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Existing computational models of decision making are often limited to particular experimental

setups. The limitation is mainly due to the inability to capture the decision maker’s uncertainty

about the situation. We propose a computational framework for studying decision making under

uncertainty in neuroscience and psychology. Our framework is heavily focused on the probabilistic

assessment of the decision maker, i.e., their “belief”, about the state of the world. Specifically, it is

based on Partially Observable Markov Decision Processes (POMDPs), which combines Bayesian

reasoning and reward maximization to choose actions. We demonstrate the viability of our belief-

based decision making framework using data from various experiments in perceptual and social

decision making. Our framework explains the relationship between decision makers’ actual per-

formance and their belief about it, called decision confidence, in perceptual decision making ex-

periments. It also shows why this assessment could deviate from reality in many situations. Such

deviations have been often interpreted as evidence for sub-optimal decision making or distinct

processes that underlie choice and confidence. Our framework challenges these interpretations by

showing that a normative Bayesian decision maker optimizing the gained reward elicits the same

discrepancies. Moreover, our method outperforms existing models in quantitatively predicting hu-

man behavior in a social decision making task and provides insight into the underlying process.

Our results suggest that in decision making tasks involving large groups, humans employ Bayesian

inference to model the “group’s mind” and make predictions of others’ decisions. Finally, we ex-



tend our method to multiple reasoning levels about others (levels of theory of mind) and make the

connection to conformity as a strategy for decision making in groups. This extended framework

can explain human actions in various collective group decision making tasks, providing a new

theory for cooperation and coordination in large groups.
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Chapter 1

INTRODUCTION

Decision making has been the subject of interest in many neuroscience and psychology studies

for many years [126, 91, 64]. Most developed computational models of decision making, however,

are still minimal. These models can explain humans and non-verbal animals’ behavior in particular

experiments. However, they are often not generalizable to other tasks and, most importantly, to

situations that animals face daily. This limitation is primarily due to the inability of the existing

methods in modeling uncertainty and the decision maker’s assessment of the situation based on

noisy and ambiguous inputs.

For example, practiced reinforcement learning methods based on Markov Decision Processes

(MDPs) and temporal difference (TD) learning [143] are very successful in explaining animals’

behavior in experimental tasks [9, 33, 95]. In these experiments, the state of the environment is

fully observable to the decision maker. However, the real world is always only partially observable

to the decision maker due to its complexity and the limits of the decision maker’s sensory system.

How animals deal with the ambiguity of the state of the world, i.e., perceptual ambiguity has

been extensively studied in neuroscience, in a field named perceptual decision making[64]. How-

ever, almost all of the field’s computational models have ignored the role of actions, rewards, and

most importantly, the decision maker’s internal model of the task. This internal model plays a

crucial role in the decision maker’s assessment of the environment’s state.

Here we utilize a method developed in Artificial Intelligence (AI), Partially Observable Markov

Decision Process (POMDP), to model decision making under uncertainty in neuroscience studies.

This Reinforcement Learning (RL) framework embraces various aspects of decision making in

the real world, including reasoning under uncertainty and utility maximization. Figure 1.1 shows

a schematic of this framework where the agent interacts with the environment through actions,
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Figure 1.1: Belief-based decision making framework. The agent interacts with the world through

actions, observations, and reward. The state of the world is not fully observable to the agent and is

represented probabilistically based on observations and agent’s internal model of the world. The

goal of the agent is to come up with a policy based on the probability distribution over the current

state, known as the belief.

observations, and reward. Specifically, the agent receives reward and observation after each action,

depending on the environment’s current state. Moreover, the actions of the agent can change the

state of the world.

The agent’s goal is to come up with a recipe for action selection, called policy, that maximizes

total reward (utility) in the long run. The state of the world is not fully available. However, the

decision maker’s gained reward depends on it. Therefore, the agent needs to develop a belief

about the state. This belief is a probabilistic representation of the current state, based on received

observations and the agent’s (internal) world model. It plays a crucial role in finding a good policy

to obtain more reward.

Three aspects of our belief-based framework make it especially useful for computational mod-
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eling of the brain and behavior:

• Applicability to real-world situation: Since POMDPs can handle uncertainty, they can be

applied to real-world scenarios where uncertainty and ambiguity always exist. The most

common sources of uncertainty are the limitations of the sensory system, the existence of

noise in sensory and motor systems, and lack of full knowledge about the surrounding envi-

ronment. Our belief-based framework can model uncertainty caused by any of these sources.

• Generalizability: Our framework is applicable to different situations and experiments in-

volving sensory, motor, or reward system. Moreover, it can model any task once its com-

ponents such as state space, action space, and observations are identified. While identifying

these components is sometimes a research question in itself, the rest of modeling would be

straightforward after this step.

• Founded on principles of computation: The belief-based framework suggests action se-

lection based on some principles, including existence of an internal model, Bayesian update

of the belief, and reward maximization. Therefore, modeling animals’ behavior with this

framework gives us insight into the brain’s computational mechanisms. It also suggests ex-

perimental designs for future studies of decision making to test different hypotheses.

1.1 Organization

In this thesis, we test our framework on perceptual and social decision making experiments and

answer scientific questions based on our modeling results in both domains. These tasks are very

different from each other in many aspects, but our framework can model them due to its generaliz-

ability and flexibility. Moreover, in both types of tasks, the subject’s belief about the unobservables

plays a considerable role. Perceptual decision making is about finding the hidden state of the en-

vironment based on noisy inputs. Also, in social decision making, one should choose actions

considering others’ intentions and reactions, both unavailable when deciding.
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Chapter 2

We start with a review of common computational approaches for decision making in neuroscience

and AI in chapter 2. This chapter’s primary focus is on methods related to our belief-based frame-

work, including reinforcement learning models and algorithms, and decision theories of perceptual

decision making. We continue by giving the formal definition of the POMDP framework in AI and

the main challenges in solving it. Finally, we explain why the POMDP framework alone is in-

sufficient for analyzing animal behavior and what should be considered in applying POMDP to

neuroscience experiments.

Chapter 3

Chapter 3 is about perceptual decision making. It starts with modeling perceptual decision mak-

ing tasks with our belief-based framework. Our approach models the subject’s choice and their

belief about it in a unifying framework. This approach enables us to predict subject’s belief about

their choice, i.e., their decision confidence, solely from performance in perceptual decision mak-

ing experiments. We test our model on monkeys performing a direction-discrimination task with

post-decision wagering [86]. Finally, we show that our model can be implemented by simple

mechanisms that accumulate evidence toward a bound.

Chapter 4

In chapter 4, we show that our framework explains several commonly observed phenomena related

to the relationship between confidence and performance. These observations include the hard-

easy effect [40, 133], opposing effects of stimulus variability on confidence and accuracy [169],

dependence of confidence ratings on simultaneous or sequential reports of choice and confidence

[79, 87], apparent difference between choice and confidence sensitivity [92, 48], and seemingly

disproportionate influence of choice-congruent evidence on confidence [168, 114]. These phe-

nomena have been mostly interpreted as evidence for suboptimality of decision making or separate

mechanisms behind the belief and choice in the brain. However, our results show that they arise in
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Bayesian inference with incomplete knowledge of the environment.

Chapter 5

Chapter 5 is about social decision making, in which we show our belief-based framework can also

very well explain human behavior when interacting with others. To make proper decisions in a

social context, humans have to predict the behavior of others [146]. This ability relies on having a

model of other minds known as theory of mind (ToM). Such a model becomes especially complex

in group decision making where the number of people one simultaneously interacts with is large.

We create a model based on our belief-based framework and test it on a group decision making task

known as the Volunteer’s Dilemma (VD). Our Bayesian belief-based model outperforms existing

models in quantitatively predicting behavior and different outcomes of group interactions. Our

results suggest that in group decision making tasks, humans use Bayesian inference to model an

average group member’s mind or “mind of the group”. Based on this built model, they make

predictions of others’ decisions while also simulating the effects of their own actions on the group

as a whole in the future.

Chapter 6

In chapter 6, which is also about social decision making, we show how one can incorporate differ-

ent levels of “sophistication” into our belief-based framework and explain a wide range of collec-

tive decision making tasks among groups. In collective decision making, members of a group need

to coordinate their actions to achieve a desirable outcome. Collective decision making could be

extremely challenging when there is some form of competition between group members, when the

group is large, and most importantly when there is no direct communication between the players.

In this chapter, we present a new Bayesian theory of collective decision making based on a simple

yet most commonly observed behavior, i.e., conformity. Specifically, using our belief-based model,

we show how humans are extremely good at collective decision making by utilizing the multi-level

Bayesian Theory of Mind based on conformity. Our results include quantitative fits to data from
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three different experiments with around 300 subjects in total. Not only can our framework quanti-

tatively explain human behavior in various group decision making tasks, but the predicted levels of

ToM change meaningfully both in each task and between different tasks. Our results suggest that

conformity, reasoning about the mind of the group as a whole, and simulation of future events are

the bases of collective decision making in groups.

Chapter 7

Finally, chapter 7 draws the connection between previous chapters by summarizing them through

our belief-based framework. We also discuss the main contributions of this thesis. Moreover, we

explain how the framework can help us with better experimental design and with testing different

hypotheses about how the brain makes decisions in the face of uncertainty. Future directions of

this framework is the last part of the last chapter.
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Chapter 2

COMPUTATIONAL MODELS OF DECISION MAKING IN
NEUROSCIENCE AND AI

The practice of using methods rooted in Artificial Intelligence (AI) to analyze neural and be-

havioral data has been significantly increased in recent years [164, 14, 13, 60]. Achieving near

human-level performance in various tasks, being founded on generalizable rules and principles,

transparency and adjustability of every single component, and the emergence of similar phenom-

ena observed in neuroscience studies are the major reasons for this increase. Reinforcement learn-

ing (RL) methods are not an exception. In fact, reinforcement learning has been always an area of

interest for both communities of Artificial Intelligence and neuroscience [143, 60].

Reinforcement leaning is concerned about developing algorithms for an agent that seeks to

maximize its total reward by interacting with its environment [143]. As a result, it is naturally

a suitable framework to study decision making. Practiced RL methods in neuroscience, however,

mostly ignore the presence of uncertainty. This is a major problem for explaining real life decisions

as uncertainty is always present in the real world. On the other hand, dealing with uncertainty is

not easy. Reinforcement learning methods that can handle uncertainty are complex and computa-

tionally very expensive. In fact, even in the field of Artificial Intelligence, methods that deal with

uncertainty are not commonly used.

We start this chapter by reviewing commonly used RL approaches in AI and neuroscience.

Then, we talk about computational methods that model uncertainty in neuroscience. After that,

we explain Partially Observable Markov Decision Process (POMDP), an RL method for decision

making under uncertainty in AI [75], followed by the main challenge in using it. Finally, we

explain how to adapt POMDPs to be applicable in neuroscience and psychology studies.
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2.1 Reinforcement learning models

A reinforcement learning problem is usually expressed as a Markov Decision Process (MDP),

describing all possible states of the environment, its dynamics, and how the agent interacts with it.

Formally, MDP is (S,A,T,R,γ) with following definitions. S is the set of states of the environment.

A is the set of all available actions to the agent. Transition function T : |S|×|A|×|S|→ [0,1] defines

T (s,a,s′) = P(s′|s,a), the probability of ending up in state s′ by performing action a in state s. The

Markovian nature of MDP comes from the transition function, i.e. the next state only depends on

the current state and current action. R : |S|×|A| →R is a bounded function determining the reward

gained in state s by performing action a, showed as R(s,a) . Finally, γ ∈ (0,1] is the discount factor

for reward [150].

Starting from initial state, s0, the goal of an RL agent is to come up with a recipe for ac-

tion selection, called policy π , that maximizes the total expected reward. Since the system is

Markovian, policy could be expressed as a mapping from states to a distribution of actions, i.e.

π : |S|× |A| → [0,1]. The optimal policy π∗ is defined as following:

π
∗ = argmax

π

H

∑
t=0

γ
tE[R(st ,at)|π,s0]. (2.1)

Horizon H defines the length of this sequence and could be infinite. In the case of infinite hori-

zon, the discount factor must be less than 1. Importantly, for any MDP there exists a deterministic

optimal policy, which could be expressed as a mapping from states to actions, i.e. |S| → |A| [128].

In developing algorithms for finding the optimal policy, value and Q function of a policy, i.e.

V π : |S| → R and Qπ : |S| × |A| → R are also defined. V π(s) is simply the expected discounted

reward of policy π starting from state s. Qπ(s,a) is also the expected discounted reward of policy

π if the agent starts from state s and performs action a as the first action.

2.1.1 Reinforcement learning algorithms for finding the optimal policy

Algorithms for finding the optimal policy of an MDP are generally divided into two categories:

“model-free” and “model-based”. Model-based approaches use the structure of the environment,
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i.e transition and reward function to determine the optimal policy (figure 2.1a). Value iteration

algorithm is one of the most popular approaches in model-based reinforcement learning. In this

method, starting from V0(s) = 0, the value function gets updated with Bellman equation iteratively

[12]:

Vk+1(s) = max
a

[
R(s,a)+ γ ∑

s′∈S
T (s,a,s′)Vk(s′)

]
(2.2)

In a finite horizon MDP, H iterations are needed and Vi(s) is the value of state s when i steps

are remained. In the infinite case, Vk(s) is guaranteed to converge to the optimal value function V ∗

in finite number of iterations [150]. Moreover, the optimal policy can be obtained from optimal

value functions in a very similar way to Bellman equation:

π
∗(s) = argmax

a

[
R(s,a)+ γ ∑

s′∈S
T (s,a,s′)V ∗(s′)

]
(2.3)

Other well-known model-based methods are policy iteration, which is very similar to value

iteration, and Monte Carlo search. The latter is especially interesting to neuroscientists as it is

analogous to mental simulation in the brain. In this approach, the agent simulates consequences

of each action based on the learned model to come up with the best strategy [60]. Model-based

approaches are computationally expensive. For example, value iteration algorithm consist of many

iterations, each with complexity of O(|S|2|A|). These methods, however, are very flexible. With

a change in environment, e.g. in transition or reward functions, the agent recalculates the optimal

policy based on the updated component.

In the model-free approach, actions are chosen directly based on their reward history without

considering the structure of the task (figure 2.1b). For example, Q-learning, a Temporal Difference

(TD) algorithm is a model-free method based on Bellman equation [71]. In this approach, starting

from an initial value, Q function is updated as following after performing action at in state st ,

receiving rt+1 as the reward, and ending up in state st+1:

Q(st ,at)← Q(st ,at)+αt(st ,at)
(

rt+1 + γ max
a

Q(st+1,a)−Q(st ,at)
)

(2.4)

The learning rate αt(s,a) is between 0 and 1 and defines the weight that the agent gives to

its most recent experience, compared to previous ones. Therefore, learning rate should gradually
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decrease as the agent collects more samples. In fact, Q values converge to their optimum value

Q∗(s,a) [71], if the state and action spaces are finite, and:

∀(s,a) ∈ S×A : ∑
t

αt(s,a) = ∞ and ∑
t

α
2
t (s,a)< ∞ (2.5)

The optimal policy can be easily obtained from optimal Q functions by choosing the action

with maximum Q function in each state. Another well-known model-free reinforcement learning

algorithm is SARSA (state-action-reward–state–action), which is basically the same as Q-learning

with one small difference [129]. In the update rule, SARSA uses the Q value of the next state

and next action, i.e. Q(st+1,at+1) instead of maximum Q value of the next state (maxaQ(st+1,a)).

Model-free approaches are computationally very cheap, e.g. one simple update rule, but not flex-

ible. Without knowledge of transition and reward functions, a small change in the environment

makes the agent gather all the data again to find out the optimal policy.

2.1.2 Reinforcement learning methods in neuroscience

Reinforcement learning and specifically model-based versus model-free approach has been the sub-

ject of many studies in neuroscience in recent years [33, 95, 60, 26]. As mentioned, model-based

approaches are very flexible and can adapt very quickly in case of any change in the environment.

This flexibility and accuracy, however, comes with a huge computational cost. On the other hand,

computationally cheap model-free learning approach might perform very poorly before gaining a

lot of experience. Based on the cognitive resources, complexity and importance of the task, and

gained utility of different choices the brain chooses one of the strategies or a mixture of them [26].

While these experiments are very useful in studying neuropsychiatric disorders or the role of

different brain regions in decision making [26], they cannot be generalized into real-world situ-

ations. Due to limits and noise in the sensory system, the outside world is always only partially

observable. In other words, the current state of the environment is not fully available to the deci-

sion maker. This violates the basic assumptions of Markov decision processes, and consequently

model-based and model-free algorithms developed for it.
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When the state of the environment is not fully observable, in order to gain reasonably high util-

ity, the decision maker should take the uncertainty about the state of the world into account. This

means that instead of “the current state of the environment,” the decision maker should consider

multiple possible states, some more probable than others. In other words, instead of knowing the

current state, the decision maker holds a belief about it (Fig. 2.1c). In this case the decision maker

performs “belief-based” decision making [51]. Belief-based decision making is a model-based

method. However, due to the key role of the belief, and ignoring the uncertainty in most exper-

iments that study model-based versus model-free RL, we separate it from model-based methods.

Moreover, dichotomy of model-based versus model-free MDP faces several issues in neuroscience

and psychology studies [26]. For example, very similar behavior could emerge from these ap-

proaches in many experiments [30]. In fact, because of these issues and persistent existence of

uncertainty in the real world, studying behavior as “belief-free” versus “belief-based” strategy

might be more fruitful [51].

Belief-based reinforcement learning can be formally defined and solved by Partially Observable

Markov Decision Processes (POMDPs) in the filed of Artificial Intelligence [75]. However, it has

not been widely used in the neuroscience community yet. While dealing with uncertainty has been

studied extensively in neuroscience, almost none of the existing approaches consider the role of

decision maker’s actions and the reward (or cost) into account. In other words, these studies are

mostly limited to perception. In fact, they are widely used in a sub-filed of neuroscience named

perceptual decision making. Before discussing belief-based Reinforcement learning and POMDP,

we review computational models of perceptual decision making.

2.2 Computational models of perceptual decision making

In perceptual decisions, the subject infers the hidden state of the environment based on noisy

sensory information to obtain reward. In most studies the decision maker chooses between two

options, e.g. decides whether a noisy image contains a face or a house. In some experiments, espe-

cially recently, the subjects also report their belief about the chance of success, called confidence

[116], at the end of the trial. (Fig 2.2a).
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(a) (b) (c)

Figure 2.1: Reinforcement learning methods for decision making a) In model-free reinforce-

ment learning the agent chooses the action based on the history of rewards directly. This means

that it does not consider the structure of the task. b) Model-based decision maker’s strategy is to

choose the action based on stimulating future events starting from the current state. This simula-

tion is done by using the task structure, especially the transition function which defines how actions

change the state of the world. c) In belief-based decision making, the agent does not have a full

access to the state of the world. As a result, it simulates the future events based on the probability

distribution over the current state.

2.2.1 Drift diffusion model

One of the most common approaches in perceptual decision making is the Drift Diffusion Model

(DDM) [123]. DDM assumes that each observation confers evidence in favor of one choice and

an equal amount of evidence against the other choice. Integration of sensory evidence over time

provides a decision variable (DV) that tracks the total evidence in favor of each choice. In other

words, at each time point the decision variable is simply the sum of all pieces of sensory evidence

gathered so far. DDM also assumes that each momentary sensory evidence is drawn from a Gaus-

sian distribution. In most formulations of DDM, two constant bounds above and below the initial

value of the DV act as termination criteria for the decision. These constant bounds guarantee an
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average accuracy with minimum amount of evidence according to Sequential Probability Ratio

Test (SPRT) [158]. As soon as the DV reaches one of these bounds, the decision-making process

stops and the choice associated with the bound is made. In cases where the stimulus terminates

before a bound is reached, the choice with the most supporting evidence is selected (Fig. 2.2b).

DDM has been very successful in explaining subjects’ choice accuracy based on stimulus diffi-

culty (e.g. amount of noise) and duration. It can also explain the total amount of time the decision

maker needs to respond, called reaction time, if the bounds collapse with time [22]. Collapsing

bounds of DDM, however, are not derived in a principled normative way. They are derived from

fits with ad hoc urgency signals [22]. Moreover, DDM does not model the belief of the subject

about the success (confidence). Therefore, when modeling decision making with DDM, confi-

dence report (or a behavior based on it) should be recorded, and fitted based on the accumulated

evidence and time [86]. In other words, DDM does not naturally model the belief of the decision

maker.

2.2.2 Signal detection theory

Another well-known approach used in perceptual decision making is Signal Detection Theory

(SDT) [104] in which the decision is made based on distribution of sensory inputs generated from

each hidden state. SDT could be interpreted as a Bayesian approach where the decision maker has

the generative model of inputs and computes the probability of each state upon receiving an input.

Then, the state with higher probability would be selected. This reasoning could be mapped to a

simple decision criterion. Since SDT is Bayesian, decision maker’s belief (confidence) would be

naturally modeled as well. While the choice depends on which side of the decision criterion the

input falls, confidence depends on the distance between input and the criterion [79]. Moreover,

discrete confidence report such low vs. high could be mapped to “confidence criterion” [92, 114]

(Fig. 2.2c).

The major problem with SDT is that instead of considering each trial as a sequence of observa-

tions over time, it looks at all observations all together. This is problematic when decision making

takes a different amount time in each trial, either because the time of each trial is in subject’s hand
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(a) (b) (c)

Figure 2.2: Computational models of perceptual decision making. a) In Perceptual decision

making studies, the subject should infer the hidden state of the environment based on noisy sensory

data presented for a very short time. The decisions are usually binary. In some studies, subjects

should also report their confidence about their choice. b) In the Drift-Diffusion Model (DDM),

the decision variable (DV) is the sum of observations over time. The process stops when the DV

reaches one of the decision bounds. c) Signal Detection Theory (SDT) is a Bayesian approach that

turns both choice and confidence report into comparison to a criterion. For example, if input x

observed, the subjects chooses face with high confidence. (a) and (c) are from [114].

(i.e. the experiment is a reaction time task), or when the subject terminates information gathering

early in a trial because the extra information is not worth the cognitive cost of observation gath-

ering [41]. In these situations, in contrast to SDT’s fundamental assumption, the distribution of

inputs would not be Gaussian any more. In the next chapter we discuss how this violation also

affect analyzing confidence with SDT.

2.3 Belief-based decision making in AI

Existence of uncertainty in real world has made MDP impractical in many AI applications such

as robotics [150]. As a result, developing an algorithm that can deal with uncertainty is actually

one of the important problems in Artificial Intelligence. Partially Observable MDP (POMDP) is
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the closest framework to MDP that deals with uncertainty in the environment. It is very similar

to MDP except for the addition of observation set and observation function. Formally, POMDP is

a tuple (S,A,Z,T,O,R,γ) where similar to MDP S is the set of states, A is the set of actions, and

T : |S|×|A|×|S|→ [0,1] is the transition function determining T (s,a,s′) =P(s′|a,s). Z is the set of

observations and O : |S|× |A|× |Z| → [0,1] is the observation function determining probability of

observation z after performing action a and ending up in state s′, i.e. O(s′,a,z) = P(z|a,s′). Reward

function R : |S|× |A|× |O| → R is a bounded function determining the gained reward if action a

is performed in state s and z is observed. Finally, γ is the discount factor similar to MDP. Starting

from a prior probability distribution over states of the environment, called the initial belief (b0),

the goal is to maximize the expected discounted reward [128]. For POMDP, the optimal decision

policy π∗ can be expressed as a mapping from belief states (probability distributions over states)

to distribution of actions that maximizes the total expected reward [142]:

π
∗ = argmax

π

H

∑
t=0

γ
tE[R(st ,at ,zt+1)|b0,π]. (2.6)

The uncertainty about the state, makes the agent navigate in the belief state space instead of the

state space. At time step t, the belief state bt is updated based on the previous belief state bt−1 after

action at−1 and observation zt as follows:

bt(s) ∝ P(zt |s,at−1) ∑
s′∈S

P(s|s′,at−1)bt−1(s′) (2.7)

The uncertainty about the state also makes the problem of finding the optimal policy exponen-

tially more complex than the MDP. While the optimal policy of an MDP can be found in poly-

nomial time, finding the optimal policy of a POMDP is NP-hard [150]. As a result, the optimal

policy could only be approximated by methods such as heuristics [81], sampling [115, 141], and

search trees [128]. Also, if the belief state can always be expressed as a distribution with a few

parameters, e.g. a Gaussian distribution with 2 parameters (mean and variance), the solution can

be approximated by discretization of parameters space and solving an MDP in that space [150].

