mesh points is limited. Moreover, the ph mesh refinement method introduced in this chapter

is based on the novel error estimate of both the differential and algebraic variables.

6.8 Conclusion

An adaptive mesh refinement method for solving optimal control problems based on the
indirect collocation method has been introduced in this chapter. The method has the ability
to both increase and decrease the mesh size. The mesh refinement is guided by a method to
estimate the error of both the differential and algebraic variables. Using this error estimate,

a mesh refinement method is developed that is able to iteratively reduce the error estimate
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when necessary either by increasing the degree of the polynomial approximation in a mesh
interval or by increasing the number of mesh intervals. Furthermore, the size of the mesh can
be decreased either by dropping the negligible terms in the power series representation of the
variables or by combining mesh intervals that share the similar polynomial approximation.
The method is described in detail and applied successfully to three examples from the
open literatures. The results obtained in this research show that the method outperforms

fixed-order methods a lot and can reduce the computational burden to a big extent.
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Chapter 7
AUTO DETECTION OF ACTIVE SVICS

7.1 Backgroud

When solving the Newton’s iteration of collocation method, the original BABD sys-
tem is reduced into a smaller BABD system via equation (4.17). Whereas,
equation is based on the assumption that matrix W; is nonsingular for sufficiently
small 0;. However, during the empirical testing to the OCPs, we found that for some OCPs
equipped with SVICs, the assumption is not always true, which lead us to further investigate
what happened behind the scene.

Originally, the index of the BVP-DAESs considered ([2.38])-(2.40) is directly affected by
9g

32 which is
[ Hy, Dud 0 0 0 ]
D,d" —al 0 I 0
[%} = 0 0 —al 0 I
0 D, q 0 Dy 0
0 0 Deps 0 Dyt

The DAEs is index-1 when % is nonsingular which is det( %) # 0.

Consider problems equipped with only SVICs where % can be further simplified as

Hy O 0
{%} =0 -af I
0 Dfdjs Ds1ps

As the elements in % are all diagonal, which does not affect the behavior when com-
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puting the determinant. Consider a problem with only one SVIC, g—g becomes

where
3
Dethy =1 — ——>
7 Vo2 +E2 4 2a
Dot = 1— d

Vol e+ 2a
can be computed using the Kanzow’s smoothed Fisher-Burmeister formula ([2.34]).

The determinant det (%) can be obtained simply as

0 _
det(a—g) = Huu(—aDyths — Deib)

z

= —ﬁuu(aDa¢s + Dgws)'

By the second order necessary condition assumption |4} it is ensured that H,, > 0. By the
properties of the Kanzow’s smoothed Fisher-Burmeister formula (2.34)), it is ensured that
0 < Dgtps < 2,0 < Deps > 2. With a > 0, it is ensured that

0 _
det (85) = —Huu(aDgths + Deths) < 0
i} o ¢

= —Hyyla(l - \/ﬁ) + (1 - =),

which proves that % shall not be singular for o > 0.
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Then, we investigate under what condition % can be singular which is when
a £
1R A G RS S—
| 02+ &%+ 2a 02+£2—|—204]
4+ ao Clta

(1+a) (Vo2 +&+2)=¢+ao
(14 2a+ a?)(0? + €%+ 2a) = (€2 + 200 + a*0?)
02 + €2+ 2a + 2a0? + 202 + 4% + %0 + a2€% + 203 = €2 4 200€ + oP0?
o2 + 2a + 2a0? + 202 + 40? + o?€? 4 20° = 2a0¢
02 — 2006 4+ o*€% + 2a + 2a0° 4 20€% + 40% + 20° = 0
(0 — a&)? + 2a + 200% 4 20€% + 40® + 2% = 0

(0 —at)? +2a(1+02+ &2+ 2a+a?) =0

This can be discussed under two cases as

1. When the SVIC is active, 0 — a& = 0, 2a(1 + 02 + €2 + 2a + a?) > 0 ~ 0.

2. When the SVIC is inactive, (0 — a€)? + 2a(1 + 0% + €2 4 2a + a?) > 0.

So, the discussion meets the empirical results as when the SVIC is active, det (%) ~ 0

resulting in a large condition number of the matrix W;.
7.2 Methodology

From the above discussion, we draw the conclusion that the large cond(W) can indirectly
indicate the active SVICs. Solving equations and with the active SVIC can
draw the result that 0 = o, £ = 1. Thus, we no longer need the Fischer-Burmeister formula
of the complementarity condition associated with the SVICs and can eliminate one of the
o or £ To avoid the diminishing determinant problem of g—g, we choose to keep the o

variable and eliminate the £ variable which reduces the complexity of the system and %
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are simplified as

for problems with SVICs only.

