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The increasing complexity of modern machine learning (ML) systems, particularly large-
scale transformer-based models, presents significant challenges with respect to computa-
tional, data, and memory efficiency. Models with billions of parameters, such as Large
Language Models (LLMs), Vision Transformers (ViTs), and Multimodal Large Language
Models (MLLMs), require vast datasets, substantial memory, and extensive compute re-
sources, making them difficult to scale and deploy—especially in resource-constrained and
data-scarce environments. These challenges are further compounded by the redundancy
present in both real and synthetic data, which leads to inefficiencies in data annotation,
training, and inference stages by increasing resource overhead and making it difficult to
extract meaningful insights from the data. Additionally, input context selection in LLMs
and MLLMs is critical for improving their test-time efficiency, as these models often pro-
cess long sequences of text or multimodal information. Processing redundant and irrelevant
context strains compute and memory resources and can degrade output quality, highlight-
ing the importance of effective context selection in optimizing resource usage. To address
these above-mentioned challenges and improve the efficiency and accessibility of ML systems,
we require strategies that optimize resource utilization through high-quality data selection,

augmentation, and efficient input context selection—particularly in LLMs and MLLMs.



We explore two complementary approaches—submodular data selection and data aug-
mentation—to enhance the efficiency of ML systems without compromising model perfor-
mance. The first approach leverages submodular optimization to model diversity, repre-
sentativeness, and relevance in selecting data subsets and input contexts for training and
inference. The second approach focuses on data augmentation to enhance data utility, im-
prove model robustness, and mitigate catastrophic forgetting in resource-constrained settings

such as continual learning.

To enable efficient query-focused data selection, we propose Submodular Span Summariza-
tion (S3), a framework that selects diverse and query-relevant data subsets. We demonstrate
its effectiveness across multiple data modalities for query-focused summarization tasks. The
S3 framework provides an effective solution for optimizing annotation, training, and infer-
ence costs by selecting query-relevant and representative subsets, facilitating tasks such as
active learning, targeted data selection, and efficient input context selection for LLMs and
MLLMs. Extending this, we propose Div-S3, an end-to-end submodular optimization ap-
proach for in-context learning (ICL) using LLMs to enable efficient exemplar selection and

retrieval while improving downstream task performance under data annotation constraints.

Building on the principles of submodularity, we further optimize LLMs inference efficiency
with BumbleBee, a novel key-value (KV) cache summarization algorithm. As LLMs scale,
maintaining large KV caches for autoregressive inference becomes increasingly resource-
intensive. BumbleBee reduces computational overhead and memory footprint, allowing
LLMs to maintain an effectively infinite context without any architectural modifications or
additional fine-tuning. We extend BumbleBee to multimodal tasks and propose VisionBee,
a submodular optimization framework that reduces the number of visual tokens processed
by MLLMs significantly while maintaining performance on several image and video under-

standing tasks.

Beyond data selection, we explore data augmentation for continual learning, where an



ML model learns from a stream of data coming from different tasks without revisiting pre-
vious tasks’ data. We introduce Retrospective Adversarial Replay (RAR), which generates
informative replay instances that capture the forgetting frontier, using adversarial augmen-
tations and MixUp to enhance data diversity. Overall, our experiments across diverse tasks
and data modalities show that our proposed data selection and augmentation approaches
significantly improve resource efficiency during the annotation, training, and inference stages

while maintaining model performance.
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Chapter 1

INTRODUCTION

Modern machine learning (ML) systems have achieved remarkable performance, driven
by advancements in model architectures such as transformers [258, 36] and the availabil-
ity of large-scale datasets [95, , , |. These advancements have transformed fields
including, but not limited to, computer vision [380], natural language processing [30], and
robotics [294]. However, the increasing complexity of models and the growing size of datasets
present significant challenges related to resource utilization, particularly across three critical
resource dimensions: data, compute, and memory. For example, state-of-the-art Large Lan-
guage Models (LLMs) [321, 314], Vision Transformers (ViTs) [31], and Multimodal Large
Language Models (MLLMSs) [371], with billions of parameters, rely on massive amounts
of pre-training data, require vast computational resources for training and inference, and
demand substantial memory to store model components such as weights, activations, and in-
termediate computations. Despite their impressive performance, their high resource require-
ments often limit their deployment in practical settings, especially in resource-constrained
environments like real-time systems, edge devices, or domains where acquiring large labeled

datasets is prohibitively expensive or infeasible.

At the same time, the exponential growth of data—spanning text, images, videos, and
other modalities—has further added to these challenges. While these datasets are essential
for training high-performance models, they often contain redundant information, such as
multiple news articles covering the same event or images belonging to certain categories with
static background information. This redundancy increases computational inefficiencies and
inflates resource requirements during training and inference. Furthermore, the landscape

of data generation is evolving rapidly, with a substantial amount of synthetic data [211, 87]



being generated using advanced ML models like LLMs [269, 12], Generative Adversarial Net-
works (GANs) [60], diffusion models [(1], etc. While synthetic data provides opportunities
for scalable data generation, it often mirrors the redundancy issues [204] found in real data,
making it increasingly difficult to extract meaningful insights as well as inflating resource
requirements during training and inference [1]. For example, in many inference scenarios in-
volving LLMs and MLLMs [30, , 18], the input context frequently contains redundant and
non-relevant information. This not only fails to contribute meaningfully to the task at hand
but further increases the strain on computational and memory resources, as the associated
costs scale with input sequence length in attention-based models [328]. This underscores the
need for efficient input context selection strategies for LLMs and MLLMs.

As the size of these datasets grows, it also becomes increasingly challenging to process

them for different steps that are an essential part of any modern ML framework [120, 360].

These steps include but are not limited to data annotation [293, ], mini-batch training
involving both forward and backward propagation [250, 22], and data inference via forward
propagation using a massive neural network [281, 18]. Prioritizing the optimization of re-

source utilization—through careful curation of high-quality datasets [379, , , , 221]
and selection of relevant input contexts [78, 97, 77]—can significantly enhance efficiency
across the annotation, training, and inference stages. Addressing these resource efficiency
challenges necessitates principled methods that tackle both data and input context redun-

dancy and relevance to manage resources effectively while maintaining model performance.
1.1 Key Resource Dimensions in Modern ML Systems

As the complexity of ML models and the size of data sets grow, effectively managing resource
utilization becomes a critical challenge to improving the scalability and efficiency of modern
ML systems. To better understand the bottlenecks in modern ML systems, we categorize

them into three key dimensions: data, compute, and memory, as shown in Fig. 1.1.

1. Data: Large-scale datasets are indispensable for training modern ML models, particu-
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Figure 1.1: Three Key Dimensions for Resource-Efficient Learning

larly during self-supervised pre-training stages [258, 257]. However, the costs associated
with collecting and annotating such datasets are often prohibitively high, making it
challenging to scale data acquisition. Moreover, the amount of redundancy present
in such extensive datasets introduces inefficiencies during training [100, , , ]

and inference [171, , |, leading to diminishing returns in model performance [1].

2. Compute: As models grow in size and complexity in terms of parameter count, their
computational demands increase significantly. For example, transformer-based mod-
els, particularly the self-attention mechanism, scale quadratically in complexity, mak-
ing training and inference highly compute-intensive [328, 285]. These demands make
deploying such large models infeasible on resource-constrained devices or in real-time

systems that require low-latency responses.

3. Memory: Modern ML systems require substantial memory resources to store model
parameters, intermediate computations, and auxiliary structures, such as key-value
(KV) caches [393, ] in transformers. In autoregressive models, these memory re-
quirements grow with sequence length and batch size, increasing memory (or storage)
costs and creating significant challenges for applications that rely on retaining long-

term context.

Effectively addressing these bottlenecks requires principled approaches that optimize both



data and input context selection and model efficiency. This thesis explores two distinct but
complementary approaches—submodular data selection and data augmentation—that sys-
tematically reduce redundancy, optimize resource allocation, and improve efficiency across
the ML lifecycle. By intelligently selecting the most relevant and diverse subsets of data, sub-
modular selection minimizes inefficiencies during annotation, training, and inference. Mean-
while, data augmentation enhances model generalization, reducing reliance on extensively
labeled datasets while mitigating catastrophic forgetting in resource-constrained paradigms

like continual learning.

1.2 Thesis Contributions

1.2.1  Submodular Optimization for Data and Input Context Selection

Data selection, which aims to extract a representative and informative subset from a large
dataset, is a fundamental task in ML [322, 291, 348, 346, 203, 235]. The objective is to select a
subset that captures the essential characteristics of the original data while minimizing redun-
dancy and maximizing coverage. By selecting the most useful and diverse data points, data
selection techniques can significantly reduce annotation and computational costs, improve
model interpretability, and facilitate efficient learning from large-scale datasets.

Similarly, input context selection is crucial in LLMs and MLLMs, where retrieving and
utilizing relevant information directly impacts both efficiency and performance [126, 97,

|. Techniques such as retrieval-augmented generation (RAG) [28], in-context learning
(ICL) [78], and KV cache summarization (or reduction) [100, 207] rely on selecting the most
relevant and diverse contexts from external knowledge sources, past interactions, or provided
input sequences to optimize model response generation. By filtering out irrelevant and
redundant context, input context selection helps reduce memory overhead and computational
costs, particularly in long-context scenarios.

Submodular functions [20] are a powerful tool for data and input context selection and

summarization due to their ability to model the diminishing returns property. They natu-



rally capture notions of diversity, representativeness, and coverage. Formally, a function is
submodular if the marginal gain (or incremental value) of adding a new item decreases as
the size of the selected input set grows. This property aligns well with the objectives of data
selection and summarization, as the importance of adding a new data point to the summary
diminishes as the summary grows larger.

Mathematically, a submodular function f : 2" — R defined over the ground set V satisfies

the following diminishing returns property:
f(w|A) > f(v|B) forany v ¢ Band AC BCV (1.1)

where f(v|A) = f(AU{v}) — f(A) is the marginal gain of adding v to A. Submodular

functions have been successfully applied to various machine learning tasks of finding diverse

subsets, including text, image and video summarization [195, , , , |, feature
selection [206, 397], curriculum learning [102, 103], active learning [107, 340], training data
selection [317], etc. Given a submodular function f that is non-negative (VA C V| f(A) > 0)

and monotone non-decreasing (VA C B C V, f(A) < f(B)), the ground set V' can be summa-
rized via submodular maximization under a cardinality constraint, i.e., maxacv,aj<k f(A).
This can be approximated with a (1 — %) constant factor guarantee using the greedy al-
gorithm [239, 231]. We assume all submodular functions discussed in this thesis are non-
negative and monotone.

This thesis explores how submodular optimization can be applied to data selection and
input context selection to improve the resource efficiency of modern ML systems without

compromising model performance.

Submodular Span Problem € Conditional Data Summarization

In this thesis, we introduce the concept of submodular span and its application in conditional,
i.e., query-focused data summarization. The submodular span problem aims to find a subset
of data points relevant to a given query set and diverse with respect to each other. We propose

a novel two-stage framework called Submodular Span Summarization (S3) that leverages a



single submodular function to model the two important aspects of a query-focused summary:
diversity and query relevance. The S3 framework [155] consists of a query-focused data
selection stage, followed by a diversification stage that ensures the selected subset, while

being query-relevant, is also non-redundant.
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Figure 1.2: Submodular Span Summarization (S3) for Resource-Efficient Learning

We provide theoretical analysis and approximation algorithms for the submodular span
problem, extending the notion of the submodular span from matroids to the more general
class of polymatroid functions. We demonstrate the effectiveness of the S3 framework on
various query-focused summarization tasks, including multi-document summarization, video
summarization, and image corpus summarization. Our results show that the S3 framework
outperforms existing methods in generating informative and diverse summaries while being

computationally efficient.

The S3 framework provides a robust solution for optimizing data annotation, training,
and inference costs by enabling the selection of query-relevant and non-redundant subsets of
data. It can help facilitate tasks such as active learning [291], targeted data selection [353, 2],
and efficient input-context selection in LLMs [156] and MLLMs. Additionally, it can im-
prove downstream applications, including abstractive summarization and dynamic retrieval
in models using retrieval-augmented generation (RAG) [106, |, by prioritizing the most

informative and task-relevant content.



Submodularity for Data-Efficient In-Context Learning using LLMs

In-context learning [75] has recently gained significant attention as a promising approach for
adapting LLMs to new tasks using only a few task-specific examples, often called demon-
strations or exemplars. By providing a limited number of input-output demonstrations
belonging to a downstream task, LLMs can learn to perform new tasks without requiring
extensive fine-tuning on task-specific training data. However, the effectiveness of in-context
learning heavily relies on the selection of informative and diverse examples that can guide

the model towards the desired output [201, , 220].

Div-S3: Active Learning
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Figure 1.3: Div-S3 for Resource-Efficient In-context Learning using LLMs

Building upon the S3 framework, we propose an end-to-end submodular optimization
approach, Div-S3, for data-efficient in-context learning using LLMs. Div-S3 [157] addresses
the challenge of selecting informative examples by employing submodular optimization in
exemplar annotation and retrieval stages. By ensuring diverse subset selection within a fixed
annotation budget and leveraging the S3 framework for retrieving relevant and diverse ex-
emplars given a test query, Div-S3 enhances in-context learning performance across multiple

NLP tasks compared to baseline methods relying only on similarity-based selection.



Submodularity for KV Cache Summarization in LLMs

The multi-headed self-attention mechanism introduced in [328] is a core component of vari-
ous state-of-the-art Transformer-based models employed in tasks belonging to different data
modalities [262, 81, |. Despite its effectiveness in capturing long-range dependencies
within sequences, deploying LLMs that utilize this mechanism faces significant challenges.
Firstly, the computational and memory costs scale quadratically with the sequence length
due to the attention mechanism. Secondly, the autoregressive decoding process, where each
token is generated sequentially based on previous tokens, demands extensive memory to
store computed key and value representations in KV cache [253] for all preceding tokens.
Existing strategies to manage these challenges include truncating input sequences [72, 1,
using sliding windows [177, 103], and employing retrieval-based methods [137, , 32, 400].
However, these often result in issues like context fragmentation or require large-scale external

memory banks.
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Figure 1.4: BumbleBee for Resource-Efficient Inference using LLMs

We propose BumbleBee, a novel approach for KV cache summarization that addresses
the limitations of the existing methods. Unlike heuristic-based techniques, BumbleBee [159]
reframes KV cache selection as a subset selection problem, evaluating the utility of key-value
pairs collectively rather than independently. By considering the importance of each KV
attention state in relation to others within the KV cache, BumbleBee enables the utilization

of existing LLMs for longer contexts without additional fine-tuning, CPU offloading [295],



or context truncation [24]. Notably, BumbleBee extends the temporal span of the context
without unbounded growth of the KV cache, thereby enabling the LLMs to have an infinite

context.

Submodularity for Visual Tokens Selection in M LLMs

Like LLMs, MLLMs rely on the information extracted from the multimodal input sequence
in the form of visual and textual tokens [336]. The visual tokens are first encoded using
a ViT-based vision encoder before being fed through an alignment module to align the
vision and language modalities in a shared latent space. Each image or frame sampled from
a video contributes hundreds or thousands of visual tokens. For example, LLaVA [198]
encodes 336x336 images into 576 tokens, while LLaVA-NeXT [199] expands this to 2880
tokens for 672x672 images—a dramatic increase in sequence length compared to text inputs.
This issue is further exacerbated in video-based models, such as Video-LLaVA [192] and
VideoPoet [118], where multiple frames contribute hundreds of thousands to millions of
visual tokens, leading to prohibitive memory consumption and inference latency. Given the
quadratic complexity of self-attention, an efficient mechanism for visual token selection and

summarization is crucial to enable scalable inference in resource-constrained environments.
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Figure 1.5: VisionBee for Resource-Efficient Inference using MLLMs

In this thesis, we propose VisionBee, a submodular optimization framework for visual

token selection that ensures optimal trade-offs between efficiency and model performance.
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VisionBee formulates visual tokens selection as a submodular optimization problem, ensur-
ing that selected tokens maximize informativeness while minimizing redundancy. Inspired
by BumbleBee, which summarizes the LLMs’ KV cache tokens using a mixture of submod-
ular functions, VisionBee extends this concept to MLLMs by leveraging the [CLS] token’s
attention scores and the vision encoder’s feature diversity at the patch (or token) level to
dynamically filter out redundant visual tokens. Using the submodular function evaluation,
VisionBee retains the most informative and diverse tokens, which are then fed to the LLM
decoder, significantly reducing the overall sequence length while preserving multimodal rea-
soning capabilities. By performing visual token selection at the vision encoder stage, our
approach removes redundant tokens early, preventing unnecessary computation at the LLM

layers and substantially reducing memory footprint and inference latency.

1.2.2  Diverse Adversarial Data Augmentation € Continual Learning

Data augmentation [333] is a simple and effective approach where the training dataset is
artificially expanded by applying transformations such as rotations, flips, noise injection, or
domain-specific modifications. By increasing data diversity, these transformations improve
model robustness and help mitigate challenges such as overfitting [241] and catastrophic
forgetting [276]. While data augmentation has long been valuable in traditional ML settings,
it becomes even more critical in continual learning (CL), where models must learn under
data and resource constraints. The final part of this thesis explores advanced augmentation
techniques specifically designed for such resource-constrained environments.

Continual learning (CL)—also known as lifelong learning or incremental learning—refers
to a model’s ability to learn from a continuous stream of tasks while retaining knowledge
acquired from previous tasks [154, , . In real-world scenarios, data often arrives
sequentially, requiring models to adapt to new tasks while retaining their performance on
previously learned tasks. On top of this, continual learning is inherently resource-constrained,
with limited access to past data, small memory buffers, and computational limitations. These

constraints exacerbate the challenge of catastrophic forgetting [93, , |, where the
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model’s performance on previous tasks significantly degrades as it learns new tasks.

Data augmentation has proven to be an effective strategy for addressing catastrophic
forgetting in continual learning [130]. By generating new training examples that capture the
essential characteristics of previous tasks, data augmentation can help the model maintain its
performance on old tasks while learning new ones. However, traditional augmentation meth-
ods often rely on simple transformations or random perturbations, which may not effectively
capture the forgetting frontier—the decision boundary between old and new tasks.

To address this limitation, we propose a novel data augmentation technique called Retro-
spective Adversarial Replay (RAR), specifically designed for continual learning. RAR [158]
generates informative replay instances by focusing on memory (or buffer) samples that are
most susceptible to forgetting. It applies targeted adversarial perturbations to these samples,
creating challenging examples that force the model to reinforce its understanding of previous
tasks. The key idea behind RAR is to produce augmented examples that closely resemble old
task data while being difficult for the model to classify correctly, thereby strengthening the
model’s retention of prior knowledge. This thesis explores the utility of RAR in improving
continual learning under resource-constrained settings, demonstrating its ability to mitigate

catastrophic forgetting more effectively compared to traditional data augmentation methods.

RAR: Data Augmentation
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Figure 1.6: RAR for Resource-Efficient Continual Learning of ML models

RAR consists of three main steps: (1) identifying the most likely to be forgotten buffer
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samples based on the model’s uncertainty or the samples’ proximity to the decision boundary;
(2) pairing the selected buffer samples with their nearest neighbors from the new task data;
and (3) applying targeted adversarial perturbations to the buffer samples, moving them
towards the paired new task samples in the model’s latent space. By generating adversarial
examples that are close to the forgetting frontier, RAR effectively captures the regions where
the model is most susceptible to forgetting and provides targeted training signals to mitigate
catastrophic forgetting. Extensive experiments on benchmark datasets for continual learning
demonstrate the effectiveness of RAR in alleviating catastrophic forgetting and improving

the overall accuracy of continual learning models.
1.3 Thesis Outline

The remainder of this thesis is organized as follows:

In Chapter 2, we provide an introduction to submodular functions, submodular opti-
mization algorithms subject to different constraints, and submodular information-theoretic
functions. Chapter 3 provides a brief overview of existing literature on data selection and aug-
mentation techniques, specifically addressing the resource efficiency of ML systems. Chap-
ter 4 presents the Submodular Span Summarization (S3) framework for conditional data
summarization. We introduce the submodular span problem, provide theoretical analysis
and approximation algorithms, and evaluate the S3 framework on various query-focused
(or conditional) summarization tasks. Chapter 5 describes the Div-S3 framework for data-
efficient in-context learning using LLMs. We detail the submodular optimization approach
for exemplar annotation and retrieval and present experimental results on multiple natural
language processing tasks.

Chapter 6 describes offline and streaming KV cache summarization algorithms to reduce
LLMs’” KV cache size. We demonstrate that even with a 5x context length reduction,
LLMs can demonstrate comparable performance on various long-range downstream tasks,
like multi-document question answering, summarization, etc. Chapter 7 describes the visual

tokens selection algorithm, VisionBee, to reduce the length of the multimodal sequence in
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MLLMs. Even with a 9x visual tokens length reduction, we demonstrate that VisionBee
achieves competitive performance compared to when using all visual tokens across visual
question-answering tasks.

Chapter 8 introduces the Retrospective Adversarial Replay (RAR) method for mitigating
catastrophic forgetting in continual learning. We describe the RAR algorithm, investigate
the role of MixUp in improving the diversity of perturbed samples, and present experimental
results on benchmark datasets. Chapter 9 concludes the thesis by discussing future research
directions for leveraging submodular optimization to enhance the resource efficiency of mod-
ern ML systems. It outlines potential extensions and applications of the proposed frameworks
and techniques.

In summary, this thesis contributes to the field of resource-efficient machine learning
by developing novel frameworks and techniques for data selection and augmentation, with
applications in diverse areas such as in-context learning, context management in LLMs and
MLLMs, and continual learning. The proposed methods build upon the principles of submod-
ularity and data augmentation to optimize ML models while maintaining their performance
across various tasks. Through comprehensive theoretical analysis, algorithmic development,
and empirical validation, this thesis provides critical insights into the design and implemen-

tation of data-centric methods to improve the end-to-end efficiency of modern ML systems.
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Chapter 2
SUBMODULARITY IN DEEP LEARNING

In this chapter, we begin by defining submodular functions in Sec. 2.1.1, followed by
an overview of various submodular functions and their applications in machine learning in
Sec. 2.1.2. We then explore existing submodular optimization algorithms subject to cardinal-
ity and knapsack constraints in Sec. 2.2. Additionally, we cover the mixture of submodular

functions in Sec. 2.1.2 and introduce submodular information-theoretic functions in Sec. 2.3.

2.1 Submodular Functions

Submodularity is a fundamental property of discrete set functions and plays a pivotal role in
diverse domains such as mathematics, economics, operations research, and machine learning.
This property naturally arises in numerous combinatorial problems, establishing its relevance
in fields ranging from machine learning and computer vision to game theory and energy sys-
tems [26]. The theoretical foundations of submodularity, combined with its practical appli-
cability across different machine learning tasks such as active learning, data summarization,
feature selection, and curriculum learning, position it as an indispensable tool in the current

deep learning landscape.

2.1.1 Submodular Function Definition

Given a ground set V' of n items, a set function f is defined over this ground set. Formally,
f: 2V — R evaluates the real-valued f-valuation of any subset A C V such that f(A) € R.
Submodular function is a special class of such set functions that satisfy the diminishing
returns property. Mathematically, for any two subsets A and B such that A C B C V, and

an item a such that a € V,a ¢ B, the diminishing returns property is defined as follows:
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f(AU{a}) = f(A) = f(BU{a}) — f(B) (2.1)

The marginal gain of adding an item a to set A C V is referred to as the conditional gain
and denoted by f(a|A). Specifically, we have f(a|4) 2 f(AU{a})— f(A). Eq. (2.1) implies
that the marginal utility (or gain) of an incoming element diminishes as the conditioning
set grows. This diminishing-returns property naturally arises across varied machine learning
and data science tasks, making submodular functions highly effective for modeling different
utility functions in machine learning, depending on the task at hand.

Another widely used definition of submodular functions is as follows:
f(A)+f(B) =z f(AUB) + f(AN B) (2.2)

for any two subsets A, B C V. Note that the two definitions in Eq. (2.1) and (2.2) are
equivalent. Below, we present Theorem 2.1.1 showing different equivalent definitions of

submodular functions.

Theorem 2.1.1. Given a submodular function f : 2V — R, the following definitions are

equivalent [239, 20].
o f(A)+ f(B)> f(AUB)+ f(ANB),VA BCV
e flal]A)> f(a|B),YVACBCV andVa €V \ B
o f(z]A)> flalAUy),VACV,VaeV\ (AU{y})
e f(C|A)> f(C|B),YACBCV,YCCV\B
o f(B) < f(A) + 2 uepa flald), VACBCV

o f(B) < f(A) = 2ean flalA\{a}), VBC ACYV
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Figure 2.1: Example of a Submodular function

A submodular function is said to be normalized if f(()) = 0, and it is monotone non-
decreasing if f(A) < f(B), VA C B C V. Alternatively, this can be written as f(a|A) > 0,
Va € V' \ A;A C V, meaning the conditional gain is always non-negative. A submodular
function that is normalized, monotone, and non-decreasing is referred to as a polymatroid
function [64].

In Fig. 2.1, we demonstrate an example of a submodular function. The set function f(A)
is defined as the number of unique colors in the set (or bowl) A C V. Bowl A on the left
has only two unique colors present, so f(A) = 2, while bowl B on the right contains three
unique colors, making f(B) = 3. Adding a new blue ball a to bowl A achieves a marginal
gain of 1, i.e., f(a]A) = 1, while in the context of the larger set B, the marginal gain is zero,
showing the diminishing returns property of the submodular function f.

Supermodular Functions: If a given function f(A) is submodular, then g(A) = —f(A)
is supermodular, and the inequality in Eq. (2.1) is reversed. Specifically, for all A C B CV

and a € V'\ B, we have the following inequality (increasing returns):

f(AU{a}) = f(A) < f(BU{a}) - f(B) (2.3)
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Modular Functions: A set function m(A) that is both submodular and supermodular
is known as a modular function and the inequality in Equations (2.1) and (2.3) is changed to
an equality. This implies that the marginal (or conditional) gain of an item does not depend

on the conditioning set. Mathematically, modular function m is defined as follows:

m(A) =c+ Zm(a) VACV (2.4)

If the modular function is normalized, i.e., m(0)) = 0, then ¢ = 0. The modular function
valuation of a set can be seen as simply adding the contributions of each singleton item in

the set, and hence m(a|A) = m(a|B),Va e V\ BandVAC BC V.

2.1.2  Ezxamples of Submodular Functions

Submodular functions [91] are widely recognized to model notions of diversity, representa-
tiveness, and coverage in many applications [20]. These functions satisfy the diminishing
returns property; that is, the incremental benefit of adding a new element decreases as the
context size increases. In this section, we cover some examples of submodular functions used

in the machine learning literature.

Facility Location Function

The facility location function identifies a subset of locations A from a ground set V' such
that the similarity between any location in V' and its closest facility in A is maximized.

Mathematically, it is defined as follows:
f(A) = ZTeaj( sim(a, v) (2.5)
veV
where sim(a, v) measures the similarity between two locations a and v. This function captures

the diversity of the set A relative to V—a high f(A) implies that every location in V' is well-

represented by at least one facility in A. Consequently, maximizing f(A) under constraints
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(e.g., cardinality) can yield a representative subset of V', as often required in summarization
and data selection tasks.

The utility of this function for practical ML applications often relies on the choice of
feature representations used to represent each item in the ground set V' and the choice
of the similarity kernel. Representations learned via unsupervised or self-supervised neu-
ral networks are frequently used with similarity metrics like RBF kernel and non-negative
cosine similarity (via ReLU truncation or add-one transformation). Finally, tuning these
hyperparameters is extremely important for optimal performance and is often dataset and

task-dependent—there is no one-size-fits-all solution.

Set Cover Function

The set cover function is a classic submodular function widely used to evaluate coverage in

optimization tasks. It is defined as:

£ =1 Sl (2.6)

acA

where 5, represents a subset of elements (or concepts ) associated with each a in the ground
set V and A C V. The function f(A) measures the total number of unique elements covered
by the subsets S, corresponding to the selected items in A.

This function is particularly useful for selecting a subset A that provides maximum cov-
erage of the universe of elements S = J, .\ S,. It is often applied in tasks such as resource
allocation and document summarization, where ensuring comprehensive representation is

critical.

Feature-Based Function

The feature-based submodular function is yet another submodular function for modeling
diversity based on features. Given a ground set V' and a set of features denoted by U,

each element v € V is associated with a non-negative feature vector m(v) € R'ZMO‘. The
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feature-based function is defined as follows:
F(A) =) o (Z mu(a)) (2.7)
ueld acA
where m,,(a) denotes the u-ness of item @ or the contribution of element a to the feature
u € U, and ¢, is a monotone concave function (e.g., log(1 + ), v/z). The composition of a
monotone concave function with any non-negative modular function results in a submodular
function.

Each element in the subset A C V contributes to the u-ness of the overall set A in an
additive manner, meaning m,(-) is a modular function such that m,(A) = >, ., mu(a).
The concavity of ¢, ensures the diminishing returns property: as the subset A grows, the
marginal contribution of additional elements diminishes. This property promotes diversity
by rewarding subsets A that distribute feature values across Y. For instance, achieving a
high function value requires leveraging features that are under-represented in A, encouraging
the selection of diverse elements in terms of feature coverage and representation.

Practical implementations of this function often rely on feature representations tailored to
the application. For categorical features, one-hot encoding can be used to capture diversity
by ensuring a balanced representation across categories. For numerical features, clustering
values into discrete categories followed by one-hot encoding provides a similar effect. De-
signing appropriate feature representations for this function is highly task-dependent for best

performance on various ML downstream tasks.

Mixture of Submodular Functions

A mixture of submodular functions is constructed by combining multiple submodular func-
tions into a single function using non-negative weights. Formally, given a set of submodular
functions fi, fo, ..., fx, the mixture function is defined as f(A) = Zle Aifi(A) where \; > 0
are mixture weights. This composition preserves submodularity because submodular func-
tions are closed under non-negative linear combinations.

Additionally, combining a submodular function with a modular function yields another
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submodular function. If f;(A) is a submodular function and m(A4) = }_ ., m(a) is a mod-
ular function, their mixture f(A) = fs(A) + m(A) remains submodular. This combination
facilitates tasks that require balancing diversity and representation (modeled by the submod-
ular component) with individual element importance (modeled by the modular component).
These formulations are particularly useful in real-world applications like query-focused sum-
marization, where both coverage and weighted relevance of items to a given query set must
be optimized.

Mixtures of submodular functions are particularly useful for modeling complex objectives
that require balancing multiple criteria, such as diversity, coverage, and representation. By
adjusting the weights \;, one can tailor the mixture function to emphasize specific submod-

ular properties that align with different task requirements.

2.2 Submodular Optimization

2.2.1 Submodular Mazximization

Submodular maximization is a fundamental problem in combinatorial optimization and is
widely applicable in scenarios requiring one to maximize diversity, coverage, or representa-
tiveness. Formally, given a submodular function f(-), the goal is to find a subset A C V
that maximizes f(A) under certain constraints on A, such as cardinality, knapsack, etc., as
shown below:
Problem 1 (Constrained Submodular Maximization).
max f(A) subject to constraints on A (2.8)
While finding the exact solution is often computationally intractable due to the combi-

natorial nature of the problem, efficient approximation algorithms exist.

Cardinality Constrained Submodular Maximization

Maximizing a monotone submodular function (f(A) > f(B) V B C A C V) without any

constraints is often trivial, as the optimal solution is simply the entire ground set V. However,
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real-world problems typically impose constraints that make the problem both meaningful
and computationally challenging. One common and practically relevant constraint is the
cardinality constraint, where the goal is to select a subset A C V' of limited size |A| < k that

maximizes the submodular function f(A) as shown in Problem 2
Problem 2 (Cardinality Constrained Submodular Maximization).

max f(A) (2.9)

ACV,|A[<k

Algorithm 1 Greedy Algorithms [239] for Problem 2

1: Input: Polymatroid function f : 2" — R, , cardinality constraint k
2: Output: Set A C V maximizing f(A) under cardinality constraint k
3: Initialize an empty set A < ()

4: for j=1to k do

5. e < argmax,cn 4(f(v]A)

6: A<« AU{e}

7: end for

8: return A

The greedy algorithm outlined in Algorithm 1 is a widely used approach for solving
this problem. Starting with an empty set, the algorithm iteratively adds the element that
provides the largest marginal gain to the function value, continuing until the subset reaches
the cardinality limit k. For monotone submodular functions, the greedy algorithm achieves a
(1—1/e)-approximation, where e is the base of the natural logarithm, guaranteeing solutions

that are provably close to the optimal.

Theorem 2.2.1. [259] For a given monotone non-decreasing submodular function f, Algo-

rithm 1 produces a solution S that satisfies the following approrimation guarantee:

£(8) 2 (1= 1)F(5°) ~ 0.63(5") (2.10)

where S* € argmax, 4 <, acv f(A) is the optimal solution to Problem 2.
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Cardinality-constrained submodular maximization has numerous practical applications,
including summarization, data subset selection, and resource allocation. For instance, in
summarization tasks, the goal is to select a limited number of sentences or data points that
maximize information coverage. Similarly, resource allocation involves selecting a subset of
locations or items that best represent or serve a target population within budget constraints.
The combination of submodularity and cardinality constraints makes this formulation both
versatile and effective in addressing diverse optimization challenges.

The greedy algorithm (Algorithm 1) finishes in k iterations, selecting at each step the
element with the highest marginal gain conditioned on the previously selected subset. This
leads to a time complexity of O(nk), which scales to O(n?) when k is proportional to n.

To reduce the computational cost, the lazy greedy algorithm [231] leverages the dimin-
ishing returns property of submodular functions to avoid redundant evaluations. Instead
of evaluating all elements at each iteration, the algorithm maintains a priority queue of
marginal gains. At each step, it selects the top element from the queue and evaluates its
true gain conditioned on the current subset. If the true gain remains the highest, the element
is selected; otherwise, it is returned to the queue, and the process continues. Although the
worst-case complexity remains the same as the vanilla greedy algorithm, this approach using
a priority queue data structure significantly reduces computation in practice.

Further optimization strategies include approximate greedy algorithms. The threshold-
based greedy algorithm [17] achieves an approximation ratio of (1 —1/e —¢€) with O (% log %)
function evaluations. Here, € is a parameter controlling the trade-off between approxima-
tion quality and computational efficiency. The algorithm iteratively reduces a threshold
exponentially and adds all elements with marginal gains exceeding the threshold.

Similarly, the lazier-than-lazy greedy algorithm [2341] uses random sampling to limit the
search space, achieving the same approximation ratio with O(nlog %) function evaluations.
Specifically, it uses uniform sampling to select a subset of elements at each iteration and
evaluates the marginal gains only for this subset, reducing computation. The size of the

sampled subset is controlled by the parameter €, allowing further tuning of the trade-off
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between computational efficiency and approximation quality.

Knapsack Constrained Submodular Maximization

Knapsack-constrained submodular maximization generalizes the cardinality constrained

problem by assigning a weight w(v) to each element v € V' and imposing a budget b such
that the total weight of the selected subset does not exceed b. Here, w(-) is modular function
meaning w(A) =) _,w(v). Formally, the goal is to find a subset A C V' that maximizes a

monotone submodular function f(A) under the constraint ) ., w(v) < b as stated below:

Problem 3 (Knapsack Constrained Submodular Maximization).

Agr/l,ﬁ}fx)gbf(A) (2.11)

Algorithm 2 Greedy Algorithm [151, 138] for Problem 3
1: Input: Ground set V', budget b, cost function w : V — R,, polymatroid function

f : 2V — R+
2: Output: Set A" C V maximizing f(A’) under budget constraint w(A") < b

3: Initialize an empty set A < ()
4: while w(A) < b do

Au{v})—f(A
51 €<= argmax, e\ A w(Au{v})<b fautel)o/A) UEU(}J) )
6: A+ AU {e}
7. end while

8: Let e* < ArgMax, ey, (v)<b f({v})

9: return A’ = argmaxge( 4 (e=yy Jf (5)

When each element has an identical cost, the budget constraint simplifies to a cardinality
constraint, under which the greedy algorithm achieves a (1 — %)—approximation guarantee.
The greedy algorithm can be adapted to the knapsack setting by iteratively selecting the

element with the highest marginal gain per unit weight, % until the budget is exhausted.
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2

This approach as shown in Algorithm 2 achieves a ( )-approximation for monotone

submodular functions as stated below:

Theorem 2.2.2. [171] For a given monotone non-decreasing submodular function f, Algo-

rithm 2 produces a solution S that satisfies the following approrimation guarantee:

1—et
>

£(8) = —

f(57) (2.12)

where S* € argmax sy, a)<p f(A) is the optimal solution to Problem 3.

Algorithm 3 Modified Greedy Algorithm [194] for Problem 3
1: Input: Ground set V', budget b, cost function w : V. — Ry, polymatroid function

f:2¥ = R,, scaling factor r > 0
2: Output: Set A" C V maximizing f(A’) under budget constraint w(A") < b
3: Initialize an empty set A < ()
4: Initialize remaining set R < V'
5: while R # () do
6: €<= argmax,cp W
7. if Y, w(a) +w(e) <band f(AU{k}) — f(A) >0 then
8: A+ AU{e}
9: end if
10 R+ R\ {e}
11: end while
12 ¢ argmax, ey f({0})

13: return A" = argmaxge g (e+1y f ()

Lin and Bilmes [191] proposed a modified version of the greedy algorithm as described in
Algorithm 3 by introducing a scaling factor » > 0. By introducing r, the algorithm provides
a flexible mechanism to balance the trade-off between the function marginal gain and item

cost. When r > 1, the algorithm imposes a stronger penalty on high-cost items, leading
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to a more conservative selection strategy that favors lower-cost items. On the other hand,
when r < 1, the impact of cost-based penalization is diminished, allowing the algorithm to
prioritize elements with higher marginal gains, even when their associated costs are relatively
high. 7 can be tailored based on domain knowledge. For example, if costs vary widely and

high-cost elements are disproportionately impactful, reducing r could be advantageous.

Theorem 2.2.3. [19/] For a normalized monotone submodular function f, Algorithm 3

with r = 1 provides the following approximation guarantee:
F(S)> (1—e7?) f(57) (2.13)
where S* 1s the optimal solution to Problem 5.

Algorithm 2 is a special case of Algorithm 3 for » = 1, with the latter achieving a
better bound. Introducing the scaling factor r provides a mechanism to control the trade-off
between cost efficiency and marginal gain, making the greedy algorithm more adaptable to
problem-specific requirements compared to the original greedy approach in Algorithm 2.

Knapsack constraints are highly relevant in applications where resources are limited. For
instance, in data subset selection, w(v) may represent the cost of processing or labeling an
item, and the budget b corresponds to the total available resources. Similarly, in sensor
placement, w(v) could denote the cost of deploying a sensor, while b represents the deploy-
ment budget. These practical scenarios highlight the importance of efficient and scalable

solutions for performing knapsack-constrained submodular maximization.

