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Department of Biostatistics

Assessment of the relationship between diet and health status, especially association between

diet and chronic disease risk, has attracted lot of research interest in statistical and epi-

demiologic studies. However, due to measurement errors in commonly utilized self-reported

assessment approaches, an expected strong relationship was not identified in most studies.

Developments in biomarker measures provide objective consumption assessment for specific

dietary components which are utilized to develop calibrated dietary consumption function

to remove bias embedded in those self-reported dietary measures. Researchers are interested

in the explanatory strength of calibration equations and comparison of the strengths among

various self-report measures. Thus, as a common metric used in these studies, reliable esti-

mation of R2 and of its confidence interval are important.

Inference for R2, including confidence intervals for R2 has not attracted much attention in

the statistical literature. In this dissertation we proposed two methods to estimate con-

fidence intervals for R2 under errors from normal and non-normal distributions: the first

method is based on asymptotic theories and entails the development of the asymptotic

distribution of R2, and its relevant functions, when sample size becomes large; the sec-

ond approach is based on a general F-test applied to linear regression but adjusts degree

of freedom parameters in the F-test statistics using the empirical skewness and kurtosis

of regression errors. In addition, when there are measurement errors in the independent

variables, R2 directly estimated from the regression can be biased and may, for example,



underestimate the relationship between dependent and independent variables even with

normally distributed errors. This dissertation also proposes a correction methodology to

reduce the bias in R2 estimation in the presence of classical additive measurement errors.

The proposed methodologies have been evaluated in simulation and applied to nutritional

biomarker studies in the Women’s Health Initiative.



TABLE OF CONTENTS

Page

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Chapter 1: Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Calibrated consumption estimation and biomarker development in nutritional
epidemiology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Choices for the definition of R-squared . . . . . . . . . . . . . . . . . . . . . . 6

1.3 Confidence intervals for R-squared . . . . . . . . . . . . . . . . . . . . . . . . 8

1.4 Dissertation outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

Chapter 2: Confidence Interval Estimation for R-squared under non-normal error 10

2.1 Variance and Covariance under Matrix Calculation . . . . . . . . . . . . . . . 11

2.2 Moderate sample size improvements using an F-distribution approximation . 13

2.3 Confidence interval estimation using asymptotic distributional approximation 15

Chapter 3: Simulation evaluation of R-squared Estimates and Confidence Intervals 19

3.1 Choices of error distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3.2 Simulation results when X’s are given . . . . . . . . . . . . . . . . . . . . . . 20

3.3 Simulation study under unconditional distribution of X . . . . . . . . . . . . 41

3.4 Summary of simulation studies . . . . . . . . . . . . . . . . . . . . . . . . . . 46

Chapter 4: Estimation of R-squared with predictor variable measurement error . . 47

4.1 Literature review . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

4.2 Measurement Error in nutritional studies . . . . . . . . . . . . . . . . . . . . 56

4.3 Regression calibration in linear regression under non-normal measurement error 56

4.4 R-squared estimation under a flexible model for measurement error in pre-
dictor variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.5 R-squared correction estimation . . . . . . . . . . . . . . . . . . . . . . . . . . 60

Chapter 5: Simulation evaluation of R-squared estimation with measurement er-
ror in predictor variables . . . . . . . . . . . . . . . . . . . . . . . . . . 63

i



5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.2 Coefficients correction test . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

5.3 R-squared correction simulation . . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.4 Summary of simulation studies . . . . . . . . . . . . . . . . . . . . . . . . . . 81

Chapter 6: Application to calibration equation evaluation in nutritional biomarker
studies in the Women’s Health Initiative . . . . . . . . . . . . . . . . . 83

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

6.2 Data collection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

6.3 Data analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

Chapter 7: Summary and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 92

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

ii



LIST OF FIGURES

Figure Number Page

3.1 QQ Plot for Y ′(I −X(X ′X)−1X ′)Y and Y ′(X(X ′X)−1X ′)Y at sample size
100 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.2 QQ Plot for R2

(1−R2)
and log( R2

(1−R2)
) at sample size 100 . . . . . . . . . . . . . 23

3.3 QQ Plot for Y ′(I −X(X ′X)−1X ′)Y and Y ′(X(X ′X)−1X ′)Y at sample size
1000 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.4 QQ Plot for R2

(1−R2)
and log( R2

(1−R2)
) at sample size 1000 . . . . . . . . . . . . 24

3.5 QQ Plot for Y ′(I −X(X ′X)−1X ′)Y and Y ′(X(X ′X)−1X ′)Y at sample size
10000 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.6 QQ Plot for R2

(1−R2)
and log( R2

(1−R2)
) at sample size 10000 . . . . . . . . . . . . 25

3.7 QQ Plot for Y ′(I −X(X ′X)−1X ′)Y , Y ′(X(X ′X)−1X ′)Y at sample size 100
and lognormal distributed X. . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.8 QQ Plot for R2

(1−R2)
under sample size 100, X Lognormal . . . . . . . . . . . . 28

3.9 QQ Plot for Y ′(I −X(X ′X)−1X ′)Y , Y ′(X(X ′X)−1X ′)Y sample size 1000,
X Lognormal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.10 QQ Plot for R2

(1−R2)
under sample size 1000, X Lognormal . . . . . . . . . . . 29

3.11 QQ Plot for Y ′(I −X(X ′X)−1X ′)Y , Y ′(X(X ′X)−1X ′)Y sample size 10000,
X Lognormal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.12 QQ Plot for R2

(1−R2)
under sample size 10000, X Lognormal . . . . . . . . . . 30

3.13 QQPlot of F distribution approximation with adjusted degrees of freedom vs
simulated data, Error from nonnormal distribution(skew=1,Kurt=3), sample
size at 100 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.14 QQPlot of F distribution approximation with adjusted degrees of freedom vs
simulated data, Error from nonnormal distribution(skew=2,Kurt=7), sample
size at 100 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.15 QQPlot of F distribution approximation with adjusted degrees of freedom vs
simulated data, Error from Weibull distribution, sample size at 100 . . . . . . 40

3.16 QQ Plots for Normal Distribution, Sample Size 1000 . . . . . . . . . . . . . . 42

3.17 QQ Plots for Weibull Distribution, Sample Size 1000 . . . . . . . . . . . . . . 43

3.18 QQ Plots for nonnormal Distribution with skew=1 and kurt=3, Sample Size
1000 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

iii



3.19 QQ Plots for nonnormal Distribution with skew=2 and kurt=7, Sample Size
1000 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

5.1 Model Coefficients Correction when errors are independent and from a normal
distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.2 Model Coefficients Correction when errors are independent and from non-
Normal distribution with skew=1 and kurtosis=3 . . . . . . . . . . . . . . . . 69

5.3 Model Coefficients Correction when errors are independent and from non-
Normal distribution with skew=2 and kurtosis=7 . . . . . . . . . . . . . . . . 70

5.4 Model Coefficients Correction when errors are independent and from Weibull
distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.5 Model Coefficients Correction when errors are correlated and from a normal
distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.6 Model Coefficients Correction when errors are correlated and from non-Normal
distribution with skew=1 and kurtosis=3 . . . . . . . . . . . . . . . . . . . . 73

5.7 Model Coefficients Correction when errors are correlated and from non-Normal
distribution with skew=2 and kurtosis=7 . . . . . . . . . . . . . . . . . . . . 74

5.8 Model Coefficients Correction when errors are correlated and from Weibull
distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

iv



ACKNOWLEDGMENTS

I would like to express my sincere and heartfelt thanks to my advisor, Ross Prentice,

for his vast reserve of patience and knowledge and for his friendship. I would also like to

thank my supervisory committee members, Drs. Doug Martin, Thomas Richardson and Jon

Wellner, for their guidance and advice on the dissertation. Lastly I would like to express

my gratitude to my parents in China and to my wife, Hua(Judy), for their patience and

support throughout my studies.

v



DEDICATION

to my dear wife, Judy

vi



1

Chapter 1

INTRODUCTION

In the statistical and public health communities, the relationship between diet and health

status has attracted a lot of attention, especially the assessment of association between diet

and chronic disease risk. However, due to measurement errors in dietary measures, these

studies mostly did not show the expected strong relationships (Hunter et al, 1996, Fuchs et

al, 1999). The development of biomarker measure allows for the objective assessment of the

consumption of specific dietary components. These biomarker measures are utilized to cal-

ibrate the dietary consumption function and to remove bias present in self-reported dietary

measures. Researchers are interested in the explanatory strength of calibration equations

and comparison in the strength of various self-report measures. Thus, as a common metric

used in these studies, reliable estimation of R2 and the development of associated confidence

intervals are important.

Inference for R2, including confidence intervals has not attracted much attention. There

are few publications on this topic. In this dissertation we propose two ways to estimate

confidence intervals for R2 under errors from normal and non-normal distributions: the

first method is based on asymptotic theory and develops the asymptotic distribution of R2

and its relevant functions when sample size is large; the second approach is based on the

general F-test applied to linear regression but adjusts degree of freedom parameters in the

F-test statistics using the empirical skewness and kurtosis of regression errors. In addition,

when there are measurement errors in the independent variables, R2 directly estimated

from a regression can be biased and may underestimate the relationship between dependent

and independent variables even with normally distributed errors. This dissertation also

proposes a correction methodology to mitigate the bias in R2 estimation. The proposed

methodologies have been tested in simulation and applied to nutritional biomarker studies

in the Women’s Health Initiative.
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In this chapter, we first briefly introduce the study background, and explains different di-

etary measurement methodologies and their pros and cons. Next we describe the calibration

method and define different measurement error model structures for various dietary mea-

sures. Then we provide the definition of R2 and a brief summary of proposed methodologies

in this research.

1.1 Calibrated consumption estimation and biomarker development in nutri-
tional epidemiology

A healthy diet is of great interest to the general population. Many people seek dietary

recommendations to maintain or improve their general health status. There are numerous

articles published in magazines, newspapers and television that claim to provide guidelines

for a healthful diet. It is generally accepted that there are strong relationships between

food and nutrient consumption and a favorable health status. There are already many

statistical and epidemiologic studies published on this topic. However, counter-intuitively,

these studies mostly did not show the expected strong relationships. For example, a study

published in 1996 (Hunter et al, 1996) combined seven large cohort studies in four countries

and did not find an association between the intake of total dietary fat and the risk of breast

cancer. A similar observation was reported in 1999 (Fuchs et al, 1999) which did not find

statistical significant relationship between the dietary fiber intake and the risk of colorectal

cancer. These results have been questioned because of deficiencies in the underlying dietary

data assessment methodology. One common limitation embedded in nearly all these studies

may help explain this phenomenon: measurement error in dietary assessment (Fraser 2003,

Kipnis et al, 2001,2009). A brief description of commonly used dietary assessment methods

will be given here to help anticipate their measurement characteristics.

• Food-frequency questionnaires (FFQs), due to their efficiency and low cost, have been

ubiquitous in nutritional epidemiology research for the past 25 years (Prentice et al,

2011). FFQs contain a list of beverage and food for subjects to report consumption

frequency and portion size category of each item during a specified time period (e.g.

past six months). Usually FFQs provides standard frequency options for subjects to
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select. Ease of implementation and low cost are the major advantages of the FFQ

method. Its self-administered and machine-readable features make it practical for

application to large study cohorts. However, systematic bias in energy and protein

consumption, for which objective biomarkers are available, have been reported (Subar

et al, 2003, Neuhouser et al, 2008, Prentice et al 2011), and repeat application by the

same study subject reveals a substantial ”noise” component in the FFQ assessment.

• 24-hour dietary recalls (24HR) are another commonly used assessment technique.

This method collects food and drink information retrospectively over the preceding

24 hours, often in an unannounced fashion via telephone. U.S. national nutritional

surveys traditionally have used 24HR to collect information on food intake as the pri-

mary assessment instrument (Dwyer et al., 2003). The main purpose of such surveys

is to estimate the distribution of usual (that is, average long-term) intake of nutrients

and foods in the population, and to monitor such intakes over time. Another impor-

tant purpose is to relate individual usual intakes to health-related outcomes such as

blood pressure. There has been concern over its use for assessing intake of foods that

are not typically consumed every day. Consumers of such episodically consumed foods

naturally report zero intake on the 24HR if the report happens to be on a noncon-

sumption day. Consequently, with typically only one or two administrations of 24HRs

in surveys, usual intake of such foods is difficult to estimate (Kipnis, 2009). Similar to

the FFQ method, the method also entails systematic bias (e.g. Subar 2003, Prentice

et al. 2011).

• Dietary records are another self-reported dietary assessment method. This approach

requests participants to record the types and amounts of food and beverage at each

consumption over a specified time period, often one or multiple consecutive days (usu-

ally no more than 7 days). Computerized programs have been developed to facilitate

the food record utilization and entry of consumption amounts. Ideally, if the respon-

dent records the food and beverage intakes at the time of eating, this approach has

potential advantages over other self-reported measures since it may report more ac-
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curate portion size and more fully list food some of which may be missed by other

methods that rely on memory such as FFQs and 24 hour recalls. A successful dietary

record requires cooperation and commitments from the respondents. Thus the ap-

proach is subject to potential sample selection bias and measurement error as well.

Several studies (Subar et al, 2003, Prentice et al, 2011) already showed underreport-

ing of energy and protein intakes on the diet records by comparing reported intakes

against objective measures obtained from biomarker methods: doubly-labeled water

for total energy consumption and urinary nitrogen for protein intake. For each of these

self-reported measures, studies have found that underreporting of energy and protein

was associated with participant characteristics such as body mass index (BMI), gender

and age (Subar et al, 2003, Prentice et al,2011).

• Biomarker measures of specific dietary components provides an objective consump-

tion assessment, typically over a time period of one or a few days. A biomarker is

an indicator of biological status, and it is often considered as providing an objective

assessment of its targeted dietary factor. There are a small number of nutrients for

which a well established biomarker of short-term consumption has been developed,

including a doubly-labeled water (DLW) assessment of energy consumption over a

14 day period (Schoeller 1999), and a urinary nitrogen (UN) assessment of protein

consumption from a 24 hour urine collection (Bingham 2003). These urinary recovery

biomarkers (Kaaks et al. 2002) provide objective estimates of short-term consumption

among persons in energy balance, with measurement error that is plausibly indepen-

dent of study subject characteristics such as body mass index (BMI), age, and gender,

and importantly is plausibly independent also of dietary self-report measurement er-

ror. However, it is not practical to obtain these biomarkers for the tens of thousands

of persons in a typical epidemiology cohort study, and application in advance of dis-

ease diagnosis is essential to avoid influences due to the presence of disease, or its

sequelae. Other putative biomarkers include 24-hour urinary recovery for sodium and

potassium consumption.



5

Due to assessment method-specific properties of the measurement error, different math-

ematical models are required to develop a measurement error model for various data collec-

tion methods. Let Z denote the actual target dietary assessment measure such as average

nutrient consumption over a defined time period, Q denote the corresponding biomarker

measure, and W represent the dietary assessment measure obtained from self-reported as-

sessment methods such as FFQs, 24 hour recalls or diet records. Also let V denote individual

characteristics that may relate to measurement error properties of the self-report, or may

usefully augment the self-report. Assuming that the biomarker measure is an objective

assessment that adheres to a classical measurement error model, Q can be represented as

Q = Z + ε (1.1)

But for the self-reported measure W , the measurement error model needs to be more

flexible. Misreporting has been found in many studies. For example, one observational study

(Subar et al, 2003) conducted from September 1999 to March 2000 showed that males and

females underreported substantially both intake of energy and protein. That is, beyond

random error, systematic bias has been identified. Maurer et al (2006) reviewed studies on

energy misreporting from self-reported assessment methodologies. By investigating charac-

teristics of energy misreporters and summarizing evidence from published papers, the review

showed that several psychosocial factors had significant influence on the reported dietary

intake. For example, females were more likely to underreport energy intake than males; and

history of dieting and overweight might be associated with underreporting. Other studies

also found similar associations between measurement error with participant characteristics

(e.g., Heitmann and Lissner 1995, Horner et al, 2002, Neuhouser et al, 2008 and Prentice et

al 2011). Due to systematic bias emebbed in the measurement error, a classical measure-

ment error model is not appropriate. Instead, participant characteristics typically need to

be included in the model and W can be modeled as (Prentice et al. 2002):
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W = β0 + βZZ + βV V + µ (1.2)

In 1.1 and 1.2, ε and µ are random errors that are independent from other right side

variables given V . In addition, it is reasonable to assume that measurement error associated

with biomarker measure ε is independent from self-reported dietary assessment measurement

error µ and independent of Z given V .

In order to improve quality of analytic results, it is necessary to take advantage of the

strengths of each data collection method, while compensating for their shortcomings at the

same time. To achieve this objective, some research papers propose methods to develop

calibrated dietary consumption using the biomarker measure in a subsample of a study

cohort having data (W,Q, V ) available. Then the method uses the calibration equation to

estimate dietary consumption from the self-reported measure on the larger study cohort for

use in disease association analyses. In a practical study design, biomarkers will be measured

on a subsample of a study cohort, then the calibration equation will be developed on the

subsample, which will be applied to concurrent self-report data of the whole cohort in order

to produce measurement error corrected consumption estimates. In the calibration method,

the property of the calibration equation will affect the performance and properties of the

calibrated consumption estimates in the overall study cohort. Thus, it is critical to have a

good measure to assess the statistical properties of calibration equations. A useful approach

to calibration equation assessment includes examining R2, the fraction of biomarker (usually

log-transformed) explained by the calibration equation. Additional considerations, including

whether available data include all needed components in V , may also be important.

1.2 Choices for the definition of R-squared

In statistics, the coefficient of determination R2 is used in the context of statistical mod-

els whose main purpose is the prediction of future outcomes on the basis of other related

information. It is the proportion of variability in a data set that is accounted for by the

statistical model. It provides a measure of how well future outcomes are likely to be pre-
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dicted by the model. The assessment of a potential calibration equation typically involves

a data set having values yi, with i = 1, . . . , n and each of which has an associated predicted

value ŷi. The average value of the y values in the dataset is denoted as y. Then variability

of the data set can be measured through various sums of squares:

• Total sum of squares, denoted as SST , is defined as
∑n

i=1(yi − y)2

• Sum of squares of residuals, denoted as SSE, is defined as
∑n

i=1(yi − ŷi)2

• Explained sum of squares, denoted as SSM , is defined as
∑n

i=1(ŷi − y)2

In general, R2 is defined as 1 − SSE
SST . In some situations, SST = SSM + SSE. In such

cases, R2 = 1− SSE
SST = SSM

SST , and it is between 0 and 1. In the regression model context, this

happens when the dependent variable Y is a linear function of predictor variables X with

random error ε, i.e., Y = βX + ε in mathematical form. β is then estimated by minimizing

the sum of squared error, β̂ = arg minβ
∑n

i=1(yi − βXi)
2. The solution to this optimization

problem is well known, β̂ = (X ′X)−1X ′Y , and the predicted Ŷ is Ŷ = X(X ′X)−1X ′Y .