This approach is especially useful in designing or modeling a task with a POMDP.
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2.4 Belief-based decision making framework for psychology and neuroscience

Since animals are quite successful in surviving and decision making in the presence of huge uncer-

tainty in the real world, we suspect that belief-based RL and consequently POMDP framework is an

appropriate framework to model their decision making. Applications of POMDP in neuroscience

and psychology studies have been very limited [120, 67, 68, 5]. Moreover, the decision maker’s be-

lief and internal model has not been investigated thoroughly in these studies. For example, choice

and reaction time in perceptual decision making tasks were modeled by the POMDP framework

before [68]. These two parameters are also explainable by Drift-Diffusion Models (DDMs) [123].

Our approach, however, predicts phenomena related to the confidence that are not explainable by

other existing computational frameworks. In the field of social decision making, POMDP and other

probabilistic approaches have explained the human behavior in dyadic interactions [166, 69, 51, 5],

but ours is the first to unfold decision making in large groups, mostly due to its focus on the belief

and internal model of the decision maker.

While our approach is heavily based on POMDP framework developed in AI, there is one im-

portant (mostly conceptual) distinction in the assumptions of POMDP used in AI and ours. In a

classic POMDP problem, although the agent does not have access to the current hidden state, it

knows the world model perfectly. In other words, S, T , and O are completely aligned with the

real world. The brain however, needs to learn the hidden state space, and associated transition and

observation function. Therefore, these parameters are from a “learned internal model” and could

be different from the real generative model. As a result, some seemingly sub-optimal behaviors

could be actually from the difference between learned and real model, not a sub-optimal decision

making strategy. Moreover, it is important to consider the plausibility of the learned model given

the type of the feedback the decision maker receives (especially in nonverbal animals). Overall,

we need to find a plausible state space and likelihood function for the decision maker that produces

approximately the same observation distribution. This is basically very similar to Variational Au-

toencoders (VAEs) [53]. We talk about this point when we model each task with a POMDP in the

next sections.
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Another important issue is the computational cost of finding the optimal policy for POMDPs.

As we mentioned, this is the main barrier in using this framework in AI. One could imagine it

could be even more problematic when we hypothesize that POMDP is implemented in the brain.

While, our framework is at the abstract level of computation, providing methods for computation-

ally efficient implementation of it would significantly strengthen our hypothesis. As, we show in

the next chapters, this is achievable by maintaining a closed form of belief state and using greedy

methods for policy computation.
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Chapter 3

MODELING CONFIDENCE IN PERCEPTUAL DECISION MAKING

3.1 Introduction

The brain is faced with the persistent challenge of decision making under uncertainty due to

noise in the sensory inputs and perceptual ambiguity. A mechanism for self-assessment of one’s

decisions is therefore crucial for evaluating the uncertainty in one’s decisions. This kind of decision

making, called perceptual decision making, and the associated self-assessment, called confidence,

have received considerable attention in decision making experiments in recent years [79, 78, 116].

One possible way of estimating the confidence of a decision maker is to assume that it is equal

to the accuracy (or performance) on the task. However, the decision maker’s belief about the

chance of success and accuracy need not be equal because the decision maker may not have access

to information that the experimenter has access to [41]. For example, in the well-known task of

random dots motion discrimination [138], on each trial, the experimenter knows the difficulty of

the task (coherence or motion strength of the dots), but not the decision maker [40, 86]. In this

case, when the data is binned based on difficulty of the task, the accuracy is not equal to decision

confidence. An alternate way to estimate the subject’s confidence is to use auxiliary tasks such as

post-decision wagering [113] or asking the decision maker to estimate confidence explicitly [87].

These methods however only provide an indirect window into the subject’s confidence and are not

always applicable.

Here, we explain how a model of decision making based on Partially Observable Decision Mak-

ing Processes (POMDPs) [121, 67] can be used to estimate a decision maker’s confidence based on

experimental data. POMDPs provide a unifying Bayesian framework for modeling several impor-

tant aspects of perceptual decision making including evidence accumulation via Bayesian updates,

This chapter is mainly outsourced from [80, 84].
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the role of priors, costs and rewards of actions, etc. One of the advantages of the POMDP over the

other models is that it can incorporate various types of uncertainty in computing the optimal deci-

sion making strategy. Drift-diffusion and race models are able to handle uncertainty in probability

updates [40] but not the costs and rewards of actions. Furthermore, these models originated as

descriptive models of observed data, where as the POMDP approach is fundamentally normative,

prescribing the optimal policy for any task requiring decision making under uncertainty. In addi-

tion, the POMDP model can capture the temporal dynamics of a task. Time has been shown to play

a crucial role in decision making, especially in decision confidence [87, 63]. POMDPs have pre-

viously been used to model evidence accumulation and understand the role of priors [121, 67, 68].

To our knowledge, this is the first time that it is being applied to model confidence and explain

experimental data on confidence-based decision making tasks.

In the following sections, we introduce some general concepts in perceptual decision making

and show the relationship between confidence and accuracy in an optimal Bayesian decision maker

who seeks to maximize the total reward. We then model a well-known experiment in perceptual

decision making involving confidence, i.e. a fixed duration motion discrimination task with post-

decision wagering [86] with POMDP. In this modeling, we go beyond theory and make realistic

assumptions about the internal model of the decision maker.

We conclude by showing that the Bayesian inference component of our POMDP model can

be implemented by the neural mechanisms that integrate evidence toward a decision bound, con-

sistent with drift diffusion models (DDMs) [123] or more generally, models based on bounded-

accumulation of evidence. The POMDP model commits to a choice when the value of the expected

improvement of accuracy with new observations is less than the cost of making those observations.

We show that this termination criterion uniquely maps to a time-varying decision bound for inte-

gration of evidence in the DDM (see also [68]). Such time-varying bounds match past behavioral

studies [122, 124] and can be implemented by the urgency signals observed in electrophysiolog-

ical recordings [22, 118, 24]. Overall, the neural implementation of inference and choice in our

POMDP framework is both simple and plausible.
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3.2 Accuracy, belief and confidence in perceptual decision making

Consider perceptual decision making tasks in which the subject has to guess the hidden state of

the environment correctly to get a reward. Any guess other than the correct state usually leads to

no reward. The decision maker has been trained on the task, and wants to obtain the maximum

possible reward. Since the state is hidden, the decision maker must use one or more observations

to estimate the state. For example, the state could be one of two biased coins, one biased toward

heads and the other toward tails. On each trial, the experimenter picks one of these coins randomly

and flips it. The decision maker only sees the result, heads or tails, and must guess which coin has

been picked. If they guess correctly, they get a reward immediately. If they fail, they get nothing.

In this context, Accuracy is defined as the number of correct guesses divided by the total number

of trials. In a single trial, if A represents the action (or choice) of the decision maker, and S and

Z denote the state and observation respectively, then Accuracy for the choice s with observation

z is the probability P(A = as|S = s,Z = z) where as represents the action of decision maker, i.e.

choosing s, and s is the true state. This Accuracy can be measured by the experimenter. However,

from the decision maker’s perspective, their chance of success in a trial is given by the probability

of s being the correct state, given observation z: P(S = s|Z = z). We call this probability the

decision maker’s belie f . After choosing an action, for example as, the con f idence for this choice

is the probability: P(S = s|A = as,Z = z). According to Bayes theorem:

P(A|S,Z)P(S|Z) = P(S|A,Z)P(A|Z). (3.1)

As the goal of our decision maker is to maximize their reward, they pick the most probable

state. This means that on observing z they pick as∗ where s∗ is the most probable state, i.e. s∗ =

argmax(P(S = s|Z = z)). Therefore, P(A|Z = z) is equal to 1 for as∗ and 0 for the rest of the

actions. As a result, accuracy is 1 for the most probable state and 0 for the rest. Also P(S|A,Z)

is equal to P(S|Z) for the most probable state. This means that, given observation z, accuracy is

equal to the confidence on the most probable state. Also, this confidence is equal to the belief

of the most probable state. As confidence cannot be defined on actions not performed, one could
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consider confidence on the most probable state only, implying that accuracy, confidence, and belief

are all equal given observation z:

∑
s

P(A = as|S = s,Z)P(S = s|Z) = P(S = s∗|A = as∗,Z) = P(S = s∗|Z).1 (3.2)

All of the above equalities, however, depend on the ability of the decision maker to compute

P(S|Z). According to Bayes’ theorem P(S|Z) = P(Z|S)P(S)/P(Z) (P(Z) 6= 0). If the decision

maker has the perfect observation model P(Z|S), they could compute P(S|Z) by estimating P(S)

and P(Z) beforehand by counting the total number of occurrences of each state without considering

any observations, and the total number of occurrences of observation z, respectively. Therefore,

accuracy and confidence are equal if the decision maker has the perfect model of the observation.

Sometimes, however, the decision maker does not even have access to Z. For example, in the

motion discrimination task, if the data is binned based on difficulty (i.e., motion strength), the

decision maker cannot estimate P(S|di f f iculty) because they do not know the difficulty of each

trial. As a result, accuracy and confidence are not equal.

In the general case, the decision maker can utilize multiple observations over time, and perform

an action on each time step. For example, in the coin toss problem, the decision maker could

request a flip multiple times to gather more information. If they request a flip two times and

then guesses the state to be the coin biased toward heads, their actions would be Sample, Sample,

Choose heads. they also have two observations (likely to be two Heads). In the general case, the

state of the environment can also change after each action.2 In this case, the relationship between

accuracy and the confidence at time t after a sequence (history Ht) of actions and observations

ht = a0,z1,a2, ...,zt−1,at−1, is:

P(At |St ,Ht)P(St |Ht) = P(St |At ,Ht)P(At |Ht). (3.3)

With the same reasoning as above, accuracy and confidence are equal if and only if the decision

maker has access to all the observations and has the true model of the task.

1In the case that there are multiple states with maximum probability, Accuracy is the sum of the confidence values
on those states.

2In traditional perceptual decision making tasks such as the random dots task, the state does not usually change.
However, our model is equally applicable to this situation.
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3.3 Modeling perceptual decision making with POMDPs

Results from experiments and theoretical models indicate that in many perceptual decision making

tasks, if the previous task state is revealed, the history beyond this state does not exert a noticeable

influence on decisions [41], suggesting that the Markov assumption and the notion of belief state is

applicable to perceptual decision making. Additionally, since the POMDP model aims to maximize

the expected reward, the problem of guessing the correct state in perceptual decision making can

be converted to a reward maximization problem by simply setting the reward for the correct guess

to 1 and the reward for all other actions to 0. The POMDP model also allows other costs in decision

making to be taken into account, e.g., the cost of sampling, that the brain may utilize for metabolic

or other evolutionary-driven reasons. Finally, as there is only one correct hidden state in each

trial, the policy is deterministic (choosing the most probable state), consistent with the POMDP

model. All these facts mean that we could model the perceptual decision making with POMDP

framework. In the cases where all observations and the true environment model are available

to the decision maker, the belief state in the POMDP is equal to both accuracy and confidence

as discussed above. When some information is hidden from the decision maker, one can use a

POMDP with that information to model accuracy and another POMDP without that information to

model the confidence. In the next section, we investigate the applicability of the POMDP model

in the context of a well-known task in perceptual decision making considering these mentioned

points.

3.4 Motion direction discrimination with post-decision wagering experiment

We tested our framework using behavioral data from two monkeys performing a direction discrim-

ination task with post-decision wagering (Fig. 3.1) [86]. On each trial, monkeys observed a patch

of randomly moving dots [15] and decided about the net direction of motion. The difficulty of the

decision was varied randomly from trial to trial by changing the percentage of coherently moving

dots (the “motion strength” or “coherence”) and the duration of the motion stimulus (Fig. 3.2a).

The stimulus was followed by a delay period and at the end of the delay, the fixation point dis-
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appeared (Go cue), signaling the monkey to report its choice with a saccadic eye movement. On

a random half of trials, the monkey was given only the right and left direction targets. Choosing

the correct motion direction (right target for rightward motion and left target for leftward motion)

resulted in a large reward (a large drop of juice) but choosing the incorrect target resulted in no

reward and a short timeout. On the other half of trials, the monkey was offered a third target, in

addition to the direction targets, in the middle of the delay period. This third target was a sure-bet

option. The monkey could choose either the direction targets or the sure-bet after the Go cue.

Choosing the sure-bet target guaranteed reward but the magnitude of the reward (volume of the

juice) was smaller than that for choosing the correct direction target.

An optimal decision maker who desires to earn more reward and maximize utility should

choose the risky, high-paying direction targets when confident about motion direction and the

sure-bet option when doubtful about the correct direction. Monkeys showed a similar behavioral

pattern. They chose the sure-bet option more often on more difficult trials, where motion strength

was low or motion duration was short (Fig. 3.2b). Further, when they ignored the sure-bet option

and chose the high-stakes direction targets, their accuracy was higher compared to the trials with

similar difficulty without the sure-bet option when they had to choose one of the direction targets

(trials without sure-bet target; Fig. 3.2a). These results indicate the presence of a mechanism for

assessment of expected decision outcome (confidence), and reliance on this mechanism for guiding

the opt-out behavior.

3.5 POMDP model of the direction discrimination task

The motion direction discrimination task has previously been modeled using the POMDP frame-

work [121, 41, 68]. However, in these models, the subject’s confidence was either not modeled[121,

68] or was obtained assuming the subject had an exact generative model of the task [41]. Such

knowledge, however, is unlikely in most natural contexts and common task designs. For example,

in the direction discrimination task, subjects face a mixture of stimulus difficulties across trials.

They neither know the exact generative function for the stimulus on each trial nor the exact set of

motion strengths used in the experiment.
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Figure 3.1: Motion direction discrimination with post-decision wagering task design. On each

trial, monkeys viewed a patch of randomly moving dots and made a decision about the net direction

of motion. Stimulus strength and duration varied randomly from trial to trial. On half of the trials,

only the right and left direction targets were shown (large red dots). The motion stimulus was

followed by a delay period. The central fixation point (small red dot) disappeared at the end of

the delay (Go cue), instructing the monkey to report perceived motion direction with a saccadic

eye movement to one of the two direction targets. Choosing the correct target (right for rightward

motion and left for leftward motion) yielded a large reward, whereas choosing the incorrect target

resulted in a short timeout. On the other half of the trials, a third target (sure target, shown as a blue

dot) appeared on the screen during the delay period. Choosing this target after the Go cue yielded

a guaranteed but smaller reward than choosing the correct direction target.

Following previous models [121, 41], we define the hidden state of the environment for our

POMDP to include both the unknown direction and unknown coherence, combined into a single

real-value which we call “signed motion coherence” c: positive values of the signed motion coher-

ence indicate rightward motion and negative values indicate leftward motion [132]. Specifically,

the momentary observations zt at times t for a trial with signed coherence c are modeled as samples

independently drawn from a Gaussian distribution, N (c,wz), with mean µ = c and variance w2
z

(Fig. 3.3a).
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(a)

(b)

Figure 3.2: Monkeys’ behavior in random dots task with post-decision wagering.a) Accuracy

as a function of motion strength and duration for the two monkeys (M1 and M2). Solid lines show

the accuracy on trials where the sure target was not presented. Dashed lines show the accuracy

on trials where the sure target was shown but the monkey chose one of the high-stakes direction

targets. b) Probability of choosing the sure target for different motion strengths and durations for

monkeys M1 and M2. Error bars indicate standard error of the mean (s.e.m.).

The two main actions of our POMDP model are committing to direction right or direction left.

Also, action “observe” makes the next observation available to update the model’s belief about c.

Finally, the action of choosing the sure-bet option is available during the delay period on half of

the trials. The decision maker gets rright as the reward utility for committing to direction right if

and only if the direction of the hidden state is right (c > 0). rle f t is the reward utility given to the

decision maker by committing to direction left if and only if the direction of the hidden state is left

(c < 0). Choosing the sure-bet option, if available, always yields reward utility of rsure.
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The POMDP model begins each trial with a prior belief about the signed coherence of the

trial. Subjects are not explicitly informed about the exact set of discrete motion coherence levels

used in the experiment. They only experience largely overlapping distributions of motion energies

on different trials [85]. Therefore, it is most realistic to consider that the model’s prior spans a

continuous domain, obtained from observations across all trials with various coherence levels and

durations. Because the logarithmic spacing of the discrete motion coherences used in the exper-

iments (0%,1.6%,3.2%,6.4%,12.8%,25.6%,51.2%) causes the mass of the prior distribution to

be largely concentrated in its central peak around 0, our POMDP model uses a Gaussian approxi-

mation to this prior distribution, N (0,σ0) (Fig. 3.3b).

Starting with a Gaussian prior (initial belief) b0 =N (µ0 = 0,σ0), the model iteratively updates

its belief about the hidden state of the environment, i.e., the signed motion coherence c, following

each observation, zt , drawn from the distribution N (c,wz) at time step t (Fig. 3.3c). To be able

to update the belief, knowledge of the true observation variance, w2
z , is required. However, w2

z

is unknown to the model. Rather, we use σ2
z to denote the model’s learned observation variance.

This means that the model assumes zt is drawn from the Gaussian likelihood function P(zt |c) =

N (zt ;c,σz). A Gaussian prior and a Gaussian likelihood function together result in a Gaussian

posterior [101, 41] (Fig. 3.3c) for c given by:

bt = P(c|z1, . . . ,zt) = N (µt ,σt)

µt =
σ2

t−1zt +σ2
z µ t−1

σ2
t−1 +σ2

z
=

σ−2
z

tσ−2
z +σ

−2
0

t

∑
j=1

z j σ
2
t =

σ2
t−1σ2

z

σ2
t−1 +σ2

z
=

1
tσ−2

z +σ
−2
0

(3.4)

Since the reward only depends on choosing the correct motion direction, the POMDP model’s

choice depends on µt , and consequently ∑
t
j=1 z j, being larger than zero for choosing the rightward

direction and less than zero for choosing the leftward direction. A random choice is made in the

unlikely event that µt is exactly equal to 0. Moreover, the model’s confidence is the posterior

probability of the chosen direction, which is the sum of the posterior probabilities over all motion

coherences in that direction, i.e., Φ(µt/σt) when µt ≥ 0 and Φ(−µt/σt) when µt < 0, where Φ(x)

denotes the standard normal cumulative distribution function [41].
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(a) (b) (c)

Figure 3.3: The POMDP model of the direction discrimination task. a) Probability distribu-

tion of momentary observations for a motion coherence c is modeled as a Gaussian distribution

with mean µ = c and variance w2
z . There are multiple Gaussian distributions for different motion

coherence. Positive and negative observations indicate rightward and leftward motion directions,

respectively. b) The distribution of inferred coherence across all trials provides the initial belief

state of the POMDP model (blue histogram) at the beginning of each trial. The initial belief is

approximated by a Gaussian function (red curve). c) The POMDP model sequentially updates its

belief about the motion coherence based on new observations. Combining the belief at time t−1

(green distribution) with the acquired observation from the stimulus at time t (blue distribution)

results in a new belief at t (red distribution). The expected likelihood that the rightward choice

is correct is the area under the updated belief distribution for positive sensory evidence (yellow

region).

The POMDP approach can easily model termination of the decision-making process and com-

mitment to a choice by assigning a cost (negative utility) to observation gathering and belief update

(via the action “observe”)[121]. Moreover, because the hidden state does not change with actions

within a trial in the motion discrimination task, a one-step look-ahead search [128] is adequate

to determine the optimal decision policy for non-decreasing observation costs over time (instead

of computing the total expected reward utility to the end of the trial; see the proof in 3.5.1). The
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model halts new observations when the expected increase in confidence is less than the ratio of the

cost of an observation and the reward utility for correct choice. The expected increase in confi-

dence after one more observation depends on the current belief and the probability distribution of

the next observation according to the model. Specifically, when the current belief is N (µt ,σt),

the model assumes that the next observation is a sample from N (µt ,σz), where σ2
z is the learned

observation variance. Figure 3.4a shows the expected increase in confidence for a new observation

as a function of two key variables: the inferred µt and the elapsed time. The expected increase

in confidence from new observations is higher earlier in the trial and for smaller inferred mean

coherence, µt .

A constant observation cost over time, if present, would give rise to a stopping criterion that

matches an iso-gain contour. These contours would effectively implement a time-varying bound

on µt for each motion direction (an upper bound and a lower bound). Figure 3.4b shows these

collapsing bounds for a cost of 10−3 per observation (in our case, per 10 ms) when the reward

utility for a correct direction choice is set to 1. A policy for termination of observations is especially

critical in reaction time (RT) tasks where subjects have to decide when to initiate a response.

However, a termination policy could exist even in tasks where stimulus duration is controlled by the

experimenter, causing early termination of the subject’s decision-making process before stimulus

offset, especially in long and easy trials [85, 106].

The reward utility maximization principle also determines the choice when the sure-bet option

is available. As the reward for the sure-bet option is guaranteed, the POMDP model compares the

expected reward utility for choosing each direction with the reward utility for the sure-bet option

in order to pick the final action:

at =


le f t bt,le f t · rle f t > bt,right · rright and bt,le f t · rle f t > rsure

right bt,right · rright > bt,le f t · rle f t and bt,right · rright > rsure

sure rsure ≥ bt,right · rright and rsure ≥ bt,le f t · rle f t

(3.5)

Because rright = rle f t = rdirection in our task, the above policy reduces to a comparison of the

model’s confidence with the reward utility ratio rsure/rdirection between the sure-bet and correct
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(a) (b) (c) (d)

Figure 3.4: Computation of choice and confidence in the POMDP model. a) The expected con-

fidence gain for a new observation as a function of inferred mean coherence, µt , and elapsed time,

t. b) An example POMDP decision policy when new observations are associated with a constant

cost. The yellow area represents the belief states where the optimal action is to continue observing.

The purple area represents the belief states where the POMDP model terminates and commits to

a choice. c) Confidence as a function of inferred mean coherence, µt , and time, t. d) The ratio

of reward utilities for sure-bet and correct direction choices determines the POMDP policy for

choosing the sure-bet option. The policy for sure-bet can be illustrated as phase boundaries in the

confidence plot of panel g. The blue region denotes combinations of inferred coherence and time

for which the model would choose the sure-bet target. The red region denotes (µt , t) for which

direction targets are chosen. Thresholds for separating low and high confidence ratings are thus

the boundaries between blue (low confidence) and red (high confidence) regions. Solid white lines

show the two decision termination bounds where the model stops gathering more observations and

commits to a decision. In the simulations, σz = 2.0, σ0 = 1.0, and the utility ratio = 0.63.

direction choices. Since confidence increases with the absolute value of inferred coherence, |µt |,

this reward utility ratio leads to a time-varying boundary that determines the POMDP policy as a

function of inferred coherence and time in each direction (upper and lower bounds). Figure 3.4c

shows confidence as a function of inferred coherence and elapsed time for an example POMDP

model and Figure 3.4d shows the model policy for an example reward utility ratio of 0.63.



30

With a constant observation cost, the model has up to four degrees of freedom: (i) observation

cost; (ii) the true observation variance (w2
z ), which shapes input samples available to the model;

(iii) the learned observation variance (σ2
z ), which the model attributes to its inputs; and (iv) the

learned variance of the prior distribution (σ2
0 ). For an optimized POMDP model, however, σ2

0 and

σ2
z are uniquely determined by w2

z and observation cost. As mentioned before, σ2
0 determines the

prior belief, which should be consistent with the overall distribution of states and consequently,

perceived observations. Moreover, σ2
z should match the model’s posterior belief with its average

accuracy for each motion duration. This is possible based on the feedback given about motion

direction choices (correct or wrong) after each trial (see the next section for details on estimating

these parameters). Such a model, therefore, has two degrees of freedom: observation cost and w2
z .

