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Evolutionary processes shape biological systems at all scales, and understanding evolutionary

mechanisms requires quantitative frameworks that are matched in sophistication to modern

experimental capabilities. This dissertation covers quantitative work along two biological

threads—evolutionary genomics and adaptive immunology. I describe how complex dynam-

ics of mutational activity in evolving populations can be recovered from population-level

whole-genome sequencing data, and show results on mutation spectrum evolution over thou-

sands of generations in humans. Next, I describe inference of evolutionary histories in a

regime of dense single-cell sampling of cellular diversification, where identical genotypes

from clonal subpopulations are sampled, and genotype abundance influences the mutational

output of a clone because it is closely related to clonal population size. In particular, I ad-

dress phylogenetic tree inference for B cells evolving improved antibodies. I conclude with an

outlook for future research that synthesizes evolutionary genomics and adaptive immunology,

and views the latter as a powerful evolutionary model system.
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Chapter 1

INTRODUCTION

VALENTINE: It’s how you look at population changes in
biology,... it can be written down as mathematics...

HANNAH: Does it work for grouse?
VALENTINE: I don’t know yet... There’s more noise with grouse.
HANNAH: Noise?
VALENTINE: Distortions. Interference. Real data is messy...

Like a piano in the next room, it’s playing your song, but
unfortunately it’s out of whack...

HANNAH: What do you do?
VALENTINE: You start guessing what the tune might be. You

try to pick it out of the noise...
HANNAH: (soberly) Yes, I see. And then what?
VALENTINE: I publish.
HANNAH: Of course. Sorry. Jolly good.

Tom Stoppard, Arcadia

Evolutionary forces shape biological systems across scales, from germline genome varia-

tion over generations of individuals to somatic diversification of cell lineages within individu-

als. Understanding these forces requires quantitative approaches that are matched in sophis-

tication to modern technologies for biological data acquisition. This dissertation presents

quantitative research along two biological directions—evolutionary genomics and adaptive

immunology—where experiments provide richly textured data with eccentricities that are

important to learn how to model properly. Although seemingly disparate biological threads,

a unifying perspective on this work is the power of tree-valued stochastic processes (to wit:

Kingman’s coalescent process and the Galton-Watson branching process) in understanding
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diverse biological systems.

My work in evolutionary genomics (Chapter 2) combines the languages of inverse prob-

lems, sparse optimization, and coalescent theory to infer histories of complex mutational

processes acting alongside demographic processes in evolving populations. Mutation is the

source of genetic variation driving evolution, but receives a simplistic mathematical treat-

ment in modern population genetic inference. Recent literature (reviewed in § 1.2) makes

clear that mutagenesis is itself a complex evolving trait. I prove a theorem describing how

mutation spectrum history shapes genomic data. Using modern sparse optimization, I de-

velop software to infer mutation spectrum history, revealing mutation signatures varying

over thousands of generations in humans, and patterns of global divergence in mutational

processes. Additionally, in Chapter 3 I present a software utility for bioinformatic processing

of mutation spectrum data from large population genomic data sets.

My work in adaptive immunology (Chapter 4) develops an approach to infer evolutionary

trees for single B cell lineages evolving high-affinity antibodies. B cells undergo rapid evo-

lution in microanatomical sites in lymph nodes called germinal centers (reviewed in § 1.3),

where they diversity under selection for improved pathogen recognition. Intricate experimen-

tal techniques are now able to isolate these evolving lineages at single-cell resolution, and

provide detailed physiological, molecular, and sequence-level data. I developed branching

process theory and a novel dynamic programming algorithm to formulate tree inference in a

regime of dense sampling of such cellular diversification.

1.1 Previous publication and co-authorship of dissertation content

This dissertation contains content previously published as follows, and includes text and

materials contributed by all authors [43, 31, 40, 41]:

• William S. DeWitt, Luka Mesin, Gabriel D. Victora, Vladimir N. Minin, and Fred-
erick A. Matsen IV, Using Genotype Abundance to Improve Phylogenetic Inference.
Molecular Biology and Evolution, 35(5):1253–1265, 02 2018.
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• Jedidiah Carlson, William S. DeWitt, and Kelley Harris. Inferring evolutionary dy-
namics of mutation rates through the lens of mutation spectrum variation. Current
Opinion in Genetics & Development, 62:50–57, 2020. Genetics of Human Origin

• William S. DeWitt. mutyper: assigning and summarizing mutation types for analyzing
germline mutation spectra. bioRxiv, 2020.

• William S. DeWitt, Kameron Decker Harris, Aaron P. Ragsdale, and Kelley Harris.
Nonparametric coalescent inference of mutation spectrum history and demography.
Proceedings of the National Academy of Sciences, 118(21):e2013798118, 2021

1.2 Inferring evolutionary dynamics of mutation rates through the lens of mu-
tation spectrum variation

There are many possible failure points in the transmission of genetic information that can

produce heritable germline mutations. Once a mutation has been passed from parents to

offspring for several generations, it can be difficult or impossible to identify its root cause;

however, sometimes the nature of the ancestral and derived DNA sequences can provide

mechanistic clues about a genetic change that happened hundreds or thousands of generations

ago. Here, we review evidence that the sequence context “spectrum” of germline mutagenesis

has been evolving surprisingly rapidly over the history of humans and other species. We go

on to discuss possible causal factors that might underlie rapid mutation spectrum evolution.

Like all other complex traits, the germline mutations present in an individual’s genome

are ultimately governed by heritable genetic factors, environmental influences, and interac-

tions thereof. Commonly studied properties of germline mutations include their rate (i.e.,

mutations per site per generation), spectrum (i.e., relative abundances of different mutation

types), or spatial clustering throughout the genome. Because these phenotypic outcomes

of mutation are embedded as variation in the genome, the evolutionary pressures acting on

mutation phenotypes are intrinsically more complex than the forces that drive the evolution

of other phenotypes. The theoretical complexities of this phenomenon have fascinated popu-

lation geneticists for decades. In 1937, A.H. Sturtevant was the first to show that alleles that
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modify the mutation rate become linked over time to mutations that they beget in nearby

genomic regions, leading to time-delayed selection on mutation rate modifiers that is ulti-

mately dependent on the fitness effects of much younger genetic variants [203]. Thirty years

after Sturtevant’s seminal paper, population geneticists remained daunted by the higher-

order complexity of mutation rate evolution: Motoo Kimura wrote in 1967 that “the whole

question of the evolutionary modification of the spontaneous mutation rate is quite puzzling

and more evidence is needed to clarify the problem” [107].

In the fifty-three years since Kimura’s landmark theoretical work, large amounts of ge-

netic data have been produced, proffering new empirical evidence of past and ongoing mu-

tation rate evolution. It is now feasible to directly measure variability in mutation rates by

generating mutation accumulation lines and/or sequencing parent/offspring trios, then test

hypotheses about the genetic and environmental causes of ongoing within-species germline

mutation rate variability. Comparative genomics approaches have shown that, over long

timescales, mutation rates evolve toward a level that is approximately proportional to effec-

tive population size divided by the size of the coding fraction of the genome [204].

However, between the extremes of inter-species mutation rate evolution and within-

species mutation rate variation, there has been much less documentation of historical germline

mutation rate variation within populations or between closely related populations, a fact that

stands in the way of studying the evolution of this trait using standard techniques from quan-

titative genetics. To make matters even more complicated, environmental mutagens might

also affect mutation rates, as do life history features such as the ages at which individuals

tend to become parents. In a neutral model setting, disentangling historical mutation rate

evolution from the effects of demographic history is a serious challenge for population genetic

inference. Indeed, the rate of genetic drift influencing genomic variation is jointly determined

by mutation rate and effective population size.

An indirect hint that mutational modifiers do segregate within populations is the exis-
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tence of variation between populations in their mutation spectra. Mutations can be coarsely

classified into 6 types according to the ancestral and derived alleles (A→C, A→G, A→T,

C→A, C→G, and C→T are all distinct mutation types, but T→G, for example, is not dis-

tinct from this set if we ignore strand-specific effects because it is the strand complement of

A→C). There is considerable variation between microorganism species (and even strains of

the same species) in the relative abundances of these variant types [120], but to ascertain

differences between closely related eukaryotes that have larger genomes and more stable mu-

tation rates, it is useful to partition these mutation types further by trinucleotide context

(yielding 96 unique types such as AAA→ACA, etc.) or even by extended sequence contexts

as large as 7-mers [5, 33]. Trinucleotide mutation spectrum variation has been extensively

catalogued across cancer types, an effort that has led to the discovery of dozens of “mu-

tational signatures” that appear to be associated with specific exogenous and endogenous

DNA damage agents [9, 8]. More recently, comparisons of mutation spectra between pop-

ulations of humans, great apes, and laboratory mice has revealed that mutation spectrum

phenotypes often vary so predictably between populations that they can be used to identify

an individual’s population of origin [82, 134, 83, 135, 147, 47, 205, 72].

The most striking mutation spectrum difference discovered thus far between closely re-

lated human populations is an excess of TCC→TTC mutations that exists in Europeans

relative to East Asians and Africans. In the 1000 Genomes Phase I dataset, where this

difference was first reported [82], private European variation is enriched for TCC→TTC

mutations by about 50% compared to private African or East Asian variation. South Asian

genomes contain an intermediate amount of TCC→TTC mutations, perhaps because this

population was founded by admixture of a European-related Ancestral North Indian popula-

tion into an East-Asian-related Ancestral South Indian population [172, 146]. Based on the

allele frequencies of the excess TCC→TTC mutations in Europe, it has been estimated that

the rate of this mutation increased in Europe between 15,000 to 30,000 years ago [83, 199]
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(or perhaps even earlier, depending on the details of ancient European demographic history).

It is also clear from the mutation spectrum of rare variants that the TCC→TTC mutation

rate decreased again around 1,000 to 2,000 years ago. In direct sequencing data from parent

child trios, the rate of this mutation type is indistinguishable between Europeans and other

populations, suggesting that the pulse of excess mutagenesis either subsided entirely or is

confined to a small subpopulation that has not been included in any trio sequencing efforts.

A few similar mutation types, including TCT→TTT, ACC→ATC, and CCC→CTC, are

enriched in Europeans with the same marginal allele frequency distribution as TCC→TTC,

suggesting that these are minor components of the same mutational signature [83, 135]. How-

ever, other mutation types show differentiation between populations that becomes strictly

stronger with decreasing allele frequency. The first principal component of human mutation

spectrum variation is not defined by TCC→TTC mutation abundance at all, but instead

separates Africans from Eurasians. African mutations are slightly more likely than Eurasian

mutations to have G/C ancestral alleles compared to A/T ancestral alleles, a trend that is

not very dependent on sequence context and does not dramatically affect the frequency dis-

tribution of any specific trinucleotide mutation type. In addition, certain complex mutations

that appear linked at adjacent sites show evidence of even more population differentiation

than simple SNPs do [167].

An apparent separate pulse of NAC→NCC mutations in the history of the Japanese

population was also reported by Harris and Pritchard; however, this mutation type appears

to be strongly influenced by a cell line artifact or other technical issue that caused context

specific errors in 1000 Genomes variant calls [12]. An overall excess of NAC→NCC mutations

in East Asians compared to Europeans has been confirmed in two independent datasets [83],

but it is not clear how this relates to the presence of similar high-frequency artifactual

mutations in Japanese genomes that were sequenced using an older technological platform.

At present, evidence of the causal mechanisms underlying germline mutation rate evolu-
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Figure 1.1: Three hypotheses have been proposed to explain why mutation spectra appear to evolve rapidly within

populations: mutator alleles, life history trait evolution, and environmental mutagenesis. Firstly, mutator alleles

are genetic variants in DNA polymerases, repair enzymes, or other genes that can raise or lower the mutation rate

by altering DNA replication or repair fidelity in a heritable way. Secondly, changes in lifespan and reproductive

age have the potential to change mutation spectra because of age-related changes in the rate and spectrum of

mutagenesis in the male and female germlines. Finally, exposure to radiation, dietary mutagens, and toxic air

particulates are all possible hazards of past and present existence on earth. These have the potential to modify

mutation rate in a way that is dependent on time rather than genetic background. (Image copyright Natalie Telis)

tion in human populations is virtually nonexistent. In this review, we aim to summarize the

recent proliferation of evidence for mutation spectrum variation at the levels of individuals,

populations, and species, and explore the range of hypotheses about what may have caused

these curious patterns of genetic variation.
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1.2.1 The mutator allele hypothesis

DNA replication and repair are among the most essential of biological processes and are

necessary for maintaining the fidelity of each species’ genome from generation to generation.

Sturtevant and Kimura posited that the mechanisms responsible for replication and repair,

if mutated themselves, would alter the efficiency of these essential processes. We now know

that there are dozens, if not hundreds, of genes involved in DNA replication and repair

[34], most of which are highly conserved across eukaryotic organisms [207, 129]. Even so, the

processes of replication and repair have evolved in each species’ lineage, and the sequence and

function of genes involved in highly conserved processes can diverge dramatically between

species (an example is base excision repair [BER], a repair process that is operative in both

yeast and mammals, but yeast BER pathways are far less efficient at repairing oxidative

damage [104]). Inter-species variation in such genes is thus thought to be directly linked to

inter-species variation in the mutation rate [204].

The inter-species variation in DNA replication and repair machinery and mutation rates

leads us to question whether within-species variation of these essential genes can also explain

within-species variation in mutation rates, both between individuals and looking back in time.

Harris and Pritchard, who were the first to show evidence for a temporal pulse of elevated

mutation rate at a specific triplet context in one population (TCC→TTC in Europeans),

hypothesized that these dynamics are driven by the appearance and subsequent drift of

mutator alleles that modify the germline mutation rate [83].

This hypothesis is bolstered by evidence that high mutation rates sometimes emerge

spontaneously in experimentally evolving populations of microorganisms [121, 196, 75, 126].

A recent landmark experimental evolution study found that mutator alleles arose sponta-

neously in six of twelve experimental Escherichia coli populations that were maintained in

stable, identical environments for over 60,000 generations [75]. In some cases, mutator alleles

in these populations even reached fixation, and in others, the arrival of a mutator allele was
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followed by the emergence of an “antimutator” allele that moderated the accelerated rate

of mutation induced by the initial mutator [75, 215]. Importantly, mutator alleles are not

exclusive to rapidly evolving bacteria or yeast. Mutator alleles are one of the hallmarks of

human cancers [128], and viable strains of mice possessing germline mutator alleles have been

bred in the lab (albeit with smaller litter sizes and lower rates of reproduction, pregnancy,

and survival) [216].

The existence of mutator alleles in microorganisms, cancer cell populations, and lab-

engineered mice has fueled tantalizing speculation that mutator alleles have been (and con-

tinue to be) a ubiquitous feature of every species’ genome and evolutionary history. If

mutator alleles are segregating nearly neutrally in human populations today, some will be

predicted to fix over time. Some evidence for past mutator allele fixation can be found in

great ape genomic diversity: closely related ape species like humans and chimps have more

similar mutation spectra than distantly related species like humans and orangutans, despite

the fact that chimps and orangutans inhabit much more similar environments today [72].

Proving that mutator alleles have arisen in and left a mark on the human genome, how-

ever, is an exceptionally challenging task. Since humans are a sexually-reproducing species,

any mutator alleles arising in the genome will quickly become decoupled from any beneficial

mutations they induce because of recombination, so, depending on the distribution of mu-

tational fitness effects, most mutator alleles are expected to segregate neutrally or rapidly

drop in frequency due to selection acting against the deleterious mutations that they create

on an extended linked haplotype [107]. Consequently, the only hope of identifying mutator

alleles from population sequencing data in sexually-reproducing organisms is to search for

haplotypes carrying an excess of derived alleles and identify candidate mutator alleles on the

same haplotype that have remained in linkage disequilibrium with the mutations they have

induced [188].

If the TCC→TTC pulse was the result of a mutator allele, that mutator has likely been
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lost from the population, so evidence of its genomic location and effect size may be lost

to time. (Another possibility is that a mutator allele may remain in the population after

attenuation by the arrival of an antimutator allele, which could explain why the TCC→TTC

rate in present populations does not appear to have fallen back to its pre-pulse rate). How-

ever, it is possible that a TCC→TTC mutator still exists at extremely low frequency, or

that other mutator alleles contribute to background levels of germline mutational signature

differentiation. A mutator with a strong effect size could be identified by sequencing a carrier

parent-child trio, and a mutator with a weaker effect size but high frequency could be iden-

tified by looking for a signal of elevated mutagenesis along an extended shared haplotype.

However, attempting to detect this signal of spatially-clustered low-frequency variants may

be extremely difficult because similar signals of genomic variation can be caused by sequenc-

ing artifacts [12], spatial variation in mutation rates across the genome [33, 205], natural

selection [62], and demographic history [162, 30]. Milligan et al. develop an analytical and

simulation-based account for how mutator loci could modulate mutation rate dynamics in

parameter regimes relevant to the human TCC→TTC pulse, adding quantitative texture to

the possible role of mutator alleles in shaping mutation spectrum histories [140].

1.2.2 The generation time hypothesis

A second line of reasoning proposes that temporal shifts in the mutation spectrum evident

from population sequencing data might reflect changes in life history traits over human his-

tory. There is abundant archaeological [71], anthropological [89], and genetic [159] evidence

that life history traits have changed over the course of human history, and fundamental prin-

ciples of biology dictate that life history traits—specifically generation time—are directly

related to changes in the germline mutation rate [141]. In species that are genetically pre-

disposed to have very short generation times and lifespans, this generation time hardwiring

may relax selection against mutators due to reduced opportunity for deleterious mutations
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to occur over a shorter reproductive lifespan. This effect has been observed in the mito-

chondrial DNA of short-lived African killifish, which has the shortest known lifespan of any

vertebrate [35].

The relationship between generation time and per-generation mutation rate in humans

has been proven conclusively in sequencing studies of parent-offspring trios and larger pedi-

grees: the number of de novo point mutations increases roughly linearly by approximately 1

additional mutation per year of the father’s age and 1 additional mutation per 3-4 years of

the mother’s age [222, 168, 74, 101, 100, 66, 179]. Recent evidence also suggests that the ma-

ternal mutation rate may actually increase exponentially with age rather than linearly [66].

Importantly, these effects of parental age are not universally true for all families: analyses

of sequencing data from families with multiple children have found that paternal age effects

can vary by an order of magnitude between families, indicating the mechanisms underlying

this effect may themselves be under genetic and/or environmental control [168, 179].

Humans have longer reproductive life cycles than their closest great ape relatives, and

one recent study calculated that this delayed onset of puberty and parenthood was sufficient

to explain the difference in mutation rate between human and owl monkey pedigrees [212].

However, a study of great ape pedigrees found that chimpanzees, orangutans, and gorillas

accumulate about 50% more mutations per year of paternal age than humans do, [24] sug-

gesting that the dependence of mutation rate on life history has been evolving in concert

with life history itself.

Not only have studies found that the mutation rate increases with parental age, but

also that the mutation spectrum changes. As fathers age, the rate of CpG→TpG mutations

increases more rapidly than other types, and as mothers age, C→G mutations increase at

a faster rate [101, 66] and accumulate preferentially in specific hotspots [222, 101, 73], but

to a lesser extent mark the entirety of the genome and inject a generation time signature

into the mutation spectrum [189]. Hypothetically, if a population sustains older generation
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times over a period of many generations, the spectrum of variation for mutations that arose

during that period could look quite different from that of mutations that arose in previous

generations [142]. In a recent study of Neanderthal introgression in the Icelandic population,

Skov et al. [194] carried out a similar analysis and found that introgressed loci carried more

C→G and fewer T→C and CpG→TpG variants compared to the non-introgressed regions of

the genome. Given that these mutation types track maternal and paternal age, the authors

concluded that, relative to humans, Neanderthals that interbred with humans may have had

older mothers and younger fathers on average. Intriguingly, TCC→TTC is a mutation type

that is significantly associated with maternal origin over paternal origin, though it is not

clear how this association is related to the enrichment of TCC→TTC mutations in Europe

and South Asia [4]. One study used allele age estimation to conclude that most apparent

mutation spectrum evolution in humans is due to historical changes in generation time [220].

Although generation time variation can leave a predictable imprint on the mutation

spectrum, this is unlikely to be a major driving cause of the historic mutation spectrum

differences that exist between populations. Assuming that generation time has the same

effect on mutagenesis in every genetic background, it can only explain a single dimension of

mutation spectrum drift and will tend to explain variation within populations better than

variation between populations. A caveat is the existence of hints that generation time has

different effects on mutation rate in different genetic backgrounds, which might imply that

it is capable of explaining more than one dimension of mutation spectrum variation [179]. In

any case, exploring this dimension of variation could prove highly rewarding—if also highly

challenging—because of its multiplicity of links to cultural and environmental changes as

well as genetic determinants of the ages of puberty and menopause. Even if generation time

alone cannot perfectly explain mutation spectrum drift over time, principled estimation of

the generation time is a major source of uncertainty for demographic inference [141], so using

mutation spectra to estimate generation time distributions could increase the accuracy of
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demographic inference, provided the mutation spectra are not hopelessly confounded with

biased gene conversion [166].

1.2.3 The environmental mutagen hypothesis

A third possibility is that the temporal variation in human mutation rate and spectra might

be explained by some form of environmental exposure. We have long known that certain

environmental mutagens can leave distinctive mutation signatures on the genome (e.g., mu-

tagens in tobacco smoke are associated with G→T transversion mutations [160]), and in

a recent study of the mutagenic effects of 79 environmental agents applied to somatic cell

populations, over half were found to confer elevated mutation rates, often with distinctive

spectra [117]. The mutation rate in healthy somatic tissues is highly variable, with the high-

est rates observed in tissues with greater exposure to environmental mutagens, including

the skin, lung, blood and esophagus [221, 68]. Fewer studies have investigated the effects

of environmental mutagens on mutation rates specifically in the germline, but those that

have have demonstrated that many of the environmental mutagens known to affect somatic

cells have similar effects in the germline. Mouse models have successfully determined that

parental exposure to benzo(a)pyrene [17] and ionizing radiation [2, 180] lead to elevated

mutation rates in offspring. In human trio sequencing studies, it has been shown that off-

spring of fathers exposed to ionizing radiation also carry an increase in multi-site de novo

mutations [90] and offspring of fathers exposed to dioxin are enriched for A→T mutations

[214]. Another study that compared de novo mutation patterns ascertained in trios from

diverse populations even found a significant reduction in A→G mutations in the offspring of

Amish parents and suggested this might be due to the unique environmental conditions of

this population [105].

Regarding our focal example of the historic TCC→TTC pulse in European populations,

we also know that the environment of the European continent was vastly different 15,000
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years ago—the global climate was rapidly warming after the Last Glacial Maximum and

during this period, massive flora and fauna extinction events took place, potentially due to

direct and indirect activity of expanding hominin populations [195] and/or climate change

[29]. There is also evidence of large-scale burning of biomass that occurred sometime during

this period, possibly the result of a disintegrating comet that may have struck the Earth

approximately 12,800 years ago [161, 63]. These environmental disruptions could potentially

have impacted the genomes of archaic human populations in multiple ways: particulate

matter from burning of biomass has recently been linked to various forms of DNA damage

both in vivo and in vitro [149, 39], and extinction of primary food sources might have

dramatically altered the diets of human populations, thus exposing them to new mutagens

that humans had not yet evolved to avoid or metabolize [227].

