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Cross-flow turbines are devices for converting the kinetic energy of wind or water currents
to rotational mechanical energy. The dual objectives of this work are to increase our un-
derstanding of cross-flow turbine flow physics and to improve the energy conversion perfor-
mance of individual rotors and arrays. Experiments are conducted using scale models in
flumes or tow-tanks. The first group of studies examines cross-flow turbine rotor geometry.
To make the parameter space tractable, this work is restricted to straight-bladed turbines
with NACAO0018 blade profiles. The shape and location of structures used to mount the
blades to the center shaft are found to have substantial impact on turbine power output.
Likewise, performance is found to be sensitive to the blade mounting angle. Finally, results
are presented from a large multi-parameter study on how optimal mounting angle, number
of blades, and chord length change with the scale of the turbine. Optimal geometry param-
eters are found to be strongly co-dependent. The most efficient turbine geometry for small
and large-scale rotors is found to differ significantly due to blade boundary layer effects. In
the following chapter, measurements of the wake of a cross-flow turbine using particle image
velocimetry are presented. A new fluid analysis approach for extracting oscillatory flows is

introduced and used to describe the wake features. The form and trajectory of Lagrangian



coherent structures in the wake are described. Strong span-wise (axial) flow is observed in
the core of shed vortices for the first time in a cross-flow turbine wake. The last chapter fo-
cuses on advanced control of cross-flow turbine rotors. A rotor control scheme that optimizes
the local flow conditions on the blade by varying the rotor angular velocity is presented, and
shown to increase turbine performance by 59% over standard control methods. Control and
geometric optimization of an array of two turbine rotors is performed. This includes the
introduction of a new array controller that seeks to optimize interactions with the coherent
structures observed in the wake analysis. Beneficial interactions between rotors are shown

to increase the array performance by 1.3 times that of isolated turbines.



TABLE OF CONTENTS

List of Figures . . . . . . . . . . e
List of Tables . . . . . . . . . o
Nomenclature . . . . . . . . . L
Chapter 1:  Introduction . . . . . . . .. ... .
1.1 Cross-Flow Turbines . . . . . . . . . .

1.2 Operational Principles . . . . . . .. .. oo
1.2.1 Blade Flow Conditions . . . . . . . .. ... ... .. ... ......

1.2.2  Power Generation . . . . . . . . . ...

1.2.3  Fluid Forcing Complications . . . . . . . . .. .. .. ... ... ...

1.2.4 Equation of Motion and Performance Evaluation. . . . . . . ... ..

1.3 History of CFT Research . . . . . . . .. .. .. ... ... ... .. ....
1.4 Scopeof Work . . . . . . . . .
Chapter 2:  Methods of Investigation . . . . . . .. .. .. ... .. ... ... ..
2.1 Flumes . . . . . .. o
2.1.1  University of Washington Tyler Flume . . . . . . ... .. ... ...

2.1.2 Bamfield Marine Science Center Flume . . . . . . . .. .. ... ...

2.2 Turbine Test Setup . . . . . . . . . .
2.2.1 Torque and Power Measurement . . . . . . . . ... ... .......

2.2.2  Acceleration and deceleration power . . . . . .. .. ... L.

2.2.3 A Scaling: An Argument for Velocity Control . . . . . . .. ... ...

2.3 Data Post-Processing . . . . . . . . ...
2.3.1 Turbine Coordinate System . . . . . . ... .. ... ... .. ....

232 Load Cells . . . . . . . . .

Page
v
Xiv

XV

o O = B~ N



2.3.3 Encoder Data . . . . . . . .. 26

234 ADV Data . . ... ... ... 27
2.3.5  Computation of Normalized Quantities . . . . . . . .. ... .. ... 28

2.3.6  Error and Variability . . . . .. .. ... oo 29

2.4 Turbine Geometry . . . . . . . .. L 30
Chapter 3: Geometric Optimization . . . . . . . . . ... ... 31
3.1 CFT Geometric Parameters . . . . . . . .. ... ... ... .. ....... 31
3.2 Blade mounting structures . . . . . . . ..o 33
321 Methods . . . . . .. 35
322 Results. . . . . . 37
3.2.3 Discussion . . . . . . ... 38
3.24 Conclusions . . . . . . . . .. 54

3.3 Preset Pitch Angle . . . . . . ... 56
3.3.1 Prior Work . . . . . .. 56
3.3.2 Methods . . . . . . .. 57
3.3.3 Results and Discussion . . . . . . . .. ... oL 59
3.3.4 Other Hydrodynamic Factors . . . . . ... ... ... ... ..... 68
3.3.5 Conclusions . . . . . ... 69

3.4 Reynolds Scaling of Optimal CFT Geometry . . . . . . ... ... ... ... 69
3.4.1 Introduction . . . . . . . . ... 70

3.4.2 Methods . . . . . . . 75
3.4.3 Results and Discussion . . . . . . .. ... o000 75
3.4.4 Conclusions . . . . . . . . . 82
Chapter 4: ~ Wake Analysis . . . . . . . . . .. . 83
4.1 Introduction . . . . . . . . ... 83
4.1.1 CFT Operation . . . . . . .. . i 85
4.1.2 The Triple Decomposition and Dynamic Mode Decomposition . . . . 85
4.1.3 Coherent Structure Analysis . . . . . . .. .. ... ... ... ... . 88

4.2 Experimental Setup . . . . . ... 89
4.2.1 Flume and Turbine . . . . . . . . ... .. ... ... ... ... ... 89
4.2.2 PIV Measurement . . . . . . . . ... oo 90

i



4.3 Triple Decomposition Methods . . . . . . . . .. .. ... o0 91

4.3.1 LCS Methods . . . . . . . . . . 95

4.4 Results and Analysis . . . . . . ... L 97
4.4.1 Mean Flow . . . .. .. 97

4.4.2  Triple Decomposition Methods Comparison . . . . . . ... ... .. 101

4.4.3 Wake DMD Modes . . . . . . . . ... ... ... 103

4.4.4 Wake Coherent Structures . . . . . . . ... .. ... ... ...... 105

4.5 Discussion . . . . ... 108
4.6 Conclusions . . . . . . . . e 110
Chapter 5: Advanced CFT Control . . . . . . .. ... ... ... .. ....... 111
5.1 Variable Angular Velocity Control . . . . . . . . .. ... ... ... ... .. 111
5.1.1 Intracycle control approach . . . . . .. ... .. ... ... ... 113

5.1.2 Methods . . . . . . . 117

5.1.3 Intracycle control performance and interpretation . . . . . .. .. .. 117

5.1.4 Performance by zone . . . . . . .. ..o 126

5.1.5 Discussion . . . . . . . ... e 128

5.2 A Two Turbine Array: Geometric and Control Optimization . . . . . . . .. 131
5.2.1 Methods . . . . . . .. 133

5.2.2 Results and Discussion . . . . . ... .. ... .. L. 138

5.2.3 Conclusions . . . . . . . .. .. 139
Chapter 6: Conclusions and Outlook . . . . . ... .. .. ... ... ....... 141
6.1 Conclusions: Geometry . . . . . . . . ... 141
6.2 Conclusions: Wake Analysis . . . . . . .. ... ... ... ... ... 141
6.3 Conclusions: Advanced Control . . . . . . . .. ... ... ... ....... 142
6.4 Future Directions . . . . . . . . . . . 143
Bibliography . . . . . . . 145
Appendix . . ... 164
A.1 Encoder Data Differentiation MATLAB Code . . . . . ... ... .. .... 164
A.2 DMD Triple Decomposition Phase Correction . . . . .. ... ... ... .. 165
A.3 Prototype: Rotors coupled via non-circular gears. . . . . . . ... ... ... 167

1ii



LIST OF FIGURES

Figure Number

1.1

1.2

1.3

1.4

2.1

2.2

2.3

24

(a) Rotational and freestream velocity vectors and geometric parameters con-
tributing to (b) the total local flow velocity and angle of attack (neglecting
flow induced by the rotor). . . . . . ... ... oo

Variation in local flow velocity incident on the blade, normalized by the
freestream velocity (a) and the local angle of attack (b) as functions of blade
position. Both figures neglect flow induced by the rotor. . . . . .. ... ..

An illustration of how CF'T's generate torque through lift and drag. Freestream
flow is from left to right. (a) Local flow velocity vector at 8 = 90° resulting
from the sum of the freestream and rotational velocity vectors. The TSR
is about 2. (b) The resulting lift and drag force vectors generated due to
these local flow conditions. (c) Decomposition of these force vectors onto the
direction of foil motion. (d) The resulting total tangential force and generated
torque. Power output is a positive torque times a positive angular velocity.

(a) Ilustration of the variation in angle attack along the chord line for a high
chord-to-radius turbine. (b) The "induced camber” effect of operating in a
curvilinear flow field, as a function of blade position. . . . . . ... ... ..

Turbine experimental control and measurement system diagram. / indicates
current flow from the servomotor to the controller, where it is dissipated in a
resistor. Not pictured, an acoustic doppler velocimeter is located 5D upstream
centered on the rotor, providing freestream velocity data. . . . . . .. . ...

Free-body diagram illustrating the torques and reactions torques present in
the experimental setup. . . . . . . . ... oo oL

(a) Isometric and (b) cross-section views of the turbine coordinate system used
in this work. . . . . . . ..

Dimensioned drawing of the standard experimental turbine. Dimension units
are centimeters. . . . .. ..o Lo Lo

v

Page



3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

Blade mounting geometries. Strut versus disk configurations are at the left
pane. The three strut cross-sections are shown at the right. Struts and disks
are attached to the blade tips, with the exception of the mid-span strut (or
“H”) configuration, where the blades are mounted via a single foil at the
mid-span. Table 3.3 lists the mounting geometries tested. . . . . . . . . . ..

Peak turbine efficiency as a function of corresponding tip-speed ratio. Color
indicates Reynolds number, Eq. (3.2). Legend indicates strut shape and thick-
TESS. « v v e e e e e e e e

(a) Full turbine performance curves. (b) Performance curves with mounting
structure rotational drag losses added back in as an estimate of blade-only
performance. Both show performance for Re, =32 x 10%. . . . . . . . .. ..

Efficiency loss due to mounting structure drag versus tip-speed ratio at Re. =

Blade performance (Eq. (3.4)) curves for the 0.08¢ thick foil struts, 0.16¢ thick
mid-span strut, and a turbine with both. Black dashed lines show the per-
formance of the turbine with both mounting structure types using a reduced
value of the turbine height in the efficiency equation to account for loss of op-
erable blade span due to the presence of the mid-span strut. Failure of these
curves to approach the 0.08¢ foil curve indicates additional sources of power
loss due to the presence of the mid-span strut. . . . ... ... ... ....

Strut drag model diagram. The freestream flow is from left to right. Red
arrows indicate the components of the local flow velocity due to rotation and
the freestream incident on a strut section of width dr. . . . . . . . . . .. ..

Efficiency losses due to drag on the 0.08¢ struts (symbols) for four differ-
ent Reynolds numbers as measured by rotating the struts without turbine
blades. Losses from the center shaft were measured separately and have
been accounted for. The 0.08¢ rectangle line shows predicted losses accord-
ing to Eq. (3.9), while the 0.08¢ foil lines show predicted losses according to
Eq. (3.10), with a modification to account for increased drag of the blade
mounting pad. . . . . ...

Drag coefficient versus Reynolds number for a NACA 0012 foil at zero angle
of attack. Experimental data, from [74, 93, 198, 115, 1, 173, 107, 108, 143] is
compared to the XFOIL code[55] at two different levels of inflow turbulence
intensity. XFOIL is used to generate the drag coefficients in Eq. (3.10). Low
Reynolds number drag is shown to be the worst-case scenario, while high
Reynolds number drag coefficients asymptote to a constant value. . . . . ..

A close-up of the 0.08¢ foil strut. The flat blade mount pad adds additional
drag when the strut is rotated without blades. . . . . . . . .. ... ... ..



3.10

3.11

3.12

3.13

3.14

3.15

3.16

3.17

3.18

3.19

Disk rotational drag torque coefficient, Eq. (3.12), data compared to exact
solutions for a disk in still fluid with laminar and turbulent boundary layers,
Eq. (3.13) and Eq. (3.16)[98]. . . . . . . .. 49

Efficiency losses due to drag on rotating disks (symbols) for four different
Reynolds numbers as measured by rotating the disk without turbine blades.
Losses due to the rotation of the center shaft have been removed. The lines
show predicted losses according to the drag torque predicted by Eq. (3.18). . 51

Efficiency loss as a function of Reynolds number, normalized by the efficiency
loss at Re. = 3.2 x 10, is shown for the thin foil and smallest disk mounting
geometries. Since the efficiency loss slope is less negative with increase in
Reynolds number, these geometries may be approaching Reynolds number
independence. . . . ... 54

The experimental setup for the pitch experiments differed slightly from the
standard setup in that the turbine was cantilevered from an AMTI MC3A
load cell . . . . . . . e Y4

A small section of bubble streak-lines from a high-speed video still (left) and
after post-processing via localized thresholding and minimum contiguity (right). 58

Turbine coefficient of performance (Cp, or efficiency) vs TSR for various preset
pitch angles for an N = 2 bladed turbine. . . . . . . .. .. ... ... .. 59

Turbine coefficient of performance (Cp, or efficiency) vs TSR for various preset
pitch angles for an N = 4 bladed turbine. . . . . . . . ... ... ... 60

The effect of preset pitch angle on nominal angle of attack via Eq. 1.3. For the
downstream side of the rotor, this assumes a negative cosine induced velocity
in the streamwise direction with a minimum value of 0.5U,. . . . . . . . .. 61

Phase-averaged instantaneous efficiency for a two-bladed turbine at various
TSRs and preset pitch angles. Only a half rotation is shown as this is the
forcing period. . . . ..o 62

Critical angle of attack predictions using the peak of the instantaneous power
curves and the nominal angle of attack (Eq. 1.3) for the test cases shown in
Fig. 3.15. Cases where the nominal angle of attack never falls below —25° are
omitted as it is likely these cases never reach the critical angle. . . . . . . .. 64

vi



3.20

3.21

3.22

3.23

3.24

3.25

3.26

3.27
3.28

3.29

Flow visualization via high-speed video of entrained bubbles with the blade
position superimposed. The freestream flows from left to right. The left
images ((a) and (c)) show the flow-field for the azimuthal position at which
the critical nominal angle of attack (c.) is predicted to occur. The right
images ((b) and (d)) show the same flow-fields 15 ms later ( ~ 17° of rotation
at this TSR). The top and bottom sets are for 0° and 12° preset pitch angles
respectively. Note that though the azimuthal angle differs between the two
cases, the stage of dynamic stall is the similar, supporting the concept of a
critical nominal angle of attack. . . . . . . ... ... 000

The difference between the maximum nominal effective angle of attack magni-
tude and the predicted critical angle vs TSR at each preset pitch angle tested.
We hypothesize that minimizing this value maximizes power production by
halting the dynamic stall process where the benefit due to the transient lift
force is overcome by the detrimental spike in drag force. Thus the locations
where these lines reach zero are reasonable predictors of the locations of peak
performance, given in Fig. 3.15. . . . . . . . .. ..o

LEV location (highlighted by red dot) well after formation for two TSRs, all
other parameters held constant. . . . . . ... . ... ... ... .. .....

Ranges of expected diameter-based Reynolds numbers for cross-flow turbines
by application. . . . . . ..

All performance curves collected for the purpose of the scaling investigation.
This is not intended to illustrate trends, but rather the volume of data col-
lected. . . . . . e

Optimal preset pitch angle versus chord-to-radius ratio for two and four-bladed
TOTOTS. . . . . o o o e e e e e

(a) Optimal preset pitch angle versus solidity and (b) peak performance versus
preset-pitch angle for two rotors with the same solidity but differing numbers
of blades. Solidity is shown to be an inappropriate choice of non-dimensional
parameter for analyzing the effect of geometric changes on performance. . . .

65

67

78

TSR of peak performance for optimized preset pitch angle as a function of ¢/R. 79

Optimized chord-to-radius ratio (with preset pitch angles optimized) as a func-
tion of diameter-based Reynolds number. . . . . . . .. ... ... L.

(a) Peak blade performance Eq. 3.4 versus chord-to-radius ratio. (b), the
same, but performance is normalized by the maximum Cp for that N, Rep
combination. This demonstrates that this experiment did not test low enough
values of ¢/ R at the highest Reynolds numbers, nor high enough values of ¢/ R
at the lowest Reynolds numbers. . . . . . . . .. ... 000000

vil



4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

Performance curve (mechanical efficiency versus tip-speed ratio) for the ex-
perimental turbine. Red cross indicates operating point during wake data
collection. . . . . . . . . L

Turbine and PIV measurement setup diagram (a) and PIV measurement lo-
cations in the mid-plane along the z direction (b). . . . . . . . . .. ... ..

(a) Mean wake deficit profiles. Streamwise velocity profiles along cross-stream
stations (dashed lines). The distance from one station to the next is a change
in velocity equivalent to the mean freestream velocity, U,. (b) The mean
streamwise, (c) cross-stream, and (d) vertical (axial) velocities, normalized by
the freestream velocity. The turbine is rotating counter-clockwise . . . . . .

(a) Measured power coefficient as a function of azimuthal blade position for a
single blade in a CFT. (b) Diagram of the force exerted on the blade by the
fluid necessary for power production, the resulting reaction force and accel-
eration of flow, and the resulting convected cross-stream flow which leads to
wake deflection. . . . . . . ..

(a) Kinetic energy content of the mean plus the reconstructed periodic flow
normalized by the kinetic energy content of the full low measurements versus
the L2 error of the reconstruction versus the original flow. We expect the most
effective triple decomposition method to minimize the error while maximizing
the amount of energy capture (as indicated by the arrow). (b) Power spectra
of the modes of the DFT and DMD methods. DMD indicates importance of
low-frequency modes that may not be discovered by other methods. The first
four DMD modes are labeled M 1— 4. . . . . . . ... ... ... ... ...

DMD mode phase correction process shown on the first DMD mode of the
turbine wake data. Because data was collected at differing times, the phase
of oscillation of the same mode in differeing fields-of-view are not aligned. A
numerical minimization of the error in field-of-view overlap regions is used
to correct the phase. For this example, this is a five-variable optimization
problem (one field-of-view is the reference). . . . . . ... ... ... ...

Modes extracted using the optDMD algorithm, with the phase of oscillations
corrected. Modes are ranked by energy content and are identified by the M
labels in Fig. 4.5(b). . . . . . . . .

Forward and backward FTLE fields computed on w+u. These fields represent
areas of maximum stretch and convergence respectively, and together outline
the boundaries of coherent structures. . . . . . . . .. ... ... ... .. ..

89

90

98

100

102

103

104

106

Second derivative ridges of the FTLE field superimposed on the flow vorticity. 107

viil



4.10 Out-of plane (vertical) velocity, mean and periodic component (w + w). Re-
gions of vertical flow correspond to the core and periphery of the retreating
side vortex structure. . . . . . . . ...

4.11 Retreating side vortex core tracking. (a) and (b), example tracks and the
corresponding vorticity fields. (c) All 50 tracks for the sampling period. (d)
Probability distribution of track y/D location. . . . . ... ... ... ...

5.1 Turbine Setup and Control System. Schematic of the experimental setup
and diagram of the control scheme including the Nelder-Mead optimization
procedure. Turbine performance equipment and methods are as detailed in the
methods chapter. During optimization of intracycle angular velocity control,
turbine data is recorded for a period of 30 seconds while operating using a
fixed control law. Control laws, consisting of periodic angular velocity profiles,
are implemented by sending a velocity command to the motor controller based
on the current turbine position. Turbine performance is then computed and
used as the reward function for optimization via the Nelder-Mead algorithm.
Additional details are provided in the methods chapter. . . . . . .. .. ..

1X



5.2

5.3

5.4

Control Scheme Overview. An illustration of the interdependence of the con-
trol kinematics (angular velocity), the fluid structure interaction, forcing, and
resulting power output. (a), Freestream velocity magnitude input to the tur-
bine system, plotted versus time normalized by the turbine rotation period 7.
(d), Turbine control actuation via the rotation rate as a function of the blade
azimuthal position, presented in non-dimensional form as the tip-speed ratio.
(b), Interaction between the fluid and the turbine blades. This is affected by
both the incident flow and the control actuation. Here, bubble streak flow
visualization shows the roll-up of a leading edge vortex. The areas lacking
streaks are due to diffraction from the edge of the lower turbine end plate.
(c), Torque produced by the turbine rotor as a result of the fluid-rotor interac-
tion. Here torque produced by a single blade is presented in non-dimensional
form as the torque coefficient, or C(0) = 7(0)/ (3pUZ Ar). (e), The power
output, presented as the efficiency, Eq. 1.9, is the product of the torque out-
put and the rotation rate. This means the timing of the controlled angular
velocity profile not only affects the fluid forcing by changing the local flow
structure, but also directly affects the power output. An effective angular ve-
locity controller then both maximizes beneficial fluid structure interaction and
aligns the highest angular velocity with the highest fluid torque. The torque
used to calculate the instantaneous torque coefficient and efficiency (Cg and
Cp respectively) does not include the torque necessary to accelerate and de-
celerate the turbine. Due to the periodic nature of the accelerations, these
torques do not contribute to the mean power output (see methods chapter).

Performance curves of efficiency versus tip-speed ratio for the two-bladed ex-
perimental turbine under constant angular velocity (blue) and constant re-
sistive torque (red) control. The performance curves vary slightly due to the
differing kinematics: In constant torque control, the angular velocity oscillates
slightly. In addition, the turbine is unable to operate at low tip-speed ratios
under torque control (system stall occurs at the point of maximum torque).
The peak efficiency points (circled dots) are used for comparison with intra-
cycle angular velocity control. . . . . . . ... o 0oL

Sample Optimization Process. (a), Trajectories of the centroid of the Nelder-
Mead simplex for three optimizations of sinusoidal velocity control. Trajecto-
ries converge to a small region, but do not collapse to the same point. This
may be a result of small variations in mean C'p between function evaluations.
The final optimal parameter set is taken as the mean ultimate parameter sets
from individual optimization trials.(b), Efficiency as a function of iteration
number during optimization. . . . . .. .. ..o

116



9.5

5.6

Phase-averaged variation in tip-speed ratio as a function of azimuthal blade
position are given for the optimized control schemes described in Table 5.1.
A half revolution is presented as the profiles are twice periodic over a single
revolution of the two-bladed turbine. . . . . . . . ... .. ... ...

One-bladed turbine measurement validity. Two arguments are presented for
the validity of examining the forcing on a single-bladed turbine as a proxy for
the forcing on one blade of a two-blade turbine. (a) shows the efficiency as
a function of blade position for a single-bladed turbine under constant and
sinusoidal velocity control. We note that the majority of power is produced
during the first half of the cycle, despite the fact that during some regions of
the downstream sweep of the blade (# > 180°) the nominal angle of attack is
favorable. This is likely because the extraction of energy from the flow during
the upstream portion of the blade stroke leaves little energy to be extracted
on the downstream portion of the stroke. For a two-bladed turbine, with
twice the solidity of a single-bladed turbine, this is also expected to occur.
Therefore, the forces imparted to the blade during the upstream portion of
the stroke, where the flow is relatively undisturbed by previous blade passes,
should be relatively unaffected by the reduction of the number of blades from
two to one. (b) shows a comparison between the efficiency profiles for the two-
bladed turbine and a reconstruction of the efficiency profiles for a two-bladed
turbine using single-bladed turbine data. The reconstruction adds the single-
bladed efficiency to itself offset by half a rotation as follows: C) ox 1 Blade =
Cy, one blade (0° = 360°)+C, one blade(180° — 360°,0° — 180°). As shown, good
agreement is found between the reconstructed and actual efficiency profiles,
with more phase error evident in the constant angular velocity control. In the
future, individual blade instrumentation or flow field measurements near the
blades may improve direct comparisons between control schemes. . . . . ..

x1



5.7

0.8
5.9

5.10
5.11

(Previous page.) Per Zone Control Comparison. Efficiency, torque coefficient,
and kinematics for a single-bladed turbine under constant and sinusoidal an-
gular velocity control are compared. Throughout, a dotted line corresponds to
constant angular velocity control and a solid line corresponds to sinusoidal an-
gular velocity control. (a), The turbine rotation is split into five zones based
on azimuthal blade position. Circular segments indicate the angular blade
sweep over the zone. Vertical shaded bands are provided as visual guides to
distinguish the zones in panels b, ¢, and d. Zone 1 spans from 6 = 305° to 42°,
and thus wraps around both sides of the plot. (b), Phase-averaged instanta-
neous efficiency profiles as a function of azimuthal blade position for constant
and sinusoidal angular velocity control schemes given in Table 5.1 are com-
pared. The instantaneous difference in efficiency is illustrated, with green and
magenta areas indicating that the sinusoidal controller is performing better
or worse than the constant velocity controller, respectively. Panels ¢ and d
provide operational context for these differences. (c), The torque coefficient,
given by Cgo =7/ (épU;Ar), is given in blue. The tip-speed ratio profiles are
given on the same plot in red. Because the freestream velocity is quasi-steady,
this non-dimensionalizes the rotation rate, thus the constant velocity control
tip-speed ratio is a horizontal line. (d), The nominal angle of attack (purple)
and the nominal freestream velocity (gold), which are calculated by Eqgs. (1.3)
and (1.6). The static stall angle for this foil, 12°, is given by the purple dashed
line for reference. For sinusoidal control, the nominal angle of attack is greater
than 90° during the first part of zone 4, as indicated by the arrow on the nomi-
nal angle of attack line. It should be noted, that because mean Cp is found by
integrating over time, rather than #, the sinusoidal control profiles are dilated
or contracted, depending on the instantaneous rotation rate, but because this
effect is small, it is more instructive to index performance to azimuthal blade
POSILION. . . . . . Lo

[llustration of the coordinated control concept. . . . . . . . . . ... ... ..

(a) Relative test positions in the flume section, fixed turbine in red. (b)
Definition of co- and counter-rotation cases. . . . . . .. ... ... .. ...

(a) TSR control. (b) Coordinated control. . . . . . .. ... .. ... ....

Color indicates optimized array performance (Eq. 5.6) at each relative rotor
position. The contour line outlines regions where the array is outperforming
equivalent isolated turbines. (a) TSR control, co-rotation. (b) TSR control,
counter-rotation. (c) Coordinated control, co-rotation. (d) Coordinated con-
trol, counter-rotation. . . . . . . . . . ...

x1i



5.12

5.13

Color indicates optimized array performance of the coordinated controls strat-
egy minus the optimized performance of TSR control. Red indicates coordi-
nated control outperforms TSR control at that location (a) Co-rotation. (b)
Counter-rotation. . . . . . . . . ...

Plot of sensitivity of performance to changes in phase under coordinated con-
trol. Three relative rotor positions for counter-rotating coordinated control
are shown. Array performance is normalized by the mean performance across
all rotor position phase differences (¢). Values above or below 1.0 indicate
a benefit or detriment in performance due to coordinated control operation
compared to randomized values of ¢ (uncoordinated control with both rotors
at the same rotation rate). . . . . . . ... oL

Non-circular gears for sinusoidal angular velocity. . . . . . .. ... ... ..

A prototype assembly of two concentric rotors driven by 90° out-of-phase
non-circular gears connecting to a single generator. . . . . . .. .. ... ..

xiil



LIST OF TABLES

Table Number

3.1
3.2

3.3

3.4

5.1

Dimensional turbine geometry parameters. . . . . . . . .. ... . ... ...

Non-dimensional turbine geometric parameters. Bolded quantities are those
studied in this chapter. . . . . . . . . ...

List of mounting geometries tested. All geometries except the mid-span strut
consist of two mounting structures, one at each end of the rotor. The Mid-
span strut is a single mounting structure located at the mid-pane of the rotor.
R* indicates disk mounting structure radius. . . . . . .. ... ... ...