2.3 Submodular Information Theoretic Functions

Information-theoretic measures [59], such as mutual information (MI) and conditional en-
tropy, have long been central to machine learning [91, , , 8D, | and data-driven
decision-making [318, , |, offering a principled framework for quantifying relevance,

redundancy, and diversity. These measures have been applied in continuous domains, where

they quantify dependencies between random variables, enabling optimization in tasks such
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as feature selection, active learning, clustering, etc. However, many practical machine learn-
ing scenarios involve finite, discrete datasets where the relationships between data subsets
must also capture diversity and representativeness. Submodular functions, with their dimin-
ishing returns property, naturally extend these continuous information-theoretic concepts to
the discrete domain. Submodular information-theoretic measures [125] such as Submodular
Mutual Information (SMI) and Conditional Gain enable efficient selection of diverse and
relevant data subsets, making them invaluable in addressing challenges of large-scale ma-
chine learning, including data summarization, active learning, and resource-efficient model

training.

2.3.1  Submodular Mutual Information (SMI)

Submodular Mutual Information (SMI) extends the notion of MI to discrete settings, en-
abling the evaluation of the relevance of a subset A C V' with respect to a query set Q C V.

Formally, it is defined as:

I1(A;Q) = f(A) + (@) — f(AUQ) (2.14)

where f : 2¥ — R is a submodular function. The SMI function quantifies the shared
information between A and @, effectively measuring their similarity (or relevance). Here,
Q is referred to as the query or conditioning set, representing the anchor set for selection.
Maximizing the SMI function helps identify a subset A that not only aligns closely with @)
(or is redundant with respect to @) but also maintains desirable properties such as repre-
sentation, coverage, and diversity, depending on the underlying submodular function. This
formulation is particularly useful in data selection tasks where the goal is to choose subsets
that are both diverse and highly relevant to a specific query set or task.

For example, in query-focused, that is, targeted data selection/summarization, A might
represent a candidate subset of data points, and @) is a set of labeled examples or key

features. The SMI ensures that the selected subset A captures the most important aspects
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of ), balancing coverage, diversity, and relevance.

2.3.2 Submodular Conditional Gain

The conditional gain extends the notion of conditional entropy to submodular functions,

measuring the incremental value of adding a subset A to another subset Q). It is defined as:

fATQ) = fAUQ) - f(Q) (2.15)

where f: 2" — R is a submodular function and () is referred to as the conditioning set.
Conditional gain captures the marginal utility or contribution of including A in the context
of ). Intuitively, it models the additional information A brings when combined with the
already existing set ().

Maximizing the conditional gain is particularly useful in scenarios where the goal is to
identify a subset A that not only complements () but is also diverse and representative. For
example, in data selection tasks, () might represent a set of data points already selected or
labeled, and A represents new candidates being evaluated for inclusion or annotation. By
maximizing the conditional gain, the selected subset A ensures minimal redundancy with
respect to () while maintaining representativeness.

Conversely, minimizing the conditional gain can also be useful in specific contexts. By
minimizing f(A | @), the objective is to identify subsets A that closely align with @, captur-
ing elements that exhibit high redundancy or similarity to ). This is particularly valuable
in query-relevance tasks, where the aim is to find subsets A that provide the most overlap
with or relevance to the conditioning set (). For example, in query-focused summarization,
minimizing the conditional gain helps select elements that fully cover the aspects represented
by the query set ) but might contain redundant elements, as we highlight in Chapter 4.

Therefore, conditional gain is a versatile framework that supports both complementarity
and redundancy-based selection, depending on the specific optimization objective. By lever-

aging the diminishing returns property of submodular functions, conditional gain provides
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a principled approach to quantifying the incremental contributions of subsets A in the pres-
ence of (). This makes it applicable to a wide range of machine learning tasks, such as data

selection, summarization, active learning, and diversity-aware optimization.
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Chapter 3
DATA SELECTION AND AUGMENTATION

In this chapter, we provide a broad overview of existing literature on data selection (Sec.
3.1) and augmentation (Sec. 3.2) techniques, with a particular focus on approaches that
enhance the resource efficiency of machine learning models. We categorize data selection
algorithms across three key ML paradigms: (1) active learning (Sec. 3.1.1), (2) targeted
fine-tuning (Sec. 3.1.2), and (3) test-time input context selection for efficient inference (Sec.
3.1.3). While this chapter provides a high-level survey of related work, each subsequent
chapter contains a dedicated related work section, where we delve deeper into the specific
challenges and methodologies relevant to the specific task and application area covered in

that chapter.

3.1 Data Selection in Deep Learning

Data selection is a fundamental component in the training of deep learning models [383, 203],
where, given a collection of data points, the goal is to identify a subset that is optimal in
terms of improving model performance, resource efficiency, and generalization ability. The
primary objective is to ensure that the data utilized for training is both relevant and of
high quality [57]—this becomes even more critical as datasets grow in size, complexity,
and heterogeneity. Data selection approaches range from heuristic techniques that apply
predefined filtering rules [266, 168] to more advanced algorithmic methods that evaluate and
prioritize data points based on their relevance and informativeness [362, , , ].
Heuristic approaches typically rely on straightforward filtering rules, such as exclud-
ing noisy, incomplete, or low-quality samples, aiming to improve the overall quality of the

dataset [200, , |. These methods are often easy to implement and are computation-
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ally efficient, making them well-suited for initial dataset refinement. However, their reliance
on simple criteria can cause them to overlook intricate data relationships and fail to iden-
tify complex redundancies, ultimately limiting their effectiveness in improving the resource
efficiency of ML models, particularly for large-scale datasets.

In contrast, algorithmic approaches offer a more structured framework for data selection
by leveraging optimization techniques to assess and prioritize samples based on their rele-
vance and informativeness. Methods such as GLISTER [110] use bi-level optimization to
identify data subsets that maximize validation performance while maintaining robustness to
noise and imbalances in the dataset. Similarly, GRAD-MATCH [139] uses gradient matching
to select subsets that replicate the learning signal of the entire dataset, achieving an effec-
tive balance between computational efficiency and predictive accuracy. These methods have
been shown to significantly reduce training times and computational costs while maintaining
overall model performance.

Another set of techniques involves coreset selection, such as CRAIG [235] and CREST
[363]. These approaches identify representative weighted subsets of data that closely approx-
imate the gradient of the full dataset, ensuring theoretical convergence guarantees. CRAIG,
for instance, maximizes a submodular function to select subsets, providing efficient train-
ing without compromising accuracy. CREST extends this concept to non-convex models by
iteratively updating subsets during training to adapt to evolving data dynamics, thereby

improving scalability and sustainability [363].

3.1.1 Data Selection for Active Learning

Another data selection paradigm, active learning [291], focuses on iteratively querying the
most informative samples for annotation. This enables the efficient use of labeled data in sce-
narios where labeling costs are prohibitively high. Traditional methods, such as uncertainty
sampling and query-by-committee, select samples based on model uncertainty or disagree-
ment among predictors [291]. Although effective in certain scenarios, these approaches often

neglect diversity within the selected batches [316], leading to redundant samples and thus
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limiting overall improvements in terms of resource efficiency.

To address these limitations, diversified active learning methods have been proposed to
balance informativeness and diversity in the selection process. For instance, Filtered Ac-
tive Submodular Selection (FASS) [316] combines uncertainty sampling with submodular
optimization to select subsets that maximize both diversity and informativeness, leading to
improved generalization. Similarly, Sener and Savarese [289] reformulate active learning as
a coreset selection problem, leveraging the k-center algorithm to identify data points that
are most representative of the dataset. The BADGE algorithm [15] extends these ideas by
incorporating hypothesized gradients and selecting batches with diverse and high-magnitude
gradient directions. By capturing both predictive uncertainty and sample diversity, BADGE
provides a robust approach to active learning, particularly in resource-constrained scenar-
ios where labeled data is limited. An alternative to traditional active learning methods is
Selection via Proxy (SVP) [57], which employs smaller and computationally efficient proxy
models to guide the selection process. These proxy models approximate the learning sig-
nals of larger, more complex models, thereby significantly reducing computational overhead

without compromising model accuracy.

3.1.2  Data Selection for Targeted Fine-tuning

Data selection for targeted fine-tuning involves selecting a subset of data most relevant
to a specific task or domain from a larger dataset, aiming to reduce computational costs
while maintaining or improving model performance. This approach has gained significant
attention with the increased usage of pre-trained large language models (LLMs), often pre-
trained on vast and heterogeneous datasets. Fine-tuning these large models for diverse
downstream tasks or applications is computationally expensive and can lead to negative
task interference [122]. By carefully selecting task-relevant subsets, targeted fine-tuning
reduces resource costs and leads to better task-specific generalization, providing an efficient
framework for adapting pre-trained large models to specialized domains.

The most common set of methods employs similarity-based retrieval to identify task-
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relevant data from large datasets encompassing a diverse range of tasks. The DEFT frame-
work [122] leverages cross-task nearest neighbors to identify subsets of multi-task data closely
aligned with the target task data points. DEFT operates by analyzing a small set of un-
labeled examples from the target task to identify similar instances within the large pool of
multi-task data, creating a curated subset for fine-tuning. By fine-tuning on these targeted
subsets, DEFT achieves competitive or superior performance compared to models trained on
the entire dataset, demonstrating the efficacy of targeted data selection. Similarly, LESS [353]
selects targeted fine-tuning data by leveraging low-dimensional gradient feature similarity to
estimate data influence effectively. These works demonstrate the importance of fine-grained
data selection in order to achieve task-specific performance gains and resource efficiency

concerning data, computing, and memory.

Another group of methods employs submodular optimization to systematically select
diverse and informative subsets of data, providing a principled approach for targeted data
selection. For example, DELIFT [2] optimizes data selection across various stages of fine-
tuning—such as instruction tuning, task-specific fine-tuning, and continual fine-tuning
—using a pairwise utility metric and submodular optimization to identify diverse, high-
value data subsets. This approach leads to substantial reductions in dataset size, often up to
70%, thereby reducing resource requirements while maintaining model performance. Simi-
larly, DITTO [150] uses Submodular Mutual Information (SMI) [125] functions (described in
Sec. 2.3.1) to identify the most informative subsets of data for adapting speech recognition
systems to target accents. By maximizing SMI, DITTO ensures that the selected data is
representative of the target domain and diverse enough to generalize across multiple target

accents, making it particularly effective in low-resource settings with limited labeled data.

Another group of methods leverages target task-specific retrieval augmentation to en-
hance data selection for targeted fine-tuning while maintaining computational efficiency.
COBRA [68] introduces an SMI-based (described in Sec. 2.3.1) retrieval strategy to im-
prove data selection for targeted fine-tuning. Unlike traditional retrieval approaches that

rely solely on similarity measures, COBRA optimizes for both relevance and diversity using
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Facility Location Mutual Information (FLMI), an SMI function, ensuring the selected few-
shot examples cover the target task space well. This improves the data efficiency of few-shot
learning by reducing redundancy in the selected data, making it particularly effective in

low-data regimes.

3.1.3 Test-Time Input Context Selection

LLMs [258, 321] and Multimodal Large Language Models (MLLMs) [371, , , 337]
have demonstrated state-of-the-art performance across a wide range of natural language
processing (NLP) and computer vision (CV) tasks, including machine translation, document
summarization, conversational Al, image captioning, and video understanding [36, 81, ,

|. Their ability to adapt across various downstream applications [259, , | has made
them a core component of modern ML systems. However, their substantial computational
and memory demands—stemming from their large parameter sizes, quadratic scaling of the
self-attention [328] mechanism, and the need to handle long input contexts—pose significant
challenges for practical deployment. As LLMs and MLLMs are increasingly used in real-time
and resource-constrained settings, improving scalability and efficiency during inference has
become a critical area of research [31, 333].

LLMs and MLLMs perform downstream tasks primarily through prompting, where the
task specification and relevant data are provided as part of the input context, allowing
the model to generate appropriate responses without explicit fine-tuning [176, , ,

, 18, 97, 50, |. These input contexts can be thousands of tokens long, particularly
when models are used to process long-form documents such as legal or scientific texts and
conversation histories or when augmented with external knowledge retrieval from search
engines or databases [358, |. Similarly, in MLLMs, input contexts can be composed of
long video sequences or multiple image frames [308], further exacerbating the computational
overhead. Since transformer-based architectures exhibit quadratic scaling in compute and
memory costs with respect to input length [328], selecting the input context efficiently is a

fundamental challenge for scalable inference.
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Test-time input context selection involves identifying and prioritizing the most rele-
vant information to be provided to the model during inference. Filtering out redundant
and irrelevant data helps reduce computational and memory overhead while maintaining or
even improving model performance. This is particularly crucial in real-time and resource-
constrained environments where inference must meet strict latency and efficiency require-

ments [104, 5, 372].

Importance of Input Context Selection The quality and relevance of input context
play a critical role in the inference performance of LLMs and MLLMs. Providing redun-
dant and irrelevant information increases the computational workload significantly due to
the quadratic scaling of self-attention mechanisms in transformer-based architectures [328].
As input length increases, the self-attention operation requires computing pairwise interac-
tions between all tokens, leading to O(n%d) complexity, where n is the sequence length and
d is the model’s hidden dimension. This results in disproportionately higher computational
costs, longer inference times, and increased memory consumption, making the efficient se-
lection of relevant input context essential for scalable deployment [164, , , |. More
importantly, irrelevant context can introduce noise into the model’s processing, potentially
degrading the quality of predictions by misguiding attention allocation, thereby affecting the
model’s ability to focus on task-critical information [300, 368, 173].

Conversely, selecting a task-relevant and diverse input context enables the model to
focus on the information most pertinent to the task, improving both efficiency and in-
terpretability. For example, in question answering or document summarization, providing
concise and focused context allows the model to generate more accurate and coherent re-
sponses [1706, , , 373].

Input Context Selection Across ICL, RAG, and KV Cache Summarization:
Three major areas where input context selection plays a crucial role in optimizing inference
efficiency are In-Context Learning (ICL), Retrieval-Augmented Generation (RAG), and KV

cache summarization. These are described below.
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In-Context Learning

In-context learning is a powerful paradigm that enables pre-trained models to perform new
tasks by conditioning on task demonstrations (also called exemplars) provided within the
input context [30, ]. Without any fine-tuning, the model derives task-specific behaviors
from exemplars included in the input prompt, allowing for adaptation to diverse tasks.
Since the choice of exemplars directly impacts downstream task performance, effective
input context selection is crucial in in-context learning [78]. To ensure that the model
captures key task characteristics, one needs to prioritize both query-relevant and diverse
demonstrations for selection in the prompt [174, , ], leading to reliable outputs while
incurring low latency. Methods such as submodular optimization [109, 157] and relevance-
based filtering [26, | have been employed to identify query-relevant and representative

exemplars, maximizing the utility of constrained context windows.

Retrieval Augmented Generation

Retrieval-Augmented Generation (RAG) integrates external knowledge retrieval into the
inference process, enabling LLMs and MLLMs to access domain-specific or up-to-date in-
formation. In this framework, relevant documents or data points are retrieved from large
knowledge bases and included in the input context, enriching the model’s understanding and
improving generation quality [170, , , 264].

Effective context selection is crucial in RAG systems to prevent the inclusion of irrele-
vant or redundant information, which can increase the sequence length and increase com-
putational and memory overhead. Processing longer sequences not only raises memory and
latency costs but can also degrade model performance by introducing distracting or con-
flicting information [312, |. To address this, techniques such as semantic similarity-based
selection [264, 97, 88] and diversity-based selection [252, 4(] are commonly employed to
identify and retrieve the most informative and non-redundant documents. By prioritizing

relevant and informative data and filtering out redundant content, RAG systems improve



36

response quality while minimizing computational costs.

KV Cache (memory) selection in LLMs € MLLMs

The decoding process in LLMs and MLLMs follows an autoregressive mechanism, where
tokens are processed sequentially to generate output tokens. At each step, the model at-
tends to previously generated tokens in addition to the input tokens using the self-attention
mechanism, enabling contextual reasoning over long sequences. In LLMs, the sequence con-
sists of text tokens, while in MLLMs, it includes both text tokens and visual tokens [198]
with visual token embeddings extracted from vision encoders such as CLIP [257]. To avoid
redundant re-computations of past tokens at each generation step, KV (Key-Value) caching
is employed [253]. KV caching stores previously computed attention keys (K) and values
(V) across all layers, allowing the model to efficiently reuse past token representations in
subsequent self-attention computations [325].

While KV caching eliminates redundant re-computations, the quadratic complexity of
the self-attention mechanism with respect to the sequence length remains a bottleneck.
Specifically, the computational and memory overheads scale as O(N?d), where N is the
sequence length and d is the embedding dimension. As the sequence length increases, in-
ference latency and memory consumption grow non-linearly, posing challenges for real-time
applications [67, D, |. Furthermore, the KV cache memory footprint increases linearly
with sequence length, as each token requires storing its K and V representations across all
model layers. In LLMs processing long documents [197] and MLLMs handling long video
sequences [308, ], this quickly leads to GPU memory saturation, significantly limiting
scalability. Thus, efficiently managing the KV cache, or more broadly, the memory footprint
of LLMs and MLLMs, is crucial for ensuring the scalability of these models in real-world
applications.

Several KV cache summarization techniques have been proposed to mitigate the grow-
ing memory overhead in LLMs by selectively evicting, compressing, or quantizing tokens.

H20 [393] identifies and retains heavy-hitter tokens based on a modular scoring function,
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while FastGen [100] leverages attention profiling to determine which tokens can be evicted
without hurting downstream task performance. Prompt compression methods [236] gener-
ate gist tokens to reduce KV cache size while preserving essential context. Post-training
quantization techniques further optimize memory usage, with WKVQuant [370] applying a
past-only quantization mechanism, QAQ [79] selectively quantizing elements based on at-
tention scores, and Sparq [274] pruning tokens while correcting errors using sparse matrices.
GEAR [133] approximates quantization errors using low-rank matrices, whereas Loma [339)]
introduces a lossless compression approach, though it requires fine-tuning. Additionally,
PagedAttention [163] optimizes memory fragmentation in order to enhance the throughput
of LLM serving. These methods collectively aim to reduce LLMs” KV cache size, improving
efficiency in long-sequence processing and inference.

In large multimodal models, the problem becomes even more pronounced, as each image
frame typically consists of over 600 visual tokens when using Vision Transformers (ViTs) to
extract patch (or visual token) embeddings [257]. In MLLMs such as Video-LLaVA [192],
where multiple frames are processed sequentially, the KV cache grows rapidly with each new
frame, adding thousands of visual tokens to the sequence. As a result, effective visual token
summarization is essential to maintaining computational efficiency and reducing memory
footprint. To address this, methods such as FasterVLM [358] leverage self-attention-based
token filtering to remove redundant visual tokens before they are processed by the LLM,
while VisionZip [361] employs token merging techniques to condense multiple similar tokens
into a smaller set of representative embeddings. These strategies enable VLMs to process
long multimodal sequences while balancing computational & memory efficiency and model
performance, ensuring that memory and compute constraints in real-world applications do

not hurt accessibility.
3.2 Data Augmentation in Deep Learning

Modern ML systems using deep models have achieved significant success across diverse

tasks [255] by leveraging their ability to extract complex patterns from large datasets. How-
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ever, their effectiveness depends on their generalizability—the ability to perform well on
unseen data beyond the training set. Generalization remains a central challenge in deep
learning, as increasing model complexity can sometimes lead to poor performance on unseen
test data [23]. While highly expressive models have the capacity to fit training data closely,
this does not always translate into improved test performance [237]. The precise mechanisms
by which deep models generalize—despite their ability to fit even random labels—remain an
active area of research [241, , 23, |. Nevertheless, empirical evidence suggests that
under certain conditions, overfitting can limit a model’s applicability in real-world scenar-
ios [208].

Techniques ranging from regularization [210, 92, | to architectural modifications [309,

, , 106] have been proposed to mitigate overfitting and improve model generalization.
Among these, data augmentation [383] stands out as a simple yet effective approach where
the training dataset is artificially expanded by applying transformations such as rotations,
flips, noise injection, or domain-specific modifications. These augmentations increase data
diversity [310]—by introducing novel variations of existing samples—and encouraging the
model to learn more robust and generalizable features, thereby reducing its dependence on
memorizing specific examples. In this subsection, we focus on data augmentation techniques
and their role in improving generalization in deep models, particularly in the limited data

regime.

3.2.1 Data Augmentation for Image Data

In low-data settings for different vision-based tasks, where the training dataset size is insuffi-
cient to fully capture the variability of the underlying distribution, image data augmentation
is a key technique for improving model performance while maintaining the same data an-
notation costs. Basic augmentation methods [303], such as geometric transformations (e.g.,
flipping, cropping, rotation, translation) and color space adjustments (e.g., brightness and
contrast modifications, color histogram alterations), are widely used due to their simplicity

and effectiveness. Geometric transformations help mitigate positional biases in datasets,
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while color space transformations address lighting variations. However, these techniques do
not always preserve labels, and their application requires domain expertise to avoid adding
noise to the training data.

Beyond these basic techniques, more advanced augmentation methods generate syn-
thetic data by manipulating samples at both pixel and feature-space levels. For instance,
MixUp [385] and Manifold MixUp [329] generate synthetic data by combining multiple im-
ages or interpolating feature representations within the model’s latent space. Cutout [7]
enhances robustness by removing random image regions, encouraging the model to focus
on broader contextual features. CutMix [378] extends this approach by replacing the re-
moved regions with patches from another image and mixing their corresponding labels. Deep
learning-based augmentation strategies, such as GAN-based augmentation [104, 76, 35] and
neural style transfer [9%], further increase dataset diversity by synthesizing realistic training
examples, albeit at a higher computational cost. These augmentation techniques are par-
ticularly beneficial in data-scarce scenarios, such as long-tailed learning [101] and continual
learning [7, 21, , , 158] with limited memory buffer (used for experience replay), etc.
Additionally, reinforcement learning-based approaches, such as AutoAugment [62] and Ran-
dAugment [63], aim to automate augmentation strategies by learning optimal transformation

policies, further enhancing model generalization while reducing manual effort.

3.2.2  Applications in Continual Learning

Continual Learning aims to learn continually from a stream of non-stationary data, but
it is inherently prone to catastrophic forgetting [93, |. Several approaches have been
proposed to mitigate forgetting. These include regularization-based methods [144], which
constrain parameter updates to preserve previously learned knowledge; parameter isolation
techniques [311], which assign dedicated subsets of parameters to different tasks; and replay-
based methods [15], which revisit data from past tasks to mitigate forgetting. Among these
strategies, experience replay—utilizing a fixed-size memory buffer—is one of the most effec-

tive techniques. By replaying stored samples from past tasks alongside new data, experience
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replay helps maintain a balance between acquiring new information and retaining old knowl-
edge.

However, the utility of experience replay is limited by the size of the memory buffer,
which often limits the diversity and representativeness of the stored samples. Augmentation
techniques such as cropping, rotation, flipping, and noise injection can enhance the replay
buffer by introducing additional variability [21, |, thereby improving the model’s ability
to generalize across sequential tasks. More advanced methods, such as MixUp and CutMix,
further enhance the diversity of replayed data by interpolating features or blending image

patches to create virtual replay samples.
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Chapter 4

SUBMODULAR SPAN PROBLEM & CONDITIONAL DATA
SUMMARIZATION

4.1 Introduction

In this chapter, we propose a submodular framework for conditional i.e., query-focused data
summarization. Conditional data summarization focuses on selecting a subset from a large
dataset that is both relevant to a given query set and representative of the large dataset.
Multiple applications in machine learning and information retrieval are related to this task.
For example, in query-based extractive Multi-Document Summarization (MDS), the goal is
to produce a short human-readable summary given a large collection of text documents. This
summary should not only be relevant to the query but also encapsulate the general content
of all documents. Similarly, query-based image summarization aims to retrieve a subset of
diverse images similar to the query images, given a large image dataset. This concept also
applies to general web searches, where the end result is a succinct summary of the web that

is relevant to the user query(s).

Conditional data summarization is related to generic summarization (where there is no
query to which relevance is preferred) and is formulated as selecting a representative subset
of a large dataset, often based on maximizing a utility function. The utility function captures
properties such as informativeness, diversity, and coverage and often satisfies a submodular-
ity property. Submodular functions possess a natural diminishing returns property, i.e., the
incremental value of a new element is less in a larger than in a smaller context. Given a
submodular function f, generic summarization can be addressed via cardinality constrained
submodular maximization maxcy.jaj<k f(A), which is solvable with a constant factor i.e.,

(1 — 1/e) guarantee using the simple greedy algorithm [239, 231] outlined in Algorithm 1.
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In ML and fields such as natural language processing (NLP) and information retrieval
(IR), various approaches have been used to solve this problem. Query-based MDS can be
either supervised where labels are available and a training phase occurs [195, ] or un-
supervised, where there are no target labels to train on [115, , 90]. Recent methods in
query-based extractive video summarization include snippet selection using sequential and
hierarchical Determinantal Point Processes (DPP) [295, |. Although applicable, these
methods are supervised and consider the query to be extraneous to the data/corpus. Given
the tremendous growth in data and expensive task-based data annotation, there is a press-
ing need for a unifying conditional data summarization framework that (a) generalizes to
different queries, i.e., query-independent function formulation, (b) supports multiple query
summarization, i.e., does not limit the query size to one, (c) considers the query to be intrin-
sic to the data/corpus, and (d) is minimally supervised, i.e., uses pre-existing summarization
labels only on a limited validation set for hyperparameter tuning.

On this last point, extractive summarization labeling tasks are much harder than stan-
dard machine learning labeling and/or annotation tasks—the reason is that a training “set”
must be of the form D = {(V;, A;)}._, where Vi, V; is the i*! dataset and A; C V; is a summary
of that dataset. For a human annotator, creating this is extremely difficult; imagine, for ex-
ample, the task of selecting a size-1000 representative subset from 100,000 images, i.e., where
|Vi] = 100,000 and |A;| = 1000. Hence, minimal supervision (if any at all) is not only desir-
able but necessary for the general task of training or tuning big data summarization processes.

In this chapter, we develop a new minimally supervised conditional summarization frame-
work based on a method that we call the submodular span problem. This method produces
a conditional summary, i.e., a summary that is relevant to a given query set  C V. We
formulate this as an optimization problem over a submodular function f : 2V — R, where
the ground set V' involves both the query set @) and the data items being summarized V\ Q.
The utility function f is expected to capture the same fundamental properties that a utility
function would capture for a generic summary (i.e., diversity, representativeness, etc.). Also,

the utility function does not need to be reformulated as the query set () changes.
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This chapter is based on the work published in: Lilly Kumari and Jeff Bilmes. Submod-
ular span, with applications to conditional data summarization. In Proceedings of the AAAI

Conference on Artificial Intelligence, 2021.

4.2 Related Work

4.2.1  Conditional Multi-Document Summarization

The majority of existing extractive MDS methods are based on two tasks: query-based
relevance ranking and sentence saliency score-based selection. One of the earlier standard
methods is maximum marginal relevance (MMR) [10], which uses a greedy approach to se-
lect the most relevant sentences while considering the relevance and redundancy trade-offs.
Follow-up works [22, | propose an optimal reformulation to the MMR framework in the
form of an integer linear programming problem.

The methods based on data reconstruction, for example, DSDR [115], reconstruct each
sentence by a non-negative linear combination of summary sentences and then use sparse cod-
ing to select summary sentences that minimize the document reconstruction error. SpOpt
[365] adds a sentence dissimilarity term to the objective to maximize diversity. DocRe-
build [216] further builds upon the DSDR framework using a neural document model. CT-
SUM [332] utilizes several hand-crafted features to predict sentence uncertainty scores and
then uses them in a graph-based ranking scheme. More recently, deep learning-based tech-
niques such as DocEmb [116], and the vector space model [132] utilize the sum of trained
word embeddings to represent sentences or documents and formalize the task as maximiz-
ing a submodular function defined on the similarity of embeddings. The state-of-the-art
unsupervised method called Dual-CES [278] proposes a two-step dual-cascade optimization
framework, where both steps utilize the cross-entropy method to handle trade-offs between
sentence saliency and focus. Among the supervised methods, the state-of-the-art method

SRSum [271] uses a deep neural network-based model that comprises five sub-models: Pri-

orSum, CSRSum, TSRSum, QSRSum, and SFSum. The individual models encode surface
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features and latent semantic sentence meaning and use attention to simulate the context-

aware reading of a human.

4.2.2  Conditional Video Summarization

Existing methods for this task are supervised in terms of using the summarization labels.
Recent works [295, | based on DPP propose a sequential and hierarchical DPP to model a
shot’s relevance to the given query and representativeness in the video. Specifically, they use
a Hierarchical Variational Network (HVN) consisting of a query-focused attention module
and a multi-level self-attention variational block that captures the multi-level visual content
of the scenes and adds to the user-oriented diversity as well. Another work [350] trains a
Query-biased Self-Attentive Network (QSAN), which learns the mapping between the visual
content and textual captions. It is then augmented with a query-aware scoring MLP to

generate a query-focused summary.

4.2.83  Conditional Image Corpus Summarization

This domain is relatively new, and the existing work does not meet all the requirements of
a conditional image summarization system. For example, authors in [323] propose learning
a mixture of submodular functions for generic image collection summarization. Another
work [13] focuses on image retrieval given multiple queries of the same object, resulting in
improved recall of the system compared to a single query.

Although the existing methods perform well in their respective domains, there is no
simple, effective, and unifying framework for conditional data summarization that requires
minimal learning and can be used irrespective of the data modality. We believe the submod-

ular span approach we present in this work fits this bill.

4.3 Submodular Span

A given set function f : 2" — R, is non-negative, monotone, non-decreasing, and submod-

ular if f(j]A) > f(j|B) > 0forall A C B CV and j € V. Such a function is often called
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a polymatroid function [64]. Given a polymatroid function f : 2V — R,, and a query set

@) CV and defining Vi = V' \ @, we define the submodular span problem as
maximize {|A] s.t. A C Vy, f(A|Q) < €}, (4.1)

where € > 0 is small. W.l.o.g., we assume all polymatroid functions are normalized so that
not only f(#)) = 0 but f(V) = 1. Dual to the submodular span problem is Eq. (4.32). We
see that these problems are related in that they generally ask for large sets A that have
low f-valuation when conditioned on the query set (). We also see that the dual form is
cardinality-constrained submodular minimization, a problem that is known to have no con-
stant factor approximation algorithm in general [312], although, in the limited curvature case,
it is constant-factor approximable (see Theorem 4.3.9 analogous to Theorem 5.4 in [121]).
Submodular span is used as the first step in our conditional summarization strategy,
i.e., given a domain V' over which a submodular function f is defined, and given a query
set () C V, the objective is to produce a @-related summary of the remainder V. Sub-
modular span produces a large set A that is related to @), but to be a good summary, it
should also be non-redundant. Hence, given a solution A7) to either Eq. (4.1) or (4.32), one
can apply standard submodular maximization (via the greedy algorithm outlined in Algo-
rithm 1), approximately solving Eq. (4.33). The resulting solution is both related to @ and
non-redundant. Conditional summarization uses only one submodular function f defined

both on () and everything else V.

4.8.1 Matroids, Span, and Redundancy

The reason we call the above the submodular span problem is that for a matroid rank function,
it is identical to the matroid span. A matroid M = (V,Z) is an algebraic system consisting of
a pair (V,Z), where V is a ground set, and Z = {Iy, I5, ... } is a non-empty set of independent
subsets I; C V satisfying the two properties: (1) down-closed, if I € Z then A € T for
any A C I, and (2) exchangeable, for all I,I, € Z with |[;]| < |I], then Jj € I, \ I,
such that I; U {j} € Z. The rank function 7y : 2¥ — R of a matroid is defined as
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rm(A) = maxzer |A NI, ie., the maximum independent subset of A which is an integer-
valued unit-increment polymatroid function. The rank function also defines the matroid,
so we can refer to the matroid simply as rn. Given 7y and a query set (), the span

function [246] is defined as:

span,,, o(@) = {v € V: ru(QUA{v}) = rm(Q)} (4.2)

The subscript “rpa, 07 notation will become apparent below. The span is also called the
“closure” of @), and the span of @) produces a “flat” (or a “subspace”) that contains ). We

also define a (Q-specific “redundancy” function redn for a matroid as follows:
redn,, o(Q) € argmax{|A|: A C Vg, rm(A|Q) = 0} (4.3)

We see that Eq. (4.1) with f = ra being a matroid rank function and ¢ = 0 computes
redn,, o(Q). By simple inspection, we see that computing span, ((Q) is much more
straightforward via a simple O(n) process than computing redn,,, o(Q) which appears to
be a form of constrained submodular minimization. Therefore, in the next several sections,
we study span,  ,(Q) as a surrogate for redn,, o(Q), starting with the case of pure matroids,

where there is good news.

Lemma 4.3.1. redn,,, o(Q) is unique when rag is a matroid rank function.

Proof. Let A1, Ay € {ACV\Q:rym(AlQ) =0}. We prove that AiNA; € {ACV\Q:
rai(AQ) = 0} and A, U Ay € {A CV\ @ : rad(AlQ) = 0},

Take any subset B C A, then 0 = ry(A|Q) > rm(B|Q) > 0. Hence ry(B|Q) = 0. Since
A; N Ay C A, then ry (A1 N Ay|Q) = 0.

Next, by submodularity, we have:

0 = 70 (AL]Q) + 70 (A2]Q) > (4.4)
ram(A1 U AslQ) + ra(A N As|Q) >0 (4.5)
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Hence rpy(A; U A3|@Q) = 0. The uniqueness of redn follows by considering the following
equivalent definition:
redn, ., o(Q) = U A’ (4.6)
ATe{ACVA\QIr i (A|Q)=0}

]

Theorem 4.3.2. span,. ((Q) = redn,,, o(Q) when rr is a matroid rank function.

Proof. We first show that span,  ,(Q) C redn,,, o(Q).

We prove this by induction on i € [k]. Order elements {v1, v, ..., v} = span,  4(Q)\ Q.
Then 70 (v;]@Q) = 0 for all @ € [k]. The base case is as follows: from submodularity, we
have 7y (Q U {v1}) +rm(Q U {ve}) > ru(Q) + rm(Q U {v1,v2}) and hence ry(Q U{v,}) >
7m(Q U {v1,v2}) but by monotonicity, 7y (Q U {v1}) < ry(Q U {v1,v2}). Hence, ry(Q) =
rm(Q U {v}) = rm(Q U {ve}) = ry(Q U {v1,v2}). Inductively, assume that rpy(Q) =
rm(QU{vi}) = rm(QU{vr,va, . v }).

Then, by submodularity,

TM(QU{U17027...,UZ‘_1})+TM(QU{UZ'}) Z (47)
rm(Q) +rm(QU {vr,va, .., vi}) (4.8)

which implies ryp(Q U {v;}) > rm(Q U {v1,v9,...,v;}), and along with monotonicity we
get T(m(Q) = rm(Q U {v}) = rm(Q U {vy,v9,...,v;}). Taking i = k, this implies that
rm(A|Q) = 0 where A = span, (@) \ Q. Since redn,,, o(Q) is the largest set having this
property and is unique, the result follows.

Next we show that redn,,, o(Q) C span,  o(Q). Let A = redn,,, o(Q) and let A" C A.

Then,

0=rm(AlQ) =2 rm(A1Q) =0 (4.9)

This implies 7y (A’|Q) = 0. Take, in turn, A’ = {a} for all a € A giving rr((a|Q) = 0.

Thus, from these results, we conclude that span,  ,(Q) = redn,,, o(Q). O
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4.3.2  Polymatroids, Span, and Redundancy

We can easily generalize span and redn to polymatroids. Given a polymatroid function f, a

set @ such that Q €V, and € > 0, the e-span function span; (Q) is defined as:
spanﬂe(Q) ={veVy: f(v|Q) <€} (4.10)
We also define a ()-specific e-redundancy function redny, for a polymatroid function f as:
redny (Q) € argmax{|A| : A C Vo, (A|Q) < e}. (4.11)

We see that redny (@) computes the submodular span defined in Eq. (4.1), and hence in-
volves constrained submodular minimization. The question we wish to address is the extent
to which span; (@) can be used as a surrogate function for redny(Q). Analysis comparing

the above for the cases when € = 0 and ¢ > 0 follows.
Theorem 4.3.3. For a polymatroid f : 2 — R, span;(Q) = rednso(Q).

Proof. The proof is identical to the proof of Theorem 4.3.2 since the uniqueness of rednyg
still holds by the proof of Lemma 4.3.1, and nothing in that proof assumed anything more
than polymatroidality (i.e., monotone non-decreasing, normalized, and submodular) and

uniqueness of redngy. O

For € = 0, we observe that computing submodular span and redundancy lead to the same

result, analogous to the matroid case. When € > 0, however, this is not the case.
Lemma 4.3.4. redn;(Q) is not always unique for € > 0.

Proof. For the uniqueness of redny (@), we still have that € > f(A|Q) > f(A'|Q) > 0, so
that if A, A’ € redns(Q), then AN A" € redn.(Q)). However, the union case has

2 > f(AQ) + f(A]Q) > (4.12)
FAUAIQ) + FANAIQ) = e (4.13)
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We also, by monotonicity, have that:

AN ANQ) < min(f(A]Q), f(A|Q)) < max(f(A|Q), f(A]Q)) < F(AUAIQ)  (4.14)

From this, if it was the case that max(f(A|Q), f(4'|Q)) < f(AN A’|Q) then we could get
that f(AU A'|Q) < e. But since this is not necessarily the case, the only bound we get is
f(AU A'|Q) < 2e. Hence, redne(Q) might not be unique.

As an example, take f(A \/|7 Then, take any two non-intersecting same-sized sets

B, B’ that don’t overlap with Q. Then f(B|Q) = f(B'|Q) = /|BUQ| — /|Q|, and if
we take € = /|BUQ| — 1/|@| we have two non-unique maximal sets that could serve as

redny (Q). O

Theorem 4.3.5. For a polymatroid f : 2V — Ry such that n = |V|, redn; (Q) C
span; (@) C redny ,.(Q) when e > 0.

Proof. 1t f(A|Q) < € then, for any ordering {ay, as, ...,ar} = A, we have

Mw

fAIQ) = flailar, ... ai1,Q) <€ (4.15)

z:l W
>0 and thus <e

Since each term is non-negative, and they sum to €, they all must be at most €. Hence
f(a1|Q) < e. Since the order is arbitrary, each a; takes its turn in the first position, giving
f(a|Q) < e for a € A.

A simpler proof is to just note that if f(A|Q) < ¢, then by monotonicity, f(a|@) <
f(A|Q) < e for any a € A.

To get the upper set bound, i.e., that redn,(Q) 2 span (@) when € > 0, Assume for a
given A that f(alQ) < . Then f(A|Q) < ¥y £(al@) < |Ale < ne.

