Matroid-Theoretic Approaches to Compactified Jacobians and Vector Bundles

Cameron Johnson Wright

A dissertation
submitten in partial fulfillment of the

requirements for the degree of

Doctor of Philosophy

University of Washington

2026

Reading Committee:
Farbod Shokrieh, Chair
Gaku Liu

Cynthia Vinzant

Program Authorized to Offer Degree:

Mathematics



© Copyright 2026

Cameron Johnson Wright



University of Washington

Abstract

Matroid-Theoretic Approaches to Compactified Jacobians and Vector Bundles

Cameron Johnson Wright

Chair of the Supervisory Committee:
Farbod Shokrieh

Department of Mathematics

This thesis is composed of three distinct projects lying at the interface of combinatorics
and algebraic geometry. Though not directly related to one another, these projects are united
by the underlying themes of viewing graphs and matroids as discrete analogs of objects aris-
ing in algebraic geometry, and of viewing these combinatorial objects as tools for encoding
discrete structure in algebraic-geometric contexts. The first project included in this thesis
studies the combinatorics of certain subdivisions of Euclidean spaces into highly-structured
polyhedra known as zonotopes. By taking periodic subdivisions of this type and passing to
the quotient under the lattice of periodicity, one obtains a class of cell decompositions of
real tori. We prove an enumerative result on the f-vectors of these decompositions. These
subdivisions arise in the context of compactified Jacobians of nodal curves, where the cell
structure encodes the inclusions of orbit closures under a torus action. We then use our f-
vector result to give a formula for the classes of these compactifications in the Grothendieck

ring of varieties. The second project is of a more tropical geometric nature, and represents



a context in which the categorical and K-theoretic understanding of algebraic geometry car-
ries over well into the tropical context. We establish in particular that many categories of
matroids arising in modern matroid theory naturally possess the structure of proto-abelian
categories, forming non-additive analogs of the abelian categories appearing in many areas
of algebra. We extend this result to show that the category of vector bundles in tropical
geometry possesses a similar categorical structure, and use this to give an account of tropical
Harder-Narasimhan filtrations mirroring those appearing in the moduli theory of algebraic
vector bundles. Finally, the third project describes a purely combinatorial result motivated
by the Riemann-Roch theory of graphs. We study two group actions of the critical group of
a graph on the set of its spanning trees. Prior to our work, it was known that these group
actions coincide if this graph is planar, and we resolve a conjecture that the converse also
holds. For each non-planar graph, these two actions are necessarily distinct. By viewing the
acting group as a subgroup of the tropical Jacobian of the graph, this affords a connection to

the first project mentioned above.

The background for these projects is considerable and possesses little overlap. For the sake
of readability, the thesis contains multiple sections and appendices dedicated to exposition
of this background. The second and third projects mentioned above appear independently as

papers, and the text of this thesis contains overlap with these documents.
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Chapter 1

Introduction

This thesis synthesizes a collection of projects regarding several interactions between com-
binatorics and algebraic geometry, in particular by exploring several facets of matroid theory
and the analysis and use of matroidal structure in algebraic contexts. The present document
is structured in such a way as to place matroids in the center of our attention, beginning with
an exposition of matroid theory as we conceive of it and subsequently considering several
contexts in which the analysis of matroids or analysis of algebraic-geometric objects through
a matroidal lens yields a deepened understanding.

We now survey the contributions of the present document to the literature. Some of the
work mentioned below is currently either in publication or has been submitted for publication,
while other results appear here for the first time. When another reference for the included

work is available, we mention it explicitly.

1.1. Enumerating Faces of Toric Arrangements

The first contributions of this paper appear in Chapter 4. We use methods of geometric
combinatorics, in particular matroid theory, Mdbius functions of posets, and some rudi-
mentary topology in order to enumerate the number of cells of a fixed dimension in certain

highly-structured arrangements of subtori in a topological torus 7 = R"/Z". The necessary
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background for all material in Chapter 4 is surveyed in Sections 2.1 and 2.3 of Chapter 2 and
Section 3.2 of Chapter 3.

Geometric combinatorics has a long history of studying arrangements of subspaces in
ambient spaces of interest. Perhaps the most notable examples of such systems are hyperplane
arrangements and subspace arrangements. In this context, a classical question asks, given
a finite collection of k hyperplanes in a vector space R”, how many connected components
there are in the complement of a hyperplane arrangement. This question was answered for
arbitrary such arrangements by the thesis of Zaslavsky ( [55]). The solution uses the Mobius
function (an enumerative invariant of posets, largely introduced in combinatorics by Crapo
in [17]) associated with a natural poset associated with the arrangement in order to recursively
compute the number of regions of restrictions of the original arrangement. One then uses the
Euler characteristic of the ambient spaces of these restrictions (each of which is a Euclidean
space) in order to obtain a closed-form solution to the problem.

In our context, we generalize the approach of Zaslavsky in order to answer an analogous
question for certain arrangements of topological subtori in a topological torus 7. The
arrangements we analyze are those arising from regular matroids. Given a regular matroid
M, fix a realization A = [a;---a,] of M in R$ and consider the zonotope Z (M) defined
as the Minkowski sum of the symmetric segments conv{—a;,a;}. The free abelian group
Z{ay,...,an) is a lattice in R8, and identifying faces of Z which are lattice translates of
one another yields a real torus of dimension g. Through the realization A of M, we specify
the structure of an oriented matroid on M, and a (realizable) single-element lifting of this
oriented matroid can be associated with a hyperplane arrangement in R8*! which then induces
an arrangement of topological subtori of codimension 1 in 7. We call such a toric arrangement
matroidal. This matroidal toric arrangement induces a cell decomposition of the torus 7', and
the first main result of this thesis, presented in Chapter 4, provides a formula for the number

of cells of dimension k in this cell decomposition.
Theorem A (Theorem 4.2.1). Let T be a matroidal toric arrangement in RN defined by a

13



single-element lifting M of a regular matroid M, and let u be the Moébius function of the

lattice of flats of M. Denote by Z the cell decomposition dual to T. Then we have

f(Z)= (DN Y uF,G),
R.SeL(T)
dim S=0
dim F=g—k

1.2. Matroids and Compactified Jacobians

The Jacobian of an algebraic curve X defined over an algebraically closed field k is a moduli
space of degree O line bundles X. When X is smooth of genus g, the Jacobian Jy is an abelian
variety of dimension g, and a wealth of information about X can be gleaned from the study
of Jx. In fact, due to a theorem of Torelli, knowledge of the Jacobian Jy determines X up to
1somorphism. If the curve X has mild (i.e. nodal) singularities, then the Jacobian Jy fails to
be an abelian variety, and is in fact an extension of an abelian variety by an algebraic torus.

Explicitly, we have a short exact sequence of algebraic groups as follows:
0— G — Jx — Jg —0.

Here, X is the (smooth) normalization of X, so that J is an abelian variety. It is a classical
problem to provide compactifications Jx of the Jacobian Jx which parameterize geometric
objects associated with X. In [44], Oda and Seshadri utilize toric geometry in order to provide
such compactifications Jx (). These compactifications depend on a choice of parameter
drawn from the cut space of the dual graph Gx of X, and their orbit structure under G¢, is
determined by a certain periodic polyhedral decomposition Del, (G x) of the cycle space of
G x. The subdivisions Del, (G x) are referred to as Namikawa subdivisions. These Namikawa
subdivisions encode the structure of Jx (¢) and determine it uniquely. Moreover, the number
of translation equivalence classes of k-dimensional cells of Dely, (G x) is equal to the number

of codimension-k G&,-orbits in Jx (). See Section 5.3 for details of this construction and

14



the associated correspondence.
In Chapter 5, we prove a structural result about Namikawa subdivisions, establishing
that for orientable choices of ¢ (cf. Section 5.4) the Namikawa subdivisions are periodic

continuations of coherent subdivisions of a zonotope naturally associated with Gx.

Theorem B (Theorem 5.5.1). Suppose that  is a choice of orientable polarization for
Gx. Then the restriction of the Namikawa decomposition Del,(Gx) to a distinguished cell
Zy € H L(Gx;R) is a p-coherent subdivision with respect to the projection p : Cy — 2y
of a full-dimensional cube onto the zonotope Zy. Moreover, every p-coherent subdivision

arises this way.

This result allows us to take advantage of the theory of coherent subdivisions and their
relationship to oriented matroid theory (cf. Section 2.3) in order to enumerate translation
equivalence classes of cells of Dely (Gx). Indeed, the restricted Namikawa subdivision is
dual to a matroidal toric arrangement of the sort described in Theorem 4.2.1, and so we can
apply this result in our context to enumerate cells. In view of the correspondence between
these equivalence classes and the torus orbits in Jx (1), we therefore obtain a count for the
number of torus orbits of each dimension. Since algebraic group actions on a variety yield
a stratification of the associated variety, these G},-orbits yield a stratification of Jx (). By
analyzing the geometry of the orbits themselves and applying Theorem 4.2.1, we obtain a

formula for the class of Jx () in the Grothendieck ring of varieties Ko(Vary).

Theorem C (Corollary 5.6.5). Let Del,(Gx) be a Namikawa subdivision associated with
an orientable polarization y and let Ny, ..., Ny be the H\(G x; Z)-orbits of the cells of
Dely(Gx). Then the class of the compactified Jacobian Jx () in the Grothendieck ring

Ko(Var) is given by the expression

8

[Tx@)] =[xl D (=DFE >y (RS (L= 1),
k=0 R,SeL(M,)
dim S=0
dim R=g—k
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Here, X is the normalization of X, M, is the oriented matroid lifting associated to s, py is
the Mobius function of My, and gy, is the first Betti number of the subgraph of G x obtained

by deleting edges associated to Minkowski summands of the associated cell in Del,(Gx).

1.3. Matroids as a Context for K-Theory

A large body of recent work in the area of matroid theory has revealed that an abstract
approach to matroids with coefficients provides an avenue for simultaneously generalizing
the theory of (classical) matroids, oriented matroids, valuated matroids, and linear subspaces
of vector spaces. This theory, introduced by Baker and Bowler in [6], introduces the notion
of a matroid over an idyll F. An idyll (also known as a tract or an emphidyllic tract by some
authors) is a generalization of a field that includes fields, partial fields, and hyperfields as
special cases (see Appendix C for details). The study of matroids over a idylls has proven to
be an appropriate level of abstraction in which to phrase many important results in matroid
theory, and among other things has afforded deeper study of the established bridge between
(valuated) matroid theory and tropical geometry.

Among other things, the perspective of matroids over idylls underscores a strong analogy
between matroid theory and linear algebra, and indeed one can ask whether there is an
appropriate notion of morphisms for matroids over idylls which yields a category sharing
structure with that of vector spaces over a field. Our next main result, drawn from joint work
with Jaiung Jun and Alex Sistko ( [32]), establishes that for a (perfect, see Section 2.4) idyll
F, the resulting category F-Mat, shares a wealth of structure with the categories Vecty of

vector spaces over a field k.

Theorem D (Theorem 6.1.11, Theorem 6.1.22). For each perfect idyll F, the category of
pointed F-matroids is proto-abelian (hence proto-exact) with exact direct sum and exact
duality. The category of simple pointed F-matroids is also proto-abelian with exact direct

sum, but does not admit exact duality.
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In Chapter 6 we also establish a variety of propositions regarding the category F-Mat,

and morphisms of F-matroids which, to our knowledge, are first studied in [32].

1.4. Tropical Vector Bundles

Following the theme described in the previous section, we utilize our results on F-Mat, for
the idyll ' = T of tropical numbers to study tropical vector bundles in the sense of [38].
In particular, we introduce the notion of morphisms of tropical toric reflexive sheaves (cf.

Section 6.4) and establish that the resulting category TRS, is proto-abelian.

Theorem E (Theorem 6.4.16, Corollary 6.4.17, Corollary 6.4.18). The category TRS., with
morphisms as defined in Section 6.4, is proto-abelian, as is the subcategory MTRS. of

modular tropical toric reflexive sheaves.

Finally, in Section 6.4.1 we utilize this structure, togehter with some results of categorical
stability theory, to illustrate that the Harder-Narasimhan filtration of tropical toric vector

bundles as introduced in [38] is a categorical slope filtration as studied by [4] and [41].

Theorem F (Corollary 6.4.25). The Harder-Narasimhan filtrations of tropical reflexive

sheaves are an instance of categorical slope filtrations on MTRS.,.

In particular, these results yield a path toward studying vector bundles in tropical geometry
through the modern lens of moduli theory. This affords implications for the study of moduli

spaces of sheaves on tropical varieties in a spirit similar to that of [46].

1.5. Group Actions on Spanning Trees

The final main chapter of this thesis is Chapter 7, which includes the main text of the
paper [52]. This work deals with the action of the critical group of a finite graph on the set

of spanning trees of that graph. For any finite graph G there exists a finite group Pic’(G) of

17



divisors on that graph, known alternately as the Picard group, critical group, or Jacobian of
the graph. One observes, via the Kirchhoff matrix-tree theorem, that the cardinality of this
group is equal to the number of spanning trees of this graph. Further, it is known that there
exist several combinatorial bijections between the group itself and the set 7 (G) of spanning
trees of G. Each such bijection defines an identification between the elements of PicO(G) and
spanning trees of G, and therefore defines an action on 7 (G). Any such action is necessarily
simply transitive and endows the set 7 (G) with the structure of a torsor over Pic’(G).

Two such actions which have been considered in the literature are the rotor-routing torsor
and the Bernardi torsor, each of which depends on the choice of a base vertex g of G
([28], [9], [14]). Despite the fact that these combinatorial actions differ in their construction

and flavor, the associated action maps

pq : Pic’(G) x T(G) — T(G)

B, : Pic’(G)x T(G) — T.

are known to coincide when G is planar. However, when G is nonplanar it was conjectured
in [9] that there should always exist some vertex g of G for which p, # ,. The main result
of [52] confirms this conjecture by analyzing the combinatorics of the actions 8, and p,
and non-crossing embeddings of nonplanar G in surfaces of positive genus. This result was
independently proven by Ding in [18] in a separate work using distinct methods.

The chapter itself reads as a standalone paper, and contains significant overlap with the
published version of [52], which was published in 2023.

This work, though apparently of a distinct flavor from the other chapters included in this
paper, is related in particular to the results of Chapter 5. Indeed, Chapter 5 features a com-
binatorial and convex-geometric analysis of certain polyhedral subdivisions of the tropical
Jacobian J(G) of a finite graph G. The tropical Jacobian admits the structure of a tropical

abelian variety, hence is given by a real torus. However, J(G) contains the Picard group

18



Pic’(G) as a finite subgroup. In the notation of Chapter 5, the group Pic’(G) appears as the
quotient group H'(G;Z)/pH(G;Z) inside of the Jacobian J(G) = H'(G;R)/pH\(G;Z).
Moreover, when G arises as the dual graph of some algebraic curve X, the actions p, and 5,
can be seen as combinatorial shadows of the action of the Picard group Pic®(X) on the set of

(algebraic-geometric) divisors on the curve X.
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Chapter 2

Matroids

Matroids are combinatorial objects which capture the notion of independence and which
have become increasingly prevalent in modern mathematics. For example, in addition to
their study in purely combinatorial contexts, matroids arise naturally in tropical geometry
and so have many subtle connections to various flavors of algebraic geometry. Matroids are
perhaps most famous, however, for their variety of definitions; there are many ways to define
matroids that are not obviously equivalent to one another. This variety of definitions is a lot to
get used to for those new to matroid theory, but as we shall see there is much to be gained by
having a degree of fluency with at least a handful of different definitions. In this chapter, we
survey several flavors of matroid theory, including in particular classical matroids, oriented

matroids, and the more general class of matroids over tracts.

2.1. (Classical) Matroids

Let E be a finite set. We begin by giving several definitions of a matroid on E twice,
including axiomatizations for bases, circuits, and rank functions (together with a description
of the lattice of flats of a matroid). The first formulation of matroids is particularly amenable
to analogies with graph theory, while the second affords a direct bridge to the language of

hyperplane arrangements. Both of these perspectives will be of particular use to us throughout
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this document, and so the reader will benefit from having both treated directly. For any of
the other (plentiful) axiomatizations of matroids, the reader is encouraged to either wait until
Section 2.4 or to refer to the standard text [45]. The first definition of matroids we will

consider is among the most popular.

Definition 2.1.1. A matroid of rank r on E is a pair M = (E, B(M)), where B C (%) isa

collection of r-element subsets of E called bases which must satisfy the following axioms:
(B1) B(M) #0

(B2) For all distinct bases By, B, € B(M) there are elements ¢; € B} — By and e, € By — B

for which (B — e;) U e, and (B; — e3) U e are again bases.

The base polytope or matroid polytope of M is a polytope which is constructed from the
bases of M. This polytope is denoted Pj; and is defined as the convex hull of indicator
vectors of bases in RE. Two vertices of Py, are adjacent precisely when they differ by an

exchange as in (B2). ¢

Another typical axiomatization of matroids uses independent sets, which in the above
formulation are subsets of bases. In this formulation, bases are the maximal independent
sets, and any set which is not contained in a basis is referred to as dependent. This leads
naturally to the second formulation of matroids which we describe, which is given in terms

of a family of certain dependent sets.

Definition 2.1.2. A matroid on E is a pair M = (E,C(M)), where C(M) is a collection of

subsets of E called circuits which satisfy the following axioms:
(Cl) o¢C
(C2) If C;,Cr eCand C; € Cy, then C; = ¢,

(C3) If Cy,C, € C are distinct and e € Cy N C,, then there is some C3; € C such that

C;C(CiUCy) —e.
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In the language of independent sets, a circuit is a dependent set which is inclusion-wise
minimal. This means in particular that for any matroid M = (E, B) given in terms of its

bases, we can readily construct many circuits of M as follows.

Definition 2.1.3. Given a matroid M = (E, B), any basis B € B, and any element e € E — B,
the set B U e is necessarily dependent, and so contains some minimal dependent subset

C = C(B, e), referred to as the fundamental circuit of B with respect to e. ¢

The collection of all fundamental circuits of all bases of M = (E, B) form a family C
satisfying the axioms of Definition 2.1.2.

Circuits provide particularly useful descriptions of matroid arising from graphs, as we
shall see later in Subsection 2.2.2. Given a matroid M = (E,C), defined in terms of its
circuits, one can easily extract the independent sets of M by declaring a set to be independent
precisely when it contains no circuit.

Given a matroid in either of the above forms (i.e. either as a set with a collection of
bases or a collection of circuits), one naturally obtains a rank function on the Boolean lattice
of subsets of E by declaring the rank of a set § € E to be the cardinality of the largest

independent set contained in S. Doing so yields yet another formulation of matroids.

Definition 2.1.4. A matroid on E is an ordered pair M = (E,ry), where ry; : P(E) - N

is a function, the rank function of M, satisfying the following axioms:
(R1) If X € E, then ry (X) < |X]|
(R2) f X CY C E,thenry(X) <ry(Y)

(R3) For all X,Y C E, we have the submodular inequality

FM(X)+}"M(Y) ZI"M(XUY)+FM(XOY).
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A maximal set of a given rank is referred to as a flat of M, and the collection L of flats of M

forms a geometric lattice, referred to as the lattice of flats of M. ¢

Here, a geometric lattice is a finite atomic lattice (poset) L which admits a submodular
rank function. That is, L is a ranked lattice in which every element can be written as a join

of atoms and whose rank function r : L — N satisfies the submodular inequality above.

Remark 2.1.5. Note that each of the above definitions of a matroid is phrased in terms of
subsets of the ground set E. In particular, each definition above affords a description of a
matroid M either as a collection of vectors in {0, 1}£. This perspective is important to keep
in mind in order to understand the relationship between matroids and oriented matroids (see
Section 2.3) and in order to better view each of these as matroids over tracts (See Section

2.4). ¢

Given a matroid M = (E, B(M)), say that an element e € E is aloop if it is not contained
in any bases. Equivalently, a loop is an element e for which {e¢} € C(M) or for which
ry(e) = 0. A coloop of M = (E,B(M)) is an element f € E for which f € NB(M), i.e.
an element which is in every basis. For a matroid M = (E,ry), we say that two elements
e,e € E are parallel if r);({e, f}) = 1. Say that a matroid M is simple if it contains no

loops or pairs of parallel elements.

2.1.1 New Matroids from Old

One can also create new matroids from others via constructions what mirror the notions of
subobjects and quotients. In fact, as we shall see in Chapter 6 these will be shown to define

morphisms whose directly analogous to subobjects and quotients in abelian categories.

Definition 2.1.6. Given a matroid M = (E, B) and an element e € E, the deletion of ¢ from
M, also known as the the restriction of M to E — e, is the matroid M \ e = (E — e, B — e).

When e is not a coloop of M, the bases of M — e are those B € B with e ¢ B. When e is a
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coloop of M, the bases of M — e are the sets B — ¢, where B € B. The matroid M — e is also

sometimes denoted by M|(E — e) in accordance with the terminology of restriction.
Deleting all elements of some subset A C E yields a matroid denoted by M \ A. Corre-

spondingly, we denote such a matroid by M|(E — A) and refer to it as the restriction of M to

E - A. ¢

Definition 2.1.7. If a matroid M is of the form M — e for some other matroid M and an
element e of M, we say that M is a single-element extensions of M by e. When no confusion
is possible, we refer to such a matroid simply as an extension of M. If e is neither a loop not

a coloop of M, say that the extension M is non-trivial. ¢

Remark 2.1.8. For a flat F € L, the lattice of flats of the restriction M|F is isomorphic to
the sublattice L<r of L. On the other hand, the lattice of flats of the contraction M /F is

isomorphic to the sublattice LsF. ¢

Definition 2.1.9. Given M = (E, B) and an element e € E, the contraction of M by e is
the matroid M /e = (E — e, B/e). When e is not a loop of M, bases of M /e are sets of the
form B — e, where B € B is such that e € B. If e is a loop of M, M /e is identified with the
deletion M — e.

Contracting all elements of some subset A C E yields a matroid denoted by M /A. ¢

Definition 2.1.10. If M is of the form M /e for some other matroid M and an element e of
M, say that Misa single-element lifting of M by e. We often refer to M simply as a lifting

of M. If e is neither a loop not a coloop of M, say that the lifting M is non-trivial. ¢

Matroids also possess a notion of duality which is central to many developments in
matroid theory and which provides a simultaneous generalization of planar duals of graphs

and of orthogonal complements of vector subspaces.

Definition 2.1.11. Given a matroid M = (E, B(M)), the dual matroid to M is the matroid

M* = (E,B(M")), where B € B(M*) if and only if E — M € B(M). ¢
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One immediately sees that the dualizing twice yields the original matroid. The circuits
of M* are also referred to as the cocircuits of M, and we write C*(M) = C(M*) for the set
of cocircuits of M. Loops of M are coloops of M* and vice versa. For a simple matroid M,

the dual M* may not be simple, see Example ??.

Remark 2.1.12. Deletion and contraction of matroids also plays nicely with dualization. In
particular, for any matroid M and any e € E, we have (M —e)* = M*/eand (M /e)* = M* —e.
This will be shown explicitly in Proposition 6.1.26 in the setting of matroids over (idyllic)

tracts. ¢

2.2. Examples of Matroids

Matroids themselves are certain set systems which are subject to axioms, but much of
the intuition needed to work from matroids comes from considering examples of matroids
which arise in mathematics. Indeed, matroids were first introduced by Whitney in [CITE
WHITNEY] for the purpose of generalizing certain results in graph theory, and accordingly
graphs yield an important motivating class of matroids, which we describe shortly. First,

however, we describe a broader class of matroids which contain all those arising from graphs.

2.2.1 Linear Matroids and Realizations

Fix a field k. Consider the vector space k™ and suppose we are given a finite configuration
E ={ey,...,e,} of vectors in K" for which span E = k”. Assemble the vectors ¢; into an
r X n matrix A = [e;---e,]. Then we obtain a matroid M (A), the linear matroid of A,
by declaring a collection {e;,, ..., e; } to be a basis of M(A) precisely when the maximal
r X r minor of A formed by taking columns iy, ...,i, has nonvanishing determinant. In
other words, the bases of M (A) are the subsets of columns which form bases of the column
space of A. The circuits of M(A) are the minimal subsets of columns of A which support a

linear dependence relation, and so can be though of as the minimal supports of vectors in the
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Ker(A).

Definition 2.2.1. Say that a matroid M is realizable over Kk if there is some matrix A over k
for which M = M(A). Any such matrix A is referred to as a realization of M. Say that M

is regular if it is realizable over any field k. ¢

The question of whether a given matroid M is realizable over a field k is a classical
question in matroid theory, with a history going back to the inception of the field. The reason
for the interest in such questions can largely be traced to the fact that for realizable matroids
much can be deduced using linear algebraic study of the matrix A and the associated vector

configuration.

2.2.2 (Co)Graphic Matroids

As demonstrated in the previous Subsection, it is clear that much is to be gained from
considering matroids as generalizations of objects from linear algebra. However, matroids
were initially introduced by Whitney as a generalization of graphs. In this section we provide

some of the important connections between graph theory and matroid theory.

Definition 2.2.2 (Graphic and Cographic Matroids). Let G = (V,E) be a finite graph.
Declare a subset B C E to be a basis if it is a spanning forest of G, i.e. if it is a maximal
acyclic subset of edges. Then the set B of bases of G defines a matroid M(G) = (E, B),
known as the graphic matroid of G.

It immediately follows that a collection of edges is independent in M (G) precisely when
it is acyclic. The circuits of M (G) are therefore the inclusion-wise minimal acyclic sets of
edges in G.

In case G is planar, the graphic matroid of its planar dual G* is related to M (G) by the
equality M(G*) = M(G)*. That is, the (matroidal) dual of a graphic matroid is the graphic
matroid of the (planar) dual of G. Note that even for nonplanar graphs G, it still makes sense

to construct the matroid M*(G) := M(G)*. This matroid is known as the cographic matroid
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of G. The circuits of the cographic matroid M*(G) are readily seen to be the fundamental

cuts or bonds of the graph G. ¢

2.2.3 Failure of Realizability

Despite the fact that linear algebra is a powerful tool in matroid theory, this tool also has
its limitations. Indeed, there are myriad matroids which are known not to be realizable
over certain fields, and the study of obstructions to realizability is also storied, with many
approaches centering on certain forbidden minor characterizations. Many of these approaches
are classical, but there also exist modern approaches to this question, some of which will be
mentioned below in Section 2.4. For now, we consider a famous example in matroid theory

which is known not to be realizable over certain fields.

Example 2.2.3 (Uniform Matroids). Let E = [n] = {1,...,n} and fix some r < n. Then
there is a matroid U(r, n) known as the uniform matroid of rank r on n elements defined as
follows. The bases of U(r,n) are all r-element subsets of E, and so the independent subsets
are all subsets of E of size at most . The circuits are all subsets of size r + 1, and for a
subset A C E we have ry(, ,)(A) = min{#A, r}. The dual of U(r, n) is the uniform matroid
Un-r,n).

For example, the matroid U(2,4) has bases B = {12, 13, 14, 23,24, 34} and the base
polytope is the octahedron.

The matroid U (2, n) cannot be realized over any finite field with fewer than n— 1 elements,

since in this case the projective line over the field would have fewer than n points. o

2.2.4 Single-Element Extensions of Matroids

In this section we survey some results characterizing single-element extensions of matroids.
The problem of classifying all such extensions was a major problem in matroid theory for

some time, and a variant of the problem for oriented matroids still persists today (see Section

27



2.3). Fortunately, an early classification result was proved by Crapo in [16]. In this section
we survey this result and a related result for extensions of graphic matroids, where more

concrete descriptions can be given.

Remark 2.2.4. For this section, we use the Roman letter C to denote the set of (co)circuits
of a classical matroid. This is mainly to contrast with the notation of Section 2.3, where we

also describe single-element extensions of oriented matroids using the calligraphic C. ¢

Proposition 2.2.5 ([12], Proposition 7.1.2). Suppose that M is a matroid on a finite set E and
let C* = C*(M) C {0, 1} the set of cocircuits of M. Let M be a single-element extension of
M on the ground set E U p and denote by C*=C *(1\7 ) its set of cocircuits.

Then for all Y € C* there is a unique Z € C* such that Z C Y U p. That is, there is a

unique assignment o : C* — {0, 1} such that

{(Y,o(Y)) : YeC}cC.

Moreover, M is uniquely determined by o and we have

C'={(Y,o(Y)) : YeC}U

{(Y10Y,,0) : (Y1,Y2) amodular pair with c(Y) = 1 forallY CY; oY}

Here, we write — o — to denote the union of two vectors X, Y € {0, 1}£. Explicitly, this is
given by declaring that (X oY), is 1 if either X, = 1 or ¥, = 1 and O otherwise. Viewing X
and Y as subsets of E, X oY is just the union X U Y. The notation — o — is chosen primarily
to emphasize the relation with oriented matroid (cf. Subsection 2.3.2).

Recently, work by Slilaty and Zaslavsky has provided a similar characterization of single-
element extensions of graphic matroids by using graph-theoretic means. We briefly describe

this characterization for the sake of using it in the sequel.

28



Definition 2.2.6. Let G = (V,E) be a graph and M = M(G) its graphic matroid. Recall
that the set of cocircuits C*(M) is exactly the collection of bonds in G. A tribond in G is a
union of three bonds of G. Note that the removal of a tribond from G increases the number
of connected components by 2. A dibond of G is a subset of edges which is not a tribond
but whose removal increases the number of connected components by 2.

A linear class of bonds is a collection £ C C*(M) of bonds such that each tribond of G

contains (as a subset) 0, 1, or 3 elements of L. ¢

Theorem 2.2.7 ( [53], Theorem 3.1). Let G be a graph and let L be a linear class of bonds
for M(G). Then there is a matroid Jo(G, L) on E U eq such that e is neither a loop nor a

coloop and whose circuits consist of
(i) LS C*(M)
(ii) sets of the form B U eo, where B € C*(M) — L
(iii) dibonds and tribonds of G not containing an element of L.

Note that Jo(G, L) is a single-element extension of M. Each single-element extension of M
for which e is neither a loop nor a coloop is of the form Jyo(G, L) for some linear class of

bonds L.

2.3. Oriented Matroids

The previous section portrays matroid theory as a field of combinatorics which deals with set
systems and which affords connections to graph theory and linear algebra. We now turn our
attention to a related field which maintains the strong connections with combinatorics, but
which is of a more geometric flavor. This field is the theory of oriented matroids, which has
a long history going back to the work of Bland and Las Vergnas, which introduced oriented
matroids as a means of abstracting certain phenomena in linear programming and convex

geometry.
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Like their non-oriented relatives, oriented matroids can be axiomatized in several ways,
although again we do not give all such descriptions. The axiomatizations most relevant to us

are phrased in terms of sign vectors, which we now introduce. As before, let E be a finite set.

Definition 2.3.1. A sign vector over E is an element X € {0,+,—}F. Denote the eth
coordinate of X by X,. Each sign vector X has a negative —X, obtained by exchanging + and
— in every coordinate of X. The collection of all sign vectors over E is a partially ordered
set, with partial order given by the coordinate-wise extension of the partial order on the set
{0,+,-} givenby 0 < + and 0 < —.

Given two sign vectors X and Y, the composition X o Y is another sign vector given by

X, ifX,#0
(XoY), = .

Y., else

note that composition gives a non-commutative operation on sign vectors over E. The
separation set of two sign vectors X and Y is the set S(X,Y) ={e € E : X, = (-Y).}.
The support of a sign vector is |[X| = {¢ € E : X, # 0}, also sometimes denoted by X°

depending on the context. ¢

The definitions of oriented matroids with which we will be most concerned are those
given in terns of sign vectors. We give two such descriptions, and provide a third below in

Section 2.4.

Definition 2.3.2. An oriented matroid on E is a pair M = (E, V"), where V* is a subposet

of sign vectors on E called covectors, subject to the following axioms.
(OMO) (0,...,0) e V*
(OM1) Forall X,Y € V*, we have that X o (-=Y) € V*.

(OM2) For each pair X,Y € V* with e € S(X,Y), there is some Z € V* for which Z, = 0 and

Zr=(XoY)sforall f € E—e.
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Note that (OM1) ensures that —}* = V* and that V* is closed under composition. ¢

As it happens, the collection V* (M) of covectors of an oriented matroidhas the structure
of a lattice. Moreover, this lattice admits a strong relation with lattices of flats of (classical)
matroids.

For a fixed finite set E, let Z : {+, —,0}f — {0, 1} be the map defined by

0 X.e{+ -}
Z(X)e = .

I X.=0

That is, for each sign vector X, Z records the set of elements e € E for which X, = 0.

Proposition 2.3.3 ( [12]). Given an oriented matroid M on E, let V*(M) be its lattice of
covectors. Then the lattice Z(V*(M)) of subsets of E is a geometric lattice and therefore

corresponds to a (classical) matroid M on E.

Definition 2.3.4. For an oriented matroid M, the matroid associated with the geometric
lattice Z(V*(M)) is referred to as the underlying matroid of M, and is denoted by M.

The rank of an oriented matroid M is the rank of its underlying matroid M. ¢

Each regular matroid M possesses a unique (up to reorientation) oriented matroid struc-

ture.

2.3.1 Topological Representation of Oriented Matroids

In many respects, oriented matroids can be considered as a more geometric variant of ordinary
matroids, with strong relations to real and convex geometry by virtue of the fact that the field
IR is ordered (hence signs have meaning). A concrete manifestation of this geometric nature is
provided by the celebrated Folkman-Lawrence Topological Representation Theorem, which
establishes that all oriented matroids admit a realization by a cell decomposition of a sphere

coming from an arrangement of pseudospheres.
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Definition 2.3.5. Let T be a topological space homeomorphic to the d-sphere S¢. Say that
a subspace S C T is a pseudosphere if there is a homeomorphism H : T — S¢ for which
H(S) = {x € 8¢ : x44.1 = 0}. We also define T to itself be a pseudosphere, namely the
degenerate pseudosphere.

A signed pseudosphere is a triple (S, S*,S7), where S C T is a pseudosphere in T and
S*, S are the sides of S. In particular, if S is degenerate we have ST = S™@, while if S is
nondegenerate then S* and S~ are the (topological) open d-balls in 7 bounded by S.

A pseudosphere arrangement in 7 is a multiset S = {S, : e € E} of (finitely many)

signed pseudospheres for which
(SA1) Forall A C E, the intersection S4 := (),ea Se 18 a topological sphere
(SA2) Foralle € E and all A C E — e, we have one of the following:

.SAQSE

e S4 NS, isapseudosphere in S4 with sides S} NS4 and S, N Sy

(SA3) Each intersection of closed sides is either a topological sphere or a topological ball.

Remark 2.3.6. The axiom (SA3) above actually follows from (SA1) and (SA2) by a result of
Mandel (see [3]). ¢

Definition 2.3.7. Say that a pseudosphere arrangement S = {S, : e € E} is centrally
symmetric if there exists a homeomorphism H : T — S¢ for which H(S,) = —H(S.,) for all
e € E. Itis essential if ",z S. = @.

Given a pseudosphere arrangement S = {S, : ¢ € E} in S and a point x € S¢, we define
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a sign vector sgng(x) € {+, —, 0}f by

+ xeS
sgng(x)e =490 xe€S, -

- xeS;

We write V*(S) = {sgng(x) : x € §9}. ¢

Theorem 2.3.8 (Folkman-Lawrence Topological Representation Theorem, see [3]). For any
oriented matroid M of rank d + 1, there exists an centrally symmetric essential arrangement

S of pseudospheres in S for which

V(&) =V (M),

and moreover every centrally symmetric essential arrangement S in S arises this way.

Remark 2.3.9. This theorem establishes the perspective that an oriented matroid can be

viewed as a purely topological object, rather than an abstract combinatorial object. ¢

2.3.2 Single-Element Extensions of Oriented Matroids

This section includes two results regarding the description of single-element lifts of oriented
matroids. The first is a result of Las Vergnas characterizing single-element extensions of
oriented matroids in a similar capacity to the characterization in Proposition 2.2.5. This
result is included primarily to address the compatibility of the construction of two extensions
which arise in the sequel (cf. Proposition 5.5.2).

The second result is referred to as the Bohne-Dress Theorem,; it establishes a bijection (in
fact a poset isommorphism) between single-element lifts of a realizable oriented matroid M

and zonotopal subdivisions of any zonotope Z realizing M. Together with the Topological
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Representation Theorem above, this provides further basis for the claim that oriented matroids

are inherently of geometric/topological nature.

Proposition 2.3.10 ( [12], Proposition 7.1.4). Let M be an oriented matroid on a finite set
E, and let C* := C*(M) C {+,—, 0}F be its set of oriented cocircuits. Suppose that Misa
single-element extension of M on ground set E L p and denote by Cr:=C (ﬂ) its set of
cocircuits.

Then there exists a unique assignment o : C* — {+,—,0} with o (=Y) = —o(Y) such
that

{(Y,o(Y)) : YeC}cC.

Moreover, M is uniquely determined by o, with

C'={(,o(Y)) : YeC}u

{(Y1012,0) : Y1, €C', oY1) =-0(Y2) #0, S(Y1,Y2) = @, and rp (Y1 0 Y2) = 2},

where r A1 is the rank function on the lattice V*(M).

Theorem 2.3.11 (Bohne-Dress Theorem; [50], Theorem 1.8; [30], Theorem 4.3). Let M be
a realizable oriented matroid on a set E, and let Z be a zonotope realizing M. Then there
is a canonical bijection (poset isomorphism) between the poset of zonotopal subdivisions Z
of Z (under refinement) and the set of single-element lifts M of M on the ground set E U e
(under weak maps).

In addition to the bijection above, we have that the subposet V;O(M) is anti-isomorphic

to the face poset of the zonotopal subdivision M, where
Vip(M) = {X € V(M) : X,, € {+,0}}.

Here, the faces of Z correspond to sign vectors with X,, = 0 and the cells Z' € Z meeting

relint(Z) correspond to sign vectors with X,, = +.
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We address the Bohne-Dress Theorem further in Chapter 3, where we re-examine ar-

rangements and subdivisions.

