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Classical computers have been instrumental to our understanding of quantum phases of mat-

ter. However, their ability to simulate quantum many-body systems is fundamentally limited

– there are quantum systems that are inherently more challenging to simulate. We study the

limitations of classical simulations in the context of symmetry-protected topological (SPT)

phases of matter. We identify obstructions to efficiently simulating SPT phases and develop

our understanding of their intrinsic quantum information-theoretic structures. More specifi-

cally, we define the concepts of a symmetry-protected sign problem and symmetry-protected

magic to study the quantum complexity of bosonic SPT phases. We demonstrate that cer-

tain SPT phases possess these properties as a consequence of their long-range correlations

and anomalous symmetry action at a boundary. We also consider the quantum complexity

of fermionic SPT phases by employing bosonization dualities, which map fermionic SPT

phases to more familiar bosonic SPT phases. In the process, we develop a bosonization

duality within the framework of tensor networks and provide an algorithm for bosonizing

a fermionic tensor network state using its local tensors. We then focus on a class of inter-

acting fermionic SPT phases classified by group supercohomology. We construct an exactly

solvable Hamiltonian for each two- and three-dimensional supercohomology SPT phase. We

also identify explicit finite-depth quantum circuits capable of disentangling the ground states



of our models. We illustrate how the structures of the circuit can give rise to anomalous

topological order on the boundary of the three-dimensional models.
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1.1 a. Apples and oranges can can be distinguished by their symmetries. Apples
have a five-fold rotational symmetry, while oranges usually have a ten-fold
rotational symmetry. b. Similarly, non-magnetic phases (i.e. paramagnetic
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edge.) In the nontrivial topological insulator, the patterns of entanglement in
the bulk force the boundary to be a conductor. On the boundary, particles of
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travel clockwise. The system is time-reversal symmetric since time-reversal
changes the direction of the currents and transforms the two types of particles
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1.3 SPT phases are defined as equivalence classes of SPT Hamiltonians. Two
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An SPT phase thus corresponds to a path component (a blue region) in the
space of SPT Hamiltonians (collection of blue regions). . . . . . . . . . . . . 12

1.4 Finite-depth quantum circuits (FDQCs) are unitary operators that admit a
decomposition into local unitaries as in Eq. (1.6). The FDQC U is composed
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unitaries (represented by rectangular blocks) with non-overlapping supports. 13
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2.1 To determine the SPT phase associated to a given SPT state, we compute
an effective boundary symmetry action. This is done by truncating a corre-
sponding SPT Hamiltonian defined on a closed manifold N to a submanifold
M with boundary. In the low-energy Hilbert space of the truncated Hamil-
tonian, the onsite symmetry action uM(g) (green dots) on M is equivalent
to an effective boundary symmetry action v∂M(g) (striped green) supported
near the boundary of M . The symbol “∼” denotes that uM(g) and v∂M(g)
are only required to be equivalent in the low-energy Hilbert space. We use
the effective boundary symmetry action to show that certain SPT states have
symmetry-protected magic in Section 2.3.3. . . . . . . . . . . . . . . . . . . . 24

2.2 The overlap between 〈Ω| (light blue tensors) and |ψSPT〉 (black tensors) takes
the form of a Euclidean partition function for a (D − 1)-dimensional system,
for which, a spacetime configuration corresponds to a set of fixed indices on
the virtual bonds. The (D − 1)-dimensional system defined by 〈Ω|ψSPT〉 is
invariant under an anomalous symmetry if |ψSPT〉 belongs to a non-trivial
SPT phase. This can be argued by first using the symmetry of 〈Ω| to insert
the symmetry action uM(g) (green circles) restricted to a region M (shaded
gray). By the arguments in Ref. [56], uM(g) applied to |ψSPT〉 is equivalent to
inserting a certain tensor network operator (striped green) along the virtual
bonds on the boundary of M . If |ψSPT〉 is a non-trivial SPT state, then
the effective symmetry action on the virtual bonds is anomalous, and the
(D− 1)-dimensional system has an anomalous symmetry. |ψ′SPT〉 denotes the
state with the tensor network operator applied on the virtual bonds. This
motivates the use of strange correlators to prove a symmetry-protected sign
problem in certain SPT states (see Section 2.4.2). . . . . . . . . . . . . . . . 26

2.3 We determine the effective boundary symmetry action from HS by first ob-
serving that the global symmetry P (g), for any g ∈ G, can be expressed as a
product of terms in HS (the supports of the stabilizer terms are depicted with
colored ovals). The global symmetry action can be restricted to a submani-
fold M (outlined in black) in two ways. Restricting to M by using the tensor
product structure of P (g) results in PM(g), while restricting to M using the
product of stabilizer terms gives P̃M(g). P̃M(g) acts like the onsite symmetry
away from the boundary of M . . . . . . . . . . . . . . . . . . . . . . . . . . 39
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2.4 (a) We partition the coarse grained MPS into regions A, B, and C by choosing
super-sites A and B. (b) Applying the isometry WA ⊗WB to |ψSPT〉 splits
it into two unentangled MPS: |ψ1

SPT〉 and |ψ2
SPT〉. (c) The measurement on

the super-sites in C fixes the physical indices in the region C according to
the measurement outcome |x〉 and leaves us with the state |ψxAB〉 on A ∪ B.
|ψxAB〉 is entangled between A and B through the virtual bonds, as described
in Ref. [89]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

2.5 |ψ1〉 and |ψ2〉 are defined on a D-sphere SD. We partition SD into overlapping
regions L+ (union of blue and purple) and R− (union of red and purple). L+

contains the subregion L (blue), and R− contains the subregion R (red). . . 57

2.6 The branching structure induces an ordering of the vertices of a simplex ac-
cording to the number of edges pointing towards a vertex. It also defines an
orientation of d-simplices in a d-manifold relative to the orientation of the
manifold. We denote the {±1}-valued orientation of a d-simplex ∆d by O∆d

. 64

2.7 In 2D, the decorated domain wall model for an H×K SPT phase is defined on
a triangulation of a 2D lattice with an |H|-dimensional Hilbert space (blue)
at each 2-simplex and a |K|-dimensional Hilbert space (red) at each vertex.
A product state basis for the total Hilbert space is given by states labeled by
(H ×K)-configurations {h∆2}, {k∆0}. For the basis state |{h∆2}, {k∆0}〉, the
state at the 2-simplex ∆2 is |h∆2〉 and the state at the vertex ∆0 is |k∆0〉. . 65

2.8 The D-simplices L[∆D−1] and R[∆D−1] are the two D-simplices that neighbor
the (D− 1)-simplex ∆D−1. The normal vector of ∆D−1 (orange) is determined
by the orientation of ∆D−1 (Fig. 2.6) and points from L[∆D−1] to R[∆D−1]. . . 67

2.9 The ground state |ψη〉 is a superposition of decorated domain wall configura-
tions, where H domains (blue) are decorated with K SPT states (red) along
the domain walls. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

2.10 (a) The submanifold M of the torus is topologically equivalent to a thickened
1-dimensional torus, and the boundary of M has two components (dashed
lines). (b) We compactify the 2-dimensional torus to a (quasi) 1-dimensional
torus by making the meridian of the torus (orange) finite. Note that the
component of the boundary of M (dashed line) forms a non-contractible sub-
manifold of the compactified torus. . . . . . . . . . . . . . . . . . . . . . . . 76

3.1 The bosonization duality maps a system of spinless complex fermions to a sys-
tem of spin-1/2 degrees of freedom. The bottom picture shows the fermionic
degrees of freedom (red circles) at each triangular face f . The top picture
shows the spin-1/2 bosonic degrees of freedom (black circles) on each edge e. 99
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3.2 TNO representation of the bosonization duality on a general triangulation of
a 2D torus. The TNO is constructed from three types of tensors: F on positive
triangles (downward pointing triangular nodes), F̄ on negative triangles (up-
ward pointing triangular nodes), and Bη on edges (circular nodes). The TNO
is a map from the fermionic legs (red legs, pointing towards the triangular
nodes from behind) of F and F̄ tensors to the bosonic legs of Bη (black legs,
pointing out of the page). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
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legs of the fPEPS. All other legs are contracted with a leg of a neighboring
tensor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

3.6 Examples of 1-cochains. Edges intersected by the blue line have coefficient
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cocycles of the three non-trivial classes. . . . . . . . . . . . . . . . . . . . . . 122
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〈5 = 8〉, 〈2 = 10〉, 〈2 = 11〉. (a) Z-operators placed at edges corresponding to
the spin-structure η = {〈3, 4〉, 〈4, 7〉, 〈8, 10〉}. (b) Z-operators placed at edges
for an alternative choice of spin-structure η = {〈3, 4〉, 〈4, 2〉, 〈7, 8〉}. . . . . . 129

3.9 Triangulation of a torus without any singular vertices, but with Z-operators
placed along (a) the x-axis (b) the y-axis (c) both the x-axis and the y-axis. 132

3.10 Triangulation of a torus without any singular vertices, and with the MPOs
generated by W (square nodes) and G (circular nodes). The MPOs generated
by W wrap around both the x-axis and the y-axis and the G tensor is placed
at their intersection. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

3.11 A cocycle on a genus g manifold is cohomologous to a Z2 sum of cocycles
on the component torii. The non-trivial cocycles on independent torii on the
right hand side have a trivial intersection number. . . . . . . . . . . . . . . 137
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3.12 MPOs generated by W and G are inserted on each component torii. The G
tensor may differ between the torii. . . . . . . . . . . . . . . . . . . . . . . . 137

3.13 Choice of spin structure η = {〈3, 4〉, 〈4, 7〉, 〈8, 10〉} and placement of the MPO
generated by W and G. The Zηe operators shown represent the (Zt ⊗ Zs)ηe-
operators that are inserted in the example of Section 3.4.6. . . . . . . . . . . 141

3.14 The bosonization duality is a map from a fermionic system to a bosonic system.
In the fermionic system there is a spinless complex fermion degree of freedom
(red circles) at each edge e. In the bosonic system there is a spin-1/2 at each
vertex v. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

3.15 Diagrammatic representation of the symmetries of F (first line) and B (second
line) written algebraically in Eqs. (3.152a) and (3.152b). . . . . . . . . . . . 153

3.16 With the internal ordering chosen in (3.176) and (3.178), the virtual legs of
Mf and Of can be replaced with un-graded virtual legs. The supertrace sign
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4.1 Our construction of a fermionic SPT Hamiltonian begins with the input of
supercohomology data and a choice of manifold M with branching structure.
This data is used to build an auxiliary bosonic SPT protected by a G̃ symme-
try. Then we gauge the Z2 subgroup of G̃ to obtain the bosonic shadow model
- a G symmetry enriched toric code. Finally, with a choice of spin structure,
we fermionize the bosonic shadow model to arrive at the G protected fermionic
SPT. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

4.2 All of the models constructed in this chapter may be defined on an arbitrary
triangulation of an orientable 2d manifold with a branching structure. Note
that a triangulation is a planar graph in which all faces are triangular. Also,
recall that a branching structure is an assignment of an orientation to each
link such that there are no cycles around any of the triangles. . . . . . . . . 174

4.3 The bosonic shadow model is defined on a Hilbert space with generalized G-
spin degrees of freedom at vertices and spin-1

2
degrees of freedom on links.