During the late Pleistocene (between 11-19kya), human populations in Europe also ac-

quired adaptive mutations in multiple genes that conferred lighter skin pigmentation, which

rapidly swept to high frequency throughout most of Europe [21]. In the initial discovery

of the TCC→TTC mutation pulse in Europeans, Harris hypothesized that this novel skin

pigmentation phenotype might be indirectly responsible for elevated mutation rates, rea-

soning that light skin is much more sensitive to ultraviolet radiation, and UV radiation is

known to degrade folate, which in turn is linked to endogenous mechanisms of DNA damage

[82]. (Harris also rejected the possibility that direct exposure to UV radiation explains the

TCC→TTC pulse, because UV radiation generates an excess of pyrimidine dimers leading to

CC→TT tandem mutations—no studies that have replicated the TCC→TTC pulse finding

have detected that this was accompanied by an excess of CC→TT mutations in the germline

[83, 135, 82]). However, excess TCC→TTC mutations cannot be an obligatory consequence

of adaptation to higher latitudes, since it is not seen in light-skinned East Asian populations.

Based on evidence that the mutational signature of the TCC→TTC pulse is similar to that

of cancer genomes that were treated with chemotherapy drugs which included alkylating
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agents (which induce guanine methylation and subsequent G→A mutations) [135], Math-

ieson and Reich speculated that the ultimate environmental cause was not radiation-related

but instead traceable to some unknown mutagenic alkylating agent that may have once been

present in the human diet.

Another study found that a transmissible venereal tumor found in canines (CTVT) had

a distinctive GTCCA→GTTCA pentamer mutation signature that was active roughly 1.9-

8.5kya [13]. The fact that this pentamer is one of 16 possible NTCCN→NTTCN subtypes

comprising TCC→TTC mutations, along with the closely-matched timing of the TCC→TTC

pulse as estimated in humans [83], presents the rather bizarre possibility that a shared

environmental mutagen might have played a role in both the human germline mutation

process and the somatic mutation process in CTVT. Supplementary data from a manuscript

by Aikens et al. shows that the GTCCA→GTTCA pentamer subtype that dominates the

CTVT signature was indeed enriched in Europeans during the period of the TCC→TTC

pulse in the human germline [6]. However, relative to other NTCCN→NTTCN subtypes,

the p-value for enrichment of the GTCCA→GTTCA subtype in Europeans is only ranked 13

out of the 16 possible TCC-related pentamer mutations. This suggests that the dog tumor

and the human TCC→TTC pulse may not be affected by the same mutational signature

after all, despite their rapid appearance around the same time, unless the root cause was

a shared mutagen whose sequence specificity exhibited subtle dependence on the genetic

background of the cells being mutated.

1.2.4 mushi

As populations boom and bust, the accumulation of genetic diversity is modulated, encod-

ing histories of living populations in present-day variation. Many methods exist to decode

these histories, and all must make strong model assumptions. It is typical to assume that

mutations accumulate uniformly across the genome at a constant rate that does not vary
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between closely related populations. However, recent work shows that mutational processes

in human and great ape populations vary across genomic regions and evolve over time. This

perturbs the mutation spectrum: the relative mutation rates in different local nucleotide con-

texts. In Chapter 2, I develop theoretical tools in the framework of Kingman’s coalescent to

accommodate mutation spectrum dynamics. I present mushi, a method to perform nonpara-

metric inference of demographic and mutation spectrum histories from allele frequency data.

I use mushi to reconstruct trajectories of effective population size and mutation spectrum

divergence between human populations, identify mutation signatures and their dynamics in

different human populations, and calibrate the timing of a previously-reported mutational

pulse in the ancestors of Europeans. I show that mutation spectrum histories can be placed

in a well-studied theoretical setting and rigorously inferred from genomic variation data, like

other features of evolutionary history.

1.2.5 mutyper

Characterization of germline mutation spectrum variation from population genomics data

has shed light on the biological complexity of the mutation process, and its evolution within

and between species. This analysis augments available population SNP data with estimates

of local ancestral genomic context to assign mutation types and aggregate summary statis-

tics thereof, and is increasingly common. There is a need for standardized computational

tools to extract mutation spectrum information from sequencing data. In Chapter 3 I de-

scribe mutyper, a command-line utility and Python package that uses an ancestral genome

estimate to assign mutation types to SNP data, compute mutation spectra for individuals,

and compute sample frequency spectra resolved by mutation type for population genetic

inference.
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1.3 Evolutionary dynamics in adaptive immune systems

To defend against rapidly evolving pathogens, jawed vertebrates have specialized cells that

evolve during each individual’s lifetime. Lymphocytes (T cells and B cells) mount adaptive

immune responses to protean pathogenic threats that would outpace defenses encoded in the

host germline. They detect foreign antigens by maintaining a massive diversity of randomized

genes that encode antigen-binding receptors, and mechanisms to proliferate and modify these

receptors upon pathogen recognition. Immunity is essential to our survival; prediction and

control of this complex adaptive system would have far-reaching impact on human health.

An immune receptor repertoire is a decentralized adaptive information processing system:

it senses an unpredictable space of molecular targets, stores memories of sensory events,

and encodes each individual’s personal history of pathogen exposures in the statistics of

receptor sequences within their repertoire. Underpinning these capabilities is the ability of

immune receptors to undergo somatic evolution in step with evolving pathogens. This rapid

evolutionary capability is itself an immune strategy shaped by evolutionary forces acting

over deeper time within populations and species.

Complex systems researchers have long recognized that adaptive immune systems are a

natural model system in which to study decentralized information processing [156, 157, 88].

However, accessible technologies to read the DNA sequences of receptors in real immune

repertoires emerged and matured only over the last decade [193, 127]. Immune repertoire

sequencing can read millions of receptor sequences from a single repertoire, and is revolution-

izing translational and basic immunology [173, 91, 226]. This technology has birthed a new

kind of quantitative immunology centered on the statistics of DNA and protein sequences of

receptors sampled from individuals and populations [10, 77]. There is now a need to synthe-

size this new quantitative immunology with powerful models of biological sequence evolution

that are used to understand the evolutionary forces that shape populations and species.
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1.3.1 Germinal centers: evolutionary crucibles for antibody affinity maturation

V genes D genes J genes

...

...

...

Figure 1.2: In VDJ recombination, germline-encoded V (green), D (orange), and J (violet) gene segments are

randomly chosen, their ends resected a random amount, and joined together with random nontemplated nucleotide

insertions (blue). Figure adapted from Murugan et al. [143]

The memories stored in repertoires are emergent features of somatic receptor evolution

that occurs rapidly in response to each pathogen exposure. The parameters governing recep-

tor sequence evolution are encoded in the germline: proliferation, mutation, and selection are

carried out by complex cell signaling and enzymatic activity, and are presumably adapted for

effective immune function. B cells—lymphocytes that make antibodies—bind antigen with

the B cell receptor (BCR, the membrane-bound form of an antibody). In developing B cells,

BCRs arise via VDJ recombination, a random DNA recombination process that can produce

a vast number of possible receptor sequences (Figure 1.2). Upon encountering antigen, a

naive B cell undergoes a Darwinian process of selection for improved antigen binding called

affinity maturation. In microanatomical structures called germinal centers, they proliferate

while actively mutating the BCR and locally competing against hundreds of other cells to

bind antigen molecules [138] (Figure 1.3).

Germinal centers are complex structures that serve as evolutionary crucibles orchestrat-

ing B cell diversification, competition, and eventual memory development [192]. However,

the details of how this cellular competition is orchestrated as a population process remain
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Figure 1.3: Germinal center B cells compete for antigen binding in the light zone (top) and proliferate with

mutation in the dark zone (bottom).

an open question, and recent experimental results raise questions about the mode of evolu-

tionary dynamics in germinal centers. Although classically understood by immunologists to

impose selection for increased antigen binding affinity, recent studies are conflicted regarding

germinal center evolution as adaptive toward high affinity [206, 118, 144]. Tas et al., using

fate mapping and single germinal center B cell isolation, found that two germinal centers

seeded with the same BCR and responding to the same antigen showed inconsistent outcomes

for high-affinity variants, suggesting strong stochasticity [206]. Kuraoka et al. developed a

single B cell culture system to show that germinal centers tolerate a wide range of BCR

affinities, and that substantial fractions of germinal center B cells do not detectably bind

antigen [118]. Murugan et al., studying repeated immunization with complex antigen, re-

ported that most surviving mutations during affinity maturation were affinity-neutral [144].
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These observations raise questions that will be at the center of my research directions. Why

has nature evolved germinal centers—intricate evolutionary engines for drafting and revising

BCRs—only to apply lax selection? What are the evolutionary parameters and molecular

phenotypes governing germinal center evolution? Can we understand the strong stochasticity

in germinal center evolution as an immune strategy that maintains robustness to pathogen

evolution?

From a theoretical perspective, sequence evolution in germinal centers has a number of

exotic features that challenge stochastic models of population genetic processes. Cells cycle

between the light zone where selection acts, and the dark zone where they proliferate and

mutate neutrally. This resembles population genetic models of islands exchanging migrants,

but has the unusual property that evolutionary forces themselves are partitioned between the

islands (selection and death on one, birth and mutation on the other), and have sequential

dependence. The mutation process only occurs in the dark zone on cells that have previously

been selected and migrated from the light zone. Mutations are focused on mutational hotspots

defined by nucleotide context. As a lineage mutates (in a tree-like exploration of sequence

space, starting from the naive receptor at the root), these hotspots are modified and ablated,

so mutation slows down [217].

1.3.2 GCtree

Modern biological techniques enable very dense genetic sampling of unfolding evolutionary

histories, and thus frequently sample some genotypes multiple times. This motivates strate-

gies to incorporate genotype abundance information in phylogenetic inference. In Chapter 4,

I synthesize a stochastic process model with standard sequence-based phylogenetic optimal-

ity, and show that tree estimation is substantially improved by doing so. Our method is

validated with extensive simulations and an experimental single-cell lineage tracing study of

germinal center B cell receptor affinity maturation.
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Chapter 2

NONPARAMETRIC COALESCENT INFERENCE OF
MUTATION SPECTRUM HISTORY AND DEMOGRAPHY

the thing I came for:
the wreck and not the story of the wreck
the thing itself and not the myth

Adrienne Rich, Diving into the Wreck

Over the past decade, population geneticists have developed many sophisticated meth-

ods for inferring population demography, and have consistently found that simple isolated

populations of constant size are far from the norm (reviewed in [165, 185, 19]). Population

expansions and founder events, as well as migration between species and geographic regions,

have been inferred from virtually all high resolution genetic datasets. We now recognize that

inferring these non-equilibrium demographies is often essential for understanding histories of

adaptation and global migration. Population genetics has uncovered many features of hu-

man history that were once virtually unknowable by other means, revealing a complex series

of migrations, population replacements, and admixture networks among human groups and

extinct hominoids.

Although demographic inference methods can model complex population histories, the

germline mutation process that creates variation has long received a comparatively simple

treatment. A single parameter, µ, is used to represent the mutation rate per generation at

all loci, in all individuals, and at all times. In humans, µ is estimated from parent-child trio

sequencing studies, and modest variation in µ can have major effects on the interpretation

of inferred parameters such as times of admixture and population divergence. In other
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organisms, for which trio sequence data is usually unavailable, µ is estimated from sequence

divergence between species with a fossil-calibrated divergence time, and these estimates come

with still higher uncertainty.

A growing body of evidence indicates that simple, constant mutation rate models may

not adequately describe how variation accumulates on either inter- or intraspecific timescales

[76, 183, 82, 83]. Germline mutation rates appear to have evolved during the speciation of

great apes and the divergence of modern human populations (reviewed in [31]). Much of this

evolution might be caused by nearly neutral drift [130], but a contributing factor could be

selection on traits like life history and chromatin structure that indirectly affect mutation

accumulation. Because mutation is intimately tied to the basic housekeeping process of cell

division, gamete production, and embryonic development, the accumulation of mutations is

likely to be complexly coupled to other biological processes [187, 168, 67].

It is difficult to disentangle past changes in mutation rate from past changes in effec-

tive population size, which modulate levels of polymorphism even when mutation rate stays

constant. However, evolution of the mutation process can be indirectly detected by mea-

suring its effects on the mutation spectrum: the relative mutation rates among different

local nucleotide contexts. Hwang and Green [95] modeled the triplet context-dependence

of the substitution process in a mammalian phylogeny, finding varying contributions from

replication errors, cytosine deamination, and biased gene conversion and showing that the

relative rates of these processes varied between different mammalian lineages. Many cancers

also exhibit somatic hypermutability of certain triplet motifs due to different DNA damage

agents and failure points in the DNA repair process [8, 87]. Harris and Pritchard [82, 83]

examined the variation of triplet spectra between closely related populations, counting sin-

gle nucleotide variants in each triplet mutation type as a proxy for mutational input. They

found that human triplet spectra distinctly cluster by continental ancestry group, and that

historical pulses in mutation activity influence the distribution of allele frequencies in certain
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mutation types. The divergence of mutation spectra among human continental groups has

been replicated in independently generated datasets [135, 83], and similar patterns have been

observed in other species, including great apes [72], mice [48], and yeast [99]. Some of the

mutation spectrum divergence between mice and yeast lineages has been mapped to mutator

alleles [99, 178].

Emerging from the literature is a picture of a mutation process evolving within and be-

tween populations, anchored to genomic features and accented by spectra of local nucleotide

context. If probabilistic models of population genetic processes are to keep pace with these

empirical findings, mutation deserves a richer treatment in state-of-the-art inference tools.

In this chapter, I build on classical theoretical tools to introduce fast nonparametric infer-

ence of population-level mutation spectrum history (MuSH)—the relative mutation rate in

different local nucleotide contexts across time—alongside inference of demographic history.

Whereas previous work has uncovered mutation spectrum evolution using summary statis-

tics of standing variation, we shift perspective to focus on inference of the MuSH, which we

model on the same footing as demography.

Demographic inference requires us to invert the map that takes population history to

the patterns of genetic diversity observable today. This task is often simplified by first com-

pressing these genetic diversity data into a summary statistic such as the sample frequency

spectrum (SFS), the distribution of derived allele frequencies among sampled haplotypes.

The SFS is a well-studied population genetic summary statistic that is sensitive to demo-

graphic history. Inverting the map from demographic history to SFS is a notoriously ill-

posed problem, in that many different population histories can have identical expected SFS

[145, 25, 210, 14, 175]. One way to deal with the ill-posedness of demographic inference is to

specify a parametric model of population size change, usually piecewise-linear or piecewise-

exponential. An alternative, which generalizes to other inverse problems, is to allow a more

general space of solutions, but to regularize by penalizing histories that contain biologically
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unrealistic features (e.g. high frequency population size oscillations). Both approaches shrink

the set of feasible solutions to the inverse problem so that it becomes well-posed, and can

be thought of as leveraging prior knowledge. In particular, regularization constrains the

population size from changing on arbitrarily small timescales, since significant population

size change usually takes at least a few generations.

In this chapter, I extend a coalescent framework for demographic inference to accommo-

date inference of the MuSH from a SFS that is resolved into different local k-mer nucleotide

contexts. This is a richer summary statistic that we call the k-SFS, where e.g. k = 3 means

triplet context. We show using coalescent theory that the k-SFS is related to the MuSH by

a linear transformation, while depending non-linearly on the demographic history. We infer

both demographic history and MuSH by optimizing a cost that balances a data fitting term,

using the forward map from coalescent theory, along with regularization terms that favor

solutions with low complexity. Our open-source software mushi (mutation spectrum history

inference) is available at https://harrispopgen.github.io/mushi as a Python package

with extensive documentation. Using default settings and modest hardware, mushi takes

only a few seconds to infer histories from population-scale sample frequency data.

The recovered MuSH is a rich object that illuminates new dimensions of population

history, and addresses biological questions about evolution of the mutation process. After

validating with data simulated under known histories, we use mushi to independently infer

histories for each of the 26 populations (from 5 super-populations defined by continental

ancestry) from the 1000 Genomes Project (1KG) [1], using recent high-coverage sequencing

data. We demonstrate that mushi is a powerful tool for demographic inference that has

several advantages over existing demographic inference methods, then go on to describe the

newly illuminated features of human MuSH.

We recover demographic features that are robust to regularization parameter choices,

including the out-of-Africa event (OOA) and the more recent bottleneck in the ancestors of

https://harrispopgen.github.io/mushi
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modern Finns, and we find that effective population sizes converge ancestrally within each

super-population, despite being inferred independently. Decomposing human MuSH into

mutation signatures varying through time in each population, we see global divergence in

the mutation process that impacts many mutation types, and reflects population and super-

population relatedness. Finally, we revisit the timing of a previously reported ancient pulse

of elevated TCC→TTC mutation rate, active primarily in the ancestors of Europeans, and

absent in East Asians [82, 83, 199, 198]. We find that the extent of the pulse into the ancient

past is sensitive to the choice of demographic history model, but that all demographic models

that fit the k-SFS yield a pulse timing that is significantly older than previously thought,

seemingly arising near the divergence time of East Asians and Europeans.

With mushi we can quickly reconstruct demographic history and MuSH without strong

model specification requirements. This adds a new approach to the toolbox for researchers

interested only in demographic inference. For researchers studying the mutation spectrum,

demographic history is necessary for time calibration of events in mutation history, so we ex-

pect that jointly modeling demography and MuSH will be important for studying mutational

spectrum evolution in population genetics.

2.1 Model Summary

2.1.1 Augmenting the SFS with nucleotide context information

The sample frequency spectrum (SFS) is a summary statistic of population variation that

counts variants partitioned by the number of sampled individuals who carry the derived

allele. Since rare variants tend to be younger than common variants, this summary preserves

considerable information about the distribution of allele age, which can reflect temporal

variation in either the mutation rate or the intensity of genetic drift. To disentangle these

two causal factors, we leverage the fact that genetic drift affects all mutations uniformly,

whereas mutation rate changes may depend on genomic sequence context.
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By default, we classify mutation types by their derived allele and ancestral k-mer nu-

cleotide context, with k odd and the variant centered. There are K = 2× 3× 4k−1 mutation

types after collapsing by strand symmetry; e.g. considering C>T mutations and their com-

plementary G>A mutations to be identical. When k = 3 there are K = 96 triplet mutation

types, of which TCC→TTC is one. For a sample of n genomes, the standard SFS is an

(n − 1)-dimensional vector of the number of variants present in exactly i genomes, with i

ranging from 1 to n−1. The k-SFS is an (n−1)×K-dimensional matrix, where the (i, j)-th

entry is the number of variants of mutation type j that are present in exactly i individuals.

Our goal is to sequentially infer demographic history and then MuSH by inferring histories

that optimize a composite likelihood of an observed k-SFS data matrix X. This requires

computing Ξ ≡ E[X], the expected k-SFS as a function of effective population size and

context-dependent mutation rate over time. Our main theoretical result, Theorem 1 in

Materials and Methods, shows that Ξ is a linear functional of the K-element MuSH µ(t)

given the haploid effective population size history η(t) (where η(t) = 2N(t) for diploid

populations): Ξ = L(η)µ⊺. Figure 2.1 sketches the generation of a sampled k-SFS matrix

X in a toy setting of n = 4 sampled haplotypes, 3 mutation types, and a fixed genealogy.

The linear operator L(η) transforms the unknown MuSH into a matrix of observed allele

frequencies across mutation types.

2.1.2 Regularization to select parsimonious population histories

Demographic inference—the recovery of population size history η(t) from SFS summary

data—is complicated by the fact that different population size histories can have identical

expected sample frequency spectra. This non-identifiability problem has been extensively

explored in the literature [145, 25, 210, 14, 175]. Although many different population size

histories can optimally fit a SFS, it has been proven that uniquely good (identifiable) fits

are available when excluding biologically unrealistic histories that contain rapid oscillations.
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Figure 2.1: Mutation spectrum history and demography are encoded in the k-SFS as joint inverse problems.

A schematic of a marked Poisson process with n = 4 sampled haplotypes is conditioned on coalescent times

t4, t3, t2. This simple example mutation spectrum history µ(t) = [µ1(t) µ2(t) µ3(t)]
⊺ shows just three mutation

types, marked by different colors to designate different sequence contexts or distinct mechanistic origins. Dots

indicate mutation events placed by time t, genomic position p, and coalescent line (which are depicted as extruded

in the genomic coordinate axis, grey sheets). The probability that a mutation of type i occurs in a differential

time interval dt and genomic interval dp on a given line is proportional to the instantaneous mutation rate µi(t).

The crosses on the sampled haplotypes indicate segregating variants of each mutation type. The sampled k-SFS

data is shown as a stacked histogram (top right), and in matrix form (bottom right).
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Here, we introduce a mathematical framework that expresses histories nonparametrically

(approximating infinite dimensional functions), but prefers sparse solutions that consist of

simple pieces, and disfavors histories that fit the k-SFS equally well with more erratic fea-

tures.

Inference of the MuSH introduces a second identifiability problem of a different nature.

The effective population size η(t) and the mutation rate µ(t) are mutually non-identifiable

for all t, meaning that the expected SFS ξ is invariant under a modification of η(t) so long

as a compensatory modification is made in µ(t). The non-identifiability of η and µ can

be understood intuitively by considering two histories that can be tuned to have the same

expected SFS: one where the mutation rate increases over an interval of time in the past,

while the effective population size stays constant, and the other with a constant mutation

rate where population size increases, dilating coalescence times on the same branches affected

in the first scenario. “ ‘

While the total mutation rate is confounded with demography, the composition of the

mutation spectrum—the relative mutation rate of each mutation type—reveals itself in the

k-SFS. This can also be understood intuitively: an excess of variants of a given frequency in

only a single mutation type (one column of the k-SFS) cannot be explained by an historical

population boom, because all mutation types are associated to the same demographic history.

In this case, we would infer a period of increased relative mutation rate for this mutation

type. We cannot discern changes in total mutation rate, so mushi assumes a constant total

rate µ0 and time variation in the rate of drift is modeled only in η(t). We handle this

constraint using a transformation technique from the field of compositional data analysis

(Materials and Methods).

Even with this compositional constraint on the total mutation rate, many different pop-

ulation histories may be equally consistent with an empirical k-SFS. As mentioned before,

we overcome this with regularization methods to select simple demographies and MuSHs.
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We penalize the model for three different types of irregularity. One penalty is motivated by

the demographic inference literature: histories that feature rapid oscillations over time are

disallowed in favor of similarly likely histories that change less rapidly and less often, and are

composed of a few simple (low-order polynomial) trends. The second penalty favors models

in which the mutation spectrum history µ(t) is composed of a few mutation signatures that

vary in their intensity over time for each mutation type, and represent a sparse vocabulary

of mutagenic processes. The third regularization penalty is a classical ridge (or Tikhonov)

penalty, which speeds up convergence of the optimization without significantly affecting the

solution. Detailed formulation of our optimization problems and regularization strategies

are in Materials and Methods.