Note that correct posterior belief (matched with accuracy on average) is not necessary for max-

imizing the reward utility in choosing between the two directions because determining the sign

of the sum of observations is sufficient. However, it is necessary for the wagering task where the

expected reward utility of choices needs to be computed (Eq. 3.5).

3.5.1 One-step look-ahead search as the optimal strategy

Here we show that for an unbiased 2-alternative decision-making task such as ours, one-step look

ahead search results in the optimal POMDP policy for a non-decreasing observation cost over time.

First, note that due to the symmetry of the task for direction choices, the optimal decision maker

picks the choice with the highest belief. This means that when considering whether to terminate or

continue acquiring observations, an optimal decision maker compares the observation cost and the

resultant expected confidence (belief).

Second, the entropy, i.e. −bright log(bright)− ble f t log(ble f t), has an inverse relationship with

confidence. The expected information gain (i.e., decrease in entropy) decreases with more samples

(here observations) [58]. As a result, the expected increase in confidence decreases with the number

of observations as well. This means that if the expected increase in confidence with one more

observation is less than the cost of the observation, the expected increase in confidence with k

more observations is less than k times the cost of one observation. Thus, if the cost of observations
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is non-decreasing over time, comparing the expected confidence with the cost of an observation

at the current time is enough to maximize the expected total reward. In other words, if the next

observation is not worth its cost, making more observations would not be worth the cost either.

Importantly, this holds for any observation function and state space as long as the probability

distribution for observations does not change with time, which is true in our task (coherence does

not change within a trial).

3.6 Comparison of model predictions with experimental data

In our task, the stimulus viewing duration was controlled by the experimenter and subjects were

required to maintain fixation throughout the duration. As a result, the cost of acquiring new obser-

vations while maintaining fixation on the stimulus could be negligible. We verified this hypothesis

by comparing the model with two degrees of freedom (observation cost and wz) to a POMDP that

uses all observations in each trial with only wz as the free parameter). They were not significantly

different in quality of fits even without penalizing the extra free parameter (Vuong’s closeness test

[156], p = 0.16 for monkey M1 and p = 0.07 for monkey M2).

We fit the model to each monkey’s accuracy on trials in which the sure target was not shown

(Fig. 3.5a) (R2 = .95 and .88 for monkeys 1 and 2, respectively) and obtained the observation

variance w2
z . Specifically, when there is no observation cost, the average belief about the direction

right is Φ(
√

tc/wz) for trials with duration t and signed coherence c. Therefore, as we did not

have access to observations in each trial, we modelled the probability of choosing the direction

right with a Bernoulli distribution whose mean is Φ(
√

tc/wz) (when c is negative, the probability

of choosing the direction right becomes less than .5).

Each monkey’s data were fit separately. For monkey M1, wz was .90 while for monkey M2,

it was 1.69. Based on these wz values, we estimated the prior belief b0 = N (µ0, σ0) as follows:

for any trial with true coherence c and duration t, we generated a sample from N
(
c,wz/

√
t
)
;

the samples generated from all the trials were used to fit the Gaussian N (µ0, σ0) via maximum

likelihood estimation [101].

To calculate σz, we fit the POMDP model’s confidence Φ(|µt |/σt) to the accuracy in all trials
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that the sure-bet option was not offered, using wz and σ0 estimated as above. In each trial, we

calculated ∑
t
i=1 zi, the sum of the observations generated from the actual coherence and the stimulus

duration used in that trial. Using the relationship between the sum of observations, µt and σt in

equation 3.4 we get Φ(σ−2
z ∑

t
i=1 zi/

√
tσ−2

z +σ
−2
0 ) as the subject’s belief about the direction right.

We calculated a maximum likelihood estimate of σz by fitting this belief to the accuracy in all trials

where the sure-bet option was not offered. For the fitting, the direction right choice was modeled as

a Bernoulli distribution whose mean is Φ(σ−2
z ∑

t
i=1 zi/

√
tσ−2

z +σ
−2
0 ), where the zi were sampled

based on the true coherence and duration used in the trials.

One can also try to make the fit more accurate by estimating σz and σ0 iteratively. We can

start with the values of σ0 and σz obtained as described above, and then readjust σ0 based on this

estimated σz. The readjusted σ0 can be used to fit σz again. With every such iteration, we found that

the change in σ0 decreased. We repeated this process until the change in σ0 became less than our

precision error. This process converged in less than 5 iterations for both monkeys. However, the

readjusted σ0 values did not significantly improve the goodness of fit of the belief to the monkey’s

choice. Nonetheless, we used these more accurate values in our models: σ0 was .46 and .87, and

σz was 1.60 and 3.59 for monkey M1 and M2, respectively.

An important observation from our model fitting process is that the estimated σz is larger than

wz in both monkeys - this is due to the structure of the task. The task involved a discrete set of

seven coherence levels, {0%,1.6%,3.2%,6.4%,12.8%,25.6%,51.2%}, and the belief for each di-

rection is the average probability of that direction over these coherence levels [42]. Due to the

greater number of low coherence trials compared to high coherence trials, the continuous model

with σz = wz generates higher confidence compared to a model with the true generative model with

seven discrete coherence levels, resulting in an overall overconfidence for each stimulus duration.

Therefore, a continuous model that matches its confidence with a subject’s accuracy for each stim-

ulus duration considers each observation less reliable, i.e., σz > wz. A second observation is that

although the POMDP policy is deterministic, the stochasticity needed to fit the trial-by-trial choice

data comes from the distribution of observations given the true stimulus.

Having estimated the model parameters based on trials without the sure-bet target, we predicted



33

(a)

(b)

Figure 3.5: The POMDP model predicts monkeys’ confidence from their performance. a)

The model was fit to each monkey’s accuracy on trials without the sure-bet option. Solid lines are

model fits and data points are the measured accuracy for each motion strength and duration for

monkeys M1 and M2. b) The model parameters obtained from the fits in (a) were used to predict

confidence for each motion strength and duration for each monkey. Error bars indicate s.e.m.

the monkey’s confidence for each motion coherence and duration (Fig. 3.5b). These predictions

suggested a monotonic increase in confidence with motion coherence and duration, compatible

with previous studies [155, 6, 86, 62, 169].

Since the model chooses the sure-bet option when confidence (belief) is less than the reward

utility ratio of the sure-bet and correct direction choice (Eq. 3.5), it predicts lower probability of

choosing the sure-bet target on trials with stronger motion and longer durations. Since we do not

know the exact utility of reward volumes associated with the sure-bet and correct direction choices,

we added a new free parameter to the model that represented the reward utility ratio and used this
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(a)

(b)

Figure 3.6: The POMDP model captures the monkeys’ behavior based on their confidence.a)

Predictions of the POMDP model about confidence were thresholded to fit the likelihood of choos-

ing the sure-bet option. b) With the model parameters fully constrained by accuracy on trials

without the sure-bet target and the likelihood of choosing the sure-bet target when it was presented

to the monkey, we predicted the monkey’s accuracy on trials in which the sure-bet target was shown

but ignored. Lines are model predictions. Data points are identical to those in Figure 3.2. Error

bars indicate s.e.m.
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parameter as a threshold that the confidence was compared to on trials in which the sure-bet target

was presented. Optimizing this parameter (.63 for monkey and .59 for monkey 2) in order to match

the predicted confidence of the POMDP model with the monkey’s behavior provided a fit with

R2 = 0.90 and 0.82 for monkey M1 and monkey M2, respectively (Fig. 3.6a).

Since the model parameters are fully specified based on the monkey’s accuracy on trials with-

out the sure-bet target and the probability of choosing the sure-bet target when it was presented,

we could provide quantitative predictions for the monkey’s direction choice accuracy when the

sure-bet target was presented but not chosen. Figure 3.6b shows these predictions (gray dashed

lines), demonstrating that they closely match experimentally measured accuracy on trials where

the monkey ignored the sure-bet option (R2 = 0.90 and 0.81 for monkey M1 and monkey M2, re-

spectively). Trials with 0% coherence were removed from this accuracy analysis because a correct

direction choice is undefined on those trials and the monkey was rewarded randomly.

3.6.1 Trail-by-trial model fitting compared to batch fitting

Our results are based on fitting our POMDP model parameters to data from all the trials taken

together (“batch estimation”) as opposed to estimating the parameters iteratively in a trial-by-trial

manner. This raises the following concern: does a trial-by-trial fitting process lead to a different

estimate for σz and change the results?

To address this concern, we estimated model parameters iteratively for both monkeys M1 and

M2 (see Figure 3.7a). Parameters were obtained based on maximum likelihood estimation with

gradient descent. In the batch approach described in the main text, the gradient was calculated for

all trials, and the optimization was performed in a few iterations. In the trial-by-trial approach,

the gradient was calculated only for the current trial, which made the optimization process akin to

stochastic gradient descent (SGD). To be more consistent with the subject’s experience, each trial

was used only for one iteration. We found that the results from SGD (or indeed gradient descent

based on other unbiased sampling of the data set, e.g., mini batches) converged to the results from

applying gradient descent on the entire dataset (Figure 3.7a). This is expected because of the

large number of trials. Similar to the batch approach, SGD also produced σz > wz, even when the
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initial values of σz and wz were equal. Thus, an iterative approach leads to essentially the same

conclusions as the batch approach.

Another possible concern is that we know neither the subject’s true update strategy nor the true

observations in each trial used for updating σz. However, it is reasonable to assume that similar to

SGD, the subject increases σz (decreases overall confidence) when it receives negative feedback

and decreases σz (increases overall confidence) when it receives positive feedback. The amount

of update would depend on the actual observations in that trial (e.g., greater increase in σz when

observations strongly indicating a particular choice result in negative feedback). Thus, although

any trial-by-trial analysis is inherently limited by our lack of knowledge about the animal’s true

observations and update rule, we believe our SGD-based procedure is a reasonable approximation.

Finally, the data we analyzed were from the stable phase of data collection following extensive

training with tens of thousands of trials with the same task structure. We therefore tested the effect

of trial-by-trial estimation of model parameters after setting the initial value of parameters equal to

the values from the batch approach, assuming that the subjects learned them during training. Figure

3.7b shows the evolution of σz and wz with these more reasonable initial values, demonstrating the

stability of these parameters across all trials in the experiment. Moreover, the evolution of overall

accuracy in Figure 3.7c shows that this was not an artifact of the fitting process. As shown in

the figure, σz and wz fluctuated around the initial/batch values and were always within a 0.05

difference range. Accuracy was also quite stable (within a 1% difference range for monkey 1 and

3% for monkey 2).

3.7 Relationship between POMDP and drift diffusion models

A simple mathematical model that has been extensively used to provide quantitative fits to behavior

and explain neural activity in various brain regions is the drift diffusion model (DDM) [123]. DDM

assumes that each observation confers evidence in favor of one choice and an equal amount of

evidence against the other choice (Fig. 3.8a). Integration of sensory evidence over time provides a

decision variable (DV) that tracks the total evidence in favor of each choice. In most formulations

of DDM, two bounds above and below the initial value of the DV (+B and -B in Fig. 3.8a) act
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(a) (b)

(c)

Figure 3.7: Trial-by-trial model fitting results in similar parameter values as the batch ap-

proach. a) Because there are thousands of data points, parameters estimated from trial-by-trial

(online) model fitting (red and blue lines) converge to similar parameters as the batch approach

(dotted lines) at the end of the trials. b) Since our analyzed data is from the stable phase of data

collection where the monkeys have already learned the task, it is more realistic to assume that

the initial parameters are close to the parameters from the batch approach. For this more real-

istic initialization, the parameters remain within close range of the initial values throughout the

entire experiment. c) Stability of overall accuracy indicates that this is not an artifact of our fitting

process.

as termination criteria for the decision. As soon as the DV reaches one of these bounds, the

decision-making process stops and the choice associated with the bound is made. In cases where

the stimulus terminates before a bound is reached, the choice with the most supporting evidence is



38

selected [85]. For the direction discrimination task, the decision variable, Vt , is updated with each

new sensory observation according to:

Vt =Vt−1 + zt (3.6)

where Vt−1 is the DV at time t − 1 and zt represents the momentary sensory observation drawn

from a Gaussian distribution with mean c and variance w2
z . V0 is initialized to zero when the prior

probability and expected reward of the two choices are equal. Therefore, prior to reaching a bound,

Vt equals the sum of observations ∑
t
j=1 z j at time t.

The DDM as described above has previously been linked to probabilistic reasoning between

two categories as in signal detection theory [56, 34]. These previous models explain choice accu-

racy but the subject’s belief when there are multiple motion coherence levels was not addressed.

A later model by Drugowitsch et al.[41] addressed this issue by adding Bayesian reasoning on the

drift rate of the DDM but the generative model was assumed to be known and exact.

Our POMDP model allows for both a learned generative model and a belief update rule that

can be mapped to the DDM. Taking the ratio of the two update rules in Equation 3.4, we obtain:

µt

σ2
t
= σ

−2
z

t

∑
j=1

z j = σ
−2
z Vt (3.7)

where the second equality is based on the definition of the DV in DDM (Eq. 3.6). Thus, the Bayes

update of the inferred coherence, µt , can be achieved via addition in the DDM. This means that

there is a unique mapping from µt and σ2
t of a POMDP model to the Vt and t of the DDM.

This mapping holds in the presence of a bound in the DDM [98, 42]. Moreover, the termination

criterion in the POMDP model translates to a unique bound in the DDM. As shown in Figures 3.4b

and 4.3a, the policy in the POMDP model can be expressed as a bound in the space defined by

inferred mean coherence, µt , over time. This bound on µt has an equivalent bound on Vt in the

DDM. In general, if Θ′ (t) is the time-varying termination criterion applied to µt in a POMDP

model (as in Fig. 3.4b), the equivalent bound, Θ(t), on Vt in the DDM is given by:

Θ(t) =
Θ′ (t)

σ
−2
z σ2

t
=

(
t +

σ2
z

σ2
0

)
Θ
′ (t) (3.8)
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(a) (b)

Figure 3.8: The POMDP policy can be implemented by a DDM with collapsing bounds. a)

(Left panel) In the standard DDM, the decision variable (DV) is the sum of observations over time.

The process stops when the DV reaches one of the static decision bounds (+B or -B). (Right panel)

Graphical model for a POMDP. For each time step (indicated by the subscripts 0, 1, ..., t−1, t), r

is the reward gained due to action a in hidden state s. z is the observation in hidden state s. The

POMDP model infers a posterior probability distribution over hidden states at each time step based

on past observations and actions. In the motion discrimination task, the actions are committing

to a choice or making another observation. The model commits to a choice when the expected

increase in the probability of a correct response is not worth the cost of an extra observation. b)

The time-varying bounds on µt in the POMDP policy map (e.g., solid white lines in Fig. 4.3a)

have equivalent time-varying bounds on the DV in the DDM (Eq. 3.8; white lines in this panel).

Similarly, the low and high confidence regions (blue and red regions respectively) of the POMDP

policy map in Fig. 4.3a have equivalents in the DDM as shown here.

where the first equality derives from Equation 3.7 and the second from Equation 3.4. Similarly,

confidence ratings can be expressed as time-varying boundaries in the DDM. Figure 3.8b shows

the decision bound and confidence rating boundaries based on the accumulated evidence in the

DDM derived to match the POMDP model in Figure 4.3a.

Overall, both the inference process and the termination criterion of the POMDP model can be
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implemented with a DDM, suggesting that the neural circuitry for integration of sensory evidence

could effectively be implementing the POMDP policy explained in this chapter.

3.8 Discussion

We present a Bayesian framework based on partially observable Markov decision processes (POMDPs)

that accounts for choice and confidence in perceptual decision-making tasks. Our framework ex-

plains the effects of observation cost and task structure on choice and confidence. It also elucidates

how the observation noise learned by a Bayesian decision maker may systematically differ from

the veridical observation noise, and how this difference influences prior beliefs and confidence.

We tested our model using the behavioral data of monkeys performing a direction discrimination

task with post-decision wagering [86]. The monkeys’ choice accuracy provided quantitative pre-

dictions about subjective confidence. These predictions fit the monkey’s opt-out behavior in our

task, indicating that the monkey’s confidence matches the POMDP framework. Prediction of con-

fidence purely based on choice accuracy is a remarkable feat, especially considering systematic

discrepancies between the two [116]. Further, we show how our POMDP model can be mapped

to bounded evidence accumulation models [123] and potentially implemented by the same cortical

and sub-cortical neural networks implicated in the decision-making process [57, 135].

We applied the POMDP framework to a fixed-duration task where the stimulus duration was

controlled by the experimenter. The framework can also be used to model animal and human be-

havior in reaction-time tasks [121]. In fact, reaction time tasks might offer better opportunities

to study choice and confidence. In fixed-duration tasks, long stimulus durations are least desir-

able because a multitude of mechanisms, including decision bounds, time-varying attention, or

task engagement, could cause partial use of sensory information unbeknownst to the experimenter.

Short stimulus durations are not immune to misinterpretations either. Short stimuli can cause

neural responses that last longer than the stimulus duration [89, 88, 167], providing an opportu-

nity for selective sampling. Moreover, short-term mnemonic mechanisms and active revision of

choice and confidence provide additional opportunities for dissociating the observations used by

the decision-making process from those assumed by the experimenter. Reaction-time task designs
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where subjects control the stimulus viewing duration, combined with monitoring and manipulation

of neural responses in sensory and decision-making circuits, would improve experimental control

and enable more accurate interpretation of experimental results [159].

We conclude by noting that simple bounds on decision variables, as employed in traditional

models of decision making, might not be sufficient to capture the types of complex policies (map-

pings of beliefs to actions) required in dynamic environments and in tasks more complex than the

random dots task. In such cases, the POMDP model offers a powerful and flexible framework

for decision making as it allows (i) arbitrary probability distributions for the prior and observation

functions, (ii) arbitrary state transition functions conditioned on the decision maker’s actions, and

(iii) policies that are not restricted to bounds on decision variables and that implement arbitrary

mappings of beliefs to actions [121, 67]. Testing these more general attributes of the POMDP

model in animal and human experiments remains an important direction for future research.
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Chapter 4

DIVERGENCE OF CONFIDENCE AND ACCURACY IN PERCEPTUAL
DECISION MAKING

4.1 Introduction

Confidence plays a key role in guiding behavior in complex environments [34, 86, 117, 155] and is

often critical for modeling behavior and understanding its neural mechanisms in such environments

[10, 42, 46, 76, 118, 137]. However, unlike sensory choices and their accuracy that are usually easy

to measure, confidence is a subjective quality difficult to measure reliably, unless special experi-

mental procedures are employed [79, 86, 87, 94, 113, 114, 169, 50]. Experiments that make such

measurements have often revealed systematic discrepancies between subjective confidence reports

and experimentally measured accuracy [116, 74, 168, 90, 169, 114, 105]. These discrepancies have

been occasionally interpreted as evidence for suboptimality of the decision-making process or for

disparate processes for computing choice and confidence. Because our POMDP model enabled us

to predict confidence from accuracy (see previous chapter), we explored if it could also explain five

well-documented discrepancies between accuracy and confidence. Based on the model’s success,

we suggest that these discrepancies are neither anomalies of the decision-making process nor do

they necessarily indicate a divergence of the neural mechanisms that compute choice and confi-

dence. Rather, these phenomena are expected signatures of a decision-making process that infers

the choice and its associated confidence in a unified framework.

Some discrepancies arise in an optimal decision-making process when the decision maker has

incomplete knowledge about the environment and needs to resolve uncertainties about the relia-

bility of observations. Others seem to exist from an experimenters’ perspective because the exact

information used by the subject is hidden to the experimenter. Our POMDP model, described

This chapter is mainly outsourced from [80].



43

in the previous chapter, explains commonly observed discrepancies between accuracy and confi-

dence such as the “hard-easy” effect [74, 42, 133], higher confidence with increased variability of

sensory observations despite reduction of accuracy [47, 169], different confidence ratings in simul-

taneous versus sequential reports of choice and confidence [87, 133, 154], discrepancy between

sensitivities of accuracy and confidence (d′ vs. meta-d′) [92, 48], and the seemingly larger effect

of choice-congruent observations on confidence reports [168, 114].

4.2 Hard-easy effect

The hard-easy effect, which has been documented extensively [74, 133], is the tendency to overes-

timate the likelihood of one’s success for difficult decisions and underestimate it for easy decisions.

In the face of uncertainty about the stimulus in a given trial, the model computes confidence across

all possible stimuli (marginalization). However, when the experimenter measures accuracy for each

stimulus strength, this marginalization does not occur as the experimenter knows the exact stimulus

on each trial [40]. The model’s uncertainty about the stimulus, therefore, causes overconfidence in

difficult trials and underconfidence in easy ones.

As shown in Fig. 4.1a, the POMDP model predicts this hard-easy effect after marginalization

over coherence. Since the model’s Gaussian observation distribution closely approximates the

true observation distribution (especially for the low coherence levels, (Fig 3.3a ), it approximates

well the confidence of the true generative model, as shown in figure 4.1b. However, the model

does exhibit a small underconfidence bias since it considers the full range of continuous coherence

levels. As expected, this bias is larger in the region where the coherence levels are further apart

(and consequently the observations overlap less), which in our task are the easier trials (higher

coherences; see monkey M1’s plot), and for experiments with Monkey M2 where the task did not

use the 1.6% coherence level. Overall, these results illustrate how task structure itself could create

a bias in confidence for an optimal decision maker.
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(a) (b)

Figure 4.1: POMDP model explains the hard-easy effect. a) The hard-easy effect. Uncertainty

about the strength of observed evidence makes the model more confident than warranted by accu-

racy on hard trials and less confident than warranted by accuracy on easy trials (compare blue and

red curves). The psychometric and predicted confidence functions are adopted from Figures 3.5a

and 3.5b. b) While the major reason for the hard-easy effect is marginalization over coherence

by the decision maker, our POMDP model also predicts a small underconfidence bias (red curve)

compared to using a generative model (black curve) that assumes the exact set of coherence levels

in the experiment is given.

4.3 Opposing effects of the variability of observations on choice and confidence

A common observation in past studies has been that increasing the variability of the stimulus

reduces subjects’ accuracy but increases their confidence about their choices [119, 47, 169]. Our

POMDP model shows that this seemingly paradoxical effect of stimulus variability arises naturally

in an optimal inference framework when the subject does not have access to the true model of the

environment (in this case, the true observation noise).

Stimulus variability effects have been explored in tasks where subjects were trained using a

baseline (lower) stimulus variability, before being tested on higher variability. Further, trials with

different levels of stimulus variability were randomly intermixed. Consequently, our model pos-

tulates that subjects continued to rely on the observation noise learned during initial training, and
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used this model for choice and confidence in the high variability trials. Higher variability (larger

w2
z ) decreases accuracy (Fig. 4.2a) by generating more overlapping observations for different mo-

tion directions.

Higher variability also generates extreme observations (far from the mean) more often, includ-

ing ones in favour of the incorrect choice (e.g., negative coherence observations when the true co-

herence is positive). These extreme observations, although frequent in the high variability regime,

are not expected based on the observation noise learned during training in a low variability regime.

As a result, the POMDP model considers these extreme observations highly discriminative, result-

ing in a higher confidence with a concomitant decrease in the probability of choosing the sure-bet

option when presented [169], especially in high and medium difficulty level trials (Figs. 4.2b and

4.2c).

To further understand this phenomenon, we adopted the intuitions and ideas suggested in pre-

vious work [119, 47, 169]. We explored the change in probability of rejecting the sure-bet option

(indicating high confidence) in trials with a low coherence level c for a specific stimulus duration

t and no observation cost. Suppose the true coherence is positive (the case where the coherence is

negative is similar). The sum of observations comes from a Gaussian distribution with mean tc and

variance tw2
z . Choosing or rejecting the sure-bet option can be mapped to two thresholds on the

sum of observations, one for each direction. This mapping depends on σ0 and σz, and consequently

wz (indirectly).