Turbine geometry and Reynolds number test matrix. The turbine blade profile
was NACA0018. Rep(b) = 173,000, Rep(c) = 255,000, Rep(d) = 805,000.
Future work will include collection of data at Rep(a) = 80,000, and the fill-in
of the missing data-point at ¢/R = 0.590, N = 4, a,, = 10 for Rep(b) and
Rep(c). o o o o

Optimized Control Performance Comparison. The performance of optimized
standard controllers, constant torque control and constant angular velocity
control, is compared with optimized sinusoidal and semi-arbitrary intracycle
angular velocity control. Optimum control parameters for the schemes tested,
as well as their respective mean efficiencies (Cp) are given. Mean efficiency is
also calculated over each complete revolution of the turbine and the standard
deviation of these efficiencies is reported as o(Cp). The semi-arbitrary and
sinusoidal control schemes show a 59% and 53% increase in efficiency over the
constant angular velocity controller respectively. Note that the mean efficiency
values presented are identical whether the total or fluid torque is used due to
the angular velocity periodicity (see methods section and Supplementary Table

D) o,

Xiv

36



NOMECLATURE

Acronyms:

CFT: Cross-flow turbine

AFT: Axial-flow turbine

TSR: Tip-speed ratio (see A below)
DAQ: Data Acquisition (system)

ADV: Acoustic Doppler velocimeter
PIV: Particle image velocimetry

POD: Proper orthogonal decomposition
DMD: Dynamic mode decomposition
Constants and Variables:

Us: Freestream velocity

p: Freestream fluid density
v: Fluid kinematic viscosity
H: Rotor height

D:  Rotor diameter

R:  Rotor radius

Q

Rotor blade chord length
N:  Rotor blade count

ap:  Preset pitch (blade mounting) angle

I Mass moment of inertia of the rotor, shaft, and generator rotor
T: Rotor mechanical torque. Torque on rotor due only to fluid interactions and angular
acceleration

XV



77:  Fluid torque. Torque imparted to the rotor due to fluid forcing

Te: Control Torque. Torque imparted to the rotor by all external (non-fluid) forces (e.g.
generator, bearing torques, etc.).

w: Rotor rotational velocity
F,: Streamwise fluid force on the rotor (thrust)

F,: Cross-stream (lateral) fluid force on the rotor (perpendicular to stream wise direction and
rotor axis)

o: Rotor solidity, %

A,:  Rotor aspect ratio, %

. . wR
Tip-speed ratio, -
Cp: Power coeflicient, or the fluid kinetic to mechanical energy conversion efficiency, %
5 =S

T

Cq: Torque coefficient

» 1pUZHDR
Cy: Thrust coefficient, U2 1D
. 1 Fy
Cy:  Lateral (cross-stream) force coefficient, U2 0D

HD

st section

B,: Blockage ratio, ratio of turbine frontal area to test section cross section T

Rep: Diameter-based Reynolds number, £ g‘x’

Xvi



ACKNOWLEDGMENTS

This body of work would not have been possible without the generosity, support, and
creative input of many people. First and foremost, thank you to my advisors Dr. Brian
Polagye and Dr. Steven Brunton for guiding me in my growth as a scientist, engineer,
and person. Many thanks to all members of the Steve Brunton and Marine Renewable
Energy Laboratory groups, particularly the cross-flow turbine experimental team Dr. Rob
Cavagnaro, Hannah Ross, Dr. Craig Hill, Dr. Dom Forbush, and Isabel Scherl. Additionally
Noah Johnson played a critical role in the end-plate experiments and fabricated many key
experimental components.

Thank you to the Bamfield Marine Science Centre for hosting yearly experimental cam-
paigns, particularly to Dr. Eric Clelland, who was vital to the success of these experiments.
Dr. Martin Wosnik and the team at the University of New Hampshire Jere A. Chase Ocean
Engineering Laboratory made the tow-tank testing of large-scale turbines possible, and con-
versations Dr. Wosnik on CFT physics proved invaluable.

Thank you to reading committee member Dr. Benjamin Maurer and committee members
Dr. Andrew Stewart and Dr. Tom Daniels.

The Alice C. Tyler trust provided funding for a complete re-build and upgrade to our
in-house turbine testing flume. Thank you to all who contributed labor and expertise to the
flume upgrade project, particularly Corey Luker and Thomas Alvarado.

Funding for this work was provided by Naval Facilities Engineering Command and the
Department of Energy

Finally, thank you Dr. Kenneth Breuer, for setting me on this path, and to my family,

who made this all possible.

XVvil



DEDICATION

In memory of William Anthony Strom.

xviil



Chapter 1

INTRODUCTION

Addressing climate change is one of the defining challenges of our generation. In the
face of political volatility, a permanent and more rapid transition away from fossil fuel-
based energy sources can only be guaranteed through economic viability. Economies of scale
promise to drive the cost of renewable energy generation down, as evidenced by the reduction
in costs associated with photovoltaics in recent years. However, technological advances may
be the most effective means of increasing the share of renewable energy in total power
generation. A new or improved technology may decrease cost of generation in traditional
markets, but more importantly will result in the an increase in the quantity of economically

available renewable energy.

The global wind energy resource is over twenty times the total global energy consumption
[94] but provides only 6% of global [61] and 5.5% of U.S. electrical power [2]. The U.S.
Department of Energy has stated a goal of 20% of domestic electricity generation from wind
by 2030 and 35% by 2050. Continued reductions in the cost of energy from terrestrial wind
farms using conventional technology may be limited. The rate of cost reduction has slowed
or reversed in the past decade [203], and it is estimated that there will only be further a
1% drop in the cost of terrestrial wind power over the next seven years [166]. A new wind

energy technology has the potential to side-step this slow rate of cost reduction.

A promising, yet currently untapped source of renewable energy is in flowing water of
rivers and tidal or convective ocean currents. Termed hydrokinetic energy, this differs from
traditional hydropower in that it seeks to extract kinetic energy from moving water, rather
than potential energy from a height difference. Still in its infancy, this industry is in the tech-

nological development and pilot project stage, with several competing turbine technologies.



Due to the complexities of deployment, operations, and maintenance in a water environment,
cost reductions through technical advancement are critical to harnessing hydrokinetic energy
economically.

This body of work focuses on technical improvement and deepening our understanding of
the physics of an old but little-used technology for converting flow kinetic energy to rotational
mechanical energy: the cross-flow turbine (CFT). Conventional axial-flow turbines (AFTSs),
also known as horizontal-axis turbines, have blades that rotate about an axis parallel to the
incoming flow. A CFT’s rotation axis is perpendicular to the flow direction. Termed vertical-
axis turbines in the wind energy industry, we refer to this class of devices as CF'Ts, because,
neglecting variations in the inflow velocity or mounting considerations, their operational
principles remain unchanged with regard to their orientation to the horizon. Challenging fluid
dynamics and comparatively little development effort indicate that this promising technology
is ripe for improvement. Given its unique properties, this turbine type has the potential to

revolutionize the wind and hydrokinetic energy industries.
1.1 Cross-Flow Turbines

Two major subcategories of CFTs exist: One class derives rotational torque, and thus power
from drag and the other from lift. In a drag-based CFT, the blades or vanes travel at a
velocity less than the local flow velocity such that passing fluid may impart a drag force.
One example of a drag-based CFT design is the Savonius rotor [4]. In a lift-based CFT, for
at least part of the rotational cycle, the blades travel faster than the local flow velocity. This
allows a lift force to be generated by foil-shaped blades, imparting a rotational torque to the
turbine. Drag-based CFTs operate a lower rotational speeds, have a lower energy conversion
efficiency, and are able to begin rotating in lower flow velocities. This work focuses on
the more efficient, lift-based CFTs. This turbine type is sometimes referred to as a Darius
turbine, Gyromill, or H-rotor, depending on rotor geometry specifics.

The maximum efficiency of CFTs is generally lower than that of AFTs. One of the most

efficient large-scale CFTs constructed was the Sandia 34 m vertical-axis wind turbine testbed.



The industry average efficiency for AFTs is about 15% higher than the peak performance of
this turbine [191, 8]. This performance difference, combined with more analytically tractable
aerodynamics facilitating design optimization, has resulted in AFTs as the dominant tech-
nology in the wind energy industry. Additionally, challenging and hard-to-predict oscillatory
loading lead to the failure of several early large-scale VAWT prototypes [132]. Though one
of the motivations of this body of work is to close the performance gap between CFTs and
AFTs, a number of CFT characteristics may make CFTs an appropriate choice for some ap-
plications at current efficiency levels. First, the maximum blade speed of CF'Ts is generally
lower than equivalently-sized AFTs [99], reducing collision risk with aerial or aquatic species.
In hydrokinetic applications, blade cavitation is limited. Noise and vibration generation may
also be decreased. Second, a vertically oriented CFT operates omi-directionally, removing
the need for active yaw control. Mechanical complexity is reduced, and performance in tur-
bulent flows, such as urban environments, may be increased compared to AFTs [17]. Third,
a driveshaft extending the length of the rotor presents a number of potential benefits. In a
vertical orientation, heavy and maintenance-intensive components such as the gearbox and
generator can be located at the base of the rotor. For terrestrial wind, this can reduce tower
and installation expenses. For floating platform offshore wind, stability is increased [188]. In
arrays of horizontally-oriented CFTs, multiple rotors can drive a common generator, reduc-
ing total array cost. Fourth, the rectangular or otherwise elongated projected area of CFTs
make them more suited to harness energy in shallow water flows, and may better facilitate
the construction of high blockage-ratio arrays, resulting in elevated array power output [160].
Fifth, CFT blades can be constructed with constant cross-section, enabling inexpensive, con-
tinuous, mass-manufacturing methods, unlike AFT blade which require molds. Finally, when
compared on an energy-out per unit land area basis, arrays of CF'Ts can outperform arrays
of AFTs due to beneficial turbine interactions [202, 48, 101], faster wake recovery [29], and

more efficient array boundary layer mixing [102].



1.2 Operational Principles

1.2.1 Blade Flow Conditions

In their simplest and most common configuration, CFTs have just a single degree of freedom:
rotation about a central axis perpendicular to the flow. Despite this outward simplicity, the
fluid dynamics responsible for CFT operation are complex, especially when compared to
AFTs. The first source of complexity stems from the variable flow conditions experienced by
a CFT blade during a single rotational cycle. From the perspective of the blade, the local
flow is determined by three factors: the freestream flow velocity, the apparent velocity due
to rotation, and any flow velocities induced by interaction of the rotor and the fluid, or in

vector form,

U(0) = Uso(0) + U, (0) + Unnducea(9), (1.1)

where 6 is the azimuthal angular position of the blade quarter-chord (time dependence is not
indicated for compactness). Zero angular position (@ = 0) is defined as the point where the
blade rotational velocity vector point directly upstream. Throughout this manuscript, bold
mathematical symbols indicate a vector quantity. Both the contribution of the freestream
velocity, Uy, and the contribution of the turbine rotation, U,, can be derived from geometric
relations, as illustrated in Fig. 1.1. If the induced velocity is neglected, an approximation
for the local flow conditions can be made, here referred to as the nominal velocity and given
by
U,(0) =Ux(0) + U,(0). (1.2)
A natural coordinate system to use when examining the local flow conditions on a blade
is the local velocity magnitude and the aerodynamic angle of attack, «, since foil force

generation is presented as functions of these variables. Again neglecting the induced flow,

the nominal angle of attack is given by,

an(0) = —tan™" [sin(0), A(0) + cos(6)] + a,(6), (1.3)
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Figure 1.1: (a) Rotational and freestream velocity vectors and geometric parameters con-
tributing to (b) the total local flow velocity and angle of attack (neglecting flow induced by
the rotor).

while the nominal velocity magnitude is

Un(0)| = Uy \/)\ 24+ 2X(0) cos(0) + 1. (1.4)

Here tan™! indicates the four-quadrant arctangent and «, is the blade mounting angle,
where a positive angle indicates the blade leading edge is rotated radially outward about the
quarter-chord. The tip-speed ratio (TSR), A is the ratio of the velocity due to rotation to

the freestream velocity, or

w(@R
AO) = 1.5
0) = 2 (15)
where w = Z—f is the turbine rotation rate and R is the blade mounting radius. For non-

constant radius turbine geometries, such as those with troposkein blades, the TSR may also
vary along the turbine height. To facilitate cross-comparison, the nominal velocity magnitude

is presented normalized by the freestream velocity as

=/ A(0)2 +2\(0) cos(0) + 1. (1.6)

Even if the mounting angle and the rotation rate are held constant, a,, and U, vary over

the course of one rotation. This variation is shown for one turbine geometry at various TSRs

in Fig. 1.2.
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Figure 1.2: Variation in local flow velocity incident on the blade, normalized by the freestream
velocity (a) and the local angle of attack (b) as functions of blade position. Both figures
neglect flow induced by the rotor.

1.2.2  Power Generation

CFT blades are designed to maximize lift (a force perpendicular to the local flow velocity)
while minimizing drag (a force aligned with the local flow velocity) over a certain range of
local angles of attack. In a lift-based CFT, fluid energy is converted to rotational energy
by the projection of the lift force vector onto the rotational velocity vector. Alternatively
but equivalently, the cross-product of the blade radius vector with the lift vector results in
a torque in the direction of rotation. Due to the varying flow conditions, this forcing varies
throughout a rotation. Figure 1.3 shows a projection of lift and drag forces responsible
for positive torque. The instantaneous torque produced by all blades, less the drag torque
produced by other rotating turbine components interacting with the fluid multiplied by

rotation rate of the turbine equals the fluid mechanical power generated by the rotor.
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Figure 1.3: An illustration of how CFTs generate torque through lift and drag. Freestream
flow is from left to right. (a) Local flow velocity vector at 6 = 90° resulting from the sum of
the freestream and rotational velocity vectors. The TSR is about 2. (b) The resulting lift
and drag force vectors generated due to these local flow conditions. (c) Decomposition of
these force vectors onto the direction of foil motion. (d) The resulting total tangential force

and generated torque. Power output is a positive torque times a positive angular velocity.



1.2.8  Fluid Forcing Complications

The above description may lead to the false impression that estimation of the fluid forces on
CFT blades is trivial. However, a number of factors make estimation of CF'T power output
analytically challenging and difficult even for high-resolution computational fluid dynamics
(CFD) models. The first of these complications stems from the inherent variability of the
blade local flow conditions. Given the local angle of attack and velocity, look up tables, or
foil polars can provide accurate estimates of fluid forcing for a foil with a constant inflow.
Combined with conservation of mass and momentum, foil polars are the basis for blade
element momentum theory, a successful semi-analytic AFT model. No universal model exists
to predict foil forcing under unsteady flow conditions. Forcing depends on the instantaneous
values and time history of both the inflow velocity vector and its derivatives. To make things
worse, the local angle of attack in CFTs can extend beyond the static stall angle, or the angle
at which flow no longer passes smoothly over the blade. This process of separation during
a dynamic pitching maneuver is termed dynamic stall. Prediction of dynamic stall forcing
is an active area of research[36], with current models still unable to predict foil forcing over
a variety of conditions[87]. Additionally, models often have parameters that must be tuned
to a specific case, and thus fall short as a design tool. An excellent review of dynamic
stall phenomena and models can be found in J. Leishman’s book, Principles of Helicopter

Aerodynamics, Chapters 8 and 9 [110].

A second complication arises from our previous omission of the induced velocity, Uiyquced-
Since any force imparted on the rotor blades must impart an equal and opposite force on
the fluid, the performance of the blade and the activity of surrounding flow field are inextri-
cably coupled. Attempts to model this effect have been made, such as the double-multiple
stream-tube model[145] and vortex particle methods[138]. The former, depending on the
implementation, may require non-physical assumptions, such as neglecting conservation of
mass or flow induced in the cross-stream direction. To converge on a solution, both of these

and related methods require the use of inaccurate dynamic stall models. Finally, the double-
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Figure 1.4: (a) Illustration of the variation in angle attack along the chord line for a high
chord-to-radius turbine. (b) The "induced camber” effect of operating in a curvilinear flow

field, as a function of blade position.

multiple stream-tube model has no mechanism for including the effect of vortical structures

generated by the blades during dynamic stall.

An additional flow complexity arrises from the circular path traced by the blades. For
turbines with large blades compared to the radius, the local angle of attack can change
significantly along the chord length of the blade, as shown in Fig. 1.4 (a). An alternative
view is that the foil is operating in a curvilinear flow field. Migliore, Wolfe, and Fanucci
showed that the geometry of foil in a curvilinear flow field can be conformally mapped to a
new geometry in a linear flow field, such that the forcing between cases is identical[127]. This
effect results in a symmetric foil in curvilinear flow demonstrating the forcing properties of
a cambered foil, and thus is termed virtual camber. To further add to the complexity, the

amount and shape of the virtual camber changes over the course of one rotation, as shown

in Fig. 1.4 (b).

A final complication arises from the behavior of the boundary layer on a CFT foil. Lift
and drag forcing, as well as the timing and nature of flow separation and reattachment at
high angles of attack depends on if the boundary layer is primarily turbulent, laminar, or

a combination of the two (laminar transitioning to turbulent). The nature of the boundary
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layer is dependent on the local inflow velocity and velocity history, the turbine blade size, and
the fluid kinematic viscosity (in other words, the flow history and local Reynolds number).
Intractable for analytical models, this presents a challenge to even the most advanced CFD
simulations, since the boundary layer must be completely resolved to capture this behavior
correctly. Unsteady Reynolds-averaged Navier-Stokes models have been shown to consis-
tently miscalculate blade forcing and performance[119, 67]. Large-eddy and detached-eddy
simulations have been shown to be more successful[67], though these are currently likely to be
prohibitively expensive for large parameter sweeps. The boundary layer physics responsible
for these difficulties are discussed more thoroughly in section 3.4.

The preceding fluid dynamic complexities make CFT's a rich topic of study and motivate

the use of laboratory experiments as the method of investigation.

1.2.4  FEquation of Motion and Performance Evaluation

Because this body of work is concerned with the fluid dynamic performance of CFT rotors,
the performance metric used in this work is the amount of kinetic energy in the fluid that
is converted to rotational mechanical energy by the rotor. The performance of bearings,
generators, gearboxes, and electrical conversion systems are crucial to the overall power
output of a CFT system, but the design of these components is outside the scope of this

work. Therefore, the equation of motion for a CF'T rotor takes on the fluid-centric form of

w(t)] = m(t) + 7e(t). (1.7)

Here w is the turbine angular acceleration and [ is the mass moment of inertia of all rotating
components. 7¢ encompasses all fluid forcing on the turbine rotor, including torque in the
direction of rotation due to foil lift, drag on foils and other turbine components, added mass,
damping, and any other fluid-rotor interaction. 7. is the torque imparted on turbine rotor by
anything other than the fluid. This includes the power take-off or electro-mechanical control

system, as well as bearing and other non-fluid sources of frictional losses. The fluid power
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generated by the turbine rotor is then
P(t) = 7p(t)w(t). (1.8)

For time averaged data where the angular velocity of the turbine is periodic or constant
and the average is taken over an integer number of rotations, —7.(¢) can replace 74(t) in the
above equation. Details and proof are given in section 2.2.2, —7.(t). The energy conversion
efficiency, or power coefficient, is the turbine power normalized by the total fluid power

incident on the turbine, or

_ P
O pna

where p is the fluid density, and A is the area normal to the freestream direction swept by the

(1.9)

turbine rotor. For a constant radius CFT, A = HD, where D is the rotor diameter, and H is
the rotor height or span. A CFT performance curve consists of a series of C'p measurements
made for a sequence of TSRs, Eq. (1.5). The TSR is usually incremented by changing the
turbine rotation rate. The rotation rate is incremented by either direct closed-loop control of
the turbine rotation rate (velocity control) or indirectly by varying 7. (torque control). The
peak of the Cp-TSR curve indicates the peak performance of the specific rotor geometry
under the tested inflow conditions and control scheme. Because the free stream velocity,
U, is generally measured at a location upstream of the turbine rotor, care must be take in
computing time average Cp due to the advection time of free stream turbulence. Details are

given in 2.3.5.
1.3 History of CFT Research

The following chapters each describe existing literature pertinent to the specific aspects of
CFTs under consideration. However, it may be useful to the reader map out historical CF'T
research in broad strokes. The inventor of lift-based CFTs was french engineer Georges Jean
Marie Darrieus, who patented the concept in 1931[52]. The first published experiments,
consisting of wind-tunnel testing of a vertical-wind turbine with troposkein blades, were per-

formed in Canada in the early 1970s[180, 179]. Shortly thereafter, Sandia National Labs
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began a multi-decade campaign of experimental vertical-axis wind turbine research [26, 201]
with some additional contribution from the National Aeronautics and Space Administration
[137]. This early research focused mainly on two- and three-bladed CFTs with troposkein
blades, a shape designed to minimize internal stresses. The culmination of this research was
the construction of the 34 m Sandia National Labs vertical-axis wind turbine[8]. These tech-
nological developments were transferred to the FloWind Corporation, who built and installed
over 500 vertical-axis turbines in California in the mid 1980s. These turbines struggled from
premature structural failure due to fatigue of the blade-tower connection joints[188]. Aca-
demic research on CFTs continued through the 1980s, with perhaps the first experiments
using water as the working fluid performed by P. Fraunie et. al[70]. Few publications date
from the 1990s and early 2000s, with the exceptions of[174, 71, 196, 175, 120]. Notably, A.
Gorlov introduced the concept of helically swept blades, reducing oscillatory loading and
improving self starting characteristics[76]. Starting in the late 2000s, a resurgence of aca-
demic interest in CFTs for small wind and hydrokinetic applications occurred, with more
than a dozen articles published between 2007 and 2009. The well-publicized work of J.
Dabiri[202, 48], suggesting that arrays of CFTs could outperform arrays of AFTSs, elevated
academic interest in CFTs even further. This heightened interest has continued through the
present day. An excellent review of large vertical axis-wind turbine prototypes has recently
been published[132], and the vertical-axis wind turbine page of P. Gipes Wind Energy for
the Rest of Us website provides a thorough though perhaps overly pessimistic overview of
attempts to commercialize small vertical-axis wind turbines[73]. Several companies are at-
tempting to bring CF'Ts to market through harnessing hydrokinetic energy, including Ocean
Renewable Power Company, based in Maine, USA, and Instream Energy Systems of Vancou-
ver, British Columbia, Canada. Additional recent CFT investigations have been inspired by
their potential for offshore wind applications [81, 28], due the added stability of a down-tower
generator , with several companies working toward commercialization in this arena, such as

Sweden-based SeaTwirl.
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1.4 Scope of Work

The body of work documented in this manuscript aims to improve the performance of and
increase our understanding of CFTs through experimental investigation and optimization.
Chapter One covers the methods used commonly across all experiments. Chapter Two
covers experiments pertaining to the geometric optimization of CFT rotors. Chapter Three
investigates the a CF'T wake and presents a new technique for uncovering wake physics.
Chapter Four introduces two new CFT control methods, one for individual turbines and one

turbine arrays.
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Chapter 2
METHODS OF INVESTIGATION

Perhaps the only reassuring aspect of experimental investigation is that there is no ques-
tion whether the physics of the system are accurate. The difficulty is in whether the physical
system measured is a useful one, and in the accuracy and precision of these measurements.
Compared to computational work, the time-consuming portion of investigation is shifted
from the run-time to design and verification of the measurement setup. However, once
fine-tuned, large parameter spaces can be explored rapidly. For example using the system
detailed below, a performance curve of a single turbine can be collected in a half hour, in-
cluding installation and removal of the rotor. In contrast, a thirty-second run corresponding
to one point on a performance curve might cost a week of computation time on a modern
workstation using a CFD model appropriated for this type of flow.

The work presented here has been in part limited by the types of parameters that are
easiest to iterate experimentally. For example, control parameters can be changed on-the-fly,
allowing for fast parameter sweeps or real-time optimization. In contrast, parameters like
blade helix angle and blade cross-section profile require fabrication of a new rotor for each
data point. Parameters such as these are most likely to benefit from CFD analysis, since

fabrication time and cost may approach that of simulation.

2.1 Flumes

The majority of experiments presented here were performed in flumes. Flumes are artificial
channels that usually use pumps to recirculate water, creating flow through a testing section.
Performing experiments in flumes rather than in wind tunnels has a number of advantages.

First, a higher Reynolds number can be achieved with a smaller, easier to manufacture
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turbine rotor and at a lower flow velocity. For example, a 0.2 m diameter turbine in 1.0 m/s of
water flow has approximately the same diameter Reynolds number, Rep, as a 0.5 m diameter
wind turbine in 8 m/s wind. Second, forces and torques are higher than in air flow for turbines
with equivalent Reynolds numbers, making high signal-to-noise ratio measurements easier.
For the identical Reynolds number cases described here, forces are 2.1 times higher in water
than in air. Third, all flow and turbine activity is slower. Measurements can be lower
frequency, control loops can be slower, and forces and vibrations due to centripetal forces
are reduced.

Challenges specific to flume testing include the difficulty of placing electronics underwater,
corrosion, free surface effects, and the temperature dependence of water viscosity. When the
flow velocity is large compared to the square root of channel depth times the gravitational
acceleration, free surface waves develop. The resulting wave orbitals may influence the
flow incident on the turbine, impacting performance or degrading estimation of the true
freestream velocity. Closed-loop temperature control is necessary to hold the viscosity, and
thus Reynolds number constant across experiments.

Experimentalists testing turbines in wind tunnels or flumes face a conundrum. On one
hand, the size of the model should be maximized, such that the Reynolds number is as close
as possible to that of commercial-scale turbines. However, when a large fraction of the test
section area is occupied by the turbine rotor, the upstream pressure is increased and more
flow is forced through the rotor. The fraction of the area swept by the turbine over the test
section cross-sectional area is called the blockage ratio, given by

HD
br= Aest section 2
for a CFT turbine rotor. The elevated flow through the rotor at large B, boosts performance
above that of unconfined flow conditions. Generally speaking, blockage should be kept below
5% to reflect unconfined performance [125, 161]. Most of the experiments performed here
have blockage ratios greater than 5%. For this reason, results are presented in a comparative

manner, such that performance gains and decreases are compared at the same blockage
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value. One method avoiding this issue is to increase the Reynolds number through increasing
the fluid density, such as in a high-pressure wind-tunnel[129]. However, such facilities are

uncomimeon.

2.1.1 University of Washington Tyler Flume

The UW Tyler flume has a test section measuring 0.76 m wide and 4.88 m long. The standard
operating depth for these experiments was 0.475 m with the water flowing. This flume has
an unusually large contraction ratio of 4.0. Combined with a flow straightener and resistive
meshes, this results in a turbulence intensity, T'1, between 1.5% and 3%, given by
VW2 + (02) + (')

(VOZ+VZ+W2)

where [U, V, W] are the total velocity vector components and [u’,v’,w'] are the fluctuating

TI = (2.2)

velocity components. In this manuscript, (f) denotes the temporal mean of the quantity
f. Variable frequency drives on the flume pumps enable computer controlled flow velocity
up to approximately 1.1 m/s. This flume has both heating and cooling capabilities allowing
temperature control to within +0.1° C. Using the standard turbine rotor of this work (see

section 2.4), the blockage ratio is 11%.

2.1.2  Bamfield Marine Science Center Flume

The Bamfield Marine Science Center Flume consists of a 10 m long test section with no
stilling basin (contraction ratio of 1). The flume width is 2.0 m, and the standard dynamic
depth used was 0.73 m, resulting in a blockage ratio of 2.8%. The turbulence intensity was
between 2.0% and 3.5%. The maximum possible flow rate was 0.6 m/s. A refrigeration

system provided temperature control to within +0.5° C.

2.2 Turbine Test Setup

The primary system used for turbine performance measurement and control is shown in

Fig. 2.1. A Yaskawa SGMCS-02B or SGMCS-05B direct mount servomotor was used to
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T, F.F,

Figure 2.1: Turbine experimental control and measurement system diagram. / indicates
current flow from the servomotor to the controller, where it is dissipated in a resistor. Not
pictured, an acoustic doppler velocimeter is located 5D upstream centered on the rotor,

providing freestream velocity data.

control the turbine rotation. Coupled with a Yaskawa SGDV-05B3C41 controller, this allows
for angular velocity or torque control, and allows electrical energy to flow from the servo-
motor to the drive (generation mode) or from the drive to the motor (motoring mode).
The motor also has an internal encoder with over one million counts per revolution. The
turbine was mounted directly to the face of this motor via a flexible shaft coupling. The
motor is mounted to the flume superstructure via ATI Mini45 six-axis load cell. This cell
measures all reaction forces and torques on the servomotor. The turbine drive shaft is 12.7
mm in diameter and terminates at a bearing near the bottom of the flume. This bearing is

supported by an ATI Nano25 six-axis load cell, which measures the reaction forces on the
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lower bearing. The Nano25 load cell is mounted to the flume bottom via a vacuum plate.