Without loss of generality and for convenience, the average value Ȳ can be set to 0. In

addition, the SST , SSE and SSM can be written in matrix form as:

SST = Y ′Y, SSE = Y ′(I −X(X ′X)−1X ′)Y, SSM = Y ′X(X ′X)−1X ′Y (1.3)

Correspondingly, the R2 of a linear regression model in matrix form is R2 = 1− SSE
SST =

Y ′X(X′X)−1X′Y
Y ′Y .

R2 in this form is easy to understand and has an intuitive appeal. Thus this measure

has been used extensively, especially in linear regression. However, due to its definition,

R2 is typically used in relation to continuous response variables. For binary or categorical

responses, R2 may not be very meaningful. Nagelkerke (1991) provided a generalized defini-

tion of R2 that is based on likelihood ratios. This R2 is defined as one minus the ratio of the

likelihood under the null model to the likelihood of the fitted model. This generalized R2 is

consistent with classical R2 when the data is from a linear model with normal distribution,
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but it has a much broader application scope. This dissertation will focus on estimation of

the linear model form of R2.

1.3 Confidence intervals for R-squared

Development of confidence interval for R2 has not attracted much attention. There are

few publications on this topic. Since R2 increases when adding variables to the regression

model, some may think that confidence interval for R2 may not be meaningful. However,

when R2 is used to assess model calibration equation performance, such a confidence interval

may be quite helpful, especially when there are measurement errors in the data in which

case R2 from naive regression is biased even with normally distributed error. Correction of

R2 and estimation of the scorresponding interval is especially important in the presence of

measurement error.

Supppose that the independent variable X is k dimensional, i.e. there are k variables

in the regression model. Two methodologies can be considered to estimate the confidence

interval for R2:

• First, when the underlying data are from a normal distribution, it is well known that

R2

(1−R2)
(n−k)
k follows an F distribution with degree of freedom k and (n− k) where n is

the number of observations. The confidence interval of R2 can then be derived from

the corresponding F-distribution.

• Another way is to calculate the interval from an asymptotic distributional approxi-

mation. Based on a normal distribution assumption for y, it is possible to estimate

asymptotic distributions of R2, or a suitable function of R2, which then is used as a

base to calculate corresponding confidence intervals.

However, limitation of these methods is that they are based on normal distributional as-

sumption. When the response data are from other non-normal distributions, especially those

distributions that are high skewed and/or heavy tailed, these methods may not work well.

The estimation of R2 under a non-normal error distribution, with or without measurement

error in predictor variables, is the focus of this dissertation.
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1.4 Dissertation outline

The dissertation is focusing on statistical inference on R-squared, especially on the confi-

dence interval development under linear models with error distributions that may be non-

normal. Theory development is discussed in Chapter 2 with asymptotic distributions and F

distribution approximation after degrees of freedom adjustment. Chapter 3 shows simulation

results under various distributional assumptions to assess the theoretical approximation in

Chapter 2 in moderate sized samples. The R-squared correction and inference under mea-

surement error are discussed in Chapter 4. Chapter 5 presents simulation results under

measurement error. The application of the proposed methods to the Women’s Health Ini-

tiative nutritional biomarker studies is discussed in Chapter 6. Limitations of the research

and future research topics are discussed in Chapter 7.
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Chapter 2

CONFIDENCE INTERVAL ESTIMATION FOR R-SQUARED UNDER
NON-NORMAL ERROR

As discussed in Chapter 1, the coefficient of determination R2 in a linear model con-

text is the proportion of variability in a data set that is accounted for by the statistical

model. Considering a data set having values yi, with i = 1, , n, each of which with an

associated predicted value ŷi, its total sum of squares defined as SST =
∑n

i=1(yi − y)2 can

be decomposed to two components, SSE and SSM , defined as SSE =
∑n

i=1(yi − ŷi)2 and

SSM =
∑n

i=1(ŷi − y)2 respectively. In these formulas, y denotes the average of yi. R
2 is

usually defined as 1− SSE
SST .

In the linear regression model context, it assumes that the dependent variable y is a

function of predictor variables X, represented as Y = βX+ ε. β is estimated by minimizing

the sum of squared error, β̂ = arg minβ
∑n

i=1(yi−βXi)
2. To solve the optimization problem,

we can get the well known result that: β̂ = (X ′X)−1X ′Y , and the predicted Ŷ is Ŷ =

X(X ′X)−1X ′Y . Without loss of generality and for convenience, average value Ȳ is set to

0. The SST , SSE and SSM can be formulated in matrix form as presented below

SST = Y ′Y, SSE = Y ′(I −X(X ′X)−1X ′)Y, SSM = Y ′X(X ′X)−1X ′Y (2.1)

Correspondingly, the R2 of a regresion model in a matrix form is, R2 = 1 − SSE
SST =

Y ′X(X′X)−1X′Y
Y ′Y . Atiqullah(1962,1964) developed theorems about the mean and variance for

matrix forms, Y ′AY . Our study follows Atiqullah’s work to develop degree of freedom ad-

justments for approximating F distributions under nonnormal errors, and to approximates

the variance of R2 using a matrix form. This work proceeds by calculating the variance

of the denominator and numerator, and the covariance between the denominator and nu-
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merator in matrix form; from which approximations to the mean and variance of R2, or

its suitable functions are developed. Confidence intervals are derived two ways: asymptotic

approximation assuming large sample size, and F-distribution with adjusted degree of free-

dom for possible moderate sample size improvement to confidence interval approximation.

Section 2.1 discusses variance and covariance of matrix calculation, and confidence interval

development in asymptotic form and F-distribution adjustment is discussed in section 2.2

and section 2.3 respectively.

2.1 Variance and Covariance under Matrix Calculation

Atiqullah(1962,1964) calculated the mean and variance of Y ′AY , where Y is a vector of n

independent random variables, y1, ..., yn, and A denotes a n by n matrix. In this thesis,

skewness for a random variable X with mean µ and variance σ2 is defined as E[ (X−µ)3

σ3 ], and

kurtosis for X is defined as the extra kurtosis from normal distribution, E[ (X−µ)4

σ4 ]− 3.The

result is presented below.

Theorem 1. Let y be a column vector of n independent observations from an identical

distribution, and let A and B be n by n matrices. Then

E(y′Ay) = σ2tr(A) + µ′Aµ (2.2)

V ar(y′Ay) = 2σ4{tr(A2) +
1

2
γ2a
′a+ 2µ′A2µ/σ2 + 2γ1µ

′Aa/σ} (2.3)

Cov(y′Ay, y′By) = 2σ4{tr(AB) +
1

2
γ2a
′b+ 2µ′ABµ/σ2 + γ1(µ′Ba+ µ′Ab)/σ} (2.4)

where µ is the expectation of the vection y, i.e. E(y) = µ, and V ar(y) = σ2, and tr(A) is

the trace of the matrix A, that is the sum of the diagonal values of A. In equation (2.3) and

(2.4), γ2 is the kurtosis of y, γ1 is the skewness of y, and a and b are the diagonal vectors

for A and B respectively.

In Atiqullah’s development, each yi is from an identical distribution with specified mo-

ments. We relax this feature and extend Atiqullah’s results by allowing yis to be from

different distributions with various moments, including variance, skewness and kurtosis.
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The following theorem shows the mean, variance and covariance under these more general

conditions.

Theorem 2. Let y be a column vector of n independent observations, and A and B are

n by n matrices. Let U(y) = {µ1, ..., µn} where µi = E(yi); Γ1 = {γ1
1 , ..., γ

n
1 }, where

γi1 = skewness(yi); Γ2 = {γ1
2 , ..., γ

n
2 }, where γi2 = kurtosis(yi); Σ = {σ2

1, ..., σ
2
n}, where

σ2
i = var(yi). And a is diagonal vector of the matrix A, and b is diagonal vector of the

matrix B; Also denote Σ3 = {σ3
1, ..., σ

3
n}. Then

E(y′Ay) = Σ′a+ U ′AU, (2.5)

V ar(y′Ay) = Σ′(diag(a)× diag(a)× diag(Γ2))Σ + 2Σ′(A⊗A)Σ

+ 4Σ′3(diag(Γ1)× diag(a)×A)U + 4U ′(A× diag(Σ)×A)U, and (2.6)

Cov(y′Ay, y′By) = Σ′(diag(a)× diag(b)× diag(Γ2))Σ + 2Σ′(A⊗B)Σ

+ 2Σ′3(diag(Γ1)× diag(a)×B + diag(Γ1)× diag(b)×A)U + 4U ′(A× diag(Σ)×B)U

(2.7)

where diag(a) is a diagonal matrix with a as the diagonal vector. diag(Γ1), diag(Σ) and

diag(Γ2) are diagonal matrices with defined diagonal vectors, and A⊗B = (aijbij)n×n and

A⊗A = (a2
ij)n×n.

Proof. y′Ay =
∑n

i=1 aiiy
2
i +

∑n
i=1

∑n
j=1
j 6=i

aijyiyj , so that

E(y′Ay) =
∑n

i=1 aiiσ
2
i +

∑n
i=1

∑n
j=1 aijµiµj = Σ′a+ U ′AU , and

var(y′Ay) = cov(
∑n

i=1 aiiy
2
i +

∑n
i=1

∑n
j=1
j 6=i

aijyiyj ,
∑n

i=1 aiiy
2
i +

∑n
i=1

∑n
j=1
j 6=i

aijyiyj)

=
∑n

i=1 a
2
ii(γ

i
2σ

4
i + 2σ4

i + 4σ2
i µ

2
i + 4γi1σ

3
i µi)

+ 4
∑n

i=1

∑n
j=1
j 6=i

(γi1σ
3
i µm + 2σ2

i µiµm)aiiaim

+ 2
∑n

i=1

∑n
j=1
j 6=i

(
∑

m=1
m 6=i
m6=j

aijaimσ
2
i µjµm +

∑
m=1
m 6=i
m6=j

aijajmσ
2
jµiµm + a2

ijµ
2
iσ

2
j + a2

ijµ
2
jσ

2
i + a2

ijσ
2
jσ

2
i )

=
∑n

i=1 a
2
iiγ

i
2σ

4
i + 2

∑n
i=1

∑n
j=1 a

2
ijσ

2
i σ

2
j + 4

∑n
i=1

∑n
m=1 γ

i
1σ

3
i µmaiiaim

+ 4
∑n

i=1

∑n
j=1

∑n
m=1 aijaimσ

2
i µjµm
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= Σ′(diag(a)× diag(a)× diag(Γ2))Σ + 2Σ′(A⊗A)Σ

+ 4Σ′3(diag(Γ1)× diag(a)×A)U + 4U ′(A× diag(Σ)×A)U

cov(y′Ay, y′By) = cov(
∑n

i=1 aiiy
2
i +

∑n
i=1

∑n
j=1
j 6=i

aijyiyj ,
∑n

i=1 biiy
2
i +

∑n
i=1

∑n
j=1
j 6=i

bijyiyj)

=
∑n

i=1 aiibii(γ
i
2σ

4
i + 2σ4

i + 4σ2
i µ

2
i + 4γi1σ

3
i µi)

+ 2
∑n

i=1

∑n
j=1
j 6=i

(γi1σ
3
i µm + 2σ2

i µiµm)aiibim

+ 2
∑n

i=1

∑n
j=1
j 6=i

(γi1σ
3
i µm + 2σ2

i µiµm)biiaim

+2
∑n

i=1

∑n
j=1
j 6=i

(
∑

m=1
m6=i
m 6=j

aijbimσ
2
i µjµm+

∑
m=1
m 6=i
m6=j

aijbjmσ
2
jµiµm+aijbijµ

2
iσ

2
j+aijbijµ

2
jσ

2
i +aijbijσ

2
jσ

2
i )

=
∑n

i=1 aiibiiγ
i
2σ

4
i + 2

∑n
i=1

∑n
j=1 aijbijσ

2
i σ

2
j + 2

∑n
i=1

∑n
m=1 γ

i
1σ

3
i µmaiibim

+ 2
∑n

i=1

∑n
m=1 γ

i
1σ

3
i µmbiiaim + 4

∑n
i=1

∑n
j=1

∑n
m=1 aijbimσ

2
i µjµm

= Σ′(diag(a)× diag(b)× diag(Γ2))Σ + 2Σ′(A⊗B)Σ

+ 2Σ′3(diag(Γ1)× diag(a)×B + diag(Γ1)× diag(b)×A)U + 4U ′(A× diag(Σ)×B)U

2.2 Moderate sample size improvements using an F-distribution approxima-
tion

For linear regression model, Y = βX + ε with normal error and k predictors, R2/k
1−R2/(n−k)

=

Y ′×X(X′X)−1X′×Y/k
Y ′×(I−X(X′X)−1X′)×Y/(n−k)

follows F distribution with degree of freedoms as k and (n −

k). Noncentrality component of the F distribution is β′X ′Xβ; k is number of paramters

used in the model; and n is the overall sample size. However, when the error term does

not follow normal distribution, simulation results show that the agreement between F-

distribution and the distribution of this function of R2 may be poor. One intuitive way

to adapt R2 distribution to non-normal error is to adjust the degrees of freedom and the

non-central component of the F-distribution to approximate the actual distribution. Here

we use a moment-matching method to develop degrees of freedom approximations. This

entails approximation of first order and second order moments of the actual distribution,

and adjustment of parameters in the F-distribution to match these first and second-order

moments. The first order and the second order moments are approximated through Taylor

expansion and are calculated based on the matrix form results presented in Theorem 1 and

Theorem 2. Considering the statistic y′Ay/nA

y′By/nB
, with nA and nB the sum of diagonal values of
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A and B respectively. For convenience, let XA define y′Ay/nA and XB define y′By/nB, and

the corresponding mean and variance are defined as (µA, σ
2
A), and (µB, σ

2
B). σAB denotes

the covariance between the two statistics (y′Ay/nA, y
′By/nB). Then by Taylor expansion

techinique to second-order derivative around µA
µB

, y′Ay/nA

y′By/nB
can be approximated by,

y′Ay/nA
y′By/nB

=
XA

XB
≈ µA
µB
−µA
µ2
B

(XB−µB)+
1

µB
(XA−µA)+

µA
µ3
B

(XB−µB)2− 1

µ2
B

(XA−µA)(XB−µB)

(2.8)

Thus, the approximation of E( y
′Ay/nA

y′By/nB
) is

E(
y′Ay/nA
y′By/nB

) ≈ µA
µB

+
µA
µ3
B

σ2
B −

1

µ2
B

σAB (2.9)

If A×B = 0 and replace the mean and variance with the formulas presented in Theorem 1

and 2, then

E(
y′Ay/nA
y′By/nB

) ≈ 1

σ6
{σ6[1 +

2

n2
B

(nB +
1

2
γ2b
′b)− 2

nAnB
(
1

2
γ2a
′b+ γ1u

′Ab/σ)]

+σ4[
µ′Aµ

nA
+
µ′Aµ

nA
× 2

n2
B

(nB +
1

2
γ2b
′b)]}

(2.10)

Similar process is applied to E(( y
′Ay/nA

y′By/nB
)2) to get the corresponding approximation, as

(
y′Ay/nA
y′By/nB

)2 =
X2
A

X2
B

≈
µ2
A

µ2
B

− 2
µ2
A

µ3
B

(XB − µB) + 2
µA
µ2
B

(XA − µA) +
1

µ2
B

(XA − µA)2

+3
µ2
A

µ4
B

(XB − µB)2 − 4
µA
µ3
B

(XA − µA)(XB − µB)

(2.11)

Thus, the approximation of E[( y
′Ay/nA

y′By/nB
)2] is

E[(
y′Ay/nA
y′By/nB

)2] ≈
µ2
A

µ2
B

+
1

µ2
B

σ2
A + 3

µ2
A

µ4
B

σ2
B − 4

µA
µ3
B

σAB (2.12)

When A× B = 0 and one puts the variance and mean formulas to the above equation,
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the approximation reduces to

E((
y′Ay/nA
y′By/nB

)2) =
1

σ8
{σ8[1 +

2

n2
A

(nA +
1

2
γ2a
′a+ 2γ1µ

′Aa/σ)− 8

nAnB
(
1

2
γ2a
′b+ γ1u

′Ab/σ)]

+σ6[2 ∗ µ
′Aµ

nA
+ 4 ∗ µ

′Aµ

n2
A

− µ′Aµ

nA
× 8

nAnB
(
1

2
γ2a
′b+ γ1µ

′Ab/σ) +
12 ∗ µ′Aµ
nAn2

B

(nB +
1

2
γ2b
′b)]

+σ4[
µ′Aµ

nA
+
µ′Aµ

nA
× 2

n2
B

(nB +
1

2
γ2b
′b)] +

6σ8

n2
B

(nB +
1

2
γ2b
′b)]}

(2.13)

Then one can adjust the degree freedom according to:

2

nadjB
=
σ2[1 + 2

n2
B

(nB + 1
2γ2b

′b)− 2
nAnB

(1
2γ2a

′b+ γ1µ
′Ab/σ) + λ+ 2λ

n2
B

(nB + 1
2γ2b

′b)]

σ2 + λ
−1

(2.14)

nadjA =
2σ8 − 6σ8

nB
(1

2γ2a
′b+ γ1µ

′Ab/σ)− 6σ6λ
nB

(1
2γ2a

′b+ γ1µ
′Ab/σ) + 4σ6λ

2 σ
8

n2
A

(nA + 1
2γ2a′a+ 2γ1µ′Ab/σ)− (8σ8+8σ6λ)

nAnB
(1

2γ2a′b+ γ1µ′Ab/σ) + 4σ6λ
nA

(2.15)

and the adjusted non-centrality parameter ncpadj is

ncpadj = µ′Aµ
nadjA
nA

(2.16)

2.3 Confidence interval estimation using asymptotic distributional approxima-
tion

Degree of freedom adjustments are considered for moderate sample size adjustment to

the distribution of R2 under nonnormal error. For large sample size datasets, asymp-

totic distributional approximation may have better performance. Thus in this section,

the confidence interval estimation for R2 based on its asymptotic distribution is devel-

oped. For linear regression model for Y = βX + ε, then R-squared can be calculated as

R2 = Y ′×X(X′X)−1X′×Y
Y ′×I×Y , where the I denotes the identity matrix of dimension n × n; and

in correspondence R2

(1−R2)
= Y ′X(X′X)−1X′Y

Y ′(I−X(X′X)−1X′)Y )
.
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Theorem 3. When Y = βX + ε and assuming X is from a k dimensional distibution

with mean 0, finite covariance matrix and fourth moment, and residual error ε is from

a distribution with mean 0, finite variance denoted as σ2 and finite fourth moment, then

R2

(1−R2)
converges to a normal distribution when sample size n goes to ∞,

√
n(

R2

1−R2
− β′ΣXXβ

σ2
) ∼ N{0, V ar1

σ4
+
V ard × (β′ΣXXβ)2

σ8
}, where (2.17)

V ar1 = 4σ2β′ΣXXβ +

p∑
h=1

p∑
k=1

p∑
l=1

p∑
m=1

βhβkβlβm(E(XhXkXlXm)− E(XhXk)E(XlXm)), and

V ard = (γ2
ε + 2)σ4

Proof. R2

(1−R2)
= Y ′X(X′X)−1X′Y

Y ′(I−X(X′X)−1X′)Y )
= Y ′X(X′X)−1X′Y/n

Y ′(I−X(X′X)−1X′)Y )/n

X is n × p matrix denoted as


x1

...

xn

, where xi is a 1 × p vector, and β denote a p × 1

coefficient vector.