Figure 4.2d shows the distribution of the sum of observations for two example stimuli with

the same positive coherence level (+6.4%, green dotted line) and duration (250ms) but different

variability, with low variability shown as the black Gaussian curve and high variability as the gray

Gaussian curve. The plot also shows the sure-bet selection/rejection thresholds (black dotted lines)

learned during training with the low variability curve for this example with +6.4% coherence.

The low and high variability curves intersect each other at two points (red dotted lines). Note that

the sure-bet selection/rejection thresholds (black dotted lines, fixed after training) are lesser than

or greater than the intersection points (red dotted lines), implying that these learned thresholds

are in the area where probability density for the higher variability stimulus (gray curve) is higher.
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(a) (b) (c) (d)

Figure 4.2: Opposing effect stimulus variability on accuracy and confidence. a) Sudden in-

crease of stimulus variability following training with lower variability reduces accuracy b) This

increase however boosts confidence c) Increase in variability also decreases probability of sure-bet

rejection if presented. This dissociation occurs because the model relies on the observation noise

learned during the lower-variability training to render choices on the higher variability trials. d)

The increase in the probability of sure-bet rejection after a sudden increase in stimulus variability

is illustrated here for two trials with the same coherence and duration but different stimulus vari-

ability. Distributions of the sum of observations for low (black Gaussian curve) and high variability

(gray Gaussian curve) intersect at two points (red dotted lines). A high sure-bet rejection threshold

on confidence (e.g., 85% in this example) learned during training with low variability stimuli maps

to two thresholds (dotted black lines) on the sum of observations that fall outside of the intersec-

tion points. Given these fixed thresholds, the probability of sure-bet rejection is higher (larger blue

filled areas under the curve) when stimulus variability is suddenly increased.

This means that the area under the curve beyond these thresholds (blue filled areas), equal to

the probability of sure-bet rejection (indicating high confidence), is larger for the high variability

stimulus than the low variability stimulus (narrower dark curve) used during training. These results

illustrate how higher confidence can be generated when the stimulus becomes more noisy.
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4.4 Discrepancy of sensitivity for accuracy and confidence

The POMDP model also explains experimentally observed differences between the sensitivity of

accuracy and confidence to observations, commonly quantified with d′ and meta-d′, respectively

[92]. d′ and meta-d′ are defined based on a signal detection theory (SDT) framework. d′ quantifies

the difference of sensory evidence distributions underlying the probability of correct and incorrect

choices. However, meta-d′ is related to the distribution of confidence ratings for those choices.

For a binary confidence rating (low or high confidence, similar to rejecting or choosing the sure-

bet option), meta-d′ contrasts the probability of a high confidence rating for a correct response

with that of an error. Some studies have reported that confidence ratings are not consistent with

the sensitivity of the choice accuracy (d′) [92, 49, 20, 107]. However, for an SDT ideal observer

meta-d′ and d′ have to be similar in the absence of variability in the confidence rating threshold.

Therefore, it has been suggested that the different meta-d′ and d′ in experimental data must be due

to loss of information for confidence judgments or different neural mechanisms for confidence and

choice [92, 48].

In the absence of an observation cost, where the POMDP model uses all available evidence,

its d′ and meta-d′ match each other, similar to SDT. That would be true regardless of whether the

decision maker does or does not have access to the exact model of the environment. However, if

there is an early termination of information gathering, then meta-d′ could diverge from d′. This dis-

crepancy emerges in the model not because of distinct mechanisms for choice and confidence, but

because early terminations of the decision-making process have quantitatively distinct effects on

the choice accuracy and the likelihood of high confidence ratings for correct and incorrect choices.

Because early terminations curtail the use of evidence, they reduce accuracy and, therefore, de-

crease d′. Further, in the face of uncertainty about the reliability of evidence, early terminations

are associated with higher confidence (Figs. 3.4c and 4.3a). This combination means that for a

wide range of model parameter values, the model makes more errors but it is also more confident

about its choices compared to a model without an observation cost. Critically, the confidence is

inflated more on error than correct trials (Fig. 4.3c, reducing meta-d′. This reduction could be sub-
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stantially larger than the reduction of d′. Consequently, the model could generate meta-d′ values

smaller than its d′, even though it computes the choice and confidence through the same optimal

process.

Figure 4.3 illustrates these effects by simulating intermediate coherence (+12.8%) trials with

400 ms duration and subjecting the model choices and confidence to the d′ and meta-d′ calcula-

tions. Model parameters are inherited from Monkey M1 except for the addition of an observation

cost (10−4/observation). Early in the trial, observation noise can temporarily produce large positive

or negative inferred µt , and thus high confidence (Fig. 4.3a, yellow lines illustrate mean±2× s.d.

of the inferred µt). Such large µt are much less likely at later times because of the correction of

excessive early confidence with additional observations. These later corrections, however, are pre-

vented if the termination bounds (Fig. 4.3a, white lines) are reached earlier. Such occasional early

terminations reduce the model accuracy by only 2% for this motion coherence (from 81% with no

observation cost to 79%), but increase the overall probability of high confidence choices by 19%

(from 65% to 84%) (Fig. 4.3b). The corrective effect of additional observations on confidence is

more pronounced when the initial choice is incorrect as new observations are more likely to cancel

the extreme noise that lead to early error choices. Consequently, early terminations increase the

fraction of high confidence responses for incorrect choices by 39% (from 31% to 70%), whereas

the increase for correct choices is 15% (from 72% to 87%) (Fig. 4.3c). This reduces the contrast

of confidence for correct and error choices, resulting in a reduction of meta-d′. This reduction is

larger than the very modest reduction of d′, bringing the ratio of meta-d′ to d′ to 0.74, significantly

below 1 (Fig. 4.3d).

The reduction of meta-d′ could happen even when the overall confidence rating does not in-

crease in the model, as meta-d′ depends on the contrast of confidence for correct and error choices,

which could be differentially affected by early terminations with or without an overall confidence

increase. Generally, meta-d′ to d′ ratios below 1 are common for a wide range of POMDP model

parameters matching a common result in past behavioral studies [48]. Further, the model predicts

a mismatch between meta-d′ and d′ in reaction-time tasks, where the decision maker initiates a

response as soon as reaching a decision. Overall, distinct d′ and meta-d′ values can arise in the
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POMDP framework not because different information shapes choice and confidence, but rather

when the decision-making process can stop due to a termination criterion without utilizing all the

available information. This important alternative has been largely neglected in past explanations

of mismatching meta-d′ and d′.

4.5 Sensitivity of confidence measurements to simultaneous versus sequential reports of
choice and confidence

The POMDP model can also be applied to reaction time tasks (besides fixed duration tasks), where

subjects report their choice as soon as they are ready. In these tasks, the experimenter may ask for

either a simultaneous or sequential report of choice and confidence [87, 133, 154]. Past experi-

ments have shown that for simultaneous reports of choice and confidence, confidence for incorrect

choices often increases with stimulus strength, compatible with the predictions of bounded ac-

cumulation models such as the drift diffusion model (DDM) [87, 154]. However, for sequential

reports, confidence for incorrect choices decreases with stimulus strength, compatible with the

predictions of signal detection theory [79, 133, 154].

POMDP predicts both patterns (Fig. 4.4a and 4.4b). In fact, being a normative model, POMDP

goes beyond prediction and also explain why confidence increases with stimulus strength even in

incorrect trials in the case of simultaneous reports of choice and confidence. Moreover, by focusing

on the cause of trial termination in a reaction time task through utility maximization principle and

comparing it with trial termination in a fixed-duration task, it also explains decrease of confidence

with with stimulus strength in incorrect trials when the decision maker reports confidence after the

choice.

The reason behind the increase of confidence with stimulus strength in simultaneous report of

confidence and choice is quite similar to the mechanism explained in the previous section. Ob-

servation gathering terminations after a short period of time are associated with higher confidence

(Fig. 3.4c). As pointed out in Fig.4.3a, this is especially important in incorrect trials with strong

stimulus. When the stimulus strength is high, incorrect decisions after many observations are very

unlikely. The reason behind an incorrect choice in an easy trial is early extreme observations which
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(a) (b) (c) (d)

Figure 4.3: POMDP explains different values for d′ and meta-d′. a) Observation noise could

cause highly variable µt at the beginning of a trial, and thus temporarily produce excessive confi-

dence. This excessive confidence may become permanent if the decision-making process is stopped

by reaching the termination bounds. Solid white lines show the two decision termination bounds

(observation cost, 10−4). Thresholds for separating low and high confidence ratings are shown

as boundaries between blue (low confidence) and red (high confidence) regions. The horizontal

dashed line shows the boundary that separates right and left direction choices based on the sign

of the inferred coherence. Yellow dots and lines show mean± 2× s.d. (95% of the distribution

mass) of the inferred coherence for a particular stimulus strength (c = +12.8%) at a few different

time steps (10 ms per step). Temporary excessive confidence due to early termination is more

prominent for the incorrect trials (negative µt in this simulation). b) Early termination can cause

a modest reduction of accuracy and a marked increase of high-confidence ratings.b) Early termi-

nation can cause a larger increase in the probability of high confidence ratings for incorrect than

correct choices. c) Changes of accuracy (c) and confidence ratings (d) can lead to a larger drop in

meta-d′ than d′. Model parameters are identical to those for monkey M1, except for the observation

cost.

had not been canceled out by further observations due to hitting the termination bound. As a result,

incorrect easier trials have much shorter duration and therefore higher confidence compared to hard
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ones (Fig. 4.4a).

To explain the confidence pattern in sequential report of confidence and choice, we should look

at the difference between fixed-duration and reaction time tasks. In a fixed duration task the subject

commits to a choice early in the trial when the cost of gathering observation is higher than the

increase in the expected utility. Importantly, the trial does not terminate with early commitment

and the subject has to wait till the end of the trial to obtain the reward. In reaction time task,

however, the decision maker controls the length of the trial which produces more incentive for

commitment to a choice in addition to the cost of observation gathering. The decision maker

gets the reward earlier if they select the correct choice earlier [65]. Moreover, the next trial and

consequently a potential reward would become available sooner with earlier choice selection. For

this reason, inter-trial interval and penalty time are accounted in modeling the cost function in

decision making experiments [41].

Due to the bolder presence of extra factors described above in the cost function of reaction

time task, even after selecting the choice, observations would be gathered if presented. In other

words, observation cost is still worth the increase in the expected reward in the absence of other

factors. The sensory and motor delays in the neural circuits underlying decisions usually amount

to around 250 ms or more, lead to these extra observations. These observations do not contribute

to the choice. They do not contribute to confidence report either if it is simultaneous with choice

report. Sequential report of choice and confidence, however, opens up the possibility of revising

confidence based on these last few sensory observations.

Confidence in incorrect trials is especially susceptible to such revisions. Importantly, in easy

trials, these observations are very likely to be in favor of the real choice, and consequently opposite

of early extreme observations that had led to an incorrect choice. As a result, they mostly decrease

the confidence in incorrect trials (similar to no-cost case in previous section and Fig. 4.3a). In fact,

since the easy incorrect trials are very short, the extra observations have a notable effect and might

even lead to a change of mind about the true choice [125, 154], and consequently a confidence

of less than .5 about the selected choice. These extra observations carry more information when

the stimulus is stronger, and thus decrease the overall confidence about the incorrect choice more,
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(a) (b)

Figure 4.4: POMDP explains different patterns of confidence report in RT task. a) Simultane-

ous reports are commonly associated with higher confidence for erroneous choices on trials with

stronger stimuli. This pattern is partly caused by lower decision times for stronger stimuli and the

dependence of model confidence on elapsed time (Fig. 3.4c). g) In contrast, sequential reports

of choice and confidence could be associated with reduced confidence for incorrect choices for

stronger stimuli. This pattern is caused because sensory and motor delays render the last observa-

tions inconsequential for the choice but the model uses those observations to refine its confidence

report following the choice.

resulting in decrease of overall confidence with stimulus strength in incorrect trials (Fig. 4.4b).

4.6 Effects of choice-congruent and choice-incongruent evidence

The last phenomenon we explore in this section is whether confidence reports are more strongly

influenced by evidence congruent with the choice compared to incongruent evidence. Previous

studies have reported that whereas choice is shaped by the balance of evidence for different options,

confidence is more strongly shaped by choice-congruent evidence [168, 114]. These results have

been interpreted as support for processes that compute confidence after the choice by readjusting

the weight of evidence based on the choice (a form of confirmation bias). Our POMDP model

demonstrates that this interpretation is not unique. Rather, existing experimental results could
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be explained without assuming distinct choice and confidence processes, or choice-dependent re-

weighting of evidence.

A key feature of analyzing data based on the POMDP framework is to distinguish the obser-

vations used by the subject and those analyzed by an experimenter who monitors the subject’s

behavior. Because the experimenter does not have access to the subject’s observations as encoded

in the nervous system, analysis of data has to rely on the expected distribution of evidence given

stimulus properties (e.g., using filters on the stimulus [168]) or recordings from the brain (e.g.,

electrocorticography or ECoG [114]). Such estimated observations could markedly diverge from

the actual observations used by the subject. A wide variety of mechanisms could underlie such a

divergence, including decision bounds or other termination criteria unknown to the experimenter,

sampling rates that mismatch the stimulus design, shifts in spatial or temporal attention during a

trial, noise in the representation of sensory information by neural responses, or recording noise

from the brain.

To clarify the significance of the divergence of observations used by the decision maker and

those the experimenter uses to investigate behavior, consider the case where a decision maker uses

only a proportion of the observations analyzed by the experimenter (n out of the total t samples,

n < t). In this situation, the t − n samples not used by the subject act as noise in the analyses.

Classification of choice based on stimulus fluctuations reveals equal and opposing influence of

stimuli supporting different alternatives as both used and unused observations come from the same

distribution. However, conditional on the subject’s choice, the proportion of choice-congruent

observations is higher in the portion of the stimulus used by the subject, compared to the unused

portion. This is simply because the sum of random variables drawn independently from the same

distribution being positive is evidence in favor of each of these variables being positive. If we

reorder the observations in a way that z1, . . . ,zn become the ones used by the subject and zn+1, . . . ,zt

are the unused ones (only to simplify the equations), we have:

n

∑
j=1

z j > 0→∀ 1≤ i≤ n & n+1≤ l ≤ t : P(zi > 0)> P(zl > 0) (4.1)
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And also:
n

∑
j=1

z j > 0→ 1
n
E

[
n

∑
j=1

z j

]
>

1
t−n

E

[
t

∑
j=n+1

z j

]
(4.2)

The inequalities of Equations 4.1 and 4.2 have a profound side effect for quantification of the

influence of individual observations on confidence. If we divide observations based on whether

they support the choice, the ratio of total choice-congruent observations to total incongruent ob-

servations will be higher for the set of observations used by the decision maker (the n samples)

than those used in the experimenter’s analyses (all t samples). As a result, a classifier that uses all

t observations to predict the decision maker’s confidence has to give a larger weight to the choice-

congruent observations to compensate for the dilution of congruent evidence caused by the unused

stimulus samples.

To demonstrate this, we simulated a fixed-duration version of the random dots task with binary

confidence ratings (low vs. high). For any stimulus strength and with n < t, a logistic classifier

fit to the proportion of high confidence ratings by the POMDP model yielded larger weights for

congruent than incongruent observations (Fig. 4.5a). In contrast, a logistic classifier fit to right and

left choices based on stimulus fluctuations revealed equal and opposing weights for positive and

negative samples as both used and unused observations come from the same distribution. As ex-

pected from Equation 4.2, the imbalance of the weights of the confidence was more pronounced for

smaller n. To further demonstrate the inevitable imbalance of the weights, we compared the pre-

diction accuracy of the confidence classifier with two alternative classifiers: one forced to have bal-

anced weights for congruent and incongruent observations and a second classifier that had access

only to the congruent evidence (Fig. 4.5b). Similar comparisons were used in past studies [114].

The confidence classifier with balanced weights had a lower prediction accuracy, especially for low

n, where its accuracy was even lower than the classifier that totally ignored incongruent observa-

tions.

With similar reasoning, choice-congruent observations gain a higher weight in predicting confi-

dence when the experimenter uses a subset of the observations used by the subject (Supplementary

Fig. 1).
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Although the example above focuses on a particular source of discrepancy between the ob-

servations used by the decision maker and experimenter (different number of used samples), the

conclusion generalizes to other sources of discrepancy. Some of these sources such as neural noise

are almost always present and quite difficult to correct the analyses for. Essentially, the observa-

tions analyzed by the experimenter are almost always noisy estimates of the observation used by

the decision maker: zexperimenter
j = zsub ject

j +ζ , where ζ denotes noise with an often unknown mag-

nitude. The neural noise causes the same dilution of choice congruent evidence explained in the

example above. Consequently, the experimenter is bound to estimate a higher weight for congruent

samples in the analyses even when n = t and even though such weight imbalance may not exist for

the decision maker. Large enough noise can even make a classifier that only uses choice-congruent

observations better than a balanced classifier (Figs. 4.5c and 4.5d).

4.7 Discussion

Discrepancies between accuracy and confidence have been commonly considered as evidence

for suboptimal decision-making or distinct processes that underlie choice and confidence. Our

POMDP framework challenges these interpretations by showing that a normative Bayesian deci-

sion maker optimizing a reward function elicits the same discrepancies between confidence and

accuracy as those identified in humans and experimental animals. We explored five common dis-

crepancies in this chapter. Two of them arise from the decision maker’s incomplete knowledge of

the environment. The first one is the hard-easy effect, where decision makers are over-confident for

difficult choice and under-confident for easy choices [42, 133]. This effect arises mainly from the

decision maker’s marginalization over the stimulus strength. Also, our model creates an extra small

amount of underconfidence by estimating the true structure of the task by a continuous model. The

second discrepancy is the opposing effects of stimulus variability on choice and confidence, where

subjects become less accurate but paradoxically over-confident about more variable stimuli [169].

This effect arises from another form of incomplete knowledge about the environment: attribution

of the observation noise learned in less variable environments to newly experienced, more variable

conditions.
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(a) (b) (c) (d)

Figure 4.5: POMDP explains seemingly higher influence of choice-congruent evidence on con-

fidence. a) We simulated a POMDP model that uses a fraction of observations available in a trial

unbeknownst to the experimenter. The observations supporting opposing choices equally inform

the model’s behavior. However, an experimenter who uses a classifier to predict choices and confi-

dence based on all observations in the trial finds an apparently larger influence of choice-congruent

observations on confidence. b) Forcing the classifier to have balanced weights for all observations

causes lower prediction accuracy of confidence ratings, especially when the proportion of used ev-

idence is low.c-d) Same as a-b but observations accessible to the experimenter are noisy estimates

of observations available to the decision maker. Such noise reduces the prediction accuracy of

the experimenter’s classifier, but more important, it also causes imbalanced weights in the optimal

classifier (c) and lower performance of the balanced classifier (d). That is true even when both the

decision maker and experimenter use all the available observations (inset in c). The noise in these

simulations comes from a zero-mean Gaussian distribution with a variance of 25% larger than w2
z .

The other three discrepancies between accuracy and confidence are explained by our model as

arising from the experimenter’s incomplete knowledge of the subjects’ decision-making process.

The third discrepancy is the inequality of d′ and meta-d′, which has attracted much attention lately

as experimental support for distinct processes underlying choice and confidence [92]. We show

that this difference could arise even when a unitary process shapes both choice and confidence, as
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in our model. A cost-based termination criterion for the decision-making process could affect accu-

racy and confidence differently. Whereas the overall accuracy decreases due to early termination,

confidence can increase especially for incorrect choices, causing unequal d′ and d′. It is therefore

impossible to uniquely interpret meta-d′ in the absence of accurate knowledge about the form of

the termination criterion. However, common task designs for measuring choice and confidence

often preclude such knowledge.

It is also important to mention that in the presence of observation cost, meta-d′ depends on

the confidence rating threshold in the POMDP model. This sensitivity questions one of the key

assumptions in the definition of meta-d′ — independence of meta-d′ from the confidence rating

criterion — and cautions about interpretations of meta-d′ results without knowing about the vari-

ability of confidence rating thresholds across subjects in an experiment.

The fourth discrepancy is based on the observation that confidence reports differ in experiments

that interrogate confidence simultaneously with the choice [87] or after the choice [154]. This

difference arises in our model because sequential reports of choice and confidence allow revising

one based on information unused for the other. For example, when confidence reports follow the

choice, sensory observations in the processing pipeline that were unavailable at the time of the

choice could change confidence [154].

The fifth discrepancy that the model explains is the hypothesis that confidence is more strongly

influenced by choice-congruent observations than choice-incongruent observations [168, 114]. Al-

though these experimental results could indicate post-choice re-weighting of observations for cal-

culation of confidence, they could also arise from the experimenter’s incomplete or inaccurate

knowledge of the exact observations used by the decision maker. Many factors could engender

such inaccuracy, including neural noise, which is often inaccessible to the experimenter, device

noise, which is difficult to eliminate for electrophysiological and imaging techniques, or termina-

tion criteria for the decision-making process, which the experimenter may be unaware of or unable

to identify.

To clarify our conclusion, we do not imply that dual or hierarchical processes for choice and

confidence could not exist. Nor do we exclude the possible existence of mechanisms that revise
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confidence by post hoc choice-dependent re-weighting of the observations. Rather, we conclude

that existing experimental results are insufficient to support such mechanisms as they are also com-

patible with simpler, more parsimonious mechanisms in which a unitary process underlies both

choice and confidence. It is further illuminating that the unitary process explored in this chapter is

based on POMDPs, a normative Bayesian framework based on expected reward maximization. In

light of our POMDP model, existing experimental results should be carefully reconsidered and bet-

ter experiments should be developed to test the necessity of more complex or disparate mechanisms

for choice and confidence.

4.8 Methods

Simulations for increased stimulus variability

We used the POMDP model with parameters fit to Monkey M1’s data. For the low variability

regime, the standard deviation of observations was wz = .9 and the learned standard deviation was

σz = 1.6. For the high variability regime, the standard deviation of observations was wz = 1.5

without changing σz or any other parameter in the POMDP model.

Exploring the effect of cost on sensitivity measurements and confidence report

We compared the POMDP model obtained from Monkey M1 with a model with similar parameters

(wz, σz, and σ0) but with an observation cost of 10−4 added to establish decision termination

bounds in trials with coherence of 12.8% and duration of 400ms. The confidence report was in the

form of a binary rating (low or high) with a threshold of 0.63 applied to the belief about the choice.

The sensitivity (d′) and meta-d′ were both 1.79 for zero observation cost. Increasing the cost to

10−4 decreased d′ to 1.66 and meta-d′ to 1.23. We used 1 million samples to ensure the results were

robust. The code from [92] was used to calculate meta-d′. Slightly higher prior standard deviation

(σ0 = .75) was used for better visualization of the effect in Fig. 4.3a. Qualitatively similar results

are obtained for other motion coherence levels and durations.
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Simulations for simultaneous and sequential reports of choice and confidence

We used the following POMDP model parameters: wz = .4, σz = .75, and σ0 = 5 with the 7 discrete

coherence levels used in our monkey experiment and a constant observation cost of 2× 10−3 per

10 ms to simulate the reaction time task with 20,000 trials for each coherence. In the simultaneous

report version of the model, both confidence and choice were calculated from the observations

received prior to the model reaching its decision termination bounds. In the sequential report

version, calculation of confidence continued to be influenced by observations during a 250 ms

non-decision time after the choice.

Prediction power of choice-congruent and choice-incongruent observations

First, we simulated the random dots motion discrimination task with one coherence (wz = 1,c =

10.0%), one duration (800 ms) and a binary confidence rating of low or high with a POMDP model

that had an exact model of the world (i.e., with the true wz and c) but used the first n observations

out of t = 80 (step size = 10 ms) observations. For each n, the confidence threshold was set to a

value that made the probability of high confidence around 0.5.