The turbine control architecture is also illustrated in Fig. 2.1. Control and measurement
is handled using a MATLAB Simulink model running on the MATLAB Realtime Desktop
kernel on a PC. The control and acquisition I/0O is through National Instruments PCle-6351
and/or PCle-6353 data acquisition (DAQ) boards. The turbine velocity or torque command
is sent to the motor controller via an analog voltage. On-board counters on the DAQ keep
track of the turbine angular position from the motor encoder signal. All electrical interfaces
between the DAQ system and the motor drives are isolated to reduced electrical noise. The
DAQ cards are also used to measure the amplified load cell voltages. The control loop and
data collection frequency was 1kHz. The Simulink Realtime Desktop model allows for either
open loop, or closed loop control of the turbine based on incoming measurements.

The freestream velocity was measured using a Nortek Vector acoustic Doppler velocime-
ter (ADV) at a sample rate of 64Hz. The sampling volume was positioned five diameters
upstream from the turbine rotation axis, and centered on the turbine swept area in the

vertical and cross-stream directions.

2.2.1 Torque and Power Measurement

Because it can be a topic of some confusion, it is worth detailing how the above experimental
setup is used to derive the fluid-only torque and power. The torques acting on the turbine
rotor in this setup may be separated into three components, as illustrated in Fig. 2.2. First
is the torque applied by the servomotor to the turbine rotor, 7.. During power generation,
this torque is applied opposite to the direction of the turbine rotation. Second is the torque
applied on the turbine rotor by the fluid, 7t. This torque includes forces that are beneficial,
pushing the turbine in the direction of rotation, as well as forces that are detrimental, such
as drag losses that act to slow the turbine down. Finally, the lower bearing imparts a small

parasitic loss on the turbine, 7,. Therefore the equation of motion becomes

Te+ 7+ 1 = lw. (2.3)
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Figure 2.2: Free-body diagram illustrating the torques and reactions torques present in the

experimental setup.

A brief aside on the control torque: This analysis does not consider the individual torques
present in the servomotor, such as the torque due to the magnetic field applied to the rotor
and the parasitic torques due to the motor bearings. These torques are all lumped into the
single term, 7., which describes the total torque applied to the rotor by the servo motor. The
motivation for this choice is to study the mechanical efficiency of the turbine rotor without
including the efficiency of the servomotor. Therefore, the efficiencies presented in this study
do not include losses in the servomotor system.

To consider how we are able to measure the aggregate control torque, we must consider
the free body diagram of the servomotor stator, which does not rotate. The stator expe-
riences two external torques. First is the torque equal and opposite to that applied to the

servomotor rotor, and subsequently to the rigidly-connected turbine rotor. This torque is
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the electromagnetic force, minus bearing losses. This is equal and opposite to 7., the torque
applied to the turbine by the servomotor. The second torque on the servomotor stator is the
reaction torque between the servomotor and the upper load cell (in the above figure, this is
Tm, top)- Oince the stator of the servomotor is stationary and does not accelerate, we then
have

—Tc + Tm, top — 0. (24)

This means that the torque measured by the top load cell is equal to the aggregate control
torque. Consequently, if the turbine was spun at constant velocity in a vacuum (such that
7 = 0) and the lower bearing was frictionless (7, = 0), the upper load cell would measure
zero torque. In this scenario, under constant velocity control mode, any losses internal to the
servomotor are compensated by an input of external current by the servomotor controller,
resulting in net zero force applied to the turbine and motor rotor, and no reaction torque is
measured by the load cell.

Now let us return to the equation of motion for the turbine rotor (2.3). We have just
shown that 7. = 7y, top. Similarly, the reaction torque of the lower bearing on the lower
load cell is equal to the parasitic torque the bearing applies to the turbine rotor, giving
Th = T, bottom- LIS gives

T, top + Tt + Tm, bottom = 1W. (2.5)
To consider the torque on the turbine rotor due to fluid forcing and acceleration alone, we
isolate these terms:

Tm, top + Tm, bottom — Tw — Tt. (26)

The rotor mechanical torque (fluid and acceleration torques only) in terms of torques

measured in this experiment is then
T =Tt — Tw = —Tm, top — Tm, bottom- (27)

The mechanical fluid power generated by the turbine, with non-fluid losses eliminated, is
then

P=rw= (Tf — ICU) W= - (Tm, top T Tm, bottom) w. (28)
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2.2.2  Acceleration and deceleration power

The energy generated by the turbine rotor over one revolution is given as the time integral

of equation (2.8) as

Boer cyele = / F(t)w(t) dt (2.9)

cycle
or, using Eq. 2.7,
to+T to+T
Eper eyete = / )ty dt / To(t)o()dt (2.10)
to to
where T is the rotation period. In the second integral term, w = ‘fl—‘: is substituted, and the
limits modified appropriately:
to+T w(to+T)
Eper cycle = / Ti(t)w(t)dt — / Tw(t)dw (2.11)
to w(to)

As long as the angular velocity is periodic, such that w(tg) = w(to + 1), the second
integral is always zero. Additionally, this integral goes to zero for any angular velocity
profile, periodic or not, that takes on the same value as at ty some point in the future. This
means that any controller which results in a periodic acceleration and deceleration of the
turbine only contributes to the mechanical energy harvested per cycle by modifying 7. If
under velocity control, the fluid torque goes negative, the servomotor may be required to
inject energy into the turbine (act as a motor rather than a generator) during some parts
of the cycle. This energy is recovered by decelerating the turbine during other portions of
the rotation. As will be detailed in the next section, this function can also be performed by
increasing the mass moment of inertia of the rotor, and using the rotor as a kinetic energy
storage device. Under torque control, 7, can be regulated to always resist the rotor rotation,

eliminating the possibility injecting energy into the turbine.
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2.2.8 X Scaling: An Argument for Velocity Control

! The two main control methods for laboratory turbines are to spin the rotor at a constant
angular velocity, by varying the control torque in a closed-loop control system, or to hold
the control torque constant and allow the angular velocity to vary. Under torque contrlo,
where the turbine angular velocity is not prescribed, the blade kinematics, and thus fluid
forcing, depend on the ratio of the turbine mass-moment of inertia and the sum of the fluid
and control torques on the rotor. This can be shown by rearranging the turbine equation of

motion Eq. (1.7), as
Th—Te AT

I I

W= (2.12)

where here we consider 7, to include all external (non-fluid, non-accleration) torques on the
rotor. This calls into question the validity of extending results of laboratory experiments
performed with a control scheme that allows the rotation rate to vary (w # 0), such as
resistive torque control, to larger turbine scales, such as those suitable for commercialization.
It is then useful to explore how the variation in rotation rate is expected to change as turbine
size is increased.

Consider the non-dimensional form of eq (2.12),

Tw AT
= = ACy. 2.13
I0UZAR — 1pUZAR © (213)
Solving for the angular acceleration yields
. r

For a constant freestream velocity, the angular acceleration may be expressed in terms of the

derivative of the tip-speed ratio as

LI U (2.15)

LA similar argument to the following appears in the forthcoming publication Comparison of Cross-Flow
Turbine Performance under Torque-Regulated and Speed-Regulated Control by B. Polagye, B. Strom, D.
Forbush, H. Ross, and R. Cavagnaro
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Substitution into the previous equation, and solving for the rate of change of the tip-speed

ratio yields

. LU ARPAC,
j= 220 Q (2.16)
1
The turbine frontal area is
A=2RH (2.17)
and the turbine height and radius are related through the aspect ratio (A,) by
H = 2RA, (2.18)
Equation. (2.16) then becomes
4
A= 2PU°R[ATACQ. (2.19)

The mass moment of inertia, I, may be approximated as the sum of point masses (the blades)

with total mass m, placed at a radius R from the rotation axis, or
Lo
I~ §R m, (2.20)

where the blade mass can be expressed using the blade cross-sectional area A,, the blade

material density py, and the number of blades N as
= NAH (2.21)

yeilding
1
I~ 51~221\/Aprb. (2.22)

The blade cross-section area can be expressed as
Ay = At (2.23)

where t* is the non-dimensional mean blade thickness, as a fraction of the chord length, c.

The mass-moment of inertia is then approximated by

1
I~ 5R?Nc%sHp,,. (2.24)
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Using the aspect ratio relation, eq. (2.18), and the non-dimension chord-to radius ratio (c,)
relation

c=c¢R (2.25)

to eliminate H and c yields

I~ A.Ct*Np,R. (2.26)
The time derivative of the tip-speed ratio (eq. (2.19)) then becomes

i ~ —QPtUNApr}g (2.27)
It will be assumed that the non-dimensional turbine geometric parameters chord-to-radius
ratio (¢, ), foil thickness ratio (¢*), and number of blades (/V) will remain constant between
the laboratory and commercial-scale turbines. Additionally, the non-dimensional torque
coefficient (ACy), the working fluid density (p) and the blade material density (p,) are
assumed to remain constant across scales. This results in the proportionality

\oc =2 2.98
x> (2.28)

When scaling from the laboratory to full-scale turbines, the ratio of laboratory measured

tip-speed ratio variation to that experienced by a full-scale, commercial turbine is then

Mab  Uppab 1
m —

. : 2.29
)\fuu UO,full S ( )
where S is the geometric scaling factor of the laboratory turbine, or
Rlab
S = . 2.30
Rean (2:30)

Thus, we expect variations in tip-speed ratio to be proportional to changes in the freestream
velocity and inversely proportional to the turbine scale. Results utilizing constant resistive
torque control of a small radius, laboratory-scale turbine may then experience significantly
larger swings in tip-speed ratio, resulting in different blade kinematics than large, commer-

cial turbines. Several strategies may be taken to alleviate this issue. First, very low values of
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Figure 2.3: (a) Isometric and (b) cross-section views of the turbine coordinate system used

in this work.

freestream velocities may be used. However, this poses difficulty in achieving representative
Reynolds numbers and in measuring very small values of hydrodynamic torque. Second, the
mass-moment of inertia of the turbine may be artificially increased, either through addition
of mass to the rotor, or through applying a torque opposite the direction of angular acceler-
ation via a real-time measurement and control system. Care must be taken that additional
rotor mass does not interact with the working fluid. Finally, rotors may be operated under

constant angular velocity control (A = 0) rather than torque control. This will approximate

the kinematic behavior of the rotor as the turbine size becomes very large (§ — 0).

2.3 Data Post-Processing

2.3.1 Turbine Coordinate System

The standard coordinate system in which all following results are presented is illustrated in
Fig. 2.3. The origin is on the axis of rotation, centered relative to the turbine height. Positive
Z direction points towards the flume water surface. The +Z direction points downstream,

and so is nominally parallel to the freestream vector. The ¥ direction follows, using a right-
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hand coordinate system. Positive rotation and torque direction is defined by the +Z axis,
so is counter-clockwise when viewed from above. In this work, the + direction is referred
to as ‘streamwise’ while the +% direction is referred to as ‘cross-stream’. Note that in many
publications, the 4y direction is referred to as ‘spanwise’ (for example [5]), but because in
the case of CFTs the blade span extends in the +Zz direction, this nomenclature is felt to be

confusing.

2.3.2  Load Cells

Load cell measurements were converted from amplified strain-gauge voltages to forces and
torques in the default coordinate system of each load cell using factory provided calibration
matricies. Because there was no means of registering rotational orientation of the load cells
about the 2 axis during setup, a rotational correction was applied to the F, and F), forces.
This correction was derived by applying a force in a known direction (usually +Z), then
calculating the rotation matrix necessary to transform the measured = and y forces onto the
applied force vector. The sum of the transformed forces measured by the top and bottom
load cells gives the fluid force applied to the turbine rotor. The fluid torque was calculated

as given in section 2.2.1.

2.8.8 Encoder Data

The encoder counts were converted to radians. Because there was no mechanism for main-
taining alignment of the turbine rotor and the motor between rotor change-outs, the § = 0
turbine position was calibrated using an alignment pin mounted to a removable arm. The
alignment pin registered in a hole in the turbine blade mounting structure.

Differentiation of encoder data to derive turbine velocity and acceleration poses a chal-
lenge. The measurement is discretized twice over. Once due to the spatial discretization of
the encoder counts between § = 0 — 27. Second, though the counter chip onboard the DAQ
registers changes in the encoder count nearly instantaneously, the Simulink data acquisition

system only samples this value every 1 ms. This adds a layer of temporal discretization to the
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measurement. Low order finite-difference differentiation of the resulting measurement yields
noisy derivatives that do not reflect the actual activity of the system. The solution used
here is to differentiate an analytical polynomial fit to a window of position measurements.
The standard used for this experiment is a second-order polynomial fit to a window of 20
time points. Since a new polynomial is fit for every datapoint, this can be a computation-
ally intensive process. A fast vectorized method of performing this computation has been

developed, and because it may be useful to other users of encoders, is given in A.1.

2.3.4 ADV Data

ADV measurements are prone to sparse noise, usually referred to as spikes. Goring and
Nikora [75] presented an algorithm for identifying ADV data spikes, which was later im-
proved by [199] and [134]. This method employs a 3D phase space comprised of the velocity
measurement and its first two derivatives. A 3D ellipsoid is drawn in this space, which

extends along each axis a distance of

where ¢ is the standard deviation, z; is the measurement of interest (velocity, or its first or
second derivative), and N is the number of measurements in the time series. This corresponds
to the maximum expected value for a normal, random variable. Data points that fall outside
this ellipsoid are identified data spikes. The algorithm is then run on the remaining data
recursively until no more spikes are identified.

In this work it was found that the algorithm did not identify data spikes as efficiently when
the freestream velocity had slow variations of any significant amplitude. This is likely because
the ellipsoid is incorrectly expanded along the velocity direction. A solution, implemented
here, is to perform the above algorithm on velocity data that has first been subjected to a
high-pass filter, removing slow changes. Identified spike locations are then replaced in the
original time-series using linear interpolation.

Spike identification was always performed on the raw beam velocities (before converting
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to real-world coordinates). Conversion to spatial coordinates spreads a spike occurring in
a single beam across multiple channels, reducing the spike amplitude and making spike

identification less effective.

2.3.5 Computation of Normalized Quantities

Force and performance data is presented normalized by the freestream velocity data. Ideally,
the instantaneous values of these coefficients are calculated, then a time average can be
taken. However, a number of challenges make this impractical for the data collected in
this work. First, velocity fluctuations measured upstream do not interact with the turbine
rotor until some time later, when this flow has advected downstream. Since the flow slows
by an unknown amount as it approaches the rotor (streamwise induction), calculation of
this advection time is difficult. Additionally, the structure of these fluctuations may have
evolved during the advection time. Finally and most importantly, the Nortek Vector did
not have an onboard clock that could be set accurately. Thus, freestream measurement time
uncertainty was £ 1.0 second at best. For this reason, normalized coefficients were calculated
by taking the mean of the numerator and denominator separately. For example, the mean

power coefficient becomes

_ (lw@)7(t))
(Cp) = T {Un()) HD' (2.32)

Care is taken to average over an integer number of rotations in order to remove the influence
of inter-cycle variations around the mean value.

Other normalized parameters of interest are the torque coefficient,

B (T(t))
(Co) = 1 7 @y HDR (2.33)

and the stream wise and cross-stream wise force coefficients, referred to here as the thrust

and lateral force coefficients, given by

__mw
= ey D

(2.34)
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and

(2.35)

respectively.

2.3.6  Error and Variability

The quantity most often referred to in the following work is the turbine power coefficient, thus
a brief error analysis of a sample measurement is presented. Uncertainty in the estimation of
Cp is due primarily to the upper load cell torque and the freestream velocity measurements.
The high resolution of the angular encoder and the relatively small values of lower bearing
torque mean these measurements do not contribute significant uncertainty. The upper load
cell had an accuracy of £ 1/1504 Nm, while the Nortek Vector had an accuracy of £+ 0.5%
and a resolution of + 0.001 m/s. At a freestream velocity of 0.7 m/s, and operating at the
peak Cp of 0.2 (both typical), the measured Cp has a maximum combined error of 1.3 x 104,
The standard acquisition time for one performance point was 30 seconds. For typical tip-
speed ratios and flow speeds ranging from 0.4 m/s to 0.7 m/s, the number of full turbine

revolutions in this time period range from 25 to 101. The cycle-to-cycle variance in Cp is

typically 0.2% to 0.5%.

This analysis suggests a high level of precision of the turbine measurements over the course
of a single test run. However, over the course of days to weeks as turbine rotors are removed
and reinstalled, the performance of the rotors at identical flow and control conditions show
Cp variation of approximately £0.005, mainly at higher TSRs. The source of this variation is
a topic of continued investigation. Possible options include slight variations in turbine rotor
or mounting geometry, changes in the flow conditions, such as turbulence or viscosity, drift
in load cell measurements due to thermal effects, or the use of a point free-stream velocity

measurement to represent the velocity incident on the entire rotor area.



30

Section A

Figure 2.4: Dimensioned drawing of the standard experimental turbine. Dimension units are

centimeters.

2.4 Turbine Geometry

The standard turbine geometry for these experiments, unless stated otherwise, is illustrated
in Fig. 2.4. The rotor consists of two straight NACA0018 profile blades with chord lengths
of 0.0406 m. The ends of the blades are mounted to the 0.012 m diameter center shaft via
circular end plates. The blades are mounted at a preset pitch angle of six degrees (rotated
six degrees about the quarter chord, leading edge outward). The turbine diameter is 0.172
m while the height (span) is 0.234 m. Non-dimensional geometric parameters, defined in
section 3.1, are as follows: Solidity, o = 0.15; chord-to-radius ratio, ¢/R = 0.47; and aspect

ratio, A, = 1.36.
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Chapter 3
GEOMETRIC OPTIMIZATION

3.1 CFT Geometric Parameters

The parameters defining the major aspects of CF'T rotor geometry are given in Table 3.1.
For the purpose of comparing the relative geometry of rotors of different sizes, it is useful
to define non-dimensional geometric parameters. These are given in Table 3.2. It should be
noted that solidity, or the fraction of the turbine circumference occupied by blade, given by

Nec
g =
2R

(3.1)

is not included in this list. Because two rotors can have different geometries but identical
solidities (by varying N inversely with ¢), this parameter is of limited use when the objective
is optimizing geometry. Additionally, as will be seen in section 3.4, making sense of CFT
performance requires the consideration of N and ¢/ R separately. For some CFT variants, the
parameters given in Table 3.2 are not held constant. For example in designs with troposkein
or canted blades, the radius varies as a function of position along the rotor height. In
others, the blades may be tapered toward the tips, such that the chord length changes
along the blades. Simultaneous optimization of all geometric parameters, including letting
parameters vary in a single rotor, is a rather intractable task. This is especially true from
an experimental standpoint where each rotor must be fabricated. In this work we seek to
understand the phenomena by which design changes impact turbine performance. For this
reason, only a subset of parameters is studied in this work. First, we restrict ourselves to
the study of straight-bladed turbines (5 = 0). Helical or canted blades have the potential to
improve the self-starting capabilities of CFTs as well as smoothing loads and power output.

However, because the blades in these designs occupy a range of azimuthal positions at the
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R Turbine radius ¢/R Chord-to-radius ratio

H Blade span (rotor height) A, Aspect ratio, %

c Blade chord N Blade count

N Blade count op Preset blade pitch angle

oy Preset blade pitch angle - Blade profile

- Blade profile 6] Blade helix or cant angle

6] Blade helix or cant angle - Blade end condition

- Blade end condition

Table 3.2: Non-dimensional turbine geo-

Table 3.1: Dimensional turbine geometry metric parameters. Bolded quantities are
parameters. those studied in this chapter.

same time, various different types of fluid-blade interactions can be occur simultaneously
along a blade. This limits the usefulness of blade force measurements as an investigative
tool. Additionally, unlike helical or canted blades, varying the preset pitch angle on a
straight blade is trivial. Finally, it is likely that helical and canted blades induce significant
axial flow in the rotor, further complicating already rich fluid mechanics. Blade profile shape
is also not studied in this work. An optimization procedure based on fabricating and testing
new profiles would be very time-intensive, though this may be soon possible with recent
advances in additive manufacturing. The problem of optimizing the blade profile is better
suited to CFD studies, and numerous investigations taking this approach to the topic have
been published[51, 121, 22, 95, 109, 65, 18, 131, 40, 42, 50]. Notably, the optimized foil found
by many of these studies does not differ substantially from a standard symmetric NACA0018
used in this work, for example see fig. 5 in [51]. The last geometric parameter left unstudied
in this work is rotor aspect ratio. It is expected that performance per unit length of rotors
will asymptote to that of an infinite-length rotor rather quickly. This is because the changes

in performance are dependent on the blade aspect ratio (H/c). Above values of H/c of about
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7-10, foil performance per unit length ceases to change[97]. For a rotor with even a large
¢/ R of 0.5, this foil aspect ratio is achievable with a turbine aspect ratio of only A, = 1.75
to 2.5. Therefore, it is felt that in the majority of applications, turbine aspect ratio will
be inconsequential to the optimization of other rotor geometric parameters. The remaining
parameters, bolded in Table 3.2, are those considered in the following studies. In the first
section (3.2), the blade end condition is studied through the effect of mounting structures
on performance. In the next section (3.3), the effect of preset pitch angle, a,, is studied in
isolation. In the last section (3.4) the effect of Reynolds number on optimal values of ¢/R,

N, and o, are studied, as well as some of the interdependence between these parameters.
3.2 Blade mounting structures

The following contains content from [185]'.

Little has been published concerning the implications of how CFT blades are affixed
to the central shaft. While this concern may seem secondary to the rotor blade geometry,
the blade support structure has the potential to heavily influence rotor performance. First,
since the support member(s) must rotate with the rotor, they will necessarily produce some
drag opposing the direction of rotation. Second, the support members may influence lift
generation of the rotor blades. For example, on stationary foils, end-plates have been shown
to be functionally similar to an increase in blade span by reducing tip effects[153]. Blade
support structures placed near the tips of the blades may act as end-plates, reducing lift
losses due to flow from the pressure surface to the suction surface around the end of the
blade. Third, on aircraft wings, winglets are employed to reduce induced drag (drag due
to lift[105]). Blade support structures have the potential to provide this function. Finally,
differing blade support geometries may restrict span-wise flow in the turbine rotor to varying

degrees, which may impact turbine performance by altering vortex formation during dynamic

!'The work in this section has been published in AIP Journal of Renewable and Sustainable Energy
(DOI:10.1063/1.5025322) and was co-authored with Brian Polagye and Noah Johnson[185]. The author
lead all experiments and wrote the published manuscript. AIP allows the inclusion of copyrighted work in
a thesis document.
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stall.

Previous studies have individually demonstrated several strategies for mounting the
blades to the central shaft. These include disks[76, 99], streamlined struts at the blade
ends[174, 13|, and streamlined struts at the mid-span or other intermediate positions[12, 85].
However, to date, few studies have made a systematic comparison of the implication of
these choices. Goude, Lundin, and Leijon[78] considered the influence of differing numbers
of struts using a double-multiple stream tube model based on tabulated values of the strut
drag coefficient. Gosselin, Dumas, and Boureau[77] used an unsteady Reynolds-averaged
Naiver-Stokes model to explore the effect of the adding end-plates to the blade tips of a
CFT. Small end-plate resulted in turbine performance gains, since reduction in tip-losses
outweighed end-plate drag losses. Rawlings et al.[151] experimentally found a slight increase
in performance by applying disk and foil end-plates to the ends of a three-bladed CFT. Li and
Calisal[112] experimentally compared a turbine with NACA 0012 struts positioned at the
center-span and ends of the blades to a more blunt profile, positioned at 1/4 span from the
ends. The increase in performance of the NACA 0012 struts was attributed to lower profile
drag and a reduction in tip losses and induced drag. Additionally, disk and foil end-plates
were tested resulting in a small increase in performance. Bachant et al.[15] experimentally
compared NACA 0021 and cylindrical struts mounted at the mid-span of a three bladed
CFT. The large drag on the cylindrical struts resulted in a negative turbine efficiency at all
operating conditions. Strut drag was measured independently from turbine performance by

rotating the turbines without blades.

By evaluating changes in turbine performance and drag on mounting structures, as well
as analytical models, we provide a guide for selecting blade mounting geometry for CFT
designs. These considerations are specific to lift-based CF'Ts since drag-based CFT's, such

as a Savonius rotor, are configured to maximize drag.
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Figure 3.1: Blade mounting geometries. Strut versus disk configurations are at the left pane.
The three strut cross-sections are shown at the right. Struts and disks are attached to the
blade tips, with the exception of the mid-span strut (or “H”) configuration, where the blades

are mounted via a single foil at the mid-span. Table 3.3 lists the mounting geometries tested.

3.2.1 Methods

With the exception of the blade mounting structures, the turbine geometry, measurement
methods, and analysis described in the methods chapter reflect those used in this work. All
tests were performed in the UW Tyler Flume.

The ten blade connection geometries tested are illustrated in Fig. 3.1 and listed in Ta-
ble 3.3. Six types of struts with a chord length equal to the blade chord were tested. These
had either a symmetric 4-digit NACA foil, rounded, or rectangular cross-section. For each
of these, two thicknesses were tested, ¢ = 0.16¢ and 0.08¢, where ¢ is the chord length (equal
for the blades and the struts). Additionally, three sets of 0.08¢ thick disks were tested. The
first had a radius equal to that of the turbine. The second and third had radii that were
expanded by a = 0.5 and 1.0 chord lengths. All mounting structures were attached at the
ends of the turbine blades, with the exception of a final “mid-span strut” configuration, in
which the blades were mounted to the center shaft at the mid-span using a 0.16¢ thick foil.

By incrementing the tip-speed ratio, a complete performance curve was generated for

each mounting structure at four freestream velocities. These corresponded to blade chord
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Planform Cross Section Thickness
Strut Foil (NACA0008) 0.08¢
Strut Foil (NACA0016) 0.16¢
Strut Rounded 0.08¢
Strut Rounded 0.16¢
Strut Retangle 0.08¢
Strut Retangle 0.16¢
Mid-span strut Foil (NACA0016) 0.16¢
Disk, R* = R 0.08¢
Disk, R* = R+ 0.5¢ 0.08¢
Disk, R* = R+ ¢ 0.08¢

Table 3.3: List of mounting geometries tested. All geometries except the mid-span strut
consist of two mounting structures, one at each end of the rotor. The Mid-span strut is a
single mounting structure located at the mid-pane of the rotor. R* indicates disk mounting

structure radius.
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Figure 3.2: Peak turbine efficiency as a function of corresponding tip-speed ratio. Color

indicates Reynolds number, Eq. (3.2). Legend indicates strut shape and thickness.

Reynolds numbers,

Uso
Re, = &= (3.2)

v
of 18, 23, 27 and 32 x 10, where v is the kinematic viscosity. Losses due to drag on the
mounting structures were estimated by performing the same tip-speed ratio sweeps with the

mounting structures alone, after the method of Bachant et al.[15].

3.2.2 Results

Figure 3.2 summarizes the peak performance of each blade mounting geometry as a function
of Reynolds number and tip-speed ratio. Without exception, increasing Reynolds number
increased turbine performance, as expected for transitional Reynolds numbers[15]. As shown
in Fig. 3.3 (top), for poor-performing turbines, a secondary performance peak at A = 1.3
dominates over the peak near A = 1.8-2. Previous work has demonstrated that this low

tip-speed ratio peak is due to a strong vortex-foil interaction[182],3.3. Increasing turbine
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performance generally corresponds to an increase in the tip-speed ratio at which peak ef-
ficiency occurs. At the highest Reynolds number, strut geometries with the greatest peak
efficiencies were the 0.08¢c thick struts with foil and rounded cross sections (Cp = 0.250 and
0.244, respectively) followed by the 0.16¢ thick strut with a foil cross section (Cp = 0.224).
These geometries performed best at all Reynolds numbers. The smallest disk (¢ = 0), thin
rectangular strut, and thick rounded strut had the next best efficiency with similar relative
performance at each Reynolds number. The expanded disks (a = 0.5¢,¢) and the mid-span

strut configurations had the poorest performance at each Reynolds number.

3.2.3 Discussion

Taking a perturbation theory-like approach to the problem similar to Li and Calisal[112],

the total efficiency of the turbine may be expressed as follows
Cp=Cpp+Cpm+Cpmsb+Cpbosm+ Cp hot. (3.3)

Here Cp 1, represents the ideal power that could be produced by the blades, regardless
of the mounting structure or blade end condition (e.g., in the absence of tip losses). Cp
represents the efficiency losses due to rotational drag on the mounting structures in a flow
undisturbed by the turbine blades. The next two terms represent secondary effects. Cp m_p
represents the influence of the mounting structures on blade performance. This includes a
reduction in tip-losses and induced drag and influence on span-wise flow. Cp ,_,,, encapsu-
lates the effect of the blades on the drag experienced by the mounting structures, primarily
due to changes in the local flow field induced by the blades. Further, higher-order terms
(Cp not.) likely exist, but are not considered in this analysis.

