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University of Washington
Abstract

Search Algorithms for Biosequences Using Random Projection
by Jeremy Buhler

Chair of Supervisory Committee:

Professor Martin Tompa
Computer Science and Engineering

The recent explosion in the availability of long contiguous genomic sequences, including the
complete genomes of several organisms, poses substantial challenges for bioinformatics. In
particular, algorithms must be developed for annotating biologically meaningful features in
multimegabase DNA sequences either by observing their similarity to known genes, regula-
tory sites, and other features or to conserved copies of the same features in an equally long
sequence from another organism. Annotation on such a large scale must be both computa-
tionally efficient and sensitive enough to recover subtle but significant features that would
otherwise be lost in a mass of unannotated, and hence undifferentiated, sequence.

This work explores algorithms for biosequence annotation that use random projection,
a technique borrowed from high-dimensional computational geometry. Random projection
reduces computationally challenging problems of inexact string matching to a series of more
tractable exact matching problems in exchange for a formally quantifiable and practically
small loss in sensitivity. Applied to biosequences, the technique permits efficient comparison
of very long sequences to discover local alignments corresponding to meaningful features,
including some that are practically inaccessible to existing annotation tools. Specific appli-
cations that benefit from random projection’s increased sensitivity and/or efficiency include
comparisons of long orthologous sequences, whole-genome repeat finding, and discovery of

regulatory motifs.



Highlights of the thesis include: the LSH-ALL-PAIRS algorithm for discovering all high-
scoring ungapped local alignments between pairs of substrings of one or more long sequences,
without relying on the presence of long exact matches in these alignments; the PROJECTION
motif finding algorithm, which extends random projection to a multiple alignment context
and discovers motifs that are inaccessible to existing motif finders; and the development of
score simulation, a theory for building sparse indices or fingerprints of a biosequence such
that the probability that two sequences’ fingerprints match increases with their similarity

under a given alignment score function.
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GLOSSARY

K-MER: a sequence of length k. For small values of k£, Greek prefixes are used, e.g.

dimer, trimer, tetramer, pentamer, etc.

AFFINE: for alignment score functions, penalizing gaps of length £ with a penalty —cf—d.

d and c are respectively the “gap opening” and “gap extension” penalties.

ALIGNMENT: a correspondence between two or more sequences. Each column of an
alignment matches up corresponding bases from each participating sequence. If a
base in one sequence does not match any base in the other sequence (because of, e.g.,

a historical insertion or deletion), that base is matched to a gap character “-”.

ALIGNMENT SCORE FUNCTION: a real-valued function F on sequence alignments that
measures the similarity between aligned sequences. A higher score indicates greater

similarity.

ALL-PAIRS LOCAL ALIGNMENT: the problem of finding all pairs of sufficiently similar

substrings in a collection C of one or more sequences.

AMINO ACID: the building block of protein sequence. Different amino acids are distin-
guished by their side chains, chemical groups attached to the central carbon atom

that give the amino acid its properties.

ANNOTATION: the process of finding biologically meaningful features in genomic se-

quence.



ANTIDIAGONAL: in gapped alignment, a set of cells (%, 7) of the dynamic programming
matrix for which 7 + 5 is constant. An antidiagonal cuts across every diagonal of the

matrix and so is orthogonal to an ungapped alignment.

ASSEMBLY ALGORITHM: any algorithm designed to reconstruct a sequence from a col-
lection of overlapping substrings. Assembly is crucial to reconstructing long genomic
sequences from the fragments of roughly 700 bases produced by laboratory sequencing

machines.

BACKGROUND SEQUENCE: genomic sequence lacking any biologically meaningful fea-
ture, usually assumed to be under no selective pressure and, in sufficiently diverged

organisms, to be completely uncorrelated.

BANDED SMITH-WATERMAN: a variant of the Smith-Waterman local alignment algo-
rithm in which an alignment may span no more than a fixed number d of diagonals.

The Limit d is called the bandwidth.

BASE: the building block of DNA and RNA sequence; see also nucleotide. DNA bases
include Adenine, Cytosine, Guanine, and Thymine; in RNA, thymine is replaced
by Uracil. In genomic sequence, DNA bases occur in complementary pairs, with A

pairing with T and C pairing with G.

BINDING SITE: a short DNA or RNA sequence to which a molecule specifically binds.

In DNA, the molecule is often a transcription factor.

CANDIDATE PAIR: in all-pairs local alignment and related algorithms, a pair of substrings
that have passed an initial filtering stage and must be checked to determine if they
exhibit high similarity.

CANONICAL: in LSH-ALL-PAIRS, a term describing an f-mer pair that begins with a

matching base pair and is immediately preceded by a mismatched base pair.
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CHROMOSOME: a large (multi-megabase) discrete piece of DNA, forming part of an
organism’s genome. In diploid organisms, chromosomes occur in homologous pairs

which recombine during the formation of gametes, or eggs and sperm.

CIS-REGULATORY LOGIC: a set of regulatory sites in genomic sequence that collectively
determine a gene’s level of expression. A complete functional description of a gene’s
cis-regulatory logic is rare in the literature; for an example, see Yuh et al.’s description

of the endol6 pathway in sea urchin [106].

CODON: a triplet of bases in DNA or RNA that encodes a single amino acid of a protein.
The mapping from codons to amino acids is a function but is not 1:1, since the 64
codons of nuclear DNA encode only 20 amino acids (plus three stop codons that act

as signals to end translation).

COMPARATIVE ANNOTATION: the process of finding features in genomic sequence by
detecting regions of local similarity, which may indicate an evolutionarily conserved

function.

COMPLEMENTARY STRANDS: the two polymeric strands of the DNA double helix, held
together by hydrogen bonds between complementary A-T and C-G base pairs. Be-
cause of base pair complementarity, the sequence of one strand predicts the sequence

of the other.

COMPUTATIONAL GENOMICS: an academic discipline at the interface of computer sci-
ence and molecular biology, devoted to automated analysis and annotation of large

amounts of genomic sequence.

CONSENSUS SEQUENCE: in multiple alignments and motifs, a description of aligned se-
quences by a single sequence x whose jth position contains that base occurring most

frequently in the jith column of the alignment or motif.
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CONSERVATION: the maintenance of a sequence with few or no changes over time because
of evolutionary pressure, particularly selective pressure against mutations deleterious
to its function. Conserved sequences in two organisms or two parts of the same

organism can often be identified by their similarity.

DNA: DeoxyriboNucleic Acid, the molecule constituting the genomes of prokaryotes,
eukaryotes, and DNA viruses. DNA occurs in cells as two long polymers of covalently
linked nucleotides, twisted into a double helix and held together by hydrogen bonding

between complementary base pairs.

DNA TRANSPOSON: an autonomously replicating piece of DNA that can excise itself from

the genome and reinsert elsewhere; one of several sources of interspersed repeats.

DIAGONAL: in gapped alignment, a set of cells (7, j) of the dynamic programming matrix
for which 7 — j is constant. An ungapped alignment is confined to a signal diagonal,
while gapped alignments can span multiple diagonals.

DOT PLOT: a graphical representation of similarity between two sequences. A diagonal
line on the plot represents an ungapped alignment between the sequences, with the
extent of the line on the £ and y axes respectively indicating the aligned interval in

each sequence.

DUPLICATION: a repeated sequence in a genome, probably arising from historical er-
rors during the genome’s replication. Duplications include, e.g., tandem repeats and

duplicate genes but not transposable elements; contrast with interspersed repeat.

ENHANCER: a genomic sequence element that acts to increase transcription of a gene,
usually by attracting a transcription factor that directly or indirectly promotes re-

cruitment of the polymerase complex; contrast repressor.



ENHANCER REGION: the DNA sequence roughly 200 to 1000 bases upstream of a gene’s
transcription start site; a common location for transcriptional enhancer and repressor

elements other than the core promoter.

EST MATCHING: the process of identifying coding sequence in a genome by its similarity

to an ezpressed sequence tag.

EUKARYOTIC: of cells, having a nuclear envelope. Animals, plants, and fungi all possess

eukaryotic cells, while bacteria and archaea do not; contrast prokaryotic.

EXCLUSION METHODS: a class of similarity search algorithms characterized by deter-
ministic guarantees of sensitivity, e.g. finding every ungapped alignment of 69-mers
with at most 23 substitutions. Examples include the Chang-Lawler algorithm [25]
and Pevzner and Waterman’s double filtration [77]. Contrast randomized algorithms,

such as LSH-ALL-PAIRS, and word matching.

EXON: contiguous portion of a protein-coding gene’s sequence that remains in the mRNA

after splicing; contrast intron.
EXPRESSED: of a gene, transcribed (and possibly translated) into its active end product.

EXPRESSED SEQUENCE TAG (EST): a short sequence derived by capturing and sequenc-
ing a cell’s transcribed mRNA. EST’s can be useful for identifying unknown genes in

genomic sequence as well as for seeing which genes are transcribed in a given cell type.

FALSE NEGATIVE ERROR: in filtering approaches to pairwise similarity search, a signifi-
cant similarity that produces no candidate pair. In annotation generally, a conserved

sequence feature that produces no similarity (e.g. many RNA genes).

FALSE POSITIVE ERROR: in filtering approaches to pairwise similarity search, a candi-

date pair that does not lead to a significant similarity. In annotation generally, a

X



similarity not corresponding to any conserved sequence feature.

GAMETES: eggs and sperm; the sex cells of diploid organisms.

GAP: in an alignment, a run of one or more columns in which bases of one sequence are

not aligned to any base of another.

GENE: the functional unit of the genome; a DNA sequence encoding an expressed prod-
uct, usually a protein but occasionally a specialized RNA. Expression of genes is

controlled by, among other things, their cis-regulatory logic.

GENE PREDICTOR: a program that identifies the locations and extents of genes in unan-

notated genomic sequence.

GENOME: the complete collection of an organism’s DNA; all the sequence that must be

copied when a cell replicates.

HOMOLOGOUS: arising from a common ancestral sequence. See orthologous and paralo-

gous.

INDEL: an mutation in which a base is inserted or deleted from a sequence.

INTERSPERSED REPEAT: a repeated sequence in a genome arising from a transposable

element. Interspersed repeats may be dead or incomplete copies of these elements;

contrast duplication.

INTRON: contiguous portion of a protein-coding gene’s sequence that is removed from
gu q

its pre-mRNA during splicing; contrast ezon.

KILOBASE: one thousand bases; abbreviated “kb.”



LINE: Long Interspersed Nuclear Element; one of a family of interspersed repeats several
kilobases in length arising from autonomously replicating retrotransposons. Common

LINE families in human include LINE1 and LINE2.

LINEAR: of alignment score functions, penalizing gaps of length ¢ with a penalty —c/,
that is, a penalty linearly proportional to the gap length. Contrast affine.

LOCAL ALIGNMENT: alignment in which only a substring of each sequence, rather than

the entire sequence, participates in the alignment.

LOCUS CONTROL REGION: a regulatory region, not in the promoter or enhancer region
of a particular gene, that may control the expression of several genes up to tens of

kilobases away. See e.g. [35].
MEGABASE: one million bases; abbreviated “Mb.”

MESSENGER RNA (MRNA): the sequence of a protein-coding gene, expressed as RNA and
destined to be translated into protein by the ribosome. In higher eukaryotes, most

newly transcribed mRNAs contain introns that must be removed before translation.

MRNA SPLICING: the process by which the spliceosome removes introns from the pre-
mRNA molecule.

MOTIF: a pattern appearing (perhaps with small differences) in multiple sequences. Mo-

tifs in genomic sequence often derive from conserved transcription factor binding sites.

MOTIF FINDING: the process of locating the occurrences of a hidden motif in one or more

genomic sequences.

MUTATION: a change in a sequence, usually caused on a small scale by insertion, deletion,

or replacement of a base.



NUCLEOTIDE: often used synonymously with base; technically refers to both the base
and the attached sugar molecule that forms a link in the DNA or RNA sugar-phosphate
backbone.

ORTHOLOGOUS: of sequences in two or more organisms, deriving from the same sequence

in the organisms’ evolutionary common ancestor. Contrast paralogous.

PARALOGOUS: of sequences in a single organism, deriving from a single ancestral se-

quence by duplication, as with families of duplicated genes. Contrast orthologous.

PERCENT IDENTITY: in a pairwise alignment, the percentage of columns that contain a

pair of matching bases, rather than a mismatch or gap.

POSITIONAL CANDIDATE: a gene that is believed to cause or contribute to a certain
phenotype (e.g. a heritable disease) based on genetic linkage studies that correlate the

phenotype’s presence with a particular sequence pattern in or near the gene.

PRE-MRNA: the transcribed RNA sequence of a protein-coding gene prior to splicing out

of its introns and other processing that eventually forms a mature mRNA molecule.

PROCESSED PSEUDOGENE: the inactive remnant of a gene’s mature mRNA, with introns

removed, that has been reverse-transcribed back into the genome.

PROKARYOTIC: of cells, lacking a nuclear envelope. Bacteria and archaea are prokaryotic

cells; contrast eukaryotic.

PROMOTER: the basal attachment site for the RNA polymerase occurring just upstream

of a gene’s transcription start site.

PROMOTER REGION: the sequence between 0 and about 200 bases upstream of a gene’s
transcription start site, containing the basal promoter and possibly one or more reg-

ulatory sites.
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PROTEIN: a long polymer of covalently linked aminc acids. Proteins perform almost all
enzymatic and most structural and regulatory functions in living cells; their function

is determined by their three-dimensional folded shape.

PSEUDOGENE: an inactive copy (full or partial) of a gene. Types of pseudogene include
processed pseudogenes arising from reverse-transcribed mRNA, damaged or incom-
pletely duplicated genes that produce only truncated products, and previously active

genes that have become inactive through mutation of their regulatory sites.
PURINE: an A or G base, denoted R in sequences.
PYRIMIDINE: a C or T base denoted Y in sequences.

REGULATORY MECHANISM: any means by which a cell controls the expression of its
genes. Common regulatory mechanisms include control of transcription, selective
degradation of RNA and protein, and RNA structures such as hairpins that affect the

rate of translation.

REGULATORY SITE: any site in genomic sequence that affects the expression of a nearby
gene. Regulatory sites are typically binding sites for transcription factors or other

proteins.

REPETITIVE ELEMENT (REPEAT): any sequence that occurs multiple times in a genome.

Types include duplications and interspersed repeats.

REPRESSOR: a genomic sequence element that acts to decrease transcription of a gene,
usually by attracting a transcription factor that directly or indirectly hinders recruit-

ment of the polymerase complex; contrast enhancer.

RETROTRANSPOSON: a transposable element that replicates by transcribing itself into

RNA that is later reverse transcribed back into DNA elsewhere in the genome.



REVERSE TRANSCRIPTASE: an enzyme that reads an RNA sequence and constructs the

complementary DNA sequence; used by retroviruses and retrotransposons for replica-

tion.
RIBOSOME: a macromolecular complex that translates mRNA into protein.

RIBOSOMAL RNA (RRNA): one of several RNA molecules that form part of the structure

of the ribosome.

RNA: RiboNucleic Acid, the molecule constituting the intermediate between a gene’s
DNA sequence and its protein product, as well as certain special purpose molecules
such as tRNAs and rRNAs. RNA occurs in cells as single-stranded polymers of cova-
lently linked nucleotides.

RNA POLYMERASE: a macromolecular complex that transcribes DNA into RNA.

SEQUENCE FEATURE: a substring of a genomic sequence with an identifiable present or

past function.

SIMILAR: possessing approximately the same sequence. Similar genomic sequences may
or may not be conserved; similarity is a property of strings in general, while conser-

vation implies an evolutionary process at work.

SINE: Short Interspersed Nuclear Element; one of a family of interspersed repeats a few
hundred bases in length arising from short retrotransposons that copy themselves with
the help of a LINE. Common SINE families in human include the ubiquitous Alu and

the less common MIR.

SPLICEOSOME: a macromolecular complex that splices introns out of the pre-mRNA.

STOP CODON: one of three codons that signal the end of an mRNA’s coding sequence

to the ribosome, causing it to stop translation.
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SUBSTITUTION: a mutation in which one base changes into another.

SUBTLE: of a motif, having mutations distributed uniformly across all positions, rather
than concentrated in a few highly variable positions. Subtle motifs are generally not

found by existing motif finders.

SYNONYMOUS: of DNA or RNA codons, encoding the same amino acid. Amino acids

have anywhere from one to six synonymous codons.

TANDEM DUPLICATION: two or more copies of the same genomic sequence occurring one
after the other; thought to arise when the DNA polymerase “slips” during replication

of the genome.

TRANSCRIBED: of genomic sequence, being copied as RNA by the RNA polymerase

complex.

TRANSCRIPTION FACTOR: a protein that modifies the rate at which a gene is tran-
scribed. Transcription factors often work by directly or indirectly contacting the
RNA polymerase complex, but they may also work in other ways, e.g. by temporarily

bending the DNA near a gene.

TRANSFER RNA (TRNA): a specialized non-coding RNA that transports amino acids to
the ribosome and matches them to their corresponding codons in the mRNA during

translation.

TRANSITION: a substitution mutation in genomic sequence that changes one purine to

another or one pyrimidine to another; contrast transversion.

TRANSLATED: of mRNA, being decoded into protein by the ribosome.

xvi



TRANSPOSABLE ELEMENT (TRANSPOSON): a DNA sequence that can copy or move itself
elsewhere in the genome, either autonomously or with the aid of another transposon.

Types include retrotransposons and DNA transposons.

TRANSVERSION: a substitution mutation in genomic sequence that changes a purine to

a pyrimidine or vice versa; contrast transition.
UNGAPPED IDENTITY: percent identity when the alignment is ungapped.

UNTRANSLATED REGION (UTR): a transcribed, exonic portion of a protein-coding gene
that is not part of the coding sequence. Most genes have two UTR’s, one upstream

(5') and one downstream (3') of the coding sequence.

WORD MATCH: a contiguous run of matching bases between two sequences, with no

intervening substitutions or indels.
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Chapter 1

BACKGROUND: EXPLAINING THE GENOME

As the 21st century begins, large-scale genomics has become a fundamental tool for
understanding an organism’s biology. Access to multiple complete genomic sequences helps
biologists to formulate and test hypotheses about how genomes are organized, how that or-
ganization evolved, and how a genome encodes the observed properties of a living organism.
Key questions being pursued include: what parts of our genome encode the mechanisms
for major cellular functions like metabolism, differentiation, proliferation, and programmed
death? How do multiple genes act in concert to carry out these and other, more special-
ized functions? How is our non-protein-coding DNA organized, and what parts of it are
functionally important? How do selective pressures act on the random processes of gene
duplication and mutation to give rise to complex constructs like eyes, wings, and brains?
Why do humans appear so different from worms and flies, despite sharing so many of the

same genes?

Until the 1990’s, molecular biologists could pursue questions about the content and func-
tion of genomes only indirectly, or else at great cost. Indirect techniques such as Giemsa
staining and CoT-based measurement of repetitive content [97] provided such global infor-
mation as was available about a genome. Full sequence was available for only a few short
regions found to be functionally significant, usually after a long and expensive process of
localization by (e.g.) linkage mapping, followed by cloning out and finally sequencing a
minimal region of interest. The cost and time required to sequence DNA made sequencing
a tool to be applied only at particular points, and only once a region was shown to be

important by other means.

More recently, high-throughput DNA sequencing has enabled a direct approach to study-



ing genomes. Using this new technology, biologists have obtained progressively larger com-
plete genomic sequences, from viruses {84] to prokaryotes [34] to single-celled [65] and mul-
ticellular [24] eukaryotes. Available genomes today include those of several higher meta-
zoans, including the fruit fly Drosophila melanogaster [2], the flowering plant Arabidopsis
thaliane [7], and, of course, Homo sapiens [101, 37]. Armed with substantially complete
euchromatic sequence from these organisms, we can now directly interrogate global prop-
erties like base frequencies and repetitive content, obtain immediately the sequence of any
potentially interesting region, and — perhaps most exciting — compare corresponding long
stretches of genomic DNA in two or more organisms. Such analyses encompass massive
amounts of sequence, on a scale requiring computation that defies manual analysis. The
need to automate analysis of long or numerous genomic sequences gives rise to the field of

computational genomics.

In this work, we address a particular problem of computational genomics: how to discover
which parts of a long DNA sequence encode particular biological features, such as genes.
Even when the whole sequence is available for inspection, finding these features reliably can
be surprisingly difficult. If we know little about the features being sought, or their presence
leaves only a weak imprint on the underlying sequence, finding them may be theoretically
intractable or practically beyond our limited budget of computing time and space. This
work focuses specifically on new techniques to find features that are difficult to find in

theory or simply intractable to existing search algorithms.

The algorithms that we introduce in this thesis are founded on a common technique,
random projection, which exploits the intuition that two nearly identical biosequences cannot
differ in many of their characters, regardless of where the differences occur. We show how to
apply this intuition to lower the cost barriers that previously made certain types of sequence
features difficult to find efficiently. As a result, we can more readily identify more interesting

features and ultimately provide more complete information to the working biologist.



1.1 Road Map to the Thesis

We begin by providing the reader with a brief guide to the content of the thesis. Some
readers may find the biological terms used in subsequent sections and chapters unfamiliar;
hereafter, we will both define such terms at their point of first use and provide a glossary

of terms to collect the important definitions in one place.

e Chapter 1 is devoted to background and significance. We first review the nature
of genomic DNA and the kinds of meaningful features it contains, then discuss the
fundamental problem of discovering, or annotating, these features. We then describe
the idea of comparative annotation based on sequence similarity, discuss its strengths

and limitations, and finally focus on the computational problems that arise from it.

e Chapter 2 addresses the all-pairs local alignment problem for long genomic sequences.
After stating the formal problem and some of its uses, we introduce the basic theory
of random projection that we use to address it. Using this theory, we develop the LSH-
ALL-PAIRS algorithm, which efficiently solves the problem for the case of ungapped
local alignments even with quite low similarity. We then show how to implement the
algorithm in practice and validate our implementation on a collection of interesting

biosequences.

e Chapter 3 undertakes a more ambitious multiple alignment problem, that of discov-
ering conserved regulatory motifs. We first establish a model for subtle motifs that
are intractable to standard search algorithms, then introduce the PROJECTION motif
finding algorithm to find such motifs. We then validate our algorithm and illustrate

how it improves on existing heuristic methods for motif finding.

e Chapter 4 describes ways to extend matching techniques based on random projection
to find similar sequences under more general criteria than a simple count of matching

characters.



1.2 Biological Background: DINA and Sequence Features

The first prerequisite to developing algorithms to find features in genomic sequence is to
understand what we are looking for and why. We therefore begin with a brief review of
genomic DNA and its major features. Readers seeking more background on genomic DNA
or on molecular biology in general may wish to consult the standard text by Lewin [60] or

the gentler introduction by Gonick and Wheelis [39].

1.2.1 DNA and Genomic Sequence

The fundamental substrate for genome analysis is DNA, or DeozyriboNucleic Acid. DNA is
a polymeric molecule composed of a sequence of nucleotides, also called bases!. Four such
bases - A, C, G, and T- form the alphabet? from which all natural DNA is constructed.
Abstractly, a DNA sequence is simply a string over the alphabet {4, C, G, T}. We will use
the terms “string” and “sequence” interchangeably.

DNA normally exists as two complementary strands made up of a sequence of base
pairs. The pairing is deterministic: A always pairs with T, while C pairs with G. Thus,
the sequence of one strand determines the sequence of its complement, and we can describe
a DNA sequence uniquely by only one of its strands. Because of this pairing, bases are
sometimes classed as “weak” (A/T, joined by two hydrogen bonds) or “strong” (C/G,
joined by three hydrogen bonds). Another common classification of bases, this time by
chemical structure, is as purine (A/G) or pyrimidine (C/T). An unspecified purine or
pyrimidine is denoted by the characters R and Y respectively.

DNA molecules are found in the cytoplasm of prokaryotic cells (the bacteria and archaea)
and in the nuclei of eukaryotic cells (everything else). A cell’s total complement of DNA
sequence is its gemome; in multicellular organisms, essentially all cells contain the same
genome, with all except the gametes (eggs and sperm) carrying two copies. The differences

in genomic sequence from one organism to another within a species are quite small compared

! Abstractly, “base” and “nucleotide” are used synonymously to refer to characters of the DNA alphabet.
Chemically, however, a DNA nucleotide is actually a base joined to a 2-deoxyribose sugar molecule that
forms part of the backbone of the double helix.

2The letters are drawn from the chemical names of the bases: adenine, cytosine, guanine, and thymine.



Table 1.1: Genome sizes of model organisms commonly studied by biologists. For eukary-
otes, chromosome number and size are given for the haploid genome.

Organism Common Name | # Chromosomes | Genome Size (megabases)
(haploid)

E. coli (a bacterium) 1 44

S. cerevisiae baker’s yeast 16 12

C. elegans (a roundworm) 6 100

D. melanogaster | fruit fly 4 120 (euchromatic)

A. thaliana thale cress 5 125

M. musculus mouse 20 ~3000

H. saptens human 23 ~3000

to the differences between species, so it makes sense to talk about an entire species’ genome.
For example, the human genome, which is 3 x 10% base pairs in length, is 99.9% similar
between individuals, while the genome of our closest relative, the chimpanzee, is only 98-

99% similar to ours [26].

An organism’s genome is organized into a small number of discrete DNA molecules, called
chromosomes. Bacteria typically have a single, circular chromoscme a few million bases in
length, while eukaryotic species have anywhere from three to over 100 linear chromosomes of
total length ranging from tens of millions up to billions of bases. Table 1.1 lists the genome
sizes of some model organisms commonly studied by biologists. A genome’s division into
chromosomes does not vary within a species, so it makes sense to number chromosomes, say

in decreasing order by length, and then to speak of e.g. “human chromosome one.”

An essential feature of DNA is that it is not static over time. Chemicals, radiation,
and copying errors can all cause a DNA sequence to mutate. Biologically common types of

mutation include substitutions, in which one base is replaced by another®, and indels (in-

3«Qubstitution” is sometimes used in biology to describe any uncorrected mutation. In this work, it refers
specifically to replacement of one base by another.



sertions and deletions), in which bases are added to or removed from a sequence?. Different
types of mutation happen at different rates; for example, transition substitutions — those
that replace A with G or C with T and vice versa — are roughly twice as common [96] as

other substitutions, which are called fransversions.

1.2.2 The DNA Zoo: Features Found in Genomic Sequence

While we can think of a genome abstractly as a long string of bases, such an abstraction is
not very useful for thinking about its functional role in the cell. A better model might be
a series of beads on a string. Each bead represents a sequence feature, a short substring of
the genome to which we can ascribe some biological interpretation or function. Not every
base in a genome falls within the boundary of a feature; we will refer to those parts of a
sequence that form the “string” separating features as background sequence.

The sequence features we will consider fall broadly into three categories: genes, which
encode the active molecules that carry out the cell’s business; regulatory sites, which control

the behavior of genes; and repetitive elements.

Genes

Genes, the primary functional component of genomic sequence, encode instructions for
building other polymeric molecular species. A gene’s basic function is to have its DNA
sequence transcribed into a corresponding (single-stranded) polymer of RNA, or RiboNucleic
Acid. The sequence of an RNA molecule is identical to that of its originating gene, except
that T bases are mapped not to T but rather to a different base, U (for uracil). As shown in
Figure 1.1A, genes are transcribed by a large molecular complex called an RNA polymerase
that sequentially reads the DN A sequence and strings together free-floating RNA nucleotides
in the cell to reproduce that sequence as RNA.

Most genes produce messenger RNAs (mRNAs for short) that are destined to be trans-
lated into protein, a polymer over an alphabet of twenty amino acids. Translation into

protein is carried out by another large molecular complex, the ribosome. Unlike DNA-to-

1We ignore large-scale shuffling and duplication of blocks of the type considered in genome rearrangement.
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Figure 1.1: processing of genomic coding sequence into protein. (A) gene sequence is
transcribed by RNA polymerase (RNAp) to form pre-mRNA; (B) introns are spliced out
of pre-mRNA by spliceosome, producing a processed mRNA; (C) final mRNA is translated
by the ribosome to produce a protein, which folds into its active configuration. DNA and
protein are shown as solid lines; RNA, as dotted lines.



RNA transcription, which is a 1:1 mapping, translation maps successive groups of three
bases — called codons — to a single amino acid, as shown in Figure 1.1C. The latter mapping
is degenerate, with some amino acids encoded by as many as six different but synonymous
codons. The sequence of a protein determines its ultimate three-dimensional shape, which
in turn determines its activity in the cell.

Not every base of an mRNA is interpreted as coding for protein. The mRNA typically
starts well before its first codon and extends past its last codon. Within this sequence,
the coding region is delimited by the occurrence of particular codons, usually AU G at the
beginning and one of three stop codons at the end. Moreover, eukaryotic genes are frequently
discontiguous: they exist in the genome as a series of ezons that are separated by intervening
introns. The entire sequence of the gene, both introns and exons, is transcribed into a pre-
mRNA, after which the introns in the RNA are removed and the remaining exons joined
to form the processed mRNA as shown in Figure 1.1B. This process of mRNA splicing
is carried out by yet another large molecular complex, the spliceosome, which determines
where to cut the pre-mRNA by recognizing particular sequence patterns that serve as signals
for the splicing boundaries between intron and exon.

A few genes’ RNAs are never translated into protein; instead, they are biologically active
molecules by themselves. Such RNAs include the transfer RNAs (tRNAs for short), which
match specific amino acids to their RNA codons during translation, as well as various RNA
components of the ribosome and other molecular complexes in the cell. In rare cases, even
mRNAs can actually be reverse-transcribed back into the genome as DNA, littering the
genome with (generally nonfunctional) artifacts called processed pseudogenes.

Returning to the primary genomic DNA, it is clear that genes must be highly distinctive
sequence features. Coding exons in particular have a biased sequence composition com-
pared to the background sequence: their composition depends on the usage frequencies of
amino acids in proteins, and they cannot contain internal stop codons. Moreover, some
codons for a given amino acid are used much more often than others, further biasing the
observed composition. Most genes also exhibit a number of distinctive signal sequences,
including the aforementioned splicing signals at exon boundaries and signals that indicate

where the RNA polymerase should start and stop transcribing the gene. These distinctive



properties of genes are exploited by computational gene predictors, such as Green and Wil-
son’s GeneFinder [103] and Burge and Karlin’s GenScan [23], to identify genes in raw DNA
sequence.

Finally, we note that for all their functional importance, genes constitute only a small
part of the genomic sequence of higher eukaryotes. In particular, coding sequences make up
only about 1.4% of the human genome [101, Table 11].

Regulatory Sites

An organism does not use the product of every gene in its genome at all times or in all its
various tissues. For instance, every nucleated cell in the human body contains the gene for
making insulin, but (unfortunately for sufferers of type I diabetes) only a few cells in the
pancreas actually produce it. Similarly, the genes for proteins involved in cell division are
always present, but their products are only needed during the brief time in the cell cycle
when division actually occurs. Cells therefore have regulatory mechanisms for controlling
when and where genes are ezpressed to produce their products.

In this work, we focus on one particular form of regulation: control of gene transcription
by a class of proteins called transcription factors. These proteins adhere to genomic DNA
at binding sites, regions up to a few tens of bases in length that contain factor-specific signal
sequences. Transcription factors often bind at sites within a few hundred bases of the start
of a gene, its so-called promoter and enhancer regions, where they influence how frequently
the RNA polymerase complex initiates transcription of that gene. If a transcription factor
causes the gene to be expressed at a higher level, it is said to be an enhancer; if it causes a
lower level of expression, it is a repressor.

Transcription factors are often activated in response to changes in the cell’s environ-
ment, especially changes in the amounts of various chemicals (including other gene prod-
ucts) present. These proteins can therefore orchestrate the cell’s transcriptional response
to changing external conditions as well as carrying out “programs” such as cell division,
differentiation, or death in response to particular chemical signals. The exact mechanism

by which transcription factors transduce these changes varies. Many factors form (or block
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formation of) protein complexes that contact the RNA polymerase directly, increasing or
decreasing its affinity for binding to a gene’s promoter and initiating transcription [60,
Chapter 28]. Factors may also alter the conformation of the DNA to which they bind, again
changing the binding affinity of the polymerase [86, 87].

Multiple transcription factors can act on a single gene, in which case several different
binding sites may cluster near that gene. The factors’ actions are not necessarily indepen-
dent; in general, they may form a complex cis-regulatory logic that permits fine control over
when and how strongly a gene is expressed. At this time, few examples of cis-regulatory
logic have been worked out in detail; the work of Yuh et al. in sea urchin development {106]

illustrates the complexity possible in such logic.

Transcription factor binding sites, while clearly important as sequence features, are
unfortunately difficult to identify in raw genomic sequence. We know that sites are likely
to occur in clusters in the promoter regions of genes, typically within a few hundred to a
few thousand bases of the transcription start site. However, significant sites may be found
elsewhere, including the introns of genes [72] and locus control regions that may be ten
kilobases (ten thousand bases) or more away from the genes they regulate [35]. In general,
we cannot assume much a priori about what binding sites look like — their sequence patterns
are too dependent on the particular factor that they bind. Certain types of transcription
factor may require binding sites with known structure, such as a DNA palindrome for some

homodimeric factors, but such structures are far from universal.

Finally, we note that even if all the sites for a given transcription factor had identical
sequence (which is not the case), the sequence pattern is usually short enough that it may
occur purely by chance in the background sequence, at a place where no protein actually
binds. Programs to find new transcription factor binding sites in genomic sequence are
therefore challenged not only by a lack of identifying characteristics for these sites but also

by confusion between true binding sites and chance occurrences of their sequence patterns.



11

Repetitive Elements

Over 90% of the sequence in most bacterial genomes is part of a gene or a regulatory site,
but a full accounting of these features in the human genome, or even the genome of a fly or
worm, would still leave most of the sequence unexplained. Much of the noncoding sequence
in these organisms arises from a third kind of feature: repetitive elements, or repeats for
short.

A repetitive sequence or element is any DNA sequence that occurs multiple times (per-
haps with mutations) in a genome. Repetition is pervasive in the genomes of higher eu-
karyotes, and its causes are legion. We may broadly divide repetitive elements into duplica-
tions, including both functional (e.g. duplicate genes) and nonfunctional duplications, and
transposon-derived interspersed repeats.

