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As a result of the demonstrated potential for impact in traditional use cases, progressively more is
being asked of machine learning methods. This evolution has lead to a renewed focus on learning
and decision-making systems. In this domain, theoretical challenges relating to competition and
uncertainty are emerging from the practical considerations that have motivated this paradigm shift.

There is an increasing awareness that learning and decision-making algorithms will eventually
need to be or already are being embedded into complex systems where game-theoretic consider-
ations naturally arise owing to the presence of competing, self-interested entities. Moreover, it
has become clear that the artificial introduction of competition in game-theoretic abstractions of
machine learning problems can often be a convenient and effective modeling technique for many
problems of interest. Consequently, tools from game theory are now critically needed to analyze
coupled learning and decision-making algorithms for the purposes of characterizing the outcomes
that can be expected from competitive interactions and computing meaningful solutions such as
equilibria in machine learning problems. Meanwhile, the demands of learning and decision-making
algorithms operating under uncertainty are both changing and becoming more challenging. This
transformation includes a movement towards more general, yet structured feedback models and
objectives that reflect the desire to enable downstream tasks and future inferences. To this end,
important problems remain to be solved pertaining to designing theoretically sound sequential
decision-making algorithms tailored to such tasks.

This discussion motivates the research on learning and decision-making in competitive and



uncertain systems presented in this thesis. Together, the contents of this thesis can be summarized
by a pair of themes that form Parts[[|and [[l} game-theoretic methods for analyzing decision-making
algorithms and solving machine learning problems, and machine learning methods for designing and

analyzing sequential decision-making algorithms under uncertainty.

The former theme is approached from a top-down perspective: general formulations of games
and gradient-based learning algorithms are studied, theoretical characterizations are developed,
and then the results are connected to specific problems of interest. In contrast, the latter theme
is approached from a bottom-up perspective: models of practical sequential decision-making tasks

are developed and then theoretically justified algorithms and solutions are constructed.

While learning and optimization in games is a well-studied topic, the majority of past research
has focused on highly structured settings. Part [[ of this thesis moves away from this practice and
presents studies of nonconvex games on continuous strategy spaces and gradient-based learning algo-
rithms within them. The intent of this research is to develop appropriate notions of game-theoretic
equilibria, characterize and understand the behaviors of so-called ‘natural’ learning dynamics, and

establish methods for computing equilibria to solve machine learning problems formulated as games.

Chapter [2] lays the foundation for Part [[] and is built upon thereafter. Based upon the idea
of viewing the underlying interaction structure as a Stackelberg game, both a local Stackelberg
equilibrium concept and a corresponding characterization in terms of gradient-based sufficient con-
ditions called a differential Stackelberg equilibrium are presented. Learning dynamics emulating the
natural game structure are then constructed and convergence guarantees to differential Stackelberg
equilibrium are proven. Chapter [3] follows along this path to study the role of timescale separa-
tion on the convergence of the canonical gradient descent-ascent learning dynamics in the subclass
of nonconvex-nonconcave zero-sum games. The results characterize the timescales for which the
dynamics both locally converge to differential Stackelberg equilibrium and locally avoid points lack-
ing game-theoretic meaning. Finally, Chapter [4] considers zero-sum games in which the minimizing
player faces a nonconvex objective and the maximizing player optimizes a Polyak-Lojasiewicz or
strongly-concave objective. For this class of games, global convergence guarantees for gradient

descent-ascent with timescale separation to only differential Stackelberg equilibrium are proven.



Throughout Part[[, the implications of the theoretical results for both competitive decision-making
and methods for solving machine learning problems are discussed.

Traditionally, the study of sequential decision-making under uncertainty in machine learning
has focused on problems in which the evaluation criterion is directly linked to the immediate feed-
back. However, it has become clear that decision-making under uncertainty is often also pertinent
to problems where the goal of the learner is instead to acquire information for the purpose of
drawing inferences or fulfilling targets only partially linked to the immediate feedback. Part [[I] of
this thesis presents a pair of studies on well-motivated sequential decision-making problems with
structured feedback models that fall under this theme. The intent of this research is to design
sequential decision-making algorithms for solving practical problems that emerge in the real-world
with desirable theoretical guarantees by exploiting structured feedback models.

Chapter [f] commences Part [[]] by formulating the task of ranking papers to reviewers in peer
review bidding systems as a sequential decision-making problem. A model of this problem is devel-
oped that identifies a pair of misaligned objectives: ensuring that each paper obtains a sufficient
number of bids to be matched adequately with qualified reviewers, and respecting the preferences
of reviewers by showing them relevant papers early in the list. To balance the competing objectives,
a sequential decision-making algorithm is constructed that exploits the objective structure and it is
shown both theoretically and empirically to have a number of advantages over baselines currently
used in practice. Chapter [6]then concludes Part [[T| with an analysis of pure exploration transductive
linear bandits, a problem that arises naturally in experimental design settings. A decision-maker in
this problem sequentially samples measurement vectors from a given set and observes a noisy linear
response with an unknown parameter vector. The goal is to infer with high confidence the item from
a separate set of vectors that has the maximum inner product with the unknown parameter vector
while taking a minimal number of measurements. The optimal achievable sample complexity for
this problem is characterized and a near-optimal algorithm that exploits the information structure
of the feedback model to enhance the sample efficiency is developed.

Together, the contributions of this thesis take steps towards developing important theoretical

foundations for learning and decision-making with competition and uncertainty.
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Chapter 1

Introduction

As a result of the demonstrated potential for impact in traditional use cases, progressively more
is being asked of machine learning methods. This evolution has lead to a renewed focus on learning
and decision-making systems. In this domain, theoretical challenges relating to competition and
uncertainty are emerging from the practical considerations that have motivated this paradigm shift.
There is an increasing awareness that learning and decision-making algorithms will eventually need
to be or already are being embedded into complex systems where game-theoretic considerations
naturally arise owing to the presence of competing, self-interested entities. Moreover, it has be-
come clear that the artificial introduction of competition in game-theoretic abstractions of machine
learning problems can often be a convenient and effective modeling technique for many problems
of interest. Consequently, tools from game theory are now critically needed to analyze coupled
learning and decision-making algorithms for the purposes of characterizing the outcomes that can
be expected from competitive interactions and computing meaningful solutions such as equilibrium
in machine learning problems. Meanwhile, the demands of learning and decision-making algorithms
operating under uncertainty are both changing and becoming more challenging. This transforma-
tion includes a movement towards more general, yet structured feedback models and objectives that
reflect the desire to enable downstream tasks and future inferences. To this end, important prob-
lems remain to be solved pertaining to designing theoretically sound sequential decision-making
algorithms tailored to such tasks.

This discussion motivates the research on learning and decision-making in competitive and un-
certain systems presented in this thesis. Together, the contents of this thesis can be summarized by
a pair of themes that form Parts [[] and [[T} game-theoretic methods for analyzing decision-making
algorithms and solving machine learning problems, and machine learning methods for designing
and analyzing sequential decision-making algorithms under uncertainty. The former theme is ap-
proached from a top-down perspective: general formulations of games and gradient-based learning
algorithms are studied, theoretical characterizations are developed, and then the results are con-
nected to specific problems of interest. In contrast, the latter theme is approached from a bottom-up
perspective: models of practical sequential decision-making tasks are developed and then theoreti-
cally justified algorithms and solutions are constructed.

While learning and optimization in games is a well-studied topic, the majority of past research
has focused on highly structured settings. Part [[] of this thesis moves away from this practice and
presents studies of nonconvex games on continuous strategy spaces and gradient-based learning
algorithms within them. The intent of this research is to develop appropriate notions of game-
theoretic equilibrium, characterize and understand the behaviors of so-called ‘natural’ learning
dynamics, and establish methods for computing equilibrium to solve machine learning problems
formulated as games. On the other hand, the traditional study of sequential decision-making
under uncertainty in machine learning has focused on problems in which the evaluation criterion is
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Figure 1.1: Graphical overview of the approach and methods that form the focus of this thesis.
Game theory is used for analyzing decision-making algorithms and solving machine learning prob-
lems and machine learning is used for designing effective decision-making algorithms. This research
spans several fields and the results rely on using a diverse set of tools.

directly linked to the immediate feedback. However, it has become clear that decision-making under
uncertainty is often also pertinent to problems where the goal of the learner is instead to acquire
information for the purpose of drawing inferences or fulfilling targets only partially linked to the
immediate feedback. Part [T of this thesis presents a pair of studies on well-motivated sequential
decision-making problems with structured feedback models that fall under this theme. The intent of
this research is to design sequential decision-making algorithms for solving practical problems that
emerge in the real-world with desirable theoretical guarantees by exploiting structured feedback.

Together, the contributions of this thesis take steps towards developing important theoretical
foundations for learning and decision-making with competition and uncertainty. This research is
timely owing to the emergence of high-impact, real-world problems where theoretically guarantees
are essential to the design of algorithms and for developing understanding of methods already com-
monly deployed in practice. A distinguishing feature of this research is the diversity of tools and
methodologies that are needed to achieve the breadth and depth of results. Dynamical systems
theory will provide a unified framework to analyze coupled learning algorithms, game theory will
be used to assess and characterize strategic behaviors, machine learning and optimization tech-
niques will be adopted to analyze and synthesize learning algorithms with provable guarantees, and
experimental evaluations will connect theory and practice.

Organization. In terms of organization, in the remainder of this introduction, we provide further
motivation for Part [[ of this thesis and then describe the contents of each chapter, and after which,
we motivate further Part [[I] of this thesis and describe the contents of each chapter. At the end of
this introduction, we include bibliographic remarks regarding the contents of this thesis. We point
out that Part [ and Part [T of this thesis are generally distinct, thus they can be read separately.
Moreover, the chapters of Part [[T] are also distinct so they can be read individually and in any
order. However, the contents of Part [ follows a fairly direct line of work and are best read in order.
That being said, if they are read out of order, we remark that the first chapter of Part [[] contains
a significant amount of background information that motivates the latter chapters, and also more



details on the overall analysis methods and approaches.

1.1 Part [[} Learning and Optimization in Games

Learning algorithms are now often embedded in real-world systems and tasked with acquiring
information to enable effective decision-making. However, learning agents are rarely acting in
isolation within complex systems; instead they are typically in the presence of multiple autonomous
agents who may be optimizing conflicting objectives and consequently acting as competitors in the
environment. Simply put, game-theoretic constraints are a naturally occurring phenomena in the
real-world. This fundamentally changes what outcomes can be expected of algorithms designed for
static environments and the types of algorithms that can achieve desired objectives.

The emergence of competition introduces a number of distinct questions and challenges in the
study of learning and decision-making. To begin, it requires rethinking what it even means to act
optimally or solve a problem. Typically, doing so necessitates considering an equilibrium notion
as a solution concept. However, even narrowing down a proper notion of equilibrium is a nuanced
discussion without a unifying resolution. Then, given a solution concept, effective decision-making
demands accounting for the inherently dynamic and non-stationary environment. This means it is
imperative to not only consider the stationary objective being optimized, but also how interactions
with competing agents and the environment affect the pursuit of that objective while learning.

In commonly arising game-theoretic settings, the goal is often to characterize the expected out-
comes of interactions between rational agents implementing some ‘natural’ learning rule that reflects
this characteristic. In fact, a typical game-theoretic point of view is that learning in games provides
axiomatic backing for equilibrium in the sense that they arise and can be explained through the out-
comes of iterative competitions for optimality (Fudenberg et al., [1998). This perspective motivates
the analysis of learning algorithms which reflect any natural structure present in a problem and
doing so often suggests refinements of equilibrium notions and methods for computing equilibrium.

While the aforementioned viewpoint is certainly important, it alone cannot harness all that
game-theoretic abstractions can provide as a modeling framework. Indeed, artificial formulations
of games can often be extremely useful. This has become readily apparent as a number of ma-
chine learning problems are now being successfully formulated as games. Prominent examples of
this paradigm include generative adversarial network formulations (Goodfellow et al., 2014) and
adversarial training objectives (Madry et al., 2018)). Solving problems formulated in this manner
is clearly dependent on the ability to efficiently compute a meaningful solution to a game. In this
regard, respecting rational behavior is no longer important. Instead, there is room for the design
of learning algorithms that can guarantee convergence to a suitable equilibrium notion.

In this part of the thesis, we present work which falls into the category of characterizing the
expected outcomes of natural learning dynamics in games and that which is primarily focused on
computing equilibrium in problems that allow for algorithm design. While there is no shortage of
existing research that can be placed among the viewpoints described on learning in games, the vast
majority of past work concerns highly restrictive classes of games.

We deviate from existing work by studying much more general classes of games in which minimal
assumptions are made on the objectives being optimized by the players in the game. A significant
motivation for the study of such relaxations is the increasing practical relevance with regard to
applications in machine learning and the deployment of learning algorithms in competitive environ-



ments. Moreover, from a theoretical perspective, interesting questions arise since solution concepts,
algorithms, and analysis methods suitable for restricted classes of games often do not easily transfer
to or are unfit for more general classes of games. In other words, there is the opportunity to build
from the ground up and this thesis presents several steps in this direction, while also outlining
important questions that are actively being pursued within learning in games.

1.1.1 Contributions of Part |I: Learning and Optimization in Games

The analysis of gradient-based learning in games has traditionally concerned restricted classes of
games such as those with potential, bilinear, and convex cost structures. While each of the restricted
types of games has merits and a place of relevance, many of the problem formulations appearing
in machine learning do not fall into any of them. Instead, nonconvex games on continuous action
spaces are the foundation of machine learning problems including generative adversarial networks,
adversarial learning, robust supervised learning, and multi-agent learning, among others. The
generality of this class of games poses challenges as equilibrium are not unique and global solution
concepts are generally unattainable. That being said, this class of games forms the focus of the
work in this thesis, in which we make a number of advances in terms of developing equilibrium
characterizations and understanding the convergence of gradient-based learning algorithms. We
now give an overview of the contents of each chapter in Part || of this thesis.

1.1.1.1 Chapter Nonconvex Games: A Stackelberg Viewpoint

In Chapter [2| we begin our study of gradient-based learning dynamics in nonconvex games on con-
tinuous strategy spaces. The notion of solving a game belonging to this class is quite intricate. In
past work, the standard global Nash equilibrium concept for continuous strategy spaces has been re-
fined to a local definition and characterized in terms of gradient-based sufficient conditions (Ratliff
et all 2013; |[Ratliff et all 2016). Strategies satisfying the sufficient conditions for a local Nash
equilibrium are known as differential Nash equilibrium and finding them has frequently been taken
as a goal of a learning algorithm in the emerging line of work studying this class of games. How-
ever, there has been empirical evaluations showing that various algorithms which do not guarantee
convergence to only local Nash equilibrium reach acceptable solutions in machine learning prob-
lems (Berard et al., 2020)). Moreover, there are classical equilibrium notions in game theory beyond
the Nash equilibrium concept that have not yet been considered in this context. To reconcile these
disconnects, we explore complimentary equilibrium notions for the class of nonconvex games along
with gradient-based algorithms to compute them.

The Stackelberg equilibrium concept is typical in games with either an implicit or explicit order
of play and it generalizes the notion of a minmax equilibrium from zero-sum to general-sum games.
Yet, it has not been studied in the modern literature on nonconvex games. This chapter begins
by presenting a refinement of the standard game-theoretic formulation of a Stackelberg equilibrium
to a local definition along with a characterization in terms of gradient-based sufficient conditions.
We term points in the strategy space which satisfy the sufficient conditions differential Stackelberg
equilibrium. Given the equilibrium notions, a number of characteristics and connections are pre-
sented. In particular, it is shown that local Nash equilibrium form a subset of local Stackelberg
equilibrium in zero-sum games, and also that in general-sum games one player always prefers a
local Stackelberg equilibrium over any local Nash equilibrium. Moreover, the class of differential



Stackelberg equilibrium are proven to be both generic amongst local Stackelberg equilibrium and
also structurally stable within the class of nonconvex-nonconcave zero-sum games.

Given the equilibrium foundations, this chapter then shifts to focus on the behaviors of gradient-
based learning algorithms in relationship to the solution concepts. This includes a study of the
prototypical simultaneous gradient dynamics (gradient descent-ascent in zero-sum games) and an
analysis of a novel set of Stackelberg gradient dynamics that are formulated using the implicit
function theorem to reflect the hierarchical decision-making structure of Stackelberg games. Based
upon stability analysis using the local linearization of the dynamics, conditions and classes of
games are presented under which the simultaneous gradient dynamics are locally stable around
differential Stackelberg equilibrium in nonconvex-nonconcave zero-sum games. In contrast, it is
shown that the formulated Stackelberg gradient dynamics are only locally stable around Stackelberg
equilibrium in nonconvex-nonconcave zero-sum games. Building upon the desirable local stability
characterization, extensive convergence analysis is presented for the Stackelberg gradient dynamics
in both nonconvex-nonconcave zero-sum and nonconvex general-sum games with both deterministic
and stochastic gradient information. In the class of nonconvex-nonconcave zero-sum games, it
is notable that local convergence to only game-theoretically meaningful differential Stackelberg
equilibrium is proven with a rate that depends on natural properties of the equilibrium.

An extensive empirical study is presented to complement the theoretical results. In particular,
illustrative examples are given to highlight the differences between local Nash and Stackelberg
equilibrium both in zero-sum and general-sum games. Moreover, the experiments show that the
Stackelberg gradient dynamics result in stable learning trajectories compared to the simultaneous
gradient dynamics. This behavior can be theoretically expected in zero-sum games by inspecting
the local linearizations. Finally, experiments with generative adversarial networks highlight that the
gradient-based learning dynamics are often converging to neighborhoods of differential Stackelberg
equilibrium and reaching satisying solutions, which underscores the importance of this equilibrium
concept in the optimization landscape of machine learning problems.

Together, this work has lead to expanded viewpoint of what it means to solve a nonconvex game
and has been a subject of several follow-up works that build on the algorithm and equilibrium notion.
In fact, the following chapters in this part of the thesis build closely on this work.

1.1.1.2 Chapter Nonconvex Zero-Sum Games: Gradient Descent-Ascent with
Timescale Separation

In Chapter [3| we continue our study of gradient-based learning dynamics in nonconvex continuous
strategy space games, but the focus shifts to revisiting the behavior of the gradient descent-ascent
dynamics in nonconvex-nonconcave zero-sum games. Understanding the local stability and con-
vergence properties of this particular set of dynamics is important since it is an algorithm that
is deployed ubiquitously in practice for machine learning problems owing to the simplicity and
computational efficiency of the method. Chapter [2] began taking steps in this direction theoret-
ically and empirically by providing some conditions and classes of games for which the gradient
descent-ascent dynamics are locally stable around differential Stackelberg equilibrium and illustrat-
ing the dynamics often converge to differential Stackelberg equilibrium that are not differential Nash
equilibrium in numerical experiments. However, these results fall short of a complete theoretical
characterization of the types of critical points the dynamics locally converge around and the precise



connections with the set of differential Stackelberg equilibrium in nonconvex-nonconcave zero-sum
games. Moreover, only the setting when players employ equal learning rates is considered.

Concurrent with the work from Chapter [2} |Jin et al.| (2020]) provide a study of gradient descent-
ascent in nonconvex-nonconcave zero-sum games and explore the local stability around critical
points. The key result presented in relation to this thesis is that gradient descent-ascent with
a ratio of learning rates (timescale separation) between the players approaching infinity is only
locally stable around differential Stackelberg equilibrium across the spectrum of zero-sum games.
This result gives an equivalent guarantee as is provided in Chapter [2] for the Stackelberg gradient
dynamics (with any learning rate ratio) in nonconvex-nonconcave zero-sum games. From a practical
perspective, a weakness of the aforementioned continuous-time stability result for gradient descent-
ascent with timescale separation is that ensuring an equivalent local stability and convergence result
in discrete-time requires the learning rate to tend toward zero. Moreover, the continuous-time
local stability result fails to provide insights into the empirical success and observed equilibrium
convergence of the gradient descent-ascent learning dynamics with a finite timescale separation.

This observation motivates the development of a more fine-grained analysis of the local stability
of the gradient descent-ascent dynamics around critical points as a function of the ratio of learning
rates. The research presented in Chapter [3| follows this viewpoint and provides comprehensive local
stability, instability, and convergence characterizations. Given any critical point of the gradient
descent-ascent dynamics satisfying benign non-degeneracy assumptions, we show there exists a
range of finite learning rate ratios that can be explicitly characterized for which the point is locally
stable if and only if it is a differential Stackelberg equilibrium. The stability result is complimented
by an instability result: we show that the gradient descent-ascent learning dynamics avoid critical
points which are not differential Stackelberg equilibrium for a range of finite learning ratios that
can also be constructed. The aforementioned results are extended to obtain local convergence
guarantees to differential Stackelberg equilibrium including in a formulation tailored to generative
adversarial network training. Together, these results provide a near-complete characterization of
gradient descent-ascent with finite timescale separation in nonconvex-nonconcave zero-sum games
and give theoretical backing for the common usage of a finite timescale separation in practice along
with the efficacy of the differential Stackelberg equilibrium concept in machine learning problems.

Chapter [3]also contains extensive experimental evaluations. The numerical simulations highlight
the manner in which timescale separation in the gradient descent-ascent dynamics warps the vector
field around critical points to influence local stability, the regions of attraction, and also the rate of
convergence. The experiments with generative adversarial network training demonstrates that often
a reasonable finite timescale separation results in the fastest convergence to a desirable solution
and also that when introducing a gradient penalty for the discriminator there is an important
interplay between the choice of timescale separation and regularization. It is worth noting that
such observations are commensurate with that observed for simpler problems as well.

1.1.1.3 Chapter Nonconvex Zero-Sum Games: Global Convergence Guarantees

This is the final chapter of Part [[] of this thesis and it concludes the study of gradient-based
learning dynamics in nonconvex continuous strategy space games. Chapter [4] continues the study
of gradient descent-ascent learning dynamics with timescale separation, but with a restricted focus
on semi-structured classes of zero-sum games. Specifically, this chapter considers zero-sum games



where the minimizing player faces a nonconvex optimization problem and the maximizing player
optimizes a Polyak-Lojasiewicz (PL) or strongly-concave (SC) objective. These classes of games
have been subject to a significant amount of study in the last several years owing to the relevance in
regards to certain machine learning formulations. However, the results on gradient-based learning
dynamics in these classes of games have had a distinct style compared to those for the more
general setting of nonconvex-nonconcave zero-sum games. Specifically, while a primary focus in
the study of nonconvex-nonconcave zero-sum games (including that of Chapters [2| and (3| in this
thesis) has concerned developing local convergence guarantees for gradient-based learning dynamics
to only game-theoretically meaningful equilibrium, the existing work on nonconvex-PL/SC zero-
sum games has instead concentrated on developing global convergence guarantees for gradient-
based learning dynamics to notions of stationary points. Chapter [4] is focused on bridging the
gap between these types of results by building off and extending the analysis relating critical
points of the gradient descent-ascent dynamics with timescale separation to differential Stackelberg
equilibrium in nonconvex-nonconcave zero-sum games from Chapter [3| and methods for proving
global convergence guarantees to critical points in nonconvex-PL/SC zero-sum games.

Concretely, the objective of Chapter []is to develop global convergence guarantees in nonconvex-
PL/SC zero-sum games to only differential Stackelberg equilibrium. In pursuit of this goal, the
chapter begins with a refined local stability analysis for gradient descent-ascent with timescale
separation in nonconvex-PL/SC zero-sum games. We prove the only critical points that can be
locally stable with respect to the gradient descent-ascent continuous-time system for any choice
of learning rate ratio correspond to differential Stackelberg equilibrium in nonconvex-PL/SC zero-
sum games. For the class of nonconvex-PL games, we exploit timescale separation to construct
a potential function that when combined with the stability characterization and an asymptotic
saddle avoidance result gives a global asymptotic almost-sure convergence guarantee to a differential
Stackelberg equilibrium. For the class of nonconvex-SC games, we show the surprising property
that the function of the game can be made a potential with timescale separation. Combining this
insight with the stability characterization allows us to generalize methods for efficiently escaping
saddle points in nonconvex optimization to obtain a global finite-time convergence guarantee to
only differential Stackelberg equilibrium. Together, these results to the best of our knowledge
provide in terms of the class of games the most general existing global convergence guarantees to
only game-theoretically meaningful equilibrium. Moreover, the results highlight that by introducing
some structure into the class of zero-sum games, significantly stronger theoretical guarantees are
obtainable. Finally, they imply that the deployment of gradient descent-ascent with timescale
separation in machine learning problems formulated as zero-sum games in these classes is ensured
to reach meaningful solutions.

1.2 Part [T} Sequential Decision-Making under Uncertainty

Thus far we have focused on presenting an overview of the significance and challenges of learning
and decision-making in the presence of competition, along with the types of questions this thesis
seeks to answer in the domain. The remainder of this introduction focuses on giving a synopsis of
the importance and demands of learning and decision-making in the presence of uncertainty, along
with the topics addressed in Part [II] of this thesis.

Learning and decision-making is often complicated by auxiliary sources of uncertainty such



as randomness, limited feedback, and dependencies between past and future choices. Typically,
multiple such sources of uncertainty are present simultaneously and handling them appropriately
is paramount to acting near-optimally and achieving the desired objectives. Each of the preceding
forms of uncertainty poses unique challenges to learning. To deal with randomness, it may be
necessary to develop estimates of unknown parameters which are robust to deviations and enable
high-confidence decision-making. Then, in problems with limited feedback, it is often important to
leverage any structural information of a model to infer supporting information indirectly. Finally,
handling dependencies between past and future decisions requires careful consideration of the trade-
offs between optimizing immediate payoffs or information gain and the final objective. Clearly,
accounting for each aspect requires nuanced algorithmic design that is closely tied to the achievable
analytical performance guarantees as well as the empirical effectiveness.

To give a sense of the types of uncertain sequential learning problems considered in this thesis,
it is helpful to contrast with common problems studied from another perspective. In classic formu-
lations, the decision-maker has access to a set of actions and some knowledge of how feedback is
generated. The learner is then tasked with choosing actions sequentially, each of which generates
some form of noisy feedback. Both the objective and feedback model are fundamental to inform-
ing how actions should be taken. Commonly, the feedback model is such that the selection of an
action results in some immediate reward coupled with it and the goal of the decision-maker is to
maximize the cumulative sum of rewards over a time horizon. In other words, the performance of
the decision-maker is evaluated entirely while learning.

In contrast, decision-making under uncertainty is often pertinent to problems where the goal of
the learner is instead to acquire information for the purpose of drawing inferences or fulfilling targets
that are only partially linked to the immediate feedback obtained. This undertaking demands a
distinct point of view to design effective algorithms. Rather than focusing attention on selecting
actions perceived to be immediately promising, the decision-maker must consider which actions
provide the maximum amount of information or progress toward an indirect goal that cannot be
immediately realized. Often these paradigms are in significant conflict, which elucidates why the
algorithmic methods must be tailored to each type of problem.

The research in Part [[) of this thesis on sequential decision-making under uncertainty is focused
on designing and analyzing algorithms that facilitate downstream tasks and enable future inferences.
Compared to past research on sequential learning with uncertainty, much of the novelty of the work
in this thesis stems from the consideration of optimizing for multiple objectives simultaneously that
cannot be immediately realized, and the design of algorithms with improved theoretical guarantees
under more general feedback models. Each project in this realm is highly relevant to concrete
practical applications such as facilitating interactions in markets including peer review systems and
drawing inferences in web-optimization. The algorithms proposed are unique in the manner that
they crucially leverage the structure of the problems to inform how to make decisions. This fact
turns out to be key to obtaining desirable theoretical guarantees in the problems.

1.2.1 Contributions of Part [[I; Sequential Decision-Making under Uncertainty

Despite the classical nature of decision-making under uncertainty, the focus of study has typically
concerned problems where decisions yield immediate feedback in the form of rewards that the
learner seeks to maximize the accumulation of over time. In contrast, problems where the learner



seeks to optimize indirect objectives or acquire information using immediate feedback are now
becoming commonplace. The work in this direction seeks to show that algorithms tailored to the
aforementioned targets can significantly outperform methods which do not account for the differing
perspective. Yet, the formulations in which results have been obtained are relatively simple and
cannot fully capture a number of problems where it is necessary to model and exploit structure.

To illustrate this point, we begin by remarking that several real-world decision problems involve
optimizing competing objectives whereas the majority of past research only considers a unified
objective. A fitting example is an intermediary acting in a two-sided market (online labor systems,
electronic commerce platforms, etc.) or abstractions thereof seeking to facilitate interactions and
satisfy the preferences of each distinct party. In such settings, sequential decision-making is compli-
cated by the obligation to balance trade-offs and understand the coupling between past and future
decisions on the final objective when immediate feedback is only partially related. Furthermore, in
a number of applications there is often an underlying structure that relates the values of actions.
For example, the set of items available in a recommender system (movies, songs, etc.) typically
have features that connect them (genre, style, etc.). To inform future inferences, it is often impor-
tant to determine with high confidence which of a set of available items has the highest value while
minimizing the number of requests for feedback. The presence of limited feedback magnifies the
importance of accounting for structure relating actions to minimize the sample complexity needed
to make decisions. The research in Part [T of this thesis seeks to design and analyze sequential
decision-making algorithms in uncertain, structured environments that exploit models to optimize
multiple competing objectives or be sample efficient.

1.2.1.1 Chapter Sequential Decision-Making in Peer Review Bidding Systems

We begin our study of sequential decision-making under uncertainty in Chapter [5 As mentioned,
facilitating interactions between distinct user groups, sellers and buyers, or items and users in
markets often necessitates balancing competing objectives in order to satisfy each party. A relevant
market where this problem arises is that of conference peer review systems and the paper bidding
systems within them. In the typical process, reviewers arrive to a management system and are
shown a list of papers and asked to look through and bid on papers they would like to review.
Then, using the bids and potentially supplemental information, reviewers are matched to papers
and asked to review them. From the perspective of the conference, it is important that each paper
obtains a sufficient number of bids so that the papers can be matched to reviewers with adequate
background. In contrast, reviewers prefer to only interact with papers that are of the most interest.

Chapter [5| begins by developing a mathematical model of the bidding process in conference peer
review that captures the competing objectives and the behavior of reviewers while bidding. Impor-
tantly, the order of papers shown to a reviewer is crucial to influencing the papers that they end up
bidding on as a result of primacy effects. Motivated by this fact, we design a sequential decision-
making algorithm that selects how to order papers to each arriving reviewer in order to effectively
trade-off between optimizing for the preferences of papers and reviewers. A key challenge is that
the objective being optimized cannot be fully realized until the end of the bidding process, which
couples past and future decisions. Theoretically, we show a local optimality guarantee and a global
optimality guarantee under a community model of reviewer preferences for the algorithm, whereas
standard baselines which solely focus the preferences of the papers or the reviewers are considerably
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suboptimal. Experimentally, we demonstrate on real conference data that our algorithm leads to
an improved distribution of bids and adequately satisfies reviewer preferences. This work studies
a problem that has not been carefully inspected before and the methods show potential for impact
in real-world conference peer review systems.

1.2.1.2 Chapter [} Sequential Experimental Design for Transductive Linear Bandits

The research presented in Chapter [5| focuses on overcoming challenges that emerge from the pres-
ence of competing objectives which cannot be immediately realized and must be carefully balanced
under uncertainty. We transition in Chapter [6] to an exploration problem with a structured model.
Often, exploration problems with limited feedback are effectively studied under the umbrella of
multi-armed bandits. In the basic multi-armed bandit formulation, the decision-maker sequentially
pulls arms (selects actions) and obtains rewards sampled from unknown stationary and stochastic
distributions tied to the selections. The fixed-confidence exploration problem in multi-armed ban-
dits describes a setting where the goal is to determine with high probability which of the arms has
the maximum mean reward in a minimum number of samples. This simple, yet profound learning
problem is now well-understood; algorithms have been developed for which the provable sample
complexity matches information-theoretic lower bounds. However, the standard formulation fails
to fully capture problems with an underlying structure that connects the rewards of arms.

We introduce and study the pure exploration transductive linear bandit problem in Chapter [6]
Given a set of measurement vectors X C R%, a set of items Z C R%, and an unknown parameter
vector §* € R%, the decision-maker seeks to identify the item z € Z which maximizes (2, 8*) while
minimizing the number of measurements x € X that are taken which provide noisy observations of
the form (x, 6*). This problem generalizes both the linear and combinatorial bandit pure exploration
formulations. Moreover it arises in a number of applications such as recommender systems and drug
discovery where there is underlying structure in the rewards of actions and where the set of available
measurement vectors may be limited. A distinguishing factor of the problem is that information
regarding the values of actions can be gained even without direct measurements of them. We
design an algorithm based on successive phases of experimental design that exploits this feature
of the problem and prove the sample complexity is optimal up to logarithmic factors. Through
experimental evaluations, we demonstrate the algorithms potential to minimize the budget needed
to draw inferences in web optimization applications. This work presents the first near-optimal
algorithm for pure exploration linear bandits and since then has been the subject of follow-up works
and improvements to remove logarithmic factors, develop complimentary asymptotically optimal
algorithms, and extend to more general feedback models.

1.3 Bibliographic Remarks

For reference, we now cover some bibliographic information regarding the contents of this thesis.
The contents of Chapter [2]are primarily from a recent conference publication (Fiez et al., 2020al).
This work was also previously presented in a workshop (Fiez et al., 2020a)) and the technical report
version (Fiez et al., [2019b) has some results not included in the conference version for the sake
of brevity. However, we remark that perhaps more so that the other chapters, the presentation
of this work has been revised and extended. Moreover, we note that Chapter [2| has additional
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background information on dynamical systems theory and convergence analysis methods that is
useful in understanding the chapters that follow in Part [[] of the thesis.

Tanner Fiez, Benjamin Chasnov, and Lillian Ratliff. Implicit learning dynamics in
stackelberg games: equilibrium characterization, convergence analysis, and empirical
study. In International Conference on Machine Learning, pages 3133-3144, 2020.

The contents of Chapter [3] have been appeared as a conference publication as given below. The
work also appeared in a workshop (Fiez and Ratliff, 2021) and a somewhat extended version is
available as a technical report (Fiez and Ratliff, 2020). The presentation in this thesis is a bit of a
mix between these versions.

Tanner Fiez and Lillian Ratliff. Local Convergence Analysis of Gradient Descent Ascent
with Timescale Separation. In International Conference on Learning Representations,
2021.

The contents of Chapter [4]is the most recent work contained in this thesis (Fiez et al., [2021Db)).
Specifically, the paper it corresponds to is currently under review and given below.

Tanner Fiez, Lillian Ratliff, Eric Mazumdar, Evan Faulkner, Adhyyan Narang. Global
Convergence to Local Minmax Equilibrium in Classes of Nonconvex Zero-Sum Games.
Under Review, 2021.

The contents of Chapter [5| have appeared as a conference publication (Fiez et al., 2020b) as
given below. We remark that this work initially appeared in a workshop (Fiez et al., |2019d) and
the technical report version (Fiez et al., [2020c) is extended from the conference publication and
closely mirrors the presentation in this thesis.

Tanner Fiez, Nihar Shah, and Lillian Ratliff. A super® algorithm to optimize paper
bidding in peer review. In Conference on Uncertainty in Artificial Intelligence, pages
580-589, 2020.

The contents of Chapter |§| have appeared as a conference publication (Fiez et al., [2019d]).

Tanner Fiez, Lalit Jain, Kevin G Jamieson, and Lillian Ratliff. Sequential experimental
design for transductive linear bandits. In Advances in Neural Information Processing
Systems, pages 10667-10677, 2019.

The final chapter of this thesis (Chapter [7)) includes discussion of the work presented along with
directions of future work. Moreover, it will connect to several recent works that are not included
in this thesis.
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Chapter 2

Nonconvex Games: A Stackelberg Game Viewpoint

This chapter begins the study of learning and optimization in games that is presented in Part [I|
of this thesis. While game theory is a classical field, the vast majority of study historically has
focused on highly structured classes of games and the behaviors of learning algorithms within them.
In the past decade, and particularly the last five years, renewed attention has been given to the
topic of learning in general classes of games with minimal assumptions on the cost functions that
players are optimizing. This direction of research has primarily been motivated by the emergence
of machine learning problems formulated as games and the desire to understand the behaviors
of learning algorithms in competitive and complex environments. Specifically, nonconvex games
on continuous strategy spaces and gradient-based learning algorithms within them have come into
focus as a result of these motivations. In this class of games, important problems include developing
appropriate notions of game-theoretic equilibria, characterizing the behaviors of rational learning
dynamics, and establishing methods for computing equilibrium.

A dominant perspective of this class of games has emerged in the early works seeking to provide
answers to these questions. That is, treating the underlying game between players as a simultaneous
play game. Consequently, much of the existing research focus has been on refining the Nash equilib-
rium concept to a suitable local characterization for this class of games, analyzing the relationship
between the stable critical points of the simultaneous gradient dynamics and local Nash equilibrium,
and designing gradient-based learning dynamics for finding only local Nash equilibrium.

This chapter deviates from this perspective and presents a novel study of nonconvex games that
arises from treating the underlying game between players as a Stackelberg (hierarchical play) game.
As is detailed in the chapter, this form of interaction structure between players often implicitly
emerges in machine learning problems and is explicitly present in a number of traditional game-
theoretic settings. Together, this chapter contributes equilibrium characterizations, analysis of the
local stability and convergence of gradient-based learning algorithms, and empirical insights.

Specifically, a local Stackelberg equilibrium concept is presented and a gradient-based char-
acterization called a differential Stackelberg equilibrium is developed. The properties (genericity
and structural stability) of this equilibrium notion are analyzed and connections are drawn with
the local and differential Nash equilibrium concepts. Moreover, a game-theoretic interpretation of
stable critical points of the simultaneous gradient dynamics previously thought to lack meaning
is given through the lens of the differential Stackelberg equilibrium concept. Furthermore, novel
gradient-based learning dynamics emulating the natural structure of a Stackelberg game are derived
using the implicit function theorem. Convergence analysis is provided for both deterministic and
stochastic updates for zero-sum and general-sum games. Notably, in zero-sum games, it is shown
that the only critical points the dynamics locally converge to are differential Stackelberg equilibria.
The empirical results highlight the characteristics of the Stackelberg gradient dynamics along with
the role of differential Stackelberg equilibrium in the optimization landscape of nonconvex games.
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2.1 Introduction

The field of game theory has a long, established history with traditional focuses including the de-
velopment and characterization of equilibrium concepts along with the analysis of iterative learning
algorithms in games. Classically, the foundational results of the field have concerned classes of
games that admit structured cost functions. Indeed, the seminal minimax theorem of two-player
zero-sum games that ensures an essentially unique solution was developed for bilinear cost struc-
tures and then generalized to convex-concave cost structures (Morgenstern and Von Neumann),
1953; Neumann, |1928} Sion, [1958]). Similarly, fundamental equilibrium concepts and characteriza-
tions in multi-player general-sum games were initially developed for bilinear cost structures (Nash)
1951}, [1950) and then generalized to convex cost structures (Rosen, [1965)), and also cost structures
admitting a joint potential function (Monderer and Shapley), [1996)). In structured classes of games,
there has been extensive study of the behaviors of rational or ‘natural’ learning algorithms as
well as algorithms for computing equilibrium solutions. This line of work dates back to the study
of zero-sum games with bilinear cost structures (Brown, 1949; |Robinson, (1951), and has since
been extended to convex-concave zero-sum games (Golshtein, [1974; Korpelevich, [1976; [Nedi¢ and
Ozdaglarl, 2009; [Nemirovski, 2004; |[Nemirovski and Yudin, 1978} (Uzawa, [1958), and more generally
multiplayer convex games (Rosen, |1965)).

The past decade has witnessed an emerging coupling between game theory and machine learning.
This can be credited to the formulation of learning problems as interactions between competing ob-
jectives and strategic agents. Specifically, generative adversarial network (Goodfellow et al.l [2014),
robust supervised learning (Madry et al. 2018; Sinha et al., 2018), reinforcement and multi-agent
reinforcement learning (Dai et al., |[2018;|Zhang et al.,|2019), and hyperparameter optimization (Lor-
raine et al., [2020; MacKay et al., [2019) problems have all been cast as zero-sum or general-sum
continuous strategy space games. A common theme in these problem formulations is the presence
of nonconvexity in the cost functions. However, this is a property that is not as well-studied from a
game-theoretic perspective given the traditional focus on structured classes of games. Thus, it has
not been entirely clear the proper game-theoretic notions of meaningful solutions and if gradient-
based learning algorithms converge to them. Consequently, significant attention as of late has
given to both developing suitable equilibrium concepts and characterizations for classes of noncon-
vex games on continuous strategy spaces and analyzing the convergence of gradient-based learning
algorithms within such games toward computing meaningful solutions.

In terms of equilibrium notions, early works in this direction have developed local refinements
of the Nash equilibrium concept along with gradient-based sufficient conditions relevant to ana-
lyzing the convergence of gradient-based learning algorithms (Adolphs et al., 2019 Daskalakis and
Panageas| [2018; [Jin et al.], 2020; Mazumdar and Ratliff, [2019; Mazumdar et al., [2019; [Mescheder
et al., 2017, |2018; Nagarajan and Kolter, [2017; Ratliff et al., 2013} Ratliff et al., 2014} |2016). From
a game-theoretic perspective, the Nash equilibrium concept is the typical solution notion when
viewing the underlying interaction structure between players as a simultaneous move game. This
is reflected in the definition which, informally, states that no player can benefit from unilaterally
deviating (locally) when holding the rest of the players fixed at the joint Nash equilibrium strategy.
Taking the simultaneous play perspective, natural gradient-based learning dynamics reflecting the
structure of the game correspond to each player descending the gradient of their cost function with
respect to their own choice variable. In general-sum games, this set of gradient dynamics is often
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referred to as the simultaneous gradient dynamics, while in zero-sum games, this set of gradient
dynamics is often referred to as gradient descent-ascent. Several recent works have studied the
simultaneous gradient dynamics in both nonconvex general-sum games, and the important subclass
of nonconvex-nonconcave zero-sum games. The studies and results have highlighted the inherent
challenges of gradient-based learning in games. In particular, as a result of non-symmetric nature
of the Jacobian of the dynamics, cyclic behavior and rotational forces can plague convergence.
Moreover, it has been shown that the simultaneous gradient-dynamics can converge to stationary
points that do not correspond to local Nash equilibrium, even in nonconvex-nonconcave zero-sum
games (Daskalakis and Panageas|, 2018; Mazumdar et al., 2020).

The perceived shortcomings of the simultaneous gradient dynamics have motivated the devel-
opment and analysis of more sophisticated gradient-based learning dynamics, primarily focused
on nonconvex-nonconcave zero-sum games. A number of techniques have been proposed includ-
ing optimistic and extra-gradient algorithms (Daskalakis and Panageas, [2018; [Daskalakis et al.|
2018; Mertikopoulos et al., 2019), gradient adjustments (Balduzzi et al., |2018; Mescheder et al.,
2017)), and opponent modeling methods (Foerster et al., |2018; Letcher et al., [2019; |Schafer and
Anandkumar, [2019; [Zhang and Lesser}, 2010]), among others. While each of the the aforementioned
gradient-based learning algorithms have merits compared to the simultaneous gradient dynamics,
and in some cases useful game-theoretic interpretations, none of them can guarantee local con-
vergence to only game-theoretically meaningful points of the optimization landscape. That being
said, a pair of gradient-based learning algorithms exploiting higher order gradient-information that
only locally converge to local Nash equilibrium have now been developed (Adolphs et al.l 2019;
Mazumdar et al. 2019)).

Given this background, it is worth pointing out that the existing work on nonconvex games has
generally focused on the simultaneous play perspective of the game and the corresponding Nash
equilibrium solution concept. However, in game theory, a common interaction structure that is
studied beyond simultaneous play is a hierarchical order of play. This type of game is known as
a Stackelberg game (Von Stackelberg, 1934} 2010). In the simplest formulation of a Stackelberg
game, one player acts as the leader who is endowed with the power to select an action knowing the
other player (follower) plays a best-response. Consequently, the leader uses this knowledge to its
advantage when selecting a strategy. The hierarchical decision-making structure of a Stackelberg
game emerges naturally in economic competitions, control problems, and mechanism design. More-
over, given the non-symmetric nature of the formulation, it also a plausible model for problems
with an implicit order of play such as nonconvex-nonconcave zero-sum games. The Stackelberg
equilibrium (Basar and Olsder, 1998} |[Von Stackelberg, |1934, 2010)) solution concept generalizes the
minmax solution to general-sum games. Informally, in a Stackelberg equilibrium, the leader cannot
benefit from deviating when considering how the best-response of the follower will change, and the
follower cannot benefit from unilaterally deviating given the strategy of the leader.

The hierachical play (Stackelberg) viewpoint has long been researched in structured settings
from a control perspective on games (Basar and Olsder, |1980,|1998; Basar and Selbuz, |1979;|Jungers
et al., 2011; Leitmann, [1978; Papavassilopoulos and Cruz, (1979, |1980; |Simaan and Cruz|, |[1973)) and
in bilevel optimization (Breton et al.l [1988; Danskinl 1966, [1967; Dempe et al., 2007; Dempe, 2002,
2005} 2018 [Dempe and Gadhi, 2010} Sinha et al., [2017; Wiesemann et al. 2013} Zaslavski, [2012).
However, this viewpoint has not been thoroughly explored in nonconvex, continuous strategy space
games and from the machine learning perspective with respect to gradient-based learning algo-
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rithms. This chapter adopts this perspective and explores the role of local Stackelberg equilibrium
in two-player nonconvex games along with the connections between this solution concept and the
limit points of gradient-based learning algorithms. We now provide an overview of the contributions
provided in this chapter.

2.1.1 Contributions

Motivated by the lack of understanding of the role of Stackelberg equilibrium in nonconvex games
as well as the absence of gradient-based algorithms emulating a hierarchical interaction structure,
this chapter provides a study of nonconvex games from a Stackelberg perspective including equilib-
rium characterizations, novel gradient-based learning dynamics and convergence analysis, and an
illustrative empirical study. The primary benefits of this work to the community include an enlight-
ened perspective on the consideration of equilibrium concepts reflecting the underlying optimization
problems present in machine learning applications formulated as games and classical game-theoretic
applications, and a set of natural learning dynamics mirroring the Stackelberg interaction structure
with desirable guarantees for computing Stackelberg equilibrium.

Equilibrium Characterizations. This chapter presents a local refinement of the Stackelberg
equilibrium concept suitable for nonconvex games (Definition and a characterization via suffi-
cient conditions on the objectives of the players that is termed a differential Stackelberg equilibrium
(Definition and Proposition . The differential Stackelberg equilibrium notion is shown to be
both generic amongst local Stackelberg equilibrium (Theorem and structurally stable (Theo-
rem in zero-sum games. This means except on a set of measure zero in the class of zero-sum
continuous games, differential Stackelberg equilibrium and local Stackelberg equilibrium are equiv-
alent, and lastly that differential Stackelberg equilibrium persist under smooth perturbations to
the cost functions. These results mirror properties that have been shown for the corresponding
local and differential Nash equilibrium concepts in zero-sum games (Mazumdar and Ratliff, |2019;
Ratliff et al., 2014} 2016). Moreover, connections are drawn between the local Nash and Stackelberg
equilibrium notions along with the corresponding gradient-based characterizations. Specifically, in
zero-sum games, we show the sets of local and differential Nash equilibrium form subsets of the
sets of local and differential Stackelberg equilibrium, respectively (Proposition . This indicates
that in nonconvex-nonconcave zero-sum games, the local Stackelberg equilibrium concept is not as
restrictive as the local Nash equilibrium concept, and similarly for the gradient-based characteri-
zations. For general-sum games, we also point out a variation of a well-know fact, that the local
Stackelberg equilibrium cost for the leader is lower than any local Nash equilibrium cost in the local
neighborhood under certain assumptions on the best-response set of the follower (Proposition .

Local Stability of Gradient-Based Learning Dynamics in Zero-Sum Games. This chap-
ter analyzes the well-known simultaneous gradient dynamics and a novel set of gradient-based
learning dynamics emulating the natural structure of a Stackelberg game that are derived based
on the implicit function theorem. For nonconvex-nonconcave zero-sum games, the local stability of
each set of dynamics is analyzed around critical points using the continuous-time limiting system
toward drawing connections between the limiting behaviors and the set of differential Stackelberg
equilibrium. For the simultaneous gradient dynamics, we reveal that there exists locally stable crit-
ical points that are differential Stackelberg equilibrium and not differential Nash equilibrium. This
insight gives meaning to a broad class of critical points previously thought to lack game-theoretic
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meaning, and may give some explanation for the adequacy of solutions that are not local Nash
equilibrium in machine learning problems. To characterize this phenomenon, we provide necessary
and sufficient conditions for when such points exist, and also explore special cases such as scalar ac-
tion games and generative adversarial networks under the realizable assumptions (Mescheder et al.|
2018; Nagarajan and Kolter, 2017)) (Propositions . In contrast to the simultaneous gradient
dynamics, for the Stackelberg gradient dynamics developed in this chapter, we show the desirable
property that the only locally stable critical points are differential Stackelberg equilibrium and also
that such equilibrium must be locally stable critical points (Theorem [2.5)).

Convergence Analysis of Stackelberg Gradient Dynamics. This chapter provides exten-
sive convergence analysis for both deterministic and stochastic versions of the Stackelberg gradient
dynamics in zero-sum and general-sum games. For zero-sum games with deterministic gradient in-
formation, the continuous-time local stability result is built on to show that the discrete-time system
only converges to critical points that are differential Stackelberg equilibrium. This result relies on
developing a discrete-time local stability result that mirrors the continuous-time characterization
(Proposition and an asymptotic saddle avoidance result (Theorem [2.6)). For both zero-sum
and general-sum games with deterministic gradient information, we provide local convergence rates
to differential Stackelberg equilibrium (Theorems and Corollaries , where the rate
for zero-sum games decomposes into a natural quantity related to the sufficient conditions for a
differential Stackelberg equilibrium. For the stochastic setting, we provide analogous asymptotic
convergence guarantees for several variations of the dynamics, including when players act on a
single timescale (Theorem , when the follower best-responds at each step (Proposition ,
and when the players use a two-timescale learning rate sequence (Proposition .

Empirical Study. This chapter concludes with an illustrative set of experiments. Empirically,
we show that the Stackelberg gradient dynamics result in stable learning compared to the simul-
taneous gradient dynamics. A key reason for this in zero-sum games is that the Jacobian of the
Stackelberg gradient dynamics does not admit complex eigenvalues as does the Jacobian for the
simultaneous gradient dynamics. Moreover, several experiments highlight the differences between
Nash and Stackelberg equilibrium in traditional general-sum games such as economic competitions
and bimatrix games. Finally, extensive results are presented for generative adversarial network
problems. To gain insights into the each equilibrium concept in the optimization landscape, we an-
alyze the eigenvalues of relevant game objects. Notably, we observe convergence to neighborhoods
of differential Stackelberg equilibrium for each set of learning dynamics.

2.1.2 Organization

The organization of this chapter is as follows. In Section we present formulations of continu-
ous action games (Section , gradient-based learning dynamics (Section , local Nash and
Stackelberg equilibrium concepts and characterizations (Section , connections and relation-
ships between the equilibrium notions (Section , and genericity and structural stability results
for the gradient-based characterization of a local Stackelberg equilibrium (Section . Then, in
Section [2.3] the focus shifts to study the local stability of gradient-based learning algorithms; we
provide background on the analysis methods (Section , a study of the simultaneous gradient
dynamics (Section , and a study of the Stackelberg gradient dynamics (Section . Fol-
lowing up on the stability analysis, Section and Section give convergence results for the
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Stackelberg gradient dynamics in deterministic and stochastic settings, respectively. Experimental
results are presented in Section A discussion of the results in the chapter, comments on some
related, concurrent, and follow-up works, and open questions is contained in Section [2.7] Following
the discussion section, there is an appendix to the chapter that contains several proofs that are
deferred for the sake of presentation clarity and readability.

2.2 Games, Gradient Dynamics, and Equilibria

This section formalizes the class of games studied in this chapter, formulates gradient-based learning
dynamics, and presents equilibrium concepts, characterizations, and relationships. Before moving
on, we set some of our notation.

Notation. We denote by D;f;(z1,22) € R%*! the derivative of f;(x1,z2) with respect to x;,
D;j fi(x1,22) € R%*4j as the partial derivative of D; f; (1, x2) with respect to xj, and D?fi(z1,72) €
R%*di as the partial derivative of D;f;(21,z2) with respect to z;. Moreover, given a symmetric
matrix A, we indicate that it is positive definite using the notation A > 0. Finally, we denote by C°
and C. the open left and right half complex planes (that is, the set of complex numbers for which the
real parts are negative and positive respectively), p(-) as an operator returning the spectral radius
(maximum modulus of the eigenvalues) of a matrix argument, spec(-) as an operator returning the
set of eigenvalues of a matrix argument, det(-) as an operator returning the determinant of a matrix
argument, and Amin(+) and Apax(-) as operators returning the minimum and maximum eigenvalues
of a matrix argument, respectively.

2.2.1 Continuous Action Game Formulations

Consider a non-cooperative game between two agents where player 1 optimizes the cost function
fi: X - R and player 2 optimizes the cost function fs : X — R, where X = X} x X, = R% with
X, = R and X, = R% denoting the action spaces of player 1 and player 2, respectively We
often use the compact notation = = (x1,x2) € X to represent the joint strategy of the players.
Let us denote by Z = {1,2} the set of players in the game and following standard game-theoretic
notation —i denotes the set of players excluding player ¢. We assume throughout that each f;
is sufficiently smooth: f; € C?(X,R) for some q > 2. For zero-sum games, the game is defined
by costs (f1, f2) = (f,—f). Observe that no assumptions have been made on the structure of
the cost functions beyond smoothness and consequently the cost function for each player may
be nonconvex. In simple terms, we consider the class of two-player smooth nonconvex games on
continuous, unconstrained actions spaces.

Simultaneous Play Games. The existing viewpoint that has dominated the study of this class
of games has been to treat the underlying interaction structure as a simultaneous play game. Given
this perspective, each player i € Z in the game is faced with the optimization problem

i (T, x—;). 2.1
xrflel%fl(x“x 7,) ( )

!The convergence results in this chapter hold more generally for action spaces that are precompact subsets of the
Euclidean space since they are local.
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Observe that under this viewpoint, each player treats the strategy of the other player in the game
as fixed in the optimization problem that is to be solved.

Stackelberg Games. In this chapter, we adopt the viewpoint of treating the underlying interac-
tion structure as a Stackelberg game. Let us deem player 1 the ‘leader’ and player 2 the ‘follower’.
The designation of ‘leader’ and ‘follower’ indicates the order of play between the agents, meaning
the leader plays first and the follower second. Thus, a Stackelberg game is a type of hierarchical
or sequential play game. In a Stackelberg game, the leader and follower aim to solve the following
optimization problems, respectively:

Leader: min {fl(xl,xg)} x9 € arg min fa(x1,y)},

T1EX] YEX> (2.2)

Follower:  min fa(z1,z2).
ToEX,

Observe that under this viewpoint, the leader is optimizing its cost anticipating that the follower
selects a best-response and the follower optimizes its cost given the strategy of the leader. Thus,
unlike in the simultaneous play perspective in which the players do not account for how the other
player will act, the leader models the behavior of the follower and selects a strategy by accounting for
this model. Consequently, the action of the follower is a function of the leader’s action. Moreover,
in this formulation, the leader has a distinct advantage in that it can enforce a strategy on the

follower.

The hierarchical perspective of the interaction structure is well-motivated both from machine
learning and traditional areas where game-theoretic analysis is important. In machine learning
problems formulated as nonconvex-nonconcave zero-sum games, an implicit order of play naturally
emerges since in general ming, ¢y, maxg,cx, f(T1,2) # maxy,cx, ming, ey, f(x1,x2) for this class
of games. Moreover, explicit hierarchical decision-making structures often arise in market compe-
titions in economics (Anderson and Engers| |1992), mechanism design and control problems (Ratliff
and Fiez, [2020; Ratliff et all 2019)), and human-robot interaction problems (Fisac et al., [2019;
Nikolaidis et al., [2017).

Depending on the viewpoint of the interaction structure between the players, gradient-based
learning dynamics can be developed that reflect each players role in the game as we show in the
following subsection.

2.2.2 Gradient-Based Learning Dynamics

The gradient-based learning algorithms we formulate are such that the players follow myopic update
rules that take steps in the direction of steepest descent for the optimization problem that they
are faced with. Accordingly, the gradient-based learning dynamics we develop can be seen as types
of ‘natural’ learning dynamics for each perspective of the interaction structure (simultaneous or
hierarchical (Stackelberg) play game).

Simultaneous Gradient Dynamics. From the simultaneous play game viewpoint, natural my-
opic gradient-based learning dynamics considering the optimization problem each player is faced
with (recall Equation [2.1)) come in the form of each player descending along their individual gradi-
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ent. Thus, the vector field is given by the concatenation of each players individual gradient:

g(x) = (D1 f1(x1,22), D2 fo(x1, 22)).

The vector field g(x) forms the basis of the well-studied simultaneous gradient dynamics, also
commonly referred to as gradient descent-ascent in the context of zero-sum games. The continuous-
time simultaneous gradient dynamics are described by the system

T =—g(x).
Moreover, the Jacobian of the continuous-time simultaneous gradient dynamics is given by

_ [Difi(z) Diafi(x)
TO= D) Din] 22

Stackelberg Gradient Dynamics. From the Stackelberg game viewpoint, natural myopic
gradient-based learning dynamics considering the optimization problem each player is faced with
(recall Equation come in the form of the leader descending along the total derivative of its
cost, since the action of the follower is seen as a function of the action of the leader, and the
follower descending along its individual gradient. Thus, the vector field reflecting this structure is
given by

9s(x) = (Dfi(z1,22), Dy fa(w1, 32)).

The notation D fi(z1,z2) is denoting the total derivative of f; with respect to z; given that xg is
implicitly a function of x1, capturing the fact that the leader operates under the assumption that
the follower will play a (local) best response to x;. Specifically, given a joint strategy (z1,z2) at
which Ds fa(x1,22) = 0 and det(D32 fa(x1, 22)) # (ﬂ the implicit function theorem (Abraham et al.,
1988, Thm. 2.5.7) implies that there exists an implicit map r : z1 — x2 defined on a neighborhood
Ui C & such that zo = r(z1) and Dr(x1) = —(D3 fo(z1,7(21))) " Doy fo(x1,7(21)). Thus, under
the stated assumptions, by the chain rule and the implicit function theorem,

Dfi(z1,7(x1)) = D1 fi(z1,r(z1)) + Dr(z1) " Dafi(x,r(21))
= Dy fi(x1,7(21)) — Dar folwr, r(z1)) (D3 fo(ar,r(21))) " Do fi (1, r(z1)).

As a surrogate for this gradient using only local information, we define the following:

Dfi(z1,22) == D fi(x1,7(21))|r(21) =22
= D1 fi(x1,22) — Da1 fa(w1,22) " (D3 fo(w1, 22)) " Do fi (21, 22). (2.4)

The vector field gs(z) forms the basis of the Stackelberg gradient dynamics studied in this
chapter. The continuous-time Stackelberg gradient dynamics are described by the system

&= —gs(z).

2This is a generic condition.
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Moreover, the Jacobian of the continuous-time Stackelberg gradient dynamics is given by

_ |Di(Dfi(z)) DD fi(x))
Do fo(x) D3 fa(x) |

Unlike the canonical simultaneous gradient dynamics, the Stackelberg gradient dynamics that have
been formulated are novel in terms of the construction.

The continuous-time gradient systems and the corresponding Jacobians have been defined since
they play a key role in determining the local behavior of the dynamics around strategies of interest as
becomes clear in Section[2.3] Before moving on to analyze the stability and convergence properties of
the gradient-based dynamics that have been defined, we transition to present and define equilibrium
concepts suitable for the class of nonconvex games under consideration along with gradient-based
characterizations of them.

Js(x) (2.5)

2.2.3 Local Equilibrium Concepts and Gradient-Based Characterizations

The typical equilibrium notions studied in continuous games are the pure strategy Nash equilib-
rium in simultaneous play games and the pure strategy Stackelberg equilibrium in hierarchical play
games. We begin this subsection by introducing local refinements of the usual global notions of the
equilibrium concepts in terms of the costs. Following that, we present gradient-based characteriza-
tions of each equilibrium concept relevant to analyzing gradient-based learning dynamics.

Local Equilibrium Concepts. The following Nash and Stackelberg equilibrium definitions are
direct local refinements of standard global equilibrium notions (Basar and Olsder} (1998, Chapter
4). Specifically, the local definitions restrict the search space of deviations to local neighborhoods.
While the former concept (local Nash) has been studied in the modern study of learning in games,
the latter concept (local Stackelberg) has not been and bringing this equilibrium notion into focus
is a conceptual contribution of this chapter.

A local Nash equilibrium is defined by a joint strategy at which no player can benefit from
unilaterally deviating with a local neighborhood. The following definition formalizes this statement
in terms of the costs of the players.

Definition 2.1 (Local Nash Equilibrium). Consider a game (fi, f2) defined by f; € C4(X,R)
for i € T with ¢ > 2. The joint strategy x* = (x7,25) € X is a local Nash equilibrium on
Uy x Uy C X x Xy if for each i € Z, fl(:c*) < fl(:c,,x*_), Vx; €U, CA,.

1

A local Stackelberg equilibrium is a joint strategy at which the leader cannot benefit from de-
viating within a local neighborhood when considering the reaction curve of the follower and the
follower cannot benefit from unilaterally deviating within a local neighborhood given the strategy
of the leader. The following definition formalizes this statement in terms of the costs of the players.

Definition 2.2 (Local Stackelberg Equilibrium). Consider a game (f1, f2) defined by f; € C4(X,R)
fori € T with q > 2 and player 1 (without loss of generality) taken to be the leader. Consider U; C X;
for each v € Z. The strategy x] € Uy is a local Stackelberg solution for the leader if, ¥V x1 € Uy,

sup  fi(al,z2) < sup  fi(xr,x2), (2.6)
CCQGRUQ(QC{) I2€RU2(x1)
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where Ry, (x1) = {y € Usa|fa(x1,y) < fa(z1,22), Voo € Us} for any xy € Uy. Moreover, (z7,x%) for
any x5 € Ry, (x}) is a local Stackelberg equilibrium on Uy x Us.

Observe that if Ry, (z1) is a singleton for all 1y € Uj, then the inequality in Equation
of Definition is replaced by the simplified condition that fi(z7, Ry,(z7)) < fi(x1, Ry,(x1))
for all z; € Uy. Moreover, note that the definition of a local Stackelberg equilibrium relies on the
designation of leader and follower among the players. Without loss of generality, we always consider
player 1 to be the leader unless otherwise noted.

While characterizing existence of equilibria is outside the scope of this work, we remark that
Nash equilibria exist for convex costs on compact and convex strategy spaces and Stackelberg
equilibria exist on compact strategy spaces (Basar and Olsder} 1998, Thm. 4.3, Thm. 4.8, & §4.9).
This means the class of games on which Stackelberg equilibria exist is broader than on which Nash
equilibria exist. Existence of local equilibria is guaranteed if the neighborhoods and cost functions
restricted to those neighborhoods satisfy the assumptions of the cited results. The strategy spaces
under consideration are not compact, so our focus is on interior equilibria when they exist.

Gradient-Based Equilibrium Characterizations. Often it is useful to characterize equilibria
in terms of gradient-based sufficient conditions on the costs of the players. Specifically, conditions
of this type are especially handy for assessing the connections between the limit points of gradient-
based learning dynamics and notions of equilibrium.

We begin by stating gradient-based sufficient conditions for a local Nash equilibrium as given
in Definition Joint strategies satisfying sufficient conditions for a local Nash equilibrium have
been termed differential Nash equilibrium. Since the local Nash equilibrium definition is described
by a joint strategy at which no player can benefit from unilaterally deviating, it naturally follows
that the sufficient conditions are characterized by zero individual derivatives and positive definite
second-order individual derivatives to indicate each player is at a local minimum with respect to
their own choice variable.

Definition 2.3 (Differential Nash Equilibrium, Ratliff et al. 2013; |[Ratliff et al.|2016). Consider a
game (f1, f2) defined by f; € CUX,R) fori € T with ¢ > 2. The joint strategy z* = (x7,25) € X
is a differential Nash equilibrium if D; fi(z*) = 0 and D?f;i(z*) = 0 for each i € T.

The differential Nash equilibrium concept has been widely adopted in the past several years as
the study of gradient-based learning algorithms in nonconvex games has gained prominence. In par-
ticular, a significant research focus has been to analyze the connections between the limit points of
‘natural’ gradient-based learning dynamics and the set of differential Nash equilibrium (Daskalakis
and Panageas|, 2018; Mazumdar et al.,|2020). Moreover, gradient-based learning dynamics have been
crafted for finding and computing only differential Nash equilibrium in zero-sum games (Adolphs
et al., |2019; Mazumdar et al., |2019)). In some sense, the motivation for much of this research can
be attributed to the common perspective of treating the underlying game as a simultaneous play
game and then Nash being the natural solution concept from that viewpoint.

In contrast, this chapter takes the perspective of treating the underlying game as having a
hierarchical interaction structure, which in turn motivates a closer look at local Stackelberg equi-
librium solutions. Toward developing a characterization of local Stackelberg equilibria that is
amenable to computation, we take an approach that mirrors past work studying the local Nash
equilibrium concept (Ratliff et al., 2013; Ratliff et al., [2016). Specifically, we now provide gradient-
based sufficient conditions for a local Stackelberg equilibrium as given in Definition and term
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joint strategies satisfying the conditions differential Stackelberg equilibrium. Recalling that a local
Stackelberg equilibrium is described by a joint strategy at which the leader cannot benefit from
deviating considering the response curve of the follower and the follower cannot unilaterally benefit
from deviating given the strategy of the leader, the sufficient conditions for the leader are naturally
characterized in terms of the total derivative implicitly defined by the response curve of the follower
and the follower conditions are in terms of its individual derivatives.

Indeed, consider a joint strategy pair z* = (z},23) € X. Sufficient conditions for the follower
being at a local minimum with respect to its choice variable given the strategy of the leader are
characterized by the first-order and second-order conditions Da fo(x%,23) = 0 and D3 fo(z%, x5) = 0
on the individual derivatives of the follower’s cost function. Moreover, given that Dsfa(z7, %) = 0
and det(D3fs(x3,23)) # 0, sufficient conditions for the leader being at a local minimum along
the response curve of the follower are characterized by first-order and second-order conditions
Df(z%,x5) = 0and D?f(x}, %) = 0 on the total derivative of the leader’s cost function. Specifically,
recall from that Df(27,23) = Df(z],7(27))|r(e1)=2; where the mapping r : 2] — 23 is
implicitly defined by D3 fa(x%,2%) = 0. Similarly, defining

gives rise to the second-order sufficient condition for the leader. We now formally state the condi-
tions for a differential Stackelberg equilibrium.

Definition 2.4 (Differential Stackelberg Equilibrium). Consider a game (f1, f2) defined by f; €
CYUX,R) fori € T with ¢ > 2 and player 1 (without loss of generality) taken to be the leader.
The joint strategy x* = (x7,25) € X is a differential Stackelberg equilibrium if D fi(z*) = 0,
Do fa(x*) =0, D2f1(2*) = 0, and D3fs(z*) = 0.

Noting that the Schur complement of Js(z*) with respect to D3 fa(z*) is identically D?f(z*)
at points z* = (2%, %) where Do fo(2*) = 0 and D3 fo(x*) = 0, we give alternative but equivalent
sufficient conditions as those in Definition in terms of Js(z*). Moreover, for zero-sum games
where (f1, f2) = (f,—f), we give another set of equivalent sufficient conditions as those in Defini-
tion but defined in terms D; f(z*) and J(z*) for the leader. For a two-by-two block matrices
such as Js(z) and J(z), we denote by S1(Js(z*)) and S1(J(z*)) as the Schur complement of the
block matrix with respect to D3 fa(z*).

Proposition 2.1. Consider a game (f1, f2) defined by f; € CU(X,R) fori € T with q > 2 and player
1 (without loss of generality) taken to be the leader. Let x* = (z7,2%) € X satisfy Dafo(x*) = 0
and D3fs(x*) = 0. Then Dfi(x*) = 0 and S1(Js(x*)) = 0 if and only if z* is a differential
Stackelberg equilibrium. Moreover, in zero-sum games (f1, f2) = (f,—f) with f € CUX,R) for
q>2, Dif(z*) =0 and S1(J(x*)) > 0 if and only if z* is a differential Stackelberg equilibrium.

The proof of Proposition [2.1] can be found in Section and it follows directly from calculus
and the implicit function theorem. A benefit of the sufficient conditions in Proposition for a
local Stackelberg equilibrium is that the leader higher order condition is explicitly stated in terms
of quantity that depends on block components of the Jacobian matrix of the Stackelberg gradient
dynamics in general-sum games and also the simultaneous gradient dynamics in zero-sum games,
which are relevant objects to analyzing the local stability of the dynamics around local equilibrium.



24

Observe that Proposition implies that in the special subclass of zero-sum games, the con-
ditions for differential Nash and differential Stackelberg only differ by the second-order condition
for the leader. That is, taking player 1 as the leader in a zero-sum game (f, —f), the conditions
are equivalent except that a differential Nash equilibrium requires D f(z*) to be positive definite
whereas a differential Stackelberg equilibrium requires the Schur complement of the simultaneous
Jacobian given by

S1(J(a*)) = Di f(«*) — Diaf(2*)(D3f (")) ™" Dar f(z*)

to be positive definite. We discuss the implications of this shortly.

Before moving on, let us make a few remarks about similar, and in some cases analogous,
equilibrium definitions. There is a vast historical literature on minmax (zero-sum) problems and
several works develop characterizations of optimality or equilibrium in terms of first-order or second-
order gradient-based conditions (see, for example, Danskin( 1966, [1967; [Evtushenko 1974)). For zero-
sum games, the sufficient conditions we present for the local Stackelberg definition that is given
are equivalent to that for a strict local minmax (Stackelberg) equilibrium. The strict local minmax
(Stackelberg) equilibrium concept for zero-sum games and its gradient-based characterization has
appeared previously (Evtushenko, [1974). Moreover, a concurrent work (Jin et al., 2020)) presents
equivalent sufficient conditions for a local minmax (Stackelberg) equilibrium in zero-sum gamesﬂ
This being said, the strict local minmax (Stackelberg) equilibrium notion and its gradient-based
characterization in zero-sum games has not been given attention in the modern body of work on
learning in games. Moreover, a benefit of the Stackelberg perspective in this chapter is that it
extends beyond zero-sum games to general-sum settings while the minmax equilibrium notion does
not. Many machine learning applications (e.g., generative adversarial networks) are in fact non-
zero-sum, particularly with the introduction of regularization and other heuristics in the form of
cost modifications. Similarly, traditional economic and control problems are naturally general-sum
games. In the general-sum game setting, a gradient-based characterization in the form that we
provide is not surprising as its derivation is simply from considering sufficient conditions for local
optimality respecting the order of play. However, it is important due to the ubiquitous nature of
general-sum games in settings of interest.

In the remainder of this section, we study relationships between and properties of the equilibrium
notions that have been presented, and then this chapter transitions in Section to analyze the
behavior of the gradient-based learning dynamics around the equilibrium points.

2.2.4 Relationships Between Nash and Stackelberg Equilibrium

Given that we have thus far presented a pair of local equilibrium concepts and gradient-based
sufficient conditions for each solution notion, it is natural to ask the relationship between the
solution concepts. For zero-sum games, we provide a subset relationship, and for general-sum
games, we relate the solution notions in terms of the costs at the equilibrium.

3Note that the local minmax definition presented in the work of [Jin et al.| (2020) is slightly different than the
local Stackelberg equilibrium concept presented in this chapter when restricted to zero-sum games, and we discuss
it further in a concluding discussion section.
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Nash and Stackelberg Equilibrium in Zero-Sum Games. For zero-sum games, we prove
that the any local Nash equilibrium is a local Stackelberg equilibrium, and analogously, any differ-
ential Nash equilibrium is a differential Stackelberg equilibrium. To provide some intuition for this
statement, let us begin by considering the local definitions. Observe that the conditions for the fol-
lower (player 2) are equivalent in each definition given the action of the leader (player 1). Moreover,
a local Nash equilibrium requires the leader to be at a local minimum within a neighborhood hold-
ing the follower fixed at its equilibrium strategy (which locally maximizes the function), whereas a
local Stackelberg equilibrium requires the leader to be at a local minimum within a neighborhood
considering how the follower deviates along its reaction curve. Observing that former requirement
implies the latter leads to the relationship between the local equilibrium concepts. The relationship
between the differential notions is almost immediate. In particular, Proposition shows that the
only difference in zero-sum games is that a differential Nash equilibrium requires D?f(z*) to be
positive definite whereas a differential Stackelberg equilibrium requires S1(J(x*)) to be positive def-
inite. Given that D?f(x*) is positive definite, the former must imply the latter. This is formalized
in the following proposition.

Proposition 2.2. In zero-sum games (f,—f) with f € C1(X,R) for ¢ > 2, any local Nash equi-
librium is a local Stackelberg equilibrium and any differential Nash equilibrium is a differential
Stackelberg equilibrium.

Proof. Let us prove the statement regarding the local equilibrium concepts to begin. Consider that
x* = (x7,25) is a local Nash equilibrium on U; x Uy C X} x X3 so that f(z*) < f(z1,23) for all
x1 € Uy C Xy and f(z*) > f(z],x2) for all 9 € Uy C Xy. For any ;1 € U; C X}, denote the set
of optimal responses by Ry, (z1) := {y € Us|f(z1,y) > f(z1,22),Vze € Uy C Xo}. Then, by the
properties of z* being a local Nash equilibrium, we have the following that is explained below:

flal,z3) = sup  f(z],22) < sup  f(z,22) < sup  f(zy,22).
z2€Ry, (v7) z2€Ry, (77) z2€Ry, (71)

Observe that the equality follows from z% belonging to Ry, (z7), the first inequality holds since
f(z*) < f(zy1,23) for all x; € Uy C A1, and the final inequality holds since any z2 € Ry, (x1)
locally maximizes f(z1,22). Hence, by definition, 2* = (z7,x3) is a local Stackelberg equilibrium
on Up x Uy C &) X &b,

Now suppose that z* = (x7,23) is a differential Nash equilibrium. By definition, D f(z*) =
0, Dof (z*) = 0, D?f(x*) = 0, and —D3f(z*) = 0. Proposition then implies it only needs to be
shown that S;(J(z*)) is positive definite for z* to be a differential Stackelberg equilibrium. This is
immediate using that D} f(z*) and —D3f(z*) are positive definite. Indeed, from these properties:

81(J(2")) = DYf(2") — Diaf(«*)(D3f(2*)) "' Dy f (27) > 0.

Hence, by the characterization in Proposition 2.1 z*

is a differential Stackelberg equilibrium. [

It is worth making a few remarks regarding the preceding result. In general, the Nash and
Stackelberg equilibrium notions coincide in zero-sum games when the minimax theorem is avail-
able (Basar and Olsder, [1998; (Conitzer, [2016). As pointed out by (Conitzer| (2016)), this should not
be surprising since any solution concept that does not agree with the minimax theorem would be
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Figure 2.1: Illustration of Example m showing a local Stackelberg equilibrium that is not a local
Nash equilibrium.

suspect. Similarly, on unconstrained strategy spaces, when the cost function satisfies the conditions
of the minimax theorem the equilibrium notions generally coincideﬁ However, without structure
imposed on the cost function, the equivalence is lost. Indeed, it is easy to see from the proof of
Proposition that the converse relationship does not necessarily hold. Specifically, there may
exist local and differential Stackelberg equilibrium that are not local and differential Nash equilib-
rium, respectively in zero-sum games. This can be seen directly in the differential characterizations
by observing that S;(J(z*)) may be positive definite even if D?f(x*) is not positive definite. To
illustrate this point, consider the following example.

Example 2.1 (Local Stackelberg equilibrium that is not a local Nash equilibrium). Consider the
zero-sum game (f,—f) defined by

f(z1,20) = —(0.152% + 29)* — (02523 + )2

4For example, it is straightforward to see that in zero-sum strictly-convex-strictly-concave games, differential
Nash and differential Stackelberg coincide since D3 f(x) and —Dj3 f(x) are positive definite at any point such that
D, f(z) =0 and D3 f(z) = 0 so that by the proof of Proposition the notions are equivalent in the game class.
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The joint strategy (7, x5) = (—2.68,2.49) is a differential Stackelberg (and hence a local Stackelberg)
equilibrium but not a local Nash (and hence not a differential Nash) equilibrium of the game. The
cost function f(x1,x9) is shown in 3-dimensions in Fz'gure with the placement of points (x1, x2)
where Dif(x1,22) = 0 and Daf(z1,22) = 0 are labeled. Only (x7,235) = (—2.68,2.49) is an
equilibrium. Figure shows a contour plot of f(x1,x2) with (x7,5) highlighted and the zero-
derivative line Do f(x1,22) = 0 is shown that implicitly defines the reaction curve r : xo — 7.
Figure shows f(z7,x2) as a function of x2 and demonstrates that x5 is a local maximum.
However, Figure shows f(x1,25) as a function of x1 and demonstrates that x5 is a local
mazimum (and not a local minimum,) so (x7,x%) is not a local Nash equilibrium. Finally, Figure
shows f(x1,7m(z1)) as a function of z1 and demonstrates that x7 is a local minimum so that (z7, x3)
is a local Stackelberg equilibrium.

Comparing Nash and Stackelberg Equilibrium Costs in General-Sum Games. In
general-sum games, the set of Nash and Stackelberg equilibrium can be distinct. Thus, we instead
connect the equilibrium notions in terms of the costs. We have alluded to the idea that the ability
to act first gives the leader a distinct advantage over the follower in a hierarchical game. We now
formalize this statement with a known result (that we refine in terms of local equilibrium concepts)
for general-sum games that compares the cost of the leader at Nash and Stackelberg equilibrium
when the follower best-response set is always unique.

Proposition 2.3 (Basar and Olsder|[1998, Proposition 4.4). Consider a game (f1, f2) defined by
fi € CUX,R) fori €L with ¢ > 2 and player 1 (without loss of generality) taken to be the leader.
Consider a local neighborhood Uy x Uy C Xy X X and let f{\/ denote the infimum of the set of
local Nash equilibrium costs for player 1 on the neighborhood and let fis denote an arbitrary local
Stackelberg equilibrium cost for player 1 on the neighborhood. If Ry,(z1) = {y € Us : fa(x1,y) <
fa(x1,22) V¥ o € Uy C Xa} is a singleton for every xq € Uy C Xy, then fis < f{v.

Proof. Let 2N = (le\/ , sz\/ ) denote a local Nash equilibrium on Uy x Uy C &} x X, so that f; (xN ) <
fl(xl,xé\/) for all z1 € U; C Ay and fQ(xN) < fg(.’El,IL‘/Q\/) for all zo € Us C AXy. Furthermore,
suppose that 2N is the local Nash equilibrium on U; x Uy C & X A with the minimum cost
for the leader among the set of local Nash equilibrium on the neighborhood. That is, fi (azN ) <

fi(zN") for all local Nash equilibrium 2V = (2, z)") on Uy x Uy € X} x Xo. Moreover, let
8 = (x‘lg ,x‘g ) denote an arbitrary local Stackelberg equilibrium on U; x Uy C A} x X3 so that
f1(zf, Ru,(29)) < f(21, Ruy(21)) for all 2y € Uy C Xy where Ry, (21) = arg ming, ep, c v, f2(21, 22)
for all z1 € Uy C & (assumed to be a singleton) and observe that 25 = Ry, (x5 ). These properties
directly imply

fl (%f, RUQ (x‘ls)) < fl (le\[7 RUQ (x'i\/’)) = fl (‘le\[7 $j2\f)

In other words, the leader can always switch to the minimum cost local Nash strategy. O

This result says that the leader never favors the simultaneous play game over the hierarchical
play (Stackelberg) game in two-player general-sum games with unique follower responses. On the
other hand, the follower may or may not prefer the simultaneous play game over the hierarchical
play (Stackelberg) game. The fact that under certain conditions the leader can obtain lower cost in
a local Stackelberg equilibrium compared to any of the local Nash equilibrium in the neighborhood
may be relevant to generative adversarial networks. Specifically, the game is often general-sum
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(a) (b) (a) (b)

Figure 2.2: Genericity results for equilibrium in ~ Figure 2.3: Relationships between Nash and
zero-sum games: (a) local Nash are generically  Stackelberg equilibrium in zero-sum games
differential Nash (Mazumdar and Ratliff, 2019)  (Proposition [2.2)): (a) local Nash are a subset
and (b) local Stackelberg are generically differ-  of local Stackelberg and (b) differential Nash
ential Stackelberg (Theorem [2.1)). are a subset of differential Stackelberg.

Figure 2.4: Illustration highlighting some results on equilibrium characterizations in zero-sum
games.

after cost modifications. Since typically the goal is for the generator to produce the desired output,
intuitively it seems that equilibrium which benefit the generator (leader) may be more likely to
correspond to the type of solutions that are sought. While we do not focus on this question, it is
worth noting that when each player mutually benefits from the leadership of a player the Stackelberg
solution is called concurrent and when each player prefers to be the leader the Stackelberg solution
is called non-concurrent (Basar and Olsder, [1998). In this situation, the player that can announce
a strategy before the other becomes the leader. It is worth mentioning that this scenario arises in
the real-world, such in pricing competitions where the ability to set prices faster results in higher
profits in market competitions (Brown and MacKay, 2021). A prototypical example of this type is
presented in Section [2.6.1

In the following subsection, we continue on the topic of equilibrium characterizations and give
closer inspection to placement of differential Stackelberg equilibrium amongst local Stackelberg
equilibrium. Moreover, we study the robustness properties of the solution concept.

2.2.5 Genericity and Structural Stability of Differential Stackelberg Equilibria

A natural question is how common is it for local equilibria to satisfy sufficient conditions, meaning
in a formal mathematical sense, what is the gap between necessary and sufficient conditions in
games. Towards addressing this, it has been shown that differential Nash equilibria are generic
amongst local Nash equilibria and structurally stable in the classes of zero-sum and general-sum
continuous games, respectively (Mazumdar and Ratliff, [2019; Ratliff et al., [2016). The results
say that in ‘almost all’ games belonging to each class in a formal mathematical sense, the sets of
differential Nash equilibrium and local Nash equilibrium are equivalent and also that the equilibria
persist under sufficiently smooth perturbations to the cost functions.

We give analogous results for differential Stackelberg equilibria in the class of zero-sum games
in this subsection. Since the proofs require a rather dense set of mathematical preliminaries, we
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defer them to Section We remark that the proofs build on the methods from Mazumdar and
Ratliff] (2019); Ratliff et al. (2014, 2016|) and they largely follow from the fact that the class of two-
player zero-sum games are defined completely in terms of a single (sufficiently) smooth function
f € C4X,R), so that the proofs primarily rely on lifting the properties of genericity and structural
stability to the class of zero-sum games from the class of smooth functions. In particular, in the
class of functions belonging to C4(R%,R) for ¢ > 2, it is a generic property that all points with
a zero gradient vector field are non-degenerate. Note that the usage of generic in this context
means there is an open dense set of functions in the class for which the property holds. We lift
this property to conclude that among zero-sum games (f, —f) with f € C9(R% R) for ¢ > 2, it is a
generic property that both det(S1(J(x*))) # 0 and det(—D3f(z*)) # 0 at points x* = (2}, z}) such
that D; f(z*) = 0 and Dsf(z*) = 0, which then allows us to conclude that it is a generic property
that local Stackelberg equilibrium are differential Stackelberg equilibrium. In the remainder of this
chapter, we call a zero-sum game (f, —f) with f € C¢(R% R) for ¢ > 2, a generic zero-sum game
when the aforementioned property holds.

The following result based on the above reasoning allows us to conclude that for a generic zero-
sum game, the set of differential Stackelberg equilibrium is equivalent to the set of local Stackelberg
equilibrium.

Theorem 2.1. For the class of two-player, zero-sum continuous games (f,—f) where f € C4(R% R)
with q¢ > 2, differential Stackelberg equilibrium are generic amongst local Stackelberg equilibrium.
That is, given a generic f € C4(R% R), all local Stackelberg equilibrium of the game (f,—f) are
differential Stackelberg equilibrium.

As a final result in this subsection, we show that differential Stackelberg equilibria are struc-
turally stable in the class of zero-sum games. Structural stability ensures that differential Stackel-
berg equilibria are robust and persist under smooth perturbations to the cost function. We remark
that the perturbations considered here are those such that the game remains zero-sum.

Theorem 2.2. For the class of two-player, zero-sum continuous games (f, —f) where f € C4(R% x
R9 R) with q¢ > 2, differential Stackelberg equilibria are structurally stable: given f € C9(R% x
R% R), ¢ € C4R% x R%, R), and a differential Stackelberg equilibrium (r1,x2) € R x R% | there
exists neighborhoods U C R of zero and V. C RY x R% such that ¥V t € U there exists a unique
differential Stackelberg equilibrium (Z1,x2) € V' for the zero-sum game (f + t(, —f — t().

Before moving on, we remark that important classes of non-generic games certainly exist. In
games where the cost function of the follower is bilinear, local Stackelberg equilibrium can exist
that do not satisfy the sufficient conditions outlined in Definition As a simple example, x* =
(x7,2%) = (0,0) is a local Stackelberg equilibrium for the zero-sum game defined by f(x1, z2) = z122
and not a differential Stackelberg equilibrium since D3 fa(z},x5) = 0. Since such games belong to
a degenerate class in the context of the genericity result we provide, they naturally deserve special
attention and algorithmic methods. While we do not focus our attention on this class of games, we
do propose some remedies to allow for the gradient-based learning algorithms under consideration to
successfully seek out equilibria in them. In the experiments section, we discuss a regularized version
(see Section of the Stackelberg gradient dynamics that injects a small perturbation to cure
degeneracy problems leveraging the fact that differential Stackelberg equilibrium are structurally
stable. Finally, for bimatrix games with finite actions it is common to reparameterize the problem
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using a softmax function to obtain mixed policies on the simplex (Fudenberg et all [1998]). We
explore this viewpoint on a parameterized bilinear game in Section [2.6.3]

Given the foundations of game perspectives and equilibrium that have been established in this
section, we now move on to begin to analyze the local stability and convergence of the gradient-based
learning algorithms that have been introduced in relationship to equilibrium.

2.3 Local Stability of Critical Points in Zero-Sum Games

In this section, we present a local stability analysis of the learning dynamics formulated in Sec-
tion Specifically, we evaluate the limiting behavior of the dynamics from a continuous-time
viewpoint since the discrete-time systems closely approximate this behavior for suitably selected
learning rates. This analysis allows us to draw connections between limiting behavior of each set of
dynamics and Nash and Stackelberg equilibria in zero-sum games. To begin this section, we provide
background on dynamical systems analysis and the terminology we adopt. This background is nec-
essary for the remainder of Part[[] of this thesis. We then study the local stability in zero-sum games
of the simultaneous gradient dynamics and the Stackelberg gradient dynamics in Section and

Section respectively.

2.3.1 Background on Dynamical Systems Analysis and Terminology

The gradient-based learning dynamics we analyze in continuous-time are nonlinear dynamical sys-
tems of the form & = —F(z) where F : X — X. Toward characterizing the local behavior of the
dynamics around points of interest in the optimization landscape, we rely on methods from the
nonlinear systems theory (Khalil, 2002; |Sastryl 1999) for determining and characterizing stability
and instability. The rest of this subsection is devoted to providing background on this topic.

Let us begin by introducing the notion of a critical (stationary) point of a dynamical system.
Often in dynamical systems theory, such points are called equilibrium points, but given the use of
game-theoretic terminology for equilibrium in this thesis, we do not follow this convention.

Definition 2.5 (Critical Point). We refer to stationary points of dynamical systems as critical
points. That is, * € X is a critical point of the system & = —F(x) if F(x*) = 0.

Observe that in zero-sum games (f, —f), the critical points of the simultaneous gradient dy-
namics system @ = —g(z) and the Stackelberg gradient dynamics system & = —gs(x) coincide.
Specifically, any critical point z* = (z7,z3) € X of each system is such that D;f(z*) = 0 and
Dy f(x*) = 0. This also means that all critical points of the systems satisfy the first-order condi-
tions for both a differential Nash equilibrium and a differential Stackelberg equilibrium. We state
these facts now for later reference.

Lemma 2.1. Consider a zero-sum game (f,—f) defined by f € C1(X,R), ¢ > 2. The critical
points of ¢ = —g(z) and & = —gs(x) coincide. Moreover, x* = (z7,x%) € X is a critical point of
&= —g(x) and & = —gs(z) if and only if x* satisfies the first-order conditions for both a differential
Nash equilibrium and a differential Stackelberg equilibrium.

Proof. The result holds since for any z* = (27, 25) € X, D1f(2*) = 0 and D2 f(z*) = 0 if and only
if Df(x*) = Dyf(x*) — Doy f(z*) T (D3 f(2*)) ' Daf (x*) = 0 and Dof(2z*) = 0. The final statement
is then immediate by the equilibrium characterizations in Definition and Proposition O
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We remark that it is straightforward to see in general-sum games the critical points of & = —g(x)
generally only satisfy the first-order sufficient conditions for a differential Nash equilibrium and
similarly the critical points of & = —gs(z) generally only satisfy the first-order sufficient conditions
for differential Stackelberg equilibrium.

The goal of this section is to determine the local behavior of each set of gradient-based dynamics
around the set of critical points. From the point of view of seeking to compute equilibria, ideally
the dynamics would be unstable locally around critical points that are not game-theoretically
meaningful, and locally stable around critical points that are game-theoretically meaningful, where
game-theoretically meaningful in this context refers to corresponding with the differential Nash or
Stackelberg equilibrium concepts.

Notions of Stability and Instability. We begin by recalling some definitions of stability and
then present methods for verifying stability pertinent to the analysis methods adopted in this
chapter and those that follow. The following material can be found in standard textbooks on
nonlinear systems theory (Khalil, 2002; Sastry}, (1999) and is presented here for easy reference and
background since it is used throughout Part [I] of this thesis.

Consider a time-varying nonlinear system of the form & = —F(x,t) where F : R¢xR>o — R% and
x(tg) = xo. This system is said to be time-invariant if £ = —F(x,t) does not depend explicitly on
t. The typical notions of stability are (uniform) Lyapunov stability, (uniform) asymptotic stability,
and exponential stability. We describe each stability notion in terms of local characterizations and
adopt the notation z € Bs(y) to indicate ||z — y|| < 6 for any x,y € R? and § > 0.

Lyapunov Stability. A critical point z* of & = —F(x,t), that is * such that F(z*,t) = 0
for all ¢ > 0, is said to be stable in the sense of Lyapunov, or simply Lyapunov stable, if for all
to > 0 and ¢ > 0, there exists d(tg,€) such that z9 € Bs, ) (z*) implies z(t) € B.(z*) for all
t > to where x(t) is the solution of the system starting from zg at tg. If 6(¢g,e) is independent
of ¢ty (such as in time-invariant systems), then this property is called uniform Lyapunov stability.
Simply put, Lyapunov stability characterizes the phenomenon that if the system is initialized at
some xq in a d(tg, e)-neighborhood around a critical point x*, then the trajectory always remain
in an e-neighborhood around z*. Observe that this notion of stability does not imply that the
trajectory x(t) tends to x* asymptotically as ¢t — co.

Instability. A critical point z* of & = —F(x,t), that is * such that F(z*,¢) = 0 for all ¢ > 0,
is said to be unstable if it is not Lyapunov stable. Considering the definition of Lyapunov stability,
this means that there exists an € > 0, such that for all 6 > 0, there exists an zg € Bs(z*) such that
there is a time ¢ > tg > 0 for which z(¢) ¢ B.(«*) where z(t) is the solution of the system starting
from xg at tg. In plain words, this means if x* is unstable, then there is an initial condition from
any arbitrarily small neighborhood from which the system leaves the neighborhood around z* at
some time. Note that instability does not preclude returning back to a neighborhood around z*.

