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Abstract

The Immersed Interface Method — A Numerical Approach for Partial
Differential Equations with Interfaces

by ZHILIN L1

Chairperson of Supervisory Committee:  Professor Randall J. LeVeque

Department of Applied Mathematics

This thesis describes the Immersed Interface Method (IIM) for interface problems, in
which the partial differential equations have discontinuities and singularities in the
coefficients and the solutions. A typical example of such problems is heat conduction
in different materials (discontinuous heat conductivity), or fluid interface problems
where the surface tension gives a singular force that is supported only on the interface.
The complexity of the interfaces makes it more difficult to develop efficient numerical
methods.

Our immersed interface method is motivated by and related to Peskin’s immersed
boundary method (IBM) for solving incompressible Navier-Stokes equations with
complicated boundaries. Our method, however, can apply to more general interface
problems and usually attains second order accuracy.

We use uniform Cartesian grids so that we can take advantages of many conven-
tional difference schemes for the regular grid points which are away from the inter-
face. Hence attention is focused on developing difference schemes for the irregular
grid points near the interface, which can cut through the grid in an arbitrary manner.
Assuming a knowledge of jump conditions on the solution across the interface, which
usually can be obtained either from the differential equation itself or by physical rea-
soning, we carefully choose the stencil and the coefficients of the difference scheme.
By using local coordinate transformations and a modified undetermined coefficients
method, we force the local truncation error to be O(h?) at regular grid points and
O(h) at irregular ones. For many interface problems, this leads to a second order

accurate solution globally even if the solution is discontinuous. Cubic splines are



used to represent and update the complicated interfaces.

We have implemented the immersed interface method for a number of interface
problems including: general elliptic equations in one, two and three dimensions, alter-
nating direction implicit methods for heat equations with singular sources or dipoles,
the Stokes equations with a moving interface, and Stefan-like 1D moving interface
problems in which the interface is determined by a nonlinear differential equation.
Theoretical analysis and numerical examples are presented to show the efficiency of
the immersed interface method. We believe that this methodology can be successfully

applied to many other interface problems as well.
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Chapter 1
INTRODUCTION.

Interface problems have attracted a lot of attention from numerical analysts over
the years. Mathematically, interface problems usually lead to differential equations
whose input data and solutions have discontinuities or non-smoothness across some
interface. Many numerical methods designed for smooth solutions do not work effi-
ciently for interface problems. This thesis is concerned with developing, improving
and analyzing numerical methods for various interface problems using uniform Carte-
sian grids. We will take advantage of the classic central difference scheme at regular
grid points which are away from the interface and derive modified difference schemes
at irregular grid points. These are much fewer in number than the regular ones so this
will not increase the computational cost too much. Generally we get second order
accurate solutions globally in the infinity norm for most of the interface problems
discussed in this thesis. Combining these methods with the spline interpolation tech-
niques, we are also able to deal with complicated geometries and moving interface
problems.

Interface problems occur in many physical applications. We present a model

problem below to show the importance and characteristics of interface problems.

1.1 A model problem.

The heat equation

ug=V-(8Vu)+ f (1.1)

describes many physical phenomena. For instance, u may represent the temperature
distribution in a material with heat conductivity 8. If there are two or more materials
present, then the coefficient 8 may be discontinuous across the interfaces between

different materials. Physically, the temperature should be continuous, which means



[u] = 0 across the interfaces, where [ - ] denotes the jump in a quantity. The heat
flux Bu, across any interface should also be continuous if no heat source is present
there. If 3 is discontinuous, then there must be a jump in the normal derivative u,.

In the one-dimensional case, the heat equation is a mathematical model for heat
conduction in a rod and we are looking at the case where the heat conduction co-
efficient changes abruptly at some point z = a. The governing equation for the
temperature u(z) in dimensionless form is

U = (:Bu:c)z + f(.’l:,t)
u(0,t) = u(1,t) =0, u(z,0) = g(),

where g(z) is the initial temperature and f is a heat source. We assume 0 < a < 1
and distinguish the following special cases:

e The source term f(z,t) is continuous, but B is not. Then the heat flux is

continuous, i.e., [Bu;] = 0, but u, is not.

o f(z,t) = C(t) §(x — @), in other words there is a singular heat source at a point
a. So the heat flux at o now has a jump given by the source strength C(t), i.e.,

[Buz] = —C(t). In this case u; is discontinuous even if 3 is continuous.

e The steady state problem: (Bu;), = f(z). In particular suppose
f(z) = Cé6(x — @) and B is constant on each side of the interface a. Then
the solution is a piecewise linear function; see the following diagram. Even for
this simplest example, special care has to be taken to deal with the discontinu-

ity in B and the delta function singularity when we want to solve the problem
numerically.

[u]=0

[Buz] = C

For a two-dimensional model, we consider two materials with different heat con-

ductivity contacting on an interface, for example a circle as shown in Fig. 1.1 (a).




Initially we assume the temperature is zero everywhere and that a heat source is

applied at two boundaries. The mathematical description of the problem is the fol-
lowing:

ut=V-(,3Vu), "']-Smaysla
1 Cifa?42<d
- 100 otherwise,

BC: u(-1,y,t) = u(z,—1,t) = 0;
u(e,1,t) =sin (@ + DT )5 u(t,p,t) =sin (@+1)]).
IC: u(z,y,0) = 0.

The heat propagates as time evolves and travels faster in the region with larger heat
conductivity than the region with small one. Figure 1.1 (a) shows the contour plot of

the temperature distribution at a short time while () is the mesh plot of the solution.

(a) (b)

&
I‘:'l::l':ll'll’l A ’" ' ' ‘;“‘“‘: S “ .
g
l,":,l ' 'l‘n‘ X
: %&}“ i " "fllz%::‘. T
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i 03

0 [+}1
time = 0.01

Figure 1.1: Heat propagation in different materials. (a) Contour plot of the temper-
ature. (b) Mesh plot of the solution.

1.2 Overview of the interface problems considered in this thesis.

Interface problems are those problems in which the input data (such as the coefficients

of differential equations, source terms etc.) may be discontinuous or even singular




across one or several interfaces which have lower dimension than that of the space
where the problem is defined. The solution to the problem, therefore, may also be non-
smooth or even discontinuous across those interfaces. In this thesis we only consider
those problems with smooth interfaces and bounded solutions. In the future we hope
also to study problems where the interface has corners or kinks and the solution has
singular behavior near these points.

This thesis is concerned with the development of the immersed interface methods

for the following classes of interface problems:

e Elliptic equations corresponding to the steady state heat equations
V- (BVu)+ku=f

in one, two and three (mostly two) space dimensions, where 3, &, and f may

be discontinuous across some arbitrary interface(s), f can also be singular as in
the form

f= /r F(s)6(z — X(s)) ds, (1.2)

where T’ is the interface. We will analyze some typical model problems to show
how the immersed interface method works in Chapter 2. Various examples are

also presented there to demonstrate the efficiency of the method.

o Heat equations in 2D with fized interfaces. One class of problems is where
the coefficients of the differential equation are continuous but the source term
f(z,y,t) corresponds to singular sources or dipoles along the interface. Then
the solution may be non-smooth or discontinuous. We want not only to develop
a difference methods for such problems but also to use the Alternating Direction
Implicit (ADI) technique for better efficiency. In Chapter 3 we discuss how to
modify the ADI scheme for such problems.

e 1D moving interface problems. In many applications, the interface is moving
with time [13], [15], [16], [17], {18], [19], [24]. An interesting class of such
problems arises from modeling phase transitions, e.g., solidification or melting.

A simple example is the classic Stefan problem modeling the interface between




‘water and ice by a heat equation coupled with an equation for the motion of

the interface. In this case there is a discontinuous heat conduction coefficient
and also a singular heat source with support on the interface, due to latent heat

released in the solidification process. In the one dimensional case, the equation
takes the form

ur = (Bug), — ct) 8 (z — at)),

where the interface a(t) is determined by some non-linear ordinary differential
equation

da—w(tauu )
dt_ ) 3 Yy Yy .

Various approaches have been used to solve Stefan problems numerically [13],
(20], [24], [28]. Our immersed interface method seems to be a very promising
approach for these problems. We discuss some one-dimensional problems with
different interface conditions in Chapter 5.

The Stokes equations with a moving interface in 2D. Consider a two-dimensional
viscous incompressible fluid containing an immersed boundary. If the effects of

inertia are negligible then the governing equations are the Stokes equations:

Vp = vAi + F(&,1),
V-i=0,

where i is the fluid velocity, p is the fluid pressure, v is the constant fluid
viscosity, and F is the boundary force

F(Z,t) = F(8,0)62(F = X (s,1))ds, (1.3)
[(s,t)
where X (s,t) is the Lagrangian representation of the immersed moving bound-

ary, parameterized by s and f{ (s,t) is the force strength along the interface. For

such problems the pressure will have a jump discontinuity across the interface



and so will the normal derivative of the velocity. The interface moves with the
fluid so it satisfies the equation

aa—)t{(s,t) = z'I(X'(s,t),t). (1'4)

We apply the immersed interface method for such problems in Chapter 4. De-
tailed analysis to handle the delta function and its derivative are given to derive
the jump conditions needed for our immersed interface method. A quasi-Newton
method with rank-2 updating is used to solve the nonlinear system of equations
when the Crank-Nicholson implicit scheme is used for the stiff differential equa-

tion (1.4) determining the motion of the the elastic interface.

1.3 Our strategy and other approaches.

The Immersed Interface Method (IIM) takes various different forms for different prob-
lems. But there are some common characteristics which we list below.

1.3.1 The skeleton of the immersed interface method.

e Solve the PDE on a uniform Cartesian grid.
o Use finite difference methods.
o Immerse the interface(s) in the Cartesian grids.

® Apply the standard difference scheme at regular grid points which are away from
interface(s).

¢ Derive the jump relations across the interface(s).

e Modify the difference scheme at irregular grid points which are near the interface
by using the jump conditions.

e Solve the resulting system of difference equations to get the approximate solution
of the differential equation.

e Estimate the global error through truncation error analysis.




We will discuss the details of each step in the coming chapters.

1.3.2  Why uniform Cartesian grid?

One of the most obvious advantages of using uniform Cartesian grids is that there
is almost no cost for grid generation, and the conventional difference schemes can be
used at most grid points (regular) which are away from the interface(s) since there
are no irregularities there. Only those points near the interface(s), which are usually
much fewer than the regular grid points, need special attention.

Certainly there are many other ways to discretize interface problems. Using a grid
that conforms to the interface is an obvious alternative, for example a structured grid
that is deformed in the neighborhood of the interface (e.g. [7]) or an unstructured
triangulation. The finite element method on such a grid would be a natural choice
for elliptic equations, and can be used very successfully (e.g., [3]). However, in many
contexts the use of a uniform grid may be preferable.

In particular, for the equation

(Buz), + (Buy), = /[,1"(8)5(:C —X(s)) 6(y —Y(s)) ds (1.5)

where T is an arbitrary interface, if 3 is constant then we will see that our modified
difference equation uses the standard 5-point difference operator and only the right
hand side of the linear system is modified (see Chapter 2). This means that fast Pois-
son solvers can still be used to solve the system on a uniform grid, an advantage that
would be lost on an irregular grid. Even if 3 is discontinuous so that the coefficients
in the linear system must be modified, the system maintains the same block structure
as in the continuous case. One can then use available software designed to accept a
user—specified stencil on a uniform rectangular grid.

More importantly, we are interested primarily in time-dependent problems, and
the interfaces are typically moving. Although it is possible to develop moving mesh
methods that conform to the interfaces in each time step, this is generally much more
complicated than simply allowing the interface to move relative to a fixed underlying
uniform grid. For example, the immersed boundary method has been very successful
in modeling flow in very complicated time-dependent geometries such as the beating
heart with valves opening and closing (see the next section). This would be difficult
if not impossible to do with grids that conform to the boundary.



1.3.83 Peskin’s immersed boundary method.

A more complicated interface problem arises in using the immersed boundary method
(IBM) to solve the incompressible Navier-Stokes equations in a region with compli-
cated geometry. This method was originally developed by Peskin[41], [42] to model
blood flow in the heart, and has since been used for many other problems, particu-
larly in biophysics [5], [22], [25], [26]. The idea is to solve the Navier-Stokes equation
on a uniform grid in a rectangular region in spite of the complicated time-varying
geometry (see Fig 1.2), e.g., the heart wall. Without worrying about the boundary
conditions, the Navier-Stokes equations then take the form

@+ (@ V)@ +Vp=pAi+ F,

(1.6)

Figure 1.2: Peskin’s approach: embedding the region in a rectangle with a uniform
Cartesian grid.

where F' has the same form as (1.3). Now these equations are defined on the rectan-
gular region. As in the Stokes equations we mentioned earlier, the boundary is viewed
as being immersed in the fluid and moves with the local fluid velocity. Since the force

is singular, the pressure is discontinuous and the velocity is not smooth across the



interface. The force strength f () usually can be determined by physical reasoning,
say by Hooke’s law for the elastic interfaces.

This approach leads to an interface problem with a singular source. Peskin uses a
discrete approach to solve such interface problem numerically. First he discretizes the
immersed boundary by a set of Lagrangian points (X(sk),Y(sk)), k£ =1,2,---,m
(see Fig 1.2), and replaces the integral in (1.3) by a discrete sum, also replacing the

delta function by some discrete approximation dj(z) with support related to the mesh
width A. Simple examples are the hat function

4(2) ={ (h—|z|)/h? if |z| <k

1.7
0 if |z| > h (1.7)
and Peskin’s discrete delta function
L (1 + cos (rz/2R)) if |z| < 2k
d(z) = { 3 1.8
He) { 0 if || > 2h. (18)

(@) Uk (b)
1/(2h)

h & 2h

Figure 1.3: Two typical discrete delta functions. (a) Hat delta function. (b) Peskin’s
delta function.

Figure 1.3 is the plot of these two discrete delta functions. They are both continuous.
The first one is not smooth but gives second order accuracy for many one dimensional
problems [6]. Peskin’s discrete delta function is smooth and usually is only first order
accurate because it will also smooth the kinks in the solution if there are any.

With Peskin’s discrete delta function approach the discrete form of (1.3) is

f,‘j = f: C(sk) dh(.’L‘,‘ - Xk) dh(yj - Yk)As. (19)
k=1
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In one space dimension this approach is easy to analyze. In this case the interface
reduces to a single point. For example, for the one-dimensional equation u,, =
Cé(x — ),z =a € (0,1), the finite difference method

(uj41 — 2uj + uj—q)/h? = C di(z; — @) (1.10)

with dy given by (1.7) turns out to be very accurate; in fact it produces the exact
solution u = u(z;) at all grid points in spite of the non-smoothness of u (see [6]).
However if we use (1.8) to define dj,, we only end up with a first order accurate result.

Beyer and LeVeque[6] have also analyzed time-dependent versions of the problem
and show that second order accuracy can still be obtained with an appropriate choice
of the discrete delta function.

Our original motivation is to analyze and improve the results in [6] to two space
dimensions and try to improve Peskin’s method. However, it seems very unlikely that
the discrete delta function approach can achieve second order accuracy except in a
few special situations, e.g., when the interface is aligned with the grid. An intuitive
explanation why it can not be second order accurate in two space dimensions is that
the expression of (1.9) as the discrete form of right hand side of (1.5) is independent
of the derivative of C(s) and the curvature of the interface, which seem to be crucial
in obtaining second order accuracy (see Chapter 2).

1.3.4 Harmonic averaging.

Peskin’s approach is designed for interface problems with singular delta functions.
For problems with discontinuous coefficients, another approach to deriving the proper
coefficients on a uniform grid stencil is the method of harmonic averaging, see [4], [46]

and [50]. The one dimensional expression (Buy),, for example, can be approximated
by

% [Birgwinn = w) = By (i = wics) ]

If B is smooth then we can take Biys = ﬂ(:cH_%) (where ;1 = i+ h/2) and achieve
second order accuracy. If 8 is discontinuous in [%i-1, Zi41], then the coefficients can
be chosen as harmonic averages of 8(z), e.g.,

Bipy = [% :“ A (=) dz]—l
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This can be justified by homogenization theory for problems where 3 (z) varies rapidly
on the scale of the grid cells, and to some extent also for the case where § is simply
discontinuous as we are considering, but the fact that this yields second order accurate
results seems to be primarily the result of fortuitous cancellation. To see this, suppose
that B8 has a discontinuity at « which lies between z; and z;41. So «; and zj4; are
two irregular grid points. The local truncation error defined as

I= (ﬂuz)x - % [ﬂi+%(ui+l - 'Ui) - ﬂ'_%(ui - Ui-l)]

is only O(1) at z; and zj4; which usually means the solution to the differential
equation would only be first order accurate. But more careful investigation reveals
that T; = —Tj41 + O(k) and the cancellation to the order O(h) is the key to the
second order accuracy. However, we need to calculate the integrals to O(h?) at i = j
and ¢ = j + 1, to guarantee the second order accuracy, which is not so easy especially
in the interval where the discontinuity takes place.

In two space dimensions, harmonic averaging is also commonly used to deal with
discontinuous coefficients [4], [46], now integrating over squares to obtain the har-
monic average of §(z,y). In this case, however, the method does not appear to give
second order accurate results because the cancellations are very unlikely to take place
for arbitrary interfaces. It is also not practical to compute the integrals to O(h®) at

irregular grid points in two dimensions especially when A is discontinuous across the
interface. We find that our approach is greatly superior.

1.3.5 Other approaches.

Because of the many advantages of the uniform Cartesian grid, there has been a lot of
research done using uniform Cartesian grids to solve interface or non-interface prob-
lems. Tikhonov and Samarskii[50] discuss one-dimensional elliptic interface problems
and derived second order accurate methods on uniform grids using jump conditions
at a point of discontinuity in the coefficients. In two dimensions, Mayo [35] has con-
sidered similar problems and shown how standard difference formulas can be modified
to obtain second order accuracy in the context of solving Poisson or biharmonic equa-
tions on irregular regions by solving some integral equation. The region is embedded
in a regular region where a fast solver can be used on a uniform grid and the right hand
side is appropriately modified near the original boundary. Mayo and Greenbaum|38)
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consider an interface problem in magneto-statics of the form (1.5) with a piecewise
constant coefficient . The possibility of extension to variable 3 is mentioned in [36].
Li and Mayo [32] discuss difference methods to solve the heat equations with fixed in-
terfaces. Mayo [37] studied the stationary Stokes equations with immersed interfaces
in terms of Cauchy integrals.

MacKinnon and Carey[33] also use a similar approach in one dimension and make
some extensions to two-dimensional problems in which the interface lies along a coor-
dinate direction. Fornberg and Meyer-Spasche[27] have considered elliptic equations
with free boundaries which are solved on a uniform grid by adding correction terms

near the interface to improve the accuracy.

1.4 Mathematical aspects of the interface problems.

1.4.1 Interface conditions.

Generally, the interface problems with bounded solutions can be decomposed into
one or several regions whose size and shape may change with time. The solutions
in different regions are continuously differentiable to a certain degree and they are
coupled by some interface conditions, usually jump relations across the interfaces. It
is crucial for our approach that we be able to derive the interface conditions directly
from the differential equations or other known data. Sometimes this turns out to be
a challenge.

Sometimes we can derive the interface conditions from the differential equations
themselves. In the equation (Bu,), = C é(x — @), for example, the jump relations
[u] = 0 and [Bu;] = C can easily be obtained from the equation itself. With a
little effort we can prove that the jump relations for equation (1.5) are [u] = 0 and
[un] = F(s) at each point (X(s),Y(s)) on the Q. More complicated examples such
as the Stokes equations can be found in § 4.2.

Very often we deal with a physical application in which we have enough infor-
mation to determine the interface relations. For instance, in the example of heat
propagation, we know the temperature is continuous and the heat flux has to be zero
across the interface, so we have the interface relations [u] = 0 and [Bu,)] = 0 at every

point of the interface. For the ice melting problem, as another example, the value of
the temperature on the interface is known to be zero.
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1.4.2 The classtfication of interface problems.

There are many kinds of interface problems. In this thesis, we roughly distinguish
them by the following classifications.

A: Classification by the structure of the differential equations.

o The coefficients of the differential equations are continuous, but there are sin-

gular source terms as in equations (1.5) and (1.6).

o The coefficients are discontinuous along the interface but no singular source

terms are present. The heat propagation is a typical example.
e A combination of the cases above.
B: Classification by the structure of the interface.
o The interface is fixed. The problem may or may not be time dependent.
o The interface is moving in a time-dependent problem.

¢ There is more than one interface.

1.4.8 Numerical difficulties.

The most noticeable characteristic of an interface problem is the discontinuity or non-
smoothness in the solution which is the result of discontinuities of the coefficients or
singularities of the sources in the corresponding differential equations. This brings up

several substantial difficulties in the numerical analysis process for interface problems.

o Discretization. Special care has to be taken to discretize the discontinuous
coefficients. Many current techniques such as harmonic averaging or coefficient

smoothing [48] fail to give high order accuracy in two or higher space dimensions.

If singular sources are present such as delta functions or dipoles, it is not clear
what the best way is to discretize them to achieve the desired accuracy in twa

or higher space dimensions.
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Arbitrary interfaces. Generally the interfaces can be arbitrary and complicated,
and analytical expressions for them are rarely available. Moreover, there are
situations in which the interface may develop cusps and spikes, change topology,
and break or merge.

Error analysis. Because of the discontinuity and non-smoothness in the solution

and the complexity of the interface, it is difficult to perform convergence analysis

in the conventional way.

Solving the system of discrete equations. Due to the presence of the interface
and the discontinuity or non-smoothness in the solution, the system of discrete
equations may lose many nice properties such as symmetry, positive definiteness,
and diagonal dominance etc. The structure of the linear system may be very

different from regular problems making it hard to use multi-grid or other efficient
solvers.

1.4.4 Interface expressions.

To solve interface problems numerically, we need the information about the interface

such

well.

as the position, tangential and normal directions, and sometimes curvature as

Some common approaches to express the interface are the following.

Analytic expression. If the interface is fixed, we may have an analytic expression
for the interface. However, it can still be difficult to calculate other informa-
tion needed such as the first derivative to determine the tangential and normal
directions, and second derivative to determine the curvature, etc., if the ana-

lytic expression is too complicated. Then a discrete method to calculate those

quantities to a certain accuracy is needed.

Discrete parameterization and interpolation. Very often we only know the coor-
dinates of a number of control points on the interface, say (Xj, Vi), k=1,2,---,

in two space dimensions. There are two ways to get derivative information on
the interface.

The first approach is to use discrete difference formulas such as the central dif-

ference to get the required derivatives. This approach has been widely used
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in implementing the immersed boundary method for many problems. However
we must balance the needs of accuracy and stability in this approach. Usually
higher order accurate difference formula, or too many control points, will desta-
bilize the algorithm and worsen the condition of the resulting linear system of
equations. This approach seems to be unable to handle the situations when the

interface develops cusps and spikes or when the interface breaks or merges.

We have used a different approach in our numerical method. First we use piece-
wise interpolation, mostly cubic splines, to get an analytic expression of the
interface. Then we calculate all the information about the interface from the
analytic expression of the interpolated interface. This approach works very well
for many test problems including Stokes flow with a moving interface. One
advantage is that we can take relatively few control points on the interface if
the interface is smooth. Moreover, other quantities such as the force strength,
jumps etc., can be calculated with the same parameter as used in the interpo-
lation formula (see Chapter 4). Although it may be difficult to implement, this

approach can handle cusps and spikes and even situations when the interface
breaks or merges.

Level set approach. In this approach, the interface is modeled as the zero set
of a smooth function ¢ defined on the entire physical domain. The boundary
is then moved by solving a nonlinear equation of Hamilton-Jacobi type on the
whole domain. This approach was introduced by Osher and Sethian in [40] and

has been used for many moving interface problems ( e.g., [11], [12], [48], [53])
since then.

This approach does not rely on a discrete parameterization of the interface and
can be used for complicated moving interfaces in two and three dimensions.
It can handle cusps and spikes and situations in which the interfaces break
or merge. The disadvantage of this approach is that it requires solving the
Hamilton-Jacobi equation on all grid points and comparing the signs of the
level set function to determine the interface while the interpolation technique
only requires tracking the control points, which are much fewer than the number
of Cartesian grid points. Another difficulty of this method is to extend certaln
quantities only defined on the interface to the whole domain. |
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So depending on the knowledge of the physical problem, we can choose a suitable
method to express the interface. We have not tried to implement the level set
approach for our immersed interface method and that is something we are going
to do in the near future. David Chopp in the Mathematics Department, at the
University of Washington, is currently trying to solve the potential flow problems
with free fluid interfaces using the immersed interface method described in this
thesis and level set techniques.

1.5 Other applications.

In this section we mention a few more interesting applications of interface problems.

A Poisson problem with discontinuous coefficients is a fundamental problem in var-
ious important applications, for example at the interface between two materials with
different diffusion parameters in steady state heat diffusion or electrostatic problems.
Such problems also arise in multicomponent flow problems, e.g., the porous media
equations used to model the interface between oil and injected fluid in simulations of
secondary recovery in oil reservoirs [2], [4], [46]. The immersed interface method is
derived for such elliptic problems in Chapter 2.

Discontinuous coefficient problems also can be found in hyperbolic equations, for
example in wave propagation through non-homogeneous media with discontinuities in
the propagation speed. For example, solving inverse problems in oil exploration seis-
mology requires a good technique for solving the forward problem, which is typically
a hyperbolic equation with discontinuous coefficients, or wave speeds, at geological
interfaces. Progress has been made for solving such problems in one or two space
dimensions with fixed interfaces by Chaoming Zhang, a Ph.D. student of Randy
LeVeque, using the immersed interface method described in [31] and this thesis.

Domain embedding. Sometimes problems on irregular regions can be handled

more easily as interface problems by embedding the region into a rectangular domain
and then solving the equation on a Cartesian grid in the rectangle. The original
boundary then becomes an interface. The original application of Peskin’s immersed
boundary method used this approach; the fluid dynamics problem within the heart
was extended to a flow problem over a rectangle.

As another example, suppose we want to solve an elliptic equation on an irregulay

region {). We can embed the region in a larger rectangular domain R. For example,
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we could solve the Dirichlet problem

Uzz + Uy = 0 in Q,

u = g on 0N,

by extending it to the problem

Upp + Uy = /aQF(s)a(x—X(s))5(y—y(s))ds in R (L11)
u = 0, on OR.

The problem is then to determine F(s) so that the condition u = ¢g on 99 is satisfied.
The solution is still continuous on the enlarged region R, but not smooth across the
interface 09).

This particular problem has been extensively studied in the past and a number
of domain embedding procedures have been developed, e.g., capacitance methods
[10], [21], [35], [45] and methods based on solving integral equations along 8. Of
particular note is the method of Mayo [35] since, after solving an integral equation
for the source strengths F'(s), she then uses the resulting jumps in derivatives across
09 to determine the right hand side in the Poisson problem (1.11) using a technique
that is very closely related to our method in this case.

With the immersed interface idea, we can also develop an embedding technique

to solve elliptic equations on complicated regions with Dirichlet boundary conditions.
This is described in §2.5, see also Appendix B.



Chapter 2

THE IMMERSED INTERFACE METHOD FOR ELLIPTIC
EQUATIONS WITH DISCONTINUOUS COEFFICIENTS AND
SINGULAR SOURCES

In this chapter we develop the immersed interface method for elliptic equations of
the form

V. (BVu)t+ku=f (2.1)

in a domain {0 in one, two, or three space dimensions. Within the region 2, suppose
there is an irregular surface of codimension 1 (hereafter called an interface) across
which the function u or some of its derivatives are known to be discontinuous. For
simplicity we assume that  is a simple domain, such as a square in two dimensions
or a solid rectangle in three dimensions. We wish to solve the equation using a finite
difference method on a regular grid, e.g., a uniform Cartesian grid. The interface
is typically not aligned with the grid but rather cuts between grid points so that
for grid points near the interface the stencil of a standard finite difference method
will contain points from both sides of the interface. Because of the nonsmoothness
of u, differencing u across the interface using standard difference formulas will not
produce accurate approximations to derivatives of u, and hence a naive discretization
will produce results with low accuracy.