Duplications are a mixed bag of features, probably arising from historical errors in
copying the genome. Tandem duplications occur when a piece of DNA is copied twice in a
row, perhaps as a result of “stuttering” or “skipping” by a DNA polymerase. They include
short tandem repeats, in which a pattern like “CAT” is copied anywhere from a few to a
few hundred times, as well as longer tandem repeats of just two or a few copies, each tens to
hundreds of bases in length. Larger, non-tandem duplications are also known. For example,
human chromosome 22 contains the LCR-22 repeat family {33], each copy of which is tens
of kilobases long, while human chromosome 21 is known to share duplicated regions of 50

to 100 kb with chromosomes 4, 7, 16, 20, and 22 [43].

Duplication events that include gene sequences are a source of pseudogenes, but they can
also create new active genes whose functions diverge from the originals. Some important
genes (both active and pseudo) arising from historical duplications include vertebrate T-
cell receptors [20] and MHC genes; in both of these gene families, historical duplication
followed by mutation created groups of diverse receptor molecules that let the immune
system recognize a wide variety of pathogens.

Interspersed repeats arise by a much different process than duplications. They are the
detritus of transposable elements, DNA sequences that propagate themselves autonomously

through the genome [90, 91]. These elements include the DNA transposons, which can
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excise and reinsert themselves into the genome directly, and the retrotransposons, which
copy themselves via an RNA intermediate using the enzyme reverse transcriptase. Most
interspersed repeats are “dead” transposable elements that either were truncated during

insertion into the genome or have been rendered inactive by mutations.

While there exist numerous families of transposable elements, we will mention only two
types of retrotransposon that are well-known from the human genome and are responsible for
most of the interspersed repeats found there. Long interspersed nuclear elements, or LINEs,
are retrotransposons several kilobases in length that replicate autonomously, producing their
own reverse transcriptase protein. LINE families occurring in human include the LINE1s
and the older LINE2s. The evolutionary origins of both families predate the mammalian
radiation, but only the LINE1 appears to have any active members remaining; the LINE2s
have all suffered fatal mutations. Each of the LINE families has a corresponding SINE
(short interspersed nuclear element) — a much shorter, non-autonomous element that uses
the LINE’s machinery to copy itself>. The human SINE corresponding to LINEL1 is the Alu,
easily the most prolific repeat in the human genome at hundreds of thousands of copies®.

The SINE corresponding to LINE? is the MIR element, inactive now that its LINE is dead.

Overall, repetitive elements, and interspersed repeats in particular, account for a large
part of the sequence of eukaryotic genomes — more than 40% of the noncoding sequence in
human [91]. Some of these repeats are recently copied and so are easy to identify, but older
repeats that have diverged by many mutations are more challenging. Today, the primary
strategy used to find interspersed repeats is first to locate several copies by their similarity
to each other, then to build a consensus sequence from these copies that can be used to
match other members of the same repeat family. Repeat finding tools, including Smit and
Green’s RepeatMasker [92] and Bedell, Korf, and Gish’s Maskeraid [13], use libraries of

standard repeat sequences constructed in this way.

5As Jonathan Swift observed: “So, naturalists observe, a flea / Has smaller fleas that on him prey; / And
these have smaller still to bite ’em; / And so proceed ad infinitum.”

5The mouse genome also contains LINE1, but the corresponding SINE there is the Bl element. Both Alu
and Bl are recent (< 100 million years diverged) descendents of the same ancestral RNA gene.
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1.3 Finding Sequence Features by Comparative Annotation

We now progress from describing the genome to the vital problem of annotation — how
to identify features in raw DNA sequence. This work concentrates on algorithms for the
comparative approach to annotation, which has substantial advantages over competing ap-
proaches in characterizing certain difficult-to-find features. In this section, we briefly outline
the principle of comparative annotation and describe a formal basis for comparing DNA se-
quences, then proceed to an example that motivates a more detailed discussion of the merits

and limitations of the comparative approach.

1.3.1 The Principle of Comparative Annotation

Comparative annotation identifies features on the basis of their conservation, or lack of
change, over evolutionary time. Although all DNA sequences are subject to mutation,
natural selection ensures that we observe today only those individuals whose ancestors’ re-
productive fitness was not limited by strongly deleterious mutations. Many mutations to
genes or regulatory elements can render them dysfunctional, causing the organism carrying
these mutations to die or to have fewer viable offspring. In contrast, mutations in nonfunc-
tional sequence can accumulate freely with no effect on reproductive fitness. We therefore
expect that the organisms we see today exhibit fewer mutations, or equivalently more con-
servation, in their functional sequences than in their background sequence. Similarly, many
mutations can inactivate a transposon, preventing it from copying itself; hence, the most
prolific interspersed repeats that we can see today were reproduced from transposons that
accumulated relatively few mutations.

We say that two sequences are similar if they have few differences between them. Because
sequence features are more strongly conserved than background sequence, two distinct copies
of a feature are more likely to remain similar over time. For example, a comparison of
sequences from two sufficiently diverged organisms, such as human and mouse, can pick
out features such as genes and regulatory regions because the features appear more similar
across organisms than the background. Similarly, a comparison between two sequences from

mouse can identify recently inserted repetitive elements by their high similarity compared
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to the background. Searching for similar sequences is a useful way to detect and

annotate biologically meaningful features in genomic DNA.

Alignment is a Quantitative Measure of Similarity

If we are to take advantage of sequence conservation to find biologically meaningful features,
we must define a precise, quantitative measure of similarity between sequences. Such a
measure follows from the idea of a sequence alignment.

Suppose that some ancestral DNA sequence sg evolves by mutation along two separate
lineages, creating present-day sequences s; and s;. If we knew the entire mutation history
of s; and sz, we could match up those bases in each sequence that derive (perhaps with
substitutions) from the same ancestral base of sg. Figure 1.2 shows such a matching, or
alignment, of two sequences, written as a series of columns in which bases deriving from the
same ancestor appear in the same column. If, as in this example, the sequences are subject to
indels, the alignment contains gaps (represented in the figure by columns containing dashes
“-?) where bases in one sequence do not correspond to any part of the other sequence.

The history of modern genomic sequence is unknown, so we cannot find a true alignment
as described above. However, we can plausibly guess at the true matching of bases by finding
a parsimonious alignment, i.e. one that explains the observed differences between sequences
using the minimum number of mutation events. Because different types of mutation occur
with different probabilities in nature, we evaluate an alignment not by strict parsimony but
by an alignment score function that assigns differing costs to substitutions and indels.

An alignment score function is a mapping F from sequence alignments A to real numbers
(in practice, to integers) that assigns higher scores to alignments requiring fewer or less
expensive mutations. A linear score function is computed as a sum over the columns of an
alignment of a column score function o(z,y), where z and y range over the characters of
sequence together with the gap character “-”. For example, a simple linear score function
would assign a bonus of +a for a match, a penalty of —b for a mismatch, and a larger
penalty —c for a gap. In practice, score functions are more often affine, penalizing gaps of

length £ with a penalty —cf — d. Affine score functions cannot in general be described as a
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A. ..ACGGGTGCCTATGA...
/ \
..ACGGaTGCACTAT*c... .A*GGGTGa*TAaGcC...

B. ..ACGGATGCATAT-C...
..A-GGGTG-ATAAGC...

1

Figure 1.2: example of a parsimonious alignment between two DNA sequences with a com-
mon ancestor. (A) the true history of each modern sequence: lower-case letters indicate
substitutions vs. the ancestral sequence, while underlined bases and “*” respectively indi-
cate insertions and deletions. (B) a parsimonious alignment of the modern sequences. Note
that the best alignment of the central part of the sequences is historically incorrect; the two
A bases in column nine (indicated by arrow) do not derive from the same ancestral base.
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simple sum of column scores but behave identically to linear score functions on alignments

without gaps.

We can now use alignment to define similarity precisely. Let s; and s; be sequences
as described above, and fix a score function . Let A be an optimal alignment (i.e. one
of maximum score) between the two sequences. Then the pairwise similarity of s; and
sz is defined to be F(.A). For both linear and affine alignment score functions, an optimal
alignment between two sequences can be computed using improved forms of the Needleman-
Wunsch dynamic programming algorithm [69] in time proportional to the product of the
sequence lengths. The optimal alignment score is thus a quantitative, as well as a biologically

plausible, measure of similarity.

The alignment-based notion of similarity has one major flaw for our purposes: it is
defined with respect to two complete sequences. In contrast, we have seen that long genomic
sequences usually consist of short, well-conserved features in a background that is either
wholly unrelated or so ill-conserved as to be unalignable. Because we are concerned only with
features, not with background sequence, our similarity measure should ideally ignore the
background sequence and measure only the similarity between features. Although we cannot
separate the features from the background a priori, we can use local alignment, in particular
the Smith-Waterman dynamic programming algorithm [94], to find the best-aligning pair
of substrings between two sequences. Because background sequences are unlikely to align
well, Smith-Waterman should exclude them from the optimal substring alignment, leaving

only the better-conserved features’ sequences to contribute to the alignment score.

Simplifications of the alignment score provide other computationally useful notions of
similarity. One common measure is percent identity, defined as the percentage of columns
in an optimal alignment that contain matching bases. This measure is typically applied to
ungapped alignments, in which indels are not allowed; for such alignments, the ungapped
identity score is equal to one minus the fraction of mismatched bases. We will make heavy

use of ungapped identity in developing our new annotation algorithms.
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1.3.2 An Ezample of Comparative Annotation

We now provide a concrete example to illustrate the utility of comparative annotation for
finding sequence features. Figure 1.3 compares human and mouse genomic sequence at the
Bruton’s tyrosine kinase (BTK) locus, a stretch of roughly 80 kilobases known to contain
several genes and studied in detail by Oeltjen et al.[72]. The human and murine lineages
diverged 80-100 million years ago, at the time of the mammalian radiation, so roughly 2 x 108
years separate the individuals from whom these sequences were taken. We have removed
Alus from the human sequence using RepeatMasker to eliminate (uninteresting) matches
between them and any mouse Bl repeats. The figure shows the sequence comparison in
the form of a dot plot. Diagonal lines on the plot represent ungapped alignments between
intervals of the two sequences; the extent of a line on the z and y axes respectively indicate
the aligned intervals in the human and mouse sequences. The alignments shown here were
produced by the LSH-ALL-PAIRS algorithm described in Chapter 2, using an empirically

derived similarity measure described in [85].

The great majority of the local alignments shown in the figure occur between correspond-
ing exons of four genes: FTP3, GLA (called AGS in mouse), L44L, and the BTK gene itself’.
These genes are quite well conserved (81-92% base identity between corresponding RNAs),
so it is not surprising that similarity search at this level found every known exon at the
locus. The observed high similarity between exons frequently extends well past their ends
into nearby intronic sequence. Some of these extended alignments probably reflect con-
served signals recognized by the mammalian splicing machinery. However, the BTK gene in
particular exhibits unusually large regions of similarity in its first, fourth, and fifth introns;
Oeltjen et al. found that parts of these intronic regions appear to function in regulating the
transcription of BTK. Other evidence of conservation in noncoding sequence includes sub-
stantial similarity in the promoter region of each gene, which includes stretches identifiable

as known transcription factor binding sites.

The BTK locus example demonstrates the utility of sequence comparison for discovering

"The BTK gene gives its name to the locus because it is medically important — a defective BTK causes
the immune disorder agammaglobulinemia. The locus was originally sequenced to study this gene.
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Figure 1.3: locations of significant local alignments between the human and mouse Bruton’s
tyrosine kinase (BTK) loci, shown in the form of a dot plot. Gapped alignments for this plot
were produced with the LSH-ALL-PAIRS algorithm of Chapter 2 with a human/mouse-specific
scoring function.
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meaningful sequence features. Using similarity between human and mouse, we identified
100% of the exons of all genes at the locus, as well as many intronic and promoter sequences
that are known or believed to function in gene regulation. Qutside the genes’ promoter
regions, one stretch of intergenic sequence — a region at around 5 kb in the human sequence
and 10 kb in the mouse — shows substantial (and to the best of our knowledge unexplained)
conservation; otherwise, little conservation is observed in the intergenic portions of the
sequence, which is consistent with our belief that these parts of the sequence share no

common function in human and mouse.

1.3.3 Strengths of Comparative Annotation

The comparative approach to annotation performed well on the BTK locus, but have we
made the annotation problem more difficult than needed? Certainly, this approach uses
very limited prior information about the features of interest, particularly genes. However,
comparative annotation’s limited information requirements are its great strength, allowing
this approach to find a wide variety of different genome features.

In the BTK example, we assumed only that the target features had a certain minimum
length, and that they were well-enough conserved to exhibit the kind of ungapped alignments
used to create the dot plot. Because we anticipated finding several genes at this locus, we
could have increased our certainty of finding them by using a more informed comparison
tool, such as blastx [5], that incorporates both a model of protein coding sequence and a
description, such as PAM [29] or BLOSUM [45], of how it evolves over time. Indeed, we
could have abandoned the comparative approach altogether by using a model-based gene
finder such as GenScan [23] or GeneFinder [103]. These tools identify sequences that match
a detailed probabilistic model of a gene, including both codon biases and signals such as
splice junctions and the TAT A box.

We chose a less informed search technique to analyze the BTK locus because we sought
not just genes but a variety of sequence features. Many of the features exposed by our
search were noncoding regulatory elements, for which we have no general model that could

form the basis of a more specific search tool, and one area of intergenic conservation that we
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found as yet has no explanation. The sensitivity of comparative annotation to some known
feature types, especially genes, cannot perhaps match that of more informed methods, but
neither is the comparative approach specific to any one class of well-characterized features.

The most appropriate uses of comparative annotation take advantage of its general-
ity and largely model-free nature. Besides the aforementioned task of finding regulatory

elements, some other applications that exploit these strengths include:

e finding repetitive elements: Well-studied repeats like the human Alu and LINE1 fam-
ilies can be found by their similarity to a library of consensus sequences, while pre-
viously unknown repeat families can be identified directly by their similarity to each
other. In principle, one could detect some types of repeats on the basis of known
structure, such as the short inverted repeat structure of DNA transposons or the long
terminal repeats of endogenous retroviruses. However, comparative annotation is the
preferred method for finding these features because the known structural signals in
inactive elements are rapidly obscured by random mutation, making them difficult to

recover.

Comparative annotation is particularly useful for “one-off” repeat finding, where the
cost of building a model is unlikely to be amortized across additional searches. For ex-
ample, the aforementioned LCR-22 chromosome-specific repeats are easily detectable
but are few in number and are unlikely to occur outside human chromosome 22. The

worm C. elegans has thousands of repeat families with similarly few members in each.

e finding features for which a suitable model-based tool is not readily available: Some
types of feature can be found by model-based tools in practice, but the investigator
simply may not have them in hand. In such cases, comparative annotation can often
substitute for the specialized tool. We encountered such a situation while comparing
the sequence of human chromosome 22 to itself [22]. Our analysis identified a number
of approximate tandem duplications hundreds of bases in length. Although specialized
tools exist for finding tandem duplications [83], we did not have them and, more

importantly, had not planned to look specifically for this feature before we found it.
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A comparative genomic approach may also be useful for finding pseudogene copies of
known genes, which may be ignored by ordinary gene finders because they contain

frameshift errors or internal stop codons.

Even active genes can sometimes be found more accurately with a little help from com-
parative annotation. Gene finders are prone to calling the extents of exons incorrectly,
especially when their splice signals are of an unusual type, such as GC rather than
G T for a splice donor site. One way to correct these mispredictions for coding exons
is to observe that the exon sequence is generally better conserved (especially when
translated to protein) than the intervening introns. Theoretical innovations such as
paired hidden Markov models [73], or simply weighting possible choices of intron-exon
boundaries by how well the exon sequences are conserved [12], can incorporate this

extra comparative information into a standard gene finder.

e discovering new and unezpected reasons for sequence conservation: Only a small frac-
tion of the noncoding similarities in BTK have actually been investigated experimen-
tally and shown to be regulatory elements. The remaining similarities, especially in
the intergenic regions, might conceivably have some other function entirely. Unlike
comparative annotation, model-specific tools perform poorly at finding novel feature

types that do not fit their models.

1.8.4 Limitations of Comparative Annotation

Comparative annotation is powerful because it relies on conservation alone to provide ev-
idence that a sequence has biological significance. One price paid for the comparative
approach’s generality is that it cannot interpret the evidence it finds and therefore can-
not distinguish interesting from uninteresting features. This lack of interpretation can be
ameliorated in various ways, such as masking known and uninteresting features from the
annotator’s input (as we removed SINES in the BTK example) or identifying and removing
known sequence features such as coding sequences from its output.

Comparative annotation is also limited by properties of real biosequences that are not

accounted for in its simple model of conserved features embedded in uniformly uninteresting
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background sequence. These limitations appear as a propensity to commit false positive
and false negative errors, that is, to detect similarity where no feature exists or, conversely,
to miss a feature whose sequence is insufficiently conserved. We now consider the causes of

these errors and whether and how they may be remedied.

False Positives due to High Background Similarity

Similarity in the absence of conserved features can arise if the sequences being compared
have not had sufficient time to diverge. Search algorithms must select a minimum degree
of similarity worth reporting; for example, our analysis of the BTK locus reported only
ungapped alignments above a certain length with at least 67% base identity. In choosing
this similarity threshold, any search algorithm runs the risk that, even in the absence of a
feature, the background portions of two closely related sequences may be similar enough to
pass the threshold.

High background similarity is a problem when search tools do not accurately model a
sequence’s rate of neutral mutation. Search algorithms choose a similarity threshold de-
termined by statistical considerations; in the BTK example, we chose the minimum length
and percent identity to report such that at most one similarity with these properties is ex-
pected to occur by chance alone in the entire input. Karlin-Altschul theory [54] provides a
basis for computing thresholds when more general score-based similarity measures are used.
Both ways of setting thresholds can in principle be modified to accommodate background
sequence at a known level of divergence: the probability that two bases match, or that they
achieve a particular score, can be estimated under the assumption that the sequences being
compared are homologous (that is, derived from a common ancestor) but have undergone
a given amount of neutral mutation. More commonly, however, estimates of significance
assume that the backgrounds being compared are infinitely diverged, so that the bases at
corresponding positions in two homologous background sequences are effectively indepen-
dent of each other. If this assumption fails, some apparently meaningful similarities may be
chance occurrences, not evidence of sequence features.

Ideally, search algorithms should always choose similarity thresholds based on accurately
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estimated neutral mutation rates. In practice, however, the historical rates of neutral mu-
tation between two organisms may be difficult to estimate. Published mutation rates are
often estimated from functionally important sequences, such as ribosomal RNA genes, that
evolve at rates much different from nonfunctional background sequence. Neutral mutation
rates can be estimated empirically from using sequence alignments [107], but a reliable es-
timate requires finding a representative set of homologous sequences that are believed not
to be under selective pressure.

If accurate mutation rates, and hence accurate significance thresholds, cannot practi-
cally be obtained for homologous background sequences, it seems safest to apply comparative
annotation to sequences from organisms for which the assumption of infinite background
divergence approximately holds, or to choose a conservative threshold well above the back-
ground rate of similarity. The lack of widespread intergenic similarities in the BTK example
suggests that 67% ungapped identity is a fairly safe threshold for human-mouse similarities,
but more compelling evidence of noncoding conservation could be provided by comparing,
e.g., human and fugu (both vertebrates, but 400 million years diverged), or even human and
sea urchin (from distinct but closely related phyla). In contrast, the suspicion of false posi-
tives would taint any computational comparison, however suggestive, between the genomes
of human and chimpanzee, which at roughly five million years’ divergence remain over 98%

identical.

False Positives due to Nonuniform Divergence

The previous discussion assumed that one could measure the rate of mutation for noncon-
served genomic sequence in an organism. However, the rate of mutation could potentially
be nonuniform even in background sequence, resulting in some background regions that
diverge more siowly than others. Such slowly diverging regions, though not under selective
pressure, could nonetheless be mistaken for conserved sequence features.

Nonuniform mutation in the absence of selective pressure has not been conclusively

demonstrated over long time scales, and its possible causes remain poorly understood®.

3In contrast, variation in, e.g., SNP frequency over short time scales is well known and can largely be
explained by differing rates of recombination across the genome [14].
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The primary causes of nonuniformity would likely be differing efficiency of mutation repair
and physical exposure of the DNA to mutation, but just how these forces act on any given
sequence is unclear. For example, the MIR repetitive element, present in numerous mam-
malian genomes, has been inactive since before the mammalian radiation, yet different parts
of the repeat have inexplicably diverged at different rates [93]. Proximity to a functional
feature might also affect the rate of divergence through some as yet unknown mechanism;
in particular, a source of ongoing controversy [55, 72] in human-mouse comparisons like the
BTK example is whether the majority of observed intronic similarities between these organ-
isms reflect conserved regulatory sites or merely some form of protection against mutations
in otherwise nonfunctional introns.

Although comparative annotation cannot easily separate sequence features from back-
ground regions of locally slow divergence, we take some consolation in the fact that the
latter may still be considered interesting, if only for investigating the causes of nonuniform

background mutation rates.

False Negatives due to Conservation of Function Without Conserved Sequence

Comparative annotation assumes that functional sequence features are conserved because
their precise genomic sequence is important to their function. However, there exist features
whose function is only weakly coupled to their genomic sequence. Such features are difficult

or impossible to find by looking for conservation at the genomic level.

Protein coding genes are a good example of features whose genomic sequence has the
potential to be only weakly conserved. Most amino acids can be encoded by any one of
several synonymous codons, so the coding sequence of a gene can change substantially — up
to 67% — without changing the encoded protein. Third base positions of codons are under
particularly weak selective pressure — almost like background sequence — while synonymous
changes in the second base position are common between organisms with different codon
usage biases. The possibility of synonymous change suggests that similarity searches at the
protein level, using tools like blastx, will likely be more sensitive than genomic sequence

comparison for finding coding sequences.
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A protein can remain functional even if its amino acid sequence changes, so long as
its 3D structure is preserved. Over long periods, such as the divergence times between
families of bacteria, the most effective way to identify a possible coding sequence may
be to check not whether its sequence is recognizable but whether its product folds into a
recognizable structure [18]. In some features, particularly RNA genes, neither structural nor
sequence-based signals may be sufficiently conserved to provide strong evidence of functional
conservation {80].

Although comparative annotation of genomic DNA is often effective for finding coding
sequences in practice, as in the BTK example, the strong potential for false negatives when
finding such features suggests that this approach is better suited to other applications. In
particular, the comparative approach seems most appropriate for finding either regulatory
regions such as transcription factor binding sites, whose function is closely tied to their
genomic sequence, or recently duplicated features whose sequences have not had sufficient

time to diverge.

1.4 The Sensitivity-Complexity Tradeoff

We have described several limitations of comparative annotation, all of which arise from
fundamental problems with genomic sequence data: the background rate of neutral mutation
is generally unknown; some background regions might mutate more slowly than others; and
not all interesting features are well conserved at the genomic level. We accept or work
around these limitations because the comparative approach excels as an easy technique for
finding unknown or poorly modeled types of feature. However, there remains one major
limitation to address: the high computational cost of comparative annotation.

The similarity search algorithms at the heart of comparative annotation, such as the
Smith-Waterman algorithm, are designed for high sensitivity. Unfortunately, these methods
also have high asymptotic complexity (with nontrivial constant factors) in the size of their
input sequences. Smith-Waterman, for example, requires time proportional to the product
of its input sequence lengths; search tools that use this algorithm directly [50] are practically

limited to comparing only a few megabases (millions of bases) of sequence. Even more costly
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are multiple alignment algorithms designed to find similarities in three or more sequences
at once. Finding an optimal multiple alignment under a variety of scoring criteria, even in
a gap-free mutation model, is known to be NP-hard [3], so the known exact algorithms for
this problem scale exponentially in the size of their input.

The cost of highly sensitive alignment algorithms like Smith-Waterman seems unlikely to
be significantly improved. For example, the largest speedup of the basic Smith-Waterman
algorithm in the last thirty years improves its asymptotic running time by only a logarithmic
factor [8]. Moreover, this algorithm runs in essentially the same time regardless of whether
the input contains many or just a few significant similarities. Given today’s immense growth
in the amount of genomic sequence to be annotated and the observed sparsity of functional
features in the genomes of higher eukaryotes, it seems desirable to develop similarity search
algorithms whose cost is more sensitive to the (small) number of meaningful similarities in
a sequence than to its (large) total size. We now turn to a class of methods with just this
property: the filtering heuristics. These techniques greatly reduce search costs on average

for real genomic sequences, at the price of limiting the search’s sensitivity.

1.4.1 Reducing Complezity with Filtering Heuristics

The goal of filtering heuristics is to reduce the effective input size of expensive similarity
search algorithms. The heuristics rapidly filter out all but those portions of the input
sequences that are likely to contain an interesting similarity, producing a search problem only
a fraction of the size of the original. Because the cost of algorithms like Smith-Waterman
scales superlinearly with input size, reducing the effective problem size through filtration
can dramatically speed up similarity search.

A simple but widely used filtering heuristic exploits the presence of word matches, or runs
of matching bases, in an alignment. The general form of the heuristic is: when searching
for similarities between two sequences, apply the full Smith-Waterman algorithm only to
portions of the sequences that contain a sufficiently long word match. We ignore for now
the question of how to apply Smith-Waterman only to parts of the sequences and focus

instead on the behavior of the word match heuristic, which is parameterized by a minimum
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threshold match length.

The word match filtering heuristic is appealing for two reasons. First, word matches,
unlike more general similarities, are easy to find efficiently. Specifically, all the word matches
above some threshold length can be enumerated in time proportional to their number plus
the total length of the sequences being compared®. If the number of matches is small,
this bound compares quite favorably with dynamic programming approaches that require
time quadratic in the sequence length. Algorithmic techniques that achieve the linear cost
bound for finding word matches include hashing, as used by e.g. NCBI’s blastn, and suffix
trees [42, Chapter 5], used in e.g. the MUMmer software of Delcher et al. [30].

Second, we can show that, given an appropriate choice of match length, the word match
heuristic finds all alignments above a certain similarity threshold. The following lemma is
drawn from [77] but was known long before it:

Lemma 1.1 (Pevzner and Waterman, 1995) Suppose two sequences have a pairwise
local alignment of length at least ¢ (i.e., containing at least £ columns) with mutations

(substitutions or indels) in at most d columns. Then the alignment contains a word match

7l

Proof: The alignment contains at least £ — d matching positions, divided into at most d+1

of length at least

segments (some possibly of zero length) by intervening mutations. The average segment

length is therefore at least
£—d
d+1°

Hence, there exists a segment with no mutations of length at least

[fi;ﬂ - ldi 1J

which is the claimed word match. |

9The key property of word matches that makes them efficient is that equality of strings is an equivalence
relation. Finding all word matches of a given length k is therefore the same as computing equivalence
classes on the set of all length-k substrings of the input.
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Corollary 1.2 Finding every word match of length at least [£/(d + 1)]| will identify the
locations of all alignments of length at least £ and percent identity at least 100(¢ — d)/¢.

The word match filtering heuristic uses an inexpensive preprocessing step to limit the
application of the quadratic Smith-Waterman algorithm to regions of the input sequences
that are provably “promising.” In practical similarity search problems, interesting features
rarely make up more than a small fraction of the total sequence length, so the total length
of all truly significant sequences should be quite small compared to the the original input
size. The cost of the algorithm is therefore largely determined by how specific the heuristic
is, i.e. how much of the promising sequence is actually part of a significant similarity. We
estimate this cost by asking, given a sequence model that looks approximately like real
genomic DNA, how likely is a word match in the absence of a significant alignment?

For a rough estimate of the rate of word matches occurring by chance alone, assume that
the sequences being compared are i.i.d. random with equal base frequencies. Then, for two
sequences of length N, the expected number m of word matches between them of length &
is given by

E[m] = G)k(z\r—kﬂ)?. (11)

If, as in some similarity search tools, we do not fix a length but rather count non-overlapping
mazimal word matches, the expected number of matches remains about the same. A word
match is maximal if it cannot be extended in either direction, that is, if (ignoring end-
of-sequence effects) it is bounded by a mismatch on each side. The expected number of
maximal matches of length at least k is therefore at least
=21\ /3?2 :
> (1) () w-i-v?
which for large NV is about 3/4 of the total number of k-mers. This estimate extends
straightforwardly to i.i.d. sequence with more realistic unequal base frequencies: simply
replace 1/4 and 3/4 in the above formulas by ¢ and 1 — ¢, where ¢ is the probability that
two randomly chosen bases match each other.

Given the provable bound on sensitivity and the estimated specificity of the word match

filtering heuristic, we can plot the tradeoff between them. Figure 1.4 shows how specificity,
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Figure 1.4: sensitivity and specificity of exact word matches, computed using the worst-
case sensitivity estimate of Lemma 1.1 and the estimated specificity of Equation (1.1). The
number of chance matches is given as a fraction of the sequence length N2. Values were
computed assuming an alignment of length £ = 100.

as measured by the number of chance matches, degrades as projected sensitivity increases.
At high levels of similarity, say 90%, the tradeoff permits relatively long match lengths
and proves advantageous. As the threshold level of similarity decreases, or equivalently as
sensitivity increases, specificity becomes so poor that the search spends most of its time
chasing false leads and becomes computationally impractical. Thus, the specificity of
the search heuristic limits the sensitivity that can be achieved at reasonable
cost. Just where the limit falls depends on the cost of checking and discarding false pos-
itive matches, but it is clear that, for example, this heuristic is inappropriate for finding
alignments with 67% identity — doing so would require checking all word matches of size

two, which requires essentially N2 pairwise comparisons.
) y P

The above heuristic is only one of numerous tricks used to trade off sensitivity for ef-

ficiency in similarity search, and indeed only one of several different ways to exploit word
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matches for this purpose. Practical search tools like BLAST use word match lengths larger
than the bound specified by Lemma 1.1, which are not guaranteed to find every desired align-
ment but do find most of the interesting ones in practice with a much lower rate of false
positive word matc'hes. The search heuristic can also be improved by choosing more specific
“fingerprints” of similarity than word matches; advanced fingerprinting techniques include
the Chang-Lawler algorithm {25] and Pevzner and Waterman’s multiple filtration [77]. We

will have more to say about these alternate approaches in the next chapter, when we intro-

duce our own randomized fingerprinting scheme.

1.4.2 Significance of the Thesis Revisited

Armed with some perspective on genome annotation, we now revisit the significance of this
work. Comparative annotation is a powerful approach to finding features in genomic DNA,
but the most sensitive algorithms for similarity search are too expensive to work on long
sequences or large multiple alignments. Previous computational work includes a number of
ways to trade off some of the sensitivity of similarity search for increased specificity, and
hence increased efficiency, making large-scale comparative annotation practical.

In this work, we explore a new space of computational tradeoffs for similarity search,
using the randomized technique of random projection. Like the above heuristics, random
projection sacrifices some sensitivity for the sake of efficiency. However, the new tradeoff has
some interesting properties: we can formally analyze and control how sensitivity degrades, in
a manner similar to the inefficient heuristic of Lemma 1.1 and more complex fingerprinting
schemes, while achieving a practical sensitivity/efficiency tradeoff closer to that of BLAST-
like heuristics even when pursuing relatively low levels of similarity. Also, because random
projection eschews the use of word matches, we remove a bias present in nearly all tools in
wide use today'?, enabling us to find features that these tools miss. These new properties
of our method extend, in somewhat altered form, to multiple alignment as well.

As we apply random projection to annotation, we will avoid the well-studied problem

of comparing an essentially constant-sized query sequence to a large corpus, in the style of

10while, of course, introducing our own distinct bias



31

blastn. The cost of such comparisons scales linearly with corpus size, and the constant
can be made extremely small by clever O(1) query preprocessing (see, e.g-, [9]) or hardware
assistance [88, 74] with minimal loss of sensitivity. Instead, we concentrate on two impor-
tant annotation problems whose quadratic or worse asymptotic cost makes an efficient yet
sensitive search more challenging: finding all significant pairwise local alignments between
very long sequences, and finding regulatory motifs by multiple local alignment. Besides
being computationally more difficult, these problems are particularly germane at a time
when biology is pursuing the comprehension of entire genomes, and noncoding regions in
particular, through comparative annotation using sequence from an increasing number of
organisms.

Before proceeding, it is worth considering whether existing, highly efficient annotation
methods are already sensitive enough. In particular, one might object that comparative
annotation today is already identifying more potential genome features than can reasonably
be verified and studied in the lab. Our answer to this objection is two-fold. First, the ongoing
effort to explain the 97% of the human genome that is not part of some gene suggests that
increased sensitivity remains a biologically interesting goal. In particular, each new, more
informed release of the RepeatMasker software seems to explain a slightly greater fraction
of the genome as ancient interspersed repeats. Generalizing from this example, the fact
that a sequence can be explained as an instance of a known feature means that, even if we
decline to pursue any similarities between two unrecognized sequences, it is always worth
producing algorithms that are more adept at matching long unknown sequences to a large
database of known features.

Second, significant similarity is useful as evidence that a particular genomic sequence is
worthy of further study. In annotating an entire genome, we are compiling reference mate-
rials for biologists who will ultimately decide which regions to study in depth. We cannot
predict which criteria these investigators will use to decide between interesting regions, but
we can state that, given the huge and growing volume of genomic sequence being stud-
ied, a region that contains no annotation seems unlikely to receive much further attention.
Large-scale genomic sequence analysis therefore demands that annotation algorithms be-

come more sensitive, trying their hardest to find whatever biologically meaningful features
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can be found. To do otherwise potentially robs the investigator of the information necessary

to guide future laboratory work.
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Chapter 2

THE ALL-PAIRS LOCAL ALIGNMENT PROBLEM

We first apply random projection to the problem of finding interesting pairwise local
alignments between substrings of two or more long DNA sequences. This problem abstracts
a number of important annotation tasks based on pairwise sequence comparison. In this
chapter, we develop a randomized pairwise alignment algorithm, LSH-ALL-PAIRS, that is
both efficient and sensitive to biologically meaningful similarities that might otherwise be

missed by standard annotation tools.