2.4. Matroids over Idylls

In the previous sections we have considered some elementary aspects (mostly definitions)
of both matroids and oriented matroids. These two theories, though closely related, largely
developed separately from one another. Still, several results and constructions in matroid
theory were appropriated to the context of oriented matroids and vice versa. However, in
view of the development of matroids with coefficients by Dress and Wenzel [19], it became
clear that there should be some abstract notion of a matroid which specializes to matroids,
oriented matroids, and the valuated matroids later introduced also by Dress and Wenzel [19].

The modern formulation of the common generalization was provided by Baker and
Bowler in [6] via the theory of matroids over idylls. Briefly, a tract is an algebraic object
which mimics those parts of fields which allow for reasoning about linear independence.
Seeing as matroids themselves are generalizations of linear independence, this turns out to
be an appropriate context in which to do matroid theory. A brief introduction to the theory of
idylls and related structures is given in C. Sometimes an idyll is referred to as a tract. Idylls
and Tracts are similar objects which were introduced with separate definitions, but recently in
the literature there has been a conflation of terminology. In the present document, whenever
we say a tract we implicitly mean an idyll.

We define matroids over idylls as equivalence classes of Grassmann-Pliicker functions,
following notation and definitions of [6] and [31] . For the duration of this section F will

always denote an idyll.

Definition 2.4.1. A Grassmann-Pliicker function of rank r on a finite ground set E over F

is a function u : E" — F satisfying the following properties:

(GPO) If r > O then u is not identically zero.
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(GP1) pu is alternating in the sense that u(x) = sign(o)u(x”) for each permutation o € S,

and p(x) = 0 whenever there are i # j with x; = x;.

(GP2) Forevery x = (xq,...,x,) € E™! and everyy = (y2,...,y,) € E""! we have that
r
D (=D u(xp) - p(xe.y) € Np.
k=0

¢

By convention, if 7 = 0 and E is a pointed set with basepoint *, we set E := {x}. We
say that two Grassmann-Pliicker functions u and u’ are equivalent if there is some A € F*

such that u’ = A - .

Definition 2.4.2. An F-matroid over F of rank r is an equivalence class M = [u] of a

Grassmann-Pliicker function u of rank r. ¢

In the case that F' = K is the Krasner hyperfield, an F'-matroid of rank r on E is a matroid
of rank r on the set £ in the classical sense. Likewise, a T-matroid is a valuated matroid
and an S-matroid is an oriented matroid. For a field k, a K-matroid of rank » on E is an

r-dimensional linear subspace of kE. See [6] for more on these characterizations.

Definition 2.4.3. Let M = [u] be an F-matroid of rank r on the set £y, and fix a total order
on Ey. Let n = #|Ey|. The dual of M is the F-matroid M* = [u*], where u* : E}};" — F

is the Grassmann-Pliicker function defined by

0 i # j with x; = x;,
p(x) =
sign(x,x’) - u(x’) else,

where x” € Ej, is such that the support of x and x” form a partition of E); and the function
sign(-) assigns the sign of the permutation of £, defined by the string (x, x’). The dual M*
is independent of the choice of total order on Ej;. If M is a pointed matroid then we define

M* to be the matroid obtained by deleting 0, taking the dual, and appending a loop Oy+. ¢
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Remark 2.4.4. Some idylls F come equipped with a natural involution which interact directly
with the structure of matroids over F. For example, the hyperfield of signs S is equipped with
the involution which exchanges + and —. For F-matroids over idylls with involution m, the

dual matroid is instead defined by

0 Eliijwithxi:xj,
p(x) =
sign(x,X’) - u(x’) else.
See [31] Subsection 2.7 for more details. ¢

Circuits and Vectors of F'-matroids

Following [6] and [2], to each F-matroid M of rank r is associated collections Cys, Vyy C F”
of circuits and vectors, respectively. In the case that F' = K (resp. F' = S), these are the circuit
and vector sets of the associated (resp. oriented) matroid. We will use these notions only in
the next subsection in order to define morphisms of matroids, and mention them primarily
to emphasize that this theory is a direct generalization of classical (oriented) matroid theory.
As such, we refer the reader to [6], [2], and [31] for more details.

For set E, we let F¥ be the set of vectorsindexed by E, i.e., FE = {X = (X,)ecr | X, € F}.
For X € FE, the support of X is the set X := {e € E | X, # O} and for a subset A C FE,
the support of Ais A := {X | X € A}. For X,Y € FE, we say that X and Y are orthogonal,
denoted by X LY, if

X-Y::ZXe-YeeNF,
ecE

where X, - Y, is the multiplication in F and Nr is the null set of F. For A C F E welet AL
be the set of vectors X € FE which are orthogonal to all vectors in A. For A,B C F E we
writte A L Bif X L Y forany X € AandY € B.

Suppose that M = [u] is an F-matroid of rank r and define =y, C EJ ! to be the set of

y=00...,Yr) € E]rv;fl for which #|y| = r + 1 and such that there is some i € {0, 1,...,r}
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for which u(y;) # 0. For any y € By, define the fundamental circuit of y with respect to u to

be the vector Xy € FEM given by

(=D ulyp)  x =y,
Xy(x) =

0 else.

Then the set of circuits of M is Cyy = {a - Xy | a € F*, y € Ep} and the set of cocircuits
of M is defined to be Cy, := Cy:. Correspondingly, define the set of vectors of M to be
Vi = (C;,)* and the set of covectors to be V;, = C;;. Anidyll F is said to be perfect when
Vu LV, for all F-matroids M.

Given an F-matroid M = [u], a morphism @ : FF — G of idylls yields a G-matroid
®.M = [® o u] on the same ground set, referred to as the push-forward of M along ®.
The push-forward of any F-matroid M along the unique map F — K is referred to as the

underlying matroid of M and is denoted by M. Note that M is a classical matroid.

Direct sum and pointed F-matroids

For any idyll F there are precisely two F-matroids defined on a one-element set. The first is
U(0, 1), for which any associated Grassmann-Pliicker function takes only the value Of. The
second is U(1, 1), for which an associated Grassmann-Pliicker function can take any value
in F*. Since F is an idyll, the group F* consists of all nonzero elements of F and so the
Grassmann-Pliicker function of U(1, 1) is unique up to nonzero scaling, hence U(1, 1) is
unique.

Given two F-matroids M = [u] and N = [v] of ranks rj; and ry on ground sets Ej; and
Ey, the direct sum of M and N is defined to be F-matroid given as the equivalence class
M&N :=[uedv], where u®v : (Ey U EN)™*N — F is a function defined as follows.

For x € (Ep U Ey)™*"N let x)s be the sub-tuple consisting of those entries of x which are
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in E)y, and define x similarly. Then define 4 & v by

u(xpy) - v(Xy)  #[xp| = ry and #xy| = ry
(L ®V)(x) =

0 else

A pointed matroid of rank r over F' is a matroid M = [u] in the usual sense which is
defined on a pointed ground set Ey; = Ey U {*)} for which u(x) € Np whenever x € E ”
is such that x; = ), for some i. For the case that FF = K, this means that %, is a loop of
the underlying matroid. In other words, a pointed matroid over an idyll F is a matroid with
the choice of a distinguished loop in the ground set. We refer to £y, as the set of nonzero
elements of E ;.

Note that from each non-pointed F-matroid M we can obtain a pointed F-matroid by
taking the direct sum with the matroid U?, and in fact every pointed matroid arises this way.

Given two pointed matroids M and N, we define the pointed direct sum M @ N to be
an F-matroid on the ground set Ey UENU {*men} and proceed to define the associated
Grassmann-Pliicker function in complete analogy to the above. Alternatively, one can form
the pointed direct sum by taking the usual direct sum of pointed F-matroids and subsequently
identifying the two distinguished loops of the summands.

The definition of matroids as equivalence classes of Grassmann-Pliicker functions is not
standard in many classic matroid texts, and so it may seem unintuitive to some familiar with
the classical theory. The following result illustrates a concrete relation to the classical theory

of matroids.

Proposition 2.4.5 ( [0]). Let M = [u] be an F-matroid of rank r on Ey; and let M be its
underlying matroid. Then for any r-tuple e = (ey,...,e,) € E7 , we have that u(e) # Of if

and only if {e1,...,e,} is a basis of M.

Proof. This follows from Theorem 3.17 of [6] and the discussion following. O
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Restriction and contraction of F-matroids

F-matroids also possess notions of restrictions and contractions which generalize those of
classical matroid theory. Let M = [u] be an F-matroid of rank r on Ey; and A C Ey
an arbitrary subset. We define the deletion, contraction, and restriction of M with respect
to A as follows. For each of the following definitions, suppose that A C E) is a set with

ru(A) =r"andry(Ey \ A) =1".

(1) (Contraction) Let a € A" be a tuple of elements of A for which |a| is a basis of the

classical matroid M|A. Then define the function /A : (Ep \ A" — F by

(u/A)(x) = u(x,a).

(2) (Deletion) Let b € A" be a tuple of elements of A for which |b| is a basis of the

classical matroid M/(Ej \ A). Then define the function u \ A : (Ey \ A) — F by

(u\ A)(x) == u(x,b).

(3) (Restriction) With all notations as above, define u|A := u\ (Ey \ A) : A” — F. More
precisely, let ¢ € (Ey \ A)"™" be a tuple for which || is a basis for the classical matroid

M /A. Then u|A is given by

(u|A)(x) = u(x,¢).

The contraction of M by A is the F-matroid M /A := [u/A], the deletion of M by A is
M\ A := [u\ A], and the restriction of M to A is M|A := [u|A]. In each case, the resulting
function is again a Grassmann-Pliicker function and the matroids they define independent of
any of the choices of a, b, and ¢ above. With these notions, by [6, Theorem 3.29], we have

the usual identities (M /A)* = M*\ Aand (M \ A)* = M*/A. In the sequel, forany A C Ey,
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we denote by A€ the complement Ej; \ A.

Remark 2.4.6. Some care should be taken when performing restriction and contraction on
pointed matroids. When restricting to a subset S not containing the distinguished loop, we
tacitly append a loop *j|s to the result. Likewise, when contracting a subset T’ which contains
the loop, we contract the subset 7\ *),. These adjustments do not alter the constructions or

the resulting matroids, but free us from worrying about the loop. ¢

As in the theory of classical matroids, the operations of contraction and deletion commute

when applied to disjoint subsets of the ground set.

Proposition 2.4.7. Let M = [u] be a pointed F-matroid of rank m on a set E and let

S C T C E be subsets of the ground set. Then (M|T)/S = (M/S)|T.

Proof. We prove in terms of deletion and contraction, establishing instead that for any disjoint
A,B C E,wehave (M\ A)/B = (M/B)\ A. Itis easily verified that this is equivalent to the
statement as written.

The proof proceeds by direct calculation of the associated Grassmann-Pliicker functions.
Let A, B C E be disjoint sets with £ = 1tk (A) and k = rkM_/A(E \ B).

We first consider (M/A) \ B. Let a € A’ be a basis of M|A and b € B"~¢¥ be a basis of
(M/A)/(E\ B). Then (M/A) \ B is given by the function (1/A)\ B : (E\ (AU B > F
which sends y € (E \ (A U B))* to

((u/A)\ B)(y) = (u/A)(y,b) = u(y,b,a)

Note that the argument of u above has k + (m — € — k) + £ = m entries.

To approach (M \ B)/A, note first that the disjointness of A and B ensures that ry;(A) =
rM\B (A). Thus a in the previous paragraph serves as a basis for (M \ B)|A. Likewise, b
serves as a basis for M/(E \ B) since it was assumed to be a basis of (M/A)/(E \ B).

We now see that (M \ B)/A is given by (u \ B)/A : (E \ (AU B))* — F which sends
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ye (E\(AUB))*to

((u\ B)/A)(y) = (u\ B)(y.a) = u(y.a,b)

Hence we have that ((u/A)\ B) = =((u\ B)/A). This implies in particular that the associated
Grassmann-Pliicker functions are scalar multiples of one another and so the matroids they

define are identical. O

Lattices of Flats and Modularity

A fundamental tool in the study of classical matroids is the lattice of flats £(M) of a matroid M
(recall Section 2.1). Flats are certain subsets of the ground set of a matroid which generalize
the linear spans of sets of vectors. Given a subset A of the ground set of M, denote by (A)
the smallest flat of M containing A as a subset. The lattice of flats of M is a poset under the

subset relation, and is a lattice with meet and join given by

FAG=FngaG,

FvG=(FUG).

It is well-known that the lattice of flats of any matroid is a geometric lattice. Moreover,
each geometric lattice corresponds uniquely to a simple matroid. This observation will be
of use to us in Section 6.2 where we introduce and study the category of simple F-matroids.
For an F-matroid M, we write L(M) to denote the lattice of flats of the underlying (classical)
matroid.

In the sequel, we use the notion of modularity of flats F € L£(M) in an essential way.
For any classical matroid M, say that two flats F', G € L(M) form a modular pair precisely

when we have an equality in the submodular inequality for /' and and G:

ru(F) +ry(G) =ry(FV G) +ry(F AG).
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Say that F € L£(M) is modular if (F,G) is a modular pair for every G € L(M). The
maximum element £); and minimum element (@) of L(M) are always modular flats, as are

all atoms of M. We have the following characterization of modular flats.

Proposition 2.4.8 ( [38], Proposition 2.4). For F € L(M), the following are equivalent.
(1) F is a modular flat
(2) For all pairs of flats G < H we have (FAH)V G = (FV G) A H.
(3) Forall G € L(M) and all H < F, we have (FAG)V H=F A (G V H).

Say that the matroid M is modular if every flat F € L£(M) is modular. For an arbi-
trary F-matroid M, say that M is modular precisely when the underlying matroid M is.
Modular matroids are closely related to projective geometry, as witnessed by the following

characterization:

Proposition 2.4.9 ([45], Proposition 6.9.1). A (classical) matroid M is modular if and only if
the simplification of each of its connected components is either a free matroid or the matroid

of some finite projective geometry.

This proposition will not be used explicitly, but instead is included primarily to emphasize
that the class of modular matroids is much smaller than that of all matroids.

The class of modular matroids is closed under the operation of restriction and contraction
of flats. Indeed, given a modular matroid M and a flat ' € L), the restriction M|F and
contraction M/ F are again modular matroids. This follows from the well-known fact that for

any F € L(M) we have

LIM|F) = [(2), F]

LIM/F) =~ [F,Ep]
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where the right-hand side of the above expressions are intervals in the lattice £(M). These
isomorphisms are canonical, with ¢ : [(@),F] — L(M]|F) given by the identity and

Vi [F,Ey] = L(M/F) givenby G — G \ F.

Simple F-matroids

For an F-matroid M, say that an element e € E); is a loop when it is contained in no basis of
M. Similarly, e, e’ € Ej; are parallel precisely when {e, e’} is dependent in M but neither
are loops. In accordance with these notions, say that M is simple precisely when M is. That
is, M is simple if and only if M contains no loops or parallel elements. When working with
pointed matroids, we do not consider the distinguished loop for the purpose of simplicity.
That is, a pointed matroid M is simple if and only if the matroid obtained by deleting the
distinguished point is simple.

To each matroid, and so to each F-matroid M, we can associate a simple matroid known
as the simplification of M, and denoted by si(M) or si, (M) in the pointed case. The matroid
si(M) (resp. sis(M)) is obtained from M by deleting all (non-distinguished) loops and all but
one element from each class of parallel elements. This is well-defined up to isomorphism.

It is a standard fact of matroid theory that simple (classical) matroids are uniquely
determined by their lattice of flats, and that each geometric lattice is isomorphic to the lattice

of flats of a unique simple matroid.
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Chapter 3

Some Geometric Combinatorics

In the sequel, we will crucially use several notions from convex geometry and from geomet-
ric combinatorics, including in particular the basics of the theory of polyhedra, hyperplane
arrangements and zonotopes, and lattices. This section provides an overview of the back-
ground in each of these areas which we will require in later chapters. Several of the sections
here afford close relationships with matroid theory, and as such we make explicit mention of

connection to Chapter 2.

3.1. Convex Geometry

In this section we largely fix notation and terminology for use in the sequel. In particular,
we survey those aspects of polyhedral geometry which will be of crucial use to us later on.
Topics include faces and normal cones of polyhedra, zonotopes, polyhedral complexes and
subdivisions (including fans), and some more specialized tools such as the theory of fiber
polytopes. We make frequent reference to the connections with matroid theory, in particular
as ameans of illustrating connections with Chapter 2 which will be important in later chapters.

Throughout this section we work in the ambient Euclidean space R”.
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3.1.1 Polyhedra, Complexes, and Subdivisions

Definition 3.1.1. A polyhedron is asubset P C R" which is described by finitely many linear
inequalities. That is, a set for which there is some matrix A € R™*" and some vector b € R"
for which P = {x € R" : Ax < b}, where the inequality is understood coordinate-wise. A
polyhedron is a polytope if it is bounded.

The dimension of P is the dimension of its affine hull. A polyhedron P is rational if A
can be taken to have integer entries and b can be taken to be rational. It is a cone if we may
take b = 0. The relative interior of a polyhedron P is its interior, taken within in its affine
hull.

Given two polyhedra P and Q in the same ambient space, their Minkowski sum is the

polyhedron givenby P+ Q ={p+q : p€ Pand g € Q}. ¢

Definition 3.1.2. A polytope Z is said to be a zonotope if it is a Minkowski sum of line
segments or, equivalently, if it is (a translate of) a linear image of the standard cube C" =

[—1,1]" in R™. Thus a zonotope Z can always be expressed as
Z=b2)+ ) [-aial,
i=1

where b(Z) € R? is the barycenter of Z and we have denoted by [—a;,a;] the segment
conv{—a;,a;} € R?. In this case, the matrix A = [a; - - ay] maps the cube C" onto the

zonotope Z — b(Z). ¢
A polyhedron which is a proper subset of R” always admits smaller polyhedra as its faces.

Definition 3.1.3. A face of a polyhedron P is the locus F' of points in P which are maximized
by some linear functional ¢ € (R")*. For convenience, we also declare the empty set to be a
face of P. That is, nonempty faces satisfy F' = {x € P : (x) = maxyep ¢ (y)}. In this case,
we write F = P¥ and say that F is exposed by . A face of dimension zero is a vertex and a

face of dimension 1 is an edge. A face of codimension 1 is a facet.
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The collection of faces of P form a lattice  (P) under inclusion, with maximal element
P = PY and minimal element @. This lattice is ranked by dimension, where we declare that
@ has dimension —1. We denote the face relation by F < P.

The collection of all ¢ exposing a given face F' < P forms a cone in the dual space known

as the normal cone of P at F, denoted by Np(F) = {¢ € (R")* : F = P¥}. ¢

Note that all nonempty faces of cones are again cones, and all nonempty faces of zonotopes
are again zonotopes. We are particularly interested in those regions of space which can be

decomposed into polyhedra in a way that respects their face structure.

Definition 3.1.4. Say that a collection P = {Py, P3, ...} of polyhedra in R” forms a poly-
hedral complex if it is closed under taking faces and if P; N P; is either empty or a face of
both P; and P; for all i, j. We say that the polyhedra P; are the cells of P. Denote by Sk,P
the subcomplex of P comprising all cells of P of dimension at most €.

The cells of a polyhedral complex P form a poset under inclusion, and two complexes
are said to be combinatorially equivalent if their posets of cells are isomorphic. The union

|P| = UP = |; P; is the support of P. ¢

Definition 3.1.5. If |P| = P for some polyhedron P, we say that P is a subdivision of P.
A subdivision, all of whose cells are simplices, is a triangulation. Given two subdivisions
P ={P1,P,...} and P’ = {P{, P}, ...} of P, say that P’ refines P if each P;. is contained
within some P;. In this case, write P’ < P. The collection of subdivisions of P forms a
poset under refinement. For any two subdivisions P and P’ of P, their common refinement

is the subdivision P A P’ of P having cells P; N P;.. ¢

We include also some terminology on polyhedral complexes of cones, which will be of

special interest to us in particular throughout Section 3.2.

Definition 3.1.6. A polyhedral complex C = {C}, C», ...} whose cells are all cones is referred
to as a fan. A fan whose support is R” is said to be complete. For a polyhedron P, the

collection A/ (P) of all normal cones of P at its faces is referred to as the normal fan of
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P. Explicitly, N(P) = {Np(F) : F € F(P)}. The normal fan of a polytope is always a

complete fan. ¢

3.1.2 Regular and Coherent Subdivisions

Subdivisions of polyhedra are central objects of study for us in the present document, and so
we include some additional definitions which will be central to our analysis. In particular,
we survey in this section two further kinds of subdivisions of polyhedra which have close
relations with convex geometric constructions.

For each convex affine-linear function f : R” — R, there exists a countable collection
of vectors m; € R? and scalars @; € R such that f(x) = max;e;(m;,x) + ;. Given such
a function, we denote its graph by Gy = {(x, f(x)) : x € R"} C R™*1. The graph of any
such function is necessarily an n-dimensional polyhedral complex in R¢*!, and moreover
comes equipped with a natural projection map 7.1 : Gy — R" given by forgetting the last
coordinate. The image 7,+1(Gy) is surjective and therefore induces a polyhedral subdivision
Sy of R™.

We can also obtain a similar subdivision of any polytope in a similar fashion. Given a
subdivision P of a polytope P, suppose we are given a height function 4 : SkyP — R which
assigns to each vertex v of P a height 4(v) € R. Then the convex hull P;, = conv{(v, h(v)) :
v € SkoP} is a polytope in R"*!. Define the epigraph of h to be the polyhedron E; € R"*!
given by

En={(x,y) e R"™ : x € P, y > a for some (x, @) € P;}.
one then obtains a subdivision P, of P consisting of the images 7,41 (F) for all faces F < Ej,.

Definition 3.1.7. A subdivision of a polytope P is regular if it is of the form P, for some
height function 4 on P. A subdivision of R" is regular if it is of the form S for some convex
affine linear function f on R”. ¢

Remark 3.1.8. A more colloquial definition of regular subdivisions defines them as the
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images under 7,41 of the lower faces of the graph G or of the epigraph E),. Here, a face is
called “lower" if it is visible from a point (0, —a) for some a € Ry sufficiently large. This

definition is not precise as written, but better reflects the intuition of regularity. ¢

Regular subdivisions of polytopes are special cases of a more general construction which
can be defined from any projection sending one polytope to another. We now introduce this
more class of subdivisions.

Suppose that N > n and let 7 : RY — R” be a linear projection. Suppose moreover that
there is are polytopes P C R"Y and Q € R” for which 7(Q) = P. In this case, we call 7 a
projection of polytopes and write 7 : P — Q. Forany pointx € Q, write P, = PN~ !(x) C P

for the preimage of x in P, which is a polytope contained in P.

Definition 3.1.9. Given polytopes P € RY and Q € R” and a projection 7 : P — Q, a
subdivision @ = {Q1,...,Q} of a polytope Q is said to be n-induced if each Q; € O
satisfies Q; = w(F;) for some face F; < P.

Now let ¢ € (RY)* be a linear functional. The subdivision Q is moreover said to be
coherent with respect to 7 and the functional ¢ if it is 7r-induced and for each x € Q with
x € Q; = n(F;) we have

PY =P, NF,.

Note that this recovers the definition of a regular subdivision of Q by taking P = Qj,
7T = mpt1, and ¢ = —e) . Indeed, in this case the lower faces of E), agree with those of O,
and they all necessarily satisfy the defining property of Definition 3.1.9. In this way, we see
that all regular subdivisions are coherent. On the other hand, from each coherent subdivision
is necessarily also regular.

Indeed, given a subdivision ©Q of Q which is coherent with respect to a projection
7. P — Q with functional ¢, we define a height function 4 on the vertices of Q as follows.

Since a m-coherent subdivision is m-induced, for any such vertex v € Q, there is some vertex
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w € P with 7(w) = v. Moreover, by the coherence of Q we can say that Py = P, N F,
where F' < P and n(F) = {v}. Define the height function % by declaring ih(v) = —¢(p) for
v € SkoQ. By construction, we now have that the faces of the epigraph Ej project via 7 to
the cells of Q, so that Q is regular.

From this perspective, it becomes clear that regular and coherent subdivisions are the
same as subdivisions of a polytope Q, but coherence of a subdivision makes explicit reference
to the extrinsic data of another polytope P and a projection 7 : P — Q. Another notable
fact, closely related to the regularity of coherent subdivisions, is that coherent subdivisions
necessarily factor through a polyhedron of one dimension higher than the base. This is

formalized in the following result.

Proposition 3.1.10. Suppose that © : P — Q is a projection of polytopes and that Q is a
nt-coherent subdivision given by some ¢ € (R")*. Then there is some polytope Q' C R4*!
and linear projections 1”7 : P — Q" and n’ : Q" — Q such that 7 = n’ o n” and such that
Q is coherent with respect to n’. Moreover, the n’-coherent subdivision Q is defined by the

; ; * d+1
linear functional e}, on R**".

Proof. Given m,Q, and ¢ as in the statement, we construct a polytope Q' C R?*! by

Q' = conv{(x, my), (x, M) : x € O},

where m, := min{p(y) : y € P} and M, := max{¢(y) : y € Py}. Define also projections
a” : R* — R¥™*! given by n”7(y) = (n(y), ¢(y)) and 7’ : R4 — R? given by forgetting
the last coordinate. Then by construction we have that 7”7(P) = Q" and n/(Q’) = Q. It thus
remains only to show that the subdivision Q is n’-coherent with respect to the functional
e’ 1> which we establish by constructing such a subdivision S from 7 and subsequently
showing that § = Q.

Let G = {G < Q' : forall (x,a) € G we have @ = M, }. Thus G consists of all of the

upper faces of Q’, namely those faces G whose normal cone Ng/(G) contains e, in its
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interior. Now let S = {n/(G) : G € G}. Thus § is n’-coherent and defined by the functional
e, by construction.

Let 7(F) € Qand y € F. Then for all x € relint(x(F)), have P{ = P, N F and
F is the minimal face of P with this property. This implies that for all y € F we have
that ¢(y) = My(,) and so n”(F) is an upper face of Q’, say 7”(F) = G € G. But now
n(F) =7'(G) € §. Thus § and Q are two subdivisions with support Q such that every cell

of Qis acell of S. This implies that @ = S and so we are done. O

The definitions of regular and coherent subdivisions presented here are in some sense
rather complicated, and require several auxiliary definitions in order to state explicitly. As
a result, one desires a more succinct criterion for a subdivision Q of Q to be coherent with
respect to a projection 7 : P — Q. In the case that x is an orthogonal projection, such a
criterion can be obtained by considering normal cones.

Given an orthogonal projection 7 : RN — R” (with respect to the Euclidean inner
product on RY), we identify the kernel of this map with R¥~", so that R" has an orthogonal

decomposition

RY ~R"@ RV,

Denote the corresponding inclusion of the second summand by ; : R¥™ — R¥ and the
projection by m, : RNY — RN="_ On dual spaces, we then have a projection g (RV)* —
(RY=")* and an inclusion e (RVN=)* — (RN)*. With this notation, we have the following

result.

Lemma 3.1.11. For polytopes P € RY and Q C R", let 7 : P — Q be a projection of

polytopes which is orthogonal on RN. For each x € Q and each F < P satisfying x € n(F),

we have that, as subsets of (RV)*,

ﬂ;[;(Np(F)) - NPX(Fx)-

In particular, the polyhedral fan in (RN)* having cones {35 (Np(F)) : F < P, x € n(F)}
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is a refinement of the normal fan N (Py).

Proof. Let F < P be such that x € n(F) and let ¢ € Np(F), so that forall f € Fand p € P
we have o(f) > ¢(p). We would like to show that 75¢5¢ € Np (Fy) C (RM)*. Suppose that
f € Fyand p € P,. Then we may write f = f’ +x and p = p’ + x for some f’, p’ € RN 7",

Note that 7, (f) = f’ and m,(p) = p’, and moreover that ¢(f) > ¢(p) also guarantees that

o(f") = o(f) —o(x) 2 o(p) — @(x) = @(p’).

We now see the following.

mue(f) = e(ra(f) = o(f) = e(p') = mue(p)

This completes the proof. O

Recasting the assumptions of Lemma 3.1.11 in terms of subdivisions, we obtain our

desired criterion.

Lemma 3.1.12. Let P € RN and Q C R" be polytopes and let n : P — Q be a projection
of polytopes arising from an orthogonal projection m : RN — R". Suppose that F is a

collection of faces F of P such that

Q={n(F):F e F},

is a w-induced subdivision of Q. If ¢ € (RN)* satisfies ¢ € 55 (Np(F)) for all F € F, then

Q is a m-coherent subdivision defined by the functional .

Proof. Let x € P. By the definition of a m-induced subdivision, there is a unique F € F
such that x € relint(x(F)). It suffices to show that for each such pair of x and F, we have
¢ € Np (F,). By Lemma 3.1.11 we have that 755 (Np(F)) € Np, (Fy). This completes the

proof. O
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3.1.3 Fiber Polytopes

We now describe the construction of a polytope associated with a projection 7 : P — Q
of polytopes. This polytope, the fiber polytope of the projection, was introduced by Billera
and Sturmfels in [11] in order to illustrate additional convex geometric structure present in
the theory of regular (and coherent) subdivisions. This construction produces from each
projection 7 a fiber polytope X(Q, 7) whose face poset is isomorphic to the poset of -

coherent subdivisions of Q, ordered by refinement.

Theorem 3.1.13 ( [11], Theorem 2.1). Given a projection of polytopes © : P — Q, where
P C RN and Q C R", there is a polytope X(Q, ) of dimension N — n in ker r such that the

face lattice of 2(Q, rt) is isomorphic to the poset of all n-coherent subdivisions of Q.

We are most interested in this construction in the case where P is a cube and Z is a
zonotope, in which case X(Q, mr) is itself a zonotope and we have an explicit description of
its summands.

Let C C R be a full-dimensional cube C = Zf\; \[—ei, e;] equipped with a projection
n : RY — R” sending C onto a full-dimensional zonotope Z = Zfi ([—ai,a;], where
a; = n(e;). In this case, it is shown in [11] that the fiber polytope £ = X(Z, xr) is again a

zonotope.

Theorem 3.1.14 ( [11], Theorem 4.1). For a projection n : C — Z of the N-cube onto
a zonotope Z Zfi ([=ai, a;], the fiber polytope of the projection is a zonotope given as the
Minkowski sum X(Z, ) = Zse(c[iz]l) [—Es, Es], where S = {s1 < --- < sqq1} isa (d + 1)-

subset of [n] and
d+1
Es = Z(—l)] det(as s - > A5y, Asppps e > Asgyy) * s
—

J

Note that since the face poset of X is anti-isomorphic to the face poset of the normal fan

N (Z) and isomorphic to the poset of coherent zonotopal subdivisions of Z, we have that the
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latter two posets are anti-isomorphic.

The linear projection 7 induces a direct sum decomposition R” = R? @ R"™“ with
R"4 = kerm. We consider the fiber zonotope X as a polytope in R""¢. Note that the
inclusion ¢ : R"¢ — R” induces a dual map * : (R")* — (R"%)*. Now, any linear
functional ¢ on R" yields a linear functional ¢*¢ on R"~? and therefore distinguishes a cone
N in the normal fan of 2. At the same time, ¢ defines a w-coherent zonotopal subdivision Z
of Z. It turns out that the projection 7 factors through another zonotope Z’ in R?*! such that

Z is coherent with respect to the projection Z’ — Z.

Proposition 3.1.15. Let : C — Z be as above and let Z be a coherent zonotopal subdivision
of Z with respect to . Then there is a zonotope Z' C R*! and linear projectionsn” : C — Z'
andn’ : Z' — Z suchthat © = n”on’ and such that Z is coherent with respect to n’. Moreover,

the subdivision Z is defined by the linear functional e, on R+,

Proof. Appealing to Proposition 3.1.10, we have C — Z’ — Z and see that Z’ is a zonotope.

O

Because of this result, we are able to associate to each coherent zonotopal subdivision
Z of Z a projection from a (d + 1)-zonotope Z’ with respect to which Z is coherent. This
process greatly simplifies the study of the subdivision Z, as the coherence of Z with respect
to the projection 7 and the functional ¢’ | implies also that Z is combinatorially equivalent
to the subcomplex Z of the boundary complex of Z’ consisting of upper faces, i.e. those

which lie strictly above the hyperplane {x;+; = 0}.

Corollary 3.1.16. The subdivision Z is combinatorially equivalent to the poset Z', of upper

faces of Z'.

Proof. The projection n’ is readily seen to induce a bijection between Z and Z) which

preserves the face relations. O
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3.2. Arrangements

3.2.1 Hyperplane Arrangements

Definition 3.2.1. A hyperplane arrangement in R? is a collection A = {H}, H,, ...} of
hyperplanes in R?. In particular, each hyperplane H; is of the form H; = {x : {a;, x) = b;} for
some a; € R? and b; € R. Say that A is central if the intersection of all hyperplanes in A is
nonempty, and affine if it is not central. The complement of A is the set M (A) = R?\ | A,
and a chamber of A is a connected component of M (.A). The number of chambers of A is

denoted by c(A). ¢

Definition 3.2.2. Given a hyperplane arrangement .A, the intersection poset of A is the poset
L(A) of intersections of hyperplanes in .4, ordered by reverse inclusion. Explicitly, elements
of L(.A) are of the form F = (";¢; H;, and F < G if and only if ¥ 2 G. The minimal element
of L(A) is therefore the empty intersection R? and the atoms are the hyperplanes H;. The
intersection poset is, in fact a lattice, with join F V G = F N G and meet being the smallest
intersection of hyperplanes containing both F and G.

Another poset associated with A is the face poset 7 (.A), which we define to be the face
poset of the polyhedral complex induced by A. In particular, the (topological) closures of
chambers of A are polyhedra, and the collection of these polyhedra and all of their faces

forms a complete fan in R¢. F(A) is the face poset of this fan. ¢

Remark 3.2.3. For a matroid M realized by a vector arrangement A = {ay,...,a,} inR", we
obtain a central hyperplane arrangement A consisting of hyperplanes H; = {x : {(a;, x) = 0}.
In this case, the intersection lattice L(.A) is naturally identified with the lattice of flats L(M).
Indeed, this situation provides the motivation for studying the lattice of flats of a matroid,
although the definition in matroid theory applies also to matroids which do not admit a

realization. ¢
Suppose now that Z is a zonotope in R” given by Z = b(Z) + Zf;l [—a;,a;]. Then

the normal fan A (Z) can be identified with the fan induced by the arrangement having
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hyperplanes H; = {x : {a;,x) = 0}. In this way, each zonotope is dual to a central hyperplane

arrangement.

3.2.2 The Mobius Function

For any poset P, an important invariant in the enumerative theory of P is the Mobius function
of M, which is a function defined on intervals of P and which satisfies an inversion formula
that makes it useful for probing the structure of P. As we shall see, this function is particularly
important in the theory of hyperplane arrangements and contains sufficient information to
recover the number of faces of each dimension in the polyhedral complex induced by the

arrangement.

Definition 3.2.4. Given a poset P the Mobius function of P is a function up which assigns
a real number R to each pair (x,y) in P with x < y. This function is defined by setting

up(x,x) = 1 and recursively defining

pp(ey) == ) ppew).

XSw<y

If P has unique minimal element 0, we write up(x) := up(0, x). ¢

3.2.3 Discriminantal Arrangements

For central arrangements A, we can translate its hyperplanes along their normal vectors
to obtain affine arrangements of different combinatorial types. The combinatorics of these
arrangements depends on the choice of translates of the hyperplanes, and indeed one can
parametrize the set of all such parallel translates by using another hyperplane arrangement in
a different space. In this section, we review this construction and mention its relation to the
fiber zonotopes mentioned in Subsection 3.1.3.

Fix a finite central hyperplane arrangement A = {Hy, ..., Hy} in R" and suppose that

the hyperplanes are given by H; = {x : (x,a;) = 0} with normal vectors a; € R". Assume
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moreover that A is essential, i.e. that the set {ay, ..., ay} of normal vectors spans RN,

Definition 3.2.5. Let b = (by,...,by) € R". The parallel translate of A along b is
the (affine) hyperplane arrangement A, having hyperplanes H] = {x : (x,a;) = b;} for
i=1,...,N. ¢

Definition 3.2.6. The discriminantal arrangement based on A is the central hyperplane

arrangement 3(.A) whose hyperplanes have normal vectors of the form

n+l1

Es = Z(—l)k det(as,, ... a5, > Qg ys---»>As, ) " €5
k=1

where S = {s1,< 57 < -+ < 5,41} ranges over all (n + 1)-element subsets of [n]. ¢

Note that by definition the discriminantal arrangement B(.A) is the arrangement dual to
the fiber zonotope over the zonotope Z = ij\’:] [—ak,ar] dual to A. As such, by Theorem
3.1.14 we see that the poset of cells of the fan induced by B(.A) is isomorphic to the poset
of (possibly trivial) coherent subdivisions of Z. Since the latter are identified with (possibly
trivial) single-element lifts of the oriented matroid M (Z) associated with Z, we have the

following.

Proof. For any oriented matroid M with a fixed realization as a hyperplane arrangement .4,
there is a canonical bijection between (possibly trivial) realizable single-element lifts M of

M and cones of the discriminantal arrangement 5(.A) over M. O

3.3. (Euclidean) Lattices

In this section we review the basic definitions of Euclidean lattices and various convex
geometric constructions which are naturally associated to them. We also include some basic

results about these objects which will assist us in the sequel.
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Definition 3.3.1. A Euclidean lattice of rank r is a free abelian group A together with a
choice of inner product (-, -) on the vector space Ag = A ® R.
The volume of a Euclidean lattice A is defined to be the (Lebesgue) volume of the quotient

ARr/A. A lattice A is unimodular if it has volume 1. ¢

The choice of inner product on Ar affords a metric perspective on lattices, which we use

to define various subdivisions of the Euclidean space E = Ap) of interest.

Definition 3.3.2. The dual lattice of A is the lattice AY = {1 € E : (1,&) € Z for all £ € A}.
Note that if we identify £ ~ R", we have that A < A" so long as the Gram matrix of
(-,+) is diagonal with integer entries. In this case, we say that A is integral and define the

determinant group of A to be the (finite) group AY/A. ¢

Given a nontrivial orthogonal decomposition of E into subspaces which meet A, we have
the following result which describes relationships between A and the lattices it induces within

the summands.