In order for discontinuities to arise in the solution or its derivatives, there must
be discontinuities or singularities present in the coefficients of the equation. Suppose,
for example, that the function S is discontinuous across the interface, while & and f
are continuous. Then u and B0u/dn will be continuous while the normal derivative
Ou/0n will be discontinuous. Such problems arise frequently in practical applications
as we mentioned in Chapter 1.

Here we try to derive modified difference equations for a quite general problem
of the form (2.1), which produce second order accurate results on a uniform grid in
one, two, or three dimensions. Taking the two dimensional case as an example, we

derive appropriate coefficients at the grid points on a stencil that contains at most
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six points: the points of the standard five-point stencil plus a sixth point if we are
near the interface which is chosen from the set of diagonally adjacent grid points.
The coeflicients at these points can be determined by solving a system of six linear
equations.

Instead of discontinuities in 3, another possibility is that 8 is continuous but that
the source term f has a delta function singularity along the interface T, e.g., in two
dimensions

f@y)= [ C(e)8(z - X(s)6(y = Y(s)) ds, (2:2)

where (X(s),Y(s)) is the arc length parameterization of ' and C(s) is the source
strength. By this we mean that f(z,y) is a distribution with the property that

[ 1@ 6(e,v) dody = [ C(s) 8(X(5), Y (s)) ds

for any smooth test function ¢(z,y). Again the solution u will be continuous but the
normal derivative will have a discontinuity of magnitude C(s). As a model problem,
consider the heat conduction problem in which a heat source is applied only along
I'. The temperature u will be highest along I, falling off on either side resulting in
a jump discontinuity in the normal derivative. In this case the standard five-point
stencil can be used, but we must derive an appropriate term on the right hand side to
model the singular source. A dipole source may also occur, in which f contains the
derivative of the delta function, and as a result the solution u itself is discontinuous
across I'. Again we can derive the appropriate right hand side f;; at each grid point
so that the solution to the finite difference equations is second order accurate in spite
of the discontinuities.

More generally we can handle discontinuities in 8, x, and f simultaneously with
delta function or dipole sources. A general procedure for deriving the coefficients
in the stencil and the right hand side is presented below. All that is required is
a priori knowledge about the jumps in derivatives of u across I'. For the above

examples, sufficient information can be derived from the equation itself, without a
priori knowledge of the solution.
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2.1 One-dimensional problems

We begin by considering the one-dimensional problem

(Bus)s + ru = f + Cé(z —a) (2.3)

on the interval [0,1] with specified boundary conditions on u at z = 0 and z = 1.
The function B(z) is allowed to be discontinuous at ¢ = a. For simplicity we will
assume that x(z) and f(z) are smooth functions, although discontinuities in these
functions could also be handled with a minor modification of what follows.

We also allow an additional constraint to be imposed on the solution, namely that

the function u should have a jump discontinuity at = & of specified strength é',
W] =ut—u" =C. (2.4)

This could be incorporated into the equation (2.3) by including a dipole source term
proportional to the derivative of the delta function, changing (2.3) to

(Bua)s + ku = f + C8(z — o) + -;-(ﬁ- + 8108 (z - o). (2.5)

For simplicity, however, we leave this as an external constraint.

By integrating (2.3) across the discontinuity, we find that Bu, has a jump of
magnitude C,

[Bus) = BHuf — B~u; =C. (2.6)

An alternative way to state the problem is to require that u satisfy the equation

(Buz)s + ku = f (2.7)

in each of the intervals (0,a) and (a,1), together with the two internal boundary
conditions (2.4) and (2.6) at z = a.

We now wish to approximate the solution u(z) on a uniform grid in the interval
[0,1], with

z;=th, i=1,2,---,n
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where h = 1/n. The point a will typically fall between grid points, say z; < & < x;41,
Our goal is to develop finite difference equations of the form

YiaUi-1 + Vigti + YVizuip FKui = fi+C; i=1,2,--- n—1 (2.8)

that can be used together with the boundary data ug and u, to obtain a second order
accurate approximation to u(z) at the uniform grid points.

For i # j,j + 1 the solution u is smooth in the interval [z;_1,z;11] and we can use
the standard approximation

zlz- (ﬂg+%(u;+1 —w) = By (ui — ui—l)) + Kiu; = fi, (2.9)

where
:BH-:} = :B(xi-i--;-)a Ki = h‘.(:t.'), fi= f(.’L‘.)
In this case we can take

Yip = ﬂ_%/hz, Yi2 = —(ﬁ;% + 5,-+%)/h2,

(2.10)
Yi3 = ,3;+%/h2 and C;=0.
This gives a local truncation error that is O(h?):
T = yiau(@io1) + vigu(®:) + yigu(zipr) + siu(z:) — f; = O(R?). (2.11)

We wish to determine formulas of the form (2.8) for i = j and ¢ = j + 1 so that
second order global accuracy is obtained. Since only two grid points are involved
(independent of k), it is sufficient to have an O(h) local truncation error at those
points.

To compute the local truncation error at the point z;, we expand u;_y,u;, and
u;41 in Taylor series about the point z = c. Since we expect the 7 coefficients to be

O(1/h?) we must expand out through O(h3) in order to ensure an O(h) truncation
error. We use the notation

- . + — .
u —zkrg_u(x), u —zkrgl+u(m),
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and expand to obtain

u(es1) =7 + (21~ )05 + 5 (570 — @Pun, + O(F)  (2.12)
u(zj) = u™+ (2 - @) uz + 3 (25— ) uz, + O(K) (213)

1
u(@j41) = vt + (T — @) uf + g @in—aful + O(F%).  (214)

Note if z; = a, then u(z;) is defined as the limit of the u(z) approaching from the

left. The corresponding u; then is the approximation to this specific limit. We also
use

kju(z;) = k(@) u™ () + O(k) and f; = f(e) + O(h) (2.15)

The expression for u(z;11) involves ut,u} and uf, at o*. However, using the known

jump relations we can replace these by values at o~. This will allow us to use the
PDE (2.3) to determine the  coefficients. From (2.4) and (2.6) we have

ut =u~ + C",
uf = (87u; +C)/B.

From the equation (2.7) we also see that (Bu;); + xu is continuous at z = ¢, since f

is, and so
Biug + Bruf, + wut = Brug + Bug, + ku”

and hence

ut, = % (ﬂ_u;x + (ﬁ; - ﬂif—) ug — E’E—_ - /cC) (2.16)

Using these expressions in (2.14) gives

- - +3- L a)?
w(zjp) = u”+ [%; (T541 — @) + (_’ZL_I_ - '(H;f)z) ("’J+12 o) ] u
+h(xj“2_ﬂf e (2.17)

L —a)? .
+(wj+1—a)§;—@2—i)-<z—{0+n0>.
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In computing the local truncation error we also use the PDE (2.3), which in approach-

ing a from the left gives

Bruz + B ug, + k(@)u” = f(a). (2.18)

We use this to replace the f(c) term in the local truncation error, obtaining

Ti = iau(eia) + v2u(e;) + visu(zje) + s(a)u”
—[Bru; + B uz, + su”] — C; + O(h) (2.19)
Replacing u(z;-1), u(z;) and u(z;41) by the expressions (2.12)~(2.14) and collecting

together terms then gives

T; = (via+ve+ris)u + { (Zj-1 — )10 + (25 — o))

5 BE BB (em—al) |
# (Gt o+ (F-E5) Gzl ph oo

1 - -1 -
+3 {(%‘—1 — a)? 51 + (2 — )2 + (Tjyr — a)zg:’m —-2p } Uzy

N

. PRy +
+7;,3 {C + (241 — a)ﬂ% - ($1+12 ) ((%_gz + KFC;)} —Cj +O0(h)
e VaI-

We can ensure that T; = O(h) by requiring that each coefficient of u~,u],u],

ishes, as well as the constant term. This gives four equations for the four unknowns

Yil1» Y2, Vi3 and C;. The first three equations gives a linear system for the ’s:
Yit +Vi2 + Yia =0

(zj-1 = @) 751 + (z; — @) 752

_ - -+ 2
+{§;(u+l—a)+(§§—fﬂgz) kopn — o) }m - g (22)

iy — a)? z; —a)? Tiv; —a)f-
(112 )7j.1+(’2 )71'.2+(’+12ﬂ+)ﬁ Vi3 = G-

Once these 7’s have been computed, we then set

A + .
Ci =3 { C+(zjn1—a) ﬂ% - %(mjﬂ —a)? (%ﬁ + “%)} : (2.22)
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In a similar way, we can compute the coefficients in the equation at z;y; from the
system

Yi+1,1 + Yi1,2 + Vi41,3 =0
gt (E;_ﬂ;ﬂJ') (wj—a)z} .
{ﬁ_ (IZ?J a) + ﬂ_ (ﬂ_)g 2 ) Yi+1,1 (2'23)
+ (241 — @) Yjr12 + (Tigz — @) ¥j41,3 = BF
(zj —a)? B+ (zj1 — a)? (zj42 — @)?

5 'B—_"Yj+1,l + _2"—’7j+1.2 + T7j+1,3 = pt
and then

A c 1
o = rima {0 + (e = )t~ a2

PC _ ,s—é-)} L (@29)

In the particular case when 87 = 0 and 8} = 0 (in particular if 8 is piecewise

constant), we can easily get explicit expressions for the 7;’s. Setting

D; h? 4+ [B)(zj-1 — &) (z; — ) /287,
D1 = h* —[Bl(zj42 — &)(zj41 — @)/267,

these can be written as:

Yia = (B~ ~ [Bl(z; — a)/h)/ D; Yi+11 = B~/ Djn
Yiz = (=287 + [Bl(zj-1 — )/h)/D; vjr12 = (=28 + [Bl(zj42 — @)/h)/Djp1
Vi3 = Bt/ D; Yi+13 = (B = [B](zj41 — @)/h) [ Dj1s

provided that D;, Djy; # 0. In practical problems 8 often represents a physical
quantity such as conductivity, permeability, or density and so 8 > 0 everywhere. In

this case we have the following theorem on the solvability of the linear systems for
the v coefficients.

Theorem 2.1 Suppose 8% > 0. If B = 0 and B = 0 (which includes the spe-
cial case in which B(z) is piecewise constant), then equations (2.21) and (2.23) have
unique solutions. More generally, these systems are guaranteed to have unique solu-
tions for h sufficiently small.
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Proof: It is enough to prove that equations (2.21) have a unique solution. The
proof for equations (2.23) is identical. Let A be the determinant of the coefficient
matrix of the system (2.21). With the help of Mathematica, a symbolic software
package, we calculate that:

C1 D, if 87 (a) = 0 and B(a) =0,

Ci (D; + O(h®)) otherwise,

where C} is a nonzero constant. Without loss of generality, we supporse = > 0 and
B* > 0. Notice that (zj-; — @)(z; — @) > 0, and h is small, so if [8] > 0, then
|A] > |Cy|h? > 0, hence the theorem is true. If [8] < 0, i.e., B~ > B*, then since
B~B* > 0 we have:

-t
—I <1
=
Hence:
1
B+ gk (g = a)(as = @) > K= Lo~ a)(e; — )
> o %(Qh)h =0,
where we have used z; < o < zj41. The rest of the proof is trivial. m|

If 3*B~ < 0 then the systems may be singular, although generically they are still
nonsingular. Note that in this case it would be possible to multiply the equation by
—1 on one side of «, yielding a problem with §~8* > 0 at the possible expense of
introducing discontinuities in & and f. These discontinuities can easily be handled
as described below. In this case one must be careful with the jump conditions —
the jump conditions for the original equation must be imposed and not the jump

conditions for the modified 8.

Note also the following properties and special cases of the v coefficients that result
from solving these systems:

® The 7 coefficients depends only on the function B(z) and the position of a
relative to the grid, and not on C or C.
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e If B is constant, then solving the systems (2.21) and (2.23) we recover the
standard coefficients v;; = vi3 = B/h% and v;; = —28/h% for i = j, j + 1.

e If B is continuous, then the standard coefficients (2.10) satisfy the system (2.21)
to O(h).

¢ In the case when f is piecewise constant, the harmonic averaging coefficients
satisfy the first two equations of (2.21) but not the third, indicating that the
truncation error of this method at z; and z;4; is O(1). But one can prove

that due to cancellation of errors this method is still second order accurate (see
§1.3.4).

¢ IfC=C=0,then C; = Cj41 = 0 and the inhomogeneous term in the difference

equation is simply f;. In this case a discontinuity in 3 affects only the coeficients
and not the right hand side.

o If 3 is constant and k& = 0, then

1 N -
Cj = 15(zjs ~a)C + b Cdi(z; — @) + CBd,(z; — a) (2.25)

h?

where d}, is the hat function (1.7). In this case we can view the difference scheme

as a direct discretization of the equation

Bu"(z) = f(z) + Cé(z — a) + CB&(z — a).

The general one-dimensional problem. Now we suppose that f and & may
also have discontinuities at a. We only need a slight change in the linear systems
for the vjis and 741,45 and the corrections C; and Cjy; to get the correct difference

schemes at the grid points z;,z;4;.

At the grid point z;, the first equation of the linear system (2.21) becomes

a4+ (1 B2 1) oo (226

and the correction term now is

0= { €+ oy =) - ool (BG 0 O . ean
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At the grid 41, the first equation of the linear system (2.23) becomes

. — )2
(1 + '(szﬁ—a) [ﬂ]) Vi1 +Yisre + Y413 =0 (2:28)

and the correction term is

Civt = Tisna {-é +(a— xj)ﬂ—(’: e ‘2”1')2 (([;;_ C); - n-ﬂ—ci + Lﬁf—_]>} (2.29)

2.2 A simple two-diménsional problem

In order to introduce the ideas used in two dimensions in a simple framework, we
begin by considering the equation

(ﬂux)z+(ﬂuy )y+fc(z,y)u=f(:c,y) (‘Tay) € (230)

in the case where § is piecewise constant and has a jump discontinuity across some
curve I in 2, while « and f are assumed to be smooth. Formulas for the more general
case, in which x and f may be discontinuous, f may contain singular forces, and we
may also require a discontinuity in the solution u, will be presented in §2.3.

The interface I' can be an arbitrary piecewise smooth curve lying in . We need
not assume that I' is closed or even connected. It may consist of several segments.

We assume the domain Q is a square, say [a, b] x [a,b]. We take a uniform grid
with

z;=a+th, y;=a+jh, i,7=0,1,---,n

where b = (b~ a)/n. Figure 2.1 gives an example of the uniform grid and the
immersed interface.

Our goal is to develop a finite difference equation of the form

Z Tk Yigiy,j+ie T Kisui; = fij + Cij (2.31)
%

for use at the point (z;,y;). The sum over k involves a finite number of points
neighboring (z;,y;) (at most six in the formula we derive). So each i, j; will take

values in the set {—1,0,1}. The coefficients v; and indices 4, ji will depend on
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Figure 2.1: A circular interface I in a 26 x 26 uniform grid. This geometry is used
for the test problems presented in Section 2.4.

(¢,7), so these should really be labeled ~;;x, etc., but for simplicity of notation we will
concentrate on a single point (z,j) and drop these indices.

We say (i,7) is a regular point if the interface does not come between any points
in the standard 5-point stencil centered at (i,7). At these points we obtain an O(h?)
truncation error using the standard 5-point (k = 5) formula

1 (Wigr,; — ui; Ui — Ui-1j .
7 ((ﬁiﬂ/z,j—H%—Jl - ﬂi—l/Z,j(_“J_h“-l‘J—)) (2.32)
Ui, 5 - U j U j — Uj -
+ (ﬂi.j+1/2(~%ﬁ - ﬂi,j-—l/Z(_J—hu—Q)) + kijui; = fizy
with
Ci; = 0. ‘ (2.33)

We wish to determine formulas of the form (2.31) for the irregular points also.
Since these points are adjacent to the curve T, and form a lower dimensional set, it

turns out to be sufficient to require an O(h) truncation error at these points, just as
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Figure 2.2: The geometry at an irregular grid point (4, j). The coefficients 7, through
76 will be determined for the stencil points labeled 1 through 6. The circled point on
I is the point (z7,9}).

in one dimension. We follow the same approach as in one dimension, and expand all
Uiiy,j+j, about some point (z},y}) on the interface I'. In one dimension there was
only one such point, @. In two dimensions we have flexibility in choosing (z7,y7).
We might take, for example, the point closest to (z;,y;) as illustrated in Figure 2.2.
We then expand each uiti, 45, about (z},y}), being careful to use the limiting values
of derivatives of u from the correct side of the interface. We use the superscripts —
or + to denote the limiting values of a function from one side or the other. As an

example, in the configuration shown in Figure 2.2, we would expand

- - - - o, Lo .
U((D,’,yj) = u +u; (Il?,'—.’l!;)-i-uy (yj_yj)+_2—ua:z:($i'—m')2

1 - * - » *
+5uyy (05— 4]+ uZ, (@ = 2f)(y; ~ y) + O(R%)  (234)
and
* * 1 *
w(@irn,y5) = ut +uf (v —2f) +uf (i —y) + 3% (Tig1 = 27)°

l * * *
+§“jy (v — yj)2 + “:y (Tig1 — a15;)(3/1‘ - yj) + O(h3)- (2~35)
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If we do this expansion at each point used in the difference equation (2.31) then

the local truncation error T; can be expressed as a linear combination of the values

uf, uf, uf, uf ufy, u;’:y. Following the one-dimensional derivation in Section 2.1, we

now wish to eliminate all values on one side of the interface, say the values u*, u*

)
+ oyt oyt oyt ide. u=. u=. u-. U= u-
Uy, Uz, Uny, Ugy, in terms of the values on the other side, u™, ug, Uy, Ugy, Upy, U

sz Uzyr Uyy:
We must do this using the jump conditions across T,

u” =ut (2.36)
and - ut
-0u _ g0

B E™ B E™ (2.37)

where 0/0n represents differentiation in the normal direction. From (2.36) we have
that tangential derivatives are continuous, while (2.37) gives information about the
jump in the normal direction. Differentiating these and manipulating the results
allows us to perform the desired elimination, as detailed below. In order to do this,
it turns out to be very convenient to first perform a local coordinate transformation
into directions £, normal to I, and 7, tangential to T

Once T;; is expressed as a linear combination of the values uT, Uz, U, U, U,
and ug,, we must require that the coefficient of each of these terms vanishes in order
to achieve an O(k) truncation error. This gives a linear system of six equations to
determine the coefficients ;. To obtain a solvable system we require six points in
the stencil. We use the standard 5-point stencil together with one additional point.

To summarize, in order to determine the difference scheme at an irregular grid
point we need to do the following:

e Select a point (z},y}) € T near (z;,y;).

¢ Apply a local coordinate transformation in directions normal and tangential to
I' at (z?, y;)

® Derive the jump conditions relating + and — values at (zf,93) in the local
coordinates.

¢ Choose an additional point to form a six—point stencil.
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e Set up and solve a linear system of six equations for the coefficients k- The
value Cj; is also obtained.

Below we give a detailed analysis of each step.

For each irregular grid point (z;,y;) we need to find a point (z7, y;) on the inter-
face. We usually take this point as the projection of (zi,y;) on the interface if the
interface is smooth at this point. Otherwise we can take any smooth point on the
interface in the neighborhood of (z;,y;). In some contexts it may be more convenient
to choose a nearby point that lies on a coordinate line between (zi,y;) and one of its
neighbors.

After choosing (z7,y}) we are ready to apply a local coordinate transformation
(shift + rotation) near this grid point. Let # be the angle between the z-axis and the

normal direction, pointing in the direction of the + side. The transformation is as
follows:

€ = (z — z})cosd + (y — y})sind, (2.38)
1= —(z - 2})sind + (y — y})cosf. (2.39)

Notice that under this local coordinate transformation the PDE (2.30) remains un-
changed. In fact, this is true more generally when B,%, and f depend on z and y,
as is shown in §2.3. We should have a new notation for u(z,y), £(z,y), f(z,y) in the
local coordinates, say, @(£,7) = u(z,y), &(&,n) = £(z,y), and f(&,7) = f(z,y). But
for simplicity we drop the bars and use the same notation in the local coordinates
as in the old ones. With these local coordinates we are able to derive the interface
conditions as we did in §2.1.
The interface relations in the local coordinates for 2D problems.

We consider a fixed point (z%, y3) and define a new £~y coordinate system based on
the directions normal and tangential to I" at this point using the formulas (2.38) and
(2.39). In a neighborhood of this point, the interface lies roughly in the n—direction,

so we can parameterize I’ locally by ¢ = x(5), n = 5. Note that x(0) = 0 and,

provided the boundary is smooth at (z?, ¥7), X'(0) = 0 as well.
The continuity condition (2.36) holds at each point on I'. In our local coordinates,

we can write this as

v (x(n),m) = u*(x(n),n) (2.40)
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for all 7 in a neighborhood of 5 = 0. Differentiating this with respect to 5 gives
n
ue X' +uy =ux' +uf, (2.41)
or, in compact form,
[uelx' + [ug] = 0. (2.42)
Differentiating again with respect to n gives
[u&]xﬂ + 2[ugnlx’ + [ue]x” + [uqg] = 0. (2.43)

Evaluating (2.42) and (2.43) at 7 = 0, where x’ = 0, gives two of the desired jump
conditions:

[ =0, ie uy=ut=u, (2.44)
[ue] X" + [um] = 0. (2.45)

We also have the jump condition (2.37) at each point on I'. At a point (x(5),7) € T

we can express the normal derivative in terms of £&- and 7- derivatives as

Ou 1 (e — un')
— (ue —
on /1 +XI2 K
so that we can write (2.37) as
B~ (ug —upX') = B* (v — uyx). (2.46)
Differentiating this with respect to 5 gives
[B (ueex’ + ugn — upx" ~ u&nxlz — U x')] =0. (247)
Evaluating (2.46) and (2.47) at n = 0 gives more jump conditions:
[ﬁuf] =0, (248)
(8 (ugn — u,x")] = 0. (2.49)

We can use the relations (2.46)-(2.49) to derive the following expressions for values

on the (+) side of T in terms of values in the (—) side. Setting

p=pB"/B%,
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we can write these relations as

ut =u”
+ - -
uy = u,
uf = pug (2.50)
uf, = pug, + (1 - p) u; X"

To obtain an expression for ug"e, we note that the PDE (2.30) gives

ﬂ"'u& = ﬂ_uf_f + ﬂ—u;n - +u:n

so that

ufe = puge+(p = Dy, + (p— Dugx”. (2.51)

Now we have expressed all the quantities with (+) superscripts in terms of the
quantities with (—) superscripts for the case x'(0) = 0. In this simple case they are
homogeneous. The next thing to do is to choose an additional point from (: —1,5—1),
(t-1,7+1), +1,7—1), (¢+ 1,5 + 1) besides the standard five point stencil. It
seems that the best choice is the point which has the shortest distance from (z*,y*).
The additional point can be written as (Tiyiy, Y+, ), Where 4o and jo are either —1 or
1 depending on the position of the additional point.

The derivation of the difference scheme for an irregular point. We are now

ready to derive the difference schemes at irregular grid points. Denote the &-n coor-
dinates of the six points in the difference stencil,

(Zi-1,95)s (Ti, Y3)s (Ti1, ¥5), (Ti3 Y5=1)s (Ti, Yit1)s (Tiskios Yitio )

as

(é1,m), (€2,m2), (€3, m3), (€45 4), (€55 715), (€6 76),

respectively. The local truncation error T; of the difference scheme (2.31) at (a, Y;)
is then '

T; = mu(b, m) + 72u(§2, 72) + ‘73"(63, 7]3) + ’7411(64, 14)

+ Ysu(€s, ns) + Yeu(€ss n6) + kiju(le, n2) — fij — Cy. (2.52)
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We now expand all the terms about (0,0) in the local coordinates from each side of
the interface, as we did in (2.34) and (2.35), obtaining

1 1
u(rym) = wF+&uf +npud 4+ 3 Eud + Gemeud, + 5 i uk, + O(h®),

where the + or — sign is chosen depending on whether (¢x,7;) lies on the + or —
side of T'.

We also use
kiju(€z,m2) = k" u” + O(h) and fi; = f~ + O(h), (2.53)

where £~ = £(0,0) and so forth (recall that &, u, and f are continuous). Using these

expansions in (2.52) and collecting terms gives an expression of the form

Tij = alu'+a2u++a3ug+a4u?+a5u;+a5u:
+arug, +as u'& +agu,, + ao u,,+,, + a1 U,

+apuf,+ & u” — f7 — Cij + O(h). (2.54)

The coefficients a; depend only on the position of the stencil relative to the interface.

They are independent of the functions u,x and f. If we define the index sets K+
and K~ by

K* = {k: (£,n) is on the % side of I'},

then the a; are given by

a= Y, m

az = Z Vi

keK- keK+
a= Y, & a= Y &
keK—~ keKt
as= > T a6 = > Mk
keK- keEK+
1 1
ar=g > ag =3 S (2.55)
keEK— keK+
1 1
G=3 > MmN G0 =5 > mEw
keK- kek+
an= Y Emmk aiz= Y Eemevre
kek~

keK+
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Using the interface relations (2.50) and (2.51) in (2.54) and rearranging it we obtain

Ty = (ai+a)u” +{as+asptag(p—1)x"+aw0 (1-p) X"} ug
+{as + a¢ + a1z (1 = p) x"} u; + {a—, + agp — ,3'} Uge (2.56)
+ {ag +ap+as(p-1)-— ﬂ‘} Uy + {an + a2p} ug,
+{B™ (uge +uy,) + k7w = f~ + Cy} + O(R),
where again p = #~/f%. From the PDE (2.30) we know that
B8~ (ug€ + u;,’) +kTuT —fT=0.

and so this term drops out of (2.56) by taking C;; = 0. We can ensure that T;; = O(h)

by requiring that each coefficient of u‘,ug,_u; yUges Ugy, and uy, vanish. This gives

six equations for the six unknowns y;,---,ve:
ar+a; = 0,
astasptag(p—1)x"+aw(l-p)x" = 0,
as+as+az (1-p)x" = 0, (2.57)
art+agp = f7,
agt+aptag(p—1) = g7,

ap+app = 0.

As in one dimension, if 378% > 0, then the linear system has a unique solution. To
prove this is not very complicated but rather tedious. We need to consider all the
possible cases for the formation of the new stencil (i.e., the position of the points
relative to the interface). We omit the detailed analysis here. If -8+ < 0, then
it turns out that only for some specific value of [f] the coefficient matrix for the
unknown 7;s is singular, so the algorithm is typically successful even in this case.
Moreover, by negating the equation on one side of the interface, it is possible to
insure that f~8% > 0 at the expense of perhaps introducing discontinuities into &
and f.

Note that since the interface relations (2.50) and (2.51) are homogenous, we have
Ci; = 0 and there is no contribution to the right hand side resulting from the discon-
tinuous coefficients. If f+ = 8~ then solving (2.57) we recover the standard 5-point
coefficients

B

4
‘/1=’73=’74=’75=ﬁ, 72=*h—§, and 76 = 0.
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Figure 2.3: The v; coefficients at four grid points near the interface. The coefficient
B is piecewise constant with the value 8 = 1 to the left and B =3 to the right. The
standard 5-point stencil is used at regular grid points while special 6-point stencils
are used near the interface. The grid is a section of Figure 2.1, with & = 1 /13.