If secondary and higher-order effects are small enough to be neglected, we can write

0

Cpb=Cp—Cpm —W (3.4)

As in Bachant et al.[15], measurements of Cp ,,, have been taken directly by spinning the

turbine in the flume without blades. Figure 3.4 shows this efficiency loss for the highest
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Figure 3.3: (a) Full turbine performance curves. (b) Performance curves with mounting
structure rotational drag losses added back in as an estimate of blade-only performance.

Both show performance for Re, = 32 x 103.
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Figure 3.4: Efficiency loss due to mounting structure drag versus tip-speed ratio at Re. =

32 x 103.

Reynolds number tested. If the approximation that Cp secondary = 0 holds, Cp 1, should
be the same for all turbine configurations. Figure 3.3 (b) shows the performance curves
resulting from this analysis. With the exception of the mid-span strut turbine, the blade
performance curves are generally collapsed, though secondary effects are still responsible for
some performance variation. Excluding the mid-span strut turbine, there is a 13% difference
in the lowest and highest performing geometries at the peak of the curves, with discrepancy
increasing with tip-speed ratio. The largest variation is between turbines with identical
plan-form geometries (Foil, 0.16¢ versus Rounded 0.08¢). These geometries likely have a
similar end-plate and winglet effect on the blades, suggesting that Cp, 1,1, should be similar.
Therefore, it is hypothesized that the most influential secondary effect for all geometries
except the mid-span strut geometry is Cp p_m, that is, the changes in mounting structure
drag due to the flow induced by the blades. Extending the disks beyond the radius of the

turbine foils did not appear to increase blade performance. This suggests that shielding only
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Figure 3.5: Blade performance (Eq. (3.4)) curves for the 0.08¢ thick foil struts, 0.16¢ thick
mid-span strut, and a turbine with both. Black dashed lines show the performance of the
turbine with both mounting structure types using a reduced value of the turbine height in
the efficiency equation to account for loss of operable blade span due to the presence of the
mid-span strut. Failure of these curves to approach the 0.08¢ foil curve indicates additional

sources of power loss due to the presence of the mid-span strut.

the inside edge of the blade (suction side) is adequate to reduce tip losses.

Maid-Span Mounting Discussion

The mid-span strut turbine exhibits a much reduced total performance, remarkable consid-
ering mounting structure losses (Cp, ) are equal to the best performing turbine (Foil, 0.08c,
Fig. 3.4) and that this is a common geometry for small vertical-axis wind turbines (i.e. “H-
Darrieus”). When the mounting structure losses are accounted for, the Cp ), curve has a
much broader peak, far below the other turbine geometries (Fig. 3.3, (b)). Since this turbine

is the only geometry with free foil tips, it is likely that Cp 1, dominates. Tip-losses are
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expected to be large as flow is no longer blocked between the suction and pressure sides of the
blades. In addition, the free blade tips may introduce additional drag. To examine whether
tip-effects are solely responsible for the decrease in performance of the mid-span strut tur-
bine, an additional turbine geometry was tested, where the mounting structure included
both the 0.08¢ thick foil struts at the ends of the blades and the 0.16¢ thick foil mid-span
strut. A comparison of the foil 0.08¢, mid-span strut, and the combined turbine are given in
Fig. 3.5. Here, the efficiency loss due to rotational drag, C'p ,,, has been subtracted, leaving
only the blade performance and secondary effects. Shielding the foil tips by using both types
of mounting structures increases in blade performance over using the mid-span strut alone.
However, the failure of the blade performance to match that achieved using the 0.08¢ foil
struts alone suggests tip losses are only partially responsible for losses due to the presence of
the mid-span mount. Since the mid-span strut attaches to the blades on the suction side of
the blades, a central segment of the blades is unavailable for lift production. To explore this
possibility, the area used in the denominator of the rotor efficiency equation (1.9) is reduced
from A = DH to A = DH*, where H* = H — nt, where t is the mid-span strut thickness,
and n is the number of strut thicknesses unavailable for lift production at the mid-span of
the blades. As apparent from Fig. 3.5, rescaling the blade efficiency in this manner does not
account for all of the difference in blade performance between the 0.08c foil turbine and the
combined turbine, even if three strut widths on either side of the mid-span strut are assumed

to be unavailable for lift production (black, fine dashed line).

Given the preceding analysis, it seems that another mechanism, besides losses related to
the free blade tips and an interruption of the lifting surface, must be partially responsible for
the low performance of the mid-span strut turbine design. One hypothesis stems from the
fact that the strut interrupts span-wise flow along the lifting surface. To see how this might
be detrimental, first consider that the nominal (local) angle of attack on the foil varies as a
function of azimuthal blade position, #, as described in Eq. 1.3. In Fig. 1.2, for A = 2, the
nominal angle of attack for the upstream portion of the cycle (where the majority of power

is generated) varies from less than zero to over 24 degrees. This virtual pitch-up maneuver
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to an angle well above the static stall angle can result in the roll up of a leading edge vortex
(LEV), a phenomena known as dynamic stall[123]. The low pressure region in the LEV
results in a temporary increase in lift above that possible with a foil at constant angle of
attack. As reviewed in Wu, Vakili, and Wu[204], span-wise flow in the vortex core helps to
stabilize the LEV, resulting in greater lift for longer duration before the vortex is shed. This
suggests the introduction of a strut into the mid-span of the turbine blades could interrupt

span-wise flow, causing premature shedding of the LEV and a reduction in lift.

Modeling Mounting Structure Drag

Analytical models for the drag on various mounting structure geometries may be a useful
design tool for providing informed design decisions with limited prototype iteration. Here,
models are compared to data collected by rotating the mounting structures without blades.
Losses due to rotational drag of the central shaft are not included in the models. Losses
due to the central shaft are measured separately by rotating the central shaft in the flow
without blades or mounting structures at the appropriate freestream velocity and rotation
rate. These small losses are then removed from mounting structure losses.

First the rectangular-planform struts (non-disk mounting structures) are considered. The
relative velocity perpendicular to a strut section at a distance r from the rotation axis may
be written as

Urer(1,0) = wr + Uy c08(0) + Usnduced, (3.5)

where 6 is the blade position and is zero when the blade is traveling directly upstream.
Uinducea consists of any flow velocities induced by the blades and mounting structures. This
term will be neglected for simplicity in subsequent analysis, with the assumption that the
flow induced by the mounting structures is small. The resulting velocity vector incident on
a strut is shown in Fig. 3.6. Taking a blade-element approach to calculating strut losses, the

torque due to drag on a strut element of radial width dr is

1
T4(r, 0) = §pUrel(r, 0)? sgn(Use1)Cp(Urel) Lrdr. (3.6)
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Figure 3.6: Strut drag model diagram. The freestream flow is from left to right. Red arrows
indicate the components of the local flow velocity due to rotation and the freestream incident

on a strut section of width dr.

Here L is the characteristic length used in the pertinent drag coefficient (Cp) definition (e.g.,
the chord length for a foil). The sgn(U,e) term ensures the torque is applied in the direction

of the relative velocity in case reverse flow is encountered.

At a specific azimuthal angle, 6, the total torque due to drag on one half strut is given

by

R
1
T(e) = épL/Urel(ra 0)2 Sgn(Urd)CD(Urel)?"dT (37)
0

The power loss is the mean of this value over all angles multiplied by the rotation rate, w,

and the number of half struts (twice the number of blades), or

2r R

wiNpl / / Urer(r,0)2 sgn(Uset)Cp (User) rdrdf. (3.8)
0 0

2T

Pstrut =
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Rectangular Cross-Section Struts

Here the length scale used in the drag coefficient is L = ¢ where t is the strut thickness. Be-
cause the variation in drag coefficient with Reynolds number has been shown to be small[165],
a constant value is used. A good approximation is to neglect the effect of reverse flow, since
it occurs for only a small portion of the rotation, and if the tip-speed ratio is greater than
1, only near the center of the turbine where U, is small. Then the power loss integral can

be solved exactly as

1
Prect. = ZWAN'pC(DtR2 (UJ2R2 + Ugo) . (39)

Rectangular sections with a thickness over streamwise depth ratio of 5 have a drag coefficient
of about Cp = 1 and drag coefficient trends lower as as this ratio increases[177]. The
rectangular struts in this study had width over depth ratios of 6.4 for the ¢ = 0.16¢ strut
and 12.8 for the t = 0.08¢ strut. Drag coefficients of 0.95 and 0.92 respectively were found to
best fit the data, consistent with expectations for an increasing thickness-over-depth ratio.
Figure 3.7 shows the success of this model in predicting the power loss of the 0.08¢ rectangular
strut, normalized by the fluid power incident on the turbine, as in the standard power
coefficient definition. In addition, the assumption of a Reynolds number independent drag

coefficient is supported by the independence of power loss from the Reynolds number.

Foil Struts

Equation (3.8) is applied to model the foil strut power loss. Here the length scale used in the
drag coefficient definition is, by convention, the chord length (L = ¢) and the drag coefficient
is allowed to vary based on the instantaneous Reynolds number of each radial element at
each angular position, giving

R
User(r,0)? sgn(U,e)Cp (7, 0)rdrds. (3.10)

v
3
|
&
=
i)
)
\ S

21
0 0

Tabulated values of the drag coefficient variation with Reynolds number were generated using

the panel-method code XFOIL[55] with the turbulence intensity set to 1.5%, the same value
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Figure 3.7: Efficiency losses due to drag on the 0.08¢ struts (symbols) for four different
Reynolds numbers as measured by rotating the struts without turbine blades. Losses from
the center shaft were measured separately and have been accounted for. The 0.08c rectangle
line shows predicted losses according to Eq. (3.9), while the 0.08¢ foil lines show predicted
losses according to Eq. (3.10), with a modification to account for increased drag of the blade

mounting pad.
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Figure 3.8: Drag coefficient versus Reynolds number for a NACA 0012 foil at zero angle
of attack. Experimental data, from [74, 93, 198, 115, 1, 173, 107, 108, 143] is compared to
the XFOIL code[55] at two different levels of inflow turbulence intensity. XFOIL is used to
generate the drag coefficients in Eq. (3.10). Low Reynolds number drag is shown to be the
worst-case scenario, while high Reynolds number drag coefficients asymptote to a constant

value.

as the experiments. These values were interpolated based on the local Reynolds number

cUya (1, 0)

14

Relocal (7’, 6) = (311)

for each blade element and angular position. XFOIL is able to predict drag coefficients for
a NACAO0012 foil at zero angle of attack within reasonable accuracy, as shown in Fig. 3.8.
Because the flat blade mounting area (see Fig. 3.9) is not a foil in cross section and is
exposed while measuring Cp ,,, the drag coefficient for this section of the strut (r/R > 0.91)
was increased by a constant multiple over the foil drag coefficient such that Cp(r,0) =
csCp, toil(r,0). A constant of ¢; = 1.68 was found to best fit the 0.08¢ foil data. Equa-

tion (3.10) was numerically integrated to arrive at the total power loss. Figure 3.7 compares
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Foil Section

Blade Mount

Figure 3.9: A close-up of the 0.08¢ foil strut. The flat blade mount pad adds additional drag

when the strut is rotated without blades.

this model to data, where losses due to the center shaft have been removed. The Reynolds

number dependence of the foil losses are reflected in the analytical model.

Disks

Von Karmén solved the Navier Stokes Equations exactly for the flow over a rotating disk
with a laminar boundary layer[98], with refinements later made by Sparrow and Gregg[181].
A drag torque coefficient for a disk exposed to the fluid on both sides, defined as

2T
C,=— 3.12
%prR*S ( )
was found to be
C, = 3.87 Re, . (3.13)
Here, Re, is the disk rotation Reynolds number, given by
R*2
Re, = — 2, (3.14)
v

where R* is the disk radius. For the extended disk mounting structures (a > 0), R* > R. Rott
and Lewellen[157] extended the approach to include the translation of the disk, equivalent
to introducing a parallel freestream velocity, as in the case considered in these experiments.
In the limit of a small advance ratio, defined as

Uso

J = 2
WR*’

(3.15)
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Figure 3.10: Disk rotational drag torque coefficient, Eq. (3.12), data compared to exact
solutions for a disk in still fluid with laminar and turbulent boundary layers, Eq. (3.13) and
Eq. (3.16)[98].

the solution is identical to Von Karman’s, since the effects on the boundary layer of the
freestream flow cancel on advancing and retreating sides of the disk. Von Karman also
considered the case of a turbulent boundary layer on a rotating disk in still fluid, finding

1
5

C, = 0.146 Re,®. (3.16)

Equations (3.13) and (3.16) have shown good agreement with data for disks rotating in a
fluid at rest[167]. To determine if the data collected in these experiments lies within the
low advance ratio limit, such that these solutions may be used, disk drag torque coefficients

measured in these experiments are compared to the exact laminar and turbulent solutions

in Fig. 3.10.

The comparison demonstrates a clear dependence on the freestream velocity, here indi-
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cated by the freestream-based Reynolds number,

Rero = 1 ;JOO, (317)

suggesting that these measurements are above the low advance ratio limit, and cannot rely
on the exact solutions alone. Besides that of Rott and Lewellin, the authors are not aware
of any research or analysis on the rotational drag on a disk in parallel flow. Figure 3.10
shows that the drag torque coefficient still approximately follows the Re, : law, suggesting
the boundary layer is likely in the laminar regime. The slight upward bend in the data with
the highest Re, may indicate the onset of transition.

To account for the influence of the freestream velocity on the torque coefficient, a linear

advance ratio term is added to the laminar solution, such that
1
C. =3.87 Re,,? + pJ, (3.18)

where the constant p was found to be 0.0075 through best fit to the data. This empirical
correction term was chosen as it results in the analytical solution for the case that the
freestream velocity is zero (or as the advance ratio tends towards infinity). The model
is compared to data in Fig. 3.11, where the predicted power loss has been normalized by
the fluid power incident on the turbine rotor. Further measurements would be required to

understand if this model is effective across a broader range of Reynolds numbers.

Dependence on Turbine Parameters

To explore dependence of mounting structure losses on turbine parameters (e.g., number of
blades), the models for strut losses are reformulated in terms of non-dimensional turbine
operational parameters. To aid comparison, some additional assumptions are made. The
first of these is that mounting structures are located only at the ends of the blades. Power
loss due to the mounting structures is first normalized by the power in the freestream flow

incident on the turbine rotor area as

Py
C1Pm

= 3.19
’ 1pU3 2RH (3.19)
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Figure 3.11: Efficiency losses due to drag on rotating disks (symbols) for four different
Reynolds numbers as measured by rotating the disk without turbine blades. Losses due to
the rotation of the center shaft have been removed. The lines show predicted losses according

to the drag torque predicted by Eq. (3.18).
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Turbine non-dimensional parameters are then substituted. For the rectangular strut model,

assuming the strut width is equal the turbine blade chord, this gives

mt*Cpo

= PN+ 2
C’P, rect. 4Ar )\()\ + ) (3 0)
Here
gt (3.21)
= )

is the thickness ratio of the rectangular strut sections, and the other parameters are given
in Table 3.2 and by Eq. 3.1. For foil struts, if it is assumed that the local Reynolds number
is high enough that the drag coefficient is constant, the result is the same as the rectangu-
lar strut efficiency loss equation without the thickness ratio (due to the difference in drag

coefficient definitions):
nCpo
4A,

Reynolds number independent operation is likely for commercial-scale turbines, so this sim-

Cp, foil = — AN +1). (3.22)

plification is appropriate. For the disk efficiency loss, it is assumed that the disk has the
same radius as the turbine blades, R* = R, thus the disk advance ratio is equal to inverse
of the turbine tip-speed ratio, J = % The freestream velocity Reynolds number is a more

natural expression for the scale of a turbine, thus the identity
Re, = ARey_, (3.23)

is applied to Eq. (3.18). The turbine efficiency lost to disk drag torque then becomes

ero

Cp disk = — 42 A2 (3.87 + 0.0075) (3.24)

A comparison of Eq.s (3.20), (3.22), and (3.24) shows that for all geometries, increasing
the aspect ratio will decrease relative losses, since there is more rotor area per blade mounting
structure. A practical upper limit may exist if the blade requires intermediate support for
structural stability. For the rectangular and foil struts, losses increase with turbine solidity,

while for the disks they do not. However, there is likely a limit to the validity of this
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dependence on solidity, when the flow induced by a large number of struts has a significant
impact on the individual strut drag. The effect of tip-speed ratio is similar across geometries,
with the leading term of A\ for the foil and rectangular struts and A% for the disks. Therefore
the choice of mounting geometry (and associated losses) becomes increasingly important at

higher tip-speed ratios.

Scaling and Reynolds Number Effects

A natural question whether the results of this study can generalize to larger geometries and,
thus, higher Reynolds numbers, such as those of commercial-scale turbines. Though this
topic warrants further exploration, some inferences may be made. First, for the foil and
disk mounting geometries, the experimental data here represents a worst-case-scenario for
normalized losses. As shown by Fig. 3.8, foil drag coefficients are expected to drop further as
Reynolds number increases. Similarly, the disk losses show an inverse power law dependence
on Reynolds number. In contrast, the drag coefficients of rectangular cross section struts
show no change with Reynolds number, so those results would likely translate to larger
turbines directly. This is because profile drag, relatively insensitive to Reynolds number for
blunt objects, is responsible for the majority of the drag for this mounting geometry.

There is some evidence that these experiments are beginning to approach a regime of
Reynolds number insensitivity. Figure 3.12 shows normalized losses, as compared to the
highest Reynolds number measured, appear to be asymptotic to a constant value for the

thin foil and smallest disk geometries.

Extrapolation of Models

The presented models include terms fit to our specific experimental data. This raises po-
tential concerns over extensions to other turbines and flow conditions. Here, we discuss
considerations for extrapolating each model for mounting structure power loss. The model

for the rectangular-cross section struts is most likely to remain predictive when applied to
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Figure 3.12: Efficiency loss as a function of Reynolds number, normalized by the efficiency
loss at Re, = 3.2x10%, is shown for the thin foil and smallest disk mounting geometries. Since
the efficiency loss slope is less negative with increase in Reynolds number, these geometries

may be approaching Reynolds number independence.

different scenarios since the fit value of the drag coefficient is close to that reported in previ-
ous work and is Reynolds number independent. The fit value in the foil strut model concerns
the drag produced by the sharp geometry of the blade mounting pads. In a fully-assembled
turbine, this geometry is merged with the blade, likely reducing the drag produced by the
mounting pad. Good estimates of foil strut losses in a full turbine are likely possible using
only the XFOIL estimated drag coefficients. Larger uncertainty remains for the accuracy
of the disk model for higher freestream velocity Reynolds numbers and future work should
include verification or modification of this model to ensure applicability across a wide range

of turbine sizes and flow conditions.

3.2.4  Conclusions

Ten two-bladed CF'T blade mounting geometries have been tested in a recirculating water
flume at four Reynolds numbers. The best-performing mounting system consists of thin, foil-
shaped struts attached at the ends of the turbine blades. With the exception of the mid-span

strut geometry, blade performance is shown to collapse at peak performance when losses due
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to strut drag are accounted for. Tip-losses are shown to be only partially responsible for
the poor performance of the mid-span strut turbine. It is hypothesized that interruption of
span-wise flow may cause premature shedding of a beneficial leading edge vortex. Simple
models for the drag on rectangular plan-form and disk mounting geometries are explored,

and are shown to agree well with experimental data.

We believe these results will be useful to designers of CFTs. As such the main conclusions
of this work are presented in terms of end-plate geometry design decisions. First, supports
situated at the blade ends appear to improve performance relative to a mid-span support.
For blades supported at the mid-span, the addition of winglets or end-plates to blade tips
may reduce tip losses, but will increase drag without adding structural support. Additionally,
it appears that mid-span supports have detrimental effects in addition to blade tip losses
and rotational drag. For this reason, intermediate span supports should be minimized on
turbines with a large axial dimension, H, as structural constraints allow, particularly when
dynamic stall is an important contributor to turbine power output. Second, for a small
number of blades, it appears that streamlined struts rather than disks are optimal. This
seems likely to be true for turbines with at least three blades, as multiplying ¢ = 0.08¢
foil strut drag losses by 1.5 results in less drag than the smallest disk mounting structures
tested. If possible, a foil cross-section is optimal, but using a simple-to-manufacture rounded
rectangular strut performs nearly as well, as long as the thickness is minimized. For turbines
with greater numbers of blades, it is likely that the disk mounting structures will be the
optimal mounting geometry, as drag is independent of the number of blades. Since disk
drag increases with R** and we observed no blade performance improvement by extending
disks beyond the blades, the disks should not extend beyond the blades. Extension of the
rectangular plan-form mounting structures (struts) beyond the blade radius is also likely to
be detrimental. Since the suction side of the turbine blade is already shielded, the additional
drag will overwhelm any small increase in blade performance due to further shielding of the

blade tip.

Additional mounting structure geometries such as foil struts which incorporate small end-
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plates or winglets and a curved foil-strut interface are under consideration. If possible, strut
geometries should be compared at larger scales, in the Reynolds number independent regime.
Differences in performance when the inflow is not perpendicular to the axis of rotation should
be considered, since the disk and strut geometries will likely respond differently to axial flow.
Flow measurements inside the turbine rotor could be used to verify the additional sources of

mid-span strut losses identified in this study.

3.3 Preset Pitch Angle

The following contains content from[182]>

As evidence by Eq. 1.3, the preset pitch angle, or the angle at which the blade is mounted,
has a direct influence on the blade-local flow conditions. This work was inspired by this fact,
and the relative ease of iterating preset pitch angle experimentally, as well as the lack of
a survey of a wide range of angles in prior work. The following section (3.4) details how
optimal preset pitch angle can shift with changes in other turbine geometric parameters.
This work considers the mechanisms by which preset pitch angle effects turbine performance
for a single specific rotor geometry. These results and observations may be extensible only

to rotors with similar ¢/R, N, and blade profile.

3.3.1 Prior Work

Klimas and Worstell (1981) tested preset pitch angles up to 7° experimentally on a vertical
axis wind turbine, finding an optimal preset pitch of 2° [104]. Fieldler and Tullis (2009)
tested three different preset pitch angles experimentally on a three bladed vertical axis wind
turbine. They found a 29% increase in performance for a 7.8° preset pitch angle over the

zero preset pitch angle case [68]. Two dimensional numerical simulations by McLaren, Tullis,

2Portions of this work were published in The Proceedings of the 10th Annual European Wave and Tidal
Energy Conference and was co-authored with Steven Brunton and Brian Polagye. The author performed
the experiments and analysis and wrote the manuscript. Discussion of results has been somewhat modified
to reflect increased understanding since the publication of this work.
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Servomotor —> Load Cell

Figure 3.13: The experimental setup for the pitch experiments differed slightly from the
standard setup in that the turbine was cantilevered from an AMTI MC3A load cell

and Ziada (2012) of a high solidity turbine illustrate the production of a single large leading
edge vortex [124].

3.3.2  Methods
Turbine and Performance Measurement

The turbine rotor used in this work was identical to that given in the methods chapter with
the exception of the preset pitch angle. Two sets of circular endplates were used for mounting
the blades. Each had sets of mounting holes resulting in different preset pitch angles, ranging
from —4 — 14° in increments of 2°. Angles between 0° and 12° are presented.

As the first major set of CFT experiments performed by the author, this worked used
a slightly less refined version of the experimental setup described in the methods chapter.
Instead of being positioned between two load cells, the turbine was mounted at only one

end to a face-mount servomotor via a 2.5 cm shaft. The servomotor was mounted in turn to
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Figure 3.14: A small section of bubble streak-lines from a high-speed video still (left) and

after post-processing via localized thresholding and minimum contiguity (right).

an AMTI MC3A six-axis load cell. The servomotor was operated in constant velocity mode
isolating fluid forcing on the turbine by eliminating torque due to angular acceleration. The
TSR was adjusted by altering turbine angular velocity. TSRs were considered from 0.8 to

2.8 in increments of 0.1. At each TSR, 60 seconds of force and position data was recorded.

Flow Visualization

Two-dimensional flow field visualization was performed for select test cases (a, = 0°, 6°,
and 12°, A = 1.3 and 1.8). A transparent bottom endplate was used on the bottom of the
turbine. Bubbles of approximately 25 p m in diameter were selectively illuminated with
halogen lamps. A high speed camera positioned below the test section captured the motion
of the bubbles at 200 frames per second at the mid-plane of the turbine, perpendicular to
the axis of rotation. In order to provide streak-lines for a qualitative assessment of velocity
magnitude and trajectory, the exposure time was set to 7 ms. This resulted in approximate
streak-line length of 4.9 mm for the freestream velocity of 0.7 m/s. The plane of inquiry was
kept as thin as possible by increasing the aperture (deceasing the depth of focus) as much
as allowable by the exposure time.

Post-processing of video frames was performed by localized thresholding in order to in-
crease bubble visibility in blade shadows, followed by area opening via minimum connectivity

(for de-speckling), the result of which is shown in Fig. 3.14.
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Figure 3.15: Turbine coefficient of performance (Cp, or efficiency) vs TSR for various preset

pitch angles for an N = 2 bladed turbine.

3.3.8 Results and Discussion
Perfomance Curves

Figures 3.15 and 3.16 show the turbine efficiency versus with TSR for the two-bladed and
four-bladed configurations respectively. We find turbine performance to be highly sensitive
to preset pitch angle, with an optimum value of 6° for this rotor geometry.. The conversion
efficiency increased from 5.4% with zero preset pitch angle to 18.2% at the optimum angle

for the two-bladed case and from 8.8% to 14.0% for the four-bladed case.

A general explanation for the beneficial effect of increasing the preset pitch angle can be
found by including the effect of the internal wake deficit in the calculation of the nominal
angle of attack. The energy extracted from the flow by the blade during the upstream portion
of the rotation results in a reduction in the freestream velocity encountered by the blades

during the downstream portion of the cycle. This reduces the magnitude of the nominal



60

0.2 Pitch Angle
—.—0°
—2°
0.15¢ . YT
7\ —6
0.1} / | \\,,,.\ %.,
U 0.05 / \\ 12
ot
-0.05 ¢+
-0.1 : : : : '
0.5 1 1.5 2 2.5 3
A

Figure 3.16: Turbine coefficient of performance (Cp, or efficiency) vs TSR for various preset

pitch angles for an N = 4 bladed turbine.

angle of attack for the downstream portion of the stroke. Increasing the pitch angle has the
opposite effect, thus normalizing the maximum nominal angle of attack for the upstream and
downstream portions of the stroke (see Fig. 3.17). However, later work by the author (see
section 5.1) indicates that little power is extracted on the downstream side of the rotor. This
suggests that a larger benefit is due to optimization of the angle of attack on the upstream

side, as discussed later on.

Though the maximum efficiency of the four-bladed turbine was significantly less that of
the two-bladed turbine, performance was equivalent or better at TSRs less than or equal
to one. Previous experiments indicate that a one-bladed turbine performs less well than a
two-bladed turbine and with a higher optimal TSR. We hypothesize that the hydrodynamics
responsible for an optimal number of blades is due to a balance of three factors. The addition
of blades causes: Higher solidity and thus self blockage and flow diversion around the turbine,

higher rotational drag per added bladed which reduces the optimal tip-speed ratio which in
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Figure 3.17: The effect of preset pitch angle on nominal angle of attack via Eq. 1.3. For
the downstream side of the rotor, this assumes a negative cosine induced velocity in the

streamwise direction with a minimum value of 0.5U,.

turn increases the maximum nominal angle of attack, and an increase in the frequency of
fluid forcing and thus power output.

For the remainder of the discussion, we focus on the factors that influence the performance
of the two-bladed turbine. We propose that the behavior shown in Fig. 3.15 can be partially
explained via two hydrodynamic mechanisms: Lift and drag during the dynamic stall process
for the upstream portion of the blade rotation, and the interaction of the foil with the

resulting leading edge vortex.