Y ′X(X ′X)−1X ′Y = (Xβ)′Xβ + 2(Xβ)′ε+ ε′X(X ′X)−1X ′ε

= ε′X(X ′X)−1X ′ε+
n∑
i=1

β′x′i(2εi + xiβ)

For convenience, let V1 denote
n∑
i=1

β′x′i(2εi + xiβ) and V2 be ε′X(X ′X)−1X ′ε. The denomi-

nator, Y ′(I −X(X ′X)−1X ′)Y = ε′ε =
n∑
i=1

ε2i . Note that

ε2i follows distribution with mean σ2 and variance as (γ2
ε + 2)σ4 denoted as V ard.

Also, β′x′i(2εi + xiβ) has mean β′ΣXXβ and variance

4σ2β′ΣXXβ +
p∑

h=1

p∑
k=1

p∑
l=1

p∑
m=1

βhβkβlβm(E(XhXkXlXm) − E(XhXk)E(XlXm)) denoted as

V ar1. Cov(β′x′i(2εi + xiβ), ε2i ) = 0

Then, when n goes to ∞, by central limit theorem(Casella et al,2001),

√
n


1
n

n∑
i=1

β′x′i(2εi + xiβ)− β′ΣXXβ

1
n

n∑
i=1

ε2i − σ2

 ∼ N{
0

0

 ,

V ar1 0

0 V ard

}
Then by delta method, we can get,
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√
n(

n∑
i=1

β′x′i(2εi + xiβ)

n∑
i=1

ε2i

− β′ΣXXβ

σ2
) ∼ N{0, V ar1

σ4
+
V ard ∗ (β′ΣXXβ)2

σ8
}

For the remaining term V2 as ε′X(X ′X)−1X ′ε, since trace of X(X ′X)−1X ′ is number of

parameters in the regression model, p, and p
n → 0 as n → ∞. In addition X(X ′X)−1X ′

is a symmetric positive definite matrix, similar to diagonal matrix with only p 1s. Thus

ε′X(X′X)−1X′ε√
n

→ 0 as n→∞.

Thus, by adding back the remaining item, we can get

√
n(

R2

1−R2
− β′ΣXXβ

σ2
) ∼ N{0, V ar1

σ4
+
V ard × (β′ΣXXβ)2

σ8
}

Therefore, when sample size n is sufficient large, it will be reasonable to use normal

distribution to approximate function of R2

(1−R2)
, such as log( R2

(1−R2)
), by the delta method. In

real application, it often assumed that Xs are given and fixed. In this case, theorems defined

in this chapter can be used to approximate the asymptotic distribution of R2

1−R2 . We can

also apply delta method to the asymptotic distributions to get the asymptotic distribution

of R2

(1−R2)
and its differentiable L1 type functions. The asymptotic approximation in the

following lemma will be evaluated in simulation studies in the next chapter.

Lemma 1. When Y = βX + ε and assuming X given and let ΣXX denote the covariance

matrix of X, Y ′X(X ′X)−1X ′Y and Y ′(I−X(X ′X)−1X ′)Y converge to normal distribution

when sample size n goes to ∞. Specifically,

√
n(Y ′X(X ′X)−1X ′Y/n− β′ΣXXβ)→ N (0, 4σ2β′ΣXXβ)

√
n(Y ′(I −X(X ′X)−1X ′)Y/n− σ2)→ N (0, (γ2

ε + 2)σ4)

√
n(

R2

1−R2
− β′ΣXXβ

σ2
)→ N (0,

4σ2β′ΣXXβ

σ4
+

(γ2
ε + 2)(β′ΣXXβ)2

σ4
)

(2.18)
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√
n(log(

R2

1−R2
)− log(

β′ΣXXβ

σ2
))→ N (0,

4σ2

β′ΣXXβ
+ (γ2

ε + 2)) (2.19)

.
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Chapter 3

SIMULATION EVALUATION OF R-SQUARED ESTIMATES AND
CONFIDENCE INTERVALS

As described in the previous chapter, the matrix form for R2 is R2 = Y ′X(X′X)−1X′Y
Y ′Y ,

and it has been shown in Chapter 2 that when sample size goes to infinity, the distributions

of R2 converges to a normal distribution. In Chapter 2, we also showed that after degree

of freedom adjustments, first and second-order moments of an adjusted F-distribution can

match those from the distribution of R-squared. Confidence interval of the R2 hence will be

estimated in two ways: based on the asymptotic normal distribution with kurtosis and skew-

ness estimated from empirical data and regression residuals, and based on the adjusted F

distribution. A simulation study was conducted to test the moderate sample size properties

of the approximations discussed in the previous chapter.

In real applications, the confidence interval derived from empirical estimation using

asymptotic normal distribution or adjusted F distribution, can violate the constraints of

R2 (over 1 or negative). Thus, in order to mitigate this potential risk, instead of directly

calculating confidence interval for R2, we also developed the interval for monotonic functions

of R2 that have fewer constraints such as R2/(1−R2) and log(R2/(1−R2)) which extends

the value from the interval d0, 1e to the positive line and the whole range respectively.

Using the delta method, it was noted (Chapter 2) that distributions of those functions also

converge to normal distributions as n → ∞. R2/(1 − R2) can also be presented in matrix

form as (Y X(X′X)−1X′Y )
(Y ′(I−X(X′X)−1X′)Y )

.

In the simulation, Y = βX + ε is assumed. Two sets of simulations were performed:

the first simulation test considered X’s as given and not random but ε’s were sampled

from various distributions, normal and non-normal, skewed and heavy-tail; in the second

simulation test, X’s were also treated as random variables and were sampled from different

distributions including normal and non-normal distributions. These simulations assess the
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asymptotic distribution approximation presented in Theorem 3 discussed in Chapter 2. For

each simulation scenario, we ran 10000 simulations for each sample size. There are two steps

in the simulation test for asymptotic properties: first, quantiles of numerators, denominators

and target functions including Y ′X(X ′X)−1X ′Y, Y ′(I −X(X ′X)−1X ′)Y, Y ′Y,R2/(1−R2)

and log(R2/(1− R2)) are compared to those for a normal distribution based on QQ plots,

as well as by examination of sample skewness and kurtosis. Secondly, the variance derived

from Theorem 1 and Lemma 1 in Chapter 2 are used to calculate standard error estimates

for comparison to those derived from simulation results, and confidence interval coverage

ratio is benchmarked to the specified significance level. Sample sizes used in the simulation

studies ranged from 100, to 1000, and to 10000.

3.1 Choices of error distributions

Since a major purpose of this work is to develop confidence intervals for general error distri-

butions in the linear model, simulation studies were not limited to the normal distribution.

To generate random sample from non-normal distributions, the method described in the

paper of Vale (1987) was used. This work generates non-normal distribution with given

skewness and kurtosis. The sampling methodology is based on Fleishmans(1978) frame-

work, Y = a+ bX + cX2 + dX3, where X is a standard normal variable. By specifying the

four parameters, (a, b, c, d), it is possible to generate a Y sample with the desired first four

moments, including skewness and kurtosis.

For this study, we have tested several combinations of skewness and kurtosis, includ-

ing (0,0), i.e. normal distribution, (1,3) and (2,7). We regard the distribution with (2,7)

property as being highly non-normal. Besides this, we also tested one commonly used dis-

tribution, the Weibull distribution due to its ability to include a variety of error distribution

types. In the Weibull distribution simulation, scale and shape parameters were set to 1 and

0.8 respectively which lead to skewness 2.8 and kurtosis 12.8.

3.2 Simulation results when X’s are given

This section presents simulation results when X’s are considered as given and fixed during

the simulation. X values, without of loss generality, were sampled from distributions having
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mean 0 and variance 1. To test the impact of the distribution of X values on the estima-

tion results, X’s from normal distribution and X’s from lognormal distribution are both

considered. Table 3.1 and 3.2 lists summary statistics for X values used in the simulation

test. The X’s were sampled from normal and lognormal distributions respectively at a set

of sample sizes: 100, 1000 and 10000.

Table 3.1: Summary of X values derived from a normal distribution used in the simulation

Sample size=100 Sample size=1000 Sample size=10000

Mean 0.21 -0.03 -0.02
Median 0.18 -0.01 -0.02
Variance 0.95 0.97 1.01
Skewness -0.35 -0.14 0.02

Excess Kurtosis -0.06 0.00 0.03
Min Value -2.70 -2.96 -4.27
Max Value 2.10 2.62 3.93

Table 3.2: Summary of X values from lognormal distribution used in the simulation

Statistics Sample size=100 Sample size=1000 Sample size=10000

Mean 0.02 -0.03 -0.01

Median -0.32 -0.30 -0.31

Variance 0.64 0.88 0.93

Skewness 1.57 5.07 4.61

Excess Kurtosis 1.94 41.80 34.17

Min Value -0.68 -0.75 -0.75

Max Value 3.02 11.82 14.89

3.2.1 Normal distribution approximation when given X from normal distribution

According to the theory described in chapter 2, when sample size becomes large, the

distributions of numerator and denominator of R2 converge jointly to a normal distribu-

tion. In this section, we checked the distributions of simulated Y ′X(X ′X)−1X ′Y, Y ′(I −

X(X ′X)−1X ′)Y,R2/(1−R2) and log(R2/(1−R2)) via QQ plot against normal distribution
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and calculated its skewness and kurtosis. The simulation has been done at sample size 100,

1000 and 10000 to check the impact of sample size on the quality of asymptotic approxi-

mations. In the simulation, X was sampled from a standard normal distribution. As usual,

skewness is defined as E(X−EX)3

σ3 , and kurtosis is defined as E(X−EX)4

σ4 − 3. Under normal

distribution, the skewness and kurtosis are 0.

Figure 3.1: QQ Plot for Y ′(I −X(X ′X)−1X ′)Y and Y ′(X(X ′X)−1X ′)Y at sample size 100

Table 3.3: Sample skewness and kurtosis at sample size 100

Normal Error Skew=1,Kurt=3 Skew=2,Kurt=7 Weibull Error
skewness kurtosis skewness kurtosis skewness kurtosis skewness kurtosis

Y ′(I −X(X′X)−1X′)Y 0.28 0.12 0.92 1.69 1.17 2.36 1.56 5.42
Y ′(X(X′X)−1X′)Y 0.34 0.16 0.27 0.09 0.33 0.25 0.37 0.55

R2

(1−R2)
0.62 0.84 0.64 0.69 0.63 0.56 0.81 1.15

log( R2

(1−R2)
) -0.16 0.22 -0.26 0.23 -0.40 0.45 -0.44 0.46

Figure 3.1 to 3.6 above were QQ plots for denominator, Y ′(I − X(X ′X)−1X ′)Y , nu-

merator, Y ′(X(X ′X)−1X ′)Y , R2

(1−R2)
and log( R2

(1−R2)
) at different sample sizes (100, 1000

and 10000) under errors from various distributions with normal distribution as reference,
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Figure 3.2: QQ Plot for R2

(1−R2)
and log( R2

(1−R2)
) at sample size 100

Figure 3.3: QQ Plot for Y ′(I −X(X ′X)−1X ′)Y and Y ′(X(X ′X)−1X ′)Y at sample size 1000
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Figure 3.4: QQ Plot for R2

(1−R2)
and log( R2

(1−R2)
) at sample size 1000

Figure 3.5: QQ Plot for Y ′(I −X(X ′X)−1X ′)Y and Y ′(X(X ′X)−1X ′)Y at sample size 10000
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Figure 3.6: QQ Plot for R2

(1−R2)
and log( R2

(1−R2)
) at sample size 10000

Table 3.4: Sample skewness and kurtosis at sample size 1000

Normal Error Skew=1,Kurt=3 Skew=2, Kurt=7 Weibull Error
skewness kurtosis skewness kurtosis skewness kurtosis skewness kurtosis

Y ′(I −X(X′X)−1X′)Y 0.07 0.16 0.31 0.27 0.41 0.34 0.52 0.48
Y ′(X(X′X)−1X′)Y 0.09 0.00 0.03 -0.01 0.12 0.17 0.11 0.05

R2

(1−R2)
0.19 0.10 0.17 0.16 0.22 0.02 0.24 0.10

log( R2

(1−R2)
) -0.05 0.06 -0.14 0.18 -0.12 0.03 -0.17 0.07

Table 3.5: Sample skewness and kurtosis at sample size 10000

Normal Error Skew=1,Kurt=3 Skew=2,Kurt=7 Weibull Error
skewness kurtosis skewness kurtosis skewness kurtosis skewness kurtosis

Y ′(I −X(X′X)−1X′)Y 0.02 0.06 0.08 0.02 0.13 -0.01 0.15 0.02
Y ′(X(X′X)−1X′)Y 0.02 0.02 0.05 0.05 0.06 0.03 -0.03 -0.05

R2

(1−R2)
0.05 0.02 0.07 0.00 0.06 -0.01 0.08 -0.05

log( R2

(1−R2)
) -0.02 0.01 -0.02 0.00 -0.05 0.00 -0.04 -0.06
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while Table 3.3 to 3.5 presents the corresponding skewness and excess kurtosis of simu-

lation results of these variables. For samples from a normal distribution, it should have

zero skewness and zero excess kurtosis, and its QQ plot should be a straight line. The

simulation showed that distribution of Y ′(I − X(X ′X)−1X ′)Y was close to normal dis-

tribution under various errors even under sample size 100, given that the QQ plots were

close to a straight line and its skewness and kurtosis were around zero. This can be ex-

plained by the fact that Y ′(I − X(X ′X)−1X ′)Y can be presented as
∑n

i=1 ε
2
i that fits

the central limit theorem framework. As described in Chapter 2, Y ′X(X ′X)−1X ′Y =

(Xβ)′Xβ + 2(Xβ)′ε + ε′X(X ′X)−1X ′ε, comprises of two random components, and only

when n → ∞, the second component ε′X(X ′X)−1X ′ε converges to 0. Thus under small

to moderate sample size, we observed deviations in simulated Y ′(X(X ′X)−1X ′)Y from a

normal distribution, as illustrated by the deviation from straight lines in the QQ plots and

non-zero skewness and kurtosis in the tables. Similar deviations from normal distribution

were observed for R2

1−R2 and log( R2

1−R2 ). As expected, when errors were sampled from non-

normal distribution, the deviation was more obvious. Another observation from simulation

results was that the performance of the normal approximation to its log transformation was

more stable when compared to that of R2

(1−R2)
, especially when the sample size is small, at

100 or 1000. When sample size increased to 10000, the performance of normal approxima-

tion to these variables were reasonable, with almost straight lines in QQ plots and with

skewness and kurtosis close to zero. This agrees with our expectations, based on Chapter

2.

3.2.2 Normal distribution approximation when given X from a lognormal distribution

The previous section presented the simulation results when the given X’s are sampled from

a normal distribution. To assess the impact of the distribution of X’s on the estimation

results, we conducted another simulation test with X’s are sampled from a lognormal distri-

bution. The summary statistics of the X’s used in the simulation are summarized in Table

3.2. The simulation results, QQ plots are presented in Figure 3.7 to 3.12 and skewness

and kurtosis of related variables are listed in Tables 3.6 to 3.8. Similar to the previous
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section in which X’s are sampled from a normal distribution, the distributions of denomi-

nator, numerator. R2

(1−R2)
and log( R2

(1−R2)
) converge to normal distribution when sample size

increases from 100 to 10000. Also, with moderate sample size (100 or 1000), distribution

of log( R2

(1−R2)
) was closer to normal distribution compared to the statistics, R2

(1−R2)
. There

were no significant differences in the convergence speed to normal distribution when X’s

are sampled from a normal distribution or from a lognormal distribution. This is consistent

with our expectation. Since in the simulation, the X’s are considered as given and fixed,

error distributions should have a more substantial impact on asymptotic approximation.

Figure 3.7: QQ Plot for Y ′(I − X(X ′X)−1X ′)Y , Y ′(X(X ′X)−1X ′)Y at sample size 100 and lognormal
distributed X.

3.2.3 Variance estimation when X sampled from normal distribution

Standard errors from simulation data were compared against those derived from the formulas

listed in Chapter 2. In the calculation, first we estimated skewness and kurtosis using the

residual error from the fitted regression model, and then the estimated skewness and kurtosis

are put into the asymptotic distributional formulas to calculate the corresponding mean
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Figure 3.8: QQ Plot for R2

(1−R2)
under sample size 100, X Lognormal

Figure 3.9: QQ Plot for Y ′(I −X(X ′X)−1X ′)Y , Y ′(X(X ′X)−1X ′)Y sample size 1000, X Lognormal
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Figure 3.10: QQ Plot for R2

(1−R2)
under sample size 1000, X Lognormal

Figure 3.11: QQ Plot for Y ′(I −X(X ′X)−1X ′)Y , Y ′(X(X ′X)−1X ′)Y sample size 10000, X Lognormal
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Figure 3.12: QQ Plot for R2

(1−R2)
under sample size 10000, X Lognormal

Table 3.6: Skewness and kurtosis at sample size 100 when given X from lognormal

Normal Error Skew=1,Kurt=3 Skew=2,Kurt=7 Weibull Error
skew kurtosis skew kurtosis skew kurtosis skew kurtosis

Y ′(I −X(X ′X)−1X ′)Y 0.29 0.13 0.92 1.69 1.17 2.38 1.56 5.41
Y ′(X(X ′X)−1X ′)Y 0.39 0.21 0.54 0.51 0.70 0.99 0.98 3.04

R2

(1−R2) 0.68 1.04 0.74 0.86 0.76 0.87 0.93 1.54

log( R2

(1−R2) ) -0.28 0.36 -0.26 0.18 -0.38 0.40 -0.40 0.33

Table 3.7: Skewness and kurtosis at sample size 1000 when given X from lognormal

Normal Error Skew=1,Kurt=3 Skew=2,Kurt=7 Weibull Error
skew kurtosis skew kurtosis skew kurtosis skew kurtosis

Y ′(I −X(X ′X)−1X ′)Y 0.09 -0.07 0.30 0.18 0.44 0.51 0.45 0.33
Y ′(X(X ′X)−1X ′)Y 0.12 0.07 0.25 0.20 0.42 0.49 0.51 0.56

R2

(1−R2) 0.19 0.09 0.29 0.19 0.29 0.15 0.33 0.10

log( R2

(1−R2) ) -0.06 0.04 -0.02 0.04 -0.06 -0.00 -0.07 -0.05
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Table 3.8: Skewness and kurtosis at sample size 10000 when given X from lognormal

Normal Error Skew=1,Kurt=3 Skew=2,Kurt=7 Weibull Error
skew kurtosis skew kurtosis skew kurtosis skew kurtosis

Y ′(I −X(X ′X)−1X ′)Y 0.00 -0.02 0.12 -0.04 0.08 0.02 0.18 0.08
Y ′(X(X ′X)−1X ′)Y 0.05 -0.01 0.09 -0.01 0.10 0.01 0.12 0.08

R2

(1−R2) 0.07 -0.02 0.08 -0.03 0.08 -0.05 0.08 0.05

log( R2

(1−R2) ) 0.00 -0.04 -0.01 -0.03 -0.03 -0.04 -0.05 0.07

and variance. Standard deviation estimates from asymptotic approximations and sample

standard error from simulated data are compared in Tables 3.9 to 3.12. The comparison

shows good agreement between average of standard deviation estimates and sample standard

deviations from simulated data. The comparison was based on sample size 100 and 1000.

