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University of Washington

Abstract

A Comparison of Three Trough to Peak Estimators Derived
from Ambulatory Blood Pressure Data

by Robert A. Jones

Chairperson of the Supervisory Committee
Professor Lloyd Fisher
Department of Biostatistics

A general multivariate model is proposed to analyze ABPM data obtained from
multiple subjects in which two ABPM series, typically at baseline and on
randomized therapy in a clinical trial, are obtained on each subject. The model is a
specific formulation of the general repeated measures multivariate regression
model in which the covariance matrix associated with each of the two ABPM
profiles are assumed equal and with unspecified structure. Exact maximum
likelihood estimates of the unknown parameters and asymptotic properties for the
case of no missing data are derived.

Three methods to estimate the trough to peak ratio using ABPM data are examined
in this dissertation. These include a method based on between subject time of day
averages, the second method using a fitted Fourier curve using the repeated
measures multivariate model, and a third simple Fourier regression model.
Asymptotic properties of the three estimators are derived and compared. as well as
a Monte Carlo simulation to determine finite sample properties.
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Introduction
Ambulatory blood pressure monitoring (ABPM) is common in the evaluation of
the efficacy of antihypertensive drug therapies. New portable ABPM devices
provide a method of measuring the effect of a drug regimen over the total drug
response time period away from a physicians office. These devices can be
programmed to automatically measure subject blood pressure ( diastolic and
systolic) and heart rates at predetermined intervals for extended periods of time,
typically 24 hours.

The diagnosis and management of elevated blood pressure (hypertension) has
traditionally been based on blood pressure readings taken at a physicians office.
In-office hypertension has long been considered diagnostic of disease. The degree
to which elevated blood pressure has been correlated with target organ disease is
well documented [Kannel 1974 , Heptinstall 1974]. Several studies have
demonstrated that the presence of and severity of cardiovascular morbidity and
mortality are more closely associated with ambulatory measurements than with

blood pressure measured in the physicians office [Zachariah et al, 1991]

A number of clinical applications of ABPM have been published utilizing various
techniques for analyzing the ABPM data. Typically the length of time between
measurements is relatively short ( 5 minutes to 15 or 30 minutes). Hourly means
are commonly computed and used in the analysis due to inconsistencies in time
spans between readings and occasional bad and discarded readings. Diurnal
patterns (also called circadian rhythm ) in blood pressure is well documented
(Staessen et al, 1991), and is largely associated with sleep and physical activity
patterns. Therefore the analysis of ABPM data separate time dependent changes in
blood pressure due to this blood pressure cycle. Typically day time and night time



blood pressure readings are grouped and analyzed separately, with day time
readings further divided into two parts during which the subjects are awake or

asleep.

Several methods have been reported to model the diurnal variation. Univariate
cosinor analysis (Marire et al, 1988) and Fourier analysis ( Streffberg et al, 1989)
have been used to smooth hourly ABPM hourly means, typically on the treatment
group sample average hourly means. Running averages have been used to smooth
individual ABPM data (Crager et al, 1991) which are then averaged across

treatment groups to create univariate statistics for comparison of treatment effects.

Some of the clinical trials in which ABPM data are collected to study the effect of
antihypertensive drug therapies use randomly allocated placebe controlled
crossover designs to increase precision when comparing treatments and thereby
reducing the number of study subjects. In these studies a baseline ABPM is taken
followed possibly by a washout period. Then a series of on - treatment ABPM's
follow to measure the effect of the antihypertensive therapy. Typically the clinical
protocol will include 2 or more treatment arms, with one treatment a placebo, to
use as the control group. Typically drug treatment and ABPM monitoring are
initiated at approximately the same time of day for all patients to minimize

variation in blood pressure due to diurnal variation .

Two end points of particular interest in assessing the efficacy of antihypertensive
drug therapies is the drug peak effect and the drug trough effect. The peak effect is
defined as the maximum change in blood pressure observed in a placebo

subtracted dose response curve and the trough is the placebo subtracted change at



the end of the dose response curve. This will be a trough of the drug plasma
concentration but may or may not have the smallest effect on blood pressure. It is
important to measure an effect at trough to show the drug covers the whole
treatment period. Typically the statistic that is reported is the ratio of the trough to
peak (denoted as T/P ratio).

In the following discussion, I will develop a classical multivariate model using
individual subject hourly ABPM reading averages to model the diurnal blood
pressure variation, which is appropriate for a clinical trial with a multiple
treatment arm crossover design. A trough to peak estimate is developed using the
multivariate approach and simpler univariate models. The T/P estimators are then
compared in terms of asymptotic behavior and finally the estimators are compared

for various drug response curves for finite sample sizes.



Chapter 1

Curve Fitting of Repeated Measures

In many of the APBM experimental protocols, several APBM's are performed on
each study patient . Typically an APBM is taken at baseline prior to treatment,
then after randomization and treatment one or more follow-up APBM's are

recorded on each individual.

Many of the APBM's carried out on an individual have a duration of
approximately 24 hours with readings occurring at regular intervals, such as every
15 minutes. For this development we will assume that we have readings that are
equally spaced in time. The APBM readings taken on an individual are correlated,
but the model for the correlation structure is unknown and may be complex.
However the correlation should be taken into account in the modeling and analysis
of the data.

Methods have been developed to model repeated measures data by Potthoff and
Roy (1964), Khatri (1966), Rao and Grizzle and Allen (1969). These models come
under the general heading of Growth Curve Analysis. Using the notation of
Morrison (1976) p 216-218 we can model these data as a full-rank univariate liner

model:

(1.1) X;=Dp+e.

Let r be the number of repeated readings, p the number of readings in a single
ABPM, X; the rp x 1 vector of ABPM readings for an individual, B aqx 1



unknown parameter vector, D the known rp x q non random (considering the

randomized assignment as fixed) design matrix of rank q < rpandtherpx 1

error vector e. We assume e has the multinormal distribution with zero mean

vector and positive definite covariance matrix. That is
E(ee)=%
with ¥ unknown or possibly with a specified structure.

If we assume we have N independent observations of Xj 's (i=1, ...,N) the
generalization of model (1.1) which allows for the imposition of an experimental
design on the N sampling units is the following:

(1.2) X=DBA+e
with:

X the rp x N matrix of ABPM readings[ X, X2, -, XN]

D is arp x q known matrix of rank q

B is a q x m matrix of unknown regression parameters

A is am x N known matrix reflecting the design of experiment,
with rank m

m = the number of treatmets.



and:
E(X;) = DBA| where Aj represents the I th column of A

V(XI)= z .

As mentioned above, many ABPM study protocols have a baseline ABPM reading
prior to treatment, then after randomization and treatment dose one or more
follow-up ABPM recordings of length p are taken on each individual, giving a
total of r separate ABPM readings for each subject in the study, and a total of rp
separate observations on each subject.. In this experimental situation the X;
vectors are composed of r vectors of length p. We also assume we have m
treatment groups (including possibly the placebo group) with nj (=1,...,m) subjects
in each treatment group and no missing data. Then a general formulation of

equation (1.2) is:

X the rpxN matrix of vectors
(1.3)
Xl,l Xl,nl xl,nl +ng - Xl,n1+n2 +. 40 Xl,n1+n2 .+ tng
X _[Xz,l Xz,nl xz,nl +ny - Xz,nl +np . tng g xz,nl +ny . +ngy g ]
Xr,l Xr,n1 Xr,n1 +ny - Xr,nl +np +.4ng Xr,n1+n2 +.+npojtng
. m
with N=Y n;

Jj=1



and X'i,j=[xi,j,1 xi,j,2 xi,j,p] (lxp),i=l,...,r j=1,...,N

D is a 1p x q known matrix of rank q, made up of sub matrices
D,,D,,...,D; such that D'=[D';,D';,...,D', ] depending on the

regression model and parameter formulation.

With ABPM readings one can model the circadian rthythm with a low term Fourier
cosine and sine series or other orthogonal transformation ( Streffberg et al, 1989).
If we use the (c+s+1) term Fourier sine and cosine model, where ¢ is the number
of cosine terms and s the number of sine terms for example, and we fit separate
Fourier coefficients for each treatment group and follow-up period then D takes

the form:

D 0 0
0 D 0
D={ F ]
0 0 .. Dg

with DF a p x (c+s+1) matrix with (c+s+1) the number of Fourier terms used in the

model for each of the follow-up ABPM curves. Df has the form

1/2 cos(z—n) cos(zﬂ) sin(&i) sin(—z—s—n)
) p )Y P P
DF = —'[ . . ]
P 2smp

1/42 cos(z—np-) cos(zc—@) sin(m) . Sin(——=
P P P P

B is then an r*(c+s+1) x m matrix of unknown Fourier coefficients with the form:



Bt B2 - Bim Biji1
(L4 B=[Bz,l B2 - Bz,m] with B, = Bi.j.2 ]
Br,l Br,z Br,m Bi,j,(c+s+l)
and the m x N matrix A:
A 0O 0
0 A 0
(15) A=[ 7 B
0 0 .. A

where each A i isalx n; matrix of 1's for all j=1,...,m.

In the following I derive the Maximum Likelihood estimators for the unknown
regression parameter § and Z in model (1.2) above for the situation where r, the
number of repeated sequences of ABPM readings on each individual is 2. For
notational convenience I assume that each ABPM is a sequence of p/2 (with p/2 an
integer) readings with a total of p readings on each individual . The covariance

matrix is unknown, but assumed to have structure:

_Ip Zo

1.6 z
(1.6) o Tp

with 5,2 both p/2 x p/2 and of unspecified structure.



Maximum Likelihood Estimators for B,Z

Theorem 1.1

Let X be a p x N matrix of random variables where:

X
X=[Xl] with X1 and X5 both p/2 x N matrices
2

Assume:
E(X)=DpA
where:

D is ap x q known matrix of rank q

B 1is a @ x m matrix of unknown parameters
A is am x N known matrix reflecting the design of experiment,
rank m.

Further assume that X are independent multivariate normals such that:

E(X;) = DBA; where Aj represents the I th column of A



and a design matrix D of the form:
D,
D= ith
(b)) ¥
Dl = [Du,O] and Dz =[0,Du]
Dy,D, both with dimension p/2 x q

D;; ap/2 x q/2 matrix of rank q/2 and 0 a p/2 x q/2 matrix of
0's.

Also the covariance matrix is;

V(X;)=Z where £ is of the form:

=% o)

each submatrix is p/2 by p/2.
Zo Zp

that 1s the diagonal and off diagonal covariance matrices are equal .
Then the M.L.E.'s for B and ¥ are:
B=(B/'S”'B) ' BSTHXA(AA)™

T = (21~ BiFAXZ, ~ BiFAY+(Z, - ByBAXZ, - By A)]

Wit Zy=[] ad Zy=(]

10



11
D, D,
B = and B =

Proof:

The M.L.E's for B and ¥ are derived using an approach simalar one used by
Khatri (1979) p. 191 use to derive the M.L.E.'s for the generalized growth curve

model.

The likelihood function can be written as (Khatri, 1979):

—lPN in 1 '
(1.7) LB, Z)=(2xr) 2 |22 exp(—EZ-l(X— DBA)YX -DBA))

We can rewite X and D as:

where X is the matrix of the first p/2 rows, X» the last p/2 rows of X. Similarly
D is the matrix of the first p/2 rows and D the last p/2 rows of D.

Then (1.7) can be rewitten as:



(1.8)

= X, -D,BA

1.2 = 2n) 2" o empl- g G LG T

2 —DyBAT X, ‘DzBA)')}

lettmg Yl = Xl - DIBA ’
Y2 = X2 - DzBA

(1.8) becomes:

Y1Y1: YIY% 0

1

-=pN Iy 1
1.9 2r) 27 272" exp{-=tr(Z~!
(1.9) @2r) 2 |z p{—tr( (YZYl oy

Now with the positive definite covariance matrix with the form:

_Zp Zo

with I, =2, then the form of its
20 2p

z

inverse is of the form:

A B .
1.10 Tl= with B=B
(1.10) (B A)

Using (1.10) and the general form of the inverse of a partitioned matrix from

Rao, 1965 p. 33 we can write the inverse of Z as:

12
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-1_Zp Zoy1_ZIp+FET'F —FE™!
() ( ) ( -1 -1 -l

20 ZD ~-EF ED +FE 'F

)

where:

E= ZD - ZOZD_lzlo,
F=3p'Zo

Multiplying the matrices in the exponent the likelihood equation becomes:

(1.11)

_PpN N 1
L(B,Z)=(2n) 2 !ZI—? exp{—E[

t(Z5' + 2520 (Ep ~ 02D o) TSPV Y ]+
(S5 + 2520 (Ep ~ 202D £0) ' Z0Zp) Y2 Yol -

20[(Z5'Z0 (Ep - 025 Zo) HV Y, 11}

For a given B let

—_— 1 ' '
Zp= E[YlYl +Y,Y,],
(1.12)
Ta =—[Y;Ya
o N[ 1Y2]

be the proposed estimates for Xp and Z respectively. Substituting into (1.11)
get:



(1.13)

SN S
LB.D)=(2x) 2 (27 exp{
(2 + 2520 (Ep - ZoZp Zo) ' Zo T 2NTp] -

20[(2p'Z0(Zp —Z02p Zo) ' NZo]l}

Simplifying (1.13) becomes:

— —p—b{_._E Np
L19)  LED=@n) 2 [ Tent-—1
with:
£=¢p o
(L15) o Ip

Now let §D ,Eo be any two other estimators with

T=(EP Z o) positive definite.
Zo ED

14



15
The likelihood is then:

1YY, YiY, )

2 2 S—
e  LEDH=en |’3| exp(-tlE A

=1 '
now since ¥  has the form (g i) it is easy to show that:

LYY, YY, 1= LeE (Y1Y1+Y2Y2 2Y;Y, .

o[z .
Gy Y, Y, 2 2Y,Y, Y,Y;+YiY
211 2 211 212 1+1

or

Y1Y1 Y Y, Sl =tfE \@]

X (

with T defined in (1.15) above

the likelihood (1.16) is:

(1.17) L(B,Z) = (2n)'_|z| ? exp{-—tr[z 'NE

Now I will prove that

L(8,Z) 2 L(B,%)

for B fixed, that is equation (1.14) 2 (1.17) or equivalently
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(1.18) log(L(B, Z)) - log(L(B, T)) > 0

Now (1.18) is:
(1.19)
pN N Np
[~ log(2m) - log(E) - -1~

_pN X Nzl
(== log(27) ——log(Z) ~—-fZ Z])

Rearranging terms get

(1.20) —Izi[—log(:—%::) +u(§’1’z‘) -]

Following the development in Rao (1967) p 531, letting

A1sA2,...,Ap be the roots of lf—k§|=0 .Now all A; >0 since both

matrices in the expression are positive definite.
And (1.20) becomes:

(1.21)
N _
?[—log(llkz...}»p) + (A'l + }\.2 +...+A.p) - p]—

N S - log(hs) - 1+ 4]
2 =1



Since A,>0 and x < ¢! for x >0 we have:

-log(x)-1+x20

Therefore:

N P
7 ZI-log(hi) - 1+2:]120

Therefore for any fixed B:

L(B,Z) 2 L(B,Z) with :

s-Co Zo
o0 Zp

with:
—— 1 L] L
Zp=—IY, 7 +Y,Y,1],
D 2N[ 171 + Y2 Y]

— 1 .
o =—[Y;Y
o N[ 1Y2]

Now we will find B such that:
L8, %) 2L(B, )

Let

17



7 X, 7 _X2
Tx, T TTx
D, D,

B, = , By =

I= 2_;1-[(21 —BiBA)(Z, ~ B|BA)+(Z; — ByBA)(Z, ~ B,BA)]

and from equation (1.14) the likelihood is:

—_ —-N—p- _E Np
LB.Z)=@2n) 2[5 Zexp{-=7}

To maximize the likelihood with respect to B therefore we have to

maximize:

N
bR
or minimize: Ifl

Now using a method similar to that used by Khatri 1979, p. 24

T= ;lﬁl(zl = BiBA)(Z, - BBA)*+(Z; — BBA)(Z; ~ B,BA)]

18
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is equal to:
(1.22)

ZLN[(Zl -BjBA)I - A'(AA") 'A)Z, - BBA)

+(Z; - B;BA)A'(AA')'A(Z, - B|BA)
+(Z, ~B,BAXI - A'(AA") 'A)(Z, - B,BA)
+(Z; - B;BA)A'(AA")'A(Z, - BBA)']

with
(Z; -B;BAYI-A'(AA") 'AXZ; - BifA)
=Z;Z;'-Z;A'(AA")'AZ;'

Let
Y; =Z,A'(AAY)!
S;1=2,Z,' - Z,A'(AA)'AZ)'
Y, =Z,A'(AA")!
S, =Z,Z," - Z,A'(AA")1AZ,
0 I
]

T=
[I 0

where Y; ispxm, S;ispxp, T ispxp consisting of submatrices

0 a zero matrix of dimension —g— X %and I the identity matrix with dimensions

alsong.

2
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Now

Y, =Z,A'(AA") 1 =TY;
Sy =Z,2,'-Z,A'(AA') 1AZ,'= TS T'

and (1.22) is equal to:

SR (5152 + (Y ~BIB)AA'(Y, ~ BiB)H(Y, ~ ByR)AA'(Y,; - B,8)

which is equal to:

?11\?[81 +T§;T'+(Y; — BiB)AA'(Y, - B|B)+T(Y; — B|B)AA'(Y; - B;B)'T']

or
L

1.23 T =
(1.23) N

[S; + TS, T'+PG']

with P a p x 2m matrix and D a p x 2m matrix where:

P =[(Y; - BB), T(Y, - BiB)]
AA'(Y;-BB)
G'=



Therefore we want to minimize:

= |1
|2|=i—2i[SI+TSIT'+PG'* or
(1.24) |[S;+TS;T+PG"]|

with respect to

Now S; +TS;T is positive definite with probability 1 if N > p /2, therefore,

(S; +TS 1T')“1 exists and
(1.24) is equal to
I(S; + TS, T' )||I +(S; +TS,T")"'PG’

Using Khatri's Corollary 1.3.3, 1979 p. 5 the above equation can be

rewritten as:

= s +TSIT')||I+G'(SI +T8,T')"1p

Now G'(S; + TSlT')"lP in the original variables is equal to:
(1.25)

AAT 0 (% -BB)S(Yi-Bif) (Vi-Bf)S (Y, -B),

[y AA'][(Y1 ~BB) TS (Y;-Bip) (Y;-Bip)S7'(Y; -Bp)

21
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with S=(S, +TS,T')

Following Khatri's outline for proving Theorem 1.10.3 ,1979 p 24

and using:

s = (s~ -s71B,(B,'S7!B;)!B,'S11+S8"!B,(B,'s"'B,)!B,'s !

and (TS)™! =S7!T=TS™! with S defined above.

Then
(Y1 -B,BYS™!(Y; -B;B) =H+7'(B,'S™'B)n

(Y1 -BiB) T'S™'(Y; - B;B) =J+v'(B;' TS !B )v
with
H=Y,'S™-s"'B,(B,'s”!B))'B,'s )y,

n=(®B,S"'B)'B;'sHY; -8

I=Y"(T'S™ -1s71B,(B,'T'S7'B))'B,' TS Y,
v=(B,'T'S™'B,) !B, T's )y, -B

We will now show that with the structure of the design matrix assumed in the initial
setup that n=v.



Since S =(S; +TS;T') itis easy to show that S has the structure that can

be re expressed as the following partitioned matrix:

X R
S=[ X] where X and R are p/2 x p/2.

R
and therefore S~! has a similar form, that is:

K L
st=( ] where K and L are p/2 x p/2.
L K
Also by assumption:
D, Dy O
B= =
.1=0o" b, ]
Therefore:
B'IS‘IB1=[D"1KD11 D'uLDu]

Dy LD;; D KDy

Notice that B;S‘IBI is symmetric so we can write its inverse as:

, T U
B;S7B) ! =[ ] with TandU g2 x ¢/2.

U
Therefore

TD;;K +UD;,L UD;;K+TDy;,L

¢ [} ' ' ]
UDllK +TD11L TDIIK + UDHL

(1.26) B,S7B))'B;s™ =

23



Now
0 1LK L L K
TS™! = = :
L 0][L K [K L]
Therefore
B/TS"IB, = [D:uLDu D'}IKDll]
D, KDy; DyLDyy
consequently:
: U T
(BlTS"lBl)'l ={ T U] using the above notation.
And:
(1.27) (8178 1B,Ts - =[UPnL+ DK TDyL+UDy,

TD;,L+UD;;K UDj,L +TD;;K

Now examining the right side of equations (1.26) and (1.27) we see they are

identical, therefore:
(B;TS™'B))'B,TS ! = (B;S"!B,)"!B;S ™

thus: n=wv.

24
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Therefore noting that n=v (1.25) becomes:

AA' 0 _H+w(B'SBYn J+n'(B,TS™'B)n

o Aaly @ TS By H+n'(BySByn

[

which is equal to:

AA' 0 _H J

i Y4 W@STBYn  m(B TS Byn
0 AA’

_ a )
I H “n@B,/TS"'B)n n'(B;'S™'B)n

[

Therefore (1.24) | [S; +TS,;T'+PD']| isequal to
AA' 0 _H J '(B,'S”'B "(B,'T'S”!B
lSIXI+[ 0 ]([ ]+[ Tl( 1 l)n Tl( 1 1)71

AA™] H “q'(B/TS™'B)n  m'(B/'SByn D

Letting:
J A0
=l H] » A=[ A] the above equation
becomes:
ISX|T +44 (¥ +] n'(By'S™'By)n n'(BI'T'S_lBl)n])
n'(B;'TS™'BYn  n'(B,'S™'B))n

Using Khatri's collorary 1.3.3 this becomes:

[SIX{T + 4 %4 + 4] n'(By'S™'By)n n'(Bl'T'S'lBl)n]A
n'(B'TSB)n  n'(B/'S™'Bpn




Now X positive semi-definite, hence J+ 4¥4' is positive definite.

Let the characteristic roots of

Qi) g TBIS BN W'(B TS Bn,
MB'TSIB)n  n'(B,'S™'B)n

be A (=12, N),

which gives A; 20 foralliand

N
| [S +TS;T+PD'] | =[S|x[[+ 4 XX [T(1+1;).
i=1

N
The minimum value of [J(1+ A;) varying n is 1, and it can only

i=l

be attained iff A} = A, =..= Ay =0, thatis

n(B,'S7IB)n  n'(B,'T'S™'B))n

A'[ ] L L] "1 (] 1 -l
N'B;'T'STB)n  n'(By'S ' Bn

U=0

which means BimnA =0 or

(1.28) B,BA = By(B,'S"!B;)"!B,'s lv,A

26
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Since B with dimension p x q has rank q and A with dimension m x N has rank m

then B'IBI with dimension q x q has rank q and AA' with dimension

m x m has rank m. Therefore (B'IBI)'1 and (AA')'l exists and (1.28) becomes:
(1.29) B=(B,'s™'B)'B;'s™Y,
We have shown that if

2= %[(zl ~B,BAX(Z, ~ BiBAYH(Z, — ByBAXZ; - B,BA)]

then

L(B,Z)2L(B,Z) forany p and
L®,Z)2L(.Z) iff B=p=(B,'S”'B)'B;'s™HY,

therefore £,B are the maximum likelihood estimators of Z, B proving the theorem.
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Asymptotic Properties of M.L.E. for B

To derive the asymptotic properties of the M.L. estimator for B, I must first look

at the properites of S introduced in the above theorem, specifically we are
interested in Spg which is S divided by 2(N-m), that is:

(1.30) Sym =(S; +TS;T')/2(N —m)
with
m
z llj =N
j=1
S; =X(I-A'(AAYA)X
X -
(131) Sy = (X;)(I - A'(AA)TTAYX), X)) and
0 I X, , .
T= [I 0] and X= (X )  with X; and X, p/2 x N submatrices of
2
X.
Lemma 1.1

Given the assumptions of Theorem 1.1 then Spf as defined in (1.30) converges in
probability as all n;,n,,...,n, approach infinity to Z.
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That is:
(Sl + TSIT') P
SMm = >
M= (N-m)
Proof:
We denote the elements of S, as
sl,l Sl’z . sl,p—l Sl’p
82,1 52'2 sZ,p—l Sz’p
(132) S1=[ A : ]
Sp-1,1 Sp-12 -+ Sp-Lp-1 Sp-lp
sp,l Sp,2 sp,p—l sp,p
We can rewrite S; as:
(1.33) (Z+DBA)P(Z +DBA)
with
Z=X~-DBA

P=I-A'(AA)!A
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Now expanding (1.33) we get:

(Z+DBA)P(Z +DBA) =
(Z+DBA)Z+A'B'D'-A'(AA") 'AZ-A'(AA")1AA'B'D)

=Z(I-A'(AA")1A)Z
Therefore
(1.34) S, =Z(I1-A'(AA")1A)Z’
where Z isa p x N matrx with columns which are

independently distributed as p dimentional multivariate normal random
variables with mean 0 and covariance X.

That is
Z=(Zl 22 ZN)

Z;~Np(0,5) j=L..N

COV(Z;,Z;)=0 foralli #j
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Now letting P =I-A'(AA')'1A , then the trace of P is:
tr(P) = tr(T) - tr(A (AA)) ' A)

Since I is NxN, tr(I) = N

Now

. m
with ¥ n;=N
j=1

Therefore if we denote:

1 .. 1

alm=[: : :] anxmmatrix of 1's
1 .1
0 .. 0

2Om=[: : :] anxmmatrix of 0's

0 ... 0
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Then
1/ nl(nl lnl ) n 0n2 n Onm
Al(AA')_lA - [ n2 Onl l/ n2 (n2 1“2) aee nz Onm ]
nm On; nm Ony v Vg (ap 1n,)
and therefore
tr(A'(AA) 1A)=m
Consequently:
tr(P) = tr(l) - tr(A'(AA )Y 'A)=N-m
From above:
(1.35) S, =ZPZ
: -1 Z, ..
with P=1-A'(AA") AandZ=(Z ),Z a p x N matrix with
2

columns which are independently distributed as p dimensional multivariate

normal random variables with mean 0 and covariance 2.