The strength of all three regularizations can be tuned by changing the values of user-

specified hyperparameters. Stronger regularization yields simpler histories, but eventually

this will result in a poor fit to k-SFS data. Users should tune the regularization parameters

to select histories that are simple while still fitting well, perhaps considering prior knowledge

about the natural history of their study population. This process is designed to be flexible,

and more straightforward than specifying an explicit parametric model.

2.1.3 Quantifying goodness of fit to the data

The probability distribution of an empirical SFS given an expected SFS is often specified

using a Poisson random field (PRF) approximation [181], which stipulates that, neglecting

linkage, the observed number of sites with derived allele count i is Poisson-distributed around

the expected number of sites of this frequency. This PRF approximation is easily generaliz-

able to k-SFS data. Recall that X is the observed k-SFS matrix, so the SFS is x ≡ X1 (row

sums over mutation types). In Materials and Methods we show that the generalized PRF

factorizes as P(X | η,µ) = P(x | η) P(X | x, η,µ), with the first factor given by a Poisson

distribution and the second by a multinomial distribution. We also show that the SFS x is
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a sufficient statistic for the demographic history η with respect to the k-SFS X. This means

that estimation of η can be done by fitting the total SFS, which maximizes the first factor

as a likelihood for η. Then the MuSH can be estimated by fitting the k-SFS, maximizing

the second factor as a likelihood for µ, conditioned on the η estimate.

2.2 Results

2.2.1 Reconstructing simulated histories

We investigated mushi’s ability to recover histories in simulations where known histories are

used to generate k-SFS data. Instead of simulating under the mushi forward model itself, we

used msprime [103] to simulate a tree sequence describing the genealogy for 200 haplotypes

of human chromosome 1 across all loci. This is a more difficult test, as it introduces linkage

disequilibrium that violates our model assumptions.

We used the human chromosome 1 model implemented in the stdpopsim package [3],

which includes a realistic recombination map [96]. We used a difficult demography consist-

ing of a series of exponential crashes and expansions, variously referred to as the “sawtooth”,

“oscillating”, or “zigzag” history. This pathological history has been widely used to evaluate

demographic inference methods [184, 209, 211, 199], and is available in the stdpopsim pack-

age as the Zigzag_1S14 model. Our simulated tree sequence contained about 250 thousand

marginal trees.

We defined a MuSH with 96 mutation types, two of which are dynamic: one undergo-

ing a pulse, and the other a monotonic increase. Since estimates of mutation spectra in

real data are often confounded by misidentification of some ancestral alleles as derived, we

modeled an ancestral misidentification rate of 0.01, with the two dynamic mutation types as

misidentification partners. The total mutation rate varies slightly over time due to these two

components—introducing another model misspecification, since inference assumes a constant

total mutation rate. We placed mutations on the simulated tree sequence according to the
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Figure 2.2: Simulation study of mushi performance. The sawtooth demography (top right) and a MuSH with

96 mutation types (bottom right, with two non-constant components shown) were used to simulate 3-SFS data

for n = 200 sampled haplotypes. The MuSH has a total mutation rate of about µ0 = 95.8, generating about

9.5 million segregating variants. The top left panel shows the SFS, and the bottom left shows the two variable

components of the k-SFS as a composition among mutation types at each allele frequency. Time was discretized

with a logarithmic grid of 100 points. Inference was performed using a mixture of order 0 and order 1 trends for

both demography, and 0 order trend for the MuSH (see Materials and Methods, and Figures B.1-B.2).
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historical relative rate function for each mutation type, and computed the k-SFS.

Figure 2.2 depicts inference results for this simulation. We find that mushi accurately re-

covers the difficult sawtooth demography for most of its history, but over-smooths beyond the

third population bottleneck because little information about this time survives in the SFS.

The MuSH is accurately reconstructed as well, with both the pulse and ramp signatures re-

covered. The timing of the features in the MuSH also appears accurate, despite demographic

misspecification that has the potential to distort the diffusion timescale. In Figures B.1 and

B.2 we explore various hyperparameter choices and how they impact inferences of the demo-

graphic history, and of the different trends in the two variable mutation types. We find that

demographic model selection does not significantly impact MuSH inference, and that differ-

ent MuSH inference penalties hyperparameters recover the two distinct components of the

MuSH with varying fidelity. The folded SFS—which uses minor allele frequencies instead

of attempting ancestral state polarization—can also be used for demographic inference in

mushi, and in Figure B.3 we show inference results are similar.

One noteworthy feature of our fit to the sawtooth demography is the tendency of mushi

to smooth older demographic oscillations without smoothing younger oscillations as aggres-

sively. In contrast to methods such as the pairwise sequential Markov coalescent (PSMC)

[125] that tend to infer runaway population sizes in the ancient past, mushi’s history flat-

tens in the limit of the ancient past. The same constraint underlies both PSMC’s ancient

oscillations and mushi’s ancient flattening: genomic data sampled from modern individuals

cannot contain information about history older than the time to most recent common ances-

tor (TMRCA) of the sample, since mutations that occurred before then will be fixed, rather

than segregating, in the sample. For example, we expect that population bottlenecks erase

information about history, since they accelerate the fixation of variant sites that predate the

bottleneck. While this information loss intuition holds for very general coalescent processes

[200], the linearity in Theorem 1 enables us to make these statements precise for mutation
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rate history via spectral analysis of the operator L(η). This is explored in detail for the case

of a simple bottleneck demography in Appendix A.6 and Figure B.9.

2.2.2 Reconstructing the histories of human populations

We next inferred the histories of human populations from large publicly-available resequenc-

ing data. We computed a k-SFS for each of the 26 human populations from 5 continental

ancestries sequenced in the 1000 Genomes Project (1KG) [1], using an unphased variant

call set (mapped to hg38) from the recent high coverage (30x) resequencing data of 1KG

samples from the New York Genome Center. Our bioinformatic pipeline for computing the

k-SFS for each 1KG population is detailed in Materials and Methods. Briefly, we augment

autosomal biallelic SNPs by adding triplet mutation type (k = 3) annotations, masking for

strict callability and ancestral triplet identifiability. Across 1KG populations the resulting

number of segregating variants ranged from ∼7.5 million (population FIN) to ∼15 million

(population LWK). We also computed the genomic target sizes for each ancestral triplet,

resulting in a total ascertained genome size of ∼2.0 Gb.

We use a de novo mutation rate estimate of µ0 = 1.25×10−8 per site per generation [182],

which corresponds to ∼24.9 mutations per ∼2.0Gb masked haploid genome per generation.

For time calibration, we assume a generation time of 29 years [61]. To discretize the time

axis for our numerical implementation, we use a logarithmically-spaced grid of 200 points,

with the most recent at 1 generation ago, and the oldest at 200 thousand generations (5.8

million years) ago.

Human demographic history

We used mushi to infer demographic history η(t) independently for each 1KG population.

Figure 2.3 shows results grouped by super-population: African, Amerindian, East Asian,

European, and South Asian. Broadly, we recover many previously-known features of hu-
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man demographic history that are highly robust to regularization parameters: a ∼100 kya

(thousand years ago) out-of-Africa bottleneck in non-Africans, a second contraction ∼10 kya

due to a founder event in Finland (FIN), and recent expansion of all populations. Histories

ancestrally converge within each super-population. Figure B.4 (top panels) shows similar

histories inferred using the folded SFS.

Human mutation spectrum history

An estimated demographic history induces a mapping of allele frequency onto a distribu-

tion of allele ages. With these distributions encoded in our model, we next used mushi to

infer time-calibrated MuSHs for each population. First, to highlight the time calibration

capabilities of mushi, we focus on the specific triplet mutation type TCC→TTC, which

was previously reported to have undergone an ancient pulse of activity in the ancestors of

Europeans, and is absent in East Asians [82, 83, 199, 198]. To produce sharp estimates of

the timing of this TCC pulse, we used regularization that prefer histories with a minimum

number of change points (see Materials and Methods). Figure 2.4a shows our fit to this

component of the k-SFS for each European population, and Figure 2.4b shows the corre-

sponding estimated component of the MuSH. With the consistent joint estimation performed

by mushi, we find that the TCC pulse is much older than previously reported, beginning

∼80 kya.

It is also possible to run mushi without estimating a new demographic history from the

input data, but instead assuming a pre-specified demography. When we use the Tennessen,

et al. history [208], which was assumed by Harris and Pritchard [83] in their estimate of

the timing of the TCC pulse, we recover a pulse that reaches a maximum around ∼20-30

kya, similar to that initial estimate (Figure B.5, top panels). However, this demography

fits the SFS poorly, indicating that demographic misspecification may be distorting mushi’s

time calibration. Indeed, a global scale shift in the SFS arises from inconsistency in the
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Figure 2.3: Effective population size histories estimated from high coverage 1000 Genomes Project data. a-e.

Estimated demographic history η(t) for all populations grouped by continental ancestry. Inference was performed

using a mixture of order 0 and order 3 trends (see Materials and Methods and Figure B.6). African populations:

African Caribbeans in Barbados (ACB); Americans of African Ancestry from the Southwestern US (ASW); Esan

in Nigeria (ESN); Gambian in Western Divisions in the Gambia (GWD); Luhya in Webuye, Kenya (LWK); Mende

in Sierra Leone (MSL); Yoruba in Ibadan, Nigeria (YRI). Amerindian populations: Colombians from Medellin

(CLM); Mexican Ancestry from Los Angeles (MXL); Peruvians from Lima (PEL); Puerto Ricans (PUR). East

Asian populations: Chinese Dai in Xishuangbanna (CDX); Han Chinese from Beijing (CHB); Han Chinese from

Shanghai (CHS); Japanese from Tokyo (JPT); Kinh in Ho Chi Minh City(KHV). European populations: Utah

Residents (CEPH) with Northern and Western European Ancestry (CEU); Finnish in Finland (FIN); British in

England and Scotland (GBR); Iberian population in Spain (IBS); Toscani in Italia (TSI). South Asian populations:

Bengali from Bangladesh (BEB); Gujarati Indian from Houston (GIH); Indian Telugu from the UK (ITU); Punjabi

from Lahore (PJL); Sri Lankan Tamil from the UK (STU). f. The same η(t) estimates on common axes, to allow

comparison of super-populations. g. SFS data (open circles) for all populations grouped by continental ancestry,

as well as fits based on the expected SFS from the estimated demographic history (points connected by lines).
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Figure 2.4: Timing of TCC→TTC pulse in Europeans. a. The relative composition of TCC→TTC variants

(centered log ratio transform, see Materials and Methods) in each frequency class for each European population

(open circles) shows an excess at intermediate frequencies. The expected values fit using the inferred MuSH are

shown as points connected by lines. b. The inferred TCC→TTC mutation rate histories (in units of mutations

per ascertained genome per generation). MuSH inference was performed using a mixture of order 0 and order 3

trends (see Materials and Methods, and Figures B.6, B.7, and B.8) for both demography and MuSH.
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phylogenetically calibrated mutation rate used by Tennessen et al. (2.36 × 10−8) and the

more recent de novo rate used in mushi (1.25× 10−8). This inconsistency also distorted the

estimate reported by Harris and Pritchard, since their Monte Carlo procedure used the more

recent de novo mutation rate. To resolve this, we next rescaled the Tennessen demography

to the de novo mutation rate (as done by Amorim et al. [11]), and inferred the TCC pulse

with mushi again. This resulted in better fit to the SFS, and a clear shift to an older TCC

pulse (Figure B.5, dotted lines in top panels), consistent with the pulse inferred using the

mushi demographies.

We estimated another set of TCC pulses in Europeans conditioned on demographic his-

tories that were inferred using the method Relate [199], which used the phase 3 1KG data

to infer demographic histories for each population by first pruning the population genealogy

from an inferred whole genome genealogy of all 1KG samples, and then independently in-

ferring a coalescence rate history for each extracted genealogy. Conditioning on the Relate

demographies yields younger estimates of the TCC pulse timing, similar to the estimate un-

der the inconsistent Tennessen model (Figure B.5, bottom panels). The Relate demographic

histories for each 1KG population are shown in Figure B.4 (bottom panels), with SFS fits.

Figure B.6 shows that our inference of the TCC pulse is highly robust to demographic

model selection among demographic histories that fit the SFS. Figure B.7 shows that TCC

pulse timing is robust to regularization strength. Figure B.8 indicates the stability of our

history estimates under bootstrap resampling of the variant data (but we caution this does

not provide confidence bounds on histories, since our penalized likelihood approach is strongly

biased toward simple solutions).

After our focused study of the TCC pulse, we aimed to more broadly characterize how hu-

man MuSH decomposes into mutational signatures varying through time in each population.

This is inspired by the use of nonnegative matrix factorization to infer mutational signatures

associated with mutagenic processes in cancer genomes, which represents a set of tumor mu-
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tational spectra as mixtures of a small set of mutational signatures, though our problem is

more complex due to the time dimension. To capture this additional dimension, we designed

a novel mutational signature extraction method that factorizes a three-dimensional tensor

of mutation spectrum histories for all populations, rather than a 2-dimensional matrix of

mutation spectra from static samples.

We first ran mushi on all 1KG populations using stronger order 3 (cubic) trend penalties

that favor smoother variation over time compared with the discontinuous jumps of order 0

penalties that were needed to fit the TCC pulse (see Materials and Methods). This resulted

in an estimated MuSH for each population of the 26 populations in the 1KG data. We then

normalized each MuSH by the genomic target size for each triplet mutation type, so that

mutation rate is rendered site-wise, and stacked the population-wise MusHs to form an order

3 tensor. This tensor is a 3D numerical array with dimensions (num. populations) × (num.

time points) × (num. mutation types) = 26 × 200 × 96. When we slice the array along the

time axis, we obtain a series of matrices whose rows are the inferred mutation spectra of each

1KG population at a past time t. The numerical value of an entry in the tensor indicates

the mutation rate (in units of mutations per site per generation) in a given population, at a

given time, and for a given mutation type.

We then sought to extract low-dimensional factors in the population, time, and mutation

type domains, analogous to extracting mutation signatures that form a sparse vocabulary for

explaining the mutation spectrum variation between tumor mutational profiles, but here in-

cluding the dimension of time variation. To do this, we used non-negative canonical polyadic

tensor factorization (NNCP, reviewed in [115]), which generalizes non-negative matrix fac-

torization to tensors of arbitrary order. The addition of the time dimension means that each

mutational signature is associated with a dosage that can jointly increase or decrease over

the histories of all populations.

Briefly, we hypothesize that the MuSH tensor can be approximated by a sum of a few



39

rank-1 tensors, implying that most evolving mutational processes are shared across multiple

populations, possibly with different relative intensities over time. A tensor of rank 5, which

describes a set of 5 mutation signatures, accurately represents the 1KG MuSH tensor (Fig-

ure 2.5a inset). The NNCP decomposition results in 26×5, 200×5, and 96×5 factor matrices

for population, time, and mutation type, respectively. Figure 2.5c,d projects population and

mutation type factors from 5 dimensions to 2 principal components for visualization. The

population factors clearly cluster by super-population. The mutation type factors show a

number of mutation types with distinct outlier behavior, including TCC→TTC, as expected.

We next recast the MuSH for each population in terms of the 5 mutation signatures

that comprise the tensor factors, capturing covariation among the set of 96 triplet mutation

types with the smaller set of signatures. This allows us to characterize and biologically

interpret the time dynamics of each mutation signature in each population. Figure 2.5a

shows the 5 mutation signatures as loadings in each triplet mutation type. Figure 2.5b shows

how each of these 5 signatures varies through time in each 1KG population (computed by

projecting 96-dimensional spectra to the 5 mutational signatures in each population at each

time). Signature 4 fits the profile of the TCC pulse that affects Europeans, South Asians,

and European-admixed Amerindians, containing the previously reported minor component

ACC→ATC. It does not, however, contain the minor component CCC→CTC, which was

previously inferred from the low coverage 1000 Genomes data to be one of the mutation

types associated with the TCC pulse. Signatures 1 and 3 are dominated by C→T mutations

at CpG sites, the signature of error-prone repair of deaminated methylcytosines. These

signatures are consistently enriched in rare (young) variants across populations. Some of

this frequency bias is likely caused by purifying selection against mutations that disrupt

the gene-regulatory function of methylated CpG sites. Another contributing factor is likely

biased gene conversion, which disfavors the increase in frequency of C/G→A/T mutations

(also called strong-to-weak mutations). Signature 2 is enriched for common (old) variants,
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and have high loadings of A→G, which is consistent with the action of biased gene conversion

to select for the retention of weak-to-strong mutations.

Although the time profiles of these 5 signatures appear to be modulated by biased gene

conversion, they also vary between populations at recent times and cannot be explained by a

selective force acting uniformly on all non-GC-conservative mutations. We note that we do

not see evidence the profile of a signature reported to be enriched specifically in the Japanese

population [83]. This signature was thought to stem from a subtle cell line artifact affecting

the Japanese HapMap samples [12], and apparently is not a prominent feature of the new

high coverage 1KG data, whose genotypes were called without imputation. Signature 5,

which is dominated by C→T transitions, is notably depleted in East Asians.

Finally, we used uniform manifold approximation and projection (UMAP) [136] to com-

pute a 2D embedding of mutation signature histories (after initially decomposing the MuSHs

into 5 mutation signatures as described) of each 1KG population at each time point. Fig-

ure 2.5e shows this embedding with the time coordinate added as a third dimension. Despite

performing independent inferences for each population’s MuSH, we see tree structure that re-

flects population and super-population ancestry, and convergence toward an ancestral MuSH

in the distant past.

2.3 Discussion

It is becoming clear that mutation spectrum variation is a common feature of genetically

diverse populations. Initial reports on the existence of such variation were mostly qualita-

tive in nature, focused on enumerating which populations exhibit robust variation along this

newly characterized dimension and putting bounds on the possible contributions of bioinfor-

matic error. Here, we have introduced a novel quantitative framework for inferring how this

variation arose over time, utilizing variation of all ages from unphased whole genome data to

resolve a time-varying portrait of germline mutagenesis. Our method mushi can decompose
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Figure 2.5: Decomposing mutation spectrum histories for 1000 Genomes Project populations into mutation

signatures varying through time and between populations. a. Triplet mutation signatures, shown as loading into

triplet mutation types for each signature (rows). Inset shows tensor reconstruction error over a range of ranks

for NNCP decomposition, indicating rank 5 as a good approximation. b. Historical dynamics of each mutation

signature’s intensity in each 1KG population (panels correspond with rows in a). Figure B.10 shows the same

intensity histories seperately for each super-population c. 5-dimensional population factors projected to first 2

principal components. d. 5-dimensional mutation signature factors projected to first 2 principal components. e.

UMAP embedding of mutation signature histories, initialized using the first two PCs of the time-domain factors,

and then performed with default parameters.
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context-augmented sample frequency spectra into time-varying mutational signatures, re-

gardless of whether those signatures are sparse and obvious like the European TCC pulse or

represent more subtle concerted perturbations of mutation rates in many sequence contexts.

Previous estimates of the timescale of mutation spectrum change were restricted to pulse-like

signatures that are more obvious but less ubiquitous than diffuse signatures appear to be

[83, 199].

Not all of the temporal structure unveiled by mushi can be interpreted as time variation in

the germline mutational processes. Some time variation in signature dosage is consistent with

biased gene conversion, and signatures may also be affected by cell line artifacts [12]. The

strengths of mushi are to automate the visualization of deviations from mutation spectrum

uniformity and localize them to particular populations, frequency ranges, and time periods.

It is possible that profiles of germline signatures we report here will need to be revised as

higher quality human datasets are published and inference methods are refined. Because

mushi currently models each population independently, it will be import for future work to

accommodate (or jointly model) structured populations that share recent ancestry, such as

can be inferred through multipopulation SFS data [80, 102].

Although mushi’s most novel feature is the ability to infer mutation spectrum variation

over time, it includes a demographic inference subroutine with some advantages over ex-

isting methods. We infer population size changes non-parametrically from SFS data with

state-of-the-art regularization methods that yield population size histories with some more

desirable properties than other methods. The method fastNeutrino [26] uses a piecewise

exponential parameterization to infer demographic histories and locus-wise mutation rate

from SFS data, and does not use regularization. The method SMC++ [209] uses smoothing

spline regularization for demographic inference in a model that combines the efficiency of

SFS models with a coalescent HMM. The method CubSFS [219] uses cubic smoothing spline

regularization to infer demographic history from the SFS. The sparse trend filtering used in
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mushi has been shown to have superior local adaptivity properties over the related spline

methods [213].

The use of sample allele frequencies rather than phased whole genomes should make

mushi broadly useful to researchers working on non-model organisms, which are still beyond

the scope of many state-of-the-art methods that require long sequence scaffolds and phased

data. The software is also very fast, returning results in seconds to minutes on a modest

computer, and is designed for researchers familiar with scripting in Python.

The mushi model calibrates the times at which mutational signatures wax and wane

using a demographic model inferred from the same input allele frequency data from which

the signatures themselves are extracted. We estimated a surprisingly old start time to the

TCC pulse, around 80 kya, which is older than any estimates of European/East Asian

divergence times, and is robust to demographic models that maintain good fit to the SFS.

However, mushi can also calibrate its timescale using a user-specified demographic history,

which reveals that the timing of transient events like the TCC pulse in Europe are sensitive

to underlying assumptions about effective population size that fit the SFS poorly. When we

input the demographic history used in the initial report of the TCC pulse [83], we similarly

find that the TCC pulse began 20-30 kya, comfortably later than Europeans’ divergence

from East Asians, who were not affected by the TCC pulse. However, it became apparent

that the initially reported timing of the TCC pulse was distorted by a scaling issue between

recent human de novo mutation rate, and the older phylogenetically calibrated mutation rate

used for inferring the demographic history that was used [208]. Rescaling this demography

to the de novo rate resulted in a strikingly older TCC pulse, matching the estimate that was

obtained using the self-consistent demographic inference from mushi.

We also inferred TCC pulse timing using demographic histories that were inferred with

the Relate method from whole genome genealogies [199] instead of allele frequency data,

and found a younger TCC pulse, matching the initially reported timing that was obtained
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with inconsistent demographic history scaling. These demographic histories also yield poor

fits to the 1KG SFS data, with more deviation at lower frequencies. However, we note that

inferred demographic histories are notoriously poor at predicting the distributions of genomic

summary statistics other than the ones that were used to fit the models [20], and of course

mushi would be unable to recapitulate haplotype structure, for example. We cannot rule

out the possibility that another MuSH with a similar SFS, different haplotype structure, and

more recent TCC pulse might fit the data better than the MuSH we infer.

If the older TCC pulse timing is correct, complex patterns of ancient gene flow are

likely essential for reconciling it with other knowledge about human population history.