Proposition 3.3.3 ( [5], Lemma 1). Suppose that A is a unimodular integral lattice and that
E admits an orthogonal decomposition E = E1 ® E, andthat M .= EyNAand N := E;NA
are both nonempty. Denote by nt; : E — E; the associated orthogonal projections. Then we

have the following.
(1) M is a lattice in E\ and N is a lattice in E>,

(2) MV = m(A) and N = my(A), where the duals are taken within the subspaces

Ei=M®Rand E; = N Q R,
(3) M and N have isomorphic determinant groups.

We now turn our attention to convex geometric constructions in E arising from A. Below,

we denote by || - || the norm on E defined by (-, -) in the usual way.
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Definition 3.3.4. Given a lattice point ¢ € A, the Voronoi cell of ¢ is the subset
V(E)={x e E:|lx=¢&| <|lx—nl| foralln € A}.

Observe that Voronoi cells are centrally symmetric and that for any &’ € A we have that

V(E+&)=V(E) +¢&. ¢

The property mentioned above immediately implies that the Voronoi cell of 0 € A can be

used to tile £ by translations under A. Doing so results in a subdivision of E.

Definition 3.3.5. The Voronoi subdivision of E with respect to A is the subdivision
Vor(E, A) consisting of all Voronoi cells of A together with all of their faces. Such a

cell is of the form

V(En....&) ={xeE:|x=&ill = =llx - &ll < llx —nll forallp € A}.

We refer to any cell of Vor(E, A) as a Voronoi cell. ¢

The Voronoi subdivision is dual to another subdivision of E arising from A, which we

now define.

Definition 3.3.6. For any x € E, we also define the Delone cell of x to be
D(x) =conv{{ € A: |lx = €| = I,?eif llx =7}

Note that if x, x” € relint V for some Voronoi cell V then we necessarily have D (x) = D(x") =:
D. 1 this case we write V = D* and D = V* and say that V and D are dual to one another.
The Delone subdivision of £ with respect to A is the collection Del(E, A) of all Delone

cells D(x) forx € E. ¢

Remark 3.3.7. There are two notions of duality so far discussed in this section which are

distinct from one another. In particular, the reader should note that the Delone subdivision
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Del(E, A) is not the same as (or even isometric to) the Voronoi subdivision Vor(E, AY). ¢

Remark 3.3.8. In the case where (-, -) is the Euclidean inner product, we may identify A ~ Z"
and E ~ R”". In this case, we have that Del(E,A) = %1 + Vor(E, A), where 1 € E is the
all-ones vector. This actually also holds so long as the Gram matrix of the inner product is

diagonal. ¢

3.4. Tropical Toric Varieties

We include here a brief summary of the theory of tropical toric varieties, partially following
the treatment in [34] and [42]. Let K = K be an algebraically closed fieldand let vk : K* — R
be a nontrivial additive valuation. Note that necessarily we have v (K*) C R is dense. Let
M = 7" be a free abelian group of finite rank and let N = Hom(M, Z) be its dual. Then
we have an algebraic torus 7 = Hom(M, K*) = (K*)" having character group M. Here, the
points of T are maps p : M — K*, and each element m € M can be seen as a character of T

as follows.

x™ . T — K*

pP= (t19-~-,tr) l—)[}inl N s ::xm(p)

p
Conversely, each p € T gives a map x™ +— x™(p). Finally, p also gives a map v, € Ng via
vpi=vgop: M — K%,

and we write v : T — Np for the map p — v,
Write R = R U {c0}. We have a bijection Rsg — R given by sending a +— —loga. We
use this map to endow R witha topology. Now, extend vx toamap v : K — R by declaring

vk (a) = vg(a) for a # 0 and vg (0) = oo.
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Now let X be a fan in Ny and take a cone o € 2. Then we define a topological space

UY := Hompgen (¥ N M, R) € Top,

equipped with the compact-open topology. Note that o +— UY is a functor £ — Top since

for all 7 < o we have a map

tr tr
u, — U,

'NM->R)r— (c"NM—>7'NnM - R)

For any such fan X, the tropical toric variety associated with X is the topological space

tr .__ : tr
X5 := colimy, ey U, € Top.

Moreover, if Xy is the (classical) toric scheme associated with X then we have a tropicaliza-

tion map Xz (K) — X given by

Uy, (K) = Hom(c¥ N M,K) — U™ = Hom(c¥ N M,R)

pHFOVEODp =V

Note that the construction above of a tropical toric variety is directly analogous to the scheme-
theoretic description of a toric variety as a colimit of affines. Indeed, if M,N, and X are as

above and R is any ring, we have a functor £ — Schg defined by mapping

o — U, = SpecR[c" N M].

One then defines

Xs(R) := colimyexU,.
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3.4.1 Tropical Toric Vector Bundles

The parallel works [38] and [37] established a notion of tropical vector bundles on tropical
toric varieties. The paper [38] in particular also introduced a notion of tropical reflexive
sheaves on such varieties and established that a large class of these objects exhibit a Harder-
Narasimhan filtration as in the context of vector bundles on curves. In this subsection we
review the basics of this theory, phrased in terms of pointed T-matroids.

Let X be a simplicial fan in a lattice L = Z" and A = Hom(L, Z) the dual lattice. Fix a
field k and denote by Xx the toric k-variety with fan X. Let trop(Xx) be the tropical toric
variety with fan X as in [34] or [47]. Denote by X(1) be the set of rays p of ¥ and, in case
trop(Xyx) is the tropicalization of a toric variety Xs, denote the corresponding torus-invariant
divisors on Xy by D,. For each ray p, we let v, be the first lattice point on p. Fix a

polarization i = (h,), € R,

Definition 3.4.1. [38] A pointed tropical toric reflexive sheaf of rank r on the tropical

toric variety trop(Xyx) is a tuple F = (N, {Ff}pez(l)), where
1. N is a simple pointed T-matroid of rank r on the ground set Ey = Ey LI {#y}, and

2. for eachray p € (1), F = {Ff}jez is a chain of flats of the underlying matroid N

such that Ff > FJ.pH,F]’.’ = xy for j > 0, and FJP = Ey for j < 0.

Throughout, we write {F2'},, to denote the collection of all flags F% as p ranges in 2(1). ¢

Definition 3.4.2. [38] A pointed tropical toric vector bundle is a pointed tropical toric re-
flexive sheaf F = (N, {FY'},) satisfying the following additional condition: for any maximal
cone o € X there is a multiset u(o-) in the dual lattice A, and a basis B, = {wy | u € u(o)}

of N such that for every ray p < o and j € Z, we have

F? = \/ W (3.1

ueBs uv,>j

That is, F jp is the smallest flat containing all the wy withu - v, > ;. ¢

62



Remark 3.4.3. As noted in [38], for smooth toric varieties Xs, (3.1) is equivalent to the
following: For each cone o € Z, there is a basis B, of M such that whenever p < o, each

flat Ff' is a join of elements of B ¢

In what follows, all tropical toric reflexive sheaves and tropical toric vector bundles are
assumed to be pointed, and we will simply say tropical toric reflexive sheaves or tropical toric
vector bundle if the context is clear. The rank of a tropical toric reflexive sheaf is defined to
be rk(F) :=rk(N).

A tropical toric reflexive sheaf of rank 1 is called a tropical line bundle. Since a tropical
line bundle has an underlying matroid of rank 1, all tropical line bundles are indeed tropical
vector bundles. For a tropical line bundle £ = (M, {L%} o), the only information contained
in the chains LY is the indices a, = min{j : L? # sy }. Thus a tropical line bundle can be
specified by a vector (a,) € Z*.

The paper [38] also defines a way to tropicalize a toric vector bundle on Xy to obtain a
tropical toric vector bundle. In particular, the tropicalization of a line bundle O(%, a, - D)

is the tropical line bundle corresponding to the vector (a,) € 7= as above.

Definition 3.4.4 ( [38], Definition 6.9). Two tropical toric vector bundles £ and F are
isomorphic if the associated valuated matroids are isomorphic and if there is some u € A for

which we have

P _ P
Fj M jHuv,
for every p € X(1) and every j € Z, where v,, is the first lattice point on p. ¢

The Harder-Narasimhan filtration for tropical toric vector bundles is defined using a
slope function. The approach taken mirrors the classical setting for toric vector bundles as
established in [40], expressing the degree of a tropical toric reflexive sheaf in terms of the
filtration FY. Precisely, the degree of a tropical toric reflexive sheaf £ = (M, {F{ }p) is

defined to be
deg(€) = > hp ) i+ ru(F0) —ry(F¥, ). (3.2)

pex(l)  Jje
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For a tropical toric reflexive sheaf £ as above and a tropical toric line bundle £ corresponding
to a vector (a,) € Z*(D, define the tensor product of € and L to be the tropical toric
reflexive sheaf € ® £ = (M, {E{_, },). Here, E{_, is the chain of flats whose jth term is

E}O_ap (cf. [38, Definition 6.7]).

Remark 3.4.5. Example 7.10 of [38] establishes the identity
deg(E® L) =deg(€) +r(M) - deg(L), (3.3)

and Remark 7.6 of [38] establishes that the degree of a toric reflexive sheaf is preserved
under tropicalization. This establishes that for a complete toric variety Xs with polarization
h=(cc, - ,c)eZ* D, tensoring with the tropicalization of a principal divisor preserves

the degree of a tropical reflexive sheaf. ¢

The existence and uniqueness of Harder-Narasimhan filtrations for tropical toric reflexive
sheaves rely on certain modularity conditions on flats of the associated T-matroid. Say that
a tropical toric reflexive sheaf is modular when its underlying T-matroid is.

In Section 6.4 we define a category MTRS, of modular tropical toric reflexive sheaves
and, by using categorical techniques developed in [4] and [4 1], illustrate that the above rank

and degree functions define a unique Harder-Narasimhan filtration.
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Chapter 4

Face Numbers of Matroidal Toric

Arrangements

In this section we describe a result which computes the number of cells of each dimension
in a class of arrangements of subtori in a real torus. In the literature, several authors have
considered various combinatorial questions associated with versions of toric arrangements,
and the meaning of the term “toric arrangement" is not uniform across all of these works.
The toric arrangements that we study here are those referenced in Subsection ??. That is, for
a fixed real torus T = RV /ZV, we study collections 7 = {71, ..., T,} of (piecewise-linearly)
embedded topological tori 7; ~ R¥ /Z* inside of T.

We study a certain class of toric arrangements constructed explicitly from a regular
matroid M. As metnioned in Section 2.3, regularity ensures that M possesses the structure of
an oriented matroid M which is unique up to reorientation. If M is of rank r on n elements,
we construct a toric arrangement 7'(]\//} ) in T = R"/Z" for each single-element lifting M of
M. Any toric arrangement 7~ which is combinatorially equivalent to some 7 (M) is said to

be matroidal, and it is these arrangements which we study here.
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4.1. Construction of Matroidal Toric Arrangements

Suppose that M is a regular matroid of rank N on n elements and fix a realization {vy, ..., v,}
of M in R”. Then this also endows M with the structure of an oriented matroid M. Define

the zonotope associated with this representation by

n
Z = Z[—Vi, vi].
i=1

Chose some (possibly non-realizable) single-element lift M of the oriented matroid M.
Then by Theorem 2.3.11 we know that Miis equivalent to choosing a zonotopal subdivision
Z of Z. Write Z; for the zone of Z associated with v; (cf. Section 3.1).

By the regularity of M, we know that the (full-dimensional) zonotope Z tiles the ambient
space R" via translation by some lattice A < R". This implies in particular that one can
identify faces Z’ < Z with one another by translation via A, and that the quotient 7 = Z/A
is a real torus of dimension N. We take this section to construct a toric arrangement T(M\ )
in T by using the information associated with the lifting M (or rather, with the zonotopal
subdivision Z).

For each zone Z; C Z, let m; denote the orthogonal projection of R" onto the hyperplane

{x € RN : (x,v;) = 0}. We consider functions g;, G; on the image r;(Z), defined as follows.

gi(x) :=min{r : x +tv; € U Z;}

Gi(x) :=max{t:x+1tv; € U Zi}

From the proof of the Section Lemma (Lemma 3.2) of [50] that the functions g; and G; are
well-defined, continuous, and piecewise-linear. We now use g; and G, to define a section y;

of n; in Z. For x € n;(Z), we declare
Yi(x) 1= x + 5(gi(x) + Gi(x))vi.
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Write ﬁ = im(y;) € Z. Note in particular that fl C U Z;. Since g; and G; are continuous
and piecewise-linear, it follows that T;isa piecewise-linear image of 7;(Z) sitting within Z.
Moreover, for all Z' € Z; we have that b(Z’) € T; by the definition of the barycenter b(Z’).
Indeed, we have that y;(7;(b(Z"))) = b(Z’) since b(Z’) is the midpoint of the segment

771 (7;(b(Z2’))). In fact, we have the following.
Proposition 4.1.1. Forany cell Z' € Z; and any x € n;(Z’), we have that y;(x) = b(ﬂi_l (x)).

Proof. Write x = },,; a¢m;i(v¢), where @; € [-1, 1]. Then
a7 (x) = ) ami(ve) + [gi(x)vi, Gi(x)wi].
t#i
In particular, this fiber is a segment with barycenter
D aemi(ve) + 1(2i(x) + Gi(x))vi = x + 3(21(x) + Gi(x))v; = 74(x).
(#i

O

Define 7 = {T; :i=1,...,n}. We now observe that T descends to an arrangement of

piecewise-linearly embedded tori in 7 = Z/A.

Lemma 4.1.2. If Z', Z" < Z are faces of Z such that Z' = Z" + A for some A € A, then for
all i we have that

T.nZ =(T,nZ") +A.

Proof. for x” € n;(Z"), we have by definition that there is some y” € Z” with m;(y”) = x”
Then y’ := y” + n(A) lies in Z’ and we immediately obtain x" := m;(y") = x” + 7;(1). Note

that we have

Yi(x) = 2"+ 3(&i(x) + Gi(x0))vs

="+ m(A) + (8" + 1) + G (6 + mi(D))vi
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Write ;- for the orthogonal projection of RY onto span{v;}, so that for all z € R we have

z = m;i(2) + ;- (2). Then, writing ayv; := 71;-(1), we see

gi(x” + (1) = min{t : x” + 1 (A) + 1v; € U A
=min{t : x" + m;(1) +tv; € Z'}
=min{s : x" + m1;(1) +tv; € Z" + A}
=min{r: x" +tv; € Z" + ayv;}
=min{z : x" + (t — ay)v; € Z"}
=min{s + a,y : x" +sv; € Z"}

=gi(x") +ay

That is, we now have that g;(x")v; = g;(x”)v; + m;-(4) and, similarly, G;(x")v; = g;(x")v; +

ni-(2). Together, these then yield
Yi(x') = X' +5(gi(x") + Gi(x))vi = x" + m(A) + 38 (x") + Gi(x"))vi + 7-(A) = yi(x”) + A

In particular, this gives T, N Z’' = (T, N Z”) + A. O

This 7, descends to a subtorus 7} in T by identifying the intersection of T, with faces of
Z which differ only by lattice translation. That is, T descends to a (piecewise-linear) toric

arrangement 7 = {T; :i=1,...,n}inT.

Definition 4.1.3. Say that a toric arrangement 7 in 7 is matroidal if it arises in the above

way from a single-element lifting M associated with a regular matroid M. ¢

We now prove a collection of results which together establish that the combinatorics of
a matroidal toric attangement T(/T/l\) is captured by the matroid M itself. We do so in
essentially three steps:

(1) Show that, in aball Bz about the barycenter b(Z’") of each cell Z’ € Z, the (topological)
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tori 7; intersect like a hyperplane arrangement 4.
(2) Show that the hyperplane arrangement A is dual to the zonotope Z'.

(3) Show that, in each cell Z’ € Z, the tori 7; do not intersect in any unexpected ways. In
particular, show that intersections 7~",~1 N---N Tie are piecewise-linear homeomorphic

images polytopes of the expected dimension.

Together, these establish that the arrangement 7~ (/T/l\) induces a cell complex which is dual
to (the quotient by A of) the subdivision Z itself. We show each of the above in turn.
Step (1) is broken into two smaller results, namely Proposition 4.1.4 and Proposition

4.1.5.

Proposition 4.1.4. For all cells Z' € Z and all zones Z; containing Z', we have that T; N Z'

is centrally symmetric about b(Z').

Proof. Without loss of generality, we assume that A’ is centered at the origin. Then, up to
reordering vy, ..., V,, we may write

k

Z' = Z[—Vi,vi]

i=1

. We show that Ty N Z’ is centrally symmetric about 0. We have
k=1
m(Z') = Z[—ﬂk(vi),ﬂk(vi)]

i=1

and b(n(Z')) = b(Z’) = 0. Since ;. (Z’) is again a zonotope, it is centrally symmetric and

therefore we have that x € 7 (Z’) if and only if —x € 7 (Z’). Fix x € n;(Z’) and consider
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the following.

—gr(x) =min{r : —x + tvy € Z'}
=min{t : x —tvy € Z'}
= -—max{—t:x—tvy € Z'}

= —max{s : x,vx € Z'} = =G (x)
Likewise, we similarly observe that G;(—x) = —gx(x). Thus we see

Yi(=x) = =x + 5 (g (=x) + Gi(=x))vy

= —x — 3(gk (%) + Gr(x))vk = —yx(x)

This immediately gives that 7; N Z’ is symmetric about 0 = b(Z’), as desired. ]

Proposition 4.1.5. For all cells Z' € Z and all zones Z; containing Z', there is some open

ball By = B(b(Z'), ) for which
(T;NZ'YNBz = H N By

for some affine hyperplane H; passing through b(Z'").

Proof. This follows immediately from Proposition 4.1.4. Indeed, since the functions g; and
G, are piecewise-linear and continuous for all 7, it follows that T.nZisa piecewise-linear
homeomorphic image of 7;(Z’). Thus the central symmetry guaranteed by Proposition 4.1.4

ensures that »(Z’) is not in the corner locus of 7; N Z’, so such a ball B, must exist. O

By translating the hyperplanes H; of Proposition 4.1.5 by —b(Z’), we obtain hyper-

planes H; passing through the origin. Collecting the H;, we have then a central hyperplane

arrangement

Az :={H;=H-b(Z'):i=1,...,k}.
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With this arrangement in hand, we how observe that it is necessarily dual to the zonotope Z’.
Proposition 4.1.6. For each Z' € Z, we have an isomorphism of fans F(Az/) =~ N (Z’).

Proof. We continue to assume that Z" = Zl’.‘zl [—vi,vi]. Let n; denote the normal of the

hyperplane H;. We seek to show that the matroid of the vector arrangement {np;...,ng} is
identical to that of {v, ..., vi}. Todo so, we show that a subset {v;,,...,v;,} € {vi,..., vk}
is linearly independent if and only if {n;,, ..., n;} is linearly independent.

Suppose that Z’ is m-dimensional. Since we are currently concerned only with the cell
Z’, we fix an isomorphism between its affine hull and R™ and work there. Suppose that
{vi;» ..., v} is linearly independent. Then m > € and {v; ,...,v;} is contained in some
basis {v;,,...,v;, } of R”. Since we are concerned only with the matroid and the normal fan

associated with Z’, we may rescale the vectors v; for j > k as we like. In particular, we may

take a linear automorphism A of R™ sending v;,, ..., v;, to the standard basis, denoted by
Viis...,v;,,and all other v; fori € [k] — {iy,...,in} to vectors ¥; with ||7;|| = Z(%_m) < 1.
Now

That is, AZ’ is the Minkowski sum of a hypercube of side length 2 and k — m additional

£
k—m*

segments of length

For any i = 1,...,k, let ; be the orthogonal projection onto ﬁil and define g;, G, Vi,
and H; for AZ’ in analogy with those defined for Z and Z’. Then by the structure of AZ’ as
the Minkowski sum of a cube and of small segments, we may take B4z = B(2 — 2¢,0) and
observe thatfor j = 1,. .., we have that g;, | #i;(Baz) and Gij |ﬁ,.j( B,,) are constant functions.
That is, FI,-J. is parallel to the i; coordinate hyperplane and thus n;; can be taken to be the
standard basis vector ¥;,. In particular, {n;, ...,n; } is linearly independent.

Conversely, if {n;,,...,n;,} is linearly independent, then we may perform an analogous
process to the above, extending {n;,,...,n;,} to a basis {n;,, ..., n;, } of R". Note that here

{ni,...,ng} is guaranteed to span R™ by the assumption that Z’ is full-dimensional in R™
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and the forward direction above.

This establishes that the matroids associated to the arrangements {vi,...,v;} and
{ny,...,ng} give rise to isomorphic matroids, so that they are dual to combinatorially
equivalent hyperplane arrangements. This establishes the desired isomorphism. O

At this stage, we know that the arrangement T(./T/l\) arises from a collection 7 of
piecewise-linear sections T;, each of which satisfies that the restrictions to any cell Z’ through
which it passes should contain the barycenter of that cell. Moreover, each cell Z’ contains
a ball around its barycenter such that the restriction of the T; to this ball form a hyperplane
arrangement which is dual to the cell Z’.

Thus, if we establish that no two sections 7; and T; having no-empty intersection in Z’
intersect only at b(Z’), we can conclude that the cell decomposition of Z induced by T is dual

to the subdivision Z. We now prove the final step, establishing step (3) mentioned above.

Proposition 4.1.7. For any iy, ...,i¢ with {v;,,...,v;,} linearly independent, we have that

Ii,n---N 7~}t, is a piecewise-linear homeomorphic image of the polytope (nj o---omn;,)(Z').

Proof. We work with the case £ = 2. The general case works in precisely the same way, but
is notationally intensive and less illuminating. First, note that if v; = av; for some a € R,
then we have 7; N f] empty. Thus if we have some y € T;, N T}, then we have {v;,, v;, } linearly
independent.

We again assume that Z’ is of dimension m and centered at the origin in R™. As in
the proof of Proposition 4.1.5, we extend {v;,v;,} to a basis {v;,...,v; } and apply an
automorphism A of R” to view {v;,,...,v;, } as the standard basis. In particular, we have
vi L vy and & o r; = mr; o m;, which we denote by 7.

Take some y € ;N T, suppose that y = Zile Beve and write x; := m;(y) and x; = m;(y),
so that

x; = Zﬁfﬂi(vf) , Xj = Zﬁfﬂj(w)-

(i 3]
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Then from Proposition 4.1.1, we have that
y = b (x;) = b(n; ' (x))).

We also write x = 7(y), so that

x = Z Ber(ve),

C#i,j

and x = m;(x;) = m;(x;). Note that by x L v; and v; L v; we additionally have

gi(x) =min{r : x + tm;(v;) € Z'}
= min{r : x + t7;(v;) € m;(Z')}

=min{t :x; +tv; € Z'} = g;(x;),

and similar for G;, g;, and G ;. By applying Proposition 4.1.1 to the projections of zonotopes
givenby m; : 1;(Z’') — n(Z') and 7; : m;(Z") — n(Z’), we thus obtain that x; = b(ﬂj‘.l(x))

and x; = b(ﬂi‘l(x)). Explicitly,

xi= Y Ber(ve) + 3(g;(x) + G(x)mi(v))

(#i,]

= D Ber(ve) + 38, () + G (),

Iy
= x+5(g;(x) + G;(x)v;

xj = x+ 3(gi(x) + Gi(x))v;.
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Now, observe that we can express 7~ ! (x) as follows.

a7 (x) = (7 (x)
=77 D Bemilmj (v)) + [8i(x)vis Gi(x)vi]
t#i,]
= > Ber(m;(ve)) + [ix)vi, Gi(x)vil + [g; (x)v;, Gy (x)v, 1.

C#i,j

We therefore also see that 77! (x) is a zonotope with barycenter

b~ (x)) = x + 3(gi(x) + Gi(x))vi + 3(g;(x) + G (x))v,.

This implies that y = b(7~'(x)). Indeed, combining y = b(7rl._1 (x;)) with x; = b(7rj_.1 (x))
and the observation that the functions g; and G; behave well with respect to arguments x;, X,

and x as above, we have

y =D Bemi(ve) + 3(8i(x;) + Gi(x))vi

C#1

= > Bex(ve) + 3(g5(x)) + G (x)v; + (i) + Gilx)
(#i,j

= D Bem(ve) + 38, (0) + G (0))v; + 3(gi(x) + Gi(x)

4,

That is, y = b(n~!(x)). In particular, this shows that each point in the intersection of a

collection of sections T;,, .. ., 7~’,~€ is the barycenter of the fiber over a point in the polytope

1"
(mj, o---om,)(Z"). Moreover, the locus T;l N...N fié, is an intersection of the piecewise-
linear homeomorphic images ﬁj of m;;(Z’). That is, each such intersection is necessarily a

piecewise-linear homeomorphic image of the polytope (m;, o --- o 7;,)(Z'). O

We now see that the arrangement T within Z consists of piecewise-linear images T; of the

centrally symmetric polytopes 7;(Z) and that the restrictions 7~'Z° = {T;Nrelint(Z') : Z’ €
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Z;} of T to the cells Z’ € Z induce cell decompositions of Z’ which are combinatorially
isomorphic to the normal fans NV (Z’). Further, Proposition 4.1.7 guarantees also that for any

Ti,....T;, € 7T with nonempty intersection in Z’ € Z we have a homeomorphism

T,Nn---NT;,NZ ~(m0---m,)(2Z).

1

That is, we now have isomorphisms of posets
F(T;) = F(Az) = N(Z).

Further, under face identifications of the full zonotope Z, any nonempty intersection of
sections T;, N --- N T;, descends to some subtorus 7;, N ---T;, in T. That is, T(M) is an
arrangement of piecewise-linear tori in 7 whose intersections are also tori in 7. We can thus
speak of the poset of layers E(T(/T/l\)).

The construction of 7 by identifying faces of Z (that is, cells of Z) also ensures that all
intersections of tori in ’7'(/\7) can already be seen in 7. In particular, each face F € F (T
can be labeled with a sign vector corresponding to its relative position above, on, or below
the section 7;. Indeed, any point y € Z gives rise to a sign vector X(y) € {+, —, 0}n], where
X(y); = + if y lies above the section 7}, X (y); = — if y lies below it, and X(y); = 0 when
y € T;. This sign vector is constant for all points in F', and so we declare F to correspond to
the sign vector X (F) = X(y) forany y € F.

By sending each such sign vector X to the cell Z’ with

7' = Z v — Z vi+ Z [=vi,vil,

i X;=+ JiXj=— k:X=0

the face poset F (7~') is now dual to the zonotopal subdivision Z. Now, using the anti-
isomorphism between the zonotopal subdivision Z of Z and the upper complex of the

covector poset of the single-element lifting M (cf. Theorem 2.3.11), we deduce the following
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alternative characterization of the poset of layers £ (7 (M)).

Proposition 4.1.8. For a matroidal toric arrangement ’T(./\//\l) arising from a single-element

lifting of M, we have an isomorphism of posets:
L(T(M)) = LM,
where the poset on the left is the poset of layers of T(ﬂ) and the poset on the right is the

lattice of flats of the underlying matroid ﬂ

Proof. First, note that we have constructed T such that F (7’) is anti-isomorphic to Z. Since

the latter is anti-isomorphic to V;O(./\//T) by Bohne-Dress, we thus have an isomorphism
F(T) = Vip(M).

Observing that the map F (7~’) — L(T) given by sending a face F to the minimal intersection
T;,N---NT;, € T containing F corresponds exactly to the map z : V;O(ﬂ) — E(ﬂ) induced

by the zero map sending a covector X to the flat spanned by the elements e with X, = 0. O

We use this observation in the following section to show that we can actually enumerate

the cells of fixed dimension in either Z or of F (T(M\)).

4.2. Computing Face Numbers of Matroidal Arrangements

Suppose that M is a regular matroid of rank N equipped with a realization in R" as a vector
arrangement {v1, ..., v,}. Assume that this realization defines a zonotope Z = 3", [-Vv;, vi]
which tiles R" via translation by some lattice A. This fixes an oriented matroid structure
M on M (this structure is essentially unique, cf. Section 2.3). Then, in the way described

in Section 4.1, any single-element lifting M of M associated with a zonotopal subdivision
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Z determines a cell decomposition Z of the associated torus 7 = Z/A and a dual matroidal
toric arrangement 7 (M).

In this section we prove that the f-vector of the cell decomposition Z of T, and therefore
the f-vector of the decomposition induced by the arrangement T(ﬂ ), is expressible in terms
of matroidal information about the lifting M. In fact, it depends only on the lattice of flats

—_—

of the underlying matroid M = M.

Theorem 4.2.1. Consider the matroidal toric arrangement T = ’T(/T/l\) associated with a
single-element lift M of a realized regular oriented matroid M = M(Z), and let F(T)
denote the cell decomposition of the torus T = Z /. Then the number of {-dimensional cells
of F(T) is given by
f(F(T) = (=D ), u(S.R).
S<ReL(M)

r(S)=N—¢
r(R)=N

Proof. First, observe that each £-dimensional face of /(7)) is contained in a unique ¢-

dimensional subtorus S in the poset of layers £(7). Thus we may write

(F(T) = D) e(Ts),
SeL(T)

where Ty is the arrangement of subtori in S defined by intersections of S with the tori in 7
and c(7y) is the number of chambers, i.e. full-dimensional cells in F(7g). Note moreover
that this formula holds as well for all induced arrangements on subtori S € £(7) of T, so that
we similarly obtain a formula for each of the face numbers f;(F(7s)) in the decompositions
induced by each such arrangement 7.

Now, since F(7g) is a cell decomposition of the piecewise-linear torus S, we may

compute the topological Euler characteristic y (S) as the alternating sum of the face numbers
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Ji(F(Ts)).

{
X(8) = Y (D [HFTN = >, (D Be(T) = > (=D Be(Tp).
j=0

ReL(Ts) ReRE(g‘)
>

In particular, we have now expressed the Euler characteristic y(S) as an alternating sum of
function values on the principal order ideal generated by S. Thus, applying the inversion
formula for the Mobius function of £(7), we obtain a formula for the number of chambers

of any such arrangement 7g:

o(Ts) = (=D X" X (R)u(S, R).

ReL(T)
R>S

By combining the formulas above for f;(7) and c(7s) and recalling that the Euler charac-
teristic of a torus is O for positive-dimensional tori and 1 for tori of dimension zero, we thus

obtain the following:

(FT) =00 Y >0 x(Ru(S,R)

SeL(T) ReL(T)
dim(S)=¢ R>S

=(-D" > D, uSR)
SeL(T) ReL(T)
dim(S)=¢ dim(R)=0
R>S
= (=1)¢ Z u(S, R).
S<ReL(T)

dim(S)=¢
dim(R)=0

Finally, by Proposition 4.1.8, we know that £L(7") ~ E(ﬂ) and that the latter poset has rank

function given by r(-) = N — dim(+). Thus we obtain the formula desired:

f(F(TH = (=D > u(S.R).
S<ReL(M)
r(S§)=N-¢
r(R)=N
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4.2.1 Alternative Proof for the case of Realizable Lifts

In this section we present an alternative proof of Theorem 4.2.1 in the case where the single-
element lifting M is realizable over R. This section uses methods more closely related to
the polytope theory present in the Section 3.1 and avoids the heavier approach using posets
and oriented matroids present in Theorem 4.2.1.

Suppose that Z C R is a zonotope whose translates by a full-rank lattice A € R¢ produce
a subdivision of the ambient space. Then we obtain a torus 7 := R¢/A by identifying faces
of Z which differ only by a translation by an element of A. In this situation, we see that
any polyhedral subdivision of Z induces a cell decomposition of the torus 7. We shall be
interested in this situation in the case that the polyhedral subdivision in question is a coherent
zonotopal subdivision. More specifically, we investigate the number of faces of various
dimensions which appear in the induced polyhedral subdivision of 7.

As before, Let 71 : C — Z be a projection of a cube onto a zonotope and let Z be
a coherent subdivision with respect to this projection. We define a cell complex Z by
identifying cells of Z which differ only by translation via A. Then in this case Proposition
3.1.15 yields a convenient means of enumerating the number of faces of each dimension in the
polyhedral complex Z. By Corollary 3.1.16, identifying the cells of the boundary complex
of Z! according to the identifications defining Z yields a combinatorially equivalent cell
decomposition of the same torus. Thus in particular we see that the number of faces of
dimension k in the complex Zis equal to the number of faces of dimension & in the complex
Z', up to these identifications.

Since Z’ is a zonotope, we see also that the boundary complex of Z’ is anti-isomorphic
to the poset of the fan N (Z’), which is itself isomorphic to the face poset of the hyperplane
arrangement A’ dual to Z’. Considering the construction of Z’ in the proof of Proposition

3.1.15, we have that A’ contains a hyperplane Hy := {x4+; = 0}. Moreover, it is immediate
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that the face poset of the complex Z’, is anti-isomorphic to the poset A’ of faces of N'(Z’)
which lie on the positive side of Hy.

Without loss of generality, we may assume that Z’ is centered at the origin and may
embed A" in the same space as a central arrangement at the origin. Doing so ensures that the
hyperplanes in .A” intersect the faces of Z” and that these intersections define an arrangement
T of subtori in the polyhedral subdivision of 7" defined by identifying faces of Z’ . We may
therefore enumerate the number of faces of dimension k in the cell complex defined by 7 in
order to enumerate the faces of dimension d — k in Z. This is formalized in the following

proposition.

Proposition 4.2.2. Let C, Z, Z, and Z' be as in Proposition 3.1.15. Suppose also that Z
tiles R? via translation by a lattice A and let T := R?/A be the resulting torus and Z the
subdivision of T induced by Z.

There is an arrangement T of subtori in T such that the number fi.(T) of faces of
dimension k in the cell complex defined by T is equal to the number f;_ (2) of faces of
dimension d — k in Z:

F(T) = fai(2).
The expression for these face numbers is given in terms of the Mobius function of the
intersection poset Z(7), as stated in the following theorem.
Theorem 4.2.3. Suppose we are in the situation of Proposition 4.2.2. Then we have

f(Z)= (DT Y u(F,G),

R,SeL(T)
dim §=0
dim F=d-k

where Z(T) is the intersection poset of the arrangement T and u(-,-) is the associated

Mobius function.

Proof. We note first that by Proposition 4.2.2, it is sufficient to compute the number f;_; (7).

Denote by £(7) the intersection poset of 7. Observe that each ¢-dimensional face in Z(7)
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is incident to a unique ¢-dimensional subtorus S in £(7). Thus we may write

fi(Ty =), <(Ty),

SeL(T)
dim S=¢

where 7Tg is the arrangement of subtori in S defined by intersections of S with subtori in
7. Note moreover that this formula holds as well for all induced arrangements on subtori
S € L(T) of T, so that we similarly obtain a formula for each of the face numbers f;(7g) of
each such arrangement 7.

Now, noting that the arrangement g induces a cell complex structure on the subtorus
S, we may compute the topological Euler characteristic y(S) as the alternating sum of face

numbers f;(7Ts).

d
X(8) =D (=1 fi(T) = > (=D)"™Re(Tp) = Y (~1)"™Re(Tr).
Jj=0 ReL(Ts) ReR£>(S7')

Now, applying the Mobius inversion formula to the equality of the leftmost and rightmost

expressions above, we obtain a formula for the number of chambers of any such arrangement
Ts.

o(Ts) = (=D X" Y (R)u(S, R).
ReL(T)

R>S
By combining the formulas above for f;(7) and ¢(7s) above and recalling that the Euler

characteristic of a torus is 0 for positive-dimensional tori and 1 for tori of dimension zero,

we thus obtain the following:

M =00 > > x(Ru(S,R)
SeL(T) ReL(T)
dimS=¢ R=S

= (=D ) ), uS.R).
SeL(T) ReL(T)

dim §=¢ dim R=0
R>S
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Finally, appealing to Proposition 4.2.2 and setting { = d — k, we have

f(Z)= (D" > us,R).
R,SeL(T)
dim R=0
dim S=d—k
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Chapter 5

Compactified Jacobians

In this chapter we give an overview of the existing theory of compactified Jacobians, es-
tablishing the basic theory of algebraic curves, their Jacobians, and the combinatorial input
required to define compactifications of Jacobians of nodal curves. We begin by reviewing
the smooth case, before surveying the approach by Oda and Seshadri to the problem of
constructing and describing compactifications.

Throughout this section, we work over an algebraically closed field k, and will specify
to the case k = C when appropriate. We assume as background the basics of algebraic
geometry, but review those definitions and constructions which will be most relevant to us.

Loosely, the Jacobian of a curve X is a space which parametrizes the collection of line
bundles on X of degree 0. This theory arose in the context of complex geometry, but nowadays
is most often approached through the lens of algebraic geometry. For smooth curves, the
Jacobian Jx contains the same information as the curve X, and indeed one can recover X

through analysis of Jx.

5.1. Jacobians of Curves

Let X be a smooth curve over Kk, by which we mean a smooth, integral, reduced, and separated

scheme over k of dimension 1. Note in particular that we do not assume that X is irreducible.
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5.2. Nodal Curves and Dual Graphs

Let X be anodal curve having irreducible components X1, . . ., X;, and nodes x1, . . . , x,,. Since
all singularities of X are of one type (i.e. nodal) and since these nodes are distinguished from
one another primarily by the pair of irreducible components to which they are incident, the
information of how to assemble X from the components X; is fundamentally combinatorial.
In particular, the incidence structure of the nodes and components of X can be cleanly

encoded by a graph as follows.

Definition 5.2.1. For a nodal curve X having irreducible components Xi, . .., X, and nodes
X1, ...,Xn, the dual graph of X is the (combinatorial) graph G x on vertices vy, . .., v, with
edges ey, ..., ey, constructed as follows. For each irreducible component X;, Gx has one
vertex v;. We connect two vertices v; and v; by an edge ey precisely when x; € X; N X;.

Note that G x may have loops and parallel edges in general. ¢

Remark 5.2.2. The assignment of a dual graph to a nodal curve is far from injective, even
failing to be injective on isomorphism classes. For example, note that the graph G x does not
encode any information about the genus of the irreducible components of X. In particular,

all smooth curves have the same dual graph, namely a single vertex with no edges. ¢

Despite the fact that the dual graph Gy is a rather coarse invariant of a nodal curve,
it nonetheless encodes a wealth of information about the curve X and is generally useful
in understanding and classifying nodal curves. For example, the boundary of the Deligne-
Mumford compactification of the moduli space of curves of genus g admits a stratification

by dual graphs.