Using a similar argument as in Johnson & Wichern (1988) p. 285 and the fact that

P=I-A'(AA")'A is idempotent and symmetric, we can write P



P= llelel' + lzezez'+...+lN_meN_meN_m' where (A;,e;) are the
eigenvalue and normalized eigenvector pairs of P. Note that all N-m

eigenvalues A, are equal to 1 since P is idempotent, so

P= elel' + e2e2'+...+eN_meN_m' and therefore from (1.35) above

N-m v e
Sl = ZZekekZ
k=1

Letting Vi =Z,e, we have that the V| are Normally distributed and

E(Vk) = E(Zk )ek =0 and

COV(Vy, V) = ¢ z-—{o L=
k> V1) = €€k T 1=k
Therefore

N-m ,
S;= X ViVi hasacentral
k=1
Wishart distribution Wyy_,(.|Z) with N-m degrees of freedom.

From the properties of the Wishart distribution each element of S , which we

have labeled s; ; (see 1.32) is a sum of N-m independent random variables,



. N—m ' .
that 1s 8ij= p vi,j,rvi,j,r with
r=1

E(v; j,,v;, jr) =0Cij where o ; is the i,j element of X
VAR(v; j,,v'i, jr) =¢ij <o for
alli, 5=1,2,..p and =1 ...N-m.

Also Cov(v; j’,v'i, i Vi, j,sv'i’ js) =0 forall r=s.

Therefore using the results of Chebyshev's Theorem (Rao p. 112) as N-m
increases to infinity:

i 1 Nm o P
(N__m)"(N_m)rgvurvur" >Gi,j

And consequently as N-m increases to infinity:

N-m '
S 1 Sv —Ess

(N-m) (N-m) k=

Similarly, as N-m increases to infinity:

N-m '
ST __1 S rvvr—EoTeT=3

(N-m) (N-m) ko)

34
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Zp Zo

since by assumption ¥ =
Zo Ip

Therefore as N-m increases to infinity:

- (Sl +TSIT) P R

2(N ~m) z

We showed that the maximum liklihood estimator of B denoted as B is
(1.36) B=(D's'D)'D'S"IXA'(AA)!  with
S=(§;+TS|T")

S| =XA-A'(AA)TA)X

or equivalantly:
(1.37) B=(D'Sy D) DS XA (AA) !
with Sy difined in (1.30).

I will now show that B defined above converges to B as n goes to infinity.
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Lemma 2.2

Given the assumptions of Theorem 1.1 then B as defined in (1.36 or 1.37)
converges in probability to B as all n;,n,,...,n; approach infinity. That is:

B=(D'Sy'D)'D's, XA (AA) 125,
Proof:
B=((D'Sy [Zz7'ID) ' DS [Z2T (XA (AA) ! - DB + DP)
(1.38) = (D'[Sy 'EIE7'D) ' DSy ZIETN(XA (AA) ™! - D)
+D'[Sp '2127'D) D[Sy 121z DB

In the previous section we proved that as (N -m) goes to infinity

_(S;+TS;T) P
2(N —m) f

p>

Therefore

(S, +TSlT')]-1 P
2(N —m)

\2—1

[SmI™" =I[
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Applying the results from Rao (1973) p. 122 we have as (N-m)

goes to infinity

Syl s — 5 =1

The second term in (1.38) 1s
(D'[Sp'2127'D) D[Sy 12127 IDB  therefore
as (N-m) goes to infinity
(D[S '2127 D) ! D'[SM“Z]}:‘IDB—P>

D'z D) D'z DB

That is the second term of (1.38) converges in probability to .

ie  (1.39) (D'[sM"z]z"D)“D'[sM'lz]z‘IDB—If—)B
Now the first term of (1.38) is

=((D'Sy'ZIZ7'D) ' D[Sy ZI= M) (XA (AA )T - D)



Now

(1.40)
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E(XA'(AA)™")=DBAA'(AA) ! =Dp

Also given the structure of A given in (1.5) in the previous section

we can see that

A'AA) T =[

and

n
2 x5/m
J=l

nj
XA.(AA-)—I = [jZIXZ,j /Ill

l/nl 0
: 0
l/nl 0

1/112

0

0 :
0 1/my
0

0

0

n+.+npy
Z Xl’ j / Ny
jJ=np+.4ng g +1
ny+..+0p
Z XZ, j / nm]
j=n+.+ng 1+l

0y +.40p
. xP’j / nm
j=np+.4+ng_1+1
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Denoting the row vectors of D as

d
d;
D=( 1) and the columns of B as B =(B,,...,B) have
dP
taking expectations:
nj nj+n3 n+.+0y
2 x/m X xyi/ny .. . 3 Xy,j/Dm
j=1 j=np +1 J=n+aAng g+l
n nj +ny ny+...+0g
! \=1\ ZXZ'/nl ) Xz'/nz . Y Xz-/l’l
E(XA (AA ) ) - E([]=l ] j=n1 +1 - j=n1 +..+0p +1 ] m])
n ny +n»s ) o n+..+Npy, |
Z Xp’j /nl ] Z Xp’j /nz SO Z Xp,j /Ilm
j=1 j=np+l1 J=np+.4npg g +1
from (1.40) above

df; diBy .. dBp

A8, dyBy .. dyB
o 2'31 2.132 ' 2?1

deI deZ dem
So

E(gxi,j /IIG) = diBG



and

1 Oji
VAR x../n =__.E X: ;) =—>—
(E i,j G) ng ( 1,_]) ng

and each X; ; are i.i.d. random variables for any i and j=1,...,N.

So by the Weak Law of Large Numbers (W.L.L.N) Rao (1973) p. 112

lim [(Xx;;/ng)~diBgl=0 ie.
Noo G

(S, /ng)-diBg——0 as N-»ew

Therefore
XA'(AA) - DB-L»o
also

(DS~ 'z1E7 D) D'[SM’IE]E‘l)——P——)(D'E“lD)’lD'Z'I
Therefore the first term of (2.12)

(DTS 'ZIE D) DSy T ) (XA (AA) ! - DB ——0

40
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In conclusion as N goes to infinity

B=(D'Sy,'D)"'D'S,, HXA' (AA) ] 2, B.
Now I will derive the asymptotic disribution of B.

Theorem 1.2

Given the same set up and assumptions of Theorem 1.1, when m and p are fixed,

and all n;,n,,...,n; approach infinity:
vee  [B-BYAA) ) =N (018 (DT D)™
Proof:
We will look at the statistic:
(1.41) U=(X-DBA)A'(AA)™/?
We can rewrite (1.41) as

(1.42) U=[UU,,...,Up]

=[(X;-DBIADA; (A1A) ™V . (X -DBnAm)An (ApAm) V2]
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Now
E(X, - DBlAI) =0 forall i=1,...,m.
So E[(X; - DB;ADA(A;A; ) 2]=0 for all i=,...,m.
I/ni
Also AiA{ =n; and A;(A;A) V=] : ]2
llni

0 (X, ~DBADA(AA{) ™2 =[1"2(3. (5~ D) where

the x; ¢ k=I,..,n, arep x 1 vectors that are the columns of X;.

Now VAR(x;;)=Z= %p %o
’ 20 Zp
and COV(x;x,Xj ) =0 for k#r.

Therefore

VAR[(X; - DB;ADA(AA;) 2] = L VAR(S (x; —DB;))=£
i k=1

Consequently U , the transpose of U is distributed as am x p
multivariate normal matrix with mean zero and covariance I® ¥ where

@® is the direct or Kronecker product.



Now from above:
B=[B; By . Bml=(D'Sy'D)'DSy'xA'(AA")!

with Sy =(S;+TS,T')/2(N-m) and

S; =X(I-A'(AA)TA)X

Now
B=(D'Sy D) 'D'Sp1(X-DBA +DBA)A'(AA) !
=(D'Sy D) 'D'Sy (X - DBA)A (AA') !
+D'Sy'D)ID'S) IDBAA (AA) !

= (D'Sy D) 'D'SyTUAA ) V2 + B with U defined above.

Therefore
(1.43) (B-BYAA)Y? =(D'Sy D) 'D'Sy U

Now

B-B)AAY? =[n)"2(B,-B1) 0,Y2B;-B2) - 0" (Bm—Bm)]

and

(D'Sy D) 'D'Sp'U=[P, P, .. P,] with

P, =(D'Sy, D) 'D'S )My,

43



with U; =(X; ~DBiA)A; (A;A) 2

m
As N-m increases to infinity , thatis, as N = ¥n; ~m—— o with each
i=1

n; —> % we know from above that Sy~ —2 55" Therefore

(D'Sy;"'D) "' D'Sp ! ——(D'z 1Dy D5
M M

Also as each n; increases to infinity, U; converges in distribution to a

random variable, say ¥, that is p-dimensional multivariate Norma! with mean 0

and covariance Z (the same distribution as Uj, that is, as each nj increases to
infinity:

Ui —L—)Tl

Therefore from Rao (1973) pp. 122 the sequence of random variables in (1.43)

converges in distribution to a p-dimensional Normal random variable, that is:
lim (D'Sy{D)™'D'Sy{U; ——N(0,Z;)

n) o

g >0

with 5= (0= p)'p'zlzz-Ip(D'= D)t

Z5 = D'z p)y!



To rewrite

As n; > o, foralli=1,2...m
nj2(; -B;)—N(0,Z5) with

Z5=(DZ"'D)™

Therefore

vec [(B-B)AA)?] ——Ng,(0,I®(D='D)™)

45



Chapter 2

Trough to Peak Ratio

Examination of the diurnal variation in a 24 hour ABPM profile can be helpful in
assessing the characteristics and duration of the antihypertensive effect of a drug
under investigation. In a placebo controlled study, the net change in systolic or
diastolic pressure elicited by an antihypertensive agent is compared to placebo
across time from dosing, typically by creating and analyzing a placebo subtracted
curve. In the United States, it has been necessary to estimate the peak and trough
effect of new drugs in order to gain approval for marketing, with the peak defined
at the maximum measured effect of the drug and the trough as the effect of the
drug at the end of the normal treatment cycle time. The statistic which is usually
reported is the trough to peak ratio (T/P), or 100 x T/P which is the ratio of the
effect of the drug at the end of the treatment cycle and the "peak" or greatest effect
throughout the treatment cycle.

In this chapter we will discuss and compare three methods to estimate the trough
to peak ratio, the first method is a univariate method based on time of day averages
of the actual ABPM data, a second method using a fitted Fourier curve with the
multivariate statistical models and methods described in chapter 1 and a third

simple univariate Fourier model.

We will assume an experimental design which has two treatment arms, placebo or
drug, each with the same number of individuals assigned (n). We have two sets of
ambulatory hourly readings for each individual in each treatment arm, the first set
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of ambulatory readings representing a baseline reading and the second the on
treatment reading (placebo or drug). We also assume p ambulatory
readings at equally spaced (hourly) intervals spanning the full expected drug effect
cycle time ( usually 24 hours, p=24).

Using the notation of chapter 1, the ABPM measurements can be denoted as a 2p

x 2n data matrix:
2.1) X=[§:’i ;2“ )):l»nﬂ il,zn]
Jq - A A2n+l - A2p
with
Xij=[xij1 xij2 - Xjjpl,a(lxp)vector
with i=1,2j=1,...,2n
and

X|,j the baseline readings and X ; the on treatment readings for the j th

individual with the first n columns of the matrix representing the ambulatory data
from the placebo treatment group and the last n columns ambulatory data from the
drug treatment group. With this experimental design we will compute a baseline
adjusted, placebo subtracted trough to peak ratio.

To calculate the baseline adjusted, placebo subtracted T/P ratio based on time of

day averages, we first subtract the hourly baseline values from the on treatment
hourly values to get the difference from baseline readings for each individual:

X'D,j = X'Z,j—x'l,j = (xD,j,laxD,j,Z ’""xD,j,p)
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Next we compute averages for each of the p time periods across all n individuals

within each treatment arm:

-— -— - n n n
X =(XppL1+XppL2 s XppLp) =(Z Xp,j1, X Xp,j2:-» Z XD, j,p)
D.FL ' j=1 j=1

J=1
for the placebo treatment arm and
X poe = ®ppes X X o) =( L Xpji & % xpjp)
=(X »Xp geees X = xD,',l’ XD"’z,..., XD",
D.DG D.DG.1 DG.2 D.DG.p j:lH-l . j=n+1 ! j=n+l bP
for the drug therapy arm.
The mean drug effect difference is:
2.2)
Xyu=( DrLi  Xppei’X*ppr2 " Xppoa2iX DPLp X b.0G.p )
= (xM,l ,XMJ ,...,XM,p )
Assuming Xj ; above are random variables with mean:
(2.3) upL =(MBPL1 - MBPLp) fori=1andj=1,...n
prpeL =(MTPL1 - MTPLp) fori=2 and j=I,..., n

uB,pG =(MB,DG, HB,DG,p) for i=1 and j=n+1,...,2n

rt,pG =(KT,DG, HT,DG,p) for i=2 and j=n+1,..., 2n
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then Xu = (x Ml X 2 ,...,EM’p ) has mean vector 0 with elements:

(24) 9 =(utpG,i ~HBDG,i) ~(HTPLi “HBPLi) i=l,..p

The baseline adjusted, placebo subtracted trough to peak ratio estimate (T/P) based
on sample averages is then defined as:

(2.5) T/Py =Xy, /max(Xyg; X g5 Xpgp)

where max denotes the maximum of the p sample means. In case of a tie we will

always use the observation at the earliest time of the observed maximum value.

The second type of trough to peak statistic we will consider is constructed using
estimates of measurements assuming a parametric model for the dose response
curves. If we assume the ambulatory hourly readings over the period p can be
represented at a time t by a (c+s+1)- term Fourier function (for example), where ¢
is the number of cosine terms and s the number of sine terms (c+s+1 <p) of the

form:

(2.6)

2 c 2gnt S . 2gmt
xi,,',t=w/—-[ai,m+ S bimgc0S(CER) + T ¢ g SIN(E)] ¢
P g=1 P g=l P
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witht=1,.,p and i=1 for the baseline ABPM , i =2 for the on treatment
ABPM and m =1 if in Placebo treatment group and m = 2 if in drug treatment

group.

Deﬁning Bi,m = (ai,m,bi,m,l,bi,m’z,...,bi,m,c,ci,m'l,...,ci,m,s)

to be the vectors of the unknown Fourier coefficients for each of the four groups

and B the 2¥(c+s+1) x 2 matrix :

Bii B2
2.7 =["
2.7) B [32,1 32,2]
and
_Dg 0
D={ 0 DF]

with DF a p x (c+s+1) matrix with (c+s+1) the number of Fourier terms used in the
model for each of the ABPM curves.

DF has the form:

UVZ cosCRy . cosP) sinZEy . sinET
3 p p p p
DF = —[ .

P 1/42 cos(—z-g) cos(ﬂ) sm(—%g) ... sin( TP
p P

)
P
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and the 2 x N matrix A:

en A=y )

where each A i is a 1 x n matrix of 1's for each j=1,2 then the model for the ABPM

data in matrix form is equation 1.2 in chapter 1:

(2.9) X =DpA +e.

Defining ﬁi’m to be estimates of the unknown Fourier coefficients, then an

estimate of the expected value at a time period h for each treatment group is:
fimh=dnB; m

P, ., sin()

dh f (l,cos( )cos( ) .,COS

The estimated baseline adjusted, placebo subtracted drug effect for each time
period h is:

(2.10) fn=dyBp

where 3 is the estimate of the difference in fourier coefficients ,that is BD

estimates
(2.11) Bp =[(B2,1 —B1,1) —(B2,2 —B1,2)]



with:
By, the fourier coefficients for the baseline placebo data
B2, the fourier coefficients for the on treatment placebo data
By, the fourier coefficients for the baseline drug data

B2, the fourier coefficients for the on treatment drug data

Then we define the trough to peak ratio based on the above fourier fit as:

(2.12) T/Pr =fp /max(f1,f2,....fp)

Asymptotic Distribution of T/P statistics

We will now determine the asymptotic distribution of the above statistics

represented in equations (2.5) and (2.12) with the help of the following results.

Lemma 2.1.

Let X n,X3 ns---Xp,n be m random variables such that each converges in

probability to a constant 0; , i=1,..,p, i.e.

lim P(X;, - 6;>€) =0 denoted as X; , ——>6;
n-—>»o0

then max(Xl,n,Xz,n,...,Xp,n)-L-) max(6,,6,,...,6p).

52
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Proof:

Denoting n; as the sample size of X, , choose nj so large that:

X, =[meX2’n’mxp’n]- for agiven 620 .
Then for n 2N = max(n;,n,,...,ng):
P(Imax(Xl,n, X2,n,...,xp,n) - max(el,ez,...,ep)|> 8)

p*o _
p

S

p p
< P(,Ullxi’ni - 9i|> 8) < ,ZIP(IXi'ni - ei|> 8) <
1= I=

Since & is arbitrary it can be made as small as desired, establishing the desired
result.

Next we will derive the asymptotic distribution of
Vn(max(X; 5, X3 p,--»Xp.a) = 0;)-

Lemma 2.2

Let X 1,X3 n»---Xp,n be m random variables such that each converges in

probability to a constant 6; , i=1,..,p. And further assume that there is one 6;

such that. ©; <©; forall i=j.
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Then

lim P(vn[max(Xy ..., Xp.n) ~0;1<2) = P(Vn(X; , —6;) < 2).
Proof:
Its enough to show:

lim P(max(X; g, Xpn) = Xj0) =1

n—->wo

0.-0
Let 0O<egg-2 5 —  where 8, is the next largest constant, that is:

8; <0, <O foralli=12,...,j-Lj+1,..,r-Lr+L..p.

denote nj as the sample size of X, , choose nj so large that:

P(X;n, —6il>¢€) < for agiven 520 .

)
2(p-1)

Then for n2 N = max(nj,n,,...,n,):
P(max(Xl,n,...,Xp’n) = Xj,n) = l—P(max(Xl,n,...,Xp,n) # Xj,n)

=1~ SPmax(X) n,» Xpn) = Xin) 2 1= TP 0 > X;0)

ij i#j



Now:

ZP(Xx n >x_| n) =

l#j

Z[P(X, n”> xj,nnlx_] n _||> £)+ P(Xi,n > Xj,nmlxj,n -ejlS £)]
i#j
\/_( p,n p) ‘/—ep(xj n )

61 912

< X[P(Xn —=6jl>€) +P(X; , >8; —¢)]

i%j

< X[P(Xjn ~8jl>€) +P(IX; 5 —6;|>6; - 6; ~¢)]

l¢j

now 6;<6,<9; foralli=12,...,j~Lj+1,..,r=Lr+L...p. therefore:

< E[P(lxjn Jl>e)+P(IXi,n_ei|>9j—er_e)]

i#j

0;-9,

and since O<e<

2(p-D4
< ZP(X; n-— P i,n — Vi =
Ej ( i |>s)+ (Xjn—-8il>¢e)= 2(p 1) =9

Therefore:

=1- Zp(max(xln, ) pn) xln)>1 5

i%]j
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Since €,8 are arbitary and can be made as small as desired, the result is

established.

With lemma 1 and lemma 2 we can now derive the asymptotic distribution of the
trough to peak ratio.

Theorem 2.1.

Let Xj 4,X3 p,--Xp,n be mrandom variables such that each converges in
probability to a constant 6; , i=1,..,p. And further assume that there is one 0 j

such that .
Gi <GJ forall i= l,2,...,j—l,j+l,...,p.

Further assume:

\/E(Xi,n —0;) converges in law to a distribution for all i=1,2,....,p

i Vn(Xp0=0p)  VnOp(X;a —6;)

3 converges to a distribution as

n increases to infinity.

Defining the trough to peak ratio statistic to be:

T/ Pn = Xp,n /max(Xi,n)
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where max(X; ,) is the maximum of X y,X; p,....Xp n

— 0
Then as the sample size n goes to infinity JH(T/ Pn- e—p) converges in law to
i

the same distribution as does

\/_( p,n p) ‘l—ep(x] n j)

. That is
2
9 j OJ

hmf(T/Pn——-) — S lim[ ‘/—(xpn'ep) V8, (X0 = )

n—»ao J n—>»w e] 92
Proof:
9% 92_ _ Xp,nej—max(Xi’n)Gp _
Yn(T/P ) Y i) (x, 50 T e
213 pn p 9 max(xi,n)"ej .
@1 NV e,
Now

J—-(P’ P) J_( Pn p)+_\/_(Pn P)\/—(Pn
(Xln) (Xln) J J

(Xp,n —0p)[0; —max(X; ;)] pn -6,
(2.14) vn ) )+ Vn(—2—L o PP



Now as n goes to infinity

L
(X, —0,)—2Z
[6;- max(Xi’n)]—P—) 0 by assumption and lemma2.1.,

max(X; ;) —P—>9 j

Now from Rao p. 122 if:
X, ——Z

P then CoXa —2 50
Cp—0

Therefore:

\[I; (xp,n - ep)[ej - max(xi,n)] P

>0
max(Xi,n)O j

Therefore (2.14) converges to the same distribution as

(2.15) \/E(z(l”—“———el)

0;

Now

max(X; n)-0;, max(X; ,) - 9;
Vay( max(X; 2)0; ) = Vn( max(X; 1)6; )+
\/Eep(maxo;‘jz“) %) _ Jﬁep(max();i’;‘) 3

j J
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Rearranging we get (2.16)

max(X; 5) —0; _ (max(X; 5) —0;)[0; — max(X; ,)]
Vady ax(X; n)0; )= Vady( max(X; 5)6 ;> )+

Now as n goes to infinity

Ja[max(X; ) - 0;]——> Va(X; , -6)
[0 - max(X; )] ——>0

max(Xi’n) -L} GJ

by assumption and lemma 2.2..

Therefore

Jﬁep((maX(Xi,n)“ej)[ej_Iznax(xi’“)]) P L0 and
max(X; 1)8;

the right hand side of (2.16) converges to the same distribution as:

X: —0:
(2.17) Vo8, (25—
9.
i
Usiiig equation (2.13) and (2.15) and (2.17) we see that as the sample

59
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— 0
size n goes to infinity Vn(T/Pp - 63) converges in law to the same distribution
j

as does
218 Vi(Xp,0=6p)  V08,(Xj0—6;)
0 j 3] 2
i
Thus completes the proof.

In our case the X y,X; p,...Xp n are sample averages or estimates based on
Fourier Regression. If we denote X, = [Xl,n,Xz,n,...Xp,n]' and

0=(6,,6,....,8,) and we assume that asymptotically vn(Xy, -6) isa
Multivariate Normal with mean 0 and covariance matrix > whose structure is

dependent on the covariance structure of the ambulatory data and the process used

— 0
to estimate the effect, the asymptotic distribution of vn(T/Pa - e—p—) is Normal
j

with mean 0 and variance o which we will prove in the following corollary.

Corollary 2.1.

Let X, = [XLn,XZ’n,...Xp’n]' be a vector of m random variables and
0=(0,,0,,...,8,) a vector of p constants with 8; <6; for all
i=12,...,j=1j+1,...,p such that as the sample size n increases to infinity
that\/;l-(xp —0) converges in law to a p dimensional Multivariate Normal

distribution with mean 0 and covariance X then
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— 0 '
\/E(T/ Pn- 9—p) converges in law to a Normal random variable with mean 0 and

j
variance
2.2 . ,2.2
Bjop +0,07 —20i0,p;p0p0;
3
9;

(2.19) 62 =

with c% the asymptotic variance of the pth variable Xp,n -the
trough
c} the asymptotic variance of the jth variable X jn - the

peak
P;,pOpC; the covariance between the jth and the pth

variables

0; is the peak value that X; , converges to asymptotically and
0, is the trough value that X, ,, converges to asymptotically.
Proof:

— 0
From theorem 2.1 +n(T/Pn - e—p) converges in law to a random variable that is
J

the same as the asymptotic distribution of :

Vn(Xpn=6;) Vn8,(X;n-6))

(2.20)
6; 0,

We can rewrite (2.20) as: a'Xn



with
Vn(X, . -6,)
+  Op —0p0; Cp
a =(——3") ad X,;=[ ]
ej 91z " w/;l—(xj,n “ej)
Oj
By assumption
Vo(X, 0 - 6p)
c L
[ P ]/ N(0,%)
V(X0 -8))
Oj
1 .
with T= [p- le,p] the asymptotic covariance matrix
3p
Therefore:
‘/;(Xp,n - ep)
o L
a'[ P ]——> N(0,2'Za)
Vn(X;, -9;)
Gj
2. 2,022
and a'Za _ ejO'p +0pcj -29j9ppj,pcpcj

4
0;

proving the corallary.
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We now will derive the asymptotic distributions of the two types estimators of the
trough to peak ratio we described in equations (2.5) and (2.12) above.

The mean drug effect difference Xy in equation (2.2) above can be expressed as:
(2.20) XM =LXA'(AA) ¢

with X and A defined in (2.1) and (2.8) above,

-1
with ¢ ={ 1 ] (2x 1 vector) and L a p x 2p matrix with each row i of L denoted

at 1; having all zero's and a -1 in position i and a 1 in position p+i, that is
I =[0,...,~10,....10,...] =[£;, 4;]
with ¢; =(0,...,1,0,...,0) all zeros and a 1 at position i.

If we assume that X; are 2 p multivariate normal random variables with mean
(2.3a) and covariance matrix :
Zp Zo

221 Zx =
@21) x=lge 5o

]

then
E(X-M) =0 with O =[91,92,...,9p] with 6; defined in (2.4) and

\/;(-iM — ©) is distributed as an p-dimensional multivariate normal

random variable with mean zero and covariance matrix



Im=LEZx+ Zx)L'

If we assume that 0; <6; forall i=12,...,j-1,j+1,...,p then the trough to peak

ratio based on the means (equation 2.2), using the results from theorem 2.1, has

the following properties:

If T/PM =;M’p /maX(;M’l ’;M,Z ""’;M,p)
then

___ 8
Ja(T7Pum —e—")—i-»N(o,c%,P,M)
i

with 6,,,0; defined in equation (2.14).

