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Non-likelihood based methods for the estimation and inference in econometric models
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Department of Economics

This dissertation aims to address estimation and inference in econometric models when
the likelihood-based estimations may not be applicable.

Chapter 1 proposes simple, robust estimation and inference methods for the transition
matrix of a high-dimensional semiparametric Gaussian copula vector autoregressive (VAR)
process with unknown, possibly fat-tailed marginal distributions. In this model, the observ-
able variable is a monotonic transformation of the latent variable, and the latent variable
follows the Gaussian VAR process. Since the marginal distribution is unknown, conven-
tional approaches that use the sample variance and auto-covariances such as OLS are not
applicable. This chapter circumvents the problem by constructing the rank estimators of
the variance and auto-covariance matrices of the latent process. This chapter derives rates
of convergence of the estimator based on which we develop de-biased inference for Granger
causality.

Chapter 2 develops a simple, robust method for the estimation and inference in struc-
tural models using sliced distances between empirical and model-induced quantile functions
(distribution functions). In state-space models, observable variables could be driven by fewer
latent variables. This causes stochastic singularity, and the likelihood function does not exist.
For the models with parameter-dependent support such as in the one-sided and two-sided

models, the likelihood function may not be smooth depending on the parameter. Therefore,



the asymptotic theory for MLE may not be robust to the parameter. We handle these issues
using sliced distances since they are well-defined for stochastic singular models and models
with parameter-dependent support. In contrast to MLE and likelihood-based inference, we
show that under mild regularity conditions, our estimator is asymptotically normally dis-
tributed, leading to simple inference regardless of the possible presence of "stochastic singu-
larity” and parameter-dependent supports. Furthermore, our estimator applies to generative
models with intractable likelihood functions but from which one can easily draw synthetic
samples. We provide simulation results based on a stochastic singular state-space model, a

term structure model, and an auction model.
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Chapter 1

ESTIMATION AND INFERENCE IN HIGH-DIMENSIONAL
SEMIPARAMETRIC GAUSSIAN COPULA VECTOR
AUTOREGRESSION !

1.1 Introduction

Estimation and inference in high-dimensional stationary Gaussian vector autoregressive (VAR)
models have been considered in recent works such as Negahban and Wainwright (2011), Han
et al. (2015), and Basu and Michailidis (2015) under the assumption that the underlying
process is observable. In many applications in economics and finance, however, the observ-
able process may be fat-tailed and thus does not follow a Gaussian VAR process. This paper
proposes a high-dimensional stationary Gaussian copula VAR process with unknown, pos-
sibly fat-tailed marginal distributions. We develop simple methods for the estimation and
inference of the transition matrices characterizing the dependence of the Gaussian copula

VAR process.

To simplify notation and exposition, we focus on Gaussian copula VAR(1) and refer to
it as Gaussian copula VAR in the paper. Extensions to Gaussian copula VAR(p) process for
any finite and fixed p are provided in Appendix A.2. We construct the Gaussian copula VAR
process by first transforming the observed process by an increasing but unknown transfor-
mation and then modeling the transformed latent process by a high-dimensional stationary
Gaussian VAR model. In detail, we let { X }ez, with X, € R?, denote an observable process
such that

X, :=f(Z) = (f1(Zen), -, fa(Zea) "

ITHIS CHAPTER IS A JOINT WORK WITH YANQIN FAN AND FANG HAN FROM THE UNI-
VERSITY OF WASHINGTON.



where f := {fi1,..., fa} consists of univariate strictly increasing unknown functions and
{Z,;}icz, with Z standing for the set of integers and Z; in the d-dimensional real space R,
denote a high-dimensional latent process following a stationary Gaussian VAR model with
transition matrix A:

Z,=AZ,_,+E, E "~ N(0,%p). (1.1)

Model (1.1) and the relation X; = f(Z;) imply that the observable process { X}z
follows a stationary semiparametric Gaussian copula VAR model with unknown marginal
distributions. Unlike the Gaussian VAR model, the Gaussian copula VAR model does not
impose any finite moment restrictions on the process { X, }4cz and hence is more suitable for
modeling potentially fat-tailed time series. The dimension d = d,,, the parameters A and
3o = Var(Z;) in (1.1) are all allowed to change with the sample size n and d, may even
be larger than n. The scenario thus falls into the application regime of a high-dimensional
triangular array framework, which has been explicitly discussed recently in Han and Wu
(2019). For notational compactness, we omit the dependence of all model parameters on the
sample size n in the rest of this paper.

Following Negahban and Wainwright (2011), Han et al. (2015), and Basu and Michailidis
(2015), we impose sparsity constraint on the transition matrix A and aim at estimating, and
recovering the sparsity pattern of A in model (1.1) based on observations { X;}} ;. Existing
methods in Negahban and Wainwright (2011), Han et al. (2015), and Basu and Michailidis
(2015) are inapplicable because we don’t have access to the latent process {Z;}icz. We
propose a new rank-based estimator of A based on {X;}}" ,, bypassing the unknown trans-
formations {fi,..., fa} without estimating them. Our estimator is formulated in two steps.
In the first step, we construct rank-based estimators of the variance and first autocovari-
ance matrices of {Z; }1ez from {X;}} , avoiding the estimation of unknown transformations
{f1,.-., fa}. This is made possible by the nature of rank estimators, which are invariant to
increasing transformations, and the relation between the (Pearson) covariance of a bivariate
Gaussian distribution and its Kendall’s tau. In the second step, we construct a regular-

ized estimator of A from rank estimators of the variance and first autocovariance matrices



of {Z,}iez using the relation between A and population variance-autocovariance matrices,
known as the Yule-Walker equation.

To justify the proposed estimator, we first derive its rate of convergence and show its
consistency to the truth in a high-dimensional asymptotic regime. Under the adopted as-
sumptions, the latent process { Z; };cz and the observable process { X;}7 | are both a-mixing
with geometric decaying rates. This paves the way for theoretical studies. However, com-
pared with regression-based estimators of the variance and first autocovariance matrices in
Negahban and Wainwright (2011), Han et al. (2015), and Basu and Michailidis (2015), estab-
lishing the asymptotic properties of our rank estimators appears to be much more challenging
due to their dependence on large random matrices with elements given by U-statistics of a-
mixing processes. The analysis is now possible thanks to a recent progress made in Shen
et al. (2019), who laid out the path to establishing exponential inequalities for (degenerate)
U-statistics of a-mixing processes.

To handle the regularization bias inherent in the estimator of A, we adopt a recently
established de-biasing inference framework (Neykov et al., 2018a) to develop tests for non-
Granger causality in model (1.1), which is equivalent to testing non-zeroness of entries of
A (Liitkepohl, 2005). This is via combining the de-biasing strategy with a circular-block-
bootstrap (CBB) based variance estimator. The latter has been studied in, e.g, Dehling and
Wendler (2010) and Fan et al. (2016), although the analysis here is more demanding due to
the complicated form of the target of interest. In addition, when the presence of Granger
causality is detected, a sign-consistent estimator of Granger causality is immediate following
the strategy in Qiu et al. (2015). Numerical results are presented to illustrate the finite
sample behavior of the estimator of A and also the proposed tests.

This paper contributes to the growing literature on modelling the possibly nonlinear
temporal dependence (Hsing and Wu, 2004; Beare, 2010; Patton, 2012, 2013; Fan and Patton,
2014; Wang and Xia, 2015), and in particular, the literature on copula-based nonlinear time

series models including both the univariate Gaussian copula Markov chains introduced in

Chen and Fan (2006b) and studied further in Chen et al. (2009a) and Chen et al. (2009b),



and copula-based multivariate time series models studied in Chen and Fan (2006a), Lee and
Long (2009), Min and Czado (2014), Rémillard et al. (2012), and Chen et al. (2018). In
contrast to the current paper, the model of X, (and hence also the dimension d) in all these
works is assumed to be fixed, while the high-dimensional triangular array framework in this

paper induces more challenges.

The rest of this paper is organized as follows. Section 1.2 specifies the latent model and
the observable process, introduces our estimator, and establishes its rates of convergence.
Section 1.3 develops two de-biasing tests for non-Granger causality and introduces a sign
consistent estimator of Granger causality. Section 1.4 presents numerical results. The last

section concludes and discusses extensions. Technical proofs are relegated to Appendix A.

We now introduce notations used in this paper. For any positive integer d, let [d] :=
{1,2,...,d}. Let v = (vy,...,vq)" € R" and M = [M;] € R™ be a vector and a matrix
of interest. We denote v; and M; ; to be the subvector of v and submatrix of M whose
entries are indexed by a set I C [d] and sets I,J C [d]. We denote My, and M, to be
submatrices of M whose rows are indexed by I and whose columns are indexed by J. For
any p € (0, 00, we define ||v||, to be the vector L, norm of v. Let [|M|| := max; ZZ:1|MJ‘I€|
be the matrix operator oo-norm, ||[M]|; be the matrix spectral norm, and ||M||sax be the
elementwise maximum norm. For a symmetric matrix M, let Ao (M) and Ay (M) denote
the largest and smallest eigenvalues of M. For any univariate function f(-) : R — R,
define f(v) = (f(v1),...,f(va))" and f(M) := [f(M;;)]. Let diag(M) be the diagonal
matrix with diagonals My, ..., Myy. Let I; be the d-dimensional identity matrix. For a
random vector X; € R% let X;; denote the j-th element of X,. For any z € R, denote
sign(z) = 1(z > 0) — I(z < 0), with 1(-) standing for the indicator function. For any
two real sequences {a,} and {b,}, we write a, = O(b,) if there exists an absolute positive
constant C' such that |a,| < Clb,| for any large enough n. We write a, < b, if both
a, = O(b,) and b, = O(a,,) hold. We write a,, = o(b,) if for any absolute positive constant
C, we have |a,| < C|b,| for any large enough n. We write a,, = Op(b,,) and a,, = op(b,,) if
a, = O(b,) and a,, = o(b,) hold stochastically.



1.2 Estimation Method and Asymptotic Properties

1.2.1  The Model, Granger Causality, and a-mizxing Property

The observable process and the sample information are characterized by Assumption S below.

Assumption S (Observable Process and Sample Information). (i) Let { X}z
denote the observable process satisfying X; = f(Z;), where f := {f1,..., fa} consists of
univariate strictly increasing unknown functions; (ii) Let {X, : t = 1,2,...,n} denote a
length-n segment of { X, };cz and constitute the data accessible.

The latent process {Z; }ez is characterized by (1.1) and Assumption M below.

Assumption M (Latent Process). (i) diag(X%y) = I, i.e., ¥q is a correlation matrix;
(il) {E hez ~' N(0,S5), where S satisfies: 0 < cg < Anin(Z5) < Amax(Zg) < Cg < 00
for some absolute constants cg and Cg; (iii) The transition matrix A satisfies: ||A]l2 <

Ca < 1 for some absolute constant C'4 and the following sparsity constraint:

d
A € M(s, M) with M(s, M) := {M e R™: max S 1(My, #0) < 5, Moo < M} . (12
SI=9

Here s is a positive integer and M is a positive constant, both of which may depend on d
and hence also on n.

Assumption M(i) is a normalization condition ensuring identifiability of A and f. It is
not essential and is removable if only the sparsity pattern of A is of interest. Although it
is assumed that C's < 1, there is no such restriction on M, which is allowed to increase to
infinity along with d and n.

Under Assumption M, it holds that

Var(Z,) =3) =g + ASpAT + A’Sp(AT)  + .-

which is also positive definite and the eigenvalues of ¥ are bounded away from zero and
infinity by absolute constants. We will show in Proposition 1.2.2 below that Assumption M
yields that the latent process { Z; }4¢7 is geometrically a-mixing, which implies weak temporal

dependence even in high dimensions and is crucial in justifying our proposed methods.



Assumptions M and S(i) define a stationary semiparametric Gaussian copula VAR model
for the observable process { X };cz with marginal distribution functions ®(f;')...., ®(f; ),
where ®(-) is the distribution function of the standard normal distribution. Although the
Gaussian process {Z;},cz has finite moments of all orders, the observable process { X}z
may not have any finite moments and is thus more suitable for modeling financial time series
than a Gaussian VAR model.

For the Gaussian VAR process {Z; }icz, it is a well-known fact that the sequence {Z; x }1ez
Granger causes {Z; j hez if and only if the (j, k)-th entry of the transition matrix is nonzero
(cf. Corollary 2.2.1 in Liitkepohl (2005)). The following proposition, which is a direct
consequence of Theorem 6.2 in Qiu et al. (2015), shows that this fact also applies to the

observable process { X }iez.

Proposition 1.2.1. Under Model (1.1) with Assumption M(ii) and (iii), and Assumption
S(1), we have that the sequence { X ez Granger causes {Xy;ez if and only if Aj, # 0.

We then proceed to characterize an important property of the observable process { X }4¢z,
its weak (temporal) dependence. To this end, let’s first introduce the a-mixing measure of
dependence. Given a probability space (§2, F,P), for any two o-algebras A and B in F,

define the a-mixing measure of dependence between A and B as

a(A,B):= sup [P(ANB)—P(A)P(B).
AcA,BeB

For any measurable process denoted as {W,};cz, we define its a-mixing coefficient as

Oé(TL, {M}tEZ) = Supa(giw7 giin)? for each n = 17 27 R

teZ
where for arbitrary j € Z, G’ := o(W,,t < j) and G:° 1= o(W;,t > j) stand for the sigma
fields generated by {W;},<; and {W,}>, respectively.
With these concepts introduced, we are now ready to present the weak dependence prop-
erty of { X, }iez, 1.€., its a-mixing coefficient is uniformly geometrically decaying to 0, which
holds even if the dimension d explodes as n — oco. This proposition hinges on the Gaussian

assumption and will be heavily used in building up our theory in the follow-up sections.



Proposition 1.2.2 (Kolmogorov and Rozanov (1960), explicitly stated as Theorem 3.1 in
Han and Wu (2019)). Suppose that the latent process {Z;}icz follows the latent Gaussian
VAR model (1.1) with Assumption M and the observable process { X, }iez satisfies Assump-

tion S(i). Then both {X;}ez and {Z;} ez are geometrically a-mizing such that
a(n; {Xihez) = a(n; {Zi}ez) < k1exp(—kqn), forall n > 1.

Here k1 = and ky = —In(Ca) are two absolute positive constants, where Cg, cg,

Ce
cE(l—Cz)

and Ca are defined in Assumption M (ii) and (ii).

1.2.2 Estimators

The celebrated Yule-Walker formula yields that A = 3", where £, := E[Z,Z,,]. Notice

that (Z]', Z, )" has the following covariance matrix,

Q. Yo X

ONNS S

For estimating 3y and 31, it is then sufficient to estimate €2. It is well-known — cf. Kruskal

(1958, p. 823) — that

_ N T
Z,—-Z Z, - Z
Q=sin| > E sign ! Nl sign ' ~1 : (1.3)
2 Zy — Zy Zy — Z,




where (Z;, Z])7 is an independent copy of (Z, Z;)T. Since f is a monotonic transforma-

tion, we have

-
Z,— 7 Z,— 7
T =K [sign ! ~1 sign ' ~1
Zy — Zy Zy— Zy
i ~ N T
. f(Z,) - f(Z) Z,) — f(Z,)
=[E |[sign N sign
f(Z,) — f(2,) f(Z,) — f(2,)
i N N\ T
X1 — Xy X1 — Xy
=E [sign __ | sign N (1.4)
Xo — X5 Xy — Xo

where (X[, X;)7 = (£(Z))", (Z,))".

The Yule-Walker formula and (1.4) suggest our two-step approach for estimating A, as
presented below.

Step 1. We construct “consistent estimators” of ¥3j and ;. We propose the following

estimator of € based on (1.3) and (1.4):

&~ n (7).
2
where
1 n-1 i
_ o X, - X, X, - X,
T = 0 Z sign ! sign ’ (1.5)
(n— i=1 j=i+1 Xiv1— Xjn Xiv1 — X

is a high-dimensional matrix of entries formulated as second-order U statistics. We then

denote

20 = Qg and =1 = Qv
to be the estimators of variance and auto-covariance matrices ¥, and ;.
Step 2. Using the formula A = 33!, we propose to estimate A by the following
Dantzig-type linear programming estimator,

= argm1n22| kst [ZoMT = 2 [lnax < . (1.6)

dxd
MeR*** 1 L—1



Here X is a tuning parameter to encourage sparsity of the output. We refer to Section 3 in
Han et al. (2015) for the numerical implementation of this linear programming estimator.
We note that an alternative approach to constructing estimators of ¥y and X7 is to
apply the likelihood or normal-score based estimator of a high dimensional variance matrix
proposed in Liu et al. (2009). However, for random samples, Liu et al. (2012) show that in
high-dimensional setting, this estimator does not achieve optimal convergence rate, but rank
based estimators do, see Section 2.3 in Liu et al. (2012)). From a more practical point of
view, the rank based estimators are also known to be more robust to outliers/noises than

likelihood based estimators (cf. the simulations conducted in Section 5.2 in Liu et al. (2012)).

1.2.3  Rates of Convergence

Estimating matrices ¥, ¥, via the Kendall’s tau matrix T in (1.5) allows us to estimate
A without estimating the unknown functions {fi,..., fs}. However, in high dimensions,
the asymptotic properties of T are much harder to establish than the sample covariance
matrix used in Negahban and Wainwright (2011), Han et al. (2015), Basu and Michailidis
(2015), and more recently in Hecq et al. (2019). Although the asymptotic properties of
T in a finite-dimensional time series model have been well understood (see, for example,
Dehling et al. (2017) and the references therein), to our knowledge, Fan et al. (2016) is the
only paper in the literature exploring Tin a high-dimensional time series triangular array
set-up. Their analysis is, however, based on the assumption that the underlying process is
¢-mixing. Assuming ¢-mixing in our case is unrealistic, as a ¢-mixing Gaussian VAR process
is m-dependent (cf. Proposition 1 in Section 2.1 of Doukhan (1994)). Instead, our analysis
is built upon Proposition 1.2.2 that a Gaussian VAR process is a-mixing under conditions
therein, and uses heavily the newly developed probability tools in Shen et al. (2019) for
Q-Mixing processes.

In addition to Assumptions M and S, we impose the following scaling condition on (d, n).

Assumption E log®(d)/n = O(1) so that there exists an absolute positive constant K,
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satisfying log”(d) < Kyn for all large enough n.

Assumption E is very mild, allowing the dimension d to be even exponentially larger
than the sample size n. It is added mainly for the purpose of presentational simplicity.
With Assumptions M, S, and E, we are now ready to introduce our first theorem, which is

nonasymptotic and characterizes the deviation probability of T from T.

Theorem 1.2.1 (Stochastic bound for |T — T||max). Suppose Assumptions M, S, and E

hold. Then, for all sufficiently large n, we have
N 1
P (||T — T|lmax > 22 + —2) < 16e*d? + K {(n —1)d} 2,
n —

for any z such that

log(ed)  Clog®(n —1) K,
22€ n—1 (n—1) 24/ (n — 1) log(ed)
C [log(ed) N 20V K, N 202K log*(n — 1) CVEK K,
2V n-1 (n—1)%d? (n —1)%d? d2(n —1)y/(n — 1)log(ed)’

(1.7)

in which Q) only depends on k1, k1 and Ky introduced in Proposition 1.2.2 and Assumption F,
respectively; Ky only depends on Ca, cg and Cg; Ky only depends on Ky; C is an absolute

positive constant. In particular, we have

— log(ed
||T—T||max:op( M)

n

Remark 1.2.1. Because sin(x) is a Lipschitz continuous function, Theorem 1.2.1 implies

that, with probability no smaller than 1 — ¢y, where
€0 := 16e *d 2 + K {(n — 1)d} 2, (1.8)
we have

~ T 1 -~ s 1
190 - Bollome < 3 |24 2| ond 1= Bl < § 264 2]
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in which z is chosen to satisfy (1.7). Also, we have
> log(ed S log(ed
||20 - Z0||n[1ax - OIP ( %) and Hzl - El“max = O]P ( —g’EL )> .

Exploiting the proof of Theorem 1 in Han et al. (2015) with Lemmas 1 and 2 therein
replaced by the corresponding bounds in Remark 1.2.1, we immediately have the following

theorem that quantifies the deviation of A from A.

Theorem 1.2.2 (Stochastic bounds for HJAX — Al|max and H_K — Al|x)- Suppose Assumptions
M, S, and E hold. Let the tuning parameter \ in equation (1.6) be chosen such that

A

| X

1
M+1) |2
(r+1) |22+
where z is defined in equation (1.7). Then, for all sufficiently large n, it holds that

P(HK — Allmax > 2125 lsoA) < 16e74d 2 + K {(n — 1)d} ™2 and

P(|A — Alloo > 45]|Z5 " |scA) < 16e %72 + K1 {(n — 1)d} 2.

) for some large enough absolute constant C', we obtain

In particular, when \ = CM %

that

R loa(ed . log(ed
A=Ay = Op <||281||00M g?i )) and ||A—Als = Op (‘SHEEIHOOM gq(l )>

To further illustrate consequences of Theorem 1.2.2, one can now show that ||;A; —
Allmax = op(1) provided that ||| M % = o(1l) and A\ = CM/log(ed)/n for
some pre-specified large enough constant C. Similarly, one has ||A — Alls = op(1) when

$1 55 oo M /22D = o(1).

Remark 1.2.2. Consider a particular case, Example 1 in Han et al. (2015). There, the
authors proved that || 25! |lc = O(1) as long as X is strictly diagonal dominant (Horn and
Johnson (2012)), satisfying that, for all j € [d],

5j = |Eo7jj| - Z|20,jk| Z é > Oa
i#k
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where § is some positive absolute constant. Then, the assumption that ||3g"||e M +/log(ed)/n =
o(1) is equivalent to M = o ( n/ 10g(ed)>. Similarly, the assumption that s|| X5 || s M+/log(ed) /n =
o(1) implies that sM = 0( n/ log(ed)). Both allow the parameters s and M to diverge

with n.

1.3 Inference on Granger Causality

In this section, we first construct a test for non-Granger causality of one individual series
on another individual series in {X};cz using the fact that for any k& € [d], j € [d], and
J # k, {Xtx ez Granger causes { Xy ez if and only if the (j, k)-th entry of the transition
matrix, namely Ajj, is nonzero. In the presence of Granger causality, we then construct a
sign-consistent estimator of the causality relation.

Without loss of generality and also in line with Neykov et al. (2018a), we focus on
inference for A,,; for some m € [d]. Inference for A,,; for j = 2, ...,d is obtained by changing
e; == (1,0,...,0)" to e; :== (0,...,0,1,0,...,0)" below. First, we develop a test for non-

——

j—1
Granger causality, i.e., testing

Hy: A, =0 against Hy : A, # 0. (1.9)

The test is constructed in two steps. In the first step, we follow Neykov et al. (2018a)
to construct a de-biased estimator of A,,; and establish its asymptotic normality. In the
second step, we construct a consistent estimator of the asymptotic variance of the de-biased
estimator under the null hypothesis. This is done via CBB, and requires more delicate

analysis given the strategies paved by Dehling and Wendler (2010) and Fan et al. (2016).

1.3.1 A De-biased Estimator and its Asymptotic Normality

For simplicity of notation, we write 3 := A,,, € R%, the m-th row of A. Decompose 3 as
B = (0,477, where @ is the first element of 3 , ie., § = A,,;. We construct a de-biased
estimator of § = A,,; via the application of Algorithm 1 in Neykov et al. (2018a). It consists
of the following three steps.
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Step 1 Let 8= (6,57)7, where A is defined in (1.6).
Step 2 Estimate w := [Z;'].; by
@ := argmin ||v||; such that ||Sev — e;]|oc < X,

vERY

where ) is another tuning parameter.

Step 3 Estimate 6 by solving the estimating equation S((6,57)T) = 0 with
S) =@ (Zgv — S1am)-

It is easy to see that the solution 6 to the above equation has the following closed form:

7Y @T(EO/é\(O) - i\)1,>»<m) _ @\_ ﬁT<§0é\ - i1,>1<m)

0=— = =
W Y] CHPXI

, (1.10)
where B(0) := (0,37)7.

Consistency and asymptotic normality of the above de-biased estimator 0 are now stated

in the following two theorems.

Theorem 1.3.1. Suppose Assumptions M, S, and E hold. Further, suppose that

log(ed)

sl %g  loe M

_ log(ed
= o1) and s, 5" 2122

= o(1),
where Sy, = Zizlﬂ(wk # 0) is a positive integer. Let A = CM/log(ed)/n and N =
C'1Z5 leov/log(ed) /n for some sufficiently large absolute constants C,C". Then, we have

0—6=op(1).

We note that the assumptions for consistency of 0 are similar to those for consistency
of A in Section 2. As discussed there, M is allowed to diverge. However for asymptotic
normality, we impose the assumption M = O(1) following Neykov et al. (2018a) to ensure
that the asymptotic variance of our estimator 0 is finite and the bootstrap variance proposed

in the next section converges to the true one.
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Theorem 1.3.2. Suppose all conditions in Theorem 1.5.1 hold. In addition, |Xy"|e=
O), M =0(1), and
log(ed
max{ Sy, S} og(ed) =o(1).

NG

Let

o2 = (n— 1)Valr{wT (f)o,ﬁ — f]l*m) } (1.11)

Assume that 02 > C' > 0 is bounded away from zero by some absolute constant C' > 0 and

for all sufficiently large n. Let

Then lim,_,o0 |P(U, < t) — ®(t)| = 0 for any fized t € R.

1.3.2  Bootstrap Estimation of the Asymptotic Variance

In this section, we use CBB to estimate the asymptotic variance o2 in (1.11) under Hy.
Because our estimator contains f]l, our bootstrap method is based on Y; := (X", X,};)"

Note that under Hy, we have 6 = 0.

Step 1 Construct {Y3,...,Y,_1}, where Y; = (X', X,\|)". Then, draw CBB samples from
{Y1,...,Y,1}. In detail, following Fan et al. (2016), setting ¢ to be some positive
integer, we first extend {Y3,...,Y,_1} by defining Y;(,—1) = Y; for i > 1, randomly
draw a block of ¢ consecutive observations, and then obtain a bootstrap sample {Y;*}%¢

by repeating this b = [(n — 1)/{] times so that for each k =0,...,b—1,

* 3 % 1
P (Yo = Yoo Yoy = Yige) = n—1

for any j € [n—1]. Here P* is the bootstrap distribution conditional on {Y7,...,Y, 1}

and |x] stands for the nearest integer value of = € R.
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Step 2 Construct the bootstrap version of (AZ,

O * . ™ 2 : * EAP * *\ T
Q" = sin §'m;SIgn(Yi ~ Y )sign(Y; - Y;)T |,
e

Step 3 Use the bootstrap variance defined as
52 = (poyvar{w " (2380) - =1..,,) }

for the consistent estimator of o2. Here Var*(-) stands for the variance operator under

P~.

Theorem 1.3.3. In addition to assumptions in Theorem 1.3.2, assume further that { — oo,

?/n = o(1), and max{s?, s’} = o(\/n/logd). Then under Hy, |0** — 02| = op(1).

1.3.83 Tests for Granger non-Causality

This section develops two tests for Granger non-causality, i.e., for testing Hy in (1.9) based
on the following two test statistics, where the latter is a modification to the original ¢ type

statistic,

T,=Y——0 and TV := (@ g.1)7T,. (1.12)

Theorems 1.3.2 and 1.3.3 combined together yield that T, is asymptotically standard
normal under Hy. Similar conclusion also applies to the adjusted statistic T2 because
ﬁTﬁo’*l = 1+ op(1). However, in finite samples, @TEOM is usually not strictly equal to
1. This motivates the adjusted test statistic that is shown to enjoy better finite sample
performance in our simulation setups in Section 1.4.

Based on T, and T2¥, we define the following two tests,

Tpo = L{|Ta| > z1-a/2} and T3S = 1 {|T2Y| > z1_q)2} ,

n,a
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where z,_q/2 is the (1 — a/2) quantile of the standard normal distribution. We then have the
following corollary, which justifies the validity of the tests, and is also a direct consequence

of Theorems 1.3.2 and 1.3.3.

Corollary 1.3.4 (by Theorems 1.3.2 and 1.3.3). Suppose all conditions in Theorems 1.3.2
and 1.5.3 hold. We then have

P(Tpa = 1|Ho) = o+ 0(1) and P(T2%, = 1|Hy) = o + o(1).
Remark 1.3.1. The tests developed here can be extended to testing Granger causality from
a finite number of series to a single series by applying results in VAR(p) model in Appendix
A.2. We can also construct tests for Granger causality from a finite number of series to any
other finite number of series in a similar way. To illustrate, consider testing Granger causality
from { X1, Xeotez to { Xim, Xik ez, 1€, testing Hy : Ay = Apg = Apr = Ape = 0. With

a slight abuse of notation, we define
B1=Ans B2=Ap, 0= (91T, 9;)T7 where 6, = (AmlaAmQ)Ta 0, = (Ak:hAkz)T.

For any generic vector v = (vy,...,v4)" € R? and a vector & = (x1,25)" € R?, let

v(x) = (r1, 29,03, ... ,vd)T.

That is, v(x) is a vector such that the value of (vi,v)" is replaced by . We can implement

the tests as follows.

Step 1 Estimate 01 = (Aml,AmQ)T7 02 = (Akl,AkQ)T, wi = [20—1]*1, and Wwo = [20—1]*2 by

following the steps below.

Step 1-1 Let ﬁl = Km* and ,@2 = ;‘;k*
Step 1-2 Estimate w;, = [X;'],; and wy = [X; '], by

w; := argmin ||v||; such that Hf]ov — el <N,
veRd

Wy := argmin ||v||; such that |Sov — es|oc < X
veR?

We denote W = (w],w,)".
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Step 1-3 Estimate 6, and 65 by solving equations §1 (31(91)) = 0947 and §2(,[/3\2(02)) =

02 %1 with

~

Si(v) = W (v — 81.m) and Sy(v) = W (Sgv — S1.5).

| (W (Zi80(021) = %)
Step 2 Construct the bootstrap variance defined as 37 := (b¢)Var* [ __ = = _ 7
W (256k(02x1) — X5 1)

where f]g and f]‘{ are the bootstrap versions of ¢ and 3 defined in Section 1.3.2.

Step 3 Define test statistics:

A A *1—1 01
Wi = (n—1) (91, 02) b . and
0,
/\_l_/\ A~ T /\TA A
. W '3X.c0 W '3,.c0
ng] _ (TL B 1) o AO, G Al 1 o AO, G Al ’
WTEO,*G02 WTEO,*G02

where G = {1, 2}.

Based on W, and W we can implement the tests using x? distribution.

1.3.4 FEstimation of the Sign of Granger Causality

When a test detects Granger causality, it may be of interest to further infer the sign of
Apmi. Following Qiu et al. (2015), we define a new estimator of A as A = [A;], where
Ajk = Kjk]l(|1&jk| > ~) for some threshold level 7. Then, similar to Theorem 6.4 in Qiu

et al. (2015), we have the following sign-consistency theorem.

Theorem 1.3.5 (Theorem 6.4 in Qiu et al. (2015)). Assume that the conditions in Theorem
1.2.1 hold. Let v = 2|25 |oo(M +1)z. Then, with probability no smaller than 1 — €y, where

z is defined in equation (1.7) and € is defined in Remark 1.2.1, we have sign(A) = sign(A),

provided that ming p).a >0y | Ajk| > 27.
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1.4 DMonte-Carlo Simulation

In this section, we investigate the finite sample performance of the proposed estimator A
and tests for non-Granger causality based on T, and T?¥. The data generating process
(DGP) used in the simulation is characterized by model (1.1) for the latent process and the

transformation f generating the observed process.

1.4.1 Data Generating Processes

We consider three DGPs in the simulation. Noting that our proposed estimator and tests

are invariant to any increasing f, we use the following f from Xue and Zou (2012) in all

three DGPs,
F =111 fo, fso [as fso Jos fos f3s fas [  }s

where

1
~ 14exp(—z)’

fs(x) = (fo(zx) =3z < 1)+ fi(x)I(-1 <2 < 1)+ (fa(x — 1)+ DI(z > 1). (1.13)

and

filz) =z, fa(z) =exp(z), fi(z)= 953’ fa(x)

The matrix 3, for all three DGPs is generated as follows: X is the normalized E~! with
diagonal elements taking the value 1, where E is a tri-diagonal matrix with diagonal elements
1 and sub-diagonal and superdiagonal elements 1/3.

The three DGPs are distinguished by the transition matrix A.

DGP A The matrix A is a tri-diagonal matrix such that its diagonal elements are |p| and
sub-diagonal and superdiagonal elements are p4/3, where py4 is chosen so that Xp =

3o — AX,AT is a positive-definite matrix. In this simulation, we choose p4 = 0.54.
DGP B and DGP C are based on Experiments B and D in Kock and Callot (2015).

DGP B The matrix A is a block diagonal matrix, where the blocks are 5 x 5 matrices with

all entries of the blocks of A equaling to 0.15.
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DGP C An element A;; of A satisfies the following condition:

(_1)|l_.7|p|1_]|+1 lf |p|‘7'_]|+1 > C,
Aij =

0 otherwise,

where |p| < 1, and ¢ is some absolute positive constant. In the simulation, we choose

p = 0.4, and ¢ = 0.05.

Given sample size n, dimension d, matrix A, and matrix ¥,, we generate data from each

DGP in two steps:

DGP Step 1 Generate {Z,, ..., Z,} recursively. That is, generate Z; from N (0, %) and
given Z, 1, generate Z; from Z, = AZ, | + E;, where E, ~ N(0,XEg);

DGP Step 2 Transform (Z3,...,Z,) to (X4,...,X,) using X; = f(Z;), fort=1,... n.

Once the data {X,}7, is generated, we construct {Y;};7', where ¥; = (X, X,.|)"
and compute A using the tuning parameter A\ = C' \/W . We choose d = 80, 120.
The sample sizes are n = 251,501, 751. All the results are obtained from 5000 simulation
repetitions. To increase computational speed, we used the fast algorithms for the calculation
of Kendall’s tau in codes implemented in pcaPP package by Filzmoser et al. (2021). We
report two sets of results below. The first set of results measures the performance of the
estimator A in terms of its ability to detect the true sparsity pattern in A. The second set
of results reports the size and power performance of the two proposed tests for non-Granger

causality.

1.4.2 The Performance ofg

Following Liu et al. (2012), we use the receiver operating characteristic (ROC) curves to
illustrate the ability of the estimator A in detecting the sparsity pattern of A. For this, we

define the sparsity sets Sa and S as follows:
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e the pair (7, ) is not an element of the set Sa if and only if A4;; = 0;

e the pair (4, j) is not an element of the set S; if and only if ;lij = 0.

Then, following equations (5.2) and (5.3) in Liu et al. (2012), we define the false positive
rate (FPR) and the false negative rate (FNR) given the tuning parameter A as follows. We

first calculate the false positive and false negative numbers.

e F'P(A): the number of pairs in Sz not in Sa;

e FN(A): the number of pairs in Sa not in Sj3.

Similar to equation (5.4) in Liu et al. (2012), we calculate the FNR(A), the FPR()), and
true positive rate (TPR())) as follows,

FN()) FP(A)
card (Sa)’ d* — card (Sa)’

where card(-) outputs the number of elements in the input. Then, we plot the averages
of FPR(A\) and TPR(A) over 5,000 repetitions for given n and d. Here A is set to be
C/logd/(n — 1), where C' € {0.10,0.11,0.12, ..., 1.00}.

Since the qualitative results are the same for all three DGPs. We present ROC plots for
DGP A only in Figure 1.1 below.

FNR()) = FPR(\) = TPR(A) = 1 — FNR()),

Several observations are in-line. First, for each pair of (n,d), the true positive rate
increases along with the false positive rate. This is as expected since, as more non-zero
gij’s are selected, it is also likely that we will pick more non-zero A;;’s. Secondly, as the
sample size increases, the true positive rate increases while the false positive rate decreases.
For example, for DGP A, when the sample size is 751, the true positive rate is above 0.9
while the false positive rate is lower than 0.2. This demonstrates the powerfulness of the
proposed method in variable selection. Lastly, comparing the three different pairs of (n,d),
it could be observed that, as the sample size alone increases, the ROC curves grow higher.
This indicates that the proposed method is more capable of correctly selecting the non-zero

coefficients as more information is obtained, which is as expected.
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Figure 1.1: The ROC plots for DGP A

1.4.8 The Size and Power Performance

For each DGP, we examine the size performance of T, and T24 by testing four null hypothe-
ses: Ay ; = 0 for j = 10,20,30,40. For power performance, we test the bull hypothesis:
Ay =0 for DGP A; A, 5 = 0 for DGP B; and A, ; = 0 for j = 2,3 for DGP C. Following
Section 5.2 of Neykov et al. (2018a), we compute the de-biased estimator using the tuning

parameters A = X' = 0.5,/'%¢. For CBB, we set ¢ = [(n — 1)'/%] following the discussions in

Dehling and Wendler (2010) and compute the bootstrap variance based on 2,000 bootstrap

samples.