2.1 Problem Definition
The general all-pairs local alignment problem is formally stated as follows:

Problem 2.1 Let C = {si, s2,...} be a collection of DNA sequences of total length N
bases; let F be an alignment scoring function; and let § be a fixed score threshold. Find
every pair of substrings (s1, s2) of any sequences in C such that an optimal alignment A of

s1 with s has score F(A) > 6.

This formulation makes precise our intent from the previous chapter. The problem as
stated permits arbitrary overlap and even containment between reported similarities; how-
ever, practical search tools avoid reporting trivial variations or subalignments of the same
similarity by limiting the degree of permitted overlap. We do not include such restrictions
in the problem definition because they vary between implementations and because they are
usually enforced only after the core filtering algorithm.

All-pairs local alignment abstracts a variety of practical annotation problems. Below,
we describe some specific variants of Problem 2.1 and illustrate the range of typical input
sizes N. In all of these variants, the score threshold @ is determined by considerations of

statistical significance, such as Karlin-Altschul theory [54].



® comparing genome fragments across organisms: The BTK example from the previ-
ous chapter illustrates a common restriction of the general all-pairs problem. We are
given a collection of two or more sequences and wish to find all high-scoring local align-
ments between substrings of distinct sequences (in this case sequences from distinct

organisms) in the collection.

Large-scale sequence comparisons between organisms are useful for finding features
that are orthologous (derived from the same sequence in the organisms’ common an-
cestor), and to elucidate the history of genome rearrangements since two organisms
diverged. In the case of BTK, the genes with greatest pairwise similarity occur in
the same order in human and mouse, so the sequence at this locus appears to have
undergone no major rearrangement since human and mouse diverged. Conserved gene
order is interesting because it provides evidence that similar pairs of genes at a lo-
cus are indeed evolutionary orthologs, while disruptions of gene order are useful as
evidence that an organism’s genome has been rearranged over time. Delcher et al.’s
MUMmer [30] is one tool that uses all-pairs local alignment as a way to visualize

genome rearrangements.

Typical problem sizes for cross-organism comparisons range from N = 10° to 108
bases for comparisons of long homologous regions (though contiguous homologous
segments of more than ten megabases are known between mouse and human) to around
107 bases to visualize rearrangements between related bacterial or archaeal genomes.
Future comparisons between substantial parts of two eukaryotic genomes may run to

108 bases or more.

e finding novel repetitive elements: Similar sequences that result from duplications
within one organism are said to be paralogous. In particular, interspersed repeat
families are paralogous groups of features arising from duplications of an ancestral
transposon. Finding and cataloging novel families of repeats is important both to
study their biology and to identify and remove them from comparisons where they are

of no interest.
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Unlike cross-organism comparison, repeat finding imposes no limit on which pairs
of substrings from the input may yield interesting similarities, so the most general
formulation of all-pairs local alignment applies. The frequency of repetitive elements
determines the amount of sequence in which they must be found. 100 kb of human
sequence would probably suffice to obtain a good sample of Alu elements, but for rarer
repeat families such as the endogenous retroviruses, more typical problem sizes are
N = 10% to 10® bases. Finding repeats across an entire genome is reasonable if the
repeats are not too numerous, or to visualize large-scale duplications as are found in

Arabidopsis [7]. For such problems, N might be 108 to 10° bases.

e annotaling a long sequence using a database: This restriction of all-pairs local align-
ment is similar to the classic BLAST-style search: find all significant local alignments
between a single query sequence and any of the sequences in a database. The problem
becomes computationally more challenging if we allow a very long query sequence,

perhaps as long as an entire genome.

Two common examples of annotating long sequences from a database are repeat iden-
tification, as performed by RepeatMasker, and EST matching. In the latter problem,
the goal is to find genes by their similarity to ezpressed sequence tags (ESTs) — known
exonic DNA sequences derived by sequencing expressed mRNAs [1]. Repeat masking
and EST matching use databases of very different sizes. RepeatMasker’s library of
consensus sequences for known human repeats is around 10° bases!; in contrast, the

GbEST database? is closer to 1010 bases.

e assembling overlapping sequences: In this application, the input is a collection of short
sequences, often individual reads of 500-700 bases from a DNA sequencing machine, all
of which occur as substrings of one long sequence. The goal is to discover all overlaps
between pairs of substrings. Given this set of overlaps, an assembly algorithm [40, 49,

101] attempts to reconstruct the original long sequence from its fragments.

tas of version 4-4-2000
2as of GenBank Release 123
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Typical assembly problems include reassembly after shotgun sequencing, in which a
long sequence is deliberately shredded to accommodate the size limitations of labo-
ratory sequencing procedures, and EST assembly, which tries to reconstruct genes’
exonic sequences from fragments obtained while building an EST library. While the
sizes of these problems can be quite daunting — 10° to 10'® bases for a human-sized
whole-genome shotgun assembly - finding overlaps is quite easy because the overlap-
ping parts of the sequences are identical copies except for a small number of polymor-

phisms and experimentally introduced sequencing errors.

2.2 A Brief Survey of Filtering Strategies

All-pairs local alignment must be able to find similarities efficiently in millions, even bil-
lions, of bases of sequence. Unfortunately, searching such large sequences using the Smith-
Waterman algorithm is cost-prohibitive: for inputs of size N, the cost is ©(IN2) (with a
nontrivial constant) regardless of how many significant similarities are actually present.
This high cost motivates the use of filtering strategies to reduce the effective problem size
to manageable levels when the actual number of significant similarities is small. We men-
tioned several such techniques in Section 1.4.1; here, we review them in more detail. All the
methods described share one key property: their performance scales well with the problem

size N for high similarity thresholds # but rapidly worsens as the threshold decreases.

2.2.1 Measuring a Filter’s Performance

Similarity search with filtering consists of three major tasks: filtering the initial search
space by identifying candidate pairs of short (usually constant-length) substrings, each of
which may indicate the presence of a significant similarity; checking each candidate sub-
string pair to determine whether a similarity does indeed occur there; and finally, enu-
merating the similarities found. If the filter is effective and similarities occur only rarely,
the number of candidate pairs will be orders of magnitude less than N2, eliminating nearly
all of the cost of applying an expensive checking algorithm like Smith-Waterman to the
full-length input sequences.
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It is critical to note that filtering does not improve a search algorithm’s asymptotic worst-
case complexity. For all the filters described in this work, an adversarial input (e.g., a string
composed entirely of A’s) can always force the number of candidate pairs, and therefore
the running time, to ©(IN2). Filtering algorithms seek only to reduce the quadratic cost
of similarity search by a (large) constant factor, and only for a model of input sequence
that is similar to the genomic sequences observed in practice. Filtering may be considered
practically successful so long as it reduces the computational cost of all-pairs local alignment
enough to make feasible problems of size 106 to 10'° bases - the size range of the applications

described above.

The string matching literature measures the performance of filtering strategies under
a simplified model that makes formal analysis tractable. A filter’s primary performance
metric is the expected number of spurious candidate pairs it produces, that is, the number
of candidates that occur by chance in the absence of a significant similarity. The emphasis
on spurious candidates is consistent with a belief that true similarities are rare, or at least
that no algorithmic tricks can reduce running time when they are not rare. Performance
analysis often neglects the cost of producing candidates in the first place. Ignoring this
cost is asymptotically justified because it is usually O(NpolylogN), while the number of
candidates is ©(IN2). Even so, the method used to generate candidates can still have a large

impact on the algorithm’s constant factor at smaller problem sizes.

The expected number of spurious candidate pairs is estimated assuming a background
sequence composed of i.i.d. random bases. Real DNA sequence has inter-base correlations
that are more accurately captured by a Markov model, but the i.i.d. assumption makes
analysis much more tractable and still gives order-of-magnitude correct cost estimates for
many filtering strategies. The base composition of the background sequence is sometimes
fixed at equal frequencies for the four bases. While a uniform distribution simplifies analysis,
base frequencies in real genomic DNA may be highly nonuniform, varying both between
organisms and within a single genome. If possible, performance analysis should account for

nonuniform base composition.
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2.2.2 Word Match Filtering

The ezact or word match filtering heuristic, introduced as an example in Chapter 1, declares
two substrings to be a candidate pair if they have length above some threshold k£ and match
exactly. Such matches are sometimes referred to as k-mer matches, a k-mer being a string
of k bases®. Word match filtering is the most popular filtering technique in use today.

Lemma 1.1 gives a lower bound on the word length k that is guaranteed to produce
a candidate wherever a region of sufficiently high similarity occurs. Unfortunately, this
bound is tight, and the word lengths it implies for even moderately low levels of similarity
are considered too expensive for practical use. For example, to obtain all alignments with at
least 80% identity, & = 4; the expected number of spurious candidates is roughly 4-%¥N?, so
about 0.4% of all tetramer pairs in the input are candidates. For N = 106 bases — a relatively
small problem — this estimate implies four billion spurious candidates. 4 x 10° is less than
the full quadratic cost N? = 102, but checking each candidate pair is substantially more
expensive than filling in a single cell of a Smith-Waterman matrix. Such a large number
of false candidates therefore implies a runtime cost not much better than that of the full
dynamic programming algorithm.

Word match filtering can be made much more efficient if we are willing to sacrifice the
formal guarantee of finding every desired similarity. Biosequence similarities rarely attain
the worst case predicted by the lemma; indeed, the worst case occurs only if mutations are
equally spaced along the length of the alignment . The common case is more favorable
because only the longest word match in a similarity need exceed the threshold k. Figure 2.1
illustrates the expected length of this longest word for various similarity lengths at 80% base
identity, assuming that the 20% of mutated bases in each similarity are chosen uniformly at
random without replacement. A 100-column alignment with 80% identity has an average
longest word match of about fifteen bases, implying less than 1000 spurious similarities when
N = 10%. Moreover, long conserved features frequently have short regions that are better

conserved than average and may therefore contain a longer-than-expected word match.

3Standard terminology for short k-mers uses Greek prefixes, i.e. monomer, dimer, trimer, tetramer, etc.

‘Even so, at least one published filtration algorithm, that of Baeza-Yates and Perleberg, uses worst-case
word lengths [10].
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Perhaps the most widely used similarity search tool based on word match filtering is
NCBI BLAST [5], whose blastn program uses 11-mer candidate pairs. Other local align-
ment search tools using variations on word matching include Gish’s WU-BLAST (4] and
Pearson and Lipman’s FASTA [75] — both, like NCBI BLAST, designed to compare a short
query against a long corpus — as well as all-pairs tools such as Green’s CrossMatch [40]
(the search engine behind RepeatMasker), Batzoglou et al.’s GLASS [12], and the blastz
algorithm of Schwartz et al.’s PipMaker [85]. In all of these tools, candidate pairs are
found (without explicit enumeration) by a linear- or N log N-time method such as hash-
ing or constructing a sorted suffix array, while checking is implemented by some variant of
Smith-Waterman.

Word match filtering with much greater than worst-case word lengths is both sensitive
and efficient at levels of similarity above about 80%. It is the method of choice for detecting
overlaps in assembly problems, where overlapping fragments, even with sequencing errors,
commonly have identities above 95%. However, the tradeoff of word length against sensi-
tivity rapidly becomes less favorable as the number of mutations approaches one-third of
the alignment length. As Figure 2.1 shows, the longest word match in a 100-base alignment
with 67% identity averages less than ten bases, compared to fifteen bases at 80% identity.
A highly sensitive search, like that used for ancient LINE elements in RepeatMasker, might
require a word length of eight bases or less. Moving from fourteen- to eight-base words

increases the rate of spurious candidates more than 4000x.

2.2.83 Fazclusion Methods

Although word match filtering is the most popular technique for accelerating local align-
ment, its sensitivity to similarities is closely tied to how their mutations are distributed.
Lemma 1.1 provides the method’s only formal guarantee of sensitivity, and that only for
impractically short word lengths. Several more elaborate filtering strategies, collectively
known as ezclusion methods, provably find all similarities above a given threshold while
maintaining a lower rate of spurious candidates than that implied by the lemma.

Exclusion methods in the literature are formulated to solve the following problem:
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Problem 2.2 Let C be a corpus of sequences, and let P be a pattern sequence. Find all

substrings of C that match P to within at most d mutations (alternatively, d substitutions).

As in BLAST, the pattern P is assumed to be 2 short sequence, while the corpus can be
of arbitrary length. Every reported match must utilize the entire pattern sequence. In
contrast, the all-pairs problem, which we reformulate below to use the exclusion algorithms’

restricted notion of similarity, specifies no fixed pattern:

Problem 2.3 Let C be a corpus of sequences. Find all pairs of substrings in C such that
both members have length at least £ and match to within at most d mutations (alternatively,

d substitutions).

Any solution to Problem 2.2 can naively be adapted to the all-pairs problem by taking
every {-mer of C in turn as the pattern string and solving |C| pattern matching problems.
Unfortunately, exclusion methods typically perform a linear-time filtering pass over the
corpus for each pattern, so the naive all-pairs solution, which performs |C| such passes,
spends quadratic time in producing candidates even before checking them?.

Some of the most efficient exclusion methods depend inherently on having a fixed pattern,
making them difficult to extend to the all-pairs problem other than by the naive solution.
For example, Myers’ method [67] attains higher performance than most exclusion methods
by first finding approximate matches to substrings of P that are logarithmic in the corpus
length, then progressively extending these matches to encompass the full pattern. Each
extension phase doubles the match length and discards any matches that cannot be extended
without incurring more than d mutations. One might expect that a match would have to
be extended both to the left and to the right to avoid missing any similarities; however,
Myers exploits the fact that the position of each match in the pattern is known to extend

a match either left or right but not both, thereby eliminating redundant extensions and

5We can reduce the number of passes without sacrificing correctness by the following prefiltering scheme:

for some r > 1, divide the corpus into r|C| /€ non-overlapping regions of length ¢/r; solve Problem 2.2
using the original threshold d and each region as the pattern; and finally, test only those é-mers that
overlap a region with at least one match. This scheme reduces the initial number of passes by a factor
of ¢/r, but whether it is practically useful depends on how many spurious £/r-mer matches are produced
after the initial passes.
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achieving higher efficiency. If, as in the all-pairs problem, the boundaries of the pattern are
unknown, this strategy fails. Automaton-based exclusion methods like that of Baeza-Yates
and Navarro [9] do not extend well to the all-pairs problem either, simply because the size of
the automaton used to filter the corpus quickly becomes prohibitive. Other methods, such
as the Chang-Lawler algorithm, do have nontrivial all-pairs extensions (see Appendix A for
details), but the performance of such extensions in practice is at best uncertain because the
extended algorithm may generate many more spurious candidates than the naive all-pairs
extension.

One exclusion algorithm that does extend well to the all-pairs problem is Pevzner and
Waterman’s ungapped double filtration scheme [77]. This method improves on the basic
word match filter of Lemma 1.1 by introducing a second kind of match, the gapped k-tuple
match. A gapped k-tuple is simply a set of k sequence positions with a fixed spacing (called
the gapsize) between them. For example, the sequences “ACAGGTA” and “AGACGAG”
exhibit a gapped 3-tuple match with gapsize 2, namely the set of positions {1,3,5}. It can
be shown (see Appendix B) that an ungapped alignment with sufficiently few substitutions
contains both a long word match and a long gapped tuple match. The tuples in a sequence,
like its component words, can easily be tabulated by hashing, so it is straightforward to
restrict the set of candidate pairs to substrings in which a word match and a tuple match
occur together. Using two simultaneous filtering criteria reduces the number of candidates
and therefore improves overall search efficiency.

Unfortunately, the performance of most exclusion methods, including double filtration,
rapidly decays as the user’s similarity threshold decreases. The rate of decay is substan-
tially worse than practical word match filtering. Consider, for example, the aforementioned
problem of finding a match to a pattern of length 100 with at least 67% identity. By even a
conservative estimate, Chang-Lawler is expected to pass at least 10% of all corpus regions
through to checking, and the actual fraction is likely much higher. Double filtration’s per-
formance decays equally badly: the word length and tuple length bounds at 67% identity
are both two bases, and the expected number of spurious candidates approaches the N/16
expected from word matching alone. Even worse, the initial filtering phase of double filtra-

tion must process about N/16 word matches just to find the candidate set. The all-pairs
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equivalents of these algorithms perform little better at 67% identity than simply checking
every pair of ¢-mers in the input.

Why does exclusion algorithms’ performance decay so rapidly at low levels of similarity?
The fundamental problem is the same as that seen in Lemma 1.1: the filtering criteria on
which the algorithms depend are strong at high levels of similarity but become unusably
weak by the time identity falls to 67%. This unfortunate property seems to hold for every
known deterministic filtering criterion; practical word match filtering gets around it only
by providing no formal guarantee of sensitivity. An analogous issue is the (somewhat amor-
phous) “curse of dimensionality” in computational geometry: as the problem dimension
increases, a point’s neighborhood becomes exponentially larger, and algorithms for locating
points (e.g. nearest-neighbor) must sift through exponentially more space to find them.
Empirically, deterministic point-location algorithms tend to scale badly with dimension.

In sequence alignment, the problem “dimension” is the similarity threshold. Algorithms
for Problem 2.2 search for sequences within a fixed Hamming distance of a query sequence.
As the distance bound d increases, the d-neighborhood of a sequence in Hamming space
also increases exponentially in size. Just as in geometry, deterministic similarity search

algorithms empirically appear to scale badly as the dimension increases.

2.3 Filtering by Random Projection

Thus far, we have seen two kinds of filtering scheme: deterministic and heuristic. The
deterministic exclusion algorithms of Section 2.2.3 are designed to have 100% guaranteed
sensitivity to similarities above a user-specified threshold, but they do not scale well to
large all-pairs problems at low but practically interesting identity thresholds of 65-70%.
Practical word matching is much more efficient in practice, but its sensitivity depends in
an uncontrolled way on the distribution of mutations in the similarities of interest, and its
efficiency or sensitivity also decays substantially for similarities around 67% identity.

We now introduce a third option for similarity search: randomized filtering. Like practi-
cal word matching, randomized filtering makes no guarantee of finding all similarities above

a given threshold. However, it does guarantee its sensitivity in ezpectation, regardless of
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how mutations are arranged in a similarity. By relaxing the deterministic guarantee of
most exclusion algorithms in a controlled way, randomized filtering reduces its rate of per-
formance decay with decreasing similarity, outperforming methods like double filtration at
low similarity rates. Moreover, by using a filtering criterion that does not depend on word
matches, randomized filtering becomes sensitive to significant similarities that are difficult
to detect at the word lengths used by BLAST and other existing tools.

The basic technique we will describe, like double filtration, is restricted to finding un-

gapped alignments. The precise problem to be solved is the following:

Problem 2.4 Let C be a corpus of sequences. Find all pairs of substrings in C of common

length ¢ that match (without gaps) to within at most d substitutions.

Below, we first describe our core filtering technique, random projection of strings, then show
how to build an algorithm, LSH-ALL-PAIRS, for all-pairs alignment using this filter. Using
LSH-ALL-PAIRS efficiently requires setting certain parameters correctly, so we next analyze
how best to parameterize the algorithm. Finally, we discuss additional details required to
produce an efficient implementation and to heuristically extend the core, ungapped algo-

rithm to produce gapped alignments.

2.8.1 The Filter

Consider two strings s; and s; of common length £ over an alphabet ¥. Fix d < {; we say
that s; and s are d-similar if they differ by at most d substitutions.

To detect d-similarity between s; and s2, we construct the following randomized filter.
Choose k indices i; ...4%; uniformly at random from the set {1...£}; for ease of analysis,
assume that the indices are sampled with replacement, so that an index can be chosen

multiple times. Define the function f : £¢ — ¥ by

f(s) = (s[":I]’ S[iz], EER s[ik]) .

The function f is called a projection function. It concatenates characters from at most &
distinct positions of s to form a k-mer, the projection of s onto {i;...4}. Formally, f is a

projection from an ¢-dimensional generalized Hamming space into one of its k-dimensional
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subspaces. Our filter accepts the pair of £-mers (sy, s2) as a candidate pair if and orly if
f(s1) = f(s2)-

Readers familiar with recent literature in computational geometry may recognize random
string projection as being a locality-sensitive hashing (LSH) scheme in the sense defined
by Indyk and Motwani [51]. The functions f correspond to Indyk’s locality-sensitive hash
functions, so called because the probability that two strings project to the same value under

f varies directly with their degree of similarity. More precisely, if s; and s2 are d-similar,

k
Pr(f(sr) = f(s2)] 2 (1= 5) (2.)

where the probability is computed over all random choices of 7, . . . i for f. Our randomized
filter is therefore likely to accept pairs of strings that differ by only a few substitutions
while rejecting pairs that differ by many substitutions. Pairs that match exactly are always
accepted.

Like any filtering scheme, random projection can commit false positive errors, producing
spurious candidate pairs. A false positive occurs when strings s; and s, are not d-similar
but f(s1) = f(s2), i.e. if f samples only positions at which the two strings agree. The false
positives produced by random projection are caught and discarded when candidate pairs
are checked. However, unlike the deterministic exclusion algorithms of Section 2.2.3, which
are guaranteed to find every requested similarity in the input, our filter can also commit
false negative errors that cause d-similarities to be missed. A false negative occurs if s;
and s; are d-similar but f(s1) # f(s2), i-e. if f samples any position at which the strings
disagree.

Although both random projection and practical word match filtering can commit false
negative errors, the cause of these errors and their remedy differ substantially between meth-
ods. Word match filtering will never discover an ungapped d-similarity that fails to contain
a sufficiently long word match. The only remedy is to decrease the word length, perhaps as
low as the adversarial bound of Lemma 1.1. In contrast, whether a projection function f
finds a given d-similarity depends on the set of indices sampled by f. For randomly chosen
f, the sensitivity of our filter is independent of the arrangement of substitutions in the

input’s d-similarities. Moreover, we can make the chance of a false negative error arbitrarily
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small, and therefore achieve sensitivity arbitrarily close to 100%, by repeating the filtering
scheme with different, independent random projections. Each new filter provides another

chance at finding a previously missed similarity.

2.3.2 Prior Work in Projection

Random projection’s provenance includes prior work in sparse indexing of databases and
high-dimensional computational geometry. Distance estimates based on sparse sampling
of numerical feature vectors have long been used in machine vision to match a perceived
object against a database of known objects [32, Chapter 6]. Closer to our own application,
Rigoutsos and Califano experimented with random projection in their FLASH protein sim-
ilarity search tool [78] and noted empirically that it outperformed a variety of other sparse
indexing schemes. Projections in Hamming spaces are a special case of distance-preserving
embeddings of points from general metric spaces, which have been studied by e.g. Johnson
and Lindenstrauss (53], Bourgain [19], and Linial, London, and Rabinovich [61].

In computational geometry, Indyk and Motwani [51] used random projection, in the form
of locality-sensitive hashing, as part of a randomized algorithm for the high-dimensional
nearest neighbor problem. This problem is a geometric analog of Problem 2.2: given a
query point in space (in their case Euclidean rather than Hamming), find the point in a
database that is closest to the query. It is also a classic victim of the curse of dimensionality.
By introducing randomization, and in particular by reducing the original problem to a
series of tractable low-dimensional analogs, Indyk and Motwani produced an algorithm that
scales better with dimension than deterministic methods and is efficiently implementable
in practice for sparse indexing of databases [38]. Just as Indyk and Motwani used random
projection to ameliorate the curse of dimensionality, we use it to improve sensitivity to

significant but poorly conserved similarities.

2.3.3 The LSH-ALL-PAIRS Algorithm

Figure 2.2 gives the algorithm LSH-ALL-PAIRS, a complete solution to Problem 2.4 based on

filtering by random projection. Given a collection of sequences C, the algorithm attempts
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to find all ungapped d-similarities between any pair of ¢-mers in C.

LSH-ALL-PAIRS iterates the following four steps:

1. Choose a random locality-sensitive hash function f by picking k indices 21, ..., % from

{1,..., 4.

2. For every {¢-mer s of every sequence in C, store a tuple (f(s),n(s)), where w(s) is the

position of s in C.

3. Partition the tuples into classes {C1,Cs,...}, such that all tuples in a class have the

same projection f(s).

4. For each class C;, compare all pairs of £-mers whose tuples are in C;. Store those

pairs that actually match to within at most d substitutions.

Steps 1-4 are iterated m times, after which LSH-ALL-PAIRS outputs the union of the
sets of d-similarities found in each iteration. The constants m and k are chosen based on
efficiency and sensitivity considerations described in the next section.

Steps 1-3 of the LSH-ALL-PAIRS algorithm constitute its filtering phase, while step 4 is
the checking phase. The candidate pairs of £-mers are those with the same projection value;
these pairs are generated explicitly at the beginning of step 4. LSH-ALL-PAIRS is sound
because the checking phase discards any candidate pair that is not a d-similarity, but it is
not complete: for d > 0, the algorithm will fail to find any d-similarity that happens to be
a false negative for every one of the m projections chosen.

The running time for each iteration of LSH-ALL-PAIRS is dominated by two factors:
the cost of creating and partitioning tuples for each ¢-mer in C, and the cost of checking
the candidate pairs in each class C,. Creating the tuples clearly takes time ©(kN) per
iteration, where N is the size of the input C, but they can also be partitioned in time
©(kN) by a variety of methods. For example, we can partition tuples by hashing keyed on
their projection values or, because the length k and alphabet {A,C,G,T} are both finite,
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Figure 2.2: The LSH-ALL-PAIRS algorithm. Trivial subroutines referred to in the algorithm
are: GEN-RANDOM-PROJ(Z, k), which generates a random projection by picking & values uni-
formly at random with replacement between 1 and ¢; PARTITION(®), which partitions the el-
ements of ® into classes with the same projection value; and COUNT-SUBSTITUTIONS(s;, S5),
which counts the number of substitutions between the -mers s; and sj. The parameters m
and k, respectively the number of random projections to try and the number of sequence
positions in each projection, must be chosen to achieve a particular sensitivity bound, as
described in Section 2.3.4.
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LSH-ALL-PAIRS(C, ¢, d, m, k)
C: a collection of genomic sequence
£: length of similarities to find
d: max. substitutions allowed in a similarity
m: number of random projections to perform
k: number of positions in each projection

A: set of all ungapped d-similarities found

A—0
repeat the following m times
f < GEN-RANDOM-PROIJ(Z, k)
/* compute projection of each ¢-mer in C */
d—0
foreach sequence ¢ € C
forl1<j<|c—-—£+1do
s—clj...7+2€-1]
® — @ U {(f(s),n(s))} /* w(s) = position of s in C */
end
end
/* partition ® into classes C; by projection value */
{C1,C,, ...} «— PARTITION(®)
foreach class C,
foreach pair {f(s:),7(s2)) , (f(s;), m(s;)) € C,
if COUNT-SUBSTITUTIONS(s;, ;) < d
A — AU {(n(s:), m(s))}
endif
end
end
end

return A
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by radix sorting by projection value®. Because k is typically a small constant (less than 20),
we account the total cost of the filtering phase as O@(mN).

The algorithm’s checking time is, as usual, determined by the total number of candidate
pairs, which is 3°, © (Iquz) . If the sets C, are all much smaller than C, the checking cost
will be substantially less than the naive [C|®. In practice, we can usually choose parameters
that make the C,’s small — at most some tens of ¢-mers each — so that the number of
candidates checked is orders of magnitude less than N2. For a more detailed, quantitative
analysis of the number of spurious candidates, we must consider the optimal choices of the

parameters m and k as described in the next section.

2.3.4 Performance Analysis

LSH-ALL-PAIRS works efficiently because it trades a linear amount of filtering work for a large
reduction in the quadratic checking cost. Whether this tradeoff is advantageous depends on
how tolerant the user is of false negatives. We assume that the user specifies a lower bound
on expected sensitivity, in the form of an allowable false negative rate pf,, and that we
may freely choose the parameters m and & to maximize efficiency subject to this sensitivity
bound. To find the most efficient parameterization, we need to predict the algorithm’s false
positive rate ps, for various parameter values.

Qualitatively, the tradeoff that determines the values of m and k is as follows. We can
increase the sensitivity of the algorithm in one of two ways: try more random projections
by increasing m, or make each projection more effective at finding d-similarities. The
latter effect can be achieved by decreasing the number of positions k¥ per projection, since
the chance of sampling a mismatched position in a d-similarity scales exponentially with
k. However, both ways of increasing sensitivity also increase the total number of false
positives. Each projection produces some number of spurious candidates, so increasing m
linearly increases the total checking cost. Decreasing k exponentially increases the chance

that two ¢-mers which are not d-similar will spuriously project to the same value, simply

SLinear-time partitioning is possible because projection values are simply short strings. In effect, we
reduce the inexact matching problem to a series of exact matching problems, each of which (as noted in
Chapter 1) can be solved in linear time because exact matching is an equivalence relation.
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because the projection function fails to sample a position at which they differ. In the limit,
when k& = 0, every pair of £-mers in the input becomes a candidate. The following analysis

shows how to balance these considerations of sensitivity and efficiency.

The False Negative Rate

We begin by giving a formula for ps,. Let s; and s3 be a d-similar pair of £-mers. As shown
by Imequality (2.1), a single randomly chosen projection sampling & positions will project
s1 and s together with probability at least (1 — d/E)k. Hence, the probability gs, that s;

and sp never project together under any of m independent projections is bounded by
m

d\*

g < [1 - (1 - 'Z) ] (2.2)
gfn is computed for one d-similar pair, but by linearity of expectation, gr, = psn, the
expected fraction of all similar pairs missed by the algorithm after m iterations. Note
that Inequality (2.2) holds with equality only for pairs of #-mers that differ by exactly d
substitutions; pairs differing by fewer substitutions are more likely to be detected.

Suppose we fix a particular value of £ and wish to achieve a false negative rate of at

most 6. Isolating m in the upper bound of Equation (2.2), we find that pg, < 6 iff

log 6 9.3
" (- () &

This bound determines, for any k, the smallest m that can be used without compromising

(in expectation) a fixed sensitivity ps, = 6. The bound is consistent with previous intuition:
as the projection size k increases, the denominator becomes closer to zero, so m increases.
We must therefore trade more projections for more stringent filtering in each projection.
Finally, note that ps, is independent of either the background distribution or the ar-
rangement of substitutions — in particular, the longest word length — in the input’s similar-

ities.

The False Positive Rate

To estimate the false positive rate ps,, we make the standard assumption of an i.i.d. back-

ground sequence model. Although this assumption is no better justified for our algorithm
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than for any other, random projection is less sensitive than some methods to deviations
from the i.i.d. model because the positions in each projection are often widely separated,
limiting the effects of adjacent-base correlation. We report our results for an arbitrary base
distribution, assuming that two bases in the background match by chance with probability
¢. For equal base frequencies, ¢ achieves its minimum value of 0.25; except in unusual,
highly biased genomes, it rarely exceeds 0.3.

Under the background distribution, the probability that two independent random Z-mers
differ by exactly ¢ substitutions is the binomial probability

4
Br—g,elt] = , (1-g¢) gt

This is also the chance that two nonoverlapping ¢-mers from the background differ by ¢
substitutions; we ignore rare but hard-to-analyze overlapping ¢-mer pairs. The chance that
the two £-mers project to the same value in a single projection is (1- t/Z)k . Applying the
prior binomial distribution on ¢ induced by our sequence model and summing over all ¢ > d,

we have that

[4 k
arp= D Bi-pelt] (1 - %) (2.4)

t=d+1
The probability gy, is also the expected rate of false positives for one projection; hence, the

algorithm’s overall false positive rate pg, is m - ggp.

Choosing k and m

Now that we can predict the expected values of psp and pfr, we can specify how to optimally
parameterize the LSH-ALL-PAIRS algorithm. Assume the user specifies £, d, and a target false
negative rate ps,. For each value of k£ up to some large number (say, k = 16, large enough
for a projection f(s) to fill a 32-bit machine word), we first compute the false positive rate
psp for the smallest feasible value of m, as determined by Inequality (2.3). These values
form a curve as shown in Figure 2.3.

To pick the optimal point on the curve, we must choose k& to minimize the total running
time, which includes ©(mN) time in &ltaring plus ©(ps,N2) time in checking. The relative

cost of filtering and checking depends on implementation constants that must be measured
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Figure 2.3: false positive rates as a function of projection size k for £ = 75, p fn = 0.05,
and various levels of similarity, assuming background sequence with equal base frequencies.
From top to bottom, the lines represent d = 25 (67% identity), d = 19 (75% identity), and
d =15 (80% identity). For each value of k, we used the smallest possible m as determined
by Inequality (2.3) to compute the false positive rate.
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Figure 2.4: total computational cost as a function of projection size k for the parameters of
Figure 2.3. We assume a comparison between two one-megabase sequences, which requires
roughly 3.5 seconds per iteration on a 550 MHz Intel Pentium III workstation, and 1.8 us
per checked candidate pair, which is roughly accurate for the same machine. Minimal costs
are achieved for k = 11, m = 258 at 67% identity; £ = 12, m = 99 at 75% identity, and
k =12, m = 43 at 80% identity.

empirically. For simplicity, we generally measure the cost of projection once, then assume
it is independent of the projection size k; a more careful cost estimate would model the cost
increase with increasing k. Weighting both costs by their respective constants yields a total
cost curve with a clearly defined minimum, as shown in Figure 2.4. We choose the values

of £ and m that achieve this minimum.

In practice, the optimal value of k for similarity thresholds of 67-75% and a false negative
rate of 5% ranges from 10 to 16. The corresponding typical values of m are 150 to 600

projections.
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2.3.5 Implementation of LSH-ALL-PAIRS

Reducing the LSH-ALL-PAIRS algorithm to practice requires some effort to avoid an inefficient
implementation. Below, we provide both hints for maximizing the algorithm’s efficiency and
sensitivity and workarounds for cases where real genomic sequence does not fit the formal
model. Because LSH-ALL-PAIRS is expected to work with very large sequences, limiting
memory usage is an especially important implementation goal. We also describe how we
postfilter the core algorithm’s output to produce ungapped or gapped similarities that score

highly under more general biosequence scoring functions.