If we denote the elements of the asymptotic covariance matrix of the averages as

oMl OM12 - OMILp

OM21 OM22 - OM;2p
Im=[ . . ]

OM,pl OM,pl - OM,pp

then (2.19) becomes:

2 2 _hn. .
050 M,p,p OpOM,j,i ~208p0M,p,j
4
%j

222) o %‘/P,M =
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with OM,p,p the asymptotic variance of the pth mean ;M,p -the

trough
Vg ~tp
OM.,p.p =[-lp :ep ICx +Zx) ep ]

OMm,j;j the asymptotic variance of the jth mean Xy j- the

peak

2.
om,jj =[-¢;'¢;' 1(Ex +Zx)[ ej’]

GM,p,j the covariance between the jth and the pth means

—0.
om,p,j =[—€p' Lp' W Ex +Zx)I ljJ]

8; isthe peak value that X M,j converges to asymptotically and
O is the trough value that ;M,p converges to

asymptotically .

In terms of the elements of the covariance matrix X, if we denote the elements of

the covariance matrix as ok ; j, and with the covariance matrix having the form

(2.21) then:

SM,p,p =40 p,p
OM,jj =40x,i,j

OM,p,j =49X,p,j
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To calculate the T/P ratio based on the Fourier model, we first estimate the
different regression coefficients (equation 2.9), calculate the estimate of the
baseline adjusted placebo subtracted drug effect for each ABPM reading (equation
2.10), then compute the T/P ratio (2.12). The problem of estimating the T/P ratio,
therefore reduces to the problem of estimating equation (2.11) which is:

Bp =[(B2,1 ~B11) —(B2,2 —B1,2)]
with:
B1, the fourier coefficients for the baseline placebo data
B, the fourier coefficients for the on treatment placebo data

By the fourier coefficients for the baseline drug data

B2, the fourier coefficients for the on treatment drug data

Two estimates for Bp will be examined, the first based on the M.L.E.for B

developed in chapter 1 and another based on a simple estimate for 3.

From chapter 1 the M.L.E. estimate for § is:

) —B- B Q- -lryQ- ' "N~
Bowsy =Lz m o ZOEM2 ) sy DS XA (AA)
Bomie)21 BMLE)2:2

we also define the simple estimate for § as:

ey -ﬁ E (] - ' ] n-—
By <[z 2O 1=(D'D) ' D'XA'(AA) ™
Bsi21 Bes)2.2
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Now:

E(Bs)) = E(D'D) 'D'XA'(AA")']=(D'D) ' D'DBAA'(AA) ! =B

SO ﬁ(s) is an unbiased estimate of 3.

The estimate of the baseline adjusted placebo subtracted drug effect for each time

period t is:

foviey: = d't[(E(MLE),Z,l - Bovee) L) - (BoMLE) 2,2 — BoMLE) 12)]

fs)e = d't[(E(S),Z,l ~Besy11) ~ (Bsy2.2 — Besy12)]
with:

dy = ‘/z(l,cos(z—’“), cos(C2y,..., cos(2E, sin(2), .., sin(2E)
p p p P p p

Now using results from chapter 1:

vee [(Bovey ~ BXAAY 2T —Eo Ny 154 (01® (D'Ex D))
and using similar methods as employed in theorem 1.2, it is easy to show that:
ved(B s, —B)AA")"?] I Nyerseny (0,18 (D'D) ™ (D'Ex DYD'D) ™)

and since D'D =1 (in our case):



ved(B s, ~BIAA") 2T —L5 Ny 1001 (0,1® (D' 24 D))

Now:
Va(pme) —f)=(-d; dy dy -dy)ved(Bovrey —BIAA")2]

V(s —fi)=(-d, d; dy -d)ved(B) ~BNAADNY]

Therefore:
Vn(f ey, - ft)—L')N(O,GlzvlLE,t)

Jn(Es), - ft)—L—>N(0, Gé,t)

with
-d,
2 ] [} [} ] [} _1 _1 dt
°MLE,t=(‘dt d, d)\ -d')I([D'IxD) (d)
t
—d,

._dt

d

o5 =(-d dy dy —d)I®(D'IxD) ')
t

._dt
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-dt
d,
Now (~d' dy d¢ -d)I®A( ')=4*d(Ad,
t
-dt

Therefore:

oie =4*d' (D'Z¥D)d,
o} =4*d', (D'SxD)d,

If we denote F(MLE) = [f(MLE),l,f(m) 25 orE)p ] as the vector of
M.L.E. Fourier estimates and ?'(s) = [?(S).l»?(S) 2 yoosf Syp }

and f = [f1,£2,...,£,] as the actual values of the Fourier transform at times

1,2,...,p.

Then as n goes to infinity:
2.23) Va(Eous) - H)—>N, (0, x))
Va(Es - H—oN,(0.2)
with the elements of ZMiLE) and Z g the following:

(2.24) oMLy j =4 *d' (D'ZX'D)d;
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c(S),i,j =4* d'i (D'ZXD)dJ

Using corollary 1 we can conclude determine the asymptotic properties of the
trough to peak estimate based on the above Fourier estimates, specifically:

Letting (2.25)

/P(m) = ?(MLE) /max(?(mE),l,-f(MIE)J’-"’-f(MLE),P)

T/Ps) = -f(s) / max(?(s),l,-f(s) J,,,,,-f Shp )

and we assume that f; > fi; for some j, k between 1 and m then:

— f
@26 TP - B—>NO.ohp )
i

— f,. L
Va(T/Bes) = H)——N(0,01p5)
J

with

2 2
fiomeE),p.p + fpSMLE),j,j — 2fifpO (MLE) p.j
£4
J

(2.27) G?I"/P,MLE =

2 2
fios).pp tp0).5i ~ 2ifpo(s).p.]
£4
j

2 —
oT/pSs =

as above with

[} ) "l "l
G(MLE),i,j =4*di(D ExD) dJ
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O(s)ij =4*d"; (D'TxD)d;

With the above results we can directly compare the three tough to peak estimators
outlined above in terms of there asymptotic properties.

The trough to peak estimator based on time of day averages converges to the ratio
of the baseline adjusted placebo subtracted mean trough and peak under all
conditions in which a trough and peak exist, and is therefore asymptotically
unbiased in practical situations. The trough to peak estimator based on the Fourier
(or other orthogonal) expansion converges to the ratio of the estimate of the
baseline adjusted placebo subtracted mean trough and peak, and therefore may be
asymptotically biased.

On the other hand if we can assume that a low term Fourier (or other) orthogonal
expansion adequately models the drug effect over time and thus provides an
asymptotically unbiased estimate, the T/P ratio based on the Fourier transform will
have a variance smaller than the variance of the T/P estimate based on the time of
day averages, since D(D'SM’ID)“IDSM'l (or D(D'D)"'D) is an orthogonal
projector into the subspace spanned by the (1+c+s) columns of Df where c is the
number of cosine terms and s the number of sin terms in the Fourier espansion.
The effect of adding terms to the Fourier expansion are illustrated in table 2.1. The
asymptotic variances for each of the above T/P statistics were computed for a
specific known covariance structure (table CV.T1), which is the combined
estimate of the covariance matrix calculated from 4 ambulatory studies. The peak
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value was set at 130, the trough at 135. The 23 potential variances were computed
for each of the T/P estimators assuming the peak effect occured at each of the first
23 hour periods (total of 24 readings). The table has listed the minimum and
maximum ratio of asymptotic variances across the 23 readings between the MLE
Fourier versus the Averages T/P estimate, of the Simple Fourier T/P versus the
Averages T/P estimate and the ratio of the Simple Fourier versus the MLE Fourier
T/P estimate.

The results in Table 2.1 demonstrates the significant increase in variance of the
T/P estimator based on the time of day averages when a few term Fourier series
adequately models the dose response curve. The table illustrates also that
asymptotically the Fourier T/P estimator based on the MLE has significantly

smaller variance than the Simple Fourier T/P estimator.

For finite samples the situation is not as clear since since the exact moments for
each of the above statistics for various drug response curves are not known. Each
of the above estimates are biased since all involve the maximum of either the time
of day average drug effect or the Fourier estimate of the time of day drug effect.
The nature of the bias will be related to the underlying response curve and sample
size. Although the variance of the T/P estimates based on the Fourier estimators
will be less than the T/P estimate based on the time of day averages, the bias may
be significantly larger for the T/P estimators based on the Fourier expansion.
Further it is not known how the MLE Fourier estimate will compare to the Simple
Fourier estimate for finite samples.

In the next chapter the above three estimators will be compared for finite sample

sizes and various dose response curves using Monte-Carlo methods.
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Table 2.1
Comparison of Asymptotic Variances of the Three Trough to Peak
Estimators
Number | Number Ratio of Ratio of Ratio of
of cosine | of sin variances: variances: variances:
terms terms Fourier MLE / | Fourier Fourier
Average Simple Simple /
/Average MLE
1 1 max 0.209 0.309 1.814
min 0.004 0.007 1.467
2 2 max 0.292 0.399 1.523
min 0.016 0.022 1.352
3 3 max 0.338 0.445 1.532
min 0.046 0.056 1.171
4 4 max 0.465 0.593 1.404
min 0.079 0.091 1.153
5 5 max 0.577 0.687 1.375
min 0.112 0.128 1.127
6 6 max 0.644 0.744 1.360
min 0.186 0.227 1.135
7 7 max 0.758 0.865 1.359
min 0.282 0.331 1.075
8 8 max 0.851 0.929 1.256
min 0.397 0.437 1.043
9 9 max 0.906 0.957 1.169
min 0.520 0.555 1.011
10 10 max 0.944 0.985 1.185
min 0.580 0.656 1.025
11 11 max 0.999 1.000 1.124
min 0.809 0.863 1.000
12 11 max 1.000 1.000 1.000
min 1.000 1.000 1.000




Chapter 3

T/P Estimator Monte - Carlo Simulation

The performance of the T/P estimate based on the time of day averages and the
T/P estimates based on the Fourier fits described in the previous chapter are
compared using Monte Carlo methods for selected finite sample sizes and a variety

of hypothetical drug response placebo subtracted curves.

The plan of the simulation was to replicate an experimental design in which we
have ambulatory data consisting of 24 equally spaced data points representing a
placebo effect from baseline for each subject in a placebo group and similar
ambulatory data representing a treatment effect from baseline for a treatment
group. I chose the time period between each observation to always be 1 unit, with
a total of 24 of these equally spaced observations for each patient for both the
baseline ABPM and the on treatment ABPM, since many of the actual studies
involving ambulatory data are over a 24 hour period and the data is summarized at

1 hour intervals.

Pseudo-random data is generated for the placebo and treatment groups of specified
sample size and the baseline adjusted Placebo adjusted T/P ratios are computed
based on either the time of day (hourly) averages or the simple or M.L.E. Fourier
estimates discussed in the previous section. This procedure is repeated multiple
times, each time drawing new pseudo-random samples with the same underlying
placebo and drug effect and recomputing the T/P statistics. Then the resulting
sampling distributions of the various T/P estimates are compared to the known



75
simulation values to determine the sample bias, variance and mean square error for

each of the estimates.

For this study, the 24 hour ambulatory data is generated as pseudo-random 24-
dimensional multivariate normal data with known mean 6p g for the placebo

ABPM baseline data, 6p 1 for the placebo on treatment ABPM data, 6p p for the
drug ABPM baseline data and Op g for the drug on treatment ABPM data, with

the combined baseline and on treatment data vector (length 48) with a known
covariance structure £ . The covariance matrix has a structure equal to the

covariance matrix in table CV.T1 described in the previous chapter.

The simulations were programmed in S and executed on the University of
Washington Department of Biostatistics computer system. The plan of the study

required that the vectors 8p g and Op 1, each consisting of 24 hourly means be
specified for the placebo effect and the vectors 6p g and 8p 1 of hourly means

specified for the drug baseline and on treatment effects. In this simulation the
hourly difference between placebo on treatment and baselines (elements of

8p 1 —Op p) were always set to 0 with the elements of (6p 1 —6p g) setto

values to simulate various types of hypothetical placebo subtracted drug response
curves. Then two 48 (24 x2) element vectors, ep,ep, of pseudo-normal random
variates are generated using the standard normal random number generator, morm,
supplied with the S software. Each of the pseudo-normal random vectors ep,ep,
are then pre multiplied by the 48 x 48 matrix B calculated from the matrix
multiplication of the matrix V, of unit orthogonal columns and the square root of
the diagonal matrix S, of singular values calculated from the singular value

decomposition of the specified covariance matrix X . This transforms the vectors
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ep,€ep, into new vectors of length 48 each, say np,np, each a pseudo- random
normal vector of length 48 with mean 0 and covariance matrix ¥ . Next the known
placebo and drug effect hourly means (baseline and on treatment) are added to
np,Np respectively to produce two pseudo-random 24 hour ABPM data vectors
(baseline and on treatment) for one placebo and one drug response study patient,
with known hourly mean and covariance structure. That is, if we denote the vector

of pseudo-random placebo and drug response data as np,np respectively then:

B=VS with: VSS'V=ZX
np = Bep np =Bep
Xp =Mp +0p Xp =7p +6p
6,8 Op,B
O =[5 "] Op =[y " |
P.T D.T

The above process is repeated N times to get a complete sample of size of 2xN for

each run of the simulation. Each of the N pseudo-random vector pairs xp,xp

generated become columns of the pseudo-random matrices Xp,Xr.

With the appropriate sample generated each of T/P estimators included in the
study were calculated using the same sample and saved along with the sample size,
actual T/P value, the actual hourly mean drug response, the sample bias and square

error for each of the estimates.
The T/P estimators computed include:

1. T/P ratio computed from between subject time of day averages referred in this
text as the Hourly Mean T/P estimator.
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Calculation:
/PM =Yg / max(y;,ys,....¥) With
i =LLXA'(AA)'c with X =[X;Xp] and

I =[0,...,1,0,....~10,...]=[-¢;,¢;] with
£; =(0,...,1,0,...,0) all zeros and a 1 at position i

and c = [—11].

2. The 3,5,7 and 9 term Simple Fourier estimate are referred to in the text as the

Simple Fourier T/P estimator or just Simple estimator.

Calculation:

T/Pes) =£(s) / max(Fs)1. £ ()2, F (5m)

with:
fs)1 = d't[(B-(S),Z,l - E(S),l,l) - (E(S),z,z - E(S),l,z Yfori=1,2,...,24

) E E 1y ' "~
B =z —OM1=(0'D) " D'xA'(AA)!
Bs)21 Bs)2.2

D 0

D= ith:
[ 0 DF] wi
2n 2qre . 2T . 2qm
1/42 —) ... — —) ... —
. 5 [ V2 cos( 24) cos( Y ) sin( 24) sin( 54 |
F= 1/—— : : : : : :
24 2124 2qr24, . 2m24 . ,2qm24
1/42
V2 cos( 4 ) cos( 24 ) sin( 54 ) sin( 4 )
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with ¢=1,2,3 or 4 for the 3,5,7,9 term Simple Fourier T/P estimator respectively.

3. The 3,5,7 and 9 term M.L.E. Fourier estimates derived in the previous section
assuming equality of covariance matrix, and referred to in this text as M.L.E.
Fourier T/P estimator or just M.L.E. estimator.

These estimates are only included for samples sizes larger than or equal to 30,

since the inverse covariance matrix SK,% is required for these statistics.
Calculation:

T/PoviE) = (MLE) 54 / max(FMLE)LEMLE)2, o F ey 24)

fomiey: = d't[(E(MLE).Z.l = Bovey11) ~ (Bevee) 2.2 — Bowrey12)]
for i=1,2,...,24

= B, B, el =l =l A o/ A &=
Boaey =[50 -0 SO (prsyD) DS XA (AAY)
BMLE)21 BMLE)2.2

In each of the simulations 400 replicates were generated and analyzed comparing

each of the estimators' characteristics.

In the simulation study, the behavior of each of the T/P statistics were examined
for different study sample sizes, placebo subtracted drug response curve shapes
and T/P ratios. Sample sizes for the placebo and drug response groups were kept
equal and were set at 10,20,30 and 50 which created a total study sample size of
(2xN) 20,40,60 and 100 respectively. For each of the above sample sizes 42
different placebo subtracted drug effect curve types and T/P ratio combinations

were simulated.
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Each of the 42 curves have two characteristic in common. Each of the response
curves has a value at the beginning of the time period (hour 1) which is the same
as the value of the response curve at the end of the time period (24 hours). This
cyclical characteristic would be expected in an ongoing drug treatment program in
which the dosage is repeated every 24 hours. The second characteristic in common
is that the drug responses lower the value of the end point of interest. So the
"peak” in our case is the peak reduction in the value of the end point, such as the
peak reduction in systolic and/or diastolic blood pressure attributed to an

antihypertensive drug.

The 42 curves are variations of 5 main types, which potentially mimic placebo
adjusted antihypertensive drug response curves .

The first main type of response curves (simulation 1) is pictured in figure S1. The
end point decreases in value at a constant rate until the peak hour (peak), then
immediately increases at a constant rate back to the initial value at 24 hours
(trough). In total 30 curves of this type are included in the simulation and are made
up of all combinations of initial and ending values of -3 and -6, peak effect hours
of 2,3,4,6 and 8 and T/P ratios of 0.75, 0.50 and 0.25.

The second set of response curves (simulation 2) are pictured in figure S2. The end
point decreases to 1/2 of the peak decrease within the first hour, then gradually
decreases to a peak decrease at 8 hours, then increases gradually until hour 12,
then increases constantly to the initial value at 24 hours. A total of 6 curves are
simulated made up of all combinations of 2 initial and ending values of -3 and -6,
and T/P ratios of .75, 0.5 and 0.25.
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The third set of response curves (simulation 3) are pictured in figure S3. The end
point decreases at a constant rate to the peak decrease after 2 hours, maintains the
peak decrease over the next 20 hours, then increases at a constant rate to the initial
value. A total of 3 curves are simulated each with an ending value of -3 and T/P
ratios of .75, 0.5 and 0.25.

The fourth set of response curves (simulation 4) are pictured in figure S4. The end
point is at a constant value throughout the 24 hours giving a T/P ratio of 1. Two
curves are simulated, the first with a constant value of -4 and the second with a
constant value of -12.

The fifth set of response curves (simulation 5) are pictured in figure 5. Their are 3
curves which are Fourier curve fits to 3 different actual ambulatory data sets. The
first curve (case 1) is a three term Fourier curve, the second curve (cases 2) is a 5

term Fourier series and the third curve (case 3) is a 7 term Fourier series. The T/P

ratios are 0.40, 0.91 and 0.49 respectively.

After the 400 simulation replicates are generated and the above T/P statistics
computed the sample average, median, variance, 25 th. and 75 th. percentiles,
minimum value, maximum value, mean squared error (MSE) and average bias
were calculated from the resultant sample distribution for each of the T/P
estimates. In addition, since each of the T/P statistics are computed from the same
samples, various paired difference statistics were also computed and p-values
calculated for the comparisons of interest; specifically differences in bias and
squared error. Further ratios of sample mean squared errors (MSER) for specific
T/P statistics along with asymptotic 95 % confidence limits were computed to

estimate and compare the relative estimation efficiency (as defined in Anderson
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1971) of the T/P estimates of interest. Tables and figures were generated for
representative subsets of the simulation results and are discussed in the paragraphs

that follow to highlight various simulation experiment results .

In the discussions of the results of the simulation for each of the Curve Sets
described above, the characteristics of the T/P estimator based on the Simple
Fourier estimator are first compared to the estimator based on the M.L.E. Fourier
estimator and then compared to the T/P estimator based on the Hourly Mean.
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Simulation Results Simple versus M.L.E. Fourier T/P Estimators

The simulation sample mean, variance, bias, and asymptotic bias 95% C.I. for the
Simple Fourier T/P estimates and the M.L.E. Fourier T/P estimates for simulation
1, sample sizes 30 and 50 are found in table S1.C1 in the appendix . These are the
only two sample sizes used in the simulation where both the Simple Fourier T/P
estimate and the M.L.E. Fourier T/P estimate were computed. A section of table
S1.C1 for initial value -6 and dose response peak hour of 6 is found in the
accompanying table S1.C1.R. The type of estimator are identified in the table in
column 4 as either 'M.L.E.' or 'Simple' followed by a number indicating the
number of terms included in the Fourier estimate. Examining table S1.C1.R we
find that the degree of bias changes depending on the actual T/P ratio and the
number of terms used in either the Simple or M.L.E. Fourier estimate.

With the high T/P ratio 0.75 the estimators based on 3 Fourier terms seem to have
a smaller bias than those with more terms; with T/P ratio of 0.5 the 5 term Fourier
T/P estimators have the smallest bias and with T/P ratio of 0.25 the T/P estimator
based on the 7 or 9 term Fourier fit have the least bias. All of the Fourier
estimators tend to be biased toward giving lower values than actual for the high
T/P ratio (0.75) and are biased to give higher values than actual for low T/P ratio
(0.25). Using the span of the 95% confidence interval associated with the bias
term as an indicator whether the true bias of the statistic is possibly zero, we find
that for T/P ratio 0.75, N=30 the 3 term Simple Fourier estimator confidence
interval span zero and for T/P=0.75, N=50 the 3 term M.L.E. Fourier estimator

confidence interval span zero, are consistent with the hypothesis of zero bias.

For T/P=0.5, N=30 and N=50 both the 5 term Simple and M.L.E. Fourier
estimators confidence intervals span zero, and for T/P=0.25, N=30 the 7 and 9
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term Simple and M.L.E. Fourier estimators confidence intervals span zero and for
N=50 the Simple 7 and 9 term Fourier estimators confidence intervals span zero
and the confidence interval for the 7 and 9 term M.L.E. has a lower limit very
close to zero. The above suggests, at least for the set of curves represented in curve
set 1, as the actual T/P ratio decreases one needs to add more Fourier terms to the
curve fits to produce T/P ratio estimators with optimal bias characteristics.

The tables of sample means, variances, biases for simulations 2 and 3 are found in
tables S2.C1 and S3.C1 respectively. The same bias pattern is found with these
curves also, the 3 term Fourier estimators have least bias for curves with high T/P
ratios, the 5 term Fourier estimators have least bias for curves with T/P ratio of 0.5
and the 7 or 9 term Fourier estimators show least bias for T/P ratio 0.25. The
sample statistics for curve set 4 are found in table S4.C1. Both curves in this set
are constants (at -4 and -12) across time, both with T/P ratio of 1. In this case the 3
term Fourier estimators consistently have the least bias. The sample statistics for
curves in set 5 are found in table S5.C1. For case 1 in this curve set, which is a
three term Fourier function, the 3 term estimators have minimum bias, for case 2, a
5 term Fourier function , the 3 term estimators also demonstrate minimum bias and
with case 3, a 7 term Fourier function, the 7 term estimators have minimum bias.
These results suggest that the T/P estimator based on the appropriate Fourier fit for
the actual function may produce a T/P estimator with minimum or close to

minimum bias.

The sample variance of the estimators are also listed in these tables, based on the
400 replications in each simulation. Notice that the variance of the estimators
decrease in curve sets 1, 2 and 3 as the actual trough to peak ratio decreases. This
is consistent with the asymptotic distribution results developed in the previous

section.
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In tables S1.C2, S1.C3, S2.C2, 82.C3, S3.C2, S3.C3, S4.C2, S4.C3, S5.C2 and
S5.C3 the T/P estimators based on the Simple Fourier series fit and the M.L.E.
Fourier fit are compared. In the Sx.C2 (x=1,2,3,4,5 for each of the 5 simulations)
tables the sample bias differences between the two estimators are compared for the
3,5, 7 and 9 term estimators (labeled F3,F5,F7 and F9 respectively). Included in
these tables, in columns labeled 'prob. diff=0', are the p-value associated with the
paired Wilcoxon signed rank test ( Hollander, Wolfe pp 27) to test the null
hypothesis of no difference in bias between the two types of Fourier T/P
estimators. In the Sx.C3 tables the sample mean square error (MSE) differences
between the two Fourier estimators are tabled along with their Wilcoxon signed
rank p - values . A summary of the bias, variance and m.s.e. comparisons between
the Simple and M.L.E. Fourier estimators are found in the Sx.C4 tables. The
Sx.C4 tables summarize in an easy to visualize format which T/P ratio estimator
had the smaller bias, variance and MSE, and whether the difference was found
significant at to 0.01 p - value level.
Examining the S1.C4 table, the bias for actual T/P = 0.5 and 0.25 is less and in
many cases significant at the 0.01 p - value level for the 3 term M.L.E. estimator
versus the 3 term Simple estimator and also found for the T/P = 0.25 5 term
Fourier estimators, but the Simple estimator often show significantly less bias
when comparing the 7 and 9 term Simple and M.L.E. Fourier estimators.
The variance associated with the Simple estimator is almost always smaller than
for the M.L.E.. The means square error, which is the combination of the bias and
variance is typically dominated by the bias component and therefore has a pattern
similar to the bias term, with the 3 term estimators based on the M.L.E. often
smaller, but for the 5,7 and 9 term Fourier estimators most of the mean square
errors are smaller for the Simple estimator, with a few significant at the 0.01 p-
value level, particularly for the 7 and 9 term Fourier estimators with actual
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T/P=0.25. Out of the 176 comparisons of MSEs involving the 5,7 and 9 term
estimators, 156 were smaller with the Simple estimator, compared to only 8
smaller for the M.L.E. estimator with 12 ties.

The summary of findings for the second simulation is found in S2.C4. The bias is
typically less for the Simple Fourier estimator for T/P ratio = 0.75, but with
T/P=0.25 the 3,5 and 7 term Fourier T/P estimators the bias is less for the M.L.E.,
and for the 9 term Fourier T/P estimators the bias associated with the Simple
estimate is typically smaller. The variance was always smaller for the Simple
estimator (except one occasion with both equal), and the MSE is smaller for the
Simple estimator except with the 3 term estimators which has half smaller for the
Simple estimator and half for the M.L.E.. This pattern is essentially repeated in
table S3.C4 the summary for simulation 3. In simulation 4 the pattern is different.
Significantly smaller bias is found for the Simple estimator in the -12 curve,
sample size = 30, and 13 out of the 16 comparisons of variances (both the -4 and -
12) are also smaller for the Simple estimator, and 12 of the 16 MSEs are smaller
for the Simple estimator. The results of the comparison between the Simple and
M.L.E. T/P estimator for curve set 5, summarized in S5.C4 is similar to results

found in simulations 1,2 and 3.