5.3. Oda-Seshadri Compactified Jacobians

The work [44] of Oda and Seshadri is among the first to approach the problem of com-

pactifying Jacobians of nodal curves X, and takes an approach through Geometric Invariant
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Theory which relies heavily on the dual graph G = Gx and on the geometry of Euclidean
spaces associated with G as described in Appendix A. Moreover, the constructions we survey
below rely heavily on the notion of Voronoi and Delone subdivisions of Euclidean spaces
with respect to lattices within them. As such, the reader may find it useful to refer back to
Subsection 3.3 for these definitions. For the time being, we assume this material as given
and present those definitions and results from [44] which are of interest to us in the present

document.

5.3.1 Construction and Properties of Namikawa Subdivisions

Consider the space C;(G;R) of (simplicial) 1-chains associated with G. This space ad-
mits an orthogonal decomposition C;(G);R) ~ H{(G;R) & 6§Cy(G;R) with summands
the cycle space of G and the cut space of G, respectively. Fix an isomorphism H{(G;R) =~
H,(G;R)* =: H'(G;R) and denote the composition of this isomorphism with the orthogonal
projection from C;(G;R) by p : C;(G;R) — H'(G;R).

Fix some parameter ¢y € §Cy(G;R) and consider the affine subspace ¥ + H{(G;R) in
C1(G;R). Since Vor(G) := Vor(Ci(G;R),C1(G;7Z)) is a subdivision of C;(G;R), this
affine space meets the relative interiors of some cells of the Voronoi subdivision. We define

this collection of cells by
K, (G) :={D € Vor(G) : ¢ € relintdD}.

Note here that the defining condition ¢ € relint D is equivalent to relint(D) Ny + H, (G; R)
being nonempty, where dy = ¢. This equivalence holds because d induces an isomorphism
6Co(G;R) = dC1(G;R). Projecting the cells of K;(G) to H'(G;R) via p then yields a

polyhedral subdivison for each .

Definition 5.3.1. We refer to each ¥ € 6Cy(G;R) as a polarization. In view of the

isomorphism 9 : §Cy(G;R) — dC;(G;R), we also refer to ¢ = 9y as a polarization, since
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the information is equivalent.

Given a polarization ¥ € 6Cy(G;R), write ¢ = d¢. The Namikawa subdivision
associated with ¢ (equivalently, with ) is the collection of cells Del,(G) = {p(C) : C* €
K;(G)}. ¢

We begin by listing some basic geometric properties of Namikawa subdivisions Del,,(G),

including the fact that it is actually a subdivision of H!(G;R).

Proposition 5.3.2 (Proposition 6.1, [44]). Let ¢ € 0C1(G;R). The Namikawa subdivision

Del,(G) satisfies the following properties.
(1) Del,(G) is a subdivision of H'(G;R) into zonotopes.
(2) The vertices of Del,(G) are contained in pC(G; Z).

(3) Del,(G) is invariant under translation by pH(G;Z), and the quotient complex is

finite.

Definition 5.3.3. In view of the finiteness guaranteed by part (3) of Proposition 5.3.2, we
define the Namikawa complex associated to ¢ € dC;(G;R) to be the cell complex given as
the quotient ﬁdG) := Del,(G)/pH\(G; Z).

Foracell N € D_el<p(G), let dim(N), supp(N), and 8b(N) to be, respectively, dim(D),

supp(D), and db(D) for any D € K5(G) with p(D) € N. ¢

We moreover have a clean description of the structure of those Namikawa subdivisions
Del,(G) for those ¢ € %1 + dC1(G;Z). They are simply translates (by a vector depending
on ¢) of a Voronoi subdivision. This is codified by the following proposition, whose proof

we postpone to Section 5.3.3 (cf. Proposition 5.3.19).

Proposition 5.3.4 ( [44], Corollary 6.2). Suppose that ¢ € dC1(G;R) satisfies ¢ € %81 +

0C1(G; Z). Then the associated Namikawa subdivision Del,(G) is a translate of the Voronoi
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subdivision Vor(H'(G;R), pH(G;Z)). In particular, for & € C1(G;Z) and ¢ = %81 + 0¢,
we have

Del,(G) = p(31+¢) + Vor(H'(G;R), pH1(G; Z)).

In this situation, we denote by Vor,, (0) the translate by p( % 1+¢) of the Voronoi cell V(0) €
Vor(H'(G;R), pH{(G;Z)). Note that, even though there may be several ¢ € C;(G;Z) with

Q= %(’31 + 0, the cell Vor,(0) is dependent only on ¢ and not on the choice of preimage &.

Remark 5.3.5. Since Voronoi subdivisions are regular (cf. Section 3.3), this immediately
implies that forall ¢ € %81 +3dC1(G;7Z) we have that the Namikawa subdivision is regular. In
fact, since the trivial subdivision of a polytope is coherent with respect to any projection onto
that polytope, we have that the restriction of Del,, (G) to Vor,(0) is coherent with respect to the
projection p : C — Vor,(0), where C is the Voronoi cell of 0 in Vor(C1(G; R), C1(G;Z)).
In Theorem 5.5.1, we extend this coherence to those Namikawa subdivisions for which ¢

arises from an orientable polarization (cf. Definition 5.3.22). ¢

In [44], the authors construct compactifications Jx (¢) of the Jacobian Jx whose structure
can be described in terms of the combinatorics of the Namikawa subdivision Del,(G). Some
preliminary properties of these compactifications and their relationship with Del,(G) and

D_elw(G) are as follows.

Proposition 5.3.6 ( [44], Proposition 12.17). The compactified Jacobian Jx(¢) is fully
determined by the Namikawa complex D_el<p(G). Moreover, there is a bijection between the
Pic®(X)-orbits of the scheme Jx (@) and the cells of the Namikawa complex lﬁw(G).

For a given cell N € D_elg,(X), let O(N) denote the corresponding Pic®(X) orbit. Then
dimN = codim(O(N)). Moreover, for two cells N1, N, € D_el<p(X), we have a face relation
N1 < N ifand only if O(N>) is contained in the Zariski closure of O(N>) in Jx(¢). Finally,

we have a canonical isomorphism

O(N) = Pic"(X([m] \ supp(N))),
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where n € Co(G;Z) is given by n = db(N) — %d(supp(ﬁ)).

In particular, the above isomorphism implies that dim(N) = codim(O(N)).

Remark 5.3.7. The reader should be aware that the definition dim(N) of a cell in the
Namikawa complex is distinct from its topological dimension. Instead, it is defined to be
the dimension of its preimage D € K /(G). However, for nondegenerate polarizations ¢
(see Definition 5.3.14 and Proposition 5.3.15 below) we have that dim(N) is the same as the
expected dimension dim(po(D)). This observation will be of use to us in particular in the

proof of Theorem 5.6.4 and Corollary 5.6.5. ¢

Remark 5.3.8. Recall from Section 5.1 that for a nodal curve ¥ we have that the Picard
scheme Picy admits connected components for each choice of multidegree n € Cy(Gy;Z),
and that moreover each such component Picy, is a torsor for the group scheme Picg. This
implies in particular that Pic} is (non-canonically) isomorphic to Picg, so that their classes

in the Grothendieck ring coincide. ¢

Even beyond this characterization of the orbit decomposition of the compactified Jaco-
bians Jx(¢), Oda and Seshadri also give the following description of the Picard schemes of

nodal curves and their subcurves.

Proposition 5.3.9 ( [44], Proposition 12.3). Let X be a nodal curve, let E' C E(Gx) be a
subset of edges of the dual graph of X, and let X (E’) be the associated partial normalization
of X. Then for any multidegree n € Cy(G;7Z), Pic’)’((E,) admits the structure of a G, ®
H'(G(E’");Z)-bundle over Pic”X.

5.3.2 Parameterizing Namikawa Subdivisions

As is clear from the construction and notation of Namikawa subdivisions, the structure of the
subdivisions Del,(G) is sensitive to the choice of polarization = 0~ '¢. Indeed, varying
varies the collection of cells K;j (G) and therefore affects both the Namikawa subdivision and

the Namikawa complex, hence the compactification Jx (¢). Fortunately, the authors of [44]
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give several tools with which to understand the dependence of Del,(G) on ¢. The main
among these tools is a certain (infinite) hyperplane arrangement in dC; (G; R) whose induced
subdivision serves as a parameter space for Namikawa subdivisions. In this subsection we
describe this hyperplane arrangement and some tools for its analysis.

Recall (cf. Appendix A) that for each spanning forest 7 of G and edge e¢ € T that there
are distinguished elements wr, € dC;(G;Z). Recall also that we have an inner product -, -)

on the ambient space Cy(G; R).

Definition 5.3.10 ( [44], pp. 16 and pp. 33). Define Arr(G) to be the (infinite) hyperplane

arrangement in dC;(G; R) having hyperplanes
H, ) = {p € dC1(G;R) : {w", ¢) = k},

where w is a fundamental cut of G and k € 7Z. Recall that the superscript (-)* refers to
the (linear combination in Cy(G; Z) corresponding to) the collection of target vertices of the
oriented cut w.

For each spanning forest 7 of G, denote by Arry(G) the subarrangement of Arr(G)
consisting of only those hyperplanes H,, ; for which w is a fundamental cut of 7.

From here onward, we use A(G) and A7(G) to denote the subdivisions of dC;(G; R)

induced by Arr(G) and Arry(G), respectively. ¢

From this definition we immediately see that Arr(G) is given as the union of the arrange-

ments Arry(G). The associated subdivisions satisfy

A(G) = A A7 (G).

TeT(G)

These arrangements are particularly important from our perspective since, as mentioned

above, they parameterize the Namikawa subdivisions Del,(G).
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Remark 5.3.11. Note that for each T € 7 (G) we have that 0C(G;Z) € Sko(Ar(G)).
This immediately follows from the observation that for each fundamental cut w is a Z-linear

combination of basis vectors e € C;(G;Z). In particular, we have that

(w*,0e) = {w, e) € Z.

Proposition 5.3.12 (Theorem 7.1, Corollary 7.2, [44]). With the notation above, we have the

following.

(1) Foreachcell A € A(G), the set K;(G) (and hence the Namikawa subdivision Del,(G))

is invariant as ¢ varies within %(91 + relint(A).

(2) For & € C1(G;Z) and ¢ € dC1(G; R), we have equalities

KS,56(G) = K3(G) + ¢

Dely1o¢(G) = Dely(G) + p(&)

(3) If A” < A are cells of (G), ¢ € %(’)1 + relint A, and ¢’ € %61 + relint A’, then the

Namikawa subdivision Del,, is a refinement of the subdivision Dely (G).

Observe that we trivially have 06Cy(G; Z) C Sk A(G), since for any ¢ € 6Cy(G;Z) we
see that

(w,¢) = (dw™,¢) = (", 0¥) € Z,

so that any such 9y lies on some hyperplane from each family {H,, i : k € Z}. Further, part
(3) of Proposition 5.3.2 and part (2) of Proposition 5.3.12 together imply that translating ¢ €
0C1(G;R) by any 9¢ for & € C1(G; Z) leaves the associated Namikawa subdivision Del, (G)
unchanged. That is, the subdivision A(G) is invariant under translation by 06Cy(G; Z) and

translating any ¢ € dC1(G;R) by 00Cy(G; Z) results in the same Namikawa subdivision.
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In particular, the quotient cell complex A(G)/35Cy(G; R) serves as a parameter space for
Namikawa subdivisions, in the sense that the Namikawa subdivision Del,,(G) is dependent
only on the cell of A(G)/d6Cy(G;R) containing the image of ¢ in its relative interior.

Consider now the assignment
A(G)/36Cy(G;Z) > A = Del,(G),

where A € A(G) issuchthatg € %81 +relint A and A is the class of A in the quotient. Part (3)
of Proposition 5.3.12 further illustrates that this assignment is an order-reversing map from
the poset of cells of Arr(G)/05Cy(G;7Z) (under inclusion) and the poset of subdivisions
of H'(G;R) (under refinement). It immediately follows that this assignment is an anti-
isomorphism from the former poset to the subposet of subdivisions consisting only of the

Namikawa subdivisions. These observations establish the following result.

Proposition 5.3.13 ( [44], Corollary 7.3). There are only a finite number of Namikawa
decompositions Del,(G), the number being bounded by the cardinality of A(G)/06Cy(G; Z).

It is clear from the discussion above that the location of the parameter ¢ within the space
0C1(G;R) is of critical importance in determining the structure of the associated Namikawa
decomposition Del,(G). As a means of taking advantage of the additional insight provided
by knowing the the precise location of ¢, we introduce the following definition for use in the

sequel.

Definition 5.3.14 ( [44], Discussion preceding and including Proposition 7.6). Let ¢ €
0C1(G;R). Say that ¢ is nondegenerate if there is some full-dimensional A € A(G) with
¢ € relint(A). In other words, ¢ is nondegenerate precisely when it lies on none of the

hyperplanes in Arr(G). ¢

Oda and Seshadri provide the following equivalent condition to nondegeneracy of a

polarization.
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Proposition 5.3.15 ( [44], Proposition 6.6). A polarization ¢ € dC — 1(G;R) is nondegen-

erate if and only if each D € K (G) satisfies dim D = dim pD.

Proof. On pp. 34 of [44], a polarization ¢ is defined to be nondegenerate precisely if
each D € K (G) is ¢-stable (a definition not used in the present document). Earlier,
Proposition 6.6 of [44] establishes that any D € K;(G) is p-stable precisely when it satisfies

dimD = dimpD. m|

5.3.3 The Structure of Namikawa Subdivisions

In pursuit of a more explicit description of the cells of the Namikawa subdivisions Del,(G),
we investigate more closely the structure of the subdivisions A(G) and A7 (G) of dC;(G; R)

induced by Arr(G) and Arry(G).

Proposition 5.3.16. For each spanning tree T of G, we have the following alternative de-

scription of the subdivision Ar(G).

Ar(G) = {0D : D € Del(C,(G;R),C(G;Z)), D° C T}.

Proof. Let D € Del(C1(G;R), Ci(G;Z)) be a Delone cell satisfying D? C T. Then we can

write

D=¢+ ) [0e]
teDY
aD = 0& + Z [0, De;].
teDY

Then for x € relint 0D, we have scalars 0 < A; < 1 for which

X = (965 + Z /ltaet.

teD0

Let w be a fundamental cut of 7, say w = wr,.. Then w* defines a family of hyperplanes in
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Arrr(G). We have
(0" = (0, w") + ) A(der, w").

teDO
Recalling that
0 e ¢ w
<a€[, (,()+> = ’
+1 e €w

where the sign is dependent on whether the orientation of e agrees with that of w. In particular,
if (de;, w*) # 0 then we have ¢, € D° N w. However, since D° C T and w N T = {e}, this
means that e, = e. Thus if x € relint D, then we have (x, w™) ¢ Z for all fundamental cuts
w of T with D° N w nonempty and (x, w*) € Z otherwise. In particular, dD is some cell of

Ar(G). Moreover, by varying D° C T, we see that all cells of A7 (G) arise in this way. O

Since A7 (G) is a subdivision of dC;(G; R), the relative interiors of cells of A7 (G) form
a partition of 0C;(G;R). In particular, this means that for each ¢ € dC;(G;R) there is a
unique cell A7(¢) € Ar(G) with ¢ — %61 € relint A7(¢). We denote the collection of all
such cells A7 (p) for T € T(G) by

S, ={A7r(¢) : T € T(G)}.

For any such ¢, we also make a choice of preimage D7 (¢) € Del(C;(G;R),Ci(G;Z)). In
particular, for such ¢ we take D7 (¢) to be a cell of minimal dimension satisfying d D7 (p) =
Ar(¢). We write D7.(¢) for the duals (D7(¢)*) of these cells. For each T € T(G), the
choice of such the cell Dy (¢) is well-defined up to translation by elements of H|(G;Z).
Moreover, the next two results establish that the choice of these cells D7 () also specifies

the collection of maximal cells in the associated Namikawa decomposition Del, (G).

Proposition 5.3.17. For each ¢ € dC(G;R), the collection of cells

D(¢) ={Dr(¢) : T € T(G)}
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and the collection of their translates under H\(G;Z) comprise all minimal cells D €

Del(C(G;R), Ci(G;Z)) satisfying ¢ € %01 + relint(9D).

Proof. Suppose that ¢ and that we have minimal cells Dy € Del(G) as above for each
T € T(G). Let D be a minimal cell of Del(C;(G;R),C;(G;Z)) such that ¢ € %61 +
relint(dD). If D® C T’ for some spanning forest T’ of G, then 9D € A7/(G). Observing
that {relint(P) : P € Ay (G)} is a partition of dC;(R) which is periodic with respect to
translation by dC;(Z), it follows that the preimages in Del(C;(G; R), Ci(G; Z)) of the cells
P € A7/ (G) are periodic with respect to C;(Z). In particular, D is necessarily a C;(Z)-
translate of the cell D7-. We thus assume that D is not contained in any spanning forest 7"
of G.

We may write D = &+ 3,00, ;] for some & € C1(Z). We will construct a proper face
D < D and illustrate that ¢ € %61 + relint(0D), contradicting the minimality of D. Let H
be the graph with the same vertex set as G and with edge set D°.

Since by assumption the set D is not contained in any spanning forest of G, it must
contain at least one cycle. Let yi,...,y, C DY be the collection of fundamental cycles
associated to some spanning forest S of H. We know by ¢ € %81 + relint(d D) that we may

write

90—%61:6 &+ Z ae; + Z ,BZ(,O)eﬂ .

1 bridge ¢’ non-bridge
where ¢ € C(Z) and all coeflicients appearing on edge summands are in the open interval
(0,1). Here, the first sum ranges over edges ¢ of H which are bridges (i.e. appear in no
fundamental cycle of S) and the second ranges over all edges ¢ which appear in at least one

fundamental cycle. Define B := min{ﬂt(,o )t € v1}. Then B1y; € kerd and so we may

94



write

(,0_%61:6 §+ Z ey + Z ﬁlg,())et'

t bridge t’ non-bridge
=0|&+ aze; + ﬁ(l)e /
= 1€t i €t

t bridge t’ non-bridge

where the new coefficients in the second sum are given by

© iy,

1
B =
0 ’
t(/)_Bi ey

In particular, in the new expression for ¢ = %E)l we have that one edge of y; appears with
coeflicient zero, so that the collection of edges appearing with positive coefficients contains
one fewer fundamental cycle. Performing this process iteratively, we define at the ith iteration

Bi = min{,B[(,i D.re v;} and observe that subtracting d8;y; from the expression for ¢ — %61

yields a new expression

— 0B171

go—%(?l:(? &+ Z ae; + Z t(f)et/ ,

t bridge ¢ non-bridge

where the coeflicients ,6’;) are defined analogously to in the first stage above. After performing

this process r times, we may write

go—%@lza &+ Z ae; + Z ,BI(,r)e,/

t bridge ¢ non-bridge

We now have by construction that the collection of edges appearing in the expression with
positive coeflicients is acyclic and therefore must be contained in some spanning forest of
A. In particular, denoting by S’ this subset, we have that $’ is contained in some spanning

forest 77 of G. Defining D := & + Y, [0, ¢;], we therefore have that 3D € Az (G) and
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p e %[)1 +0D. Since D < D, this contradicts the minimality of D. O

Proposition 5.3.18. For each ¢ € dC1(G;R), the collection of Delone cells {%1 +D3(¢) :
T € T(G)} and their translates by elements of H|(G; 7Z) comprise the collection of maximal
cells in K5 (G).

In particular, the cells %pl +pD%.(¢) for Dr(¢) € D(¢) and their translates by elements

of pH(G; Z) comprise all maximal cells of Del,(G).

Proof. This can immediately be seen from the previous proposition by taking duals of the
minimal Delone cells Dr(¢) and translating by %1 to recover Delone cells %1 + D3(p)
satisfying the desired properties. Indeed, since ¢ € %c’)l + relint(0D7(¢)), we have that ¢ —
%01 € relint(d D7 (¢)) and so the dual Voronoi cells D7, satisfy ¢ — %81 € relint(0(D7.(¢))").
Hence ¢ € relint (6(%1 + D*T)*) and so %1 + D;(¢p) is a Delone cell whose dual contains

¢. This establishes that %1 + D7.(¢) is a Delone cell in K;(G) and maximality of this cell

follows from the minimality of D7 (). O

With this in hand, we can now explicitly describe the Namikawa subdivisions correspond-

ing to those ¢ € dC1(G;R) with ¢ — %81 € 0C(G; 7).

Proposition 5.3.19 ( [44], Corollary 6.2). Suppose that ¢ € dC(G;R) satisfies ¢ — %61 €
0C1(G; Z). Then the associated Namikawa subdivision Del,(G) is a translate of the Voronoi
subdivision Vor(H' (G;R), pH{(G;Z)). In particular, for ¢ € C\(G;Z) and ¢ = %81 + 0¢,
we have

Dely(G) = p(31 + &) + Vor(H'(G;R), pH1(G; Z)).

Proof. Given such a ¢ € dC(G;R), suppose that & € C;(G;Z) is such that

¢ — 101 = 0¢ € 0C1(G; Z).
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We consider the collections S, and D(¢). Recall from Proposition 5.3.16 that
Ar(G) = {0D : D € Del(C,(G;R),C(G;Z)), D° C T}.

This implies in particular that dC|(G;Z) € SkoAr(G), since for each & € C(G;Z) we
have that £ € Del(C;(G;R), C1(G;7Z)) and (¢")° = @. We therefore see that Ar(¢) = 0&
for all T € 7 (G) and so we may take D7 (¢) = ¢ forall T.

From here, Proposition 5.3.17 gives the collection of all maximal cells in Del,(G).

Indeed, we now see that
m
N+ D3(p) =€+ > [0,e1] =: Cp.
i=1

Thus the collection of maximal cells of Del, (G) is the collection of all pH1(G; Z)-translates

of the cell

pCy = pé& + Z[O,pei] = 3pl+ pé +pV(0) =: Z,.
i=1

That is, by the description of the Voronoi subdivision of H'(G;R) given in Appendix A, we
have

Del,(G) = 1p1 + p¢ + Vor(H' (G R), p H\(G;Z)).
O

Remark 5.3.20. For any ¢ € dC(G;R) satisfying ¢ — %61 = 9¢ for some ¢ € C1(G;7Z),

we have introduced the following notation:

C(p = f + i[o, ei]

i=1

Zy = %pl + pé +pV(0) = pC,.

In particular, p : C, — Z, is a projection of a cube onto a zonotope. Viewing Z, as having
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the trivial subdivision Del,(G)|z,, this illustrates that the Voronoi subdivision of H (G;R)
is a periodic continuation of a coherent zonotopal subdivision of Z,. Below, in Theorem

5.5.1, we use this notation and illustrate that for any orientable choice of ¢ (cf. Definition

5.3.22) ¢

In addition to providing additional insight into Namikawa subdivisions Del,(G) for
w- %81 € 0C1(G;(Z)), the collections D,, of cells from Proposition 5.3.17 also encode the

relation between the cells of A(G) containing different polarizations ¢.

Proposition 5.3.21. Suppose that ¢y = %81 + 0¢ for some ¢ € Ci(G;Z) and let ¢ €
0C1(G;R) be such that the cell A € A(G) containing ¢ — %61 in its relative interior admits

0¢ as a vertex. Then for each spanning tree T of G, the cell Dr(pg) can be taken to be a

Jace of Dr(¢p).

Proof. Fix some spanning tree 7 of G. Then by the proof of Proposition 5.3.19 we know
that we can choose A7 (¢g) = 0¢ and D7 (o) = £. In particular, A7(pg) = ¢ is a vertex of
Ar(G).

By the observation that A(G) is the common refinement of the subdivisions A7 (G), we
have that A = (\7.c7(g) A1 (¢). Because of this, 0¢ < A guarantees that 9¢ € Ar(G). Thus,
since 0¢ is a vertex of A7 (G) and A7 (¢) € Ar(G), it must be that 9¢ < A7 (). This implies

in particular that we can choose a preimage D7 (¢) of Ar(¢) with & < Dr(¢). O

From the results and proofs of Proposition 5.3.19 and Proposition 5.3.21, it is clear that
the property of some ¢q lying in %81 + d0C1(G; Z) is particularly important for our analysis,
as is the property of other ¢ lying in cells A € A(G) satisfying ¢9 < A. This importance

motivates the following definition, whose terminology will become clear in Section 5.5.

Definition 5.3.22. Say that a polarization ¢ € dC|(G;R) is orientable if the cell A € A(G)
with ¢ € relint(A) has some vertex ¢g, where ¢y = %(’)1 + 0¢ for some & € C1(G; Z). Given
an orientable ¢ with a choice of such ¢, say that ¢ is orientable with respect to ¢o. Note

. . : . . ,
that a single ¢ may be orientable with respect to distinct vertices ¢o and ¢j,.
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Correspondingly, say that a Namikawa subdivision Del,(G), the Namikawa complex
D_el(p(G), and the associated compactified Jacobian Jx(¢) associated with an orientable

polarization ¢ are themselves orientable. ¢

5.3.4 Relation to Discriminantal Arrangements and Fiber Polytopes

Observing the structure of the arrangement Arr(G), it is clear that the structure of the dual
graph G is essential to the analysis of the carious Namikawa subdivisions Del,(G). In
fact, for the purpose of understanding the parameterizing space Arr(G)/06Cy(G;Z), there
is much to be gained also by considering the relationship to the cographic matroid M*(G)
and its corresponding oriented matroid structure as specified by the orientation on G.
Recall from Subsection 2.2.2 that the graphic matroid has as circuits the indecomposable
cycles in G. This means that the cographic matroid M*(G) has cocircuits the indecom-
posable cycles in G and circuits the minimal cuts in G. Likewise, the cographic oriented
matroid M*(G) has oriented circuits the minimal cuts wr, in G. As such, we identify
the discriminantal arrangement over M*(G) to be finite hyperplane arrangement d Arry(G),

where Arry(G) is the subarrangement of Arr(G) given as
Arrg(G) = {H, : w is a fundamental cut of G}.

Thus, since the discriminantal arrangement over an oriented matroid is the normal fan of the
fiber polytope associated with the matroid (cf. Subsections 3.1.3 and 3.2.3), we see that the
cells of Arry(G) correspond to coherent zonotopal subdivisions of the zonotope of M*(G).
These observations foreshadow the results of Section 5.5 below, where we identify these
zonotopal subdivisions as restrictions of orientable Namikawa subdivisions (see Definition
5.3.22 below).
Note moreover that for each ¢ € C;(G;Z), the (affine central) hyperplane arrangement

Arrps(G) consisting of those H,,; passing through d¢ is combinatorially equivalent to
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Arrg(G). As we shall see below, each of these central arrangements can be seen to parame-
terize families of Namikawa subdivisions associated with various translates of the zonotope
of M*(G).

For now, we simply observe the combinatorial equivalence of the discriminantal arrange-
ment over M™*(G) and various central subarrangements of Arr(G), keeping in mind that we

will return to these observations later on in Section 5.5.

5.4. Stability Conditions and Degeneracy Sets

Definition 5.4.1. A numerical polarization on a nodal curve X is a map

Y : {subcurves of X} — R

Yl—)wY

which is additive. In particular, we need only define ¢y, for irreducible components X; of X.

Say that the polarization i is of characteristic y if |¢| := ¥ x = x. ¢

Note in particular that any polarization ¢ € §Cy(G x; R) defines a numerical polarization
on the curve X, since a subcurve is uniquely identified by its set of irreducible components,
which correspond to the vertices of Gx. Conversely, additivity ensures that any numerical
polarization defines an element ¥ € §Cy(G;R) by taking ¢; := ¥ (X;), where X; is some
irreducible component of X, and this correspondence is bijective. This perspective allows us
to define the value of ¥ on subsets of vertices of Gx. In particular, we may speak of values

Yw = Xew Wi for biconnected subsets W € BCon(G).

Definition 5.4.2. A V-stability condition of degree d on the graph G is a map

n:BCon(G) — Z

W — ny

100



satisfying the following properties:

(VS1) For all W € BCon(G) we have
ny + nye + val(W) —d € {0, 1}.

If this quantity is O, we say that W is n-degenerate, and otherwise W is n-nondegenerate.

(VS2) For all pairwise disjoint triples Wi, W, W3 € BCon(G) for which W LuW,UWs = V(G)
we have that if two of Wy, W;, W3 are n-degenerate, the third is as well. Moreover, we

require that

{1,2} W; is n-nondegenerate

3
Z Mw, + Z val(W;, W) —d € § {1} exactly one W; is n-degenerate
i=1

1<i<j<3

{0} W; is n-degenerate for all i

The collection D(n) of n-degenerate biconnected subsets W is referred to as the degeneracy

set of the condition n. ¢

Degeneracy sets of V-stability conditions are of great importance in the analysis in
contemporary treatments of compactified Jacobians (see [23], [24], [25]). Moreover, they are
particularly notable for our treatment in virtue of their connection to matroid extensions (cf.
Proposition 5.4.6). Because of this, we provide a definition of abstract degeneracy subsets as

follows.

Definition 5.4.3. A degeneracy subset for a graph G is a subset D € BCon(G) satisfying

the following.
(DS1) W € D implies W€ € D.

(DS2) For all disjoint pairs W, W, € BCon(G) for which W; U W, € BCon(G), we have that

Wi, W, € D implies Wy U W, € D.
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Remark 5.4.4. Though we have seen a means of associating a degeneracy subset to a V-
stability condition, not all degeneracy subsets satisfying the axioms above arise in this way.
In particular, there are degeneracy subsets D which are not of the form D, for any V-stability

condition n. ¢

Remark 5.4.5. From each numerical polarization  on X we obtain a V-stability condition

s(y) given by declaring, for a subcurve Y of X,

s(Y)y = [yrl.

Moreover, the associated degeneracy set is given by

D(y) :=D(s(¥)) = {W € BCon(G) : yw € Z}.

In particular, given a numerical polarization ¢ € dC1(G;R), we may define its degeneracy
subset as the collection of those W € BCon(G) for which (W, ) = (W,d0y) € Z. By
the characterization of the hyperplane arrangement Arr(G) from Section 5.3.2, we thus see
that the degeneracy subset remembers precisely those cuts corresponding to hyperplanes

containing . ¢

5.4.1 Relation to Matroid Extensions and Liftings

Recently in [23], the authors established that for a nodal curve X, each smoothable com-
pactified Jacobian arises from a V-stability condition, and that each V-stability condition
determines a degeneracy subset D C BCon(G). We now establish that choosing a degener-
acy subset for G is equivalent to specifying a single-element extension of the graphic matroid
M (G), and so is equivalent to choosing a single-element lifting of the cographic matroid

M*(G).
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Given a degeneracy subset D C BCon(G), define a subset of cocircuits of M = M(G)

by
Lp={welC*(M):w"eD}.

Conversely, for any linear class of bonds £ C C*(M), define a subset of BCon(G) by

Dr = {w",w € BCon(G) : w € L}.

Proposition 5.4.6. The poset of linear classes of bonds and the poset of degeneracy conditions

are isomorphic via the assignments

{linear classes of bonds} «— {degeneracy subsets for G}
L+— D,

‘CD(_'D

Here, both posets are ordered by inclusion.

Proof. Let D C BCon(G) be a degeneracy subset and Lp its image under the assignment
above. Suppose that w; Uw, Uws C E is a tribond containing two distinct bonds w, v’ € Lp
(ie. wr,w™, ()", ()™ € D). To see that Lp is a linear class, we must show that there is
some third bond w” € Lp which is contained in w; U ws U w3.

Suppose that G — (w1 U w; U w3) has connected components Vi, V,, V3 C V. We may
assume without loss of generality that G — w has connected components V| and V, U V3.
Since w # w’, we may further assume that G — w’ has connected components V,, V| U V3.
Now we see that V;,V, € D satisfy ViNnV, = @ and ViUV, = V5 € BCon(G), so that
condition (DS2) of 5.4.3 ensures that V3, V3C € D. In particular, there is some bond w” for
which the connected components of G — w” are V3 and V; UV, = V5. Thus w”’ € Lp and
w” C w1 Uw;y U ws, so that Lp is a linear class.

Conversely, let £ be a linear class of bonds in G and let D be as above. Note that for all

103



V =w* € Dy, wehave V¢ = w™ € Dy. Now, let Vi, V, € D/ be such that VUV, € BCon(G)
and V| NV, is empty. To show that D/ is a degeneracy subset, we need only establish that
ViUV, € Dg. Write V3 1= (V1 U V,)¢ and let wy, wz, w3 € L be defined by V; = w!. By
V1, Va2, V3 € BCon(G) we then have that there is some tribond C with G — C having connected
components Vi, V,, Vi, so that wy, wy C C. But since L is a linear class, there is some other
w € L distinct from wj, w; for which w C C. Finally, we may now write without loss of
generality that w* = V5, hence V; UV, = V5" € D and Dy is a degeneracy subset.

The assignments in the statement are readily seen to be mutually inverse injections and

order-preserving, competing the proof. O

Remark 5.4.7. We now see that for a given numerical polarization ¢ for G we have assign-
ments

¥ +— DY) — Ly = L) — My = Jo(G, Ly) — M,,.

In particular, each numerical polarization defines a unique single-element lifting of the
cographic matroid M*(G). It is important to note that the lifting an need not be orientable,
so that a numerical polarization ¢ may not correspond to a lifting of the cographic oriented

matroid M*(G). ¢

5.5. Coherence of Namikawa Subdivisions

In this section we establish that any Namikawa subdivision Del,(G) associated with an
orientable polarization ¢ is a pH(G; Z)-periodic continuation of a p-coherent zonotopal
subdivision. This result follows from the characterization in Proposition 5.3.19 of Namikawa
subdivisions for ¢ satisfying ¢ — %1 € 0C1(G;Z) and from the criterion presented in Lemma
3.1.12 for coherence of a subdivision. Note that we use the notation and terminology of
Remark 5.3.20 and Definition 5.3.22 in both the statements and the proofs of the results

below.
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Theorem 5.5.1. Let ¢ be an orientable polarization with respect to some ¢g € %[)1 +
0C1(G;Z). Then the restriction of the Namikawa decomposition Del,(G) to the cell Z,, =
% pl+pé+pV(0) is a p-coherent subdivision with respect to the projection p : Cyy — Zy,. In

particular, Del,(G)|z v IS the p-coherent subdivision of Z, defined by the linear functional

@ = @o.

Proof. For such ¢ and ¢, recall from the proof of Proposition 5.3.19 that we may take
D7 (¢o) = & for all T and recall from Proposition 5.3.21 that we may moreover take D7 ()

to have D7 (¢p) as a vertex. By taking duals and translating, we therefore also see that
31+ Dj(¢) < 31+ Dj(¢0).

In the notation of our current situation, this says simply that %1 + D7 (¢) < Cy, for all
T € T(G). Additionally, we know from Proposition 5.3.18 that the cells %pl + pD7.(p)
and their translates by pH;(G;Z) comprise all maximal cells of the Namikawa subdivision
D,(G), while the cell Z, = pC, and its pH1(G; Z)-translates comprise all maximal cells of
Dely, (G). Further, by part (3) of Proposition 5.3.12, d¢ < A guarantees also that Del,(G)
is a refinement of Del,, (G).

Together, we now see that the cells % pl + pD7.(¢) form the maximal cells of Del,(G)
and form a refinement of the trivial subdivision of Z,, = pC,,. That is, the restriction
Del,(G)| z,, 18 composed of projections of faces of Cy, and so is a p-induced subdivsion of
Z,,- We now appeal to Lemma 3.1.12 to show that it is indeed a coherent subdivision.

Identify C;(G;R) with its dual vector space via the (Euclidean) inner product (-, -). This
allows us to view elements x € C;(G; R) as functionals on C;(G;R) and allows us to speak
of normal cones of polyhedra as living in the same space as the polyhedron itself. Fix a

spanning tree 7 of G. Since %1 + D7.(¢) < Cy, and Cy, is a translate of V(0), taking normal
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cones yields that
Ne,, (31+ Dj(¢)) = cone(e; : 1 € Dr(¢)°) = cone(Dr(¢) —£).

Now, recalling that ¢ — %61 e relint(0D7(¢)) (e.g. by the definition of the cells D7 (¢)), we

automatically also have that
¢ — @0 = ¢ — 301 = ¢ € cone(dDr(9) - d¢) = INc, (31 + D7(9)).

In particular, now applying Lemma 3.1.12 yields that Del,(G)| z,, 18 p-coherent given by the

functional ¢ — ¢p. O

For any orientable polarization ¢, Theorem 5.5.1 now provides a means of associating to
¢ a p-coherent subdivision of Z,. Since Z,, is itself a translate of the zonotope Z := pV(0),
this association also determines a p-coherent zonotopal subdivision of Z and therefore (by
Bohne-Dress, see Theorem 2.3.11) a single-element lifting M, of the oriented matroid
associated with Z.

Since the oriented matroid of Z is the cographic oriented matroid of G (uniquely deter-
mined up to reorientation as in Section 2.4), we can now associate ¢ to a single-element lift
M, of the cographic oriented matroid M*(G).

On the other hand, Proposition 5.4.6 and Remark 5.4.7 provide an alternative means of
generating a (classical) matroid lift M, for each choice of numerical polarization y = 0y
(recall that @ induces an isomorphism 6Cy(g;R) =~ 9C;(G;R)), so the choice of ¥ is
equivalent to a choice of ¢). The next result ensures that, for a choice of orientable ¢, these

two constructions are compatible.

Proposition 5.5.2. Suppose that ¢ is an orientable polarization, so that it yields both a
single-element oriented matroid lift M, of M*(G) (by Theorem 5.5.1) and a single-element

matroid lift M, of M*(G) (by Proposition 5.4.6). Then these lifts are compatible in the sense
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that M, is the underlying matroid of M,:

Mg = M;.
Remark 5.5.3. The results above provide the motivation for referring to ¢ as orientable
(Definition 5.3.22). Indeed, by Theorem 5.5.1 and the discussion following it, each orientable
polarization ¢ gives rise to an oriented matroid whose underlying matroid is itself necessarily

orientable. ¢

We now proceed to describe a purely combinatorial means of describing an orientable
compactified Jacobian Jx(¢). Before we do so, we first establish a proposition describing

the local structure of the hyperplane arrangement Arr(G) at certain vertices ¢ of A(G).