Instantaneous Power Profiles

For a constant angular rotation speed and freestream flow velocity, the instantaneous conver-
sion efficiency is solely a function of the torque due to the blade hydrodynamics (1w (t) = 0
in Eq. 1.7). Figure 3.18 shows the phase-averaged power over half of a turbine rotation (the
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Figure 3.18: Phase-averaged instantaneous efficiency for a two-bladed turbine at various

TSRs and preset pitch angles. Only a half rotation is shown as this is the forcing period.

forcing period for a two-bladed turbine) for several TSR and preset pitch angle configura-
tions. With a 60 second sample period and 100 bins per half revolution, we have an average
of 600 sample points per bin. Due to the downstream wake deficit, the remainder of this
analysis assumes that the positive power output portion of the stroke is dominated by the

upstream blade hydrodynamics.

Dynamac Stall

The large range of the nominal angle of attack experienced by the foil throughout the rotation
suggests that the foil undergoes dynamic stall [47]. Dynamic stall is characterized by a
transient increase in both the lift and drag forces during an increase in angle of attack well
above their static values. The flow around the airfoil remains temporarily attached for higher
angles than would normally be attached in the static case. The flow eventually separates,

often leading to roll-up of the resulting shear layer into a vortex near the leading edge, which
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is referred to as the leading edge vortex (LEV) [123].

During the dynamic stall process, before and up to separation, the lifting force increases
approximately linearly with increasing angle of attack [123]. The increase in the drag force
over the static value is delayed and more abrupt than the lift force. As the lift force is
beneficial to the power output of the turbine and the drag force is detrimental, at some
critical angle of attack (c;), the benefit from the increase in lift force will be start to be
overcome by the negative effect of the now rapidly increasing drag. If we assume that the
majority of the power is due to the upstream blade, we can then hypothesize that the peak
of the instantaneous power curve occurs at this critical nominal angle of attack. To test this,
the peak of each instantaneous power curve is located with respect to the azimuthal blade
position. Then Eq. 1.3 is used to calculate the nominal angle of attack at this location. The
result is plotted in Fig. 3.19. The predicted critical angle of attack is quite consistent when
the virtual pitching rate of the foil &, is rapid, and it is slightly less consistent during slower
pitching rates. Surprisingly, no clear dependence on ¢, is observed, though it is central to
many dynamic stall models [47].

Examination of the flow-field via bubble visualization shows that this critical nominal
angle of attack corresponds to the onset of full separation. Figure 3.20 shows the flow field
at the critical nominal angle of attack ((a) and (c)) and shortly afterwards ((b) and (d)) for
two preset pitch angles. Though the azimuthal angle at which the critical nominal angle of
attack occurs differs for each case (top vs. bottom), we see that for both cases the leading
edge vortex occurs shortly after the critical nominal angle, suggesting that o indicates the
same stage of the dynamic stall process.

Dynamic stall is dictated by the nominal angle of attack trajectory, which in turn is
governed by the TSR and preset pitch angle. As such, we observe that dynamic stall is
likely responsible for the rightward shift of the instantaneous power curves with increasing
preset pitch angle and increasing TSR (Fig. 3.18). This is because both parameters delay
or reduce the nominal angle of attack, thus delaying the azimuthal angle at which a.,.;; is

reached. The possible exception to these trends in Fig. 3.18 is the A = 1.8 and a,, = 12°
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Figure 3.19: Critical angle of attack predictions using the peak of the instantaneous power

curves and the nominal angle of attack (Eq. 1.3) for the test cases shown in Fig. 3.15. Cases

where the nominal angle of attack never falls below —25° are omitted as it is likely these

cases never reach the critical angle.
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Figure 3.20: Flow visualization via high-speed video of entrained bubbles with the blade
position superimposed. The freestream flows from left to right. The left images ((a) and (c))
show the flow-field for the azimuthal position at which the critical nominal angle of attack
(cverit) is predicted to occur. The right images ((b) and (d)) show the same flow-fields 15 ms
later ( &~ 17° of rotation at this TSR). The top and bottom sets are for 0° and 12° preset
pitch angles respectively. Note that though the azimuthal angle differs between the two
cases, the stage of dynamic stall is the similar, supporting the concept of a critical nominal

angle of attack.
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Figure 3.21: The difference between the maximum nominal effective angle of attack magni-
tude and the predicted critical angle vs TSR at each preset pitch angle tested. We hypoth-
esize that minimizing this value maximizes power production by halting the dynamic stall
process where the benefit due to the transient lift force is overcome by the detrimental spike
in drag force. Thus the locations where these lines reach zero are reasonable predictors of

the locations of peak performance, given in Fig. 3.15.

case. Equation 1.3 predicts that the nominal angle of attack never reaches the critical value
for this set of conditions. This observation is reinforced by flow visualization as LEV roll-up

is not observed for this case.

We suggest that combinations of TSR and preset pitch angle that result in optimal
turbine performance will maximize the lift associated with dynamic stall while minimizing
the drag penalty due to total separation. To do so, the nominal angle of attack should
reach the critical angle and no further. Figure 3.21 shows the absolute difference of the
maximum nominal angle of attack during the rotation and the critical angle. We see that

our best performing case (A = 1.6,, = 6°) minimizes this value, as predicted by our
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(@) A =13, =6° (b) A =1.8,a, = 6°

Figure 3.22: LEV location (highlighted by red dot) well after formation for two TSRs, all

other parameters held constant.

hypothesis. In fact, the location of this minimum the predicts second peak (where A\ > 1.3)
in the performance curves for each preset pitch angle reasonably well. However, this method
predicts good performance for some TSR~ combinations (such as A = 1.6, o, = 12°) which
perform poorly. In addition, dynamic stall does not explain the peak in the performance
curves for all preset pitch angles at A = 1.3. This suggests additional criteria help dictate

turbine performance.

LEV-Foil Interaction

Flow-field visualizations show that the LEV vortex dynamics are dependent on the TSR.
For TSRs of A > 1.3, the downstream translation rate of the LEV is slower than the foil
translation speed. As a result, the LEV translates towards the trailing edge of the foil, and
is finally left behind completely. For TSRs of A < 1.3, the LEV remains with the foil (at the

leading edge). One example of this is shown in the flow visualizations in Fig. 3.22.
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Previous studies show that the LEV is a low pressure region which exerts a suction force
on the foil [47]. The effect of this is twofold: First, it causes the LEV to have a tendency to
be “stuck” to the foil. This is why the LEV translates with the foil even if the foil is moving
slightly faster or slower than the surrounding flow (A > 1). This could be why the we see
an associated critical TSR greater than one. Second, it imparts a hydrodynamic force on
the foil, which in turn impacts turbine performance. At A\ > 1.3, this means the eventual
location of the LEV near the trailing edge of the foil will result in a detrimental drag force.
The influence of the LEV can be seen in the instantaneous efficiency curves in Fig. 3.18. The
A = 1.3 cases show a higher instantaneous efficiency for the azimuthal angles where the LEV
is present (after the peak associated with the power from dynamic stall). The lift benefit
from the LEV for these cases is offset by the fact that the opposing blade on the other side
of the turbine is translating directly upstream during this portion of the cycle. The A = 1.8
cases show a sharp decrease in efficiency during the same region, associated with the drag
force, which is at least due to the lack of the lifting force from the well positioned LEV, and
possible due to added drag associated with the vortex being located near the trailing edge.

In the high TSR regime (A > 1.3), decreasing the preset pitch angle increases the max-
imum nominal angle of attack, likely increasing the strength of the LEV. This results in
a larger drag force once the LEV translates toward the trailing edge of the foil, deceasing
overall performance. A large preset pitch angle, though potentially eliminating the LEV
altogether due to the small maximum nominal angle of attack, may never reach a.,;, thus

failing to take full advantage of the dynamic stall as discussed previously.

3.8.4  Other Hydrodynamic Factors

Though dynamic stall and the resulting LEV-foil interaction appear to describe much of
turbine performance response with changing TSR and preset pitch angle, several other factors
may influence performance significantly. These are outlined below.

As well as altering the nominal angle of attack, the TSR effects the magnitude of the

nominal velocity vector experienced by the foil through the turbine rotation. This could
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explain the poor performance of some of the cases which otherwise undergo an optimal
dynamic stall trajectory (those that are minimized in Fig. 3.21). If the TSR is not high
enough, the low nominal velocity may result in lower forces or slower roll-up of an LEV,
reducing power output. Additionally, the amount of energy extracted from the flow during
the upstream portion of the stroke will change the behavior of the downstream interactions.
Finally, the foil virtual camber (see Fig. 1.4) may increase lift at moderate levels, though

extreme cambers are likely to be detrimental.

3.3.5 Conclusions

We find the energy conversion performance of this CFT to be highly sensitive to the preset
blade pitch angle. For a two-bladed turbine, a 23.7% increase in performance was measured
between the zero preset pitch angle case and the optimal preset pitch angle of six degrees.
The corresponding increase for a four-bladed was 59%.

Two major factors influencing performance are identified: Fluid forcing during pre-
separation Dynamic stall and subsequent LEV-foil interaction. A critical nominal angle
of attack associated with fluid forcing during dynamic stall is identified using the peak
phase-averaged instantaneous efficiency and an expression for the nominal angle of attack.
This critical angle is found to be consistent across the parameter space. TSR and preset
pitch angle combinations resulting in the highest turbine performance are those for which
the maximum nominal angle of attack during the revolution matches the critical value. A
secondary peak in the two-bladed turbine performance curve at TSR of A = 1.3 is shown to
correspond to the point at which LEV translation speed matches the foil translation rate.
As a result, the LEV remains near the leading edge, enhancing instantaneous power as the

foil translates downstream.
3.4 Reynolds Scaling of Optimal CFT Geometry

The objective of this work is to identify how optimal turbine geometry changes with the

turbine scale. Specifically, given a scale of turbine what is the optimal solidity and chord-
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Figure 3.23: Ranges of expected diameter-based Reynolds numbers for cross-flow turbines

by application.

to-radius ratio? Put another way, given a turbine radius and freestream velocity, how many
blades with what chord-length will be optimal? Simultaneously, this work seeks to illustrate

how optimal values of geometric parameters are codependent.

3.4.1  Introduction

It is useful to define the diameter-based Reynolds number, given by

Rep = D—goo, (3.25)
as a parameter used to indicate the scale of the turbine in a manner independent of the rotor
geometry. Rep indicates the ratio of the importance of flow inertia versus flow viscosity in
the physics of turbine operation. It has been previously shown [14, 129] that CFT mechanical
efficiency is highly sensitive to changes in Rep at low values, while at high values, efficiency
is asymtotic as a function of Rep.

Since, in general, useful power output will be generated by turbines of significant size, it

is natural to question the value of optimizing CFTs at low Reynolds numbers. Figure 3.23



71

demonstrates that if the scope of applications is expanded beyond large, grid-tied turbines,
the range of useful values of Rep spans several orders of magnitude.

From an experimental perspective, turbines that are small enough to test in flumes at
low blockage ratios will necessarily have low Reynolds numbers, so it is useful to understand

how testing at these scales effects turbine performance and optimal geometry.

Re, Effects: Boundary Layers

Changes in turbine performance with Reynolds number are primarily driven by the behavior
of the foil boundary layer and the resulting changes in lift and drag. The following foil
boundary layer information is given in [114]. On the lifting (suction) surface of a foil there is
a region of low pressure, generally positioned towards the leading edge. Flow is accelerated
as it approaches this low pressure region from the leading edge. The flow is then decelerated
as it travels towards the trailing edge, where it approaches the ambient pressure. This region
is called the “adverse pressure gradient” area because the pressure gradient is opposite to
the direction of flow. If the adverse pressure gradient is too strong, such as at high angles of
attack, the flow is slowed to the point where it reverses, and the boundary layer separates
from the foil. Instead of smooth flow over the lifting surface, there is now a large region of
recirculating flow. This results in a precipitous drop in lift and an increases in drag.

At very low chord-based Reynolds numbers (below about Re. = 30,000) a foil boundary
layer is entirely laminar. Laminar boundary layers are more susceptible to separation than
turbulent boundary layers and separate suddenly from near the leading edge. As Reynolds
number is increased, a turbulent boundary layer can form after a separated region, termed the
separation bubble. The adverse pressure gradient causes separation of the initially laminar
boundary layer, but instead of separating completely, the separation bubble causes mixing,
resulting in the onset of a turbulent boundary layer. The turbulent boundary layer is much
more robust to adverse pressure gradients because momentum is injected into the lower
regions of the boundary layer due to mixing. In addition, as angle of attack is increased,

separation occurs more gradually on foils with a turbulent boundary, often starting at the
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trailing edge instead of the leading edge. Foil profile drag is reduced for a foil with a primarily
turbulent boundary. In a laminar boundary layer the larger quantity of slow-moving fluid
around the foil makes it behave as if it were a thicker body. Mixing between the freestream
and a turbulent boundary reduces this effect. Drag due to skin friction is greater in a
turbulent boundary layer due faster recovery of the flow velocity, resulting in greater shear
at the foil surface.

The net effect is that as chord-based Reynolds number is increased to the transition point
(about Re. = 70,000) and above, the foil is able to provide lift at higher angles of attack
without separation, and profile drag is reduced. Lift at high angles is important for CF'T's due
to the widely varying angle of attack experienced during one blade revolution (see Fig. 1.2).
Using the separation bubble length as the length scale, the Reynolds number necessary for
reattachment is about 50,000 [114]. Therefore foils with a chord-based Reynolds number less
than this will likely not experience reattachment of a turbulent boundary layer. This seems
at first to exclude our laboratory experiments from this phenomenon until the nominal flow
velocity is considered. For our standard turbine geometry at a tip-speed ratio of A = 2, the
Reynolds number based on the nominal flow velocity, U,,, and the chord length ranges from
about 90,000 to 50,000 during the power producing part of the cycle (around 6 = 45 — 135°).
Once the chord Reynolds number in CFTs becomes sufficiently high, further increases do

not yield significant increase in turbine performance.

Solidity, ¢/R, and N

As blade chord is increased, turbine solidity (Eq. 3.1) works in opposition to the beneficial
effects of increasing Reynolds number. With greater solidity, more flow is diverted around
the turbine rotor than through it, resulting in less energy available for extraction and lower
performance. Also, as the turbine rotational velocity is increased, the rotor appears more
solid to the flow [5]. In addition to increased drag and decreased local angles of attack, this is
one of the reasons why turbine efficiency drops at large tip-speed ratios. A turbine with high

solidity will need to rotate more slowly to allow the same amount of flow through the rotor
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as a turbine with low solidity. For this reason, it may be useful to introduce the concept of
dynamic solidity [5] which incorporates both tip-speed ratio and geometric solidity.

The number of turbine blades must also be considered. Increasing the number of blades
without altering the chord length could increase the amount of torque generated by the rotor,
except that it also increases the solidity. Adding blades and holding the solidity constant by
decreasing the chord length could result in a loss of performance because the lift generated
by the blade is proportional to the chord length and the chord-based Reynolds number is

decreased.

Prior Work

Previous studies have investigated the effects of Reynolds number on a single geometry by
increasing the freestream velocity [193, 155, 90, 27, 12|, or in the case of [129] the freestream
density. Additionally, several studies separately examined the effect of solidity [174, 152,
140, 122, 104, 68, 46]. Tanino et al. [190] examined optimal solidity and preset pitch angle
as functions of turbine scale for three and five-bladed cross-flow wind turbines. Chord-based
Reynolds numbers of 1.5 — 4.6 x 10* were tested. Because the turbine efficiency for all
but the largest Reynolds number was less than Cp = 0.03, it is likely that these turbine
were operating in a drag-based mode, so these results will have limited utility for informing

lift-based CFT design.

Scope of Work

As there is a gap in studies comparing the performance of a turbine within and well out of
the transitional chord-based Reynolds number regime, a thorough optimization of the blade
count, cord-to-radius ratio, and preset pitch angle has been performed. Optimization was
performed at Rep of 173,000, 255,000, and 805,000. It is intended that prior to publication
of this work, data at Rep of about 80,000 can be included. The total parameter space

explored is given in Table 3.4.
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¢/R N a, Rep

0.236 2 2, 4,6, 8 b, ¢, d (d only @ oy, = 2)
0.236 4 2,4,6,8 b, ¢, d (d only @ o, = 8)
0.354 2 4,6, 8 b, c, d

0.354 4 4,6, 8 b, ¢, d

0.472 2 4, 6,8, 10 b, ¢, d (nodQ a, = 10)
0472 4 4,6,8,10 b ¢ d(nod@ a, = 10)
0.590 2 6, 8, 10 b, ¢

0590 4 8 10,12 b, ¢

0708 2 8 10,12 b, ¢

0.708 4 8 10, 12 b, ¢

Table 3.4: Turbine geometry and Reynolds number test matrix. The turbine blade profile
was NACAO0018. Rep(b) = 173,000, Rep(c) = 255,000, Rep(d) = 805,000. Future work will

include collection of data at Rep(a) = 80,000, and the fill-in of the missing data-point at
¢/R =0.590, N =4, a, = 10 for Rep(b) and Rep(c).
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3.4.2  Methods

Data at Rep(b) = 173,000, Rep(c) = 255,000 was collected in the UW Tyler flume using
equipment and techniques as described in the methods chapter. Notably, the temperature
of the flume was held at 34.7° C for the highest possible upper value of Reynolds number in
this facility.

Data at Rep(d) = 805,000 was collected at the University of New Hampshire Chase
Ocean Engineering Laboratory in a tow tank. The test section of this tank measure 2.44 m
wide, 3.66 m deep, 36.6 m long. A turbine rotor and blades, identical in non-dimensional
parameters, blade mounting strategy, and blade profile to the model used in the UW Tyler
flume was constructed. This larger turbine had an area of 1.0 m?. The blockage ratios of the
lab-scale turbine in the UW Tyler flume and of the 1 m-scale turbine in the UNH tow tank
were both 11%. For this reason, blockage corrections are not performed as results analyses
are comparative.

The UNH tow tank turbine test carriage and data aquisition system were constructed
by Pete Bachant, and complete details of this system can be found in his thesis[11]. Impor-
tantly, this system allowed for operation of the turbine under constant velocity control and
measurement of turbine performance and thrust.

As in section 3.2, end-plate losses are subtracted from total values, giving a proxy for
the blade-only performance and thrust. The objective of this study is the effect of Reynolds
number on blade performance. Subtracting the effects of the end plates disks removed any

convolved Reynolds dependence of these structures from the results.

3.4.8 Results and Discussion

The vast quantity of data collected in this campaign is illustrated by Fig. 3.24. In all, 82
performance curves were collected. In the following analysis, only the peak performance for
each Cp,-TSR curve is examined. Due to the multi-dimensionality of the parameter space,

it is useful to isolate the effects of single parameters as much as possible, and we start with
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Figure 3.24: All performance curves collected for the purpose of the scaling investigation.

This is not intended to illustrate trends, but rather the volume of data collected.

the preset pitch angle.

Optimal Preset Pitch Angle

First, we consider the optimal preset pitch angle («,) found for each combination of ¢/R,
N, and Rep. During data collection, as many curves as necessary were collected to ensure
that the peak performance as a function of «,, was captured for each ¢/R and N. We find
that optimal «, increases fairly linearly with increases in ¢/R. Additionally it appears that
optimal «,, increases with Rep. As far as the author is aware, this is the first publication of
these dependencies, shown in Fig. 3.25.

A more usual way to describe CFT geometry is to combine N and ¢/R into a single value
of solidity (o, Eq. 3.1). However, this work demonstrates that solidity is an extremely poor
parameter for describing the effect of geometry on rotor performance. Again considering
the optimal preset pitch angle, but this time as a function of solidity, we see no clear trend

emerge (Fig. 3.26, (a)). This is because, as illustrated in Fig. 3.26, (b), inversely varying N
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Figure 3.25: Optimal preset pitch angle versus chord-to-radius ratio for two and four-bladed

rotors.

and ¢/R can result in turbines with the same solidity, but with different preset pitch angles.

For larger values of ¢/R it is beneficial to operate the turbine at a lower TSR (see
Fig. 3.27). This is likely a combination of two aspects. The larger solidity turbines slow
down the flow more as it approaches the rotor, so to achieve the same local angle of attack,
the wR vector in Fig. 1.3 needs to be shortened (by spinning slower). Second, the larger the
¢/ R, the larger the virtual camber. Large virtual camber likely generates significant drag,
penalizing high rotation rates. However, operation at lower TSR will increase the range
of angles-of-attack experienced by the foil. Increasing the preset pitch angle has the effect
of decreasing the maximum angle of attack on the upstream (power generating) portion of
the stroke, as demonstrated in section 3.3. This is the likely mechanism for the increase in
optimal «,, with increased ¢/R. Further investigation is necessary to determine why optimal

preset pitch weakly increases with Reynolds number.

Optimal ¢/ R

Figure 3.28 shows, for optimized «,, the optimal ¢/R as a function of Rep for two- and

four-bladed turbines. Generally speaking, optimal ¢/R decreases with Rep. Though this
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Figure 3.26: (a) Optimal preset pitch angle versus solidity and (b) peak performance versus
preset-pitch angle for two rotors with the same solidity but differing numbers of blades.

Solidity is shown to be an inappropriate choice of non-dimensional parameter for analyzing

the effect of geometric changes on performance.
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Figure 3.27: TSR of peak performance for optimized preset pitch angle as a function of ¢/R.

trend may be teased out though the comparison of many separate studies, this is the first
time this is shown in a single experiment with all other parameters controlled. Given the
previous discussion on the effects of Reynolds number and ¢/R and thus solidity, we propose
the following explanation. At small turbine scales or low freestream velocities, where the
chord-based Reynolds number is in the transitional regime, an optimal turbine geometry will
consist of few blades with large chord in order to maximize the local chord Reynolds number.
The resulting higher solidity will result in a lower optimal tip-speed ratio to maintain an
optimal dynamic solidity. Optimal turbine geometries for larger Reynolds numbers, above
the transitional chord-based Reynolds number can get away with smaller chord-to-radius
ratios, thus lower solidities and higher optimal TSRs. For larger turbines, the smaller total
forces applied to relatively smaller chord lengths is made up for by the higher number of

blade passes per unit time.

Figure 3.28 gives a false impression that this work has fully captured the trends in the
effect of ¢/R on performance. Figure 3.29 shows peak performance at the optimal preset-
pitch angle for the Reynolds numbers and blade counts tested. Examining the lower plot,
(b), where each line is normalized by its maximum value, it appears that this study did not

fully capture the optimal ¢/R , especially for the lowest and highest Reynolds numbers. At
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Figure 3.28: Optimized chord-to-radius ratio (with preset pitch angles optimized) as a func-

tion of diameter-based Reynolds number.

the lowest Rep, it appears as if further increasing ¢/ R may continue to increase performance,
particularly for the 2-bladed rotor. This is remarkable, given that the ¢/R = 0.708 is likely
the highest ¢/R turbine to be published. At the highest Rep, further decreases in ¢/ R may
continue to improve performance for both N = 2 and N = 4 turbines. However, at some

point, structural concerns will limit the minimum viable ¢/R.

Given the inter-dependencies above, we hypothesize the following. At small turbine scales
or low freestream velocities, where the chord-based Reynolds number is in the transitional
regime, an optimal turbine geometry will consist of few blades with large chord and a moder-
ately high solidity. This will result in a lower optimal tip-speed ratio to maintain an optimal
dynamic solidity. Because dynamic stall is more significant at lower tip-speeds, optimizing
preset pitch is important for maximizing power. Optimal turbine geometries for large scales,
well above the transitional chord-based Reynolds number, will have more blades, a smaller
relative chord-length, and a lower solidity. Here, conversely, only a small preset pitch is

optimal.
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Figure 3.29: (a) Peak blade performance Eq. 3.4 versus chord-to-radius ratio. (b), the same,
but performance is normalized by the maximum Cp for that N, Rep combination. This
demonstrates that this experiment did not test low enough values of ¢/R at the highest

Reynolds numbers, nor high enough values of ¢/R at the lowest Reynolds numbers.



82

3.4.4  Conclusions

This work shows for the first time that optimal preset pitch angle increases with ¢/ R, and to
a lesser degree, Rep. Solidity is shown to be a poor parameter for analyzing optimal rotor
geometry due to the competing effects of N and ¢/R. For the first time in a single study,
optimal ¢/R is shown to vary inversely with Rep. Further work on rotor geometries with
higher and lower ¢/R should be tested to fill in the details of this trend. Significantly, this
work shows that good-performing CFTs can be design for low Reynolds number operation,
with a peak blade performance at Rep = 173,000 of Cpp = 0.37. Further analysis of this
dataset into the trends of performance curve shape could be useful for designing turbines

with particular power output and control characteristics.
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Chapter 4
WAKE ANALYSIS

4.1 Introduction

The average rotor performance in a densely-packed array has been shown to be 20% higher
than the performance of a single isolated turbine [32]. Similarly, the authors have demon-
strated a 30% increase in average rotor output in an array of two CFTs compared to isolated
turbine performance [187]. The remarkable performance of densely packed CFTs stems from
several phenomena. First, the orientation of the rotation axis results in an acceleration of
the bypass flow, especially on the side of the rotor where the blades are retreating (traveling
downstream). Neighboring rotors placed in this flow experience an increased incoming flow
velocity. Second, the tip vorticies shed from CFTs blades have an axis of rotation that lies in
a plane parallel to the ground. These vortices induce vertical mixing, increasing the trans-
fer of momentum from the high-speed flow above the array to the rotor level, increasing the
streamwise wake recovery rate [12]. Finally, we speculate that performance may be enhanced
through the interaction between periodic coherent structures shed by an upstream turbine
and the blades of a downstream turbine. This hypothesis is inspired schooling fish who
have been shown to benefit from well-time interactions with vortices shed from upstream
individuals [118]. These potential performance increase mechanisms motivate the study of
the mean, periodic, and time-resolved components of a CFT wake, with a special focus on
periodic coherent structures that may be harnessed by nearby turbines in an array.
Measurement and analysis of cross-flow and vertical-axis turbine wakes have been been
conducted for decades, starting with [137]. Point measurements using Pitot tubes [137, 20]
hot wire [20, 23, 146, 147], and laser [38] and acoustic [12, 101, 102] and Doppler velocimetry

have been used to describe the mean wake structure, spectra, and time-average turbulence
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statistics. Two- [6, 5, 58, 149] and three-component [86, 156, 192| planar particle image
velocimetry (PIV) and magnetic resonance velocimetry [159] measurements as well as sim-
ulations [29, 141, 164, 163, 171] have been used to investigate the wake spatial variability,
including wake geometry and recovery rate and the roles of turbulence. Despite the widely
varying rotor configurations and operating conditions of these studies, a set of features com-
mon to CFT wakes have emerged. The most common measurement location has been the
mid-plane of the rotor (perpendicular to the rotation axis). In this plane, all studies report
some asymmetry or angular deflection of the wake in the direction of turbine rotation, with
a more intense shear layer on side where the blades are transiting upstream (the advancing
side). Flow structures shed at the blade pass frequency have been identified in nearly all
studies on the retreating side of the wake (for example [31, 12, 20, 159]) and on both the re-
treating and advancing sides by a few [149, 5, 29, 86]. [5] determined that the flow oscillations
transition to those corresponding to a bluff body in the far wake. Areas of high turbulence
intensity have been identified in a streak on the advancing side of the wake deficit [12] and
on both sides [86, 156]. Studies that examined the 3D wake structure have identified the
primary mechanism for wake recovery as axial (vertical) flow induced by vortices shed from
the blade tips [101, 102, 29] or the induced cross-stream (horizontal) flow [12]. In contrast,
the wake recovery in axial-flow turbines is driven primarily by turbulent mixing upon the
breakdown of the helical tip vortices [113, 29]. Wake recovery rates have been documented
to be significantly faster than those of axial-flow turbines [29, 48]. In addition to wake mea-
surements, multiple studies have performed measurements within the rotor, demonstrating
the importance of dynamic stall and subsequent blade-vortex interactions in normal CFT

operation [31, 71, 66, 60, 58].

The objectives of this work are three-fold. Time-resolved, three-component, planar PIV
measurements are used to compare the mean wake structure of an unusually high chord-
to-radius ratio turbine to prior work considering more typical rotor geometries. Because
the performance of small CFTs generally increases with Reynolds number [14, 129] a rotor

designed for small-scale applications can benefit from maximizing the chord-length, thus
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maximizing the blade-chord based Reynolds number. Additionally, structural constraints
may encourage the use of high chord-to-radius ratio rotors. The second objective is to
demonstrate how an algorithm incorporating the dynamic mode decomposition (DMD) can
be used to perform a triple decomposition that identifies energetically important modes
that may remain obsured using other methods. The algorithm is extended to apply to
measurements made separately over multiple regions, and is brought to bear on the turbine
wake. The final objective is to use modern tools to analyze the coherent structures shed
into the near-wake of the turbine. The geometry and trajectory of these structures and their

impact on the mean flow has not been described in-depth in prior work.