Since log( R2

(1−R2)
) has more stable performance, its function was used to derive a confi-

dence interval for R2. The calculation estimated variance of log( R2

(1−R2)
), and generated the

confidence intervals assuming log( R2

(1−R2)
) to follow a normal distribution. The upper and

lower bound of the derived confidence interval can be transformed back to the correspond-

ing confidence interval for R2. The coverage ratio of the process was compared against the

corresponding ratio when assuming errors from normal distribution with zero skewness and

zero kurtosis. The comparison results were presented in Tables 3.13 and 3.14. In the com-

parison, the specified significance level was 95%. The comparison results showed deviations

from the specified significance level when sample size was 100. But still the coverage ratio

from the proposed methodology was significantly better than the ratio of confidence interval

assuming errors from a normal distribution. When sample size was 1000, the coverage ratio

using sample skewness and kurtosis was consistent with the nominal significance level.

3.2.4 Variance estimation when X sampled from lognormal distribution

We also performed a simulation test for the given X’s from a nonnormal distribution (log-

normal) to test the asymptotic approximation for the estimation of variance statistics. Sim-

ulation results are presented and discussed in this section. Similar to the results described in

the previous section, we observed reasonable agreement between variance estimation based
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Table 3.9: Simulation vs formula estimation in variance when given X from normal with sample size=100

Normal Error Non-normal Error(skew=1,kurt=3)
Simulation Formula Simulation Formula

Mean of Y ′(I −X(X′X)−1X′)Y 98.938 97.965 98.718 97.751
Std Err of Y ′(I −X(X′X)−1X′)Y 14.053 13.402 21.854 19.165

Mean of Y ′(X(X′X)−1X′)Y 99.247 100.237 99.204 100.191
Std Err of Y ′(X(X′X)−1X′)Y 19.894 19.721 19.868 19.677

Mean of R2

(1−R2)
1.024 1.044 1.048 1.069

Std Err of R2

(1−R2)
0.254 0.249 0.291 0.275

Mean of Log( R2

(1−R2)
) -0.007 0.013 0.008 0.028

Std Err of Log( R2

(1−R2)
) 0.249 0.244 0.282 0.265

Table 3.10: Simulation vs formula estimation in variance when given X from normal with sample size=100

Non-normal Error (skew=2, kurt=7) Weibull Error
Simulation Formula Simulation Formula

Mean of Y ′(I −X(X′X)−1X′)Y 98.588 97.626 98.853 97.857
Std Err of Y ′(I −X(X′X)−1X′)Y 29.167 24.303 37.430 29.969

Mean of Y ′(X(X′X)−1X′)Y 99.191 100.177 100.322 101.311
Std Err of Y ′(X(X′X)−1X′)Y 19.824 19.625 19.988 19.438

Mean of R2

(1−R2)
1.079 1.102 1.152 1.179

Std Err of R2

(1−R2)
0.336 0.304 0.466 0.397

Mean of Log( R2

(1−R2)
) 0.026 0.047 0.058 0.080

Std Err of Log( R2

(1−R2)
) 0.322 0.288 0.420 0.359

Table 3.11: Simulation vs formula estimation in variance when given X from normal with sample size=1000

Normal Error Non-normal Error(skew=1,kurt=3)
Simulation Formula Simulation Formula

Mean of Y ′(I −X(X′X)−1X′)Y 999.4 998.4 999.2 998.2
Std Err of Y ′(I −X(X′X)−1X′)Y 44.7 44.5 70.5 68.8

Mean of Y ′(X(X′X)−1X′)Y 1005.7 1006.7 1005.7 1006.7
Std Err of Y ′(X(X′X)−1X′)Y 64.6 63.4 64.5 63.3

Mean of R2

(1−R2)
1.01 1.01 1.01 1.01

Std Err of R2

(1−R2)
0.079 0.078 0.097 0.094

Mean of Log( R2

(1−R2)
) 0.01 0.01 0.01 0.01

Std Err of Log( R2

(1−R2)
) 0.079 0.077 0.096 0.093
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Table 3.12: Simulation vs formula estimation in variance when given X from normal with sample size=1000

Non-normal Error (skew=2, kurt=7) Weibull Error
Simulation Formula Simulation Formula

Mean of Y ′(I −X(X′X)−1X′)Y 999.0 998.0 998.2 997.2
Std Err of Y ′(I −X(X′X)−1X′)Y 94.4 91.1 121.5 115.7

Mean of Y ′(X(X′X)−1X′)Y 1005.8 1006.8 1004.6 1005.6
Std Err of Y ′(X(X′X)−1X′)Y 64.3 63.3 63.0 63.1

Mean of R2

(1−R2)
1.02 1.02 1.02 1.02

Std Err of R2

(1−R2)
0.116 0.112 0.138 0.132

Mean of Log( R2

(1−R2)
) 0.01 0.01 0.012 0.014

Std Err of Log( R2

(1−R2)
) 0.115 0.111 0.136 0.131

Table 3.13: Comparison of the 95% confidence interval coverage ratio for different error distributions when
X from normal and sample size=100

Normal Skew=1,Kurt=3 Skew=2,Kurt=7 Weibull
Assuming normal error

(set skew=0 and kurt=0) 0.93 0.89 0.83 0.73
Using skew and kurtosis

estimated from empirical data 0.93 0.91 0.88 0.87

Table 3.14: Comparison of the 95% confidence interval coverage ratio for different error distributions when
X from normal and sample size=1000

Normal Skew=1,Kurt=3 Skew=2,Kurt=7 Weibull
Assuming normal error

(set skew=0 and kurt=0) 0.94 0.89 0.81 0.73
Using skew and kurtosis

estimated from empirical data 0.94 0.94 0.93 0.93
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on formula and variance estimated from simulation results. Also when the sample size was

small, at 100, we observed deviations from specified significance level, but obvious improve-

ments from the traditional method. When sample size increased to 1000, the coverage ratio

was consistent with the nominal significance level at 95%.

Table 3.15: Simulation vs formula estimation in variance when given X from lognormal with sample
size=100

Normal Error Non-normal Error(skew=1,kurt=3)
Simulation Formula Simulation Formula

Mean of Y ′(I −X(X′X)−1X′)Y 98.951 97.934 98.723 97.712
Std Deviation of Y ′(I −X(X′X)−1X′)Y 14.067 13.398 21.878 19.167

Mean of Y ′(X(X′X)−1X′)Y 98.637 99.626 98.664 99.651
Std Deviation of Y ′(X(X′X)−1X′)Y 19.698 19.656 19.940 19.799

Mean of R2

(1−R2)
1.018 1.039 1.047 1.068

Std Deviation of R2

(1−R2)
0.254 0.248 0.307 0.288

Mean of Log( R2

(1−R2)
) -0.013 0.007 0.003 0.024

Std Deviation of Log( R2

(1−R2)
) 0.250 0.244 0.297 0.279

Table 3.16: Simulation vs formula estimation in variance when given X from lognormal with sample
size=100

Non-normal Error (skew=2, kurt=7) Weibull Error
Simulation Formula Simulation Formula

Mean of Y ′(I −X(X′X)−1X′)Y 98.586 97.580 98.892 97.891
Std Deviation of Y ′(I −X(X′X)−1X′)Y 29.194 24.306 37.499 30.133

Mean of Y ′(X(X′X)−1X′)Y 98.691 99.677 98.811 99.800
Std Deviation of Y ′(X(X′X)−1X′)Y 20.167 19.928 20.634 20.453

Mean of R2

(1−R2)
1.082 1.106 1.130 1.157

Std Deviation of R2

(1−R2)
0.365 0.330 0.453 0.390

Mean of Log( R2

(1−R2)
) 0.021 0.043 0.044 0.065

Std Deviation of Log( R2

(1−R2)
) 0.346 0.314 0.403 0.360

3.2.5 Mass at zero studies and proposal for the estimation

In nutritional epidemiology studies, there is a common problem with response data for

some nutrients or foods having a mass at zero. We assume that the underlying model is

Y = Z(βX + ε) where Z is a binary variable with probability p of being zero. We assumed

Z to be independent of X and ε. In standard regression, it is common to assume that
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Table 3.17: Simulation vs formula estimation in variance when given X from lognormal with sample
size=1000

Normal Error Non-normal Error(skew=1,kurt=3)
Simulation Formula Simulation Formula

Mean of Y ′(I −X(X′X)−1X′)Y 999.463 998.468 999.206 998.215
Std Deviation of Y ′(I −X(X′X)−1X′)Y 44.746 44.488 70.514 68.820

Mean of Y ′(X(X′X)−1X′)Y 1032.343 1035.342 1034.328 1035.327
Std Deviation of Y ′(X(X′X)−1X′)Y 64.887 64.273 65.012 64.360

Mean of R2

(1−R2)
1.037 1.039 1.040 1.042

Std Deviation of R2

(1−R2)
0.080 0.079 0.097 0.096

Mean of Log( R2

(1−R2)
) 0.033 0.035 0.035 0.037

Std Deviation of Log( R2

(1−R2)
) 0.077 0.077 0.094 0.093

Table 3.18: Simulation vs formula estimation in variance when given X from lognormal with sample
size=1000

Non-normal Error (skew=2, kurt=7) Weibull Error
Simulation Formula Simulation Formula

Mean of Y ′(I −X(X′X)−1X′)Y 999.001 998.011 998.233 997.214
Std Deviation of Y ′(I −X(X′X)−1X′)Y 94.356 91.134 121.495 115.665

Mean of Y ′(X(X′X)−1X′)Y 1034.377 1035.376 906.820 907.819
Std Deviation of Y ′(X(X′X)−1X′)Y 65.055 64.442 59.970 60.370

Mean of R2

(1−R2)
1.044 1.046 0.922 0.924

Std Deviation of R2

(1−R2)
0.117 0.112 0.125 0.121

Mean of Log( R2

(1−R2)
) 0.037 0.039 -0.091 -0.089

Std Deviation of Log( R2

(1−R2)
) 0.112 0.110 0.136 0.133

Table 3.19: Comparison of the 95% confidence interval coverage ratio for different error distributions when
X from lognormal and sample size=100

Normal Skew=1,Kurt=3 Skew=2,Kurt=7 Weibull
Assuming normal error

(set skew=0 and kurt=0) 0.891 0.831 0.856 0.687
Using skew and kurtosis

estimated from empirical data 0.892 0.895 0.929 0.928

Table 3.20: Comparison of the 95% confidence interval coverage ratio for different error distributions when
X from lognormal and sample size=1000

Normal Skew=1,Kurt=3 Skew=2,Kurt=7 Weibull
Assuming normal error

(set skew=0 and kurt=0) 0.950 0.889 0.818 0.749
Using skew and kurtosis

estimated from empirical data 0.950 0.945 0.938 0.936
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given X, observations, Y , all have the same moments in variance, kurtosis and skewness

as distribution of ε. However when there are mass at zero from the underlying model, even

though for each observation, the error ε is from the same distribution, the corresponding

variance and higher order moments are not the same across Y values and they depend

on the mean value, βX. In the calculation, vector of variance, skewness and kurtosis, with

individual value for each observation, will be used in the calculation as presented in Theorem

1. Details of the calculation procedure are listed as below:

• The probability of Y being zero was estimated as the ratio of number of observed

zeros to total observations, p̄.

• Build the regression model using the subset of observations without zeros to estimate

the coefficient β and standard error of the residuals, ε.

• Based on the results from step 1 and step 2, we calculated the corresponding mean,

variance, and higher moments including skewness and kurtosis after incorporating the

mass at zero probability.

• The vector of moments for each observation that fed into the formula in Theorem 1.

We performed simulation studies to check the variance estimation from our formula and

compared it against the empirical variance from our simulation results. The comparison was

presented below. The simulation results (Tables 3.21-3.22) showed reasonable agreement

between empirical data and the moment’s value derived from formula. In the simulation,

sample size is set to 1000, and the probability of Y being zero is 20%.

3.2.6 F-distribution approximation

As presented in Figure 3.2 and simulation results (for example, Table 3.10) in previous

sections, when errors are from non-normal distributions and sample size is small at 100, QQ

plots show deviation in distributions of simulated R2

(1−R2)
and log( R2

(1−R2)
) from a normal

distribution and their standard errors are underestimated using a normal approximation.

Thus, we tried another approximation option: through adjusted F distribution by matching
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Table 3.21: Simulation vs formula estimation in variance with mass at zero, the given X from normal
distribution, sample size=1000

Normal Error Non-normal Error(skew=1,kurt=3)
Simulation Formula Simulation Formula

Mean of Y ′(I −X(X′X)−1X′)Y 644.6 645.3 643.7 644.8
Std Deviation of Y ′(I −X(X′X)−1X′)Y 57.4 57.0 56.8 56.9

Mean of Y ′(X(X′X)−1X′)Y 958.6 958.1 957.7 956.9
Std Deviation of Y ′(X(X′X)−1X′)Y 42.4 42.9 108.8 103.5

Mean of R2

(1−R2)
0.674 0.674 0.681 0.682

Std Deviation of R2

(1−R2)
0.0632 0.0631 0.095 0.091

Table 3.22: Simulation vs formula estimation in variance with mass at zero, the given X from normal
distribution, sample size=1000

Non-normal Error (skew=2, kurt=7) Weibull Error
Simulation Formula Simulation Formula

Mean of Y ′(I −X(X′X)−1X′)Y 644.7 645.2 644.7 645.2
Std Deviation of Y ′(I −X(X′X)−1X′)Y 57.3 56.9 57.3 56.9

Mean of Y ′(X(X′X)−1X′)Y 958.1 957.6 957.8 957.2
Std Deviation of Y ′(X(X′X)−1X′)Y 63.6 63.3 84.1 82.5

Mean of R2

(1−R2)
0.675 0.676 0.678 0.678

Std Deviation of R2

(1−R2)
0.0714 0.0711 0.0811 0.0802

first-order and second-order moments, which helps improve the fit of the approximation.

As discussed in the Chapter 2, when the errors are from a normal distribution, R2/k
(1−R2)/(n−k)

follows an F distribution with degrees of freedom being k and (n − k). However when the

random errors are not from normal distribution, the statistic, R2/k
(1−R2)/(n−k)

, does not follow

an F distribution. By matching the first and second moment of the F distribution to the

corresponding moments derived from the matrix calculation, we estimated the adjusted

degrees of freedom and non-centrality parameter. We compared the distributions before

and after adjustments. Figure 3.13 to 3.15 present plots of the percentiles from simulated

R2, unadjusted F-distribution with degree of freedom k and (n − k), and the adjusted F-

distribution. The plot showed that when errors were from non-normal distribution, the

percentile line of unadjusted F-distribution deviated from the line of simulated R2, while it

was improved after adjusting degrees of freedom and non-central component. The simulation

results presented in the plots were based on sample size 100.
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Figure 3.13: QQPlot of F distribution approximation with adjusted degrees of freedom vs simulated data,
Error from nonnormal distribution(skew=1,Kurt=3), sample size at 100
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Figure 3.14: QQPlot of F distribution approximation with adjusted degrees of freedom vs simulated data,
Error from nonnormal distribution(skew=2,Kurt=7), sample size at 100
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Figure 3.15: QQPlot of F distribution approximation with adjusted degrees of freedom vs simulated data,
Error from Weibull distribution, sample size at 100
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3.3 Simulation study under unconditional distribution of X

In previous sections, the X’s were assumed given and fixed. In Chapter 2, it has been

proved that when sample size n → ∞, R2

(1−R2)
and its function also converge to a nor-

mal distribution even when X is random. We also performed simulation tests to check

the theory’s performance when X’s were random and sampled from distributions, and the

simulation results were summarized in this section. In this simulation, we assumed that

Y = 0.5X1 +X2 + 1.5X3 + ε. The X’s were sampled from the four pre-defined distributions

with various skewness and kurtosis values. The error term ε is sampled from the correspond-

ing distribution having mean 0 and standard error,
√

3. In the simulation, error term and

predictors are independent, but different correlation levels between X’s are tested in the

simulation. The correlated X’s are sampled based on a normal copula and its correlation

structure. Simulation results at sample size 1000 are summarized in Tables 3.23 to 3.24, and

Figures 3.16 to 3.19. Table 3.23 and 3.24 compare variance estimation from Theorem 3 in

Chapter 2 and variance estimates using the simulated R2 values which showed good agree-

ment between simulated variance and variance from formula. Figure 3.16 to 3.19 present

QQPlots of R2

(1−R2)
and Log( R2

(1−R2)
) with normal distribution as reference. These plots show

that the normal distribution has good approximation to the simulated results when sample

size is 1000, especially for Log( R2

(1−R2)
).