In general, however, the resulting 7;s are different from those in the standard five
point stencil. Figure 2.3 shows some representative stencils for a problem in which g
has the value 1 on one side of I and 3 on the other side.

The exact nature of the coefficients depends on how large the jump in B is. We

have not investigated these coefficients in general, but at least for reasonably mild
discontinuities it seems that:

e The contributions to the difference schemes at irregular points are mainly from
the standard five point stencil. These coefficients are O(1/h?) while the contri-

butions from the ‘additional points’ are typically much smaller. The magnitude
depends on the jump in 8 and the geometry of the grid.

o All the coefficients except occasionally 46 have the same sign ( — for the diagonal

and + for the off-diagonal) as in the classic five point difference formula. Since
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the contribution from the sixth point is much smaller than from the standard
five points, we expect the classical theoretical analysis to still be applicable for
the resulting linear system with slight modifications. In particular, the system

is nearly diagonally dominant, and strictly so if ¢ is always positive.

We use an iterative method to solve the resulting linear system, which is block
tridiagonal. In most of our numerical experiments we have used an LSOR iteration.
If B=p* > 0, the relaxation parameter is chosen as the optimal parameter for the
Poisson problem on a square. The convergence speed is almost the same as that if
we use the LSOR method to solve the Poisson problem with constant 4 on a square.
This confirms the conclusions above. But if =8+ < 0, it is difficult to determine a
suitable relaxation parameter and we simply use the line Gauss-Seidel iteration. Since
this case is less interesting physically, we have not investigated other approaches.

In the future, we plan to study the use of multigrid methods to achieve faster
convergence. It is not clear how the multigrid convergence rate will be affected by
the discontinuity in the coefficients. Multigrid methods for problems like (2.30) with
discontinuous coefficients have been previously studied (e.g., [1], [8]), but mainly for

problems where the interfaces are aligned with the coordinate directions.

2.3 The general two-dimensional problem

In this section we present the analysis for the more complicated two-dimensional
problem

(ﬁux)z‘l'(ﬂuy)y'*‘""(xay)u:f(x,y) ((E,y)GQ, (258)

Now f,«, and f may all have discontinuities along a general interface T, and so do
U, Ugy Uy, Urz, Uszy, and uy,. The process basically is the same as in the discussion
of §2.2. We use the same notations and assumptions about the region §), uniform
grid and arbitrary interface I'. Again we want to use the difference scheme (2.31).
For regular grid points, we still apply the standard 5-point stencil (2.32) and (2.33)
giving a local truncation error of O(h?). We will concentrate on the derivation of the
difference scheme at a typical irregular point (z;,y;). :

We first demonstrate that the PDE (2.58) remains unchanged if the coordingfe

transformation is composed of a shift and rotation. In fact, taking an arbitrary
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function w(z,y), under the transformations (2.38) and (2.39), we have:

Wy = ¢ cos § + W, sin b,

wy = —w¢sin + w, cos b,
where @(€,7) = w(z,y) and so forth, so we have

(Buz)e + (Buy)y + ku = B (ugs +uyy) + fouz + By uy + ku

tigg + Uny) + (Be cos 0 — B, sin 6) (¢ cos 6 — iy sin 0)
+(Be sin 0 + B, cos ) (¢ sin 8 + i, cos §) + R

= B(”&i"‘"nn)"‘ﬂf"&'*‘ﬂnun‘*"w

(ﬂ tUg)e + (,3 Up)y + K.

(
A

For simplicity, we will drop the bars again. If some grid point u(z;, y;) happens to fall
on the interface, then u(z;, y;) is defined as the limiting value of u(z,y) from one side
of the interface or the other. The same argument applies to all other functions such
as B, «, f and the derivatives of u(z,y). The corresponding u;; is the approximation
to this specific limit. We again use the superscripts — and + to express the limiting
values from one side of the interface or the other.

The essential difference now is that the interface relations are more complicated.

Two interface conditions are needed in advance to make the problem well-posed. We
assume locally that they are defined by

ut —u = w(n), (2.59)
dut  _Qu”
Bror B 5 =vln), (2.60)

where again £ = x(), n = 5 is the parametric representation of the interface in
the neighborhood of the point (x},y}). Here v(y) and w(n) are arbitrary (smooth)
functions that are used to impose quite general jump conditions across I. (Often
v = w = 0, but we may wish to impose other jumps as an external constraint,
An example occurs in the incompressible Navier-Stokes equations with the immersed
boundary method, where the known jump in pressure across the interface must be
imposed in the solution of a Poisson problem; see Chapter 4.)
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Differentiating (2.59) with respect to 5 along the interface we get
[ue] X' + [uq] = /(). (2.61)
Differentiating this again with respect to n we obtain
" ! d ! H
[ue] X" + x %[UE] + [ten] X' + [unn] = w"(n). (2.62)
Notice that in the local coordinates, (2.60) can be written as

BH(uf —upx') = B7(ug —uyxX) +vy/1+ (x)2 (2.63)

Differentiating this with respect to 5 along the interface we have

(Be™ X'+ Byt ) (uf —u X'+ 6t (usfx +ud, - dn (u ) x' uix”)
= (B X'+ Bn7) (wg —upX')

45 (ue'ez' +ug, — ;7( )y — u-x") (2.64)
+/(a) ( 5 (0P + —f’%"(x—)) .
Also from the PDE we know that
ufe = g; “+[ﬂ3; ;n 7;Ln+ﬂﬂﬁ+ ——%”Er
%ﬁr u; - ﬂ Lt 4 gj ————[;r'# ut (2.65)

The numerator of the last term can be rewritten as
£"u” —ktut = —[k]u —[u] &t (2.66)

Using these relations, we can express quantities with (+) superscripts in terms of
those with (—) superscripts. The detailed analysis is similar to the process in Section
3 although it is more complicated due to the fact that B(z,y) is not constant in the
neighborhood of the interface and the presence of the source-like terms w(y), v(n). To
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save space here we omit the detailed analysis and simply present the results. Recall
that the parameterization £ = x(7) is assumed to be smooth with x/(0) = 0 and
that we are considering the jumps across T at a fixed point (z},y;) corresponding to

€ =n = 0. In the expressions below, all functions are evaluated at this point. The
jump relations are given by:

B n_ B P - _Bn®
o= (e )i (o fe) BB o

+(P—1)U;n+PU€5 w”+[f] M

[
u:n=u;n+(ug—u£) "+

B _ Byt v

“Z::#u ﬁn+u£+( )X"-i-puf,,-i-ﬁ.

The local truncation error Tj; at (z;,y;) is again given by (2.54) with the coef-
ficients ax given by the expressions (2.55) in terms of the unknowns k. We now
replace all of the (+) values by expressions involving (—) values using (2.67). After

combining common terms and eliminating some terms due to the relation
B (e + ) + B0 + By + I u™ = f =0

(resulting from the PDE (2.58)), we obtain

T; = (al—asﬂg_l +az)u” +{as+as<%-+—— )+a10X -i-tlnﬂﬂ+

+ +
+p (a4+a8 (X”— %) — aoX —012Bﬂ+) "‘ﬂs-} Ug
+ a +a +a ﬂn ﬂﬂ + 1_ II_ -
5 6+ as ﬁ*‘ ,3+ arz( P)X" =By ¢ u
+{a7+a3p B~ }u55+{09+alo+as -1) -8 }
+ {a11 + anp} ug, + (Ti; — Cij) + O(h),
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where

A

+
T; = a2w+a12ﬂ+ (6— ﬂﬂ*' +algx)w'+amw"

+ +
IB+ (04 + aS(X - !;&_,*_) - alOX h alZ'IIBB—_’_) v (2.68)
[l _stw ,,}
+ag { —-w .
g+ Bt

We can ensure that T;; = O(h) by requiring that each coefficient of uT,ug, Uy,
Uge, Ugy and uy, vanish, as well as the term (T3; — Ci;). This gives seven equations
for the unknowns 71, -+,7 and C;;. The first six equations give a linear system for

the 7’s (recall that each @; is a linear combination of the 4’s, given by (2.55), and
that p = ~/B%):

a1+a;—aglk]/Bt = 0
a3 + paq +as(Be™ — pBc* — [BIx")/8*
+ a1 B]x"/B* + w2y — pBy*)/BY = B~
as + ag — ag[B,)/ Bt + ar2(1 — p) X" = By~ (2.69)
art+asp = B~
agtawptag(p—1) = g~
an t+appp = 0.

Once the v;’s are computed, we can easily obtain C;; as

Cii = Ty, (2.70)
where T}; is given by (2.68).
The remarks at the end of the §2.2 still hold. Moreover, in the case where B and &

are continuous but vary with z and y, we see that the set of equations (2.69) reduces
to

ar+a; = 0,
az+ay = L,

as +ag = /Hns




42

ar+ag = ﬂy
ag+ayp = B,
an+ap = 0.

This set of equations is satisfied to O(k) by using the five-point stencil with
N = Bicijailh? e = —(Bicajag + Bivajag + Bij-1jz + Bijery2) /B2

1= Bzl R va=PBijorje/ B, s = Bijeae/h?, 6 =0.

These are the coefficients for the standard formula (2.32). So for elliptic equations
with singular sources we still can use the standard central difference scheme and only
need to add the correction terms at irregular grid points. Furthermore if B(z,y) is a

constant, we have the following theorem

Theorem 2.2 If B(z,y) is a constant and & is continuous, then the solution of equa-
tions (2.69) are

B 4
MN=P=V4=79 = ok Y2 = G Y= 0. (2.71)

Proof: We only need to verify that these ;s satisfy the system of equations
(2.69). Without loss of generality let the irregular grid point (z;,y;) be the origin.
The continuity condition in B and x means (k] = 0, [8] = 0, p = 1, B = BF, and
B, = B. Therefore the first equation in (2.69) now becomes

k=6
a;+a; =0, ie. Z ¥ =0,
k=1

which is obviously true. Under the transformations (2.38) and (2.39), the new coor-

dinates (&:,,7;), k = 1,...,5, corresponding to (—h,0), (0,0), (h,0), (0,—h), and
(0, h) are

(§iismi) = (—(h+2")cosa—y"sina, (h+z")sina — y* cos a)
(€ism) = (—z"cosa—y"sina, z*sina — y* cos a)

(&iasmis) = ((h—z")cosa ~y*sina, (—h + z%)sinaq, —y" cos @)
(&i>mj) = (—z*cosa — (h+y*)sina, z*sina — (h+y") cos))
(&i5,m55) = (—z"cosa + (h—y")sine, z"sina + (h—y")cosa).




The second equation of the system (2.69) is

k=6

aztas=)Y i, = % (h—2z")y+ (h—2z")— 2" — 2" +42") cos f
k=1

+% (=y"—y" —(h+y")+ (h—y*) +4y*)sind = 0.
For the fourth equation we have

k=6 Ei 2
artas= 3 e =

k=1 2
B ( (h + 2*)*cos®0 + y*%sin%0 + 2(h + z*)y* cos Osin 6
+(h — z*)?cos2 + y*%sin®0 — 2(h — z*)y" cos Osin b +
z*%cos? + (h + y*)’sin%0 + 2z*(h + y*) cos Osin 0 +
z*2c0s%0 + (h — y*)?sin®0 — 22*(h — y*) cos O sin § —
—4z*%c0s’0 — 4y*%sin%0 — 8z*y* cos fsin § ) /(2h%) = B.

By the same token we get

k=6

a5+a6 = Z'}’kﬂik =0)
k=1
k=6 i 2

ag+ ayp = Z’)’kT" = f.
k=1

The last equation is verified below:

k=6

an+a; = Z‘)’k Eixiy, =
k=1

—B( [(h+2*)cos8 +y"sinb][(h + z*)sin 0 — y* sin 4]
~[(h—2"*)cos@ — y*sinf][(h — z*)sin 8 + y* cos 6]
—[2"cos@+ (h + y*)sinf] [z"sin 8 — (h + y*) cos 0]
—[z"cosf — (h — y*)sin 6] [z*sin 0 + (h — y*) cos 6]
+4[z"cosf + y*sinb] [z*sin 0 — y* cos ] ) /A% = 0.

43
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2.4 Numerical Results

We have done many numerical tests which confirm the expected order of accuracy for
the immersed interface approach. We will present a few examples in two dimensions.

In all of these examples I' is the circle z?+y? = 1/4 within the computaional domain
-1 < z, y £ 1. See Figure 2.1.

Example 2.1 In this ezample we compare our method with the discrete delta function

approach for a problem where there is a singular source term along T'. The differential

equation is:

Usp + Uy = /P 26(z — X(s)) 8(y — Y (s)) ds. (2.72)
We use the Dirichlet boundary condition which is determined from the ezact solution

1 ifr <
u(z,y) = (2.73)
1 +log(2r) ifr>1

29

[N1C

where r = \/z% + y2. From the equation we know that [0u/dn] = 2 at all points on T

For the discrete delta function method we take m points on the interface I, where
m =n = 2/Az = 2/Ay is the number of uniform grid points in each direction. In the
numerical experiments we have found that beyond this point, increasing the number
of points on the interface gives little improvement in the solution. We use Peskin’s
discrete delta function (1.8). We have also tested the hat delta function defined in
(1.7) and the numerical results are almost the same.

Figure 2.4 shows the results of both methods. We see that our method accurately
gives the jump in the normal direction while the discrete delta function approach

smears the jump, resulting in first order accuracy.

Table 2.1 shows the results of a grid refinement study. The maximum error over
all grid points,

| En ”oo = n}?x | U(mi,yj) - uij |,
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(a) (b)

i

Figure 2.4: Comparison of two methods on Example 2.1. (a¢) The discrete delta

function approach. (b) The immersed interface method.

Table 2.1: Numerical results for Example 2.1

Discrete delta function Immersed interface method
n | En |lo ratio Il En loo ratio | Tn |l ratio
20 | 3.6140 x 10! 2.3908 x 103 2.8276 x 107!

40 [ 2.6467 x 1072 | 12.7939 || 8.3461 x 10~* | 2.8646 || 1.6922 x 10~ | 1.6710
80 || 1.3204 x 10~2 | 2.0045 || 2.4451 x 10~* | 3.4134 |i 8.3449 x 10~2 | 2.0278
160 || 6.6847 x 10~ | 1.9753 || 6.6856 x 10~ | 3.6573 || 4.1892 x 10~2 | 1.9920
320 || 3.3393 x 1072 | 2.0018 || 1.5672 x 10~° | 4.2658 || 2.3049 x 102 | 1.8175

is presented, where u;; is the computed approximation at the uniform grid points
(zi,y;). For our method we also display || Ty, ||o, the infinity norm of the local
truncation error over all grid points. The local truncation errors are O(h?) except at

those points which are close to the interface where they are O(h). We also display
the ratios of successive errors,

ratio = || Ezn {loo/ll Br oo o || Ton oo/l T lloo-

A ratio of 2 corresponds to first order accuracy, while a ratio of 4 indicates secand

order accuracy. We will use the same notation for other examples in this section,
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Example 2.2 We now consider a problem with discontinuous coefficients as well as
a singular source term. The equation is

(Bus)s + (Bus)y = f(2,9) + C [ 83— R(s)) ds (274)

with flz,y) =8(a” + %) + 4,

?+y?+1 2 +y? <31

z,y) =
Alzy) b if:v2+y2>;1{

Dirichlet boundary conditions are determined from the ezact solution

7.2

ifr <
U(.’l:,y)= (1_ 1

8_5_1)/4+(§+T2)b+010g(2r)/b ifr> (2.75)

W= =

“\\:"“;‘:o"o"q-,

RSN ke 0%
(7 SSOSSNN s ‘:0:0,?,,,’//
A7 i Nenenl N
/;/I;,'I" Q “‘\““‘\' s 3
AN SRR
Al 'I'o OO w A OSSN
A KOO B SIS,
i IR 1 SR
4 12277007002 029395%, LSSAENY . RSN
s SRR LRI
L1700, 0000400 % 0 (> 5 .‘ " e
g ""2"'2'3.".". S "'Q (X} .”‘ “
K X

Figure 2.5: The solutions for Example 2.2. (a) The function u for the case b =
10, C = 0.1. (b) The function —u in the case b = -3, C = 0.1.

It is easy to check that (2.75) satisfies (2.74). Table 2.2 gives numerical results
for the case b= 10, C = 0.1. Again the local truncation error near I" is only O(h),
but the resulting global error is seen to be O(h?). Figure 2.5 shows the computed
solution for the case b=10, C =0.1 and b= -3, C = 0.1, respectively. In the first
case B3~f* > 0. As we mentioned in Section 3 the resulting linear system is “almost”
symmetric positive definite. We use the LSOR method with the optimal relaxation

parameter for the Poisson equation on the square. In the second case BBt < 0.
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Table 2.2: Numerical results for Example 2.2 with b = 10, C = 0.1

n I En|lo ratio | 7o lloo ratio
20 || 3.5195 x 10~3 6.3843 x 107!
40 || 7.5613 x 10~* | 4.6547 || 3.5988 x 10! | 1.7740
80 | 1.6512 x 107 | 4.5792 || 1.8999 x 10~ | 1.8942
160 || 3.6002 x 10> | 4.5864 || 9.7499 x 10~2 | 1.9487
320 || 8.4405 x 107 | 4.2655 || 4.9374 x 1072 | 1.9747

The computed solution has the same accuracy as in the first case. In this case we
used the Gauss-Seidel iteration.

Example 2.3 In this example we impose a jump in the function u itself and also a
Jump in the normal derivative of u as external constraints. The differential equation

on each side of the interface is simply the Laplace equation
Ugz + Uyy = 0.

The jumps in w and Qu/On are chosen so that the following function is the ezact

solution: .
w(z,y) = €Y Frsz 2.76
(=) { 0 ifr>1 (2.76)
From this we can compute the functions v and w in (2.59) and (2.60). Since B =1,
the standard five-point stencil is used at each grid point and equation (2.70) is used to
determine the right hand side Ci;. Any fast Poisson solver can then be used to solve
the resulting system, with Dirichlet boundary conditions u = 0 on 09Q2.

Figure 2.6a shows the computed results on a 40 x 40 grid. The discontinuity in «
is captured sharply. Table 2.3 shows that we again obtain second order accuracy at
all grid points, even in the neighborhood of the discontinuity.

Example 2.4 As a final test, we repeated this experiment with the exact solution

u(z,y) = { o -yt ifrs

0 ifr > (2.77)

W= o[-




(b)

48

Figure 2.6: The solutions for Example 2.3, with jumps in u and its normal derivative
specified along T'. (a) Solution (2.76). (b) Solution (2.77).

Table 2.3: Numerical results for Example 2.3 with true solution (2.76).

n | Enlloo ratio | Tn oo ratio
20 |1 4.37883 x 1074 2.99215 x 10~2

40 |1 1.07887 x 10~* | 4.0587 || 1.52546 x 1072 | 1.9615
80 || 2.77752 x 1075 | 3.8843 || 7.70114 x 10~3 | 1.9808
160 [ 7.49907 x 10~¢ | 3.7038 || 3.87481 x 10~ | 1.9875
320 || 1.74001 x 10 | 4.3098 || 1.93917 x 10~3 | 1.9982

shown in Figure 2.6b. In this case our method produced a computed solution with
errors in the range 10712 — 10~% at all grid points (in double precision). This is
expected since for the special case of a quadratic function the resulting truncation

error should be identically zero, and only rounding errors appear in the computed

solution (as amplified by the condition number of the matriz).

In summary, we have developed second order accurate difference methods for
elliptic equations in the following situations: (i) The differential equations have dis-
continuous coefficients along a general interface. (i) The differential equations have
singular sources along a general interface. (iii) The differential equations have ex-

ternally imposed constraints on the jump in u or normal derivatives of u across an
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interface. In all cases we are able to derive an appropriate difference stencil involving
at most six grid points and the correct right hand side so that the global error is
O(h?) at all points on a uniform grid.

In the special case where the coefficients are continuous, the difference stencil
reduces to the standard 5-point stencil (2.32) and only the correct right hand side
must be derived to obtain second order accuracy. In particular, if the coeflicients are
constant then the standard 5-point Laplacian is used and a fast Poisson solver can
be used to solve the resulting linear system.

The ideas presented here can be used on a wide variety of other problems with
discontinuous coefficients or singular sources. All that is required is that we be able
to predict jumps in the solution and its first derivatives across I' from the equation.
These jumps are used in conjunction with appropriate Taylor series expansions about
the interface to derive the difference scheme and right hand side.

2.5 Some implementation details and a Fortran package for two-dimensional prob-
lems.

It seems to be difficult to implement the immersed interface methods even if we have

the analytic expressions for the interfaces and jumps conditions because

o The interface may be arbitrary and complicated.

¢ We need to identify the irregular grid points and decide which side of the inter-
face they are.

o We need first and second derivative information for the interface.

o We need to differentiate the jumps u and [Bu] along the interface.

We have written several Fortran subroutines to perform these complicated jobs. Al-
though not optimized, they have been used successfully to deal with many interface
problems including the Stokes equations with a moving interface (see Chapter 4).
The idea is to use cubic spline interpolation! with the arc-length of the interface
as the parameter. All the quantities defined on the interface, such as the z- and

1 Linear or other interpolation techniques could be used, perhaps at the expense of losing the second
order accuracy.
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y- coordinates, jumps in u and Bu, etc., can be expressed by splines with the same
parameter. The first and second derivatives of these quantities can be obtained by
differentiating the splines exactly.

By using the splines, it is also relatively easy to identify those irregular grid points
near the interface. Taking a grid point (z;,y;), how do we determine whether a grid
point is regular and on which side of the interface it is located? First we find all
the intersections between the interface and two straight lines ¢ = z; and y = y;.
This only requires solving some cubic equations. Let these intersections be (;,y(1)),
(xi,y(z)), - (z;,y(’)), and (x(l),yj), (x(2)’yj), e (a:(P),yj), where 0 < s,p < Ny,
N, is the number of control points taken on the interface. Then we can find the point
(z*,y*) which has the shortest distance from (z;,y;) among the intersections. If the
distance is less than or equal to the space size h, then (z;,y;) is an irregular grid
point. By the sign of the inner product of (z; —z*,y; — y‘)T - 71, we can tell on
which side of the interface this grid point lies. The point (z*,y*) is also saved along
with other information and used later for the local coordinate transformation needed
to derive the modified difference scheme at the irregular grid point (z;,y;).

The approach described above has been used successfully for a number of interface
problems with complicated interfaces. Based on this approach we have written a
Fortran package DIIM. DIIM is a double precision package for solving the elliptic
interface problems on rectangular regions with Dirichlet boundary conditions. The
prologue of this package can be found in the Appendix A.

Also, with the spline approach we can solve Poisson problems or elliptic equations
on complicated regions with an embedding technique. We circumscribe the region
with a rectangle and only modify the difference scheme at those irregular grid points
inside the region. At the grid points outside of the region, we will use dummy values,
say zero, for the solution. So it really does not matter what the difference scheme
is outside. With the optimal relaxation parameter for the Poisson problem defined
on the rectangle, both the SOR and LSOR methods require fewer iterations for the
problems defined on the small region than that defined on the whole rectangle. So
this approach is very competitive compared with other methods which embed the
region into a larger rectangle and need additional treatment such as solving integral

equations, or a few Poisson problems on the rectangle etc., see [10], [21], [35], [45].
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Figure 2.7: Using the immersed interface method to solve the Poisson problem 2.78
with the Dirichlet BC on the irregular rigion. (a) The computed solution with a
40 x 40 grid; (b) The error plot of the computed solution.

Below we present an example of solving a Poisson problem with the Dirichlet
boundary condition on a complicated region.

Example 2.5 The equation is

1 in(66
Ugz + Uyy = —2sinz siny, in the region r < 3 + smi ),

where (r,0) is the polar coordinates of (x,y). The Dirichlet boundary condition is
chosen from the following solution

r . .
u(z,y) = 1 + sinzsiny.

Fig 2.7 (a) plots the numerical solution using a 40 x 40 grid. The values on the
outside of the region are set to zero. Fig 2.7 (b) plots the error in the computed
solution. We see that the error is on the order of 106 with the 40 x 40 grid. The
prologue of the Fortran package PPACK for solving the Poisson problems on irregular
regions can be found in the Appendix B.

However we need to mention that this approach does not use jump conditions to
determine the difference schemes at the grid points near the interface. Also note that
although the resulting linear system obtained with this approach is still diagonally
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dominant and irreducible, it is not symmetric anymore because of the complicated
region. So usually the SOR iterative method would be preferred to the LSOR ap-
proach. Without the symmetry, it is difficult to determine the optimal parameters
for the Alternating Direction Implicit (ADI) iterative method, or to apply the Fast
Fourier Transform (FFT). Whether multigrid techniques can yield fast convergence
for the resulting system is not known at this point.

2.6 General three-dimensional problems

Now we consider general three-dimensional problems

(,Bu:c)a:+(ﬁuy)y+(ﬂuz)z+n(xayaz)u=f(may,z)7 (m,y,z)EQ (278)

in some region (1, where all the coefficients 8, &, f may be discontinuous, and f may
even be singular across an interface, which is now a surface S: z = z(p,v),y = y(p,v),

z = z(p, v), To make the problem well-posed, we need two interface conditions of the
form

[u] = w, (2.79)
Ju
6.1 =49 (2.80)

across the interface surface.