To generate data points for Figures 4.5a and 4.5b, we trained logistic regression classifiers

to predict the simulated choices and confidence ratings. 10 million trials were simulated for

these analyses to ensure robust and accurate results. Our classifiers were implemented using the

scikit-learn Python library [112]. For choice, the features of our classifier were the sum of

positive observations and the sum of negative observations throughout each trial, including those

beyond the first n samples used for simulating choice and confidence. For confidence, the features

were the sum of choice-congruent observations and the sum of choice-incongruent observations

throughout each trial. For the balanced classifier, to ensure balance of weights, we used a classifier

with a feature consisting of the sum of all observations signed according to the choice (positive for

choice-congruent and negative for choice-incongruent) as one feature.
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Chapter 5

BELIEF-BASED GROUP DECISION MAKING

5.1 Introduction

The importance of social decision making in human behavior has spawned a large body of research

in social neuroscience and decision making [134, 73]. Human behavior relies heavily on predicting

future states of the environment under uncertainty and choosing appropriate actions to achieve a

goal. In a social context, the degree of uncertainty about the possible outcomes increases drastically

as the behavior of others is much less predictable than the physics of the environment.

One approach to handling uncertainty in social settings is to act based on a belief about others.

This approach includes inferring the consequences of one’s own behavior under uncertainty as

opposed to ”belief-free” models [97] that simply select the action that has been rewarding in the

past, given current observations [18, 51]. The difference between ”belief-based” and ”belief-free”

models in social decision making is closely related to ”model-based” and ”model-free” approaches

[34, 32] in non-social decision making, but with a greater emphasis on uncertainty due to the

greater unpredictability of human behavior in social tasks.

In belief-based decision making, the subject learns a model of the environment, updates the

model based on observations and rewards, and chooses actions based on a probabilistic ”belief”

about the current state of the world [33, 29, 51]. As a result, the relationship of the current action

with rewards received and current observations is indirect. Besides the history of rewards received

and the current observation, the learned model can also include other factors such as potential future

rewards and more general rules about the environment. Therefore, the belief-based (model-based)

approach is more flexible than belief-free (model-free) decision making [39, 38]. However, belief-

based decision making requires more cognitive resources, for example, for simulation of future

This chapter is mainly outsourced from [83].
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events. Thus, there is an inherent trade-off between the two types of approaches, and determining

which approach humans adopt for different situations is an important open area of research [21].

Several studies have presented evidence in favor of the belief-based approach by quantifying

the similarity between probabilistic model-based methods and human behavior when the subject

interacts with or reasons about another human [166, 163, 99, 100, 69, 51, 5]. Compared to rea-

soning about a single person, decision making in a group with a large number of members can

get complicated. On the one hand, having more group members disproportionately increases the

cognitive cost of tracking minds compared to the cost of tracking the reward history of each ac-

tion given the current observations. On the other hand, consistent with the importance that human

society places on group decisions, a belief-based approach might be the optimal strategy.

How does one extend a belief-based approach for reasoning about a single person to the case

of decision making within a large group? Group decision making becomes even more challenging

when the actions of others in the group are anonymous (e.g., voting as part of a jury) [144, 110].

In such situations, reasoning about the state of mind of individual group members is not possible

but the dynamics of group decisions do depend on each individual’s actions.

To investigate these complexities that arise in group decision making, we focused on the Vol-

unteer’s Dilemma task, wherein a few individuals endure some costs to benefit the whole group

[37]. Examples of the task include guarding duty, blood donation, and stepping forward to stop an

act of violence in a public place [31]. In order to mimic the Volunteer’s Dilemma in a laboratory

setting, we use the thresholded binary version of a multiround Public Goods Game (PGG) where

the actions of each individual are hidden from others [37, 2].

Using an optimal Bayesian framework based on Partially Observable Markov Decision Pro-

cesses (POMDPs) [75], we propose that in group decision making, humans simulate the ”mind of

the group” by modeling an average group member’s mind when making their current choices. Our

model incorporates prior knowledge, current observations, and a simulation of the future based on

the current actions for modeling human decisions within a group. We compared our model to a

model-free reinforcement learning approach based on the reward history of each action as well as

a previous descriptive method for fitting human behavior in the Public Goods Game. Our model
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predicts human behavior significantly better than the model-free reinforcement learning and de-

scriptive approaches. Furthermore, by leveraging the interpretable nature of our model, we are

able to show a potential underlying computational mechanism for the group decision making pro-

cess.

5.2 Human behavior in a binary public goods game

The participants were 29 adults (mean age 22.97 years old ± 0.37, 14 women). We analyzed the

behavioral data of 12 Public Goods Games (PGGs) in which participants played 15 rounds of the

game within the same group of N players (N = 5).

At the beginning of each round, 1 monetary unit (MU) was endowed (E) to each player. In each

round, a player could choose between two options: contribute or free-ride. Contribution had a cost

of C = 1 MU, implying that the player could choose between keeping their initial endowment or

giving it up. In contrast to the classical PGG where the group reward is a linear function of total

contributions [45], in our PGG, public goods were produced as a group reward (G = 2 MU to each

player) if and only if at least k players each contributed 1 MU. k was set to 2 or 4 randomly for each

session and conveyed to group members before the start of the session. The resultant amount after

one round is therefore E - C + G = 2 MU for the contributor and E + G = 3 MU for the free-rider

when public goods were produced (the round was a SUCCESS). On the other hand, the contributor

has E - C = 0 MU and the free-rider has E = 1 MU when no public goods were produced (the round

was a FAILURE).

Figure 5.1 depicts one round of the PGG task. After the subject acts, the total number of contri-

butions, free rides, and the overall outcome of the round is revealed (success or failure in securing

the 2 MU group reward) but each individual player’s actions remained unknown. Additionally, as

shown in the figure, the value of k for the current session was always presented on the screen to in-

sure that the subjects had it in mind when making decisions. Although subjects were told that they

were playing with other humans, in reality, they were playing with a computer that generated the

actions of all the other N−1 = 4 players using an algorithm based on human data (see Methods).

In each session, the subject played with a different group of players.
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Figure 5.1: Multi-round public goods game. The figure depicts the sequence of computer screens

a subject sees in one round of the PGG. The subject is assigned 4 other players as partners and each

round requires the subject to make a decision: Keep 1 monetary unit (i.e., free-ride) or contribute.

The subject knows whether the threshold to generate public goods (reward of 2 MU for each player)

is 2 or 4 contributions (from the 5 players). After the subject acts, the total number of contributions

and overall outcome of the round (success or failure) are revealed.

As shown in Figure 5.2a, subjects contributed significantly more when the number of required

volunteers was higher with an average contribution rate of 55% (SD = .31) for k = 4 in comparison

to 33% (SD = .18) for k = 2 (two-tailed paired sample t-test, t(28) = 3.94, p = 5.0×10−4, 95% CI

difference = [0.11,0.33]). In addition, Figure 5.2b shows that the probability of generating public

good was significantly higher when k = 2 with a success rate of 87% (SD = 0.09) compared to

36% (SD = .29) when k = 4 (two-tailed paired sample t-test, t(28) = 10.08, p = 8.0×10−11, 95%

CI difference =[0.40,0.60]) (Figure 5.2b). All but 6 of the subjects contributed more when k = 4

(Figure 5.2c). Of these 6 players, 5 chose to free-ride more than 95% of the time. Also, success

rate was higher when k = 2 for all players (Figure 5.2d).

The contribution rate of the subjects dropped during the course of the trial on average, espe-

cially for k = 4, but remained above zero. Figure 5.2e shows the average contribution rate across

all subjects as a function of round number (1 to 15). We also compared the average contribu-

tion for the first five rounds with that for the last five rounds. For k = 4, the average contribution
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probability across all subjects for the first five rounds was .6 (SD = .20) and significantly higher

than that for the last five rounds (average across subjects = .49, SD = .19) (two-tailed paired sam-

ple t-test, t(28) = 3.65, p = 0.001, 95% CI difference =[0.05,0.17]). For k = 2, the difference

between the first five rounds (average = .53 , SD = .32 ) and the last five rounds (average = .50

, SD = .33) was insignificant (two-tailed paired sample t-test, t(28) = 1.51, p = .14 , 95% CI

difference =[−0.01,0.06]).

The average contribution probability did not change significantly as subjects played more

games (Figure 5.2f). In each condition, most of the players played at least 5 games (27 players

for k = 2 and 26 for k = 4). For k = 2, in their first game, the average contribution rate of players

was .37 (SD = .25) while in their fifth game, it was .30 (SD = .24) (two-tailed paired sample t-test,

t(26) = 1.34, p = 0.19, 95% CI difference =[−0.03,0.17]). When k = 4, the average contribution

rate was .57 (SD = .30) in the first game and .61 (SD = .35) in the fifth game (two-tailed paired

sample t-test, t(25) =−0.69, p = 0.50, 95% CI difference =[−0.16,0.08]).

5.3 Probabilistic model of theory of mind for the group in the public goods game

Consider one round of the PGG task. A player can be expected to choose an action (contribute or

free ride) based on the number of contributions they anticipate the others to make in that round.

Since the actions of individual players remain unknown through the game, the only observable

parameter is the total number of contributions. One can therefore model this situation using a

single random variable θ , denoting the average probability of contribution by any group member.

With this definition, the total number of contributions by all the other members of the group can

be expressed as a binomial distribution. Specifically, if θ is the probability of contribution by each

group member, the probability of observing m contributions from the N−1 others in a group of N

people is:

P(m|θ) =
(

N−1
m

)
θ

m(1−θ)N−1−m. (5.1)

Using this probability, a player can calculate the expected number of contributions from the

others, compare it with k and decide whether to contribute or free-ride accordingly. For example,
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(a) (b) (c)

(d) (e) (f)

Figure 5.2: Human behavior in the PGG task (a) The average contribution probability across

subjects is significantly higher when the task requires more volunteers (k) to generate the group

reward. (b) Average probability of success across all subjects in generating the group reward is

significantly higher when k is lower. Error bars indicate within-subject standard error [28]. (c)

Average probability of contribution for each subject for k = 2 versus k = 4. Each point represents

a subject. Subjects tend to contribute more often when the task requires more volunteers. (d)

Average success rate for each subject was higher for k = 2 versus k = 4. (e) The average probability

of contribution across subjects decreases throughout a game, especially for k = 4. Dotted lines

are linear functions showing this trend for each k. (f) Average contribution probability across

subjects as a function of number of games played. The contribution probability does not change

significantly as subjects play more games.
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if θ is very low, there is not a high probability of observing k− 1 contributions by the others,

implying free riding is the best strategy.

There are two important facts that make this decision making more complex. First, the player

does not know θ . θ must be estimated from the behavior of the group members. Second, other

group members have a theory of mind as well. Therefore, they can be expected to change their

strategy based on the actions of others. In fact, due to this ability in other group members, each

player needs to simulate the effect of their action on the group’s behavior in the future.

To model the uncertainty in θ , we assume that a probability distribution over θ is maintained

in the player’s mind, representing their belief about the cooperativeness of the group. Each player

starts with an initial probability distribution, called the prior belief about θ and updates this belief

over successive rounds based on the actions of the others. The prior belief may be based on the

prior life experience of the player, or what they believe others would do through fictitious play

[16]. For example, the player may start with a prior belief that the group will be a cooperative

one but change this belief after observing low numbers of contributions by the others. Such belief

updates can be performed using Bayes’ rule to invert the probabilistic relationship between θ and

the number of contributions given by Equation 5.1.

A suitable prior probability distribution for estimating the parameter θ of a Binomial distribu-

tion is the Beta distribution, which is itself determined by two (hyper) parameters α and β :

θ ∼ Beta(α,β ).

Beta(α,β ) : P(x|α,β ) ∝ xα−1(1− x)β−1.
(5.2)

Starting with a prior probability Beta(α1,β1) for θ , the player updates their belief about θ after

observing the number of contributions from the others in each round through Bayes’ rule. This

updated belief is called the posterior probability of θ . The posterior probability of θ in each round

serves as the prior for the next round.

In economics, the ability to infer the belief of others is sometimes called sophistication [27, 35].

Here we consider a simple form of sophistication: we assume that each player thinks other group

members have the same model as themselves (α and β ). This is justifiable due to computational
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efficiency and more importantly anonymity of players. As a result, with a prior of Beta(αt ,βt) after

observing c contributions (including one’s own when made) in round t, the posterior probability of

θ for the subject becomes Beta(αt+1,βt+1) where αt+1 = αt +c and βt+1 = βt +N−c.1 Note that

we include one’s own action in the update of the belief because one’s own action can change the

future contribution level of the others.

Intuitively, α represents the number of contributions made thus far and β the number of free

rides. α1 and β1 (that define prior belief) represent the player’s a priori expectation about the rela-

tive number of contributions versus free-rides respectively before the session begins. For example,

when α1 is larger than β1, the player starts the task with the belief that people will contribute

more than free ride. Large values of α1 and β1 imply that the subject thinks the average contribu-

tion probability will not change significantly after one round of the game when updated with the

relatively small number c as above.

Decision making in the PGG task is also made complex by the fact that the actual coopera-

tiveness of the group itself (not just the player’s belief about it) may change from one round to

the next: players observe the contributions of the others and may change their own strategy for

the next round. For example, players may start the game making contributions but change their

strategy to free riding if they observe a large number of contributions by the others. We model

this phenomenon using a parameter 0≤ γ ≤ 1, which serves as a decay rate: the prior probability

for round t is modeled as Beta(γαt ,γβt), which allows recent observations about the contributions

of other players to be given more importance than observations from the more distant past. Thus,

in a round with c total contributions (including the subject’s own contribution when made), the

subject’s belief about the cooperativeness of the group as a whole changes from Beta(αt ,βt) to

Beta(αt+1,βt+1) where αt+1 = γαt + c and βt+1 = γβt +N− c.

1Technically, this follows because the beta distribution is conjugate to the binomial distribution [101].
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5.3.1 Action selection

How should a player decide whether to contribute or free ride in each round? One possible strategy

is to maximize the reward for the current round by calculating the expected number of contributions

by the others based on the current belief. Using Equation 5.1 and the prior probability distribution

over θ , the probability of seeing m contributions by the others when the belief about the coopera-

tiveness of the group is Beta(α,β ) is given by:

P(m|α,β ) =
∫ 1

0
P(m|θ)P(θ |α,β )dθ ∝

∫ 1

0

(
N−1

m

)
θ

m(1−θ)N−1−m
θ

α−1(1−θ)β−1dθ

∝

(
N−1

m

)∫ 1

0
θ

α+m−1(1−θ)β+N−m−2dθ

(5.3)

One can calculate the expected reward for the contribute versus free-ride actions in the current

round based on the above equation. Maximizing this reward however is not the best strategy. As

alluded to earlier, the actions of each player can change the behavior of other group members

in future rounds. Specifically, our model assumes that its own contribution in the current round

increases the average contribution rate of the group in the future rounds. Equation 5.5 in Methods

shows the exact assumptions of our model (with updates of αt+1 = γαt +c and βt+1 = γβt +N−c

for its belief) about the dynamics of the actual (hidden) state of the environment. The optimal

strategy therefore is to calculate the cooperativeness of the group through to the end of the session

and consider the reward over all future rounds in the session before selecting the current action.

Thus, an optimal agent would contribute for two reasons. First, contributing could enable the

group to reach at least k volunteers in the current round. Second and more importantly, contributing

encourages other members to contribute in future rounds. Specifically, a contribution by the subject

increases the average contribution rate for the next round by increasing α in the next round (See

the transition function in Methods).

Long-term reward maximization (as discussed above) based on probabilistic inference of hid-

den state in an environment (here, θ , the probability of contribution of group members) can be

modeled using the framework of Partially Observable Markov Decision Processes (POMDPs) [75].

Figure 5.3a shows a schematic of the PGG experiment modeled using a POMDP and figure 5.3b
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(a) (b)

Figure 5.3: POMDP model of the multi-round public goods game. (a) Model: The subject

does not know the average probability of contribution of the group. The POMDP model assumes

the subject maintains a probability distribution (”belief”, denoted by bt) about the group’s average

probability of contribution (denoted by θt) and updates this belief after observing the outcome ct

(contribution by others) in each round. (b) Action Selection: The POMDP model chooses an action

(at) that maximizes the expected total reward (∑ri) across all rounds based on the current belief

and the consequence of the action (contribute ”c” or free-ride ”f”) on group behavior in future

rounds.

illustrates the mechanism of action selection in this model.

As an example of the POMDP model’s ability to select actions for the PGG task, Figures 5.4a

and 5.4b show the best actions for a given round (here, round 9) as prescribed by the POMDP

model for k = 2 and k = 4 respectively (the number of minimum volunteers needed). The best

actions are shown as a function of different belief states the subject may have, expressed in terms

of the different values possible for belief parameters αt and βt . This mapping from belief to actions

is called a policy.

Our simulations using the POMDP model showed that considering a much longer horizon (e.g,
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(a) (b)

Figure 5.4: Optimal actions prescribed by the POMDP policy as a function of belief state.

Plot (a) shows the policy for k = 2 and plot (b) for k = 4. The purple regions represent those

belief states (defined by αt and βt) for which free-riding is the optimal action; the yellow regions

represent belief states for which the optimal action is contributing. These plots confirm that the

optimal policy depends highly on k, the number of required volunteers. For the two plots, the decay

rate was 1 and t was 9.

50 rounds) instead of just 15 rounds gave a better fit to the subjects’ behavior, suggesting that

human subjects may be inclined to employ long horizons for group decision making tasks (see

Discussion). Such a long horizon for determining the optimal policy makes the model similar to an

infinite horizon POMDP model [149]. As a result, the optimal policy for all rounds in our model

is very similar to the policy for round 9 shown in Figures 5.4a and 5.4b.

In summary, the POMDP model performs two computations simultaneously. The first compu-

tation is probabilistic estimation of the (hidden) average contribution rate through belief updates.

The average contribution rate changes during the course of the game as players interact with each

other. The second computation involves selecting actions to influence this average contribution rate

and to maximize total expected reward. This is the action selection component, which is performed

by backward reasoning from the last round.



71

5.4 POMDP model predicts human behavior in volunteer’s dilemma task

The POMDP model has three parameters, α1, β1, and γ which determine the subject’s actions and

belief in each round. We fit these parameters to the subject’s actions by minimizing the error,

i.e. the difference between the POMDP model’s predicted action and the subject’s action in each

round. The average percentage error across all rounds is then the percentage of rounds that the

model incorrectly predicts (contribute instead of free-ride or vice versa). We defined accuracy as

the percentage of the rounds that the model predicts correctly.

We also calculated the leave-one-out cross validated (LOOCV) accuracy of our fits [101] where

each ”left out” data point is one whole game and the parameters were fit to the other 11 games of the

subject. It is important to note that our LOOCV accuracy is a prediction of the subject’s behaviour

in a game without any parameter tuning based on this game. Also, while different rounds of each

game are highly correlated, the games of each subject are independent from each other (given the

parameters of that subject) as the other group members change in each game.

We found that the POMDP model had an average fitting accuracy across subjects of 84% (SD=

0.06) while the average LOOCV accuracy was 77% (SD= 0.08). Figure 5.5a compares the average

fitting and LOOCV accuracies of the POMDP model with two other models. The first is a ”model-

free” reinforcement learning model known as Q-learning: actions are chosen based on their rewards

in previous rounds [152] with the utility of group reward, initial values, and learning rate as free

parameters (5 parameters per subject – see Methods).

The average fitting accuracy of the Q-learning model was 79% (SD = .07) which is signif-

icantly worse than the POMDP model’s fitting accuracy given above (two-tailed paired t-test,

t(28) =−6.75, p = 2.52×10−7 , 95% CI difference = [−0.06,−0.03]). Also, the average LOOCV

accuracy of the POMDP model was significantly higher than the average LOOCV accuracy of Q-

learning, which was 73% (SD = .09) (two-tailed paired t-test, t(28) = 2.20, p = 0.037, 95% CI

difference =[0.004,0.08]).

We additionally tested a previously explored descriptive model in PGG literature known as

the linear two-factor model [162], which predicts the current action of each player based on the
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player’s own action and contributions by the others in the previous round (this model has three free

parameters per subject – see Methods). The average fitting accuracy of the two-factor model was

78% (SD= 0.09) which is significantly lower than the POMDP model’s fitting accuracy (two-tailed

paired t-test, t(28) = −4.86, p = 4.1× 10−5, .95% CI difference = [−0.08,−0.03]. Moreover,

the LOOCV accuracy of the two-factor model was 47% (SD = 20), significantly lower than the

POMDP model (two-tailed paired t-test, t(28) = −7.61, p = 2.7× 10−8, 95% CI difference =

[−0.38,−0.22]). The main reason for this result, especially the lower LOOCV accuracy, is that

group success also depends on the required number of volunteers (k). This value is automatically

incorporated in the POMDP’s calculation of expected reward. Also, reinforcement learning works

directly with rewards and therefore does not need explicit knowledge of k (however, a separate

parameter for each k is needed in the initial value function for Q-learning – see Methods). Given

that the number of free parameters for the descriptive and model-free approaches is greater than or

equal to the number of free parameters in the POMDP model, the higher accuracy of POMDP is

notable in terms of model comparison.

We tested the POMDP model’s predictions of contribution probability for each subject for the

two k values with experimental data (same data as in Figure 5.2c, see Methods). As shown in

figures 5.5b and 5.5c, the POMDP model’s predictions match the pattern of distribution of actual

data from the experiments.

The POMDP model, when fit to a subject’s actions, can also explain other events during the

PGG task in contrast to the other models described above. For example, based on equation 5.3 and

the action chosen by the POMDP model, one can predict the subject’s belief about the probability

of success in the current round. This prediction cannot be directly validated but it can be compared

to actual success. If we consider actual success as the ground truth, the average accuracy of the

POMDP model’s prediction of success probability across subjects was 71% (SD = .07). Moreover,

the predictions matched the pattern of success rate data from the experiment (Figures 5.5e and

5.5d). The other models presented above are not capable of making such a prediction.
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(a) (b)

(c) (d) (e)

Figure 5.5: POMDP model’s performance and predictions about volunteer’s dilemma task

(a) Average and LOOCV accuracy across all models. The POMDP model has significantly higher

accuracy compared to the other models (p < .05 one star, p < .01 two stars, and p < .001 three

stars). Error bars indicate within-subject standard error [28]. (b) POMDP model’s prediction of

a subject’s probability of contribution compared to experimental data for the two k values (black

circles, same data as in figure 5.2c). (c) Same data as (b) but POMDP model’s prediction and

the experimental data are shown for each k separately (blue for k = 2 and orange for k = 4) (d)

POMDP model’s prediction (blue circles) of a subject’s belief about group success in each round

(on average) compared to actual data (black circles, same data as in figure 5.2d). (e) Same data as

(d) but POMDP model’s prediction and actual data are shown for each k separately (blue for k = 2

and orange for k = 4).
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5.5 Distribution of POMDP parameters

We can gain insights into the subject’s behavior by interpreting the parameters of our POMDP

model in the context of the task. As alluded to above, the prior parameters α1 and β1 represent

the subject’s prior expectations of contributions and free-rides respectively. Therefore, the ratio

α1/β1 characterizes the subject’s expectation of contributions by group members while the average

of these parameters, (α1 +β1)/2, indicates the weight the subject gives to prior experience with

similar groups before the start of the game. The decay rate γ determines the weight given to past

observations compared to new ones: the smaller the decay rate, the more weight the subject gives

to new observations.

We examined the distribution of these parameter values for our subjects after fitting the POMDP

model to their behavior (Figures 5.6a and 5.6b). The ratio α1/β1 was in the reasonable range of

.5 to 2 for almost all subjects (Figure 5.6c; in our algorithm the ratio can be as high as 200 or

as low as 1/200 – see Methods). The value of (α1 +β1)/2 across subjects was mostly between

40 (analogous to 40/(N/2) = 16 rounds of the game) to 120 (Figure 5.6d), suggesting that prior

belief about groups did have a significant role in players’ strategy, but it was not the only factor

since observations over multiple rounds can still alter this initial belief. To confirm the effect of

actions during the game, we performed a comparison with a POMDP model that does not update

α and β over time and only uses its prior. The accuracy of this modified POMDP model was 66%

(SD = .17), significantly lower than our original model (two-tailed paired t-test, t(28) = −5.47,

p = 7.64×10−6, 95% CI difference =[−0.23,−0.11]).