One can conclude from these simulation the Simple estimator typically fairs better
in terms of variance and MSE than the M.L.E. for this covariance structure, set of

curves and sample sizes .
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MLE.3
Fourier 3
MLE. 5
Fourier §
MLE.7
Fourier 7
MLE.9
Fourier 9
MLE. 3
Fourier 3
MLE. 5
Fourier 5
MLE.7
Fourier 7
MLE.9
Fourier 9
MLE.3
Simple 3
MLE. 5
Simple 5
MLE. 7
Simple 7
MLE.9
Simple 9
MLE.3
Simple 3
MLE.5
Simple 5
MLE.7
Simple 7
MLE.9
Simple 9
MLE.3
Fourier 3
MLE. S
Fourier 5
MLE. 7
Fourier 7
MLE.9

Table S1.C1IR
SIMULATION 1
Mean Variance

30 0.708 039
30 0.741 032
30 0.627 .040
30 0.643 034
30 0.584 044
30 0.602 .038
30 0.564 .049
30 0.576 .041
$0 0.757 .023
50 0.768 023
50 0685 022
50 0.68 .022
50 0.636 .028
50 0632 027
50 0.618 032
50 0615 .031
30 0574 031
30 0.619 024
30 0486 .028
30 049 .020
30 0.455 028
30 0465 022
30 0451 031
30 0461 027
50 0.57 .018
50 0.62 015
50 0.507 .0l6
50 0.507 .016
50 0484 017
50 0483 017
50 04738 020
50 0482 .017
30 0.361 .011
30 0422 .007
30 0273 .009
30 0.273 .006
30 0.251 .009
30  0.247 .007
30 0.258 .009

-.042
-.009
-123
-.107
-.166
-.148
-.186
-174
.007
.018
-.065
-.070
-.114
-118
-.132
=135
074
119

-014
-.004
-.045
-.035
-.049
-.039
.076
120
.007
007

=016
-017
-022
-018
11

A72

.023

023

.001

-.003
.008

95%
C.L
-061

027
-.143
-125
-.187
-.167
-.208
-.194
-.008
.003

-.080
-.085
-.130
-.134
-.150
-152
057

.104
-.030
-018
-.061
-.050
-.066
-.055
063

.108

-.005
-.005
-.029
-.030
-.036
-031
101

.164

014

015

-.008
-011
-.001

Upper
95%
C.L
-.023

.009
-.103
-.089
-.145
-.129
-.164
-.154
022
.033
-.050
-.055
-.098
-102
-114
~.118
.091

.134
.002
.010
-.029
-.020
-.032
-023
.089
132
.019
.019
-.003
-.004
-.008
-.005
21
.180
.032
.031
.010
.005
017
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Fourier 3
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Table S1.CIR
COMPARISON OF FOURIER ESTIMATORS

SIMULATION 1

30
50
50
50
50
50
50
50
50

0.253
0.361
0.422
0.278
0.278
0.257
0.254
0.26
0.256

$838888

.005
005

.003
A1
172
.028
.028
007
.004
.010
.006

95%
C.L
-.005

104
.166
.022
022

-.002
.003
-.001

Upper
95%
C.L
011

.118
178
034
034
0l4
010
017
013
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ratio

Initial Estimator

value
0.75

0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5

MLE.3
Simple 3
MLE. S
Simple 5
MLE.7
Simple 7
MLE.9
Simple 9
MLE.3
Simple 3
MLE. 5
Simple 5
MLE.7
Simple 7
MLE.9
Simple 9
MLE.3
Simple 3
MLE.5
Simple 5
MLE.7
Simple 7
MLE.9
Simple 9
MLE.3
Simple 3
MLE. 5
Simple 5
MLE.7
Simple 7
MLE.9
Simple 9
MLE.3
Simple 3
MLE. 5
Simple 5
MLE.7
Simple 7
MLE.9
Simple 9

N

30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
30
50
50
50
50
50
50
50
50
50
50
50
50
50
50
50
50

Table S2.C1
COMPARISON OF FOURIER ESTIMATORS

SIMULATION 2
Sample Sample
Mean Variance
.088

078
.085
072
.080
073
.084
071
.075
067
063
058
.059
057
057
.054
024
.020
.024
019
023
021
024
021
.068
.060
062
.054
.067
.059
.070
.064
.050
047
.047
.044
.050
045
.048
.048

614
625
531
529
482
AT
451
441
540
.590
445
480
395
419
357
375
381
443
315
337
258
.266
214
225
651
.680
.563
.576
.506
516
465
477
572
604
.506
S14
439
445
400
407

Sample Lower Upper

Bias
-.136
-125
-219
-221
-.268
=273
-.299
-.309
.040
.090
-.055
-.020
-.105
-.081
-.143
=125
131

193

065

.087

.008

016

-036
-.025
-.099
-.070
-.187
-174
-.244
-234
-.285
=273
072

.104

.006

014

-.061
-.055
-.100
-.093

95%C.L 95%C.L

-.165 -.107
-.152 -098
-.248 -190
-.247 -195
-.296 -.240
-299 -247
=327 =271
=335 -.283
013 067
065 115
-.080 -030
-.044 .004
-.129 -.081
-.104 -.058
~.166 -.120
-.148 -.102
116 .146
179 .207
.050 .080
073 .101
-.007 .023
.002 .030
-.051 -.021
-.039 -011
-.125 -.073
-.094 -.046
=211 -.163
-.197 -.151
-.269 -.219
-.258 -210
=311 -.259
-.298 -.248
.050 .094
.083 125
-015 027
-.007 .035
-.083 -.039
-.076 -.034
-121 -079
-.114 -072



Table S2.C1
COMPARISON OF FOURIER ESTIMATORS

SIMULATION 2

T/P Initial Estimator N Sample Sample Sample Lower Upper

ratio value Mean Variance Bias 95%C.L 95%C.L
<3 025 MLE.3 50 .390 .014 .140 128 152
-3 025 Simple3 50 451 012 201 .190 212
-3 025 MLE. S 50 341 014 091 079 .103
-3 025 Simple5 50 .353 011 .103 .093 113
-3 025 MLE.7 S0 .268 014 .018 .006 .030
-3 025 Simple7 50 273 012 023 .012 034
-3 025 MLE.9 S0 219 .014 =031 -.043 -.019
-3 025 Simple9 50 .228 013 -.022 -.033 -011
% 075 MLE.3 30 .710 042 -.040 -.060 -.020
€ 075 Simple3 30 732 .031 -018 -.035 -.001
6 075 MLES 30 .634 042 -.116 -.136 -.096
6 075 SimpleS5 30 .649 033 -.101 -.119 -.083
6 075 MLE.7 30 .578 .043 =172 -.192 -.152
6 0.75 Simple7 30 .592 .037 -.158 -177 -.139
6 07 MLE. 9 30 541 .048 -.209 -230 -.188
6 075 Simple9 30 .552 .040 -.198 -.218 -.178
46 025 MLE3 30 .38 .008 139 130 .148
6 0.25 Simple3d 30 451 .005 201 194 208

.6 025 MLE.5 30 347 .008 097 .088 .106
6 025 SimpleS5 30 .358 .005 .108 101 115
6 025 MLE.7 30 285 .010 .035 025 .045
6 025 Simple7 30 287 .007 .037 .029 .045
6 02s MLE.9 30 234 .010 -016 -.026 -.006
€ 025 Simple9 30 244 .008 -.006 -015 .003
-6 0.7 MLE.3 50 157 .024 .007 -.008 .022
46 075 Simple3 50 .71713 023 023 .008 .038
€6 075 MLES5 50 .69 024 -.060 -075 -.045
-6 0.75 Simple5 50 .697 .023 -.053 -.068 -.038
6 075 MLE.7 50 .642 .026 -.108 -.124 -.092
-6 0.75 Simple7 50 .648 .025 -.102 -117 -.087
6 0.7 MLE.9 50 .598 .032 -.152 -.170 -.134
-6 0.75 Simple9 50 .609 .030 -.141 -.158 -.124
-6 025 MLE.3 50 394 .004 .144 138 .150
6 0.25 Simple3 50 .449 .003 .199 194 204
-6 025 MLE.5 50 356 .04 .106 .100 112
-6 0.25 Simple5 50 .366 (03 116 Al11 Jd21
-6 025 MLE.7 50 291 .N0S 041 .034 .048
-6 0.25 Simple7 50 296 .004 046 .040 .052
6 025 MLE. 9 50 237 .005 -.013 -.020 -.006
6 0.25 Simple9 50 251 .005 .001 -.006 .008



Table S3.C1
COMPARISON OF FOURIER ESTIMATORS

SIMULATION 3
T/P Initial Estimator N Sample Sample Sample Lower Upper
ratio value Mean Variance Bias 95%C.L 95%C.L
-3 075 MLE.3 30 .602 .090 -.148 -177 -.119
-3 075 Simple3 30 .663 071 -.087 =113 -.061
-3 075 MLE.5 30 .504 .084 -246 =274 -218
-3 0.75 Simple5 30 525 .070 =225 =251 -.199
-3 07 MLE7 30 431 .082 -319 347 -.291
-3 0.75 Simple7 30 .450 .070 =300 -.326 =274
-3 075 MLE9 30 .395 077 -355 -382 -.328
3 0.75 Simple9 30 .407 072 -.343 -.369 =317
-3 05 MLE.3 30 .622 .065 22 097 147
-3 0.5 Simple3 30 .682 .049 182 .160 204
-3 05 MLES 30 .501 .059 .001 -.023 025
-3 0.5 Simple5 30 514 .048 014 -.007 .035
-3 05 MLE.7 30 423 .060 -077 -.101 -.053
-3 0.5 Simple7 30 421 .053 -.079 -.102 -.056
3 0.5 MLE. 9 30 360 .060 -.140 -.164 -.116
-3 0.5 Simple9 30 357 .055 -.143 -.166 -.120
-3 025 MLE. 3 30 551 .031 301 284 318
-3 025 Simple3 30 .630 .020 380 366 39%%
-3 025 MLE.5 30 426 .025 176 161 191
-3 0.25 Simple5 30 .429 .016 179 .167 191
-3 025 MLE.7 30 306 .022 .056 041 .071
-3 025 Simple7 30 306 .019 056 .042 .070
-3 025 MLE. 9 30 237 .022 -.013 -.028 .002
-3 0.25 Simple9 30 227 .019 -.023 -.037 -.009
-3 075 MLE.3 50 16 .055 -.034 -.057 -011
-3 0.75 Simple3 50 725 .054 -.025 -.048 -.002
-3 075 MLES 50 .619 .052 -131 -.153 -.109
<3 0.75 Simple5 50 .618 .051 -.132 -.154 -.110
-3 075 MLE.7 50 .55 054 -.196 -219 -173
-3 0.75 Simple7 S0 549 .053 -.201 -.224 -.178
<3 07 MLE. 9 50 493 .061 -.257 -281 =233
<3 0.75 Simple9 50 .502 .060 -.248 =272 =224
-3 0.5 MLE. 3 50 .654 .040 154 134 174
<3 0.5 Simple3 50 701 .034 201 .183 219
<3 0.5 MLE.5 50 .543 .036 .043 .024 .062
<3 0.5 Simple5 50 537 .035 .037 .019 .055
-3 0.5 MLE.7 S0 445 .035 -.055 -.073 -.037
-3 0.5 Simple7 50 440 037 -.060 -.079 -.041
<3 0.5 MLE.9 50 384 .041 -.116 -.136 -.096

<3 0.5 Simple9 50  .381 040 -119 -.139 -.099



TP
ratio

Initial
value

0.25
0.25
0.25
0.25
0.25
0.25
0.25

Estimator

MLE.3
Simple 3
MLE. 5
Simple 5
MLE.7
Simple 7
MLE.9

N

50
50
50
50
50
50
50

Table S3.C1
COMPARISON OF FOURIER ESTIMATORS

SIMULATION 3
Sample Sample
Mean Variance
.553 018
633 011
44 012
441 .009
330 014
320 012
255 014

Sample
Bias

.303
.383
194
191
.080
.070
005

Lower
95%
C.L
.290

373
.183
182
.068
.059
-.007

Upper
95%
C.L
316

.393
.205
.200
.092
.081
.017



Table S4.C1
COMPARISON OF FOURIER ESTIMATORS

SIMULATION 4
Initial Estimator N Sample Sample Sample Lower Upper

value Mean Variance Bias 95% 95%
CL C.L

-12 MLE.3 30 0874 012 -.126 -137  -115
-12  Simple3 30 0.89% .009 -.104 -113  -095
-12 MLE.S 30 0322 015 -.178 -190 -166
-12 Simple § 30 0.848 011 -.152 -162 -142
-2 MLE.7 30 0.78 020 -214 -228  -200
-12 Simple 7 30 0811 016 -.189 =201 - 177
-12 MLE. 9 30 0.762 022 -.238 -.253 -223
-12  Simple 9 30 0.784 018 -216 -229  -203
-12 MLE.3 50 0916 .006 -.084 -092 -076
-12 Simple 3 50 0.915 .005 -.085 -092 -078
<122 MLE.S 50 0.876 .008 -.124 -133 -.115
-12 Simple 5 50 0.876 .008 -.124 -133 -.115
-2 MLE.7 50 0.851 010 -.149 -159  -139
-12 Simple 7 50 0.85 010 -.150 -160  -.140
-12 MLE.9 50 0.826 013 -.174 -.185 -.163
-12 Simple 8 50 0.826 .012 -17% -.185 -.163
-4 MLE.3 30 0.697 079 -.303 =331 -275
-4 Simple 3 30 0715 .076 -.285 -312 -.258
-4 MLE. S 30 0.617 .080 -.383 -411 -355
-4 Simple 5 36 0.636 065 -.364 -389 -339
-4 MLE.7 30 0.575 077 -425 -452  -398
4 Simple 7 30 0.597 .069 -403 -429 -377
4 MLE.9 30  0.541 .082 -.459 -487 -431
-4 Simple 9 30 0.555 076 -.445 -472 -418
4 MLE. 3 50 0.784 042 -.216 -236  -196
-4 Simple 3 50 077 044 =223 =244  -202
-4 MLE. 5 50 0.695 048 -.305 =326 -284
-4 Simple 5 50 0.692 047 -.308 -329 -.287
-4 MLE.?7 50 0.66 055 -.340 -.363 -317
4 Simple 7 50 0.654 054 -.346 -.369 -323
-4 MLE.9 50 0.619 .064 -.381 -.406 -356
-4 Simple 9 50 0.626 062 -374 -.398 -.350



Table S5.C1

COMPARISON OF FOURIER ESTIMATORS

SIMULATION §

Case Fourier T/P Estimator N Sample Sample Sample Lower Upper
Mean Variance Bias 95% 95%

W LW WWWLWWWRNMNDNDNNMNDENDNDDNDGNENDNDDNDNDN = = e e et ot ot bt et et pt et ot ot ot

Terms ratio

NN NN NN NN A W W W WWWWLWWWW W W W W W W

04
04
04
04
04
04
04
0.4
0.4
0.4
04
04
04
04
04
04
0.911
0911
0.911
0911
0911
0.911
0.911
0.911
0.911
0911
0.911
0.911
0.911
0.911
0.911
0.911
0.489
0.489
0.489
0.489
0.489
0.489
0.489

MLE.3
Simple 3
MLE. S
Simple 5
MLE.7
Simple 7
MLE. 9
Simple 9
MLE.3
Simple 3
MLE. S
Simple 5
MLE.7
Simple 7
MLE.9
Simple 9
M.LE.3
Simple 3
MLE. S
Simple 5
MLE.7
Simple 7
M.LE.9
Simple 9
MLE.3
Simple 3
MLE. 5
Simple 5
MLE.7
Simple 7
MLE.9
Simple 9
MLE.3
Simple 3
MLE. 5
Simple 5
MLE.7
Simple 7
MLE.9

30
30
30
30
30
30
30
30
50
50
50
50
50
50
50
50
30
30
30
30
30
30
30
30
50
50
50
50
50
50
50
50
30
30
30
30
30
30
30

399
415
.362
376
352
355
343
344
.395
410
370
374
.365
.368
.361
362
0.803
0.825
0.762
0.789
0.696
0.725
0.646
0.68
0.871
0.845
0.836
0.827
0.779
0.775
0.739
0.739
783
824
.649
673
445
474
439

051
038
041
036
042
037
044
041
023
023
022
.020
025
023
027
024
047
032
051
.040
.058
.047
067
057
.020
023
022
023
032
031
.039
036
037
018
044
.034
045
.039
044

C.L CL
-.001 -.023 021

015 -.004 .034
-.038 -.058 -018
-.024 -.043 -.005
-.048 -.068 -.028
-.045 -.064 -.026
-.057 -078 -.036
-.056 -076 -.036
-.005 -.020 .010
010 ~.005 025

-.030 -.045 -.015
-.026 ~.040 =012
-.035 -.050 -.020
-.032 -.047 -017
-.039 -.055 -.023
-.038 -053 -.023
-.108 -.129 -.087
-.086 -.104 -.068
-.149 -171 =127
-~.122 -.142 -.102
-.215 -239 -.191
-.186 -207 -.165
-.265 -.290 -.240
=231 -254 -.208
-.040 -.054 -.026
-.066 -.081 -.051
-.075 -090 -.060
-.084 -.099 -.069
-.132 -.150 -.114
-.136 -.153 -.119
-172 -.191 -153
=172 -.191 -.153
294 275 313
335 322 .348
.160 139 181
.184 .166 202
-.044 -.065 -.023
-.015 -034 .004
-.050 -071 -.029

98



Case Fourier T/P Estimator

W W W W WWWWww

COMPARISON OF FOURIER ESTIMATORS

Terms ratio

N NN NNNNNa9N9

0.489
0.489
0.489
0.489
0.489
0.489
0.489
0.489
0.489

Simple 9
MLE. 3
Simple 3
MLE. 5
Simple 5
MLE. 7
Simple 7
MLE. 9
Simple 9

Sample Sample Sample Lower

Mean Variance Bias

Table S5.C1
SIMULATION §

N

30 460 037
50 811 020
50 .835 013
50 .681 031
50 .679 026
50 457 031
50 457 .028
50 443 033
50 441 .030

-029
322
346
192
190
-032
-.032
-.046
-.048

95%
C.L
-048

.308
335
175
174
-.049
-048
-.064
-.065

99

Upper
95%
C.L
-.010

.336
357
.209
.206
-015
-.016
-.028
-.031



100

€000
000°0
$€0°0
000°0
L00°0
0000
££S°0
¥0T'0
€LS0
150°0
S6C°0
£6C°0
L0
0000
95¢'0
o

0=4'p
*‘qoad

0100
00
0100
6100
0100
£20°0
§000
0100
€00~
c1o’o
$00°0
L0000
9000
L200
¥00°0
9100

6d

L000
000°0
YAV
0200
3% 4]
01L0
0170
eIno
£8€°0
9100
0€£Z°0
weo
8o
0000
691°0
§60°0

=P
‘qoad

110°0
L100
$00°0
S10°0
100°-
9000
6000
§10°0
$00™-
L100
$00°0
§00°0
100°0
£€0°0
L00-
¥10°0

Ld

AT ANV SALVINLLSA YARINO0d ATdNIS NIIMI1LAd
4T - TTINIS)
AINTUALAIA SVIF

§000
100
L060
L00°0
6EL°0
S61°0
AN
9L0°0
0050
¥20°0
ILy'0
¥o1°0
985°0
0000
650
¥00°0

0=H!p
‘qoad

1100 0000
y10°0 0000
000~ 0000
S10'0 0000
0000 0000
L000 0000
8000 9%0°0
€100 L00°0
00~ £€€0°0
9100 0000
y00°0 2000
6000 0000
€00°0 L00°0
LEOQ 0000
£00°- ¥90°0
¢20'0 0000
sd 0=l
‘qoad

I NOILVINNIS

1D°IS ?IqeL

500
LSOO
€600
9600
1v0°0
6£0°0
cloo
1AMV
110°0
ye00
9100
ce0'0
9100
8100
6000
9¢0°0

X |

0s
0t
0s
0t
0s
113
0s
0ot
0s
0t
0$
0t
0s
ot
0s
o€

N

NN T TO VRO NNNN T

Jnoy
Head

anjea
jentuy

0S0
050
00
050
050
0s0
SLO
SLO
SLO
SLO
SLO
SLO
SLO
SLO
SLO
SLO

oneu
d/L



101

ILv0
611°0
L00'0
LSY'O
0000
0£0°0
0000
0000
0000
€100
181°0
0650
0000
0L0°0
a91°0
§20°0

0=pp
‘qoad

§00°0
€100
9000
2000
$00°-
¥00'-
v10°0
§10°0
1100
8000
$00°0
£00°0
¥i00
cloo
¥00°0
0100

64

8¢SO
8¥C0

9100
¥60°0
0000
100°0
0,00
€610
000°0
0000
9700
0000
v16°0
001°0

o=ptp
‘qoad

L000
c100

£00-
€00 -
£10°0
0100
$00°0
$00°0
€10
910~
8000
00
000
0100

L3

“T"TIN ANV SELVINILSA YANMNO0d A TdINIS NTAMLAA
AT - ATdNIS)
AOINAAAIAIA SVIF

92¢e0
L100

8LLO
£16°0
0000
0000
0000
00
1000
£00°0
0000
£00°0
8960
1L0°0

0=p'p
‘qoad

cloo 160°0
LTO0 9000
) 000°0

| 0000
0000 0000
000- 0000
¢100 0000
1100 0000
¢100 0000
6000 0000
I10- 0000
10 0000
1100 0000
0200 0000
000- 0000
0100 0000
s1  O=UWp
‘qoad

I NOLLV'INNIS

OIS 3qeL

¢a00
$£0°0
090°0
¥$0°0
900
1900
$80°0
9800
9L0°0
6L0°0
6500
500
S¥0°'0
6£0°0
00
S¥0°0

X |

0s
0t
0s
0¢
0$
0¢
0s
0¢
oS
0t
0s
0t
0§
0¢
0s
0ot

N

O O WOANANMNM T T O O WL ANN

N0}
Hedd

anjeA
jenug

SLO
SLO
YAV
STo
Al
A
§T0
§T0
ST0
STOo
ST0
§T0
00
050
0S0
050

ones
d/L



102

$08°0
s80
Lero
Sito
vL0°0
1cr'o
1000
0£0°0
1£S°0
190
869°0
80¢0
950°0
611°0
sito
6C1'0

0=u'p
‘qoad

£00°0
0000
800°0
9000
£10°0
110°0
[AARV
8100
£00™-
£00™-
S00-
clo-
910°0
s100
c1o-
6100

64

6960
LEVO
$¥0°0
¥9C0
200
£€01°0
vEL0
8100
00t°0
0£9°0
¥Zso
890
LYy0'0
100
€500
60¥°0

0=4'p
‘qoad

<00°-
€000
cloo
8000
v10°0
L100
010
6200
§00°-
<00°-
800°0
€00
0200
0£0°0
yi0™-
€100

X |

‘AT ANV SALVINLLSH YARINOA A TdWIS NIAMLAL
(AT - ATdNIS)
AINTIAAAIA SVIA

o
0660
S1co
LST0
120°0
0100
0260
¢20'0
§060
08¢0
8SL°0
LT80
115°0
900°0
¥E9°0
80£°0

o=u'p
‘qoad

€10 0000
00~ 0€00
100 0000
9100 100°0
L1000 0000
¥20'0 0000
€000 0000
0€0'0 0000
€00~ 092°0
0100 ceLo
2000 €680
€000 96C°0
9000 9170
1€0°0 9000
0000 siv'o
6100 €170
sA  0=H"P
*‘qoad

I NOLLVTINNIS

O'1S 3qelL

LEOO
¥200
$€0°0
£v00
LY0'0
900
050°0
$v0°0
L00°0
100°-
€000
$10°0
£10°0
9¢0°0
L00°0
200

€4

oS
0t
0S
0t
0s
0€
0s
0¢
oS
o€
0s
0t
0s
0¢
0$
(113

N

NN TTO OO ANNMNNT T OO

anoy
Hjead

angea
feniuy

00
050
050
050
050
050
00
050
SLO
SLO
SLO
SLO
SL'O
SLO
SLO
SLO

oneu
d/L



103

900°0
£56'0
£€6°0
¥v8°0
100°0
0000
0000
980
§TT0
$10°0
61L0
LLOO

0='p
‘qoad

6000
000°-
00
00~
cio0'0
8100
s100
100°-
$00°0
§10°0
£00°0
¥10°0

64

9LLO
2000
090°0
6500
€000
6200
L000
8¢C0
$00°0
2080
£81°0
08¢0

0=3'p
*qoad

1000
S10°0
900°-
110~
110°0
£10°0
0100
$00°0
s1o™-
2000
0100
8000

LA

AT ANV SALVINILSA YANNO0d A TdINIS NIAMILAL
AT - TTINIS)
AINTIAIIIA SVId

1LEO
£10°0
£99°0
Wwio
S00°0
$60°0
1000
¥81°0
6900
LSEO
12¢°0
1EL°0

0=u'p
*qoad

€000
110°0
00~
800
110°0
0100
¥10'0
8000
600~
1100
8000
9000

L |

0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
000°0
000°0

0=p
‘qoad

I NOLLVINNIS

OIS ?IqeL

¥90°0
¥s0°0
L90°0
0L0°0
8L0°0
6800
€800
cLoo
£50°0
2900
000
oo

% |

0$
0¢
0s
0t
oS
0t
0s
0¢
0¢
0¢
0s
0t

N

VW ANNMNMITT OO 0 0

NOH
jead

anjea
jeniu)

§T0
§C0
§To
YAl
STo
sTo
STo
§T0
¢T0
YA
0s°0
0s0

onea
d/L



104

oLer <00~ 161T
0000° 110~ 0000
0Z9L 00~  OoI¥L
0000° clo- §6ST
8c6l” 00 86ES
1o ¥00°- (/A0
/A 74 00~ £6L0°
(4449 800-  CELO
1159’ 100~  T6l6°
9000° 10~ 8000
$909° p00-  0SLE
(4474 900- 6820
11448 ¥00'- 6856
0000’ 810~ 0000
8CIL <00~ iy
1600° o010 S€90°