2.6.1 Interface relations.

At a point (z*,y*,2*) on the interface, we need to use local coordinates to simplify
the derivation of the interface relations. The local coordinates (&,7m,¢) are chosen so
that £ is parallel to the normal direction of the interface pointing outward. The 7-
and (- axes are in the tangent plane passing through (z*,y*, z*). In the neighborhood
of this point, the interface can be expressed as :

£ =x(n,9), with  x(0,0) =0, x,(0,0) =0, x((0,0)=0. (2.81)

Notice that in the local coordinates the equation (2.78) is unchanged, so we will use
the same notation for u, w, q, 8, x and f.
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As we did before, we use the jump conditions and their derivatives as well as the
differential equation itself to get the interface relations between the quantities of two
sides of the interface surface. Let us first differentiate (2.79) with respect to n and ¢
respectively to get

[uelxn + [un] = wy, (2.82)
[ue)xe + [uc] = we. (2.83)

Differentiating (2.82) with respect to ¢ yields

Xn "aa—c[ua] + Xn¢ [ue] + [ttng] X¢ + [unc] = wnc. (2.84)

Differentiating (2.82) with respect to 5 and differentiating (2.83) with respect to ¢
respectively we obtain

X L] 4 o L]+ X ]+ [t = i, (2.85)
X¢ a%[ue] + Xe¢ [ue] + x¢ [uce] + [uee] = wee. (2.86)

Before differentiating the jump of the normal derivative (2.80) we first express the
unit normal vector of the interface S as

(17 ~Xn» _XC)

T (2.87)

So the interface condition (2.80) can be written as

[8 (e —uqxa —ucxe) ] = a(n,¢) Y1+ xa2 + xc2 (2.88)

Differentiating this with respect to 7 gives

=

[(Be xn + Bn) (ue —upxn —uc x¢ )]

0 7]
+ [ﬂ (uee X Un = Xn 5 tn = X e = Un Xom = U Xn()] (2.89)

=qn\/1+Xn2+XC2+q_M_-
V1t X2+ x®
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Similarly, differentiating (2.88) with respect to ¢ gives
[(Bexc + Be) (e —unxn—ucxe)]
0 0
+ [ B | wee xe + uge — xn el T X¢ gt T UnXne = U Xee (2.90)
X¢ X¢¢
=qc 1+ X2 + X2+ g =2
FVET Vit xe? + xd

At the origin, x,(0,0) = x¢(0,0) = 0, and from (2.82)~(2.90) we can conclude
that

ut = u” 4w,
+ _ B
Yo T B €+ﬂ+’
u;’* = u, +wy,
uf = ug +w,
“:c = Upetug ch—u?xnch’wnc,
u:n = “§n+(“2—"?)xnn+wnm
- - 2.91
ule = uge+ (ug —uf)xee + we, (2.91)
B~ B~ . B~ _
u?ﬂ = ﬂ+ufn+ u:—ﬁ+ 2 ) Xon + “Z-"Fu( Xn¢
ﬂ" - _ By wt gD
ﬂ* Bt K ﬂ*’
B~ B~ _ B~ _
“?c = ﬂ+“ec+ “ *F n | Xn¢ Tt 'B:w X¢¢
LB A ut 1+ ¢
ﬂ+ te Bt “ gt

To get the relation for uf, we need to use the differential equation (2.78) itself from
which we can write

[ B (uge + uny + uce) + Beug + Brug + Beug + ku ] = {f]. (2.92)

Notice that

TuT = &tut = kTuT — ket e — kUt = —[k]u — k(). (2.93)
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Rearranging equation (2.92) and using (2.93) above we get

Bt (ufe +uby +ud) + B uf + Bruf + fFuf =
B (uge +uy, +ug) + Bruz (2.94)
+ Bruy + Brug + [f]+ k7um — ktut,

Plugging the sixth and seventh equations of (2.91) in (2.94) and collecting terms
finally we have

- B~ - B~ -
uzrs:%“fe‘* <F*1 Uyy T (F‘1>“cc+

+ -—
m + "_E)_ _(Xnn+X _‘—)
“ 1(X Xe ™ B ui “T B (2.95)
+ﬁ+ ( n Un ‘ﬂ:“:) +E (ﬂcuc —ﬁcuc)
=g (1l + VTl 2y —

2.6.2 Difference scheme

At a regular grid point, we still use the classic central difference scheme which has a
seven-point stencil. So we will concentrate below on developing difference formulas
for the irregular grid points. Taking a typical irregular grid point, say (zi,yj, 2k), we
try to develop the modified difference scheme at this point. Again we only require

the local truncation error for this difference scheme to be O(k). Let us write the
difference scheme as follows:

D M Wikim ikt + Kijk Uiz = fijk + Ciiy (2.96)
m
where ¢y, jm, km may be 0,£1,42,--., Of course we want the number of grid points

involved to be as few as possible. So first we need to determine the stencil, and then
find the coefficients +,, for the given stencil.

The analysis is similar to the two dimensional case. We take a point (z*,y*,2") on
the interface surface near (z;,y;,2:) and use local coordinates (£,7,() at (z*,y", z*).
For the elliptic equation the coefficients v, should be of order O(1/h2). So if we
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expand Uiyi,, j+jmk+kn iD the difference scheme about the origin of the local coordi-
nates from each side of the surface S, we need to match up to second derivatives to
guarantee that the local truncation error is O(k). Using the ten interface relations
(2.91) and (2.95) to eliminate quantities at the (+) side of the interface, then the
Taylor expansion of (2.96) will contain u~, Ug,y Uy Ug, Ugey Upyy Uges Ugy, Ugey and
Uge. To match them we need altogether ten grid points to get ten equations for the
Yms. Thus we need to find three additional points besides the standard seven-point
stencil. The three additional grid points can be taken from any of the twenty grid
points (i £ 1,7 £ 1,k£1), (1,5 +1,k), (£1,5,k£1), (5,i+1,k+1).

Once we have determined the stencil we need to find the coefficients of the differ-
ence scheme. To get the equations for those coefficients we use the Taylor expansion
of (2.96) about (z*,y*,2*), the origin of the local coordinates. If the grid point
(zi,y;,2¢) is on the () side, we will get

Tijr = aru” +agu™ +asug +asuf +asu; +asu + azug + aguf
+ agugﬁ + @10 ug-f +an u;ﬂ + ar uf-;-n + a3 uC_(
+ a1 uf, + ars ug, + ase uf, + a7 Uge + a8 u; (2.97)
+ @y +az u;( + KT u”

= f7 4+ Cix + O(h).

Here the ¢;’s have similar meanings as in (2.55) except now there are more of them

and they are more complicated. Using the interface relations (2.91) and (2.95), and
rearranging (2.97) we have

K -
T = (al h amL%) uT +aut + {‘13 — @y (Xnn + X¢e — %)

B B -
+@12 Xay + @14 X¢¢ + 216 —ﬁl*' + alsﬁ—i + @20 Xn¢ ¢ U

2
+ a4+ awo | Xon + X¢ _F

BF +
—a —a — n o _( — +
12 X 14 X¢¢ — %16 3+ ag B+ @20 Xn¢  Ug

B . B AP
+ (as + a0 ,3_1 — aie .ﬂ_"” Xmm — Q18 %; Xn¢ | Uy
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Bf '
+ (as aypo F + @16 Xnn + @18 Xn¢ :
a

B¢ - - -

a7+ ag ,B_i —as % Xn¢ — 018 % Xee | v (2.98)
Bt 4

+|as—aw B+ + @16 Xn¢ + @18 X¢¢ | U¢

+ <a9+alo g+)u£€+ (011+a12+am(ﬂ 1))

+ (als + @14 + ayo ('g—; - 1)) uce + (als + a6 g"*)

+ (017 + ais %) Uge + (@19 + az0) Uy + @12 Wy + @14 Wwee

+ a1 (Eﬂ h;[rU] = Wy — wcc) + a6 %

+(118—+azown(+ﬂ u” — f7 = Cij.

ﬂ+

Now it is clear that to make T};x to be O(k) we should set

%Mz = 0, (2.99)

B¢
az — dio (Xnn + Xe¢ — BF + @12 Xy + @14 X¢¢ + @16 1

a; — ayp

ﬂ+

+a ﬂ_-i-a +ﬂ as+a -+ ——ﬂg—
1sﬂ 20 Xn¢ B+ 4T Q10 | Xom T X¢¢ B+

Bt i -
—Q12 Xnn — Q14 X¢¢ — Q16 ﬂ_:’" — Q18 ﬁ—i —a Xy = 55 , (2.100)

as + aloﬂ—1 — Q6 F Xon — Q18 E; Xn¢
ﬂ+
+ as — ayo F + a6 Xt asxne = B,, (2.101)

B
a7+ ayo ﬂ—i —aie I Xn¢ — @18 B¥ X¢¢
+ B o
ag — ao F +aeXnctaaxee = B, (2.102)

a9+alog+ = fB7, (2.103)
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an + aiz + apo ('B— - 1) = 7, (2.104)

ﬁ-*-
B~ -
a13 +ayy +aypg F -1) = g7, (2.105)
a5+ a b _ 0 (2.106)
15 1 ase =0 2.
L 107)
a17 + aig — gt = O .107

aig+azxp = 0. (2.108)

This is a system of ten equations with ten variables. We can solve this system to
get the coefficients v, of the difference scheme at this particular irregular grid point.

Once we know the 4,,, we know the a; as well, so we can calculate the correction term
from the following:

+
Ca'jk = dayo ([ﬂfl NIB-E-U] — Wyy — ’U)(() + a12 Wyy + @14 we¢

+¢116ﬂ—++a18ﬁ+ + @20 wye + a2 [u]

1 B
ﬂ+ ag+aro | Xnn + X¢¢ — B+ — @12 Xnm
By : 0
~ @14 Xec ~ 16 gy = B8 TT = G20 Xn¢ (G (2.109)
B
+ (ae — Q057 B+ + @16 Xnn + Q18 Xn()

'3+
+ (as - daj F + @16 Xn¢ + @18 X¢¢

If the grid point is on (+) side, there are two ways to deal with it. The first one

is to modify the correction term Cjjx and the linear system (2.99)-(2.108) a little bit.
Use the following relation

yut = m”u"+fe+u+—n'u'

= &7 u” + & [u] + [£]u, (2.110)
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and let the difference scheme at this irregular (z;,y;, 2;) be:

Z&m Wiivm,jtimktbm + Kijk Wik = fije + C’,-,-k. (2.111)

m

Then 4y, still satisfy equations (2.100)-(2.108). Now the first equation becomes

a1 — ayg [ﬂ—i-]_- + ax = —[x], (2.112)
and the correction term é{jk is
Cij = Cijee + £¥ [u] = [f]. (2.113)

The other way is simply to reverse the roles of the two sides (+) and (=) in the
discussion above.

We have tested a couple of examples. Although we can not take very fine grids to
test the second order convergence due to the size in three-dimensions, we do observe
good numerical results. Below we give one test example.

Example 2.6 We consider a problem in three dimensions with discontinuous coef-
ficients as well as the singular sources. The equation is defined on the cube: —1 <
z,y,2,< 1 and has the form

(Buz)s + (Buy)y + (Buz): + ku = f,

where

T+a?+y® +22 ifa? 44?4+ 22< 1
Bz,y,2) = e Y HE S
1 frt+y’+2°> 3,

6+11 (a2 +47 4 27
f(-'l'-)ya Z) = 1 _ 1 lo (QW)
e e GG

Dirichlet boundary condition is determined from the ezact solution

z2+y2+22 if$2+y2+22S
1
_—m-i-log <2\/x2+y2+22) ifa:2+y2+22>

Table 2.4 lists the local truncation and global errors in the infinity norm.

u(z,y,z) =

LN L




Table 2.4: Numerical results for three dimensional Example 2.6.

n | Bl ratio | || T ||, | ratio
20 || 9.2824 x 1073 1.1675

40 || 2.8176 x 1073 | 3.2945 || 0.6587 | 1.7724
80 || 7.1043 x 10~* | 3.9656 || 0.3757 | 1.7528

60



Chapter 3

IMMERSED INTERFACE METHOD FOR HEAT EQUATIONS WITH
FiXED INTERFACE(S)

In this chapter we study the immersed interface method for heat equations with
fixed interface(s) in one and two dimensions.

3.1 General 1D heat equations with fixed interface(s).

Consider the model problem

ulz,t) = (B(a,8) us), + £(z,t) u(z,t) - f(z,t) + C(t)8(z - a)

+5 (Bl + (e, 0) (1) 8z - o), (3.1)

0<z<1, 0<axl, t>0,

with specified boundary and initial conditions. We assume f(z,t), (z,t) and f(z,1)
are bounded but may all have discontinuities at the interface a. From the equation
we can conclude
[v] = u(a+,t) —u(a™,t) = é(t),
[Bus] = Bla*,t)us(e*,t) — Bla™,t)us(a™,t) = C(2).
We use a uniform Cartesian grid as in § 2.1 and use the efficient Crank-Nicolson

scheme at regular grid points which is unconditionally stable. The general difference
scheme at time ¢ is the following

(3.2)

n

n+1
u, - ui

1
S = 5 [l bl fsul + kPl — 7+ O]
VT it e AP - 4 op]
where k is the time step and the ratio &/ is a constant, &7 = x(z;,t") and so on. At

regular grid points for which a ¢ (2;_1,7i41), we have the standard weights
71{,1 = ﬂx{—%/hzi 71{,2 = —(:3,1_% + .B,l.*._;.)/hza

(3.3
'71{.3=,35+%/h2 and C'=0, I=n or n+1l )

b
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where ﬂg_ 1= B (m;_l /2,t’) and so on. Since the interface in fixed, the derivation for
the difference scheme is just slightly different from that in § 2.1. So we will omit the
details and just give the results directly.

Suppose z; < a < Tj41, then z; and z;4, are two irregular grid points. In this

case the coefficients *yj-’l, 72 and 71’~'3 satisfy the following system of equations:
(i1 — )
Tia e+ (l ey ') s = 0,

(Tj-1 = @)Yy + (25 — @) 7hy

By T — @ (ﬂ;)l_(ﬂ_)l(ﬂi)l (zir1—a)? L (p-y
{5y =+ (G - B 5T s = o

(zz"‘—12— a)? P+ (x; ;oz)2 gt (x1+12—( ﬂaz) CRN s

I
—
%

where [ = n, n +1, and
W) = [s(eah)], (B ) =Bat),  (B) = Bla*,1h,
(ﬂ;)l = fu(a”, tl)a (ﬂ:)l = ﬂr(a+1 t’)'

The correction term CJ( is

! ! Al Cl
C; = '7j.3{C +($j+1—a)—'—}

(B+)
(zin1 —a)* } (BF) C + (v +)l C'+ (él)l ~ 1S
B el b (B+) !

where

ant doa
(C)l = d_tC (a, tl) .

Notice that now we have an extra term (C’) compared to the correction term in the
general 1D elliptic problem due to the [u] term. Similarly at the grid point z;44, the

coefficients 'y;- 1,10 7_5- +1,20 and 71'- 13 for Il =n, n+ 1, satisfy the following system of
equations:
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(1 + _—(zj(;_o)t,y [K]I) ’7;'+1,1 + Y2+ Ti+13 = 0,
(B (o _ o (BD (BB (es—aP)
(e (G- T ) =) e
+ (Zj41 — a) 7;"+1,2 + (‘731'+2 - a) 7§'+1,3 = ( :)I )
(z; — a)z(ﬂ_’L)l ! (Tj+1 —@)® (zj+2—a)®

2 (B-) Yit1a T 5 Yit1,2 T B Yi+13 = (ﬂ+)la

and the correction term now is

R C!
) C']l‘+1 = ’Y;'+1.1 {_Cl + (a - "31)(7_7}

(=) [gyet e RC+(E) -1y
R PR @y '

We have written a Fortran package for the one-dimensional heat problems with
a fixed interface and tested several numerical examples. All the results confirmed
second order convergence. More importantly, the method is always stable no matter
how large the jumps in coefficients, provided that f§(z,t) has the sign across the

interface. This will not be true for the two-dimensional case when we have arbitrary
interfaces.

3.2 ADImethods for heat equations with discontinuities along an arbitrary interface
3.2.1 Introduction

In this section we present a new, second order accurate ADI method for the heat
equation

U = (ﬂuz‘)x + (ﬁuy)y - f(.’L‘, y,t) (34)

in a domain § in two space dimensions. Within the region Q suppose there is an

irregular interface I' (see Fig. (1.2)) across which the solution u(z,y,t) or some of
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its derivatives are known to be discontinuous, and the source term can be also dis-
continuous or even singular. We assume that the coefficient A is continuous in this
section.

As a model problem consider heat conduction with a heat source applied only
along the interface I'. Then f(z,y,t) can be written as

Flzyt) = /r C(s,t) 6(z — X(s)) 6(y — Y(s)) ds.

From the differential equation we know that across T, the jump in temperature is
zero. But there is a jump in the normal derivative which equals the strength of the
source C(s,t).

Again we assume that Q is a simple domain such as a rectangle, and that we wish
to solve the equation using a finite difference method on a regular grid, e.g. a uniform
Cartesian grid. The interface is typically not aligned with the grid but rather cuts
between grid points. We assume we know the jump condition in the solution u and
normal derivative u, across I'. As we mentioned earlier those jumps can often be
derived from the differential equations.

For parabolic equations, it is often desirable to use implicit methods because the
time step restriction is severe for explicit methods. In fact with some effort, we can
get a second order accurate difference scheme for this problem by using the Immersed

Interface Method (IIM) proposed in previous chapters and [31]. The Crank-Nicolson
difference scheme when B = 1 can be written as

u™tl — oy
LX) L] n n n
T = (61;“1] + 5yu,~j - C”) + (3 5)

B = b —

1 n+
(oul™ + uptt — o) — fits

t 9

where 7 is the time step and

5,u?j = (u?_l‘]— —2ul + u?+1.j) /h2,
Syufy = (uly_y — 2uf} + i) [R2.
The correction term is determined from the jump conditions in [u] and in [u,] (see

Chapter 2 and [31]). But at each time step, the implicit version of the IIM leads to

a linear system of equations which cannot be solved efficiently by direct methods.
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Historically people have used a variety of splitting or ADI methods for parabolic
PDEs. In these methods a single multidimensional implicit time step is replaced by
a sequence of steps, each of which is implicit in only one coordinate directior. In
addition, the equations can be solved along one line of grid points at a time, giving a
banded system of equations which can be solved easily. The reader is referred to [9],
[14], [39] and [52] for an introduction to many of the methods.

However, such methods usually have strong demands on the smoothness of the
solution. The classical ADI method, for example, when 8 =1 is:

1
n+z

Ui 7'/_2- Ui _ 3 Syu f:"fz, (3.6)
1
! — u?-ﬁ n+l n+g
; /2 == 5:uij+2 + 8yt — fij+2' 3.7

For this method the local truncation error contains a term of the form
T 62 62 U ~ T ut”yy, (38)

if the solution belongs to C*.
Certainly we have difficulty in applying these methods directly to our problems
because the solution may not even belong to C°. It seems that we can regard the

correction term in (3.5) as part of f(z,y,t) and use the ADI method directly which
would be

o

Uy = Uy n n ntk

—J;/z—":&z ,_7+2 +5 u C +2 _fij+21 (39)
untl u""'% 1 1
L L} n+3 n nt3z n4-5

'—'71.—/2]— = zu‘] 2 + 6 +l Cij 2 — 1] 2- (3-10)

Unfortunately, theoretical analysis and numerical experiments shows this scheme only
gives first order accuracy. The failure results from the fact that we have not split the
correction term C’,-T'1 J+ %.

In this section we still use a five point stencil. At regular grid points the classical
ADI scheme is used. At each irregular grid point we add some correction terms in
each sweep so that the local truncation error is order O(h). In order to derive those

correction terms we use the idea proposed in [31] but now split the correction terms
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in the z and y directions accordingly. Because the number of irregular grid points is

O(n) or even smaller we can guarantee the global error in the solution to be O(h?).

3.2.2 The notations and difference scheme

Let the parametric expression of the interface I be z = z(s), y = y(s), where s is

arc length. We assume we know the jump conditions [u] and [Gu/dn]

[u] = w(s), [Ou/On] = v(s), (3.11)

along the interface which can often be derived from the PDE’s as in the example
above. They are used to derive appropriate correction terms so that the standard
five-point difference operator yields second order accuracy as in the work of Mayo

[34], [35] (see also [31]). The domain € is assumed to be rectangular, say [a, b] X [c, d].
We use a uniform M x N grid with

si=atih, i=0,1,- M
yj=(l+jh, j=0a1""’N-

where b = (b—a)/M = (d—c)/N. For simplicity, we will take 8 = 1, and concentrate
our attention on the difference scheme at irregular grid points. Figure 3.1 gives an

example of such points and their geometry.

Difference scheme: Our ADI method can be written as

u:‘;'% — uu n+% n n n n nt L
T = &,u; x; (Cx)ij -y — Rij + 5y“ij - (Cy)ij - fij %
n nty
u'lﬂ_*ﬂz =6l — (C )”+z — O™ — R™ (3.12)
T/2 t] T 12 12

o - O - 5

At regular grid points the standard ADI method is used, in which

(Cgc)?f5 = Q% = R} = (Cy); = Q% = (C,)i" = 0.

17 1 12

At each irregular grid point we need to determine these correction terms.
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3.2.8 Splitting the correction terms.

We know the local truncation error at regular grid points is O(k?). To obtain second
order accuracy globally we need the local truncation error to be order O(h) at irregular
grid points. First we try to approximate u,, and u, to first order by choosing the
correction term C; and C, and later on we try to choose the appropriate correction

term RY; and QY so that the local truncation error at each irregular grid point is

order O(h).

T Tit

Figure 3.1: The geometry at some irregular points near the interface

Take a typical irregular grid point (z;,y;) or (i,5) in short. Assume the interface
I’ cuts the straight line y = y; at « = z7;, where z; < z}; < zi41. Take Figure 3.1 as

an example, at the point (i,7) using Taylor expansion about z*, (it really should be
x;, but for simplicity, we drop the ,5 ). After some algebra we have

Uim1,j — 2Uij + Uiy, u” —2u” +ut _ [ Tiey — " z; — T*
= s (- )
»> - 2 » 2

+Tip1 — T _ [ (zica — %) _ @i — =)

T T ( T T

pur, @) o
T 2h2
- ul (Tiya — z* Tipy — z*)°

=ug, + [ﬁ + fua] = )t ) @i — 2] % L+ o(hy



68

=tz +(Cz); (3.13)

Note that all the quantities are computed at (z*,y*) € I', where y* = y; in Figure 3.1,
at some time t,, where for convenience we didn’t write time indices in the expressions
above. Similarly at the point (¢ + 1, j), we have

u;j — 2u,'.;;12,j +uige; ut - % ~ [ua] (z; ;2:1:") ~ [tad] (zi 2—h;,;~)2 s o
= uf, +(Co)iypryr (3.14)
In other words for any grid point (z,j) we can v;rite
6:ui; = Ugz + (Cz);; + O(R) at irregular points (3.15)
where
(Co)y; = :i:%;] + [ug) Q—”*‘hz;m) =+ [uzs] (_m%f (3.16)

If the point is regular then (C;);; = 0, otherwise it can be expressed in terms of x
direction jumps [u], [u,] and [u,;]. The sign is determined by the relative position of

the interface I and the point (z;,y;). We can do the same in the y direction to get
byui; = uyy + (Cy);; + O(R) at irregular points. (3.17)

Now we need to find the jumps [ug], [uy], [usz], [uy,] in terms of the known infor-
mation [u] and [u,]. If we are able to find these jumps then we can split the correction
terms into the z direction and y direction, respectively. Fortunately, with the results
obtained in Chapter 2, we are able to get these jumps.

We use the local coordinates transformation at (z*,y*) as we did in [31]:

£ = (z—2z")cosd + (y — y*)sind,
n = —(z—2")sinf + (y — y*)cosd.
Here 6 is the angle between the z—axis and the normal direction at (z*,9*). Ina

neighborhood of this point, the interface lies roughly in the n-direction, so we can

parameterize I' locally by £ = x(n), 7 = 5, and we write the jumps as [u] = w(y,t),
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[a] = v(n,t). For convenience we use the same notation for u,w, and v both in the
original coordinates and the new local coordinates. It is easy to see that

ug = uzcosl 4 uysinb,

Uy, = —uzsinf + uycosh.

After the local coordinate transformation we get

Ug = Un. (3.18)

So the jumps in u¢,u, are

[UE] = [uﬂ] = v(n, ),

(3.19)
[uq] = [u]y = wy(n,2), -

which are known already. For the remaining second derivative jumps we can use the
interface relations from Chapter 2 with minor modifications to get

[ue] = X"[ue] — wyy + [f] + wi,
[un] = _X”[ufl + Wan, (3.20)
[ueq) = x"[un] + vy

Now we have expressed all the jumps in the local coordinates in terms of the known

quantities [u] and [u,]. From (3.19)-(3.20) we can get the jumps in the z and y
directions, respectively, using the following formulas:

[uz] = [u¢] cos 0 ~ [u,]sin g,
[uy] = [ug] sin 0 + [u,) cos 8,
(3.21)
[usz] = [uge] cos® 6 — 2[ug,] cos 0 sin 8 + [u,y,] sin? 4,

[ugy] = [uge] sin® 0 + 2[ugy) cos O sin 6 + [uyy) cos? 6.

With these known jumps we can compute (C,);;, the split correction term in z

direction, and (C,);;, the split correction term in y direction respectively. Now we
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are ready to give the ADI method. It is natural to use the following ADI scheme:

mtd e
W —u™ 1 1 1
— e = b = (G H Bl — (G - 5
T/2 %]
41 (3.22)
u™tl — u’.t. 2 1 1 s
s = b — (O 4 g - (O - £

Numerical experiments gives promising results and the method appears to be second
order accurate. But more subtle analysis (see §3.2.4) shows that the local truncation
error is only O(1) at irregular grid points which is also confirmed by the numerical
results. So there must be some fortunate cancellation in the errors. At this point, we
are not sure whether such cancellation will always occur or only happened in our test
problems. Anyway, for safety, we are going to modify this ADI scheme further so that
the local truncation errors at irregular grid points are O(k) so we are guaranteed to
get a second order accurate solution. We modify the ADI method in the next section.

3.2.4 Local truncation error analysis

In this section we discuss how to determine Q;; and R;; through local truncation error

analysis . We assume that 7 ~ h. Now if we add the equations in (3.12) together we
get

u = 5::“:?% _ (Cx)?f% - ;}_ RZ
T
) ) . (3.23)
n n n n n+ =
+ ) (5y“ij + 5yuijﬂ) ) ((Cy)ij + (Cy)in) —fi; %
And if we subtract them, we have the intermediate result
R VA T AL B n n " n
Uij = _!TJ_" + Z ((syu,'j - (Cy)ij - 6yu,-j+1 + (Cy)ij+1) . (3.24)
Plugging this into (3.23), we get
Pt owy 1 i
J—T-—J = 551 (uij + “.‘jﬂ) - (Co)y; * — QF — R,
1 n n n n
+ 5 (5y“ij - (Cy)ij + 5yuij+1 - (Cy)in) (3~25)

T n n .
+ Z&z (5yu:; - (Cy)l] — 6yuij+l + (cy)+1) )

L
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This is the difference scheme which we actually use to get the next time solution
uit'. At regular grid points we can regard those (C, )"+’, Q% B, (G5, (C ):‘J+1
as zero. Now we consider the local truncation error so that we can determine the
correction Qf; and R}, keeping in mind that the interface is fixed and all the terms
are continuous with time. The left hand side is

n+1
ij

T

n

U; u

(u,)"+2 +0(r?). (3.26)

The first few terms on the right hand side can be written

26 (uf + ) — (G - =

1) 1
2 - J+ - N (3.27)
§6xu?j 2472 5$(uu)?j z (C’:)?j P - Q%
So if u is continuous, that is [u] = w = 0, then
’l'2 ) (u“) —2- ~ 7'2/h h. (3.28)

We can simply take Q% = 0. If u is not continuous, we rewrite the expression above
as

26 (uf + ) = (G - @y =
5 (bt = (C203) + 5 (b - ")

—(CH 43 ((C5 + (C) - @3 =

= (el + (e — (€5 4 2 ((c i+ (C5) - Q3+ O(h)
= i - G 5 (G + (G - 3 + O
Now we know we should take

n

ij =

((Calg+ (C5™) = (Caliy . (3.29)

DO =

Notice that
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(631“:'11’ - (Cy)?j + 61/“3'“ - (Cy)?'“)

8

IS N

- % (Cuso)ly + () + O(h) (3.30)
= (“yy):?.% + O(h).

So these terms do not cause any trouble. Finally we turn our attention to the re-
maining terms. Recall that the interface is fixed and all quantities are continuous

with time so we can write

yui; — (Cy)i; = (uyy); + SR + O(R?), (3.31)
Sultt — (C) = (uy)i! + SEH R + O(RY).
Here |S% - S| = O(h). Hence from (3.17) we know that
8yuly — (Cy)f; = 6,ufi™ + (Cy)i = (uy)f; — (w5 + O(R?). (3.32)
Therefore we have
7% (808 = () = by 4 ( ) -
=§&w%r—wm”ﬁ+mm—m; (3.33)
7.2

= - 4 —6 (uyyt) Rn + O(h).

Now we see that the real trouble comes from the term TT(5,~,(uyy¢)" which is O(1).