Equations (4.15)) and (4.16]) become

TG + WIAK, + VIAp = -], (7.1)

—AJ; — DAK; + i1 = — ). (7.2)

where f]q’ c Rm(ny+nz_ns)’ f]b € R™, J]/ c Rm(ny-‘rnz—ns)xny’ D; c Rnyxm(ny—knz—ns)’ Vj, €
R™(ny+nz—ns)xny Wie R™(ny+nz—ns)xm(ny+n.—ns) l::; e Ry tn==ns) and n, is the number
of SVICs of the problem. fj‘?/, Ji, D', VI W l%; are obtained by eliminating the rows
corresponding to the Fischer-Burmeister formula associated with the SVICs and the columns

corresponding to the variables &.

Equation (4.17) are substituted as

ARy =W, (=f" — JiAg; — V] Ap). (7.3)

where the eliminated variables £ are set automatically to . The other parts are kept the

same as shown in Chapter [4

7.3 Numerical Evaluation

A hybrid CPU-GPU implementation of the algorithm presented in this chapter is con-
tributed using Python and CUDA. The implementation details is almost the same as shown
in chapter [6] and the calculation of the condition number of W; is done by using Numpy
Harris et al.| [2020].

The code is applied to two typical optimal control problems and the performance of the
algorithm is discussed. Following terminologies are used in the upcoming example evalua-
tions. Niier denotes the number of continuation iterations used to solve the problem, while
T denotes the computation time for solving the problem. In all the examples, the numerical
tolerance used is € = 1 x 1075; the initial continuation parameter is ag = 0.1; the termina-

tion continuation parameter is a,, = 1 x 107%; the threshold for deciding the activeness of
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the SVICs by checking the condition number of W; is L All computation results are

€machine

obtained on a machine equipped with Intel®) Core™ i9-9900K CPU @ 3.60GHz x 16 and
GeForce RTX 2070 SUPER/PCle/SSE2 GPU running Ubuntu 19.10 Operating System.

Example 7.3.1. This is a problem from |Jacobson and Lele| [1969] with three state variables

and one control variable which is to minimize
1
J= / 23 (t) + x3(t) + 0.005u(t) dt,
0
subject to

fl (t) = xg(t),

Zo(t) = —xa(t) + u(t),

and the boundary conditions
z1(0) = 0.0,z2 + 1.0 = 0,23 = 0.0,
with the CVICs
lu(t)| < 20.0,Vt € [0,1],
and the SVIC
—(8.0(z3(t) — 0.5)% — 0.5 — (1)) < 0,V € [0,1].

The initial guesses for solving this problem are using straight lines between the initial and
final conditions for those variables with them and constants for those without. Both methods
with or without automatically adjusting the problem solving formulation by detecting the
activeness of the SVICs through the condition number of W; are able to solve the problem.
The plots of the numerical solution from the proposed method are shown in figure [7.1(a)|

7.1(e)| and the computation results for both methods are shown in table
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Table 7.1: Computation results for example |7.3.1| using both methods

method | cost function Nijter T

auto 0.16981926 160  74.89
normal | 0.16981929 177 57.90

It can be seen from table that the proposed method is able to solve the problem
with much less continuation iterations (around 10%). As the analytical solution of the
problem is unknown, the cost function values computed for both methods are also listed
for a comparison. It is worth noting that the cost function values from both methods are
consistent up to seven decimal places, while the proposed method can give a slightly better
cost function value. Also, the computation time of the proposed method is longer than
the normal method. This is mainly due to the fact that the proposed method needs to
compute the condition number at every iteration and when it detects the SVIC is active, it
needs to automatically set the values for the lagrange multipliers and transform the original
problem into another reduced form problem which introduces some overhead. Although the
improvement in the cost function value is small, this example demonstrates the ability of

the proposed method to converge faster to the solution of the problem efficiently and fast.

Example 7.3.2. This is problem with three states and one control from Houska et al.
[2011]. The final time of the problem is represented with the parameter variable p. The

problem is formulated as follows:

1
_ u 2
J—/O p(140.1u(t)?) dt,
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Table 7.2: Computation results for example |7.3.2| using both methods

method | cost function Njter T

auto 7.47173740 197 138.66
normal | 7.47173741 224 117.68

subject to the dynamic equations

y1(t) = pya2(t),
o u(t) = 0.2y5(8)?
jot) = p y3(t) ’

g3(t) = —0.01pu(t)?,

and the boundary conditions
z(0) = [0,0,1.0)7,
z(1) = [10.0,0]T,
and two control variable inequality constraints
—1.1 <wu(t) <1.1,vt €[0,1],
and two state variable inequality constraints
—0.1 < yo(t) < 1.7,Vt € [0,1].