This gives the total Hilbert space:
(⊗

pC
|G|
p

)
⊗
(⊗

〈pq〉C2
pq

)
. A basis is given

by configuration states |{gp}, {Zpq}〉, i.e. product states for which gp ∈ G is
chosen for each vertex p and Zpq = ±1 is chosen for each link 〈pq〉. . . . . . . 175

4.4 The vertices around a triangle are ordered by the number of links pointing
towards the vertex. opqr is −1 or +1 depending on the orientation of the
triangle relative to a choice of orientation for the manifold. . . . . . . . . . . 176
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4.5 The auxiliary bosonic SPT has G̃ degrees of freedom at each vertex. Specif-
ically, at each vertex, we attach a Hilbert space C|G̃| with a basis labeled by

elements of G̃. A natural basis for the total Hilbert space
⊗

pC
|G̃|
p is then a

set of product states for which at each vertex an element of G̃ is chosen. We
refer to this basis of product states as the configuration basis. An arbitrary

element of the configuration basis may be written as
∣∣{g(mp)

p

}〉
. . . . . . . . 178

4.6 Pictured above is an example of the amplitude Ψ±b ({gp}, {Zpq}) for the G = Z2

case with nontrivial n, defined in (4.30). Here, the argument of Ψ±b is a partic-
ular configuration with a single |0〉 vertex and all other vertices in the |1〉 state.
The link degrees of freedom are |1〉 everywhere besides the three | − 1〉 valued
links illustrated in the figure. The ellipses denote the fact that Ψ±b is dependent
on the global configuration despite the fact that we have only shown a local
portion of the configuration. The amplitude Ψ±b ({gp}, {Zpq}) is equivalent to

Ψ±SPT

({
g

(mp)
p

})
if there exists

{
g

(mp)
p

}
such that Zpq = (−1)ε

((
g

(mp)
p

)−1

g
(mq)
q

)
for

all 〈pq〉. In this example, with G̃ = Z4, ε(0) = ε(3) = 0, and ε(1) = ε(2) = 1,
two such configurations exist. One has a single |0〉 vertex with all other ver-
tices |1〉 while the other has a single |2〉 vertex with all other vertices |3〉.
These two configurations differ by the square of the Z4 global symmetry gen-

erator, so due to the fact that Ψ±SPT

({
g

(mp)
p

})
is Z4-symmetric, they give the

same amplitude. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

4.7 Here we show the evaluation of Ψ±b on a specific configuration with one vertex
in the |0〉 state and all other vertices, including those not pictured, in the |1〉
state along with |1〉 states at every link Hilbert space. The amplitude of this

configuration is zero because there is no configuration
{
g

(mp)
p

}
such that (4.16)

is satisfied. This can be seen by the fact that the product of Zpq around either

one of the two shaded triangles is 1 while the product of (−1)ε
((
g

(mp)
p

)−1

g
(mq)
q

)
around either of these triangles is (−1)n(gp,gq ,gr) = −1. . . . . . . . . . . . . . 185

4.8 The action of Ûpq on link 〈pq〉 depends on the branching structure of the

neighboring triangles. X̂pq is always applied to 〈pq〉, but a Pauli Ẑ acts on the
link connecting the first and second vertex of the neighboring triangle if and
only if 〈pq〉 is the link connecting the second and third vertices of that triangle.189

4.9 The interpolating vector field lies parallel to the branching structure for both
opqr = +1 and opqr = −1 triangles. There are no singularities of the vector
field away from the vertices. . . . . . . . . . . . . . . . . . . . . . . . . . . . 191
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4.10 The red vertices mark singularities of the interpolating vector field with odd
winding numbers, and the red link gives a choice of E . The green inset shows
the interpolating vector field near a link not belonging to E , while the purple
inset shows the 2π twist of the vector field near a link in E . . . . . . . . . . . 191

4.11 The fermionic SPT Hamiltonian acts on a Hilbert space with generalized G-
spin degrees of freedom on vertices and a single complex fermion degree of

freedom for each triangle. Explicitly, the total Hilbert space is
(⊗

pC
|G|
p

)
⊗Z2(⊗Z2

〈pqr〉C
1|1
pqr

)
, where

⊗Z2 is a Z2 graded tensor product. We use γpqr and

γ̄pqr as a basis for the operator algebra of the complex fermion at 〈pqr〉. . . . 194

4.12 Pictured here is the effect of
∏
〈pq〉 Ŝ

(1−ŝp)ŝq
pq on a domain wall configuration.

For clarity the lattice is suppressed and we have only drawn the interpolating
vector field along the domain walls. The edges of E , introduced in section 4.3,
are shown to illustrate their affect on the ordering of the fermions in the figure.197

4.13 The order in which the fermions are created along the domain wall is based
on the spin structure. Fermions are created in pairs – one on either side of the
regions for which the interpolating vector field points from |0〉 (white) to |1〉
(gray). These fermions are created left to right if there are an even number
of edges in E (pictured in red) between them and created right to left order
otherwise. The ordering is labeled above. Note that equivalently, the fermions
can be ordered from left to right across every |0〉 to |1〉 pointing region as long
as a −1 sign is picked up for each edge in E oriented from |0〉 to |1〉. . . . . . 198

4.14 In the figure above, as we move left to right along the domain wall, the in-
terpolating vector field (blue arrows) rotates. When it rotates clockwise from
pointing towards the |0〉 domain (white) to pointing towards the |1〉 domain
(gray), we get a phase of +i. When it rotates clockwise from pointing towards
the |1〉 domain to pointing towards the |0〉 domain, we obtain a phase of −i.
Counterclockwise rotations of the vector field along the domain wall give a
trivial phase. The twist of the vector field near an edge in E (red edges), as
displayed in FIG. 4.10, does not affect the calculation of this phase. . . . . . 199
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4.15 The inward oriented domains consisting of 〈qrp〉-triangles are shaded in green,
and the outward oriented domains consisting of 〈pqr〉-triangles are shaded in
purple. The green (purple) arrows show the ordering of the product over
inward (outward) oriented links in (4.140). We have also shown one of the
two Majorana operators associated with each 〈qpr〉-triangle, and re-labeled it
with the subscript d that labels inward pointing domains in order to make
subsequent notation convenient. The reason for only showing one of the two
Majorana operators is that the one we have shown is the only one that enters
into the computation of c(p). . . . . . . . . . . . . . . . . . . . . . . . . . . . 227

4.16 (Far left) The beyond supercohomology models in Ref. [152] have G degrees
of freedom (green dots) at vertices and a single complex fermion degree of
freedom (yellow dots) at each link. (a) We add an additional complex fermion
degree of freedom (hollow yellow circle) to each link and modify the Hamilto-
nian by adding a term that enforces zero fermion occupancy at each of these
additional sites. (b) We add links to the lattice to form the barycentric sub-
division of our original triangulation. (c) The links of the original lattice are
removed in the bulk and we associate one complex fermion to each triangle of
the resulting lattice. The branching structure is determined by the branching
structure of the original lattice. Importantly, the final Hilbert space has a
single complex fermion degree of freedom for each triangle. Note that the G
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Chapter 1

INTRODUCTION

To begin our discussion of the quantum complexity of symmetry-protected topological

phases of matter, let us start by comparing apples and oranges. We ask: how do you tell the

difference between an apple and an orange? One reliable way to distinguish between the two

(apparently discouraged in grocery stores) is to cut them in half and study the symmetries

of a cross section, as pictured in Fig. 1.1. The seeds of an apple form a 5-pointed star, giving

the cross sections a 5-fold rotational symmetry. The membranes separating the segments

of an orange, on the other hand, typically lead to a 10-fold rotational symmetry of a cross

section. Since 5 is not equal to 10, we can tell apples apart from oranges.

Remarkably, the same principles used to tell apples apart from oranges can be used to

distinguish between phases of matter. For example, liquids can be differentiated from solids

based on their symmetries. Liquids have a continuous translational symmetry, since there is

a uniform probability of finding the constituent atoms anywhere within the liquid. Solids,

in contrast, have a discrete translational symmetry – the atoms are arranged into a crystal

and are likely to be found only in discrete locations. In a similar fashion, symmetries can be

used to distinguish between non-magnetic (paramagnet) phases and magnetic (ferromagnet)

phases. In a non-magnetic phase, the magnetic moments of the atoms are randomly oriented

and there is zero net magnetization. The net magnetization has a continuous rotational

symmetry, because it is unchanged by rotations of the system. In a magnetic phase, however,

the magnetic moments of the atoms are aligned, and the rotational symmetry is broken (see

Fig. 1.1).

Symmetries have been a powerful (or fruitful, if you will) tool for distinguishing between



2

Figure 1.1: a. Apples and oranges can can be distinguished by their symmetries. Apples have
a five-fold rotational symmetry, while oranges usually have a ten-fold rotational symmetry.
b. Similarly, non-magnetic phases (i.e. paramagnetic phases) can be distinguished from
magnetic phases (i.e. ferromagnetic phases) by their symmetries. In a non-magnetic phase,
the magnetic moments of the atoms (represented by bar magnets) point in random directions.
The net magnetization is zero and is unaffected by any continuous rotation of the system.
In a magnetic phase, on the other hand, all of the magnetic moments point in the same
direction, breaking the rotational symmetry.

phases of matter. However, there are phases of matter that differ by more subtle, fundamen-

tally quantum mechanical differences. Symmetry-protected topological phases of matter,

referred to as SPT phases, are such an example. SPT phases cannot be distinguished by

their symmetries alone. Instead, they differ by characteristic patterns of quantum entangle-

ment [1]. We leave a precise definition of “patterns of entanglement” for a more technical

discussion in Section 1.2.

For now, we answer the more practical question: how does one distinguish between the

distinct patterns of entanglement in SPT phases? To differentiate between liquids and solids

one can measure the local density of atoms – the density is peaked at discrete locations in

the solid state due to the crystal structure. Likewise, magnetic phases can be distinguished

from non-magnetic phases by measuring a local quantity, i.e., the local magnetization. SPT

phases, however, cannot be detected by making local measurements in the interior (or bulk)
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Figure 1.2: There are two types of topological insulators in two dimensions, distinguished
by the properties of their boundaries. In the trivial topological insulator phase, the bulk
and boundary are insulating. (At least, there is no fundamental obstruction to making
the boundary insulating by appropriately trimming the edge.) In the nontrivial topological
insulator, the patterns of entanglement in the bulk force the boundary to be a conductor.
On the boundary, particles of one type (red) travel counterclockwise, while particles of the
other type (blue) travel clockwise. The system is time-reversal symmetric since time-reversal
changes the direction of the currents and transforms the two types of particles into one
another (red ↔ blue).

of the system. Observable quantities like the local density and local magnetization are

simply unable to detect the differences between the patterns of entanglement. The key to

distinguishing between SPT phases is to recognize that the patterns of entanglement in the

bulk manifest in exotic behavior at the boundary of the system. The symmetries, along with

the properties of the boundary, fully characterize the SPT phase.

To make this point more concrete, we consider a collection of SPT phases with time-

reversal symmetry known as topological insulators. There are two distinct types of topo-

logical insulators in two dimensions: the trivial topological insulator and the nontrivial

topological insulator. They share the same symmetries but, due to the entanglement in the

bulk, have notably different properties near the boundary (Fig. 1.2). The trivial topologi-

cal insulator is insulating both in the bulk and along the edge. The nontrivial topological

insulator, in contrast, always conducts current along its boundary. In addition, the current



4

along the boundary of the nontrivial topological insulator is unusual – the direction of the

current depends on subtle properties of the charged particles under time-reversal symmetry.

Importantly, the boundary of the nontrivial topological insulator cannot be mimicked in

a stand-alone, one-dimensional system. The entanglement within the bulk of the material

is necessarily responsible for the exotic behavior on the boundary. This means that the

properties of the nontrivial topological insulator cannot be reproduced by simply append-

ing conducting channels (or current carrying wires) to the boundary of a trivial topological

insulator.

The strange behavior at the boundary of SPT phases has promising applications to de-

vice physics and quantum computing. For one, the flow of particles at the boundary of a

nontrivial topological insulator is dissipationless, since the particles are unable to scatter or

change directions without breaking the time-reversal symmetry. This property of nontrivial

topological insulators could eventually be used to improve the efficiency of certain electronic

devices and allow for more reliable transportation of quantum information. There is also

potential for using the edge of a nontrivial topological insulator in combination with a super-

conductor to build a quantum memory – a sort of hard drive for quantum information [2].

SPT phases have also been of interest for measurement-based quantum computation, where

quantum information on the boundary of the SPT phase is manipulated by making appro-

priate measurements in the interior of the system [3].