Table 3.23: Variance comparison between simulated results and theory when correlation between Xs is
zero, sample size=1000

nonnormal Error
Normal Weibull Skew=1,Kurt=3 Skew=2,Kurt=7

Var of Numerator from simulation 68.115 143.723 86.334 111.038
Var of Numerator from theory 66.844 144.561 85.119 109.874

Var of Denominator from simulation 17.619 129.116 44.366 79.963
Var of Denominator from theory 17.854 129.990 44.566 80.171

Var of R2

(1−R2)
from simulation 0.010 0.037 0.016 0.025

Var of R2

(1−R2)
from theory 0.010 0.036 0.016 0.024

Var of log( R2

(1−R2)
) from simulation 0.007 0.026 0.012 0.018

Var of log( R2

(1−R2)
) from theory 0.007 0.025 0.012 0.017
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Table 3.24: Variance comparison between simulated results and theory when correlation between Xs is
0.5, sample size=1000

nonnormal Error
Normal Weibull Skew=1,Kurt=3 Skew=2,Kurt=7

Var of Numerator from simulation 156.754 431.618 227.766 318.164
Var of Numerator from theory 153.674 430.558 224.805 314.432

Var of Denominator from simulation 17.619 129.109 44.363 79.957
Var of Denominator from theory 17.854 129.985 44.567 80.173

Var of R2

(1−R2)
from simulation 0.026 0.106 0.047 0.073

Var of R2

(1−R2)
from theory 0.026 0.103 0.046 0.071

Var of log( R2

(1−R2)
) from simulation 0.006 0.027 0.011 0.017

Var of log( R2

(1−R2)
) from theory 0.006 0.026 0.011 0.017

Figure 3.16: QQ Plots for Normal Distribution, Sample Size 1000
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Figure 3.17: QQ Plots for Weibull Distribution, Sample Size 1000
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Figure 3.18: QQ Plots for nonnormal Distribution with skew=1 and kurt=3, Sample Size 1000
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Figure 3.19: QQ Plots for nonnormal Distribution with skew=2 and kurt=7, Sample Size 1000
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3.4 Summary of simulation studies

In this Chapter, simulation results were analyzed and presented which were used to test

the performance of theories described in Chapter 2. In the simulation, two scenarios were

considered: X was given and fixed, and X was random sampled from pre-specified distribu-

tions. Besides normal distributions, non-normal distributions were also tested to assess the

impact on performance from non-normal error distributions. Simulation results showed that

when sample size was reasonable large (1000 or more), there was good agreement between

variance derived from formulas described in Chapter 2 and variance estimated from simula-

tion results in both scenarios. Also, simulated R2

(1−R2)
and log( R2

(1−R2)
) converged to normal

distribution at large sample size, while the rate of convergence to normal distribution of

log( R2

(1−R2)
) was faster. Based on the asymptotic distribution of log( R2

(1−R2)
), a confidence

interval for R2 was calculated, and the coverage ratio of a nominal 95% confidence interval

was tested, which was consistent with the pre-determined level when sample size increased

to 1000. A common problem in nutritional studies, with mass zero in the response vari-

able, was also tested in the simulation. The distributional approximations of Chapter 2

also showed reasonable performance. When sample size was small or moderate, for example

when sample size was 100, distributions of simulated R2

(1−R2)
and log( R2

(1−R2)
) deviated from

normal distribution. We also tested the performance of the adjusted F distribution by com-

paring percentiles of simulated results against quantiles from our adjusted F-distribution,

showing improved performance when compared to that for an unadjusted F distribution.
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Chapter 4

ESTIMATION OF R-SQUARED WITH PREDICTOR VARIABLE
MEASUREMENT ERROR

In many regression applications, researchers are confronted with measurement error in

key study variables. It is well known that measurement error in covariates can cause bias

in the estimated regression coefficients. In-depth analysis of impact of measurement error

on linear regression has been provided by Fuller (1987). Carroll et al (2006) expanded the

analysis to cover non-linear models. Measurement errors in the covariates typically also lead

to bias in R-squared estimation, which has not attracted much attention in previous studies.

In this chapter, we first review the existing literature on measurement error methods and

then discuss methodology for R-squared estimation in the presence of measurement error.

4.1 Literature review

Measurement error is a common issue in many studies. Specification of measurement error

in mathematical form by defining a relationship between actual measurement with error

and the latent variable; that is, the true value, typically is the first step in existing method-

ology. Different measurement error structures do not have the same impact on parameter

estimation, and require model-specific analysis to estimate the impact, and to correct biases

caused by the error. In addition, the complexity of analysis and data requirement on the

correction methodology vary under different types of measurement error. In the literature,

measurement error can be classified into two main classes : non-differential and differential

error. The distinction between the two types of errors is discussed below in section 4.1.1.

Furthermore, measurement error models that define the relationship between true value

and observed measure can be categorized into two main classes: classical error and Berkson

error. The definition of each error type and the distinction between them are described

in section 4.1.2. Correction methodologies that have been developed in the existing litera-

ture can be distinguished by how they treat the latent variable (true value) and they can
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be grouped into two major classes: functional methods and structural methods. Popular

methodologies in each group are discussed in section 4.1.3. Finally, there is a brief intro-

duction to the studies of measurement error and correction methodologies in nutritional

studies. In the following discussion, W denotes the observed actual measurement possibly

with error on the true value X, and Y defines the response variable. In addition, Z includes

other individual characteristics that are assumed to be without measurement errors.

4.1.1 Differential and Nondifferential Measurement Error

If the error in W contains extra information about the response variable Y that is not

explained by true value X and Z, then the conditional distribution of Y given W , X and

Z will be different from the distribution of Y given X and Z only. With this kind of error,

without observing true values for some study subjects, it is typically not possible to estimate

the relationship between Y and X from Y and W . Thus, in measurement error analysis, it

is important to distinguish two types of measurement error, differential and nondifferential.

The error in W is nondifferential if the distribution of Y conditional on (Z,X) does not

change after including the observed measurement,W , i.e., fY |ZXW = fY |ZX where f denotes

the corresponding distribution function for Y . If fY |ZXW and fY |ZX are not equal, the error

is differential. Nondifferential error indicates that the related measurement of X, W , does

not contain more information about Y after accounting for the associations between Y and

(Z,X). W with nondifferential error is sometimes called a surrogate for X.

To estimate the relationship between the response Y and the true predictor value, X,

the analysis methodology will depend on the type of measurement error. For nondifferential

error, W contains the same information when predicting Y when observing X, thus with

minimal assumptions, it is possible to derive corresponding regression parameter estimates

for X from W without observing the true measurements X. However, with differential

error, it is necessary to record X values at least in a validation subsample to generate

the corresponding parameter estimates. As discussed in Buzas (2003), differential error

problems are typically addressed using missing data techniques, while measurement error

research mainly focuses on nondifferential errors. In this thesis, we focus on nondifferential
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measurement error.

4.1.2 Measurement Error Model

There are various ways to model and present the relationship between a surrogate variable

W and X. Various error structures can have different effects on model estimation and

statistical methods to analyze measurement error also may need to be adjusted for different

model structures. Some types of measurement error structure are summarized below:

• Classical error model: Classical measurement error is an additive model, assuming a

simple structure W = X+U . The error model has been studied by many researchers,

for example, the OPEN study report by Subar, et al.(2001). Usually the measurement

error U is assumed to be independent from X and Y so that the error is nondifferential

andW is a surrogate. It is also often assumed that the error term has mean 0 indicating

that W is an unbiased measurement of X. Due to its simple structure, the model is

convenient for statistical analysis. However in real applications, it may happen that

W is biased, and is associated with other characteristics denoted by Z. Especially

in nutritional studies, systematically biased measurement errors were identified in

intake measurements from FFQ, food record and 24-hour recall procedures. Thus the

classical error model was extended to be applicable to a broader set of applications.

In the extended model structure, W is presented as W = γ0 + γXX + γZZ + U ,

being a function of both X and Z. In dietary studies, the Z’s often denote personal

characteristics such as body mass index (BMI) and age. Through error calibration, the

extended linear error model can be mapped to a classical error model. For example,

let W ∗ = W−γ0−γZZ
γX

and U∗ = U
γX

, then W ∗ = X+U∗ while W ∗ represents a measure

with classical error.

• Berkson error model: In the classical measurement error model, the actual observed

W values are more variable than the underlying true values. Berkson (1950) defined

another type of error model, in which X is varying around W with larger variability.

The model can be presented in mathematical formula as X = W + U , where U is
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independent from W with mean zero. Under this model, E(X|W ) = W . Examples of

Berkson model arise from experimental studies or exposure assessment in environment

studies. For example, W may represent average exposure to a group of objects,

such as air pollution level measured in one area while X is the actual exposure for

each individual. There are more examples explained in the book by Carroll et al

(2006). The Berkson error model can also be extended to a more complicated form,

as X = θ0 + θWW + θZZ + V where V is independent from W and Z with mean 0.

One popular correction methodology, regression calibration, transforms a surrogate

variable W under a classical measurement model into a Berkson error model.

• Customized measurement error model: the two measurement error strcutures defined

above are both standard and additive. For a specific study, neither error structure

may be appropriate. Thus, there are some ad hoc error structures that have been

developed in the literature and they generally are nonlinear and more complicated.

For example, Pierce (1992) proposed a multiplicative error structure, W defined as

W = XU . A log-transformation of this model may yield a classical measurement

model. Transformation models are frequently used in measurement error modeling.

4.1.3 Measurement Error’s Impact on Linear Regression

The impact of measurement error on linear regression has been extensively studied, and

in-depth discussion is provided in Caroll et al (2006) and Fuller (1987). Here we will briefly

summarize the measurement error effects within simple linear regression and multiple linear

regression models. In a simple linear regression, Y = βxX + ε, then E(Y |X) = βxX.

Then for the surrogate variable W , E(Y |W ) = E{E(Y |X,W )|W} = E{E(Y |X)|W} =

βxE(X|W ). Under classicial error model and joint normal distribution assumption, W =

X + U , we can derive that E(X|W ) = λXW , where λX =
σ2
X

σ2
W

=
σ2
X

(σ2
X+σ2

U )
. We can observe

the attenuation effects of β with the ratio λX called the reliability ratio. When the error

follows Berkson structure, X = W +U , then E(X|W ) = W . Then there will no attenuation

effect on βX , βW = βX .

For a multiple linear regression model, the effect of classical measurement error on
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parameter estimation is not so simple. Assuming a linear relationship between Y and (X,Z)

presented as Y = βXX + βZZ + ε, after replacing X with the surrogate W , the conditional

expectation of Y on given W,Z is also a linear function as E(Y |W,Z) = βWW + β∗ZZ.

Let
∑

µµ denote the covariance matrix of measurement error, U , then the coefficients under

measurement error, βW and β∗Z , in matrix form are

 βW

β∗Z

 =

 ∑
WW

∑
XZ∑

XZ

∑
ZZ

−1  ∑
XX

∑
XZ∑

XZ

∑
ZZ

 βX

βZ

 (4.1)

 βX

βZ

 =

 ∑
XX

∑
XZ∑

XZ

∑
ZZ

−1  ∑
XX +

∑
µµ

∑
XZ∑

XZ

∑
ZZ

 βW

β∗Z


=

 βW

β∗Z

 +

 ∑
XX

∑
XZ∑

XZ

∑
ZZ

−1  ∑
WW −

∑
XX 0

0 0

 βW

β∗Z


(4.2)

Thus, coefficients can be inflated or attenuated towards zero. The direction of impact

depends on the correlation structure between X and Z. If (X,Z,W ) is from a multi-

variate normal distribution, expected value of X conditional on (Z,W ) is a linear function

E(X|Z,W ) = γZZ+γWW , and Expression (4.3) was also similar to simple linear regression:

E(Y |Z,W ) = E{E(Y |X,W,Z)|Z,W} = (βZ + βX × γZ)Z + βX × γWW (4.3)

So, we can obtain the relationship between (β∗W , β
∗
Z) and true coefficients (βX , βZ) as β∗W =

βXγW and β∗Z = (βZ +βX×γZ). Caroll et al (2006) and Fuller (1987) provided more details

about the variance of the corrected estimates.

4.1.4 Measurement Error Correction Methodology

Methods to correct biases caused by measurement error have been an interesting topic for a

long time and there has been considerable related statistical research. The developments in

the literature can be classified using two distinct types of models: functional methods and

structural methods. These two classes of models make different assumptions on the latent

variable X. Functional methods treats the unobserved true values X as model parameters
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to be estimated, while structural methods consider X as a random variable drawing from a

specific distribution. Usually structural model correction procedures are based on likelihood

methods. One advantage of the functional approach is that it makes fewer assumptions on

X. This section describes some standard structural model correction methods developed in

the literature.

• Regression calibration: Regression calibration is a structural method, and has been

successfully applied to a broad range of applications. This method was introduced

by Prentice (1982) in the context of a proportional hazard regression model. The

methodology has been generalized to different applications such as logistic regression

and generalized linear models. The method replacesX with its conditional expectation

given W and Z, denoted by E(X|W,Z). If the dependent variable Y has expectation

that is a function of X and Z, defined as E(Y |X,Z) = f(X,Z), then this method

approximates Y as E(Y |X,Z) ' f(E(X|W,Z), Z). To implement this method, there

are two steps:

– step 1, estimate the conditional expectation function of unobserved X given

observed measurement W and other covariates Z. The estimation generally is

based on repeated measures or validation data.

– step 2, use the estimation results from step 1, E(X|W,Z), to approximate X,

and proceed with the analysis to estimate the relationship between Y and X,Z.

In step 2, the standard errors of estimated parameters should be adjusted since the

replacement E(X|W,Z) is estimated from data in step 1. The Sandwich method or

bootstrap method can be used to estimate the variance. In some nutrition studies,

there are minor changes on the implementation. Actual nutrition intake X is not

observable, however, in a biomarker subsample, there is a measurement of X, denoted

as Q, that follows a classical error model being unbiased estimator for X, such as

energy or protein biomarkers. The measurement W from FFQ or 24-hour recall is

assumed to follow an extended classical error model as described above. Thus, instead

of calibrating to X directly in step 1, the estimation of E(X|W,Z) is approximated
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by regressing Q on W,Z. When the measurement error in Q is independent from

both W and Z, it is straightforward to show that E(Q|W,Z) = E(X|W,Z). The

regression calibration model is consistent for linear models, but can’t remove all bias

for non-linear models, and is only approximately consistent in this context.

• SIMEX method: SIMEX refers to simulation extrapolation. It was first developed

by Cook and Stefanski (1994, 1995). Caroll et al (2006) provided a comprehensive

summary of this method. It is also a structural method, which does not make any

assumption on the distribution of the underlying unobserved X. This method assumes

that bias in the estimated parameters induced by measurement error is a function of

the variance of measurement errors. To get the function and to correct bias, there are

also two steps in the implementation:

– Simulation step: in this step, measurement error is simulated and added to ob-

served measurement W . Then the corresponding parameters are estimated based

on the simulated measurement. The simulation process will repeat several times

with incremental variance in the measurement error.

– Extrapolation step: This step uses estimation results from the simulation step to

develop the relationship between variance of measurement error and the corre-

sponding bias in parameter estimation. Then the function will be extrapolated to

the case with zero measurement error variance to calculate parameters without

measurement error.

We use the simple additive measurement error model as an example to illustrate the

calculation methodology. Under the classical error model, W = X + U , where U is

from a distribution with mean 0 and variance σ2
u. Then in each simulation, additional

variance will be added to the measurement error, so that Wα = W + Uα, where Uα

have zero mean and variance ασ2
u. Then the estimated coefficients θ is considered

as a function of α, denoted as θ(α). Simulation results can be used to develop the

function, and extrapolate to α = −1 under which there are no biases. The major
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limitation for this methodology is that it assumes that either there is prior knowledge

of measurement error variance or the variance can be estimated from another dataset.

• Score function method: Score function methodology is based on estimation equations

that are used to estimate model parameters. Estimation equation often is derived

from a score function, as the derivative of a corresponding likelihood function. Expec-

tation of the score function is zero denoted as E[ψ(Y,X,Z,Θ)] = 0 where ψ indicates

the score function and Θ is the model parameters. When there are no measure-

ment errors and true X values are available, we can solve Θ through the estimation

equation:
n∑
i=1

ψ(Yi, Xi, Zi,Θ) = 0 . However, when replacing X with W with measure-

ment error, E[ψ(Y,W,Z,Θ)] 6= 0. Thus when using the same estimation equations to

solve Θ, it will result in bias in parameter estimation. To correct the bias, there are

two popular ways:

– Corrected score method: this method was first developed and discussed by Ste-

fanski (1989) and Nakamura (1990). The underlying idea is to find a corrected

score function that is based on the observed measurement W instead of the true

X. The corrected function has the property that its expectation is the same as

the uncorrected score function using X, i.e. E[ψ∗(Y,Wi, Z,Θ)] = ψ(Y,Xi, Z,Θ).

For the simple linear regression, and classical error W = X + U , it has been

shown that ψ∗(Y,Wi, θ) = ψ(Y,Wi,Θ) + σ2
u ∗ θ, where σu is the measurement

error variance. In some nonlinear models, the corrected score function is not

easy to identify. Novick and Stefanski (2002) developed a general approach that

is based on Montecarlo simulation and is applicable to a much broader range of

applications. It is called Monte Carlo Corrected Score (MCCS). This method

is similar to Simex. Instead of adding additional random error to W , MCCS

introduces a complex number with real part equal to the observation Wi but the

image part is from the added random variance. The whole calculation process

follows:

∗ Assuming the simluation repeats k times, and for one sample, a random
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measurement error Uj,i is generated from the distribution of measurement

error, and form a complex variable as W̃j,i = Wi + img(Uj,i).

∗ The corrected estimation score function is the average of the real part of the

score function ψmccs(Yi,Wi, Zi,Θ) = k−1
k∑
j=1

ψ(Yi, W̃j,i, Zi,Θ).

∗ Solve the equation
n∑
i=1

ψmccs(Yi,Wi, Zi,Θ) = 0 to estimate Θ.

It has been proved that corrected score method estimation is consistent (Caroll

et al 2006).

– Conditional score method: the conditional score function method is based on

the theory of sufficient statistics. The underlying approach for this functional

method is to find a sufficient statistic that is a function of W , and then the score

function conditional on W will remove the nuisance variable X. The conditional

score function can be used to estimate model parameters. This methodology was

proposed by Stafanski and Caroll (1987). It has good properties for the linear

regression and logistic regression (Stefanski and Caroll, 1990). Conditional score

function for other models besides linear and logistic regression model is compli-

cated and hard to compute. Research in this literature focuses on measurement

error from normal distribution, and there is evidence of lack of robustness to

departures from normality(e.g. Shaw and Prentice, 2012).

• Likelihood methodology: Those methods discussed above are mainly structural meth-

ods. The desirable properties of maximum likelihood analysis on estimation effi-

ciency and confidence interval estimation have also attracted interest of many re-

searchers. In the literature, some studies make distributional assumptions on X and

then develop the full parameterized likelihood function to estimate parameters as

f(Y |Z,W ) = f(Y |Z,X, βX)f(X|W,Z). Instead of assuming the full distribution of

underlying X, some studies just make assumptions on the first and second moments

and estimate parameters via the quasi likelihood method. One major limitation of this

methodology is that it requires that X is observable in a subset of a study cohort to fit

the distribution or to estimate the first or second moment. This limits its application
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scope.

4.2 Measurement Error in nutritional studies

Measurement error is a common issue in nutritional studies. Nutritional research includes

interest in the actual intake of a given nutrient, some type of food, or energy. As discussed in

Chapter 1, FFQ, self-reported food frequency questionnaires, and 24-hour recalls are popular

methodologies considering their easy implementation and low cost. However, systematic

bias and measurement error were identified in those dietary measurements. It is challenging

to correct bias since it is very difficult or impossible to estimate the true intake which

may, for example, be defined as average daily consumption over the preceding months or

years that may be relevant to health outcomes. Recent development in related biomarkers

provides a way to perform the regression calibration. Those biomarkers of dietary intake

were considered as an unbiased measure of the true consumption (Kaaks et al, 1997) that

adhered to a classical measurement model. These biomarkers have been used as the reference

in regression calibration to calibrate the function E(X|W ) and then use this function to

estimate the true relationship between Y and X (Prentice et al, 2009, Prentice et al, 2011).