Proposition 5.5.4. For any ¢y € 0C(G;R) with %61 + ¢o € 0C1(G;Z), the poset of cells
A € A(G) with ¢y < A is canonically isomorphic to the face poset of the discriminantal

arrangement over the cographic oriented matroid M.

Proof. Given such a ¢, recall from Remark 5.3.11 that ¢g — %(91 € Sko(Ar(G)) for every
spanning tree 7 of G. That is, the locus of hyperplanes in Arr(G) passing through ¢ — %81
consists of one hyperplane of the form H,, ; for each fundamental cut w of G. By translation,
we then see that the locus of hyperplanes passing through 9009%81 1s canonically identified
with the set of hyperplanes {H,, ¢ : w is a fundamental cut of G }.

On the other hand, recall that the circuits of M = M*(G) are precisely the (ori-
ented) fundamental cuts of G. In other words, the normal vectors of the discriminantal
arrangement over M are precisely these fundamental cuts (cf. Definition 3.2.6), so that
{H,0 : wisafundamental cut of G} is canonically identified with the discriminantal ar-
rangement. Since the poset of cells A € A(G) with ¢y < A is isomorphic to the cones of the

complex induced by the subarrangement

{Hey : 9o — 301 € Hy i} € Arr(G),
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we therefore see the correspondence desired. O

By analyzing the periodicity of the Namikawa subdivisions Del,(G) and the arrange-
ment Arr(G), we now obtain a convenient alternative means by which to determine orientable
Namikawa subdivisions. Indeed, the following result establishes that the choice of an ori-
entable Namikawa subdivision (hence an orientable compactivied Jacobian .790(G)) amounts
to the choice of a vertex g € A(G)/35Cy(G;R) and a single-element lifint M of the

cographic oriented matroid M = M*(G).

Corollary 5.5.5. Each orientable Namikawa subdivision Del,(G) is determined by specifying
a pair (o, M) consisting of a vertex @ of the quotient cell complex A(G)/06Cy(G;R) and
a (possibly trivial) single-element lifting M of the cographic oriented matroid M of G which
is realizable over R.

In particular, if ¢ € relint(A) for some A € A(G) with %61 + @0 < A, then M is
the single-element lift corresponding to the cone of the discriminantal arrangement over M

specified by A.

Proof. Suppose that ¢y € A(G)/36Cy(G;R) and that M is a single-element lifting of
M = M*(G) which is realizable over R. Then any choice of ¢y € @o determines a
Namikawa subdivision which is a translate of the Voronoi subdivision of H!(G;R). Indeed,
writing g = %81 + 0¢ for some ¢ € C1(G;R), Proposition 5.3.19 gives that any such choice

determines the Namikawa subdivision
Dely,(G) = p(31 + ¢) + Vor(H' (G; R), pH1(G; Z)),

and the periodicity of A(G) ensured by Proposition 5.3.12 guarantees that this choice is
independent of ¢ € @g. Further, Proposition 5.3.2 implies that any polarization ¢ which
is orientable with respect to ¢q gives rise to a Namikawa subdivision Del,(G) which is a

refinement of Dely,(c).
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By Theorem 5.5.1, the refinement Del, (G) is given by subdividing all full-dimensional
cells y + Z,, = y + pCy, of Del,, (G) with the p-coherent subdivision Z, specified by
the cell of A(G) containing ¢ in its relative interior. Thus it is clear that a refinement
Del, of Delg,(G) is specified by choosing a p-coherent subdivision of Z, =~ pV(0). By
Propositions 3.2.3 and 5.5.4, choosing a realizable single-element lift M of M specifies such
a subdivision. In particular, we now see that (¢, /T/l\) specifies Del,(G) for any ¢ lying in

the relative interior of the cell A € A(G) corresponding to M. O

5.6. Grothendieck Class of Orientable Compactifications

5.6.1 Grothendieck Ring of Varieties

Let k be a field. The category Varg of algebraic varieties over Kk has as objects the reduced
separated schemes of finite type over k and has as morphisms the morphisms of such objects.
Construct a group from this category by taking the free abelian group on isomorphism classes
[ X] of varieties X in Varg and taking the quotient by relations of the form [ X\ Z]+[Z] = [X]
whenever Z is a closed subvariety of X. This yields the Grothendieck group of the category
Vary, denoted by Ky(Varg). This group also admits a ring structure defined by the product
[X][Y] = [(X Xk Y)req]. This product makes Ky(Vark) into a commutative ring with
multiplicative unit 1 = [Spec k] and with additive identity O = [@]. This ring is known
as the Grothendieck ring of varieties over k. Another important element of this ring is
the Lefschetz motive, the isomorphism class of the affine line L := [All(]. Many important
varieties can be expressed in terms of the Lefschetz motive.

The Grothendieck ring Ky(Vark) is an important invariant of the category Varg and the
study of its structure has yielded fruitful results in arithmetic and birational geometry. In
particular, the rings Ko(Vary) and Ko(Vary)(IL™!) are of crucial importance in the theory of
motivic integration. Further, several important invariants of varieties are known to define

homomorphisms out of Ky(Vark). For example, when k = [F, is a finite field, taking
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the number of closed points of any representative of the class [X] is an invariant which
yields a homomorphism to the integers. Additionally, for k = C, the compactly-supported
Euler characteristic defines another such homomorphism. Any ring homomorphism out
of Ky(Vary) is said to be a motivic measure. Perhaps unsurprisingly, the reason for this
terminology comes from motivic integration.

Still, not much is known about the ring Ko(Varg) in general. It is known at least that this
ring is not a domain: Poonen showed in [48] that when char Kk is nonzero, K((Vary) is not an
integral domain. Further, it was shown in [13] that for k = C the Lefschetz motive is a zero
divisor:

([Xw] = [rw)(@L? = (L - DL’ =0,

where Xy and Yy are non-birational smooth Calabi-Yau threefolds. Still, the Grotherndieck
ring carries a wealth of interesting information about varieties over k.

As a result of the ring structure of Ky(Vark), we have that classes [ X] are additive over
locally closed stratifications and multiplicative over fibrations. That is, when X = | | X; we
have [X] = >[X;] and when X is a fibration over Y with fiber Z we have [X] = [Y][Z].

These properties are illustrated by the following examples.

Example 5.6.1. The class of the algebraic torus G, over k is given by [G,,] = L — 1. To see
twhy this is true, recall that the underlying topological space of G, agrees with that of k*

with the Zariski topology. ¢

Example 5.6.2. The class of affine n-space is given by
[A}] = [A} x -+ x AL =1L".

Further, since projective n-space Py satisfies the recursive relation Py \ ]P’ﬁ‘1 = A, its class

in the Grothendieck ring can be expressed as [Py] = [A{] + [Pﬁ‘l]. Applying this relation
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inductively, this gives the expression

[Pyl =1+L+---+L"

Finally we illustrate a further example which will be of use to us in the sequel. This
example gives the class of a semiabelian variety as a product in terms of an abelian variety

and the Lefschetz motive.

Example 5.6.3. Suppose that A is a semiabelian variety given as an extension of an abelian
variety A by an algebraic torus G”,. That is, X sits in a short exact sequence of algebraic
groups:

0->G" —-A—A—0.

Then Zariski locally we have that A is a fiber bundle over A with fiber G”. Using the

examples above we may therefore write

[A] = (L - D"[A].

5.6.2 The Class of an Orientable Compactified Jacobian

In this section we derive from Theorem 4.2.1 and Theorem 5.5.1 two corollaries that describe
the structure of the compactifications Jy(¢) for orientable polarizations ¢. Essentially,
Theorem 4.2.1 allows us to compute the number of cells in orientable Namikawa complexes
D_d¢(G), which by Proposition 5.3.6 correspond to Pic’(X)-orbits in Jx(¢). From here, we
recall from Subsection 5.6.1 that a stratification yields a sum decomposition in Ky(Vary), so
that a brief analysis of the geometry of Pic(;(—orbits in Jx () yields a formula for the class of

the compactification in the Grothendieck ring.
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Theorem 5.6.4. Let ¢ be an orientable polarization for X and let Del,(G) denote the
corresponding Namikawa subdivision. Let Z, be the associated fundamental domain as
described in Theorem 5.5.1. Then the number of i-dimensional faces of the Namikawa

complex m¢(G) is given by

fiDely(G) = (=1 > u(F,G),
R,SeL,

dim S=0
dim F=g—i

where L is the lattice of flats of the associated lifting M, of M*(G) and p,(-, -) its Mébius

function.
Proof. This follows from Theorems 5.5.1 and 4.2.1. m|

Corollary 5.6.5. Let Del,(Gx) be an orientable Namikawa subdivision associated with a
polarization ¢. Then the class of the compactified Jacobian J x(¢) in the Grothendieck ring

Ko(Varg) is given by the expression

8
[To00] = [Jgl- Do (=DFF > (R ) (L= DE,
k=0 R.SeL,
dim($)=0
dim(R)=g—k

Here, X is the normalization of X, L, is the lattice of flats of the oriented matroid lifting

associated to ¢, and gy, is the first Betti number of the subgraph of G obtained by deleting

edges outside supp(N) for any cell N € D_el¢(G) with dim(N) = k.

Proof. Recall from Proposition 5.3.6 that each cell N; of D_el‘p(X) corresponds to an orbit
O(N;) of Jx(¢) of complementary dimension. More precisely, we have that there are
isomorphisms of schemes

O(N;) =~ Pic™ .,
X(E-supp(N;))

where n; € Co(G;Z) is givenby n; = db(N;) — %d (supp(N;)). Further, we have the following
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equality relating dimensions of cells N; and orbits O (N;):
dim(N;) + dim(O(N;)) = dim(Jx(¢)).

For the duration of this proof, let E; = E — supp(N;) for each i. Now, since X (E;) is itself a
nodal curve, we can appeal to Proposition 5.3.9 to see that Pic’;("( E) isaG,, ® H (G(E;);Z)-
bundle over Pic';. Observe also that Remark 5.3.8 guarantees that the Pic”X" is isomorphic to
Pic%. From this, we see that in the Grothendieck ring Ky (Varg) we have
[O(N)] = [Picy 4]

= [Gw ® H'(G(E); Z)] [Pic}]

- [Gm]g(G(Ei)) [Picglg[]

= (L - 1)8CED) [Pic%]

= (L - l)g(G(Ei)) [Jz].

Here, we have denoted by g(G(E;)) the genus of the graph G(E;). To determine this genus
and its dependence on the cell N;, recall from Proposition 5.3.9 that for each k we have

that each Pick

X(g,) has the structure of a Gﬁ,,(G(e"))—bundle over Pic’;, and that Pick is itself

a G%G’()—bundle over Pic’}‘?. Since the dimension of a bundle is the sum of the dimensions
of the base and the fiber, we deduce the following from the description of orbits given in

Proposition 5.3.6:

dim(N;) + dim(O(N;)) = dim(Jx(¢))
dim(Pic%) + g(G(E;)) + dim(N;) = dim(Pic}) + g(Gx)

g(G(Ep) = g(Gx) — dim(N;).

That is, the value g(G (E;)) depends only on dim(N;). Note that in the above calculation we
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have used that dim(Jx(¢)) = dim(Jx), since the compactifications Jx(¢) are obtained by
gluing on torus orbits of positive codimension. Combining the observations above and writing
gk = g(G(E;)) for any cell N; of dimension k, we then have that each orbit corresponding

to a k-dimensional cell N satisfies
[O(N)] = (L - 1)%[J].

Note that under the usual toric dictionary, we have that dim(N) = dim(D) = dim(p(D))
for any D € K (G) with p(D) € N. This implies in particular that the number of cells
N e D_el(p(G) with dim(N) = k is the same as the number f; of k-dimensional cells in the
associated cell decomposition of the tropical Jacobian J(Gx). Recalling the formula for f

from Theorem 4.2.1, we then have the following.

[Tx(¢)] kaab—l)gk = Z( DEE Y (R, S) (L - 1,

R.SeL,
dim(S5)=0
dim(R)=g—k
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Chapter 6

Categories of Pointed F'-Matroids and

Tropical Vector Bundles

6.1. The category F-Mat,

6.1.1 Morphisms of Pointed F'-Matroids

Fix a perfect idyll . Hereafter, by a matroid we mean a pointed F-matroid unless otherwise
indicated. We now recall morphisms of matroids over a perfect idyll F, following definitions
introduced in [31].

Let S = SU {*s} and T = T U {*7} be pointed sets. A submonomial matrix over F is a
matrix A with entries in F such that each row and column contains at most one nonzero entry.
Given such a matrix with rows and columns indexed by 7" and S, respectively, submonomiality
ensures that each such A defines a mapping A : F S — FT via matrix-vector multiplication.

The underlying map of a submonomial matrix A is the function A : S — T defined by

J i#xsand A;; # Of
A() =

x7  else
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In particular, A is an [Fy-linear map of pointed sets. It is clear from the definitions that the
transpose A’ of such a submonomial matrix A is again submonomial and defines a map from
FT to FS and an associated underlying map A’ : T — S. We refer to A’ as the adjoint or

dual of A.

Definition 6.1.1. A morphism of (nonzero) F-matroids f : M — N is a submonomial
matrix f over F indexed by Ey and E; such that f - Vy; C Vy, where Vy; and Vy are the

sets of vectors of M and N, respectively. ¢

Remark 6.1.2. Recall that the matroid U? consisting of only a basepoint is indeed a pointed
F-matroid. F-matroid morphisms M — N where either N = U? or M = U? do not make
sense in the above definition, since they would be defined as empty matrices. Instead, note
that in either of these cases we have natural notions of morphisms given by the only existing
pointed maps on underlying pointed sets. It easily follows that 0 := U? is the zero object of

F-Mat,. ¢

F-matroid morphisms are preserved under duality. Explicitly, a submonomial matrix f is
a morphism from M to N if and only if f” is a morphism from N* to M* ([31, Corollary 2.9]).

In the sequel, we will use the following alternative characterizations of matroid morphisms.

Proposition 6.1.3 ( [31], Theorems 2.8). Let M = [u] and N = [v] be F-matroids of ranks
m and n, respectively, and let f be a submonomial F-matrix indexed by Ey X Ey. Then the

following are equivalent:
1. f is a morphisms from M to N

2. forallx = (xq,...,xXp) € El’(}lﬂ andally = (v, ...,yn) € E1 we have
m
DUEDE XD - Frena - V(F (), Y) € N
k=0

Remark 6.1.4. In [31], Proposition 6.1.3 is stated and proven in terms of morphisms of
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non-pointed matroids. The adaptation of this result to the pointed case is immediate and has

been omitted. ¢

For each perfect idyll F, the collection of (pointed) F-matroids together with the mor-
phisms above forms a category F-Mat,. One can also define a category F-Mat of non-pointed

F-matroids, but we do not study this category here.

Remark 6.1.5. Recall that to each F-matroid M is associated an underlying matroid M.
With the above definition of matroid morphisms, the assignment M +— M is a functor from
F-matroids to K-matroids. More generally, for any morphism of perfect idylls ® : F — G
we have that the base-change map M — ®.M is a functor from F-Mat, to G-Mat,. On
morphisms, these functors assign to an F-matroid morphism f : M — N a G-matroid

morphism @, f : .M — ®,N given by applying ® entrywise to the submonomial matrix
/- ¢

We now illustrate how the contraction, deletion, and restriction of F-matroids described

in Section 2.4 can be seen as F'-matroid morphisms. Let M be an F-matroid and let S C Ey,.

(1) (Contraction) Associated to the contraction M /S we have a contraction map cg :
M — M/S given by the submonomial matrix indexed by Ej; \ S and E with entries
(cs)ij = 0;j, where ¢;; is the Kronecker delta. In other words, up to reordering of
columns, ¢ is a matrix whose first |Ej; \ S| columns form an identity matrix and whose
other columns are zero. That this is a matroid morphism is guaranteed for example

by [2, Proposition 4.4].

(2) (Restriction) Associated to the restriction M|S we have a restriction map rg : M|S —

M given by the submonomial matrix indexed by Ej; and S with entries (rs); i = 0ij-

*

Thus in particular we have rg = ¢ Ear

¢ and so rg is also a matroid morphism.

These morphisms can be understood in terms of their underlying maps: the contraction cg
sends all elements of S to the basepoint of M \ S and preserves all other elements, while the

restriction rs embeds S into Ey.
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Morphisms of K-matroids induce [F-linear strong maps between the associated classical
matroids, in the sense that the underlying map is an [Fi-linear strong map of matroids.
Similarly, morphisms of F-matroids provide an appropriate notion of [F|-linear strong maps
for F =S, T.

We now establish some useful facts about morphisms of matroids which will be of use to
us in the sequel. In particular, we are able to characterize monomorphisms and epimorphisms

completely.

Proposition 6.1.6. A morphism f : M — N of F-matroids is a monomorphism if and only

if f is injective. Similarly, f is an epimorphism if and only if f is surjective.

Proof. This is established by [27, Corollary 3.8]. Its analog for pointed F-matroids is

immediate. O

Note that this ensures that F-Mat, satisfies axiom (PA1) of a proto-abelian category (see

Definition B.4.1).

Remark 6.1.7. From this we see that any epi-monic f : M — N of F-matroids has
underlying map a bijection, but the inverse map on sets is not necessarily a morphism of
F-matroids. Instead, we see that f : M — N is an isomorphism of F-matroids if and only if
the submonomial matrix associated to f is invertible and the inverse matrix f~! defines an

F-matroid morphism from N to M. ¢

Proposition 6.1.8. A morphism a« : M — N is a matroid isomorphism if and only if its

adjoint ' : N* — M* is also an isomorphism.

Proof. Considering the F-matrices associated to & and to @', note that

-1 .
(@), = T S 0
ij — .

0 else
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On the other hand, the morphism o’ : N* — M* by definition has the F-matrix given by

(@");; = aj; and the adjoint of ¢! has the F-matrix given by

((a'_l)t)ij = (a’_l)ji =Y

Or else

Thus as F-matrices, (¢~!)" = (a’)~!. Finally the fact that ! : N — M is a morphism
implies immediately that (a~')’ : M* — N* is also a morphism, and since (o~ ') = (a')~!

the result follows. O

Proposition 6.1.9. Let « : M — N be a matroid isomorphism, let A C Ey, and S C Ey.

Then « induces isomorphisms M|a~'(A) = N|A and M/S = N/« (S).

Proof. Let M = [u] and N = [v] be matroids with ranks m and n. We begin with the
contraction statement. Denote the associated contractions M /S = [u”] and N/a(S) = [v"].
Assume also that M /S has rank m” and N /a/(S) has rank n”. Then by definition @ induces a
bijection on the ground sets of M /S and N /a(S). We seek to show that this induced bijection
is a matroid morphism. That is, we would like that for all X = (x, ..., Xu~) € (Ep \ S)™ !

andally € (Ey \ @(5))” ~! we have
mH
Z(_1)k/1”(xl§)a'g(xk),xkV”(g(xk), Y) € NF~ (61)
k=0

Since a is an isomorphism, we know that for all z € E;‘"fl and all w € EI'\’,‘1 we have

D (D (z) Qaz v (@(20), W) € N (6.2)
k=0

Fix (ordered) bases a of M|S and d of N|a(S). Then taking z = (x,a) and w = (y,d), we
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see that Expressions (6.1) and (6.2) differ only by the following terms:

(—l)k,u(x, a]})ag(ak),akv(g(ak)’ Y, d) (63)

k>m" +1

Considering each summand in Expression (6.3), note that by Proposition 2.4.5 we see that the
each factor v(a(ag),y, d) is nonzero only when |y| U |d| U {e@(ay)} is a basis of N. But since
a(ayg) € a(S) by definition, we see that necessarily |d| U {a(ay)} is dependent in N|a(S),
as d was chosen to be a basis. This then implies that |y| U |d| U {@(ax)} cannot be a basis of
N and so v(a(ak),y,d) = Op. Thus Expressions (6.1) and (6.2) express the same element
of F and so « induces a morphism M /S — N/a(S). Finally, because « is an isomorphism,
the above argument applies also to &~!, so that M /S = N/a(S).

For the restriction statement, we appeal to duality. In particular note that by Proposition
6.1.8 a induces an isomorphism o’ : N* — M*. For A C Ey the above argument establishes
an isomorphism N*/A = M*/a'(A), which is equivalent to the desired N|A = M|a~'(A)

since @’ = a~!. m|

6.1.2 (Co)kernels of F-matroid morphisms

We now show that each morphism of F'-matroids admits both a kernel and cokernel, each of

which is again a morphism of F-matroids.

Proposition 6.1.10. Let M = [u] and N = [v] be matroids of ranks m and n, respectively, and
let f : M — N be a morphism of F-matroids. Then the restriction morphism M|f ™' (xy)

M is a kernel of f and the contraction morphism N - N/ f(Ey) is a cokernel of f.

Proof. LetK := f~'(s+n)\ {#*m} € Ey and C := f(E)) C Ey and suppose that ru(K) =k
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and ry(C) = c. Note that we then have the following commutative squares in F'-Mat,:

MK —3 M M—L 5N
[ Lo
03 N 0 >—> N/C

We seek to show that the first square is Cartesian and the second is co-Cartesian. To this end,

suppose that R = [p] is a matroid of rank r for which the solid arrows of following diagram

commute:
8
MK %5 M (6.4)
b
0 >—N

We now construct the morphism /4 which makes the full diagram commute. Noting that g
is given by an |E;| X |Eg| submonomial matrix, let & be the |K| x |Eg| submatrix obtained
from g by deleting all rows associated to elements of £y, \ K.

To see that the resulting matrix 4 is a matroid morphism, recall first that since g is a

matroid morphism, for ally € E ;;'1 andallx € £ 1’{}1‘1 we have
d .
D =100 - 8avye - H(8(31),X) € N
i=0

In order for & to be a morphism from R to M|K, we thus need that for eachy € E ;;“1 and

each z € K"1(K)~1 we have
D D00 - hugyiyy, - (IK) (A(30), 2) € N
i=0

However, recalling the definition of u|K we see that we can take x = (z, b) for any basis b of

M /K to obtain

(ulK) (h(yi), 2) = p(h(yi), X).
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Moreover, by the construction, for each y; € K we have gq(y,).y; = hn(y,),y;- In particular, we

thus see that
r ] r )
D000 - haiyyys - WK (RO 2) = D (=1 p(¥7) - 8e(yy: - 1(8(30),X) € N
i=0 i=0

Observe further that any such morphism 4 must be unique. To see this, note that for any two
such morphisms / and 4’ making the diagram commute, the fact that rx is a monomorphism
implies that h = A'.

The proof that N/C is a cokernel of f is completely analogous and so has been omitted. O

The above thus illustrates that F'-Mat, is a pointed category with kernels and cokernels.

We have already seen that it satisfies axiom (PA1) of Definition B.4.1.

6.1.3 Proto-exactness of F-Mat,

We now prove the main structural result about the category of (pointed) matroids over a

perfect idyll F.
Theorem 6.1.11. For each perfect idyll F, the category F-Mat, is proto-exact.

Combining this theorem with Propositions B.4.4, 6.1.6, and 6.1.10, we obtain the follow-
ing.
Corollary 6.1.12. For each perfect idyll F, F-Mat, is proto-abelian.

We begin by introducing the classes M and € of admissible monomorphisms and epi-

morphisms.
Definition 6.1.13. Let f : M — N be a morphism in F-Mat,.

1. f is an admissible monomorphism if f = r4 o @, where A C Ey andry : M|[A - M

is an inclusion map, and « is an isomorphism of F-matroids:

M —23% N|A —23 N,

122



Denote by Mt the class of admissible monomorphisms.

2. f is an admissible epimorphism if f = o cp, where B C Eyyandcp: M — M/B is

a contraction map and £ is an isomorphism of F-matroids:
cB B
M — M/B ——> N.

Denote by € the class of admissible epimorphisms.

By the characterization in the previous section of submonomial matrices corresponding
to restrictions and contractions, note that, up to reordering ground set elements, any f € It
is represented by an |Ey| x | E /| submonomial matrix whose topmost | E ;| X |E ;| submatrix
is invertible (in fact this submatrix is the matrix of @). Likewise, up to reordering, any g € €
is represented by a submonomial matrix whose leftmost full submatrix is invertibe, and is the
matrix of 8. Note that from Proposition 6.1.8, we have that 9’ = € and vice versa.

Further, by Proposition 6.1.10 we see that 9t consists of isomorphisms followed by
kernels and € consists of cokernels followed by isomorphisms.

With the above characterizations of the maps in M and €, we are ready to verify the

axioms of a proto-exact category.
Proposition 6.1.14. The classes I and € contain all isomorphisms.

Proof. Let a be an isomorphism of matroids. Observe that we can write @ =1 - = a - [,
where [ is the identity F-matrix. These factorizations and the fact that @ is an isomorphism

illustrate that « is in both M and €. |
Proposition 6.1.15. The classes Ik and € are closed under composition.

Proof. Let f,g € M be a pair of composable admissible monomorphisms, so that we have
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f=rpoa:M — Nand g =rgof: N — R. Thus we have

M—23s NA s N Ly RiB-5 R

Now define h :=go f =rgoBorpoa. Thenh: M — Risa |Eg| X |Ey| F-matrix with
entries

Bpa(a(y) " @a(j); 1€ g0 f(Ey)andi=go f(j)

ij =
OF i¢gof(Em)
We can now illustrate the appropriate factorization of 4 by constructing an isomorphism vy

by applying 8o a to @~ ' (A) = Ej;. Define an |E )| x |Ey| F-matrix y with entries

Bpa(inal) Y. =8 f()
Yij = .
0 else
Thus by construction we have the factorization 7 = Feof(En) © Y 88 F-matrices. Finally,
note that y is an isomorphism of matroids since it is a composition of (restrictions of)
isomorphisms.

We now show the corresponding result for € by appealing to adjoint morphisms. Suppos-
ing now that f, g € € are composable admissible epimorphisms with associated factorizations
f=aocq: M — Nandg =L ocpg: N — R, wecan write
B \

M —25 M/A —25 N —2% N/B > R .

Let h := g o f. Taking duals of everything in sight, we now have that g’ : R* — N* and
f' 1 N* — M* are composable morphisms in 9t. Thus by the above argument we have
that the composition 4’ = f o g’ is also in M, so that h € €. Alternatively, one can easily

reproduce an analog of the above argument for €. O

We now prove an auxiliary result regarding biCartesian squares in F-Mat,, following [22,
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Lemma 4.9].

Lemma 6.1.16. Let N be a pointed F-matroid and let B C A C Ey. The following square is

biCartesian in F-Mat,:
NA—L s N

s ik (6.5)

(N|A)/B =% N/B

where f =rj and g = r(a\p).

Proof. Note first that this diagram is commutative since by Proposition 2.4.7 we have that
(N|A)/B = (N/B)|A. We proceed by illustrating that the square (6.5) is coCartesian.

Suppose that we have the following diagram in F-Mat,:

NA—L 3 N

bk

(N1A)/B = n/B N (6.6)
\ R

Now define an F-matrix vy given by removing from £ all columns associated to elements of
B. Doing so preserves submonomiality and therefore defines a map y : Ey;p — Eg and
gives a factorization yk =  as F-matrices. It remains now to show that y is an F-matroid
map, which we check using Proposition 6.1.3.

LetM = [u], N = [v],and R = [p], and suppose thatrky (B) = £. In order to show that y

is a morphism, we must establish that for all choices of X = (xq, ..., X,y_¢) € (Ex\ B)"V ¢!
and all choices of y = (y2,...,y,,) € (Eg)"®~! we have
rv—"C
=D (/B (X)) Yy 0 (¥ (X)), ¥) € N, 6.7)
j=0

where 7y is the rank of N. We can re-express (6.7) by using the definition of the Grassmann-

Pliicker function v/B. Letb = (by,...,b;) € (En)¢ be a vector where by,..., by is a
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maximal independent set of N|B. Then we are interested in the sum
rnv—C
D =D, B) Yy ), 0 (1 (), Y). (6.8)

j=0

However, recalling that 5 : N — R is a morphism, we are guaranteed that

rv—"C N
D DI, 0)Baiay P (B, Y+ DL (=1 v(%,57)Bss,.,0(B(;),Y) € N
j=0 j=ry—t+1

(6.9)
Noting that f acts as the identity on elements of B, we see that by the commutativity of

Diagram (6.6) we obtain

B(B) = B(f(B)) = a(h(B)) = *, (6.10)

in particular for all b; we have ﬁg(bj),bj = Op. This illustrates that the second sum in (6.9)
collapses to O, so that the first sum must be in Nr. But by the construction of y, forall x ¢ B
we have Yy = ﬁg(x),x, hence the first sum is equal to the sum (6.8). This establishes that
v : N/B — R is indeed a morphism of F-matroids.

For the uniqueness of y, suppose thaté : N/B — R is another morphism making Diagram
(6.6) commute, so that 8 = 0k = yk. By Proposition 6.1.6, k is an epimorphism, hence
¢ = 7y. This establishes that Diagram (6.5) is coCartesian.

To see that our diagram is also Cartesian, we could reproduce a similar argument to the
above, which involves changing little other than the morphisms involved and the order of

some compositions. Instead, we apply duality for a swifter proof. Consider the following
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pair of dual diagrams:

P (N/B) —E— N7
ﬂ Lo
@ « ht % B
N|A N ((N4)/B))* —5 (N]A)

Lh 7 i" \
(N|A)/B 2= N/B P

We would like to produce a morphism P — N|A making the left-hand diagram commute
and then prove its uniqueness. In view of duality, this is equivalent to producing such a
morphism (N|A)* — P* which commutes with the right-hand diagram. By Proposition

2.4.7, the right-hand diagram above can be re-expressed as follows:

N*|(Ey \ B) > N

" |

(N*|[(En \ B))/(ENn \ A) LN N*/(En \ A)
\ P

But we have just seen in the above that this diagram admits a unique morphism N*/(Ey\A) —

ﬁt

P* making the diagram commute. Thus taking duals again we see that Diagram (6.5) is
Cartesian.

Alternatively, one can establish directly that Diagram (6.5) is Cartesian using a proof
totally analogous to the coCartesian case. This approach has the benefit of circumventing

duality, and so applies also in the context of simple F-matroids. O

Proposition 6.1.17. Any diagram in F-Mat, of the form M > R « N can be completed to

a bi-Cartesian square.

Proof. Leti : M > Rand j : N -» R. Using the definition of the class €, we can write

Jj = Boca, where B is an isomorphism and ¢4 : N — N/A is a contraction for some
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A C Ey. Likewise, we can write i = rp o @, where « is an isomorphism and rp : R|B — R is
a restriction for some B C Eg. Letting C := j‘1 (B) C Ey, one can see that A C C. Hence,

we obtain the following diagram:

N|C —— N

i im

(N/A)|IC — N/A (6.12)

e s

M —2 S RB—2 3R

Note that Proposition 6.1.9 gives that §|¢ is an isomorphism. Since « is an isomorphism, we

have the following commutative square:

N|C —> N

i i (6.13)

M >—— R

We claim that (6.13) is the bi-Cartesian completion of M > R «- N. By Lemma 6.1.16 the

square in the following diagram is biCartesian:

N|C ——3 N

i i (6.14)

(N|C)/A == (N/A)IC —— N/A

Here the equality in the bottom left is given by Proposition 2.4.7. Suppose now that we have

diagrams

(6.15)

L— =
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Then appealing to the fact that §|¢ is an isomorphism, we now have

P NIC ——3 N
wo-ar N NIC N (NJAC — N/A (6.16)

(N/A)IC — N/A 0

In particular, the bi-Cartesian property of (6.14) now guarantees the existence of unique maps

P — N|C and R = N/A — Q. This establishes that the completion is biCartesian. m|

Proposition 6.1.18. Any diagram in F-Mat, of the form M « R > N can be completed to

a biCartesian square.

Proof. This proof follows immediately from Proposition 6.1.17 by applying duality as in the
proof of Lemma 6.1.16. However, alternatively one can follow analogous steps to the proof

of Proposition 6.1.17 as would be played out in the opposite category. i

Proposition 6.1.19. Any square of the following form in F-Mat, is Cartesian if and only if

it is coCartesian:

M >—— N

Lo

P> R
Proof. Suppose first that the square is Cartesian. Then by Proposition 6.1.17, P > R «~ N

can be extended to the following commutative square:

Since our original square was assumed Cartesian, we obtain that M = M’ by the uniqueness

of pullbacks up to isomorphism. In particular, this means that our square is coCartesian as
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well. The other direction is analogous, instead considering the biCartesian completion of

P« M>» N. O

Putting together Propositions 6.1.14, 6.1.15,6.1.17, 6.1.18 and 6.1.19 we obtain Theorem
6.1.11 and therefore also Corollary 6.1.12. Observe also that the functor ®.. : F-Mat, — G-
Mat, of Remark 6.1.5 given by a morphism @ : F — G of perfect idylls is an exact functor,
owing to the definition of admissibles.

We now characterize the sum and intersection of strict subobjects in -Mat, as described
in Subsection B.5. Note that from Proposition 6.1.10, the notion of admissible subobjects
in F-Mat, (viewed as a proto-exact category) agree with the notion of strict subobjects in
F-Mat, (viewed as a proto-abelian category). Hence, we use the same symbol »— to denote
strict subobjects.

Let M be an F-matroid with strict subobjects M, M, > M. Without loss of generality,
we write M| = M|A; and M, = M|A, for some Ay, Ay C E);. In analogy with Diagram

(B.7) we then draw the diagram

(M]A1) + (M|A2) <—— M|A,

T

M|A; > S M > M/A;
M/A, —— M’

where as in Diagram B.7 the bottom right square is a pushout and the map (M|A;) +
(M|A;) » M is the kernel of the composition M — M’. By a straightforward argument
similar to the proof of Lemma 6.1.16, it follows that M’ can be identified with the matroid
M /(AU Aj), so that Proposition 6.1.10 yields (M|A1) + (M|Ay) = M|(A;UA5). Likewise,
one verifies analogously that (M|A;)N(M|A,) = M|(A;NA3). This establishes the following

proposition.

Proposition 6.1.20. Let M, M, > M be strict subobjects of M in F-Mat, given as restric-
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tions My = M|A| and M, = M|A,. Then the sum and intersection of the subobjects M| and

M, are given by

(M|A1) + (M|Az) = M|(A1 U Ay)

(M|A1) N (M|Az) = M|(A1 N Ay).

We close this subsection with a verification of Artinian and Noetherian conditions in

F'Mat. .

Proposition 6.1.21. Let M be an F-matroid and let - - - > M;_; > M; > --- be an infinite
chain of strict subobjects of M. Then for some n_,n,. € Z we have that M;_y = M, fori < n_

and Mj = M, for j > n,.

Proof. Since each M; is a strict subobject of M, we may write M; = M|A; for some A; C Ey.
In particular, since Ej; is a finite set and M;_; »» M; implies A;_; C A;, we must have that

the sets A; stabilize as i — oo or i — —oco. This completes the proof. O

6.1.4 Further Structure on /-Mat,

In this subsection we establish directly that the categories F'-Mat, are combinatorial and have
direct sum and duality in the sense of Subsection B.2. We continue to work with a perfect

idyll F.

Theorem 6.1.22. The category F-Mat, is a combinatorial proto-exact category with duality

and with exact direct sum.

We prove this theorem in three parts as Propositions 6.1.24, 6.1.26, and 6.1.25 which we

separate for convenience. The reader may wish to refer back to Definitions B.2.1 and B.2.2.

Lemma 6.1.23. Let M| = [u1] and M,

[u2] be pointed F-matroids of ranks ry and ry

on ground sets Ey, and Eyy, and let A; € Ey, for i = 1,2. Then we have the following
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equalities:

(M1/A1) & (M2/Az) = (M & M>)/ (A1 U Az)

(M1]A1) ® (M2|Az) = (My ® M>)|(A1 U A)

Proof. We verify only the first equality above, as the other follows analogously. Fori =1, 2,
suppose that A; satisfies ru; (A;) = s; and let a® be a basis of the classical matroid M; |A;.

Then forx € (Ep, \ A1) andy € (Ey, \ A2)"27%2 we see the following.

((11/A) & (u2/A2))(x.y) = p1(x,aV) - p(y.a?)
(11 @ p2)/ (A1 U A2))(X,y) = (11 ® p2)(x,y,a",a?)
= m(x,aV) - pa(y,a®).
We thus see that the associated Grassmann-Pliicker functions are equal and so must be the

associated matroids. O
Proposition 6.1.24. The operation @ is an exact direct sum on the category F-Mat,.

Proof. By the definition of the operation @ for pointed F-matroids, the axiom (DS1) is
immediate. To see that @ : F-Mat, X F'-Mat, — F-Mat, is exact, suppose that we have a

short exact sequence
(My, Mp) — (X1,X2) —» (N1, N2).

This means that M; > X; - N; is a short exact sequence for i = 1,2, and so we may
assume without loss of generality that there are subsets A; C Ey, for which M; = X;|A; and
N; = X;/A;. We would like to show that the image of this sequence under & is a short exact
sequence in F-Mat,. That is, we would like to see that M| & M, = (X; & X»)|(A; LU A;) and

Ni®N; = (X;® X3)/(A; UAj3). These isomorphisms in fact hold with equality by Lemma
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6.1.23. This establishes that (DS2) holds.

To verify axiom (DS3), let M, N, R be F-matroids on ground sets Ej;, Ey, and Eg,
respectively. Denote by ¢py : M > M & N and my; : M @ N - M the associated inclusion
and projection, and similar for ¢y, tg, 7y, and wg. We illustrate that the following map is an

inclusion:

Hom(M & N, R) — Hom(M, R) x Hom(N, R)

fr—(fouw,fouw)

The second property regarding Hom(R, M & N) follows analogously and so we do not
include the proof here. Suppose that f,g : M @ N — R are morphisms of F-matroids
for which f oy = gouy and f oy = g oty. Noting that ¢y is in fact the map
re, - (M ® N)|Ey — M @ N, we note that it is represented by a block matrix [[ ()]T,
where I is the Ey; X E i identity matrix and O is the E v x Ey zero matrix. Likewise, ¢y = TEn
can be represented by the block matrix [() 1 ] ' with blocks of the appropriate size.