Asymptotic Stability. A stronger notion of stability than Lyapunov stability is asymptotic
stability. Given a critical point z* of & = —F(x,t), that is 2* such that F(z*,¢t) = 0 for all ¢ > 0,
z* is said to be asymptotically stable if it is Lyapunov stable and additionally it is attractive—
that is, for all tg > 0, there exists d(tg) such that xg € Bs(x*) implies lim;_,o ||z(t) — 2| = 0.
Moreover, if z* is uniformly Lyapunov stable and there exists a function v : R. x R* — R, and
6 > 0 such that lim; o ¥(t, 20) for all g € Bs(z*) and xo € Bs(z*) implies x(t) € By —ty00) (")
for all t > ty where z(t) is the solution of the system starting from xg at ¢p, then z* is said to be
uniformly asymptotically stable. Observe that both Lyapunov stability and the attractive property
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are needed for asymptotic stability since the attractive property does not imply Lyapunov stability.
In simple terms, asymptotic stability implies that if the system is initialized at some ¢ in a d§(to, £)-
neighborhood around a critical point z*, then the trajectory always remain in an e-neighborhood
around z* and it tends to x* asymptotically as ¢t — co.

Exponential Stability. Exponential stability is the strongest notion of stability. A critical
point x* of & = —F(x,t), that is 2* such that F(x*,¢) = 0 for all ¢ > 0, is said to be exponential
stable if there exist ¢, > 0 such that ||z(t) — z*| < ce=®—1)||zg — z*| for all zy € Bs(x*) with
d > 0and t >ty > 0 where x(¢) is the solution of the system starting from x¢ at tg. The constant «
is an estimate of the rate of convergence. Note that in linear systems (even time-varying) in which
F(z,t) = A(t)x so that # = —A(t)x, uniform asymptotic stability is equivalent to exponential
stability (Sastry, (1999, Theorem 5.33).

Methods for Verifying Stability and Instability. There are a pair of standard methods for
determining stability and instability properties, the Lyapunov method and the indirect Lyapunov
method. The Lyapunov method hinges on the ability to construct a Lyapunov function, however,
for general nonlinear systems without a given structure, it is often hard to know how to go about
finding a Lyapunov function. The alternative is what is often known as the indirect Lyapunov
method. The indirect Lyapunov method involves studying the stability of the linearization of
a nonlinear system around a critical point in order to determine the stability properties of the
nonlinear system. We adopt this approach throughout Part [I] of this thesis and now review the
conclusions that can be drawn from this method.

Consider a time-invariant nonlinear system of the form & = —F(z) where I/ : R — R? Let
Jp(z*) € R™? denote the Jacobian of F(z) evaluated at a critical point z* of the nonlinear system
and observe that the linearized system around z* can be described by & = —Jp(z*)x. A critical
point z* of £ = —F(x) is said to by non-degenerate if det(Jg(z*)) # 0 and hyperbolic if there
are no eigenvalues of Jp(z*) with zero real part. All hyperbolic critical points are non-degenerate,
but not all non-degenerate critical points are hyperbolic. Informally, the Hartman-Grobman the-
orem (Sastry, 1999, Theorem 7.3) asserts that the qualitative properties of the nonlinear system
& = —F(x) in the vicinity of a hyperbolic critical point x* are determined by its linearization
Jr(x*). We remark that Hartman-Grobman can also be applied to discrete time maps with the
same qualitative outcome (Sastry}, 1999, Theorem 7.8). These results lead to direct methods for
determining stability and instability.

The following result shows that a critical point z* of & = —F(x) is such that spec(—Jp(z*)) C
C?, or equivalently that spec(Jp(z*)) C CS, then z* is a locally exponentially stable critical point
of & = —F(x). In other words, ability to verify spec(—Jp(x*)) C C2 directly implies the nonlinear
system convergences at an exponential rate to * given an initialization in a local neighborhood. In
general, we simply say that a critical point z* of & = —F(x) is stable given spec(—Jp(x*)) C (CO_H

Theorem 2.3 (Stability Characterizations, Khalil [2002, Theorem. 4.6, Corollary 4.3). Consider a
critical point x* of t = —F(x). The following are equivalent: (a) x* is a locally exponentially stable
critical point of # = —F(z); (b) spec(—Jp(x*)) C C°; (c) Given any symmetric matriz € R¥*4,
there exists a unique symmetric positive-definite matriz P € R¥? such that PJp(x*)+ Jp(2*) TP =

Q.

Note that if a matrix A € R**? is such that spec(A) C C° (that is, the real part of each eigenvalue is negative),
then often A is called a Hurwitz stable, or just stable, matrix.
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To contrast with the previous result, the following result shows that a critical point x* of
& = —F(x) such that —Jp(2*) has at least one eigenvalue in C%, or equivalently that Jp(z*) has
at least one eigenvalue in C°, is an unstable critical point of # = —F(z). Thus, the ability to
verify that —Jp(z*) has an eigenvalue in CS directly implies there is an initial condition from any
arbitrarily small neighborhood around z* such that the system leaves a neighborhood around x*.
In general, we say that a critical point z* of & = —F(x) is a strict saddle given that —Jp(x*) has
an eigenvalue in C% and z* is hyperbolic.

Theorem 2.4 (Instability Characterization, Sastry||1999, Theorem 5.42). Consider a critical point
x* of a nonlinear system & = —F(x) with Jp(z*) denoting the Jacobian of F(x) evaluated at z*.
If —Jp(x*) has at least one eigenvalue in CS_, then x* is an unstable critical point of the nonlinear
system & = —F(x).

Together, Theorem [2.3]and Theorem [2.4] show that the local stability or instability of any critical
point of a time-invariant nonlinear system can be determined by assessing the eigenvalues of the
Jacobian matrix, with the exception of non-hyperbolic critical points z* for which spec(—Jp(x*)) C
C_ (marginally stable critical points). These results will be key for the remainder of the section.

We remark that analogous characterizations hold for discrete-time systems (Ortega and Rhein-
boldt, 1970; |Sastry, 1999). In particular, consider the discrete-time variant x+ = —F(z) of the
time-invariant nonlinear system that has been discussed. Given a hyperbolic critical point z* of
xt = —F(z), z* is a locally exponentially stable equilibrium if and only if p(Jp(z*)) < 1. Moreover,
if p(Jp(x*)) > 1, then x* is an unstable critical point of x+ = —F(x). Thus, the local stability
or instability of any hyperbolic critical point of a discrete-time time-invariant nonlinear system
can again be determined by assessing the eigenvalues of the Jacobian matrix, with the exception
of critical points z* for which p(Jr(2*)) = 1 (marginally stable critical points). The methods for
assessing the stability and instability of critical points in discrete-time nonlinear-systems will be
key to the discrete-time convergence analysis that follows this section.

2.3.2 Local Stability of Simultaneous Gradient Dynamics

In this subsection, we study the local stability of the simultaneous gradient dynamics around critical
points. The goal is is to determine the relationship between the stable critical points of the system
& = —g(x) and the set of differential Stackelberg equilibrium in zero-sum games. Recall that as
discussed in the Section any critical point of the system & = —g(x) satisfies the first-order
conditions for both a differential Nash equilibrium and a differential Stackelberg equilibrium. It
is worth noting that recent works (Daskalakis and Panageas, 2018; Mazumdar et al., 2020)) study
the relationship between stable critical points of the simultaneous gradient dynamics and the set
of differential Nash equilibrium. The existing results in this direction along with the equilibrium
characterizations from the previous section guide the investigation presented in this subsection.

2.3.2.1 Stability of Nash-Stackelberg Equilibrium

To begin, we remark existing results have shown that in zero-sum games any differential Nash equi-
librium is a stable critical point of the simultaneous gradient dynamics (Daskalakis and Panageas|,
2018; [Mazumdar et al., [2020). Thus, combined with the result of Proposition that any differen-
tial Nash equilibrium is a differential Stackelberg equilibrium in zero-sum games, this immediately
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(a) & = —g(x) (b) & = —gs(x)

Figure 2.5: Graphical depiction of the local stability characterizations we present for critical points
of the simultaneous gradient dynamics & = —g(z) (Figure and Stackelberg gradient dynamics
& = —gs(x) (Figure in zero-sum games. For the simultaneous gradient dynamics, we show
that all differential Stackelberg equilibrium that are differential Nash equilibrium are locally stable
(Proposition and also that some differential Stackelberg equilibrium that are not differential
Nash equilibrium are locally stable. For the Stackelberg gradient dynamics, we show that any
critical point is stable if and only if it is a differential Stackelberg equilibrium (Theorem . The
subset relationship between differential Nash equilibrium and differential Stackelberg equilibrium
is from Proposition

implies that any differential Stackelberg equilibrium that is a differential Nash equilibrium must be
a stable critical point of the simultaneous gradient dynamics. Moreover, in zero-sum games, it has
been shown that local Nash equilibria are generically differential Nash equilibria (Mazumdar and
Ratliff, [2019)). Thus, combined with the result of Theorem that local Stackelberg equilibria are
generically differential Stackelberg equilibria, this immediately implies that in a generic zero-sum
game, any local Stackelberg equilibrium that is a local Nash equilibrium must be a stable critical
point of the simultaneous gradient dynamics. We now summarize these statements in the following
proposition and then discuss the implications thereafter.

Proposition 2.4. Consider a zero-sum game (f,—f) defined by f € C1X,R) with ¢ > 2. Any

differential Nash equilibrium is a stable critical point of @ = —g(x) and a differential Stackelberg
equilibrium. For a generic zero-sum game (f,—f), any local Nash equilibrium is a stable critical
point of © = —g(x) and a local Stackelberg equilibrium.

Proof. The first statement follows directly from Mazumdar et al.| (2020, Proposition 8) and Propo-
sition Indeed, by Mazumdar et al.| (2020, Proposition 8) any differential Nash equilibrium is
a stable critical point of & = —g(z) and by Proposition it must be a differential Stackelberg
equilibrium. Now, suppose that f € C9(X,R) is a generic function. Then, by the genericity of
differential Nash equilibria in zero-sum games (Mazumdar and Ratliff, 2019, Theorem 2), all local
Nash equilibria of (f, —f) are differential Nash equilibria. Similarly, by Theorem (genericity of
differential Stackelberg equilibria in zero-sum games), all local Stackelberg equilibria of (f, —f) are
differential Stackelberg equilibria so that the final statement of the result then holds by [Mazumdar
et al.| (2020, Proposition 8) and Proposition again. O

This result shows in zero-sum games at least some of the stable critical points of the simulta-
neous gradient dynamics are differential Stackelberg equilibria (and generically local Stackelberg
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Figure 2.6: Example demonstrating existence of stable differential Stackelberg equilibria with re-
spect to the simultaneous gradient dynamics that are not differential Nash equilibria in a zero-sum
game (f, —f) where f is defined in with a = 0.15,b = 0.25. There are two stable points of the
simultaneous gradient dynamics that are differential Stackelberg equilibrium, but not differential
Nash equilibrium.

equilibria), specifically those which are also differential Nash equilibria (and generically local Nash
equilibria). Moreover, it indicates learning dynamics seeking only local Nash equilibrium are also
seeking a subset of the local Stackelberg equilibrium (Adolphs et all |[2019; Mazumdar et al., 2019).

2.3.2.2 Stability of Non-Nash-Stackelberg Equilibrium

To follow up on the previous result, it is then natural to ask if the simultaneous gradient dynamics
are only locally stable around differential Nash equilibrium in zero-sum games. This query has
been resolved negatively. In particular, past results show that there exists stable critical points of
the simultaneous gradient dynamics that are not local Nash equilibria, and hence not differential
Nash equilibria (Daskalakis and Panageas, 2018; Mazumdar et al., 2020, Lemma 2.5, Proposition
9). Given the focus on the Nash equilibrium solution concept, this property has commonly been
interpreted as an indication that the simultaneous gradient dynamics often locally converge to
strategies lacking game-theoretic meaning. However, our focus on the Stackelberg equilibrium
solution concept allows us to look at stable strategies of this type through another lens.

Scalar Zero-Sum Games. The examples presented by Mazumdar et al.| (2020) and |Daskalakis
and Panageas| (2018]) are constructed on scalar action spaces, that is 1 € R and x5 € R, and such
that at a stable critical point z* = (z}, %) either D? f(z*) = 0 or —D2f(x*) = 0. Let us consider
a zero-sum with several stable critical points having this property.

Example 2.2. Let a = 0.15 and b = 0.25. Consider the zero-sum game defined by
Foy, wa) = —e OO (g2 4 25)2 + (bad + 21)2). (2.8)

The function — f(x1,x2) is visualized in Figure along with the placement of equilibria in the
game. Figure shows the behavior of the simultaneous gradient dynamics from several initial-
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izations on a contour plot of the function. Finally, Figure[2.6d shows the regions of attraction for
critical points on top of the vector field of the dynamics. Observe that all stable critical points are
differential Stackelberg equilibrium and there is a continuum of initial conditions from which the
dynamics converge to differential Stackelberg equilibrium that is not a differential Nash equilibrium.

Example serves as evidence that often stable critical points of the simultaneous gradient
dynamics that are not differential Nash equilibrium are in fact game-theoretically meaningful since
they can be explained through the differential Stackelberg equilibrium concept. In fact, it is straigh-
forward to verify that in zero-sum games on R?, all stable critical points of the simultaneous gradient
dynamics must be a differential Stackelberg equilibrium with player 1 or player 2 as the leader. In
this context, it means all stable points are strict local minmax or strict local maxmin equilibrium.

Proposition 2.5. Consider a zero-sum game (f,—f) defined by f € CUR x R,R) with ¢ > 2.
All stable critical points x* = (x%,23%) of & = —g(z) are such that D} f(x*) = 0 or —D3f(z*) = 0.
Moreover, all stable critical points x* = (x%,23%) of & = —g(z) at which —D3f(x*) = 0 that are not
differential Nash equilibria are differential Stackelberg equilibria with player 1 as the leader, and all
stable critical points x* = (z},23) of # = —g(z) at which D}f(x*) = 0 that are not differential
Nash equilibria are differential Stackelberg equilibria with player 2 as the leader.

Proof. Suppose x* = (z],x3) is a stable critical point of # = —g(z) so that the eigenvalues of
J(x*) have positive real parts. This fact guarantees that the determinant and trace of J(z*)
must be positive since the eigenvalues are either complex conjugates or both real. As a result,
(D1af(z*))? = D2f(z*)D3f(z*) and D?f(z*) = D3f(x*). Observe that the latter condition is
impossible if D} f(x*) < 0 and —D2f(2*) =< 0 so it must be that D?f(z*) = 0 or —D3 f(z*) = 0.
This proves the first statement. Now, suppose that D?f(z*) < 0 and —D3f(x*) = 0 so that z* is
not a differential Nash equilibrium. This assumption, combined with the previous conditions that
follow from stability directly imply

81(J(z*)) = D} f(¢*) — Diaf (x)(D5f(x)) ' Dar f () > 0.

Thus, together with the characterization in Proposition [2.1] z* is a differential Stackelberg equi-

librium with player 1 as the leader. Following identical reasoning, but assuming that D? f(x*) = 0
and —D3 f(z*) <0, it follows that

So(J(2*)) = —=D3f(2*) + D1af () (D} f(x)) " D1 f(z) = 0.
This proves the final statement holds. ]

While it is often important to discriminate between strict local minmax equilibrium and strict
local maxmin equilibrium given that they have distinct implications, the previous result at least
implies that in simple scalar games all stable critical points of the simultaneous gradient dynamics
are game-theoretically meaningful through the lens of the Stackelberg equilibrium concept.

Generalization to Arbitrary Zero-Sum Games. The concurrent work of [Jin et al.| (2020)
shows that the property stated in Proposition fails to generalize to zero-sum games of arbitrary
dimension. Specifically, for a zero-sum game f € C4(R? x R?,R) with ¢ > 2, it is shown (Jin et al.|
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2020, Proposition 27) that there exists stable critical points z* = (27, z%) of & = —g(z) such that
both D?f(z*) and —D3f(z*) are indefinite, implying that the joint strategy is not a local minmax
(local Stackelberg with player 1 as the leader) equilibrium or a local maxmin (local Stackelberg
with player 2 as the leader) equilibrium.

Thus, the focus of the rest of this subsection is on determining conditions under which a stable
critical point x* = (2%,23) of # = —g(x) at which —D3f(z*) = 0 is a differential Stackelberg
equilibrium. The motivation for this is to develop a deeper understanding of the role of differential
Stackelberg equilibrium in the optimization landscape of zero-sum games. At the end of this
subsection, we specifically discuss the implications of the results that follow.

Ideally, we would like to generalize from scalar zero-sum games to zero-sum games of arbitrary
dimension the statement in Corollary that any stable critical point z* = (27, 23) of & = —g(z)
at which —D3f(z*) = 0 is a differential Stackelberg equilibrium. However, for now, we instead
provide necessary and sufficient conditions for this generalization to hold. We begin by stating the
results and then given an interpretation of them.

For the following pair of propositions, we need some notation that is common across the results.
Let 1 € R™ and 2o € R%. For a stable critical point z* = (2%,23) of © = —g(z) that is not a
differential Nash equilibrium and is such that —D3f(z*) = 0, let spec(DQf( ) = {pj, j € ldi]}
where 1 < - < iy <0< g1 < -0 < pay and let spec(—D3f(xz*)™1) = {);, j € [da]} where
AL > 2 >\d2 > 0, and define p = d1m(ke1f(D2 f(x ﬁ Finally, for a matrix W, let W1 denote
the conjugate transpose.

Proposition 2.6 (Necessary Conditions). Consider a zero-sum game (f,—f) defined by f €
CYX,R) with ¢ > 2 and a stable critical point x* = (x7,25) of the simultaneous gmdz’ent dy—
namics @ = —g(x) that is not a differential Nash equilibrium and is such that —D3f(x*) =
Given k > 0 such that ||Diaf ()| < K, if 2* is a differential Stackelberg equilibrium, then m < dg
and K*Xj + pj > 0 for all j € [m].

Proposition 2.7 (Sufficient Conditions). Consider a zero-sum game (f,—f) defined by
f e CYX,R) with ¢ > 2 and a stable critical point x* = (x7,2%) of the simultaneous gradient
dynamics @ = —g(x) that is not a differential Nash equilibrium and is such that —D3f(x*) = 0
Suppose that there ewists a diagonal matriz ¥ € C¥*% with non-zero entries such that
Diof(x*) = VVQ]VV2 where W1y are the orthonormal eigenvectors of D?f(z*) and Wa are or-
thonormal eigenvectors of —D3f(z*). Given k > 0 such that |Diaf(x*)| < &, if m < dy and
2)\J + ;>0 for all j € [m —pl, then «* is a differential Stackelberg equilibrium.

The proofs of Proposition [2.6] and Proposition [2.7] are deferred to Section [2.C] The analysis
primarily follows the arguments from Berger et al. (2019), but tailored to the context of this
problem. It is also worth noting that the fact that spec(—J(z*)) C C2 is not used in proving this
set of result. We conjecture that using this property can lead to stronger characterizations.

We now give an interpretation of this set of results. Since it is given that z* = (z7,3) is
a critical point of © = —g(x) and —D3f(x*) = 0, the only condition that remains for z* to
be a differential Stackelberg equilibrium is S;(J(z*)) = 0. Taking intuition from the expression
S1(J(z*)) = D?f(z*) — D12f( )(DQf( *))"1DJ, f(x*), the conditions are derived from relating
spec(D? f(z*)) to spec(—(D3f(x*)~1)) via D1 f(z*). The necessary conditions essentially say that

5Observe that the set notation [2] := {1,2, ..., 2} for some positive integer z € Z*is being used.
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when S;(J(z*)) = 0, it must be that in the directions of D?f(x*) with negative eigenvalues the
matrix —Diof(2*)(D3f(z*)) " D{,f(2*) has sufficiently positive eigenvalues so that the sum is
positive. The sufficient conditions say that if Dif(z*) = Wi M WlJr with W1W1T = I4,xa, and
M diagonal, and —D2f(z*) = WQAWQT with W2W2T = Iig,xd, and A diagonal, then Djsf(z*)
can be written as VVQ)VVzT for some diagonal matrix ¥ € R%*%_  Note that since ¥ does not
necessarily have positive values, I/VlZl/VQJr is not the singular value decomposition of Digf(z*).
In turn, this means that each eigenvector of D?f(z*) gets mapped onto a single eigenvector of
—D3f(z*) through the transformation D f(x*) which describes how player 1’s variation D; f(z)
changes as a function of player 2’s choice. With this structure for Diof(x*), we can show that
D2f(x*) — Doy f(x*) T (D2f(z*)) ' Da1 f(z*) = 0. We also note that the condition depends on
conditions that are difficult to check a priori without knowledge of x*. On the other hand, the
results are useful for the synthesis of games, such as in mechanism design where the goal is to drive
agents to particular desirable behavior.

Realizable Generative Adversarial Networks. The ‘realizable’ assumption in the generative
adversarial networks literature says the discriminator network is zero near an equilibrium parameter
configuration (Nagarajan and Kolter, 2017)). The assumption implies the Jacobian of & = —g(x)
at critical points z* = (2}, %) is such that D?f(z*) = 0 and Dyof(x*) is full-rank. Under this as-
sumption, we show stable critical points that are not differential Nash equilibria must be differential
Stackelberg equilibria given —D3 f(z) = 0.

Proposition 2.8. Consider a zero-sum generative adversarial network satisfying the realizable as-
sumption. Any stable critical point of & = —g(x) at which —D2f(x) = 0 is a differential Stackelberg
equilibrium.

Proof. Consider a stable critical point z* = (2}, x%) of & = —g(z) such that —D3f(z*) = 0. Note
that the realizable assumption implies that D?f(z*) = 0 and Diaf(x) is full-rank. Thus, the
Jacobian of g(z*) at critical points under the realizable assumption is given by

w0 _ 0 Dya f(z*)
T@ = _pLs@) -Dire)

Thus, along with the fact —D3 f(z) > 0, it immediately follows that
$1(J(2")) = —Di2f (+") (D3 f (")) "' Dl f (") > 0.

Thus, since both —D2f(x) = 0 and S;(J(x)) = 0, by the characterization in Proposition and
the fact from Lemma that the critical points of & = —g(z) satisfy the first-order conditions, z*
is a differential Stackelberg equilibrium. O

This result shows that under standard theoretical assumptions on generative adversarial net-
works, any stable critical point of simultaneous gradient dynamics where the follower is at a local
optimum is in fact a differential Stackelberg equilibrium. Thus, this implies that differential Stack-
elberg equilibrium play a key role in the optimization landscape of generative adversarial networks
and also that they may be desirable solutions of the underlying machine learning problem.



39

Discussion of Results. The examples and results in this subsection imply some stable critical
points of & = —g(x) that are not differential Nash equilibrium are in fact differential Stackelberg
equilibrium. This is a meaningful set of examples and results since recent works have proposed
schemes to avoid stable critical points of the simultaneous gradient dynamics that are not differen-
tial Nash equilibrium as they have been thought to lack game-theoretic meaning (Adolphs et al.,
2019; Mazumdar et al [2019). Moreover, some recent empirical studies show a number of suc-
cessful approaches to training generative adversarial networks do not converge to differential Nash
equilibrium, but rather to stable critical points of the dynamics at which the follower is at a local
optimum (Berard et al., 2020). This may suggest reaching differential Stackelberg equilibrium is
desirable in generative adversarial networks. The study in this subsection on the limit points of
simultaneous gradient descent that are not differential Nash equilibrium is some of the primary mo-
tivation for the extensive study of this learning rule and the connections to differential Stackelberg
equilibrium in Chapter

2.3.3 Local Stability of Stackelberg Gradient Dynamics

To conclude this section, we study the local stability of the Stackelberg gradient dynamics around
critical points in zero-sum games. In fact, let us consider a generalization of the Stackelberg gradient
dynamics. Thus far, the continuous-time limiting systems that have been introduced correspond
to systems in which players learn on identical timescales, that is, the discrete-time systems the
continuous-time dynamics correspond to are such that the learning rates for each of the players are
equal. Denote the learning rate of player 1 by 73 > 0 and let 7 > 0 be the “timescale separation”
parameter such that the learning rate of player 2 is given by 9 = 791 and 7 = 75 /7 is the ratio of
learning rates. Moreover, define the vector field

9s.(x) = (Df(x), 7 D2 fo(x)). (2.9)

The continuous-time limiting system for the discrete-time Stackelberg gradient dynamics when
player 1 has learning rate v; and player 2 has learning rate 72 = 7y, is then given by

&= —gs, (z).

We refer to the system & = —gs_(x) as the 7—Stackelberg gradient dynamics, or the Stackelberg
gradient dynamics with timescale separation. The Jacobian of gs_(x) is denoted Js (x); it is
equivalent to Js(z) as defined in with the dy x d block row multiplied by the timescale
separation parameter 7. Specifically,

_ [Di(Dfi(x)) Da(Dfi(x)) (2.10)

Js. (x) = Dy fa(x)  TDfa(z) |

For the 7—Stackelberg gradient dynamics in zero-sum games, we show that for any 7 € (0, ),
the set of stable critical points and the set of differential Stackelberg equilibrium coincide. Moreover,
for generic zero-sum games, we show an equivalent statement holds in regards to local Stackelberg
equilibrium. As the proof highlights, the result follows from the structure of the Jacobian Js, (z*)
at critical points of & = —gs, (z*) in zero-sum games, which is lower block triangular with S;(J(z*))
and —7D3f(z*) in the diagonal blocks. Since the spectrum of a lower block triangular matrix is the
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union of the spectrum of the diagonal blocks and these blocks precisely characterize the conditions
for a differential Stackelberg equilibrium, the result immediately follows.

Theorem 2.5. Consider a zero-sum game (f,—f) with f € CUX,R) for ¢ > 2. Fizing any
7 € (0,00), a joint strategy x* = (z7,x3) € X is a stable critical point of & = —gs, (x) if and only if
x* is a differential Stackelberg equilibrium. Moreover, if f is generic, fixzing any T € (0,00), a joint
strategy ©* = (z7,2%) € X is a stable critical point of & = —gs,(x) if and only if x* is a a local
Stackelberg equilibrium.

Proof. For a zero-sum game (f, —f), the Jacobian of the 7—Stackelberg gradient vector field gs,_ ()
at a critical point is given by

31 (J ((IZ*)) 0
Js (z%) = g NE 2.11
5. (27) —7 Doy f(z*) 7’7’D%f($ ) ( )
The structure of the Jacobian Js_(z*) follows from the fact that Dy f(z*) = 0 at any critical point
as a result of Lemma [2.1] and the fact that the timescale separation does not impact the set of
critical points. Indeed, observe that since Dy f(z*) = 0, we have that

Di(Df(2%)) = D1 (D f(2%) — Diaf (2%) (D3 ()~ Daf(a))
— D} f(2) = Diaf (a) (D} f(a") " Dn f(a*)
= 5,(J(a")).

Similarly, since Dy f(z*) = 0, we have that

Da(Df(z%)) = D2(D1f(z") — Diaf(«*) (D3 f(x")) "' Daf(z"))
= D1 f(a") — Dizf (") (D3 f(2")) "' Dy f (")
= 0.

The eigenvalues of a lower triangular block matrix are the union of the eigenvalues in each of the
block diagonal components. This implies that the eigenvalues of Js_(z*) are purely real and also
that spec(Js(z*)) C C%. if and only if S;(J(z*)) = 0 and —D3 f(z*) > 0. By the characterization in
Proposition and the fact that any critical point satisfies the first-order conditions (Lemma,
this means that z* is a stable critical point of the Stackelberg gradient dynamics if and only if z*
is a differential Stackelberg equilibrium.

Now, suppose that f € C?(X,R) is a generic function. Then, by Theorem (genericity of
differential Stackelberg equilibrium in zero-sum games), all differential Stackelberg equilibrium of
(f,—f) are local Stackelberg equilibrium so that the final statement of the theorem holds. O

This result implies that with appropriate choices of learning rates, the discrete-time 7—
Stackelberg gradient dynamics will only locally converge to Stackelberg equilibrium. From the
perspective of seeking local Stackelberg equilibrium, this is a highly desirable property. Moreover,
from the viewpoint of the 7—Stackelberg gradient dynamics being a type of ‘natural’ learning
dynamics that emulate the interaction structure of a Stackelberg game, it implies that in zero-sum
games if players myopically update considering the roles they have in the game, then reaching a
Stackelberg solution can be expected in zero-sum games. It is also worth highlighting the fact
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shown in the proof that the Jacobian Js_(z*) has purely real eigenvalues at critical points of the
dynamics. The significance of this is that locally around critical points in zero-sum games, the
dynamics should not admit cycling behavior. In contrast, a number of works have previously
highlighted that a pitfall of the simultaneous gradient dynamics is the presence of imaginary eigen-
values in the Jacobian causing rotational forces in the dynamics. Given the desirable convergence
implications of this stability result, we focus on analyzing the discrete-time convergence properties
of the 7—Stackelberg gradient dynamics with deterministic and stochastic gradient information for
the remainder of the theoretical study presented in this chapter.

2.4 Deterministic Convergence Analysis

In this section, we provide convergence guarantees for the discrete-time deterministic Stackelberg
gradient dynamics, while in the following section we provide convergence guarantees for the discrete-
time stochastic Stackelberg gradient dynamics. The deterministic discrete-time 7—Stackelberg dy-
namics are of the form

Try1 = T — 7198, (Tk)- (2.12)
Recall that gs, (z) is defined in (2.9) and the Jacobian Js_(z) of gs, (z) is defined in (2.10))

2.4.1 Local Asymptotic Convergence and Avoidance

To begin the convergence analysis of the discrete-time Stackelberg gradient dynamics, we provide
results that mirror those from Section for the continuous-time Stackelberg gradient dynamics.

Asymptotic Convergence. Theorem [2.5shows that the set of stable critical points with respect
to the the system & = —gs_(x) coincides with the set of differential Stackelberg equilibrium in zero-
sum games. This result also implies that the rest of the critical points excluding any marginally
stable critical points, the set of which only contains critical points that are not differential Stackel-
berg equilibrium, are unstable with respect to the the system & = —gs_(z) in zero-sum games. We
now show a discrete-time analogue to Theorem with equivalent implications in zero-sum games.

Proposition 2.9. Consider a zero-sum game (f, —f) defined by f € C4(X,R) with ¢ > 2. Fiz any
7 € (0,00) and assume that sup,cy ||Js, (z)|| < L < co. Then, any joint strategy x* = (x7,x3%) is
a stable critical point of the T—Stackelberg gradient dynamics with vy < 1/L if and only if * is a
differential Stackelberg equilibrium.

Proof. The proof of Theorem shows that at any fixed critical point z* = (z7,2z3) of the vec-
tor field gs.(x), the spectrum of the Jacobian is given by spec(Js, (z*)) = spec(Si(J(z*))) U
spec(—7D3f(x*)) € R. Thus, considering any given critical point x* = (z}, %), for all A €
spec(Js, (z*)), we have

A < max{spec(Js, (%))} < p(Js, (x¥)) < ||Js, (z*)]| < sup [Js. (z)|| < L.



42

Hence, it follows that with v; < 1/L,

I_ J *)) = max 1—- Al<1
p( 71 S‘r( )) AESpec(JST (x*)) ‘ " |

if and only if S1(J(z*)) = 0 and —D3 f(z*) = 0. This implies that z* is a stable critical point of
the 7—Stackelberg gradient dynamics with v, < 1/L if and only if z* is a differential Stackelberg
equilibrium. This follows from the fact that z* is stable with respect to the discrete-time 7—
Stackelberg gradient dynamics if and only if p(I —7yJs.(2*)) < 1 and z* is a differential Stackelberg
equilibrium if and only if S1(J(z*)) = 0 and —D3f(z*) = 0 by Lemma and Proposition
Since this statement holds identically for all critical points, the final result holds. O

The previous result implies that with an appropriate choice of learning rate, the discrete-time
T—Stackelberg gradient dynamics locally exponentially converge around any differential Stackelberg
equilibrium in zero-sum games (Argyros, 1999; |Ortega and Rheinboldt, |1970). Shortly, in Sec-
tion [2.4.2] we explain this further and explicitly characterize convergence rates with deterministic
gradient feedback. Before doing so, we give a complimentary asymptotic avoidance result.

Asymptotic Avoidance. Proposition|2.9|also indicates that in zero-sum games all critical points
that are not differential Stackelberg equilibrium are either marginally stable or they are unstable.
Let us recall the definition of instability as described in Section and discuss the implications.
Informally, if z* is an unstable critical point, then there is an initial condition from any arbitrarily
small neighborhood from which the trajectory of the dynamics leaves a neighborhood of the critical
point. The subtle, yet important implications of this definition are that if a critical point is unstable,
it does not imply that from all initial conditions the trajectory diverges away from the critical point,
nor does it imply that there cannot exist an initial condition in a local neighborhood from which
the dynamics converge to the critical point.

That begin said, the following result shows that the discrete-time 7—Stackelberg gradient dynam-
ics asymptotically avoid strict saddle points of the continuous-time 7—Stackelberg gradient dynamics
almost surely in general-sum gamesm At this juncture, it is important to remark that saddle points
with respect to the dynamics should not be conflated with a saddle point of the cost functions.
To provide some intuition for the result, strict saddles have the property of being completely char-
acterized by stable and unstable manifolds. Initializations on the stable manifold asymptotically
converge, while initializations on the unstable manifold asymptotically diverge. Thus, by showing
that the stable manifold has measure zero, the result follows.

Theorem 2.6 (Almost Sure Avoidance of Saddles). Consider a general-sum game defined by f; €
CYX,R), g >2 forieZ. Fizxany T € (0,00) and assume that sup,cy ||Js, (z)|| < L < oo. Then,
the discrete-time T—Stackelberg gradient dynamics converge to strict saddle points of © = —gs, ()
on a set of measure zero.

The proof of Theorem [2.6] is deferred to Section The technical approach mirrors closely
the arguments from the proof that the simultaneous gradient dynamics avoid strict saddles of the

"Recall that we refer to strict saddles of the system & = —gs. () as hyperbolic critical points z* = (x},z3) at
which Js, (z*) has at least one eigenvalue in C? . In the terminology that has been used in Theorem this means
strict saddles are hyperbolic unstable critical points.
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dynamics (Mazumdar et al., 2020, Theorem 12), which itself builds on similar results from single
player optimization problems (Lee et al., 2016; Panageas and Piliouras, 2017). In particular, we
show that gs_(z) is a diffeomorphism, and then apply the stable manifold theorem (Sastryl |1999).

Discussion of Results. We remark that differential Stackelberg equilibrium are never strict
saddle points in zero-sum games as a result of Theorem Thus together, Proposition [2.9] and
Theorem imply in zero-sum games that if all saddle points of T—Stackelberg gradient dynamics
are strict, sup,cy ||Js, (z)]] < L < oo, and v1 < 1/L, then if the 7-Stackelberg gradient dynamics
converge to a critical point it must be that the critical point is a differential Stackelberg equilibrium
almost surely. Observe that the if statement regarding the 7—Stackelberg gradient dynamics con-
verging to a critical point has been made since the dynamics do not correspond to a gradient flow,
so there may existing non-trivial limiting behaviors that emerge beyond convergence to a critical
point.

For zero-sum games, we also remark that for a particular critical point z* = (27, x%), weaker
assumptions can be made than presented in Proposition such that z* is stable if and only
if it is a differential Stackelberg equilibrium. Specifically, as long as v1 < 1/L' where L' =
max{spec(Js, (v*))} = max{spec(S1(J(x*))) Uspec(—7D?f(x*))}, then z* is stable a critical point
if and only if it is a differential Stackelberg equilibrium. This property can be observed the proof
of Theorem and the proof of Proposition [2.9] Proposition [2.9] is stated in the manner it is
presented so that there is a fixed learning rate which guarantees the if and only if statement for all
critical points simultaneously.

It is also worth noting that in general-sum games, it may be that differential Stackelberg equi-
librium are strict saddle points of the Stackelberg gradient dynamics. So the result on escaping
saddles can in fact imply that the 7—Stackelberg gradient dynamics avoid some differential Stack-
elberg equilibrium in general-sum games.

2.4.2 Convergence Rates

To derive convergence rates for the Stackelberg gradient dynamics, we apply well-known results
regarding discrete-time dynamical systems. As mentioned in Section [2.3.1] given a dynamical
system of the form x4, = F(x)), when the spectral radius of the Jacobian Jp(z*) at critical point
x* is such that p(Jp(z*)) < 1, then the operator F' is a contraction at x* so that z* is locally
asymptotically stable (Argyros, 1999; |Ortega and Rheinboldt} |1970; [Sastry, {1999). Moreover, an
asymptotic rate of convergence can be derived to show that z* is locally exponentially stableﬁ

Indeed, given p(Jr(z*)) < 1, there exists x > 0 such that p(Jp(z*)) < k < 1. Moreover, there
exists a matrix norm || - || such that ||Jp(z*)|| < p(Jp(z*)) + € < kK + ¢ for any € > 0 (Horn and
Johnson|, 2012} |Ortega and Rheinboldt, 1970, Lemma 5.6.10, 2.2.8). It then follows from a Taylor
expansion that there exists a ball Bs(x*) of radius § > 0 such that for any z¢ € Bs(x*), and some
constant K > 0, ||z — 2*|| < K(k + 2¢)¥||zg — 2*|| given that ¢ > 0 is chosen such that x + 2¢ < 1.
Given two real valued functions F'(k) and G(k), we write F'(k) = O(G(k)) if there exists a positive
constant ¢ > 0 such that |F (k)| < ¢|G(k)|. For example, if F(k) = ||}, — 2*| < MF¥||zg — 27|, we
write F(k) = O(M¥) where ¢ = ||zg — 2*||.

8We also refer the reader to |Ortega and Rheinboldt| (1970, Chapter 10) for background on this topic.
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Given an asymptotic rate of convergence, a finite-time iteration complexity can near imme-
diately be derived from an initial condition xg € Bs(x*) to reaching x) € B.(z*) along with a
characterization of the neighborhood size on which this holds. Note that in what follows, we call x
an e—differential Stackelberg equilibrium when xy € B.(z*). The analysis methods that have been
described give rise to the local convergence rates for the deterministic discrete-time Stackelberg
gradient dynamics presented in this section. The formal proofs of the results stated in this section
can be found in Section

Zero-Sum Convergence Rates. We begin by stating convergence rates in zero-sum games
to differential Stackelberg equilibrium. As shown in the proof of Theorem [2.5] at critical points
x* = (27, x3) of the T—Stackelberg gradient dynamics in zero-sum games, the Jacobian Js_(z*) has a
lower-block triangular structure so that spec(Js, (z*)) = spec(S1(J(z*))) Uspec(—7D3 f(z*)) C R.
Given that z* is a differential Stackelberg equilibrium, this implies that spec(Js. (z*)) C Ri.
Combining this fact with the analysis methods outlined earlier in this section and optimizing the

choice of learning rate to maximize the rate of convergence, we obtain the following result.

Theorem 2.7 (Zero-Sum Rate of Convergence.). Consider a zero-sum game defined by f €
C9(X,R) with ¢ > 2. For a differential Stackelberg equilibrium x* = (x7, z3), define the parameters
a = min{Amin(S1(J(2*))), Amin(=7D3 f(z*))} and § = max{Amax(S1(J(z*))), Amax(—7 D3 f(2*))}
where T € (0,00) is fized. Then, with learning rate yy = 1/(28), the T—Stackelberg gradient dynam-
ics locally asymptotically converge to x* with a rate of O((1 — &)k)

The proof of Theorem [2.7] can be found in Section Observe that the convergence rate
is defined in terms of a very intuitive and fundamental quantity. Specifically, considering 7 = 1,
the rate depends on the ratio of the minimum and maximum eigenvalues of the union of the
spectrums of S;(J(z*)) and —D3f(x*). In zero-sum games, these quantities define the sufficient
conditions for a differential Stackelberg equilibrium. Thus, the result is illustrating that when the
equilibrium is well-conditioned in terms of the sufficient conditions, then the converge rate is faster.
We also remark that the potential benefits of timescale separation via the parameter 7 can be seen
from this result. In particular, when Amin(—D3f(2*)) < Amin(S1(J(2*))) and Apax(—D3f(2*)) <
Amax (S1(J (%)), the timescale separation 7 can scale Apax(—D3f(2*)) to improve the rate.

The asymptotic convergence rate can be translated to a finite-time local convergence guarantee.
Moreover, an estimate of the neighborhood on which the convergence holds can be derived. The
following corollary gives these results that follow easily from Theorem and its proof.

Corollary 2.1 (Zero-Sum Finite Time Guarantee). Given € > 0, under the assumptions of
Theorem T-Stackelberg gradient dynamics obtain an e—differential Stackelberg equilibrium in
[% log(||xo—x*||/€)] iterations for any xo € Bs(x*) with § = o/(4L3) where L is the local Lipschitz
constant of I —y1Js, (z*).

The proof of Corollary [2.1] can be found in Section Similar conclusions can be drawn
from this result as from Theorem [2.7 However, it is worth noting that this result illustrates that
the region of attraction around the equilibrium depends on the timescale separation parameter 7
in the Stackelberg gradient dynamics. In an analogous fashion as was described for the converge
rate, scaling 7 can increase the size of the region of attraction around the equilibrium.
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General-Sum Convergence Rates. We now state convergence rates in general-sum games
to differential Stackelberg equilibrium. Since there may be stable critical points in general-sum
games that are not differential Stackelberg equilibrium in general-sum games, the guarantees are
for stable differential Stackelberg equilibrium whereas the results for zero-sum games apply to any
differential Stackelberg equilibrium since all differential Stackelberg equilibrium are stable with
respect to the 7-Stackelberg gradient dynamics. Moreover, since the Jacobian Js_(x*) at critical
points z* = (z7, z%) does not decompose into a lower block triangular structure, the convergence
rates depend on quantities that do not have as natural of interpretations. That being said, using
the analysis methods presented at the beginning of this section, we can derive the following rates
of convergence to stable differential Stackelberg equilibrium.

Theorem 2.8 (General-Sum Rate of Convergence). Consider a general sum game (f1, f2) with
fi € C1YX,R) for ¢ > 2 and i € I. For a differential Stackelberg equilibrium x* = (x7,23)
such that J; (x*) + Js,(z*) = 0, define the parameters a = A?nin(%(,]; (x*) + Js, (x*))) and B =
Amax (s, (2*) T Js_(2*)) where T € (0,00) is fized. Then, with learning rate v, = \/a/f3, the T—
Stackelberg gradient dynamics locally asymptotically converge to x* with a rate of O((1 — %)k/g).

The proof of Theorem [2.8|can be found in Section[2.D.2.1} Analogous to the zero-sum setting, the
asymptotic rate of convergence can near-directly be translated into a finite-time rate of convergence
and an estimate of the region of attraction can be obtained.

Corollary 2.2 (General Sum Finite Time Guarantee). Given ¢ > 0, under the assumptions
of Theorem (2.8, 7T-Stackelberg learning obtains an c—differential Stackelberg equilibrium in
(%log(]\xo—x*\\/e)] iterations for any xo € Bs(x*) with 6 = «/(2LB) where L is the local
Lipschitz constant of I —yJs, ().

The proof of Corollary is provided in Section

2.5 Stochastic Convergence Results

This section presents stochastic convergence results for the Stackelberg gradient dynamics. Specif-
ically, in Section we give results for the 7-Stackelberg gradient dynamics when players act on
a single timescale, in Section we give results for the scenario that the follower plays a best-
response at each step, and in Section [2.5.3| we give results for the situation the players update on
two-timescales. The results and proofs rely on what is known as the ordinary differential equation
method, in which the flow of the limiting continuous time system starting at sample points from
the stochastic updates of the players actions is compared to asymptotic pseudo-trajectories; that is,
linear interpolations between sample points. By and large, we are able to apply known stochastic
approximation results to obtain the results that are presented. The key distinction is the manner in
which the limiting points of the stochastic dynamics are connected to the Stackelberg equilibrium
concept. So far in studying deterministic dynamics, the results have relied heavily on stability
analysis and the stochastic case is similar in this regard. Thus, before moving on to the results, we
now present a suitable notion of stability for stochastic dynamics.
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Stochastic Stability: Internally Chain Transitive Sets. To understand stability in the
stochastic case, we need the notion of internally chain transitive sets. For more detail, the reader
is referred to |Alongi and Nelson| (2007, Chapters 2-3). A closed set U C R? is an invariant set for
an ordinary differential equation & = —F'(z) if any trajectory x(t) with x(0) € U satisfies z(t) € U
for all t € R. Let ¢! be a flow on a metric space (X,d). Givene >0, T >0 and z,y € X, an (¢,T)-
chain from z to y with respect to ¢’ and d is a pair of finite sequences x = g, 1, ..., Th_1,Tr =Y
in X and tg,...,t;—1 in [T,00), denoted together by (zg,z1,...,2k_1,Zk;to,...,tk—1), such that
d(¢'i(z;),wip1) < € for i = 0,1,2,...,k — 1. A set U C X is (internally) chain transitive with
respect to ¢ if U is a non-empty closed invariant set with respect to ¢! such that for each x,y € U,
e >0 and T > 0 there exists an (e, 7T')-chain from x to y. A compact invariant set U is invariantly
connected if it cannot be decomposed into two disjoint closed nonempty invariant sets. Note that
every internally chain transitive set is invariantly connected.

2.5.1 Single-Timescale Analysis

In this subsection, we study the single-timescale stochastic 7-Stackelberg gradient dynamics.
Specifically, the stochastic form of the update is given by

Tpy1 = Tk — Yk(9s, (Tr) + wiy1) (2.13)

where {wy11} is a stochastic noise process and {7} is the learning rate sequence. The limiting ordi-
nary differential equation that (2.13]) can be expected to track asymptotically is the T—Stackelberg
gradient dynamic system in continuous-time given by

& = —gs, ().

For the results in this subsection, we make the following standard stochastic approximation
assumptions (see, e.g., Borkar||2008).

Assumption 2.1. The following hold:

@ 1a. The map gs, : RY — R? is L-Lipschitz for any 7 € (0,00).

[2.1b. The learning rate sequence satisfies y . Vi = 00, Y ’y,% < 00.

[@.1c. The stochastic process {wy} is a martingale difference sequence with respect to the increasing
family of o-fields defined by Fi, = o(xg,we, ¢ < k), V k > 0, so that Elwgs1| Fi] = 0
almost surely for all k > 0. Moreover, for some constant C > 0, E[||w.1|? Fir] < C(1 +
|lzx]|?) almost surely, ¥ k > 0.

[2.1d. The iterates {xy} of (2.13) remain bounded almost surely: that is, supy, ||zx] < co.

By viewing the combined system of the players as a single-timescale stochastic approximation
update, we can near immediately invoke known results to obtain meaningful stochastic convergence
and non-convergence results, specifically when put together with the local stability results for the
7—Stackelberg gradient dynamics from Section [2.3.3

Asymptotic Convergence. We begin by presenting almost sure asymptotic convergence result
for sequence {z} generated by the stochastic dynamics in (2.13)) under Assumption Specif-
ically, classical stochastic approximation results using the so-called ordinary differential equation
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method immediately imply that in general-sum games, the sequence {x} generated by the stochas-
tic dynamics in converge to a possibly sample path-dependent, compact connected internally
chain transitive invariant set of & = —gs, (z). To narrow down this set (which may include limiting
behaviors beyond critical points) often requires producing a local or global Lyapunov function. In
general, constructing a Lyapunov function can be challenging. However, given that a critical point
x* = (27, x3) is locally exponentially stable with respect to & = —gs, (), converse Lyapunov results
imply the existence of a local Lyapunov function that can be used to conclude local asymptotic
convergence of the sequence {x} to x* almost surely. Thus, for any differential Stackelberg equi-
librium 2* = (z7, #3) such that spec(—Js_(z*)) C C, these techniques give rise to local asymptotic
guarantees for the sequence {x;} converging to x* almost surely. In zero-sum games, the result
can be strengthened using the result of Theorem Specifically, since spec(—Js, (z*)) € C2
holds for all differential Stackelberg equilibrium z* = (z7, %) by Theorem [2.5, we can conclude
local asymptotic convergence for any differential Stackelberg equilibrium almost surely, without
explicitly assuming stability. This discussion leads to the following result.

Theorem 2.9. Consider a general-sum game (f1, fa) such that f; € C4(X,R) for some q > 2 and
each i € . Fiz any 7 € (0,00) and suppose that Assumptions holds. Then, the sequence {xy}
generated by converges to a, possibly sample path-dependent, compact connected internally
chain transitive invariant set of & = —gs, (x). Moreover, given the game is zero-sum so that
(fi, fo) = (f, = 1), if x* = (x7,23%) is a differential Stackelberg equilibrium, then {x} almost surely
locally asymptotically converges to x*.

Proof. The convergence of {x} to a, possibly sample path dependent, compact connected internally
chain transitive invariant set of & = —gs, () is immediate given the assumptions from classical
results in stochastic approximation theory (Borkar, [2008, Chapter 2, Theorem 2); (Benaiml 1996).

Suppose that =* = (z7,x3%) is a differential Stackelberg equilibrium. By Theorem x* is
a locally exponentially stable equilibrium of the continuous time dynamics & = —gs_(x), that
is, spec(—Js, (z*)) C C°. Since spec(—Js, (z*)) C C2, det(—J-(x*)) # 0 so that z* is an isolated
critical point. Furthermore, exponentially stability of * implies that there exists a (local) Lyapunov
function defined on a neighborhood of z* by the converse Lyapunov theorem (Krasovskii, 1963;
Sastry), 1999, Theorem 4.3, Theorem 5.17). Let U be the neighborhood of z* on which the local
Lyapunov function is defined, such that U contains no other critical points (which is possible since
x* is isolated). That is, let ® : U — [0,00) be the local Lyapunov function defined on U where
x* € U, ® is positive definite on U, and for all z € U, %@(m) < 0 where equality holds for z € U
if and only if ®(z) = 0. By Corollary 3 (Borkar, 2008, Chapter 2), {x} converges to an internally
chain transitive invariant set contained in U almost surely. The only internally chain transitive
invariant set in U is x*. O

The result of Theorem for zero-sum games can be seen as a stochastic analogue of the deter-
ministic result of Proposition We again remark that following identical arguments, in general-
sum games, given a differential Stackelberg equilibrium z* = (27, %) such that spec(—Js, (z*)) C
C?, we can also ensure local asymptotic converge for the sequence {z} to z* almost surely. How-
ever, this requires assuming stability instead of stability being a property that is guaranteed to
be satisfied. It is also worth noting that the result of Theorem [2.9] can be stated with relaxed
assumptions. In particular, suppose that the set {sup,, ||xx|| < oo} has positive probability but it
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does not hold almost surely, then the result can be stated without Assumption [2[Id] but amended
to hold almost surely on the event {supy, ||zx| < oo} (Borkar, 2008, Chapter 2). This will also
be the case for stochastic convergence results that appear in the following subsections. As a final
note, it is possible to obtain concentration bounds and even finite time, high probability guarantees
on convergence leveraging recent advances in stochastic approximation (Borkar, [2008}; Borkar and
Pattathil, |2018; [Kamal, 2010; Thoppe and Borkar, 2019). We do not pursue such results in this
chapter for the stochastic T—Stackelberg gradient dynamics, but do give results of this nature in
the Section of the chapter that follows for the simultaneous gradient dynamics.

Asymptotic Avoidance. To contrast with the convergence result asymptotic convergence result,
we now focus on developing a non-convergence guarantee. That is, we show that the sequence
{z} generated by the stochastic dynamics from asymptotically avoid strict saddle points
of the system & = —gg, (z) almost surely. This result follows near-immediately from a classical
results from Pemantlel (1990). Consider a general stochastic approximation framework xyy; =
ry + Y F(zy) + wy for F: X — TX with F € C? and where X € R? and where TX denotes the
tangent space of X.

Theorem 2.10 (Theorem 1 Pemantle |1990)). Suppose vy is Fr,—measurable and E[wy|Fi] = 0. Let
the stochastic process {xi}r>0 be defined as above for some sequence of random variables {wy} and
{v}. Let z* € X with F(z*) = 0 and let W be a neighborhood of x*. Assume that there are
constants n € (1/2,1] and cy, ca,c3,¢4 > 0 for which the following conditions are satisfied whenever
xr € W oand k sufficiently large: (i) z* is a hyperbolic unstable critical point (strict saddle), (ii)
1 /K" < vy < eo/k", (i) Elmax{wy - v,0}|Fi] > c3/k" for every unit vector v € TX, and (iv)
|lwill2 < ca/E". Then, P(xp, — z*) = 0.

The above classical result directly implies avoidance of strict saddles by the stochastic Stackel-
berg gradient dynamics, given the proper assumptions. The assumption that E[(w; - v)T|Fi ] > b;
essentially requires the covariance of the noise to be full-rank, and is made to rule out degenerate
cases where the noise forces the dynamics to stay on the stable manifold of strict saddle points.

Theorem 2.11 (Almost Sure Avoidance of Saddles.). Consider a general-sum game (f1, f2) with
fi € CUX,R) forq >2 and i € Z. Given that Assumption holds and there exists a constant
b > 0 such that E[(wyyq1 - v)T|Fx] > b for every unit vector v € R?, the sequence {x1} generated
by with any T € (0,00) converges to any strict saddle z* = (x7,x3) of the system & = —gs, ()
on a set of measure zero.

It is worth noting that an analogous result has been stated for the stochastic simultaneous gra-
dient dynamics (Mazumdar et al.,|2020). In fact, |Mazumdar et al. (2020) invoke results of |Benaim
and Hirschl (1995) to state more generally almost sure avoidance of unstable cycles. With regard
to this result, there are a couple of comments worth making. As pointed out by (Pemantle] 1990),
this result is primarily useful when combined with a corresponding almost sure convergence result,
such as Theorem [2.9] Moreover, the significance of this result hinges on the the set of strict saddles
being discrete, so that the implication is that there is almost sure avoidance of all strict saddle
points. Together, Theorems [2.9] and yield similar conclusions in the single timescale stochastic
setting as the results in the deterministic setting from Section [2.4.1
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2.5.2 Best-Response Analysis

We now study a variant of the 7-Stackelberg gradient dynamics in which the follower is actually
playing a best-response at each step of the leader. Indeed, suppose that given the action x; j of the
leader, the action of the follower satisfies x5} € argming,cx, f2(«1 k, z2) where the best-response
is assumed to be unique for any x;; € &7. Then, under the stated assumptions, there exists an
implicit map 7 : x; — 2 defined on a neighborhood such that 9 = r(z1 ). Thus, the following
stochastic dynamics for the leader can be defined:

i1 = T1k — Nk(Df1(@1g, T2k)) + Wiky1) (2.14)

where x9 ;. is defined via the best-reponse map r : 1 — 2 defined implicitly in a neighborhood of
(1,5, z2%) and {w; g41} is a stochastic noise process and {7; } is the learning rate sequence. The
limiting ordinary differential equation that can be expected to track asymptotically is then
given by

il = —D(l’l,T‘(xl)). (215)

Observe that this is a single timescale system defined only in terms of the variable of player 1.
Let us now state the assumptions we make to analyze (2.14). To begin, we again need standard
stochastic approximation assumptions (see, e.g., Borkar|2008]).

Assumption 2.2. The following hold:
[@.2a. The map Df; : R = RN, Dyfs : R* - R% are Ly, Ly Lipschitz, respectively.

[2.2b. The learning rate sequence of player 1 satisfies Y, Y15 = 00, Y ’yfk < 00.

[2.2c. The stochastic process {wy } is a martingale difference sequence with respect to the increas-
ing family of o-fields defined by Fi, = o(xp, wie, ¢ < k), ¥ k>0, so that E[lw; py1| Fi] =0
almost surely for all k > 0. Moreover, for some constant C > 0, E[|lwy g1?| Fi] <
C(1+ ||lz1kl/?) almost surely, ¥ k > 0.

[2.2d. The iterates {x} of (2.14) remain bounded almost surely: that is, supy, ||zk| < co.

The following assumption ensures that the follower has a unique best-response to play in reaction
to any action of the leader and guarantees the implicit function mapping the leader action to the
follower action is well-defined on the domain convergence is being assessed.

Assumption 2.3. For every xi, &9 = —Dsfo(x1,22) has a globally asymptotically stable critical
point v(x1) uniformly in 1 and r : R" — R% js L, Lipschitz.

The final assumption is made so that stronger statements can be made about the internally
chain transitive sets (2.14)) converges toward.

Assumption 2.4. All critical points of the system &1 = —D(x1,7(x1)) are isolated.

Given Assumptions [2.2H2.4] classical stochastic approximation results imply that in general-
sum games, the sequence {x;j} generated by the stochastic dynamics in converge to a
possibly sample path-dependent, compact connected internally chain transitive invariant set of
&1 = —D(z1,r(x1)). Since this system corresponds to a gradient-flow and all critical points are
assumed to be isolated, the result implies almost sure convergence of the sequence {z1x} to a
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possibly sample path dependent-critical point contained in the internally chain transitive invariant
sets. Then, by recognizing that the only isolated critical points contained in the internally chain
transitive invariant sets are differential Stackelberg equilibrium solutions for the leader, we obtain
the following result.

Proposition 2.10. Consider a general-sum game (f1, f2) such that f; € C4(X,R) for some q > 2

and each i € I. Suppose Assumptions hold. Then, the sequence {xy} generated by (12.14))
converges to a, possibly sample path-dependent, differential Stackelberg equilibrium almost surely.

Proof. The convergence of {z; 1} to a, possibly sample path dependent, compact connected inter-

nally chain transitive invariant set of @1 = —D f1(x1,7(z1)) is immediate given the assumptions
from classical results in stochastic approximation theory (Borkar, 2008, Chapter 2, Theorem 2);
(Benaim), [1996)). Furthermore, since @1 = —D fi(x1,7(z1)) corresponds to a gradient-flow and all

critical points are assumed to be isolated, the only internally chain transitive invariant sets are
stable critical points. That is #% such that Dfi(z},7(x})) = 0 and D?fi(z},r(x})) = 0. Then,
observe that xg ) — r(x}) is guaranteed since 7 is Lipschitz and z; ; — x}. By Assumption it
follows that Ds fa(x1,7(2})) = 0 and D3 fa(w1,r(23)) = 0. Thus, the pair (z%,23) = (2},r(z})) is a
differential Stackelberg equilibrium by definition. O

This result gives a strong convergence guarantee to differential Stackelberg equilibrium in
general-sum games for the scenario that the follower plays a best-response at each time step.
However, the assumptions that are made are quite restrictive. We remark that the global asymp-
totic stability assumption can be relaxed to a local asymptotic stability assumption to get a local
convergence guarantee, but we do not include a statement of this result for brevity. Compared
to the results from the previous subsection, the best-response analysis has value in terms of the
interpretation. Specifically, the result of Theorem characterizes what can be the expected in
general-sum games when the follower actually does play a best-response versus taking (scaled) gra-
dient steps toward reaching a best-response. This may be a more natural model in some real-world
game-theoretic settings. Moreover, the result is a stronger characterization of convergence to a dif-
ferential Stackelberg equilibrium in general-sum games, albeit under much stronger assumptions.

2.5.3 Two-Timescale Analysis

Now, let us consider a two-timescale approximation of the best-response dynamics from the previous
section. Equivalently, the stochastic Stackelberg gradient dynamics, but with non-uniform learning
rate sequences. Specifically, let {; 1} and {w; 41} denote the learning rate sequence and stochastic
noise process for each ¢ € 7, respectively and consider the following set of dynamics:

T g1 = Tk — Nk(Df1(2r) + wipt1)

(2.16)
T k1 = To i — V2,6 (Dafo(xr) + wo py1)-

Suppose that there is timescale separation so that limj_, v1 %/72x = 0 and equivalently vy =
o(72,;). Given this condition, x5 evolves on a faster timescale than ;. That is, the fast transient
player is the follower (player 2) and the slow component is the leader (player 1). The system
in can be compared to the following continuous-time singularly perturbed system in the
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limit as 7 — oo:
i1 = —Dfi(z1(t), z2(1))
y = —71Dafo(x1(t), 22(t)).

From the perspective of the follower, x1 appears quasi-static. Thus, it is natural to think about the
behavior of z9 via the ordinary differential equation 9 = — Dy fa(x1, x2(t)) where x; is fixed. Then,
given that there is a solution r(z1) arising on the fast timescale, from the perspective of the leader,
we can expect the stochastic dynamics to track #1 = —D f(z1(t),r(z1(t))). Thus, the stochastic
learning dynamics from should be expected to approximate the best-response dynamics from
the preceding subsection. We show under proper assumptions, this intuition can be formalized.

The result in this subsection again requires the following standard stochastic approximation
assumptions.

(2.17)

Assumption 2.5. The following hold:

[2.5a. The maps Dfy : R? — R%, Do fs: R? — R% qre Ly, Ly Lipschitz.

[2.5b. The learning rates satisfy Y, Vi = 00 for each i € L, Y ;7> Y2, <00, Yk = 0(Yak)-

[2.5¢c. The stochastic processes {w; 1.} are martingale difference sequence with respect to the increas-
ing family of o-fields defined by Fi, = o(xg,we, ¢ < k), ¥V k >0, so that Elwgi1| Fx] = 0
almost surely for all k > 0. Moreover, for some constant C > 0, E[|lw; g11]?| Fi] <
C(1+ ||z1]|?) almost surely, ¥ k > 0.

[2.5d. The iterates {x} of (2.16) remain bounded almost surely: that is, supy, ||zg|| < oo.

Moreover, we make the following asymptotic stability assumption that will be used along with
Assumption

Assumption 2.6. The dynamics ©1 = —D f1(x1,7(x1)) have a globally asymptotically stable critical
point x7.

Given Assumptions and hold, then it immediately follows that (x4, z2%) —
(x7,7(27)) (Borkar, 2008, Chapter 6, Theorem 2). Moreover, by the global asymptotic stability
assumptions, it is immediate that D2 fi(z%,r(2})) = 0 and D3 fo(z1,7(x})) = 0 so that (a3, 7(x}))
is a differential Stackelberg equilibrium. This gives rise to the following result.

Proposition 2.11. Consider a general-sum game (f1, f2) such that f; € C1(X,R) for some q > 2

and each i € . Suppose Assumptions hold. Then, (z1,x2k) — (x7,7(x])) almost
surely. Moreover, (z7,r(27)) is a differential Stackelberg equilibrium.

Thus, this result gives an analogous convergence guarantee for the two-timescale setting as the
best-response setting.

2.6 Experiments

We now present experimental results. The goal of this set of experiments is to investigate the
behavior of trajectories of the gradient-based learning dynamics that have been analyzed along with
the connections to the local Stackelberg equilibrium concept, and more broadly to study illustrative
examples demonstrating the role of local Stackelberg equilibrium in the optimization landscape.
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Section [2.6.1] begins with a canonical duopoly model that compares and contrasts the simultaneous
and hierarchical play models along with the equilibrium within them. Moreover, it highlights that
in general-sum games, the critical points of the simultaneous gradient only satisfy the first-order
sufficient conditions for local Nash, while the critical points for the Stackelberg gradient dynamics
satisfy the first-order sufficient conditions for local Stackelberg. Then, Section presents a toy
generative adversarial network problem for learning a covariance matrix. The simulation highlights
how the Stackelberg gradient dynamics result in stable learning, without significant cyclic behavior,
and consequently fast convergence. Section shows how the gradient-based learning dynamics
can be used in finite action games, and gives some discussion of the intricacies of mixed Stackelberg
equilibrium. Finally, Section presents generative adversarial network training problems in
which the players are parameterized by neural networks. The results again highlight the stability of
the Stackelberg gradient dynamics and demonstrate the scalability owing to modern computational
tools. Moreover, the placement of differential Stackelberg equilibrium in the optimization landscape
is studied by evaluating the eigenvalues of relevant game objects at convergence. The results show
that the gradient-based learning algorithms are in fact converging to neighborhoods of differential
Stackelberg equilibrium.

2.6.1 Duopoly Games

We begin by presenting a typical application of game-theoretic analysis: economic competitions.

Economic Competitions. Perhaps the simplest models of economic competitions come in the
form of duopoly games. Consider a duopoly competition in which a homogeneous product is
produced by a pair of firms. Each firm selects the quantity of product to produce. Let the
production cost of firm ¢ € Z producing x; > 0 units of the product be given by ¢;x; where ¢; > 0 is
the unit cost. It is common in duopoly games to model the firms as having market power, meaning
the price of the product is dependent on the amount of production. Given a parameter A > 3¢;
for each i € Z, we consider a linear price function of the form P(x1,x2) = A — 21 — x2. The profit
(revenue minus product cost) of each firm ¢ € 7 is then given by m;(z;, x—;) = (P(x;, x—;) — ¢;)x;.
Thus, a general-sum game (f1, f2) emerges in which the cost function of each firm i € Z is given by
fi(zi,x—;) = —mi(x;, x—;). That is, each firm is seeking to maximize their profit.

Cournot Duopoly. When the duopoly game that has been described is played simultaneously, it
is known as a Cournot competition. The Nash equilibrium is the typical solution concept in Cournot
competitions given the simultaneous play structure. For this game, it is relatively straightforward
to solve for the unique Nash equilibrium. Recall that a Nash equilibrium in this context is a pair
(x7, %) such that z7 is a best-response to z3 and z is a best-response to 2. Observe that for each
firm i € Z, the best-response to xz_; is given by x'(x_;) = %(A —¢; — x_;) since D;fi(x;,x_;) =
¢ — A+ 2x; +x_; and D?fi(xi,x,i) = 2 so that setting D;f;(z;,x—_;) = 0 and solving gives the
result. Thus, plugging the best-response function of z* ; into the best-response function of =} and
solving, the unique Nash equilibrium is such that «} = %(A +c_;—2¢;) for each i € Z. The product
price at the Nash equilibrium is P(z7, z5) = %(A + ¢1 4 ¢2) and each firm i € Z obtains a profit of
mi(x}, xh) = %(A —2¢; +c_;)?. Observe that if ¢; = ca, then at the Nash equilibrium each firm has

equal profit.
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Stackelberg Duopoly. When the duopoly game that has been described is played sequentially,
it is known as a Stackelberg competition. The Stackelberg equilibrium is then the typical solution
concept. For this game, it is also relatively straightforward to solve for the unique Stackelberg
equilibrium. Recall that the static game structure is such that that the leader moves and then
the follower produces a best-response to the choice of the leader. Knowing this, the leader seeks
to minimize its cost function taking advantage of the power to move before the follower. Let
firm 1 be the leader and firm 2 be the follower. From the previous discussion of the Cournot
duopoly model, the best-response function of the follower is given by z3(x1) = (A — c2 — x1).

2
This means that the leader wants to minimize fi(z1,25(x1)) = —LY(A — 21+ ¢y — 2¢1)x1. Observe

that the optimal strategy for the leader is then x} = 1(A4 + 022— 2¢1) since Dfi(xy,25(x1)) =
—3(A — 221 + ¢ — 2¢1) and D fy(zq, 3(21)) = 1 so that setting D fi (21, 25(21)) = 0 and solving
gives the result. Plugging z7 into the best-response function of x2, the optimal strategy for the
follower is 25 = %(A — 3¢y +2¢1). Thus, the unique Stackelberg equilibrium in the game is given by
the strategies 23 = 3 (A+cy—2c1) and 3 = (A —3ca+2c1). The product price at the Stackelberg
equilibrium is P(z}, 23) = §(A+2c1 + ¢2), the profit of the leader is my (2], 23) = §(A — 2c1 + ¢2)?,
and the profit of the follower is (2}, 23) = 76 (A4 + 21 — 3¢2)*.

Comparing Equilibrium and Learning Dynamics. It is worth making a few remarks on
the Nash and Stackelberg equilibrium in this game. Observe that the profit of the leader firm in
the Stackelberg equilibrium exceeds the profit in the Nash equilibrium. This is exactly reflective of
Proposition |2.3|since the best-response of the follower is unique for each strategy of the leader. Thus,
the leader firm prefers the Stackelberg competition over the Cournot competition. In contrast, the
follower firm always has higher profit in the Cournot competition than the Stackelberg competition
under the given restriction that A > 3¢; for each i € Iﬂ Thus the follower firm prefers the
Cournot competition over the Stackelberg competition. Recalling the discussion on comparing
Nash and Stackelberg equilibrium costs from Section this implies the Stackelberg equilibrium
is nonconcurrent. Finally, observe that the product price is higher and the total production is lower
in the Cournot competition than the Stackelberg competition. Consequently, the market prefers
the Stackelberg competition over the Cournot competition.

This example highlights that depending on the interaction structure, the corresponding equilib-
rium outcomes are often disparate. Now we investigate if the ‘natural’ learning dynamics that have
been formulated to reflect the simultaneous and hierarchical interaction structures converge to the
corresponding equilibrium solutions. We simulate the deterministic simultaneous gradient dynam-
ics and the Stackelberg gradient dynamics (firm 1 is taken to be the leader) with the parameters
of the game selected to be A = 100, c¢; = 5, ¢ = 2 and the learning rate fixed to be 77 = 2 = 0.01.
In Figure we show the results of the simulation. Figure shows the production path of
each firm and Figure shows the profit path of each firm. The simultaneous gradient dynam-
ics converge to the unique Nash equilibrium of * = (zF, %) = (31.67,31.67) that gives profit of
m(x], x5) = (1002.78,1002.78). The Stackelberg gradient dynamics converge to the unique Stackel-
berg equilibrium of z* = (z7,x3) = (47.5,23.75) that gives profit of m(z}, x3) = (1128.13,564.06).
Thus, we observe that the natural learning dynamics for each interaction structure do in fact
converge to the corresponding equilibrium notion. It is worth noting that the unique Stackelberg
equilibrium is not a stationary point of the simultaneous gradient dynamics and similarly the unique

9Note this restriction was selected so that the production of each firm at each equilibrium is positive.
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Figure 2.7: (a) Production curves: sample learning paths for each firm showing the production
evolution and convergence to the Nash equilibrium under the simultaneous gradient dynamics and
convergence to the Stackelberg equilibrium under the Stackelberg dynamics. (b) Profit curves: evo-
lution of each firm’s profit under the simultaneous learning dynamics and the Stackelberg learning
dynamics. Of note is the improved profit obtained by the leader in the Stackelberg equilibrium
compared to the Nash equilibrium.

Nash equilibrium is not a stationary point of the Stackelberg gradient dynamics. Indeed, unlike in
zero-sum games, the stationary points do not coincide for each set of dynamics and the set of Nash
and Stackelberg equilibrium can be distinct. The general-sum structure elucidates how each of set
of learning dynamics is best-suited for seeking the equilibrium notion corresponding to the given
interaction structure and also how the equilibrium notions have enhanced predictive power of the
outcomes of competitive interactions when they match up with the interaction structure that the
learning algorithms are emulating.

2.6.2 Learning a Covariance Matrix

We now present an illustrative toy generative adversarial network training problem to learn an
unknown covariance matrix X € Rdx‘im The generator is restricted to be a linear function of
the latent input noise z ~ N (0, ) defined by Gy (z) = Vz The discriminator is restricted to be a
quadratic function of the real data generating process x ~ N(0,%) defined by Dy (z) = 2" Waz.
The matrices V € R¥*? and W € R4 are the parameters of the generator (player 1) and the
discriminator (player 2), respectively. For the given generator and discriminator networks, the
zero-sum Wasserstein generative adversarial network (Arjovsky et al., 2017)) problem is defined by

10T he following problem formulation was previously presented by [Daskalakis et al.| (2018).




95

the cost
FVW) =Eponomyle Wal = E.onvo,nlz VIWVz].

As shown by Daskalakis et al.| (2018]), this cost function can be simplified to

d

d d
FOV,W) =% Wii(Sy = D VieVig)-
i=1 j=1

k=1

The critical points of the game are given by (V, W) such that VV T = ¥ and W+W T = 0. Observe
that this implies that at any critical point of the game, the generator has recovered the underlying
data distribution.

Now consider a general-sum variant of this zero-sum game in which the cost of the follower is
regularized. Specifically, let the generator’s cost be defined by

d d d

AVW) =303 Wi = > VaViw)-

i=1 j=1 k=1

Moreover, define the discriminator’s cost by

d d d
_ Uy -1/, I T
f2(V,W) = —;;qu ;vajm 5 TrvTw),

where p > 0 is a tunable regularization parameter. In this formulation, at any joint strategy
(V*, W*) where Dy fo(V*,W*) = 0 then W* = 0 and also det(Dsfo(V,W)) # 0 for all (V,W) so
that the Stackleberg gradient dynamics are always well-defined.

For this problem, we simulate both the Stackelberg gradient dynamics and the simultaneous
gradient dynamics, and analyze the distance from the equilibrium as a function of time along with
the trajectories of the dynamics. The learning rates are chosen as 73 = 72/4 = 0.01 and the
regularization in the discriminator’s cost is fixed to be p = 0.5. The covariance matrix is chosen
to be ¥ = UUT + I where U ~ AN(0,1). We plot [|¥ — VV T |3 for the generator’s performance
and ||W + W ||y for the discriminator’s performance in Figures 2.8c for problems with d €
{2,5,10}. Moreover, we plot coordinates of VV' ' against W in Figure [2.8d] for each problem.
We observe that Stackelberg gradient dynamics converge to the solution in significantly faster.
Furthermore, the simultaneous gradient dynamics rotational cyclic behavior around the solution.
In contrast, the Stackelberg gradient dynamics do not cycle at all. For zero-sum games, our theory
provides reasoning for this behavior since at any critical point the eigenvalues of the game Jacobian
are purely real. Since at critical points, W = 0, this property carries over to this general-sum
game. This is in contrast to simultaneous gradient descent, whose Jacobian can admit complex
eigenvalues, which are known to cause rotational forces in the dynamics.

2.6.3 Parameterized Bimatrix Games

We now present a study of bimatrix games. To represent strategies with discrete actions, con-
tinuous probability distributions can be employed as mixed strategies over the discrete actions.
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Figure 2.8: The Stackelberg gradient dynamics rapidly learn the covariance matrix > as compared
to the simultaneous gradient dynamics. Errors given by ||~ —V V7|5 and ||W + W7 |3 are shown in
(a)—(c). Trajectory plots of elements of W and V'V demonstrating the cycling of the simultaneous
gradient dynamics are presented in (d)—(f).

The gradient-based methods we study for continuous strategy spaces can thus be used to solve for
equilibria in the parameterized strategy space. Consider a game (fi, fo) with costs given by

filwr,w2) = w(an) An(ez) + Slller]B and  folar, @) = w(a) " Br(ea) + 5 e,

where

A= B (1’] and B = {1{2 1}2] (2.18)

are the matrices representing the bimatrix game with player 1 as the row player and player 2 as
the column player. We represent the mixed policy of two discrete actions with a sigmoid-based
probability distribution on the simplex, 7 : R — A, given by

m(x) = (ea1x+b17 ea2z+bz)/(ealx+b1 + ea2x+bz)

where the parameters aq, b1 and as, by are constants that scale and shift the parameterization. This
parameterization scheme can be extended to d + 1 actions using d variables. For two actions, we
require that a; and ao have opposite signs. The 2-norm regularization of each player’s individual
action serves to regularize each player towards the interior of the simplex.

The bimatrix game admits a unique mixed Nash equilibrium of (1/2,1/2) for player 1 and
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Figure 2.9: Parameterized bilinear game. Parameters: (ai,as) = (2.5,—2.5) and (b1, b2) =
(1,—1). (a)—=(b): For the simultaneous gradient dynamics, we observe parameter convergence to
a neighborhood of (z},z%) = (—.4,—.4), which in policy space corresponds to the mixed Nash
equilibrium of (1/2,1/2) for each player. (c)—(d): For the Stackelberg gradient dynamics, we
observe convergence to a neighborhood of (z7, z35) = (—.4, —.16), which in policy space corresponds
to player 1 selecting the mixed Stackelberg equilibrium strategy of (1/2,1/2) and player 2 playing
the distribution (0.77,0.23). The effects of time-scale separation is visualized as the light colored
horizontal path, showing a low gradient norm along player 2’s reaction curve.
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Figure 2.10: Parameterized bilinear game. Parameters: (a;,a2) = (2.5, —2.5) and (b1, b2) =
(0,0). (a)—(b): For the simultaneous gradient dynamics, we observe convergence to a neighborhood
of (x7,2%) = (0,0), which in policy space corresponds to the mixed Nash equilibrium of (1/2,1/2)
for each player. (c)—(d): For the Stackelberg gradient dynamics, we observe the equivalent final
convergence characteristics. The effects of time-scale separation is visualized as the light colored
horizontal path, showing a low gradient norm along player 2’s reaction curve. Note that due to the
choice of parameters (by, b2), the regularization is penalizing for any deviation from the equilibrium
at (1/2,1/2) in the policy space.

(1/2,1/2) for player 2. If the game is played in a hierarchical structure with the leader being player
1, the mixed Stackelberg equilibrium of the game is (71, m2) with m = (1/2,1/2) and any policy
o in the simplex for the follower. At this strategy, the cost the leader incurs is independent of the
follower’s strategy. We refer toBasar and Olsder] (1998], §3.6) for discussion on the mixed Stackelberg
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equilibrium of this bimatrix game. For the softmax parameterized policy class we consider, using
(a1,a2) = (2.5,—-2.5), (b1,b2) = (1,-1), m(—0.4) = (1/2,1/2). That is, the parameter x = —0.4
corresponds to the policy (1/2,1/2). On the other hand, if (a1, a2) = (2.5,—2.5), (b1,b2) = (0,0),
then w(0) = (1/2,1/2).

We plot the the vector fields g and gs and their norms, along with simulations of both the
simultaneous and Stackelberg gradient dynamics in Figures and We use parameters
(a1,a2) = (2.5,—2.5), and regularization y = p; = pa = 0.1. For the parameters (by,bs), we
explore two different pairs: (by,b2) = (1,—1) and (b1,b2) = (0,0). The latter is such that the
regularization term is penalizing for any deviation from the equilibrium parameter values, while
the former is such that the regularization is penalizing for any deviation from (0,0) while the
equilibrium is at (0.4, y) for any y € [0, 1]. Observe that the simultaneous gradient dynamics cycle
significantly in parameter space and in policy space they converge to the mixed Nash equilibrium in
each example. In contrast, the Stackelberg gradient dynamics do not exhibit cyclic behavior in the
parameter space, and in the cases of the parameters (b1,b2) = (1, —1) and (b1, b2) = (0,0) converge
to mixed Stackelberg and mixed Nash equilibrium, respectively.

The shading of the action space indicates the norm of the dynamics: darker has a larger
norm. Different parameterization constants or regularization weights will affect the outcome of
the gradient-based learning. The timescale separation improves the convergence properties of the
Stackelberg gradient dynamics as it encourages the dynamics to converge to the follower’s best-
response curve. We observe the distinctly lighter path the shaded plots of Figure (b) and
(d), where the follower’s response curve runs horizontal to the plot. Comparing plots Stackelberg
gradient in Figures (c) and (d), we observe that with timescale separation, the paths of the
learning dynamics converges first to the manifold on the ridge, then towards the stationary point
along the manifold. Doing so prevents the trajectory from being perturbed by the ‘cliffs’, visualized
by the dark cusps with large gradient norm corresponding to area where the follower’s individual
second-order derivative is poorly conditioned.

2.6.4 Generative Adverarial Networks Parameterized by Neural Networks

We now move on to experiments training generative adversarial networks in which each player is
parameterized by a neural network. The generator is always taken to be the leader and the discrim-
inator the follower in this set of experiments. Prior to presenting the results, we provide details on
the typical generative adversarial network formulation and some practical training modifications
we make to the gradient-based learning dynamics that have been presented thus far.

Generative Adversarial Network Formulations. The standard generative adversarial net-
work formulation (Goodfellow et al., 2014) (often known as the saturating objective) can be char-
acterized by the zero-sum game

min 2 £(0,) = By [UD(2))] + Earop [((~Do( Go (2)))] (2.19)

In this formulation Gy : Z — X is the generator network parameterized by 6 that maps from the
latent space (noise distribution) Z to the input space (data distribution) X, D, : X — R is the
discriminator network parameterized by w that maps from the input space X to real-valued logits,
and py and pz are the distributions over the input space and the latent space respectively. The
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loss function is defined by £(x) = log(c(z)) where o(x) = (1 + e~*)~! is the logistic function that
maps from a real-valued logit to a probability (real or fake data in this context). The goal of the
problem formulation is for the generator to learn a map from the latent space to the input space
that matches the underlying data distribution such that the discriminator cannot discern the real
data from the fake data. A variant of this formulation is what is known as the non-saturating
objective (Goodfellow et al., 2014). In the non-saturating formulation, the generator objective is
to maximizing E.p [¢{(Dw(Gg(2)))], or equivalently minimize K., [¢(D,(Gg(z)))]. This results in
the general-sum game defined by the costs:

f1(0,w) = Epp () (D (2))] — Ep(2) (D (G (2)))]

(2.20)
fo(0,w) = —Ep () [{(Du(2))] = Ep()[((=Duw (Go(2)))]-

The motivation for this reformulation is that it was observed (Goodfellow et al., 2014) that when
training with the simultaneous gradient dynamics, E,, . [¢(—D.(Gg(2)))] ‘saturates’ early in train-
ing so the gradient information is weak and hampers learning. The experiments that follow consider
both objective formulations.

Practical Training Modifications. For this set of experiments, we implement some practical
modifications to the basic learning dynamics studied in this chapter. To begin, for both the simul-
taneous gradient dynamics and the Stackelberg gradient dynamics we pass the gradient information
of each player into the Adam optimizer (Kingma and Bal [2015) using the default parameters of
B1 =0.9, B = 0.999, and € = 10~ for the mixture of Gaussian experiments and $; = 0.5 for the
MNIST experiment following the standard convention for the network architecture that is selected.
Moreover, for the leader update in the Stackelberg gradient dynamics, since often Ds fa(x1,x2) is
ill-conditioned if not degenerate along the learning path, given regularization p > 0 we implement
the (regularized) update

951 = D1 fi(z) — Daifo(z)" (D3 fo(z) + Hf)il Dy fi(x).

This update equation can be derived from viewing the leader as regularizing the conjectured be-
havior of the follower, so that the optimization problem for the leader is given by

arg min { f1(1,22)] @2 € argmin fa(wr,y) + 5y},

where the follower is actually aiming to solve the problem argming, fa(x1,z2). The leader then
views the follower as descending the gradient Ds fo(z1, 22)+px2 so that the derivative of the implicit
map is given by Dr(z1) = —(D3fa(x1,7(x1)) + ul) " Doy fo(x1,7(z1)). Tt is possible to define
sufficient conditions for a local Stackelberg equilibrium when considering the leader objective from
above. Specifically, the conditions are equivalent as from the definition that has been provided for
a differential Stackelberg equilibrium, but using the derivative of the implicit map as just provided.
In the experiments that follow, we assess the eigenvalues of relevant game objects around critical
points that the gradient-based dynamics converge towards and to determine if the strategy is a
local Stackelberg equilibrium, we also use the regularized implicit map in the second-order total
derivative when verifying the leader second-order sufficient condition. Specifics on the computations
can be found in Section 2.D.4]
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2.6.4.1 Mixture of Gaussians

In this subsection, we show results for training generative adversarial networks to learn a mixture of
2-dimensional Gaussian distributions. A pair of configurations are considered, a diamond configu-
ration, and a circle configuration. The underlying data distribution that is to be learned for the dia-
mond experiment consists of Gaussian distributions with means given by u = [1.2sin(w), 1.2 cos(w)]
for w € {km/2}3_, and covariances 02I where 0> = 0.15. The underlying data distribution that
is to be learned for the circle experiment consists of Gaussian distributions with means given by
p = [sin(w), cos(w)] for w € {kmr/4}]_, and covariances o*I where o = 0.05.

During training, the real data = € R? is selected uniformly at random from the set of Gaussian
distributions and the latent data z € R is drawn from a standard normal distribution with batch
sizes of 256. The neural network for the generator contains two hidden layers, each of which
contain 32 neurons. The generator and discriminator networks have two and one hidden layers,
respectively; each hidden layer has 32 neurons. The activation function following the hidden layers
in the generator network is the Tanh function and the ReLLU function in the diamond and circle
experiments, respectively. The objective for the game in the diamond experiment is the saturating
generative adversarial network objective from and in the circle experiment it is the non-
saturating generative adversarial network objective from . The initial learning rates for each
player and for each learning rule is 0.0001 and 0.0004 in the diamond and circle experiments,
respectively. The learning rate for each player i € 7 is decayed exponentially such that v; = 'w/f
where 1] = vy = 1—-1077 for the simultaneous gradient dynamics and v; = 1-10%and v; = 1—1077
for the Stackelberg gradient dynamics. Finally, the implicit map of the follower is regularized as
discussed in Section [2.6.4] using the parameter ;4 = 1 and similarly in computing the eigenvalues
of D?f, as detailed in Section m For both the diamond and circle configurations, 10 initial
seeds were simulated for each set of learning dynamics and the behavior was generally consistent
across the seeds for both algorithms. The experiments were run for 60k training batches and the
eigenvalues of relevant game objectives evaluated at that stopping point.

Diamond Configuration. In Figures and Figures we show a sample of
the generator and the discriminator for the simultaneous gradient dynamics and the Stackelberg
gradient dynamics at the end of training. Specifically, for each set of learning dynamics we show the
best run from 10 initial seeds when judged in terms of the KL-divergence between the real data and
the generated data. Each learning rule converges so that the generator can create a distribution that
is close to the ground truth and the discriminator is nearly at the optimal probability throughout
the input space of 0.5, meaning that it cannot tell real from fake. In Figures and
Figures for the simultaneous gradient dynamics and the Stackelberg gradient dynamics
respectively, we show eigenvalues from the game objects evaluated at the final point that present a
deeper view of the convergence behavior. Specifically for each relevant game object we show the 5
smallest and 15 largest real eigenvalue parts. We observe from the eigenvalues of J that both sets
of dynamics converge to neighborhoods of points that are stable for the simultaneous dynamics and
they appear to be in a neighborhood of a differential Stackelberg equilibrium since the eigenvalues
of D?f; and D3f, are nearly all positive. Interestingly, however, since the eigenvalues of D?f; are
nearly all zero and not all positive, it appears that the result may reflect the realizable assumption
(refer to Section as well as convergence to a differential Stackelberg equilibrium that is not a
differential Nash equilibrium.
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Figure 2.11: The generator and discriminator performances on the diamond configuration for the
simultaneous gradient dynamics and the Stackelberg gradient dynamics from the best run of 10
seeds are shown in (b)—(c) and (d)—(e), respectively. We show the 5 smallest and 15 largest real
eigenvalues parts of relevant game objects in (f)—(i) for the simultaneous gradient dynamics and
(j)—(m) for the Stackelberg gradient dynamics.

In general, the conclusions that can be drawn from the best run are generally consistent across
the random seeds. To demonstrate this, we provide additional simulation results for the diamond
configuration in Figure The generator and discriminator outputs in Figures and
Figures correspond to the 5th best of the 10 runs when judged in terms of the KL-
divergence between the real data and the generated data for the simultaneous gradient dynamics and
the Stackelberg gradient dynamics, respectively. We again see reasonable performance for both the
simultaneous gradient dynamics and the Stackelberg gradient dynamics in terms of the generator
and the discriminator. For each of the 10 runs the minimum and maximum real eigenvalue parts
for the relevant game objects are presented in Figures for the simultaneous gradient
dynamics and in Figures for the Stackelberg gradient dynamics. The black bars show
the minimum real parts of the eigenvalues and for several of the plots they are not visible since
they are near zero. Observe that the eigenvalues of D?f; are consistently near zero and include
negative values for both sets of dynamics, indicating they are not converging to a differential Nash
equilibrium. Moreover, the results show consistent convergence to neighborhoods of stable critical
points of the simultaneous gradient dynamics that are differential Stackelberg equilibrium since the
real parts of the eigenvalues of J, D?f;, and D3 fy are positive.

Given the good generator and discriminator performance for this problem, it is worth further
empirical investigation to determine if differential Stackelberg equilibrium that are not differential
Nash equilibrium are desirable in generative adversarial networks and if successful training methods
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Figure 2.12: The generator and discriminator performances on the diamond configuration for the
simultaneous gradient dynamics and the Stackelberg gradient dynamics from the 5th best run of 10
seeds are shown are shown in (b)—(c) and (d)—(e), respectively. The minimum and maximum real
parts of the eigenvalues of the game objects (f)—(m) are shown for ten random initial seeds where
from (f)—(i) is for the simultaneous gradient dynamics and (k)—(n) is for the Stackelberg gradient
dynamics.

commonly are reaching such points.

Circle configuration. In Figures and Figures we show the generator
along the learning path for the simultaneous gradient dynamics and the Stackelberg gradient dy-
namics, respectively. In particular, for each set of learning dynamics we show the best run from
10 initial seeds when evaluated in terms of the KL-divergence between the real data and the gen-
erated data. Observe that the simultaneous gradient dynamics cycle and perform poorly until the
learning rates decay enough to stabilize the training process. In contrast, the Stackelberg gradient
dynamics converge quickly to a solution that nearly matches the ground truth distribution. In a
similar fashion as in the covariance example, the leader update is able to reduce rotational forces.
In Figures and Figures for the simultaneous gradient dynamics and the
Stackelberg gradient dynamics respectively, we show eigenvalues from the game objects evaluated at
the final point. For each relevant game object we show the 5 smallest and 15 largest real eigenvalue
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Figure 2.13: The generator of the simultaneous gradient dynamics along the learning path is shown
in (b)—(e) and the generator of the Stackelberg gradient dynamics along the learning path is shown
in (f)—(i) for the best runs on the circle configuration. We present the 5 smallest and 15 largest
real eigenvalue parts of relevant game objects in (j)—(d) for the simultaneous gradient dynamics
and (n)—(q) for the Stackelberg gradient dynamics.

parts. We observe from the eigenvalues of J that both sets of dynamics converge to neighborhoods
of points that are stable for the simultaneous gradient dynamics and the simultaneous gradient dy-
namics converge to a neighborhood of a differential Nash equilibrium since the eigenvalues of both
D? fy and D3 f, are positive and the Stackelberg gradient dynamics converge to a neighborhood of
a differential Stackelberg equilibrium that is not differential Nash equilibrium since the eigenvalues
of D? f; are not all positive but the eigenvalues of both D?f; and D3 f, are positive.

We again observed that the behavior of the learning dynamics was consistent across the random
seeds. Additional simulation results for the circle configuration are provided in Figure [2.14] to
demonstrate this fact. The generated distribution along the learning path for the 5th best of the 10
runs when evaluated in terms of the KL-divergence between the real data and the generated data is
shown for the simultaneous gradient dynamics in Figures and the Stackelberg gradient
dynamics in Figures As with the best run, the simultaneous gradient dynamics cycle,
while the Stackelberg gradient dynamics converge quickly to the real distribution. For each of the 10
runs the minimum and maximum real eigenvalue parts for the relevant game objects are presented
in Figures for the simultaneous gradient dynamics and in Figures for the
Stackelberg gradient dynamics. The black bars show the minimum real parts of the eigenvalues
and for several of the plots they are not visible since they are near zero. From the eigenvalues, we
can conclude that the simultaneous gradient dynamics consistently converge to a neighborhood of
a differential Nash equilibrium since the eigenvalues of both D? f; and D3 f, are positive, while the
Stackelberg gradient dynamics consistently converge to a neighborhood of a differential Stackelberg
equilibrium that is not a differential Nash equilibrium since D? f; has negative eigenvalues but both
D?f; and D% f2 have positive eigenvalues.
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Figure 2.14: The generator performance along the learning path for the simultaneous gradient
dynamics is shown in (b)—(e) and the generator performance along the learning path for the Stack-
elberg gradient dynamics is shown in (f)—(i) for the best runs on the circle configuration. The
minimum and maximum real parts of the eigenvalues of the game objects (f)—(m) are shown for
ten random initial seeds where from (j)—(m) is for the simultaneous gradient dynamics and (0)—(r)
is for the Stackelberg gradient dynamics.