4.1.1  CFT Operation

At large turbine scales, such as those used for commercial power production, rotor geometries
with few, relatively small chord-length blades exhibit high maximum efficiency. For example,
the Sandia 34 m test bed turbine, with a peak Cp of approximately 0.41 exhibited this
geometry [8]. However, as discussed in section 3.4, because CFT performance can increase
rapidly with Reynolds number [14, 129], at smaller scales it can be useful to increase the
chord-length of the turbine to maximize the blade Reynolds number. Larger chord-length
foils may also be more structurally robust, important because blade fatigue is often the cause
of CFT structural failure [132]. Finally, large chord-to-radius turbines have a reduced the tip-
speed ratio at peak performance, reducing losses from rotating blades supporting structures.
These factors motivate the study of an unusually high chord-to-radius turbine. The low tip-
speed ratio at peak efficiency of this geometry results in large local angle-of-attack variations

(Fig. 1.2), all but guaranteeing separation and stall behavior during normal operation.

4.1.2  The Triple Decomposition and Dynamic Mode Decomposition

Flows with natural or forced periodicity, such as the wake of a CFT, contain fluctuations
that are regular in space or time, and thus cannot be characterized as turbulence. It is then

useful to analyze flows with periodic, organized content in terms of the triple decomposition
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[92], given by
U(x,t) =au(x) + u(x, (t) + u'(x,t). (4.1)

The total flow, U, is given by sum of time-averaged flow, w, the periodic flow, u, and
turbulent motion, w'. Here ¢(t) is the phase of oscillation of the periodic component. While
w is trivial to calculate, there are multiple approaches for separating the remaining periodic
and random fluctuations. For flows where the forcing mechanism or flow periodicity are
measured simultaneously with the velocity field, w can be calculated using by a phase-
average, or the ensemble mean of measurements occurring at the same phase of the forcing
oscillator. This was the approach taken by the pioneers of the triple decomposition [92],
and is commonly employed, for example in the wake of an axial-flow wind turbine by [62].
Drawbacks to this approach include the necessity of measuring the phase of the forcing
oscillator, as well as the introduction of statistical uncertainty in the case that measurements
are not locked to the forcing oscillator [39]. A potential solution is to use a weighted average,
where measurements are weighted based on their phase offset from the phase in question.
Fourier averaging, where w is estimated using a truncated Fourier series [178], eliminates
the need to measure the forcing signal simultaneously with flow measurements and removes
error associated with phase uncertainty. However, since the base forcing frequency must
be known or assumed, periodic flow structures due to phenomena other than the primary
forcing mechanism may not be included in w.

The desire to automatically extract and rank the importance of spatially coherent and
temporally periodic flow phenomena of multiple scales without a priori knowledge of the
frequencies of interest has inspired a number of methods. Instead of an oscillatory component

composed of a single base frequency, these methods yield a triple decomposition of the form

Ulz,t) =u(x) + Y Un(@, ¢n(t) + u'(, 1), (4.2)

where R is the number of oscillatory modes used in the reconstruction.

Proper orthogonal decomposition (POD) is a widely used technique for oscillating mode
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extraction [59, 142], including in the wake of an axial-flow turbines [150, 113]. POD extracts
spatially coherent modes and ranks them by energy content. For further details on POD,
there are a number of excellent references [24, 88, 189]. Determination of the POD basis
does not consider the system dynamics. A single POD mode can then contain a spectrum of
frequencies, and thus does not guarantee temporal coherence of the identified structure. This
is illustrated by the fact that the snapshot POD [176, 10, 33] mode shapes do not depend
on the order of the flow data time-series. Many instances of the failure of POD to extract

dynamically important modes for multi-scale systems have been documented [162, 16, 189].

A related, alternative method is the dynamic mode decomposition (DMD) [168, 195, 106].
DMD can be thought of as a combination of the spatial rank reduction of POD and combined
with Fourier analysis in time. DMD has recently been connected to spectral POD [194], used
to analyze a CF'T wake by [5], and the resolvent operator [172]. Another view is that DMD is
an approximation of the Koopman operator, which is an infinite-dimensional linear operator
that steps a system forward in time by operating on an infinite-dimensional Hilbert space of
all scalar-valued functions of system measurements [158, 126]. This approximation results
in a set of modes that are coherent in space and have distinct oscillation frequencies and
growth or decay rates. The original DMD algorithm of [168] has shown to be suboptimal on
noisy data, and there are several recent approaches to de-bias the DMD algorithm for noisy
data [53, 84, 9]. The optimized DMD (optDMD) algorithm of [9] provides an efficient way of
solving a nonlinear least-squares regression problem using variable projection, which allows
for an optimal DMD fit from data that is unevenly spaced in time. The optimized DMD
method also provides a mechanism for constraining the eigenvalues of the returned modes, for
example to keep them on the unit circle. This allows for solving of periodic-only optDMD
modes, and can be used to restrict the oscillation frequencies. The data taken in these
experiments consists of overlapping fields-of-view taken at separate times. When optDMD
is performed on the entire dataset, the resulting modal oscillations are out-of-phase. The
field-of-view overlap regions are used to correct the phase misalignment, resulting in full-field

DMD modes. This method is likely useful for modal analysis in any experiment utilizing



38

multiple overlapping measurement areas.

In this work we compare the efficacy of a number of triple decomposition methods, in-
cluding the new method using the optDMD algorithm. Oscillatory structures that are not
evident from phase-averaged or Fourier-based triple-decomposition techniques are revealed,

and performance based on error and energy capture is compared.

4.1.3  Coherent Structure Analysis

In an effort to provide a detailed description of the dynamics of coherent structures in the non-
turbulent component of the wake (w+u), the Finite-Time Lyapunov exponent (FTLE) fields
(82, 170, 79, 64] and Lagrangian Coherent Structure (LCS) ridges, defined here using ridges
of of the FTLE field are examined. FTLE detects coherent structures via their boundaries
by computing the maximum strain rate of a Lagrangian packet of fluid over a finite time
period. Integration backward and forward and time yields attracting and repelling FTLE
ridges, which enclose coherent structures. Unlike Eulerian methods, such as the Q-Criterion
[91], the FTLE field does not require a user-defined, subjective threshold. Additionally, as
an integration-based method, FTLE analysis is much more robust to noise than derivative-
based methods [79]. Though other methods have been shown to identify coherent structures
more rigorously [83], the ridges of the FTLE field remain practically useful due to their ease
of computation, mathematical simplicity, and conceptual accesibility. Structures associated
with shear-layer roll-up, blade-vortex shedding, and bluff-body wake oscillation are identified.
The role of these structures in wake mixing and recovery is examined. Finally, vortex-
core tracking is performed on the full time-resolved wake to determine vortex longevity
and trajectory repeatability. The focus of discussion is on potential impact on downstream

turbines.
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Figure 4.1: Performance curve (mechanical efficiency versus tip-speed ratio) for the experi-

mental turbine. Red cross indicates operating point during wake data collection.

4.2 Experimental Setup

4.2.1  Flume and Turbine

Experiments were performed in the University of Washington Tyler Flume. The diameter-

based Reynolds number,

D
Rep = U°°, (4.3)

v

was 1.1 x 10°, where v is the water kinematic viscosity. The turbine was the same as that
described in the methods chapter, except that the chord length was greater, 0.061 m, giving
a chord-to-radius ratio of 0.71. The turbine was operated under constant angular velocity
control at its peak performance point of Cp = 0.26 at a tip-speed ratio of A = 1.2. The
turbine performance curve is given in Fig. 4.1.

The turbine operated using the standard setup, but without load cells. In this configura-
tion, the rotor was cantilevered from the face of the servomotor. This turbine acquisition was

synced with the PIV measurement system. The turbine rotor and servomotor were mounted
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Figure 4.2: Turbine and PIV measurement setup diagram (a) and PIV measurement locations

in the mid-plane along the z direction (b).

to a robotic gantry system, providing accurate translation of the rotor in the streamwise

direction.

4.2.2  PIV Measurement

Measurements of the turbine wake were taken using time-resolved stereo planar PIV. Data
was collected in a free-running manner at 100 Hz, corresponding to 5.35 degrees of blade ro-
tation between measurements, and was not locked to specific blade positions. Measurements
were taken at the mid-span of the turbine, in the plane normal to the axis of rotation. Illu-
mination was provided by a Continuum TerraPIV Nd:YLF laser, and images were captured
by two Phantom V641 cameras, with resolutions of 2560 x 1600 pixels. Cavitation bubbles
from the flume recirculation pump were used as passive tracers and measured approximately
1.5 pixels in diameter. Measurement resolution was increased by capturing the wake using

six overlapping fields-of-view, as illustrated in Fig. ?? (a). The combined measurement area,
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shown in Fig. 77 (b), started 0.57D downstream from the turbine axis, and extended 3.68 D
downstream, and 3D in the cross-stream direction.

Spatial calibration was performed with custom stereo calibration target spanning the
entire width of the flume section in conjunction with a robotic camera gantry used to re-
peatably move the cameras in the cross-stream direction. Post processing was performed
with custom image manipulation software and TSI Insight for the cross-correlation. Ghost
velocities due to small laser-sheet / calibration target misalignment was corrected through
image warping in post processing. Velocity fields were calculated using iterative multi-grid
processing, with initial square interrogation window side size of 64 pixels and a final size of

16 pixels. With 50% window overlap, the resulting velocity vector spacing was 0.0068D.
4.3 Triple Decomposition Methods

In this work, a new triple decomposition method using the optimal dynamic mode decompo-
sition algorithm is compared with several traditional methods. The PIV data was collected
in a free-running manner, so was not locked to the turbine blade position. Three types of
conditional averages based on the turbine blade position at the time of PIV image capture
were computed. In these methods, PIV data was binned based on blade position. Subse-
quently, the median, mean, or weighted mean flow field velocities are calculated. Because of
the free-running nature of the data acquisition, some error is introduced in these methods
due to the error between the actual blade position and the position of the bin center. This
motivates the use of a Fourier-series based reconstruction, wherein a series of sine functions
are fit to the data, then the resulting function is used to reconstruct the data at the bin-
center blade positions of the average-based methods, eliminating the inter-bin blade position
error. For a finite number of terms in the Fourier series, selection of the base oscillation fre-
quency becomes paramount to Fourier-based method performance. A natural choice for this
flow is the blade-pass frequency and its harmonics. However, the question of whether other
frequencies play an important role in the energetics of the wake motivate the use of DMD as

a tool for identifying multiple wake oscillation frequencies and ranking and reconstructing
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their mode shapes. This method draws strong inspiration from the so-called optimal mode
decomposition based triple decomposition of [16] but is presented in the framework of DMD.
A related method that could be used is spectral POD, an implementation of the original
POD of [117], with the "spectral POD” terminology introduced by [148]. A detailed account
of the relationship between spectral POD and DMD is given by [194].

Blade Position Conditional Averages

The first and simplest method of computing the oscillating component of the flow field at

single point in space is to collect all n measurements for which the blade position, # satisfies

60— 6;] < AW, (4.4)

where Af is the half bin width and #; denotes the ith bin center, and compute the bin mean

as

a(x, ) ==Y (Ulz,0;) — u(x)). (4.5)

j=1
In an effort to reduce the sensitivity of this method to potential measurement outliers, the
bin-median is similarly computed. The bin-mean method also introduces error through
gradients in the flow field over the range of blade positions over the bin width. One solution
is to shrink the bin width, but the number of measurements n occurring in the bin vary
inversely with Af. If n becomes small, turbulent fluctuations result in an average that does
not accurately represent the periodic component of the flow. In an effort to reduce bin-width
error while maintaining higher statistical certainty, a weighted average, where the weight of

each measurement varies inversely with its distance from the bin center, is computed as

.: (U (z,0;) —u(x)) [0 + A0 — 6]
u(x,0;) = =

0 (4.6)
S0+ A0 — 6|
j=1

In these methods, each half rotation of the rotor is assumed to be one period of flow oscillation

due to the rotor geometric symmetry. Reconstruction error, when compared with the full
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flow field, was minimized with Af = 3°, or 30 bins per half-revolution, resulting in, on

average, n = 66.7 flow snapshots per bin.

Fourier Series Reconstruction

Another solution to statistical and bin-width errors of averaging methods is to perform a

Fourier-series decomposition of the oscillating flow, given by
u(x, () = Ap()sin [mwt + ¢, ()] . (4.7)
m=1

In the case of this flow, selection of the base oscillation frequency, w, is simple given that the
blade-pass frequency is the primary driver of flow oscillations. The same flow-field as the
conditional average methods is then computed by reconstructing at times ¢; that correspond
to bin centers ¢;. In practice the coefficients and phase fields A,,(x) and ¢,,(x) are computed
via the windowed fast Fourier transform, with the time series zero-padded appropriately to
ensure the FFT output includes all r frequencies exactly equal to mw, removing potential
frequency interpolation error. This is referred to in the following as the discrete Fourier

transform (DFT) method.

Multi-Modal Decompostion

In many cases, the base oscillation frequency may be unknown, or the flow may exhibit
features that oscillate at unrelated frequencies. In the case of a CFT wake, the blade-pass
frequency may not be the only mechanism determining the time-scale of periodic fluctuations.
This motivates a generalization of the triple decomposition to Eq. (4.2) as introduced by [16].
Here w is split into fluctuating components whose frequencies are not necessarily related.
Data-driven methods allow the triple decomposition to be used as an exploratory/diagnostic
tool. The oscillatory components can be derived by a variety of techniques. In this work, we
harness the Dynamic Mode Decomposition. Frequency, amplitude, and phase of oscillations
are determined directly from velocity time series, reducing error introduced by conditional

average and DFT methods.
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Dynamic mode decomposition and optimized DMD

The dynamic mode decomposition (DMD) was introduced by [168] in the fluids community
to identify spatiotemporal coherent structures from time-series data. In the simplest form,
the DMD algorithm extracts the dominant eigenvalues and eigenvectors of the best-fit lin-
ear operator that approximately advances the measured state forward in time. The DMD

algorithm starts with two snapshot matrices:

X = X1 X2 o X1 X/: Xy X3 0 Xy - (48)

The best-fit linear operator that maps X into X' is given by A, satisfying the approximate

relationship:
X'~ AX. (4.9)

In practice, this matrix A may be approximated using the pseudo-inverse of X, which is
computed by taking the singular value decomposition X = UX V7T and inverting each of the
matrices U, 2, and V7:

A =XV U, (4.10)

The matrix ¥ is diagonal, and both U and V are unitary, so matrix inversion is simple.
However, if the state x is a large discretized fluid velocity or vorticity field, the matrix
A may be intractably large to represent, let alone to analyze. Instead, we compute the

projection of A onto the leading POD modes, given by the columns of U:
A =UTAU = UTX'VEL (4.11)

The matrices A and A share the same eigenvalues, so it is possible to compute the spectrum

of A by computing the eigendecomposition of A:

AW = WA (4.12)
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where W contain the eigenvectors of A and A contains the eigenvalues. Finally, it is possible
to compute the high-dimensional eigenvectors ® of the matrix A, e.g. the DMD modes, from

the low-dimensional eigenvectors W using the ezact DMD algorithm of [195]:
P = X'VI'W. (4.13)

It is well known that DMD is sensitive to noisy data [53, 84, 9], and the optimized DMD
algorithm of [9] overcomes this sensitivity by considering the evolution of all of the snapshots
at once, instead of through a single iteration through the map A. This is, in general, a non-
convex procedure, although there are efficient algorithms to compute this optimization, and
the results indicate considerable noise robustness over standard algorithms. In addition,
optimized DMD enables processing on time-series data that are not evenly space in time
and further allows for constraints and restrictions on the eigenvalues, for example, allowing
the user to specify that all eigenvalues are on the unit circle. This is critical for the triple
decomposition, where modes are expected to have zero growth or decay. The standard DMD
algorithm could be used to determine oscillatory flow components by either selecting modes
with imaginary-only Eigenvalues, or by manually zeroing the real part of the eigenvalues.
However, the original mode shapes returned by exact DMD are no longer guaranteed to best
represent the data given the now altered Figenvalues. Optimal DMD circumvents this issue
by iteratively optimizing the mode shapes given constraints on the eigenvalues.

In this work, the optDMD-based triple decomposition is compared with the methods
described above. Additionally, it is used as a discovery tool to explore the dynamics of the

CFT wake.

4.3.1 LCS Methods

Lagrangian coherent structures (LCS) are useful for identifying coherent regions of unsteady
fluid flows that are segmented by time-varying separatrices, which are the unsteady analogues
of stable and unstable invariant manifolds from dynamical systems [82, 170]. LCS are often

computed as the second derivative ridges of the finite-time Lyapunov exponent (FTLE) field
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[170] which describes the maximum rate of stretch of a Lagrangian packet of fluid over a
finite time period.

The more recent method of [64] uses variational theory to compute LCS from FTLE
fields. The FTLE field is generally computed by integrating passive tracer particles along
the flow of the velocity field u(x,t) as follows:

to+T
D/ (z(to)) = 2(T) = x(to) + /to w(z(r), 7)dr, (4.14)
where @] is the flow map. Next, the flow map Jacobian, D®] is approximated via finite-
difference derivatives with neighboring points in the flow. In two dimensions, the flow map

Jacobian at a point x; ; is:

o+ T)it1,j—2to+T)i—1,;  z(to+T)it1,i—2(to+T)i-1,;
z(to)it1,5—x(t0)i—1,5 Y(to)i+1,5—Y(to)i—1,5

(DD)). . ~ . (4.15)

P )
7

Y(to+T)ij+1—y(to+T)ii—1  y(to+T)ij+1—y(to+T)i -1
z(to)i+1,;—x(to)i—1,; y(to)it1,5—y(to)i—1,5

From a continuum mechanics standpoint, this is a numerical computation of the deformation
gradient. The finite-time Lyapunov exponent ¢ is computed from the largest eigenvalue X\ of
the Cauchy-Green deformation tensor A = (D®})" DO}, which is the maximum singular

value of the flow map Jacobian:

o (w0, 0, T) = %m (VA [0, 10,7 ) (4.16)

The variable ¢ is a scalar field that is typically computed on a discrete grid of particles,
and for unsteady flows this field is recomputed at every time step, introducing redundant
computations that may be eliminated [35, 116]. When o is large, then neighboring particles
undergo considerable stretching along the flow, while particles with small ¢ will tend to
remain in coherent patches with their neighbors. The FTLE field may be computed by
integrating particles either forward or backward time, and the ridges correspond to repelling

or attracting structures, respectively.
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As the integration period, T, is increased, the ridges of the FTLE field become more
defined, though their locations remain constant [79]. For studies with limited interrogation
windows, such as this one, this can present a problem. Increasing integration time results
in more finely resolved FTLE ridges, but increases the chance that a passive tracer will
exit the flow-field before the end of the integration. A partial solution to this issue is to
subtract the global (for all time and space) mean velocity vector from the flow field, thereby
slowing the propagation of seeded particles through the domain. This will not effect the
mechanics of a Lagrangian fluid packet. However, with flows that exhibit local velocities
differing significantly from the global mean, this strategy is only partially effective since the
local velocities can still eject the passive tracers. FTLE computations presented here assign
passive tracers that leave the domain their FTLE value at the time of exit, resulting in a

decrease in FTLE ridge definition near some domain edges.

4.4 Results and Analysis

4.4.1 Mean Flow

The mean wake deficit contours and normalized velocities are shown in Fig. 4.3. As in prior
work, we observe an asymmetric wake deficit with an intense shear layer on the advancing
side of the wake (see Fig. 7?7 (b) for advancing versus retreating sides). Wake deficit recovery
occurs faster on the retreating side, as described by [192]. The mean wake deficit is never
negative, meaning there is no recirculation region at this turbine operating point at this
turbine operating point. [5] showed a decrease in wake deficit with reduction in the number
of blades, however, even the two-bladed turbine showed some negative streamwise velocity.
A survey of wake measurements in prior work indicates that neither rotor efficiency, solidity,
nor the expression of dynamic solidity of [5] are good predictors of whether or not a negative
wake deficit occurs. It is possible that some combination of these factors in addition to the

test section blockage ratio would be necessary to predict the magnitude of the wake deficit.

Despite the differing geometry, the streamwise wake velocity is very similar to those
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Figure 4.3: (a) Mean wake deficit profiles. Streamwise velocity profiles along cross-stream
stations (dashed lines). The distance from one station to the next is a change in velocity
equivalent to the mean freestream velocity, Uy,. (b) The mean streamwise, (c) cross-stream,
and (d) vertical (axial) velocities, normalized by the freestream velocity. The turbine is

rotating counter-clockwise
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published by [146] (five blades, high ¢/R) and [86] (three blades, low ¢/R), suggesting that
rotor geometry has limited effect on the mean wake.
There seems to be significant disagreement concerning the root cause of the asymmetry

of the mean wake profile. Some of these are given here:

e [5] “In all cases, there is a notable asymmetry of the VAWT wake. This is attributed
to the stronger shear layer that forms on the side of the turbine where the blades are

advancing upstream.”

e [86] “This behavior is as expected, as the majority of the power is generated on the
advancing side of the turbine, and therefore a larger momentum deficit will be seen on

this side.”

e [12] compares the effect to that of a rotating cylinder, stating “Compared with the

bRENA4

rotating cylinder wake measurements...” “we see a similar asymmetry in the mean
streamwise velocity. The wake is less asymmetrical with respect to the wake centreline
for the turbine compared to the rotating cylinder for the same nondimensional rotation

rate, although some of these differences may be due to the cylinder experiments.”

e [146] gives multiple explanations: “There are two major factors that may contribute
to this wake asymmetry. One factor is that more turbulent structures are produced at
the windward than at the leeward. When the blade advances under adverse pressure
gradients at the windward, stronger vortex shedding and much severer flow separations
take place. The other factor is that the wake flows are transported toward the wind-
ward. First, when the blade moves upwind at the windward, it causes stronger blockage
effect compared to that at the leeward. Therefore, at the windward, the blade wake is

characterized by a lower pressure, which induces the cross-wind flows. Second, when
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0 90 180 270 360 Force of Fluid on Blade  Acceleration of Convected Cross-
0° (tangential component)  Flow (reaction) Stream Flow

Figure 4.4: (a) Measured power coefficient as a function of azimuthal blade position for a
single blade in a CF'T. (b) Diagram of the force exerted on the blade by the fluid necessary
for power production, the resulting reaction force and acceleration of flow, and the resulting

convected cross-stream flow which leads to wake deflection.

the blade operates at the downstream half-revolution, the strong angular momentum

drags and propels the wake flows toward the windward. ”

We propose a simpler explanation as the main mechanism for wake asymmetry. Force
measurements of a single blade of a CF'T indicate that the majority, it not all of the power
is produced on the upstream side of the rotor, with peak power production center on ap-
proximately # = 90° (immediately eliminating the explanation of [86]). This is illustrated
in Fig. 4.4 (a). Power production requires a force component be applied to the blade in
the tangential direction during this region, generally in the —y direction in the coordinate
system used here. As a consequence of this application of force, the fluid must experience
an acceleration in the opposite direction, in this case in the +7 direction. The incoming
freestream flow has no significant velocity in the 7 direction. This effect is analogous to the
angular velocity induced in an axial-flow turbine wake, where the induced flow is opposite
the direction of turbine rotation. In the case of the CFT, this flow velocity induced in the
cross-stream direction is advected downstream through the rotor to the wake, as depicted in
Fig. 4.4 (b). Strong evidence of this cross-stream velocity is seen in the Fig. 4.3 (c), though

the action of blade tip vortices could also induce flow in this direction [20].
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Examining Fig. 4.3 (d), it is curious to note significant vertical (axial) velocities present.
Because we are sampling on the mid-plane and the turbine rotor is symmetric about this
plane, one would expect the wake to reflect this symmetry, resulting in no out-of-plane ve-
locities. However, [146] and [156] both observe similar asymmetries. Interactions with the
free-surface or the flume floor boundary layer could be mechanisms for this phenomenon,
though the former is unlikely as mid-plane vertical flows have been observed in wind-tunnel
measurements. The stability of coherent wake structures may play some role in this asym-

metry, as described later.

4.4.2  Triple Decomposition Methods Comparison

Next, the oscillatory component of the flow is analyzed. However, first the performance
of several methods of extracting the periodic flow is compared, including a new method
harnessing the optDMD algorithm. For each algorithm, described in the methods of this
chapter, the periodic component is extracted, reconstructed for the full length of the original
data set, then added back to the mean flow (w + w). The reconstruction is compared to the
original flow in two ways. First, the average L2 error between the reconstruction and original
data is computed. Second, the total sum of the flow kinetic energy over space and time is
computed for the original and reconstructed flow. The ratio of these energies is indicated
by the vertical axis of Fig. 4.5(a), while the error is on the horizontal. The DMD-based
method results in more energy explained and a lower error from the original dataset. For the
DFTc method, the base oscillation frequency (the blade pass) is calculated from the average
location of the peak of the flow data spectra. In the DFTm method, this base frequency
is calculated from the encoder data collected during turbine operation. Small error in the
encoder-measured frequency versus the true frequency results in large oscillation phase errors
during reconstruction. This illustrates the importance of knowing or calculating the base
frequency of interest exactly using these methods.

The DMD method does not require a-priori knowledge of the base frequency, and can be

used as a tool to uncover flow phenomena oscillating at related or unrelated frequencies. As
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Figure 4.5: (a) Kinetic energy content of the mean plus the reconstructed periodic flow
normalized by the kinetic energy content of the full flow measurements versus the L2 error of
the reconstruction versus the original flow. We expect the most effective triple decomposition
method to minimize the error while maximizing the amount of energy capture (as indicated
by the arrow). (b) Power spectra of the modes of the DFT and DMD methods. DMD
indicates importance of low-frequency modes that may not be discovered by other methods.

The first four DMD modes are labeled M 1— 4.
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Figure 4.6: DMD mode phase correction process shown on the first DMD mode of the
turbine wake data. Because data was collected at differing times, the phase of oscillation of
the same mode in differeing fields-of-view are not aligned. A numerical minimization of the
error in field-of-view overlap regions is used to correct the phase. For this example, this is a

five-variable optimization problem (one field-of-view is the reference).

illustrated by Fig. 4.5(b), the first seven modes extracted by the optDMD algorithm contain
the blade pass frequency and its first harmonic, followed by five lower-frequency modes. To
view these modes in terms of the full wake, not just the separate fields-of-view collected, the
phase of oscillation of each mode in each individual field-of-view was adjusted via numerical
optimization to match the oscillation of neighboring fields-of-view. This process is illustrated

in Fig. 4.6 and details are given in appendix A.2.

4.4.3 Wake DMD Modes

The optDMD triple decomposition extracts and ranks oscillatory modes in terms of energy
content. The first four modes are shown in Fig. 4.7 and their corresponding frequencies
are identified in Fig. 4.5(b). Modes are computed using all three velocity components as

measurement inputs. For compactness, the horizontal velocity magnitude, or

U = Vu? + 12 (4.17)
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Figure 4.7: Modes extracted using the opt DMD algorithm, with the phase of oscillations cor-
rected. Modes are ranked by energy content and are identified by the M labels in Fig. 4.5(b).
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is plotted in Fig. 4.7. As mentioned previously, modes one and two correspond to the blade
pass frequency and its first harmonic. The prominence of mode two indicates that the wave-
forms of the blade pass oscillation deviate significantly from sinusoidal. The first harmonic
energy content decreases faster in the downstream direction than the fundamental frequency,
perhaps due to the more rapid dissipation of the smaller-scale features. The structures re-
sponsible for the energetic oscillations at the blade-pass frequency will be discussed in the
following section. The frequency of the third mode is half the blade-pass frequency. In the
very near wake, energy in this mode illustrates changes in flow due to small geometric differ-
ences in the rotor blades or their mounting angle. Together, modes three and four illustrate
illustrate a phenomenon on the advancing side of the wake. Structures that initially occur
at the blade pass frequency seem to be breaking down or combining into lower-frequency
structures in a repeatable manner. This could be evidence of a transition toward the to the
bluff-body far wake oscillation documented by [5]. However, the frequency of mode four is
1.18 Hz, while the predicted bluff-body frequency for a cylinder of the same diameter as
the rotor is 0.8 Hz. It is possible that full transition to the bluff-body frequency has not
yet occurred, and that measurements made further downstream would show lower dominant

frequencies.