To take advantage of the exotic behaviors at the boundary of SPT phases, we first

need to make progress in constructing SPT phases in experimental settings. The search for

experimental realizations of SPT phases is aided by simulating SPT phases on classical and

quantum computers. For this reason, it is valuable to have a complete characterization of the

“quantumness” of SPT phases. This helps inform us about potential challenges to simulating

them efficiently on computers and gives us insight into their inherent quantum informational

resources. SPT phases are undeniably quantum mechanical – quantum entanglement in

the bulk is essential to the unusual properties exhibited at the boundary. However, some

quantum systems are more quantum mechanically complex than others.
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The work described in this dissertation explores various measures of the quantum com-

plexity of SPT phases. In Chapter 2, we show that some SPT phases are more challenging to

simulate on classical and quantum computers using standard techniques for simulating quan-

tum many-body systems. In the following chapters, we focus on a class of SPT phases called

supercohomology SPT phases. Beyond being a mouthful, supercohomology SPT phases are

conventionally difficult to simulate. Nonetheless, despite their computational complexity, we

develop a coherent description for supercohomology SPT phases and find explicit expressions

for their characteristic patterns of quantum entanglement. We then establish a direct con-

nection between the patterns of entanglement in the bulk of supercohomology SPT phases

and the strange behaviors at their boundaries.

The remainder of this introduction is devoted to putting the concepts of quantum com-

plexity and SPT phases on more solid footing. We start by introducing the notions of

quantum complexity considered in this work. We then carefully define SPT phases and clar-

ify the meaning of “patterns of quantum entanglement”. To make the discussion precise,

we resort to more technical language. In other words, if you have made it this far into the

dissertation, Mom, this is a warning that it may get more challenging to read.

1.1 Quantum complexity of many-body systems

In this work, we interpret quantum complexity as an assessment of our ability to efficiently

store and manipulate the quantum information of a state. States with a high degree of

quantum complexity are thus more difficult to simulate on classical and quantum computers.

It is important to note that there is no “one true” measure of the quantum complexity of

a state. In general, the complexity of a task depends on the set of tools being used. For

example, it is much easier to keep your feet warm with socks than with a toothbrush. At the

same time, toothbrushes are better suited for brushing your teeth than socks.1 Since there are

a variety of methods for simulating quantum many-body systems, there are correspondingly

1I am assuming that this is true, but I don’t want to get caught with my foot in my mouth.
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many ways to assess the quantum complexity of a state. Some quantum states may be more

efficiently simulated using one set tools than another. Quantum complexity is thus defined

relative to the methods used for simulation.

To help illustrate this point, we consider a system of N qubits. A basis for this system

can be labeled by bit strings of length N , where the ith bit denotes the state of the ith qubit.

For example, given a bit string 01011 · · · 00010 of length N , the corresponding basis state is:

|0, 1, 0, 1, 1, · · · , 0, 0, 0, 1, 0〉. (1.1)

An unentangled state, such as this, can be efficiently stored and manipulated on a classical

computer, since it only contains N bits of information. However, a generic entangled state

of the N qubit system takes the form:

|ψ〉 =
∑

a1a2...aN

Aa1a2...aN |a1, a2, . . . , aN〉, (1.2)

where each ai is either 0 or 1, and Aa1a2...aN is a complex number that depends on the bit

string a1a2 . . . aN . The number of possible bit strings, and hence the number of amplitudes

Aa1a2...aN , grows like 2N . Therefore, for a large number of qubits, it highly inefficient to store

the state by simply recording each of the amplitudes.

This is the crux of the quantum many-body problem: due to entanglement, the amount

of information needed to specify a generic state grows exponentially with the size of the

system. If it were possible to efficiently store an arbitrary many-body quantum state for a

given system, then it would be possible to solve any associated quantum many-body problem.

It is therefore highly desirable to find classes of states that can be efficiently simulated despite

the entanglement. Of course, no scheme for simulating states is perfect, and the limitations

can be used to define notions of quantum complexity. In what follows, we give a brief

description of four methods for simulating quantum states, each of which plays a role in this

dissertation: quantum Monte Carlo, the stabilizer formalism, tensor network methods, and
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non-interacting fermions.

One of the most effective tools for simulating quantum many-body systems is quantum

Monte Carlo. Monte Carlo methods are ubiquitous in physics, and quantum many-body

physics is no exception. In quantum Monte Carlo (specifically, path-integral quantum Monte

Carlo) the strategy is to view the quantum system as a classical system in one higher di-

mension. A prerequisite for interpreting a quantum many-body system as a classical system,

however, is that the amplitudes Aa1a2...aN of the ground state have to be real and non-negative.

In some cases, there is an obstruction to finding a local basis in which the ground state has

real non-negative amplitudes. We refer to this as a sign problem, following Ref. [4]. A sign

problem poses an obstacle to efficient simulation by Monte Carlo methods and indicates that

the ground state is more quantum mechanically complex than a state with real non-negative

amplitudes.

Quantum Monte Carlo methods rely on classical computers, but one could instead con-

sider simulating a quantum state using a quantum computer. Near-term error correcting

quantum computers are limited, however. Many of the most promising proposals for fault-

tolerant (i.e., error resilient) quantum computers rely on the so-called stabilizer formalism.

The stabilizer formalism is able to efficiently simulate only a restricted set of states known

as stabilizer states. (For more detail, see Section 2.3.2.) While quantum computers can

in principle simulate an arbitrary quantum state, states outside of the stabilizer formal-

ism are computationally more intensive to simulate. Non-stabilizer states are therefore less

efficient to simulate on near-term error correcting quantum computers. On the flip side,

non-stabilizer states, referred to as magic states, can be used as ancillary states to empower

quantum computers [5].

Another strategy for simulating quantum states on classical computers is to use tensor

network methods. The goal of tensor network methods is to decompose the amplitudes

Aa1a2...aN into amplitudes that depend on only a few qubits. The amplitudes Aa1a2...aN can

then be recovered by recombining the few-body amplitudes. Tensor network methods are

best suited for simulating systems with low levels of entanglement in one dimension, where



8

they have enabled a complete classification of one-dimensional quantum phases of matter

[6]. However, there is active research into developing tensor network methods for higher-

dimensional systems [7–9]. One could hope that they will eventually provide a means for

efficiently simulating quantum phases of matter in two dimensions as well.

Lastly, we consider simulating quantum states described by non-interacting fermions. Due

to the absence of interactions, the quantum many-body problem reduces to solving a single-

body problem. For a system of non-interacting fermions, the many-body states are recovered

from the single-body states by filling fermions into unoccupied states according to Hund’s

rule. The free-fermionic states can be specified by an anti-symmetric N × N matrix called

the correlation matrix, where N is the number of fermionic modes. The correlation matrix

is a highly efficient way to encode the information of free-fermionic states, and thus non-

interacting fermions can be efficiently simulated on classical computers. Furthermore, thanks

to the Pauli exclusion principle, non-interacting fermions are able to exhibit a wide range of

quantum phases of matter, which includes SPT phases. Given the drastic simplification to

solving a single-body problem, SPT phases of non-interacting fermions have been completely

classified [10,11]. New tools and techniques are needed to go beyond non-interacting fermions

to study systems of strongly-interacting fermions.

The methods for simulating quantum many-body states described above all have their

limitations, yielding different notions of the quantum complexity of a state. By studying

the quantum complexity of quantum phases of matter, we learn about our limitations in

simulating their varied behavior. At the same time, it also informs us about quantum

informational resources harbored by the quantum phase of matter. States that fall outside

of a given simulation scheme could be used as a resource to aid in simulating a broader

class of states. For example, sampling from a state with a sign problem may help improve

the applicability of quantum Monte Carlo methods [12]. As for the stabilizer formalism, it

has already been established that “non-stabilizerness”, or magic, is a necessary ingredient

for universal quantum computation in conjunction with the stabilizer formalism. Similarly,

interacting fermionic states can be used to promote manipulations of free-fermion states to
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universality [13].

A natural place to start in studying the quantum complexity of quantum phases of matter

is with SPT phases. The theory of SPT phases has been well-developed and there is a solid

understanding of their classification and characterization. They also have relatively low levels

of entanglement and can be described by simple, exactly solvable models, thus simplifying the

analysis of their quantum complexity. SPT phases have been proposed as resource states for

measurement-based quantum computing and their boundaries have applications for quantum

computation. It is therefore valuable to have a complete picture of the quantum complexity

and the quantum information-theoretic resources inherent to SPT phases.

1.2 Symmetry-protected topological phases of matter

In this section, we provide an abstract definition of SPT phases and argue that distinct SPT

phases can be characterized by their patterns of entanglement. The characterization of SPT

phases in terms of patterns of entanglement is especially useful for assessing the quantum

complexity of SPT phases, as demonstrated in the text. First, however, we comment on

the description of SPT phases given at the beginning of the introduction. We described

SPT phases as phases of matter that cannot be characterized by their symmetries alone.

The more precise statement is that, unlike solid states and magnetic phases, SPT phases do

not exhibit spontaneous symmetry breaking. Therefore, they fall outside of the traditional

spontaneous symmetry breaking classification of phases of matter. It is also important to

note that SPT phases are quantum phases of matter and defined at zero temperature.

At an abstract level, SPT phases are equivalence classes of certain Hamiltonians. We refer

to the particular Hamiltonians considered in defining SPT phases as SPT Hamiltonians. An

SPT Hamiltonian in D-dimensions with a symmetry G is any Hamiltonian that satisfies the

following properties.

(i) Tensor product Hilbert space: The Hamiltonian is defined on a tensor product

Hilbert space of the form: H =
⊗

iHi, where each Hi is a finite-dimensional Hilbert
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space. The tensor product structure is motivated by solid-state materials, where the

relevant degrees of freedom (d.o.f.) are tightly bound to atoms in a lattice. We interpret

i as indexing the sites of a D-dimensional lattice. The site Hilbert spaces Hi are taken

to be finite-dimensional for simplicity. The d.o.f. at each site may be bosons, fermions,

or some combination. If they are bosons, then the tensor product is symmetrized,

reflecting the commutation relations of bosons. If the d.o.f. are fermions, then the

tensor product is anti-symmetrized, capturing the fermionic statistics. We refer to

Chapter 3 for more clarification on the structure of the many-body Hilbert space.

(ii) Local interactions: The Hamiltonian has exponentially localized interactions. This

assumption is primarily to simplify the analysis. However, the exponentially localized

interactions can be interpreted as arising from screening effects in solid-state materials.

For fermionic systems, we also require that each term in the Hamiltonian is fermion

parity even, i.e., it is a product of an even number of creation and annihilation oper-

ators. Fermion parity even operators are local in the sense that they commute with

fermion parity odd operators at distant sites.

(iii) Gapped spectrum: In the limit of large system size, the ground state of the Hamil-

tonian is separated from the first excited state(s) by a nonzero energy difference. The

gap ensures that the system is in the ground state at zero temperature, which implies

that all of the information about the phase of matter is encoded in the ground state.

(iv) Symmetric: The Hamiltonian has an onsite (or internal) G symmetry. This means

that it is represented by an operator of the form:
⊗

i ui(g), for any element g ∈ G and

unitary representation ui(g) at site i. In this work, all of the symmetries correspond

to a finite group and are represented by a unitary operator. We do not consider

continuous symmetries, spatial symmetries, or anti-unitary symmetries, although the

corresponding SPT phases can be defined similarly..
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(v) Trivial in the absence of symmetry: The Hamiltonian H can be adiabatically

connected to a Hamiltonian with a unique product state ground state while preserving

conditions (i)-(iii). In other words, there exists a continuous path of Hamiltonians

H(s), with s ∈ [0, 1], satisfying conditions (i)-(iii) such that H(0) = H and H(1)

has a unique product state ground state. This condition implies that H has a unique

ground state, and precludes spontaneous symmetry breaking. It also implies that SPT

Hamiltonians cannot describe quantum Hall phases or phases with anyonic excitations.

With this, we can define SPT phases in D-dimensions protected by a G symmetry (see also

Fig. 1.3).

Definition 1 D-dimensional SPT phases protected by a G symmetry are equivalence classes

of G-symmetric SPT Hamiltonians in D-dimensions under the following equivalence relation:

two G-symmetric SPT Hamiltonians H0 and H1 in D dimensions belong to the same SPT

phase if and only if there exists a continuous path of G-symmetric SPT Hamiltonians H(s)

in D dimensions, with s ∈ [0, 1], such that H(0) = H0 and H(1) = H1.