Ancient DNA evidence suggests that the divergence of East and West Eurasians occurred

gradually over a period that began more than 40,000 years ago [225], possibly beginning with

the divergence of a basal Eurasian population before the interbreeding of other Eurasians

with Neanderthals around 50,000 years ago [119]. Speidel, et al. recently discovered that

the proportion of TCC→TTC mutations is highly correlated across populations with the

proportion of ancestry from Neolithic Anatolia [198], a finding that underscores the need for

future work modeling mutation spectrum evolution jointly with more complex demographic

history involving substructure and migration between populations. It also points to the

tantalizing possibility that the distribution of mutational signatures could provide extra

information about hard-to-resolve substructure and gene flow between populations that lived

in the distant past.

Although powerful new methods for inferring ancestral recombination graphs (ARGs)

ultimately have the potential to estimate more accurate histories than can be accomplished by

fitting compressed SFS data, these methods are still in a relatively early stage of development.

In the method Relate [199], mutation rate history is approximately inferred from an ARG

using independent marginal estimates for each epoch in a piecewise-constant history. This

avoids joint inference over all epochs—which can also be formulated as a linear inverse
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problem—by ignoring mutation rate variation within branches.

Until further developments make it possible to infer histories that fit both haplotype

structure and site frequency spectra, our results underscore the importance of using more

compressed summary statistics to validate inference results. The differences between our

SFS-inferred histories and Relate-inferred histories imply that none of these histories yet

capture the joint distribution of allele age and allele frequency, which could affect claims

about the timing of gene flow and selection in addition to the claims about the timing of the

TCC pulse that I focus on in this chapter. Until demographic inference methods are able

to infer histories compatible with all features of modern datasets, it will be important for

researchers to infer histories from different data summaries, including classical compressed

statistics like the SFS, in order to understand the sensitivity of various biological and his-

torical claims to methodological eccentricities.

2.4 Materials and methods

2.4.1 The expected SFS is a linear transform of the mutation intensity history

We work in the setting of Kingman’s coalescent [109, 110, 111, 108], with all the usual

niceties: neutrality, infinite sites, linkage equilibrium between segregating sites, and panmixia

[218, 53]. In Appendix A.1 we retrace the derivation by Griffiths and Tavaré [78] of the

frequency distribution of a derived allele conditioned on the demographic history, while

generalizing to a time inhomogeneous mutation process. We make use of the results of

Polanski et al. [163, 164] to facilitate computation. We use the time discretization of Rosen

et al. [175], and adopt their notation. Detailed proofs can be found in the Appendix.

With n denoting the number of sampled haplotypes, denote the expected SFS column

vector ξ = [ξ1 . . . ξn−1]
⊺, where ξi is the expected number of variants segregating in i out of n

haplotypes. Let η(t) denote the haploid effective population size history, with time measured

retrospectively from the present in Wright-Fisher generations. Note that η(t) = 2N(t) for
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diploid populations. Let µ(t) denote the mutation intensity history, in units of mutations

per ascertained genome per generation, understood to apply uniformly across individuals in

the population at any given time. Under these model assumptions, we obtain the following

theorem.

Theorem 1. Fix the number of sampled haplotypes n. Then, for all bounded functions

η : R≥0 → R>0 and µ : R≥0 → R≥0, the expected SFS is ξ = L(η)µ, where L(η) is a finite-

rank bounded linear operator parameterized by η that maps mutation intensity histories µ

to (n − 1)-dimensional SFS vectors ξ. Viewed as a nonlinear operator on η, L(η) is also

bounded. In particular, L(η)µ ≡ Cd(η, µ), where C is an (n− 1)× (n− 1) constant matrix

with elements that can be computed recursively, and d(η, µ) is an (n−1)-vector with elements

dj(η, µ) ≡
∫ ∞

0

exp

[
−
(
j

2

)∫ t

0

dt′

η(t′)

]
µ(t)dt, for j = 1, . . . , n− 1, (2.1)

which is linear in µ and nonlinear in η.

Theorem 1 is proved in Appendix A.1. Recursions for computing C can be procedurally

generated as described in Appendix A.2).

In order to partition the expected SFS ξ by k-mer mutation type, we promote the (n−1)-

element expected SFS vector ξ to the (n− 1)×K expected k-SFS matrix Ξ. Similarly, the

mutation intensity history function µ(t) is promoted to the K-element mutation spectrum

history µ(t), a column vector with each element giving the mutation intensity history function

for one mutation type. Then Theorem 1 generalizes to

Ξ = L(η)µ⊺. (2.2)

As in Theorem 1, the time coordinate is integrated over by the action of the operator L.

Empirical SFS data contain a characteristic “smile” at high frequencies. As detailed in

Appendix A.7 , we account for this by modeling ancestral state misidentification rates for

each mutation type, and inferring them jointly with the history functions η(t) and µ(t).
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We use the notation X to denote a sampled k-SFS matrix, i.e. the (n − 1) ×K matrix

containing the sample counts for each mutation type. By construction, Ξ ≡ E[X].

2.4.2 Compositional modeling leads to identifiable mutation spectrum histories

As mentioned in the summary methods, the effective population size η(t) and the mutation

intensity µ(t) are non-identifiable for all t, meaning that the expected SFS ξ is invariant under

a modification of η so long as a compensatory modification is made in µ. We now demonstrate

this formally by introducing a change of variables that measures time in expected number of

coalescent events since the present, i.e. the diffusion timescale [145, 175]. Let Rη(t) ≡
∫ t

0
dt′

η(t′)
,

and substitute τ ≡ Rη(t) in (2.1) to give

dj(η, µ) =

∫ ∞

0

exp

[
−
(
j

2

)
τ

]
η̃(τ)µ̃(τ)dτ, (2.3)

where η̃(τ) ≡ η(R−1(τ)) and µ̃(τ) ≡ µ(R−1(τ)). In this timescale, we see η and µ appear

as a product on the right of (2.3). This means we cannot jointly infer η and µ, since only

their product influences the data. This non-identifiability is similarly manifest by a change

of variables to measure time in expected number of mutations.

Because we cannot discern changes in total mutation rate, we assume a constant total

rate µ0, so that time variation in the rate of drift is modeled only in η(t). A MuSH with

K mutation types can then be written as µ(t) = µ0ν(t), where ν(t) ∈ SK for all t, and

SK ≡ {x ∈ RK
>0 :

∑K
j=1 xj = 1} denotes the standard simplex. We call the relative mutation

spectrum history ν(t) a composition, and employ techniques from compositional data analysis

[7, 51, 152].

To avoid difficulties arising from optimizing directly over the simplex, we represent com-

positions using Aitchison geometry. Briefly, analogs of vector-vector addition, scalar-vector

multiplication, and an inner product are defined for compositions, and the simplex is closed

under these operations. It is then possible to construct an orthonormal basis in the simplex
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ψ1, . . . ,ψK−1 using the Gram-Schmidt orthogonalization. We first introduce the centered log

ratio transform of some x ∈ SK , defined as

clr(x) ≡
[
log

x1

x̄
, . . . , log

xK

x̄

]⊺
, (2.4)

where x̄ denotes the geometric mean. The inverse transform clr−1 is the softmax function.

The isometric log ratio transform and its inverse allow us to transform back and forth

between the simplex and a Euclidean space in which we will cast our optimization problem.

The transform ilr : SK → RK−1 and its inverse are defined as

ilr(x) ≡ Ψ⊺clr(x), x ∈ SK (2.5)

ilr−1(y) ≡ clr−1(Ψy)), y ∈ RK−1 (2.6)

where Ψ ≡ [ψ1 . . . ψK−1] is the K × (K − 1) matrix of basis vectors. To build intuition

about this transformation, which is an isometric isomorphism, we highlight the following

behaviors: First, the center of the simplex maps to the origin in the Euclidean space. Second,

approaching a corner of the simplex, i.e. with a component of the composition vanishing,

corresponds to diverging to infinity in some direction the Euclidean space. Finally, a ball

in the Euclidean space maps to a convex region in the simplex that is more distorted the

further the ball is from the origin.

We use the convention that the clr and ilr act row-wise on matrices. Finally, we introduce

the ilr-transformed MuSH: z(t) ≡ ilr(µ(t)) and write (2.2) as

Ξ = µ0L(η) ilr−1(z)⊺. (2.7)

Again, the time coordinate is integrated over by the action of the linear operator. Although

the forward model is non-linear in z(t), it is convex given the convexity of the softmax

function that appears in ilr−1(·).
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2.4.3 Formulating and solving the inverse problem for population history given genomic

variation data

The inverse problem (2.8) is ill-posed, meaning many very different and erratic histories can

be equally consistent with the data [52]. We deal with this problem using regularization,

seeking solutions that are constrained in their complexity without sacrificing data fit. We

use optimization algorithms to find regularized demographies and MuSHs.

Time discretization

For numerical implementation, we need finite-dimensional representations of η(t) and z(t).

We use piecewise constant functions of time on m segments [t0, t1), [t1, t2), . . . , [tm−1, tm)

where the grid 0 = t0 < t1 < · · · < tm−1 < tm = ∞ is common to η(t) and z(t). We take the

boundaries of the segments as fixed parameters and, in practice, use a logarithmically-spaced

dense grid of hundreds of segments to approximate infinite-dimensional histories. Let the

m-vector y = [y1, . . . , ym]
⊺ denote the population size η(t) during each segment, and define

the m× (K − 1) matrix Z as the constant ilr-transformed MuSH z(t) during each segment.

In Appendix A.3 , we show that equation (2.7) discretizes to the following matrix equation

Ξ = µ0L(y) ilr
−1(Z), (2.8)

where the (n − 1) × m matrix L(y) is fixed given a fixed demographic history y. The

transformation ilr−1(Z) is applied to each time point, i.e. row of Z, independently.

Regularization

We implement three different regularization criteria: sparsity of trends in the solutions y

and Z (hypothesizing that the time variation of η(t) and z(t) is not excessively erratic),

sparsity of the singular value spectrum of the matrix Z (hypothesizing that the number of

independently evolving mutational signatures is much less than the number K of distinct



50

mutation types), and improved numerical conditioning of the problem. These goals are in

some cases overlapping, but we add a regularization term for each one. Before computing

the penalties on the demography y, we apply a log transform, because variation over orders

of magnitude is expected from population crashes and exponential expansions. This also has

the benefit of enforcing non-negative solutions. We now explain the regularizations in detail.

Our first regularization imposes simplicity in the time domain by preferring solutions

with a small number of piece-wise polynomial trends. This is achieved by penalizing the

variation of log η(t) and z(t): the ℓ1 norm of their time derivatives. Penalizing the (κ + 1)-

th order time derivative encourages piecewise κ-th order polynomial solutions, since the ℓ1

norm favors sparse derivatives in time. For example, κ = 0 results in piecewise constant

solutions, κ = 1 results in piecewise linear solutions, and so on. Penalties with different κ

can be combined to obtain mixed trends, e.g. using κ = 0 and κ = 3 will allow solutions with

both constant and cubic pieces. In the discretized model, the (κ + 1)-th order derivative

operator corresponds to a matrix D(κ+1) of finite differences. This leads to the penalties
∥∥D(κ+1) log y

∥∥
1

and
∥∥D(κ+1)Z

∥∥
1,1

(penalizing the MuSH column-wise). In the least-squares

setting, this regularization is called trend filtering [106, 213], and is one of many generaliza-

tions of the Lasso method [85]. We later describe how we perform optimization with trend

penalties in the setting of a more complex likelihood. Many demographic inference methods

fit models composed of a small number of constant or exponential epochs that are motivated

by prior knowledge about population histories. Although our histories are represented on a

dense time grid, our regularization fuses the history at neighboring time points to discover

epochs within which behavior is simple, while remaining flexible to capture more complicated

behavior if the data justify it.

Second, because specific mutation processes may affect multiple mutation types, it is

reasonable to assume that a small number of latent processes drive the majority of the

variation across mutation types. We thus hypothesize that Z can be approximated by a
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low-rank matrix and propose two regularizations to enforce this. Let σ be the vector of

singular values of Z − Zref , where Zref is a reference, or baseline, MuSH taken to be the

MLE constant solution by default. We use the nuclear norm ∥Z − Zref∥∗ = ∥σ∥1 as a soft

rank penalty, as it is the convex envelope of the rank function [54]. The soft rank penalty

constrains the number of non-zero singular values, while also shrinking them toward zero.

As an alternative to the soft rank penalty we also implement a hard rank penalty, which

directly penalizes rank(Z − Zref) = ∥σ∥0, equal to the number of nonzero singular values.

The hard rank penalty results in a singular value thresholding step without shrinkage in the

resulting algorithm, and it is not convex. Either of these rank regularizations assure that Z

is a low-rank perturbation of the constant solution Zref . Although the MuSH represents the

history of each of K mutation types, this attempts to explain them using a smaller set of

mutation signatures.

Finally, we include classical ℓ2 (also called ridge or Tikhonov) penalties on both log y and

Z. A small amount of this kind of regularization speeds up convergence without significantly

influencing the solution. For the ridge penalty on the demography y, we use a Tikhonov

term ∥log y − log yref∥22 that shrinks toward a reference demography yref . By default we use

the MLE constant history for yref to speed the convergence of the y problem. Similarly,

the ridge penalty on the MuSH is a Tikhonov term for each mutation type, the squared

Frobenius norm ∥Z− Zref∥2F.

Likelihood factorization: The SFS is a sufficient statistic for the demographic history with

respect to the k-SFS

The Poisson Random Field (PRF) approximation neglects linkage disequilibrium to model

the probability of the SFS x given the expected SFS ξ as independent Poisson random
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variables for each sample frequency

P(x | ξ) =
n−1∏

i=1

P(xi | ξi) =
n−1∏

i=1

e−ξiξxi
i

xi!
. (2.9)

We similarly model the k-SFS as generated by independent mutational targets for each

mutation type, and then show that a constant total mutation rate allows us to factorize the

joint likelihood for η and µ into a sequential inference procedure for η then µ.

Proposition 1. The PRF, when generalized to the 2D grid of sample frequency and mutation

type, factorizes as P(X | Ξ) = P(x | ξ) P(X | x, Ξ̂), where P(x | ξ) is the standard PRF (2.9),

and P(X | x, Ξ̂) is independent multinomial for each sample frequency i, with multinomial

parameter Ξ̂i,j ≡ Ξi,j

ξi
.

Proposition 1 is proved via a Poissonization argument in Appendix A.4.

Next we restore the η and µ dependence of ξ and Ξ (with fixed total mutation rate µ0)

so Proposition 1 gives the factorization

P(X | η,µ) = P(x | η) P(X | x, η,µ). (2.10)

Lemma 1. If the total mutation rate is a constant µ(t) = µ0 ∈ R>0, then the SFS x is a

sufficient statistic for η with respect to the k-SFS X.

Lemma 1 is proved via a Poisson thinning argument in Appendix A.5. The result is intuitively

obvious because information about historical coalescence rates recorded in the SFS does not

change if we further specify how mutation counts are partitioned into different mutation

types; this only adds information about relative mutation rates for alleles with a given age

distribution. Although η appears in the second factor of (2.10), this only serves to map the

MuSH rendered on the natural diffusion timescale µ̃(τ) to time measured in Wright-Fisher

generations. Because this map is one-to-one, there is no statistical information about η in

X not already present in x. That is, P(X | x, η,µ) = P(X | x, µ̃).
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This sufficiency is important from an inference perspective, because it means we can

sequentially infer demography from the SFS, then infer the MuSH from the k-SFS with the

demography fixed from the previous step. Sufficiency implies that the negative log-likelihood

factors into the sum of two losses. We thus formulate two sequential optimization problems

using negative log-likelihoods from the factors (2.10) as loss functions for assessing data fit.

Recall that y and Z are the discrete forms of η and µ, respectively, Ξ is given by equation

(2.8), and ξ is given by the row sums of Ξ and thus independent of Z. Neglecting constant

terms, the two loss functions are

loss1(log y) =
n−1∑

i=1

(ξi − xi log ξi) (2.11)

and

loss2(Z;y) = −
n−1∑

i=1

K∑

j=1

Xij log Ξij. (2.12)

As with regularization, we parameterize in terms of log y.

Optimization problems for mushi

We infer demography and MuSH by minimizing cost functions that combine the loss functions

above, which measure error in fitting the data, with regularization. This may be considered

a penalized likelihood method and, from a Bayesian perspective, may be interpreted as intro-

ducing a prior distribution over histories. Inference of log y and Z is performed sequentially.

We first initialize log y = yref using the elementary formula for the MLE constant demog-

raphy S
2µ0Hn−1

where S ≡∑n−1
i=1 xi is the number of segregating sites, and Hn−1 denotes the

n-th harmonic number. We then minimize

f1(log y) = loss1(log y) + ακ

∥∥D(κ+1) log y
∥∥
1

+
αridge

2
∥log y − log yref∥22 (2.13)
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over log y ∈ Rm to obtain the demographic history. Here, the ακ hyperparameter controls

the trend penalty strength, and determines the number of κ-th order polynomial pieces in

the solution (a larger penalty results in fewer pieces). The αridge hyperparameter controls the

strength of shrinkage toward yref , and is intended to improve convergence without stongly

biasing the solution.

Having fixed y from the previous step, we next infer Z. We initialize Z = Zref to the

MLE constant MuSH: mutation type j has the constant rate µ0
Sj

S
, where Sj ≡

∑n−1
i=1 Xi,j is

the number of segregating sites in mutation type j. Using the default soft rank penalty, we

then minimize

f2(Z) = loss2(Z;y) + βκ

∥∥D(κ+1)Z
∥∥
1,1

+ βrank∥Z− Zref∥∗

+
βridge

2
∥Z− Zref∥2F (2.14)

over Z ∈ Rm×(K−1) to obtain the ilr-transformed MuSH. Using the hard rank penalty instead

of the default soft rank penalty, we would replace the nuclear norm ∥ · ∥∗ with the rank

function rank(·). The βκ and βridge hyperparameters are analogous to ακ and αridge. The

βrank hyperparameter controls the the rank of Z (a larger penalty results in smaller rank).

We note that the trend order κ can be different for demography and MuSH inference, and

each can use mixed trends, adding more terms if desired.

We now briefly cover the methods used for optimization. The cost function (2.13) is non-

convex due to the nonlinear dependence of ξ on y, while the cost function (2.14) is convex.

The trend penalties on both (2.13) and (2.14) are nonsmooth, as is the soft rank penalty on

(2.14). If the hard rank penalty is used instead of the soft rank penalty, (2.14) is also noncon-

vex. Although we cannot guarantee convergence to the global minimum for the demographic

history (y) problem, we have found that proximal gradient methods rapidly converge to

good solutions that are robust to initalization. Briefly, in proximal methods the cost is split

into differentiable and non-differentiable parts, gradient descent steps are taken using the

smooth part of the cost, then the proximal operator (or prox ) of the non-differentiable piece
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is applied. The prox projects to a nearby point which ensures that the nonsmooth part of

the cost is small and can be computed for the trend filtering and hard or soft rank penalties.

For the y problem, we use the Nesterov accelerated proximal gradient method with adaptive

line search [148, 18]. For the MuSH (Z) problem, we use a three operator splitting method

to deal with the two nonsmooth terms [155]. We implemented a specialized ADMM trend

filtering algorithm to compute proximal operators for our mixed trend penalties [171]. Our

optimization algorithms are implemented very generally as a Python submodule in the mushi

package: https://harrispopgen.github.io/mushi/stubs/mushi.optimization.html.

Hyperparameter tuning

Although mushi does not require a parametric model to be specified, it requires the user to

tune a few key regularization hyperparameters to target reasonable solutions. Rather than

treat the ridge penalties as adjustable hyperparameters, we fix them to αridge = βridge = 10−4

to improve convergence without noticably influencing solutions. This leaves the trend penalty

ακ (or penalties for mixed trends) for demographic inference. Inferring demography from

SFS data requires strong priors on the simplicity of solutions, so there can be no general

recipe for selecting optimal hyperparameters. It is generally advisable to explore a few trend

orders κ and their strengths.

Small trend penalties give erratic, unregularized solutions. Increasing ακ limits the num-

ber of κ-th order pieces in the solution, and can be set to produce solutions that are consistent

with known features of population history. Over-regularization is indicated when the fit to

the SFS becomes poor, and can be seen in an “elbow plot” of the loss with increasing penal-

ization. Mixing a 0-th order term with higher-order models helps flatten the end points of

the time domain, which may be desired.

We take a similar approach for the MuSH inference step. The two hyperparameters in

this case are the trend hyperparameter βκ and the rank hyperparameter βrank. With κ = 0,

https://harrispopgen.github.io/mushi/stubs/mushi.optimization.html
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pulse-like histories can be recovered, while for higher orders (e.g. κ = 3) smoothly varying

histories are recovered (but don’t fit pulse components as well). Again, over-smoothing is

indicated by poor fit to the k-SFS. We set βrank to select a rank (number of latent histories)

between 3 and 6. If βrank is too large, the rank will be too small to fit all components of the

k-SFS well. If it is too small, it is more is more difficult to find common features in different

populations. By default we prefer the soft rank penalty for its convexity, but can choose the

hard rank penalty if the former results in undesirable shrinkage.

2.5 Software implementation methods

2.5.1 The open-source mushi Python package

The mushi software is available as a Python 3 package at https://harrispopgen.github.

io/mushi with extensive documentation. We use the JAX package [27] for automatic differ-

entiation and just-in-time compilation of our optimization methods, and the ProxTV package

[16] for fast computation of total variation proximal operators. We modified the composi-

tional data analysis module in the scikit-bio package http://scikit-bio.org to allow

JAX compatibility. Using default parameters, inferring the demography and MuSH for a pop-

ulation of hundreds of individuals takes a few seconds on a laptop with a modest hardware

configuration.

2.5.2 Reproducible analysis

All of the analysis and figures for this paper can be reproduced using Nextflow pipelines

[44] and Jupyter notebooks (https://jupyter.org) available at https://github.com/

harrispopgen/mushi-pipelines. We used msprime [103] and stdpopsim [3] for simula-

tions, TensorLy [116] for NNCP tensor decomposition, umap-learn [136] for UMAP em-

bedding, and several other standard Python packages. We used the Mathematica package

fastZeil [151] to procedurally generate recursion formulas for the combinatorial matrix C

https://harrispopgen.github.io/mushi
https://harrispopgen.github.io/mushi
http://scikit-bio.org
https://jupyter.org
https://github.com/harrispopgen/mushi-pipelines
https://github.com/harrispopgen/mushi-pipelines
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in Theorem 1 (see Appendix A.2 ).