4.4.4  Wake Coherent Structures

In addition to analyzing the frequencies of different components of the oscillating wake, it
is illuminating to examine the time evolution of periodic coherent structures. In Fig. 4.8 we
show the forward and backward FTLE fields computed from the mean and the reconstructed
periodic component from the DMD analysis above. In these figures we observe the structures
driving the flow oscillation that was evident in the first two DMD modes. On the advancing
side of the wake is a vortex street with vorticity opposite the direction of turbine rotation.
Roll up of the strong shear layer in the flow, as shown in Fig. 4.3(a) and (b) is likely the
energetic source for these vortices, while the disturbance caused by the blade pass ensures

the roll-up occurs at a regular frequency. It is possible that the blade sheds some vorticity as
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Figure 4.8: Forward and backward FTLE fields computed on @ + w. These fields represent
areas of maximum stretch and convergence respectively, and together outline the boundaries

of coherent structures.

well, but the arrangement of the shear layer means this is not necessary for vortex roll-up.

On the retreating side of the wake, a large vortex structure is also shed, but is due to a
completely different mechanism. During the lift production portion of the blade stroke (the
center of which is when the blade is farthest upstream) lift production requires the generation
of counter-clockwise circulation around the blade. Because this circulation is not permanent,
but is created every rotation, packets of opposite circulation must be shed into the wake[20].
Detailed analysis of the actual formation of this vortex structure on the blade would require
further measurements upstream, but the vortex has the correct sign to be a trailing edge
vortex perhaps partly in response to a leading edge vortex formed during dynamic stall. This
structure dissipates more quickly than the vortex street on the advancing side, perhaps in
part due to the lack of a strong energizing shear layer on this side of the wake. At the same
time, mixing due to this structure may contribute to the lesser shear layer and faster wake

recovery on the retreating side (see Fig. 4.3(a)).

The shed vortex structure on the retreating side is more complex than a single rotating
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Figure 4.10: Out-of plane (vertical) velocity, mean and periodic component (w+w). Regions

of vertical flow correspond to the core and periphery of the retreating side vortex structure.
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packet of fluid. It appears that a intense core of vorticity is surrounded by a ring of vorticity
of the same sign. This unstable arrangement may be partially responsible for the rapid
breakdown of this structure, though to see why it is able to survive at all we must examine
the out-of-plane (w) velocity, shown in Fig. 4.10. The inner vortex core has intense axial
velocity in the negative direction, while the outer vorticity ring has vertical velocity towards
the flume free surface. We see now that the out-of-plane velocity observed in the mean wake
(Fig. 4.3(d)) is entirely due to this structure. It appears that this structure already contains
significant axial flow when it is shed into the wake, so it seems unlikely that it due purely
to asymmetries in the freestream velocity and their influence on shed tip vortices. Axial
flow in dynamic-stall related structures has been reported in insect flight [25] and delta wing
aircraft [204]. Additionally, the results of section 3.2 indirectly suggest the importance of
axial flow in CFT performance. However, the source of the pressure gradient that can drive
vertical flow within a rotor that is symmetric about the mid-plane remains unknown.

Of interest in terms of closely spaced downstream turbines is the predictability of the
trajectory of wake coherent structures. Very regular structures may be more easily harnessed
or avoided. In figure Fig. 4.11(a) and (b), the core of the retreating side vortex is tracked.
All tracks are shown in Fig. 4.11(c), and in (d), the probability density of the cross-stream
location of the vortex core is plotted as a function of streamwise vortex core position. The
position of the vortex core increases in uncertainty rapidly. This indicates that the vortex
longevity may be greater than that predicted by just the periodic component of the flow,
which both the optDMD modes and FTLE are based. However, regardless of longevity, the
rapid increase in uncertainty of trajectory means the structure is unlikely to be intercepted

predictably by downstream turbines.
4.5 Discussion

In an array setting, vortices shed on the retreating side of the wake likely dissipate too fast
to be of concern in terms of effecting downstream rotor performance. The vorticies in the

advancing side shear layer last longer in the wake and transition to lower frequency structures.
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110

These may be large enough to engulf entire downstream rotors, though the energy contained
in these structures is quite low (see the magnitude of DMD mode 4, Fig. 4.7).

This dataset is collected at a Reynolds number that is likely lower than that of commercial-
scale turbines. An increase in Reynolds number may increase the dissipation rate of coher-
ent structures, as well as their trajectory and strength[154]. However, it is felt that general
trends and phenomena observed will hold true for large scales. The blockage ratio of 11%
may increase the bypass flow velocity and reduce the wake velocity deficit compared to the

unconfined case, thereby intensifying the shear on the advancing and retreating sides..
4.6 Conclusions

Detailed analysis of a CF'T wake through stereo PIV measurements of the rotor mid-plane has
been presented. The mean wake structure has been found to be similar to prior experiments,
despite the uniquely high ¢/R of this turbine. A simple explanation for CFT wake skew
in the direction of rotation is presented. A new method using the optDMD algorithm for
extracting the periodic component of a flow is presented. This may be used a discovery
tool for oscillating structures, especially in cases were multiple unrelated frequencies are
present. Additionally, through phase correction, this method can be used on data that has
been collected on overlapping fields-of-view, without knowledge of the temporal relationship
between data acquisition runs. Finally, we present the first detailed description of Lagrangian
coherent structures in a CF'T wake. Vortex streets on the advancing and retreating sides are
observed and their formation mechanisms described. We observe remarkably high axial flow
in the core of the vorticies associated with lift production, those on the retreating side of
the wake. This axial flow appears to be present before the vortex leaves the confines of the

rotor.
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Chapter 5
ADVANCED CFT CONTROL

Control of CFTs to maximum power output by optimizing the position on the TSR-
Cp curve (region II control), or to limit the power output when the available power in the
freestream exceeds the generator rating (region III) is still an active area of research [136,
96, 69]. Generally speaking, these control schemes seek to optimize in response to variations
in the freestream velocity that have time-scales on the order of the diameter advection time
(At ~ %) The control schemes presented in this chapter have a different objective. Here
we aim to increase the maximum efficiency CFTs through optimization of the fluid-blade
interactions via blade kinematics. The time-scales of importance in this type of control are
much shorter, on the order of one chord translation of the blade (At ~ -%).

In the first section, we present a controller that, by carefully oscillating the angular
velocity of the rotor, is able to boost mean power output 59%. In the second section, we
optimize control and geometry of a two-rotor array, including a new control type that seeks

to leverage the coherent wake structures described in the previous chapter.

5.1 Variable Angular Velocity Control

The following contains content from [184]*
In some operating conditions, the flow separates from CF'T blades, leading to the for-
mation of leading-edge vortices. Drawing inspiration from biology, where flying and swim-

ming animals achieve exceptional performance by harnessing similar unsteady flow struc-

!This work was published in Nature Energy as Intracycle angular velocity control of cross-flow turbines,
DOI: 10.1038 /nenergy.2017.103 and was co-authored with Brian Polagye and Steve Brunton. The author
performed the experiments and wrote the manuscript. Springer Nature allows reproduction of an author’s
work in a dissertation.
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tures [25, 197, 135, 43|, it is possible to enhance turbine performance by actively controlling
the blade kinematics. Previous approaches [103, 144, 169] have pitched the blade mechani-
cally, much as a helicopter will pitch blades down during blade advance and up during blade
retreat to achieve balanced loads.

Here we demonstrate an angular rotation rate controller based on blade position that
requires no additional degrees of freedom (i.e., no additional moving parts) and instead
optimizes the blade’s nominal, or effective, angle of attack. As mechanical power is the
product of torque and angular velocity, this approach directly controls one of these variables
and maximizes the power extraction during periods of largest fluid forcing. For a structurally-
robust turbine that operates at relatively low angular velocity, this method yields a 59%
increase in power output over standard control methods. The increase in efficiency, which
does not come at the expense of high rotation rates or mechanical complexity, could inspire
mass commercial development of low-impact CFTs for power from wind and water currents.

Let us revisit the equation for the local, or nominal angle of attack of CFT blades,

neglecting flow induced by the rotor:

an(0) = —tan™" [sin(6), \(0) + cos(0)] + a,(0), (5.1)

1

where tan™" is the four quadrant arctangent. Thus, the nominal angle of attack depends

only on the blade pitch angle «,, and the tip-speed ratio A:

A(0) = - . (5.2)

In their most general form, o, and w can be functions of ¢, but in most cross-flow implemen-
tations both are held constant when compared to the timescale of one rotor rotation. The
control set point, such as resistive torque or angular velocity, may be altered to adapt to
the freestream conditions, but these changes are slow compared to the turbine rotation rate.
In the control scheme presented here the varied parameter is the angular velocity function
w(0), which alters the tip-speed ratio and thus the angle of attack, as indicated by the red

terms above.
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As detailed previously, dynamics stall can occur in CFTs depending on the operating
conditions and geometry. While dynamic stall is sometimes considered undesirable for CF'T
operation [37], birds [200], bats [135], insects [54], and falling maple seeds [111] have all been
shown to execute maneuvers that exploit the dynamic stall process and resulting vortical
structures. Dynamic stall has been used to maximize the objectives of engineering problems
including the lift of a flapping flat plate [128], the thrust of an oscillating foil [89], and the
power produced by a pitching and heaving foil [100, 7, 205, 186]. This suggests that CFTs
may also benefit from dynamic stall if the increase in lift can be harnessed while minimizing
the impact of the drag increase. This may be possible via careful timing between blade
rotation and dynamic stall. First, due to the periodic variation in the nominal flow velocity,
it may be possible to align the initial lift increase with a large nominal velocity and the
subsequent drag increase with a region of lower nominal velocity. Second, optimized blade
kinematics may hold a leading-edge vortex near the lifting surface of the foil for a significant

portion of the rotation, thus increasing lift.

5.1.1 Intracycle control approach

Control based on the angular position of a CFT blade (i.e., a,(f), w(f)) is referred to here
as intracycle control to differentiate it from schemes that optimize turbine power over longer
time scales in response to changes in the freestream velocity, such as [136, 96]. Approaches
to intracycle control of CFTs can be split into two categories: schemes that alter the turbine
kinematics and those that apply flow control to the foil surface to eliminate or delay sepa-
ration of the upper foil boundary layer at high angles of attack (e.g., plasma actuators [80],
synthetic jets [206]). While flow control has demonstrated benefits, many types of actuators
would be difficult and expensive to implement commercially [34]. Here, we demonstrate a
kinematic intracycle controller that exploits the benefits of dynamic stall rather than at-
tempting to suppress it. The primary kinematic intracycle control scheme studied to date is
active pitch control, in which the blade pitch angle varies as a function of angular position.

This alters the nominal angle of attack via Eq. (1.3), where «,, is a function of §. This con-
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Figure 5.1: Turbine Setup and Control System. Schematic of the experimental setup and
diagram of the control scheme including the Nelder-Mead optimization procedure. Turbine
performance equipment and methods are as detailed in the methods chapter. During opti-
mization of intracycle angular velocity control, turbine data is recorded for a period of 30
seconds while operating using a fixed control law. Control laws, consisting of periodic angu-
lar velocity profiles, are implemented by sending a velocity command to the motor controller
based on the current turbine position. Turbine performance is then computed and used as
the reward function for optimization via the Nelder-Mead algorithm. Additional details are

provided in the methods chapter.
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cept has been well studied both experimentally and numerically [103, 144, 169]. Increases in
turbine efficiency of up to 24% have been demonstrated in experiments [103]. However, these
methods have not been commercially adopted, perhaps because the increase in mechanical

complexity outweighs the efficiency gains.

As is evident from Eq. (1.3), an alternative to blade pitch control is to modify the turbine
rotation rate and thus the tip-speed ratio as a function of azimuthal blade position. As shown
by the red terms in Egs. (5.1) and (5.2), this provides another means of altering the nominal
angle attack of the foil. An additional consequence is modification of the nominal velocity
profile, Eq. (1.6). This method may be implemented without increasing the mechanical
complexity of the CF'T. Here, we explore the performance implications of two angular velocity

profile parameterizations: a sinusoidal profile
w(f) = Ay + Ay sin(NO + ¢1), (5.3)

and a semi-arbitrary profile (truncated Fourier series)

w(f) = Ag+ Y A;sin(iN6 + ¢;). (5.4)

i=1

The frequency is a multiple of the number of blades N to enforce periodicity and ensure
that each blade experiences identical kinematics. If the freestream velocity U, is quasi-
steady, controlling w is equivalent to controlling the tip-speed ratio A(f). Experimental
tests of this control scheme were performed using a turbine with two straight blades in
a recirculating water flume with a chord based Reynolds number of 31,000. The turbine
control and measurement setup is shown in Fig. 5.1. Details of this system and turbine power
calculations are given in the methods section. Angular velocity profiles were optimized using
the Nelder-Mead downhill simplex method [139]. Figure 5.2 provides a high-level overview

of the interplay between fluid forcing, control actuation, and power output.
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Figure 5.2: Control Scheme Overview. An illustration of the interdependence of the control
kinematics (angular velocity), the fluid structure interaction, forcing, and resulting power
output. (a), Freestream velocity magnitude input to the turbine system, plotted versus time
normalized by the turbine rotation period 7'. (d), Turbine control actuation via the rotation
rate as a function of the blade azimuthal position, presented in non-dimensional form as the
tip-speed ratio. (b), Interaction between the fluid and the turbine blades. This is affected
by both the incident flow and the control actuation. Here, bubble streak flow visualization
shows the roll-up of a leading edge vortex. The areas lacking streaks are due to diffraction
from the edge of the lower turbine end plate. (c), Torque produced by the turbine rotor as
a result of the fluid-rotor interaction. Here torque produced by a single blade is presented
in non-dimensional form as the torque coefficient, or Cq(0) = 7(0)/ (3pUZ Ar). (e), The
power output, presented as the efficiency, Eq. 1.9, is the product of the torque output and
the rotation rate. This means the timing of the controlled angular velocity profile not only
affects the fluid forcing by changing the local flow structure, but also directly affects the
power output. An effective angular velocity controller then both maximizes beneficial fluid
structure interaction and aligns the highest angular velocity with the highest fluid torque.
The torque used to calculate the instantaneous torque coeflicient and efficiency (Cg and Cp
respectively) does not include the torque necessary to accelerate and decelerate the turbine.
Due to the periodic nature of the accelerations, these torques do not contribute to the mean

power output (see methods chapter).
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5.1.2 Methods

The methods in this work reflected those described in the methods chapter. Experiments
were performed in the UW Tyler flume. The experimental Reynolds number, based on
the chord length and freestream velocity, was 31,000. The temperature of the water was
maintained at 15°C.

The turbine was controlled using a servomotor and motor controller. The servomotor
control system can absorb power from the turbine as a generator as well as add power to
the turbine as a motor. For constant torque and angular velocity control, control actuation
that maximized Cp was identified by incrementing the respective values (see Fig. 5.3 for
the corresponding performance curves). Values for A; and ¢; that maximized Cp under
intracycle angular velocity control in Egs. (5.3) and (5.4) were selected by the Nelder-Mead
downhill simplex method [139] with the RS + S9 improvements for stochastic objective
functions given in [19]. The downhill simplex method was chosen due to the small number
of required function evaluations as inspired for use in this type of problem by [130]. The
control and optimization procedure, shown in Fig. 5.1, consisted of first evaluating the mean
turbine performance at a given control parameter set, then incrementing the parameter set
as required by the Nelder-Mead algorithm, and finally implementing the new parameter
set. The optimizations were performed five times with randomized starting conditions to
ensure that the solutions converged to a global maximum (see Fig. 5.4 for plots of the
optimization process). For comparison, the optimized versions of the four control schemes
(constant torque, constant, sinusoidal, and semi-arbitrary angular velocity) were each tested
ten times, alternating control schemes for each test, thus reducing the risk of the influence

of changes in test conditions.

5.1.3 Intracycle control performance and interpretation

The optimized intracycle angular velocity control profiles are found to produce a substantial

increase in turbine efficiency, as compared to two standard control methods: constant torque
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Figure 5.3: Performance curves of efficiency versus tip-speed ratio for the two-bladed exper-
imental turbine under constant angular velocity (blue) and constant resistive torque (red)
control. The performance curves vary slightly due to the differing kinematics: In constant
torque control, the angular velocity oscillates slightly. In addition, the turbine is unable
to operate at low tip-speed ratios under torque control (system stall occurs at the point of
maximum torque). The peak efficiency points (circled dots) are used for comparison with

intracycle angular velocity control.
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Figure 5.4: Sample Optimization Process. (a), Trajectories of the centroid of the Nelder-
Mead simplex for three optimizations of sinusoidal velocity control. Trajectories converge
to a small region, but do not collapse to the same point. This may be a result of small
variations in mean Cp between function evaluations. The final optimal parameter set is
taken as the mean ultimate parameter sets from individual optimization trials.(b), Efficiency

as a function of iteration number during optimization.
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Control Scheme Control Parameters (Cp) o(Cp) Gainl("]
Constant T 7 = 0.082 N-m 0.199 0.005

Constant w w = 15.47 rad/s 0.203 0.009 0%
Sinusoidal w w = 15.58 + 10.58 sin(26 + 3.96) rad/s 0.311 0.010 53%
Semi-arbitrary w w = 16.43 + 10.56 sin(260 + 3.83) + 0.321 0.011 59%

0.02 sin(46 + 1.02) +
2.63 sin(60 + 1.32) rad/s

la] Standard deviation of Cp among turbine revolutions. At least n = 500 revolutions were sampled for

each control scheme.

[b] Percent increase in C'p in comparison to constant angular velocity control

Table 5.1: Optimized Control Performance Comparison. The performance of optimized stan-

dard controllers, constant torque control and constant angular velocity control, is compared

with optimized sinusoidal and semi-arbitrary intracycle angular velocity control. Optimum

control parameters for the schemes tested, as well as their respective mean efficiencies (Cp)

are given. Mean efficiency is also calculated over each complete revolution of the turbine

and the standard deviation of these efficiencies is reported as o(Cp). The semi-arbitrary

and sinusoidal control schemes show a 59% and 53% increase in efficiency over the constant

angular velocity controller respectively. Note that the mean efficiency values presented are

identical whether the total or fluid torque is used due to the angular velocity periodicity (see

methods section and Supplementary Table 1).
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Figure 5.5: Phase-averaged variation in tip-speed ratio as a function of azimuthal blade
position are given for the optimized control schemes described in Table 5.1. A half revolution
is presented as the profiles are twice periodic over a single revolution of the two-bladed

turbine.

and constant angular velocity control (see Supplementary Fig. 3 for performance as a func-
tion of average tip-speed ratio for these controllers). Relative to the constant velocity control
case, which outperformed constant torque control, optimized sinusoidal and semi-arbitrary
angular velocity control schemes yield a 53% and 59% increase in efficiency, respectively.
Optimized control scheme parameters and their respective efficiencies are given in Table 5.1.

The resulting tip-speed ratio profiles are shown in Fig. 5.5.

To investigate the mechanisms by which performance increases are realized, results from a
single-bladed turbine under constant and sinusoidal angular velocity control schemes identical
to those listed in Fig. 5.5 are compared. The semi-arbitrary control scheme is not investigated
in this manner because it provides only a small increase in performance over the sinusoidal
control scheme at the cost of much larger control torques and the more rapid acceleration

of the added mass (the volume of fluid that is accelerated with the turbine blade), making
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the fluid torques more difficult to interpret. Further, a one-bladed turbine is used to isolate
the fluid forcing on a single blade. The validity of a single-bladed turbine as a proxy for the
individual blade forcing of a two-bladed turbine is shown in Fig. 5.6.

In Fig. 5.7, various measured and computed quantities of interest are shown as functions
of turbine blade position. Values for a single-bladed turbine under constant and sinusoidal
angular velocity control are compared. The figure is split into five zones. These zones are
ranges of angular position corresponding regimes of operation. Zone 1 ranges from 6 = 305°
to 42°, and thus wraps around both sides of the figure.

Figure 5.7b shows the angular Cp(0) profiles for the constant and sinusoidal angular
velocity schemes implemented on a single-bladed turbine. Also shown is the difference in
efficiency between the sinusoidal and constant angular velocity control as a function of angu-
lar blade position. The net performance increase of the sinusoidal control over the constant
angular velocity control is examined as a function of azimuthal blade position. The blade
stroke is broken into zones (see Fig. 5.7a) based on the differences in performance of the two
controllers (ACp is the difference between Cp for sinusoidal and constant angular velocity
control schemes).

For # > 180°, the blade passes through a region disturbed by its upstream passage. Con-
sequently, Cp is substantially reduced, even though the foil encounters favorable nominal
angles of attack during both the upstream and downstream portions of the stroke. Fur-
ther, in this region, the assumptions underpinning these nominal values (e.g. local velocity
comparable to the freestream velocity) are violated and the nominal values provide only a
qualitative description of the hydrodynamics. Throughout, it should be recalled that the
constant rotation rate and sinusoidal profile employed on this single-bladed turbine were
optimized for the two-bladed turbine and an optimization for a single-bladed turbine would
likely converge to a different velocity profile.

Intracycle angular velocity control is successful for the following reasons: From the per-
spective of the nominal angle of attack, «,, leading up to and during the power generation

portion of the cycle (0 = 42° to 180°), the foil under sinusoidal control executes a pitch-up
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Figure 5.6: One-bladed turbine measurement validity. Two arguments are presented for the
validity of examining the forcing on a single-bladed turbine as a proxy for the forcing on
one blade of a two-blade turbine. (a) shows the efficiency as a function of blade position
for a single-bladed turbine under constant and sinusoidal velocity control. We note that the
majority of power is produced during the first half of the cycle, despite the fact that during
some regions of the downstream sweep of the blade (6 > 180°) the nominal angle of attack is
favorable. This is likely because the extraction of energy from the flow during the upstream
portion of the blade stroke leaves little energy to be extracted on the downstream portion of
the stroke. For a two-bladed turbine, with twice the solidity of a single-bladed turbine, this
is also expected to occur. Therefore, the forces imparted to the blade during the upstream
portion of the stroke, where the flow is relatively undisturbed by previous blade passes, should
be relatively unaffected by the reduction of the number of blades from two to one. (b) shows
a comparison between the efficiency profiles for the two-bladed turbine and a reconstruction
of the efficiency profiles for a two-bladed turbine using single-bladed turbine data. The
reconstruction adds the single-bladed efficiency to itself offset by half a rotation as follows:
Cp, 2x 1 Blade = Cp, one blade(0° = 360°) + C) one blade(180° — 360°,0° — 180°). As shown,
good agreement is found between the reconstructed and actual efficiency profiles, with more
phase error evident in the constant angular velocity control. In the future, individual blade
instrumentation or flow field measurements near the blades may improve direct comparisons

between control schemes.
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Figure 5.7: (Previous page.) Per Zone Control Comparison. Efficiency, torque coefficient,
and kinematics for a single-bladed turbine under constant and sinusoidal angular velocity
control are compared. Throughout, a dotted line corresponds to constant angular velocity
control and a solid line corresponds to sinusoidal angular velocity control. (a), The turbine
rotation is split into five zones based on azimuthal blade position. Circular segments indi-
cate the angular blade sweep over the zone. Vertical shaded bands are provided as visual
guides to distinguish the zones in panels b, ¢, and d. Zone 1 spans from 6 = 305° to 42°,
and thus wraps around both sides of the plot. (b), Phase-averaged instantaneous efficiency
profiles as a function of azimuthal blade position for constant and sinusoidal angular velocity
control schemes given in Table 5.1 are compared. The instantaneous difference in efficiency
is illustrated, with green and magenta areas indicating that the sinusoidal controller is per-
forming better or worse than the constant velocity controller, respectively. Panels ¢ and
d provide operational context for these differences. (c), The torque coefficient, given by
Co=r1/ (% pU2 Ar), is given in blue. The tip-speed ratio profiles are given on the same plot
in red. Because the freestream velocity is quasi-steady, this non-dimensionalizes the rotation
rate, thus the constant velocity control tip-speed ratio is a horizontal line. (d), The nominal
angle of attack (purple) and the nominal freestream velocity (gold), which are calculated by
Egs. (1.3) and (1.6). The static stall angle for this foil, 12°, is given by the purple dashed
line for reference. For sinusoidal control, the nominal angle of attack is greater than 90°
during the first part of zone 4, as indicated by the arrow on the nominal angle of attack line.
It should be noted, that because mean Cp is found by integrating over time, rather than
6, the sinusoidal control profiles are dilated or contracted, depending on the instantaneous
rotation rate, but because this effect is small, it is more instructive to index performance to

azimuthal blade position.
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and hold maneuver to just over the static stall angle. In contrast, the foil under constant
velocity control experiences a near constant increase in nominal angle of attack, to about
twice the static stall angle. As a result, the peak torque under sinusoidal control is delayed,
due to the delay or reduction of dynamic stall. This delay aligns the peak torque production
with the peak in angular velocity (illustrated by the peak in A, Fig. 5.7c). Thus power,
as the product of these two quantities, is increased. Additionally, during the first part of
this region (zones 2 and 3), the nominal freestream velocity, U, experienced by the foil
under sinusoidal control increases, while under constant angular velocity control it steadily
decreases. Increasing U may help delay separation or slow the dynamic stall process. Ad-
ditional nominal freestream velocity also likely increases the magnitude of the lift force, and

thus torque applied to the turbine rotor.

5.1.4 Performance by zone

Further nuances of the effect of kinematics on flow conditions and resulting power output
are explored in each zone, as identified in Fig. 5.7a, in the following.

Zone 1 is defined as 6 = 305° — 42°. Here, a single-bladed turbine under constant angu-
lar velocity control loses energy (it has a negative instantaneous efficiency), while the power
produced by the sinusoidal angular velocity control scheme is near zero. The foil is trans-
lating almost directly up stream in this region. This means that little of the lift produced
is projected onto the direction of turbine rotation and, consequently, drag is likely to dom-
inate the blade forcing. Because the turbine under sinusoidal velocity control rotates more
slowly than under constant velocity control, the nominal relative velocity, U, is reduced,
consequently reducing drag in the direction of rotation. Another factor likely at play in this
zone is the lower nominal angle of attack leading up to and beginning the zone for sinusoidal
control, potentially resulting in a faster reattachment of flow after the large nominal angles
of attack in zones 4 and 5. At the very end of zone 1 (§ = 20° — 42°), the nominal angle
of attack increases faster under sinusoidal velocity control, thus resulting in larger lift forces

and a larger torque coefficient.
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Zone 2 is defined as 8 = 42° — 84°. During this portion of the rotation, the constant
angular velocity control outperforms the sinusoidal controller. This is partially a consequence
of the delay in peak lift forces under sinusoidal control as discussed previously. Additionally,
during the first part of zone 2, where the torque coefficients are similar, the rotation rate
under sinusoidal control is lower, resulting in less power for the same torque applied to the

rotor.

Zone 3 is defined as 6§ = 84° — 180°. The majority of energy harvesting by the foils
occurs in this region due to the favorable angle of attack. In the case of constant velocity
control, some of these forces are undoubtably a result of dynamic stall, wherein during an
increase in the nominal angle of attack past the static stall angle, boundary layer separation
occurs. This process is associated with a large increase in lift, followed shortly by a large
increase in drag. The increase in drag likely explains the precipitous drop in rotor torque
under constant velocity control at the beginning of this zone. Since the static stall angle
of this foil is around 12° at these Reynolds numbers [72] and the nominal angle of attack
during zone 2 reaches 17°, dynamic stall likely also plays a role in the forcing under sinusoidal
control. It is possible that a small leading edge vortex forms, but the decrease in nominal
angle of attack and increase in nominal freestream velocity at the beginning of zone 3 act to
stabilize this vortex for a time. This would help maintain lift longer and delay the increase
in drag until later in the stroke, resulting in the alignment of peak torque and peak rotation
rate we observe.

Zone 4 is defined as 0 = 180° — 237°. Throughout this region, the efficiency of the sinu-
soidal scheme is usually positive, while the constant control scheme is consistently negative.
Here the foil is translating directly downstream, and large nominal angles of attack (likely
resulting in fully separated flow) and small nominal freestream velocities result in no power
extraction. Under sinusoidal control, the nominal angle of attack is greater than 90° for most
of this zone, meaning the local flow direction is from behind the foil. This, combined with
the fact that the rotation rate is slow (low \), reduces power loss. Under constant velocity

control the control system is forced to push the foil faster than the local flow at unfavorably
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large angles of attack resulting in a loss of power.