We can find a strict example where redn; (@) C span; (Q) when e > 0. For f(A) = VA,
we only need to find a value m = |Q| and ¢ such that /m +2—/m > eand vm + 1 —/m <
e. Take m =1 and € = 0.5. Then v/3 — /1~ 0.7321 > € = 0.5 and v2 — V1 &~ 0.4142 <
e = 0.5.
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For a given e, since span; (@) covers all the elements of redn;(Q), we can compute the
span; (@) as a surrogate function for redny(Q) and then summarize it. But first, we ask if,

for some value of ¢ < ¢, their f-valuations are equal. Unfortunately, this is also not the case.

Lemma 4.3.6. There does not, in general, exist an ¢ < e such that f(span;.(Q)) =
f(redns(Q)) for all Q and e > 0.

Proof. Assume that 3 ¢ < e such that f(span;.(Q)) = f(A) where A € redn;(Q). Since

redns (Q)) is not always unique (from Lemma 4.3.4), there could exist a set B € redny(Q)
such that f(B) # f(span;.(Q)).

As a strict example, consider the directed graph below where Q = {ag},¢’ = 1 and € =
2.5. Let f(A) = |07 (A)| be the directed cut function, so f(az2|Q) = f(a3|Q) =1 and f(a4|Q)
= 1.5.

a 3 1
()

Bo

Thus, A = span;,(Q) = {az,a3}. For the given ¢, one can see that all three sets
A ={as, a3}, B ={as,as},C = {az,a4} can serve as redns (@), but f(B) = f(C) # f(A).

Similarly, for any value of € < ¢, it can be shown for the given example, f(span;.(Q))

# f(redny(Q)) for some set in redny(Q).
]

Since there does not exist an € < e for which f(span;.(Q)) = f(redny(Q)) when € > 0,

we can form an upper bound on f(span; (Q)) as follows.

Lemma 4.3.7. f(span; (Q)|Q) < (ks — k. + 1)e  where k, = [span; (Q)| and k, =
| redny,(Q)|

Proof. Let A = span; (Q) and |As| = ky. Similarly A, = redn;(Q) and |A,| = k.
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From Theorem 4.3.5, we know that redny (Q) C span; (Q),so A, C A, . Let A, = A,UA
such that AN A, = 0.
For a submodular function f, we know that:
FY)S OO+ D0 fUIX) = D FUIXUY)N) (4.16)
JEV\X JEX\Y
vV X,Y C V. Substituting X with A, and Y with A, in Eq. (4.16) and using the modified
submodular function fq, we get:
fa(A) < fo(A) + > _ falilAr) (4.17)
jeA

Since, fq(j]4s) < fqo(j) <€ j € A, we modify the upper bound on fo(As) as follows:
fo(As) < e+ (ks — ky)e = (ks — by + 1)e (4.18)

In a situation where k, is much larger than k,., which could happen when there are many
elements in the ground set that are redundant to Q but are mostly non-redundant with
respect to each other. So, the worst case bound in Eq. (4.18) could be ne where n = |V/|

A strict example where fo(As) & ne for € > 0 is as follows: Let f(A) = min(|A4|,n) where
n=|V]land e =1. Forall j € V\Q, fo(j) = (|Q+1) —|Q| =1 < e So, all such data
points will belong to the spanning set of @ such that fg(A;) ~ ne for |Q] < n. ]

Lemma 4.3.7 shows that for our surrogate function span; (@), the worst case bound on
its f-valuation with respect to @) could be ne where n = |Vg|. This is most likely when the
ground set V' contains many elements that are redundant to ) but that are mostly mutually

non-redundant.

Lemma 4.3.8. With the conditional submodular curvature with respect to Q) defined as

)2 1 gy LA )

f(spanf,%(QNQ) < e€— i(kr —ks)(1 — /ifQ(rednﬁe(Q))) where kg = |spanf7i(Q)| and k, =
| redn . (Q)].
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Proof. Let A = spanﬁi(Q) and |Ag| = k,. Similarly, let A, = redns (@) and |A,| = k.
From Theorem 4.3.5, we know that span; < (Q) Credn(Q), so As C A,. Let A, = A;UA
such that AN A, = 0.
Let jmin = argmin . 4 fo(j). Since A ¢ A, we have = < fo(Jmin) < €.
Substituting X with A, and Y with A, in Eq. (4.16), and using submodular function fo,

we get:
falAs) < fo(A) =D folil(A\ 4) (4.20)
JEA
< e — (ke — k) (1 = R gy (A0) fo(min) (4.21)

b

<e—(k —ko)(1— Krq (redny (Q))) (4.22)

€
n
where a holds because fo(A,) < e and from the definition of conditional submodular curva-

ture defined as:

folal(A\a))
Kio(A) =1 — min Q fl)(a)\ (4.23)
and b holds because of the lower bound on fg(jmin)- O

To solve Eq. (4.32) or (4.1), a modular approximation of f(A|Q), denoted as mg(A) =
Y aen f(@|@), can be optimized. The Majorization-Minimization algorithm based on sub-
modular semi-differentials, as proposed in [124], can also be used for constrained submodular
minimization. The approximation factor for these algorithms is expressed in terms of con-
ditional submodular curvature with respect to ) as proved in Theorem 4.3.9 and has a

worst-case upper bound of O(n) where n = |V \ Q|

Theorem 4.3.9. Let A* be the optimal solution to Eq. (4.32), then A returned by the modular

approzimation of f(A|Q) such that A = argmin,cy, | a>emq(A) satisfies:

A
FAQ) < 1 (JA*] = 1)(1 = gy (A))

Proof. Here also, lets define fo(A) such that fo(A4) = f(AUQ) — f(Q) = f(4]|Q).

fA%Q)
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Let A* denotes the optimal solution such that A* = argminAgwAlefQ(A), and A denotes
the approximate solution such that A = argmin ycy | 55,m@(A) where mo(A) = - 4 fo(a)
and V' =V \ Q. Let ayay = argmax, 4. fo(a).

folA) <Y fala) = mq(A) < mo(A7) (4.24)
acA
= 3 fola) < 1A fotme) (4.25)

Substituting Y with amax, X with A* and using the modified submodular function fg, we

get:
fo(A) = folama) + > folalA®\ a) (4.26)
a€(A*\amax)
> folamax) + (JA*| — 1) min 4ea- fo(alA™\ a) (4.27)

Combining Eq. (4.24) and (4.26), we get:

A A* max
Jal *) < *| |f@(amax) : (4.28)
Jo(A*) ™ folamax) + (|A*] = 1) min qen-fo(alA*\ a)
|A*]
. 4.29)
— w| min ,¢ca* fo(alA*\a) (
L+ (1A = D) —%55s
|A*]
< (4.30)
1+ (JA* = D1 = kg (A7)
Iyer et al. [124] show a bound for submodular function minimization in terms of generic
submodular curvature, and our proof follows theirs.
m

4.8.8  Submodular Span Summarization

Our conditional summarization framework, S3, is formulated as a two-stage submodular
optimization problem. The first stage aims to select a large subset relevant to the query set,
and the second stage summarizes the output of stage one to get a diverse summary.

Stage 1 of S3 targets selecting a relatively large subset relevant to the query set. Mathe-

matically, given a ground set V' that includes the query set () and the data being summarized



54

Vo (where Vo = V' \ @), and a submodular function f defined on the entire ground set V/,

the submodular span optimization problem is defined as follows:
t. < .
max Al st. f(A|Q) < e (4.31)

where € > 0 is a small scalar controlling the desired relevance level. f(A|Q) = f(A U
Q) — f(Q) denotes the conditional gain of set A given the query set ). As described in
Sec. 2.3.2, low f(A|Q) represents high conditional redundancy of A given query set (). Thus,
to optimize Eq. (4.31), we get a set A with a low Q-conditioned f-valuation. The dual to
this problem is shown below, where we minimize the conditional gain f(A|Q) subject to a
lower-bound cardinality constraint. This first stage retrieves all data points relevant to the

query, but that might be redundant, as follows:

Stage 1: AQV{ICIQI,EHZM f(A|Q). (4.32)

That is, we minimize a monotone, non-decreasing conditional submodular function f(A|Q)
(representing the conditional redundancy) subject to a cardinality lower-bound constraint.

This optimization does not have a constant factor approximation algorithm [313].

Query set

Stage 1- . . Stage 2 — ' . ‘
Query based SS Generic

optimization Summarization

Figure 4.1: Example showing how the two stages of the S3 Framework work sequentially to

obtain a query-focused summary.

Stage 2 of S3 The second stage is a standard cardinality-constrained submodular max-

imization problem starting from the solution of stage one as follows:

Stage 2: AgAIgfmng f(A) (4.33)
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where Ay, is the solution of stage one. This second stage summarizes the redundant output
of stage one and produces a diverse and succinct summary of the data that is still relevant
to @ (i.e., stage two filters out the redundancy in Ap). To solve stage two, we use the stan-
dard greedy algorithm [239, | (described in Algorithm 1). S3 utilizes a single submodular
function for both stages, and the utility function does not need to be reformulated as the

query set changes.

In Fig. 4.1, we provide an example of how the two stages in the S3 framework work.
Given a ground set consisting of points with two attributes, color, and shape, stage 1 retrieves
elements that are redundant with respect to the query set (). Stage 2 then summarizes the

resultant @)-specific span that we got from Stage 1.

Maximizing the submodular mutual information function described in Sec. 2.3.1 can also
be utilized to perform query-focused summarization. However, a two-stage approach—first
computing the submodular span by minimizing the conditional gain (Stage 1 of S3) and
then summarizing the submodular span (Stage 2 of S3)—provides finer control over bal-
ancing query relevance and diversity. In Stage 1, S3 filters out non-relevant samples by
minimizing conditional gain, ensuring that only query-relevant items are retained. This iso-
lates the relevance objective, allowing the subsequent stage to focus exclusively on optimizing
diversity within a query-relevant subset. Stage 2 summarization over the filtered set helps
reduce redundancy among already relevant samples rather than across the entire dataset.
This sequential focus on relevance and diversity objectives allows for better tuning of each
component independently, making the S3 framework beneficial for tasks such as targeted
data selection and efficient input-context selection for large language models (LLMs) and

multimodal LLMs, as discussed in Sec. 3.1.2 and Sec. 3.1.3, respectively.

For all the experiments in this chapter, we use submarine [27] for submodular optimiza-

tion.
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4.4 Experiments

In this section, using optimization procedures based on the analysis given in Sec. 4.3.2, we
evaluate the S3 framework on three conditional summarization tasks: (1) conditional multi-
document summarization, (2) conditional video summarization, (3) conditional image corpus

summarization.

4.4.1  Conditional Multi-Document Summarization

Dataset We use DUC 2005-2007 datasets, the benchmark datasets for query-focused MDS;,
made available by the Document Understanding Conference !. DUC 2005-2006 and DUC
2007 contain 50 and 45 document clusters, respectively, with each cluster containing 25 news
articles (32 in the case of DUC 2005) related to the same topic. The task is to generate a
query-focused summary of at most 250 words for each document cluster. As a pre-processing
step, we remove special characters from the sentences, augment the query set for each doc-

ument cluster with its topic, and concatenate each query sentence with the cluster topic.

Feature Representation In order to obtain sentence representations, we use the English
uncased variant of the BERT-base model [72] and fine-tune it for the Rouge-2 recall score
prediction task using two years of DUC 2005-2007 as the training set. For example, we
fine-tune the network on the DUC 2005-2006 datasets in order to extract fixed-size sentence
representations for DUC 2007 (which is the test set in this example). We do not use any
oracle summarization labels for the test set. In addition to using fine-tuned BERT models,
we also try a minimally supervised approach where we use the pre-trained BERT model for
computing sentence representations.

Since BERT’s encoder has 12 transformer layers, each of which outputs contextualized
WordPiece representations, the most transferable layer [ [36] for the MDS task is a hyperpa-

rameter that is tuned on the development set. Given [, we take a smoothed inverse frequency

Thttps://duc.nist.gov
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(SIF) based weighted average of hidden activations of each wordpiece [251, 11] from layer [
to construct 768-dimensional sentence embeddings v,, for the sentences s; in the test set i.e.,
Vg, = ﬁ > wes, #“(w)hl(w). Here, h;(w) is the hidden layer representation of wordpiece w
corresponding to layer [, p(w) is the probability of wordpiece w estimated from the entire

DUC corpus, and a is a weighting parameter fixed at 1073,

Fine-Tuning BERT We use the uncased variant of the BERT-base model and fine-tune
it on a pair of DUC 2005-2007 datasets in order to generate feature representations for the
remaining dataset, which is the test set. We flatten the query tokens and the sentences tokens
and then insert [Q#] token before the #-th query sentence as well as insert a [CLS] token
at the beginning and [SEP] token at the end of a sentence to mark the sentence boundary.
We then fine-tune the BERT-based conditional summarization model as proposed in [104]
for a sentence regression task. This is achieved by adding a linear layer on top of the BERT-
encoder, which predicts the score for sentence s; using h; where h; = BERT(s;)(crg). For the
network architecture diagram, we ask the readers to refer to Fig. 2 in [104].

For each sentence in the document, the model predicts a regression score r(s;|Q, D) based
on its relevance to the query Q and its salience to the document D. The training objective
is to minimize the mean square error between the predicted scores and the oracle scores that

we evaluate using the gold summary S*.

L= 3 (1(s18") - r(s:]Q, D)) (4.34)

Since the maximum sequence token for BERT-base is set to 512, we split long documents
into multiple training examples such that the overlap of a new training example with the
previously generated example is four sentences. Using this setup, we are able to generate
12704 training examples for DUC 2005, 9605 training examples for DUC 2006, and 6727n
training examples for DUC 2007.

We fine-tune the BERT-encoder model three times on each pair of query-focused DUC
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datasets. For training, similar to [104], we use Adam optimizer [113] with learning rate of
3e — 5, 1 = 0.9, By = 0.999, linear decay of learning rate, and L2 weight decay of 0.01. We
set the batch size as 32 and train the above-mentioned architecture for three epochs. For
each pair of training sets, for example, DUC 2005-2006, we instantiate the network using
the original BERT-base weights and do not make use of any fine-tuned weights obtained via
training on other pairs of DUC 2005-2007. This way, we ensure that the computed sentence
representations for the test set (DUC 2007 in this example) do not capture any information
about the oracle summarization scores.

After fine-tuning, we use the network fine-tuned on DUC 2005-2006 sets to extract sen-
tence representations for the left-out DUC 2007. Similarly, we use the network fine-tuned

on DUC 2005 and 2007 to extract sentence representations for DUC 2006 and so on.

Summary Generation We use facility location [232] described in Sec. 2.1.2 as the objec-
tive function for stages one and two of the S3 framework. The facility location function is

defined as

f(A) = ZmaxaeA sim(a, v) (4.35)

veV

where sim(a,v) is the similarity between sentence embeddings z, and z, of sentences a and
v. We compute the similarity matrix using a Gaussian kernel of width o, which is tuned on
the development set in each case.

Stage one of the S3 framework caters to finding relevant sentences Ag from a document
set that answers given queries. In order to filter irrelevant noisy sentences that are either
too small or too long, we prune the candidate set by considering sentences whose length
ranges between 11 and 80 and are a subset of the top 30% nearest neighbors set of the query
sentences. Once we obtain the relevant answers (Ag) using the majorization-minimization
(MMin) [124, 123] algorithm for solving Eq. (4.1), stage two removes the redundant answers
and produces a succinct relevant summary for that document set via constrained submodular

maximization using the greedy algorithm [239] described in Algorithm 3. The algorithm at it-
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eration i selects the sentence s; such that s; = argmaxe 4., f(A"‘l(UCZSf(A"‘I) if c(A;_1Us;) < B
(according to line 6 of Algorithm 3). ¢(s) denotes the sentence length, r > 0 is the scaling
factor, and B represents the overall budget which is 250 words for DUC 2005-2007. For DUC-
2005, we use DUC-2006 to tune the hyperparameters which include {l, o, ¢, 7}. Similarly, for

DUC-2006 and DUC-2007, we use DUC-2005 as the development set.

Hyperparameter Tuning Since the BERT-base has 12 transformer layers, we first set
to investigate which of these layers is most transferable for the conditional summarization
task. We find out that the layers close to the input are most transferable for this task. This
is in assent with our feature extraction strategy which does not allow the representations to
encode any information about the oracle summary. Specifically, we found that the second
layer (starting from the input layer, which is layer 0) is the most transferable after comparing
the Rouge-2 F-measure scores across all 12 layers. We also tried using the transformer’s
output corresponding to the [CLS] token but it led to rather poor performance as it is
suited mostly for sentence classification tasks. Also, in the case of the minimally supervised
case where we used the pre-trained BERT weights to generate sentence representations for
instantiating the submodular function, we found that the first and second layers close to the
input were most transferable for the summarization task. So, when using the pre-trained
BERT encoder weights, average pooled sentence representations across the first and second
layers lead to the best minimally supervised results on the DUC 2005-2007 datasets.

For computing € such that f(A|Q) < €, we modify the inequality f(A|Q) < f(V|Q)
to f(A|Q) < €f(V|Q) where 0 < ¢ < 1. Among similarity measures for instantiating
the facility location function, we compare three similarity measures: (1) modified cosine
similarity, which truncates all negative similarities to zero (2) d - euclidean distance where d
is the maximum Euclidean distance between any pair of feature representations (3) Gaussian
kernel with width o. The hyperparameters set includes: (1) ¢ € {0.05, 0.1, 0.125, 0.15, 0.175,
0.2, 0.25, 0.3, 0.35, 0.4, 0.45} (2) o €{0.75, 1.0, 1.25, 1.5, 2, 5, 10, 20, 50, 100, 1000, 5000,
10000} (3) r € {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0}. We use DUC 2005 as the



60

development set for DUC 2006 and DUC 2007. For DUC 2005, we use DUC 2006 as the
development set for hyperparameter tuning. We found that similarity based on Gaussian
kernel with width o = 1.0, ¢ = 0.25, and r = 0.3 lead to the best-reported performance on
all three DUC datasets.

Evaluation We use the ROUGE toolkit [193]* which assesses the summary quality by
counting the overlapping units such as n-grams, word sequences, and word-pairs between
the candidate summary and the reference summaries. We report recall and F-measure cor-
responding to Rouge-1, Rouge-2, and Rouge-SU4.

Since our approach requires minimal learning of hyperparameters, we compare it against
other state-of-the-art unsupervised and supervised approaches. In addition to existing su-
pervised methods, we also design another strong supervised baseline method called Miz-
ModSub which utilizes a submodular function f : 2V — R,, i.e., the query set Q is
extrinsic to the submodular function [’ i.e., V' N @ = (0 and it only considers V’ which
contains sentences s; where i € {1,2,...|V’|} that are to be summarized. Here, f" is a
facility location function defined using the fine-tuned BERT-based feature vectors v,, for
each s; € V'. We define a relevance based modular function mq : 2" — R, where for
any A C V', mq(A) = >, camq(si). Since m captures the relevance of each sentence s; to
the query set Q, mg(s;) = I?l\ > s,cq Sim(sq, s;). Finally, we define a submodular function
g:2"" =R, as g(A) = Af'(A) + (1 — \)mg(A) which is a convex mixture of submodular f’
and modular mg as described in Sec. 2.1.2. We use a Gaussian kernel of width o to define the
similarity matrix and perform budget-constrained submodular maximization given budget
B. Like the previous experiments, we tune the hyperparameters {o,r, A} on another year of
DUC as the development set.

Table 4.1 shows the average recall and F-measure with respect to Rouge-1 (R1), Rouge-2
(R2), and Rouge-SU4 (RSU4) scores on DUC 2005-2007 datasets against different methods.

The performance of S3 framework is competitive with the current unsupervised state-of-the-

2ROUGE version 1.5.5 used with option -n 2 -x -m -2 4 -u -¢ 95 -r 1000 -f A -p 0.5 -t 0 -d -1 250
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Table 4.1: ROUGE results on DUC 2005, 2006, and 2007 in terms of Recall and F-measure.

Methods marked with (*) are supervised in terms of using oracle summarization labels for

training or model fine-tuning.

System R1-R R1-F R2-R R2-F RSU4-R RSU4-F
MixModSub* 38.64 38.17 7.74 7.65 13.65 13.49
SRSum [271]* 39.83 - 8.57 - - -
DUC 2005 Dual-CES [278] 40.82 38.08 8.07 7.54 14.13 13.17
S3 (Ours)* 39.11 38.66 7.87 7.79 13.80 13.65
S3 (Ours) 38.64 38.20 7.60 7.52 13.52 13.37
MixModSub* 39.80 39.57 8.62 8.58 14.40 14.32
DSDR [115] - 33.17 - 6.05 - -
SpOpt [365] 39.96 - 8.68 - 14.23 -
DUC 2006 DocRebuild [216] - 40.86 - 8.48 - 14.45
SRSum [271]* 42.82 - 10.46 - - -
Dual-CES [278] 43.94  41.23 10.09 9.47 15.96 14.97
S3 (Ours)™ 41.62  41.42 9.48 9.43 15.10 15.02
S3 (Ours) 41.13 40.95 9.24 9.20 14.85 14.79
MixModSub* 40.87 40.42 10.26 10.15 15.66 15.49
DSDR [115] - 39.57 - 7.44 - -
CTSUM [332] 43.10 42.66 10.93 10.82 16.32 16.16
SpOpt [365] 42.36 - 11.11 - 16.47 -
DUC 2007 DocRebuild [216] - 42.73 - 10.31 - 15.81
SRSum [271]* 45.01 - 12.80 - - -
Dual-CES [278] 46.02  43.24 12.53 11.78 17.91 16.83
S3 (Ours)™ 43.42 42.95 11.24 11.12 16.70 16.52
S3 (Ours) 42.50 42.32 11.12 11.07 16.35 16.28
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art method, Dual-CES [278] on each of the Rouge-1 , Rouge-2, and Rouge-SU4 F-measure.

Additional Results In Table 4.2, we provide an example of a conditional summary
generated using the S3 framework and compare it with their generic summaries (sentence
ordering in place). We use an AAAI-20 outstanding paper as an example here. It can be
seen that the summary conditioned on the title of the paper as the query is better in terms
of capturing the most salient and relevant sentences from the abstract of the paper. In this
example, we set the size constraint corresponding to stage one as six and the final summary

size as three sentences.

4.4.2  Conditional Video Summarization

Dataset We use the query-focused video summarization dataset from [296] which is com-
piled using the UT Egocentric dataset [171]. The UTE dataset consists of four daily life ego-
centric videos that are 3-5 hours long. Based on the overlap of the video-shot captions [369)]
with SentiBank [31], a lexicon of 48 concepts, such as street, tree, phone, etc., is constructed
that denotes the basis for encoding the semantic information in each video shot. For each

video, there are 46 different sets of queries, with each query set covering two or three concepts.

For evaluation purposes, authors in [296] have provided user-annotated semantic vectors
of each video shot and have defined a similarity function between two video shots as the
Intersection Over Union (IOU) of their corresponding concepts. For instance, if one shot is
tagged by {car, street} and another by {street, tree, sign}, then the IOU similarity between
them is 1/4 = 0.25. Next, a maximum weight-based bipartite graph matching between the
oracle summary shots and the system-generated summary shots is computed using the IOU
scores, which enables us to evaluate precision, recall, and F1 score between the matched
pairs. We use the oracle summaries provided in [296] and follow their video summarization

evaluation strategy based on the user-annotated semantic vectors of the video shots.
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Table 4.2: Generic summary and conditional summary of the abstract of the AAAI-20 out-
standing paper using its title as the query. Dissimilar sentences among the summaries are

marked in italics.

Title: WinoGrande: An Adversarial Winograd Schema Challenge at Scale

Abstract: The Winograd Schema Challenge (WSC) (Levesque, Davis, and Morgenstern 2011), a benchmark for commonsense
reasoning, is a set of 273 expert-crafted pronoun resolution problems originally designed to be unsolvable for statistical
models that rely on selectional preferences or word associations. However, recent advances in neural language models have
already reached around 90% accuracy on variants of WSC. This raises an important question whether these models have
truly acquired robust commonsense capabilities or whether they rely on spurious biases in the datasets that lead to an
overestimation of the true capabilities of machine commonsense. To investigate this question, we introduce WinoGrande, a
large-scale dataset of 44k problems, inspired by the original WSC design, but adjusted to improve both the scale and the
hardness of the dataset. The key steps of the dataset construction consist of (1) a carefully designed crowdsourcing procedure,
followed by (2) systematic bias reduction using a novel AfLite algorithm that generalizes human-detectable word associations
to machine-detectable embedding associations. The best state-of-the-art methods on WinoGrande achieve 59.4-79.1%, which
are 15-35% below human performance of 94.0%, depending on the amount of the training data allowed. Furthermore, we
establish new state-of-the-art results on five related benchmarks - WSC (90.1%), DPR (93.1%), COPA (90.6%), KnowRef
(85.6%), and Winogender (97.1%). These results have dual implications: on one hand, they demonstrate the effectiveness of
WinoGrande when used as a resource for transfer learning. On the other hand, they raise a concern that we are likely to be
overestimating the true capabilities of machine commonsense across all these benchmarks. We emphasize the importance of

algorithmic bias reduction in existing and future benchmarks to mitigate such overestimation.

Generic Summary: This raises an important question whether these models have truly acquired robust commonsense capabil-
ities or whether they rely on spurious biases in the datasets that lead to an overestimation of the true capabilities of machine
commonsense. To investigate this question, we introduce WinoGrande, a large-scale dataset of 44k problems, inspired by the
original WSC design, but adjusted to improve both the scale and the hardness of the dataset. Furthermore, we establish
new state-of-the-art results on five related benchmarks - WSC (90.1%), DPR (93.1%), COPA (90.6%), KnowRef (85.6%),
and Winogender (97.1%).

Conditional Summary: The Winograd Schema Challenge (WSC), a benchmark for commonsense reasoning, is a set of 273
expert-crafted pronoun resolution problems originally designed to be unsolvable for statistical models that rely on selectional
preferences or word associations. To investigate this question, we introduce WinoGrande, a large-scale dataset of 44k problems,
inspired by the original WSC design, but adjusted to improve both the scale and the hardness of the dataset. Furthermore,
we establish new state-of-the-art results on five related benchmarks - WSC (90.1%), DPR (93.1%), COPA (90.6%), KnowRef
(85.6%), and Winogender (97.1%).
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Feature Representation We uniformly partition each video into five-second long shots.
For each frame belonging to a shot, we construct a 2089-dimensional feature vector using
an off-the-shelf deep model called DeepSentiBank [19] for fair comparison to existing meth-
ods. The network has an architecture similar to the AlexNet [153], which was pre-trained
on the ImageNet classification task, and for the SentiBank classification task, the last fully
connected layer is replaced to produce a softmax distribution across the 2089 class labels.
Then, we average each shot’s frame-level feature representations to obtain a shot-level feature
representation. The SentiBank classes consist of ANP (Adjective Noun Pairs); for instance,
beautiful sky, clear sky, sunny sky are different ANPs corresponding to the concept sky. We
max-pool their shot-level detection scores to get one detection score for each concept be-
longing to the lexicon consisting of 48 concepts. This results in a 48-dimensional feature

representation for each video shot with detection scores ranging between 0 and 1.

Summary Generation Similar to Sec. 4.4.1, we use facility location as the objective
function, but here sim(s;, s;) is the similarity between the DeepSentiBank-based shot-level
features for shots s; and s;. We compute the similarity matrix using cosine similarity af-
ter carefully validating different similarity measures on a development set in terms of F1
score performance. For Video-1, we use Video-3 to tune the hyperparameters, which include
{k1,ko}; k1 and ko are the cardinality constraints for optimizing stage one and stage two,

respectively. For Video 2-4, we use Video-1 as the development set.

Hyperparameter Tuning For the facility location function, we again investigate three
similarity measures: (1) cosine similarity, (2) d - euclidean distance where d is the maximum
Euclidean distance between any pair of video shots (3) Gaussian kernel with width o. In
this case, we do not need to modify the cosine similarity to be non-negative, as the video
shot features are simply probability scores for each lexicon concept. For determining the
cardinality constraints, k; for stage one and k, for stage two of the S3 framework, we use k;

such that k; = [k:/lﬂ/;H where V; denotes the set of video shots present in the video 7 that
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has to be summarized. Similarly, we introduce k, corresponding to k. The hyperparameters
set includes: (1) ¢ € {0.05, 0.1, 0.5, 1, 2, 10, 100, 200, 1000, 10000} (2) k; € {0.2, 0.25,
0.275, 0.3, 0.325, 0.35, 0.375, 0.4, 0.45} (3) ky € {0.01, 0.02, 0.025, 0.03, 0.035, 0.04, 0.045,
0.05, 0.07, 0.09, 0.1}. We tried both three-fold cross-validation, i.e., using three videos
for hyperparameter tuning and testing them on the held-out test video, and one-fold cross-
validation, which led to the best set of results. For Video 1, we use Video 3 as the development
set, and for all remaining videos, we use Video 1 as the development set. Among the different
similarity measures, cosine similarity led to the best results in terms of the three metrics:
precision, recall, and the F'1 score. For Video 1, corresponding to k’l = 0.275 and k’z = 0.03,
we get the results reported in Table 4.3. For the remaining videos, where we use Video 1 as

the development set, we get the reported results corresponding to k; = 0.375 and ky = 0.03.

Evaluation Similar to [296], we use the user-annotated semantic vectors of video shots
to quantify the semantic similarity between the oracle summary’s shots and our system-
generated summary’s shots. A maximum weight-based bipartite graph matching between
them enables us to compute precision, recall, and F1 score between the matched pairs. Simi-
lar to document summarization, we also compare against the designed minimally supervised
baseline MizModSub (not fully supervised as we are not fine-tuning any model using or-
acle summary labels). We tune relevant hyperparameters {k, A} on another video as the

development set.

Table 4.3 shows the performance of the S3 framework against other supervised state-of-
the-art methods and our designed baseline MizModSub in terms of precision, recall, and F1
score. In terms of recall and F1 score on Video 1 and 3, our S3 framework (requiring minimal
learning) outperforms the current supervised state-of-the-art methods, which use the oracle
summary labels for learning different deep neural networks; on average, it outperforms the
previous supervised methods in terms of F1 score and achieves comparable results in terms

of precision and recall.



66

Table 4.3: Results on the UTE dataset for conditional video summarization. The cited

methods given in the first row corresponding to each video are supervised, in terms of using

the oracle summarization labels for model training.

System Precision Recall F1 Score
Mem-SeqDPP [296] 49.86 53.38 48.68
HVN [129] 52.55 52.91 51.45
Video-1 DSAN [356] 48.41 52.34 48.52
MixModSub 53.26 51.77 51.20
S3 (Ours) 51.86 55.24 52.18
Mem-SeqDPP [296] 33.71 62.09 41.66
HVN [129] 38.66 62.70 47.49
Video-2 DSAN [356] 46.51 51.36 46.64
MixModSub 36.29 62.37 45.56
S3 (Ours) 37.24 63.88 46.71
Mem-SeqDPP [296] 55.16 62.40 56.47
HVN [129] 60.28 62.58 61.08
Video-3 DSAN [356] 56.78 61.14 56.93
MixModSub 58.35 63.24 60.36
S3 (Ours) 60.51 65.72 62.66
Mem-SeqDPP [296] 21.39 63.12 29.96
HVN [129] 26.79 54.21 35.47
Video-4 DSAN [356] 30.54 46.90 34.25
MixModSub 17.78 53.51 26.44
S3 (Ours) 26.54 52.94 34.97
Mem-SeqDPP | ] 40.03 60.25 44.19
HVN [129] 44.57 58.10 48.87
Avg DSAN [356] 45.56 52.94 46.59
MixModSub 41.42 57.72 45.89
S3 (Ours) 44.04 59.44 49.13
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4.4.3  Conditional Image Corpus Summarization

Dataset ImageNet-1k [71] is a large-scale image database that contains nearly 1.28 million
training images and 50,000 validation images. The dataset is organized according to the
WordNet [229] hierarchy, with each node depicting hundreds and thousands of images. In
our experiments, we randomly sample 1,000 images, one from each class, from the dataset to
form the development query set, and the remaining training images are used as the gallery set
that needs to be summarized. We use this set for hyperparameter tuning and show qualitative

results corresponding to test query images having no overlap with the development query set.

Feature Representation We use a Bidirectional Generative Adversarial Network (Bi-
GAN) [76] for unsupervised learning of feature representations for the ImageNet database.
BiGAN is an extension of GAN with a third component, an encoder, that maps the data
space x to a latent space z. In addition, the discriminator is trained to discriminate between
the joint samples (x, z) coming from the encoder distribution and the decoder (or generator)
distribution.

The encoder architecture of BIGAN in [76] follows AlexNet [153]. We use its last con-
volutional layer, i.e., conv), to encode the ImageNet images as we do not want to use any
trained model that uses the class information. After building a sparse k-NN similarity graph
(k = 1000) using the 1024-dimensional features and analyzing the pairwise cosine similari-
ties, we found that most of the non-negative similarities are concentrated around 0.95. So,
we reduce the feature dimension to 512 using PCA (retaining 95% of the total variance).
We also used the averaged top-k accuracy of the nearest neighbors of the validation query

images to further validate the feature dimension chosen. Here, we set k € {10, 50, 100}.

Summary Generation We use a sparse facility location as the objective function for our
S3 framework. In order to deal with this large-scale dataset, we use faiss®, which is an effi-

cient similarity search library from Facebook, to build a k-NN similarity graph using cosine

3https://ai.facebook.com/tools/faiss/
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similarity. For stage one of the S3 framework, we prune the candidate set by taking top-k
nearest neighbors of each ¢ € ) and optimize Eq. (4.32) using modular approximation. In
all experiments, k is set to 1000. In stage two, we condense Ay to generate a conditional

summary of 25 images.

Hyperparameter Tuning For the facility location function, we experimented with two
similarity measures: (1) cosine similarity and (2) Gaussian kernel with width . Our hyper-
parameters set includes: (1) o € {1, 10, 50, 100, 200, 500, 1000, 10000} (2) k; € {50, 75,
100, 125, 150, 175, 200, 225, 250}. We find that cosine similarity with k; = 225 leads to the

best relevance and diversity scores on the validation query set.

Table 4.4: Qualitative Results on the ImageNet Dataset when |Q] = 1. The first column
shows the top-25 nearest neighbors given a query, and the second column shows the query-
focused summary. Images marked with a surrounding green box and light blue box denote

the query image and common images among the two columns, respectively.

k-Nearest Neighbors Submodular Span Summary
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Table 4.5: Qualitative Results on the ImageNet Dataset when |@| = 1. The first column
shows the top-25 nearest neighbors given a query, and the second column shows the query-
focused summary. Images marked with a surrounding green box and light blue box denote

the query image and common images among the two columns, respectively.

k-Nearest Neighbors
i
. =

Submodular Span Summary
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Table 4.6: Qualitative Results on the ImageNet Dataset when |@| = 1. The first column
shows the top-25 nearest neighbors given a query, and the second column shows the query-
focused summary. Images marked with a surrounding green box and light blue box denote

the query image and common images among the two columns, respectively.
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Table 4.7: Qualitative Results on the ImageNet Dataset when |@| = 1. The first column
shows the top-25 nearest neighbors given a query, and the second column shows the query-
focused summary. Images marked with a surrounding green box and light blue box denote

the query image and common images among the two columns, respectively.

Submodular Span Summary




Table 4.8: Qualitative Results on the ImageNet Dataset corresponding to |Q| > 1

Query Submodular Span Summary

R(A|Q) = 0.2, f(A) = 4.07 x 1073
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Table 4.9: Qualitative Results on the ImageNet Dataset corresponding to |Q| > 1

Query Submodular Span Summary

R(A|Q) = 0.1, f(A) = 6.53 x 1073
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Table 4.10: Qualitative Results on the ImageNet Dataset corresponding to |Q| > 1

Query Submodular Span Summary

R(A|Q) = 0.08, f(A) =6.62 x 1073
e

R(A|Q) = 0.08, f(A) =6.13 x 103
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Evaluation To assess the quality of the query-focused summary, we propose a function,

R(A|Q), that captures the relevance of the summary images to the query set.

RAIQ) = 7.2 Z Zﬂyq - (4.36)

aEA

Here, y, denotes the label/class of the image a. In the case of single query image-based
summarization, R(A|Q) is simply the precision of retrieving the query class in the summary.
We also assess the diversity of the summary using f(A), which is the sparse-facility location

function valuation of summary A with respect to the ground set V.

Comparing kNN and S3 In Table 4.4, 4.5, 4.6, and 4.7, we show a comparison between
the submodular span summary and the k-nearest neighbors for different query images when
|Q| = 1. We generate a submodular span summary of 25 images and compare it side-by-side
with the top-25 nearest neighbors of the query. We utilize tSNE plots to better visualize the
similarity /dissimilarity among the submodular span summary images. It can be seen that the
tSNE plot corresponding to k-nearest neighbors consists of clusters of similar images that are
redundant among themselves, while the submodular span summary consists of diverse views
of images belonging to the query class or images that share visually similar features with the
query image. For example, in the first example in Table 4.5 corresponding to the query great
white shark, the submodular span summary consists of images with diverse views of shark,
images of different aquatic creatures as well as images of scuba diver inside water. Similarly,
corresponding to the query zebra in Table 4.6, the k-nearest neighbors consist of redundant
images belonging to the query class while the submodular span summary consists of diverse
images of zebra in different backgrounds as well as images from other classes having features
similar to stripes. This shows that the submodular span summary can capture different
properties associated with the query set, thus leading to a diverse query-focused summary
that is highly related (or redundant) to the query set.

In Tables 4.8, 4.9, and 4.10, for different query sets, we show the conditional summaries

after fitting the two-dimensional tSNE vectors of their image embeddings onto a square grid
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using the Jonker-Volgenant algorithm [131]. As it can be seen, apart from consisting of
diverse images belonging to the query classes, the conditional summary also consists of im-
ages that share properties of both query classes. For example, given a query set comprising
{strawberry, kite} images, the conditional summary also consists of bird images having red
hues and a lizard (sharing kite hues) on a red flower. In the last example, where the queries
comprise { bee, daisy}, the summary consists of two images of a bee on daisy as well as birds

resting on twigs.
4.5 Summary

In this chapter, we propose and study the submodular span problem as an extension to
the matroid span problem in terms of retrieving elements relevant to a query set. We
design a minimally supervised two-stage query-focused summarization framework called S3
and show its applications for conditional data summarization of different data modalities.
Our analysis and results also shed light on the feasibility and scalability of the modular
approximation algorithm for the polymatroid submodular span problem. Our results on three
real-world datasets, DUC 2005-2007, UT-Egocentric video dataset, and ImageNet, verify the

significance of the two stages (retrieval followed by summarization) of the S3 framework.
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Chapter 5

SUBMODULARITY FOR DATA-EFFICIENT IN-CONTEXT
LEARNING USING LLMS

5.1 Introduction

Pretrained large language models (LLMs) [136, 36, 54] have become foundational for a wide
range of Natural Language Processing (NLP) tasks, demonstrating impressive success across
various domains [31, 37] through in-context learning (ICL) [78]. As described in Sec. 3.1.3,
ICL enables these pretrained LLMs to perform new tasks by using task-specific prompts
containing a limited number of input-output demonstrations (also referred to as shots, ex-
emplars, or prompts) in the natural language format. This approach facilitates deployment
across different downstream tasks and reduces the need for labeled downstream training data

since ICL does not require any task-specific training.