We also calculated the expected value of contribution by the others in the first round, which is

between 0 and N−1 = 4 based on the values of α1 and β1 for the subjects. For almost all subjects,

this expected value was between 2 and 3 (Figure 5.6e).

In addition, we calculated each subject’s prior belief about group success (probability of suc-

cess in the first round) based on α1, β1, and the subject’s POMDP policy in the first round. As

group success depends on the required number of volunteers (k), probability of success is different

for k = 2 and k = 4 even with the same α1 and β1. Figures 5.6f and 5.6g show the distribution of
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(e) (f) (g) (h)

Figure 5.6: Distribution of POMDP parameters across subjects. (a) Histogram of α1 across

all subjects. (b) Histogram of β1 across all subjects. (c) Histogram of the ratio α1/β1 shows a

value between .5 and 2 for almost all subjects. (d) Histogram of (α1 + β1)/2. For the majority

of subjects, this value is between 40 to 120. (e) Histogram of prior belief Beta(α1,β1) translated

into expected contribution by the others in the first round. Note that the values, after fitting to

the subjects’ behavior, are mostly between 2 and 3. (f) When k = 2, all subjects expected a high

probability of group success in the first round (before making any observations about the group).

(g) When k = 4, almost all subjects assigned a chance of less than 60% to group success in the

first round. (h) The box plot of decay rate γ across subjects shows that this value is almost always

above .95. The median is .97 (orange line) and the mean is .93 (green line).

this prior probability of success across all subjects for k = 2 and k = 4. For k = 2, all subjects ex-

pected a high probability of success in the first round, whereas a majority of the subjects expected
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less than 60% chance for success when k = 4. While these beliefs cannot be directly validated,

the results point to the importance of the required number of volunteers in shaping the subjects’

behavior.

Moreover, the decay rate γ , which determines the weight accorded to the prior and previous

observations compared to the most recent observation, was almost always above .95, with a mean

of .93 and a median of .97 (Figure 5.6h). Only three subjects had a decay rate less than .95

(not shown in the figure), suggesting that almost all subjects relied on observations made across

multiple rounds when computing their beliefs rather than reasoning based solely on the current or

most recent observations.

5.6 Discussion

We introduced a normative model based on POMDPs for explaining human behavior in a group

decision making task. Our model combines probabilistic reasoning about the group with long-term

reward maximization by simulating the effect of each action on the future behaviour of the group.

The greater accuracy of our model in explaining and predicting the subjects’ behaviour compared

to the other models suggest that humans make decisions in group settings by reasoning about the

group as a whole. This mechanism is analogous to maintaining a theory of mind about another

person, except the theory of mind pertains to a group member on average.

This is the first time, to our knowledge, that a normative model has been proposed for a group

decision making task. Existing models to explain human behavior in the Public Goods Game, for

example, are descriptive and do not provide insights into the computational mechanisms underlying

the decisions [162]. While the regression-based descriptive method we compared our POMDP

model to can potentially be seen as a ”learned” model-free approach to mapping observations to

choice in the next round, our model was able to outperform this method as well.

In addition to providing a better fit and prediction of the subject’s behavior, our model, when

fit to the subject’s actions can predict success rate in each round without being explicitly trained

for such predictions, in contrast to the other methods. Also, as alluded to in figures 5.6c, 5.6d and

5.6h, when fit to the subjects’ actions, the parameters were all within a reasonable range, showing
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the importance of prior knowledge and multiple observations in decision making. The POMDP

model is normative and strictly constrained by probability theory and optimal control theory. The

beta distribution is used because it is the conjugate prior of the binomial distribution [101] and not

due to better fits compared to other distributions.

The POMDP policy aligns with our intuition about the action selection in the Volunteer’s

Dilemma task. A player chooses to free ride for two reasons: (i) when the cooperativeness of

the group is low and therefore there is no benefit in contributing, and (ii) when the player knows

there are already enough volunteers and contributing leads to a waste of resources. The two purple

areas of Figure 5.4a represent these two conditions for k = 2. The upper left part represents large αt

and small βt , implying a high contribution rate, while the bottom right part represents small αt and

large βt implying a low contribution rate. When k = 4, all but one of the 5 players must contribute

for group success - this causes a significant difference in the optimal POMDP policy compared to

the k = 2 condition. As seen in Figure 5.4b, there is only a single region of belief space for which

free-riding is the best strategy, namely, when the player does not expect contributions by enough

players (relatively large βt). On the other hand, as expected, this region is much larger compared

to the same region for k = 2 (see Figure 5.4a). The POMDP model predicts that free-riding is not a

viable action in the k = 4 case (Figure 5.4b) because not only does this action require all the other 4

players to contribute in order to generate the group reward in the current round, but such an action

also increases the chances that the group contribution will be lower in the next round, resulting

in lesser expected reward in future rounds. The opposite situation can also occur especially when

k = 2. A player may contribute not to gain the group reward in the current round, but to encourage

others to contribute in the next rounds. When an optimal player chooses free-riding due to low

cooperativeness of the group, the estimated average contribution is so low that the group is not

likely to get the group reward in the next rounds even with an increase in the average contribution

due to the player’s contribution. On the other hand, when an optimal player chooses to free-ride

due to high cooperativeness of the group, the estimated average contribution rate is so high that the

chance of success remains high in future rounds even with a decrease in average contribution rate

due the player free-riding in the current round.
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In a game with a predetermined and known number of rounds, even if the player considers the

future, one might expect the most rewarding action in the last rounds to be free riding as there is

little or no future to consider. However, our experimental data did not support this conclusion. Our

model is able to explain this data using the hypothesis that subjects may employ a longer horizon

than the exact number of rounds in a game. Such a strategy provides a significant computational

benefit by making the policies for different rounds similar to each other, avoiding re-calculation

of a policy for each single round. Recent studies in human decision making have demonstrated

that humans may use such minimal modifications of model-based policies for efficiency [96, 131].

More broadly, group decision making occurs among groups of humans (and animals) that live

together. Thus, any group decision making is practically infinite-horizon, i.e., there is always a

future interaction even after the current task has ended, justifying the use of long horizons.

In the Volunteer’s Dilemma, not only is the common goal not reached when there are not

enough volunteers, but having more than the required number of volunteers leads to a waste of

resources. As a result, an accurate prediction of others’ intentions based on one’s beliefs is crucial

to make accurate decisions. This gives the model-based approach a huge advantage over model-

free methods in terms of reward gathering, thus making it more beneficial for the brain to endure

the extra cognitive cost. It is possible that in simpler tasks where the accurate prediction of minds

is less crucial, the brain adopts a model-free approach.

Our model was based on the binomial and beta distributions for binary values due to nature of

the task, but it can be easily extended to the more general case of a discrete set of actions using

multinomial and Dirichlet distributions [3]. Additionally, the model can be extended to multivariate

states, e.g., when the players are no longer anonymous. In such cases, the belief can be modeled

as a joint probability distribution over all parameters of the state. This however incurs a significant

computational cost. An interesting area for future research is investigating whether under some

circumstances, humans model group members with similar behaviour as one subgroup in order to

reduce the number of minds one should reason about.

Our POMDP framework assumes that each subject starts with the same prior about average

group member contribution probability at the beginning of each game. However, subjects might try
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to estimate this prior for a new group in the first few rounds, i.e., ”explore” their new environment,

before seeking to maximize their reward (”exploit”) based on this prior [51]. Such an ”active

inference” approach has been studied in two-person interactions [100, 99] and is an interesting

direction of research in group decision making.

Mimicking human behavior does not guarantee that POMDP (or any model) is being imple-

mented in the brain. However, POMDP’s generalizability and the interpretability of its components

such as existence of a prior or simulation of the future, make it a useful tool for understanding the

decision making process.

The POMDP framework can model social tasks beyond economic decision making, such as

prediction of others’ intentions and actions in everyday situations [146]. In these cases, we would

need to modify the model’s definition of the state of other minds to include dimensions such as

valence, competence, and social impact instead of propensity to contribute monetary units as in the

PGG task [147].

The interpretability of the POMDP framework offers an opportunity to study the neurocogni-

tive mechanisms of group decision making in healthy and diseased brains. POMDPs and similar

Bayesian models have previously proved useful in understanding neural responses in sensory de-

cision making [121, 68] and in tasks involving interactions with a single individual [166, 69, 5].

We believe the POMDP model we have proposed can likewise prove useful in interpreting neural

responses and data from neuroimaging studies of group decision making tasks. Additionally, the

model can be used for Bayesian theory-driven investigations in the field of computational psychia-

try [70]. For example, theory of mind deficits are a key feature of autism spectrum disorder [7] but

it is unclear what computational components are impaired and how they are affected. The POMDP

model may provide a new avenue for computational studies of such neuropsychiatric disorders

[136].
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5.7 Methods

Experiment

30 right-handed students at the University of Parma were recruited for this study. One of them

aborted the experiment due to anxiety. Data from the other 29 participants were collected, ana-

lyzed, and reported. Based on self-reported questionnaires, none of the participants had a history

of neurological or psychiatric disorders. This study was approved by the Institutional Review

Board of the local ethics committee from Parma University (IRB no. A13-37030), which was car-

ried out according to the ethical standards of the 2013 Declaration of Helsinki. All participants

gave their informed written consent. As mentioned in Results, each subject played 14 sessions

of the Public Goods Game (PGG) (i.e., the Volunteer’s Dilemma), each containing 15 rounds. In

the first 2 sessions, subjects received no feedback about the result of each round. However, in the

following 12 sessions, social and monetary feedback were provided to the subject. The feedback

included the number of contributors and free riders, and the subject’s reward in that round. Each

individual player’s action, however, remained unknown to the others. Therefore, individual players

could not be tracked. We present analyses from the games with feedback.

In each round (see Figure 5.1), the participant had to make a decision within three seconds

by pressing a key; otherwise the round was repeated. 2.5 to 4 seconds after the action selection,

the outcome of the round was shown to the subject for 4 seconds. Then, players evaluated the

outcome of the round before the next round started. Subjects were told that they were playing

with 19 other participants located in other rooms. Overall, 20 players were playing the PGG in

4 different groups simultaneously. These groups were randomly chosen by a computer at the

beginning of each session. In reality, subjects were playing with a computer. In other words, a

computer algorithm was generating all the actions of others for each subject. Each subject got a

final monetary reward equal to the result of one PGG randomly selected by the computer at the end

of the study.

In a PGG with N = 5 players, we denote the action of player i in round t with the binary

value of at
i (1 ≤ i ≤ N) with at

i = 1 representing contribution and at
i = 0 representing free-riding.



81

The human subject is assumed to be player 1. We define the average contribution rate of others

āt
2:N = ∑

N
i=2 at

i
N−1 and generate each of the N − 1 actions of others in round t using the following

probabilistic function:

logit(āt
2:N) = e0at−1

1 + e1((
1−KT−t+1

1−K
)e2 āt−1

2:N −K). (5.4)

where K = k/N where k is the required number of contributors.

This model has 3 free parameters: e0,e1,e2. These were obtained by fitting the above function

to the actual actions of subjects in another PGG study [108], making this function a simulation of

human behavior in the PGG task. Specifically, to generate the actions of others, we fixed e2 to 1

for all games. e0 was drawn randomly from the range of [.15, .35] for each game and e1 was set to

1−e0. This combination and the random sampling of e0 in each game simulated different response

strategies for the others in each game, simulating new sets of group members. Higher values of e0

make the algorithm more likely to choose its next action based on the result of the group interaction

in the previous round (especially the action of the subject). On the other hand, lower values of e0

make the algorithm more likely to stick to its previous action. For the first round of each game, we

used the mean contribution rate of each subject as their fellow members’ decision.

POMDP for binary public goods game

The state of the environment is represented by the average cooperativeness of the group, or equiv-

alently, the average probability θ of contribution by a group member. Since θ is not observable,

the task is a POMDP and one must maintain a probability distribution (belief) over θ . The Beta

distribution, represented by two free parameters (α and β ), is the conjugate prior for binomial dis-

tribution [101]. Therefore, when performing Bayesian inference to obtain the belief state over θ ,

combining the Beta distribution as the prior belief and the binomial distribution as the likelihood

results in another Beta distribution as the posterior belief. Using the Beta distribution for the belief

state, our POMDP turns into an MDP with a two-dimensional state space represented by α and

β . Starting from an initial belief state Beta(α1,β1) and with an additional free parameter γ , the

next belief states is determined by the actions of all players at each round as described in Results.
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For the reward function, we used the monetary reward function of the Public Goods Game (PGG).

Therefore, the elements of our new MDP derived from the PGG POMDP are as following:

• S = (α,β )

• A = {c, f}

• T (s′,s,a) :

P((γα + k′+1,γβ +N−1− k′)|(α,β ),c) =
(N−1

k′
)B(γα+k′,γβ+N−1−k′)

B(γα,γβ )

P((γα + k′,γβ +N− k′)|(α,β ), f ) =
(N−1

k′
)B(γα+k′,γβ+N−1−k′)

B(γα,γβ )

• R(s,a) :

R((α,β ),c) = E−C+∑
N
k′=k−1

(N−1
k′
)B(α+k′,β+N−1−k′)

B(α,β ) G

R((α,β ), f ) = E +∑
N
k′=k

(N−1
k′
)B(α+k′,β+N−1−k′)

B(α,β ) G

B(α,β ) is the normalizing constant: B(α,β ) =
∫ 1

0 θ α−1(1−θ)β−1dθ .

The POMDP model above assumes that the hidden state, i.e. θ , is a random variable following

a Bernoulli distribution which changes with the actions of all players in each round. These actions

serve as samples from this distribution, with α1 and β1 being the initial samples. Also, the decay

rate γ controls the weights of previous samples. Using Maximum likelihood Estimation (MLE),

for any t, θt equals αt / (αt +βt). One can also estimate θ in a recursive fashion:

θt+1←
1

γαt + γβt +N
((γαt + γβt)θt +

N

∑
i=1

at
i) (5.5)

where at
i is the action of player i in round t (at

i = 1 for contribution and 0 for free-ride).

According to the experiment, the time horizon should be 15 time steps. However, we found

that a longer horizon (H = 50) for all players provides a better fit to the subjects’ data, potentially

reflecting an intrinsic bias in humans for using longer horizons for social decision making. For

each subject, we found α1,β1, and γ that made our POMDP’s optimal policy fit the subject’s

actions as much as possible. For simplicity, we only considered integer values for states (integer

α and β ). The fitting process involved searching over integer values from 1 to 200 for α1 and β1

and values between 0 to 1 with a precision of .01 (.01, .02, . . . , .99,1.0) for γ . The fitting criterion
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was round-by-round accuracy. For consistency with the descriptive model, the first round was

not included (despite the POMDP model’s capability for predicting it). Since the utility value for

public good for a subject can be higher than the monetary reward due to social or cultural reasons

[44], we investigated the effect of higher values for the group reward G in the reward function of

the POMDP. This however did not improve the fit.

As specified above, the best action for each state in round t is U t(s). The probability of contribu-

tion (choice probability) can be calculated using a logit function: 1/(1+exp(z(Qt(s, f )−Qt(s,c))

[144]. For each k, we used one free parameter z across all subjects to maximize the likelihood of

contribution probability given the experimental data (implementation by Scikit-learn [112]). Note

that the parameter z does not affect the accuracy of fits and predictions since it does not affect the

action with the maximum expected total reward.

In round t, if the POMDP model selects the action ”contribution”, the probability of success

can be calculated as ∑
N−1
m=k−1 P(m|αt ,βt) (see Equation 5.3). Otherwise, the probability of success

is ∑
N−1
m=k P(m|αt ,βt). This probability value was compared to the actual success and failure of each

round to compute the accuracy of success prediction by the POMDP model.

Model-free nethod: Q-Learning

We used Q-learning as our model-free approach. There are two Q values in the PGG task, one for

each action, i.e., Q(c) and Q(f) for ”contribute” and ”free-ride” respectively. At the beginning of

each PGG, Q(c) and Q(f) are initialized to the expected reward for a subject for that action based

on a free parameter p which represents the prior probability of group success. As a result, we have:Q1(c)← p(E−C+G)+(1− p)(E−C)

Q1( f )← p(E +G)+(1− p)E
(5.6)

We customized the utility function for each subject by making the group reward G a free pa-

rameter to account for possible prosocial intent [44]. Moreover, as the probability of success is

different for k = 2 and k = 4, we used two separate parameters p2 and p4 instead of p, depending

on the value of k in the PGG.
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In each round of the game, the action with the maximum Q value was chosen. The Q value

for that action was then updated based on the subject’s action and group success/failure, with a

learning rate η t . This learning rate was a function of the round number, i.e. η t = 1
λ0+λ1t where

λ0 and λ1 are free parameters and t is the number of the current round. Let the subject’s action in

round t be at , the Q-learning model’s chosen action be ât , and the reward obtained be rt . We have:

1≤ t ≤ 15 :

ât = argmaxa∈{c, f}Qt(a)

Qt+1(at)← (1−η t)Qt(at)+η trt
(5.7)

For each subject, we searched for the values of λ0, λ1, the group reward G, and the probability

of group success p2 or p4 that maximize the round-by-round accuracy of the Q-learning model.

Similar to the other models, the first round was not included in this fitting process.

Descriptive model

Our descriptive model was based on a logistic regression (implementation by Scikit-learn [112])

that predicts the subject’s action in the current round based on their own previous action and the

total number of contributions by the others in the previous round. As a result, this model has 3 free

parameters (two features and a bias parameter). Let at
1 be the subject’s action in round t and at

2:N

be the actions of others in the same round. The subject’s predicted action in the next round t +1 is

then given by:

ât+1
1 =

c κ0 +κ1at
1 +κ2(∑

N
i=2 at

i)> 0

f otherwise
(5.8)

We used one separate regression model for each subject. As the model’s predicted action is based

on the previous round’s actions, the subject’s action in the first round cannot be predicted by this

model.

Leave-one-out cross validation

For all three approaches, LOOCV was computed based on the games played by each subject. For

each subject, we set aside one game, fitted the parameters to the other 11 games, and computed the
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error of the model with fitted parameters on the game that was set aside. We repeated this for all

games and reported the average of the 12 errors as LOOCV error for the subject.

Static probability distribution and greedy Strategy

If a player does not consider the future and solely maximizes the expected reward in the current

round (greedy strategy) or ignores the effect of an action on others, the optimal action is always

free-riding independent of the average probability of contribution by a group member. This is

because free-riding always results in one unit more monetary reward (3 MU for success or 1 MU

for failure) compared to contribution (2 MU or 0 MU), except in the case where the total number

of contributions by others is exactly k− 1. In the latter case, choosing contribution yields 1 unit

more reward (2 MU) compared to free-riding (1 MU). This means that the expected reward for

free-riding is always more than that for contribution unless the probability of observing exactly

k−1 contributions by others is greater than .5. We show that this is impossible for any value of θ .

First, note that the probability of exactly k−1 contributions from N−1 players is maximized when

θ = (k−1)/(N−1). Next, for any θ , the probability of k−1 contributions from N−1 players is:

P(k−1|θ) =
(

N−1
k−1

)
θ

k−1(1−θ)N−k ≤
(

N−1
k−1

)
(

k−1
N−1

)k−1(
N− k
N−1

)N−k = .753 < .5. (5.9)

for N = 5 and for either k = 2 or k = 4.
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Chapter 6

BAYESIAN THEORY OF COLLECTIVE DECISION MAKING

6.1 Introduction

Collective decision making is critical for survival in animals that forage as a group [25]. Even

though humans are not “hunter-gatherers” any more, collective decision making has remained a

crucial element of modern human society, as exemplified by the practice of trial by jury [72, 109]

and dealing with a global crisis such as a pandemic [153]. Group decision making can become

extremely challenging when there is no communication between group members. Despite this

challenge, humans usually manage to coordinate with each other and make decisions successfully

after a very few interactions. This ability has not been achieved by Artificial Intelligence yet,

despite of its extra ordinary progress in recent years [19]. In fact, mechanisms involved in group

decision making is a topic of interest in many fields such as Psychology, Neuroscience, Economics,

and Artificial Intelligence [54, 161, 66].

Conformity or aligning one’s actions with other group members is a behavior that has been

widely observed in group decision making by biologists and psychologists [23, 157, 77], for ex-

ample, in developing social norms [139, 160]. In fact, even in competitive situations, humans may

mimic their opponent’s behavior unintentionally [103]. In a collective decision making task, by

definition, at least some amount of cooperation between different group members is required for

producing utility. Conformity provides a mechanism for cooperation. However, in many situations,

there is also some amount of competition between group members, making them cooperate strate-

gically. For example, different players might prefer different outcomes. In these cases, conformity

might be too naive and additional processes, such as prediction of others’ actions, are required to

gain more utility.

This chapter is mainly outsourced from [82].
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The ability to infer others’ intentions from their behavior, known as theory of mind (ToM),

is believed to play a key role during social interaction and decision making [8]. In the Bayesian

analogy of theory of mind, i.e. Bayesian ToM, the brain reasons about others’ intention based

on 1) the observed behavior, 2) an internal mapping from intention to behavior, 3) a prior belief

about the intention of others, and finally 4) inferring the intention through applying Bayes rule

to the observation, mapping, and the prior (1 to 3) [5, 53]. Importantly, when a sequence of

interactions are involved, ones’ own actions could change others’ intention and consequently their

future actions. Therefore, there should be also a recipe to link the future state of mind of other

group members and consequently their actions to one’s own current action.

Recent studies have shown that humans are capable of inferring others’ current and even future

states of the mind during social interactions [148]. Here we present a normative framework based

on Bayesian ToM, utility maximization, and conformity as the link between current and future

states and action, that explains human behaviour in collective decision making in groups. While

there exist some studies suggesting the connection of theory of mind and conformity in social

decision making, e.g., the opportunity for reciprocity in multi-round games [43, 145], there is no

mathematical framework or quantitative analysis demonstrating this connection.

First, we present a Bayesian model of conformity as the basis for our framework for collective

decision making. Then, we show how a (meta-)Bayesian agent can make better decisions (in terms

of total utility gain) in complicated tasks with the presence of competitiveness between group

members by reasoning about the belief of other Bayesian agents that utilize conformity. In addition,

we show this framework can be extended to model recursive social reasoning and different “levels

of theory of mind” in collective decision making. Following the terms used in the literature on

two-person interactions [165, 36], a Bayesian agent in our framework that utilizes conformity is

called level-0 ToM agent, a (meta-)Bayesian agent that reasons about other Bayesian agents that

utilize conformity is level-1 ToM agent, a (meta-)Bayesian agent that reasons about other (meta-

)Bayesian agents that reason about Bayesian agents that utilize conformity is level-2 ToM agent,

and so on. This framework is a generalization of our previous level-1 ToM Bayesian model that

explained human behavior in public good game in the previous chapter to multiple levels of theory
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of mind and consequently, a broader range of collective decision making tasks. To our knowledge,

this is the first mathematical connection between Bayesian ToM and conformity.

We tested our framework on three different collective decision making experiments involving

human subjects: a consensus task, a thresholded public good game, and a prisoner’s dilemma ex-

periment, each conducted in two different conditions. Our normative Bayesian framework provided

quantitative fits of human behavior, outperforming other models, on all of these tasks. Moreover,

the levels of theory of mind that the subjects utilized in the experiments were aligned with their

gained reward compared to other subjects. In addition, comparing different tasks with each other,

overall fitted levels of ToM in each task were compatible with the components and nature of each

task.

6.2 Theoretical results

We investigate the problem of collective decision making with N > 2 players and multiple rounds.