Zone b is defined as 6 = 237° — 305°. In this zone, both control schemes suffer from a neg-
ative efficiency. Several factor likely contribute. First, here the blade is directly downstream
of the main power producing regions, zones two and three, and as a result the streamwise
velocity is diminished. Second, the nominal angle of attack is too high for lift production,
as a result of the abrupt increase during zone four. The sinusoidal angular velocity control
has a lower efficiency in this zone due to the same mechanism as the power increase in zone
three. The slightly negative torque is multiplied by a higher angular velocity to yield a more

negative mechanical power.

5.1.5 Discussion

Though there is a complex interconnection between changes in the turbine kinematics, fluid
forcing, and the resulting power output (see Fig. 5.2), the primary success of intracycle
angular velocity control is derived from aligning maximum velocity with maximum torque
generation. This may be analogous to other unsteady fluid control problems, such as a bird’s
perching maneuver. Additional benefits are accrued by minimizing velocity when the turbine
dynamics are dominated by drag and by modifying the dynamic stall process.

The control scheme introduced here substantially increases turbine performance without
actuators, control surfaces, or increasing the degrees of freedom. However, within a single
cycle, it is necessary to instantaneously supply the power required to accelerate the turbine
and absorb the power required to decelerate the turbine. In the absence of a fluid and para-
sitic drive-train losses, the power required to accelerate and decelerate the turbine averages
to zero over one rotation. The focus of this work is to isolate fluid power extracted (i.e.,
mechanical turbine power), which is standard for energy harvesting studies. This does not

13

account for bearing friction or electrical inefficiencies, both of which reduce “water-to-wire”
efficiency and may be minimized through judicious design. Although there is a reactive
power requirement to accelerate the turbine, this power is recovered during deceleration,

and there is net power extracted due to the unsteady fluid forcing. This has analogues to
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reactive power requirements for some wave energy conversion devices [63]|. Here, enabling the
wave converter to strategically inject energy back into the wave field can increase absorption

efficiency over a much broader range of operating conditions [21].

For intracycle control of a single turbine, the electrical grid may be used as the source
and sink for the reactive power requirement. Commercial CFT electrical systems are not
designed to provide the cyclic power input required for angular acceleration under this con-
trol scheme. Additionally, precise rotor position measurements are not typically available.
However, if a position encoder is incorporated, a commercial generator and back-to-back
inverters can implement this scheme [41]. A prototype of this control and generation system
for deployment on a turbine with cross-section of 1.0 m? has been assembled and will be
tested in the near future. For multiple devices, average power output may be smoothed by
electrically coupling the array and operating turbines out of phase. Regardless of electrical
connection, any turbine would require a larger generator unit for intracycle control to supply
the required control torques and momentary injection of power will reduce balance of system
efficiency [41]. Both the reactive power, generator size requirements, and electrical efficiency
penalties may be substantially reduced by mechanical coupling two turbines operating out
of phase. In this concept, a single generator rotating at a constant speed could drive two
turbines connected via non-circular gears, aligned out of phase such that the acceleration
of one turbine occurs as the other is decelerating. Thus rotational kinetic energy would
be transferred back and forth between the two rotors, in a manner analogous to a spring,
thereby reducing or eliminating the need for reactive power. A prototype of a two-rotor

system coupled via non-circular gears is shown in Appendix A.3.

Testing this control method at larger scale is a desirable and necessary next step. In
this experiment, the blockage ratio was 11% and the freestream and chord-based Reynolds
number was 31,000. The primary mechanism for the success of this control scheme, the
alignment of maximum rotation rate with periods of maximum fluid torque, is likely to be
robust to changes in blockage and Reynolds number. Though the timing and nature of fluid
forcing may change with Reynolds number or blockage, the fact that the angle of attack
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must pass through zero twice per revolution guarantees that favorable lift will be limited to
certain portions of the rotation, which is the necessary condition for success of this control
mechanism. Similarly, a higher blockage ratio generally forces more fluid through the rotor
than the unconfined case. Though this boosts mean power output, blockage is unlikely
to influence the unsteady effects from which this control scheme derives its success. The
reported absolute efficiencies may be elevated slightly from unconfined flow conditions at the
test scale, but as all cases were tested at the same blockage, the relative efficiency increases

are likely robust.

In addition to further exploration of the practical implementation of intracycle control,
future work should investigate refinements to the control optimization process. For example,
additional terms in the definition of the angular velocity profile could allow the profile to
approach a truly arbitrary waveform. Further, variable angular velocity profile parameters
could be optimized with objectives other than maximizing turbine efficiency. For instance,
the optimization objective could seek a maximum C'p constrained by peak thrust or structural
loads. Additionally, on-line optimization could be run continuously on a turbine, allowing it
to adapt to inflow conditions that vary over time scales longer than a few minutes. This con-
cept could be applied to optimization of arrays to further enhance array performance based
on the bio-inspired gains suggested by [202]. Future work should also include measurement
of the flow field near the turbine blades to further explore the fluid dynamics responsible
for the success of this control scheme. Finally, for the purposes of employing this control
scheme on existing CFT systems, experiments limiting the generator torque to resist the
rotor rotation will be explored.

Historical experience with larger-scale CF'T's show that efficiency with a constant velocity
or torque controller is optimized for systems with a small number of blades (2-3) that have
a small chord compared to the radius [201, 45]. These slender blades are prone to vibration
and susceptible to damage from impact. In addition, these turbines operate at a higher
tip-speed ratio [201], which produces more noise, increases susceptibility to cavitation, and

may pose an elevated risk of collision for avian and aquatic species. In this study, we
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have demonstrated that it is possible to achieve comparable efficiencies with a relatively
high chord-to-radius ratio and relatively low rotational velocity. In parallel to refinements
in turbine geometry, future optimization should explore the benefits of dynamic control to
exploit unsteady fluid forces, as inspired by bio-propulsion, to realize transformative gains

in efficiency for unconventional turbines.
5.2 A Two Turbine Array: Geometric and Control Optimization

The coordinated control concept and preliminary results were published here[183]. The
expanded and refined data set presented here has yet to be published.

As mentioned previously, it has been shown that CFTs can be more densely-packed in an
array than HAWTs, resulting in significantly increased power output per-unit-land-area [49].
However, comprehensive CF'T array optimization has not been undertaken, partially due to
the previously described difficulties in simulating CFT fluid dynamics. This study has two
objectives. The first is to perform the first experimental combined geometric and control
optimization on a two-rotor array using standard control methods. The second is to introduce
a new control concept for closely-spaced CFTs. By controlling both turbine rotors via a
parent controller (Fig. 5.8), this scheme attempts to minimize the negative impact of the
coherent structures described in chapter 4 on closely positioned downstream turbines. More
optimistically, we hope to take advantage of the circulation of these structures to boost
the performance down-stream turbines. Specifically, the turbines are controlled to ensure a
constant angular phase difference between the turbine blade positions. This allows periodic
flow structures to be intercepted in a repeatable manner. We term this concept coordinated
control.

Closely spacing cross-flow turbines for increased energy density per unit land or seafloor
area has many potential benefits. First, the potential for environmental or stakeholder
conflicts and the cost electrical cabling is reduced. In both wind and hydrokinetic applica-
tions, regions of economically viable resource intensity (high flow speeds) are often highly

localized. Dense CFT arrays could maximize the power output from these areas. In some
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Figure 5.8: Ilustration of the coordinated control concept.

deployments, array area may be constrained by other factors, such as on the roof tops of
buildings, in mountain passes, and in narrow tidal channels. In the latter case, high density
arrays may be used to increase the array blockage ratio of a channels. A high blockage ratio
array may increase efficiency by harnessing the potential energy in addition to the kinetic
energy in the flow [160]. Finally, high-density arrays may reduce the land-lease costs of wind
energy. Currently, lease costs account for 20% of wind farm operations and maintenance

expenses [133].

Prior Work

The research group of Dr. John Dabiri has performed CFT array tests in the field [48, 101]
and on a two-turbine array in the laboratory [32]. The field experiments demonstrated an
approximately eight-fold increase in energy density per unit area compared to traditional
AFT wind farms. Additional wind-tunnel tests where performed by [3] and a number of
groups have performed CFD simulations [56, 30, 57, 44]. A common theme of results is
an increase in power output above that of isolated turbine performance for certain array

geometric configurations, namely when the rotors are side-by-side when facing the flow.
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Though [44] did so computationally, this is the first experimental optimization of both turbine
control and array geometry. Additionally, this appears to be the first demonstration of the

coordinated control concept.

5.2.1 Methods

Thes tests were performed in the Bamfield Marine Science Centre flume, as described in
the methods chapter. During these tests, on turbine was fixed in space and used the setup
described in the Methods chapter. The other turbine was cantilevered from a Velmex BiSlide
robotic gantry system, allowing precision control of the rotor position in the streamwise and
cross-streamwise directions. To perform accurate performance measurements, this turbine
was mounted to the face of a Professional Instruments Company Block-Head air bearing.
The air bearing allowed essentially frictionless rotation of the turbine rotor, while resisting
the thrust and lateral fluid loading. The motion was driven by a Yaskawa SGMCS-02B3C41
servomotor. The reaction torque of this servomotor was measured by a Futek F400 torque

cell.

The flow speed was 0.55 m/s and the temperature was held at 32° + 0.5° C, resulting
in a diameter-based Reynolds number of Rep = 123,000. The two turbine rotors used in
the array were identical to the standard turbine of the methods section, except that instead
of circular end-plates, foils were mounted via NACAQO008 struts, as described in 3.2. The
blockage ratio of the array in the test section ranged from 2.8% (turbines in-line) to 5.6%

(turbines side-by-side).

The test matrix of relative rotor positions sampled is given in Fig. 5.9. Arranged on
a polar grid, positions ranged from side-by-side (r = 0) to x = 3.61D in the streamwise
direction, and a maximum spacing of 1.83D in the cross-stream direction. The minimum

distance between rotor centers was 2.1D.
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Figure 5.9: (a) Relative test positions in the flume section, fixed turbine in red. (b) Definition
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Figure 5.10: (a) TSR control. (b) Coordinated control.

Turbine Control

At each of the locations illustrated in Fig. 5.9, two types of control were optimized for
maximum array power output. Additionally, each control type was optimized at each position
for co- and counter-rotating rotors. In the first control type, here referred to as TSR control,
the rotation rate of each rotor was optimized simultaneously (two-parameter optimization
of [A1, A2]), assuming the freestream velocity is nominally constant) to produce maximum
array power. The objective of this control scheme is to optimize rotor operation in the mean
flow field induced by the rotors. This is a non-trivial optimization problem as there is a
co-dependence between turbine rotation rates, the resulting flow field, and the array power
output. In the second control scheme, coordinated control, the angular velocities, or nominal
tip-speed ratios of the of the two turbines are locked to the same value (A, = Ay, Ay) and the
angular blade offset, or phase difference (¢ = 6; — ), between the two rotors was controlled.
This resulted in another two-parameter optimization of [\,, ¢]. A closed-loop controller was
used to ensure a constant ¢ while testing a control instance. Figure 5.10 illustrates these
two control schemes.

Optimization of the control parameter sets was performed using the Nelder-Mead algo-
rithm described in section 5.1. To speed optimization convergence, initial simplex values

were chosen in part based on data already collected. The first simplex point was the opti-
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mum control set point found for any downstream rotor position so far. The second point
was the optimum control set point for downstream rotor positions within 1D of the current
position if that control set point was suitably different from the first simplex point. If not, a
psuedo-random second simplex was chosen, ensuring sufficient distance in parameter space.
The third simplex point was always psuedo-random, but with a lower bound set on the initial
simplex volume. Optimization was halted if (a) the simplex reached a minimum volume or

(b) 30 control set points had been tested since the last improvement on array performance.

Performance Metric

The two turbine rotors and setups were tested separately, in isolation. Their individual peak
performances are denoted by Cp,; and Cf,, where an asterisk denotes performance at the
optimized tip-speed ratio. The performance of the array is evaluated on how much more
normalized power is produced by the two turbines interacting than the sum of their power

produced in isolation. The normalized sum of the peak power produced in isolation is

. _ Cpi+Cpy
Cp=—75—"" (5.5)

If inflow conditions are identical, this is equivalent to the sum of the power produced by
both turbines in isolation, divided by the kinetic energy incident on two turbine projected
areas. The array performance metric, using the mean power produced in isolation as the

normalizing factor, is then

C _ % (CP,l + CP,2) . Cp1+Cpp
PN =

= : 5.6
A bt i o0

If inflow conditions were identical across all tests, this is equivalent to the power produced
by the turbines in the array divided by the power produced by the turbines in isolation.
However, measurements must be normalized in order to account for small fluctuations in the

free stream velocity, leading to differences in the fluid power available during the test.
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Figure 5.11: Color indicates optimized array performance (Eq. 5.6) at each relative rotor
position. The contour line outlines regions where the array is outperforming equivalent
isolated turbines. (a) TSR control, co-rotation. (b) TSR control, counter-rotation. (c)

Coordinated control, co-rotation. (d) Coordinated control, counter-rotation.
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Figure 5.12: Color indicates optimized array performance of the coordinated controls strat-
egy minus the optimized performance of TSR control. Red indicates coordinated control

outperforms TSR control at that location (a) Co-rotation. (b) Counter-rotation.

5.2.2 Results and Discussion

The optimized array performance for each control scheme as a function of downstream turbine
position is show in Fig. 5.11. Notably, for large regions to either side of the upstream rotor,
the array outperforms equivalent isolated turbines for all control types and rotations. The
largest increase in performance of 1.3x occurs using the coordinated control scheme and
counter-rotating turbines.

As shown in the wake analysis chapter, there are bypass flow regions to either side of
a CFT with flow faster than the freestream velocity. Here, more energy is incident on the
downstream rotor. However, turbine rotors apply resistance to the flow, which mean there
is some degree of deceleration of the flow velocity as it approaches the rotor from upstream
(streamwise induction). This means that a downstream rotor has the potential decrease the
performance of an upstream rotor. Apparent from this dataset is that this does not occur

to a significant degree when the downstream rotor is offset to the side of the upstream one.
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Figure 5.12 shows the difference in performance between coordinated and TSR control.
Coordinated control suffers when the rotors are in-line, as holding the rotation rates equal
cause the local velocity-based TSR of the downstream rotor to be far higher than opti-
mal. When the downstream rotor is to the sides of the upstream rotor, coordinated control
outperforms TSR control, particularly for the counter-rotating case.

Figure 5.13 examines the array performance as a function of phase offset (blade position
difference) under coordinated control for three positions where coordinated control outper-
forms TSR control. A boost of between 1.025x and 1.04x in performance is observed by

implementing coordinated control versus not controlling for phase offset.

5.2.8 Conclusions

Experimental control control and array geometry optimization was performed for two CF'Ts.
Control optimization was performed on an array power output, rather than an individual
output basis. Two control types were explored. In the first, the rotation rates of the turbines
were allowed to differ. In the second, they were held equal, and the phase difference between
the blade positions was also optimized. Termed coordinated control, we showed that this
new control strategy is capable of boosting array power to 1.3 times that of two isolated
turbines. The mechanism for power increase is likely a combination of direction of faster
bypass flow into neighboring rotors and proper phase alignment of the rotors. The phase

alignment appears to minimize mutual disturbances between the rotors in the array.
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Figure 5.13: Plot of sensitivity of performance to changes in phase under coordinated con-
trol. Three relative rotor positions for counter-rotating coordinated control are shown. Array
performance is normalized by the mean performance across all rotor position phase differ-
ences (¢). Values above or below 1.0 indicate a benefit or detriment in performance due to
coordinated control operation compared to randomized values of ¢ (uncoordinated control

with both rotors at the same rotation rate).
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Chapter 6
CONCLUSIONS AND OUTLOOK

6.1 Conclusions: Geometry

Blade mounting structure geometry, preset pitch angle, and the effect of Reynolds number on
optimal preset pitch angle, coord-to-radius ratio, and number of blades are examined in this
chapter. Mounting the blades via thin foil struts at the blade ends results in the most efficient
rotor. Mounting blades with a single strut at the mid-span decreases performance through
tip losses and also some unknown mechanism, possibly related to span-wise flow on the blade.
Analytical models for the drag losses of different strut geometries are presented. Turbine
performance is shown to be very sensitive to changes in preset pitch angle. Between zero an
the optimum of six degrees, performance increased by 24% and 59% for two- and four-bladed
turbines respectively. Results indicate that a critical maximum nominal angle of attack may
help to explain the location of CFT performance curve peaks. A low-TSR secondary peak
is shown through bubble visualization to correspond to a matching between the translation
speed of the blade on the retreating side of the rotor and the downstream advection speed
of a leading edge vortex. The work on optimal geometry scaling with Reynolds number
showed that the optimal chord-to-radius ratio decreases with Reynolds number. Optimal
preset pitch angle grows as chord-to-radius ratio is increased. TSR of peak performance
decreases with increased chord-to-radius ratio. Solidity is shown to be a poor descriptor of

the influence of geometric changes on turbine performance.

6.2 Conclusions: Wake Analysis

Wake of a high chord-to-radius turbine is measured on the mid-span plane using stereo

particle-image velocimetry. The mean wake is similar to prior work, despite the unique
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turbine geometry. A new method of extracting and ranking oscillatory modes using the
optimal dynamic mode decomposition is introduced and shown to outperform other methods
based on error and energy capture. This technique reveals dual structures on the advancing
and retreating sides of the wake oscillating at the blade-pass frequency. The advancing-
side structure is vortex roll-up due to the strong shear layer, triggered by the blade pass.
The retreating-side structure is shed circulation due to lift generation, likely a trailing-edge
vortex. The optDMD method also shows a transition towards lower-frequency oscillation on
the advancing side, perhaps indicating a transition to a bluff-body type oscillation in the far
wake. The unusual structure, consisting of vortex surrounded by a ring of vorticity of the
same sign, is described and shown to be associated with significant axial velocity. The time-
resolved trajectory of this vortex core is tracked and the statistical distribution of the path
is determined. The cycle-to-cycle repeatability of the vortex core position rapidly decreases

after about one diameter downstream.
6.3 Conclusions: Advanced Control

Variation of the angular velocity of a CFT rotor is shown, like variable pitch control, to
alter the local angle of attack. This method requires no additional mechanisms and also
allows for control over the local flow velocity magnitude. Sinusoidal and three-term Fourier
series angular velocity profiles are optimized to maximize cycle-averaged power output. The
optimized waveforms increase mean turbine power output by as much as 59%, compared to
the typical control strategies of constant torque and constant velocity control. The success
of this method is attributed to optimization of the blade kinematics during the dynamic stall
process and an alignment of regions of high torque production with high angular velocity.
An array of two turbines is explored by altering the relative positions of the rotors and
by simultaneous optimization of the rotor control. Two control strategies are optimized.
In the first, the angular velocity of each turbine is optimized to maximize the array power
output. In the second, the angular velocity of the two turbines is locked to the same value.

This angular velocity, as well as the blade position phase offset of the rotors is optimized.
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This scheme is termed coordinated control. Both control schemes yield power output greater
than two isolated turbines, primarily in configurations where the rotors are side-by-side. A
maximum of a 30% increase over isolated turbines is observed for coordinated control. The
majority of the power increase appears to be due to location of the rotors in each others
accelerated bypass flow, though examination of performance as a function of blade position

offset during coordinated control shows some benefit of phase-locking.
6.4 Future Directions

One of the major short-comings of this work is that on-blade flow measurements were never
taken to directly analyze the mechanisms by which control or geometry changes effect perfor-
mance. Not only could the explanations of the mechanisms presented here be strengthened,
but it is probable that on-blade flow information will result in inspiration for further im-
provements in CF'T performance.

A large question remaining is the role of flow three-dimensionality in the operation of
CFTs. Both the blade mounting structure study and the wake analysis indicate that axial
(vertical) flow plays an important role within the rotor. However, no other studies to date
have suggested this, and certainly no study has explicitly examined axial flow within a rotor.

The remarkably power increase resulting from optimized variable angular velocity control
comes at the expense of large power fluxes to and from the generator. A more economically
realistic approach would be to approach this control type from the perspective of selectively
extracting power from the rotor based on the blade position, rather than strict velocity
control. Under this method, power could be restricted to flow from the rotor to the generator,
and the maximum generator current could be regulated, paving the way for an economical
implementation of this approach.

Translating laboratory results to larger turbines is difficult due to the effects illustrated
in the Reynolds number scaling section. A simple improvement could be to trip the blade
boundary layer from laminar to turbulent as near the leading edge as possible. The success of

this approach could be evaluated by comparing to the higher Reynolds number data collected
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in the scaling work.

The interdependence of control, operating conditions, and rotor geometry make optimiza-
tion of cross-flow turbine performance a difficult non-linear and high-dimensional task. In
the end, understanding how each parameter effect turbine performance and loads may be
more useful than global optimization. This is because other constraints, such as economics
or structural concerns may force CFT designers to select configurations that are off-optimal
in some respects. Understanding how these choices effect performance would be valuable
information for those performing techno-economic optimization. For example, in the blade
mounting structures section, it was determined that free blade tips are very detrimental to
performance. However, adding to the turbine rotor height without additional blade mount-
ing arms could add power output while incurring minimal additional cost. A more thorough

understanding of tip-loss trends in CF'Ts would be necessary to perform this evaluation.
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function [dy,ddy]=multi_poly_diff(y,win,n)

% Moving window differentiator for real data

% Performs least squared fit of polynomial of degree n over windows of

% length win, finds analytical derivatives, evaluates at midpoint of window
% (except win/2 endpoints)

% INPUTS:

% y: data to differentiate

% win: window size (default is 11)

% n: degree of polynomial (default is 2)
% OUTPUTS

% dy: first derivative of y

% ddy: second derivative of y

% Benjamin Strom, 2015

% check inputs
if nargin<3
n=2;
end
if nargin<2
win=11;
end
if length(y)<win
error('Input y must be at least as long window')
end

% make window odd so point of interest is at center
if mod(win,2)"=1

win=win+1;
end

wr=floor(win/2);
dn=length(y);
rsy=size(y);
y=reshape(y,[1,dn]);
dy=zeros(1,length(y));
ddy=zeros(1,length(y));

M = bsxfun(@power,(1:win)’,0:n);
for i=1:dn—2%wr
c= M\y(i:win+i—1)’;
for j=1:n
de(n—j+1)=c(j+1)*j;
dy(i+wr)=dy(i+wr)+dc(n—j+1)*(wr+1)"(j—1);
end
for jJ=1:n—1
ddc(n—j+1)=c(j+2)*j*(j+1);
ddy(i+wr)=ddy(i+wr)+ddc(n—j+1)*(wr+1)"(j—1);
end
if i==
dcl=dc;
ddcl=ddc;
end
if i==dn—2%wr
dc2=dc;
ddc2=ddc;
end
end

% take care of first end last window/2 points
for i = 1:wr
ifi ==
dy(1) =y(2) — y(1);
dy(end) = y(end) — y(end—1);
elseif i ==
p = polyfit([1 2 3],y(1:3),2);
dy(2) = 2xp(1)*2+p(2);
ddy(1:2) = 2*p(1);
p = polyfit([1 2 3],y(end—2:end),2);
dy(end—1) = 2xp(1)*2+p(2);
ddy(end—1:end) = 2xp(1);

else
dy(i) = 0;
dy(end—i+1) = 0;
ddy(i) = 0;

ddy(end—i+1) = 0;
pl = polyfit(L:i*x2—1,y(L:ix2—1),n);
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p2 = polyfit(1:ix2—1,y(end— (2xi—2):end),n);
for j = l:length(pl)—1
dy(i) = dy(i) + (n—j+1)*pL(j)*i"(n—]);
ddy(end—i-%—l) = dy(end—i+1) + (n—j+1)*p2(j)*i~(n—j);
for j = l:length(pl)—2
ddy(i) — ddy(i) + (n—j-1)x(n—])xpLG)*i"(n—i—1);
§ ddy(end—i+1) = ddy(end—i+1) + (n—j+1)*(n—j)*p2(j)*i"(n—j—1);
en
end
end

dy=reshape(dy,rsy);
ddy=reshape(ddy,rsy);
end

A.2 DMD Triple Decomposition Phase Correction

The DMD solution can be written as
X (t) = ®eb. (1)

For the proceeding analysis, this will be written in indicial notation with index & cor-
responding to the kth DMD mode, and index j corresponding to the jth measurement or

sensor (row of X'). The DMD solution is then

zi(t) = djre by (2)
k=1

where ¢;; and wy are complex scalars and b is a real valued scalar. For the purposes of

expansion, let
Gk = Gk + 10k (3)
and
Wi, = Yk + 10k (4)

where i, Bk, Yk, and J; are real valued scalars. The DMD solution can then be written as

z;(t) = Z ety [ a2+ B2 [k cos(Oxt) — Bjnsin(Oxt) 4 i {Bjx cos(Okt) + ok sin(0xt) }]
k=1
(5)

x(t) = Z e\ a2  + B2, [Cos <5kt + tan™! %) + i cos (5kt — tan™! %)] (6)
kzl e s

or
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where tan™! indicates the 4-quadrant arctangent. Real-valued solutions, such as in fluid

flows, will simplify to

z;(t) = Z ey /a2, + (2, cos <5kt + tan~! %) . (7)
k::l s

The objective of the DMD solution is clear in this form: To express the data in terms of a
series of modes, where each modes has a consistent growth or decay rate 7, oscillation rate
0r, and overall amplitude b, across all measurements. Within each mode, each sensor in X
has an individual phase-shift and amplitude, given by the components of ¢, x, o, and B .
In vector form this can be written as

X(t) =) bpe" 0" || cos {Tm(wp )t + Loy} (8)

k=1
Now suppose we are interested in mainly oscillatory modes, or that we have restricted

the DMD algorithm to return only modes no growth or decay, such that
7 = Re(wyg) = 0, (9)
giving

X(t) =) bi| x| cos {Im(wp)t + L} - (10)
k=1
For comparison, consider two data matrices derived from an oscillatory system, X, and

X,. X, is a traditional DMD data matrix, where a number of sensor locations, spanning
the rows of X, are recorded for a sequence of time snapshots, spanning the columns of X,,.
X, consist of two measurement time-series, taken at non-overlapping times. The two time-
series contain a subset of overlapping sensors, but the majority of sensors differ between
subsets. However, in total the measurement locations are the same as in X,. This is a
typical measurement scheme for particle-image velocimetry, where a large, high-resolution
field-of-view is obtained by collecting overlapping spatial windows at differing times. Despite
the differing measurement times, the two datasets are concatenated vertically to form X,

repeating sensor locations where overlap occurs, such that

X
X, = | "L (11)
X2
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Because X, and X, contain the same sensor locations, and the oscillatory nature of
our system is statistically stationary, DMD will return the same set of Im(wy) for both
matrices'. In the overlap regions of X3, the modal measurement amplitudes by, |¢y| are also
the same. This leaves only the phase of oscillation, Z¢;, that differs between repeated
sensor locations in X,. Since the phase values in each sensor subset are self consistent, a
single phase correction can be applied to one of the subsets to bring it into alignment with

the other, or

> bi |pra1| cos {Im(w )t + Lp 1}
k=1

X(t)y=|
kz: b | @ 2| cos {Im(wy)t + L2 + i}
-1

(12)
where the subscripts 1 and 2 denote the sensor subsets, and 1, is the mode-specific phase
correction term, which can be solved for by minimizing the mode reconstruction error in the

sensor overlap region.
A.3 Prototype: Rotors coupled via non-circular gears

One possible method of producing sinusoidal angular velocity motion without the penalty of
large electrical energy fluxes is to mechanically couple two rotors that oscillate out-of-phase,
swapping kinetic energy between the rotors. One implementation is to use non-circular gears
connecting the two rotors to the generator shaft, such that when the generator spins at a
constant rate, the rotor oscillates. Such gears are demonstrated in Fig. ??7. In Fig. 7?7, two
sets of the gears connect two rotors with concentric driveshafts to implement the out-of-phase

velocity oscillation.

In Xy, a slight preference may be given to frequencies that dominate in the sensor overlap regions, since
these are expressed twice. In a future implementation, these could be weighted to avoid this.
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Figure 1: Non-circular gears for sinusoidal angular velocity.

Figure 2: A prototype assembly of two concentric rotors driven by 90° out-of-phase non-

circular gears connecting to a single generator.
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