We generated k-SFS data for each 1KG population using mutyper [40] (https://harrispopgen.

github.io/mutyper/) and BCFtools [124] (http://samtools.github.io/bcftools). High

coverage 1KG variant call data were accessed at ftp://ftp.1000genomes.ebi.ac.uk/vol1/

ftp/data_collections/1000G_2504_high_coverage/working/20190425_NYGC_GATK/, with

sample manifest available at ftp://ftp.1000genomes.ebi.ac.uk/vol1/ftp/release/20130502/

integrated_call_samples_v3.20130502.ALL.panel. Ancestral state estimates for hg38

were accessed at ftp://ftp.ensembl.org/pub/release-100/fasta/ancestral_alleles/

homo_sapiens_ancestor_GRCh38.tar.gz, and the strict callability mask was accessed at

ftp://ftp.1000genomes.ebi.ac.uk/vol1/ftp/data_collections/1000_genomes_project/

working/20160622_genome_mask_GRCh38/StrictMask/20160622.allChr.mask.bed. Re-

late coalescence rate histories were accessed at https://zenodo.org/record/3234689.

https://harrispopgen.github.io/mutyper/
https://harrispopgen.github.io/mutyper/
http://samtools.github.io/bcftools
ftp://ftp.1000genomes.ebi.ac.uk/vol1/ftp/data_collections/1000G_2504_high_coverage/working/20190425_NYGC_GATK/
ftp://ftp.1000genomes.ebi.ac.uk/vol1/ftp/data_collections/1000G_2504_high_coverage/working/20190425_NYGC_GATK/
ftp://ftp.1000genomes.ebi.ac.uk/vol1/ftp/release/20130502/integrated_call_samples_v3.20130502.ALL.panel
ftp://ftp.1000genomes.ebi.ac.uk/vol1/ftp/release/20130502/integrated_call_samples_v3.20130502.ALL.panel
ftp://ftp.ensembl.org/pub/release-100/fasta/ancestral_alleles/homo_sapiens_ancestor_GRCh38.tar.gz
ftp://ftp.ensembl.org/pub/release-100/fasta/ancestral_alleles/homo_sapiens_ancestor_GRCh38.tar.gz
ftp://ftp.1000genomes.ebi.ac.uk/vol1/ftp/data_collections/1000_genomes_project/working/20160622_genome_mask_GRCh38/StrictMask/20160622.allChr.mask.bed
ftp://ftp.1000genomes.ebi.ac.uk/vol1/ftp/data_collections/1000_genomes_project/working/20160622_genome_mask_GRCh38/StrictMask/20160622.allChr.mask.bed
https://zenodo.org/record/3234689
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Chapter 3

MUTYPER: ASSIGNING AND SUMMARIZING MUTATION TYPES
FOR ANALYZING GERMLINE MUTATION SPECTRA

Genomics studies of the germline mutation process seek to elucidate the mutational forces

that drive genetic variation and provide the raw material for adaptive evolution. Germline

mutations arise from spontaneous DNA damage caused by environmental mutagens, or errors

in DNA replication. Populations and species may experience distinct histories of mutational

input due to differences in environmental exposure, and heritable variation in the machinery

controlling DNA replication fidelity.

Diverse mutational processes can reveal themselves in tell-tale mutation signatures left

in the nucleotide sequence contexts in which they tend to be active. Population genomics

has given increasing attention to nucleotide sequence context in the study of the germline

mutation process (reviewed in [31]). SNPs can be assigned mutation context given the

ancestral background they occurred on, which is typically estimated via parsimony with

an outgroup species alignment or multispecies tree. It is standard to partition SNPs into

mutation types according to ancestral and derived nucleotide states (“polarizing” the reference

and alternative states), and a window of local nucleotide context in the ancestral background

on which the SNP occurred. The mutation spectrum of an individual is defined as the

composition of derived state SNPs over these mutation types.

Inter- and intra-specific germline mutation spectrum variation has revealed a dynamic

and evolving germline mutation process shaping modern genomic diversity. Parsing mutation

spectra temporally (i.e. according to allele frequency) and spatially (i.e. in different genomic

compartments) has revealed the history and present of the mutational processes, and applying
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such analysis to de novo mutation data may be clinically informative for rare or undiagnosed

genetic diseases.

Despite many exciting findings to date, there is a lack of available software for general-

purpose germline mutation type partitioning and mutation spectrum generation from pop-

ulation scale genomic variation data needed for larger bioinformatics pipelines or simple

exploratory analysis. To address this need, I developed mutyper, an open-source command-

line utility and Python package to:

• assign ancestral mutation types to SNP data in variant call format (VCF) files [37]

• summarize mutation types at the individual level with mutation spectra

• summarize mutation types at the population level with sample frequency spectra for
each mutation type

• compute distributions of ancestral k-mer content in genomic features specified by a
BED mask file, to standardize spectra across genomic feature sets.

The literature on cancer somatic mutation signatures includes several software tools

(many implemented as R packages) for clustering and dimensionality reduction that are not

directly amenable to population scale germline variation data, but the package Helmsman

[32] enables more efficient interoperability with these tools. Complementing this integrative

work, mutyper is a minimal, flexible, and extensible software package designed for pop-

ulation genomics researchers to generate the raw material needed to advance new anal-

yses of germline mutation spectrum variation. mutyper can be installed using the pip

package manager and is compatible with Python 3.6+. Documentation is provided at

https://harrispopgen.github.io/mutyper; source code is available at https://github.

com/harrispopgen/mutyper.

https://harrispopgen.github.io/mutyper
https://github.com/harrispopgen/mutyper
https://github.com/harrispopgen/mutyper
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3.1 Implementation

3.1.1 CLI

mutyper is a Python package with a command-line interface (CLI) that implements the

core functionality of assigning ancestral mutation types to SNPs that are input (or piped) in

VCF/BCF format using the subcommand mutyper variants. Fast processing of VCF input

is achieved with cyvcf2 [153], and mutation types are assigned via the INFO field for each

variant, e.g. by including a key-value pair such as mutation_type=GAG>GTG. A parameter

--k allows the user to specify the k-mer context size desired (by default 3 for triplet mutation

types and spectra). As in previous work, mutation types are, by default, collapsed by reverse

complementation such that the ancestral state is either A or C. Alternatively, the argument

--strand_file can be used to provide a BED defining the strand orientation for nucleotide

context at each site (e.g. based on direction of replication or transcription).

To polarize ancestral and derived allelic states, and define ancestral k-mer backgrounds,

an input FASTA defining the ancestral genome estimate is required. mutyper uses the

package pyfaidx [191] for fast random access to ancestral genomic content, with minimal

memory requirements. Ancestral genomes can be specified by various means. The ancestral

FASTA sequence provided by the 1000 Genomes Project [1] was estimated from a multi-

species alignment using Ortheus [150]. In such a case, the ancestral FASTA can be passed

to mutyper directly. Alternatively, ancestral states can be simply estimated by polarizing

SNPs using an outgroup genome aligned to the reference (e.g. the chimp genome liftover to

the human genome).

Below is a simple example Bash command that uses ancestral states defined in FASTA

anc.fa to assign mutation types to SNPs in VCF file in.vcf, and redirects the augmented

VCF data to out.vcf.

$ mutyper variants anc.fa in.vcf > out.vcf
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More complex analysis can be achieved by filtering the input SNPs (i.e. with bcftools,

[124]), and piping to mutyper instead of passing in.vcf as a command-line argument. The

mutyper command-line utility is fully compatible with standard command-line pipelines for

filtering SNPs or samples, masking regions, and merging/concatenating VCFs.

In addition to this core functionality, the CLI includes several other subcommands that

facilitate research that aims to characterize modern mutation spectrum variation, and infer

its evolutionary history. The subcommand mutyper spectra generates mutation spectra for

each individual in input VCF/BCF data. The subcommand mutyper targets computes the

number of ancestral genomic targets for each mutation type, optionally restricting to genomic

features specified in BED format with the argument --bed. This facilitates standardizing

mutation spectra across genomic features with varying target content. The subcommand

mutyper ksfs generates a site frequency spectrum (SFS) for each each mutation type. The

SFS is a widely used population genetic summary statistic that informs both demographic

history and mutation spectrum history when partitioned by mutation type [41].

3.1.2 Python API

While the mutyper CLI enables one to include mutation type analyses in the context of

a bioinformatics pipeline, the mutyper Python API enables one to perform the functions

above in an interactive notebook session, or to implement custom analyses of mutation type

data by interfacing with the strong ecosystem of scientific computing packages available in

Python. For example, dimensionality reduction (such as principal components analysis or

non-negative matrix factorization) is often used to summarize mutation spectra, and the

scikit-learn package [154] can be used in conjunction with the mutyper API for this

purpose.
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3.2 Conclusion

The literature has seen a recent and rapid expansion of studies of germline mutation spectrum

variation and evolution. This motivates the development of computational tools to make

these analyses more standardized, reproducible, and accessible; mutyper meets this need.
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Chapter 4

USING GENOTYPE ABUNDANCE TO IMPROVE
PHYLOGENETIC INFERENCE

The flowers have been growing thorns for millions of years.
For millions of years the sheep have been eating them just the
same. And is it not a matter of consequence to try to
understand why the flowers go to so much trouble to grow
thorns which are never of any use to them? Is the warfare
between the sheep and the flowers not important? Is this not
of more consequence than a fat red-faced gentleman’s sums?

Antoine de Saint-Exupéry, The Little Prince

Although phylogenetic inference methods were originally designed to elucidate the re-

lationships between groups of organisms separated by eons of diversification, the last sev-

eral decades have seen new phylogenetic methods for populations that are evolving on the

timescale of experimental sampling [46]. This development is being spurred by new experi-

mental techniques that enable deep sequencing at single-cell resolution, some of which enable

quantification of original abundance. For bulk sequencing, random barcodes can be used to

quantify PCR template abundance [112, 97, 28]. More recently, cell isolation [190] or com-

binatorial techniques [36, 42, 92] have provided sequence data at single-cell resolution. With

such data, a given unique genotype—among many in the data—is represented in a measured

number of cells. The abundance of a genotype can be read out as the number of cells bear-

ing that genotype. Here we demonstrate that incorporating genotype abundance improves

phylogenetic inference for densely sampled evolutionary processes in which it is common to

sample genotypes more than once.

We are motivated by the setting of B cell development in germinal centers. B cells are
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the cells that make antibodies, or more generally immunoglobulins. Immunoglobulins are

encoded by genes that undergo a stage of rapid Darwinian mutation and selection called

affinity maturation [139]. During affinity maturation, immunoglobulin is in its membrane-

bound form, known as the B cell receptor (BCR). The biological function of this process

is to develop BCRs with high-affinity for a pathogen-associated antigen molecule, and later

excrete large quantities of the associated antibody.

This affinity maturation process occurs in specialized sites called germinal centers in

lymph nodes, which have specific cellular organization to enable B cells to compete among

each other to bind a specific antigen (proliferating more readily if they do) while mutating

their BCRs via a mechanism called somatic hypermutation (SHM). Using micro-dissection,

researchers can extract germinal centers from model animals and sequence the genes encoding

their BCR directly [206, 118]. Lymph node samples are also available through autopsy

[202] or fine needle aspirates from living subjects [86]. Such samples provide a remarkable

perspective on an ongoing evolutionary process.

Indeed, these samples contain a population of cells with BCRs that differentiated via

SHM at various times and have various cellular abundances. Because the natural selec-

tion process in germinal centers appears permissive to a variety of BCR-antigen affinities

[206, 118], earlier-appearing BCRs are present at the same time as later-appearing BCRs.

The collection of descendants from a single founder cell in this process naturally form a

phylogenetic tree. However, it is a tree in which each genotype is associated with a given

abundance, and such that older ancestral genotypes are present along with more recent ap-

pearances. Reconstruction of phylogenetic trees from BCR data may benefit from methods

designed to account for these distinctive features.

Standard sequence-based methods for inferring phylogenies fall into several classes ac-

cording to their optimality criteria. Maximum likelihood methods posit a probabilistic sub-

stitution model on a phylogeny and find the tree that maximizes the probability of the
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observed data under this model [57, 58, 55]. Bayesian methods augment likelihood with a

prior distribution over trees, branch lengths, and substitution model parameters, and ap-

proximate the posterior distribution of all the above variables by Markov chain Monte Carlo

(MCMC) [93, 45]. Maximum parsimony methods use combinatorial optimization to find

the tree that minimizes the number of evolutionary events [50, 114, 64]. Parsimony meth-

ods often result in degenerate inference, in which multiple trees achieve the same minimal

number of events (i.e. maximum parsimony) [131]. Additional approaches include distance

matrix methods, which summarize the data by the distances between sequence pairs, and

phylogenetic invariants, which select topologies based on the value of polynomials calculated

on character state pattern frequencies. None of the above methods incorporate genotype

abundance information, and it is standard for data with duplicated genotypes to be reduced

to a list of deduplicated unique genotypes before a phylogeny is inferred.

In this chapter I show that genotype abundance is a rich source of information that

can be productively integrated into phylogenetic inference, and we provide an open-source

implementation to do so. We incorporate abundance via a stochastic branching process with

infinitely many types for which likelihoods are tractable, and show that it can be used to

resolve degeneracy in parsimony-based optimality. We first validate the procedure against

simulations of germinal center BCR diversification. We also empirically validate our method

using an experimental lineage tracing approach combining multiphoton microscopy and single

cell BCR sequencing, allowing us to study individual germinal center B cell lineages from

brainbow mice. Beyond the setting of BCR development, we foresee direct application to

tumor phylogenetics in single-cell studies of cancer evolution (reviewed by Schwartz et al.

[186]), and single-cell implementations of lineage tracing based on genome editing technology

[137].
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Figure 4.1: Genotype-collapsed trees. (a.) A diversifying B cell lineage is illustrated with distinct BCR genotypes

colored. The final observed cells (enclosed by a dashed path) consist of genotypes at various abundances; note

the yellow genotype is not observed. (b.) The corresponding genotype-collapsed tree (GCtree) describes the

descent of distinct genotypes, and is our inferential goal. (c.) Genotype abundance informs topology inference.

Two hypothetical GCtrees, equally optimal with respect to the sequence data, propose two possible parents of the

green genotype—the gray and yellow genotypes (the yellow genotype was not sampled and thus has a small circle

with no number inside). Intuitively, the abundance information indicates that the tree on the left is preferable

because the more abundant parent is more likely to have generated mutant descendants.

4.1 New Approaches

4.1.1 Genotype-collapsed trees

Given sequence data obtained from a diversifying cellular lineage tree (Figure 4.1a), our goal

is to infer the genotype-collapsed tree (GCtree) defining the lineage of distinct genotypes and

their observed abundances (Figure 4.1b). The GCtree is constructed from the lineage tree

by collapsing subtrees composed of cells with identical genotype to a single node annotated

with its final cellular abundance. Our data consists of the genotypes sampled at least once
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in the GCtree, along with their associated abundances. Under the infinite types assumption

that every mutant daughter generates a novel genotype, each genotype can be identified with

one subtree in the original lineage tree. We are not claiming any originality in the GCtree

definition, but it is useful to have a word for this object.

We note that, unlike standard phylogenetic trees where only leaf nodes represent ob-

served genotypes, GCtree internal nodes represent observed genotypes if they are annotated

with non-zero abundance. Although not leaves per se in the GCtree, a nonzero abundance

represents a clonal sub-lineage that resulted in a nonzero number of leaves of that genotype

in the lineage tree. A node in the GCtree, along with its descending edges, summarizes

the lineage outcome for a given genotype as its mutant offspring clades and the number of

its clonal leaves. Because this summary does not completely specify the genotype’s clonal

lineage structure (Figure 4.2c), several branching structures may be consistent with a given

node, and we have no information with which to distinguish between the various lineage

trees consistent with a GCtree. Hence, our goal is to infer the GCtree topology.

4.1.2 Parsimony with a prior

BCR sequence data from a germinal center sample has the following characteristics from

the perspective of phylogenetics: genotypes have abundances, there is a limited amount

of mutation between genotypes, and ancestral genotypes are present along with later ones.

The latter two features suggest maximum parsimony as a useful tool because of the limited

amount of mutation and because ancestral genotypes can be assigned to internal nodes of

the tree (although recent Bayesian methods can do such assignment as well [70, 69]). For

these reasons, parsimony has been used extensively in B cell sequence analysis [15, 202].

Because having many duplicate sequences inhibits efficient tree space traversal, these studies

have inferred trees using the unique genotypes (BCR sequences). This ignores the varying

cellular abundances of the observed genotypes.
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Here we wish to use a branching process model to rank trees that are equally optimal

according to sequence-level optimality criteria. Indeed, maximum parsimony often results

in degenerate inference: there are many trees that are maximally optimal [131]. We refer to

these trees as a parsimony forest. In later sections we show, using in silico and empirical

data, that parsimony degeneracy is common and often severe for BCR sequencing data, and

that parsimony forests exhibit substantial variation in phylogenetic accuracy. It is common

practice to arbitrarily select one tree in the parsimony forest at random, without regard for

this variability in inference accuracy. Instead, we will rank trees in the parsimony forest

with an auxiliary likelihood that incorporates abundance information, thereby resolving this

degeneracy.

Genotype abundance is an additional source of information for phylogenetics, using the

simple intuition that more abundant genotypes are more likely to have more mutant de-

scendant genotypes. This intuition makes sense because relative sample abundance is a

reasonable estimator of relative total historical abundance, and total historical abundance is

related to the number of mutant offspring—i.e. genotypes with larger abundance are likely

to have more mutant descendant genotypes simply because there are more individuals avail-

able to mutate. The number of mutant offspring genotypes is in turn related to the number

of surviving mutant offspring sampled. Thus, given two equally parsimonious trees, this

intuition would prefer the tree that has more mutant descendants of a frequently observed

node (Figure 4.1c). We formalize this intuition using a stochastic process model for the

phylogenetic development of germinal centers, and integrate this model with sequence-based

tree optimality via empirical Bayes.

In this stochastic process model, a GCtree node i has a random number Ti ∈ N of mutant

children (i.e. descending edges) and a random abundance Ai ∈ N. We will index nodes in a

“level order” as follows, which is well defined given an embedding of the tree into the plane.

Index 1 refers to the root node, and 2 through 1 + T1 refer to the children of the root node.
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The level-order continues in order through all tree nodes of the same level before nodes at

the next level. Adopting this level-ordering convention, a GCtree containing N nodes is

specified by integer-valued random vectors giving the (planar) topology T = (T1, . . . , TN),

and abundances A = (A1, . . . , AN). We also have the observed genotype sequences associated

with each node G = (G1, . . . , GN).

A complete diversification model would give a joint distribution on T, G, and A. As

an approximation to such a model, facilitating use of existing sequence-based optimality

methods, we propose a generative model containing conditional independences as follows

(Figure 4.2a). First, we model abundances A and tree topology T as being drawn from

a branching process likelihood, conditioned on parameters θ (characterizing birth, death,

and mutation rates in the underlying lineage tree): P (A,T | θ). This stochastic process

likelihood will capture the intuition (described above) that more abundant genotypes are

likely to have more mutant descendant genotypes. Next, we assume that genotype sequences

G are generated by a mutation model conditioned on the fixed tree T, independent of

A. This sequence-based optimality is captured by a distribution over G dependent only

on T: P (G | T). The lack of direct dependence of G on A constitutes an approximation

to a more realistic sequence-valued branching process. However, this formulation has the

advantage that it allows us to leverage standard sequence-based phylogenetic optimality

in the specification of P (G | T). In a later section (In silico validation), we validate this

approximation with simulations that do not assume this conditional independence.

In an empirical Bayes treatment (see Appendix C for details), a maximum likelihood

estimate for the branching process parameters, θ̂, can be obtained by marginalizing over T,

and this in turn can be used to approximate a posterior over T conditioned on the data G

and A (as well as θ̂). Using parsimony as our sequence-based optimality, one can rank trees

in the parsimony forest (denoted TG) according to the GCtree likelihood. We encode the

parsimony criteria in P (G | T) by assigning uniform weight to the trees in TG, and zero to
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Figure 4.2: Modeling sequences equipped with abundances. (a.) Both genotype sequence data G and genotype

abundance data A inform tree topology T. As illustrated in this probabilistic graphical model, we assume

independence between G and A conditioned on T rather than a fully joint model of G, A, and T. This

facilitates using standard sequence-based phylogenetic optimality for G, augmented with a branching process (with

parameters θ) for A. (b.) For the binary infinite-type Galton-Watson process, θ = (p, q). Four possible branching

events characterize the offspring distribution common to all nodes. A node may bifurcate (with probability p)

or terminate, and upon bifurcating its descendants each may be a mutant (with probability q). (c.) A GCtree

node specifies a genotype’s clonal leaf count and number of descendant genotypes, but not lineage details. The

likelihood of a GCtree node marginalizes over consistent lineage branching outcomes. (d.) GCtree likelihood

factorizes into the product of likelihoods for each genotype.
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the other trees. This gives the following approximate maximum a posteriori tree:

T̂ = argmax
T∈TG

P
(
A,T | θ̂

)
, (4.1)

where the point estimate θ̂ is given by

θ̂ = argmax
θ

∑

T∈TG

P (A,T | θ) . (4.2)

Next we turn to explicitly defining the GCtree likelihood P (A,T | θ).

4.1.3 A stochastic process model of abundance

To compute likelihoods P (A,T | θ) for GCtrees (Figure 4.1b), we model the lineage tree

(Figure 4.1a) as a subcritical infinite-type binary Galton-Watson (branching) process [84]

in which extinct leaf nodes correspond to observed cells. All mutations in an infinite-type

process result in a novel genotype, embodying the assumption that each genotype can be

identified with one subtree. Subcriticality ensures that the branching process terminates in

finite time, so an explicit sampling time is not needed. The process is initiated with a single

cell (a naive germinal center B cell before affinity maturation ensues), and runs to eventual

extinction. This model is highly idealized and unable to capture many biological realisms of

B cell affinity maturation and the sampling process. However, as we show in our validations,

it is useful as a minimal model for leveraging genotype abundance information in a tractable

likelihood.

The offspring distribution for our process, governing reproduction and mutation for all

lineage tree nodes at all time steps, is specified by two parameters: the binary branching

probability p, and the mutation probability q. Because the offspring distribution is inde-

pendent of type, subcriticality simply requires that the expected number of offspring of any

node is less than 1, in this case equivalent to p < 0.5. In this case a “mutation” is an event

that causes the evolving lineage to change to a novel genotype (under the infinite-types as-

sumption). Thus the corresponding offspring distribution supports four distinct branching
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events (Figure 4.2b). Letting C and M denote the (random) number of clonal and mutant

offspring of any given node in the lineage tree, respectively, the offspring distribution is

P (C = c,M = m) =





1− p c = m = 0,

p(1− q)2 c = 2,m = 0,

2pq(1− q) c = m = 1,

pq2 c = 0,m = 2,

0 otherwise.

(4.3)

We can compute the likelihood of a hypothetical binary lineage tree simply by evaluating

(4.3) at each node in the tree and multiplying the results. The likelihood for a GCtree is

then given by summing over all possible binary lineage trees that are consistent with that

GCtree (i.e. that give the same GCtree when collapsing by genotype), thus marginalizing out

the details of intra-genotype branching events that give rise to the same abundance. Here

we show how to calculate the GCtree likelihood directly for the simple offspring distribution

(4.3). Other work [23] has described how to calculate statistics of the infinite-type branching

process with a general subcritical offspring distribution.