0=pp 64 o=uwp
‘qoad ‘qoad

€00~
010~
100~
200~
100-
900~
00
600"~
0000
110
200"~
900°-
100~
610
100°0
600"~

La

"A"T'IN ANV SALVINILST YANOd ATdINIS NAAMLAG
3T - ITdINIS)
AINTITAIIA AOWAA TAVNOS NVAN

806C
L0
LLOS
8¢8¢E
LoLS”
£0v0’
£€810°
yigs
£80S"
$000°
1S6v°
LSEO
4%
0000°
LIY0
17403

0=U'p
*qoad

€00~ 0000
900"~ S000
<00 0000
£€00°- 0000
<00 0000
800~ 9700’
700~ Shov’
€00~ S6CT
100°0 SEPS’
010~ GE00
100°- G8¢Cl’
L00O- 829C
100°- Le
610~ 8090
€00~ L66L
110 8810
sd  0=pIp
‘qoad

I NOLLVINNIS

£€D°IS PIqeL

$10°0
9000
9100
0100
S10°0
8000
00
S00°-
0000
600°-
100°0
900~
<00~
€10~
0000
600"~

|

0¢
0¢
0s
0€
0s
0t
0s
0¢
0¢
0t
oS
0ot
0s
0t
0S
(113

N

NN NN NNLTTOVOVRONNNNMN T

INOYY
Neag

anjea
fehug

050
050
050
0s°0
0s0
050
SL'O
SLO
SL'O
SLO
SLO
SLO
SLO
SLO
SLO
SL'O

ones
d/L



105

688¢"
ST90°
8pEl
0000
6EL]’
1000°
1000°
0000°
S000°
0000’
9900
0000°
¥600°
£200°
8000
£600°

0=lp
‘qoad

€00
910~
000"~
€00~
000~
<00~
100™-
£00™
100
£00°-
200~
900"~
£00'-
L00™-
£00™-
$00™-

6d

116S
£997

oove
0000°
o1
1000°
1900°
8610°
0000
0000
L000°
yeee
6EL8
8100

o=p
‘qoad

900
£10™-

000
<00~
100~
£00-
100~
£00°-
900~
010~
<00
00"~
0000
900~

LA

“T"TIN ANV STILVINLLSA YARINOA ATdWIS NTIMLAG
(TTW - TTdNIS)
AINTIFASIA JOWUA FAVNOS NVIIN

081¢
€810

8€80°
0000°
ELEO
8EIT
LT00
ELLE
0000
0000
6010°
8v00°
LITS
000

0=p!p
‘qoad

800°- ot
020°- 540
) 0000

) 0000’
000~ 0000
€00 0000°
100°0 0000°
200 0000
100°0 0000
200°- 0000’
800°"- 0000
€10 0000’
<00 8800°
900~ 14319
0000 1000
800" 06vT
SI O0=pp
‘qoad

I NOILVINKNIS

€D°1S 3IquL

010~
120~
600°0
9000
910°0
€100
y£0°0
0£0°0
LEOO
SE0°0
v€£0°0
§20°0
¥00°0
100~
900°0
2000

P |

0$
0€
0s
0t
oS
11
oS
0¢
0§
0¢
0s
0¢
0s
113
0s
0t

N

VOO ANNMNMNT O ORNRXANN

INOY
Neag

anjea
lenug

SL0
SL0
§Co
SC0
A
SsTo
YA
§T0
§T0
§Co
YAl
§Co
050
050
050
050

oneu

d/L



106

0696
0e0’
LyoT
6610
Y69
[4X101)
9110’
$820°
LSSY
10LS
0909
[se
6sCl’
1920°
1745
¥L00°

0=tp
‘qoad

£00™~
LOO™
£00°-
L00-
<00~
€10
800
600~
200~
800"~
000°-
900°-
clo-
810
S00°0
0c0™-

64

9ILLT
14398
14228
0800°
81¢€0°
66¢1°
el
61¢0°
194%1
S169°
ve99°
EOET”
£90C
6v¢£0
89LE’
[4.18%

0=p'p
‘qoad

00~
900~
¥00'-
c10-
900°-
900~
£00™
800~
00
¥00'-
¥00°-
€10
clo-
vco-
€000
19 {1

LA

“A"TIN ANV SALVINLLSE ¥ANNOJ ATdWIS NIIM.LAL
CITN - ITdNIS)
AINTIAIAIA YONUT TAVNOS NVIIN

12 2:.74
£801°
¥S00°
0600°
E1E0°
cslo
£900°
£691°
8S0¢
166¢
¥c99
S100°
90T
9900°
9¢91”
8v10°

0=p'p
‘qoad

100  6bLE
S00-  99I¥
800- 9680
€10- 8020
L00- S681°
£10-  8vel
900 4311}
600~ IYARN
§00-  6¥SI’
vio’- 9590
100-  LTLY®
¢co- 6600
800~  L6TL
920~ 0700
600" [43§%
yco-  8ebl’
sd  0=MpP
*‘qoad

I NOILVINNIS

€I°1S 9lqBL

2000
900°-
S00°0
110
9000
900°-
0100
010~
900-
s10°-
00
020~
LOO-
£e0™-
$00'-
810

€4

0¢
o€
0s
o€
0s
113
0s
0¢
0s
0¢
oS
0t
oS
0¢
0s
0t

N

NN TOOVHVRANANMNONMET T OO

anoy
qead

anjea
[entug

050
00
0S°0
0s°0
0s0
0s0
0S0
050
SLO
SLO
SLO
SLO
SLO
SLO
SLO0
SLO

oneu
d/L



107

6CCT
876V
9LZ0
v6LT
LLB6
¥610°
€ELT
ELEO
£68¢
14343
LSSY
8vot

o=utp
‘qoad

100~
100"~
200°-
100~
000
£00™
100~
$00-
100"~
£00°-
1000
900°-

6d

1£6T
8ye0’
168
1600°
£9€8°
ovit
0LOL’
6270
0000’
<100
6SLL
EL1O

o=1p
*qoad

0000
¥00°-
0000
$00°-
000°0
<00~
0000
S00°-
800"~
010
100°-
600~

(X |

“I"T'IW ANV SALVIWLLSE YANNOd ATJINIS NITMLAA
3TN - TTdNIS)
AINTIASAIA HOUUT FAVNOS NVIIN

96¥L
8£00
6veT
0000
13944
oo’
o8’
6500
£000°
¥$00°
S6LY
06ST

0=Htp
‘qoad

000~ 0000’
L00- Cov0’
100°- 0000
L00- cloo
100°0 0000’
S00- 0000
000~ 0000’
800~ 0000’
010- 0000’
110°- 0000
€00~ 098’
900" ¥L00’
Sd o=Uwp
qoad

I NOLLV'INNIS

€IS Iq8L

0100
¥00°0
9100
0100
0€0°0
¥200
L£OO
120°0
6200
8200
<00
€10~

% |

0¢
0t
0s
0¢
oS
0¢
0s
0¢
0§
(113
oS
ot

N

VRO ANANMNNN T T \O O 0 0

ANOg
Yead

anjea
jeniuj

YAl
YA
YA
SCo
YAV
YA
ST0
§Co
§C0
§Co
050
0s0

ones

d/L



108

0000
000
9000
9100
o
8100
100°0
§20°0
181°0
L1S0

o=u!p
‘qoad

£10°0
0100
6000
110°0
LO00
6100
1100
c10'0
rALXY
o10-

6d

110°0
LEVO
¢stro
1278
SILO
§00°0
800
£10°0
1§2°0
68L°0

0=u!p
‘qoad

"TTIN ANV STILVINILST YARINO0A ATdWIS NIIMLIAI

§00°0
€000
§00°0
8000
$00°0
y20'0
900°0
¥10°0
0100
S00°-

La

0000 0100 000°0
0000 clo’o 0000
1000 4 (X1} 0000
0000 00 0000
£SE0 6000 0000
0000 ¢€0’0 0000
€00 L00'0 0000
2000 €100 0000
6L0°0 r4 LX) 100°0
€280 <00°- €LV'0
o=Up si Oo=Uip
‘qoad ‘qoad
¢ NOILVINNIS

(AT - TTINIS)
AINTIATIIIA SVIA

40 A L (A

§60°0
900
1900
7900
e00
0500
9100
2200
6200
cioo

X

oS
0t
oS
0t
0s
0t
0s
o€
0s
(113

N

anjea
fenu]

SCo
AV
STOo
YA
050
00
SLO
SLO
SLO
SLO

one.l
d/L



109

88402
0000°
00L0°
89L0°
(44X
£500°
<000
1000°
9520
iy

O=Up
*qoad

100- G&Se€y” 000- +200° 1000 0000
¢00- LO00" €00- 9S69° 000~ 0000
100- e6L£E 100- 06v9° 100- 0000
€00- 9¥S0° €00- €€€8° 100~ 0000
¢00- TITE 900- 899¢ €00~ €ELST
600- 61I¥0° 900- SEI0° 800- 6506
§00- $OIT° <CO00- 8LOO" €00- 9STS
clo- 1000° 110- 0000 <TIO- 0000
£10- <Cl10° €10- 81000 <Cl0- 2600
L00- T1€0¥° +00- €9S1° <TI0~ 60T0°
6d 0=4p L3 0=pwp sd o0=HPp
‘qoad ‘qoad ‘qoad
¢ NOLLVINNIS

8100
8100
0200
9100
£00°0
100°-
100°-
clo-
clo-
€10

. |

oS
o¢
oS
0t
0¢
1]
0s
o€
0s
0¢

N

anjea
1enIu]

“T"TIW ANV STLVINLLST YANNOAd ATdINIS NAIMLAD
(‘2T - TTANIS)

FONTYTSAIA JOWTT TAVNOS NVIIW

£D°TS gL

§To
ST
YAy
YA
050
0s0
SLO
SLO
Lo
SLO

onea
d/L



110

000
00
0L6'0
6050
8¥C0
£8C°0

0=u'p
‘qoad

Al
010
<00°-
00 -
6000
110°0

6d

1100 010~ 6270 €00°- 0000 0800 0¢ €-
y<8°0 000"~ yrL0 €000 0000 6L0°0 0€ €-
6650 ¢00°'- AR A 900°'- 0000 LY0°0 oS €
¥r6'0 <00~ vieo €100 0000 090°0 o€ €-
8€9°0 S00°- 6160 100°- €610 6000 oS €-
¢200 6100 €90°0 1200 0000 0900 0€ ¢-
o=1p LA o='p i~ | o=Ip X | N anjea
‘qoad ‘qoad ‘qoad jenug
€ NOILLV'INNIS

"T"T'IW ANV SALVINLLSY HYAINNO0d A'TdIWIS NIIMLIG

CTT - TTdNIS)
FINTHALIIA SVId
ZO'€S $Iqe,

§T0
§Co
050
050
SLO
SLO

oyeu
d/L



111

144174
168
9206
Y44l
8474
.74 8

0=1'p
‘qoad

100°-
<00'-
000
S00°-
900~
£10™-

64

900" +00-
091¢" +00-
LLLY" €00°0
¥L90" LOO™-
yeL6™ TO00
L000" ¥T0'-

o=uwr LI
*‘qoad

¢910° <00- 0000
vLC0° 800~ 0000
6vL6” T00-  TO00°
8900° OI0- 6LST
8TCS 100~  ISSY
1100° ¥20- 1000’
o=p si O=uip
‘qoad ‘qoad
€ NOILLV'INNIS

8100
€00
1100
2000
100°-
£L0-

€d

0s
0¢
0s
0¢
0$
0t

N

anjea
fenug

“"T'IW ANV SEILVINLLSH Y3RINO0A ITdIWIS NAIMLIG

IONTIIAAIA YOUUT TAVNROS NVAN

£I°ES PIqEL

A
§Co
0s0
050
SLO
SLO

onel
d/L



112

8s¥'o
0000
91T0
190°0

0=1p
‘qoad

000
00
L000
100

64

¥8¢°0
000°0
IWyo
9€0°0

"T"TI ANV SELVIILSE ¥A14N0d ATdWIS NTAMLAG

100~
$T0°0
S00™-
<00

La

£68°0 000~
0000 LT0°0
916’0 £00'-
8510 6100
0=1p Y |
‘qoad
¥ NOLLVINNIS

£59°0
0000
¥o€’0
I81°0

0=1'p
*‘qoxd

CT TN - ATINIS)
FONTITAAIA SYId

O'YS Mg,

100™-
¢i00
L00'-
8100

€4

0s
0¢
0s
(113

ngea
fentug

001
001
00’1
00’1

ones
d/L



113

Sovy’
0000°
$6S0°
8LSO

o=p
qouad

100
14\
LOO™-
810

64

ey
0000’
yy8L
9CYo’

0=1p
*‘qoad

0000 T686° 000- 60LL" 100~
¢I0- 00000 TIO- 1000 800~
€000 IS09° 1000 Z8SS <S000
920- 66S1° 820- IS0V +¥10-
LA o0=pp Sd 0=l
*qoxd ‘qoad % |
¥ NOLLV'INNIS

AINTIAJIIA HOUYT TUVNOS NVIW
£I°PS IIqeL

0S
0¢
0¢
0¢

N

Cl- 00°l
Zl- 00'1
v- 00’1

V- 001
oneu

anjea d/L

jenug

"A"TIN ANV SALVINILST ¥IRINOA A'TdNIS NTIMLAG



114

¥oL0
0000
$86°0
000
vL80
1€0°0
<080
9o

o=ip
‘qoad

000"
p£0°0
100"~
120°0
100°0
0100
1000
1000

64

€090
900°0
ISL°0
0000
990
0960
6LS0
SILO

=P
*qoad

¥00°-
6200
0000
6200
2000
000"~
€000
€000

La

£01°0 600°-
0100 8200
v6L°0 00
£00°0 ¥20°0
£86°0 100"~
6L9°0 €000
SYAl 000
grro $10°0
0=1'P . |
*qoad
S NOLLV'INNIS

0000
061°0
0000
0000
$00°0
€000
S00°0
611°0

0=1'p
‘qoad

920~
120°0
£20°0
oo
100
LT00
9100
L10°0

X |

"A"TIN ANV STILVHILSE ¥ANNOA ATdNIS NIIM LA

CT'TI - ITdNIS)
AINTIAAAIA SVIA
20'SS Iqe],

0s
113
0s
1]
0s
0t
0S
0€

N

NN T <

aAIN)



115

0088
1000°
L19T
2600°
86ve
o
89C0°
08y’

0=!p
‘qoad

€00~ 9¢s€” 1000 LSSO" €000 1610°  900°0
LT0- TEOO"  €T0- £€00° 610- 060" 610
€00~ 9tI0°  $00- £STI”  900-  L800° 8000
600- 0£20°  L0OO™- 2686  200-  0020° LOO'O
€00- SI69 £00°- 00¥8" €00  ¥¥S8 0000
¥00’-  ¥eE6l”  TO0™- 191" +$00-  1600° 900
€00~ LT8C €00~ v6v0™ €00 19¢L”  000™-
€00~ 9901° SO0 8090° 900~ 000" €10~

64 O=I'P LA o=y sS4 0=pwp X |
‘qoad *(joad *qoad

S NOLLV'INNIS
"I"TIN ANV SELVINILST YARINOA A TdIWIS NIIMLIAYG

IDNTIFJAIA JOUIT TAVNOS NVIIN
€SS dlquL

0s
0¢
0§
0€
0S
0t
oS
0t

N

e NN MmNt

3AIN)



Initial T/P ratio
value

6
6
-3
-3
6
6
-3
-3
6
4
-3
-3

4
5
-3
-3
5
5
3
-3
5
6

-3
-3

£
£
3
-3
£
£
3
3
£
5
-3
-3
£
£

-3

S - Simple Less M-ML.E.Less EQ -Equal

0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5

Peak
Hour

00000 P b dhWWWWNRNNNMNNOGONOGOININOAOOOG & & & 6 WWLWWWNRNNODN

Table S1.C4
COMPARISON OF FOURIER ESTIMATORS

SIMULATION 1
Fourier
Terms

W W WWWWWWWWWWWWWWWWLWWWL WWWLWWWWWWWWWWWW LW

N

30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30

* Significant difference at 0.01 p - value
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Variance
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Initial
value
3
3
£
-3
-3
£
6
-3
X
6
6
-3
<3
6
6
-3
-3
%
6
-3

3
6
-6
-3
-3
)
6
-3
-3
6
6

-3
-3

& &

S - Simple Less M-ML.E.Less EQ -Equal

T/P ratio

0.5
0.25
0.25
0.25
0.25
0.25
0.25
0.25
025
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75

Table S1.C4
COMPARISON OF FOURIER ESTIMATORS
SIMULATION 1
Peak Fourier N Bias
Hour Terms

8 3 50 M*
2 3 30 M*
2 3 50 M*
2 3 30 M+
2 3 50 M*
3 3 30 M*
3 3 50 M+
3 3 30 M*
3 3 50 M*
4 3 30 M+
4 3 50 M*
4 3 30 M*
4 3 50 M*
6 3 30 M+
6 3 50 M*
6 3 30 M*
6 3 50 M*
8 3 30 M*
8 3 50 M*
8 3 30 M+
8 3 50 M*
2 5 30 S*
2 5 50 S
2 5 30 S
2 5 50 S
3 5 30 S*
3 5 50 S
3 5 30 S
3 5 50 EQ
4 5 30 S
4 5 50 S
4 5 30 S*
4 5 50 S
6 5 30 S
6 5 50 M
6 5 30 S
6 5 50 S
8 5 30 S
8 5 50 S

* Significant difference at 0.01 p - value

Variance

nNnuwmunununmunmununonoununonounmounummunnmmounnomununnmunounononomnunwmonn
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“ o

EQ
EQ
S

M.S.E.
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Table §1.C4
COMPARISON OF FOURIER ESTIMATORS
SIMULATION 1
Initial T/P ratio Peak Fourier N Bias Variance M.S.E.
value Hour Terms

-3 0.75 8 5 30 S S S
<3 0.75 8 5 50 M S S
£ 0.5 2 5 30 M ] S
6 0.5 2 5 50 M S S
<3 0.5 2 5 30 M S S
-3 0.5 2 5 50 M S S*
£ 0.5 3 5 30 M+ S S
6 0.5 3 5 50 EQ S S
-3 0.5 3 5 30 S* S S
-3 0.5 3 5 50 M S S
£ 0.5 4 5 30 M S S
6 0.5 4 5 50 M#* S S
-3 0.5 4 5 30 S S S*
-3 0.5 4 5 50 S S §*
6 0.5 6 5 30 S S*
6 0.5 6 ] 50 EQ EQ EQ
-3 0.5 6 5 30 M S S
-3 0.5 6 5 50 M S S
£ 0.5 8 5 30 S* S S*
) 0.5 8 5 50 M* S S
-3 0.5 8 5 30 S S S
<3 0.5 8 5 50 S S S
6 0.25 2 S 30 S* S S*
6 0.25 2 5 50 S* S S*
-3 0.25 2 5 30 S S*
-3 0.25 2 5 50 S S S*
6 0.25 3 5 30 M S S
-6 0.25 3 5 50 M* S M*
-3 0.25 3 5 30 M S S*
-3 0.25 3 5 50 M* S S
-6 0.25 4 5 30 M* ) S
-6 0.25 4 5 50 M* S M
-3 0.25 4 5 30 M S S*
-3 0.25 4 5 50 M* S M
6 0.25 6 5 30 EQ S S*
6 0.25 6 5 50 EQ EQ S
-3 0.25 6 5 30 S S S*
-3 0.25 6 5 50 S S S
£ 0.25 8 5 30 S

S-SimpleLess M-ML.E. Less EQ-Equal * Significant difference at 0.01 p - value
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Table S1.C4
COMPARISON OF FOURIER ESTIMATORS
SIMULATION 1
Initial T/P ratio Peak Fourier N Bias Variance M.S.E.
value Hour Terms

6 0.25 8 5 50 S
-3 0.25 8 5 30 M S S*
-3 0.25 8 5 50 M EQ S
6 0.75 2 7 30 S ) S
-6 0.75 2 7 50 M EQ M
<3 0.75 2 7 30 S S S
-3 0.75 2 7 50 S S S
] 0.75 3 7 30 S* S S*
6 0.75 3 7 50 EQ S S
-3 0.75 3 7 30 S S S
-3 0.75 3 7 50 M S M
-6 0.75 4 7 30 S S S
6 0.75 4 7 50 S S S
-3 0.75 4 7 30 S S S
-3 0.75 4 7 50 S S S
6 0.75 6 7 30 S S S

0.75 6 7 50 M S EQ
-3 0.75 6 7 30 S S S
-3 0.75 6 7 50 S EQ S
6 0.75 8 7 30 S S S
6 0.75 8 7 50 S S S
-3 0.75 8 7 30 M S S
-3 0.75 8 7 50 M S S
6 0.5 2 7 30 M S S
6 0.5 2 7 50 S S S
-3 0.5 2 7 30 S S S
-3 0.5 2 7 50 M S S
6 0.5 3 7 30 S S S
6 0.5 3 7 50 S S S
-3 0.5 3 7 30 S S S
-3 0.5 3 7 50 S S S
5 0.5 4 7 30 S* S S+
6 0.5 4 7 50 S+ S S
-3 0.5 4 7 30 S S S*
-3 0.5 4 7 50 S S S
6 0.5 6 7 30 S S S*
¥ 0.5 6 7 50 M EQ EQ
-3 0.5 6 7 30 S S S
-3 0.5 6 7 50 M EQ S

S-SimpleLess M-MLE.Less EQ-Equal * Significant difference at 0.01 p - value



Initial T/P ratio
value

6
-6
-3
<3

6
6
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<3
-6
6
-3
-3
6
6
-3
-3
)
6
-3
-3
6
6
-3
-3
6
)
-3
-3
6
]

-3

S -SimpleLess M-MLE.Less EQ-Equal * Significant difference at 0.01 p - value

0.5
0.5
0.5
0.5
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
0.75
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Hour

Table S1.C4
COMPARISON OF FOURIER ESTIMATORS

SIMULATION 1

Fourier
Terms

O O W WO WY W WO W W WY WO W WO SN SN NSNS SN N NN NN NN NN NN N

N

30
50
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30
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30
50
30
50
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50
30
50
30
50
30
50
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50
30
50
30
50
30
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S
S
S
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M
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Variance
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Initial T/P ratio

value
-3
6
6
-3
-3
£
£
3
-3

SAbLLba&sLbaSdbbbLobbLbbbbadddbibs

0.75
0.75
0.75
0.75
0.75
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25
0.25

COMPARISON OF FOURIER ESTIMATORS
SIMULATION 1

Peak
Hour

A NS hWLWLWULWNNDDNDNOOWOOWODOOOOOD® R ELELEWWWWNDNDNTILNO 0 00 00

Table S1.C4

Fourier
Terms
9

O W W W WO WYWWWWOWWWWWOWWY W WYY WOWY WYYV WOO OOV VYWY VYOV

S - Simple Less M-MLE. Less EQ - Equal

N

50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50
30
50

* Significant difference at 0.01 p - value
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Variance
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Initial T/P ratio

value
-3
-3
£
£
-3
-3

S -Simple Less M -ML.E. Less EQ-Equal * Significant difference at 0.01 p - value

0.25
0.25
0.25
0.25
0.25
0.25

Variance

Table S1.C4
COMPARISON OF FOURIER ESTIMATORS
SIMULATION 1
Peak Fourier N Bias
Hour Terms
6 9 30 M S
6 9 50 M S
8 9 30 S
8 9 50 M* S
8 9 30 EQ S
8 9 50 M* S

122



123

Table S2.C4
COMPARISON OF FOURIER ESTIMATORS
SIMULATION 2
Initial T/P ratio  Fourier N Bias Variance M.S.E.
value Terms
-3 0.75 3 30 S S S
-3 0.75 3 50 Se S S*
6 0.75 3 30 S* S S*
6 0.75 3 50 M* S S
-3 0.5 3 30 M* S S
<3 0.5 3 50 M* S M
<3 0.25 3 30 M* S M*
-3 0.25 3 50 M* S M*
£ 0.25 3 30 M* S M*
£ 0.25 3 50 M* S M*
-3 0.75 5 30 M S S
<3 0.75 5 50 S S ]
6 0.75 5 30 S* S S*
6 0.75 5 50 S S S*
-3 0.5 5 30 Se S S
-3 0.5 5 50 M S S
<3 0.25 5 30 M* S S
-3 0.25 5 50 M* S S
6 0.2§ 5 30 M+ S S
-6 0.25 5 50 M* S S
-3 0.75 7 30 M S S
<3 0.75 7 50 S S S
-6 0.75 7 30 S S S*
6 0.75 7 50 S S S
-3 0.5 7 30 S* S S
-3 0.5 7 50 ) S S
-3 0.25 7 30 M S S
-3 0.25 7 50 M S S
6 0.25 7 30 M S S*
6 0.25 7 50 M S S

S-SimpleLess M-ML.E.Less EQ-Equal * Significant difference at 0.01 p - value
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Table S2.C4
COMPARISON OF FOURIER ESTIMATORS
SIMULATION 2
Initial T/P ratio  Fourier N Bias Variance M.S.E.
value Terms
<3 0.75 9 30 M S S
<3 0.75 9 50 S S S
6 0.75 9 30 ] S S*
6 0.75 9 50 Se S S*
-3 0.5 9 30 S S S*
-3 0.5 9 50 S EQ S
-3 0.25 9 30 S S S
-3 0.25 9 50 S+ S S
£ 0.25 9 30 S+ S S*
6 0.25 9 50 S+ S S

S -Simple Less M -MULE.Less EQ-Equal * Significant difference at 0.01 p - value
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Table S3.C4
COMPARISON OF FOURIER ESTIMATORS
SIMULATION 3
T/P ratio Initial Fourier N Bias Variance M.S.E.
value Terms
3 0.75 3 30 S* S S#
-3 0.75 3 50 S S S
-3 0.5 3 30 M* S M
-3 0.5 3 50 M+ S M*
<3 0.25 3 30 Me* S M*
-3 0.25 3 S0 M+ S M*
-3 0.75 5 30 S S S*
-3 0.75 L] 50 M S S
<3 0.5 5 30 M S S*
-3 0.5 5 50 S S S
-3 0.25 5 30 M S S
-3 0.25 5 50 S S S
-3 0.75 7 30 S S S*
-3 0.75 7 50 M S M
-3 0.5 7 30 M S S
-3 0.5 7 50 M S M
-3 0.25 7 30 EQ S S
-3 0.25 7 50 S S S¥
-3 0.75 9 30 S S S
-3 0.75 9 50 S S S
-3 0.5 9 30 M S S
-3 0.5 9 50 M S S
-3 0.25 9 30 M* S S
-3 0.25 9 50 M* S S

S-SimpleLess M-MLE.Less EQ-Equal * Significant difference at 0.01 p - value



Table S4.C4
COMPARISON OF FOURIER ESTIMATORS
SIMULATION 4
Initial Fourier N Bias Variance M.S.E.
value Terms
-4 3 30 S S S
-4 3 50 M M M
-12 3 30 S* S S*
-12 3 50 M S S
<4 5 30 S S S
-4 L] 50 M S M
-12 5 30 S* S S*
-12 5 50 EQ EQ S
-4 7 30 S S S
-4 7 50 M S M
-12 7 30 Se S S*
-12 7 50 M EQ EQ
-4 9 30 S S S
-4 9 50 S S S
-12 9 30 S* S S*
-12 9 50 EQ S S

S-Simple Less M-MLE.Less EQ-Equal * Significant difference at 0.01 p - value
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Table S5.C4
COMPARISON OF FOURIER ESTIMATORS
SIMULATION §
Curve T/P ratio  Fourier N Bias Variance M.S.E.
Terms
1 04 3 30 M S S*
1 04 3 50 M* EQ EQ
2 0.385 3 30 M* S S*
2 0.385 3 50 M* EQ M
3 0.489 3 30 M+* S M
3 0.489 3 50 M* S M*
4 0911 3 30 S S S
4 0.911 3 50 M+ M M
1 0.4 5 30 S S S
1 04 5 50 S S S
2 0.385 5 30 S S S
2 0.385 5 50 M S )
3 0.489 5 30 M S S
3 0.489 5 50 S S S
4 0.911 S 30 S* S S*
4 0911 5 50 M M M
i 0.4 7 30 S S S
1 04 7 50 S S S
2 0.385 7 30 EQ S S
2 0.385 7 50 S S S
3 0.489 7 30 S* S S
3 0.489 7 50 EQ S S
4 0911 7 30 S* S S*
4 0911 7 50 M S M
1 04 9 30 S S S
1 0.4 9 50 S S S
2 0.385 9 30 S ) S
2 0.385 9 50 EQ S S
3 0.489 9 30 S+ S S*
3 0.439 9 50 M S S
4 0.911 9 30 S+ S S*
4 0.911 9 50 EQ S S

S - Simple Less M-MUL.E.Less EQ-Equal * Significant difference at 0.01 p - value
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Simulation Results Hourly Mean versus Simple Fourier T/P Estimators

Next the hourly mean T/P estimators are compared to the Simple Fourier T/P
estimators. The results described here comparing the hourly mean T/P estimate to
the Simple Fourier T/P estimators will focus primarily on the situations where
N=30 since these results generalize typically to the other sample sizes studied.