Filtering

The first implementation decision in LSH-ALL-PAIRS is how to represent projection values.
Since projections in practice generally sample sixteen positions or less, and the base alphabet
has only four characters, a straightforward implementation might represent projection values
explicitly using two bits per base, allowing a projection value to fit into a 32-bit machine
word. However, this approach has two disadvantages: it imposes a hard upper limit on the
projection size, and it does not handle extensions to the base alphabet, in particular the
common use of “N” and “X” to indicate unknown or masked bases.

A more flexible representation of projection values uses a hash function A that maps
k-mers to integers. LSH-ALL-PAIRS only needs to test projection values for equality, so any
1:1 mapping of k-mers to integers is acceptable. Even if k is not perfectly 1:1, collisions
can only cause distinct classes C; and Cy to be merged, increasing the rate of spurious
candidates but preserving the algorithm’s soundness. The advantage of hashing the raw
projection values is that the implementation easily accommodates both large projection
sizes and additions to the alphabet. In the common case where £ < 16 and most ¢-mers
contain only the usual four bases, a good hash function into 32-bit integers should produce
essentially no collisions and hence minimal loss of performance.

A second issue is how to implement the PARTITION subroutine of Figure 2.2, that is,
how to efficiently partition the £-mers of the input according to their projection value. In

theory, this operation requires only O(XN) time, but partitioning methods that achieve this
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bound have poor space efficiency and should be avoided unless they are necessary for other
reasons. For example, Gionis et al., in their implementation of locality-sensitive hashing for
database search [38], used a sparse indexing scheme whereby projection values are mapped to
“buckets” on disk that store all objects in a given class C;. Once the database is partitioned
in this way, it supports efficient online search and update as new objects appear; however,
the mapping has a high space overhead for sequences — as much as 15 to 20 bytes per base.

LSH-ALL-PAIRS does not need the online property of Gionis et al.’s bucket representation
because all of its input is available offline at the start of the algorithm. The space overhead of
sparse indexing is therefore unnecessary. A more space-efficient partitioning scheme builds
a dense array of all input tuples (f(s), 7(s)), then sorts them by their projection values f(s).
After sorting, the classes C; are contiguous runs of tuples with the same projection value.
Constructing and storing classes in this way requires only 8-12 bytes per base, depending
on how compactly the sequence positions w(s) are stored. Although linear-time sorting
is possible given the limited length and alphabet of projection values, such a sort requires
working storage equal to the input size, which is impractical in the (relatively common) case
that the tuples take up more than half of available memory. We therefore choose instead to
use an in-place quicksort, which takes time Q(NV log N) but requires only O(1) additional
storage.

Finally, the filtering stage of LSH-ALL-PAIRS must take measures to deal with unusually
large classes. Although classes larger than a few £-mers are unlikely to occur purely through
random variation in an ideal background sequence model with a sufficiently large projection
size, several factors cause such classes to arise in practice. First, because the positions of
a projection are sampled with replacement, the number of unique positions in a projection
may occasionally be much less than the target value k. For such projections, the average
class size is unusually large. Large classes can also arise when the background sequence
departs strongly from the simple i.i.d. model, usually in one of two ways: first, when the
sequence contains unmasked regions of low complexity, such as short tandem repeats, that
generate many spurious candidates; and second, when the background contains long runs
of X bases where repeats have been removed. The latter problem is the easier to solve,

provided that X is always considered a mismatch to any other base (including another X).
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Under this assumption, {-mers containing more than d X’s cannot be d-similar to anything
and so may be discarded during tuple creation. Moreover, if a projection function samples
an X from an {-mer, the resulting projection value should be treated as unique, since no
other £-mer’s projection value can match it in the position containing the X. A tuple whose
projection value is equivalent to no other cannot participate in a candidate pair, so all such
tuples may be discarded.

For large classes that do not arise because of X bases and are not obviously composed of
low-complexity sequence, the most correct solution would be simply to process every candi-
date pair in the class. Unfortunately, the cost of processing large classes grows quadratically
with class size, so this solution proves extremely expensive for classes with hundreds of tu-
ples. Rather than simply discarding such classes, we reduce their size by sampling a random
subset of their tuples and checking for d-similarities only between those ¢-mers in the sample.
If the class contains many d-similar pairs, the output will contain at least a representative

sample of these similarities.

Checking

The checking phase of LSH-ALL-PAIRS generates a potentially quadratic number of similar-
ities, many of which may be repeated because they are found by more than one iteration
of the algorithm. Removing redundant similarities from the algorithm’s output is always
desirable; for the occasional problem, such as whole-genome repeat finding, that produces
©(N?) interesting similarities, removing redundancies is mandatory for the algorithm to
run within a reasonable amount of space.

Eliminating multiple instances of the same d-similarity is a simple matter of remembering
which similarities have been previously recorded. To minimize both space usage and the
work done to eliminate spurious matches, we do not detect individual duplications during
checking but rather remove them all at once after every few iterations of the algorithm.

An even better strategy than removing duplicates and overlaps is to avoid creating them
in the first place. While we cannot avoid all such redundancies, a simple modification to

checking can eliminate many of them. Specifically, we require that each candidate pair to
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be checked must be canonical in the following sense: the two ¢-mers being compared must
start with a pair of matching bases, and the pair of bases (if any) immediately preceding
the ¢-mers must differ. Given any candidate pair, we can find a nearby canonical pair on
the same diagonal using the following rule: if the {-mer pair begins with a match, move its
starting positions in each sequence backwards until a mismatch is encountered; otherwise,
move the starts forwards until a match is encountered’. The following lemma shows that

this procedure is sound:

Lemma 2.1 Let s; and sy be a pair of ¢-mers. Then the nearest canonical pair contains

at least as many matching base pairs as the pair (s, s2).

Proof: We have two cases: either the pair (s1,s2) starts with a match, or it starts with a
mismatch. If the pair starts with a match, let z and y be the bases immediately preceding
sy and s, respectively. If z # y, the pair is canonical, and we are done. Otherwise, z = y,
in which case the starting point moves backwards to encompass one matching base pair
and drops the last base pair of (s;,s2). The total number of matching base pairs therefore
remains the same or increases by one.

If the pair starts with a mismatch, moving its starting point forwards drops one mis-
matched base pair and adds the base pair following the -mers. This new base pair may or
may not be a mismatch, so the total number of mismatched base pairs either remains the
same or decreases by one.

Proving the initial claim is a simple inductive argument from the above two cases. |}
Corollary 2.2 If (s, s2) is a d-similar pair, the nearest canonical pair will also be d-similar.

Converting each d-similar pair to a canonical pair can collapse a number of nearby d-
similar pairs into a single canonical pair. Overlapping similarities therefore become exact
duplicates that are easily removed from the output. Even better, the nearest canonical
neighbor of a spurious candidate pair may be a d-similarity, since shifting a pair’s starting

point may increase the number of matching base pairs it contains. Typically, a canonical pair

TWe must still accept d-similar but noncanonical pairs in which one £-mer occurs at the end of a sequence.
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is found after inspecting only a few extra bases, so making every candidate pair canonical

before checking it costs little while increasing the sensitivity of LSH-ALL-PAIRS.

Postfiltering

LSH-ALL-PAIRS addresses an abstract similarity search problem, but its results are not in
the expected form for practical annotation tools. In particular, the algorithm produces
only fixed-length alignments without indel mutations, and it is restricted to a single, trivial
substitution score function. To work around these limitations, we postprocess the output
of LSH-ALL-PAIRS in three steps — merging and extension, ungapped postfiltering, and op-
tionally gapped postfiltering — to produce local alignments comparable to those output by
BLAST or other similarity search tools. The first step removes the fixed-length limita-
tion, while the second and third steps resemble the filtering approach taken by BLAST and
related tools.

The merging and extension phase of postfiltering turns a collection of fixed-length, pos-
sibly overlapping d-similarities into a smaller set of variable-length, non-overlapping un-
gapped alignments. Merging simply coalesces overlapping d-similarities on the same diago-
nal into one alignment, while extension attempts to find additional, previously undiscovered
d-similarities that occur near the known ones. The extension phase searches for additional
d-similarities 500 bases upstream and downstream on the diagonal of each coalesced align-
ment. After merging and extension, the remaining distinct alignments are nonoverlapping
and may be of any length. These alignments become secondary candidates that are sub-
jected to roughly the same filtering treatment that BLAST applies to word matches.

Postfiltering, unlike merging and extension, has the goal of discarding similarities that
are not significant by the standards of Karlin-Altschul theory [54], as well as making the out-
put conform to the reporting standards of existing similarity search tools. Each secondary
candidate is subjected to two filters: ungapped postfiltering and, if it survives, gapped
postfiltering. Ungapped and gapped postfiltering both use dynamic programming to score
candidate alignments with an arbitrary affine scoring function. The ungapped postfilter

uses a linear-time dynamic programming algorithm, while the gapped postfilter uses banded
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Smith- Waterman, a variant that does not consider alignments that deviate more than a
fixed number of diagonals from their starting point. The ungapped postfilter uses only a
substitution score matrix, while the gapped postfilter allows both substitution scoring and
affine gap penalties. The results of each phase are filtered to discard alignments whose
score is not significant. As with BLAST, there is no gﬁarantee that every high-scoring local
alignment in the input will contain a long ungapped d-similarity, so the formal sensitivity
guarantees of LSH-ALL-PAIRS do not apply to postfiltered similarities.

One traditional question in postfiltering based on local alignment is how to bound the
amount of sequence searched by the dynamic programming algorithm. In principle, an
optimal alignment could have arbitrary length, which is problematic for algorithms like
Smith-Waterman that work by filling in a fixed-size matrix or band. For ungapped filtering,
we require that each computed alignment pass through an anchor point, which we arbitrar-
ily take to be the center of the candidate’s longest word match. This restriction does not
seem odious — it essentially requires that the final ungapped alignment overlap the candi-
date. The optimal ungapped alignment passing through a fixed anchor point is simply the
concatenation of the best alignments computed upstream and downstream from that point.
To limit the amount of sequence searched, we extend the alignment in each direction only
until its score falls below a fixed threshold value.

The anchor point approach to limiting the search region is also feasible for gapped
postfiltering, and indeed is used for that purpose in NCBI BLAST 2.0 [5]. However, forcing
a gapped alignment to pass through a fixed base pair has greater potential to arbitrarily
restrict the search because the alignment path can vary in two dimensions. Restricting
the alignment is dangerous because the optimal restricted alignment might score below the
reporting score threshold, while the best unrestricted alignment would score above it. We
therefore use the following more expensive procedure to determine a reasonable alignment
length. We first find the best alignment in a band of width 101 centered on, and twice as
long as, the ungapped candidate. We then compute further optimal alignments, doubling
the length of the band each time, until no further improvement is observed in the alignment
score. This procedure has the freedom to pick the best alignment length, but it is somewhat

too free: it may extend the band so far as to find an alignment completely disjoint from
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the candidate, perhaps corresponding to an adjacent sequence feature. To prevent a high-
scoring alignment from shadowing nearby similarities, we require that each alignment found
pass through the antidiagonal (but not the point) at the center of the ungapped alignment.

Finally, we note that, while our ungapped and gapped postfiltering is similar to BLAST’s,
its purpose is as much to produce similarities in the desired form as to filter for significance.
Each d-similarity produced by the core LSH-ALL-PAIRS algorithm has a high prior probability
of being interesting because we typically choose £ and d so that a d-similarity is highly
unlikely to occur by chance alone. Hence, a large fraction of d-similarities lead to significant
alignments even at high filtering stringency. In contrast, the candidates produced by word
match filtering typically have a low prior probability of being interesting because the rate
of spurious word matches is high. Word match algorithms must therefore implement highly

stringent postfiltering to avoid reporting too many spurious similarities.

2.4 Experimental Results

We performed a variety of analyses to investigate different aspects of LSH-ALL-PAIRS’ per-
formance in annotating genomic sequence. We first tested how accurately we can predict
the algorithm’s cost and compared that cost to existing exclusion methods. We then com-
pared the algorithm’s practical sensitivity to that of word match filtering, to see if we can
indeed detect meaningful similarities missed by the standard approach to similarity search.
Finally, we performed large-scale analyses to investigate how well LSH-ALL-PAIRS scales to
very long sequences in practice. Unless otherwise specified, all experiments were performed

on a 550 MHz Intel Pentium III workstation.

2.4.1 Accuracy of Cost Estimate and Performance vs. Ezclusion Methods

Proper parameterization of LSH-ALL-PAIRS requires accurately estimating the algorithm’s
cost, in particular the false positive rate ps, due to random matches in background sequence.
To validate the estimated false positive rate of Section 2.3.4, we compared the estimate
to the false positive rate measured for actual DNA sequences drawn from the Drosophila

genome, and to the estimated false positive rate of the double filtration algorithm for the
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same comparison.

Two regions of approximately one megabase each were extracted from the Celera assem-
bly of Drosophila (2], one from the left arm of chromosome 2 and the other from the right
arm of chromosome 3. All repetitive elements identified by RepeatMasker were removed, re-
sulting in two sequences of length one million +10 bases. Comparison of these two sequences
shows few significant local similarities at the 65% identity level (£ = 72, d = 25); those that
exist cover at most a few hundred bases and are consistent with either spurious matches or
unmasked low-complexity sequences. The checking cost associated with these sequences is
therefore due almost entirely to spurious candidates. An i.i.d. model parameterized with
the sequences’ base frequencies has a match probability ¢ = 0.254.

We chose optimal parameterizations of LSH-ALL-PAIRS to analyze these sequences for
levels of ungapped identity ranging from 95% to 65%, using ps, < 0.05 and running time
constants obtained on the test workstation as described in Section 2.3.4. The similarity
length £ for each level of identity was chosen large enough to produce (in expectation) at
most 1.5 spurious similarities.

Figure 2.5 shows, for each level of similarity tested, the predicted number of false pos-
itives and the total numbers of candidates checked in each of three runs of the algorithm
performed with different random seeds. The false positive rate is reported as a fraction of
102, the cost of naively comparing all pairs of substrings in the input. The predicted and
observed numbers of false positives scale roughly exponentially with the similarity thresh-
old, as indicated by the dashed exponential trend line. Because the predicted false positive
rates are only expectations, the measured numbers of candidates show some deviation from
them; however, the predictions become progressively more accurate as the level of identity
decreases. At 65% identity, the predicted cost agrees with experiment to within a factor of
1.25. The use of a simple i.i.d. background sequence model evidently does not strongly af-
fect the accuracy of the prediction, perhaps because projections usually sample nonadjacent
sequence positions and so, unlike word matching, are not strongly affected by correlations
between adjacent bases.

The observed increase in prediction accuracy with decreasing similarity is a side effect

of the fact that lower similarity levels require a greater number of filtering iterations m to
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Figure 2.5: estimated and measured false positive rates versus similarity threshold for the
best parameterization of the LSH-ALL-PAIRS algorithm on a pair of one-megabase extracts
of the Drosophila genome. For these measurements, pr, < 0.05, and the length ¢ for each
similarity threshold was chosen so that fewer than 1.5 similarities are expected to occur by
chance alone. Squares are predicted measurements, while x’s are experimental trials with
different random seeds. Dashed line shows best exponential fit to predicted points.
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achieve a given false negative bound. The number of iterations grows from m = 5 at 95%
identity up to m = 499 at 65% identity. Each iteration produces a number of candidates
that depends on the projection chosen. Over a large number of iterations with randomly
chosen projections, the total number of candidates, which is a sum of independent random
variables, naturally converges to its expectation.

We also compared LSH-ALL-PAIRS’ estimated false positive rate to the comparable rate

for double filtration. An estimate of the latter rate, given in [77], is

pip < T C{l—r+d)(1—¢)+d+1]
r—d
6 = [d+1]

r = [£/(d+1)]

Using the values of £ and d from the figure, the false positive rate of double filtration starts
to exceed that of LSH-ALL-PAIRS between 85% and 90% identity, with the gap between
the rates growing as the percent identity decreases. At 65% identity (I = 72, d = 25),
LSH-ALL-PAIRS obtains a significant advantage over double filtration, whose estimated false
positive rate is roughly 0.4 — almost three orders of magnitude greater than the estimate in
the figure. Moreover, the filtering stage of LSH-ALL-PAIRS, unlike that of double filtration,
does not require enumerating all word and tuple matches of the worst-case length specified
by Lemma 1.1. Not having to hash all 6 x 10'0 expected dimer matches at 65% identity
yields a substantial (and quadratic in V) practical performance advantage for LSH-ALL-
PAIRS on these inputs. Double filtration is known to be more efficient for finding ungapped
similarities than many other exclusion algorithms [42, Section 12.3.4], so LSH-ALL-PAIRS

actually outperforms a large class of previous methods, not just this one.

2.4.2 Sensitivity vs. Word Matching

We have shown that LSH-ALL-PAIRS’ filtering efficiency is predictable and that it exceeds
that of deterministic exclusion algorithms at low similarity thresholds. To complement these
results, we compared our algorithm’s performance to that of word match filtering. A key

test of LSH-ALL-PAIRS — indeed the test that addresses the overall goal set at the beginning
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of this work — is whether our algorithm finds significant similarities that would otherwise

go unreported by the word match-based annotation tools commonly used in practice.

The Competition

We compared LSH-ALL-PAIRS to Schwartz et al.’s PipMaker program [85], an all-pairs local
alignment tool using W. Miller’s blastz variant of the word match-based BLAST algorithm.
Unlike other annotation tools such as NCBI BLAST, PipMaker is designed specifically to
find local similarities in comparisons of two or more long genomic sequences. For the
following tests, we used the Advanced PipMaker web server® with its default settings. We
asked the server to return its results as gapped alignments for each similarity found, rather
than as more compact but less informative percent identity plots (PIPs). We then compared
the set of alignments returned by PipMaker to the output of our own gapped postfiltering

code, fed with the results of the core LSH-ALL-PAIRS algorithm.

Although PipMaker works on any pair of genomic sequences, it has been especially well
tuned for comparisons between the human and mouse genomes. In particular, Schwartz et
al. developed a substitution score matrix and gap penalties for human-mouse comparisons to
optimize PipMaker’s ability to differentiate biologically meaningful similarities from spuri-
ous matches in the background sequence. To take advantage of t;;is prior effort and to avoid
unintentionally biasing the comparison against PipMaker, we chose in our tests to compare
human and mouse genomic sequence with known orthologous features. We used PipMaker’s
own scoring function to postfilter the similarities produced by LSH-ALL-PAIRS and reported
only those similarities that scored at least as high as the lowest-scoring similarity reported
by PipMaker. The latter restriction was necessary because we do not presently have an
implementation of gapped Karlin-Altschul statistics with which to set independent score

thresholds for gapped alignments.

8http://bio.cse.psu.edu/PipMaker
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The Problems

We investigated the sensitivity of LSH-ALL-PAIRS vs. PipMaker on three pairs of human and
mouse sequences: the BTK locus [72] introduced in Chapter 1, the mnd2 locus [52], and the
T-cell receptor (TCR) alpha/delta locus [104]. The first two loci represent typical pairs of
sequences that might be studied closely by biologists. They share the following properties:

e Both loci are disease-related. The BTK gene is implicated in human agammaglobu-
linemia, while the mnd2 locus was originally identified on the basis of genetic linkage
to motor neuron degeneration disease in mouse, a syndrome similar to Parkinson’s

disease in human.

e Both loci have been intensively analyzed and annotated in at least one organism,
primarily because investigators wished to catalog all genes at the loci as positional
candidates for the diseases being studied. The known annotations allowed us to iden-

tify which feature gives rise to each similarity found.

e Both loci contain extensive regions of human-mouse orthology, including several genes

whose order is conserved between the two species.

The T-cell receptor (TCR) alpha-delta locus is one of several loci that determine the
shapes of antigen-specific T-cell receptors in the vertebrate immune system. It contains
two families of paralogous features — V-segments and J-segments — each of which codes for
part of the T-cell receptor protein [104]. Sequence divergence among V- and J-segments is
the key source of diversity used to produce diverse lineages of antigen-specific T-cells: each
lineage’s progenitor cell edits its genome to create a new TCR gene containing a randomly
chosen V- and J-segment, along with a fixed constant or C-segment.

The TCR alpha-delta locus has a much different structure than the other loci studied
here. Each member of the V- and J-segment families matches all other family members to
some degree, resulting in a large number of similarities, not all of which arise from simple
orthology. For this reason, the locus is useful for gathering quantitative statistics about how

often each algorithm finds similarities not encountered by the other. Our other motivation
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Table 2.1: sequence properties and parameters used in comparing LSH-ALL-PAIRS to Pip-
Maker. “Unmasked” length counts bases remaining after preprocessing with RepeatMasker.
The human and mouse TCR alpha-delta sequences were assembled from multiple Gen-
Bank entries by J. Roach; for mouse, the accessions used were: AC003057, AC003993-7,
AC004096, AC004101-2, AC004399, AC004404-7, AC005240-1, AC005402-3, AC005835,
AC005855, AC005938, AC005964, AC006119, AF259071-4, M64239.

Sequence Accessions  Length (KB) Unmasked (KB) | £ d &k m
BTK (human) u78027 99.0 53.5 57 19 9 114
BTK (mouse) U58105 88.9 59.7
mnd2 (human) AC003065 90.8 45.9 57 19 10 172
mnd2 (mouse) AC003061 162.7 96.7
TCR (human) | AE000658-62 1071.7 610.8 69 23 10 172
TCR (mouse) (see caption) 1666.3 811.6

for studying TCR alpha-delta was to improve its annotation, as part of a collaboration with
J. Roach. The feature annotations used in this work were kindly provided by J. Roach for

mouse and C. Boysen for human.

The Parameters

Table 2.1 gives the parameters used for each sequence comparison performed, along with
information about the sequences being compared. Each sequence was first preprocessed
with RepeatMasker® to remove known interspersed repeats, including many human Alu and
mouse B1/B2 elements that would otherwise have dominated the set of similarities found.
We then chose parameters for each comparison to find on average 95% of all similarities with
at least 67% ungapped base identity. The similarity length £ and number of substitutions d
were inferred from the 67% identity threshold, with £ chosen long enough that the expected
number of spurious ungapped d-similarities of length £ in the background was less than one.
The expectation was computed from an i.i.d. background sequence model, so the actual

number of spurious d-similarities produced was probably somewhat greater than one.

2version 04-04-2000
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Given ¢, d, and the 95% sensitivity threshold, we chose the remaining parameters of
LSH-ALL-PAIRS as described in Section 2.3.4. The lengths used to estimate the number of
spurious similarities were the total numbers of unmasked bases in each sequence, which
were easy to compute but slightly overestimated the true problem size. A more accurate
estimate would account for the fact that the unmasked bases are not contiguous but rather
appear as a number of smaller regions separated by masked repeats.

In postprocessing the d-similarities found by LSH-ALL-PAIRS, we used only a weak un-
gapped postfilter that passed every similarity with p-value less than 0.5 under ungapped
Karlin-Altschul statistics using PipMaker’s human-mouse substitution matrix. This weak
prelude to gapped postfiltering is the default even for much longer sequences than those
analyzed here because the core algorithm is already a highly efficient filter compared to the
word match filter used by PipMaker and other BLAST-like algorithms. Again, the gapped

postfilter used the same (more stringent) score thresholds as PipMaker.

The Comparisons: BTK and mnd2 Loci

Figures 2.6 and 2.7 illustrate the comparisons of the human and mouse BTK and mnd2 loci,
including any differences between the alignments reported by LSH-ALL-PAIRS and PipMaker.
The significant alignments found by either program constitute the dot plots in the figures,
while circles mark the locations of significant similarities found by LSH-ALL-PAIRS but not
by PipMaker!?. In these two examples, no similarities reported by PipMaker were missed
by LSH-ALL-PAIRS.

LSH-ALL-PAIRS found eleven significant gapped similarities at the BTK locus, all in
noncoding DNA, that were not reported by PipMaker. Three of these similarities fell in
intergenic regions: one in the unexplained region of similarity at the 5’ end of the sequence,
and two in a probable enhancer region roughly 400 and 600 bases upstream of the FTP3
gene. One similarity fell in intron 1 of the FCI-12 gene, while the remaining similarities

were distributed across several introns of the BTK gene. Previous experimental evidence [72]

10We say that a similarity represented by alignment A is not found by program P if the smallest rectangle
enclosing A does not overlap the rectangle enclosing any alignment found by P. In other words, P must
not report any evidence of association between the two sequence intervals covered by A.
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Figure 2.6: performance of LSH-ALL-PAIRS vs. PipMaker in comparing the human and
mouse BTK loci. Circles indicate significant similarities found by LSH-ALL-PAIRS but not
by PipMaker.
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Figure 2.7: performance of LSH-ALL-PAIRS vs. PipMaker in comparing the human and
mouse mnd2 loci. Circles indicate significant similarities found by LSH-ALL-PAIRS but not
by PipMaker.
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suggests that BTK regulation depends on its intronic sequences, so the observed similarities
could be evidence of regulatory regions.

At the mnd2 locus, LSH-ALL-PAIRS found six noncoding similarities not found by Pip-
Maker, all related to the gene D6Mmb5e!!l. One similarity was in the gene’s promoter region,
about 200 bases upstream of its start, while the remaining matches were intronic. Intron
3 of the gene exhibited most of the observed similarities. D6Mmb5e was first described by
Jang et al. [52] in their annotation of the mouse mnd2 locus; so far as we know, the function
of this gene and its human ortholog remain unknown.

The alignments found only by LSH-ALL-PAIRS had lengths ranging from 83 to 401 bases.
The substitution rates in their ungapped segments averaged 20 to 40%, with most falling
in the range of 30-36%. The median length of the longest word match in these alignments
was eleven bases, with 5/17 similarities having longest word matches of nine bases or less.
The absence of long word matches was not strongly correlated to the alignment score, with
several of the highest-scoring alignments having 8- or 9-mer longest words.

The alignments found by LSH-ALL-PAIRS support our hypothesis that biosequences con-
tain significant noncoding similarities that are not detected by existing word match-based
tools. Karlin-Altschul theory argues for the statistical significance of these alignments,
while biological evidence for their meaning includes the fact that all the new alignments
fall along the main diagonals evident in the dot plots, and in particular that they align
orthologous promoter and intron sequences. Still unknown is whether the alignments repre-
sent functional features; while their positions in and near genes are consistent with possible
regulatory function, they must still be shown to affect those genes’ expression in an exper-
imental setting. The evidence from LSH-ALL-PAIRS, along with prior evidence of regulatory
sequences in the introns of the BTK gene, argues for performing the necessary experiments.

One surprise in the analyses of BTK and mnd2 was that three of the novel alignments
found by LSH-ALL-PAIRS had word matches of fifteen bases or more. We had expected that
any significant alignment with such a long match would always be reported by algorithms

based on word match filtering. While we can only speculate as to why these long word

'1Genes were not annotated in the BAC sequences used for comparison, but annotations may be found in
GenBank sequence AF084363.
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matches did not result in a reported alignment, it seems likely that they were discarded
during ungapped postfiltering. Two of the three alignments, along with two others having
word matches of thirteen bases, scored low compared to most of the other novel similarities;
the third contained a word match of length sixteen, but the reported alignment switches to
a different diagonal almost immediately on either side of the match!2. These observations
suggest that the best ungapped alignments containing the long word matches may have
scored too low or been too short to pass PipMaker’s postfilter. In this respect, LSH-ALL-
PAIRS has the advantage that the core algorithm produces long similarities with few false
positives, so we can afford to be relatively permissive in postfiltering without passing too

many spurious similarities.

The Comparisons: TCR Alpha-Delta Locus

Figure 2.8 shows a dot plot comparing the human and mouse TCR alpha-delta loci. The
grid-like central portion of the plot consists of matches between V-segments, with each
vertical column matching one human V-segment both to its mouse ortholog and to numerous
paralogous segments. Other repeated features appearing on the dot plot include J-segments,
which form the cluster at top right, and several olfactory receptor family genes at upper and
lower left. The long conserved diagonal appearing between the V- and J-segment clusters
is largely of unknown function, though it does contain a known enhancer sequence [47].

LSH-ALL-PAIRS found alignments involving almost all annotated features of TCR alpha-
delta, including 57/57 annotated V-segments in human and 109/110 segments in mouse. In
addition, some of the alignments reported by LSH-ALL-PAIRS matched known V-segments
in one organism to unannotated sequence in the other; as a result of our analysis, the
annotation files were updated to reflect the presence of additional segments. The new V-
segments are consistent with the inferred history of sequence duplication and rearrangement
at the locus but appear to be unexpressed pseudogenes.

The TCR alpha-delta locus, unlike the previous examples, contains significant similar-

ities that were found by PipMaker but were missed by LSH-ALL-PAIRS. Figure 2.9 shows

121 SH-ALL-PAIRS found this alignment not because of the word match but because of a much longer adjacent
segment of 51 bases with 67% ungapped identity.
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Figure 2.8: dot plot of the human and mouse TCR. alpha-delta loci. Circles indicate signif-
icant similarities found only by LSH-ALL-PAIRS.
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Figure 2.9: dot plot of the human and mouse TCR alpha-delta loci. Squares indicate
significant similarities found only by PipMaker.

the locations of these alignments. Although LSH-ALL-PAIRS makes strong guarantees about
its ability to find ungapped similarities, the figure illustrates that it is prone to missing
significant gapped similarities that lack a sufficiently long (in this case 69 bases) ungapped
segment. In contrast, PipMaker is sensitive to similarities with long word matches but
does not demand that similarities contain even longer ungapped regions. Notwithstanding
LSH-ALL-PAIRS’ performance on BTK and mnd2, the word-based and projection-based ap-
proaches to annoctation are in general complementary, each finding similarities not found by

the other.

To quantify the importance of the similarities unique to each annotation algorithm, we
assessed their impact on the number of observed associations between annotated V-segments

in human and mouse. Because the V-segments form a paralogous family, each segment in
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human should in principle show similarity to each segment in mouse. In practice, some
instances have diverged too much to detect their similarity by either algorithm, but a
nontrivial fraction of the 57 x 110 possible matches are still detectable. The number of
V-segment associations found is a more biologically meaningful measure of sensitivity than
the raw number of alignments, since the latter varies depending on how aggressively each
program tries to extend its gapped alignments to encompass multiple regions of locally high
similarity.

For counting purposes, we considered a V-segment to be the contiguous sequence interval
covered by its three parts — two exons and a 3’ recombination signal sequence (RSS) — plus
the short intronic and intergenic regions between these parts. Empirically, most alignments
between V-segments covered only the second exon and the RSS, excluding the more variable
first exon. We considered two V-segments to be associated if some similarity aligned them
over a region of least twenty bases, and if the number of matched base pairs over this region
was at least 50% of its length (matches + mismatches + gaps). The length and identity
thresholds were added to avoid counting associations between V-segments that were aligned
for only a few bases or fell in a low-similarity region between two high-scoring parts of a
long alignment.

LSH-ALL-PAIRS and PipMaker respectively found 1658 and 1725 associations between
annotated V-segments. Of these associations, 113 (6.8%) were unique to LSH-ALL-PAIRS,
while 180 (10.4%) were unique to PipMaker. Hence, each annotation algorithm produced
biologically relevant associations not found by the other, with PipMaker being slightly more
informative by itself.

To further quantify the sensitivity of LSH-ALL-PAIRS, we assessed whether it behaved
“equivalently” to word matching of a given size, in the sense that using short enough words
would find every similarity found by projection. For these experiments, we simulated word
matching with word length w by running our algorithm with the degenerate parameters
£ =w,d=0,k =w and m = 1. We used the same postfiltering procedure on the
word matches thus discovered as on the ungapped similarities produced by LSH-ALL-PAIRS.
Table 2.2 shows the results for word lengths w ranging from eight to twelve bases. While

word matching, like PipMaker, found V-segment associations not accessible to LSH-ALL-



76

Table 2.2: V-segment associations found by LSH-ALL-PAIRS vs. word matching, using equiv-
alent postfiltering. “Total Assocs” = total associations found; “Only Word” = associations
found by word matching but not by LSH-ALL-PAIRS; “Only LSH-ALL-PAIRS” = associations
found by LSH-ALL-PAIRS but not by word matching.

Word Total Only Only
Length | Assocs Word LSH-ALL-PAIRS
12 1192 120 586
11 1483 180 355
10 1685 239 212
9 1860 310 108
8 2056 442 44

PAIRS, our algorithm continued to produce associations not found by word matching even
for word lengths as low as eight bases. For w > 10, LSH-ALL-PAIRS found more associations
that word matching missed than vice versa.

In summary, the evidence gleaned from the TCR alpha-delta locus and the other exam-
ples indicates that LSH-ALL-PAIRS does in practice find biologically meaningful similarities
that would be missed by word match filtering, even for quite short word lengths. Our algo-
rithm does not share word match filtering’s bias toward similarities with long words, making
it a useful complement to standard methods for discovering features in DNA sequence. The
evidence does not, however, support wholesale replacement of word match filtering by LSH-
ALL-PAIRS because our method demands the presence of long ungapped matches that may

not always appear in significant gapped similarities.

2.4.3 Performance on Large Sequences

We have argued that LSH-ALL-PAIRS enhances the sensitivity of DNA sequence annotation,
and that it is substantially more efficient at low similarity thresholds than deterministic
exclusion algorithms. However, the algorithm is still expensive compared to word match

filtering; for example, the BTK and mnd2 comparisons each required roughly one minute
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(for forward and reverse-complement comparison together), while the TCR alpha/delta
comparison required about thirty minutes. We must therefore demonstrate the practicality
of scaling LSH-ALL-PAIRS to all-pairs local alignhment problems as large as those considered
at the beginning of this chapter.

Human chromosome 22, the shortest of the human chromosomes, is 34.6 megabases
in length. After removing known interspersed repeats with RepeatMasker, roughly 17.4
megabases of sequence remain. To test LSH-ALL-PAIRS’ performance on this moderately
large sequence, we performed repeat finding at a 67% identity threshold on chromosome
22 using the Sanger Center’s May 2000 assembly of the chromosome, which is an improved
version of the sequence described by Dunham et al. in [33]. We compared this sequence to
itself using LSH-ALL-PAIRS with £ = 81, d = 27 to minimize spurious matches and k = 14,
m = 874 to maximize efficiency. For ungapped postfiltering, we used the DNA-PAM-30
similarity matrix (+1 for a match, —1 for a mismatch). Because we have not implemented
gapped Karlin-Altschul statistics, we did not perform gapped postfiltering, instead reporting
any significant (p < 0.05) ungapped alignments. We did not compute matches between the
sequence and its reverse complement.