The initial guesses are obtained by solving a relaxed problem with a relaxed cost func-
tional. Both methods are able to solve the problem. The plots of the numerical solution
from the proposed method are shown in figure [7.2(a){7.2(e)| and the computation results for
both methods are shown in table

The computation results for this example exhibit the same effect with example [7.3.1

The proposed method is able to solve the problem with much less continuation iterations
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with longer computation time due to the overhead it introduced. The cost function value
computed for both methods are consistent up to seven decimal places and the proposed
method gives a slightly better cost function value. This again proves the robustness and

effectiveness of the proposed method compared with the normal method.

7.4 Conclusion

A method which can automatically detect the activeness of the SVICs of the OCPs based on
the indirect collocation method is introduced in this chapter. The chapter first investigates
the problems from the empirical results using the original indirect collocation method and
gives the analysis on the reason of the problem. Then, the chapter proposes a method to
solve the problem due to the active SVICs which makes the original system unstable to
solve. By reducing the original system into a more compact system when know the SVIC
is active, the unstable numerical solving problem can be resolved where the values of the
lagrange multipliers are automatically set. The method is described in detail and applied
successfully to two examples from the open literatures. The results obtained in this research
show that the method outperforms the original indirect collocation method by solving the
problem with much less continuation iterations and can give a solution at least as accurate

as the original method.
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Chapter 8
SUMMARY AND FUTURE WORK

8.1 Summary

The primary focus of this work is on developing robust and efficient parallel indirect methods
for solving optimal control problems equipped with inequality constraints and parameters.
The goal also includes implementing a general-purpose software based on the indirect meth-

ods introduced which can overcome several difficulties

e Deriving the analytical optimality conditions in the software program.

e Incorporating various inequality constraints without a-prior knowledge of the sequence

of constrained and unconstrained segments.

e Time consuming numerical computations.

A slacked unconstrained penalty function method is used to incorporate the control vari-
able inequality constraints and state variable inequality constraints of the optimal control
problems. It is proved that the optimal cost functional of the transformed problem by using
the penalty function method converges to the optimal cost functional of the original problem
by decreasing the penalty parameter term gradually to zero. Then, the first-order necessary
optimality conditions are obtained by using the calculus of variation and can be represented
in a compact form as a boundary value problem involving differential-algebraic equations.
The complementarity conditions associated with the inequality constraints in the neces-
sary conditions are approximated in a more compact way using the Kanzow’s smoothed
Fisher-Burmeister formula. It is proved that the involved differential-algebraic equations
are guaranteed to be index-1, which enables the use of various numerical methods to solve

the problem.
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A multiple shooting method is first introduced to solve the derived BVP-DAEs. Except
an integrator based on a single step linearly implicit Runge-Kutta (Rosenbrock-Wanner,
ROW) method, the use of the MATLAB (MATLAB| [2017]) built-in integrator odelbs is
explored to integrate the associate differential equations. Adapted differential equation
formats are designed to adapt to the API of the ode15s integrator. A damped Newton’s
method is used to solve the residual equation resulted from the multiple shooting formulation
where the Jacobian is in a boarded almost block diagonal structure and a huge linear
system is to be solved. A very robust parallel QR decomposition method is used to solve
the associated linear system and the classic line-search is employed to obtain the descent
direction from using the Newton’s method. To improve the computational efficiency, the
MATLAB parallel computing toolbox is employed to implement the parallel version of
the multiple shooting algorithm. The performance of the implemented multiple shooting
solvers with the two different integrators are compared by testing over 140 optimal control
problems from open literatures and it is shown that the MATLAB (MATLAB; [2017]) built-
in integrator odel15s is not suitable for the multiple shooting algorithm developed here.
From the test performances, it is also concluded that the algorithm can not benefit from
the MATLAB parallel computing toolbox due to the heavy overhead from it.

A collocation method is also presented to solve the BVP-DAEs. where a global unified
number of collocation points is used and the derivatives of the differential variables and
the algebraic variables are approximated using the Lagrange polynomials at the collocation
points associated with the specific m-stage Lobatto IITA implicit Runge-Kutta method.
The same damped Newton’s method is employed to solve the residual system from using
the collocation method. The associated Jacobian is able to be reduced into the same BABD
form as the multiples shooting method by some reduction techniques and the same parallel
QR decomposition method is used to solve the reduced BABD system. A parallel MATLAB
implementation of the collocation algorithm is conducted and compared with the MATLAB
implementation of the multiple shooting algorithm. Although the MALTAB implemen-
tation of the collocation algorithm is more efficient and robust than that of the multiple
shooting algorithm, the collocation method still can not benefit from the MATLAB parallel