First consider the likelihood for an individual node in the GCtree, say the root node, in

the context of the branching process described above. A GCtree node i is specified by its

abundance Ai and the number of edges descending from it Ti (both random variables). There

are, in general, multiple distinct branching process realizations for genotype i that result in

Ai = a clonal leaves and Ti = τ mutations off the genotype i lineage subtree (Figure 4.2c).

Determining the likelihood of node i in the GCtree under this process, which we denote

by faτ (p, q) = P (Ai = a, Ti = τ | θ = (p, q)), requires marginalizing over all such genotype

lineage subtrees. In Appendix C we derive a recurrence for faτ (p, q) by marginalizing over

the outcome of the branching event at the root of the lineage subtree for genotype i, and

show that the GCtree node likelihood faτ (p, q) can be computed by dynamic programming.
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A complete GCtree containing N nodes is specified by level-ordering the nodes as de-

scribed above T = (T1, . . . , TN), A = (A1, . . . , AN). Because the same offspring distribution

generates the lineage branching of each genotype subtree, the same recurrence can be applied

to all GCtree nodes. Specifically, we show in Appendix C that the joint distribution over all

nodes in a GCtree factorizes by genotype (Figure 4.2d):

P (T = (τ1, . . . , τN),A = (a1, . . . , aN) | θ = (p, q))

=
N∏

i=1

faiτi (p, q) .
(4.4)

Using dynamic programming and factorization by genotype, the computational complex-

ity of the GCtree likelihood is O(max(A)max(T )+N). Ranking parsimony trees with GCtree

requires a polynomial increase in runtime compared with finding the parsimony forest, which

is itself NP-hard [65]. Figure D.1 depicts runtime from simulations of various size, and shows

that, in practice, this increased runtime is negligible.

A computational implementation of the inference method above is available at https:

//matsengrp.github.io/gctree. The GCtree inference subprogram accepts sequence data

in FASTA or PHYLIP format, determines a parsimony forest from the unique sequences using

the dnapars program from the PHYLIP package [56], determines the genotype-collapsed form

of these trees and outputs tree visualizations using the ETE package [94], and ranks them

according to their GCtree likelihood using the sequence abundances. Bootstrap analysis

is also implemented, providing confidence values of each split in the maximum likelihood

GCtree. The GCtree maximizing the branching process likelihood (with optional bootstrap

support) is the inference result. Next we show that resolving parsimony degeneracy using

GCtree substantially increases both accuracy and precision of phylogenetic inference.

https://matsengrp.github.io/gctree
https://matsengrp.github.io/gctree
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4.2 Results

4.2.1 In silico validation

To explore the accuracy and robustness of GCtree inference, we developed a simulation sub-

program to generate random lineages starting with a naive BCR sequence. For simulated

lineages, true trees can be compared against those inferred with the GCtree inference sub-

program. The stochastic process model used in GCtree inference is intended as a minimal

model (in terms of biological realism) that captures the intuition that genotype abundance

is relevant to phylogenetic reconstruction. Experimental data need not obey our simplifying

assumptions, thus we set out to test GCtree’s robustness to deviations of the data generating

process from the inferential model.

A simulation process was implemented that includes biological realisms of B cells under-

going SHM (and violates inferential assumptions). These realisms of simulation—detailed in

Materials and Methods—include: branching process multifurcations (controlled by a param-

eter λ, the expected number of children of a node in the cell lineage tree), sequence context

sensitive mutations [49, 201] (with a baseline-line mutation rate λ0, and a context-specific

mutational model with 5mer mutabilities taken from [223]), explicit sampling time (t, or N

representing the number of cells desired in the sampled generation), incomplete sampling

(the number of cells to sample n ≤ N), and repeated genotypes allowed (deviation from the

infinite-type assumption). This constitutes a more challenging validation than simply simu-

lating under the same assumptions that had been invoked for tractability of the inferential

framework.

Our in silico validation workflow is demonstrated in Figure 4.3a for a small simulation

that resulted in a parsimony forest with just two equally parsimonious trees. The output

of the simulation software consists of FASTA data (sequences and their abundances), visual-

izations of the lineage tree and its GCtree equivalent, and a file containing the true GCtree
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Figure 4.3: In silico validation of GCtree inference. (a.) Demonstrating the simulation–inference–validation

workflow, a small simulation resulted in two equally maximally parsimonious trees, and the one inferred using

GCtree was correct. The initial sequence was a naive BCR V gene from the experimental data described in

Materials and Methods. Branch lengths in the cell lineage tree (left) correspond to simulation time steps, while

those in collapsed trees correspond to sequence edit distance. (b.) 100 simulations were performed with parameters

calibrated using the BCR sequencing data and summary statistics described in Materials and Methods. Of 100

simulations, 66 resulted in parsimony degeneracy, with an average degeneracy of 12 and a maximum degeneracy

of 124. For each of these 66, we show the distribution of Robinson–Foulds (RF) distance of trees in the parsimony

forest to the true tree. “RF” denotes a modified Robinson-Foulds distance: since nonzero abundance internal nodes

in GCtrees represent observed taxa, RF distance was computed as if all such nodes had an additional descendant

leaf representing that taxon. GCtree MLEs (red) tend to be better reconstructions of the true tree than other

parsimony trees (gray boxes). Four simulations resulted in a tie for the GCtree MLE, and the two tied trees in

these cases are both displayed in red. Aggregated data across all simulations are depicted on the right, clearly

indicating superior reconstructions from GCtree.
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structure. The GCtree inference subprogram can then be run on the FASTA data, and the

resulting inferred GCtree compared to the true GCtree (in this case they were identical).

To calibrate simulation parameters, we defined summary statistics on sequence data with

abundance information, and tuned parameters to produce data similar to experimental BCR

sequencing data under these statistics (see Materials and Methods).

Our validation shows that using abundance information via a branching process like-

lihood can substantially improve inference results (Figure 4.3b). For each simulation we

ranked otherwise degenerately optimal parsimony trees using GCtree. For each parsimony

forest, we compared the GCtrees in the forest to the true GCtree for that simulation using

the Robinson–Foulds (RF) distance [174] as a measure of tree reconstruction accuracy. The

maximum likelihood GCtree tends to be closer to the true tree than other equally parsimo-

nious trees, which vary widely in accuracy, showing that GCtree is able to leverage abundance

data to resolve parsimony degeneracy and improve the accuracy of tree reconstruction in this

simulation regime.

4.2.2 Empirical validation

We next performed a biological validation by investigating if GCtree improves inference ac-

cording to biological criteria using real germinal center BCR sequence data. The BCR is a

heterodimer encoded by the immunoglobulin heavy chain (IgH) and immunoglobulin light

chain (IgL) loci. Both loci undergo V(D)J recombination, and then evolve in tandem during

affinity maturation. By obtaining matched sequences from both loci using single-cell isola-

tion, we have two independent data sets to inform the same phylogeny of distinct cells (each

of which is associated with a single IgH sequence and single IgL sequence). Performing sepa-

rate and independent IgH and IgL tree inference, we can then validate GCtree by comparing

the inferred IgH tree to the inferred IgL tree. If the GCtree likelihood (4.4) meaningfully

ranks equally parsimonious trees, then the two MLE trees (IgH and IgL) would be expected
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to be more correct reconstructions than the other parsimony trees. Thus, we are to expect

that the two MLE trees are more similar to each other (in terms of the lineage of distinct

cells) than other pairs of IgH and IgL parsimony trees (which, if they are more distorted

phylogenies, should show less concordance in the partitioning of the distinct cells). Con-

versely, if the GCtree likelihood is not meaningfully ranking trees, we expect that the MLE

IgH and IgL trees will not be significantly closer to each other than other pairs of IgH and

IgL parsimony trees.

We used data from a previously reported experiment in which multiphoton microscopy

and BCR sequencing were combined to resolve individual germinal center B cell lineages from

mouse lymph nodes 20 days after subcutaneous immunization with alum-adsorbed chicken

gamma globulin [206] (see Materials and Methods). Brainbow mice were used for multicolor

cell fate mapping, enabling B cells and their progeny to be permanently tagged with different

fluorescent proteins. In-situ photo-activation followed by fluorescence-activated cell sorting

yielded B cells from a color-dominant germinal center (Figure 4.4a, left). BCR sequences

were obtained for 48 cells in this lineage by single cell mRNA sequencing of the IgH and

IgL loci, resulting in 32 distinct IgH and 26 distinct IgL genotypes due to SHM mutations

acquired through affinity maturation. The unmutated naive IgH and IgL V(D)J rearranged

sequences (not observed) were inferred with partis using each set of 48 sequences (IgH and

IgL) as a clonal family using germline genetic information [169, 170]. These naive sequences

were used as outgroups for rooting parsimony trees.

GCtree results are depicted in Figure 4.4b. Parsimony analysis resulted in degeneracy for

both loci, with 13 equally parsimonious trees for IgH, and 9 for IgL. Empirical Bayes point

estimation according to (4.2) yielded p̂ = 0.495, q̂ = 0.388 (IgH) and p̂ = 0.495, q̂ = 0.304

(IgL). GCtree likelihoods (4.4) were computed to rank the equally parsimonious trees, and

the MLE trees are shown with support values among 100 bootstrap samples (see Materials

and Methods). Because the binary Galton-Watson process assigns probability zero to a
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NP hapten and do not undergo affinity matura-
tion due to lack of a functional Aicda allele).
4-Hydroxy-3-nitrophenylacetyl-ovalbumin (NP-OVA)–
induced GCs in recipient mice approached high
color dominance only rarely and with much de-
layed kinetics (Fig. 3, E and F, and fig. S6D).
Therefore, differences in affinity between competing
B cells likely contribute toward the rapid rise in
dominance observed in a fraction of GCs. To
quantify the effect of neutral competition—
defined as the change in lineage abundances over
time due to stochastic factors, in the absence of
differences in affinity—in AID-Confetti-B1-8 GCs,
we calculated a divergence index,which computes
the difference between the expected and observed
proportions of all 10 colors in each GC (fig. S5E)
and is thus more sensitive to small changes in
color abundance than theNDS. Thismetric showed
marked divergence from baseline distribution in
this population (Fig. 3G and fig. S6D), highlight-
ing the effect onGC selection of factors unrelated
to affinity. Moreover, the least divergent GCs in
polyclonal and SHM-proficient AID-Confetti mice
remained relatively close to baseline color distri-

bution (at day 15 after tamoxifen, 25.7% of AID-
Confetti GCs scored below themedian of the AID-
Confetti-B1-8 distribution) (Fig. 3G). We conclude
that individual GCs are highly heterogeneous
with respect to selection: Although a fraction of
these structures become heavily dominated by
cells of one color in a matter of days—suggesting
strong expansion of the descendants of a single
SHM variant arising at or after the onset of GC
selection—others deviate from baseline color dis-
tributionat levels that donot exceed those attained
by neutral competition.
We extended our findings to a different anti-

genic system bymeasuring clonal dominance in
GCs elicited by infection with Friend retrovirus
(FV) (26). We treated infected AID-Confetti mice
with tamoxifen at 20 days after infection (an
early time point in the delayed GC response to
FV) and imaged spleen slices 10 days later (fig.
S7, A and B). A wide range of NDS and diver-
gence scores were also observed in FV-induced
GCs (Fig. 3H and fig. S7C). Therefore, heteroge-
neity in the outcome of selection is a common
property of GCs induced by model antigens and

by viral infection, and thus likely represents an
intrinsic property of GC evolution.

Homogeneous GCs are the product of
“clonal bursts”

To investigate the underlying clonal structure of
the variation in homogenizing selection rates
amongGCs,wedetermined the Ighgene sequences
of fluorescent B cells isolated from GCs with dif-
ferent degrees of color dominance. To achieve this,
we dissected pLNs from immunized AID-Confetti
mice into fragments containing single GCs using
vibratome sectioning guided by multiphoton mi-
croscopy (Fig. 4A and fig. S8). From each LN, we
sorted cells fromone high-dominanceGC and from
aneighboring low-dominanceGC for Ig sequencing.
We obtained Igh sequences from 52 to 74 single

cells perGC from three pairs of pLNGCsharvested
10 days after tamoxifen treatment (15 days after
immunization with CGG-alum) (Fig. 4B and fig.
S9A). Comparisonof SHMlevels betweenhigh- and
low-dominance GCs from the same LN (fig. S9B)
and between Aicda-sufficient and haploinsufficient
GCs (fig. S9C) indicated that heterogeneity was
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Fig. 4. Clonal relationships
among cells obtained from
GCs with high or low color
dominance. (A) Method used
to obtain Ig sequences. (B) Igh
sequence relationship among
B cells from two pairs of
individual GCs from two pLNs
of different mice, obtained
10 days after tamoxifen
administration (15 days after
immunization), as described
in Fig. 3. Each panel
contains: (Top left) Multi-
photon image (scale bar,
100 mm; cell colors as in fig.
S1B; second-harmonic gener-
ation from collagen fibers is
shown in blue; number in
parentheses is the normalized
dominance score (NDS).
(Bottom left) Clonal
distribution pie chart (with
clones represented in gray-
scale in the inner ring and
Confetti colors in the outer
ring; number of cells
sequenced is indicated in the
center). (Right) Trees repre-
senting the phylogeny of Ig
heavy-chain V-segment
sequences within each clone
(symbols according to the
legend in the top right corner).
Dashed lines within phyloge-
nies indicate multiple variants
distanced the same number
of mutations from the origi-
nating node. IDs of variants for which affinity wasmeasured in Fig. 5 are indicated by black lines. For each LN,GC1 andGC2were considered as displaying high and
low color dominance, respectively.
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NP hapten and donot undergoaffinitymatura-
tion due to lack of a functional Aicda allele).
4-Hydroxy-3-nitrophenylacetyl-ovalbumin(NP-OVA)–
induced GCs in recipient miceapproached high
color dominanceonly rarelyandwithmuch de-
layed kinetics (Fig. 3, E and F, and fig. S6D).
Therefore,differencesinaffinitybetweencompeting
Bcellslikelycontributetowardtherapidrisein
dominance observed in a fraction of GCs. To
quantify the effect of neutral competition—
definedasthechangein lineageabundancesover
timedueto stochastic factors, in theabsenceof
differencesinaffinity—inAID-Confetti-B1-8GCs,
wecalculatedadivergenceindex,whichcomputes
thedifferencebetweentheexpectedandobserved
proportions of all 10 colors in each GC (fig. S5E)
and is thusmoresensitive to small changes in
colorabundancethantheNDS.Thismetricshowed
markeddivergencefrombaselinedistribution in
thispopulation (Fig.3Gand fig.S6D),highlight-
ingtheeffectonGCselectionof factorsunrelated
to affinity. Moreover, the least divergent GCs in
polyclonal andSHM-proficientAID-Confetti mice
remained relativelyclosetobaselinecolor distri-

bution (at day15after tamoxifen, 25.7%of AID-
Confetti GCsscoredbelowthemedianof theAID-
Confetti-B1-8distribution) (Fig.3G).Weconclude
that individual GCs are highly heterogeneous
with respect to selection: Although afraction of
thesestructures becomeheavily dominated by
cellsof onecolor inamatter of days—suggesting
strongexpansion of thedescendants of a single
SHM variant arisingat or after theonset of GC
selection—othersdeviatefrombaselinecolor dis-
tributionatlevelsthatdonotexceedthoseattained
byneutral competition.
Weextendedour findingstoadifferent anti-

genicsystembymeasuringclonal dominancein
GCs elicited by infection with Friend retrovirus
(FV) (26).Wetreated infectedAID-Confetti mice
with tamoxifen at 20 days after infection (an
early timepoint in the delayed GC response to
FV) and imaged spleen slices 10 days later (fig.
S7, A and B). A wide rangeof NDS and diver-
gencescoreswerealsoobserved in FV-induced
GCs (Fig. 3H and fig. S7C). Therefore, heteroge-
neity in the outcome of selection is a common
propertyof GCs induced bymodel antigensand

by viral infection, and thus likely represents an
intrinsicpropertyof GCevolution.

Homogeneous GCs are the product of
“clonal bursts”

To investigatetheunderlyingclonal structureof
thevariation inhomogenizingselection rates
amongGCs,wedeterminedtheIghgenesequences
of fluorescent Bcells isolated fromGCswith dif-
ferentdegreesofcolordominance.Toachievethis,
wedissectedpLNsfromimmunizedAID-Confetti
miceintofragmentscontainingsingleGCsusing
vibratomesectioningguidedbymultiphotonmi-
croscopy(Fig.4A and fig.S8).FromeachLN,we
sortedcellsfromonehigh-dominanceGCandfrom
aneighboringlow-dominanceGCfor Igsequencing.
WeobtainedIghsequencesfrom52to74single

cellsperGCfromthreepairsofpLNGCsharvested
10daysafter tamoxifen treatment (15daysafter
immunizationwithCGG-alum) (Fig.4Band fig.
S9A).ComparisonofSHM levelsbetweenhigh-and
low-dominanceGCs from the sameLN (fig. S9B)
andbetweenAicda-sufficient andhaploinsufficient
GCs (fig. S9C) indicated that heterogeneity was
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NP hapten and donot undergoaffinitymatura-
tion due to lack of a functional Aicda allele).
4-Hydroxy-3-nitrophenylacetyl-ovalbumin(NP-OVA)–
induced GCs in recipient miceapproached high
color dominanceonly rarelyandwithmuch de-
layed kinetics (Fig. 3, E and F, and fig. S6D).
Therefore,differencesinaffinitybetweencompeting
Bcellslikelycontributetowardtherapidrisein
dominance observed in a fraction of GCs. To
quantify the effect of neutral competition—
definedasthechangein lineageabundancesover
timedueto stochastic factors, in theabsenceof
differencesinaffinity—inAID-Confetti-B1-8GCs,
wecalculatedadivergenceindex,whichcomputes
thedifferencebetweentheexpectedandobserved
proportions of all 10 colors in each GC (fig. S5E)
and is thusmoresensitive to small changes in
colorabundancethantheNDS.Thismetricshowed
markeddivergencefrombaselinedistribution in
thispopulation (Fig.3Gand fig.S6D),highlight-
ingtheeffectonGCselectionof factorsunrelated
to affinity. Moreover, the least divergent GCs in
polyclonal andSHM-proficientAID-Confetti mice
remained relativelyclosetobaselinecolor distri-

bution (at day15after tamoxifen, 25.7%of AID-
Confetti GCsscoredbelowthemedianof theAID-
Confetti-B1-8distribution) (Fig.3G).Weconclude
that individual GCs are highly heterogeneous
with respect to selection: Although afraction of
thesestructures becomeheavily dominated by
cellsof onecolor inamatter of days—suggesting
strongexpansion of thedescendants of a single
SHM variant arisingat or after theonset of GC
selection—othersdeviatefrombaselinecolor dis-
tributionatlevelsthatdonotexceedthoseattained
byneutral competition.
Weextendedour findingstoadifferent anti-

genicsystembymeasuringclonal dominancein
GCs elicited by infection with Friend retrovirus
(FV) (26).Wetreated infectedAID-Confetti mice
with tamoxifen at 20 days after infection (an
early timepoint in the delayed GC response to
FV) and imaged spleen slices 10 days later (fig.
S7, A and B). A wide rangeof NDS and diver-
gencescoreswerealsoobserved in FV-induced
GCs (Fig. 3H and fig. S7C). Therefore, heteroge-
neity in the outcome of selection is a common
propertyof GCs induced bymodel antigensand

by viral infection, and thus likely represents an
intrinsicpropertyof GCevolution.

Homogeneous GCs are the product of
“clonal bursts”

To investigatetheunderlyingclonal structureof
thevariation inhomogenizingselection rates
amongGCs,wedeterminedtheIghgenesequences
of fluorescent Bcells isolated fromGCswith dif-
ferentdegreesofcolordominance.Toachievethis,
wedissectedpLNsfromimmunizedAID-Confetti
miceintofragmentscontainingsingleGCsusing
vibratomesectioningguidedbymultiphotonmi-
croscopy(Fig.4A and fig.S8).FromeachLN,we
sortedcellsfromonehigh-dominanceGCandfrom
aneighboringlow-dominanceGCfor Igsequencing.
WeobtainedIghsequencesfrom52to74single

cellsperGCfromthreepairsofpLNGCsharvested
10daysafter tamoxifen treatment (15daysafter
immunizationwithCGG-alum) (Fig.4Band fig.
S9A).ComparisonofSHM levelsbetweenhigh-and
low-dominanceGCs from the sameLN (fig. S9B)
andbetweenAicda-sufficient andhaploinsufficient
GCs (fig. S9C) indicated that heterogeneity was
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photon image (scale bar,

100 mm; cell colors as in fig.

S1B; second-harmonic gener-

ation fromcollagen fibers is

shown in blue; number in

parentheses is thenormalized

dominance score (NDS).

(Bottom left) Clonal

distribution pie chart (with

clones represented in gray-

scale in the inner ringand

Confetti colors in theouter

ring; number of cells
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Figure 4.4: Empirical validation using lineage tracing and single cell germinal center BCR sequencing. (a.) A

multiphoton image of a germinal center reveals a dominant blue lineage (scale bar 100µm). This lineage was sorted,

and 48 cells sequenced to determine IgH and IgL genotypes of each. These sequences were analyzed with partis

[169, 170] to infer naive (pre-affinity-maturation) ancestor sequences using germline genetic information, and trees

were inferred with GCtree. (b.) GCtree inference was performed separately for IgH and IgL loci, resulting in

parsimony degeneracies of 13 and 9, respectively. Maximum likelihood GCtrees for each locus are indicated in

red and the GCtrees with annotated abundance are shown. Roots are labeled with the gene annotations of the

naive state inferred using partis. Small unnumbered nodes indicate inferred unobserved ancestral genotypes.

Numbered edges indicate support in 100 bootstrap samples. (c.) All possible pairings of IgH and IgL parsimony

trees were compared in terms of the Robinson-Foulds distance between the IgH and IgL trees, labeled by cell

identity. IgH and IgL parsimony trees are ordered by GCtree likelihood rank in columns and rows, respectively.

Grid values show RF distance between each IgH/IgL pair. MLE trees result in more consistent cell lineage

reconstructions between IgH and IgL (smaller RF values). (d.) For each locus, distributions of bootstrap support

values are shown for the tree inferred by GCtree and for a majority rule consensus tree of all trees in the

parsimony forest. The latter contain more partitions with very low support. (e.) Using additional data from

a second germinal center from the same lymph node that had the same naive BCR sequence, GCtree correctly

resolves the two germinal centers as distinct clades (as did other lower ranked parsimony trees).
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GCtree node with frequency zero and one mutant descendant, the unobserved naive root

node (which had one descendant after rerooting and collapsing identical genotypes in all

parsimony trees) was given a unit pseudocount.