Our analysis produced 41387 ungapped similarities, of which 36422 proved significant at
p < 0.05 by the standard of Karlin-Altschul theory. The significant similarities, illustrated
by dot plot in Figure 2.10, had a median length of 213 bases and a median identity of
79.2%. 8638 similarities, or approximately 24% of the total, had identities of at most 70%.
In the figure, we identified clusters of similarities corresponding to a number of repetitive
gene families on chromosome 22, the most striking of which is the immunoglobulin A (Ig))
locus located between 5.9 and 6.9 Mb. IgA contains families of paralogous gene segments
similar to the TCR loci. Comparing our dot plot to that provided in [33], we also identified
clusters corresponding to the glutathione S-transferase, B-crystallin, Ret-finger-protein-like,
apolipoprotein, and APOBEC gene families. The vertical and horizontal bands in the figure
correspond to the LCR-22 family of chromosome-specific repeats. We did not report the
trivial match on the main diagonal, so the central line apparent in the figure actually consists
mainly of approximate tandem repeats, some hundreds of bases long.

LSH-ALL-PAIRS required 11.9 hours to process chromosome 22. This length of time is
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Figure 2.10: significant similarities (p < 0.05) detected in the self-alignment of human

chromosome 22. The median identity of all similarities shown is 79.2%. Compare Figure 3
of [33].
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reasonable for a large-scale analysis but is still slow compared to word match filtering: un-
gapped postfiltering of one candidate match takes a few microseconds on the same machine,
so a similarity search based on 8-mer words could filter the expected number of matches in
chromosome 22 in only a few hours. We therefore investigated whether LSH-ALL-PAIRS could
be made more competitive in efficiency with word-based algorithms. In particular, because
LSH-ALL-PAIRS’ running time scales linearly with the number of iterations, we questioned
whether the full number of iterations demanded by the analysis of Section 2.3.4 is really
necessary in practice.

There is good reason to believe that the parameterization produced by formal analysis
of LSH-ALL-PAIRS is conservative. First, the analysis assumes that every d-similarity has
exactly d mismatches; better-conserved similarities are more likely to be found with each
projection because they share more positions in common. Second, as discussed in Sec-
tion 2.3.5, conversion to canonical ¢-mer pairs increases the number of different candidate
pairs that lead to the same d-similarity. Finding any one of these pairs is sufficient. Third,
the longer a similarity is, the more opportunities exist for LSH-ALL-PAIRS to discover it. For
example, using the parameters given above, an 82-mer with 27 mismatches contains two
81-mers, each of which may independently be discovered by any projection. The similarities
found by LSH-ALL-PAIRS averaged over 200 bases in length with 67% or greater identity, so
many (though not necessarily all) 81-mer substrings of them are likely to be at least 67%
identical. All of these factors led us to the hypothesis that meaningful similarities are likely
to be found in fewer iterations than predicted analytically.

To test our hypothesis, we compared the number of similarities in chromosome 22 found
in the algorithm’s full m = 874 iterations with the numbers found after 50 and 100 iterations
— about 6% and 12% of the total running time. Because we have focused on LSH-ALL-PAIRS’
sensitivity at low levels of similarity, we restricted attention to the most difficult similarities,
those with at most 70% identity. Table 2.3 shows for each number of iterations the numbers
of similarities found at two points: after running the core algorithm with canonical pair
conversion, and after postfiltering. Both canonical pair conversion and postfiltering did
indeed substantially increase the rate at which similarities were recovered, compared to the

pessimistic predictions of formal analysis. Although the theory predicts that only about



80

Table 2.3: similarities with identity at most 70% found by LSH-ALL-PAIRS in human chro-
mosome 22 after 50 and 100 iterations vs. the full 847 iterations required by formal analysis.
Types of similarities shown are: raw d-similarities, d-similarities after conversion to canon-
ical pairs, and significant ungapped alignments after merging, extension, and postfiltering.
Percentages are computed with respect to the value at 847 iterations. The percentages
for raw d-similarities are estimated from Inequality (2.2) because LSH-ALL-PAIRS does not
compute such similarities directly.

Sim Type 847 Iters 50 Iters 100 Iters
d-similarities - (16.6%) (30.6%)
Canonical Pairs 127449 | 67582 (53.0%) | 97825 (76.8%)
Significant Sims (p < 0.05) | 36422 | 35750 (98.1%) | 36244 (99.5%)

30% of raw d-similarities found in 847 iterations would be present after 100 iterations, the
number of canonical pairs found in this time was more than 75% of the total, and the number
of significant similarities was over 99%. The accelerated recovery of similarities observed

for chromosome 22 was also seen in the BTK, mnd2, and TCR alpha/delta comparisons.

Taking advantage of LSH-ALL-PAIRS’ faster-than-expected recovery of similarities has
the potential to reduce its running time in practice by nearly an order of magnitude. To
exploit this phenomenon, however, we need a less conservative way to choose the number
of iterations m than the theoretical performance curves of Section 2.3.4. Fixing a lower
number of iterations a priori is difficult because the effects of canonical pair conversion and
postfiltering are both challenging to model and input-dependent. Instead, we propose the
following empirical procedure to determine when the core algorithm has “converged” to a
nearly complete answer. After each few iterations of LSH-ALL-PAIRS, postprocess any new
d-similar pairs that have been found since the last postprocessing phase and do not fall in
sequence regions already covered by alignments. Count the total number of new significant
similarities found each time; when it falls below a given threshold, stop and declare that
the search has converged. The theoretical estimate of m would still serve as an upper
bound on running time. This enhancement requires some future changes to our present

separate implementations of LSH-ALL-PAIRS and postfiltering but seems to pose no obvious
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chromosome

Figure 2.11: whole-genome repeat finding in Drosophila (116 Mb) with a 67% ungapped
identity threshold.

engineering challenges.

As a final demonstration of the feasibility of running LSH-ALL-PAIRS on a large sequence,
we performed whole-genome repeat finding on the Drosophila genome. The Celera assembly
of this genome [2] contains 116 megabases of euchromatic sequence. After removing a rela-
tively small number of repeats known to RepeatMasker, we compared each of the genome’s
six chromosome arm assemblies to itself and to the other arms at a 67% identity threshold,
using £ = 81, d = 27, and the usual choices of other parameters. (The number of iterations
in each comparison was still chosen using the conservative theoretical prediction.) The com-
parisons, in both forward and reverse-complement directions, were run in parallel on seven
Sun UltraSparc-80 processors, requiring roughly 1.5 weeks overall. Figure 2.11 shows the
resulting similarities, including the usual tandem repeats near the diagonal and bands at

the centromeres of chromosomes 2 and 3 where the repeat density sharply increases.

The whole-genome analysis of Drosophila is noteworthy not only because it shows that
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LSH-ALL-PAIRS can process a genome of 10% bases but also because it exposes at least
three future opportunities to improve the way the algorithm is implemented and used. The
following enhancements will help to expand LSH-ALL-PAIRS’ capability to 10° bases and

beyond:

1. The version of LSH-ALL-PAIRS used for the experiment always allocated twelve bytes
per input base, storing both sequence number and sequence position as separate in-
teger values. For such large comparisons, a 33% memory savings (and therefore a
performance improvement) can be had by concatenating the sequences together and
treating them as one long sequence, reducing the storage to eight bytes per base.
We observed a nontrivial running time improvement after applying this optimization
to the self-alignment of chromosome 22, where there was no need to store sequence

numbers.

Depending on the cost of hashing £-mers to their projections, it may even be worth-
while to recompute projection values for each Z-mer on the fly during partitioning,

reducing the space cost to only four bytes per base.

2. To avoid monopolizing the memory of the busy servers used for the analysis, we par-
allelized it across processors by comparing each pair of chromosome arms separately.
This approach resulted in small analyses compared to the total genome size but en-
tailed much redundant work because, for example, the £-mers of arm 2L had to be
partitioned once per iteration for comparison with each of arms 2R, 3L, 3R, 4, and
X. Concatenating the entire genome into a single sequence in one analysis would have

reduced the number of times arm 2L was partitioned by a factor of five.

This observation raises the question of how best to parallelize LSH-ALL-PAIRS. Because
each iteration is independent, it is possible to attain linear speedup in partitioning
and checking by splitting the iterations across p processors. Of course, this technique
requires ©(pN) memory for a problem of size N, p times as much as for a serial analy-
sis. In contrast, parallelizing the comparison by splitting the sequence into fragments,

creating p smaller comparison problems, results in only a ©(,/p) speedup but uses
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only ©(,/pN) memory. Moreover, the total cost of the fragment comparison problems
may be less than predicted if their smaller size substantially improves memory locality.
The best space-time compromise in parallelizing LSH-ALL-PAIRS remains a topic for

future study.

3. If we were doing serious repeat family identification in Drosophile, we would not want
to do the entire comparative analysis at once. Rather, the most common repeats
could be identified and removed using an inexpensive comparison with a high similarity
threshold (say, 90%), after which increasingly more sensitive analyses would find more
difficult repeats. Because the cost of LSH-ALL-PAIRS scales exponentially with the
similarity threshold, doing a whole series of analyses at gradually decreasing levels
of similarity would not cost much more than doing only the most sensitive analysis.
Removing the most common repeat families early on would also reduce the effective

sequence size for later comparisons.

2.5 Conclusions and Open Questions

In this chapter, we have introduced, analyzed, and implemented the LSH-ALL-PAIRS al-
gorithm for ungapped all-pairs local alignment using filtering by random projection. By
adopting a randomized approach to similarity search, we break through the curse of dimen-
sionality to achieve substantially better performance than deterministic exclusion algorithms
such as double filtration, at levels of similarity as low as 67% ungapped identity. In prac-
tice, LSH-ALL-PAIRS complements word match filtering techniques for annotation because
it finds biologically meaningful similarities that are difficult to detect using even relatively
short word lengths. Finally, we have shown that the algorithm does indeed scale to problems
as large as 10® bases and outlined an approach to achieve close to an order of magnitude
future speedup by observing how quickly the similarity search converges.

We raise three major open questions regarding future extensions of LSH-ALL-PAIRS.
Firstly, is uniform random sampling with replacement the best way to choose random projec-
tions? Secondly, can LSH-ALL-PAIRS be extended to find gapped alignments directly, rather

than relying on heuristic gapped postfiltering? Finally, can the framework described here
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be extended to finding high-scoring multiple local alignments in long genomic sequences?

2.5.1 Better Distributions of Projections

For simplicity of analysis, LSH-ALL-PAIRS chooses each projection by picking k positions
uniformly at random with replacement. In principle, projections could instead be drawn

from an arbitrary distribution ¥. An open question is:

Does there exist a distribution ¥ on projections that lowers the total cost of
LSH-ALL-PAIRS compared to the current distribution, for some (or all) values of
the parameters £ and d, a given bound on p¢,, and similarities with adversarially

distributed substitutions?

The last condition, adversarially distributed substitutions, is important because LSH-ALL-
PAIRS guarantees its sensitivity even in the adversarial worst case. Lower-cost filtration
methods, such as deterministic word matching, may be provably sensitive if the distribution
of mutations is known in advance.

An important special case of the above question is whether choosing positions in each
projection without replacement is better than choosing them with replacement. If LSH-
ALL-PAIRS chooses k£ positions per projection without replacement, the probability that any
d-similar pair (sj, s2) projects to the same value under a random projection f becomes

()
k
Pr(f(s1) = f(s2)] 2 ———.
£
N
For any fixed ¢, d, and k, this probability is less than that of Inequality (2.1), so a larger
number of iterations m is required to achieve the same bound on false negatives. However,
each iteration produces fewer false positives.
We conjecture that, for sequences more than a few tens of kilobases long, choosing

positions without replacement is at least slightly more efficient than picking them with

replacement. If we fix £, d, and & and choose the smallest m that achieves a given bound
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on the false negative rate, the total false positive rate over all m iterations is empirically
lower when choosing positions without replacement. Moreover, if we simultaneously vary
both m and k, as in Section 2.3.4, the optimal parameterization when positions are chosen
without replacement empirically appears less costly under the measured cost constants for
partitioning and checking. We still seek a formal justification to back up these empirical
observations.

A related question to the above is whether one can generate a set of m projections,
either deterministically or at random, that jointly have a lower false negative rate than
m independently chosen random projections while maintaining about the same expected
algorithmic cost. It is trivial to satisfy the first condition — for example, the gapped k-
tuples of double filtration have a false negative rate of zero — but more challenging to satisfy
both conditions at once. As a less trivial example, choosing m projections (uniformly at
random without replacement) that share no position in common is always more sensitive
than choosing m projections independently. Comparing the probabilities of failure to find a
d-similarity in any of m trials, we see that nonoverlapping projections are less likely to fail
than independent projections:

- im - -
(l-—d) (l—d—i-k)
k m-1 k
1-———— =211 |1-

O )]

However, the total false positive rate for nonoverlapping projections is also higher because

every pair of /-mers with at most £ — k substitutions passes the filter more often on av-
erage. Whether choosing disjoint projections is actually beneficial depends on how many
fewer iterations are needed to achieve a given false negative rate. Moreover, only |£/k]
nonoverlapping projections of size £ can be chosen for similarities of length £. For larger
values of m, it will be necessary to devise and analyze the effectiveness of schemes in which
projections have minimal but nonzero overlap.

The above theoretical questions attempt to maintain a sensitivity guarantee for LSH-ALL-
PAIRS independently of how substitutions are arranged in a similarity. In practice, it may

sometimes be useful to design a distribution of projections that is especially well-adapted to
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finding certain kinds of sequence features. For example, to find conserved coding DNA, one
could model its three-base codon structure and the fact that third base positions are poorly
conserved by selecting only projections whose positions are 0 or 1 mod 3. Some offset of each
projection against a coding sequence would not sample any third base positions. Projections
could also be specially designed to find regulatory elements with constant-width spacers,
which are often seen in yeast [89]. Such features consist of two short conserved regions
separated by a completely unconserved spacer element of known width. To identify such
features, projections should sample positions only from the ends of each ¢-mer, not from its

center.

2.5.2 Finding Similarities with Gaps

The core LSH-ALL-PAIRS algorithm only finds ungapped similarities. While postfiltering
can produce gapped alignments, it does not maintain any formal guarantee of sensitivity.
Some deterministic exclusion methods, such as Chang-Lawler, handle gaps with guaranteed
sensitivity but share the poor scalability of their ungapped analogs. It remains an open
question whether there exists a randomized algorithm for finding gapped similarities that
both provides a formal sensitivity guarantee and scales as well as LSH-ALL-PAIRS to low

similarity thresholds.

Random projection seems ill-suited to find alignments with gaps because each projection
is assumed to index corresponding positions of every £-mer. This correspondence is not fixed
in the presence of indel mutations. Consider, for example, a search for alignments of an
£-mer to an £ + l-mer with a single deletion in the latter: there are £ + 1 ways to delete a
base from the longer string, each of which results in a different correspondence between the
remaining aligned bases. To find a good correspondence, we must therefore hash £+1 £-mers
for every £ + 1l-mer in the input. For any fixed projection that samples k positions, these
£-mers produce at most k + 1 distinct projection values, but even with this observation
the partitioning cost allowing a single gap is about k times the cost cf LSH-ALL-PAIRS
without gaps. The number of possible correspondences, and therefore the work factor, rises

rapidly with the number of indels, so this straightforward approach to permitting gaps
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seems unlikely to be practically efficient.

A projection-like technique that handles gaps efficiently is unlikely to rely on projections
into subspaces of the Hamming space of -mers. More elaborate mappings might be needed
to preserve gapped edit distance between sequences; one such mapping was recently found by
Muthukrishnan and Sahinalp [66], but it corresponds to an edit distance based on operations,
such as block reversals, that are not part of the usual biological definition of sequence
similarity. Another property of sequences that is correlated to their gapped similarity is the
set of k-mers present (at any position) in both strings [41]. LSH-ALL-PAIRS can be extended
to work with this measure of similarity as follows. To specify all the k-mers present in a
string s, first define an arbitrary bijection from k-mers to integers between 1 and 4% then
create a vector of length 4%, such that the ith position of the vector is nonzero iff s contains
the ith k-mer. The more similar two ¢-mers are, the more positions will match between
their derived vectors. Pairs of similar vectors can be found using LSH-ALL-PAIRS by treating
each vector as a 4*-mer over the alphabet {0,1}. The future challenge is to show that
k-mer content, or any other property related to gapped edit distance between sequences,
yields a search algorithm as sensitive and efficient for gapped similarities as projection is
for ungapped similarities.

An interesting restriction of general gapped alignment would be to find alignments with
one gap of arbitrary length. This restricted problem might be easier than handling arbitrary
gaps and would still be useful for finding, e.g., palindromic regulatory sites with a variable-
length spacer element [62] or tandem repeats with a block added or removed between the

repeated sequences.

2.5.3 Long-Range Multiple Local Alignment

LSH-ALL-PAIRS is designed to find pairwise local alignments between sequences. In some
applications, however, the problem is to find not pairs of similar sequences but sets of three
or more sequences that are mutually similar. For example, most regulatory elements are
so short — only a few tens of bases — that a pairwise alignment between two copies of the

element does not score highly enough to pass even a generous significance threshold. If,
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however, we could show that (say) three 20-30 base sequences are all similar, either to each
other or to a common consensus or other abstract feature model, the sequences could be
identified as occurrences of a significant feature.

While we will have more to say about multiple alignment of features in short background
sequences in Chapter 3, this section is devoted to a different problem: long-range multiple
local alignment. Whereas the motif finding methods of the next chapter do not scale well
beyond a few tens of kilobases of background sequence, the long-range problem seeks multi-
ple alignments in backgrounds hundreds or thousands of kilobases in length. The intended
application of long-range multiple local alignment is to search long intronic or intergenic
regions for features, especially regulatory elements, that may be too short to be identified
as significant by pairwise alignment alone.

Finding the optimal multiple alignment of three or more sequences under any of a variety
of different scoring criteria is an NP-hard problem [102]. The full cost of aligning three or
more sequences is therefore even greater in practice than that of applying Smith-Waterman
to pairs of sequences, and the need is even more acute for an efficient filtration scheme
that minimizes the need for expensive multiple alignments. Developing such a scheme -
including specifying the criteria for a biologically plausible multiple alignment, devising and
analyzing a filter, implementing it efficiently, and finding biosequences to serve as test cases
— is a major open avenue for research.

We end by briefly describing a heuristic extension of LSH-ALL-PAIRS to long-range un-
gapped multiple alignment. The pairwise algorithm’s filter requires that each candidate
pair of /-mers match in k positions. To align n sequences, one could trivially extend the
filtering criterion to require that all sequences match in k positions. The revised criterion,
while not nearly as sensitive as those used by most motif finding algorithms, has the ad-
vantage that it is easy to apply even to long sequences: first apply the partitioning step of
LSH-ALL-PAIRS to the input, then draw n-tuples rather than pairs of ¢-mers from each class
C; as candidates.

The above filtering heuristic is admittedly crude, but it shows preliminary evidence of
working in practice. We applied this filter to a set of three orthologous sequences from the

prion protein (PrP) locus that were previously collected and annotated by Lee et al. [59].
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The sequences, drawn from human, mouse, and sheep, ranged from 32 to 36 Kb in length.
We filtered these sequences for matches of length £ = 30 with at most d = 10 positions that
were not conserved in all three organisms; such matches are unlikely to occur by chance alone
in three sequences of these lengths. We somewhat arbitrarily chose parameters m = 100 and
k = 8. The output of the filter included matches across all three organisms corresponding
to three different noncoding regulatory sites annotated by Lee et al.. The fact that these
features were previously found by manual multiple alignment strongly suggests that even
a simple filter like ours has the potential to increase the automation and sensitivity of

long-range multiple alignment.
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Chapter 3

FINDING MOTIFS USING RANDOM PROJECTION

In this chapter, we show how to extend random projection from its original use in pair-
wise comparison to multiple alignment — comparisons among three or more sequences. We
focus specifically on the widely studied problem of finding regulatory motifs in genomic
sequence by ungapped multiple local alignment. We develop a new algorithm, the PROJEC-
TION motif finder, and show that it solves problems that are intractable to existing tools

based on the popular local search approach to finding motifs.

3.1 Problem Definition

Section 1.2.2 introduced transcription factor binding sites, an important class of feature in
genomic DNA. These sites, which range up to a few tens of bases in length, enable tran-
scription factors to bind near genes and alter their expression. Knowing which genes have
nearby binding sites for which factors is key to understanding how the cell controls and
coordinates gene expression to maintain homeostasis, to respond to environmental changes,
and to carry out programs like replication or programmed cell death. Binding sites occur-
ring inside genes, especially in the 5’ and 3' untranslated regions (UTRs) surrounding the
coding sequence, may also be recognized in the mRNA by molecules other than transcription
factors, including parts of the spliceosome or ribosome.

A motif is a conserved DNA sequence pattern recognized by a transcription factor or
by other cellular machinery!. As we saw in the human-mouse pairwise comparisons of
Chapter 2, conservation of a regulatory motif across organisms or across genes allows us to

identify it through similarity search. However, because regulatory motifs are so short and are

1The term “motif” is also commonly used to describe a pattern in protein sequence, but protein motifs
may arise from many types of conserved functional domain, not just binding sites. Even DNA motifs may
arise for reasons other than binding sites (e.g. intron branch sites).
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imperfectly conserved, two occurrences of a motif by themselves may not provide significant
evidence of conservation. For example, consider the problem of finding two occurrences of
a conserved 20-mer motif that differ by only five substitutions, in a pair of 1-kb background
sequences that are i.i.d. random with equal base frequencies. The expected number of
20-mer matches with at most five substitutions appearing by chance in the background is
about 3.67, so two occurrences of the motif would be indistinguishable from the background.
Unless we can localize the motif to a very much smaller region, the only way to demonstrate

its significance is to find additional occurrences in other sequences.

3.1.1 Motif Models and Measures of Conservation

Before we can formulate the problem of finding a conserved motif in multiple sequences, we
must specify just what it means for three or more sequences to be jointly conserved. Many
different quantitative measures of conservation exist for multiple sequences (42, Chapter
14], but we focus on measures induced by two abstract models of a motif: the consensus
model and the profile or weight matriz model (WMM). These models induce measures of
conservation as follows: given a multiset S = {s1,...s;} of ¢ putative motif occurrences,
first find the motif model M(S) that best describes S, then measure how well the motif

occurrences s; conform to the model M (S).

Both the consensus and weight matrix models assume that two occurrences of a motif
may differ .only by substitutions, not by indels. This assumption reflects in part the limita-
tions of many computational technologies (including our own) for finding motifs and in part
the fact that biologically interesting motifs are frequently ungapped. Some known motifs
consist of a small number of ungapped segments with intervening variable-length spac-
ers [89, 62]; such motifs can be modeled as a collection of ungapped consensus or weight
matrix models whose occurrences always appear near each other with gaps of varying length

in between.
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ACTGCGC
AGAGATC

CGAGCGT AGAGCGC

AGAGAAC
GCAGCAT

Figure 3.1: A consensus model inferred from five occurrences of a 7-mer motif. The most
frequent base in position 7 of the occurrences becomes the jth base of the consensus. If two
bases appear equally often in a given position, as with A and G in position six, the choice
of the consensus base at that position is arbitrary.

The Consensus Model

The consensus model is a simple combinatorial description of a motif. In this model, the
motif is assumed to arise from a consensus sequence x. Each occurrence of the motif is a
copy of x, perhaps with a small number of substitutions. The consensus itself need never
appear in a real biosequence — it is merely an abstraction that explains the pattern of
conservation observed in a motif’s occurrences.

One can form a consensus from any collection S of putative motif occurrences with
common length £. Define the consensus of a multiset B of bases to be that base which
occurs most often? in B. Then the consensus sequence of S, denoted x(S), is that £-mer
whose jth position contains the consensus of the jth bases of every s; € S, as illustrated in
Figure 3.1. x(S) is the consensus model that best describes S, since any other consensus
sequence differs from a plurality of S’s occurrences in some position.

A similarity score for S with respect to x(S) can be defined in several ways. The usual
score is the number of substitutions between each s; and x(S), summed over all s; € S.

Alternatively, one could measure the conservation of a motif by the largest number of

2If there are two or more equally common bases, choose one of them arbitrarily.
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substitutions d between its consensus and any of its occurrences. Thinking geometrically,
the latter measure is the radius of the smallest sphere in Hamming space, centered on x(S),

that encloses all of S.

The Weight Matriz Model

A consensus sequence is a rather uninformative motif model because it says nothing about
how strongly the consensus base in each position is conserved or about the distribution of
any non-consensus bases. A more descriptive probabilistic model is the weight matriz model
(WMM), also called a profile. The WMM models a motif of length £ as a 4 x £ matrix W;
the entry Wz, j] gives the probability that an occurrence of the motif contains base 7 in its
jth position3. Each column of W therefore sums to one. The bases in different positions
of the motif appear independently at random according to the per-position distributions

specified by W; hence, the probability that W produces a particular ¢-mer s is given by

14
Pris|W] = []Prsli]| Wl sl
i=1
[4

= I wislil

J=1
Given a multiset S of motif occurrences, one can easily compute the WMM W (S) that
best describes S: set W(S)[¢, 5] to be the frequency with which base i occurs among the jth
positions of all occurrences in S. For example, Figure 3.2 shows the WMM corresponding
to the motif occurrences of Figure 3.1. The matrix W(S) is the best description of S in a
mazimum likelihood sense; that is, it is the WMM W that maximizes the likelihood

LW |S)=]]Pris|W].
SES

The likelihood L [W(S) | S] is a useful score by which to measure how well the motif S
is conserved. If a particular position is completely unconserved, exhibiting equal base fre-
quencies, it contributes a factor of (0.25)* (for motifs with ¢ occurrences) to the likelihood

score, whereas a position that always has a fixed base contributes a factor of 1. Positions

3By convention, bases are numbered in the order 4, C, G, T.
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ACTGCGC Al06|/00/08({00/0.2{0.4]|0.0
AGAGATC 0.2|04(00|0.0]|0.6|0.0]/06
CGAGCGT

ACAGTAC Glo2|0.6|00/|1.0|00]|0.4]00
GCAGCAT t|00|00|02|00|02|02]04

Figure 3.2: A weight matrix model (WMM) inferred from the five motif occurrences in
Figure 3.1. Entries corresponding to the consensus base at each position are identified in
bold face. Unlike the consensus model, the WMM captures the frequencies of non-consensus
bases and remains well-defined even when the consensus base is ambiguous, as in position
six.

with intermediate degrees of conservation, e.g. those that always have a purine (A or G),
contribute a factor between these two extremes. The reader seeking a more detailed discus-
sion of the properties of the likelihood score should consult a good text on mathematical

statistics, such as {48], or information theory, such as [28].

If the motif S occurs in i.i.d. random background sequences with a base distribution P,

a better scoring function for S is the likelihood ratio LR (S), defined as

_ L[W(S) | 9]
LR(S) = “Fipis (3.1)

where

[
LP|S) =]l IIPrislsl | P
seSj=1
The likelihood ratio, while not strictly a measure of conservation, is a principled way to
account for the background base distribution when scoring a motif. The ratio adjusts
for the background distribution by recognizing that, if base ¢ appears frequently in the
background, then a collection of strings with a high frequency of #’s is more likely to occur

purely by chance, and is therefore less significant as a putative motif, than one with few 7’s.
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3.1.2 The Motif-Finding Problem

The motif-finding problem is a search in the same spirit as pairwise local alignment. We seek
to ascertain whether a collection of genomic sequences contains substrings that constitute

a high-scoring motif:

Problem 3.1 (Generic Motif Finding) Given ¢ genomic sequences and a fixed length
¢, find the highest-scoring ungapped motif S composed of ¢ ¢-mers, one from each input

sequence.

Typically, ¢ ranges between three and twenty sequences; considerations of both statistical
significance and efficiency limit the lengths of these sequences to at most a few thousand
bases each. Unlike pairwise local alignment, motif finding seeks the highest-scoring motif
rather than setting a score threshold in advance. This difference arises because there is no
one widely used theory of statistical significance for motifs comparable to Karlin-Altschul
theory for pairwise alignment. Significance of motifs must in general be estimated in ad hoc
fashion, as in Section 3.4.2, or empirically by simulation, though some general theoretical
results are available for likelihood ratio scoring (see, e.g., [71, Section 8.2.3.3]).

The statement of Problem 3.1 contains several major assumptions: firstly, that the motif
is ungapped; secondly, that it has fixed length ¢; and thirdly, that it occurs exactly once per
input sequence. In a probabilistic motif model, the latter two assumptions can be relaxed,
albeit at some computational cost [11]. Even with all assumptions in place, however, the
problem remains computationally challenging. Finding the best motif in a collection of
input sequences, like many multiple alignment problems, is NP-hard [3].

A maximum-likelihood formulation using the WMM is perhaps the most popular, most
broadly successful approach to motif finding in practice. Assuming this probabilistic model

and scoring function, the motif-finding problem becomes:

Problem 3.2 (Maximum-Likelihood Motif Finding) Given t genomic sequences with
bases distributed according to a background distribution P, find the motif S composed of
t £-mers, one from each input sequence, that maximizes the likelihood ratio LR (S) defined

by Equation (3.1).
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Lawrence and Reilly [58] posed the motif finding problem in essentially this form*. With
only minor changes to the scoring function, Problem 3.2 also encompasses close cousins of
the maximum-likelihood formulation, such as the Bayesian approach of McCue et al. [62],

that incorporate prior knowledge about the location and composition of the unknown motif.

3.2 Motif Finding Algorithms: Background and Limitations

3.2.1 Prior Work in Motif Finding

The motif-finding problem has spawned a plethora of different algorithmic solutions. These
methods can be divided into two major approaches: enumeration and local search.

Enumerative algorithms exhaustively list and score all possible motifs in the input. The
enumeration may be performed over collections of putative motif occurrences or over a
countable set of models, such as the 4¢ possible £-mer consensus sequences. Enumerative
algorithms include methods by Blanchette et al. [16], Brazma et al. [21], Galas et al. [36],
Neuwald and Green [70], Sagot [82], Sinha and Tompa [89], Staden [95], Tompa [99], and
van Helden et al. [100].

While enumerative algorithms are guaranteed to find the highest-scoring motif in the
input, they require time exponential in the motif length £ and are considered impractical
for motifs much above ten bases in length. One way to lower these methods’ high cost
is to enumerate partial motifs much smaller than the desired length, then try to assemble
them into full-length motifs. This strategy is implemented by the TEIRESIAS algorithm of
Rigoutsos and Floratos [79].

To avoid the exponential cost of enumeration for long motifs, motif finders resort to
the heuristic approach of local search. Local search methods guess an initial model of the
motif, then iteratively make small changes to the model that improve its score with respect
to the input sequences. The model eventually converges to a local mazimum whose score
cannot be improved by further iteration but which is not guaranteed to be the globally
highest-scoring motif. Local search methods increase their chances of finding the globally

4Technically, their problem statement asks for the motif induced by the maximum-likelihood WMM for
the entire input and infers rather than fixes the distribution P. See Appendix C for details.
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best motif by guessing many different initial models, iteratively improving each one, and
finally reporting the highest-scoring motif resulting from any guess.

Local search is the technique of choice for motif finding in the popular maximum-
likelihood formulation of Problem 3.2. Iterative improvement of the likelihood score can
be performed numerically by expectation maximization (EM) or seminumerically by greedy
search over models or by Gibbs sampling. Motif finders implementing one of these tech-
niques include Bailey and Elkan’s MEME [11], Hertz and Stormo’s CONSENSUS [46], Lawrence
et al.’s GibbsDNA [57], and the algorithms of Lawrence and Reilly [58] and of Rocke and
Tompa [81].

3.2.2 Planted (€,d)-Motifs and the Perils of Local Search

Despite the widespread use and notable success of motif finders using maximum-likelihood
scoring and local search, there exists a class of highly significant motifs that such methods
are largely unable to find. This limitation of existing motif finders was demonstrated by
Pevzner and Sze [76], who studied a combinatorial formulation of motif finding, previously
described by Sagot [82], in the consensus model. Their formulation, the planted (¢, d)-motif

problem, is as follows:

Problem 3.3 (Planted (4, d)-Motif Problem) Let x be an (unknown) consensus se-
quence of length £. Suppose that x occurs once in each of ¢ background sequences of
common length n, but that each occurrence of x is corrupted by exactly d substitutions
in positions chosen independently at random. Given the ¢ sequences, recover the motif

occurrences and the consensus x.

A particular parameterization of this problem, the so-called “challenge problem” of [76],
plants a (15,4)-motif (that is, a motif of length £ = 15 with exactly d = 4 substitutions per
occurrence) in each of £ = 20 background sequences of common length n = 600 composed
of independent random bases chosen with equal frequencies. Such a well-conserved motif
should be easy to identify because it has a very low probability (< 10~!* by the estimate
of Section 3.4.2 below) of occurring by chance in twenty random sequences of the specified

length and composition. The values of n, t, and £ in the challenge problem are biologically
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plausible, approximating those used to find, e.g., transcription factor binding sites in a
collection of coregulated genes’ promoter regions in yeast.

Pevzner and Sze showed that CONSENsUS, GibbsDNA, and MEME all perform poorly
on the (15,4)-motif challenge problem. When presented with an instance of the challenge
problem, these algorithms usually terminate at a local maximum of their score function cor-
responding to a randomly occurring pattern in the input, missing the planted motif despite
its much higher score. The mere fact that planted motifs are generated by a combinatorial
rather than probabilistic model does not excuse these failures, since any consensus-based
motif can also be modeled as a WMM, and the problem parameters ensure that this WMM,
if found, would be highly significant. The observed failures therefore suggest that the per-
formance of existing local search-based motif finders is strongly influenced by
motif characteristics other than the degree of conservation.