The equivalence relation in the definition of SPT phases partitions the set of SPT Hamilto-

nians into SPT phases. By definition, a transition between two distinct SPT phases requires

leaving the space of G-symmetric SPT Hamiltonians in D-dimensions. This may mean clos-

ing the spectral gap or breaking the protecting symmetry, for example. We refer to the SPT

phase containing Hamiltonians with a product state ground state as the trivial SPT phase

and refer to the others as nontrivial SPT phases.

We are finally in a position where we can clarify the meaning of patterns of entanglement

and argue that SPT phases are characterized by their distinct patterns of entanglement. The

key observation comes from the quasi-adiabatic theorem described in Ref. [14]. The quasi-

adiabatic theorem says that, if two gapped Hamiltonians H0 and H1 can be adiabatically

connected by a path of Hamiltonians H(s) satisfying conditions (i)-(iii) above, then there

exists a local time-dependent Hamiltonian H̃(t) such that the finite-time evolution of H̃(t)
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Figure 1.3: SPT phases are defined as equivalence classes of SPT Hamiltonians. Two SPT
Hamiltonians H0 and H1 belong to the same equivalence class if there is a continuous path
of Hamiltonians H(s) (red path) that connects H0 and H1. An SPT phase thus corresponds
to a path component (a blue region) in the space of SPT Hamiltonians (collection of blue
regions).

maps the ground state of H0 to the ground state of H1. Explicitly, the ground state of H0 is

mapped to the ground state of H1 by the unitary operator:

U = T
{
e−i

∫ 1
0 dtH̃(t)

}
, (1.3)

where T denotes the time ordering operation. Furthermore, if each Hamiltonian along the

path of Hamiltonians H(s) is symmetric, then H̃(t) is symmetric. The quasi-adiabatic

theorem implies that, if two SPT Hamiltonians belong to the same phase, then their ground

states can be mapped to one another by the finite-time evolution of a symmetric local

Hamiltonian.

The converse of the quasi-adiabatic theorem is also true. If the ground states |ψ0〉 and

|ψ1〉 of two Hamiltonians H0 and H1 obeying (i)-(iii) are related by the finite-time evolution

of some local Hamiltonian H̃(t), then there is a path of Hamiltonians satisfying conditions

(i)-(iii) that connects H0 and H1. This can be seen by defining U(s) as:

U(s) ≡ T
{
e−i

∫ s
0 dtH̃(t)

}
. (1.4)
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Figure 1.4: Finite-depth quantum circuits (FDQCs) are unitary operators that admit a
decomposition into local unitaries as in Eq. (1.6). The FDQC U is composed of layers
(blue, red, yellow, respectively), and each layer is a product of local unitaries (represented
by rectangular blocks) with non-overlapping supports.

H0 and H1 are adiabatically connected by the path of Hamiltonians:

H(s) ≡ U(s)H0U †(s), (1.5)

which satisfy the conditions (i)-(iii) by the fact that U(s) is unitary and maps local operators

to local operators. Moreover, if H̃(t) is symmetric for every t, then each Hamiltonian in the

path H(s) is symmetric. The converse of the quasi-adiabatic theorem tells us that, if the

ground states of two SPT Hamiltonians can be mapped to one another by the finite-time

evolution of a symmetric local Hamiltonian, then the two SPT Hamiltonians must belong to

the same SPT phase.

Given the quasi-adiabatic theorem and its converse, SPT phases can alternatively be

defined as equivalence classes of quantum states [1]. The ground states of two SPT Hamil-

tonians are equivalent, or belong to the same phase, if and only if there exists a symmetric

local Hamiltonian H̃(t) whose finite-time evolution maps one state to the other. Moving

forwards, we refer to the ground states of SPT Hamiltonians as SPT states. We say an

SPT state is trivial, or belongs to the trivial SPT phase, if there exists a symmetric local

Hamiltonian whose finite-time evolution maps the state onto a product state. Otherwise, we

call the SPT state nontrivial, or say that it belongs to a nontrivial SPT phase.

It is often convenient to approximate the finite-time evolution of a Hamiltonian H̃(t) by
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the time evolution of a piece-wise constant Hamiltonian with small time steps. This allows us

to approximate the finite-time evolution by a finite-depth quantum circuit (FDQC). FDQCs

are unitary operators with a decomposition into local unitary operators, as shown in Fig. 1.4.

The general form for a FDQC is:

U =
d∏
`

∏
j`

Uj` , (1.6)

where ` indexes the layers of the circuit up to a finite-depth d, and j` indexes local unitary

operators in the `th layer of the circuit with non-overlapping supports.2 The local unitaries

Uj` are sometimes referred to as gates, and they are always assumed to be fermion parity

even. Note that, if the finite-time evolution is generated by a symmetric Hamiltonian, then

the corresponding FDQC is composed of symmetric gates. Therefore, a convenient working

definition for SPT phases is as equivalence classes of SPT states, with the property that two

states belong to the same equivalence class if and only if there exists a FDQC composed of

symmetric gates that maps one to the other.

The definition of SPT phases at the level of SPT states shows us that SPT phases are

characterized by their patterns of entanglement. By condition (v) on SPT Hamiltonians, all

SPT states can be (approximately) disentangled by a FDQC. However, nontrivial SPT states

have the property that they cannot be disentangled by a FDQC composed of symmetric

local unitaries. Heuristically, nontrivial SPT states must have entanglement that cannot

be removed by making symmetry-preserving local changes to the entanglement. In this

sense, nontrivial SPT states have a nontrivial pattern of entanglement. Likewise, SPT states

belonging to different SPT phases cannot be mapped to one another by making symmetry-

preserving local changes to the entanglement. Therefore, we say that SPT phases can be

distinguished by their patterns of entanglement.

In Chapter 2, we provide an example of a nontrivial SPT phase, and prove that the

2The support of an operator is the set of sites on which the operator acts non-identically.
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corresponding SPT states cannot be disentangled by FDQCs composed of symmetric gates.

We also demonstrate that the SPT phases can be distinguished by their anomalous behavior

at a boundary. In Chapters 4 and 5, we construct explicit FDQCs capable of disentangling

certain fermionic SPT states. In particular, the FDQCs reveal the patterns of entanglement

in fermionic SPT phases classified by the mathematical formalism of group supercohomology.

In Chapter 5, we then describe how the structures of entanglement in the supercohomology

SPT phases can give rise to exotic boundary theories.

1.3 Outline and summary

Here, we outline the remainder of the dissertation by providing brief summaries of Chapters 2-

5. We begin with Chapter 2, where we discuss the computational complexity of SPT phases

built from bosons. In particular, we introduce the concepts of a symmetry-protected sign

problem and symmetry-protected magic. We say a state has a symmetry-protected sign

problem if there is an obstruction to finding a symmetry-preserving local change of basis that

maps the state to a non-negative state, and we say a state has symmetry-protected magic

if there is no FDQC composed of symmetric gates that maps the state to a stabilizer state.

We show that certain SPT phases have a symmetry-protected sign problem, by studying

the correlations on the boundary of the SPT phases. The symmetry-protected sign problem

implies that there is an obstacle to simulation using quantum Monte Carlo methods. We

also show that some SPT phases have symmetry-protected magic. Our proof relies on the

fact that the patterns of entanglement in the bulk of an SPT phase lead to an anomalous

symmetry action at the boundary. The characteristic anomalous symmetry action at the

boundary of SPT phases in D ≥ 2 dimensions prohibits a representation of the system using

the stabilizer formalism. We conclude the chapter by discussing potential directions for

studying the computational complexity of bosonic quantum phases of matter beyond SPT

phases.

In the next chapter, we make a transition to discussing fermionic systems by introducing

a two-dimensional tensor network-based bosonization. Bosonization is a duality, or change
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of variables, that relates fermionic systems to certain bosonic systems. The Jordan-Wigner

duality is an example of a bosonization duality in one dimension. The Jordan-Wigner du-

ality can be applied to higher-dimensional systems but fails to map local operators to local

operators. Bosonization dualities that map local operators to local operators, however, have

recently been developed for higher-dimensional systems. We build off of the two-dimensional

bosonization duality in Ref. [15], and construct a tensor network description of the duality.

This allows us to map a fermionic state to the corresponding bosonic state within the tensor

network formalism. By using tensor network methods, the bosonization duality can be im-

plemented directly on the local tensors (referred to as local amplitudes in Section 1.1) that

compose the fermionic many-body state. Our work also carefully accounts for the Koszul

sign, a sign obtained in tensor network decompositions of fermionic states that can muddle

the simulation of fermionic systems using tensor networks. Bosonization dualities, such as

the one described in Chapter 3, play a crucial role in our analysis of fermionic SPT phases

in later chapters.

While SPT phases of non-interacting fermions have been completely classified, the classi-

fication and characterization of SPT phases with strongly-interacting fermions have proven

more challenging. In Chapters 4 and 5, we construct models for fermionic SPT phases that

are beyond the reach of free-fermionic techniques. Despite their complexity as models of

strongly-interacting fermions, they are exactly solvable. In particular, we construct exactly

solvable models for fermionic SPT phases classified by the framework of group supercohomol-

ogy. Our strategy for constructing exactly solvable models is to relate the supercohomology

fermionic SPT phases to bosonic SPT phases through bosonization. Bosonization allows us

to exploit the well-established models for bosonic SPT phases to back out models for the

fermionic SPT phases. Starting with the mathematical data that characterizes a nontrivial

SPT phase, we build an explicit FDQC that disentangles a representative nontrivial SPT

state. In this sense, we uncover the patterns of entanglement characteristic of the super-

cohomology SPT phases. In Chapter 4, we build models for supercohomology SPT phases

in two dimensions. We emphasize the role played by certain combinatorial data known as
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spin structure, which appeared as ad hoc choices in previous constructions of fermionic SPT

phases. Then, in Chapter 5, we describe the construction of exactly solvable models for

supercohomology SPT phases in three dimensions. We also show explicitly how the entan-

glement in the bulk of our models enables exotic behavior on the boundary.
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Chapter 2

COMPUTATIONAL COMPLEXITY OF BOSONIC SPT
PHASES

This chapter is based on:

Tyler D. Ellison, Kohtaro Kato, Zi-Wen Liu, and Timothy H. Hsieh.

Symmetry-protected sign problem and magic in quantum phases of matter.

arXiv:2010.13803 , October 2020.

We introduce the concepts of a symmetry-protected sign problem and symmetry-protected

magic to study the complexity of symmetry-protected topological (SPT) phases of matter.

In particular, we say a state has a symmetry-protected sign problem or symmetry-protected

magic, if finite-depth quantum circuits composed of symmetric gates are unable to transform

the state into a non-negative real wave function or stabilizer state, respectively. We prove that

states belonging to certain SPT phases have these properties, as a result of their anomalous

symmetry action at a boundary. For example, we find that one-dimensional Z2 × Z2 SPT

states (e.g. cluster state) have a symmetry-protected sign problem, and two-dimensional

Z2 SPT states (e.g. Levin-Gu state) have both a symmetry-protected sign problem and

symmetry-protected magic. We also comment on the relation of a symmetry-protected sign

problem to the computational wire property of one-dimensional SPT states and speculate

about the greater implications of our results for measurement-based quantum computing.

2.1 Introduction

The concept of entanglement is an important tool for diagnosing the complexity of quantum

states and has led to a deeper understanding of quantum phases of matter and quantum phase

transitions. However, entanglement by itself does not fully capture the quantum complexity

of a state – some quantum states can be efficiently simulated by classical systems, despite the

https://arxiv.org/abs/2010.13803
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presence of entanglement. This motivates using diagnostics beyond entanglement to assess

the quantum complexity of many-body states and to further inform us of the quantum

information structures intrinsic to phases of matter. In this chapter, we focus on two means

for evaluating the complexity of a state: (i) its ‘magic’ and (ii) its sign structure.

Magic is an assessment of the extent to which a state can be expressed as a stabilizer

state [16]. Since stabilizer states can be efficiently stored and manipulated on classical

computers [17], magic can be regarded as a measure of the complexity of a state. The sign

structure of a state, on the other hand, relates to the difficulty in expressing a state as a

non-negative state – i.e., a state with real non-negative probability amplitudes in a local

basis [4, 18]. Complex probability amplitudes are responsible for inherently non-classical

phenomena, such as quantum interference, so the sign structure can be used to characterize

the quantum nature of a state.