We have to approximate this term to accuracy O(k) to make the right correction.
However, notice that

T2 n 1 n n n
_6r(uyyt)ij =7 ((uyyt);-1,j - 2(“yyt)ij + (“yyt)i+1,j)
4 4 v

X (3.34)
= [y} +O(R)

Again the sign is determined by the relative position of the (i,7) grid point and the
interface. For example, in Figure 3.1, we would have a — sign for (¢,7), and a + sign
for (i +1,5). Fortunately we have expressed the jump [uyy] along the interface in
terms of the known jumps [u,] (see (3.19)-(3.21) ). So

[ty ]"*
(uyyt)?j= =

T

—lal” | o). (3.35)




73

At last we can determine the Rf;, which is taken as

R = ["‘yy]n+l - [uyy]n
4T ’

(3.36)

From the analysis above we know that if we take Q7; and R, as in (3.29) and (3.36),
then we can guarantee that the local truncation errors are O(h?) at regular grid
points, and O(k) at the irregular grid points near the boundary. Since the boundary
is one dimension lower than the whole problem, the solution to the difference scheme

will still give second order accurate solution globally.

3.2.5 Numerical results

We have done a number of numerical tests. All of them confirmed our analysis in
§3.2.4. With the correction terms Q7; and RY;, we observed second order accuracy
globally in the solution. Without these terms, the convergence rate also seemed to

be nearly second order accurate, but we are not sure whether it is generally true or
not.

Example 3.1 In this example the solution u(z, y, ) is continuous but has a constant

jump in the normal derivative. The differential equation is:
w = tse +uy + [ C(1) 6o = X(5)) 6y — Y(s) ds,

C(t) = e™* (¥5(0.5) Jo(0.5)/ Yo(0.5) — Jo(0.5)) ,
on the square ~1 < z,y < 1, where I is the circle 22+ y? = 1/4. In (3.37), Jo

and Y are the Bessel functions (of order 0) of the first and second kind, respectively.

The Dirichlet boundary condition and the initial condition are taken from the exact
solution:

(3.37)

e_tJo(T') if S ';'
u(z,y,t) = (3.38)
e~ Jo(0.5) Yo(r)/Yo(0.5) if r > L.

Table 3.1 and Table 3.2 give the numerical result at ¢ = 5 with and without the
correction terms Q7; and R}, respectively. We see that the method with correction
terms QF; and R}; behaves better in this example. But the method without correction

terms seems also to approach second order accuracy. Figure 3.2 shows the solution.



The maximum error over all grid points,

| En lloo = “}f}x{l u(@i, y;) — wij |},
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is presented, where u;; is the computed approximation at the uniform grid points
(zi,y;). For our method we also display || T ||co, the infinity norm of the local
truncation error over all grid points. The local truncation errors are O(h?) except at
those points which are close to the interface where they are O(h). We also display
the ratios of successive errors,

ratiol = || Eon ||o/|| EN ||, ratio2 =

I Tanv lloo/ Il T lleo-

A ratio of 2 corresponds to first order accuracy, while a ratio of 4 indicates second

order accuracy. We will use the same notation for other examples in this section.

Table 3.1: Numerical results for Example 3.1 with correction terms Q7; and RY;

N || Env|l, t=5]ratiol | || Tn ||, t=0 [ ratio2
20 | 5.39851 x 1073 4.04973 x 107!

40 | 1.01368 x 107° | 4.6345 | 1.885347 x 10~1 | 2.1480
80 | 2.30004 x 10~6 | 4.4072 | 8.94152 x 10~2 | 2.1085
160 || 5.56747 x 107 | 4.1312 | 4.33057 x 102 | 2.0647

Table 3.2: Numerical results for Example 3.1 without correction terms Q™

N |l Evll, t=5]ratiol | || Tn ||, t=0] ratio2
20 | 7.70093 x 1075 2.32077

40 || 2.07288 x 107° | 3.7151 2.60534 0.8908
80 || 5.44382 x 107° | 3.8078 2.73938 0.9511
160 || 1.42010 x 10~° | 3.8334 2.80317 0.9772

n
17

and R
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Figure 3.2: The solution ( N = 40,t = 5) for Example 3.1 with the jump given in the
normal derivative along the interface.

Example 3.2 In this example we impose a jump in the function u(z,y, t) itself and
also a jump in the normal derivative of u(z,y,t). These jumps vary along the interface
and are not symmetric. The partial differential equation is

Uy = Uge + Uyy — f(2,Y,1). (3.39)

The jumps in u(z,y,t) and du/0n are chosen from the following exact solution:

1 ifr< %
w(z,y,t) = (340)
cos(t)sin(§(x + 1)) sin(§(y + 1)) if r> 1.
The function f(z,y,t) is defined as:
0 ifr < %

f(za Yy t) =
(sin(t) — 2 cos(t)) sin(Z(z + 1)) sin(Z(y + 1)) if r >

(ST

Table 3.3 and Table 3.4 give the errors of the computed solution with and without
the correction terms Q7; and RY;. Figure 3.3 is the solution plotted at time 2.
In summary we have developed a second order accurate Alternating Direction

Implicit Method for the heat equation with singular sources (giving jumps in u,) and
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Figure 3.3: The solution ( N = 40,¢ = 27) for Example 3.2 with given jumps which
are not symrmetric.

Table 3.3: Numerical results for Example 3.2 with correction terms 5 and RI‘J

n ||| En |l t=5]ratiol | || Tn |, t=7/2 | ratio2
20 | 9.28331 x 10— 7.14922 x 10-3
40 || 2.46366 x 10~* | 3.6943 | 3.51033 x 103 | 2.0366
80 || 6.47184 x 1075 | 3.8067 | 1.73839 x 10~3 | 2.0193
160 || 1.66843 x 10> | 3.8790 | 8.64918 x 10~* | 2.0099
320 || 4.25187 x 107¢ | 3.9240 | 4.31816 x 10~* | 2.0030
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Table 3.4: Numerical results for Example 3.2 without correction terms Q7 and R}

n |l Ex|l, t=5] ratiol | | Ty ||, t=7/2 | ratio2
20 | 9.28331 x 10~* 0.17446

40 | 2.47616 x 10~ | 3.7491 0.16917 1.0313
80 || 6.48125 x 1075 | 3.8205 0.16631 1.0172
160 || 1.66920 x 10~° | 3.88350 0.16483 1.0090

dipoles (giving jumps in u) along some fixed interface. The same method can be used
for arbitrary continuous coefficients § with a little change. Numerical experiments
have confirmed the efficiency of the methods proposed in this section.



Chapter 4

SOLVING STOKES FLOW WITH MOVING INTERFACE IN 2D

In this chapter we apply the Immersed Interface Method (IIM) to solve the Stokes
equation with a moving interface that exerts a singular force on an incompressible fluid
in two dimensional space. This new approach gives better accuracy compared with
other approaches and provides a new way to solve incompressible moving-interface
problems. Theoretical analysis is given to deal with the distribution of the singular
sources, namely the 2D delta function and its derivatives, arising in the problem.
Techniques to interpolate non-smooth or discontinuous functions to the interface using
grid values are also presented. We consider a model problem studied by Tu and Peskin

[51] consisting of an elastic boundary immersed in a zero Reynolds number fluid.

The motivations for considering this problem are:

o We want to determine whether the immersed interface method can give second
order accurate solutions for incompressible flow problems with moving inter-

faces. The problem considered here is the simplest of this form.

¢ Tu and Peskin’s method for the Stokes flow is only first order accurate in the
I-norm, and less accurate in the infinity-norm if the solution is discontinuous.
Furthermore, there is a slow leaking phenomena in their method which we can
see from their paper [51]'. We will give some explanation of this phenomena in
§4.4. Such leaking should not occur because we are dealing with incompressible
flow and an impermeable boundary. So we want to have a better method for

the Stokes equations which gives higher order accuracy and also preserves the
enclosed area.

! Peskin and Printz have suggested a modification to fix the leaking problem in [44], and we have
not tried to implement this modification for the Stokes equations described in this chapter.
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4.1 The governing equation

The model problem is two dimensional Stokes flow taken from [51]. Some of the de-
scription of the problem in this section is excerpted from their paper. We consider a
two dimensional viscous incompressible fluid containing an immersed elastic weight-
less boundary. Generally the boundary is stretched and under tension due to the
motion of the fluid surrounding it or some external force. Reciprocally the boundary
exerts force on the fluid as well and will influence the motion of the fluid on the whole
domain so that the entire dynamic system can approach its equilibrium state. As an
intuitive example, we consider a balloon filled with air. The equilibrium shape for the
balloon is a sphere. Without external force the balloon will not deform even though
the boundary force is nonzero since the balloon is stretched and under tension. The
elastic boundary force is balanced by a jump in pressure. However, if we squeeze
the balloon at some initial time and then let it go the balloon will change its shape
with time until it reaches the equilibrium again. This example is very similar to the
problem discussed in this chapter except we consider very viscous and incompressible
fluid which surrounds the interface. We assume that effects of inertia are negligible
both for the fluid and for the immersed boundary. Note that both the fluid inside
and the fluid outside the immersed boundary are physically sigrificant in the problem
and influence the motion of the boundary. As in [51], we put the entire problem in a
periodic box.

On the basis of the above assumption, we can write the equations of motion that

are valid for both the fluid and the immersed boundary in the Stokes equations:

Vp = vAi + F(,1), (4.1)
V-u=0, (4.2)
where @ is the fluid velocity, p is the fluid pressure, v is the constant fluid viscosity,
and Fis a boundary force such as an elastic force or surface tension. The immersed

boundary is represented by the Lagrangian variable X (s,t), parameterized by s. Then
we can write the force distribution using Dirac é-function notation:

F(@,t) = /F . F(s,8)62(F — X (s, 1))ds. (4.3)

The integral is over the entire boundary and 6, is a two-dimensional §-function 62()
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61(z)61(y), where Z = (z,y). Therefore, the force is singular and has support only on
the immersed boundary.

For an elastic boundary, the force is the restoring force of the stretched boundary.
If we use so to express the arc-length of the unstretched boundary, then there is a
continuous mapping between s and sq:

s0.= (). (4.4)

Let T'(s) be the tension in the immersed boundary. We assume a generalized Hooke’s
law response,

X x|
T(s) = Pl 1= Ei/w (s)f = L. (4.5)
Then the density function for the force exerted by the boundary on the fluid is
flo) = () = 2. (17 /(5 (45)
= a5 T s ’ '
where 7 is the unit tangent to the boundary
. 08X |oX

The final assumption is that the fluid adheres to the boundary. Thus, we impose

the no-slip condition

X L3
7 (8:8) = AX(s,8),). (4.8)

We will directly use the dimensionless form of (4.1)-(4.2) and assume v = 1 in
equation (4.1) for simplicity.

There are two approaches to solve the Stokes flow problem. The first approach
is to solve for the pressure and the velocity simultaneously using (4.1)-(4.2) as was
done by Tu & Peskin [51]. This is discussed in § 4.4. The second approach is to solve
a set of three Poisson equations, since using the incompressibility condition, we can
easily decouple the Stokes equations (4.1)-(4.2) into three Poisson problems:

Ap=V.F, (4.9)
Au =p; — F, (4.10)
Av =p, — F, (4.11)
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where F' = (F1, F2); Fy and F; are the components of the force in z- and y- directions,
respectively and we take » = 1 from now on. The details will be given in § 4.5. We

have found that the second approach works better in conjunction with the immersed
interface method.

4.2 The derivation of the jump conditions

In order to use the IIM to solve this interface problem we need to derive the jump
conditions. The velocity is continuous because of the no-slip boundary condition, but
the pressure is not and there are also jumps in the normal derivatives of p, u, and v.

First we review some results from distribution theory. Below we will assume that
#(z,y) is an arbitrary twice continuously differentiable test function defined on an
appropriate region (). Let §(z — Xo)6(y — Yo) be the two dimensional Dirac-function,
a point source at (X, Yp), is defined by

[ 8e.9) 8(z = X0)s(y — ¥o) = ¢(Xo, ). (4.12)
If we have a source distribution
668z - X())8(y ~ Y (s))ds
along a curve I': (X(s),Y(s)) with strength C(s), then
[, #ten){ [ c() 8 = X(s)8( - Y ($))ds} oy
= [[C()(X(s), Y (s)) ds. (4.13)

For a vector function G = [Gi(2,3),Ga(z,y) |7, by using Green’s integral theo-
rem, we know that

//Q(V'G)M"’dy=/an(@-ﬁ)¢ds—//né‘-v¢dxdy.

Thus we can generalize the one dimensional result

/ $(z) 8'(z — o) dz = —¢'(<)
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Figure 4.1: Diagram used for the derivation of jump relations
to two dimensions
//qS (z,y) V- dedy_/ é(z,y) {/v f(s,8) 8 (8- X (s ,t))ds}dxdy
= - [ (D EEO Y+ a0 LX) s @y

Theorem 4.1 For the Stokes equations (4.1)-(4.3) or ({.3) and (4.9)-(4.11), the
following jump relations hold?

[pl(s) = fils,t), (4.15)
[pal(s) = —aa;fz(s,t), (4.16)
[un(s) = fals,t)sind, (4.17)
[onl(s) = —Ffas,t)cos, (4.18)

where 0 is the angle between the z-azis and the normal direction pointing outward

from the immersed boundary at (X(s),Y(s)) and f,, f> are the normal and tangential
force strengths defined as

fils,t) = fu(s,t)cos+ fo(s,t)sin, (4.19)
fa(s,t) = —fu(s,t)sind + fy(s,t)cosb. (4.20)

? We have omitted the time dependence in our notation for some quantities such as [pl(s), 6 etc. in
order to simplify the notation. This does not affect our analysis.
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Proof: Referring to Fig. 4.1, we take a belt domain Q, which encloses the interface
. Let I’} and I', be the outer and inner boundary of Q. respectively. Here ¢ is some
measure of the distance from I' to I't and I'~.

From the Poisson equation (4.9) for pressure we have

//‘_;cquSd:vdy = //Q£¢>V-I3d:cdy
= - (fl s + fo %) ds. (4.21)
Y

Referring to Fig. 4.1, let us handle the left hand side of (4.21) first by using Green’s
theorem repeatedly

‘//Q‘qubdmdy = /r:(Vp*'-ﬁ)¢ds+/rc_(\7p"(—ﬁ))q&ds-—//mVp-Vqua:dy
Jyptods— [ vrods= [ (Vo-m) ptds
— [_(Vé- (1)) p~ ds+//mpA¢dwdy,

re

where the superscripts + and — indicate the values taken from outside and inside of
the interface I' respectively. Notice that ¢ is twice continuously differentiable and p

is bounded and discontinuous only along the interface. So as e approaches ZEro, we
have

//ncpAde:z:dy — 0 as € = 0

//m Apddady — /F[Pn]d)ds—/r[p]qﬁnds as € — 0. (4.22)

To deal with the right hand side of (4.21), we express 0¢/dz and 04/dy in terms of
its normal and tangential derivatives along the interface

¢ = V¢-ﬁ=%c050+a—¢sin0

o 5, S0 (4.23)
_ ~_ 04 . ¢
¢, = Vo.-T= 5 sinf + 3y cosf. (4.24)
After solving the linear equations above for 8¢/9z and 9¢/dy we get
0¢ :
7 = ¢ncos — ¢, sin b, (4.25)
9¢

o ¢nsind + ¢, cos 6. (4.26)
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Plugging these two equations in (4.21) and collecting terms we have

/(f18¢+f2 ¢) = /F((flcosﬂ+fgsin0)g¢ + (facos 0 — flsan)%é)d
/l" (J;l¢n + f2¢a) ds. |

Integrating by parts in the second term and noting that T is closed, we may rewrite
the equation above as

[(n2n%)a = [ (hon-2) e

Comparing this with (4.22) and using the fact that ¢ is arbitrary, we must have

[P] = fl:
_ 0f
Pl = 2.

To get the jump for u,, we multiply by ¢(z,y) on both sides of (4.10) and integrate

//m Augdedy - [ /Qc poddudy = [ fi(s)pds. (4.27)

The first term of the left hand side of (4.27) is

/QcAu¢da:dy = ]r+u:¢ds-/r_ur_z¢ds_/QC(AU'AQS)CI(L‘dy

[ 4

— /r[un]qbds, as € — 0. (4.28)

The second term of the left hand side of (4.27) is

/er:gbdmdy = /necﬁv-[g]dxdy

= /F+¢ (lp*, o - &) ds—A:¢(@~, 07 -7) ds

-/ aqs] [:g] do dy

— /Fqb[p] cos 0 ds, as € — 0, (4.29)
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where 7t = [ cos , sin6 |7. Since ¢ is arbitrary, from (4.19)~(4.29), we must have

[l = [p] cosb— fi
= cosf (ficosf+ fpsinb) — f;
= sinf (—f1 sinf + f; cos6)
= sz sin 8.

Similarly, for v we can get

[va] = [p]sin6— f2
= cosf (f1 sinf — f, cos )

= ——fg cos .

This completes the proof of Theorem 4.1. (]

Note we can also decompose the jump of the normal derivatives of p, u, and v into
jumps in the z- and y- directions,

[pz] = [pa}cosd — [p,]sind, (4.30)

[py] = [pa]sin + [p,) cos¥. (4.31)
We know the jump [p,] already and

[ps] = %p? - ?% = (—%[p], (4.32)

i.e., [ps] is the derivative of jump of pressure p along the interface. So we find

[p:r] af? a.fl

= Es—coso — 3, sin 9, (4.33)
_ 0fa afi
] = Bs sinf + s &S 9. (4.34)
By the same token
0
[vd = F:ll=0, (4.35)

0 1=
[v,,] = a[’b]:ﬂ (436)
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So we can also compute [ug], [u,], [vz), [vy] according to the following:

[uz] = [un]cosf — [u,]sind = f,sinfcos, (4.37)
[uy] = [ug]sind + [u,]cosd = fsin? 9, (4.38)
[vz] = [vn]cosf —[v,]sin® = —f,cosfsin, (4.39)
[v)] = [vn]sind + [v] cosd = —f, cos? 6. (4.40)

In summary, we can compute the force strength from the interface configuration,

and all the jumps in terms of the force strength and the properties of the interface.

4.3 Computational frame and jump calculations

For the periodic box [a, ] x [c, d] on which the Stokes flow is defined, we take a fixed
uniform grid with

m;=a+ih, yjza,-i-jh, i,j:O’l,...’N,

where we assume that 2 = (b — a)/N = (d — ¢)/N. We use a periodic spline
X(s,t) = (X(s,1),Y(s,1)) passing through the Lagrangian points (X7, Y;?) to ex-
press the moving interface, where s is the arc-length of the interface and (Xp, Y1) is
the position of the k—th point on the boundary at time t = nAt, k= 1,2,---, N, — 1.
Since the interface is a closed curve, the arithmetic on k is modulo Nj.

Any other quantity w(s) defined on the interface such as the force strength or the
jump in some quantity can also be expressed in terms of a periodic spline with the
same parameter s. Since cubic splines are twice differentiable we can gain access to
the value of w(s) and its first or second derivatives at any point on the interface in a

continuous manner.

To implement the immersed interface method, we calculate the jumps of ), [pals
[un), and [vy,] in the following steps:

¢ Determine the tangential and normal directions.

. 0X

X
Tangent vector 7 = — 9

Js / Os
)¢ (ax ay)

7

s 85’ 0s
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Normal vector # = (cosf,sinf), where
oy |aX : 0X |8X
cosf = 'a~s' E H sinf = —-3? E s (441)

where 6 is the angle between the z-axis and the normal direction pointing outward
from the immersed interface. '

e Calculate the tension T'(s) and the force strength f(s, ).

T = 2Kl %—f‘/w’(s)l—l,
flot) = o (T(9)76)
_ %(T(S)F(S))/%/)'(S)-

We do not differentiate w(s) = T'(s)7(s) directly, but use its value at s; to form
a new spline to get the first derivative. To get y’(s) we do not need to know the
continuous mapping ¥(s) but only the corresponding relation between s;. and (so) "
k=1,2,---,Ny—1. Then we can use a spline again to get the continuous expression
and its derivatives.

We have substituted this spline approach for the finite difference method used to
calculate the tension and force in Peskin and Tu’s Stokes solver. While the conver-
gence rate remains the same, this gives a smaller error constant in the results.

Usually we take equally spaced A(so), for the unstretched boundary. Different
distributions of As will lead to different problems. Once we know the corresponding

relation between sp and si, we can approximate '(s) using either discrete formulas
or a spline interpolation.

o Compute the tangential and normal force strength using equations (4.19) and
(4.20).

o Compute the jumps at a point s on the interface using (4.15)-(4.18), (4.30)-
(4.31), and (4.37)-(4.40).
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4.4 The direct Stokes solver

Since the Stokes flow is defined on the periodic box, it is natural to use the fast
Fourier transform (FFT) to solve for the pressure and velocity simultaneously using

(4.1)~(4.2) as discussed in [51]. In this section we will describe how to combine the
immersed interface method with the FFT.

4.4.1 Discrete Stokes equations
For ¢,7 = 0,1,--+,n — 1, the discrete form of the Stokes equations are

Ui-1,j + Uiy, + Uij—1 + Uij41 — 45 Pigr; — Pi-1j 1

h? 2h - i
Vi1, + Vit + V-1 + Ve — 405 Piga — Pij-1 _ r2 (4.42)
h? 2h W
ui+1|j - ui_l!j vi|j+l - vilj—l — ..
ST = %

If (4, 7) is a regular grid point, then

1-1]- = 37 =q;; = 0. (443)

At irregular grid points we need to find these quantities using the immersed interface

method so that the local truncation errors of the three equations above is O(h).
Suppose (4,7) is an irregular grid point, we take a point (z*,y™) on the interface

near (z;,y;). From the previous section we are able to compute the jumps [p], [pn],

[un] and [v,]. We use the same coordinate transformation at (z*,y*) as in Chapter 2:

3
n

(z—z")cosb + (y — y*)sind, (4.44)
—(z —2")sinf + (y — y™) cos 0, (4.45)

where the 6 has the same meaning as before, see (2.38)-(2.39).

Using Taylor expansion about (z*,y*) from both sides of the interface and collect-
ing terms accordingly, we can write

7. o U2icnY5) + (@i, y5) + u(@i gie) + (s yi-1) — dulz, ;)
g - h2 -
P(is1,95) = p(Tiz1, ;)
2h
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= aau{+a4u§+a5u;+a6uj+a7uge+a8u?€

+ aguy, + a0y, + a1 uz, + arpuf, +byp”

+bept + b3 p; + bapf + bsp; + b p} + O(h), (4.46)

R o WZie1,95) = U@ie1,Y5) + (20 Yia1) = (@i Y51)
17

= c;,u{+C4u2'+csu;+ceu:+dgv£—+d4vg'+d5v,','+d6v,'7'", (4.47)

where a;, b;, ¢; and d; have expressions similar to (2.55) with different ~,’s, which are

the coefficients of central difference scheme for vy, pr, u, and v, respectively. Define

¢4 = Z Y&

keK -

$s= Y. &w%
keK~

$s= D, mn
keK -

]‘ 2
¢7=§ > G
kK-

1 2
$o = 3 > min
ek~
b= D Emeve
keK-

where K* and K~ is defined by

2= D %

kEK+
b= Y. Ek
keK+
d6= . MYk
keK+
1
¢ =3 Y G (4.48)
KEKH
1 2
b10 = 5 Z Urgld
keK+
d2= > Eeme,
keK+

K* = {k: (E,m) is on the * side of ['}.

Then

a; = ¢;, 1 =3,4,---,12, with N=EVB=P=T=-—, V2=

b =c¢; = ¢, t = 3,4,5,6, with T

1 4
hza '—Eﬁa
1

——73=ﬁ, YTe=7Y1="7 =0,

. . 1
d; =¢ia 7'=3a4’5’6s with Vs = —Y4 = 'z_ha N =72=7=0.

Notice that we have used the fact that u and v are continuous. With almost the same
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derivation as in Chapter 2 we can get

W=,
uf = ug + [un), [un] is known,
ad
Y=l 4 — 4
Ugn = Ugy T an[un]’ (4.49)

ude = uge + [ue X" + [pa], [pz] is known.

Similar relations exist for v. It has been proved that

a3+a4=0

as+ap=1
a5+a6=0

a1 + a2 = 1.
ar+ag=1

From the coordinate transformation (4.44) and (4.45) we also have

(%iy1 —z*)cos O+ (y; —y*)sinf  (zi—g — z%)cos O + (y; — y*)sin 0
bs+b = -

2h 2h
= cosf,
b4 b = —(Tiz1 —27)sinf 4+ (y; —y")cos  —(zi-y — z*)sin 0 + (y; — y*) cos @
e T 2h 2h
= —sind.
Hence
(bs + by) p; + (bs + bs) p; = cosOp; — sinfp; = p;. (4.50)

We can get similar relations for u; and v,. Now we can rewrite (4.46) and (4.47) as

T = ug+uy, —pr + (as+ (as — azo)x”) [un)

(4.51)
+ ag[pz] — ba[p] — balpe] — be [po] + O(h)

and

Rij = g+ vy + eslug] + colun] + dafve] + ds[vs] + O(h). (4.52)
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Therefore we should choose
1

i = (a4 + (as — alo)X”) [Un] + as[P:c] - b2[P] - b4[P€] - bﬁ [pﬂ]’

(4.53)
Gi; = ca[ug] + cofug] + dafve] + dsfoy).

We can determine ,2J in the same way.

Remark: Tu and Peskin [51] used the discrete delta function approach to find
the right hand sides ,-lj and ffj In their approach ¢;; = 0. So their method smooths
the solution and adds an artificial source term —g;; to the continuity equation. This
could explain the leaking phenomena in their approach.

4.4.2  Fast Fourier transform

We consider a grid function ¢ and define the discrete Fourier transformation of ¢ as
n 1 N1 Nk oo ]
¢k1,k2 = N Z 6_1(2”/ Witk +izka) ¢j1.j23 0< kh k2 < N —-1. (4'54)
11,j1=0
The inverse of Fourier transformation can be obtained with almost the formula above

except the plus sign in the exponential. According to this definition, the discrete
Fourier transforms of the Stokes equations (4.42) are as follows:

i . 27T'kl . 4 . 7l'k1 . 9 TR N 2
~ 3 slnT DPkyky — %) (sm2 T 4 sin® —-—) Uy hy = f’:hk2’ (4.55)

1 . 27Tk2 n 4 . 7['[\71 . ’R'kg R A
T STy Phike T 73 (Sln2 N sin” N ) Uk = Feher  (4:56)

i . 27!']\71,\ 2 . 27!'182‘ .
% sm—N— Ty by + 7 sin N Dkyky = Gy iy (4.57)

The solution of this algebraic equation is

hi (sin(2mky /N) fL, ., +sin(2rks/N) f2 2

Phiha sin®(27k; /N) + sin?(27k;/N)

4 (sin®(hi/N) + sin®(wka/N)) G, g, 158
sin2(27rk1/N)+sin2(27rk2/N) ’ (1. )

. —hi sin(2nk;/N) pr, k, — fE o
b = .2( 1/ )P.kl,;z fkl.kg, (4.59)

4 (sm (rki/N) +sin (ﬂ”kz/N))

—hi sin(27ka/N) pr, b, — f2
13k1,k2 — zsm( T 2/ )Pk;,k; ka.kz (4'60)

4 (sin®(mky/N) + sin®(wky/N))
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Notice that certain values of k; and k; will cause difficulty in (4.58)-(4.60). When
(k1, k2) = (0,0), (0, N/2), (N/2,0), and (N/2, N/2), we should have

foo= foo=doo=0, (4.61)
doN/2 = Gny20 = GnjeNj2 =0 (4.62)

so that the linear system of equations is consistent. Due to the discretization error
for the Stokes equation, which is O(h?) away from the interface and O(k) near the
interface, the quantities in (4.61) and (4.62) will have magnitude O(h) by the Parsevel
theorem. If we set those quantities in (4.61) and (4.62) to be zero, this is equivalent
to perturbing the right hand side of equation (4.55)~(4.57) by magnitude of O(h?).
We anticipate the solution of the perturbed system will agree with the solution of
(4.55)-(4.57) to O(h?).