Together the circle configuration example shows that the Stackelberg gradient dynamics can
mitigate cycling behavior and also the results provide further evidence that differential Stackelberg
equilibrium may be easier to reach, and can provide suitable performance.

2.6.4.2 MNIST

The final generative adversarial network problem we consider is on the MNIST dataset using the
DCGAN architecture (Radford et al., [2016) adapted to handle 28 x 28 images. The specific neural
network architectures for both the generator and the discriminator are given in Tables [2.16|and [2.17]
The implementation is in PyTorch and we describe the networks by the parameters passed into
nn.Sequential class. The primary purpose of this experiment is to show that the Stackelberg gradient
dynamics can scale to large-scale machine learning problems with millions of parameters despite
needing to solve a linear equation at each iteration. In fact, the leader gradient can be computed
with only a constant multiplicative cost compared to a normal gradient computation. Specifically,
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Figure 2.15: Stackelberg gradient dynamics learning MNIST digits.

to solve the linear equation in the leader gradient, we call the conjugate gradient method (Martens
et al., 2010). Each iteration of the conjugate gradient algorithms requires computing a Hessian-
vector product and the cost of this computation is approximately twice as costly as a normal gradient
computation. Warm-starting the solver at each iteration, we find that with k = 5 iterations,
a solution to the linear equation within numerical precision could be found. Thus each, leader
gradient computation is roughly 10 times as costly as a normal gradient. For further details on the

implementation, see Section

For the MNIST experiment, we only evaluate the Stackelberg gradient dynamics. During train-
ing, the real data (images) z € R%*2® is selected sequentially from a shuffled version of the dataset
and the latent data z € R1%0 is drawn from a standard normal distribution with batch sizes of 256.
The neural network parameter weights are initialized from a zero-mean normal distribution with
standard deviation 0.02 following the standard DCGAN configuration. The initial learning rate for
each player i € 7 is set to be 0.0002 and then they are decayed exponentially such that ~; ;, = %-l/f
where 11 =1 — 1072 and 15 = 1 — 10~7. Finally, the implicit map of the follower is regularized as
discussed in Section [2.6.4] using the parameter p = 10000. If we view the regularization as a linear
function of the number of parameters in the discriminator, then this selection of regularization is
nearly equal to that from the mixture of Gaussian experiments.

We repeat the training procedure with 10 random seeds. We evaluate the performance using the
Inception score (Salimans et al., 2016). The basic idea of the Inception score is to train a classifier on
the dataset and then take samples of the generator to compute a conditional label distribution P(y|x)
over the generated data. When the generated data has a meaningful output, the conditional label
distribution should have low entropy and also the model should generate diverse images so that the
marginal distribution P(y) has high entropy. The metric is then given by exp(E, (KL(P(y|x)||P(y)))).
The Inception score was calculated using a LeNet classifier following (Berard et al., 2020). Each
time we calculated a score N = 5000 samples were generated. Figure shows the mean
Inception scores over the 10 repeats of the experiment along the training path with the shading
showing the standard error of the mean. Note that the Inception score using real data was 9.9 and
the maximum possible Inception score is always the number of classes in the dataset. Finally, we
show a real sample of images in Figure and a fake sample in Figure after 7500 batches
from the run with the 5th highest Inception score. From the results, it can be observed that the
Stackelberg gradient dynamics successfully generate handwritten digits that are indistinguishable
from the real handwritten digits. Moreover, the Inception scores confirm this quantitatively and
also show that the dynamics converge to a desirable solution fast and in a stable manner.



Module In Channels | Out Channels | Kernel Size | Stride | Padding | Bias
ConvTranspose2d, BatchNorm2d, ReLU 100 512 4 1 0 False
ConvTranspose2d, BatchNorm2d, ReL.U 512 256 4 2 1 False
ConvTranspose2d, BatchNorm2d, ReLU 256 128 4 2 1 False
ConvTranspose2d, BatchNorm2d, ReLU 128 512 4 1 0 False
ConvTranspose2d, BatchNorm2d, Tanh 64 1 1 1 2 False

Module In Channels | Out Channels | Kernel Size | Stride | Padding | Bias

Conv2d, LeakyReLU(0.2) 1 64 4 2 1 False
Conv2d, BatchNorm2d, LeakyReLU(0.2) 64 128 4 2 1 False
Conv2d, BatchNorm2d, LeakyReLU(0.2) 128 256 4 2 1 False
Conv2d, Sigmoid 256 1 4 2 1 False
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Figure 2.16: Generator Network PyTorch Parameters for the nn.Sequential class in the MNIST
experiment.

Figure 2.17: Discriminator Network PyTorch Parameters for the nn.Sequential class in the MNIST
experiment.

2.7 Discussion

This chapter presents a study of nonconvex games on continuous strategy spaces from a Stackelberg
game perspective. The motivation for this perspective stems from the fact that despite the surge of
research on equilibrium and gradient-based learning in this class of games, it has almost unanimously
been approached from a simultaneous play point of view and focused on the Nash equilibrium
solution concept. The Stackelberg game viewpoint is well-motivated both from the emergence of
machine learning problems formulated as nonconvex-nonconcave zero-sum games that admit an
implicit order of play, as well as from common game-theoretic applications where a hierarchical
interaction structure between the players naturally emerges. The basis of this chapter is grounded
upon the introduction of a local Stackelberg equilibrium concept suitable for this class of games
and a gradient-based characterization via sufficient conditions (differential Stackelberg equilibrium)
relevant to analyzing the convergence of gradient-based learning algorithms. The results in this
chapter give significant insights into the properties of local Stackelberg equilibrium (genericity
and structural stability) and the connections with local Nash equilibrium, namely that the latter
is a subset of the former in zero-sum games and the cost is lower in general-sum games in the
former than the latter for the leader. Moreover, for the subclass of nonconvex-nonconcave zero-
sum games, we have shown that critical points of the simultaneous gradient dynamics previously
thought to lack-meaning can often be explained through the lens of the Stackelberg equilibrium
concept. The Stackelberg gradient dynamics that are developed are reflective of the interaction
structure of a Stackelberg game, and consequently the convergence properties give insights into what
can be expected from competitive interactions in hierarchical decision structures. The strongest
convergence results are in zero-sum games, where it is shown that the Stackelberg gradient dynamics
only locally converge to critical points that are local Stackelberg equilibrium, and do so at a rate that
depends on fundamental properties of the equilibrium. While weaker, the convergence results in
general-sum games highlight that natural Stackelberg dynamics may not always necessarily reach
Stackelberg equilibrium, but under some suitable assumptions meaningful results can be given.
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Finally the experimental results highlight the benefits in terms of stability that is gained by giving
more power to a player in the game, and also underscore that local Stackelberg equilibrium play
an important role in the optimization landscape of generative adversarial networks.

The work presented in this chapter first appeared in workshop form (Fiez et al., 2019a)) before
being published as a conference paper (Fiez et al., [2020al), and prior to that there was a technical
report version (Fiez et al. 2019b)) that includes some stochastic convergence results that were
not included in the conference publication or this thesis due to the length. That being said, the
presentation given in this chapter has been significantly revised from the previous write-ups to
improve the clarity and also set the stage for the chapters that follow in this part of the thesis,
which build closely off of the methods and results in this chapter. There has been a significant
amount of research in the past couple of years that is closely related or builds directly on the
work in this chapter. To begin, we remark that concurrently, |Jin et al.| (2020) also adopt the
perspective of viewing the underlying interaction structure as a Stackelberg game. However, the
focus is only on nonconvex-nonconcave zero-sum games and general-sum games are not considered.
Notably, the authors also define a local minmax equilibrium concept for nonconvex-nonconcave
zero-sum games and study its properties with more focus given to the issue of existence. We
remark that the local Stackelberg equilibrium definition presented in this chapter is a direct local
refinement of the typical global definition from game theory (Basar and Olsder, 1998). The local
minmax equilibrium concept developed by [Jin et al. (2020) has some subtle difference in terms
of the condition for the leader. Specifically, recall that as presented in Definition the local
Stackelberg definition for the leader is formulated in terms of the best-response set of the follower.
That is, x] is a local Stackelberg solution for the leader if for all z; € U; C X; the condition
SUPg, Ry, (of) /(21 22) < SUDy, € Ryy, (22) f(z1,22) holds where Ry, (-) is the set of best-responses
of the follower in the nelghborhood U, C Xy to a given leader strategy. This definition says
that no local deviation of the leader considering the response-map of the follower can lower the
cost. In contrast, the condition for the leader in the definition of Jin et al.| (2020) requires that
f(z7,25) < f(x1,22) for all x; € Uy C A and @9 € Uy C Ay. The key difference is that along the
local deviations of the leader, the local deviation of the follower is contained in a ball around the
candidate equilibrium instead of constrained along the best-response map. To give some perspective
of how this changes the local equilibrium definition, it is useful to see consider Example and
Figure specifically Figure While the leader condition from Definition [2.2]is characterized
by z7 being a local minimum of f(z1, Ry,(z1)) along the response curve shown by the black line in
Figure the condition presented in |Jin et al.| (2020)) is characterized by (x7,z3) being a local
minimum of f(x1,x2) in a neighborhood, which in this toy example would effectively correspond
to a rectangle around the equilibrium. In this sense, the local minmax equilibrium definition of [Jin
et al.[(2020) can be slightly more restrictive than the local Stackelberg equilibrium definition in zero-
sum games that we have presented. This being said, equivalent sufficient conditions are presented
that define a strict local minmax equilibrium or equivalently a differential Stackelberg equilibrium.
Moreover, |Jin et al.| (2020) similarly show any local Nash equilibrium is a local minmax equilibrium
under the definition they adopt in zero-sum games. Finally, we remark that |Jin et al.| (2020
also study the simultaneous gradient dynamics (gradient descent-ascent in zero-sum games), but
in addition consider the role of timescale separation. Like in this chapter, connections are drawn
between the stable critical points and the set of strict local minmax equilibrium. While we discuss
the results in further detail in the chapter that follows, the key insight is that as the timescale
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parameter 7 — 00, then the sets of stable critical points and differential Stackelberg equilibrium
coincide. This is an analogous result for the simultaneous gradient dynamics as we have shown in
Theorem [2.5]for the Stackelberg gradient dynamics. However, it in some sense does not result in an
implementable version of the simultaneous gradient dynamics with the guarantee in discrete-time,
since the learning rate would need to tend to zero to retain the stability property. Nonetheless, it
is an interesting result that motivates the work presented in the following chapter.

The research in this chapter and the work of|Jin et al.| (2020]) has arguably resulted in an enlight-
ened perspective of equilibrium concepts in the machine learning literature on learning in games.
Indeed, there has been several equilibrium concepts proposed and studied since. The proximal
equilibrium definition proposed by Farnia and Ozdaglar| (2020) is (informally) suggested to inter-
polate between the set of Nash and Stackelberg equilibrium in zero-sum games. Moreover, [Zhang
et al.| (2020a) propose a local robust point as an equilibrium definition that contains both local
minmax and local maxmin equilibrium in zero-sum games. The consistent conjectural variations
equilibrium and sufficient conditions has been investigated in our own work along with collabora-
tors|Chasnov et al.| (2019). Notably, this is an equilibrium concept defined in terms of the behavior
that players are conjecturing about each other. Finally, a pair of recent works (Keswani et al., |2020;
Mangoubi and Vishnoi, 2021)) define relaxed equilibrium notions that essentially correspond to the
maximizing player reaching an approximate local maximum, and the minimizing player reaching
an approximate local minimum of a ‘greedy approximation’ of the function max,, f(x1,x2). The
benefit of this type of equilibrium notion is that it is shown to both exist under mild assumptions for
nonconvex-nonconcave zero-sum games, while also being amenable to global finite-time convergence
guarantees (Keswani et al., 2020; Mangoubi and Vishnoi, 2021)). In some sense, the aforementioned
set of works can be viewed as putting computational restrictions on the maximizing player to yield
stronger theoretical results (that is, global versus local convergence and a guarantee of equilibrium
existence), but with respect to weaker solution notions. In our own recent work with collabora-
tors (Fiez et al) |2021a)), a related perspective is studied in which the maximizing player is assumed
to deploy a smooth algorithm so that the underlying nonconvex-nonconcave zero-sum game reduces
to a nonconvex-concave zero-sum game in which global guarantees to stationary points are achiev-
able. These equilibrium concepts are all with respect to the underlying function space. However,
there is another perspective that has gained traction of viewing the game in parameter or model
space and definining equilibrium concepts in that space (Flokas et al.l 2021; |Gidel et al., 2021}
Vlatakis-Gkaragkounis et al., 2019).

Beyond equilibrium concepts, there has been several works developing gradient-based learning
algorithms motivated by the Stackelberg gradient dynamics and the convergence guarantees with
respect to differential Stackelberg equilibrium in zero-sum games. Specifically, Wang et al.| (2020a))
study learning dynamics they call follow-the-ridge and show the equivalent guarantee that in zero-
sum games the only locally stable critical points are differential Stackelberg equilibrium. It is
pointed out by |[Zhang et al.| (2020b)), that the follow-the-ridge dynamics are effectively a ‘transposed’
version of the Stackelberg dynamics. In particular, at critical points, the follow-the-ridge dynamics
have an upper-block-triangular structure whereas the Stackelberg dynamics have a lower-block-
triangular structure. Zhang et al. (2020a) study truly Newton-style learning dynamics that have a
quadratic versus linear rate of local convergence and are also only locally stable around differential
Stackelberg equilibrium. Most recently, a multi-player extension in which there can be N layers of
hierarchical interactions with multiple players at each level is studied by [Li et al.| (2021) also using
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gradient-based learning dynamics that are derived based on the implicit function theorem.

Recently, there has also been several works drawing the connection between a hierarchical in-
teraction structure (Stackelberg game) and reinforcement learning problems. Indeed, Rajeswaran
et al. (2020)) argue that model-based reinforcement learning can be viewed as a general-sum Stackel-
berg game. That being said, to perform optimization in the game formulation of the reinforcement
learning problem, they rely on the simultaneous gradient dynamics (k steps of unrolling the inner
problem) with timescale separation rather than the Stackelberg gradient dynamics. On the other
hand, in our own work with collaborators (Zheng et al. 2021]), actor-critic reinforcement learning
algorithms are cast as a nonconvex general-sum Stackelberg game and the Stackelberg gradient dy-
namics are employed in the optimization procedure. Empirically, it is shown that this method can
outperform the simultaneous gradient dynamics that are typically used with timescale separation
in actor-critical algorithms. A similar idea is analyzed theoretically by Hong et al.| (2020).

The research in this chapter leaves several open questions and the following chapters address
some of them. In particular, given the local stability characterization of the Stackelberg gradient
dynamics from Theorem [2.5] which ensures that the only locally stable critical points are differential
Stackelberg equilibrium and also that all differential Stackelberg equilibrium are locally stable, it
of interest to investigate if an equivalent guarantee can be given for gradient-based dynamics using
only first-order information. As discussed above, in some sense this has already been shown for the
simultaneous gradient dynamics with timescale separation, but since it only holds in the limit as the
timescale separation approaches infinity, it does not necessarily apply to practical implementations
for machine learning problems. The following chapter seeks to resolve this question. Another in-
teresting question is deriving global convergence guarantees in semi-structured classes of games for
the Stackelberg gradient dynamics. Since the results in this chapter have shown that in zero-sum
games the all stable critical points of the Stackelberg gradient dynamics are differential Stackel-
berg equilibrium and also that the Stackelberg gradient dynamics avoid strict saddle points of the
continuous-time system, it is then possible to obtain global convergence guarantees to only differen-
tial Stackelberg equilibrium if a potential function can be constructed. Perhaps the most promising
general, yet achievable class where this would be possible would be zero-sum games in which the
det(D3f(z)) # 0 everywhere. This would hold in nonconvex-strongly-convex games for example.
This perspective is actually studied in general-sum games by [Hong et al.| (2020)) and (Ghadimi and
Wang| (2018]), but not with a focus of converging to equilibrium necessarily. We do not address this
question in this thesis, and leave it to future work. That being said, in Chapter [} we do obtain
results of this natural for the simultaneous gradient dynamics with timescale separation in classes
of nonconvex zero-sum games. Finally, we remark that it would be interesting to theoretically
analyze the sucecssful unrolled generative adversarial network training method proposed by (Metz
et al. [2017). In unrolled generative adversarial networks (Metz et al., 2017, learning dynamics are
studied for generative adversarial networks in which prior to updating the generator parameters,
the discriminator is simulated taking k individual gradient steps from the initial parameters, while
the parameters of the generator are held fixed, and then the simulated discriminator parameters
are substituted into the objective of the generator and backpropagated through. As k — oo, the
effect of ‘unrolling’ the simulated discriminator is that a surrogate objective of f(z1,r(x1)) arises
for the generator where r(x1) is defined by the simulated discriminator converging to a local op-
timum. The discriminator then optimizes its cost taking individual gradient descent steps. Thus,
this procedure induces an update reminiscent of the Stackelberg gradient dynamics but using a
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simulated best-response r(z1) instead of the current iterate xo for the leader update as k — oc.
Intuitively, the stability properties of the Stackelberg gradient dynamics should carry over to the
unrolling procedure, which would imply that the unrolled generative adversarial network procedure
only locally converges to differential Stackelberg equilibria in zero-sum games. Given the success of
this training method, it would give further backing to local Stackelberg equilibrium as a desirable
solution for generative adversarial networks.
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CHAPTER 2 APPENDIX

2.A Proof of Proposition 2.1

Consider # = (z1,72) € X such that Dofa(x) = 0 and D3fs(x) = 0. The implicit
function theorem (Abraham et al), 1988, Thm. 2.5.7) implies that there exists an im-
plicit map r : z; ~ z2 defined on a neighborhood U; C A} such that zo = r(xz;) and
Dr(z1) = —(D3 fa(z1,7(21))) " Doy fo(x1,7(z1)). The Schur complement of Jg(z1,7(x1))) is

S1(Js(z1,7(x1))) = Di(Dfi(x1,7(21))) — Da(D fr(w1, (1)) (D3 fa(w1, (1)) Doy fol1, 7(x1))
= Di(D fi(x1,r(x1))) + D2(D f1(z1,7(21))) Dr(z1).

Observe that

Dy(D fi(z1,7(z1))) = D1 (D1 fr(x1,7(21)) + Dr(z1) " Dafr(z1,r(21)))
= D%fl(a:l, 7’(1’1)) -+ D21f1 (xl,r(:cl))TDr(xl) + DZT(xl)szl(xl, 7’(371)

and

Do(Dfi(z1,7(21)))Dr(z1) = Do(D1 fi(z1,7(21)) + Dr(z1) " Dafi(z1,7(21))) Dr(z1)
= Diafi(a1,r(21))Dr(21) + Dr(z1) " D3 fi(21, 7(21)) Dr(z1).

Thus,

81(Js(x1,7(21))) = Di fi(w1,7(21)) + Doy fr(wy,r(x1)) " Dr(w1) + D*r(1) Dy fr(a1, 7(w1))
+ Dyafi(z1,r(x1))Dr(zy) + Dr(xl)TDgfl (x1,7r(x1))Dr(xy).

Now, we also have that the total derivative of D fi(z1,7(z1)) is given by

D(Dfl(l'l, T‘(l’l))) = D(lel(l'l,’l“(l‘l)) + D’I"(l‘l)TDQfl(ZL‘l,T’(ﬂj‘l)))
= D(lel(ml,r(acl))) + D(DT<$1)TD2JC1($17T(xl)))7

where
D(D1fi(z1,7(21))) = D3 fi(w1,7(21)) + Diafi(ar, r(x1)) Dr(a),
and

D(Dr(z1) " Dafi(z1,7(21))) = D*r(21)Dafi(z1,7(21)) + Dr(21) " Doy fi(z1,7(21))
+ Dr(x1) " D2f1(x1,7(21))Dr(zy).
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Thus,

D(Dfl(:cl,r(xl))) == D%fl(l‘l,T($1)) + Dglfl(xl, T(I‘l))TD’F(ﬂS’l) + D2T(331)D2f1($1,7“(l‘1))
+ Diofi(z1,7(x1))Dr(zy) + Dr(zy) " D3 fy(z1, r(x1)) Dr(z).

Hence, we have that

D2f1(x17r(x1))lr(:r1)=m - D(Dfl(xhr(xl)))‘r(m):m = Sl(JS(x7T(‘Tl))”r(m):wz'

Moreover, in zero-sum games, since Dy f1(x1,x2) = Do f(x1,22) = 0, we have that

D?r(x1)Da f1(z1,7(z1)) = D*r(21)Daf(21,7(21)) =0

and
Dr(z1) " Doy fi(a1,7(21)) + Dr(x1) " D3 f1(z1,7(21)) Dr(y)
= Dr(z1)" (Da1 f(x1,7(z1)) + D3 f(21,7(21))Dr(x1))
= Dr(z1) " (Da1 f(x1,r(21)) — D3 f (21, 7(21))(D3 f (21, 7(21))) " Doy f(z1,7(21)))
= Dr(x1) " (Da1f(x1,7(21)) — Dar f(z1,7(21)))
=0.
Thus,

D(Df(xlv r(xl)))’r(xl)::cz = SI(J(xlv r(xl)))’r(xl)::cz = SI(J(xlv .%'2))

The statement regarding the first-order sufficient conditions is immediate from the fact that in
zero-sum games D f(x) = D1 f(z)— Doy f(x) " (D3f(x)) " Dy f(x) so that D1 f(z) = 0 and Dyf(x) =
0 if and only if Df(z) =0 and Dyf(z) = 0 given that det(D2f(x)) # 0.

2.B Structural Stability and Genericity in Zero-Sum Games

This section is dedicated to showing that for a generic zero-sum g¢-differentiable game, all local
Stackelberg equilibrium of the game are differential Stackelberg equilibrium, and further they are
structurally stable. It is worth noting that analogous results are known for local Nash equilibrium
and differential Nash equilibrium (Mazumdar and Ratliff, [2019; Ratliff et al., [2014). We begin with
mathematical preliminaries, then provide the proof of Theorem (genericity), and finally the
proof of Theorem (structural stability).

2.B.1 Mathematical Preliminaries

We now provide some additional mathematical preliminaries; the interested reader should see stan-
dard references for a more detailed introduction (Abraham et al., [1988; [Lee, [2012]).

A smooth manifold is a topological manifold with a smooth atlas. Euclidean space, as considered
in this chapter, is a smooth manifold. For a vector space E, we define the vector space of continuous
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(p+ s)-multilinear maps 7Y (E) = LP*$(E*,...,E* E,..., E;R) with s copies of E and p copies of
E* and where E* denotes the dual. Elements of T¥(E) are tensors on E, and T (X) denotes the
vector bundle of such tensors (Abraham et al., (1988, Definition 5.2.9).

Consider smooth manifolds X and Y of dimension d, and d, respectively. An k-jet from X
to Y is an equivalence class [z, f, U]x of triples (z, f,U) where U C X is an open set, x € U, and
f:U — Y is a C* map. The equivalence relation satisfies [z, f,Ulx = [y, 9, V]x if £ = y and in
some pair of charts adapted to f at x, f and ¢g have the same derivatives up to order k. We use
the notation [z, f, U], = j*f(x) to denote the k—jet of f at 2. The set of all k-jets from X to Y
is denoted by J*(X,Y). The jet bundle J*(X,Y) is a smooth manifold (see Hirsch, (1976, Chapter
2 for the construction). For each C* map f : X — Y we define a map j¥f : X — J*(X,Y) by
x> j¥f(2) and refer to it as the k—jet extension.

Definition 2.6. Let X, Y be smooth manifolds and f : X — Y be a smooth mapping. Let Z be
a smooth submanifold of Y and w a point in X. Then f intersects Z transversally at u (denoted
f M Z atu)if either f(u) & Z or f(u) € Z and Ty)Y = TryZ + (fe)u(TuX).

For 1 < k < s < oo consider the jet map j* : C*(X,Y) — C*F(X,J*(X,Y)) and let Z C
J¥(X,Y) be a submanifold. Define

M°(X,Y;5% 2) = {h e C3(X,Y)| j*h h Z}. (2.21)

A subset of a topological space X is residual if it contains the intersection of countably many open—
dense sets. We say a property is generic if the set of all points of X which possess this property is
residual (Broer and Takens, [2010]).

Theorem 2.12. (Jet Transversality Theorem, Hirschl, |1976, Chapter 2). Let X, Y be C* mani-
folds without boundary, and let Z C J*(X,Y) be a C™ submanifold. Suppose that 1 <k < s < co.
Then, M*(X,Y;j* Z) is residual and thus dense in C*(X,Y) endowed with the strong topology,
and open if Z is closed.

Proposition 2.12. (Golubitsky and Guillemin, 1975, Chapter I1.4, Proposition 4.2). Let X,Y be
smooth manifolds and Z C'Y a submanifold. Suppose that dim(X) < codim(Z). Let f: X —Y be
smooth and suppose that f  Z. Then, f(X)NZ = 0.

2.B.2 Genericity: Proof of Theorem [2.1

We show that local Stackelberg equilibria of zero-sum games are generically differential Stackelberg
equilibria. Towards this end, we utilize the well-known fact that non-degeneracy of critical points
is a generic property of sufficiently smooth functions.

Lemma 2.2 (Broer and Takens, 2010, Chapter 1). For C?(R%,R) functions with ¢ > 2 it is a
generic property that all the critical points are non-degenerate.

The above lemma implies that for a generic function f € C4(R%,R), the Hessian
Dif(z) --- Diaf(x)

H(z) = : :
Daif(x) --- Djf(x)
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is non-degenerate at critical points—that is, det(H(x)) # 0. For the following result recall that
the Jacobian J(z) of g(x) = (D1fi(x), Dfa(x)) is defined in (2.3) and that the Jacobian Js(x) of
gs(x) = (Dfi(x), Dafolx)) is defined in (25).

Lemma 2.3. Consider f € CIYR% x R% R), ¢ > 2 and the corresponding zero-sum game
G = (f,—f). For any critical point defined by x € R? such that g(x) = 0, det(H(x)) # 0 <=
det(J(x)) # 0 and, if det(—D3f(z)) # 0, then gs(z) = 0 and det(H(z)) #0 <= det(Js(x)) # 0.

Proof. Consider a fixed 2 = (x1,22) € R% x R%. Note that H(z) is equal to J(x) with the last
da rows scaled each by —1. Hence, J(x) = PH(x) where P = blockdiag(l4,,—I4,) with each I,
the d; x d; identity matrix, so that det(H(z)) = (—1)% det(J(z)), which in turn proves the first
equivalence. For the second equivalence, suppose that det(—D3f(z)) # 0 so that Js(z) is well-
defined. Then, by Lemma gs(xz) = 0 and using the Schur decomposition of J(x) it is easily
seen that det(J(x)) = det(S1(J(z))) det(—D3 f(x)) = det(Js(x)) where the last equality holds since
Js(z) is a lower block triangular matrix with S;(J(x)) and —D3f(x) on the diagonal at critical
points (recall from the proof of Theorem [2.5). Hence, the result. O

This equivalence between the non-degeneracy of the Hessian and the game Jacobian J (and the
relationship to the determinant of Jg via the Schur decomposition) allows us to lift the generic prop-
erty of non-degeneracy of critical points of functions to critical points of the Stackelberg learning
dynamics. The Jet Transversality Theorem and Proposition [2.12 can be used to show a subset of a
jet bundle having a particular set of desired properties is generic. Indeed, consider the jet bundle
J¥(X,Y) and recall that it is a manifold that contains jets j*f : X — J¥(X,Y) as its elements
where f € C*(X,Y). Let Z C J*(X,Y) be the submanifold of the jet bundle that does not possess
the desired properties. If dimX < codim Z, then for a generic function f € C*(X,Y") the image of
the k—jet extension is disjoint from Z implying that there is an open—dense set of functions having
the desired properties. Without loss of generality, we let player 1 be the leader.

Lemma 2.4. Consider f € CI(R4T%2 R), ¢ > 2 such that D?f € R4>*% [t is a generic property
that det(D?f(z)) # 0 for any i € T = {1,2}.

Proof. Let us start with f € C? with ¢ > 3. First, critical points of a function f are such that
D;f(x) =0,i = 1,2. Furthermore, the J?(R%, R) bundle associated to f is diffeomorphic to R% xR x
R x RU4H1/2 and the 2-jet extension of f at any point = € R is given by (z, f(z), Df(z), D*f(z)).

Now, let us denote by S(k) the space of k x k symmetric matrices, and consider the subset of
J2(R%, R) defined by

D; =R x R x {0} x Zi(d;) x RM*% % §(d — d;)

where Z(d;) = {A € S(d;)| det(A) = 0}. The set Z(d;) is algebraic; hence, we can use the Whitney
stratification theorem (Gibson et al., 1976, Ch. 1, Thm. 2.7) to get that each Z(d;) is the union
of submanifolds of co-dimension at least 1. Hence, it is the union of sub-manifolds of codimension
at least one and, in turn, D; is the union of sub-manifolds of codimension at least d + 1. Thus, it
follows from the Jet Transversality Theorem (by way of Proposition since d+ 1 > d) that
for a generic function f, the image of the 2-jet extension j2f is disjoint from D;. Hence, for such
an f, for each z that is a critical point, the Hessian of f is such that det(D2?f(x)) # 0.
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Furthermore, if we consider the subset D C J?(R%,R) defined by
D =R% xR x {0} x Z(d;) x R"*% x 7(d — d;),

then both Z(d;) and Z(d — d;) are algebraic, and so they each are of co-dimension at least one.
In turn, D is the the union of sub-manifolds of codimension at least d + 2. Applying the Jet
Transversality Theorem [2.12| again, we get that for such an f, for each x that is a critical point,
the Hessian of f is such that det(D2f(x)) # 0 for i € {1,2}.

The extension to the ¢ > 2 setting follows directly from the fact that non-degeneracy is an open
condition in the C? topology, and any function can be C? approximated by a C? function (see,
e.g., [Hirsch, 1976, Thm. 2.4), which can then be approximated by a function without critical points
such that det(D? f(z)) = 0 (by the above argument), which we will call coordinate degenerate. This,
in turn, implies that functions without critical points that are coordinate-degenerate are dense in
the C? space of functions. O

While the theorems we leverage from differential geometry and dynamical systems theory are
similar, the architecture of the proof of the following theorem deviates quite a bit from (Mazumdar
and Ratliff, |2019; [Ratliff et al., [2014) due to the hierarchical structure of the game.

Proof of Theorem Let J2(RY,R) denote the second-order jet bundle containing 2-jets j2f

d(d+1)

such that f: RY — R. Then, J?(R? R) is locally diffeomorphic to R? x R x R x R~ 2 and the
2-jet extension of f at any point 2 € R is given by (z, f(x), Df(x), D?f(x)). By Lemma we
know that

Dy = RE xR x {0} x Z(do) x R"T42 x S(dy)

has co-dimension at least d+ 1 in J?(R? R) so that there exists an open dense set of functions F» C
C9(R%,R) such that det(D3f(x)) # 0 at critical points (that is, where (D1 f(z), Daf(x)) = (0,0)).

Now, we also know that there is an open dense set of functions F; in C9(R? R) such that
det(H (z)) # 0 at critical points. The intersection of open dense sets is open dense. Let F = FjNF.
Now, for any f € F, we have that at critical points det(H (z)) # 0 and det(D2f(x)) # 0. Hence,
by Lemma [2.3] det(Js(z)) # 0 for all f € F, and in particular, det(S1(J(z))) # 0.

For all functions f € F, the critical points of gs(z) = (Df(x),—Daf(z)) coincide with the
critical points of the function f. Indeed,

(D1f(z), Daf (x)) = (0,0) <= (Df(z), —D2f(x)) = (0,0)

since for all f € F, det(D3f(x)) # 0 and Do f(z) = 0 so that the C? implicit map at a critical point
Dy f(x) = 0 is well-defined.

Thus, we have constructed an open dense set F C C9(R%,R) such that for all f € F,if z € R%is
a local Stackelberg equilibrium for (f, —f), then z is a differential Stackelberg equilibrium. Indeed,
suppose f € F and = € R? is a local Stackelberg equilibrium. Then, a necessary condition is
that —Dof(x) = 0 and —D3f(x) = 0. However, since f € F, we have that det(—D3f(z)) =
(—1)% det(D2f(x)) # 0 so that, in fact, —D3f(z) = 0. Hence, a local Stackelberg equilibrium such
that —Daf(x) = 0 and —D3 f(x) = 0 necessarily satisfies gs(x) = 0 and S1(J(x)) = 0. However,
again since f € F, and det(S1(J(x))) # 0 so that, in fact, S;(J(z))(x) > 0. Furthermore, due
to the lower block triangular structure of Js(z), det(—D2f(x)) = (—1)%2det(D2f(x)) # 0 and
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det(S1(J(x))) # 0 also imply that det(Js(x)) # 0, which completes the proof.

2.B.3 Structural Stability: Proof of Theorem

Let R = R% x R%. Define the smoothly perturbed cost function f :R?x R — R by f(x, y,t) =
f@,y) +t(x,y), and gs : R x R — T*(R?) by gs(x,y,t) = (Df(z,y)), ~Daf (x,y)), for all t € R
and (z,y) € R%. Since (x1,29) is a differential Stackelberg equilibrium, Dgs(x,y,0) is necessarily
non-degenerate. Invoking the implicit function theorem (Abraham et al., 1988, Thm. 2.5.7), there
exists neighborhoods V C R of zero and W C R? and a smooth function o € O (V, W) such that
for all t € V and (z1,22) € W, gs(x1,22,s) =0 <= (z1,22) = o(t). Since gs is continuously
differentiable, there exists a neighborhood U C W of zero such that Dgs(o(t),t) is invertible
for all t € U. Thus, for all ¢t € U, o(t) must be the unique local Stackelberg equilibrium of

(f +t¢lw, —f — t¢lw).

2.C Proofs of Propositions and

Let us begin by recalling the notation for this set of results and a preliminary technical result.

Notation and Preliminaries. Let z; € R% and z5 € R%. For a stable critical point z* =
(z%,23) of & = —g(w) that is not a differential Nash equilibrium and is such that —D3f(z*) = 0,
let spec(D2f(2°)) = {1y, J € [da]} where g1 < -+ < fim < 0 < frmg1 < - < figy, and let
spec(—D3f(x*)™1) = {ay, j € [da]} where ag > - -+ > g, > 0, and define p = dim(ker(D%f(x*)))E]
For a matrix W, let W denote the conjugate transpose, |W| := (W TW)'/2 and )\j() as an operator
returning the j-th eigenvalue counted with multiplicities of a Hermitian matrix when arranged in
a non-increasing order. To prove Propositions [2.6| and we need the following well-known result
from linear algebra.

Lemma 2.5 (Berger et al. 2019, Proposition 2.2). Let W € C%*% be Hermitian with k positive
eigenvalues counted with multiplicities and let U € CT ¥ Then,

N(UWUT) < [UIPXS (W) for all 1< j < minf{k,dy, rank(UWUT)}.

2.C.1 Proof of Proposition

For the sake of presentation, define A = D?f(z*), B = Diaf(z*), and C = D3f(z*). Recall that
A—BC~'BT = 0 and —C > 0 by assumption. That is, z* is a differential Stackelberg equilibrium.
We now show that given there is a k > 0 such that ||B| < &, it is necessary that m < dy and
w; + K2a; > 0 for all j € [m — pl.

Claim: m < dy is necessary. This proof follows the main arguments in Berger et al. (2019,
Lemma 3.2) with some minor changes due to the nature of the problem. Assume for the sake of
contradiction that m > do. That is, the number of negative eigenvalues of A is greater than the

2Note that the eigenvalues are being counted with multiplicities.
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dimension of C'. Observe that if dy < do, then this is not possible since m < dj. Thus, in this
scenario, the contradiction m < dy is automatically obtained. Now suppose that dy > m > da. Let
S1 = ker(B(—C~'+|C~)BT) and observe by the rank-nullity theorem and using the fact that C
is full-rank,

dim(S;) = dy — rank(B(=C~ 1+ |C7Y)BT) > d; — rank(—C~ ! + |C7Y)) = dy — dy.

Moreover, consider the subspace Sy of C% spanned by all the eigenvectors of A corresponding to
non-positive eigenvalues. By assumption, we have that dim(S2) = m > da so that

dim(S; + S2) + dim(S1 N Sy) = dim(Sy) + dim(Sz) > (dy — d2) + m = dy + (m — da) > d;.

Thus, §; NSy # {0}, since the previous equation implies that
dim(81 N Sg) > di — dim(S; + Sz) > 0.
Consequently, for any non-trivial vector v € §; N So,
B(-C '+ |Cc7)B"w=0= BC'B" = B|C"!|B".
Hence, we have
(A= BC7'B")v,v) = (Av,v) — (BC*BTv,v)

= (Av,v) — (B|C7Y|B v, v)
<0.

Note that the inequality holds since the vector v is in the non-positive eigenspace of A and the
second term is clearly non-positive since |C~!| has positive eigenvalues. Thus, A — BC ~1BT cannot
be positive definite, which gives a contradiction so that it must be m < ds.

Claim: p;+r%a; > 0 for j € [m] is necessary. This proof follows the main arguments in Berger
et al.| (2019, Theorem 3.3) with some minor changes. By the assumption that A — BC™'B" = 0
and the Weyl theorem for Hermitian matricesH we have that for all j € [dy]:

0< X (A=BCTBT) S X(A)+ X, (-BC'BT) = g, _j1 + Ny, (-BCT'BT). (2.22)
Observe that this implies

X(=BCT'BT)>0 Vj€ld]:p <0.
Hence, this directly gives a lower bound on the rank of the matrix —BC~'BT. Specifically,

rank(—BC1BT) > m.

!3Note that this application of Weyl’s theorem is stated with the eigenvalues arranged in a non-increasing or-
der (Bhatial |2013, Theorem III.2.1), whereas sometimes it is stated with the eigenvalues being ordered in a non-
decreasing order (Horn and Johnson) 2011)).
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Moreover, applying Lemma using the facts that —C~! has dy positive eigenvalues and that
min{ds, di, rank(—BC~'BT)} > min{ds, d1,m} = m

since by definition m < d; and m < ds was shown to be necessary, along with the assumption
|B|| < Kk, we have for all 1 < dy —j+1 < m:

A

b1 (=BCTIBT) < ||BIPAL, 1 (—C7Y) S KN (—C7Y) = KPag, i (2.23)

di—j+1 di—j+1

Observe that the the following conditions are equivalent:

1<di—j4+1<m<=di+1—m<j<d.

Thus, combining (2.22)) and ([2.23)), it follows that for all j € {d; +1—m,...,d1 }:

0 < fidy—j41 + K2y —jy1-
Equivalently, for all j € {1,...,m}:
0 < pj + K.

This proves the claim. Since we have shown both the necessary conditions, this concludes the proof.

2.C.2 Proof of Proposition

Since D? f(z*) and D3 f(z*) are both symmetric, let D? f(z*) = W ]\4VV1Jr with Wy WlJr = 14, x4, and
M = diag(p1, ..., ptq, ), and —D3 f(z*) = I/VQAWQJr with WQWQT = lg,xd, and A = diag(\1, ..., Ag,)-
By assumption, there exists a diagonal matrix > € R%*d2 gych that Do f(z*) =W, EWQT where W3

are the orthonormal eigenvectors of D? f(z*) and W3 are orthonormal eigenvectors of —D3f(x*).
Thus,

81(J(2*)) = DI f(x*) — Diof (™) (D5 f («*)) "' Dy f(z*)
= Wi MW, + W SW] (Wo AW wosiw]
= Wi(M + A~ shw]
Hence, to understand the eigenstructure, we simply need to compare the all negative eigenvalues

of D} f(x*) in increasing order with the most positive eigenvalues of —D3 f(z*) in decreasing order.
Indeed, by assumption, m < dy and p; + Kk2\; > 0 for each j € [m — p|. Thus,

D} f(¢*) = Diaf () (D3 f(a*)) " Dy f (") = 0.

Combining this with the fact that —D3f(x*) = 0, 2* is a differential Stackelberg equilibrium.
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2.D Proofs of Deterministic Convergence Results

In the following subsections, we provide the proofs of the deterministic convergence guarantees in
zero-sum games, then the convergence guarantees in general-sum games, and finally almost sure
avoidance of strict saddles in zero-sum games.

2.D.1 Zero-Sum Convergence: Proofs of Theorem and Corollary

Under appropriate choices on the step-size so that the local linearization of the update is a contrac-
tion, standard arguments from numerical analysis for dynamical systems give rise to a guarantee
on local asymptotic convergence (including a rate of convergence), and a finite-time convergence
guarantee to an e—differential Stackelberg equilibrium.

2.D.1.1 Proof of Theorem [2.7

Fix 71 = 1/(2f8). The structure of the Jacobian Jg_(z*) is lower-block triangular, with symmetric
components along the diagonal given by S1(J(z)) and —7D3f(z). From this structure, we know
that spec(Js, (7)) = spec(S1(J(x))) Uspec(—7D3f(z)). Then, by the spectral mapping theorem
and the fact that the eigenvalues of Js_(z*) are real,

max IAl= 1 =1 min{Aumin(S1(J (%)), Amin(~7D3f (z*))} = 1 = mal.
Aespec(I—y1Js, (z*))

so that p(I — 11Js.(z*)) < 1 since @« < . We also note that Apmin(I — 11Js,(z*)) = 1 —

71 max{ Amax (S1(J(7%))), Amax(—TD3f(x*))} > 0 for the choice of 41 so that, in fact, spec(I —
s, (2%) € [0.1— &)

Since p(I —m1Js,) < 1— 55, given € > 0, there exists a matrix norm [|- || such that |1 -y Js, || <

1 — 35 + ¢ (Horn and Johnson, 2011, Lemma 5.6.10)@ Consider € = g5 so that there exists || - ||
such that [ —y1Js || < 1— g—g. Taking the Taylor expansion of I —;1gs, (x) in a neighborhood of

z*, we have
I —mgs.(x) = (I —ngs, (@) + I = nJs, (7)(x — 27) + Ri(x — 27)

where Ry (z—x*) is the remainder term satisfying R (x —x*) = o(||x —z* H)E This, in turn, implies
that there is a § > 0 such that |[R1(z — 27)|| < g5[lz — 2*|| whenever ||z — || < 4. Hence,

« «
o _ _ * < _ * i _ | < o X
17 = gs, () = (T = mgs, @I < (17 = nJs. (@) + 5 )l =7l < (1= 55 )l — o]
Thus, for any zo € {z| ||z — 2*|| < ¢},
< (1-2) * 2.24
i =%l < (1= 5) oo = . (2.24)

41n fact, one can show that there is both a weighted induced 1-norm and weighted induced co-norm works for
any € so that the construction is not unreasonable.

5The notation Ri(z — z*) = o(||z — z*||) as x — =* means limy— 4= |R1(z — 2%)||/||z — z*|| = 0.
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Hence, the iteration complexity (or rate of convergence) is O((1 — a/(4/3))*), since all finite dimen-
sional norms are equivalent.

2.D.1.2 Proof of Corollary

The proof of Corollary [2.1] follows directly from the conclusion of Theorem Following standard
arguments, (2.24)) in the proceeding proof implies a finite time convergence guarantee. Indeed, let

€ > 0 be given. Since 0 < 5 < 1 we have that (1 — %)k < exp(—i—g). Hence,

[z — 27| < exp(—ka/(45))]|xo — =7

This, in turn implies that z; € B.(z*), meaning zj is a e-differential Stackelberg equilibrium for
all k> (% log(||zo — 2*||/¢)| whenever ||zg — 2*|| < 6.

Now, given that f; € C?(X,R) for ¢ > 2, I —~1Js, () is locally Lipschitz with constant L so that
we can find an explicit expression for d in terms of L. Indeed, recall that Ry (z — z*) = o(||x — z*||)
as x — x* which means lim,_,, ||R1(z — 2*)||/||x — 2*|| = 0 so that

1
* * * * * L *
[ Bz — ™) S/O 17 = s (2" + (@ = 27) = (I = s (@)lllx = 27| dy < |z — 2"

Observing that

1B1(z —a")] < S llz —a I = 3 llz ="l =27,

we have that the 0 > 0 such that ||Ri(z — 2*)|| < a/(88)||z — z*|| is § = a/(4LS).

2.D.2 General-Sum Convergence: Proofs of Theorem and Corollary

Consider a general sum setting defined by f; € C?(X,R) with ¢ > 2 for i € Z and where, without
loss of generality, player 1 is the leader and player 2 is the follower. Unlike the zero-sum case, the
structure of the Jacobian Js_ is not lower block triangular and hence, the convergence rate depends
more abstractly on the spectral structure of Js, as opposed to the second-order sufficient conditions
in the differential Stackelberg equilibrium definition.

Let S(z*) = 3(Js, (z*)" + Js, (2%)). Define constants a = 2

min(S(x*)) and ’6 =
)\max(JST (x*)TJST (l’*))

2.D.2.1 Proof of Theorem [2.§

Let 71 = y/a/B. Then to bound ||I —~1Js, (z*)||% consider the following:

(I =mds, (z°) T = s, (2%)) < (1= 291 Amin (S (2%)) + 77 Amax (JE, (@) Ts, (z) ] < (1 - a/B)1.

(2.25)
) < ||I —mds, (z*)] for any matrix norm (Horn and Johnson, [2011]) so
— a/B)'/?. Taking the Taylor expansion of I — vigs.(x) around z*, we

Moreover, p(I —v1Js, (z*
that p(f —nJs, (z%)) < (
have

)
1

I —mgs,. () = (I —ngs.(2") + (I = s, (7)) (z — 2%) + Ri(z — z7)
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where Rj(x — x*) is the remainder term satisfying Ri(z — 2*) = o(||z — 2*||2) as + — z*. This
implies that there is a 6 > 0 such that |[Ri(z — z7)|[2 < j5llz — 2*(|2 whenever ||z — z*[]2 < 4.
Hence,

IT=mgs, (@)= (T=mgs, (@ Dll2 < (IT=nTs, (@) 2+ 15 ) la=all2 < ((1-5) "+ 5 ) la—a"]l2

Ap g 4p
. o 1/2 o 2\1/2 . o
We claim that ¢(z) = (1—2)7/+ 2% — (1—-2)"" < 0 for any z € [0,1]. Since ¢(0) = 0 and
o(l)=1- % < 0, we simply need to show that ¢/(z) < 0 on (0,1) to get that ¢(z) is a decreasing

1 1

function on [0, 1], and hence negative on [0,1]. Indeed, /(z) = 1 + svicsm — ayis < O since
(1—2)"Y2 - (4—22)"12>1/2for all z € (0,1).

Note that /8 € [0, 1] since a < f3; indeed,

@ = A (S(2%)) < Max(8(2")) < Amax(Js, (2%) Js, (7)) = B.

Further, & > 0 and 8 > 0 by assumption. Hence,

a\1/2
o o o * < = K
17 = s, (2) = (T = mgs, @l < (1= 55) e =1
Thus, for any =g € {z| ||z — z*|| < ¢},
o~ a2 < (1= 55) " o —a”ll (2.26)

so that the (local) rate of convergence is O((1 — a/(2/3))*/?), since finite dimensional norms are
equivalent.

2.D.2.2 Proof of Corollary

Analogous to the zero-sum setting, the proof of the finite time convergence guarantee follows directly
from the arguments in the proof of Theorem Following standard arguments, in the
proceeding proof implies a finite time convergence guarantee. Indeed, let ¢ > 0 be given. Since
(1—a/(28))Y? < exp(—a/(483)), we have that

[z — 2%[l2 < exp(—ka/(46))[z0 — 2*|2-

This, in turn, implies that z; € B:(x*) (i.e., z) is an e-differential Stackelberg equilibrium) for all
k> (% log(||zo — 2*||2/€)] whenever ||zg — z*|| < 4.

Given that f; € C?(X,R) so that I — y1.Js () is locally Lipschitz with constant L, we can
find an explicit expression for § in terms of L. Indeed, using similar arguments as in the proof of

Corollary d=a/(2LB).

2.D.3 Strict Saddle Avoidance: Proof of Theorem [2.6]

We now provide the proof of strict saddle avoidance in the deterministic regime for the 7-Stackelberg
gradient dynamics. To show this, we follow the arguments in [Mazumdar et al. (2020) with slight
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modifications. The proof requires the stable manifold theorem.

Theorem 2.13. (Stable Manifold Theorem |Shub, 1978, Theorem III.7). Let xy € X be a fized
point for the C? local diffeomorphism ¢ : U — R% where U is an open neighborhood of xo € R¢ and
q>1. Let E°® E°® E* be the invariant splitting of R? into generalized eigenspaces of Dd(xq)
corresponding to the eigenvalues of absolute value less than one, equal to one, and greater than one.
To the D¢(xq) invariant subspace E*® E° there is an associated local ¢p-invariant C? embedded disc
W called the local stable center manifold of dimension dim(E® ® E€) and ball B (in an adapted

loc

norm) around xo such that (W) N B C W, and if ¢'(x) € B for allt > 0 then x € W, where

loc’

¢t = po---0¢ is the t-times composition of the map ¢.

The proof technique is to show that gs_ is a diffeomorphism, and then apply the center manifold
theorem. We claim that gs. : RY — R? is a diffeomorphism. If we can show that gs, is invertible
and a local diffecomorphism, then the claim follows. Recall that the game Jacobian for the 7-
Stackelberg update is denoted by Js . We first argue by contradiction that gs_  is invertible.
Consider x # y and suppose gs. (y) = gs, (x) so that y — 2 = 71(gs, (y) — gs, (z)). The assumption
sup,epd || Js, (z)]l2 < L < oo implies that gs. satisfies the Lipschitz condition on R?. Hence,
l9s. () — gs. (x)ll2 < Llly — z[l2- Then, |ly — zll2 < Lnlly — z[l2 < [ly — z||2 since 1 < 1/L which
gives rise to a contradiction.

Now, observe that the Jacobian of the discrete-time dynamics is given by Dgs_ = I —y1Js_ ().
If Dgs, is invertible, then the implicit function theorem (Abraham et al., 1988, Thm. 2.5.7) implies
that gs, is a local diffeomorphism. Hence, it suffices to show that ~;Js (z) does not have an
eigenvalue of 1. Indeed, letting p(A) be the spectral radius of a matrix A, we know in general that
p(A) < ||A]| for any square matrix A and induced operator norm || - || so that

pJs, (2)) < llnds-(@)]l2 <y sup s ()]l <ML <1.
zeR

Of course, the spectral radius is the maximum absolute value of the eigenvalues, so that the above
implies that all eigenvalues of v1Js_(z) have absolute value less than 1. Since gs_ is injective by
the preceding argument, its inverse is well-defined and since gs, is a local diffeomorphism on R,
it follows that gng is smooth on R?. Thus, gs, is a diffeomorphism.

Consider all critical points to the game, given by X, = {x € X| gs,(x) = 0}. For each u € A,
let By, where u indexes the point, be the open ball derived from the center manifold theorem stated
in Theorem and let B = U, B,. Since X C R%, Lindeldf’s lemma (Kelley, |1955)—every open
cover has a countable subcover—gives a countable subcover of B. That is, for a countable set of
critical points {u;}32; with u; € A, we have that B = U2, B,,.

Starting from some point g € X, if T-Stackelberg converges to a strict saddle point, then there
exists a tg and index ¢ such that g% (z0) € By, for all t > to. Again, applying the center manifold
theorem from Theorem and using that gs.(X) C X, which indeed holds if X = R?, we get
that ggT (o) € W& N X where W is the local stable center manifold.

Using the fact that gs_ is invertible, we can iteratively construct the sequence of sets defined by
Wi(u;) = gng(WffC NX) and Wii1(u;) = gng(Wk(ui) N X). Then we have that z¢g € W;(u;) for all
t > tg. The set Xy = U2, U2, Wi(u;) contains all the initial points in X such that 7-Stackelberg
converges to a strict saddle. Since wu; is a strict saddle, I — v;Js_(u;) has an eigenvalue greater
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than 1. This implies that the co-dimension of the unstable manifold is strictly less than d—i.e.,

dim(W) < d. Hence, W£ N X has Lebesgue measure zero in R%.

Using again that gs, is a diffeomorphism, gng € C! so that it is locally Lipschitz and locally
Lipschitz maps are null set preserving. Hence, Wy (u;) has measure zero for all k& by induction so
that X} is a measure zero set since it is a countable union of measure zero sets.

2.D.4 Computing the Stackelberg Update and Schur Complement

The Stackelberg gradient dynamics involve computing an inverse-Hessian-vector product for the
D2 fo(x) inverse term and Jacobian-vector product for the Daj fo(x) term. These operations can
be done efficiently in Python by utilizing Jacobian-vector products in auto-differentiation libraries
combined with the sparse.LinearOperator class in scipy. These objects can also be used to
compute their eigenvalues, inverses, or the Schur complement of the game dynamics using the
scipy.sparse.linalg package.

The operators required for the leader update can be obtained by the following. Consider the
Jacobian J(z) of the simultaneous gradient dynamics at a critical point for the general sum game
(f1, f2). Its block components consist of four operators D;; fi(x) : X; — X;, 4,5 € {1,2} that can
be computed using forward-mode or reverse-mode Jacobian-vector products. Instantiating these
operators as a linear operator in scipy allows us to compute the eigenvalues of each player’s individ-
ual Hessian. Properties such as the real eigenvalues of a Hermitian matrix or complex eigenvalues
of a square matrix can be computed using eigsh or eigs respectively. Selecting to compute the
smallest or largest k eigenvalues—sorted by either magnitude, real or imaginary values—allows one
to examine the positive-definiteness of the operators.

Operators can be combined to compute other operators relatively efficiently for large scale
problems without requiring to compute their full matrix representation. For an example, take
the Schur complement of the Jacobian above at fixed network parameters = € X x X, D3 (z) —
Diaf1(z)(D3 f2) "1 (x) Doy fo(x). We create an operator Sy (z) : &1 — X; that maps a vector v to p—gq
by performing the following four operations: u = Doy fo(z)v, w = (D3 f2) "1 (z)u, ¢ = Diafi(z)w,
and p = D?(z)v. Each of the operations can be computed using a single backward pass through the
network except for computing w, since the inverse-Hessian requires an iterative method. It solves
the linear equation D2 f5(x)w = u and there are various available methods: we tested (bi)conjugate
gradient methods, residual-based methods, or least-squares methods, and each of them provide
varying amounts of error when compared with the exact solution. we found that computing the
leader update using the conjugate gradient method with maximum of five iterations and warm-
start works well. We compared using the real Hessian for smaller scale problems and found the
estimate to be within numerical precision. A similar procedure is used to compute a variety higher-
order derivatives. For instance, the regularized total derivative of the leader’s update is the total
derivative of D fi(z1,7r(x1)) evaluated at (z1,x2) where the implicit map variation is defined by
Dry(z1) = —(D3fa(z1),r(z1) + pl) "1 Doy fo(z1,7(21)) for a regularization parameter g > 0. To
compute the spectrum of such an operator, we create a function v — D(D f1(x1,7(x1)))v that takes
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a vector v € R% and returns

D(D fi(z1,r(x1))v = Di fi(wr,r(z1))v + Dizfi(z1,r(a1)) Dryu(en)v
+ (Diafi(z,7(21)) + Dry(e1) T D3 fi (w1, 7(21)) Dry(an)v
+ D?ry(x1) Do f1 (21, 7(21))v
where the last higher order term is then assumed to be zero. The above derivative can be written

as a composition of Jacobian-vector product operators and least squares problems, thus can be
computed efficiently with auto-differentiation tools.
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Chapter 3

Nonconvex Zero-Sum Games: Gradient
Descent-Ascent with Timescale Separation

In this previous chapter, a local Stackelberg equilibrium concept along with a gradient-based
characterization in terms of sufficient conditions termed a differential Stackelberg equilibrium was
developed. Moreover, the connections between the limiting points of a pair of gradient-based learn-
ing dynamics were studied. The results showed that a set of Stackelberg gradient dynamics have the
property of only locally converging to differential Stackelberg equilibrium in nonconvex-nonconcave
zero-sum games. On the other hand, it was shown that the canonical simultaneous gradient dynam-
ics (gradient descent-ascent in zero-sum games) can also sometimes locally converge to differential
Stackelberg equilibrium. For machine learning applications, a weakness of the Stackelberg gradient
dynamics is the requirement of higher-order gradient information. Thus, it is of interest to obtain
a equivalent equilibrium convergence guarantee using only first-order information. As remarked in
the discussion at the end of the last chapter, gradient descent-ascent with timescale separation has
also been studied recently (Jin et al. |2020). Denote the learning rate of player 1 by v; > 0 and
let 7 > 0 be the “timescale separation” parameter such that the learning rate of player 2 is given
by 72 = 7y1 and 7 = 72/ is the ratio of learning rates. The results of Jin et al. (2020) show
that as 7 — o0, then the only locally stable critical points of gradient descent-ascent correspond
to differential Stackelberg equilibrium. From a practical machine learning perspective, a weakness
of this result is that it also requires v; — 0 to maintain stability of the discrete-time system.
This motivates finer-grained characterizations of the timescale separation parameters that guaran-
tee local stability of differential Stackelberg equilibrium and instability of critical points lacking
game-theoretic meaning. This forms the basis of the work presented in this chapter. In particular,
a non-asymptotic construction of the finite timescale separation parameter 7* such that gradient
descent-ascent for all T € (7%, 00) locally converges to z* if and only if it is a differential Stackelberg
equilibrium is given. Moreover, local convergence rates given the finite timescale separation ensur-
ing local stability are presented. The convergence results are complemented by a non-convergence
result: given a critical point * that is not a differential Stackelberg equilibrium, we provide a non-
asymptotic construction of a finite timescale separation 7y such that gradient descent-ascent with
timescale separation 7 € (79, 00) does not converge to z*. Finally, we extend the results to gradient
penalty regularization methods for generative adversarial networks and empirically demonstrate
the effects of timescale separation through an extensive set of experiments.
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3.1 Introduction

This chapter considers gradient-based learning in zero-sum games of the form

where the objective function of the game f is assumed to be sufficiently smooth and potentially
nonconvex and nonconcave in the strategy spaces X; and X respectively with each X; = R% or
more generally a precompact subset of R% for each i € Z = {1,2}. The focus on zero-sum game
is classical in game theory (Basar and Olsder, |1998)) and in machine learning they have become
perhaps more important that ever with the advent of generative adversarial networks (Goodfellow
et al., [2014) and robust supervised learning tasks (Madry et al. 2018; |Sinha et al., [2018)).

The gradient descent-ascent learning dynamics are now both widely studied theoretically and
empirically deployed as a gradient-based optimization method for zero-sum game formulations.
However, in nonconvex-nonconcave zero-sum games, a number of past works highlight issues of
convergence to critical points devoid of game theoretic meaning, where common notions of ‘mean-
ingful’ equilibria include the local Nash and Stackelberg concepts along with the corresponding
gradient-based (differential) characterizations (Fiez et al., 2020a; Jin et al. 2020; Ratliff et al.,
2016)). Indeed, it has been shown gradient descent-ascent with a shared learning rate is prone to
reaching critical points that are neither a differential Nash equilibrium nor a differential Stackelberg
equilibrium (Daskalakis and Panageas|, 2018; Jin et al., 2020; Mazumdar et al., 2020). While an
important negative result, it does not rule out the prospect that gradient descent-ascent may be
able to guarantee equilibrium convergence as it fails to account for a key structural parameter of
the dynamics, namely the ratio of learning rates between the players.

Motivated by the observation that the order of play between players is fundamental to the
definition of the game as was highlighted in the previous chapter, the role of timescale separation
in gradient descent-ascent has recently been explored theoretically (Chasnov et al.l |2020; Heusel
et al., |2017; Jin et al., [2020). On the empirical side, it has been widely demonstrated in machine
learning that timescale separation in gradient descent-ascent is crucial to improving both stability
and convergence. In particular, timescale separation or unrolling multiple steps of the maximiza-
tion procedure are common heuristics both when training generative adversarial and performing
adversarial training (Arjovsky et al.,|2017; |Goodfellow et al., 2014; Heusel et al., 2017; |Madry et al.,
2018)). Denote the learning rate of player 1 by 1 > 0 and let 7 > 0 be the “timescale separation”
parameter such that the learning rate of player 2 is given by v9 = 7y and 7 = 75/ is the ratio of
learning rates. Toward understanding the effect of timescale separation, Jin et al. (2020) show the
stable critical points of gradient descent-ascent coincide with the set of differential Stackelberg equi-
librium as 7 — oo. In other words, all ‘bad critical points’ (critical points lacking game-theoretic
meaning) become unstable and all ‘good critical points’ (game-theoretically meaningful equilibria)
remain or become locally exponentially stable as 7 — oo. Notably, this result is a characterization
across the class of smooth nonconvex-nonconcave zero-sum games. While a promising theoretical
development, it does not lead to a practical, implementable learning rule or necessarily provide an
explanation for the satisfying performance in applications of gradient descent-ascent with a finite
timescale separation. Importantly, it leaves open the problem of fully characterizing the stability
or instability of gradient descent-ascent around fixed critical points (or across classes of games
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admitting common structure at critical points) as a function of the timescale separation, and this
chapter seeks to close this gap.

3.1.1 Contributions and Overview

To motivate our primary theoretical results, we present a self-contained description of what is
known about the local stability of gradient descent-ascent around critical points in Section [3.3]
The existing results primarily concern gradient descent-ascent without timescale separation and
with a ratio of learning rates approaching infinity (see Figure for a graphical depiction of known
results in each regime). In contrast, this chapter is focused on characterizing the stability and
convergence of gradient descent-ascent across a range of finite learning rate ratios. To hint at
what is achievable in this realm, we present simple, illustrative examples in which finite timescale
separation remedies undesirable local stability properties of the gradient descent-ascent dynamics
in zero-sum games (see Examples and Section . Moreover, we connect to the literature
on singularly perturbed systems (Kokotovic et al., 1986, Chapter 2 and the citations within) and
show how the stability of gradient descent-ascent as 7 — oo can be seen rather directly using these
methods (see Proposition and the proof sketch). This is instructive, as the analysis methods
for our main results derive from the historical singularly perturbed systems literature.

Stability and Instability Characterizations. A relevant line of study on singularly perturbed
systems is that of characterizing the range of perturbation parameters for which a system is sta-
ble (Kokotovic et al., |1986; [Saydyl [1996; Saydy et al..|1990). Arguably introduced by |Saydy et al.
(1990)), guardian or guard maps act as a certificate that the roots of a polynomial lie in a particular
guarded domain for a range of parameter values. Historically, guard maps serve as a tool for study-
ing the stability of parameterized families of dynamical systems. We bring this tool to learning in
games and construct a map that guards a class of Hurwitz stable matrices parameterized by the
timescale separation parameter 7 in order to analyze the range of learning rate ratios for which a
critical point is stable with respect to gradient descent-ascent. This technique leads to perhaps the
main result of this chapter: Theorem shows there exists a 7* € [0, 00) such that a critical point
x* is stable for all 7 € (7%, 00) if and only if z* is a differential Stackelberg equilibrium and provides
an explicit construction of 7*. In fact, the construction of 7* in Theorem is tight, and this is
confirmed by our numerical experiments.

The latter implication of Theorem says that there exists a finite learning rate ratio such
that a non-equilibrium critical point of gradient descent-ascent is unstable. Building off of this, the
stability result of Theorem is complemented with an analogous instability result. Theorem
establishes that there exists a 79 € [0,00) such that for all 7 € (79,00) a non-equilibrium critical
point is unstable with respect to gradient descent-ascent and provides a construction of 7p. Together,
Theorem [3.3]and Theorem [3.4] answer affirmatively that gradient descent-ascent with finite timescale
separation can guarantee equilibrium convergence with a fine-grained characterization.

The final stability result connects to the literature on generative adversarial networks. We show
under common assumptions on generative adversarial networks (Mescheder et al, 2018; Nagarajan
and Kolter} 2017)) that the introduction of gradient penalty based regularization to the discriminator
does not change the set of critical points for the dynamics and, further, that for any 7 € (0, 00) and
any non-negative, finite regularization parameter p > 0, the continuous time limiting regularized
learning dynamics remain stable.
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Convergence Analysis. The stability result of Theorem [3.3] nearly immediately implies there
exists a 7" € [0,00) such that gradient descent-ascent converges locally asymptotically for all
T € (7%,00) if and only if z* is a differential Stackelberg equilibrium given a suitably chosen
learning rate and deterministic gradient feedback. We give an explicit local asymptotic rate of
convergence in Theorem and characterize the iteration complexity in Corollary Moreover,
we extend the convergence guarantees to stochastic gradient feedback in Theorem

Experimental Results. The theoretical results we provide are complemented by extensive ex-
periments. In simulation, we explore a number of interesting behaviors of gradient descent-ascent
with timescale separation analyzed theoretically including differential Stackelberg equilibria shift-
ing from being unstable to stable and non-equilibrium critical points moving from being stable to
unstable. Furthermore, we examine how the vector field and the spectrum of the game Jacobian
evolve as a function of the timescale separation and explore the relationships with the regions of
attraction and rate of convergence. We experiment with gradient descent-ascent on the Dirac-GAN
proposed by Mescheder et al.| (2018) and illustrate the interplay between timescale separation, reg-
ularization, and rate of convergence. Building on this, we train generative adversarial networks
on the CIFAR-10 and CelebA datasets with regularization and demonstrate that timescale separa-
tion can boost performance and stability. In the experiments we observe that regularization and
timescale separation are intimately connected and there is an inherent tradeoff between them. This
indicates that insights made on simple generative adversarial network formulations may carry over
to the complex problems where players are parameterized by neural networks.

Collectively, the primary contribution of this chapter is the near-complete characterization of
the behavior of gradient descent-ascent with finite timescale separation. Moreover, by introducing
a novel set of analysis tools to this literature, our work opens a number of future research questions.
As an aside, we believe these technical tools open up novel avenues for not only proving results
about learning dynamics in games, but also for synthesizing algorithms.

3.1.2 Organization

The organization of this chapter is as follows. Preliminaries on game theoretic notions of equilib-
ria, gradient-based learning algorithms, and dynamical systems theory are reviewed in Section [3.2]
We remark that much of this material is presented in much greater depth in Chapter [2| and the
reader should specifically refer to Section [2.2.3] for further details on local equilibrium concepts,
Section for additional context on notions of stability and instability along with methods for
verifying local stability using the linearization, and the beginning of Section for details on
stochastic stability in terms of internally chain-transitive sets and the ordinary differential equa-
tion method. Background on know results regarding the local stability of gradient descent-ascent
around critical points is given in Section Section presents the theoretical stability and
instability results for the continuous-time limiting system of the gradient descent-ascent dynamics
with timescale separation. Following this, in Sections [3.5] and convergence guarantees are pro-
vided for the original discrete time dynamical system of interest with deterministic and stochastic
gradient feedback, respectively. Section [3.7] contains an extensive numerical study. Related work is
dicussed at greater depth in Section[3.8] We conclude in Section [3.9| with a discussion. An appendix
that follows the chapter includes the majority of the detailed proofs in order to improve the overall
clarity and readability.
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3.2 Preliminaries

The setting considered in this chapter is nearly equivalent to that from Chapter [2] but restricted
to the zero-sum games. A two—player zero-sum continuous strategy space game is defined by a
collection of costs (f1, f2) where fi = f and fo = —f with f € C?(X,R) for some ¢ > 2 and
where X = X] x Xy with each X; a precompact subset of R% for i € Z = {1,2} and d = dy + do.
Each player i € Z seeks to minimize their cost f;(x;,z_;) with respect to their choice variable x;
where z_; is the vector of all other actions x; with j # i. Note that we often use the shorthand
x = (r1,x2) € X1 X Xa. Let us begin by stating the mathematical notation used in this chapter,
much of which is shared with the notation in Chapter [2, but restated here for clarity of presentation.

Mathematical Notation. We denote D;f;(z1,z2) € R%*! as the derivative of fi(x1,x2) with
respect to x;, Djj; fi(x1,x2) € R%*9 as the partial derivative of D; fi(x1, z2) with respect to xj, and
D2 fi(z1,z2) € R4*%i as the partial derivative of D; f;(x1, x2) with respect to z;. Given a symmetric
matrix A, we indicate that it is positive definite using the notation A > 0. We denote by C° and
C% the open left and right half complex planes (that is, the set of complex numbers for which the
real parts are negative and positive respectively), p(-) as an operator returning the spectral radius
(maximum modulus of the eigenvalues) of a matrix argument, spec(-) as an operator returning
the set of eigenvalues of a matrix argument, det(-) as an operator returning the determinant of
a matrix argument, and Apin(-) and Apax(-) as operators returning the minimum and maximum
eigenvalues of a matrix argument, respectively. Let A\l () be the largest positive real root of its
argument if it exists and zero otherwise. Given a matrix A € R4*92 let vec(A) € R%4% be the
vectorization of A. That is, vec(A) takes rows a; of A, transposes them and stacks them vertically
in order of their index. Let ® and @ denote the Kronecker product and sum respectively, where
A® B =A®I1+1® B. Moreover, B is an operator that generates an %d(d—i— 1) x 2d(d+ 1) matrix
from a matrix A € R?¥? such that AB A = HJ (A& A)Hy where H] = (H]Hy)"'H] is the
(left) pseudo-inverse of Hy, a full column rank duplication matrix. See Lancaster and Tismenetsky
(1985) and [Magnus| (1988) for more detail on these operators.

Gradient Descent-Ascent Learning Dynamics. We study agents seeking equilibria of the
game via a learning algorithm and consider arguably the most natural learning rule in zero-sum
continuous games: gradient descent-ascent (GDA). Moreover, we investigate this learning rule with
timescale separation between the players. Let 7 = ~2/v; be the learning rate ratio and define
A, = blockdiag(ly,, 714,) where I, is a d; x d; identity matrix. Consider the vector field

9(z) = (D1f(x), = D2 f(x)).
The discrete-time 7-GDA dynamics are then given by
Tpt1 = Tk — NArg(zp). (3.1)
To characterize the convergence of 7-GDA, we also study its continuous time limiting system

& =—Arg(x). (3.2)
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The Jacobian of the system from (3.2) is given by

2 x T
JT($) = ATJ(CC) = |:_7l_)5£( ()l‘) _Dng}(e(;)] ’ (3'3)

where
_ [ Dif(z)  Diaf(x)
1= 30 T (34)

Observe that critical points of the dynamics (z such that g(z) = 0) are shared between 7-GDA
and its continuous-time limiting system in . Moreover, note that the gradient descent-ascent
dynamics without timescale (that is, 7 = 1) are equivalent to the simultaneous gradient dynamics
studied in Chapter [2, but restricted to only zero-sum games.

Equilibrium Concepts. As is discussed in depth in Section [2.2.3 of Chapter [2] there are natural
equilibrium concepts depending on the interaction structure: the (local) Nash equilibrium concept
in the case of simultaneous play and the (local) Stackelberg (equivalently minmax in zero-sum
games) equilibrium concept in the case of hierarchical play (Basar and Olsder} [1998]). Following
the approach in Chapter [2| and what is now a common approach in the machine learning literature
on game theory, we consider characterizations of these equilibrium notions defined in terms of
gradient-based sufficient conditions. Notice that compared to the statements in Section of
Chapter 2| the statements are specialized to the context of zero-sum games.
The following definition is characterized by sufficient conditions for a local Nash equilibrium.

Definition 3.1 (Differential Nash Equilibrium, Ratliff et al.|[2013)). The joint strategy x € X is a
differential Nash equilibrium if D1 f(x) =0, Dof(z) =0, D?f(z) = 0, and D3f(z) < 0.

Let S1(-) denote the Schur complement of () with respect to the da x dz block in (-). The
following definition is characterized by sufficient conditions for a local Stackelberg equilibrium

(recall Proposition [2.1]).

Definition 3.2 (Differential Stackelberg Equilibrium, Fiez et al.|[2020a). The joint strategy © € X
is a differential Stackelberg equilibrium if D1 f(z) =0, Daf(z) =0, S1(J(z)) = 0, D3f(x) < 0.

It is worth remarking at this junction that with timescale separation in the gradient descent-
ascent dynamics, the interaction structure begins to emulate a hierarchical decision-making order,
which in turn motivates the study of the connections between the dynamics and the differential
Stackelberg equilibrium concept.

Stability and Instability Characterizations. To conclude this preliminary section, we provide
some background on stability and instability characterizations using the linearization of the gradient
dynamics. The reader is referred to Section of Chapter [2] for a detailed background section
on notions of stability and instability, along with methods for verifying local stability using the
linearization, both for the continuous-time system and the discrete-time system. Moreover, the
beginning of Section in Chapter [2| details stochastic stability.

A significant focus of this chapter is on determining the stability and instability of critical
points. The primary technique for this will be to assess the eigenvalues of the local linearization.
Specifically, recall from that the continous-time 7-GDA system is given by & = —A,g(x) and the



91

Jacobian of A;g(z) is J;(x) which is defined in (3.3]). By analyzing the spectral properties of J(z*)
at critical points (that is z* : g(z*) = 0), local stability and convergence properties of the nonlinear
system can be determined. Consider the following stability and instability characterizations that
are also presented in Chapter 2 but tailored here to the 7-GDA system.

Theorem 3.1 (Stability Characterizations, Khalil [2002, Theorem. 4.6, Corollary 4.3). Consider a
critical point x* of & = —A;g(x). The following are equivalent: (a) x* is a locally exponentially
stable critical point of & = —Arg(x); (b) spec(—J.(x*)) C C°; (¢) Given any symmetric matriz
Q € R¥™4_ there exists a unique symmetric positive-definite matriz P € R¥™ ¢ such that PJ (z*) +
J(z9)TP = Q.

Theorem 3.2 (Instability Characterization, Sastry|[1999, Theorem, 5.42). Consider a critical point
x* of & = —Arg(x). If —J (%) has at least one eigenvalue in CS., then x* is an unstable critical
point of & = —Arg(x).

Note that as detailed in Section of Chapter [2 the analogous discrete-time stability and
instability conditions can be determined by the spectral radius of the the linearization. Specifically,
for the 7-GDA system, when p(I — y1J-(x*)) < 1 then z* is locally exponentially stable, and when
p(I —y1J-(z*)) > 1, then z* is unstable (Ortega and Rheinboldt, 1970; [Sastryl, {1999).

3.3 Background Observations

In Figure [3.1] we present a graphical representation of known results on the stability of gradient
descent-ascent with timescale separation in continuous-time, where we remark that such results
nearly directly imply equivalent conclusions regarding the discrete time system 7-GDA with a suitable
choice of learning rate ;. The primary focus of past work has been on the edge cases of 7 =1 and
7 — 00. For 7 = 1, the set of differential Nash equilibrium are stable, but differential Stackelberg
equilibrium may be stable or unstable, and non-equilibrium critical points can be stable. As 7 — oo,
the set of differential Nash equilibrium remain stable, each differential Stackelberg equilibrium is
guaranteed to become stable, and each non-equilibrium critical point must be unstable. That is,
the sets of stable critical points and differential Stackelberg equilibrium coincide. It is worth noting
that this is an equivalent property to what was shown for the Stackelberg gradient dynamics in
Chapter [2| for zero-sum games with any 7 € (0, 00).

We remark that the result regarding 7-GDA as 7 — oo is in a sense tight across the spectrum
of nonconvex-nonconcave zero-sum games in a way that we now explain. |[Jin et al. (2020) show
(in Proposition 27) two interesting examples: (a) for an a priori fixed, finite 7, there exists a game
with a differential Stackelberg equilibrium that is not stable and (b) for an a priori fixed, finite 7,
there exists a game with a stable critical point that is not a differential Stackelberg equilibrium.
However, (a) does not imply that for the constructed game, there does not exist another (finite)
T—independent of the game parameters—such the differential Stackelebrg equilibrium is stable for
all larger 7. In simple language, the result summarized in (a) says the following: if a bad timescale
separation is chosen, then convergence may not be guaranteed. Similarly, (b) does not imply
that there is no 7 such that for all larger 7 for the constructed game instance, the critical point
becomes unstable. Again, in simple language, the result summarized in (b) says the following:
if a bad timescale separation is chosen, then non-game theoretically meaningful equilibria may
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(a)r=1 (b) T — o0

Figure 3.1: Graphical representation of the known stability results on 7-GDA in relationship to
local equilibrium concepts with 7 = 1 and 7 — oo. The acronyms in the figure are differential
Nash equilibria (DNE), differential Stackelberg equilibria (DSE), and locally asymptotically stable
equilibria (LASE). Note that the terminology of locally asymptotically stable equilibrium refers to
the set of stable critical points with respect to the system & = —A,g(x) for the given 7. The subset
relationship between differential Nash equilibrium and differential Stackelberg equilibrium is from
Proposition in Chapter For the regime of 7 = 1, Daskalakis and Panageas| (2018)); Mazumdar
et al.| (2020) presented the relationship between the set of differential Nash equilibrium and the
set of locally asymptotically stable equilibrium, and [Jin et al. (2020) provided the relationship
between the set of differential Stackelberg equilibrium and the set of locally asymptotically stable
equilibrium. Finally, |Jin et al.| (2020) reported the characterization of the locally asymptotically
stable equilibrium as 7 — co. The missing pieces in the literature are results as a function of finite
T, which we seek to answer in this work.

persist. While at first glance this set of results may appear to indicate that the undesirable stability
characteristics of gradient descent without timescale separation cannot be averted by any finite
timescale separation, it is important to emphasize that these results do not answer the questions
of whether there (a) exists a game with a differential Stackelberg equilibrium that is not stable
for all finite timescale separation ratios or (b) exists a game with a critical point that is not a
differential Stackelberg equilibrium which is stable with respect to gradient descent-ascent without
timescale separation and remains stable for all finite timescale separation ratios. For more details
on a comparison between the results of this chapter and Proposition 27 of [Jin et al. (2020), see
Appendix J of the paper associated with this chapter (Fiez and Ratliff] |2020). The preceding
questions are left open from previous work and are exactly the focus of this chapter. Specifically,
from a different perspective, we seek to show that (i) given a fixed game and differential Stackelberg
equilibrium, there exists a range of finite learning rate ratios for which the equilibrium is stable and
(ii) given a fixed game and a non-equilibrium critical point, there exists a range of finite learning
rate ratios for which the critical point is not stable. With an eye toward this goal in the following
section, we now provide further background on these existing results along with illustrative examples
that motivate our theoretical results.

Let us begin by considering the set of differential Nash equilibrium. It is nearly immediate from
the structure of the Jacobian that each differential Nash equilibrium is stable for 7 = 1 (Daskalakis
and Panageas, 2018; Mazumdar et al., 2020). Moreover, [Jin et al. (2020) showed that regardless
of the value of 7 € (0,00), the set of differential Nash equilibrium remain stable. In other words,
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the desirable stability characteristics of differential Nash equilibrium are retained for any choice of
timescale separation. We state this result as a proposition for later referenceﬂ

Proposition 3.1. Consider a zero-sum game (f1, f2) = (f,—f) defined by f € C1(X,R) for some
q > 2. Suppose that x* is a differential Nash equilibrium. Then, spec(—J (z*)) C C° for all
7 € (0,00).

Recall from Proposition in Chapter [2| that the set of differential Nash equilibrium is a
subset of the set of differential Stackelberg equilibrium in zero-sum games. In other words, any
differential Nash equilibrium is a differential Stackelberg equilibrium. Thus, this result shows that
any differential Stackelberg equilibrium that is a differential Nash equilibrium is stable for any
choice of 7 € (0,00), which is a positive result when seeking equilibrium.

Now let us move into the negative results for gradient descent-ascent without timescale sepa-
ration and explore how finite timescale separation can remedy the issues. | Jin et al.| (2020) show
that the result of Proposition fails to extend from the set of differential Nash equilibrium to
the broader class of differential Stackelberg equilibrium. Indeed, not all differential Stackelberg
equilibrium are stable with respect to the 7-GDA continuous-time limiting dynamics with 7 = 1.
However, as the following example demonstrates, differential Stackelberg equilibrium that are un-
stable without timescale separation can become stable for a range of finite timescale parameters.

Example 3.1. Consider the quadratic zero-sum game defined by the cost
flar,a2) = §(=afy + gaiy — 2rn@a1 — 525 + T12w90 — 75))

where x1,22 € R% and v > 0. The unique critical point of the game given by z* = (0,0) is a
differential Stackelberg equilibrium since g(z*) = 0, S1(J(z*)) = diag(v,v/4) = 0 and —D3f(z*) =
diag(v/2,v) > 0. The spectrum of the Jacobian of —Arg(x) is given by

—v(21+1£ V42 —87+1) —v(r—2+ V72 —127 +4)}
4 ’ 4 ’

spec(—J-(a")) = {

Observe that for T = 1, spec(—J-(x*)) ¢ C2 for any v > 0 so that the differential Stackelberg
equilibrium x* is never stable for the choice of T. However, for any v > 0, spec(—J(z*)) C C2 for
all T € (2,00), meaning that the differential Stackelberg equilibrium x* is stable with respect to the
dynamics © = —A;g(z) for a range of finite learning rate ratios.

We explore Example further via simulations in Section The key takeaway from Exam-
ple is that it is clearly not always necessary for the timescale separation 7 to approach infinity in
order to guarantee the stability of a differential Stackelberg equilibrium and instead there exists a
sufficient finite learning rate ratio. Put simply, the undesirable property of differential Stackelberg
equilibria not being stable with respect to gradient descent-ascent without timescale separation can
potentially be remedied with only a finite timescale separation.

It is well-documented that some stable critical points of the continuous time gradient descent-
ascent limiting dynamics without timescale separation can lack game-theoretic meaning, as they
may be neither a differential Nash equilibria nor differential Stackelberg equilibria (Daskalakis and

! Also see [Fiez and Ratliff| (2020, Appendix F.3) for an alternative proof.



94

Panageas), [2018; |[Jin et al., 2020; [Mazumdar et al., 2020)). The following example demonstrates that
such undesirable critical points that are stable without timescale separation can become unstable
for a range of finite learning ratios.

Example 3.2. Consider the quadratic zero-sum game defined by the cost
flz1,m2) = Y(21) — 3285 + 2211291 + 3231 + 2219790 — 73,)

where x1, 12 € R? and v > 0. The unique critical point x* = (0,0) is not a differential Stackelberg
or a Nash equilibrium since D?f(z*) = diag(v/2, —v/4) # 0, D3f(z*) = diag(v/4,—v/2) 4 0.
Moreover,

spec(—J- (%)) = {FQRr—1£ V472 - 127 + 1), F (2 -7+ V72 - 127 + 4)}.

Observe that for any v > 0, x* is stable for T = 1 since spec(—J (z*)) C C°, but x* is unstable for
a range of learning rates since spec(—J-(xz*)) ¢ C2 for all T € (2,00). This is not an artifact of the
quadratic example: games can be constructed in which stable critical points lacking game-theoretic
meaning become unstable for all T > 1y even in the presence of multiple equilibria.

We investigate a variant of the game in Example that has multiple critical points with
simulations in Section In an analogous manner to Example Example demonstrates
that it is not always necessary for the timescale separation 7 to approach infinity in order to
guarantee non-equilibrium critical points become unstable as there can exist a sufficient finite
learning rate ratio. This is to say that the unwanted property of non-equilibrium critical points being
stable without timescale separation can also potentially be remedied with only a finite timescale
separation.

The examples of this section have provided evidence that there exists a range of finite learning
rate ratios for which differential Stackelberg equilibrium are stable and a range of learning rate
ratios for which non-equilibrium critical points are unstable. Yet, no result has appeared in the
literature on gradient descent-ascent with timescale separation confirming this behavior in general.
We focus on doing precisely that in the section that follows. Before doing so, we remark further
on the closest existing result. As mentioned previously |Jin et al. (2020) show that as 7 — oo,
the set of stable critical points with respect to the dynamics & = —A,;g(x) coincide with the set
of differential Stackelberg equilibrium. An equivalent result in the context of general singularly
perturbed systems has been known in the literature (cf. |Kokotovic et al.|1986, Chap. 2). We give
a proof sketch based on this type of analysis in order to provide intuition and since it reveals a set
of analysis tools that are not as common in the machine learning literature on games. A full proof
can be found in Appendix I of the paper associated with this chapter (Fiez and Ratliff, 2020).

Proposition 3.2 (Jin et al.|2020; Kokotovic et al./[1986). Consider a zero-sum game (f1, f2) =
(f,—f) defined by f € CUX,R) for some q > 2. Suppose that z* is such that g(z*) = 0 and
det(D3 fo(z*)) # 0. Then, as T — oo, spec(J-(z*)) C C% if and only if z* is a differential
Stackelberg equilibrium.

Proof Sketch. The basic idea in showing this result is that there is a (local) transformation of
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coordinates from the linearized dynamics of & = —A,g(x), which we write as
o | A A
—TAIQ TA22 ’

in a neighborhood of a critical point to an upper triangular system that depends parametrically on
7 and hence, the asymptotic behavior is readily obtainable from the block diagonal components of
the system in the new coordinates. Indeed, consider the change of variables z = x9 + L(7)x1 where
L(7) € R¥%2X% g a transformation such that

[le] = [Anfg(f,li)L(T) A22+Té%33(7)1412] [le] .

where

R(L, 7') = —A1T2 — AQQL(T) + TﬁlL(T)AH — TﬁlL(T)AlgL(T) =0

A transformation of coordinates L(7) such that R(L,7) = 0 always exists (see Lemma 1.1, Ap-
pendix I, |[Fiez and Ratliff| [2020)). Hence, the characteristic equation of (3.5) can be expressed
as

X(s,7) = 7xs(s,7)xs(p,7) =0

where xs(s,7) = det(s] — (A1 — A12L(7))) and xf(p,7) = det(pl — (Aze + 77 A12L(7))) with
p=st . AsT — oo, L(1) = L(x) = —AQ_QIAE. Consequently, d; of the eigenvalues of
& = —A-g(x), denoted by {1, ..., Ag, }, are the roots of the slow characteristic equation ys(s,7) = 0
and the rest of the eigenvalues {\g,41,...,Ad,+d,} are denoted by \; = v;/e for i = di + j and
j €{1,...,d2} where {v1,...,14,} are the roots of the fast characteristic equation x¢(p,7) = 0.
The roots of xs(s, T) are precisely those of the (first) Schur complement of —.J(z*) while the roots
of xf(p,7) are precisely those of D3f(z*). Thus, stability holds if and only if it is a differential

Stackelberg equilibrium. O

This simple transformation of coordinates to an upper triangular dynamical system shown in
leads immediately to the asymptotic result in Proposition It also shows that if the eige-
navlues of Sy (J(z*)) are distinctﬂ and similarly, so are those of D3 f(z*) (although, Sy (J-(z*)) and
D2f(z*) are allowed to have eigenvalues in common), then the asymptotic results from Proposi-
tion [3.2] imply the following approximations for the elements of spec(J(z*)):

Ai = )‘l(sl(JT(x*» + O(T_1>7 i=1,...,d,
)\j+d1 = T()\](—Dgf(l'*)) + O(T_l))7 j=1,...,do.

This follows simply by observing that when the eigenvalues are distinct, the derivatives ds/dr and
dp/dr are well-defined by the implicit mapping theorem and the total derivative of xs(s,7) and
X¢(p, T), respectively. It is worth noting that this result shows that as 7 — oo, the Jacobian of the 7-
GDA dynamics tends toward something that is locally equivalent to the Jacobian of the Stackelberg
gradient dynamics studied extensively in Chapter In the following section, we generalize the
insights from the examples in this section and present the main theoretical results.

2Distinct eigenvalues is a generic property in the space of d x d real matrices (Hirsch et al., 2012, Chapter 5.6).
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3.4 Stability of Continuous-Time GDA with Timescale Separation

The sections presents the main local stability and instability characterizations of this chapter for the
continuous-time gradient descent-ascent system with timescale separation. We remark that these
properties with respect to the continous-time dynamics can be translated into local convergence
and non-convergence results as will be become clear in Sections and

3.4.1 Necessary and Sufficient Conditions for Stability

Before stating the main result of this subsection, let us pick up where we left off at the end of
the last section. As was shown in Proposition and discussed following the proof sketch, when
T — 00, the spectrum of —J(z*) asymptotically splits as 7 — oo such that d; eigenvalues tend to
fixed positions defined by the eigenvalues of —S;(J(z*)), while the remaining ds eigenvalues tend to
infinity at a linear rate 7 along asymptotes defined by the eigenvalues of D3 f(x*). The result is due
to Klimushchev and Krasovskii (1961) and further discussion can be found in Appendix F of |[Fiez
and Ratliff| (2020) and Chapter 2 of Kokotovic et al.| (1986). This fact is specialized from the class
of singularly perturbed linear systems to 7-GDA by \Jin et al. (2020) which directly results in the
connection between critical points of co—GDA and differential Stackelberg equilibrium. Specifically,
the result of Jin et al.| (2020) is showing that for the class of all sufficiently smooth zero-sum games,
the stable critical points of co-GDA are exactly the differential Stackelberg equilibria. As a corollary
of this fact, there exists a 7 < oo, such that 7-GDA is stable for all 7 > 7 (Kokotovic et al., [1986),
Chap. 2, Cor. 3.1); this can be inferred from the proof of Theorem 28 in Jin et al.| (2020) as well.
Indeed, Jin et al| (2020) gives an asymptotic expansion showing that n; eigenvalues of —J(x*) are
in spec(—S1(J(z*))) + O(77!) and the remaining ny eigenvalues are in 7(spec(D3f(x*)) +O(771)).
Using the limit definition for the asymptotic expansion, for any fixed game and a differential
Stackelberg x*, one can show that there exists a finite 7 such that z* is stable. Unfortunately, the
finite 71 obtainable from the asymptotic expansion method can be arbitrarily large. From a practical
perspective, this poses significant problems for the implementation and performance of 7-GDA.
Indeed, the eigenvalue gap between spec(—S1(J(x*))) and spec(7D3f(z*)) has a linear dependence
on 7 and, in turn, the problem may become highly ill-conditioned from a numerical perspective as
7 becomes large (Kokotovic| [1975)). In contrast, in a non-asymptotic way, we determine exactly the
range of 7 such that the spectrum of —J(z) remains in C°, and hence, remedy this problem.

For the statement of the following theorem on the non-asymptotic construction of 7*, we define
the following matrices: for a critical point x*, let S; = 81(—J,(z*)) = A11 — A12A521A1TQ and

—D3? f(x*) —D12f(90*)}
D, f(x*) TD3f(z*)

| A A

_JT(x ): o |:—TAI2 TA22:| '

Theorem 3.3 (Non-Asymptotic Construction of Necessary and Sufficient Conditions for Stability).
Consider a zero-sum game (f1, fo) = (f,—f) defined by f € CUX,R) for some q > 2. Suppose
that =* is such that g(xz*) = 0 and det(D3fa(z*)) # 0. There exists a 7" € [0,00) such that
spec(—J-(x*)) C C2 for all 7 € (7%,00) if and only if x* is a differential Stackelberg equilibrium.
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Figure 3.2: Guard map v(7) and real parts of the eigenvalues of the vectorized Lyapunov operator
—(J-(«*) B J;(2*)) using the reduction via the duplication matrix for the quadratic example given
in Example The largest real positive root of v(7) is 7% = 2 and in the right plot, we see
that all the real parts of the eigenvalues of the Lyapunov operator are negative indicating stability.
The right most graphic is a cartoon visualization of the guard map method: the outer grey region
represents C?*¢, the blue region represents the Hurwitz stable d x d matrices S (C2), the green
region represents the parameterized class of matrices {J-(z*)};, and the curve cutting through the
regions is the guard map v(7). The goal is to fine the subset of {J;(z*)}, that lie within S(C2),
which can be done by reducing the problem to finding the roots of v(7).