In each round, the players choose their actions simultaneously and then, all actions in that round

are shown to all players. The actions could be anonymous. The same set of actions is available to

each player. In each round, each player chooses one action for all of the group, e.g. there is no

individual punishment. More importantly, the reward (utility) of each player in each round depends

only on their own action and how many of each of the available actions was selected by others in

that round. For simplicity, we assume that the number of possible actions is 2, i.e., the set of actions

A = {a1,a2}.

6.2.1 Bayesian conformity: matching the group

Conformity is matching the behavior of the whole group. As players might choose different actions

and also due to stochastic nature of human behavior, we model the behavior of the group in a

probabilistic fashion: An average group member’s action follows a Bernoulli distribution with θ

as the parameter/mean of choosing action a1. In other words, an average group member chooses

action a1 with probability of θ . As a result, a player using conformity as their strategy should
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also choose a1 with probability θ . In the Bayesian ToM language, θ represents the intention of

choosing a1 by an average group member (state of the “mind of the group”) and the Bernoulli

distribution is the mapping from intention to action. Consequently, the likelihood of observing m

a1 actions in total from N players is given by the Bernoulli probability density function, i.e:

P(m|θ) =
(

N
m

)
θ

m(1−θ)N−m. (6.1)

The rational behind the concept of average group member is that tracking individuals are not useful,

or sometimes not even possible due to anonymity. All that matters is the group as a whole.

The state parameter, θ , is not observable to the players. Each round only provides indirect

information about this latent variable via the actions of all N players. As a result, we assume that

the player maintains a “belief” about θ , i.e., they maintain a probability distribution over θ ,P(θ).

Starting from a prior belief, which could be shaped from previous life experience or fictitious play,

the player updates their belief about θ after each round of the game based on N − 1 actions of

others as well as their own action (the player themselves is a member of the group) via Bayes rule.

Because θ represents a Bernoulli distribution, we express the belief of the player about θ with

a Beta distribution, which is determined by two parameters α and β :

Beta(α,β ) : P(θ |α,β ) =
1

B(α,β )
θ

α−1(1−θ)β−1
∝ θ

α−1(1−θ)β−1

B(α,β ) =
∫ 1

0
θ

α−1(1−θ)β−1dθ

(6.2)

This choice of representation makes the belief of the player remain Beta distribution(Beta dis-

tribution is the conjugate prior for Binomial distribution). The posterior probability of θ after

observing m actions of a1 from all N players is Beta(α +m,β +N−m) [102]. Note that in this

context α represents total previous samples of a1 and β is the total number of a2 samples. Con-

sequently, α to β ratio represents the proportion of samples, or how much a1 is more (or less)

favorable than a2. Moreover, generally larger α and β means new observations (samples) change

their ratio less.

As the task has multiple rounds, the player starts with a prior probability of Beta(α1,β1),

updates it after each round, and uses the posterior probability of θ as the prior for the next round.
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This is a Hidden Markov Model (HMM) where the player infers the state of mind of the group

about the next action by observing the previous actions [102].

Due to possible changes in other group members’ strategies, the most recent observations are

often more reliable, thus deserving a larger weight in the inference. We model this by using a decay

rate 0 ≤ λ ≤ 1 for the prior. This means that a prior of Beta(α,β ) with m out of N actions being

a1 in the current round results in a posterior of Beta(λα +m,λβ +N−m). For example, λ = 0

means that only the most recent round determines the posterior and λ = 1 considers all previous

rounds equally important.

At the beginning of each round, the player chooses an action. According to the principle of

conformity, a1 should be chosen with probability of θ . As the player has a posterior probability

over θ instead of the exact value, they use the expected value of θ , which is α/(α +β ) [102]. We

model this scenario with an HMM (instead of a decision process - see below) as the player does

not consider the effect of their own action on others and the reward function. Figure 6.1a shows

the graphical model of this process, where mt represents the total number of action a1 in round t.

In summary, a player that utilizes Bayesian conformity has a prior belief of Beta(α1,β1) over

θ before the start of a multi-round game, with a decay rate λ . At round t ≥ 1, the player chooses

a1 with probability of αt/(αt + βt). Then, after observing everyone’s actions in that round, if

there are mt a1 actions in total, the belief changes to Beta(αt+1,βt+1) where αt+1 = λαt +mt and

βt+1 = λβt +N−mt .

6.2.2 Meta-Bayesian Conformity: Influencing the Group

The model in the previous section ignored the fact that the player’s actions can potentially influence

the actions of the group on average. If the group members also utilize conformity, one might be

able to influence their future actions particularly if α and β are small, the decay rate is large, the

values of α and β are close to each other (i.e., θ is around .5). As a result, a player who takes

advantage of this knowledge can increase their total expected reward over the course of the game

by leading the group to states that are more rewarding in the later rounds of the game. The idea of

selecting actions that maximize the total expected reward transforms the model from one based on
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(a) (b)

(c) (d)

Figure 6.1: Graphical models of different levels of ToM in collective group decision making.

a) A conformist, or level-0 ToM agent can be modeled as a Hidden Markov Model (HMM) where

the decision making only depends on inference. b) Level-1 ToM agent that uses the conformity in

the group to influence it and maximize the utility can be modeled with Partially Observable Markov

Decision Process (POMDP). c) In order to maximize the reward, level-1 agent should simulate the

future events based on each possible choice. d) Higher than 1 level of ToM can be also modeled

by a POMDP in which the actions of others are derived from policy of the lower-level POMDP.
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HMMs (previous section) to a Partially Observable Markov Decision Process (POMDP) [75].

Figure 2a shows the graphical model of the POMDP, which is basically the HMM with action

of the player separated from others (mo
t represents the total number of a1 by others in round t)

and the reward function. Note that the reward depends solely on the action of the player and the

total number of a1 actions by others. In each step, the agent that utilizes the POMDP model, i.e.

the “POMDP solver”, chooses an action that maximizes its expected total reward in the future.

This requires mental simulation of future events after choosing each action, similar to model-based

planning in reinforcement learning literature [61] (Figure 6.1c).

The key element of this process is how each action changes the state of the task(here the inten-

tion of the group). If the group utilize conformity, each action by the player increases the intention

of choosing that action in the next round by others. Let the player’s belief be Beta(α,β ). If m

other players choose a1, the belief of the player in the next round would be Beta(γα +m+1,γβ +

N−1−m) if their own action is also a1. However, the belief would be Beta(γα +m,γβ +N−m)

if the player’s own action is a2. As mentioned before, this could make a notable difference in

the long run, especially when α and β are small or close to each other. Using the mental simu-

lation based on the transition function, a player that utilizes POMDP comes up with an optimal

policy, π∗t (αt ,βt), that determines the action for each belief state and round. In fact this POMDP,

is the same as our model in the previous chapter where a1 is contribution in that model and a2 is

free-ride.

6.2.3 Higher levels of theory of mind

A Bayesian agent that utilizes conformity only infers the state of mind of others without assuming

others have the same inference capability as well (level-0). The POMDP described above assumes

others infer the state of mind of group members as well (level-1) to the extent of matching their

probability of actions. We extend this reasoning here to achieve higher levels of theory of mind.

A level-k agent is a POMDP agent that assumes others are level-(k− 1) agent. The Interactive-

POMDP (I-POMDP) model is a general framework for modeling other POMDP agents with arbi-

trary transition, observation, and reward functions [55]. If the rules of the task are conveyed to all
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players, achieving higher levels of ToM becomes more computationally tractable as the agent uses

the same transition and observation functions for all members. A significant practical problem,

however, is that the reward function of others is not often known. As a result, modeling higher

levels of ToM becomes more plausible when the reward function is (at least mostly) similar for all

group members, e.g., in the case of monetary rewards.

If the player uses a common reward function for all members of the group, the level-k agent

(k > 1) is modeled as a POMDP very similar to a level-1 POMDP, but with a different assumption

about others’ actions. Instead of conformity, level-k agent assumes that others act according to the

policy of level-(k−1) ToM POMDP of the same model from now on. For example, with the belief

state of (αt ,βt) level-2 ToM agent assumes other players act according to π∗t (αt ,βt). This means

that to calculate level-k policy, one should calculate level-(k−1) policy, and consequently all the

way down to level-1 policy.

If the player does not know the reward function of others, they could estimate it based on the

dynamics of the game. When a player’s level of reasoning is higher than 0, they know their actions

could lead the group towards selecting actions that produce more reward for themselves. As a

result, when a level-1 or higher level player chooses an action, either the immediate reward for that

action is higher for them, or due to the state of the game, that action produces more expected reward

despite producing less immediate reward. In the latter case, the chosen action would not change if

one assumes a higher reward for it. As a result, for level-k agent (k > 1), when the belief state is

(αt ,βt), the player can divide other players into two groups based on their “preference” (immediate

reward) for an action and estimate the reward function of each group separately. More specially,

αt/(αt ,βt) of other players prefer action a1 and the rest prefers a2. Similar to the previous case,

level-k player assumes that both groups utilize level-(k−1) POMDP. Formal definition of both of

these POMDPs are explained in detail in Methods.

6.3 Experimental results

We tested our framework on the human behavioral data from three different collective decision

making experiments. The first was a consensus group decision making task [144] where N = 6 or
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N = 4 players need to agree on one of the two items presented to them within a limited number of

rounds. The second experiment was the volunteer’s dilemma experiment explained in the previous

chapter. The last experiment was a Prisoner Dilemma (PD) task in a network where each subject

played the game with 4 other players for 50 rounds [59]. This experiment were held in two different

sessions with different types of information provided to players.

We fit models based on conformity with different levels of ToM to the behavior of each sub-

ject and compared the accuracy of the different level models in explaining human behavior. The

accuracy of a model was determined by the similarity between the model’s predicted action and

the actual action of the subject in each round on average. In other words, if the predicted action

of a model was â and the real action was a in a round, the average error was the average of the

binary error |â− a| over all rounds of all games for the subject (accuracy = 1 - average error). In

the level-0 agent, similar to classification methods, and to produce comparable results for higher

levels, the selected action was a1 when α/(α +β ) was more than .5, and a2 otherwise.

In addition to fitting accuracy, in the first two experiments where the subjects played more than

one game, we calculated Leave-One-Out Cross Validation (LOOCV) accuracy where at each iter-

ation, the left-out data point was one whole game. LOOCV calculation was not possible for the

third task, as each player only played one long game. We compared both fitting and LOOCV ac-

curacy of a reinforcement-based model-free approach to our framework [93, 97]. In this approach,

the player chooses the most rewarding action according to rewards in previous rounds: the agent

starts the task with an initial value for each action, chooses the action with the maximum value in

each round, and updates its value based on the gained reward in that round with a weight called the

learning rate [152].

6.3.1 Consensus decision making

Our first analysis is on the behavioral data from the consensus decision making experiment con-

ducted by [144]. In this experiment, each of 120 subjects played the game 40 times, 20 with 5

other players and 20 with 3 other players. Each game started with the presentation of two options

to the players. The subjects had to choose one of them in each round. The game ended when
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all players chose the same option, otherwise it went to the next round with the same two options.

After each round, each player observed the others’ selected actions as red dots under each option,

meaning that individual actions were anonymous. After the 10th round, if consensus had still not

been reached, the game ended with a probability of 25% in each subsequent round. If the players

reached a unanimous consensus, they all received the chosen option. If the game ended with-

out a consensus, subjects did not receive anything. Before the experiment, subjects’ preference

or value for each item (between $0 to $4) was determined through a Becker-DeGroot-Marschak

(BDM) auction [11]. More details of the task can be found in the original article describing this

experiment [144].

We analyzed the games that lasted more than 1 round for each subject. As each player did not

know the values of other group members for each item, we used the actions from the first round

as the prior for the rest of the game, i.e., α1 = m0 and β1 = N−m0 (equivalent to considering no

prior knowledge at the beginning) where m0 is the number of players that chose option 1 in the first

round for all levels of ToM.

For level 1 and higher the value of options should be considered in the model as well. The

reward for each option for each player was set to the value of that item that was determined in the

auction process before the experiment. For the level-2 and higher ToM models, as the subjects did

not know the others’ values for each item, we used two reward functions, representing a preference

to each choice (see Methods). We assumed that the subject estimated the value of each action for

others as $2.5 for their favorite option and $1.5 for the other option (the median value of $2±$.5).

As a result, for all levels of our model, there was only one free parameter, the decay rate λ , for

each subject. More details of model fitting are presented in Methods.

As shown in Figure 6.2a, the behavior of 82 of the 120 subjects in the experiment were better

or equally well explained by the level-0 model compared to the level-1 model in terms of higher

fitting accuracy. Average fitting accuracy was 78.0% (SD = 0.093) and 72.3% (SD = .126) for

level 0 and level-1 models respectively. Average LOOCV accuracy was 75.0% (SD = 0.102) for

level 0, and 70.5% (SD = .125) for level 1. Importantly, for almost all subjects with higher fitting

accuracy of level-1 compared to level-0 (almost all green points in figure 6.2b are above dotted
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x = y line), LOOCV accuracy of level-1 was also higher than LOOCV accuracy of level-0 and vice

versa (almost all purple points in figure 6.2b are below dotted x = y line).

A model with a mix of multiple levels was constructed by choosing the level with higher

LOOCV accuracy for each subject, since it is a more reliable measurement compared to fitting

accuracy. The tie was broken first in favor of the level with lower fitting accuracy (since the drop

in accuracy was lower) and then in favor of the lower level. The average accuracy of mixed model

of level 0 and 1 was 79.1% accuracy (SD = 0.092) and its average LOOCV accuracy was 77.3%

(SD = 0.096).

The level-2 model had a lower fitting accuracy (mean = 73.4%, SD = 0.108) compared to

the level-0 model in almost all subjects (Figure 6.2c). Its LOOCV accuracy for several subjects,

however, was a little higher than the mix of level 0 and 1 (mean= 71.7%, SD= 0.110, Figure 6.2d).

Since, this improvement was very small, adding level 2 to the mixed model, did not change overall

fitting accuracy (given our measurement precision). Moreover, it improved the average LOOCV

accuracy only 0.4%. Finally, both fitting and LOOCV accuracy of the level-3 model is lower

than the mix of level 0 and 1, for almost all subjects (Figures 6.2e and 6.2f). Overall, it is more

reasonable to assume subjects utilize only level 0 and 1 ToM.

We also fit Q-learning [71], a model-free reinforcement learning model with three free param-

eters to the subjects’ behavior. The first free parameter was a reward for reaching a consensus,

which was added to the utility of choices in the auction. The other two free parameters determined

the learning rate through time (more details in Methods).

The average fitting accuracy of this model was 61.9% (SD = 0.131), significantly worse than

the fitting accuracy of both level-0 and level-1 ToM models in our framework (Wilcoxon signed-

rank test, compared to level-0: p = 3.1× 10−16, compared to level-1: p = 2.3× 10−11), and

thus also significantly worse than the mix of these two ToM models (Wilcoxon signed-rank test,

p = 4.5× 10−18). In addition, the average LOOCV accuracy of the model-free reinforcement

learning model was 49.7% (SD = 0.128), significantly worse than LOOCV accuracy of both the

level-0 and level-1 ToM models (Wilcoxon signed-rank test, compared to level-0: 7.1× 10−20,

compared to level-1: 6.0×10−20), and the mix of the two models: p = 9.9×10−21).
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(e) (f)

Figure 6.2: Different levels of ToM in consensus decision making. a) Comparison of level-0 and

level-1 ToM fitting accuracy for each subject. The level 0 model explained a greater proportion of

the subjects’ behavior (see text for details). b) Comparison of level-0 and level-1 ToM LOOCV

accuracy for each subject. Color each data point shows which level provides a better fitting ac-

curacy for that point (green for 1, purple for level 0, and black for equal fit). c) Comparison of

level-0 and level-2 ToM fitting accuracy for each subject. Level-0 explained the subjects’ behavior

better for almost of the subjects. d) Same as (c) but for level-2 versus mix of level 0 and 1. e)

Comparison of level-3 and mix of level 0 and 1 ToM fitting accuracy for each subject. Mix of level

0 and 1 explained the subjects’ behavior better for almost all of the subjects. f) Same as (e) but for

LOOCV accuracy.

Comparing the choices of subjects for whom level-1 ToM provided the best fit with those for

whom level-0 ToM explained their behavior better is also insightful. Subjects with behavior better
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explained by level-1 ToM obtained their preferred choice (strictly greater value according to the

auction) 52.2% (SD = .138) of the time on average, significantly higher than those whose behavior

was better explained by level-0 ToM with 45.3% (SD = .150) (Mann-Whitney U two-sided test,

p = .011). These results held when including level-2 in the analysis (Mann-Whitney U two-sided

test, p = .027). Moreover, there was no significant difference between the average value difference

of presented choices among subjects with different best fitted level of ToM (Mann-Whitney U two-

sided test, p = .84). This shows that the difference between value of presented choices was not the

reason behind obtained levels through fits.

6.3.2 Public goods game

Our second data set is from the experiment of Volunteer’s Dilemma (VD) explained in the previous

chapter. In this experiment, the reward function for all players is the same because monetary reward

was used (rather than items of different desirability). As a result, players might use a prior based

on their previous experience in life or fictional play, even before the start of the game. Since the

required number of volunteers have a huge effect on the probability of success and consequently

the need for approximating it, we used different set of parameters for each condition. As a result,

for the models of all levels of ToM, there are 3 free parameters for each k and each subject in total,

i.e., λ , α1 and β1.

As seen in Figures 6.3a, the level-1 model’s fitting accuracy was higher than the level-0 for

almost all subjects when k = 2 (Blue data points; level-0 fitting accuracy: mean = 74.0%, SD =

0.103, level-1 fitting accuracy: mean = 82.1%, SD = 0.078). On the other hand, level-0 model

explained the behavior of many subjects better than level-1 model when k = 4 volunteers were

needed (Orange data points; level-0 fitting accuracy: mean = 86.0%, SD = 0.104, level-1 fitting

accuracy: mean = 85.4%, SD = 0.085). LOOCV accuracy followed the same trend with an overall

shift in favor of level-0 model (Figure 6.3b; k = 2 : level-0 LOOCV: mean = 71.1%, SD = 0.120

and level-1 LOOCV: mean = 72.4%, SD = 0.116; k = 4 : level-0 LOOCV: mean = 83.1%, SD =

0.124 and level-1 LOOCV: mean = 78.2%, SD = 0.129)

Similar to the previous task, we built the mixed model of level 0 and 1 based on their best
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LOOCV accuracy. Level-2 model had higher fitting accuracy compared to this mixed model for

some subjects in both conditions. (figure 6.3c; level-2 fitting accuracy for k = 2: mean = 80.9%,

SD= 0.083 and for k = 4: mean= 74.5%, SD= 0.137). This was also true for LOOCV as shown in

figure 6.3d (level-2 LOOCV for k = 2: mean = 70.6%, SD = 0.099 and for k = 4: mean = 62.5%,

SD = 0.200)

We built the mixed-model of levels 0 to 2 based on LOOCV and compared level-3 model with

it. While level-3 produced a better fit for some subjects (figure 6.3e), its LOOCV accuracy was

lower than the mixed-model for almost all subjects and conditions (figure 6.3f). As a result, we

only used the first three levels for our further analysis. The average fitting accuracy of this mixed

model was 82.2% (SD = .075) when k = 2 and 87.1% (SD = .097) when k = 4. Moreover, it had

average LOOCV accuracy of 77.3% (SD = .090) when k = 2 and 84.7% (SD = .109) when k = 4.

We compared the model-free reinforcement learning (RL) model to the mixed model of level-

0, 1 and 2 model. The RL model had 4 parameters in total for each k. The first parameter was a

reward for generating public good, which was added to the monetary reward. The next parameter

determined the chance of producing public good and was used to define the initial Q-value of

each action. The final two free parameters determined the learning rate, similar to the consensus

task (more details in the methods). The average fitting accuracy for the RL model was 73.0%

(SD = .103) for k = 2 and 78.5% (SD = .105) for k = 4 significantly worse than the mixed model’s

fitting accuracies (Wilcoxon signed-rank test, k = 2 : p= 1.8×10−5, k = 4 : p= 4.3×10−5). Also,

the average LOOCV accuracy of our mixed model was significantly higher than average LOOCV

accuracy of the RL model which was 73.4% (SD = .142) when k = 4 (Wilcoxon signed-rank test,

p = 2.1×10−5). When k = 2, the LOOCV accuracy of RL model with the average value of 75.1%

(SD = .109) was not significantly different from our mixed model (Wilcoxon signed-rank test,

p = 0.09)

There was a significant difference in contribution rate of subjects for whom the best fit was

level-0 model compared to those for whom level 1 or 2 described their behavior better when k = 4

volunteers were needed. Contribution rate (per round) of subjects whom level-0 provided the best

fit was on average .618 (SD = .291) when k = 4, significantly larger than contribution rate for



100

(a) (b) (c) (d)

(e) (f)

Figure 6.3: Different levels of ToM in the volunteer’s dilemma task. a) Comparison of level-0

model and level-1 ToM model fitting accuracy for each subject. b) Comparison of level-0 model

and level-1 ToM model LOOCV accuracy for each subject. c) Comparison of mixed model of

level-0 and level-1 with level-2 ToM fitting accuracy for each subject. d) Comparison of mixed

model of level-0 and level-1 with level-2 ToM LOOCV accuracy for each subject.c) Comparison of

mixed model of level-0, level-1, and level-2 with level-3 ToM fitting accuracy for each subject.c)

Comparison of mixed model of level-0, level-1, and level-2 with level-3 ToM LOOCV accuracy

for each subject. Blue represents games where k = 2 and orange represents k = 4.

subjects with level 1 or 2 as their best fit with average of .227 (SD = .165) (Mann-Whitney U test

two-sided test, p = 0.011). When k = 2, however, the contribution rate in different levels were not

different.
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6.3.3 Prisoner’s dilemma

We analyzed the behavior of 144 subjects playing prisoner’s dilemma with 4 other players in one

long game with 50 rounds [59]. In each round of the game, the players chose between two colors,

blue and yellow. Depending on the chosen color, the player received a different reward in the

interaction with each of their group members, called their neighbors. Blue would lead to 5 units

of reward if the neighbor’s choice was also blue, and 0 otherwise (analogous to cooperation in the

classical prisoner’s dilemma). Yellow gave the player 6 units of reward if the neighbor’s choice

was blue, and 1 otherwise (analogous to defection). The total gained reward of each player was the

sum of reward gained through their interactions with each of their neighbors.

The experiment consisted of two sessions. In one session with 80 subjects, players observed

the action and gained reward of their neighbors after each round. In the second session with the

other 64 subjects, only the action of players was visible to their group members. Importantly, each

session was played in multiple 4 by 4 connected lattices with Von Neumann neighborhood [59].

This means that while each player played with the same set of people in each round, their neighbors

did not share any neighbor with them. Moreover, each player’s actions indirectly affected all other

15 players in that lattice. More details about the experiment can be found in the original study [59].

As each subject played only one long game, we could not perform any cross validation test.

However, multiple aspects of this experiment make it a suitable test for evaluating our model. The

structure of the lattice, and the visibility of each individual’s actions (in both sessions) are different

from our previous tasks and to some extend in contrast with some of the assumptions of our model.

More importantly, the difference of the two sessions is the information given to each player, and

thus more fundamental than the difference in the conditions of previous experiments (i.e. number

of players or required contributors).

Similar to the public good game experiment, the reward function for all players is the same.

Therefore, we considered free parameters of α1 and β1 for the prior, in addition to the decay rate

γ for all of our levels. Subjects’ behavior in this task is explained by higher range of levels of

ToM compared to our previous experiments. As shown in Figure 2.2a, levels 1, 2 and maybe 3 of
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our framework could explain different subject’s behavior in both sessions. As each subject only

participated in one of the sessions, we show subjects of each session with different color, i.e. blue

for the players that only saw actions of others, and orange for those who had both utility and action

of others after each round. Also, as our model’s accuracy was the same for some players in both

comparing levels, the size of data points grows proportional to the number of subjects with that

fitting accuracy values in the panels.