The morphisms f and g are both represented by Ex x (Ey U Ey) matrices. Say f has
matrix [FM FN] and g has matrix [GM GN], where Fy; and G are of size Eg X Ey

while Fy and Gy are Eg X Ex. Then f oty = g oy has matrix

1 Il
[FM FN] = [FM O] = [GM GN]
0 0
Similarly, we conclude that f o (y = g o ¢y has matrix
0 0
[FM FN] = [0 FN] = [GM GN] .
I Il

Thus we see that Fj; = Gy and Fy = Gy, so that f = g. This shows that the above map

of Hom-sets is an injection. Together with the analogous property for Hom(R, M & N) —
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Hom(R, M) x Hom(R, N), this establishes axiom (DS3).
For (DS4), suppose that M »» X - N is a short exact sequence in F'-Mat, with injection

¢ and projection m, for which we have a section s of 7 giving the following diagram in F'-Mat,.

X
A

S

|
|
MH @NHN

We seek to find an isomorphism f : M @ N — X making the diagram above commute and
to show that it is unique. As earlier, we assume without loss of generality that M = X|A
and N = X/A for some A C Ex. Then 7 = cy4 is represented by the (Ex \ A) X Ex matrix

[0 1], where 7 is an (Ex \ A) x (Ex \ A) identity matrix. Similarly, ¢ = r4 has Ex x A
T
matrix [ I ()] with first block an A X A identity matrix.

T
The section s : X/A — X is represented by an Ex X (Ex \ A) matrix [() S] where S

isan (Ep \ A) X (Ep \ A) matrix. This means that 7 o s has matrix
0
0 16l | | =[]
S

T
Since 7 o s = idy, we see that s has matrix [() [EX\A] , hence s = rg,\ 4 is an injection. We

can now restate our diagram as follows:

X
A TEx\A

/ o

X|A — (X|A) ® (X/A) %< X/A

Clearly one can choose f to have the Ex x Ex identity matrix. This is in fact the only choice.
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To see this, suppose that f is represented by the block matrix

Foo  For

Fio Fu

where Fyois A X A and Fy is (Ex \ A) x (Ex \ A). Then the two equations

15 Foo For| [1a 0 Foo  For 0
= and =

0 Fio Fii|]0 Igpa Fio Fu||lgaa
imply that the only choice is Foo = I4 and F1; = I, 4, with all other entries being zero. The

argument regarding retractions follows similarly. m|

Proposition 6.1.25. F-Mat, is a combinatorial proto-exact category with respect to the exact

direct sum ®.

Proof. Let My, M>, and N be F-matroids on ground sets Ey,, Ey,, and Ey. Given an
admissible mono g : N > M1®M,, we would like to exhibit admissible monos tx : Ny > M
for k = 1,2 for which there is an isomorphism f : N — N; & N, with (¢; ® ) o f = g.

As before, assume without loss of generality that N = (M| & M;)|(A; U A;) for some

subsets Ay C Ep,. We define Ny := N|Ay = (M| ® M,)|Ax = My|Ax. Then by Lemma

6.1.23 we see
N1 ® Ny = (Mi|A)) & (M|Ay)
= (M, ®M)|(AfUAy) =N
and the equation (¢ @ ) o f = g immediately follows. O

Proposition 6.1.26. F-matroid duality M — M* endows F-Mat, with the structure of a

proto-exact category with duality.

Proof. Verification of the axioms (D1) and (D2) are immediate. Indeed, the zero element of
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F-Mat, is the matroid U(0, 1), whose self-duality establishes (D1). Further, (D2) follows
from the fact that dual morphisms are given by transposing the corresponding matrices and
the form of matrices representing admissible monos and epis.

To verify (D3), suppose that we have a biCartesian square in F-Mat,. Without loss of
generality we may assume that it is of the following form for some matroid M and disjoint

subsets A, B C E ;.
M|A ——> M

i l 6.17)

(M|A)/B — M/B
Recall that for any S C E); we have (M|S)* = M*/S and (M /S)* = M*|S. Together with

Proposition 2.4.7 we then see
((M]A)/B)" = (M|A)*|B = (M"/A)|B = (M"|B)/A.

So that applying duality to the above square yields

M*JA &—— M*

I I (6.18)

(M*|B)/A «— M*|B
and we know this to be biCartesian by Lemma 6.1.16. O

Proposition 6.1.27. The category F-Mat, is not split. In particular, for each perfect idyll F

there exist short exact sequences M > N —» P for which N is not isomorphic to M & P.

Proof. Let C4 be the cycle graph with edges a, b, c,d and let S = {a}. Then, denoting by M
the (simple) graphic matroid of Cy, we have that M is an F{-matroid (i.e. a regular matroid)

and we have the following short exact sequence in F-Mat,:

M|S»—> M —» M/S.
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Here M|S is the graphic matroid of the path of length 1 and M/S is the graphic matroid
of the cycle C3. Again, both matroids are simple. Since direct sums of graphic matroids
correspond to disjoint union of the associated graphs, it is clear that M is not isomorphic to
(M|S)® (M]S).

For an arbitrary perfect idyll F', we can push the above example along the unique idyll

morphism [F} — F to realize this example in F-Mat,. O

This establishes that F-Mat, is neither split nor uniquely split for any perfect idyll F.

6.2. The category F-SMat,

Recall that an F-matroid M is said to be simple precisely when its underlying matroid M
is. The collection of all simple matroids with strong maps forms a reflective subcategory of
the category of matroids with strong maps. Indeed, the assignment M — si(M) is a functor
from matroids to simple matroids, and this functor is left adjoint to the inclusion.

These statements also hold for pointed matroids by using the pointed simplification sie
of a pointed matroid M. In short, one forgets the distinguished loop of M, takes the non-
pointed simplification, and takes the direct sum with U(0, 1) to recover a pointed matroid.
See [27, Section 7] for more details on pointed and non-pointed simplification.

In our setting, the analogous statements are immediately verified: the collection of all
pointed simple F-matroids together with F-matroid morphisms forms a reflective subcategory
of F-Mat,. This follows because simplicity is defined purely in terms of the underlying
matroid and because K-Mat, can be identified with the subcategory of Mat, consisting of
[Fi-linear morphisms.

Observe that all restrictions of simple matroids are necessarily again simple. In light
of Proposition 6.1.10 this observation establishes that F-SMat, has all kernels. Since the
simplification functor si, is a left adjoint, we also see that it preserves colimits and so F-SMat,

also has cokernels.
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Remark 6.2.1 (Kernels and cokernels). In fact, we can say more regarding kernels and
cokernels in F-SMat,. Recall that the kernel of a morphism f : M — N in F-Mat, is
M| f ~I(xy). If both M and N are simple, then by definition this means that y is a flat of N.
Thus, by the fact that underlying map f : M — N is strong, we see that f ~I(xy) must be a
flat of M. This implies that any kernel in F'-SMat, is the restriction morphism associated to
some flat F € L(M).

With regards to cokernels, observe that given a simple F-matroid M and contraction
morphism c4 : M — M /A in F-Mat,, applying si, yields sis(M) — sis(M/A). A routine
exercise in matroid theory yields that the underlying matroid of sie (M /A) is M /{A), where
(A) € L(M) is the flat of M obtained as the closure of the subset A. Thus all contractions

(and therefore all cokernels) in F-SMat, are contractions at flats. ¢

As areflective subcategory of F-Mat,, it is also immediate that F-SMat, satisfies axiom

(PAT) of proto-abelian categories (Subsection B.4).

Proposition 6.2.2. The category F-SMat, admits all kernels and cokernels of morphisms.

Moreover, it satisfies axiom (PAl) of a proto-abelian category.

As a departure from the proto-exact structure on F-Mat,, we define the classes of
admissible monomorphisms and epimorphisms yielding the proto-exact structure on F-

SMat, as follows.
Definition 6.2.3. Let f : M — N be a morphism in F-SMat,.

1. fisan admissible monomorphismif f = rroa, where F € L(N) andrp : M|F — M

is an inclusion map, and « is an isomorphism of F-matroids:
@ 'r
M —— N|F —— N,

Denote by i the class of admissible monomorphisms in F-SMat,.
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2. f is an admissible epimorphism if f = 8o cg, where G € L(M) and cg : € — £/G

is a contraction map and S is an isomorphism of F-matroids:
cG B
M —— M/G —> N.

Denote by €, the class of admissible epimorphisms in F-SMat,.

Remark 6.2.4 (Admissible morphisms). Observe that MM and €, are strictly smaller than
the intersection of the classes I and € with the morphisms of the subcategory F-SMat,.
For example, if M is a simple matroid and there is some subset A C E); for which M|A is
simple but A is not a flat of M, then the inclusion map r4 : M|A — M is in M but is not in
M.

Despite this difference, however, note that MM and M both consist of isomorphisms
followed by kernels of morphisms in their respective categories. Likewise, € and € consist of
cokernels of morphisms followed by isomorphisms. A similar characterization of admissibles

will be used for the proto-exact structure on tropical reflexive sheaves in Section 6.4. ¢

Observe that Propositions 6.1.14 and 6.1.15, as well as Lemma 6.1.16, hold in F-SMat,.
The latter then gives that Propositions 6.1.17, and 6.1.19 hold as well. Lemma 6.1.16 is true
on the nose with arrows coming from 9 and €, (so that A and B should be flats), while the
other propositions follow essentially from the observation that if N, N|A, and N /B are simple
matroids, so must be (N|A)/B. Together with Proposition B.4.4 and Proposition 6.2.2, we

obtain the following corollary.
Corollary 6.2.5. For each perfect idyll F, the category F-SMat, is proto-abelian.

Sums and intersections of subobjects in F-SMat, depart slightly from the characterization

of those in F-Mat, as given in Proposition 6.1.20. Instead, we have the following:
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Proposition 6.2.6. Let M, M, > M be strict subobjects of M in F-SMat, given as restric-
tions My = M|Fy and My = M|F; at flats Fy, Fy € L(M). Then the sum and intersection of

the subobjects M| and M, are given by

(M|F1) + (M|Fy) = M|(F V F>)

(M|Fy) N (M|Fy) = M|(F1 A Fy).

The characterization of the intersection is identical to F'-Mat,, as the intersection of Fj
and F; is precisely Fi A F;. The characterization of the sum follows by reasoning identical to
that regarding contractions of simple matroids. In particular, when contracting F; U F, one

must instead contract (F; U F,) = F| V F; in order to obtain a simple F-matroid.

Remark 6.2.7 (No duality). Since the dual of a simple matroid is not necessarily simple, we
see that F-SMat, is not proto-exact with duality as F-Mat, is. Indeed, one easily finds simple
planar graphs whose planar duals are not simple. Taking the associated graphic matroids then
yields two dual [F-matroids (i.e. regular matroids), one of which is simple and the other of
which is not. Since I is initial in the category of idylls, this counterexample can be realized

in all categories F-SMat,. ¢

Remark 6.2.8 (Artinian and Noetherian conditions). Observe that F'-SMat, inherits the
Artinian and Noetherian properties of F-Mat, described by Proposition 6.1.21. This is an

immediate consequence of the fact that F'-SMat, is a subcategory of F-Mat,. ¢

6.3. Hall algebras and K-theory of F'-matroids
Proposition 6.3.1. For a finite perfect idyll F, the category F-Mat, is finitary. In particular,
K-Mat., S-Mat., and ¥} -Mat, are finitary categories.

Proof. We show this directly, by illustrating that for any two F-matroids M and N that the

sets Hom(M, N) and Ext! (M, N) are finite. Let M and N be F-matroids on ground sets E
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and Ey, and let f : M — N be a morphism. Then f is given by a submonomial matrix with
entries in F', hence Hom(M, N) is necessarily finite by the finiteness of F.

Suppose now that P is an extension of N by M of rank rp. Then that we have a short
exact sequence

M>» P —-» N.

By the exactness of the above sequence, we see that P is necessarily a matroid on a ground set
Ep of cardinality | Ey; U Ey LI {#p}|, so that we can obtain the desired finiteness by illustrating
that there are only finitely many such F-matroids. But this is necessarily the case since the
number of such matroids P = [x] is bounded by the number of Grassmann-Pliicker maps
n:E Irf — F. The common domain and codomain of these maps is finite, hence there are

only finitely many such maps and so finitely many such F-matroids P. O

The above proposition now establishes that F-Mat, is finitary for F = K, S, and F}.
However for F' = T the situation is slightly more delicate. In particular, T is not finite, and
so the above argument does not apply.

From Theorem 6.1.11, one obtains the Hall algebra Hr_pa¢, for the category F-Mat,.

Example 6.3.2. One can easily check that Hg mat, is the Hopf dual of matroid-minor Hopf
algebra. In fact, in [22], it is shown that the matroid-minor Hopf algebra is the Hopf dual of

the Hall algebra Hyyat, - o

6.3.1 K-Theory of F'-Mat,

Fix a perfect idyll F. In this subsection we compute the Grothendieck group K(F-Mat,)
and show that it coincides with the Grothendieck group Ky(Mat,) of pointed (classical)
matroids, as computed in [22]. This illustrates in particular that the Grothendieck group is

not sensitive to the coefficients used to define the associated category of matroids.

Proposition 6.3.3. We have Ko(F-Mat,) = 7. & 7.
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Proof. Given M = [u] € F-Mat,, fix some non-loop element e € Ej;. Then we have the

following short exact sequence:

Mle > M —» M/e.

Thus in Ko (F-Mat,) we have the equation [M] = [M|e] + [M /e]. Note that M|e is now an
F-matroid of rank 1 on a ground set consisting of a non-loop and the basepoint. Evaluating

the associated Grassmann-Pliicker function, we then see

a e =e

(ule)(e’) =

OF e’:*M

for some @ € F*, so that in particular we have an isomorphism M|e = C, where C is the
matroid consisting of one non-loop and the basepoint. We would like to perform this process
k(M) times. To this end, let B C E); be a basis of M and perform the above process for

each e € B. This yields the following decomposition:

[M] = 1k(M)[C] + [M/B].

On the other hand, when we contract all elements of B, we see that the resulting matroid
consists only of loops and the basepoint *,;. However, appealing to the definition of the

direct sum on F-Mat,, we then see that

M/B=L& --&L,

where L is the matroid with two loops, one distinguished, and the number of summands is

equal to the corank (or nullity) of M. Denoting this number by null(M), we then see that

[M] = rk(M)[C] + null(M)(M)[L].
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Since an F-matroid can have arbitrary rank and an arbitrary number of loops, this establishes

the desired result. O

Proposition 6.3.4. Let ® : F — G be a morphism of idylls. Then, for eachn € N, ® induces
a morphism

d, : K, (F-Mat,) — K,(G-Mat,).

Proof. By Remark 6.1.5 we have that ® induces a functor from F-Mat, to G-Mat,. By the
definition of restrictions and contractions we then immediately see that this functor preserves

short exact sequences, hence induces a morphism on K, for each n. O

Remark 6.3.5. Proposition 6.3.3 suggests that to see any difference between K-theory of
F-Mat,, one may have to go higher K-theory. In fact, from the adjunction between Mat,

and FinSet,, one obtains the following:
7, (S) = K, (FinSet,) — K,(Mat,) for all n € N,

where 7, (S) denotes the stable homotopy groups of the sphere spectrum (see [22] for further
details). So, it would be interesting to compute even K;(Mat,) to see whether or not the

above inclusion is proper. ¢

6.4. The category TRS,

We now examine the categorical structure of tropical toric reflexive sheaves. In this section,
all tropical toric reflexive sheaves, T-matroids, and morphisms thereof are assumed to be
pointed. Let L be a free abelian group of finite rank and fix a complete rational fan X in a
vector space Lg and let A = Hom(L,Z) be the dual lattice. Denote by Xy the associated

complete toric variety and trop(Xy) the tropical toric varierty with fan X as in [34] or [47].

Definition 6.4.1. Let € = (M, {F.},) and F = (N, {G%},) be tropical toric reflexive sheaves

on trop(Xx) (Section 3.4.1). A morphism f : £ — F is a pair f = (fr,u), where fris a
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morphism of simple T-matroids fr : M — N and u € A is a vector such that for each ray

p € X(1) and each j € Z, we have

f(F)) € G, (6.19)
Recall that v, € L is the primitive lattice vector associated to the ray p. ¢

It is clear that the tropical toric reflexive sheaves form a category, and for morphisms
f = (fr,u) : &€ - Fand g = (gT,w) : F — G the composition is given by g o f =
(gT © fr.u + w). We denote the resulting category by TRS,. Note that the definition of
morphisms in TRS, yields a forgetful functor TRS, — T-Mat, which simply forgets the
filtrations associated to objects and the translations u associated to morphisms.

Under this definition of morphism, observe that two tropical toric reflexive sheaves are

isomorphic precisely when they are isomorphic in the sense of [38].

Lemma 6.4.2. Let £ = (M, {F?! }p) and F = (N, {G% }p) be tropical toric reflexive sheaves
on trop(Xs) Suppose that f = (fr,u) : &€ - Fand g = (fqlil,w) : F — & are morphisms
in TRS. for which fz' = (fr)~" in T-Mat,. Then w = —u.

Proof. Note that for all p € £(1) and all j € Z we have

fr(Ff) € Gfﬂ,.vp

fr'(GY) ¢ FY,

Jtw-vp .

Then we may write

F} = fr' (fr(FD)) € f1'(Gouw,) € Ffy iy,

P _ 1P P
Gj - fT(fT (Gj)) < Gj+(u+w)-vp'

Now suppose for the sake of contradiction that u + w # 0. Then by the assumption that
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Y is a complete fan, there is some ray p;, € X(1) with primitive generator v, for which
(u+w) -vy > 0. Then since F.* is a decreasing chain of flats we see that F** - FJ’.’+

J+H(u+w)-vy

as well, hence F¥* = FP+ for each j € Z. But then the chain F.* is constant, violating
J J+H(u+w)-vy

the definition of a tropical toric reflexive sheaf. Thus it cannot be that u + w # 0. O

Proposition 6.4.3. Two tropical reflexive sheaves € = (M, {F%},) and F = (N,{G%},) are
isomorphic in the sense of Definition 3.4.4 if and only if there is an isomorphism f : £ — F

in TRS,.

Proof. 1f £ and F are isomorphic in the sense of Definition 3.4.4, then there is a T-matroid

isomorphism fr : M — N and a vector u € A for which
P\ — P
fT(F]) - Gj‘H/t'Vp

for every p € £(1) and every j € Z. Denote by ( fr)~! the inverse of fr in T-Mat,. Then by
definition f := (fr,u) and f~! := ((fr)~!, —u) are morphisms in TRS, which are mutually
inverse.

Conversely, let f = ( fr, u) be an isomorphism from £ to F in TRS,. Then by definition
there is an inverse morphism in TRS, which by Lemma 6.4.2 we can writeas f~ = (f!, —u).

That is, we have

fr(F7) € G?+u~vp

N (GE, ) CF’ = F’.

JHuvp? = 7 j(—utu)v, J

P
Jruvy’

Thus by applying fr to both sides of the second equality we see that in fact fr(F f ) =G

establishing that £ and F are isomorphic in the sense of Definition 3.4.4. O

This illustrates that isomorphism in TRS, and isomorphism in the sense of Definition

3.4.4 are the same.
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Definition 6.4.4. [38, Definitions 7.2 and 7.17] Let £ = (M, {E%},) be a tropical toric

reflexive sheaf and take F' € L(M).

1. The restriction of £ to F is the tropical reflexive sheaf £|F = (M|F, {F{} ), where

F]’? =F A E'; € L(M).

2. The contraction (or quotient) of € by F is the tropical reflexive sheaf £/ F = (M /F,{G%},),
where G? € L(M/F) isthe flat such that under the lattice isomorphism ¢ : L(M/F) —
[F, Ey] we have

¢(G§) =FV Ef € L(M).

Definition 6.4.5. With the same notation as above, for A C Ej;, we let £|A (resp. £/A) be

E|(A) (resp. £/(A)), where (A) is the flat generated by A.' ¢

Lemma 6.4.6. Let & = (M,{E%},) be a tropical toric reflexive sheaf. Let F € L(M). Then
the following hold:

1. The restriction map rrp : M|F — M induces a morphism ¢ = (rp,0) : E|F — & of

tropical toric reflexive sheaves.

2. The contraction map cp : M — M/ F induces a morphism n = (cp,0) : £ = E/F of

tropical toric reflexive sheaves.

Proof. (1): LetE|F = (M|F, {F;O}) Note that for F, F>» € L(M), wehave FiNF, = F1AF;.
It follows that

r_F(E]’?) = FJ’? = F/\Ef c Ef,

showing that ¢ = (7, 0) is a morphism.

I This definition makes sense since the intersection of two flats is again a flat.
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(2): Recall that for F C Ej;, with F = F\{*)}, one has
LMJF)={A\F |FCAecL(M)}={AVF|AecL(M))}.

Let £/F = (M/F,{G%}). From Definition 6.4.4, we have that Gf. can be identified with
E’; V F. We thus see

cr(EY) = G,
showing that 7 = (cp, 0) is a morphism of tropical toric reflexive sheaves. O

As in the category T-SMat,, restrictions and contractions of tropical reflexive sheaves at

flats furnish TRS, with kernels and cokernels.

Proposition 6.4.7. Let £ = (M,{EY},) and F = (N,{F.},) be tropical reflexive sheaves
in TRS, and let f : £ — F be a morphism. Then the inclusion Elﬂ_l (xy) — & is a kernel
of f and the contraction F — F/ (E(EM)) is a cokernel of f.

Proof. Applying the forgetful functor to f : £ — F we obtain the map fr : M — N in
T-SMat,, where we find a kernel M| ﬁ'l(*N) of fr. By virtue of Definition 6.4.4, the
restriction has a natural tropical reflexive sheaf structure which is immediately verified to
satisfy the universal property of kernels. The proof for cokernels is similar and has been

omitted. O

Appealing to Proposition 6.2.2 with F = T, we see that TRS, also satisfies axiom (PA1)

from Subsection B.4.

Proposition 6.4.8. TRS, has all kernels and cokernels and satisfies axiom (PAl) of a proto-

abelian category.

We now define admissible monomorphisms 9, and admissible epimorphisms €;, which

we later see furnish TRS, with a proto-exact structure.

Definition 6.4.9. Let f : £ = (M,{EL},) — F = (N,{F.},) be a morphism in TRS.,.
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1. f is an admissible monomorphism if f = rp o @, where F € L(N) and rp : F|F — F
is an inclusion map, and « is an isomorphism of tropical toric reflexive sheaves. Denote

by M; the class of admissible monomorphisms.

2. fisan admissible epimorphism if f = focg, where G € L(M) andcg : £ — E/G is
a contraction map and g is an isomorphism of tropical toric reflexive sheaves. Denote

by €, the class of admissible epimorphisms.

Remark 6.4.10. As in F-Mat, and F-SMat,, the classes of admissible monomorphisms
and admissible epimorphisms consist of kernels and cokernels of TRS, composed with
isomorphisms. However, note that as with F-SMat, these classes are only defined in terms

of the flats of the underlying matroid, rather than with arbitrary subsets. ¢
The following are straightforward.
Lemma 6.4.11. The following hold for (TRS.,M;, €,).
1. TRS, is pointed.
2. The classes M, and €; contain all isomorphisms.
3. The classes M, and €; are closed under composition.

Proof. (1): One readily check that the zero object is the tropical toric reflexive sheaf whose
T-matroid is U (1) with the trivial filtration.

(2): Let f: £ = (M,{EY}) — F = (N,{F!}) be an isomorphism. For 9,, one can
easily see that f = rg, o f. For §,, likewise, one can see that f = f o cy.

(3): This directly follows from Proposition 6.1.15 and the definition of compositions in

TRS.. O
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Lemma 6.4.12. Let £ = (M, {EL}) be a tropical toric reflexive sheafand let G < F € L(M).

The following square is biCartesian in TRS,:

gF—L s ¢

ih ik (6.20)

(EIF)/G 2 £/G
where [ =rp and g = r(p\G)-

Proof. We first prove that (6.20) is co-Cartesian. Suppose that we have the following diagram

in TRS, with F = (N, {F{},).

gF —L s ¢

b

&EFG —s g6 \ 6.21)
\ ‘F

Since all morphisms in (6.21) are morphisms in T-SMat,, from Lemma 6.1.16, we have a
unique morphism yr : M/G — N which makes (6.21) commute at the level of T-matroids.
We only have to check that yT defines a morphism in TRS,. In other words, we need to show

that there is some w € A with

yT(Ef vVG) CF?

Jtwv,
But, since 8 = (BT, u) is a morphism of tropical toric reflexive sheaves, we have
p _ PYY — p p
V_T(Ej \ G) - V_T(kT(Ej )) - @(E]) c Fj+u-vp’

showing that y = (yr, #) is a morphism in TRS,.

The case for Cartesian is similar, but we just include it here for the completeness. Suppose
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that we have the following diagram in TRS, with G = (R, {G%},).

g
B

& EIF &

lh f lk (6.22)

(EIF)/G — /G

Again, from Lemma 6.1.16, we have a unique morphism yt : R — M|F which makes (6.22)
commute at the level of T-matroids. We only have to check that yT defines a morphism in

TRS.. We need to show that there is some w € A with

v(GY) C FY =E” AF.

Jtwv, Jtwv,

But, since rr o yr = Bt and 8 = (BT, u) is a morphism in TRS,, we have

Jr(r2(G)) = (G € E.,,

It follows that
-1 _ _
Y_T(Gf) S ﬁ (E5+u-vp) - E]R+u-vp ANF = Fjl')+u~vp’
showing that y = (yr, #) is a morphism in TRS,. O
Proposition 6.4.13. Any diagram in TRS, of the form £ > G « F can be completed to a

biCartesian square.

Proof. The same argument as in the proof of Proposition 6.1.17 can be used to prove this by

using Lemma 6.4.12. O

Proposition 6.4.14. Any diagram in TRS, of the form £ « G > F can be completed to a

biCartesian square.
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Proof. As with F-SMat,, we cannot appeal to duality here as we did in F-Mat,, but as
described after Proposition 6.1.18 one readily follows steps in analogy with the proof of

Proposition 6.1.17. O

Proposition 6.4.15. Any square of the following form in TRS, is Cartesian if and only if it is

coCartesian:

Q4&— ™

—
—

24—

Proof. As in the setting F-matroids, this statement directly follows from Propositions 6.4.13

and 6.4.14 along with the uniqueness of pushout and pullback. O
By combining the above propositions, we obtain the following.

Theorem 6.4.16. The category TRS, is proto-exact with W, and €, as in Definition 6.4.9.
Alongside Proposition 6.4.8 and Proposition B.4.4, we have the following corollary.

Corollary 6.4.17. The category TRS, is proto-abelian.

Say that a tropical toric reflexive sheaf & = (M, {F.},) is modular if the underlying
matroid M is itself modular, and denote the full subcategory of TRS, consisting of modular
tropical toric reflexive sheaves by MTRS,. Since restrictions and contractions of modular
matroids at flats are again modular, and since U ? is modular, the proto-exact and proto-abelian

structures on TRS, descends to MTRS,.

Corollary 6.4.18. The category MTRS, is proto-abelian, with underlying proto-exact struc-

ture coming from the restriction of the classes WM; and €, to MTRS,.

Before moving to the question of stability in MTRS,, we give a characterization of
sums and intersections of strict subobjects in TRS,. As expected, the characterization
follows immediately from Proposition 6.2.6 with F = T since restrictions and contractions
of tropical reflexive sheaves are determined by the restrictions and contractions of their

underlying T-matroids.
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Proposition 6.4.19. Ler £, & > & be strict subobjects of € = (M, {Ef }p) in TRS, (resp.
MTRS,) given as restrictions £, = E|F) and & = E|F, at flats F, F, € L(M). Then the

sum and intersection of the subobjects £, and &, are given by

(ElF1) + (E]F2) = E|(F1V Fy)

(EIF1) N (E]F2) = E|(F1 A Fy).

6.4.1 Stability for tropical toric reflexive sheaves

The proto-abelian structure on the category MTRS, of modular tropical toric reflexive
sheaves on trop(Xyx) can be used to study slope stability phenomena in the context of tropical
geometry. Following [38], we define the slope of a modular tropical toric reflexive sheaf as
the ratio of the degree and rank functions (see Subsection 3.4.1). We then illustrate that the
existence and uniqueness of the Harder-Narasimhan filtration of [38] in the category MTRS,
follows from the results of [4] and [41].

Let X5 be a smooth toric variety equipped with a constant polarization 7 = (¢, ¢, -+ ,c) €
7= | For a tropical toric reflexive sheaf £ = (M, {Ff} o), recall that its rank rk (&) is defined
to be the rank of the T-matroid M and that the degree of £ is defined to be the following
quantity

deg(€) = > hp > j - (ru(FF) = raa(F%, ). (6.23)
P

JeL
We now define the slope of £ to be u(€) = rk(€)/deg(€). Say that £ is stable
(resp. semistable) with respect to u if for every nonzero strict subobject F of £, we have
p(F) < pu(&) (resp. u(F) < u(€)).
Using the above machinery, [38] constructs a Harder-Narasimhan filtration for tropical
toric reflexive sheaves in analogy with the usual case of vector bundles on curves. However,
in their construction they heavily employ the notion of modularity of various involved flats.

They establish the following using methods from tropical geometry and direct investigation
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of the structure of tropical reflexive sheaves.

Theorem 6.4.20 ( [38], Theorem 7.25). Let £ = (M, {Ff}p) be a tropical toric reflexive
sheaf on the tropical toric variety trop(Xy). Assume that all F ][.) are modular flats of M. Then

there is an increasing filtration in TRS, as follows:
O=Fy»> F1»> > F=E€.
The successive quotients F; | F;—1 are semistable and satisfy
p(F1/Fo) > u(F2/F1) > - > p(Fi/ F-1)-

Under the assumption that each F; is of the form E|F; for some modular flat F; of M, this

Siltration is unique.

Remark 6.4.21. Note that in case not all involved flats are modular, the filtration of Theorem
6.4.20 may fail to be unique. This is in contrast to the classical situation, where the Harder-
Narasimhan filtration of a vector bundle is unique up to isomorphism. However, in case the
underlying matroid M of a tropical toric reflexive sheaf is modular, uniqueness is guaranteed.

In particular, the Harder-Narasimhan filtrations of objects in MTRS, are unique. ¢

We now illustrate that the slope function i on MTRS, defines a categorical slope filtration
on MTRS,, which immediately yields that the Harder-Narasimhan filtrations of Theorems
B.5.3 and 6.4.20 coincide.

Observe that by virtue of the additivity of the rank of T-matroids on short exact sequences
M — N —» R, we immediately see that for every a short exact sequence £ > F - G in
MTRS. we have

k(&) + 1k(G) = rk(F).

Additionally, if rk(&) = 0 for some tropical reflexive sheaf £ then necessarily the underlying

(pointed simple) matroid of £ must have rank zero, so that the underlying matroid is the zero
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object of T-SMat,. In particular, we must have that £ is the zero object of MTRS,.
The additivity of the degree function on short exact sequences is guaranteed by the

following result.

Proposition 6.4.22 ([38], Remark 7.19 and Lemma 7.20). Let & = (M, {E%},) be a modular

tropical reflexive sheaf and let F € L(M) be a flat. Then
deg(E|F) + deg(E/F) = deg(€&).

Proof. This statement is established by the first half of the proof of Lemma 7.20 in [38].
In our context, this proof is guaranteed to hold as written by the modularity assumption on

M. O

Lemma 6.4.23. If £ and F are isomorphic tropical reflexive sheaves then we have deg(&) =

deg(F).

Proof. By Proposition 6.4.3, we know that 7 = £ @ L(x"), where L(x") is the tropical line
bundle corresponding to the principal divisor of some character y* of Xy. We know that
L(x") corresponds to a vector (a,) € Z* which by principality of the associated divisor
must satisfy >, v (1) a, = 0. We then compute the degree of F using the relation (3.3) as in

Remark 3.4.5:

deg(F) = deg(€ ® L(x"))
= deg(&) + k(M) - deg(L(x"))

= deg(&) + k(M) - Y hy - a,
P

= deg(&) + k(M) - ¢ - Zap
P

= deg(&).

Note that here we have used that the polarization 4 on Xs is of the form 4 = (¢,c,--- ,¢). O

154



From the above two results it immediately follows that deg is additive on short exact
sequences in MTRS,. Thus the functions deg and rk on MTRS, satisfy the necessary
properties of degree and rank functions as in Subsection B.5. In particular, in order to
establish that the slope function u of [38] is a slope function in the sense of [41] we need only
to verify that u satisfies the strong slope inequality (B.9) in MTRS,. This follows by using

the characterization of sums and intersections of subobjects as given in Proposition 6.4.19.

Proposition 6.4.24. The slope function u satisfies the strong slope inequality on MTRS,. In
particular, given a modular tropical reflexive sheaf £ with strict subobjects F,G given as

restrictions F = E|F and G = E|G at flats F,G € L(M), we have

#(zra) < (75)

Proof. We have

F &F
FNG El(FAG)
(F+G) _ EI(FVG)

G  &IF

= (EIF)/(FAG)

= (EI(FVG))/F = (E/F)I(FVG)

The desired inequality then follows from [38, Lemma 7.24]. O

This establishes that y is a categorical slope function on MTRS, in the sense of [41].
In particular, since TRS, and MTRS, inherit the Artinian and Noetherian conditions from
T-SMat, guaranteed by Remark 6.2.8, Theorem B.5.3 guarantees that to u there exists a
categorical slope filtration on MTRS, which satisfies all properties of the slope filtration
given in Theorem 6.4.20. The uniqueness of such a filtration as guaranteed by both theorems

then yields the following.

Corollary 6.4.25. The Harder-Narasimhan filtrations of Theorem 6.4.20 associated to mod-

ular tropical reflexive sheaves are given by the categorical slope filtration on MTRS, given
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by Theorem B.5.3. Stated differently, the Harder-Narasimhan filtration of [38] for modular

tropical reflexive sheaves is a categorical slope filtration in the sense of [41].

This illustrates that the proto-abelian structure of T-matroids ultimately yields an analogue
of the classical Harder-Narasimhan filtration of vector bundles in the context of tropical
geometry. As noted in Section 8 of [38], this machinery can also be used to give Harder-
Narasimhan filtrations of (modular) tropical vector bundles on those tropical varieties which

can be embedded into tropical toric varieties trop(Xs).
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Chapter 7

Torsor Structures on Spanning Trees

7.1. Introduction

The number of spanning trees of a finite loopless graph G is equal to the determinant of the
reduced combinatorial Laplacian of G; this is the celebrated Kirchhoff matrix-tree theorem.
In addition to counting spanning trees, this determinant also counts the number of elements
of a certain group, known as the (degree 0) Picard group, critical group, or sandpile group
of the graph. This group, denoted Pic’(G), is defined as the additive group of chip-firing
equivalence classes on the collection of divisors on the graph.

In addition to equality in cardinality of the set 7 (G) of spanning trees of G and the Picard
group Pic’(G), it is known that 7 (G) admits at least two distinct torsor structures for the
Picard group; the Picard group of a graph acts simply and transitively on the set 7 (G). Two
such actions, namely the Bernardi action S, and the rotor-routing action p,, have been the
subject of study in recent years [9, 14] (see also [26,29,43]). To define these torsors, we
work with graphs endowed with a ribbon structure, a cyclic ordering of the edges incident
to each vertex. By giving a ribbon structure to a finite graph, we determine an orientable
surface in which the graph can be considered as embedded; for this reason, ribbon structures

were originally termed combinatorial embeddings of graphs [10].
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After fixing a ribbon structure on a graph G, the Bernardi torsor 3, and the rotor-routing
torsor p, rely on the choice of a base vertex vertex g of the graph. Chan, Church, and
Grochow prove that the torsor p, is independent of the initial data ¢ if and only if the ribbon
graph is planar [14]. Separately, Baker and Wang prove that the Bernardi torsor S, is also
independent of the initial data ¢ if and only if the ribbon graph is planar. Moreover, Baker
and Wang prove in [9] that in the case of a planar ribbon graph, the two torsor structures
coincide; the Bernardi and rotor-routing processes produce the same simply transitive group

action. Baker and Wang include the following conjecture:

Conjecture 7.1.1 (Baker and Wang [9]). Given a nonplanar ribbon graph G with no multiple

edges and no loops, there exists a vertex g for which p, # f,.

We resolve this conjecture and extend the result to a class of graphs having multiple edges
but no loops. In particular, it is proven here that any nonplanar graph with or without multiple
edges admits a vertex g for which p, # B, when endowed with any ribbon structure. The
criterion for the presence of such a vertex ¢ in a nonplanar ribbon graph with multiple edges
is the presence of what we call a proper witness pair. In Theorem 7.6.2, we prove that
the presence of a proper witness pair in a nonplanar ribbon graph is sufficient to ensure the
presence of a vertex g for which p, # ,. Further, we show in Proposition 7.3.3 that any
nonplanar graph, when endowed with any ribbon structure, must contain a proper witness
pair. In particular, any nonplanar graph endowed with any ribbon structure contains a vertex
at which the torsor structures disagree. We prove Theorem 7.7.1, the Baker-Wang conjecture
for loopless nonplanar ribbon graphs with no multiple edges admitting no proper witness
pair. Finally, we consider two examples and some associated computations; in particular we
exhibit a nonplanar ribbon graph having distinct vertices p and g such that p, = 8, while
Pq #* Bq-

In an independent work, Changxin Ding [18] also resolves this conjecture. As in the
current paper, Ding considers multiple cases, but the approach taken there utilizes decompo-

sitions of graphs to facilitate study of the difference between the two torsors. In the present
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document, we work instead with classes of graphs depending on the presence or absence of

certain subgraphs, referred to here as witness pairs.

7.2. Background and terminology

By a graph we mean a finite connected multigraph with no loops; for a graph G, we denote
by V(G) its vertex set and by E(G) its collection of edges, given as unordered pairs of
vertices. Occasionally we use V and E to denote the vertices and edges of a graph G when
the graph is unambiguous. Unless otherwise specified, multiple parallel edges are allowed.
A ribbon graph is a finite graph together with a cyclic ordering of the edges around each
vertex, referred to as a ribbon structure. Note that a ribbon structure on a graph induces
a natural ribbon structure on any graph minor. Given two edges ey, e incident to a given
vertex v, we will write eg < e if e; immediately succeeds eg in the order around v. If a

vertex v has two edges e and e, the interval [e(, e|] between e and e is the collection of

edges {eo, fi1,. .-, fx»€1}, Where
e < fi << fr<ey.