Moreover, 7" = A\t (Q) where

Ay H (A, ® Ia,)

—90(4 A*l H I AilAT H —_
Q=2[(A12® Apy)Hay, (Iay ® Ayy Aly)Ha, ] —ST H (s1®A12457)

— (A1 ® A3)
with /_122 = A22 H A22 and Sl = Sl EE‘Sl.

While at first glance () may appear difficult to understand, it is efficiently computable and can
be used to understand the typical value for important classes of games. Indeed, many problems like
generative adversarial networks have specific structure for the individual Hessians of each player
and the interaction matrix Djof (as can be seen from Assumption Section and are in a
sense subject to design via network architecture and loss function selection. This result opens up an
interesting future direction of research on understanding and potentially designing the structure of
Q. To take a step in this direction, we explore a number of games in Section where we compute
7" by the construction and validate it is tight empirically. Along the way, we discover that 7 is
typically a reasonable value that is amenable to practical implementations. We now give an outline
of the proof technique. The full proof of Theorem is deferred to Section in the appendix
that follows this chapter.

Proof Sketch of Theorem[3.3. The key tools used in this proof are a combination of Lyapunov
stability and the notion of a guard map (Saydy et al.l [1990), a new tool to the learning community.
Recall that a matrix is exponentially stable if and only if there exists a symmetric positive definite
P = P" = 0such that PJ,(z*) + J. (z*)P = 0 (Khalil, 2002, Thm. 4.15). Hence, given a positive
definite @ = QT = 0, —J,(z*) is stable if and only if there exists a unique solution P = P to

(I @) @ 1) + (I @ J] (2¥)))vec(P) = (J] () @ J] (¢*))vec(P) = vec(Q) (3.6)
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where ® and @ denote the Kronecker product and Kronecker sum, respectivelyﬂ The existence
of a unique solution P occurs if and only if J. and —J have no eigenvalues in common. Hence,
using the fact that eigenvalues vary continuously, if we vary 7 and examine the eigenvalues of the
map J.| (z*) @ JT (x*), this tells us the range of 7 for which spec(—.J,(z*)) remains in C° .

This method of varying parameters and determining when the roots of a polynomial (or corre-
spondingly, the eigenvalues of a map) cross the boundary of a domain uses a guard map; it provides
a certificate that the roots of a polynomial lie in a particular guarded domain for a range of pa-
rameter values. Formally, let X be the set of all d x d real matrices or the set of all polynomials of
degree d with real coefficients. Consider S an open subset of X with closure S and boundary 9S.
The map v : X — C is said to be a guardian map for S if for all z € S,

v(r) =0 < z €0S.

Elements of S(C°) = {4 € R™? : gpec(4) C C°} are (Hurwitz) stable. Given a pathwise
connected set U C R, the parameterized family {A(7) : 7 € U} is stable if and only if (7) it is
nominally stable—meaning A(7) € S(C2) for some 71 € U—and (ii) v(A(7)) # 0 for all 7 € U
(Saydy et al., 1990, Prop. 1).
The map
v(r) = det(2(—Jr(2*) © I)) = det(— (J; (") & J1(2")))

guards S(C° ) where ® is the bialternate product and is defined by A® B = 1(A & B) for matrices
A and B (see (Govaerts| 2000, Sec. 4.4.4). For intuition, consider the case where each z1, 3 € R so
that
N _ | @ b 2x2
J () = |:—7'b Td:| € R**=.
It is known that spec(—J-(z*)) C C2 if det(—J (z*)) > 0 and tr(—J (z*)) < 0. Con-
sequently v(r) = det(—J (z*))tr(—J-(z*)) is a guard map for the 2 x 2 stable matrices
S(C2). Since the bialternate product generalizes the trace operator and det(—J-(z*)) =
7% det(D2f(z*)) det(—S1(J(z*))) # 0 for 7 # 0 by the facts (det(Si(J(z*))) # 0 and
det(D3f(z*)) # 0) for a differential Stackelberg equilibrium z*, a guard map in the general
d x d case is v(1) = det(—(J(z*) & J-(x¥))).
This guard map in 7 is closely related to the vectorization in (3.6)): for any symmetric positive
definite Q = Q" > 0, there will be a symmetric positive definite solution P = P = 0 of

—(J] (") @ J] (")) vee(P) = vee(—Q)

if and only if det(—(J;(z*) @ J(x*))) # 0. Hence, to find the range of 7 for which, given any
Q = Q" > 0, the solution P = PT is no longer positive definite, we need to find the value of
7 such that v(7) = det(—(J-(z*) ® J-(2*))) = 0—that is, where it hits the boundary 9S(C2).
Through algebraic manipulation, this problem reduces to an eigenvalue problem in 7, giving rise to
an explicit construction of 7*. Note that in the full proof, and to get the statement of the result,

3See [Lancaster and Tismenetsky| (1985); Magnus) (1988)) for more detail on the definition and properties of these
mathematical operators.
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we actually use the equivalent guard map
v(r) = det(—(J-(z*) B J (z7)))

since A A is a more computationally efficient expression of A & A, and as such the eigenvalues
of AH A are those of A & A removing redundancies. We use A H A specifically because of its
computational advantages in computing 7*. O

Selecting the maximum value of 7* over the finite set of equilibria guarantees that the local
linearization of & = —A;g(z) around any differential Stackelberg equilibria is stable, and hence, the
nonlinear system is locally stable around each of these critical points.

Corollary 3.1. Consider a zero-sum game G = (f, —f) with f € C4(X,R) for some ¢ > 2. Suppose
that the assumptions of Theorem hold and that the set of differential Stackelberg equilibria,
denoted DSE(G), is finite. Let T = maXy«cpsp(g) T(7*) where 7(z*) is the value of T obtained
via Theorem for each individual critical point =* € DSE(G). Then, for all T € (7%,00) and
x* € DSE(G), spec(—J-(z*)) C C°.

Before moving on, we remark on the utility of the algebraic tools we use in the proof for The-
orem Indeed, the guard map concept is extremely powerful for understanding stability of
parameterized families of dynamical systems, and it is not limited to single parameter families.
Hence, there is potential to extend the above results to games with more than two players or
additional parameters. In fact, we do exactly this in Section [3.4.3] where we present results for
generative adversarial network formulations with gradient-penalty type regularizers for the dis-
criminator. Moreover, it is fairly easy to construct analogous guard maps for non-zero sum games.
Many of the constructions readily extend, and these are interesting directions of future work.

3.4.2 Sufficient Conditions for Instability

Note that Theorem implies that for any critical point which is not a differential Stackelberg
equilibrium, there is no finite 7* such that spec(—J-(z*)) C C° for all 7 € (7%, 00). In particular,
there exists at least one finite, positive value of 7 such that spec(—J,(z*)) ¢ C°. We can extend
this result to answer the question of whether there exists a finite learning rate ratio 7y such that
—J-(x*) has at least one eigenvalue with strictly positive real part for all 7 € (79, 00), thereby
implying that z* is unstable.

Theorem 3.4 (Non-Asymptotic Construction of Sufficient Condition for Instability.). Consider
a zero-sum game (f1, fo) = (f,—f) defined by f € CUX,R) for some q > 2. Suppose that x*
is such that g(x*) = 0, D3 fa(z*) # 0, and z* is not a differential Stackelberg equilibrium. Then
spec(—Jr(x*)) ¢ C2 for all T € (70, 00) with

70 =Amax (@5 (PrD1af (2%) + 81(=J (%)) Lg P2) T Q7' (P D12 f (%)
+ Sl(_J(x*))L(—)rPQ) — P2L0D12f(1}*) — (P2L0D12f(.1}*))T))
where Py, Po, Q1,Q2 are any non-singular Hermitian matrices such that (a) Q; = 0 for each i € T,

(b) S1(=J(x*)) Py + P1S1(—J(x*)) = Q1 and D3f(x*)Ps + PyD3f(x*) = Q2, and (c) the following
matriz pairs have the same inertia: (Py,S1(—J(x*))) and (P, D3 f(z*)).



100

The proof of Theorem [3.4]is left to Section in the appendix that follows this chapter. We
now provide a proof sketch highlighting the key techniques.

Proof Sketch. The key idea of the proof is to leverage the Lyapunov equation and Theorem 2
of Lancaster and Tismenetsky| (1985, Chapter 13.1) to show that —J(z*) has at least one eigenvalue
with strictly positive real part. Indeed, Theorem 2 of Lancaster and Tismenetsky| (1985, Chapter
13.1) in the context of this problem states that if S;(—.J(z*)) has no zero eigenvalues, then there
exists matrices P, = P, and Q1 = Q{ > 0 such that PyS;(—J(z*))+S1(—J(z*))P, = Q1 where Py
and Si(—J(z*)) have the same inertia—that is, the number of eigenvalues with positive, negative
and zero real parts, respectively, are the same. An analogous statement applies to —D3f(z*)
with some P, and (J3. Since x* is a non-equilibrium critical point, without loss of generality, let
S1(—=J(z*)) have at least one strictly positive eigenvalue so that P; does as well. Next, we construct
a matrix P that is congruent to blockdiag(Py, Py) and a matrix Q. such that —PJ,(z*)—J,| (z*)P =
Q. Since P and blockdiag( P, P») are congruent, Sylvester’s law of inertia implies that they have
the same number of eigenvalues with positive, negative, and zero real parts, respectively. Hence, P
has at least one eigenvalue with strictly positive real part. We then construct 79 via an eigenvalue
problem such that for all 7 > 79, Q, > 0. Applying Theorem 2 of |Lancaster and Tismenetsky| (1985,
Chapter 13.1) again, for any 7 > 79, —J-(2*) has at least one eigenvalue with strictly positive real
part so that spec(—J;(z*)) ¢ C. O

Unlike 7* in Theorem [3.3] 79 in Theorem [3.4]is not tight in the sense that —J-(z*) may become
unstable for 7 < 7y since the matrices Pi, P, and (1,Q2 are not necessarily unique. Hence, the
question of finding the exact value of 7 beyond which a spurious critical point of GDA is unstable
remains open. Nonetheless, no result has appeared previously showing that GDA with a finite
timescale separation avoids such critical points.

3.4.3 Regularization with Applications to Adversarial Learning

In this subsection, we focus on generative adversarial networks with regularization and using the
theory developed so far extend the results to provide a stability guarantee for a range of regular-
ization parameters and learning rate ratios. Consider the training objective

f(0,0) = Ep) [U(D(G(2;0); w))] + Eppy () [U(=D(; w))] (3.7)

where D, (x) and Gg(z) are discriminator and generator networks, pp(z) is the data distribution
while p(z) is the latent distribution, and ¢ € C%(R) is some real-value functionﬁ Nagarajan and
Kolter| (2017)) show, under suitable assumptions, that gradient-based methods for training gener-
ative adversarial networks are locally convergent assuming the data distributions are absolutely
continuous. However, as observed by Mescheder et al. (2018), such assumptions not only may not
be satisfied by many practical generative adversarial network training scenarios such as natural
images, but often the data distribution is concentrated on a lower dimensional manifold. The latter
characteristic leads to highly ill-conditioned problems and nearly purely imaginary eigenvalues.
Gradient penalties ensure that the discriminator cannot create a non-zero gradient which is
orthogonal to the data manifold without suffering a loss. Introduced by Roth et al.| (2017) and

“For example, £(z) = —log(1 4 exp(—z)) gives the original formulation of |Goodfellow et al.| (2014).
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refined in Mescheder et al.| (2018]), we consider training generative adversarial networks with one of
two fairly natural gradient-penalties used to regularize the discriminator:
Ry(0,0) = Sy [ VoD(:w)[?) and  Ry(8,w) = S By, [| VaD(as )],

where, by a slight abuse of notation, V,(-) denotes the partial gradient with respect to z of the ar-
gument (-) when the argument is the discriminator D(+;w) in order prevent any conflation between
the notation D(-) elsewhere for derivatives. We consider the relaxed assumptions—as compared
to the work by Nagarajan and Kolter| (2017)—which allow us to consider generative adversar-
ial networks with data distributions that do not (locally) have the same support and hence, are
concentrated on lower dimensional manifolds. Let h1(0) = E,, ) [VuD(2;w)|w=w+] and ha(w) =
Epp () [D(z;w)|? + || VoD (x;w)||%]. Define reparameterization manifolds M = {6 : py = pp} and
Mp = {w: ha(w) =0} and let Ty» Mg and T« Mp denote their respective tangent spaces at 6*
and w*. As in Mescheder et al.| (2018), we make the following assumption.

Assumption 3.1. Consider a zero-sum game of the form given in where f € C?(R™ xR% R)
and G(+;0) and D(-;w) are the generator and discriminator networks, respectively, and x = (0,w) €
R4 x R, Suppose that x* = (0*,w*) is an equilibrium. Then, (a) at (6*,w*), pg- = pp and
D(z;w*) = 0 in some neighborhood of supp(pp), (b) the function £ € C*(R) satisfies £'(0) # 0
and €"(0) < 0, (¢) there are e-balls B:(6*) and B.(w*) centered around 6* and w*, respectively,
s0 that Mg N Be(6*) and Mp N Be(w*) define Ct-manifolds. Moreover, (i) if w ¢ Ty« Mg, then
w'Vuh1(0%)w # 0, and (ii) if v ¢ Ty« Mp, then v’ V2 ha(w*)v # 0.

We note that as explained by |[Mescheder et al.| (2018), Assumption c(i) implies that the
discriminator is capable of detecting deviations from the generator distribution in equilibrium, and
Assumption c(ii) implies that the manifold Mp is sufficiently regular and, in particular, its
(local) geometry is captured by the second (directional) derivative of hy. Under Assumption
we show that x* is a differential Stackelberg equilibrium, and characterize the learning rate ratio
and regularization parameter range for which z* is (locally) stable with respect to 7-GDA. The proof
of Theorem is left to Section of the appendix that follows this chapter.

Theorem 3.5. Consider training a generative adversarial network via a zero-sum game with gen-
erator network Gy, discriminator network Dy, and loss f(0,w) with regularization R;(6,w) (for
either 7 = 1 or j = 2) and any regularization parameter p € (0,00) such that Assumption i
satisfied for a critical point x* = (0*,w*) of the regularized dynamics. Then, z* = (6%, w*) is a
differential Stackelberg equilibrium. Furthermore, for any T € (0,00), spec(—J(; ,)(z*)) C C2.

The proof of this result follows arguments from [Mescheder et al.| (2018) to determine that x* is
a differential Stackelberg equilibrium and then the concept of quadratic numerical range (Tretter,
2008)) to determine the stability conditions. We note that the stability conditions can also be ob-
tained using Theorem [3.3| directly (see Appendix H of Fiez and Ratliff| (2020))). Notably, this result
shows that under typical theoretical generative adversarial network assumptions, any differential
Stackelberg equilibrium is stable for any timescale parameter and regularization parameter. This
result highlights the value of finer-grained characterizations of the timescale parameters that en-
sure stability of differential Stackelberg equilibrium since often common properties of critical points,
the insights can extend to entire classes of games with much stronger characterizations than the
asymptotic results.
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The following proposition provides necessary conditions on the sizes of the network architectures
for the discriminator and generator network for stability. Theorem A.7 of Mescheder et al.| (2018])
shows that matrices of the form
0 -B
—J= [ } (3.8)

BT —C

are stable if B is full rank and C' > 0. The result that follows provides conditions on the relationships
between the dimensions of the players.

Proposition 3.3. Consider training a generative adversarial network via a zero-sum game with
generator network Gy, discriminator network D, and loss f(0,w) with regularization R;(0,w) (for
some j € {1,2}) such that Assumption is satisfied for an equilibrium z* = (0*,w*). Independent
of the learning rate ratio and the regularization parameter u, for x* to be stable it is necessary
that the dimension of the discriminator network parameter vector is at least half as large as the
corresponding generator network parameter vector: ds > di/2 where € R™ and w € R%.

The intuition for the why this proposition should hold follows immediately from observing the
structure of the Jacobian: for any matrix of the form , at least one eigenvalue will be purely
imaginary if dy < dy/2 where B € R1*% and C' € R%*%, This proposition follows immediately
from observing the structure of the Jacobian: for any matrix of the form

0 -B
- = [BT —C}

at least one eigenvalue will be purely imaginary if dy < d1/2 where B € R%*% and O ¢ Ré2*dz,
Indeed, by Lyapunov’s stability theorem for linear systems (Hespanha, [2018, Theorem 8.2), a matrix
A is Hurwitz stable if and only if for every symmetric positive definite Q = Q" > 0, there exists
a unique symmetric positive definite P = P > 0, such that ATP + PA = —Q. Hence, —J is
Hurwitz stable if and only if there exists a P = PT = 0 such that

[0 -Bl[A P P B[ 0 B
0=e= [BT C} [PQT PJ " [PQT Pz] [BT C]

B —BP,) — BB —BP3;+ PB + P,C

" |B"PL+CP] —P3B"T BTP,+CP;+P) B+ P3C

Since this is a symmetric positive definite matrix, the block diagonal components must also be
symmetric positive definite so that —BPy — P,BT >~ 0 Recall that B € R%1xd2 and P, €
R92%d1 " Hence, a necessary condition for this matrix to be positive definite is that do > dy/2 for
—BP; — P,B" to have full rank; of course this is not sufficient, but it is necessary. It is easy
to see this argument is independent of whether a learning rate ratio 7 # 0 or regularization is
incorporated.

5If a block matrix Q with block entries Q;; for i,j € {1, 2} is positive definite symmetric, then @Q;; = 0 for i = 1,2.
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3.5 Convergence of GDA with Timescale Separation

For the full proofs of the results in this section, see Section [3.E] in the appendix that follows this
chapter. Given the stability and instability characterizations from the previous section with regard
to the continuous-time system, analogous statements can be made about the discrete-time system
with a proper choice of learning rate. Specifically, the stability of the discrete-time system around
a critical point z* requires selecting 1 such p(I — y1J-(z*)) < 1. This is only possible when
J-(x*) C C2, which leads to the following result that is a corollary of Theorem That is, 7-GDA
converges locally asymptotically for any sufficiently small v(7) and for all 7 € (7%, 00) if and only
if * is a differential Stackelberg equilibrium.

Corollary 3.2. Suppose the assumptions of Theorem hold. Then, there exists a 7 € (0,00)
such that 7-GDA with v € (0,7(7)) where v(T) = arg minycgpec(J, (z+)) 2Re(A)/|A]* converges locally
asymptotically for all T € (7%, 00) if and only if x* is a differential Stackelberg equilibrium.

Observe that this corollary can also be seen as an analogue for 7-GDA as the result provided
in Proposition of Chapter [2] for the Stackelberg gradient dynamics. Moreover, it will become
shortly how the suitable learning rate in this corollary comes about. We remark that the avoidance
of strict saddles is also known for 7-GDA and the implications of this will be discussed further at
the end of this section.

For the remainder of this section, we characterize the asymptotic convergence rate for 7-GDA
to differential Stackelberg equilibria, and provide a finite time guarantee for convergence to an
e—approximate equilibrium. The proof techniques generally mirror that which were described and
developed for the Stackelberg gradient dynamics in Section of Chapter [2| when combined
with the stability characterizations of the previous section. However, a key technical challenge
is optimizing the learning rate for the convergence rate since the Jacobian does not have a clean
structure like it does in zero-sum games for the Stackelberg gradient dynamics from the previous
chapter in zero-sum games. This is the analysis that we highlight below. Specifically, the asymptotic
convergence rate result uses Theorem to construct a finite 7* € (0, 00) such that z* is stable,
meaning spec(—J-(z*)) C C2, and then for any 7 € (7%,00), a learning rate is chosen to ensure
stability of the discrete time system and numerical analysis tools applied to get a local asymptotic
convergence rate.

Theorem 3.6. Consider a zero-sum game (f1, f2) = (f,—f) defined by f € CUX,R) for ¢ >
2 and let x* be a differential Stackelberg equilibrium of the game. There exists a 7 € (0,00)
such that for any T € (17%,00) and o € (0,7), 7-GDA with learning rate y1 = v — «a converges
locally asymptotically at a rate of O((1 —a/(48))%/?) where v = minyespec(J, (z+)) 2RE(A)/|A]%, An =
arg Mineqpec(s, (z+)) ZRe(N) /A%, and B = (2Re(An) — a|a|?) 1. Moreover, if z* is a differential
Nash equilibrium, 7° = 0 so that for any T € (0,00) and o € (0,7y), T-GDA with v, = v—« converges
with a rate O((1 — o/ (48))*/?).

To build some intuition, consider a differential Stackelberg equilibrium z* and its corresponding
7* obtained via Theorem so that for any fixed 7 € (7%, 00), spec(—J-(z*)) C C2. For the
discrete time system xyy1 = xp — v1Arg(x), if 1 is chosen such that the spectral radius of the
local linearization of the discrete time map is a contraction, then zj, locally (exponentially) converges
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AN

Figure 3.3: The inner maximization problem in is over a finite set spec(J;(z*)) = {A1,..., Aa}
where J,(z*) € R4 As vy — oo, [1 —y\;| — 0. The last \; such that 1 — \; hits the boundary
of the unit circle in the complex plane—that is, |1 — y\;| = l—gives us the optimal value of
v = 2Re(An)/|Aa|? = 2cos(#)/|\a| and the element of spec(.J,-(x*)) that achieves it (see blue arrows).

to z*. With this in mind, we formulate an optimization problem to find the upper bound ~ on the
learning rate v; such that for all v € (0,7), p(I —y1J-(2*)) < 1; indeed, let

7= gl>lg {'Y ' )\Espgcl(ajf(x*)) ’1 7A| = 1} ’ (39)
The intuition is as follows. The inner maximization problem is over a finite set spec(J-(z*)) =
{\,..., g} where J,(z*) € R4 As v increases away from zero, each |1 — )| shrinks in
magnitude. The last A; such that 1 — y\; hits the boundary of the unit circle in the complex
plane gives us the optimal v and the A, € spec(J(z*)) that achieves it. Examining the constraint,
we have that for each \;, v(v|\i|*> — 2Re()\;)) < 0 for any v > 0. As noted this constraint will
be tight for one of the ), in which case v = 2Re(\)/|\|? since v > 0. Hence, by selecting v =
Minyegpec(, (o+)) 2Re(A) /A%, we have that [1—~1A| < 1 for all A € spec(J-(z*)) and any 71 € (0, 7).
From here, one can use standard arguments from numerical analysis to show that for the choice of
« and 3, the claimed asymptotic rate holds.
Theorem directly implies a finite time convergence guarantee for obtaining an e-differential
Stackelberg equilibrium, that is, a point with an e-ball around a differential Stackelberg equilibrium

z*.

Corollary 3.3. Givene > 0, under the assumptions of Theorem[3.6, T-GDA obtains an e—differential
Stackleberg equilibrium in [(408/«a)log(||lxo — x*||/e)] iterations for any xy € Bs(x*) with § =
a/(4LB) where L is the local Lipschitz constant of I —~vJ-(x*).

Moreover, the convergence rates and finite time guarantees extend to the gradient penalty
regularized generative adversarial network described in the preceeding section.

Corollary 3.4. Under the assumptions of Theorems cmd for any fized p € (0,00) and
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7 € (0,00), T-GDA converges locally asymptotically at a rate of O((1 — o/ (483))*/?), and achieves an
e-equilibrium in [(45/a)log(||xo — x*||/e)] iterations for any xoy € Bs(x*).

Comments on computing the neighborhood Bs(z*). We note that we have essentially given
a proof that there exists a neighborhood on which 7-GDA converges. Of course, due to the non-
convexity of the problem in general, this neighborhood could be arbitrarily small. We provide
an estimate of the neighborhood size using the local Lipschitz constant of the local linearization
I — v J:(z*). One way to better understand the size of this neighborhood is to use Lyapunov
analysis, a tool which is well explored in the singular perturbation theory (Kokotovic et al., [1986).
In particular, Lyapunov methods can be applied directly to the nonlinear system if one can construct
Lyapunov functions for the fast and slow subsystems individually—also known as the boundary
layer model and reduced order model. With these Lyapunov functions in hand, one can “stitch”
the two together (via convex combination) and show under some reasonable assumptions that this
combined function is a Lyapunov function for the overall singularly perturbed system. The benefit
of this analysis is that the Lyapunov function gives one an estimate of the region of attraction (via,
e.g., the level sets); however, it is not easy to construct a Lyapunov function for a nonlinear system
in general. We leave expanding such methods to learning in nonconvex-nonconcave zero-sum games
to future work.

Comments on avoiding saddle points. Before turning to the stochastic setting, we comment
on saddle point avoidance in the deterministic setting. It was shown by |[Mazumdar et al.| (2020)) that
gradient-based learning in continuous games with heterogeneous learning rates avoids saddles on all
but a set of measure zero initializations. Hence, 7-GDA avoids saddles for almost every initialization.
We also know that all differential Nash equilibria are locally asymptotically stable for zero-sum
settings. Hence, there are no differential Nash equilibria that are saddle points of the dynamics
& = —A;g(x). On the other hand, as Exaunpleshows7 there are differential Stackelberg equilibria
which correspond to saddle points of the dynamics for some choices of 7—in particular, 7 = 1 in
that example. Theorem and Corollary however, implies that for a given zero-sum game (or
minmax problem), there exists a finite 7% such that all locally asymptotically stable equilibria are
differential Stackelberg equilibria. Hence, an ‘almost sure’ saddle point avoidance result together
with the local convergence guarantee provided by Theorem provides a strong characterization
of long-run learning behavior. Avoidance of saddles nor the if and only if convergence guarantee of
Theorem [3.3 are, however, enough to ensure avoidance of limit cycles. In fact, it is known that limit
cycles can exist in zero sum games (Daskalakis et al.l [2018; Mazumdar et al., 2020). Understanding
when such complex phenomena exist in games and determining how to ascribe meaning the behavior
is an active area of study (see, e.g., the work of Papadimitriou and Piliouras) (2019)).

3.6 Convergence of Stochastic GDA with Timescale Separation

In this section, we analyze convergence when players do not have oracle access to their gradients
but instead have an unbiased estimator in the presence of zero mean, finite variance noise. Specif-
ically, we show that the agents will converge locally asymptotically almost surely to a differential
Stackelberg equilibrium.

The key insight in this section is that due to Theorem [3.3, we know that a critical point z*
is stable for & = —A;g(x) for a range of finite learning rates 7 € (7%,00) if and only if z* is a
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differential Stackelberg equilibrium. Hence, treating @ = —A,g(x) as the continuous time limiting
differential equation in the so-called ordinary differential equation (ODE) method in stochastic
approximation (Borkar, 2008), we apply classical stochastic approximation analysis to conclude
that the stochastic gradient descent-ascent update with timescale separation converges.

3.6.1 Asymptotic Convergence Guarantees via Stochastic Approximation

The stochastic form of the update is given by

Tpy1 = T — Ye(Arg(zr) + wigr) (3.10)

where wy1 is a zero mean, finite variance random variable and {~;} is the learning rate sequence.

Assumption 3.2. The stochastic process {wy} is a martingale difference sequence with respect to
the increasing family of o-fields defined by

Fi = o(xg, we, £ < k), Yk >0,

so that Elwgi1| Fi] = 0 almost surely (a.s.) for all k > 0. Moreover, wy, is square-integrable so
that, for some constant C > 0,

E[f|wii1]?] Frl < C(+ ||lzx]?) a.s., Vk > 0.

We note that this assumption has been relaxed in the literature (cf. Thoppe and Borkar| (2019)),
however simplicity, we state the theorem with the most accessible criteria. We remark below in the
paragraph on extensions to concentration bounds on the nature of the relaxed assumptions.

Theorem 3.7. Consider a zero-sum game (f,—f) such that f € C4(X,R) for some q > 2. Suppose
that Assumption holds and that {7} is square summable but not summable—i.e., >, ’y,% < 00,
yet > . v = 00. For any 7 € (0,00), the sequence {z} generated by converges to a, possibly
sample path dependent, internally chain transitive invariant set of @ = —A,g(z). Moreover, if z*
is a differential Stackelberg equilibrium, then there exists a finite 7* € (0, 00) such that {zy} almost
surely converges locally asymptotically to x* for every T € (7%, 00).

Proof. The convergence of {x} to a, possibly sample path dependent, compact connected inter-
nally chain transitive invariant set of & = —A,g(x) follows from classical results in stochastic
approximation theory (Borkar, 2008, Chap. 2); (Benaim), [1996).

Suppose that z* is a differential Stackelberg equilibrium. By Theorem there exists a finite
7 € (0,00) such that for all 7 € (7%, 00), * is a locally exponentially stable equilibrium of the
continuous time dynamics @ = —A,g(z)—that is, spec(—J(z*)) C C for all 7 € (7%, 00).

Fix arbitrary 7 € (7%,00). Since spec(—J-(z*)) C C2, det(—J (z*)) # 0 so that z* is an
isolated critical point. Furthermore, exponentially stability of * implies that there exists a (local)
Lyapunov function defined on a neighborhood of z* by the converse Lyapunov theorem (cf. Sastry
(1999, Thm. 5.17) or Krasovskii (1963, Thm. 4.3)). Let U be the neighborhood of * on which the
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local Lyapunov function is defined, such that U contains no other critical points (which is possible
since x* is isolated). That is, let ® : U — [0, 00) be the local Lyapunov function defined on U where
x* € U, ® is positive definite on U, and for all x € U, %@(m) < 0 where equality holds for z € U if
and only if ®(z) = 0. By Corollary 3 (Borkar, 2008, Chap. 2), {x}} converges to an internally chain
transitive invariant set contained in U almost surely. The only internally chain transitive invariant
set in U is x*. O

The following corollary shows that if there is a finite 7* such that z* is stable for & = —A,g(x),
then by Theorem x* must be a differential Stackelberg equilibrium and in turn, {x;} almost
surely converges locally asymptotically to * by the above theorem.

Corollary 3.5. Consider a zero-sum game (f,—f) such that f € C?(X,R). Suppose that Assump-
tion holds and that {~y} is square summable but not summable: >, v < 00, yet > . Yk = oC.
If there exists a finite 7 € (0,00) such that spec(—J-(xz*)) C C% for all T € (7%,00), then x* is a
differential Stackelberg equilibrium and {xy} almost surely converges locally asymptotically to x*.

While (local) almost sure convergence in gradient descent-ascent (Chasnov et al., [2020; Heusel
et al [2017) to a critical pointﬂ in the stochastic setting, the result requires time varying learning
rates with a sufficient separation in timescale. Specifically, the players need to be using learning
rate sequences {7; 1} for each i € {1,2} such that (without loss of generality) not only is it assumed
that v1 , = o(y2,%), but also >, 'yik —1—’}/227k < ooand ), v = oo for each i € {1,2}. The challenge
with these assumptions on the learning rate sequences is that empirically the sequences that satisfy
them result in poor behavior along the learning path such as getting stuck at saddle points or
making no progress. This is, in essence, due to the fact that the faster player—i.e., player 2 if
Y1,k = 0(72)—equilibriates too quickly causing progress to stall. This can result in undesirable
behavior such as vanishing gradients (so that the discriminator does not provide enough information
for the generator to make progress), mode collapse, or failure to converge in practical applications
such as generative adversarial networks.

On the other hand, our convergence result gives a similar guarantee with less restrictive require-
ments on the stepsize sequence. In particular, only a single stepsize sequence is required (so that
the algorithm can be viewed as a single timescale stochastic approximation update) as long as the
fast player (who, without loss of generality, is taken to be player 2) scales their estimated gradient
by 7 € (7%, 00) where 7 is as in Theorem

3.6.2 Extensions to concentration bounds and relaxed assumptions on stepsizes

It is possible to obtain concentration bounds and even finite time, high probability guarantees on
convergence leveraging recent advances in stochastic approximation (Borkar, 2008; Kamal, |2010;
Thoppe and Borkar, [2019). To our knowledge, the concentration bounds in (Thoppe and Borkar,
2019) require the weakest assumptions on learning rates—e.g., the stepsize sequence {v;} needs
only to satisfy Y, v, = 00, limpeo e = 0, and >, 7% < 1. Specifically, since it is assumed,
for the zero sum game (f, —f), that f € C?(X,R) and x* is a differential Stackelberg equilibrium,
Theoremimplies that z* is a locally asymptotically stable attractor of & = —A,g(z) for arbitrary

5To date it has not been shown that for a sufficient separation in timescale the only critical point attractors are
local minmax.
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fixed 7 € (7%,00), and hence, the concentration bounds in Theorem 1.1 and 1.2 of (Thoppe and
Borkar, 2019)) directly apply.

Furthermore, we note that in applications such as generative adversarial networks, while it has
been observed that timescale separation heuristics such as unrolling or annealing the stepsize of
the discriminator work well, in the stochastic case, summmable/square-summable assumptions on
stepsizes are generally too restrictive in practice since they lead to a rapid decay in the stepsize
which, in turn, can stall progress. On the other hand, stepsize sequences such as v, = 1/(k+1)? for
B € (0, 1]—a sequence which satisfies the assumptions posed in (Thoppe and Borkar} 2019)—tend
not to have this issue of decaying too rapidly for appropriately chosen [, while also maintaining
the guarantees of the theoretical results. We state a convergence guarantee under these relaxed
assumptions in Proposition [3.4] below.

Let Z(t) be the asymptotic pseudo-trajectories of the stochastic approximation process {xy}.
That is, Z(t) are linear interpolates between the sample points xj generated by the stochastic 7-GDA
process, and are defined by

I(t) = 2(ty) + (@(tgy1) — T(tr))

where t;, = t; + v and tg = 0.

Assumption 3.3. The stochastic process {wy} is a martingale difference sequence with respect to
the increasing family of o-fields defined by

th = a(xg,wg,ﬁ S k), Vk Z 0,

so that Blwgy1| Fr] = 0 almost surely for all k > 0. Furthermore, there emists c1,ca € C(R% Rsg)
such that
Pr{||Jwis1|| > v| Fr} < c1(xg) exp(—ca(xg)v), n >0

for all v > v where v is some sufficiently large, fized number.

Proposition 3.4. Suppose that Assumption holds and that x* is a differential Stackelberg
equilibrium. Let v, = 1/(k 4+ 1)% where B € (0,1]. There exists a 7* € (0,00) and an e € (0, 00)
such that for any fized € € (0, o], there exists functions hy(e) = O(log(1/€)) and ha(e) = O(1/€) so
that when T > hi(e) and kg > K, where K is such that 1/~ > ha(€) for all k > K., the stochastic
iterates of T-GDA with stepsize sequence vy and timescale separation T € (7%, 00) satisfy

Pr{||#(t) — 2*|| < € Vt > ty, + T + 1] E(ty,) € Be(a*)} =1 — O(ky " exp(—C kL))
for some constant C- > 0.

The proof largely follows from the proofs of Theorem 1.1 and 1.2 in (Thoppe and Borkar, 2019),
combined with the existence of a finite timescale separation parameter obtained via Theorem
Indeed, since z* is a differential Stackelberg equilibrium, by Theorem there exists a range of 7—
namely, (7%, 00)—such that for any 7 € (7%,00), z* is a locally asymptotically stable equillibrium
for £ = —A;g(x). Hence, fixing any 7 € (7*,00), a converse Lyapunov theorem can be applied to
construct a local Lyapunov function. Let V : R®™ — R be this Lyapunov function so that there
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exists 7,19, €g > 0 such that r > rgy, and
Be(z*) CV™ C N, (Vo) C V"

for any e € (0, ¢y where, for a given ¢ > 0, V? = {x € dom(V) : V(x) < ¢} and N, (V") is an
eo—neighborhood of V"o—i.e., N (V™) = {z € R"| Jy € V", ||z —y|| < €o}. From here, the result
follows from an application of the results in the work by Thoppe and Borkar| (2019)).

The utility of this result is that it provides a guarantee in the stochastic setting for a more
reasonable and practically useful stepsize sequence. However, constructing the constants such as
K;, C; and ¢ is highly non-trivial as can be seen in the work of Thoppe and Borkar| (2019)
and similar works in the area of stochastic approximation (Borkar], [2008). One direction of future
work is examining the Lyapunov approach for directly analyzing the nonlinear singularly perturbed
system; it is known, however, that the stochastic singularly perturbed systems have much weaker
guarantees in terms of stability (Kokotovic et al., 1986, Chap. 4).

3.7 Experiments

In this section we present extensive experimental results. We numerically investigate Example
in Section and a game similar to that from Example in Section After that, we
investigate a polynomial game with multiple equilibria in Section [3.7.3] We study a torus game in
Section and examine the connection between timescale separation and the region of attraction.
Then, in Sections [3.7.5[ and [3.7.6) consider the Dirac-GAN game (Mescheder et al., 2018) and
consider both the saturating and non-saturating objective functions. In Section we explore
a generative adversarial network formulation using the Wasserstein cost function with a linear
generator and quadratic discriminator for the problem of learning a covariance matrix. We finish
in Section by presenting experiments training generative adversarial networks parameterized
by neural networks on a mixture of Gaussians and image datasets.

3.7.1 Quadratic Game: Timescale Separation and Stackelberg Stability

We now revisit the game from Example that demonstrated there exists differential Stackelberg
equilibrium that are unstable for choices of the timescale separation 7. To be clear, we repeat the
game construction and some characteristics of the game. Let us consider the quadratic zero-sum
game defined by the cost

—-v 0 —w 0

-
1 |z 0 %v 0 %v T
== A1
fla1,2) 2 [$2:| —v 0 —%v 0 T (3.11)
0 Lo 0 —v

2

where 1,79 € R? and v > 0. The unique critical point of the game given by z* = (2%, 23) = (0,0)
is a differential Stackelberg equilibrium. The spectrum of the Jacobian evaluated at the equilibrium
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Figure 3.4: Experimental results for the quadratic game defined in of Section and
presented in Example Figures and show trajectories of the players coordinate pairs
(x11,m91) and (wa1,x92) for a range of learning rate ratios, respectively. Figures shows the
distance from the equilibrium along the learning paths. Figures [3.4¢] [3.4f, and [3.4g] show the
trajectories of the eigenvalues, the real parts of the eigenvalues, and the imaginary parts of the
eigenvalues for the J;(z*) as a function of the 7, respectively.

is given by

v(2T+ 1+ V412 — 874+ 1) U(T—Z:I:\/T2—127+4)}

spec(Jr (")) = { . .

As mentioned in Example it turns out that spec(J-(z*) C CS only when 7 € (2,00). We
remark that we computed 7* using the theoretical construction from Theorem [3.3] and found that
it recovered the precise value of 7% = 2 such that the equilibrium is stable for all 7 € (7%, c0) with
respect to the dynamics & = —A;g(z). In the experiments that follow, we consistently observe that

the construction of 7* from the theory is tight.

For this experiment, we select v = 4 and simulate 7-GDA from the initial condition (z{,29) =

(5,4,3,2) with v; = 0.0005 and 7 € {2,2.5,3,5,10}. In Figures and we show the
trajectories of the players coordinate pairs (z11,221) and (za1,z22), respectively. We observe that
7-GDA cycles around the equilibrium with 7 = 2 since it is marginally stable with respect to the
dynamics. For 7 € (2,00), the equilibrium is stable and 7-GDA ends up converging to it at a rate
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that depends on the choice of 7. We demonstrate how the convergence rate depends on the choice
of 7 in Figure by showing the distance from the equilibrium along the learning path for each of
the trajectories. The primary observation is that the cyclic behavior of 7-GDA dissipates as 7 grows
and as a result the dynamics then rapidly converge to the equilibrium.

The behavior of the learning dynamics as a function of the timescale separation 7 can be
further explained by evaluating the eigenvalues of the game Jacobian at the equilibrium. We show
the eigenvalues of the Jacobian at the equilibrium in several forms in Figures [3.4¢€] [3.41] and [3.4g]
Analyzing the spectrum, we are able to verify that for all 7 € (2,00) the equilibrium is indeed
stable. Moreover, we see that the imaginary parts of the conjugate pairs of eigenvalues decay
after 7 = 1 and 7 = 6, and then the eigenvalues of the conjugate pairs eventually become purely
real at 7 = 1.87 and 7 = 11.66, respectively. After the eigenvalues of a conjugate pair become
purely real, they split so that one of the eigenvalues asymptotically converges to an eigenvalue of
S1(J(z*)) by moving back along the real line, while the other eigenvalue tends toward an eigenvalue
of —7D3f(x*). This occurrence is exactly what was described in Section as an immediate
implication of Proposition when the eigenvalues of S1(J(x*)) and 7D3f(z*) are distinct. The
convergence rate is in fact limited by the eigenvalues splitting since as 7 grows, the spectrum of the
Jacobian is limited by the eigenvalues of the Schur complement which remain constant. A related
open question centers on finding the worst case convergence rate as a function of the spectral
properties of S1(J(x*)) and D2f(z*). Finally, the evolution of the eigenvalues as a function of
the timescale separation 7 demonstrates that the rotational dynamics in 7-GDA vanish as the ratio
between the magnitude of the real and imaginary parts of the eigenvalues grows.

3.7.2 Polynomial Game: Timescale Separation and Non-Equilibrium Stability

We now return to a game similar to that from Example [3.2] with a non-equilibrium critical point
which is stable without timescale separation and becomes unstable for a range of finite learning
ratios with multiple equilibria in the vicinity. Consider a zero-sum game defined by the cost

f(xl, xg) = % (:c%l + 21‘11%21 + %l‘%l — %SC%Q + 21‘12%22 — x%Q) ({/CH — 1)2

+ 23 (X (21 — 1)? = (z2 — 1)?).

This game has critical points at (0,0,0,0), (1,1,1,1), and (—4.73,0.28, —92.47,0.53). Among the
critical points, only (1,1,1,1) and (—4.73,0.28,—92.47,0.53) are game-theoretically meaningful
equilibrium. In fact, they are each differential Nash equilibrium and are locally stable for any choice
of 7 € (0,00) as a result of Proposition On the other hand, the critical point z* = (0,0,0,0)
is neither a differential Nash equilibrium nor a differential Stackelberg equilibrium. However, x*
is stable for 7 € (0,2) and it is marginally stable for 7 = 2. In general, convergence to the non-
equilibrium critical point z* in the presence of multiple game-theoretically meaningful equilibrium
would be viewed as undesirable. In fact, this is precisely the type of critical point that sophisticated
schemes for converging to only differential Nash equilibria or only differential Stackelberg equilibria
seek to avoid (Adolphs et al., [2019; |Fiez et al., [2020a; Mazumdar et al., 2019; [Wang et al., [2020al).
We show in this example that the simple inclusion of timescale separation in gradient descent-ascent
is sufficient to avoid x* and instead converge to a differential Nash equilibrium.

Indeed, for all 7 € (2,00) the non-equilibrium critical point z* is unstable with respect to
i = —A,;g(z). We simulate 7-GDA from the initial condition (29,29) = (—1.5,2.5, 2.5,3) with

(3.12)
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Figure 3.5: Experimental results for the polynomial game defined in of Section and
presented in Example Figures and show trajectories of the players coordinate pairs
(w11, 201) and (221, 722) for a range of learning rate ratios, respectively. Figures [3.5d] [3.5¢, and [3.51]
show the trajectories of the eigenvalues, the real parts of the eigenvalues, and the imaginary parts
of the eigenvalues for J;(z*) as a function of the 7, respectively where z* is the non-equilibrium
critical point.

~v1 = 0.0005 and 7 € {0.75,2,5,12}, where we use the superscript to denote the time index so as
not to be confused with the multiple indexes for player choice variables. In Figures and
we show the trajectories of the players coordinate pairs (z11,z921) and (x21,x22), respectively. We
observe that 7-GDA converges to the non-equilibrium critical point x* with 7 = 0.75 as expected
and the dynamics move near it and then cycle around it with 7 = 2 since the critical point
becomes marginally stable. However, for 7 = 5 and 7 = 12, 7-GDA avoids the non-equilibrium
critical point since it becomes unstable and instead the dynamics converge to the nearby differential
Nash equilibrium. We show the eigenvalues of the Jacobian at the non-equilibrium critical point
z* = (0,0,0,0) in several forms in Figures Again, we observe that the eigenvalues
quickly become purely real as 7 grows and then they split, and asymptotically converge toward the
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Figure 3.6: Experimental results for the polynomial game defined in of Section Fig-
ures provides a 3d view of the cost function —f(x1,x2) along with the cost contours and
critical point locations. Figure shows trajectories of 7-GDA for a range of learning rate ratios
given an initialization around the differential Stackelberg equilibrium (z7,z%) = (—11.03, —11.03).
Figures and show the evolution of the eigenvalues from J;(z*) as a function of 7 where
x* is the differential Stackelberg equilibrium (x7,z%) = (—11.03, —11.03).

eigenvalues of S1(J(z*)) and —7D3f(z*). Together, this example demonstrates that often there is

a reasonable finite learning rate ratio such that non-meaningful critical points become unstable for
T7-GDA.



114

Wi
f
i

W)
(a)

N\ /f
)

X1

=

’E&j

o T
7
uCll

10 15 -15 -10 -5 0

15 -15 -10 -5 0 5 10 15

x 5 =20

(xf,x¥)=(10.57, —8.95) % (x} x})=(-11.03, —11.03) (xf,x¥)=(-1.62, —1.62)
(b)

Figure 3.7: Experimental results for the polynomial game defined in of Section In
Figure we overlay the trajectories from Figure produced by 7-GDA onto the vector field
generated by the choice of timescale separation selection 7. The shading of the vector field is dictated
by its magnitude so that lighter shading corresponds to a higher magnitude and darker shading
corresponds to a lower magnitude. Figure demonstrates the effect of timescale separation on
the region of attractions around critical points by coloring points in the strategy space according
to the equilibrium 7-GDA converges. We remark that areas without coloring indicate where 7-GDA
did not converge in the time horizon.

3.7.3 Polynomial Game: Vector Field Warping and Region of Attraction

Consider a zero-sum game defined by the cost
f(z1,22) = e~ (0012+0.0103) ((0.3z1 + 23)* + (0.3z2 + 23)?) . (3.13)

The cost structure of this game is visualized in Figure where we present a three dimensional
view of —f(x1,x2) along with the cost contours and the locations of critical points. This game
has eleven critical points including one differential Nash equilibrium and two differential Stackel-
berg equilibria that are not a differential Nash equilibrium. The critical points that are neither a
differential Nash equilibrium nor a differential Stackelberg equilibrium are unstable for any choice
of timescale separation 7. The differential Nash equilibrium is at (x1,22) = (10.57,—8.95) and
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it is stable for all 7 € (0,00) by Proposition The differential Stackelberg equilibria are at
(x1,x2) = (—1.625,—-1.625) and (x7,25) = (—11.03,—11.03); each is stable for all 7 € (1,00). We
computed 7* for the pair of differential Stackelberg equilibrium using the theoretical construction
from Theorem and observed that it properly recovered 7" = 1 for each equilibrium as the
timescale separation such that the continuous time system is stable for all 7 € (7%, 00). Finally,
we note that while the set of equilibrium follow a linear translation, this game is generic and the
equilibria are in fact isolated.

In Figure we show the trajectories of 7-GDA with v; = 0.0001 and 7 € {1,2,5,20} given
the initialization (z9,29) = (-9, —9) near the differential Stackelberg equilibrium at (z%,23) =
(—11.03,—11.03). Moreover, in Figure we overlay the trajectories on the vector field generated
by the respective timescale separation parameters. As expected, the choice of 7 = 1 results in a
trajectory that cycles around the equilibrium in a closed curve since it is marginally stable and
J-(z*) has purely imaginary eigenvalues. Notably, as 7 grows, the cyclic behavior dissipates as
the timescale separation reshapes the vector field until the trajectory moves near directly to the
zero derivative line of the maximizing player and then follows a path along that line toward the
equilibrium and converges rapidly. The eigenvalues of J,(z*) as a function of 7 are presented in
Figures and As was the case for the previous experiments, we observe that after the
eigenvalues become purely real as 7 grows, they then split and asymptotically converge toward the
eigenvalues of Sy(J(z*)) and —7D3 f(x*). It is worth noting that much of the rotational behavior
in the dynamics and vector field disappears as a result of timescale separation well before the
eigenvalues become purely real; this seems to occur after the timescale separation is such that the
magnitude of the real part of the eigenvalues is greater than that of the imaginary part.

Finally, in Figure[3.7b] we demonstrate how the choice of timescale separation T not only warps
the vector field but also shapes the regions of attraction around critical points. The vector field is
again shown for each 7 € {1,2,5,20}, but now zoomed out to include each of the equilibria. The
colors overlayed on the vector field indicate the equilibria that the dynamics converge to given an
initialization at that position. Positions in the strategy space without color did not converge to
an equilibrium in the fixed horizon of 75000 iterations with v; = 0.001. This is explained by the
fact that the dynamics are not guaranteed to be globally convergent and may get stuck in limit
cycles or may simply move slowly for a long time in flat regions of the optimization landscape. We
produced this experiment by running 7-GDA for a dense set of initial conditions chosen uniformly
over the space of interest. It is clear from the experiment that the choice of timescale separation
determines not only the stability of equilibria, but also has a fundamental impact on the equilibria
the dynamics converge to from a given initial condition as a result of the warping of the vector field.
As a concrete example, given an initialization of (x1,x9) = (—10,—2), the dynamics with 7 = 1
converge to the differential Nash equilibria at (z1,x2) = (10.57, —8.95). However, for any 7 > 1, the
dynamics instead converge to the differential Stackelberg equilibrium at (z1, z2) = (—11.03, —11.03)
that is significantly closer to the initial condition. This example motivates future work on methods
for obtaining accurate estimates of the regions of attraction around critical points and techniques
to design 7 in order to explicitly shape the region of attraction around an equilibrium of interest.
We refer to the end of Section [3.5] for further discussion on potentially relevant analysis methods
in this direction.
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Figure 3.8: Experimental results for the torus game defined in of Section In Figure
we overlay multiple trajectories produced by 7-GDA onto the vector field generated by the choice
of timescale separation selection 7. The shading of the vector field is dictated by its magnitude so
that lighter shading corresponds to a higher magnitude and darker shading corresponds to a lower
magnitude. Figure demonstrates the effect of timescale separation on the regions of attraction
around critical points by coloring points in the strategy space according to the equilibrium 7-GDA
converges. We remark that areas without coloring indicate where 7-GDA did not converge in the
time horizon.

3.7.4 Location Game on the Torus

We use the example in this section to further study the role of timescale separation on the regions
of attraction around critical points. Consider the zero-sum game defined by the cost

f(z1,22) = —0.15cos(z1) + cos(z1 — x2) + 0.15 cos(z2). (3.14)

This game can be interpreted as a location game on the torus. Specifically, the first player seeks
to be far from the second player but near zero, while the second player seeks to be near the first
player. This is a non-convex game on a non-convex strategy space. The critical points are given
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by the setﬂ
{z: g(x) =0} ={(0,0), (m,7), (7,0),(0,7), (—1.646, —1.496), (1.646, 1.496)}.

The critical points (0,0) and (7, 7) are the only differential Stackelberg equilibrium and neither is
a differential Nash equilibrium. The differential Stackelberg equilibrium at (0,0) is stable for all
T € (7%,00) where 7% = 0.74 and the differential Stackelberg equilibrium (7, 7) is stable for all
T € (7%,00) where 7 = 1.35. The rest of the critical points are unstable for any choice of 7. We
remark that we computed 7* for each differential Stackelberg equilibrium using the construction
from Theorem in Section and it again gave the exact value of 7* such that the system is
stable for all 7 > 7*.

In Figure we show the trajectories of 7-GDA with 71 = 0.001 and 7 € {1,2, 5,10} given the
initializations (x(l),:cz) (2,—1) and (29,29) = (1.9, —2.1) overlayed on the vector field generated
by the respective timescale separation parameters. We observe that as the timescale separation 7
grows, the rotational dynamics in the vector field dissipate and the directions of movement become
sharp. As we mentioned in previous examples, 7-GDA moves directly to the zero line of — Dy f (1, x2)
and then along that line to an equilibrium given sufficient timescale separation. The warping of the
vector field that occurs as a result of timescale separation impacts the equilibrium that the dynamics
converge to from a fixed initial condition and the neighborhood on which 7-GDA converges to an
equilibrium. In other words, the region of attraction around critical points depends heavily on the
timescale separation 7.

To illustrate this fact, in Figure[3.8b] we show the regions of attraction for each choice of timescale
separation. The vector fields are again shown for each 7 € {1,2, 5,10}, but now with colors overlayed
indicating the equilibria that the dynamics converge to given an initialization at that position. This
experiment was generated by running 7-GDA with a dense set of initial conditions chosen uniformly
over the strategy space. Positions in the strategy space without color did not converge to an
equilibrium in the fixed horizon of 20000 iterations with y; = 0.04. This happens when 7-GDA is not
initialized in the local neighborhood of attraction around a stable equilibrium. For the choice of
7 =1, (0,0) is the only stable equilibrium. However, as demonstrated in Figure 7-GDA fails to
converge to the equilibrium from the initial conditions (z9,29) = (2, —1) and (29, xz) (1.9, -2.1).
This behavior is further demonstrated over the strategy space in Figure[3.8b|and highlights the local
nature of the guarantees since convergence is only assured given an 1n1t1ahzat10n in a suitable local
neighborhood around a stable critical point. On the other hand, 7-GDA converges to an equilibrium
from any initial condition for 7 € {2,5,10} as can be seen by Figure Notably, the equilibrium
to which the learning dynamics converge depends on the timescale separation and initial condition.
To give a concrete example, consider the initial conditions shown in Figure 3. of (29,29) = (2,-1)
and (z9,29) = (1.9,—2.1). For the initial condition (29,29) = (2,—1), 7-GDA converges to the
equilibrium at (0,0) for each 7 € {2,5,10}. Yet, for the initial condition (z,29) = (1.9, —2.1), 7
GDA converges to the equilibrium at {(0, 0), (m,m), (m, )} for the respective choices of 7 € {2, 5, 10}.
In other words, the region of attraction around the critical points changes so that from a fixed
initial Condition 7-GDA may converge to distinct equilibrium depending on the initial condition.
From Figure we see that the region of attraction around (z9,29) = (1.9, —2.1) grows from
T=1to1 = 2 and 7 = 4, but then shrinks at 7 = 10. This example highlights that timescale

"Note that because the joint strategy space is a torus, (£, £7) = (Fr, £n), (7,0) = (==, 0), and (0, —7) = (0, 7).
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Figure 3.9: Experimental results for the Dirac-GAN game of Section m

separation has a fundamental impact on the region of attraction around critical points and as 7
grows it is possible for the region of attraction around an equilibrium to shrink. Collectively, this
motivates explicit methods for trying to shape the region of attraction around desirable equilibria.

3.7.5 Dirac-GAN: Saturating Formulation

The Dirac-GAN introduced by Mescheder et al.| (2018) consists of a univariate generator distribu-
tion py = dp and a linear discriminator D(z;w) = wz, where the real data distribution pp is given
by a Dirac-distribution concentrated at zero. The resulting zero-sum game is defined by the cost
f(0,w) = £(0w) + £(0) and the unique critical point (6*,w*) = (0,0) is a local Nash equilibrium.
However, the eigenvalues of the Jacobian are purely imaginary regardless of the choice of timescale
separation so that 7-GDA oscillates and fails to converge. This behavior is expected since the equilib-
rium is not hyperbolic and corresponds to neither a differential Nash equilibrium nor a differential
Stackelberg equilibrium but it is undesirable nonetheless. The zero-sum game corresponding to
the Dirac-GAN with regularization can be defined by the cost f(#,w) = £(dw) + £(0) — Lw?. The
unique critical point remains unchanged, but for all 7 € (0,00) and p € (0, 00) the equilibrium of
the unregularized game is stable and corresponds to a differential Stackelberg equilibrium of the
regularized game.

From Figures [3.9a] and [3.91, we observe that the impact of timescale separation with regular-
ization p = 0.3 is that the trajectory is not as oscillatory since it moves faster to the zero line of
—Dyf(6,w) and then follows along that line until reaching the equilibrium. We further see from
Figure that with regularization p = 0.3, 7-GDA with 7 = 8 converges faster to the equilibrium
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Figure 3.10: Experimental results for the Dirac-GAN game defined in of Section m
Figure shows trajectories of 7-GDA for 7 € {1,4, 8,16} with regularization 1 = 0.3 and 7 =1
with regularization u = 1. Figure shows the distance from the equilibrium along the learning
paths. Figure shows the trajectories of 7-GDA overlayed on the vector field generated by the
respective timescale separation and regularization parameters. The shading of the vector field is
dictated by its magnitude so that lighter shading corresponds to a higher magnitude and darker
shading corresponds to a lower magnitude.

than 7-GDA with 7 = 16, despite the fact that the former exhibits some cyclic behavior in the
dynamics while the latter does not. The eigenvalues of the Jacobian with regularization p = 0.3
presented in Figure |3.9¢| explains this behavior since the imaginary parts are non-zero with 7 = 8
and zero with 7 = 16, but the eigenvalue with the minimum real part is greater at 7 = 8 than at
7 = 16. This highlights that some oscillatory behavior in the dynamics is not always harmful for
convergence and it can even speed up the rate of convergence. For 4 = 1 and 7 = 1, Figures
and show that even though 7-GDA follows a direct path toward the equilibrium and does not
cycle since the eigenvalues of the Jacobian are purely real, the trajectory converges slowly to the
equilibrium. Indeed, for each regularization parameter, the eigenvalues of J.(0*,w*) split after be-
coming purely real and then converge toward the eigenvalues of S1(J(0*,w*)) and —7D3 f(6*, w*).
Since S1(J(6*,w*)) oc 1/ and —7D3f(0*,w*) x Tu, there is a trade-off between the choice of
regularization p and the timescale separation 7 on the conditioning of the Jacobian matrix that
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dictates the convergence rate.

3.7.6 Dirac-GAN and Regularization: Non-Saturating Formulation

In Section we presented experiments for the Dirac-GAN game studied by Mescheder et al.
(2017) using the original generative adversarial network formulation of |Goodfellow et al.| (2014]).
In this section, we revisit the Dirac-GAN game using the non-saturating generative adversarial
network formulation also proposed by |Goodfellow et al. (2014). Recall that the zero-sum game
which arises from the original objective with regularization p > 0 is defined by the cost

£(0,w) = £(6w) + £(0) — ng.

As discussed in Section the unique critical point of the game is (0*,w*) = (0,0) and it cor-
responds to the local Nash equilibrium of the unregularized game and a differential Stackelberg
equilibrium of the regularized game. Moreover, the equilibrium is stable with respect to the conti-
nous time dynamics for all 7 > 0 and p > 0 so that the discrete time update 7-GDA converges with
a suitable learning rate ~;.

The non-saturating generative adversarial network formulation proposed by |Goodtellow et al.
(2014)) in the context of the Dirac-GAN game corresponds to player 1 maximizing ¢(—6fw) instead
of minimizing ¢(fw). This results in the general-sum game defined by the costs

(f1(0,w), f2(0,w)) = (—€(—0Ow) + £(0) — ng, —L(0w) —£(0) + ng). (3.15)
As shown by Mescheder et al. (2018), the unique critical point of the game remains at (6*,w*) =
(0,0). Moreover, it can be observed that J(6*,w*) in this formulation is identical to the game
Jacobian for the Dirac-GAN, which is given by

J (0%, w*) = [72 (0) g;(ﬁ)] , (3.16)

so this game is locally equivalent to the zero-sum game that arises from the original objective
proposed by |Goodfellow et al. (2014)). This is despite the fact that the non-saturating objective
was motivated by global concerns (vanishing gradients early in the training process) rather than
local considerations. In Figure we present experiments with 7-GDA for the regularized Dirac-
GAN game with the non-saturating objective and ¢(t) = —¢(1 + exp(—t)). We observe similar
behavior as the experiments with the standard objective and refer back to Section for the
insights we draw from the simulation. This experiment is primarily included for completeness
and to motivate our use of the non-saturating objective in the generative adversarial networks
experiments parameterized by neural networks.

3.7.7 Generative Adversarial Network: Learning a Covariance Matrix

We now consider a generative adversarial network formulation presented by |Daskalakis et al.| (2018)
for learning a covariance matrix. This is a simple example with degeneracies much like the Dirac-
GAN game, but it can be generalized to arbitrary dimensional strategy spaces and has served
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as a benchmark for comparing convergence rates in a number of recent papers on learning in
games. Often, the example is used to show that gradient descent-ascent cycles and converges
slowly. However, by and large, timescale separation is not considered. We show that gradient
descent-ascent converges fast in this game with suitable timescale separation and further explore
the interplay between timescale separation, regularization, and rate of convergence. We primarily
follow the notation of |Daskalakis et al. (2018) when describing the problem.

The objective of this problem is to learn a covariance matrix using the Wasserstein GAN for-
mulation. The real data z is drawn from a mean-zero multivariate normal distribution with an
unknown covariance matrix 3. The generator is restricted to be a linear function of the random
input noise z ~ N (0, I) and is of the form Gy (z) = Vz. The discriminator is restricted to the set of
all quadratic functions, which we represent by Dy (x) = 2 Wax. The parameters of the generator
and the discriminator are given by W € R%? and V € R%*9, respectively. For the given generator
and discriminator classes the Wasserstein GAN game is defined by the cost

FV,W) =Epoponyle Wal —E, po.nlz VI WV2].
As shown by Daskalakis et al. (2018)), the cost function can be simplified to be expressed as
d d d
FVW) =323 Wi (S = 3 VeV ).
i=1 j=1 k=1
With this cost, the individual gradients for gradient descent-ascent are given by
gV, W) = (=W + WV, ~(Z = VV ).

From the individual gradients, it is clear that the critical points of the game are given by (V, W)
such that VV'T =% and W + W T = 0. Moreover, given the form of g(V, W), the game Jacobian
at any critical point (V*, W*) is of the form

« T 0 Dy f(V*, W)
VWO =1 ph e, we) 0

Consequently, the eigenvalues of the game Jacobian are purely imaginary and the critical points
are not stable. To fix this problem, Daskalakis et al| (2018) regularized both the generator and
discriminator. We only regularize the discriminator in this example. The cost function of the
zero-sum game with regularization p > 0 is given by

d d d
FVW) =32 Wiy (Bi = D VaeVie) = STV W), (3.17)
i=1 j=1 k=1

The individual gradients for gradient descent-ascent in this regularized game are then

GV, W) = (—(W+ WV, ~(Z-VV 1)+ %W).
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Figure 3.11: Experimental results for the generative adversarial network formulation for learn-

ing a covariance matrix defined by the cost from (3.17)) of Section Figures 3.11b
and show the distance from the equilibrium along the learning paths of 7-GDA with d = 1.

Figures (3.11d and show the trajectories of the eigenvalues of J,(z*) as a function of
the 7, respectively. Figures [3.11g] [3.11h] and [3.11i show the distance from the equilibrium along
the learning paths of 7-GDA with d = 5, 10, 20.

We begin by considering the simplest form of this problem, which is that d = 1. The critical
points with this restriction are (V*,W*) = (0,0) and (V*,W*) = (—0,0) and the game Jacobian
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Figure 3.12: Experimental results for learning a covariance matrix defined by the cost from
of Section We overlay the trajectories produced by 7-GDA onto the vector field generated by
the choices of 7 and p. The shading of the vector field is dictated by its magnitude so that lighter
shading corresponds to a higher magnitude and darker shading corresponds to a lower magnitude.

evaluated at them is

2r0 T

FEach critical point is a local Nash equilibrium of the unregularized game and a differential Stack-
elberg equilibrium of the regularized game since —D3f(V*, W*) = u > 0 and Sy (J(V*,W*)) =
402 /i > 0. Furthermore, spec(J,(V*,W*)) = {(tu + /72u2? — 16702)/2} so that each critical
point is stable for all 7 € (0,00) and p € (0, 00) since spec(J-(0*,w*)) C CS. Thus, given a suit-
ably chosen learning rate -1, the discrete time update 7-GDA locally converges to an equilibrium.
For this reason, we focus on studying the rate of convergence for the problem as a function of
timescale separation and regularization. Figures|[3.11a][3.11b] and [3.11¢|show the distance from an
equilibrium along the learning path of 7-GDA with 7 € {1,5,10,25} given a fixed initial condition
with learning rate ;3 = 0.001 and regularization pu € {0.5,0.75,1}, respectively. Moreover, Fig-
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ures |3.11d} [3.11¢} and [3.11f] show the trajectories of the eigenvalues for J.(V*, W*) as a function
of 7 for the regularization parameters u € {0.5,0.75,1}. Finally, Figures [3.12a] [3.12b| and |3.12¢|
show the trajectories of 7-GDA overlayed on the vector field generated by the respective timescale
separation and regularization parameters.

From the eigenvalue trajectories, we see that as y grows, the eigenvalues become purely real at
a smaller value of 7. Moreover, as u increases, the magnitude of the real and imaginary parts of
the eigenvalues decreases. We observe the effect of this on the convergence, where the dynamics
do not cycles as much for larger p. Again, we see the trade-off between timescale separation,
regularization, and convergence. For example, despite the eigenvalues being purely real with y =1
and 7 = 25 so that there is no rotational dynamics, the convergence is slower than for p = 0.75
where there is some non-zero imaginary piece of the eigenvalues.

Figures [3.11g] [3.110], and [3.113 show the distance from a critical point along the learning path
of 7-GDA with 7 € {1,5,10,25} given a fixed initial condition with learning rate v; = 0.001, regu-
larization u = 1, and the dimension of the problem d among the set {5, 10,20}, respectively. The
primary purpose of showing this set of results is simply to be clear that the behavior for d = 1,
which is easier to explain and visualize, transfers over to higher dimensional formulations of this
problem. This is to be expected since the problem dimension is not necessarily fundamental to the
convergence rate, but rather it depends on the conditioning of ¥ and each ¥ was chosen so that
the behavior was comparable for each choice of dimension.

3.7.8 Generative Adversarial Networks Parameterized by Neural Networks

In this section, we provide results for training generative adversarial networks parameterized by
neural networks. This includes experiments with a mixture of Gaussians and image datasets.

Background. The empirical benefits of training with a timescale separation have been docu-
mented previously. For example, [Heusel et al.| (2017) showed on a number of image datasets that a
timescale separation between the generator and discriminator improves generation performance as
measured by the Frechet Inception Distance (FID). Since then a significant number of papers have
presented results training generative adversarial networks with timescale separation. Moreover, it
is common in the literature for the discriminator to be updated multiple times between each update
of the generator (Arjovsky et al., [2017). Indeed, it has been widely demonstrated that this heuristic
improves the stability and convergence of the training process and locally it has a similar effect
as including a timescale separation between the generator and discriminator. The disadvantage of
this approach is that the number of gradient calls per generator update increases and consequently
the convergence is then slower in terms of wall clock time when a similar effect could potentially be
achieved by a learning rate separation between the generator and discriminator. We remark that it
appears to be reasonably common for practitioners to fix a shared learning rate for the generator
and discriminator along with a pre-selected number of discriminator updates per generator update
and not thoroughly investigate the impact timescale separation has on the training process.

The goal of our generative adversarial network experiments is to reinforce the importance of
the timescale separation between the generator and the discriminator as a hyperparameter in the
training process, demonstrate how it changes the behavior along the learning path, and show that
it is compatible with a number of common training heuristics. This is to say that our goal is not
necessarily to show state-of-the art performance, but rather to perform experiments that allow us
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Figure 3.13: KL-divergence between generated and real data for a mixture of Gaussians.

to make insights relevant to the theory in this chapter. We remark that our empirical work on
training generative adversarial networks is distinct from and complimentary to that of
in several ways. The theory given by Heusel et al. (2017) only applies to stochastic stepsizes,
however in the experiments they implemented constant step sizes. We train with mini-batches and
decaying stepsizes in our image dataset experiments, which does satisfy the theory we provide as
detailed in Section Moreover, by and large, the experiments by [Heusel et al.| (2017)) compare a
fixed learning rate ratio between the generator and discriminator to multiple fixed shared learning
rates for the generator and discriminator. In contrast, we fix a learning rate for the generator and
explore the behavior of the training process as the timescale parameter 7 is swept over a given

range.

3.7.8.1 Generative Adversarial Networks: Mixture of Gaussians

We now provide the results from training generative adversarial networks to learn a mixture of
Gaussians. The underlying data distribution consists of Gaussian distributions configured in a circle
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arrangement with means given by y = [sin(w), cos(w)] for w € {km/4}7_,, each with covariance 021
where 02 = 0.05. Each sample of real data given to the discriminator is selected uniformly at
random from the set of Gaussian distributions. We train the generator using latent vectors z € R0
sampled from a standard normal distribution in each training batch. The batch size for each player
in the game is 512. The network for the generator and discriminator contain two and one hidden
layers respectively, each which contain 32 neurons and ReLU activation functions. The training
objective is the non-saturating objective and we run experiments without and with the R; gradient
penalty proposed by [Mescheder et al.| (2018) using parameter p = 0.1. The generator learning
rate is fixed to be ;3 = 0.005 and the discriminator learning rate is fixed as v = 7y, where we
experiment with 7 € {4, 8,16,32,64,100}. For each parameter choice (timescale separation 7 and
regularization u), the experiment is repeated with 50 random seeds. The training does not rely
on any adaptive gradient methods (Adam, RMSprop, etc.) and is the ‘vanilla’ stochastic 7-GDA
dynamics. We evaluate the performance along the learning path by computing the KL-divergence
between the generated data and the real data, where we sample 4096 data points from each.

The results of this experiment are presented in Figure We show the mean of the KL-
divergence and the standard error of the means across the runs along the learning path without
(1 = 0) and with regularization (¢ = 0.1) in Figures [3.13a] and [3.13b} respectively. Moreover,
Figures [3.13¢| and [3.13d| show the medians of the KL-divergence across the runs without (u = 0)
and with regularization (u = 0.1), respectively. From Figure we observe that the choices
of 7 =4 and 7 = 100 do not show on the plot since they perform poorly, which may be a result
of equilibrium not being stable for 7 = 4 and numerically conditioning for 7 = 100. Furthermore,
we see that timescale separation improves the results up to a reasonable timescale parameter and
after which the performance degrades. Furthermore, Figure reveals that the results are
improved with regularization and we see that 7 = 100 ends up performing well, potentially since
the regularization can alleviate some of the problems of numerical stability. In general, we draw
similar conclusions from the median scores as reported in Figures|3.13c| and |3.13dl

The primary purpose of this experiment is to train generative adversarial networks parame-
terized by neural networks using 7-GDA without heuristics such as adaptive gradient methods or
parameter averaging as is employed on the image dataset experiment that follow. Notably, we
see that consistent themes emerge that timescale separation improves convergence until hitting a
limiting value and regularization can improve the rate of convergence but there is an interplay with
the timescale separation.

3.7.8.2 Generative Adversarial Networks: Image Datasets

We now provide the experiments training generative adversarial networks with image datasets.

Methods. The experiments in this section are based on the methods and implementations
of [Mescheder et al| (2018) and used the publicly available code from the paper available
at https://github.com/LMescheder/GAN_stability. We effectively only changed the learning
rates, retained multiple exponential averages at once, and modified the updates to be simulta-
neous in the code. In Figure we provide the network architectures from our experiments
and in Figure |3.19| we include the hyperparameters that were selected. The architectures are
analogous to that reported in [Mescheder et al. (2018]), but scaled down since we run experiments
with 32 x 32 X 3 images. For evaluation, we computed the Frechet Inception Distance using


https://github.com/LMescheder/GAN_stability

127

10k samples from the real and generated data. For both experiments and across the set of
hyperparameters we performed the evaluation using a fixed random noise vector to make for an
equal comparison and a fixed set of real images which were randomly selected. The evaluation
was done using the training data. We used the FID score implementation in pytorch available
at https://github.com/mseitzer/pytorch-fid.

We train the generative adversarial networks with the non-saturating objective function and the
R; gradient penalty proposed by |Mescheder et al.| (2018) with regularization parameters p € {1, 10}.
We note that the non-saturating objective results in a game that is not zero-sum, however it is
commonly used in practice and under the realizable assumptions it can be locally equivalent to the
zero-sum objective as discussed in Section |3.7.6{ The theory we provide does not apply to using
RMSprop, but it is ubiquitous in practice for training generative adversarial networks and we are
interested in exploring the interplay of timescale separation with common heuristics to understand
if similar conclusions hold when using them as from the previous experiments regarding timescale
separation with the ‘vanilla’ 7-GDA dynamics. Moreover, we note that similarly [Heusel et al.| (2017)
and |Mescheder et al.| (2018) also rely upon Adam or RMSprop in generative adversarial experiments.
A final heuristic and hyperparameter that we explore in conjunction with the timescale separation 7
is that of using an exponential moving average to produce the model that is evaluated. This means
that at each update k, given that the parameters of the generator are given by z1, the moving
average T = %1 %0 + Z1,-1(1 — B) is kept where 8 € (0,1). Experimental studies have shown
that this heuristic can yield a significant improvement in terms of both the inception score and the
FID (Gidel et al., [2019; Yazici et al., 2019). The success of this method is thought to be a result
of dampening both rotational dynamics and the noise from the randomness in the mini-batches of
data.

Experimental Results. We run the training algorithm with the learning rate ratio 7 belonging
to the set {1,2,4,8} for CIFAR-10 and {1,2,4,8,16} for CelebA along with the regularization
parameter p belonging to the set {1,10}. For each choice of 7 and p, we retain exponential moving
averages of the generator parameters for 5 € {0.99,0.999,0.9999}. The training process is repeated
3 times for each hyperparameter configuration. The performance is evaluated along the learning
path at every 10,000 updates in terms of the FID score. We report the mean scores and the standard
error of the mean over the repeated experiments for each dataset. The FID score is such that a
lower score beats a higher score. The experiments are computationally intensive which limits the
number of repeats of experiments that can be simulated, however, we observed that the scores were
quite consistent between random seeds particularly with exponential averaging of the parameters.
We run the experiments with p = 1 for 150k mini-batch updates and the experiments with p = 10
for 300k mini-batch updates.

The results for each dataset across the hyperparameter configurations are presented in numeric
form in Figure[3.16] Figure shows some generated samples selected at random for each dataset
with the hyperparameter configuration that performed best in terms of the FID score at the end of
the training process. We now describe the key observations from the experiments for each dataset.

CIFAR-10. The FID scores along the learning path for CIFAR-10 with 4 = 10 and p = 1 are
presented in Figures [3.14a] and [3.14b| respectively. The corresponding scores in numeric form are
given in Figures [3.16a] [3.16d, and [3.16€] for u = 10 at 150k iterations and = 1 at 150k and 300k
iterations, respectively. To begin, we observe that the exponential moving average significantly
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Figure 3.14: CIFAR-10 FID scores with regularization g = 10 in Figure and 4 = 1 in

Figure

improves performance, and of the parameters considered, § = 0.9999 performed best. This may
be a result of removing noise as mentioned previously or potentially it could be from dampening
oscillatory behavior in the dynamics. Moreover, we that timescale separation also has a significant
impact on the FID score of the training process. Indeed, even selecting 7 = 2 versus 7 = 1 can
yield an impressive performance gain. In this experiment for each regularization parameter, 7 = 4
converges fastest and performs the best. We see that 7 = 2 outperforms 7 = 8 when p = 10 and the
relationship is flipped when viewing the evaluation at 150k updates with © = 1 and then returns
back when looking at the evaluation at 300k updates. The choice of 7 = 1 performs the worst
for each regularization parameter by a wide margin. Finally, observe that the performance with
regularization g = 1 is much better than with regularization p = 10 for each timescale separation
parameter and exponential averaging parameter.

CelebA. The FID scores along the learning path for CIFAR-10 with ¢ = 10 and p = 1 are
presented in Figures [3.15a] and [3.15D] respectively. The corresponding scores in numeric form are
given in Figures [3.16b] 3.16d] and [3.16f] for = 10 at 150k iterations and p = 1 at 150k and 300k
iterations, respectively. In this experiment we observe that while the exponential moving average
helps performance, the gain is not as drastic as it was for CIFAR-10. It is not entirely clear if this is a
consequence of the scores being lower or something fundamental to the optimization landscape and
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Figure 3.15: CelebA FID scores with regularization x4 = 10 in Figure and p = 1 in Fig-

dynamics for the dataset. The timescale separation in combination with the regularization again
has a major effect on the the FID score of the training process in this experiment. For regularization
u = 10, the timescale parameters of 7 = 4 and 7 = 8 outperform 7 =1, 7 = 2, and 7 = 16 by a
wide margin, again highlighting that timescale separation can speed up convergence until a certain
point where it can potentially slow it down owing to the effect on the conditioning of the problem
locally. A similar trend can be observed with regularization y = 1, but with 7 = 16 performing
closer to 7 = 4 and 7 = 8. For each regularization parameter and timescale parameter, we see that
7 = 8 performs the best. We again observe in this experiment that for all timescale separation
parameters, the performance is significantly improved with regularization 4 = 1 as compared with
= 10. This once again highlights the importance of considering how this the hyperparameters of
regularization and timescale interact and dictate the local convergence rates.

Summary. In summary, we took a well-performing method and implementation for training gen-
erative adversarial networks and demonstrated that timescale separation is an extremely important,
and easy to implement, hyperparameter that is worth careful consideration since it can have a ma-
jor impact on the convergence speed and final performance of the training process. Interestingly,
the conclusions we draw are in line with the insights drawn from the simple Dirac-GAN experiment
in Section [3.7.5] and from the mixture of Gaussian experiments. In particular, timescale separation
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Figure 3.16: FID Scores on CIFAR-10 and CelebA.

(a) CIFAR-10 generated sample images
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(b) CelebA generated sample images

Figure 3.17: Generated sample images with 7 = 4 and 5 = 0.9999

only speeds up to convergence until hitting a limiting value and there is a key interplay between
timescale separation, regularization, and convergence rate.



131

Layer Output Size Filter - -
L g Fil
Fully Connected | 512-4-4 | 256 551244 s auipg Slgg 3 ;“361
Reshape 512 x4 x4 nv

Resnet-Block 64 x 32 x 32 64 — 64 — 64
Avg-Pool2D 64 x 16 x 16
Resnet-Block 128 x 16 x 16 64 — 64 — 128

Resnet-Block 256 x 4 x 4 512 — 256 — 256
NN-Upsampling 256 x 8 X 8
Resnet-Block 128 x 8 x 8 256 — 128 — 128

: Avg-Pool2D 128 x 8 x 8
NN-Upsampling | 128 x 16 x 16 Resnet-Block | 256 x 8 x 8 | 128 = 128 — 256
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NN-Upsampling | 64 x 32 x 32 Avg-Pool2D 256 x4 x4
- np; Blp kg R R B ey e Resnet-Block | 512 x4 x4 | 256 — 256 — 512
esnet-bloc Fully Connected 512-4-4 512-4-4—1

Conv2D 3 x 64 x 64 64 — 3

(a) Generator Network Architecture (b) Discriminator Network Architecture

Figure 3.18: Network Architectures for GAN experiments on CIFAR-10 and CelebA

Hyperparameter Value(s)
Objective NSGAN
Batch Size 64
Latent Distribution z € RZ®
Generator Learning Rate CIFAR-10: 0.0001; CelebA: 0.00005
Timescale Separation 7 CIFAR-10: {1, 2, 4, 8}; CelebA: {1, 2, 4, 8, 16}
Learning Rate Decay (14 2)~0005
Optimizer RMSprop
RMSprop Smoothing Constant « 0.99
RMSprop € 10~
Regularization p {1, 10}
EMA Parameter {0.99, 0.999, 0.9999}

Figure 3.19: Hyperparameters for GAN experiments on CIFAR-10 and CelebA

3.8 Historical Perspective: Dynamical Systems and Control

In this section, we provide a review of related work from a historical perspective on dynamical sys-
tems theory and control. The study of gradient descent-ascent dynamics with timescale separation
between the minimizing and maximizing players is closely related to that of singularly perturbed
dynamical systems (Kokotovic et all [1986]). Such systems arise in classical control and dynamical
systems in the context of physical systems that either have multiple states which evolve on different
timescales due to some underlying immutable physical process or property, or a single dynamical
system which evolves on a sub-manifold of the larger state-space. For example, robot manipulators
or end effectors often have have slower mechanical dynamics than electrical dynamics. On the other
hand, in electrical circuits or mechanical systems, certain resistor-capacitor circuits or spring-mass
systems have a state which evolves subject to a constraint equation (Lagerstrom and Casten, |1972;
Sastry and Desoer, [1981). Due to their prevalence, singularly perturbed systems have been studied
extensively with one of the outcomes being a number of works on determining the range of per-
turbation parameters for which the overall system is stable (Kokotovic et al., [1986; Saydy), |1996;
Saydy et al.l [1990). We exploit these results and analysis techniques to develop novel results for
learning in games. One of contributions of this work is the introduction of the algebraic analysis
techniques to the machine learning and game theory communities. These tools open up new avenues
for algorithm synthesis; we comment on potential directions in the concluding discussion section.
This being said, there are a couple key difference between the present setting and that of the
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classical literature including the following;:
1. The perturbation parameter is no longer an immutable characteristic of the phys-
ical system, but rather a hyperparameter subject to design. Indeed, in singular
perturbation theory, the typical dynamical system studied takes the form

T =gi1(z,y) €)= ga(z,y) (3.18)

where € is a small parameter that abstracts some physical characteristics of the state variables.
On the other hand, in learning in games, the continuous time limiting dynamical system of
gradient descent-ascent for a zero-sum game defined by f € C?(X x Y,R) takes the form

T = —le(flf,y> y:TD2f<$,y) (319)

where the z—player seeks to minimize f with respect to = and the y—player seeks to max-
imize f with respect to y, and 7 is the ratio of learning rates (without loss of generality)
of the maximizing to the minimizing player. These learning rates—and hence the value of
T—are hyperparameters subject to design in most machine learning and optimization appli-
cations. Another feature of as compared to (3.18)), is that the dynamics D; f are partial
derivatives of a function f, which leads to the second key difference.

2. There is structure in the dynamical system that arises from gradient-play which
reflects the underlying game theoretic interactions between players. This structure
can be exploited in obtaining convergence guarantees in machine learning and optimization
applications of game theory. For instance, minmax optimization is analogous to a zero sum
game for which the local linearization of gradient descent-ascent dynamics has the structure

A B
J = [—7’3—r —TC']

where A = AT and C = C'T and 7 is the learning rate ratio or timescale separation parameter.
Such block matrices have very interesting properties. In particular, second order optimality
conditions for a minmax equilibrium correspond to positive definiteness of the first Schur
complement S1(J) = A—BC™'B" = 0, and of —C = 0 (Fiez et al., 2020a). This turns out to
be keenly important for understanding convergence of gradient descent-ascent. Furthermore,
due to the structure of .J, tools from the theory of block operators (see, e.g., works by Lancaster
and Tismenetsky| (1985); [Magnus (1988)); Tretter| (2008])) such as the quadratic numerical
range can be exploited (and combined with singular perturbation theory) to understand the
effects of hyperparameters such as 7 (the learning rate ratio) and regularization (which is
common in applications such as generative adversarial networks) on convergence.

3.9 Discussion

In this chapter, we prove gradient descent-ascent locally converges to a critical point for a range of
finite learning rate ratios if and only if the critical point is a differential Stackelberg equilibrium.
Moreover, we exactly characterize this range of learning ratios. On the other hand, we show
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that gradient descent-ascent is unstable around critical points that are not differential Stackelberg
equilibria for a range of finite learning rate ratios. Together, with known saddle avoidance results
regarding gradient descent-ascent with timescale separation (Mazumdar et al., 2020), the results
provide a near complete characterization of the local stability of the algorithm. To obtain our
theoretical results, we rely on the notion of a guard map, which is a novel tool to the machine
learning literature and has potential to find relevance elsewhere. In addition, we provide results
on iteration complexity and convergence rates. Finally, the extensive experimental results shed
insights into a number of practical considerations.

A significant contribution of this chapter is the fact that we introduce tools that are arguably
new to the machine learning and optimization communities and expose interesting new directions of
research. In particular, the notion of a guard map, which is arguably even an obscure tool in modern
control and dynamical systems theory, is ‘rediscovered’ here. There is potential to leverage this
concept in not only providing certificates for performance (e.g., beyond stability to robustness) but
also in synthesizing algorithms with performance guarantees. Moreover, it is worth investigating
using the guard map tools with multiple parameters.

As commented on earlier in this chapter, an alternative but related technique to using the
linearization when determining stability is to analyze the nonlinear system directly. The downside
of this technique is that one needs to have in hand (or be able to construct) Lyapunov functions for
both the boundary layer model (that is, the system that arises from treating the choice variable of
the slow player as being ‘static’) and the reduced order model (that is, the system that arises from
plugging in the implicit mapping from the fast player’s action to the slow player’s action into the
slow player’s dynamics). A convex combination of these functions provides a Lyapunov function
for the original system & = —A;g(x). The level sets of this combined Lyapunov function then
give a better sense of the region of attraction and, in fact, one can optimize over the weighting in
the convex combination in order to obtain better estimates of the region of attraction. For some
background on this, see the book of Kokotovic et al. (1986)). This is an interesting avenue to explore
in the context of learning in games with lots of intrinsic structure that can potentially be exploited
to improve both the rate of convergence and the region on which convergence is guaranteed.

Another set of related open questions center on practical considerations for the efficient use of
first-order methods. For instance, with respect to generative adversarial networks, the exponential
moving average is known to empirically reduce the negative effects of cycling. Additionally, increas-
ing the learning rate ratio does lead to predominantly real eigenvalues which in turn reduces cycling.
Understanding the trade offs between not only these two hyperparameters but also regularization
is very important for practical implementations. Empirically, we study the tradeoffs between the
learning rate ratio, regularization parameter, and the parameter controlling the degree of ”smooth-
ness” in the exponential moving average, another common heuristic that performs well in practice.
Developing a theoretical understating of the interplay between these three hyper-parameters would
be valuable.

Perhaps most importantly, the characterization of the timescale parameter 7* that ensures the
local stability of a differential Stackelberg equilibrium for all 7 > 7* is with respect to a specific
equilibrium. However, as was shown in the study of generative adversarial networks under some
assumptions, there are classes of problems where a characterization of 7* can be developed to
apply to all differential Stackelberg equilibrium in a game. A similar comment can be made about
the instability parameter 79 with respect to a critical point that is not a differential Stackelberg
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equilibrium. An important question for future work is discovering more classes of games where
uniform characterizations can be drawn. In fact, this will be a focus of the chapter that follows.

Finally, we remark that the stability and instability characterizations are with respect to the
7-GDA system. This system has many variants including alternating updates along the introduction
of optimistic and extra-gradient methods. It would be interesting to explore stability of these
algorithms further along with the connections to the 7-GDA system. Intuitively, one would expect
that similar results could at least be given for the alternating gradient descent-ascent system since
the set of critical points are unchanged and the alternating updates (or multiple unrolling steps of
gradient ascent) approximate a form of timescale separation.
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CHAPTER 3 APPENDIX

3.A Mathematical Preliminaries

We begin by reviewing some mathematical preliminaries needed for the technical details of the
proofs. We also include some short technical lemmas from algebra that are used in the proofs.

3.A.1 Numerical and Quadratic Numerical Range.

The numerical range and quadratic numerical range of a block operator matrix are particularly
useful for proving results about the spectrum of a block operator matrix as they are supersets of
the spectrum (Tretter, 2008). Given a matrix A € R%¢ the numerical range is defined by

W(A) ={zeC?: (Azz), ||l2] =1},
and is a convex subset of C. Define spaces W; = {z € C% : ||z|| = 1} for each i € {1,2}. Consider

a block operator
An A12:|
A= ,
[A21 Ao

where A; € R%*% and A € R%*9 for each 4,7 € {1,2}. Given v € W; and w € Wy, let
AV € C?*2 be defined by

vw _ <A11U,U> <A12w,1}>
A= LAzwaUO <A22w7w>} '

The quadratic numerical range of A is defined by
W2(A) = U spec(A”Y)
veW, weWs

where spec(-) denotes the spectrum of its argument.
The quadratic numerical range can be described as the set of solutions of the characteristic
polynomial

)\2 — )\(<A11’U, U> + <A22w, w)) + <A11U, U> <A22’LU, ’LU> — <A12’U, ’LU> <A21w, U> =0 (3.20)
for v € Wy and w € W,. We use the notation (Av,w) = o' Aw to denote the inner product. Note
that W?2(A) is a (potentially non-convex) subset of W(A) and contains spec(A).

3.A.2 Technical Lemmas

The following technical lemma is used in proving an upper bound on the spectral radius of the
linearization of the discrete time update 7-GDA a requirement for obtaining the convergence rate
results.
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Lemma 3.1. The function c(z) = (1 — 2)/2 + 2 — (1 — %)1/2 satisfies c(x) <0 for all z € [0, 1].

Proof. Since ¢(0) = 0 and ¢(1) = 1 — % < 0, we simply need to show that ¢/(z) < 0 on (0,1)
to get that c¢(z) is a decreasing function on [0,1], and hence negative on [0,1]. Indeed, ¢/(z) =
1+ 2\/4172Z - 2\/1: < 0 since (1 —2)"12 — (4 —22)"Y2 > 1/2 for all z € (0,1). O

The following technical lemma, due to Mustafa and Davidson, (1994), is used in constructing
the finite learning rate ratio.

Lemma 3.2 (Mustafa and Davidson| 1994, Lemma 15). Let V,Z € RU*d W ¢ RUxd gpg
Y e R2X% IfV and Y — XV~'W are non-singular, then

V+2Z2 W
det( D% %

) = det(V)det(Y — XV IW)det(I + VX (I + W(Y — XV-'W)~LxV~1)2)

For completeness (and because there is a typo in the original manuscript), we provide the proof.

Proof. Suppose that V and Y — XV~ are non-singular so that the partial Schur decomposition
vVeowy|y |V 0 I V7w
X Y| | X Y-Xviw]||o 1

det ([V WD = det(V)det(Y — XV W), (3.21)

holds, and

X Y
Further,

<l Lo st

Applying the determinant operator, we have that

(5 ) e B D (BT EE) e

so that

det ([g ?] - [K, Vﬂ B {g BD =det(VII 4+ WY - XVIW) XV HZ +1). (3.23)

Combining (3.21) with (3.23)) in (3.22)) gives exactly the claimed result. O

The following lemma is Theorem 2 |Lancaster and Tismenetsky| (1985, Chap. 13.1). We use this
lemma several times in the proofs of Theorem and so we include it here for ease of reference.
For a given matrix A, v4(A), v_(A), and ((A) are the number of eigenvalues of the argument that
have positive, negative and zero real parts, respectively.
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Lemma 3.3. Consider a matriz A € R4,

(a) If P is a symmetric matriz such that AP + PAT = Q where Q = Q' = 0, then P is
nonsingular and P and A have the same inertia, meaning that

vi(4) = vi (P), v_(4) = v_(P), ¢(4) = ((P). (3.24)

(b) On the other hand, if ((A) = 0, then there exists a matriz P = PT and a matriz Q = Q' > 0
such that AP+ PA" = Q and P and A have the same inertia ((3.24) holds).

3.B  Proof of Theorem [3.3 Stability of 7—GDA

To prove Theorem and Corollary we introduce some techniques that are arguably new to
the machine learning and artificial intelligence communities. The first is the notion of a guard map.
A guard map can be used to provide a certificate of a particular behavior for a dynamical system as
a parameter(s) varies. A critical point of a dynamical systems is known to be stable if the spectrum
of the Jacobian at the critical point lies in the open left-half complex plane, denoted C°. Hence,
we construct a guard map as a function of 7 and show that it guards C° . Specifically we show that
the existence of a 7* € (0, 00) such that v(7*) = 0 and v(7) # 0 for all 7 € (7%, 00) is equivalent to
S1(J(z*)) = 0 and —D3 f(z*) = 0 where

S1(J(2%)) = 81(J-(2")) = D f(2") = Diaf(a")(D3f (")) ™" Dar f (2").

Towards this end, we need to introduced some notation as well as formal definitions for important
concepts such as the guard map.