Level-0 model produced average fitting accuracy of 77.8% (SD = .127) when only actions

of others were shown and 78.2% (SD = .119) when both action and reward of each player were

visible. Its accuracy was higher than level-1 for only 5 subjects (average fitting accuracy of level-1:

83.3% (SD = .092)) when only actions of others were shown (Blue data points in figure 6.4a). In

the session where both action and reward of each player were visible, fitting accuracy of level-0 was

higher than level-1 accuracy for only 11 subjects (Orange data points in figure 6.4a; average fitting

accuracy of level-1: 83.2% (SD = .093)). Level-2 model had average fitting accuracy of 81.8%

(SD = .104) when only actions were visible to others and 83.3% (SD = 0.099) when reward of

each player was also shown to others. As shown in figure 6.4b, none of the level-1 and level-2

models outperformed the other one in terms of generating higher fitting accuracy for more number

of subjects in any of the sessions.

Level-3 model produced average accuracies of 83.6% (SD = .104) and 81.3% (SD = .112) for

sessions with and without reward of others as a part of available information, respectively. This

model, provided a better fit for 47 subjects combined compared to the mixed model of level 1 and

2 (figure 6.4c). In many of these 47, however, level-3 model explained only one more round better

(data points with center between red and green dotted lines). Also, as shown in figure 6.4d, except

for 2 subjects, level-4 (average accuracies of 83.6% (SD = .111) with and 80.6% (SD = .132)

without the reward of others as available information) model explained only one more round better

when it outperformed the mixed of its previous levels. These results suggest that players mostly

utilized level-1 or level-2 ToM in this experiment with the possibility of some utilizing level-3.

We compared the mixed model of level 1 and level 2 with a model-free RL method with four

free parameters. The first parameter was a weight that each player assigned to others’ reward. Total
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(a) (b) (c) (d)

Figure 6.4: Different levels of ToM in the prisoner’s dilemma task. a) Comparison of level-

0 model and level-1 ToM model fitting accuracy for each subject. The level-1 model explained

the behavior better for almost all subjects. b) Comparison of level-1 and level-2 models’ fitting

accuracy for each subject. Behavior of many subjects were better explained by level-1, and many

by level-2 model c) Comparison of level-3 model with the mix (best) of level-1 and level-2 fitting

accuracy. The level-3 model could explain the behavior of notable amount of players (42) better

than the mix of level-1 and level-2. The fit of level-3 for most of these 42 players, however, was

only 1 more round better (1/49 ≈ 2.04%). d) Comparison of level-4 ToM with level-1 to 3 ToM

models. Level 4 explains the behavior of only 2 subjects better than 1 more round compare to

level-1 to 3 ToM models. Blue data points represent the session that only actions of others were

available to the player. Orange data points represent the session that gained rewards of others were

also available. Red dotted lines are y = x and green dotted line is y = x+0.022. The size of data

points grows proportional to the number of subjects with that accuracy values.

reward of others times this weight was added to the player’s own reward. This parameter modeled

empathy. The other parameter was the proportion of cooperative players (selecting blue) and were

used to define the initial Q-value of each action. The last two determined learning rate similar to

the RL approaches for other tasks (more details in methods). The mixed-model of level 1 and 2

with average fitting accuracy of 85.4% (SD = 0.088) for both sessions combined was significantly

larger than the accuracy of the RL model with average of 79.0% (SD = 0.117) (Mann Whitney U
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two-sided test, p = 1.2×10−6).

Interestingly, there is a meaningful relationship between subjects’ fitted level of ToM and their

amount of gained reward in the two sessions. Subjects with higher than 1 level of ToM received

significantly larger reward in the session where the rewards of others were not shown compared to

those with the same level of ToM in the other session. However, there was no difference between

the gained reward of subjects with lower than level 2 ToM between the two sessions. When only

actions were visible, subjects had to rely on their own reasoning to gain higher reward. As a result,

they did not change their policy, which was totally hidden from others, through the session (Note

that change of policy is different from change of action). Therefore, the assumptions of higher than

1 level players about others’ hidden policy remained true. In the session that reward of each player

was also conveyed to others, however, players could, and as the original study of this experiment

showed did, imitate the more rewarding actions [59]. This imitation was a recipe of action selection

different from their own strategy without such information (with the exception of most successfully

player(s) in each group whom being imitated). This led to significant drop in the gained reward of

players who planned based on others’ policy (level-2 and higher). Note that each strategy in our

framework is optimal if the underlying assumptions are true.

Level-0 and 1 ToM players do not plan on others’ hidden policy. They plan based on others’ be-

lief obtained from the history of observable actions. As a result, lower than level-2 ToM players of

both sessions, gained the same amount of reward on average. Figure 6.5a shows this phenomenon

when assumed ToM levels are only 1 and 2 (Mann-Whitney U one-sided test; level 1: p = 0.35,

level 2: p = 0.0006). Figure 6.5b shows it when level-3 ToM is also considered (Mann-Whitney U

one-sided test; level 1: p = 0.50, level 2: p = 0.007, level 3: p = .01). In fact, it exists even if we

consider all levels of 0 to 4, as shown in figure 6.5c (level 0: p = 0.33, level 1: p = 0.45, level 2:

p = 0.033, level 3: p = 0.035, level 4: p = 0.005).

6.4 Simulation results

Higher levels of ToM in our framework assume deeper levels of optimality in terms of a player’s

own reward maximization. This optimality, also known as rationality in game theory [52], leads
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(a) (b) (c)

Figure 6.5: Relationship between levels of ToM, information and reward in the PD task. Sub-

jects with higher than 1 level of ToM significantly gain more reward in average when only actions

of others are available to the player. a) The average gained reward of subjects in each round of

the game between in the two sessions when using the mixed model of level-1 and level-2 ToM. b)

same as (a) but level-3 ToM was also included in the mixed model. c) same as (a) and (b) but with

all levels from 0 to 4. “ns”: p≥ .05, “*”: p < .05, “**”: p < .01, “***”: p < .001.

to a Nash equilibrium when the depth increases to infinity [55, 69]. We tested this for our public

good game, in which all free-rides corresponds to a Nash equilibrium, and also prisoner’s dilemma,

where all defects is the Nash equilibrium. Specifically, we fit different levels of ToM to the data

and calculated the average contribution (in PGG) or cooperation/choosing blue (in PD) rate of the

subject predicted by the model.

As seen in Figure 6.6a , the predicted contribution rate decreased to 0 gradually as the level of

ToM increased, despite being fit to a dataset with a contribution rate significantly higher than 0.

A player whose only goal is maximizing their own reward does not contribute in the last round as

there are no future rounds. In fact, consistent with the principle of conformity, the most important

effect of contribution is increasing the contribution rate of others to produce more reward in the

future. As the level of ToM increases, the player free-rides in earlier rounds because others (mod-
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eled as optimal agents) would be expected to free ride in later rounds. Thus, using higher levels of

ToM shifts free-riding towards the first round, decreasing the contribution rate over all rounds to 0

(Figure 6.6a).

The prediction about the rate of choosing blue, analogous to cooperation, in the PD experiment

follows the same logic. In one-shot prisoner’s dilemma the player should defect (here choose

yellow) [52]. In a multi-round game this happens in the last round where there is no future, but

shifts toward the first round as the level of ToM increases. Therefore, although the model was being

fit to a task with significantly higher than zero cooperation rate, the prediction about cooperation

rate gradually decreased to 0 with increase of level of ToM (Figure 6.6b).

One of the core concepts of our frameworks is the assumption of “mind of the average group

member”. On one hand, as exemplified in our first two experiments, tracking individuals are not

always possible due to anonymity. Even when each player’s action is visible to others, tracking

each person separately especially in large groups is computationally very expensive. On the other

hand, this assumption is not completely correct as there is a large variance between individuals’

internal model and strategies. Here we show that despite of this potential issue, the belief of an

average group member actually explains joint beliefs about each individual very accurately.

Our model basically estimates the joint probability of multiple Beta distributions (one for each

player) with one Beta distribution. Our simulations, using method of moments [111], show that this

estimation is almost always very accurate (figure 6.6c). In fact, for this reason this approach has

been also used in machine learning [1]. The estimation does not work only with specific settings

where some distributions have a very strong tendency toward one of the options, e.g. α = 100,

β = 1 and one of the distributions has no or very little preference over each option, i.e. α ≈ β

(figure 6.6d). Using parameters obtained from the public goods game experiment, we estimated

the average of samples generated by N = 5 Beta distribution with one single Beta distribution. The

largest KL-divergence between the real and estimated distribution (shown in figure 6.6c) was 0.002

and the largest Kl-divergence to entropy of the real distribution ratio was .03%. In figure 6.6d, we

also show an example of a case where a single Beta distribution is not an accurate estimate of

multiple Beta distributions with KL-divergence of 0.25, which was 3.2% of the entropy of the
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(a) (b) (c) (d)

Figure 6.6: Looking deeper into assumptions of multi-level group decision making frame-

work. a) In the public good game, as the level of ToM becomes higher, the average contribution

rate converges to zero (free riding in all rounds corresponds to a Nash equilibrium). b) Similarly

in the prisoner’s dilemma, as the level of ToM becomes higher, the average cooperation (choosing

blue in our experiment) rate converges to zero (defect in all rounds is the Nash equilibrium). c)

One Beta distribution is an accurate estimate of the joint distribution of multiple Beta distributions.

The blue lines show a normalized histogram obtained from average samples of 5 different beta

distributions each with parameters randomly picked from our PGG results. The red curve shows

the approximated Beta distribution for these samples. This panel shows the worst approximation

in terms of KL-divergence from randomly selecting 5 sets of parameter from PGG parameters

(α1 and β1 pairs) 1000 times. d) Inaccurate approximation of multiple Beta distributions by one

Beta distribution is possible, but happens in very specific and unrealistic situations involving some

distributions with very strong preference over one choice, and some with no preference at all.

Specifically, this panel is generated from 4 Beta(1, 100) and 1 Beta(1, 1). Blue lines determine the

histogram of average samples and the red curve is the fitted Beta distribution.

actual distribution.
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6.5 Discussion

We presented a new Bayesian framework for modeling conformity and multiple levels of theory

of mind in collective decision making. To our knowledge, this is the first time that a mathematical

model has unified conformity, theory of mind, and utility maximization. Moreover, this framework

is the first multi-level ToM model for collective group decision making. Previous models covered

either only two-person interactions [165, 4, 36, 69] or only a single level of ToM [140]. Cognitive

Hierarchy (CH) modeling [17] is probably the closest work to ours as it also includes multi-level

reasoning and could be applied to group decision making. CH modeling however does not model

the belief of the subjects through formal and universal principles of Bayesian reasoning. Most

importantly, it does not offer a generalizable strategy for level-0 agent [17]. Conformity plays the

key role in explaining level-0 and consequently higher levels of ToM in our framework.

We demonstrated the viability of our framework using data from three different experiments,

each with different conditions. In addition to quantitative fits to the behavior, levels of ToM that

explain subjects’ behavior in each experiment were aligned with the properties and conditions of

the tasks. In the consensus task, the behavior of the majority of subjects was explained best by

a level-0 ToM model. In this task, different choices could be desirable to different subjects but

they knew all players had to pick the same choice in order to finish the current game and gain one

of the choices. Consistent with this most subjects followed the majority in each game to achieve

this goal. Moreover, those who utilize level 1 ToM (according to our framework) achieved their

preferred choice (according to the auction) more often as they tried to influence the group to gain

more utility.

In the volunteer’s dilemma (thresholded PGG) experiment, while the players tried to maximize

their own reward, they knew the amount of accumulated reward would be higher if players coop-

erate with each other. They also knew that more than k contributions would lead to a waste of

resources. Overall, strategic game play and reasoning on current and future intentions of others

seems more necessary in this task. Therefore, in addition to level-0, many players utilized level-1

and level-2 ToM.
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Similar to volunteer’s dilemma, keeping the game cooperative was important in the prisoner’s

dilemma experiment. In fact in this task, as opposed to volunteer’s dilemma where a few contrib-

utors were enough, every single neighbor’s action could change the reward. As a result, keeping

others cooperative and strategic game play were more important. Consistent with this intuition,

level-1 ToM produced a better fit for nearly all subjects compared to level-0. Also, many subjects

utilized level-2, and maybe even level-3 ToM.

We named our framework levels in accordance with previous research on dyadic interactions

[165, 69]. For many scientist, especially developmental psychologists and primatologists, theory

of mind is reasoning about another agent’s hidden intention [130]. This means that theory of mind

starts with level 2 of our framework where the agent reasons about others’ strategy, especially if we

test ToM with the classic study of false belief [151]. On the other hand, our level-1 agent is more

sophisticated than level-1 ToM agents in previous frameworks in which they reason about an agent

that does not really interact with them, e.g. an agent when random action selection or with a policy

independent of actions of others [165, 55]. In fact, this sophistication is actually the consequence

of of our level-0 model which practices conformity/imitating the majority. Imitation itself, is in

fact, an important social cognitive ability.

Since we used the same set of free parameters for different levels of each task, the main differ-

ence between different levels is their cost of computation (here cognitive effort). This cost could

not be captured by existing statistical tests for model fitting. There was also a strong correlation

between accuracy of different levels for two reasons. First, games with less changes, i.e., consistent

selection of an action by the subject, make the fit better for all methods. Second, all levels share the

same core model, i.e. conformity, and beside level-0 all tried to maximize the reward of the player.

Therefore, we focused on the framework as a whole, and results that are consistent with different

criteria for level of ToM selection. Despite of not penalizing the depth of reasoning explicitly, our

framework suggested low levels of ToM in our experiments. This was consistent with observed

ToM levels of 1 and 2 in fully competitive games in groups according to cognitive hierarchy mod-

eling [17] as well as lack of observance of higher levels even in two-person interaction studies in

general [130].
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Finally, while we illustrated the approach with only two possible actions, the framework can

be easily extended to more actions simply by using multinomial and Dirichlet distributions [102].

6.6 Methods

Higher levels of ToM

If the player uses a common reward function Ro for others in the group, the level-k ToM agent (k >

1) is modeled as a POMDP with state space S = (α,β , t) where t is the round number (0≤ t < H).

The action space remains the same: A = {a1,a2}. The transition function becomes deterministic

as follows. Let the current state be (α,β , t). If π∗k−1,t = a1 where πk−1,t is the policy of the level-

(k−1) POMDP with the reward function Ro, the next state is (λα +N,λβ , t+1) for action a1 and

(λα +N−1,λβ +1, t +1) for action a2. Similarly, if π∗k−1,t = a2, the next state is (λα +1,λβ +

N−1, t +1) for the action of a1, and (λα,λβ +N, t +1) for a2. Along the same lines, the reward

function is:

R((α,β , t),a) = R
(
(N−1)I(π∗k−1,t = a1),a

)
. (6.3)

where I(x) is 1 if event x happens and 0 otherwise. Note that the assumed reward function of

others, Ro, could be different from the reward function R of the player but in practice, if there is

one reward function for others, it probably applies to all group members including the player.

If the player does not know the reward function of others, they can divide other players into

two groups based on their preference (immediate reward) for an action and estimate the reward

function of each group separately:

R((α,β , t),a) = R
(
(N−1)α

α +β
I(π1∗

k−1,t = a1)+
(N−1)β

α +β
I(π2∗

k−1,t = a1),a
)
. (6.4)

Similar to the common Ro reward function case above, we define π1∗
k−1,t and π2∗

k−1,t as policies

of level-(k− 1) POMDP model and use the reward function Ro1 with action a1 having a higher

immediate reward, and Ro2 with action a2 being the more rewarding action.
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Model fitting: consensus decision making

By using the first round as the prior, all levels had only one free parameter, the decay rate. It

was obtained by a grid search with the precision of .25, i.e., λ ∈ {0, .25, .5, .75,1}. For level-1

and higher level models, the reward of obtaining item k was set to the value of that item vk in the

auction. Note that vk is known.

The possibility of ending up in a terminal state without any reward after the tenth round with

25% chance was incorporated into the transition function to match the reality. For level-2 and

higher level models, we divided the other players into two groups with a value of $2.5 for the

favorite choice and $1.5 for the other choiceRo1(N−1,a1) = 2.5, Ro1(0,a2) = 1.5

Ro2(N−1,a1) = 1.5, Ro2(0,a2) = 2.5
(6.5)

For the model-free approach, we set the initial value of each choice to W + vk, where W is a

free parameter for each subject. Additionally, we used two parameters to model the time-varying

learning rate: η t = 1
κ0+κ1t .

Model fitting: public good game

The fitting process was the same as the previous chapter with one major difference: the 3 free

parameters were fit separately for each k. Also, the first round was included in the fits. Similarly,

the Q-learning model was the same as Q-learning model in the previous chapter, but with different

set of free parameters for each k.

To calculate the average contribution rate at each level, we fitted up to level-30 ToM model

to the data. Due to computational limitations, the decay rate was tested with smaller subset of

[.5, .7, .9, .95, .97, .1] for levels higher than 3.

Model fitting: prisoner’s dilemma

The fitting process was very similar to the PGG’s fitting procedure. The only difference was that,

actually to be consistent with that procedure, we used horizon of H = 85 since the game had 35
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rounds more than the games of the PGG experiment.

In the Q-learning model, adding a proportion of reward of others to players’ own reward im-

proved the results. Specifically, we changed the reward from ri (player’s own reward for player i)

to:

rp + e ∑
j∈−i

r j (6.6)

Where −i means players other than player i and e is the free parameter.

Moreover, at the beginning of each game, Q1(b) and Q1(a) were computed by the assumption

that others cooperate(choose blue) with probability of p where p is a free parameter. As in the case

of previous tasks, two free parameters were used to describe the learning rate: η t = 1
κ0+κ1t .

To calculate the average contribution rate at each level, we fitted up to level-30 ToM model

to the data. Due to computational limitations, the decay rate was tested with smaller subset of

[.7, .9, .95, .97, .1] for levels higher than 4.
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Chapter 7

CONCLUSIONS

In this thesis we utilize a belief-based decision making framework based on Partially Observ-

able Markov Decision Processes (POMDPs) for modeling decision making in neuroscience and

psychology experiments. Due to generalizability of our framework we are able to model a wide

range of experiments from perceptual to social decision making tasks. More importantly, since our

framework is normative, the quantitative fits of our approach suggest basic principles behind deci-

sion making process. The principles include building an internal model of the world, probabilistic

reasoning about the current state of the world based on the internal model and observed inputs, and

choosing actions that maximizes the total expected reward based on simulating the future.

7.1 Summary of modeling and main contributions

Particularly, we test our framework on perceptual and social decision making experiments due to

the key roles of uncertainty and internal model in these experiments. Figure 7.1 gives a summary of

our framework applied to each task in previous chapters. We also wish to highlight two important

points that we mentioned about using POMDPs for neuroscience studies here. The first point is

the existence of a possibly different but plausible state space in the internal model that generates a

similar observation distribution compared to the real state space. The second one is efficient policy

computation.

As shown in figure 7.1a, in random dots motion discrimination task, frames of moving dots

are generated based on a discrete set of coherence levels. The decision maker, however, assumes

that coherence levels span a continues wide range because they are not aware of the real-world

model. Moreover, these discrete levels produce observations with large overlap. Importantly, this

continuous distribution generates very similar observation distribution compared to the real model
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(a)

(b) (c)

Figure 7.1: Belief-based decision making framework for different experiments. a) Model of

random dots motion discrimination task with post-decision wagering, presented in chapter 3. b)

Model of volunteer’s dilemma task presented in chapter 5 c) Model of level-2 ToM for a collective

decision making with two possible choices explained in chapter 6.

as shown in chapter 3. Based on the internal model, the decision maker updates the belief about

the motion coherence after each observation.

As the prior and observation functions are Gaussian, the updated belief is always a Gaussian

distribution and can be expressed with two parameters of mean and variance. Since the variance
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depends on time and some constant variables, the belief can also be expressed with the mean

coherence and time. Based on the belief and reward/cost of different options, the decision maker

selects one of the actions. Importantly, we showed how one-step look ahead strategy actually

selects the optimal action for this task if the cost of observation gathering does not decrease through

time. We also explained how the POMDP model can be implemented by an accumulation of

evidence to a bound model. These models have been extensively used in explaining the neural data

(e.g. [127, 22]).

The belief-based decision making framework also explains observed discrepancies between

confidence and accuracy as shown in chapter 4. Particularly, the hard-easy effect, and the oppos-

ing effects of the variability of observations on choice and confidence are due to the fact that the

decision maker uses an internal model without all information available to the experimenter. The

possible difference between sensitivity measurements of accuracy and confidence, as well as de-

pendence of confidence in incorrect trials on the order of confidence report, are because of the role

of observation cost. This cost has been largely ignored in common models of perceptual decision

making such as SDT and DDM, as they do not model the reward function. Finally, if one ignores

the fact that there is a sequence of observations (and not one), and the exact set of used observa-

tions are only available to the decision maker, analysis of decision maker’s data might lead to a

conclusion that choice-congruent observations have a larger weight in determining confidence.

Figure 7.1b demonstrates the volunteer’s dilemma modeled by our framework. Here, the ac-

tions of others serve as observations of the decision maker. Since actions are anonymous the

decision maker assumes that all of them come from an average group member, with a binomial dis-

tribution as the likelihood function. We used a Beta distribution to represent the decision maker’s

belief to make it tractable. With this choice, the belief and consequently the policy could always

be expressed with two parameters. The policy map in this task is actually very simple and can be

expressed as (at most) three regions: 1) free ride because there are enough volunteers with high

probability 2) free ride because there would not be enough volunteer at the moment or in the future

3) contribute to make (or keep) the probability of success high.

A level-2 ToM model of a general group decision making task with two choices is shown in
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figure 7.1c. Most of its components are very similar to the components of level-1 ToM model,

shown in figure 7.1b. The main difference between the two levels is the observation function.

Instead of a binomial distribution, level-2 ToM model assumes that the observations come from

level-1 policies of other players. Importantly, in chapter 6 we showed tracking the belief of an

average group member is an accurate estimation of tracking joint beliefs of multiple players if we

model the beliefs with Beta distribution. In summary our main contributions in this thesis are:

• Modeling choice, performance, belief, and confidence in a unified framework in perceptual

decision making

• Presenting a method to obtain confidence from performance in perceptual decision making

• Connecting Bayesian models with accumulation of evidence models

• Explaining common observed discrepancies between perceptual confidence and choice ac-

curacy using an optimal Bayesian framework

• Introducing the concept of “theory of mind of a group” through a Bayesian normative frame-

work tested on a group decision making task

• Building a multi-level theory of mind framework for collective decision making

• Showing that conformity is a basis of collective decision making in groups.

7.2 Future directions

While our framework is practical in presented experiments, we believe it would show its full poten-

tial in more complicated tasks. In the field of perceptual decision making, our framework would

be more useful in tasks with asymmetric reward and/or prior distribution. In asymmetric cases,

sub-optimal decision makers lose more, for example if they do not calculate the prior properly.

Unfortunately, even experimental works in this domain are very limited. Another extension could
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be in the direction of changing the cost of observation gathering, for example by changing stimulus

properties or offering multiple tasks simultaneously to subjects. Cost of observation gathering has

not been explored extensively, maybe due to inability of SDT and DDM in modeling it. POMDP,

however, provides a very powerful tool to investigate it. These experiments also give us a chance

to test our belief-based framework more rigorously.

In the field of social decision making, testing different social games on the same set of subjects

could be very beneficial. As shown in chapter 5, we need a lot of data to estimate a subject’s level

of ToM accurately. Playing the same game over and over, however, is not the solution as the player

would learn it and possibly change the strategy and level of ToM over time. Another option is

presenting the same game in different sessions to the same subject, but with small modifications in

each session.

Combining our computational approach with neuro-imaging is probably the most promising

domain yet to be explored in social decision making studies. It would be very interesting to see

whether the components of our framework, such as each player’s belief about the group, have

correlations with the neural activity in specific brain regions. Another interesting direction is using

group decision making and our framework in investigating neuropsychiatric diseases.
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