Table 1.1 reports the results for DGPs A, B, C for nominal sizes 5%, 10%. Several
qualitative conclusions emerge. First, for all settings, the adjusted test has better size than
the unadjusted test; second, for almost all settings, the sizes of both tests improve and
approach the nominal size as n gets larger; third, the power of both tests increases quickly

with the sample size; and lastly the results are qualitatively similar across different values of

d and across the three DGPs.
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1.5 Concluding Remarks

In this paper, we have constructed a simple rank-based estimator of the transition matrix
in a high dimensional stationary Gaussian copula VAR(p) model for any finite order p and
established its rates of convergence. We have also developed tests for Granger non-causality
of one or a finite number of individual series on another or a finite number of individual
series in the high-dimensional model and provided numerical evidence on their finite sample
performance.

It is worth mentioning that all the methods developed in this paper apply directly to the
corresponding high dimensional stationary Gaussian copula VAR(p) model with non-zero
mean, although we are unable to estimate the mean. Several extensions are possible. First,
if it is desirable to test Granger non-causality of an increasing number of individual series on
another series in the high-dimensional latent model, the idea underlying multiple testing and
the method of multiplier bootstrap in Chernozhukov et al. (2013) may be adopted. Second,
allowing for both increasing d and increasing p is interesting but technically challenging.
Third, extensions of our rank-based methodology to certain structural models in economics
and finance such as structural asset pricing models, where the observed equity price is an
increasing transformation (unknown) of the latent firm’s market value, and structural auction
models, where the observed bid is an increasing transformation (unknown) of the bidder’s

private value, are important and will be studied in future work.

Acknowledgements

We are grateful to the Editor, Serena Ng, an Associate Editor, and three referees for their
insightful comments on the previous version of this paper. We thank Yandi Shen, Kevin
Song, participants of the Sixth Seattle-Vancouver Econometrics Conference, and seminar
participants at Penn State University for helpful discussions. Numerical computation in this
paper is done via the Statistics cluster in the Department of Statistics at the University of

Washington, CSDE Simulation Cluster, which has received partial support from an Eunice



23

Kennedy Shriver National Institute of Child Health and Human Development research in-
frastructure grant, P2C HD042828, and the use of advanced computational, storage, and
networking infrastructure provided by the Hyak supercomputer system and funded by the

STF at the University of Washington.



Table 1.1: The power and size for DGPs A-C
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T,

madj
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DGP A

d=80

0.6664

0.6270

0.7534

0.7242

0.9376

0.9276

0.9654

0.9602

0.9940

0.9926

0.9970

0.9966

0.0920

0.0712

0.1514

0.1250

0.0754

0.0608

0.1314

0.1146

0.0700

0.0616

0.1240

0.1092

0.0908

0.0708

0.1486

0.1254

0.0786

0.0682

0.1414

0.1206

0.0722

0.0606

0.1334

0.1194

0.0902

0.0720

0.1468

0.1230

0.0782

0.0662

0.1410

0.1232

0.0712

0.0604

0.1214

0.1082

0.0954

0.0748

0.1592

0.1300

0.0766

0.0666

0.1362

0.1204

0.0710

0.0594

0.1300

0.1174

d=120

0.6500

0.6060

0.7428

0.7102

0.9274

0.9134

0.9558

0.9494

0.9870

0.9834

0.9926

0.9922

0.0918

0.0730

0.1584

0.1306

0.0746

0.0640

0.1326

0.1190

0.0722

0.0606

0.1324

0.1172

0.0924

0.0704

0.1574

0.1306

0.0772

0.0636

0.1314

0.1144

0.0686

0.0572

0.1254

0.1124

0.0976

0.0730

0.1658

0.1362

0.0804

0.0680

0.1398

0.1212

0.0728

0.0618

0.1362

0.1198

0.0896

0.0674

0.1554

0.1274

0.0824

0.0708

0.1418

0.1204

0.0688

0.0604

0.1226

0.1080

DGP B

d=80

0.4698

0.4272

0.5788

0.5384

0.7648

0.7384

0.8474

0.8278

0.9138

0.9030

0.9498

0.9434

0.0914

0.0702

0.1558

0.1276

0.0726

0.0612

0.1280

0.1142

0.0678

0.0588

0.1246

0.1108

0.0798

0.0630

0.1420

0.1154

0.0762

0.0634

0.1356

0.1196

0.0732

0.0636

0.1262

0.1158

0.0848

0.0652

0.1458

0.1192

0.0732

0.0584

0.1302

0.1138

0.0676

0.0576

0.1228

0.1096

0.0844

0.0682

0.1462

0.1204

0.0742

0.0622

0.1322

0.1156

0.0648

0.0548

0.1220

0.1084

d=120

0.4600

0.4158

0.5630

0.5226

0.7578

0.7304

0.8390

0.8178

0.9120

0.8994

0.9500

0.9436

0.0900

0.0712

0.1514

0.1246

0.0804

0.0662

0.1382

0.1192

0.0714

0.0608

0.1308

0.1186

0.0936

0.0728

0.1542

0.1266

0.0746

0.0640

0.1288

0.1122

0.0604

0.0534

0.1172

0.1028

0.0940

0.0744

0.1546

0.1272

0.0748

0.0612

0.1344

0.1142

0.0694

0.0584

0.1274

0.1108

0.0854

0.0626

0.1484

0.1194

0.0746

0.0602

0.1326

0.1132

0.0666

0.0578

0.1202

0.1062

DGP C

d=80

0.6702

0.6304

0.7620

0.7248

0.9272

0.9158

0.9578

0.9522

0.9858

0.9822

0.9938

0.9930

0.2240

0.1914

0.3164

0.2794

0.3288

0.3002

0.4372

0.4072

0.4288

0.4022

0.5402

0.5172

0.0830

0.0610

0.1418

0.1148

0.0700

0.0552

0.1254

0.1050

0.0678

0.0568

0.1248

0.1104

0.0726

0.0550

0.1376

0.1110

0.0714

0.0564

0.1326

0.1136

0.0644

0.0558

0.1228

0.1094

0.0774

0.0596

0.1366

0.1114

0.0706

0.0578

0.1306

0.1090

0.0630

0.0564

0.1160

0.1040

0.0850

0.0670

0.1442

0.1192

0.0744

0.0608

0.1318

0.1134

0.0730

0.0622

0.1238

0.1126

d=120

0.6282

0.5892

0.7170

0.6858

0.9134

0.8986

0.9524

0.9434

0.9852

0.9818

0.9934

0.2262

0.1898

0.3178

0.2778

0.3384

0.3060

0.4430

0.4116

0.4346

0.4058

0.5218

0.0794

0.0568

0.1388

0.1124

0.0752

0.0608

0.1320

0.1106

0.0708

0.0588

0.1140

0.0788

0.0604

0.1446

0.1164

0.0674

0.0580

0.1268

0.1070

0.0630

0.0530

0.1050

0.0844

0.0644

0.1396

0.1134

0.0704

0.0590

0.1318

0.1116

0.0714

0.0632

0.1164

0.0796

0.0600

0.1400

0.1140

0.0760

0.0624

0.1370

0.1162

0.0658

0.0558

0.1072

24
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Chapter 2

MINIMUM SLICED DISTANCE ESTIMATION IN
STRUCTURAL MODELS !

2.1 Introduction

Estimation and inference in structural models in economics and finance often pose chal-
lenges to the classical likelihood-based method. Examples of such models include Dynamic
Stochastic General Equilibrium (DSGE) models in macroeconomics and asset pricing models
in finance; BLP aggregate demand models in empirical industrial organization, and econo-
metric models with parameter-dependent supports such as auction models and equilibrium
job-search models. In DSGE and asset pricing models, the observable economic/financial
variables are often driven by a few unobserved state variables and as a result, the mapping
from the unobserved state variables to the observed variables is non-invertible. Such a system
is known as a stochastic singular system and MLE is not well-defined for stochastic singular
systems. To handle this issue, a common practice in the current literature is to add enough
measurement errors to the model such that the mapping from unobserved variables includ-
ing the original unobserved state variables and added measurement errors to the observable
variables is invertible, see An and Schorfheide (2007) and Komunjer and Ng (2011) for DSGE
models and Pastorello et al. (2003) and Chernov (2003) for asset pricing models. However,
there is no theoretical guidance on how the measurement errors should be introduced and
numerical evidence reveals sensitivity of conclusions to the types of measurement errors and
how the measurement errors are added to the system. In BLP models, the dimension of the

observables is the same as that of the unobservables, but invertibility is not always guaran-

'THIS CHAPTER IS A JOINT WORK WITH YANQIN FAN FROM THE UNIVERSITY OF WASH-
INGTON
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teed, see Berry (1994); Berry et al. (1995) for sufficient conditions ensuring the invertibility
of the aggregate demand function in the mean utility. In addition to the invertibility of the
aggregate demand function, computing MLE may be challenging: it requires computing the
Jacobian matrix of the mapping and the integrals defining the mapping as well as a tractable
likelihood function.

In econometric models with parameter-dependent supports such as the one-sided and
two-sided models studied in Chernozhukov and Hong (2004),> MLE is well defined but the
classical likelihood-based inference may be invalid, see Chernozhukov and Hong (2004) for the
non-normal asymptotic theory for MLE and Bayes estimation (BE) and Hirano and Porter
(2003) for efficiency considerations according to the local asymptotic minimax criterion for
conventional loss functions. In the one-sided model in Chernozhukov and Hong (2004) and
Hirano and Porter (2003), the conditional density function of the dependent variable is
assumed to be strictly bounded away from zero at the boundary; In the two-sided models in
Chernozhukov and Hong (2004), the conditional density function has a jump at the boundary,
see Example 2.2.3 for a rigorous statement of this assumption for both one-sided and two-
sided models. Under this assumption, likelihood-based inference relies on the potentially
complex asymptotic distribution which may be difficult to implement.? Another impediment
to likelihood-based inference is the dichotomy of the asymptotic theory. For example, in the
two-sided models, MLE is asymptotically normal when the conditional density function of
the dependent variable has no jump at the boundary and non-normal otherwise.

The sensitivity of likelihood-based inference to model assumptions and parameter values
in the afore-mentioned structural models is partly due to the distinct properties of the

Kullback-Leibler (KL) divergence for these models. Using a singular example (Example 1 in

2Chernozhukov and Hong (2004) reviews many early works in economics that belong to this class of
models such as auction models in Paarsch (1992) and Donald and Paarsch (2002); parametric equilibrium
search in Bowlus et al. (2001) among others.

3Chernozhukov and Hong (2004) shows that Bayesian credible intervals based on posterior quantiles,

which are computationally attractive, are valid in large samples and perform well in small samples.
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Arjovsky et al. (2017)), a one-sided uniform model, and a two-sided uniform model, we show
that for the singular model, the KL divergence is unbounded rendering MLE undefined;
for the one-sided model, the KL divergence is bounded but not differentiable at the true
parameter value and as a result, the classical normal asymptotic theory for MLE is invalid;
for the two-sided model, the KL divergence is bounded but may or may not be first order
differentiable at the true parameter value resulting in a dichotomy of asymptotic theory for

MLE.

The aim of this paper is to develop a simple, robust method for the estimation and infer-
ence in a broad class of structural models including asset pricing models, BLP, and models
with parameter-dependent supports. This is accomplished by introducing a class of minimum
distance estimators based on sliced Lo-distances between some “empirical measure” of the
observed data and the corresponding parametric or semiparametric measure induced by the
parametric structural model. We call this class of estimators minimum sliced distance (MSD)
estimators. By choosing different measures of the distribution, we obtain different MSD es-
timators. Three important estimators we focus on in this paper are the minimum sliced
Wasserstein Distance (MSWD) estimator, the minimum sliced Cramer Distance (MSCD)
estimator, and Simulated MSD estimator. The SMSD estimator is proposed for generative
models from which one can easily draw synthetic samples for any given parameter value in its
parameter space. In contrast to MLE, the MSD estimator is well defined for structural mod-
els ranging from stochastic singular models to models with parameter-dependent supports

as well as generative models.

As our first theoretical contribution, we establish consistency and asymptotic normality
of the general MSD estimator under a set of high-level assumptions. In contrast to likelihood-
based inference, inference using our MSD estimator is standard. We then verify the high-level
assumptions for the MSWD, MSCD estimators and their simulated versions under primitive
conditions for three broad classes of structural models: (i) unconditional models which induce
parametric distributions such as asset pricing models; (ii) conditional models which induce

semiparametric distributions such as BLP and parameter-dependent support models; and
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(iii) unconditional and conditional generative models which have intractable distributions
but can be simulated easily. For parameter dependent support models in Chernozhukov
and Hong (2004) and Hirano and Porter (2003), our primitive conditions imply that our
estimator is asymptotically normally distributed regardless of the presence of a jump in the
conditional density function at the boundary or not. We confirm our theoretical findings
via two simulation experiments based on the stochastic singular state-space model and the

auction models in Paarsch (1992), Donald and Paarsch (2002), and Li (2010).

This paper makes contributions to several literatures. First, Wasserstein distances have
recently been used in the statistics and machine learning literatures for testing and estimation
of generative models. For example, Bernton et al. (2019) proposes minimum WD estimator
based on the 1-Wasserstein distance and establishes non-normal asymptotic distribution for
univariate unconditional parametric distributions; Nadjahi et al. (2020b) proposes a sliced
version of the estimator in Bernton et al. (2019) and extends the non-normal asymptotic
distribution in Bernton et al. (2019). The technical analysis of Bernton et al. (2019) (and
Nadjahi et al. (2020b)) relies critically on the equivalence between the 1-Wasserstein distance
and the 1-Cramer distance for univariate distributions. Such an equivalence no longer holds
for the 2-Wasserstein distance adopted in the current paper and the analysis in Bernton
et al. (2019) breaks down. The current paper is the first to adopt the sliced 2-Wasserstein
distance in the estimation of a broad range of structural models including generative models
and establish its asymptotic normality under general conditions. For univariate models, our
MSWD estimator reduces to the Lo-quantile distance estimator of parametric distributions
in LaRiccia (1982, 1984) and the matching quantile estimator of linear models in Sgouropou-
los et al. (2015) and Qin and Wu (2020). Second, the sliced Cramer distance is used in Zhu
et al. (1997) for goodness-of-fit testing in the i.i.d. case. Our paper is the first to adopt
the sliced CD for estimation. In the univariate case, the MSCD estimator reduces to the
estimator in Hettmansperger et al. (1994) and Oztiirk and Hettmansperger (1997). Beutner
and Bordes (2011) extends Oztiirk and Hettmansperger (1997) to censored data. Third, for

generative models, a popular machine learning tool is the Generative Adversarial Network
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(GAN) originally proposed in Goodfellow et al. (2014). A GAN estimator is formulated
as the solution to a minimax problem between a generator and a discriminator. The dis-
criminator maximizes the accuracy the its classification while the generator minimizes it.
Goodfellow et al. (2014) shows that at discriminator optimality, the GAN generator min-
imizes the Jensen-Shannon (JS) divergence between the true/target distribution and the
distribution induced by the generative model. Like the KL divergence, the JS divergence
is not continuous for stochastic singular systems rendering instable behavior of the original
GAN. This motivates Arjovsky et al. (2017) to propose Wasserstein GAN based on the Earth
Mover or 1-Wasserstein distance and Lei et al. (2019) to propose Wasserstein GAN based on
the 2-Wasserstein distance. Both are implemented using the dual forms of the Wasserstein
distances. Neither paper establishes asymptotic theory for their estimators. Although our
MSWD estimator is a minimum distance estimator, we demonstrate via Brenier theorem
that it is in fact a sliced 2-Wasserstein GAN estimator. By using the primal form directly,
our MSWD estimator overcomes the computational challenge and the difficulty of finding
the encoding map needed to implement the estimator in Lei et al. (2019), see Section 2.3.3
for a detailed discussion.*

Fourth, the current paper offers complementary results to Kaji et al. (2020) which extends
the original GAN in Goodfellow et al. (2014) to estimate structural models. It is the first
paper to establish a rigorous asymptotic theory including asymptotic normality of the original
GAN estimator for structural models. It remains to see if their assumptions can be verified
for stochastic singular systems and models with parameter-dependent supports. Like Kaji
et al. (2020), our SMSD estimator is related to important works in the econometrics literature
on indirect inference and it is free from the choice of an auxillary model. We refer interested
readers to Kaji et al. (2020) for a nice discussion of the indirect inference literature.

Technically we make use of Andrews (1999) to establish asymptotic theory for the general

MSD estimator under high level assumptions and rely heavily on modern empirical processes

4Kolouri et al. (2018) use the sliced Wasserstein distance for the auto-encoder problem for the generative

models.
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and U-processes results in Sherman (1994), Newey (1991), and Brown and Wegkamp (2002)
to verify high level assumptions for the MSWD, MSCD, and their simulated versions under

primitive conditions.

The rest of the paper is organized as follows. Section 2 introduces our general framework
and the three motivating examples. Section 3 introduces our MSD estimator and applies it
to the motivating examples. Using simple examples, Section 4 illustrates the different prop-
erties of the KL divergence, JS divergence, the 2-Wasserstein distance, and Cramer distance,
as well as the different distributions of the estimators based on these divergences/distances.
Section 5 establishes the consistency and asymptotic normality of the MSD estimator un-
der high level assumptions. Sections 6-8 verify the high level assumptions for the uncondi-
tional model, conditional model, and generative model under primitive conditions. Section 9
presents numerical results using synthetic data generated from the stochastic singular state-
space model, the term structure model in Backus et al. (1998), and the auction model in
Paarsch (1992), Donald and Paarsch (2002), and Li (2010). Section 10 concludes. A series of
appendices contains technical proofs of the main results in the text and additional materials

for univariate unconditional models and the singular example in Arjovsky et al. (2017).

2.2 The General Framework and Three Motivating Examples

Let {Z; : t = 1,2, ...} denote a strictly stationary process. We consider three general models
for {Z; :t=1,2,...}. The first model is an unconditional model in which {Z, : t =1,2,...}
has a stationary parametric distribution denoted as F'(+; 1)) for some unknown ¢y € ¥ C
R%; the second model is a conditional model, where Z; = (Y,", X,"), the conditional distri-
bution of Y; given X; = z is of parametric form denoted by F'(-|x, 1) but the distribution
of Xy is unspecified; and the third model is a generative model from which one can easily
draw synthetic samples at any given ¢» € W. In all three models, the support of the distribu-
tion of Z; is allowed to depend on the unknown parameter 1)y, and we are interested in the

estimation and inference for 1.
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Assumption 2.2.1. The sample information denoted as {Z, : t = 1,2,...,T} is either a ran-
dom sample or a strictly stationary time series from either the unconditional model charac-
terized by the distribution function F (-;1) of Z;; the conditional model characterized by the
conditional distribution function of Y; given Xy = = denoted as F (-|z,1y); or the generative

model with parameter 1.

When the density function of either F' (-;9) or F' (-|x, 1) exists, MLE or the conditional
MLE is a popular approach to estimating the unknown parameter v5. The asymptotic dis-
tribution of MLE or conditional MLE and the associated inference depend critically on the
model assumptions. The classical Wald, QLR, and score tests rely on smoothness assump-
tions on the density function and the assumption that the true parameter 1 is in the interior
of . Many important models in economics and finance violate one or more assumptions
underlying the classical likelihood theory motivating the development of alternative methods

of estimation and inference such as those in the references discussed in Section 1.

Below, we present three classes of structural models in economics and finance for which
likelihood-based estimation and inference are either not well defined or difficult to implement.
We will use them to illustrate our new method in subsequent sections. Since the three models
are from different areas, we adopt the conventional notations in the corresponding literatures

so that notations in each example are specific to that example.

Example 2.2.1 (Asset Pricing/State Space Models). In important financial and macroeco-
nomic models such as asset pricing and DSGE models, the observables are typically driven
by a few unobservable or latent factors. To apply likelithood-based inference, a common prac-
tice is to add enough measurement errors to the model to make the system stochastically
non-singular. However, the resulting conclusions depend critically on how and what types of
measurement errors are added, see Section 6 of Pastorello et al. (2003) and Chernov (2003)
for detailed discussions on the implications in asset pricing models. We use a simple generic

state space model as a running example. Let {Y;},-, be the observable process and {Y;*};2,
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be the latent process such that

Y = (Y}, 00), (2.1)

where Yy is a vector of observable variables of dimension d,,, and Y," is a vector of latent state
variables of dimension d* such that {Y;*};2, is a strictly stationary Markov process of order
1 with transition density f* (-ly;_y;7). Let o = (60,7). We are interested in estimating
Yo from time series {Yt}tT:l. Chernov (2003) summarizes nicely the different scenarios in

asset pricing models:

(i) When d* < dy, (e.g., Chen and Scott (1993)), the function h in (2.1) is non-invertible.
A common practice is to assume that d* asset prices are observed without any error
and add (d, — d*) measurement errors to the system of equations in (2.1) assuming
that (d, — d*) asset prices are observed with an error (either to address microstructure

effects or transactions costs, or to resolve the statistical singularityproblem);
(ii) When d* =d,, (e.g., Pan (2002)), the function h in (2.1) is typically invertible;
(iii) When d* > d,, the inverse of h does not exist. The examples are as follows:

(a) dy, = 1, that is, one estimates a multifactor model for one financial asset, be it
equity returns, interest, or exchange rate (e.g., Andersen et al. (2002); Chernov

et al. (2003); Eraker et al. (2003)).

(b) All observables have pricing errors; for example, some term structure studies as-
sume that all bond yields are observed with an error (e.g., Jegadeesh and Pennacchi

(1996)).

The mapping in (2.1) is non-invertible in both Case (i) and Case (iii). However, in Case
(i), the distribution of Yy is singular with support lying in a low dimensional manifold of R
rendering MLE invalid. On the other hand, MLE is valid in Case (iii), but may be difficult
to compute due to the intractibility of the likelihood function.

Let Z, =Y, or (Y;T,Y;L)T. This is an example of the unconditional model.
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Example 2.2.2 (A BLP Model). Notations and discussion in this example follow closely
Gandhi and Houde (2019). They consider a special case of the random-utility model con-
sidered by Berry et al. (1995), in which product characteristics are exogenous. Consider a
market t with J; + 1 differentiated products. Each product j is characterized by a vector of
observed (to the econometrician) product characteristics xj; € RX and an unobserved char-
acteristic . Let xp = (14, ..., T 5,4) denote a summary of the observed market structure-the
entire menu of observed product characteristics available to consumers in market t (i.e.,
Jy x K matriz). Similarly, s; = (S, ..., 57,¢) denotes the vector of observed market shares,
which is defined such that 1 — Zj’;l sjt = Sor 15 the market share of the “outside” good avail-
able to all consumers in market t. We normalize the characteristics of the outside good such
that xo; = 0 and &y = 0.

The preference of consumers can be summarized by a linear-in-characteristics random-
utility model with a single-index unobserved quality. Thus each characteristic can be inter-
preted in terms of differences relative to the outside good. Specifically, each consumer i has

linear preferences for products j = 0,1, ..., J;:

Ks
_ (2)
Uije = Oj¢ + E Uik 5y, Tt Eijts
k=1

? 18 a

where 05, = 27,8 + ;e is the “mean utility” of product j such that E[§;|x,] = 0, x;

sub-vector of xj; (i.e. non-linear attributes), € ~ T1EV(0,1) is an idiosyncratic utility
shock for product j, and v; = (vy,...,vik,) denotes the random coefficient vector with cdf

F(vi; \y). Then the aggregate demand function for product j can be written as follows:

Ko 2)
ex ORI A P
i (6, 25 N = / PI2iy Vikje T Ot) dF (vi; \y), (2.2)

Ji K 2
1+ Zj’:l exp(D_py Uik'xg"t),k: + dj1)

where xf) = <azg), ...,xf,zt)t> and 6 = (014, .., 0,1)-

)

Let U((St,l'§2); Ay) = (01(5t,x§2); o), ...,aJ((St,x§2); )\v)>. Then

St = U(5t, 379; )\U)7
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where 0, = (B, \,) is the full parameter vector of dimension m. Suppose the conditional
distribution function of & = (&1, ...,&t,t)T given x; is non-degenerate of parametric form
G (‘|ze; Ae). Then likelihood-based estimation and inference may be applied provided that o
is invertible in &;. Unlike (2.1) in Example 1, the mapping the dimension of s, is the same
as the dimension of §;. However, the invertibility of o is not automatic. Berry (1994);
Berry et al. (1995) present sufficient conditions for the mapping o to be invertible in ;.
Ezamples of G (-|xy; Ne) include N (0,7%1;,) in Jiang et al. (2009) and the distribution of
nje = Nifi + eje in Moon et al. (2018), where \;, fi,e; are three vectors of latent variables
following N (0,031;), N (0,031;), N (0,021;) respectively.

To summarize, computing MLE based on a random sample {s;, xt}thl requires
1. the mapping o to be invertible in d;;

2. the computation of the Jacobian matrix;

3. numerical computation of the integrals defining the mapping o;

4. the likelihood to be tractable.

This is an example of the conditional model, where Z; = (stT,:v;r)T. It is also an

example of the generative model. We note in passing that if the conditional distribution
function of & = (&g, -, £Jt7t)T given x; is degenerate, then we run into the same problem

as Case (i) in Example 1.

Example 2.2.3 (Parameter-Dependent Support Models). Consider the one-sided models
in Chernozhukov and Hong (2004) and Hirano and Porter (2003) and two-sided models in
Chernozhukov and Hong (2004). A scalar random variable Y given a vector of covariates X

follows

Y:g(Xve) + €,
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where § € © C R¥% and v € T C RY are finite-dimensional parameters, and the error term
€ has conditional density function f.(e|X,0,v). In one-sided models, f.(¢|X,0,v) =0 for all
€ < 0. Let X C R% denote the support of X. Hirano and Porter (2003) assume that for
X in some subset of X with positive probability, the conditional density of € at its support
boundary € = 0 1is strictly positive. In two-sided models, one can express the conditional

density of the error term € given a vector of covariates X as

fL,e(€|X707’Y) Zfé < 07
fe(elX,0,7) ==

fue(elX,0,v) ife>0.

Chernozhukov and Hong (2004) assume that for any x € X,
li%l f6<€’33,6,”}/) = fL,e(O‘l',e,’Y); 1;?01 f(e‘x7077) = fU,e(O‘x797fy)7

fo.e0lz,0,7) > fr(0lz,0,v) +n for some n >0,
for all (0,7) € © x T.

Many structural econometrics models lead to one-sided or two-sided models satisfying the
assumptions in Hirano and Porter (2003) and Chernozhukov and Hong (2004) so that the
non-normal asymptotic theory they develop applies albeit their implementation may be chal-
lenging. In other models, however, it may be difficult to check whether these assumptions
hold. When there is no jump in the conditional density function, the non-normal asymptotic
theory in Chernozhukov and Hong (2004) may not apply.

Let F (y|z,0,v) denote the conditional cdf of Y given X = x. For one-sided models,

Y

F@Mﬁm%z/(wﬂﬁﬁawd%ng@ﬂ% (2.3)
gz,

for two-sided models,

v ulz, 0, v)du i x,0
F(y|x7977>: f,oofL< | ) 77) ’ fygg( ) )7 (24)

SO f(ule 0, 7)du+ [4, ) folule,0,9)du,  ify > g(x.0).
Let v = (0,7) € W = © x I'. This is an example of the conditional model, where Z; =
v,T,xn"
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2.3 Minimum Sliced Distance Estimation and Examples

Minimum sliced distance estimation falls within the framework of minimum distance estima-
tion based on a sliced distance between an “empirical measure” and a model induced measure.
In this section, we propose a general MSD estimator which includes the MSWD esitmator,

the MSCD estimator, and their simulated versions.

2.3.1 Sliced Wasserstein and Sliced Cramer Distances

Let P2(Z) denote the space of probability measures with support Z C R¢ and finite second
moments. For two probability measures p and v from Py(Z), we denote by W (i, v) their
2-Wasserstein distance or simply Wassserstein distance. It is a finite metric on Py(Z) defined

by the optimal transport problem:

1/2
M@wﬁazlim [ [e=vlaren|
]Rd ]Rd

YET (1,v)

where I'(j1, ) is the set of probability measures on R? x R? with marginals p and v.
When d = 1, Proposition 2.17 in Santambrogio (2015) or Theorem 6.0.2 in Ambrosio
et al. (2008) implies that

W) = [ (50— B 0) s, (25)

where F),(-) and F,(-) are the distribution functions associated with the measure ; and v,
respectively, and F)- Land F! are quantile functions. Unlike the 1-Wasserstein distance also
known as the Earth Mover distance which equals to [*°_|F,(s) — F,(s)| ds, the 2-Wasserstein
distance differs from the Cramer distance:

) = [ (B~ Fls) s 2.6)

[e.9]

In fact, the following result holds.
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Lemma 2.3.1 (Theorem 2.11 in Bobkov and Ledoux (2019)). Suppose i and v are probability
measures in Pa(R). Then,

W3 (i, v) = /Oo (Fu(uAv) — F,(uVwv))"dudv +/ (F,(uAv) — F,(uVwv))"dudv

—00

—9 ﬂ" [(F(u) = F,(0))" + (F(u) — F,(v))*] dude. (2.7)

u<v

When d > 1, the Wasserstein distance W, is computationally costly, and the sliced
Wasserstein distance is introduced in the literature to ease computational burden associated
with the Wasserstein distance W, (c.f. Bonneel et al. (2015)). Let S9! = {u € R?: ||u||, =
1} be the unit-sphere in RY. For u € S¥! and 2 € RY, let u*(2) = u'z be the 1D (or
scalar) projection of z to u. For a probability measure p, we denote by ug v the push-forward
measure of p by u*. The sliced Wasserstein distance SW(u, v) is defined as follows:

1/2

SW(u,v) = [ W2 (up, uyv)ds(u)| (2.8)

Sd—1

where ¢(u) is the uniform distribution on S, Tt is well known that SW is a well-defined
metric, see Nadjahi et al. (2020a). Also, the sample complexity of the sliced distance does
not depend on the dimension d (Nadjahi et al. (2020a)). We can see later that the MSWD
estimators converges to the true parameter with n~'/2, which is independent of the dimension.
This was already discussed in Nadjahi et al. (2020b) with the sliced 1-Wasserstein distance.

For each u € S!, let
Gu(s;u) = /I(uTz < s5)dF,(z).
Define G, (s;u) similarly. Since
W (Wyp, ulyr) = /01 (G;l(s;u) — G;l(s;u))st,

we obtain that

1/2

SW(ii,v) = [/S /01 (G (5:) — G (5 w)) dsda ()
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We introduce a weighted Sliced Wasserstein distance:

1/2

Waln) = | [ [ (Gl - 6 ) w9y dsist]|

where w (s) is a nonnegative function such that fol w(s)ds = 1. Similarly, we define the

weighted Sliced Cramer distance:
o) 1/p
seutur) = ([ [ G450 - Gulswpuisis )
Sd-1 J —co

2.3.2 The General Estimator and FExamples

Given the sample information {Z;},_,, let Q7 (-;u) denote an empirical measure such as the
empirical quantile or distribution function of {uTZt}?zl and @T(-; u, 1) denote a possibly
random function depending on the model, ¢» € ¥ C R%. A general minimum sliced distance

(MSD hereafter) estimator denoted by ¢ is defined as

/§d1 L(QT(S;U) - @T(S;U,izgr))zw(s)dsdg(u)
= inf /Sd_l/S(QT(S;u) _@T(S;U,¢))2w(s)dsdg(u) +Op(T_1), (2.9)

Yew

where § is the domain of Qr(s;u) with respect to s.

When Qr(s; u) is the empirical quantile function of {uTZt}thl and @T(-; u, 1) is the model
induced quantile function, @ZA)T is the minimum weighted SW distance (MSWD hereafter)
estimator; when Qr(s;u) is the empirical distribution function of {uTZt}thl and @T(-; u, )
is the model induced distribution function, 1/AJT is the minimum weighted SC distance (MSCD
hereafter) estimator.

The form of @T(-; u, ) also differs for unconditional, conditional, and generative models.
For unconditional models such as Example 2.2.1, @T(-; u, 1) is deterministic denoted as
Q(+;u, 1) such as parametric quantile function of u" Z; induced by the parametric distribution
of Z, for MSWD or the parametric distribution function of u'Z, for MSCD. Regardless of

the invertibility of the mapping h in (2.1), the distribution function and quantile function
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of Z; always exist and our estimators are always well defined. This is in sharp contrast to

MLE.

Example 2.2.1 (Cont’d). We will consider one-factor discrete-time Vasicek model in Sec-
tion 6 of Backus et al. (1998). In the one-factor discrete-time Vasicek model, the short-term
interest rate Y;* follows

Y =) =p(YL) =) + o6,

where 0 < p < 1, ¢ and o are positive constants, and ¢, follows the standard normal
distribution.

The yield Y;(7) of zero-coupon bond at ¢ of maturity 7 is determined by
Yy(7) = a(7) + b(7)Y/,

where a(7) = A(7)/7, and b(7) = B(7)/7 in which A(7) and B(7) are calculated by recursion:
A(l) =0, B(1) =1, and

Alr)=A(r—1)+ %)\2 + B(r—1)(1—p)c— %()\ + B(1t —1)0)?,

B(t) =1+ B(t —1)p.
When we consider 7 = 74, ..., Tk, we have
Y, = a+ Y}, (2.10)
where

)Q:(yt(ﬁ) Yt(TK)>T, GZ((L(Tl) CL(TK))T, b:<b(71) b(TK))T.

Let Z, = (Y,",Y,")". For each u € S?*~! the projected variable u'Z; follows a normal

distribution:

UTZt ~ N UT
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where ® is the Kronecker product. Both the distribution function and quantile function have
closed form expressions. We will use this in the numerical section to estimate the model.
Compared to conventional approaches (such as Pastorello et al. (2003)), we will estimate the

parameters with measurement error to the equation (2.10).
For conditional models such as Examples 2.2.2 and 2.2.3, @T(~; u, 1)) is random.

Example 2.2.3 (Cont’d). Let Z = (Y, XT)T. Then the cdf of Z and u'Z are given by

F(z¢) =E[F (y|X,¢) I (X <z)] and

G(s;u,v) = Pr(uY +uj X < s)

_ K { / " Iy + ] X < 8)f(y] X, 0)dy

E [F(uy'(s — ug X)|X, )] if up >0
= (E[I(ug X <s)] ifu; =0

1-E [F(u'(s —u X)|X,v)] ifu <0,

where F(y|X, ) is given in equations 2.3 and 2.4. For the MSCD estimator, @T(-; u, ) =
@T(~; u,1); for the MSWD estimator, @T(~; u, ) = @}1(~; u, 1), where

~ 1 e [
Grlsiuw) = > [ T+l X < 5) (01X v)dy
i=1 Y~

(
%ZtT:l Fuy'(s —ug X4)| X, ) if uy >0
:<%ZtT:1[(u;Xt§$) if u; =0
|1 330 Flur' (s —ug X)X, 9) - if ur <0,

For generative models, @T(-; u, 1) is random as well.

Example 2.3.1. Generative Model
The distribution function or quantile function of the observed variables in complex struc-

tural models may not be available in closed form, but the model may be easily simulated for
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any parameter value ¢ € W. We follow the machine learning literature and call such models
generative models. For generative models, let
Qr(-u, ) = ii@(“(vu )
) =g 2 m W P),
where for each k = 1,..., K, we generate a simulated sample with size m from the parametric

model with parameter 1 and then construct @ﬁ,{f)(-; u, ) from the simulated sample. Here, m

is a function of T', and @,(q]i)(-; u, ) is independent of Qr(-;u). Let QﬁT,m satisfy

/Sd_1 /(QT(S;U) - Q\T(S;U,¢T7m)>2w(5>d5d§(u)
= inf /Sdl /(QT(S; u) — @T(S; u, 1)) *w(s)dsds(u) + vr, (2.11)

YeEH

where vy = 0,(T). We call Yy a simulated minimum sliced distance (SMSD) estimator.