The mean bias of the 400 replicates are plotted for the placebo subtracted drug
response curves in simulation 1 for sample size 30 with initial values =-3, -6 and
T/P ratios = .75, .5 and .25 in figures S1.F1 through S1.F6 and tabulated in table
S1.T1 and S1.T2 . The ratio of the MSE for the hourly mean T/P estimator divided
by the MSE of one (3,5,7 or 9 term) of the Simple Fourier T/P estimators
(hereafter referred to as Fourier T/P estimators) are plotted in figures S1.F7
through S1.F12 and tabulated in tables S1.T3 and S1.T4. This mean square error
ratio (MSER) will be greater than 1 if the MSE for the hourly mean T/P estimator
is greater than the MSE for the Fourier T/P estimators. We therefore are interested
in T/P estimators with large MSERs.In figures S1.F1 through S1.F6 the average
bias and the MSER with their associated asymptotic 95 % confidence intervals are

plotted versus the response curve peak hour for each of the estimators.

Clearly the bias of both types of estimators changes, depending on the actual T/P
ratio, the initial value and the peak hour. The general shape of the relationship
between peak hour and bias appears the same for all of the estimators for both
initial values of -3 and -6, but the bias for the -3 initial value are consistently
shifted to a lower value when compared to those for the -6 initial value.. This is
probably due to that fact that the final trough to peak estimator is set to 0 if the

numerator and denominator of the trough to peak statistic have different signs,
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which is more likely to occur when the actual initial (and trough) value is -3. For
T/P ratio 0.75 (figures S1.F1 & S1.F2) the 3 term Fourier T/P estimator is least
biased, with the bias increasing for the Fourier T/P estimators as the number of
terms in the Fourier series increases, with the hourly mean T/P estimator
demonstrating the greatest bias (values of 0.030,-0.062, -0.134, -0.171 and -0.262,
N=30 initial value =-6, peak hour =2 for 3,5,7,9 term Fourier and hourly mean).
For T/P ratio 0.50 (figures S1.F3 & S1.F4) , depending on the initial value (-3 or
-6) and the peak hour, either the 3, 5 or 7 term Fourier T/P estimators have the
least bias and the hourly mean T/P estimator is either the most biased or next to
the most biased estimator (value of 0.161,0.031,-0.040, -0.062 and -0.100, N=30
initial value =-6, peak hour = 4 for 3,5,7,9 term Fourier and hourly mean). For T/P
ratio 0.25 the hourly mean T/P estimator and the 7 or 9 term Fourier estimators
demonstrate least bias and are nearly equal for most peak hours (values of 0.104,
0.023, -0.004, -0.005 and -0.023, N=30 initial value =-6, peak hour = 8 for 3,5,7,9
term Fourier and hourly mean). In table S1.T2 the differences between the T/P
ratio based on the Fourier series estimator and the T/P ratio based on the hourly
means are tabulated along with the Wilcoxon signed rank p - values associated
with the paired differences for the 400 replications of the simulation. All
differences in bias are significant at the .01 p-value except between the for the 7
term Fourier T/P and hourly mean T/P estimators for actual T/P ratio 0.25, initial
value -3, peak hour = 4, and the difference between the 9 term Fourier T/P and
hourly mean T/P estimators for actual T/P=0.25, initial value =-3, peak hour = 3,
N=30.

The MSERs for the 3,5,7 or 9 term Fourier T/P estimator for sample size 30 are
plotted in figures S1.F7 through S1.F12 and tabulated in table S1.T4 and the

paired difference between the mean square errors and associated p-values are



130
tabulated in tables S1.T3. For T/P ratio = 0.75 the MSERs for all of the Fourier
T/P estimators (3,5,7, and 9 term) are significantly greater than 1, with the Fourier
T/P estimators with fewer terms demonstrating the largest MSER (values of 3.85,
2.78, 1.88, and 1.57, N=30, initial value =-6, peak hour = 4 for 3,5,7,9 term
Fourier). For T/P ratio 0.50, the 3 term Fourier T/P estimator demonstrates a MSE
similar to that for the hourly mean for peak hours 2, 3 and 4, with the Fourier T/P
estimators with more terms giving MSERs significantly greater than 1 (values of
0.99, 2.14, 1.82, and 1.61, N=30, initial value =6, peak hour = 4 for 3,5,7,9 term
Fourier). With T/P ratio = 0.25, the MSER for the 3 term Fourier T/P estimator is
significantly less than 1 for all peak hours; for the 5 term Fourier series MSER is
less than 1 for peak hours 2 ,3 and statistically equivalent to 1 for peak hour 4; the
7 term Fourier T/P estimator MSER is less than 1 for peak hour 2 only (greater
than 1 for other peak hours), with the 9 term Fourier T/P estimators giving a ratio
greater than or equal to 1 for all peak hour values(values of 0.11, 0.26, 0.66, and
1.27, N=30, initial value =-6, peak hour = 2 for 3,5,7,9 term Fourier). In figures
S1.F13 through S1.F18 a direct comparison between the T/P estimators based on
the various Fourier series fits are presented. The minimum of the MSERs across
the peak hours simulated in curve set 1 are plotted in figures S1.F13 and S1.F14,
the maximum of the MSERSs across the peak hours are plotted in figures S1.F15
and S1.F16, and the average of the MSERSs across the peak hours are plotted in
figures S1.F17 and S1.F18. These figures further demonstrate that the 3 and 5 term
Fourier T/P estimators can perform poorly relative to the hourly mean T/P
estimator for low actual T/P ratios (0.25 in the simulation), and very well for high
T/P ratios. The 7 and 9 term Fourier T/P estimators generally perform well
throughout the spectrum of T/P ratios examined in this simulation. Looking at the
overall average of the MSERs over the peak hours, the 7 and 9 term Fourier T/P
estimators have an average MSER greater than 1 for all of the T/P ratios tested, the
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5 term Fourier T/P estimate with a ratio greater than or equal to 1, with a 95%
confidence interval around 1 for T/P of 0.25. Generally speaking, the 5, 7 and 9
term Fourier T/P estimate perform better in this simulation for curve set 1 than the

hourly mean T/P estimate as measured by the mean square error criteria.

The curve shape in simulation 2 gradually increases in dose response until hour 8
then a gradual decrease to the initial value at hour 24. Other than sample size, their
are two variables in this simulation, the initial value (-3 and -6) and the actual
trough to peak ratio (0.25,0.50,0.75). The mean bias of the 400 replicates are
plotted against the actual T/P ratio for sample size 30 in figures S2.F1 (initial
value -3) and S2.F2 (initial value -6) and the average bias and average bias
differences from the hourly mean T/P ratio are tabulated in table S1.T1 and S1.T2
respectively. The MSERs for Fourier T/P estimators (3,5,7 or 9 term) are plotted
in figures S2.F3 and S2.F4 and the difference in MSE between hourly mean T/P
estimator and the Fourier T/P estimators are tabulated in tables S2.T3 and the
MSERs tabulated in S2.T4. The results for this curve set is similar to those for
curve set 1. Comparing the bias for each of the estimators between the curves with
initial value -3 versus -6, the bias is nearly identical for T/P ratio 0.25, and shifted
to a greater negative bias for initial value -3 for T/P ratio 0.75 as was noted in the
simulation involving curve set 1. No comparison can be made for T/P ratio 0.50,

since the simulation was not attempted for T/P ratio 0.50 and initial value -6.

As in the simulations for curve set 1, with the small T/P ratio of 0.25 the 7 and 9
term Fourier T/P estimate have the least bias (average of 0.016,-0.025 for initial
value -3, N=30 and 0.037, -0.006 for initial value -6,N=30) followed by the hourly
mean T/P estimator ( average of -0.043 for initial value -3,N=30 and -0.027 for
initial value -6,N=30). For T/P ratio 0.50, initial value -3, the 5 term Fourier T/P
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estimator has least bias( average of -0.020 for N=30), followed by the 7 term and 3
term Fourier T/P estimators ( average of -0.081 and 0.090 for N=30), and for T/P
ratio 0.75 the 3 term Fourier T/P estimator has the least bias (average of -0.125,
-0.018 for initial values -3, -6, N=30), followed by the 5 term (average of -0.221,
-0.090 for initial values -3, -6, N=30), 7 term (average of -0.273,-0.148 for initial
values -3, -6, N=30), 9 term (average of -0.309,-0.198 for initial values -3, -6,
N=30) and the hourly mean T/P ratio estimate (average of -0.375,-0.278 for initial
values -3, -6, N=30).

The behavior of the MSERSs are also similar to that found in simulation 1. For T/P
ratio of 0.25, the MSER is less than 1 for the 3 term Fourier T/P estimator for both
initial values -3 and -6 and the MSER is also less than 1 for the 5 term series T/P
estimator for initial value -6, but not significantly different from 1 for initial value
-3 based on the asymptotic confidence interval and the Wilcoxson paired
comparison (tabled in S2.T3 and S2.T4). On the other hand for T/P

ratio of 0.25 the MSER is significantly larger than 1 for the 7 and 9 term Fourier
series T/P estimators ( 1.42, 1.36 for initial value -3, N=30 and 1.41, 1.47 for
initial value -6, N=30). For T/P value of 0.50, initial value -3, all of the Fourier
series T/P estimators tested have a MSER greater than 1, but the 95% confidence
interval for the MSER based on the 3 term Fourier series includes 1 and the
Wilcoxson test on the paired squared error differences is not statistically
significant with a p-value of 0.226. All of the other Fourier series T/P estimators
(5,7 and 9 term ) have MSERs larger than 1, with the 5 term the largest, followed
by the 7 then 9 term series ( 1.46, 1.33 and 1.22 for initial value -3, N=30). For
T/P ratio of 0.75 all of the Fourier series T/P estimators have a MSER larger than
1. The ratio is largest for the 3 term followed by the 5, then 7 and 9 term series
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(2.33, 1.82, 1.48, 1.32 for initial value -3, N=30 and 4.10, 3.29, 2.23, 1.63 for
initial value -6, N=30). The consistent results of the MSER greater than 1 for the 7
and 9 term Fourier series T/P estimator suggest that both of these estimators are
consistently superior in behavior for this curve type, T/P ratios and sample size.
The 5 term Fourier series T/P estimator is superior for large T/P ratios (>= 0.5),
but performance in terms of mean square error is only equal or slightly larger than
for the hourly mean T/P estimator . Similar results were found for sample sizes
10,20 and 50.

The curves in simulation 3 are bath tub shaped, starting at an initial value of -3,
decreasing to a the peak dose response at 3 hours, maintaining a constant level
until 22 hours, the declining to the trough level at hour 24. The only difference
between the three curves is the peak value ( and T/P ratio) of -4, -6 and -12 to give
T/P ratios of 0.75, 0.50 and 0.25. The mean bias of the 400 replicates are plotted
against actual T/P ratio on figure S3.F1 and the MSER in figure S3.F2 and tabled
S3.T1 through S3.T4. The results are similar to those found for curve set 1 and 2.
The bias associated with each estimator changes (almost linear) as the actual T/P
ratio changes. For T/P ratio 0.25 the 9 term Fourier series T/P estimator has the
least bias followed by the estimator based on the 7 term series then the T/P
estimator based on the hourly mean, the T/P estimator based on the 5 term then 3
term Fourier series (values of -.023, .058, -.055, .179 and .380 , N=30). For T/P
ratio 0.50 the 5 terms Fourier T/P estimator has least bias followed by the 7 term
Fourier T/P estimator , then the 9 term Fourier T/P estimator, then the 3 term
Fourier T/P estimator hourly mean T/P estimator demonstrating the greatest bias
( values .014, -.079, -.143, -.231, .182, N=30 for the 5,7,9,3 term Fourier T/P,
hourly mean T/P estimators respectively). For T/P ratio 0.75, the Fourier series

T/P with few terms demonstrate the least bias with the 3 term Fourier series T/P
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estimator the least followed by the 5 term, 7 term, 9 term with the T/P ratio based
on the hourly mean having the greatest bias ( values -.087,-.225,-.300,-.343,-.421,
N=30). The MSERs for T/P 0.25 are less than 1 for 3 and S term Fourier T/P
estimators , not statistically different from 1 for the 7 term Fourier T/P estimator
and greater than 1 for the 9 term Fourier T/P estimator (values .149, .512,
1.130,1.234, N=30). For T/P ratio of 0.5 all of the T/P Fourier estimators have
MSER's greater than 1, with the greatest to least the T/P estimator based on the 5
term, then 7 term then 9 term followed by the 3 term Fourier series ( values 2.218,
1.80, 1.43, 1.31, N=30). For T/P 0.75 again all MSERs are greater than 1, this time
the 3 term has the greatest followed by the 5 term, 7 term and 9 term series (values
3.21, 2.09, 1.57, 1.33, N=30). Using the bias and mean square error as criteria for
determining the best estimator, the 7 or 9 term Fourier T/P estimators perform
consistently better than the hourly mean T/P estimator for all of the T/P ratios
tested.

The two curves in simulation 4 have a dose response curve that is constant over
the 24 hour period, one at -4 and the other at -12. The mean bias of the 400
replicates are plotted against the initial value (-4, -12) in figure S4.F1 and the
MSERs in figure S4.F2 and tabled in S4.T1 through S4.T4. All of the T/P
estimators demonstrate a negative bias ( estimate less than actual) with the biases
for the curve with initial value -4 consistently more biased than the curve with
initial value -12. For both curves the bias increased as more Fourier terms are
added to the T/P estimator with the T/P estimator based on the hourly means
showing the greatest bias ( -.285, -.364, -.403.-.445,-.555, N=30 and initial value
=-4; -.104,-.152,-.189,-.216, -.295, N=30 and initial value =-12 for the 3, 5,7,9 and
hourly mean respectively). All of the MSERs for the T/P estimators based on the

Fourier series are greater than 1 and the difference between the MSEs for the
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Fourier T/P estimators and the hourly mean T/P estimator are all statistically
significant (tables S4.T3). The Fourier T/P estimators based on few terms have a
MSER greater than those of Fourier T/P estimators based on more terms (2.53,
2.00, 1.72, 1.45, N=30 initial value = -4 ; 5.77,3.29, 2.21, 1.75, N=30 initial value
-12 for 3,5,7,9 term Fourier T/P estimators respectively). Clearly the 3 term
Fourier T/P estimator has the best overall characteristics for the 2 curves in
simulation 4, with minimum bias and mean square error, followed by the Fourier
T/P estimators with more series terms with the hourly mean T/P estimator the least

favorable with the greatest bias and mean square error.

The curves in simulation 5 are a 3, 5 and 7 term Fourier series (case 1, 2 and 3
respectively) which were included to examine the behavior of the T/P estimators
for finite samples when the actual curves are themselves Fourier series. The graphs
of the bias associated with the T/P estimators included in the study are plotted
versus sample size in figures S5.F1 through SS5.F3, and the MSERs plotted versus
sample size in figures S5.F4 through S5.F6. The simulation bias and difference in
bias between the Fourier T/P estimators and the hourly mean T/P estimator are
tabled in S5.T1, S5.T2 and the difference in MSE between the Fourier T/P
estimators and the hourly mean T/P estimator, and the MSERs tabled in S5.T3 and
S5.T4. In case 1, the 3 term Fourier response curve, the 3 term Fourier T/P
estimator has the least bias for all sample sizes tested, and the asymptotic 95% C.I.
for the bias includes O for all sample sizes tested( values -.013, 0.004, 0.016 and
0.011 for N=10, 20, 30, 50). Each of the other T/P

estimators are biased with the 5 term Fourier T/P estimator the least biased
followed by the 7 and 9 term Fourier T/P estimators and the hourly mean T/P
estimator having the greatest bias for all sample sizes tested. In case 2, the 5 term

Fourier series, all of the T/P estimators tested are biased with the 3 term Fourier
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T/P estimator consistently having less bias than the 5 term Fourier T/P estimator,
although their asymptotic 95% C.1. overlap for all sample sizes (values 3 and 5
term T/P estimators are: -.231, -.273 for N=10, -.129, -.170 for N=20, -.086, -.121
for N=30 and -.066, -.083 for N=50). The bias for the 7 and 9 term Fourier
T/P estimators are larger than for the 3 and 5 term T/P estimators and similar with
95 % C.L's that also overlap, followed by the hourly mean T/P estimator that
shows significantly greater bias than any of the other estimators. In case 3 (7 term
Fourier series) sample size N=10 the 5 term Fourier T/P estimator has the least
average bias followed by the 7 and 9 term Fourier T/P estimators, the hourly mean
T/P estimator and then the 3 term Fourier T/P estimator( values of 0.067, -0.095,
-0.103, -0.172, 0.231, N=10). For samples sizes 20, 30 and 50 the 7 and 9 term
Fourier T/P estimators have the least average bias( with the 9 term slightly larger
than the 7 term with overlapping confidence intervals), followed by the average
bias for the hourly mean T/P estimator, and the 5 and 3 term Fourier estimators.
Throughout the total range of sample sizes simulated the 7 term Fourier T/P
estimator demonstrates the least bias( or close to the smallest bias ) of the

estimators tested.

Figure S5.F4 contains the case 1 graph of the MSERs for all of the Fourier T/P
estimators examined. All are greater than 1 with the 5 term Fourier T/P estimator
giving consistently the largest MSER followed by the 3 term (except N=20), then
the 7 and 9 term Fourier T/P estimators. The difference in the MSER between the
competing Fourier estimators is very little with significant overlap of their
asymptotic 95% C.I. for all the sample sizes included in the simulation (values of
1.54, 1.47, 1.43 and 1.26, N=30 for 5,3,7,9 term estimators). Generally the

MSERs increase as the sample size increases, and using the results of the
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Wilcoxon paired test (table S5.T4) all of the MSEs for these estimators are
significantly smaller than the MSE for the hourly mean T/P estimator.
For case 2 (5 term Fourier series), the 3 term Fourier T/P estimator has the greatest
MSER followed by the 5 term T/P estimator with values close enough to the 3
term estimator that their 95% C.L's overlap for all sample sizes tested ( values of
5.53, 3.99, N=30 for 3 and 5 term estimators). The 7 and 9 term T/P estimators
also have MSERs greater than 1, but significantly less the 3 and 5 term estimators
( values of 2.66, 1.96, N=30 for 7 and 9 term estimators).

Case 3 MSER:s are plotted in figure S5.F6. The 3 term Fourier T/P estimator has a
MSER less than 1 for all sample sizes simulated and the 5 term Fourier T/P
estimator has an MSER less than 1 for sample sizes 30 and 50, and equal to 1 for
sample size 20 (table S5.T4 Wilcoxon p-value 0.942). Only the 7 and 9 term
Fourier T/P estimators have MSERs significantly greater than 1, and they are very
close to each other in value (values of 1.41 and 1.49, N=30 for 7, 9 term
estimators).

The following conclusions can be made from the simulation results:

1. For the curves included in the simulation, the hourly mean
T/P estimator is highly biased when the true T/P ratio
is large (T/P=0.75) and less biased when the T/P ratio
is small (T/P=0.25). The bias and M.S.E. associated with
the hourly mean T/P ratio is much higher than with the
Fourier T/P estimators when the T/P ratio is large, but
becomes more comparable with the Fourier T/P estimators

when the T/P ratio is small.
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For most of the curves, T/P ratios and sample sizes examined
in the simulation, at least one of the Fourier T/P estimators
has a significantly smaller bias and M.S.E. than the hourly

mean T/P estimator.

2. The 3 term Fourier T/P estimator has a low bias and M.S E.
when the actual T/P ratio is large (T/P= 0.75 ), but has poor
bias and M.S.E. characteristics for low T/P ratios
(T/P <= 0.50).

2. The 9 term Fourier T/P estimator has a low bias and M.S.E.
when the actual T/P ratio is small (T/P=0.25 ); has
the worst bias and M.S.E. characteristics of the Fourier
estimators for large T/P ratios, but is consistently better

than the hourly mean T/P estimator for all T/P ratios tested.

3. The 5 and 7 term Fourier estimators have good bias and
M.S.E. characteristics for all (but a few ) of the T/P ratios,
curves and sample sizes examined. The 5 term Fourier T/P
estimator is clearly the better estimator with the mid to high
range T/P ratios ( T/P=0.5,0.75), with the 7 term Fourier
estimator the better performer with low T/P ratios
(T/P=0.25).

Direct comparisons were made between the 5 and 7 term Fourier T/P estimators

and summarized in tables S1.T5 through S5.T5. These tables contain a summary of
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bias and M.S.E. differences with confidence intervals and p-values associated with
the paired Wilcoxson rank test for equality for each of the 5 simulations
performed. Tables S1.T6 through S5.T6 summarizes the simulation findings
conceming the M.S.E.s of the 5 and 7 term estimators. The tables lists the
estimator with the smallest M.S.E. across all sample sizes for each of the
simulation conditions. In the column " Minimum M.S.E." a 5 or 7 is indicated
depending on which of the estimator's M.S.E. is significantly smaller (Wilcoxon
test) than the other for at least 3 of the 4 sample sizes simulated. If neither
estimator is favored for at least 3 of the 4 sample sizes simulated an E (for even)
is indicated Also noted in the column " F5S M.S.E. LT HR" is whether the M.S.E.
of the S term estimator is less than the M.S.E. for the hourly mean and in column "
F7M.S.E. LT HR" is whether the M.S.E. of the 7 term estimator is less than the
M.S.E. for the hourly mean. Its clear from these tables that the 5 term Fourier T/P
estimator is preferred using the M.S.E. criteria when the actual T/P ratio is 0.50 or
greater, but when the T/P ratio is small the 7 term estimator generally performs
better. Also in all cases the 7 term estimator performs at least as well as the hourly
mean estimator, which is not the case for the 5 term estimator, which may have a

M.S.E. substantially larger than that for the hourly mean for small T/P ratios.
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Table S1.T6
COMPARISON OF 5 AND 7 TERM FOURIER T/P ESTIMATORS
MINIMUM M.S.E. OVER ALL SAMPLE SIZES TESTED

SIMULATION 1
tp initial pesk Minimum * FSMSE. ** FTIMS.E. **
ratio value hour MS.E. LTHR LTHR
0.7 3 2 5 Y Y
0.78 3 3 5 Y Y
0.75 3 4 s Y Y
0.7 3 6 5 Y Y
0.78 3 8 5 Y Y
0.50 3 2 E Y Y
0.50 3 3 5 Y Y
0.50 -3 4 5 Y Y
0.50 3 6 E Y Y
0.50 3 8 5 Y Y
0.25 -3 2 7 N E
0.25 X | 3 7 E Y
0.25 -3 4 E E E
0.25 3 6 E E E
0.25 -3 8 E Y Y
0.75 1 2 s Y Y
0.75 -6 3 s Y Y
0.75 6 4 5 Y Y
0.75 -6 6 5 Y Y
0.7 1 8 5 Y Y
0.50 -6 2 7 Y Y
0.50 -6 3 E Y Y
0.50 -6 4 5 Y Y
0.50 ¥ 1 6 E Y Y
0.50 -6 8 E Y Y
0.25 ¥ 1 2 7 N E
0.25 -6 3 7 N Y
0.25 -6 4 7 E Y
0.25 -6 6 E Y Y

* 5 -5 Term fourier T/P estimator
7 - 7 Term fourier T/P estimator
E - § Term fourier M.S.E. = 7 Term fourier M.S.E.