The sign structure of a state is, of course, basis dependent, so to make a meaningful

assessment of the complexity of the state, we consider the sign structure modulo local basis

changes. Following Ref. [4], we say the wave function has a sign problem if the amplitudes

cannot be made non-negative by any local basis transformation. This notion of a sign problem

implies that any gapped parent Hamiltonian has a sign problem in the stoquastic sense [4].

Therefore, the sign problem at the level of the wave function also implies that there is an

obstacle to efficiently simulating the system using Monte Carlo methods.

While the magic in a many-body state and the notion of a sign problem are promising

metrics for the quantum complexity of states, they are notoriously challenging to study

analytically and numerically, although substantial progress has been made [4, 12, 16, 19–33].

We therefore propose a simplification by imposing symmetry constraints. In particular,

we introduce symmetry-protected magic and a symmetry-protected sign problem. These

simplified diagnostics of the complexity of a state allow us to make analytical statements

about the structure of quantum information in quantum phases of matter.

More specifically, we consider symmetry-protected topological (SPT) phases of matter,

whose properties can be characterized by short-range entangled (SRE) states. Despite the
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short-range entanglement, SPT phases are responsible for a rich set of quantum phenom-

ena including the helical edge modes at the boundary of topological insulators [34, 35] and

symmetry-protected degeneracies useful for measurement-based quantum computing [36–42].

It is therefore valuable to have a complete understanding of the quantum information struc-

tures of SPT phases to be able to both simulate their novel behaviors and harness their

resources for quantum computing.

In this work, we contribute to the understanding of the quantum complexity of SPT

states, by showing that certain SPT states have symmetry-protected magic and that some

possess a symmetry-protected sign problem. The symmetry-protected magic implies that

the SPT states have magic that cannot be removed by making local symmetry-preserving

changes to the state. This builds on the work of Refs. [43–45], in which particular finely tuned

SPT states are shown to have magic. The symmetry-protected sign problem, in contrast,

informs us about the sign structure of SPT states and poses an obstruction to finding a

non-negative representation through local symmetry-respecting basis changes. To the best

of our knowledge, this constitutes the first analytic proof of a (symmetry-protected) sign

problem at the level of the wave function. We speculate that our methods for evaluating

symmetry-protected sign problems may also be valuable for diagnosing sign problems in the

absence of symmetry.

Structure of the chapter

Our main application of symmetry-protected magic and a symmetry-protected sign problem

are to SPT states. Therefore, we begin by defining SPT states and SPT phases in Sec-

tion 2.2.1. For convenience, we work with a definition of SPT phases phrased in terms of

finite-depth quantum circuits. Then, in Section 2.2.2, we describe a characteristic feature

of SPT phases – the symmetry acts anomalously near a boundary. In the following section,

Section 2.2.3, we discuss how the effects of the anomalous symmetry action can be detected

using a strange correlator. To illustrate these concepts on a concrete example, we apply

them to the 1D cluster state in Section 2.2.4.
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We then move on to assess the complexity of SPT states, starting with symmetry-

protected magic in Section 2.3. We first review the stabilizer formalism in Section 2.3.1 before

defining symmetry-protected magic in Section 2.3.2. Subsequently, in Section 2.3.3, we use

the anomalous boundary symmetry action to show that a subset of SPT states (belonging

to group cohomology SPT phases in spatial dimensions D ≥ 2) have symmetry-protected

magic.

Next, we turn to the symmetry-protected sign problem in Section 2.4. In Section 2.4.1, we

give a precise definition for a symmetry-protected sign problem, and then, in Section 2.4.2, we

argue that SPT states in dimensions D ≤ 2 have a symmetry-protected sign problem relative

to local bases where the symmetry is diagonal. The argument relies on the expected “strange

correlations” in SPT states. We also provide a second argument in Section 2.4.2 based on

the incompatibility between the computational wire property of one-dimensional SPT phases

and bounds on measurement-induced entanglement in non-negative wave functions [4].

We conclude by commenting on relations to previous work and by proposing future di-

rections for studying the quantum complexity of topological phases of matter. We also state

a number of conjectures, and in particular, we conjecture that states defined on qubits and

belonging to the double semion phase have magic that is robust to arbitrary unitary local

operations.

2.2 Primer on SPT phases

To begin, we define SPT phases in terms of the circuit complexity of states, following Ref. [1].

We then describe a characteristic property of (non-trivial) SPT phases in Section 2.2.2: the

symmetry acts on the system in an anomalous fashion in the presence of a boundary. In

certain cases, the effects of the anomalous symmetry action can be detected using strange

correlators, which we define in Section 2.2.3. In Section 2.2.4, we illustrate the concepts

of the anomalous boundary symmetry action and strange correlators with an example of a

well-known SPT state - the 1D cluster state.
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2.2.1 Definition of SPT phases

We define SPT states and SPT phases using finite-depth quantum circuits (FDQCs). Recall

that a FDQC is any unitary operator that can be written in the form:

U =
d∏
`=1

(∏
j`

Uj`

)
. (2.1)

Here, the first product runs over layers, up to a depth d, and j` indexes unitary operators

Uj` in the layer `. The unitary operators Uj` , referred to as gates, are taken to be local1

and to have non-overlapping supports within a given layer. We note that the circuit is

“finite-depth”, if the depth d is both finite and constant in the system size.

To define SPT states in D dimensions, we consider Hilbert spaces of the form:

H =
⊗
i∈Λ

Hi, (2.2)

where i labels sites on a lattice Λ embedded in a D dimensional manifold without boundary,

and each site hosts a finite-dimensional Hilbert space Hi. For SPT phases protected by a G

symmetry, we assume the G symmetry is represented by an onsite representation.2 That is,

every g in G is represented by an operator:

u(g) =
⊗
i∈Λ

ui(g), (2.3)

with each ui(g) forming a linear representation of G on Hi. With this, an SPT state is any

state that satisfies the following three conditions:

• Short-range entangled: It can be prepared from a product state by a finite-depth

quantum circuit.

1Throughout the text, by local, we mean that the support of the operator can be contained in a ball of
fixed finite diameter.

2Note that, unless otherwise stated, we take the symmetry to be a unitary finite Abelian 0-form symmetry.
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• Symmetric: It is invariant under the onsite representation of the G symmetry.

• SPT parent Hamiltonian: It is the unique ground state of a symmetric local gapped

Hamiltonian.

The SPT states are then organized into SPT phases by imposing an equivalence relation.

Two SPT states are equivalent, or belong to the same phase, if one can be constructed from

the other by a FDQC composed of symmetric gates – with the possible use of ancillary

lower-dimensional SPT states. We say an SPT state is trivial if it belongs to the same

equivalence class as a product state, whereas a non-trivial SPT state has entanglement that

cannot be removed by making symmetry preserving local changes to the state. In other

words, a non-trivial SPT state cannot be disentangled by applying a FDQC with symmetric

gates.

2.2.2 Anomalous symmetry action at a boundary

Having defined SPT phases, an important question is: what properties characterize an SPT

phase? For non-trivial SPT phases, the symmetry action near a boundary is anomalous –

i.e., there is an obstruction to finding an effective boundary symmetry action that is onsite.3

In what follows, we give a heuristic description of the effective boundary symmetry action,

and we refer to Ref. [46] for more details. In Appendix 2.A, we outline an argument that

the obstruction gives a well-defined quantized invariant of the SPT phase.

To describe the effective boundary symmetry action, we first define the boundary Hilbert

space. We consider a choice of SPT state along with a parent SPT Hamiltonian on a manifold

N without boundary and call the energy gap between the ground state and the first excited

state ∆. We then imagine truncating the Hamiltonian to a submanifold M with boundary

3Moreover, the effective boundary symmetry action cannot be made onsite through a combination of
taking the tensor product with the effective boundary symmetry action of lower-dimensional SPT phases
and conjugation by a FDQC.



24

Figure 2.1: To determine the SPT phase associated to a given SPT state, we compute
an effective boundary symmetry action. This is done by truncating a corresponding SPT
Hamiltonian defined on a closed manifold N to a submanifold M with boundary. In the
low-energy Hilbert space of the truncated Hamiltonian, the onsite symmetry action uM(g)
(green dots) on M is equivalent to an effective boundary symmetry action v∂M(g) (striped
green) supported near the boundary of M . The symbol “∼” denotes that uM(g) and v∂M(g)
are only required to be equivalent in the low-energy Hilbert space. We use the effective
boundary symmetry action to show that certain SPT states have symmetry-protected magic
in Section 2.3.3.

by removing any terms whose support includes sites outside of M (Fig. 2.1).4 Furthermore,

we use the tensor product structure to restrict the Hilbert space and onsite symmetry to M .

After restricting to M , we expect the spectrum of the truncated Hamiltonian to look

qualitatively different – states now possibly lie within the energy window ∆. The boundary

Hilbert space is defined as the Hilbert space spanned by the states within the bulk gap ∆.

We assume that these low-energy states are similar to the ground state of the un-truncated

Hamiltonian in regions far from the boundary.5 Hence, the low-energy states correspond to

excitations localized near the boundary or degenerate ground states.

4We assume M is large compared with the Lieb-Robinson length of a FDQC that prepares the ground
state of the Hamiltonian on N .

5More precisely, the reduced density matrices agree on regions sufficiently far from the boundary. This
is the TQO-2 assumption in Refs. [47] and [48].
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With this, the effective boundary symmetry action is any unitary linear representation

of the G symmetry in the boundary Hilbert space, such that (i) its support is localized6

near the boundary of M and (ii) its action agrees with the global symmetry on states within

the boundary Hilbert space (Fig. 2.1). While the symmetry on M is onsite, the effective

boundary symmetry action may be non-onsite.

Ref. [46] showed that certain SPT phases, known as group cohomology phases [49], exhibit

an obstruction to an onsite effective boundary symmetry action captured by group cohomol-

ogy. In particular, in D-dimensions with a G symmetry, the obstruction corresponds to

an element of HD+1[G,U(1)], i.e., the (D + 1)th group cohomology of G with coefficients

in U(1). It is believed that HD+1[G,U(1)] gives a complete classification of (bosonic) SPT

phases protected by unitary symmetries in dimensions D < 4 [50–52]. We refer to SPT

phases characterized by a non-trivial element of HD+1[G,U(1)] as nontrivial group cohomol-

ogy phases.

We would like to point out that, according to the Künneth theorem [53], a partial clas-

sification of SPT phases protected by a product group H ×K is given by:

H1[H,HD[K,U(1)]]. (2.4)

The SPT phases characterized by the group cohomology in Eq. (2.4) are the focus of Propo-

sition 2 in Section 2.3. These SPT phases can be described by decorated domain wall

models [54], where the ground state is a superposition of H domain configurations with

(D − 1)-dimensional K SPT states hosted on the domain walls. In Appendix 2.B, we argue

that, for some element of H, the corresponding effective boundary symmetry action is imple-

mented by a FDQC that prepares a (D− 1)-dimensional K SPT state from a product state.

The effective boundary symmetry is notably not onsite because the (D − 1)-dimensional K

SPT state is entangled (for D > 1).

6In particular, we assume the effective boundary symmetry action is supported on M and within a fixed
distance from the boundary of M .
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2.2.3 Strange correlator

The anomalous symmetry action at a boundary, in the previous section, enforces long-range

entanglement in states describing non-trivial SPT phases on a manifold with boundary.7

This has been shown carefully in one and two spatial dimensions using a tensor network

approach [55] and is believed to hold in higher dimensions. We emphasize that on a manifold

without boundary, the states in an SPT phase are short-range entangled by definition – the

long-range entanglement only appears explicitly when a boundary to a trivial SPT phase is

exposed.