2.3.83 Adversarial Perspective

Both the MSWD and MSCD estimators are variants of the GAN estimator originally pro-
posed in Goodfellow et al. (2014) and extended to structural models in Kaji et al. (2020).
The population criterion function for the original GAN estimator is the Jensen-Shannon di-
vergence between the true distribution and the distribution induced by the generative model.
Arjovsky et al. (2017) propose Wasserstein GAN based on the Earth Mover or 1-Wasserstein
distance and implement it using the dual form of the 1-Wasserstein distance. Lei et al. (2019)
develop Wasserstein GAN based on the 2-Wasserstein distance. The main contribution of Lei
et al. (2019) is to show via Brenier theorem that the optimal discriminator is in fact uniquely
determined by the generator so the optimization can be carried out in one step. However,
since the dimension of the observed variables is typically larger than the dimension of the
latent variables in generative models, in order to apply Brenier theorem, Lei et al. (2019)
propose to first transform the empirical measure of the data to a corresponding measure for
the latent variables via an encoding map and then use the 2-Wasserstein distance between

the empirical measure of the latent variables obtained from applying the encoding map and
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that induced by the generative model. For structural models, it is unclear how to find the
encoding map. Besides, the 2-Wasserstein distance is costly to compute when the dimension
is high. We demonstrate below that our MSWD estimator overcomes the potential draw-
backs of the Wasserstein GAN in Lei et al. (2019): no encoding map is needed; since the
two distributions being compared are of the same dimension 1 and the sliced WD is easy to
compute.

Let o be probability measure, and p(v) be the model-induced probability measure which

depends on parameter 1. From the dual formulation for W?(uj,u, uf,p (1)), we obtain that

)

WA (0) = max | [ @) di (o) + [ digulin)] . 212)

where ¢* is the Legendre-Fenchel transform of ¢ defined as

©* (y) ==sup (z'y — ¢ ().

xT

It is known from Brenier theorem that for any fixed i) € ¥, provided that uju (1) has a

continuous distribution, there exists a unique transport map 71" such that

Vou(@9) =2 =T (z;u,v) =2 — Q(G(s;u,1); u) (2.13)

where ¢, (+;9) is a Kantorovich potential and

Wous iy (0)) = [ (@) = Qs ).
The population criterion function for the MSWD estimator without weighting can then be
written as

SW2 (1, (i) = /

gd-1

(@i - Q)] st

= |, WA () ds ()

= [ max [ [ewan@+ [¢ ) agnt)|

gd—1 ¥

The MSWD estimator can be interpreted as a sliced Wasserstein GAN estimator:



43

Step 1. Given v, find the optimal discriminator or a Kantorovich potential ¢, (+;1) and
compute the optimal sample objective function for the discriminator W?(ulp, ujp (1)) at
each direction u € S%!;

Step 2. Minimize the integrated optimal sample objective function: [, W?(ujp, ulyp (4))ds (u)
with respect to .

Given the expression for ¢, (-; 1) in (2.13) or equivalently the expression for WQ(U% s Wyt (1)),
Step 1 is in fact redundant.

Similarly, using the dual form of the Cramer distance as an integral probability metric

(see Bellemare et al. (2017)), the MSCD estimator can be computed in two steps as well.

2.4 Singular, One-sided, and Two-Sided Uniform Models

In contrast to the stochastic singular asset pricing model with d, > d*, MLE exists for the
one-sided and two-sided parameter dependent support models in Example 2.3. However,
the asymptotic theory is very different from the classical textbook theory and is crucially
dependent on model assumptions. On the other hand, the MSWD and MSCD estimators we
propose in the previous section are shown to be consistent and asymptotically normal under
very mild conditions for all these models in later sections of this paper.

In this section, we use three simple examples to illustrate the different behaviors of MLE,
the original oracle GAN estimator referred to as the JS estimator, and our estimators. The JS
estimator is the oracle GAN estimator, which minimizes the JS divergence (See Proposition
1 of Goodfellow et al. (2014) and Example 3 in Kaji et al. (2020).):

j o1 - 2/ (ys3 00) ) 1 < 2f (y; 6) ) '
Vs =T 210 (f(yt;90)+f(yt;e +2/10g F:00) + 70y ) T 0.

where f(y;,0) the density function of model-induced parametric distribution. Here, we con-

sider the oracle estimator when the size of the simulated sample is infinity to minimize
variation caused by the simulated sample.
We first compute the KL divergence, the JS divergence, and SW, SC distances and show

that neither KL divergence nor JS divergence exhibits the same smoothness property for all
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three examples and all parameter values. On the contrary, the SW and SC distances® exhibit

consistent behavior for all examples and parameter values. We then draw QQ plots of MLE,

JS, MSWD, and MSCD estimators.

2.4.1 Ezxample 1 in Arjovsky et al. (2017)

When p is absolutely continuous with respect to v,

> d
KL(plv) = / log (d—ﬁ) dp and

—00

1 dp 1 dv
JS(uv) == [1 du+= [1 d
() =3 / 08 (d(0.5u n 0.5u)> oot 2/ ©8 (d(o.m n 0.5y)> v

where dp/dv is Radon-Nikodym derivative of p with respect to v.

For stochastic singular models such as the asset pricing model in Example 2.2.1 when d* <
d,, the support of the distribution of the observed asset prices lies within a low-dimensional
manifold in a high-dimensional space and its distribution is not absolutely continuous with
respect to any fixed measure. As a result, MLE is not defined, see Arjovsky and Bottou
(2017) for general discussions. Example 1 in Arjovsky et al. (2017) illustrates this point
nicely.

Let Y = go(Z) = (6o, Z), where 6y = 0 and Z ~ U|0, 1]. Denote the CDF of Z by Fy (=),
and the CDF of Y by Fy(y) = Fy(z,2;0y). Then

Fy(z if x> 6,
Fy(z, 2;00) = Ve ’

Since the support of Fy-(z, z;0) is {0} x [0, 1], Fy(z, 2;0) and Fy (x, z; #) have disjoint supports
unless @ = 0. Arjovsky et al. (2017) show that

+oo ifO#0 log2 if6#0
KL (polpe) = and JS =

0 itd=0 0 if 6 =0.

®The SC distance may not have a finite second-order derivative at 6.
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Thus, MLE is not defined. Although GAN is defined, it exhibits instable behavior, see
Goodfellow et al. (2014), and JS estimator is not defined.

Straightforward calculations show that

2

0
WS(MOM@) = 927 8W2(,u0,,u9) = 57

o (0] 9
022(/“)7”9) = / / (FY(iL',Z; 0) —Fy(ﬁ,z;(g))2dzd];: %’
SC? 0 if =0,
(ko. 1) = 2(2/0°—1—(202—1)v/8?+1—302 log(tan(0.5 tan—1(|0]))) ) i
T otherwise.

In contrast to KL and JS divergences, Wasserstein distance and Cramer distance as well
as their sliced versions are continuous. In addition, Wasserstein distance and the sliced WD
are second-order differentiable; Sliced Cramer distance is first-order differentiable at 6, = 0

but does not have a finite second-order derivative at 6, # 0.

Remark 2.4.1. The sliced CD has better smoothness property than the Cramer distance,
since the Cramer distance is not first-order differentiable at 6y = 0. Furthermore, the sample

Cramer distance is not well defined for all # without weighting:

[ e - resopase [ ] (Frta )= Fosi0)Paa

= /: /_Z (FT(z) - FU(Z)>2dzdx

In the following two examples, the KL divergence is well defined and bounded so that
MLE exists. However, the first-order derivative of KL divergence may or may not exist
resulting in different asymptotic theory for MLE. In contrast, both SWD and SCD are twice

continuously differentiable for all parameter values.
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2.4.2 A One-sided Uniform Model

Let Y ~ UJ0, 6], where 6y > 0 is the true parameter. Its distribution function and density

function are given by

1
F(y;ﬁ)z%](yﬁ@) and f(y;@)zél(OgySH) for 6 > 0.

Straightforward algebra shows that

o

KL(pal) = | f(y;eoﬂog(

f(y;eo))d _ 10 < b,
f(y:0) log(6) — log(6y)  if 6 > 6.

Given a random sample {Yt}?:l on Y, Hirano and Porter (2003) studies efficiency of the
MLE and BE of ¢,. Specifically, the MLE is given by Y(7), the maximum order statistic of
{Y;f}tT:1 and

1
T (Yir) — 00) % —Exp (0—) :
0
where Exp <%> is the exponential distribution with rate parameter 1/6;.

Similar calculations for the JS divergence lead to

1 0, 16 [ :
Slog (5% ) + b4 log (585 ) +log2  if 0 <,

JS(polpe) =
olt) 1007 % Llog () +log2 ifH >4
59 08 (grg; ) T 2108 (539, ) T108 Lo > bo.

Although JS(10|pe) is continuous at 6y, its first order left and right derivatives at 6 = 6, are

different:
. 0JS(uolpe) ~ log?2 . 0JS(polpe)  log2
g T g, S Vand fim = >

Straighforward calculations show that

0.

000l if 9 < 6,

O=0" it 6 > .

1
W3 (10, 10) = 30~ 00)* and C3(pg, p1o) =

In contrast to JS (| pe), both W2 (g, po) and C2(ue, po) are twice continuously differentiable
at . Although C3(jug, j10) has different expressions for § < 6, and 6, < 6, it is twice
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continuously differentiable at 6y with first and second order derivatives given by

863(/@, ,uo) — 0 and 82022(“97 MO) _ i
9 o, 0% |,y 300

2.4.8 A Two-sided Uniform Model

Suppose the support of Y is [0, 1] and its density function is

f(y;60) =4 "

3 .
m lf60<y§1

The density function has a jump at 6y with jump size 46?)(8:;70) which is zero when 6, = 1/4

and non-zero otherwise. The CDF of Y is given by

Fld) z it0<y<9,
’ 3y=0) _ 4 _ 3(-y) -
1T =1 qmy fo<y<i

with quantile function

40p if 0 <p<1/4,
Q(p;0) =
1-3(1-0)(1—p) f1/4<p<1.

The quantile function Q(p;#) is linear in # and has a kink at 1/4.

Tedious but straightforward calculations yield

% log (%) + M log <ﬂ> + %log (%) if 0 < 6,
1 0 3(0—06o) 3(1-0) 1—6 :

7 log <%> + - 90) log ( ) + 310 log (m) if 0 > 0,.

The first-order left and right derivatives are:

K L(polpe) =

iy OB Lpolpo) 460 — (B — Dlos (
0160 00 (60 — 1 0 - ’

iy OB Lpol o) _ 480 — 30 log ( ) .
0160 00 4(90 — 1)0
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The left and right derivatives imply that K L(ug|ue) has a local minimum at 6 = 6.

However, it is not smooth at § = 0y unless 6y = 1/4. In the latter case,

KL
i OB Lpoluo) _ o _ . OK Llpolpo)

6160 00 0160 00
Otherwise, when 6y # 1/4,

KL KL
hma (1olpe) <0, hma (1olpe)

190 00 0160 00 > 0.

To summarize, the KL divergence is first-order differentiable only at 6, = 1/4; at other
values for 6y, it has left and right derivatives, but they are unequal. When |6y — 1/4]| > n > 0,
an application of Chernozhukov and Hong (2004) implies that MLE is asymptotically non-
normally distributed. Tedious computation shows that JS divergence has the same smothness
property as the KL divergence and we expect the same asymptotic properties for the JS
estimator as MLE.

On the other hand,

1
W22(/1“97/'L0) = §(0 - 90)2 and

(40-1260_1)(0=00)° 3¢ g < g
—vo
0

0
C2( 11, _ 48(6—1)6
2(40, o) (460—120—1)(6

60)% -
LU if 6, < 0.

Both are twice continuously differentiable at 6y € (0,1). For C2(ug, o), it has first and

second order derivatives given by

OC3 (o, po) | _ (g PClpe o) | (80 + 1)

2\ ) = 0.
0 oy, 20 oy 2400(1—0p)

2.4.4  Numerical Illustration

The table below summarizes the smoothness properties of the four divergences/distances.
To illustrate the different distributions of the MLE, GAN, MSWD, and MSCD estimators,
we present four figures. In each figure, the left panel plots the divergences/distances and

the right panel presents the corresponding QQ plots based on 3000 estimates of t-values
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Table 2.1: A Comparison of Several Divergences

49

KL JS SW SC
Continuity FD SD | Continuity FD SD | Continuity FD SD | Continuity FD SD
Ex1 in Arjovsky et al. (2017) x X X X X X v Ve v vVoox
One-sided Uniform v X X v X X v v v v v v
Oy=1/4 v v v v v v v v v v v v
Two-sided Uniform
0o £ 1/4 v X X v X X v v v v v v

FD and SD in the table mean whether the divergence measure is first and second-order

0.6-

0.4-

Divergence

colour

- |5
—e= SCA2

Figure 2.1: A comparison of several divergences for Example 1 in Arjovsky et al

T = 1000
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differentiable with respect to 6 at 6 = 6, respectively.
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. (2017) with
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Divergence Q-Q plots of t-values
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Figure 2.2: A comparison of several divergences when 6y = 2 with 7" = 1000 for one-sided

uniform model.

Divergence Q-Q plots of t-values
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Figure 2.3: A comparison of several divergences when 6y = 1/4 with 7" = 1000 for two-sided

uniform model.
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Divergence Q-Q plots of t-values
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Figure 2.4: A comparison of several divergences when 6y = 1/2 with 7" = 1000 for two-sided

uniform model

with each value computed from a random sample of size 1000, see Figures 2.1 to 2.4. In the

simulation, the standard deviations from the parameter estimates of Monte-Carlo simulation

are used in the computation of t-values.
Several conclusions can be drawn from Figures 2.1 and 2.4. First, for the singular example

in Arjovsky et al. (2017), MLE and JS estimator are not defined; both MSWD and MSCD
are close to being normally distributed. Second, for the one-sided uniform model, both MLE
and JS estimator are non-normally distributed. Again both MSWD and MSCD are close
to being normally distributed. Third, for the two sided uniform model, when 6y = 1/4, all
four estimators are close to being normal; when 6 is far from 1/4, MLE and JS estimator are
non-normal and the distributions of MSWD and MSCD estimators are close to being normal.
Indeed, we will verify in Section B.5 in the appendix that the assumptions for consistency
and asymptotic normality of MSWD and MSCD estimators in Section 5 are satisfied in one-

sided and two-sided models. For the singular model in Example 1 of Arjovsky et al. (2017),

we will verify assumptions for the MSWD estimator.
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2.5 Asymptotic Theory

In this section, we establish asymptotic theory for the general MSD estimator @T defined
in (2.9) under a set of high-level assumptions on Qr(s:u) and Qr(s;u, ). The high-level
assumptions allow for broad classes of models and data types. They will be verified under
primitive conditions for unconditional, conditional, and generative models in subsequent

sections.

2.5.1 Assumptions and Asymptotic Properties

Assumption 2.5.1. (i) [, [¢(Qr(s;u) — Q(s;Qu))Qw(s)dsdg(u) 50;
(1) supyey fi s (@T(s;u,w) — Q(s;u,@b)) w(s)dsds(u) 2 0.

Assumption 2.5.1 imposes that Qr(-, ) and @T(~, -,1) converge to Q(-,-) and Q(+,+,7) in
weighted Lo-norm, respectively, and the latter is uniform in ) € ¥. Assumption 2.5.2 below

states that 1y is well-separated.

Assumption 2.5.2. 1 is in the interior of U such that for all € > 0,

it /S /S Qs ) — Qs 1, ) Pw(s)dsds () > 0,

YEB(o,e

where B(1g,€) == {1y € U : || — || < €}

Theorem 2.5.1 (Consistency of @ET) Suppose Assumptions 2.5.1 and 2.5.2 hold. Then

&Tﬁmbo as T — oo.

To establish the asymptotic normality, additional assumptions are needed. Similar to
Andrews (1999) and Pollard (1980), we impose first-order norm-differentiability on Qr with

respect to . Let

ET(S; u, ¢7¢0) = @T(S; u, ¢) - @T(S; Uﬂﬂo) - W - %)TET(S;%?%),

where Dy (-; 1) is an La(S x S, w(s)dsds(u))-measurable function.
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Assumption 2.5.3. CAQT(-; u, ) is first-order norm-differentiable at 1) = 1. That is,

T foar [5 <§T(s;u,w,wo)>2w(s)dsdg(u)
. (14 |[VT (¥ — o))

= 0p(1)

for any T — 0.
Assumption 2.5.4 (i) below strengthens Assumption 2.5.1 (i).

Assumption 2.5.4. The following conditions hold:

(i) T [ [5(Qr(s;u) — Q(s;u))*w(s) dsds(u) = Oy(1);

(i) T fours [5(Qrls;u, ) — Q(s;u, vo))*w(s)dsds(u) = Oy(1);

(iii) There exists an Lo(R x ST1 w(s)dsds)-measurable function D(-;-, 1)) such that

/Sd / | Do) = D(ss, o)

Assumption 2.5.5.

Jsamr Js(@r(s;u) = Q(s;w)) D(s; utbo)w(s)dsds (u)
Josar Js(@r(s3,100) — Q(s; 0, 100)) D3 w, tho)w(s)dsds (u)

for some positive semidefinite matrixz V.

2

w(s)dsds(u) = o0,(1).

VT 4 N(0, V)

Assumption 2.5.6.
Boi= [ [ D)D" (s n)u(s)dss ) (214)
si-1.Js
1s positive definite.

Theorem 2.5.2 (Asymptotic normality of @T) Suppose Assumptions 2.5.1 to 2.5.6 hold.

Then,
V(i — o) % N(0, By 10 By ),
€1
where Qg = (e , —e] )V in which ey = (1,...,1)T is a dy by 1 vector of ones.

Remark 2.5.1. Similar to Bernton et al. (2019), we can use a subsampling approach (e.g,

Theorems 2.2.1. and 3.3.1 in Politis et al. (1999)) or bootstrapping for inference.
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2.5.2  Norm-differentiability Assumption

We note here that when @T(-; u,¥) = Q(+;u,1) such as in unconditional models, we have
ET(S; u, o) = D(s;u,10) so Assumptions 2.5.4 (ii) and (iii) automatically hold. The norm-
differentiability assumption in Assumption 2.5.3 allows for the function Q(+;u, ) to have a
finite number of kink points such as in one-sided and two-sided models, in which case one
can take

%ﬁ’w) when s is not a kink point;

Dr(s;u, 1) = Y=o

0 when s is a kink point.

To illustrate, we show below that Assumption 2.5.3 is satisfied in the one-sided and two-
sided uniform models for the unweighted MSCD estimator, see Section B.5 in the appendix
for the MSWD estimator.

Example 2.5.1. Consider the one-sided uniform model. Since

0 ify<Q,
Flyd) =94 ifo<y<vy,
& ify >,
one can take
0 ify <0,
BT(SSwO) = _wig if 0 <y <y,
\0 if y > 1.
Then
[e%s) e 2 —M wa < ¢ )
(P - Pl - = v Datoin)) ds = { O
— e wa Z w(]a

3o
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and

T s 7% (Relsin 0. 90)) dsds(u)

sup

bew: y—voll<rr 1+ VT = 4o)1)?
~ 2
defl f—oo (RT(S;U7¢7¢O)> deg(u> ( )
< sup =o(1).
YE; |[Yp—yoll<rr |4 — 4ol|?
Example 2.5.2. Similarly, for the two-sided uniform model,
L if 0 <y <
4 —_ 9
Pl =" "
1 — — .
ity =1l-amy v <y<l
Let
(
0 if s <0,
—ﬁ if 0 < s <y,
Dr(sit) =< 0 if y = o,
s ifdo<s <1,
0 if s > 1.
\
Then,
o0 —~ 2
| (Pl = Flgn) = (@ = o)D) ds
(—10)® (49 (Yo—1)+1243 —44po+1) :
_ ) wsenmeer . Y <o
(¥ —p0)® (12930 +4¢)3 —8t0+1) :
EELTO i if ¥ 2 Y.
and
~ 2
T four [, (B, 00)) dsds(w)
sup
bew; ol <rr L+ VT (% = 4o)])?
~ 2
Juas S5 (B, 0) ) dsds(u)
< sup = o(1).

T pew; [p—gol|<rr [Y — 4o|?
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In contrast, the norm differentiability assumption for the asymptotic normality of MLE

is not satisfied in the one-sided uniform model, see Remark 2.5.2 below.

Remark 2.5.2. (van de Vaart, 1998, Counterexample 7.9)
Suppose we have an i.i.d. real valued sample {Z;}L, with density f(-;1). According
to Theorem 5.39 of van de Vaart (1998), the MLE estimator of vy follows asymptotically

normal distribution when 1) there exists a measurable function d(x; ) such that as ) — 1y,

/[¢ﬂ V) - 2 — ) o )T G) | e = ol — ) (215)

and 2) there exists a measurable function ¢(-) with [ ¢(z)2f(x;40)dz < oo such that for

every 17 and 1) in a neighborhood of 1)y,

[log f(x:91) —log f(x;4a)| < ()| — ¥
Counterexample 7.9 in van de Vaart (1998) shows that the family of one-sided uniform
distributions U[0, ], ¢ > 0, does not satisfy equation (2.15). We present this discussion in
van de Vaart (1998) for completeness.
Let f(x;¢) = i[ {z € [0,%]} be the pdf of one-sided uniform model, and suppose there
exists a measurable d(x; 1)) such that equation (2.15) holds. When ¢ > 1)y,

/[Vﬂ%w VI wo——w %)(;%)f@wﬂim

> [ T - VT - 56— ) dei ) VT )| o
f(@bo)=0

=/‘ Fa,w)de = Y=Y — 0@ — ).
f(z,%0) (G

However, it is a contradiction to the assumption that equation (2.15) holds.

Remark 2.5.3. In this paper, we will not focus on the efficiency of our estimator. LaRiccia
(1982, 1984) discuss the optimal weight for minimum Lo-distance estimator with d = 1. In
detail, when d = 1 and ¢ € R, LaRiccia (1982) provides an optimal weight to achieve the
Cramer-Rao bound. (Refer to Remark 2 of LaRiccia (1982)). In practice, it is hard to find
the optimal weight especially for the high-dimensional case, which will be future research

topic.
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2.6 Unconditional Models

For unconditional models, we can take @T(-; u, ) = Q- u, 1) in (2.9), and IADT(:, u, ) =
D(-,u, ), a deterministic Ly([0, 1] x S*!, w(s)dsds(u))-measurable function. Let

R(S) u, w7 1/}0) = Q(S’ u, TP) - Q(S7 u, 1/}0) - (¢ - ¢0>TD<S§ u, 1/)0)
Theorems 5.1 and 5.2 imply the following Corollary.

Corollary 2.6.1. (i) Uy 5 1y as n — oo under Assumptions 2.5.1 (i) and 2.5.2; (ii)
VT (7 —100) L N(0, By 'QoB; ") under Assumptions 2.5.1 (i), 2.5.2, 2.5.3, 2.5.4 (i), 2.5.6,

Q 0
and 2.5.5 with Vi = ‘ . Here, Qg is a dy X dy positive semi-definite matrix.

0 0
In the rest of this section, we will verify the high-level Assumptions 2.5.4 (i) and 2.5.5

for f-mixing processes since Assumption 2.5.1 (i) is implied by Assumption 2.5.4 (i).

Definition 2.6.1 (c.f., Bradley (2005)). Consider the probability space (2, F, P). Let A C F
and B C F be two sigma fields. We define

BAB) = sup 5 7 ST [P(4:1 By) ~ B(A)B(B))

i=1 j=1

where supremum is taken over all pairs of (finite) partitions {A, ..., Ar} and {By,..., By}
of Q such that A; € A for each © and B; € B for each j.

Suppose we have a (not necessary stationary) random process {Z;} for t € Z, where Z
is a set of integers. Let’s denote F¥ = o(Z;,J <t < L,t € Z) to be sigma-field generated
by {Zi} where J <t < L. Then, {Z} is B-mizing if B := sup,ez B(F ., ) — 0 as

k — 0.

Condition 2.6.1. {Z,;}?°, is a strictly stationary -mizing process with k" By, — 0 as k — oo

for some r > 1.
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Let F (z;19) denote the cdf of Z, G(s;u, 1)) denote the cdf of u'Z, and Gr(s;u) be the
empirical CDF of {u"Z;}L |, where Z; ~ F(z;1). That is,

T
1
Gr(s;u) = T ZI(uTZt <s).
t=1

We focus on d > 1 in the rest of this section. Appendix B.6.1 collects results for d = 1.

2.6.1 MSWD Estimator

We denote Q(+;u, 1) to be the quantile function of u'Z.

Verification of Assumption 2.5.4 (i)
For a given u € S%1, let
G(s;u, ) = / 1(u"z < s)dF(z;%), for s € R.

It is known that {I(u'Z; < s):u € S¥ ! s € R} is VC subgraph class (See Example 3.7.4c
in van de Geer (2009) and Example 7.21 in Sen (2021)). We apply the weak convergence
result for empirical processes indexed by VC subgraph class in Corollary 2.1 of Arcones and

Yu (1994) (See Lemma B.3.1) to establish our first lemma below.
Lemma 2.6.1. Under Condition 2.6.1, we have
VT(Gr(+ 1) — G5+ ) = B(:,+)
in Doo. Here B(-,-) is a Gaussian process with mean 0 and the covariance given by

> Cou(I{u"Z, < s}, I{I{v' Z; < 1})

t7j

forue S, vesStt seR, andl € R.

For stochastic singular unconditional models, the distribution of Z; is singular and that

of u' Z, may be degenerate. Let

No = {u € S : G(-;u,y) is degenerate}.
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It is nonempty when the distribution of Z; is singular. In Example 1 in Arjovsky et al. (2017),
Y = (0,Z), where 6 is a deterministic constant and Z ~ U|[0,1]. Then u'Y = u;0 + uyZ is
degenerate when v = (1,0) or u = (—1,0). Thus, My = {(1,0),(—1,0)}.

Example 2.6.1. Let us consider a simple asset-pricing/state space model.

yt:a—i_by:v

Yl = pyi_1 + e, e~ N(0,1).

where |p| <1 and d, > d; = 1.
The unconditional distribution of y; is N(a,bb" /(1 — p*)), which is singular. The distri-

bution of u'y; is degenerate when u'b=0. So Ny = {u € S 1, u'b =0},
We are now ready to verify Assumption 2.5.4 (i).

Lemma 2.6.2. Suppose that G(s;u, ) is absolutely continuous and differentiable with re-
spect to s for all u & Ny and the density function g(s;u, o) of G(s;u, 1) is bounded above
with respect to s for each u & Ny. Let us assume that there exists a positive constant C' such

that

1 w(s)
/LGSd—l/NO/U G2 (G (s;u, vy); u,z/;o)deg(u) <C <o, (2.16)

and

g(Gil (S; u, ¢0)a u, ,lvb())
g(GH(s(s3u); u, ¢ho); u, 1ho)

sup sup
ueS?—1 /Ny, s€supp{w}

= 0,(1) (2.17)

for s(s,u,90) such that Sup,esa-1 /5, SUDsesuppiwt [5(8; 4, o) — s| = 0,(1). Then, Assumption
2.5.4 (1) holds under Condition 2.6.1.

When the joint density f(z;1) of Z is uniformly bounded from below by a positive abso-
lute constant, the density g(¢;s, ) of the projected variable u' Z is also uniformly bounded
from below by a positive absolute constant. Then, equations (2.16) and (2.17) in Lemma

2.6.2 are satisfied. When g¢(t; s,) is uniformly bounded from below and above by absolute
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constants, Ahidar-Coutrix and Berthet (2021) provides Bahadur-Kiefer representation and
uniform CLT theorem of empirical quantile process of projected variables {u" Z;} for random

sample {Z,;}.

Remark 2.6.1. When w(s) = 1 for s € [§,1 — ¢] for some § > 0, we can show equation

(2.17) under the following assumption:

g (G (s;u,v0); u, ¥o)

(G (s;u,0); u, o)

where g/(s;u,1y) = 0g(s;u,1y)/0s. When d = 1, this condition is the same as that in
Theorem 3 of Csorgo and Revesz (1978).

sup  sup(G(s;u, o) (1 — G(s;u,1)))

ueSa—1 /Ny s€R

= sup sup (s(1—2s)) < 00, (2.18)

ueSe—1 /N s€(0,1)

To show (2.18), we can use arguments in the proof of Lemma 1 in Csorgo and Revesz

(1978). For u € S /Ny,

9 (G~ (5;u,%0); u, o)
9(G=(s;u,v0); u, o)

Then, when s; > so, we have for u € Sdil//\/'o,

g(Gil(Sl;Uw ¢0)§U,¢0) S1 S9 o 81(]_ — 82) )
os (S i) < 7o (705) —es (725) = e ()

when s; < sy we have for u € S471/Nj,

9(G~ ' (s1;u,0); U>¢o)) ( 52 ) < 51 ) (32(1 — 31))
lo <~wlog| —— | —ylog| —— ) =~vlog | ——= | .
¢ <9(G_1(32§ u, o) u, o) ) T T\, T TR 70 s1(1 — s9)
Therefore, we have for u € S“1 /N,

(g(G_l(Sl; u, wO), U, wO) )
g(G1(s2;u,%0); u,s o)

This implies for u € S¥1 /N,

(i) < { (S (E ) |

S

0
3 Tob(9(G™ (5, ) ) =

<q(s(l-s))" = 7% log (1 - ) :

AN
—
VR
2| %
> <
w | »
V) [N}
~_
VRS
— | =
[ ]
)
= =
<| >
w | »
[\ [N}
S— | ~—
N~

2
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When w(s) =1 for s € [§,1 — 6] for some § > 0,

sup sup ( g(G_l(&%wo)SU,wO) )
ueSA—1 /Ny s€[8,1—6] g(Gfl(g(S; u); u, ¢0); u, wo)

< s swp {(8\/5(8;%)) (1—(8/\§(S;u))>}7:0p(1)

wesd-1 /Ny sefsi—s) L\ 8 A S(s;u) 1—(sVis(s;u))

since sup,esi—1/n, SUPsesuppluw} |5(55 1) — 8| = 0,(1).

Verification of Assumption 2.5.5

Let D be the space of univariate distribution functions, and D; be the restriction on D such
that the domain of the distribution functions in Dy is the same as the support of G(s;u) for

each u. Let Dy = Ly([0,1] x S w(s)dsds(u)).

Lemma 2.6.3. Assume that G(s;u) is absolutely continuous and differentiable with respect
to s for each u & Ny, and that g(s;u) is bounded above with respect to s for each u ¢ Nj.

Further, suppose that there exists a positive constant C such that

! w(s)
dud |
/ueSd—l/No/o (G (530, o) u, ) s(u) <€ < oo, (2.19)

and

g(G_l(S; u, 1/}0)7 u, ?ﬁo)
g(G=1(s(s5u;390);u,v0); u, o)

sup sup =0(1) (2.20)

u€SA—1 /Ny s€supp{w}

for s(s,u,1b0) such that sup,cgi-1 /5, SUDse(0.1) 15(8;u,%0) — s| = o(1). Then, ¢(G) : Dy C
D s Dy, where ¢(G) = G™1(s;u), is Hadamard differentiable at G € Dy tangentially to Dy,

and its derivative is

R(G~1 (s5u,p0)5u) . )
B (h) = { 9O TG o)) if u & No;

0 iquNo.

When the weight function is w(s) = 1 for s € [§,1 — 0] for some § > 0, Equation (2.18)

implies Equation (2.20).
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Lemma 2.6.4. Let’s denote ¢(Q) : Dy — R, where

- /eSd—l 0 @(3§ u) D(s; u, ho)w(s)dsds (u)

Then, ¢(-) is Hadamard differentiable at Q) € Dy tangentially to Dy under Assumption 2.5.6,

and the derivative is

1
= [ [ Do)
ueSi—1 Jo
Proof. Let Q,(s;u) = Q(s,u) + t,hy(s,u) where ¢, | 0 as n — o0, h,(s,u) € Dy ,

limy, o0 [, ca fol R (s,u) — h(s,u)|?w(s)dsds(u) = 0, and Q,Q,, € Dy.

Then, we have

H $(Qn) — 9(Q)
tn

- 60

/GSd_l/ hi(s;u) — h(s,u)D(s;u,)w(s)dsds(u)

S(LWI/VlSU o Do) ([ [ Dl usn)

Combining Lemmas 2.6.3 and 2.6.4, we can show that Assumption 2.5.5 is satisfied.

Lemma 2.6.5. Suppose Assumption 2.5.8 and all conditions in Lemma 2.6.3 hold. Then,

Q
Assumption 2.5.5 is satisfied with V = 0 in which gy is the long-run variance of
0 0
{K;}, where
Ky = (G Zs: <o) — sl D(s: et
t — /uESd 1/ S U QZJO) U,, QZ]O) < (U t,U7¢O) ~ S) S:| (S,U,7 wo)w(s) Sg(u)

2.6.2 MSCD Estimator

Let Q(-;u,v) = G(-;u, ). In this subsection, we will verify Assumptions 2.5.4 (i) and 2.5.5

for B-mixing process under the following condition.

/2
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Condition 2.6.2. The weight function w(s) is integrable. That is, [, w(s)ds < co.
Lemma 2.6.6. Under Conditions 2.6.1 and 2.6.2, Assumption 2.5.4 (i) holds.
Proof. Note that

rE[[ [ (Gt~ Gl Puls)asis(u)

0 1z . 9
— /uegd1 /_OOIE Hﬁ; (I(u'Z <s)— G(s;u,%))} } w(s)dsds(u),

and limyg o KBy = 0 implies >, o B < 0o. When .- Br < 00, by following pages 11-12
of Rio (2017), we can show

[{ \/_ Z I(u'Z, < s) G(s;u,@b@)}

for some C because I(u'Z; < s) is bounded by 1. Therefore, we have the desired result. [

<C

Note that

\/T/egd1 /_OO (Gr(s;u, o) — G(s5u,10))D(s;u, o)w(s)dsds(u)

T
1 o
= — I(u'"Z, < s)—G(s;u, }Ds;u, w(s)dss(u
D7 P BN R R ETA) IR
Then, by applying CLT, we have the desired result.

Lemma 2.6.7. In addition to Conditions 2.6.1 and 2.6.2, let’s assume [ ||D(s,u, o) |w(s)dsds(u) <

oo. Then,
\/T/uegd1 /_m(GT(s;u,wo) — G(s;u,10))D(s;u, o)w(s)dsds(u)
1 « o | |
— 7F ;/uesdl /_oo [I(u Zy < s) — G(S,u,?/Jo)]D(s,u,wo)w(s)dsdg(u)
i> N(07 QO)7

where Qg is the long-run variance of {K;}:

K, = /Jesd 1/ [[(UTZt <s) — G(s;u, )| D(s;u, o)w(s)dss(u).
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Proof. When [ o,y [7[|D(s, u, v)|lw(s)dsds(u) < oo and sup,s, 5(k) < oo, we can apply
Corollary 4.1 of Rio (2017) because [ ¢ [, [[(uTZZ- < 5)-G(s;u, wo)] D(s;u, o)w(s)dsds(u)

o0

is bounded above by a constant. O]
2.7 MSCD Estimators for Conditional Models

For conditional models, @T is random. In this section, we verify the high-level assumptions in
Section 5 for MSCD estimator for random samples {Z;}]_,. Extensions to -mixing processes

can be done with more tedious technical derivations.
Assume that ¥ is compact. Let Z = (Y, XT)T, where Y € R and X € R%. The cdfs of

Z and u' Z are given by

F (2:40) = E[F (yX,40) I (X < 2)] and

G(s;u,10) = Pr(u Y +uy X < 5)

—E [/OO I(uy + uy X < 8)f(y|X, vo)dy

EF(u;* (s — ug X)| X, o) if uy >0
=4 El(ug X <) if up =0

1-EF(u (s —ug X)|X, 1) ifu; <O.

Let @T(ﬂh@b) = @T(';ua w)a where
r(s;u,) = Z/ Iuy +uy Xi < 8)f(y| Xy, ¥)dy

%Zthl F(ul_ (s —ug X1)|Xe, ¢) ifu >0

=43, (ug X; < s) ifuy =0

\1_%2;[:1}7( (S_UQXt)|Xt; ) ifu; <0

We will verify Assumption 2.5.1 (ii), Assumption 2.5.3, Assumption 2.5.4 (ii) and (iii), and
Assumption 2.5.5.
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2.7.1 Verification of Assumptions 2.5.1 (ii), 2.5.3, 2.5.4 (i) and (i), and 2.5.5.