computing technique.
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After figuring out the inefficiency of the MATLAB parallel computing toolbox, the mul-
tiple shooting algorithm and the collocation algorithm are accelerated with the Graphics
Processing Units (GPUs) by using the CUDA programming model. Adequate background
knowledge about the CUDA programming model is presented to help understanding the
implementation. The adapted multiple shooting algorithm structure is first described to
help explain the design and implementation of the GPU code. The GPU parallel implemen-
tation boosts the performance a lot and several concrete numerical examples are shown to
prove the efficiency and robustness of the implementation. Next, the GPU based parallel
collocation algorithm is presented. Ideas about how to design the specialized CUDA kernels
to fully take advantage of the collocation algorithm structures are described and a corre-
spondence graph between the collocation time nodes and 2D CUDA threads is constructed.
Custom memory pool and data structure are developed to reduce the overhead of frequent
allocation of the GPU memories. Several non-trivial examples are shown to explore the
performance of the GPU parallel implementation of the collocation algorithm. Also, the
performance profile between the GPU implementations of the multiple shooting algorithm
and collocation algorithm is construct to better quantify the robustness and efficiency of the
two. Several other performance profiles between using different number of collocation points
for the collocation algorithm are constructed. It is shown that the GPU implementation
of the collocation algorithm is much more efficient and robust than the multiple shooting
algorithm. And collocation algorithm with more collocation points can solve more problems
in a longer computation time.

Based on the results from performance profiles between the collocation algorithms using
different number of collocation points, a research of developing a collocation algorithm with
the ability to dynamically refining the mesh is conducted to best improve the efficiency and
robustness. Originally, the collocation method uses a global unified number of collocation
points in all the mesh intervals and the width of the mesh interval is allowed to vary, whereas
in the developed ph adaptive mesh refinement method, both the width of the mesh interval
and the corresponding number of collocation points used with the interval are allowed to
vary simultaneously. A novel method to estimate the relative error between the numerical

solution and the optimal solution is developed first to be used as the basis for the adaptive
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mesh refinement process. Based on this error estimate, a ph mesh refinement method
was developed which is able to iteratively reduce the error of the interval when needed by
either increasing the number of collocation points used in a mesh interval or decreasing the
interval width. Moreover, the method can reduced the mesh size by either decreasing the
number of collocation points used or by merging adjacent mesh intervals. The method is
applied successfully to three examples from the open literature which demonstrates different
features of the method and the results show that the developed method outperforms fixed-

order methods a lot and can reduce the computational burden to a big extent.

8.2 Future Work

This dissertation contributes to the development of the parallel indirect methods for solving
optimal control problems. The general-purpose software is developed based on the methods
described in this dissertation and the power of the faster hardware as GPU is exploited.

A drawback for using the indirect method to solve the optimal control problem is that
the initial guess of the solution is very important where the convergence space is pretty small
Rao| [2009]. Moreover, Newton’s method can only offer a fast convergence only when the
solution is pretty close to the optimum. This leads to the need to develop some systematic
method to generate good initial guess before applying those methods which can lead to a
guaranteed and faster convergence to the optimal solution.

Future extension of the presented work could also focus on further exploiting the power
of the GPUs. In the current implementation, only one GPU is used when running the
algorithm and for highly nonlinear and complicated problems, the algorithm may be able
to benefit from the use of multiple GPUs. There are some existing framework which is
able to incorporate the use of multiple GPUs like OpenMP which could be easily applied
to the current work. Also, current CUDA implementation uses a high level programming
language Python and CUDA also supports lower programming languages as C and C++.
Implementations using C/C++ and CUDA can offer more flexibility and further increase
the efficiency.

The scheme of the current adaptive mesh refinement method is that when reducing the

error within a mesh interval, the method first try to increase the number of collocation
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points used and then divide the interval after reaching the maximum number of collocation
points allowed. However, in the segment where the solution is not smooth, the best way to
refine the mesh is to directly divide the bigger interval into multiple smaller intervals. So,
a method to detect the smoothness of the solution in every interval can be a good directly

to work on.



142

BIBLIOGRAPHY

John T Betts. Survey of numerical methods for trajectory optimization. Journal of Guid-

ance, Control, and Dynamics, 21(2):193-207, 1998.

Anil V Rao. A survey of numerical methods for optimal control. Advances in the Astro-

nautical Sciences, 135(1):497-528, 2009.

Brian C Fabien. Some tools for the direct solution of optimal control problems. Advances

in Engineering Software, 29(1):45-61, 1998.

Brian C. Fabien. Direct optimization of dynamic systems described by differential-algebraic
equations. Optimal Control Applications and Methods, 29(6):445-466, 2008. doi: 10.
1002/0ca.838. URL https://onlinelibrary.wiley.com/doi/abs/10.1002/0ca.838.

G. Elnagar, M. A. Kazemi, and M. Razzaghi. The pseudospectral legendre method for
discretizing optimal control problems. IEEE Transactions on Automatic Control, 40(10):

1793-1796, Oct 1995. ISSN 2334-3303. doi: 10.1109/9.467672.