Figure 2.2: The overlap between 〈Ω| (light blue tensors) and |ψSPT〉 (black tensors) takes
the form of a Euclidean partition function for a (D − 1)-dimensional system, for which,
a spacetime configuration corresponds to a set of fixed indices on the virtual bonds. The
(D− 1)-dimensional system defined by 〈Ω|ψSPT〉 is invariant under an anomalous symmetry
if |ψSPT〉 belongs to a non-trivial SPT phase. This can be argued by first using the symmetry
of 〈Ω| to insert the symmetry action uM(g) (green circles) restricted to a region M (shaded
gray). By the arguments in Ref. [56], uM(g) applied to |ψSPT〉 is equivalent to inserting a
certain tensor network operator (striped green) along the virtual bonds on the boundary of
M . If |ψSPT〉 is a non-trivial SPT state, then the effective symmetry action on the virtual
bonds is anomalous, and the (D−1)-dimensional system has an anomalous symmetry. |ψ′SPT〉
denotes the state with the tensor network operator applied on the virtual bonds. This
motivates the use of strange correlators to prove a symmetry-protected sign problem in
certain SPT states (see Section 2.4.2).

One tool that has been developed to probe the long-range entanglement of SPT phases

7We note that, by an SPT phase on a manifold with boundary, we have in mind a collection of ground
states, where the parent Hamiltonians are truncated SPT Hamiltonians with an arbitrary local symmetric
Hamiltonian supported near the boundary.
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in the presence of a boundary is the strange correlator [57–60]. The strange correlator takes

the general form:

〈Ω|OiOj|ψSPT〉
〈Ω|ψSPT〉

, (2.5)

where 〈Ω| is a symmetric product state, |ψSPT〉 is an SPT state on a manifold without

boundary, and Oi and Oj are operators localized near the sites i and j. More specifically,

Oi and Oj correspond to a strange order parameter, given by a collection of unitary local

operators {Ok}k∈Λ such that each Ok has a non-trivial definite charge under the symmetry.

That is, for a finite Abelian symmetry G and any g ∈ G, Ok satisfies:

u(g)Oku(g)† = eiκ(g)Ok, (2.6)

where eiκ(g) forms a non-trivial one dimensional representation of G.

The general expectation is that, for a non-trivial SPT state in either one or two dimen-

sions, there exists a strange order parameter such that the strange correlator in Eq. (2.5)

has a power law decay or is constant as the separation between i and j goes to infinity.

This is based on numerous examples as well as physical intuition from a tensor network

representation of 〈Ω|ψSPT〉.

Given a tensor network representation of the D-dimensional SPT state |ψSPT〉, we can

interpret the overlap 〈Ω|ψSPT〉 as a partition function for a (D − 1)-dimensional system,

as pictured in Fig. 2.2. The (D − 1)-dimensional system is invariant under an anomalous

symmetry, similar to the anomalous boundary symmetry action of an SPT phase. This can

be seen by acting with the symmetry restricted to a subregion M with a boundary. Ref. [56]

argued that the symmetry action on M can be replaced with an effective symmetry action

on the virtual bonds of the tensor network along the boundary of M (see Fig. 2.2).

For a non-trivial SPT state, the effective symmetry action on the virtual bonds is anoma-

lous, and hence, the (D − 1)-dimensional partition function 〈Ω|ψSPT〉 is invariant under an
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anomalous symmetry action. This implies that 〈Ω|ψSPT〉 should be thought of as a partition

function for a long-range entangled state, and the strange correlator probes the correlations

in this state. Therefore, the strange correlator measures correlations similar to those that

arise on the boundary of a state in an SPT phase. (See also Refs. [57] and [58] for a physical

interpretation of the strange correlator.)

The use of strange correlators can be rigorously justified for 1D SPT states using the

notion of string-order parameters. We illustrate this for the cluster state assuming the

working definition of SPT phases, given in Section 2.2.1. We claim that the argument can

be generalized straightforwardly to other 1D SPT states.

2.2.4 Example: cluster state

To make the discussion more concrete, we describe the cluster state, an example of a non-

trivial 1D SPT state with a Z2 × Z2 symmetry. The cluster state is defined on a 1D lattice

with 2N qubits and periodic boundary conditions. We denote the Pauli X and Pauli Z

operator at the site i by Xi and Zi, respectively. The onsite Z2 × Z2 symmetry is then

generated by the operators:

u((g, 1)) ≡
∏
j

X2j, u((1, g)) ≡
∏
j

X2j+1, (2.7)

where we have labeled the elements of Z2 × Z2 as:

Z2 × Z2 = {(1, 1), (g, 1), (1, g), (g, g)}. (2.8)

The cluster state can be prepared from a product state by the FDQC UCS given as:

UCS ≡
∏
〈i,i+1〉

CZi(i+1). (2.9)

Here, the product is over pairs of neighboring sites, and the control-Z operator CZi(i+1) is
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the two qubit operator whose action on an arbitrary computational basis state |a〉i|b〉i+1 is:

CZi(i+1)|a〉i|b〉i+1 = (−1)ab|a〉i|b〉i+1, a, b ∈ {0, 1}. (2.10)

Explicitly, the cluster state is:

|ψCS〉 ≡ UCS|+ . . .+〉, (2.11)

where |+ . . .+〉 is the simultaneous +1 eigenstate of all Pauli X operators.

A parent Hamiltonian for the cluster state is:

HCS ≡ UCS

(
−
∑
i

Xi

)
U †CS = −

2N∑
i=1

Zi−1XiZi+1. (2.12)

HCS is gapped and has a unique ground state given that it has the same spectrum as the

paramagnet Hamiltonian: −∑iXi. Further, it can be checked that each term of HCS is

symmetric. Therefore, HCS is an SPT Hamiltonian.

To see that the ground state is in a non-trivial SPT phase, we introduce a boundary and

study the effective symmetry action near the boundary, as described below.

Anomalous boundary symmetry action

In dimension D = 1, SPT phases with a G symmetry are classified by H2[G,U(1)], where the

elements of H2[G,U(1)] correspond to projective representations of G [61, 62]. We compute

an effective boundary symmetry action for the cluster state model and show that it forms a

projective representation of Z2×Z2. This is the non-trivial element ofH2[Z2×Z2, U(1)] = Z2.

To start, we truncate the Hamiltonian HCS in Eq. (2.12) to a lattice with 2M sites and

open boundary conditions. This gives us the Hamiltonian HM
CS:

HM
CS ≡ −

2M−1∑
i=2

Zi−1XiZi+1. (2.13)
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HM
CS has a 4-fold degenerate ground state subspace, which follows from the fact that we have

removed the terms associated to the sites i = 1 and i = 2M . The degenerate ground state

subspace of HM
CS defines the boundary Hilbert space.

We now derive an effective boundary symmetry action. The states in the boundary

Hilbert space are +1 eigenstates of the terms in HM
CS, since the terms are mutually commuting

and un-frustrated. Therefore, in the boundary Hilbert space, we have:

Zi−1XiZi+1 ∼ 1, ∀i ∈ {2, . . . , 2M − 1}, (2.14)

where ∼ emphasizes that this holds in the boundary Hilbert space. Using the relation in

Eq. (2.14), the generators of the Z2 × Z2 symmetry can be written in the boundary Hilbert

space as:

u((g, 1)) ∼ Z1(Z2M−1X2M), u((1, g)) ∼ (X1Z2)Z2M . (2.15)

We define the right-hand side of the equations in Eq. (2.15) as the operators:

v((g, 1)) ≡ Z1(Z2M−1X2M), v((1, g)) ≡ (X1Z2)Z2M . (2.16)

These define a Z2×Z2 effective boundary symmetry action, since they form a unitary linear

representation of Z2×Z2, are localized near the boundary, and, by definition, agree with the

global symmetry action in the boundary Hilbert space.

The effective boundary symmetry action generated by the operators in Eq. (2.16) is

not onsite – i.e., it is not in the form of a tensor product of linear representations at each

site (as defined in Section 2.2.1). Instead, the action at endpoints i = 1 and i = 2M are

independently projective representations of Z2×Z2. For example, at the endpoint i = 1, we

have:

vi=1((g, 1)) ≡ Z1, vi=1((1, g)) ≡ X1Z2. (2.17)
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These give a projective representation, as can be seen by the commutation relations between

vi=1((g, 1)) and vi=1((1, g)):

vi=1((g, 1))vi=1((1, g)) = −vi=1((1, g))vi=1((g, 1)). (2.18)

Thus, the effective boundary symmetry action is anomalous.8 In Appendix 2.A, we show

that the anomalous symmetry action implies that the cluster state cannot be disentangled

by a FDQC composed of symmetric gates.

Strange correlator

For the cluster state, we can use the exactly solvable Hamiltonian HCS to identify a suitable

strange order parameter. To see this, we consider the product of Hamiltonian terms:

j−1∏
k=i

Z2kX2k+1Z2k+2 = (

j−1∏
k=i

X2k+1)Z2iZ2j. (2.19)

This gives us the identity:

〈+ . . .+ |ψCS〉 = 〈+ . . .+ |(
j−1∏
k=i

X2k+1)Z2iZ2j|ψCS〉 = 〈+ . . .+ |Z2iZ2j|ψCS〉, (2.20)

where the first equality comes from the fact that |ψCS〉 is a +1 eigenstate of each term of

HCS, and the second equality uses that 〈+ . . .+ | is a +1 eigenstate of every Pauli X operator.

From Eq. (2.20), we have:

〈+ . . .+ |Z2iZ2j|ψCS〉
〈+ . . .+ |ψCS〉

= 1, (2.21)

for any choice of i and j. By redefining the sites so that the pair of sites 2k−1 and 2k form a

single site labeled by k, we can use the set {Z2k} as a strange order parameter. Moreover, we

8Importantly, the projective representations at the endpoints cannot be made into linear representations
by conjugating by a FDQC.
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have found a strange order parameter for |ψCS〉 such that the strange correlator is constant

in the separation of 2i and 2j, according to Eq. (2.21).

As for other states in the same phase as |ψCS〉, we can use the operator in Eq. (2.19) to

identify a strange order parameter for which the strange correlator is constant in the limit

|i − j| → ∞. For example, let |ψ′CS〉 be the state prepared from |ψCS〉 by the FDQC Usym

composed of symmetric gates:

|ψ′CS〉 ≡ Usym|ψCS〉. (2.22)

|ψ′CS〉 is invariant under the operator:

Usym

[
(

j−1∏
k=i

X2k+1)Z2iZ2j

]
U †sym. (2.23)

Since Usym is built from symmetric gates, the operator in Eq. (2.23) is equal to:

(

j−1∏
k=i

X2k+1)OiOj, (2.24)

for some unitary local charged operators Oi and Oj. Following Eqs. (2.20) and (2.21), we

can define a strange order parameter from the collection of Oi and Oj for varying endpoints

i and j. Thus, every state in the SPT phase (as defined in Section 2.2.1) admits a strange

order parameter with a constant strange correlator.

We note that the operators in Eqs. (2.20) and (2.23) are the more familiar string-order pa-

rameters that characterize 1D SPT phases. These naturally lead to strange order parameters

with a constant strange correlation.

2.3 Symmetry-protected magic

In this section, we introduce symmetry-protected magic and demonstrate that it is a feature

of a large class of SPT states. To start, we review the stabilizer formalism and describe how



33

it can be simulated efficiently on a classical computer. The stabilizer formalism is insufficient

for universal quantum computing, but leads to the concept of magic – a resource that can be

used to help overcome the limitations of the stabilizer formalism. We then define the notion

of symmetry-protected magic and use it to assess the magic in SPT states. In particular,

we show that SPT states belonging to group cohomology phases in D ≥ 2 dimensions have

symmetry-protected magic.

2.3.1 Review of the stabilizer formalism

The stabilizer formalism has been instrumental to our understanding of the complexity of

quantum phases of matter, as it often provides simple, workable examples. In this section,

we give a brief review of the stabilizer formalism to ensure the text is self-contained. We

refer to Refs. [16,63–66] for more thorough reviews.