Note that Gr(s; u, 1) = [ I(u'z < 8)dFr(z;¢) = £ 351 Elu' Z, < s|X;,¢]. We have

T

Gr(s;uah) — G(su,v) = %Z (E[[(uTZt < 8)| Xy, ] —ElI(u' Z, < s)w}).

t=1

Hence, [ _ci ffooo(én(t; uth) — G(t;u,v))*w(s)dsds(u) can be represented as a degenerate
V-statistic of order 2. That is,

/esd ) / (s5uah) — (S;U,¢))2w(s)dsd§(U) = ,1% sz(Xtan§¢)7

where

KX = [ / (072, < 5)| X, 0] — B2, < 5)|u])

(B[ (u' Z; < 5)|X;, 0] = B[ (u" Z; < 5)]) w(s)dsds(u)

is a degenerate symmetric kernel function indexed by ).

Under the Lipchitz continuity of k(x, 2’, 1) with respect to 1 for every x and 2/, Corollary
4.1 of Newey (1991) or Lemma 4 in appendix of Briol et al. (2019) can be used to verify
Assumption 2.5.1 (ii). Furthermore, Lipchitz continuity of k is implied by that of F' in the

expression (2.21).

Lemma 2.7.1. Suppose Condition 2.6.2 holds. Moreover, let us assume that F(y|Xy, 1) is

Lipschitz with respect to 1 in the sense that there exists a function M (y,x) such that for any
Ve,

[F(yle, ) = Flyle, )| < M(y, z) |l — 4] (2.21)

and [ csa 1 ys0 J oo J MP(ur Y(s—ug x); 2)dFx (x)w(s)dsds(u) < 0o, where Fx(-) is the CDF
of X;. Then,

sup /uesd_1 /_Z(@T(s;u.w) — G(s;u,))?w(s)dsds(u) = o,(1).

Yew
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Note that under i.i.d assumption, we have
TE |:/OO(G\T<S;U.@/)O> - G(s;u,@bo))Qw(s)dsdg(u)}
= /OO E [T(aT(S; u, o) — G(s;u, 1/)0))2] w(s)dsde(u)

[
{E
{

mﬁ{@mwz<@%&wﬂ}<?ww%%wmm«w

(E[I(uTZt < 8)| Xy, o] — G(s;u,@bg)) ] w(s)dsds(u)

(E[I(uTZt < s)lXt,wo]>2

— G*(s;u, wo)} w(s)dsds(u)

<

~ [ s (1 Gt Jutehasds o
Then, we have the following result.

Lemma 2.7.2. Under Condition 2.6.2, Assumption 2.5.4 (ii) holds.

Let
R(57 Uu, wa ¢0) = Q<S7 u, ¢) - Q(S7 u, ¢0) - <¢ - ¢O)TD(5§ u, ¢0)7
where D(+;-, 1) is a Ly(R x S¥ ! w(s)dsds)-measurable function.

Condition 2.7.1. Q(+;u, ) is first-order norm-differentiable at ) = 1y. That is,

T foar 7o (R(s5u, ¢, o)) w(s)dsds(u)
L+ IVT (v — wo)ll)?

sup
YEW; |lp—tol[<7r

=o(1)

for any 0 — 0.

Under condition 2.7.1, it is enough to show that

T (fuegdl oo ([@T(S;uﬂﬂ) - Q(s;u, )] — [@T(S;u,¢o) — Q(s; u,wo)]>2 w(s)dsdg(u))
(W—vol<rr (1 +11v —vol)?
where
~ 1 &
Qr(siu¥) = Qls;u,v) = = > (BI(u" Z < 8)| X, 9] = G(s;u,9))

t=1
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Note that the integral in the numerator can be represented as a degenerate V-statistic of

order 2:
(/uegd_l /Z ([@T(s;u,@b) — Q(s;u, )] — [Qr(s3 u, o) - Q<s;u,¢o)})2 w(s)dsdg(u))

1 T T
- SN ka(Xe, X5, 0, 10),

t=1 j=1

where

kQ(Xty X]7 1/}7 ¢0)

_ /UESM /: { {(E[I(uth < )IX0, 6] = Glsyu,0) ) = (Bl (u" 2 < 9)| X, th] = Glsi %)ﬂ
X [(E[I(UTZ]- < $)| X, ] — G(s;u,iﬁ)) - (]E[[(uTZj < 5)|X;, o] — G(s;u,wo)ﬂ }w(s)dsdg(u)

is a degenerate symmetric kernel.

When ky(z, 2', 1, 1) is Lipschitz continuous with respect to ¢ for each z, =/, we can use
Corollary 8 in Sherman (1994) and the proof of Lemma 4 in Appendix of Briol et al. (2019)
to verify Assumptions 2.5.3 and 2.5.4 (iii). Lipchitz continuity of ky is implied by that of
F(+]z,1) in the expression (2.21).

Lemma 2.7.3. In addition to all conditions in Lemma 2.7.1, suppose Condition 2.7.1 holds.
Then, @T(-; -, 1) is norm-differentiable at 1 = 1y with ﬁn(s; u, ) = D(s;u,v). This implies
that Assumptions 2.5.3 and 2.5.4 (iii) hold.

Note that
VT (Qr(siu) — Q(s;u)) = % Z (I(u"Z; < s) — G(s;u)), and
VI(Qr(s:u,0) = Q(s1u,%0)) = % > (BlI(u" 2 < 8)|X0, vi] = Gssu, o))

By applying CLT, we obtain the following result.
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Lemma 2.7.4. Suppose [ ..+ [*o |D(s,u, tho)w(s)||dsds(u) < oo. Then, Assumption
2.5.5 holds. That is,

JT Juesas ff}(QT(S; u) — Q(s;u)) D(s; u, 1o)w(s)dsdu
Juegor f_°° (Qr(s;u, ) — Q(s;u,%0)) D(s; u, o) w(s)dsdu

L Juesams [ooo (I(u"Z; < 5) = G(s;w)) D(s3u, ¢o)w(s)dsdu
VI S\ [ s [ BT 2, < )| X0, 60] — Qs 5 60)) Dl 1, o)) s
4 N(0, Vp),
where
A ( Aqa(t, s;u,v) . . T
Vo= /uESd 1 /vegd 1 // (A21 A22(L‘,S;U,U)) @ Pl Dt o) wlshulfds drddds)

in which ® is the Kronecker product, and

E[l(u'Z <t)I(v'Z < 5)] — G(t;u)G(s,v),
E{E[I(u"Z <t X)E[I(v"Z < 5)|X]} — G(t;u)G(s,v),
E{I(u"Z <t)E[I(v'Z < 8)|X]} — G(t;u)G(s,v),

Aqa(t, s;u,v

(t, s;u,v) =
Aga(t, s;u,v) =
( ) =
( )=E {E (u'Z <t|X)]I(v'Z < s)} — G(t;u)G(s,v).

Aoq (t, s;u,v

2.7.2 Example 3.3: General One-sided and Two-sided Models

We now verify conditions in the previous section for the one-sided and two-sided models
studied in Chernozhukov and Hong (2004), see also Hirano and Porter (2003). Following
Chernozhukov and Hong (2004), let the density function of error term ¢ = y — g(X, ) be
Je(e] X, 6,7). In one-sided models, f.(¢|X,6,7v) =0 for e < 0 and

y g(z,0) .
" folew,6,7)de ify > g(x,6),
F(yle,0,v) =
0 otherwise.
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In two-sided models,

fre(elX,0,v) ife<O,
fe(elX,0,7) =

fu.clelX,0,v) ife>0

and

fy 9(@ fL6 €|z, 0,7)de if y < g(x,0),

F(ylz,0,7) = ,
I frelz, 0,7)de + [2050 fy (e, 0,7)de  ify > g(x,0).

Lipchitz Continuity of F(y|x,-)

OF (ylz, )

Suppose F(y|x, 1) is absolutely continuous with respect to ¢ for each y and x, and SUDy£g(2,1) o0

is uniformly bounded by a finite absolute constant. Then F'(y|z, 1)) is Lipchitz continuous

with respect to :
| F(yla, ¥) = F(ylz, )| < Clle — /).

This condition is stronger than equation (2.21) in the sense that a Lipchitz constant does

not depend on (y, x).

One-sided Model Note that

oF(ylr.v) _ )0 Hu<ote®
oY agmp)fE(y g(X, )|z, ), +fy 9(@¥) Ofe(e |w)d€ if y > g(z,0).

Here, v = (07,v") T, and dg(z, 1) /0 = [0g(x,0)/007,0]" because g(z,6) does not contain
7.

Lemma 2.7.5. For one-sided model, let’s assume that f.(e|z,) is upper semi-continuous

in (e,1) for each x, and there exists f.(e|x) such that
_ —g(z)
‘ < f(€e|x) for all €,x,4, and / fe(e|lx)de is finite for each z,v, and y.

0

fe(elz, ) H
O
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In addition, we assume that

dg(z, ) V=9 O (ely, )
H 3 /o o

Then, F(y|x,1) is Lipchitz with respect to ¥ uniformly in y and x. That is, there exists a

< 00, sup |fe(elz,v)| < oo, and sup < 00

E.IE,’[/) yﬂfﬂ/f

sup
1’7111

finite absolute constant C such that for any ,{' € U,

F(ylz, ) — F(ylz, ") < Cllw —').

The first two assumptions in lemma 2.7.5 ensure validity of interchanging the limit op-
eration and integration. The third and fourth assumptions are included in Condition C2 in
Chernozhukov and Hong (2004). The fifth condition is slightly stronger than their assump-
tion that 2L ng %) is uniformly bounded. But we do not require that f.(0|z, ) > 1 > 0 as in
Chernozhukov and Hong (2004).

Two-sided Model When y < g(z,1)),

Fy|X,v)  9g(z,v)
ob o
when y > g(z,1)),

aF(y|Xa ’QD) _ ag(Xa,’vZ)) 0 afL,e(dXvw) 9(=) 8er( |3j 1/1)
aw - = 61/) fU,e(y_g(XﬂvZ)”de))—f—/ooTd€+/o T de

Lemma 2.7.6. For two-sided model, let’s assume that fr,.(e|z.)) and fu(e|lz,v) are con-

y—g(z,)
frey — g(z, 9)z, ) + / Wd

tinuous in (e,1) for each x, and there exist fr.(y|x) and fr.(y|x) such that

£t Pl )] < el

y—g(z,p)
sup/ frc(e|x)de < 0o, and / fuelelx)de < oo for each y,x, and 1.

il )| 1o, |

In addition, we assume that

09
sup H <oo, sup (el )] < o0, sup fulelov)] < o,
sup /y—g(z,df afL,E(dma ¢)d€ < 00 Sup /y_g(%w) an,€<€’$7 ¢)d€ < 00
y<g(a)a ||J —oo oY y>g(z0)m || o o
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Then, F(y|z,v) is Lipchitz continuous with respect to ¥ uniformly in y,x. That is, there

exists an absolute positive constant C' such that for any 1, € ¥,
Fylz,¢) — Fylz,¢') < Cllv — /||

Like for one-sided model, the first two assumptions in lemma 2.7.6 ensure validity of
interchanging the limit operation and integration. The third and fourth assumptions hold
under Condition C2 in Chernozhukov and Hong (2004). The fifth and sixth conditions are

slightly stronger than their assumption that 2. L’Ea(;‘x’w), 81 U’B(sz’w) are uniformly bounded. But

we do not require that
hf})l fU,6(€|x7 1/)) - 11%51 fL,e(6|m7¢) > n > O

as in Chernozhukov and Hong (2004).

Norm Differentiability

Suppose that all assumptions in Lemmas 2.7.5 and 2.7.6 hold. Then,

0

0
—F
oY

G ELF (i (s~ ] X)X 0] = E | 5o Pl (s = uf X)|X.0)|

For simplicity of notation, let

G(U, S, ¢) = E[F(ul_l(s - u;Xt)|Xt7 ¢)]7
Gt(ua S, w> - F(ul_l(s - u;—Xt)|Xt7 ¢)7

d
Dt(u, S, w> - %F(UII(S - u;—Xt)|Xt7 ¢)7
D(u,s,) =E iF(ufl(s —uy X)| X0, )|,

oY
R(s,u,v) = G(u, s,9) — G(u,s,%0) — (1 — )" D(u, s,v),
Ry(s,u, 1) = Gy(u, 5,9) — Gy(u, s,10) — (¢ — o) " Dy(u, s,0).

Here, we set Dy(s,u,1) = 0 at kink point s. Note that R(s,u, ) = E[R(s, u,v)].
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We will show that for any 7 — 0,

sup Tfuegd’l ffooo |R(s,u,1)|*w(s)dsds(u)
s L+ VT = o))

=o(1)
by proving that

TE [Jowrs L5 s i)Puiopdst)]
ool (1 + VT = vo)|P) o

for any 70 — 0.

First, we assume that g(x,) is Lipshitz continuous at 1y uniformly in z :

l9(2, ) — g(2, ") < Cyllv — ||

and all assumptions in Lemmas 2.7.5 and 2.7.6 so |Dy(s,u, )| is uniformly bounded by an

absolute constant, and for any 1,1’ € U,
|F(ylz, ¢) — F(yle, )| < Clly — 4.
When u™'(s —uy X;) € Ap = [g(z,¥) A g(,0) — Cyrr, g2,9) V g2, 10) + Cyr],
|Ry(s,u,9)| < Cll —']].

for some absolute constant C'. This implies that when ||¢ — ¢y < 7r,

/ / [Ru(s, w, ) Pro(s)dsds (u)
ueSa—1 Ju—1(s—u] X;)€AT

< Clle — o |]* | [(|9(Xi,¢) — 9(Xi,vo)| + QCTT] = O(17).

When [[1) — 1o|| < 77 and v~ (s — ug X;) ¢ Az, by Taylor theorem, we have

OF (u™(s — uy Xt)|x, v0)
)

Flu (s — u] X)) — Flu s — ) X)) — (0 — )T (

T PP (u (s — ug Xp)| Xy, )
oY’

= (¢ — o) (¥ = o)
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for some ¥. When the weight function is integrable,

/ / |Re(s,u, ) [Pw(s)dsds(u) < sup
ueSd—1 Ju~l(s—ug X¢)¢Ar Y,x, P

Therefore, it is enough to show that

O F (uy (s — uj 2)|z, ) ||
oY’

I*.

O*F(y|z, )
D600 H =

In the one-sided model, when y > g(x, 1),

2F 82
39(%@ ag@ﬂﬁ) / afe(y—g(%@b)‘%w
+ 2l [ S g1y — gt ko) + -
— 3g(x,1/)) fe(y—g($a¢)|95:¢) +/yg(m,w) 82f€(€7x7¢)
2z 2 : Vo

Lemma 2.7.7. For one-sided model, in addition to all conditions in Lemma 2.7.5, let us

sup ‘
Y, T,

de.

assume that Of.(e|lx, ) /0 is upper semi-continuous in €,1, and there exists fc(e|x) such

that

(,0)
Hafeawgfp/w H S f(ylx)7 Ay ’ fe(dl’)dﬁ <00 f07’ all y7x7w7
and
0%g(z, ) Of.(elz, 1) Of.(elz, 1) =9V QR f (e w, 1))
o e B B B e ) A o

are bounded above by finite constants. Then, @T(-;u, W) is norm-differentiable at 1p = 1y

. <9Fu1 s—uy X;)|Xi
wzthD(s;u,qﬁ):E[ ( (aqj ) w)}

In the two-sided model, when y < g(z, ),
“Fylz,v) — Pgla, )

frely — 9@, ¢)|z, ¢)

8(] 7 39 .]:, / a}l;e ) )

de.

_ 89(%%@ fL,e(y - g($7¢)|$a ’17/)) + /y—g(x,w) a2fL,e(€a x:w)
oY oY’ oo oY
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When y > g(z, ¢),

Pl ) _ T b,y gl )

DO DUO0
8g(x,¢) 39(%@0) / 8fU,e(y_g(x7¢)|$a¢)
i O BB (o= gl o) + 2
(‘3g(a:, w) fU,e(?J — g(*T? ¢) |‘T7 w> y=g(@9) a2fU,6(67 T, W
"o o0 +f ovow
y=g(=¥) a2fL,e(67 x, w)
+f ovoy

Lemma 2.7.8. For two-sided model, in addition to all conditions in Lemma 2.7.6, let us
assume that Ofr c(e|x,)/0¢ and Ofy.(y|z,v)/0yY are continuous in y,, and there exist
fre(elz) and fuc(e|x) such that

8fL e |:L‘ 0
<
H BN H < frelelz), /_OO fre(elz)de < oo for all x,
Ofv.e(elx, /yg(w,w)
H D000 H fue(elz), i fulelz)de < oo for all y,x, 1,
and
sup 82 ( 1/)) 8fL,e(€|x7w) sup 8fU75(€|I',77Z)) afL,e(€|$a¢) H sup
%) a¢a¢' 6,25, @¢ 7 €,%5,1 3¢ ’ 6,2, Oe ’ et
D P [ o(eli, ) /WMWWm@mw
su —— 2 Y T2 del|, su T T de
y<g(:13,,3%,x,w /oo a¢a¢/ y,x,l?/z aiﬂadﬂ

are bounded above by finite constants. Then, @T(-;u, W) is norm-differentiable at 1» = 1y

with D(S7 u, w) =K :8F(u1 (s a’uj Xt)|Xt 1/1)] '

2.8 Generative Models

In this section, we will investigate the asymptotic property of the SMSD estimator z@Tvm
described in Example 2.3.1. For simplicity, we consider the case where K = 1 so we have
@T(~; u, ) = @m(, u, 1), where @m is computed from a simulated sample {Zw}?;l with size
m from the generative model with parameter ¢. Here, m is a function of 7. As long as K

is fixed, the conclusions carry over.

an,e(€|$7 w)
0
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2.8.1 Unconditional Generative Model

Following GAN literature (c.f Arjovsky et al. (2017) or Kaji et al. (2020)), we consider the

case where Z; is generated from some latent variable H; whose distribution is known.

Condition 2.8.1 (Unconditional Generative Model). Z, = L(Hy, ) for some known func-

tion L and some non-degenerate random variable Hy with a known distribution Fy(-).

In the unconditional generative model, we generate {H,}™, from Fy(-) once, and con-
struct {Z¥}m,, where Z/ = L(H,, ) for cach ¢ € U,
For each u € S¥1, we denote G,,(s;u,v) to be the empirical distribution of {uTZf}QI:

m m

Gm(s;u, ) = %Z[(uTZw <s)= %Z[(uTL(f[t,w) <s).

t=1 t=1

The asymptotic theory of the SMSD estimator @T,m is based on the empirical process
G = {Vm(Gm(s;u, ) — G(s;u,7)) : s € Ryu € S op € U},
To derive the theoretical results, we will put restrictions on the following class of functions:
F={u"L(¢)—s:uecS™ scR e}

Following van der Vaart and Wellner (1996), we define the Holder class. For any vector

k= (ki,... ka), let
pro % _
Okt oal
1 d

where k = Z?Zl k;. For a function f: X C R — R, let

I

Dk _ Dk
1lle = maxsup | D*f(z)| + max  sup  12d &) = D)
k<o zeX k=a otyagex  ||T—ylleTe

where « is the greatest integer smaller than a.

Definition 2.8.1 (Holder Class). Let C§(X) be the set of all continuous functions f : X —
R with || flla < M < 0.
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Similar to Brown and Wegkamp (2002) and Torgovitsky (2017), we impose some sufficient

assumptions on F to ensure weak convergence of G.

Condition 2.8.2. Suppose the class of functions F satisfies either (a) or (b) below.
(a) It is a subset of a finite dimensional vector space

(b) The support of Hy, H, is bounded, and the density of Hy is uniformly bounded. More-
over, F is a subset of C;(H) with o > dim(H,).

Remark 2.8.1. When H,; has unbounded support, one can relax Condition 2.8.2 (b) by
following the proof of Corollary 2.7.4 in van der Vaart and Wellner (1996).

Let
Fro={I(u"L(¢) <s):ueST seR,p e ¥}

1/2

and Njj(e, Fr, ||-|| i) be the e-bracketing number of G, where || f||gz = ([ (f(h; u, s,v))?dFy(h))
for f € Fr. (We refer to Definition 2.1.6 in van der Vaart and Wellner (1996) for the definition

of e-bracketing number.)

Lemma 2.8.1. Suppose that Conditions 2.8.1 and 2.8.2 hold. In addition, assume that {f[t}
is a stationary and ergodic process with the B-mixing coefficient By, and one of the following

conditions holds.
(i) Condition 2.8.2.(a) holds, and limy_, k"B, = 0 for some r > 1.
(i) Condition 2.8.2.(b) holds, and one of the following holds.

1/2
— B = O(k™") with b>r/(r = 1), and fy /=) (log(Ny(e, Fr, | - ) " de <

0.
— log(Ny(e, Fr, || - ) = O(e ™) with ¢ € (0,1), and ¥, k12 <o

— log(Ny(€, Fr, || - [[n)) = O(log [e]), and -, k_l\/(log B) Y B < oo




7

Then, G is P-Donsker so that m'/? SUp,, 5. |Gm(s;u, %) — G(s,u, )| = Op(1).

Proof. For Case (i) in the lemma, we have weak convergence by Lemma B.3.1. For Case
(ii), we have weak convergence by Theorem 1 and Example 4 (p. 405) in Doukhan et al.

(1995). ]
The SMSWD FEstimator
For the SMSWD estimator, @T(-;u,@b) =G (5 u, ).
Condition 2.8.3. Q(-;u,v) = G7(-,u, ) is norm-differentiable at 1 = 1.
Using the same argument as in the proof of Lemma 2.6.2, we have the following result.

Lemma 2.8.2. Suppose G(t;u,v) is absolute continuous and differentiable with respect to
t for every u, except for (u,v)) € N(0) = {u € S G(t;u,1) is degenerate}. Let us

assume that there is an absolute positive constant C' such that

' w(s)
sup dsdg(u) < C,
we\lf/uegd—l//\f(e)/o GG (s5u, )5 u,9) (u)

and
9(G7 (s3u,9); u, 9)
sup  sup sup = 0,(1 2.22
eV ueSi—1 /N () s€supp{w} g(G_l(S(S; u, 2b)) u, 1/})7 u, 1/}) p( ) ( )
Then, Conditions in Lemma 2.8.1 imply
1
supm | (Gl (siu,¥) — G (s3u, ) w(s)dsds(u) = Oy(1). (2.23)

P,s,u 0
Remark 2.8.2. When w(s) = [0, 1 — 0] with § > 0, we can show equation (2.22) under the

following assumptions.

~—

g/(S; u, ¢0

QQ(S; u, ¢0
g/(G_l(S; u, 1/}0)7 u, ¢0
g* (G (s u, ¥o); u, o

by following the proof of Lemma 1 in Csorgo and Revesz (1978). Proof is the same as the

sup sup (G(s;u,10)(1 — G(s;u,1b)))
v ueSi=1/N(6),s

|~ ~—

=sup sup (s(1—ys)) < 00 (2.24)

Y ueSi=1/N(9),s

proof in Remark 2.6.1.
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Corollary 2.8.1. Suppose Assumptions 2.5.1 (i), 2.5.2, 2.5.3, 2.5.4 (i), 2.5.6, Condition
2.8.8, and conditions in Lemma 2.8.2 hold. When T /m = o(1), we have

VT (Wb = o) = N(0, By ' QB ),
where Qg is the asymptotic variance in Lemma 2.6.5.

Proof. From Lemma 2.8.2, Equation (2.23) holds. This implies Assumption 2.5.1 (ii) and
Assumption 2.5.4 (ii) are satisfied.
When T'/m = o(1) and Conditions 2.23 and 2.8.3 hold, @,,(+;u, ) is norm-differentiable
at ¢ = 1)y with ﬁn(s; u, o) = D(s;u, 1) because
1
7 [ @alsi.0) Qs 0)~Qunlsi60) - Qi1+ Qlsi ) Pa(s) ) = o(1),
ueSd—1 J0

When T/m = o(1), [ pa folHD(S;u,wo)HQw(s)dsdg(u) < oo, and Equation (2.23)

holds, we have

\/T/ESSI/O (Qr(s:u,1bo) — Q(s;u;100)) D (s; u, vo)w(s)dsds(u) = o0,(1).

Therefore, we have the desired result when T'/m = o(1). O

The SMSCD Estimator

We set Qr(s;u, ) = Gp(s;u, ) for the SMSCD estimator.
From Lemma 2.8.1, G is P-Donsker. For stochastic equicontinuity of G, we impose Lips-

chitz condition on functions in F by following Brown and Wegkamp (2002).
Condition 2.8.4. All functions in F are Lipschitz continuous with respect to v and u.

Lemma 2.8.3. Let us assume that Assumptions 2.5.1, 2.5.2, 2.5.4, 2.5.6, and Conditions
2.6.2, 2.7.1, 2.8.4, and all assumptions in Lemma 2.8.1 hold. Then, we have the following

results.

(a) When T/m = o(1), we have /n({rm — 1bo) = N(0, By QB t);
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(b) When T = m, we have \/n({rm — o) = N(0,2B5 Q0 By ),

where Qg s the asymptotic variance in Corollary 2.6.7.

Proof. We will prove the result by showing that the assumptions in Section 2.5 hold.
When all conditions in Lemma 2.8.1 hold, we have {\/m(G,,(s;u,v) — G(s;u,v));s €
R,u € S ¢ € U} is P-Donsker with uniform norm. Then, when the weight function is

integrable, we have
, 2
zlelgm/uegd 1/ (s;u, ) — G(s;u, 1)) w(s)dsds(u)
< swp o (VimlGulsiu ) = Glssua))’ = 0,(1).

zbe\I/ u€eSd—1 scR
Therefore, Assumption 2.5.1 (i) and (ii) hold when 7'/m = O(1), and 2.5.4 (i) and (ii) hold.
Also, G satisfies stochastic equicontinuity by following the proof of Lemma 3 in Brown

and Wegkamp (2002). Then, we have

m/ egi / (s3u,¥) = Gm(s;u,100) — G(s3u, ) + G(s;u, ¥)) w(s)dsde (u)

< [ sup — Vm(Gm(s;u,¥) — G(s;u, ) — Vm(G(siu, o) — G(s;u, o)) | = ol[[(¥ — 2ho)l]).

ucS4—1 tecR
Therefore, when 7'/m = O(1), Qr(+; u, 1) is norm-differentiable at ¢ = 1y with Dr(s;u, 1) =
D(s;u,1y) by following the proof of Lemma 2.7.3. Because Dp(s;u, ) = D(s;u,p), As-
sumption 2.5.4 (iii) hold.

Because {Z;} and {Z/°} are independent, and have the same distribution, we have

fj@hﬁ%ww—mmmm%%mwmmm iy o [P0
VI [ cson fo (s;u,10) — G(s3us 40)) D(s; u, tho)w(s)dsds (u) 0 €
where () is the variance in Lemma 2.6.7. Therefore, we have the desired result. O

2.8.2 Conditional Generative Model

Similar to the previous section, we consider the case where Y; is generated from X; and some

latent variable H; with a known distribution as described in Condition 2.8.5.
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Condition 2.8.5 (Conditional Generative Model). Y; = L(H;, Xy, ¢) for some known func-

tion L and some random variable Hy with a known distribution Fp(-).

Example 2.8.1. In the BLP model introduced in Section 2.2.2,
s¢ = o (0, m§2); ) =o(x) B+&, x,@; o).

where & ~ G(-|x, A¢). When & is a conditional generative model (i.e, & = Li(Hy, ¢, Ae) for

some function L),
St = ‘7(5’7:5 + L1 (Hy, @y, )\E)7x§2); Av) = L(Hy, w6, B, Ae, Ay)
for some function L.

In the conditional generative model, we generate {H,}™, from Fj(-) once, and con-
struct {Y;”}™, where Y, = L(H,, X;,1) for each ¢ in the estimation. Let’s denote Z} =
3 X

In this section, we will consider a SMSCD estimator when {Z;}L, is a random sample,
and V¥ is compact in line with Section 2.7. Then, @T('; u, ) = Gp(-;u,v), where

T T
1 ~ 1
Gr(s;u,v) = 5 > I(wZ <s) = T > " I(uy L(Hy, X0, 0) + ug X, < s),

t=1 t=1
where u = (uy,uy )" with u; € R.
To show weak convergence of {v/T(Gr(s;u,1) — G(s;u,¥));s € R,u € S ¢ € U}, we

put restrictions on the class of functions:
]:X = {UIL(thXtﬂvZJ) + u;—Xt — S ¢ € \:[17 (U’lau;)—r S Sd_la S R}
Condition 2.8.6. Suppose the class of functions Fx satisfies either (a) or (b) below.

(a) It is a subset of a finite dimensional vector space

(b) The support of (H', X,")", HX, is bounded and the joint density of (Hy, X;) is uni-
formly bounded. Moreover, F is a subset of Ci;(HX) with o > dim(H,;) + dim(X,).
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Lemma 2.8.4. Under Conditions 2.8.5 and 2.8.6,
Gy == {VT(Gr(s;u, ) — G(siu,1));s € R,u € ST 1) € U}
1s P-Donsker.

Proof. When Condition 2.8.6 (a) holds, Fx is VC subgraph class, which impies Gy is P-
Donsker. Under Condition 2.8.6 (b), we have same conclusion by Lemma 2 in Brown and
Wegkamp (2002). (We also refer Corollary 2.7.3 of van der Vaart and Wellner (1996) for

e-Bracketing number for Holder class.) O

For stochastic equicontinuity of Gx, we assume Lipschitz condition similar to Brown and

Wegkamp (2002).
Condition 2.8.7. Functions in Fx are Lipschitz with respect to (1, u, s).
We can show the following lemma using the same arguments in Lemma 2.8.3.

Lemma 2.8.5. Suppose Conditions 2.7.1, 2.8.5, 2.8.6, and 2.8.7 hold. Then, Assumptions
2.5.1 (11) and 2.5.4 (ii) are satisfied, and Qr(-;u,) is norm-differentiable at 1» = 1y with
DT(S; u, wO) = D(S, U, w[))

By applying CLT, we obtain the following result.

Lemma 2.8.6. Suppose Assumption 2.7.1 and Condition 2.6.2 hold. Then, we have

/ / (u'Z, < 5) — G(s;u) D(s; u, o) w(s)dsds(u) 4, N(0,Vp)
ueRd-1 TZQ”0 <s) — G(s;u,v)

where

‘/0_/ / // (All A12(t,8§u7v)) ®D(s;u,¢0)D(t;U,dJo)Tw(S)w(t)dS dtdg(u)dc(v)
wesd—1 Jpesd—1 Aoy (t Aga(t, s;u,v)
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i which ® is the Kronecker product, and

Aqi(t, s;u,v) = E[[(UTZ <HI(w'Z < s)] — G(t;u)G(s,v),

Ay (t, s;u,v) = ]E{](UTZwO <t)I(v'Z<s

(' Z% <)W' Z < s)

V),

Aga(t, s;u,v) = } G(t;u)G(s
I(u"Z <t)I TZ’ﬁ0<s} G(t;u)G(s,v),
} G(t (s

Aga(t, s;u,v)
,0)
Proof. The proof is skipped because it is trivial. O

Using Lemmas 2.8.5 and 2.8.6, we have the asymptotic distribution for zﬂT,m whose proof

is the same as that of Lemma 2.8.3.

Corollary 2.8.2. Suppose Assumptions 2.5.1 (i), 2.5.2, 2.5.4 (i), 2.5.6, and Conditions
2.6.2, 2.7.1, 2.8.5, 2.8.6, and 2.8.7 hold. When m =T, we have

VT (rm — o) % N(0, By 'QoBy ).

e
where Qy = (e] , —e{ Vo " i which Vo is the asymptotic variance in Lemma 2.8.6.

2.9 Numerical Results

In this section, we report some preliminary results on the accuracy of the asymptotic nor-
mal distribution of MSCD and MSCD estimators based on the three models: two singular
stochastic models and a parameter-dependent support model. The first singular model is
a simple state-space model, and the second is the term structure model. The parameter-

dependent support model is an auction model.

2.9.1 A Singular State-Space Model

We consider a simple state-space model:

}/;f:a—{_b}/;*a Y?f:pi/;ft1+eta EtNN(()?l)?
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where |p| < 1, and a = (ay,a3)" and b = (by,by)" are 2 by 1 vectors. For identification, we
assume that b; > 0. We set Z; = (Y,;7,Y,",)" and estimate 1 = (p, a, as, by, by) using the
MSWD estimator. For each u € S?, the projected variable v Z; follows a normal distribution:

1
¢ 1uT p®bbTu,

'LLTZt ~ N 'LLT

where ® is the Kronecker product.

We set a = (0.1,0.3)" and b = (1,0.5)", and consider two values of p: p = 0.8 and 0.3.
The weight function is set to w(s) = I(s € [0.1,0.9]). We compute 2000 estimates of t-values
for samples of size T' = 500, 1500, 2000, 2500, and 3000. Note that when we evaluate t-values,
the standard deviation from the parameter estimates of Monte-Carlo simulation is used for
all simulations in Section 2.9. Table 2.2 shows that p-values are not far from the nominal

sizes for all sample sizes.

2.9.2 Discrete-Time Vasicek Model °
Version 1:

We consider discrete-time Vasicek model in Example 2.1 (Cont’d). We set Z; = (Y,",Y,"|)"
and estimate ¥ = (¢, p, 0, A) using the MSWD estimator. We set ¢ = 0.07, p = 0.95, 0 = 0.02,
and A = —0.005. These values except for p are close to empirical results in Pastorello et al.
(2003). The weight function is set to w(s) = I(s € [0.1,0.9]). We compute 2000 estimates of
t-values from the samples of size T = 500, 1500, 2000, 2500, and 3000. Table 2.3 shows that

p-values are not far from the nominal sizes for all sample sizes.

Version 2:

We consider discrete-time Vasicek model in Example 2.1 (Cont’d). We set Z; = (Y,",Y,"|)"
and estimate ¢ = (¢, p, 0, A) using the MSWD estimator. We set ¢ = 0.004428, p = 0.976,

6Here, we minimize the log of n x SW since SW is too small around the true value.
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p=0.3
5% 10%
P aq as by by rho aq Qs by by
T =500 | 0.0500 | 0.0495 | 0.0500 | 0.0500 | 0.0505 | 0.0985 | 0.0980 | 0.0975 | 0.0960 | 0.0945
T = 1500 | 0.0525 | 0.0495 | 0.0500 | 0.0495 | 0.0485 | 0.0965 | 0.1015 | 0.1010 | 0.0995 | 0.0995
T = 2000 | 0.0535 | 0.0535 | 0.0540 | 0.0505 | 0.0510 | 0.1020 | 0.1020 | 0.1015 | 0.0975 | 0.0975
T = 2500 | 0.0505 | 0.0495 | 0.0495 | 0.0520 | 0.0505 | 0.0925 | 0.1045 | 0.1045 | 0.1040 | 0.1040
T = 3000 | 0.0535 | 0.0465 | 0.0465 | 0.0530 | 0.0530 | 0.0985 | 0.1020 | 0.1015 | 0.0940 | 0.0925
p =038
5% 10%
p a as by by p a as by by
T =500 | 0.0550 | 0.0520 | 0.0515 | 0.0465 | 0.0490 | 0.1065 | 0.1075 | 0.1080 | 0.1035 | 0.1045
T = 1500 | 0.0555 | 0.0435 | 0.0435 | 0.0585 | 0.0575 | 0.0985 | 0.1015 | 0.1015 | 0.0970 | 0.0970
T = 2000 | 0.0500 | 0.0515 | 0.0510 | 0.0510 | 0.0505 | 0.1020 | 0.0955 | 0.0955 | 0.1040 | 0.1050
T = 2500 | 0.0505 | 0.0525 | 0.0525 | 0.0480 | 0.0490 | 0.1050 | 0.1000 | 0.0995 | 0.1025 | 0.1020
T = 3000 | 0.0570 | 0.0470 | 0.0470 | 0.0500 | 0.0495 | 0.0950 | 0.1000 | 0.1000 | 0.1015 | 0.1015
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Table 2.3: P-values when (¢, p, o, \) = (0.07,0.95,0.02, —0.005) in the discrete-time Vasicek

Model
(a) Pr(]t| > 1.96) (b) Pr(|t| > 1.645)
c p o A c p o A
T =500 | 0.0520 | 0.0580 | 0.0515 | 0.0605 T =500 | 0.0980 | 0.1120 | 0.0970 | 0.1095
T = 1500 | 0.0450 | 0.0575 | 0.0480 | 0.0555 T = 1500 | 0.0960 | 0.1055 | 0.0975 | 0.1015
T = 2000 | 0.0470 | 0.0590 | 0.0565 | 0.0495 T = 2000 | 0.0960 | 0.1155 | 0.1090 | 0.1050
T = 2500 | 0.0505 | 0.0590 | 0.0555 | 0.0510 T = 2500 | 0.0995 | 0.1080 | 0.1030 | 0.0990
T = 3000 | 0.0515 | 0.0520 | 0.0495 | 0.0510 T = 3000 | 0.0995 | 0.1005 | 0.1020 | 0.1065

o = 0.000556, and A = —0.0824. These values come from Backus et al. (1998), and match

the empirical data in McCulloch and Kwon (1993). The weight function is set to w(s) =

I(s € [0.1,0.9]). We compute 2000 estimates of t-values from the samples of size T' =
500, 1500, 2000, 2500, and 3000. Table 2.4 shows that p-values are not far from the nominal

sizes when the sample size is large.