To illustrate why local search-based motif finders have difficulty solving planted (¢, d)-
motif problems, consider the following example. Figure 3.3 shows two hexamer motifs,
A and B, each of whose occurrences were produced by mutating the sequence CCATAG in
exactly two positions. The numbers of mutations introduced in each motif are identical;
however, given equal amounts of background sequence, motif A is in practice more likely
than B to be found by local search.

The difference between motifs A and B is that the mutations in B, as specified in Prob-
lem 3.3, are distributed uniformly across its positions, while those in A are confined to its
two center positions. This difference makes B harder to find for two reasons. First, despite
having been constructed with the same number of mutations, and hence the same degree
of conservation, as A, motif B scores worse than A under a variety of scoring functions.
For example, B has only slightly more than half A’s information content® (4.4 versus 8.2
bits); algorithms that score motifs using statistical measures related to information content,
including the likelihood ratio, will therefore have more trouble separating motif B from
the background. Similarly, the best consensus model inferred from motif A differs from its

occurrences by fewer than two substitutions on average, while every occurrence of B differs

SInformation content for a WMM (in bits) is defined as 2¢ minus the sum of the entropies of each position’s
base distribution. For a discussion of entropy, see [28].
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Figure 3.3: two hexamer motifs in which each occurrence differs by exactly two substitu-
tions from the string CCATAG. Lower case letters indicate substitutions. Although the two
motifs exhibit equal numbers of mutations, motif B’s substitutions are distributed uni-
formly throughout its occurrences (as in the challenge problem), while A’s substitutions are

concentrated in its two center positions.
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from its best consensus by exactly two bases.

A second, more insidious problem is the fact that the average Hamming distance between
two occurrences of motif B is large — 3.6 substitutions versus only 1.6 for motif A. Local
search methods typically start their search by guessing a single occurrence of the motif,
then use iterative improvement to find additional occurrences by selecting £-mers similar
to the initial guess. Local search is likely to terminate at a local maximum different from
the motif if the background contains substantial “noise,” i.e. random ¢-mers that are more
similar to the initial guess than are other true occurrences of the motif. A larger average
distance between motif occurrences increases the chance that the f-mers most similar to an
initially guessed occurrence are not other copies of the motif but random sequences from
the background. For example, a DNA hexamer chosen uniformly at random has probability
0.038 of matching a fixed motif occurrence to within two substitutions, but it has probability
0.466 of matching it within four substitutions®. Hence, local search methods using typical
wnitialization strategies encounter substantially more noise when finding motif B and so are
more likely to fail.

Although motifs A and B represent an extreme dichotomy, they iliustrate the ends of
a continuum of practical interest. The more tightly a motif’s mutations cluster in a small
number of positions, the easier the motif is to find with existing algorithms; conversely, the
more dispersed the mutations, the more subtle the motif. Biological motifs fall between the
two extremes, but those close to the subtle end of the continuum are inaccessible to existing

motif finders.

3.2.8 Recent Approaches to Planted (¢, d)-Motifs

Pevzner and Sze [76] developed two novel algorithms, WINNOWER and SP-STAR, to more
reliably find subtle motifs, in particular to solve the (15,4)-motif challenge problem. Briefly,
WINNOWER constructs a graph whose vertices correspond to all /-mers present in the £ input

sequences, with an edge connecting two vertices if and only if the corresponding f-mers

5Using more realistic parameters, a random 15-mer will match a fixed occurrence of a (15,4)-motif to
within four substitutions with probability only 1.2 x10™*, but it has a greater than 5% chance of matching
within eight substitutions.
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differ in at most 2d positions and do not both come from the same sequence. WINNOWER
then looks for a clique of size ¢ in this graph. The second algorithm, SP-STAR, is a more
conventional local search method that starts in turn from each individual ¢-mer s in the
input, chooses the closest match to s from every other input sequence to form an initial
model, and uses iterative refinement to converge on a good motif. SP-STAR’s motif scoring
function is the sum-of-pairs (SP) score, defined for a motif S as
SP(S) = 3 D(si,s;)
i<y

where s;,s; € S and D measures the Hamming distance between two strings.

WINNOWER and SP-STAR perform substantially better at finding planted (15,4)-motifs
than previous algorithms [76]. However, they are less successful at solving more difficult
planted motif problems. For example, the (14,4)-, (16,5)-, and (18,6)-motif problems, all
with the same background length and composition as the challenge problem, prove in-
tractable for the new algorithms as well as for existing local search techniques (see Table
3.1). The latter motifs, while not so well-conserved as a (15,4)-motif, are still highly sig-
nificant; for example, an (18,6)-motif in the assumed background appears by chance with
probability less than 10~7. Hence, even the new algorithms leave a rather large gap between
motifs that can be found computationally and the limits imposed by statistical significance.

To close this gap, we turn once again to random projection.

3.3 The PROJECTION Algorithm

Figure 3.4 gives a new algorithm, PROJECTION, for the planted (¢, d)-motif finding problem.
PROJECTION is designed to find planted (¢, d)-motifs that are intractable both to previous
local search methods and to the WINNOWER and SP-STAR algorithms. Our algorithm com-
bines random projection with a standard WMM-based local search motif finder, so it adapts

easily to more practically useful maximum-likelihood motif finding as posed in Problem 3.2.

3.3.1 Intuition

To motivate the development of PROJECTION, observe that we can make local search more

robust to a large average distance between motif occurrences by improving the way the
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Figure 3.4: The PROJECTION algorithm. Subroutines referred to in the algorithm are:
GEN-RANDOM-PROJ-NOREP(Z, k), which generates a random projection by picking & values
uniformly at random without replacement between 1 and £; THRESHOLD(h), which com-
putes a bucket size threshold for bucket S, using the Poisson approximation described in
Section 3.3.2; REFINE(S), which performs iterative motif refinement (by EM in our imple-
mentation) initialized with the guess S; and SCORE(S), which computes the score of a motif
S. The parameters m, k, and o are chosen as described in Section 3.3.2. EM refinement
and scoring are described in Section 3.3.3.
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PROJECTION(C, ¢, d, m, k, o)
C': a collection of genomic sequences
£: length of motif
d: max. substitutions per motif occurrence
m: number of random projections to perform
k: number of positions in each projection
o: fixed bucket size threshold
Sp: bucket labeled with projection value &
M: set of all candidate motifs

M~
repeat the following m times
f — GEN-RANDOM-PROJ-NOREP(/, k)
/* compute bucket of each £-mer in C */
foreach sequence c € C
forl1<j<|e]—¢+1do
se—clj...7+£-1]
Sfs) — Sty VU {s}
end
end
/* refine all sufficiently large buckets */
foreach bucket S},
if |Sp| > MAX(o, THRESHOLD(hA))
S} «— REFINE(S})
M — MuU{S;}
end
end
end

return motif S* € M s.t. SCORE(S™*) is maximal
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search is initialized. Consider again the difficult motif B of Figure 3.3, and suppose we
initially guess not one but o > 1 occurrences of this motif. For example, suppose that ¢ = 3,
and that we somehow guess the first, second, and fourth occurrences of B in the figure. The
consensus of these three strings is CAATAG (with the second base chosen arbitrarily because
of a tie), which differs from the true motif’s consensus in only one position and from its
occurrences by an average of 2.6 substitutions — substantially less than the average distance
between one occurrence and another. Similarly, the WMM formed from these three strings
describes the motif much more accurately than does any one of its occurrences. Starting
with multiple motif occurrences permits an initial guess that more closely resembles the
true motif and so decreases the opportunity for noise to confound subsequent local search.

The main problem with a more robust initialization strategy is computational cost. We
do not know where the motif appears in the input, so to find o occurrences we must naively

guess every collection of o ¢-mers in the input as a starting point for local search, requiring
t . .

( ) (n — £+ 1)7 searches overall. Even for o = 2, exhaustive enumeration and testing of
c

all such guesses seems prohibitively expensive. PROJECTION takes a different approach: it
randomly samples collections of at least o £-mers in a way that is biased toward picking sets
of motif occurrences. Specifically, PROJECTION prefers multisets of ¢-mers that are likely to

be similar to a common consensus.

3.3.2 Better Initialization through Random Projection

In accordance with the intuition of the previous section, PROJECTION attempts to correctly
guess at least o occurrences of an (unknown) planted motif. To this end, the algorithm
performs m independent trials, each of which may generate multiple guesses. In each trial,
it chooses a random projection f and hashes each £-mer s in the input to a bucket Sy(,)-
We call the projection value f(s) the label of S¢(;). Any bucket receiving sufficiently many
f-mers is explored as a potential motif, using a local search-based refinement procedure
described in the next section.

As in Section 2.3.1, the projections f are constructed by choosing k positions uniformly

at random from the set {1... ¢}, for a value of k to be determined later. Rather than try to
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deal with the vagaries of a variable projection size, which are practically more difficult to
work around in motif finding than in pairwise alignment, PROJECTION selects the positions
of each projection without replacement.

Let x be the unknown motif’s consensus, and define the planted bucket to be that bucket
labeled with value f(x). The fundamental idea underlying our use of random projection
is that, if k is small enough, there is a good chance that at least o occurrences of x will
hash together into the planted bucket. At the same time, if ¥ is not too small, it is unlikely
that many random £-mers from the background sequence will hash to the planted bucket,
because each such £-mer must agree with y in all £ sampled positions. Thus, the ¢-mers in
the planted bucket will likely be highly enriched for the planted motif.

The planted bucket depends on the unknown motif, so PROJECTION cannot identify it
a priori. However, by setting the parameters . and k appropriately, one can arrange for
the planted bucket to receive at least o motif occurrences in at least one iteration of the
algorithm with high probability. Hence, PROJECTION refines only those buckets with at
least o {-mers, confident that one such bucket will be the planted one?.

To fully specify the PROJECTION algorithm, we must describe how to choose both the
projection size k and the number of trials m as a function of the algorithm parameters ¢, d,
n, t, and o and a bound g on the probability that the algorithm successfully hashes at least
o motif occurrences to the planted bucket. We must also describe how to choose o, which

while notionally an input to the algorithm is not a “natural” parameter for motif finding.

Choice of Parameters k and m

As with LSH-ALL-PAIRS, many different combinations of m and k will achieve the goal of
producing a large planted bucket with high probability. However, very small values of &
cause many background £-mers hash to the planted bucket; in the degenerate case k = 0,
the entire input would end up in one bucket that would be useless for motif finding. We
therefore choose a projection size k large enough to minimize contamination of the planted

bucket by random background sequences. Suppose we require at most F background ¢-mers

"On occasion, PROJECTION actually succeeds in recovering the correct motif by refining some bucket other
than the planted bucket, which is an added bonus.
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per bucket on average. PROJECTION hashes t(n — £ + 1) £-mers into 4* buckets, so if we set

t('n,-—EZ-l-l)),

then the expected number of background £-mers per bucket is at most E. We normally

k > logy (

fix E < 1 so that the planted bucket is expected to contain less than one Z-mer from the
background sequence.

The number of trials m must be set large enough so that with probability at least g, some
trial produces a planted bucket containing at least o motif occurrences. The probability ¢
is computed over both the random choices of projections and the random distribution of
mutations in the problem instance. We set ¢ = 0.95, which is high enough that PROJECTION
often produces planted buckets with at least o motif occurrences in several trials, providing
some robustness against unsuccessful refinements.

Because PROJECTION chooses its projections uniformly at random, each motif occurrence

in the planted model hashes to the planted bucket with probability $(¢, d, k), defined by
£—d
k
£l
k

In particular, those planted occurrences for which the d mutated positions are disjoint

b, d, k) =

from the %k hash positions will hash to the planted bucket. Let { be an estimate of the
number of input sequences containing a planted motif occurrence (f = ¢ for our synthetic
challenge problems and promoter examples). Then the probability that fewer than o planted
occurrences hash to the planted bucket in a given trial is B ;. 4 1) (o), where By p(z) is the
probability that there are fewer than z successes in t independent Bernoulli trials, each
trial having probability p of success. We may assume that the trials for different motif
occurrences are independent because the problem formulation states that mutations appear
independently at random in each occurrence.

If PROJECTION is run for m trials, the probability that o or more motif occurrences hash

to the planted bucket in at least one trial is

1= [B £a(ed k) (T )]m >q.
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In order to satisfy this inequality, choose

- log(l - q)
" [log(Bf,ﬁ(l,d,k) (o ))] ) (3.2)

This bound on m is similar in character to that derived in Inequality 2.3 of the previous

chapter.

Choice of Threshold o

The choice of the bucket size threshold o is determined by a combination of sensitivity
and efficiency concerns. The need for sensitivity dictates a threshold large enough that a
bucket with at least o true motif occurrences is likely to produce the planted motif after
refinement. Unfortunately, we know of no formal properties of local search refinement from
which to determine a lower bound on o, though the intuition of Section 3.3.1 and the
fact that a bucket may receive one or more background ¢-mers both argue strongly for
o > 1. Empirically, we have found that in experiments on problems containing 4-20 motif
occurrences in background sequences of 600-1000 bases, setting o = 3 or 4 usually works
well. This empirical value of ¢ is the one used to determine m in Equation 3.2. Using these
criteria for m, k, and o, finding even subtle motifs of the sizes considered here requires at
most thousands of trials, and usually many fewer, to produce a bucket containing enough
motif occurrences for effective refinement.

An alternative lower bound on the bucket size threshold derives from a practical consid-
eration of efficiency: we wish to discard buckets composed mostly or entirely of background
£-mers, which are unlikely to be useful as starting points for refinement. We assume for
simplicity that in a collection of random background sequences, the number of £-mers that
project to the bucket with label A is approximately Poisson-distributed with a mean pup
given by

pr=Hn— £+ 1) Pr[f(s) = h]

where the latter probability is computed over the distribution of ¢-mers s in the background
sequences. The Poisson assumption derives from the fact that we are counting occurrences

of a short fixed pattern, namely the bases of h appearing in the positions read by f, in
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the background. In the case of nonuniform background base frequencies, the probability
Pr{f(s) = k] is different for each bucket S, producing larger thresholds for buckets likely
to contain many background f-mers purely by chance.

PROJECTION sets the size threshold for each bucket Sy to the larger of the empirical o
determined by sensitivity and the 90th percentile value of the bucket’s size distribution, as
determined by its label h. The per-bucket size computation is represented in Figure 3.4 by
the function THRESHOLD(h). Excluding buckets with more than o ¢-mers could in theory
cause the algorithm to miss the planted bucket when it appears; in this work, however, the
empirical value of o is larger than the Poisson-derived size threshold for most buckets, so

the practical effect on sensitivity is small.

3.3.3 Motif Refinement and Scoring

PROJECTION refines each sufficiently large bucket in hopes of recovering the planted motif.
If the bucket being refined is the planted bucket, its £-mers already match the motif’s
consensus in at least k& positions. These positions plus the information in the remaining
£ — k positions of the bucket’s {-mers provide a strong signal, starting from which a few
iterations of refinement should lead to the correct motif.

The primary function of PROJECTION is to pick good starting guesses for refinement;
it should in principle be agnostic as to which local search technique is used to refine those
guesses into motifs. Our implementation refines candidate motifs using expectation max-
imization as formulated by Lawrence and Reilly [58]. Their formulation makes several

important simplifying assumptions:

1. The motif is well-modeled by an ungapped WMM of fixed length £.
2. The motif occurs exactly once per input sequence.

3. The background sequences are composed of independent, identically distributed bases.

Appendix C reviews this formulation and how we implement it.
Although Lawrence and Reilly’s motif model is greatly simplified compared to motifs in

real biosequences, it is sensitive enough to identify meaningful motifs in practice. Bailey
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and Elkan [11] describe a more elaborate mixture model EM that permits any number
of motif occurrences per sequence, but fitting its parameters from sequence data requires

significantly more computation than the simpler Lawrence and Reilly model.

To form an initial guess for EM from a bucket S}, we compute its maximum-likelihood
WMM W (Sy). As a practical matter, it is wise to avoid zero entries in this initial matrix
because they are as likely due to the small number of sampled motif occurrences as to the
true motif composition. To avoid avoid zeroes in W(S}), we add to each entry W (Sy)[i, 7]

a Laplace correction of Pi], the probability of base 7 in the background sequence.

Because EM converges only linearly, running it to convergence for every starting guess
would be computationally prohibitive. Fortunately, just a few iterations of EM (five in our
implementation) can significantly improve a well-chosen starting model to the point where
it identifies the planted motif. Let W be the candidate motif model refined from W (S3),
and let P be the background sequence distribution. We form a refined guess S; at the
planted motif by selecting from each input sequence the ¢-mer s with the largest likelihood
ratio Pr[s | W] /Pr[s | P]. The multiset S}, represents the motif in the input that is most

consistent with the model Wy .

PROJECTION generates a refined guess for every sufficiently large bucket from every trial,
but we wish to pick a single best motif to report to the user. For the biological examples
of Section 3.4.5, we score each refined motif S}, by its likelihood ratio score LR(S}). We

report the motif S* that maximizes this score over all buckets from all m trials.

To maximize the number of motif occurrences recovered in the synthetic challenge prob-
lems of Section 3.4.1, we perform a further combinatorial refinement of each S;. This
further refinement process is similar to SP-STAR [76] but uses a different, combinatorial
score function. Define the score r(Sf,d) to be the number of £-mers in S} within radius
d of its consensus x(S}), and let S; contain the ¢-mer from each input sequence that is
closest in Hamming distance to x(Sy). If r(Sy,d) > r(S},d), replace S} by S} and repeat.
This refinement usually converges within a few iterations. Again, we report the motif S*

for which r(S*, d) is maximum over all buckets from all m trials.
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3.4 Experimental Results

In this section, we investigate PROJECTION’s ability to find both synthetic and biological
motifs. The synthetic motifs, described in Section 3.4.1, are (naturally) the (15,4)-motif
challenge and more difficult planted motif problems for which the algorithm was designed.
Sections 3.4.3 and 3.4.4 respectively determine the performance impact of introducing back-
ground sequences with nonuniform distributions and longer lengths than in the original
challenge problem, while Section 3.4.2 estimates the statistical limits of (£, d)-motif finding
to quantify the remaining gap between problems that PROJECTION can solve and problems
that cannot be solved at all.

In Sections 3.4.5 and 3.4.6, we complement these synthetic results by addressing realistic
biological motif finding problems, first identifying transcription factor binding sites in the
promoter regions of eukaryotic genes, then tackling the problem of finding ribosome binding
sites in prokaryotes. The promoter data sets contain just a few motif occurrences in an
equal number of sequences, while the ribosome binding site data sets consist of thousands
of sequences, only a fraction of which contain the motif. We validate the motifs found by
PROJECTION by comparing them to published sites from the literature and, for ribosome

binding sites, to their complementary 16S rRNA sequences.

3.4.1 Challenge Problems on Synthetic Data

We first tested PROJECTION on synthetic problem instances generated according to the
planted (¢, d)-motif model of Pevzner and Sze [76]. Such problems have been shown to be
intractable to most existing motif finders, even for £ = 15 and d = 4, so they are natural test
cases for our algorithm. We generate problem instances as follows: first, a motif consensus
x of length £ is chosen by picking £ bases at random. Second, ¢ = 20 occurrences of the
motif are created by randomly choosing d positions per occurrence (without replacement)
and mutating the base at each chosen position to a different, randomly chosen base. Third,
we construct ¢ background sequences of length n = 600 using n - ¢ bases chosen at random.
Finally, we assign each motif occurrence to a random position in a background sequence,

one occurrence per sequence. All random choices are made uniformly and independently
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with equal base frequencies. This generation procedure corresponds to the “FM” model
used in the challenge problem described by Pevzner and Sze.

We report the performance of PROJECTION using the performance coefficient of (76],
defined as follows. Let K denote the set of t - £ base positions in the ¢ occurrences of a
planted motif, and let K denote the corresponding set of base positions in the ¢ occurrences
predicted by an algorithm. Then the algorithm’s performance coefficient on the motif is
defined to be |[K N K|/|K U K|. When all occurrences of the motif are found correctly, the
performance coefficient achieves its maximum value of one.

Table 3.1 compares the performance of PROJECTION with that of previous motif discov-
ery algorithms on sets of twenty random problem instances, each generated as described
above. All experiments used projection size £ = 7 and bucket size threshold o = 4, which
combined with the problem parameters requires numbers of trials m as shown in the ta-
ble. The values of m are determined by Equation (3.2). For each set of problems, we give
the average performance coefficient for PROJECTION as well as the number of problem in-
stances (out of twenty) for which it correctly recovered the planted motif’s consensus. For
comparison, we provide corresponding average performance coefficients for three other al-
gorithms: GibbsDNA, WINNOWER (k = 2), and SP-STAR. The data for previous algorithms
was collected by Pevzner and Sze and summarized in [76, Figures 1 and 2].

In every line of Table 3.1, the average performance of PROJECTION is at least as great as
that of any of the previous algorithms. PROJECTION almost always correctly solved planted
(11,2)-, (13,3)-, (15,4)-, (17,5)-, and (19,6)-motif problems, with performance coefficients less
than one appearing only because our algorithm, like any motif finder, sometimes picked as a
motif occurrence a background ¢-mer that was at least as similar to the correct consensus as
was the true occurrence. The (11,2)-, (13,3)-, and (15,4)-motif problems were also accessible
to WINNOWER and to SP-STAR.

PROJECTION’s improved performance is more striking on the more difficult planted
(14,4)-, (16,5)-, (17,5)-, (18,6)-, and (19,6)-motif problems. Our algorithm’s performance on
these problems substantially exceeds that of previous algorithms, including those of Pevzner
and Sze, which generally fail to find the planted motifs. Finding each synthetic motif in the
most difficult (18,6) problem required about one hour on a 667 MHz Alpha workstation;
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Table 3.1: performance of PROJECTION and previous motif finding algorithms on synthetic
(¢, d)-motif problems. Each problem instance consists of t = 20 sequences each of length n =
600. Average performance coefficients of GibbsDNA, WINNOWER (k = 2), and SP-STAR are
from Pevzner and Sze (personal communication), who averaged over eight random instances.
For PROJECTION, averages were taken over twenty random instances, with projection size
k = 7 and threshold o = 4.

£ d | GibbsDNA WINNOWER SP-STAR | PROJECTION Correct m
10 2 0.20 0.78 0.56 0.82 20 72
11 2 0.68 0.90 0.84 0.91 20 16
12 3 0.03 0.75 0.33 0.81 20 259
13 3 0.60 0.92 0.92 0.92 20 62
14 4 0.02 0.02 0.20 0.77 19 647
15 4 0.19 0.92 0.73 0.93 20 172
16 5 0.02 0.03 0.04 0.70 16 1292
17 5 0.28 0.03 0.69 0.93 19 378
i8 6 0.03 0.03 0.03 0.74 16 2217
19 6 0.05 0.03 0.40 0.96 20 711
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easier problems like (15,4) were typically solved in only a few minutes. The vast majority of
PROJECTION’s running time was spent performing local search, with only a small fraction

attributable to its random projection-based initialization phase.

3.4.2 Limitations on Solvable (£,d)-Motif Problems

Although PROJECTION performs well on the planted motifs of Table 3.1, it generally fails
-to find motifs with slightly different parameters, such as (9,2)-, (11,3)-, (13,4)-, (15,5)-, or
(17,6)-motifs (again for £ = 20 and n = 600). We naturally investigated why our algorithm
tends to fail on problems that seem quite similar to the original challenge.

A probabilistic analysis shows that problems involving planted motifs with the above
parameters are quantitatively different from the problems in Table 3.1. For example, twenty
random sequences of length 600, with no planted motif, are expected to contain more than
one spurious (9,2)-motif by chance, whereas the expected number of (10,2)-motifs that they
contain is approximately 6.1 x 1078, We derive these estimates as follows. Let

w5 () Q'@

1

be the probability that a fixed £-mer occurs with up to d substitutions at a given position
of a random sequence. Then the expected number of length-£ motifs that occur with up to

d substitutiors at least once in each of ¢ random length-n sequences is approximately
t
E(,d) =4 (1 —-Q- pd)"-’“) .

This expectation is only an estimate because overlapping occurrences of a given consensus
string x do not occur independently in the background.

Table 3.2 lists relevant values of E({,d) and E(£ + 1,d) for comparison. In each line of
the table, the expected number of spurious (¢, d)-motifs is around 1-5, whereas the expected
number of spurious (£ + 1, d)-motifs is negligible. We therefore expect that on the specified
(¢, d)-problems, PROJECTION, or for that matter any other algorithm, is likely to report a
spurious motif as good as the planted motif, even if it usually succeeds on the corresponding

(£ + 1, d)-motif problems.
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Table 3.2: statistics of spurious motifs in synthetic (£,d) problems. Parameters used were

k =17, 0 = 4, m as shown. Column headings: “a.p.c” = average performance coefficient
over twenty problem instances; “Correct” = instances yielding correct motif consensus;
“Spurious” = instances yielding equally good but spurious consensus; “19/20” = instances
yielding a consensus with nineteen occurrences.
¢ d|E(d) E({+1,d)|ap.c Correct Spurious 19/20 m
9 2 1.6 6.1 x10~8 | 0.28 11 5 4 1483
11 3 4.7 3.2 x10~7 | 0.026 1 13 6 2443
13 4 5.2 4.2 x 1077 | 0.062 2 15 3 4178
15 5| 28 23x1077]0.018 0 7 13 6495
17 6 0.88 7.1 x 1078 | 0.022 0 8 12 9272

Although the expectations of Table 3.2 are only estimates, we know from an exhaustive
enumeration of 9-mers and an exact calculation of their probabilities in twenty random
600-mers that the expected number of spurious (9,2)-motifs is 1.621. (The probability
calculation was done using an algorithm described in [99, Section 3.1].) Thus, the estimates
may not be too inaccurate in practice.

To further corroborate our analysis, we ran PROJECTION on sets of twenty random
instances of the planted (4, d)-motif problems of Table 3.2 generated as described in the
previous section. The algorithm’s performance on these sets is also reported in Table 3.2,
including the average performance coefficient, the number of problem instances in which
the correct consensus was found, and the number of instances where we instead found a
spurious (¢, d)-motif appearing in all twenty input sequences. Where PROJECTION failed
to find either the correct or an equally good spurious motif, it found a motif (again not
the planted one) occurring in nineteen of the twenty input sequences. These experiments
provide further evidence that the (¢, d)-motif problems that PROJECTION consistently fails
to solve are often intractable to any algorithm, simply because there is no way to distinguish
the planted motif from an equally high-scoring but spurious motif.

Finally, we note that the distinction between solvable and unsolvable motif finding prob-

lems assumes that, as in our experiments on synthetic data, a motif finder gets only one
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chance to find the planted motif. If, as in the biological examples of Section 3.4.5 below,
a motif finder may return multiple high-scoring motifs, it may be still able to find the
true motif (though not to distinguish it from equally high-scoring spurious motifs in the
background). Future work should therefore explore the challenging parameterizations of
Table 3.2 to assess whether returning both real and spurious motifs with equal scores is
computationally feasible. However, if such motifs arise often, they could better be found by
incorporating into the algorithm additional information, such as the expected positions of

their occurrences, that better distinguishes them from the background sequence.

3.4.83 Performance vs. Background Base Distribution

Real biosequences frequently have base compositions different than the equal base frequen-
cies used in the experiments of Section 3.4.1. We therefore tested the performance of PRO-
JECTION on synthetic motif-finding problems with background sequences of varying com-
position. These problems were constructed and solved identically to those of Section 3.4.1,
except that we chose a background G C fraction fgc, then generated the background se-
quence from a distribution with Pr[G] = Pr[C] = 0g¢/2 and Pr[A] = Pr[T] = (1 — bg¢)/2.

We continued to generate planted motifs from a distribution with equal base frequencies.

Figure 3.5 shows the performance of PROJECTION on both (15,4)- and more challenging
(14,4)-motifs at different background compositions. The algorithm’s performance, as mea-
sured by the average performance coefficient, was essentially unchanged on (15,4)-motifs
down to 35% G C and on (14,4)-motifs down to 40% G C. Below these thresholds, recovery
of the motif drops off precipitously, to essentially zero at 35% G C for (14,4)-motifs and
20% GC for (15,4)-motifs. This performance drop occurs because a biased background is
more likely to produce problem instances that, like those of Section 3.4.2, by chance contain
spurious motifs at least as good as the planted motif. Indeed, in every example where the
algorithm failed to find the planted motif, it found a collection of twenty ¢-mers that were
at least as well conserved. In the absence of spurious motifs, PROJECTION’s ability to find

the planted motif is robust to moderate variations in G C content.
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Figure 3.5: performance of PROJECTION on synthetic motif-finding problems with unequal
background base frequencies. Problems were generated as in Section 3.4.1, except that the
background G C fraction was set to values different from 0.5 as shown. Problem instances
contained either (15,4)-motifs (solid line) or (14,4)-motifs (dashed line) generated with equal
base frequencies.
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3.4.4 Performance vs. Background Sequence Length

We tested PROJECTION’s ability to handle increasingly noisy problems by finding planted
motifs in increasingly large amounts of background sequence. Longer backgrounds contain
more random £-mers similar to real motif occurrences, as well as more collections of f-mers
scoring almost as highly as the true motif. Both phenomena increase the chance that local

search will terminate at a suboptimal local maximum instead of finding the true motif.

Figure 3.6 shows the performance of PROJECTION on (15,4)- and (14,4)-motifs for back-
ground lengths ranging from n = 600 to n» = 2000. Other than the increased length =,
problem instances were generated identically to those of Section 3.4.1. All experiments
used the parameters given in Table 3.1 for (15,4)- and (14,4)-motifs. In these experiments,
we retained the projection size k = 7 at all lengths, even though for backgrounds longer
than 800 bases, setting £ = 7 causes the average bucket size to exceed one ¢-mer. Setting
k = 8 would have kept the average bucket size below one but would have required an order
of magnitude more iterations (m = 1987 for (15,4) and m = 14860 for (14,4)) to maintain a
95% probability of producing a planted bucket with at least ¢ = 4 occurrences of the motif.

PROJECTION’s performance on (15,4)-motifs degrades gracefully with increasing length,
from a performance coefficient of nearly 1.0 for n = 600 to 0.6 at n = 2000. As predicted,
some of the decay can be attributed to failures to find the planted motif at all (one failure
in twenty problem instances at n = 1600, 4/20 at n = 2000), while the rest is attributable
to admixture of background ¢-mers into otherwise correct motifs. The observed failures,
unlike those of the previous section, are not attributable to spurious motifs as good as the
planted motif; rather, they are consistent with algorithm failures caused by a proliferation
of suboptimal local maxima. For example, at n = 2000 the four failed problem instances all
yielded spurious (15,4)-motifs with sixteen or seventeen (rather than twenty) occurrences,
which by the estimates of Section 3.4.2 are expected to occur frequently by chance at this
background size.

Finding (14,4)-motifs proved much harder at increased sequence lengths. Failures to

find the planted motif’s consensus increased dramatically between n = 700 and n = 800,

from two to ten failures in twenty trials. The failures at these lengths were again caused
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Figure 3.6: performance of PROJECTION on synthetic motif-finding problems with increasing
background sequence lengths. Problems were generated as in Section 3.4.1, except that the
background sequence length was scaled from n = 600 to n = 2000 as shown. The number
of sequences was maintained at ¢ = 20. Problem instances contained either (15,4)-motifs
(solid line) or (14,4)-motifs (dashed line).
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by local search terminating at a suboptimal local maximum, usually a (14,4)-motif with
sixteen or seventeen occurrences. The nonmonotonicity of the performance curves suggests
that estimates from only twenty problem instances have substantial variance, which may
also explain in part the large magnitude of the performance drop observed between 700
and 800 bases. We did not extend the (14,4) curve past n = 1400 because at this length,
spurious (14,4)-motifs with a full twenty occurrences are already frequent enough that they
cause most of the observed failures.

Increased length testing is useful not only to determine the absolute performance limits
of PROJECTION but also to compare its performance to previous algorithms, including the
specialized methods of Pevzner and Sze. Previous motif finders usually fail to find (15,4)-
motifs when n = 1000, exhibiting a performance coefficient of 0.23 or less [76, Table 1].
Only WINNOWER, a non-local-search-based motif finder, maintains an average performance
of at least 0.8 at this background size, and that only with parameter £ = 3. PROJEC-
TION’s comparatively high performance, even for n = 2000, again demonstrates the power

of augmenting ordinary local search with intelligent initialization.

3.4.5 Transcription Factor Binding Sites

To test PROJECTION on realistic biological data, we used it to find known transcriptional
regulatory elements upstream of eukaryotic genes. We examined orthologous sequences from
a variety of organisms taken from regions upstream of four types of gene: preproinsulin,
dihydrofolate reductase (DHFR), metallothioneins, and c-fos®. These sequences are known
to contain binding sites for specific transcription factors. We also tested a collection of
promoter regions® from the yeast S. cerevisiae that are known to contain a common cell-
cycle-dependent promoter, the ECB element [63].

The motifs in these data sets are much better conserved than those in our synthetic
problem instances, with little variation and a structure more like the simple motif A of

Figure 3.3 than like the more subtle B. In general, we have been unable to locate published

8Sequences were kindly provided by M. Blanchette; see [15] for a list of organisms used and an alternative
approach to finding motifs in these sequences.

9Genes used: SWI4, CLN3, CDC6, CDC46, and CDCA47.
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examples of biological motifs as subtle as those of Section 3.4.1, but the dearth of such
examples need not imply that subtle motifs do not exist biologically. Motifs like those
in the planted (£,d) model are inaccessible to existing computational search techniques,
and a high degree of conservation is necessary to detect a motif at all given only four
or five occurrences. For example, a (15,4)-motif occurring only five times with uniformly
distributed mutations would be statistically meaningless in a background like those of our
promoter data sets. Many published motifs were likely inferred using few enough sequences
that a subtle (£, d)-motif, if present, would have appeared insignificant and so would not
have been reported.

In all experiments, we set £ = 20 and d = 2, which worked well despite the fact that the
actual motifs varied considerably in length. We chose a uniform projection size k£ = 7 for
all experiments, which implies less than one expected background ¢-mer per bucket even for
our largest problem instance. Because the motif occurs only 4-5 times in the input, we set
a smaller than usual bucket size threshold ¢ = 3 so as not to demand that all occurrences
end up in one bucket. Given the high expected amount of conservation and the low size
threshold, the numbers of iterations m computed from Equation (3.2) proved quite small,
r(;quiring only a few seconds’ running time. Motifs were scored by likelihood ratio score as
described in Section 3.3.3.