3.B.1 Notation and Preliminaries

Given a matrix A € R4>*% et vec(A) € R%1% be the vectorization of A. We use the convention
that rows are transposed and stacked in order. That is,

—ay — aj

vec : =]
-
— Gdy aq,

Let ® and @& denote the Kronecker product and Kronecker sum respectively. Recall that A ®
B=A®I+1®DB. A less common operator, we define HH as an operator that generates an
1d(d+1) x 3d(d + 1) matrix from a matrix 4 € R?? such that

ABA=H (A A)H,

where H = (H] Hy)"'H is the (left) pseudo-inverse of Hy, a full column rank duplication matrix.

A duplication matrix Hy € R *d(@+1)/2 ig 4 clever linear algebra tool for mapping a %(d—i— 1) vector
to a d? vector generated by applying vec(-) to a symmetric matrix and it is designed to respect the
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vectorization map vec(-). In particular, if vech(X) is the half-vectorization map of any symmetric
matrix X € R¥9, then vec(X) = Hgvech(X) and vech(X) = H} vec(X).

Given a square matrix A, let AL (A) be the largest positive real eigenvalue of A and if A does
not have a positive real eigenvalue then it is zero.

Guardian maps. The use of guardian maps for studying stability of parameterized families of
dynamical systems was arguably introduced by Saydy et al. (1990). Guardian or guard maps act
as a certificate for a performance criteria such as stability.

Formally, let X be the set of all d x d real matrices or the set of all polynomials of degree d with
real coefficients. Consider S an open subset of X with closure S and boundary 9S.

Definition 3.3. The map v : X — C is said to be a guardian map for S if for all x € S,
v(z) =0 < z €0S.

Consider an open subset €2 of the complex plane that is symmetric with respect to the real axis.
Then, elements of S(Q) = {4 € R¥*9: spec(A) C Q} are said to be stable relative to Q.

The following result gives a necessary and sufficient condition for stability of parameterized
families of matrices relative to some open subset of the complex plane.

Proposition 3.5 (Proposition 1 (Saydy et al. [1990)); Theorem 2 (Abed et al.l [1990))). Consider U
to be a pathwise connected subset of R and A(t) € R¥™¢ a matriz which depends continuously on 7.
Let S(2) be guarded by the map v. The family {A(T): 7 € U} is stable relative to Q if and only if
(1) it is nominally meaning A(t1) € S(Q) for some 71 € U—and (i1) v(A(7)) # 0 for all T € U.

In proving Theorem [3-3] we define a guard map for the space of d x d Hurwitz stable matrices
which is denoted by S(C2).

Lemma 3.4. The map v : A — det(A B A) guards the set of non-singular d x d Hurwitz stable
matrices S(C2).

Proof. This follows from the following observation: for A € R4*¢,
vech(AX + XA") = Hvec(AX + XA") = Hf (A® A)vec(X) = HJ (A ® A)Hgvech(X)

from which it can be shown that the eigenvalues of AH A are A\; + \; for 1 < j <1 < d where \;
for i = 1,...,d are the eigenvalues of A.

Indeed, let S be a non-singular matrix such that S~ AS = M where M is upper triangular with
A1, ..., Aq on its diagonal. Observe that for any d x d matrix P, HyH; (P ® P)Hq = (P ® P)Hy
and Hj (P® P)HsH = Hj (P ® P). Hence, using properties of the Kronecker product (namely,
that (A1 ® Ag)(Bl ® BQ) = (AlBl & AQBQ)), we have that

HI (ST '@ S ™ HHHf (I A+ A® ) HHI (S® S)Hy=H (I® M+ M ® I)Hy

so that the spectrum of H (I ® A+ A® I)Hy and H (I ® M + M ® I)Hy coincide. Now, since
M is upper triangular, Hj([ ®@ M + M ® I)Hg is upper triangular with diagonal elements A; + \;
(1 < j <i<d) which can be verified by direct computation and using the definition of Hy. This
implies that A\; + A; (1 < j <i < d) are exactly the eigenvalues of Hf (I ® A+ A® I)H,. O
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We note that there are several other guard maps for the space of Hurwtiz stable matrices
including v : A — det(A @ A). To give some intuition for this map, it is fairly straightforward to
see that the Kronecker sum A® A = A® [+ 1 ® A has spectrum {\; + \;} where \;, \; € spec(A).
The operator AH A is simply a more computationally efficient expression of A® A, and as such the
eigenvalues of AH A are those of A @ A removing redundancies. We use AH A specifically because
of its computational advantages in computing 7*.

3.B.2 Proof of Theorem [3.3

We first prove that if z* is a differential Stackelberg equilibrium (that is, Si(J-(z*)) > 0 and
—D2f(z*) = 0), then there exists a finite 7* € (0,00) such that for all 7 € (7*,00), z* is locally
exponentially stable for & = —A;g(z) (that is, spec(—J-(z*)) C C2). Towards this end, we
construct a guard map for the space of d x d Hurwtiz stable matrices and explicitly construct the
T using it.

Then we prove the other direction. That is, if there exists a finite 7 € (0,00) such that for
all 7 € (7%,00), x* is exponentially stable for & = —A,g(z), then z* is a differential Stackelberg
equilibrium. We prove this by contradiction.

3.B.2.1 Proof that if " is a differential Stackelberg then finite 7* exists

For a critical point x*, let

T () ~Dif(z*) —D12f(1‘*))} _ [ An A12]

- TDITQ (z*) TD3f(x* —TAlTQ TA99

and define
81 =S1(—Jr(a*)) = A1y — A1p A5 A,

Note that this is equivalent to the first Schur complement of —J(z*) (i.e., when 7 = 1) since the
7 and 77! cancel, and by assumption the first Schur complement of —.J(z*) is positive definite.
Suppose that z* is a differential Stackelberg equilibrium so that —S; > 0 and —Ags > 0.

Polynomial guard map with family of matrices parameterized by 7. By Lemma
v:Aw— det(AH A) is a guard map for S(C?). Indeed, using the fact that the determinant is
the product of the eigenvalues of a matrix and the fact that spec(AB A) = {\; +X;,1 <i<j <
d, Ni, A\j € spec(A)}, we have that

det(ABA) = J[ i+x)= J[ 2Re()(dRe*(N) +4Im*(N)) [T N+ A)).
1<j<i<d 1<i<d 1<i<j<d:
AiFEN;
Hence, consider S(C°), det(A M A) = 0 if and only if A A is singular if and only if A has a
purely imaginary eigenvalue—that is, if and only if A € 0S (C‘i)ﬁ Now, consider the parameterized
family of matrices —J,(z*), parameterized by 7. By an abuse of notation, let v(7) = det(—J(z*) B

8Indeed, this holds since the only scenarios in which det(A B A) = 0 are such that the eigenvalues of A do not lie
in §(C%).
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—J-(z*)). If we consider the subset of this family of matrices that lies in S(C?) (this subset could
a priori be empty thought we show it is not), then for any 7 such that —J-(z*) is in this subset, we
have that v(7) = 0 if and only if —J(z*) B (—J;(x*)) is singular if and only if —J(z*) € 9S(C2).
Hence, v(7) = det(—J,(z*) B —J-(2*)) guards S(C2).

In particular, if we envision —J-(2*) as the input to v : A — det(A B A) and simply vary 7
(holding all the entries of —J,(z*) otherwise fixed), then v : 7 — det(—J (z*) B (—J-(z*))) can
be thought of simply as a function of 7 which guards the set of Hurwitz stable matrices via the
reasoning describe above. Indeed, by slightly overloading the notation for v,

v(t) =g+ T+ vy P f P = v(—J,(2%))

Hence, for intuition, observe that as 7 decreases (towards zero) stability is first lost when at least
one eigenvalue of —J,(z*) reaches the imaginary axis, at which point v(7) = 0.
There are two cases to consider:

Case 1: v(7) is an identically zero polynomial. In this case, —J;(z*) is in the interior of the
complement of the set of Hurwitz stable matrices for all values of 7 > 0—that is, —J (z*) €
int(S¢(C2)) for all 7 € Ry = (0, 00).

Case 2: v(7) is not an identically zero polynomial. In this case, v(7) has finitely many zeros. If
v(7) has no positive real roots, then as 7 varies in Ry, —J;(z*) does not cross dS(C° —i.e.,
the boundary of the space of d x d Hurwitz stable matrices. Hence, {—J,(z*): 7 € Ry} C
S¢(C2) or {=J-(2*) : 7 € Ry} C int(S°(C2)). It suffices to check —J (z*) € S¢(C2) or
—Jr(2*) € int(S°(C2)) for an arbitrary 7 € R..

On the other hand, if v(7) has ¢ > 1 real positive zeros, say 0 < 71 < -+ < 7¢p = 7%, then
by Proposition —Jr(z*) € S(C2) for all 7 > 7* if and only if —J;(z*) € S(C2) for
arbitrarily chosen 7 > 7*. We choose the largest positive root 7y because we are guaranteed
that v(7) stops changing sign for 7 > 7*. Further, the largest neighborhood in Ry for which
—J (%) € S(C2) is (7¢,00).
Recall that we have assumed that z* is a differential Stackelberg equilibrium (that is, S; > 0 and
—Agg > 0). We will show next (by way of explicit construction of 7*) that we are always in case 2.

Construction of 7. We note that there are more elegant, simpler constructions, but to our
knowledge this construction gives the tightest bound on the range of 7 for which —J;(z*) is guar-
nateed to be Hurwitz stable. Recall that

(et = | 7D @) —Diaf(2%)
@) = D fla) TD%f(x*J

_ | A A
—TAlTQ TA22
and
S; = Ay — A1 Ay AL,
Let I,,, denote the m x m identity matrix for some m.

Claim 3.1. The finite learning rate ratio is 7% = A} (Q) where

A2_21H;_2 (AIQ ® Id2)

1 1
Q=2[(A12® Ay )Ha, (Is, © Ay Aly)Hy,] —SIIHCZ(Sl ©A1945))

— (A1 ® Ay (3.25)
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with 14_122 = Ao H Ags and 51 =S8, HS;.

Proof. Recall that v(7) = det(—J,(z*) B (=J-(z*))) is a guard map for S(C2).

We apply basic properties of the Kronecker product and sum as well as Schur’s determinant
formula to obtain a reduced form of the guard map. To this end, we have that

A1 HAG 2H;_1 (Idl & A12) 0
—Jr(a") B (=Jr(2")) = |7(la, ® (—A3))Hy, A © 7A (A1 ® I4,)Hy,
0 QTHJQ(—AE ® Ig,) T(A2 B Ago)

Now, we apply Schur’s determinant formula to get that

+
p(r) = 7@ 1/2 qot(Agy B Agg) det <[T A B A 2H ] (Iz, ® Ara) D

3.26
(Is, ® (—A{y))Ha, A1 © 1A%+ M (3.26)

where
M, = _2HC;;(_A1|—2 (29 IdQ)(AQQ H Agz)_l(Am & Idg)HdQ

From here, we apply Lemma to further reduce the guard map. First, note that
Ayl @ TA = A1y @ 1y, + 1, @ TA.

LetV = Id1®TA22, Z = A11®Id2—|—M1, Y = A 1BA;, W = —T(Id1®A1|—2)Hd1, and X = 2Hc—l'—1 (Id1®
Aj2). Using the two properties of the Kronecker product (B; ® B3)(Bs ® By) = (B1B3 ® BaBy)
and (B; ® By)~! = (By' ® By '), we have that

Y — XVT'W = Ay B Ay + 2H] (Ig, ® Ar2)(Ig, ® Ag) ™ (Ig, ® Aly)Hq, (3.27)
= A B AN +2H] (Ig, ® A1Az) Aly)Hq, (3.28)
= An B An + Hyf ((Ia, © AiaAyy Al) + (A12A5) Ay ® Ia,)) Hay (3.29)
=S 8 (3.30)

where (3.29)) holds since Hdt (I, ® A1 As) AL Hy, = H;rl (A12Ay Ay, ® 13,)Hy,. Now, define
VA vAIw (Y - Xviw) XV = 771 M, where

My = Ig, © Ayy — 2(1ay, ® Agy Aly)Hay (S1881) ' Hf (I, ® A12Azy))
so that applying Lemma |3.2| we have
(1) = 792(2HD/2 det(Agy B Ago) det(Sy IS ) det (g, @ Ago) det (114, q,+ Mo (A1 @ 14,4+ M;)) (3.31)

The assumptions that S; > 0 and —Asy > 0 together imply that det(S;HS;) # 0 and det(ly, ®
Agg) # 0. Hence, v(7) = 0 if and only if det(714,4, + Ma(A11 ® I, + M;)) = 0 since 0 < 7 < 0.
The determinant expression is exactly an eigenvalue problem.

Since by assumption the Schur complement of J(x*) and the individual Hessian —D3 f(z*) are
positive definite (that is, x* is a differential Stackelberg equilibrium), Thus, the largest positive real
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root of v(7) =0 is

T = A&ax(_M2(All ® Idg + Ml))

where At (+) is the largest positive real eigenvalue of its argument if one exists and otherwise its
zero. Using properties of the Kronecker product and duplication matrices, it can easily be seen
that @, as defined in (3.25)), is equivalent to —Ms(A11 @ Iy, + My). O

The result of this claim concludes the proof that if x* is a differential Stackelberg, then there
exists a finite 7* € [0, 00) such that for all 7 € (7%, 00), spec(—J(z*)) C C°.

3.B.2.2 Proof that existence of finite 7* implies that z* is a differential Stackelberg

To begin, consider a critical point z* such that g(z*) = 0 and det(D3f(z*)) # 0. Then,
det(—J.(z*)) = 7% det(D3f(x*))det(—S1(J(z*))) so that det(—J.(z*)) = 0 if and only if
det(—81(J(z*))) = 0 which implies —J(z*) is unstable for all 7 € (0, co) when det(—S;(J(z*))) = 0.
As a result, we are left to consider when det(S1(J(z*))) # 0 for the remainder of the proof.

We proceed by arguing a contradiction. Let —C' = —D2f(z*) and S1 = $1(J(z*)) = D?f(z*) —
Diaof (z*)(D2f(z*)) "1 D{y f(*) have no zero eigenvalues—that is, det(S;) # 0 and det(C) # 0.

The proof of this direction is argued by contradiction. Consider a critical point z*
(that is, where g(z*) = 0 such that —C = —D3f(z*) and S; = Si(J(z*)) = D3f(z*) —
Diaf (z*)(D3f(2*)) "' D{y f(*) have no zero eigenvalues—that is, det(S;) # 0 and det(C) # 0.

Suppose that there exists a 7" € (0, 00) such that for all 7 € (7%, 00), spec(—J-(z*)) C C2, yet
x* is not a differential Stackelberg equilibrium. That is, either —S; or C have at least one positive
eigenvalue. Without loss of generality, let —S] have at least one positive eigenvalue.

Since det(S1) # 0 and det(C) # 0, by Lemma/3.3]b, there exists non-singular Hermitian matrices
Py, P, and positive definite Hermitian matrices @1, Q2 such that —S1 P, — P1.S1 = Q1 and CP, +
P,C' = Q. Further, —S; and P; have the same inertia, meaning

v (=S1) = v (P1), v-(=S1) =v_(P1), ¢((=S1) =((P)

where for a given matrix A, vy (A), v_(A), and ((A) are the number of eigenvalues of the argument
that have positive, negative and zero real parts, respectively. Similarly, C' and P, have the same
inertia:

01 (C) = v (Py), v-(C) = v_(Py), ¢(C) = ((Py).

Since —Sj has at least one strictly positive eigenvalue, vy (P)) = v (—=S1) > 1.

Define T
I Lyl |Pt O I 0
r=[o B0 a1 @

where Lo = (D3f(x*))"'D{,f(z*) = CD/,f(x*). Since P is congruent to blockdiag(P;, P»), by
Sylvester’s law of inertia (Horn and Johnson, 2012, Thm. 4.5.8), P and blockdiag(P;, P») have the
same inertia, meaning that v; (P) = v (blockdiag(Py, P»)), v—(P) = v_(blockdiag(P;, P»)), and
¢(P) = ((blockdiag(P;, P,)). Consider the matrix equation —P.J, (z*)—J, (z*)P = Q, for —J,(z*)

where -
I Ly I 0
o=lp 7]z, 1]
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with

1 P Dy f(z*) — S1L{ P
(PiD1af(z*) — S1L{ P2) " PaLoDiaf (2*) + (P2LoDiaf(2%)) T + 7Q2
which can be verified by straightforward calculations.

Observe that @, = 0 is equivalent to B, > 0 and both matrices are symmetric so that B, > 0
if and only if @1 > 0 and S2(B;) > 0 where

B, =

S2(Br) = PyLoD1af(a*) + (P2LoD1af(2*)) T 4+ 7Q2
— (PiD1af(z*) — S1Lg Po) " QT (PiD1af(2%) — S1Lg Pa).

Now, So(B;) is also a real symmetric matrix, and hence, it is positive definite if and only if all
its eigenvalues are positive. To determine the range of 7 such that Sy(B;) is positive definite,
we can formulate an eigenvalue problem to determine the value of 7 such that the matrix Sqo(B;)
becomes singular. This is analogous to the guard map approach used in the proof in the previous
subsection for the other direction of the proof, and in this case, we are varying 7 from zero to
infinity and finding the point such that for all larger 7, So(B;) is positive definite. Intuitively, such
an argument works since 7 scales the positive definite matrix (). Towards this end, consider the
eigenvalue problem in 7 given by

0 = det (TI — Q7 (P D1af(2%) — S1LY Py) T QrH(PiD1af(a*) — S1L Po)
— PyLoDiaf(z*) — (P2L1D12f(x*))T)).

Let 79 be the maximum positive eigenvalue, and zero otherwise. Then, since eigenvalues vary
continuously, for all T € (9,00), @7 = 0 so that by Lemma [3.3]a we conclude that P and —J;(z*)
have the same inertia, but this contradicts the stability of —J-(z*) for all 7 € (7%, 00) since vy (P) >
1.

Remark on the tightness of 7*. The construction of 7* is tight in the following sense. While
it is possible to construct multiple guard maps for a domain, all guard maps have the same positive
real roots by definition (Saydy, 1996, Remark 2). Hence, independent of the guard map choice, we
will get the same value of 7*. Moreover, 7* tells us exactly when the eigenvalues move into the
open left-half complex plane C° and remain there. Hence, this gives us the precise, tight lower
bound on the value of 7*.

3.C Proof of Theorem [3.4: Instability of 7—GDA

To begin, consider a critical point * defined by g(z*) = 0 which is not a differential Stackelberg
equilibria such that det(D3f(z*)) # 0. Then, det(—J,(z*)) = 7% det(D3 f(x*)) det(—S1(J(z*))) so
that det(—J-(z*)) = 0 if and only if det(—S;(J(z*))) = 0 which implies —J(z*) is unstable for all
T € (19,00) where 79 = 0 when det(—S;(J(z*))) = 0. We now consider when det(S;(J(z*))) # 0
for the remainder of the proof.

Let z* be a stable critical point of 1-GDA (without loss of generality) which is not a differential
Stackelberg equilibrium. Without loss of generality, suppose that S;(—J(z*)) has at least one
strictly positive eigenvalue. Note that both S;(—J(z*)) and — D3 f(z*) are symmetric matrices and
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hence, have purely real eigenvalues.

Since both S1(—J(z*)) and D3f(z*) have no zero valued eigenvalues, by Lemma [3.3|b, there
exists non-singular Hermitian matrices P;, P, and positive definite Hermitian matrices )1, @2 such
that S1(—J(2*)) Py + P1S1(—J(z%)) = Q1 and D3 f(z*) Py + P,D2f(x*) = Qo. Further, S1(—J(z*))
and P; have the same inertia, meaning

vy (81(=J(27))) = vy (P1), v-(81(=J(27))) = v—(F1), C(S81(=J(z7))) = C(P1)

where for a given matrix A, v4(A), v_(A), and ((A) are the number of eigenvalues of the argument
that have positive, negative and zero real parts, respectively. Similarly, D3f(z*) and P, have the
same inertia:

v (D3 f(2")) = v (P2), v-(Dif(a")) = v-(P2), ((D3f(x")) = ().

Recall that we assumed S;(—J(z*)) has at least one eigenvalue with strictly positive real part.
Hence, vy (P1) = v (S1(—J(z*))) > 1.

p_ [I LDT} [Pl 0} [I 0]

0 I 0 P||Ly I
where Lo = (D2f(z*))"'D/,f(z*). Since P is congruent to blockdiag(P;, P2), by Sylvester’s law
of inertia (Horn and Johnson, 2012, Thm. 4.5.8), P and blockdiag(P;, P;) have the same iner-
tia, meaning that vy (P) = vy (blockdiag(Pr, P2)), v—(P) = v_(blockdiag(Py, P»)), and ((P) =
¢(blockdiag(P;, P)). Consider now the Lyapunov equation —P.J,(z*)—J (2*)P = Q. for —J,(z*)

where -
T L I 0
o =lo 7], 1

@1 Py D1y f(z*) + 81(—J(2%)) L P>
(PiDyaf(x*) + S1(—J(2*)Lg P2) T PaLoDi2f(z*) + (PaLoD12f(z*)) " + 7Q2

Define

with
B, =
which can be verified by straightforward calculations.

Since vy (Py) > 1, we have that v, (P) > 1. Now, we find the value of 7y such that for all 7 > 79,
Q- > 0 so that, in turn, we can apply Lemma a, to conclude that spec(—J-(x*)) ¢ C°. Indeed,
observe that (), > 0 is equivalent to B, > 0 and both matrices are symmetric so that B, > 0 if
and only if @1 > 0 and Sa(B;) > 0 where

S2(Br) = PaLiDiof(x*) + (PoLiDiaf (%) T +7Qo
— (P1D1a f(*) + S1(=J (2*)) Ly P») " Q7 (PyD1a f(z*) + S1(—J (z¥)) L P2).

Now, Sa(B;) is also a real symmetric matrix, and hence, it is positive definite if and only if all its
eigenvalues are positive. To determine the range of 7 for which @, > 0, we simply need to solve
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the eigenvalue problem

0 =det(r] — Q; (PD12f (2) + S1(~J (")) Lg Po) Qy (P Diaf (a*) + S1(~J(a*)) L] Py)
— P2LOD12f(fl‘*) — (PQLoDlgf(x*))T»

and extract the maximum eigenvalue, namely,

70 =Amax(Q (P D12f (z%) + 81(=J (2*)) Lo P2) ' Q7' (P1 D12 f (z*)
+81(=J(x*)Lg P2) — PaLoD1af(z*) — (PaLoDyaf (z*))1)).

Hence, as noted previously, by Lemma [3.3|a, we conclude that for all 7 € (79, 00), spec(—J;(z*)) ¢
C°.. This concludes the proof.

Additional context/intuition for the proof approach. To provide some context for the proof
approach, we remark that it follows the same idea as the proof of Theorem [3.3]in Appendix
Indeed, to determine the range of 7 such that So(B;) is positive definite, we can formulate an
eigenvalue problem to determine the value of 7 such that the matrix So(B;) becomes singular. We
vary 7 from zero to infinity in order to find the point such that for all larger 7, S3(B;) is positive
definite. Intuitively, such an argument works since 7 scales the positive definite matrix Q)o.

3.D Proof of Theorem|[3.5 Stability of 7—GDA in Regularized GANs

As in Mescheder et al.| (2018]), we only apply the regularization to the discriminator. In the following
proof, we use V,(-) to denote the partial gradient with respect to x of the argument (-) when the
argument is the discriminator D(-;w) in order prevent any confusion between the notation D(-)
which we use elsewhere for derivatives.

To prove the first part of this result, we following similar arguments to Theorem 4.1 of
(Mescheder et al., 2018). To prove the second part, we leverage the concept of the quadratic
numerical range. For both components of the proof, we will use the following form of the Jacobian
of the regularized game. Indeed, first observe that the structural form of J; ,)(z*) is

o [0 B
J(T,#)(‘T )_ —TBT T(C+MR) (333)
where B = Diaof(2*), C = —D3f(z*) and R = D3R;(z*) where R; is either gradient penalty
indexed by j = 1, QEI This follows from Assumption a., which implies that D(z;w*) = 0 in some
neighborhood of supp(pp) and hence, V,D(z;w*) = 0 and V2D(z;w*) = 0 for « € supp(pp). In
turn, we have that D} f(x*) = 0.

Proof that z* = (6*,w*) is a differential Stackelberg equilibrium. For any fixed p € (0, 00),
then we first observe that z* is also a critical point of the unregularized dynamics. Indeed, by
Assumption [B.1}a., D(z;w*) = 0 in some neighborhood of supp(pp) and hence, V D(z;w*) = 0
and V2D(z;w*) = 0 for 2 € supp(pp). Further, DoR;(0,w) = pE,, (1) [D2(VD(x;w))VD(z,w)]

IMescheder et al|(2018) imply that their results hold for a convex combination of the two gradient penalties,
which would in turn imply our results will hold in this case. However, we have not included the details here.
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for 7 = 1,2 where p1(z) = pp(z) and pa(x) = pg(x). Thus, using the above observation that
V.D(z;w*) = 0, we have that DyR;(6*,w*) = 0 for i« = 1,2 meaning that the derivative of the
regularizer with respect to w is zero at x* = (0*,w*) which in turn implies that D; f(z*) = 0 and
—Dof(z*) = 0. Hence, z* is a critical point of the unregularized dynamics as claimed. Further,
C + pR > 0 which follows from Lemma D.5 in (Mescheder et al. 2018). From Lemma D.6 in
(Mescheder et al., 2018)), due to Assumption c., if v # 0 and v ¢ Th« Mg, then Bv # 0 which
implies that B can only be rank deficient on Ty« M. Using this fact along with the structure of the
Jacobian as in (3.33)), we have that the Schur complement of J, ) (z*) is equal to BT(C+uR)™'B ~
0 since C' 4+ pR > 0. Hence, z* = (0*,w™) is a differential Stackelberg equilibrium.

Proof of stability. Examining (3.33)), it is straightforward to see that the quadratic numerical
range WQ(J(ﬂ w)) has eigenvalues of the form

A = §(r(e+ m) £ 3/ (=r{e+ )P = 4707

where b = (Diof (z*)v,w), ¢ = (—=D3f(x*)w,w) and r = (D3R;(z*)w,w) for vectors v € Wi N
(Tyx M)t and w € Wo N (T,,» Mp)*+ where U+ denotes the orthogonal complement of U. We
claim that for any value of i € (0,00) and any 7 € (0,00), Re(A;,) > 0. Indeed, we argue this by
considering the two possible cases: (1) (7(c+ ur))? < 4[b*1 or (2) (7(c+ ur))? > 47|b|2.

e Case 1: Suppose that (7(c + pr))? < 4/b|*r. Then, Re(A;,) = $(7(c+ pr)) > 0 trivially
since ¢ + pr > 0.

e Case 2: Suppose that (7(c+ ur))? > 47|b|?. In this case, we want to ensure that

Re(Ar) > 3(1(c+ pr)) — 2/ (=1(c+ pr))? — 47|bJ2 > 0.
which holds since

(T(c+ pr))? > (=7(c+ pr))? — 476> <= 0> —47|b|?

This concludes the proof.

3.E Proofs of 7—GDA Convergence Results: Theorem [3.6, Corol-
lary [3.2], and Corollary

This section contains the proofs of Theorem (convergence rates), Corollary (stability of
the discrete-time system around differential Stackelberg equilibrium) and Corollary (finite-time
convergence to differential Stackelberg equilibrium).

3.E.1 Proof of Theorem [3.6

We begin by stating and proving a pair of lemmas that will be invoked to prove Theorem
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Lemma 3.5. Consider a zero-sum game (f1, f2) = (f, —f) defined by f € C4(X,R) for some g > 2.
Suppose that x* is a differential Stackelberg equilibrium and that given 7 > 0, spec(—J,(z*)) C C°.
Let v = minycqpec(J, (a+)) 2Re(\) /|2, For any v1 € (0,7), 7-GDA converges locally asymptotically.

Proof. Suppose that x* is a differential Stackelberg or Nash equilibrium and that 0 < 7 < oo is such
that spec(—J;(z*)) C C2. For the discrete time dynamical system zy1 = xx —1Arg(zk), it is well
known that if ; is chosen such that p(I —~1J(x*)) < 1, then z}, locally (exponentially) converges
to * (Ortega and Rheinboldt}, 1970). With this in mind, we formulate an optimization problem to
find the upper bound  on the learning rate -y; such that for all 41 € (0, ), the spectral radius of the
local linearization of the discrete time map is a contraction which is precisely p(I —v1J(z*)) < 1.
The optimization problem is given by

= mi : 1—yA <1}, 3.34
ot Igg{v Aewﬁ?fff(x*))’ vl_} (3.34)

The intuition is as follows. The inner maximization problem is over a finite set spec(J-(z*)) =
{A1,..., Mg} where J.(z*) € R¥™4. As v increases away from zero, each |1 — v);| shrinks in
magnitude. The last \; such that 1 — «)\; hits the boundary of the unit circle in the complex
plane (that is, |1 —yA;| = 1) gives us the optimal value of v and the element of spec(J,(z*)) that
achieves it. Examining the constraint, we have that for each X;, v(y|\i|? — 2Re()\;)) < 0 for any
v > 0. As noted this constraint will be tight for one of the ), in which case v = 2Re()\)/|\|? since
v > 0. Hence, by selecting v = minyegpec(s, (2+)) 2Re()\)/| A2, we have that |1 — 1 \| < 1 for all
A € spec(Jr(2*)) and any 1 € (0,7).

To see this is the case, let

= min 2Re(\)/| A2
U Aespec(J-(z*)) ( )/| |
and
Ao = in_ 2Re()/|A]%.
n=a1g | min e(A)/IAl

Using the expression for ~, we have that

B 2Re(An) 2Re(An) ) 2
1 —29Re(N) + Y2 (Re(N)? +Im(N)?) =1 — 2 P Re(\) + (W) A2

Now, using the fact that Re(\)/|A|> > Re(An)/|\a|?, we have

| 4ReOa)p oy (me““‘)f A <1 oZReGa)p gy ) <2Re“m))2 AalRe()

‘)‘m|2 ‘>‘1n|2 |)‘m’2 ‘)‘mP Re(An)
Re(An) Re(An)
1-4 A)+4 A
BWE Re(A) + BWE Re(X)
=1

as claimed. From this argument, it is clear that for any v; € (0,7), |1 — mA| < 1 for all A €
spec(J-(x*)).
Now, consider any a € (0,7) and let 3 = (2Re(\a) — a|Xa|?)~!. Observe that v; = v — a so
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that v; € (0,7). Hence,

11— (y—a)hl? = (1 - <2I]{/\6,E]/\2m) — a> Re()\m)>2 + (QRe()\m) — a>2 Im(\n)?

| Anl?
An)? An)?
_p_gRel) + 2aRe(Mn) + 4ReCa)” 4aRe(Mn) + 2| An]?
| Anl? |Anl?
=1 — 2aRe(\n) + &% Ag|?
a
—1-=
p
so that
o\ 12
o= ma) < (1-5)
Hence, the p(I — v1J-(z*)) < 1 so that z* is asymptotically stable (Argyros, |1999; Ortega and
Rheinboldt, [1970). O

Lemma 3.6. Consider a zero-sum game (f1, fo) = (f, —f) defined by f € C4(X,R) for some g > 2.
Suppose that x* is a differential Stackelberg equilibrium and that given T, spec(—J(z*)) C C2. Let
Y = minyegpec( s, (z+)) 2R(A)/|A]?, and Ay = argminyegpec(s, (z+)) 2Re(A)/|A]>. For any a € (0,7),
T-GDA with learning rate v = v — a converges locally asymptotically at a rate of O((1 — &)WQ)
where 8 = (2Re(\g) — a|Ag|?) L.

Proof. To prove this lemma, we build directly on the conclusion of the proof of Lemma[3.5] Indeed,
since

pU—waD<@—gye

given € = {5 > 0 there exists a norm || - || (cf. Lemma 5.6.10 in Horn and Johnson (2012))E| such

that
aA\V2 o\ /2
I —mJ ()] <(1—-= < (1=
ir-mrei s (1-9) + 2 < (1-5)

where the last inequality holds by Lemma Taking the Taylor expansion of I — 7, g,(z) around
¥, we have

I =mgr(x) = (I =mgr(2")) + (I —nJr(27)) (2 — ") + Ra(z — 27)

where Ro(z — z*) is the remainder term satisfying Ro(x — z*) = o(||lx — 2*||) as z — l'*H This

9The norm that exists can easily be constructed as essentially a weighted induced 1-norm. Note that the norm
construction is not unique. The proof in [Horn and Johnson| (2012) is by construction and the construction of this
norm can be found there.

"The notation Ra(z — z*) = o(||z — z*||) as  — =* means limy— 4= |Re(z — 2%)||/||z — z*|| = 0.
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implies that there is a § > 0 such that [|Ry(z — 27)|| < g5llv — 2”|| whenever ||z — 2*| < é. Hence,

1 = 7197(x) = (I = mg- ()] < <||f — () + Zf;) [l — 2]

a N2, .
< ((1—%3) +8ﬁ> (P

o\ /2
<(1-55) -l

where the last inequality holds again by Lemma [3.1] Hence,

N
||xk—m*us(1—4ﬁ) T (3.35)

whenever ||zg — z*|| < § which verifies the claimed convergence rate. O

Proof of Theorem To prove Theorem we apply Theorem [3.3] to construct 7* via the
guard map v(7) = det(—J(z*) B —J-(2*)) such that for all 7 € (7%, 00), spec(J-(z*)) C CS. This
guarantees that spec(—J(z*)) C C2 for any 7 € (7%, 00) and hence the nonlinear dynamical system

T =—Arg(x)

Therefore, for any 7 € (7%,00), by Lemma 7-GDA converges with a rate of O((1 — %)kﬂ).

is locally asymptotically (in fact, exponentiallﬁ stable by the Hartman-Grobman (Sastry, 1999).
Finally, 7% = 0 by Proposition [3.1]if z* is a differential Nash equilibrium. This concludes the proof.

3.E.2 Proof of Corollary

Suppose that z* is a differential Stackelberg equilibrium so that by Theorem there exists a
7% € (0,00) such that spec(—J (xz*)) C C° for all 7 € (7%,00). Now that we have a guarantee
that —J-(z*) is Hurwitz stable for any 7 € (7*,00), we apply Hartman-Grobman to get that
the nonlinear system & = —A,g(x) is stable in a neighborhood of z*. Fix any 7 € (7%,00) and
let v = arg minyegpec(J, (2+)) 2Re()\)/|A|2. Then, applying Lemma for any v, € (0,7), 7-GDA
converges locally asymptotically to x*.

On the other hand, suppose that there exists a 7* € (0, 00) such that spec(—J(z*)) C C2 for
all 7 € (7%, 00). Then by Theorem if x* is a differential Stackelberg equilibrium. Furthermore,
since spec(—J-(2*)) C C° for all 7 € (7%, 00), if we let v = arg minyegpec(s, (z+)) 2Re(A) /A%, then
by Lemma 7-GDA converges locally asymptotically to z* for any choice of 1 € (0,7).

3.E.3 Proof of Corollary (3.3

Let || - || be the norm that exists (via construction a la Horn and Johnson| (2012, Lem. 5.6.10)) in
the proof of Lemma which is given in Appendix Following standard arguments, (3.35)) in
the proof of Lemma [3.6] implies a finite time convergence guarantee. Indeed, let € > 0 be given.
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Since 0 < 5 < 1 we have that (1 — a/(4B))F < exp(—ka/(4B)). Hence,
e — 27| < exp(=ker/(45))]| w0 — 27|

In turn, this implies that xj € B:(z*), meaning that xj is a e-differential Stackelberg equilibrium
for all £ > [% log(||zo — z*||/¢)| whenever ||xg — z*|| <.

Now, given that f; € C1(X,R) for r > 2, I —~1J-(x) is locally Lipschitz with constant L so that
we can find an explicit expression for § in terms of L. Indeed, recall that Ry(z — 2*) = o(||x — z*||)
as * — «* which means limg_,,+ || R2(z — 2*)||/||x — =*|| = 0 so that

1
* * k * k L *
[Ra(z — 27| S/O 1= mJ-(2" 4 (@ — %) = (T = nr @Dz = 27| dn < fle — 27

Observing that

)

L L
| Rl — 2] < 5l — 27| =

we have that the 6 > 0 such that ||Ra(z — 2¥)|| < a/(88)||x — z*|| is 6 = a/(4Lp).

Iz = 2"z — 27
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Chapter 4

Nonconvex Zero-Sum Games: Global Convergence
Guarantees

For the final chapter of this section, we again study the gradient descent-ascent learning dynam-
ics with timescale separation in unconstrained continuous action zero-sum games, but restricted to
problems where the minimizing player faces a nonconvex optimization problem and the maximizing
player optimizes a Polyak-Lojasiewicz (PL) or strongly-concave (SC) objective. These are classes
of games that when been shown to be tractable in the sense that global convergence guarantees to
near-stationary points can be achieved in finite-time, unlike the classes of nonconvex games that
have been studied thus far. In contrast to past work in these classes of games, we assess convergence
in relation to game-theoretic equilibrium notions instead of only notions of stationarity. In pursuit
of this goal, we prove that the only locally stable points of the continuous-time limiting system
correspond to differential Stackelberg equilibrium in each class of games. This characterization is
obtained by strengthening the results of the previous chapter using the structure of the class of
games. For the class of nonconvex-PL games, we exploit timescale separation to construct a po-
tential function that when combined with the stability characterization and an asymptotic saddle
avoidance result gives a global asymptotic almost-sure convergence guarantee to the set of differen-
tial Stackelberg equilibrium. For the class of nonconvex-SC games, we show the surprising property
that the function of the game can be made a potential with timescale separation. Combining this
insight with the stability characterization allows us to generalize methods for efficiently escaping
saddle points in nonconvex optimization to obtain a global finite-time convergence guarantee to
approximate differential Stackelberg equilibrium.

4.1 Introduction

In this chapter, we study continuous action zero-sum games of the form

min max f(x
mmin max f(z,y)

where f € C%(X,R) with X = & x &y and &} = R% and &X» = R% denote the individual action
spaces and d = dj + dz. In particular, we focus on zero-sum games in which f(-,y) is potentially
nonconvex in x € X and f(x,-) satisfies the Polyak-Lojasiewicz (PL) condition or is strongly-
concave (SC) in y € Xy. We refer to these classes of games as nonconvex-PL and nonconvex-SC
zero-sum games. Note that in this chapter, we switch notation and use y in place of x5 for the choice
variable of player 2 since it will be more clear notationally throughout this chapter. Moreover, in
this chapter, we commonly denote joint strategies pairs by the shorthand z = (z,y) € A1 x Xs.
This general formulation has a broad spectrum of applications such as fair classifica-
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tion (Nouiehed et all [2019), distributionally robust optimization (Namkoong and Duchi, 2016;
Rafique et al., 2021)), and adversarial learning (Madry et al., 2018]). Consequently, there has been a
surge of interest in recent years toward developing methods for solving these problems efficiently. So
far, existing work on gradient-based learning in nonconvex-PL/SC zero-sum games has exclusively
focused on providing global convergence rates to approximate stationary points with no attention
given to the characterization in terms of game-theoretic equilibrium concepts (Lin et al., 2020a,b
Lu et all 2020; Nouiehed et al., [2019; Rafique et al., 2021} [Yang et al., [2020).

In contrast, a common theme in the study of general nonconvex-nonconcave zero-sum games
is to assess the types of stationary points an algorithm locally converges toward in terms of their
higher order structure (Daskalakis and Panageas| [2018; [Fiez and Ratliff, 2020; Fiez et al.l [2020a;
Jin et al.; [2020; Mazumdar et al., 2020}, 2019; |Wang et al., 2020a)). The purpose of this analysis is
generally to determine whether commonly deployed algorithms can guarantee local convergence to
only game-theoretic equilibria or to design algorithms that achieve this objective. Indeed, this was
exactly the focus of the previous chapters in this part of the thesis.

The goal of this chapter is to close the gap between the two problem classes and determine
whether gradient-based learning algorithms in nonconvex-PL/SC zero-sum games can be shown
to globally converge to only game-theoretically meaningful equilibria (local Nash or Stackelberg
equilibrium). We focus our attention on the canonical gradient descent-ascent learning dynamics
with timescale separations between players and a stochastically perturbed variant. In these al-
gorithms, timescale separation is manifested in the different (yet constant) learning rates of the
maximizing and minimizing players. The descriptions of these systems, which we refer to as 7-GDA
and 7-PGDA where 7 > 0 parameterizes the timescale separation between players, are provided in
Algorithm and Algorithm respectively. Simply put, 7-GDA (Algorithm corresponds to
each player following their individual gradient in a noiseless setting, while 7-PGDA (Algorithm [4.2))
describes each player following their individual (potentially stochastic) gradient with artificial noise
injections. Notably, both 7-GDA and 7-PGDA only require first-order gradients and as a result are
computationally efficient methods for machine learning problems formulated as zero-sum games in
this class.

4.1.1 Contributions

We show that the 7-GDA and 7-PGDA dynamics have global convergence guarantees in nonconvex-
PL/SC zero-sum games to the natural game-theoretic solution concept for this problem class of
differential Stackelberg equilibrium. The contributions of this work are summarized as follows.

1) In Theorem we prove the only critical points that are locally stable with respect to the
7-GDA continuous-time limiting system are differential Stackelberg equilibrium in nonconvex-
PL/SC zero-sum games.

2) In Theorem we combine Theorem with a potential function construction and an
asymptotic saddle avoidance result to prove that 7-GDA (Algorithm globally asymptot-
ically converges to differential Stackelberg equilibrium almost surely in nonconvex-PL/SC
zero-sum games. In Corollary we show a corresponding local convergence rate of 6(5_2)
to an e—differential Stackelberg equilibrium.
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3) In Theorem for the class of nonconvex-SC zero-sum games, we provide high-probability
finite-time rates showing that 7-PGDA (Algorijhm globally converges to e—local minmax
equilibria with a complexities of O(¢~%) and O(¢72) in stochastic and deterministic problems,
respectively.

To our knowledge, our results provide the broadest existing global convergence guarantee for
gradient-based algorithms to game-theoretically meaningful equilibria in zero-sum continuous
games.

4.1.2 Practical Motivation

The study of nonconvex-PL/SC zero-sum games has often been motivated by machine learning
problems formulated as games. We remark that given the problem formulations, it is natural to
seek notions of minmax equilibria as solutions. Indeed, notions of stationarity are not guaranteed to
reflect a meaningful solution since they could even correspond to maxmin solutions. Consequently,
it is critical to give convergence guarantees to minmax equilibrium as we pursue in this work.
We now provide examples of machine learning applications that belong to the class of games we
consider.

Example 4.1. In the fair classification problem (Nouiehed et al., 2019), the objective is to minimize
the mazimum loss over multiple categories. An example formulation is

mV[i/n “max {L£;(W)} (4.1)

i=1,....m
where L; represents the loss on category i and W denotes parameter weights of a neural network.

Example 4.2. To train a robust neural network against adversarial attacks, a common approach
is to formulate training as a robust min-maz optimization problem of the form

N
min Zj:rglaxm{f(f(i"ij(w)), yi)} (4.2)
=17 "

where w is the parameter vector of the neural network and each &;;(w) is the result of a targeted
attack on the sample x; seeking to change the output of the network for label j (Madry et all 2018;
Nouiehed et all, {2019).

Example 4.3. Distributionally robust optimization and robust learning from multiple distributions
is commonly formulated as a minmax optimization problem of the form

min max Z yif(xz) —r(y) (4.3)
i=1

where fi(xz) is the loss of a model x on the i-th data point, Y is the simplex in R™, and r(y) is
carefully selected regqularizer (Madry et al., 2018; Namkoong and Duchi, 2016; Rafique et al.,|2021).

A common approach in each problem is to transform the inner maximization problem through
relaxations and regularization methods to give an unconstrained problem in the parameter space.
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Table 4.1: The gradient complexity of gradient descent (GD), gradient descent-ascent with timescale
separation (7-GDA), and alternating (including multi-step) gradient descent-ascent (AGDA) or per-
turbed variants (PGD, 7-PGDA) in deterministic and stochastic nonconvex optimization, nonconvex-
PL zero-sum games, and nonconvex-SC zero-sum games. We state the complexity in terms of the
¢ tolerance of the guarantee and the dimension d with the notation O(-) hiding logarithmic factors
in € and d.

. Complexity
Problem Algorithm & Reference Determimistic ‘ Stochastic Guarantee

Nonconvex GD (Jin et al. 2021) O(e7?) O(e7*) | e-Stationarity
Optimization PGDA (Jin et al., [2021) O(e7?) O(e™) e-Local Min

Nonconvex | 7-GDA, 7-AGDA (Lin et al. |2020al) O(e7?) O(e=%) | e-Stationarity
SC Zero-Sum Theorem Iﬁl (T-PGDA) O(e7?) O(e™) e-DSE

Nonconvex AGDA (Nouiehed et al, 20.19)’ (5(5_2) - e—Stationarity
PL Zero-Sum (Yang et al., |2020, Appendix D)

Theorem [4.2] (7-GDA) Asymptotic - DSE

4.2 Related Work

We now cover the most relevant related work.

Nonconvex-Nonconcave Zero-Sum Games. A common theme in analyzing gradient descent-
ascent with or without timescale separation in nonconvex-nonconcave zero-sum games has been to
assess the local stability around critical points of the continuous-time limiting system and draw con-
nections to the differential Nash and Stackelberg equilibrium notions (see Definition[4.4) (Daskalakis
and Panageas| 2018}, [Fiez and Ratliff, 2020} [Fiez et al.,[2020a};[Jin et al., [2020; Mazumdar et al.,[2020}
Mescheder et al., [2018; Nagarajan and Kolter, [2017; Zhang et al., |2020a). Importantly, unless the
timescale separation is chosen very carefully, the stable critical points of gradient descent-ascent
may not be game-theoretically meaningful (Fiez and Ratliff, |2020; |Jin et al. 2020). We obtain
stronger stability characterizations in our analysis of the continuous-time system using the struc-
ture of nonconvex-PL/SC zero-sum games. Further discussion of this topic is given in Section

Nonconvex-PL and Nonconvex-SC Zero-Sum Games. Table[d.I] provides a comprehensive
comparison between our results and existing results for gradient descent variants in nonconvex
optimization and nonconvex-PL/SC zero-sum games. The key distinction between this chapter
and past work is that instead of assessing convergence in terms of only reaching an approximate
stationary point of the dynamics or a surrogate function, we obtain convergence guarantees in
regards to differential Stackelberg equilibrium. Despite this being a much stricter and meaningful
notion of solving the problem, we show that global asymptotic convergence guarantees remain
obtainable in nonconvex-PL zero-sum games (Theorem and that the local convergence rate
(Corollary is comparable to existing results. Moreover, for the subclass of nonconvex-SC zero-
sum games, we provide novel global finite-time convergence guarantees to differential Stackelberg
equilibria with rates comparable to existing results for finding a local minimum in nonconvex
optimization or any stationary point in this class of games (Theorem [4.3]).
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Escaping Saddle Points in Nonconvex Optimization. A key contribution of this work is in
regards to escaping saddles of the dynamics in classes of nonconvex zero-sum games. We build on
methods from nonconvex optimization to obtain analogous results. In general, saddle avoidance
results for variants of gradient descent in nonconvex optimization are asymptotic or finite-time.
The former states that almost surely the algorithm does not converge to saddles points (Lee et al.,
2016, 2019), while the latter gives rates of escape to conclude convergence to approximate local
minimum (Ge et al., [2015; |Jin et al., [2017,2021). A key assumption in the aforementioned works is
what is known as the strict saddle property, which ensures directions of escape exists from a saddle
point. We make an analogous assumption refined for games. Further discussion of how we extend
the methods from nonconvex optimization to the zero-sum game problem along with the challenges
is included in Section [4.6l

4.3 Preliminaries

In the zero-sum games we study, we refer to the minimizing player controlling x as player 1 and the
maximizing player controlling y as player 2. We consider objective functions f € C?(X,R) where
the joint strategy space is denoted by X = X} x X where X} = R% and X, = R% denote the
individual action spaces and d = d; + d2. We often denote a joint strategy by z = (z,y) € X.

Notation. We denote by D;f(x,y) € R%*! the derivative of f(x,y) with respect to the choice
variable of player i, D;;f(z,y) € R%*% as the partial derivative of D; f(x,y) with respect to the
choice variable of player j, and D? f(z,y) € R%*9 as the partial derivative of D; f(z,y) with respect
to the choice variable of player i. We let |- || denote the 2-norm of vectors unless otherwise specified,
spec(-) denote the set of eigenvalues of a matrix, Re(-) denote the real part of a complex number,
and C° and CS. denote the open left-half and right-half complex plane, respectively. Let Apin(A)
denote the eigenvalue of A with the minimum real part, and Apax(A) the eigenvalue of A with the
maximum real part.

Classes of Games. We study and analyze both nonconvex-PL and nonconvex-SC zero-sum
games. Throughout, we make the following assumptions on the class of functions that define the
games.

Assumption 4.1. Given a zero-sum game (f,—f) defined by f € C?*(X,R), Dif(z,y) and
Dy f(x,y) are Ly and Lo Lipschitz, respectively, that is,

ID1f(x,y) = Duf (@, 9 < La(llz = 2"l + lly = /1D,
ID2f (z,y) = Daf (2", y")|| < Lol — 2/l + lly = ¢/'I)).

This assumption immediately implies that the vector of individual gradients given by

g(fﬂ,y) = (le(:Ea y)v _D2f($7y))
is also Lipschitz with parameter L < L1 + Lo.

Assumption 4.2. Given a zero-sum game (f, —f) defined by f € C?(X,R), D2f(-,-) is B-Lipschitz
with respect to the induced 2-norm. That is, for all z,2' € X, ||D?f(z) — D2f(2')|| < B||lz — |



156

We now define a nonconvex-PL zero-sum game. This class of games allows for the objective
function to be nonconvex in x € Xj, but it needs to satisfy the Polyak-Lojasiewicz (PL) condition
iny € Xs.

Definition 4.1 (Nonconvex-PL Game). Consider a zero-sum game (f,—f) defined by
f € C*X,R). The game is called nonconves-PL if f(x,-) is pu-PL with respect to the argu-
ment y € Xo. That is, for p > 0 and for all (z,y) € X,

| Daf (z,y)|I> > 2p(maxycx, f(z.y) — flz,y)).

The following provides a definition for what we call a nonconvex-SC zero-sum game. In this
class of games, the function that defines the game may be nonconvex in z € A7, but it must be SC
iny € Xo.

Definition 4.2 (Nonconvex-SC Game). Consider a zero-sum game (f,—f) defined by
f € C*X,R). The game is nonconves-SC if f(x,-) is p-strongly-concave with respect to
the argument y € Xy. That is, given any x € Xy and for all y,y' € Xo,

fla, ) < fla,y)+ (Diflzy),y —y) — Slly —o|I5-

It is worth noting that nonconvex-SC zero-sum games are nonconvex-PL zero-sum games, but
the converse does not necessarily hold as a result of the relationship between PL and SC func-
tions (Karimi et al., |2016]).

Learning Dynamics. We study gradient descent-ascent with timescale separation and a per-
turbed variant. Let « be the learning rate of player one and 7 > 0 be the timescale parameteriza-
tion. The deterministic 7-GDA dynamics we study are presented in Algorithm [4.T]and the potentially
stochastic variant with injected noise perturbations called 7-PGDA is given in Algorithm (see Sec-
tion for the relevant notation). The key distinction between this study of gradient descent-ascent
with timescale separation and past work is how we assess convergence as we now begin to formalize.

Stationarity Notions. A critical point corresponds to a joint strategy profile at which the
individual gradient of each player is equal to zero.

Definition 4.3 (Critical Point). A point (z,y) € X is a critical point if Dif(x,y) = 0 and
DQf(xv y) =0.

Critical points correspond to stationary points of the 7-GDA dynamics. The nonconvex-PL/SC
zero-sum game literature has generally assessed convergence in terms of the complexity of finding
an approximate stationary point (see, e.g., (Nouiehed et al., [2019; Yang et al., 2020))). That is,
joint strategies (x,y) € X such that || Dy f(z,y)|| < e and ||D2f(x,y)|| <e. A related and common
notion of convergence in this body of work (see e.g., |Lin et al.|[2020a) is that of finding a stationary
point of the function maxycx, f(-,y). This criterion amounts to seeking to achieve the condition
1Dy maxyex, £z, y)]| < e.

In contrast, we assess convergence with connections to the equilibrium notions that are com-
monly studied in the nonconvex-nonconcave zero-sum game literature. Since either stationarity
notion may lack any game-theoretic meaning, we consider a strictly harder notion of solving a
game.
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Algorithm 4.2 7-PGDA

Input: ¢ € R4, 5 € R®
for k=0,1,... do
Sample 6; j, ~ Di, i = 1,2; (E1k, E2k) ~ N0, (r?/d)])

Algorithm 4.1 7-GDA

Input: zy € R%, yy € R%
for k=0,1,... do
Ty = 2 — yD1f (2, Yr)

Thtl & Th — Tk Yk O1k) + ,
Yesr — Uk 47 Dof (s yk) k1 Tk — Y(91( @k, Yk O1,k) + €1k

end for _
Y1 < Yk +17(92(Th, Ys O2.6) + 7 1o k)

end for

Equilibrium Notions. The typical solution concept in game theory when an implicit or explicit
order of play is present in the structure of the game is the (local) Stackelberg (equivalently minmax
in zero-sum games) equilibrium concept (Basar and Olsder, 1998)[] Informally, in nonconvex-
PL/SC zero-sum games, a local Stackelberg equilibrium corresponds to a strategy pair (z*,y*) € X
such that z* is a local minimum of the function f(x,y.(z)) where y.(v) € argmax, ¢y, f(7,y) and
y* is a local maximum of the function f(x*,y). When the function f is bounded or when f(-,y) is
bounded and f(z,-) is strongly concave, a Stackelberg equilibrium is guaranteed to exist.

We characterize the local Stackelberg equilibrium notion in terms of sufficient conditions on
player costs as is in previous chapters and is now typical in learning in games (Fiez and Ratliff,
2020; |Fiez et all [2020a; [Jin et al., 2020; Mazumdar et al., [2020; Wang et al.l 2020a). Toward
presenting this definition, we denote by J(z,y) the Jacobian of the vector of individual gradients
g(x,y) that is given by

D%f(xvy) D12f(w7y) (4 4)
~Dyf(x,y) —D3f(x,y)]’ '

Let S1(-) denote the Schur complement of (-) with respect to the da x da block in (+). The following
definition is characterized by sufficient conditions for a local Stackelberg equilibrium in zero-sum
games and is equivalent to that presented in the previous chapters.

J(‘rvy) =

Definition 4.4 (Differential Stackelberg/Strict Local Minmax Equilibrium (Fiez et all [2020a)).
The joint strategy (x*,y*) € X is a differential Stackelberg equilibrium if the first-order conditions
Df(a*,y") = Dif(a*,y*) — Diaf(a*,y")[D3f(a*,y*)] ' Daf(*,y*) = 0, Daf(a*,y*) = 0 hold and
the second-order conditions S1(J(z*,y*)) = 0 and D3f(x*,y*) < 0 also hold.

A differential Stackelberg equilibrium corresponds to a joint strategy at which the minimizing
player is at a local optimum with respect to its choice variable along the best response curve
of the maximizing player and the maximizing player is at a local optimum with respect to its
choice variable. In the next section, we also provide a definition for an e-differential Stackelberg
equilibrium.

!By implicit order of play, we mean the min and max order are not interchangeable.
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4.4 Local Stability Analysis

To characterize the convergence of 7-GDA, we begin by studying its continuous-time limiting system
z2=—Arg(2) (4.5)

where z = (&,9), A; = blockdiag(ly,,714,), and g(z) is the vector of individual gradients. The
Jacobian of this system is given by

Jr(z) = At J(2). (4.6)

We analyze the stability of the continuous-time system around critical points z* as a function of
the timescale separation 7 using the Jacobian J;(z*) in this section toward drawing conclusions
about the stability and convergence of the discrete time system 7-GDA. A critical point is said to be
locally (exponentially) stable when the spectrum of —.J(z*) is in the open left-half complex plane
C° (Khalil, 2002; Sastry, 1999). Simply put, a critical point z* is locally exponentially stable if and
only if the real parts of the eigenvalues of —J(z*) are strictly negative. Throughout, we use the
broader term “stable” to mean the following in a consistent manner with the previous chapters.

Definition 4.5 (Stability). A critical point z* = (z*,y*) € X is locally exponentially stable for
2= —Arg(2) if and only if spec(—J(z*)) C C° (= spec(J-(z*)) C C3).

Stability with respect to the continuous-time 7-GDA dynamics guarantees that the system asymp-
totically converges at an exponential rate to the critical point in a local neighborhood. Moreover,
given a suitable choice of learning rates, equivalent insights hold for the discrete-time dynam-
ics (Chasnov et al., 2020)).

Stability in Nonconvex-Nonconcave Zero-Sum Games. Given the implications regarding
convergence, a number of papers in the past several years study the stability of 7-GDA around
critical points and the connections to differential Nash and Stackelberg equilibrium in zero-sum
games (Daskalakis and Panageas, 2018} Fiez and Ratliff, 2020; Fiez et al. 2020a; |Jin et al., 2020;
Mazumdar et al., 2020)). However, this body of research focuses on general nonconvex-nonconcave
zero-sum games. In general across the spectrum of nonconvex-nonconcave zero-sum games, the
stable critical points of 7-GDA coincide with the set of differential Stackelberg equilibria only when
the timescale separation 7 — oo (Jin et al.l [2020). Given that such a choice of timescale separation
requires the learning rate v — 0 in order to retain stability of the discrete-time system, it is not
clear how to derive a practical algorithm from this insight.

Toward remedying this problem, the previous chapter provides stability results in terms of the
timescale separation concerning a given critical point, rather than across the space of nonconvex-
nonconcave zero-sum games. Indeed, we proved a stability and instability result as a function of
the timescale separation in the 7-GDA dynamics in Chapter 3] The stability results say that given
a differential Stackelberg equilibrium z*, there exists a finite 7* € (0,00) that can be constructed
such that z* is stable for all 7 € (7%, 00). On the other hand, the instability results says that given
a critical point which is not a differential Stackelberg equilibrium, there exists a finite 79 € (0, 00)
that can be constructed such that z* is not stable for all 7 € (79, 00).

Stability in Nonconvex-PL/SC Zero-Sum Games. To our knowledge, the connection be-
tween the stability (and instability) of critical points with respect to 7-GDA dynamics and game-
theoretic equilibrium notions in the semi-structured problems of nonconvex-PL and nonconvex-SC
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has not been fully characterized. We show in the following result that when a nonconvex-nonconcave
game is specialized to a nonconvex-PL game as from Definition significantly more general sta-
bility characterizations can be obtained. Notably, any critical point z* that is not a differential
Stackelberg equilibrium is unstable for all 7 > 0. Meaning that 7-GDA does not admit spurious
stable points in nonconvex-PL game. This is in stark contrast to the known fact that 1-GDA admits
spurious stable points in the more general class of nonconvex-nonconcave games as has been shown
in previous literature (Daskalakis and Panageas, [2018; |Jin et al., [2020; Mazumdar et al. 2020).
Moreover, if z* is a differential Stackelberg equilibrium, then z* is stable for all 7 larger than the
minimum 7, for which z* is stable and such a finite 7, is guaranteed to exist. This result implies
that in practice, one can select a finite value of 7 to run 7-GDA with, and all stable critical points
(if they exist) will be differential Stackelberg equilibria and if 7 is scaled up and the set of stable
points grows, then only differential Stackelberg equilibria can be introduced.

Theorem 4.1. Consider a nonconvez-PL zero-sum game (f,—f) where f € C?(X,R). Then, the
following hold: 1) Any critical point z* that is not a differential Stackelberg equilibrium is unstable
for all T € (0,00); 2) If 2% is a differential Stackelberg equilibrium, then spec(—J-(z*)) C C2 for
all T € [Ty, 00) where Ty is the minimum 7 € (0,00) such that spec(—J;(z*)) C C2 and a finite 7
s guaranteed to exist.

In comparison to the stability results for nonconvex-nonconcave zero-sum games from the pre-
vious chapter, we obtain the stronger results in nonconvex-PL zero-sum games that (i) 79 = 0 for
any critical point that is not a differential Stackelberg equilibria and (i7) a differential Stackelberg
equilibria is never unstable after it becomes stable as a function of the timescale separation 7.

The stability characterization also allows us to define a natural approximate differential Stack-
elberg equilibrium notion. The first-order conditions in Definition [4.4] can equivalently be reformu-
lated as Dy f(z*,y*) = 0 and D2 f(x*,y*) = 0. We presented the differential Stackelberg equilibrium
using the total derivative for the minimizing player in the first-order condition to mirror the pre-
sentation of proper approximate notions. In particular, let g(x,y) = (Df(z,y), —D2f(z,y)) denote
the vector containing the total derivative for the minimizing player and the individual derivative
for the maximizing player. We have the following e—differential Stackelberg equilibrium.

Definition 4.6. A point z* = (z*,y*) € X x Xy is an e-differential Stackelberg equilibrium for a
nonconvex—PL zero-sum game f € C?(X,R) satisfying Assumptions and if lg(z9)|| < e and
Re(Amin(J-(2%))) = —VeB.

4.5 Global Asymptotic Convergence Analysis

Theorem in the previous section completely characterizes the behavior of the continuous-time
7-GDA dynamics. However, ultimately we are concerned with the convergence properties of the
discrete-time 7-GDA dynamics. We begin our study of this system by providing a global asymptotic
analysis in this section of the deterministic 7-GDA dynamics presented in Algorithm

We prove in Theorem of this section that the deterministic 7-GDA (Algorithm almost
surely converges to a differential Stackelberg equilibrium in nonconvex-PL zero-sum games, a class
of games that subsumes nonconvex-SC zero-sum games. Despite this result being asymptotic in
nature, to our knowledge it is the most general class of zero-sum games in which a global convergence
guarantee to established game-theoretic equilibria has been given.
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To begin, observe that the 7-GDA dynamics do not necessarily correspond to a gradient flow a
function, which can be observed from the fact that the Jacobian J; is not guaranteed to be symmet-
ric. As a consequence, there may exist complex limiting behavior beyond convergence to a critical
point such as non-trivial limit cycles or periodic orbits. To rule out this phenomenon, we prove that
there exists potential function that decreases along the iterates of 7-GDA. The best response map is
well-defined by the implicit mapping theorem since the PL condition on the maximizing player’s
problem implies quadratic growth (Karimi et al., [2016) which in turn implies that at critical points
not only is D3f is non-degenerate, but also it is negative definite. In order to construct a potential
function for nonconvex, u-PL zero-sum games, we need the best-response map of the maximizing
player, y.(r) € argmax, f(z,y), defined implicitly by Daf(z,y) = 0 to be Lz-Lipschitz; we show
this in Lemma [4£.7 in Section

Lemma 4.1. Consider a non-convex, ju-PL zero sum game defined by f € C?(X,R) which satisfies
Assumptions cmd and has condition number k = La/u. Suppose that T > Tk?, and v <
min{3LlQT, 2(L1+1L3L2)} then, for any I' € (0,1/7], ®(z,y) = f(z,y«(x)) — T'f(z,y) is a potential
function for T-GDA.

The function f(z,y.«(z)) can be seen as the function the x player would minimize if the y
player was playing a best-response y.(z). The potential function ®(z,y) essentially captures that
along trajectories of 7-GDA, the function f(z,y) should either decrease the value of f(x,y.(x)), or
decrease the value of f(z,y.«(z)) — f(z,y) since the y-player converges at a fast rate to y.(z) given
the time-scale separation. Indeed, this potential function implicitly guarantees that the maximizing
player tracks the best response set, and that the minimizing player essentially ends up minimizing
f(z,y«(x)) as desired. The choice of 7 and the learning rate v allow us to guarantee that this
occurs.

Given the potential function in Lemma we can conclude that Algorithm converges to
critical points. The critical points may correspond to stable points of the dynamics (Definition
or saddle points of the dynamics, which are defined as followsﬁ

Definition 4.7 (Saddle Point). The critical point z* = (z*,y*) € X is a saddle point of the
dynamics z = —A+g(z) if Re(Amax(—J7(2%))) = 0 and a strict saddle if Re(Amax(—J7(2%))) > 0.

Recall that Theorem indicates that the only stable points of the continuous-time 7-GDA dy-
namics are differential Stackelberg equilibria. Thus, if we can show that the discrete-time 7-GDA
dynamics avoid saddle points of the continuous-time 7-GDA dynamics, then we can conclude that
Algorithm converges to only differential Stackelberg equilibria. The following result of Mazum-
dar et al. (2020) states that the discrete-time 7-GDA dynamics do indeed avoid saddle points of the
continuous-time systemﬁ

2This mapping is L(x + 1)-Lipschitz in the case where f(z,-) is strongly concave (Lin et al., [2020a, Lemma 4.3).

3The terminology of saddle point in this chapter is with respect to the dynamics and should not be conflated
with the terminology of a saddle point of a function.

4The saddle avoidance result of [Mazumdar et al.| (2020) holds for both general-sum n-player nonconvex games.
For simplicity, we only state it in the context of this work.
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Lemma 4.2 (Theorem 4.1 Mazumdar et al.[2020). Consider a zero sum game defined by the non-
convex, non-concave function f € C?(X,R). The set of initial conditions = € X from which T-GDA
converges to strict saddle points is of measure zero.

Lemma can be combined with the existence of a potential function (Lemma and the
guarantee that the only stable points of 7-GDA are differential Stackelberg, we obtain the following
global convergence guarantee for non-convex, PL-games. To obtain this result, we need the addi-
tional commonly assumed strict saddle point property (Ge et al., [2015; |Jin et al., [2017; [Mazumdar
et al. 2020).

Assumption 4.3 (Strict Saddle Property). Given a zero-sum game (f,—f) defined by
f € C?*(X,R), we assume the strict saddle property that every saddle point of the dynamics
18 a strict saddle point.

We are now ready to the state main result of this section.

Theorem 4.2. Consider a nonconvex-PL zero-sum game (f,—f) defined by f € 02(X R) that
satisfies Assumptions . Then, T-GDA with T > Tk?, and stepsize v < mm{ 3Ly 3 L1+L3L2)}
asymptotically converges he set of differential Stackelberg equilibrium that are stab§e for z =
—A-g(2) almost surely. That is, for almost all initial conditions, T-GDA will converge to a differential
Stackelberg equilibrium.

If we fix a 7 satisfying the assumptions of the above theorem, then if we consider the set
of stable critical points for 2 = —A;(z), we know that by Theorem this set only contains
differential Stackelberg equilibrium. It is precisely this set of differential Stackelberg equilibrium to
which 7-GDA converges almost surely. Moreover, by Theorem as we increase 7, no new spurious
non-equilibrium points are introduced to the set of stable critical points; only additional differential
Stackelberg equilibrium points can be added to this set.

We complement Theorem [£.2] with the following characterization of the convergence rate.

Corollary 4.1. Consider a nonconvez-PL zero-sum game (f,—f) defined by f € C*(X,R) that
satisfies Assumptions 4.9 Given an initialization in the region of attraction of a differential
Stackelberg equilibrium, then after O(e72) iterations at least one iterate is an e-differential Stack-
elberg equilibrium.

Observe that this corollary is a local convergence rate guarantee. The reason for this is that it
is possible that the dynamics could get stuck around a strict saddle point for a long period of time.
We deal with this problem in the next section.

4.6 Finite Time Convergence Results

In this section, we show that in nonconvex-SC games not only does gradient descent-ascent provably
converge in an almost sure asymptotic sense, but also that there is a finite time escape time from
saddle points. The game dynamics can get stuck in a region around a non-game theoretically
meaningful saddle, and while this problem has been observed in the nonconvex single player setting,
it appears more of nuanced issue in the game setting since saddles of the dynamics are not always
saddles of the function defining the game and vice versa. We show the result for the stochastic case
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in which players have unbiased stochastic gradients. The deterministic case is immediate by taking
the stochasticity to zero. Due to the length of proving these results, we omit the proofs from this
section from the thesis and refer the interested reader to the associated paper (Fiez et all 2021b).

Players do not have access to their exact gradients D;f(x,y) and Dsf(x,y). Instead, for
any (x,y) a gradient query to an oracle return the individual gradient estimates g;(x,y;61) and
g2(x,y;02) to the two players respectively, where each 6; is a random variables drawn from distri-
bution D; with 7 € Z and the stochastic gradients satisfy the following assumptionsﬂ

Assumption 4.4. For any (z,y) € Z, the stochastic gradient vector

9(w,y;0) = (g1(z,y;01), g2(x,y; 02))

satisfies D; f(x,y) = Eg,~p,[9i(x,y;6;)] andV t € R and each i € I:
P(llgi(x,4:0) = Dif (,)l| = ) < 2exp(—57).

Assumption 4.5. For each i € T and any 0; € supp(])z-), gi(+, -3 6;) is 0;-Lipschitz: that is, for all
(x1,91), (22,92) € X, [|gi(z1,y150:) — gi(w2,y2;0:) || < Lill(z1,91) — (22, y2)||-

We also make the following assumption on the properties of strict saddle points.

Assumption 4.6. The eigenvalue of J(z) with minimum real part for any strict saddle z is simple.
That is, the algebraic multiplicity ma(—n) = 1 and geometric multiplicity of ma(—n) = 1 where
—n = Re(Amin(J7(2)))-

Let £ = Ly + Ly if K < 1/2, and ¢ = Ly + 2kLo otherwise. In either case, Amax(D?f(z,v)) < £.
In the remainder, we work in the case for which ¢ > /Be; otherwise the problem of finding e-local
minmax is straightforward since all e-stationary points will be e-local minmax points.

The steps in showing that 7-PGDA (Algorithm escapes saddles with high probability largely
follow those in Daneshmand et al.| (2018)); |Ge et al.| (2015)); Jin et al.| (2017, 2021), with several
modifications due to the fact that we consider a zero-sum game as opposed to a single player
optimization problem. The challenge in the minmax (or zero-sum game) setting as compared to
the single player optimization setting is that the gradient descent-ascent dynamics in continuous-
time as given in are not a gradient flow, and hence, the eigenvalues of the local linearization
from may be complex-valued. In the key step of many of the proofs on saddle avoidance,
escaping from the stuck regions around a saddle (with high probability) is achieved by analyzing
the local linearization around the saddle point, which crucially, is symmetric. Hence, the problem
reduces to analyzing the escape time along the eigendirection of the minimum eigenvalue of the
Hessian which relies heavily on the orthogonality of eigenvectors of symmetric matrices. In zero-
sum games, the linearization is no longer symmetric and these key results have to be substantially
modified.

One of the other key distinctions is in constructing a potential function. In the existing literature
on convergence in the nonconvex-SC literature (Liu et al., 2020; |Wang et al.l [2020b; [Yang et al.,

®Note that by slight abuse of notation, we are overloading notation by using g1 (z,y; 61) and g2(z,y; 02) to denote
stochastic individual gradients for each player, whereas previously g(z,y) has denoted the vector of each players
individual gradients.



163

2020)), the proposed potential function has a structure closely related to the potential function in
Lemma in particular, it takes the form f(x,y) + r(x,y) where r(z,y) is a tracking term of
the form ||y — y«(2)||? or f(z,y.(x)). Yet, perhaps surprisingly, despite the fact that f depends on
to sequences generated by two separate gradient updates—one from minimizing f and one from
maximizing it—the descent lemma below (Lemma shows that the function f can be decomposed
into a component that is decreasing along trajectories of 7-PGDA (Algorithm and a component
that exhibits a possible increase due to randomness in the stochastic gradients and injected noise.
The primary reason for the decrease is large gradients in addition to the strongly concave structure
of the maximizing player’s problem and the timescale separation which we exploit in the proof to
ensure sufficient decrease of f along trajectories of 7-PGDA.

Lemma 4.3 (Descent Lemma). Consider a non-convezr, u-SC zero-sum game defined by f €
C?(X,R). Under Assumptions if % < v < 1/¢, then with probability at least 1 — §
for some § >0, f(xk,yr) is a potential function for T-PGDA in both the stochastic and deterministic
settings.

The descent lemma enables us to argue that with high probability, either the function value
decreases a sufficient amount or the iterates remain in a small region. Using this property of 7-
PGDA together with the descent lemma, we then show that if two sequences that are coupled (i.e.,
two sequences starting from the same initial condition and having equivalent noise except along
the direction of escape) and are in the region around a saddle point, then with high probability, at
least one of them escapes.

Putting these results together, we have the following finite time guarantee on convergence to
e-differential Stackelberg equilibria (e-local minmax points). Let f* = min,, f(z,y) be the mini-
mum value of the function f, which we assume is finite. These results provide novel convergence
guarantees to not just e-stationary points but those that are game theoretically meaningful.

Theorem 4.3. Consider a non-convez, ji-strongly concave zero-sum game defined by f € C?(X,R)
and suppose that Assumptions [f.1H{.6 hold. For any e, > 0, there exists v and T such that, with
probability 1 — & for some 6 > 0, starting from any zo = (xo,yo0), at least half the iterates of T-PGDA
will be e-differential Stackelberg equilibria after O(c~*) iterations and O(c~2) in the stochastic and
deterministic settings, respectively.

4.7 Discussion

To the best of our knowledge, our results are the first to guarantee global convergence of gradient-
based algorithms to game theoretically meaningful equilibria in such a general class of games. We
believe that a more detailed analysis could make use of the potential function defined for nonconvex-
PL in Section [£.5] to prove similar finite-time results for 7-PGDA, though the proof appears to be
tedious and hence, we leave this for future work. We also believe future work can be done to obtain
global guarantees in this class of games to game-theoretically meaningful equilibria without gradient
information and also in the setting with constraints extending recent saddle avoidance results for
the single player nonsmooth, constrained setting.
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CHAPTER 4 APPENDIX

4.A Preliminaries

We now review preliminaries on PL functions and nonconvex-PL zero-sum games, along with a
linear algebra needed for the proofs.

4.A.1 Polyak-Lojasiewicz Functions and Nonconvex-Polyak-Lojasiewicz Zero-
Sum Games

In this section, we state properties of PL functions in the context of nonconvex-PL zero-sum games.
Specifically, we characterize the curvature around critical points of PL functions and also state
Lipschitz and smoothness properties that follow from our assumptions. These properties will be
used in both the proofs for the local stability and the global convergence in nonconvex-PL zero-sum
games.

We begin by stating a known property (Karimi et al., |2016) that pu-PL functions satisfy a
quadratic growth condition also with parameter p. For clarity of presentation, we present this
condition in the context of the nonconvex-PL zero-sum games we study.

Lemma 4.4 (Karimi et al|2016). Consider a non-convex, u-PL zero-sum game defined by f €
C?(X,R). For all x € Xy, the function f(z,-) satisfies the following quadratic growth condition:

1
max f(z,y) — f(z,y) > Sllyp — yl* Vy € Ao (4.7)
y' EXo 2

where y,, is the projection onto the set arg max,cy, flx,y).

We now show that the quadratic growth property of PL functions implies that D3 f(z*,y*) <
— &1 at any critical point (z*,y*) of a u-PL zero-sum game. This means that at any critical point
of the game, player 2 must be at a maximum. The following property will be used in the proof of
Theorem [4.1] in Section 4.Bl

Lemma 4.5. Consider a non-convez, ju-P~L zero-sum game defined by f € C?(X,R). At any critical
point (x*,y*) of the game, that is where D1 f(x*,y*) = 0 and Dy f(z*,y*) = 0, the individual Hessian
of the mazimizing player given by D3f(x*,y*) is negative definite and eigenvalues bounded above
by —p/2.

Proof. Let us consider any critical point (z*,y*) of the game so that D;f(z*,y*) = 0 and
Dy f(x*,y*) = 0. Taking a Taylor expansion of f(z*,-) about the point y*, we and get that

fa*,y) > fa*,y") + Daf (2%, 5") " (y — y*) + %(y — ") D3 f(*,y") (Y — )

= f(z*,y") + %(y —y") ' D3f (=", y")(y — y7)
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Hence, from the quadratic growth condition of Lemma [{.4] we have that
M * * * * * * * *
Sy =l < F@"y) = %) < = —v") D"y )W — o)

and consequently

I * * % * * % 1%
Sy =l = =D3f ", y")ly" - wll* = Dif(a",y") = -5
Since this holds for any critical point, the conclusion follows. O

We now state several more properties that will be used in most of the proofs in Section [£.C]
regarding the results for nonconvex-PL zero-sum games from Section [4.5

Danskin’s theorem in optimization provides conditions under which D f(x, y.(x)) where y*(z) =
arg max, ¢y, f(z,y) is equivalent to Dy f(z,y.). That is, it gives conditions when the gradient of the
function f(z,y.«(z)) is equal to the gradient of f(z,y.) evaluated directly at the optimum. Typically
this requires the maximizer to be unique. However, it has been show that for nonconvex-PL zero-
sum games, this property carries over even without a unique solution.

Lemma 4.6 (Danskin-Type Property for PL functions|Nouiehed et al.|2019, Lemma A.5). Consider
a non-convex, ju-P~L zero-sum game defined by f € C?(X,R) satisfying Assumption . Then,

Df(x,ye(x)) = Dif(2,ys(x)) where y.(x) earger;{laxf(x,y)
yca2

We now show that the mapping y.(x), defined implicitly by Dsf(z,y) = 0 is Lipschitz in
nonconvex-PL zero-sum games.

Lemma 4.7. Consider a non-convex, u-PL zero-sum game defined by f € C?(X,R) satisfying

Assumptions and . The best-response map y.(z) € arg max, f(z,y), defined implicitly by
Dof(x,y) =0 is Lg = —Lipschz’tz. That is, for all x,2' € Xy,

ly«(2) = yu(@")]| < Lallz — 2'||.

Proof. For all x,2’ € Xy, we have that

[9+(2) = y«(2")| < max || Dy..(2)|l[|lz — 2’|

< max ||(Dy f (v, y« (1))~ | Dya f (v, s (0)) ]| — 2]
B

< — |z = a'|| = Ls||z — 2||.
I

O]

Finally, we assume that total derivative D f(z,y) is Lipschitz in nonconvex-PL zero-sum games.
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Assumption 4.7. The total derivative Df(z,y) = D1f(z,y) — Diaf(z,y)[D3f(x,y)] ' Daf(z,y)
is Ls-Lipschitz. That is, for any x € X1 and all y,y € Xs,

IDf(z,y) —Df(z,y)|| < Lslly — /|-

Note that if f is Lipschitz in y, then the above assumption follows directly from the proceeding
assumptions on the smoothness of f.

4.A.2 Linear Algebra
In this section, we state a property regarding matrix inertia that is important for the proof of
Theorem [£.1] in Section E.Bl

4.A.2.1 Matrix Inertia

The following result from Lancaster and Tismenetsky| (1985, Theorem 2, Chapter 13.1) is needed
for the proof of Theorem given in Section [I.B] We include it here for ease of reference. For a
given matrix A € R™" v (A), v_(A), and ((A) are the number of eigenvalues of the argument
that have positive, negative and zero real parts, respectively.

Lemma 4.8 (Lancaster and Tismenetsky 1985, Theorem 2, Chapter 13.1). Consider a matriz
A e R,

(a) If P is a symmetric matriz such that AP + PAT = Q where Q = Q' = 0, then P is
nonsingular and P and A have the same inertia, meaning that

vi(4) = va(P), v_(4) = v_(P), ¢(4) = ((P). (48)

(b) On the other hand, if ((A) = 0, then there exists a matriz P = PT and a matriz Q = Q' > 0
such that AP + PAT = Q and P and A have the same inertia so that (4.8) holds.

4.B Stability Analysis: Proof of Theorem 4.1

We begin by proving the first claim of the theorem statement.

Proof of 1. Let us first consider the case that a given a critical point z* could be such that
S1(J1(2*)) or —D3f(z*) are singular. By Lemma we know that for any critical point z*,
—D32f(z*) = 0 so that —D2f(2*) is non-singular. Observe that at any critical point z*, since
—7D3f(2*) is positive definite for all 7 € (0, 00), the following identity holds for any 7 € (0, 00):

det(J,(2)) = det(S1(J(2*))) det(—7 D3 f(2*)).

From the fact that det(—7D3f(z*)), it then easily follows that det(J.(z*)) = 0 if and only if
det(S1(J(2*))) = 0. Note that det(J,(z*)) = 0 if and only if 0 € spec(J,(z*)) since eigenvalues of
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a real square matrix are either purely real or come in complex conjugate pairs. Hence, given any
critical point such that det(S;(J(2*))) = 0, then 0 € spec(J-(z*)) and spec(—J(z*)) ¢ C2 for all
7 € (0,00). Hence, any critical point such that S;(J;(z*)) is singular is unstable for all 7 € (0, c0)
and such a point is not a differential Stackelberg equilibrium.

Now, suppose that z* is a critical point such that Sy(Ji(2*)) and —D3f(z*) are non-singular.
Let spec(—J5,(2*)) C C for some 1 € (0,00). We know that —D3f(z*) = 0 by Lemma We
argue by contradiction that S;(J;(z*)) > 0. Towards this end, suppose not.

Since det(S1(J1(2*))) # 0 and det(—D3f(z*)) # 0, by Lemma b, there exists non-
singular Hermitian matrices Pi, P, and positive definite Hermitian matrices @1, Q2 such that
- Sl(Jl(Z*))Pl - P1 Sl(Jl(Z*)) = Ql and D%f(z*)PQ + PQD%f(Z*) = QQ.

Furthermore, — S81(J1(2*)) and P; have the same inertia, meaning

vy (=8S1(J1(27))) = v (P1), v-(=81(J1(27))) = v—(P1), ((=81(J1(27))) = ()

where for a given matrix A, vy(A), v_(A), and ((A) are the number of eigenvalues of the argument
that have positive, negative and zero real parts, respectively. Similarly, D% f(z*) and P, have the
same inertia:

v (D3 f(2%) = vi(P), v-(D3f(2%)) = v_(P2), ((D3f(2%)) = ((P2).

Since — S(J1(z*)) has at least one strictly positive eigenvalue, vy (Py) = vy (—S(Ji(2*))) > 1.

Define -
[ L[ 0][I o

r=lo 7[5 Al ) (0
where Lo = (D32f(2*)) 1D/, f(2*). Since P is congruent to blockdiag(Py, P), by Sylvester’s law
of inertia (Horn and Johnson, 2012, Thm. 4.5.8), P and blockdiag(Py, P») have the same iner-
tia, meaning that v;(P) = v (blockdiag(Py, P»)), v_(P) = v_(blockdiag(Pi, P2)), and ((P) =
¢(blockdiag(Py, P»)). Consider the matrix equation —P.Jy(z*) — J (2*)P = Qn, for —J (2*)
where

L I 0
Q= [0 I]Bm [Lo I} (4.10)
with

Q1 PDyaf(2*) = S(J1(2*)) Lg P

B =\ (PuD1af(=*) - S((=*)) LI P))T  PaLoDiaf (=) + (PaLoDiaf(=*))" + 70Qe

which can be verified by straightforward calculations. The matrix B, is a symmetric matrix, and
it is positive definite. Indeed, first observe that )1 > 0 and Q2 > 0. Then showing B, > 0 reduces
to showing PoLoD12f(2*) + (PoLoD12f(2*))T = 0, which is the case because D3 f(z*) < 0 implies
that P, < 0 so that

Pa(D3f (") Dipf (") Dizf (2*) + (Pa(D3 (7)) 7 Diy f(z") D12 f (%) = 0

since the produce of negative definite matrices is positive definite and so is the product of positive
definite matrices. Now, since B,, > 0 so is @), since they are congruent. Since spec(—J (z*)) C



168

C°, Qr, > 0implies that P = PT < 0 (by Lyapunov’s theorem). Hence, P; and P, must be negative
definite since P is congruent to diag(Py, P»), but this gives us a contradiction with the fact that
P; has the same inertia as — S1(J1(z*)) which we assumed to have at least one positive eigenvalue.
Hence, if spec(—Jr,(z*)) C C2 for some 79 € (0,00), then it must be the case that S;(J1(z*)) > 0
which means z* is a differential Stackelberg equilibrium since we also have —D3f(2*) = 0 by
Lemma [4.5

Thus, we can finish the proof of part 1 as follows. Consider any critical point z that is not
a differential Stackelberg equilibrium and is unstable for the nominal 79. Then, we claim that
spec(—J-(2)) ¢ C° for all 7 > 79. Suppose not. That is, there is some 71 > 7y such that
spec(—J,, (%)) C C°. But by our argument above, since —D2 f(#) > 0, this implies that S1(J1(Z)) >
0 which contradicts that Z is not a differential Stackelberg equilibrium. Hence, any critical point
z* that is not a differential Stackelberg equilibrium is unstable for all 7 € (0, 00).

Proof of 2. We note that the fact there exists a finite 7 € (0,00) such that a differential
Stackelberg is stable is known (Fiez and Ratliff, 2020)). Let 7* denote the minimum 7* such that
a differential Stackelberg equilibrium z* is stable. To see that spec(—J;(z*)) C C2 for all 7 > 7*
given that spec(—J;+(2*)) C C2, we can again examine the Lyapunov equation under the congruent
transformation. We define the matrix P as above in equation where P; < 0 and P, < 0 since
—8(J1(2%)) < 0 and D3f(2*) < 0 with Q1,Q2 = 0. With

[ L I 0
@l el
and

Ql P1D12f(z*) — S(Jl(z*))LgPQ

Br = (PiD12f(2*) — S(J1(2*))Lg P2)T  PyLoDiaf(2*) + (PaLoD12f (2%)) T + Qo

we again can see that ), > 0 for the same reason as above for any 7 > 7*. This, in turn, implies
that spec(—J;(2z*)) C C2 for all 7 > 7* since we constructed a Lyapunov function for z*. Thus,
we conclude that if z* is a differential Stackelberg equilibrium, then spec(—J-(z*)) C C2 for all
T € [T, 00) where 7, is the minimum 7 € (0, 00) such that spec(—J-(z*)) C C% and a finite 7 is
guaranteed to exist.

4.C Global Asymptotic Convergence Analysis
We now provide the proofs pertaining to the results presented in Section

4.C.1 Proof of Lemma [4.1]

Let the best response be denoted by

Y«(z) € argmax f(z,y).
yEXs

Since the function f(z,-) is PL, there set maximizers may not be a singleton. Hence, y.(x) is an
element of the set of maximizers.
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We claim that for any T € (0,1/7],

Q(wpy1, Yka1) — P(@r, yk) = T (f(2rs yi) — f(@ra1, Ynr1)) + f (@1, Y (r11)) — f(@n, v (1)) <0

-~

(%) (i4)

To show this, we need to bound each of the two terms (i) and (ii).

Bounding term (i): f(xk,yx) — f(®k+1,Ye+1). To begin, we add and subtract f(xg,yg+1)
to (i) and get

F(@r,uk) — f@rg1 Yra1) = f@ro ) — (@0 Uk1) + @k Yrg1) — f(@rg1s Yrg1)- (4.11)

From a Taylor expansion of —f(zy, yx+1) with respect to yx11 we obtain

Lo
—f(@rs Yer1) < —f @k, yx) — (Dof (Ths Y&), Y1 — Y&) + 7||yk+1 — ull3

TZ'yQLg

5 | Do f (x5, yr)|I3

= —f(xr, yx) — 7Y (D2f (vr, Yx), Do f (Tr, yx)) +

7'272L2

= (o) — (7 - YIDaf (s ) I3
Hence, rearranging this bound and combining with (4.11]), we get

7‘272L2
2

D2 s lI3 + £ s i) — F@nen, gos):
(4.12)

F (@) = f(nsn, poen) < = (77—

Now, from a Taylor expansion of — f(xg41, yx+1) with respect to xp41, we get

L1~?
2

L 2
= —f(@r, yry1) + V(D1f (@r, Yry1), Dif (@, k) + %“le@k,yk)ng-

|zhe1 — 2kll3

—f(@rt1, Ykr1) < —F(@hy Urt1) — (D1f(Tky Ykt1), Thp1 — Tx) +

We now add and subtract || D1 f(x, yx)||3 to obtain

L2
Flaryker) — F@rs1, ykr1) < ¥D1f(z, yksr) " D1 f(zr, y) + 5 | D1 f (x5, yr) |3

+ D1 f (@, k) ' D1f (@i, yi) — VI Do f (s i) |13
= (D1 f(xk, Ykt+1) — Dif(xr, k), D1f @k, yr))

Liy? + 2y
+ #HDJ(%?%)H%- (4.13)
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Next, we combine this with (4.12)) to get

7292 Ly Liv? 4 2y

f(@r, yr) — f(@rg1, Urgr) < —(TW - )||D2f($k,yk)”2 + 5
+ (D1 f(@k, Yrt1) — D1 f (k, yk), D1 f (2, yr))

7_2 2L2 Ll 2+2
< —(r1 = TV IDsf(on ) I + 2D f o )3

+ D1 f (ry Yrv1) — Duf (@, ye) 11D f (2, yr) |l

D1 f (k. yr) |3

where we used Cauchy-Schwartz in the last inequality. Applying Young’s inequality on the last
term, we have that

T272L2
5 > | Daf (zg, y) ||* +

Y
+ §HD1f(90k,yk+1) — D1 f(zk, yr)|?
< (T’Y B 7292 Ly _ v(77)2L3
2 2
L2+ 2v+7

+ fHle(xkayk)H%' (4.14)

L2+ 2y 4+~
2

ﬂuww—fmmhwﬂ)§—<w— 1D f (e ) 3

)HDﬁ@mwwz

Bounding (ii): f(@k+1, Y« (Tr+1)) — F(Tk, y«(xr)). Tobound (ii), we take a Taylor expansion
of f(zk+1,Ys(zr+1)) to get that

2
F@ra1, ys(@r11)) = f(zr, ys(on)) < (Df(wp, yu(2k)), Thir — Tg) + L4; D1 f(zk, yi)|* (4.15)
2
= Do), DS e ) + o D f )|

(4.16)
where Ly < Ly + LoLg is the Lipschitz bound on the total derivative of f(x, y. (m))ﬁ

Combining bounds. We now combine the bounds on (i) and (ii). Combining the (4.14) and
(4.16)), we have that

D (i1, Yor1) — L(@r, yr) < = V(D f(@k, y«(zk)), D1 f (2r, yr))

Y (Lay+TLiy+30 9

+3 (B 1D f )| )
9Ly y(m)’L3

-1 (- T - ) il

To further bound the above expression, we start by bounding the first two terms. Towards this

6See Lemma for the derivation of Ls.
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end, define
V = =D f(xk, y«(x1)), Dif (2, yr)) + %(Lﬂ + L1y +30)| D1 f (2, yi) 13- (4.18)

Recall that v < 1/(2L4) and v < 1/(2max{L;, La}). Since I < 1/7,

1 7
YL+ TL) +T3< o4 o <1,

Completing the square in (4.18]), we have that

V < (D f @hs yu(wn)) Daf @ o) + S D1 f (o)

< — 211D S (i, e (@) P + DS (e, ye(er)) = Dif (e, o)

IN

L2
— 2 IDf e ye @) P + T2 1y = ()| (4.19)

IN

N Df(a 2 ﬁp 2 4.20
5 kY (@)™ + -1 D2 f (2, ye) | (4.20)

where in (4.19) we used the fact that D;f(z,y) is Lipschitz in y and Df(xg,y«(zx)) =
D1f(z,9)ly—y. (z) by Lemma Further, in (4.20)), we used the quadratic growth property of PL

functions.