Version 3:

We consider discrete-time Vasicek model in Example 2.1 (Cont’d). We set Z; = (Y,",Y,")"
and estimate ¢ = (¢, p,0,\) using the MSWD estimator. We set ¢ = 0.004428, p = 0.95,
o = 0.000556, and A\ = —0.0824. These values come from Backus et al. (1998) except for p.

The weight function is set to w(s) = I(s € [0.1,0.9]). We compute 2000 estimates of t-values
from the samples of size T' = 500, 1500, 2000, 2500, and 3000. Table 2.5 shows that p-values

are not far from the nominal sizes for all sample sizes.
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Table 2.4: P-values when (c, p,o, ) = (0.004428,0.976,0.000556, —0.0824) in the discrete-
time Vasicek Model

(a) Pr(]t| > 1.96) (b) Pr(|t| > 1.645)
c p o A c p o A
T =500 | 0.0490 | 0.0925 | 0.0515 | 0.0540 T =500 | 0.0915 | 0.1265 | 0.1140 | 0.0970
T = 1500 | 0.0530 | 0.0655 | 0.0495 | 0.0570 T = 1500 | 0.1015 | 0.1140 | 0.1015 | 0.1070
T = 2000 | 0.0520 | 0.0615 | 0.0475 | 0.0575 T = 2000 | 0.0995 | 0.1115 | 0.1035 | 0.1055
T = 2500 | 0.0510 | 0.0615 | 0.0485 | 0.0460 T = 2500 | 0.1020 | 0.1075 | 0.1075 | 0.1035
T = 3000 | 0.0535 | 0.0610 | 0.0485 | 0.0510 T = 3000 | 0.0995 | 0.1075 | 0.0995 | 0.0975

2.9.3 Auction Model

We consider an econometric model of an independent private value procurement auction
formulated in Paarsch (1992) and Donald and Paarsch (2002). In first-price procurement
auction model, there is only one buyer. Sellers will provide their bids, and the lowest one
will be the winning bid.

Let Y be the winning bid for the auction considered and X denote observable auction

characteristics. Suppose the bidder’s private value V' follows a conditional distribution given

X of the form

fV(U|X7 07 W)I(QJ > gV(X7 6))

Assuming a Bayes-Nash Equilibrium solution concept, the equilibrium biddning function

satisfies
ST (1= Fy (6]X,0,7)" " dé
(1 - FV (U|X’ 0’7))77%1

where m is the number of bidders in the auction and Fy (v|X,6,7) denote the conditional

cdf of V' given X, 0, and 7.

oc)=v+ , (2.25)
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Table 2.5: P-values when (c, p,o,A\) = (0.004428,0.95,0.000556, —0.0824) in the discrete-
time Vasicek Model

(a) Pr(]t| > 1.96) (b) Pr(|t| > 1.645)

c p o A c p o A

T =500 | 0.0465 | 0.0630 | 0.0600 | 0.0490 T =500 | 0.0950 | 0.1070 | 0.1080 | 0.1000

T = 1500 | 0.0535 | 0.0510 | 0.0445 | 0.0515 T = 1500 | 0.1015 | 0.0980 | 0.0985 | 0.1090

T = 2000 | 0.0540 | 0.0500 | 0.0490 | 0.0530 T = 2000 | 0.0995 | 0.1010 | 0.0920 | 0.1010

T = 2500 | 0.0515 | 0.0565 | 0.0550 | 0.0490 T = 2500 | 0.0970 | 0.1015 | 0.1100 | 0.1010

T = 3000 | 0.0490 | 0.0570 | 0.0495 | 0.0490 T = 3000 | 0.1015 | 0.0975 | 0.1015 | 0.0990

Suppose V given X follows an exponential distribution with

fo (u1X,8,7) = - exp (— v ) and gy (X,0) =0,
where E (V|X,0) = h(X,0), the winning bid distribution given X is given by

flX,0,7)1(y > g(X,0))

with

f(41X,0,7) = exp(_ m <y_h<x,9>)) wd g x.) — M)

m
h(x,0) h(zx, ) m—1 m—1

Hirano and Porter (2003) study MLE and BE for this model. Li (2010) proposes an indirect
inference approach for the first-price sealed-bid auction where there are many buyers and one
seller with h (z,0) = exp ((1,2’) #). The linear regression model with unit exponential error

in Chernozhukov and Hong (2004) is the same as this model with m = 1 and h (x,0) = 2/6.
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The conditional cumulative distribution function F'(y|X,6) is given by

/
- /g(yx,e) h (29 o (‘h(Z 0) (u - %i?)) du and g (X, 6) = l:n(x—?
J

y—9(X.0) m
exp (— u) du

—1—exp (—% <y - };Em_’el))) for y > g(X, 0).

In this simulation, we set h(z,6) = exp(f; + o) folloing Li (2010), and estimate 6
using the MSCD estimator.” We set 7" = 100, § = (2.5,0.5), and m = 6, and we conduct

Monte-Carlo simulation 1000 times.
Figure 2.5 shows QQ plots of t-values of the MSCD estimator and Li (2010)’s estimator.

QQ plots show that both estimators are comparable.
2.10 Concluding Remarks

Motivated by important features of structural models in economics and finance such as
stochastc singularity, intractable likelihood functions, and parameter dependent supports,
this paper has proposed a simple and robust method for estimation based on minimizing
sliced distances between empirical and model-induced measures of the distribution. We have
developed a unified asymptotic theory under high level assumptions and verified them for the
motivating examples in this paper. Important issues remain to be addressed. They include
applications to specific models such as DSGE models and aggregate demand models. The
complexity of such models may require more sophisticated computational algorithms than
used in the numerical section of the current paper. Theoretically this paper has focused on
correctly specified models and future work should extend the results in this paper to possibly
misspecified models and investigate rigorously robustness properties of the minimum sliced

distance estimators.

"Here, we use unweighted version of MSCD estimator.
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Appendix A

ESTIMATION AND INFERENCE IN HIGH-DIMENSIONAL
SEMIPARAMETRIC GAUSSIAN COPULA VECTOR
AUTOREGRESSION

A.1 Proofs

In the sequel, for any random variable X € R and any p € (0, oo], we will use || X||, to denote

its L, norm. Let N denote the set of all positive integers.

A.1.1 Proofs in Section 1.2

Notation

—

Some additional notations are introduced below. For a random variable X, we denote X
as an independent copy of X. Then, for x,y € R? we define the following Hoeffding

decomposition components,

—~

o f(x,y) = sign(x; —y1)sign(ze — 1), 9(x,y) = f(x,y) — E[f(X, X)];

e gi(z) = E[g(z, X)], g2(2, y) = f(,y) — E[f (2, X)] - E[f(X,y)] + E[/(X, X)].

For a random process {Z;}icz following VAR(1) model (1.1), we define U; =
(Z],Z!,)" € R Let U, denote the k-th element of the random vector U;. Based on the
observation {U,}!'-}', we define the following V-statistics,

n—1
> sign(Ui—U;)sign(U;~U;) 5 V = / / sign(U;—U;)sign(U;—U;) ' dFy,dFy,,
1

1,j=

1
(n—1)2

-{/-:
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where Fy, is the cumulative distribution function of U;. Then, we can represent the (k, m)-th

element T}, of T and the (k,m)-th element Vi, of V as

o~ Uik Ujk
Tkm - Z Slgn ik — Uj, k)31gn(U - Uj,m) = Z f 7 ) 7

(n o 1 1<j ( 1<J Ui,m Uj,m
Viem = Uik — Ujr)sign(Uim — Ujm) = m Z f s 8

j=1 i,7=1 Ui,m Uj,m
Proof of Theorem 1.2.1

The proof technique is based on the proofs of Theorem 4 and Proposition 5 in Shen et al.
(2019). Because T = V, we have the following relationship when n > 3,

1
< 2||V V||max+—2

HT - THmaX =
n —

This implies that, when n > 3, P (HT — T||max > 22 + ﬁ) <P <H\A/' — V|max = z) )
Similar to the proofs of Theorem 4 and Proposition 5 in Shen et al. (2019), we can conduct

Hoeffding decomposition for the (k, m)-element \A/km — Vi, Of V -V as follows,

n—1
. 9 Us i 1 Uik Ujk
Vkm - Vkm e — g1 7 + g2 ’ ) 7
n—1 i=1 im (n—1)? z; Uim Ujm
Then, we have
([Vim — Vim| > 2)
1 n—1
Uik z 1 Uik Uik z
<P g >— | +P 92 I > —
n—1 z; Usim 4 (n—1)2 Z; Uim Ujm ’

It implies that

P (IIV = Vilax = 2) < fj P ([Vin — V| > 2)

k,m=1
Zz) E P(
k,m=1

(1)

k,m=1

<zp(
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The proof consists of the following five steps. Step 1 will analyze the first part of the
right-hand side of inequality (A.1) and Steps 2 to 5 will analyze the second part of the right-
hand side of inequality (A.1). The exact form of z in inequality (A.1) will be provided later

after analyzing each term.

Step 1. Because {U; = (Z,", Z} ) }1ez is geometrically a-mixing, and g;(U; f4,) has
mean zero with sup;||g1(B; (km})||ec < 2, we have the following relationship using Lemma

A.1.2 in the supplementary material, that is, for ¢; > 0 and all sufficiently large n,

n—1
1 Uik log(ed
P S > ¢/ 228)

° . n—1
=1 i,m

Cs(n — 1)ctlog(ed)

<2exp | —
4(n = 1) + 261 (n — 1)1/ ZEP (log(n — 1)) (log(log(n — 1)))
> 2
=2exp | — O3} 1og(ed) < 2exp (—Ko 3 lOg(ed)) |
44+ 201\/log(ed)(lOgQ(nfi))ilogQ(log(nfl))) 14+ ¢

where the constant C only depends on (k1, #3) and Ky only depends on (Ko, 51, k2). Here,
k1 and k9 are the a-mixing coefficients in Proposition 1.2.2 and K| is the absolute constant
defined in Assumption E. The last inequality holds because of Assumption E. Therefore, for

c1 > 1 and all sufficiently large n,

2d n—1
1 Uik log(ed) ~
P ’ > oy —— | <8 —Ko——log(ed) | .
k%;l n_ll;gl o J[Zey o | sstew (R og(ed)

Step 2. Because ¢2(Ui km}, Ujkmy) is degenerate and centered, using the proof in
Proposition 1 and Corollary 7(a) in Shen et al. (2019), we have

n—1
1 U; U
Pl |- 2 § 92 * ) T >z + Cyt’
(n—1)* 2o Uim Ujm

Cs(n—1
<2exp | —— 25(n )yl 2
A g2y

) + (n—1)? (Z Jg> DM, + (n—1) |P(|Uy| > M) + P(|Up| > M|,
/=1
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where Cy is an absolute positive constant; and C5 only depends on (K1, ks); and all other
parameters are defined in Shen et al. (2019).

According to the discussion on page 5, Table 1, and the proof of Proposition 5 in Shen
et al. (2019), we have

D = the uniform upper bound of density functions of U;, — U,

n—1

645/ 20 F(t) ! !
2 — 1 = — / e - F .
’ 1 —exp(—ka0/(2+9))’ Y e LT t=Cs t—i—Zvl—l— (t)Zvl ’

1=0 i=0

A;ﬂ = F(t) {02 + M} 7 ]\421/2 = F(t)l/Q(log(n —1))?,  J, =3,

where § and Cj are absolute positive constants, F(t) =< logQ(Ml/Mg) + log?log(1/t) for a
sufficiently large value of Ml and sufficiently small values of ]\NIQ and t, and vy and v satisfy
V2 <2 [IP’(|U1,,€\ > M) + P(|[Up| > Ml)} +12M,D,

v < [P(U| 2 M) + B(|Us | = )| +1205D.

Note that F(t) > 0 by construction. Then, we have
F(t)

n—1 [/ t
2d 1 Ui k Jik + +
1 s 7 ) > y _— 04 !
E H ( (TL — 1) ZZ,] 1 ( ((/i,7n) (U;rn) ) n — 1

k,m=1

< 842 Cs(n— 1)y 24(n — 1)2d>DM, + 4(n — 1)d? |P([Uy 1| > My) + P(|Uy| > M,

s8dexp | —— 1 o i +24(n—1) 2 +4(n —1)d” |P(|Urk| = My) + P(|Ur,m| = My)| .
)ty M2

(A.2)

Let y = ¢ % for some positive absolute constant ¢y, and t = % %. Note that
t = o(1) under Assumption E. Then, the remaining steps will be as follows. Step 3 will
bound the second and third parts of the right-hand side of inequality (A.2). Step 4 will
bound the first part of the right-hand side of inequality (A.2). Step 5 will upper bound ¢,
for all sufficiently large n and all sufficiently small ¢.

Step 3. Step 3 will bound

24(n — 1)*)d* DM, + 4(n — 1)d® |P(|Uy| > M) + P(|Upm| > M)| .
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Using the Markov inequality and the fact that U, — U, follows normal distribution, we

have

24(n — 1)2d* DM + 4(n — 1) [B(U14| = M) + P(|Urm| 2 M)
E(Uisl] . ElUim
Vel , Bl

<24(n — 1)2d*D My + 4(n — 1)d?

LM M,
. (EIU; |2 1/2 E[lU " 211/2
<24(n — 1)2d*DM, + 4(n — 1)d? ! L”i’ ] + ! 1’N| ] ]
L M, M,

M+ 8((n — 1)d)? */?

1
\/2mo? M1

where o2 is the uniform lower bound of the variance of Uirx—U;, and o2 is the uniform upper

<24((n — 1)d)?

bound of the variance of U, ;. Because Lemma A.1.3 in the supplementary material implies
0 < co < Auin(Q) < Anax(R2) < Cq < 00, where cq and Cgq only depend on (Ca,cg, Cg),
0? and 7% are lower and upper bounded by some positive constants which only depend on

(Ca,cg,Cg). Therefore,

1 ~ 1
24(n—1)*d* D My+4(n—1)d’ [ (Uil > M) + P(|U1 ] > Ml)] < S Ki((n—1)d)* [M2+x} :
1
where K; only depends on (Ca,cg,Cg). Then, by choosing M, = ]\7 = ((n — 1)d)™*, we
have

24(n — 12d* DMy + 4(n — 1)d? |P({Uy4| > M) + P(|Uy| > Ml)} < Ky((n—1)d)2.

Step 4. Step 4 will bound the first part of the right-hand side of inequality (A.2) when

Y = Cy log ) for some positive constant cy, t = lgled) ' M, = ML = ((n—1)d)*, and n
1

2 n—1

is sufﬁ(:lently large so that ¢ is sufficiently small under Assumption E.
Step 4-1. We will show that (t) = o(t) when t = my bg ed and M, 1\7 = ((n —
1

1)d)~™2 for some positive numbers m; and my. Note that we set m; = 5 and my = 4 in Step
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3. Under Assumption E, for all sufficiently large n and sufficiently small ¢, we have

F(#) 4m2log?((n — 1)d)) + log? <10g <m1 @))
t(n—1) myy/(n — 1) log(ed)
4milog’((n —1)d) , log? (1og (m1 /5 )
m1y/(n — 1) log(ed) miy/(n — 1) log(ed)

smglogn — 1) smylogt) e (lon (m /i) o

= miy/(n —1)log(ed)  my\/(n — 1)log(ed) \/@ log( d)

O,

- 8m2log*(n — 1) N 8m32 |log®(ed) N log® <1og (ml >) 1

~ myy/(n — 1) log(ed) my \l (n—1) log(ed) log(ed)
log®(n — 1 1
og -1 | g

V/(n = 1) log(ed) log(ed)

where C7 is an absolute positive constant, and K is a positive constant that only depend

<20y

= o(1),

on K. Therefore, we have - () = o(t).

Step 4-2. In this step, we will bound the first part of the right hand side of inequality

log(ed)
2 n—1

is suﬂi(:lently small, which is true under Assumption E. For the first

(A.2) with y = coy/ =27 log ) for some positive constant cy; and ¢ = when n is suffi-

ciently large and 105 cd

part, we have

exp( Cs(n—1)y >—exp Cscav/n — 14/log(ed) — exp Csczlog(ed)
T 1/2 172 | — - 1/4 - N 1/2 3/4
A Ayl () o () " A e ()
1/2
Then, Steps 4-2-1 and 4-2-2 combined will show <%) AV = 0O(1) and
3/4
log(ed 1/2
(Sts2) " a2 = o).

1/2
Step 4-2-1. This step shows that (log ed)) AY? = 0(1).

Under Assumption E, for all sufficiently large n and sufficiently small ¢ = 2 log(_ld ), we
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have
(log(ed) /n) /2 Ay* = tF(t) = tlog?(My/Ms) + tlog?(log(1/t))
= 64t log*((n — 1)d) + tlog*(log(1/t))
log(ed) log*((n — 1)d)  log*(log(1/1))

=92 =1 1t

log(ed) log?((n — 1)) log(ed) log?(d) ~ log®(log(1/t))
= 64 N LY e S 7
SKSAv

1/2
where K34 only depends on Kj. Therefore, (%) A;/Q =0(1).

3/4
Step 4-2-2. This step shows that (log ed)) M21/ > = O(1). Under Assumption E, for

log(ed)

==~ we have

all sufficiently large n and sufficiently small ¢ <

n—1

<(log(€d)‘)3/4 M;/Q) = PF(1)log!(n) = tF(1)( log(n)) < KsuFo,

where K only depends on K. Therefore, for all sufficiently large n and sufficiently small ¢,
3/4 —
we have <%> ]\421/2 < K3y, where K3y = v/ K34 K only depends on Kj.

1/2
According to Steps 4-2-1 and 4-2-2, we have (%) A;ﬂ < Ks3s and

3/4
<M> M, /2 < Ky for all sufficiently large n and sufficiently small ¢ =< log(ed) . There-

n—1
fore, Steps 4-2-1 and 4-2-2 combined show that, for all sufficiently large n, sufficiently small

;= log(ed)

log(ed)
n—1 7 n—1

and y = ¢ where ¢y > 0, we have

—1 Kseol
8d? exp <_A Cs(n— 1)y ) < 8d* exp (——362 O%S:d)) ,

;/2 +y1/2M21/2 1+
where K3 only depends on (Ky, k1, k2).
Step 5. Step 5 will upper bound #' = Cg (t + 3o vi + F(t) Yi_ vi) -
Following the proof of Proposition 5 in Shen et al. (2019), we have

2 <2 [P(|U1,k| > M) + P(|Uy | > AZ)} + 120D,

vy < [ (U1 k| > My) +P(|Us| > Ml)} +12MeD.
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Step 3 has shown that

{(n = D)d}*(vo + 1) < 2{(n — 1)d}* (v} + v3)
< 8{(n — 1)d)? HJP(|UL,€| > M) + P(|Uy | > 1\71)] + 61\721)} < 4K {(n — 1)d} 2.

Therefore, S°1_ v; = {(n — 1)d}"{(n — 1)d} le o Vi < 2/ Ki{(n — 1)d} 2. Also, for all

sufficiently large n and the sufficiently small ¢t = lof(eld )
1 1 2
1 F(t) 1 log®(n — 1) 1
F(t) Vi = — S - —|— 2\/ Kl{ d} t
; dt(n — Z d \/(n — 1) log(ed)
log?(n — 1 \/ K K
— 20, /_Klog(”22>+ 1142 '
(n—12d*>  @2(n—1)/(n — 1)log(ed)
Therefore, for all sufficiently large n and sufficiently small ¢ = 1 105£{1 )
1 1
t'=Cq (t—i—Zvi —i—F(t)ZU,)
i=0 i=0
< 06 log(ed) X 206\/ Kl i 20607\/ Kl 10g2(7’L — 1) OGV K1K2
2V n-1 (n-—1)%d? (n —1)2d? d?(n —1)y/(n — 1)log(ed)
From Steps 3 to 5, when y = ¢ loff%{i) for some positive constant ¢, and t =

ﬁ\/ los(_eld ) for all sufficiently large n and sufficiently small ¢,

2 Usjk log(ed) log®(n — 1) K,
k,m2:1 ( n—1)2 292 (( ,m> ’ (Uij)) = n—1 o (n—1) - 24/ (n — 1) log(ed)

i 0406 log(ed) 20406\/ Kl 2040607\/ Kl logQ(n — 1) 0406\/ K1K2
2 n—1 n — 1)2d? n — 1)2d? d?(n —1)4/(n — 1) log(ed
(n —1)y/(n —1)log(ed)
2d n—1
1 Uik Ujk log(ed)  F(t)
< Pl|— ’ ’ > Cyt’
_Z (7’1,-1)2292 U ) U =~ C9 n—l +n_1+ 4
k,m=1 i,0=1 i,m jm

< 8d” exp (—Kg—l/z log(ed)) + K {(n —1)d} 2
1+



110

For some positive constant () to be specified later, let’s set

R log(ed)  Clog*(n —1) N K,
n—1 (n—1) 2y/(n — 1) log(ed)
4 g 10g<€d) 4 20\/ Kl i 202\/E10g2(n — 1) C\/ KlKQ

2V n—1 (n—1)%d? (n—1)2d* ~ @2(n —1)y/(n — 1)log(ed)’
where C' := max{C,Cg, C7} is an absolute positive constant. Then, for all sufficiently large

n and sufficiently small ¢ < —lofid )7

2d

P(IV = Vlimax > 2) < 3 P (Ve — Viml| > 2)

k,m=1

1 S g Ui i Uj k
2 )
, (n=1)* 55 Ui,m Ujm
2d n—1 2d n—1
1 Uik Q [log(ed) 1 Uik Uj k
< P > = Pl |l———
- Z nflzgl U 4V n—-1 * Z (7171)22292 U, "\u.
km=1 i=1 i,m k,m=1 i,j=1 im 7,m

< 8d? exp <—I?0(62/4)2 1og(ed)> + 8d? exp <_K31+((%//22))1/2 log(ed)> + Ki{(n—1)d}"2

1+(Q/4)

Therefore, by choosing sufficiently large (), we have ||\A/' — Vl|max = Op(y/log(ed)/n). By

picking the value of () large enough so that I?o% > 4 and K;;%

> 4, we have
i (|\\7 Vo > z) < 16e4d2 + K {(n — 1)d} 2.

Lastly, noticing the following relationship

1, 1
V = Vl|max + ——,
p—1 linax + ——

n

-1, ~ 1 n
V-V max — |V max <
22V = Vi + — V]

HT - T||max <

the proof is finished.

Proof of Theorem 1.2.2

The proof of Theorem 1.2.2 immediately follows from the lemma below, which is in the proof

of Theorem 5.3 in Qiu et al. (2015).
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Lemma A.1.1 (Master theorem). Suppose A € M(s, M). Further suppose || So— 2o |lmax <
€, and Hf]l — X ||max < €2 with probability no less than 1 — €y. Let X in equation (1.6) be
A > et M + e5. Then with probability no less than 1 — €y, it holds that

IA = Allmax < 2055 ool M + €] = 2|7 [l oA and

1A — Alleo < 45]|35 looler M + €3] = 45[ 27"l c ).

Technical lemmas used in Section 1.2

Lemma A.1.2 (Theorem 1 in Merlevede et al. (2009)). Let {X;}iez be a sequence of
centered real-valued random variables. Suppose that the sequence satisfies that a(m) <
k1 exp(—rgm) for all m > 1, and that there exists a positive M such that sup;s, || X;|le < M.
Then there exist positive constants Cy and Cy depending only on (K1, k2) such that for all

n >4 and t satisfying that for any 0 < t < {CyM(logn)(loglogn)}~t, we have

n Cgtan2
log IF. ty X; < '
og (exp ( Zl )) ~ 1— CitM(logn)(loglogn)

In terms of probability, there exists a constant Cs only depending on (K1, ka) such that for

alln >4 and x > 0,

035E2
>z < - ' |
P ( - x) = ( nM? + Mz (log n)(log log ”)) o

Lemma A.1.3. Suppose that the latent process {Zi}iez follows VAR(1) model (1.1) with
Assumption M(ii) and (iii). Let Q; = Var ((Z/,...,2Z),)") for any j € {0,1,2,---}.

n

>

=1

Then, §2; is positive definite and 0 < cq < Amin(€2;) < Amax(§2;) < Cq < oo for some

constants cq and Cq that only depend on (Ca,cg,CE).

Proof. We will prove the lemma in two steps: first for the case that 7 = 0 and then the case

that 57 > 0.



Step 1. When j = O, QQ = 20

Auin () = Aunin <2E - Z AF%

max

k=1
00

Z max EE || AT)

k=0

=2 AtZp(AT)

. Then,

z(AT) ) > Anin(XE) > cg > 0, and

)\max(EE)

)\maX(EE)

I2 <

1-[lAlZ —

1- 0%
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Step 2. We investigate the case when j > 0. We can represent €; as follows (cf. Section
1.4 in Gomez (2016)).

I; Ogxq 04xa Z, Qy  Ogxq 04xa
A | 0 FE 0 by 0
Q, = Var d dxd t'+1 _p, | O E  Ogxa
AJ A I, E; Odxd O0ixa XE
with
I; Ogxa Odxd I;  Ogxq Odxd
A I 0 —A 1 0
L_ d dxd and L1 — d dxd
Odxa
AJ A 1, 04x4 —A 1,
We have ||Llls = 3>1_[|[A¥], < — IIAHz and [|[L7Y||s <1+ ||A]l2. Therefore,
)\max(QO)
Amax(ﬂ') S )\max(QO)HLTHQ S T ALl A9 and
’ 27 (1—[|A]]2)?
1 N _ _ _
N )‘maX( Qj 1) < )‘maX<EE1)HL 1||§ < )‘maX(EEl)(l + HAH2)2'
Amin(€2)

Combining Steps 1 and 2 concludes.

A.1.2  Proofs in Section 1.3

Notation

LT

In addition to the notations introduced in the main text and Section A.1.1, more are defined

as follows. For a generic vector v € R?, let S(v) := wT/ﬁ('v) =w'

Ble) = (c,v")’

when we use ¢ in the position of 6. Similarly, we denote B8(c) :=

(f)o'v - f]l*m) We denote
(e, 7).
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For Kendall’s tau T, estimator T, and bootstrap version ’T‘*, which are defined in sub-

sections 1.2.2 and 1.3.2, we denote

A~

* To = Tiga, T1 = Tigarig, To = T, Ty = Tigparia, To = Ty g
T*

] d-+[d]

and '/I\“{ =

® Tojk; Tojk, and 7g ;. are the (j, k)-th element of Ty, TO, and T;;, respectively;
® Tijk, T1jk, and 7y 5, are the (j, k)-th element of T}, ’Tl, and 'f“{, respectively.

Then, ¥y = sin (% ) = sin (ETl) f]o = sin (E’fo) 21 = sin (g'f‘l), 23 =
2

sin (g’i‘*) and 2* = sin ( T* ) We define bootstrap version V-statistic V* as

e 1

()

1
(b0)

Z sign(Y;" — Y, )sign(Y;" — Y}*)T

1,j=1

Z sign(U;" — U7 )sign(U;" — U*)

6.j=1
where Y;* is the bootstrap sample from Y; = (X,", X,},)" and U} is the latent variable
corresponding to Y;* via Y;* = f(U;).

For V| its estimator \A/', and bootstrap estimator \A/'*, we denote

* Vo = Vs Vi = Vigata, Yo = Vigd, Vi = Viga+ra, Vo = Vig e and Vi =

A~

)+ [d)
o Vo, ‘70,1'14, and %’jjk are the (j, k)-th element of Vy, \A/'O, and {/é, respectively;

o V1K ‘Z’jk, and V ;& are the (j, k)-th element of Vy, \71, and {/—f, respectively.
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Then, we have the following relationships:

. Zj Zyj
Vo,jk - Vo,jk E 9 ) )
tt' Zi Ly ke
‘7 V Ztvj Ztl’j
1,jk — V1,jk = g ) )
t t'= Zt+1,k Zt’+l,k
ZF. z% .
ok } : t,j ]
‘/O,jk - ‘/E)]k g N b N 9 and
Lt = Zt,k Zt’,k
. 1 & ZF. A
* 2 : t,g t',g
‘/17‘7% - ‘/lgk‘ = (bg)z g . ) . )
t,t'=1 Zt+1,k Zt’+1,k

where (X7, X7,)" and (X,
and (Z;;, Zf,,)" and (Z]

t,37 t,g

X7,14) " are bootstrap sample points from ¥; = (X", X|,)7
Zt*JrLk)T are bootstrap sample points corresponding to (X}, X7 o)

and (Xt*],XfH’k)T, respectively, via X; = f(Z;). Note that max; kHA/ojk — Vol
Op (‘ /@) and man,kﬂA/ij — Vijkl = Op (w / log (ed) ) by the proof of Theorem 1.2.1.

Verification of Assumptions 1-5 in Neykov et al. (2018a)

In this subsection, we will verify Assumptions 1 to 5 in Neykov et al. (2018a). Assumptions
1, 2, 4, and 5 have been verified in Appendix J in Neykov et al. (2018b). We will verify
Assumption 3 by following the proofs of Lemma H.4 in Neykov et al. (2018b), Lemmas 3.3,
3.6 to 3.8 in Dehling and Wendler (2010), Lemma 3 in Yoshihara (1976), and Theorem 3.1
in Fan et al. (2016).

Lemma A.1.4 (Assumption 3 in Neykov et al. (2018a)). Suppose all assumptions in Theo-
rem 1.3.1 and Theorem 1.3.2 hold. Then, Assumption 3 in Neykov et al. (2018a) holds, that

18,

S(8) % N(0,1).

Proof. In this part, we will follow the proofs of Lemma H.4 in Neykov et al. (2018b), Lemmas
3.6 and 3.8 in Dehling and Wendler (2010), and Theorem 3.1 in Fan et al. (2016).
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Following the proof of Lemma H.4 in Neykov et al. (2018b), we have

Vi —18(8) = Vn— 1w (£08 — S1,.m)

=+/n— 1wT((§0 —30)B — (217*1% — 31 4m))
=vn—1lw' {(sin (g’i‘o) — sin (gTo)) B— (sin (g’f‘l*m) — sin (ng,*m))}
=vn-1 { Z w; B (sin (g%’jk> —sin (gTO*jk)> + Z oy (Sin (gﬂ’jm) — sin (gTij))}

JESw,kES JES.

w

™ V(PPN s ™,
— n — 1 { Z wjﬁk COSs (gTO,jk) 5(7_0,]'16 — TO,jk) — Z U)j COS (ETl’jm) E(Tl,jm — Tl,jm)}

€S wkeS §€5u
K\
1 . (T T 2 1 L (T T 2
—Vn—1 {2 Y. wifisin (570,.7'1@) (g(fonk - To,jk)) ~5 > wjsin <§Tl,jm) (E(Tl,jm - Tij)) }
JESw,kES JESw

K>
where 7 ;i is between Tp j; and 79, and Ty j,, is between 7y j, and 7y j,. The second
equality holds because 3¢8 — X1 ., = 0. Steps 1 and 2 show Ky = op(1). We also have
K /v, 4N (0,1) for an appropriate value of v,,, which will be presented in Step 2-2.
Step 1. We will show K, = op(1) by proving E[K3] = o(1) using Lemma A.1.10 in
the supplementary material, which follows the proof of Lemma 3.6 in Dehling and Wendler
(2010).

Because (a + b)* < 2(a® +b?), it is sufficient to show that

2
(n—1E ( Z w; B, sin (gTO,jk> (Tojk — To,jk)2> = o(1) and

JESw,kES

(n—1E (Z w; sin (gﬁdm> (T1,m — Tl,jm)Q) = o(1).

JESw
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For the first one, we have

2

(T ~

(n—1E ( Z w; B, sin <§To,jk:> (To,jk — TO,jk>2)
JESuw,keS

(n—1)E

. T . m ~ ~
Y. D whwybysin (5 Ook) S <§ O,j”f’> (Tojk = Togx)* (To g — To,j'k')Ql ‘

JESw,kES j €Sy k' €S

é<n—1>E[ > > \wjuﬁkuwjfrmf\(%,jk—ro,jk>2<?o,j/kf—To,jm?]

ESw,kES j'ESw,K'ES

< > > JwjllBellwy B |(n = DE[(Fo gk — 7046)* Fogur — To4w))
JESw,kES j ESw,K'ES
1 A~ A~

=3 > > TwjllBellwyl 1B |(n — 1) {E[(Fo gk — to0)*] + El(Fogw — 7o)}

JESw,kES j'ESw,k'ES

= [lolullBl Y JwillBel(n = DE[Gon — mo0)"].

JESw,kES

where the last inequality comes from |ab| < (a? + b*)/2. Because (a + b)* < 8a* + 8a*, we
have

E[(7o.j& — 70,5x)"]

n—1 4
2 2
=E [{nl ; 91(Zy (i ky) + CENCED)] 292(Zt,{j,k}7 Zt’,{j,k})} ]

t<t’
128 ! ! 128 !
< E A — [ . L
> (n — 1)4 (; gl( t,{g,k})) + (TL — 1)4(7’L — 2)4 (; gZ(Zt,{j,k}7 Z, ,{g,k}))
128 n—1
< 1) > Bl Zi, k)91 (Ziy k)91 (Ziy (50391 (Ziy g0y

1,12,13,14=1

n—1
8
+ CEDICEPL D |E2(Zi iy Zin (5 0))92(Zis 1.6y Zin 13.61)92(Zig (5.0 B 13.061)92(Zi 1501 B 13.0)]] -
[

1yeeyig=1

Because {U,}ez is geometrically a-mixing, Lemma A.1.10 in the supplementary material
implies E[(To ;5 — 704£)*] < C(n —1)72? , where C is a constant which only depends on (Ca,
cg, Cg, K1, ko). Therefore, using information that ||3||; < M = O(1) and ||w]|; < [|Z5: =
154 lse = O(1), one has

2
(n—1E ( > w;Bsin (g o,jk> (To,jk — To7jk)2> < Ollw|?IBlF0(n™") = o(1).

JESw,kES
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2
Similarly, we have (n—1)E {(Zjesw wysin (371 jm) (T jm — T1,jm)2) ] = 0(1). In conclusion,
we have E[KZ] = o(1), Var(K3) = o(1), and K, = op(1).
Step 2. We will investigate the asymptotic distribution of Kj.

Using Hoeffding decomposition of 7 j,, — 7o jm and Ty jm — T1,jm, we can decompose K

as

Ki=vn-1 { Z wjﬁk; COS <g7_0,jk:> g(TOJk‘ - TOjk‘

JESw,kES

s
Z w; cos ( Tl ]m) 5(71 im Tmm)}

JESw

= Kll + Klg, where

74 s T - n—1 Zt .
Ki=+vn—1 By cos (Z y T 124 _ T ¥ 7
B ' {jesg:keswj kCOb(27'0 ]k) n—1 ;gl <<Zt,k~ jezs:w Y COS(QTU ) n—1 ;gl Zt+1,m
P T Zyj Zyj
Kiy=+vn—-1 Z wjﬁk Ccos <§To,jk> (n — 1)(n — 2) ZQQ )
jE€Sw.kES <t/ Zi Zy g
™ Ly Ly
— Z wj cos( lem> Zgz ;
JESw (n - 1>(n o 2) t<t! ZtJrl m Zt’+1,m

Steps 2-1 and 2-2 combined show that Ko = op(1l) and Ki1/v, 4 N(0,1), where v? =
E[KT].
Step 2-1. In this part, we will show K5 = op(1) by proving E[K%] = o(1). Similar to

Step 1, Lemma A.1.10 in the supplementary material implies

- 2_
7r s Zy; Ly _

(n—1)E Z w; B cos <§Tg,jk> (= 1) —2) 292 ", ’ < Cllw|f]18lO(n

| \y€Suw kes i<t/ Zik Ly ke |
and

— 2_

Zy Zyj _

(n—1)E Z w; oS < 71]m> T Zgg ’ < C'lw|fO(n™),

| \J€Sw t<t’ Zis1,m Zyi1m |

)-

where C' and C” are some constants which only depend on (Ca, cg, Cg, k1, k2

we have E[K3)] = o(1), Var(Kj3) = o(1), and K5 = op(1).