** Y: Yes
N: No
E: M.S.E's equal
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Table S2.T1
BIAS ESTIMATE
SIMULATION 2
tp initial N F3 Lower Upper FS Lower Upper
actusl  value bias 95 % 95 % bias 95 % 95 %
CL CL Cl CL
0.75 -3 10 -205 -240 -.169 -293 -325 -.261
0.75 -3 20 -.146 -.178 -115 -256 -286 -226
0.75 -3 30 -.125 -.152 -097 -221 -247 -.194
0.75 -3 50 -070 -094 -.046 -174 -197 -.152
0.50 -3 10 -008 -041 0.024 -100 -130 -.070
0.50 -3 20 0.057  0.030 0.085 -.056 -.082 -.030
0.50 -3 30 0.090 0.064 0.115 -020 -.044 0.003
0.50 -3 50 0.104 0.082 0.125 0.014 -.006 0.035
0.25 -3 10 0.163 0.140 0.186 0.069 0.049 0.089
025 -3 20 0.193 0.176 0.210 0.089 0.073 0.105
025 -3 30 0.193 0.180 0207  0.087 0.074 0.101
0.25 -3 50 0.201 0.190 0212 0.103 0.092 0.113
0.75 6 10 -.107 -125 -.089 -221 -.246 -.196
0.75 6 20 -038 -052 -023 -.143 -.164 -.121
0.75 6 30 -018 -030 -.005 -.090 -107 -073
0.75 6 50 0.023 0.012 0.033 -063 -079 -.048
0.25 6 10 0.197  0.185 0.209 0.099 0.087 0.112
0.25 -6 20 0.197 0.189 0.206 0.102 0.094 0.110
0.25 6 30 0.201 0.194 0.208 0.108 0.101 0.116
0.25 6 50 0.199 0.194 0.205 0.116 o1m 0.122
tp initial N F7 Lowe Upper F9 Lower Upper Hr Lower Upper
act.  value bias r 95% bias 95% 95% 95 % 95 %
9% CL C.L C.L Cl C.L
CL
075 -3 100 -339 -371 -307 -361 -393 -330 -416 -446 -.385
075 -3 20 -304 -333 -274 -333 -363 -304 -429 -457 -.402
075 -3 30 -273  -299 -246 -309 -335 -283 -375 -403 -.348
075 -3 50 -234 -258 -211 -273 -298 -248 .350 -375 -.324
050 -3 10 -149 -178 -I21 -185 -213 -156 -235 -262 -.208
050 -3 20 -118 -145 -092 -163 -189 -138 -214 -239 -.188
050 -3 30 -081 -105 -058 -125 -148 -102 -158 -.182 -.134
0s0 -3 S0 -055 -076 -035 -093 -114 -072 -167 -.189 -.145
02 -3 10 0008 -012 0.028 -024 -043 -005 -039 -059 -019
02s 3 20 0018 0000 0035 -024 -040 -008 -049 -066 -032
025 3 30 0016 0.002 0030 -025 -040 -011 -043 -.059 -027
025 3 50 0023 0012 0.034 -022 -034 -011 -039 -052 -.025
075 -6 10 -271 -297 -244 -294 .313 -276 -385 -404 -.367
075 -6 20 -209 -232 -18  -240 -256 -224 -332 -349 =315
075 -6 30 -148 -166 -130 -198 -212 -184 .278 -294 -.263
075 -6 S0 -112 -128 -096 -141 -153 -129 -222 -236 -.208
025 6 10 0.020 0.007 0.033 -020 -034 -007 -045 -060 -.031
025 -6 20 0.028 0.019 0037 -018 -027 -.008 -040 -052 -.029
025 -6 30 0037 0029 0.045 -006 -015 0.002 -027 -037 -.017
025 -6 S0 0046 0040 0.053 0.00 -006 0.007 -018 -.027 -.009

1



tp
actua
1
0.75
0.75
0.75
0.75
0.50
0.50
0.50
0.50
025
0.25
0.25
0.25
0.75
0.75
0.75
0.75
025
0.25
Q.25
0.25

tp
actual

0.75
0.75
0.75
0.75
0.50
0.50
0.50
0.50
0.25
0.25
0.25
0.25
0.75
0.75
0.75
0.75
0.25
0.25
0.25
0.25

initial N
value
-3 10
-3 20
-3 30
-3 50
-3 10
-3 20
-3 30
-3 50
-3 10
-3 20
-3 30
-3 50
¥ 10
£ 20
-6 30
£ 50
6 10
6 20
£ 30
-6 50
initisl N
value
-3 10
-3 20
-3 30
-3 50
-3 10
-3 20
-3 30
-3 S0
-3 10
-3 20
-3 30
-3 50
-6 10
-6 20
-6 30
-6 50
-6 10
6 20
-6 30
6 50

F3-
Hr

0.211
0.283
0.250
0.280
0.227
0.271
0.248
0271
0.202
0.242
0.236
0.240
0278
0.294
0.261
0.245
0.242
0.238
0.228
0217

F7-Hr

0.077
0.126
0.102
0.115
0.086
0.095
0.077
0.112
0.048
0.067
0.059
0.062
0.124
0.131
0.132
0.120
0.065
0.069
0.064
0.064

Table: S2.T2
BIAS DIFFERENCE BETWEEN FOURIER ESTIMATE AND HOURLY
MEAN
SIMULATION 2

Lower
95 %
CL
0.177
0.253
0.219
0.253
0.198
0.244
0.223
0.249
0.180
0.224
0.221
0.227
0.258
0277
0.245
0.231
0.229
0.228
0219
0.210

Lower
98 %
ClL
0.054
0.102
0.078
0.096
0.066
0.075
0.057
0.096
0.033
0.054
0.048
0.052
0.104
0.113
0.116
0.106
0.055
0.061
0.058
0.059

Upper
95 %
C.L
0.246
0.313
0.282
0.307
0.256
0.298
0273
0.293
0.224
0.259
0.252
0.252
0.297
0.311
0.276
0.258
0.255
0.248
0.237
0.224

prob.
F3-

Hr=0
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000

Upper prob.

95 %
CL

0.100
0.149
0.127
0.134
0.106
0.115
0.096
0.127
0.062
0.079
0.070
0.071
0.144
0.149
0.149
0.134
0.076
0.077
0.07
0.070

F7-Hr
=0
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000

FS-
Hr

0.123
0.173
0.154
0.175
0.135
0.158
0.138
0.181
0.108
0.138
0.130
0.141
0.174
0.197
0.191
0.168
0.145
0.143
0.135
0.134

Fo-
Hr

0.054
0.096
0.066
0.076
0.051
0.050
0.033
0.074
0.015
0.025
0.018
0.016
0.091
0.092
0.081
0.081
0.025
0.023
0.021
0.018

Lower
9§ %
C.L
0.096
0.148
0.128
0.154
0.112
0.135
0.116
0.163
0.092
0.124
0.118
0.131
0.150
0.177
0.173
0.153
0.134
0.134
0.128
0.128

Lower Upper

95 %
CL

0.034
0.075
0.046
0.059
0.032
0.033
0.018
0.060
0.002
0.014
0.008
0.008
0.078
0.081
0.070
0.072
0.016
0.016
0.015
0.014

Upper
95 %
C.L
0.150
0.198
0.181
0.196
0.159
0.180
0.159
0.200
0.124
0.151
0.143
0.152
0.197
0216
0.208
0.184
0.156
0.151
0.143
0.141

95 %
ClL

0.075
0.117
0.086
0.094
0.069
0.068
0.048
0.089
0.028
0.036
0.027
0.025
0.104
0.103
0.091
0.089
0.034
0.030
0.027
0.023

prob.
FS-

0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000

prob.
F9-Hr
=0
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.049
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
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Table: S2.T3

MEAN SQUARE ERROR DIFFERENCE

BETWEEN FOURIER ESTIMATE AND HOURLY MEAN

actual

0.75
0.75
0.75
0.75
0.50
0.50
0.50
0.50
025
0.25
0.25
025
0.75
0.75
0.75
0.75
0.25
0.25
0.25
0.25

actusl

0.75
0.75
0.75
0.75
0.50
0.50
0.50
0.50
0.25
0.25
0.25
0.25
0.75
0.75
0.75
0.75
0.25
0.25
0.25
0.25

initial N F3-Hr

L - - - - NN

10

30
50
10

30
50
10
20
30
50
10
20
30
50
10
20
30
50

N

-.095
-138
-125
-127
-.020
-032
-010
-021
0.039
0.034
0.027
0.033
-.144
-124
-098
-067
0.030
0.030
0.034
0.035

-.048
-.082
-07
-078
-022
-.028
-021
-031
-.001
-.003
-.009
-007
-082
-078
-.069
-.056
-.00S
-007
-.003
-002

SIMULATION 2
Lower Upper prob.
95% 95% F3-Hr
CL CL =0
-117  -072  0.000
-159  -118  0.000
-146  -104  0.000
-145 -110 0.000
-032 -008 0.001
-044 -020 0.000
-021 0001 0226
-031 -010 0.000
0.027 0.050 0.000
0.026 0.042 0.000
0.020 0.034 0.000
0.027 0.038 0.000
-157  -131  0.000
-136  -113  0.000
-107  -089  0.000
-074 -060 0.000
0.024 0.037 0.000
0.026 0034 0.000
0.031 0.038 0.000
0.032 0.037 0.000
Lower Upper prob.
95% 95% FilHr
ClL CL =0
-064 -031 0.000
-098 -065 0.000
-087 -054 0.000
-092 -064 0.000
-031 -012 0.000
-037 -018 0.000
-028 -014 0.000
-038 -024 0.000
-006 0005 0.172
-007 0.001 0.000
-012 -006 0.000
-009 -00S  0.000
-097 -066 0.000
-091 -066 0.000
-079  -060  0.000
-065 -047  0.000
-008 -003 0.000
-009 -005 0.000
-00s  -002 0.002
-003 -001 0213

FS-Hr

-076
-.104
-098
-.108
-027
-037
-027
-.035
0.006
0.001
-.003
0.002
-114
-.107
-.088
-.066
0.001
0.001
0.006
0.009

F9-Hr

-.037
-.061
-.052
-.054
-011
-017
-016
-.023
~.004
~.006
-.008
-.007
-.065
-.057
~.050
-.040
~.005
-.007
-.004
-.003

Lower
95 %
CL
~.095
-122
=117
-123
-037
-.047
-035
-.043
-.001
-.003
-.007
-.002
-132
-121
-.099
-076
-.003
-002
0.004
0.007

Lower
95 %
CL
-.053
-.076
-.067
-.067
-.020
-025
-022
-.030
-.008
-.009
-011
-.009
-.075
-.065
-.056
-.045
-.007
-.009
-.005
-.004

Upper
95 %
C.L
-.057
-.086
-.080
-093
-016
-028
-.018
-.026
0.012
0.006
0.001
0.005
-097
-093
=07
-057
0.005
0.003
0.008
0.010

Upper
95 %
C.L
-.022
-.045
-.038
-.042
-.003
-.009
-.009
-016
0.000
-.003
-.005
-.005
-.055
-.050
-.043
-.035
-.003
-.006
-.002
-.003

prob.
FS-Hr
=0
0.000
0.000
0.000
0.000

prob.
F9-Hr

0.000
0.000
0.000
0.000
0.013
0.000
0.000
0.000
0.048
0.000
0.000
0.000
0.000

0.000
0.000
0.000
0.000

0.000
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Table: S2.T4
RATIO OF MEAN SQUARE ERRORS

MSE HOURLY / MSE FOURIER
SIMULATION 2
Initisl N MSE Lower Upper MSE Lower
value Hr/F3 95% 95% Hr/FS 95%
CL CL C.L
-3 10 1542 1371 1713 1393 1274
-3 20 2114 1842 2385 1657 1.501
-3 30 2334 1976 2692 1815 1.601
-3 S0 29585 2430 3431 2278 2.002
-3 10 1.185 1066 1305 1261 1.143
-3 20 1399 1225 1572 1499 1.336
-3 30 1.129 0973 1284 1460 1.286
-3 S0 1.362 1.154 1569 1784 1.534
-3 10 0522 0435 0.609 0884 0.755
-3 20 0494 0423 0.564 0.960 0.824
3 30 0.522 0440 0605 1102 0.949
-3 50 0382 0325 0438 0927 0.782
] 10 2856 2554 3.158 1999 1776
6 20 3.748 3324 4.172 2560 2.262
6 30 4.100 3666 4.533 3290 2.867
-6 50 3.884 3471 4297 3301 2.877
6 10 0443 0378 0.508 0.958 0.813
-6 20 0352 0300 0404 0.967 0.807
6 36 0245 0.207 0283 0.652 0.542
6 SO 0.188 0.159 0217 0481 0.400
fnitial N MSE Lower Upper MSE Lower
value Hr/F71 95% 95% Hr/F9 95%
CL ClL CL
-3 10 1216 1.132 1300 1.160 1.088
3 20 1452 1334 1570 1301 1.212
-3 30 1480 1340 1619 1316 1.216
-3 50 1.685 1.521 1849 1394 1.287
-3 10 1199 1102 1297 1095 1.019
-3 200 1325 1201 1449 1180 1.089
-3 30 1327 L1194 1459 1224 1122
-3 50 1.654 1460 1849 1405 1.259
-3 10 1014 0885 1144 1106 0.985
-3 20 1.096 0947 1246 1220 1.100
-3 30 1421 1260 1.582 1355 1.224
-3 50 1.557 1339 1774 1510 1.333
] 10 1558 1423 1692 1415 1.338
6 20 1805 1.635 1975 1507 1.424
-6 30 2229 1991 2467 1627 1.526
6 50 2436 2.182 2689 1795 1.680
-6 10 128 1126 1446 1232 1.115
6 20 1739 148 1.992 1.799 1.597
-6 30 1413 1196 1630 1471 1.298
-6 50 1321 1092 1549 1725 1.520

Upper
95 %
C.L
1.513
1.813
2.029
2.555
1.379
1.662
1.633
2.034
1.016
1.096
1.255
1.072
2.223
2.857
N3
3.724
1.103
1.127
0.762
0.562

Upper

95 %
CL

1.233
1.390
1.415
1.502
1.171
1.270
1.327
1.551
1.226
1.340
1.486
1.688
1.492
1.589
1.729
1.910
1.349
2.001
1.643
1.930
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tp
ratio

0.75
0.75
0.75
0.75
0.50
0.50
0.50
0.50
0.25
0.25
0.25
0.25
0.75
0.75
0.75
0.75
0.25
0.25
0.25
0.25

Table: S2.TS
BIAS AND M.S.E. DIFFERENCE
BETWEEN 5 AND 7 TERM FOURIER T/P ESTIMATORS
SIMULATION 2
initial BIAS Lower Upper prob. MS.E. Lower Upper
value N F5F1 95% 95% F5F1 FS5-F1 95% 95 %
ClL C.L =0 C.L C.L
-3 10 0.046 0.029 0.062 0.000 -.028 -.040 -016
-3 20 0048 0.033 0.063 0.000 -.022 -032 -013
-3 30 0052 0036 0.068 0.000 -.027 -.038 -017
-3 50 0.060 0.048 0.672 0.000 -.030 -.037 -022
-3 10 0.050 0.036 0.063 0.000 -.005 -012 0.001
-3 20 0.062 0.050 0.075 0.000 -.010 -016 -.004
-3 30 0.061 0.048 0.074 0.000 -.006 -011 -.000
-3 S0 0.070 0.059 0.080 0.000 -.003 -.008 0.001
-3 10 0.060 0.050 0.071 0.000 0.006 0.001 0.011
-3 20 0.0 0.064 0.079 0.000 0.004 0.001 0.007
-3 30 0071 0.065 0.077 0.000 0.006 0.004 0.008
-3 50 0.080 0.074 0.085 0.000 0.009 0.007 0011
6 10 0.052 0.043 0.062 0.000 -.027 -.033 -022
£ 20 0.060 0.052 0.068 0.000 -.025 -.030 -021
6 30 0.057 0051 0.064 0.000 -019 -022 -015
6 50 0.049 0.043 0.055 0.000 -.010 -012 -.008
] 10 0.079 0.073 0.086 0.000 0.006 0.004 0.009
] 20 0.074 0.069 0.079 0.000 0.007 0.006 0.009
-6 30 0.071 0.067 0.075 0.000 0.009 0.008 0.011
6 50 0.070 0.067 0.073 0.000 0.011 0.010 0.012

181

prob.
FS-F7

0.000
0.000
0.000
0.000
0.101
0.000
0.216
0.028
0.370
0.053

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
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Table S2.T6

COMPARISON OF 5 AND 7 TERM FOURIER T/P ESTIMATORS
MINIMUM M.S.E. OVER ALL SAMPLE SIZES TESTED

SIMULATION 2
tlp initial Minimum* §Term MS.E.** 7 Term M.S.E. **
ratio value M.S.E. LT HM. LT HM.
0.78 £ 5 Y Y
0.75 3 5 Y Y
0.50 3 E Y Y
0.25 -6 7 E Y
0.25 ] E E Y

* § - 5§ Term fourier T/P estimator
7 - 7 Term fourier T/P estimator
E - S Term fourier M.S.E. = 7 Term fourier MLS.E.

*t Y: Yes
N: No
E: MLS.E's equal
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tvp
actual

0.75
0.75
0.75
0.75
0.50
0.50
0.50
0.50
025
0.2s
0.25
0.25

tp initial N
actual value
0.75 -3 10
0.75 -3 20
0.75 <3 30
0.75 ] 50
0.50 -3 10
0.50 -3 20
0.50 -3 30
0.50 -3 50
0.25 <3 10
0.25 -3 20
0.25 -3 30
0.25 -3 50
initisl N F7
value bias
-3 10 -.367
3 20 -.301
-3 30 -.300
-3 50 -.201
-3 10 -.143
-3 20 -.09%4
-3 30 -079
-3 50 -.060
-3 10 0.031
-3 20 0.058
-3 30 0.056
-3 S0 0.070

F3

-.206
-.143
-.087
-.025
0.071
0.153
0.182
0.201
0.336
0.375
0.380
0.383

Lower
9§ %
CL

-.398
-329
-326
-224
-17
-118
-.102
-079
0.012
0.043
0.043
0.059

Lower
95 %
C.L

-239
-174
-113
-048
0.040
0.128
0.160
0.183
0.314
0.359
0.366
0.373

Upper F9

95 %
CL

-336
-2R
-274
-179
- 115
-070
-.056
-041
0.050
0.073
0.069
0.081

bias

-402
-.346
-.343
-.248
-.198
-134
-.143
-119
-029
-013
-023
-.007

Table: S3.T1
BIAS ESTIMATE
SIMULATION 3

Upper
95 %
CL

-172
-113
-061
-.003
0.102
0.178
0.204
0.220
0.358
0.391
0.394
0.394

Lower
95 %
CcL

-434
-374
-370
-272
-224
-.158
-.166
-138
-.046
-027
-036
-018

FS
bias

=317
-242
=225
-132
-070
-.005
0.014
0.037
0.143
0.182
0.179
0.191

Upper
95 %
Cl

-3
=317
=317
-224
-1
-110
-.120
-099
-011
0.002
-.009
0.004

Lower
95 %
C.L

-.348
-271
-.250
-.154
-.100
-.030
-.008
0.019
0.124
0.167
0.167
0.182

Hr

-469
-400
-421
-.329
-.264
-223
-231
-210
-.056
-.055
-.060
-057

Upper
95 %
C.L

-.285
-213
-.199
-.110
-.041
0.019
0.035
0.056
0.163
0.197
0.192
0.200

Lower
95 %
Cl

-499
-428
-.448
-.355
-.289
-247
-253
-231
-075
-071
-074
-070

185

Upper
95 %

-440
-3N
-394
-.303
-238
-.199
-208
-.189
-037
-.039
-.046
-.044
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Table: S3.T2
BIAS DIFFERENCE BETWEEN FOURIER ESTIMATE AND HOURLY
MEAN
SIMULATION 3
tp initisl N F3-Hr Lower Upper prob. FS5- Lower Upper prob.
actual value 95% 95% F3-Hr Hr 9% 95% FS-Hr
CL CL =0 CL ClL =0
0.75 -3 10 0263 0229 0298 0000 0153 0.125 0.180 0.000
0.75 -3 20 0256 0225 0288 0.000 0.157 0.132 0.183 0.000
0.75 -3 30 0334 0306 0362 0000 0.19 0.173 0220 0.000
0.75 -3 S0 0304 0278 0330 0000 0.197 0175 0218 0.000
050 -3 10 0335 0305 0365 0000 0.193 0170 0217 0.000
0.50 -3 20 0376 0350 0402 0.000 0218 0.197 0240 0.000
0.50 -3 30 0413 038 0437 0000 0244 0225 0264 0.000
0.50 -3 50 0412 038 0434 0000 0248 0229 0266 0.000
0.25 -3 10 0392 0371 0413 0000 0.199 0.183 0216 0.000
0.25 -3 20 0430 0412 0448 0000 0237 0223 0251 0.000
0.25 -3 30 0440 0426 0455 0000 0240 0228 0251 0.000
025 -3 50 0440 0428 0452 0000 0248 0238 0258 0.000
tlp initisl N F7- Lower Upper prob. F9-Hr Lower Upper prob.
actusl value Hr 95% 95% Fl-Hr 95% 95% F9-Hr
ClL CL =0 CL C.L =0
0.75 -3 10 0102 0078 0.126 0.000 0.067 0045 0.088 0.000
0.75 -3 20 0099 0.077 0.120 0000 0054 0034 0.074 0.000
0.75 -3 30 0121 0.101 0141 0000 0078 0.059 009 0.000
0.75 -3 50 0.128 0.108 0.147 0.000 0.081 0.064 0.098 0.000
0.50 -3 10 0.120 0100 0.141 0000 0.066 0.048 0.084 0.000
0.50 -3 20 0129 0.112 0.147 0.000 0.089 0073 0.105 0.000
0.50 -3 30 0.152 0.134 0.169 0.000 0088 0072 0.104 0.000
0.50 -3 S0 0.150 0.135 0.166 0.000 0.092 0.078 0.105 0.000
0.25 -3 10 0.087 0073 0.101 0000 0.027 0015 0039 0.000
0.25 -3 20 0113 0.101 0.125 0000 0.042 0032 0052 0.000
0.25 -3 30 0.116 0.107 0.126 0.000 0037 0.029 0046 0.000
0.25 -3 50 0127 0.118 0.13¢ 0.000 0.050 0042 0058 0.000



MEAN SQUARE ERROR DIFFERENCE

Table S3.T3

BETWEEN FOURIER ESTIMATE AND HOURLY MEAN

actual

0.75
0.75
0.75
0.75
0.50

0.50
0.50
0.25
025
025
0.25

actusl

0.75
0.75
0.75
0.75
0.50
0.50
0.50
0.50
0.25
0.25
0.25
0.25

initial N
value
-3 10
-3 20
-3 30
<3 50
-3 10
-3 20
-3 30
-3 50
3 10
-3 20
-3 30
-3 50
initial N
value
-3 10
-3 20
-3 30
-3 50
-3 10
-3 20
-3 30
-3 50
-3 10
-3 20
-3 30
-3 50

F3-Hr

-.150
-130
-173
-123
-030
-023
-.025
-.015
0.123
0.137
0.140
0.138

FI-
Hr

-074
-.069
-.092
-.084
-033
-.042
-048
-049
=002
-.004
003
-.003

SIMULATION 3
Lower Upper prob.
95% 95% F3-Hr
ClL CL =0
-172  -127 0.000
-151 -108 0.000
-192  -155 0.000
-140 -107 0.000
-043 -018 0.000
-037 -010 0.001
-038 -013 0.000
-027 -003 0.088
0.107 0.138  0.000
0.125 0.149 0.000
0.128 0.152  0.000
0.129 0.147 0.000
Lower Upper prob.
95% 95% F1-Hr
C.L ClL =0
-092  -057 0.000
-085  -.053 0.000
-106 -077 0.000
-097  -071 0.000
-043  -024 0.000
-050 -.034 0.000
-057 -039 0.000
-057  -042 0.000
-007  0.003 0.054
-008  0.000 0.000
-006 0.001 0.026
-006 -000 0.026

FS-Hr

-.107
-100
-131
-110
-.041
-.049
-.059
-.054
0.022
0.026
0.023
0.025

F9-
Hr

-.046
-.041
-.062
-.057
-.023
-.031
-032
-.036
-.007
-.008
-.005
-.007

Lower
98 %
ClL

-127
-~119
-.147
-124
-052
-.060
-.069
-.063
0.014
0.019
0.017
0.020

Lower
95 %
ClL

-061
-056
-076
-.069
-031
-039
-.040
-042
-011
-010
-.007
-.009

Upper
95 %
CL

-.088
-.081
-115
-.096
-030
-039
-.049
-.044
0.030
0.033
0.029
0.029

Upper
95 %
C.L

-.030
-.027
-.048
-.045
-014
-.024
-.024
-.029
-.003
-.005
-.002
-.006

prob.
F5-Hr
=0

0.000
0.000

prob.
F9-Hr
=0

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
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tp

0.75
0.75
0.75
0.75
0.50
0.50
0.50
0.50
0.25
0.25
0.25
0.25

t/p
actual

0.75
0.75
0.75
0.75
0.50
0.50
0.50
0.50
0.25
0.25
0.25
0.25

initial
value

-3
-3
-3
-3
-3
-3
-3
-3
-3
-3
-3
-3

initial
value

-3
-3
-3
-3
-3
-3
-3
-3
-3
-3
-3
-3

N

10
20
30
50
10
20
30
50
10
20
30
50

N

10
20
30
50
10
20
30
50
10
20
30
50

Lower
95 %

1.402
1.509
1.881
2.308
1.287
1.581
1.905
2.106
0.553
0.459
0.431
0.385

Lower
95 %
C.L

1.109
1.124
1.241
1.353
1.116
1.281
1.300
1.511
1.086
1.216
1.109
1.402

Table S3.T4
RATIO OF MEAN SQUARE ERRORS
MSE HOURLY / MSE FOURIER
SIMULATION 3
MSE Lower Upper MSE
Hr/F3 95 % 95 % Hr/FS
C.L C.L
1.935 1.712 2.159 1.529
2.124 1.837 2410 1.690
3.213 2.747 3.679 2.092
3.268 2.786 3.751 2.619
1.288 1.154 1.422 1.432
1.264 1.091 1.436 1.806
1.312 1.134 1.489 2218
1.199 1.023 1.375 2.490
0.246 0.211 0.282 0.649
0.182 0.161 0.204 0.539
0.149 0.129 0.170 0.512
0.129 0.112 0.146 0.451
MSE Lower Upper MSE
Hr/F1 95% 95 % Hr/F9
CL C.L
1.316 1.227 1.406 1.173
1.393 1.283 1.503 1.202
1.573 1.454 1.692 1.328
1.893 1.712 2.074 1.468
1.328 1.220 1.435 1.200
1611 1.451 1.770 1.393
1.801 1.593 2010 1.428
2.209 1.939 2479 1.662
1.061 0.929 1.192 1.215
1.144 0.979 1.308 1.347
1.130 0.965 1.296 1.234
1.188 0.997 1.378 1.578

Upper
95 %
C.L

1.657
1.871
2.304
2.929
1.577
2031
2.530
2874
0.744
0.618
0.592
0.517

Upper
95 %
C.L

1.238
1.281
1.415
1.584
1.283
1.506
1.555
1.814
1.344
1.478
1.359
1.753
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initial
value

-3
-3
-3
-3
-3
-3
-3
-3
-3
-3
-3
-3

Table: S3.T5
BIAS AND M.S.E. DIFFERENCE
BETWEEN 5 AND 7 TERM FOURIER T/P ESTIMATORS

SIMULATION 3
BIAS Lower Upper prob. MSE. Lower
FSF1 95% 9% F5-F7 FSF1 95%

CL C.L =0 CL

0.051 0.033 0068 0000 -033 -.044
0.059 0.041 0.076 0.000 -031 -042
0.075 0.060 0.091 0.000 -.040 -.050
0.069 0.056 0.082 0.000 -.026 -.033
0073  0.058 0088 0.000 -007 -015
0.089 0.075 0.103 0.000 -.007 -014
0.093 0.081 0.104 0.000 -011 -.017
0.098 0.087 0.108 0.000 -.005 -010
0.112 0.102 0.123 0.000 0.024 0.018
0.124 0.115 0.133 0.000 0.030 0.025
0.123 0.116 0.130 0.000 0.026 0.022
0.121 0.115 0.127 0.000 0.028 0.026

N

10
20

50
10
20
30
50
10
20
30

Upper
95 %
CL

-022
-.020
-.030
-019
-.000
-.001
-.005
0.000
0.030
0.035
0.030
0.031

prob.
F5-F7

0.000
0.000
0.000
0.000
0.027
0.063
0.000
0.064
0.000
0.000

0.000
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Table S3.T6
COMPARISON OF 5 AND 7 TERM FOURIER T/P ESTIMATORS
MINIMUM M.S.E. OVER ALL SAMPLE SIZES TESTED

SIMULATION 3
t/p Minimum* 5§ Term M.S.E. ** 7 Term
ratio M.S.E. LT HM. M.S.E. **
LT H.M.
0.75 5 Y Y
0.50 E Y Y
0.25 7 N E

* 5 - 5 Term fourier T/P estimator
7 - 7 Term fourier T/P estimator
E - 5 Term fourier M_S.E. = 7 Term fourier M.S.E.