4.4.8 Analysis of the approach

We have implemented the method described above. The area is well preserved and
it seems to be better than first order but not quite second order accurate, yielding
better results than Tu and Peskin’s method but not as good as the three Poisson
approach discussed in the next section.

It is certainly not desirable to solve the linear system of equations (4.42) directly
for p, u, and v simultaneously. The coefficient matrix is singular and very large
(3N? x 3N?), and it is not clear what the best iterative method would be. But if we
use the FFT technique we can not determine py, 4, for certain k; and ks, so we are
unable to recover the pressure.

Another big issue is that of accuracy. When we discretized the Stokes equation,
we made the local truncation error to be O(h) near the interface and O(h?) away
from the interface. This is also true for the perturbed system. However, we do not
know how well the solution of the linear system (4.55)-(4.57) approximates the exact
solution of the Stokes equations.

Even for smooth solutions, it is known that the pressure obtained from the discrete
Stokes equation is only O(h) accurate. The error in the pressure will certainly affect
the accuracy of u and v. We construct an example for a steady state Stokes systen.)

with a discontinuous source term below to see how well our method works and haw
the error behaves.
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Example 4.1 Consider the following functions defined on [—1,1] x [-1, 1]:

34,3 if 22/a? 4+ 2/B? < 1
v = {"’“’ if 2*/a®+ 7/ < (4.63)
0 otherwise,
3 if 22/a? + 2/b? <
I + siny if z /a +y2/* <1 (4.64)
0 otherwise,
p = 322 + 6yz + cos y if :1:"’/a.2 +y¥/ <1 (4.65)
0 otherwise.
They satisfy the “ Stokes equation ”
Au—p, = 0,
Av=p =0, (4.66)
32? + cosy if 2%/a® +y?/b? < 1
Ur +vy, = .
0 otherwise.

This example is more complicated than our model problem because u and v are
also discontinuous. In addition there is a discontinucus source term in the continuity
equation. Using the immersed interface method we can still get fh f%, and gi;. In
the derivation, we need to add more terms related to the jumps [u], [v], and the
Jump in the source term. We omit the details and just present the results below.
Table 4.1 shows the local truncation error for (4.42), where || TF ||, k¥ = 1,2,3 are
the truncation errors of the three equations in (4.42), and 7 is defined as the ratio
IIT:II/“Tzkn"’ for k=1,2,3.

Table 4.2 gives the error of p, u, and v in spectral space. For the transformed B,
we exclude those points where py, t, is undefined.

Table 4.3 shows the error between the computed velocity and the exact solution.

We observe second order accuracy. Since we cannot get p from the FFT method, we
did not compare the error in the pressure.

4.5 Three-Poisson problem approach

In this section, we describe how to solve the Stokes equation using the three Poisson

equations (4.9)-(4.11). The approach seems to be faster than the direct method and
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Table 4.1: The truncation errors in the direct method for Stokes flow.

nil 1Tl ry | T2l r2 | T3 llo T3
20 0.167 0.138 7.84 x 1072
40 0.100 1.6657 0.130 1.0606 || 4.99 x 1072 | 1.4259
80 || 5.71 x 1072 | 1.7513 || 6.88 x 102 | 1.8884 || 5.92 x 102 | 1.6853
160 || 2.87 x 1072 | 1.9855 || 3.88 x 102 | 1.7709 || 1.59 x 10~2 | 2.0400
320 |f 1.47 x 1072 | 1.9531 || 1.97 x 1072 | 1.9730 |} 7.91 x 10~3 | 2.0198

Table 4.2: The error of the direct method for Stokes flow in the spectral space.

N lBn=Pellw| ™ fldn—tell| m |l0n=belle| 7
20 || 6.94 x 102 7.31 x 10~ 5.31 x 10~
40 || 4.99 x 1072 | 1.3904 || 1.99 x 10~ | 3.6698 || 1.59 x 10~ | 3.3242
80 | 2.54 x 1072 | 1.9656 || 5.02 x 10~° | 3.9678 | 4.18 x 10~5 | 3.8242
160 || 1.61 x 10=2 | 1.5731 || 1.22 x 10~° | 4.0971 || 1.07 x 10~° | 3.9079
320 || 1.02 x 10~% | 1.5736 || 3.04 x 10~® | 4.0258 || 2.72 % 10~¢ | 3.9278

also more accurate. Moreover we can also obtain the pressure once we specify its

value at one particular point.

With the known jumps [p] and [p,], we can use the immersed interface method to

get the discrete equation for the pressure

i-1,; + Pit1,; + Pij- ii+1 — 4Pij
Pi-1,; +p+1,J+ph’; 1+p"7+1 Pij =C;_7 (467)

Now we can still use the classic five-point stencil of the central difference formula

and only need to add correction terms at irregular grid points. The condition for the
linear system to have solutions is the constraint

N-1
Se= Y Cij=0. (4.68)

1,j=0
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Table 4.3: The error in velocity of the direct method for Stokes flow.

n | lu—tello] ™ Jllo—vellw| ™
20 [ 7.35 x 102 5.12 x 1073
40 || 2.24 x 10~ | 3.2736 || 1.97 x 10~® | 2.5946
80 || 5.92 x 10~ | 3.7938 || 5.20 x 10~* | 3.7951
160 || 1.58 x 10™* | 3.7395 || 1.33 x 10~* | 3.8868
320 || 4.15 x 10~5 | 3.8120 | 3.41 x 10~ | 3.9220

But for the immersed interface method, C;; usually does not satisfy (4.68) because
the local truncation error is order k at irregular grid points. So S. will be order O(1).

If we perturb C;; by a constant so that the constraint does hold, i.e., if we define

@:@-% (4.69)
and replace C;; by C’;j, then the solutions to the perturbed (4.67) exist and is the
least squares solution to the unperturbed equation (4.67) (see [49]). Notice that
Se/N? = %S, is of order h®. This means the order of the local truncation errors,
which are O(h?) away from the interface and O(k) near the interface, have not been
changed. We expect the solution to the perturbed equation (4.67) will approximate
the true solution of the Poisson equation to second order accuracy.

We use the Fourier method described in [49] to solve the perturbed equation (4.67)
and set poo = 0 to get a particular solution.

Once the pressure is computed, we can solve for the components of the velocity u
and v through (4.10) and (4.11). But we have to determine the values of pz and p,
first at all grid points using the known p;; before we can use the Fourier method again
to solve the two Poisson equations. This is not an easy job because p is discontinuous.
Below we show how to interpolate p;; to get (p,); ; at all grid points. Since p, appears
on the right hand side of the Poisson equation for u, we only need to approximate it

to first order at irregular grid points.

* If (2, 7) is a regular grid point, then we simply use the central difference

(pa)i; = B’_“JZ_TP'-U (4.70)
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If (¢,7) is an irregular grid point, we distinguish the following different cases.

Case (i): The grid points (4,7) and (¢ — 1, 5) are located on the same side of the
interface. Then

(pa:)ij = By —hpi_l'j‘ ' (4'71)

Case (ii): The grid points (¢,7) and (z + 1, ) are located on the same side of the
interface. Then

(pe);; = p—“—’h"—p’ (4.72)
Case (jii): The grid points (i +1,7) and (i — 1,3) are located on the same side of
the interface, but (%, §) is on the other side. In this case we interpolate Di-1.js Pij and
Pi+1,; to get (p:);; to first order by using the known jump conditions [p], [p.], and [p,)
from (4.15), (4.30), and (4.31).
Let (X3,Yy) be the control point closest to (zi,y;), and z;, (I =i 41, or ¢ — 1)
be the one of z; and ;4 which is closer to X;. Then we can use the following
interpolation formula:

(vE),; = pii — pii F [Pl F [p:] (m = X7) F [py) (w; = Y7)

- , 4.73)
(-Ti _ xl) ( ]

where the sign in the expression depends on which side of the interface the point (2, j)
is on, and [p], [p;] and [p,] are calculated at (X},Yy). It is easy to prove that the
approximation of (4.73) is first order accurate. We give a proof for the case when

(2,7) is on the — side, or inside of the interface. This means that (i—1,7)and (i+1,5)
are on + side. We expand

7 < PEi¥5) = p(any;) + p] + [ps] (20— X7 ) + [p] (35 — ¥2)
(zi — @)

(4.74)

about (X}, Y)") from each side of the interface to get

(zi—2)T = p (XL YY) + o (X5, Y0 (2 — X3) + py (X5, Y3) (w5 — Y7)
= PN (X5 YE) — pE (X YY) (i~ X5) — pF (X YY) (w5 = Y7)
+ [Pl + [ps] (21— XE) + [py] (w; = Y3 ) + O(h?) (4.75)
= pz (X5, YY) (zi — ) + O(R?)
= pz(zi,y;) (zi — x1) + O(h?).
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Therefore

T = p; (zi,y;) + O(h). (4.76)

Now we have enough information to use the immersed interface method described
in Chapter 2 to get the discrete form for u. To solve the linear system uniquely for
u;j, we set ugp = 0 and use the Fourier method to the perturbed system.

We obtain the component of the velocity in the y direction in almost the same
way by replacing the z-related quantities by the y-related ones.

4.6 Moving the interface
With the information of u;; and v;;, we now need to use the ODE

X = A(X(s), Y(5),0), (4.77)

to move the interface to its position at the next time step. Possible discrete forins
are

Xmt = XrgpAtlr (explicit),

X = Ry (0" +0™)  (implicit).

Here U™ is the approximation to #@(X(s),Y(s),1"), the velocity of the interface which
is the same as the velocity of the fluid in contact with it.

Whether we use the explicit or implicit method, we need to interpolate the grid
functions u;; and v;; to get the velocity of the interface. In this section we will omit
the time index n in uf; and v} for simplicity. More precisely, we need to find Uy and
Vi to second order accuracy at all control points (X%, Y:). Note that the velocity is
not smooth across the interface and we need to use the jumps [u,], [u,], [v2] and [vy)
in the interpolation process.

Taking a typical point (X,Y) on the interface, we show how to interpolate u;; to
get the z-component U of the velocity at (X,Y).

First we choose the first three grid points (z;, Yi1), (Ti2,Yj2), and (i3, y;3) closest

to (X,Y).
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Then we form a linear combination of the grid values at these points plus a cor-
rection term to approximate U

U=munj+7uzp+7 u;3,j3 — Correction. (4.78)

We use Taylor expansion about (X,Y) to get the equations for the coefficients 4’s so
that we have a second order approximation:

U = mu(za,yj) +v2u(zi, y52) + 13u(zis, y;s) — Correction
= au” + aout + azu +aguf + asuy + agu} — Correction + O(h?)
= (a1 +a2)u” + (a3 + ag)u; + (a5 + ae)u; + az(u]
+ a4{us] + aslu,] — Correction + O(h?),

where a; has a similar meaning as in (2.55), and all the quantities are calculated at

(X,Y). So we set

ay+a;, = 1,
azt+ay = 0,
as+as = 0.
These are equivalent to
Nntrt+y = 1,
N —X)+%(e—X)+13(@s—X) = 0,
N —Y)+%2@r-Y)+%uEs—-Y) = 0.

The solutions to this linear system are

(i —~Y) (zis — za1) — (zaa — X) (yj5 — yj1)

[ Y ¥ R gy " | m——"

e = Wir=yi)(@a = X) = (20— 2a) (yi1 = ¥) (4.79)
(zi2 — mi1) (Yja ~ yi1) — (2iz — zi2) (Y52 — y1)

1= —(r2+7).

Once we get the coefficients v;, 72, and 73, we are able to compute the correction

term which is the sum of a, [u], a4 [us), and ag [u,]. We can use the same coefficients
to find the y-component V of the velocity at (X, Y).
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4.7 The Implicit method

One could consider using explicit (e.g. forward Euler), approximate implicit (see

[43] [51]), or implicit (e.g. backward Euler or Trapezoidal) methods to update the
interface X.

In the explicit approach, the boundary force and the veiocity are computed from
the configuration at the beginning of the time step. Usually the differential equation

(4.77) is stiff (see Fig. 4.7, Fig. 4.10). So there is a strict restriction on the time step
for the explicit method.

In the approximate implicit approach described in [51], the force density is com-
puted from an estimate of the interface configuration at the end of the time step
Xrtte = ey A0
) L (4.80)
= Xr+AtAf(Xm),

where ) is an approximation to the magnitude of the velocity induced at a point by a
unit force applied at that point ignoring the effect of force at other boundary points.
The boundary force f (X‘ "“'*) could be a function-of ¢ as well, but for simplicity,
we write it as f()z”“""). The derivation of (4.80) can be found in [41]. Instead of

solving (4.80) for X directly, we can form a nonlinear equation for f (/\—; "‘“'*)
using the energy function defined as

F(X)=-vEX)=-VE [ X+ Ataf (X'"“'*)] .
Treating f ()-{‘ ) as a new independent variable, we then get the nonlinear system for
7 (%),
F+VE (X"t Atxf) =o.
The Newton iterative method can be written as follows

(7 + At AHg (X° + Atafr)) (v - )=
- (fm+VE (X +arnf)), (4.81)

where Hp is the Hessian matrix of E. Hg is a periodic block-tridiagonal system (with

2x2 block) Once an approximate solution for the force is obtained, we can solve the
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Stokes equation to get the velocity of the interface and update the location explicitly.
So the only difference between the explicit and approximate implicit methods is that
the force is calculated implicitly in the approximate implicit approach.

In this approach, each iteration in solving the nonlinear system requires about
O(N?log N) multiplications if the FFT transformation is used to solve the Stokes
flow. The total cost will depend on the number of iterations.

The approximate implicit method has better stability properties than an explicit
method but not as good as the fully implicit method.

In the fully implicit approach, the boundary force is computed from the unknown
configuration at the end of the time step. Tu and Peskin proposed an approach which
uses the fundamental solution of the Stokes equations. Let G be the discrete Green’s
function of the Stokes equations on a periodic domain, so each entry of G(i,7) is the
solution of the Stokes equation with the force being a two dimensional delta function

at (zi,y;). So G is an N x N array with 2 x 2 matrix entries. The matrix G needs
to be calculated just once. Define

é _h4NZ_l EIG('—"'—" = . vn = . vn
= i=1,j =) 6 (35 - Xp) (8er - Xf),  (482)

1,J=01',j'=0

where ¢, is the two dimensional discrete cos-delta function (1.8). Then the system
for the new location X"+ is

Xl = Xr L ALtASG T (X1), (4.83)

see [51] for the proof. Similar to the approximate implicit method, using the energy
function again we get a nonlinear system for f ()? "“)

GF+GVE(X"+AtAsGf) =o. (4.84)
The Newton iterative formula now is

[G+AtasGHE (X" +atasG i) @) (frt - ) =
~(Gf"+GVE (X" + At As Gfm)).  (4.85)

Once an approximate solution is computed, we get the new location using (4.83).
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Now each iteration in solving the nonlinear system requires about O(N§) ~ O(N?)
operations, much more than the approximate implicit approach if N, ~ N.

Using the discrete delta function approach, we need to take enough control points
N, to prevent the boundary from leaking. In other words, we need enough control
points so that all grid points near the interface feel the effect of the boundary through
the spreading of the discrete delta functions. So while it is stable, the fully implicit
method described above is very expensive.

By contrast in the IIM (immersed interface method) approach the boundary can
be represented by relatively few control points. Cubic splines passing through these
points are used to define the boundary and jump conditions at any point needed.

Neither of the approximate implicit or the fully implicit methods discussed above
solve the Stokes equations for p, u and v in the process of finding the solution of the
nonlinear equations for the boundary force at the end of time step. However, to form
the nonlinear equations can be expensive. In the approximate implicit approach,
we need to have the estimate of A(X), VE ()2” + At Af’") and Hg (}2" + At ,\f’").
The last two terms change with the iteration for f™. For the fully implicit approach,
we need G, Hg ():” + At As éf’”), and VE ();;" + At As Gfm) G needs to be
updated at every time step and the other two terms need to be changed in every
iteration for the force f’". Also these two methods are based on the forward and
backward Euler’s formula, hence they are only first order accurate. They are not
suitable for the immersed interface method because it will damage the second order

accuracy. We naturally want to use the second order accurate Crank-Nicolson implicit
method.

4.7.1 A second order-implicit method usiﬁg rank-2 updating

With the IIM, we use the trapezoidal formula to update the interface,
sn+l _ yvn = n n+1
Xt = Xn 4 — O+ 4 (X)], (4.86)
where U (X‘ ) is defined to be the velocity of the interface of the location X. We try

to solve this nonlinear equation directly using the quasi-Newton method. Define

f(X’):X’—X"-%[U"H?(X)]. (4.87)
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If we solve the nonlinear system f()? ) = 0 of dimension 2/V,, we can update the
interface at the end of a time step.

Certainly, it would be costly to compute the Jacobian matrix J(t) at every tine
step and every iteration for the nonlinear system. For example, to compute a column
of the Jacobian matrix involves solving three Poisson problems. However the Jacobian
matrix J(t) is close to the identity matrix, J(t) = I + O(At), and is also continuous
in time, so J(t) =~ J(t — At).- This suggests that we use a quasi-Newton method in
which we maintain an approximation B to J~! and update this approximation in
each time step. The quasi-Newton method is super-linearly convergent even for a
poorly approximated Jacobian. So we can use various low-rank-updating techniques
which usually only require the computation of inner products without affecting the
convergence speed. To go from X* to get X+ the following BFGS (Broyden-
Fletcher-Goldfarb-Shanno) method [29], [47] for solving the nonlinear system seems
to be very efficient.

For m=0,1,2,.-.,m",

(m”, the step when the iterative method converges )

7714-1 _ vn n _ pn-1
X+t = fn. Br=

Xniy =X — By f (Rnh), (4.88)
T T pn n T
n _ npn EmSmSy, — SmymBm — Bmymsm
By, =B+ T : (4.89)
where
sno= =B f(XnH),
ym = f(X5) -1 (X)), (4.90)
TBn
= 14 Imomlm
SmYm

and we have omitted the time index n for s, g, and yn,. At the initial time step
t = 0, we take B = I. This is reasonable since J = I + O(At).

In our implicit approach, each iteration for solving the nonlinear equation calls the
Stokes solver, which requires 3 Poisson solvers and hence O(N?log(N)) operations if

we use the FFT method. In addition we need a couple of inner products in order to
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compute B? f ()2"“) The total computational cost per iteration is O(N2log(N ))
Usually we only need about 2 or 3 iterations per time step.

4.8 Some typical numerical examples for Stokes flow

Now we present some typical numerical examples to see how well our method works
and compare our method with Tu and Peskin’s approach.

Example 4.2 This example is taken from Tu and Peskin [51]. The initial interface
(the solid line in Fig. 4.2) is an ellipse with major and minor axes @ = 0.75,b = 0.5,
respectively. The unstretched interface (the dash-dot line in Fig. 4.2) is a circle with
radius r = 0.5. Due to the restoring force, the ellipse will converge to an equilibriumn
circle (the dashed line in Fig. 4.2) with radius r = v/ab; this is larger than the
unstretched interface because of the incompressibility of the enclosed fluid. So the
interface is still stretched at the equilibrium state, and the non-zero boundary force
is balanced by a nonzero jump in the pressure (Fig. 4.3).

o.8r

0.6

0.4r

0.2r

“1 0.5 0 0.5 1

Figure 4.2: The interface at different states: Initial interface (solid line), the ellipse
with a = 0.75, b = 0.5. Equilibrium position (dashed line), the circle with r = Vab =
0.6123- - -. The resting circle (dash-dot line), the circle with r = 0.5.
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We can not compare the accuracy in the pressure since this is not available in Tu
& Peskin’s method. For the velocity u (Fig. 4.4), and v, if we compare a slice of the
z-component of the velocity as shown in Fig. 4.5), we can see that their approach
smooths the velocity profile in the neighborhood of the interface, as is expected with

the discrete delta function spreading of forces.

Figure 4.3: The computed pressure distribution of the Stokes flow at ¢ = 0. The

pressure is discontinuous.

0.08+

‘/
0.04+ X
{ " (’ " 9! o
0.024 AN ' {0
""’ % “: " /] .‘ "":I”
il i

Figure 4.4: The z-component of velocity u in the Stokes flow at ¢ = 0. It is continuous
but not smooth across the interface.

Now let us compare the accuracy of p, u and v at ¢ = 0 as we did in Example4.1.
In this example, however, we do not know the exact solution. The conventional

approach for estimating the convergence rate is the following:
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The x-component of the veloaty u(x,0 4}

Prossura protie pix,0)

o““J
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-1 -08 .08 204 02 ] 02 04 os o8 1 -1 08 08 D4 .02 ] 02 04 o0& 08 t
x x

Figure 4.5: (a) A slice of u, the z-component of velocity in the Stokes flow at ¢ = 0
and y = —0.4. It is continuous but u, should be discontinuous across the interface.
Solid line: IIM results, dot-dashed line: Results with method of Tu & Peskin. (b) A
slice of pressure at ¢ = 0 and y = 0, little ‘0”s are the computed results with the [IM

at the grid points. Note the large jump in pressure across the interface.

Suppose a method is order g accurate is some norm. Let (k) be the approximation

to the exact solution uezqc in a problem, obtained by using the method with some

grid size h. Then we can write
(k) = Uezact + C h? + o(h9), (4.91)

where C is a constant. Let h* be the finest grid used for the method; then on a
coarser grid with the step size h, we have

a(h) —a(h) 27 (1 = (A"/R)")
a(h/2) —a(h") © 1 —(2h*[R)T (4.92)

From this ratio, we can estimate the order of accuracy.

For example, if we double the number of grid points successively, i.e.,

then the ratio in (4.92) is

h) —di(hr)  20(1—27M
D-aw) ~ 1(—2q(1~k>)' (4.93)
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In particular, for a first order method (¢ = 1), this becomes

ah)—a(hr) _2(1-27%) o
a(&) —a(hr)  1-21-k T 2k-1_ 1
For k =2,3,- .-, these ratios are
7 15 31
- ~2333, — ~2142 — ~ 2.067, ---
o= g T

Similarly for a second order method (g = 2), (4.93) becomes

J—a(r) _4(1-4) 4o
y—d(h*)  1—41-k T gk1_1"

=

(
(

For £k =2,3,-- ., the ratios are

=4

ESTE I~

= 4. — ~4.04 —— ~ 4,011 e,
=42, ~ 40476, = = 4.0118,

5
’ 63

Below we will denote the number of grid points in each direction in the uniform
grid by N and the number of the control points on the interface as Nj.

Now we use the technique described above to estimate the accuracy of our im-
mersed interface method and Tu and Peskin’s approach for various quantities. Ta-
ble 4.4 and Table 4.5 show the computed results using different grid sizes N with
Ny = N for the two different methods. In Tu & Peskin’s approach, direct discretiza-
tion and FFT (§4.4) are used, so the pressure is not available and is not listed in
Table 4.5. As we expect, the immersed interface method via three Poisson equations
exhibits second order convergence while Tu & Peskin’s approach behaved as a first
order method. In the Table 4.4 and Table 4.5, py, uy and vy are the grid functions
approximating the pressure and the velocities in z- and y- directions, respectively, on

an N x N grid. The ratios are defined as

_ 1 pen — pazo |l = l| won — uazo || _ lven — 320l
| v = P32o Il | un — usz0 || | v~ — vaz0 [l

Determining the convergence rate for the moving interface is very difficult, es-
pecially in the infinity norm since the error in the location of the interface is not a

monotonically decreasing function of the grid size h. It also depends on the relative
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Table 4.4: The errors of computed p, u, and v at ¢ = 0 using the IIM method via

three Poisson equations. Second order accuracy can be observed.

N {llopv—psolle | m luv—usollo| ™2 |[lon—vsolle| 73
40 | 1.9730 x 102 2.6739 x 103 5.0411 x 10~3
80 1.5416 x 1073 [ 12.7986 | 6.3611 x 10~% | 4.2035 | 5.5415 x 10~* | 9.0969

160 | 2.6087 x 10~* | 5.9094 | 1.1161 x 10~* | 5.6996 | 1.0713 x 10~* | 5.1729

Table 4.5: The errors of computed u and v at ¢t = 0 using Tu & Peskin’s method.
First order accuracy can be observed.

N || UN — U320 llw T2 || UN — V320 Iloo T3
40 1.0170 x 102 5.0540 x 10~3
80 4.4694 x 1073 | 2.2755 || 2.0512 x 10~3 | 2.4639
160 || 1.5012 x 1073 | 2.9773 || 7.4032 x 10~* | 2.7707

position between the interface and the grid used. For example, let Tmazs Tmin b€ the
longest and shortest distance of all control points on the interface from the origin.
We use the results computed from the finest grid (N = N, = 320) as the “exact
solution” and compare the error for these two quantities with different grid sizes. We
use the least squares method to get straight line fits to the data and use the slopes
as the average convergence rate. Fig. 4.6 shows log — log plots of the error in our
method and in Tu and Peskin’s approach. For short time, say ¢ = 0.01, the results .
are predictable. The errors go down as N increases. Our method not only has a
faster convergence rate, but also smaller errors; see Fig. 4.6 (a). As time increases
(e.g., at t = 1), our method still converges quadratically. The behavior of Tu and
Peskin’s approach shown in Fig. 4.6 (b) is much more chaotic. The reason for this
behavior is that if a point moves faster toward the equilibrium than it should, later on
the restoring force will become smaller and smaller, so that the movement will slow

down. In other words, there is an automatic adjustment mechanism for this type of
moving interface method.
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Figure 4.6: Comparison of the convergence rate for rme,. The solid line and the stars

(*) are the results of our method, the dash-dot line and ‘o’ are the results of Tu and
Peskin’s method. (a) Att¢=0.01. (b) Att=1.
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Figure 4.7: The longest (7ms;) and shortest (ry:,,) distance of the control points from
the origin as the function of time ¢ on a 160x160 grid with N, = 160. The solid line
is computed using the immersed interface method via three Poisson equations. The
dotted line is the result of Tu and Peskin’s approach. (a) Blow up for short time
0 <t < 10%. Both methods show convergence to a circle, but slow leaking in the Tu

& Peskin’s method is visible. () Over a large time scale, it is seen that their leaking
continues.
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Therefore we have only been able to get a reasonable estimate for the convergence
rate at the initial time and at large times when the interface reaches the equilibrium.
However, as Peskin pointed out in [44], there is a systematic tendency in Tu and
Peskin’s method te lose volume slowly at a rate proportional to the pressure difference
across the interface. This is the case for this test example since there is a jump in
the pressure at the equilibrium state. So the results do not converge to the correct
equilibrium using Tu and Peskin’s method. Fig. 4.7 shows the change of rmq, and
Tmin With the time. Theoretically they both converge to vab = 0.6123-... But
because of the leaking, the result obtained with Tu and Peskin’s method continuously
shrinks beyond the equilibrium. Fig. 4.8 shows the change in the area with time.
The immersed interface method preserves the area quite well while Tu and Peskin’s

approach continues to lose area slowly until it finally converges to the resting circle.

(a) (b)
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1.19p 118
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tart 114
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1.15¢
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1,13} 4 1.06
1.92F J 1.04

11} 4 1.02]

1.4

100 200 300 400 600 600 700 800 900 1000 92 o4 08 0 1 12 14 16 18
time time xt0'

Figure 4.8: The computed area with the same notation as in Fig. 4.7. (a) Short time
behavior, 0 < ¢t < 10%. (b) Long time behavior, 0 < t < 2 x 10%.