Analogously, we define the open interval (eg,e1) = {f2,..., fk}- The length of an interval
is its cardinality as a set.

A finite ribbon graph is equivalent to an embedding of the underlying graph into a closed
oriented surface such that the ribbon structure agrees with the orientation of the surface (see,
e.g. [54, Theorem 3.7]). In all figures in this paper, the ribbon structure is assumed to be
given by the counterclockwise orientation of the underlying surface.

A path P in a ribbon graph G is the image of a mapping P, — G of the length-k path
into G that is injective on edges but not necessarily on vertices. A cycle in G is the image of
a mapping Cy — G of the length-k cycle into G that is injective on both edges and vertices.

We sometimes refer to paths and cycles as sets of edges rather than as subgraphs. Let C be
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a cycle and endow C with an orientation. A vertex v of C is incident to precisely two edges
of C, ejp and ey, where the labeling of these edges agrees with the orientation of C. An
edge e incident to v is said to be to the left of C if e € (eou, ein) and to the right of C if
e € (e, eout)-

Given a group I', we consider a group action of I" on a set X as a function
I'xX —X.

We say that a group action is regular if, for every y € I'" and every x € X, the restricted
mappings {y} X X — X and I' X {x} — X are isomorphisms of sets. Stated differently, an
action of I" on X is regular if I" acts simply and transitively on X. If X = {1,..., N}, we can
consider a group action as a homomorphism from I" to the symmetric group on N symbols
I' — Sy. We therefore sometimes work with the image of such a mapping, representing
group elements as permutations. All multiplication of permutations will be from right to left,

so that for example we have (123)(34) = (1234).

7.3. Cycles and witnesses

Here we are concerned in particular with nonplanar graphs. Following [14], we discuss pla-
narity and nonplanarity of ribbon graphs in terms of the absence or presence of nonseparating

cycles.

O

S

Figure 7.1: Nonseparating cycles (thickened) in two nonplanar ribbon graphs on the torus.
The left image portrays a proper witness while the right image portrays an improper witness.
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Definition 7.3.1. A cycle C is nonseparating if for any orientation of C there exists a path
P that intersects C only in the endpoints of P, such that the first edge of P is on the left of
C, and the last edge of P is on the right of C. We will call P a witness for the nonseparating

cycle C and refer to the ordered pair (C, P) as a witness pair. ¢

Definition 7.3.2. Given a nonseparating cycle C, we will say that a witness P for C is a
proper witness if the endpoints of P are distinct vertices of C. In this case, we call the pair

(C, P) a proper witness pair (see Figure 7.1). ¢

We say that a connected ribbon graph G is nonplanar if and only if it contains a non-
separating cycle. Note that this definition of nonplanarity is not equivalent to the underlying
graph G being nonplanar in the typical sense, but all nonplanar graphs yield nonplanar ribbon
graphs when endowed with any ribbon structure. A planar graph G can be endowed with a
ribbon structure such that the resulting ribbon graph is nonplanar.

We have the following structural property of nonplanar graphs endowed with a ribbon

structure.

Proposition 7.3.3. A connected nonplanar graph G endowed with any ribbon structure

admits a proper witness pair.

Proof. Starting from an arbitrary ribbon graph G, first note that the operations of edge
deletion and edge contraction cannot create a proper witness in G. Thus, by Kuratowski’s
theorem, it is enough to illustrate that K5 and K33 necessarily admit a proper witness pair
when endowed with any ribbon structure.

Given any ribbon structure on Ks, there necessarily exists a nonseparating cycle C; if
some witness path P is of length 1, then the fact that K5 is loopless ensures that P must be
proper since the endpoints of P in C are distinct. Further, if P is of length 2, then the fact
that K5 has no multiple edges ensures P must be proper. Now, C either includes all vertices
or excludes at least one vertex. In the case that C includes all vertices, any witness path must

be of length 1 and so must be proper.
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Suppose then that C excludes at least one vertex and that all witness paths have length
greater than 1. Then since C is necessarily of length 3 or 4, any witness path has length either
2 or 3. Let P be some such witness path. If P is proper, we are done. If P is improper, then
P has length 3 and we can write P = {{a, b}, {b,c},{c,a}} and C = {{a,d},{d, e},{e,a}}.
Suppose without loss of generality that {a, b} is on the left of C. Then either the edges
{d,b},{e,b},{d, c}, and {e, c} are on the left of C or one is on the right. In the former case
we have a proper witness P’ = {{d, b}, {b, c},{c, a}}, and in the latter we have some proper
witness P’ by replacing either {c,a} or {b, c}, {c,a} with the edge on the right of C (see

Figure 7.2).

Figure 7.2: The construction of a proper witness in K5 as described in the proof of Proposition
7.3.3. At the left, we see a thickened cycle of length 3 with an improper witness with edges

in red and blue. After replacing the red edge (extra thickened), we have a proper witness in
blue, depicted at the right.

Consider now K3 3. Since K3 3 is nonplanar, any ribbon structure admits a nonseparating
cycle C. In the case that C contains all vertices, the fact that K3 3 contains no loops ensures
that any witness path P is a proper witness. Suppose C excludes at least one vertex. Since
all cycles in bipartite graphs are of even length, any witness path P must have length 2. But
since there are no multiple edges in K3 3, the endpoints of P in C must be distinct, hence P

is proper (see Figure 7.3). O

We next prove a similar result describing ribbon graphs admitting K4 as a minor in such

a way that the inherited ribbon structure is nonplanar.

Proposition 7.3.4. Suppose that G is a graph containing the complete graph K4 as a minor. If

G is endowed with a ribbon structure making the K4 minor with the induced ribbon structure
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Figure 7.3: Two torus embeddings of K33, each admitting proper witness pairs. In each,
the two partition classes of vertices are represented by circles and squares. At the left,
the thickened nonseparating cycle contains all 6 vertices; on the right, the thickened cycle
contains only 4. Again, in each case the embedding admits a proper witness pair.

nonplanar, then G admits a proper witness pair.

K, (3,1) K4 (2,2)

Figure 7.4: Two ribbon structures on K4 yielding a nonplanar ribbon graph.

Proof. As in the proof of Proposition 7.3.3, we begin with the observation that the presence
of a nonseparating cycle with proper witness in the graph K4 is sufficient to guarantee the
presence of such a cycle with proper witness in any graph G containing K4 as a minor. It
is therefore sufficient to show that each nonplanar ribbon structure on K4 admits a proper
witness pair.

Since each vertex in K4 is of degree 3, there are only two choices of cyclic ordering of the
edges around each vertex (see Figure 7.4). In particular, we can fix a planar embedding of
K4 and enumerate all ribbon structures by choosing either a clockwise or counter-clockwise
orientation of edges about each vertex.

Moreover, by symmetry, we only need to consider the number of vertices oriented in
either direction, rather than their relative positions. We refer to the ribbon structure in which

i vertices are oriented clockwise and j are oriented counter-clockwise as being of type (i, j).

163



By reversing the orientation of the plane, it is clear that the presence of a proper witness pair
in the ribbon structure of type (i, j) ensures the presence of such a pair in the structure of
type (j,7). Now, since the ribbon structures of type (4, 0) and (0, 4) give rise to planar ribbon
graph structures, we have only two choices of ribbon structures yielding a nonplanar ribbon
graph Ky, arising respectively from the pairs in types (3, 1) and (2, 2). For each of these two
ribbon structures, one can directly find the associated surface of minimal genus and verify

that there exists a proper witness (see Figure 7.5). m|

Figure 7.5: Proper witness pairs (C, P) in each of the nonplanar ribbon structures on Ky4. In
each case, the cycle C and its proper witness P are given.

In the case of a nonplanar ribbon graph which does not admit a proper witness pair, there

is another kind of witness pair which will be of use to us.

Definition 7.3.5. Let G be a nonplanar ribbon graph that does not admit a proper witness
pair. Suppose that G admits a witness pair (C, P) in G such that C and P share a unique
vertex z. We say that (C, P) is a tight witness pair if the edges e and f incident to z in C
are such that the interval [e, f] in the ribbon structure about z has minimal length among all

cycles C passing through z that have P as a witness path. ¢
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The tightness of a witness pair (C, P) ensures that there are relatively few edges incident
to z on one side of C. More precisely, this property means that for an oriented cycle C, the
number of edges containing z on one side of C is as small possible. This definition is used in
particular in the proof of Theorem 7.7.

Every finite nonplanar ribbon graph having no proper witness pair has at least one tight
witness pair. This follows from the fact that G is a finite graph, and so we are taking a

minimum over a finite collection of witness pairs.

7.4. Divisors on graphs

In this section we review the basic notions of the divisor theory of graphs, providing a setting
in which to discuss the Picard group of a graph as the group of chip-firing equivalence classes.
Alternative presentations of this material can be found in Chapter 4 of [39] or in Chapter 2
of [15]. Given a graph G, let Div(G) denote the free abelian group with formal generators
corresponding to the vertices of G. Elements of Div(G) are called divisors on G; a given

divisor D has the form

D = Zav(v),

veV

where a, € Z for all v € V and (v) is the formal generator corresponding to v. It is often
convenient to think of a divisor as an arrangement of chips placed at the vertices of the graph
G. The degree of a divisor D is the sum }; .y a,. The collection of degree d divisors is
denoted by Div?(G). Note that, given any vertex g of G, the group Div’(G) is generated by
the divisors {(v) — (¢) : v e V}.

Denote by M (G) the collection of functions f : V — Z. The combinatorial Laplacian

on G is the mapping A : M(G) — Div%(G) given by

Af= ) ( > [f(v)—f(w)])(v).

veV(G) *e={v,w}
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The image of A is the set of principal divisors on G; such divisors form a subgroup Prin(G)
of Div’(G). We say that two divisors D and D’ are linearly equivalent if they differ by a
principal divisor, so that D’ = D + Af for some f € M(G). The (degree 0) Picard group

of G 1is the quotient group .

) Div'(G

Pic’(G) = W((G)) .
In general, we write Pic? (G) = Div¢(G) /Prin(G); this is the collection of linear equivalence
classes of degree-d divisors. Pic?(G) admits a regular action on Pic?(G) for any d given by
addition of divisor classes. It is known that the cardinality of the Picard group of G is equal
to the number of spanning trees of the graph G (see [8] and references therein).

For a graph G, the genus of G is the first Betti number g = |E(G)| — |V(G)| + 1; any
spanning tree of G has exactly |E(G)| — g edges. Given a spanning tree T € 7 (G) excluding
edges eq,...e,, a divisor B € Div¥(G) is referred to as a break divisor for T if B is of
the form B = Z‘f:l s(e;), where s(e;) is one vertex of the edge e;. Note that there are many

possible distinct break divisors associated to a given tree. We have the following property of

break divisors:

Proposition 7.4.1 (Theorem 1.1, [1]). Each divisor class of Pic8 (G) contains a unique break

divisor.

Consequently, we can use break divisors as canonical representatives of the equivalence

classes in Pic®(G).

7.5. Bernardi and rotor-routing torsors

In addition to having the same cardinality as 7 (G), the Picard group Pic®(G) also admits
at least two regular group actions, or torsor structures, on 7 (G). One is derived from
a process due to Bernardi and the other arises from a process referred to as rotor-routing

( [10], [29]). We deal with torsor structures that depend on a choice of base vertex in the
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graph G. We remark that Kdlmén, Lee, and T6thmérész have recently shown in [35] that,
using the machinery of planar trinities, it is possible to give a canonical definition of the
Bernardi action on planar graphs without an initial choice of a base vertex. Moreover, this

work extends these results to the situation of balanced plane digraphs.

7.5.1 Bernardi Torsor

The first torsor structure considered in this work arise from a family of combinatorial maps,
collectively referred to as the Bernardi process. As mentioned above, Pic’(G) is in bijective
correspondence with the set of spanning trees 7 (G ). The works of Bernardi and Baker—Wang
establish a family of bijections 8(,.) : 7 (G) — Pic®(G) witnessing this correspondence by
mapping spanning trees to break divisors ( [10], [9]). These maps are parametrized by pairs
(g, e) consisting of a vertex g and an edge e incident to g.

The Bernardi process uses the data (g, e) and a spanning tree T to perform a tour 7, ) (T)
of the graph G. This tour can be thought of as a special walk in G beginning and ending at
q, traversing each edge of T twice, and excluding each edge outside 7. More specifically,
the tour 7(, ) (T) takes the form 7, .)(T) = (vo,e1,v1,..., ek, Vi), where vg = v = g and
e =e; ={vo,vi}.

Given e; and v;, the edge e;. is chosen to be the first edge of T succeeding e; in the ribbon
structure about v;; the process can be thought of as originating with the edge eo immediately
preceding e in the ribbon structure about g. We think of this process as starting with the
initial data, traversing each edge of T to the other endpoint, and cycling through the ribbon
structure until finding another edge of 7, ignoring each edge f not included in 7. In such a
tour we ignore g many edges fi, ..., f, € T, each being passed over two distinct times, once
from each endpoint.

In performing such a tour of G, we construct a divisor on G by placing a chip at our feet
the first time we ignore a given edge f ¢ T. In this case, we say that f is cut at the first

endpoint from which we ignore it. The divisor obtained in this fashion is necessarily a break
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Figure 7.6: Bernardi tours and break divisors associated to two spanning trees of the given
graph. Spanning trees are denoted by thickened edges. In each case, the initial data (g, e) is
represented by a boxed vertex and an arrow along the initial edge.

divisor for the tree 7. The mapping B(,..) : 7(G) — B(G) is given by mapping a spanning
tree T to the resulting break divisor.

The process of deriving the break divisor S(,.)(T) from T is illustrated graphically in
Figure 7.6. Since, by Proposition 7.4.1, each divisor class of Pic®(G) contains a unique
break divisor, it follows that the maps S, ) induce explicit combinatorial bijections between
spanning trees and divisor classes of degree g.

From these bijections, Baker and Wang define a group action S, : Pic’(G) x T(G) —
T (G) using the natural action of Pic’(G) on Pic®(G) [9]. Fix initial data (g, e). Given any

divisor class [D] € Pic’(G), define

By([D],T) := By, o ([D] + [Bige) (D) - (7.1)

A central result of the paper of Baker and Wang states that the action (7.1) is in fact
independent of the chosen edge e used in defining the bijection S, ) (see [?, Theorem 4.1]).
As a result of this, one can define a group action of Pic®(G) on T(G) after fixing only a

vertex of G, the base vertex of the action.

7.5.2 Rotor-Routing Torsor

Another regular action is derived from the rotor-routing process on G, introduced in [49]

and studied further in [29] and [28]. The rotor-routing process is a discrete-time dynamical
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system derived from G. The state space consists of rotor configurations on G: pairs (o, v)
where v is a vertex of G, interpreted as the location of a chip, and o : V(G) — E(G) is a
rotor function assigning to each vertex w of G an edge o (w) containing w. The edge o (w)
is referred to as the rotor at w.

A single step of the rotor-routing process takes the rotor configuration (o, v) to (o, w),
where o’ is the rotor configuration for which o’ (u) = o (u) forallu # v, o’ (v) is the successor
of o-(v) in the ribbon structure about v, and w is the other vertex of ¢’ (v). Informally, we
move the rotor at v once according to the ribbon structure about v and move the chip along
the new edge to its other vertex w.

For the purposes of defining the action of Pic’(G) on 7 (G), we choose a vertex g of G
as a sink of the system and ignore the rotor at g. Given a spanning tree 7 of G and a vertex
q of G, we can obtain a rotor function o such that o7 (v) is the first edge on the unique path
in T from v to g. Conversely, given a rotor function o, we can obtain a subgraph H, of G,
whose only edges are the rotors of o.

Given any vertex g of G and any spanning tree T of G, iterating the rotor-routing process
from any configuration (o7, v) will eventually yield a configuration (7, q); the chip will
necessarily reach the vertex g ( [28, Lemma 3.6]). Moreover, it can be shown that the graph
H; derived from 7 will be a spanning tree of G ( [28, Lemma 3.10]).

Using this observation, we can construct a group action p, of Div’(G) on T(G) by
defining the action of generators {(v) — (¢) : v € V(G)} and extending linearly. Beginning
from the rotor configuration (o7, v), iterate the process until reaching some (7, g) and let
T’ be the spanning tree given by the final rotor function. This action is trivial on any
divisor in Prin(G) and so descends to an action by Pic’(G). The rotor-routing action

Pq: Pic’(G) x T(G) — T(G) is then given by setting

pa([(V) = ()], T) =T". (7.2)
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See Figure 7.7 for an illustration of the rotor-routing action. In the investigation of [14], the

following definition is of crucial use to establish the main findings.

PN AN L

Figure 7.7: Rotor-routing process applied to a spanning tree of K4. The original spanning
tree T, indicated at the left by thickened edges, is mapped to the rightmost spanning tree
pq([(v) = (g)])(T). At each stage, the location of the chip is indicated by a filled vertex.

Definition 7.5.1. A rotor configuration (o, v) is called a unicycle if the image of the rotor
function o contains a unique directed cycle and v is a vertex of this cycle, or if v has some

neighbor w such that o (v) = o(w). ¢

This definition will be of particular use to us due to the interaction between the rotor

routing action and unicycles.

Lemma 7.5.2 (Lemma 4.9, [29]). Let (o, v) be a unicycle on a graph with m edges. Then in
iterating the rotor-routing process 2m times from (o, v), the chip traverses each edge of G
exactly once in each direction, each rotor makes exactly one full rotation, and the final state

is again (o, v).
The following lemma is an easy consequence of Lemma 7.5.2:

Lemma 7.5.3. Suppose that G is a ribbon graph, (o-,w) a unicycle on G, and z a vertex
satisfying o (z) = {z,w}. Then, for all neighbors v # w of z satisfying o(v) = {v, z}, the

rotor at 7 reaches {z, v} before the rotor at v completes a full rotation.

Proof. Letv be aneighbor of z such that o (v) = {v, z}. Suppose for the sake of contradiction
that in iterating the rotor-routing process from (o, z), the rotor at v completes a full rotation

before the rotor at z reaches {z, v}. Then in order for the rotor at z complete a full rotation,
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we pass through some rotor configuration (p, v) such that p(z) = {z,v}. Then iterating the
rotor-routing process one additional time the rotor at v has completed more than one full turn

before the rotor at z returns to its starting position, contradicting Lemma 7.5.2. O

7.5.3 Comparison of Torsor Structures

The rotor-routing and Bernardi processes described in the previous subsections give rise to
regular group actions of Pic’(G) on T(G), yielding two torsor structures on 7 (G) via (7.1)
and (7.2). Each of the two structures is dependent on a choice of some vertex of G as base
vertex for the action. These torsor structures have been the subject of much study in recent
years ( [?,14,35,43]).

Fix some vertex ¢ € V(G) and consider p, and §,. To see that the two homomorphisms

pq and B, agree, we must have that

pq([D],T) = B4([DP].T)

for each T € T (G) for each divisor class [D] € Pic’(G). In particular, since divisors of the
form (v) — (¢q) generate Div’(G), by (7.1) and (7.2), it is sufficient to verify that for each

v € V(G) we have the equality

IB(q,e) (pq([(v) -(@)].7)) =[(v) = (¢9)] +:8(q,e)(T) .

In contrast, to show that p, # B, we need only find a single tree 7 € T for which the above

equality does not hold; doing so immediately yields that, as permutations of 7 (G),

pe([(V) = (@], -) # By([(v) = (9)]. -)

and therefore p, and 8, cannot be equal.

We have the following theorem about the rotor-routing torsor structure on 7 (G):
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Theorem 7.5.4 (Theorem 2, [14]). Let G be a connected ribbon graph. The action py of
Pic®(G) on T(G) is independent of the base vertex q if and only if G is a planar ribbon

graph.

The work of Baker and Wang established an analogous result for the torsor structure

derived from the Bernardi process:

Theorem 7.5.5 (Theorems 5.1 and 5.4, [9]). Let G be a connected ribbon graph. The action
By of Pic®°(G) on T (G) is independent of the base vertex q if and only if G is a planar ribbon

graph.

In the case of a planar ribbon graph G, neither the rotor-routing action nor the Bernardi

action is dependent on the choice of base vertex; both actions are in this sense canonical.

Theorem 7.5.6 (Theorem 7.1, [9]). For a planar ribbon graph G, the Bernardi and rotor-

routing processes define the same Pic®(G)-torsor structure on T (G).

However, in the case of a non-planar G the situation was not as clear. The work [9]

concludes with the following conjecture:

Conjecture 7.5.7 (Conjecture 7.2, [9]). Let G be a nonplanar ribbon graph with no multiple

edges and no loops. Then there exists a vertex g of G such that p, # S,.

7.6. Baker-Wang Conjecture and proper witnesses

We now prove the Baker-Wang conjecture in the case that the graph G admits a proper witness

pair. This will be done by first proving the conjecture in a more restricted situation.

Lemma 7.6.1. Suppose that G is a ribbon graph with proper witness pair (C, P) such that
P has endpoints x and z. If the two edges ey and e of C incident to 7 satisfy eq < ey, then

there exists a vertex q of G such that p, # .
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Proof. Suppose that e; = {z, g}, so that g is the other vertex of ¢} in C. Now, let ¢’ = {u, v}
be an edge of P and extend the collection of edges (C \ e;) U (P \ ¢’) to a spanning tree T of

G. We will show that

pq([(2) = (9)].T) # B4([(2) = (@)].T) .

In particular, denoting by 7" the spanning tree p,([(z) — (¢)],T), we show that the divisor
classes [(z) = (g)] + [Bg.e; (T)] and [B,¢, (T’)] have distinct break divisor representatives.

By the definition of the Bernardi action S, we immediately obtain p, # §,.

Figure 7.8: Rotor-routing process applied to the spanning tree 7', thickened at the left, as in
the proof of Lemma 7.6.1. After one step the chip is moved from z to ¢ and the process is
terminated, yielding the thickened tree 7" at the right.

Acting on T with p,([(z) — (¢)]) entails only a single step of the rotor routing process:
changing the rotor at z from e to e; and moving the chip to ¢, terminating the process. As a
result, the spanning trees 7 and 7" differ only by a single edge. In particular, 77 = (T'\ eg) Ue;.
This situation is depicted in Figure 7.8.

Consider the divisors (z) — (q) + B(g.e,)(T) and B4 (T’). By the definition of the
Bernardi bijection, we know that B, .,)(T”) is a break divisor for 7”. On the other hand, the
divisor (z) = (g) + B(q.e,)(T) is also a break divisor for 7", distinct from S, .,)(T”). Since a

break divisor for a spanning tree is a formal sum of endpoints of edges outside that tree, we
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can see the following:

(2) = (@) + Big.en(T) = (2) = (@) + (@) + ) s(e) = (2) + ) s(e).

e¢l eg¢T’
e¥e| eteq

Recall from Section 7.4 that s(e) denotes either endpoint of the edge e. Since z is an endpoint
of e, this shows that (z) — (q) + B(g.¢,)(T) is a break divisor for 7”.

We are reduced to showing that (z) — (q) + B(g.e,)(T) and By, (T”) are distinct break
divisors. By the construction of 7', the collection of edges P N T consists of two connected
components P, and P,, containing z and x, respectively. In the Bernardi tour of T, Py is
traversed before P,, while the opposite is true for the tour of 7’. This results in different
placement of the chip associated to the edge e’ in the two tours: without loss of generality,
the T tour places a chip at v while the 7" tour places a chip at u; this difference is depicted in

Figure 7.9.

Figure 7.9: Bernardi process with initial data (g, ) applied to the spanning trees 7' and 7’
as in the proof. For simplicity, only the relevant parts of the tours are included in the figure.
At the left, the tour cuts e’ at u, while at the right e’ is cut at v.

It now remains to show that the difference in placement of the chip associated to ¢’ yields
a difference between (z) — (q) + B(g.e;)(T) and B4, (T”) as divisors. Suppose for the sake
of contradiction that they are the same despite their difference in choice of s(e’). Since €’ is
cut at v in the tour of T, the equality of (z) — (g) + B(4,¢,)(T) and B4, (T”) at u implies that

there must be some other edge fo = {u, w; }, excluded from both 7" and 7’, which is cut at u in
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the tour of 7" and at its other endpoint w in the tour of 7”. Similarly, for (z) = (g) + B(g.e,;)(T)
and B(4..,)(T”) to agree at wi, we see that there must be some other edge fi = {wi, w2},
excluded from both 7 and 77, which is cut at w in the tour of 7 and is cut at its other endpoint
w» in the tour of 7”.

Continuing in this fashion, we see that there must exist a cycle D in G having vertices
u = wo,wi,...,wy, = v and edges fo,..., fm-1,€, where f; = {w;, w;+1}, such that all
edges f; are excluded from both trees 7" and 7’. Moreover, orienting D such that ¢’ is oriented
from v to u, we see that in the tour of T each edge of D must be cut at its tail, while in the
tour of 7” each edge of D must be cut at its head. This situation is depicted in Figure 7.10.

wa ws

Wy = U e U= Wm

Figure 7.10: A depiction of the cycle D mentioned in the proof of Lemma 7.6.1. Here,
the arcs surrounding vertices indicate that for this cycle all edges are cut at their heads, in
accordance with the described tour of the tree 7’. The depicted edges outside the cycle are
the edges of 7" incident to u and v.

We show that the existence of such a cycle D with edges being cut in this way is impossible.
To see this we orient the cycle C in a fixed direction and partition the vertices w; of D into
two classes L and R according to whether the first edge outside C on the unique path in 7'
from z to w; falls on the left or right of the cycle C. Since T and T” are trees, if some vertex
w; € L is visited in the tour of T before some other vertex w; € R (or vice versa), then all
edges outside 7" incident to w; will be cut before the tour visits w ;.

Consider now the tour of 7. Since v is visited before u in this tour, e’ is cut at its tail and

the edge f,,—1 must be cut before u is visited. Thus to avoid contradiction, it must be that
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Wwm—1 1s in the same partition class as v and f,,—1 is cut at its tail w,,_1. Now, applying the
same reasoning, it must be that w,,_, is in the same partition class as w,,—; and that f,,_» is
cut at its tail w,,_». Following this pattern around the cycle D, it must be that wg = u is in the
same class as wy, and that the edge fy is cut at its tail wo = u. But this is impossible since,
by construction, # and v cannot be in the same partition class.

Thus it cannot be that (z) — (q) + B(g.e,)(T) = B(g,e;)(T"). Since the divisors (z) — (g) +
B(g.en)(T) and B, .,)(T”) are necessarily distinct break divisors, they cannot be representative

of the same element of Pic®(G) and so p, # f3,. O

For a ribbon graph G admitting a proper witness pair, we either have z, eg, and e as in

Lemma 7.6.1 above, or there are some edges fi, ..., fr incident to z such that

e <fi<-- < fr<er.

We now prove that in the latter case, we can still find vertices ¢’ and 7’ and an edge e for

which the break divisors S, ¢)(T”) and (2') — (q") + B4 .¢)(T) still differ as described.

Theorem 7.6.2. For any nonplanar ribbon graph G admitting a proper witness pair (C, P),

there exists a vertex q for which p, # .

Proof. Suppose that the proper witness pair (C, P) such that the path P intersects C in
vertices x and z. If this witness pair satisfies eg < e; in the ribbon structure about z, then we
are finished. Suppose also that the pair (C, P) fails to meet the conditions of Lemma 7.6.1.
In particular, there exists an edge f = {z,v} such that f € [eg,e;] and f # eg,e;. Let G’
be the subgraph of G obtained by deleting the vertex z and all edges to which it is incident.
Denote by F' the connected component of the subgraph G’ containing v. See Figure 7.11.
Note in particular that F' may intersect the cycle C or the path P.

If the component F meets neither C nor P, then one can ignore the edge f, applying the
same reasoning as in Lemma 7.6.1: the rotor-routing process carried out in the subgraph F

will not influence the rotors on the path P, so the break divisors (z) — (¢) + By, (T) and
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Figure 7.11: Proper witness pair (C, P) in a graph embedded on a surface of positive genus.
Supposing that there is an edge f incident to z with eg < f < e;, we can identify the
component F' of G \ z and consider its possible intersection with the cycle C and the path P.
Wavy lines represent paths that may contain additional vertices and edges.

By.e; (T") will still differ as described in the proof. We therefore assume that there is no such
edge f with F N C and F N P empty.

Suppose that the interval (eg, e1) about z contains some positive number of edges f. We
illustrate a method of finding a new witness pair (C’, P’) and reassigning the roles of e, e,
z, and ¢ such that the new interval [ serving as the replacement of (e, ¢1) has strictly fewer
edges than before. This means that we can eventually find a witness pair (C”, P”) such that
the interval between the two edges of C” incident to z is empty and therefore Lemma 7.6.1
can be applied.

Suppose that there is some edge in (eg, 1) that can be extended to a path from z to a
vertex of P. Let f be the maximal such edge and suppose it is extended to a path from Q, ./
through F connecting z to some vertex x” € V(P). Then, necessarily, there is a path C , from
z to x in C which does not contain ¢ and there is a path P, from x to x” in P. In this case,
we replace the nonseparating cycle C by the new cycle C’ = (C\ C, ) UQ, U P, ,» and the
path P by the new path P’ = P\ P, . Following this, we repeat this process, replacing eg
with f and replacing x with x”. Doing so, we see that the new interval (f, e;) has cardinality
strictly less than that of the original interval (e, e1). This process can be seen in Figure 7.12.

Suppose that there is some edge in (eg, 1) that can be extended to a path from z to a
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vertex of C. Let f be the minimal such edge and suppose it is extended to a path Q. through

F connecting z to some vertex ¢ € V(C). We have the following two cases:

1. If ¢ = x or if ¢ lies on the path from z to x in C, denote by C,. the path from
z to ¢ in C which avoids g. Replace the nonseparating cycle C by the new cycle
C’' = (C\C;)UQ;, and leave the path P unchanged. We now let f fill the role of ¢

and see that the interval ( f, e;) has cardinality strictly less than that of (eq, e1).

2. If the vertex c lies on the path from z to x in C which passes through ¢ or if ¢ = ¢,
let C, . denote the path from z to ¢ in C passing through (or stopping at) g. Replace
the nonseparating cycle C by the new cycle C' = (C \ C;.) U Q; . and leave the path
P unchanged. We now let f fill the role of e; and see that the interval (e, f) has

cardinality strictly less than that of (eg, e;). This process can be seen in Figure 7.13.

Using the above approaches, it follows that in the presence of a proper witness pair (C, P)
in G we can always recover a witness pair (C”, P”) which either satisfies the conditions of
Lemma 7.6.1 or such that no edges incident to z inhibit the proof of Lemma 7.6.1. Thus we
conclude that if G is a nonplanar ribbon graph admitting a proper witness pair, then there is

some vertex g of G such that p, # 3.

Figure 7.12: Situation in the proof of Theorem 7.6.2 where the intruding edge f leads to a
path to P. The new proper witness pair (C’, P) is shown in the right figure.
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Figure 7.13: Situation in the proof of Theorem 7.6.2 where the intruding edge f leads to a
path to C. The new proper witness pair (C’, P) is shown in the image at the right.

Considering Proposition 7.3.3 alongside Theorem 7.6.2, we immediately obtain the fol-

lowing corollary:

Corollary 7.6.3. For a nonplanar graph G endowed with any ribbon structure, there exists

some vertex q of G such that p, # 3.

7.7. Simple graphs without proper witnesses

We next show that for nonplanar ribbon graphs G without multiple edges or loops that do not
contain a proper witness pair, there is some vertex g for which p, # B,. This completes the

proof of the Baker-Wang conjecture.

Theorem 7.7.1. Let G denote a nonplanar ribbon graph with no multiple edges and no loops

such that G does not admit a proper witness pair. Then there is some vertex q of G such that
Pq * By

Proof. As in the proof of Lemma 7.6.1, we will construct a spanning tree T such that the
Bernardi and rotor-routing torsors disagree on 7'.

In order to do so, we must first fix some terminology regarding our construction. It is
recommended that the reader reference Figure 7.14 while we introduce the required termi-

nology.
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. Since G is a nonplanar ribbon graph with no proper witness pair, there exists at least
one tight witness pair (Definition 7.3.5). Suppose (C, P) is one such pair and that z is

the unique vertex in the intersection of P and C.

. Suppose that g is a neighbor of z in C. Orient {z, ¢} from ¢ to z and extend this
orientation to all of C. We may assume that the interval on the left of C is the minimal
interval described in the definition of a tight witness pair. Let e be the edge {z, ¢} and

let ¢’ be the edge immediately succeeding e in the ribbon structure about g.

. Partition all neighbors y of z outside the cycle C into two classes L and R sothaty € L
if and only if {y, z} is on the left of C and y € R if and only if {y, z} is on the right of
C.

. Let H be the subgraph of G induced by all witness paths for C that intersect C at
z. Further, let Ly € L and Ry C R denote the vertices of H which lie in L and R,

respectively.

. Let Z € E(G) denote the collection of edges incident to z with endpoints in L or R.
We can extend the collection of edges C U Z \ {e} to a spanning tree T so that all edges
incident to z except e are included in the tree 7 and such that all vertices in Ry have
degree one in the subgraph 7'N H. This is because, by definition, all neighbors of z in
Ry lie on paths connecting to z through vertices of Ly. Note that the vertices in Ry
may have degree greater than one in 7', but this situation arises only when there are

other vertices of G whose only path to z passes through a vertex of Ry.

. Let wq denote the vertex in Ly such that {z, wo} is the first edge in H to the left of C.
Likewise, let v denote the vertex in Ry such that {z, vo} is the first edge to the right

of C.

. Consider the vertices of w € L \ Ly. As in the proof of Theorem 7.6.2, let G’ denote

the subgraph of G obtained by removing the vertex z and all edges incident to z. Let W
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denote the connected component of G’ containing w. Since (C, P) is a tight witness

pair, W does not intersect the cycle C.

Indeed, if W intersects C then there are some vertices w,w’ € Wand ¢ € C with ¢ # z
such that {w, z} and {w’, c} are edges in G. In this case, we may form a new cycle
C’ which agrees with C on the (oriented) path from z to ¢ in C, but which contains
the edges {w, z} an {w’, c}. Doing so then yields a witness pair (C’, P) such that the
length of the ribbon structure interval about z on the left of C” is strictly less than the
length of the ribbon structure interval about z on the left of C. This is precisely what

the tightness of the witness pair (C, P) prohibits, and so such a situation is impossible.

/ﬁo /ﬁo
:'.wo -".‘ ‘:: "'.
L G P iR
' o L ! ’
O ~O
L : : R
\_/: \_/:

Figure 7.14: The situation in the proof of Theorem 7.7.1. The tree T is indicated with
thickened edges, while the subgraph H of G is indicated using a dashed line. The vertex sets
Ly and Ry are shown within the dotted regions within H. For simplicity, we have depicted
the edge ¢’ as an edge of the cycle C.

Consider the rotor-routing process taking 7 to 77 := p,([(z) — (¢)],T). At some point,
the rotor at z shifts to the edge {z, wo}, forming a unique cycle in the subgraph of H defined
by the rotors at vertices of H. Restricting the rotor configuration to the graph H, we obtain a
unicycle U = (o, z) in H. Further, by the assumption that G has no proper witness, we see
that all paths from any vertex of H other than z to any vertex on the path C must pass through

z. In particular, combining this with the fact that (C, P) is a tight witness pair ensures that

no rotors outside of H or the subgraphs W will move until the rotor at z shifts to e.
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Consider now the rotor routing process in the graph H beginning from starting configura-
tion U. By Lemma 7.5.3, for all neighbors v of z in Ry the rotor at z shifts to {z, v} before the
rotor at any v € Ry completes a full rotation. Considering the implication of this statement
in the graph G, we see that the rotor at z must shift to e before the rotors at any v € Ry
complete a full rotation, and so the entire rotor routing process taking 7" to 7’ terminates
before the rotor of any vertex in Ry completes a full rotation.

Now, either the rotor-routing process associated to p,([(z) — (¢g)],T) never deposited a
chip at any vertex in Ry and so all edges from z to vertices in Ry lie in the tree 7”, or this
rotor-routing process deposited a chip at some vertex of Ry and so the edge joining z to this
vertex lies outside the tree 7”.

In the former case, since no v € Ry received a chip, all vertices of Ry have degree 1 in
the subgraph 77 N H. This means in particular that on the Bernardi tour associated to 7", all
vertices of Ry receive at least one chip from their neighbors in H in addition to whatever chips
they receive from edges to neighbors outside H. However, on the Bernardi tour associated to
T all edges of H incident to vertices in Ry will be cut at their other endpoint. Therefore no
vertex of Ry will receive any chips from neighbors in H on this tour, while each such vertex
receives the same number of chips as in the tour of 77 from neighbors outside H. This means
in particular that the break divisors S, (1”) and (z) — (gq) + B(4,)(T) differ at all vertices
of Ry, and so cannot be representative of the same element of Pic®(G).

In the latter case, suppose that the rotor routing process on 7" deposited a chip at the vertex
v and so {z, v} lies outside 7”. Then in this case the chip must have returned to z across an
edge connecting z to some vertex £ in Ly. Indeed, all edges incident to z on the right of C
are included in the tree 7', so in order for the chip to return to z across an edge connecting z
to a vertex in Ry the rotor at that vertex must complete a full rotation, which is impossible
by Lemma 7.5.3. Further, by appealing to this same lemma we also see that the edge {¢, z}
across which the chip returned to z must be contained in 7’. This follows from the fact that

{¢, z} is in the tree T by construction, and so 7.5.3 ensures that the rotor at z reaches {¢, z}
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before the chip returns across this edge. In particular, the rotor at z continues to the next
edge in the ribbon structure at z and so the rotor at £ remains {¢, z} at the termination of the
process.

Thus for all v € Ry which received a chip during the rotor routing process, the unique
path from v to z in 7’ passes through a vertex of L. Note in particular that this need not be
the case if G has multiple edges. Indeed, in the event that there is some v € Ry such that
there are parallel edges between z and v, then v may receive a chip in rotor-routing process
and eventually terminate in a configuration such that one of the edges {v, z} is still in the tree
T.