Now, by combining the bound on V' with the remaining terms in (4.17)), we have

v
D(2py1, Yor1) — P(Th, yi) < _§||Df($kay*($k))”2

K2 I'ryLy  T7v2L3 (4.21)
—-T 2 ) |D %
+ 7 (27- t——t—3 > 1 Da2.f (i, i) |
Let - )
C—_T'4 I'ryLy  T'ry“L3 n K7

As long as C < 0, as claimed, ®(-) will be a potential function. To see this, we upper bound C' as
follows:

K2 T K2 3 I [ k2 3
:——F<1——L L2)<——F 1= oLy ) <= (52 o4 2041
=5 5 (atola)) <o ( R 2)-2(1“7 T 2)

since v < 1/(2max{L1, L2}). Since 7 > I'"!x% and v < 1/(3La7), we have

T /K2 3 r/3 r
o< (5 oy <o (oL —1) < ——.
_2<FT t3™ 2)-2(2”2 )< A

Hence,

7T

5
Q(2py1, Yor1) — P(Th, i) < —§||Df(93k,y*(iﬂk))\|2 - T||D2f($kayk)H2
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which completes the proof of the claim that ® is a potential function since it is decreasing along
trajectories.

4.C.2 Proof of Theorem [4.2]

This result follows nearly immediately from Theorem 4.1} Lemmal4.1], and Lemmal[4.2] In particular,
the potential function ® from Lemma [4.1] guarantees that

I
THDﬁ(ﬂfk, i) |12

D (Thy1, Ybr1) — P(xn, yk) < — = | D f(p, yu(zn)) I —

o2

Thus, the potential function only stops decreasing when we have both

IDf @k, ys(z))I” =0 and || Daf(zk, y)|I*> = 0.

By the quadratic growth of u-PL functions (see Lemma [4.4)) and the PL property in nonconvex-PL
zero-sum games, we have that

o= 9l < ~(max (a1.9) = f @) < 5 [Daf )|

Hence, if | Daf (zk, yr)||? — 0 then yp — yu(xx). In particular, when ||Dof (zk, yx)||*> = 0, we have
that y, = y«(z3) so that | Df(zg, y«(2x))||? = 0 if and only if || Dy f(xx, yx)||?> = 0. This implies that
the potential function only stops decreasing at critical points and this is the only place that a limit
cycle could exist. Since the only stable points of 2 = —A,(z) are differential Stackelberg equilibrium
by Theorem and 7-GDA avoids strict saddle points of 2 = —A,(z) almost surely by Lemma
and the assumption that all saddle points are strict saddles, we can conclude that 7-GDA almost
surely only reaches a critical point if it is a differential Stackelberg equilibrium. Thus, these facts
ensure that the 7-GDA dynamics almost surely converge to a differential Stackelberg equilibrium.

4.C.3 Proof of Corollary

For this proof, consider any € > 0. Our approach will be to show that for

2(®@(wo,y0) — ®(2r,yr))

T>
e2ymin{1, 7T}

Y

we have that

smin max { D (i v (20) | [ Dof (e i) ||| = mas { D (@erys(w ) [ Dof (s ) [} < e

Then, we prove that given this factﬂ

1D ()l < (1+22)e,

"See Assumption for the derivation of Ls.
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This will then allow us to conclude for

2(1 + %)2@(900, Yo) — ®(x1,yr))

T >
- e2ymin{l, 7T} ’

(4.22)

we have both
[Df(zs,ys)| <e and |[[Daf(zs,ys)ll <e.

Then, by selecting the parameters to minimize the right-hand side of (4.22)), we are able to conclude
that at least one iterate of the 7-GDA dynamics are an e-differential Stackelberg equilibrium after

2<1 + %)2@(:60,1/0) = ®(z7,y7))

T>
- e2ymin{l, 7T’}

iterations.

We now formally prove this. Summing the bound on the potential function from Lemma
we get the following that is justified below:

S

-1

(@0, y0) = ©wryr) = Y (@(ar ) = O(rsr yies1)) (4:23)
k=0
7 TVF
> 5 2 IDf ey (I + S 1D o) (4:24)
k=
=0 . 0
> 2 min{1, 7T} Y (I1DS (e ye (@) + 1Dof (2, ) ) (4.25)
k=
T
> 2 min{1, 7T} Y max { | Df @,y (@) I 1 Dof (e y) P} (4:26)
k=0
> 2 win{1, 70} i e {|[DF (. (o) P Do (o ) I}

(4.27)

Observe that follows from telescoping of the sum, is a result of applying the bound
on the potential function, holds since it is replacing a coefficient of a positive number with
something smaller, holds since the sum of positive numbers is greater than the max, and
is obtained from the fact that the sum of T" positive numbers is greater than 7" times the minimum
number.

From the previous steps, and also rearranging terms and then taking the square root, we have

\/ ARl = P rl) i o {ID o (o) | Da o) -
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We now want to find T such that

2(®(z0, yo) — (21, y71))
T~ min{l, 7I'}

<e. (4.28)
0<k<T—1

min max{||Df(mk,y*($k))||, ||D2f($k7yk)||} < \/

By moving terms around, we find that the inequality in (4.28]) holds for any 7" such that

2(®(zo,y0) — ®(2r,yr1))

T>T":=
- e2ymin{1, 7T’}

This proves that there exists some iterate 0 < s < T — 1 such that for T" > T™, we have both

[1Df (s, y«(xs))l| <& and || Daf(xs,y5)|| <e.

We now show that this implies a bound on ||Df(xs,ys)||. In particular, using the fact that f(z,-)
is u-PL, we have that

o = el < = (e Fa ) = Foea)) = = (Fape)) = Foen) < S 1Daf o) -

Since ||Daf (x5, ys)|| < e, we know that |ys — yu(zs)]] < % Then, observe that we have

IDf(zs,ys)l| = IDf(xs,ys) — Df (x5, yx(x5)) + D f (25, ys(5)) |
<|[Df(zs,ys) — Df (s, yu(zs)) | + (| Df (25, yu(25)) |
< Lsllys — yu(@s) || + | Df (s, ys(25)) |
< V2Ls¢e te \/§L5)€’

7 7

- (1+

where we obtain the first inequality using the triangle inequality, the second inequality using the

Lipschitz bound, and the final inequality using that ||Daf(zs,ys)| < € and ||ys — y«(zs)|| < %

Thus, in order to determine the iteration complexity 7" needed to get that || Df(xs,ys)|| < & we
redefine the given ¢ to be e = &'(1 + %) and get that for

2(1 4+ 2 @z, o) ~ B, 1))

T>T":=
- e2ymin{1, 7T’}

)

we have both
[Df(zs,ys))l <e and ||Da2f(zs,ys)| <e.

1
Li+L3L2)

To finish, we select 7 = 8x%, I' = 1/8, and v = %min{3L127> 57 } to get an iteration

complexity of.

2
4(1 + %) max{24Lok?, 2(Ly + L3La) }(® (o, yo) — ®(x7, Y1)

T =
)
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Thus the iteration complexity is (5(5_2) as claimed to reach an e-differential Stackelberg equilibrium.
We note that the assumption of initializing in the region of attraction of a differential Stackelberg
equilibrium is based on the the stability result from Theorem [4.1] that guarantees there exists a
local neighborhood on which 7-GDA converges toward the equilibrium that is stable.
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Part 11

Sequential Decision-Making under Uncertainty
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Chapter 5

Sequential Decision-Making in Peer Review Bidding
Systems

This chapter being our study of sequential decision-making problems. A number of applications
involve sequential arrival of users, and require showing each user an ordering of items. A prime
example (which forms the focus of this chapter) is the bidding process in conference peer review
where reviewers enter the system sequentially, each reviewer needs to be shown the list of submitted
papers, and the reviewer then “bids” to review some papers. The order of the papers shown has a
significant impact on the bids due to primacy effects. In deciding on the ordering of papers to show,
there are two competing goals: (i) obtaining sufficiently many bids for each paper, and (ii) satisfying
reviewers by showing them relevant items. In this chapter, we begin by developing a framework to
study this problem in a principled manner. We present an algorithm called SUPER*, inspired by the
A* algorithm, for this goal. Theoretically, we show a local optimality guarantee of our algorithm
and prove that popular baselines are considerably suboptimal. Moreover, under a community
model for the similarities, we prove that SUPER* is near-optimal whereas the popular baselines are
considerably suboptimal. In experiments on real data from ICLR 2018 and synthetic data, we find
that SUPER* considerably outperforms baselines deployed in existing systems, consistently reducing
the number of papers with fewer than requisite bids by 50-75% or more, and is also robust to
various real world complexities.

5.1 Introduction

It is well known that peer review is essential for ensuring the quality and scientific value of research
(Bianchi and Squazzoni, 2015 Black et al. 1998} Thurner and Hanel, 2011)). A fundamental chal-
lenge in peer review is matching or assigning papers to qualified and willing reviewers. Common
methods to deal with this problem often rely on access to a similarity matriz containing scores
for each paper-reviewer pair expressing the estimated match quality between them. The similarity
matrix is often obtained using feature-based or profile-based matching mechanisms that leverage
keywords and available reviewer publications (Charlin and Zemel, |2013; Price and Flach, 2017). A
number of automated methods to match papers with reviewers using similarity scores have been
proposed that optimize objectives such as cumulative similarity or fairness notions (Garg et al.
2010; Karimzadehgan et al., 2008; |Long et al., [2013; [Stelmakh et al., 2019b; Tang et al.l |2010).

A shortcoming of automating the paper matching process stems from the failure to actively
incorporate reviewers within the paper assignment phase of the review process. The outright
dependence on the similarity scores can be problematic since the preferences of reviewers can change
frequently and the similarity scores themselves can be noisy. Bidding has emerged as a mechanism
for aiding in and improving the peer review process under the guise that active engagement of the
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reviewer leads to assignments more aligned with their preferences and higher review quality (Di
Mauro et al., 2005]).

In typical peer review process, when the bidding process opens, reviewers enter the system in
an arbitrary sequential order. Upon entering, a list of papers is shown to them and they are asked
to place bids on papers they would prefer to review. Following the bidding process, bids can be
incorporated into the reviewer-paper assignment mechanism. It is known that the order of papers
presented to reviewers in the bidding stage can greatly impact the number of bids that a paper
receives (Cabanac and Preuss, 2013). From the perspective of the platform, there are two competing
goals: (i) ensure that each paper has a sufficient number of bids, and (ii) ensure individual reviewer
satisfaction by showing relevant papers.

With regard to goal (i), the platform aims to select a display order for each reviewer such that
at the end of the bidding process, each paper has at least a certain number of bids. The main
objective of ensuring a minimum number of bids on each paper is to improve review quality for
all papers (Shah et al.;, 2018]). The well-documented primacy effect (Murphy et al., 2006|) suggests
that papers shown on top of the ordering are the ones on which reviewers are more likely to bid.
Consequently, this objective strongly suggests that papers with few bids should be placed higher
in the list. Indeed, |Cabanac and Preuss (2013) make the following remark:

“It is advised to counterbalance order effects during the bidding phase of peer review
by promoting the submissions with fewer bids to potential referees. This manipulation
intends to better share bids out among submissions in order to attract qualified referees
for all submissions.”

With regard to goal (ii), the platform aims to display ‘well-matched’ papers to each reviewer.
That is, the set of papers to be displayed is composed of papers on which the reviewer is most
likely to bid. There are several reasons to select well-matched papers. It is generally assumed
that reviewers are more likely to place bids on papers they are qualified to review (Rodriguez
et al., 2007). Furthermore, reviewers that place positive bids on papers are more likely to give a
review with high confidence and voice sharp opinions of acceptance or rejection that help guide
final decisions on papers (Cabanac and Preuss, [2013). A number of comprehensive surveys also
indicate that a primary motivation of reviewers is the ability to help and contribute to the work
of colleagues (Mulligan et al., |2013; Ware, [2008). Failing to display relevant papers to reviewers
can result in several unintended negative consequences. If irrelevant papers are shown early in the
order to a reviewer, it may cause the reviewer to opt-out and disengage with the system even if
further down the list there was an option that they would have happily bid on. Similarly, a poorly
selected ordering may result in significantly fewer bids from a reviewer.

Competing objectives of this form are not unique to peer review systems and they appear
in a number of applications. A fitting example is an intermediary between distinct user groups
that seeks to facilitate interactions and satisfy each party. For example, in online labor markets,
the platform must ensure each job obtains a sufficient number of applicants and that workers are
presented with tasks they are qualified enough for to be considered. Similarly, in online e-commerce
marketplaces, as the platform decides how to show products to users, there is a definite trade-off
between satisfying merchants offering products that need to be sold and users that want to be
shown relevant items. We maintain peer review as a running example and comment further on
relevant applications at the end of this chapter.
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In peer review, it is recognized that actively engaging reviewers in the paper assignment process
via bidding can greatly improve the review process. If administered inadequately, bidding can in fact
have a significant negative impact on the quality of the review process. In the words of |[Rodriguez
et al.| (2007)),

“Since bidding is the preliminary component of the manuscript-to-referee matching algo-
rithm, sloppy bidding can have dramatic effects on which referees actually review which
submissions.”

A study on the 2016 Neural Information Processing Systems (NeurIPS) conference revealed the
distribution of bids arising from a typical bidding process leaves significant challenges to match
papers with reviewers (Shah et al., 2018). It was observed that a considerable number of reviewers
do not place a sufficient number of bids and papers commonly fail to obtain as many bids as the
number of reviewers needed. This phenomenon is detailed in (Shah et al., 2018) amongst the 3,200
reviewers and 2,400 papers.

“Moreover, there are 148 reviewers with no (positive or negative) bids and 1201 reviewers
with at most 2 positive bids... We thus observe that a large number of reviewers do not
even provide positive bids amounting to the number of papers they would review. As a
consequence of the low number of bids by reviewers, we are left with 278 papers with
at most 2 positive bids and 816 papers with at most 5 positive bids... There is thus
a significant fraction of papers with fewer positive bids than the number of requisite
reviewers.”

The study also found that there were 1090 papers with no positive bids from the area chairs. The
inability to elicit meaningful bidding information in NeurIPS is far from an aberration. In a study
of the 2005 Joint Conference on Digital Libraries, 146 out of the 264 submissions did not obtain
any bids (Rodriguez et al., 2007). The shortfalls of existing bidding systems shift the onus of the
reviewing assignments away from the participants and to the paper matching mechanisms.

Despite the importance of the bidding process in peer review, there is not yet much fundamental
research on the problem of optimizing the display order during the bidding process, and much less
so in consideration of the two objectives identified thus far. In practice, the display order is typically
determined via heuristics such as a fixed ordering (e.g., order of submission), or in decreasing order
of the relevance of the papers to that reviewer, or in increasing order of the number of bids received
by the paper until then.

A key reason that bidding can fail is that papers are suboptimally displayed to the reviewers.
Consider a paper that is not an ideal match for any reviewer in the system. If papers are ranked
for display simply by how well-matched they are to reviewers, this particular paper may be shown
far down in the ranking for each reviewer and hence, not receive many, if any, bids. The risk of this
scenario is elevated for interdisciplinary research, which is know to face significant impediments as
a consequence of the lack of ideally matched peers (Porter and Rossini, [1985; Travis and Collins,
1991)).

On the other hand, if papers are inversely ranked by the number of bids they have obtained,
then papers with fewer bids are more likely to be shown higher on the list regardless of how well-
matched they are to any particular reviewer. This display order may cause reviewer dissatisfaction,
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which in the worst case could result in zero bids. Similarly, ordering heuristics that are based
on a fixed baseline may lead to bias in the review process. Indeed, in the report of a study of
42 peer-reviewed conferences in Computer Science, it was observed that under a fixed ordering
(based on the submission time), the number of bids on papers is heavily influenced by the order of
submission times of the papers (Cabanac and Preuss, [2013). It was concluded that the later the
paper is submitted, the fewer bids it will receive.

Given the flaws of existing peer review bidding systems, we study the important problem of
selecting the ordering of papers to display to each arriving reviewer in a principled manner.

5.1.1 Contributions

The key contributions of this chapter are summarized as follows.

Problem identification and formulation (Section [5.2). The bidding process is highly con-
sequential, yet one of the most understudied components of the conference peer-review process. We
identify a key source of unfairness and inefficiency in the bidding process, and develop principled
methods to address it. A key challenge is suitably formalizing the peer review bidding process, for
which to the best of our knowledge there are no prior formulations. We formulate an objective
function that captures the competing goals of the platform while reflecting the underlying decision-
making process of reviewers. The framework developed in this chapter to analyze the problem is
an important step toward future improvements on bidding systems.

Algorithm design (Section . We present a sequential decision-making algorithm called
SUPER* to address this problem. The algorithm takes as input the “similarities” between each
reviewer-paper pair and the bids made by all past reviewers, and outputs the ordering of papers to
show to any current reviewer.

Theoretical results (Section [5.4). We show two sets of theoretical results. We first consider
a notion of ‘local’ performance: the performance with respect to a single reviewer. We prove that
SUPER* is locally optimal whereas all popular baselines are considerably suboptimal. Our second set
of theoretical results are based on a community model, where we prove that SUPER* is near-optimal
(globally) and all popular baselines are considerably suboptimal.

Experiments on real and synthetic data (Section . We run extensive experiments using
similarity scores from ICLR 2018 and on synthetic data. The experiments reveal that the SUPER*
algorithm outperforms all popular baselines. For instance, it consistently reduces the number of
papers with fewer than requisite bids by 50-75% while maintaining individual reviewer satisfaction.
In addition, we see that SUPER* is very robust to model mismatches and complexities of the real-
world review process.

We remark that the proofs of theoretical results are left to an appendix that follows the chapter.

5.1.2 Related Work

The paper ordering problem for the bidding process in peer review bears a strong resemblance to
the learning to rank problem (Aslanyan and Porwal, |2019; Cao et al., 2007; Momma et al., 2019;
Singh and Joachims|, [2019; [Svore et al| [2011; |[Yadav et al., [2019). Typically, the goal of learning to
rank is to learn an overall ranking of items via supervised methods or by querying users, where the
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latter provides further information on the relative ranking of items. In peer review, the objective
of finding a ranking most suitable for an arriving reviewer during the bidding process is analogous
to learning to rank methods that consider the utility of rankings for users along with the impact
on the items being ranked (Singh and Joachims| 2019} [Yadav et al. [2019)). Moreover, the bidding
model considered in this work is motivated from that which is commonly adopted in learning to
rank models (Aslanyan and Porwal, [2019).

As formulated in this chapter, the goal for the design of the bidding process in peer review is to
optimize for multiple criteria reflecting the objectives of the reviewers and the papers, respectively.
This is not unlike the methods of [Singh and Joachims| (2019) and [Yadav et al. (2019), which
consider a fairness objective in combination with a ranking quality objective, or the multi-objective
learning to rank problems studied by Svore et al. (2011) and [Momma et al.| (2019). In the works
of Singh and Joachims| (2019)) and |Yadav et al.| (2019)), the objective of ensuring fairness is encoded
as a constraint in the optimization problems. Similarly, Svore et al. (2011)) optimize a linear
combination of ranking measures referred to as a ‘graded measure’ and (Momma et al., [2019)
convert a constrained optimization problem into an unconstrained problem by penalizing constraint
violations in the objective. In each of the aforementioned works, the ranking measures are separable
in the arriving users, meaning that the contribution of any individual user to the overall objective
is independent of the other users.

The problem we study is also abstractly similar to online recommendation systems facing com-
peting objectives (Agarwal et all [2011; Jambor and Wang, [2010; Rodriguez et al. [2012). How-
ever, a prevailing approach is to convert the multi-objective problem to a constrained optimization
problem (Jambor and Wangj, 2010; Rodriguez et al., 2012). Both the approach of incorporating
objectives as constraints in the optimization problem formulations and combining objectives in a
linear fashion is considered by |Agarwal et al. (2011). Analogous to the learning to rank problem,
the objectives are separable in the users.

The objective in the peer review problem as formulated in this work presents unique challenges
not addressed in the aforementioned works on learning to rank and recommendation systems.
Notably, it is not separable between the reviewers since it depends on the number of bids on each
paper after each reviewer has arrived and placed bids on the papers. Being applicable to more
general multi-criteria settings, our approach to the design of the bidding processes in peer review
may also be applied to the learning to rank problem. This is a direction worthy of further study.

Our work also contributes to a growing literature on improving various aspects of the peer
review process such as reviewer assignment (Charlin and Zemel, |2013; |Garg et al., 2010; Kobren
et al, [2019; [Lian et al) 2018} [Stelmakh et al. [2019b), biases (Stelmakh et al., |2019a; [Tomkins
et all, [2017)), subjectivity (Noothigattu et al) [2018), miscalibration (Roos et al. 2012} [Wang and
Shah| 2019)), strategic behavior (Aziz et all, [2019; Xu et all, 2019)), and others (Church, [2005; Ding
let al., 2020; [Jecmen et al, [2020}; [Kang et al., [2018; [Lawrence and Cortes|, [2014}; [Shah et al.| [2018;
Stelmakh et al., [2021alb; (Wing}, 2011)). This work addresses the bidding process in conference peer
review, which has largely been unexplored in past literature. The concurrent work of :Meir et ad.|7
2020)), which appeared after an initial workshop version of our work (Fiez et all [2019d)), is the
only work besides our own that we are aware of to focus on methods for improving bidding in peer
review. However, their approach is to design a market for bidding, which is entirely different from
ours.
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5.2 Problem Formulation

Consider d > 2 papers and n > 2 reviewers indexed as {1,...,d} and {1,...,n} respectivelym For
each reviewer-paper pair, we have access to a similarity score that captures the similarity between
the reviewer and the paper. We use the notation S; ; € [0,1] to denote the given similarity between
any reviewer i € [n] and paper j € [d]. A higher similarity score indicates a greater relevance of the
paper to that reviewer. There are several systems in use today that compute similarities (Charlin
and Zemel, 2013; [Price et al., 2010), and in our work, we treat them as being given.

In the bidding period, reviewers sequentially arrive into the system and place bids on the papers.
In our work, for any reviewer and paper, we only consider the existence of a bid or not, and do not
consider the possibility of multiple bidding options. We assume for simplicity that all n reviewers
arrive exactly once, and that a reviewer arrives after the previous reviewer has completed their
biddingﬂ We do not make any assumptions on the arrival order of the reviewers. The problem is
to determine the ordering of papers to show each reviewer on arrival in the interest of influencing
the papers they decide to bid on while ensuring individual satisfaction. When deciding the paper
ordering for any reviewer, the bids made by all reviewers who arrived in the past along with the
paper orderings presented to them are known, but the bids made by the current or future reviewers
are unknown. Let II; denote the set of all possible d! permutations of the d papers. In what follows,
for any reviewer i € [n], we let m; € II; denote the ordering (permutation) of the papers shown to
reviewer i. We also use the notation 7;(j) to denote the position of paper j € [d] in the ordering
TG

Gain function (objective). Any algorithm to determine the ordering of papers must trade-off
between two competing objectives: ensuring each paper receives a sufficient number of bids and
ensuring each reviewer gets to see relevant papers early in the ordering. A combination of the
objectives comprise our “gain function,” which is the objective we aim to optimize. We begin by
discussing each objective component.

Paper-side gain: The paper-side gain is associated with a given function 7, : R>¢p — R>p. At
the end of the entire bidding process, the paper-side gain G, is

Gp= > Wl9));

JEld]

where g; is the number of bids received by paper j € [d]. We assume the function -, is non-
decreasing and concave. The non-decreasing property represents an improved gain if there are
more bids, and the concavity property captures diminishing returnsﬂ An example of a choice for
the paper-side gain is the square-root function v,(z) = /z. This function is increasing, smooth,
and captures the diminishing returns property. The reader may keep this function in mind as a
running example for concreteness. A second example is v,(z) = min{z,r} for a given parameter

"Henceforth, for any positive integer », we will use the standard shorthand [«] to denote the set {1,...,x}.

2However, in Section |5.5.1, we show that our algorithm is empirically robust to violations of these assumptions.

30ur algorithm easily adapts to paper-side gains that may also be a function of the similarity scores of the
reviewers who bid; for example, a higher gain for bids from expert reviewers. We omit this detail for sake of
brevity.
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r > 1, which emphasizes having at least r bids per paper.

Reviewer-side gain: This objective captures the desideratum that the reviewers should be
shown papers with high relevance early in the paper ordering. The reviewer-side gain is associated
with some predetermined function ~, : [d] x [0,1] — R>p. Given this function, the reviewer-side

gain G, is defined as:
gr - Z Z f}/’r‘(ﬂ'z(])aSZ,j)

i€[n] je(d]

The function ~, is assumed to be non-increasing in the position (its first argument) and non-
decreasing in the similarity (its second argument). One example choice of this function, which the
reader may choose to keep in mind as a running example, is the Discounted Cumulative Gain or
DCG used commonly in data mining (Jarvelin and Kekalainen, 2000). In our setting, the function
is given by
2% — 1
logy(mi(j) + 1)’

where we have set the “relevance” parameter in DCG to be the similarity S; ;.

Vr(wi(j)vsi,j) (51)

Overall gain function: Finally, we assume there is a trade-off parameter A > 0, chosen by
the program chairs, which trades off between these two objectives so that the overall gain function
is given by

G =Gp+ G (5.2)

The goal is to determine the orderings of papers to show each reviewer to maximize the expected
overall gain, E[g], where the expectation is taken over the randomness in the bids made by the
reviewers (see reviewer bidding model below) and any randomness in the algorithm.

Reviewer bidding model. An important aspect of any system that displays a list to users is
the presence of primacy effects. In the context of our problem, the primacy effect means a reviewer
is more likely to bid on a paper shown at the top of the list rather than later (Murphy et al.,
2006)). A second aspect of bidding is that a reviewer is more likely to bid on papers with greater
similarity, although the reviewer may not bid on exactly the papers with the highest similarity since
the similarities are noisy representations of their reviewing interests.

Thus in order to model reviewer bidding, we revert to literature on position-based click models
that have a nearly identical setting (where clicks are analogous to our bids). We model the bidding
via a given function f : [d] x [0,1] — [0,1], where f(m;(j),S;;) is non-increasing in the position
that a paper is shown (the first argument) and non-decreasing in the similarity score (the second
argument). Any reviewer ¢ € [n] bids on paper j € [d] independently with probability

pij = f(mi(4),Si;)-

As a running example throughout, note that in position-based click models, the click probabil-
ity decomposes into a product of relevance and position bias (Chuklin et al., [2015). Moreover,
the literature considers the click probability to decay logarithmically as a function of the posi-
tion (Aslanyan and Porwal, [2019). The translation of these models into our setting gives rise to
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the example bidding function
Sij

= ommU) F 1) (5:3)

f(mi(5), Siz)
Baselines. We consider the following three methods of ordering papers as baselines.

Random baseline (RAND): A commonplace practice (Cabanac and Preuss| 2013) is to show
papers to reviewers in some fixed order, such as in order of submission of the papers. As a baseline,
we consider a better variant of this practice, in which each reviewer is shown an independently and
randomly selected paper ordering.

Similarity baseline (SIM): A second common practice, followed in several conference man-
agement systems today, is to order the papers according to their similarities. In other words, any
reviewer i € [n] is shown the papers in order of the values in {S;;};ciq (Where the paper with
maximum similarity is shown at the top, and so on). Any ties are broken by showing papers with
fewer bids higher, and further ties are broken uniformly at random.

Bid baseline (BID): A third baseline shows papers to greedily optimize the minimum bid count.
Each reviewer is shown papers in increasing order of the number of bids received so far (from the
reviewers who arrived previously). Any ties are broken in favor of the paper with a higher similarity,
and further ties are broken uniformly at random.

5.3 Algorithm

The key challenge in designing a suitable algorithm for the problem at hand stems from the fact
that the paper-side gain is coupled (non-separable) across the orderings of papers presented to all
reviewers so the impact of each individual paper ordering cannot be fully realized until the entire
bidding process is complete. Conversely, the reviewer-side gain is decoupled (separable) across
reviewers. This means the reviewer-side gain that can be obtained from any given reviewer is
independent of the ordering of papers presented to any other reviewer. Thus, an algorithm for this
problem is required to make local decisions, where the effect of the decision on the global gain (or
cost) is only partially known. This perspective is reminiscent of the classical A* algorithm (Hart
et al |1968), and using A* as an inspiration, we now present an algorithm which we call SUPER* for
our problem’}

The A* algorithm operates with a goal of finding the minimum cost path between a pair of ver-
tices in a cost-weighted graph. For any node in consideration, it considers two functions: a function
which captures the cost so far and a second function—called the “heuristic”’—which captures some
estimate of the cost from the current node to the destination. The A* algorithm then finds a path
based on these two functions. Before moving to a description of SUPER*, we discuss such a heuristic
in the context of the problem at hand.

5.3.1 Heuristic for Future Bids

In a manner analogous to the A* algorithm, at any point in time SUPER* keeps track of the gains
so far and also takes as input a heuristic that captures the “unseen” events. The heuristic in

4The name SUPER* stands for SUperior PERmutations and also indicates the inspiration from A*.
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A* provides, for every vertex in the given graph, an estimate of the cost incurred in the future.
Analogously, the heuristic in SUPER* provides, for every arrival of a reviewer, an estimate of the
number of bids each paper will receive in the future. Formally, let us index the reviewers as i € [n] in
the order of arrival (note that this order is unknown a priori). The heuristic comprises a collection
of vectors {h1,...,h,}, where each h; € [0,n — i]? represents an estimate of the number of bids
each of the d papers will receive from all future reviewers {i + 1,...,n}. The vector h; is provided
to the SUPER* algorithm on arrival of the i** reviewer. Two examples of heuristic functions that we
consider in the subsequent narrative are described as follows.

e Zero heuristic: h; = 0 for every i € [n].

e Mean heuristic: This function computes the expected number of bids each paper will receive
if the permutations shown to all future reviewers are chosen independently and uniformly at
random. Formally: h;; = 3577 ., > el f(U' S ) Vie[n—1],j € [d].

We set h,, = 0 for any heuristic, implying there are no bids placed after the last reviewer. This is
analogous to setting the heuristic value to zero for the target vertex in the A* algorithm.

5.3.2 Intuition Behind the Algorithm

We first provide some intuition about the SUPER* algorithm, and subsequently present a formal
description. Since a primary impediment to designing an algorithm is the inability to fully realize
the impact of a paper ordering on the paper-side gain until the end of the bidding process, we begin
by considering the scenario where (n — 1) reviewers have already departed, and the problem is to
determine the ordering of papers to show the final reviewer. In this scenario, we have access to the
bids of all (n—1) reviewers that have already arrived and the orderings of papers presented to them.
We use the notation g,—1,; € {0,...,n — 1} to denote the number of bids received by any paper
J € [d] at the time of arrival of the last reviewer. The values {g,—1,1,...,9n—1,4} are thus known at
the time when the final reviewer arrives. As a result, we can formulate an optimization problem for
the final reviewer n to maximize the expected gain from in the following manner. For every
J € [d], let B, ; denote a Bernoulli random variable with mean p; ; = f(m,(j), Sn,;), independent
of all else. The random variable B,, ; represents the bid of the final reviewer on paper j € [d]. The
optimization problem can be written as

751212[2 Ehp(gnfl,j + Bn,j)] + A Z '7r(77n(j)a Sn,j)v (5'4)
Jeld] Jeld]
where the expectation is taken over the distribution of the random variables B, 1,..., By 4.

Observe that the constraint set for the optimization problem in is the set II; of all permu-
tations. This set is, in general, not very well behaved (Ailon et al., 2008} Shah et al., 2016), which
makes even this one-step optimization a challenge. As we discuss later in the formal algorithm
description along with Theorem for the final reviewer SUPER* optimally solves and it is
computationally efficient. The aforementioned subproblem forms the starting point for the SUPER*
algorithm. Now that we know to handle a single (last) reviewer in an optimal fashion, we now
describe the SUPER* algorithm for a general reviewer, say, ¢ € [n]. When reviewer i arrives, we have
access to the number of bids made by all past reviewers on any paper j € [d], which we denote by
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Algorithm [5.1} SUPER*

Input: v, : R>¢o = R>, paper-side gain
Y ¢ [d] x [0,1] = R, reviewer-side gain Algorithm FindPaperOrderEfficient
f:[d] x [0,1] — [0, 1], bidding model
A > 0, trade-off parameter
S €[0,1]"*4, similarity matrix.

Algorithm:

1. Compute weights for each j € [d]:

Xij = ¥p(9i-1,5 + hij +1) = %p(gi—1,5 + hij)

@i = M (Sig) + £ (i)
1. Initialize bids on papers to zero: gy < 04 ’ ! J

2. For each reviewer arrival i € [n] 2. m; = o(a;), where o : R? — [d]¢ returns the
a) Compute or input heuristic h; € [0,n—14]¢ rank from maximum to minimum of each input in
b) m; < FindPaperOrder place and breaks ties arbitrarily.

Output: 7;

d) Observe bids b; € {0,1}¢

(

(

(c) Present paper order m;

(

(e) Update paper bid counts: g; = g;—1 + b;

Algorithm FindPaperOrder

1. Compute weight matrix w € R¥9 such that V j € [d], k € [d]:
wik = Mk, Sig) + f(k; 8i3)(Wp(gi-15 + hig + 1) — (g1, + hij))

2. Solve linear program to obtain z* € R%*%:

z* € arg max Z Z W kTj ke
s€0U™ jeld) keld)

sty wip=1Vjeld, > zr=1Yke[d

ke[d] Jj€ld]
with ties broken arbitrarily between the set of maximizing solutions

3. mi(j) = k such that «7, =1 for each j € [d]

Output: 7;

gi—1;€{0,...,i—1}.

We now recall the A* algorithm: for any vertex, A* considers the cost “g” so far and a heuristic

estimate “h” of the subsequent cost. Then, considering the cost of any vertex as “g + h”, the
A* algorithm takes the one-step optimal action given by selecting the neighboring vertex with the
smallest value of “g + h”. In an analogous fashion, SUPER* considers the number of bids so far
(gi—1) and takes as input a heuristic (h;) for the number of bids in the future. Then, considering
the number of bids from all other reviewers as “g;_1 + h;”, the SUPER* algorithm takes the action
which is the one-step optimal action. In other words, SUPER* solves for each paper ordering using:

max > Ep(gi-1g + hig + Bip)l + A D we(mi(h), Sig), (5.5)
T el jeld]

where B; ; is a Bernoulli random variable with mean p; ; = f(m;(j), Si;) and is independent of all
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else. As for the final reviewer, SUPER* solves this problem in an efficient manner for any arbitrary
reviewer.

5.3.3 Formal Algorithm Description

The SUPER* algorithm is presented in Algorithm To determine a paper ordering to show
any reviewer, SUPER* calls a procedure to efficiently solve . We give a general method in
Algorithm and a faster method in Algorithm [5.2)that is applicable for a special class of reviewer-
side gain and bidding functions.

General version. In the general version of SUPER*, Algorithm is called to return a paper
ordering that is a solution to each time a reviewer arrives. In the proof of Theorem 5.1} we show
that the optimization problem over the set of permutations given in to find the optimal paper
ordering for the final reviewer can be reformulated as an integer linear programming problem with a
totally unimodular constraint set. The totally unimodular property of the constraint set guarantees
that the solution of a relaxed linear program is in fact the integer optimal solution. The application
of this reduction from an optimization problem over permutations to a linear programming problem
for any given reviewer forms the technique given in Algorithm to efficiently obtain a solution
to (5.5). Finally, the per-reviewer time complexity of the general version of SUPER* given the
evaluations of the heuristic is O(d®) as a consequence of the call to solve a linear assignment
problem in Algorithm

Faster specialized version. Given a bidding model that can be decomposed into the form
F(mi(5),Si) = f5(Si) f™(mi(4)) where £5:[0,1] — [0, 1] is non-decreasing and f7 : [d] — [0, 1] is
non-increasing, along with a reviewer-side gain function that can be decomposed as v, (m;(j), S; ;) =
72 (S:.5) £ (m:(4)) where 42 : [0,1] — Rxq is non-decreasing, SUPER* calls Algorithm to return
a paper ordering that is a solution to each time a reviewer arrives. For this model class that
the problem from to find the optimal paper ordering for the final reviewer after evaluating
the expectation can be reformulated as

max i f"(m())) (5.6)

m€lly 4
JEld]

for some non-negative weights {a ;}cg- The problem in admits a simple solution: f7 is
non-increasing on the domain, so the objective is maximized by presenting papers in decreasing
order of the weights {ay, ;} jeld)- Obtaining this solution only requires sorting the weights, which has
a time complexity of O(dlog(d)). The application of this problem reformulation for the given model
class and any reviewer forms the technique given in Algorithm to obtain a solution to (5.9]).

Before moving on to present our theoretical results, we comment on the relevance of this
model class. Importantly, the DCG reviewer-side gain function and bidding model f(S; ;, (7)) =
Sij/logo(mi(j) + 1), which we have mentioned as running examples that can be kept in mind,
satisfy the decomposition for which SUPER* is computationally efficient. This choice of functions is
standard in the past literature on ranking models and click behavior (Aslanyan and Porwal, |2019;
Jarvelin and Kekéaldinen, 2000), meaning that the time complexity result for this model class is
quite relevant.
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5.4 Theoretical Results

We now present the main theoretical results of this chapter. Complete proofs of all results are in
Section of the appendix that follows this chapter.

5.4.1 Local Optimality

The property of local optimality, as the name suggests, means that the algorithm is optimal with
respect to the reviewer under consideration. Achieving even a good local performance in a compu-
tationally efficient manner is challenging due to the optimization over permutations in . The
following results show that SUPER*, which is computationally efficient, is locally optimal.

The result is first presented in terms of the final reviewer for simplicity and extended to a
general reviewer subsequently. In the following theorem, since we consider only the final reviewer,
note that the heuristic for SUPER* is irrelevant because the heuristic value for the final reviewer is
always set to zero.

Theorem 5.1. Given any history of paper orderings and bids from reviewers that arrived previously,
the paper ordering given by SUPER* to the final reviewer maximizes the expected gain conditioned
on the history.

In other words, the expected amount by which the gain is increased from the final reviewer is
maximized. This result follows from the fact that SUPER* exactly solves a problem that maximizes
the expected gain increase from a reviewer. To generalize the previous result to a local optimality
result for any reviewer, let the immediate gain from a reviewer be defined as the difference between
the gain after and before the reviewer arrived.

Corollary 5.1. Given any history of paper orderings and bids from reviewers that arrived previ-
ously, the paper ordering given to any reviewer by SUPER* with zero heuristic mazimizes the expected
immediate gain from that reviewer conditioned on the history.

The property of local optimality also implies optimality of SUPER* (with any heuristic) when the
paper-side gain function is linear (See Section . The proof of Theorem is in Section m
and the proof of Corollary is in Section [5.A.2

We now show that an analogous statement cannot be made regarding the other baseline methods.
In fact, in contrast to SUPER*, all the popular baselines are considerably suboptimal.

Theorem 5.2. Consider a model with the paper-side gain function v,(g;) = /9;, the reviewer-side
gain function v, (mi(5), Si;) = (250 — 1)/ logy(mi(5) + 1), and the bidding function f(m;(j),S:;) =
Sij/logo(mi(j) + 1). There exists a constant ¢ > 0 such that for every d > 2 and A > 0, in the
worst case for the final reviewer:

(a) SIM is suboptimal by an additive factor of at least cd/logs(d);

(b) BID is suboptimal by an additive factor of at least cd max{1, \}/log3(d);

(¢) RAND is suboptimal by an additive factor of at least cdmax{1, \}/log3(d).

Theorems and in tandem show that SUPER* not only is locally optimal but can out-
perform currently popular algorithms by a wide margin. In the proof of this result, we construct
instances where naively optimizing only a piece of the objective is highly suboptimal. The proof of

Theorem [5.2]is in Section B.A 3l
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5.4.2 Global Optimality Under a Community Model

We now transition to consider the global performance of the algorithms. Given our focus on the
application of peer review, we are motivated to give guarantees on the performance of SUPER* for
similarity matrix classes that would be encountered in a real conference.

A common characteristic of networks is community structure (Newman and Girvanl [2004; Porter|
, where nodes can be grouped into clusters and links between groups are not as common.
This phenomena has been documented in social and biological networks among others
)and Newman, 2002). Pertinent to this work, empirical investigations have revealed community
structures in scientific collaboration networks (Newman, 2001). Given this close connection, and
the fact that scientific research is highly specialized, it is intuitive that communities exist in major
conferences pertaining to different subtopics.

We explore the possible existence of such structure in the ICLR 2018 similarity matrix that
was reconstructed by Xu et al| (2019) and is of size n = 2435 and d = 935. Recall that the ICLR
similarity matrix is of size (2435 x 935). To begin, we investigate the spectral properties of the
similarity matrix from ICLR 2018, and in particular, whether it is low rank. We plot the singular
values of the similarity matrix in Figure where the (heuristic) elbow method suggests a low
rank (=~ 10). In Figure we plot the entries of the similarity matrix after permuting its rows
and columns according to the spectral co-clustering algorithm . The result suggests
the ICLR 2018 similarity matrix exhibits some characteristics of a noisy block diagonal structure.
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Figure 5.1: (a) The 50 singular values (excluding the maximum singular value) of ICLR 2018 similarity
matrix, which shows low-rank structure. (b) Similarity scores of the permuted ICLR matrix as a heatmap
indicating the block diagonal structure.

In what follows, we now perform an associated theoretical analysis of the algorithms under such
community structures of the similarity matrix. We begin by proposing a simple model which we
call the ‘noiseless community model’.

Noiseless community model. Informally, the noiseless community model we study is a set of
similarity matrices that up to a permutation of rows and columns belong to a subclass of block
diagonal matrices. Formally, let O4x, and 1,4, denote ¢ X ¢ matrices of all zeros and all ones
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respectively. Define an mq x mq block diagonal matrix B as:

quq quq quq

0 1 .0
B— q'Xq q'Xq gxq

quq quq 1qu

Finally, denote by Py,qxmq the set of all mg x mg permutation matrices. Recall that a permutation
matrix is a matrix obtained by permuting the rows of an identity matrix. Also recall that left
multiplying a matrix by a permutation matrix permutes the rows of the matrix and right multiplying
a matrix by a permutation matrix permutes the columns of the matrix. With this background,
the noiseless community model is defined as the following set of similarity matrices for m > 2 and
q=>2

Noiseless Community Model = {S € R™9*™ . § = P(sB)P, s¢c[0.01,1], P,P¢c Prgxmg }-
(5.7)
The number of reviewers is given by n = mgq and the number of papers is by d = mgq. In words,
this is the set of all similarity matrices obtained via a permutation of the rows and columns of the
block matrix B.
We begin our theoretical results for this chapter by showing that under the noiseless community
formulation, both SUPER* and SIM are optimal, whereas BID and RAND fare poorly. Recall that
d = n = mgq in the noiseless community model.

Theorem 5.3. Consider a model with a paper-side gain function v,(g;) = V/3j, the reviewer-side
gain function v, (mi(5), Si ;) = (254 — 1)/ logy(mi(5) + 1), and the bidding function f(m;(j),S:;) =
1{m;(j) = 1}1{S;; > s/2}. Then, under the noiseless community model from (5.7)), for all m > 2,
q>2and A >0:

(a) SUPER* with zero heuristic is optimal;

(b) SIM is optimal.
In contrast, there exists a constant ¢ > 0 such that for everym > 2, ¢ > 2 and XA > 0:

(¢) BID is suboptimal by an additive factor of at least cAd/log3(d);

(d) RAND is suboptimal by an additive factor of at least cd.

Although SIM is optimal in the noiseless community model, this optimality turns out to be quite
brittle. As we show below, even an infinitesimally small amount of noise makes SIM considerably
suboptimal. In contrast, SUPER* is robust enough and suffers by only a small amount.

Noisy community model. More formally, we first define a ‘noisy community model’. Under
this model, we assume that the similarity matrix is generated by first selecting any similarity matrix
S’ from the noiseless community model defined in (5.7)), and then adding noise to its entries as:

s—uv;; ifS.=s
" {u- s —o (58)
2,7 i,j - Y

where v; ; is drawn independently and uniformly from (0, §) for each reviewer-paper pair, for some
small value £ to be defined subsequently.
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The next result shows that even under an arbitrarily small perturbation £ from a noiseless
community model, the baselines become significantly suboptimal. In contrast, SUPER* is robust to
the noise and is near-optimal. Recall that d = n = mgq in the noisy community model.

Theorem 5.4. Consider the gain and bidding functions from Theorem[5.3 and the noisy community
model given in (5.8)) with any noise bound satisfying & < (1 4+ X\)"te=*™4. Then, for all m > 2,
q>2,and X >0:

(a) SUPER* with zero heuristic is within at least an additive factor of 0.0001 of the optimal.
Moreover, there exists a constant ¢ > 0 such that for every m > 2, ¢ > 2, and X\ > 0, with respect
to SUPER" with zero heuristic:

(b) SIM is suboptimal by an additive factor of at least cd;

(¢) BID is suboptimal by an additive factor of at least cAd/log3(d);

(d) RAND is suboptimal by an additive factor of at least cd.

This result thus establishes the global optimality of the proposed SUPER* algorithm under the
community model, while in contrast all popular baselines are considerably suboptimal. The intuition
behind the proofs in this subsection is that to optimize the objective, each paper should only be
shown in the highest position exactly once when it has a high similarity score. Doing so maximizes
the expected paper-side gain, while incurring minimal loss in the expected reviewer-side gain.
The proofs of Theorem and Theorem can be found in Section and Section [5.A.5
respectively.

5.5 Experimental Results

We now empirically evaluate SUPER* (with zero and mean heuristics) and compare it with the
baselines SIM, BID, and RAND (discussed earlier in Section. The experimentation methodology is
as follows for any chosen set of model parameters including the gain functions, bidding probability,
trade-off parameter, and number of reviewers and papers. Given a fixed similarity matrix, we
shuffle the rows of the matrix to randomize the sequence of reviewer arrivals and simulate each
of the algorithms. Then, for each algorithm, we record the gain along with the number of papers
that end up with bid counts in the intervals {0,1,2}, {3,4,5},{6,7,8}, and {9+}. We repeat this
process 20 times for a given similarity matrix if it is fixed and draw a similarity matrix at random
for each run if the score structure being simulated is a distribution. To evaluate performance, we
show the means of the relative gains (additive gains relative to the gain of a baseline) across the
runs and include error bars representing the standard error of the mean. Moreover, we present the
mean number of papers across the repeated simulations that finish with bid counts in each of the
previously given bid count intervals.

5.5.1 ICLR Similarity Matrix

To begin our experiments, we perform evaluations on a similarity matrix from the ICLR 2018
conference discussed earlier in Section Recall that the similarity matrix consists of n = 2435
reviewers and d = 935 papers. In the following experiments, we run a simulation using a default
model configuration, then we explore the impact of changing components of the model, and we
finish by exploring the robustness of the algorithm to various real-world complexities.
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Figure 5.2: ICLR experiment with the default model configuration. Legend for each bid distribution plot
(b, d): within each bid-count interval, the bars correspond to the algorithms given in the legend and are
presented in an order consistent with the legend itself when read from left to right and (d) only includes
SUPER* with mean heuristic, SUPER* with zero heuristic, and SIM.

Default model configuration. We begin by evaluating a default model configuration that
is considered throughout the the remainder of the experiments unless otherwise specified. The
model consists of the paper-side gain function v,(g;) = min{g;,6}, the reviewer-side gain func-
tion y,-(m;(5), Sij) = (254 — 1)/ logy(m;(j) + 1), and the bidding probability model f(m;(5),S; ;) =
Sij/logo(mi(j) + 1). We remark that the paper-side gain function is a natural choice given that
conferences often assign three reviewers to each paper and as such they may seek twice the number
of bids per paper. Moreover, recall that for this pair of reviewer-side gain and bidding functions,
the efficient routine in Algorithm can be called in place of Algorithm in SUPER* to retrieve
a paper ordering, which is what we implement.

The results of the experiment are presented in Figure In Figures we compare
SUPER* to each baseline and in Figures we zoom in and only show the results for SUPER*
and SIM. In terms of the gain results shown in Figures and each version of SUPER*
outperforms the baseline algorithms, while BID outperforms SIM when minimal weight A is given to
the reviewer-side gain and vice versa when a significant amount of weight A is given to the reviewer-
side gain. In Figures and the distribution of the bid counts obtained for the algorithms
are shown with A = 0.8, which was chosen since this parameter choice gave nearly equal paper-side
and weighted reviewer-side gain for RAND. While BID has a similar number of papers with fewer
than the minimum number of desired bids as each version of SUPER*, the gain demonstrates why it
is not a generally adopted method. As a result of showing papers of limited relevance early in the
paper orderings to elicit bids on papers with few bids, the overall gain is significantly smaller than
SIM and SUPER* since the reviewer-side gain is worse. The distributions also illustrate that both
versions of SUPER* end the bidding process with approximately a 60% reduction of the number of
papers with fewer than the desired minimum number of bids compared to SIM and RAND.

Varying model parameters. We now consider variations of the default model consideration.
In Figures results are shown when the paper-side gain function is changed from ~,(g;) =

min{g;,6} to y,(g9;) = /gj- In Figures we compare SUPER* to each baseline and in
Figures we zoom in and only show the results for SUPER* and SIM. In Figures



193

500 20
o’ 500 5
100 = 2 10 d
g 400 :
3 o0& .
a2 300 E 3
200 = E :
100 . Z. —20 T - Z.
FUTTPARS ST SE S 100 ~d_
() mimm lpec p peecpem l - 30 0

00 01 02 03 04 06 {(1)) 345} {678} {9+} 00 01 02 03 04 06 {m)} {345} {67, {9+}

ain

&

Number of papers
Relative gain

Relative g

Tradeoff parameter A \mnlnx nI ml Tradeoff parameter A Number of hul
(a) (b) (c) (d)
2000 500
600 .
® @
1500 g ~ Ny g 400
o 5400 §f . <300
£ 1000 o = e O P
= g = = g
= = g == g 200
= 500 Z 200 z
I 100
(VI S T SRR SHEHED S S — 0 ‘ J 0 0 '
00 02 04 06 08 1.0 12 14 {)12} {345} {678} {9+} 00 02 04 06 08 1.0 1.2 14 0.12} {345} {6.7,8} ‘)+}
Tradeoff parameter A Number of bids Tradeoff parameter A Number of bids
(e) () (2) (h)
—e— SUPER" Mean Heuristic --#-- SUPER* Zero Heuristic SIM % BID -~4- RAND

Figure 5.3: ICLR 2018 experiment with variations of the default model configuration. In Figures 5.3d
the paper-side gain function is changed. In Figures the reviewer-side gain and bidding function
are changed. Legend for each bid distribution plot (b, d, f, h): within each bid-count interval, the bars
correspond to the algorithms given in the legend and are presented in an order consistent with the legend
itself when read from left to right and (d, h) only includes SUPER* with mean heuristic, SUPER* with zero
heuristic, and SIM.

and [5.3d], the distribution of the bid counts obtained for the algorithms are shown with A = 0.4,
which was chosen since this parameter choice gave nearly equal paper-side and weighted reviewer-
side gain for RAND. For this model configuration, BID and RAND are significantly suboptimal in terms
of the gain. SUPER* with the mean heuristic outperforms SIM by a marginal amount in terms of
the gain, while SIM outperforms SUPER* with the zero heuristic by a marginal amount in terms of
the gain. The bid distributions show that each version of SUPER* ends the bidding process with a
smaller number of papers obtaining fewer than six bids compared to SIM. Compared to the default
paper-side gain function, the discrepancy is not as significant since SUPER* is optimizing an objective
that rewards getting more than five bids per paper even though the returns are diminishing.

In Figures the default paper-side gain function is considered, but the reviewer-side
gain function is changed to v, (m;(5), S ;) = (2% —1)/+/mi(j) and the bidding function is changed
to f(mi(4),Si;) = Sij/\/mi(j). The effect of this change is that the probability of obtaining a bid
on a paper from a reviewer decays faster with the position the paper is shown and similarly the
reviewer-side gain from a paper diminishes faster as a function of the position the paper is shown
to a reviewer. In Figures|[5.3e we compare SUPER* to each baseline and in Figures we
zoom in and only show the results for SUPER* and SIM. In Figures [5.3] and [5.31 the dlstrlbutlon
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Figure 5.4: ICLR 2018 experiments of robustness to real-world complexities. Legend for each bid distribu-
tion plot (f)—(j): within each bid-count interval, the bars correspond to the algorithms given in the legend
and are presented in an order consistent with the legend itself when read from left to right.

of the bid counts obtained for the algorithms are shown with A = 1.2, which was chosen since
this parameter choice gave nearly equal paper-side and weighted reviewer-side gain for RAND. For
this model configuration, each version of SUPER* significantly outperforms each of the baselines in
terms of the gain. The bid count distributions show SUPER* with zero and mean heuristic reduce
the number of papers with fewer than three bids by 35% and 60% compared to SIM, respectively.
Moreover, both versions of SUPER* end up with half as many papers obtaining fewer than six bids
compared to BID.

Robustness to real-world complexities. The previous experiments were performed under
settings faithful to the model described earlier in Section We now evaluate the robustness
of SUPER* to the models by evaluating the performance under various vagaries and complexities
of real-world peer review. For this set of experiments, we consider that SUPER* is optimizing
the default model configuration described previously in this section. The results of the following
simulations that consider deviations from the model being optimized are given in Figure For
each experiment we show the gains of each of the algorithms relative to RAND across a sweep of the
parameter A and the bid count distributions for each of algorithms with A = 0.8 as selected for the
default model previously.

We begin looking at model mismatch for the bidding function. In Figures and
the situation is considered in which the actual bids are performed under the bidding function
f(mi(4),Si5) = Sij//mi(j), whereas SUPER* assumes f(m;(j), Si ;) = Si;j/loga(mi(j) + 1). The re-
sults show each version of SUPER* is robust to this deviation and outperforms the baselines in terms
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Figure 5.5: Experiments on synthetic similarity scores under the default model configuration. Legend for
each bid distribution plot (e)—(h): within each bid-count interval, the bars correspond to the algorithms
given in the legend and are presented in an order consistent with the legend itself when read from left to
right.

of the gain. Moreover, SUPER* with zero heuristic is especially robust since it is not as dependent
on the model of bids as SUPER* with mean heuristic. The bid count distributions show that SUPER*
with mean heuristic reduces the number of papers with fewer than three bids by 85% relative to
SIM, and SUPER* with zero heuristic reduces the number of papers with fewer than six bids by 50%
compared to BID. In Figures [5.4b] and [5.4g} we consider that the probability of a reviewer bidding
on a paper is actually given by f(m( ), Sm) = (S;j +N(0,02))/logy(mi(j) +1) where o = 0.01 and
we remark that the mean of the similarity scores is approximately 0.03 so the noise magnitude is not
insignificant. We clip the noisy bid probabilities to guarantee that they remain in the interval [0, 1].
We observe that SUPER* is again robust to this model mismatch and outperforms the baselines in
terms of the gain and each version ends up reducing the fewer the number of papers having below
the minimum desired number of bids by approximately 60% compared to SIM and RAND.

In practice, not all reviewers may participate in the bidding process. We consider that only three
quarters of the reviewers arrive, but this is unknown a priori to the algorithms. This proportion
is roughly based on the number of reviewers that were found to not place any positive bids during
the NeurIPS 2016 review process (Shah et al., 2018). The results under this real-world complexity
are shown in Figures and Moreover, reviewers may not actually arrive sequentially.
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Figures and consider the setting where Poisson(1) reviewers arrive at each time, and the
algorithm must present paper orderings to all these reviewers simultaneously. For this pair of real-
world complexities, SUPER* remains quite robust and generally performs favorably compared to the
baselines in terms of both the gain and the bid count distributions. It is worth noting that when
not all reviewers arrive, SUPER* with zero heuristic outperforms SUPER* with zero heuristic since it
does attempt to account for bids that may come from reviewers that have not arrived.

A common feature in peer review bidding systems is the ability for a reviewer to search papers
by subject area or keyword and then only bid within the resulting subset of papers. We now
evaluate the robustness of SUPER* to this type of reviewer behavior in the following manner. In
our simulations, on arrival of any reviewer, one quarter of the papers are randomly selected and
required to be shown to the reviewer (these are the papers that are assumed to meet the search
query). The remaining papers are not presented to the reviewer, are bid on with probability zero,
and do not factor into the reviewer-side gain. The algorithms compute the paper orderings over
only the selected subset of papers. The results of this experiment are shown in Figures[5.4¢| and [5.4j]
We observe that SUPER* with zero heuristic outperforms the rest of the algorithms in terms of the
gain while obtaining a favorable bid distribution. SUPER* with mean heuristic is not quite as robust
since fewer bids come from future reviewers than anticipated when computing the mean heuristic
— if one has estimates of the amount of selection done by reviewers via search, then this issue may
be mitigated by appropriately scaling down the heuristic value.

5.5.2 Synthetic Similarities

We perform several simulations on synthetic similarity scores comparing the algorithms as presented
in Figure 5.5l For this set of simulations, we consider the default model configuration from the
previous section. Moreover, for each similarity structure we let the number of reviewers and the
number of papers (n,d) be among the set of pairs {(250,250), (500, 500), (750, 750), (1000, 1000)}
and fix the trade-off parameter to be A = 0.8 since this gave roughly equal paper-side and weighted
reviewer-side gains for RAND with n = d = 750.

Homogeneous similarity scores. We consider a synthetic similarity matrix structure where
each entry is drawn from at random from a Beta distribution with parameters « = 1 and § = 15.
This distribution is highly skewed and the expected value of a draw from it is 0.0625. The results
of this experiment are given in Figures and The gain of SUPER* with each heuristic
exceeds that of each of the baselines and similarly the bid count distributions show SUPER* with
each heuristic ends up with at least 50% fewer papers obtaining under the minimum desired by
the paper-side gain function compared to the baselines. We tried other homogeneous similarity
structures and observed similar trends throughout.

Low rank structure. We experimented with the following low rank structure to generate the
similarity scores. The similarity matrix is split into 10 groups of reviewers which correspond to a
block of rows in the matrix. The similarity scores for block ¢ € {1,...,10} are given by the rank-1
matrix u(v’) " where u is a n/10-dimensional vector of ones and v’ is a d-dimensional vector with
each entry drawn at random from a Beta distribution with parameters a = ¢ and § = 60. This
set of parameter choices for the distribution was made so that the scores were near the scale of the
ICLR similarity matrix and to create a disparity in similarity scores between the blocks. Combining
the blocks forms a similarity matrix of rank 10 where within each block the reviewers are identical
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and between the blocks the similarity score distribution changes. The structure can be viewed as
if there are 10 types of reviewers with varying levels of relevance to the papers. The result of the
experiment with this similarity matrix structure is shown in Figures and We again see
that SUPER* with each heuristic outperforms the baselines in terms of the gain and they obtain a
favorable distribution of the bid counts with a 50% reduction in the number of papers with fewer
than six bids compared to SIM and RAND.

Community model structure. We now consider a community model type block structure
as motivated in Section [5.4f To form this similarity matrix, we create a block matrix where each
submatrix is of dimension 25 x 25. The similarity score of each entry in the submatrix (¢, k) is
0if ¢ # k and 0.7 if £ = k. In other words the matrix is block diagonal. We then add noise to
each similarity score drawn uniformly at random from the interval [0,0.05]. The results are given
in Figures and BID and RAND are highly suboptimal in terms of the gain and bid count
distribution since they end up showing papers with similarity scores near zero early in the paper
orderings even if later on there are reviewers to arrive which are closely matched to the papers.
Remarkably, SUPER* with each heuristic reduces the number of papers with fewer than the minimum
number of desired bids by at least 90% compared to BID and RAND. Moreover, SUPER* with each
heuristic outperforms SIM in terms of the gain and reduces the number of papers with fewer than
six bids by over 60%. This happens since for papers with close similarity scores, SUPER* shows the
paper with fewer bids ahead if the similarity score is only marginally smaller.

Interdisciplinary papers. To conclude our simulations, we consider the impact our algorithm
could have on interdisciplinary papers. As mentioned in Section [5.1] such papers face additional
challenges in the peer review process owing to the lack of ideally matched peers. To simulate this
phenomena, we consider a similarity matrix structure where there are two groups of reviewers of
equal size and then three groups of papers which make up 40%, 40%, and 20% of the papers,
respectively. Each reviewer in group one has similarity scores of 0.17, 0.005, and 0.085 with the
respective paper groups and each reviewer in group two has similarity scores of 0.005, 0.17, and
0.085 with the respective paper groups. This reflects a scenario where the reviewer pool has two
distinct areas of expertise and there is a set of interdisciplinary papers (paper group with similarity
score of 0.075 with all reviewers). We show the results of the experiment in Figures and
In terms of the gain, SUPER* and SIM perform significantly outperform BID and RAND. For the
bid count distribution in Figure [5.5hl we only consider the interdisciplinary papers. SUPER* with
each heuristic mitigates negative impacts on the interdisciplinary papers as the number with an
insufficient number of bids is curtailed by 656% and 50% compared to SIM and RAND. This is a
result of the fact that SUPER* works to trade-off the paper-side and reviewer-side objectives so the
interdisciplinary papers end up not always being shown after the papers matching the reviewers
expertise as occurs for SIM.

5.6 Conclusion

We develop a sequential decision-making algorithm called SUPER* to optimize the bidding process
and show that it empirically outperforms baseline methods on real conference data and has sev-
eral compelling theoretical guarantees. An obvious open problem is that of developing an online
algorithm that is globally optimal for every similarity matrix. Conversely, showing possible com-
putational hardness of the problem as a negative result could be a path of future work. In several
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automated reviewer-paper assignment methods, bids and and similarities are combined to form the
scores used to compute the assignment (Shah et al., 2018). Given the tight connection between the
bidding and matching systems, it is natural to design methods for jointly optimizing the compo-
nents that govern the assignment process. Finally, given the online nature of reviewer arrivals and
the need to immediately show the paper ordering to an arriving reviewer, it is of interest to solve
the passive problem and this could also serve as an effective heuristic function for SUPER*.

While our work focuses on peer review, there are several revelant applications. An example is
crowdsourcing, where a common goal of the platform is to ensure that each task gets sufficiently
many qualified workers. From the perspective of the worker, it has been documented that workers
put a non-trivial emphasis on a task if it is of interest to them (Hossain, |2012; Kaufmann et al.|
2011). This means there is a trade-off of ensuring each worker is satisfied while ensuring a minimum
number of workers for each job. As such, it is reasonable to formulate a multi-objective optimization
problem and approach it as in this work. Indeed, the crowdsourcing platform in this formulation
seeks to optimize both for a task-side objective, which ensures each task gets a sufficient number
of workers selecting it, and for a user-side objective, which is to present relevant tasks to users.

Another potentially viable application is crowdfunding and microlending platforms such as Kiva
or KickStarter. In crowdfunding, users pledge toward funding a project, and the project is only
funded if the cumulative contributions of the crowd meet a known target threshold. The platforms
seek to maximize the number of funded projects by deciding, when, how often, and to which users
the projects are displayed. Past work (Jain and Jamieson, 2018) has modeled the optimization
as a multi-armed bandit problem where the goal is to maximize the number of funded projects
with a minimum amount of user impressions. This problem has a fundamental trade-off between
showing relevant projects to users while ensuring that the projects themselves are given a fair shot
to be funded. As such, a model-dependent approach such of ours could be of potential interest.
Conversely, a more model-free approach based on multi-armed bandits (a problem class we explore
in the chapter that follows) would be interest for the ranking problem in bidding systems.

A final potential application outside of peer review for our work is in recommender systems
and online advertising where there is the common trade-off between exploration (gaining sufficient
feedback on all items) and exploitation (showing the most relevant items to users). In recommender
systems, the cold start problem refers to the situation where the system is just beginning to interact
with users or items are freshly included in the catalogue and no past user interaction information
is available. The common trade-off arises again where there is a need to show relevant items to
users, while the system benefits from gaining feedback on items for which the utility is unknown.
Our framework easily adapts to a changing action set and could be relevant to this task.
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CHAPTER 5 APPENDIX

5.A Proofs

In this appendix section, we present proofs of the theoretical results presented in the main text.
We begin by formally defining the history of information available to an algorithm when a reviewer
arrives and restating important notation that will be found throughout the proofs.

Definition 5.1 (History). The history of information available to an algorithm when reviewer
i € [n] arrives is defined as H;—1 = {mp,be: £ =1,...,1 — 1}, where my € Iy is the paper ordering
that was presented to reviewer £ and by, € {0,1}? contains the bid realizations on each paper from
reviewer £.

Notation. We let d > 2 denote the number of papers and n > 2 denote the number of reviewers.
We use the notation S;; € [0,1] to denote the given similarity score between any reviewer ¢ € [n]
and paper j € [d]. In general, we let ¢ index a reviewer and j index a paper. We commonly use the
set notation [k] = {1,2,...,k} for any positive integer k. II; denotes the set of d! permutations
of d papers. For any reviewer i € [n], we let m; € II; denote the ordering (permutation) of the
papers shown to reviewer i. We use the notation 7;(j) to denote the position of paper j € [d] in
the ordering ;. The notation B;j represents the random variable of reviewer i € [n] biding on
paper j € [d] which follows a Bernoulli distribution with parameter p; ; = f(m;(j), Si ;). We use
the notation g;—1,; € {0,...,7 — 1} to denote the number of bids received by any paper j € [d] at
the time of arrival of reviewer ¢ € [n| and g; to denote the number of bids at the end of the bidding
process on paper j € [d]. The heuristic estimating the number of bids paper j € [d] will obtain from
reviewers {¢ + 1,...,n} is denoted as h; ; and it is provided to the SUPER* algorithm on arrival of
reviewer i € [n]. Finally, we abbreviate ‘with probability’ by w.p and use the terminology almost
surely to mean with probability one and almost never to mean with probability zero.

5.A.1 Proof of Theorem [5.1; Local Optimality of SUPER* for Final Reviewer

In this proof, we show that selecting the optimal ordering to present to the final reviewer can be
simplified to a tractable optimization problem. The SUPER* algorithm solves exactly this problem
to determine an ordering of papers to present the final reviewer, and is hence an optimal algorithm
for the final reviewer.

The optimization problem for the final reviewer n to maximize the expected gain conditioned
on the history is

max Y Ely(g)[Haa] + A DD Eye(mi(h), i) Hn-1] (5.9)

7'I'7L€Hd ]E[d] zE[n}JE[d}

where the expectation is taken over the randommness in the bid to be placed by the reviewer.
Conditioned on the history #,—_1, the final number of bids on any paper j € [d] given by g; is
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the sum of the deterministic number of bids prior to the final reviewer denoted as g,—1; and a
Bernoulli random variable B,, ; with parameter p, ; = f(m,(j), Sn,j) representing the random bid
of the final reviewer. We incorporate this fact and remove terms independent of the optimization
variable from the problem in to equivalently obtain

max Z E[Yp(gn-1, + Bnj)] + A Z V(T (5); Snj) (5.10)

T EH(i ‘ 4

! jeld] j€ld]
where the expectation on the reviewer-side gain is removed as it is independent of the random
reviewer bids.

We now simplify the paper-side gain term by expanding the expectation for each j € [d]. Observe
that

Y gn—7'+1 w.p. fﬂ-njasn,'
Vo(Gn-1,j + Bnj) = p(gn-15 +1) (mn(7) ‘ i)
’Yp(gn—l,j) w.p. 1-— f(ﬂn 3)75*”7].)_
Therefore,
Elvp(9n-1.5 + Bnj)l = f(7n(5), Sn.i) p(gn-1.5 + 1) = 1p(gn-1,4)) + 1p(gn—15)- (5.11)

Substituting (5.11)) into (5.10) and removing the term independent of the optimization variable
gives the problem

max Z F(m0(3)s Sn5) (Wp(gn-1,5 + 1) = ¥p(gn-1,3)) + A Z Yr(Tn(3), Snj)- (5.12)

nell
™ e jeld]
We now reformulate ([5.12]) into the following equivalent integer linear programming problem:

max Y > F(kSn ) (p(gn-1i + 1) = Yplgn-1)Tik + A DD ek, Snj)zin

zERdxd

j€ld] keld) jeld] keld]
st Y wpp=1Vjield, Y mp=1Vkeld, wzxc{0,1}Vjkeld
keld] Jjeld]

In this formulation, x is a d x d matrix for which z; is an indicator of paper j € [d] being shown
at position k € [d]. The constraint 3, iy @jk =1V j € [d] ensures each paper is included strictly
once in the ordering shown to the reviewer. The constraint » je Tik =1VEke [d] ensures strictly
one paper is selected to be shown at each position. The final constraint ensures that each index of
x is integer valued. This integer linear programming problem is known as a linear sum assignment
problem.

The key step of this proof is to recall that the linear sum assignment problem can be solved
as a linear program. Indeed, the final constraint ensuring an integer solution can be relaxed to
0 <z, <1V 4,k € [d and the optimal solution of the relaxed linear program will be the
integer optimal solution. This property of the linear sum assignment problem is a consequence
of the relaxed linear program containing a totally unimodular constraint set which guarantees the
optimal solution to be the integral solution (see, e.g., Chapter 4 in |[Burkard et al.l |2012).

The optimization problem arising from recognizing that the integer constraint can be relaxed is
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given by
max > D Wik
jeld] keld) (5.13)
st Y wjpp=1Vjeld, Y zjp=1Vke[d, 0<zp<1Vjke|[d]
keld) jeld]
where
ik = f(k,Sn;)(W(gn-1, + 1) = ¥p(gn-1;)) + Myr(k, Sn;) V j, k € [d]. (5.14)

This formulation shows that the paper ordering for the final reviewer that maximizes the expected
gain conditioned on the history can be obtained efficiently by solving a linear program.

Local optimality of SUPER* for final reviewer. To determine the ordering of papers to show
any reviewer ¢ € [n] for the general class of assumed gain and bidding functions, SUPER* calls
Algorithm Algorithm solves the optimization problem in ([5.13)) using the weights

wjk = f(k;Sij)(vp(gi-15 + hij +1) = Wp(gi-15 + hij)) + My(k, Sig) V 5, k € [d]. (5.15)

Given any heuristic function, the heuristic for the final reviewer is such that h, = 0. This
means SUPER* selects the paper ordering for the final reviewer by solving the optimization problem
from to maximize the expected gain conditioned on the history. As a result, we conclude
SUPER* is locally optimal for the final reviewer with any heuristic function.

5.A.2 Proof of Corollary Local Optimality of SUPER* for Any Reviewer

The immediate gain from any reviewer i € [n] is the difference between the gain after and before the
reviewer arrived. Formally, the immediate gain from any reviewer i € [n] is given by the quantity

G = (w( X Bus) = w( Z Be]>)+AZ%(m(j),5z )

J€E[d] Le(i] Lefi—1 JE[d]

where By ; is a Bernoulli random variable representing the random bid of a reviewer £ € [n| on a
paper j € [d] that depends on the position the paper was shown to the reviewer.

The optimization problem to maximize the immediate expected gain from reviewer i € [n]
conditioned on the history (see Definition |5.1)) is thus given by

;inez{_l)i Z E['VP(ZB&J> ’Yp( Z B€]>}Hz 1] + A Z E[v: (i (4), Sig)]-
j 2eli] Lefi—1] Jjeld]

Since Zée[ifl] By ; is the deterministic bid count g; 1 ; conditioned on the history #H; 1 for each
paper j € [d] and the reviewer-side gain from reviewer ¢ € [n] is deterministic given a fixed paper
ordering m; € Il;, the previous optimization problem is equivalently given by

Wmeaﬁi Z E[’Yp(gi—l,j + Bij) — p(gi- 173 )+ A Z Yr(mi(F), Sig)- (5.16)
T el jeld)
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We now evaluate the expectation in ([5.16)) using (5.11)) and then simplify to obtain the optimization
problem

max Z F(mi(3), Si)(Wp(gi-15 + 1) — W(gi-1,5)) + A Z Yr(mi(4), Sig)- (5.17)
’ j€ld] jEld]

The problem in is equivalent to that given in from the proof of Theorem up to
the reviewer index. Consequently, we follow the steps after (5.12)) in the proof of Theorem to
simplify into a tractable representation. In doing so, we get that the problem in is
equivalent to the linear program in with the weights

wik = f(k,Sij)(vp(gi-15 + 1) = Y¥p(gi-15)) + Ak, Sij) ¥ j, k € [d].

Local optimality of SUPER* with zero heuristic for any reviewer. To determine the ordering
of papers to show any reviewer i € [n] for the general class of assumed gain and bidding functions,
SUPER* calls Algorithm Algorithm solves the optimization problem in (5.13) using the
weights

wjk = f(k;Sij)(vp(gi-15 + hij +1) = p(gi-15 + hij)) + My(k, Sig) V 4, k € [d].

For any reviewer i € [n], given the zero heuristic function, h; = 0 by definition. This means SUPER*
with zero heuristic selects the paper ordering for any reviewer by solving the optimization problem
to maximize the immediate expected gain conditioned on the history, so we conclude it is locally
optimal for any reviewer.

5.A.3 Proof of Theorem Suboptimality of Baselines for Final Reviewer

The organization of this proof is as follows. In Section|5.A.3.1} we present notation and preliminary
information common to the analysis for each of the baselines. We prove the suboptimality bounds for
the SIM, BID, and RAND baselines separately in Sections [5.A.3.2] [5.A.3.3] and [5.A.3.4] respectively.
Combining the results for each of the baselines proves the theorem statement. We conclude in
Section [5.A.3.5| with proofs of technical lemmas invoked in the analysis of the baselines.

5.A.3.1 Notation and Preliminaries

We denote the gain from the final reviewer n of an arbitrary algorithm ALG presenting a potentially
random paper ordering 7AL¢ to the reviewer as

GMLG _ GALG | ) GALG
n N rmn "
The paper-side gain from the final reviewer Qﬁf;f is given by
G = > (w( D Bus) —w( X Bu)):
JE[d] i€[n] i€[n—1]

where again B; ; is a Bernoulli random variable representing the random bid of a reviewer i € [n]| on
a paper j € [d] that depends on the position the paper was shown to the reviewer. The reviewer-side
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gain from the final reviewer G is given by

gALG Z ’77" ALG . )

J€ld]

Accordingly,

Gae =Y (%( > B,]) —vp( > Bm)) +A D (T ), Sng).

jeld] i€[n] i€[n—1] jEld]

The expected gain from the final reviewer conditioned on the history of bids and paper orderings
Hy,—1 (see Definition [5.1]) is given by

E[QQLG|’H7¢, ] [gﬁlfl’Hn 1] + )\]E[QALG|Hn 1]

where the expectation is with respect to the randomness in the algorithm and the bids from the
final reviewer. Observe that

E[GRE Mo 1] = Eaga| D F(7890), S03) (pla-15 + 1) = p(gn-1,))]
JE[d]

since Zie[n_l] B; ; is the deterministic quantity g,—1,; for each j € [d] conditioned on #,_; and
B,,; is a Bernoulli random variable with parameter p, ; = f(mA€(5), S, ;) for each j € [d] given the
fixed paper ordering 7wAL¢. Moreover,

E[GMHa1] = Engs | 3 40 (mh(), Sug)]-

JEld]

It follows that

E[GA | H 1] Eac [ Z F(mh (s Sni)(Vp(gn-15+1) = W(gn-1,4)) + A Z Ve (TR (5), Sng)|-
Jj€ld] j€ld]

The given biding function can be decomposed into the form

(), Si) = 1og2<f<5)+1> = S, (m()) (5.18)

where
1

logy (mi(j) + 1)
denotes the component of the bidding function f that only depends on the paper ordering and is

independent of the similarity score. The reviewer-side gain function can similarly be decomposed
into the form

[T (mi(4)) =

Ye(mi(f), Sig) = (2% — 1) f™(mi(5))- (5.19)

Using the decomposed forms of the bidding function and the reviewer-side gain function
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from ((5.18) and (5.19)), the expected gain from the final reviewer n of an arbitrary algorithm ALG
is given by

E[Gn [ Hn1] =BGy [Hn1] + AE[G 5 [Hn—1]

= B [ > Sni(p(gn-15 1) = Wp(gn-1)) T (@) + A Y (259 — 1) T (mpte(5)) | (5.20)
j€ld] j€ld]

The optimal paper ordering for the final reviewer is thus given by the solution to the following
optimization problem

mh =argmax > o f7(ma())) (5.21)
T €lly jE[d]
where
g = S (Vp(9n-15 + 1) = Wp(gn-1,)) + A2% = 1)V j € [d]. (5.22)

The optimal solution to ranks papers in a decreasing order of their corresponding values
in {an,;}jepq since the function f™ is decreasing in the decision variable. This observation will
be used to obtain an explicit form of 7} for each problem we subsequently construct to show
the suboptimality of the baselines. From Theorem SUPER* with any heuristic is optimal for
the final reviewer, which means 75"FE®" = 7% See that 7S"PE*" is a non-random quantity given
a deterministic tie-breaking mechanism and the expected gain is independent of the tie-breaking
mechanism. Thus, without loss of generality, we assume ties are broken by the paper indexes in
favor of j < j' for SUPER*.

We need to compare the expected gain obtained from the final reviewer using the SUPER* algo-
rithm presenting the optimal paper ordering 7S"PE¥" = 7* with any baseline ALG € {SIM, BID, RAND}

presenting a potentially random ordering wAX¢. Therefore, we analyze the quantity
GRS GAH, ) = BIGET™ — Gl ] 4 NEIGE™ — G,

= Eue [ > S (lgn-15+ 1) = (a1 (FTEER(5) = T (w4 ()))
Jj€ld]

A D@5 = (T () — ST () (5.23)

JEld]

for each baseline ALG € {SIM,BID,RAND}. The SIM and BID algorithms are deterministic for the
final reviewer conditioned on the history, up to the tie-breaking mechanism. The RAND algorithm
is random, so the expectation over the paper ordering in is necessary when analyzing RAND.
In the remainder of the proof, we analyze SIM, then BID, and finish with RAND.

5.A.3.2 Suboptimality of SIM for Final Reviewer
In this section, we prove the worst case performance of the SIM baseline for the final reviewer.

Intuition. The SIM algorithm directly optimizes the expected reviewer-side gain since it shows
papers in a decreasing order of the similarity scores. Consequently, it obtains the maximum expected
reviewer-side gain that can be achieved. However, the algorithm gives no attention to the number
of bids on each paper, which play an important role in the expected paper-side gain that can be
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obtained upon the arrival of the final reviewer. This point suggests that SIM may be suboptimal
for the combined objective.

To build intuition for when this can occur, consider that there is only a pair of papers j and j’.
Moreover, suppose paper j has only marginally higher similarity score than paper j’, but paper j
has significantly more bids than paper j7’. In this scenario, the expected reviewer-side gain of any
paper ordering is nearly equal. However, showing paper j’ ahead of paper j results in significantly
higher expected paper-side gain owing to the diminishing returns of bids from the paper-side gain
function. Since SIM instead shows paper j ahead of paper j', it would be suboptimal. The following
construction now generalizes this observation.

Construction. We now construct a problem instance that will be used to prove SIM is significantly
suboptimal for the final reviewer in the worst case. Consider the similarity scores for the final
reviewer to be Sy, j = 1 — 1/(je) for each paper j € [d], where € = (14 A)e®” and A > 0 is the fixed
and given trade-off parameter. In this construction, the similarity scores for the final reviewer are
nearly equal, but they are increasing in the paper index. For the time being, assume the number
of papers d is even. At the end of this section, we handle when the number of papers d is odd. Let
the number of bids on the papers from previous reviewers be

o, ifjefl,....d/2)
P\ e {d/2+1,. .., d).

The bid counts are such that papers among the top half of the similarity scores obtained a bid in
the past, and papers among the bottom half of the similarity scores did not obtain any bids from
previous reviewers.

We now derive the explicit form of the optimal paper ordering for the final reviewer. Recall
from that the weights of the optimization problem for the final reviewer given in are
defined by

g = Sng (Wp(Gn-15 1) — p(gn-15)) + A5 — 1) ¥ j € [d]. (5.24)

Moreover, from the structure of the optimization problem in (5.21)), if o, ; > v, j7, then TSR () <
W,SLUPER* (") so that paper j is shown ahead of paper j in the ranking. Observe that a, j is increasing
in the similarity score S, ; and decreasing in the number of bids g,—; ; for each j € [d]. Conse-
quently, if a pair of papers j, j' € [d] are such that gn,—1,; = gn—1,j» and S, ; > Sy, j7, then ay, j > ay, jr
and in turn, 7SUPER"(5) < wSUPER"(47),

We now show that in the optimal ordering for this instance, each paper with zero bids is shown
ahead of each paper with a non-zero number of bids. Among the set of papers with zero bids,

namely those indexed by {1,...,d/2}, the minimum similarity score S, ; and minimum weight o, ;
occur at j = 1. Among the set of papers with a non-zero number of bids, namely those indexed
by {d/2+1,...,d}, the maximum similarity score S; j; and maximum weight a, ;; occur at j' = d.

Thus, if a1 — apq > 0, then we can conclude each paper with zero bids is shown ahead of each
paper with a non-zero number of bids. To prove this, we need the following lemma, the proof of

which can be found in Section 5.A.3.5.11

Lemma 5.1. For v,(z) = \/z, any A >0, d > 2, and € = (1 + \)e®", it must be that

(3p(1) = 3(0)(1 = 1/6) = (3(2) = (1) (L = 1/(de)) + A2 —207V1D) > 172 (5.25)
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From the given similarity scores and bid counts, and then applying Lemma [5.1, we obtain

an,1 = ang = (1p(1) = 1(0))(1 = 1/€) = (1(2) = (1)) (1 = 1/(de)) + A2~/ — 2071y > 1 /2,

Therefore, the optimal paper ordering shows all papers with zero bids ahead of every paper with a
non-zero number of bids. Moreover, recall if a pair of papers j, j’ € [d] are such that g,—1; = gn—1,
and S, ; > Sy, then ay; > «, ;. This fact allows us to determine that among each group of
papers (zero and non-zero bids), the optimal paper ordering presents the papers in decreasing order
of the similarity scores.

Combining the previous conclusions, SUPER* shows the optimal paper ordering

jawswe ) _ [A/254L (L df2) (5.26)
" d+d/2+1—j, ifje{d/2+1,...,d}.
The SIM algorithm shows papers in a decreasing order of the similarity scores so that 75M(j) =

d—j+1for j € [d. Observe that for this problem, SUPER* shows the papers with zero bids
much earlier in the paper ordering than SIM. We now move on to lower bounding ([5.23) for this
construction and begin by considering the expected paper-side gain.

Bounding the expected paper-side gain. Substituting the similarity scores, the number of
bids on each paper, and the (deterministic) paper orderings presented by each algorithm for this
construction into the paper-side component of (5.23[), we obtain

d/2
E[Go™ — G5 1] = (1p(1) = 9(0) Y (1 = 1/(je))(f™(d/2 —j+1) — f(d— j+ 1))
j=1
d
+ (w2 =) D =1/ (d+d/2+1—j) = fT(d—j+1)).
Jj=d/2+1

Manipulating the indexing of the sum over the last half of the papers gives

/2

ElGon™ — Gl Ha-1] = (3(1) = 7(0)) Y (1 = 1/())(f™(d/2 = j+1) = f7(d - j +1))
j=1
/2

+ ((2) = (1) D (1= 1/((G +d/2)e)(fT(d = j+1) = f7(d/2 —j +1)).

j=1
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Noting that (f™(d/2—j+1)— ff(d—j+1)) =—(f"(d—j+1)— f"(d/2 — j+ 1)), we obtain

/2
E[Gn™ = Gom[Hn—1] = (1p(1) = 9(0) D (1 = 1/(Ge)(f™(d/2 = j + 1) = f7(d = j + 1))

j=1

/2

— (p(2) = (1) DA = 1/((G +d/2)e)(f(d/2 = j+1) = fT(d = j+1)).

j=1
For every j € [d/2], we have f™(d/2 —j+1)— f"(d—j+1) >0sinced/2 —j+1<d—j+1
and f™(m;(7)) = 1/logy(mi(j) + 1) is a decreasing function on the domain R<g. Moreover, for every
jeld/2],1-1/(je) >1—1/eand 1 — 1/((j +d/2)e) <1 —1/(de), and the given paper-side gain
function y, is increasing on the domain R>q. Thus,

E[Gon™ — GomlHn 1] = (1p(1) = 73(0))(1 = 1/€) = (3(2) — (1)) (1 = 1/(de)))
d/2

D (/2= +1) = fT(d—j+1)).

j=1
Finally, manipulating the indexing of the sum gives

E[Gn™ = Gom[Hn—1] = (3p(1) =3 (0)(1 = 1/€) = (7(2) = 3 (1)(1 = 1/(de)))

d/2 5.27
S UTG) = £+ d/2). (527

j=1

We now bound the expected reviewer-side gain including the trade-off parameter A from ([5.23)).
The steps that follow are analogous to those exercised in bounding the expected paper-side gain.

Bounding the expected reviewer-side gain. Substituting the values of the similarity scores,
the number of bids on each paper, and the (deterministic) paper orderings presented by each
algorithm into the reviewer-side component of (5.23]), we obtain

d/2
AE[GET™ — Go 1] = A S ITVUD —1)(f7(d/2 - j+1) = fT(d— j + 1))
j=1

d
+A ) @EYED —D)(fT(d+d/2+1- ) — fT(d—j+1)).
j=d/2+1
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Manipulating the indexing of the sum over the last half of the papers results in

/2
AE[GER™ — G H—a] = XY _UTVUD —1)(f7(d/2 = j+ 1) = fT(d—j+ 1))
j=1
/2
+ A @UVGHDD 1) (f7(d = j 4+ 1) = f7(d/2— j+ 1))
j=1

Noting that f™(d/2 —j4+1)— ff(d—j+1)=—(f"(d—j+1)— f™(d/2 —j+ 1)), we obtain

d/2
AE[GITER — GRS M, 1] =AY (UVUD —1)(fm(d/2—j+ 1) — T (d—j+ 1))
j=1

/2
= AUV 1) (fr(df2 - 4 1) - A G+ ).
j=1

For every j € [d/2], we have f™(d/2—j+1)— ff(d—j+1) >0sinced/2—j+1<d—j+1and
f™(mi(4)) = 1/logy(mi(j) + 1) is a decreasing function on the domain Rsg. Furthermore, observe
that for every j € [d/2], 1 —1/(je) > 1—1/(¢) and 1 — 1/((j + d/2)e) < 1 —1/(de). This set of
facts leads to the bound

/2
)\E[QE}EER* — G, ) > )\(2(171/6) _ 2(171/(d6))) Z(f’f(d/z —J+1) = f"(d—j+1)).
j=1

To finish this sequence of steps, we manipulate the indexing of the sum to conclude

/2

]E[gs’I:LPER* B gE’InM|Hn—1] > )\(2(171/6) _ 2(171/(d€))) Z(fﬂ(j) . fﬂ'(] + d/2)) (528)
=1

Completing the lower bound. Combining the bounds on the expected paper-side and reviewer-
side gain terms from (5.27)) and (5.28)), we obtain an initial lower bound given by

/2
E[Gy™ — Ga™M M 1] > C Y (f7() — F7(F +d/2)), (5.29)

j=1
where for ease of notation we define
C = (1p(1) = (0))(1 = 1/€) — (3(2) — (1)) (1 = 1/(de)) + AU~/ — 2071/ = (5.30)

We apply Lemma to get that C > 1/2. The following lemma, the proof of which can be found
in Section [5.A.3.5.2] provides a bound on the sum in ([5.29).



209

Lemma 5.2. Let f™(x) = 1/logy(z + 1). Fiz d to be an even integer such that d > 2. Then,

d/2

j;(fﬂ(j) - fT(j+d/2)) > 161082(d)

From (5.29)) along with the fact that C > 1/2 and Lemma we obtain

* d
E[GSUPER" _gSMy 1> @ 5.31

Lemma and consequently the bound in , are applicable when d is even. The following
lemma shows that an equivalent result (up to constants) holds when the number of papers d is odd.
The bound is obtained by looking at an identical problem construction for d = d — 1 papers, and
then including an additional paper that has a similarity score of zero with the final reviewer and

one previous bid. This change is such that both SUPER* and SIM show the additional paper last,
and moreover, the expected gain from paper d is zero since the similarity score is zero.

Lemma 5.3. If d is odd, then in the worst case for the final reviewer under the assumptions of
Theorem
d

E[GSVPER" _ gSTH|3y ] > '

The proof of Lemma [5.3]is in Section
Combining the bound from (5.31)) which holds for d even with the bound from Lemma[5.3 which

holds for d odd, we find that for every d > 2 and A > 0,

* d
E[GSUPER" _ gSIM3y 1 > '
(n G| 12 64 log%(d)

This proves the claim in Theorem stating that there exists a constant ¢ > 0 such that for every

d > 2 and A > 0, SIM is suboptimal by an additive factor of at least cd/log3(d) in the worst case
for the final reviewer.

5.A.3.3 Suboptimality of BID for Final Reviewer
In this section, we prove the worst case performance of the BID baseline for the final reviewer.

Intuition. The BID algorithm greedily optimizes the minimum bid count since it shows papers
in an increasing order of the number of bids received previously. The underlying problem with this
method is that the paper ordering selected for any reviewer is independent of the similarity scores
for that reviewer (up to serving as a tie-breaking mechanism). Since the paper-side gain function
and the reviewer-side gain function both depend on the similarity scores, this property of BID leads
to suboptimality in terms of both the expected paper-side gain and the reviewer-side gain.

To build some intuition for when BID is suboptimal, consider there is only a pair of papers j and
j'. Moreover, suppose paper j has a much higher similarity score than paper j and paper j has
only one more bid than j’. In this scenario, the expected reviewer-side gain from showing paper j
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ahead of paper j’ is significantly higher than showing paper j' ahead of paper j. Moreover, since
the probability of obtaining a bid on paper j is significantly higher at a given position in the paper
ordering than for paper j' and the number of bids on the papers are nearly equal, the expected
paper-side gain is also maximized if paper j is shown ahead of paper j'. Since BID instead shows
paper j' ahead of paper j, it would be suboptimal for both paper-side and reviewer-side gain. The
following construction now generalizes this observation.

Construction. We now construct a problem instance that will be used to prove BID is significantly
suboptimal for the final reviewer in the worst case. Consider the similarity scores for the final
reviewer as

g 1, ifje{l,...,d/2}
"o, ifje{d/2+1,...,d}.

For now, assume the number of papers d is even. We handle when the number of papers d is odd at
the end of this proof. Let the number of bids on the papers from previous reviewers be such that

1, ifjeq1,..,d2)
P70, ifje{d/2r1,....d).

In words, half of the papers have a similarity score of one and have recieved bids, and the other
half of the papers have a similarity score of zero and have obtained no bids.

We now derive the optimal paper ordering for the final reviewer. Recall from (5.22)) that the
weights of the optimization problem for the final reviewer given in ([5.21)) are defined by

tnj = Snj(Wp(gn-1j + 1) = Wp(gn-1,7)) + A2 — 1) ¥ j € [d].

Moreover, from the structure of the optimization problem in , if o j > vy, then ﬂfLUPER* (7)) <
7SUPER” (/) so that paper j is shown ahead of paper j' in the ranking. Observe that for each
Jje{l,...,d/2}, oy is a fixed number. Similarly, for each j' € {d/2+1,...,d}, oy j is a fixed
number. If o, j — > 0 for any j € {1,...,d/2} and j' € {d/2+1,...,d}, then we can conclude
each paper with a bid is shown ahead of each paper without a bid. We consider 5 = 1 and j' = d.

Since v,(x) = /z and oy, g =0,
nt — anag =712 — (1) FA=V2—1+A>1/3+ A\ (5.32)

Consequent of the fact A > 0, we conclude ay1 — a,q > 0, which means SUPER* shows each
paper with a bid ahead of each paper without a bid. Finally, since v, ; is a fixed number for each
j€{l,...,d/2} and a, j is a fixed number for each j' € {d/2 + 1,...,d}, as long as 75" (5) <
7SUPER" (4} for every j,j' pair, then the paper ordering is optimal. In other words, any paper
ordering which shows the papers with a bid in an arbitrary order followed by the papers without a
bid in an arbitrary order is optimal.