GAMAL N. ELNAGAR and MOHSEN RAZZAGHI. Short communication: A collocation-
type method for linear quadratic optimal control problems. Optimal Control Applications
and Methods, 18(3):227-235, 1997. doi: 10.1002/(SICI)1099-1514(199705/06)18:3(227::
AID-OCA598)3.0.CO;2-A.

David Benson. A Gauss pseudospectral transcription for optimal control. PhD thesis, Mas-

sachusetts Institute of Technology, 2005.

Anil V. Rao, David A. Benson, Christopher Darby, Michael A. Patterson, Camila Francolin,
Ilyssa Sanders, and Geoffrey T. Huntington. Algorithm 902: Gpops, a matlab software for
solving multiple-phase optimal control problems using the gauss pseudospectral method.
ACM Trans. Math. Softw., 37(2), April 2010. ISSN 0098-3500. doi: 10.1145/1731022.
1731032. URL https://doi.org/10.1145/1731022.1731032.


https://onlinelibrary.wiley.com/doi/abs/10.1002/oca.838
https://doi.org/10.1145/1731022.1731032

143

Richard F Hartl, Suresh P Sethi, and Raymond G Vickson. A survey of the maximum
principles for optimal control problems with state constraints. SIAM review, 37(2):181—

218, 1995.

Sunil Kumar Agrawal and Brian C Fabien. Optimization of dynamic systems, volume 70.

Springer Science & Business Media, 2013.

Brian C Fabien. Indirect numerical solution of constrained optimal control problems with
parameters. In American Control Conference, Proceedings of the 1995, volume 3, pages

2075-2076. IEEE, 1995.

U. Ascher, J. Christiansen, and R. D. Russell. Collocation software for boundary-value
odes. ACM Trans. Math. Softw., 7(2):209-222, June 1981. ISSN 0098-3500. doi:
10.1145/355945.355950. URL https://doi-org.offcampus.lib.washington.edu/10.
1145/355945.355950.

Uri M. Ascher and Raymond J. Spiteri. Collocation software for boundary value differential-
algebraic equations. SIAM Journal on Scientific Computing, 15(4):938-952, 1994. doi:
10.1137/0915056. URL https://doi.org/10.1137/0915056.

Jacek Kierzenka and Lawrence F Shampine. A bvp solver based on residual control and
the maltab pse. ACM Transactions on Mathematical Software (TOMS), 27(3):299-316,
2001.

Brian C Fabien. Parallel collocation solution of index-1 bvp-daes arising from constrained

optimal control problems. Numerical Algorithms, 71(2):311-335, 2016a.

Hans Georg Bock and Karl-Josef Plitt. A multiple shooting algorithm for direct solution of
optimal control problems. IFAC Proceedings Volumes, 17(2):1603-1608, 1984.

Brian C Fabien. Parallel indirect solution of optimal control problems. Optimal Control

Applications and Methods, 35(2):204-230, 2014a.

Brian C Fabien. Indirect solution of inequality constrained and singular optimal control


https://doi-org.offcampus.lib.washington.edu/10.1145/355945.355950
https://doi-org.offcampus.lib.washington.edu/10.1145/355945.355950
https://doi.org/10.1137/0915056

144

problems via a simple continuation method. Journal of Dynamic Systems, Measurement,

and Control, 136(2):021003, 2014b.

David H Jacobson, Milind M Lele, and Jason L Speyer. New necessary conditions of opti-
mality for control problems with state-variable inequality constraints. Journal of mathe-

matical analysis and applications, 35(2):255-284, 1971.

Matthias Gerdts. Global convergence of a nonsmooth newton method for control-state
constrained optimal control problems. SIAM Journal on Optimization, 19(1):326-350,
2008.

Brian C Fabien. A noninterior continuation method for constrained optimal control prob-

lems. In Control Conference (ECC), 2016 European, pages 1598-1603. IEEE, 2016b.

Christian Kanzow. Some noninterior continuation methods for linear complementarity prob-

lems. SIAM Journal on Matriz Analysis and Applications, 17(4):851-868, 1996.
MATLAB. wversion 7.10.0 (R2017b). The MathWorks Inc., Natick, Massachusetts, 2017.

Elizabeth D Dolan and Jorge J Moré. Benchmarking optimization software with perfor-

mance profiles. Mathematical programming, 91(2):201-213, 2002.

Nicholas Gould and Jennifer Scott. A note on performance profiles for benchmarking soft-

ware. ACM Transactions on Mathematical Software (TOMS), 43(2):15, 2016.

Ernst Hairer and Gerhard Wanner. Solving ordinary differential equations ii: Stiff and
differential-algebraic problems second revised edition with 137 figures. Springer Series in

Computational Mathematics, 14, 1996.

Pierluigi Amodio, JR Cash, G Roussos, RW Wright, Graeme Fairweather, lan Gladwell,
GL Kraut, and Marcin Paprzycki. Almost block diagonal linear systems: sequential and
parallel solution techniques, and applications. Numerical linear algebra with applications,

7(5):275-317, 2000.