Table 3.3 gives for each experiment the consensus of the highest-scoring motif found by
PROJECTION, along with a published motif that closely matches a substring of that consen-
sus. The locations of motif occurrences were not known a priori, so we do not give per-
formance coefficients. Analysis of the preproinsulin promoter region yielded a motif known
from the TRANSFAC database [105], while the other four experiments all produced motifs
corresponding to experimentally verified transcription factor binding sites (see Table 3.3).

In cases where a data set contained several distinct known binding sites, we attempted
to find additional motifs beyond that of highest score. To find multiple motifs, we sim-
ply masked the motif of highest score, replacing each base in its occurrences with X, and
reran the motif finder on the masked sequences. This procedure proved effective in find-
ing additional documented motifs. In the preproinsulin data, the second motif found was

the well-known CT-II promoter element [17], while the second and third motifs from the
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metallothionein data were respectively the MREd and GC-box elements of [6].

In addition to the promoter sequences listed in Table 3.3, we ran PROJECTION on a set of
twenty 1000-base C. elegans promoter regions containing occurrences of the “X box” motif
RYYNYYATRRNRAC, the target site for the DAF-19 transcription factor [98]. The genes from
which these sequences are taken were chosen by P. Swoboda (personal communication) be-
cause their expression is likely regulated by DAF-19. Some genes exhibit empirical evidence
of such regulation, while the remainder were chosen because they exhibit an occurrence of
the X box motif between 50 and 300 bases upstream of the translation start site.

The X box looks somewhat more like the subtle motifs for which PROJECTION was
designed. Only four of the fourteen positions in the motif are perfectly conserved across
all twenty occurrences; of the remaining positions, one is poorly conserved, while the rest
exhibit a strong preference for either purine or pyrimidine, with one base appearing in 13-19
occurrences. PROJECTION easily found nineteen of twenty known motif occurrences (perf.
coeff. = 0.90) using parameters £ = 14, d = 2, k = 8, m = 6, and ¢ = 4. The twentieth
annotated occurrence was not found, but the ¢-mer reported by PROJECTION had a higher
likelihood ratio than the annotated occurrence and, based on its position in the sequence,
could conceivably be a second copy of the X box site.

Although the motifs we found are not particularly subtle and indeed have previously been
found by existing local search methods [15], the results of these experiments are noteworthy
for two reasons. First, we achieved good performance even with a fairly primitive refinement
strategy that did not include, e.g., score corrections for motif length or iteration of EM to
convergence. We expect that random projection would yield even better performance if
adjoined to a more sophisticated local search procedure. Second, because PROJECTION
selectively samples good starting points for local search, it uses fewer restarts than the
usual approach of starting from each ¢-mer in the input in turn. As shown in Table 3.3,
the number of starting points in the various experiments ranged from 20% to 67% of the
input sequence length — substantially fewer than the number of starts required with the
usual search initialization. For the X box, the number of starts was 2607, just 13% of the
input length. Moreover, the reported motifs were invariably found during several different

iterations, so we could have been even more aggressive in reducing mm and therefore the
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number of starts. Future work should determine how aggressively m can be reduced for

“easy” motifs like those of this section without sacrificing sensitivity.

3.4.6 Ribosome Binding Sites

To test PROJECTION’s robustness on a very different sort of biological example, we applied
it to the problem of finding prokaryote ribosome binding sites. A ribosome binding site
problem instance consists of thousands of short DNA sequences (n = 20) taken from just
upstream of the translation start site of each of an organism’s genes. The goal is to identify
the site (£ = 6) at which the 16S rRNA of the ribosome binds to mRNAs transcribed from
the genes. It is known that this binding site is approximately complementary to a short
sequence near the 3’ end of the 16S rRNA [56].

The ribosome binding site problem poses challenges to PROJECTION not encountered
in previous examples. First, because of incorrect gene annotation and other limitations,
only a fraction of sequences in any problem instance actually contain a 16S rRNA binding
site. To model this phenomenon, we set £ = ¢/3 in Equation (3.2) when determining the
number of iterations to perform. Second, the total amount of sequence in this problem is
sufficiently large that we cannot choose & to simultaneously satisfy & < £ — d and achieve
a contamination threshold of fewer than tens or hundreds of background ¢-mers. Instead,
we set kK = ¢ — d — 1, as large as possible, and set the bucket size threshold o to twice the
average bucket size t(n — £ + 1)/4*. This bound should on average select buckets in which
motif occurrences (which are numerous in these examples) outnumber background ¢-mers,
that is, buckets with more signal than noise. Because prokaryote genomes often have highly
biased composition, some buckets may still be much larger than the threshold o, but these
buckets are discarded by the Poisson filtering heuristic described in Section 3.3.2.

For all ribosome binding site experiments, we chose £ = 6, d = 1, and projection size
k = 4. Table 3.4 shows the problem sizes ¢, thresholds o, and numbers of iterations m
for each experiment. The motif predicted by PROJECTION is shown in the column labeled
“Motif.” Each experiment finished in under three minutes on an 800 MHz Intel Pentium

ITT workstation.
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Table 3.4: All experiments were performed with projection size k == 4. Column headings: ¢
= number of sequences; o = bucket size threshold, m = number of iterations; “Occurrences”
= number of input sequences containing motif with up to one substitution; “16S rRNA”
= reverse complement to 3’ end of organism’s 16S rRNA, which should be similar to true
binding site; “Best z-score” = 5-mer with greatest z-score using the algorithm of [99].

Organism t c m Motif Occurrences 165 rRNA  Best z-score
M. jannaschii | 1679 196 14 AGGTGA 606 GGAGGTGATCC GGTGA
H. influenzae | 1716 202 17 AGGAAA 639 TAAGGAGGTGA AAGGA
T. maritima 1846 216 13 GGAGGT 1198 GAAAGGAGGTG AGGTG
B. subtilis 4099 480 35 AGGAGG 2742 TAGAAAGGAGG AGGAG
E. coli 4287 502 35 AAGGAG 1306 TAAGGAGGTGA AGGAG

Neither likelihood ratio scoring nor combinatorial refinement produced entirely satisfac-
tory results on ribosome binding site problems. The likelihood ratio favored motifs with
unusual base composition (e.g. TCAGGA for E. coli) that were relatively infrequent in the in-
put, while combinatorial refinement and scoring as described at the end of Section 3.3.3 chose
very common strings without regard for their composition (e.g. TAAAAT for T. maritima).
In an effort to compromise between the importance of high frequency and meaningful com-
position, we ultimately chose the motifs in Table 3.4 using the combinatorial score (S, d)
but without performing combinatorial refinement after EM.

Many pieces of evidence corroborate PROJECTION’s predicted motifs in Table 3.4. The
first is the complementarity of these motifs to the 3’ end of the 16S rRNA sequences (with
the possible exception of H. influenzae), as shown in Table 3.4. More corroboration follows
from the well-known fact that in many bacteria, the binding site for the 16S rRNA during
translation initiation is the Shine-Dalgarno sequence AAGGAGG or a large substring of it [56,
60]. The reported motifs for the four bacteria in Table 3.4 agree quite well with this sequence.
In archaea such as M. jennaschii, the 3’ end of the 16S rRNA is missing a few terminal
nucleotides compared to the bacterial rRNA sequences, and the 16S rRNA binding site is
instead AGGTGAT or a large substring of it (Woese, personal communication). Hayes and

Borodovsky [44] discovered the motif GGTGA in M. jannaschii using a Gibbs sampler, and
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Tompa [99] discovered similar binding sites in both this and three other archaeal genomes.

Tompa used a very different enumerative statistical algorithm to solve the ribosome
binding site problem, ranking motifs by their z-scores. All the motifs found by PROJECTION
are in good agreement with the highest-scoring motifs that his algorithm reported. For
example, the last column of Table 3.4 shows for each problem instance the pentamer motif,
allowing no substitutions, with highest z-score. Note the strong overlap between each of
these 5-mers and the corresponding PROJECTION prediction.

Randomization is not strictly necessary to find good starting points for refinement in
the ribosome binding site problem. There are only fifteen different projections of a hexamer
into four dimensions, so one could efficiently test all possible projections rather than picking
them at random. Indeed, because the embedded motifs are so short, this particular problem
has been addressed enumeratively without resorting to iterative search techniques at all [99].
The significance of PROJECTION’s success in finding 16S rRNA binding sites is rather to show
that the algorithm is capable of solving motif-finding problems that are quite different both
from the typical applications of Section 3.4.5 and from the formal motif model for which it

was designed.

3.5 Conclusions and Open Questions

In this chapter, we have described PROJECTION, a new algorithm for finding motifs based
on random projection. PROJECTION was designed to efficiently solve problems from the
planted (¢, d)-motif model, which it does more reliably and for substantially more difficult
problem instances than previous motif finding algorithms. PROJECTION is robust to changes
in background sequence composition and, to some extent, to long background sequences that
create noisier motif finding problems. For ¢t = 20 and n = 600, our algorithm achieves per-
formance close to the best possible, being limited primarily by the statistical considerations
of Section 3.4.2.

Despite its development in a particular formal model, PROJECTION performs well on real
biological motif-finding problems, even cases as dissimilar from the model as the ribosome

binding site problem. As a general sampling technique for initializing local search, our
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method can extend a variety of existing motif-finding algorithms, both increasing their
sensitivity to difficult motifs and reducing the number of searches required to find easier
motifs. Even so, we continue to seek biological motifs that are more subtle than those
described in Sections 3.4.5 and 3.4.6.

While PROJECTION can perhaps be incrementally extended to better handle the ex-
tremely difficult synthetic problems of Section 3.4.4, the major open questions about the
algorithm focus on how useful it is in practice. In particular, we pose the following three
questions. Firstly, is PROJECTION compatible with other, more elaborate local search ap-
proaches to motif finding? Secondly, have we any hope of finding motifs with indels? Finally,
how can we choose the parameters k¥ and m a priori to achieve the considerable reductions

in the cost of motif finding observed in Section 3.4.57

3.5.1 Ezxtensions to Local Search Refinement

The present implementation of PROJECTION uses a rather unsophisticated form of EM re-
finement. Industrial-strength motif finders based on local search, such as MEME [11] and
the recently updated GibbsDNA [62], implement a variety of enhancements to basic itera-
tive refinement, including models that allow motifs to occur multiple times per sequence,
inference of the motif length, prior weights on the positions and other properties of motif
occurrences, and more refined control of the number of iterations. Fortunately, these en-
hancements to refinement are largely orthogonal to the process by which starting points for
local search are chosen. As the examples of Section 3.4.5 show, even the initial choice of
motif length need only be approximately correct to produce good starting points.
Enhancements to the motif model that require fitting additional parameters besides the
entries of a WMM should be approached cautiously, both because of their computational
cost and because they increase the effective dimension of the search problem, raising the
specter of overfitting. However, our experience with the ribosome binding site problem
in Section 3.4.6 argues strongly for at least one such extension. In those experiments,
neither likelihood ratio scoring nor combinatorial refinement seemed to strike the proper

balance in valuing both the frequency with which the motifs occurred and the unusualness
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of their composition. We believe that this difficulty stems from the fact that Lawrence and
Reilly’s EM formulation does not properly account for sequences lacking an occurrence of
the motif. Scoring by likelihood is a common and well-founded technique, but by choosing
an occurrence from every input sequence, we include a large number of background ¢-
mers that corrupt the consensus reported for the motif. A logical future enhancement to
our implementation of PROJECTION is to use a probabilistic motif model that accounts for
sequences with no motif occurrence, specifically the ZOOPS model [11] used by MEME.
Given the weak dependence between initialization and refinement in local search, the
best strategy for enhancing PROJECTION may be not to implement a better local search
ourselves but to add our initialization methods to an existing motif finder. The ready
availability of MEME’s source code makes it a logical candidate for future integration with

PROJECTION.

3.5.2 Handling Gaps

A major open question for PROJECTION is how to extend it to find motifs whose occurrences
contain indels as well as substitutions. The previous chapter discussed the problems of using
random projection for gapped pairwise alignments; the same issues raised there apply to
multiple alignment as well. The problem is further complicated by the fact that the WMM
itself does not permit indels, so that refinement as well as initialization presents barriers to
gapped motif finding.

A potentially more tractable restriction of gapped motif finding is the following: find
a motif consisting of z > 2 ungapped segments separated by z — 1 intervening spacers
whose length may vary in each occurrence. Such motifs, which are known (with z = 2) in
yeast [89] and bacteria [62], arise because transcription factor molecules are often flexible
dimers or multimers, each part of which separately contacts a particular pattern in the
DNA sequence. Even if random projection cannot be extended to handle motifs composed
of gapped segments directly, it may be possible to find promising ungapped segments, in
the style of Rigoutsos and Floratos [79], then attempt to paste these segments together into

a full motif during refinement.
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Finding and assembling motif segments seems feasible for, e.g., the motifs reported by
McCue et al. in E. coli [62], each of which consists of two ungapped segments of seven to
eight bases with an intervening variable-length spacer of up to seven bases. In experiments
to find motifs conserved between E. coli and related bacteria, PROJECTION frequently found
motifs reported by McCue et al. by identifying one ungapped segment. Hence, ungapped
segments of these motifs appear sufficiently well-conserved that PROJECTION can identify

them for use as inputs to a refinement algorithm that assembles the segments.

3.5.8 Better Parameter Selection

In Section 3.4.5, we observed that PROJECTION succeeded in finding biologically meaningful
motifs using many fewer starting points for refinement than the total length of the input
sequence. Our initialization strategy therefore holds promise for reducing the number of
starting points used in existing local search algorithms such as MEME. However, to put this
idea into practice, future work must determine how to choose the number of iterations m

and projection size k¥ when the desired motif does not follow the planted (¢,d) model.

The primary goal of PROJECTION — causing at least o motif occurrences to hash to the
same bucket — remains the same regardless of the motif model. The probability of suc-
ceeding at this goal is easily computed in the planted (¢, d) model, both because each motif
occurrence has a fixed number of mutations and because the mutations occur independently
in each occurrence. In principle, the same probability could be computed for motifs with
any given distribution of mutations; in practice, such computations may be difficult when
mutations in different occurrences do not appear independently. More realistic motif models
therefore present computational challenges for parameter selection.

Real biological motifs typically show strong conservation at certain positions, which may
act as critical contact points for a transcription factor, and lesser conservation elsewhere. A
formal model that captures this knowledge yet may be tractable for parameter selection is
the following. A motif is composed of several different types of positions: strongly conserved
positions, with a very low rate p; of mutation from their consensus bases; moderately

conserved positions, with a larger deviation rate p;; and wholly non-conserved positions
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with base frequencies similar to that of the background sequence. The model would specify
the proportions of strongly, weakly, and non-conserved positions in the motif, which provides
sufficient information to estimate (numerically if not analytically) the chance that a given
projection succeeds in hashing o motif occurrences together. The desired probability must
be summed over all partitions of a projection’s k positions into the three types, but this
computation seems feasible for the small values of k& used in the algorithm.

While the above motif model is much closer to reality than the planted (£, d) model, it
is still consensus-based; in particular, it offers no easy way to model the common case of
positions that always contain, e.g., a purine but do not favor A over G or vice versa. Indeed,
PROJECTION itself cannot easily discover conserved purine or pyrimidine residues, since it
only projects together {-mers with a single, fixed base at a given position. To work around
this limitation, the basic projection operation could be modified as follows. Each time a
position is chosen for a projection, with some probability that position samples only the
purine-pyrimidine class of every base; in other words, if position p of an £-mer contains A4,
then the projection’s value at p is “purine” rather than “A”. This revised form of projection
directly captures conservation of a class of bases, but it is not yet clear how it affects
PROJECTION’s balance between sensitivity and efficiency for real motif finding problems.

The idea of extending similarity beyond a simple match-or-mismatch decision is useful
to LSH-ALL-PAIRS as well as to PROJECTION. In fact, extensions like the one described above
can be formally related to well-known measures of sequence similarity. We will explore the
relationship between extensions of random projection and general similarity score functions

more fully in the next chapter.
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Chapter 4

SIMULATION OF ALIGNMENT SCORING FUNCTIONS

Random projection as we have described it is closely tied to the number of substitutions
between two sequences. While this measure of similarity has proven practically effective in
LSH-ALL-PAIRS and PROJECTION, it is only one of many ways to score ungapped alignments.
In this chapter, we pose the problem of score simulation, or how to implement more complex
alignment score functions using random projection. We provide some basic results on this
problem, including a simulation of the DNA-PAM-TT family of scoring functions [96], and

sketch an approach to simulating arbitrary ungapped similarity scores.

4.1 Problem Definition

Biologically informed alignment score functions assign unequal penalties to different kinds
of substitution mutations. The different penalties reflect the fact that some substitutions
are more common than others, either because they are biochemically more likely or because
they are not under strong negative selective pressure. Score functions with unequal substi-
tution penalties are commonly used in both DNA and protein sequence comparisons, as the

following examples illustrate:

e Substitutions in DNA sequence are of two types: transitions, in which one purine
(A or G) or pyrimidine (C or T) changes to another base of the same class, and
transversions, in which a purine becomes a pyrimidine or vice versa. Transitions are
biochemically more probable than transversions and, when they occur in the third
base positions of codons, are less likely to alter an encoded protein sequence. Hence,
alignment scoring functions like the DNA-PAM-TT family assign a larger penalty to a

transversion than to a transition.

e The Dayhoff PAM matrices {29] for protein comparison model the constraints imposed
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by natural selection on substitutions of one amino acid for another. These constraints
arise from chemical properties, such as an amino acid’s physical size and charge,
that determine the three-dimensional structure of a protein. For example, leucine and
isoleucine are quite similar in size and other properties, so substitutions between them
are usually not subject to strongly negative selection and hence receive a small penalty.
In contrast, tryptophan has a much larger side chain than leucine, so replacing one
amino acid by the other is more likely to disrupt a protein’s structure. Leucine-

tryptophan substitutions therefore receive a larger penalty.

By incorporating scoring functions with unequal substitution penalties, algorithms such
as LSH-ALL-PAIRS can perform a more biologically informed similarity search. As we shall

shortly see, however, building such score functions into random projection poses technical

difficulties.

4.1.1 Limitations of Projection

Random projection is closely tied to the Hamming distance, or number of substitutions,
between sequences. In particular, the fundamental result of Inequality (2.1) states that
sequences at a smaller Hamming distance from each other are more likely to project to
the same value. Unfortunately, Hamming distance is often a poor approximation to real
alignment score functions, as the following example illustrates.

Let H(s,5) denote the Hamming distance between two sequences s and 5. Consider the
three 7-mer sequences s; = AAAAAAA, s; = AGAGAGA, and s3 = ATATATA, and suppose they
are compared using an alignment score function F that assigns a bonus of +1 to each match

and unequal penalties of 0 and —1 to a transition and transversion respectively. Then

F(s1,82) = 4
'7:(31:33) = 1L

However, Hamming distance fails to distinguish these pairs of sequences:

H(S]_, 32) = H(sl7s3) =3.
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This example has serious implications for random projection and algorithms based on it.
The Hamming distance between two ¢-mers (and hence, the probability that they project
to the same value under a random projection) may be only weakly correlated to their score.
For arbitrary thresholds in Hamming distance, we can parameterize LSH-ALL-PAIRS to find
only those similarities above the threshold and, as the number of iterations m grows large,
all such similarities with probability one. In contrast, no Hamming distance threshold,
regardless of the number of iterations, suffices to find all and only those similarities above
a threshold under a more general score function F. For such scores, there exist thresholds
(e.g. @ = 2 in the example) for which LSH-ALL-PAIRS necessarily commits either false positive
or false negative errors, however it is parameterized and even in the limit of large m.

One obvious way to remedy the disconnect between projection and non-Hamming score
functions is to postfilter LSH-ALL-PAIRS’ output to remove similarities below the desired
score threshold. We took this approach in Chapter 2, but it only solves half the problem:
the algorithm may still miss any number of similarities above the threshold whose Hamming
distances are too large to report, regardless of how many iterations it performs. In general,
we can make no guarantee as to LSH-ALL-PAIRS’ sensitivity under postfiltering without
setting the distance bound d for reported similarities so high as to be impractically expensive.

A second approach to integrating general scoring with projection is to extend the defi-
nition of candidate £-mer pairs, allowing candidates whose projection values are similar but
not equal. Rigoutsos and Califano take this approach in their FLASH algorithm [78]. Let A
be a projection on £-mers; FLASH treats two £-mers s; and so as a candidate pair under a
score function F whenever F(h(s1), h(sz)) exceeds some threshold '. This approach works
fine for comparing a short query sequence to a large database but does not scale to the
all-pairs problem on large sequences. Simple equality of projection values is an equivalence
relation that lets LSH-ALL-PAIRS implicitly generate all candidate £-mer pairs in time linear
in the input size. In contrast, FLASH’s approach requires quadratic time to produce all
candidate pairs.

Extending random projection to unequal substitution penalties with rigorous sensitivity
guarantees and reasonable efficiency requires a more powerful tool than simple postfiltering.

To find such a tool, we turn to the theory of isometric embeddings.
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4.1.2 Isometries and Score Sitmulation

Let X be a set equipped with a metric distance d. We take from geometry the idea that X
can sometimes be embedded in a Hamming space of sufficiently high dimension k. In other

words, each point z € X can be mapped to some ¢(z) € {0, 1}* such that, for any 7,y € X,

H(¢(z), 4(y)) = d(z,y)-

The mapping ¢ is said to be an isometry on X because it preserves distances between X’s
elements. For sequences, it will be more convenient to use isometries into a generalized
Hamming space whose points are vectors over some alphabet ¥ rather than zero and one;
below, the term “Hamming space” always refers to such a generalized space.

Isometric embeddings have been widely studied; see, for example, results of Linial et
al. [61, Section 5] and applications of random projection to points in the ¢; metric by
Gionis et al. [38]. We apply these tools to alignment score functions by introducing the idea
of score simulation.

To begin, recall the formal definition of an alignment score function from Section 1.3.1.
Because this chapter considers only ungapped alignments, we slightly restrict the definition
here. Let o(z,y) be a function from the columns of an alignment to integers. A single
column is a pair of characters from the sequence alphabet X, so that o(z,y) is specified by
its | |2 possible values. In practice, o is often written as a square matrix of dimension [2]-
Each column score o induces a family of alignment score functions FZ : £f x ¢ — Z on

pairs of {-mers defined by
4

Fé(s1,52) = ) _ a(s1d], s2[d]).

=1
Let A?: Z — Z% be a function mapping alignment scores on ¢-mer pairs to non-negative

distances, and let ¢ : ©¢ — (Z')* be an embedding of f-mer strings into a Hamming space

with dimension k£ and alphabet 3'.

Definition 4.1 The pair <Ae, <I>£> simulates a score function FZ if, for all 51,5, € £¢ and
all 8 € 2, the following three properties hold:

1. .Fg(sl,sﬂ > @ iff A‘(}'g(sl,sz)) < A‘(G).
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2. FE(s1,52) < 0 iff AYFLE(s1,52)) > AY(H).

3. &t is an isometry on £¢ with respect to the distance Af- F¢, ie.

H (34(s1), 8(s2)) = AY(FE(s1,52))-

Note that the fact that Af- F¢ is equivalent to a Hamming distance implies that it is a
metric distance.

If we can find a pair <65, ®e> that simulates FZ, we can implement pairwise local align-
ment using F¢ via random projection as follows. For any collection of £-mers S = 51 ... Sn,
map each s; to its image ®%(s;). Call the resulting collection of k-mers ®%(S). If a problem
calls for finding all (and only) pairs of ¢-mers s;,s; € S such that ff(si,sj) > 0, we can
equally well find all pairs of k-mers ®%(s;), ®(s;) € ®4(S) such that H ((I)e(s,-), Qe(sj)) <
AY(8). The latter computation can be implemented directly by LSH-ALL-PAIRS and can be
parameterized to return only and (in the limit of large m) all those k-mers corresponding
to {-mer pairs above the threshold 4.

Although simulation is defined with respect to a particular sequence length £, it would
be convenient if a single construction could produce simulations for every {. The following
lemma gives a sufficient condition for the existence of such a construction, which we will

use repeatedly in the remainder of this chapter.

Lemma 4.2 Suppose (6, ¢) simulates F. = o. If § is an affine linear function, then for

every £ > 1, there exists a simulation <Ae, <De> of FEL.

Proof: If § is affine linear, it must be that §(z) = a — bz for b > 0, since higher scores map

to lower distances and vice versa. Define Af in terms of § as follows:
)
AY(FL(s1,52)) = Y (o (s1[dl, s2[]))-
i=1

By this definition, A¢ has the form A%(z) = af — bz. For any £-mer s, let ®%(s) be the

concatenation of ¢(s[i]) for 1 <7 < 4.
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We claim that <A£, <I>e> simulates F2. We first show that A’ satisfies the inequality

constraints of Definition 4.1, in particular that
Fo(s1,52) > 0 iff AY(F(s1,52)) < AY09)

and vice versa. If F£(s1,52) > 8, then by the definition of A? and the assumption that § is
affine linear,

AYFi(s1,82)) = al—bF(sy1,s2)
< al - b8
= Af0).

Conversely, we have that, if A(Fi(s1, s2)) < A¢(8), then el — bFE(s1, s2) < af — b8, and so
FE(s1,82) > 6. The other required constraint is proved similarly.
It remains to show that the distance A¢- F£ is embeddable in Hamming space. Observe

that for any sp, s2 € Z¢,

¢
AYFi(s1,82)) = D 6(a(s1fdl, s2[a]))

=1

/4
= > H(¢(s1[i]), (s2[i]))

=1

= H (cb‘(sl), @e(32)) )

We conclude that A¢- F£ is indeed Hamming-embeddable, and so the lemma is proven. |
In the remainder of this chapter, we address the problem of finding simulations for

various families of alignment score functions:

Problem 4.1 (Score Simulation Problem) Given a column score function o, find (8, ¢)

that simulates o, such that 6 is affine linear.

We will show that simulations exist for a number of practically important alignment scoring
functions and discuss how to implement score simulation in practice as part of algorithms

based on random projection.
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4.2 Simulation of DNA-PAM and DNA-PAM-TT

We begin by giving simulations for the DNA-PAM and DNA-PAM-TT families of score func-
tions, devised by States et al. in [96]. DNA-PAM can actually be simulated with only the
trivial identity embedding ¢(z) = z, but describing its simulation introduces the argument
structure used in the more elaborate simulation of DNA-PAM-TT. We also describe how to
modify LSH-ALL-PAIRS, including the procedure for choosing parameters m and k, to work

with the DNA-PAM-TT embedding.

4.2.1 Simulating DNA-PAM

The DNA-PAM family of score functions is based on a discrete-time Markov model of mutation
in a DNA sequence composed of independent bases. During each time step, each base
remains unchanged with probability 0.99; with probability 0.01, the base mutates to a
different base chosen uniformly at random. Let M,’fy be the probability that base £ changes
to base y in k steps, and let p(z) and p(y) be the background frequencies of z and y
respectively. The DNA-PAM-K score matrix is an integer-valued approximation of a log
likelihood ratio scoring matrix LR given by

p(z)ME,

LR(z,y) = log p(z)p(y)

The numerator of LR(z,y) reflects the probability that, if two sequences initially share
base z in a given position, one of the sequences will mutate from z to y; in contrast, the
denominator reflects the chance of a match between two unrelated bases. DNA-PAM assumes
a background with equal base frequencies, so p(z) = p(y) = 1/4.

Let o denote the column scoring function of DNA-PAM-K. Every of has the following

properties:

1. of(z,z) is the same for every z, and o*(z,y) is the same for every = # y. These
properties hold because all bases have the same probabilities of conservation and
of mutation to each other base in the Markov model, and because the background

frequency of each base is the same.
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2. of(z,z) > o*(z,y) for £ # y. This property holds because, if M is the matrix
describing the Markov process of DNA-PAM for a single time step, M* has diagonal
probabilities equal to (0.98% 4 1)/2, which exceeds 1 for any finite k.

Because all match bonuses and all substitution penalties in DNA-PAM-K are identical, it is

easily simulated:

Lemma 4.3 Every score function in the DNA-PAM family can be simulated using an affine

linear mapping and the identity embedding ¢(z) = z.

Proof: The following construction simulates o for any k. Let o = o*(z,z) and 8 =
o*(z,y) for bases z # y, and define 6*(z) = (a — 2)/(a — B). The function 6, and indeed

any affine linear function § with a negative linear term, satisfies the inequality constraint
z >0 iff 6(z) < 6(9)

and vice versa.
It remains to show that the base alphabet can be embedded in Hamming space while

preserving the distance 6% - o*. Such an embedding is trivial because, by construction,
&% (o*(z,y)) = H(z,y).

In other words, 6 - o* assigns matching bases a distance of zero and mismatched bases
a distance of one, so it is equivalent to Hamming distance. Hence, the identity mapping
¢(z) = z suffices. 1§

Note that LSH-ALL-PAIRS can simulate DNA-PAM-K with no changes: if the user specifies

a score threshold 6, simply set d = 6%() and proceed as usual.

4.2.2 Simulating DNA-PAM-TT

The DNA-PAM-TT family of score functions derives from the same evolutionary model as
DNA-PAM, except that each transition occurs with probability 0.006 per time step, while
each transversion has probability 0.002. Let DNA-PAM-TT-K be the score matrix defined for

these probabilities by a log-likelihood ratio construction and uniform background analogous
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to that used for DNA-PAM-K, and let o}, be the corresponding column scoring function. The
key properties listed for o* also apply to of, with the exception that there are two possible
values of ok (z,y) when z # y: a penalty —m, for a transition, and a larger penalty —my
for a (less probable) transversion. As we saw in Section 4.1.1, one-dimensional Hamming
distance cannot satisfy the constraints of Definition 4.1 for DNA-PAM-TT; however, a higher-

dimensional embedding is equal to the task.

Theorem 4.4 Every score function & in the DNA-PAM-TT family can be simulated using

an affine linear mapping and a Hamming embedding of dimension o§(z, z) + 7.

Proof: Define the score-to-distance mapping 6%(z) = ok(z,z) — 2. As in Lemma 4.3, this
affine linear function satisfies the required inequality constraints, so it suffices to exhibit
a Hamming embedding of the base alphabet that preserves the distance 6k - ok. In what

follows, define the images of the two substitution penalties under 6% to be

o'} 6{‘}(—#3)

ay = 65(—my).

The higher probability of transition vs. transversion in DNA-PAM-TT ensures that a, > as.

Let ¥, be the base alphabet. Define an embedding ¢ : Xp — (Z)l,U{O,l})2 into
a weighted Hamming space as shown in Figure 4.1B. Each base z is mapped to a two-
dimensional vector ¢o(z) = (bs,%;), where by = = and ¢t is zero if = is a purine or one if
it is a pyrimidine. The two dimensions are assigned weights as and a, — a5, respectively;
because oy > a,, both dimensions have nonnegative weights.

In a weighted Hamming space, the distance D (v, w) between two vectors v and w is the

sum of the weights of all dimensions in which they do not match. Under this interpretation,
Lemma 4.5 The embedding ¢ is an isometry on ¥,; that is,
D(¢o(z), $o(v)) = &tx(0ti(z,9))-

Proof: If z =y, the vectors ¢o(z) and ¢o(y) match in both dimensions and so

D(¢o(z), po(y)) = O

= &(ohi(z,v))-
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Figure 4.1: An isometric embedding that simulates the DNA-PAM-TT family of score func-
tions. (A) a pair of bases representing a transition or transversion are respectively placed
at distances o, and a,. (B) a two-dimensional weighted Hamming embedding that reflects
the distances in part A. (C) An embedding of a weighted Hamming space in an unweighted
space.

If the mutation z — y is a transition, then z and y are either both purines or both pyrim-

idines, in which case only their second dimensions match and

D(¢o(z),$0(y)) = as
= 65(_7'3)

= bp(on(z,y)).

If the mutation is a transversion, neither dimension matches, so

D($o(2),$0(3)) = o+ (o — )
= oy
= ()
= 6h(ok(z)).

To complete the Hamming-space embedding, observe that every weighted Hamming

space can be isometrically embedded in an unweighted space as follows:

Lemma 4.6 Let V be a weighted Hamming space with non-negative integer weights over an
alphabet 3. Let W be the total weight of all dimensions in V. Then V can be isometrically

embedded in an unweighted Hamming space of dimension W.

Proof: Define the embedding ¢; : V — ZW as follows. If the ith dimension of V has

weight w;, ¢; replicates this dimension w; times. For example, Figure 4.1C illustrates an
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embedding of a two-dimensional weighted Hamming space with dimension weights 2 and 3.
The first dimension of each vector in V is replicated twice, while the second is replicated
three times.

Because each dimension 7 is repeated w; times with unit weight in the unweighted Ham-

ming space, the embedding ¢, is an isometry on V. §

Corollary 4.7 The weighted Hamming space described in Figure 4.1B can be embedded

in an unweighted Hamming space of dimension

os +(ay —0as) = oy
= 6&(""’%)

= ok(z,z) + .

We conclude that ¢; - ¢y isometrically embeds the base alphabet with distance 6% - o&

in unweighted Hamming space, which completes the proof cf the theorem. |

4.2.3 Adapting LSH-ALL-PAIRS to DNA-PAM-TT

We have shown that the DNA-PAM-TT family can be simulated, which implies that any score
function from this family can in theory be implemented by the LSH-ALL-PAIRS algorithm.
However, the naive implementation described in Section 4.1.2 is needlessly inefficient in
practice. In this section, we describe a more realistic implementation of DNA-PAM-TT in
LSH-ALL-PAIRS and show how to compute the parameters m and % for any threshold value

of these score functions.