Therefore,
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Step 2-2. We show K11 /v, % N(0,1), where 12 = E[K2,]. First, we can rewrite K1 as

n—1
1 Zj 3
E w]ﬂkﬂ CcoS (ng7jk> g1 b — W;T COS <g7'1,jm> g1

t=1 |jESw,kES Zt,k JESw

Gn1(Uy)

Then, {G,1(U;) }ez is also geometrically a-mixing because G,,1(U;) is the function of U, =
(Z,Z/,)" and U, is geometrically a-mixing. Also, G,1(U;) is bounded above by some
absolute positive constant under our assumption because |Gp1(Uy)| < 27f|w||1(]|8]|: + 1) <
27| 251 (M + 1) = O(1). It implies that v> < C by some absolute positive constant C.

Also, similar to the proof of Theorem 3.1 in Fan et al. (2016), we have

02 — E[K}]| < Var(Kz + Kz) + \/EIKZ]y/Var(Kp, 1 Ko) = (1) + O(L)o(1),  (Ad)

which implies 02 — E[K%] = o(1). Assumptions in Theorem 1.3.2 imply that we o2 =
Var(Ki; + Kia + K3) > C > 0 by some absolute constant C'. This implies that there
exist absolute positive constants ¢ and C, and a positive constant N which only depends on
(Ca, cg,CEg, k1, k2) such that we have ¢ < v = E[K%] < C for all n > N. Therefore, we
can use triangular array CLT and get the following result (see Theorem 10.2 in Potscher and
Prucha (1997), and also Ekstrom (2014)), Ki1/v, 4 N(0,1) where v? = E[K?]. Because
Steps 1 and 2-1 imply Var(Ky2) = o(1), Var(Ks3) = o(1), K12 = op(1), and Ky = op(1), we

have the desired result. O

Proofs of Theorems 1.3.1 and 1.3.2

Given Lemma A.1.4 in the appendix of the main paper, Theorem 1.3.1 now holds by checking
all conditions in Theorem 1 in Neykov et al. (2018a), and Theorem 1.3.2 now holds by
Theorem 2 in Neykov et al. (2018a).
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Proof of Theorem 1.3.3

Note that under assumptions in Theorem 1.3.3, Theorem 1.2.2 implies HB - Bl =
Op(sy/log(ed)/n), and the proof of Theorem 1.3.1 implies ||w — wl|; = Op(sw+/log(ed)/n)
by verifying Assumption 2 in Neykov et al. (2018a). Given this information, we will prove
Theorem 1.3.3 in two steps. Step 1 will show (bf)Var*(w ( 0[3 21*m)) o2 = op(1).
Step 2 will show 52 — (bf)Var*(w (558 — =1 wm)) = op(1).

Step 1. In this step, we will show (bf)Var*(w ( 0B — Zl*m)) 02 = op(1). Let

S*(B) = w™ (Z38 — £;,,,,). Then
VbiS*(B)

T T T
— \/@{ Z w; B, cos (57'0’%) §(T0]k To,jk) Z wj cos ( T ]m> §(lem 7'17jm)}

JESw,kES JESw
K3
Vbl T T o T o 2
Ty E , w; B, sin By jk §<To,jk — To,jk) E w; sin 7'1 Jm §<Tl,jm — Tijm) 3
JESw,kES JESw
K3

% : % s : Tk
where 73 ;. 1s between 73 ;. and 79 jx, and 77 5, is between 77, and 7y j,,. We have

. 7T T T
K= \/@{ Z w; B, cos <§Tg7jk> 5(70 ik = To,jk) Z w; cos ( T m) E(Tlﬂ-m — 7_]_7jm)}

jESw,kES ]E w
- T Z Z;
= — E E w; B, cos (—To’jk> T E w; €os ( T1 ]m) Tg1
Vbl | 2 Z Zy
t=1 | jESw,keS t,k JE€Sw t+1,m
Ky
+ K127
where
zZF z% .
. 12%] t'.j
Ki, = Z w]ﬂkcos( To;z:) b€ bf 0 Zgg
— * *
jESw,kES t<t’ Zt,k Zt’,k
* *

Vbl 7
_Zw]COS< lem) WZ‘% )

* *
jE€Sw t<t! Zt+1,m Zt’+1 m
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Steps 1-1 to 1-3 below combined will show E*[(K3)?] = op(1), Var*(Kj,) = op(1), and
Var*(K},) — E[K? ]| = op(1) by following the proofs of Theorem 2.1 in Dehling and Wendler
(2010), Theorem 2.1 in Gongalves and White (2002), and Theorem 3.1 in Lahiri (2003). Note
that Steps 1-1 to 1-3 imply Var*(K3,) — (bf)Var* (wT (3 oB— El «m)) = op(1) because, similar
to the proof of Theorem 3.2 in Fan et al. (2016), we have

[Var® (K7y) = (b0) Var (w' (S58-5 ,,,))| < Var' (Kiy+K3)+/Var' (Ki,) v/ Var' (K, + K3) = os(1).
(A.5)
Step 1-1. We show that E*[(K3;)?] = op(1). Note that

* \/@ : m * m >k . % 2
Ky = 2 Z w; Bk sin (§To,jk) [E(TO,jk — To,jk } Z w; sin ( T m) [g(Tl,jm - Tldm)] '
JESw.kES FESw

Then, similar to the proof of Lemma A.1.4, it is sufficient to bound (b0)E[E*[(75 5, — T0.k)"]
and (b0)E[E*[(7} ;,, — T1,jm)"]] uniformly. Because (a + b)* < 8a* + 8a”, we have

E[E*[(75 ;5 — 70,55)"]]

[ [(E S () smin 2 (C2)- GO |
—J,Zi[ {2 (G} w2 () G
() () () (G

) e (o) G = (Go) G () G

N

i1,12,13,14=1 {
(bZ)‘*(bl 1)47. Z

<Cn-1)77%,

where C' is some constant which only depends on (Ca,cg,Cg, k1, k). The last two in-
equalities come from the proofs of Lemmas 3.7 and 3.8 in Dehling and Wendler (2010)
and Lemmas A.1.8 to A.1.10 in the supplementary material. Similarly, one can show
that E[E*[(7},;, — T)Y]] < C'(n — 1)7%, where C' is some constant which only de-
pends on (Ca,cg,CE, K1, k2). Then, similar to the proof of Lemma A.1.4, we have
E[E*[(K3)%] < Cllw|3(]|B|F + 1)O(n~') = o(1), where C' is some constant which only
depends on (Ca, cg, Cg, k1, k2). Therefore, we have E*[(K3)?] = op(1).

Step 1-2. We show that Var*(K7},) = op(1) by proving E[E*[(K7,)?]] = o(1). For
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simplicity, let’s denote

2 z=\ (7.
Uoje(92) = 7 Zgz I ! and
(be) (bl — 1) £ Z: ) \Zi,
2 Zr zs
Uljn(92) = 7 292 Tl !
(be)(b0 — 1) t<t! Zik Zir 1k

Then, we can rewrite K7, as
. T
K12 = 5 Z wjﬁk COS <2T0]k> \/_UOJI{) gg Z w; COs ( T1 ]m> \/_Ul ]k(92>
jESw,kES ]6 w

Because (a + b)? < 2(a? + b?), it is sufficient to show

2
E |E* ( Z w; P, cos (gTO,jk> \/@Ug’jk(gg)> = o(1) and

JjESw,kES

(Z w; cos( T Jm> \/_Uf]m(gg)> =o(1).

JESw

From proofs of Lemmas 3.6 and 3.7 in Dehling and Wendler (2010) and Lemma A.1.8 in the

supplementary material, we have

Ziy Ziy j Zig Ziyj

<b£>E[E*[<U5,jk<gz>>2nsm S e (T ) ) e ().

11,12,13,%4 Zil,k Zig,k Zig,k Zi4,k

/

where C' is an absolute constant, C’ only depends on (Ca, cg, Cg), and C” only depends on

(Ca,cg,CE, k1, ko). Therefore, by doing the same calculation as in Lemma A.1.4, we have

2
* ™ * " —
E|E ( > wibieos (Sro) WUo,jk<gg>> < 20wl BIFO( ) = o(1).

jE€Suw,keS

2
(Zjesw wj cos (%Tl,jm> \/b_fUijm(QQ)) ” =
o(1). Therefore, we have E[E*[(K},)?]] = o(1) and it implies that Var*(K},) < E*(K7,)
op(1).

E*

Using the same approach, we have E
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Step 1-3. We will show Var*(K7,) — E*[K%] = op(1). Define

T Zy s Zt
G (Uy) = E w; B, cos 5 0.k T — E w; Cos 5 Thgm T
JESw,keS Lk jESw Zit1m
* *
™ Zy T Z
* * 5J )
Gnl(Ut ) = E wjﬂk CcoS <§7—0,jk) Tg1 — E w; COS (§Tl,jm> T
* *
JESw,kES Zt,lc JESw Zt+1,m

where U = f~1(Y,*). Then, we can rewrite K1, and K7 as K = \/% S G (U) and
K}, = \/L@ Z?il G, (U;). Note that {G,,1 (Uy) }1ez is a triangular array with geometrically a-
mixing process because {U, }c7 is a geometrically a-mixing process and G (+) is continuous
non-random function. Then, we can show the consistency of bootstrap version of variance
following the proofs of Theorem 2.1 in Gongalves and White (2002) and Theorem 3.1 in
Lahiri (2003).

Let 62pp be the bootstrap variance of K}, when G}, (Uy) is constructed from the
moving block bootstrap (MBB) sample, not the circular block bootstrap (CBB) sample. Let
67 opp i= Var'(K7;) be the bootstrap variance of K}, when G}, (Uy) is constructed from the
circular block bootstrap (CBB) sample. We refer to Chapter 3 of Lahiri (2003) for definitions
of MBB and CBB. Then, we finish Step 1-3 by doing the following procedure.

Step 1-3-1. We show that 6.5 pg — 0'cpg = 0r(1) by following the proof of Theorem
3.1 in Lahiri (2003) even though we are dealing with the triangular array because Gy;(-)
is bounded above by some absolute constant under the assumptions that M = O(1) and
1Z5" 1 = O(1).

Step 1-3-2. Because an a-mixing process is the special case of an NED process, we can
show o7ygp — E[KT,| = op(1) by following the proof of Theorem 2.1 in Gongalves and White
(2002).

We skip the proofs of Steps 1-3-1 and 1-3-2 because it can be easily verified by following
the proofs of Theorem 3.1 in Lahiri (2003) and Theorem 2.1 in Gongalves and White (2002)
step by step. In conclusion, the proof of Lemma A.1.4 and Steps 1-1 to 1-3 imply that
(b0)Var* (wT (38 — 21, ) — 02 = op(1).

1,%m
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Step 2. We will show that 2* — (b¢)Var*(w' (58 — &3 «m)) = op(1). Note that
VBT (Z58(0)-25 ) —Vilw (Z58-51 ) = Vbl(@—w) (28— ) +Vbld 335(B(6)-B).
Steps 2-1 and 2-2 below combined will show that

E[Vol(® — w) (558 — 57 ,,,)[2] = 0p(1) and E*[[Vbiw 5(B(0) — B)|] = 0p(1).

Note that Steps 2-1 and 2-2 imply 52* — (b¢)Var*(w™ (38 — &} m)) = op(1) by the similar
reasoning as in Equation (A.5) in Step 1.
Step 2-1. We show that E*[|[vVbl(@' — w)T (2 o8 — ok L) P] = op(1).

Because 3¢8 — ¥ ., = 0, we have
Vol( — w) (58— 51 ,,,) = V(w5 — w) " () — £0)B — (.., — Stem))-

Therefore, it is sufficient to show that E*[|[Vbl(w — w) (2 — %0)82] = op(1) and
E[|Vbl(w — w)" (Z’{ em — S1am)|?] = op(1). Because |sin(z) — sin(y)| < |z — y| for any
x,y € R, and

bl 1 bl 1

T ] < — |V — . - o< —— VX — ) -
’TO,]]C 7—0,]]@’ — (bg _ 1) |‘/0,]k’ Vb,]k| + (bg _ 1) |Vb7]k’| —= (bg . 1) |‘/E),jk‘ ‘/07]]?‘ + (bg _ 1)7
we have

Vbl(@ — w) " (5~ o)

= [Vbl Z (sm (;T/T\O*]k) — sin <g’7'07jk>> B

JESw,kES
<3 \/_ > @y — wil|BullF i — Tonl
JESw,kES
T bl . . ~
§§\/b_€(b£_1> > @y — wil|Bel Vi, — Vol + \/_< @—1) > @ —wy|B4]
JESw,kES JESw,.keS

[w — w8

<2V > 1@ = wylBull Vi = Vol + 5Vl

JESw,kES

(b¢ —1)
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This implies

E*[[Vbl(d — w) " (55 — 2) 8]
S%(bﬁ) (%) E* [( W, — wyl|BellVi — Vo,jk\)

JESw,kES

2

s ~
+ 2 (00) % — wlRllBI

1
(b0 —1)2

First, we have (bf) g7 —Lllw — w|?|B|]? = ||B]?0p <M> = op(1). Second, by doing a

similar calculation as in Step 1 in Lemma A.1.4, one has

o0 (o) E[( 3 mj—wjrwknv()’tjk—vo,jkr)

JESw,keS

<v0) () \m—wnluﬂul{ > \@-—wjuﬁk\E*Kvozk—mmﬂ}.

JESw,keS

Note that Lemma A.1.11 in the supplementary material implies

be(bl — 0)(be — 20)(bl — 30)
(b0)*

Therefore, by combining the above three equations, we have

50t
bl

E (Vi — Vo)) - (Vo vo,mz\ <

E*[|[Vol(® — w) " (5 — Z0)B[?]
<(b0) (%) @ — w18l { 7 w5 — wi|IBeE (Vi — vo,m} + op(1)

JESw,kES

<00 (55 ||@—w||1||a||1{ S 1wl O <%,jk—vo,jk>2}

JESw,kES
bl N l
+00 (s ) - whisl {jE%ZkES|wj - wj||ﬂk|5ob—e} +oe(1)
bb—1)(b—2)(b—3)* [ b\’ _ -
DO SOOI () 0018 - wlRIBlmx(Tose — Vo)

o\’
+50 (G ) 1 — wlElBf + oe(1)

~0(0)0e (DY g0, (D) 1 ofymor (DY i+ 1)

—lpi0e (LESY 1 gz (SelE >) +or(1) = or(1),

Q'CT
3/-\
('B
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because bl < n and (=1 402 /n = o(1) imply b(b—1)(b—2)(b—3)¢*/(b0)* = O(1), £/+/n = o(1),
2 ~
and (%) — O(1). Similarly, we can show E*[(v/bl(w — w) " (X7, — Z1.m))?] = op(1).
Therefore, we have E*[|[Vbl(@ " —w) T (Z38 — =1 ,,.)12 = o(1).
Step 2-2. We show E*[|[Vblw 5(B(0) — B)[2] = op(1).

Because wTEO(B(H) — B) =0, we have
VHw TSi(B(6) — B) = Vil(@ S5 — w ' S0)(B(6) — )
= Vblw " (S5~ £0)(B(0) — B) + Vbl(@ —w) " S(B(6) — ).

Then, Steps 2-2-1 and 2-2-2 below combined will show E*[(vVblw ' (% — 0)(8(6) — 8))?] =
op(1) and E*[(VBU(® — w)"Eo(B(0) — B))?] = op(1).

Step 2-2-1. We show that E*[(\/@@T(ig — %0)(B(0) — B3))?] = op(1). We can do the
same calculation as in Step 2-1 and obtain

E[(Vblw ' (35— 3)(B(0) — B))*]
<b(b —1)(b—2)(b—3)¢*

bONE -
((w - 1>> BOI1BI31B(0) — Bl (maxc{ Tou = Voul)?

=
#50 (s ) HIEIB0) - 81 + et
~0(0(0) (ol + 0 (=D ) o, (=18 o, (Lonled))
+ 00 (ulf + 0 (D) ) o, (S 1o
—op(1).
Step 2-2-2. We show that E*[(vbl(w —w) T So(B8(6) — 3))2] = 0p(1). This holds because
T (VBH(@-w) S(B0)-8)] < (o) @-wli|(BO)-p)} — 0e (=1

By combining Steps 1 and 2, we have the desired result.

Technical Lemmas used in Section 1.3

The following lemmas apply Dehling and Wendler (2010) to our case. In the following we

use 14 as a shorthand of 1(z € A).
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Lemma A.1.5 (Theorem 2 in Bradley (1983)). Suppose R and W are random variables
taking their values in Borel spaces S1 and Sy respectively, and suppose U is a uniform-
[0,1] random wvariable independent of (R,W'). Suppose N is a positive integer and H =
{Hy, Hs,...,Hy} is a measurable partition of Ss. Then, there exists an Sy-valued random
variable W = f(R,W U), where f is a measurable function from Sy x Sg x [0,1] into Ss,
such that

1. W is independent of R;
2. the probability distributions of W and W on S are identical;

3. P(W and W are not elements of the same H; € H) < (8N)"2a(c(R),c(W)).

The following is Bradley’s lemma with S, = R? by following the proof of Theorem 3 in
Bradley (1983), which presents Bradley’s lemma when Sy = R.

Lemma A.1.6. Suppose R and W are random variables and W = (W, W5)T € R2. Let’s
denote M = max{||Wi ||y, |Wall,}. Then there exists a random variable W such, that

1. W is independent of R;

2. the probability distributions of W and W on R are wdentical;

~

3. For any 0 < q < M, P(|W — W|» > ¢) < 50 (%)ﬁ a(o(R),ac(W))7+1.

Proof. Following the proof of Theorem 3 in Bradley (1983), let o = a(o(R),0(W)),
M = max{|Wi|l,, ||Wall,}, and 2 = [(1/a)(M/q)7, max{y, 1}]O+D. Note that z > 1
by construction. Further let m be such that < m < 2z. We construct the rectangular H;;
for —m <i4,57 <m and Hyi1m+1 as follows: H;; = [qi — q/2,qi+ q/2) X [q¢j —q/2,q) + q/2)
for —m <i4,5 < m, and Hpq1me1 = (U—mgi,jgm Hij>c. Then, we can set H as the union
of Hyi1my1 and Ufmgingm H;;. From Lemma A.1.5 , we have that the random variable

W = (I/T/l, I/T/Q)T is independent of R, has the same distribution as W, and

P(W and W are not elements of the same H;; € H) < 4((2m +1)? + 1)"%a.
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Therefore,

P(|W = Wl > q) <4((2m +1)° + 1)/a+ P(IWi| > mq + q/2) + P(|Ws| > mq + q/2)
+P([W| > mq + q/2) + P([Wa| > mq +q/2)
= 4((2m + 1)° + 1)"2a + 2P(|W1| > mg + ¢/2) + 2P(|Ws| > mq + q/2)
< 24xa + 2P(|W4| > zq) + 2P(|Ws| > zq)

W, v w. ¥
< 24z + 2 (M) 4+ 2 <|| 2||7) =
q q

M\ M\, M\
< 24zor + 4 (—) 7 <, (—) ar+1 < 50 (—) QA+t
q q q

where C., := 2 + 24[max{y, 1}]"/0+Y. The last inequality comes from the last sentence of

the proof of Theorem 3 in Bradley (1983). O

Lemma A.1.7 (P-Lipschitz continuity of f(-,-)). Suppose all assumptions in Proposition
1.2.2 hold. Then, there exists a constant L only depending on (Ca,cg,CEg) such that

Ellf(W,R) — f(W', R)|Ljw-w<d < Le

for every e > 0, every pair (W', R")T with the common distribution Pu, (Ui for a
t € N or the product measure Py, , X Py, ,,, and (W'T R")T also with one of these common

distributions. Here, W, W', and R are in R?.

Proof. Because |sign(+)| < 1, we have

|f(W,R)— f(W',R)| < [sign(W) — Ry) —sign(W] — R1)| + [sign(W2 — Ry) —sign(W; — Ry)|.
We then have

E[lf(W,R) — (W', R)[1jw-w..<
<E[lsign(W1 — Ry) — sign(W] = R1)|Ljw-wr <] + El[sign(Wz — Ra) — sign(W; — Ro)[Ljw-w| <]
<E[|sign(W; — Ry) — sign(W] — R)|[Ljw,—wii<e] + Ellsign(Ws — Ry) — sign(W, — Ro)|1w,—py <d]
<2P(|W1 — Ry| <€) + 2P(|W; — Ry| < ¢).
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The last inequality holds because |x — 2’| < € and |z — y| > € imply |[sign(z —y) — sign(z’ —
y)| = 0 for any real numbers z,2', and y . Under the assumptions in Proposition 1.2.2,

P(|W; — Ry| <€) < Dqe for some absolute D; > 0. This is because of the following reasons:

e Note that the density of W, — R, is the density of U; ; — U; ;. When the distribution
of ( WT,R")T is from Pu, 1,y X Puy (0> Wi and Ry are independent of each other,
so that the density function of W; — R; is bounded above under the assumptions.

Therefore, let’s consider the case when (W', R")T is from Pu, (iU

e Because {Z;}}, are jointly Gaussian, the maximum of the values of the density func-

tions of 7 ; — Z; j is determined by the variance of Z; ; — Z, ;;

e Under the assumptions in Proposition 1.2.2, we can show that the variance of Z; ; — Z; ;
is uniformly bounded below using Lemma A.1.3. This implies that the density functions

are bounded above by a constant D; which only depends on (Ca, cg, CEg);
e Therefore, P(|W; — Ry| <€) < Dye.

By the same logic, we have P(|Wy — Ra| < €) < Dje. Therefore,
E[’f(W, R) — f(W/, R)|]1HW—W'||<>0§6] S ZP(|W1 — R1| S 6) + 2P(|W2 — R2| S 6) S 4D1€ = LE,
where L :=4D;. That is, f(-,-) is P -Lipschitz-continuous with constant L = 4D;. ]

Note A.1.1. The proof of Lemma 3.3 in Dehling and Wendler (2010) implies that g;(-)
is P-Lipschitz continuous with constant L and gs(-,-) is also P-Lipschitz-continuous with

constant 2L.

In the following, we will use W; to represent (U, ;,U,x)", and agy(-) as the a-mixing
coefficient of the process {U, = (Z,, Z.,)" }ez-
The second lemma is to check if Lemma 3.3 in Dehling and Wendler (2010) holds.
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Lemma A.1.8. Suppose all assumptions in Proposition 1.2.2 hold. Then, for some constants

Cys and Cy only depending on (Ca,cg,CEg), we have
E[g1 (Wi )91 (W) 91 (Wi ) g1 (Wi)]| < Csaw (m)*®, and Elga(Wiy, Wiy) g5 (Wi, Wi )]| < Coar(m)*/?,

where m := max{ay — a1, a4 — ag} and ay,...,a4 are the increasingly rearranged numbers of
U1y ey iy
Proof. The proof follows the proof of Lemma 3.3 in Dehling and Wendler (2010) using
Lemma A.1.6. In this proof, we will only look at the case where i; < 15 < i3 < 74 with
my = ig — i1 = max{iy — 41,44 — i3}. Other cases could be handled similarly.

By Lemma A.1.6, there exists a random vector VVil € R? such that (a) VVil has the same
distribution as W;,, (b) W, is independent of W, ... W;,, and (c¢) when 0 < € < 1, we have
P(|Wi, = Wil > €) < 50e 3y (m)*2. Then, Elgi(Wi,)g1(Wi)g1(Wiy)g1(Wi,)] = 0.

Because |g1(+)| < 2 and Lemma A.1.7 implies ¢;(+) is P-Lipschitz continuous with L, we have

|E[gl (VVH )gl (W/i2>gl (vvis)gl (VVM)] |
=[E[lg:(W3,) — 91(W:,)91 (Wi, ) g1 (Wi, ) g1 (W7, )] |

<8E[|g1(W;,) — g1(W;,)]]

=8E[|g1(W;,) — gl(ml)“lnwil,w,

i1 lloo

26] + S]E“gl(.w.ll) - gl(W.“>|]l||W11*VVV11”ooSE]
<32P(|Wi, — Wy, ||eo = €) + 8Le < 1600623 agy (m)*> + 8Le,

where L := max{L,1}. Picking ¢ = L=35ag(m)*?, we have
[Elg1 (Wi, )91 (W) (Wi )91 (W2,)]| < Cs L a(m)*,
where Cy is some absolute constant. Using the same approach, one could obtain
[Elg2 (Wi, Wiy )g2(Wiy, Wi)I| < Co Loy (m)*/°,

where Cy is some absolute constant. These conclude the proof. O
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Lemma A.1.9. Suppose all assumptions in Proposition 1.2.2 hold. Suppose that among
i1,19,...,1g, at most two of them are identical. Then, for some constant C' which only de-
pends on (Ca, cg, Cg), we have [Elgy(Wiy, Wi, )go(Wiy, Wi, ) g2(Wis, Wi ) g2(Wiz, Wi )]| <
Cagy(m)?5, where m := max{ay — a1,as — ar} and a1, . .. ,ag are the increasingly rearranged

numbers of i1,...,1g.

Proof. The proof is the same as Lemma A.1.8, and Lemma 3.3 in Dehling and Wendler
(2010).

Note that m > 1 because we assume that at most two of i’s are identical.

Without loss of generality, we can assume that a; = iq; ag = ig; i1 < i9; i3 < i) i5 < g;

and i7 < ig because go(W1, Wy) = go( W, W) for any generic vectors Wi and W,

Suppose m = as — a; > ag — a7;. From Lemma A.1.6, we have VvVi1 € R? such
that (a) W;, has the same distribution as W;; (b) W;, is independent of W;, ... Wy,;

and (¢) when 0 < ¢ < 1, P(||[W;, — Wy || > €) < 50 23ay(m)?/3. Then, we have
E[QQ(VViU m2)92(vvi37 vvi4)92(vvi57 VVz'a)92(VVz'77 vvis)] = 0. Because |92()| <4 ) and Lemma
A.1.7 implies that g5(-) is P -Lipschitz continuous with 2L, we have

[Elg2(Wiy, Wiy )92 (Wiy, Wiy ) g2(Wig, Wi ) go (Wi, Wi )|
=[E[lg2(W;,, Wi,) — g2(Wi,, W,,)|g2(Wi,, Wi, ) g2 (Wi, , Wiy ) g2( Wi, Wiy ]|
<GAE[|g2( Wiy, Wiy) — g2( Wiy, Wi )|
=64E[|go(Wi,, Wi,) — g2( W, Wi ) llyw,, —w,, ooze + 64E[|lg2(Wi,, Wi, ) — 92(W,, Wi )llyw,, —w,, o<
<512P(|W;, — Wi, [l > €) + 128Le < 256006 /3ag;(m)*? 4 128 Le,
where L := max{L,1}. When we pick ¢ = L=3%ay,(m)?/5, we have
[Elg2(Wiy, Wi )2 (Wi, Wi )g2(Wi, Wi o (Wi, Wi | < 1292817 (m)*/°.

This completes the proof. [

Lemma A.1.10. Suppose all assumptions in Proposition 1.2.2 hold. Let’s denote

Ulg) = = 30 0(Wo) and Ulg) = s S (WL W)).

i<j
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Then, for some constants C,C"', and C" which only depend on (Ca,cg,Cg, k1, Kk2), we have
[E[U*(g1)]] < Cn™2, [E[U?(g2)]] < C'n72, and

|E[U4(92)” = 1—El)4 Z Z Z Z E[QZ(m17m2>g2(m3ﬂ m4)g2(m57vvi6>92(m77 Vvis)]

nt(n bt b b L
11<12 13<14 15<16 17<18

<C'"n2
Proof. We only have to present the proof for [E[U%(gs)]| < C”n~? because we can prove
IE[U?(g1)]] < Cn~? and |E[U?%(g2)]| < C'n~? by following the proof of Lemma 3.6 in Dehling
and Wendler (2010). The proof is similar to Lemma 3 in Yoshihara (1976). Note that

16
|E[U2(92)” < m Z |E[92(Wfi1aVVZ'Q)QQ(VVisam4)g2(m57m6)92(m77m8)”'
1<it, ... is<n
Case 1. Suppose more than two indices among i1, ...,ig are identical. Then, we have
at most (8!/(3!5!)) x n® possible cases for iy, . ..,is. Here k! means the factorial of a number

k € N. Therefore, for some constant C| which only depends on (Ca, cg, Cg),

16 _
m Z |E[92("Vm iz)gQ(Wfiga W/i4)92<m57 “/vi(;)gZ(ufiw mg)” S O{/n 27

0<i1,...,i8<n,
at least three of i’s are identical

because |ga(+, )| < 4.

Case 2. Suppose at most two indices are identical. Let a1 < as < ... < ag be ordered
indices of i1, ..., ig and let’s denote by := as—aq, b3 := ays—as, bs := ag—as, and by := ag—ar.
Let’s set m = max{by,br}. Note that m > 1 by construction. For a fixed m, we have at
most 2 x n%m number of combinations for the values of ay,...,as. This implies that for a
fixed m, we have at most 2 x 8! x n®m number of combinations for the values of i1, ... ig.

Therefore, using Lemma A.1.9, we have

16
m Z |E[92(VV7?17 Vviz)g2<vvi37 m4)g2(m5, vviﬁ)g2<vvi7v vvls)”
at most ?vécf 1c;f.%7’lssz§rzyidentical

16 a
< i s 2 i mau(m)” < G,
m=1

for some constants CY) and C¥ where CY only depends on (Ca, cg, Cg), and C} only depends

on (Ca,cg,Cg, K1, k2). Therefore, Cases 1 and 2 combined imply the desired result. O
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Lemma A.1.11. The CBB bootstrap V-statistics Vi, and Vi, and V-statistics Vo i, and

Vi using {Y;}71=! have the following relationships:

. bO(bE — ) (bl — 20) (bl — 30) 500
B (Ve — Vo) - DI @ v < 5
o bO(bE — ) (bl — 20) (bl — 30) 500
(Vi — Vi) - o0 @ v < 5

where B*(+) stands for the expectation operator under P*.

Proof. Because the proof is identical for Vi, and Vi, , we will examine the case of V',

only. One can decompose E*[(Vi, — Voir)?] as

E*[(Vj5 — Voux)”]

* * * *
B 1 E* Z21 7 Ziz,] ZZ3 J Zi47j
~(b0) I\ 4 7+ TNy
1§i1»i27i377;4§bﬁ 21 k ig,k 13 k i47k
* * * *
_ 1 § : E* Zil,j 2,] Zis] Xi4:]
(b0)* e g 7z y ! z: ]\ xr
1< ,i2,i3,i4 <DL, i1,k io,k i3,k i,k

all ’s are in different blocks

202,503,604 UL,

at least two of i’s is in the same block

* *
Z’L3 k Zi4,k

Cb(b—1)(b—2)(b—3)0* 5 9
- (b€)4 (%,jk - Vb:jk)

7k

12 7j

7k

14 7j

) g

1
+ = > E*|g ,
(b0) z: ) \Zi, z:. ) \Zi,

302,03,04 UL,

1 zF . ZF . 7% . 7%
E* 11,7 12,7 13,] 14,]
at least two of i’s is in the same block (
The last equality holds because there are b(b — 1)(b — 2)(b — 3)¢* possibilities that iy, 4y, i3,
and 74 are in different blocks; and when 71, 79, i3, and i4 are in different blocks, similar to the

proof of Lemma 3.7 in Dehling and Wendler (2010), we have

* * * *
E* Zil J Ziz J ZiSJ ZZ’4,J'
g ) g )
* * * *
Zi Zi k Zik Zik
1 Ziluj Zi2,j Zis,j Zi4,j > 2
:(n — 1)4 § g ) g ) = (‘/O,jk - %,jk) )
1< i2,13,i4<n—1 Zihk Ziz,k Zi3,k Zi4ak5
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Z Z* Z Z
1,J i2,] 13,] i4,] : *
because , , , and are independent under P*. Therefore,
* * * *
Z3 k Ziy k Zis k 23\ k
we have

o b(b— 1)(b— 2)(b— 3)6*
B (Vi — Vo] — o= DO DO =80 g -y
(b)
_ 1 Z E* q Zi*1 J Z;; J q Zi*s J Z;; »J
4 * ’ * * ’ *
(b0) o ISipigaset Zi k 2k 23k 23k

B0 b= 1)(b—2)(b—3)t _ GH¢ — 11K 6bet _ 50bYE 50/
= (b)Y - (b)Y = 0% T b

because b € N and [g(+)| < 2. O
A.2 Estimation and Inference in Latent VAR (p) Model
Let Z, € R? follow the VAR(p) process below for a finite and fixed p:

Z,=MANZ 1 +AZy 5+... +AZ,_,+E, E,~N(0Xg), (A.6)

where Ay, ..., A, are unknown transition matrices.

In this section, we assume that Assumption M-p below and Assumption S in Section 1.2.1
are satisfied. We extend the estimation and inference methods developed in the previous
sections to the VAR(p) process for a finite and fixed p. To save space, we present our
rank-based estimators of A;,...; A, and tests for Granger causality without providing the
corresponding rate results for the estimators. For proofs, see Section A.2.3 in the appendix.

Assumption M-p: i) diag(%y) = 1, i.e.,, ¥g is a correlation matrix; ii) {E; }ez EV
N(0,XEg), where 0 < cg < Anin(ZE) < Amax(XE) < Cg < oo for some absolute constants cg
and Cg; iii) ||A;[]2< a@; < 1 by an absolute constant a; for all i = 1,...,p, and Y »  a; < 1;
and iv) the matrix A := (A,,..., A;) € R¥”P? satisfies:

pd
A € M(s, M) with M(s, M) := {M € R¥xpd max L(Mj, #0) < s,[[M]|o < M} :
==

(A7)
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where s is a positive integer which may depend on d and p, and M is a positive constant
which may also depend on d and p.

Assumption M-p reduces to Assumption M in Section 1.2.1 when p = 1. For a Gaus-
sian VAR(p) process {Z;}iez, it is well-known that the sequence {Z;}iez Granger causes
{Z; j}1ez if and only if there exists i € [p| such that the (j,k)-th element of A;, A, j, is
non-zero (cf. Corollary 2.2.1 in Liitkepohl (2005)). The following proposition holds for the

observable process { X }icz.

Proposition A.2.1. Suppose {Z;},cz follows VAR(p) model (A.6) with finite and fized p.
Under Assumptions M-p(ii), M-p(iii), and S(i), we obtain that the sequence {Xiy}iez does

not Granger cause {Xy ;e if and only if A; j =0 for all i € [p].
We establish a-mixing property of {Z;},cz stated below in Theorem A.2.1.

Theorem A.2.1. Suppose {Z;}iez follows VAR(p) model (A.6) with finite and fized p.
Under Assumptions M-p and S, {Z;}icz is geometrically a-mizing with mixing coefficient
satisfying

a(n;{Xi}iez) = a(n; {Zitez) < yexp(—2n), for alln > 1.

Here vy, and v, are positive constants that only depend on cg,Cg, ai,...,ap, and p.

A.2.1 Estimators of Ay, ..., A,

Let 2 = E [84,80]], where 8, := (Z/,..., Z/,

)T € RPFDE We set Xy := £2),4 pa) and

20 = 24 pa+(q- Then, we estimate Ay, ..., A, via the following two steps.

Step 1. Estimate {2 by 2 = sin <0.57r‘§>, where

n—p n-—p

~ 2 . . T
*- (n—p)(n—p—1) > D [sin(@i—y)sin(i - 9]

i=1 j=i+1

in which 9, == (X, ... 7X;rp)T e ReHDA Tet 4‘/_}\0 = ﬁ[pd],[pd] and X, = f)[pd],pdﬂd].
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Step 2. Estimate the stacked matrix A = (A,,...,A;) € R by

d pd
A := argmin ZZ|M]k| such that | ZoM" — X |[|max < A,

dxpd
MeRaxp j=1 k=1

where A is a tuning parameter.

A.2.2  Tests for Granger Causality

We present two tests for Granger non-causality of an individual series {X;}:cz on another
individual series {X;,, }tez under the latent VAR(p) model (A.6) for m # k, m € [d], and

k € [d]. From Proposition A.2.1, it is sufficient to consider
Hoy : A = 0 for all i € [p] against Hy : A; ;i # 0 for some @ € [p]. (A.8)

Following Section 3, we first construct a de-biased estimator of (Ay k.-, Apmi) ' € RP,
then provide a consistent estimator of the asymptotic variance of the de-biased estimator

under the null hypothesis via CBB, and finally develops two tests.