Recent studies [201, , 220] show that providing exemplars most relevant to the current
input instance is beneficial. Moreover, in [390, , |, it is observed that LLMs attend
more to the exemplars that are closer in the sequence to the input instance. Therefore, to
achieve the best performance of ICL, the selection of exemplars and their ordering in the
LLM prompt are crucial.

In practice, an extensive collection of unlabeled exemplars is easily available (e.g., posts
and discussions on forums like Stack Exchange or user-generated content on social media
platforms). However, to use them effectively as in-context exemplars, one needs to annotate
them, which can be exceptionally costly at scale. To annotate and select the exemplars
optimally for a given target task, we follow the two-stage approach shown in Fig. 5.1: (1)
Exemplar Annotation: select a subset of exemplars for annotation under a fixed budget

(performed only once) and (2) Exemplar Retrieval: identify limited-sized exemplars in an
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ordering that are most influential for a given input instance from the annotated subset of
exemplars. Intuitively, for the first stage, we aim to find the subset with maximal diversity
so that, given any input, we can find corresponding labeled exemplars. For the second stage,
in addition to the diversity requirement similar to the first stage, we emphasize the relevance
of the exemplars to the given input query and order exemplars so that their relevance to the

input query decreases as the exemplars are farther away from the input instance.

Stage 1: Query Agnostic Stage 2: Query Relevant
Diverse Selection for Annotation Retrieval accounting for Diversity
L]

b/

: v -_ v

=4 5 0,0

A L1
= = L=
- 1 Prompt Construction
—— and LLM Inference
Labeled Exemplars
Unlabeled Exemplar Pool |Diapeteal = k
[Xuniabeteal =1 k &n Single Test Query

Xtest € Xtest

Figure 5.1: Workflow of our proposed framework for data-efficient In-Context Learning us-
ing LLMs. For the first stage, we use cardinality-constrained submodular optimization to
identify diverse exemplars for annotation. For the second stage, given a test query, we use
Submodular Span Summarization (S3 from Chapter 4) to find a diverse set of labeled exem-

plars that are most relevant to the query.

In this chapter, we propose a framework Div-5S3 based on submodular optimization that
unifies the above-mentioned two stages. For Exemplar Annotation, we model the problem
as a submodular optimization problem under a cardinality constraint to find as Diverse a
subset as possible within a budget. For Exemplar Retrieval, we formalize the problem as a
Submodular Span Summarization (S3) problem [155] (described in Chapter 4) with a knap-
sack constraint, which finds a diverse subset most relevant to the input query under a token
length limit. Also, we naturally order the resulting exemplars based on the gains represented

by the submodular function. The name of our proposed framework Div-S3 captures the op-
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timization objectives used for both the exemplar annotation (Div) and exemplar retrieval
(53) stages. In Fig. 5.2, we show a sample test query where using Div-S3 for exemplar

selection leads to a more diverse and query-relevant exemplar set.

Test Query

’ occasionally melodramatic, it 's also extremely effective. (positive) ‘

Relevance based Exemplar Retrieval (Similar)

darkly funny and frequently insightful. (very positive)

at once disarmingly straightforward and strikingly devious. (very positive)

the movie is well crafted , and well executed. (very positive) @)))

it has plenty of laughs. (positive) 0))

his work with actors is particularly impressive . (very positive)

their work is fantastic. (very positive)  @))

his method almost never fails him, and it works superbly here. (very positive)
an effortlessly accomplished and richly resonant work. (very positive)

Submodular Span Summarization (S3)

« the whole affair is as predictable as can be. (neutral)
not too fancy, not too filling , not too fluffy , but definitely tasty and sweet.
(positive)
areturn to pure disney magic and is enjoyable family fare. (very positive)
after all, it 'll probably be in video stores by christmas , and it might just be better
suited to a night in the living room than a night at the movies. (negative)
this is a more fascinating look at the future than ** bladerunner " and one of the
most high-concept sci fi adventures attempted for the screen. (positive)
far more enjoyable than its predecessor. (very positive)
this method almost never fails him , and it works superbly here. (very positive)
darkly funny and frequently insightful. (very postive)

Figure 5.2: A sample test query from the SST-5 dataset with its corresponding set of ex-
emplars selected using Similar (focusing only on query-based relevance) and S3 (focusing
on both relevance and representativeness) from a limited exemplars pool. Exemplars are
colored based on their class names. We use echo lines to denote the redundant exemplars

chosen by Similar and used as a part of the input context during ICL.

Our framework is general, as any submodular function can be plugged into our method.
For models beyond LMs, e.g., for text-image multi-modality models, we may use pre-existing
submodular functions that are powerful for expressing diversity in the image domain. In
addition, we account for relevance, diversity, and ordering for the exemplar retrieval stage,
where one or two aspects typically get overlooked by previous methods.

This chapter is based on the work published in: Lilly Kumari, Shengjie Wang, Ar-
nav Das, Tianyi Zhou, and Jeff Bilmes. An End-to-End Submodular Framework for Data-
Efficient In-Context Learning. In Findings of the Association for Computational Linguistics:

NAACL, 202).
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5.2 Notations

ICL as a few-shot learning method [36] enables LLMs to adapt to new tasks by utilizing only a
small number of context demonstration examples. Formally, given an LLM f, parameterized
by 6, a test query (Tiest, Ytest), and a set of k labeled demonstrations Deontext = { (4, ¥i) }r_y,
the probability of generating the target label s using fy is formulated as:

p(ytest|ca xtest) = f@(V(ytest)lca T(xtesty ))7 (51)

where V(-) is a verbalizer that maps the task labels y to words V(y) in the LLM’s vocab-
ulary. 7T (-) denotes the process of wrapping up the input using the instruction prompt
template. ¢ is the input context formed by concatenating the k in-context demonstrations
from Deontext, 1-6., ¢ = T (21, 1) BT (22, 92) B ... DT (2, yr) where & denotes concatenation.
Fig. 5.3 shows an example of the input sequence formatting for a specific case of performing

in-context learning for a translation task.

instruction Prompt

Vi o Sentence: The sun sets behind the mountains.
task

Answer: Le soleil se couche derriére les montagnes.

Sentence: Raindrops fall softly on the roof.

Input-output

demonstrations/exempla rs Q)r;ts‘wer: Les gouttes de pluie tombent doucement sur le
¢ = T(xl’ yl) @ T(xz' yz) @ Sentence: The cat sat on the mat. LLM
@ T(xk, yk)
Answer: Le chat s'est assis sur le tapis. fe

Sentence: The quick brown fox jumps over.

~—

Answer: Le rapide renard brun saute par-dessus.
Test Input —— -
<+—————— Sentence: Stars twinkle in the night sky.
T (Xtest »-)

Answer:

Figure 5.3: Input Sequence Construction for In-context Learning
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5.3 Related Work

In this section, we outline recent studies investigating ICL, specifically focusing on works in

the context of exemplar annotation selection and retrieval. With the introduction of ICL in

the GPT-3 paper [30], numerous studies have emerged trying to understand the mechanics
of ICL [357, , 41, , , 65, , ] and its inherent strengths and limitations [343,
) Y Y ]
A recent work by [230] shows that ICL fails to learn label relationships from the in-

context exemplars, as its performance diminishes only slightly when substituting the demon-
stration labels with random labels. However, recent work [149] has discovered that LLMs
indeed utilize the in-context label information, and label relationships learned during the
pre-training phase have a more lasting effect than in-context demonstrations. Also, prior
works [390, , 213] have demonstrated the sensitivity of ICL to the choice and order of
in-context exemplars in the final LLM prompt. This has prompted investigations into deter-
mining which samples should be included in the exemplar pool and how to select exemplars

at test time effectively.

5.8.1 Active Learning for Exemplar Annotation

We review existing active learning-based data selection algorithms in Sec. 3.1.1. Here, we
focus on recent active learning methods designed for exemplar annotation in in-context learn-
ing (ICL). This can be viewed as performing a single iteration of pool-based active learning
where the base model weights are not updated. Recent works [311, , | have explored
ICL under a fixed annotation budget. VoteK [311], described in detail in Sec. 5.4, uses
a combination of graph-based and uncertainty sampling-based approaches to select diverse
samples for annotation and relies on the model’s confidence for the uncertainty sampling.
Furthermore, another work [391] formulates exemplar selection as an iterative decision prob-
lem and proposes a reinforcement learning algorithm to train policies for active exemplar

selection.
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DataModels proposed in [12] trains a linear regression model to predict the LLM’s out-
come given an exemplar and its position in the final prompt. The CondAcc method proposed
in the same work scores each exemplar by its dev-set ICL performance when combined with
other randomly sampled in-context exemplars. However, both methods require multiple
rounds of inference using the target LLM and can be pretty costly in practice. Another re-
cent work [220] highlights that uncertainty sampling for selecting annotated exemplars results
in inferior performance and is described in detail in Sec. 5.4. In contrast, similarity-based
sampling performs better, albeit with the drawback of increasing the annotation budget, as
each test query is considered independently.

To find supporting examples for ICL, authors in [132] employ a two-stage framework: (1)
a progressive filtering stage, which extracts informative examples via a new metric based on
LLMs’ feedback, and (2) a diversity-guided beam search method to select the final supporting

examples.

5.3.2  FExemplar Retrieval

This section primarily covers prior works studying exemplar retrieval at test time, a crucial
component of ICL. In Sec. 3.1.3, we highlight the importance of test-time input context
selection in large language models (LLMs) from a resource-efficiency perspective. Most
existing ICL, methods that do not involve fine-tuning rely on cosine similarity-based ranking
for exemplar retrieval [282, , , , 352]. This is described in Sec. 5.4. However, these
methods treat each exemplar independently, failing to capture the interactions and diversity
among selected exemplars, which can limit overall retrieval effectiveness.

Among the learning-based methods, Rubin et al. [282] train a lightweight retriever model
using a contrastive learning objective to score each exemplar independently. CEIL proposed
in [360] similarly trains a retriever by utilizing a DPP to score a subset of exemplars. They
show that selecting a set of diverse and non-redundant exemplars is vital for the overall per-
formance of ICL. However, to learn the DPP retriever, CEIL needs to create training data

by scoring multiple sets of exemplars formatted in a prompt template using the inference
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LLM, thus adding to the computational costs besides the costs associated with fine-tuning.

5.4 Set Function Optimization View of Prior Work

Exemplar Annotation:

VoteK [311] is an exemplar selection method designed to construct informative and
diverse subsets of unlabeled data for the purpose of annotation. It operates in two stages:
the first stage focuses on diversity-based selection using a scoring function defined over
a similarity graph, while the second stage focuses on uncertainty-based selection using a
heuristic confidence-based strategy. It allocates its fixed annotation budget M proportionally
across these stages: 10% of the budget is used in the first stage, and the remaining 90% is
allocated to the second stage.

VoteK - Stage 1 (Diversity-based Selection via Scoring Function): In the first
stage, VoteK constructs a kNN-based similarity graph G = (V| E) using sentence embed-
dings, where V.= X0\ UXL, eq denotes the set of all samples. Here, X, .4 denotes the

set of examples chosen for annotation at step ¢, and X’ 4 denotes the current unlabeled

nlabele

set, such that |Xlt beled| + |X§nlabeled| =|V|=n. Att=0, Xl? labeled = V' and /Ylgbeled = 0.

A scoring function is defined to quantify the utility of selecting a candidate unlabeled

sample based on its impact on the remaining unlabeled set. Formally, the utility of adding

a new sample u € X! .\ .

score(u; Xaperea) = Z s(v), (5.2)

vefv | (vu)eE, v e VAXL, 4}

4 to the labeled set is computed as:

where s(v) = p~HEXpaca | O with p > 1, is an exponentially decaying function based
on the number of labeled neighbors of v in the similarity graph E.

Since the score function s(-) decreases as more samples are labeled, and the scoring
objective in Eq. (5.2) aggregates over the unlabeled set—which itself shrinks over time—the
overall utility of adding a new sample to the labeled set naturally diminishes as the labeled
set XLy oeq grows. This behavior reflects a diminishing returns property, where the marginal

gain of adding a new sample decreases with the size of the labeled set.
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Although the paper does not formally define a set function f : 2 — R, the scoring
function in Eq. (5.2) can be interpreted as a form of conditional gain (Sec. 2.3.2), denoted
fu 3 Xl peeq) = score(u ; XLy eq), Where the utility of selecting a new sample depends on
the current labeled context. The use of a semicolon here reflects that f(u ; Ay .eq) 1S DOt
assumed to be a marginal gain derived from a well-defined set function, but rather a context-
dependent utility function.

While the authors do not explicitly characterize or prove this diminishing returns property,
the scoring mechanism unknowingly leverages it, ensuring that redundant selections are
naturally discouraged. However, this does not imply that such a set function f necessarily
exists. Whether there exists a function f such that f(u | Xfpaed) = f(Xiperea U {u}) —
F( XL eeq) €xactly corresponds to score(u; X, .q) Temains an open question.

VoteK - Stage 2 (Uncertainty-based Heuristic Selection): After an initial subset
is selected using the scoring function, the model is prompted with the remaining examples
in X1, .4 (here T'= 0.1 x M) to obtain confidence scores over them. The unlabeled set is
partitioned into M equal-sized buckets based on confidence scores, and the most confident
M/10 buckets are discarded. From each of the remaining 9M /10 buckets, the highest-
confidence sample is selected, ensuring coverage across different uncertainty levels.

However, this uncertainty-based selection strategy considers only the uncertainty of indi-
vidual samples, treating each selection as independent and without regard to its contribution
in the context of the already selected labeled set. Capturing diversity and uncertainty using
two distinct phases in this order presents a potential limitation: it fails to jointly optimize
for both criteria. As a result, the confidence-based stage may select samples that, while
uncertain, are redundant with previously selected examples, leading to inefficiencies in the
annotation process.

Uncertainty-based exemplar selection proposed in [220] ranks samples in the un-
labeled set Xunlabelea based on their perplexity computed using the inference LLM. It uses
perplexity as a proxy for uncertainty under the assumption that higher perplexity examples

are more informative for downstream learning.
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Formally, let Xynapeled = {1, T2, ..., x,} denote the candidate unlabeled examples, and
let u(x;) € R>q be the perplexity score for example x;. The objective of this single iteration
active learning can be seen as selecting a subset Xapeled © Xunlabelea Of size at most k that
maximizes the total uncertainty score:

Xabeled € argmax Z u(z;) (5.3)

X CXunlabeled 7|X|§k T EX

This defines a modular utility function f(X) = )_, »u(r;), where the contribution of each
item is additive and independent of others. That means that the optimal subset can be
obtained via a simple top-k sorting operation over the perplexity scores, and the selected
examples may be redundant amongst themselves, leading to inefficiencies in the data anno-
tation stage.

Exemplar Retrieval:

Similarity-based exemplar selection [282, | at test time involves computing the simi-
larity between the test query and a pool of candidate labeled exemplars using sentence-level
representations obtained via a pretrained sentence encoder (e.g., Sentence-BERT). Cosine
similarity is commonly used to compute the similarity between the query and exemplar
embeddings.

Let ¢ € R? denote the embedding of the test query, and let £ = {ey, eq, ..., e,} denote the
pool of candidate exemplars, where each e¢; € R? is the sentence embedding of an exemplar
Z; € Xabelea- The utility score of each exemplar is computed as the cosine similarity between

the test query and the exemplar:

q'e;
u(z;) = sim(q, ¢;) = ———. (5.4)
lall - el
Exemplar selection is then formulated as a subset selection problem, where the goal is to

choose a subset Xelected & Xabeled, SUbject to a cardinality constraint |Xeectea| < k, that

maximizes the overall utility:

Xeclocted € argmax E u(z;). (5.5)
XgXlabeled? ‘X‘Sk -’EiGX
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This selection can also be subject to knapsack constraint such that ., c(z;) < b where
c(x;) denotes the cost associated with the input exemplar z; in terms of tokens count and b
denotes the context window of the inference LLM.

This defines a modular utility function f(X) =),  ,u(x;), where each exemplar’s con-
tribution to the score is independent of the others. The marginal gain of including any
exemplar z; is always u(x;), regardless of the composition of the rest of the set. As a result,
the selection reduces to a simple top-k sorting operation over the test query similarity scores,

ignoring pairwise interactions and redundancy amongst the selected exemplars.
5.5 Div-S3

Div-S8 addresses two essential questions pertinent to data and label-efficient 1CL:

(1) Given an unlabeled pool of target task samples Xypiaperea, how can we identify the most
informative set of examples Xipereq to annotate and use as demonstrations for the target
tasks’ queries?

This question focuses on the data and label efficiency aspect of ICL using LLMs. Sim-
ilar to [220], this stage of “Exemplar Annotation” can be viewed as one iteration of
pool-based active learning aimed at choosing a set of the most informative and diverse
demonstrations/exemplars for annotation. After augmenting the samples in Xpelea With
their respective labels, we denote the resultant labeled set as Diapeled-

(2) Given a query xies, how can we select the most relevant and non-redundant labeled
exemplars from Digpereq”

This addresses the “Exemplar Retrieval” stage of ICL, where the goal is to retrieve the

most relevant exemplars from an annotated pool of exemplars given a particular test query.

5.5.1 FExemplar Annotation

In this stage, we assume access to a large pool of unlabeled samples denoted by Dyniabeled
belonging to the target task. Unlike the similarity-based active learning approach explored

in [220], we do not assume access to the full test set during the exemplar annotation phase.
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Performing similarity-based sampling of exemplars for each test query individually would not
be an efficient use of labeling resources, as the annotation budget could increase linearly with
the number of test queries considered, overlooking the shared information among exemplars.

Given Xynlabeled Of size m, this stage aims to select Xapeled C Xuntabeled SUCh that |Xiapelea| =
k and k << n. This process is performed only once and can be viewed as one iteration of
pool-based active learning [292]. As this stage determines the examples utilized as in-context
demonstrations in the second stage, we aim to curate a set of diverse and representative
samples that can comprehensively cover the target task space. To achieve this, we utilize a
submodular function instantiated on the entire ground set V' = Xyniabeled = {®i}1 ;-

While our framework applies to any submodular functions, for the experiments in this
chapter, we use a popular submodular function called facility location [58, | described in
Sec. 2.1.2, which is closely related to but more general than k-medoid clustering.

To obtain our Dypeleq Set, we first use a pre-trained language model gy (sentence-BERT
[270] in this work) to compute text embeddings of each sample z; in the unlabeled pool
Xunlabelea- Using the text embeddings of samples in Xyy1apeled, We compute a similarity matrix
using a tuned similarity kernel, use it to instantiate the facility location function f(-), and
then maximize the submodular objective using the greedy algorithm [239, | (described in

Algorithm 1 in Sec. 2.2.1) to obtain our final set of demonstrations for annotation as follows:

Mabeled € argmax  f(A) (5.6)

AgXunlabeled7‘A|§k

5.5.2  FExemplar Retrieval

After obtaining a set Dipeleq Of diverse and representative annotated exemplars, the next
step is to select exemplars from Dypeleq given a test query Zies;. Previous studies in ICL [282,

, , | have employed cosine similarity-based ranking to select exemplars that are
most similar to the test query. However, when each example’s relevance (or similarity) to the

test query is considered independently, it may yield relevant but similar exemplars, carrying

redundant information that is wasteful for inference.
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To reduce the redundancy amongst the selected in-context exemplars, we formalize the
exemplar retrieval stage as a conditional submodular subset selection problem. We use the
same submodular function utilized in the prior stage for exemplar annotation, but unlike
the previous stage, which employs a generic summarization approach as shown in Eq. (5.6),
this stage focuses on conducting query-based (or conditional) summarization, aiming to
summarize the labeled set Xl.peleq given a query set containing xy.s. When performing ICL
using LLMs, the query z.s is the test input instance.

In this work, we utilize the two-phase method named Submodular Span Summa-
rization (S3) [155] described in Chapter 4 to perform query-focused summarization of an
annotated pool given a test query. Our objective is to obtain a set of exemplars that are
not only relevant to the test query but also encompass diverse aspects crucial for aiding the
LLM in the target task.

Phase 1 of S3 targets selecting a relatively large subset relevant to the query set. Mathe-
matically, given a ground set V' that includes the query set ) and the data being summarized
Vo (where Vg = V' \ @), and a submodular function f defined on the entire ground set V/,
we minimize the conditional gain f(A|Q) = f(A U Q) — f(Q) subject to a lower-bound
cardinality constraint:

min f(A|Q) s.t. |A| >k (5.7)

ACVqg

Similar to Chapter 4, we utilize a modular approximation of f(A|Q), denoted as mg(A) =
Y wea f(al@), to optimize Eq. (5.7). Note that mg(A) > f(A|Q) is an upper bound of
FAIQ).

For the Exemplar Retrieval stage of ICL, the data to be summarized Vy is the annotated
pool of exemplars Xapelea. We denote our solution of S3’s Phase 1 as Ag, essentially the
annotated exemplars relevant to the input query Q.

Phase 2 of S3 focuses on diverse aspects of various relevant exemplars, ensuring the
final set of exemplars for ICL is both relevant and non-redundant. We summarize the S3

Phase 1 resultant set Ag by performing submodular maximization subject to a cardinality
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(or a knapsack) constraint as shown in Eq. (5.8):

AQAIS?X\S@ F(4) (58)

In this chapter, we use the same submodular function for the Exemplar Annotation stage
and the two phases of S3 for the Exemplar retrieval stage. Our framework is general, and
different submodular functions can apply if various diversity properties are desirable.

Since the final set of exemplars selected will be used as in-context demonstrations, we
can also apply a knapsack constraint for the constraint associated with Eq. (5.8).

max f(A) st. » cla) <b (5.9)

ACAq a€A

The budget b can be set to the difference between the pre-set context window of the infer-
ence LLM and the token length of the formatted test query. The cost c¢(a) denotes the cost
associated with exemplar a that can be set to the token length of the instruction formatted
exemplar a, i.e., T (24, ya). Note that the knapsack constraint generalizes the cardinality
constraint: for cardinality constraints, ¢(a) is simply 1, and the budget is k.

To optimize Eq. (5.9), we use the modified greedy algorithm [194] described in Algo-
rithm 3 (in Sec. 2.2.1) with a (1 —1/4/e) constant factor approximation factor under certain
conditions. The modified greedy at each iteration 7 selects exemplar s; with the largest ra-

tio of objective conditional gain to the scaled cost, i.e., s; = argmax, 4 o ! (Aiflucz)_rf (Aic) ¢

> ved s, C(s) <D

Since both stages discussed in Sec. 5.5.1 and 5.5.2 involve certain hyperparameters such

as the similarity kernel, kernel width (in case of using the RBF kernel), the budget of Phase
1 of S3 (k1), budget associated with Phase 2 of S3 (ks when using a cardinality constraint),
or the scaling factor (r when using a knapsack constraint), we utilize a separate valida-
tion set for hyperparameter tuning . Our approach, thus, needs minimal supervision and is
learning-free, as it does not involve fine-tuning the inference LLM on any task-specific task.

For all the experiments in this chapter, we use submarine [27] for submodular optimiza-

tion.
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5.5.8  Complexity Analysis

Exemplar Annotation To select the set of exemplars to label, we are required to maxi-
mize the facility location function using greedy selection. This step requires (1) constructing
a pairwise similarity matrix and (2) applying greedy selection. Given |Xyniabeled| = 7 and
|Xabeled| = K, constructing the pairwise similarity matrix requires O(n?) operations while
greedy selection requires O(nk), yielding a final complexity of O(n? + nk). In practice, the
quadratic cost of computing the similarity matrix can be reduced by utilizing sparse matri-
ces, while greedy selection can be sped up significantly by using a priority queue [231]. The

exemplar annotation cost is incurred only once for each task.

Exemplar Retrieval At inference time, we retrieve exemplars annotated in the first stage
that are relevant to a particular query set by using S3. The first phase of S3 requires
minimizing a modular function mg(A) to select k; query-relevant samples from a set of k
labeled exemplars. Thus, this phase has a time complexity of O(k + klog ky).

The second phase of S3 summarizes the k; samples down to a diverse set of ko samples
by maximizing a facility location function subject to a knapsack constraint. Similar to the
process of exemplar annotation, this phase also requires constructing a pairwise similarity
matrix (O(k?), though this can simply be reused from the exemplar annotation phase as we
do not alter the similarity metric. Thus, the complexity of this phase is O(k;ks), which is
incurred by performing greedy selection.

In our experiments, we focus on the low-data regime and set the annotation budget, i.e.,
k, as 100 in the active-learning setting. As can be seen in Sec. 5.6.2, k1 is often less than 30,
making the entire process utilizing S3 for exemplar retrieval very efficient and significantly

faster than the LLM inference call by several orders of magnitude.
5.6 Experiments

To demonstrate the effectiveness of our proposed framework for exemplar annotation and

retrieval for performing ICL, we conduct experiments over a diverse set of 7 NLP datasets
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using a suite of five different LLMs as in-context learners. Since our proposed framework
Div-83 does not perform any task-specific LLM fine-tuning, we only compare it to existing

learning-free ICL methods to ensure a fair comparison.

Datasets We evaluate Div-S3 on the following 7 NLP datasets, which cover five distinct

tasks:

1. SST-5 [306]: This dataset involves sentiment classification of movie reviews into five
distinct sentiment categories: very negative, negative, neutral, positive, and very pos-

itive.

2. SST-2 [306]: Similar to SST-5, this dataset also deals with sentiment classification

into positive and negative labels.

3. RTE [25]: The Recognizing Textual Entailment dataset focuses on discerning textual
entailment and belongs to a broader scope of tasks studied under Natural Language
Inference. Given a pair of sentences, the goal is to determine whether the premise (also

called text) entails (or implies) the hypothesis.

4. MRPC [75]: This dataset deals with paraphrase detection task where given a pair of

sentences, the objective is to determine whether they are semantically equivalent.

5. TREC [181]: This dataset involves a question classification task. In this work, we
focus only on the six coarse labels: Abbreviation, Entity, Description, Human being,

Location, and Numeric value.

6. DBpedia [172]: Here, we have a topic classification dataset constructed by selecting
14 non-overlapping classes from the base DBpedia 2014. The 14 different classes are
as follows: company, educational institution, artist, athlete, office holder, means of
transportation, building, natural place, village, animal, plant, album, film, and written

work.



92

7. HellaSwag [330]: In this case, we have another NLI dataset studying grounded com-
monsense reasoning. It consists of multiple-choice questions with four answer choices.
Three out of four choices are incorrect and designed in an adversarial way to deceive

machines without misleading humans.

In Table 5.1, we provide dataset statistics of 7 datasets described above in terms of the

size of the train/validation/test splits.

Table 5.1: Datasets Statistics of different ICL datasets

Dataset | Size of train set Size of validation set Size of test set

SST-5 8544 1101 2210
SST-2 67349 872
RTE 2490 277
MRPC 3668 408
TREC 5452 - 500
DBPedia 560000 - 70000
HellaSwag 39905 10042

Prompt template For the majority of tasks, we use the same prompt templates as [311].

In Table 5.2, we provide the template used for each task explored in this work.

Models We evaluated our proposed framework and compared baseline methods for ICL
on five LLMs of varying complexity belonging to the GPT [259, 36] and OPT [389] families.
Specifically, the largest model that we used as the inference LLM is GPT-J-6B [335], and
from both GPT-Neo [29] and OPT families, we used their respective 2.7B and 1.3B variants.

Baselines We compare Div-S3 to the learning-free baselines listed below. In all listed
methods, the first part of the name preceding the hyphen indicates the strategy used for
exemplar annotation (stage 1), while the later part denotes the strategy used for exemplar
retrieval (stage 2). The second stage method named “Similar” uses cosine similarity-based

ranking to extract the most relevant exemplars at test time.
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Table 5.2: Templates of different tasks. Text marked in blue denotes the manual instruction

template. Depending on the task, placeholders (X), (Y'), and (Z) will be replaced by their

available components.

Dataset Prompt Template Class names (Verbalizer)

SST-5 How do you feel about the following sentence? (X) very negative, negative, neu-

answer: tral, positive, very positive

SST-2 (X) It was terrible, great

RTE (X) true, false

question: (Y). True or False?
answer:
MRPC Are the following two sentences ’equivalent’ or 'not equivalent’? not equivalent, equivalent
(x)
)
answer:
TREC Categories: Description, Entity, Abbreviation, Human, Numeric, Location description, entity, abbreviation,
What category best describes: (X)) human, numeric, location
Answer:

DBpedia title: (X); content: (Y) company, educational institution, artist,
athlete, office holder, mean of transportation
building, natural place, village, animal,
plant, album, film, written work

HellaSwag 4 answer choices provided

The topic is (X). (Y) (Z)
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1. Random-Similar: randomly selects exemplars from the unlabeled pool for annotation

and then uses Similar for exemplar retrieval.

2. Random-S3: randomly selects exemplars during the annotation phase and then uses

S3 to select relevant exmplars during the retrieval phase.

3. VoteK-Similar [311]: uses graph-based method named VoteK to select k/10 samples
which are diverse in the feature space used. For selecting the remaining 9%k /10 samples,
the inference LLM is used to compute the average log probability over the generated
output to select diverse exemplars in terms of confidence scores. For the retrieval stage,

Similar is used.

4. Div-Similar [58, 232, 20]: maximizes a submodular facility location objective to select
a subset of Diverse and representative samples for annotation. This strategy differs
from Div-S3, where we use Submodular Span Summarization for exemplar retrieval

instead of Similar.

5. Div-MixModSub: uses a facility location-based submodular maximization to select
Diverse exemplars for annotation. Similar to [155], we consider another baseline named
MixModSub, which uses a mixture of a submodular function (facility location) and a
modular function (similarity scores) to balance representativeness and query-relevance

in the final retrieved set jointly.

We report average performance across three runs for the following baselines: Random-

Similar, Random-S3, and VoteK-Similar.

5.6.1 Results

We compare Div-S3 to the baselines discussed in Sec 5.6 in Tables 5.3, 5.4, and 5.5 using
GPT-J-6B, GPT-Neo, and OPT models respectively. We fix the annotation budget as 100,

i.e., | Diabelea| = 100 for all tasks and methods. For Div-S3, when using a knapsack constraint,
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Table 5.3: ICL performance on different NLP datasets using GPT-J-6B as our inference

LLM. Here, we compare Div-S3 against the baselines described in Sec. 5.6. Our proposed

methods are marked with an asterisk (*).

Method SST-5 SST-2 RTE TREC MRPC HellaSwag DBPedia Average
Random-Similar 47.18 88.15  57.40  71.00 63.32 66.09 90.22 69.05
VoteK-Similar 44.30 89.19 5243  71.09 63.91 66.48 89.51 68.13
Div-Similar 45.02 90.48  53.07  77.60 67.89 66.14 90.94 70.16
Div-MixModSub 45.93 90.25  54.87  76.80 67.89 66.18 91.06 70.43
Random-S3 46.73 88.23  58.24  70.80 63.32 66.18 89.49 69.00
Div-S3 (cardinality)* | 49.59 91.28 60.65 80.00 68.63 66.32 89.87 72.33
Div-S3 (knapsack)* | 49.73 - 59.57  80.60 67.40 66.44 90.69 72.24

Table 5.4: ICL performance on four candidate datasets using two GPT-Neo

proposed methods are marked with an asterisk (*).

models. Our

Method SST-5 SST2 RTE TREC Method SST-5 SST-2 RTE TREC
Random-Similar | 41.01 7026 53.91  62.60 Random-Similar | 35.78 7863 4826  55.00
VoteK-Similar 39.97 6471 5417 6211 VoteK-Similar 39.06 80.34 4870  52.99
Div-S3 (cardinality)* | 40.36 77.64 53.79  66.40 Div-S3 (cardinality)* | 37.29 82.80 52.71 62.80
Div-S3 (knapsack)* | 41.49 -  54.87 68.80 Div-S3 (knapsack)* | 3851 - 4874 65.00
(a) GPT-Neo 2.7B (b) GPT-Neo 1.3 B
Table 5.5: ICL performance on four datasets using two OPT models.
Method SST-5 SST2 RTE TREC Method SST-5 SST-2 RTE TREC
Random-Similar | 37.20 7427 51.38  58.27 Random-Similar | 32.64 81.69 5247  63.53
VoteK-Similar 36.72 73.96 53.52 50.39 VoteK-Similar 2852  81.38 52.73  61.07
Div-S3 (cardinality)* | 37.74 79.82 5343  64.40 Div-S3 (cardinality)* | 32.08 86.12 53.79 67.60
Div-S3 (knapsack)* | 38.69 - 51.26  65.60 Div-S3 (knapsack)* | 31.54 - 54.87 67.20
(a) OPT 2.7B (b) OPT 1.3 B
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the budget (in terms of the token length) is the inference LLM’s pre-set context window size
minus the formatted test query length. The pre-set context window size is 1,024 for the
models we study in this work.

On the SST-5 and RTE datasets, Div-S3 demonstrates roughly 3% absolute gain com-
pared to the baseline models in terms of accuracy. Across all tasks, we see that Div-Similar
is a strong baseline that outperforms the other two baselines: Random-Similar and VoteK-
Stmilar. This indicates that selecting a diverse and representative set of exemplars during
the annotation stage is crucial to the overall performance of ICL. Integrating Div (Stage
1) with S3 (Stage 2) results in additional improvements, affirming our hypothesis that the
final stage of exemplar retrieval at test time should be treated as a subset selection problem
rather than independently selecting exemplars using modular similarity-based values.

When using the smaller LLMs belonging to the GPT-Neo and OPT families on four
candidate datasets, we observe that Div-S3 outperforms other baselines. Notably, across
SST-2 and TREC datasets, it achieves a maximum absolute gain of approximately 10%
in terms of accuracy. This demonstrates that our proposed framework Div-S& exhibits

consistent improvements across various tasks and LLM variants.

5.0.2  Hyperparameter Tuning

Div-S3 involves a set of hyperparameters listed at the end of Sec. 5.5.1. To tune these hyper-
parameters, we use the validation set of each dataset. In case the validation set is unavailable,
we randomly select 10% of samples from the training set while using the remaining 90% as
the unlabeled pool of exemplars. Specifically, for the similarity metric needed to instantiate
the facility location function, we compare the following kernels: cosine similarity with nega-
tive entries truncated to zero, modified cosine similarity adding a constant 1 to each entry,
and RBF kernel with kernel widths o € {0.1,0.2,0.5,1.0,2.0,5.0,10.0}. While the hyper-
parameter search space for the kernel is quite broad, we prune the set of candidate kernels
by inspecting the gains of the submodular function when performing greedy maximization,

as shown in Fig. 5.4. Specifically, if a kernel configuration results in the gains diminishing
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Gains corres. to Facility Location functions instantiated
with different similarity kernels and kernel widths
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Figure 5.4: Plot displaying the Submodular Gains on the SST-5 dataset for different simi-
larity kernel configurations. All kernels that use the RBF configuration with kernel width
less than 1.0 result in gains that saturate (approach 0) prematurely. Such configurations are

not useful for the exemplar annotation task, so they can be discarded by inspection.

prematurely, then samples chosen towards the later stages of the optimization procedure may
be selected randomly. Pruning such kernel configurations is relatively inexpensive, since we

do not need to run the end-to-end pipeline to assess their utilities on the downstream task.

Table 5.6: ICL performance on four candidate datasets using GPT-J-6B model in the non-

active learning setting where only Stage 2 focusing on exemplar retrieval is active.

Method SST-5 SST-2 RTE TREC
Similar 50.95 89.91  54.15 90.80
S3 (cardinality)* | 50.81 91.28 55.96 89.00
S3 (knapsack)* | 52.08 - 57.04  90.00

The annotation budget (k) for stage 1 is set as 100 for each task and across all LLMs
studied. The budget for phase 2 of S3 (k) when using a cardinality constraint is roughly
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Table 5.7: ICL performance on four candidate datasets using two OPT models in the non-
active learning setting where only Stage 2 focusing on exemplar retrieval is active. Our

proposed methods are marked with an asterisk (*).

Method SST-5 SST2 RTE TREC Method SST-5 SST-2 RTE TREC

Similar 4525 83.94 48.01  79.60 Similar 36.06 87.50 51.99  77.60

S3 (cardinality)* | 44.34 85.78 53.07 80.80 S3 (cardinality)* | 37.92 88.30 53.07 7820

S3 (knapsack)* | 45.97 - 50.18  80.80 S3 (knapsack)* | 38.55 - 51.26  79.00
(a) OPT 2.7B (b) OPT 1.3 B

determined based on the average number of exemplars [ that are selected by Similar method
on each task. We search for ky by using neighboring values of [. To tune the budget (k)
associated with phase 1 of Stage 2, we search over k; € {15,20, 25,30, 35,40, 45,50}. For
the scaling factor » when optimizing Phase 2 under a knapsack constraint, we search over
r €{0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1.0}. Next, we list the best-found hyperparameters
for each task in the given format (similarity kernel, &y, r): SST-5 - (14-cosine, 40,0.1), RTE
- (14cosine, 30,0.1), MRPC - (RBF kernel with width 2.0, 15,0.1), SST-2 - (RBF kernel
with width 5.0, 30, -), TREC - (1+cosine, 30,0.1), DBPedia - (1+cosine, 25,0.4), HellaSwag
- (1+cosine, 25,0.1)

5.60.3 Sensitivity Analysis

Non-Active Learning setting: In this section, we verify the effectiveness of the S5 method
for exemplar retrieval in a non-active learning setting where there are no constraints on
the annotation budget. Here, we consider the entire training set as the annotated pool of
exemplars, meaning |Dpapeled| = 1. This renders the Exemplar Annotation stage redundant.
In Table 5.6 and 5.7, when using GPT-J-6B and OPT models, respectively, we compare S3

(when using cardinality and knapsack constraints for phase 2 of S3) to Similar. As depicted
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in Table 5.6 and 5.7, S3 consistently outperforms the modular selection method Similar,

reinforcing our hypothesis of approaching exemplar retrieval as a subset selection problem.
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Figure 5.5: Sensitivity analysis of the set of exemplars retrieved by different Eremplar Re-
trieval methods to their ordering in the LLM’s input prompt. The first stage of Exemplar
annotation is identical in all four methods studied. When using Random as the second stage

method, we report the sensitivity results for two different random seeds.