Duane Storti and Mete Yurtoglu. CUDA for engineers: an introduction to high-performance

parallel computing. Addison-Wesley Professional, 2015.



145

John Nickolls, Ian Buck, and Michael Garland. Scalable parallel programming. In 2008
IEEE Hot Chips 20 Symposium (HCS), pages 40-53. IEEE, 2008.

David Luebke. Cuda: Scalable parallel programming for high-performance scientific com-
puting. In 2008 5th IEEFE international symposium on biomedical imaging: from nano to

macro, pages 836—-838. IEEE, 2008.

Guido Van Rossum and Fred L Drake Jr. Python tutorial, volume 620. Centrum voor

Wiskunde en Informatica Amsterdam, 1995.

Angelo Miele. Gradient algorithms for the optimization of dynamic systems. In control and

Dynamic systems, volume 16, pages 1-52. Elsevier, 1980.

Paolo Novati. Some secant approximations for rosenbrock w-methods. Applied Numerical

Mathematics, 58(3):195-211, 2008.

Lawrence F Shampine, Mark W Reichelt, and Jacek A Kierzenka. Solving index-1 daes in
matlab and simulink. STAM review, 41(3):538-552, 1999.

Donald E Kirk. Optimal control theory: an introduction. Courier Corporation, 2012.

Christof Biiskens and Helmut Maurer. Sqp-methods for solving optimal control problems
with control and state constraints: adjoint variables, sensitivity analysis and real-time

control. Journal of computational and applied mathematics, 120(1-2):85-108, 2000.

Roger Alexander. Solving ordinary differential equations i: Nonstiff problems (e. hairer, sp

norsett, and g. wanner). Siam Review, 32(3):485, 1990.

Uri Ascher. On numerical differential algebraic problems with application to semiconductor

device simulation. SIAM journal on numerical analysis, 26(3):517-538, 1989.

David C Brock and Gordon E Moore. Understanding Moore’s law: four decades of innova-

tion. Chemical Heritage Foundation, 2006.

Joshua A Anderson, Chris D Lorenz, and Alex Travesset. General purpose molecular dynam-
ics simulations fully implemented on graphics processing units. Journal of computational

physics, 227(10):5342-5359, 2008.



146

Weiguo Liu, Bertil Schmidt, Gerrit Voss, and Wolfgang Miiller-Wittig. Molecular dynam-
ics simulations on commodity gpus with cuda. In International Conference on High-

Performance Computing, pages 185-196. Springer, 2007.

Michael C Schatz, Cole Trapnell, Arthur L Delcher, and Amitabh Varshney. High-
throughput sequence alignment using graphics processing units. BMC' bioinformatics,

8(1):1-10, 2007.

John Michalakes and Manish Vachharajani. Gpu acceleration of numerical weather predic-

tion. Parallel Processing Letters, 18(04):531-548, 2008.

Sergio Barrachina, Maribel Castillo, Francisco D Igual, Rafael Mayo, and Enrique S
Quintana-Orti. Solving dense linear systems on graphics processors. In Furopean Con-

ference on Parallel Processing, pages 739-748. Springer, 2008.

Hsi-Yu Schive, Yu-Chih Tsai, and Tzihong Chiueh. Gamer: a graphic processing unit
accelerated adaptive-mesh-refinement code for astrophysics. The Astrophysical Journal

Supplement Series, 186(2):457, 2010.

Peng Wang, Tom Abel, and Ralf Kaehler. Adaptive mesh fluid simulations on gpu. New
Astronomy, 15(7):581-589, 2010.

Xinsheng Qin, Randall J LeVeque, and Michael R Motley. Accelerating an adaptive mesh
refinement code for depth-averaged flows using gpus. Journal of Advances in Modeling

Earth Systems, 11(8):2606-2628, 2019.

John D Owens, David Luebke, Naga Govindaraju, Mark Harris, Jens Kriiger, Aaron E
Lefohn, and Timothy J Purcell. A survey of general-purpose computation on graphics
hardware. In Computer graphics forum, volume 26, pages 80-113. Wiley Online Library,
2007.

Siu Kwan Lam, Antoine Pitrou, and Stanley Seibert. Numba: A llvm-based python jit
compiler. In Proceedings of the Second Workshop on the LLVM Compiler Infrastructure
in HPC, page 7. ACM, 2015.



147

Nvidia. CUDA C programming guide. Nvidia Corporation, Retrieved from
https://docs.nvidia.com/cuda/cuda-c-programming-guide/, 2019.

Kiyotaka Shimizu and S Ito. Constrained optimization in hilbert space and a general-
ized dual quasi-newton algorithm for state-constrained optimal control problems. IEEFE

transactions on automatic control, 39(5):982-986, 1994.