Implementation Strategy

The major implementation cost of adapting LSH-ALL-PAIRS to DNA-PAM-TT is the increase
in dimension that occurs when a sequence is embedded: for commonly used DNA-PAM-TT
matrices, the embedded representation of a sequence is ten to thirty times larger than the
original. A practical implementation should therefore never ezplicitly store a sequence’s

embedded representation.
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LSH-ALL-PAIRS operates directly on sequences at two points: once when it computes
the projection of each ¢-mer in the input, and again when it computes the actual distances
between pairs of ¢-mers during the checking phase. In the naive implementation, both
of these operations work on /-mers’ embedded representations. However, simulation is
needed only for computing projections, not for checking ¢-mers. Rather than comparing
the Hamming distance H (‘I)‘(sl),tI)‘(sg)) to the threshold A%(#) to check each candidate
pair (s1, s2), an implementation can equivalently test the original score function FE(s1, s3)

against the original threshold 6.

The filtering phase of LSH-ALL-PAIRS must be able to compute random projections of
an ¢-mer’s embedded representation, but it may do so implicitly rather than storing the
embedded representation explicitly. For example, the procedure GET-EMBED-TT-K shown
in Figure 4.2 takes an {-mer s and returns any single character from its embedded rep-
resentation ®%(s) under the simulation of DNA-PAM-TT-K. Each character of the original
{-mer maps to a run of o, contiguous dimensions in the embedding, and each run contains
a fixed number of copies of each dimension from Figure 4.1B, so the procedure can easily
determine the index 7 of the character being sampled and whether the dimension d sampled
from that character contains the character itself or its purine/pyrimidine class. Much of
the computation in this procedure need be done only once when a particular projection is
chosen, so projection values can still be computed efficiently without explicitly representing

B(s).

Choosing Parameters m and k

The LSH-ALL-PAIRS algorithm is parameterized by the similarity length ¢, the maximum
allowed number of substitutions d, and a number of iterations m and projection size k
chosen to upper-bound the chance of missing a d-similarity. When the algorithm is adapted
to DNA-PAM-TT, however, several changes occur: the substitution bound d is replaced by
a minimum score threshold #; the projection size k£ and the positions in each projection
are chosen with respect to the embedded representation, not the original ¢-mer; and the

optimal balance between projection and checking costs must be recomputed. To implement
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GET-EMBED-TT-K(s, j)
s: sequence being projected

j: position to be read from ®%(s)

ay — of(z,z) + 7y
i [j/ ]
d — 7 mod q
if d < of(z,z) + 4
return s(i]
else
return 0 if s[i] € {A, G}, 1 otherwise

end

Figure 4.2: a procedure GET-EMBED-TT-K to compute the character at the jth position
in the embedded representation of the sequence s, as described for DNA-PAM-TT-K in Sec-
tion 4.2.2. To simplify the pseudocode, all indices are assumed to be zero-based rather than
one-based.
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the procedure for parameter selection described in Section 2.3.4, we must compute LSH-ALL-
PAIRS’ false positive and false negative rates for sequences in the embedded representation.
In what follows, <Ae, <I‘E> refers to the simulation of .7-‘55, constructed from the single-base
simulation of of according to the procedure of Lemma 4.2.

Let (s1,52) be a pair of ¢-mers with score .7-'55 (s1,52) > 0. The Hamming distance
H (@l(sl), fbe(sg)) between these £-mers’ embedded representations is by construction at
most Af(#). Hence, if the algorithm uses projection size £ and runs for m iterations us-
ing projections with positions chosen independently at random with replacement, its false

negative rate ps, for similarities scoring at least # is bounded by

Ao\ 1"
pin < [1— (1— ¢ ) ] (a1)

where o, the distance between the two bases of a transversion, is the dimensionality of each

base’s embedded representation. Inequality (4.1) is exactly analogous to Inequality (2.2),
the false negative rate estimated in Chapter 2; like that earlier inequality, it determines the
smallest feasible m for any value of k.

The false positive rate ps,, derived analogously to Equation (2.4), is somewhat more
difficult to compute explicitly. For fixed m and k and a score threshold 4, the same argument
used in Section 2.3.4 shows that this rate is given by

k
prp=m D Pr[Fh (s1,5) = 0] (1 - A:EZ')> (4.2)
6'<8

where the probability is computed for an ¢-mer pair (s1, s2) drawn at random from the
background sequence. The discrete sum is possible because the alignment score function
is integer-valued, and it is finite because any two ¢-mers must have an alignment score
of at least —¢m,. However, the probability that two random ¢-mers have pairwise score
8’ is difficult to compute explicitly, as one score can arise from multiple combinations of
transitions and transversions.

An alternative, more explicit formula for pg, is derived as follows. The probability that

a pair of unrelated #-mers in the background sequence exhibits exactly ds transitions and
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d, transversions is given by the trinomial density

A —d, —
TP::vae[d-?’ dﬂ] = ds'dv'(l — ds _ d‘u)! pg’p‘g"(l — Ps _pv)l do—dy

where p; and p, are the probabilities that two randomly chosen background bases form a
transition or a transversion, respectively. These probabilities are easily computable from
the background distribution; for example, when all bases are equally frequent, p; = 0.25
and p, = 0.5. Let a; and a3 be the distances between bases in a transition and a transver-
sion respectively according to 6{‘} - of. If the f-mers s; and s, have dy transitions and d,
transversions, then a random projection A sampling k positions with replacement projects

them together with probability

_ asds + avdv)l?
ay,l ’

Pr [R(8%(s1)) = h(&(s2))] = (1

Let d}(0) be the fewest possible transversions in any ¢-mer pair with score less than 6, and
let d3(0, d,) be the fewest possible transitions in such a pair if it has exactly d, transversions.

Then we may write py, for given m, k, and 6 as follows:

¢ k
azds +
Pfpp=m Z Z Tpa,pu.[ds) D] (1 - L—udv) . (4.3)

v=d3(0) dy=d;(0,dv) ot
The lower bounds on the summation derive from the constraint that each of its terms reflect
an {-mer pair that does not pass the score threshold 8, or equivalently that a,ds + aydy >
A*(8). Solving this inequality for d,, the lower bound on the inner sum is given by

4 —
d5(0, dy) = [S‘_MV_J 1
S
The lower bound for the outer sum is the smallest d,, for which d}(8,d,) < £. Plugging the
above expression for dj into this inequality and solving for d, gives
£ -
d5(8) = [—-——A (6) ale +1.
Ay
Both of these bounds should be clamped to be > 0.

Using the revised false positive and false negative rates above, the optimal m and k for

LSH-ALL-PAIRS may be computed as described in Section 2.3.4. For example, Figure 4.3
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Running Time (seconds)
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Projection Size k
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Figure 4.3: total computational cost as a function of projection size &k for the score function
DNA-PAM-TT-20 with £ = 75 and § = 324. We assume a comparison between two one-
megabase sequences with equal base frequencies using the timings of Figure 2.4. Minimal
cost is achieved for k = 14, m = 185.

shows the optimal cost curve for comparing two one-megabase sequences with equal base
frequencies, assuming ¢ = 75, the score function DNA-PAM-TT-20, the per-iteration and
per-comparison timings of Figure 4.3, and a score threshold § = 324 (the p = 0.05 signifi-
cance level for ungapped alignments under DNA-PAM-TT-20 as predicted by Karlin-Altschul

theory). The predicted cost is minimized for k¥ = 14 and m = 185.

4.3 Simulating Arbitrary Score Functions

The DNA-PAM and DNA-PAM-TT families represent useful but highly specialized classes of
score function. In particular, they have the property that, while different substitutions
may be scored differently, every matching base pair is scored the same. This property is

by no means required of arbitrary similarity scores. For example, if the background model
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of DNA-PAM is extended to allow unequal base frequencies, the diagonal elements of the
log likelihood ratio matrix become unequal, reflecting the fact that certain matches are
now more likely than others to occur by chance in the absence of any conservation. The
PAM matrices for protein comparison and the empirically derived score function used by
PipMaker on DNA sequences also have unequal base frequencies.

The following lemma shows that, unfortunately, score simulation as we have defined it

cannot cope with score functions whose match bonuses are unequal.

Lemma 4.8 Let 0 : ¥ X ¥ — Z be a column scoring function, and suppose there exist

z,y € & for which o(z,z) # o(y,y). Then F% cannot be simulated for any &.

Proof: We will show that no function Af : Z — 2% can map F¢ to a distance that
both admits a Hamming embedding and preserves the inequalities of Definition 4.1. Let
sy = zf and s = y¢ be €-mers composed entirely of characters = and y respectively. If
AYFE(sz,5z)) # AY(FE(sy,sy)), then at least one of these distances is nonzero; hence,
Al .7-'5 cannot be a metric on ¢ x £¢ and so cannot be preserved by any Hamming-space
embedding of Z¢.

Suppose instead that A%(FE(sz,sz)) = AYFE(sy,sy)) = 0, and suppose without loss of
generality that F&(sz, sz) < Fi(sy,sy). Then, for 8 = Fi(sy,s,), we have

.F,f(s,:, sz) <8
but

AYFl(sz,55)) = 0
# 6(0).

Hence, At- F¢ violates one of the inequality constraints of Definition 4.1. We conclude that
no pair <Ae, <P2> simulates F¢. 1

When o(z, z) is the same for all z, it is not clear whether ¢ can always be simulated.
Not every finite metric space has an isometric embedding in {0, 1}"’ for some k; in general,
determining whether such an embedding exists is an NP-complete problem [27]. However,

generalized Hamming spaces can isometrically embed metric spaces that ordinary Hamming
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space cannot (e.g. three points mutually at distance one). We know of no resuit on the
existence of generalized Hamming embeddings of arbitrary metric spaces. Furthermore, it
is not clear whether every biologically meaningful score function with o(z, z) equal for all =
can be mapped to a metric distance that preserves the inequality properties of Definition 4.1.
Rather than try to address the above theoretical questions directly, the next section instead
shows how to construct an embedding that, while not technically a simulation of o, in
practice achieves the desired end of allowing random projection to model arbitrary alignment

score functions.

4.3.1 Ezxtended Simulation

We can work around the failure of simulation for arbitrary score functions by removing the
requirement that a score function be mapped to a metric distance on ¥ x £. The follow-
ing construction, which we call eztended simulation, shows how to remove this restriction
without sacrificing the ability to embed the sequence alphabet isometrically in Hamming
space.

We first expand the sequence alphabet ¥ into two new alphabets £; and X5 that contain
two distinct copies, denoted z; and z3, of every base z € 3. For example, the base alphabet

2 would expand into the alphabets

o1 = {A1,C1,G1, T}
oo = {A2,C, G2, To}.

We use these expanded alphabets to break the symmetry of sequence comparison. A column
score is now a function o : 3 X ¥3 — Z on the cross product of two distinct alphabets (that
happen to be written with similar symbols). The alignment score function F¢ on ¢-mers is
defined as before, except that it is now a function on £¢ x X§.

For any column score function o, define the following values:

W) = __max|o(zy)

Z) = (BP-1)W@)+ X olzy)

TELY,yEL2
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Let ;9 = X1 U X3, and define an eztended score function [o] : 12 X B2 — Z as follows:

( o(z,y) ifzeZ,yei;

o(y,z) fzrzelyyel
Z(o) ifz=y

| —W(o) otherwise

P(z,y) = 4

The extended function % coincides with ¢ on ¥; x I3, so a simulation of 1 would a fortiori
preserve ¢’s score thresholds on those character pairs in ¥; x . This fact does not con-
tradict Lemma 4.8 because o is no longer defined for any pair (z, z) of identical characters,

and the extended function v has 9(z, ) equal for all z € £;5.

Theorem 4.9 Let o be an arbitrary score function on £; x 5. Then 1[c] can be simulated
with an affine linear mapping and an embedding of dimension Z (o) + W (o).

Proof: The proof is similar to that used for DNA-PAM-TT. Define §(z) = Z(o)—z; as before,
¢ is affine linear and so preserves the score thresholds of ¢ as required by Definition 4.1. It
remains only to show an embedding of ¥, that preserves the distance & - .

As before, we construct an isometry ¢ into a weighted Hamming space and rely on
Lemma 4.6 to complete the mapping to an unweighted space. ¢9 maps each £ € ;2 to
a vector of length [£|?> whose dimensions are labeled by pairs (a1, b2) of characters from

31 X Xg. The vector ¢o(z) is defined as follows:

0 ifx=a o0orz =0
¢0($)[al’ b2] =
z otherwise

Dimension (a1, b2) of the space has weight W (o) + o(ay, b2), which is by construction non-
negative. Figure 4.4 illustrates this construction for a score function o originally defined on
the two-character alphabet {P, Q}.

To see that ¢y is an isometry on %;5 with distance § - 4, consider the following three

cases:
® ¢q is isometric on pairs (z,z) because

D(¢o(z), po(z)) = 0
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(Pi,P2)  (P4,Q3) (QuP2) (Q:.Qp)

P Q P‘l [ol or Pll P1]
P| 3 -7 P, | [0, P, 0, P,]
Ql| -7 9 01 [Qll er or o]

Q | [Q., 0, Q,, O]
Weight | 12 2 2 18

Figure 4.4: an example of the embedding ¢ for extended score simulation. The score
function o (at left) on the alphabet {P,Q} is extended to form %[o] on the alpha-
bet {P1,Q1, P2, Q2}, after which the weighted Hamming embedding (at right) is created
as described in Theorem 4.9. The embedding preserves the distance § - ¥[o], where
6(z) =Z(0) — 2 =25 —=.

= Z(o) - Z(0o)
= 6(¢¥(z, 7))
e No dimension of a vector has a label containing two characters both from ¥; or both

from ¥;. Hence, for any z,y € £; with z # y, no dimension of the vectors ¢o(z) and

¢o(y) contains the same character in both vectors, and so

D(¢0($))¢0(y)) = Z (W(O')-{-a(z,w))
z€XT,wEN2
= [ZPW(E)+ Y. o(zw)
2€X1,weN?
= Z(o)+W(o)
= 6(-W(o))
= 6(¢(z,y))-

A similar argument proves that ¢p is an isometry on pairs z,y € s.

o If z € 3; and y € X3, the vectors ¢g(z) and ¢o(y) coincide in the single dimension
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with label (z,y), where both contain “0”. Hence,

D(go(z), ¢0(y)) = . (W(o)+a(zw)| —(W(o) +o(z,7))

z€L1 ,wED2
= Z(o) - o(z,y)

= b(a(z,9))
= 6(¢(z,y))-

The symmetry of 7 means that the embedding is also isometric on (z,y) € X2 x ;.

We conclude that ¢ is indeed an isometry, and so there exists an isometric Hamming
embedding of §-1. The dimension of this embedding is, as before, the sum of the dimension
weights defined for ¢g, or

> (W(o)+oa(z,w))

Z€X,we,
which is equal to the claimed dimension Z(o) + W(o). |

4.3.2 Implementing LSH-ALL-PAIRS for Arbitrary Score Functions

The extended score simulation of Theorem 4.9 may be implemented in LSH-ALL-PAIRS using
the same ideas used to implement the simulation of DNA-PAM-TT. However, an imple-
mentation must accommodate not only the changes required to perform projection on the
embedded representations of £-mers but also the effects of breaking the symmetry of se-
quence comparison. In particular, it must address the fact that the character £ may map to
two distinct embedded representations, depending on whether it is interpreted as z; € £;
or g € 3.

For alignments between orthologous sequences, such as the human-mouse comparisons of
Chapter 2, the similarities of interest always align strings from two conceptually disjoint sets,
each containing the ¢-mers of one input sequence. LSH-ALL-PAIRS can therefore implement
extended simulation for these analyses by treating the two input sequences as members of

£t and T3, respectively. Provided the original score function ¢ on £ x ¥ is symmetricl,

!This condition always holds in practical pairwise alignment, where neither sequence in a comparison is
an ancestor of the other.
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the choice of which sequence is assigned which alphabet is arbitrary. When projections are
computed, each sequence’s {-mers are mapped to the embedded representations specific to
its alphabet, and the projection values from both sequences are sorted together to produce
candidate pairs. The modified version of LSH-ALL-PAIRS, like the original, must still discard
candidate pairs in which both ¢-mers are drawn from the same sequence.

For self-alignment problems such as our repeat finding experiments on human chromo-
some 22 and Drosophila, both ¢-mers in a similarity are drawn from the same input sequence.
However, treating the entire input as a string from ¥} or £3 alone does not implement the
desired simulation. For such comparisons, LSH-ALL-PAIRS must (at least conceptually) cre-
ate two copies of its input, one from each of the alphabets £; and ¥,. In practice, the
filtering phase of the algorithm implements this duplication by mapping each #-mer in the
input to two distinct projection values — one for each alphabet. The checking phase, which
needs only a single copy of the sequence, must of course take care to discard candidate pairs
derived from a single ¢-mer’s two projection values.

Selecting the parameters m and k for LSH-ALL-PAIRS with extended score simulation also
presents new difficulties. The false negative rate ps, for any ¢, m, and k and any threshold

0 remains straightforward to compute:

_ ate)  \"
pin = [ } (1" (Z(a)+W(a))e) }

However, determining the false positive rate becomes more challenging. An analog of Equa-

tion (4.2) still applies:

erpt k
= Pr [Fi(s1,s0) =0’ (1 - AY(6) ) (4.4)
Pfp molz<:9 r [ (31 32) ] (Z(O’) + W(O’))e

but the corresponding explicit computation of the false positive rate in terms of the numbers
of each type of substitution (and, in this case, each type of match) is both complex and
likely to be inefficient. This difficulty is actually not confined to extended score simulation:
it applies to the simulation of any score function with complexity greater than that of simple
functions like the DNA-PAM-TT family.

We previously chose not to explicitly evaluate the false positive rate in the form of

Equation (4.4) because of the difficulty of computing Pr [.7-'5(31, 82) = 9’] for every ' < 0.
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However, it is possible to approximate these probabilities efficiently when the similarity
length £ is large. Let P be the background character distribution; P induces a distribution
F on the score a(z,y) of two characters chosen at random according to P, with mean pp

and (to avoid confusion with the score function ¢) variance vg given by

pr = . P(@)P(y)o(z,y)
z,y€X

vp = Y P(@)P(y)o(z,y)? — p¥.
T,yeEX

Recall that the background sequence model used to derive pfs, assumes that the background
is composed of characters chosen independently at random. To compute the false positive
rate, we must therefore estimate the probability that £ independent random character pairs
have total score €', or equivalently estimate the density of a sum of £ random variables, each
with distribution . When £ is large, the Central Limit Theorem implies that this sum is
approximately normally distributed with mean ¢ur and variance fvp.

For practical DNA sequence comparisons, significant similarities have lengths £ between
50 and 100 bases, large enough that the normal approximation of score probabilities is
roughly accurate. For smaller lengths, as might be encountered in comparing protein se-
quences, the score distribution may instead be estimated empirically. Either approach
permits explicit approximation of the sum in Equation (4.4) and hence an estimate of the

true false positive rate.

4.4 Conclusions and Open Problems

In this chapter, we have shown that random projection, in particular the LSH-ALL-PAIRS
algorithm, can be adapted to work with score functions more general than percent identity.
We have introduced the idea of score simulation and constructed simulations for DNA-PAM
and DNA-PAM-TT as well as an extended simulation that works for any ungapped alignment
score function. Random projections drawn from sequences embedded according to these
constructions are useful for more than just LSH-ALL-PAIRS; they provide a provably sensitive
way to construct sparse indices allowing fast similarity-based queries against a database of

DNA or protein sequences. In this form, score simulation enhances the utility of previous
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work by Gionis et al. [38] for bioinformatics and provides a formal underpinning to the
sparse sequence indexing schemes of Rigoutsos and Califano [78].

While we have not formally settled the question of whether simulations exist for arbi-
trary score functions with o(z, z) equal for all z, extended simulation at least enables such
functions to be implemented in LSH-ALL-PAIRS. However, extended simulation requires an
embedding of high dimensionality; for example, applying it to the DNA-PAM-TT-20 col-
umn score function yields an embedding ¢ with 180 dimensions per character, while the
special-purpose embedding of Section 4.2.2 requires only 34 dimensions. A complete char-
acterization of algorithmic cost versus simulation dimension remains a topic for future work,
but we conjecture that higher-dimensional embeddings always entail a greater cost. The
construction of Theorem 4.9 is quite sparse in the sense that, unless the values of o are ex-
tremely skewed, two characters’ embedded representations never match in more than a small
fraction of their positions. Many projections are therefore required to ensure a reasonable
probability of finding positions that do match, even in highly similar sequences.

If lower-dimensional projections are indeed more efficient, the following question becomes

important:

Problem 4.2 (Efficient Simulation) Given a score function o, find a simulation (pos-
sibly extended) for .7-'£ using an isometry into a Hamming space of the smallest possible

dimension.

Finding a simulation of minimal dimension may be difficult in general, but the construction
of Theorem 4.9 admits some obvious improvements that lower its dimension. Consider, for
example, the modification shown in Figure 4.4. Let z; € ¥; and y2, 22 € ¥, be characters;
let @ = o(z1,y2) and 8 = o(z1, 22), with @ < 3. The weighted Hamming-space isometry
¢o of the theorem contains two dimensions labeled (z;,y2) and (zi,z2), with respective
weights W (o) + @ and W (o) + 0 and the contents shown at left for ¢o(z1), do(y2), and
do(z2)- Suppose we replace the dimension (z;,y2) by a new dimension (z1,y2 + 22) and
adjust the weight of dimension (z1,22) as shown at right. This transformation has the

following effects:

e The new embedding yields identical distances between all character pairs in ¥; x 2o,
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Po(x4):
Po(Y2):
do(22):

(X1s ¥2)

Z

(X415 2)

0

Yo
0

—

(X1, Yo+2Zy)

0

0
0

(x4, 25)

0"

Y>
0

Weight: W(o) + a W(o) +B W(o) + o B-a

caption[Dimension Reduction Technique for Extended Simulation| a technique for
reducing the dimension in the extended simulation construction of Theorem 4.9. Two
dimensions in the weighted Hamming embedding ¢g of total weight 2W (¢) + o + 3, with
a < (3, are converted to two dimensions of total weight W (o) + 8 without changing the

distances between pairs of characters in 3J; x X,.

in particular between z; and y; and between z; and 2.

e The total weight of the weighted embedding, and therefore the total dimension of the
unweighted embedding, is reduced by the weight W (o) + « of the smaller dimension.

e The distance between y2 and z; changes, but this change may be ignored since we
need not preserve distances on Y2 x ¥,. Equivalently, the change may be viewed as

an alteration to ¥{c](y2, 22)-

Analogs of this dimension-reducing operation exist for sets of three, four, and more dimen-
sions, indeed for any set D of dimensions such that the positions denoted by the labels in
D together form a combinatorial rectangle in o. It remains an open question whether a
sequence of such operations, applied either ad hoc or according to some fixed algorithm, are
guaranteed to produce a simulation of minimum dimension.

Another potential way to reduce the dimensionality of a simulation is to relax slightly
the constraints of Definition 4.1, allowing an embedding that is not an isometry but distorts

alignment scores by only a small amount. For example, if the precision of a score function o is
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reduced by dividing each o(z,y) by 2 for some k > 1, the dimension of the constructions for
both DNA-PAM-TT and extended simulation are also reduced by a factor of 2. The resulting
score function is equivalent to the original ¢ with its k low-order bits removed. Linial et
al. provide additional results [61, Section 3] on the relationship between an embedding’s
distortion and its dimension that may be useful in devising efficient approximate simulations

of arbitrary score functions.
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Appendix A

THE CHANG-LAWLER EXCLUSION ALGORITHM

Chang and Lawler [25] devised a filtering scheme for the corpus-pattern matching prob-
lem (Problem 2.2) using matching statistics. Let C be a corpus, and let P be a fixed pattern
string. Define the ith matching statistic p(2) of C versus P to be the length of the longest
exact prefix match between any substring of P and the ith suffix of C, i.e. C[i...|C|]. After
preprocessing P, the matching statistics of C versus P can be computed in time O(|C|)
using a suffix tree [42, Section 7.8].

We describe the ungapped version of Chang-Lawler, following Gusfield’s presentation
in [42, Chapter 12]. Let £ be the pattern length, and d be the maximum number of al-
lowed mismatches between corpus and pattern. The algorithm first divides the corpus into
nonoverlapping regions of size £/2, then attempts to eliminate all regions that cannot be
part of a d-mismatch to the pattern. Regions that are not eliminated become candidates
for checking.

Let r = C[j...j'] be a region of the corpus, with j' = j + £/2 — 1. If the following test

fails, 7 is eliminated; otherwise, it becomes a candidate:

TEST-CANDIDACY (r)
posn «— j
repeat d + 1 times
posn — posn + p(posn) +1
if posn > j'
return success
endif

end

return failure
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Lemma A.1 Suppose r = C[j...j'] is part of a d-mismatch to the pattern. Then TEST-
CANDIDACY ((r) will succeed.

Proof: If r is part of a d-mismatch to P, then it matches some substring = of P with at
most d mismatches. Hence, the alignment of r with 7« can be divided into at most d + 1
word matches (some possibly of zero length), each separated by a single mismatched pair.

These words have total length at least £/2 — d.

Claim A.1A Consider the operation of TEST-CANDIDACY on 7. After ¢ iterations of
the loop, we claim that the posn pointer must have passed both the first ¢ words of the
alignment and the tth mismatched pair.

Proof: Proceed by induction on ¢. The base case t = 0 is trivial. At the start of the ¢+ 1st
iteration, we know inductively that posn points either to a character of the ¢ 4 1st word or
to some character after that word. In the latter case, we always add at least one to posn,
so the claim holds. In the former case, suppose that posn points to rfi], and that there are
k characters between posn and the end of the word. Each word in r has a corresponding
match in 7, so by definition x(j + i) must be at least k. Hence, the t + Ist increment will
be at least k£ 4 1, and the pointer will be advanced past the end of the word and following
mismatch. |

It follows from the claim that after at most d + 1 iterations of the loop, posn must
have advanced by the total length of all words plus d intervening mismatched pairs and one
terminal pair, for a total distance of at least /2 + 1. Since posn is initialized to j, this
distance puts it past j', and so the test succeeds. |

Intuitively, Chang-Lawler uses matching statistics as a rough substitute for actually
finding the consecutive word matches that constitute an ungapped match between C and
P. The test is only approximate because the words in P that give rise to the matching
statistics need not be consecutive or within a common interval of size £/2. However, the
filter is efficient because the expected size of a matching statistic between the pattern and
an i.i.d. uniform sequence is small, only log(£). For small values of d, it is unlikely that
adding up the lengths of at most d consecutive word matches between a region and any part

of P would produce a total length as long as £/2.
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As discussed in Section 2.2.3, the naive extension of Chang-Lawler to the all-pairs prob-
lem requires |C| passes over the corpus. A more clever extension would compare each region
against a string longer than one pattern length. For instance, we could first divide the input
into m nonoverlapping “chunks,” then perform a single pass of Chang-Lawler per chunk,

1

using the entire chunk to compute matching statistics'. The number of passes would be

reduced at the cost of more regions spuriously passing the filter.

'In the full all-pairs formulation, the region itself would have to be excluded from the matching statistics.
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Appendix B

THE DOUBLE FILTRATION ALGORITHM

Pevzner and Waterman’s double filtration algorithm [77] extends the idea of word match
filtering to obtain a more efficient strategy. Define a gapped k-tuple with gapsize t to be a
series of k equally spaced indices with a distance ¢ between successive indices. For example,
a gapped 3-tuple with gapsize 2 has indices {j,j + 2,7 +4}. We say that a gapped tuple
match exists between two strings if they share a gapped tuple whose positions contain only
matching characters (an exact word match of length k is thus a k-tuple match with gapsize
1).

Double filtration requires that every candidate for checking contain both a word match
and a gapped tuple match of sufficient length. Adding the tuple match requirement makes
the filter more stringent than word matching alone and so improves efficiency. The following
theorem shows that adding the tuple match criterion does not affect the correctness of the

algorithm — it still finds all ungapped similarities with sufficiently few substitutions:

Theorem B.1 Every pair of ¢-mers that match to within d substitutions contain both a
word match of length & = |{£/(d + 1)] and a gapped k-tuple match with gapsize d + 1 on
the same diagonal. Furthermore, if z and y are the starting indices of the word match and

tuple match respectively, then —d <z —y < ¢ — k.

Proof: We first give an alternate counting argument that proves Lemma 1.1, then give the
corresponding proof for the existence of a gapped k-tuple match.

Let s; and sy be ¢-mers that match to within d substitutions. s; contains at least
d + 1 nonoverlapping k-mers, each of which aligns to some region of s2 with zero or more
mismatches. But there are only d total mismatches between the ¢-mers, so some k-mer in
s; must align to s with no mismatch. This proves the existence of a k-mer word match.

A gapped k-tuple spans (k —1)(d+1)+1 sequence positions; hence, a sequence of length
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£ can hold at least d + 1 such tuples starting at positions 1,2,...d+ 1. None of these tuples
share any position between them. Now consider the d + 1 pairs of gapped k-tuples starting
at positions 1,2,...d + 1 in both strings. Again, these tuple pairs cover disjoint pairs of
characters. s; and sp differ by at most d substitutions; hence, at most d of the tuple pairs
contain a mismatch. We conclude that at least one k-tuple pair contains only matches,
which is what we want.

It remains to show that the word and tuple matches between s; and s, are within the
claimed distance bound. Let z be the starting position (common to s; and s3) of the exact
match, and let y be the starting position of the tuple match. In proving the existence of

the word match, we showed that
1<z<l—-k+1.
The corresponding proof for the tuple match showed that
1<y<d+1.

We therefore conclude that
—-d<z-y<{-k

which was the original claim. [}
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Appendix C

EM FOR THE WEIGHT MATRIX MOTIF MODEL

Lawrence and Reilly [58] describe an expectation maximization (EM) formulation for
finding maximum-likelihood motifs in a weight matrix model. The following is a simplified
version of that formulation as used in our implementation of the PROJECTION algorithm.

Let C = {c1... ¢} be a collection of ¢ sequences of common length n containing a motif
of length £. The motif is assumed to occur exactly once in each ¢;, with the remaining
bases of C distributed independently at random according to a background distribution P.
The motif’s occurrences are generated according to a WMM W, which we must estimate
from the sequences C. For simplicity, we assume that the background is large compared to
the motif, so that P can be inferred with minimal error by setting the probability P{b] to
the frequency of base b in all of C. This approximation fixes P during the EM algorithm,
whereas the original formulation simultaneously estimates W and P.

Our goal is to find the WMM W that maximizes the likelihood
LW |C,Pl=Pr|[C|W,P]

(Henceforth, we will leave P implicit in the likelihood rather than writing it each time.) If
the locations of the motif’s occurrences were fixed a priori, a maximum-likelihood estimate
of W could trivially be computed as described in Section 3.1.1. However, the problem
is complicated by the fact that the motif occurs at an unknown position in each ¢;. To
compute the likelihood of any given W, we must therefore sum over all possible locations
of the motif. Let z;; be a 0-1 indicator which is one iff the motif occurs in ¢; starting at
position 7. Then
LW |C]= Z Pric; | Wyz15, =1,...,%5 =1]
J1--ge

where the z;;’s not written explicitly in each term are all zero.
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Simply computing the likelihood for a single W requires an expensive summation, so
it is not clear how to efficiently and stably mazimize W. Fortunately, the EM algorithm,
due to Dempster, Laird, and Rubin [31], is a relatively inexpensive and stable procedure for
finding the model W* that locally maximizes the likelihood in the vicinity of an initial guess
W;. Briefly, the algorithm alternates E-steps, which compute the expected values £;; of the
unknown motif positions z;;, with M-steps, which re-estimate the parameters of the model
W using the £;;’s. It can be shown that iterating alternate E-steps and M-steps causes the
estimates of W to converge linearly to the locally maximum-likelihood estimate W*.

Below, we detail the computations of the E-step and M-step in PROJECTION’s version of

EM for motifs.

C.1 E-Step

In the E-step, we compute £;; = E [z;; | C, W] for each sequence ¢; and starting position j.

Using the fact that z;; is 0-1 and applying Bayes’ theorem, we have that

Elz;; | C,W] = Priziy=1]c¢, W]
Prici|z;; =1, W]|Pr[z;; =1 | W]
Pric; | W]

If we place equal prior weight on the motif occurring at any position in sequence c¢; and

recognize that, by the assumptions of the model,
> oE=1, (C.1)
J

then computing the desired expectations for z;. requires only that we first compute
Pric; | zi;j =1,W] for 1 < j < n— £+ 1, then normalize these values to sum to one over all
j.

Let s;; = ¢;[j...J + £ — 1] be the putative motif occurrence starting at position j in ¢;.

Then we have that

Prici|zij =1,W]=Prg[l...j — 1} | P]Pr[s;; | W]Pr([cfj +£...n] | P]
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Removing a constant factor of Pr[c; | P], we are left with
n Pr [Si_-,' I W]
Tij x Pr [si_,- I P] ’
with the normalization of Equation (C.1) yielding the correct expectations.

C.2 M-Step

In the M-step, we re-estimate the parameters of the model W using the Z;;’s. Exploiting
the fact that the z;;’s are 0-1, we may write the complete-data likelihood as
LW | Cozn] =[I[I@ W | &z =)™
i J
Taking logs and rearranging terms, it follows that

-1
log LIW | C,z.] = Z Z zij log Wisilyl, vl + Z (C.2)
ij y=0

where Z is a constant term independent of W. By monotonicity of the log, the same W*
maximizes both the first and second expressions.

EM re-estimates W by substituting the expectation Z;; for each z;; on the right-hand side
of Equation (C.2) and maximizing the resulting expression with respect to the probabilities
Wb, y]. It can be shown that this expression is maximized when
i Zi56(si5]yl, b)

>ij Tij

where 6(b',b) is one if b = b’ and zero otherwise. The new estimate of W derived by

Wb,y =

(C.3)

Equation (C.3) becomes the input to the next E-step.

Intuitively, the estimate of W given in Equation (C.3) is the same as that of Section 3.1.1.
The only difference is that, rather than estimating W from a motif with exactly ¢ £-mers,
we instead let every f-mer in the input contribute to the estimate according to its weight
Z;;. Note that by Equation (C.1), the denominator of (C.3) is exactly £, so the total weight
of occurrences used is the same whether or not the occurrences are fixed. If the nearest
local maximum to the starting guess is the the true motif, a few iterations of EM should
accumulate most of the weight on its true occurrences, so that the estimate of W rapidly

converges to the W* that would be computed from the true motif alone.
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