We conclude 7SUPER (j) = j for each j € [d], where without loss of generality, to simplify the

analysis, we assume if a pair of papers have equal weights in the optimization problem, then ties are
broken in order of the paper indexes since the tie-breaking mechanism will not change the expected
gain the paper ordering obtains from the final reviewer.
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The BID baseline will show papers in an increasing order of the number of bids so that

BID(]): ]+d/2, 1f]€{1,,d/2}
" j—dj2, ifje{d/2+1,...,d}.

T,

This paper ordering is derived from recalling that BID breaks ties by the similarity scores and
further ties are broken uniformly at random. However, without loss of generality, to simplify the
analysis, we assume if a pair of papers have equal similarity scores and bid counts, then ties are
broken in order of the paper indexes since the tie-breaking mechanism among this set of papers will
not impact the expected gain. We now move on to lower bounding for this construction.

Bounding the expected gain. Substituting the similarity scores, the number of bids on each
paper, and the (deterministic) paper orderings presented by each algorithm for this construction

into (5.23)), we obtain

/2 dj2
E[GR = G Hu1] = D (5(2) =W (FTG) = fTG +d/2) + A D _(f7() = F7( +d/2))
j=1 j=1
where the terms for papers in the set {d/2 + 1,...,d} dropped out since the similarity scores are

zero. Simplifying the expression, we obtain

/2
E[GR™ — GrP Ha-1] = (1(2) = (1) + N Y (F7(G) = 7 +d/2)). (5.33)
j=1
From (5.32)), we get
Y (2) — (1) + A >1/3+ A (5.34)
Moreover, from Lemma
/2 p
(TG =G +d/2) 2 ———. (5.35)
]Z; 161og3(d)
Combining , , and , we obtain
" 1 A d
E[GSUPER" _ gBIP|y 1> (— 4 & _ .
[ GEPHp ] > <48 + 16) (1og§(d)> (5.36)

whenever the number of papers d is even.

Lemma and the bound in are applicable when d is even. The following lemma shows
that an equivalent result (up to constants) holds when the number of papers d is odd. The approach
to obtain the result is similar to that for deriving Lemma We obtain the bound for an odd
number of papers d by looking at an identical problem construction for d = d — 1 papers, and
then include an additional paper that has a similarity score of zero with the final reviewer and one
previous bid. This change is such that both SUPER* and BID show the additional paper last, and
moreover, the expected gain from paper d is zero since the similarity score is zero.
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Lemma 5.4. If d is odd, then in the worst case for the final reviewer under the assumptions of

Theorem

E[gi’UPER* B gTB;ID|’Hn_1] > (% + 3—>\2> (logg(d)>

The proof of Lemma [5.4] is in Section [5.A.3.5.4

Combining the bound from (5.36) which holds for d even with the bound from Lemma[5.4 which
holds for d odd, we find that for every d > 2 and A > 0,

. 1 A d
R[GSVPER* _ GBID|2, 1> (7 7) (7) 537
This proves the claim in Theorem that there exists a constant ¢ > 0 such that for all d > 2 and
A > 0, BID is suboptimal by an additive factor of at least cd max{1,\}/log3(d) in the worst case
for the final reviewer.

5.A.3.4 Suboptimality of RAND for Final Reviewer

In this section, we prove the the worst case performance of the RAND baseline for the final reviewer.

Intuition. The RAND algorithm selects an ordering of papers to show a reviewer uniformly at
random from the set of permutations. Since this method is agnostic to the similarity scores and the
number of bids, RAND can select highly suboptimal paper orderings with some non-zero probability.

To see when this can occur, consider the example that provided intuition for the suboptimality
of BID in Section that consisted of only a pair of papers j and j’. In this example, paper j
has a much higher similarity score than paper j' and paper j has only one more bid than j’. The
expected reviewer-side gain from showing paper j ahead of paper j’ is significantly higher than
showing paper j’ ahead of paper j. Moreover, since the probability of obtaining a bid on paper j
is significantly higher at a given position in the paper ordering than for paper j/ and the number
of bids on the papers are nearly equal, the expected paper-side gain is also maximized if paper
j is shown ahead of paper j’. Since there are only two permutations of the papers that can be
selected, with probability 1/2, RAND would show paper j’ ahead of paper j and be suboptimal for
both paper-side and reviewer-side gain. The problem construction from Section [5.A.3.3]is sufficient
to generalize this observation. For completeness, we repeat the construction below.

Construction. In the remainder of the proof, we show the problem construction from Sec-
tion [5.A.3.3] can be used to prove RAND is significantly suboptimal for the final reviewer in the
worst case. In this construction, the similarity scores for the final reviewer are

o 1 ifief{l...d/2}
"o, ifje{d/2+1,...,d}.

For now, assume the number of papers d is divisible by four. We deal with a number of papers
d that is not divisible by four at the end of this section. The number of bids on the papers from
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previous reviewers are

1, ijeq,...,d/2)
P17 N0, ifje{d2r1,....d).

In Section [5.A.3.3, we showed that SUPER* selects the optimal ordering WEUPER* (j) = j for each
j € [d]. The RAND baseline will select a paper ordering 7™ uniformly at random from the set of
permutations II,.

Bounding the expected gain. For this construction, we need to lower bound (5.23). As an
initial step, we simplify the quantity by substituting the similarity scores, the number of bids on
each paper, and the paper ordering presented by SUPER* to obtain

/2
E[GyPE — G| Hyy 1] = Epsam [Z(vp@) —(W)(TG) = T (7 (7))
/2

+AZ IHORN RGO

where the terms for papers in the set {d/2+ 1,...,d} dropped out since the similarity scores are
zero. Combining the sums and using the fact that v,(2) — v,(1) = V2 — 1 > 1/3 gives

d/2

E[GR™ — G| Hy-1] > Eun [(1/3+A)Z(f”( ) = TP () - (5.38)

=1

Before proceeding, we provide some intuition that guides the remainder of the proof. The
expression in (5.38)) only depends on the positions RAND shows the papers in the set {1,...,d/2} to
the final reviewer. Recalling that the given function f” is decreasing on the domain R, we can
observe that the number of positive summand in zd/ 2 (f™(j) — f™(xBA0(5))) increases with the
number of papers from the set {1,...,d/2} that are not presented in the set of positions {1, ...,d/2}
from a selection 78 and the remaining summand are zero. This point suggests if with probability
bounded away from zero, sufficiently many papers from the set {1,...,d/2} are not presented in
the set of positions {1,...,d/2} in the ordering selected by RAND, then it should be suboptimal in
expectation.

Toward formalizing this line of reasoning, the following lemma provides a lower bound on the
probability that RAND selects a paper ordering that shows fewer than d/4 papers from the set

{1,...,d/2} in the set of positions {1,...,d/2}. The proof is given in Section [5.A.3.5.5

Lemma 5.5. Assume d is divisible by four and consider a set of papers [d]. Let € be the event that
a permutation w of the paper set [d] drawn uniformly at random from Iy has fewer than d/4 of the
papers {1,...,d/2} in the positions {1,...,d/2}. Then, P(€) > 1/6.

Define T7 C II; as the set of paper orderings with fewer than d/4 of the papers from the set
{1,...,d/2} in the set of positions {1,...,d/2} and T5 C II; as the set containing the remaining
paper orderings so that 77 U Ty = II;. Now, beginning from (5.38)), we evaluate and bound the
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expectation as follows:

d/2
EIGR™ — G M, ] = (1/34A) Y P(mt™ =) > (f7() — f7(mn(4)))
€T J=1
d/2
+(1/34+X) D0 P = 1) S (F7() — F(ma(5)))
T €T3 j=1
dj2
> (1/3 + N)P(aiMP € T7) 7Trfelnlz: f7G) = fH(ma(5)))
d/2
+(1/3+ MP(ri™ € Ty) nggz (f7(5) = f™(mn(4)))-

Observe that ming 7, Zji 21( f™(j) = f™(mn(j))) = 0 since the optimal paper ordering that shows
each paper in the set {1,...,d/2} in the set of positions {1,...,d/2} is contained in T». Moreover,
from Lemma P(7RMP ¢ 77) > 1/6. This results in the bound

d/2

EGS™ — G, ) > (15 +2) min (77() — I (m () (5.39)

18 6 T €T <
7j=1

We now need to reason about the minimizer of min, 7 Zd/ 2 (f™(5) = f™(mn(4))). Equivalently, we
can find the maximizer of max, e E £ f”(wn( ). Since the given function f™ is decreasing on

the domain R, the quantity Z;lfl f™(mn (7)) is maximized when the papers in the set {1,...,d/2}
are shown the earliest in the ordering , that is feasible subject to the constraint that fewer than
d/4 papers from the set {1,...,d/2} are presented in the set of positions {1,...,d/2}. This means

7, ifje{1,...,d/4—1}

i) = j4d/a+1, ifje{d/4,...,d/2} (5.40)
j—d/4—1, ifje{d/2+1,...,3d/4+1}
7, if j € {3d/4+2,...,d}

is a minimizer of Z?fl(f”(j) — f™(mp(j))) among the set 77. Substituting the paper ordering

from ([5.40]) as the minimizer into (5.39)), we obtain

d/2
BIGSP — GR3, 1] > (24 2) Y (TG - TG, (54
j=d/4

The following lemma provides a bound on the sum in (5.41)).
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Lemma 5.6. Let f™(x) = 1/logy(z + 1) and fix d > 4 and divisible by four. Then,

d/2

jzzd;4(fﬂ(j) —ffi+d/4+1)) > 3210g2(d)

The proof of Lemma [5.6| can be found in Section [5.A.3.5.6
Combining (|5.41)) and Lemma results in the following bound whenever d is divisible by four:

X 1 A d
[E[GSUPER* __ RAND 1] > (— + =) (——). 42
(G G Hna] 2 (576 * 192) <1og§(d)> (542

The next lemma shows that if the number of papers d is not divisible by four, an equivalent
result (up to constants) holds. For d € {2, 3}, the bound is rather immediate since we can compute
the probability that RAND selects the paper ordering BID shows for this construction and then apply
the bound from on the suboptimality of BID that holds for any d. For d > 3 and not divisible
by four, the bound is obtained by looking at an identical problem construction for the maximum
d' < d divisible by four and then including d — d’ papers with a similarity score of zero and one
previous bid. This change is such that the bound from applies as a function of d’, so the
result then follows immediately.

Lemma 5.7. If d is not divisible by four, then in the worst case for the final reviewer under the
assumptions of Theorem

% 1 A d
E[GSVPER" _ GRAD| g ] > (e + — ) (—— ).
G5 G [Hna] 2 (1728+576><1og3(d)>

The proof of Lemma can be found in Section [5.A.3.5.

Combining the bound from (5.42)) which holds for d divisible by four with the bound from
Lemma which holds for d not divisible by four, we find that for every d > 2 and \ > 0,

* 1 A d
E[GSPPR — GRA|3y, 1] > (oo + oo ) (5 )-
[H G [Hna] 2 (1728 " 576) <log%(d)>

This proves there is a constant ¢ > 0 such that for all d > 2 and A > 0, RAND is suboptimal by an
additive factor of at least cdmax{1,\}/log3(d) in the worst case for the final reviewer as claimed
in Theorem [5.21

5.A.3.5 Proofs of Lemmas [5.1H5.7]

In this section, we present the proofs of technical lemmas stated in the primary proof of Theorem 5.2}

5.A.3.5.1 Proof of Lemma Recall from the lemma statement, v,(z) = y/z. Moreover,
the fixed and given quantities are A > 0, d > 2, and € = (14 \)e®". We derive the following bound
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justified below:

5.45
5.46

(1) =76(0)) (1 = 1/€) = (3(2) = 7p(1))(1 = 1/(de)) + A2U ) — 2071/
> (p(1) = (0))(1 = 1/€) = (3p(2) = 7p(1)) + A2V —2) (5.43)
= (3p(1) = (0)) (1= ((1+ 1)) ™) = (3(2) = (1)) + AUV ATV _9) - (5.44)
) ) ( ) (5.45)
(5.46)

We obtain using the fact that (1 — 1/(de)) < 1 for any given d. Equation follows
from plugging in the explicit form of € = (1 + \)e®". To see the inequality in , observe that
(1—((14+X)ef)™1) is an increasing function of . Consequently, (1—((14+X)e®)™1) > (1—(e*)~1) >
0.99. Furthermore, the quantity A(2(1~1/ ((2)e)) 2) is a decreasing function of A, from which
we determine

A2V 9y > fiy \(20- V() L 9) = o= 10g(4) > —0.01.

N —o00

Then, we obtain the final bound in (5.46|) as follows:

(0.99) (3(1) = 3(0)) — (3(2) — 7(1)) — 0.01 = 0.99 — (VZ — 1) — 0.01 > 1/2.

5.A.3.5.2 Proof of Lemma Recall that f™(z) = 1/logy(z + 1). Fixing d = 2, we obtain

d/2
UG = TG+ d/2) = f7(1) = f7(2)
=1
j 1
B logy(2)  logy(3)
1 1
1 d
_ <§> <1og§(d))' (5.48)

The inequality in (5.47) follows from the fact that logy(3) —1 > 1/2 and logy(3) < 2log,(2).
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Now consider d > 4 and d even. We derive a bound as follows that is justified below:

d/2 [d/4]
SUTG) = TG +d/2) > > (TG) - 76 +d/2) (5.49)
j=1 Jj=1
> (5] arah) - 5(ay2) (5.50)
_d 1 1
- (-Z_ ) <log2(Ld/4J +1)  logy(d/2 + 1))
B ( d )(10g2(d/2 +1) —logy(|d/4] + 1))
-~ \L4J logy(d/2 + 1) logy(|d/4] + 1)
d logy(3) — 1
= (-Z_ ) ( 1jg§(d) ) (5.51)
1 d
= (E) <1og§(d)>‘ (5.52)

The inequality in follows from the fact that f™(j) > f™(j +d/2) for every j € [d/2] since f™
is a decreasing function on the domain R . Similarly, we obtain using the observation that
() = (G +d/2) > fr(|d/4]) — f7(d/2) for every j € [|d/4]] since f™ is a decreasing function
on the domain Rsg. To see how is derived, observe that

logy(d/2 + 1) —logy([d/4] + 1) > logy(d/2 + 1) — logy(d/4 + 1) > logy(3) — 1 (5.53)

where the final inequality in (5.53)) follows since logy(d/2 + 1) — log,(d/4 + 1) is increasing in d
and d > 4 by assumption. Moreover, logy(d/2 4+ 1)logy(|d/4] + 1) < log3(d) for d > 4. The final
inequality in (5.52]) holds since logy(3) —1 > 1/2 and |d/4| = d/4 — (d mod 4)/4 > d/8 for d > 4.

Combining the bound for d = 2 from (5.48)) and the bound for d > 4 and even from ([5.52)), we
conclude

d/2 . . 1 d
;wm =10+ d4/2) = (56) (o)

whenever d > 2 and even.

5.A.3.5.3 Proof of Lemma In this proof, we show a simple adaptation of the problem
construction from Section [5.A.3.2| results in a suboptimality bound on SIM for the final reviewer
when the number of papers d is odd that matches (up to constants) the bound given in that
holds whenever the paper count d is even.

Fix d odd and let d’ = d—1 (and hence d’ is an even number). We consider an identical problem
construction for the papers j € [d'] as from Section and then include a paper d that has
a similarity score of zero and one bid. This change is such that for the given class of functions in
the model, SUPER* and SIM show the paper d after the papers in the set [d'] and the expected gain
from paper d is deterministically zero since the similarity score is zero.

In particular, let the similarity scores for the final reviewer be S, ; =1 — 1/(je) for each paper
§ € [d'], where € = (1 + \)e® and A > 0 is the fixed and given trade-off parameter. Moreover, let
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Sn.d = 0. Set the number of bids on the papers from previous reviewers to be

o, ijef,...d/2)
PV e {d/2 ... d).

In Section [5.A.3.2] we showed if a pair of papers j,j’ are such that g,—1,; = gn—1,7 and Sy ; >
Sy.jr, then wSUPER™ () < 7SUPER™ (/) Since paper j' = d is such that for every paper j € {d'/2 +

17"'7d/}7 In—1,5 = Gn-1,5" and Sn,j > Sn,j’a we find WELUPER* (]/) < TrELUPER* (]/) From ‘) this

means for this construction 7S"PE*" (d) = d and that SUPER* shows the paper ordering

d/2—j+1, if je{1,...,d/2}
PR ()= d +d /2414, ifje{d/2+1,....d}
Jy if j € {d}.

The SIM algorithm shows papers in a decreasing order of the similarity scores so that

AS™(j) = d—j+1, ifje{l,...,d}
Js if j € {d}.

Observe that this construction is identical to the problem construction from Section for
papers in the set [d']. Moreover, from it is clear that the expected gain from papers with
zero similarity score is zero independent of the paper ordering. This allows us to conclude that the
bound given in for d even applies to this construction as a function of d’. In other words,
given d odd, we obtain

Ei02 g2 > (35) (1)

Moreover, since d’ = d — 1, whenever d is odd,

E[GSUPER" — GST™M|7y, 4] > (%) (logg(;ll)) = (6i4) <10gg(d))’

where the final inequality follows from the facts that log3(d — 1) < log2(d) and d — 1 > d/2 for
d>2.

5.A.3.5.4 Proof of Lemma In this proof, we show a simple adaptation of the problem
construction from Section leads to a suboptimality bound on BID for the final reviewer when
the number of papers is odd that matches (up to constants) the bound given in that holds
whenever the number of papers d is even. This approach is analogous to the method to obtain a
suboptimality bound for SIM with an odd number of papers using the bound that held for an even
number of papers from Lemma [5.3

Fix d odd and let d = d—1 (and hence d’ is an even number). We consider an identical problem
construction for the papers j € [d'] as from Section and then include a paper d that has
a similarity score of zero and one bid. This change is such that for the given class of functions in
the model, SUPER* and BID show the paper d after the papers in the set [d'] and the expected gain
from paper d is deterministically zero since the similarity score is zero.
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Let the similarity scores for the final reviewer be

o L itie{td/2
"o, ifjed{d/2+1,...,d)

and the number of bids on the papers from previous reviewers be

1, ifje{1,...,d/2}
gn-15=140, ifje{d/2+1,...,d}
1, ifj=d.

We now derive the optimal paper ordering for the final reviewer. Recall from ([5.22)) that the
weights of the optimization problem for the final reviewer given in (5.21]) are defined by

0 = Snj (Vp(Gn-15 + 1) = p(gn-1,4)) + A2 = 1)V j € [d].

Moreover, from the structure of the optimization problem in (5.21)), if o, ; > vy, j7, then TSFER () <
WTSZUPER* (j") so that paper j is shown ahead of paper j’ in the ranking. Observe that for each paper
je{l,...,d/2}, an; is a fixed number. Similarly, for each j' € {d'/2+1,...,d'} U{d}, oy, j is a
fixed number. In Section we showed if a pair of papers j, ;' are such that g,—1; = 1 and

gn—1,» = 0 along with S, ; = 1 and S,, y = 0, then a,; > oy, j so that mSUPER” () < SUPER™ (47)

This immediately guarantees 7SUPER"(5) < wSUPER (/) for each pair of papers j € {1,...,d"/2},
g e {d/2+1,...,d}U{d}. We conclude 75"PE*"(j) = j for each j € [d], where without loss
of generality, to simplify the analysis, we assume if a pair of papers have equal weights in the
optimization problem, then ties are broken in order of the paper indexes since the tie-breaking

mechanism will not change the expected gain the paper ordering obtains from the final reviewer.

The BID baseline will show papers in an increasing order of the number of bids so that

j+d /2, ifje{l,....d/2}
() =G~ d/2, ifje{d/2+1,...,d}
j if j = d.

This paper ordering is derived from recalling that BID breaks ties by the similarity scores and
further ties are broken uniformly at random. However, without loss of generality, to simplify the
analysis, we assume if a pair of papers have equal similarity scores and bid counts, then ties are
broken in order of the paper indexes since the tie-breaking mechanism among this set of papers
will not impact the expected gain.

The construction in this proof and the paper orderings selected by SUPER* and BID are identical
to the problem construction and paper orderings selected by SUPER* and BID from Section
for papers in the set [d]. From it is clear that the expected gain from papers with zero
similarity score is zero independent of the paper ordering. This allows us to conclude that the
bound given in for d even applies to this construction as a function of d’. In other words,
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given d odd, we obtain

=t o = (5 30) (i)

Since d’ = d — 1, whenever d is odd,

E[GSUPER" _ GBID |3y 1] > (418 + A ) (bgg(;l)) = (916 )\2) <1Ogg(d))’

where the final inequality follows from the facts that log3(d — 1) < log2(d) and d — 1 > d/2 for
d>2.

5.A.3.5.5 Proof of Lemma Recall that from the lemma statement, the number of papers
d is assumed to be divisible by four. Let £ denote the event that a permutation 7 of the paper set
[d] drawn uniformly at random from II; has fewer than d/4 of the papers from the set [d/2] in the
position set [d/2].

The probability of the event £ can be explained in the following manner. The number of
outcomes presenting j papers from the paper set [d/2] in the position set [d/2] consists of (df)

combinations of potential papers that can be selected from the paper set [d/2] and (d]/?) combi-
nations of potential positions in the position set [d/2]. Moreover, there are j! permutations of the
selected papers in the chosen positions. Given that there are j papers selected from the paper set
[d/2] placed in the position set [d/2], there are ( d%zj) combinations of papers from the paper set
{d/2 4+ 1,...,d} that can be placed in the remaining spots in the position set [d/2]. This set of
papers can be permuted (d/2 — j)! ways in the given set of positions, and the remaining d/2 papers
can be permuted (d/2)! ways in the position set {d/2 +1,...,d}. To obtain the final probability
of the event £, we sum the number of outcomes for each j < d/4 and then normalize by the total
number of outcomes d!. Accordingly,

> (%)
d/4 1

<
S U [ =

B (d/z)!(d/z)!d/“*1 d/2\?
_ o= any? 50

d/a—1

P(E) = ;, Uy )z = a2

J

J=0

We now recall some facts about the binomial coefficients. The symmetry property of the bi-
nomial coefficients implies () = (,”,) for 0 < k < n and Vandermonde’s identity says that

(™) = S5 (D) (,",) and as a corollary (') = Y1, (2m) Using this set of facts, we work

d/4 1 (d/2)2

toward a lower bound on P(€) by obtaining a simplified form of the sum Z i) Observe
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that
Sy S ey oy
d/4

-5 () R (- (@)

2
From the symmetry property, (d/.2) ( d%zj) , SO we get

d/il <d/2>2 1 % (d/2> ) dz/‘f < d/2 >2 B (d/z){
= \J 2\ J 2 \d/2—] d/4
Manipulating the indexing of the sum Zji AE) ( d%zj)Q, we obtain
S E )
= N 2N 2N /4
Now, moving the term %(Zﬁf out of the sum %ijdm (d§2)2 results in
S £
i=0 N7 2\ 2 i N 2\d/4
Furthermore,
0 ROy i)
= J 2 = J 2\d/4

Finally, applying Vandermonde’s identity as given above, we get

d;i)l (d§ 2)2 - ;<d(/12>2 - ;@ﬁf' (5.55)

Combing (5.54) with (5.55) and then simplifying, we get

p(e) = (122020 <<dc/l2> B (2@2>

( d/22dvd/2 )((d/Q)C!l(!d/Q)!) B ((d/Q)zlo(ud/Q)!) ((d/ﬁ@}@!)z
1 ((d/2) (d/2)!>< (d/2)! )2_
2 2d! (d/4)\(d/4)!
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2
The quantity ((d/ 2)2!(§§1/ 2)!> (( 7 /ES{(?} 4)!> is decreasing in d. Consequently, for every d > 4,

@22, (@2 N2 1
(2 )((d/4)!(d/4)!) =3

This allows us to conclude
PE)>1/2-1/3=1/6.

5.A.3.5.6 Proof of Lemma This proof follows in a similar manner to the proof of
Lemma Recall that f™(x) = 1/logy(x + 1). Fixing d > 4 and divisible by four, we obtain
the following bound justified below:

d/2 [3d/8]
UG -G HAAFY)) = D (fTG) TG+ d/A+ 1) (5.56)
j=d/4 j=d/4
d d
> (|2 + 1 - ) ma1zazs)) - 57(ay2) (557)
3d d 1 1
- (-E- - Z) (1og2q3d/8j +1) 1og2(d/2+1))
B ( 3d 1o ﬂ) (logQ(d/Q + 1) — logy(|3d/8] + 1))
L8 4/ \ logy(d/2 + 1)logy(|3d/8] + 1)
3d d\ /logy(3) — logy(12/8 + 1)
> (5] +1-7) (= i ) (5.58)
1 d
- () (og@) (5.59)
The inequality in follows from the fact that f™(j) > f™(j + d/4 + 1) for every
j € {d/4,...,3d/8]} since f™ is a decreasing function on the domain Rs(. Similarly, we

obtain (5.57)) using the observation that f™(j) — f"(j +d/4+1) > f™([3d/8]) — f™(d/2) for every
jeA{d/4,...,13d/8]} since f™ is a decreasing function on the domain Rsy. To see how (5.58) is
derived, observe that

logy(d/2+1) —logy(13d/8] +1) > logy(d/241) —logy(3d/8+1) > logy(3) —logy(12/8+41), (5.60)

where the final inequality in (5.60)) follows since log,(d/2 + 1) — log,(3d/8 4+ 1) is increasing in d
and d > 4 by assumption. Moreover, logy(d/2 4+ 1)logsy(|3d/8] + 1) < logi(d) for d > 4. The final
inequality in ([5.59)) holds since logy(3) —logy(12/8 + 1) > 1/4 and

13d/8) +1—d/4>3d/8 —d/4 > d/s.

5.A.3.5.7 Proof of Lemma Let us begin with d € {2,3}. It is immediate that RAND
selects the paper ordering of BID with probability at least 1/6 since |II4] < 6. Moreover, any paper
ordering selected by RAND cannot obtain higher expected gain from the final reviewer than SUPER*
since it is optimal for the final reviewer. Accordingly, combined with the bound on BID from
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which holds for any d > 2, we obtain for d € {2, 3},

. 1 A d
R[GSUPER" _ gRAWD 9/ 1> (4 ~ ) (D), .61
(G G [Hna] = (488 - 192) <1og§(d)> (561)

We now focus on d > 3 and not divisible by four. The problem construction we consider
is similar to that from Lemma [5.4 where the number of papers was odd and it was derived from
including a paper with zero similarity score and a bid as an extra paper to the problem construction
from Section We follow the same approach, but let d’ be the maximum number divisible
by four such that d’ < d and consider an identical problem construction for the papers in the set
[d'], but then include d — d’ extra papers with zero similarity and a bid. This change is such that
the papers in the set {d’' + 1,...,d} are shown after the papers in the set [d'] by SUPER* and the
expected gain from them is deterministically zero since the similarity scores are zero.

In particular, let the similarity scores for the final reviewer be

o L ifie{t.d/2
"o, ifje{d/2+1,...,d}

and the number of bids on the papers from previous reviewers be

1, ifje{1,....d/2}
gno1; =10, ifje{d/2+1,....d}
1, ifje{d+1,...,d.

SUPER*
n

Following the exact reasoning from the proof of Lemma we conclude (j) = j for each

Jj € ld].

For this construction and RAND, we need to lower bound ([5.23)). We simplify the expression by
substituting the similarity scores and the number of bids on each paper, and the paper ordering
presented by SUPER* for this construction to obtain

d' /2
E[GR7™ — GRE Hy 1] = B [(1p(2) — (1) +2) D (7 () = [T (™ (5))]-
j=1
where the terms for papers in the set {d’/2 + 1,...,d} dropped out since the similarity scores are

zero. From this point, it is clear that the analysis beginning from ({5.38]) in Section [5.A.3.4] can be
repeated as a function of d’ to obtain the bound

. 1A d
E SUPER* _ ~RAND . > (. T .
(G G ] 2 (576 * 192) <1ogg(d/)>

Since d’ > d — 3, we obtain for d > 3 and not divisible by four,

s (s ) ) = (s ) ) 09
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where the final inequality follows from the facts that log3(d — 3) < log3(d) and d — 3 > d/3 for
d>5.

Combining the bound from (5.61)) for d € {2,3} with the bound from (5.62) for d > 3 and not
divisible by four, we conclude for every d > 2 and not divisible by four,

[E[GSUPER™ __ GRAND n-1] 2 oo T 50 T2 )
G5 G Hn-a] 2 (1728 * 576> <log§(d)>

5.A.4 Proof of Theorem Noiseless Community Model Result

In this proof, we show for the noiseless community model defined in Section that SUPER*
with zero heuristic and SIM are optimal. Moreover, we prove that BID and RAND are significantly
suboptimal. The organization of this proof is as follows. In Section [5.A.4.1] we present additional
notation that is needed in the proof. Section presents simplifying preliminary analysis that
is needed throughout the proof to analyze the expected paper-side and reviewer-side gains of the
algorithms. In Section [5.A.4.3] we characterize the optimal policy for the noiseless community
model. We show in Sections (A 4.4 and E.A 45 that SUPER* with zero heuristic and SIM are
equivalent to the optimal policy, respectively. We prove the suboptimality bounds for BID and
RAND in Sections [5.A4.6] and [5.A.4.7], respectively. Combining the results from the sections of this
proof gives the stated result of Theorem We relegate the proofs of technical lemmas needed
for this result to Section E.AL4.8]

5.A.4.1 Notation

Theorem holds for any similarity matrix S belonging to the noiseless community model defined
in Section and formally in . From this point on in the proof, any reference to a similarity
matrix S is such that it belongs to the noiseless community model. Recall that the number of
reviewers is given by n = mq and the number of papers is given by d = mq where m > 2 and ¢ > 2.

We now state some additional notation for the proof and recall the class of gain and bidding
functions assumed in this claim. Let us define for each reviewer ¢ € [n] the set

D= {jed:Si;=s) (5.63)

which comprises the papers on the block diagonal of the noiseless community model similarity
matrix for the reviewer up to a permutation of rows and columns. Similarly, define for each paper
J € [d] the set

Dj = {Z S [n] : Sz',j = 8}, (564)

which comprises the reviewers on the block diagonal of the noiseless community model similarity
matrix for the paper up to a permutation of rows and columns. Observe that |D;| = ¢ for each
reviewer ¢ € [n] and |D;| = ¢ for each paper j € [d]. In the remainder of the proof, we simply
refer to the set D; as the papers on the block diagonal for a reviewer ¢ € [n] and the set D; as the
reviewers on the block diagonal for a paper j € [d], and omit the wording of up to a permutation
of rows and columns for brevity. Similarly, if a reviewer-paper pair (i,7) is such that S;; = s so
that ¢ € D; and j € D;, we say the reviewer-paper pair is on the block diagonal and omit that this
is up to a permutation of rows and columns. Moreover, we denote by D the complement of the set
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D; for any reviewer i € [n], which contains each paper j € [d] not in the set D; and corresponds to
the papers not on the block diagonal for the reviewer. Similarly, we let Df denote the complement
of the set D; for any paper j € [d], which contains each reviewer i € [n] not in the set D; and
corresponds to the reviewers not on the block diagonal for the paper. Finally, if a reviewer-paper
pair (,7) is such that S;; = s so that i € Df and j € D, we say the reviewer-paper pair is off
the block diagonal. For each complement set, we again omit the wording of up to a permutation of
rows and columns.

We denote the expected gain of any algorithm ALG presenting a potentially random sequence of

paper orderings mit¢ ... wALC a5

B[GH9] = B[GA] + AE[g!X),

where the expectation is with respect to the randomness in the bids placed by reviewers and any
randomness in the algorithm and A > 0 is the trade-off parameter. The expected paper-side gain

is given by the quantity
E[G] =E[ " 1(0)] (5.65)
Jj€ld]

where g; = Zie[n] B; ; is random the number of bids on paper j € [d] at the end of the bidding
process and the paper-side gain function for this result is v, () = \/z. Recall that B; ; is a Bernoulli
random variable denoting the random bid of reviewer i € [n] on paper j € [d]. From the assumptions
of Theorem the success probability of B; ; for any reviewer i € [n] and paper j € [d] is given
by the bidding function

f(TrALG(]) Sij) = H{WALG( ) = 1}1{S;; > s/2}. (5.66)

(2

In the remainder of the proof, if mM€(j) = 1, we often say the paper is shown in the highest or top

position of the paper ordering. The expected reviewer-side gain is given by

EG] =B 3 > 7 (m (), 5i)] (5.67)

i€[n] jeld]

where for this result the reviewer-side gain function is

ALG/ : 2Sij —1 Si i 7w ALG/ -
THE0), 500) = gy ) = (25~ DI EEE0)) (5.65)
We let .
w(mie () = (5.69)

logy (m*€(7) + 1)

denote the component of the reviewer-side gain function that only depends on the position the
paper is in.
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5.A.4.2 Preliminaries

The focus of this section is to simplify the expressions for the expected paper-side gain and expected
reviewer-side gain from ([5.65)) and (5.67)) respectively, using the similarity matrix structure and the
given class of gain and bidding functions. There are several immediate characteristics of the reviewer
bidding behavior and the relation between the similarity scores as a result of the given bidding
function from and the noiseless community model similarity score structure from that
we reference throughout the proof:

e If the reviewer-paper pair (i,7) is on the block diagonal of the noiseless community model
similarity matrix S so that i € D; and j € D;, then paper j € [d] is bid on almost surely by
reviewer i € [n] when 7f¢(j) =1 and almost never when m-€(5) # 1.

e If the reviewer-paper pair (i, j) is not on the block diagonal of the noiseless community model
similarity matrix S so that i € D¢ and j € DS, then paper j € [d] is bid on almost never by
reviewer i € [n] independent of 7;¢(5).

e If the reviewer-paper pair (i,7) is on the block diagonal of the noiseless community model
matrix S so that ¢ € Dj and j € D;, and the reviewer-paper pair (4, j') is not on the block
diagonal of the noiseless community model matrix S so that i € D5 and j' € DY, then

Sij > Sijr-

Observe that the statements above further imply that each reviewer bids on at most one paper
almost surely.

We now show that the expected paper-side gain from any paper j € [d] only depends on the
positions it is shown to reviewers i € [n] by some algorithm ALG for which the reviewer-paper pair
(i,7) is on the block diagonal of the similarity matrix. Indeed, the expected paper-side gain for any
paper j € [d] simplifies to be

Byt = S 32 5)] =Pl 5 )] = SUB(r= 3 1G) = )0, 6:70)

i€D; =0 i€D;

The preceding equation follows from the fact that the the bid from any reviewer i € DS on paper
Jj € [d] is zero almost surely independent of the position the paper is shown, and since any reviewer
i € D; bids on the paper j € [d] almost surely if 72¢(j) =1 and almost never if 7#¢(j) # 1.

To obtain a final simplified version of the expected paper-side gain given in (| -7 we sum
over the paper set [d] and get that

E[G)] = D Ellg)] = Y D B(£= D () = 1})%(0). (5.71)

jeld) j€[d] £=0 i€D;

It is now clear from ([5.71)) that to analyze the expected paper-side gain of any algorithm ALG, we
only need to determine the distribution on the number of times each paper is shown in the highest
position to reviewers for which the reviewer-paper pair is on the block diagonal of the similarity
matrix.
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We now turn to deriving a simplified form of the expected reviewer-side gain given in (5.67)).
Beginning from ([5.67)), we substitute in the form of the reviewer-side gain function from (5.68|) and
then plug in the similarity scores of the noiseless community model matrix to obtain

EGHY) =E[ > D (@% - )yf(ie()] =E[@ - D Y Y r e G)]. 672)

i€[n] j€[d] i€[n] J€D;

To be clear, the final equality above follows from the facts that D;UD{ = [d] for each reviewer i € [n]
and S;; = s for j € D; and S; j» = 0 for j € Df. It is now evident that the expected reviewer-side
gain only depends on the positions the papers on the block diagonal for each individual reviewer
are presented.

5.A.4.3 Optimal Policy

In this section, we characterize the optimal policy for the noiseless community model and the given
class of gain and bidding functions. To do so, we independently explain how the expected paper-side
and reviewer-side gain are maximized. Then, we show that they can be simultaneously maximized
to obtain the optimal policy.

Policy to maximize the expected paper-side gain. The expected paper-side gain is maxi-
mized by any policy that shows a paper among the set with the minimum number of bids within
D; in the highest position to each reviewer i € [n]. We now characterize the maximum expected
paper-side gain that can be obtained and then show that the aforementioned policy achieves it.
From the characteristics of the reviewer bidding behavior given in Section [5.A.4.2] each reviewer
bids on at most one paper almost surely. This means that the maximum number of bids that can
be obtained by any policy is equal to the number of reviewers n = mgq almost surely. The expected
paper-side gain from for the given paper-side gain function is the sum of the expected value
of a strictly concave function of the number of bids on a paper over each the d = mgq papers.
Consequently, since the maximum number of bids that be obtained by any algorithm is equal to
the number of papers almost surely, the expected paper-side gain is maximized if the bids are
evenly distributed among the papers so that each paper has exactly one bid almost surely. It then
immediately follows that the maximum expected paper-side gain that can be obtained from any

algorithm ALG is
QALG Z Elvp(95)] = Z (1) = mg. (5.73)
Jjeld] Jjeld]

We now show that any policy presenting a paper among the set with a minimum number of
bids within D; in the highest position to each reviewer i € [n] maximizes the expected paper-side
gain. For any given reviewer i € [n], the ¢ papers in D; are each in D; for ¢ — 1 other reviewers
i’ € [n] and also in D, for each of the remaining reviewers i" € [n]. If a paper from D; is shown in
the highest position to reviewer i € [n], then it is bid on almost surely. Moreover, any paper that
is not shown in the highest position to the reviewer is bid on with probability zero. Together, this
means that upon the arrival of each reviewer ¢ € [n], there is a paper in D; with zero bids that
has not been shown in the highest position to any reviewer previously almost surely. Consequently,
each paper j € [d] is shown exactly once almost surely in the highest position to some reviewer
i € Dj. It then follows from the decomposition in that the expected paper-side gain of this
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policy ALG is

EIG)) = > Elwlg)] = Y w(l) = mq. (5.74)

j€ld] j€ld]

We conclude that the policy maximizes the expected paper-side gain since it was shown in (5.73))
that the maximum expected paper-side gain that can be obtained is mgq.

Policy to maximize the expected reviewer-side gain. The expected reviewer-side gain as
given in is decoupled between each of the reviewers. Moreover, the expected reviewer-side
gain from any reviewer ¢ € [n] only depends on the positions that papers in the set D; are shown.
Since the function v as given in is decreasing on the domain R, as long as each paper in
the set D; is shown before the papers in the set Dy, then the expected reviewer-side gain from any
reviewer i € [n] is maximized. This means that if a policy shows papers this way for each reviewer
i € [n], then the expected reviewer-side gain is maximized.

Overall optimal policy. The expected paper-side and reviewer-side gains can be simultaneously
maximized. Indeed, if a paper among the set with the minimum number of bids from D; is shown
in the highest position to each reviewer ¢ € [n], then the expected paper-side gain is maximized.
Furthermore, if the remaining papers in D; are shown ahead of each paper in Df for each reviewer
i € [n], then the expected reviewer-side gain is maximized. It then follows that this is the optimal
policy. We refer to such a policy as OPT in the remainder of the proof.

5.A.4.4 Optimality of SUPER* with Zero Heuristic

We show in this section that SUPER* with zero heuristic is equivalent to the optimal policy under
the noiseless community model for the given class of gain and bidding functions.

Informal description of SUPER* with zero heuristic policy. Recall that as explained in
Section [5.3] and formally characterized in Section SUPER* with zero heuristic is designed to
maximize the immediate expected gain from each reviewer conditioned on the history. We show
that the immediate expected paper-side and reviewer-side gain from any reviewer i € [n] are both
maximized by showing a paper with the minimum number of bids among D; in the highest position,
followed by the remaining papers in D; in any order, and then the papers from Df in any order.

The immediate expected paper-side gain from any reviewer ¢ € [n] is maximized by showing a
paper with the minimum number of bids among D; in the highest position in the paper ordering. To
see why, observe that the immediate expected paper-side gain from any paper that is not shown in
the highest position is zero since the probability of it being bid on is zero. Moreover, the probability
of a paper being bid on that is shown in the highest position is only non-zero if it is in the set of
papers D;. Then, since the given paper-side gain function is strictly concave so the returns of bids
are diminishing, we determine that the immediate expected paper-side gain from the paper shown
in the highest position of the ordering is maximized if it is a paper with the minimum number of
bids among D;.

The expected reviewer-side gain from any reviewer i € [n] is maximized as long as papers in D;
are shown ahead of Df. This follows from the fact that the expected reviewer-side gain as given
in is decoupled between the reviewers. Furthermore, the expected reviewer-side gain from
any reviewer ¢ € [n] only depends on the positions that papers in the set D; are shown. Since the
function 7] as given in is decreasing on the domain R+, as long as each paper in the set D;
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is shown before the papers in the set Df, then the expected reviewer-side gain from the reviewer is
maximized.

Formal description of SUPER* with zero heuristic policy. We now formally state the policy
of SUPER* with zero heuristic policy for the noiseless community model and the given gain and
bidding functions. The proof of Lemma [5.§]is given in Section [5.A.4.8

Lemma 5.8. Under the assumptions of Theorem SUPER* with zero heuristic shows a paper
among the set with the minimum number of bids from D; in the highest position to each reviewer
i € [n]. Moreover, the remaining papers in D; are shown in an arbitrary order ahead of the papers
in D§ which are also shown in arbitrary order to each reviewer i € [n].

The policy of SUPER* with zero heuristic given in Lemma [5.8|is equivalent to the optimal policy
derived in Section We conclude SUPER* with zero heuristic is optimal for the noiseless
community model with the given class of gain and bidding functions.

5.A.4.5 Optimality of SIM

The SIM policy shows papers to each reviewer in decreasing order of the similarity scores with
ties between a pair of papers broken in favor of the paper with fewer bids and any remaining
ties are broken uniformly at random. The similarity score of each paper j € D; is greater than the
similarity score of each paper j' € Df for each reviewer. By definition of the policy, the previous fact
immediately implies that for each reviewer i € [n], SIM shows each paper in D; ahead of each paper
in D§. Moreover, the tie-breaking mechanism of SIM guarantees that a paper with the minimum
number of bids among D; is shown in the highest position of the paper ordering to each reviewer
i € [n]. This policy is equivalent to the optimal policy given in Section and hence SIM is
optimal for the noiseless community model with the given class of gain and bidding functions.

5.A.4.6 Suboptimality of BID

We now prove the suboptimality of BID for the noiseless community model.

Intuition and BID policy. The BID algorithm presents papers in an increasing order of the
number of bids and ties between papers are broken in favor of the paper with the higher similarity
score. In this section, we go on to show that this policy maximizes the expected paper-side gain.
This follows from the fact that almost surely a paper with zero bids and a similarity score exceeding
the threshold necessary for a reviewer to bid on a paper is shown in the highest position to each
reviewer and bid on. However, for the noiseless community model similarity class, the algorithm is
suboptimal for the combined objective since the expected reviewer-side gain obtained is suboptimal.
The fundamental problem with BID is that, except for as a tie-breaking mechanism, the similarity
scores are ignored by the algorithm. For the given bidding model, papers which are not shown in
the highest position are bid on with probability zero. Consequently, showing papers with fewer bids
closer, but not in the highest position, cannot improve the expected paper-side gain and reduces
the expected reviewer-side gain.

Bounding the expected paper-side gain. Recall from Section [5.A4.3] that any policy pre-
senting a paper among the set with a minimum number of bids within D; in the highest position
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to each reviewer i € [n] maximizes the expected paper-side gain. We now follow similar arguments
from Section to determine that BID shows a paper among the set with a minimum number
of bids among D; in the highest position to each reviewer i € [n] almost surely so that is maximizes
the expected paper-side gain.

For any given reviewer i € [n], the ¢ papers in D; are in D; for the same ¢ — 1 other reviewers
i' € [n] and also in D, for each of the remaining reviewers i” € [n]. For any reviewer i € [n], any
paper j € Dy is bid on almost never and any paper j € D; is only bid on with non-zero probability
if shown in the highest position to the reviewer. This means that upon the arrival of each reviewer
i € [n], there is a paper in D; with zero bids almost surely. Furthermore, the similarity score of any
paper in D; is greater than the similarity score of any paper in Df for each reviewer i € [n]. Hence,
BID shows a paper in D; with zero bids in the highest position to each reviewer i € [n] almost surely
since papers are shown in increasing order of the number of bids and ties are broken in favor of the
paper with the higher similarity score. The structure of the bidding function guarantees that if a
paper in D; is shown in the highest position of the paper ordering to reviewer i € [n], then it is bid
on by the reviewer almost surely. Consequently, each paper j € [d] is shown exactly once almost
surely in the highest position to some reviewer ¢ € D;. It then follows from the decomposition
in that the expected paper-side gain of BID for every m > 2,¢ > 2, and A > 0, is given by

QBID Z E[ ’Yp g] = Z 'Yp(l) =

J€ld] JEld]

From the expected paper-side gain of OPT given in (5.74), we conclude that for every m > 2,q > 2,
and A >0,
E[GF"] — E[GE™] = 0. (5.75)

Bounding the expected reviewer-side gain. We now show that the optimal policy OPT obtains
significantly more expected reviewer-side gain than BID. This requires deriving a suitable lower
bound on the following expression based on (5.72):

E[GYT - GF°) = AE[ D°(2° = 1) 3 (37 (27 () — w(wF2(5))) |- (5.76)

i€ [?"L] jeDz

Let us begin by defining a “good event” for any reviewer and paper under which if the paper has
probability zero of being bid on then it is not bid on and if the paper has probability one of being
bid on then it is bid on. Formally, for any reviewer k € [n], paper j € [d], and paper ordering mp-€
given by an algorithm ALG, we define

Epf ={mi8 () = 1,8k > 8/2,Byj = 1} U{mp"(j) # 1, By = 0} U {Sk; < 5/2, Bj = 0}.

Moreover, for each reviewer i € [n], define the following event & = U} U?_, {&05T U ERTPY which
says the good event held for each reviewer that arrived previously for every paper and observe that
the complement of this event occurs on a measure zero space by the structure of the bidding function
given in . Consequently, from the law of total expectation, an equivalent form of is
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given by

AB[GET — 0] = XE[ 3 (2° = VE[ Y (07 (n¥7(3)) = % (xF(3)))

i€n JED;

5” . (5.77)

Recall from the derivation of the expected paper-side gain of OPT in Section [5.A.4.3] and BID
in this section that each algorithm obtains exactly one bid almost surely from each reviewer and
on each paper. Define F as the set of initial [mg/4] reviewers for which upon arrival of such a
reviewer ¢ € F at least one paper on the block diagonal for the reviewer given by D; has received
a bid previously. Observe that OPT obtains at least as much expected reviewer-side gain as BID
from each reviewer since it was shown in Section that the policy maximizes the expected
reviewer-side gain from each individual reviewer. As a result, we get the following lower bound

on (577):
NE[GYT — GF°] 2 XE| Y (2" — DE| 3 (7 (@1 (4)) = 3 (e (4)

i€F J€D;

5” . (5.78)

We now separate papers into relevant groups defined upon arrival for each reviewer i € F given
the event &;. Let T; 1 be the set of papers in D; with zero bids and T; 2 be the set of papers in D;
with one bid. Denote by T; 3 the set of papers in Df with zero bids and T; 4 as the papers in DY
with one bid. Moreover, we let N; ;, = |T; 1| for k € {1,2,3,4} denote the number of papers in each
set and define ¢; = N; 1 + 1. Using this notation, is equivalently

NE[GET — GFP) 2 B[ Y2~ DE| Y (7 (PT(E) — (R ())

i€F JET; 1UT; 2

5” . (5.79)

As shown in Section OPT shows a paper with the minimum number of bids among D;
in the highest position of the paper ordering to each reviewer ¢ € F. Again, this paper corresponds
to a paper in the set 7;; with zero bids. After this paper, the remaining papers in D; are shown
in any arbitrary order. This group of papers contains papers among T;; U T} 2. Since it has no
impact on the expected gain in the analysis that follows, without loss of generality, consider that
OPT shows the papers in 7T; 1 ahead of the papers in Tj ».

The BID policy shows a paper with the minimum number of bids among D; in the highest
position of the paper ordering to each reviewer ¢ € F almost surely as proved earlier. See that
such a paper corresponds to a paper in the set T; ; with zero bids. After this paper, the remaining
papers with zero bids, which by definition belong to T; 1 UT; 3, are shown with ties broken in favor
of the paper with the higher similarity score. Since each paper in D; has a higher similarity score
than each paper in Df, we conclude that BID shows the remaining papers in T; 1 after the paper
shown in the highest position.

Consequently, the papers in T; ; are shown among the positions {1,..., N; 1} by both OPT and
BID conditioned on the event &;. This allows us to simplify (5.79)) and get that

XEIGT — GF°] 2 B[ D°(2° — DE[ Y- (7 (xFT(5) — 9 (+F°(5)

ieF jeTi’Q

5” . (5.80)
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As we just showed, conditioned on the event &;, OPT shows the papers in T2 in an arbitrary
order immediately after the papers in 7;; to each reviewer i € F. This means that the papers
in Tj o are shown among the position set {¢;,...,¢; + N;2 — 1} by OPT to each reviewer i € F
conditioned on &;.

In contrast, BID shows the papers in 7; o after the papers in 7; ; UT; 3, but before the papers in
T; 4. Indeed, the papers in T} 3 each have zero bids and the papers in T} » each have one bid, so by
definition of the policy, BID shows the papers in 7; 3 ahead of the papers in 7; 2. Furthermore, by
definition of the sets, the similarity score of each paper in T;  is greater than the similarity score of
each paper in T; 4, which combined with the tie-breaking mechanism of BID ensures that papers in
T; 2 are shown ahead of the papers in T; 4 even though the number of bids are equal. This means
that the papers in T; 2 are shown among the position set {¢; + N;3,...,¢; + N;j2 + N; 3 — 1} by BID
to each reviewer i € F conditioned on &;.

From this set of facts and continuing from , we obtain

Li+N;2—1
NEIGET - G 2 [(2° - )Y B[ Y (GFG) -G+ N)E]]. s
1EF =4

Minimizing over ¢ € F in (5.81]) and using the definition |F| = |mg/4], we get the bound

6i+N;o—1
AE[GYT — GF°) > AE|(2° — )(lmg/4))minE| Y (F() - TG+ Na)l|E] ] (5.82)
=t
Moreover, for every m > 2 and ¢ > 2, it holds that
[mq/4] = mq/4 — (mq mod 4)/4 = mq/8, (5.83)
and by definition of the noiseless community model
2% —1>2001 _1>1/150. (5.84)
Combining , , and , we have
£i+N;p—1
AEGET - %) > (U VE[minE[ Y (76 -rG+ Na|e]] 6s)
' i=t;

Toward the goal of bounding the right-hand side of ([5.85)), we now work on verifying the following
claim.

Claim 1. For each reviewer ¢ € F and conditioned on the event &;,
Nz’,3 >mgqg—q—m — |_mq/4J —|—Ni’2+1 ZNLZ > 1. (586)

Recall that N; 3 denotes the number of papers in Df with zero bids upon the arrival of reviewer i € F.
By definition, the number of papers in Df is mqg—gq. To bound N; 3, we need to bound the maximum
number of papers Df that could have been bid on previously upon the arrival of the reviewer.
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Observe that upon the arrival of the reviewer, there could be at most (|mg/4| —1) — (N;2 — 1)
reviewers from JF that previously arrived and bid on a paper in Df. This follows from the fact that
|F| = |mq/4] and each reviewer bids on at most one paper almost surely from the structure of the
bidding function given in (5.66), so the total number of bids from this set of reviewers previously is
at most (|mgq/4] —1). Furthermore, of the (|mg/4| —1) bids from the reviewer set F, the number
of bids on papers which are in D; instead of Df is given by (N;2 — 1) since prior to the arrival of
the reviewer a paper in D; had to be bid on by definition of the reviewer set F. Finally, at most
(m — 1) papers in Df are bid on before the arrival of the reviewer from previous reviewers which
do not belong to F since there are m blocks in the similarity matrix. Accordingly, the number of
papers with a bid in Df is at most (m — 1) + (|mg/4] — 1) — (N;2 — 1). We conclude that the
number of papers in D{ without a bid given by N; 3 for any reviewer ¢ € F conditioned on &; is
bounded below as follows

Nig>mq—q—m— |mgqg/4| + N;2 + 1. (5.87)
We now show
mqg—q—m— [mq/4] + Nja+1> N;». (5.88)
To see ((5.88)), observe that
mq—q—m—|mg/4]+1>mqg—q—m—mq/4+1=3mqg/4—q—m+1. (5.89)

The quantity (3mg/4 — g — m + 1) is increasing in m and ¢ for m > 2, ¢ > 2. Using this fact, we
get that for every m > 2 and q > 2,

3mg/4—q—m+1>0. (5.90)

Combining (5.89) and (5.90) immediately implies that (5.88) holds. Finally, N;2 > 1 for each
reviewer ¢ € F conditioned on the event &; by definition of the reviewer set, which proves the final

inequality of (5.86]).

Using the result from ([5.86)), we now prove the following claim to bound the right-hand side
of (5.85)).

Claim 2. Conditioned on the event &;, for each reviewer ¢ € F it must be that

0;+N;2—1 5 1
> 6RO =G+ Na) = () () (5.91)

= log5(maq)

To begin, for any ¢« € F conditioned on the event & we get that

Li+N;2—1 Li+N; 2—1
S FG) -G +Nig) = > (FG) = (G +ma—g—m— |mg/4]+ Nip+1)). (5.92)
Jj=t; J=4;

The inequality in (5.92)) relies upon the facts that ¢; > 1 for each reviewer i € F by definition and
the function 47 as given in (5.69)) is decreasing on the domain R-o. As a result of each property,
we can invoke the lower bound on N; 3 from (5.86|) to get the stated bound in ([5.92)). Moreover,
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Ui+ N;2 — 1 = |D;| = ¢ by definition for any i € F given the event &;, so an equivalent form of the

bound in ([5.92)) is
Li+N; 2—1

q
> (FG) =G+ Nig) Z (W () =7 (G +mg —q—m— |mq/4]| + Nz +1)). (5.93)
j=¢; Jj=¢;

Now, since ¢; > 1 for each reviewer ¢ € F by definition, the function 7] as given in is
decreasing on the domain R, and mg — g —m — |mg/4] + N;2+1 > 1 from ([5.86), we determine
that each summand in is positive. Hence, to obtain a lower bound on , we take the
maximum ¢; over each reviewer ¢ € F. Recall that /; —1 = N; 1, which gives the total number
of papers in D; without a bid by definition. For each reviewer i € F, there must be at least one
paper with a bid in D; by definition of the reviewer set given the event &. Then, using the fact
that |D;| = ¢, we get £; —1 = N; 1 < g — 1 so that ¢; < ¢ for any reviewer ¢ € F given the event &;.
Hence, is lower bounded as follows:

£i+Ni2—1

Y (FG) =G+ Nig)) =7 (q) — 7 (mg —m — [mg/4] + Nip +1). (5.94)
Jj=ti

Combining the fact that N;2 > 1 for each reviewer i € F conditioned on the event & by
definition of the reviewer set with (5.86]), we obtain
mq—m — |mq/4| + Nig+1>mqg—m— |mgqg/4] +2>q+ 1. (5.95)

Since 4 as given in (5.69)) is decreasing on the domain R+, the inequality in (5.95) immediately
implies
v (mg —m — [mg/4] + Niz +1) < 77 (mg —m — [mq/4] +2). (5.96)

Then, combining (5.94)) and (5.96)) results in the bound

Li+N; 2—1

Y (FG) =+ Nig)) = 27 (@) =7 (ma —m — [ma/4] +2). (5.97)
J=t;

To bound (v (q) =~ (mg—m—|mgq/4|+2)), we need the following result proved in Section|5.A.4.8.2

Lemma 5.9. Fizm > 2, ¢ > 2, and let v*(z) = 1/logy(x + 1). Then,

370 o7 ma —m— mafa] +2) 2 () (o)

Applying Lemma E to , we arrive at the lower bound claimed in . Then, relat-
ing ) back to ( for every m > 2,q > 2, and A > 0, the following bound holds

ARG — G > (30100> (10;3773(1) ) (5.98)
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Observe that the expectation in the right-hand side of (5.98) is dropped since it is not a random
variable.

Completing the bound. Combining the bounds on the expected paper-side and reviewer-side
gain between OPT and BID given in (5.77)) and (5.98)), we find for every m > 2,q > 2, A > 0,

E[gT — GBIP] = E[QSPT _ ggm] + AE[GYT — GBI
1 Amq
2 <m> (log%(q)>'

We conclude that there exists a constant ¢ > 0 such that for every m > 2,¢ > 2, and A > 0, BID is
suboptimal by an additive factor of at least cAmgq/log3(mq) for the noiseless community model.

5.A.4.7 Suboptimality of RAND

In this section, we show the suboptimality of RAND for the noiseless community model.

Intuition and RAND policy. The RAND algorithm selects a paper ordering uniformly at random
from the set of permutations of papers. For the given class of gain and bidding functions, this is
problematic since to obtain a bid from a reviewer, a paper from the block diagonal for the reviewer
must be shown in the highest position. Since at least half of the papers are not on the block
diagonal of the similarity matrix for any reviewer, there is a significant probability that RAND fails
to induce a bid from each reviewer. This causes the algorithm to be suboptimal for the expected
paper-side gain.

Bounding the expected paper-side gain. Recall from (5.70) that the expected paper-side
gain from any paper j € [d] is given by

q

Epy(g5)] = 3 P(0= 3 1{MP () = 1}),(0). (5.99)

=0 i€D;

To bound this quantity for a given paper, we need to characterize the distribution of the number of
times the paper is shown in the highest position to reviewers for which it is on the block diagonal.

The RAND algorithm selects a paper ordering uniformly at random from the set of paper per-
mutations. This means the probability of paper any paper j € [d] being shown in the highest
position to any reviewer i € [n] is 1/mgq since there are d = mq papers. Consequently, the number
of times paper j € [d] is shown in the highest position to reviewers in the set D; follows a binomial
distribution with ¢ trials, since the cardinality of D; is ¢, and a success probability of 1/mg. This
means the expected paper-side gain from any paper j € [d] given in for RAND is equivalently

Bl(o)] = Y- () () (1= ) w0 (5.100)

=0

To bound (5.100]), we need the following lemma that bounds the expectation of the square root of
a binomial random variable with n trials and success probability p.
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Lemma 5.10. Fizn > 2 and p € [0,1]. Then,

5 (- <ot (1= 2) e (22),

k=0

The proof of Lemma [5.10]is provided in Section [5.A.4.8.3

We can directly apply Lemma to ([5.100]) since the given paper-side gain function is the
square root function. The number of trials is ¢ > 2 and the success probability is 1/mg, so for any
paper j € [d], we obtain

E[(g))] = zq: (3) (Wqu)é(l - n}bq)qevp(é) < (%) (1 - niq)“ (1 - *f) + ;/j (5.101)

=0
The bound in the right-hand side of (5.101)) is decreasing in m and ¢ for m > 2 and ¢ > 2. This
means for every m > 2, ¢ > 2, and any paper j € [d],

6+ /2
6

Elvp(g5)] <

To get a final bound on the expected paper-side gain of the algorithm, we sum the previous bound
over the number of papers and obtain

BIG] = 3 Bl (o) < (252 ),

JEld]

(5.102)

Combining ([5.102f) with the expected paper-side gain of the optimal policy which was shown to be
mgq in Section this implies for every m > 2,¢ > 2, and A > 0,

+ ﬂ)mq‘
16

E[GYT — G4 > mg — (° (5.103)
Bounding the expected reviewer-side gain. We compare the expected reviewer-side gain of
the optimal algorithm OPT and RAND. Previously in Section [5.A.4.3] we showed that the optimal
algorithm maximizes the expected reviewer-side gain. This means that the expected reviewer-side
gain of RAND cannot exceed that from the optimal policy OPT. Consequently, for every m > 2, ¢ > 2,
and A\ > 0 we get the bound

AE[GPPT — GRAYP] > 0, (5.104)

Completing the bound. Combining the bounds on the expected paper-side and reviewer-side
gain between the optimal algorithm OPT and RAND given in (5.103|) and (5.104]), for every m >
2,q>2,and A > 0, we get that

E[gDPT o gRAND] — E[g}[)JPT o g}l}AND] + )\E[QEPT - g?.AND]

6+ /2
qu—( J;(;[)qumq/l
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We conclude that there exists a constant ¢ > 0 such that for every m > 2, > 2, and A > 0, RAND
is suboptimal by an additive factor of at least ¢mgq for the noiseless community model.

5.A.4.8 Proofs of Lemmas [5.85.10|

In this section, we present the proofs of technical lemmas stated in the primary proof of Theorem [5.3]

5.A.4.8.1 Proof of Lemma In the proof of Corollary given in Section [5.A.2] we
showed in ([5.17)) that SUPER* with zero heuristic solves the problem

PR — arg rﬁax Z S(mi(5), 8i,5)(Vp(gi-1,5 + 1) — Yp(gi-1,5)) + A Z Yr(mi(5), Sij)  (5.105)
miellyg . 1
jeld] Jjeld]

in order to determine the ordering of papers mS"PER" to present to reviewer i € [n] so that the
immediate expected gain is maximized conditioned on the history of bids from reviewers that arrived
previously. Recalling that the bidding function is f(m;(j), Si;) = 1{mi(j) = 1}1{S;; > s/2}, the
optimization problem in is equivalent to

WEUPER* = arg max Z L{mi(4) = 1Y1{Si; > s/2Hvp(gi-1,; + 1) — ¥p(gi-1,5)) + A Z Vo (i (5)5 Sig)-
T jeld]
(5.106)
Observe that D; UD§ = [d]. Moreover, if j € D;, then S;; > s/2 since S; ; = s by definition of
the noiseless community model similarity matrix and s € [0.01,1]. Analogously, if j € D¢, then
Sij < s/2 since S;; = 0 by definition of the noiseless community model similarity matrix and
s € [0.01,1]. This allows us to simplify to the following problem:

mSUPERT — arg max Z {7 (j) = 1} (vp(gi-15 + 1) — W(gi-15)) + A Z Ye(mi(4), Sig). (5.107)
mi€llq J€D; ]E[d]

The given paper-side gain function =, is such that v,(gi—1,; + 1) — Vp(gi—1,;) is decreasing as a
function of the number of bids g;—1 ;. As a result, the expected paper-side gain term from ({5.107)),
which is given by
Z I{mi(j) = 1} (vp(gi-15 + 1) — p(gi-14)), (5.108)
J€D;
is maximized by showing a paper j € D; with the minimum number of bids in the highest position of
the paper ordering. Moreover, the given reviewer-side gain function 7, from (5.68) is decreasing in
the position 7;(j) in which a paper is shown and increasing in the similarity score S; ;. Consequently,
the expected reviewer-side gain term from (5.107)), which is given by

> (i), Sig)s (5.109)

Jj€ld]

is maximized by showing papers in decreasing order of the similarity scores. The similarity score is
Sij = s €[0.01,1] for papers in D; and the similarity score is S; ; = 0 for papers in D by definition
of the noiseless community model. Accordingly, the expected reviewer-side gain term in is
maximized as long as each paper in D; is shown earlier in the paper ordering than each paper in
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D¢.

(2
Since the expected paper-side and reviewer-side gain terms of (5.107) given by ([5.108]
and ([5.109)) respectively can be simultaneously maximized by showing any of the papers with the

minimum number of bids among D; in the highest position, followed by the remaining papers in
D; in any arbitrary order, and then the papers in Df in any arbitrary order, we conclude this is
the policy of SUPER* with zero heuristic.

5.A.4.8.2 Proof of Lemma Recall that 47 = 1/logy(z + 1). Moreover, fix m > 2 and
q > 2. Simplifying the expression we seek to bound, we obtain

(@) = (ma —m = [mq/4] +2) = logy(q+1)  logy(mg—m — [mg/4] +2+1)

_ logy(ma —m — |maq/4] +2+1) ~logy(q +1)
= Togy(mg —m = [mg/A] 21 Dogy(g+ 1)~ 10

We now lower bound the numerator of the right-hand side of (5.110f). For any fixed m > 2 and
q=2,

logy(mg —m — [mq/4] +2+41) —logy(q +1) > logy(2q — [q/2] +1) —logy(q +1).  (5.111)

To see why, observe that mg — m — [mg/4] is non-decreasing as a function of m for m > 2 and
q > 2. The non-decreasing property follows from the fact that

(m+1)g—(m+1)—[(m+1)g/4] =mqg—m+q—1—|mg/4+q/4]
>mq—m+q—1—(lmg/4] + [¢/4] +1)
=mq—m— [mq/4] +q—[q/4] =2
> mq —m — |mq/4].

To get the final inequality, consider

q—1q/4] —2=q—q/4+ (gmod 4)/4 —2 = 3q/4+ (¢ mod 4)/4 — 2 (5.112)

and notice that for ¢ = 2, ((5.112)) is zero, and for ¢ > 2, ([5.112]) is positive.

Now, see that logy (29— |q/2]+1)—log,(g+1) is increasing as a function of ¢ since 2¢— |¢/2] > ¢
for ¢ > 2. Accordingly, for every m > 2 and g > 2,

loga(2g — [q/2) + 1) — logy(g + 1) > logy(4) — logy(3) > 2/5. (5.113)

To finish, we obtain a lower bound on ([5.110)) by finding an upper bound on the denominator in
the right-hand side. Observe that log,(mg—m —|mgq/4] +2+1) <logy(mgq) since m+ |mqg/4| > 3

and logy(q + 1) < logy(mgq) for every m > 2 and ¢ > 2. Then, combined with (5.110)), (5.111)),
and (5.113)), we obtain the stated result of

37(a) 37 mg —m — lma/4) +2) 2 () (o5
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5.A.4.8.3 Proof of Lemma Given n > 2 and p € [0,1], we need to prove the bound

5 (ke st (- L) 2o 2).

To begin, observe that

) <n>p’“(1 —p)" k= i <n>p’“(1 —p)" "V, (5-114)

k
k=1

Then, since

()= G = GO (=™ = (R G )

we can simplify (5.114)) to obtain

n

> (1o i-wy () (s e
k=1

k=0

From the fact that % < @ for k > 2, we bound (5.115)) as follows:

npzn: (\f) (Z: i)pk‘l(l —p)" = np(1 —p)" ' + npzn: (\f
k=1

(5.116)

Relating (5.116)) back to (5.115)), we get

n

Z (Z)pk(l — )" VE <np(1 —p)"t 4 np(ﬂ> k; (n a 1>pk_1(1 —p)n k. (5.117)

Pt 2 k—1

From addition and subtraction of np(1 — p)"~1 (72) into the right-hand side of (5.117]), we obtain

n

> <Z>p’“(1 — )" "V < np(1—p)" ! (1 - ?) —l—np(ﬂ) i (n B 1>pk_1(l —p)R (5.118)
k=1

2 k—1
k=0

Now, see that from an indexing manipulation

n

3 <Z B i>pk:—1(1 )k = i <n ; 1>pk(1 ik, (5.119)

k=1
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Moreover, from the Binomial theorem,

n—1

> (n k l)pk(l —p T R = (1 -p) =1 (5.120)

k=0

Combining (|5.118]), ((5.119]), and (5.120]) gives the final result of

n

> <Z>p’“(1 —p)" *VE <np(1 - p)"! (1 - ‘f) n np(\@)

2
k=0

5.A.5 Proof of Theorem Noisy Community Model Result

In this proof, we show for the noisy community model that SUPER* with zero heuristic is near
optimal and each of the baselines is significantly suboptimal with respect to SUPER* with zero
heuristic. The organization of this proof is as follows. In Section [5.A.5.1] we present notation and
preliminary analysis that is needed throughout the proof. In Section [5.A.5.2] we analyze SUPER*
with zero heuristic and compute the expected paper-side gain for the similarity matrix class. We
prove the suboptimality bounds for the SIM, BID, and RAND baselines with respect to SUPER* with
zero heuristic separately in Sections[5.A.5.3] [5.A.5.4], and [5.A.5.5|respectively. We finish the proof in
Section by showing that SUPER* with zero heuristic is near optimal. Combining the results
in each section of this proof gives the stated result of the theorem. Proofs of technical lemmas
needed only for this proof can be found in Section [5.A.5.7] The proofs of technical lemmas used
in this proof, but introduced in the proof of Theorem are given in Section [5.A.4.8] Finally,
we remark that a number of methods for proving this result are similar to that from the proof of
Theorem and we point out in several places where this is the case as well as where the techniques
differ.

5.A.5.1 Notation and Preliminaries

The notation and terminology in this proof follow that from the proof of Theorem in Sec-
tion [5.A.4.1] since the gain and bidding functions are shared between the results and the noisy
community model is based on the noiseless community model. The primary adjustment is that any
reference to a similarity matrix S refers to that from the noisy community model, which is generated
by selecting some similarity matrix S’ from the noiseless community model as given in in , and
then adding noise in the manner described in (5.8)). Recall that the noise in the similarity score
for each reviewer-paper pair (i, j) denoted by v; ; is drawn independently and uniformly from (0, §)
where & < (1+))"te™*"™ for the given trade-off parameter A > 0. We also follow the notation from
the proof of Theorem in Section [5.A.4.1] in terms of terminology of reviewers and papers on
the block diagonal and keep the sets D; for all i € [n] and D; for all j € [d] from and
defined in terms of the noiseless community model similarity matrix now given by S’.

In an analogous manner to the preliminaries section of the proof of Theorem we present
several characteristics of the reviewer bidding behavior and the similarity scores that are needed
throughout the proof. This set of rather immediate results also enable a decomposition of the
expected paper-side gain equivalent to that for the noiseless community model from the proof of

Theorem [5.3| given in (5.70)).
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We begin by showing if a paper is on the block diagonal for a reviewer, then it is bid on almost
surely when shown in the highest position of the paper ordering to the reviewer and almost never
when it is not.

Lemma 5.11. Under the assumptions of Theorem |5.4) if the reviewer-paper pair (i,j) is on the
block diagonal of the noiseless community model matmx S" so that i € D;j and j € D;, then in the
notsy community model matriz S; ; > s/2. Moreover, the paper j € [d] is bid on by reviewer i € [n]
almost surely when w€(j) =1 and almost never when w€(j) # 1.

Proof of Lemma[5.11]. If the reviewer-paper pair (i, j) is on the block diagonal of the noiseless
community model matrix S’, then by definition S’ = s and S;; = s — v;; where the noise v; ;
is drawn uniformly at random from the interval (O €). Moreover, recall that s € [0.01,1] and
£ < (1+N)"te=®ma, Accordingly, for A > 0,m > 2, and ¢ > 2, we obtain

E<(A+Ntem ™ < e <0.01/2 < 5/2. (5.121)

Since v;; € (0,€), we immediately get S;; > s — . Then applying , we conclude that
Sij > s/2. Finally, since the probability of reviewer i bidding on paper j is given by the quantity
F(mHC(5), S; ;) = L{mME(5) = 1}1{S, ; > s/2}, the reviewer bids on the paper almost surely when
7#¢(5) = 1 and almost never when 7#%(j) # 1. O

We now show that if a paper is not on the block diagonal for a given reviewer, then the reviewer
bids on the paper almost never independent of the position the paper is shown.

Lemma 5.12. Under the assumptions of Theorem 5.4}, if the reviewer-paper pair (i,j) is not on
the block diagonal of the noiseless community model matmx S’ so that i € D5 and j € Df, then in
the noisy community model matriz S; ; < s/2. Moreover, paper j € [d] is bid on almost never by
reviewer i € [n] independent of wA4(j).

Proof of Lemma[5.13. If the reviewer-paper pair (i, j) is not on the block diagonal of the noiseless
community model matrix S, then by definition S ;;=0and Si; = v;; where the noise v; ; is drawn
uniformly at random from the interval (0,&). Since v;; € (0,&), we immediately get .S; j < £. Then
applying (5 , we conclude that S; ; < s/2. Finally, since the probability of reviewer i bidding
on paper j is given by the quantity f(7*€(j),S;;) = 1{ntC(j) = 1}1{S;; > s/2}, the reviewer
bids on the paper almost never independent of the position the paper is shown to the reviewer given
from 7AC(5). O

Observe that Lemmas and imply that each reviewer bids on at most one paper almost
surely. Moreover, they can also be combined to determine that any paper on the block diagonal for
a reviewer is guaranteed to have a higher similarity score than any paper not on the block diagonal
for the reviewer.

Lemma 5.13. Under the assumptions of Theorem [5.4) if the reviewer-paper pair (i,j) is on the
block diagonal of the noiseless community model matrm S" so that © € Dj and j € D;, and the
reviewer-paper pair (i,j') is not on the block diagonal of the noiseless community model matriz S’
so that 1 € D;, and j' € DY, then in the noisy community model matriz S; j > S; jr.
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We now apply the preceding results to show that the expected paper-side gain from a given
paper j € [d] only depends on the positions it is shown to reviewers i € [n] by some algorithm
ALG for which the reviewer-paper pair (i, j) is on the block diagonal of the similarity matrix. The
expected paper-side gain for any paper j € [d] simplifies to be

Elvp(g5)] = E[’m( > Bm)} = E[%( > Bi,j)] = IP(£ = > 1x™() = 1})7p(£). (5.122)

q
i€[n] i€D; =0 i€D;

The above equation follows from Lemma which indicates that the the bid from any reviewer
1€ DJQ is zero almost surely independent of the position the paper is shown, and from Lemma
which guarantees any reviewer i € D; bids on the paper j € [d| almost surely if 7/¢(j) = 1 and
almost never if 72€(j) # 1. As mentioned at the beginning of this section, this decomposition of
the expected paper-side gain for the noisy community model in is equivalent to that for the

noiseless community model given in (5.70)).

5.A.5.2 Analyzing SUPER" with Zero Heuristic

In this section, we present a preliminary analysis of SUPER* with zero heuristic for the noisy com-
munity model similarity matrix class with the given gain and bidding functions. We begin by
characterizing the behavior of SUPER* with zero heuristic. Following deriving the policy, the ex-
pected paper-side gain of the algorithm is computed. The analysis of the expected reviewer-side
gain is deferred to the sections showing the suboptimality of the baselines with respect to SUPER*
with zero heuristic (specifically, see Sections[5.A.5.3|and [5.A.5.4). However, we do provide intuition
in this section for why the expected reviewer-side gain is nearly optimal.

Intuition and SUPER* with zero heuristic policy. The given bidding function is such that only
the paper shown in the highest position to a reviewer has a non-zero probability of being bid on.
Intuitively Lemma5.11]and Lemma|5.12|suggest that to optimize the expected paper-side gain, the
algorithm should seek to show a paper on the block diagonal for the reviewer in the highest position.
Moreover, since the given paper-side gain function exhibits diminishing returns in the number of
bids, showing the paper on the block diagonal with fewest bids maximizes the immediate expected
paper-side gain.

The given reviewer-side gain function is decreasing in the position a paper is shown and increas-
ing in the similarity score of the paper. This indicates that to maximize the immediate expected
reviewer-side gain, papers should be shown in a decreasing order of the similarity scores to the re-
viewer. For the given noisy community model similarity class, the similarity scores of papers on the
block diagonal for a given reviewer are significantly higher than the similarity scores of papers off
the block diagonal for the given reviewer as was formalized in Lemma Furthermore, the noise
is bounded in a small interval. Consequently, the similarity scores for papers on the block diagonal
for a reviewer are nearly identical and the similarity scores for papers off the block diagonal for a
reviewer are also nearly identical. This suggests that as long as papers on the block diagonal are
shown ahead of papers off the block diagonal for a reviewer, then the expected reviewer-side gain
from a given reviewer should be close to the maximum that can be obtained.

The high-level view of the objective the algorithm is optimizing indicates that the immediate
expected paper-side gain can be maximized with minimal cost to the immediate expected reviewer-
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side gain. This can be achieved by showing the paper on the block diagonal for the reviewer with
the minimum number of bids in the highest position and the remaining papers in a decreasing order
of the similarity scores. The following lemma formalizes the intuition that has been given.

Lemma 5.14. Under the assumptions of Theorem when reviewer i € [n] arrives, if there is a
paper in D; with zero bids and each paper in D; has at most one bid, then SUPER® with zero heuristic
shows the reviewer the paper with the maximum similarity score among the papers without a bid in
D; at the highest position followed by the remaining papers in a decreasing order of the similarity
scores.

The proof of Lemma is provided in Section It turns out that the conditions of
Lemma [5.14] namely the existence of a paper in D; with zero bids and each paper in D; having at
most one bid upon the arrival of reviewer i € [n], are met using SUPER* with zero heuristic almost
surely. We now formally characterize this statement and then compute the expected paper-side
gain of the algorithm.

Computing the expected paper-side gain. Consider a group of ¢ reviewers denoted by R for
which D; = D, for every pair of reviewers 4,7 € R, meaning that the papers on the block diagonal
for the reviewers are equivalent. Observe that from the structure of the noisy community model,
for every reviewer i € R, it also holds that D; C D, for all i € R, meaning that the papers on the
block diagonal for each reviewer in R are off the block diagonal for all reviewers in R¢. Moreover,
there are m such blocks of reviewers analogous to the given group R.

Upon the initial arrival of a reviewer i from R, from Lemma [5.12] each paper in D; has zero bids
almost surely since they are off the block diagonal for all reviewers that arrived previously. From
Lemma SUPER* with zero heuristic shows this reviewer the paper in D; with the maximum
similarity score in the highest position of the paper ordering. Lemma [5.11| guarantees that this
paper is bid on by the reviewer almost surely and the rest of the papers in D; are bid on almost
never by the reviewer.

We now consider the next arrival of a reviewer ¢ from R and note that Dy = D; by definition
of this set of reviewers. Between the arrivals of reviewers ¢ and 7/, none of the papers in D; obtain
any more bids almost surely since again from Lemma [5.12| any paper that is off the block diagonal
for a reviewer is bid on almost never independent of the position the paper is shown. This means
each paper in Dy has zero bids almost surely except for the paper that has a bid from reviewer
i almost surely. Accordingly, we apply Lemma to determine that SUPER* with zero heuristic
shows this reviewer the paper with the maximum similarity score among the papers without a bid
within D, in the highest position of the paper ordering. Then, Lemma [5.11] guarantees that this
paper is bid on by the reviewer almost surely and the rest of the papers in D; are bid on almost
never by the reviewer.

Repeatedly applying this argument, upon the final arrival of a reviewer ¢’ from R, each paper
in D;» has exactly one bid except for one paper that remains without a bid almost surely. We
note again that by definition of this set of reviewers D;» = D;. From Lemma SUPER* with
zero heuristic shows the final paper without a bid within D;~ in the highest position of the paper
ordering and Lemma [5.11] ensures that this paper is bid on by the reviewer almost surely and the
rest of the papers in D, are bid on almost never by the reviewer.

Following the arrival of reviewer i”, the papers in D; never appear on the block diagonal for a
reviewer again and finish with exactly one bid almost surely after each being shown in the highest
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position of the paper ordering exactly once to some reviewer for which they are on the block diagonal
almost surely. The line of reasoning applied to the group of reviewers R can be duplicated for each
of the m blocks of reviewers which share papers on the block diagonal. In doing so, it immediately
follows from the decomposition in that the expected paper-side gain of SUPER* with zero
heuristic for every m > 2,q > 2, and A > 0, is given by

gSUPER Z E[y,(g;)] = Z vp(1) = mq. (5.123)

J€ld] JEld]

Identically as in the derivation of the optimal expected paper-side gain for the noiseless community
model given in Section this is the optimal expected paper-side gain that can be obtained
since each reviewer bids on at most one paper almost surely and the given paper-side gain function
is strictly concave so evenly distributing the bids over the papers maximizes the expected paper-side
gain.

Properties of SUPER* with zero heuristic for the noisy community model similarity
matrix. Since the conditions of Lemma are satisfied for each reviewer almost surely, SUPER*
with zero heuristic shows each reviewer ¢ € [n] the paper with the maximum similarity score among
the papers without a bid in D; followed by the remaining papers in a decreasing order of the
similarity scores. This fact leads to several properties of the algorithm for this similarity matrix
class. From Lemma Sij > Si ;v for j € D;,j" € D§. This means the paper with the maximum
similarity score among the papers without a bid in D; is equivalently the paper with the maximum
similarity score among the papers without a bid. This results in the following property of the
algorithm.

Property 5.1. SUPER* with zero heuristic presents the paper with the maximum similarity score
among the papers without a bid in the highest position of the paper ordering and the remaining
papers in a decreasing order of the similarity scores to each reviewer i € [n] almost surely.

Similarly, using Lemma [5.13] we can determine that the algorithm shows each paper that is
on the block diagonal of the similarity matrix for the reviewer ahead of each paper off the block
diagonal.

Property 5.2. SUPER* with zero heuristic shows every paper in D; ahead of every paper in Dy to
each reviewer i € [n] almost surely.

The final property that again follows from Lemma is that the algorithm shows the papers
off the block diagonal in a decreasing order of the similarity scores.

Property 5.3. SUPER" with zero heuristic shows papers among D in a decreasing order of the
similarity scores to each reviewer i € [n| almost surely.

The properties of SUPER* with zero heuristic provided are going to assist the comparison of the
expected reviewer-side gain with that from the baselines and the optimal policy. As discussed pre-
viously, intuitively Property [5.2]should guarantee that the algorithm obtains near-optimal expected
reviewer-side gain since the noise in the similarity scores is bounded in a small interval and the
similarity scores of papers on the block diagonal are much higher than that for papers off the block
diagonal for a reviewer.
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5.A.5.3 Suboptimality of SIM

In this section, we analyze SIM for the noisy community model similarity matrix class with the
given gain and bidding functions.

Intuition and SIM policy. The SIM algorithm presents papers in a decreasing order of the
similarity scores. This approach maximizes the expected reviewer-side gain since the given reviewer-
side gain function is decreasing in the position a paper is shown and increasing in the similarity
score of the paper. However, for the noisy community model similarity matrix class, the algorithm
is suboptimal for the combined objective since the expected paper-side gain is far from optimal.
As shown in the analysis of SUPER* with zero heuristic, to maximize the expected paper-side gain,
each paper should only be shown in the highest position of the paper ordering to a reviewer once
almost surely. Moreover, this must be when the paper is on the block diagonal for a reviewer so
that it obtains a bid almost surely. The problem with SIM for this similarity matrix class is that
it is oblivious to the number of bids on papers. As a result, the algorithm may show a paper in
the highest position of the paper ordering to a reviewer that has only marginally higher similarity
score, but many more bids, than another option. While this may result in a scarce amount more
gain from the reviewer-side objective, we show it is costly in terms of the paper-side objective.
We formalize this by showing SIM is significantly suboptimal for the expected paper-side gain, and
that it only achieves a marginal amount more expected reviewer-side gain than SUPER* with zero
heuristic.

Bounding the expected paper-side gain. Recall from (5.122)) that the expected paper-side
gain from any paper j € [d] is given by

q

Elplg)] = Y P(£= 3 1{m™() = 1})3(0). (5.124)

=0 i€D;

To bound this quantity for a given paper, we need to characterize the distribution of the number
of times the paper is shown in the highest position of the paper ordering to reviewers for which it
is on the block diagonal.

Toward this goal, let us consider any reviewer i € [n] and the probability of each paper being
shown in the highest position of the paper ordering for the reviewer. For the given reviewer, the
set of papers on the block diagonal is given by D; and this set has cardinality q. Moreover, from
Lemma Sij > Sij for j € Dy, 5’ € D§. This result says the similarity score of any paper on
the block diagonal for the reviewer is greater than the similarity score of any paper off the block
diagonal for the reviewer.

The SIM algorithm shows papers in a decreasing order of the similarity scores, which combined
with Lemma [5.13] guarantees that the probability of any paper j € D§ being shown in the highest
position of the paper ordering is zero. For any paper j € D;, the similarity score is given by
Sij = s — v;j. The noise v;; for each reviewer-paper pair (i,j) is drawn independently and
uniformly at random from a bounded interval. This implies that the probability of any paper
j € D; being shown in the highest position to the reviewer is 1/¢ since there are ¢ papers in the
set.

Recall that D; for any paper j € [d] denotes the reviewers i € [n| for which the reviewer-paper
pair (7,j) is on the block diagonal of the similarity matrix. From the preceding reasoning, the
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probability of paper j € [d] being shown in the highest position to each reviewer i € D; is 1/q.
Consequently, the number of times paper j € [d] is shown in the highest position to reviewers in
the set D; follows a Binomial distribution with ¢ trials since the cardinality of D; is ¢ and a success
probability of 1/¢. This means the expected paper-side gain from any paper j € [d] given in
for SIM, is equivalently expressed as

M%@N=§:@)Qy@—iy4%@- (5.125)

=0

To bound (5.125)), we can directly apply Lemma which bounds the expectation of the square
root of a binomial random variable, and obtain

E[p(g5)] = Xq: <Z> (l)g(l — 1)q_zvp(f) < (1 - l)q_l (1 - \f) + \f (5.126)
(=0

q q q
The bound in (5.126]) is decreasing in ¢ for ¢ > 2. This means for every ¢ > 2 and any paper j € [d],
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Ebp(9)] = ——

To get the expected paper-side gain of the algorithm, we sum this bound over the number of papers
and obtain

2 +4\/§)mq. (5.127)

EGS™] = " Elp(e)] < (

Jj€ld]

Combining ([5.127) with the expected paper-side gain of SUPER* with zero heuristic from ((5.123]),
this implies for every m > 2,¢ > 2, and A > 0,

2+ ﬁ)mq. (5.128)

SUPER* s
]E[ngPER _ gpIM] > mg — ( .
Bounding the expected reviewer-side gain. We now turn our attention to comparing the
expected reviewer-side gain of SUPER* with zero heuristic and SIM. We need to bound

XE[GEPE — G = AR | 30 S (3 (P (), S1g) — 0 (75, S2)) . (5.129)
i€[n] j€[d]

Toward doing so, recall Property which says SUPER* with zero heuristic shows every paper
in D; ahead of every paper in Df to each reviewer i € [n] almost surely. Moreover, Property
says the papers among Df are shown in decreasing order of the similarity scores to each reviewer
i € [n] almost surely. In comparison, SIM shows papers in decreasing order of the similarity scores
to each reviewer i € [n]. From Lemma the similarity scores of papers in D; are greater than
the similarity scores of papers in DY for each reviewer i € [n]. Combining this fact with the policy
of SUPER* with zero heuristic and SIM, we can see that the algorithms show the papers among Df
in identical positions almost surely. This means the reviewer-side gain from this set of papers is
equivalent for each of the algorithms almost surely.
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Since the noise is bounded in a small interval, we expect that the ordering among papers in D;
would not impact the expected reviewer-side gain significantly as long as they are shown before the
papers in Df. The following result formalizes this intuition and provides a bound.

Lemma 5.15. Let ﬂf denote the paper ordering that presents papers in decreasing order of the
stmilarity scores. Moreover, denote by 7rf/ any paper ordering that shows each paper in D; ahead of
each paper in D§ and papers among Df in a decreasing order of the similarity scores. Then, under
the assumptions of Theorem[5.4), the following bound holds for every m > 2,q > 2, and X\ > 0:

A (@ (3), Sig) = W (6), Sig)) = —ge™ ™ log(4).
JEld]

The proof of Lemma [5.15|is provided in Section [5.A.5.7.2

The result of Lemma immediately applies to for each reviewer conditioned on the
almost sure events given the characteristics of SUPER* with zero heuristic and SIM mentioned earlier
and since it holds for any realization of the noise in the similarity scores. Combining with
Lemma [5.15| and noting that there are n = mgq reviewers, we obtain for every m > 2,q¢ > 2, and
A>0,

AE[GEUPE — G5 = \E[ 37 37 (1 (n 8P (5), 815) — (n$(7), 5i))| > —maPe " log(4).

i€[n] j€ld] ( )
5.130

Finally, see that for every m > 2 and g > 2,
— mg?e” " log(4) > —8e *¢log(4) > —0.0001 (5.131)

since —mq?e~“™ 1og(4) is negative and increasing as a function of m and ¢ for m > 2 and ¢ > 2.
From (5.130]) and (5.131]), we get that for every m > 2,¢ > 2, and A > 0,

AE[GSUPER” _ GSIM) > _(.0001. (5.132)

Completing the bound. Combining the bounds on the expected paper-side and reviewer-side
gain between SUPER* with zero heuristic and SIM given in (5.128)) and (5.132)), we get that for every
m>2,q>2 and A >0,

E[gSUPER* _ gSIM] — E[QSUPER* _ QEIM] 4 )\]E[QTS.UPER* _ gEIM]

V3
(2+4 2

)mq — 0.0001

We conclude that there is a constant ¢ > 0 such that for every m > 2,¢q > 2, and A > 0, SUPER*
with zero heuristic obtains an additive factor of at least c¢mq more expected gain than SIM in the
noisy community model.
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5.A.5.4 Suboptimality of BID

We now analyze BID for the noisy community model with the given gain and bidding functions.
We remark that much of the analysis in this section follows very similarly to that for BID given
in Section from the proof of Theorem [5.3| regarding the noiseless community model since
the reviewer bidding behavior is identical in the noisy community model as characterized by Lem-
mas[5.11] [5.12], and [5.13] The primary adjustments are in the analysis of the expected reviewer-side
gain with respect to SUPER* with zero heuristic.

Bounding the expected paper-side gain. For any given reviewer i € [n], the ¢ papers in D;
are each in Dy for ¢ — 1 other reviewers i’ € [n]| and also in D, for each of the remaining reviewers
i"” € [n]. For any reviewer i € [n], any paper j € D¢ is bid on almost never from Lemma
and any paper j € D; is only bid on with non-zero probability if shown in the highest position to
the reviewer from Lemma [5.11] This means that upon the arrival of each reviewer i € [n], there
is a paper in D; with zero bids that has not been shown in the highest position to any reviewer
previously almost surely. Furthermore, from Lemma the similarity score of any paper in D;
is greater than the similarity score of any paper in Df for each reviewer i € [n]. Therefore, BID
shows a paper in D; with zero bids in the highest position to each reviewer i € [n] almost surely
since papers are shown in increasing order of the number of bids and ties are broken in favor of the
paper with the higher similarity score. Lemma [5.11] guarantees that if a paper in D; is shown in the
highest position of the paper ordering to reviewer i € [n], then it is bid on by the reviewer almost
surely. Consequently, each paper j € [d] is shown exactly once almost surely in the highest position
to some reviewer to some reviewer ¢ € D;. It then follows from the decomposition in that
the expected paper-side gain of BID for every m > 2,q > 2, and A > 0, is given by

E[GE™] = ) Elylg)l = > w(1) =mq.

J€ld] JEld]

From the expected paper-side gain of SUPER* with zero heuristic given in (5.123)), we conclude
that for every m > 2,¢ > 2, and A > 0,

E[GS"PE] — E[GE™] = 0. (5.133)

Before moving on to the expected reviewer-side gain, we point out that SUPER* with zero heuristic
and BID show the same paper in the highest position to each reviewer almost surely as direct result
of Lemma the definition of the BID policy, and the derivations of the expected paper-side gain
for each algorithm.

Property 5.4. SUPER* with zero heuristic and BID show the same paper in the highest position of
the paper ordering to each reviewer almost surely.

As we now show, the suboptimality of BID stems from the fact that after the paper shown in
the highest position, the remaining papers are presented in increasing order of the number of bids,
whereas SUPER* with zero heuristic shows the remaining papers in decreasing order of the similarity
scores.

Bounding the expected reviewer-side gain. We now focus on showing SUPER* with zero
heuristic obtains significantly more expected reviewer-side gain than BID. This requires deriving a
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suitable lower bound on the following expression:

AB[GEPE — GE) = XE[ 37 3 (0 (xS (1), 51,) — 9 (7E2(5), i) (5.134)

i€[n] jeld]

Let us begin by defining a “good event” for any reviewer and paper under which if the paper has
probability zero of being bid on then it is not bid on and if the paper has probability one of being
bid on then it is bid on. Formally, for any reviewer k € [n], paper j € [d], and paper ordering mp¢
given by an algorithm ALG, we define

s ={m () = 1, Sky > 8/2, By = 1 U{mp"¢(j) # 1, Brj = 0} U {Sk; < 5/2, By,; = 0}.