K. L. Teo. A unified computational approach to optimal control problems. In Proceedings of
the First World Congress on World Congress of Nonlinear Analysts, Volume I1I, WCNA
'92, page 2763-2774, USA, 1996. Walter de Gruyter & Co. ISBN 311013215X.

Boris Houska, Hans Joachim Ferreau, and Moritz Diehl. Acado toolkit—an open-source
framework for automatic control and dynamic optimization. Optimal Control Applications
and Methods, 32(3):298-312, 2011. doi: 10.1002/0ca.939. URL https://onlinelibrary.
wiley.com/doi/abs/10.1002/0oca.939.

Jinhai Chen and Matthias Gerdts. Smoothing technique of nonsmooth newton methods
for control-state constrained optimal control problems. SIAM Journal on Numerical
Analysis, 50(4):1982-2011, 2012. doi: 10.1137/110822177. URL https://doi.org/10.
1137/110822177.

Ivo Babuska and Manil Suri. The p- and h-p versions of the finite element method, an
overview. Computer Methods in Applied Mechanics and Engineering, 80(1):5 — 26, 1990.
ISSN 0045-7825. doi: https://doi.org/10.1016/0045-7825(90)90011-A. URL http://www.

sciencedirect.com/science/article/pii/004578259090011A.

Ivo Babuska and Manil Suri. The p and h-p versions of the finite element method, basic
principles and properties. SIAM Review, 36(4):578-632, 1994. doi: 10.1137/1036141.
URL https://doi.org/10.1137/1036141.

Wen-zhuang Gui and Ivo Babuska. Theh, p andh-p versions of the finite element method
in 1 dimension. Numerische Mathematik, 49(6):613-657, 1986.


https://onlinelibrary.wiley.com/doi/abs/10.1002/oca.939
https://onlinelibrary.wiley.com/doi/abs/10.1002/oca.939
https://doi.org/10.1137/110822177
https://doi.org/10.1137/110822177
http://www.sciencedirect.com/science/article/pii/004578259090011A
http://www.sciencedirect.com/science/article/pii/004578259090011A
https://doi.org/10.1137/1036141

148

Arpéd Galvao, Marc Gerritsma, and Bart De Maerschalck. hp-adaptive least squares spec-
tral element method for hyperbolic partial differential equations. Journal of Computa-

tional and Applied Mathematics, 215(2):409-418, 2008.

CA Dorao and HA Jakobsen. hp-adaptive least squares spectral element method for popu-
lation balance equations. Applied Numerical Mathematics, 58(5):563-576, 2008.

CJ Goh and KL Teo. Miser: a fortran program for solving optimal control problems.

Advances in Engineering Software (1978), 10(2):90-99, 1988.

Oskar Von Stryk and Roland Bulirsch. Direct and indirect methods for trajectory optimiza-
tion. Annals of operations research, 37(1):357-373, 1992.

Albert L. Herman and Bruce A Conway. Direct optimization using collocation based on
high-order gauss-lobatto quadrature rules. Journal of Guidance, Control, and Dynamics,

19(3):592-599, 1996.

Albert Lee Herman. Improved collocation methods with application to direct trajectory op-

timization. PhD thesis, University of Illinois at Urbana-Champaign, 1995.

Bengt Fornberg. A practical guide to pseudospectral methods, volume 1. Cambridge univer-

sity press, 1998.
Lloyd N Trefethen. Spectral methods in MATLAB, volume 10. Siam, 2000.

Qi Gong, Fariba Fahroo, and I Michael Ross. Spectral algorithm for pseudospectral methods
in optimal control. Journal of Guidance, Control, and Dynamics, 31(3):460-471, 2008.

Lars Griine. An adaptive grid scheme for the discrete hamilton-jacobi-bellman equation.

Numerische Mathematik, 75(3):319-337, 1997.

Rémi Munos and Andrew Moore. Variable resolution discretization in optimal control.

Machine learning, 49(2-3):291-323, 2002.

Christopher L Darby, William W Hager, and Anil V Rao. An hp-adaptive pseudospectral
method for solving optimal control problems. Optimal Control Applications and Methods,
32(4):476-502, 2011a.



149

Christopher L. Darby, William W Hager, and Anil V Rao. Direct trajectory optimization
using a variable low-order adaptive pseudospectral method. Journal of Spacecraft and

Rockets, 48(3):433-445, 2011b.

Michael A Patterson, William W Hager, and Anil V Rao. A ph mesh refinement method
for optimal control. Optimal Control Applications and Methods, 36(4):398-421, 2015.

Fengjin Liu, William W Hager, and Anil V Rao. Adaptive mesh refinement method for
optimal control using nonsmoothness detection and mesh size reduction. Journal of the

Franklin Institute, 352(10):4081-4106, 2015.