This means that in the Bernardi tour associated to 77, the edge {z, v} will be cut at z and
so z will receive a chip from an edge to at least one neighbor in Ry. Considering also that
z receives a chip from an edge in the cycle C, we see that z must have a coefficient of at
least two in the break divisor S, (7”). On the other hand all edges incident to z except for
e are included in T, so that in the divisor S(,.)(T), the vertex z has coeflicient zero. Thus
the break divisors (z) — (q) + B(4,¢)(T) and B(,.¢)(T’) necessarily differ at z and cannot be
representative of the same element of Pic8(G).

Combining the above, we conclude that in either case the rotor-routing and Bernardi

torsors disagree on the tree 7', so that p, # §,. O

In view of Theorem 7.6.2 and Theorem 7.7.1 we obtain the following Corollary, verifying

the Baker-Wang conjecture.

Corollary 7.7.2 (Baker-Wang Conjecture). Given a nonplanar ribbon graph with no multiple

edges and no loops, there exists a vertex q for which p, # By.

7.8. Examples

We conclude with two examples to address the following questions
1. Is the assumption of no multiple edges necessary for the Baker—Wang Conjecture?
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2. For nonplanar ribbon graphs, is the difference between the two torsor structures inde-

pendent of the base vertex?

Our examples show that the answer to question (1) is yes, while the answer to question (2) is
no.
Fix a labeling of the N spanning trees of the underlying graph and to consider the actions

pq and B, as homomorphisms

Pq - Pic’(G) — Su,

B, : Pic’(G) — Sy .

The difference between the two torsors on a given divisor class [D] can be computed as
Pyl [D])~! B4([D]) € Sy. The difference between the two torsor structures is dependent on

the base vertex if there exist two vertices p and ¢ and a divisor class [ D] such that

pp(IDD) 7' B, (ID]) # pg(ID]) ™' B4([D]).

N
O\/CO ;

Figure 7.15: Rounded bowtie graph with the relevant torus embedding. As in prior figures,
the ribbon structure is given by the counter-clockwise orientation of the torus.

Example 7.8.1. Consider the graph depicted in Figure 7.15, which we call the rounded bowtie
graph. For the rounded bowtie graph, we have that p, = 3, for all vertices q.

We compute all Bernardi and rotor-routing torsor structures on the graph. This graph
has only has four spanning trees, which yields a particularly straightforward collection of

computations.

184



For a given spanning tree 7' and a given choice of vertex ¢ and incident edge ¢ = {v, ¢},
we first compute the rotor routing action, yielding a permutation p,([(v) — (g)]) € S,.
Following this, we calculate the permutation associated to the Bernardi action by computing
break divisors ;) (T) for all spanning trees 7. Break divisors will be written as row vectors
with coordinates in the order (a, b, ¢). With these in hand, we translate the break divisors by

the divisor (v) — (g), yielding new divisors

(v)—(q) + ﬁ(q,e)(T) . (7.3)

For each spanning tree 7. Finally, we can check for linear equivalence between these divisors
and the other break divisors B, (S) for other spanning trees S. In particular, if some pair

of spanning trees S and T satisfy

(v) - (q) +ﬁ(q,e)(T) ~ IB(q,e)(S) )

then the permutation B, ([(v)—(g)]) sends the spanning tree 7 to S. Calculating these divisors
(7.3) and performing these comparisons for all spanning trees then yields a permutation
representation for S, ([(v) — (¢g)]).

In order to verify that p, = 3, for all vertices g of the graph in Figure 7.15, we perform
this process for all choices of vertices g and v of the graph in order to understand the action
of divisor classes of Div’(G) generators on the trees. There are three non-equivalent choices
for g and v: one in which the target vertex g has degree four and the vertex v has degree two,
one in which ¢ and v both have degree two, and one in which g has degree two and v has
degree four. In Figure 7.16, we have included a depiction of the four spanning trees of the
rounded bowtie graph, together with their associated Bernardi tours and break divisors for
this choice of ¢ = cand v = a.

In calculating the Bernardi action we make use of the Bernardi bijection S, .), where

e = {c,a}. Consider the divisor (a) — (¢) + B(c)(T1) = (1,1,0). This is the break divisor
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Figure 7.16: Bernardi and rotor-routing actions on spanning trees of the rounded bowtie
graph. The spanning trees 7; are indicated in each of the figures (1) through (4) with
thickened edges. The Bernardi tours depicted are associated to the bijection S, .), where
e = {a, c}. The associated break divisors 3. .)(T;) are given below each tree.

Bic.e)(T3), so we conclude that B.([(a) — (c)]) maps T; to T3. Similarly, we see

(@) = (¢) + Bee)(T3) = (2,1,=1) ~ (0,1, 1) = B(ce) (T1) ,
(a) = (¢) + Bee)(T2) = (1,0,1) = Bce)(T4) ,
(@) = (¢) + Be.e)(Ts) = (2,0,0) ~ (0,0,2) = Bce)(T2) -
Together, this implies that we have a permutation representation B.([(a) — (¢)]) =
(13)(24). Likewise, checking the rotor-routing action p.([(a) — (¢)]) yields that p.([(a) —

(c)]) = (13)(24) = B.([(a)—(c)]). By the symmetry of the rounded bowtie graph, it follows

that p. = .. Other cases follow similarly and so the associated work is not included. O

We now turn to the issue of the discrepancy between base vertices, illustrating in particular

a graph, depicted in Figure 7.17, having vertices p and g such that p, = 8, while p, # 3.

Example 7.8.2. Consider the graph depicted in Figure 7.17, which we call the pointed bowtie
graph. For the pointed bowtie graph and the two indicated vertices p and g we have p, = 3,
while p, # B,.

We deal with divisor classes of the form [(z) — (g)] for the sake of their simplicity. In
Figure 7.17 all vertices are labeled, and in addition we have included all spanning trees of

the graph, together with the labeling to be used in the cycle representation of our actions. We
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will show that

pq([(@) = (P)D)7'By([(@) = (D) # pp([(a) = (P)D ™' Bp([(@) = (D)D)

Figure 7.17: Pointed bowtie graph with the relevant torus embedding. Vertices are labeled
a,b,c,p,q and edges e, f are relevant in Example 7.8.2.

Before proceeding, note that by Theorem 7.7.1, we are guaranteed that p, # 3, for this
choice of g. We compute now the action of the divisor [(a) — (p)] on each spanning tree
using the actions p, and §,. Since the base vertex of these actions is g and not p, we must
first rewrite [(a) — (p)] = [(a) = (q)] = [(p) — (¢)], after which one can compute the actions

of [(a) = (¢)] and [(p) — (g)] under both p, and 3,. Finally,

pa([(a) = (P)]) = pg([(@) = (D] [pg([(p) = (@D] .
Ba([(@) = (P)]) = B4([(a) = (D] [B,(L(P) — (@D)] -

With these permutations in hand, we are able to form the product p, ([(a)—(p)]~ ! By([(a)-
(p)]). To start this process, we have produced in Figure 7.18 the Bernardi tours and break
divisors associated to each of the spanning trees. For this example, break divisors will be
written as row vectors with coordinates in the order (a, b, p, ¢, ¢).With these in hand, we can
now compute the cycle representation of the permutation S, ([(p) — (¢)]) using the Bernardi
bijection S, .), Where e is the edge {p, q}.

Beginning from the spanning tree 7}, computation of the translates [(p) — (q)] +

[B(g.¢)(T;)] and their break divisor representatives yields that the permutation 8, ([(p) - (q)])
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has cycle representation (193)(278)(456). On the other hand, it can be verified from per-
forming rotor-routing on the trees 71, ..., Ty that p,([(p) — (g)]) = (123)(459)(678). We

have

Bq(L(p) = (@)]) = (193)(278)(456)

pq([(p) = (@)]) = (123)(459)(678) .

Following this same reasoning, we can obtain cycle representations
Bq([(a) = (g)]) = (139)(287)(465) ,
pq([(a) = (g)]) = (132)(495)(687)..

combining the above expressions, it follows that

pq([(@) = (P)])7'By([(a) = (p)]) = (158)(269) .

It remains to see that the torsor actions of 8,([(a) — (p)]) and p,,([(a) — (p)]) coincide. This
is most easily done by taking the same approach as above, utilizing the Bernardi bijection
B(p.r)- These computations are more straightforward than those above, so we leave the work

as an exercise. One obtains

Bp([(a) = (p)]) = (163)(245)(789)

pp([(a) = (p)]) = (163)(245)(789) .

In particular, p,([(a) — (p)]) = B,([(a) — (p)]). Now, note that by the symmetry of the
pointed bowtie graph, the coincidence of p, and 3, on [(a) — (p)] ensures their coincidence

on all generators of Div?(G). We now have pq # By while p, = B,.
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1) (1,0,0,1,0) @ (0,0,1,0,1) (3) (0,0,1,1,0)

N
7

4) (0,1,1,0;0) (5) (1,1,0,0,0) (6) (0,1,0,0,1)

(M) (0,0,2,0,0) (8) (1,0,1,0,0) 9) (0,0,0,1,1)

Figure 7.18: Bernardi and rotor-routing actions on spanning trees of the pointed bowtie
graph. The spanning trees 7; are indicated in each of the figures in red. Denoting e = {p, ¢},
the break divisors B, .)(T;) are given below the corresponding tree with the vertex ordering
(a,b,p,c,q).
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Appendix A

Simplicial Topology of Graphs

Let G = (V, E) be a finite graph with |V| = n and |E| = m. For simplicity, we assume that G
is connected. Endow G with an orientation by giving functions s, : E — V which specify
for each edge e € E a source s(e) and a target t(e¢). We denote e* :=t(e) and e™ := s(e).
All considerations in this appendix are independent of the chosen orientation on G. We also
fix a length function ¢ : E — R, although our interest in the present document is with the
case {(e) = 1foralle € E.

Consider the free abelian groups Co(G;Z) ~ Z" and C(G;Z) ~ 7", referred to as the
groups of O-chains and 1-chains with integral coefficients. Changing coeflicients, we also
have real vector spaces Co(G;R) = Co(G;Z) ® R and C(G;R) = Ci(G;Z) ® R. The
groups Co(G; Z) and C1(G; Z) are connected by the following homomorphisms, which each

extend linearly to the real vector spaces above.

Definition A.0.1. The boundary homomorphism 0 : C;(G;Z) — Cy(G;Z) is defined by
declaring d(e) = e* — e~ and extending linearly. The coboundary homomorphism is the

map ¢ : Co(G;7Z) — C(G;Z) defined by linearly extending the formula

o(v) = Z e— Z f.

ewv=e~ fo=f+
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Abusing notation, we also denote the scalar extension of the boundary and coboundary maps
to C1(G;R) and Cy(G; R) by the symbols d and 8, respectively.

The first homology group of G (with coeflicients in R) is the subspace H;(G;R) :=
ker 9 < C1(G;R), and the homology with Z coefficients is denoted by H,(G; Z) = H1(G; R)N
Ci(G; 7).

We also write H*(G; R) forker 6 < Co(G;R) and H'(G; R) for the dual space H; (G; R)",
referring to them as the and refer to it as the Oth and 1st cohomology groups of G with real

coefficients. Fix also a linear isometry p : H;(G;R) — H'(G;R). ¢

The vector space Cy(G;R) comes equipped with the standard inner product, given by
(vi,vj) = 0;;, where ¢;; is understood to be the Kronecker delta. The choice of a length

function ¢ or G moreover specifies an inner product on C;(G; R) defined by

te;) i=j
<€,‘, €j> = .
0 else

Remark A.0.2. Note that by construction the groups Ci(G;Z) is a Euclidean lattice in
C1(G;R). Likewise, H,(G;Z) and pH,(G;Z) are lattices in H;(G;R) and H'(G;R),
respectively, as is dC1(G; Z) in 0C1(G; R). ¢

Proposition A.0.3. If{(e) = 1 for all e € E, then the linear maps d and 6 on the spaces of

real 0-chains and 1-chains of G are mutually adjoint.

Proof. This follows from noticing that the formula for 6 (v) can be written

o(v) = Z(v,ae) -e.

ecE
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In particular, we see that for v € V and e € E we have

v,y = > (v, d¢")ee)

e’eE

= Z (v,0¢e’){e,e")

e’'eE

= (v, de).

Thus we obtain that for x € Co(G;R) and y € C;(G; R) we have (6x,y) = (x, dy). O

In this case, we see that we obtain direct sum splittings

Co(G;R) = H(G;R) ® 4C1(G; R)

C1(G;R) = Hi(G;R) ® 6Cy(G; R)

The summands H;(G; R) and 6Cy(G; R) are important objects of their own right in graph
theory, owing to the fact that they each admit bases of combinatorial significance.

Let T be a spanning tree of G and take any e € E —T. Then T U e contains a unique cycle,
referred to as the fundamental cycle of 7" with respect to e. By extending the orientation
of e to an orientation of the cycle, we may then write this cycle as a linear combination of
its edges ¢’ € E, with each edge having coeflicient either 1 or -1 in accordance to whether
the orientation of ¢’ agrees with that of the cycle. In this way, each pair (7, e¢) defines an
element yr, € C1(G;R). Note that by definition we have dyr, = 0, so that yr, € H(G;Z)
for all such pairs (7, e) with e ¢ T. The collection of edges appearing in yr . with nonzero
coefficient is immediately seen to be a cycle of the graph G.

let 7' again be a spanning tree of G and now take any f € T. Then the removal of f
from T yields two connected components, having vertex sets Wi LU W, =V, where we declare
that W) is the set of vertices containing f~. Then, viewing W) as an element of Cy(G;Z),

we immediately see that 6W; € 6Co(G;R). Denote this 1-chain by wr s and call it the
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fundamental cut of 7 with respect to f. Again by definition, wr, s € 6Co(G; Z) for all pairs
(T, f) with f € T. The collection of edges appearing in wr s with nonzero coefficient is

immediately seen to be a cut of the graph G.

Proposition A.0.4. For any spanning tree T of G, the set {yr, : e ¢ T} is a basis for
H1{(G;R) and the set {wr,r : f € T} is a basis for deltaCy(G; R).

Proof. |

Definition A.0.5. We also refer to H;(G; R) as the cycle space of G and to 6Cy(G; R) as the

cut space of G, in accordance with the above-mentioned bases. ¢
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Appendix B

Non-Additive Homological Algebra

B.1. Proto-exact categories

In this subsection, we recall the notion of proto-exact categories, introduced by Dyckerhoff

and Kapranov [20].

Definition B.1.1. A proto-exact category is a category C with zero object equipped with
two distinguished classes 9t and € of morphisms, called admissible monomorphisms and
admissible epimorphisms, respectively. We denote morphisms in 9t by >» and morphisms

in € by ». The classes M and € are required to satisfy the following conditions:
(PE1) Every morphism 0 — M is in I, and every morphism M — 0 is in €.
(PE2) The classes Pt and € are closed under composition and contain all isomorphisms.

(PE3) A commutative square of the following form is Cartesian if and only if it is co-Cartesian:

—

R4—X

N
i (B.1)
N

(PE4) Every diagram M’ »>—— N’ & N can be completed to a bi-Cartesian square
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(B.1).

(PES) Every diagram M’ & M »>—— N can be completed to a bi-Cartesian square

(B.1).

In a proto-exact category, a commutative diagram of the following form is said to be an

admissible short exact sequence:
A>>—> B

i i (B.2)

0>——>2C
We denote a short exact sequence by A > B —» C. In this case, we also write C = B/A and
call C a quotient object.
Two admissible monomorphisms f : A > B and g : A’ > B are isomorphic if there
exists an isomorphism ¢ : A — A’ such that g o ¢ = f. The isomorphism classes in 9t are

said to be admissible subobjects. We denote admissible subobjects by A C B.

Example B.1.2.

(1) Any Quillen exact category is also proto-exact, with the same classes of admissible
monomorphisms and epimorphisms. In particular, any abelian category is proto-exact,

with 9 consisting of all monomorphisms and € consisting of all epimorphisms.

(2) The category Set, of pointed sets and basepoint-preserving functions is proto-exact
with 9 consisting of all pointed injections and € consisting of all pointed surjections.
The full subcategory of finite pointed sets is also proto-exact, as is the subcategory
Vecty, of Fi-vector spaces, which finite pointed sets with [i-linear functions. A
function f is IFi-linear if £~!(x) has cardinality 1 whenever x is not the basepoint. In
the latter two cases, It and € consist of the restrictions of admissibles in Set, to these

subcategories.
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(3) The category Mat, of pointed matroids is finitary and proto-exact, as established

in [22].

B.2. Duality and Direct Sum for Proto-Exact Categories

The proto-exact categories which we encounter in the sequel possess additional structures
which behave well with respect to exact sequences. In this section we describe these structures,
namely direct sums and duality, in the context of proto-exact categories. For a more detailed

account of these concepts, see [21].

Definition B.2.1. Let C be a proto-exact category with classes 9t and € of admissible
monomorphisms and epimorphisms, respectively. Say that C has exact direct sum if there

is a symmetric monoidal product & satisfying the following properties:
(DST1) The monoidal unit is the zero object 0.
(DS2) & : C xC — C is an exact functor.

For U,V € C,denote by tyy : U > U® V and iy : U @ V — U the corresponding inclusion

and projection, and similar for V.

(DS3) The following maps are injections:

Hom(U & V,W) — Hom(U, W) x Hom(V, W)

fr=(fouw, fouw)

Hom(W,U & V) — Hom(W,U) x Hom(W,V)

f— (nyof,ayof)
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(DS4) Let U = X 5 V be a short exact sequence. Then for all sections s of =, there is a

unique isomorphism ¢ for which have the diagram

X

1

UeoV

N

1/

U Vv

il

Further, for all retracts r of ¢, there is a unique isomorphism i for which we have the

diagram

>

Y

U«z— UV

W

We say that a proto-exact category C with exact direct sum is combinatorial if, for any
admissible monomorphism g : X — U; @ U, we have admissible subobjects ¢ : Xx > Uk
for k = 1, 2 for which there is an isomorphism f : X — X & X satisfying (t; ® ) o f = g.
Additionally, we say that C is uniquely split if every short exact sequence splits in a unique

way.

Definition B.2.2. Let C be a proto-exact category. Say that C is a proto-exact-category with
duality if there is a functor P : C — C°P and a natural isomorphism ® : id¢ — P o PP
such that for all U € C we have P(Oy) o ®p(y) = idp(y) and for which P and © satisfy the

following properties.
(D1) P(0) =~

(D2) f eMifandonlyif P(f) € €
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(D3) If either of the following squares is biCartesan, then the other is as well.

— X P(U) «— P(X)
l T 1
—V P(W) «—— P(V)

T4—C

B.3. Hall algebras of finitary proto-exact categories

Given an abelian category A satisfying suitable conditions, one can associate to it the Hall
algebra H 4. Whether H 4 carries a natural Hopf algebra structure depends delicately on
the properties of A. In his celebrated work [36], Kapranov studied the case where A is the
category of coherent sheaves Coh(X) on a smooth projective curve X defined over a finite
field Fg. He showed that when X = P!, a certain subalgebra of Hcon(x) is isomorphic to the
positive part of the quantum affine algebra Uq(s/I\z).

The definition of H 4 can be naturally generalized to the case of proto-exact categories
C, and one may study the proto-exact structure of C through the lens of the associated Hall
algebra H¢. See [33] for some backgrounds on Hall algebras of proto-exact categories along
with a combinatorial approach to study the Hall algebra of the category of coherent sheaves
on P> whose structure is rarely known.

Now, we recall the definition of H¢. Say that a proto-exact category C is finitary if for all
objects M and N of C we have that the sets Hom(M, N) and Ext' (M, N) are finite." Given a
finitary proto-exact category C and a field k of characteristic zero, the Hall algebra H¢ of C

over k is defined to be

He :={f : Iso(C) — k | f has finite support}.

'For a proto-exact cateogry, as in the classical setting, Ext' (M, N) is defined as the set of equivalence classes
of admissible short exact sequences.
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Here, Iso(C) is the set of isomorphism classes of objects of C. The Hall algebra is an

associative k-algebra with product given by

(f *g)([M]) = Z J(IM/N]) - g([N]). (B.3)

NcM

The Hall algebra He is equipped with a basis of functions {6 | [M] € Iso(C)}, defined in

analogy with Dirac measures, given by

1 M =N,
S ([N]) = (B.4)

0 else.

The function 6| is the unit of H¢ and multiplication of basis elements is given by

O[m] * O[N] = Z g N OLR)- (B.5)
[R]elso(C)

Here the constants gﬁ ~ € Nare given by
ghy=#R|R CR R =N, R/IR = M}. (B.6)

Note that finitarity ensures that the gﬁ y are natural numbers. When C is combinatorial and
has a direct sum &, the Hall algebra H¢ can be promoted to a bialgebra by equipping it with

Green’s comultiplication, which is given by

A:He — He ® He

A(f)([M], [N]) = f([M & N]).
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B.4. Proto-abelian categories

In this subsection, we recall the notion of proto-abelian categories, introduced by André [4].
Given a category C with zero object, a kernel of a morphism f : M — N is a morphism

k : K — M for which the following square is Cartesian:

k

o 4— =

— s M

7
— M
Dually, a cokernel of f is a morphism ¢ : N — C for which the following square is

co-Cartesian:

| b

A=

M
!
0
A kernel is necessarily a monomorphism and a cokernel is necessarily an epimorphism. Say
that a morphism in C is a strict monomorphism if it is the kernel of another morphism in
C. Likewise, a strict epimorphism is by definition the cokernel of another morphism. If
M — N is a strict monomorphism (resp. epimorphism), say that M is a strict subobject
of N (resp. N is a strict quotient of M). For the duration of this section, we denote strict
monomorphisms by > and strict epimorphisms by —».

By abuse of terminology, we refer to the domain of a kernel of f as a kernel of f and
refer to the codomain of a cokernel of f as a cokernel of f. These objects are unique up to
isomorphism, and it will always be clear from context whether we are speaking of a morphism
or an object.

For a category C with kernels and cokernels, given an object M and two strict subobjects
Ny and N, of M we can construct a sum N; + N, and intersection N; N N, of N; and N>
under M. These objects are again strict subobjects of M and are constructed as follows.

The intersection N1 N N, is simply the pull-back of the diagram N; »» M << N,, which

exists in C by [4, p. 9]. Let M /N and M /N, be the cokernels of the inclusions N; > M.
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Then one forms the pushout M’ of M/N; «- M - M /N,, which is again guaranteed to exist
by [4, p. 9]. The sum of N and N, is the kernel N + N; of the resulting strict epimorphism

M — M’. Diagrammatically, this can be written as follows:

N1+ N, &——— N

RN

Ny ¥ S M S M/N, (B.7)

! l

M/N; ——> M’

It is shown in [41] that N and N, are strict subobjects of N; + Ny and that N; N N,
is a strict subobject of both N and N,, so that we can take quotients (N; + N3)/N; and
N;/(Ny N N,) fori = 1,2. By [41, Proposition 3.3], the sum and intersection of subobjects

are related by the following Cartesian square:

NiNNy —— N;

I I (B.8)

Ny —> N1+ N,

Definition B.4.1. A proto-abelian category is a pointed category C which has all kernels

and cokernels and additionally satisfies the following conditions:

(PA1) Any morphism with zero kernel (resp. cokernel) is a monomorphism (resp. epimor-

phism)

(PA2) The pullback of a strict epi along a strict mono is a strict epi, and the pushout of a strict

mono along a strict epi is a strict mono.

Each proto-abelian category carries a natural proto-exact structure, with 9t consisting of

strict monomorphisms and € of strict epimorphisms. In proto-abelian categories, a short
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exact sequence is a diagram of the form (B.2), where vertical arrows are strict epimorphisms

and horizontal arrows are strict monomorphisms.

Remark B.4.2. Proto-abelian categories are sometimes defined in a different but related way
to the above (see [20], [33]). In those treatments, a category is said to be proto-abelian if it
is proto-exact and the classes 9t and € consist of all monomorphisms and all epimorphisms,
respectively. Such categories are not necessarily proto-abelian in our sense, and neither

notion of proto-abelianness immediately implies the other. ¢

Example B.4.3.

(1) Any abelian category is proto-abelian. Conversely, if a proto-abelian category has all
finite products and coproducts, and if any morphism which is both monic and epic is

an isomorphism, then the category is abelian (see [4]).

(2) The categories of finite-dimensional Euclidean and Hermitian vector spaces with linear
maps of norm at most 1 is proto-abelian. This category has all finite coproducts and

pushouts, but does not have all products or pullbacks.

(3) The category of Euclidean lattices with additive maps of norm at most 1 is proto-abelian

(see [4], [41)).

0

We can also promote a proto-exact category to a proto-abelian category, so long as it

contains kernels and cokernels and satisfies the first axiom of proto-abelian categories above.

Proposition B.4.4. Let C be a category with kernels and cokernels satisfying axiom (PA1).
Suppose that C is proto-exact with I being compositions of isomorphisms with strict
monomorphisms and € being the collection of strict epimorphisms composed with iso-

morphisms in C. Then C is proto-abelian.

Proof. By the definition of 9t and € we see that axioms (PE4) and (PES5) of a proto-exact

category immediatly ensure that axiom (PA2) holds. O
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B.5. Stability and slope in proto-abelian categories

Proto-abelian categories possess sufficient structure to define useful filtrations of their objects
using slope functions, generalizing for example the Harder-Narasimhan filtration for vector
bundles on curves. See [4], [51], and [41] for a broader account. We now introduce that part
of this theory which will be of use to us in the sequel.

Suppose we are given rank and degree functions which are constant on isomorphism
classes and additive on short exact sequences, so that they give additive maps out of the

Grothendieck group of C:

k: Ko(C) - N

deg: Ko(C) » R
Suppose also that ry;(Ej) = 0 implies that M is the zero object. We then define a slope

function u : Iso(C) \ {0} — R on C by the formula

_ deg(M)
u(M) = k(M)

Such a function u is said to satisfy the strong slope inequality if for any object M and any

strict subobjects Ny and N, of M we have

N (N1 +N2)

Say that an object M of C is semistable (resp. stable) if we have u(N) < u(M)

(resp. u(N) < u(M)) for every strict subobject N »» M.

Definition B.5.1. A slope filtration of M is a flag of strict subobjects

0=Ny>>Ny»> >N, =M (B.10)
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such that each quotient N;,;/N; is semistable and for which u(N;/N;—1) > u(N;i+1/N;). A

slope filtration on C is a functorial assignment of a slope filtration to every object of C. ¢

Remark B.5.2. The paper [4] establishes a framework in which slope functions are used to
define slope filtrations on proto-abelian categories. The slope functions there are required to
be non-decreasing under morphisms which are both monic and epic. Later, this framework
was generalized by [41] to include the broader class of slope functions satisfying the strong
slope inequality (B.9). The theory in [41] also departs from [4] in a handful of other subtle
ways. However, since we do not need the level of generality attained there, we proceed with

slope functions as defined above. ¢

An object M of C is said to be Noetherian (resp. Artinian) if it satisfies the Noetherian
(resp. Artinian) property on chains of strict subobjects of M. In [41], Li establishes that given
a function u : Iso(C) \ {0} — R which satisfies the strong slope inequality, one obtains for
each nonzero Noetherian and Artinian object of C a unique slope filtration associated to u as

above (see [41] Theorems 5.2, 5.3, 5.4, and the discussion in Section 5.3).

Theorem B.5.3 ( [41], Theorems 5.2, 5.3, 5.4). Let C be a small proto-abelian category
in which all objects are both Artinian and Noetherian and let u : Iso(C) \ {0} — R be a
function satisfying the strong slope inequality (B.9). Then for each nonzero object M of C
there exists a filtration

O:N0>—>N1>—)~--)—)Nr:M

by strict subobjects, unique up to isomorphism, such that for all i = 1,...,r we have that

N;/N;_1 is semistable and satisfy

u(N1/No) > u(N2/Ny) > -+ > p(Ny/Ny_1).

We call any filtration obtained in this way a categorical slope filtration. This establishes
in particular that functions satisfying the strong slope inequality are a suitable generalization

of the slope functions of [4] for the purpose of constructing filtrations.
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Appendix C

Bands and Idylls

Bands and idylls are generalizations of rings and fields, respectively, which are of fundamental
interest to us. Following [6] and [31], we introduce matroids over idylls and their pointed
versions, as well as a handful of concepts promoted from classical matroid theory to matroids
over idylls. The theory of matroids we encounter here follows the works [6] and [31]. For
more details on bands, idylls, and relations to other partial algebraic structures, see [7].

A pointed monoid is a (multiplicative) commutative monoid B = B’ LI {0} such that B’
is a submonoid and O is an absorbing element, i.e., 0 - b = O for all b € B. To each pointed
monoid B is associated an ambient semiring B* = N[B]/(0), where (0) is the semiring
ideal generated by 0. A band is a pointed monoid equipped with a null set Np, which is a

proper ideal of B* satisfying
(BO) 0 € Np

(B1) For every a € B there exists a unique element b € B such thata + b € Np. We denote
this element by —a. In particular, note that each band contains an element —1 satisfying

1 + (—1) € Np, where 1 is the multiplicative unit of B.

We think of the null set of a band B as capturing a notion of linear dependence over N.

Anidyll is a band F such that F* = F\ {0}. A morphism of bands ® : B — C is a morphism
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of monoids with ®(0g) = O¢ such that )}, ®(b;) € N¢ for all }}; b; € Ng. With this notion

of morphisms, bands form a category and idylls form a subcategory thereof.
Example C.0.1. 1. Any commutative ring R is a band with Ng = {}};a; : X; a; = 0}.

2. The Krasner hyperfield is the idyll K with underlying set {0, 1} whose multiplicative
structure is inherited from Z and whose nullset is N \ {1}. This is the final object in

the category of idylls.

3. The regular partial field is the idyll F; with underlying set {—1,0, 1} whose multi-

plicative structure is inherited from Z and whose null set is Np: = (1+ (-1)).

4. The tropical hyperfield is the idyll T with underlying set R LI {oco} and multiplicative
structure given by the additive group R and with additive structure defined by a + b :=

max{a, b}. Thenull setis givenby N1 = {2;; a; : the maximum is attained at least twice}.

5. The hyperfield of signs is the idyll S with underlying set {—1, 0, 1} whose multiplicative
structure is again inherited from Z but whose null set is defined by Ng = {m-1+n-(-1) :

m=n=0orm# 0 # n}.

We will be particularly interested in the case where B = F is a perfect idyll. In short, an
idyll F'is perfect precisely when the vectors of any F-matroid are orthogonal to the covectors
of that F-matroid. The idylls F¥, K, T, and S are perfect, as are all fields k.

For ordered tuples of elements of a set, we use the following notation. Let E be a set and
take some n € N. Then for a vector x € E", write x; for the kth entry of x and write x; for
the vector of length n — 1 obtained from x by deleting the kth entry. Write |x| for the support

of x, which is the set of nonzero elements of F appearing as entries of x.
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Appendix D

Two Kinds of Tropical Vector Bundles

The works [37] and [38] independently introduced two parallel notions of tropical vector
bundles on tropical toric varieties Xs, using different axiomatic frameworks. In particular,
[37] define vector bundles as matroids satisfying some compatibility with the fan £ phrased
in terms of the Bergman fan of the matroid. This definition is introduced in part to emphasize
a connection with the theory of affine buildings and tropical linear spaces. On the other
hand, [38] define their vector bundles as valuated matroids satisfying a different sort of
compatibility with the fan 2 dealing with flags of flats in the underlying matroid.

In both cases, the definition of a tropical toric vector bundle is inspired by Klyachko’s
classification of torus-equivariant vector bundles on toric varieties, and in [38] the inspiration
can be clearly seen from the definition of tropical toric vector bundles introduced there. As
remarked in both relevant papers, the definitions of tropical toric vector bundles are equivalent
in content but differ in terms of their technical details. The purpose of the present document
is to illustrate the equivalence of these two definitions in the case where the toric variety Xs
is smooth.

For the entirety of the discussion here, we fix a smooth toric variety Xy over a field K.
Denote by M and N the corresponding character and cocharacter lattices. Xy is defined by

the complete polyhedral fan X in the vector space Nr. In what follows, we denote by X, the
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Bergman fan of a matroid M.

D.1. Tropical Toric Vector Bundles (A)

We first recall the definition of a tropical toric vector bundle used in [38]. We refer to this as

the (A) definition of tropical toric vector bundles.

Definition D.1.1. A tropical toric sheaf of rank r on trop(Xy) is a tuple £ = (M, E, {F f b,
where M is a valuated matroid of rank r on the set E and for each p € £(1) we have a flag
of flats {F }O : J € Z} for which F f a=2F J’.) and such that F’ ][.) = 0 for j sufficiently large and

F? = E for j sufficiently small. ¢

Definition D.1.2. A tropical toric reflexive sheaf £ is a tropical toric vector bundle (ttvb(A))
if for every cone o € X there is some basis B, of M for which F jp is a join of elements of

B, for every p € o(1) and every j € Z. ¢

D.2. Tropical toric vector bundles (B)

We now recall the definition of a tropical toric vector bundle used in [37]. We refer to this
as the (B) definition of tropical toric vector bundles. For each matroid M = (Ey;, L) we
denote by Py its associated matroid polytope and by X, its Bergman fan in the space RE™.
Given a subset S C Ej, denote by eg the indicator vector of S in RE™ . Identifying RE™ with
its dual (REM)*, we consider the normal fan A'(P,) as a fan in R . The maximal cones of

N (Pyy) are denoted by o and correspond to bases B € By,.

Definition D.2.1. Let B € B, be a basis of M. Then the apartment of M associated to B is

the subfan Ap of the Bergman fan defined by

Ay =Xy Nop,
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where o is the maximal cone of N (Py;) determined by B. ¢

Definition D.2.2. A tropical toric vector bundle (ttvb(B)) of rank r on Xy is a pair (M, ®).
Here, M is a matroid of rank » on Ey; and @ : |[Z| — X, is a piecewise-linear map such
that for every o € X there is some basis B, of M for which ®(0) € Ap_ . Moreover, we
require that for each such o we have that ®|, : o — Ap_ is the restriction of an R-linear

map @, : span(o) — Ap, = R". ¢

D.3. Equivalence of (A) and (B)

D.3.1 (A) Gives (B)

We recall first two auxiliary results in [37] which assist us in constructing a ttvb(B) from each

ttvb(A).
Lemma D.3.1. ( [37], Lemma 3.4) Each decreasing R-filtration {F, : r € R} of flats
determines a point w € Xy via declaring

we =sup{r e R:e € F,}.

Proposition D.3.2. ( [37], Proposition 3.7(b)) Let B € By be a basis of M with corre-
sponding apartment Ag. Then Ap is piecewise-linearly isomorphic to R" via an explicit

homeomorphism ap.

In particular, note that Proposition D.3.2 furnishes each apartment Ap of a matroid M of
rank r with an explicit homeomorphism ap witnessing Az = R". These homeomorphisms

ap will be of essential use to us in assigning a ttvb(B) to ttvb(A).
Proposition D.3.3. Each ttvb(A) determines a ttvb(B).

Proof. Suppose that (M, Ey, {F}(.J }) is a ttvb(A). Then for each p € o (1) we obtain by
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Lemma D.3.1a point w, € Xy via
(Wp)e =sup{k € Z: e € F} }.

We use this assignment to produce the desired map ® defining a ttvb(B). In particular, for
each cone o € X we first build a linear map ¢ : span(o-) — R” and define the map to Ap,
by composition with the homeomorphism a .

Given a maximal cone o € X, let p < o be aray of o and let v, be a primitive integer
vector in its direction. Then declare ¢, (v,) = a;l(wp). Since Xy was assumed to be
smooth, we have that the cone o is simplicial and so the assignment ¢, (v,) = a;(w p) can
be uniquely extended to a linear transformation ¢, : span(c) — R”. We then define the
piecewise-linear map @ : |X| — X, by declaring ®|, to be the map a, o ¢, .

To see that @ then defines a piecewise-linear map on |X|, it is then enough to show that for

any pair of cones o, 0’ € X meeting in acommon face 7, we have that (®|, )|, = (®|s)|r. O

D.3.2 (B) Gives (A)

Lemma D.3.4. Suppose that F € Ly is a flat of M and that B € By, is a basis of M for

which er € op. Then F is a join of elements of B.

Proof. Since er € o, we have that
(eg,ep) =#F NB = ?Elgh)i(v, er).
In particular, for all other " € By, we have
#F N B = (ep,er) > (ep,ep) =#F N B’.

Since Ly is a geometric lattice we can write F' = a1 V- - -Va,(r), where a; € Ly is an atom for

all i and r (F) is the rank of F'. Here, we have assumed in particular that Ir := {a1,...,a,r)}

210



is independent. Then letting B’ € By, be any basis containing the subset /r, we necessarily

have that

#FNB>#FNB =r(F),
so that in particular #7NB = r(F). This implies that there are elements b1, ..., b,(r) € FNB
and so necessarily F = by V - -+ V b, (r). This expresses F as a join of elements of B. O

Proposition D.3.5. Each ttvb(B) determines a ttvb(A) up to the choice of valuated matroid

Structure.

Proof. Suppose that (M, ®) is a ttvb(B). Then by the coherence criterion in Definition D.2.2
we know that for all o € X there is some basis B, with ®(0) € Ap_ . In particular, for
p € Z(1), we obtain a basis B, with ®(p) C Ap,. Denoting by v, the primitive integer
vector in direction p, we have that ®(v,) lies in some cone o € Xy with or C op. Since
each such cone is associated to a flag F = {F.} C L), we thus obtain a way to associate
a flag F to each ray p of X. Extending each such flag to a Z-flag by appending 0 and Ey,
sufficiently many times, we therefore obtain flags {F jp : J € Z} for each p € X(1). This
construction then produces for each valuated matroid M over M a tropical toric reflexive
sheaf (M, Ey, {F}O}) for each ttbv(B).

To see that (M, Ey, {F f }) is a ttbv(A), we need only check the coherence criterion from
Defintion D.1.2. In particular, given any cone o € X containing a ray p < o we would like
to see that each flat F JP is a join of elements of B, where B is a basis such that ®(o") C Ap.
By v, € o we trivially have that ®(v,) € Ap and, since Ap_ is a subfan of X, this implies
that we have an inclusion of cones o C op. In particular, for each flat F; € F we have

er € or and so ef; € 0. Finally, by Lemma D.3.4 we see that F is a join of elements of B

as desired. m|
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