Order Sensitivity: Prior works such as [396] and [213] have shown that ICL’s per-

formance is extremely sensitive to the ordering of the exemplars in the input prompt, with
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performances varying between random-guess levels to fine-tuning based state-of-the-art lev-
els. In this section, our goal is to demonstrate how Div-S3 is less sensitive to the ordering
of the retrieved exemplars in the LLM’s input prompt. To do this, we fix the strategy used
during the exemplar annotation stage as Div and select exemplars from the annotated pool
of exemplars using three different methods: Random, Similar and S3. Given m selected
exemplars, overall m possible order permutations exist. Scoring all m orderings by making
inference calls to the LLM would be computationally challenging, so we randomly sample
50 different orderings and score those across different Stage 2 methods. In Figure 5.5, we
demonstrate the performance variation corresponding to these random orderings on three
candidate datasets, and it can be seen that Div-S3 achieves better average accuracy while
being less sensitive to the order of the exemplars compared to other baselines due to its

ability to balance relevance and diversity during the exemplar retrieval stage.
5.7 Summary

In this chapter, we propose Div-S3, which unites the two stages of exemplar selection using
submodular optimization. For the Exemplar Annotation stage, we select a diverse subset
of exemplars for annotation under a fixed budget utilizing submodular maximization under
a cardinality constraint. For the Exemplar Retrieval stage, we utilize a Submodular Span
Summarization approach that finds diverse annotated exemplars most relevant to the test
instance. Compared to previous methods on the exemplar selection task, Div-S3 models
both diversity and relevance for the second stage and incorporates the rich class of sub-
modular functions. On multiple NLP tasks using various LLMs, Div-S3 shows consistent
improvements and is also more robust to the ordering of the exemplars empirically as we

account for diversity in the exemplar retrieval stage.
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Chapter 6
SUBMODULARITY FOR KV CACHE SUMMARIZATION IN
LLMS
6.1 Introduction
The multi-headed self-attention [328] serves as the building block of several state-of-the-art

Transformers-based models for various tasks such as language understanding and genera-
tion [262], image recognition [31], and recommendations [350] using Large Language Models
(LLMs). It enables models to learn long-range dependencies and complex patterns by focus-
ing on multiple sequence sections simultaneously, regardless of their proximity. However, de-
ploying LLMs is challenging for at least two main reasons: (1) Quadratic scaling of attention:
the attention mechanism scales quadratically with sequence length, leading to high compu-
tational costs and memory requirements for processing longer sequences; (2) Autoregressive
decoding wherein the LLM generates the output sequence token by token conditioned on the
previously generated results and the input sequence, which requires accessing or recomputing

the key and value representation of all previous tokens.

Existing approaches to tackle the first problem include input sequence truncation [72,
|, sliding window-based sequence chunking [177, 103], memory augmentation methods [(0,
, , |, and retrieval-based methods [137, , 32, |. However, conventional tech-
niques like chunking suffer from well-known problems, such as context fragmentation [66].
Similarly, retrieval-based non-parametric methods to augment an input query with relevant
context require constructing an external memory bank that is several orders of magnitude
larger than the dataset size. In addition, a retriever index must be constructed on top of the

memory bank.

As discussed in Sec. 3.1.3, KV caching mitigates recomputation costs in autoregressive
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decoding by storing previously computed key and value vectors [253]. However, the KV
cache size grows linearly with sequence length, resulting in GPU memory saturation during
long-sequence processing [197, , |. Additionally, as model size increases, the memory
footprint of a single token increases as well. While it is possible to offload the KV cache to the
host DRAM, this will incur a host-to-device latency for each inference call. Given the growth
in model size and context lengths of publicly available models [269, 12], reducing the memory
overhead of the KV cache while retaining model accuracy becomes even more important.

Existing system-level techniques such as FlexGen [298], Paged Attention [163], and Flash
Attention [67] improve the utilization of GPU resources and throughput when dealing with
the attention mechanism and KV caches. However, they do not consider the impact of ever-
increasing KV cache sizes. Modeling techniques such as multi-query [297] and group-query
attention [3] help mitigate the size of the KV cache by removing unnecessary heads, but they
require expensive retraining or fine-tuning.

Given the wide deployment of accelerators and models already in the field, we need to
leverage inference time techniques that reduce the size of the available context at all layers
(KV cache) without impacting accuracy. Existing related works, such as Heavy Hitters [393],
Scissorhands [207], KeyFormer [1], and FastGen [L00], rely on heuristic-based techniques to
preserve only the important key-value attention states while evicting the non-important
attention states. They employ modular scores (described in Sec. 6.4) such as attention
scores attributed to different tokens accumulated over different time steps. This does not take
into account the importance of keeping a particular KV attention state in the context of other
states already present in the KV cache and thus does not capture long-term dependencies
between tokens. We hypothesize that KV cache selection should be framed as a subset
selection problem where we evaluate the utility of different key-value pairs as a set instead
of independently evaluating each key-value attention state.

In this chapter, we present a novel yet simple approach called BumbleBee' for KV

'Named after our favorite Transformer who is known for being “efficient”, highly “acute”, and “adapt-
able”.
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Figure 6.1: Ilustration of the attention mechanism in a self-attention head of one of the
BumbleBee’s decoder layers. 7; and 7, denote the local context length and the limited global

summary length, respectively.

cache summarization, thus enabling existing LLMs to be used for longer contexts without
any additional fine-tuning, CPU offloading [295], or context truncation [24] in case of longer
sequences (Fig. 6.1). The temporal span of the context (which is defined as the difference
between the time of the latest and the time of the earliest context token) may be unboundedly
long in a BumbleBee model. This is true even though the total number of tokens in a
BumbleBee context does not grow unboundedly. Indeed, BumbleBee draws inspiration from

the following aspects of human psychology:

1. Selective attention [56, 324] allows us to focus on relevant information and filter out dis-
tractions or irrelevant details. This plays a critical part in determining what subset of
information should get successfully encoded into our memory. Similarly, in BumbleBee, we
maintain a memory of diverse, representative, and important time points of the sequence

observed so far by utilizing online submodular summarization.

2. Humans process information in an online and dynamic fashion over an extended period,



104

possibly all the way to very early in life. This involves relying on our (possibly extremely
long) past memory to make sense of incoming information through associations, selec-
tively attending to relevant information, and organizing our existing memory in light of
new information. This top-down processing style [99] enables us to prioritize and encode
pertinent information for future recall. Similarly, in the case of BumbleBee, we process an
incoming segment or chunk by contextualizing it with the online summary (or memory)
obtained thus far and update the summary (or memory) based on the segment’s informa-
tiveness and its association with the current memory. Like human memory, BumbleBee’s
online summary may include tokens anywhere from the earliest point in the stream all

the way to the present.

To realize the above inspiration, BumbleBee utilizes online submodular summarization to
maintain a diverse subset of important key-value attention states on the fly that are represen-
tative of long-term global history. Incorporating a fixed-size summary of the entire historical
sequence allows the BumbleBee to capture long-range dependencies (with unbounded tem-
poral extent) without increasing the memory consumption or the length of input fed to the
Transformer. We further combine the global submodular summary with the most recent
local context as shown in Fig. 6.1, so BumbleBee’s predictions are dependent on both the
latest context as well as the global wide-ranging patterns observed so far. Thus, our approach
boosts the Transformer’s capabilities to capture both the long-term and short-term contex-
tual dependencies while maintaining similar (and thus feasible) memory and computational

costs for a fixed-size input sequence length.

This chapter is based on the work published in: Lilly Kumari, Shengjie Wang, Tianyi
Zhou, Nikhil Sarda, Anthony Rowe, and Jeff Bilmes. BumbleBee: Dynamic KV-Cache
Streaming Submodular Summarization for Infinite-Context Transformers. In First Confer-

ence on Language Modeling. COLM, 2024.
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6.1.1 FEmpirical Evidence

LLMs are pre-trained using a fixed context window, and prior work has shown their limited
generalization on sequences significantly longer than the pre-trained context window [135].
Recently, some of the closed sourced models that have come out have a context window longer
than 128k tokens; for example, GPT-4 [215] has a context window of 128k, Claude 2.1 [11]
can process 200k tokens while Gemini 1.5 pro [269] can handle a 1M input context. To utilize
such a long context, caching of key-value states is utilized to keep the latency associated with
the inference phase low. However, the KV cache grows linearly with the sequence length. For
example, for LLaMA-13B model [321], the KV cache for storing 128k tokens would roughly
take 40 (number of decoder layers) x 5120 (hidden size) x 2 (kv pair) x 2 (fp16) x 128000 =
105 GB.

Layer 1 Head 18
77 7

Layer 32 Head 4
T, T T T

2047 1=

N
S
2
b

Relative Distance from Query
Relative Distance from Query

0 P i
2048 3048 4048 5048 6048 7048 2048 3048 404

Query position w.r.t. the original sequence Query position w.r.t. the original sequence

(a) Test sample 1 (b) Test sample 2

Figure 6.2: Attention maps for two different WikiText-103 articles using LLaMA-7B model.

To address the memory costs associated with the KV cache, we focus on the following
question:

Is it possible to maintain the LLM’s performance on downstream tasks without storing
every observed token representation in the KV cache?

We conduct experiments on the WikiText-103 [225] dataset to support our hypothesis
that self-attention is selective and keeping only a set of both diverse and important tokens
is sufficient to maintain performance. Specifically, we use the LLaMA-7B model (with a pre-

trained context window size of 2048) for a next-token prediction task on randomly sampled



106

articles from wikitext-103 and visualize the attention scores attributed to different tokens
present in the context window of size 2048 in Fig. 6.2. On the x-axis, each token represents
the query used for next-token prediction, while each vertical slice (column) illustrates the
logarithm of normalized attention scores for the 2048 in-context tokens (or keys). As we
move from the bottom row to the topmost row along the y-axis, the relative distance of the
in-context keys from the query token increases from 0 to 2047. The anti-diagonal pattern
shown in Fig. 6.2 shows that there is a small subset of tokens that are strongly attended to
while they are present in the context window.

However, the constraint of the context window restricts tokens in longer sequences to
only attend to nearby local tokens, limiting their ability to capture broader contextual in-
formation. In this chapter, we show that by using a submodular function to summarize the
entire historical contextual information in the KV cache across different attention heads, one
can reduce the memory footprint associated with the KV cache while maintaining acceptable

performance compared to using the entire cache.
6.2 Notations & Background

In this section, we provide a concise background about self-attention used in Transformer-
based LLMs. We also briefly discuss the KV cache mechanism used to avoid re-computations
during the decoding stage, as well as the submodular functions used to model different key

attributes.

Notations We denote a sequence of tokens as = {x1, s, ..., } where 7, € R%is the t-th
token embedding. In a decoder-only Transformer model, we denote the number of decoder
layers present as n; and the number of attention heads present in each layer as n;. The self-
attention mechanism of head h in layer (I + 1), utilizing distinct weight matrices for query
(W,), key (Wy), and value (W,), operates on the hidden states from the preceding layer,
represented as H'. Specifically, we get the following query, key, and value embeddings after
the linear projections: Q™' = H'W,, K'*' = H'W},, and V'*! = H'W,. Row t in the key
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embedding matrix denotes the key vector corresponding to the ¢-th token, and this holds for
both query and value matrices as well. Given query ¢, its attention output o; using scaled
dot product attention is computed as shown in Eq. (6.1). Here, we use S; to denote the KV
cache accumulated at step . From here onwards, we omit notation pertaining to the specific

layer and head for the sake of simplicity.

exp (kTq;)
P> S s om (g > alanki S v (6.1)
(kjﬂ)j)ESt ki€St p ’LQt (k]‘,'u]')est

KV Cache Decoder-only transformers operate in an autoregressive manner, predicting to-
kens sequentially based on previously generated (and observed) ones. By caching previously
computed representations, specifically the embeddings for keys and values corresponding to
observed tokens, the model can avoid redundant computations in each decoding step. Specif-
ically, the KV cache initially computes the attention states for an input prompt, represented
by So = {(ki,v;)|i < n}, and caches them in memory. For every subsequent step j < k,
the model reuses the cached states S; = {(k;,v;)|i < n+ j} to compute the attention state
(Kntj, Uny;) of the new token s, ;. This significantly reduces the floating-point computa-
tions used for matrix operations to compute the new attention states. After each step, the
newly computed attention states are appended to the cache for subsequent use, such that
Sj = Sj—1 U{(knj, vnsj) }-

Note that the KV cache is an approximation and trades off precision for speed. The
attention state computation for token s; is limited to the sequence available at step j, namely
{sili <n+j} as opposed to over the entire sequence {s;|i < n+ k}. KV caches significantly
reduce latency and result in a minimal loss in accuracy, making them an essential ingredient
in practical LLM deployment.

Since the KV cache is updated with a new token at each decoding step, its size grows
linearly with the overall sequence length (including both input prompt and generated tokens)

and the batch size. This becomes a major bottleneck when dealing with longer sequences

whose KV cache can not fit in the GPU’s high bandwidth memory (HBM). Therefore, in
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this chapter, we study how to summarize the KV cache by keeping only a small subset of
important and diverse and thus representative key-value embeddings while discarding the

rest.

Submodularity To model diversity and representativeness, we utilize the facility location
function described in Sec. 2.1.2. The FL function utilizes similarity scores sim(v,v’") com-
puted over every pair v,v’ € V of items. A valuation is then the sum of similarities from
any item in the ground set V to its closest representative in the given set A as shown in

Eq. (6.2).

f(A) = 2 max sim(v, v'). (6.2) c(A) = UGZU ¢u(U€ZA My (v)). (6.3)

Another widely used submodular function is the feature-based function described in
Sec. 2.1.2, and it has the form shown in Eq. (6.3). Here, we have ¢,(-) as a monotone
non-decreasing non-negative concave function, and m,(+) is a non-negative weight associated
with the u-th feature of every item v € A. Due to the diminishing property of ¢,(-), to have
a large function valuation for a set A, we would require the sum of every feature across items

to be uniformly large, thus inducing diversity and fairness over a feature representation of

the selected subset.

6.3 Related Work

Attention speedup Self-attention is a critical component of the Transformer [328] mech-
anism powering modern language models but suffers from quadratic complexity. Techniques
such as Linformer [338], Performer [53], Linear Transformers [134], and Reformer [145] aim
to reduce the time complexity of self-attention via low-rank approximations or hashing tech-
niques. Longformer [24] introduces sliding-window attention to reduce the computational

overhead of self-attention. FlashAttention [67] implements an IO-aware kernel to compute
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self-attention and uses tiling to reduce memory overhead. Keyformer [1] speeds up attention
computation by exploiting the empirical observation that 90% of attention weights focus
on a small subset of tokens. For workloads that share similar inputs, prompt caching [102]
and prefix sharing [307] have emerged to reduce the computation and memory overhead of

self-attention.

KV cache compression and management We discuss existing KV cache compression

methods in Sec. 3.1.3.

Applications of submodularity to LLMs INGENIOUS [273] is a technique that uses
submodular optimization for selecting representative subsets of the training data such that
the language models trained thereof achieve comparable performance to models trained on
the full dataset. SMART [272] proposes a data mixture strategy for instruction tuning,
leveraging a submodular function for importance score assignment to tasks that are used
to determine the mixture weights. Submodular functions have also been used to augment
LLMs for multi-document summarization [162]. To the best of our knowledge, ours is the

first work to apply submodularity for KV cache summarization.

6.4 Set Function Optimization View of Prior Work

Heavy Hitter Oracle (H,O) [393] is a training-free KV cache reduction strategy designed
to reduce memory usage during autoregressive decoding in decoder-only Transformer mod-
els. Instead of retaining all past tokens in the cache, HoO selects a subset based on their
accumulated attention scores, aiming to preserve only the heavily attended tokens—referred
to as Heavy Hitters. The method builds on the observation that only a small fraction of past
tokens contribute significantly to future decoding steps, making it possible to safely evict
others without degrading model performance.

Let K,, ={k; |i=1,2,...,n} and V,, = {v; | i = 1,2,...,n} denote the keys and values

corresponding to the first n tokens in the KV cache. Using the attention formulation in
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Eq. (6.1), HO computes an accumulated attention scores vector a,, € R", where each element
a! represents the total attention attributed to key k; across all subsequent query tokens.
This accumulation naturally arises due to the causal structure of decoder self-attention. The
accumulated attention score for key k; is computed by summing the attention it receives

from all queries at time steps t > 7, as follows:
al, =Y alq ki, Sh). (6.4)
t=i

Using the accumulated scores a,,, HoO selects a subset of indices Zgejectea € {1, . .., n}, subject
to a KV cache budget constraint |Zjectea| < k, such that the total accumulated attention is

maximized:

Iselected € argimax Z afl- (65)

This defines a modular utility function f(I) =, ;al, where each token’s contribution is
additive and independent of others. Consequently, token (key-value) selection simply re-
duces to a sorting operation over the a, vector. This does not account for redundancy or
diversity in the selected subset of key-value tokens. Moreover, applying concave transfor-
mations to a’, does not affect the selection order, hence resulting in the same top-k tokens.
Although the original paper references submodular optimization, it does not leverage sub-
modularity or employ an iterative greedy algorithm (Algorithm 1) in its implementation at
https://github.com/FMInference/H20.

FastGen [100] is another training-free KV cache compression method aimed at reducing
memory consumption during autoregressive decoding in decoder-only LLMs. The method
leverages the observation that attention patterns in different attention heads of the model
exhibit consistent behaviors. FastGen introduces an offline attention profiling stage that an-
alyzes the behavior of each attention head and assigns it one of several KV cache reduction
policies: local context, special tokens, punctuation tokens, heavy hitters, or full cache reten-

tion. Each policy prescribes a fixed, rule-based strategy for deciding which tokens’ key-value

(KV) pairs should be retained in the cache during inference. This head-specific policy is
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applied independently to each attention head.

Instead of retaining all keys K,, and values V,,, FastGen selects a subset of token indices
Tselected © {1,...,n} based on the attention profile type. For local context patterns, only
the most recent 7; tokens are retained, i.e., Zsgectea = {n — 71 + 1,...,n}. For special token
patterns, Zelected = {7 | i € Tspecial }, Where Topecial denotes a pre-defined set of tokens such
as [INST], (s), etc. For punctuation token patterns, only the key-value pairs corresponding
to punctuation tokens are retained. For heavy hitters based on frequently attended keys, the
H5O algorithm is used to identify the heavy hitters, and only those tokens are retained in the
KV cache for that attention head. This token selection is applied independently per attention

unit, but the selection criteria are fixed and non-adaptive once the profile is assigned.

Although FastGen reduces cache size by exploiting structural regularities in attention
behavior, it does so using simple heuristics rather than through any principled optimization
framework. Moreover, there is no explicitly defined utility function f(Zslected), €xcept in
the case of heads assigned a heavy hitter compression policy, where accumulated attention
scores guide token selection similar to HoO. While the utility of retained tokens likely exhibits
diminishing returns, the method does not formalize or leverage this property. As a result,
FastGen may retain redundant tokens, limiting its potential to achieve more efficient cache

reduction.

L2-norm-based selection [73] is another training-free KV cache selection method. In-
stead of selecting tokens based on attention scores, this method leverages the observation
that key embeddings with low L2 norms tend to attract higher attention weights across
different attention heads. This behavior remains consistent across different decoder layers,
suggesting that the L2 norm of keys can be used as a static proxy for their future impor-

tance in attention computation. Given the set of keys K,, for n tokens, this method defines a

utility score u; = m for each key independently, assigning higher utility to keys with lower
norms. It then selects a subset of token indices Zgjectea € {1,...,n} under a size constraint

| Zsetected| < k, maximizing the total utility over the selected set.
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Formally, the selection objective is:

Leclected € argmax Z U, (6.6)

IC{L,..,n}, |ZI<k 4

which defines a modular set function f(I) = Y .. u; = ZieIm’ where each token’s
contribution is additive and independent of others. Similar to the H,O work described earlier,
this selection reduces to a simple top-k sorting operation over the utility scores. However,
because each token is considered in isolation, this method does not control for redundancy
in the selected key-value pairs, and maintaining low-norm keys with highly similar semantic

content can lead to wasted memory capacity.

6.5 BumbleBee

In Sec. 6.1.1, we saw that some keys, despite their distance from the query, are heavily
attended to, showing that it is important to preserve these keys in the overall context, even
if they are quite distant. While the importance of keys captured by the attention scores
is one aspect that should be considered for context (or KV cache) selection, the diversity
and representativeness of the selected keys are equally critical. That is, we require the
context summary (which has a fixed size) to be both relevant to and representative of the
entire context. This is how efficiency is achieved—amongst sets of a given fixed size, a
diverse set means a non-redundant set, while a redundant set means that certain concepts
are inefficiently over-represented while some concepts are poorly represented. To capture
these two properties (diversity and importance), we thus design our final scoring function
gx, which is a mixture of submodular functions described in detail in Sec. 2.1.2. g, is defined
as a convex combination of the facility location function (Eq. 6.2) and the feature-based

function (Eq. 6.3).
gA(A) = Af(A) + (1 = A)e(A) (6.7)

Here, A > 0 is a hyperparameter that controls the trade-off between representativeness and

relevance. Both component functions are monotone, non-negative, submodular, and assumed
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to be normalized, i.e., f(#) = 0 and f(V) =1 (and the same for ¢(-)). This normalization
ensures the compatibility among the mixture components, and the resulting mixture function

gy inherits these properties.

Algorithm 4 Offline Submodular KV Cache Summarization during Prefill/Encoding Phase

1: Input: Submodular functions f and c¢ capturing diversity in the key embeddings space

and importance in terms of attention frequency respectively for layer [ and attention
head h, mixture function g (-) = Af(-) + (1 — A)e(+), a set of n KV attention states
K, = {(ki)}1, V, = {(v)}}, corresponding to the n prompt tokens, budget 7,

2: Output: A final summary S, such that S,, C {(k;,v;)}, and |S,| < 7s.

3: Initialize: S, = (), Compute accumulated attention scores vector a, for each key k €
{k;}7_,. a! denotes the accumulated attention scores attributed to the key k; across all
n query tokens.

4: for j =1 to 75, do

5: kimp < argmaxec g g, ga(Sn U e) — g(Sh)

6: Sy < Sp U{(Kimp, Vimp) } Where vip,,, is the value embedding associated with imyp.

7. end for

6.5.1 Offline BumbleBee Algorithm

In Algorithm 4, we present the offline KV cache summarization pseudo-code to compute a
summary of the KV cache under a cardinality constraint 7. This algorithm is used for the
KV cache summarization in each self-attention head present in different decoder layers. In
Line 3, we first compute the attention scores for all keys accumulated over different time
steps and then use that to instantiate our feature-based function ¢(-). In our current setting,
we only experiment with one feature function, meaning |U| = 1 in Eq. (6.3). Using the key
embeddings, we instantiate the facility location function f(-) on a similarity matrix computed

using pairwise cosine similarities followed by the ReLU transformation.
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Algorithm 5 BumbleBee: Streaming Submodular KV cache Summarization for Transform-

ers

10:

11:

12:

13:

14:

15:

16:

17:

18:

: Input: Submodular functions f and ¢ capturing diversity in the key embeddings space

and importance w.r.t. attention frequency resp. for layer [ and attention head h, mixture
function gx(-) = Af(:) + (1 — Ne(+), stream of QKV attention states {(q;, ki, vi)}q,
budget 7

Output: A running summary S; of for every time step ¢ such that S; C {(k;, v;) }i_;.

. Initialize: Sy = 0, ag = ) where a; € RI%l denotes the accumulated attention scores

corresponding to keys present in S; across t timesteps.

:fort=1,...,ndo

Update a; for each k € S;_1 by adding a(q, k, Si—1 U k)
if t < 7, then
Sy S U{(ke,vp)}
Append a(q, ki, S¢) to a; s.t. |ay| = |Sy]
else
Let ;™ = Syt U {(ky,ve)}
Kdiscard 4= argmin, gt ga(ki| Sy \ ;)
Sp Sttmp \ {(Kdiscard, Vdiscard) }
if Eqiscara # ki then
Evict a! from a, where a] denotes the accumulated attention score for the dis-
carded key Egiscard-
Append a(qy, ki, S¢) to ay
end if
end if

end for
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In Lines 4-7, we use the greedy algorithm [239, , | outlined in Algorithm 1 in
Sec. 2.2.1 to perform a cardinality-constrained submodular maximization. Thanks to sub-
modularity, the resultant set is within a factor of (1 —1/e) from the optimal summary [239].
This offline routine is suitable for KV cache summarization after the prefill stage of LLMs,
particularly in serving systems where prompts are shared across user requests and their KV

embeddings are pre-computed and cached [163, 102].

6.5.2  Streaming BumbleBee Algorithm

In Algorithm 5, we outline the KV cache summarization algorithm suitable for a streaming
setting where we do not have prior knowledge of the complete sequence, restricting us from
using existing offline summarization algorithms to obtain a global summary of the sequence.
In light of this limitation, we propose to summarize the sequential data observed so far and
produce an online summary of a fixed size that serves as its representative set. We use the
same mixture function as Algorithm 4 as our final scoring function.

In Lines 6-8, we keep caching the (key, value) pairs for different attention heads un-
conditionally until the summarization budget is exhausted. Once the KV cache is full, we
utilize the key embeddings in S; and the accumulated attention score vector a; to update
the submodular function components, f(-) and ¢(-) of the final mixture function g,(-). In
Line 10, we create set S;™ that includes the newest incoming (k;, v;) pair and evaluate the
conditional gain of keeping an item around in the context of the remaining summary set as
shown in Line 11. The element with the least conditional gain is removed from S;™ and
the accumulated attention vector a; is modified in Lines 13-15 to include the attention score
associated with the newest key when the discarded key is one of the keys in the previous
summary set S;_j.

The streaming summarization algorithm is suitable for memory-constrained settings
where the KV cache for the entire context can not be maintained in the GPU memory. Also,
in multi-turn dialogue systems [82, |, after a certain number of interactions, it can be

challenging to keep track of the entire conversation context. In such scenarios, BumbleBee
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can enable modern LLM-based serving systems to maintain a representative yet important

summary of past interactions while minimizing the KV cache-based memory utilization.

6.5.3 Complexity Analysis

Compute costs In BumbleBee (Algorithm 5), we maintain a global summary of size 7.
So, constructing the pairwise similarity matrix for f (FL function) has a time complexity
of O(72 x d). Identifying the item with the least conditional gain (Line 11 of Algorithm 5)
requires O(72). However, if we cache the similarity matrix, we only need to compute the sim-
ilarity of the incoming item to the others in the summary, resulting in an overall complexity

of O(7s x d + 72) for each new token.

Memory Costs Caching the similarity matrix incurs O(72) memory costs.

6.6 Experiments

6.6.1 Synthetic Data Experiments

We are given a dataset having inputs defined as * = {z1,79,...,2,} where 7, € Rdn
denotes the t-th input token and d;, is the input feature dimensionality. Similarly, we have
the outputs defined as y = {y1,%2, ..., Yyn} Where y; € R% and d,y; is the dimension of the
output embedding. We hypothesize that BumbleBee can achieve significant improvements
in the task involving estimating y; € y over existing methods across different dimensions if

y; is a function of both of the following:

(a) The local context window, local;, a sequence {z;_p, Ty (h=1), - - - ;i 1} € @ where h is

the local context window length.

(b) The summary sequence, summ;, comprising k relevant vectors chosen from
{z1,29,...,24_p_1} C @. Specifically, let S, C {1,2,...,(t — h— 1)} and say S, =
(s1,82,...,5k) is ordered by time (or position) in the original sequence so that s; <

Sy < --- < 8. Then we have that summ, = (25, Zs,, ..., Ts, )
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Also, assume in this discussion that ¢ > h + k to avoid any negative indices.
To understand the context where we expect BumbleBee to function well, we define an

(undesirable) conditional independence property as follows:
vy AL summy|local; (6.8)

This property states that the predicted variable y; is independent of the summary given the
local context—this means that the local context is sufficient to predict y;, and once we have
this local context, the summary is not needed. This property is precisely what we must not
have in the data for BumbleBee to function properly. That is, this property should not hold
for any of the estimation tasks under consideration.

In terms of conditional mutual information, the property that we would like to have is
that I(y:; summy|local;) > 0, meaning that even if we have the local context, the summary is
still informative of y;. This property being true means BumbleBee should be effective.

To demonstrate the effectiveness of the BumbleBee on such tasks, we define an ideal
experimental setup as follows:

We obtain & ~ N(0, 1), for each t € {(k+h),(k+h+1),..., N}, we sample local; € x
using a sliding window mechanism and summ, € x uniformly at random based on the window
size and summary budget size defined previously. We define a generative process to obtain

y as follows:

Yy = fground-truth(summ, lOCCll)

Jeround-truth 1S chosen in such a way that the summary and local context tokens are both

equally important to y. This is done by obtaining,

ylocal - fground—truth ( lOCCLZ)

summ

Yy = fground-truth (Summ)

where the above model fground-truth 1S achieved via standard transformer masking/padding

(setting the corresponding attention values in the matrix to zero), and then comparing their
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Mean Squared Error (MSE) scores with respect to y to be comparable as shown in Table
6.1. Note that we are not training the ground-truth model but rather initializing it with a
seed for which the predictions made using (a) only the local tokens and (b) only using the
summary tokens receive similar MSE values. In terms of the architecture, feround-truth 15 @
single-layer encoder-decoder transformer model with a linear projection layer applied to the

outputs of the decoder. Here, h = 32, k = 32, d;,, = 16, do: = 1, n = 80,000.

Table 6.1: Performance comparison of the generated ground-truth model on the entire dataset

when only the summaries are used and when only the local context is used

Model MSE (Mean Squared Error)
Jaround-truth (Summ) 8.2689 x 104
Jferound-truth (local) 8.3301 x 10~

Table 6.2: Model performance on held-out test set

Model MSE (Mean Squared Error) MAE (Mean Absolute Error)

g local 0.14 x 107 77279 x 10~
focal, 4.21 x 1077 5.00 x 10-3
summ 4.83 x 10 1.685 x 10-2

learnt

To demonstrate our initial hypothesis, we now perform training and obtain three different

learned models, as follows:

summ,local

a. learnt

- trained using both summaries and local context tokens.

b. flocal _ trained using only the local context tokens.

summ

g - trained using only the summary tokens.

C.
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For the entire training setting, unless mentioned otherwise, we perform an 80:10:10 train,
validation, and test split, respectively (random seed initialization same across all three set-
tings), and train for 50 epochs. The results are evaluated on the held-out test set. From
Table 6.2 and Fig. 6.3, it is clear that f“"™%“! performs significantly better than floc

learnt learnt

and fumm exhibiting the importance of both summary and local context input tokens for
the final predictions. In Fig. 6.4, we provide qualitative results showing the predicted values

using different learned models.
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Figure 6.3: Performance comparison on a subset of the held-out set for different models
trained using (a) summaries and local context; (b) only local context; (c¢) only summaries.
Note that the plot in (c) looks granular in the vertical dimension since the summaries are
not changing at every time point, i.e., time is segmented into regions where the summary is

fixed, meaning S; = S;_; for certain regions.

We observe the stripe pattern in Fig. 6.3c because the input summary tokens remain
constant across multiple episodic periods due to the design of the data sampling process.
We further demonstrate that using a large local context does not necessarily yield com-

parable results using the same training setting. To achieve this, we simply increase the size

localx 10

o . We compare the

of the local context window by 10 times the original to obtain,
performance of these models on metrics like MAC (Multiply and Accumulate), runtime mem-

ory, and MSE. The MAC and runtime memory metrics are computed for a single training
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Figure 6.4: Plot for error comparison with respect to ground-truth data of different trained

models for two different time windows

example in a mini-batch.

such as runtime memory used, MSE, etc.

Table 6.3 clearly shows the effectiveness of having a mechanism to summarize the histori-

cal context over naively fitting longer inputs in the transformer’s context in terms of metrics

Table 6.3: Performance comparison of a model trained using a naive large local context to a

BumbleBee model

MAC Runtime Memory

Model MSE (Mean Squared Error)
s local 9.14 x 1077
localx 10 3.43 x 10—4

learnt

6.33 x 10°
3.12 x 10°

3.43 MB
5.98 MB
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6.6.2 NLP Experiments
Datasets

The datasets studied in this work are derived from three benchmarks: Im-eval-harness [90],

HELM [191], and LongBench [19]. Following Heavy-Hitters [393], we select the following
six few-shot datasets from lm-eval-harness: OpenbookQA [228], COPA [277], RTE [334],
MathQA [9], PiQA [28], and Winogrande [283]. From the HELM benchmark, we choose the

single document summarization dataset XSUM [238].

From the LongBench benchmark [19], which is specifically focused on evaluating the long
context understanding of LLMs, we select four tasks and their associated datasets: (1) Single
document question answering: Qasper [09] and MultiFieldQA, (2) Multi-document question
answering: HotpotQA [364] and 2WikiMultihopQA [117], (3) Summarization: QMSum [399],
and (4) Few-shot learning: TREC [185].

FEvaluated Models

We use LLaMA 7B and 13B models [320] for tasks belonging to the Im-eval-harness bench-
mark. For the XSUM dataset, we use LLaMA2 7B and 13B models [321]. On the LongBench
selected datasets, we use the Llama-2-Chat 7B fine-tuned model and the LongChat-32k 7B
model [178].

Baselines & Methods

To show the effectiveness of BumbleBee for the context (KV cache) summarization task,
we compare it to the following baselines: (1) All: we use the entire KV cache and do
not perform any cache reduction (2) Local: only the most recent context x% tokens are
maintained in the KV cache and the remaining old KV states are evicted (3) Random +
Local: randomly selected tokens along with the most recent tokens are retained in the KV
cache (4) Attention sinks + Local: the first four tokens known as attention sinks [355]

along with the most recent tokens are kept in the KV cache (5) H2 4+ Local: only the tokens
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that are most frequently attended to, referred to as Heavy Hitters [393] are maintained in
the KV cache along with the most recent tokens.

In the case of BumbleBee, we experiment with two different concave function choices
for Eq. (6.3): (%) log-based: ¢(x) = log(1 + z) and () power-based: ¢(z) = g~ '(z)

/e 4 By. For the experiments in this chapter, we set 3 and « as 1 and

where g(y) = ay
0.04, respectively, to ensure that the function saturation curve is compatible with that of the

facility location function, the first submodular function component of g,(-) in Eq. (6.7).

Table 6.4: Results on the few shot tasks from the Im-eval-harness benchmark using LLaMA
7B and 13B [320] models. In each of the above methods except| All,|we perform a 10x context

reduction, meaning our KV cache summarization budget is 10% of the input sequence length.

Model Methods OpenBookQA COPA RTE MathQA PiQA Winogrande
LLaMA-13B All [47.4 85 73.28 31.86 80.36 75.69 |
Local 28.4 64 53.43 23.25 58.32 49.88
Random + Local 27.6 58 54.63 21.76 54.13 50.64
Attn Sinks 4+ Local 44 .4 80 67.51 29.78 79.22 70.48
H2 4 Local 44.2 83 64.98 29.71 79.49 70.32
BumbleBee ¥ 47.6 85 71.48 31.02 79.38 71.98
BumbleBee ¢ 46.6 83 67.15 30.82 79.49 73.01
LLaMA-7B All [44.6 81 68.95 29.85 80.03 71.51 |
Local 28.4 56 50.90 23.02 58.27 51.38
Random + Local 28.0 63 51.26 21.76 53.94 49.30
Attn Sinks 4+ Local 41.6 82 58.12 27.40 78.07 67.80
H2 +4 Local 41.4 78 63.54 27.50 77.31 65.82
BumbleBee ¥ 43.2 79 68.95 27.74 78.24 68.75
BumbleBee ¢ 43.2 79 63.90 28.51 78.56 68.19
Results

LM-eval-harness Tasks In Table 6.4, we compare BumbleBee to existing KV cache re-
duction methods on five-shot learning tasks from the Im-eval-harness benchmark [96]. Across
both LLaMA [320] variants we used for inference, BumbleBee consistently outperforms

other baselines in terms of accuracy, showing a performance comparable to the best-case
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Table 6.5: Results on six datasets from the LongBench benchmark using LlamaZ2-7B-chat-
4k [321] and LongChat-v1.5-7B-32k [1758]. * indicates that the reported numbers are sourced

directly from [19].

Model Method Qasper MultiFieldQA-en HotpotQA 2WikiMQA QMSum TREC
LLaMA-7B-chat All* 19.20 36.80 25.40 32.80 20.80 61.5
4k All (self) 21.60 36.76 27.55 31.58 20.78 64.0
Attn Sinks + Local 14.74 22.93 22.08 29.73 19.25 56.0
H2 (20%) 19.82 26.60 26.28 25.69 21.45 60.0
BumbleBee (20%) * 19.37 27.73 26.14 27.67 20.68 61.5
BumbleBee (20%) 19.59 28.60 28.99 30.19 21.05 59.0
LongChat-7B H2 (SW, 20%) 21.64 30.72 14.07 15.10 18.11 40.5
32k BumbleBee (SW, 20%) ¢  23.27 33.16 22.52 17.58 20.27 44.5

no-compute-constraint setting when All of the KV cache is used without any summariza-

tion/reduction.

LongBench Tasks In Table 6.5, we report the results on six different datasets from Long-
Bench [19]. For all datasets, excluding QMSum and TREC, we use F1 score for evaluation.
For QMSum and TREC, we use Rouge-Li and accuracy, respectively, as the evaluation met-
ric. When using the LLaMA-7B-chat-4k model pre-trained with a 4k context window, we
truncate the middle part of the input contexts if their length exceeds 4k as suggested in [19].
As can be seen in Table 6.5, BumbleBee outperforms other context reduction methods such
as H2 on four datasets even when the summarization budget is 20% of the entire context
size.

However, when using the LongChat-7B-32k, which was trained further to generalize to
longer sequences, we adopt a Sliding Window (SW) strategy to process smaller chunks (or
segments) of longer contexts, aggregate their KV embeddings, and the attention scores ac-
cumulated for keys in different chunks. This is done to process the entire context/sequence

in a memory-manageable way while avoiding context truncation. This strategy, however, is
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sub-optimal as tokens in faraway segments can not attend to tokens at the beginning of the
original sequence. Despite this, we observe that BumbleBee outperforms the state-of-the-art

KV cache reduction method H2 by strong margins (1.6%-8.5% in absolute terms)

LLaMA-13B model LLaMA-7B model
A A Al A | A » A Al - A Al
H2 + Local 29.25 R o § 13 FiRN H2 + Local 2 FARRS H2 + Local
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Figure 6.5: ROUGE-based results on XSUM dataset, a few-shot summarization task from
the HELM benchmark [191] using two different LLaMA models [321]. To reduce the pressure
on the context window across all decoder layers, we perform a 5x KV cache reduction for

each of the above methods except All.

XSUM Summarization Task In Fig. 6.5, we compare different context reduction meth-
ods to the full cache setting. Specifically, we use LLaMA2 models [321] to assess the down-
stream summarization performance in a 3-shot learning setting. BumbleBee outperforms
other SOTA cache reduction techniques and even performs better than the All cache setting

when using LLaMA-7B.