Moreover, for each reviewer i € [n], define the following event & = Uj_} U L {ETPER UERTPY which
says the good event held for each reviewer that arrived previously for every paper and observe that
the complement of this event occurs on a measure zero space by the structure of the bidding function
given in . Consequently, from the law of total expectation, an equivalent form of is
given by

AE[GSUPER" _ GBID] _)\E{ZE[Z TSR (), i 5) — (PP (5), Si )

i€[n] JE[d]

” (5.135)

From Property SUPER* with zero heuristic and BID show the same paper in the highest
position of the paper ordering to any reviewer i € [n] given the event &. Moreover, from Prop-
erty SUPER* with zero heuristic presents the remainder of the papers in a decreasing order
of the similarity scores given the event &. This implies that for each reviewer ¢ € [n]|, SUPER*
with zero heuristic obtains at least as much reviewer-side gain as BID given the event &; since the
reviewer-side gain function is increasing in the similarity score and decreasing in the position a
paper is shown. Define F as the initial set of |mg/4| reviewers for which upon arrival of such a
reviewer ¢ € F at least one paper on the block diagonal for the reviewer given by D; has received
a bid previously, where we recall that SUPER* with zero heuristic and BID each obtain exactly one
bid from each reviewer and on each paper almost surely as proved in the analysis of the expected
paper-side gains. From and the fact that SUPER* with zero heuristic obtains at least as
much expected reviewer-side gain as BID from each reviewer given the event &£, we obtain

E[GET — ) 2 AE| 3 OE| Y (1(nf T (5), i) = 1 (nPPG). Si))|E] | (5:136)

i€F  jeld]

We now separate papers into relevant groups defined upon arrival for each reviewer ¢ € F. Let
T; 1 be the set of papers containing only the paper that each algorithm shows in the highest position
that has zero bids and belongs to the set D;. Let T;o denote the remaining set of papers in D;
with zero bids and 7; 3 be the set of papers in D; with one bid. Denote by 7; 4 the set of papers
in D§ with zero bids and T;5 as the papers in Df with one bid. Moreover, we let N; = |T;,
for k € {1,2,3,4,5} denote the number of papers in each set and define ¢; = N;1 + N;2 + 1.
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Accordingly, (5.136)) is equivalently

AE[GEUPEY — gB) > B[R] 2. (0 (TP (3), 815) = W (7F2 (), i)
i€F jETi’lUTi,QUTLgUTi’4UTi75

(5.137)
From Property SUPER* with zero heuristic and BID show the same paper in the highest position
of the paper ordering to each reviewer i € [n] given &;. This allows us to simplify (5.137) and get

that
NEIGR — GEP 2 OE[SE| Y (e, Si) (7). Sig)) €] |
(5.138)

ieF JET; 2UT; 3UT; 4UT; 5

Given event &;, SUPER* with zero heuristic shows papers among 7T; 2 UT; 3 in decreasing order of
the similarity scores followed by papers among 7; 4 UT; 5 in decreasing order of the similarity scores

consequent of Properties and

Now consider an algorithm ALG that shows papers from T;j ahead of papers from T; . for
each k € {1,2,3,4}. Moreover, let this algorithm present papers among each group T; for k €
{1,2,3,4,5} in decreasing order of the similarity scores. The given reviewer-side gain function is
decreasing in the position a paper is shown and increasing in the similarity score. This means the
expected reviewer-side gain from any reviewer is maximized by showing papers in decreasing order
of the similarity scores. Consequently, the expected reviewer-side gain of SUPER* with zero heuristic
from each reviewer is at least as much as that from ALG. This fact leads to a lower bound on
of

MB[GT —GEP) 2 0B SB[ YD (), i) — (), Siy)

i€F JET; 2UT; 3UT; 4UT; 5

5” (5.139)

. ALG BID
where now & = U, U, {&7 UETH

The BID policy shows papers in T2 U T; 4 ahead of papers in T; 3 U T} 5. Moreover, papers in
T; 2 are shown ahead of papers in T; 4 and papers in 7; 3 ahead of papers in T; 5. Papers among
each group T;j for k € {2,3,4,5} are shown in decreasing order of the similarity scores. This
characterization of the BID policy follows from definition, since papers are shown in increasing
order of the number of bids with ties broken by the similarity scores. Recall that the similarity
scores of papers in T;o U T; 3 are greater than the similarity scores of papers in T4 U T} 5 from
Lemma It is now clear that ALG and BID show papers among T; 2 UT; 5 in identical positions
given the event &;. Combining this fact with , we get that

ME[GRP — GEPl 2 XE[ Y B[ Y (n(m), i) — (@), Siy)

ieEF jETi,3UTi,4

&H . (5.140)

We now separate the sum over papers in 7T; 3 from the sums over papers in 7; 4 in (5.140)) to



251

obtain
AB[GEPE — GFP) > AE| SB[ Y (30 (79 (), i) = e (7ER(5), S1))|Ei]
ieF jETig

+ B[ S (R 51) — w(700). i)

ieEF J€T; 4

(5.141)

1

The ALG policy shows papers in 7T; 3 followed by papers in T; 4, with each group of papers being
presented in decreasing order of the similarity scores to each reviewer given the event &;. In
contrast, the BID policy shows papers in 7; 4 followed by papers in T; 3, with each group of papers
being presented in decreasing order of the similarity scores. This means that BID shows each paper
in T; 3 later in the paper ordering by NN;4 positions compared to ALG to each reviewer given &;.
Analogously, ALG shows each paper in T; 4 later in the paper ordering by V; 3 positions compared
to BID to each reviewer given &;. This set of facts and continuing from , leads to the bound

]

From the decomposed form of the reviewer-side gain function in ([5.69)), an equivalent form of ([5.142))

]

XE[GEPE — B > AE| SB[ Y (259 — )37 (719()) = A7 (7)) + Nia))

ieF jETi,g

SB[ 3 @5 - DI E(G)) — A5 (#00) + Nig)

iEF J€ET; 4

NG — ] 2 \E[ SB[ 3 (1 (), Sig) = () + Nig, i)

i€EF J€T; 3

~ SB[ 3 R, 51g) = (AP + Ny i)

ieF JET; 4

(5.142)

(5.143)

1

The similarity scores of papers in T; 3 are given by S;; = s — v;; and the similarity score of
papers in T; 4 are S; ; = v; j. Recall that the noise is bounded in the interval (0,¢). Combining this
with the fact that the function 47 from (5.69) is decreasing on the domain R+, we bound ([5.143))
as follows

AE[GSUPER _ GBIP] > )\IE[ (257 — ZE[ Z ™ (A8 (1)) — AT (xM8 () 1 N;a)) €
)

ieF J€T; 3
- =) E[ 3 (I TRG) - 97 (7FR() + Ni))
Now recall that ALG shows the papers in T; 3 after the papers in T” U T} 2. Similarly, BID shows
the papers in T; 4 after the papers in 7; 1 UT; ». Recall that £; = N; 1 + N; 2+ 1. From this notation

(5.144)

ieEF J€ET; 4
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and (5.144)), we obtain

Li+N; 3—1
MB[GET — GEP| 2 B[ )Y B[ Y (F0) - TG+ )&
ieF ={;
. j Nt (5.145)
—E-DYE[ Y 0FG)-rG+ Nia)l|e]]-
i€F G=¢;

Following the exact techniques to prove Claim 1 in Section for the expected reviewer-side
gain analysis of BID in the noiseless community model, we get that for each reviewer i € F and
conditioned on the event &;,

Nz’,4 >mgqg—q—m — |_mq/4J +Ni’3—|—1 2N1,3 > 1. (5146)

Now, toward the goal of bounding ([5.145|), we perform the following indexing manipulations:

£i+N; 4—1 Li+Ni4—1 £i+N;3+N; 4—1
Yo (TG -wGHN) = Y w@i - >, W)
Jj=t; J=4; j=ti+N; 3
£i+N;3—1 £;i+N;3+N; 4—1
= > 0) D)) (5.147)
Jj=¥; J=ti+N; 4
Li+N; 3—1
= Y (FG) =G+ Nia)). (5.148)
J=¢;

To obtain ([5.147)), we used the fact from (5.146|) that IN; 4 > N; 3 for any reviewer i € F given the
event &;.

Then from (5.144]) and ([5.148]), we get

i+N; 3—1
NE[GEPE — GETP] > AR | (2 - 2) Y B[ Y (7 () —fG+ Nua)|E]]. (5.149)
ieF j=4;
Minimizing over ¢ € F in (5.149) and using the definition |F| = [mq/4], we have
Zi—l-Ni’g—l
AE[GYT — ) > AE|(2* — 1)(|mg/4) minE| D" (57() =7+ Na)|&]]- (5.150)
Jj=ti
Moreover, for every m > 2, ¢ > 2, it holds that
|mq/4] = mgq/4 — (mq mod 4)/4 > mq/8. (5.151)

By definition of the noisy community model and the given bound on &, for every m > 2, ¢ > 2, and
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A >0, we get
25_5 _ 25 — 25_(1+)\)—le—emq _ 2(1+)\)—1e—emq 2 20.01—8_46 _ 26_46 Z 1/150 (5152)
Combining ({5.150f), ((5.151f), and (5.152)), we have
A Li+N; 3—1
\E[GSUPER* _ (BID >< )E[ . ]E{ () —~T(j + N Z” 1

Then, applying exactly the same techniques to prove Claim 2 in Section for the expected
reviewer-side gain analysis of BID in the noiseless community model, for every ¢ € F conditioned
on the event &;, we have

Li+N; 3—1
T, 2y, 1
min ];: (7 () =G + Nia) > (5>(1og§(mq)>' (5.154)

Finally, combining (5.154) with (5.153), for every m > 2,q¢ > 2, and A > 0, the following bound
holds

AE[GFT — GPP) > <30100> (1023753(1) >

Observe that the expectation in the right-hand side of (5.155)) is dropped since it is not a random
variable.

(5.155)

Completing the bound. Combining the bounds on the expected paper-side and reviewer-side
gain between SUPER* with zero heuristic and BID given in ([5.133)) and (5.155]), we find for every
m>2,qg>2,A>0,

]E[gSUPER* - gBID] — E[Q;‘,UPER* o gZE)iID] 4 )\]E[Q?UPER* o gEID]

= (30100) (10;37773@)'

We conclude that there exists a constant ¢ > 0 such that for every m > 2,¢ > 2, and A > 0, SUPER*
with zero heuristic obtains an additive factor of at least cAmgq/ log3(mq) more expected gain than
BID for the noisy community model.

5.A.5.5 Suboptimality of RAND

In this section, we analyze RAND for the noisy community model similarity class with the given gain
and bidding functions. A significant amount of the analysis in this section follows identically to
that from analyzing RAND in the noiseless community model from Section [5.A.4.7 and the reason
for the suboptimal behavior is identical.
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Bounding the expected paper-side gain. Recall from (5.122)) that the expected paper-side
gain from any paper j € [d] is given by

q

Elp(i)] = > P(£= 3 1{m() = 1})3,(0). (5.156)

=0 i€D;

We remark that the decomposition of the expected paper-side gain from any paper given in
for RAND in the noisy community model is identical to that given in for RAND in the noiseless
community model. Since the RAND policy is independent of the similarity scores and the reviewer
bids, the distribution of the number of times a paper is shown in the highest position to reviewers
for which it is on the block diagonal is identical in the noisy community model as it is in the
noiseless community model. Accordingly, we directly bound the expected paper-side gain of RAND
in the noisy community model using the bound from derived in Section for RAND
in the noiseless community model. Then, combining with the expected paper-side gain of SUPER*
with zero heuristic from , we get that for every m > 2,¢ > 2, and A > 0,

. 6+ /2
E[QSUPER _ g}l?AND] > mq — < T )mq. (5.157)

Bounding the expected reviewer-side gain. We now need to compare the expected reviewer-
side gain of SUPER* with zero heuristic and RAND. The SIM algorithm obtains the maximum expected
reviewer-side gain that can be achieved since the reviewer-side gain function is increasing in the
similarity score and decreasing in the position a paper is shown. Consequently, the bound on the
expected reviewer-side gain from between SUPER* with zero heuristic and SIM applies to
RAND. Using the bound from , we get that for every m > 2,¢ > 2, and A > 0,

AE[GSUPER" _ GRAND] > _() 0001. (5.158)

Completing the bound. Combining the bounds on the expected paper-side and reviewer-side
gain between SUPER* with zero heuristic and RAND given in (5.157)) and ([5.158)), for every m > 2,q >
2, and A > 0,

E[gSUPER* o gRAND] — ]E[QSUPER* o gZIJ{AND] 4 )\E[QEUPER* o g?AND]

/s
_(6—;6 -

>mq

)mq —0.0001 > mgq/2.
We conclude that there exists a constant ¢ > 0 such that for every m > 2,¢ > 2, and A > 0, SUPER*

with zero heuristic obtains an additive factor of at least ¢mg more expected gain than RAND in the
noisy community model.

5.A.5.6 Near-Optimality of SUPER* with Zero Heuristic

In this section, we show that SUPER* with zero heuristic is nearly optimal. We let OPT denote the
optimal algorithm for the expected gain.
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Bounding the expected paper-side gain. As explained in Section[5.A.5.2] the expected paper-
side gain of SUPER* with zero heuristic is the maximum that can be achieved. Indeed, this is
consequent of the facts that each reviewer bids on at most one paper almost surely and the given
paper-side gain function is strictly concave so evenly distributing the bids over the papers maximizes
the expected paper-side gain. We conclude that for every m > 2, > 2, and A > 0,

E[GS"PER] — E[GIT] > 0. (5.159)

Bounding the expected reviewer-side gain. The SIM algorithm obtains the maximum ex-
pected reviewer-side gain that can be achieved since the reviewer-side gain function as given in
is increasing in the similarity score and decreasing in the position a paper is shown, which means
showing papers in decreasing order of the similarity scores to each reviewer maximizes the expected
reviewer-side gain. Consequently, the bound on the expected reviewer-side gain from be-
tween SUPER* with zero heuristic and SIM applies to the optimal algorithm. Using the bound
from , we get that for m > 2,¢ > 2, and A\ > 0,

AE[GEUPERT — GOPT] > —0.0001. (5.160)

Completing the bound. Combining the bounds on the expected paper-side and reviewer-side
gain between SUPER* with zero heuristic and OPT given in (5.159)) and (5.160)), we get that for every
m>2,q>2 and A >0,

E[gSUPER* _ gOPT] _ E[QEUPER* _ gSPT] + AE[QTSUPER* _ gEPT] > —0.0001.

We conclude SUPER* with zero heuristic is always within at least an additive factor of 0.0001 of the
optimal in the noisy community model.

5.A.5.7 Proofs of Lemmas [5.14-5.15]

In this section, we present the proofs of technical lemmas invoked in the primary proof of Theo-

rem B.4]

5.A.5.7.1 Proof of Lemma In the proof of Corollary given in Section we
showed in ([5.17)) that SUPER* with zero heuristic solves the problem

PR — arg rﬁax Z S(mi(5), 8i5) (Vp(gi-1,5 +1) — Yp(gi-1,5)) + A Z Yr(mi(5), Sij)  (5.161)
m;€llg : j
jeld] j€ld]

in order to determine the ordering of papers WEUPER* to present to reviewer i € [n]| so that the
immediate expected gain is maximized conditioned on the history of bids from reviewers that arrived
previously. Recalling that the bidding function is f(m;(j), Si;) = 1{mi(j) = 1}1{S;; > s/2}, the
optimization problem in is equivalent to

PR = argmax Y 1{mi(j) = L11{Si; > 5/2}(9p(gi-15 + 1) — Wlgi-1)) + A D _ e (mi(4), Sij).
i€l el jeld) 5.162)
5.162
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Observe that D; U DS = [d]. Moreover, if j € D;, then S; ; > s/2 from Lemma Analogously,
if j € Df, then S;; < s/2 from Lemma This allows us to simplify (5.162)) to the following
problem:

SUPER® _ arg max > 1{m) = Bw(gi1y +1) = 1(gi-15)) + A D 1e(mi(4), Sij). (5.163)
Tistd - jeD; j€ld]

Given the assumption that there is a paper in D; with zero bids and each paper in D; has at most
one bid, we need to prove SUPER* with zero heuristic shows the paper with the maximum similarity
score among the papers without a bid in D; followed by the remaining papers in a decreasing order
of the similarity scores. To do so, we analyze the solution to when the paper with the
maximum similarity score has zero bids and when the paper with the maximum similarity score
has one bid. For each scenario, we show SUPER* with zero heuristic presents the paper with the
maximum similarity score among the papers without a bid in the highest position and the remaining
papers in a decreasing order of the similarity scores. This is equivalent to the stated result we seek
to prove since from Lemma Sij > Si v for j € D;,j’ € DS, which guarantees the paper with
the maximum similarity score belongs to the set D; and the paper with the maximum similarity
score among the papers without a bid belongs to the set D;.

Before analyzing each scenario, we recall some key properties of the functions in the optimization
problem given in ([5.163) under the assumptions. The given paper-side gain function v, is such that
the quantity v,(gi—1,; + 1) — ¥p(gi—1,;) is decreasing as a function of the number of bids g;—1 ;. As
a result, the expected paper-side gain term from , which is given by

> 1{mi(h) = 1(wp(gi-15 + 1) = (gi-1.4)): (5.164)
J€D;

is maximized by showing the paper j € D; with the minimum number of bids in the highest
position of the paper ordering. Moreover, the given reviewer-side gain function ~, from is
decreasing in the position 7;(j) in which a paper is shown and increasing in the similarity score
S; ;. Consequently, the expected reviewer-side gain term from , which is given by

Z ’Yr(ﬂ'i(j%Siyj)? (5'165)

JEld]

is maximized by showing papers in decreasing order of the similarity scores.

Solution when the paper with the maximum similarity score has zero bids. If the
paper with the maximum similarity score has zero bids, then the solution to is to present
the papers in decreasing order of the similarity scores. To see why this solution is optimal, observe
that it maximizes each component of given in and since the paper with the
maximum similarity score has the minimum number of bids among the set D; and papers are in
decreasing order of the similarity scores. This solution is equivalent to presenting the paper with
the maximum similarity score among the papers without a bid in the highest position and the
remaining papers in a decreasing order of the similarity scores since the paper with the maximum
similarity score has zero bids.
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Solution when the paper with the maximum similarity score has one bid. To determine
the solution to when the paper with the maximum similarity score has one bid, we consider
groups of candidate solutions. We group potential solutions into the set of paper orderings that show
a paper with at least one bid in the highest position (group 1) and the set of paper orderings that
show a paper without a bid in the highest position (group 2). For each group of paper orderings, we
find the solution that maximizes the objective of the optimization problem in . To resolve
which is optimal, we compare the objective values of the solutions from each group.

Analyzing Group 1. For this group, the solution is constrained to the set of paper orderings
that show a paper with at least one bid in the highest position. The solution among this group that
maximizes the objective of is to show papers in decreasing order of the similarity scores.
We call this candidate solution 7rf .

The candidate solution Wf can be seen to be optimal among the group since it maxi-
mizes subject to the constraint of the group and it maximizes . Indeed, solution
wf maximizes subject to the constraint of the group since the paper with the maximum
similarity score has the minimum number of bids among the papers in D; with at least one
bid. Moreover, solution Wf maximizes since papers are shown in decreasing order of the
similarity scores.

Analyzing Group 2. For this group, the solution is constrained to the set of paper orderings
that show a paper without a bid in the highest position. The solution among this group that
maximizes the objective of is to show the paper with the maximum similarity score among
the papers with zero bids in the highest position and then present the remaining papers in decreasing
order of the similarity scores. We call this candidate solution 7rf/.

The candidate solution wf/ can be seen to be optimal among the group since it maximizes
and it maximizes subject to the constraint of the group as we now show. From assumption,
there is at least one paper in D; with zero bids. The similarity score of any paper in D; is greater
than the similarity score of any paper in D§ from Lemma This implies that the paper with
the maximum similarity score among the papers with zero bids is in D;. Therefore, we conclude
solution ﬂf/ maximizes since the paper with the maximum similarity score among the papers
with zero bids is in D; and it has the minimum number of bids among the papers in D;. Moreover,
solution 7rf/ maximizes subject to the constraint of the group since the paper with maximum
similarity among the set of papers with zero bids is shown in the highest position and the remaining
papers are shown in decreasing order of the similarity scores.

Comparing candidate solutions 7r and 7r . We now compare the objective of m ) for
the candidate solutions Trf and 7r . Our goal is to show the objective given wﬁ is greater than the

objective given ﬂf . This is to say, we wish to show the following quantity is positive

> (U () = B=1{nf(G) = 1) (p(gi-15+ 1) =p(gi-15)+A D (el (5), Sig) = (wi (5), 5:9)).-
Jj€D; Jjeld]

(5.166)
To simplify notation, let the quantity 1n 5.166)) be denoted by C. Since 7r shows a paper in D; with
one bid in the highest position and 7T shows a paper in D; with zero bldS in the highest position,
we obtain

C = (1p(1) = (0) = (1(2) = (1) + A D (3 (] (5), Sig) = 1 (7 (7), Si))-

JEld]
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Since Wf presents papers in decreasing order of the similarity scores and 7rfl shows the papers in Df
in a decreasing order of the similarity scores after the papers in D;, we can apply Lemma to
get,

C = (1p(1) =(0)) = (1(2) = (1)) — ge™ " log(4). (5.167)

Observe that —ge™“"?log(4) is negative and an increasing as a function of m and ¢ on the domain
m > 2 and ¢ > 2. This means for every m > 2 and ¢ > 2,

— ge ™ ]og(4) > —2e 4¢log(4) > —0.01. (5.168)
Moreover, for the given paper-side gain function,
(1) = 1(0) = (9(2) = 3(1) =2 - V2 (5.169)
Combining , , and , we obtain
C>2-v2-001>0.

Since ¢ > 0, we can conclude the objective of (5.163) given 7¢ is greater than the objective

i
of (5.163)) given 7rf. This means that the solution when the paper with the maximum similarity
score has one bid is to show the paper with the maximum similarity score among the papers with
zero bids in the highest position and then present the remaining papers in decreasing order of the

similarity scores.

Combining the solutions. We have now derived the solution to when the paper with the
maximum similarity score has not obtained a bid previously and when the paper with the maximum
similarity score has obtained exactly one bid previously. For each scenario, we showed SUPER* with
zero heuristic presents the paper with the maximum similarity score among the papers without a
bid in the highest position and the remaining papers in a decreasing order of the similarity scores.
This allows us to conclude that if there is a paper in D; with zero bids and each paper in D; has at
most one bid, then SUPER* with zero heuristic shows the paper with the maximum similarity score
among the papers without a bid in D; followed by the remaining papers in a decreasing order of
the similarity scores.

5.A.5.7.2 Proof of Lemma From the stated result, Wf denotes the paper ordering that
presents papers in decreasing order of the similarity scores. Recall that D; denotes the set of
papers on the block diagonal of the similarity matrix for any reviewer i € [n]. Moreover, 7rf/
paper ordering that shows each paper in D; ahead of each paper in D§ and papers among Dy in a
decreasing order of the similarity scores. Given this information, we need to bound

A (el (3), Sig) = (7L (), Sig)-

JEld]

is any

Each paper ordering ﬂf and TrfI shows the papers in Dy in a decreasing order of the similarity
scores after the papers in D; since from Lemma Sij > S,y for j € Dy, 5’ € Df. This means
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papers in Dy are shown in identical positions by each paper ordering, so we get

A Z Yo (T Sij) — ve(me =A> (el Sig) = (i (5), Siz))-

J€ED;

Equivalently, from the decomposed form of the given reviewer-side gain function from ([5.68|),

AN (el (4), Sig) — (e =A% =i (7)) = A Y (299 — DT (] (4)-

J€E(d] JED; jED;

By definition, the similarity score of each paper j € D; is given by S; ; = s — 14 ;. Moreover, v; ; is
bounded in (0,&), so s — & < s — 15 j < s. This fact leads to the lower bound

AZ V(1 (7, 8ig) = (i (3), Sig) = A2 =1) Y A% (] (7)) = A2° = 1) > 27 (7 (7))

JED; JED;

Each paper ordering ﬁf and ﬂf/ shows the papers in D; in some order among the set of positions
{1,...,q} since there are ¢ papers in D; by definition and each paper in D; is shown ahead of each
paper in Df. From this observation, we obtain

AZ (3w (3), Sig) = w(wE(5), Sig) > M2 =2°) > A7 (4)

j€ld)
which is equivalently

1

A Z ’77‘ ) - 77“(71-2'6(‘7.)’ Si,j) > )\(25_5 - 28) Z m

j€ld] Jj€ldl

from the definition of 47 given in (5.69). Since A\(2°7¢ — 2%) < 0 and 1/logy(j + 1) < 1 for each
J € [g], we obtain

A Y (il (), i) = e (3), Sig) = Aq(278 = 2°).
Recall that ¢ < (1 + A)~le™®™ which means

ANl (5), Sig) = (i (4), Sig) = Ag(2e (N T g8,
Jjeld]

Now, see that )\(25_(1+/\)71676mq — 2%) is non-positive and a decreasing function of A and s on the

domain A > 0 and s > 0.01. This means for every A > 0 and s > 0.01, the following relation holds

)\(25*(1+A)_16_emq 25) > )\(21*(1+)\)_16_em‘1 - 2)
> lim \/(217 ()T
T N—=oo

= —e “™log(4).

_2)



260

Consequently, we conclude

A (e (4), Sig) = e (wi(4), Sig) = —ge™ ™ log(4).
JEld]

5.B Additional Results

In this section, we formally state and prove a pair of results that were mentioned informally in
the main part of the chapter. We characterize the time complexity per-reviewer of the SUPER*
algorithm for the general model and for a selected set of gain and bidding functions that admit a
computationally efficient solution. Moreover, we show that SUPER* with any heuristic is globally
optimal given a linear paper-side gain. This result is a corollary of the fact that SUPER* is locally
optimal as shown in Theorem

5.B.1 Time Complexity of SUPER*

The following proposition characterizes the time complexity of the SUPER* algorithm for each re-
viewer given the evaluations of the heuristic for the general form and a relevant class of gain and
bidding functions that admits a computational efficient solution.

Proposition 5.1. SUPER* has a time complexity of O(d®) per-reviewer given the evaluations of the
heuristic function. The time complexity of SUPER* improves to O(dlog(d)) given a bidding function
that can be decomposed into the form f(m;(j),Si;) = f*(mi(4))f°(Si ) where ™ : [d] — [0,1] is
non-increasing and f° : [0,1] — [0,1] is non-decreasing, along with a reviewer-side gain function
that can be decomposed into the form v (mi(5), Sij) = f™(m: ()2 (Si ;) where 42 : [0,1] — R is
non-decreasing.

Proof of Proposition[5.1. We partition this proof by first examining the time complexity under the
general model and then after which we consider the time complexity for the special case.

General time complexity. We begin by showing the time complexity of SUPER* for a reviewer
given the heuristic evaluations under the general class of gain and bidding functions. The general
form of the SUPER* algorithm calls Algorithm upon the arrival of a reviewer to determine the
ordering of papers to show the reviewer. The optimization problem in Algorithm is in the form
of the linear assignment problem. It is well known that the Hungarian algorithm can solve for the
optimal solution of a linear assignment problem with a time complexity of O(d?) (see, e.g., Chapter
8 in [Lawler} [1976). As a result, SUPER* has a time complexity of O(d?) for the general class of gain
and bidding functions under consideration for each reviewer given the evaluations of the heuristic
function.

Special case time complexity. In the proof of Theorem [5.1] we showed that the optimal paper
ordering to present the final reviewer could be obtained by solving the linear program given in
with the weights from . The general version of SUPER* determines the ordering of papers to
present any reviewer by calling Algorithm which solves the linear program given in using
the weights from . We now show an equivalence between that solution method and a sorting
algorithm for the class of gain and bidding functions given in the claim.
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Prior to deriving the linear program in ([5.13)) as a method to obtain the optimal solution for
the final reviewer in the proof of Theorem m we showed in (5.12)) that the optimization problem
for the final reviewer was of the form

max Z f(ﬂ'n(])v Sn,j)(r)/p(gnfl,j + 1) - ’Vp(gnfl,j)) + A Z 'Yr(wn(j)a Sn,j)'

metle ) jeid)

Given the function forms f(m,(4), Snj) = f™(7n(5)) f%(Sn ;) where f™ : [d] — [0, 1] is non-increasing
and f° : [0,1] — [0, 1] is non-decreasing, and v, (7, (j), Snj) = f™(7n(5))77 (Sn ;) where 42 : [0,1] —
R>( is non-decreasing, the problem can be reformulated as

max > o fT(Ta(4)) (5.170)

€11
el

where
ng = 1 (Sn) p(gn-1, + 1) = Yp(gn-1,)) + A72 (Snj) ¥ j € [d].

Consequently, for the class of gain and bidding functions given in the claim, an equivalent form of
the general SUPER* algorithm that calls Algorithm to determine the ordering of papers to show
any reviewer i € [n] instead solves the problem in ((5.170)) using weights

ig = F3(Si))p(gic1j + hij + 1) = p(gio1s + hig)) + M2 (Sij) ¥ 7 € [d]. (5.171)

The optimal solution to a problem of the form in is simply to present the papers in decreasing
order of their corresponding values of «;; since the function f™ is non-increasing. The sorting
procedure requires a time complexity of just O(dlog(d)). Since Algorithm solves the problem
in using the weights in (5.171]), we conclude that the per-reviewer time complexity of
SUPER* for the given class of gain and bidding functions and given the evaluations of the heuristic
is O(dlog(d)). O

5.B.2 SUPER* Optimality for Linear Paper-Side Gain

In this section, we show that SUPER* with any heuristic is optimal when the paper-side gain function
is linear. This property of the algorithm follows rather directly from the local optimality result
in Theorem [5.1] since for this type of paper-side gain function, the global optimization problem is
decoupled between each reviewer.

Proposition 5.2. SUPER*, with any heuristic, is optimal when the paper-side gain function is
linear.

Proof of Proposition[5.9. The optimization objective over the set of reviewers is defined as

max Z E[’yp(gj)] +A Z Z E[’Yr(ﬂ'z(j)v Si,j)]?

Ty, Tn €IG . ; :
jeld] i€[n] j€(d]

where the expectation is taken over the randomness in the bids made by the reviewers. Under a
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linear paper-side gain function, the problem is equivalently formulated as

max Z [ZBJ}—F)\ZZ%WZ Sij)s

Ty €11
! ¢ j€ld] i€n i€[n] j€[d]

where B; ; denotes the random bid of reviewer ¢ on paper j and the expectation on the reviewer-
side gain went away since it is deterministic given a paper ordering for any reviewer. Using the
structure of the bidding model, we can simplify the expectation over the paper-side gain to obtain
the objective function

max Zme Si.j +)\ZZ%7T1 Sij)-

T1,...,Tn €llG 1€[n]]€[d] 7,€[’n]]€[d]

The paper-side and reviewer-side gains are now decoupled between the ordering presented to each
reviewer. Consequently, the optimal paper-ordering to present to each reviewer i € [n] is given by
the solution to the optimization problem

max Z f(mi(4),Siz) + A Z Yo (mi(J), Sij)- (5.172)

W'EHd.
' JEld] j€[d]

The SUPER* algorithm solves the following problem to determine the ordering of papers to
present each reviewer i € [n]:

max > Fmi5): Si) (o1 + hig + 1) = Wplgio1g + hig)) + A D> (i), Sig)-
' jeld] jeld]

Under a linear paper-side gain, the optimization problem the SUPER* algorithm solves for each
reviewer simplifies to the problem

A
7516%%1 Zfﬂ'z ,j+ Z’Yrﬂ'z z)

J€[d] JEld]

since the number of bids and the heuristic cancels. We showed in the proof of Proposition that
the SUPER* algorithm solves this problem efficiently, and exactly. Since the problem is equivalent to
that in which gives the optimal solution for each reviewer, the SUPER* algorithm is optimal
with a linear paper-side gain function. ]



263

Chapter 6

Sequential Experimental Design for Transductive
Linear Bandits

In this chapter, we continue our study of sequential decision-making and introduce the pure
exploration transductive linear bandit problem: given a set of measurement vectors X C R<, a
set of items Z C RY, a fixed confidence §, and an unknown vector #* € R?, the goal is to infer
argmax,. z z ' 0* with probability 1—4 by making as few sequentially chosen noisy measurements of
the form z " #* as possible. When X' = Z, this setting generalizes linear bandits, and when X is the
standard basis vectors and Z C {0,1}%, combinatorial bandits. The transductive setting naturally
arises when the set of measurement vectors is limited due to factors such as availability or cost.
As an example, in drug discovery the compounds and dosages X a practitioner may be willing to
evaluate in the lab in vitro due to cost or safety reasons may differ vastly from those compounds
and dosages Z that can be safely administered to patients in vivo. Alternatively, in recommender
systems for books, the set of books X a user is queried about may be restricted to known best-
sellers even though the goal might be to recommend more esoteric titles Z. This chapter provides
an instance-dependent lower bound for the transductive setting, an algorithm that matches these
up to logarithmic factors, and an evaluation. In particular, we present the first non-asymptotic
algorithm for linear bandits that nearly achieves the information-theoretic lower bound.

6.1 Introduction

In content recommendation or property optimization in the physical sciences, often there is a set
of items (e.g., products to purchase, drugs) described by a set of feature vectors Z C R?, and the
goal is to find the z € Z that maximizes some response or property (e.g., affinity of user to the
product, drug combating disease). A natural model for these settings is to assume that there is an
unknown vector 6* € R% and the expected response to any item z € Z, if evaluated, is equal to
T6* directly, but we may infer it transductively through
some potentially noisy probes. That is, given a finite set of probes X C R? we observe z ' §* +1 for
any x € X where 7 is independent mean-zero, sub-Gaussian noise. Given a set of measurements
{(zi,7:)}}¥, one can construct the least squares estimator f = arg ming SN (ri — 2] )% and then

216*. However, we often cannot measure z

use 0 as a plug-in estimate for 0* to estimate the optimal z, := argmax, .z 216*. However, the
accuracy of such a plug-in estimator depends critically on the number and choice of probes used
to construct 0. Unfortunately, the optimal allocation of probes cannot be decided a priori: it must
be chosen sequentially and adapt to the observations in real-time to optimize the accuracy of the
prediction.

If the probing vectors (arms) X are equal to the item vectors Z, this problem is known as
pure exploration for linear bandits which is considered by |[Karnin (2016); Soare et al.| (2014)); Tao
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et al. (2018); Xu et al.| (2018]). This naturally arises in content recommendation, for example, if
X = Z is a feature representation of songs, and 6* represents a user’s music preferences, a music
recommendation system can elicit the preference for a particular song z € Z directly by enqueuing
it in the user’s playlist. However, often times there are constraints on which items in Z can be
shown to the user.

1. X C Z. Consider a whiskey bar with hundreds of whiskies ranging in price from dollars a shot to
hundreds of dollars. The bar tender may have an implicit feature representation of each whiskey,
the patron has an implicit preference vector 6*, and the bar tender wants to select the affordable
whiskeys X C Z in a taste test to get an idea of the patron’s preferences before recommending
the expensive whiskies that optimize the patron’s preferences in Z.

2. Z C X. In drug discovery, thousands of compounds are evaluated in order to determine which
ones are effective at combating a disease. However, it may be that while Z is the set of compounds
and doses that are approved for medical use (e.g., safe), it may be advantageous to test even
unsafe compounds or dosages X such that X D Z. Such unsafe X may aid in predicting the
optimal z, € Z because they provide more information about 6*.

3. ZNX = (. Consider a user shopping for a home among a set Z where each is parameterized by
a number of factors like distance to work, school quality, crime rate, etc. so that each z € Z can
be described as a linear combination of the relevant factors described by X: z = >, a. .7,
where we may take each z € X to simply be one-hot-encoded. The response z ' 8% +1 reflects the
user’s preferences for the query z, a specific attribute of the house. Indeed, if all ., € {0,1}
this is known as pure exploration for combinatorial bandits (Cao and Krishnamurthyl, [2017; |(Chen
et al., [2017). That is, a house either has the attribute, or not.

Given items Z, measurement probes X, a confidence §, and an unknown 6*, this chapter develops
algorithms to sequentially decide which measurements in X to take in order to minimize the number
of measurements necessary in order to determine z, with high probability.

6.1.1 Contributions

Our goals are broadly to first define the transductive bandit problem and then characterize the
instance-optimal sample complexity for this problem. Our contributions include the following.

1. In Section [6.2] we provide instance dependent lower bounds for the transductive bandit problem
that simultaneously generalize previous known lower bounds for linear bandits and combinatorial
bandits using standard arguments.

2. In Section we give an algorithm (Algorithm 6.1) for transductive linear bandits and prove
an associated sample complexity result (Theorem . We show that the sample complexity we
obtain matches the lower bound up to logarithmic factors. This is the primary contribution of
the chapter. Along the way, we discuss how rounding procedures can be used to improve upon
the computational complexity of this algorithm.

3. In Sections and we contrast our algorithm with previous work from a theoretical and em-
pirical perspective, respectively. Our experiments show that our theoretically superior algorithm
is empirically competitive with previous algorithms on a range of problem scenarios.
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6.1.2 Notation

For each z € Z define the gap of z, A(z) = (2 — 2)"6* and furthermore, Ay, = min, .., A(z).
If Ae R%d is a positive semidefinite matrix, and y € R? is a vector, let [|y||} := y' Ay denote
the induced semi-norm. Let £y := {\ € RI*I : X\ > 0,3, 1 A, = 1} denote the set of probability
distributions on X. Taking & C Z to a subset of the item set, we define Y(S) = {z — 2/ :
V 2,2 € 8§,z # 2/} as the directions obtained from the differences between each pair of arms
and Y*(S) = {z« — 2z : ¥V z € S\ 2.} as the directions obtained from the differences between the
optimal arm and each suboptimal arm. Finally, for an arbitrary set of vectors V C R?, define
p(V) = minygp , max,cy Hv”%zzex Nz T) 1" This quantity will be crucial in the discussion of our

sample complexity and it is motivated in Section

6.2 Transductive Linear Bandits Problem

Consider known finite collections of d-dimensional vectors X € R% and Z C R? , known confidence
§ € (0,1), and unknown 6* € R%. The objective is to identify 2z, = argmax,.z z'* with proba-
bility at least 1 — ¢ while taking as few measurements in X’ as possible. Formally, a transductive
linear bandits algorithm is described by a selection rule X; € X at each time ¢ given the history
(Xs, Rs)s<t, stopping time 7 with respect to the filtration F; = (X, Rs)s<¢, and recommenda-
tion rule z € Z invoked at time 7 which is F-measurable. We assume that X; is F;_1-measurable
and may use additional sources of randomness; in addition at each time ¢ that R; = XtT 0* +
where 7, is independent, zero-mean, and 1-sub-Gaussian. Let Py«,Eg denote the probability law
of Rt‘ft—l for all t.

Definition 6.1. We say that an algorithm for a transductive bandit problem is §-PAC for X, Z C R¢
if for all 0* € R? we have Py« (Z = 2,) > 1 — 4.

6.2.1 Optimal allocations

In this section we discuss a number of ways we can allocate a measurement budget to the different
arms. The following establishes a lower bound on the expected number of samples any J-PAC
algorithm must take.

Theorem 6.1. Assume n; Zifl./\/(O, 1) for allt. Then for any 6 € (0,1), any §-PAC algorithm must
satisfy

||Z* - ZH?Z A mmT),l
Eg-[7] > log(1/2.40) Jmin B ZE)/‘YF =

This lower bound is proved in Section It is derived using typical lower bound techniques
and employs the transportation inequality of Kaufmann et al. (2016). Moreover, the lower bound
generalizes a previous lower bound in the setting of linear bandits (Soare, 2015)) and lower bounds
in the combinatorial bandit literature (Chen et al.l |2017)).
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Optimal static allocation. To demonstrate that this lower bound is tight, define

_ 5|2 _ 9
A\ :=argmin max = ZH(ZxEX Aoz )~ 2 ZH(ZW( AsaeT)-1
Ay 2€2\{z«} ((Z* - Z)TQ*)Q 2\{z.} ((Z* — Z)TQ*)Q )

(6.1)

where ¥* is the value of the lower bound and A\* is the allocation that achieves it. Suppose we
sample arm = € X exactly 2| \XN| times where we assumﬂ N € N is sufficiently large so that
ming:x,>0[AeNJ > 0. If N = [2¢*log(|Z]/6)] then as we will show shortly (Section [6.2.2), the
least squares estimator 6 satisfies (2, — 2) 70 > 0 for all z € Z\ 2z, with probability at least 1 — 4.
Thus, with probability at least 1 — ¢, z, is equal to z = arg max,cz 270 and the total number of
samples is bounded by 2N which is within 4log(|Z]) of the lower bound. Unfortunately, of course,
the allocation \* relies on knowledge of #* (which determines z,) which is unknown a priori, and
thus this is not a realizable strategy.

Other static allocations. Short of A* it is natural to consider allocations that arise from optimal
linear experimental design (Pukelsheiml| [2006). For the special case of X = Z it has been argued

ad nauseam that a G-optimal design, arg min,c, , MaXzex z#e, HwH?Z Nz T)-17 18 woefully loose
zeX T

since it does not utilize the differences x—2’, x, 2’ € X (Lattimore and Szepesvari, 2017} [Soare et al.,
2014; [Xu et al., [2018). Also for the X = Z case, [Soare et al.| (2014); Yu et al. (2006) have proposed
the static X'V-allocation given as argminyg, ., max, ey ||z — $'||?erx ez Ty-1- I the work of

Soare et al.| (2014)) it is shown that no more than (’)(A%log(léﬂ log(1/Amin)/d)) samples from

each of these allocations suffice to identify the best arm. While the above discussion demonstrates
that for every #* there exists an optimal static allocation (that explicitly uses #*) nearly achieving
the lower bound, any static allocation with no prior knowledge of 6* can require a factor of d more
samples than necessary.

Proposition 6.1. Let ¢, be universal constants. For any~y > 0, d even, there exists sets X = Z C

RY and a set © C RY, such that inf 4 maxgee Eg[r] > Cdl#(l/a) where A is the set of all algorithms

that are 6-PAC for X, Z and take a static allocation of samples. On the other hand ¥*/c < d + %
for every choice of 8" € ©.

This proposition indicates that it is necessary to devise an adaptive algorithm to obtain a
instance-optimal sample complexity. The proof of this proposition can be found in Section

Adaptive allocations. As suggested by the problem definition, our strategy is to adapt the al-
location over time, informed by the observations up to the current time. Specifically, our algorithm
will proceed in rounds where at round ¢, we perform an X'Y-allocation that is sufficient to remove
all arms z € Z that have gaps of at least 2~ (=1 We show that the total number of measurements
accumulates to ¥* log(| Z|?/6) times some additional logarithmic factors, nearly achieving the op-
timal allocation as well as the lower bound. In Section we review related procedures for the
specific case of X = Z.

!Such an assumption is avoided by a sophisticated rounding procedure that we will describe shortly.
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6.2.2 Review of Least Squares

Given a fixed design x7 = (v;)L_; with each 7, € X and associated rewards (r;){_;, a natural
approach is to construct the ordinary-least squares (OLS) estimate 6§ = (Zle Ty, )_I(Z;‘le THTt).
One can show 6 is unbiased with covariance < (Zthl J:txtT )~L. Moreover, for any y € R%, we hav

P <yT(9* —0) > \/HyH? let$:)12log(1/5)> <. (6.2)

In particular, if we want this to hold for all y € Y*(Z), we need to union bound over Z replacing
d with 6/|Z]. Let us now use this to analyze the procedure discussed above (in the discussion on
the optimal static allocation after Theorem that gives an allocation matching the lower bound.
With the choice of N = [2¢*log(|Z]/0)] and the allocation 2| \XN | for each z € X, we have for
each z € Z\ z, that with probability at least 1 — ¢,

(2 —2) 10> (2, — 2) 0% — \/||Z* — ZH%ZI2LNA;;mTJ)—1210g(|Z‘/6) >0

since for each y = z, — z € Y*(Z) we have

v (2l lenT) Ty <yT (3 MaeT) T w/N < (- 20/ 2og(121/0).  (63)

TEX reX

where the last inequality plugs in the value of N and the definition of ¢*. The fact that at most
one 2’ € Z can satisfy (2 — 2)T0 > 0 for all z # 2/ € Z, and that 2/ = z, does, certifies that
Z = argmax,cz z | 0 is indeed the best arm with probability at least 1 — 4. Note that equation
provides the motivation for how the form of ¢* is obtained. Rearranging, it is equivalent to,

12
v = 2l ) rsww)-
((2e — 2)70%)2

N > 2log(|2]/5) . Cforall z € 2\ {2}

Thinking of the right hand side of the inequality as a function of A, A* is precisely chosen to
minimize this quantity and hence the sample complexity.

6.2.3 Rounding Procedures

We briefly digress to address a technical issue. Given an allocation A and an arbitrary subset
of vectors Y, in general, drawing N samples xy := {z1,...,zy} at random from X according

to the distribution A\, may result in a design where maxycy Hy||(22N el )1 (which appears in
t=1 Tty
. . . . . 2
the width of the confidence interval (6.2)) differs significantly from max,cy HyH(ZZEX Nz T)-1 /N.
Naive strategies for choosing xn will fail. We cannot simply use an allocation of N\, samples
for any specific x since this may not be an integer. Furthermore, greedily rounding N, to an

allocation | NA; | or [NA;] may result in fewer than necessary, or far more than N total samples if

2There is a technical issue of whether the set Z lies in the span of X which in general is necessary to obtain
unbiased estimates of (z. — z)' 6*. Throughout the following we assume that span(X) = R<.
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the support of A is large. However, given € > 0, there are efficient rounding procedures that produce
(1 + €) approximations as long as N is greater than some minimum number of samples r(¢). In
short, given A and a choice of N they return an allocation xy satisfying

max [ly[icy . ory- S QO+ maxlylts |, eamy-1/N-
Such a procedure with r(e) < O(d/€?) is described in the work of |Allen-Zhu et al. (2021) and
detailed with respect to our usage in Section In our experiments we use a rounding procedure
from Pukelsheim| (2006) that is easier to implement with r(e) = 2||A|jo/e < (d(d+ 1) +2)/e. In
general, € should be thought of as a constant. The number of samples N we need to take in our
algorithm will be significantly larger than r(e), so the impact of the rounding procedure is minimal.

6.3 Sequential Experimental Design for Transductive Linear Ban-
dits

Our algorithm for the pure exploration transductive bandit is presented in Algorithm 6.1. The
algorithm proceeds in rounds, keeping track of the active arms ZAt C Z in each round t. At the
start of round ¢, the algorithm samples in such a way to remove all arms with gaps greater than
2==1D_ Thus denoting S; := {z € Z: A(z) < 4-27'}, in round  we expect Z,C 8.

As described above, if we knew 6*, we would sample according to the optimal allocation

: o 2 . T p*\2
argminmax 2, = 2li,_ eem)-1/ (= 2)T0

However, if at the start of the round we only have an upper bound on the gaps A(z) < 4-27% and
do not know z*, we can use the triangle inequality to obtain

dmax||z — 2y aeryr = max Yl oy ser)

2EZ4 * yeYV(Zs) zEX

and lower-bound the objective by the expression (2/73)2minyes max, .,z Hy||(QZZeX )\meVlF

This motivates our choice of \; and p(y(ZA’t)). Thus by the same logic used in Section m
selecting Ny = [2(2)2(1 4 €)p(V(Z;)) log(|Z|2/6;)] samples should suffice to guarantee that we can
construct a confidence interval on each (z — 2/)T6* for (z — 2') € V(Z;) of size at most 27 (with
the |Z|? in the logarithm accounting for a union bound over arms). The (1 + ¢€) accounts for slack
from the rounding principle. Finally, this confidence interval allows us to provably remove any arm
z € Z; such that A(z) > 241 in round t.

Theorem 6.2. Assume that max,cz A(z) < 2. Then with probability at least 1 — §, using an e-
efficient rounding procedure, Algorithm 6.1 returns z, and requires a worst-case sample complezity

3Where we recall for any subset S € Z,Y(S) := {z — 2’ : 2,2/ € S} and for an arbitrary subset ¥ C R? we
have p(V) = minxep, Maxyey HUH?Emex Az T)—1-
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Algorithm 6.1: RAGE(X, Z,¢,7(-),0): Randomized Adaptive Gap Elimination

Input: Arms X C R, items Z C R?, rounding approximation factor ¢ with default value 1/10, function
() giving minimum number of samples to obtain rounding approximation €, & confidence level § € (0,1).
Initialize: Let Z; <— Z,1 < 1

while | Z;| > 1 do

5t < f%
Af +— argminyep max, 3, Hy||%zzex AezzT)-1
p(V(21)) = minxepr max ey z) W1 xvea)

Ny« max {[2(2')?p(V(2,))(1 + €) log(|2[?/61)],7(€)}
xpn, < ROUND(A}, Ny)

Pull arms z,...,znN, and obtain rewards r,...,rn,

Compute 6; = A;lbt using A; := Zjvz‘l xjx;r and by 1= Z;V:tl x;r;

Zia 20\ {2 € 2132 € Z: |2 — 2| ;-1 /2108 (|Z12/5,) < (' — 2) 70, }

t—1t+1
Output: ZAt
of

[loga(4/Amin) ]
N< Y max {22 p0(S))(1 + ) log(?I22/8)].r(e)) (6.4
t=1

where S; = {z € Z: A(z) < 4-27t}. In particular, ROUND can be chosen so that r(e) = O(d/€?).
Furthermore, N < c1p* logo(4/Amin) log(| Z|? 1ogs(4/ Amin)? /) +7(€) logy (4/ Amin) for some absolute
constant ¢, in other words Algorithm 6.1 is instance optimal up to logarithmic factors.

The proof of Theorem is in Section The explanation before Algorithm 6.1 provides a
high level of how the sample complexity is derived. Essentially, the number of samples in each
round is selected to ensure that all arms worse than a certain suboptimality threshold or removed
from the active set, and also so that the optimal arm is never knocked out from the active set.
Summing the samples over the number of rounds then gives the sample complexity. The relation
from the bound given in to the problem-dependent quantity * is then the primary novelty of
the proof so that we can adequately compare the algorithm sample complexity to the lower bound.

6.3.1 Interpreting the sample complexity.

Up to logarithmic factors, Algorithm 6.1 matches the lower bound obtained in Theorem How-
ever, the term p()(S;)) may seem a bit mysterious. In this section we try to interpret this quantity
in terms of the geometry of X and Z.

Let conv(X U —&) denote the convex hull of X U2, and for any set ) C R define the gauge

of V,
vy = max{c > 0:cY C conv(X U—-X)}.

In the case where Y is a singleton ) = {y}, v(y) := 7y is the gauge norm of y with respect to
conv(X U —2X), a familiar quantity from convex analysis (Rockafellar, 2015). We can provide a
natural upper bound for p()) in terms of the gauge.
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Lemma 6.1. Let Y C R Then

r;leagllyllg/(ggllw\lz) <p(Y) <d/v3. (6.5)

In the case of a singleton Y = {y}, we can improve the upper bound to p(Y) < 1/v(y)?.

The proof of this Lemma is in Section To see the potential for adaptive gains we focus
on the case of linear bandits where X = Z. Consider an example with X = {e;}¢, U {2’} for
2" = (cos(a),sin(a),0,---,0) where o € [0,.1), and 6* = e1. Note that Ay, ~ 1 — cos(a) ~ a2 /2.
Then & = X, and an easy computation shows vy y) is a constant bounded from zero. After
the first round, all arms except e; and 2’ will be removed, so Y(S;) = {e1 — 2’} for t > 2, and

Yy(s,) = 1/sin(a) ~ 1/a. Summing over all rounds, we see that this implies a sample complexity

of (5(d +1/a2) up to log factors, which is a significant improvement over the static X' Y-allocation
sample complexity of O(d/a?).

6.4 Related Work

When X = Z = {e},--- ,eq} C R? is the set of standard basis vectors, the problem reduces to that
of the best-arm identification problem for multi-armed bandits which has been extensively studied
(Chen and Lij |2015; |[Even-Dar et al., 2006} |Jamieson et al., [2014; Karnin et al., 2013; Kaufmann
et al., [2016]). In addition, pure exploration for combinatorial bandits where X = {ej, -+ ,e4} C R?
and Z C {0,1}% has also received a great deal of attention (Cao and Krishnamurthy, [2017; (Chen
et al., 2016, 2017, [2014]).

In the setting of linear bandits when X = Z, despite a great deal of work in the regret and
contextual settings (Abbasi-Yadkori et al., [2011; |Dani et al., |2008} |Lattimore and Szepesvari, [2017;
Li et al) [2010)), there has been far less work on linear bandits for pure exploration. This problem
was first introduced in Soare et al. (2014) and since then, there have been a few other works on
this topic (Karninl 2016; Tao et al., 2018 Xu et al., 2018]) that we now discuss.

e Soare et al.| (2014)) made the initial connections to G-optimal experimental design. That work
provides the first passive algorithm with a sample complexity of O(A% log(|X|/8) + d?). Note

that the d? comes from the minimum number of samples needed for an efficient rounding proce-
dure and thus could be reduced to d using improved rounding procedures such as the methods
from |Allen-Zhu et al.| (2021). They also provide an adaptive algorithm, X'Y-adaptive algorithm
for linear bandits. Their algorithm is very similar to ours, with two notable differences. Firstly,
instead of using an efficient rounding procedure, they use a greedy iterative scheme to com-
pute an optimal allocation. Secondly, their algorithm does not discard items that are prov-
ably sub-optimal. As a result, their sample complexity (up to logarithmic factors) scales as
max{M*, *} log(|X|/(Amind)) + d?> where M* is defined (informally) as the amount of samples
needed using a static allocation to remove all sub-optimal directions in Y(X) \ V*(X).

e In [Tao et al. (2018), the focus is on developing different estimators with the goal of removing
the constant term d? in Soare et al.’s passive sample complexity. Instead of using a rounding
procedure, they use a different estimator than the ordinary least squares estimator 6*. Note that
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the rounding procedure from Allen-Zhu et al. (2021)) could have been applied directly to the static
allocation algorithm from |Soare et al| (2014) to obtain the same sample complexity as the one
obtained in [Tao et al.| (2018]). They also provide an adaptive algorithm ALBA, that achieves a
sample complexity of O(3 %, 1/A?) where A, is the i-th smallest gap of the vectors in X. Tt is
easy to see that this sample complexity is not optimal: imagine a situation in which the vectors
of X with the (d — 1)-smallest gaps are identical to the vector z’ # z*. Then we only need to
pay once for the samples needed to remove 2/, not (d — 1)-times. Finally, their algorithms do not
compute the optimal allocation over differences of vectors in X, but instead on X directly a la
G-optimal design. We will see the inefficiency of this strategy in the experiments.

e Karnin| (2016) provides an algorithm that uses repeated rounds (for probability amplification)
of exploration phases combined with verification phases to provide an asymptotically optimal
algorithm, meaning when 6 — 0 the sample complexity divided by log(1/d) approaches *.
Though this is a nice theoretical result, the algorithm is not practical; the exploration phase is
simply a naive passive G-optimal design.

e In Xu et al| (2018), a fully adaptive algorithm called LinGapFE inspired by the UGapE algo-
rithm (Gabillon et al., 2012) is proposed. Since LinGapkE is fully adaptive, a confidence bound
allowing for dependence in the samples is necessary and the authors employ the self-normalized
bound of |Abbasi-Yadkori et al.| (2011). The algorithm requires each arm to be pulled once, an
undesirable characteristic of a linear bandit algorithm since the structure of the problem allows
for information to be obtained about arms that are not pulled. A recent work (Kazerouni and
Weinl, [2021)), extends this algorithm to generalized linear models where the expected reward of
pulling arm z reward is given by a non-linear link function of z'6*.

Finally, we mention [Yu et al.| (2006), who consider transductive experimental design from a com-

putational and optimization perspective, and explores X' Y-allocation for arbitrary kernels.

6.5 Experiments

In this section, we present simulations for the linear bandit pure exploration problem and the
general transductive bandit problem. We compare our proposed algorithm with both adaptive
and non-adaptive strategies. The adaptive strategies are X'Y-Adaptive allocation from [Soare et al.
(2014), LinGapE from Xu et al. (2018)), and ALBA from Tao et al.| (2018). The non-adaptive
strategies are static X'Y-allocation, as described in Section and an oracle strategy that knows
0* and samples according to A*. We do not compare to the algorithm given in |[Karnin/ (2016) since
it is primarily a theoretical contribution and in moderate-confidence regimes obtains only the non-
adaptive sample complexity. We run each algorithm at a confidence level of § = 0.05. The empirical
failure probability of each of the algorithms in the simulations is zero. To compute the samples
for RAGE, we used the Frank-Wolfe algorithm to find A¢, and then the rounding procedure from
Pukelsheim (2006) with € = 1/10. We remark here that in our implementation of the X')-Adaptive
allocation, we follow the experiments of [Soare et al.| (2014) and allow for provably suboptimal arms
to be discarded (though this is not how the algorithm is written in their paper). The resulting
algorithm is then similar to our algorithm. Unless explicitly mentioned, noise in the observations
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was generated from a standard normal distribution. Additional details of the experimental setup
are provided in Section

Linear bandits: benchmark example. The first experiment we present has become a bench-
mark in the linear bandit pure exploration literature since it was introduced by [Soare et al.[ (2014).
In this problem, X = Z = {ey,...,eq,2'} C RY where ¢; is the i-th standard basis vector,
' = cos(.01)e; + sin(.01)es, and 0* = 2e; so that x, = 1. An efficient sampling strategy for
this problem needs to focus on reducing uncertainty in the direction (x1 — x441), which can be
achieved by focusing pulls on arm xo = eg since it is most aligned with this direction.

The results for this experiment are shown in Fig. The RAGE algorithm performs compet-
itively with existing algorithms and the oracle allocation. The X')-Adaptive algorithm is similar
to RAGE, but with weaker theoretical guarantees, so naturally it performs nearly equivalently. We
omit it from the remaining experiments for this reason. The LinGapE algorithm performs well when
the number of dimensions and arms is small. However, as the number of arms grows, LinGapE
suffers from a worse dimension dependency in the confidence interval. ALBA performs the worst of
the recently proposed algorithms and this is to be expected since it computes an allocation on the
X set instead of on the Y(X) set. This example clearly highlights the gains of adaptive sampling
over non-adaptive allocations such as the static X'Y-allocation. However, since X is relatively small
in this case, it fails to tease out important differences between the algorithms that can greatly
increase the sample complexity. We construct examples to demonstrate these claims now.

Many arms with moderate gaps. In this example, for a given value of n > 3, we construct a
set of arms X C R?, where X = Z = {ey, cos(37/4)eq +sin(37/4)ea} U{cos(n/4+ ¢;)er +sin(m/4+
bi)ea o with ¢; ~ N(0,.09) for each i € {3,...,n}. The parameter vector is fixed to be 6* = e}
so that 7 is the optimal arm, xo gives the most information to identify the optimal arm, and the
remaining arms roughly point in the same direction with an expected gap of A ~ 0.3.

In Fig. we show the results of the experiment as we increase the number of arms. The
LinGapE algorithm suffers from a linear scaling in the number of arms since it must sample each
arm as an initialization. An efficient sampling strategy should focus energy on xo, and as it does
S0, it will gain information about the arms that are nearly duplicates of each other, which is how
RAGE performs.

Uniform distribution on a sphere. In this example, X = Z is sampled from a unit sphere
of dimension d = 9 centered at the origin. Following [Tao et al| (2018), we select the two closest
arms x,7’ € X and let #* = z. In Fig. we show the sample complexity of the algorithms
as the number of arms grows. The RAGE algorithm significantly outperforms ALBA and this is
primarily due to the fact that ALBA computes a G-optimal design on the active vectors in each
round instead of on the differences between these vectors. Thus the ALBA sampling distribution
can be focused on a very different set of arms from the optimal one.

Transductive example. We now present a general transductive bandit example. Since the
existing algorithms in the linear bandit literature do not generalize to this problem, we compare
with a static XY-allocation on X, )Y(Z) and an oracle X'Y-allocation on X, Y*(Z) that knows the
optimal arm and the gaps. We construct an example in R? with d even where X = {e1,...,eq}. The
set Z is also chosen so |Z| = d, the first d/2 vectors are given by z1,...,24/9 = (e1,...,€eq/2) and
then zg/9,; = cos(.1)e; +sin(.1)e; 4/ for each j € {1,...,d/2}. Take 6" = e so 21 is the optimal
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arm. The results of this simulation are depicted in Fig. The RAGE algorithm significantly
outperforms the static allocation and nearly matches the oracle allocation.

We now present examples motivated by real-world applications.

Multivariate testing example. In many experimental design settings, there are a series of
D factors that can be either in a set of N states, and the goal is to determine the treatment
configuration that has the highest outcome for a given metric. As a concrete example in web page
optimization, it is common that the composition of an advertisement layout selection may consist
of several choices such as an image, background color, and keyword to display (e.g.
(2017)), and we seek to find the combination with the highest clickthrough rate. To formalize the
problem, consider a webpage consisting of D distinct slots and suppose that there are 2 content
choices that can be presented in each slot. Let the set W = {—1,1} satisfying [W| = 2P encode
each layout. We model the problem using a factorial design (see, e.g., Box et al.| (2005))) including
pairwise interaction features to generate a linear bandit problem. Each layout is represented by
an arm z € X where X = Z {1, 1}1+P+P(DP=1/2 and |X| = 2P. The expected reward of any
x € X corresponding to a layout w € W is given by

Tpox _ p* D %, D D *
0" =65+ d g Oiwi e iy D g OF qwrwe,
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where 6 is a common bias weight, 9}‘ is a weight for the j—th slot, and «9;k is a weight for the
interaction between the content in the k—th and /-th slots. We also include known parameters
a1 = 1 and ag = 0.5 that control the strength of the first and second order interactions respectively.
The weights of the parameter vector are drawn from a discrete uniform distribution with a range
of [—0.3,0.3] and a granularity of 0.01. The results of this example are shown in Fig. The
RAGE algorithm performs close to the oracle on this example, while the sample complexity of the
rest of the algorithms grows as the number of arms and dimension of the problem goes up.

Click-through example. To conduct an experiment based on real data, we build a problem
using the Yahoo! Webscope Dataset R6A. The dataset contains user click log records for news
articles displayed uniformly at random on the Yahoo! front page between May 1st, 2009 and May
10th, 2009. Each click log record consists of a binary outcome along with 6 features identifying the
user and 6 features identifying the article.

To build a linear bandit problem from the dataset, we construct an arm set X = Z C R3% by
taking the outer product of the user and article features for each click log record on May 1st, 2009.
We then fit a regularized least squares estimate using a regularization parameter of 0.01 to obtain 6*.
To model binary rewards, we let the observed reward be generated by a draw of a Bernoulli random
variable with parameter 2 '6* for any arm selection z € X. Since ' #* € (0,0.11) V = € X, the
noise is bounded between [—1, 1], which causes it to be 1-sub-Gaussian. We simulate the problem
with 40 arms including the arm with the maximum reward in the dataset and the remaining arms
were selected at random from the set of arms with gap at least 0.01 from the optimal arm so
the problem is not too hard. The experiment setup is similar to that from Xu et al| (2018) for
this dataset. The results are presented in Fig. We see that the RAGE algorithm has good
performance on this example based on real world data.

6.6 Discussion

In this chapter, we have proposed the problem of best-arm identification for transductive linear
bandits, provided an algorithm, and matching upper and lower bounds. The results are a key
development of extending the class of problems with near-optimal or optimal guarantees for best-
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arm identification. Indeed, the pure exploration multi-armed bandit problem is now fairly well-
understood, but despite several attempts, developing a provably near-optimal algorithm for the
more general linear bandit problem has been elusive. In this work, we showed that a variant of
the successive elimination algorithm that is standard and near-optimal in multi-armed bandits,
can be extended to a near-optimal algorithm for linear bandits and more generally transductive
linear bandits. As is highlighted by the algorithm and the overall approach, the key technique is
exploiting the linear structure of the feedback model. Perhaps the most important open question
relating to this work is the log(1/Anin) factor in the sample complexity. While we suspect this is
an artifact of the analysis, showing it is not needed would be a significant advancement.

Since the results in this chapter appeared, there has been a surge of work on the topic and
related problems and significant progress has been made. Sticking with the pure exploration linear
bandit problem, asymptotically optimal (§ — 0) algorithms have been developed (Degenne et al.|
2020a; |Jedra and Proutiere], 2020), algorithms for the fixed budget exploration problem (Alieva
et al., 2021} Katz-Samuels et all [2020), and others (Zaki et al., 2019, 2020)). It is worth pointing
out that a key development of [Katz-Samuels et al.| (2020)) is removing the need for an explicit union
bound. Moreover, Degenne et al.| (2020a); |Zaki et al.| (2020)) provide an interesting game-theoretic
perspective based around employing no-regret learning algorithms. There has also been extensions
to top-k arm identification (Réda et al., [2021)), generalized linear bandits (Jun et al., 2021)), along
with kernel and neural bandits (Zaki et al., [2020).

Finally, we remark that the experimental design techniques in this chapter are similarly relevant
to the instance-dependent regret problem in linear bandits and contextual bandits. Notably, to
obtain optimal instance-dependent regret asymptotically, it is necessary to sometimes sample high-
regret actions in order to maximize the amount of information that is obtained (Lattimore and
Szepesvari, |2017)). There has been recent progress on the regret problem using methods similar to
that from pure exploration linear bandits (Degenne et al. 2020b; \Jun and Zhang) 2020; Tirinzoni
et al., 2020; [Wagenmaker et al., 2021)). However, room for improvement remains. We also note that
developing pure exploration methods for contextual linear bandits is still an open area of research
in which techniques from this chapter are relevant.
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CHAPTER 6 APPENDIX

6.A Proof of Theorem [6.1]

In this section we assume X = {x1, - ,x,} and Z = {21, -+ , 2, }. Without loss of generality, we
assume that z; = argmax, ¢z 2 6*. Let C := {0 € R?: Ji st. 0 (21 — ) < 0}, i.e. 6 € C if and
only if z; is not the best arm in the linear bandit instance (X, Z,6).

We now recall the transportation lemma of (Kaufmann et all [2016). Under a 6-PAC strategy
for finding the best arm for the bandit instance (X, Z,6*), let T; denote the random variable which
is the number of times arm ¢ is pulled. In addition let vy, denote the reward distribution of the
i-th arm of X, i.e. vy, = N(x]6,1). Then for any 6 € C we have that

ZE K L(ve- 3, v9,5) > log(1/2.45).

In particular, > " | E[T;] > Y | t; for any t := (t1,--- ,t,) which is a feasible solution of the
optimization problem,

mant subject to mant K L(vg- ;||vg,;) > log(1/2.40).
i=1

Taking t* to be an optimal solution to the previous problem, note that

log(1/2.40) _ log(1/2.49)
min » =z KL(ve-;||vp,i) > — 2 ©—=n
oeC Z Z oallvos) 2 Zj 14 > =1 E[T}]

J=1 J
In particular, since Y ;" s t; - = 1, we see that
n
log(1/2.46
max min » NKL(vp« i||vg:) > log(1/2.49)
Nebn BEC S BT

Rearranging, we see that

- 1
x> 1 1/2.46 . .
D (T 2 Yog(1/2:49) pain tpa s Ty (6.6)

Now for 7 # 1, A € " and € > 0, define

(y; 0" + ) AN 1y;

0:(e,\) = 0" —
’ y] ANy,
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where A(\) := 3, Mz and y; = 21 — z;. Note that Y, T0;(e,\) = —e < 0 which implies that
; € C. Also, the KL-divergence is given by

K L(ve il|vg,(en),i) = (z (0 = 0;(e, \)))?
T p* 2 T
- (Y 0" + €)°m, .
=y; A(A) ANy
’ (y] AN ~Ly;)? ’
Hence, returning to , we have that
ZE ] > log(1/2.46) min max !
Xen 0€C D0 MK L(vg+||vp)
1

> log(1/2.46) min max
(1/2.49) Aebn 3=2,m Yt MK L(vgs i||Vo, (e,0).i)

(y] AN)"ty;)?
> log(1/2.46) min ma J
B R S o 1 ey AN (T, M)A Ty,

TA(/\)*1 Yy

where in the second to last line we used the fact that Y"1 | \;z;z] = A()). Letting € — 0 establishes
the result.
Remark: Note that ; = argmingcpa ||6 — G*Hi( subject to yTé’ =—

6.B Proof of Proposition

Assume d is even and each ¢ ~ N(0,1). Fix some o € (0,1) which will depend on 7 in a clear
way momentarily, and consider an instance where X = Z = {e;}; ¢/2 21U {cos(v)e; +sin(a)eq /2“}?4 21}
where e; is the i-th standard basis vector.

If an algorithm is 0-PAC, and takes IV; samples from arm i, then for any 7 < d/2 it will be able

to distinguish between 6 = z; and 6 = 2;, /5. By standard Le Cam arguments (Tsybakov, 2004)

clog(1/9)
(1—cos(a))?

(1 — cos(a))? ~ a*/4 and these inequalities must hold for all j = 1,...,d/2 simultaneously for the
single static allocation, we obtain the result.

this hypothesis test requires Nj + N; /0 > for some universal constant ¢ > 0. Because

6.C Proof of Theorem [6.2]
Let the good event for the t—th round of Algorithm 6.1 be
2 ~ ~
& = { Ny < max{[2(2)%p(V(S))(1 + €) log (ZE)1,7(e)}} N {2 € 2141} N {2141 C S}

where we recall that S; = {2z € Z : A(z) < 4-27'}. The good event characterizes the worst-case
sample complexity of the t—th phase of Algorithm 6.1 and guarantees that the set of active arms at
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the end of the phase contains the optimal arm and it is contained in the set of arms with gaps below
the threshold to be eliminated in the phase. Note that for ¢ > logy(4/Amin) we have Sy = {z.}.

The proof proceeds as follows. We begin by showing that the good event holds with probability
at least 1 — d; in phase t given that the good event held in the previous phases. We then show that
the probability of the good event holding in every phase is at least 1 — . As a result, we simply
sum over the bound on the sample complexity in each phase given in the good event to obtain the
stated bound on the sample complexity.

The following lemma shows that good event holds in phase ¢ with probability at least 1 — d;
conditioned on the good event holding in the previous phases.

Lemma 6.2. P(&|&—1,---,&1) > 1 — 6.

Proof. We begin by bounding the confidence width with high probability.

Step 1: Confidence Bound Width. Conditioned on a choice ofAy(fEt), since 6 is a least
squares estimator of §* and the noise is i.i.d., we know that y' (6* — 6;) is ||y||124,1—subGaussian
t

(1 + p(V(2))/Ny < (2(2t)2log(\Z]2/6t))_1 for all y € Y(Z,) by our choice of N;. Since the
right-hand side is deterministic, independent of y(z), for any v > 0, we have that

. 210g(2/v)
: ('N 0= \/ 2 log(12%/5)

for any y € V(Z;). Taking v = 26,/|Z|? and union bounding over all the possible y € Y(Z;) where
V(2] < |V(2)] <|2]?/2, gives us that

for all y € y(ét). Furthermore, due to the guarantees of the rounding procedure, Hy||i_1 <
t

a2

Py € V(Z) |y (0°—8) >27Y& 1, &) <&, (6.7)

Step 2: Suboptimal Arms are Eliminated. We claim that every arm z € ZAt such that
Az) > 2~ (1) i5 discarded in phase t so that §t+1 C &;41 with probability at least 1 — d;.

Indeed, since we conditioned on &_1, 24« € 2,5. If e SN Z\t then by definition A(z) =
(2o — 2)70* > 271 Taking y = z, — 2, we know that a) y'6* > 2=¢=D_ and b) from the
confidence bound HyHA;1 2log(|Z]2/4;) < 27t Hence,

y' 02y 0" — |yl -1 v/21og(|Z2/0,)

Ve

27D — ||y /2 og(1Z]/50)

9= (t=1) _ o—t

(AVAS

b)
=27" > ||yl ;-1 v/21og(|Z[?/d¢)

However, this is precisely the discard condition of the algorithm guaranteeing 2z will be eliminated.
Thus, this proves the claim.
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Step 3: The Optimal Arm is not Eliminated. We claim z, € ZAtH with probability at
least 1 — d;. We prove this claim by contradiction. To begin, observe that z, is in Z since &1
holds. Now, suppose that z, is discarded in phase ¢. This implies that there exists a z # z
for = € Z, such that Iz — z*||A;1 21log(|22|/6:) < (# — z)'0;. However from the confidence

interval (6.7), (z — 2) T (6, — 6*) < |z — z*HA;u/2log(\ZQ\/5t). Combining these we see that
(z—2)7(6; — 0%) < (2 — 2,) T0; which implies (z — z,)6* > 0 which is a contradiction, so that the
claim holds.

Step 4: Sample Complexity. We complete the proof by showing that the sample complexity
of phase t given in the good event holds with probability 1 — ;. Since &_1 is given, Z; C &;, which
implies with probability at least 1 — &,

Ny = max {[2(2)*p(V(2,))(1 + &) log(IZ[*/6,)], ()}
< max {[2(2)*p(V(80)) (1 + €) log(|12]%/81)] . 7(e) }

where we note that the quantity on the right hand side is deterministic. Combining the conclusions
of each step, proves the result. ]

We now show that the good event holds at each round with probability at least 1 — §, which
in turn proves the correctness of the algorithm, meaning that the optimal arm is identified with
probability at least 1 — 4.

Lemma 6.3. P(&;N---N gUOgg(4/Amin)J) >1-4.

Proof. Let us first expand the intersection of the events into a product of conditional probabilities
as follows:

P(E1 N -+ N Etog, 4/ A)]) = HtU:O1gQ(4/Amm)JP(5t‘5t—1 n---N&)

We now obtain a lower bound on the success probability using Lemma [6.2] and facts about infinite
products:

O i o X 6 . 5
Ht\_l:1g2(4/Am1n)J]P)(5t|gt_1 N---N 51) 2 Ht\_l:;%Z(ZL/Amln)J (1 o 515) Z H?il (1 . ﬁ) _ Sln(ﬂ' )
o
Finally, using the fact that Sinﬁ;&) > 1—4 for § € (0,1), we obtain the result P(&; N --- N
8L10g2(4/Amin)J) Z 1 - 5 D

The sample complexity now follows immediately from Lemmas and since we can now
sum the number of samples taken in each phase. However, a key novelty of this proof is the the
following method to quantify the relationship between the algorithm sample complexity and the
lower bound. With probability at least 1 — §,

[logy(4/Amin)]

N< Y max {[229%((8))(1 + ) log( 2 /9)].7(e)}

t=1
< 1280 (1 + €) 1og (4/ Anin) 10g (1085 (4/ Ain)2| 212/8) + (1 + 7(€)) Loga(4/ Auin).
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Recall that Y*(S) = {z. — 2:V z € §\ z.}. To see the second inequality, note that

||y||%z AozzT)—1
" = min max TEX 'Y

Aebx yeV*(Z) A(y)?
2
= min max max Hy”(zxex%mﬂ)*l
NG x t< 1085 (4] Ammin) ] yEV*(St) Ay)?
2
> min max max Hy”(zxex)\zmwil
T AEDx t<[logy(4/ Amin) | YEV*(St) (4-27%)2
(1) 1 L10g2(4/Amin)J ‘o )
> i 2 ~
2 ToTons (/A in ; @) max it rwam)2
- UOgQ (4/Amin)J
(i7) 1
2t 2 : 2 B
= 161ogy(4/Amin) ; (27 oin max IV, e raaamy
.. |logy(4/Amin) |
(444) 1
> ot 2 : 2 -
= 64108y (4/ Amin) ; (27 yoin mmax 1Y1(s, e raam)

1 [logs (4/Amin) ]

~ 64108,(4/Amin) > @)(V(sy)

i=1

where (7) follows from the fact that the maximum of positive numbers is always greater than the
average, and (i7) by the fact that the minimum of a sum is greater than the sum of minimums.
To see (iii), note that for y € V(S;), if y = 2z — z;, then y = (2. — 2j) — (2« — 2). Hence
maxycy(s,) ||y|]?zlex Nz T)-1 S AMAXycy=(s,) Hy||?zzex Nz T)-1" This completes the proof.

6.D Efficient Rounding Procedures

Throughout the following we assume that ) C R? is arbitrary and that X = {z1,--- ,2,} C R% is
a subset with dimspan(X’) = d.

Definition 6.2. A rounding procedure is an algorithm that takes as input A € ", a set of vectors
X, and a number of samples N and returns a finite allocation s = (s1,--- , sp) € N" satisfying the
following properties: 1. Y 1" 1 s; = N; 2. there exists a function r(e) such that if N > r(e€), then
maxyey HyH?ZZL:l sizpz] )1 < (1+ €) maxyey H?JH?ZLI Ai:ci:v;r)*l/N'

Fortunately, there has been extensive work on efficient rounding procedures, motivated by the
strong connection to G-optimal design in optimal linear experimental design (Pukelsheim| 2006).
Here we discuss two important rounding procedures. The first is due to (Pukelsheim, 2006|) and
has an r(e) = 2p/e < (d(d + 1) + 2) /e where p is the support size of A.

Rounding Procedure of Pukelsheim (2006). An efficient rounding procedure is given in
Chapter 12 of (Pukelsheiml [2006) to transform a design A € A" into a discrete allocation s € N”
for any fixed number of samples N. The rounding procedure determines the number of pulls N; to
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allocate to each arm z; in the support of A such that ZKP N; = N where p is the cardinality of
the support of A\. The discrete allocation from the rounding procedure is obtained in two phases:

1. Given the number of samples N to obtain and the cardinality of the support of A, samples
to allocate to arms in the support of A\ are computed using N; = [(N — %p))ﬂ, where
N1, Na, ..., N, are positive integers constrained such that Zigp N; > N.

2. Following the previous phase of the rounding procedure, loop wuntil the discrep-
ancy (Zigp N;) — N = 0, from either increasing a sample count N; which obtains
N;/Aj = minj<, N;/A\; to N;j + 1, or decreasing a sample count N; which obtains
(Nj - 1)/)\] = maxigp(Ni - 1)/)\Z to Nj — 1.

The efficient design apportionment theorem in Section 12.5 of (Pukelsheim| 2006) provides the
foundation the procedure. We now provide some details on the efficiency of the procedure.

Let v = s/N represent the fractional allocation corresponding to a finite allocation s satisfying
the properties in Definition [6.2] and obtained from applying the efficient rounding procedure to the
distribution A. Moreover, define v()) := max,cy ||y||%Z

Ty-1"
sex Vo)

Proposition 6.2. The efficient rounding procedure of (Pukelsheim), |2006) guarantees for N > 2p,

p) <o) = (1+32) ).

Moreover, when dim(span(X)) =d and N > d* +d + 2,

2
o) <o) < (1+ ) o)

Proof. Define the minimum likelihood ratio of ~ relative to A as

¢((v,A\) = min Jo _ max{x > 0: 7, > k), for all x € X'}.
zesupp(\) Ag

Observe that ((y,A) € [0,1] by definition. As an immediate consequence of this definition, we
obtain

Z Vx| > Z ¢(y, )\x))\xl‘l‘—r = < Z %ﬁxx—r)il < C(’yl, N < Z Axmx—r)il.

zeX reX reX reX

It follows that for all y € ),

v (X %mT>_ly < 6(717 5 (X2 /\z:c:cT)_ly,

TeEX zeX

which implies v()) < p(¥)/C(y,A). Since the design v is obtained from an efficient design appor-
tionment, Theorem 12.7 of (Pukelsheim, 2006)) indicates it obtains the best efficiency bound among
all standardized designs of sample size N. As a result, Lemma 12.8 from (Pukelsheim, |2006) holds
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and guarantees that for N > 2p,

! < 1 <1—|—2—p

Hence, for N > 2p
2
p) <) < (1477 ) o).

When dim(span(X’)) = d, Caratheodory’s theorem indicates that p < d(d+1)/24 1. Consequently,
when N > d? +d + 2, we get

2
o) <o) < (14 E5EE) ),

O]

6.D.0.0.1 Rounding Procedure of Allen-Zhu et al.| (2021). We refer the reader to Algo-
rithm 1 in (Allen-Zhu et al., 2021)) for details about their rounding procedure. Here we describe
their result and how to modify it to our setting. Let Spp = {s € [B" : D1, si < k} and a
continuous relaxation Cp = {s € [0,b]" : Y°1" | s; < k}.

Theorem 6.3 (Theorem 2.1 of (Allen-Zhu et al., [2021)). Suppose € € (0,1/3], n > k > 180d/¢2,
be [k]. Let m € Cyp, then in polynomial-time (in n and d) we can round w to an integral solution

S € Sy satisfying maxyey [y, ) < (0 maxyey [yl

To apply this theorem to obtain an efficient rounding procedure, consider the following. Given
a A € Ny, and a number of samples IV, let 7 = N\ and consider the case where b =k = N. Then
kX € Cipr. In general the theorem does not allow N = k > n, but we can circumvent this by
just duplicating each vector in X exactly N times. Then the allocation 5 obtained will satisfy the
conditions of the above with 7(¢) = 180d/e?. The authors remark that it is most likely true that
r(€) = d/e?® suffices, but we are not aware of any such result in the literature.

6.E Proof of Lemma [6.1]

Consider the following:

p(Y) = \min ma 1t Awwa™y

= — min max
73] Nebix| yey Hy')’yH

1
< — min max Ha:”?z
7y AED| x| zECONV(XU—X) TEX

eX AgzzT)—1
AgzzT)~1

_ . 2
T 03 ey mex lolics, o sy

The third equality follows from the fact that the maximum value of a convex function on a convex
set must occur at a vertex. By the celebrated Kiefer-Wolfowitz theorem for G-optimal design
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(Pukelsheim 2006), minyeq, ,, maxzex ||9:H%z Nz Tl = d so we see that p(Y) < d/’yg,. For a lower
bound, note that

)\réldlgl I;leaj};{H H e Ao )1 > )\Iélg(lv gleaxgrmn Z Az ‘T‘T HyHZ
zeX
= )\Iélin T;lea)}}( ”yHQ/O'max Z )\I'ZE'I"T)_I)
rzeX

where opy4x and amm are respectively the largest and smallest eigenvalue operators of a matrix. Since
Oy Niga] ) < maxye [l7]lo, we have that p(V(Sh)) > max,eys,) [y13/(maxsex []z). The
final statement in the case of a singleton is also known as Elfving’s Theorem, see Section 2.14 in
(Pukelsheim), 2006)

6.F Experiment Details

In this section, we provide further details on the implementation of each algorithm. Each experiment
was repeated 20 times with the mean sample complexity is reported and error bars representing
the standard error are plotted. Simulations were implemented in Python 3 and parallelized on
an Intel(R) Xeon(R) CPU E5-2690. For each algorithm that requires computing a design A from
an optimization of the form minyey , maxses ||s||%Zz Nz T)-1 for S ¢ RY (RAGE, XY-static, X)-

oracle, and ALBA) we used a Franke-Wolfe algorithm (Jaggi, 2013) with constant step-size 2/(k+2)
(k being the iteration counter). The algorithm was run until the relative change in A with respect
to the ¢5 norm was less than .01 or 5000 iterations were reached. Any values of A < 107° were
then thresholded to 0 and A was scaled to sum to 1. We now provide further details on each
implementation.

o X )Y-Adaptive (Soare et al. [2014): This algorithm requires a parameter « that governs the length
of each adaptive phase. We follow the simulations in (Soare et all [2014) and let & = 0.1. We
remark that the algorithm given in the paper implements a greedy update to select arms in
contrast to rounding the optimal allocation as is considered in the analysis. We implement the
greedy arm selection procedure to match the simulations in the paper. It is worth noting that in
several of the recent linear bandit papers that have implemented this algorithm, the active arm
set has been reset at the conclusion of a phase before discarding arms. We do not reset the arm
set at the conclusion of a phase to match what was done in (Soare et al.l 2014)). Finally, in the
confidence interval, we include the phase index and not the number of samples since we only need
to union bound over when it is evaluated.

o XY Y-Static and X'Y-Oracle: To implement each allocation, we compute the optimal design on the
set Y(Z) for the static strategy and the set Y*(Z) normalized by the gaps for the oracle. Each
algorithm is ran in phases in which 4% samples are drawn from the allocation. We experimented
using v in the range (1,2) to optimize the performance of the algorithms and ended up using
v = 1.1 for the oracle strategy and vy = 1.35 for the static strategy across the examples. The
stopping condition {32’ € Z|V z € Z: ||/ — ZHA;1 V2log(2t2|2]2/5) < (' — 2) 76, } is evaluated
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at the end of each phase t to decide when to terminate the experiment for each algorithm, but
only union bounding over |Z]| for the oracle.

LinGapE (Xu et al.,[2018): We run this algorithm with a regularizer on the least squares estimator
of A = 1 following the implementation given in the paper. LinGapE is designed to find an € good
arm. We let ¢ = 0 to ensure the optimal arm is identified. The simulations in (Xu et al., [2018])
apply a greedy arm selection strategy that deviates from the algorithm that is analyzed. We
instead implement the LinGapE algorithm in the form that it is analyzed.

ALBA (Tao et al., [2018): This algorithm is parameter free and we implement the V-ElimTil sub-
procedure following the paper since it gives improved empirical results compared to the X-ElimTil
sub-procedure that provides identical theoretical results.

RAGE: To compute the discrete allocation given a design, we use the rounding procedure dis-
cussed in Section from (Pukelsheim) 2006)) and ¢ = 1/10.



285

Chapter 7

Conclusion and Future Directions

This thesis analyzes and develops algorithms for learning in games and sequential decision-
making problems. Notably, we develop methods to effectively overcome and understand the chal-
lenges that arise from both competition and uncertainty. This work requires a diverse set of tools
from a conglomeration of fields to obtain provable guarantees of performance and this will be key to
future theoretical advances. Moreover, as can be seen throughout the thesis, the analytical results
are tightly coupled with and provide insights into practical problems, and similarly, the empirical
evaluations we conduct support and inform theoretical pursuits.

In Part [I] of this thesis, several research projects on the topic of learning and optimization
in games were presented, with a focus on classes of nonconvex games and gradient-based learning
algorithms within them. In the process, we significantly develop the understanding of gradient-based
algorithms in nonconvex games and the placement of equilibrium concepts within them. This work
explains what can be expected from standard algorithms implemented for solving machine learning
problems formulated as games and describes how desirable outcomes can be achieved. Moreover,
from an arguably more typical game-theoretic perspective, we expand the types of systems that
can be abstracted as a game to provide insights to observed behavior.

In Part [I1] of this thesis, we present research on a pair of sequential decision-making problems.
Specifically, we identify a key component of the typical conference peer review system that presently
is being handled ineffectively and also exhibits interesting theoretical challenges. In the process
of solving this problem, we demonstrate how competing objectives that cannot be immediately
realized can be carefully balanced algorithmically, which is a commonly arising problem in markets
and crowdsourcing. Then, we develop and study a generalization of known multi-armed bandit
frameworks. For this problem, we characterize the limits of achievable performance and present a
near-optimal algorithm. This work expands the classes of bandit problems with desirable theoretical
guarantees and is key to a number of applications such as scientific discovery and recommender
systems where there is often an underlying structure coupling actions that can be exploited.

While at the end of each chapter, we describe some open questions and future directions of
research, we expand on those now and also mention some topics that have not been discussed thus
far. A key challenge of nonconvex games, and specifically nonconvex-nonconcave zero-sum games, is
that generally global convergence guarantees to meaningful solutions are difficult to come by without
imposing structure into the problem. This statement clearly hinges on the definition of ‘meaningful
solution’. Thus an interesting direction of future work is looking at relaxed solution notions that
are relevant to machine learning problems, while also being computable. In our own work with
collaborators, we have begun to explore this topic (Fiez et al) |2021a)). Specifically, in recent
work, we develop a novel, relaxed framework for studying nonconvex-nonconcave zero-sum games.
In particular, we propose a new algorithm for the min-player to play against smooth algorithms
deployed by the adversary instead of against full maximization. This results in an algorithm that



286

is guaranteed to make monotonic progress and which also find an appropriate “stationary point”
in a polynomial number of iterations. This framework covers practical settings where the smooth
algorithms deployed by the adversary are multi-step stochastic gradient ascent, and its accelerated
version. Thus, it is keenly relevant to machine learning problems such as adversarial training. More
generally, inserting structure into the assumed behavior of players in nonconvex games has potential
to lead to stronger results.

While the research in Part [[] of this thesis considers extremely general formulations, it now
appears time to work up from more precise problems. In our own work with collaborators, we have
started in this direction by looking at how actor-critic reinforcement learning algorithms can be
viewed as a Stackelberg game and then optimized using the Stackelberg gradient dynamics from
Chapter [2| (Zheng et al.l 2021)). Moreover, the Stackelberg game framework is closely related to
the problem of incentive and mechanism design given that these problems are often studied under
the hood of what is known as reverse Stackelberg games. In our own work with collaborators in
the past, this is a topic that we have explored. Specifically, problems in which a principal must
learn the preferences of an agent or group of agents and induce a desired response (Ratliff and Fiez,
2020; Ratliff et al., 2019)). It seems timely to revisit this research direction and exploit the tools
that have been developed in recent years for learning in games.

The research on learning in games presented in Part [[| follows the usual approach of treating the
game as a fixed object. However, the typical restriction of studying evolving agents acting in a static
game does not allow us to capture many applications of interest where the rules of interaction can
themselves adapt to the collective history of the agent behavior. Indeed, in adversarial learning, the
difficulty of the game can increase over time by exactly focusing on the settings where the agent has
performed the weakest. Similarly, in biology or economics, negative frequency-dependent selection
indicates that if a particular advantageous strategy is used exhaustively by agents, then its relative
advantages typically dissipate over time. As soon as the game stops being a passive object that the
agents act upon, it can be best thought of as an algorithm itself. This crucial observation motivates
the study of dynamically evolving players in dynamically evolving games. We have been actively
working on this area of learning in games and believe it will continue to be a fruitful and meaningful
research direction (Fiez et al., 2021c; |[Skoulakis et al., [2021)).

With respect to the research in Part [[T] of this thesis, there are several interesting future di-
rections. Specific to the work presented in Chapter [5] we are actively working with a conference
management system to implement our algorithm for use in conferences in workshops. We believe
that the results of these experiments will be extremely illuminating and can lead to future research
problems. From a theoretical standpoint, it would be interesting to incorporate strategic behavior
into the reviewer behavior models. Moreover, with regard to the work presented in Chapter [6] as
mentioned previously, there are still some important standing theoretical questions to be solved that
are closely related. Specifically, obtaining a precisely tight algorithm for the pure exploration linear
bandit problem, expanding the techniques to the contextual bandit identification problem, and also
designing an instance-dependent optimal regret algorithm for linear bandits. While not discussed in
this thesis, an interesting topic in multi-armed bandits is the regret and significance trade-off. This
is at the forefront of practitioner’s minds at companies, where it is often up for debate whether the
increased regret of identification methods is worth being able to make decisions faster. Similarly,
while many multi-armed bandit algorithms assume either a perfectly stochastic model or a purely
adversarial model, the real world seems to be somewhere in between. Fortunately, there has been
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a significant amount of work recently on the development of regret algorithms that can smoothly
interpolate between these regimes. That being said, the study of identification algorithms in this
light is fairly sparse. This seems to be a promising direction of future work that is still somewhat
under-explored.

Finally, we believe that a closer merging of the study in learning in games and the study of
decision-making under uncertainty is a promising direction of future research. While there are
some works like this, they generally fall under simple classes of games and there is opportunities to
extend this literature.
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