However, most of these studies use a joint normal distribution assumption so that E(X|W )

can be presented in a linear form. In the next section, we expand the application scope

and show that under some conditions, regression calibration still leads to asymptotically

unbiased parameter estimation. Some research also extends the usage of biomarkers, using

it as a benchmark to compare various intake measurement methodologies such as food

record, FFQ and recalls based on the metric, R-Squared (Prentice et al, 2011). R-squared

of a linear regression model will be skewed in the presence of measurement error either in

response variable or independent variables. This chapter also includes a final section to

discuss R-squared correction methodology.

4.3 Regression calibration in linear regression under non-normal measurement
error

In a linear regression model, Y is a linear function of (X,Z), denoted as Y = βXX+βZZ+ε,

where ε has mean 0 and variance σ2
ε . W , the actual measurement of X, generally contains
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measurement error. In the context of a nutritional study, W follows an extended classical

error model, presented as W = γ0 + γXX + γZZ + U . When measurement error is from

a normal distribution, and (W,Z,X) are from a joint normal distribution, E(X|W,Z) is a

linear function of (W,Z) denoted as E(X|W,Z) = α+ λWW + λZZ. This is the usual first

step in regression calibration methodology. However, when the error is from a non-normal

distribution, E(X|W,Z) generally will not be linear. Thus when following the regression

calibration method, the estimated linear function from step 1 does not represent E(X|W,Z).

Hence, whether the corrected parameter estimation is still asymptotically consistent is a

research issue. The following theorem shows that under a non-normal error distribution,

the methodology still generates consistent parameter estimation.

Theorem 4. Assuming that Y = βXX + βZZ + ε, and X̃ = λWW + λZZ as a linear

estimator of X that minimizes squared error defined as E(X̃ − X)2. Then (β̂X , β̂Z) =

argmin[E(Y − β1X̃ − β2Z)2], is consistent for (βX , βZ).

Proof. Since λW and λZ are minimizing the objective function E(X − λ1W − λ2Z)2, then

λW and λZ solve two equations E{(X−λ1W−λ2Z)W} = 0 and E{(X−λ1W−λ2Z)Z} = 0.

E{(Y − β1X̃ − β2Z)2}

= E{(βXX + βZZ − β1X̃ − β2Z + ε)2}

= E{(βX(X − X̃) + (βX − β1)X̃ + (βZ − β2)Z + ε)2}

= E{β2
X(X − X̃)2 + (βX − β1)2X̃2 + (βZ − β2)2Z2 + ε2}

+ 2 ∗ E{βX(βX − β1)(X − X̃)X̃ + βX(βZ − β2)(X − X̃)Z + (βZ − β2)(βX − β1)X̃Z}

= E{β2
X(X − X̃)2 + ((βX − β1)X̃ + (βZ − β2)Z)2}

Thus, when β1 = βX and β2 = βZ , the objective function is minimized.

Since βX and βZ minimize the objective function E{(Y − β1X̃ − β2Z)2} where X̃ is a

linear combination of W and Z that minimizes the function E(X̃ − X)2, taking the first

derivative of the objective function, we can get that E{(Y − βXX̃ − βZZ)X̃} = 0 and

E{(Y − βXX̃ − βZZ)Z} = 0. Without losing generality, we assume that X,W , and Z have
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zero mean. Now βX and βZ can be solved as:

 βX

βZ

 =

 λ2
Wσ

2
WW + λ2

Zσ
2
ZZ + 2 ∗ λWλZσWZ λWσWZ + λZσ

2
ZZ

λWσWZ + λZσ
2
ZZ σ2

ZZ

−1  λWσYW + λZσY Z

σY Z


(4.4)

where (λW , λZ) minimizes E(X̃ −X)2, and by solving the two equations E{(X − λ1W −

λ2Z)W} = 0 and E{(X − λ1W − λ2Z)Z} = 0 we can get that:

 λW

λZ

 =

 σ2
WW σWZ

σWZ σ2
ZZ

−1  σXW

σXZ

 (4.5)

In a real application, (λW , λZ) are estimated based on a biomarker data set, solving the

following two equations, and the estimators are denoted as (λ̂W , λ̂Z) ,

n∑
i=1

(xi − λWwi − λZzi)wi = 0

n∑
i=1

(xi − λWwi − λZzi)zi = 0

(4.6)

By solving equation (4.6), we obtain the solution

 λ̂W

λ̂Z

 =


1
n

n∑
i=1

(wiwi)
1
n

n∑
i=1

(wizi)

1
n

n∑
i=1

(wizi)
1
n

n∑
i=1

(zizi)


−1 

1
n

n∑
i=1

(xiwi)

1
n

n∑
i=1

(xizi)

 (4.7)

As n → ∞, it is straightforward to show that (λ̂W , λ̂Z) are asymptotically consistent for

(λW , λZ) from equation (4.5) and (4.7). (βX , βZ) are estimated by solving the following

equations on study population for given estimated (λW , λZ)

N∑
i=1

(xi − βX(λ̂Wwi + λ̂Zzi)− βZzi)(λ̂Wwi + λ̂Zzi) = 0

N∑
i=1

(xi − βX(λ̂Wwi + λ̂Zzi)− βZzi)zi = 0

(4.8)
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As shown in (4.4) and the equation (4.8), (βX , βZ) is a function of (λW , λZ). Thus by the

continuous mapping theorem, (β̂X , β̂Z) is consistent for (βX , βZ) when N →∞.

4.4 R-squared estimation under a flexible model for measurement error in
predictor variables

As described above, R-squared is a common metric to measure the explanatory power

of predictors in a linear regression model. However, in real application, the true value of

predictor variables X may not be observable because of measurement error embedded in the

actual measurement W . This may cause bias in R-squared estimates resulting in improper

inference in the relationship between response variable Y and predictor variables X. In the

following presentation, we assume that in the underlying true model Y is a linear function of

X and Z defined as Y = βXX+βtZZ+ε. To accomodate non-normal measurement error, we

consider the version of generalized R-squared discussed above, given by R̃2
Y |XZ = 1−

σ2
Y |X,Z

σ2
Y

,

where σ2
Y |X,Z is the variance of conditional distribution of Y on given (X,Z).

Theorem 5. Assuming that Y = βXX + βtZZ + ε, and W is a surrogate measurement for

X, then R̃2
Y |XZ = R̃2

Y |WZ +
β2
Xσ

2
X|W,Z

σ2
Y

Proof.

E(Y |W,Z) = βXE(X|W,Z) + βtZZ

σ2
Y |W,Z = β2

Xσ
2
X|W,Z + σ2

ε

R̃2
Y |X,Z = 1− σ2

ε

σ2
Y

R̃2
Y |W,Z = 1−

σ2
Y |W,Z

σ2
Y

= R̃2
Y |X,Z −

β2
Xσ

2
X|W,Z

σ2
Y

When (X,W,Z) are from a joint normal distribution, the generalized R-squared is equiv-

alent to traditional R-squared and the theorem can be applied to linear regression model

for R-squared correction.
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4.5 R-squared correction estimation

The theorem presented in the previous section can be used to correct R-squared estimators

in the presence of measurement error. However this correction requires knowledge of actual

coefficient βX and the variance term, σ2
X|WZ which are generally estimated from biomarker

subsample or are based on prior knowledge. Actual parameter values and variance are

typically not available, thus this section focuses on the estimation using a biomarker dataset.

In many nutritional studies, instead of observing the true value in the biomarker subsample,

unbiased objective measurements using biomakers are available, and typically there are

repeated measures on the same subjects. In the following discussion, biomarker measures

are denoted as Q and we assume that there are two repeat measures defined by Q1 and Q2.

The biomarker measure is considered as an unbiased measure of X and is defined in the

mathematical formula as Q = X + υ. In a typical study design, we assume that biomarker

subsample dataset have n subjects and include (Y,W,Z) and biomarker measure Q, while

there are N subjects in the study population with (Y,W,Z) only. Then the biomarker

subsample can be used to estimate (βX , βZ) and σ2
X|WZ to calculate the R-squared correction

item. The estimation procedure of the two terms, βX and σ2
X|WZ is explained below:

• Estimation of σ2
X|WZ : sinceQ = X+υ, σ2

Q|W,Z = σ2
X|W,Z+σ2

υ, so σ2
X|W,Z = σ2

Q|W,Z−σ
2
υ.

σ2
Q|W,Z is estimated from the regression of Qn on Wn and Zn, and the σ2

υ is estimated

by σ̃2
υ =

n∑
i=1

(Q1i − Q2i)
2/2n. In multidimensional study, first regress each individual

variable, Q1, ..., Qp on W and Z to get vectors of residuals, υ1, ..., υp. And define∑
υυ = Cov(υ1, ..., υp). Then Cov(X|W,Z) = Cov(Q|W,Z) −

∑
υυ where

∑
υυ is

estimated as V ar(Q1 −Q2)/2n.

• Estimation of βX : the estimation can be implemented via two different ways:

– the first methodology is based on a calibration equation:

∗ step 1: Develop a calibration equation by regressing Qn on Wn and Zn based

on the biomarker subsample.
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∗ step 2: Put WN and ZN in the calibration equation to get an estimator of

X, denoted XN , then develop regression model by regressing YN on XN and

ZN .

∗ In multidimensional case, the estimation follows the same procedure. Regress

Q1, ..., Qp on W and Z to get calibration equations, and use the calibration

equations to estimate the corresponding X values. Estimated X values plus

observed Z are put in the regression with Y to get the estimation results.

– The second methodology is based on the biomarker measurements, Q via method

of moment.

∗ Regress Yn on Qn and Zn to get an estimator of βQ.

∗ Correct βQ to estimate βX . βX =
βQ
λ where λ = V ar(X|Z)

V ar(Q|Z) = (V ar(Q|Z)−σ2
v)

V ar(Q|Z) .

∗ In multidimensional study, the calculation is similar but in matrix format.

Assuming Y = QβQ + Zβ∗Z + e, then

 βQ

β∗Z

 =

 ∑
XX +

∑
υυ

∑
XZ∑

XZ

∑
ZZ

−1  ∑
XX

∑
XZ∑

XZ

∑
ZZ

 βX

βZ

 ,

(4.9)

 βX

βZ

 =

 ∑
XX

∑
XZ∑

XZ

∑
ZZ

−1  ∑
XX +

∑
υυ

∑
XZ∑

XZ

∑
ZZ

 βQ

β∗Z


=

 βQ

β∗Z

 +

 ∑
XX

∑
XZ∑

XZ

∑
ZZ

−1  ∑
υυ 0

0 0

 βQ

β∗Z

 .

(4.10)

In the formula, βQ and β∗Z are estimated by regressing on (Q,Z) using the data with

biomarker measure, and Cov(X,Z) is estimated through standard convariance estimation

method. Estimation of
∑

υυ is explained above.

Lemma 2. Assume measurement error to be from a normal distribution, Y = βXX + βZZ
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and (X,Z,W ) are from a joint normal distribution, as validation dataset sample size n→∞

and N →∞, the corrected R-squared ˆRY |XZ is asymtotically unbiased for RY |XZ

Proof. As n→∞, by standard statistical theory, σ̃2
υ =

n∑
i=1

(Q1i −Q2i)
2/2n converges to σ2

υ

in probability, and σ̃2
Q|W,Z estimated from the regression model of Q on (W,Z) converges in

probability to σ2
Q|W,Z , thus the estimator based on validation dataset σ̃2

X|W,Z = σ̃2
Q|W,Z − σ̃2

υ

is asymptotically consistent for σ2
X|W,Z . Theorem 4 described in the previous section showed

that as (n,N) → ∞, the estimated β̃X is asymptotically consistent for the true βX . Since

the method of moment is used to estimate βX , when the size of the estimation dataset goes to

infinity, the estimate will converge to the true βX as well based on standard statistical theory.

Per Theorem 5, R̃2
Y |XZ = R̃2

Y |WZ +
β2
Xσ

2
X|W,Z

σ2
Y

. The above proof showed that estimation of

each component on the right side of the equation is consistent. Thus, under asymptotically

consistent estimation of βX and σ2
Q|W,Z the corrected R-squared is asymptotically unbiased

for the true R2
Y |XZ .
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Chapter 5

SIMULATION EVALUATION OF R-SQUARED ESTIMATION WITH
MEASUREMENT ERROR IN PREDICTOR VARIABLES

5.1 Introduction

Simulation studies have been performed to test the theories described in the previous chap-

ter and to evaluate the performance of proposed R-squared correction methodologies. In

the simulation, we selected the same distributions employed in previous simulation studies

as explained in Chapter 3 to assess performance under normal and nonnormal distributions,

including normal distribution, non-normal distributions using Vale’s method having vari-

ous skewness and kurtosis specifications, and Weibull distribution. Section 5.2 presented

coefficient correction results based on the approaches proposed in Chapter 4, regression

calibration method and method of moments. Section 5.3 shows simulation results for R-

squared correction. Single dimension and multiple dimension regression models are both

tested in the simulation, also the impact on performance from correlation between measure-

ment errors in the multiple dimension case is also tested. For covenience, in the following

discussion, Y defines the dependent variable, Q denotes the unbiased measure following a

classic measurement error model while W is the measure with measurement error from a

more complicated error structure. X is the true value, Z defines other characteristics that

are assumed to be accurately measured and are included in the regression model. Single

dimension and multi-dimension model structures are defined as follows. We ran 10000 sim-

ulations for every simulation setup defined by sample size, dimension and error distribution.

• In the single dimension simulation, Q = X + ε, Y = 1.5X + 0.75Z1 + 0.5Z2 + 1.5 ∗ e,

and W = X +Z1 +Z2 + µ. Z1 and Z2 are independent and simulated from standard

normal distributions, and X is generated as X =
√

1/6Z1 +
√

1/3Z2 +
√

1/2ν. All

the error terms, ε, e, µ and ν, are simulated from various distributions with mean 0

and standard deviation 1.
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• In a multidimensional simulation study, there are multiple variables with measurement

error, while the measurement errors for different variables can be independent or

correlated. The underlying mathematical model in the simulation study is defined as:

Y = X1 + 1.25X2 + 1.5X3 + 1.4Z1 + 2Z2 + 1.8Z3 + e

X1 = Z1 + 0.5Z2 + 0.2Z3 + δ1

X2 = 0.2Z1 + Z2 + 0.5Z3 + δ2

X3 = 0.5Z1 + 0.2Z2 + Z3 + δ3

W1 = 2X1 +X2 + 0.5X3 + 0.4Z1 + 0.6Z2 + 0.8Z3 + µ1

W2 = 0.5X1 + 2X2 +X3 + 0.6Z1 + 0.8Z2 + 0.4Z3 + µ2

W3 = X1 + 0.5X2 + 2X3 + 0.8Z1 + 0.4Z2 + 0.6Z3 + µ3

(5.1)

In the simulation, Q = X+ε, and variance of ε is set to 5. The δ terms, δ1, δ2, δ3, have

mean equal to zero and variance of 4; for µ errors, their means are zero and variances

are 25; the error term e of Y on X and Z has variance 49. The simulation assumes

that e and δ, µ, are independent, but relevant measurement errors can be correlated,

i.e., δ1, δ2, δ3 can be correlated. The two scenarios are both tested in the study: error

terms are independent and error terms are correlated.

5.2 Coefficients correction test

Chapter 4 describes two approaches to correct model coefficients under measurement errors:

based on regression calibration method, first develop calibration equation using biomarker

data and then apply the calibrated equation to the general population to estimate coef-

ficients; the second method is based on method of moment methodology, based on the

biomarker data, Q, unbiased measure of real values. The method first regresses Y on Q,Z

to estimate βQ, then follows formula (4.9) and (4.10) in Chapter 4 to estimate corresponding

βX . This section presents simulation results of coefficient correction via both methodologies.

The tests were performed in a single dimension model as well as in a multi-dimension model.

Different sets of calibration data size and general population size were tested: calibration
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data size increases from 100, to 250 and 500, and general population had two different sizes:

500 and 1000.

5.2.1 Coefficient Correction under Single Dimension

In this subsection, we present simulation results for a single dimensional prediction. Mea-

surement errors are simulated from four distributions: Normal, non-normal distributions

with various skewness and kurtosis, and Weibull distribution. Table 5.1 to 5.3 present

uncorrected regression coefficients of Y on W,Z, and corrected model coefficients through

regression calibration and method of moment (MoM) under various sample sizes for cali-

bration data and general population size. As defined in section 5.1, in the single dimension

simulation, the true βX is 1.5. The simulation results show that the method of moment

approach has reasonably good correction performance under various calibration dataset

sizes. Also the performance was persistent under different measurement error distributions.

Given that the underlying model is linear and Q is from a classical measurement error

model, unbiased correction is expected from a method of moment approach. For the re-

gression calibration method, the performance was not good when sample size was small

at 100, however the bias in the corrected coefficient became smaller as the sample size in-

creased. This was consistent with the proof presented in Chapter 4, as sample size n→∞,

regression calibration correction will be asymptotically consistent even under non-normal

distributions.