Jisong Zhao and Shuang Li. Adaptive mesh refinement method for solving optimal control
problems using interpolation error analysis and improved data compression. Journal of

the Franklin Institute, 357(3):1603-1627, 2020.

John T Betts. Practical methods for optimal control and estimation using nonlinear pro-

gramming. SIAM, 2010.

Josef Stoer and Roland Bulirsch. Introduction to numerical analysis, volume 12. Springer

Science & Business Media, 2013.

Anil V Rao and Kenneth D Mease. FEigenvector approximate dichotomic basis method
for solving hyper-sensitive optimal control problems. Optimal Control Applications and

Methods, 21(1):1-19, 2000.

Asen L Dontchev. An a priori estimate for discrete approximations in nonlinear optimal

control. SIAM journal on control and optimization, 34(4):1315-1328, 1996.

Charles R. Harris, K. Jarrod Millman, St’efan J. van der Walt, Ralf Gommers, Pauli Vir-
tanen, David Cournapeau, Eric Wieser, Julian Taylor, Sebastian Berg, Nathaniel J.
Smith, Robert Kern, Matti Picus, Stephan Hoyer, Marten H. van Kerkwijk, Matthew
Brett, Allan Haldane, Jaime Fern’andez del R0, Mark Wiebe, Pearu Peterson, Pierre

G’erard-Marchant, Kevin Sheppard, Tyler Reddy, Warren Weckesser, Hameer Abbasi,



150

Christoph Gohlke, and Travis E. Oliphant. Array programming with NumPy. Na-
ture, 585(7825):357-362, September 2020. doi: 10.1038/s41586-020-2649-2. URL https:
//doi.org/10.1038/s41586-020-2649-2.

D Jacobson and M Lele. A transformation technique for optimal control problems with
a state variable inequality constraint. IEEE Transactions on Automatic Control, 14(5):

457-464, 1969.

Milton Abramowitz and Irene A Stegun. Handbook of mathematical functions: with formu-

las, graphs, and mathematical tables, volume 55. Courier Corporation, 1965.
Andrew P Sage and Chelsea C White. Optimum systems control. Prentice Hall, 1977.

Wilhelm Heinrichs. An adaptive spectral least-squares scheme for the burgers equation.

Numerical Algorithms, 44(1):1-10, 2007.

Fengjin Liu, William W Hager, and Anil V Rao. An hp mesh refinement method for optimal
control using discontinuity detection and mesh size reduction. In 53rd IEEE Conference

on Deciston and Control, pages 5868-5873. IEEE, 2014.

Claudio Canuto, M Yousuff Hussaini, Alfio Quarteroni, A Thomas Jr, et al. Spectral methods

in fluid dynamics. Springer Science & Business Media, 2012.

James E Cuthrell and Lorenz T Biegler. On the optimization of differential-algebraic process

systems. AIChE Journal, 33(8):1257-1270, 1987.

James E Cuthrell and Lorenz T Biegler. Simultaneous optimization and solution methods
for batch reactor control profiles. Computers & Chemical Engineering, 13(1-2):49-62,
1989.

Shivakumar Kameswaran and Lorenz T Biegler. Convergence rates for direct transcription of
optimal control problems using collocation at radau points. Computational Optimization

and Applications, 41(1):81-126, 2008.

L Lasdon, A Waren, and R Rice. An interior penalty method for inequality constrained

optimal control problems. IEEE Transactions on Automatic Control, 12(4):388-395, 1967.


https://doi.org/10.1038/s41586-020-2649-2
https://doi.org/10.1038/s41586-020-2649-2

151

Audrey Hermant. Homotopy algorithm for optimal control problems with a second-order

state constraint. Applied Mathematics and Optimization, 61(1):85, 2010.



	List of Figures
	List of Tables
	List of Algorithms
	Glossary
	Introduction
	Bibliography
	Optimal Control Problem
	Optimal Control Problem
	Transformation of the OCP
	Necessary Conditions
	Transformation of the Complementarity Conditions
	Boundary Value Problem
	Conclusion

	Multiple Shooting Algorithm
	Multiple Shooting Method
	BABD Linear System Solution
	Continuation Method
	Implementation and Evaluation
	Conclusion

	Collocation Algorithm
	Collocation Method
	Collocation Algorithm Evaluation
	Implementation and Evaluation
	Conclusion

	GPU Based Implementation
	Motivation
	CUDA Programming Model
	Multiple Shooting Method
	Collocation Method
	Conclusion

	Collocation Method with Adaptive Mesh Refinement
	Introduction
	Overview
	Motivation
	Collocation Method as the Basis
	Adaptive Mesh Refinement Method
	Implementation and Evaluation
	Discussion
	Conclusion

	Auto Detection of Active SVICs
	Backgroud
	Methodology
	Numerical Evaluation
	Conclusion

	Summary and Future Work
	Summary
	Future Work

	Bibliography