We then compared the concordance between pairs of heavy and light trees. Since both IgH

and IgL loci have been recorded from the same set of 48 cells, the units of cell abundance in

an IgH GCtree map to the units of cell abundance from an IgL GCtree (i.e. each cell identity

among the 48 is associated with an IgH genotype and an IgL genotype). We can then consider

the consistency of a given IgH tree and a given IgL tree in terms of the lineage of the 48 cell

identities. For each possible pairing of an IgH parsimony tree with a IgL parsimony tree, we

computed the RF distance [174] between the two trees using the cell identities (rather than

the genotype sequences) to define splits. We observed that the GCtree MLE based on IgH

sequences and GCtree MLE based on IgL sequences form the most concordant pair among

all pairs of parsimony trees (Figure 4.4c). Moreover, pairs of parsimony trees that contained

at least one GCtree MLE tree ranked consistently higher in terms of their similarity.

We assessed confidence in GCtree partitions by comparing bootstrap support values in

GCtree trees to those from the majority-rule consensus parsimony trees made using the

consense program from the PHYLIP package [56]. We observed the latter contained an excess

of very low confidence partitions (Figure 4.4d, Figure D.4). These results demonstrate that

parsimony reconstructions for real BCR data sets suffer from degeneracy, and that GCtree

likelihood can correctly resolve this degeneracy by incorporating abundance information

ignored by previously published methods.

Finally, using data collected from a second germinal center from the same lymph node, we

tested GCtree’s ability to correctly group cells from each germinal center into separate clades

when run on combined data from both germinal centers. The two germinal center sequence

data sets appeared to have the same naive BCR sequence (IgH and IgL), indicating they

were both seeded from the same B cell lineage. Concatenating the IgH and IgL sequences
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for each cell in each germinal center, we used GCtree to infer a single tree for all cells from

both germinal centers (Figure 4.4e). GCtree correctly resolved the two germinal centers as

distinct clades (we note that all the parsimony trees had this feature, regardless of likelihood

rank). This demonstrates the phylogenetic resolvability of germinal centers with the same

naive BCR diversifying under selection for the same antigen specificity.

4.3 Discussion

We have shown that genotype abundance information can be productively incorporated in

phylogenetic inference. By augmenting standard sequence-based phylogenetic optimality

with a stochastic process likelihood, we were able to implement abundance-aware inference

as a processing step downstream of results from an existing and widely used parsimony

tree inference tool. We have shown that our method—implemented in the publicly available

GCtree package—is useful for inferring B cell receptor affinity maturation lineages. Although

branching processes have been used previously to infer parameters of BCR evolution [113,

133] and construct SHM lineage trees from error-prone bulk sequencing reads [197], to our

knowledge we are the first to use branching processes to sharpen phylogenetic inference for

BCRs sequenced at single-cell resolution from germinal centers.

We believe GCtree will find use in other settings where sequence data from dense quan-

titative sampling of diversifying loci are available. Studies of cancer evolution are increas-

ingly performed with single-cell resolved sequencing, however most tumor phylogenetics ap-

proaches use standard phylogenetic methods (reviewed by Schwartz et al. [186]) that do

not model genotype abundance. Exceptions include OncoNEM [176] and SCITE [98], both of

which leverage single-cell data for tumor phylogenetic inference that is robust to genotyping

errors and missing data, but do not aim to capture the intuition that genotype abundance

and the number of direct mutant descendants are related. Single-cell implementations of lin-

eage tracing based on genome editing technology [137] may also benefit from reconstruction
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methods that model the abundance of observed editing target states, since cell types may

vary widely in rates of proliferation.

Using parsimony as our sequence-based optimality resulted in particularly simple results,

as the tree space necessary to explore is exactly the degenerate parsimony forest. However,

our empirical Bayes formulation is agnostic to the particular choice of sequence-based opti-

mality, so in the future we envision augmenting likelihood-based sequence optimality. This

will require more computationally expensive tree space search and sampling schemes.

In contrast to GCtree, a fully Bayesian approach to incorporate genotype abundance could

use the full set of sequences (without deduplication) in a Bayesian phylogenetics package—

such as BEAST [45]—with a birth-death process prior. This would not enforce the infinite-type

assumption, so a set of identical sequences could be placed in disjoint subtrees. However,

such an approach will not scale well with many identical sequences: trees that only differ

by exchange of identical sequences will create islands of constant posterior in tree space.

Methods do not currently exist for tree space traversal that avoids moves within such islands.

Even if such methods existed, they would need to be combined with algorithms to infer

trees with sampled ancestors [70, 69] as well as multifurcations [122, 123]; even just this

combination is not currently available.

Although our methods can be applied to other sequence-based optimality functions be-

sides parsimony, it is important to recognize that GCtree (and indeed any tree inference

procedure that deduplicates repeated sequences) contains an inherent weak parsimony as-

sumption: that each unique genotype arose from mutation just once in the lineage and

therefore corresponds to a single subtree in the lineage tree, and thus a single node in the

GCtree. Thus it is important to continue to assess the impact of this weak parsimony

assumption with simulation that does not make this assumption, as done here.

The GCtree framework can also be extended to non-neutral models. For example, one

could consider a model in which each genotype obtains a random fitness encoded by branch-
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ing process parameters θ that are fixed within a given genotype but randomly drawn by the

genotype founder cell upon mutation from its parent. This will likely necessitate modeling

genotype birth time explicitly, rather than restricting to extinct subcritical processes, since a

genotype with small abundance may be a result of low fitness or just young age. One might

also consider extending the offspring distribution to separately model synonymous and non-

synonymous mutations. Synonymous mutations do not change fitness, while nonsynonymous

mutations change fitness as described above. Another direction of extension is to incorporate

mutation models specialized to the case of BCR evolution, such as the S5F model [223] used

in our simulation study.

4.4 Materials and Methods

4.4.1 Simulation details.

To provide for a more challenging in silico validation study, several biological realisms were

built into our simulation that defied simplifying assumptions in the GCtree inference method-

ology.

Arbitrary offspring distribution.

The recursion (C.7) used to compute GCtree likelihood components specifies a binary branch-

ing process, and such an approach would in general require an offspring distribution with

bounded support on the natural numbers. Our simulation implements an arbitrary offspring

distribution with no explicit bounding. In the results that follow, we used a Poisson distri-

bution with parameter λ for the expected number of offspring of each node in the lineage

tree.
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Context sensitive mutation.

To generate mutant offspring, all offspring sequences (drawn from a Poisson as described

above) were subjected to a sequence-dependent mutation process. The SHM process is

known to introduce mutations in a sequence context-dependent manner, with certain hot-

spot and cold-spot motifs [49, 201]. We used a previously published 5-mer context model S5F

[223] to compute the mutabilities µ1, . . . , µℓ of each position 1, . . . , ℓ within a sequence of

length ℓ based on its local 5-mer context. This model also provided substitution preferences

among alternative bases given the 5-mer context. To compute mutabilities for beginning

and ending positions without a complete 5-mer context, we averaged over missing sequence

context.

Although existing code can simulate a mutational process parameterized by S5F on

branches of a fixed tree with a pre-specified number of mutations on each branch [79], in our

simulations we wanted the number of mutations on the branches to be determined by the

sequence mutability as it changes via mutation across the tree. For example, as an initial

mutation hotspot motif acquires mutations down the tree, its mutability typically degrades

as it diverges from the original motif. We defined the mutability of the sequence as a whole

by the average over its positions µ0 =
1
ℓ

∑ℓ
i=1 µi. We defined a baseline mutation expectation

parameter λ0 as a simulation parameter, and the number of mutations m any given offspring

sequence received was drawn from a Poisson distribution. The Poisson parameter was mod-

ulated by the sequence’s mutability m ∼ Pois(µ0λ0), so that more mutable sequences tended

to receive more mutations. Given m > 0, the positions in the sequence to apply mutations

were chosen sequentially as follows. A site j to apply the first mutation was drawn from

a categorical distribution using the site-wise mutabilities to define relative probability of

choosing each site j ∼ Cat(µ1, . . . , µℓ). We mutated the site using a categorical distribution

over the three alternative bases parameterized by the substitution preferences defined by the

site’s context. We then updated mutabilities µ0 and µ1, . . . , µℓ as necessary to account for
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contexts that had been altered by the mutation. This process was repeated m times.

Since the mutability of each node in the lineage tree will depend on the mutation outcome

of its parent, the GCtree likelihood components will not factorize by genotype. Because the

probability of mutation is sequence-dependent, the topology of the GCtree will be sequence-

dependent. Therefore, the generative assumptions of the empirical Bayes inference do not

hold in this simulation scheme, nor does the offspring distribution equivalence across lineage

tree nodes specified by (4.3).

Sampling time.

Our inference model specifies a subcritical branching process run until extinction, and sam-

pling of all terminated nodes (leaves). Our simulation more realistically assigns a discrete

time of sampling parameter t (number of time steps from root), and thus does not need to

constrain the offspring distribution to achieve subcriticality. At the specified time, extant

nodes can be sampled, so all genotypes that terminated or mutated at a prior times are not

observed. Alternatively, a parameter N specifying the desired number of simulated observed

sequences may be passed, in which case the simulation runs until a time such that at least

N sequences exist (unless terminated). Genotypes born at different times will be sampled

under a process with different effective sampling times since birth. Thus this sampling time

parameter also increases dependence between genotypes, further distancing the simulation

model from the inferential model.

Incomplete sampling.

We introduce imperfect sampling efficiency with a parameter n for the number of simulated

sequences that end up in the simulated sample data (FASTA), requiring n ≤ N . This violates

the inferential assumption of complete sampling, and renders the true genotype abundances

latent variables (which a more complete likelihood approach might aim to marginalize out).
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Repeated genotypes.

Our simulation is seeded with an initial naive BCR sequence, from which randomly mutated

offspring are created. Because there is no built-in restriction that the same sequence can-

not arise along different branches (or mutations could be reversed), the model assumption

of infinite types—such that identical sequences can be associated with a single genotype

subtree—does not necessarily hold. When this assumption is violated the tree must neces-

sarily be incorrect.

4.4.2 Calibrating simulation parameters using summary statistics.

We defined several summary statistics on sequences equipped with abundances which were

used to calibrate simulation parameters representative of a regime similar to experimental

data. We chose these statistics to reflect information relevant to tree inference, but not

actually require tree inference, so as to avoid circularity. Denote g0 ∈ G as the naive

BCR (root genotype) and dH(·, ·) as the Hamming distance function between two sequences.

Given simulation or experimental data G and A, we characterize the degree of mutation

(from naive BCR) in the lineage by the set of Hamming distances of the observed genotypes

from the naive genotype: {dH(g, go), g ∈ G}. For a given genotype gi ∈ G, we can compute

its number of Hamming neighbors in the data ηi = |{gj ∈ G : dH(gi, gj) = 1}|.

A simulation is specified by parameters (λ, λ0, N(or t), n), a mutability model (here S5F

[223]), and an initial sequence. We found parameters (λ = 1.5, λ0 = 0.25, N = 100, n = 65)

produced simulations that were comparable to experimental data under these statistics. The

experimental data used for comparison, consisting of 65 total BCR V gene sequences from a

single germinal center lineage, is described in the following section. Figure D.2 depicts these

summary statistics for 100 simulations, compared to experimental BCR data.
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4.4.3 Germinal center BCR sequencing.

Germinal center B cell lineage tracing and B cell receptor sequencing was performed as

previously described [206]. Full length IgH and IgL sequences from lymph node 2 germinal

centers 1 and 2 from this reference were used for empirical validation results, while V gene

sequences only (which are not dependent on partis-inferred naive sequences) were used for

calibrating simulation parameters.

4.4.4 Bootstrap support.

We computed bootstrap support values for edges on a GCtree extending the standard ap-

proach [59]: we resampled columns from the alignment G 100 times with replacement, gen-

erating an inferred GCtree (maximum GCtree likelihood among equally parsimonious trees)

for each. Each edge is equivalent to a bipartition of observed genotypes obtained by cut-

ting the edge; such a bipartition is typically referred to as a split. We compute the number

of bootstrapped trees that contain the same split, and annotate the edge with this num-

ber. Because resampling the alignment G can produce repeated genotypes, there can exist

ambiguity about how to perform genotype collapse of a parsimony tree. We simply group

genotypes in the bootstrap analysis that collapse to identical genotypes. For example, if two

observed sister genotypes with resampled sequences are both identical in sequence to their

mutual parent, both have a claim on collapsing into the parent. When collapsing this tree,

both genotypes will be associated with this collapsed node, rather then just a single one.

4.4.5 Data availability.

Germinal center BCR sequence data can be found in Supplementary Database S1 of Tas et

al. [206], lymph node 2 and germinal center 1.
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4.4.6 Software availability.

The GCtree source code is available at github.com/matsengrp/gctree and extensive docu-

mentation is available at https://matsengrp.github.io/gctree. It is open-source software

under the GPL v3.

github.com/matsengrp/gctree
https://matsengrp.github.io/gctree
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Chapter 5

CONCLUSIONS

5.1 Germline mutation spectrum evolution

Mutation spectrum drift appears to accompany many cases of population divergence, as seen

so far in humans, apes, and mice. Despite this intriguing empirical pattern, disentangling

the interactions of mutator alleles, changes in life history traits, and environmental mutagens

remains almost as challenging today as it was over 50 years ago when Kimura first expressed

his exasperation at the task. Understanding the causality of mutation spectrum drift, how-

ever, is vital to many of the central questions in population and evolutionary genetics, such as

calibrating estimates of demographic and phylogenetic history and understanding historical

changes in mutagenic exposures.

Most of this drift consists of small shifts in the relative frequencies of mutations in many

trinucleotide contexts (and likely higher order contexts as well), which seems compatible

with the random drift of weak, non-specific mutator alleles, subtly tweaking the efficien-

cies of replication and repair genes. The TCC→TTC pulses in European populations and

CTVT cell populations in canines, however, seem fundamentally different from the typical

drift pattern in that they are “fast” changes that affected very few sequence contexts and

reversed themselves after short periods of time. It is entirely possible that the genetic, envi-

ronmental, and life history factors are all partially responsible for the evolution of mutation

spectra. Further, these drivers of mutation rate evolution are not necessarily independent

from one another; e.g., both environmental and genetic factors might influence life history

traits or certain alleles might affect an organism’s ability to metabolize mutagenic toxins in

the environment.
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The TCC→TTC pulse in European populations is the most striking example of mutation

spectrum drift in humans known thus far, but it is possible that additional population-specific

signatures may be found by studying more geographically diverse human populations, or

that more pronounced signatures exist but are specific to certain genomic loci rather than

genome-wide averages. Similarly, we speculate that exploring patterns of mutation spectrum

variation within and between other species is likely to reveal novel signatures that reflect

their unique evolutionary histories. As the field continues to move away from the outdated

concept of mutation rate as a static constant and towards treating mutation rate like a

dynamic, evolvable phenotype, there are many opportunities to incorporate new data sources

and sophisticated simulation software [81], and develop new theoretical tools and inference

methods to tackle these fundamental questions of genome evolution.

Expanding beyond the allele frequency-based approach in mushi, one possible direction

to further elucidate the TCC→TTC pulse is to leverage inferred whole genome ancestral

recombination graphs for humans and other species. Jointly modeling locus-wise ancestry

and ancestry-conditioned mutation spectrum history, we may shed light on the etiology of

the TCC→TTC pulse, which has evinced fine-grained ancestry specificity in an ancient DNA

study [198].

5.2 Somatic evolutionary dynamics in adaptive immunity

A synthesis of quantitative immunology and evolutionary modeling is needed to clarify how

immune repertoires are shaped by evolutionary processes. With the increasingly wide avail-

ability of massive immune repertoire data sets, and deep experimental characterization of

variant functional effects for both pathogen proteins (like SARS-CoV-2 spike) and host im-

mune receptors (antibodies and T cell receptors), I believe now is the time to be very am-

bitious on this front. We are extremely well-positioned with experimental characterizations,

and there is now considerable scope for bringing a rigorous and modern population genet-
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ics perspective to the fantastically complex evolutionary story playing out in the immune

system.

Quantitative understanding of germinal center evolutionary dynamics has profound trans-

lational potential in advancing antibody engineering and vaccination strategies to elicit

broadly neutralizing antibodies. These applications are usually focused on how receptor

protein (sequence) determines antigen binding affinity (function), part of a rapidly expand-

ing research area at the nexus of evolutionary biochemistry and deep learning of sequence →
function maps [224]. However, engineering the evolutionary process in germinal centers will

also require us to specify how binding affinity determines fitness and selection in germinal

centers: a function → fitness map. We need an end-to-end map of sequence → function →
fitness to realize a new generation of engineered immune responses.

Immune repertoires are a natural model system in which to study function of evolving

systems [22]: their evolution is rapid, multi-scale, coupled to pathogen evolution, and can be

densely sampled experimentally; their evolution is replicated, as the same gene segments are

used to seed evolving lineages responding to repeated immune exposures; and their evolution

can be tuned along an axis of complexity, ranging from simple lab-only model systems, to

semi-natural, to fully natural repertoire complexity. Evolutionary modeling and quantitative

approaches have a role to play alongside experimental model systems that and are tunable

along an axis of complexity. Truly impactful advances in understanding immune repertoire

dynamics will require a tight integration of computational, theoretical, and experimental

expertise. This is a unique opportunity to develop new and powerful evolutionary inference

tools that can advance both evolutionary biology and immunology.
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Appendix A

MATHEMATICAL DETAILS FOR CHAPTER 2

A.1 Proof of Theorem 1 : the expected SFS given demographic and mutation
intensity histories

Suppose n haplotypes are sampled in the present, and let random vector T = [T2, . . . , Tn]
⊺

denote the coalescent times measured retrospectively from the present, i.e. Tn is the most

recent coalescent time, and T2 is the TMRCA of the sample.

As in Section 3 of [78], we consider a marked Poisson process in which every mutation is

assigned a random label drawn iid from the uniform distribution on (0, 1). This is tantamount

to the infinite sites assumption, with the unit interval representing the genome, and the

random variate labels representing mutant sites. Further suppose that mutation intensity at

time t (measured retrospectively from the present in units of Wright-Fisher generations) is a

function of time 0 ≤ µ(t) < ∞ (measured in mutations per genome per generation) applying

equally to all lines in the coalescent tree. A given line in the coalescent tree then acquires

mutations on a genomic subinterval (p, p+ dp) ⊆ (0, 1) at rate µ(t)dp.

Let Edp,b denote the event that a mutation present in b ∈ {1, 2, . . . , n − 1} haplotypes

in the sample occurred within a given genomic interval (p, p + dp). Given the uniform

labeling assumption, the probability of this event is independent of p, but the following

argument can be generalized to allow the labelling distribution to be nonuniform over the

unit interval without changing the result. Let Ik denote the kth intercoalescent time interval,

i.e. In = (0, Tn), In−1 = (Tn, Tn−1), . . . , I2 = (T3, T2). Let Edp,b,k denote the event that the

mutation Edp,b occurred during interval Ik (index k here is not to be confused for the k-mer
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size in the main text). For small dp and finite µ(t) we have

P(Edp,b | T) =
n∑

k=2

P(Edp,b,k | T)

=
n∑

k=2

pn,k(b)

(
k dp

∫

t∈Ik
µ(t)dt+O

(
(dp)2

))
,

where

pn,k(b) ≡
(
n−b−1
k−2

)
(
n−1
k−1

) (A.1)

is the probability that a mutant that arose when there were k ancestral lines of n sampled

haplotypes will be present in b of them (see [78], eqn. 1.9). The quantity in parentheses is

the probability that a mutation arose during the kth intercoalescent interval in a genomic

interval of size dp. Marginalizing T gives

P(Edp,b) = dp
n∑

k=2

kpn,k(b)ET

[∫

t∈Ik
µ(t)dt

]
+O

(
(dp)2

)
.

For small dp, each genomic interval (p, p + dp) contains zero or one mutations. Therefore,

taking the limit dp → 0 and integrating over the genome, the expected number of mutations

subtending b haplotypes (i.e. the bth component of the SFS) is

ξb =

∫ 1

0

P(Edp,b) =
n∑

k=2

kpn,k(b)ET

[∫

t∈Ik
µ(t)dt

]

We now substitute in the bounds of every intercoalescent interval Ik = (Tk+1, Tk), giving

ξb =
n∑

k=2

kpn,k(b)ETk

[∫ Tk

0

µ(t)dt

]
−

n−1∑

k=2

kpn,k(b)ETk+1

[∫ Tk+1

0

µ(t)dt

]

=
n∑

k=2

kpn,k(b)ETk

[∫ Tk

0

µ(t)dt

]
−

n∑

k=3

(k − 1)pn,k−1(b)ETk

[∫ Tk

0

µ(t)dt

]

=
n∑

k=2

Bb,kETk

[∫ Tk

0

µ(t)dt

]
, (A.2)
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where

Bb,k ≡




kpn,k(b), k = 2

kpn,k(b)− (k − 1)pn,k−1(b), k > 2

(A.3)

are combinatorial terms.

Polanski et al. [163], eqns. 5-8, give the marginal density for the coalescent time Tk as

πk(tk) =
n∑

j=k

Ak,jqj(tk), (A.4)

for k = 2, . . . , n, where A is an (n− 1)× (n− 1) matrix indexed from 2, . . . , n with

Ak,j ≡





1, k = j = n

0, j < k,∏n
l=k ̸=j (

l
2)∏n

l=k ̸=j((
l
2)−(

j
2))

, otherwise

and

qj(t) ≡
(
j
2

)

η(t)
exp

[
−
(
j

2

)∫ t

0

dt′

η(t′)

]
,

for j = 2, . . . , n, and η(t) is the haploid effective population size history. We assume that

0 < η(t) < ∞. Note that qj(t) is the probability density of the time to the first coalescent

event among any subset of j individuals in the present, with inhomogeneous Poisson intensity

function
(
j
2

)
/η(t).

The expectations in (A.2) can be expressed using (A.4) as

ETk

[∫ Tk

0

µ(t)dt

]
=

∫ ∞

0

πk(tk)

∫ tk

0

µ(t)dt dtk

=
n∑

j=k

Ak,j

∫ ∞

0

qj(tk)

∫ tk

0

µ(t)dt dtk

=
n∑

j=k

Ak,j

∫ ∞

0

qj(tk)

∫ ∞

0

1[0<t<tk]µ(t)dt dtk

=
n∑

j=k

Ak,j

∫ ∞

0

rj(t)µ(t)dt (A.5)
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where in the last line we exchange integration order (by Fubini’s theorem) and define the

inhomogeneous Poisson survival function

rj(t) ≡
∫ ∞

0

qj(t
′)1[0<t<t′]dt

′ = exp

[
−
(
j

2

)∫ t

0

dt′

η(t′)

]
(A.6)

corresponding to density qj(t).