Table 5.1: Regression coefficient correction under single dimension calibration size=100

Sample size =500

for general population

Sample size=1000

for general population

Before
Correction

Correction
based on

Calibration

Correction
based on

MoM
Before

Correction

Correction
based on

Calibration

Correction
based on

MoM

Normal
0.499

(0.063)
1.544

(0.362)
1.512

(0.268)
0.500

(0.045)
1.545

(0.324)
1.512

(0.278)
Non-normal

(Skew=1, Kurtosis=3)
0.500

(0.073)
1.576

(0.489)
1.512

(0.274)
0.500

(0.052)
1.579

(0.462)
1.512

(0.284)
Non-normal

(Skew=2, Kurtosis=7)
0.502

(0.084)
1.619

(0.631)
1.512

(0.281)
0.500

(0.060)
1.625

(0.639)
1.513

(0.291)

Weibull
0.504

(0.098)
1.705

(0.862)
1.514

(0.300)
0.501

(0.068)
1.685

(0.814)
1.511

(0.299)
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Table 5.2: Regression coefficient correction under single dimension calibration size=250

Sample size =500

for general population

Sample size=1000

for general population

Before
Correction

Correction
based on

Calibration

Correction
based on

MoM
Before

Correction

Correction
based on

Calibration

Correction
based on

MoM

Normal
0.500

(0.064)
1.515

(0.256)
1.503

(0.167)
0.501

(0.045)
1.521

(0.215)
1.505

(0.168)
Non-normal

(Skew=1, Kurtosis=3)
0.500

(0.073)
1.532

(0.328)
1.504

(0.169)
0.501

(0.052)
1.534

(0.282)
1.505

(0.169)
Non-normal

(Skew=2, Kurtosis=7)
0.502

(0.084)
1.553

(0.409)
1.505

(0.171)
0.502

(0.060)
1.552

(0.357)
1.505

(0.171)

Weibull
0.503

(0.096)
1.579

(0.495)
1.506

(0.172)
0.501

(0.069)
1.570

(0.463)
1.505

(0.171)

Table 5.3: Regression coefficient correction under single dimension with large calibration size with general
population size=1000

Calibration size =500 Calibration size=1000

Before
Correction

Correction
based on

Calibration

Correction
based on

MoM
Before

Correction

Correction
based on

Calibration

Correction
based on

MoM

Normal
0.500

(0.045)
1.507

(0.177)
1.503

(0.118)
0.499

(0.045)
1.502

(0.156)
1.500

(0.083)
Non-normal

(Skew=1, Kurtosis=3)
0.501

(0.052)
1.513

(0.226)
1.503

(0.119)
0.500

(0.052)
1.507

(0.191)
1.500

(0.083)
Non-normal

(Skew=2, Kurtosis=7)
0.501

(0.060)
1.522

(0.279)
1.502

(0.119)
0.500

(0.060)
1.512

(0.231)
1.500

(0.083)

Weibull
0.501

(0.070)
1.537

(0.341)
1.502

(0.120)
0.502

(0.069)
1.520

(0.281)
1.502

(0.083)
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5.2.2 Coefficient Correction under Multi-Dimension

Figures 5.1 to 5.8 present coefficient correction results when the Xs are multidimensional

with corresponding measurement errors. In the simulation, measurement errors were sam-

pled from four distributions as defined in section 5.1, from Normal to Weibull. The sim-

ulation tested two correlation assumptions among measurement errors: independent mea-

surement errors and correlated measurement errors with correlation set to 0.5. Each table

summarized simulation results for one selected distribution and one assumed correlation

structure under various sample sizes, calibration sample size from 100 to 250 and 500, while

general population sample size was either 500 or 1000. For each tested simulation setting

defined by error distribution, sample sizes and correlation strcutrue, the table presents three

results: the first is the uncorrected coefficients, Y directly regressed on W and Z; the second

one is corrected coefficients through method of moments, based on regression results of Y on

unbiased measure Q and Z; the last is corrected results through calibration method, using

the calibration sample to develop a calibration equation (based on Q and W ) and regressing

Y on calibrated W . Both correction methods showed reasonable improvement in coefficient

estimation. The regression calibration method showed better convergence to true coefficient

values, while similar to single dimension simulation results, corrected estimation through

calibration method in general had a larger variance compared to the corrected estimation

through the method of moment approach. There was no obvious impact on performance of

the two correction methodologies after introducing correlation between measurement errors,

besides a slight increase in the estimation variance.

5.3 R-squared correction simulation

5.3.1 Single Dimension

Following the same simulation setting, we tested the performance of the R-squared cor-

rection methodologies described in Chapter 4. Tables 5.4 to 5.8 present simulation results

when X is a single dimensional random variable under various simulation sample sizes.

Three R-squared values are presented in each table: the original R-squared without cor-

rection, R-quared correction when the coefficient βX was corrected through the calibration
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method, and R-quared correction when the coefficient βX was corrected through method of

moment. In all simulations, the true R-squared was 0.683. As illustrated in these simula-

tion results, original R-squared values without correction underestimated R-squared due to

impact of measurement error. Both correction methodologies showed over-correction under

small sample size, but as calibration sample size increased, corrected R-squared moved close

to the true value. As expected, correction methods worked best when measurement errors

were from normal distributions, however, they also showed reasonable performance when

errors were from non-normal distributions. In the single dimension simulation, method of

moment correction methodology showed better performance.

Table 5.4: R-Squared correction and standard error under single dimension, calibration size 100 and
population size 500

Mean of Estimated R-squared

(Standard Error of Estimation)

Regress on

W and Z

Correction based on β

through calibration

Correction based on β

based on MoM

Normal
0.579

(0.029)
0.695

(0.079)
0.686

(0.045)

NonNormal skewness=1 kurtosis=3
0.580

(0.032)
0.702

(0.107)
0.685

(0.050)

NonNormal skewness=2 kurtosis=7
0.581

(0.036)
0.711

(0.136)
0.684

(0.055)

Weibull
0.594

(0.073)
0.768

(0.300)
0.698

(0.095)

Table 5.5: R-Squared correction and standard error under single dimension, calibration size 100 and
population size 1000

Mean of Estimated R-squared

(Standard Error of Estimation)

Regress on

W and Z

Correction based on β

through calibration

Correction based on β

based on MoM

Normal
0.578

(0.020)
0.693

(0.062)
0.685

(0.043)

NonNormal skewness=1 kurtosis=3
0.579

(0.022)
0.700

(0.093)
0.685

(0.046)

NonNormal skewness=2 kurtosis=7
0.579

(0.025)
0.711

(0.157)
0.684

(0.050)

Weibull
0.593

(0.072)
0.764

(0.506)
0.697

(0.094)

5.3.2 Simulation results under multidimensional measurement errors

The simulation also tested R-squared correction under multi-dimensional measurement er-

rors. As in other simulation tests, independent and correlated measurement errors were
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Table 5.6: R-Squared correction and standard error under single dimension, calibration size 250 and
population size 500

Mean of Estimated R-squared

(Standard Error of Estimation)

Regress on

W and Z

Correction based on β

through calibration

Correction based on β

based on MoM

Normal
0.579

(0.029)
0.689

(0.050)
0.685

(0.035)

NonNormal skewness=1 kurtosis=3
0.580

(0.032)
0.692

(0.062)
0.685

(0.039)

NonNormal skewness=2 kurtosis=7
0.580

(0.036)
0.697

(0.078)
0.685

(0.045)

Weibull
0.585

(0.052)
0.711

(0.120)
0.691

(0.064)

Table 5.7: R-Squared correction and standard error under single dimension, calibration size 250 and
population size 1000

Mean of Estimated R-squared

(Standard Error of Estimation)

Regress on

W and Z

Correction based on β

through calibration

Correction based on β

based on MoM

Normal
0.578

(0.020)
0.686

(0.035)
0.684

(0.025)

NonNormal skewness=1 kurtosis=3
0.579

(0.023)
0.691

(0.051)
0.684

(0.033)

NonNormal skewness=2 kurtosis=7
0.579

(0.025)
0.694

(0.064)
0.684

(0.037)

Weibull
0.585

(0.049)
0.712

(0.121)
0.690

(0.063)

Table 5.8: R-Squared correction and standard error under single dimension, calibration size 500 and
population size 1000

Mean of Estimated R-squared

(Standard Error of Estimation)

Regress on

W and Z

Correction based on β

through calibration

Correction based on β

based on MoM

Normal
0.578

(0.020)
0.686

(0.035)
0.684

(0.025)

NonNormal skewness=1 kurtosis=3
0.579

(0.023)
0.688

(0.042)
0.685

(0.028)

NonNormal skewness=2 kurtosis=7
0.579

(0.026)
0.690

(0.051)
0.685

(0.032)

Weibull
0.581

(0.037)
0.696

(0.076)
0.686

(0.046)
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included. Tables 5.9 to 5.14 present R-squared correction results with independent mea-

surement errors under various sample sizes, while Tables 5.15 to 5.20 list simulation results

for correlated measurement errors. Under the independence assumption, the real R-squared

is around 0.568 while the R-squared under correlated data is 0.629. The tables also included

the R-squared of regression of Y on X and Z for reference purpose. As expected, without

correction, the regression model of Y on W and Z generated biased R-squared estima-

tion, both correction methodologies improved R-squared estimation. Correction using the

method of moment approach showed better performance, smaller variance and was stable

over different distributions. The correction method through calibration showed overcorrec-

tion under smaller sample sizes especially for non-normal distributions, however when the

calibration sample size increased, the corrected R-squared valued moved closer to the true

values.

Table 5.9: R-Squared correction and standard error under multi-dimension case with independent errors,
calibration size 100 and population size 500

Mean of Estimated R-squared

(Standard Error of Estimation)

Regress on

X and Z

Regress on

W and Z
Correction

based on MoM
Correction

through calibration

Normal
0.572

(0.029)
0.512

(0.031)
0.572

(0.059)
0.582

(0.074)

Weibull
0.584

(0.086)
0.523

(0.080)
0.582

(0.114)
0.617

(0.128)

NonNormal skewness=1 kurtosis=3
0.572

(0.035)
0.512

(0.036)
0.572

(0.064)
0.591

(0.090)

NonNormal skewness=2 kurtosis=7
0.573

(0.041)
0.513

(0.041)
0.572

(0.074)
0.597

(0.090)

Table 5.10: R-Squared correction and standard error under multi-dimension case with independent errors,
calibration size 100 and population size 1000

Mean of Estimated R-squared

(Standard Error of Estimation)

Regress on

X and Z

Regress on

W and Z
Correction

based on MoM
Correction

through calibration

Normal
0.569

(0.021)
0.509

(0.022)
0.569

(0.055)
0.576

(0.064)

Weibull
0.583

(0.086)
0.521

(0.078)
0.580

(0.114)
0.613

(0.127)

NonNormal skewness=1 kurtosis=3
0.570

(0.025)
0.509

(0.025)
0.568

(0.060)
0.582

(0.069)

NonNormal skewness=2 kurtosis=7
0.570

(0.029)
0.509

(0.029)
0.568

(0.067)
0.588

(0.079)
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Table 5.11: R-Squared correction and standard error under multi-dimension case with independent errors,
calibration size 250 and population size 500

Mean of Estimated R-squared

(Standard Error of Estimation)

Regress on

X and Z

Regress on

W and Z
Correction

based on MoM
Correction

through calibration

Normal
0.571

(0.029)
0.512

(0.031)
0.574

(0.037)
0.582

(0.045)

Weibull
0.576

(0.062)
0.517

(0.058)
0.579

(0.068)
0.596

(0.082)

NonNormal skewness=1 kurtosis=3
0.572

(0.035)
0.513

(0.035)
0.574

(0.042)
0.585

(0.052)

NonNormal skewness=2 kurtosis=7
0.573

(0.041)
0.514

(0.040)
0.575

(0.048)
0.589

(0.061)

Table 5.12: R-Squared correction and standard error under multi-dimension case with independent errors,
calibration size 250 and population size 1000

Mean of Estimated R-squared

(Standard Error of Estimation)

Regress on

X and Z

Regress on

W and Z
Correction

based on MoM
Correction

through calibration

Normal
0.569

(0.020)
0.509

(0.022)
0.570

(0.031)
0.574

(0.036)

Weibull
0.574

(0.059)
0.514

(0.055)
0.576

(0.065)
0.588

(0.076)

NonNormal skewness=1 kurtosis=3
0.570

(0.025)
0.510

(0.025)
0.572

(0.034)
0.577

(0.041)

NonNormal skewness=2 kurtosis=7
0.570

(0.029)
0.511

(0.029)
0.572

(0.039)
0.580

(0.047)

Table 5.13: R-Squared correction and standard error under multi-dimension case with independent errors,
calibration size 500 and population size 500

Mean of Estimated R-squared

(Standard Error of Estimation)

Regress on

X and Z

Regress on

W and Z
Correction

based on MoM
Correction

through calibration

Normal
0.571

(0.029)
0.512

(0.031)
0.573

(0.033)
0.580

(0.040)

Weibull
0.574

(0.048)
0.515

(0.047)
0.576

(0.052)
0.589

(0.061)

NonNormal skewness=1 kurtosis=3
0.572

(0.034)
0.513

(0.035)
0.574

(0.038)
0.582

(0.045)

NonNormal skewness=2 kurtosis=7
0.572

(0.040)
0.514

(0.040)
0.575

(0.044)
0.585

(0.052)

Table 5.14: R-Squared correction and standard error under multi-dimension case with independent errors,
calibration size 500 and population size 1000

Mean of Estimated R-squared

(Standard Error of Estimation)

Regress on

X and Z

Regress on

W and Z
Correction

based on MoM
Correction

through calibration

Normal
0.570

(0.020)
0.510

(0.022)
0.571

(0.026)
0.574

(0.030)

Weibull
0.572

(0.045)
0.513

(0.042)
0.574

(0.048)
0.582

(0.054)

NonNormal skewness=1 kurtosis=3
0.569

(0.024)
0.510

(0.025)
0.571

(0.030)
0.575

(0.034)

NonNormal skewness=2 kurtosis=7
0.570

(0.029)
0.511

(0.028)
0.571

(0.034)
0.577

(0.039)
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Table 5.15: R-Squared correction and standard error under multi-dimension case with correlated errors,
calibration size 100 and population size 500

Mean of Estimated R-squared

(Standard Error of Estimation)

Regress on

X and Z

Regress on

W and Z
Correction

based on MoM
Correction

through calibration

Normal
0.632

(0.026)
0.532

(0.031)
0.618

(0.069)
0.637

(0.103)

Weibull
0.635

(0.084)
0.540

(0.075)
0.619

(0.122)
0.677

(0.144)

NonNormal skewness=1 kurtosis=3
0.632

(0.032)
0.533

(0.035)
0.617

(0.076)
0.653

(0.098)

NonNormal skewness=2 kurtosis=7
0.633

(0.038)
0.533

(0.039)
0.617

(0.087)
0.659

(0.108)

Table 5.16: R-Squared correction and standard error under multi-dimension case with correlated errors,
calibration size 100 and population size 1000

Mean of Estimated R-squared

(Standard Error of Estimation)

Regress on

X and Z

Regress on

W and Z
Correction

based on MoM
Correction

through calibration

Normal
0.630

(0.019)
0.530

(0.022)
0.616

(0.068)
0.633

(0.096)

Weibull
0.635

(0.083)
0.539

(0.073)
0.616

(0.127)
0.674

(0.142)

NonNormal skewness=1 kurtosis=3
0.630

(0.023)
0.530

(0.025)
0.614

(0.075)
0.645

(0.091)

NonNormal skewness=2 kurtosis=7
0.630

(0.027)
0.530

(0.028)
0.613

(0.081)
0.651

(0.100)

Table 5.17: R-Squared correction and standard error under multi-dimension case with correlated errors,
calibration size 250 and population size 500

Mean of Estimated R-squared

(Standard Error of Estimation)

Regress on

X and Z

Regress on

W and Z
Correction

based on MoM
Correction

through calibration

Normal
0.632

(0.026)
0.534

(0.030)
0.628

(0.041)
0.642

(0.055)

Weibull
0.628

(0.059)
0.536

(0.055)
0.629

(0.070)
0.657

(0.095)

NonNormal skewness=1 kurtosis=3
0.632

(0.032)
0.535

(0.034)
0.630

(0.046)
0.646

(0.062)

NonNormal skewness=2 kurtosis=7
0.633

(0.038)
0.535

(0.039)
0.630

(0.051)
0.651

(0.071)

Table 5.18: R-Squared correction and standard error under multi-dimension case with correlated errors,
calibration size 250 and population size 1000

Mean of Estimated R-squared

(Standard Error of Estimation)

Regress on

X and Z

Regress on

W and Z
Correction

based on MoM
Correction

through calibration

Normal
0.630

(0.018)
0.532

(0.021)
0.627

(0.036)
0.635

(0.047)

Weibull
0.626

(0.057)
0.533

(0.052)
0.625

(0.068)
0.647

(0.090)

NonNormal skewness=1 kurtosis=3
0.630

(0.023)
0.532

(0.025)
0.627

(0.040)
0.639

(0.052)

NonNormal skewness=2 kurtosis=7
0.631

(0.027)
0.533

(0.028)
0.627

(0.044)
0.643

(0.059)
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Table 5.19: R-Squared correction and standard error under multi-dimension case with correlated errors,
calibration size 500 and population size 500

Mean of Estimated R-squared

(Standard Error of Estimation)

Regress on

X and Z

Regress on

W and Z
Correction

based on MoM
Correction

through calibration

Normal
0.631

(0.026)
0.534

(0.030)
0.631

(0.035)
0.640

(0.045)

Weibull
0.626

(0.047)
0.535

(0.046)
0.628

(0.053)
0.647

(0.071)

NonNormal skewness=1 kurtosis=3
0.632

(0.032)
0.535

(0.034)
0.632

(0.039)
0.643

(0.051)

NonNormal skewness=2 kurtosis=7
0.632

(0.038)
0.536

(0.039)
0.632

(0.045)
0.646

(0.058)

Table 5.20: R-Squared correction and standard error under multi-dimension case with correlated errors,
calibration size 500 and population size 1000

Mean of Estimated R-squared

(Standard Error of Estimation)

Regress on

X and Z

Regress on

W and Z
Correction

based on MoM
Correction

through calibration

Normal
0.630

(0.018)
0.532

(0.021)
0.629

(0.028)
0.635

(0.036)

Weibull
0.625

(0.043)
0.532

(0.040)
0.625

(0.049)
0.638

(0.062)

NonNormal skewness=1 kurtosis=3
0.630

(0.022)
0.532

(0.024)
0.629

(0.032)
0.636

(0.046)

NonNormal skewness=2 kurtosis=7
0.630

(0.027)
0.533

(0.027)
0.629

(0.036)
0.639

(0.046)

5.4 Summary of simulation studies

In this Chapter, we performed simulation tests to check the proposed correction meth-

ods’ performance on R-squared correction and model coefficients correction. We tested two

correction approaches: method of moment (MoM) and regression calibration. Simulation

results showed that without any correction, R-squared was underestimated and estimation

of model coefficients was also biased. Both correction methodologies improved estimation

of model coefficients and R-squared. Over-correction was observed when sample size was

small, however, as calibration sample size increasing, both correction methods worked bet-

ter. As discussed in Chapter 4, when measurement errors were from a normal distribution,

the correction methodology generated asymptotic unbiased estimation as evidenced by the

simulation results. The correction methodologies also showed reasonable correction per-

formance even when errors were from non-normal distributions. The simulation tests also

showed that at small sample sizes, correction using method of moment approaches had better

performance, smaller variance and were more stable over different distributions compared
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to the performance of the correction approach using calibration.
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Chapter 6

APPLICATION TO CALIBRATION EQUATION EVALUATION IN
NUTRITIONAL BIOMARKER STUDIES IN THE WOMEN’S

HEALTH INITIATIVE

6.1 Introduction

As discussed in Chapter 1, there are several popular data collection methodologies to assess

dietary consumption, including food frequency questionnaires, food records and dietary re-

calls. Systematic bias from these assessment methodologies have been reported in previous

studies. With the advent of good quality biomarkers, such as the doubly-labeled water

(DLW) technique for energy consumption and urinary nitrogen for protein consumption, it

has been proposed to improve measurement quality by calibrating self-reported consump-

tion measures to biomarker assessments. Previous research (Prentice et. al, 2011) raised

questions on the use of calibration equations:

• Based on the calibration equation, are there significant differences in the explanatory

strength of the three assessment procedures, FFQ, food records and recalls?

• For the three self-reported measures, what are their strengths to recover actual unob-

served values, such as actual energy consumption?