To make the discussion general, we first define a generalization of Pauli operators to q-

dimensional Hilbert spaces, i.e., to qudits. The computational basis states, in this case, are

labeled by j ∈ Zq, and the usual Pauli Z and Pauli X operators are generalized to:

Z ≡
∑
j∈Zq

e
2πi
q
j|j〉〈j|, X ≡

∑
j∈Zq

|j + 1〉〈j|. (2.25)

If q is odd, then the set of Pauli operators on a qudit is generated by products of Z and X,

and if q is even, the Pauli operators are generated by Z, X, and the phase i.9 For systems of

more than one qudit, we call a tensor product of Pauli operators a Pauli string. Furthermore,

we say a Pauli string is Z-type or X-type if, up to a phase, it consists of only products of Z

operators or products of X operators, respectively.

With this, we introduce Clifford unitaries and stabilizer states. A Clifford unitary is any

unitary operator that maps Pauli strings to Pauli strings by conjugation. Explicitly, for any

9The group generated by the Pauli operators is commonly called the Heisenberg-Weyl group.
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Pauli string P , a Clifford unitary U satisfies:

UPU † = Q, (2.26)

for some Pauli string Q. A stabilizer state is then any state that can be generated by

applying a Clifford unitary to the computational basis state |0 . . . 0〉. Here, |0 . . . 0〉 is the

simultaneous +1 eigenstate of every Pauli Z operator. Thus, by definition, a stabilizer state

|ψS〉 can always be written as:

|ψS〉 = U |0 . . . 0〉, (2.27)

for some Clifford unitary U .

At this point, one can define a computational scheme based on applying Clifford unitaries

to stabilizer states and making measurements of Pauli strings. However, this restricted set of

operations - the stabilizer operations - can be efficiently simulated by a classical computer.

This is the statement of the Gottesman–Knill theorem [17] and a consequence of the fact

that a stabilizer state can be fully characterized by a stabilizer group, as described below.

Indeed, for every stabilizer state |ψS〉, we can find a group G of mutually commuting

Pauli strings such that |ψS〉 is the unique state satisfying:

S|ψS〉 = |ψS〉, ∀S ∈ G. (2.28)

We refer to the elements in G as stabilizers and call the group G a stabilizer group. We say

the stabilizer group G “stabilizes” or “fixes” |ψS〉 to mean that |ψS〉 is in the simultaneous

+1 eigenspace of all of the stabilizers. More generally, any group of mutually commuting

Pauli strings is a stabilizer group, although it may not fix a unique stabilizer state.

To find a suitable stabilizer group for |ψS〉, we first consider the state |0 . . . 0〉. |0 . . . 0〉 is
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uniquely stabilized by the stabilizer group G0 generated by a Pauli Z operator for each site:

G0 ≡ 〈Zi : i ∈ sites〉. (2.29)

From this, we can identify a stabilizer group G that uniquely fixes |ψS〉. To do so, we

conjugate the elements of G0 by a choice of Clifford unitary U that prepares |ψS〉 from

|0 . . . 0〉, as in Eq. (2.27):

G ≡ 〈UZiU † : i ∈ sites〉. (2.30)

By construction, the stabilizer group G in Eq. (2.30) is generated by N Pauli strings,

where N is the number of sites. The state can therefore be efficiently specified by a stabilizer

group, and moreover, the effects of evolution by a Clifford unitary and measurements of

Pauli strings can be determined by appropriately modifying the stabilizer group. We see

that the stabilizer operations are no more powerful than a classical computer, and additional

ingredients are needed to promote it to a universal set of operations.

Before describing how the stabilizer formalism can be supplemented to achieve universal

quantum computation, we remark that the generators of a stabilizer group can be used to

build a stabilizer Hamiltonian. More specifically, given a stabilizer group G that uniquely

stabilizes a state |ψS〉, we can construct a Hamiltonian:

HS ≡ −
∑
S∈S

S + h.c., (2.31)

where S denotes a set of stabilizers that generate G. The unique ground state of HS is |ψS〉,
since it is a +1 eigenstate of each S ∈ S and is uniquely fixed by G. We note that HS might

not be local.
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2.3.2 Definition of symmetry-protected magic

Stabilizer operations, reviewed in the previous section, can be simulated efficiently on a classi-

cal computer, but the full power of quantum computation can be recovered by supplementing

the stabilizer operations with ancillary non-stabilizer states. In fact, any non-stabilizer (pure)

state can be used as ancillary states to promote the stabilizer operations to a universal set

of operations. In this context, the non-stabilizer states are referred to as magic states. In a

precise sense, the magic of a state (or the “non-stabilizerness”) can be treated as a resource,

similar to viewing entanglement as a resource. Consequently, resource-theoretical tools have

been developed to quantify the amount of magic in a state (see e.g., Refs. [16,67–70]), how-

ever few analytical statements have been made about magic in many-body systems. To

make progress in this direction, we define the following coarse measure of the magic to help

understand the large-scale structure of magic in a many-body state:

Definition 2 (Long-range magic) A state |ψ〉 has long-range magic, if, for any finite-

depth quantum circuit U , the state U|ψ〉 is a magic state.

In other words, a state with long-range magic has magic that cannot be removed by any

FDQC. In this sense, the state can serve as a robust source of magic. We would like to point

out that concepts similar to long-range magic have been recently introduced in Ref. [27] in

the context of conformal field theories. We hope to comment on long-range magic in future

work, but in the present text we focus on a restricted notion of long-range magic.

In particular, we consider magic that cannot be removed by any FDQC composed of

symmetric gates. We say such a state has symmetry-protected magic. This is defined more

precisely as:

Definition 3 (Symmetry-protected magic) A state |ψ〉 has symmetry-protected magic,

if, for any finite-depth quantum circuit Usym composed of symmetric gates, the state Usym|ψ〉
is a magic state.

As a proof of concept, we show that certain SPT states have symmetry-protected magic.
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2.3.3 Symmetry-protected magic in SPT states

Our main objective in this section is to show that SPT states, in particular those belonging

to non-trivial group cohomology phases in dimensions D ≥ 2, have symmetry-protected

magic. This includes, for example, the Z2 SPT model introduced in Ref. [71]. We divide

our results into two propositions. Proposition 1 applies to SPT states belonging to group

cohomology phases protected by a symmetry of the form Zmq (a product of m copies of Zq)

and assumes that the state is defined on a system of q-dimensional qudits. Proposition 2 only

applies to a subset of group cohomology phases, but makes no assumption on the dimension

of the qudits. In both cases, the proof relies on the anomalous boundary symmetry action

characteristic of non-trivial group cohomology SPT phases (see Section 2.2.2). After proving

the two propositions, we comment on SPT states that fall outside of our argument – these

correspond to SPT phases that can indeed be described efficiently by the stabilizer formalism.

Proposition 1 Any SPT state belonging to a non-trivial group cohomology phase in D ≥ 2

dimensions protected by a G = Zmq symmetry has symmetry protected magic, if it is defined on

q-dimensional qudits and the symmetry is represented by tensor products of Pauli operators.

Proof of Proposition 1. We defined SPT phases as collections of SRE states that are equiva-

lent under FDQCs composed of symmetric gates. Therefore, if an SPT state has symmetry-

protected magic, it implies that every state in the SPT phase must be a magic state. To

prove the proposition, it is then sufficient to show that there are no stabilizer states belonging

to non-trivial group cohomology phases in D ≥ 2 dimensions with a G symmetry represented

by Pauli strings.

With this, we proceed by deriving a contradiction. We assume that there is a stabilizer

state |ψS〉 belonging to a non-trivial group cohomology phase in D ≥ 2 dimensions protected

by a G symmetry represented by a Pauli string P (g) for every g ∈ G. We argue that this is

in conflict with the anomalous boundary symmetry action expected in the non-trivial SPT

phase.
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The first step is to find a local symmetric stabilizer Hamiltonian whose unique ground

state is |ψS〉. Since |ψS〉 is an SPT state, it has a local parent Hamiltonian (albeit possibly

non-stabilizer), and it is invariant under the G symmetry, i.e., P (g)|ψS〉 = |ψS〉, for all g ∈ G.

In Appendix 2.C, we show that this, in fact, implies that there exists a local symmetric

stabilizer Hamiltonian HS whose unique ground state is |ψS〉 and which commutes with the

G symmetry (see Lemma 2).

We can now determine the SPT phase by using HS to compute the anomalous symmetry

action at the boundary (analogous to the calculation of the anomalous boundary symmetry

action for the cluster state in Section 2.2.4). For this purpose, we introduce a boundary

by truncating the Hamiltonian HS to a region M with boundary. We define the truncated

Hamiltonian HM
S by removing any term whose support is not entirely contained within M .10

The global symmetry action P (g) can also be restricted to M using that P (g) is a tensor

product of linear representations Pi(g) of G:

P (g) ≡
∏
i

Pi(g)→ PM(g) ≡
∏
i∈M

Pi(g). (2.32)

The truncated Hamiltonian has a G symmetry represented by the operators PM(g), given

above.

Similar to HS , the truncated Hamiltonian is a sum of symmetric commuting stabilizer

terms, but unlike HS , it will generically have a ground state degeneracy, and the degenerate

ground state subspace forms the boundary Hilbert space. The anomalous behavior of the

symmetry, characteristic of the SPT phase, is revealed by the effective symmetry action

on the boundary Hilbert space. We recall from Section 2.2.2 that the effective boundary

symmetry action is any operator localized near the boundary of M , whose action is equivalent

to the symmetry action of PM(g), within the boundary Hilbert space.

The effective symmetry action at the boundary can be computed by first observing that

10To avoid pathologies, we require that M is large compared to the size of the supports of the terms in
HS . More precisely, we require dM � dS , where dM is the diameter of the largest ball inscribing M , and dS
is the minimum diameter such that the support of each stabilizer term fits within a ball of diameter dS .
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Figure 2.3: We determine the effective boundary symmetry action from HS by first observing
that the global symmetry P (g), for any g ∈ G, can be expressed as a product of terms in HS
(the supports of the stabilizer terms are depicted with colored ovals). The global symmetry
action can be restricted to a submanifold M (outlined in black) in two ways. Restricting to
M by using the tensor product structure of P (g) results in PM(g), while restricting to M
using the product of stabilizer terms gives P̃M(g). P̃M(g) acts like the onsite symmetry away
from the boundary of M .

the global symmetry action P (g) can be written as a product of the stabilizer terms of the

un-truncated Hamiltonian HS . This is because, HS commutes with P (g) and has a unique

ground state. Therefore, P (g) is contained in the stabilizer group generated by the terms of

HS (see Lemma 1 in Appendix 2.C). Consequently, P (g) can be written as:

P (g) =
∏

Sj∈SP (g)

Sj, (2.33)

where SP (g) is defined as the set of terms in HS whose product is P (g). By using the

expression for P (g) in Eq. (2.33), P (g) can instead be truncated to M by retaining only the
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stabilizers Sj whose support supp(Sj) is entirely contained in M (see Fig. 2.3):

P̃M(g) ≡
∏

Sj∈SP (g)

supp(Sj)⊂M

Sj. (2.34)

We note that P̃M(g) is a product of terms in HM
S and as such, acts as the identity on the

boundary Hilbert space. This implies, in particular, that PM(g) is equivalent to PM(g)P̃ †M(g)

in the boundary Hilbert space. Further, by comparing Eqs. (2.33) and (2.34), we see that

the action of P̃M(g) is equivalent to that of P (g) on sites in M greater than a fixed distance

from the boundary of M . Therefore, the support of PM(g)P̃ †M(g) is contained in M and

localized near the boundary of M . As a result, we can take the effective boundary symmetry

action to be:

P(g) ≡ PM(g)P̃ †M(g). (2.35)

The effective boundary symmetry action in Eq. (2.35) forms a linear representation of

G = Zmq in the boundary Hilbert space. This means that it obeys the group laws of G up to

products of stabilizer terms in HM
S . In Appendix 2.D, we show that, assuming the system

is defined on q-dimensional qudits, the effective boundary symmetry action can be modified

by stabilizers in HM
S to guarantee that the group relations are satisfied exactly. We denote

the modified effective boundary symmetry action by P ′(g).