De-biased Estimation

For notational compactness, we let
G:={kk+dk+2d,....k+(p—1)4d}e; :=(0,...,0,10,...,00 € R
——

j—1

Bi=(Apme, , Arp) €RY and 0 := Be = (Apky -+, Armk) | € R,

For any generic vectors v = (vy,...,v)" € RF and ¢ = (zy,...,2,)" € RP, we define

v(x) € RP as follows,

T(j—k)/d+1 when j € G,
[v(z)]; =

v; otherwise.
That is, v(x) is a vector such that the values of v indexed by G are replaced by x, keeping
the remaining parts intact.

The de-biased estimator 6 of € is constructed via the following three steps.
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Step 1. Estimate 3 by

B := argmin||v||; such that || Zov — 2’17*m||C>o <\,

vERpd

where A is a tuning parameter.

Step 2. Estimate W := [X;'].q € RP¥*P by

pd p
W := argmin Z Z\MM such that || XoM — Ll |lmax < N,

d
MEeERP®P 1 j=1

A

where ) is another tuning parameter. Equivalently, W = (wy, ..., w,) € RP?? where

w; = argmin||v||; such that || Zgv — exr(_1)alle < N for each j € [p].
veRpd

Step 3. Estimate 6 by solving the estimating equation S (ﬁ(a:)) = 0,x1, where € R” and

S(w) =WT(Zv— Z1.m).

The solution 8 to the above equation has the following closed form:

o~ -1 . ~ A —~ N o~ o~ -1 . ~ A —~
6= (W'Shc) W' (Z0B(0p0) — Bion) =0 (W' Shc) W (868 ion),
where 0 = BG = (A\p,mk7 . ,A\Lmk)T € Rp.

Bootstrap Estimation of the Asymptotic Variance

Similar to Theorem 1.3.2, we obtain that under conditions in Theorem A.2.2 below, the
de-biased estimator 6 is asymptotically normally distributed with the asymptotic variance
given by

Yo = (n — p)Var {WT (5705 - 571,*,71) } . (A.9)

We provide the following estimator of the asymptotic variance Xy, in equation (A.9) under

H() 10 = 0p><1-
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Step 1. Construct {9),};-F, and draw CBB samples {Q;}%, from {),}/-F, where b =
[(n —p)/1].
Step 2. Construct 2 = sin (0.5%‘%), where

2

S~ G X, - -9
=1 j=i+1
Then, we set ZO = .Q[pd Lo’ and 21 = Q[pd | pd+[d]"

Step 3. Calculate the bootstrap variance as
55, = (bO)Var® {WT (2 B(0,1) — 21m>} .

Tests for Granger non-causality

Define the following test statistics,
-l
W, = (n—p)@" (E;JL) 0 and
. o~ ~ T/~ -1/ ~_ ~
Wadi .= (n, — p) (WTSO,*G@) (2;,,1) (WTE&*GB) .
Based on W, and W24, we define the following two tests,
Tooa=1{W,>x>1_o} and T2 =1 {W2V > 2},

where X;Q),l—a is the (1 — «) quantile of the chi-square distribution with the degree of the

freedom p.

Theorem A.2.2. For the latent VAR(p) model (A.6) with finite and fized p, suppose that
Assumptions M-p, S, and E hold. We assume that Ayin(Xen) > Co > 0 by some absolute

constant Cy. In addition, we assume that { — oo, £*/n = o(1),

log(ed)

M =0(1), % [l =O(1), and max{sy, s’} i

= o(1),
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where sw := maxXj<kg<p Z§i1 L(Wj, # 0) is a positive integer. Let A =< y/log(ed)/n, N =<
V0og(ed)/n, A > Cy/log(ed)/n, and N > C'+/log(ed)/n for some sufficiently large C' and

C". We then have

P(Tp = 1|Ho) = a+ 0(1) and P(T2% = 1|Hy) = o+ o(1).

A.2.83  Proofs in Appendixz A.2
Notation

For any square matrix M, let p(M) denote its spectral radius. Let

A,
_ L O(p—1)dxd Ap
ep = 7ep = g g ) Cp = " ) Qp =
O(p—l)dxd I
A,

with & = ¢, = Iy and Q; := I, Weset 3, = (Z,Z/,,,...

(OdX(P—l)d’ EtT—&—p—l)T S dev

Odxa Ia Ogxa -+ Ogxa 0
W= | 04wq -+ Ogva Iy Ogug | €RPPP and A, := | 0
Odxd -+ Oaxa Ogxa Iy 0
Ap cee A3 A2 A1 ap

Odxa

Odxa

Odxd

7ZtT+p71)T € dea ¢ =

as

a2

ai

€ RP*P,

For a pd by pd matrix 2(,, we partition 2[’; by p? blocks where each block is a d by d

matrix. We denote by [2(’;] .. the (j,m)-th block of 2[’;. Let Ql_]; denote a p by p matrix

J

where the (j, m)-th element ay, j, of%l_]; is defined as ay, j,, = ||[2(];]]m||2 Then, we can write

Odxa
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k ok
le and le as

[Qll;]u T [Q[I;]lp ag11 - Aklp
A= and AL =
[mﬁ]pl [Qllﬁ]pp Akp1r " Qkpp
We have [|2}]|; < HQI_I;HQ < H%km because for any vectors v = (v],v,,...,v))" € R
and © = ([|villa, ..., [|vpll2) T € R? where {v;}?_, is a d x 1 vector, we have

ack — ak—lar — aFk _ _
126 0]l> < (163> < (126,702 < ... <[,z and [Jv]lz = [[8]..

Proof of Proposition A.2.1

For random vector X, € R?, let X\ denote the sub-vector of X; which removes X, . from
X;.
Note that f = {fi,..., fa} consists of univariate strictly increasing functions. This

implies that, for any measurable set B,
P(Xir1; € B X }o<t) = P(Xip1; € B Xk} s<t)
is identical to

P(Zes1; € f; (B Zs}szt) = P(Zerny € [ (B){ Zopn}sso)-

It is well known that the above condition for {Z;},cz holds if and only if A; ;, = 0 for all
i € [p] since {Z;}iez is a gaussian VAR process (cf. Corollary 2.2.1 in Liitkepohl (2005)).

Therefore, we have the desired result.

Proof of Theorem A.2.1

When {Z;},c7 follows VAR(p) model (A.6), we know that {3;}icz follows VAR(1) model:
3, =A,3, ; + & with Xy = Var(3,). Under Assumption M-p, the spectral radius of 21,

p(RA,), satisfies: p(2A,) < Cy < 1 for some absolute constant Cy by Lemma 4.10 in Han
and Li (2019).
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By following the proof of Theorem 3.1 in Han and Wu (2019), we know the p-mixing

coefficient

=1 when £ < p,
0(0({3:}i<0), o({B1}e=k)) (A.10)
< \/()‘max(20>/>‘min(20))||Qll;||2 when k > p.

We refer to Bradley (2005) for the definition and the basic properties of g-mixing and a-
mixing coefficients. In inequality (A.10), Amax(X0)/Amin(X0) is upper bounded by a positive
constant that only depends on (cg,Cg, ay, ..., a,,p) by the following lemma, whose proof is

presented in Section A.2.3.

Lemma A.2.1. Suppose {Z;}iez follows VAR(p) model (A.6) with finite and fized p.
Under Assumptions M-p and S, the following results hold: For the covariance matriz
Q; = Var((Z,...,Z];)") with j € {0,1,2,---}, we have 0 < ¢, < Api(Var(Q;)) <
Amax(Var(2;)) < C, < oo for some constants ¢, and C, that only depend on

(CE70E7G17 R ’a'p7p)'
Because p is finite and fixed, we only have to consider the case that £ > p. Then,

)\max
(Z0) vk, <

20 /\max( ) oSk
)\min(ZO) Hmp H2

X
0(0({3i}i<0), o ({3i}ezn) < Amin(Z0)

because HQ[’;HQ < HQl_];HQ < ngkHQ When p is finite and fixed, Gelfand’s formula implies that
there exists a K, such that ||%k||2 < (p(A,)+e)* for all k > K, by choosing some € > 0 such
that p(2,) + ¢ < C < 1 in which C is a positive constant that only depends on (ai, ..., a,)
(cf. Corollary 5.6.14 in Horn and Johnson (2012)). Then, when k > K = max{K,,p}, we

have

)\max(z())
)\min(EO)

Amax(ZO)

—k
”2[17 “2 < m

0(0({3}i<0), o({3e}ezn)) < (p(A,) + ).

Therefore, {Z;},c7 is geometrically a-mixing with a(k;{Z;}iez) < 71 exp(—92k), where v,
and 7, are positive constants that only depend on (cg, Cg, a1, ..., ap,,p). This completes the

proof.
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Proof of Theorem A.2.2

Because the proof of this theorem is similar to VAR(1) case, we will just sketch the proof.
First, we replace Lemma A.1.3 and Theorem 1.2.2 with Lemma A.2.1 and Theorem A.2.1,
respectively. Then, we have the conclusion that is similar to Section 1.2 because {3;}icz
follows a VAR(1) model when {Z,};c7 follows VAR(p) model (A.6).

Regarding the inference, our estimator 8 and the related equation S(v) = WT(E‘OU— )
are p-dimensional vectors, not scalar values. Therefore, we need appropriate norms and
additional inequalities in order to prove the theorem. Regarding this issue, we have the

following properties.

(i) Because p is finite and fixed, the choice of norm is not important. In particular, for a

square matrix M € RP*P we have || M||max < ||[M]l2 < pl|M]||max-

(ii) For any random variables R, € R? and F; € RP, Cauchy-Schwartz theorem implies

|Cov(Ry, Fy)l[max < \/”V&r<Rt)”maXHVM(E)HmaX and [|Var(Ry)||max = I?gjxlvar(Rt,j)l'

(iii) For positive semi-definite matrices M,N € RPP we have the following result (cf.

Wielandt-Hoffman inequality or Corollary 7.3.5 in Horn and Johnson (2012)):
p
Y loi(M) = 0,(N)]* < M — N|3 < p|[M - N3,
j=1

where ||[M — N||¢ is the Frobenius norm of M — N.

These properties imply that we can prove the theorem by following the proofs in VAR(1) case
under assumption in Theorem A.2.2. First, properties (i) and (ii) imply that under the max
norm, we can apply lemmas and proofs in VAR(1) case to VAR(p) case. Second, property
(iii) helps to present the line of reasoning which is similar to the logic below equation (A.4)

in the appendix of the main paper. Therefore, we will skip the proof.



142

Proof of Lemma A.2.1

We will prove this lemma as follows. First, we will analyze the case where j = p — 1 in Case
1. Then, we will consider the case where j > p in Case 2. We only need to consider these
two cases to prove this lemma because Cauchy interlacing theorem implies that this lemma
also holds when 0 < j < p — 1 if it is true when 7 > p — 1. (cf. Theorem 4.3.17 in Horn and
Johnson (2012))

Case 1. We analyze the case where j =p — 1.

Because Xy = Y 12 AT (A, )F =D 1 (Ale,) Sp(Are,) ", we have

Amax(Z0) < Anax(Si) Zum 3 < Anax(B) D12, < € < oo,
k=0

where C' is a positive constant which only depends on (Cg,ay,...,ap,p). The second last

inequality holds because of Assumption M-p(ii) and (iii). From Weyl’s inequality, we have

p—1

Amin(20) = Amin <Z(2{ e,)Xp(Ale, Z Ae, ) Xp(Ale,) )

= o

> )\min ( (mlggp)EE(mI;gp)T> =
k=0

8o

1
A (120 (e, E(2Afe,) ) )

if (3 (Ake )EE(Qlkep)T)f1 exists. Note that Y h_ (Ale,) Tp(Ale,)” = G,(I, ®
by E)GT7 where G, (Ipdgp Ae, - ngflg)’ and ® is the Kronecker product. The
eigenvalues of (I,® X g) are lower bounded by some positive constant which only depends on
cp. Lemma A.2.2 below implies G, = Q,, and |G, s < 1+ 302 [[Aplla < 1+ 301 ax <
00. Therefore, A\yax ((Zp 1(2(’“ )2 (Qlf,gp) ) ) is upper bounded by some positive con-
stant that only depends on (cg, a1, ..., a,), and we have Ay (Xy) > ¢ > 0 by some constant
c that only depends on (cg, ay, ..., a,).

Case 2. We analyze the case where j > p.
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From 3, =€ + - - + 2[’;71@3,5“ + QlI;St for k € N, we have
Zy I 04xa 04xa 04xd
Zi1 04xd I 04xd 04xd 04xa
Zip1 | Odxa O4xa I Odxa Odxa
Zt—l—p [le]m [le:po [le]pp Ly Odxa
Zioyor 20 R 20 @), T O
—p+1 —p+1 —p+1 2 1
Zes )\, 2, ] 2, 2, 1)
L
From Z, — A1Z, —---— A, Z,_, = E,, we have
Zy I, 04xa O4xa O4xa Z
Zi 04xd Iy 04xd Zi
Zip-1 | | Oaxa 04xd I O4xa Ziyp
Et+p _Ap _Ap—l _Al Id 0d><d Zt—l—p
Eipi1 Oixa —A, —A, —A;  I; Ogug Ziypi1
E; Odxa Oixa —Ap, —Ap -A I Ziij
Then, it suffices to show that |L|; and ||L7'||y are bounded from above by

some absolute positive constants because Case 1 implies that the eigenvalues of

Var((Z],..., Z, E/

trp—1s B - - E;j)T) are lower and upper bounded by some positive con-

G, p). We have Lo < 1430 [Akl2 <

° °

stants that only depend on (cg, CE,ay, ..

14+a+...+a, <oo, and

j—p+1 Jj—p+1 oo
—k
Ll <14+ > 25+ —1) > 12l <1+p> |2, [ < Cr < o0,
k=1 k=1 k=1
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where Cf, is a positive constant that only depends on (as,...,ap,p). Therefore, 0 <

¢ < Ain(82) < Anax(2) < C < oo by constants ¢ and C' which only depend on

(CEvCEvah e Ja’pap)'

Technical lemmas used in Appendiz A.2

Lemma A.2.2. Let G, = <g

P

G, "' exists and G,' = Q,, where Q,, is defined in Section A.2.3.

p

Ae, - Q[g—lgp> € RrxPd - For any p € N, the inverse

Proof. Throughout the proof, it is noted that we can represent 2, and Q, recursively as

follows,

_T
Ouxa €, 4 -Cp1 Qp

A, = and Q, =
e, 1A, A, I Odx(p—1)a

with 2[1 = A1 and Q1 = Id.

With this information, we will prove this lemma with two steps. In Step 1, we will show
that G, can be written recursively, and we have Qp_lmgjgp_l = C,_1. In Step 2, using the
result in Step 1 and the information that Q, can be represented recursively, we will prove
this lemma using mathematical induction.
Step 1. We will show that G, can be written as G, =
04x(p-1)d I
Gy ngjﬁp_l

For simplicity of notation, we partition Qllgflgp € RP¥4 with k € [p] to two blocks so

for any p > 2, and we have Qp_lﬁlgjgpfl =C,_1.

D
that Qll;j_lgp = h , where D, is a d by d matrix and F,; is a (p — 1)d by d matrix.
F,

)

Then, we have

Dp,l Dp,p—l Dp,p
€p

Gp=<9p A8, - -t = - - -

P

p,1 p,p—1 D,p

In order to finish Step 1, it is sufficient to show that (1) D, = O4xq and Fp; = Qll;jgpfl
for k € [p—1];and (2) D,, =1, F,, = gjgpfl, and Q,_1F,, =C,_1.
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Note that we have D, ; = é;_lek_l and F, ., =e, 1A,Dpp 1 +24, 1Fpp g with D,y =

O4xq and F,; = €, 1 This is because

T T
kel k2 | Odxda €, Dpr-1) €, 1Fpr-1
le & = 2[I’le € = -
Qp—lAp A1 Fpr Qp—lApr,kfl + 2 1 Fpp

With this information, it is possible to show that (1) and (2) are true for any p > 2 using
mathematical induction as follows.

Base Step. When p = 2, we have Dy ; = 0gxq, Fo1 =€, = Ql(l)gl,
Dyy = élTFz,l = é1T§1 =14, Fo0 = AsDy 1 +2L4Fo; = R2ie;, and Q1 Fy = 1,2,e, = A; = C;.

Therefore, (1) and (2) are true when p = 2.

Induction Step. Suppose (1) and (2) hold when p = m. Then, the following three steps
will show that (1) and (2) are true for p = m + 1.

(i) We have Dy,111 = 0gxq and Fpip11 =¢,, = Ae, .

(ii) Suppose we have that Dy, 11 ; = O04xq and Fy,, 41 ; = A/ -te, for j € [m —1]. Then,
we have
D, ;

_aT _aTop-1la — _ _
D141 = €, Fmi1; =€, e, = (Idxd de(mfl)d> F = Dy j = Oaxq and
m7j

i1 )
Fm+17j+1 = gmAm—i-le-i-l,j + 2[m]EI‘m—&—l,j = 2[mglin e, = Qlingm

The results of (i) and (ii) combined imply that D,,41 % = O4xq and Fyiq = Ql,ﬁflgm for
k € [m].
(iii) From (i),(ii), and the assumption in the induction step, we have
Dm,m

=T _ =Teom—1 _ — —
Diiimir =€, Fmpim =€, e, = (Idxd 0d><(m—1)d> F =Dy = 1a,
m,m

Fm+1,m+l = gmAm+le+1,m + leFm-‘rl,m = mmmm_lgm = Q[ZQWU and
m— Am Od m—1)d Dm,m Am
QunFrntmr = (Qun) (A71'ey,) = ey - = C..
O(mfl)dXd Qm—l Fm7m Cm_l
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The results of (i), (ii), and (iii) combined imply that (1) and (2) are also true for p = m + 1.
In conclusion, by mathematical induction, we have the desired result.
Step 2. We prove G, ! = Q, using mathematical induction as follows.
Base Step. When p = 1, we have G;l = Q, because G; = I; and Q; = I;.
Induction Step. Suppose G;l = Q, is true for p = m, where m > 1. Using the result

in Step 1, we have

_Cm Qm 0d><7nd Id Qme QmFm+1,m+1 - Cm

Qm+1Gm+1 = = = I(m-‘,—l)d'
I Odgxma G, Foiim+ Odxmd I

The last equality holds because Step 1 implies Q. Fy41,m+1 = C,,. This shows that G; e
Q, is true for p =m + 1.

Therefore, by mathematical induction, we have the desired result. O
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Appendix B

MINIMUM SLICED DISTANCE ESTIMATION IN
STRUCTURAL MODELS

B.1 A Brief Review of Hadamard Differentiability and Mixing Conditions

First, we will review the definition of Hadamard differentiability and related results (c.f,
Appendix A of Chen and Fang (2019), and Shapiro (2000).)
Let D and K be normed spaces equipped with norms ||||p and |||k respectively. For a

functional ¢ : Dy C D — K, we define Hadamard directional differentiability as follows.

Definition B.1.1 (First-order Hadamard directional differentiability). We say that the func-
tional ¢ is Hadamard differentiable at G € Dy tangentially to a set Dy C D, if there is a
continuous map ¢r; : D — K such that:

H P(G + tnhn) — 6(G)

—0asn— o0
(2

K

- ¢G(h)'

for any sequences {h,} C D and {t,} C Ry such thatt, ] 0, h, = h € Dy as n — o0o; and

Definition B.1.2 (Second-order Hadamard directional differentiability). Suppose ¢ is
Hadamard directionally differentiable tangetly to a set Dy C D such that the derivative
O Dy — K is well defined on D. We say that ¢ is second-order Hadamard direction-
ally differentiable at G € Dy tangently to Dy if there is a map ¢, : Dy — K such that

H O(G + tuhn) — O(G) — tndc(hn)

5 —0asn—
tn

K

— dg(h)

for any sequences {h,} C D and {t,} C Ry such thatt, |0, h, = h € Dy as n — oco; and
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Condition B.1.1 (Assumptions 2.1 and 2.2 in Chen and Fang (2019)).

1 (i) D and K are normed space with norms || - ||p and || - ||k, respectively. (ii) ¢ : Dy, C
D — E is second-order Hadamard directionally differentiable at 0y € Dy tangetly to
Do € D; (iii) ¢, (h) =0 for all h € Dy.

2 (i) There is 0, such that ry(0, — 0) L G in D for some 1, T 00; (i1) G is tight and its
support is in Dy. (iii) Dy is closed under vector addition, (i.e., hy + hy € Dy whenever

hl, hy € ]D)Q)

Lemma B.1.1 (Theorem 2.1 of Chen and Fang (2019)). If Conditions B.1.1 (1.i), (1.ii),
(2.1), and (2.ii) hold, then

ra($(0n) — 0 = 4, (0n — 00)) = ¥, (ra (0 — 0)) + 0p(1)

Therefore, we have

r2($(0,) — 6 — &, (B — 00)) = &5 (G).

In addition, if Condition B.1.1 (1.17i) holds, then we have

~

A L
T ($(0n) — 0) = 64,(G).
Here, we will review some useful inequalities related to mixing coefficients.

Definition B.1.3 (c.f., Bradley (2005)). Let us consider the probability space (2, F, P). For
any sigma-field A C F, we denote L2(A) to be the space of square-integrable, A -measurable

random variables.
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Let A and B C F be two sigma fields We define

a(A,B)= sup |P(ANB)—-P(A)P(B),

AeA,Be B

o(A,B) = sup lcorr(f, g)l,
FEL2(A),geL2(B)

(A, B) = sup IP(B|A) — P(B)],

A€A,BEBP(A)>0

B(A, B) = sup % > ) IP(A; N By) — P(A)P(By))|

i=1 j=1
where supremum is taken over all pairs of (finite) partitions { Ay, ..., Ar} and {By, ..., Bs}
of Q such that A; € A for each i and B; € B for each j.

Suppose we have X, for t € Z, where Z is a set of integers. Let’s denote F¥ = o(Xy, J <
k < L,k € Z) to be sigma-field generated by random variable X; where J <t < L. Then,

the random variable X; is B -mizing if By == Supjezﬂ(]:foo, 2x) — 0 asn — oo.
For any two o-fields A and B, we have
20(A, B) < B(A,B) < p(A,B) and 4a(A, B) < o(A, B).
(see Bradley (2005).)

Lemma B.1.2 (Lemma I1 in Pétscher and Prucha (1997)). Let X be a D-measurable random
variable, and Y be a K-measurable random variable such that for 1 < p < s < oo and

1/p+1/q =1 we have (E[|| X||P]))*/? < co and (E[||Y||9))/? < co. Then,

[cov(X, V)| < 2(2'7 + 1)a(D, K) V2=V (B XD (B [Y ||) 7

[cov(X,Y)] < 2¢(D, )~ (BI|| XD (B][Y]]1)".
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B.2 Proofs in Section 2.5

For simplicity of notation, we denote

B, /S /||DT s, o) 2w (s)dsds (u),

Bo= [ IG5 Puls)dsds o).

B.2.1  Proof of Theorem 2.5.1 (consistency)

We can show the consistency by following standard approaches in the extremum estimator.

Since ¢ satisfies (My(1hr))? < infyeq (Mg (1))? + T er, we have

Ma(hr) < inf Ma() +T7er® = inf Ma(6) +0,(1) < M{to) + 05(1)

pew

By the triangle inequality of sliced Wasserstein distance, and Minkowski inequality (c.f.,
Nadjahi et al. (2020a)), we can show that sup,cy [Mr(¢0) — M(4)| under Assumption 2.5.1
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as follows:

sup [ My (i) — M(1h)|

Ypew

= sup
YeT

(/sd1 /S(QT(S; u) — Qr(s;u, w>)2w(5>d5dg(u)>l/2

! </S‘“ /S(Q<8; u) - Qs u, w))2w(8)dsd§(u)> :

= e </s /S@T(S; w) = Q(s;u) = Qr(s;u, ) + Qs;u, w>)2w<s)dsd<(u>) -

pew

< §T/T/T—|—Sup§W/T(¢) £>0
Yevr

Assumption 2.5.2 implies that for each e > 0, there exists 6 > 0 such that for any ¢ ¢
B(tho, €) = M(¢) — M(¢ho) > 6 > 0.

Using these results, we have

Pr(dr ¢ B(to, €)) < Pr(M(dr) — M(to) 2 0)
= Pr(M(dr) — Mr(dhr) + Mar(dr) — M(h) > 6)
< Pr(M(thr) — My () + Mr(tho) + 0p(1) — M(t) > 6)
< Pr(2sup |My (4) — M) +0,(1) > 0
— 0

Therefore, &T 2 .

B.2.2  Proof of Theorem 2.5.2 (asymptotic distribution)

Here, we will verify Assumptions 1 to 6 in Andrews (1999). When )y is in the interior of ¥,
Assumptions 5 and 6 in Andrews (1999) hold. Therefore, it is enough to prove Assumptions
1 to 4 in Andrews (1999).

First, Assumption 1 holds in Andrews (1999) are satisfied under Assumptions 2.5.1 and
2.5.2 by Theorem 4.1 in Andrews (1999).
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Let us remind that

ET(*S; u, P, 1) = @T(S§U7¢) - @T(& u, ) — (Y — ¢0)TﬁT(S; u, o)

with
T e fs (Bali b)) ws)dsds ) -
weW; hmvoll<rr (1+ VT (6 — to))? o

for any 7 — 0.

The objective function can be decomposed as follows:

/Sdl /S<QT<3§U) - @T(S;u,w))zw(s)dsdg(u)
S /s(QT(S; u) = Qr(ssu, vo))w(s)dsds(u) — 200 — o) " Ag/VT + (1 = o) Br(s = to) + Rr,

where

Ar= [ [ (@rsi) = @rlsi o) Dr(ss v dou(s)dsds(u)
:/ / (s;u qpo (s;u,@bo)w(s)dsdg(u);
sd
Ry = /Sd1 [SRT(s;u,¢,w0)w(s)dsd§(u) — 2/sd1 /S(QT(S;U) — @T(S;U,Tﬂo))ﬁT(S;U,w,?ﬁo)w(s)de@(U)
_ T D S u AT S U w(s)as u).
w20 =) [ [ Brlsiuto) s, v voyu(s)dsds(w
Then, it is enough to show

T
AT i N(O, Vo), BT £> Bo, and sup |RT| ﬂ) 0

vew; [o—vol<rr (14 VT (3 — 1o)]])2

for any 70 — 0 as T' — oo.

This is because the first two conditions satisfy Assumption 3 in Andrews (1999), and
the third condition implies Assumption 2* in Andrews (1999). Assumptions 1, 2%, and 3
Andrews (1999) imply Assumption 4 in Andrews (1999) by Theorem 1 in Andrews (1999).

In Steps 1 to 3 below, we will analyze the behaviors of Ap, By, and Ry, respectively.

Step 1: We will analyze the behavior of Ar.



153

Note that Q(-,-) = Q(-, -, o).
Ar=VT [ [ (@rsi) = Qs o) Drsi ., n)u()dsds )
— \/_/Sd_1 /S(QT(S;U> — Q(s;u))Dr(s;u, ho)w(s)dsds(u)
VT [ [ (QUssun) = Qoo i) Dl vo)us)dsds )
Under Assumption 2.5.4, we have
\/T/ /(QT(S; u) = Q(s;u))(Dr(s;u, o) — D(s; u,10))w(s)dsds (u) = 0,(1)
si-1Js
VI [ [ (@Qsiusin) = Qulsian ) Dl ) = Disian i) ul)dsds(0) = 0, (1)
si-1J)s
Therefore, we have
Ar =T [ [ (@rlssu) = Qlsiu) Dlsi s ) u(s)dscs()
si-1Js
+ \/T/ /(Q(s; u, ) — @T(s; u, o)) D(s;u, o)w(s)dsds(u) 4+ o0,(1),
si-1Js

which is asymptotically normal under Assumption 2.5.5.
Step 2: We will analyze the behavior of Br.
Note that

&:éﬂé@@mwmmmwmmmw
Let us denote
&:éHAD@me%w%m@wmw
Then, we have
Br — By = /Sd 1 / Dr(s; u,wo) 7 (851, Yo)w(s)dsds (u /sd 1 / D(s;u,10)D " (s;u,v)w(s)dsds(u)
= [ [ Drsiu i) = Dlsiu, o) DF (s vu)u(s)dsds(w)
+ [ [ Dl i) Dr(ssus o) = Do) Tw(s)dsds(w)
si-1Js
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which is 0,(1) when Assumption 2.5.4 (iii) holds.
Step 3: We will analyze the behavior of Ry.

Here, we will show
sup T For|
vew: u—voli<rr (1+ VT (% — o))

;= op(1).

Let us remind that
RT - /Sd—l [g (ﬁT(Sa u, wu 77Z)0)>2 w(s)dsdg(u)
- 2/ /(QT(55 u) — @T(S; U%ZJO))ET(S; u, ¥, Po)w(s)dsds(u)
si-1.Js
+2(t) — 1ho) / / Dr(s; u, o) R (s u, ¥, o) w(s)dsds (u),
si-1.Js

where R )
T four | (Rr(siu,0,00)) w(s)dsds(u)
S
Ve¥; Ipmpol<rr (1+ [VT (& — o)|)?

= 0p(1)

for any 7 — 0.

Note that

ol < [ (e wionsasto + 2ma0) ([ [ (Retsiv.) wls)dsisto)

1/2

1/2

r2v =l B ([ [ (Ratssuv0) wisptsasta)

This implies that
T|Ry|
sup
vew; lv—voll<rr (1 + VT (¥ — 1p)]])?

T s J (Bl .00)) w(s)dsds(u)

< sup

T e [p—vol<rr (1+ VT (¥ — o)]))?
R N 1/2
Tvtr () (s S (Brlsnn) wis)dsds(w))
R . A+ VT — do)l)?
R ) 1/2
110 =l B0)"* (fos S (Botos i) w(s)asdso)
+ 2 sup

YeW; [[Yp—ipol| <rr (1 + IV/n( — o)]))?
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First, we have

TdeA fs (ET(SS u, w,wo)>2w(8)d8d<(u) — o(1)
v <o (1 + [VT(6 — )2 o

by Assumption 2.5.3.

Second, we have

1/2

M 6) (o fs (Rilss0.60) wshasda)
e I voll<er (L+ VT — do)ll)?
VT (for s (Rt . w(e)sas(o))
S VIMln) o (L+ VT — do)ll)?

. VT (fos Js (Retsrwvn)) wtsyasa)
SVIM0) s o T+ V(o= o)l

~ 2 1/2
T Jsur Js (RT(SSU,¢>¢0)> w(s)dsds(u)
= VIMz() (wew; o soll<er (1+ VT (1 — o))

1/2

1/2

— 0,(1)oy(1) = 0,(1).
Here, the second last equality holds because Assumptions 2.5.4 implies
VT My (o) < VTEWr + VTSWr(1h) = O,(1),

and Assumption 2.5.3 implies

T Jourr Js (ﬁT(S;U,w,wo))2w(s)dsdg(u) .
YeE; ||¢—I1)ZJOHSTT (1 + ||\/T(¢ . ¢0)||)2 = op(l).
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Third, we have

1/2

70 =l (Br)"* (Jos s (Bt 00)) wlshatsto)
vev: [o-voll<rr (1 + VT — o) )2
o 70 = ol (s S (B 000)) wlshasds))
=B Bt (1+ VT — wo)?
. VI =l (T fo fy (a0 w(s)asas(o))
= (Br) sup

YeW; [yp—gol|<rr (1+ VT (% = o) )1 + IVl — o))
= Op(1)op(1) = 0,(1).

1/2

1/2

Therefore, we have

Sup T|RT|
vew; lv—voll<rr (1 + VT (¥ — o))

S = op(1).

Therefore, Assumptions 1 to 6 in Andrews (1999) hold, and we can apply the Theorem
3 in Andrews (1999). This implies

VT (hr —1bg) = Bi'Ar + 0,(1) & By 'N(0, ),

e
where Qo = (e] , —e] )V "] in which e, = (1,..., 1) is a dy by 1 vector of ones.

_61
B.3 Proofs in Section 2.6

B.3.1 Preliminary Lemmas

Lemma B.3.1 (Corollary 2.1 of Arcones and Yu (1994)). Suppose that F is a measurable
uniformly bounded VC' subgraph class of functions. If the B-mixing coefficient of the sta-
tionary sequence satisfies limg_,o k"0, = 0 for some r > 1, then there is a Gaussian process

[(G(f)) < 00| rer which has a version with uniformly bounded and uniformly continuous path
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with respect to the ||-||2-norm such that

{% S - Pf)} (G} ser in (el F).

feFr
Lemma B.3.2 (Lemma A.3 in Bobkov and Ledoux (2019)). Given a cumulative distribution
F, the followings hold for all0 <t < s <1 and z € R.

(1) F7Y(t) < x if and only if F(z) > t.

(2) F=1(t) > x if and only if F(x) < t.

(3) F71(t) <x < F7Y(s) if and only if t < F(x) < s.

(4) F(F7L(t)) >t with equality if and only if t = F(y) for some y € R. In particular,
(5) F(F7Y(t)) =t if F is continuous.

(6) F7Y(F(x)) < x if and only if x > F~1(0). Moreover,

(7) F7Y(F(x)) <z if and only if F(y) = F(x) for some y <z (x > F71(0)).

(8) F~1 is strictly increasing on (0,1) if and only if F is continuous.

Lemma B.3.3. Let F(-) and G(-) are univariate distribution functions. When at least one

of them 1s continuous, we have

sup |[F(G™'(s)) — s| = sup [G(F~(s)) — 3.
Proof. Suppose the statement is not true. Then, we have

sup |F(G71(s)) — s| < sup |G(F~'(s)) — s (B.1)
or

sup | F(G™'(s)) — s| > Sup G(F~(s)) — sl. (B-2)

S
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Here, we will only prove that inequality (B.1) will result in the contradiction because we can
show that the inequality (B.2) does not hold in the same way.
Suppose inequality (B.1) is true. Then, there exists 0 < s; < 1 such that

sup [F(G™(s)) = s| <IG(F (1)) = s1l.

Let us denote sy = G(F~'(s1)). Then, sy # s; because sup, |F(G~'(s)) — s| > 0. Then, we
will consider two possible cases. sy < s1 or §1 < S».

Case 1: We will show inequality (B.1) does not hold when sy < s;. Note that sy =
G(F~'(s1)) < 1 in this case because sy < 51 < 1.

For a sufficiently small € > 0, we have

so+e>G(Fs1)) & G sy +¢€) > F(sy)
by Lemma B.3.2 (2). Then, Lemma B.3.2 (1) implies

G Hsg+€)>F ' (s1) = F(G (sg+¢€)) > s1.
Therefore, we have

F(G sy +¢€) = (sa4+€) > 51 —59— €.
When we pick sufficiently small € > 0, we have
F(G sy +¢€)—(sy+¢€)>5 —89—¢> sup |F(G(s)) — (s)].
Therefore, we have s such that
sup [F(G™(s)) = ()] < [F(G7(s) = (5)].

This is a contradiction.

Case 2: We will show inequality (B.1) does not hold when sy > s;. Note that s3 > 0
and F~!(s;) > G7'(0) because sy > s; > 0. The proof depends on whether there exists y
such that G(y) = s for y < F~!(s;) or not.
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Case 2-1: Suppose there exists y such that G(y) = s, for y < F~!(sy).
Then, by Lemma B.3.2 (7), we have

Gl (s2) = GTHG(F (1)) < F7'(s1)-
Using Lemma B.3.2 (2), we have
G (s2) < F7l(s1) = F(G7'(s2)) < 51.
Therefore,
sup [F(G™ (s2)) — 82| < 53— 51 < [F(G™'(s2)) — s0]-

But, this is a contradiction.
Case 2-2: Suppose there is no y such that G(y) = s, for y < F~(s1).
Then, by Lemma B.3.2 (6) and (7), we have

G (s2—€) SGTHG(F(s1)) = F ' (s1).

for sufficiently small € > 0.
Case 2-2-1: Suppose there exists y such that s; = F(y). When F is continuous, F~!(s)
is strictly increasing, and we can find y such that F(y) = s;.

Then, we have for sufficiently small € > 0,
F(G™(s2—¢€)) < F(F'(s1)) = s1

by Lemma B.3.2 (4).