Prentice (2011) performed a further biomarker study, the Nutrition and Physical Activity

Assessment Study (NPAAS) to address these questions. The study collected FFQ, food

records and 24HR recalls as well as related biomarkers, doubly-labeled water and urinary

nitrogen assessments of energy and protein consumption. R-squared of calibration equations

was used to answer these questions. This section extends the analysis by developing con-

fidence interval for the corresponding R-squared based on the theory proposed in Chapter

2.
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6.2 Data collection

The NPAAS study collected relevant nutritional consumptions data from 450 postmenopausal

women enrolled in the Women’s Health Initiative (WHI) observational study. The U.S. Na-

tional Institutes of Health (NIH) launched the WHI study in 1991. The purpose of the

WHI study was to address health issues that are associated with major causes of mobility,

mortality and quality of life in postmenopausal women – including cardiovascular disease,

cancer, and osteoporosis. 40 clinics were contracted to help collect relevant data and the

Fred Hutchinson Cancer Research Center (FHCRC) was assigned the role of Clinical Coor-

dinating Center (CCC) to coordinate the research program. The WHI study included three

clinical trials and an observational study. The three clinical trials are:

• The Hormone therapy (HT) study: the study was to assess the health risks and

benefits of using menopausal hormone therapy (MHT).

• The Dietary modification (DM) study: The purpose of the study is to analyze the

health-related effects of the diet pattern based on low-fat, high fruit , grain and veg-

etable.

• The Calcium and Vitamin D (CAD) Supplementation study: This study is to test

whether increasing intake of calcium and vitamin D supplementation helps reduce

risk of hip and other fractures as well as colorectal cancer.

The WHI observational study (OS) aimed to develop reliable estimates of effects of known

risk factors on postmenopausal women’s health, and to identify new risk factors and bio-

logical indicators that are associated with diseases. The OS study recruited 93,676 post-

menopausal women between the ages of 50 to 79, and tracked them for an average of eight

years. OS women were drawn from extensively the same population as for the clinical

trials. In order to develop calibration equations using biomarkers and to evaluate the mea-

surement properties of self-reported assessment procedures, Neuhouser (2008) performed a

study called the Nutrient Biomarker Study (NBS) on a subsample from the DM trial study,

containing 544 postmenopausal women. This study developed calibration equations for the
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consumption of energy, protein and protein density, and these calibration equations were

applied throughout WHI cohorts in order to evaluate the relationship between diseases and

diet patterns. NPAAS is one additional biomarker study conducted in 2007-2009 to address

these questions related to calibration equations as listed above.

The NPAAS study enlisted 450 postmenopausal women that were enrolled in the WHI

OS. This study collected diet data from these women via various assessment approaches:

self-reported measures including a food frequency questionnaire, a 4-day food record, and

three 24-hour dietary recalls; and related biomarkers including doubly labeled water and

urinary nitrogen assessments of energy and protein consumptions. Prentice (2011) explained

details about the data collection process. A brief description of the procedure is explained

in this section. In the first clinic visit, participants received training for recording a 4-day

food record, received doubly labeled water dosing, completed a food frequency questionnaire

and an other relevant questionnaire, and provided blood specimen and spot urine samples.

Before the second visit, participants completed the 4-day food records and provided 24-hour

urine sample one day before. The second clinic visit collected a 4-day food record, urine

samples and additional blood specimens and spot urine from participants. Three 24-hour

recalls were collected after the second clinic visit, this first happened after 1-3 weeks, and the

other two visits took place monthly thereafter. The study also repeated the entire protocol

on 88 participants from the 450 population after about 6 months. This study oversam-

pled Black and Hispanic women for comparison between different ethnic groups; younger

postmenopausal women and overweight women were also oversampled in the population.

In the statistical analysis, consumption estimates for each of energy, protein and protein

density were log-transformed to approximate normal distributions. The calibration equa-

tions were developed by regressing log-transformed biomarker measures on log-transformed

self-report assessment and other related personal characteristics, body mass index (BMI),

age and ethnicity. R-squared of the calibration equations was reported and used to evaluate

the signal strength of these self-report assessments.
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6.3 Data analysis

Table 6.1 summarizes the distribution of characteristics in the NPAAS study population,

as well as summary information for the subsample having repeated biomarker measures.

The table showed that most women involved in the NPAAS study were white women about

70 years of age with BMI higher than normal range (i.e. ≥ 25). The participants with

repeated biomarker measures had similar distributions in these characteristics compared to

those for NPAAS as a whole. Table 6.2 and 6.3 list the average of diet measures, before

and after log-transformation respectively, on the population and the subsample including

energy, protein and protein density from biomarkers and self-report assessments. For energy

consumption, the biomarker measure is based on doubly labeled water methodology, while

the protein biomarker measure is through urinary nitrogen. The tables showed that, for en-

ergy and protein consumption, biomarker measures were higher than assessments collected

from self-reported procedures, as reported in previous studies, however the biomarker-based

measure of protein density was smaller than estimates from other methodologies. Also the

tables showed average dietary estimates in the subsample were similar to the corresponding

measures from the whole NPAAS population. Table 6.4 compares skewness and kurtosis

of relevant dietary measures before and after log-transformation to present the transforma-

tion effects. In general, all original measures have slightly positive skewness, however the

skewness of almost all measures are changed to negative after log-transformation, except

protein density measure using the 24 hour recall approach. Most of the dietary measures

do not show high kurtosis, which do not change much even after log-transformation. En-

ergy consumption measured by the FFQ method, and protein density using FFQ and 24

hour recall approaches have excess kurtosis more than 3, and log-transformation leads to a

smaller level of kurtosis.

Table 6.5 to 6.8 present the R-squared of calibration equations and their 95% confi-

dence intervals estimated through two approaches: using normal asymptotic distribution

and using adjusted F-distribution. Calibration equations included self-reported measures

and related participants’ characteristics, age, BMI and ethnicity. In general, these tables

showed that compared to other self-reported measures, the four-day food record had stronger
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Table 6.1: Distribution of characteristics in the population and subsample

NPAAS Sample
(Sample size 450)

Reliability Subsample
(Sample size 88)

No % No %
Age

< 70 244 54.2% 49 55.7%
70 - 80 169 37.6% 31 35.2%

80+ 37 8.2% 8 9.1%
Mean 70.4 70.3

Median 69.4 69.2
BMI

< 25 156 34.7% 34 38.6%
25 - 35 224 49.8% 42 47.7%

35+ 70 15.6% 12 13.6%
Mean 28.5 28.0

Median 27.5 26.6
Ethnity

White 288 64.0% 60 68.2%
Black 84 18.7% 14 15.9%

Hispanic 64 14.2% 13 14.8%
Other 14 3.1% 1 1.1%

Table 6.2: Summary of dietary assessments before log-transformation

Assessment
Method

NPAAS Sample

(Sample size 450)

Reliability Subsample

(Sample size 88)

Sample Size
Avg of

measure Sample Size
Avg of

measure
Energy

Biomarker-Doubly

Labeled Water 415 2055.35 82 2047.83
FFQ 450 1584.09 88 1605.81

4-Day Food Record 450 1661.06 88 1648.33
24HR Recall 447 1607.28 88 1612.40

Protein
Biomarker-

Urinary nitrogen 443 72.56 88 75.07
FFQ 450 69.93 88 70.53

4-Day Food Record 450 69.14 88 68.27
24HR Recall 446 64.33 88 65.37

Protein Density
Biomarker 408 14.37 82 14.89

FFQ 450 17.60 88 17.68
4-Day Food Record 449 16.93 88 16.96

24HR Recall 447 16.38 88 16.58
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Table 6.3: Summary of dietary assessments after log-transformation

Assessment
Method

NPAAS Sample

(Sample size 450)

Reliability Subsample

(Sample size 88)

Sample Size
Avg of

measure Sample Size
Avg of

measure
Energy

Biomarker-Doubly

Labeled Water 415 7.61 82 7.61
FFQ 450 7.28 88 7.31

4-Day Food Record 450 7.39 88 7.38
24HR Recall 447 7.35 88 7.35

Protein
Biomarker-

Urinary nitrogen 443 4.24 88 4.28
FFQ 450 4.14 88 4.18

4-Day Food Record 450 4.20 88 4.20
24HR Recall 446 4.13 88 4.14

Protein Density
Biomarker 408 2.63 82 2.67

FFQ 450 2.85 88 2.86
4-Day Food Record 449 2.81 88 2.81

24HR Recall 447 2.77 88 2.79

Table 6.4: Comparison in skewness and kurtosis before and after transformation

Assessment
Method

Before
Log-transformation

After
Log-transformation

Skewness Kurtosis Skewness Kurtosis
Energy

Biomarker-Doubly

Labeled Water 0.82 3.64 -0.17 1.40
FFQ 0.54 0.06 -0.52 0.13

4-Day Food Record 0.35 0.16 -0.32 -0.00
24HR Recall 0.29 -0.26 -0.48 0.71

Protein
Biomarker-

Urinary nitrogen 0.65 0.64 -0.25 0.08
FFQ 0.80 1.10 -0.53 0.18

4-Day Food Record 0.46 0.27 -0.40 0.47
24HR Recall 0.61 0.78 -0.34 0.66

Protein Density
Biomarker 0.73 0.70 -0.16 0.26

FFQ 0.89 3.21 -0.13 1.00
4-Day Food Record 0.54 0.77 -0.19 0.57

24HR Recall 1.17 3.82 0.26 0.63
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association with biomarker measures, indicating more explanatory power. FFQ had poorer

performance compared to other measures. Confidence intervals using asymptotic approx-

imation have both slightly smaller lower bound and upper bound when compared to the

interval derived from the adjusted F-distribution. Table 6.5 listed the R-squared and confi-

dence intervals based on the original dietary measure without log-transformation and their

corresponding 95% confidence intervals using the asymptotic normal distribution method

estimating empirical skewness and kurtosis as well as zero skewness and kurtosis, i.e. normal

distribution assumption on residuals. Table 6.6 lists the corresponding results for dietary

measures after log-transformation. The two tables show that there is no significant impact

on R-squared after log-transformation. As to confidence interval estimation, as expected,

the interval based on empirical skewness and kurtosis is wider than the interval under a

normal distribution assumption, especially when kurtosis and skewness of calibration equa-

tion residuals are further from zero. We also estimated confidence intervals based on the

adjusted F-distribution as illustrated in Table 6.7 and 6.8, for dietary measures before and

after log-transformation respectively. Table 6.7 and 6.8 also compared adjusted degree of

freedom and non-central parameters to those without adjustment. For protein and protein

density, confidence intervals after adjustment are very close to the intervals based on the

normal assumption, especially when dietary measures are transformed. There are some

differences in confidence intervals of Energy consumption after adjustment.
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Table 6.5: R-squared and its confidence interval of calibration equations using asymptotic normal distri-
bution before log-tranformation

R-squared

empirical

skewness of
residuals

empirical

kurtosis of
residuals

95% confidence
interval using

empirical skewness

and kurtosis

95% confidence
interval using

zero skewness
and kurtosis

Energy
4Day Food

Record 0.449 0.87 5.10 (0.370,0.531) (0.388,0.511)
FFQ 0.423 0.85 4.65 (0.345,0.504) (0.373,0.499)

24-Hour
Recall 0.435 0.23 0.80 (0.370,0.502) (0.374,0.499)

Protein
4Day Food

Record 0.329 0.38 0.52 (0.267,0.398) (0.269,0.396)
FFQ 0.213 0.48 0.34 (0.157,0.281) (0.158,0.280)

24-Hour
Recall 0.300 0.34 0.23 (0.239,0.369) (0.240,0.368)

Protein
Density

4Day Food

Record 0.151 0.54 0.48 (0.102,0.219) (0.103,0.218)
FFQ 0.095 0.63 0.46 (0.058,0.154) (0.058,0.153)

24-Hour
Recall 0.118 0.56 0.40 (0.075,0.181) (0.076,0.181)

Table 6.6: R-squared and its confidence interval of calibration equations using asymptotic normal distri-
bution after log-tranformation

R-squared

empirical

skewness of
residuals

empirical

kurtosis of
residuals

95% confidence
interval using

empirical skewness

and kurtosis

95% confidence
interval using

zero skewness
and kurtosis

Energy
4Day Food

Record 0.449 -0.31 2.26 (0.379,0.521) (0.388,0.511)
FFQ 0.420 -0.30 2.23 (0.349,0.494) (0.359,0.489)

24-Hour
Recall 0.423 -0.47 2.00 (0.353,0.495) (0.361,0.487)

Protein
4Day Food

Record 0.327 -0.34 0.61 (0.265,0.396) (0.266,0.394)
FFQ 0.206 -0.31 0.19 (0.151,0.273) (0.152,0.273)

24-Hour
Recall 0.285 -0.34 0.07 (0.225,0.353) (0.225,0.353)

Protein
Density

4Day Food

Record 0.145 -0.24 0.24 (0.097,0.211) (0.097,0.210)
FFQ 0.090 -0.19 0.15 (0.054,0.147) (0.054,0.147)

24-Hour
Recall 0.106 -0.24 0.14 (0.066,0.166) (0.066,0.166)
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Table 6.7: R-squared and its confidence interval of calibration equations based on adjusted F-distribution
before log-transformation

R-squared

nadj
A

(nA)

nadj
B

(nB)

ncpadj

(ncp)

95% confidence
interval using

empirical skewness

and kurtosis

95% confidence
interval using

zero skewness
and kurtosis

Energy
4Day Food

Record 0.449
8.20
(8.0)

149.93
(406.0)

345.40
(337.10) (0.385,0.537) (0.396,0.520)

FFQ 0.423
8.18
(8.0)

166.83
(406.0)

309.61
(302.92) (0.359,0.509) (0.369,0.496)

24-Hour
Recall 0.435

8.01
(8.0)

153.83
(403.0)

317.42
(316.86) (0.371,0.524) (0.381,0.508)

Protein
4Day Food

Record 0.329
8.00
(8.0)

343.65
(434.0)

217.22
(217.19) (0.276,0.406) (0.276,0.406)

FFQ 0.213
7.98
(8.0)

362.30
(434.0)

119.23
(119.47) (0.163,0.293) (0.164,0.292)

24-Hour
Recall 0.300

7.98
(8.0)

332.30
(430.0)

187.16
(187.68) (0.245,0.381) (0.247,0.379)

Protein
Density

4Day Food

Record 0.151
7.94
(8.0)

312.61
(398.0)

71.84
(72.35) (0.103,0.226) (0.108,0.233)

FFQ 0.095
7.90
(8.0)

324.11
(399.0)

42.34
(42.89) (0.062,0.172) (0.063,0.171)

24-Hour
Recall 0.118

7.92
(8.0)

345.42
(396.0)

53.80
(54.32) (0.080,0.198) (0.081,0.197)

Table 6.8: R-squared and its confidence interval of calibration equations based on adjusted F-distribution
after log-transformation

R-squared

nadj
A

(nA)

nadj
B

(nB)

ncpadj

(ncp)

95% confidence
interval using

empirical skewness

and kurtosis

95% confidence
interval using

zero skewness
and kurtosis

Energy
4Day Food

Record 0.449
8.06
(8.0)

194.87
(406.0)

339.47
(337.11) (0.388,0.531) (0.396,0.520)

FFQ 0.420
8.01
(8.0)

196.41
(406.0)

286.95
(286.62) (0.347,0.494) (0.355,0.484)

24-Hour
Recall 0.423

8.07
(8.0)

205.76
(403.0)

303.42
(300.97) (0.362,0.506) (0.368,0.497)

Protein
4Day Food

Record 0.327
8.01
(8.0)

336.42
(434.0)

215.06
(214.72) (0.272,0.406) (0.273,0.404)

FFQ 0.206
8.00
(8.0)

399.86
(434.0)

114.42
(114.38) (0.157,0.285) (0.157,0.285)

24-Hour
Recall 0.285

8.01
(8.0)

416.94
(430.0)

174.94
(174.64) (0.232,0.364) (0.232,0.364)

Protein
Density

4Day Food

Record 0.145
8.01
(8.0)

360.28
(398.0)

69.04
(68.93) (0.103,0.226) (0.103,0.226)

FFQ 0.090
8.01
(8.0)

376.29
(399.0)

40.37
(40.32) (0.059,0.165) (0.059,0.165)

24-Hour
Recall 0.106

8.02
(8.0)

372.82
(396.0)

48.03
(47.93) (0.071,0.184) (0.071,0.183)
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Chapter 7

SUMMARY AND DISCUSSION

The relationship between dietary habits and health status is always a hot research topic.

However it is difficult to obtain reliable measures to assess dietary consumption. Self-

reported measures, including food-frequency questionnaires (FFQ), 24-hour dietary recalls

and dietary records, are commonly used assessment methods. However, systematic biases

have been found in these self-reported measures (e.g. Subar 2003, Prentice et al, 2011).

Development of biomarker measures, such as a urinary nitrogen (UN) assessment of protein

consumption, provide unbiased and objective measures of a specific nutrient consumption.

But the high cost of performing biomarker assessment limits its application to large cohorts.

Researchers instead have proposed a calibration approach that takes biomarker measures

on a subsample and calibrate self-reported measures to biomarker assessments to mitigate

systematic bias embedded in the self-reported measures (Prentice, et al, 2011). Questions

are then raised concerning calibration equations, including the assessment of explanatory

strength of self-reported dietary measures, and comparison in the strength between different

measures. R2 is a common metric used to assess the explanatory strength. Non-normal dis-

tributions will distort the distribution of R2 under a normal assumption, and measurement

error causes bias in R2 estimation.

This dissertation addresses the two issues mentioned above: development of confidence

intervals for R-squared under various non-normal distribution assumptions and correction

methods for R-squared when there are measurement errors in independent variables. Two

methodologies were proposed in the dissertation to estimate confidence intervals: based on

an asymptotic distributional approximation for moderate and large sample size; or based on

an F-distribution using adjusted degree of freedom and non-central parameter as a possible

means of improving asymptotic approximations when sample size is moderate. Simulation

studies showed reasonable approximation performance. Method of moment and regression
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calibration were both tested in R-squared correction under different measurement error

assumptions, and both approaches reduced bias in R-squared estimation.

There are still some improvement opportunities that can be explored in future research.

For small sample size, current research is based on F-distribution and adjusts distribu-

tional parameters including the non-central parameter and degrees of freedom in order to

match first and second-order moments. Although the approximation showed reasonable

performance, there may be some other distributions that may have better fit and be more

appropriate for confidence interval estimation. Also the current research assumes a homoge-

neous distribution in regression residuals, which can extended to more complex error struc-

ture such as correlated data and heterogeneous errors. As for R-squared correction under

measurement error, the dissertation considers measurement error in independent variables.

However in real applications, measurement errors can exist in both dependent and indepen-

dent variables, thus correction methodology to improve R-squared in this situation should

be studied. In addition, further research should develop theories to estimate the confidence

interval of corrected R-squared with measurement error in both independent and dependent

variables.
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