Using (A.5) in (A.2) gives

ξb =
n∑

k=2

Bb,k

n∑

j=k

Ak,j

∫ ∞

0

rj(t)µ(t)dt

=
n∑

j=2

(
j∑

k=2

Bb,kAk,j

)∫ ∞

0

rj(t)µ(t)dt, (A.7)

exchanging summation order in the last line. We then have a linear expression for the

expected SFS as a function of the mutation intensity history µ(t):

ξ = Cd(η, µ), (A.8)

where the (n− 1)× (n− 1) matrix C = BA is constant in µ and η, and

dj(η, µ) ≡
∫ ∞

0

rj(t)µ(t)dt =

∫ ∞

0

exp

[
−
(
j

2

)∫ t

0

dt′

η(t′)

]
µ(t)dt, (A.9)

for j = 1, . . . , n− 1, is a linear functional of µ and a nonlinear functional of η.

Given the boundedness assumptions that we have on η and µ, we now prove boundedness

of the map from joint history functions (η, µ) to expected SFS vectors ξ. The vector d(η, µ)

may be viewed as a nonlinear operator d : L∞(R≥0)×L∞(R≥0) → ℓ∞n−1 of rank n− 1, and is

bounded element-wise. In the diffusion timescale (equation 3 of main text) , dj is the Laplace

transform of the bounded function η̃µ̃ evaluated at
(
j
2

)
, and is thus bounded. In particular,

0 ≤ dj ≤
ηmaxµmax(

j
2

) , for j = 1, . . . , n− 1, (A.10)

where ηmax and µmax are the respective bounds on η and µ. Boundedness of the full operator

mapping (η, µ) to the expected SFS ξ follows from the fact that C is a matrix with bounded

norm. This completes the proof of Theorem 1.
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A.2 Computing the elements of C

We next develop an efficient recursive procedure for computing the matrix C. Using (A.3)

Cb,j =

j∑

k=2

kpn,k(b)Ak,j −
j∑

k=3

(k − 1)pn,k−1(b)Ak,j

= W
(1)
b,j −W

(2)
b,j ,

where

W
(1)
b,j ≡

j∑

k=2

kpn,k(b)Ak,j (A.11)

W
(2)
b,j ≡

j∑

k=3

(k − 1)pn,k−1(b)Ak,j. (A.12)

Polanski et al. [164], eqn. 11, show that the nonzero entries of A can be expressed as

Ak,j =
n!(n− 1)!

(j + n− 1)!(n− j)!
· (2j − 1)

j(j − 1)
· (j + k − 2)!

(k − 1)!(k − 2)!(j − k)!
· (−1)j−k.

Given the form of pn,k(b) in (A.1), we see that (A.11) and (A.12) are definite sums over

hypergeometric terms. We used Zeilberger’s algorithm [158, 151], which finds polynomial

recurrences for definite sums of hypergeometric terms, to procedurally generate the following

second-order recursions in j:

W
(1)
b,2 =

6

(n+ 1)

W
(1)
b,3 =

10(5n− 6b− 4)

(n+ 2)(n+ 1)

W
(1)
b,j+2 =−

[
(2j + 3)

(
− (2j − 1)W

(1)
b,j+1

(
2j(j + 1)

(
b2
(
j2 + j − 2

)
− 6b− j(j + 1)− 2

)

− j(j + 1)n
(
3b
(
j2 + j + 2

)
+ j2 + j − 2

)
+
(
j(j + 1)

(
j2 + j + 6

)
+ 4
)
n2 + 4n

)

− (j − 1)(j + 1)2(j − n)W
(1)
b,j (4(n+ 1)− j(j + 2)(b− n− 1))

)]

/[
j2(j + 2)(2j − 1)(j + n+ 1)

(
−bj2 + b+

(
j2 + 3

)
(n+ 1)

) ]
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and

W
(2)
b,2 = 0

W
(2)
b,3 =

20(n− 2)

(n+ 1)(n+ 2)

W
(2)
b,j+2 =

(2j + 3)(j − n+ 1)

j

(
(j + 1)

(2j − 1)(j + n)
W

(2)
b,j − (j(j + 1)(2b− n+ 1)− 2(n+ 1))

(j − 1)(j + 2)(j − n)(j + n+ 1)
W

(2)
b,j+1

)
.

These formulae are used to numerically compute the entries in C.

A.3 Discretization of history functions and computation of d(η, µ)

We represent histories as piecewise constant functions of time on m pieces [t0, t1), [t1, t2), . . . , [tm−1, tm),

where 0 = t0 < t1 < · · · < tm−1 < tm = ∞. The grid is common to η(t) and µ(t). We take

the boundaries of the pieces as fixed parameters and in practice use a logarithmically-spaced

dense grid of hundreds of pieces to approximate infinite-dimensional histories. Let column

vector y = [y1, . . . , ym]
⊺ denote the constant population size η(t) during each piece, and let

w = [w1, . . . , wm]
⊺ denote the constant mutation rate µ(t) during each piece.

With this we can follow the proof of Proposition 1 in [175], mutatis mutandis, with our

(A.9) to arrive at

d = M(y)w (A.13)

where

M(y) ≡




1

1
3

. . .
1

(n2)







1 u1 . . .
∏m−1

i=1 ui

1 u3
1 . . .

∏m−1
i=1 u3

i

...
... . . . ...

1 u
(n2)
1 . . .

∏m−1
i=1 u

(n2)
i







1

−1 1

−1 1
. . . . . .

−1 1




diag(y),

(A.14)

and ul ≡ exp(−(tl − tl−1)/yl) for l = 1, . . . ,m. Note that the (n− 1)×m matrix M(y) is a

nonlinear function of the demographic history y because the ul are nonlinear functions of y.
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This reflects the fact that it is a discretization of the nonlinear operator d(·, µ). Combining

(A.13) with (A.8) gives the discretized forward model

ξ = L(y)w, (A.15)

where L(y) ≡ CM(y).

A.4 Proof of Proposition 1

The distribution of independent Poisson random variables factorizes into an aggregate Pois-

son random variable and a multinomial, a well-known result often called “Poissonization”

[38]. Poissonization over the mutation type index j gives

P(X | Ξ) =
n−1∏

i=1

K∏

j=1

P(Xi,j | Ξi,j)︸ ︷︷ ︸
Poisson

=
n−1∏

i=1

P(xi | ξi)︸ ︷︷ ︸
Poisson

P
(
[Xi,1, . . . , Xi,K ] | xi,

[
Ξi,1

ξi
, . . . ,

Ξi,K

ξi

])

︸ ︷︷ ︸
multinomial

= P(x | ξ)︸ ︷︷ ︸
PRF

P(X | x, Ξ̂)︸ ︷︷ ︸
multinomial random

field over i

. (A.16)

This completes the proof of Proposition 1.

A.5 Proof of Lemma 1

Fix the mutation type i, and consider the multinomial over j

P
(
[Xi,1, . . . , Xi,K ] | xi,

[
Ξi,1

ξi
, . . . ,

Ξi,K

ξi

])
.

We must show that any element of the multinomial vector

Ξ̂i,j ≡
Ξi,j

ξi

can be formulated without reference to η. From elementary properties of the multinomial,

the conditional expection value of Xi,j given xi is

E[Xi,j | xi] = xi Ξ̂i,j.
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Now, since mutation events are independent we perform a thinning operation on each of the

xi mutation events

E[Xi,j | xi] = xi P (a mutation of sample frequency i is of type j) (A.17)

= xi

∫ ∞

0

µ̃j(τ)

µ0

ai(τ)dτ, (A.18)

where ai(τ) is the pdf of a mutation’s age τ measured in expected coalescent events (diffusion

time) conditioned on its sample frequency i. So

Ξ̂i,j =

∫ ∞

0

µ̃j(τ)

µ0

ai(τ)dτ.

This is independent of η by definition of the diffusion time scale as the intensity measure of

the coalescent process. This completes the proof of Lemma 1.

A.6 Tempora incognita: observability toward the coalescent horizon

The time-domain singular vectors of L(η) form an eigenbasis for solutions µ(t) that are pos-

sible, in principle, to reconstruct from the SFS. However, sampling noise about the expected

SFS will corrupt information from singular vectors that are associated to smaller singular

values. These corrupted components will be the directions in solution space associated with

higher frequency and less smooth dynamics. Since the singular values of L(η) have a very

large dynamic range (the condition number is large), the presence of noise will limit recon-

struction to smoother, more slowly varying components that are least corrupted and erase

information about more sudden events.

Figure B.9 depicts the observability of mutation rate history via spectral analysis of L(η)
for a case with η(t) a simple bottleneck history. From (A.4) and (A.6) in Appendix A.1,

the CDF of the TMRCA can be computed given η(t). We see only the top few components

(ranked by singular value) persist at times older than the bottleneck, and all components

vanish beyond the TMRCA of the sample. Higher frequency behavior becomes more difficult
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to observe if it is older than the bottleneck, concretely illustrating how demographic events

erase information about population history.

A.7 Modeling ancestral state misidentification

Computing the SFS and the k-SFS from variant data requires polarizing reference and al-

ternative alleles to ancestral and derived alleles. Ancestral states are themselves inferred

(usually by invoking parsimony criteria in a comparison to an outgroup reference genome,

or a larger multi-species alignment), so ancestral state misidentification is expected at some

fraction of sites. Misidentification results in allele frequency complementation: a variant

at sample frequency i out of n sampled haplotypes will appear to have frequency n − i.

Misidentification also results in mutation type reversion: e.g. a variant of triplet mutation

type TCC→TTC will appear of mutation type GAA→GGA.

Under very general conditions, the expected SFS ξ is a non-increasing vector: ξi ≥
ξj ∀i < j [177]. This result covers all demographic histories η(t). Given the pointwise

nonidentifiability of η and µ (equation 3 of main text) , it also covers all mutation rate

histories µ(t), so all columns of the expected k-SFS are non-increasing row-wise.

Ancestral state misidentification violates this non-increasing expectation result. The SFS

for the subset of misidentified sites is reflected in frequency, so the SFS ξ becomes a sum of a

non-increasing vector (for the correctly identified sites) and a non-decreasing vector (for the

misidentified sites). This contributes to the so-called “smile” in empirical SFS data. Because

this smile can’t be explained by η and µ with a model that produces a non-increasing SFS,

the misidentification rate r is identifiable as an additional parameter. Let ξ′ denote the

expected SFS with misidentification, so

ξ′i = (1− r)ξi + rξn−i, i = 1, . . . , n− 1.

In matrix form this is

ξ′ = (1− r)ξ + rJξ,
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where J denotes the (n− 1)× (n− 1) exchange matrix (with 1s on the anti-diagonal and 0s

elsewhere).

For the k-SFS, misidentified sites contribute to counts in the reflected frequency row,

and also in a different mutation type column, corresponding to the revertant mutation type.

Let π(j) denote the revertant partner of mutation type index j (π is a permutation of the

mutation type columns). Let rj denote the misidentification rate of mutation type j. Then

the expected k-SFS with misidentification is

Ξ′
i,j = (1− rj)Ξi,j + rjΞn−i,π(j), i = 1, . . . , n− 1, j = 1, . . . , K.

In matrix form this is

Ξ′ = Ξ (I − diag(r)) + J Ξ P ⊺
π diag(r),

where Pπ is the permutation matrix corresponding to π.

We infer the total misidentification rate r jointly with η inference, then infer the rates for

each mutation type r jointly with µ, constraining compositionally such that
∑K

j=1 fjrj = r

via the isometric log ratio transform, where fj is the fraction of variants from each mutation

type (the column sums of the k-SFS normalized by its total). These additional parameters

allow us to obtain very good fits to empirical SFS and k-SFS data that include prominent

high frequency “smiles”.
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Appendix B

SUPPLEMENTARY FIGURES FOR CHAPTER 2
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Figure B.1: The effect of demographic model selection on MuSH inference in our simulation study. Left panel

shows change in loss (goodness of fit) as a function of 0-th order and 1st order trend penalties. Middle panel

shows the inferred demography at each indicated penalty value (colors corresponding to points in left panel). Right

panel shows the two variable components of subsequent MuSH inference for each demographic model, indicating

they are very weakly effected by demographic model selection.
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Figure B.2: The effect of MuSH regularization on MuSH inference in our simulation study. Left panel shows

change in loss (goodness of fit) as a function of 0-th order and 1st order trend penalties. Middle panel shows the

inferred demography (which is independent of the MuSH hyperparameters). Right panel shows the two variable

components of the subsequent MuSH inference for each hyperparameter choice (colors corresponding to points

in left panel).
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Figure B.3: Comparison of demographic inference using the folded Vs unfolded SFS in our simulation study. Using

the same parameters as in Figure 2.2 , we fit the SFS (left), the folded SFS (middle), and show the resulting

demographic histories are similar (right).
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Figure B.4: Other effective population size histories for 1000 Genomes Project populations. Top panels show

demographic histories estimated with mushi from high coverage data using the folded SFS, and the fit to the

folded SFS, with no ancestral state polarization. Bottom panels show demographic histories inferred with Relate,

as reported by Speidel et al. [199] (Fig S6 there), with the SFS fit displayed.
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Figure B.5: Timing of TCC→TTC pulse in European populations conditioned on different demographies. Top

panels show the SFS fit for each European population under the demographic history of Tennessen et al. [208],

which was used by Harris and Pritchard to time the TCC→TTC pulse [83] (similar to Figure 3g), and the

subsequent mushi fit to the TCC→TTC component of the k-SFS (similar to Figure 4). Dotted lines use a rescaled

demography that accounts for the mutation rate difference between the Tennessen demographic inference and

more recent de novo rate, resulting in TCC→TTC pulse that is shifted older, and better SFS fit. Bottom panels

are similar, but use the European demographic histories inferred by Speidel et al. [199] using the Relate method.
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Figure B.6: The effect of demographic model selection on TCC→TTC pulse inference for CEU. Left panel shows

change in loss (goodness of fit) as trend penalties of various order increase. Middle panel shows the inferred

demography at each penalty value (colors corresponding to trend orders in left panel). Right panel shows the

TCC→TTC component of subsequent MuSH inference for each demographic model.
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Figure B.7: The effect of MuSH regularization on TCC→TTC pulse inference for CEU. Left panel shows change

in loss (goodness of fit) as the κ-th order trend penalty increases, for κ = 0, 1, 2, 3. Middle panel shows the

inferred demography (which is independent of the MuSH hyperparameters). Right panel shows the TCC→TTC

component of subsequent MuSH inference, with color corresponding to points in left panel.
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Figure B.8: Bootstrap for CEU demography and TCC→TTC pulse inference. This indicates the stability of

inference under replicate data. Note that, because the penalized likelihood inference is strongly biased, this

cannot be interpreted as providing confidence bounds of the histories.



107

103

104
¥
(t

)

100 101 102 103 104 105

t (generations ago)

°0.20

°0.15

°0.10

°0.05

0.00

0.05

0.10

0.15

0.20

L(
¥
)

si
n
gu

la
r

ve
ct

or
am

p
lit

u
d
e

0.00

0.25

0.50

0.75

1.00

T
M

R
C
A

C
D

F

100 101 102

singular value rank

10°10

10°5

100

si
n
gu

la
r

va
lu

e

Figure B.9: Observability of mutation rate history via spectral analysis of L(η) for the case of a bottleneck history.
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ordinate), and TMRCA CDF (orange, right ordinate). The bottom panel plots the top 20 time domain singular

vectors, with the inset showing the corresponding ranked singular values. Time was discretized with a logarithmic

grid of 1000 points, and n = 200 sampled haplotypes were assumed.
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Figure B.10: Mutation signature history for each 1000 Genome Projection super-population. Same results as in

main text, but plotted here separately for each super-population.
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Appendix C

MATHEMATICAL DETAILS FOR CHAPTER 4

C.1 An empirical Bayes framework for incorporating genotype abundance in
phylogenetic optimality.

Here we more fully develop the empirical Bayes perspective on our estimator for the model

depicted in Figure 4.2a. This graphical model implies the factorization

P (G,A,T,θ) = P (G | T)P (A,T | θ)P (θ) . (C.1)

A hierarchical Bayes treatment would assign a prior P (θ) (such as uniform over the unit

square for the model θ = (p, q)) and compute the posterior over trees conditioned on the

data, marginalizing over θ:

P (T | G,A) =

∫
dθ P (T,θ | G,A)

=

∫
dθ

P (G,A,T,θ)

P (G,A)

∝ P (G | T)

∫
dθ P (A,T | θ)P (θ) .

Rather then attempting this integral over P (A,T | θ), each evaluation of which requires

dynamic programming, we first seek a maximum likelihood estimate for θ marginalizing T:

θ̂ = argmax
θ

P (G,A | θ)

= argmax
θ

∑

T

P (G,A,T | θ)

= argmax
θ

∑

T

P (G | T)P (A,T | θ) . (C.2)
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Using this point estimate, an approximate posterior over trees is

P
(
T | G,A, θ̂

)
∝ P (G | T)P

(
A,T | θ̂

)
. (C.3)

This formulation embodies an optimality over trees conditioned on both genotype sequence

data G and genotype abundance data A. Evaluation of θ̂ with (C.2) in general requires

summation over the space of all trees consistent with the data.

A simple application of this formalism is to augment parsimony-based tree optimality

with abundance data. Let TG denote the degenerate set of maximally parsimonious trees

given G (each of which has the same total genotype sequence distance over its edges). Encode

parsimony optimality as a P (G | T) assigning uniform weight to each tree in TG, and zero

elsewhere. In this case, (4.2) becomes

θ̂ = argmax
θ

∑

T∈TG

P (A,T | θ) , (C.4)

and (C.3) becomes

P
(
T | G,A, θ̂

)
∝




P
(
A,T | θ̂

)
, t ∈ Tg

0, t /∈ Tg

. (C.5)

With (C.5), we have a framework using abundance information to distinguish among the

otherwise equally optimal trees presented by a parsimony analysis. In our application, we

use a subcritical infinite-type binary Galton-Watson branching process model for the lineage

tree, and describe a recursion for computing GCtree likelihoods P
(
A,T | θ̂

)
by dynamic

programming to marginalize over compatible lineage trees.

C.2 Dynamic programming to marginalize lineage tree structure.

We derive a recurrence for faτ (p, q) = P (Ai = a, Ti = τ | θ = (p, q)) by marginalizing over

the outcome {C,M} of the branching event at the root of the lineage subtree for genotype i

(the first cell of type i). We will use that a and τ are the sum over two iid processes for the
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left and right clonal branches. We temporarily suppress the parameters θ = (p, q), writing

faτ for notational compactness. In the case {C = 2,M = 0},

P (Ai = a, Ti = τ | C = 2,M = 0) =
a∑

a′=0

τ∑

τ ′=0

fa′τ ′fa−a′,τ−τ ′ . (C.6)

As this is the convolution of faτ with itself, we denote it as f ∗2
aτ . Marginalizing over all

outcomes {C,M}, we have

faτ =
∑

(c,m)∈N2

P (Ai = a, Ti = τ | C = c,M = m)P (C = c,M = m)

= δa1δτ0(1− p) + f ∗2
aτ p(1− q)2 + (1− δτ0)fa,τ−12pq(1− q) + δa0δτ2pq

2

=





0 a = 0, τ = 0, 1,

(1− p) a = 1, τ = 0,

pq2 a = 0, τ = 2,

f ∗2
a0p(1− q)2 a > 1, τ = 0,

fa,τ−12pq(1− q) + f ∗2
aτ p(1− q)2 otherwise,

(C.7)

where δ·· denotes the Kronecker delta function. In light of the first case, the convolutional

square may be written as

f ∗2
aτ =

∑

(a′,τ ′)/∈{(0,0),(a,τ)}

fa′τ ′fa−a′,τ−τ ′ ,

showing that there are no terms containing faτ on the RHS of (C.7). The GCtree node

likelihood faτ is thus amenable to computation by straightforward dynamic programming.

C.3 The GCtree likelihood factorizes by genotype.

We argue that the joint distribution over all nodes in a GCtree factorizes by genotype (Fig-

ure 4.2d):

P (A1 = a1, T1 = τ1, . . . , AN = aN , TN = τN) =
N∏

i=1

faiτi . (C.8)
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Since τ1 is the number of children of node 1 (the root node), the children of the root node

are indexed in level order by 2, . . . , 1 + τ1. Let Λi denote the set of indices of the nodes of

the subtree rooted at node i, so Λ2, . . . ,Λ1+τ1 refer to sister subtrees rooted on each of the τ1

children of the root. Using the definition of conditional probability, and since sister subtrees

are independent, we have

P (a1, τ1, . . . , aN , τN) = P (a2, τ2, . . . , aN ,N | a1, τ1)P (a1, τ1)

= fa1τ1

1+τ1∏

i=1

P ({(aj, τj) : j ∈ Λi}) ,

where random variable notation has been dropped for notational compactness. Now, within

each subtree factor we may reindex in level order (that is, level order in that subtree) starting

from 1. We then pull out factors fa2τ2 , . . . , fa1+τ1τ1+τ1
corresponding to the root nodes of the

sister subtrees (children of the original root). We obtain (C.8) by applying this logic recur-

sively. Restoring the offspring distribution parameters, we recognize this as the distribution

needed in (4.1) and (4.2) to rank trees in a parsimony forest:

P (T = (τ1, . . . , τN),A = (a1, . . . , aN) | θ = (p, q)) =
N∏

i=1

faiτi (p, q) , (C.9)

where faiτi (p, q) is computed by dynamic programming using (C.7).

Numerical validation of the GCtree likelihood is summarized in Figure D.3 using 10,000

Galton-Watson process simulations at each of several parameter values. The likelihood accu-

rately recapitulates tree frequencies, and simulation parameters are recoverable by numerical

maximum likelihood estimation.
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Appendix D

SUPPLEMENTARY FIGURES FOR CHAPTER 4

10 3 10 2 10 1 100 101 102 103

dnapars runtime (min)

10 3

10 2

10 1

100

101

102

103

dn
ap

ar
s +

 G
Ct

re
e 

ru
nt

im
e 

(m
in

) number of cells
50
100
150

Figure D.1: Runtime experiments. Runtime for generating parsimony trees with dnapars and ranking using

GCtree are shown. Fixed simulation parameters were λ = 1.5, λ0 = .25, and 20 simulations were performed at

each value for the number of cells (N = 50, N = 100, N = 150). These runtime experiments were performed on

a laptop with a 2.9GHz CPU and 16GB RAM.
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a b

Figure D.2: Simulation summary statistics. simulation parameters: λ = 1.5, λ0 = .25, N = 100, n = 65. (a.)

The empirical CDF over genotypes of Hamming distance to the naive genotype for 100 simulations (colors) and

germinal center BCR data (black). (b.) The distribution over genotypes of number of Hamming neighbors and

genotype abundance for 100 simulations (colors) and germinal center BCR data (black).
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Figure D.3: Numerical validation of GCtree likelihood. Colors indicate simulation parameters. (a.) At each

parameter value (p, q), 10,000 Galton Watson processes were simulated. For each distinct GCtree, the likelihood

was computed according to (C.9), and the frequency of the tree (number of times this distinct tree occurs among

the 10,000) was recorded. Dashed lines indicate the expected frequencies (likelihood multiplied by 10,000). (b.)

Each set of 10,000 trees was partitioned into 10 groups of 1000, and maximum likelihood estimates (p̂, q̂) were

computed for each set of 1000 by numerical maximization of (C.9).
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