** Y: Yes
N: No
E: M.S.E's equal
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tUp
ratio

1.00
1.00
1.00
1.00

1.00
1.00
1.00

tlp initial
ratio value
100 <4
1.00 <4
1.00 4
100 4
1.00 -12
1.00 -12
1.00 -12
1.00 -12
initial N
value
-4 10
4 20
4 30
-4 50
-12 10
-12 20
-12 30
~12 50

10
20
30
50
10
20
30
50

) }
bias

-552
-445
-403
-.346
-292
-235
-.189
-.150

BIASESTIMATE
SIMULATION 4
F3 Lower Upper
bias 95 % 95 %
CL CL
-410 -.442 -.378
-315 -.343 -.287
-.285 =312 -258
-223 -.243 -.202
-179 -.193 -.164
-131 -142 -.120
-.104 -113 -.095
-.085 -.092 -.078
Lower Upper F9 Lower
95% 95% bias 95%
CL CL C.L
-583 -522 -584 -613
-473 -417  -470 -498
-428 -377  -445 -4A72
-368 -323 -374 -399
-310 -274 .323 .34
-249  -220 -258 -273
-201  -176 -216 -229
-.160 -140 -174 -185

Table: S4.T1

bias

-.496
-.403
-.364
-.308
-.245
-.194
-152
-.124

Upper
95 %
CL

-554
-441
-418
350
-303
~.243
203
-.164

Lower
95 %
C.L

-.527
~430
-.389
~.329
-.261
-.207
-.162
-.133

Hr

-.646
-.574
-.555
-493
-428
-.348
-295
-250
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Upper

95 %
CL

-.465
=375
=339
-.286
<229
-.181
-.141
-.116

Lower
95 %
C.L

-677
-.602
-.584
=519
-450
-.367
-.310
-.263

Upper
95 %
C.L

-616
-.545
-.525
-467
-406
-330
-279
-237



tp
ratio

1.00
1.00
1.00
1.00
1.00

1.00
1.00

tp
ratio

1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00

initisl N
value

<4 10
<4 20
<4 30
4 50
-12 10
<12 20
-12 30
-12 50
initial N

value

-4 10
4 20
4 30
<4 50
-12 10
-12 20
-12 30
-12 50

F3-Hr

0.236
0.259
0.270
0.271
0.250
0.217
0.191
0.165

F1-Hr

0.094
0.129
0.152
0.148
0.136
0.114
0.106
0.100

Table: S4.T2
BIAS DIFFERENCE BETWEEN FOURIER ESTIMATE AND HOURLY

MEAN
SIMULATION 4
Lower Upper prob.
95 % 95 % F3-Hr
Cl CL =0
0203 0270 0.000
0228 0.289 0.000
0.239 0.300 0.000
0.245 0.296 0.000
0.229 0270 0.000
0.201 0234 0.000
0.175 0.206 0.000
0.153 0.178 0.000
Lower Upper prob.
95 % 95 % F7-Hr
ClL CL =0
0.070 0.118 0.000
0.106 0.152 0.000
0.128 0.175 0.000
0.128 0.167 0.000
0.119 0.153 0.000
0.101 0.127 0.000
0.094 0.118 0.000
0.090 0.110 0.000

FS-Hr

0.150
0.171
0.191
0.186
0.184
0.155
0.143
0.126

0.063
0.104
0.109
0.119
0.106
0.090
0.078
0.076

Lower
95 %
ClL

0.123
0.146
0.165
0.164
0.166
0.139
0.129
0.115

Lower
95 %
C.L
0.041
0.082
0.089
0.101
0.090
0.078
0.067
0.066

Upper
98 %
CL

0.178
0.195
0.216
0.207
0.202
0.170
0.157
0.137

Upper
95 %
CL
0.085
0.125
0.130
0.137
0.121
0.103
0.090
0.085
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prob.
FS-Hr
=0

0.000
0.000
0.000
0.000

0.000
0.000
0.000

prob.
F9-Hr
=0
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000



vp
ratio

1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00

Table: S4.T3

MEAN SQUARE ERROR DIFFERENCE

BETWEEN FOURIER ESTIMATE AND HOURLY MEAN

10
20
30

10
20
30
50

10
20
30
50

20
30
50

F3-Hr

-239
-234
=240
-221
-179
-127
-.093
-.068

F7-Hr

-113
-133
-.166
-.141
- 13
-.080
-.062
-.048

SIMULATION 4
Lower Upper prob.
95 % 95 % F3-Hr
C.lL Cl =0
-276 -203 0.000
-266 -201 0.000
-2N1 -210 0.000
-246 -.196 0.000
-.198 -.160 0.000
-139 -.114 0.000
-.103 -.084 0.000
-075 -.061 0.000

Lower Upper prob.
9% 95% Fl-Hr
C.L Cl =0
-140 -085 0.000
-158 -108 0.000
-.190 -.141 0.000
-.161 -120 0.000
-128  -097 0.000
-091 -070 0.000
-070 -053 0.000
-054 -042 0.000

FS-Hr

-.169
=171
-.199
=173
-.147
-.103
-.078
-.057

F9-Hr

-.082
-.107
-123
-112
-.088
-.066
-.048
-.038

Lower
95 %
CL

-200
-.198
-226
-.194
-.164
-114
-.087
-.063

Lower
95 %
C.L

-.107
-.130
-.145
-130
-102
-076
-.056
-.043

Upper
95 %
C.L

-.138
-144
-173
-.151
-.130
-.091
-.070
-.051

Upper
95 %
C.L

-.056
-.084
-.102
-.095
-074
-.057
-.041
-.033

prob.
FS-Hr
=0

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000

prab.
F9-H
=0

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000



ratio

1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00

ratio

1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00

Table: S4.T4

RATIO OF MEAN SQUARE ERRORS

MSE HOURLY / MSE FOURIER
SIMULATION 4
N MSE Lower Upper MSE
Hr/F3 95% 95% Hr/FS
CL CL
10 1.870 1.665 2.075 1.488
20 2.307 1990 2.624 1.707
30 2.534 2184 23885 2.009
50 3.365 2348  3.883 2.219
10 4.295 3728 4866 2.703
20 5.136 4464 5809 2.891
30 5.770 4909 6.632 3.286
50 6.481 5.526  7.437 3.443
N MSE Lower Upper MSE
Hr/FT 95% 95 % Hr/F9
C.L CL
10 1.280 1.199 1.361 1.189
20 1.477 1.363 1.590 1.351
30 1.717 1.578 1.856 1.451
50 1.814 1.660 1.968 1.556
10 1.933 1.771 2.095 1.607
20 2.050 1.890 2.210 1.732
30 2.206 2.007 2.405 1.749
50 2.472 2.252 2.691 1.889

Lower
95 %
C.L

1.371
1.551
1.812
2.008
244
2617
2.933
3.088

Lower
95 %
C.L

1.124
1.261
1.357
1.446
1.496
1.609
1.617
1.749

Upper

95 %
C.L

1.605
1.863
2.206
2.430
2.963
3.165
3.639
3.799

Upper
95 %
CL

1.254
1.441
1.544
1.666
1.719
1.856
1.882
2.030
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initial
value

EEoRbhbhbs

10
20
30
50
10
20
30
50

Table: S4.TS
BIAS AND M.S.E. DIFFERENCE
BETWEEN § AND 7 TERM FOURIER T/P ESTIMATORS
SIMULATION 4

Lower Upper prob. MS.E. Lower
95% 95% FS5-F7 FS5F1 95%

C.L CL =0 C.L
0.039 0074 0.000 -05 -.076
0.027 0.058 0.000 -038 -054
0.024 0.054 0.000 -.034 -.048
0.025 0.051 0.000 -032 -042
0.037 0.058 0.000 -.034 -.042
0.033 0.049 0.000 -.022 -.027
0.029 0.045 0.000 -017 -.020
0.020 0.031 0.000 -.009 -.011

BIAS
FS-F7

0.057
0.042
0.039
0.038
0.047
0.041
0.037
0.026

Upper
95 %
C.L

-037
-.022
-019
-.021
-.027
-018
-013
-007

prob.
FS-F7

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
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Table S4.T6
COMPARISON OF 5 AND 7 TERM FOURIER T/P ESTIMATORS
MINIMUM M.S.E. OVER ALL SAMPLE SIZES TESTED

SIMULATION 4
initial Minimum * 5 Term M.S.E. ** 7 Term MLS.E. **
value M.S.E. LT HM. LT HM.
-4 5 Y Y
-12 5 Y Y

* 5 - 5 Term fourier T/P estimator
7 - 7 Term fourier T/P estimator
E - 5 Term fourier M.S.E. = 7 Term fourier M.S.E.

* Y:Yes
N: No
E: M.S.E's equal

198
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case Up
act.

1 0.40
0.40
0.40
0.40
2 0.91
091
091
0.91
3 0.49
0.49
0.49
0.49

initial
value

LALhbLbbAhASS&LLALLL

initial

value

4

4

<4

1

6

5

£

-6

-4

4

4

-4

N F7
bias

10 -075

20 -059

30 -.045

50 -.031

10 -337

20 -228

30 -.186

50 -.136

10 -.095

20 -.049

30 -015

50 -.032

Table: S5.T1
BIAS ESTIMATE
SIMULATION §

N

10
20
30
50
10
20

50
10
20
30
50

Lower

F3
bias

-013
0.004
0.016
0.011
-231
=129
-.086
-.066
0.232
0.324
0.335
0.345

9% 95%

CL

-.100
-.080
-.064
-.046
-367
-252
-207
-153
-121
-071
-034
-.049

C.L

-.050
-.039
-.026
-017
-.307
-203
-.165
-118
-.069
-.027
0.004
-.016

Lower
95 %
C.L

-039
-019
-.003
-.004
-.261
-150
~-.103
-.080
0.208
0.306
0.322
0.334

Upper F9

bias

-.088
-.067
-.056
-038
-383
-274
-230
-172
-.103
-.062
-029
-.048

Upper
95 %
C.L

0.013
0.027
0.035
0.025
-.202
-.108

-.069
-.051

0.257
0.341
0.348
0.356

Lowe

95 %
CL

-113
-.088
-.076
-053
-412
-.300
-.254
-.191
-.130
-.085
-.048
-.065

FS
bias

-.058
=042
024
=025
=273
-.170
=121
-.083
0.067
0.150
0.183
0.190

Upper
95 %
C.L

-.062
-.047
-036
-023
=353
-248
-207
-153
-.076
-.039
-010
-.031

Lower
95 %
C.L

-082
-.063
-.042
-.039
-.301
-191
-141
-.098
0.040
0.129
0.165
0.174

Hr

-119
-.100
-.080
-077
-.507
-420
-.382
-.326
~172
=122
-.085
-.096

205

Upper

95 %
ClL

-034
-021
-.005
-011
-245
-.148
-.102
-.069
0.094
0.171
0.201
0.205

Lower
98 %
C.L

-.146
-123
-.102
-.095
-.538
-449
-.408
-.348
-.198
-.146
-.107
-115

Upper
95 %
C.L

-.093
-078
-.058
-.059
-476
-.392
-.356
-.305
-.146
-.098
-.064
-077



206

BIAS DIFFERENCE BETWEEN FOURIER ESTIMATE AND HOURLY

act,

0.40
0.40
0.40

0.91
091
0.91
3 0.49
0.49
0.49
0.49

actu
al

1 0.40
0.40

0.40

0.40

2 0.91
0.91

0.91

091

3 049
0.49

0.49

0.49

initial

LhbbhboOOALALALM

LALALOSOSOALLLL

N

10
20

50
10
20
30
50
10

30
50

N

10
20

S0
10
20
30
50
10

30
50

F3-Hr

0.107
0.104
0.096
0.087
0.276
0.291
0.296
0.261
0.405
0.446
0.420
0.441

F7-Hr

0.044
0.041
0.035
0.045
0.170
0.193
0.196
0.191
0.077
0.073
0.070
0.064

Table: S5.T2
MEAN
SIMULATION §
Lower Upper prob.
95% 95% F3-Hr

C.L CL =0
0.082 0.131 0.000
0083 0.126 0.000
0077 0.115  0.000
0072 0.103 0.000
0242 0310 0.000
0262 0321 0.000
0270 0.323 0.000
0239 0.283 0.000
0376 0433 0.000
0420 04N 0.000
0398 0.443 0.000
0422 0460 0.000
Lower Upper prob.
95% 95% Fl-Hr
CL CL =0
0025 0.063 0.000
0.026 0.056 0.000
0021 0.050 0.000
0032 0.058 0.000
0.144 0.196 0.000
0.169 0217 0.000
0175 0217 0.000
0.172 0209 0.000
0.057 0.097 0.000
0056 0.090 0.000
0054 0.087 0.000
0050 0.077 0.000

FS-
Hr

0.061
0.059
0.056
0.051
0235
0.251
0.261
0.243
0.240
0272
0.269
0.286

F9-Hr

0.032
0.033
0.024
0.039
0.125
0.146
0.152
0.154
0.069
0.060
0.056
0.048

Lower Upper
95%  95%
CL CL
0.041 0.082
0.041 0.076
0.040 0.073
0.038 0.065
0205 0265
0225 0277
0239 0284
0223 0.263
0216 0.263
0250 0294
0249 0.288
0.269 0.302
Lower Upper
95%  95%
ClL C.L
0.015 0.048
0.018  0.047
0.011  0.037
0.027  0.050
0.102 0.147
0.125 0.168
0.133  0.171
0.137 0172
0.051  0.087
0.043 0.076
0.041 0.071
0.036 0.060

prob.
FS-Hr

0.000
0.000
0.000
0.000

0.000
0.000

0.000
0.000
0.000
0.000

prob.
F9-Hr
=0

0.001
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000



curve tip

curve

actual

0.40
0.40
0.40

0.91
091
0.91
0.91
0.49
0.49
0.49
0.49

tp
actual

0.40
0.40
0.40
0.40
0.91
0.91
0.91
0.91
0.49
0.49
0.49
0.49

Table: S5.T3

MSE HOURLY / MSE FOURIER
SIMULATION §
initial N MSE Lower Upper MSE
value Hr/F3 95% 95%  Hr/FS
C.L CL
4 10 1256 1.107 1.406 1.338
4 20 1102 0947 1.256 1.284
4 30 1472 1265 1.678 1.535
4 50 1727 1458 1.995 1.919
6 10 2462 2.068 2.857 2275
] 20 4143 3321 4.965 3.377
] 30 5525 4.383 6.668 3.989
6 50 5724 4382 7.066 5.187
4 10 0867 0760 0.973 1249
4 20 0536 0465 0.606 1.070
4 30 0428 0366 049 0.829
4 S0 0367 0.315 0.418 0.786
initial N MSE Lower Upper MSE
value Hr/F7 95 % 95% Hr/F9
C.L C.L
4 10 1236 1.110 1.362 1.193
4 20 1271 1.143 1.398 1.239
4 30 1428 1.271 1.585 1.258
4 50 1.660 1.443 1.877 1.538
] 10 1711 1.545 1.878 1.494
6 20 2283 2.009 2.558 1.797
6 30 2657 2.325 2989 1.959
6 50 3.128 2.684 3573 2372
4 10 1261 1.145 1.376  1.163
4 20 1362 1.209 1.514 1.226
4 30 1414 1.225 1.603  1.489
4 50 1.685 1.478 1.893  1.508

RATIO OF MEAN SQUARE ERRORS

Lower
95 %
C.L

1.192
1.134
1.342
1.659
1.976
2.848
3415
4313
1.091
0.906
0.692
0.647

Lower
9§ %

1.092
1.128
1.145
1.367
1.380
1.617
1.760
2.115
1.060
1.103
1.305
1.336

Upper
95 %
C.L

1.483
1.434
1.728
2179
2.575
3.905
4.562
6.061
1.406
1.233
0.967
0.924

Upper
95 %
C.L

1.294
1.351
1.372
1.709
1.607
1.976
2.159
2.629
1.265
1.348
1.674
1.681
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act.

0.40
0.40
0.40
0.40
0.91
0.91
0.91
091
0.49
0.49
0.49
0.49

up
act.

0.40
0.40
0.40
0.40
0.91
0.91
0.91
0.91
0.49
0.49
049
0.49

Table: S5.T4

MEAN SQUARE ERROR DIFFERENCE
BETWEEN FOURIER ESTIMATE AND HOURLY MEAN

LAALAOOGAALALL

initial
value

I N - Y- Y-X- P XY RN

10
20
30
50

20
30
50
10
20
30
50

N

10
20

50
10
20
30
50
10
20
30
50

SIMULATION §
F3-Hr Lower Upper prob.
95% 95% F3-Hr
C.L C.L =0
-018 -027 -009 0.000
-006 -014 0002 0.05
-018 -024 -011 0.000
-017  -021 -012 0.00
-211  -242 -180 0.000
-198  -223 -172 0.000
-177  -198  -156  0.000
-128 -143  -113  0.000
0.015 0002 0.028 0.014
0.063 0051 0.075 0.000
0.075 0064 0.08 0.000
0.084 0074 0.093 0.000
F7-  Lower Upper prob.
Hr 95% 95% F1-Hr
C.L C.L =0
-017  -025 -.009 0.000
-013 -019 -.008 0.000
-017 -022 -012 0.000
-016 -.020 -012 0.000
-148 -172 -.123 0.000
-147 -168 -126 0.000
-135  -152 - 117 0.000
-105  -119 -.092 0.000
-021 -029 -012 0.000
-019 -.026 -.012 0.000
-016 -.023 -.010 0.000
-020 -025 -015 0.000

FS-Hr

-022
-014
-020
-019
-.199
-.184
-.162
=125
-.020
-005
0.011
0.013

F9-Hr

-.014
-012
-011
-014
-118
-.116
-.106
-.090
-014
-.013
-.018
-.016

Lower
95%
ClL

-.030
-.020
-025
-.023

=227
207
-.180
-.139
-031

-015
0.001
0.004

Lower
95 %
C.L

-021
-017
-016
-017
-.139
-135
-122
-.102
-022
-020
-024
-.021

Upper
95%
Cl

-014
-.007
-014
-015
-17M
-.161
-.143
=111
-.009
0.006
0.022
0.023

Upper
9S %
CL

-007
-007
-.007
-010
-.096
-.097
-090
-077
-.006
-007
-012
-012

208
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Table: S5.TS
BIAS AND M.S.E. DIFFERENCE
BETWEEN 5 AND 7 TERM FOURIER T/P ESTIMATORS
SIMULATION §

BIAS Lower Upper prob. MSE Lower Upper prob.

N FS-F1 95% 95 % FS-F7 . 95% 95% F5-F1
ClL CL =0 F5-F7 CL CL =0

10 0.017 0.005 0.029 0.043 -.005 -.010 -.000 0.019
20 0.018 0.009 0.027 0.011 -.001 -.004 0.003 0.254
30 0.021 0.013 0.029 0.000 -.003 -.006 0.000 0.037
50 0.006 -.000 0.013 0.209 -.003 -005 -001 0.002
10 0.064 0.045 0.083 0.000 -.052 -.067 -.036 0.000
20 0.058 0.043 0.073 0.000 -.037 -.047 -.027 0.000
30 0.065 0.052 0.077 0.000 -.027 -.034 -.020 0.000
50 0.052 0.042 0.063 0.000 -020 -.025 -014  0.000
10 0.163 0.146 0.179 0.000 0.001 -.008 0.009 0907
20 0.199 0.185 0.213 0.000 0.015 0.006 0.023  0.000
30 0.198 0.186 0211 0.000 0.028 0.020 0.036 0.000
50 0222 0.211 0.232 0.000 0.033 0.026 0.040 0.000

209
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Table S5.T6
COMPARISON OF 5 AND 7 TERM FOURIER T/P ESTIMATORS
MINIMUM M.S.E. OVER ALL SAMPLE SIZES TESTED

SIMULATION §
Case Minimum * S Term M.S.E. ** 7 Term M.S.E. **
M.S.E. LT HM. LT HM.
1 E Y Y
2 5 Y Y
3 7 E Y

* 5 - 5 Term fourier T/P estimator
7 - 7 Term fourier T/P estimator
E - 5 Term fourier M.S.E. = 7 Term fourier M.S.E.

** Y: Yes
N: No
E: M.S.E's equal
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Chapter 4

Summary & Conclusions

In chapter 1 I derived the M.L.E. for the unknown parameters for the multivariate

model:
X=DBA +e

for the situation where e'iei =Z and e'ie j=0 fori=l,...Nand i#j
and:

2D z.()]

z=
Zo Zp

each submatrix is p x p.

This development is of value for estimation and testing purposes for various

contrasts of the regression parameter B, with experimental designs of repeated

measures when 2 series of measurements are taken on subjects of the study. The
usual contrast of interest is the differences between the series of measurements,
and the data is first transformed by taking paired differences between the two
series of measurements for each subject and modeling those differences using
standard multivariate techniques. A useful development involves extending the
above model to include r (r >2 ) series of measurements with the assumption of a
covariance matrix with identical diagonal covariance matrices, and patterned off
diagonal covariance matrices. One advantage of assuming a patterned covariance
matrix with r series of measurements for each subject is the potential reduction in

the necessary sample size to estimate the covariance matrix.
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The primary result of this research is the usefulness of using a low order Fourier
(or other orthogonal) expansion to model ABPM data for the purpose of
computing the trough to peak (T/P) statistic versus computing the statistic based on
time of day sample averages. Although the hourly average T/P statistic is
asymptotically consistent for any proposed placebo adjusted drug response curve,
a potentially severe price is paid in terms of mean square error. If the actual
response curve can be modeled as a low order Fourier series, asymptotically the
T/P statistic based on time of day averages has a variance considerably higher than
for the T/P statistic based on the Fourier expansion.Further with finite sample
sizes, the Monte - Carlo study results demonstrates that typically the T/P estimate
based on the Fourier expansion has smaller mean square error for most of the drug

response curves tested.

The Monte - Carlo study also demonstrated the basic weakness of all of the T/P
statistics. Since each of the T/P statistics are based on the maximum value of either
the time of day averages or the Fourier estimates of the time of day mean, the
statistics are biased, and the nature of the bias is dependent on sample size and the
nature of the underlying drug response. This seemingly precludes creating a
confidence interval with the property of including the actual T/P ratio with a
specified probability. Perhaps other statistics need to be developed that contain
information concerning the range of drug effect over time that have better

statistical properties.

The Monte - Carlo study also demonstrates that the above multivariate model is
not very useful for modeling ABPM hourly data. In the above multivariate model
if we have 2 series of 24 hourly ABPM readings the unknown covariance matrix is

48 x 48 and has 552 unknown parameters, not exactly a parsimonious
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parameterization. Perhaps models with more structured covariance structures
would be more useful. Models have been proposed for prediction and estimation
of growth curves with special covariance structures [ Lee, 1988], as a
generalization of the growth curve model [Potthoff et al, 1964], which might be
useful for fitting hourly subject ABPM averages. As noted earlier, ABPM data
tend not to be equally spaced (leading to the creation of hourly averages for
analysis) with occasional missing or bad values. Methods have been developed
[ R. Jones, 1990, 1991] to handle longitudinal data with ARMA serial correlation
when the data is unequally spaced, which may be usefull for modeling ABPM
data.
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