Sensitivity analysis of mixture weight X

We use the XSUM dataset to show the overall performance sensitivity of BumbleBee to the
convex mixture weight hyperparameter A in Eq. (6.7). In the case of the LLaMA-13B model,
A € [0.4,0.8] performs comparably, showing that a representative subset of the KV cache is
preferred for the downstream task. In LLaMA-7B, we see that for A > 0.2, the performance
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starts to drop as we increase the mixture weight A corresponding to the Facility location
function f(-). However, the first submodular component with its relative weight of 0.2 still
outperforms the H2 + Local method, showing that both representativeness and relevance of
the selected cache subset are desirable to maintain a performance comparable to the entire

cache setting.

Reproducibility

We implement BumbleBee in PyTorch. To update the KV cache in the streaming setting,
we modify the LlamaAttention class from the huggingface library. For the submodular
optimization, we use submarine [27], an internal highly optimized submodular toolkit, and
we plan to open-source the integrated codebase shortly.

On the LongBench dataset, we first compute the key embeddings for all the context
tokens. This is performed for each self-attention head in each decoder layer. We then use
stochastic greedy algorithm [231] with € = le—5 to compute the offline KV cache summaries
for each of h x [ heads in a parallel fashion. Here, h denotes the number of attention heads
present in one decoder layer, and [ denotes the number of decoder layers.

For similarity matrix computation, we use ReLLU truncated cosine similarity to ensure
pairwise similarities sim(, 7) > 0. We have also experimented with other cosine similarity-
based metrics such as 1 + cos(i,j) and |cos(4,7)| but find that ReLU(cos(,j)) works the
best.

Mixture weight \: on the tasks from the Im-eval-harness benchmark [96], A € {0.2,0.3}
perform the best across both evaluated models, i.e., LLaMA 7B and 13B. However, we did
not perform a more fine-grained search/tuning for A in this range. On LongBench [19],
we report the results for A = 0.3 across all six datasets. For the XSUM [2358] few-shot
summarization task, we use a held-out validation set to tune the mixture weight and set
A = 0.2 when using LLaMA2-7B and A\ = 0.4 for LLaMA-13B.

Compute: we use an NVIDIA-A100 GPU to perform our inference-based experiments

and a multi-threaded CPU for all submodular computation using Submarine [27]. For the
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experiments involving training on synthetic data in Sec. 6.6.1, we use an NVIDIA RTX 2080.

Table 6.6: Decoding speed (in ms/token) for two KV cache reduction ratios (5:1 and 10:1)
and the baseline KV cache method using the entire context (1:1) across all heads. All
experiments are performed on an A100 80GB GPU using the LongChat-7B-32k with a batch

size of 1.
Context reduction ratio | Original Context Length
16k 100k
1:1 59.30 £ 0.39 OOM
5:1 47494416 71.50 +0.10
10:1 39.74£1.31 48.16 £0.09
Detailed Analysis of Results
For one of the lm-eval-harness [00] tasks, namely COPA, we analyze how the KV cache

across different self-attention heads gets updated as new queries are processed in a streaming
setting. In Figures 6.6 & 6.7, we show such visualization for two samples selected from
the test set of COPA [277]. Since each incoming query attends to its key vector, the offset
diagonal line simply indicates that property. Overall, we see that H2 is heavily biased towards
selecting the initial set of keys (close to position 0) and maintaining them in the KV cache.
This pattern holds across most of the attention heads. However, BumbleBee summaries
appear more time-diverse across the majority of heads, showing that our framework is capable
of balancing both representativeness and relevance in the final summary of the KV cache.
Next, we visualize how good the subsets selected by Heavy Hitters (H2) and Bumble-
Bee are on one of the samples chosen from the 2WikiMultihopQA [117] dataset from the
LongBench task. We visualize the t-SNE embeddings of the keys across randomly selected
self-attention heads in certain layers, along with the selected subset of the KV cache. Fig. 6.8

shows that BumbleBee can select a representative subset of keys from the entire KV cache
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Figure 6.6: Test sample 1: Visualization of the keys selected at different time-steps (y-
axis) when using H2 and BumbleBee for online KV cache reduction and summarization,
respectively. The x-axis represents the keys, and the y-axis represents the queries. We show
the evolution of the selected KV cache (marked by purple points) as we process an incoming
query across different attention heads and determine how to update the KV cache under the

budget constraint.
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Figure 6.7: Test sample 2: Visualization of the keys selected at different time-steps (y-
axis) when using H2 and BumbleBee for online KV cache reduction and summarization,
respectively. The x-axis represents the keys, and the y-axis represents the queries. We show
the evolution of the selected KV cache (marked by purple points) as we process an incoming
query across different attention heads and determine how to update the KV cache under the

budget constraint.
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Figure 6.8: t-SNE visualization of the key embeddings for different attention heads in the
LLaMA-7B-chat-4k model. The keys selected by H2 and BumbleBee as a part of the final

KV cache summary are marked by A.
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when using the offline greedy algorithm, thus explaining its strong performance on various
LongBench datasets.
Table 6.6 compares the decoding speeds (in ms/token) for two different context reduction

ratios, demonstrating faster decoding speed as the context reduction ratio becomes higher.
6.7 Summary

With LLMs having longer contexts, KV cache reduction techniques are being considered
to manage their overhead. However, existing techniques do not capture the diversity and
long-term dependencies between the tokens in the KV cache. In this chapter, we propose
BumbleBee, an inference-time KV cache summarization technique that uses a submodular
mixture of functions to do so. We show that BumbleBee has superior accuracy compared to
existing methods on long context benchmarks, with models having a sizeable context window

with identical rates of KV cache reduction.
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Chapter 7
SUBMODULARITY FOR VISUAL TOKENS SELECTION IN
MLLMS
7.1 Introduction
Recent advancements in Large Language Models (LLMs) [259, 36, , 83, 244] have driven

significant progress in multimodal learning, enabling the extension of powerful reasoning
capabilities to Multimodal Large Language Models (MLLMs) [371] such as GPT-4 [217],
Gemini 1.5 [311], LLaVA 1.5 [198], and Qwen2-VL [337]. These models integrate a visual
encoder (e.g., CLIP [257]) to transform visual inputs into sequential representations and
an LLM (e.g., LLaMA-3 [83]) for text generation, facilitating seamless fusion of visual and
textual modalities. This integration has led to remarkable advancements in multimodal per-
ception and reasoning, powering applications such as visual question answering [305, ],
document understanding [ 130, ], etc. However, a fundamental challenge in MLLMs arises
from the high computational cost of processing visual tokens, which often make up the ma-
jority of the input sequence. While increasing image resolution can improve model perfor-
mance [215, ], it increases the number of visual tokens, further escalating computational

overhead—particularly in video-based models such as Video-LLaVA [192].

A key factor contributing to this inefficiency is the quadratic scaling of multi-headed self-
attention [328], which causes computational and memory costs to grow non-linearly with
sequence length. As MLLMs process increasingly long sequences of visual tokens—whether
from high-resolution images [108], detailed document layouts, or multi-frame video inputs
(308, 113]—the memory footprint and inference time become prohibitively high. This bot-
tleneck severely limits the scalability and practical deployment of MLLMs in resource-

constrained real-world applications such as robotics, autonomous systems, etc., where ef-
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ficiency is a critical requirement.
To reduce the inference time and memory footprint of MLLMs, prior works [30, , ,
, , , ] have explored various visual token reduction strategies, broadly categorized
into token pruning, token merging, and early-stage token filtering. Token pruning methods,
such as SparseVLM [392] and FastV [18], dynamically remove less informative visual tokens
based on attention scores, significantly reducing sequence length while maintaining task
performance. However, cross-attention-based pruning can be suboptimal due to attention
misalignment [388], and pruning too aggressively risks losing crucial visual information.

Token merging approaches, like VisionZip [361], cluster visually similar tokens and replace
them with compact representations, preserving semantic content while reducing computa-
tional costs. Meanwhile, early-stage token filtering, as seen in FasterVLM [388], removes
redundant tokens directly at the visual encoder stage, preventing unnecessary tokens from
reaching the LLM and thereby optimizing efficiency. Although FasterVLM [388] does not
explicitly formalize the notion of redundancy, it is implicitly defined as tokens that receive
low attention from the [CLS] token in the vision encoder. While these methods show notable
improvements in reducing FLOPs and improving inference speed, maintaining a balance
between efficiency and accuracy remains a key challenge, especially for tasks that require
capturing long-range dependencies and fine-grained visual details.

In this chapter, we introduce VisionBee, a novel visual token summarization framework
that efficiently reduces redundancy in the visual token space using a principled submodular
optimization approach. By leveraging submodularity, VisionBee ensures that MLLMs retain
critical visual information while significantly improving efficiency. Inspired by the BumbleBee
framework described in Sec. 6.5 of Chapter 6, we formulate visual token selection as a subset
selection problem, where the utility of each visual token is evaluated in the context of other
tokens to optimize the selection process.

Unlike prior methods that rely on text-visual cross-attention in the LLM decoder, Vi-
sionBee operates entirely within the vision encoder, making token selection independent of

textual inputs. Specifically, as shown in Fig. 7.1, it leverages the key embeddings from a
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later layer of the vision encoder along with the attention weights attributed by the [CLS]
token to different visual tokens. By integrating key embedding similarity and [CLS] atten-
tion scores into a submodular function, VisionBee applies the greedy algorithm described in
Alg. 1 to perform cardinality-constrained submodular summarization, ensuring an optimal
balance between informativeness and token reduction. This approach allows VisionBee to
remove redundant visual tokens before they reach the LLM decoder, achieving a superior
efficiency-accuracy trade-off compared to existing methods.

Our contributions are as follows:

1. Training-free token selection: VisionBee does not require additional training, thus
making it a lightweight, scalable, and efficient token selection strategy for MLLMs.
By leveraging the vision encoder’s internal representations, it selects informative to-
kens without encountering the misalignment issues [333] often observed in text-visual
cross-attention-based pruning methods. Importantly, VisionBee operates during in-
ference time, significantly reducing compute and memory overhead—an increasingly
critical aspect as inference sequence lengths grow larger in modern LLM and MLLM

deployments [377, 354].

2. Broad applicability: Designed as a model-agnostic framework, our approach is plug-
and-play and can be integrated into any vision-language pipeline without modifying

the underlying model architecture.

3. Efficient context reduction with competitive performance: VisionBee outper-
forms existing visual tokens pruning and merging approaches while reducing the num-
ber of visual tokens by up to 9x, significantly improving inference speed and memory

efficiency without compromising accuracy.

This chapter is based on the following ongoing work: Lilly Kumari and Jeff Bilmes.
VisionBee: A Submodular Framework for Context Summarization in Multimodal Large Lan-

quage Models, 2025.
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Figure 7.1: Proposed VisionBee Framework: Given an input image, VisionBee first utilizes
the Vision Encoder to extract key embeddings and [CLS] attention weights for all visual
tokens from a selected layer [. These features are used to instantiate a submodular mix-
ture function that captures both diversity and importance. A greedy selection algorithm
is then applied to summarize the n visual tokens into a compact subset constrained by a
summarization budget 7,. The selected visual tokens are subsequently projected through the
multimodal alignment module and combined with the language instruction tokens before

being passed to the LLM decoder for response generation.
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7.2 Notations & Background

MLLMs such as LLaVA 1.5 [200, 198] consist of two transformer-based components: a visual
encoder [257] and a LLM decoder [321, 51, 83]. The visual encoder (e.g., Vision Transformer
(ViT) [31, 257]) processes an image by first dividing it into fixed-size non-overlapping patches,

which are then linearly projected into embeddings. These patch embeddings, along with a
special [CLS] token embedding, are concatenated and passed through a multi-headed self-
attention mechanism, where each token attends to all others, capturing global context. In
the self-attention head, the input embedding matrix X € R™+D*d _comprising n patch
embeddings and one [CLS] embedding—is projected into query, key, and value matrices

using learnable weights:
Q=XW,, K=XW, V=XxW, (7.1)

where W, Wy, W,, € R%*? are the projection matrices and d is the dimensionality of the
self-attention head.
The scaled dot-product attention logits are computed as:
Qli] - Kj]
Ji_
followed by softmax normalization over j to obtain the attention weights:

)
I S el 1) .

Here, each attention weight afi, j] represents the extent to which token i (acting as a

Ali,j] = ij=1,...,n+1, (7.2)

query) attends to token j (acting as a key). In particular, the first row a0, j] captures how
strongly the [CLS]| token attends to each visual patch token j. This attention distribution
helps understand which parts of the image contribute most to the final representation, making
it useful for downstream tasks such as token selection, pruning, or summarization in vision-
language models.

The alignment module, for example, the linear layer in LLaVA [200], bridges the gap be-

tween visual embeddings produced by the vision encoder and the token embeddings used by



136

the LLM. Since the visual token representations generated by the vision encoder are typically
in a different feature space than the word embeddings of the LLM, the alignment module
aligns them with the LLM’s input embedding space. This ensures that the vision and text
modalities can be processed jointly, allowing for effective cross-modal reasoning. Some mod-
els, such as BLIP-2 [181] and Qwen2-VL [337], employ query-based alignment mechanisms
to enhance interaction between the two modalities, refining how visual information is passed

to the LLM decoder.

Once the visual tokens are aligned with text tokens, they are fed into the LLM decoder,
which integrates both modalities to generate responses. The LLM processes the sequence
of visual and textual tokens using multi-headed self-attention, enabling it to attend to both
visual information and prior textual context when making predictions. Importantly, the
LLM decoder uses causal attention, meaning that each token can only attend to the provided
tokens in the sequence and previously generated ones but not future ones. This ensures that
during autoregressive generation, the model produces responses without leaking information
from later positions. For multimodal tasks where visual tokens are referenced by textual
tokens to answer multimodal queries such as image captioning, visual question answering
(VQA), or document understanding, the memory and compute costs grow quadratically
with respect to the sequence length lsq Where lieq = lvisual + ltextual. SINCE lyisual 1S several
orders of magnitude larger than liual, efficient visual token selection is crucial for reducing

inference latency and optimizing associated memory costs.

7.3 Related Work

In this section, we first introduce different architectural components of modern large multi-
modal models in the vision-language space in Sec. 7.3.1. We, then, cover existing state-of-the-

art methods for visual token pruning and merging in Sec. 7.3.2 and Sec. 7.3.3, respectively.
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7.3.1 Multimodal Large Language Models (MLLMs)

MLLMs [371, : , 337] extend the capabilities of Large Language Models (LLMs) to
multimodal tasks by incorporating visual inputs alongside textual inputs, enabling applica-
tions such as image captioning, visual question answering, and video understanding [305,

, 308, 113]. These models typically consist of a visual encoder (e.g. CLIP [257]), an LLM
decoder for text generation, and an alignment module such as a simple linear layer [200],
MLP projector [198], or a deep query network [181, 337] to align the visual token and textual
token representations. A fundamental challenge in MLLMs arises from the rapid increase
in token length when processing high-resolution images and videos, leading to significant
computational and memory overhead. For instance, LLaVA [198] encodes a 336x336 image
into 576 tokens, while LLaVA-NeXT [199] expands this to 2880 tokens for 672x672 im-
ages. This challenge becomes even more pronounced in video-based MLLMs, such as Video-
LLaVA [192] and Video-Poet [115], where multiple frames contribute hundreds of thousands
to millions of additional visual tokens, making inference computationally challenging in terms
of memory bottlenecks and computational inefficiencies (e.g., a 1-hour video sampled at 1
frame per second with 576 tokens per frame results in over 2 million visual tokens). As
MLLMs continue to scale, addressing these challenges requires principled approaches that
optimize inference efficiency while maintaining task performance. This is particularly critical

in resource-constrained environments with memory and compute limitations.

7.3.2  Visual Token Pruning for MLLMs

A common approach to visual tokens compression involves selectively pruning visual tokens
with low importance based on their attention weights. FastV [18] identifies redundant visual
tokens in MLLMs as those receiving low attention based on the intuition that such tokens
contribute less to the final output. Although it does not explicitly formalize redundancy, it
adopts an implicit definition guided by attention scores—pruning low-attention tokens after

layer 2 of the LLM under the observation that deeper layers progressively assign diminishing
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attention to less informative visual tokens. SparseVLM [392] adopts a text-guided token
pruning approach, progressively sparsifying visual tokens based on their text-vision cross-
attention scores, which we cover in detail in Sec. 7.4. This method dynamically determines
the sparsification ratio at each layer based on the rank of attention matrices. However,
recent studies such as [388] have shown that cross-attention does not always align well with
true visual token importance due to attention drift, where attention in the LLM decoder
gradually shifts toward later-position tokens irrespective of their semantic relevance, and
attention dispersion, where attention in the LLM decoder becomes broadly spread across
many tokens, including irrelevant ones like padding regions. In contrast, [CLS] attention in
the vision encoder tends to be more focused on semantically meaningful regions. To address
this, Faster VLM [385] proposes an alternative strategy, leveraging the [CLS] token attention
from the vision encoder to rank and prune visual tokens before they are processed by the

LLM. We discuss it in detail in Sec. 7.4.

7.3.8  Visual Token Merging for MLLMs

Instead of simply pruning tokens, another line of research focuses on merging redundant to-
kens while preserving their semantic content. Existing token merging strategies in MLLMs
primarily fall into two categories: Bipartite Soft Matching (BSM) approaches and clustering-
based merging techniques. ToMe (Token Merging) [30] employs a BSM algorithm to merge
visual tokens using key-states similarity at each transformer block, effectively reducing redun-
dancy—implicitly defined as overlapping semantic content between image tokens with similar
key representations—while preserving multimodal coherence. In contrast, clustering-based
methods group visually similar tokens and replace them with more compact representations,
enhancing efficiency without significantly impacting model performance. LLaVolta [17] in-
troduces a visual context compressor, which applies average pooling at the vision encoder’s
output to progressively reduce token redundancy while maintaining task accuracy.
VisionZip [361] further advances this concept by incorporating a clustering-based token

aggregation mechanism, achieving up to 8x computational speedup while retaining over
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94% of the model’s original accuracy. Besides the token merging mechanism, we cover
its attention-based token pruning algorithm in Sec. 7.4. SparseVLM [392] enhances token
sparsification by adopting k-nearest neighbor (kNN) density peak aggregation, a method
that identifies and merges redundant tokens based on local feature density, allowing for a

more structured merging process while preserving fine-grained visual details.

7.4 Set Function Optimization View of Prior Work

SparseVLM [392] proposes a training-free visual token pruning strategy leveraging cross-
modal attention mechanisms in MLLMs. It introduces a two-stage scoring pipeline. First,
it selects the most relevant text tokens using Visual — Text attention, where the goal is to
identify the most semantically relevant text tokens. Let Qy € R™ ¢ be the embedding of the n
vision tokens after projection into the shared embedding space of the MLLM and K7 € R™*¢
be the embeddings of the m text tokens where d denotes the embedding dimension. The

cross-attention logits are computed as:

. Q- Krlj] . .
AVT[Z,]]:%, i=1,...,n, j=1,...,m, (7.4)
followed by row-wise softmax over j to obtain normalized attention weights:

o exp(Avrli, j])
vrli, J] >on_yexp(Avrli, 57])

The importance score for each text token ¢; is then computed by aggregating its attention

(7.5)

weight across all visual tokens: s; = > " | ayrli,j]. The top-k text tokens with the highest
importance score s; are selected as the most semantically relevant for text-guided visual
token pruning.

In the second stage, Text — Visual attention is used to assess the importance of each
visual token conditioned on the top-k selected text tokens. Let Qr € R¥*? be the queries
from the selected text tokens and Ky € R™9 be the keys from visual tokens in an LLM

decoder block. The attention logits are computed as:

Qrli] - Kvlj]

ATV[i,j}:T, i=1,...k j=1,....,n, (7.6)
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with row-wise softmax over 7 to obtain normalized attention weights:

aryli ] = exp(Arvli, j])
’ > o exp(Arv(i, j1])

(7.7)

Each visual token v; is then assigned an importance score w; = Zle arvli, j|, representing
the cumulative attention it receives from the selected text tokens. Visual token pruning
is performed by retaining the top-r tokens with the highest w; scores, and this process is
applied progressively across layers of the MLLM decoder.

The pruning mechanism naturally defines a set scoring function over subsets of visual
tokens. Given a subset Z C {1,...,n} of selected visual tokens, the overall utility of the
subset is defined as:

f@Z)=) (78)
jeT
This set function is modular as it is a linear sum of individual accumulated attention weights
from relevant text tokens to each visual token. Adding more visual tokens simply has an
additive effect and does not take into account the interaction between different selected visual
tokens in S.

Faster VLM [388] is also a training-free visual token pruning strategy similar to Spar-
seVLM. However, instead of relying on text-visual cross-attention from the LLM decoder,
it leverages the [CLS] token attention from the vision encoder itself. The motivation stems
from the observation that cross-attention computed within the LLM is subject to undesirable
phenomena such as attention shift and attention dispersion, which degrade pruning accuracy
and result in significant performance drops at high token reduction ratios. In FasterVLM,
pruning is performed based on the attention attributed by the [CLS] token to different visual
tokens and is done before the multimodal projector and the LLM, resulting in substantial
reductions in inference costs.

Formally, let ZL = {zF 28 ... 2L} denote the set of hidden states from the final layer
of the vision encoder, corresponding to the sequence of n visual tokens. Here, L denotes the

number of layers in the vision encoder. Let quLS] € R? denote the query vector of the [CLS]
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token in the [-th layer of the vision encoder, which is typically the penultimate layer meaning
= (L—1)and K' = {K,... kL} € R"™4 denote the key embeddings corresponding to the
n visual tokens. The attention logits using the [CLS] token as query are computed as:
T
dicLs) k;
vd

followed by softmax over the column index j to obtain normalized attention weights:

Alerg i) =

=1,...,n, (7.9)

oy 1] = eXP(A%CLS] ) :
L] Z?/:1 eXp(Al[CLS] ')

To aggregate attention across multiple heads, an attention score vector al[CLS] e R" is

(7.10)

computed, where each element a%CLS] ; represents the sum (or mean) of attention weights
that visual token j receives from the [CLS] query across all self-attention heads in the I-th

layer:

CLS Z a[CLS] ' (7.11)

where H is the number of heads.

The importance score of each visual token j is thus given by al[CLSL i indicating how
strongly the [CLS| token attends to that visual token. The token selection process aims
to find a subset of token indices Zygectea C {1,...,n}, constrained by |Zseectea| < k, that
maximizes the total attention score:

Telected €  argmax Z afCLS]Vj. (7.12)
IC(1.m), [TI<k 55

The final token representations selected for feeding into the multimodal projector and LLM
are given by ZX..cq = {27 | J € Lsclected }-

This selection strategy defines a set scoring function over subsets of visual tokens. Given
a subset Z C {1,...,n}, the utility of the subset is given by:

T) =) dlog, (7.13)

JET
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Again, similar to SparseVLM, this function is modular as it is a linear sum of individual
[CLS] attention-based importance scores and does not take into account setwise interactions
amongst its constituents.

VisionZip [301] also performs early-stage visual token selection at the vision encoder
stage in a training-free manner. It adopts the same pruning strategy as FasterVLM to select
85% of the overall visual token budget, leveraging a modular set function that we defined
in Eq. (7.13). For the remaining 15% of tokens, VisionZip employs a heuristic-based token
merging strategy, to further compress the visual representation while preserving semantic
content. Specifically, it initializes cluster centroids by selecting k target visual tokens with
evenly spaced indices from the full sequence of visual token indices. Each remaining token is
then assigned to the closest target token based on the similarity in the key embedding space
extracted from the penultimate layer of the vision encoder. Finally, the final layer represen-
tations of each target token (cluster centroid) are updated by averaging the representations

of all tokens assigned to its cluster, compressing redundant visual information.

7.5 [CLS] Attention in MLLMs

To analyze the [CLS| attention distribution in MLLMs, we first randomly sample 1,000
image-text pairs from the LLaVA-mix665k data [198] similar to [388]. We use these samples
to prompt LLaVA-1.5-7TB to generate textual response and also extract the [CLS] attention
across different layers of LLaVA’s vision encoder, which is based on the ViT architecture.
In Fig. 7.2, we plot the histograms of [CLS] attention scores across different layers of
the vision encoder (ViT). The x-axis represents the [CLS] attention scores, while the y-axis
denotes the proportion of visual tokens that receive a given attention value. In early layers,
the attention distribution is broad and spread out, meaning the [CLS] token attends almost
uniformly to a wide range of visual tokens. This suggests that the model has not yet identified
the most critical visual regions and is still in the feature extraction stage, where it treats
all visual tokens with relatively similar importance. As we move to mid-level layers (Layers

13-17), the [CLS] attention distribution becomes increasingly sparse, as a majority of the
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Figure 7.2: [CLS] attention histogram across different layers of the vision encoder.

visual tokens receive near-zero attention. Finally, in the late layers (Layers 21-24), the [CLS]
token strongly focuses on only a few selected tokens, with the penultimate layer (Layer 23)
demonstrating the sharpest separation between attended and ignored tokens. This indicates
that at Layer 23, the model has optimally filtered out unimportant tokens while retaining
key visual information. However, the [CLS] attention in the last layer (Layer 24) is more
restrictive, focusing on only a few key tokens while suppressing most of the visual field and

becoming over-specialized with respect to the task.

In Fig. 7.3, we analyze the progression of [CLS] attention by tracking the mean attention
scores of the top-10 attended tokens, along with the standard deviation range across layers.
The plot shows that in early layers, the mean attention remains low and stable, reflecting
the model’s uniform focus on all tokens. However, from the middle layer (Layer 12) onward,
there is a sharp increase in the mean attention values, indicating that the [CLS] token started
focusing on a smaller, more relevant subset of visual tokens. The standard deviation (shaded

region) is highest amongst mid-layers (Layers 14-18), suggesting that different images still
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Progression of Top-10 Token Attention Across Layers

—e— Mean Top-K Attention
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Mean Attention of Top-10 Tokens

Figure 7.3: Progression of [CLS] attention: mean and variability of attention weights at-

tributed to top-10 visual tokens across different vision encoder layers.
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Figure 7.4: Progression of [CLS| attention entropy: mean and variability of [CLS] attention

entropy across different vision encoder layers.
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exhibit some variability in their attention patterns during these layers. By Layer 20, the
mean top-10 attention weights stabilize, meaning that the model has consistently identified
the most crucial tokens across different images.

In Fig. 7.4, we plot the [CLS] attention entropy across layers, where entropy quantifies
the spread of attention across visual tokens. In early layers, entropy is high and stable,
confirming that the [CLS] token initially distributes attention uniformly. However, there is a
sharp drop in entropy in the mid-layers (Layers 12-14), signaling a transition where the model
begins filtering out redundant tokens and prioritizing important regions. Entropy remains
low in deeper layers, but the penultimate layer (Layer 23) shows a more balanced state,
indicating that the model has refined its attention without over-compressing information.
The last layer (Layer 24), in contrast, shows a further drop, suggesting restrictive attention.
This further supports the idea that the [CLS] attention in the penultimate layer can help

identify important visual tokens without losing essential visual details.
7.6 VisionBee

To address the computational bottlenecks in MLLMs caused by long sequences of visual
tokens, we introduce VisionBee, a principled visual token selection framework based on
submodular optimization. Inspired by the BumbleBee framework for KV cache summa-
rization in LLMs (Chapter 6, Sec. 6.5), VisionBee formulates visual token selection as a
cardinality-constrained submodular maximization problem. It balances two key objectives:
importance, quantified via [CLS] attention weights, and diversity, captured through key
embedding similarity.

While BumbleBee operates on textual KV cache representations during autoregressive
decoding, VisionBee targets the visual token space during the prefill stage, allowing for
early-stage summarization before visual tokens are even passed to the LLM decoder. This
makes VisionBee model-agnostic and training-free, requiring no architectural modifications
to MLLMs and ensuring easy integration across vision-language pipelines.

As observed in our empirical analysis in Sec. 7.5, [CLS] attention weights from deeper
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layers of the vision encoder (e.g., Layer 23 in case of LLaVA-1.5-7B) exhibit strong spar-
sity and selectivity, clearly distinguishing between informative and redundant visual tokens.
However, relying on attention alone for token selection may result in redundancy, where mul-
tiple tokens from similar regions receive high scores. To counter this, VisionBee integrates
both [CLS] attention and key embedding diversity into a unified selection objective. The
goal is to select a diverse set of informative visual tokens, maximizing inference efficiency

while preserving task performance.

[CLS]-based Attention Importance Function While [CLS] attention scores inherently
provide a token-level importance signal, directly summing them—as in a modular func-
tion—does not account for diminishing returns in the selection process. Similar to Bumble-
Bee, we transform this modular importance signal into a submodular scoring function by
applying a concave transformation over the accumulated attention scores, ensuring dimin-
ishing marginal gains as more tokens are selected.

Formally, let al[CLSM denote the attention weight attributed to the j-th visual token
by the [CLS] query in the penultimate layer | = (L — 1) and computed using Eq. (7.11).
Here, j € {1,2,..;n} and n denotes the number of visual tokens. Using a monotone non-
decreasing concave function h, we transform this modular function into a feature-based
submodular function defined in Sec. 2.1.2. Using this, the attention-based utility of a subset
Z C{1,...,n} is defined as:

(@) = h(Y dlersy.). (7.14)

jET
Key Embedding Diversity Function To prevent redundancy among highly attended
tokens, VisionBee utilizes the facility location function defined in Sec. 2.1.2 over the key
embeddings from the penultimate layer [ = (L — 1). This function encourages the selection

of a diverse set of representative tokens and is defined as:

f(T) =) max sim(kl, k%), (7.15)
Jjeln]
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where sim(-,-) denotes cosine similarity after non-negative transformation, and k! denotes

the mean key vector of the i-th visual token, averaged across the self-attention heads in the

[-th layer of the vision encoder. This ensures that the selected subset of visual tokens covers

diverse regions in the key embedding space, promoting wider representation.

Algorithm 6 Offline Submodular Visual Token Summarization during Prefill/Encoding
Phase

1:

Input: Submodular functions f and ¢ capturing diversity in the visual tokens embed-
dings space and importance in terms of attention weight respectively for penultimate
layer [ = (L — 1) of vision encoder, mixture function gx(-) = Af(-) + (1 — X)c(+), a set of
n l-th layer key states K' = {k{ kL, ... k'} corresponding to n visual tokens, budget 7,
Output: A final summary set of indices Siqx C [n] and corresponding set of visual token
representations ZJ., = {#i € Siax} U {2{trg)} such that |25, U 2lgpg| < 7 where

2z} and z{y; ) denotes the attention output/state of the i-th patch and the [CLS] token

respectively after passing through the last vision encoder layer denoted by L.

: Initialize:
Set the initial summary set: Siqx = 0.
Compute the attention score vector afCLS] € R”, where each element al[CLS} . represents

the sum of attention weights that patch (key) ¢ receives from the [CLS| query across all
self-attention heads in the [-th layer.

Instantiate the submodular function f defined in Eq. (7.15) using the key states K'.

Instantiate the submodular function ¢ defined in Eq. (7.14) using the modular atten-
tion score vector afCLS].

Instantiate the submodular mixture function g, as a convex combination of the func-

tions f and ¢ with mixture weights A and 1 — A, respectively.

: Run greedy algorithm (Alg. 1 in Chapter 2) using the submodular function g, with

cardinality constraint (73 — 1) and return the summary set Siqx
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Mixture Function & Submodular Optimization Similar to BumbleBee (Sec. 6.5),
to capture both importance and representativeness in the final selected summary of visual

tokens, VisionBee defines a mixture submodular function as:
gAZL) = A f(Z) + (1 = A) «(Z), (7.16)

where A € [0, 1] is a hyperparameter controlling the trade-off between importance and di-
versity. As both components are monotone and normalized, g, inherits submodularity and
guarantees near-optimal summarization using the greedy algorithm defined in Algorithm 1.
Given the monotone submodular mixture function g, VisionBee starting with an empty
set Siax applies the greedy algorithm (Algorithm 1) under a fixed budget (75 — 1) selecting

tokens iteratively by maximizing the marginal gain as shown below:
Imax < argmax  gx(Siax U {i}) — 9(Siax) (7.17)

i€[n]\Siax

This selection continues until |Siax| = 75 — 1, after which the [CLS] token is included in the

final visual token summary set. This process is outlined in Algorithm 6.
7.7 Experiments

In this section, we validate our proposed framework, VisionBee, on different visual question
understanding datasets against several state-of-the-art visual token pruning and merging

strategies designed for MLLMs.

Datasets We evaluate VisionBee on the following visual question-answering datasets:

1. POPE [187]: The POPE benchmark evaluates object hallucination in vision-language
models through binary questions that assess whether specific objects are present in an
image. Built using images from the MSCOCO dataset, it contains 8,910 image-question
pairs. The evaluation relies on Accuracy, Precision, Recall, and F1 score, with the final
performance reported as the average F'1 score across three sampling strategies. POPE

provides a rigorous measure of a model’s ability to ground its predictions in actual visual
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content, making it particularly effective for identifying hallucination-related errors in

multimodal systems.

2. TextVQA [305]: The TextVQA benchmark assesses a model’s ability to perform
visual-text reasoning by answering questions based on text embedded within images,
such as signs and billboards. It consists of 5,000 image-question pairs sourced from the
Open Images v3 dataset. The task emphasizes OCR integration and contextual lan-
guage understanding, with answers requiring either direct text extraction or reasoning

over visual-text content.

3. ScienceQA [211]: ScienceQA is a multimodal benchmark designed to evaluate sci-
entific reasoning and generalization across natural, language, and social sciences. It
features hierarchically organized multiple-choice questions, with the SQA-IMG sub-
set comprising 2,017 image-question pairs. The task is framed as a multiple-choice
question-answering problem, targeting multimodal understanding and multi-step sci-

entific reasoning.

4. GQA [119]: GQA is a benchmark for evaluating structured scene understanding and
visual reasoning using images and scene graph annotations from the Visual Genome
dataset. Questions are automatically generated based on these semantic scene graphs,
ensuring grounded and interpretable reasoning paths. GQA requires models to demon-
strate fine-grained visual comprehension and logical inference. Performance is evalu-
ated on the test-dev set containing 12, 578 image-question pairs, using answer accuracy

as the evaluation metric.

Models We use VisionBee across two LLaVA-1.5 [198] models, namely LLaVA-1.5-7B and
LLaVA-1.5-13B. For inference, we follow the settings as in the original paper.

Baselines We compare VisionBee to three different token selection methods: (1) Spar-

seVLM [392], (2) FasterVLM [388], and (3) VisionZip [361]. The first one leverages cross-
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Table 7.1: Performance on LLaVA-1.5-7TB: The upper bound is 576 tokens extracted from

336x336 image. For each method, the first row reports the benchmark accuracy, while the

second row indicates the percentage of upper bound accuracy retained. The last column

shows the average percentage of accuracy retained across all benchmarks.

Method POPE vVQAText  sQA GQA | Avg.
Upper Bound, 576 Tokens (100%)
85.70 58.30 69.50 61.94
Vanilla 100%
100% 100% 100% 100%
Retain 192 Tokens (] 66.7%)
81.90 57.66 69.10 57.18
SparseVLM 96.55%
95.57% 98.90% 99.42% 92.32%
85.30 57.60 69.04 59.30
FasterVLM 98.35%
99.53% 98.80% 99.34% 95.74%
85.50 57.18 69.33 59.22
VisionZip 98.31%
99.77% 98.08% 99.76% 95.61%
86.90 57.60 69.21 59.90
VisionBee 99.12%
101.40% 98.80% 99.58% 96.71%
Retain 128 Tokens (] 77.8%)
80.10 57.53 69.10 55.84
SparseVLM 95.43%
93.47% 98.68% 99.42% 90.15%
82.40 57.02 68.75 57.90
FasterVLM 96.59%
96.15% 97.80% 98.92% 93.48%
83.10 56.78 69.10 57.63
VisionZip 96.85%
96.97% 97.39% 100% 93.04%
86.50 57.09 69.10 59.37
VisionBee 98.53%
100.93% 97.92% 99.42% 95.85%
Retain 64 Tokens (| 88.9%)
53.00 51.30 69.27 46.18
SparseVLM 81.02%
61.84% 87.99% 99.67% 74.56%
76.60 55.29 68.98 55.01
FasterVLM 93.07%
89.38% 94.84% 99.25% 88.81%
76.90 55.65 68.98 55.13
VisionZip 93.36%
89.73% 95.45% 99.25% 89.00%
83.50 55.87 69.15 57.52
VisionBee 96.41%
97.43% 95.83% 99.50% 92.86%
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Table 7.2: Performance on LLaVA-1.5-13B: The upper bound is 576 tokens extracted from
336x336 image. For each method, the first row reports the benchmark accuracy, while the
second row indicates the percentage of upper bound accuracy retained. The last column

shows the average percentage of accuracy retained across all benchmarks.

Method | POPE  VvQAText SQA GQA | Ave.
Upper Bound, 576 Tokens (100%)
85.80 61.32 72.77 63.25
Vanilla 100%
100% 100% 100% 100%
Retain 192 Tokens (] 66.7%)
82.20 60.11 73.94 58.67
SparseVLM 97.05%
95.80% 98.03% 101.61% 92.76%
84.70 59.31 74.64 59.30
FasterVLM 97.94%
98.72% 96.72% 102.57% 93.75%
84.70 59.36 73.94 59.12
VisionZip 97.65%
98.72% 96.80% 101.61% 93.47%
86.80 59.39 74.52 59.77
VisionBee 98.73%
101.17% 96.85% 102.40% 94.50%
Retain 128 Tokens (| 77.8%)
80.90 60.19 73.35 57.89
SparseVLM 96.20%
94.29% 98.16% 100.80% 91.53%
82.20 59.14 73.94 58.13
FasterVLM 96.44%
95.80% 96.44% 101.61% 91.91%
82.60 58.72 74.29 57.87
VisionZip 96.40%
96.27% 95.76% 102.09% 91.49%
86.30 59.11 74.11 59.34
VisionBee 98.16%
100.58% 96.40% 101.84% 93.82%
Retain 64 Tokens (| 88.9%)
63.30 53.94 71.78 50.52
SparseVLM 85.06%
73.78% 87.96% 98.64% 79.87%
75.70 57.57 73.94 56.23
FasterVLM 93.16%
88.23% 93.88% 101.61% 88.90%
75.70 57.44 74.52 56.18
VisionZip 93.28%
88.23% 93.67% 102.40% 88.82%
83.70 58.01 73.99 58.30
VisionBee 96.50%
97.55% 94.60% 101.68% 92.17%
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attention in the MLLMs’ language decoder module, while the last two filter out or merge
visual tokens before they reach the language decoder. Additionally, for each LLaVA model,
we also present the results corresponding to using all visual tokens, meaning no token selec-

tion or pruning, which is the upper bound.