From this, for sufficiently small € > 0, we have
F(G sy —¢€) — (53 —€) < 51— (55 —€) <0,
and

|F(G_1(82 — E) — (82 — €)| S (82 — 6) — S1.
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Therefore, for a sufficiently small € > 0, we have
sup |[F(G71(s)) — s| < |[F(G ™ (sg —€) — (59 — €)].

But, this is a contradiction.

Case 2-2-2: Suppose there is no y such that s; = F(y).

In this case, G(+) is continuous because we assume that at least one of F(-) and G(-) is
continuous. When G(-) is continuous, then G~1(s) is strictly increasing function by B.3.2

(8). Then, we have
G Hsg—€) < Gl (sy) = Fl(s1).

for sufficiently small € > 0. Then, by Lemma B.3.2 (2), we have

G sy —€) < Fl(s1) & F(G (s —€)) < 51.
From this, for sufficiently small € > 0, we have

F(G™(sa—€)) = (s2—€) < 51— (52— €) <0,
and

[F(G™(s2 =€) = (52— €)| > (52— €) — 5.
Therefore, for a sufficiently small € > 0, we have
sup [F(G™(s)) = s| <[F(GH(s2 =€) = (s2—€)].

However, this is a contradiction. O

B.3.2  Proof of Lemma 2.6.1
Example 7.21 of Sen (2021) implies that
A={{Z :u"Z, <s},uec S scR}

is a VC class with VC dimension is equal to d + 1.
Then, we can show weak convergence of empirical process using Lemma B.3.1 because

the indicator function is uniformly bounded.
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B.3.3  Proof of Lemma 2.6.2

For u € Ny := {u € S¥1;G(s;u,v) is degenerate}, Gr(s;u, 1) = G(s;u,1b). Then, we

have
T / G (5520, o) — G (51, o) Pao(s)dsds ()
seSa—-1 Jo

1
= T/ / G (53, 100) — G (s34, o) [Pw(s)dsds (u).
seS4—1 /Ny JO

Following Proposition A.18 of Bobkov and Ledoux (2019),

7 (s11,900) — G (s3u,00) = GTHG(GF (s1u,90); u, o) u, o) — Gsiu,tho)

G(G7' (syu4b0)ustbo) 1
= dz
/s 9(G=(z;u,%0); u, o)

1 1 .,
g(G=1(s(s;u,10); u, o) u ¢0)< (G (55u,%0), u, ¥y) >>

where s(s;u, 1) € (G(G (53, %0), u, o) A 8, G(G (53U, 0), u, 1bo) V s>.
This implies

IN

1
T “s: e Y 2
/seSd 1//\/0/ |G (s;u,h0) — G (s;u, )| “w(s)dsds(u)

—1/ . ) 2
: T/segd 1//\/0/ (s; u,z/;) u, iﬂo)‘G(GT (83u,%0); u, tho) — s|"dsds(u)
_ 2
<(L. wo/ ErmEaLeil) (VT sup = sup GGy (s, vo)s s ) = s

where s(s;u, 1) € (G(G;l(S'u,wo) o) A s, GG (s3u,100), u, ) V 3).
Then, it is enough to show v/T sup, cga- 1Ny SUDse(0,1) |G(G Y(s3u, )5 u, o) —s| = O,(1).

This is because it implies Sup, cga-1 /7 SUDse(0,1) 15(8; u, o) — s| = 0,(1), and we have

(/seSd 1/N0/ STU,S Yo); ,%)deg(u))

2( (-1
9° (G (s u, %) u, tho) / /
< sup sup dsdg(u
(uES‘i—l/No sesupp{w} 92(071(5;%@00 U ¢0 seSd—1 S u7¢0) u, Q/]O) ( )

= Op(l)
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under Conditions (2.16) and (2.17).
For each u € S /Ny, G(G3'(s;u,v0),u, 1) is the quantile function of G(u' Zy, u, 1y).
It implies

T

%ZI(G(UTZt;%wO) <s)—s

t=1

sup |G (G (53u,0), u, 1) — 8| = sup

(c.f Equation (1.4.5) in Csorgs (1983)). Note that for each u € S*! /N, we have

T
1 1
sup |72 Y H(G(u" Ziu) < 5) —s| = sup | =S I(uTZ < G (su.)) — s
se(o,1) |4 4 se1) | T t=1
= SUﬂI; |Gr(s;u,v0) — G(s;u, )|
S

Therefore,

VT sup  sup |G (G (s3u,10), u, o) — 8| = VT sup sup |G (s;u, 1) — G(s;u, psip)|.
ueSI—1 /Ny s€(0,1) ueSI—1/Np s€R

When all assumptions in Lemma 2.6.1 are satisfied,

ﬁ Sup  sup |GT(5;U,¢0) - G(SWaPSiO)’ = Op(l)'

ueSI—1 /Ny s€R

This concludes the proof.

B.3.4  Proof of Lemma 2.6.3

Let D be the space of univariate distribution functions, and ID; be the restriction on ID such
that the domain of the cdf functions in Dy is the same as the support of G(s;u) for each w.

Let G € Dy and G,, = G(t;u) +t,h,(t;u) € Dy such that ¢, | 0, and supy,,, |k, —h| = o(1),
sup,, h(t,u) < C. Let’s denote Ny = {u;u" Z is degenerate}.

Because we are interested in L2 convergence, and Nj is degenerate, it is enough to think

LTG A (s3u) — G (s5u) B 1 e Qw e
/uESdl/NO/O { tn g(G—l(s;u);u)h(G (s;u);u)| w(s)dsds(u) = o(1)
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We will show this using the dominated convergence theorem. In Step 1, We will show

that there exists N and C such that

o [ | g(G—lé;u);u)h(G_l(S;”);“)r“’(s)ds <

for all n > N.

In step 2, we will show

/ {GZI(S; u) ; G l(s5u) g(Gl(ls;u); u)h(G_l(s; u); U)] 2 w(s)ds = o(1)

for each u € ST /N
Step 1: We will show that there exists N and C' such that

G (s;u) — G (s; ) 1 PN b
o /] G ST )] wegas <
for all n > N.

First, from the model assumption, we have

[ (st s | it = [ s asm 6wl < 0

Second, for almost all u, we have

Crlsw) =G M) 1 w(s) BV

wis) tn  tag(G (s(s3u)s )i ) (GG (%)) = 9)
Then,

G l(s;u) — G (s;u) w(s) isu ) ) — s
sup | Veuls) h < (ow et agaa) 1w lC(@ i =)
where s is between G(G,,!(s;u);u) and s.

From Lemma B.3.3, we have
%Sgp (GG, (s5u) = 9)| = istip (Gn(G 7 (s530) = 5)]

= L up [(G(G (53 w)s w) + tuha( G (530)50) — 9)

tn S

= sup | (G (53 u); )|
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Therefore, we have

G (s;u) — G7(s;u) w(s) 1

n ) ) < (G 0
sgp w(s) i < Sgpg(G_l(s(s,u),uLu) sgp’ ( (s;u) u)|
It implies
1 o)) — (3 1(g-
sup  sup w(s)G” (s4) — G (s3u)
ueSI-1/Ny s tn
W) |

< sup  sup sup  sup h, (G s;u);u)l.

(ueSdl/No : g<G_1(S(S;U);u>;u))u€Sdl/No 1P [n (G (55 )i w)]

Note that we have the above inequality for all u because we have h,(s;u) = 0 for u € N
when the domain of h,(¢;u) is the same as the support of G(¢;u) for each u, and we can set
g(-,u) = oo when u € Nj.

Because

g(G_l(S; U, ¢0)7 U, ¢0)
g(G=H(s(s5u);u, vho); u, tho)

sup sup =0(1) (B.3)

ueS4—1 /Ny s€supp{w}

for s(s,u) such that sup,egi-1/n; SUPsesuppu} |5(5; 1) — s| = o(1), we can find N and C such

that

Gol(su) — G (s;u) Vw(s) _
o w(s) tn : "ok (G (s(s;u); u); u) S:}f‘hn(G (mwiu]<C
for all n > N.

Therefore, we have N and C' such that

2

o [ [ e s s <

for all n > N.
Step 2: We will show that for each u € ST™*/N,

[ [ - g i) ot =ot)

with dominated convergence theorem.



Then, similar to the logic in Kaji (2019), we can show this as follows.

/ [G;l(s;u) ; G l(siu) g(G_lé;u);u)h(G_l(s;u);U)rw(s)ds

— /05 {GQI(S;U);G_I(S;U) B g(Glé;u);mh(G‘l(s;u);u)rw(s)ds

+/516 [Gnl(s;U);Gl(S;U) _g(G_l(i;u);u)h(Gl(s;u);u)] w(s)ds

o[ g(G1(15;u>;u>h(G_1<S%U>;U>rw<s>ds

< 26/ {G;I(S;u);G_l(s;u) - g(G_l(i;u);u>h(G1(8;U);u)rw(8)ds
[Gnl(s;u) — G (s;u) 1

2

+ sup
s€[6,1—4]

First,

G;l(s;u)—G_l(Sﬂb)_ 1 s u)u 2ws S
6 f | tn ST s s <2t

for n > N. So, we can choose sufficiently small ¢ in order to make this small.

Second,

sup
s€[6,1—4]

Cillsiw) — G (siw) 1 s = o
{ t peaTEmAn L Nt )] W

from van de Vaart and Wellner (1996, Theorem 3.9.23).

Therefore, for each € > 0, there exists a positive constant N such that

/ [Gnl(s;U) ;Z G l(s;u) 9(0_1(2;u);u)h(G_l(s;u);u)rw(s)ds _

for n > N.

Therefore, using Steps 1 and 2 and the dominated convergence theorem, we will show

the desired result.
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B.4 Proofs in Section 2.7

B.4.1 Preliminary Lemma

Lemma B.4.1. Suppose F(y|x,) is Lipschitz with respect to 1) in the sense that there exists
a function M(y,x) for any ¥,y € ¥,

[F(yle, ) = Flyle, )| < M(y, z) |1y — 4,

and [ esa 1 ys0 J oo J MP(ur Y(s—ug ); 2)dFx (2)w(s)dsds(u) < 0o, where Fx(-) is the CDF
of Xi. Then, k(x,2',1) and ko(x, 2", 1, 10) are Lipschitz in 1.

Proof. Note that

(

F(uyt(s —ug X3)| Xy, 1) if up >0

E[l(u'Z, < )| Xy, ] = I(ug X; < s) if ug <0

1— F(uy'(s —ug Xp)| X, v) ifu; >0

Then,

[k (X, X5, 00) — k(X X, 0))

00
u€Sa—1 u1#0 J —o0

(F(ur(s — up Xo)| X, 90) — BIF (uy ' (s — uy Xp)| X, 0)])

(Pl s — u X1 X0) — ELF(u; (s — ud X010, 0)]) fu(s)dsds(w)
2 f R e e X)X 0) B - X)X )
— (Pl s — ad X)), 9) — BIF (i (s — ] X)), ) fls)dsds ().

Since we have

|F(ui(s — up )|z, v) — F(ug (s — ug 2) |2, o) < M(uy' (s — ug 2); o)l — /]|,
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where [ i 1u17£0f [ M2(uy' (s—ug z); 2)dFx (2)w(s)dsds(u) < oo, k(x,2’,1) is Lipchitz
continuous with respect to 1. With a similar calculation, we can show that ko(z, 2,1, ¢y)

is Lipchitz continuous with respect to ¥ when F'(y|z,) is Lipchitz continuous as well. [

B.4.2  Proof of Lemma 2.7.1

We will investigate the properties of {supw e Z k(X X 1/1)} to verify Assumption
2.5.1 (ii). Since k(Xy, X;;1) is symmetric with respect to X; and X, we have

T

T
%ZZMXI%XJ‘;@D) = %Zk(XtaXt;w) + % Z k(X:, X

t=1 j=1 t=1 1<t<j<T
When w(s) is integrable, k(X;, Xy, 1) is uniformly bounded by an absolute positive constant,
which implies 7 ST k(Xy, Xi510) = o(1). Therefore, it is enough to show

sup |— Z k(X;, X = 0,(1). (B.4)

pev 1<t<j<T

Since w(s) is integrable, we can interchange the expectation and integral when we evaluate

E[k(X;, X;;v)], and

E[k(Xt, Xi; ¢)] ift =y,

0 if ¢ £ .

E[k(Xe, Xj39)] =

Then, we can verify Equation (B.4) under the Lipschitz continuity of k(X;, X;,v) with
respect to 1.

Lemma B.4.2. Suppose U is compact and k(X;, X;,v) is Lipshitz in 1 in the sense that
for any Y, € ¥, we have

R (X, X5, 00) = R(XG, X, 90)| < M (X, X5)[[0 = 4|

and [ [ M(z,z)dP,dP, < co where P, = P,. Then,

= > kX, X H—sup > k(X X 2 > ER(X, X W]‘

1<t<j<n 1<t<j<T 1<t<j§n

sup
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Proof. See Corollary 4.1 of Newey (1991) or Lemma 4 in Appendix of Briol et al. (2019). O
Under the Lipschitz continuity of F'(-|z,0) in 1, k(-,;3) is also Lipchitz continuous in ¢
by Lemma B.4.1. This concludes the proof.
B.4.3 Proof of Lemma 2.7.3
Let us remind that
Ry (syu, v, %00) = Qr(s;u, ¥0) — Qr(s;u,900) — (¥ — o) Dr(s5u, o).
We would like to show

T fous fi (Brlsin v, 00)) w(s)dsds(u)
Ve¥; Iomboll<rr (1 + [IVT(6 — o)|)?

= 0p(1)

for any 7 — 0.
Here, we will show it with lA?T(s; u, o) = D(s;u, 1) which are defined in Condition 2.7.1.
Note that

Qr(s;u,9) — Qr(siu, o) — (¥ — o) " Dr(s; u, o)
= [Qr(siu, ) — Q(s;u,¥)] — [Qr(siu, vo) — Qs u, vo)]
+ [Q(Sa u, w) - Q(87 u, ¢0) - <¢ - wO)TﬁT(S; u, @bo)} .

Under Condition 2.7.1, it is enough to show

T (quSdl / ([@T(s;u,lﬁ) - Q(s;u,¥)] — [@T(SS u, o) — Q(s; u, wo)})zw(s)dsdg(u))

sup — 0,(1),
6ol <or 1+ VT (@ = o)ll)? ’
where

L I
Qr(siw,¥) = Qsiuv) = = ) (Bl (u"Z, < )|X0, 0] = Gls3u,¢))
t=1
1 . .
Because TV < 1, it is enough to show

sp T( [ [ (1@rls) = Qs ) - @i t) = Qo)) w(s)dsas(w) ) = (1)

[—ol <71
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Let us denote

~ ~ 2
Vir(o) = ([ [ (@rlssu0) = Qs ) = @rlse ) = Qs ) w(e)dsda)).
ueSd—1
Vor() is a V-statistic. That is,
VVQT 7}2 k2 Xt7 ja¢7¢0)7

t=1 j=1

where

(Xtv ¢ 1/}0)
= /Gw1 / { { (ElI(u"Z; < 8)|X¢, 0] — G(syu,0)) — (E[L(u' Z, < )| Xy, ¥o) — G(s;u,wo))]

X {(E[I(u% < )X, 9] = G(s;u, ) — (E[I(u" Z; < )| X;,0] = G(s;0, %))} }w(s)dsdc(u)

Note that ko(Xy, Xj,9,%0) 1is symmetric kernel, and Vor(¢hg) = 0 since
(Xt7 ¢0>¢0) = 0.

Then, we need to handle nV2 (). It can be decomposed as follows.

1 T T
TVar(¥) = = 3 D kalXe, Xj30, ¢0)

t=1 j=1

T
= %ZkQ Xt;Xta¢ ¢0 Z k2 Xt7 ja¢7¢0)
1<t<]<T
1 T
= f <k2(Xt7 Xt; w, wo) — E[kQ(Xt, Xt, w, wo)]) + E[kZ(Xta Xt> 7/% wO)]
t=1
+2 Z kQ Xt7 ja¢7¢0)’

1<t<]<T

We will show that each term in the above expressions is 0,(1) as 70 — 0. Note that
ka(+,-,1,1y) is Lipchitz continuous in ¢ by Lemma B.4.1.

Step 1) Because ¥ is compact and ks (X, Xy, 1, 1) is Lipschitz continuous with respect
to ¢ for each X;, by ULLN, we have

sup 5.

Ypew

% Z <]€2(Xt, Xt7 'lb) - ]E[kQ(Xt7 Xtu 1/}7 wo)])
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Step 2) Because ko(X;, X;, %0, %0) = 0, and ko( X, X;,1,10) is Lipschitz continuous for

each X;, we have

E[ka ( Xy, Xi, 1, v0)] < E[Ma(X;, X5)]l|v) — o]

and it implies that Supycy. y—yo|<n Elk2(Xi, Xi, ¥, 10)] = 0p(1).
Step 3) For t # j, Elka(Xy, X;, 9, 10)] = 0 when w(s) is integrable. Then,
2
Usr = T2 Z ko (X, X, 1, o)
1<t<j<T
is a degenerate U-statistic.

Suppose WV is compact, and for any v,y € ¥, we have

|k2(Xta vawa ’QZ)()) - kQ(XivXj>w7 7/’0)| S MQ(X“X]>||77D - ¢||

with [[ M3 (x,y)dFx,(x)dFx,(y) < co and [ M3(x,x)dFx,(x) < co. Then, by the proof of
Lemma 4 in the appendix of Briol et al. (2019), we have ko(X;, X;, 1, 1) is Euclidean with
envelope F' < M(X;, Xj)diam (V) where diam(V) = supg ey || — 0| is the diameter of W
Then,

[ [ xpiarsary, < ([ [ a6 xdmsars ) o -l

SO, ff |k§(X“XJ>|dFXZdej — 0 as |'¢ — lp0| — 0.
By Corollary 8 in Sherman (1994), we have supyey, jy—y|<rr |7 U2,7| = 0p(1).
Therefore,

sup |TVar ()| = sup TV () — TVar(tho)| = 0p(1).
Pe|lYp—oll2<Tr pelY—oll2<Tr

B.5 Verification of Assumptions in Section 2.5 for Singular, One-sided, and
Two-sided Uniform Models

In this subsection, we will verify that the assumptions for consistency and asymptotic nor-

mality of MSWD and MSCD estimators in Section 2.5 are satisfied in one-sided and two-sided
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models. For singular model in Example 1 of Arjovsky et al. (2017), we will deal with the
MSWD estimator only.
We will verify Assumptions 2.5.3, 2.5.2, 2.5.4 (i), and 2.5.5, and 2.5.6 because all three

examples are conditional models, and Assumption 2.5.1 (i) is implied by Assumption 2.5.4(i).

B.5.1 Singular Model in Example of Arjovsky et al. (2017)

In Example 1 in Arjovsky et al. (2017), Y = (0, Z), where 0 is a deterministic constant and
Z ~ UJ0,1]. Consider the MSWD estimator of #. In this case, Q(+;u,#) is quantile function

of the projected variable u' Z, which is

w10 + uss it uy >0,
Q(s;u,0) =
wf +uz(l1—s) ifug <O.

Verification of Assumption 2.5.2
Assumption 2.5.2 holds because

/eSd—l /0 (Q(S;U, 90) - Q(S;U,Q))stdg(u) — %(Q _ 00)2,

Verification of Assumption 2.5.3 and Assumption 2.5.6
Q(s;u,0) is norm-differentiable at 6 = 6, with D(s;u, ) = u; because

Q(s;u,0) — Q(s;u,00) = ui (0 — 6p), and /OO /1 D(s;u,0)*dsds(u) = %
—o0 J0

It implies that Assumption 2.5.6 holds as well.

Verification of Assumption 2.5.4 (i) and 2.5.5
Let G(s;u, ) be the distribution function of the projected variable u' Z;, and

Gr(s;u, 1) = %ZI(uTZt <s).

t=1
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Since {Z;}, i.i.d, and {I(u"Z; < s):u € S¥ ! s € R} is VC subgraph class,
{VT(Gr(s;u, 1) — G(s;u,40)) - s € Ru € 471}

are P-Donsker. Also, when uy # 0,

1 0
g(Q71(s3u,0); u, 1) B gQ(s,u, ) = Juz| < oo,

Therefore, Assumptions 2.5.4 (i) and and 2.5.5 hold by Lemmas 2.6.2 and 2.6.5.

B.5.2  One-sided and Two-sided Uniform Models

Since we deal with unconditional models for univariate variable Y;, we can take @(s; u,0) =
Q(s:0), and D(-,u,0) = D(-,0,) where D(, ) is a deterministic Ly (S, w(s)ds)-measurable
function. Q(s;#) will be the parametric distribution function of Y; for MSCD estimators, and
the parametric quantile function for MSWD estimators. In one-sided and two-sided models,

we will consider the case where w(s) = 1.

One-sided Uniform Model

In one-sided uniform model, The CDF of V; is

(

0 if s <0,

F(s,00) =S s/6, if0<s <6,

1 ifs > 0,
\

and
F~1(s,0p) = s for 0 < s < 1.

We deal with real-valued random variable, and do not require projection. We can take

@T('?uvw) = Q(7¢)
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The MSCD Estimator In this case, Q(s,0) = F(s,6y). Let Fr(s) = I(Z; < s). Section
2.4.2 shows

%0 Ot if g < 4,
Chlpopo) = [ (F(si6) = Flsstp)Pds =9 ™
oo C0) i 6 > 6.

Since
(

W <0 if 6 < 6,
0622(#9’,“0)

55 =10 if 0 = 6,,

92—98 if 0 0
kW>0 1 > 0.

Assumption 2.5.2 holds when 6, > 0.
Because {Y;}L, is a random sample, {v/T(Fr(s) — F(s,6)) : s € R} is P-Donsker, and

T / " (Fr(s) = F(s,00))ds =T / (Fr(s) — F(s.00)))%ds

e8]
2

< 6y [sup(ﬁ(FT(s) — F(s,60))| = 0,(1).

seR

Therefore, Assumption 2.5.4 (i) holds.
Example 2.5.1 shows that F(-,0) is norm-differentiable at ¢ = 1), and D(s;y) is
Ly(R, ds)-measurable, and

/OO D?(s;1)ds = /90 S—st _ L < 00.
s ’ o 65 300
Therefore, Assumptions 2.5.3 and 2.5.6 hold.
Since {v'T(Fr(s)—F(s,0)) : s € R} is P-Donsker and [ .., [ D*(s;u, tbo)dsds(u) <
0o, Assumption 2.5.5 is satisfied by Lemma 2.6.7.

The MSWD Estimator In this case, Q(s,0y) = F~'(s,6), and Qz(s) = F'(s), where
Pr(s)= %3 1(Z < s).

Since

/0 (F~(s,60) — F~(s,0)))%ds = (6 — )2,
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Assumption 2.5.2 holds.

Assumptions 2.5.3 and 2.5.6 hold with D(s,u,1g) = s because F~1(s,0) — F7(s,0,) =
s(0 — 6y).

Since {\/T(Fr(s)—F(s,6)) : s € R} is P-Donsker, and w = 0y < oo, Assumptions
2.5.4 (i) and 2.5.5 hold by Lemmas 2.6.2 and 2.6.5.

Two-sided Uniform Model

In two-sided models, the CDF of YV is

4 if0< Yy < 90
0 —
Flybo) =4 3(y—00) 30-y)
1 — _ — .
1 4(31/_98) =1- 4(1_93’(')) ifg<y<1.
and the quantile function is
40ys if0<s<1/4,

F~(s;60) =
1-3(1—6)(1—s) if1/4<s<1.

The MSCD Estimator In this case, Q(s,6y) = F(s,0y). Let Fr(s) = I(Z; < s). Because
{ZT | is a random sample, {\/T(Fp(s) — F(s,6,)) : s € R} is P-Donsker, and

T / T (Fr(s) — F(s,00)Yds =T / ((Fo(s) — F(s,60)))%ds

—00

< [sup<ﬁ<FT<s> ~F(s.0))] = 0,1).

seR
Therefore, Assumption 2.5.4 (i) holds.

Example 2.5.2 shows that (Q(s;v) is norm-differentiable at ¥ = 1)y, and D(s;1) is
Ly(R x S*71, dsds(u))-measurable. Therefore, Assumption 2.5.3 are satisfied.

Therefore, Assumption 2.5.5 by Lemma 2.6.7.

The MSWD Estimator In MSWD estimator, Q(s,6y) = F~(s,6p).
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Since

/01(F—1(s; 0) — F~'(s;0))%ds = %(9 o)

Assumption 2.5.2 holds.
Since F'~1(s;0) is linear in 0, Q(s,u, ) is norm-differentiable at 6 = 6, with

4s if0<s<1/4,
D(S,@g) =

s(1—s) if1/4<s<1.
Therefore, Assumptions 2.5.3 and 2.5.6 hold.
Since {V/T(Fr(s) — F(s,0)) : s € R} is P-Donsker, and w is uniformly bounded
above by an absolute positive constant, we can show that Assumption 2.5.4 (i) holds by

following the proof of Lemma 2.6.2 and 2.6.5. Since D(s, ) and F'~'(s, ) are bounded by

some absolute constants, we can show Assumption 2.5.5 by Lemma B.6.3.

B.6 One-Dimensional Unconditional Models

This appendix section consists of two parts. In Section B.6.1 below, We will present relevant
conditions to verify Assumptions in Section 5. In subsequent sections, we will present some
examples of one-dimensional unconditional models.

Because we deal with one-dimensional models, we will use Q(s; ) and D(s; ) instead of

using Q(s;u,d) and D(s;#) in this appendix section.

B.6.1 Verification of Assumptions

We will present relevant conditions to verify Assumptions 2.5.4 (i) and 2.5.5 with

2 0
0 0

Vb:

Verification of Assumption 2.5.4 (i)

When d = 1, there are two sets of results that we can use to verify Assumption 2.5.4 (i).
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When {Zt}thl is a random sample, we can use results in Barrio et al. (2005).

Lemma B.6.1 (Theorem 4.6 (i) in Barrio et al. (2005)). Suppose d = 1, and we have a
random sample {Z,},_, with the cdf F(z). Let B be the Brownian bridge on (0,1).
If F is twice differentiable on its open support (ap,br) with f(x) = F'(x) > 0, and

oy PO D @)
0<z<1 fAF(x))

< 00,

/
either ap > —oo or liminfM > 0,
w0t f2(F N (2)
!/
either bp < oo or liminf FEIA = )l > 0.
z=0+  f2(F~1(1 —x))
Also, we assume that w(s) is a bounded nonnegative measurable function on (0, 1) such that
oz [Tw(t)dt , z [ w(t)dt Lol -
1 0 — 1 0 = d _— t)dt .
S I R TV ) B AV TV 1)
Then, we have
B 3 B(s)y/w(s) . ,
VR(EH(s) — F7H(s)Vw(s) = ————"in law in Ly(0,1)
JAHEH(s))

In particular,
1 1 BQ(S)
T / (F=(s) — F~1(s))2w(s)ds % / B (s)ds.
o o fAE(s))
When {Zt}thl is a stationary data, we can apply Corollary 3.3 in Csorgd and Yu (1996).

Lemma B.6.2. Let {Z;} be a stationary sequence of real-valued random variable with com-
mon continuous distribution function F(z). Assume that F is twice differentiable on its open
support (ap,bp) with f(z) = F'(x) >0, and

o PO E]
0<z<1 fAHF () .

We also assume that

e min{Ap, Brp} > 0 where Ap := lim,,, f(x) < co and By := lim,;, f(x) < oo, and
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o I[f Ar =0 (Br =0), then f is non-decreasing (non-increasing) on an interval to the

right of a (to the left of b).

In addition, we assume that the weight function w(s) is a bounded nonnegative measurable

function on (0, 1) such that

by
——————ds < o0.
/o JAHE(s))
Then, Assumption 2.5.4 (i) holds if one of the following holds.

o {Z,} is a stationary a-mizing process with a-mizing coefficient oy, satisfying

o = O(k™%7) for some 0 > max{1 + v/2,2y — 1} and € > 0.

o {Z;} is a stationary o-mizing process with «-mizing coefficient py  satisfying

> ey 0(2F) < oo,

Proof. Under the conditions on F' and mixing cofficient, by Corollary 3.3 in Csorgd and Yu
(1996) we have

VT f(F~'(s))(Fy'(s) — F~'(s)) = B(-) in D|0,1] with Skorokhod topology,

where {B(s)} is zero-mean Gaussian process with B(0) = 1 and B(1) = 0 and covariance
function
o*(s,4) = (s At) = st+ Y [Cov(Vy <5,V <t)+ Cov(Vy <t,V; < s)] (B.5)
=2
where V; = F~1(Z;).
Then, we have

T /0 (F'(s) — F~(s))2w(s)ds % /0 Jm(i—_(ls()s))w(s)ds.
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Verification of Assumption 2.5.5

When d = 1, this assumption can be shown by using the asymptotic distribution of L-
statistics, see, e.g., Shorack and Wellner (2009). Mehra and Rao (1975a,b), and Puri and
Tran (1980)

For some constants by, by, and positive constants M, €, we define
B(S) = Mt—bl(l _ t)_bQ, and K(S) — Mt_1+b1+6(1 _ t)—l-i—bg—l-e‘

Condition B.6.1 (Bounded growth). There ezist some constants by, by, and positive con-

stants M, € with € > % satisfying the following conditions.

(i) |D;(s,0)w(s)| < B(s) for all i and 0 < s < 1 with max(by,by) < 1, where D; is the
i-th element of D(s,g);

(i) |[F~1(s)] < K(s) for 0 <s < 1.

Condition B.6.2 (Smoothness). D;(s,¥.)w(s) is continuous except for a set of points s

such that its measure with respect to QQ is zero.

Lemma B.6.3. Suppose {Z,}_, is i.i.d. sample, and Conditions B.6.1 and B.6.2 hold.

Qo 0
Then, Assumption 2.5.5 holds with Vi = ’ , where

0 0

Qp = /0 /O (s At — st]D(s, o) D(s, o) Tw(s)w(£)dQ(s)dQ(E).

Proof of Lemma B.6.5. This is the consequence of Theorem 1 and Remark 2 in Chapter 19
of Shorack and Wellner (2009). O

Condition B.6.3. {Z,}L | is strong mizing process with Y o, k*a®(k) < oo for some 0 <

0 < 1.

Condition B.6.4. There exist some constants by, by, and positive constants M, € with € > %

satisfying the following conditions.
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(i) |D;(s,Y0)w(s)| < B(s) for all i and 0 < s < 1 with max(by,by) < 1, where D; is the
i-th element of D(s,g);

(ii) |F~1(s)] < K(s)V/2H8/20041) 5 (1 — g)U/246/202+D) for 0 < 5 < 1;
(iii) fo A=9/2B(5)d|Q| < oo where B(s) = s~010+3/2)(1 — 5)7b2(146/2)

Here § is a constant in Condition B.6.3.

Lemma B.6.4. Conditions B.6.2, B.6.3, and B.6.4 hold. Then, Assumption 2.5.5 holds
Q 0

with Vo = where
0 0

Qoz/o /0 o?(s,t)D(s,10)D(s,10)  w(s)w(t)dQ(s)dQ(t)
i which

0?(s,5) = (s A1) +ZPer<sV<t—st—i—ZPer<tV<s)—st]
Jj=1 j=2

where V; = F(Z;) follows U0, 1].

Proof. Proof is skipped because the proof is the same as Theorem 5.2 of Puri and Tran
(1980) with replacing .J,, by J in Puri and Tran (1980). O
B.6.2 FEzamples

In this subsection, we will deal with the MSWD estimator of two-sided uniform models, and
independent private procurement auction. For simplicity, we will consider the case where

data is a random sample, and w(s) = 1.

The Two-sided Uniform Model

In this subsection, we will derive the asymptotic distribution of two-sided uniform model

directly using Lemma B.6.3. When w(s) = 1, the MWSD estimator 6,, have the following
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form.

VT (0 — 0y) = 3\/7/0 (Qr(s) — Q(s))D(s, 0p)ds,

where Q(-) and Q7(-) are parametric and empirical quantile functions,respectively, and

4s when 0 < s < i,
D(S,Qo) =

s(1—s) when ; <s<1.

In two-sided uniform model, Condition B.6.1 and B.6.2 hold. This is because Q(-) and
D(-,0y) are uniformly bounded below and above by constants, and D(-,6) is continuous on

(0,1) almost everywhere with respect to Q). Therefore, by Lemma B.6.3,
1
ﬁ(QT — ) = 3\/T/ (Qr(s) — Q(s))D(s, 0o)ds E N(0a03)7
0
where

o8 = /0 /0 [s At — st]D(s,00)D(t,0y)dQ(s)dQ(t)

19 1 3 )
= 72000+ 2490(1 —0o) + 80(1 — 6)2.

Note that ag is positive when 0 < 6, < 1.

Independent Private Value Procurement Auction

Consider an econometric model of an independent private value procurement auction formu-
lated in Paarsch (1992) and Donald and Paarsch (2002). Let Y be the winning bid for the

auction considered. Suppose the bidder’s private value V' follows a distribution of the form
fv(w,)I(v > gy(0)). (B.6)

Assuming a Bayes-Nash Equilibrium solution concept, the equilibrium biding function sat-

isfies
) — o e A B ()" de
O TR Wy

where m is the number of bidders in the auction and Fy (v) denote the cdf of V.

, (B.7)
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Suppose V follows an exponential distribution with

1 v
fv (v;0) = 7 (0) exp (_W) and gy (0) =0,

where E (V) = h (). The winning bid distribution is given by (B.6) with

f(y;0) = %exp (—% (y—%» and g (0) = %

The cumulative distribution function F'(y;6) is given by

F(y;0) =1—exp (—% (y—%n for y > g(0) = MO

Inverting F'(+;#), we obtain the conditional quantile function Q(s; ) given by

QUsit) = 1(0) | -1 = Liog(1 )]

m —

Without loss of generality, suppose h(f) = 6. Then, the MSWD estimator is

iy — [ / 1 (5~ tost1 - s>)2ds] h / 1 s 9)| Qetegas

VT (0 — 6) = {/ D?(s; 609) d] \/_/ (Qr(s) — Q(s))D(s; b)ds,

where Q(s) = Q(s;6p) and

and

D (s;6p) = ﬁ —log(1 —s).

Then, we will show the positive definiteness of hessian term fol D?(s;6)ds, and asymp-
totic normality of \/Tfol(QT(s) — Q(s))D(s;0p)ds using Lemma B.6.3 in Steps 1 and 2
below.

Step 1. We can show fol D?(s;0y)ds is positive definite and finite. Straightforward

calculation shows

! ? 1 2
/ (—1 —log(1 — m)) ds = + +2 < 0.
0

m —
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Step 2. We will verify Conditions B.6.1 and B.6.2 to exploit Lemma B.6.3 in Steps 2-1
and 2-2 below.
Note that when Lemma B.6.3 holds, we have

VT / (Qr(s) — Q())D(s; 6p)ds % N(0,0%),

where
2 A 9 dm — 3
o= [min{s, t} — st]D(s)D(t)dQ(s)dQ(t) = 05 |5+ ——
0o Jo (m —1)?
Steps 2-1. We will verify Conditions B.6.1.

Since Q(s;6p) = 0yD(s,6p), we will show that we can choose sufficiently small positive

constant ¢ and sufficiently large positive constant C' such that

D0 or a0 < s < 1.
s7¢(1 —s)=¢

If there exists sufficiently small and positive constant ¢ < 1/4, and sufficiently large C'
satisfying above condition, we can find € > 1/2, by, and by with max{b;, b} < 1 in Condition
B.6.1: by =by =c,and e =1 — 2c.

Note that when ¢ > 0,

| log(1 — s)|

$(1 = 91Qu)| < 51 = 8)° | +Tog(1=5)| < C1 + -5

for some positive constant C' which only depends on m, and

log(1 — log(1 —
lim [log( )| =0, and lim M

_ =0 f > 0.
s—=0+ (1 —s)7¢ s—1+ (1 —s)7¢ orany ¢

This implies that for any ¢ > 0, we can choose sufficiently large C, such that we can pick

sufficiently large constant C satisfying

M<Ccf0r0<s<1.

s°(1 —5)°1Q(s)| < Oy + A9~ =

Therefore, Condition B.6.1 holds.
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Step 2-2. We will verify Condition B.6.2. In this model, D(s;6y) and Q(s) are continu-
ously differentiable and strictly increasing in s. Therefore, Condition B.6.2 holds.
From Steps 2-1 and Step 2-2, we can use Lemma B.6.3. By combining all results in Steps

1 and 2, we have
VT (0r — 60) % N (0,92),

where

(m —1)2(5m? — 6m + 2)
(2m? — 2m + 1)?

0 =06
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