Above we only considered the error in r,,.,. We could also look at some norm of
the error along the entire interface, for example the 2-norm. Let us take N* = N
as the finest grid. For the coarser grid with N x N, we take N, = N* /1, where
I = int(N*/N). In this way we are guaranteed that each control point (w,(-N),y,gN)),
i =1,2,---, N, on the interface is also a control point for the finest grid N* x N~
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and Ny. So it is possible to compute the error

ey = L \‘ % () — 200V 4 (30— ¥ - (4.94)
Nb i il 1 ixl .

i=1

Our test results show that the error defined above is indeed a monotone decreasing
function as NV increases. In Fig. 4.9, we plot the global error at ¢ = 1 with the finest
grid being N* = 320, and N and N, being the pairs of (40,40), (50, 40), (60,40),
(70, 40), (80,80), (90, 80),: -, (150,80), (160,160). Note that the number of control
points N, does not decrease smoothly with N.

Fig. 4.9 shows that our method converges with a smaller error and a faster con-
vergence rate® than the method used by Tu and Peskin.

I
=3

o0: Tu & Peskin d

slope = 1.7496
-3.5¢

time = 1
5k *:1IM & Three Poisson

slope = 2.5333

-2j5 -é -1:5 -; -0:5
logt0(h)

Figure 4.9: The global error at ¢ = 1 in the 2-norm. Solid line and the star (%) are

the result computed with the immersed interface method via three Poisson equations.

Dash-dot line and the small ‘0”s are the results computed with Tu and Peskin’s
approach.

Another interesting phenomena we can observe from Fig. 4.9 is that the number of

control points IV, on the interface plays an important role in Tu and Peskin’s method.

3 Since we use the results obtained from the finest grid as the “exact solution”, the slopes or ratios
are greater than their actual values.
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If we refine the space grid but keep the number of control points on the interface N,
fixed, say N = 40, 50, ---, 70 with N, = 40; and then N = 80, 90, ---, 150 with
N, = 80; and finally N = 160 with N, = 160 in Fig. 4.9, the errors obtained with their
approach with N, fixed will gradually cease to decline even if we refine the mesh grid
because the error in expressing the interface will dominate. Then a refinement of the
interface grid will lead to a relatively large fall in the error as we can see in Fig. 4.9.
There is sharp drop in the error in Tu and Peskin’s approach when N, changes from
40 to 80 and from 80 to 160. So we should refine the grid for the domain and the
interface simultaneously if we use their approach. However in our approach, as we
mentioned in § 1.4.4, we can take fewer control points on the interface with little
effect on the accuracy with our method, as we can see from Fig. 4.9, where we have

the same structure mentioned above but no big jump in the error.

& — )

07 o7

oest \.. 0.65)

L1 3

08r
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[ 05 1 15 ] 26 7 05 1
time g time a1t

Figure 4.10: Comparison of the convergence rate for the case when the equilibrium
state is the same as the resting circle. Solid line, dash-dot line and dotted line are the
results obtained with 160 x 160, 80 x 80 and 40 x 40 grids respectively. (a) Immersed

interface method via three Poisson equations. () Tu and Peskin’s method.

Now let us change the example slightly and let the radius of the resting circle be
exactly the same as that of the equilibrium circle. There should be neither force nor
a jump in the pressure across the interface when the equilibrium is reached. So both
methods can reach the equilibrium state eventually. However before reaching the
equilibrium state, the force will be very small and both methods will stop converging
when the error in the discretization dominates the force. We see in Fig. 4.10 that

the result obtained from Tu and Peskin’s method is much less accurate than that
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obtained from our method.

Example 4.3 This example shows we can handle more complicated regions. The
initial interface in polar coordinates is p = 0.6 +0.3 sin 80. The unstretched interface
is the circle with the radius r = 0.3. Because the interface is complicated, we take
Ny = 160 so that we can express accurately. The problem is very stiff and we need
to take the time step to be reasonably small. We compared our method with Tu &
Peskin’s approach and it revealed a similar behavior as the first example. So we will

not give detailed numerical results but instead present the change in the interface in
Fig. 4.11.

1 1
t=0 1=0.15
05 0.5
0 0
0.5 -0.5
gd 0 1 gt 0 1
1 1
1=0.5 t=10
0.5 0.5
0 0
-05 -0.5
-1 -1
-4 0 1 -1 0 1

Figure 4.11: The interface at different times with a 160 x 160 grid. The dotted circle
is the unstretched interface with r = 0.3.

In this chapter we mainly discussed the case when the force is elastic. With slight
modifications to the force calculation, the approach described in this chapter can

apply to different boundary forces. For example, if the boundary force is due to
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surface tension at the interface between two different fluids, then the force strength
at time ¢ is

~ 0°X
fs:t) = C 55 (s,t), (4.95)
where s is the arc-length. With minor modification to handle the discontinuity in

density, it should be possible to use this same approach to solve multi-flow problems
with free boundaries.




Chapter 5

IMMERSED INTERFACE METHODS FOR 1D HEAT EQUATIONS
WITH MOVING INTERFACES

In this chapter we study the immersed interface method for the one-dimensional
heat equation with singular source terms and non-smooth solutions across some in-
terface, which is also moving with time. As in Chapter 4, the interface is determined
by an ordinary differential equation except now the ODE can be more complicated.

Beyer and LeVeque [6] studied various one-dimensional moving interface problems
for the heat equation assuming a priori knowledge of the interface. At each time step
a tridiagonal linear system of equations is solved to get the approximate solution if
the Crank-Nicolson method is used. However, for the interface problems discussed
here, the interface is unknown and the discrete difference form is a nonlinear system
of equations involving the solution and the interface. We use a predictor-corrector
scheme to find the solution and the interface simultaneously.

The purpose of Beyer and LeVeque’s work in [6] is to analyse and improve Peskin’s
immersed boundary method for one-dimensional interface problems. A discrete delta
function is carefully selected and some correction terms are added if necessary in their
approach to get second order accuracy. However, with the immersed interface method,
we use the jump relations to derive the modified difference scheme at irregular grid

points.

The interest in this topic was motivated by the following:

¢ In Chapter 4, we discussed a simplication of the Navier-Stokes equations with
the terms @, and (¢- V)4 absent. Eventually we want to apply the immersed
interface method to the full Navier-Stokes equations with moving interfaces.
So the work in this chapter is preparation for work in such a direction. One
difficulty with @, term is that it may discontinuous when the interface crosses
grid lines. We need to modify the difference scheme to handle this discontinuity.

e Also the work here is a necessary step in applying the immersed interface method
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to solve Stefan-like problems

i, =V-(8Vi),
X .
_B_t =[ﬂun],

where X is the interface along which discontinuities occur and the latent heat
sources are applied. Such solidification (or melting) problems have broad ap-
plications and have been studied over the years. With the work discussed in
Chapter 2, 3 and this chapter, it is not very difficult to use the immersed inter-
face method for one-dimensional Stefan problems. The two-dimensional problem
is more challenging and will be studied in the future.

5.1 The model problem and the outline of the numerical scheme.

Consider the following model problem:

Uy = Ugg, 0<z<alt) and at) <z <1, (5.1)

where the interface a(t) is determined by the following nonlinear ordinary differential
equation

(fl—c: = w(a, t,u(a,t)), (5.2)

where w is a known function and we have dropped t in the expression of a(t) and

hereafter if no confusion occurs. The boundary and initial conditions are

u(0,2) = h(t), u(1,t)=g(t),
u(z,0) = f(=).

The interface (t) divides the solution domain into two parts: 0 < z < a(t) and
a(t) < z < 1 which we will denote as domain I and II domain, respectively.

To make the problem well-posed, we also need two interface conditions. First we
assume that u is continuous for simplicity!, which means u(a=,t) = u(at,t). The
interface condition takes one of the following forms:

(5.3)

11t is not very difficult to handle the case where u is discontinuous using the techniques described
in the previous chapters.
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o Case 1: The jump in the derivative u, is known

uz(at,t) — us(e™,t) = ¢(t). | (5.4)
In this case, the equation can be written as
Uy = Ugg — ¢(t) 8§(z — a(t)), 0<z<1, (5.5)
and the solutions in domains I and II are coupled together.

e Case 2: the interface value u(a,t) = r(t) is given. In this case, the problem can

be solved separately in domains I and II if an explicit method is used.

e Case 3: The mixed boundary condition

a(t) uz(a™,t) + b(t) u(a, t) = v(t) (5.6)

or

a(t) uz(a®,t) + b(t) u(a,t) = v(t) (5.7)

is given. In this case, the problem can be solved independently in domain I (or

II) with explicit approaches. But the solution in domain II (or I) depends on
the other domain.

We use a uniform grid
z; = th, t=0,1,---,N, z20=0, zy=1.

and try to solve the problem for both domain I and II simultaneously. Let a™ be the
computed approximation to the interface a(t"). Using the Crank-Nicolson scheme,
we write the difference scheme in the following general form

n+1 —an
U; Yj

1 n n n+g
k = 5 [u:c:c,j + uz:,;] + Qj % (58)

As usual, we assume the ratio k/h is a constant, which means we can write O(k) as
O(h) and so on. If o' & [z;_1,z;41] for [=n or n+1, then

U oyl 1l
o m T 2 U

2o ¥ 5 (5.9)
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If there is no grid crossing, which means z; ¢ (a",a™*!), then Q?+% = 0. The
interface is also determined by the trapezoidal method applied to (5.2)

nt+l _ n 1
« k 87 — § [w(an,tn’un)+w(an+l,tn+l,un+1)]

, (5.10)
here u™ and u™*! are approximations to u(,t*) and u(a,t"*!) respectively. For

different interface conditions, we will discuss different approaches to get u?_ ., ut!
jr Yoz, js

1
, u™*1 and Q;-H-’. We are going to determine these quantities so that the local
truncation errors are order O(h) at the irregular grid points. In this way we still can

ensure that the computed solution is second order accurate globally.

un

5.2 Grid crossing

If the interface crosses the grid from one time step to another, say there are some 7,
with " < 77 < ™! (see, Fig 5.1), such that a(7]') = =, then usually there is a

1
jump in u, and so Q;H" will not be zero. From [6] we know that

k
u(z, ") —u(z;, 1Y) = = |ufz;, ") +u z;, 1"+
(255t™") —u(z;, %) g«:> a8 5.11)
+ ("2 = 77) [uder + O(K?),
where we define [u;], = u(x;,7+) — wi(z;,77). Therefore we should take
Ot =2 (17 = 1) [ug (5.12)
J k J U ’
Differentiating the continuity condition [u] = 0 with respect to ¢ we have
d
fus] = + lud = 0,
ie.,
da
[ue] = [tze] = —[uz] - = —[ug] w. (5.13)

We will discuss how to find Upn = u(a,7}) in the computation of w(a, 7}, urn)
in the coming sections. We first discuss how to find ' if it exists. Using the
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Figure 5.1: Interface crossing the grid.

Crank-Nicolson formula twice we get:

D L el utale), ) + w0 (ol )
2O L o (o tg) + 0 a0, 6 e, o0

Replacing o(7') by z; and eliminating the w(a, 7, Urn) term, we get

zi—ot")  a(t™t!)—z;

n__4n nt+l __ »n
T —1 t T

1 (5.14)
3 [w (™), ", u(a, %)) = w (™), ™+, u(a, tm+1))] .

From this quadratic equation, we can solve for the crossing time 1. Numerically we
actually use

zj—a" a"tl—gz; 1
Tj’l T A T}f =3 [w(a”,t", u") — w(a"“,t“’*‘l,u"'”)] , (5.15)

where u™ and u™*! are approximations to u(a”,t*) and u(a™+!,7+1) respectively.
Below we discuss the numerical algorithm for different interface conditions. We

assume that zj, < o" < zj,41 and ;, < ™! < zj,4, for 1< jo, j1 < N.
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5.3  The source strength c(t) = [u,] is known.

In this case we interpolate ug, l=n, orn+1, to get u, the approximate solution at
the interface at time ¢'. Define the following discrete delta function d?

1~ (z/h)?, lz| < h,
1
di(z) =7 4 2~ [3z/h| + (¢/h)?, k< la| < 2h, (5.16)
0 otherwise.

From Lemma 4.2 in [6] we know that
u(e,t) = kY u(z;,t) di(z; — @) + O(h?). (5.17)
J
Thus u™, u™*?! are computed from the following formula
u" =k u} di(z; — ), (5.18)
J

u = kY ult di(z; — o). (5.19)
J

If z; < a(t) < ;41, using Taylor expansion about a(t) we can easily show that

w(@j-1,t) = 2u(z), £) + u(@jp,t)  Tjp — o

uzz(zjat) = h2 h? t) [’U,;,;(a,t)]
_(_“’f:rl_;zﬂ [uzz(e, t)] + O(R), (5.20)

uu(:z:j“,t) _ u(:vj, t) - 2u($j}-:-217t) + u(mj+2a t) + Zj _h2a(t) [uz(a, t)]
L@ —h?(t)) [tze(e )] (5.21)

Note: If z; = a(t), then u,(z;,t) and us.(z;,t) are defined as the left limiting value
of a(t).

Therefore we can discretize u?, and u}! as follows

n uj_y — 2u? 4 u?
U = i —— 4 CF, (5.22)

witl — 23t oyt

g = SRR TR o (529)
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where C? and C}*! are determined in the following way:

C.;I=O’ j=172s.°",j0—1’ j0+2v"',N_17

n . — 2
cr = _ﬂﬁ_}’_l;_a o(t") — gﬂ# c(t™) w", (5.24)
n Tjo — a™ n (zjo — an)2 ny,,.n
Chonr = =g olt™) + =Ep——c(t") w",

where w" = w(a”,t",u"). Similarly

C;+1 = 07 j=172,"'ajl_l’j1+27"'7N—1’
Tj4 — o™t T;4q — at)? n
Cjnl+l = Jx+lh2 c(t +1)_( n+ v ) c(t +l)wn+1’ (5'25)
nt112
A FEC A S0 )

nt+d
If the interface crosses the grid line z = z;, then we need to find Qj+2 using
(5.12). From (5.13) we know

[u(zj, 7})] = —c(7]) w(z;, Tj ) Urn). (5.26)
There are two ways to compute the unknown urn = u(z;, 77'). The first one is simply
to take the average .
up == (u" +umt). (5.27)
Since u(a, t) is continuous, we can expect that

n 1 n n
u(e; 1) = 3 (v + u™1) + O(h).
Notice that [u,(z;,7]")] is multiplied by (t""‘% - TJ?‘) in (5.12), so this O(k) error only
contributes O(h?) to the local truncation error. The second approach is to use the
forward Euler formula

Urp = U + (7'}‘ - t") Upy i (5.28)

where we have used the relation u, = u,,. Now the difference scheme has been all set
up for this case.
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5.4 The solution on the interface u (a,t) = r(t) is known.

In this case, it is obvious that we can take
u™ = r(th), u™t = p(tH), (5.29)
To get the discrete ul, ; and uz}’, we use the following lemma.

Lemma 5.1 Suppose u(z) has continuous second derivative. Ifhy ho # 0 and hy # hy
then

Uzz(2) = M u(T + h2) + 2 u(z) + v3u(z + k1) + O(h1) + O(h2), (5.30)
where B 5 ~ 5
=R hihy PR hhy (5.31)
Y2=—" — 76

If z;, = o™, and @™*' > a", this means that the point (z;,"*!) is on the left side
of the interface, so we use the one sided difference scheme to the left to get

o 9yn n
n Ujo—2 2u]0—1+u]0

uJ.‘.'L‘,jo = h2 (5.32)

Similarly if z;, = o”, and o™ < o™ we use the one sided difference scheme to the
right:

no_ n n
u™ — Ujo 2u10+1 + Usot2

T ot (5.33)

If z;, < o™ < zj,41, we use the Lemma above to set

Uszo = Vig—1 Uj—1 + 75 U5 + 75 o 7(t"); (5.34)

here v%_;, 7% and 77 , are determined by Lemma 5.1 with k; = ~h, hy = o™ — z;.
By applying the same process at z;,4, we set

u:a:.jo+1 = '7;‘:,+1.a r(t") + ’YZ.+1,2 “}1 + 7?o+1,3 "?H; (5.35)

here again 7% ., ., Yio+1,2 and 7% ., 5 are determined by Lemma 5.1 with h; = o® —j,

hy = h.




If z;, = o™, since we know u(a™*!,1"+!) the equation at z;, simply becomes

uj, = r(t"th). (5.36)
Otherwise if z;, < a™t! < z; 41, we set
Wik = ha W RR wT R (e, (5.37)
here again the coefficients are determined by the formula in Lemma 5.1 with hy = —#,
and hy = o™ —g;,, and
Unggrt = Vrbna ") F i wl R + R e i (5.38)
with hz =Tih41 — a"“, hl = h.
If the grid crossing occurs at z;, then [uy],» in (5.12) can be calculated using
2

ut —r(r8)  r(rP) — ol
[ut]‘r;‘ = Jtﬂ+1 —~ 'r?‘] - T; — Lz, (5.39)

J J

This approach, however, may be unstable sometimes, especially for the mixed in-

terface condition discussed in the next section. A more stable method is the following
formula:

r(1]) —ul . L
Upp ip — — if o® < o™t1,
j
[u‘]'r;‘ = (5‘40)
r(t?) — u? .
Upy iob1 — ———T; — tn—’- if o™ > o"t?,
J

where ul, . is determined from one of (5.32)-(5.34), and Ugg jo+1 18 from (5.35).

Although this approach may have larger error constant than (5.39), it is more stable.

5.5  The mixed interface condition is known.
If we know the mixed interface condition
a(tyuz(a™,t) + b(t)u(a, t) = v(t), (5.41)

we still can use (5.18) and (5.19) to approximate u™ and w™*!. However a simpler

way is to use the mixed boundary condition directly. We have the following lemma.
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Lemma 5.2 Suppose x; < o < zj41, and aug(a,t) + bu(e,t) = v(t). Then

u(a, t) = nu(e;t) + v0(t) + O(R?), (5.42)
where a
"= a—-b(z; —a)’
- (o5 —a) (5.43)

a=b(z;—a)

Proof: From the mixed boundary condition we have

au(a,t) + aug(a,t)(z; — a) = v(t)(z; — a) — bu(a, t)(z; — @) + au(a, t).
Notice that

u(zj,t) = u(a, t) + uz(a, t)(z; — a) + O(h?).
So we can write
au(z;,t) = u(a,t)(a - b(z; — a)) + v(t)(z; — @) + O(h?).

That is,

au(z;, t) — v(t)(z; — )

w(ent) = a—b(z; — @)

+ O(h?),

which also gives (5.42) and (5.43). O

With this lemma we can get a new interpolation formula for ¥™ and u™*!,

o _ alt™)ud, ~ (") (zj, — o)

o) — b (g —a) (5.44)
g1 _ QI — p(tmH)(z;, — o™t
G - a(t™1) = bt )(z;, — a1y (5.45)

Numerical experiments show little difference between the formulas (5.18) and (5.44),
though the latter one seems to give slightly better results. We will see a more signif-
icant application of Lemma 5.2 and (5.45) when we try to get upth

To get u}, ; and ul}} we need somehow to incorporate the mixed interface con-

dition. We need the following lemma.
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Lemma 5.3 Suppose z; < @ <zj41  and aug(a,t) + bu(a,t) = v(t). Then

Usz(0, 1) = Mu(Tj-1,t) + vou(z;, t) + 13v(t) + O(h), (5.46)
where
71:2(a—b(ij—a)); 72:-2(a—b(Da:j_1——a))’
D = a(zjo1 - 0)? — b1 — a)?(e; — @) — a(e; — &)F + bla-1 — a)(a; — ),
T3 = 2

—a(zj-1 = @) —a(z; - @) + b(zj-1 - a)(z; — @)’

where 71, 12 and 73 are the solutions of the following linear system

71+72+73b = Oa
71(1:j_1 - a) + 72(2:]' - a) +1ma = 0, (547)

(zj-1— @)’ (z; ~ @)’
5 + 72 5

1.

Note: The formula (5.46) is quite useful in getting second order difference schemes
for 1D differential equations with mixed boundary conditions. For example, if we want
to solve u” = f with the mixed boundary condition au,(a)+bu =c at , = b, and
discretize the mixed BC directly

n— Un-
au—E"—l + bu, =c,

we would get the solution with only first order accuracy globally unless all of b,c

and f, are zero. Here h = z, — z,_;. But if we use the formula of the lemma
which now is

2 2b 2
h—z(un-l—un)—a—hun+ﬁc=fn,

we would get a second order accurate solution globally. Notice that we still only use
information on u, and u,_;, so the structure of the resulting system is still tridiagonal.

With the formula (5.46), we can get expressions for Uy and uptl Mz, <ot <

Tjo+1, then

n

Uzz,jo = 717':);1 u;}o—l + 717':).2 u’;}o + '7,;:),01 v(tn)’ (5'48)
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where 77 ;, 7% 2 and 4% , are determined by Lemma 5.3 with a = a(t"), b = b(t"),
and v(t) = v(t"). Similarly

Uppi = Vo Wi + YV uiH A o) (5.49)
with a = a(t"+1), b = b(t"*1) and v(t) = v(t").

To compute uf, ; ., we use (5.35) with r(t") replaced by u”, which we can get
either from (5.18) or from (5.44). Generally the results are pretty much the same if
u?s are second-order accurate. '

But for ul}} ,;, it seems that (5.45) gives better results than (5.19) since we use
the interface condition more directly. Below we derive the discretized formula for
Ugz(Tj,41,8"+!). From (5.38) we know

n+1 — ntl n+1l n+1 n+1 n+1 n+1
Uszgit1l = Ti1,a ¥ T ¥ih2 Uk + 75 51,8 U 42 (5.50)

where 47t% ., 474, and vit4 s are determined by (5.31) with by = o+l — xj,
hs = h. Plugging (5.45) in we can rewrite it as

ntl _ ntl a(tn+l)u;}|+1 — v(tn-‘-l)(le —' an+1) n41 n41 nt1 n+1

Uszndl = Vi41,1 a(tn-H) - b(tn'*'l)(le _ an+1) + Vh+1,2 Y541 + Yir+1,3 %542
= Mt un R iRt + O, (5.51)

where
1
ndl , _ ontl a(t™*?)
7J'x+1.1’ = Th4la a(tn+l) _ b(t"“)(IEj, _ an+l)’ (5'52)
+1 _ +1 ”(tn+l)(“’jx - 0‘"“)

CjT:+1 = “Vitla a(t™*1) — b(t"+1)(z;, — a™H1)’ (5.53)

When grid crossing occurs, one method to calculate u(a, 71) needed for Q?+% in
(5.12) is

u} + ('r]" - t") Up, if @™ < o™,
d = (51
u} + (T]" - t") Upy i1 if a™ > a™t!,

Another approach is described below. First we get

Ujo17p =Uj_y + (‘r}‘ - t”) Ugy i (5.55)
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where Uj1,2p is the approximation of u (xj_l,rj?‘) . Then use Lemma 5.3 to get

Uyl
2
u,-;_x = ﬂ’tl Uj..l"r]!l + ﬂ’:z 'U(T}l), (556)
where “
= TRy
“+h b (5.57)
2 = TR

Both methods are approximately second order accurate. But the latter method gives

slightly better results. Also the error decreases more smoothly with the latter choice.

5.6 Solving the nonlinear system: a predictor-Corrector method

From the discussion above we know that in order to get the solution u(z,t) at time
t"+1, generally we need to solve the following nonlinear system.
At a regular grid point with o™ € (z;_1,z;41) and @™+ & (2;_1,2;41), and there

is no grid crossing, the difference scheme is

ntl _ .n no_9yn n n+l o, n+l nt1
Uj U; =l Yj-1 2“1 Tui | uT — 2y +ujin
k 2 h? h?
Otherwise
n+1 n ‘
U —_un 1
J J — n n n, n n n n
% < 3 [7]‘_1“]'_1 + vy + Vi ui + Ci+
1
n+1, n+tl n+l, n+tl nt+l ntl n+1 n+t3
VRUH + 7 et il + o] + 057,
a"““ —a®

= % [w(a",t",u") + w(a"'“,t"“,u"“)] .

The quantities {77} depend on a”,u", the approximation to u(a,t"), and the in-
terface condition, and the quantities {y}*'} depend on o™+, u™*!, as well as the

1
interface condition. The correction term Q;+’ to (ujt! — u?)/k depends not only
on o™, u™, @™, u™*! and the interface condition, but also the relative position be-
tween o”,o™*! and the uniform grid. We have shown how to get these quantities in

previous sections for different interface conditions.
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So we have a quite complicated nonlinear system to solve. The difficulty is that
we can not use a nonlinear equations solver just once to solve the system because
some quantities such as Q;H'%, CHH! are nut known until we know the solution. So the
best method to solve the resulting system seems to be a predictor-corrector method
by which we can adjust those quantities during the predicting and correcting process.
Below we give the outline of this approach.

Suppose we have gotten all necessary quantities at the time t*, and the next time

step is k, so t"*1 = ¢" + k. We want to get all corresponding quantities at time level
i,

¢ Determine jo such that z;, < @™ < zj41. Get the approximation to u”, ..
Jo Jo+ rz,j

For example, if j # jo, jo + 1 then we can use the central difference scheme.

Otherwise we use the discretization we have studied in the previous section.

o Set

n+l _ . n n+l _ . n ., n oyn _.n
ul™t =", " =a" + kw(a”, ", u").

Form=1,2,.--,

¢ (**) Determine {j}m such that z(;},, < af*! < z;,},.41. Get the discretized

expressions for {u}f}},, so that we can get the coefficients of the linear system
for {ul*'}n.

o If jo # {jl}m’ then for | = jo + 1,y {jl}m, when jo < {jl}ma or for [ =
Ait}mo {1}m + 1,4+, jo, when jo > {j1}m, first get {7} }m using (5.15), then

1
determine the correction {Q; "2}, to ({uf*'}m — u})/k using the technique
described in previous section.

® Solve the tridiagonal system for {u}*'},,.

¢ Use one of the interpolation methods discussed before to get u™*!.
o Determine -

n n k n ogn
oty =a"+ 3 [w(e™ 1w +wel, )] (s.8)
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o If ozt — ot} ! > €, a given tolerance, then m = m + 1, go to (**).

o If |af! — alf}| < €, then set all quantities { }7 to { }™*1, in other words
we drop the {m} notation and accept these values at time t**1. Go to the next
time step.

5.7 Numerical examples

In order to check the algorithm we proposed here, we use the following true solution.

sin(wyz)e~w’t if z < aft)
u(z,t) = (5.59)
sin (wp — waz) e~w2"t if £ > a(t)

for some choice of w; and wy. The interface a(t) is determined by the scalar equation
sin(wya) €™t = sin (wg — waa) e™?’, (5.60)

This equation has a unique solution if we take, for example, 7 < w; < 27 and also
7 < wg < 27. Figure 5.2 gives the plot of a(t) on a uniform grid. We can see how
the interface crosses the grid. This example is adapted from 6]

We will test the same PDE with the same initial and boundary conditions but
different interface conditions. The PDE is

Ut = Ugg, 0<z<alt) and aft) <z <1,

where the interface a(t) is determined by the following nonlinear ordinary differential

equation
dt ~ wy cos(wra) e=1* + wy cos (wy — wy a) emwlt’ (5:61)
The initial and boundary conditions are
u(0,) =0, wu(1,t) =0, (5.62)
sin(wy z) if z < «(0),
u(z,0) = (5.63)

sin (wp — wy x) if z > «(0).
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interface n =20

0.50

025 ¢

Figure 5.2: Moving interface a(t), 0 <t < 1.

One of the interface conditions is u(a™,t) = u(at,t). Below we show numerical

results for u(z,0.1) for different interface conditions.

Example 5.1 In this example we specify the jump condition in the derivalive uy:
[uz(a, t)] = —wz cos (wy — wp @) 72"t — wy cos(wya) e, (5.64)

Figure 5.3 shows the computed profile of u(z,t) as t changes from 0 to 0.1. We can
clearly see how the interface moves and crosses the grid with time.