Results In Table 7.1 and 7.2, we summarize the performance of various visual token reduc-
tion methods on LLaVA-1.5-7B and LLaVA-1.5-13B, respectively, across four benchmarks.
The upper bound corresponds to the baseline performance using all 576 visual tokens, which
are extracted from a 336x336 input image. We compare the impact of token summarization
(reduction) at three different levels—192 tokens (3x reduction), 128 tokens (4.5x reduction),

and 64 tokens (9% reduction)—to assess the efficiency-accuracy trade-off of each method.

Across both model sizes, VisionBee consistently achieves the highest or near-highest
accuracy retention across all datasets and reduction ratios. Notably, at the most aggressive
setting of 9x context reduction, VisionBee maintains 96.4% and 96.5% of the upper bound
accuracy on LLaVA-1.5-7B and LLaVA-1.5-13B, respectively—significantly outperforming
other baselines like Sparse VLM, FasterVLM, and VisionZip. This highlights the robustness of
our submodular selection strategy in preserving essential visual content, even under extreme

summarization budgets.

Furthermore, even at lower summarization levels (3x and 4.5x reduction), VisionBee
consistently outperforms or matches other methods, demonstrating strong generalization
across both hallucination detection (POPE) and reasoning-intensive tasks (SQA, GQA). This
performance gain is achieved without requiring any additional training, making VisionBee a

plug-and-play and training-free solution for efficient visual token summarization in MLLMs.

These results confirm that VisionBee not only reduces the context length allocated to
visual tokens significantly but also maintains high performance across diverse multimodal
tasks, ensuring practical scalability for real-world deployment under memory and latency

constraints.
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FLOPs Reduction in MLLM Language Decoder Module One of the core benefits
of VisionBee is its ability to reduce the input sequence length by summarizing visual tokens
before they are passed into the LLM decoder, thereby leading to substantial computational
savings. The decoder layers in the LLM module incur a substantial FLOPs cost, which grows
with the input sequence length n. Specifically, the total FLOPs for a single decoder layer

can be broken down into the following components:
FLOPs = 6nd§ + 2n%d, + 2n%d, + Qndz + 6nd,dy,

where d, denotes the dimensionality of the multi-headed self-attention, dy denotes the in-
termediate dimensionality of the feed-forward network (FFN), and n is the total sequence
length (including both visual and textual tokens).

The above expression simplifies to:
FLOPs = 8nd2 + 4n2d, + 6ndqdy,

where the first and third terms are linear in n, and the second term is a quadratic term
arising from the dot-product self-attention.

Let the number of visual tokens be reduced by a summarization (or reduction) ratio r
(r > 1) so that the new sequence length becomes n’ = n/r (assuming that the visual tokens
dominate the input sequence fed to the LLM decoder). The FLOPs after visual tokens

summarization become:

8 4n? 6
FLOPSredueed = _ndz + iQda + —ndadf.
T T T

The FLOPs reduction ratio can be written as:

FLOPSreduced o STndg + %da + 6Tndadf
FLOPSoriginal ~ Snd2 + 4n%d, + 6nd,d;’

This shows that the linear terms are reduced by a factor of 1/r, while the quadratic term
is reduced by a factor of 1/r?. This quadratic scaling of attention operations makes token

summarization especially effective in reducing the most expensive parts of the computation.
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For instance, with 7 = 9 (i.e., reducing visual tokens by 9x), we achieve 88.89% reduction n
FLOPs for linear terms such as 8nd? and 6nd,d;, and 98.77% reduction in quadratic term
4An2d,.

These results highlight that VisionBee can significantly reduce compute and memory
costs, particularly in the most expensive attention operations, making it highly suitable for

deployment in resource-constrained environments without compromising accuracy.

Qualitative Analysis To better understand the behavior of VisionBee under small sum-
marization budgets, we present qualitative examples of the visual tokens selected by our
framework at a 9x context reduction ratio. In Fig. 7.5, we visualize the selected tokens
(highlighted with red boxes) for different samples from the studied benchmarks using the
LLaVA-1.5-13B model.

As seen in the examples, VisionBee effectively captures the most salient and semanti-
cally informative regions of each image despite operating with only 64 out of 576 original
tokens. In natural images (top-left), VisionBee focuses on visually critical elements such as
human faces, clothing, and interactive objects (e.g., the kite). In structured and cluttered
scenes (bottom-left), the algorithm selectively retains object-centric patches that maximize
information coverage while eliminating redundant background tokens. Furthermore, in fine-
grained illustrations and document-like images (bottom-right), VisionBee preserves tokens
corresponding to both visual content and textual elements, demonstrating strong multimodal
understanding.

These qualitative results demonstrate that VisionBee achieves a compact yet informative
token representation by preserving spatially diverse and task-relevant visual tokens. The
observed diversity in selected patches stems from our submodular optimization framework,
which jointly considers representativeness through key embedding similarity and importance
via [CLS] attention scores. This principled selection strategy allows VisionBee to retain criti-
cal semantic information while significantly reducing the computational load for downstream

processing in the LLM decoder.
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ptatp cl{ips

Figure 7.5: Visual tokens selected by the VisionBee algorithm (shown in red boxes) using

LLaVA-1.5-13B model under 9x context reduction setting.
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7.8 Summary

As visual tokens dominate the input context space in MLLMs, reducing redundant visual
tokens is important for improving inference efficiency while addressing associated compute
and memory bottlenecks. In this chapter, we introduce VisionBee, a training-free visual
token summarization approach that employs a principled submodular optimization frame-
work to balance diversity and importance in token selection. By integrating key embedding
similarity with [CLS] attention scores, VisionBee selectively retains the most informative
and representative visual tokens. We demonstrate that VisionBee achieves significant visual
token reduction while maintaining competitive performance across multiple benchmarks,
outperforming prior pruning and merging strategies under identical context reduction (or

summarization) ratios.
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Chapter 8

DIVERSE ADVERSARIAL DATA AUGMENTATION &
CONTINUAL LEARNING

8.1 Introduction

Traditional supervised machine learning methods often rely on the assumption that the data
is drawn i.i.d. from a stationary probability distribution. This assumption does not hold in
many practical scenarios where the learner must continuously learn online and adapt to new
tasks without revisiting previous tasks (and those tasks’ data). This has motivated research
in Continual Learning (also referred to as Lifelong Learning and Incremental Learning),
where a machine learning model learns from a stream of data coming from a succession of
different tasks [154, 250, 382].

The primary challenge in continual learning (CL) is to alleviate the “catastrophic forget-
ting” of the previously learned tasks after learning new tasks [93, , 276]. This is mainly
caused by a shift in the distribution of inputs and labels over time. For example, as a model
is updated using new-task gradients, the hidden-layer representations, encoding information
about previous tasks, become biased towards these new tasks. This leads to a model confusing
the former with current tasks, thus producing incorrect predictions on older tasks. A widely
studied strategy to alleviate forgetting is experience replay (ER) [15, , 279], which repeat-
edly trains the model on buffered replay data from previous tasks while learning the current
task. However, the buffer in practice is often quite small [330], e.g., in autonomous driving,
where the incremental data is large-scale and essentially never-ending. A model can thus over-
fit to such small buffered data. Although forgetting is mitigated, the goal of retaining broad

and accurate knowledge about previous tasks is not achieved, and the problem remains severe.

An ideal strategy to address the above challenge is to focus on the replay of “marginal
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samples” easier to forget and confuse with the current task’s data, e.g., those near the bound-
ary between the previous tasks’ data and the current task’s data. However, selecting such
samples [7, | from a small buffer only brings limited improvement because the buffer
(often formed using reservoir sampling [330] and thus is uniform) does not well cover many
such marginal samples. Hence, we surmise that the core challenge is how to generate a small
and sufficient set of samples, ones that are easier to forget and hence be confused with the
current task’s data—given the limited buffer size, it is also important for these samples to

be diverse and thus efficient.

3 @ O Current Task Data
O  Buffer/Memory Data
@  RAR Perturbed Data
3 l:l Stage I : Replay Data
i Selection
Stage II : Pairing Replay

Data with Current Task
Data

; Stage 111 : Targeted
| =P Adversarial

Perturbation

l:l Forgetting Frontier
~ (Boundary)

Figure 8.1: Our proposed RAR framework for generating diverse augmentations for experi-

ence replay in continual learning

In this chapter, we propose a novel targeted adversarial synthesis-based replay method,
Retrospective Adversarial Replay (RAR), that can generate more informative replay in-
stances with richer variations optimized to capture the forgetting frontier of continual learn-
ing from a limited buffer. Specifically, given an incoming batch of the current task’s data,
RAR first identifies the most-likely-to-be-forgotten buffer samples (Stage I in Fig. 8.1) and
pairs them with their nearest neighbors within the current task’s data (Stage II in Fig. 8.1).
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For each pair, we then apply a bounded and targeted adversarial perturbation to the buffer
sample, which moves the buffer sample’s hidden-layer representation towards that of the
paired current task’s sample (Stage IIT in Fig. 8.1). This three-step procedure, as illustrated
in Fig. 8.1, generates fine-grained adversarial augmentations of the buffered data that cap-
ture “forgetting” at the local boundary to the current task’s data. We then effectively reduce
the risk of forgetting by replaying these perturbed samples. To improve the diversity and
variation of the perturbed samples (thus increasing the learnable information from a limited-
size buffer), we investigate the role of MixUp [310, ) |, a data augmentation technique
applied together with RAR—we find that it brings substantial improvements when there are

strict buffer size constraints.

For Stage I replay data selections, we can utilize any existing methods [7, 8, 45, , 374]
resulting in an effective and data-efficient replay solution in CL, hence making RAR generic
and complementary to existing memory-retrieval & update methods. Extensive experiments
on RAR and comparisons to SoTA baselines from different CL categories demonstrate the
advantages of RAR in mitigating catastrophic forgetting and improving overall accuracy.
Moreover, we conduct an ablation study showing that the key components, such as replay
samples selection strategy, sample pairing & adversarial perturbation, MixUp, etc, each
bring appreciable improvements. Additional sensitivity analysis of the key hyperparameters

implies that RAR is stable and consistently achieves these improvements.

Connection to human false memories & their correction: In human psychology,
“false memories” [208, ] refer to a wide variety of human memory errors ranging from the
minor misremembering of small details (e.g., distorted recollection) all the way to unmiti-
gated fabrication. The passage of time after experiencing an event increases the likelihood
of these phenomena. They are referred to as [210] a “natural by-product of a distributed
memory system (DMS)”. Rather than a simple search & recollect, DMS [55] helps us in
recombining and reconstructing memories via the integration of episodes from the past and
present, but it is not always error-free. It is also true that when high-confidence false mem-

ories are corrected, people attend more to the provided feedback [39]. Despite a tendency
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for belief perseverance [10], the information that breaks through this perseverance is greatly
attended to.

The motivation behind RAR is in line with this theory. In RAR, we first combine/pair
the replay buffer samples from previously seen tasks with the current task’s data. Then,
using the pairing, we find existing high-confidence false memories in the form of targeted ad-
versarial perturbations that move the previous data closer to the current data in the model’s
latent space. Finally, we train the model to produce the correct target for the perturbed
input during the replay stage. Unlike our approach, existing ER-based CL methods lack this
adversarial interpolation between past and present data and mainly rely on simple retrieval
and replay of past data.

This chapter is based on the work published in: Lilly Kumari, Shengjie Wang, Tianyi
Zhou, and Jeftf A. Bilmes. Retrospective adversarial replay for continual learning. Advances

in neural information processing systems, NeurlPS, 2022.
8.2 Related Work

Existing approaches in CL can be broadly characterized into two groups based on the model’s
architecture. Methods dealing with dynamic architecture maintain separate parameters for
each task [183, , |. These methods require the knowledge of task descriptors, are ex-
pensive to train, and often do not scale well when dealing with a long sequence of online tasks.
In this work, we focus on the task-free setting of CL [327]. Fized architecture approaches use
reqularization techniques to selectively regularize parameters (either weights or outputs) im-
portant for old tasks [0, 13, , , , , |, and require task information in general.
This category also includes memory-based approaches for constrained parameter updates on
new samples to minimize interference with previous tasks [14, | and for replaying them
along with the new task’s data [7, 8, 33, 38, 45, 70, , , , ) ) ) ; ; ).
Other ER methods [7, , , | train generative models on previous tasks which can be

challenging owing to the online (single-pass) learning setting.
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Algorithm 7 ER - Experience Replay based Continual Learning
1: Input: Tasks (Dy, D, ...Dr), Model 0, Learning Rate n, Memory M, Memory Size

m, Replay Budget &
2: Output: Model 6
3: for task i € [T] do
4. for (X;,Y;) ~ D; do
5: (X4, Yi) ~ M { /] randomly select k samples from memory}
6: Upr < U(X;,Y5;0) + (X, Yy 0)
7 0 < SGD({gg,0,n)
8: M « ReservoirUpdate(X;, Y;, M, m)
9:  end for

10: end for

Details of Related Work In Sec. 3.2.1, we explore existing approaches for image data
augmentation and their role in enhancing data variability for experience replay in contin-
ual learning, further discussed in Sec. 3.2.2. Here, we provide a comprehensive overview of
prior studies relevant to task-free continual learning. However, among these studies, only
GMED [130] has specifically examined the impact of data augmentations in continual learn-

ing.

e Experience Replay (ER) [15, 270]: ER (described in Algorithm 7) maintains pre-
viously seen examples in a limited size constrained memory buffer for future replay. It
deals with the problem of memory retrieval and can be used in both task-free as well
as task-dependent continual learning settings, but in all experiments in this chapter,
we use it as a task-free CL method. As a new incoming batch from the current task
comes in, we draw a subset of examples from the buffer such that the size of the drawn
subset is the same as the incoming batch size. In all experiments, we fix this subset

size (also referred to as the replay budget) as 10.
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e Gradient Episodic Memory (GEM) [209]: GEM also maintains an episodic mem-
ory for each observed task. As a new incoming batch comes in, GEM projects the
gradient of the model parameters such that loss incurred on the episodic memory
maintained for each task does not increase while learning a new task. This approach,
thus, needs access to the task-ids and is computationally intensive owing to solving a

QP program at each iteration of training.

e Averaged Gradient Episodic Memory (A-GEM) [11]: Averaged-GEM is an im-
provement over GEM in terms of relaxing the need to require task-ids. Instead of
constraining the model parameters using the entire stored buffer, it randomly samples
a subset of examples from the memory buffer to regularize the model parameters in

order to minimize forgetting on previously seen tasks.

e Gradient-based Sample Selection (GSS) [3]: GSS deals with the problem of Mem-
ory Update in a task-free CL setting. It aims to maximize sample diversity in the gradi-
ent space while selecting examples for memory update. The performance improvement

observed is significant when different tasks data are imbalanced.

e Maximally Interfered Retrieval (MIR) [7]: MIR is another memory retrieval
method that does not need access to task ids while selecting buffer exemplars for
replay. It proposes to first perform a virtual update (one-step look-ahead update) only
on the incoming batch of the current batch. It then computes the interference on the
memory samples in terms of the loss increase observed w.r.t. the virtual updated model
parameters and selects those buffer samples for which the loss increase is maximum-—it

selects the maximum interfered/forgotten samples from the buffer.

e Adversarial Continual Learning (ACL) [31]: ACL focuses on learning two kinds
of features for task-dependent CL: (1) shared task-invariant (2) task-specific features.

The architecture grows as a new task comes by adding a task-specific module. It uti-
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lizes adversarial learning to train a shared feature encoder and a discriminator using
the classic minimax optimization objective (as used by GANs). The role of the dis-
criminator is to correctly classify the encoded features by their task labels/ids, while
the role of the encoder is to generate task-invariant features that can fool the discrim-
inator. RAR, on the other hand, focuses on the static architecture task-free CL and
utilizes the idea of adversarial perturbations in the input space to perturb the memory
replay samples such that they are located close to the forgetting frontier w.r.t. to the

current tasks.

Adversarial Shapley Value Experience Replay (ASER) [301]: ASER proposes
a scoring method based on kNN Shapley Value (SV) to select memory samples that
are representative of the stored memory samples and adversarially close to the decision
boundaries of new classes. On the other hand, RAR’s objective is to minimize the
worst-case experience replay loss by generating targeted adversarial replay perturba-
tions that are visually similar to the chosen replay samples, but the CL model mistakes
them for the nearest class (from the incoming batch) based on their distance from the

decision boundaries.

Gradient-based Memory Editing (GMED) [130]: GMED uses gradient updates to
edit/perturb the stored replay samples to create more challenging samples for rehearsal
in a task-free setting. This work is most relevant to RAR. While their objective aims
to perturb samples individually to generate increased losses in the upcoming model
updates, our method looks into the local pairwise relationships between the most in-
terfered memory samples and the new task’s samples. By utilizing such information,
we locally perturb each replay sample in a targeted adversarial manner. The model
then confuses them with the new tasks’ data, creating more confusing examples close

to the forgetting frontier as well as representative of previous data.
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8.3 Preliminaries

8.3.1 Discussion of MIR score and its intuition

Maximally Interfered Retrieval (MIR) [7] method finds the buffered data suffering from the
most amount of forgetting. The idea of probing to the next-step parameters 6’ that we
perform in RAR is similar to the Maximally Interfered Retrieval (MIR) method for mem-
ory/buffer retrieval, where we compute forgetting scores on the memory samples to identify
a subset of memory samples that are negatively impacted by the current-task samples. The

forgetting score of MIR for every sample in the memory buffer x;; is defined as follows:
MIR(2ar, 0,0") := U(xnr, y(2ar); 0') — L@, y(2ar); 0) (8.1)

Then, a subset of memory samples with the largest MIR scores, i.e., having the greatest loss
increase from 6 to ', is selected. We will denote such a subset as X},, i.e.

X\, € argmax ZMIR(x,H,@’). (8.2)
XCXu |X|<k Sy

Intuitively, X}, contains samples that are most confusing with the incoming ones, and thus
using such samples as the anchor samples would result in more successful adversarial per-

turbations.

8.3.2  Reservoir Sampling

We use traditional reservoir sampling method [330] detailed in Algorithm 8 to update
the limited memory buffer when a new batch’s data comes in. Reservoir sampling selects
a uniform random sample of size m from a data stream of unknown length. It maintains
a reservoir of m elements. For the ¢-th incoming element (where ¢t > m), the probability
of inclusion in the reservoir is 7. If the element is selected, it replaces an element chosen

uniformly at random from the current reservoir. This process ensures that each of the first

t elements has an equal probability %* of being retained in the reservoir at time ¢.
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Algorithm 8 Reservoir Update

1: Input: Samples (x4, ), Buffer M, reservoir/buffer size m
2. if | M| < m then

33 M=MU(x,y)

4: else

5. j =randint(1,?)

6: if j < m then

T: M(j] < (@1, 1)

8: end if

9: end if

Prior works based on task-free continual learning [7, , | have shown promising
results when using reservoir sampling as the memory update method. Authors in [111, ]
have proposed modified versions of reservoir sampling, which help populate the memory
with diverse samples in a balanced way when dealing with heterogeneous and long-tailed
data streams. Since, in this work, our focus is primarily on class-balanced datasets, we use

Reservoir Sampling as the memory update method.

8.3.8  Targeted Adversarial Augmentations

Given a model 0, associated layer [ of the model, source input-output pair (xs,ys) and a
target input-output pair (x,y;), the goal of targeted adversarial attack/perturbation is to
generate an input z which looks visually similar to the source input z,, but in the latent
space of model’s [-th layer, the feature embedding of z is close to the feature embedding of

the target input x;. The objective can be mathematically summarized as follows:

minimize Ly, (2, x;)

subject to ||z — 4||oo < € (8.3)

Here, if we use the model’s last layer denoted by L, then oftentimes Ly, (2, x;) can be
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replaced with the cross-entropy loss w.r.t. to the target label y; of the paired sample x, i.e.,
0z, y:0).

In case we use layer [ such that [ < L, meaning layers lower/shallower than the last layer,
one can use the defined distance function in Eq. (8.11) i.e., dy,(z, z¢) := ||01(2) — 0,(z¢)||2 as
the minimization objective Ly, (2, z;) in the above constrained optimization problem.

The Fast Gradient Sign Method (FGSM) proposed in [105] can be used to approximately
solve Eq. (8.3) when dealing with infinity norm constraints in the input space. We define

the approximate solution gy, (z, z;) as:
9o, (x5, x¢) = x5 — € - sign(Vy, Lo, (25, 71)) (8.4)

where V, Ly, (xs, 2;) is the gradient of the loss function in Eq. (8.3) w.r.t. z,.
Iterative-FGSM [161], which performs n iterative updates based on the FGSM method
using a smaller step size a (proportional to €/n), can also be used. Here, n denotes the
number of iterations used to iteratively optimize Eq. (8.3).
To stabilize the gradient update directions and avoid poor local maxima, Dong et al.
[80] proposed Momentum-Iterative FGSM (MI-FGSM), which integrates momentum with
a decay factor p and accumulates the gradients of previous iterations while updating the

targeted augmentation at each step.

At step 7 = 0, we initialize 2 = z,. Then, at step 7, the accumulated gradient and
targeted augmentation are derived as follows (the superscript T denotes the iteration step,

while the subscript ¢ denotes the target example):

Vms‘CHl (3:;7 xt)
| |Vﬂcs‘c9l (.CE?;, 'Tt)Hl

oIt =27 — - sign(g™) (8.6)

g =g+ (8.5)

At the end of each step, we project back into the norm ball ||z7" — z,]| < €, and
we also clip the values back to the input range observed corresponding to the original pixel
values when using image data. In this work, we use MI-FGSM with the decay factor p as

1.0, and the step-size « same as € since we employ only two iterations to generate the RAR



167

augmented data using buffer replay samples (X},,Y};,) as the source/anchor sample. The

paired sample from the incoming batch of current task (X;,Y;) is used as the target sample.
8.4 Retrospective Adversarial Replay

The continual learning problem consists of a stream of data distributions (Dy, Dy, ..., Dr)
that corresponds to 7" tasks (in this work, the boundaries between tasks are not known). We
get data points uniformly sampled from the data distribution of the current task. Our target
is to train a machine learning model f(-;6) parameterized by 6 that minimizes the losses as
we learn each task in the given sequential order without increasing the loss on previously
learned samples. In other words, the objective is

main l;T E gy~ l(,y;0) (8.7)
Here, ¢ denotes the loss function, and ¢ is an index over the set of tasks. To retain the
knowledge of previous tasks and mitigate catastrophic forgetting, similar to [7, , ], we
utilize a limited memory buffer to store samples representing previously seen data. Let M
denote the memory /buffer, which is essentially a set of data points and |[M| < m. Similar
to ER (Algorithm 7) , as we train on task i, we get an incoming batch (X;,Y;) ~ D;, and
we combine it with a subset of memory samples (X, Y{,;) C M to compute the overall loss.
We can then update the memory M by replacing some samples with the ones encountered
in the current training step while keeping the size of the buffer unchanged.

In general, ER-based methods typically deal with two problems: (1) Memory Update
for populating the buffer and (2) Memory Retrieval for selecting samples from the buffer
for replay. In this work, we focus on synthesizing adversarial memory samples that provide
the most conflicting information on the look-ahead probing step. In other words, the model
trained only on the incoming task (one-step look-ahead) misclassifies the synthesized sam-
ples (anchored around previously seen classes stored in the memory) as the incoming classes.
Thus, by learning from such adversarially synthesized memory samples in retrospect, we pre-

vent any conflicts in the probing step. For problem (1), we use reservoir sampling to update
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the memory (Sec. 8.3.2) , which can give us uniform samples from the streaming data points
and is widely adopted in many continual learning methods [7, 15, ]. For problem (2),
one can utilize any existing memory retrieval methods [7, 8, 45, , 374], thus making RAR

complimentary and easily integratable with many existing CL methods.

8.4.1 Retrospective Adversarial Perturbation

Existing methods addressing the memory-retrieval problem optimize the model parameters
using {gr in Eq. (8.8) where (X, Y},) are selected from the buffer M based on their proposed
selection strategies. For ease of notation, we use y(z) to denote the ground-truth label of

the sample x.

Cer(Xir, Xi, 0) = 0(Xi, y(Xi); 0) + (X, y(Xi); 0) (8.8)
ER [15] uses naive random sampling to select X,, GSS [8] encourages gradient diversity
while sampling X},, ASER [301] uses kNN Shapley value to select samples which are repre-

sentative of M and close to the samples in X; in the latent space, and MIR [7] selects replay
samples which are maximally interfered /forgotten after the look-ahead probing step. In the
look-ahead probing step, the model is updated only on the incoming task samples X; such
that ' = 0 — nVel(X;, y(X5); 0).

Although the methods mentioned above cover crucial aspects (diversity, representative-
ness, similarity to incoming batch) for selecting X7, they do not capture the local pairwise
interactions between the memory and current-task samples. Motivated by this, Retrospective
Adversarial Replay Loss ((rar) finds a cardinality-constrained pairing (F) between memory
and incoming current-task samples such that the loss on memory samples that are perturbed

towards the paired current-task samples is maximized:

Crar(Xa x Xi,0,0) = Ecg(lﬁ}ixi( 2:) Ef(geg(xM,ﬂ%),y(xM);Q) (8.9)
|E|=c TN HTi)E

Here, X denotes the entire input samples present in M, and gg (1, x;) described math-

ematically in Eq. (8.10) can be seen as a targeted perturbation of x,; that is visually similar
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to zp; but close to the latent embedding of target z; € X; in the [-th layer latent space
modeled by €. Since the minimization objective in Eq. (8.10) aims to move the perturbed
replay sample closer to a current-task sample, it is required that y(xy) # y(z;) for a given

pairing. This helps filter out trivial pairings while optimizing Eq. (8.9).
9oy (Tar, x;) = argmindy (2, z;) s.t. [z — 2yl <€ (8.10)
where dg/ (2, 2;) := ||6(2) — 0)()|]2 (8.11)

Since x ) and x; have different labels, such perturbed samples that we get from Eq. (8.10)
are confusing to the continual learner in terms of distinguishability from the current-task
sample x; while still representing previous tasks based on their visual similarity to x;, € M.
Eq. (8.9) essentially helps in the synthesis of targeted adversarial samples that are close
to incoming samples X; in the latent space, and hence the learner will miss making the
correct prediction y(X,,) despite the fact that the adversarial samples are anchored around
the original memory samples Xj;. Training on such samples can help the model to learn
about the boundaries between previous and current tasks and also retain the knowledge
of previous tasks [39, 52, ]. Note that the perturbations are performed based on the
look-ahead parameters 6. In other words, assuming we only learn from the current-task
samples X; and update the parameters to ¢, the generated adversarial samples give us many
training samples that show conflicting behaviors on 6" and get easily forgotten by the model.
In retrospect, we can potentially prevent such forgetting when we are still at # by using those
targeted adversarial samples as training signals, i.e., we minimize the RAR loss (Eq. 8.9) to
update the model 6.

Optimizing Eq. (8.9) over all feasible pairs of Xj; and X; is computationally challenging
as we effectively need to compute the adversarial perturbations on all such pairs to select the
most confusing subset incurring the maximum RAR loss. Moreover, each adversarial sample
synthesis (Eq. 8.10) requires multiple gradient steps as we need to run adversarial attack
algorithms such as the iterative-FGSM [0, | covered in detail in Sec. 8.3.3. Thus, to

eliminate this bottleneck, we propose two pruning strategies covered in Sec. 8.4.2 and 8.4.3
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to reduce the candidate anchor-target pairs in X,; x X; for adversarial perturbations and

approximately optimize Eq. (8.9).

8.4.2 Selecting Replay Data from Buffer

To reduce the computational overhead, we only consider a subset of the memory buffer
X}, € M instead of considering all memory input samples Xj;. Memory-retrieval methods
such as ER [15], GSS [8], ASER [301], and MIR [7] can be used to select a smaller replay
set X},. This again reiterates that RAR is generic and complementary to existing memory-

retrieval methods.

8.4.3 Pairing between Buffer and Current-task Data

To further bring down the computational costs of adversarial perturbations, we perform
another pruning over the possible pairs between X}, x X; based on samples’ hidden rep-
resentations. l.e., we first compute the distance dgz(ﬂ?/]\/[, x;), which is essentially the target
value that we seek to minimize for the adversarial perturbation (Eq. 8.10) for every pair
(@, x;) € X}y x X; with different labels y(z',,) # y(z;) and then screen out the pairs with
larger distance values, maintaining only the smaller-distance ones, in accordance with the
min-objective of Eq. (8.10). To utilize the information from the selected memory samples,
we pair each 2/, € X, with its nearest neighbor with a different class/label in the incoming
batch X; of the current task. Nearest-neighbor-based matched pairs already represent the
most confusing samples, as the samples in a pair belong to different classes. Thus, it is eas-
ier for the optimization procedure approximating Eq. (8.10) to further reduce the distances
between pairs coming from different classes (shown in Fig. 8.2b), aiding in the synthesis of
even more confusing adversarial samples.

Computational overhead for optimizing Eq. (8.9): First, we select memory samples
for replay X, (Sec. 8.4.2), which has the same costs as the backbone memory-retrieval
method. Next, we compute the distances between latent features of X, and incoming batch

X, with computational complexity of O(|X},|*|X;|). This is minimal given the online nature
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of CL, where the training batch size is often set to 10. After performing the nearest neighbor
matching, we optimize Eq. (8.10) via iterative-FGSM [30], which introduces some additional
computational costs, but we keep it marginal by using only two steps of iterative-FGSM. We
provide further details in Sec. 8.4.6.

Combining our RAR loss with the loss on selected memory samples and incoming batch
samples, we have our overall objective (similar to Eq. 8.8) defined as follows, where [ is
a hyperparameter to control the trade-offs between the losses on original and adversarially

synthesized memory samples.
Can(Xiyp, Xi, 0) = (X5, y(X5); 0) + Blrar(Xpy x Xi,0,0") + (1 — B)0(Xay, y(Xp); 60) (8.12)

Description of RAR framework: In Algorithm 9, we describe our retrospective
adversarial replay algorithm for continual learning. The algorithm essentially consists of
three steps: (1) in Lines 5-6, we first perform the look-ahead parameter probing using the
incoming samples of the current task to get 6 and select the subset X}, using existing memory
retrieval methods, such as ER, MIR, ASER, etc. (2) in Lines 7-11, we prune down the
pairings between X}, and X; based on distances between hidden representations computed
using Eq. (8.11), and (3) in Line 12, we define the RAR loss by performing adversarial
perturbations on the selected pairs S. Note that since we use the selected pairings S of size
k as an approximation of the true maximum-valued pairs, we can just sum over entries in
S instead of picking the maximum subset as done in Eq. (8.9). In Line 15, we update the
memory buffer M based on incoming samples (X;,Y;) using reservoir sampling [330] and

keep the memory limit m.

8.4.4 MixzUp based Retrospective Adversarial Augmentation

We also propose another method miz-RAR utilizing the mizup technique [335] to bring in
more diversity to the pool of replay examples selected from the buffer. After creating virtual
examples (Zpr, Jur) using z;, z; € X}, and A € [0, 1] such that Zp, = Az; + (1 — A\)z; and

v = Ayi+(1—N\)y;, we follow the original RAR algorithm to achieve pairing and subsequent
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Algorithm 9 RAR - Retrospective Adversarial Replay for Continual Learning

1:

10:

11:

12:

13:

14:

15:

16:

17:

Input: Tasks (Dy, Dy, ... Dr), Model 0, Learning Rate n, Memory M, Memory Size m,
Replay Budget k, Trade-off Parameter 3, Perturbation Strength € & number of gradient

steps n

Output: Model ¢

: for task ¢ € [T] do

for (XZ,Y;) ~ DZ do
0 < SCD({(X;,Y3;0),0,m) { // Look-ahead update of model parameters}

Select (X}, Y], from M s.t. | X),| =k { // using existing memory-retrieval meth-
ods}
Let S :=10

for 2!, € X}, do
Ti € AN, ¢ x, y (2 )2y(e:) ) (T Ti)
S SU{(ahy, 7))}
end for
lrar(S,0,0") « Z(%[’xi)es 0(goy (Thrs i), y(2y); 0) { // perform the targeted adver-
sarial perturbations (Sec. 8.3.3) and define the corresponding RAR loss}
b < U( X3, Y5;0) + B Lrar(S,0,0') + (1 — B) £( X}y, Yy 0)
0 < SGD(lyy, 0,1m)
M « ReservoirUpdate(X;, Y;, M, m)
end for

end for
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targeted adversarial perturbation as shown in Algorithm 12. The proposed MixUp strategy
is different from [112, ] as we apply mixup among the replay samples and then generate
RAR perturbed samples anchored around them. This is consistent with RAR’s objective.
Given a current task’s sample from class (c), training on a RAR perturbation applied to a
mixup between two buffered samples from different past classes (a,b) can potentially help
in capturing the forgetting frontier between three pairs of classes (a,c), (b,c) and (a,b), thus

minimizing forgetting on both past classes.

8.4.5 RAR variants

ER-RAR In the ER-RAR method, we simply modify the replay sample selection step
(line 6) of Algorithm 9. As shown in line 6 of Algorithm 10, we rely on random sampling
to get a subset of the buffer for replay.

MIR-RAR In Algorithm 11, we change line 6 of Algorithm 9 to use the MIR score to
select the replay subset X},.

mix-RAR In the mix-RAR method detailed in Algorithm 12, after selecting the replay
samples X, (using ER, MIR, ASER, etc.) from memory M, we simply apply MixUp [385]
to perform perturbations/editing on the replay examples. Mixup generates virtual training

samples T s, ¥y by taking convex combinations of pairs of inputs and their labels.

where z;,z; € X}, and y;,y; € Y, and A € [0,1] is drawn from a Beta distribution A ~
Beta(q, ), where « is a hyperparameter.

We then pair up these virtual samples with the current’s task samples based on the
distance function defined in Eq. (8.11) and use Eq. (8.10) to perturb them such that in the
representation space modeled by ), the augmentation of the virtual sample is closer to the

paired sample from the current task, than the source/anchor samples x; and x;.



174

Algorithm 10 ER-RAR - Retrospective Adversarial Replay for Continual Learning using

vanilla ER as memory-retrieval method

1:

10:

11:

12:

13:

14:

15:

16:

17:

Input: Tasks (D, Ds, ... Dr), Model 0, Learning Rate i, Memory M, Memory Size m,
Replay Budget k, Trade-off Parameter (3, Perturbation Strength ¢ & number of gradient
steps n

Output: Model 0

: for task i € [T] do

for (X;,Y;) ~ D; do
0+ SGD(¢(X;,Y;;60),0,n) { // Look-ahead update of model parameters}
(X4, Yi) ~ M { /] randomly select k samples from memory}
Let S :=1
for 2!, € X}, do
i € AN, ¢ x, y(ah )y(e:) ) (T Ti)-
S — SuU{(a)y,x))}.
end for
lrar(S,0,0") « Z(r’M,xi)GS U(goy (yr, i), y(2hr); 0) { // perform the targeted adver-
sarial perturbations (Sec. 8.3.3) and define the corresponding loss}
Ca < U( X3, Y5;0) + B Lrar(S,0,0') + (1 — B) (X}, Yy 0)
0 < SGD(lyy, 0,1m)
M « ReservoirUpdate(X;, Y;, M, m)
end for

end for
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Algorithm 11 MIR-RAR - Retrospective Adversarial Replay for Continual Learning using

MIR as memory-retrieval method

1:

10:

11:

12:

13:

14:

15:

16:

17:

18:

Input: Tasks (Di, D, ...Dr), Model 0, Learning Rate 7, Memory M, Memory Size
m, Replay Budget k, Subset Size ¢, Trade-off Parameter 3, Perturbation Strength e &
number of gradient steps n

Output: Model ¢

: for task ¢ € [T] do

for (X;,Y;) ~D; do
0 < SCD({(X;,Y3;0),0,m) { // Look-ahead update of model parameters}
(X, Yar) ~ M { // randomly select ¢ samples from memory}
Compute MIR(zy, 6,0") for xpr € Xp and select the subset X}, based on Eq. (8.2)
st [ Xyl =k
Let S := 0.
for o, € X}, do
T} € argmilg e x, (ot Yty(a)) 40} (Thrs T)-
S Su{(ay,x))}.
end for
Crar(8,0.0') <= 301 wnes U9a) (@, xi), y(x)y); 0) { // perform the targeted adver-
sarial perturbations (Sec. 8.3.3) and define the corresponding loss}
loyg < (X, Y5, 0) 4+ B lrar(S,0,0) + (1 — B8) 0(X},, Yi0)
0 < SGD(lyy, 6,m)
M + ReservoirUpdate(X;, Y;, M, m)
end for

end for
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Algorithm 12 mix-RAR - Retrospective Adversarial Replay for Continual Learning using
MixUp

1:

10:

11:

12:

13:

14:

15:

16:

17:

18:

Input: Tasks (Dy, Dy, ... Dr), Model 0, Learning Rate n, Memory M, Memory Size m,
Replay Budget k, Trade-off Parameter 3, Perturbation Strength € & number of gradient

steps n

Output: Model ¢

: for task ¢ € [T] do

for (X;,Y;) ~D; do
0 < SCD({(X;,Y3;0),0,m) { // Look-ahead update of model parameters}
Select (X}, Y], from M s.t. | X),| =k { // using existing memory-retrieval meth-
ods}
X4, Vi, = mixup(X},, Y}, @) { // perform mixup on replay samples}
Let S :=1
for 7, € X}, do
T € argming, e v, (i) 2y(xs) Do) (Tar, Ti).-
S+ SU{(apn, )}
end for
Crar(S,0,0") <= 3 ., anes U(90,(Zar, i), y(Zar); 0) { // perform the adversarial per-
turbations (Sec. 8.3.3) and define the corresponding loss}
loyg < (X, Y5, 0) 4+ B lrar(S,0,0) + (1 — B) 6(X},, Yi:0)
0 < SGD(Lyy, 0,1m)
M < ReservoirUpdate(X;, Y;, M, m)
end for

end for




177

8.4.6  Complexity Analysis

We compare the replay-based methods in terms of forward and backward computations used,
besides the forward features computed on the incoming batch X; and backward pass used

for the final parameters updates:

1. ER (Alg. 7): 1 extra forward pass on the replay samples, i.e., f(X},;0)

2. ER-RAR (Alg. 9): 1 backward pass for the virtual model update to ¢, n forward
and backward passes to generate the targeted augmentations of X, using 6" where n
denotes the number of iterative steps used to generate the RAR data, 1 forward pass
on the replay examples and the generated RAR data using 6.

3. MIR: 1 backward pass for the virtual model update to 6, 2 forward passes on the
larger memory set, i.e., f(Xu;0), f(Xar;€'), 1 forward pass on the smaller set of replay
samples, i.e., f(X);;0).

4. MIR-RAR (Alg. 11): 1 backward pass for the virtual model update to ¢, 2 forward
passes on the larger memory set, i.e. f(Xu;0), f(Xar;0'), n forward and backward
passes to generate the targeted augmentations of X, using ¢’ where n denotes the
number of iterative steps used to generate the RAR data, 1 forward pass on the smaller

set of original replay samples and the RAR augmented data using 6.

Thus, comparing ER-RAR w.r.t ER, ER-RAR needs n extra forward passes and (n + 1)
extra backward passes on top of ER. Similarly, MIR-RAR adds n additional forward and
backward passes on top of MIR. Setting n = 2 for all datasets (except Split-MNIST with 1000
training samples per task where n = 5), i.e., using only two gradient steps to optimize the
RAR augmentation objective defined in Eq. (8.10) in the input space, we limit the additional
computational costs introduced by RAR.

Computational costs reduction based on optimizations proposed in Sec. 8.4.2
and 8.4.3: Instead of using all | X),| examples in the memory buffer M, replay data selection
reduces the potential candidates to be considered for adversarial data generation to | X,|.

For example, given a buffer size of 500 and a replay budget of & = 10, the potential buffer
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samples considered for generating RAR adversarial augmentations is only 10 instead of 500.

Having reduced the size of the replay set to | X},|, one would still need to consider every
potential pairing between X, and X; (current task samples) to find the most confusing
subset of cardinality &k, which incurs maximum RAR loss defined in Eq. (8.9). Here, k is
essentially the replay budget. Generating targeted adversarial samples for each pair can be
computationally prohibitive. Our nearest neighbor-based pairing brings down the number
of adversarial samples to be generated (by optimizing Eq. 8.9) to k from |X},| x |X;|. In
the above example, for a current batch size of 10, we only need to generate k£ = 10 tar-
geted adversarial samples to approximately optimize Eq. (8.9) instead of generating 10 x 10

adversarial samples and then choosing k samples with the largest RAR loss.
8.5 Experiments

Datasets We evaluate RAR on four supervised image classification benchmarks for task-
free CL. Based on the taxonomy described in [327], the datasets that we studied fall under
the class-incremental (CI) category. The dataset details are as follows:

Split-MNIST is a variant of the MNIST dataset of handwritten digits [167] split into
five disjoint tasks based on the labels. Each task consists of two classes, and we use only 1k
examples from each task for training and report results on the complete test set. The goal
is to classify all ten classes at the end of the last task.

Split-CIFAR10 is a variant of the CIFAR-10 dataset [152] split into 5 disjoint tasks
based on labels. Each task consists of two classes and 10k training examples.

Split-CIFAR100 is a variant of the CIFAR-100 dataset comprised of 20 disjoint tasks,
with each task dealing with 5 classes. This is a 100-way classification problem since we do
not use any task information during training/testing.

Split-minilmageNet splits the mini-ImageNet dataset [71] into 20 disjoint tasks based
on labels. Each task comprises five classes and 2.5k training examples.

In Table 8.1, we present the statistics of all four datasets. Training samples used for

each task are 95% of the mentioned numbers as 5% is held out as the validation set. For
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fine-tuning the hyperparameters associated with the RAR framework, we use the held-out
validation set. In the case of the Split-MNIST dataset, following the setting of previous

methods such as [7, 130], we use only 1000 training examples per task.

Table 8.1: Class-incremental Continual Learning Datasets Statistics

‘Split-MNIST Split-CIFAR10 Split-CIFAR100 Split-minilmageNet

# of tasks 5 5 20 20
# of classes per task 2 2 5 5
# of training samples per task 1000 10000 2500 2500
# of test samples per task 2000 2000 500 500
# of overall classes 10 10 100 100
Evaluation Metrics Following [13, 209], we use two standard metrics used in CL to eval-

uate RAR’s performance. Final average accuracy (Ar) assesses the overall performance of
the model whereas Final average forgetting (Fr) measures how much the model has forgot-
ten each task once the online learning has completed. Lower forgetting is better. Below, a; ;
denotes the accuracy evaluated on the test set of task j after the model has experienced all
tasks up to i.

T T—
1
T = ? ; ar;, Fr Z max CLlyj — CLTJ') (8'14)

le{1,.. T—-1}

Models and Settings We follow the same setup as [7] for deciding model architectures
for all four datasets. For Split-MNIST, we use an MLP classifier with two hidden layers,
each with 400 units with ReLLU activation, followed by a linear classifier layer with 10 units.
For Split CIFAR-10, Split CIFAR-100, and Split mini-ImageNet, we use a reduced ResNet-
18 classifier [I11]. The replay budget k is the same as the mini-batch size (fixed to 10)
irrespective of the buffer size m. For hyperparameters tuning on each dataset, we hold out

5% of the training samples for each task and use it as a validation set.
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In all experiments based on experience replay methods, we use SGD optimizer with a
learning rate of 0.1 for all datasets. For GMED [130] and ASER [301] based methods, we
present the results using the set of hyperparameters reported in the papers. Both mini-
batch size and replay budget are set to 10 following the above-mentioned methods to make
the comparisons fair. For MIR-based methods, we set the subset size ¢ to 50 for all datasets
following [7]. ¢ denotes the size of the larger set of buffer examples on which the forget-

ting /interference score is computed.

Hyperparameters Tuning We tune the hyperparameters associated with the RAR
framework {n, 3, €} on the held-out validation set across all datasets. For all datasets,
we analyze (as shown in Fig. 8.5) the sensitivity of the performance of RAR in terms of the
number of gradient steps n used to perform the constrained targeted optimization in the
input space, as shown in Eq. (8.10). Specifically, we study values of n € {2,5,10}. Based
on the trade-off between the performance and the computational costs associated with the
forward and backward passes employed to generate the targeted adversarial augmentation,
we set n = 2 for all datasets except for Split-MNIST, where we set n = 5 based on the av-
erage forgetting score as shown in Fig. 8.5a. Since the MNIST dataset is relatively easier to
train on, more gradient steps are needed to generate difficult samples that are indiscernible
for the model in the learned representation space after the look-ahead update on the new
task’s data.

For the weight assigned to the {rar computed using Eq. (8.9) in the final loss objective
(denoted by ), we search over {0.05,0.075,0.1,0.2,0.3,0.4,0.5} and fine-tune them sepa-
rately for different datasets across various buffer sizes that we study. For Split-MNIST, £
equal to 0.3,0.3, and 0.4 lead to the best-reported performance across buffer sizes 200, 500,
and 1000, respectively. For Split-CIFAR10, these values are 0.5,0.1, and 0.075 for buffer
sizes 200, 500, and 1000 respectively. For Split-CIFAR100 and Split-minilmageNet, we get
the best setting as § = 0.4.

We search for the best perturbation tolerance € hyperparameter in {0.15,0.3} for Split-
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MNIST, {0.0314,0.07} for Split-CIFAR10 and Split-CIFAR100, and {0.01568,0.0314} for
Split-minilmageNet. The best setting e values are 0.3 for Split-MNIST and 0.0314 for the
remaining three datasets.

Prior works such as [205] show that the deeper/higher layers of neural networks are
disproportionately responsible for catastrophic forgetting in line with the observation that
the shallower/lower layers learn general features of and higher layers learn more task-specific
features. Therefore, we use the penultimate layer (the layer just before the final classifica-
tion/softmax layer) as layer [ in Eq. (8.10) and in the representation space of ], we minimize
the augmentation objective such that the penultimate feature embedding of the RAR aug-
mented sample and its paired current task sample are as close as possible, but visually still

similar to the original buffer sample.

8.5.1 Results

We report the average accuracy and forgetting in Table 8.2 and 8.3, respectively, for ex-
periments on all four datasets under various buffer size constraints. We use three different
memory-retrieval methods, namely ER [15], MIR [7], and ASER [301] and compare RAR
and miz-RAR with their respective baselines which do not use the RAR loss (Eq. 8.9). For a
fair comparison, we compare miz-RAR with baseline retrieval methods using mixup between
replay samples. We also compare against standard baseline methods: (a) Fine-tuning, which
trains the model continuously on the stream of tasks without employing any strategy to
avoid forgetting, (b) Averaged Gradient Episodic Memory (AGEM) [11] (c) #id-online, which
trains a model on the iid-data sampled from entire dataset D = UL, D; for a single epoch,
(d) 7id-offline, which trains a model similar to the iid-online setting but for multiple epochs
(three epochs considered in the reported results). We compare against another memory
sample perturbation method called GMED [130] in Table 8.5 to avoid repetition.

We provide the pseudo-code for ER (Alg. 7), ER-RAR (Alg. 10), MIR-RAR (Alg. 11), and
mix-RAR (Alg. 12) to describe how our proposed framework can be unified with existing
CL methods. As shown in Table 8.2, both RAR and miz-RAR using different memory-
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Table 8.2: Average Accuracy (1) on different task-free CL datasets across different buffer
sizes (m). We averaged results of over 15 runs for all except for Split-MNIST, where we

averaged over 20 runs.

‘ Split-MNIST ‘ Split-CIFAR10 ‘ Split-CIFAR100 ‘ Split-minilmageNet
Method ‘ m=500 m=1000 ‘ m=200 m=500 m=1000 ‘ m=10,000 ‘ m=10,000
Fine-tuning 19.0+0.2 19.0+0.2 | 184+0.3 184+0.3 184+0.3 3.06 £0.2 2.84+0.4
AGEM 29.02+£5.3 - 22.7+18 227+19 226+£0.7 2.40+0.2 2.92+0.3
ER 80.7+21 833+£14 | 25.7+13 319+09 395+1.7 26.0+0.3 23.7+0.5
ER-RAR (ours) 84.2+18 869+1.1|332+14 404+1.7 440+14 29.8+04 279+0.5
ER-mix 80.9+13 81.7+£1.1 | 249+18 33.0+23 375£16 26.6 £0.8 23.0+£1.1
ER-mix-RAR (ours) 86.1+11 869+10|372+10 41.6+1.0 444+0.8 31.5+0.6 28.8 £0.5
MIR 848+12 86.3+14 | 280+15 375+1.6 45.3+1.2 26.7+0.4 24.3+0.6
MIR-RAR (ours) 879+14 894+11(333+11 43.1+11 453+15 29.3+04 26.7 £0.7
MIR-mix 85.7+0.8 86.6+£0.7 | 35.2+1.2 40.7+0.8 425+£15 27.6 £0.5 23.3+0.8
MIR-mix-RAR (ours) 89.0+07 891+10|376+10 429+1.1 44.7+13 299+04 277+0.5
ASER 79.6£25 T795+£15 | 242+12 322+1.5 37.0£23 26.5+ 0.6 25.0+0.8
ASER-RAR (ours) 81.3+15 832+11|345+1.2 404+1.0 427+13 29.5+04 26.9+0.7
ASER-mix 80.2+18 79.6+£1.7 | 25.9+1.2 295+1.8 34.0£1.7 26.8 £ 0.6 22.1+0.9
ASER-mix-RAR (ours) | 82.0+1.6 84.0+1.2|356+09 392+14 415+1.6 29.9+0.3 27.5+0.5
iid-online 86.8+1.1 86.8+1.1 | 60.8+1.0 60.84+1.0 60.8+1.0 18.13 £ 0.8 17.53 + 1.6
iid-offline 923+05 923+£05 | 79.2+04 7924+04 79.2+04 42.0+0.9 3746 £1.3
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Table 8.3: Average Forgetting (}) on different task-free CL datasets across different buffer
sizes (m). We averaged results of over 15 runs for all except for Split-MNIST, where we

averaged over 20 runs.

H Split-MNIST H Split-CIFAR10 ‘ Split-CIFAR100 ‘ Split-minilmageNet
Method ‘ m=>500 m=1000 ‘ m=200 m=>500 m=1000 ‘ m=10,000 ‘ m=10,000
ER 171426 13.1+£1.8 | 51.3+£4.1 39.0+21 26.3+24 17.1+0.5 28.3+ 0.6
ER-RAR (ours) 11.0+25 74+11 | 376+21 251+25 181+20 10.8+04 16.4+0.8
ER-mix 17.3+1.6 158+ 1.5 | 549+52 372435 258+4.0 21.9+1.1 33.9+15
ER-mix-RAR (ours) 96+14 84+15 | 274+23 201+16 154+1.1 10.7+£04 16.5+1.1
MIR 10.7+1.6 75+1.8 | 481+29 322+21 191+1.8 13.8+0.4 21.4+0.6
MIR-RAR (ours) 61+12 31+07 [335+22 21.1+22 141+16 10.9+0.5 15.5+0.8
MIR-mix 8.7+0.9 78+1.1 | 247+26 161+22 129+2.7 16.4 + 0.6 30.3+1.2
MIR-mix-RAR (ours) 4.6+1.0 414+1.0 266+19 174+1.7 13.1£2.0 11.3+0.5 13.7+1.0
ASER 19.14+3.0 17.8+24 | 643+33 455+33 29.3+3.4 16.8 £ 0.6 27.0+ 1.0
ASER-RAR (ours) 154+22 120+£19|354+20 21.4+20 145+1.6 89+04 159+1.0
ASER-mix 18.6+22 189+26 | 54.7+3.8 50.1+47 381+3.3 21.7+£0.8 33.7+1.0
ASER-mix-RAR (ours) | 16.1 +2.3 12.0+1.7 | 30.3+1.8 21.5+3.3 18.7+3.2 11.0+0.5 124+1.0

Table 8.4: Comparison of RAR with other non-RAR baselines having similar computational

costs. Numbers within brackets denote the overall buffer size used.

‘ Split-MNIST (200) H Split-CIFAR10 (200) ‘ Split-CIFAR10 (500) ‘ Split-CIFAR10 (1000)

Method ‘ Accuracy (1) Forgetting ({) ‘ Accuracy  Forgetting ‘ Accuracy  Forgetting ‘ Accuracy Forgetting
ER-3-iters 82.3 £0.8 17.6 £0.8 28513 525+£3.7 | 36.1+15 395+£21 | 41.5+1.2 30.8£1.9
ER-GMED 82.5+1.4 150+ 1.7 304+£09 39.0+£13 | 383+1.1 27.7+1.3 | 428+1.5 20.5£1.2

ER-RAR (ours) 84.0+1.1 11.8+1.5 332+14 376+21 |404+1.7 251425 |44.0+t14 181+20

MIR-3-iters 83.1+0.8 15.3+1.4 284+10 534+£21 | 4114+08 333+15 |489+11 224+19
MIR-GMED 84.2+1.2 12.24+1.0 275+13 455+16 | 372+1.1 286+19 | 43.0+1.5 176 £2.1
MIR-RAR (ours) | 86.2+0.6 9.1+0.8 333+11 335+22 |431+11 21.14+22 | 453+15 141+1.6
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retrieval methods consistently outperform their respective non-RAR baselines (without and
with mixup) across all four datasets. From Table 8.3, we observe that the improvements
obtained by integrating RAR with respective replay selection methods { ER, MIR & ASER}
(both without and with mixup) are significant. In the case of Split-CIFAR10, MIR-miz
tends to perform slightly better than MIR-miz-RAR in terms of forgetting, but based on
accuracy improvement that MIR-mixz-RAR brings, the relative difference is negligible since
forgetting is dependent on the maximum accuracy that a continual learner achieves across
different tasks.

In the case of Split-minilmageNet, the ER-mix-RAR method achieves the best average
accuracy of 28.8%, outperforming other MIR & ASER-based methods, and has a similar
trend on the Split-CIFAR100 dataset. We hypothesize that for large buffer sizes such as 10k
(100 examples per class), the ER-based selection aids in sampling a diverse set of classes
from the memory buffer compared to MIR & ASER, thus improving the overall accuracy.
However, since MIR & ASER consider samples suffering interference from the new task’s
data, MIR-mix-RAR & ASER-mix-RAR help minimize the forgetting of the old tasks.

The improved performance of ER-RAR, MIR-RAR, and ASER-RAR compared to ER,
RAR, and ASER, respectively, demonstrate that RAR is able to alleviate catastrophic forget-
ting on old tasks by generating diverse and confusing samples close to the forgetting frontier.
To ensure fair comparison in terms of computational costs, in Table 8.4, we also compare
RAR to GMED [130], ER-3-iters, and MIR-3-iters. 3-iters means that the model is trained

for multiple iterations on the incoming batch and buffer samples as a new batch comes in.

Case study: Visualizing the Three Stages of RAR For the Split-MNIST dataset, we
visually analyze the three stages of the RAR framework for a buffer size of 500 using MIR as
the memory-retrieval method. Fig. 8.2a shows the samples selected for replay using the MIR
score (Eq. 8.1) and their paired samples from the current task’s batch based on distances
computed using Eq. (8.11). Fig. 8.2b shows how the distance between a replaying sample

and the current task’s data changes over the three stages: (1) for each sample selected from
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Figure 8.3: Retrospective Adversarial Perturbations (top-right of each sub-figure) for differ-

ent replay samples shown alongside original replay samples (top-left) and paired current-task

sample (bottom-left). The bottom-right image shows the scaled perturbation that was added

to the original buffered sample to generate the RAR perturbed data.
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the buffer, the blue bar represents its average distance to all samples in the current-task
batch; (2) after pairing each buffered replay sample with its nearest neighbor as described
in Sec. 8.4.3, its distance to the paired sample (orange bar) becomes smaller than the blue
bar; (3) after applying adversarial perturbations to each buffered sample as described in
Sec. 8.4.1, the distance is further reduced.

The decrease in distance indicates that the pairing and adversarial perturbation in RAR
are effective in generating samples closer to the forgetting frontier than the original buffer
data selected for replay, meaning the RAR perturbations are similar to X, but very close to
the paired samples in X; (current task’s batch) in the [-th layer latent representation space
of model #. In Fig. 8.3, we show four examples of RAR perturbed samples generated via
Eq. (8.10) from four buffer samples and their paired samples from the current task. For most
of the buffer samples, a single gradient step of # replaying them and their RAR perturbed
counterparts suffices to correct their wrong predictions (e.g., the current task’s classes), hence

effectively alleviating the model’s forgetting on previous tasks.

8.5.2  Advantage of MixUp in Small-Buffer Cases

On each dataset, as reported in Table 8.3, all mix-RAR methods perform better compared
to RAR methods in terms of reducing forgetting on previous tasks with slight improvement
in average accuracy. The proposed use of MixUp among the replay samples before RAR is
able to increase the variation of RAR perturbed samples, which is essential to CL with a
small buffer. To verify its effectiveness, we conduct experiments that store only 20 examples
per class. Fig. 8.4 shows that ER-mix-RAR & MIR-mix-RAR consistently outperform other
ER & MIR methods respectively. We can achieve even more significant improvements in

forgetting, particularly for more challenging tasks such as Split-CIFAR100.

8.5.8 Ablation Results

In Table 8.5, we compare RAR methods to two baseline methods: (a) Random which add

a perturbation of the same tolerance as the RAR method to the replay samples before the
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Figure 8.4: Results under small buffer constraints, 20 examples per class for each dataset

Table 8.5: Comparison of RAR to other replay data perturbation methods: (a) Random edit

using same perturbation tolerance as RAR (b) GMED. Numbers within brackets denote the

overall buffer size used.

Split-MNIST (200)

Split-CIFAR10 (200) ‘ Split-CIFAR10 (500) ‘ Split-CIFAR100 (10K)

Method

Forgetting ‘

‘ Accuracy

Accuracy Accuracy  Forgetting Forgetting ‘ Accuracy  Forgetting

ER-Random 80.2+23 187+£31 | 285+16 419+25 | 383+1.1 302+1.6 | 26.3+0.5 14.4£0.5
ER-GMED 825+14 150+1.7 | 3044+09 390+13 | 383+1.1 27.7+1.3 | 25.5+0.5 13.5+0.5
ER-RAR (ours) | 84.0+1.1 11.8+1.5|33.2+14 37.6+21 |404+1.7 251+25|29.8+04 108+04
MIR-Random 823+16 159+£1.7 | 29.1+1.2 453+24 | 39.2+1.3 29.0+2.1 | 26.5+0.3 13.6 £0.5
MIR-GMED 842+12 122410 | 275+1.3 455+16 | 37.2+1.1 28.6+1.9 | 25.1+0.3 11.7+ 0.4
MIR-RAR (ours) | 86.2+0.6 9.1+0.8 |33.3+1.1 335+22|43.1+11 21.1+22|293+04 10.9+0.5
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experience replay stage, (b) GMED [130] which performs smart gradient updates in the in-
put space by treating each replay sample individually (no local pairing considered between
buffer and current task’s data). As can be seen in Table 8.5, ER-RAR and MIR-RAR consis-
tently outperform other methods, confirming RAR’s superior ability to tackle catastrophic
forgetting via generating targeted perturbations influenced by the local interference between

different task data.
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Figure 8.5: Sensitivity of the performance of RAR (using MIR) to the number of perturbation
steps (n) used to generate the RAR perturbed samples on different datasets under various

buffer constraints.
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8.5.4 Sensitivity Analysis

Number of gradient steps used for computing the adversarial perturbation In
Fig. 8.5, we plot the sensitivity of RAR’s performance with respect to the number of gradient
steps n used to generate the retrospective adversarial samples via optimizing Eq. (8.10) in the
input space. For Split-CIFAR10 and Split-minilmageNet (where we report results using two
gradient steps), we observe that for a larger number of steps {5, 10}, the performance stays
comparable. This suggests that nearest-neighbor-based pairing using distance computations
(covered in Sec 8.4.3) helps achieve anchor-target pairs that are already optimized and, hence,
do not require numerous gradient updates to get classified as the paired target class from

the current task.
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Figure 8.6: Sensitivity of the performance of RAR (using MIR) to the trade-off coefficient

(B) dedicated to {gragr on different datasets under various buffer constraints.
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Sensitivity to [ coefficient Next, we study the sensitivity of RAR corresponding to
[, which denotes the trade-off coefficient associated with frar in the final loss objective
Eq. (8.12)—we use only one coefficient to reduce hyperparameter search costs. Fig. 8.6
shows that RAR (using MIR) outperforms vanilla MIR in terms of both accuracy (solid blue
line is always above the dashed blue line) and forgetting (solid orange line always stays below

the dashed orange line) for various non-zero values of 3 across the studied datasets.

Virtual update for RAR samples generation When training sequentially on a set
of tasks, catastrophic forgetting of previous tasks occurs as the network weights become
biased to meet the objectives of the new task. Performing a single-step virtual update of the
model by exposing it only to the current task’s data helps us explore which buffer samples
are most likely to be forgotten. We use €', the virtually updated model, to generate the
adversarial samples using Eq. (8.10) as such perturbed samples are likely to be forgotten
in future updates and confused with the current task’s classes, leading to increased loss on
them. In retrospect, using the generated perturbed sample (visually close to the original
sample z), in the input space and hence in-distribution) with its correct label y(z;) and
replaying it while we are still at 6 helps in alleviating forgetting. As we combine the losses,
we may also consider the procedure as first doing an update on the incoming task to get
0" and then performing an adversarial training step based on 6" using the RAR augmented

samples.

One can argue that the step size used to perform this virtual update (9yirtua) could be
different from the step size (1) used to update the continual learner such that the adversarial
samples generated using 6’ are not too easy or too hard to classify by the current model 6.
We perform experiments on the Split-CIFAR10 dataset with a buffer size of 500 and an SGD
optimizer with a learning rate (n) of 0.1. We find that using the same learning rate as the
SGD optimizer to perform the virtual update results in the best performance on MIR-RAR,

as shown in Table &.6.
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Table 8.6: Performance of MIR-RAR for different values of nyirtuar when = 0.1

Nvirtual Accuracy (1) Forgetting (])
No virtual update 41.7+ 1.3 21.8+1.4
0.02 42.1+1.6 22.1+£2.8
0.05 426+ 1.1 20.6 £ 3.7
0.1 43.1+1.1 21.1+2.2
0.15 43.1+1.6 22.1+3.5
0.2 419+1.1 23.1+3.6

Ratio between incoming mini-batch size and replay budget We select the same
number of replay samples from the buffer as the mini-batch size of the incoming new task
following prior works [7, , |. This is set to 10, irrespective of the buffer size. Here, we
perform additional experiments where we vary the ratio between the incoming mini-batch
size and replay budget. As expected, when the combined batch is dominated primarily by
the incoming task samples (mini-batch size/replay budget = 15/5), we observe a significant
drop in the overall performance with respect to both the average accuracy and forgetting
as shown in Table 8.7. However, when replaying more samples from the buffer (mini-batch
size /replay budget = 5/15) in each training iteration, which over-compensates for forgetting,
we do not observe any improvement in reducing the forgetting. This suggests that to achieve
a good plasticity-stability trade-off, the ratio between incoming mini-batch size and replay

budget needs to be close to one.

8.5.5 FExtended Comparisons

Comparison to knowledge distillation based methods On the Split-CIFAR10 dataset
for two different buffer sizes, we augment RAR with DER [38], which utilizes knowledge
distillation in the logits space. DER, which imposes regularization in the logits space, can

be seen as a complimentary method to RAR, and we observe that combining them together
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Table 8.7: Performance of replay-based continual learning methods when using different
ratios between incoming mini-batch size and replay budget. The dataset used is Split-

CIFARI10 with a buffer size of 500.

Ratio ‘ 10/10 H 5/15 ‘ 15/5

Method ‘ Accuracy (1) Forgetting () ‘ Accuracy (1) Forgetting () ‘ Accuracy (1) Forgetting ()

ER 31.9+£0.9 39.0+2.1 30.5 +£2.7 53.0+4.4 209421 55.7+6.1
ER-RAR 404+1.7 25.1+2.5 40.2+£2.2 26.0£3.2 26.0+ 3.6 31.4+£35
MIR 37.5+1.6 322421 374+14 35.1+2.0 16.5£1.5 68.5+ 3.3
MIR-RAR | 43.1+1.1 21.1+£2.2 41.0+14 22.9+3.2 18.6 £2.6 58.0£5.1

leads to further improvements in Table 8.8. ER-DER is essentially DER that uses random
sampling to select the replay samples and was proposed in the DER paper. In MIR-DER, we
use MIR scores to select the replay batch for DER. In Table 8.8, aug means that we apply

standard augmentations such as random cropping and rotations on the replay samples.

Comparison to other augmentation techniques In Table 8.5, we compare RAR to
another perturbation method random, which adds random noise of the same perturbation
magnitude as RAR, and show that RAR leads to significant improvement in reducing for-
getting as well as increasing the average accuracy on different CL benchmark datasets. In
Table 8.9, we compare to other standard augmentations techniques, such as random cropping
and rotations applied to the replay samples. Utilizing these standard augmentation strate-
gies along with RAR leads to impressive improvements in terms of the forgetting metric, as
shown in Table 8.9.

When using standard augmentations along with RAR, ER-RAR-aug, and MIR-RAR-aug
achieve similar performance irrespective of the memory retrieval /selection method used. This
indicates that RAR, when combined with standard augmentations such as random cropping

and rotations, is more robust to replay data selection and can generate high-quality replay
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Table 8.8: Comparison of RAR with DER (with and without augmentation) to non-RAR

baselines. Numbers within brackets denote the overall buffer size used.

‘ Split-CIFAR10 (200) ‘ Split-CIFAR10 (500)

Method ‘ Accuracy (1) Forgetting ({) ‘ Accuracy (1) Forgetting ({)
ER-DER 28.0+1.3 472+£72 329+1.9 28.4+3.3
ER-RAR-DER 36.0+£1.6 21.2+2.6 39.8+0.5 15.5+£2.2
ER-DER-aug 34.0£3.3 374+£7.6 39.6 1.5 18.2+4.1
ER-RAR-DER-aug 36.7£1.5 1584+ 2.3 40.3 £1.1 10.3+1.9
MIR-DER 36.6 +£2.3 20.0+1.5 38.6 1.7 10.8+1.9
MIR-RAR-DER 359+£1.9 20.1£3.3 38.5£0.8 10.8 +1.8
MIR-DER-aug 36.5 £2.3 170+ 1.8 39.5+1.0 15.0+ 1.7
MIR-RAR-DER-aug 372+1.8 13.4+1.1 40.1 £0.8 9.5+23

Table 8.9: Comparison of RAR to standard augmentation techniques. Numbers within

brackets denote the overall buffer size used.

‘ Split-CIFAR10 (200) H Split-CIFAR10 (500)

Method ‘ Accuracy (1) Forgetting () ‘ Accuracy (1) Forgetting ({)

ER 25.7+£1.3 51.3+£4.1 31.9+£0.9 39.0£2.1
ER-aug 30.0+4.1 43.2+6.9 39.4+£2.8 26.0 £6.3
ER-RAR 33.2+14 37.6+£2.1 404 £1.7 25.1£25
ER-RAR-aug 39.3+1.6 21.6 £3.4 422419 13.6£25
MIR 28.0£1.5 48.1£29 37.5+£1.6 32.2+£2.1
MIR-aug 36.1 £ 2.6 23.7+3.6 40.5+£1.2 18.4+£3.3
MIR-RAR 33.3+1.1 33.5£2.2 43.1£1.1 21.1+£22
MIR-RAR-aug 41.6 £1.2 21.0+2.8 422+£23 125+ 2.6
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samples (diverse, confusing, and representative of previously seen tasks).

However, such augmentation strategies rely on strong human priors, and manually se-
lecting such augmentation operators requires domain expertise and prior knowledge of the
dataset of interest [398]. They may perform poorly in scenarios when human knowledge is
weak for the targeted domain. For example, for medical image analysis, such simple trans-
formations are shown to be insufficient in capturing many of the subtle variations present
in the data [3941]. Moreover, they are static and pre-defined before the training so they
cannot capture the training dynamics during the continual learning process for the purpose
of reducing the forgetting. RAR, on the other hand, automatically generates augmentations
that are adaptive to the forgetting dynamics of the model and thus focuses on reducing the

local interference near the forgetting frontier between different tasks.

8.5.6  Visualizations of Learned Decision Regions

@ AUTO o CAT e DOG @ HORSE @ TRUCK

Q < ¢
(a) ER (b) MIR (c) MIR-RAR (d) MIR-mix-RAR

Figure 8.7: Decision regions are generated using a triplet of training samples on which the
model makes the right predictions. All samples are from the same class Auto (Task 1).
Legend in (a) applies to all and describes the color used to denote different classes. The

remaining legends denote the classes corresponding to the chosen triplet samples.

Inspired by recent works in decision boundaries visualization [307], we try to visualize
the decision regions learned by the continual learner along the data manifold. To plot the

decision regions, we use the plotting technique from [307]. Using a sampled triplet of data
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% TRUCK % TRUCK

) MIR-RAR ) MIR-mix-RAR

) MIR

Figure 8.8: Decision regions are generated using a triplet of training samples on which the
model makes the right predictions. Two samples belong to class Auto (Task 1), while the
third sample is from class Truck (Task 5). Legend in (a) applies to all and describes the color

used to denote different classes. The remaining legends denote the classes corresponding to

) MIR-RAR ) MIR-mix-RAR

the chosen triplet samples.

) MIR

Figure 8.9: Decision regions are generated using a triplet of training samples on which the

model makes the right predictions. Samples are from the following classes: Auto (Task 1),
Dog (Task 3), Truck (Task 5). Legend in (a) applies to all and describes the color used
to denote different classes. The remaining legends denote the classes corresponding to the

chosen triplet samples.
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points (x1, o, x3), we construct a plane spanned by vectors v_f = x5 — 21 and 272 = T3 — I
and plot decision regions in this plane.

Specifically, for our use case, once the training on all tasks (5 in the case of Split-CIFAR10)
is finished, we use the trained model to make predictions on the trained data. We, then, select
three training set instances (x1, 2, x3) on which the model makes the correct predictions in
the following ways: (1) all samples are from the same class, (2) two samples share the same
class label while the third belongs to a different class, and (3) all three samples are from
different classes.

We analyze the decision regions learned by the ResNet-18 model using ER [15], MIR [7],
MIR-RAR, and MIR-mix-RAR methods on the Split-CIFAR10 dataset. Task to classes
mapping is as follows: Task 1: {AIRPL, AUTO}, Task 2: {BIRD, CAT}, Task 3:
{DEER, DOG}, Task 4: {FROG, HORSE}, Task 5: {SHIP, TRUCK}.

For case (1), we select all samples from class Auto and plot the regions in Fig 8.7. It is
expected that in case of worse forgetting, the decision regions would be dominated by the
last task classes even when we use the first task’s samples to model the visualization plane.
In Fig. 8.7, the plane is mostly dominated by green (and blue) color in the case of ER. In
the case of MIR-mix-RAR, we see the plane mostly covering the class used to construct the
visualization plane, even when the class selected (Auto) belongs to the first task the model
encountered.

Similarly, in Fig. 8.8 (case 2) & 8.9 (case 3), as we go from left to right, we see the
decision regions being more structured around the classes covered in the triplet set and less
dominated by the color of the classes from the last task—this demonstrates that forgetting

is minimized when using RAR and mix-RAR.
8.6 Summary

In this chapter, we study how to perturb limited buffer replay data to mitigate catastrophic
forgetting in continual learning. We propose “Retrospective Adversarial Replay (RAR)”,

which focuses on data from previous tasks near the forgetting boundary of the current task
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in the model’s representation space. RAR first allocates the most confusing pairs of a buffered
sample and a current task’s sample and then applies a bounded targeted adversarial pertur-
bation to the former, which further moves it towards the latter in the model’s representation
space and creates a perturbed sample close to the boundary. Moreover, we study the role of
MixUp in increasing the variation of replay augmentations, which significantly improves CL
in the small buffer regime. When integrated with existing replay methods, RAR consistently

outperforms previous CL methods across benchmark datasets under different settings.
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Chapter 9

CONCLUSION & FUTURE WORK
9.1 Summary

This dissertation addresses a core challenge of resource efficiency in modern machine learning
(ML) by leveraging two complementary strategies: submodular data selection and data
augmentation. These approaches are designed to reduce computational, data, and memory
costs across different stages of the ML lifecycle—annotation, training, and inference—while
maintaining or improving model performance. The increasing complexity of LLMs, ViTs,
and MLLMs has led to significant demands on training data, inference latency, and memory
requirements, which make their deployment in real-world applications challenging. The
proposed approaches introduce principled submodular optimization methods to optimize
data and context selection at various stages of the ML pipeline, leading to more efficient

learning in resource-constrained and data-scarce environments.

9.1.1 Submodular Query-Focused Summarizaton

A core contribution of this dissertation is the development of the Submodular Span Sum-
marization (S3) framework for query-focused summarization (Chapter 4). S3 introduces a
two-stage submodular approach: it first filters out non-relevant items by minimizing con-
ditional gain (Stage 1) and then applies submodular summarization (Stage 2) to reduce
redundancy within the query-relevant subset. This two-stage design helps model the prop-
erties of query relevance and diversity in the final summary set, making S3 particularly
effective for tasks such as active learning, targeted data selection, and efficient query-guided

input-context selection.
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9.1.2  Submodular Input-Context Selection in LLMs and MLLMs

Building upon S3, this dissertation proposes Div-S3, an end-to-end submodular optimization
framework for In-Context Learning (ICL) using LLMs (Chapter 5). Div-S3 enables efficient
exemplar annotation and retrieval, improving performance under annotation budget con-
straints. This contributes to improving test-time input context selection, a key challenge
in large-scale inference, where selecting only the most relevant and diverse context items is
critical for minimizing compute and memory overhead.

Another significant contribution is the introduction of BumbleBee, a submodular opti-
mization based approach for KV cache summarization in LLMs (Chapter 6). As the context
window of autoregressive LLMs scales, their growing KV cache size becomes a major mem-
ory bottleneck for inference efficiency. BumbleBee dynamically selects the most informative
key-value pairs using a submodular mixture function capturing token representativeness and
importance, enabling efficient infinite-context retention without architectural modifications
or additional fine-tuning. This approach reduces memory footprint and latency, making it
suitable for scalable deployment of LLMs in resource-constrained settings.

To further generalize this approach to multimodal inference, this dissertation introduces
VisionBee, a vision counterpart of BumbleBee (Chapter 7). VisionBee applies submodular
optimization to perform visual token summarization in MLLMs, selectively retaining infor-
mative and diverse visual tokens (or patches), thereby reducing computational and memory

costs for image understanding tasks.

9.1.3 Data Augmentation

Beyond data and input context selection, this dissertation also explores data augmentation
to mitigate forgetting and improve generalization while continually learning an ML model
under low-resource settings. In particular, the proposed Retrospective Adversarial Replay
(RAR) framework (Chapter 8) generates informative replay instances near the forgetting

frontier using adversarial perturbations and MixUp-based augmentation. Replaying such
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samples enables the model to retain performance across all previously learned tasks without
requiring access to the full original data from those tasks.

Together, these contributions offer a unified framework for resource-efficient learning
across a wide range of ML paradigms and data modalities. The proposed techniques improve
data utilization, reduce memory and compute requirements, and enhance scalability—making

ML systems more accessible, robust, and deployable in real-world environments.

9.2 Future Directions

Adaptive Summarization Budgets & Hierarchical Token Pruning in BumbleBee
Current KV cache summarization techniques apply static token selection thresholds, which
may not be optimal across different model sizes and sequence lengths. Future work can
explore adaptive summarization budgets, where the summarization budget is dynamically
adjusted based on attention patterns, task complexity, and available memory. Additionally,
instead of applying summarization uniformly across all layers of the LLM decoder, a promis-
ing direction would be to prune more aggressively at lower layers while preserving richer
context representations at higher layers. This hierarchical pruning approach is motivated
by the observation that lower-layer representations typically capture more generic features,
whereas higher layers encode more task-specific information. Dynamically pruning tokens
earlier in the decoder could, therefore, lead to improved inference efficiency in large-scale

models.

Long Video Understanding using Submodular Summarization An interesting di-
rection for future work is extending BumbleBee to the domain of long video understanding
by incorporating both spatial and temporal summarization of visual tokens. At the spatial
level, VisionBee can be used to identify the most important and diverse set of visual tokens
within each frame, reducing the number of visual tokens passed to the language model. At
the temporal level, the online BumbleBee algorithm can be employed in the LLM decoder

module of the MLLM to summarize and retain only the most informative visual tokens across
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frames, thereby summarizing the overall video context. Together, this dual summarization
strategy can significantly reduce the computational and memory overhead in MLLMs while
maintaining the key information needed to perform downstream video tasks accurately over

extended video inputs.

Memory Management in LLM Agents via Submodular Summarization An effec-
tive future direction involves integrating submodular summarization techniques into memory
modules for LLM-based agents. Extractive vanilla or query-focused textual summarization
using submodular frameworks such as S3 can be used to distill essential information from
long interaction histories or retrieved documents, ensuring that only the most diverse and
informative content is retained. These extractive summaries can then be optionally fur-
ther summarized using an LLM for abstractive refinement, further reducing the memory
footprint. Complementing this, BumbleBee’s online KV cache summarization can manage
internal memory during inference by pruning redundant key-value attention states, enabling

scalable reasoning in long-running agent workflows.
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