Table 5.1 shows the computed results and the convergence rate both for the so-
lution and the computed interface when we take & = k. In this case, the interface
crosses two grid points during the first few time steps (see Fig 5.2). Table 5.2 shows
the results when we take £ = h/2. Now the interface only crosses at most one grid.
We can see that the results are much better compared to the previous case. But in

both cases we can observe second order convergence.



The profile of u(x,t), 0 <=t <=1, N = 160, k=h/2
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Figure 5.3: The profile of the computed solution u(z,t) from ¢ = 0 to ¢ = 0.1 for
Example 5.1 with N = 160, k = h. The interface condition: [uz(a, )] is given.

Table 5.1: Numerical results for Example 5.1 at ¢ = 0.1 with N = 40, k = h. The
interface condition: [u.(a,1)] is given.

N T |l rate Il En |lo rate | Eal rate
40 | 2.2991 x 107! 1.8721 x 1072 1.2988 x 102

80 || 1.0658 x 107! | 2.1572 || 4.7573 x 1073 | 3.9353 || 3.2314 x 10~ | 4.0193
160 || 5.0962 x 10~% | 2.0914 || 1.1620 x 10~3 | 4.0940 || 7.9777 x 10~ | 4.0505
320 || 2.5074 x 1072 | 2.0324 || 2.9005 x 10~ | 4.0062 || 1.9890 x 10~* | 4.0108
640 || 1.2496 x 10~2 | 2.0065 || 7.2502 x 10~5 | 4.0006 || 4.9867 x 10~° | 3.9887
1280 || 6.2127 x 10~ | 2.0115 || 1.8087 x 10~° | 4.0084 | 1.2440 x 10-5 4.0084
2560 || 3.0998 x 1072 | 2.0042 || 4.5182 x 10~ | 4.0032 || 3.1091 x 106 4.0014
5120 || 1.5482 x 107° | 2.0022 || 1.1293 x 10~ | 4.0009 || 7.7710 x 107 4.0009




131

Table 5.2: Numerical results for Example 5.1 at ¢t = 0.1 with N = 40, k = k/2. The
interface condition: [uz(a,t)] is given.

N | Tu |l o rate | En o rate | Esl rate
40 || 2.1754 x 1072 3.7607 x 1073 2.3650 x 1073
80 |l 1.0641 x 1072 | 2.0443 || 9.8655 x 10~* | 3.8120 || 6.1332 x 10~* | 3.8562
160 || 5.0008 x 1073 [ 2.1279 || 2.4299 x 10~* | 4.0599 || 1.5398 x 10~* | 3.9830
320 || 2.4580 x 1073 | 2.0345 || 6.0753 x 10~° | 3.9997 || 3.8577 x 10~5 | 3.9916
640 || 1.2127 x 1073 | 2.0269 || 1.5179 x 10~° | 4.0023 || 9.6215 x 10~° | 4.0094
1280 || 6.0273 x 107* | 2.0120 || 3.7976 x 10~% | 3.9971 || 2.4058 x 10~° | 3.9992
2560 || 3.3004 x 10~ | 2.0063 || 9.48813 x 10~7 | 4.0025 | 6.0145 x 107 | 4.0001
5120 || 1.5015 x 10~* | 2.0008 || 2.3703 x 10~7 | 4.0028 || 1.5057 x 10~7 | 3.9943
(a) (b)
025 u(x,0.1), N wd0,km h2 %103 'tnor plot: true ~'approx.' Nw=40
asl
oz} I
oast e
2t
o1 15}
0.05F T
533
% ToT oz 03 04 05 o5 o7 09 1 % or o2 03 04 o5 05 07 of

X

X

09 1

Figure 5.4: The comparison of the exact and computed solution at ¢ = 0.1 for Exam-
ple 5.1 with N =40 and k = h/2. (a) The solid line is the exact solution and the

little ‘o’s’ are the computed results at grid points. (b) The corresponding error plot,
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In this section, || Ex ||, is defined as the infinity norm of the error at the fixed
time t, i.e.,

I B lloo = max{ | u(ai, ) — ul

}

where uY is the computed solution at the uniform grid points z;, 7 = 1,2,..., at some
time ¢, with the number of grid points being N. Ty is the local truncation error at
time ¢, and E, is the error between «(t) and computed interface at the time ¢. The

rates are defined as the ratio of the errors with the number of grid points N and N/2;
for example

rate = || Ean ||/l EN || -

Figure 5.4 (a) shows the true solution and the computed solution for k& = A/2.
Figure 5.4 (b) shows the corresponding error plot. We see that the error is relatively

large around the interface but not significant so. Globally we obtain second order
accurate results at all grid points.

Example 5.2 In this example we specify the solution on the interface u(a,t) = c(t):

c(t) = sin(wya) e™*11,

Table 5.3 shows the results for N = 40,k = h/2. Figure 5.5 shows the corresponding
error plot.
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Table 5.3: Numerical results for Example 5.2 at t = 0.1 with N = 40, k = k. The
interface condition: u(a,t) is given.

N | T |l rate | En il rate | Eql rate
40 | 9.4190 x 1073 6.7882 x 1073 1.3056 x 10~*
80 || 1.6565 x 1073 | 5.6859 || 1.4829 x 10~* | 4.5776 || 3.2481 x 10~° | 4.0197
160 || 1.6894 x 102 | 0.9806 |{ 3.7328 x 10~° | 3.9727 || 8.1105 x 10~ | 4.0049
320 |1 3.5552 x 10™* | 4.7518 || 9.3387 x 10~¢ | 3.9971 || 2.0270 x 10~¢ | 4.0012
640 | 6.7189 x 1075 | 5.2914 || 2.3357 x 10~¢ | 3.9982 || 5.0671 x 10~7 | 4.0003
1280 || 3.5602 x 10~° | 1.7626 || 5.8414 x 10~7 | 3.9985 || 1.2667 x 10~7 | 4.0000
2560 || 2.0199 x 107° | 1.7626 || 1.4607 x 10~7 | 3.9990 || 3.1668 x 10~8 | 4.0000

5120 || 1.3454 x 1073 | 1.5013 || 3.6540 x 10~8 | 3.9975 || 7.9172 x 10~° | 4.0000

x104 N=40t=0.1, k =h/2, error plot

ol €ITOr: true - approx.

Figure 5.5: The error plot for Example 5.2 at ¢ = 0.1 with N = 40, k = h/2, when
u(a, t) is known.
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Example 5.3 The mized interface condition is known. We take

a(t) = b(t) =

1
v(t) = ug(e, 1) + u(a,t) = eI (—w; cos(—w;x) + sin(—w;z)).

Table 5.4 shows the results when N = 40,k = h/4. Figure 5.6 shows the error plot

for this case. The error does not decrease smoothly. But it exhibits roughly second
order accuracy.

x104 Error plot for MBC: N =40,k =h/4,t=0.1
4.5 . . T T v T T
4} i
35k error plot: true - approx.

3
25
2
1.5
1

0.5

Figure 5.6: The error plot for example 5.3 at ¢t = 0.1 with N = 40, k = h/4. Mixed
interface condition: uz(a—,t) + u(a—,t) is given.

In summary we have developed a second order accurate immersed interface method
for the 1D heat equation with a moving a interface for three different types of in-
terface conditions: (i) a derivative jump condition (ii) a Dirichlet conditions (iil) a
mixed interface condition. Numerical experiments have confirmed the efficiency of
the methods proposed in this chapter. In the near future we are planning to study
similar numerical method for discontinuous coefficients, e.g., the Stefan problem for
phase transition, and also higher dimensional problems.
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Table 5.4: Numerical results for Example 5.3 at ¢ = 0.1 with N =40, k = A. The

mixed interface condition: u,(a—,t) + u(a—,1) is given.

N I Tn |l rate | E~ |l rate | Eql rate
40 || 4.4010 x 1073 4.1399 x 10~* 3.9243 x 104

80 || 1.4157 x 1073 | 3.1086 || 7.4926 x 10~% | 5.5253 || 8.1050 x 10~° | 4.8418
160 | 1.4910 x 1072 | 0.9495 || 2.2238 x 10~ | 3.3692 || 2.5377 x 10~5 | 3.1938
320 || 4.2727 x 10 | 3.4896 || 6.1500 x 10~¢ | 3.6160 || 6.2013 x 10~° | 4.0922
640 | 1.0325 x 10~* | 4.1381 || 1.1984 x 10~® | 5.1316 | 1.5761 x 10~° | 3.9344
1280 || 8.3619 x 1075 | 1.2348 || 4.7471 x 1077 | 2.5246 || 4.6013 x 10~7 | 3.4255
2560 || 3.0763 x 107° | 1.1522 || 7.6285 x 10~% | 6.2229 || 9.8304 x 10~8 | 4.6807
5120 || 2.6699 x 10~° | 1.1522 || 3.5189 x 10~7 | 2.1679 || 3.3159 x 10~8 | 2.9647




Chapter 6
THESIS CONTRIBUTION AND FUTURE RESEARCH PLAN

6.1 Thesis contribution

6.1.1 The Immersed interface method.

In this thesis a new approach, which we call the immersed interface method, for solving
interface problems has been proposed and studied. This approach can handle quite
complicated problems including the following: discontinuous coefficients, singular
sources or dipoles across interfaces, fixed or moving interfaces which can be arbitrary
and usually are not aligned with the grid lines. The approach is also robust in the
sense that when the singularities disappear, the approach reduces to a conventional
method for a regular problem.

The key idea of this approach is to use the jump conditions across the interface
and the differential equation itself to derive appropriate numerical schemes. In this
thesis, the basic computational framework is finite difference schemes on uniforin
Cartesian grids. The convergence discussion is based on local truncation error analy-
sis. For the interface problems discussed in this thesis we are able to get second order
accuracy in the infinity norm even if the solution is discontinuous. We believe that
the ideas discussed in this thesis can be used in other computational frameworks such
as adaptive methods, or finite element methods as well.

In the process of implementing the immersed interface methods for the problems
discussed in this thesis, we also derived the interface relations for the solution and
its derivatives across the interface based on the given jump conditions, coordinates
transformation and the differential equation itself. Those interface relations are very
useful for not only deriving efficient numerical schemes but also for revealing better
understanding of the problem.

Also in this thesis, a number of interpolation formulas for the solution with dis-
continuities have been proposed. For example, in Chapter 4 we interpolated the grid
function of the pressuré Pij» which is discontinuous across the interface to get (pz)ij

and (py)ij, and the grid function of velocity #;;, which is non-smooth, to get the
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velocity of the interface Xj.

In solving the interface problems described in this thesis, a number of advanced
numerical techniques have been applied which include: cubic spline interpolation in
expressing the interface, fast Fourier transformations, optimization approaches, and
a predictor-corrector method for solving nonlinear equations etc.

6.1.2  The application of the immersed interface method

The immersed interface method has been successfully applied to several important
interface problems.

In Chapter 2, we discussed the general elliptic interface problems in one, two and
three dimensions. We have written a Fortran package (DIIM) for such problems in
two dimensions (see Appendix A).

The immersed interface method for heat equations in two space dimensions with
fixed interfaces is discussed in Chapter 3. When the singularities of the problem are
due to singular sources or dipoles rather than the coefficients, we have derived the

modified ADI method which only requires solving a set of tridiagonal systems at each
time step.

In Chapter 4, we solved two dimensional Stokes flow with moving interfaces. We
need to determine the pressure, velocity components in the z and y direction as well
as the velocity of the interface. So it is a multi-variable and non-linear problem due
to the moving interface. We derived the jump conditions for the pressure, the velocity
and their normal derivatives by manipulating the two dimensional delta function and
its derivative using distribution theory. A quasi-Newton method is used for solving
the nonlinear equations when the fully implicit method is used.

In Chapter 5, we studied the immersed interface method for the one-dimensional
heat equation with singular source terms and non-smooth solutions across some inter-
face, which is also moving with time. Unlike the Stokes flow discussed in Chapter 4,
the u; term is present and the differential equation determining the movement of the
interface has a more complicated form. Special care has to be taken to handle the
discontinuity in u, when the interface crosses the grid line.
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6.2 Future research plan

6.2.1 Theoretical analysis for the immersed interface method

The immersed interface method discussed in this thesis seems to be very promising
for interface problems. There are many possibilities for extending this thesis work.

Theoretically, we hope to develop more rigorous analysis of the convergence of
the immersed interface method. For the problems discussed in this thesis, the local
truncation errors near the interface are one order lower than that at most of the grid
points on the whole region. It is commonly believed, and for some problems has been
proved, that the convergence rate of the global error will not be affected. For different
interface problems, it is still a challenge to find out the conditions under which the
claim above is true.

Several computational issues have been raised for the immersed interface method.
For example, when we solve the elliptic interface problem we may have a large sparse
system of equations which may be neither symmetric nor diagonally dominant. Tech-
niques to solve such systems efficiently are important for the success of the immersed
interface method. It is not clear how to modify some of the state-of-the-art tech-
niques such as the multi-grid method, GMRES, QMR, etc. for the linear system
derived from our method.

Peskin’s immersed boundary method is usually only first order accurate and will
smooth the solution near the interface. However, the error distribution in the com-
puted solution changes in a continuous manner. So his approach usually has better
stability. In our approach, because the truncation error analysis is based on each grid
point, we usually can get high order accuracy but the errors have random distribution
near the interface. For the moving interface problem, such distributions can cause
an aliasing instability. This is 2 commonly observed phenomenon for non-smooth
high order methods (see [30]). In our numerical experiments we have used a filtering
technique to control such an aliasing instability when it is necessary. It is desirable

to have a high order method while the error has a smoother distribution. This will
be another research project.

It is also worthwhile to combine other computational techniques such as adaptive

or/and composite grids, variational principles, finite element methods etc. with the
immersed interface method.
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In this thesis, we use cubic splines to express the interface. This approach is
simple and the cost is very low. Theoretically this approach can handle the singular
interface when the interfaces develop cusps and spikes, or break or merge in two
dimensions. However, it may be difficult to implement. Another possible approach is
to use level sets, where the interface is modeled as the zero set of a function ¢ defined
on the entire domain. Each time we need to solve an additional differential equation
for the evolution of ¢ and must then determine the level set. So this approach
costs more and sometimes it is difficult to extend the velocity of the interface to
the whole domain. However, this approach makes it easier to handle cases when
interfaces become singular as mentioned above. We want to combine the immersed

interface method with the level set approach to solve some interface problems where
the interface may develop singularities.

6.2.2 Application of the immersed interface method

There are a number of interface problems in computational fluid mechanics that we
want to solve using the immersed interface method.

o The Stefan problem in one and two dimensions. Stefan problems are heat equa-

tions with discontinuous conductions and moving fronts.

Ou; .
ot '(ﬁzvuz), 1=1,2,---,
Fy (t,raulau2,"',aul,"',> =0, k= 1)2,"'7
a(l)l :

where I is the interface. These problems have a lot of applications. In Chap-

ter 5 we have discussed the simple case where we only have one variable and
continuous coefficients.

o Hele-Shaw flow. In 1958, Saffman and Taylor performed experiments replac-
ing a viscous fluid from between two closely spaced plates with a less viscous

fluid. The shape of the interface exhibited a fingering phenomenon. The non-
dimensional form of the governing equation is

i = —ﬂVpa
V.i = ¢’
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where f is discontinuous coefficients, and ¢ is the source term, the jump condi-
tions are

[l=7r  [Bpa] =0,

where 7 is the surface tension and « is the curvature of the interface. The
difficulty in solving Hele-Shaw flow is that the interface is unstable.

ADI methods for elliptic and heat equations with discontinuous coefficients.

Extending the work for Stokes flow with discontinuous coefficients such as den-
sity or viscosity. This work allows modeling free boundaries between different

liquids, such as the surface of a bubble. Surface tension provides the singular
forcing term.

Full Navier-Stokes equations with moving interfaces. This will require handling

the nonlinear term and also the nonsmoothness of ; as the boundary crosses a
grid line.
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Appendix A
PROLOGUE OF THE PACKAGE DIIM-A FORTRAN PACKAGE
FOR SOLVING ELLIPTIC INTERFACE PROBLEMS

subroutine diim(m,n,ni,ki,infoj,ijump,a,b,c,d,bin,bout,amega,
1 f,fin,fout,uj,unj,un,ui,u2,xyjump,tol2)

Q
*
*
*
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C
IMMERSED INTERFACE METHOD PACKAGE c

C
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diim solves the following interface problems in double precision for an
arbitrary interface

\beta (u_xx + u_yy ) = £ a<=x<=b
c<=y<=d

where \beta, f, u, u_n, ... may be discontinuous across some
general closed interface which is determined by the user supplied
control points (x1(i),y1(i)), i =1, ...,n1.
The interface conditions are jump condition in the solution
[ ul and in the flux [ \beta u_n ] which are supplied by
the user on the control points. The boundary condition on the
rectangular is Dirichlet condition which should be specified in
u(i,0), u(i,n), i = 0,...m, and u(0,j),ulm,j), j=0,1,...,n

On INPUTS:

m, n The numbers of grids on x and y dirsction.

ni The numbers of control points on the interface.

infoj infoj(5) is the flag for the different problems.

infoj(1) = 0: Regular Poisson problem on the rectangular.

Interface problem.

Lul =0, i.e. The solution is continuous.

There is a jump in the solution.

[\beta un ] =

[\beta u_n ] is not equal zero.

[\betal = 0, So the coefficients are standard central

formula.

infoj(4) = 0: The right hand side £(x,y) is continuous.

=1: f is not continuous but we know the values
of £ (at control points) from the both
sides of the interface.

infoj(2)

infoj(3) =

R R R R e e e e e e R R e B R R e B G e G B s e s s s s s N o I e B B e B o I 2]
I
N = OO
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of £ (at control points) from the both
sides of the interface.
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2: f is not continuous and only given at grid points £(i,j).
We call subroutine spreaf.f to determine the values

infoj(5) The choice for iterative method. When [\beta] = 0,
i.e. infoj(3) = 2, we use the optimal parameter,
80 amega is not needed.
infoj(6) = 1: Use sor iteratiom.i
infoj(6) = 2: Use line sor (lsor) iteration.
infoj(6) = 3: Use line ADI iteration, recommend only when [\beta] = 0.
a,b,c,d: The end points for the rectangle: a <= x <= b;
¢ <= y <= d. We suppose (b-a)/m = (d-c)/n.
bin, bout The coefficients of \beta inside and outside
the interface respectively.
amega Over-relaxation parameter for lsor or sor methods.

x1(n1+1),y1(n1+1) The coordinates of the control points.

£(m,n)

x1(1) = x1(n1+1) and y1(1) = yi(ni+1).
The right hand side in discrete form.

fin(ni+1),fout(ni+1) If infoj(4) = 1, we need the values of

uj(ni+1)
unj(ni+1)

tol2

f(x,y) at the control points from inside and
outside the interface. fin(1) = fin(ni+1) and so on.
The jump in the solution on the control points when
infoj(2) = 1. uj(1) = uj(ni+1).

The jump in the flux [\beta u_n] on the control

control points when infoj(3) = 1. unj(1) = unj(ni+1).

The tolerance for the lsor iteration.

...............................................................................

On QUTPUTS:

u2(0:m,0:n)

The computed solution at grid points.

The number of iterations used in solving the linear system

...............................................................................

WORKING SPACES:

ijump  ijump(m,n,3). ijump contains the index information of the
grid points (see subroutine index for the detail).

xyjump xyjump(m,n,9). see subroutine irreg for the detail.

u, ul, u2 u(0:m+1,0:n+1),u1(0:m+1,0:n+1),u2(0:m+1,0:n+1)
working spaces for different iterative methods.

...............................................................................
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LIBRARY CALLED: LINPACK

...............................................................................

Q

Subroutines called:
splcl: The periodic spline interpolation package.

spread: Determining the approximation of inner and outside limit of a
function at the control points of the interface. So later we
can use spline interpolation.

index Indexing grid points and record the other informations for
irregular grid points.

irreg Determine the coefficients for the difference scheme at
irregular grid points.

adi adi iterative method in double precisiom.
sor sor iterative method in double precision.
1lsor: Line sor iterative method in double precision.

rootp3 rootp3 finder for cubic polynomial.

blas: Basic linear algebra computation routines:

aaooaoaoaoaaaaoaaoaoaoaoao0a0a0ao0a0o0n0a0ag0ao0aaa

...............................................................................

Qa

Written by Zhilin Li, February, 1993
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c END OF DOCUMENTATION FOR DIIM
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Appendix B

PROLOGUE OF THE PACKAGE PPACK - A FORTRAN PACKAGE
FOR SOLVING THE POISSON EQUATIONS ON IRREGULAR

REGIONS

C subroutine ppack(m,n,ni,inio,a,b,c,d,x,y,xi,yi,ijump,xyjump,

c

i

ub,fub,rhsf,f,u,ui,u2,scale,tol,tu)
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C
C
c

C

POISSON PACKAGE PPACK FOR IRREGULAR REGION C

C
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ppack solves the POISSON equation u_xx + u_yy = f(x,y) with Dirichlet
boundary condition on arbitrary closed region in double precision.

This package uses a smallest rectangular to enclose the domain and
uses the periodic spline interpolation to express the boundary. it
uses a uniform grid so the step size is the same both in x and y

direction.

...............................................................................

On INPUTS:

info info(4)

m,

info(1) = 0:
= 1:

into(2) = 0:
= 1:

info(3) = 0:
= 1:

info(4) =

n

1:
2:
3:

are flags for different input optionms.

Rectangular problem.

The

The
The

The
The

use
use
use

region is irregular.

boundary condition is supplied by function fub(x,y).
boundary condition is given discretely at control points.

right hand side £(x,y) is supplied by function rhsf(x,y).
right hand side is given discretely at grid points.

sor iteration.
lsor iteration.
adi iteration.

The numbers of grid points on x and y directions. If the region is

irregular (i.e. not a rectangle), and the maximum extent of
the domain in x/y direction is longer than that in y/x
direction, then we should take (m >= n)/(n >= m). Be make sure



oo NN NN N Ne R Re o e e e e e e e e e e e B e e e I B e e B e e e s e s e I e I e I B2 BN e B e R e BN o BN 2 B e RS IR 2]

151

that the shorter integer is taken so that the domain is
indeed inclosed in the rectangular. The safest way is to take

m = n. This only affects the speed of the iterative methods.

a,b,c,d: If the domain is rectangular (info(0) = 0), a and b (a<b)
are two ends in x direction, ¢ and d (c¢< d) are two ends
in y direction. Now the fastest method would be adi iteration
(info(4) = 3) with scale = 1.0.

b4 f£(m,n) Mot needed when external function rhsf is provided.
The discrete right hand side on the grid points. For
irregular region only needed inside the region (see the
comments below).

u u(0:m+1,0:n+1) If the region is rectangular (info(0) = 0)
u(0,j), u(m+1,j) j =0, 1, ..., n+l are the boundary
condition on x = a and x = b. And u(i,0), u(i,n+1) are
the boundary conditionony = candy=d, i =0, ..., mti.
Not needed when external function fub is provided

( i.e. info(2) = 0).

scale Needed when info(4) = 3. The scale parameter for adi iterationm.
For the rectangular region (info(1) = 0), scale = 1.
For the irregular region, scale can varies from problems .
(see the comments below).

tol The tolerance for the iterative method.

fub Needed when info(2) = 0. The fub must be declared in an
external statement in the user calling program, and should
be written as follows:

double precision function fub(x,y)
double precision x,y
fub = ....

rhst Needed when info(3) = 0. The rhsf must be declared in an

external statement in the user calling program, and should
be written as follows:

double precision function rhsf(x,y)
double precision x,y
rhsf = ...

The following inputs are for irregular region:

ni The numbers of control points on the irregular boundary. If
the boundary condition is given in exact form fub(x,y), we
can take nl close to max(m,n). But if the boundary is not
smooth or has complicated shape, and the boundary condition
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is only given on the control points and changes rapidly on
the boundary we should take enough points so the spline
interpolation for the boundary condition gives appropriate
accuracy. The magnitude of ni1 has little effect on the
computation cost.

xi,y1  xi(ni+1), y1(ni+1) The coordinates of control points for
the boundary. xi(ni+1) = x1(1); yi(ni+1) = y1(1). Not
needed when info(0) = 0.

ub ub(ni+1) The Dirichlet boundary condition on the control
points. Not needed when info(2) = 0. ub(1) = ub(ni+1).

...............................................................................

On OUTPUTS:

u2(0:m,0:n) u2(i,jd>i=1, ..., m; j =1, ..., n are the
computed solution at grid points.

...............................................................................

WORKING SPACES:

X,y x(m), y(n) After calling regset when info(1) = 0 or extreme
when info(1) = 1 they contain grid lines in x and y direction.

ijump ijump(m,n,4). ijump contains the index information of the
grid points (see subroutine index for the detail).

xyjump xyjump(m,n,8). see subroutine irreg for the detail.

u, ul, u2 u(0:m+1,0:n+1),u1(0:m+1,0:n+1),u2(0:m+1,0:n+1)
working spaces for different iterative methods.

...............................................................................

LIBRARY CALLED: LINPACK

...............................................................................

Subroutines called:
Tegset: If the domain is rectangular (info(1) = 0). Set up process.
splcl: The periodic spline interpolation package.
extreme: The subroutine determine the extreme values for each spline

interval and return the smallest rectangular region and
step size h.
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index Indexing grid points and record the other informations for
irregular grid points.

irreg Determine the coefficients for the difference scheme at
irregular grid points.

dadi adi iterative method in double precision.
sor sor iterative method in double precision.
lsor: Line sor iterative method in double precision.

rootp3 rootp3 finder for cubic polynomial.

blas: Basic linear algebra computation routines:
copymatl; checkp; dgltsl, copyvec

aooaonooaoaanoacacaoaoaaoa00Q0

...............................................................................

COMMENTS:

1. The ppack is very easily generalized to a more general elliptic problem:
a(x,y)*(u_xx + u_yy) + b(x)*u_x + c(x,y)*u_y + d(x,y)*u = £(x,y)

with Dirichlet boundary condition. The convergence speed is
pretty much the same.

2. The subroutine ppack.f is the collection of several other routines.
The user can get different information by other routines.
For example if you want to get N points (more than the
control peints on the spline), you can do

open(60,file='d.m’,status=’unknown’)

ds = hsi(ni1+1)/N

do i=1,N+1
8 = (i-1.0d0)*ds
call splval(ni,s,x1,yi,coxt,coyl,hsl,hs2,x3,y3,info)
write(50,%)x3,y3

enddo

after calling splcl (the spline interpolation package).
Then the file d.m will contains the information of the coordinates
of the points on the spline.

The other example is that when the right hand side ¥ is given in
discrete form (info(3) = 1), we only need to specify those £(i,j)
inside the domain instead of the entire rectangular region. After
calling index subroutine we are able to know which grid points
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are inside the domain (ijump(i,j,1) .eq. 2 .or. 1) and
(ijump(i,3j,3) .eq. 2 .or. 1). We can specify £(i,j) accordingly.

3. Generally all three iterative methods sor, lsor and adi converge
pretty fast. For sor and lsor methods, they converge faster than
the methods applied to the same rectangular region (less
iterations). Besides these methods only compute the iteration
inside the region so they are cheaper per iteration than the
methods used for the rectangular region. The sor method seems to
be better than lsor method.

Generally adi method is a faster solver for POISSON problems on
rectangular regions. In our approach, the adi method is still
faster than sor and lsor method if we choose right parameters.
Usually the parameters will vary for different geometries. But
with the parameter chosen from the smallest rectangular and
multiply it with some scale, we find that the right scale is
very close for different mesh size corresponding to the same
geometry. So we can test the best scale for space mesh size and
then increase it a little bit as the mesh size get finer.
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