The characteristic group cohomology class of the SPT order can be deduced from the

modified effective boundary symmetry action using the methods of Ref. [46], where the group

cohomology class manifests as an obstruction to realizing the effective boundary symmetry

action onsite (as a tensor product of linear representations at each site). From the definition

of P ′(g) in Appendix 2.D, it can be seen that P ′(g) is a tensor product of Pauli operators:

P ′(g) =
∏
k

P ′k(g), (2.36)
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with the product over sites k in M close to the boundary of M . While P ′(g) forms a linear

representation of G in the boundary Hilbert space, the operators P ′k(g) might only satisfy

the group laws projectively. In dimensions D ≥ 2 this does not pose an obstruction to an

onsite representation of the effective boundary symmetry action. The algorithm in Ref. [46]

shows that the effective boundary symmetry action in Eq. (2.36) corresponds to the trivial

element of HD+1[G,U(1)] (if D ≥ 2).

To motivate this conclusion, we argue that any projective representations formed by

P ′k(g) can be resolved by modifying HS with decoupled 1D SPT Hamiltonians acting on

ancillary qudits. Importantly, the 1D SPT Hamiltonians do not change the D ≥ 2 SPT phase

described by HS . Moreover, the 1D SPT Hamiltonians can always be chosen so that their

projective effective boundary symmetry actions (see Section 2.2.4, for example) compensate

for the projective representations formed by the P ′k(g). Then by locally redefining the sites,

the projective representation from P ′k(g) and the effective boundary symmetry of the 1D

SPT phases form a linear representation on the composite site.

Therefore, the effective boundary symmetry action in Eq. (2.36) is non-anomalous, and

by the universality of the anomalous boundary symmetry action (see Appendix 2.A), |ψS〉
cannot be a member of a non-trivial group cohomology SPT phase in D ≥ 2. This con-

tradicts the initial assumption and implies that there are no stabilizer states in non-trivial

group cohomology SPT phases in D ≥ 2 dimensions protected by a symmetry represented by

Pauli strings. Thus, the non-trivial SPT states described in the proposition have symmetry-

protected magic. �

Note that Proposition 1 assumes that the SPT state is defined on a system of q-dimensional

qudits for a symmetry Zmq . For some SPT phases, we expect that the restriction on the di-

mension of the qudits is necessary. In future work, we hope to comment on a stabilizer model

for a non-trivial Z2 SPT phase in D = 2 dimensions defined on a system of 4-dimensional

qudits.

On the other hand, there are group cohomology phases for which the restriction on the
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dimension of the qudits in Proposition 1 is unnecessary. A stronger statement can be made

for SPT phases that can be described by a decorated domain wall model, i.e., the SPT

phase is protected by a symmetry of the form H × K and characterized by an element of

H1[H,HD[K,U(1)]]. We formulate this as Proposition 2.

Proposition 2 Any SPT state belonging to an H × K SPT phase in D ≥ 2 dimensions

characterized by a non-trivial element of H1[H,HD[K,U(1)]] has symmetry protected magic,

if the symmetry is represented by tensor products of Pauli operators.

Proof of Proposition 2. We let |ψS〉 be a stabilizer state within an H × K SPT phase in

D ≥ 2 dimensions. Following the proof of Proposition 1, we identify a local stabilizer parent

Hamiltonian HS for |ψS〉 and define an effective boundary symmetry action as in Eq. (2.35).

We argue that the effective boundary symmetry action of the stabilizer model is unable

to reproduce the anomalous symmetry action of an SPT phase characterized by a non-trivial

element of H1[H,HD[K,U(1)]]. In Appendix 2.B we prove that, the effective boundary

symmetry action for some element of H ×K must be a FDQC that prepares a non-trivial

(D−1)-dimensional K SPT state from a trivial SPT state. The effective boundary symmetry

action of the stabilizer model, however, is a Pauli string for every element of H ×K. Pauli

strings are insufficient for constructing a non-trivial (D− 1)-dimensional K SPT state from

a trivial SPT state if D ≥ 2. Therefore, |ψS〉 cannot belong to an SPT phase characterized

by a non-trivial element of H1[H,HD[K,U(1)]]. �

The simplest example of an SPT phase that satisfies the conditions of Proposition 2 is a

Z2 × Z2 × Z2 SPT phase in D = 2 dimensions. In this case, H and K are equal to Z2 and

Z2 × Z2, respectively. As argued in Appendix 2.B, the effective boundary symmetry action

corresponding to the generator of H prepares a Z2 × Z2 SPT state from a product state.

Proposition 2 tells us that every state belonging to this SPT phase has magic, assuming the

symmetry is represented by a Pauli string.
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In Propositions 1 and 2, we have shown that a large class of SPT states have symmetry-

protected magic. However, there are notable examples of SPT states without symmetry-

protected magic. For example, the cluster state, described in Section 2.2.4, is a stabilizer

state. In this case, the anomalous boundary symmetry action corresponds to projective

representations, and there is no obstruction to forming projective representations with Pauli

strings. As another example, the ground state of the 2D CZX-model in Ref. [55] is a stabilizer

state, but the onsite symmetry is not represented by a product of Pauli operators.

There are also well-known examples of stabilizer states in non-trivial SPT phases pro-

tected by subsystem symmetries (e.g. the 2D cluster state) [72, 73] or protected by higher-

form symmetries (e.g. the 3D cluster state) [36, 74–78]. In our argument, we assumed that

the protecting symmetry is a 0-form symmetry, i.e., it is supported on a codimension-0

manifold. The assessment of the anomalous nature of the effective boundary symmetry ac-

tion was specific to 0-form SPT phases. We expect that the proposition can be generalized

by accounting for the anomalies associated to subsystem SPT phases and higher-form SPT

phases, as described in Refs. [72] and [79]. Evidently, in some cases, the anomalous boundary

symmetry action of these SPT phases can be described by Pauli operators.

We have qualified that Propositions 1 and 2 apply to SPT phases classified by group

cohomology, but our results may be more general. There are, in fact, known SPT phases

in dimensions D ≥ 3 that are outside of the group cohomology classification – aptly named

the beyond cohomology phases [51, 80]. In dimension D = 3, there is a beyond cohomol-

ogy phase protected by time-reversal symmetry that admits a stabilizer representation [81].

However, this SPT phase falls outside of the purview of our argument, since the symmetry

is anti-unitary and is not represented by Pauli strings. On the other hand, in D = 4, there

is a beyond cohomology SPT phase protected by a unitary Z2 symmetry represented by a

Pauli string [82], and we expect the proof of Proposition 1 applies in this case. Indeed, it

was recently argued that the effective boundary symmetry action of the SPT phase corre-

sponds to a non-trivial 3D quantum cellular automaton [82, 83]. The operator in Eq. (2.36)

is certainly a trivial quantum cellular automaton.
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2.4 Symmetry-protected sign problem

The sign problem is a notorious obstacle in efficiently simulating many-body quantum sys-

tems using Monte Carlo methods. Often, the sign problem refers to a difficulty in writing the

partition function of a quantum system as a classical partition function with non-negative

Boltzmann weights. Here, however, our focus is on a sign problem that manifests in the

sign structure of a quantum state [4], i.e., in the complex amplitudes of a wave func-

tion. Therefore, to get started, we state the sign problem of interest. Then, we define a

symmetry-constrained variation of the sign problem, which we call the symmetry-protected

sign problem. We illustrate this concept by showing that a subset of SPT states exhibits a

symmetry-protected sign problem.

2.4.1 Definition of symmetry-protected sign problem

Complex probability amplitudes are a key feature of quantum states and are essential for

describing non-classical phenomena such as quantum interference. For this reason, a non-

negative wave function can be regarded as more classical, and indeed, the amplitudes of a non-

negative wave function correspond to (the square root of) a classical probability distribution.

Whether a state has non-negative amplitudes, however, is basis dependent, i.e., it may be

possible to remove a complex sign structure by making a local basis change. This motivates

defining the following sign problem at the level of probability amplitudes:

Definition 4 (Sign problem) A state |ψ〉 has a sign problem relative to a basis {|α〉}, if,

for any finite-depth quantum circuit U , at least one amplitude of the state U|ψ〉 in the basis

{|α〉} is outside of the set R≥0.

It is natural to take the basis {|α〉} to be the computational basis and to interpret the FDQC

U as a local basis change – then, a state has a sign problem if there is no local basis in which
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the amplitudes of the state are all non-negative. We make the basis {|α〉} explicit here to

more readily generalize to a symmetry-protected sign problem below.

It remains an open question as to whether any many-body system exhibits a sign problem

in the sense above. We note that, in Refs. [12, 30, 31], it is shown that certain topological

phases of matter have an obstruction to finding a parent Hamiltonian that is stoquastic -

i.e., where the off-diagonal matrix elements of the Hamiltonian are all non-positive [84, 85].

While a stoquastic parent Hamiltonian is sufficient to guarantee that the ground state is

non-negative, it is not necessary. Nonetheless, it is natural to conjecture that these same

phases of matter exhibit a sign problem related to the sign structure of a ground state wave

function.

Notably, SPT states do not have a sign problem. This is because SPT states can be

disentangled into a product state by applying a FDQC (see also [86]). However, we consider

a symmetry-protected variant of the sign problem, and show that certain SPT states indeed

exhibit a symmetry-protected sign problem, defined as:

Definition 5 (Symmetry-protected sign problem) A state |ψ〉 has a symmetry-protected

sign problem relative to a basis {|α〉}, if, for any finite-depth quantum circuit Usym composed

of symmetric gates, at least one amplitude of the state Usym|ψ〉 in the basis {|α〉} is outside

of the set R≥0.

In other words, relative to the reference basis {|α〉}, there are no symmetry-preserving local

basis changes that make the wave function non-negative. With this simplification of the sign

problem to symmetry-preserving basis changes, we are able to show that particular SPT

phases have a symmetry-protected sign problem.

2.4.2 Symmetry-protected sign problem for SPT states

In this section, we argue that SPT states in dimensions D ≤ 2 have a symmetry-protected

sign problem in the symmetry-charge basis, where a symmetry-charge basis is a basis of prod-

uct states in which the symmetry is diagonal [87,88]. Our proof relies on strange correlators,
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defined in Section 2.2.3, and before stating the main proposition, we would like to emphasize:

Remark: Every non-trivial 1D SPT state, as defined in Section 2.2.1, has a strange order

parameter with constant strange correlations. This is a consequence of the existence of string

order parameters, described in Section 2.2.4. As for higher dimensional SPT phases, it is

conjectured that every non-trivial SPT state in 2D has a strange order parameter that has

power law decaying or constant strange correlations (see the argument in Section 2.2.3).

Proposition 3 Let |ψSPT〉 be a state belonging to an SPT phase such that, for every state in

the SPT phase, there exists a strange order parameter with power law decaying or constant

strange correlations. Then |ψSPT〉 has a symmetry-protected sign problem relative to product

state bases in which the symmetry is represented by products of diagonal Pauli operators.

Proof of Proposition 3. Without loss of generality, we assume the symmetry is represented

by X-type Pauli strings, which are diagonal in the X-basis.

We derive a contradiction by assuming, contrary to the proposition, that |ψSPT〉 does not

have a symmetry-protected sign problem relative to the X-basis. This means that there is

some FDQC Usym composed of symmetric gates such that all of the amplitudes of Usym|ψSPT〉
are non-negative in the X-basis. We denote Usym|ψSPT〉 by |ϕSPT〉, and note that, according

to the definition of SPT phases, it belongs to the same SPT phase as |ψSPT〉.
By assumption, there exists a strange order parameter {Ok} for which the strange cor-

relator:

〈+ . . .+ |OiOj|ϕSPT〉
〈+ . . .+ |ϕSPT〉

(2.37)

decays according to a power law or is constant in the separation of i and j.11. Here, |+ . . .+〉

11Note that if |+ . . .+〉 and |ϕSPT〉 are orthogonal, we can always construct a state |ϕ′SPT〉 from |ϕSPT〉 by
applying pairs of Pauli Z operators, such that |ϕ′SPT〉 has a non-zero overlap with |+ . . .+〉, still belongs to
the same phase as |ψSPT〉, and has non-negative amplitudes in the X-basis. (Pauli Z operators are positivity
preserving in the X-basis.) Our argument can then be applied to |ϕ′SPT〉 instead of |ϕSPT〉.
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is the symmetric product state with a +1 eigenvalue under every Pauli X operator.12 In fact,

as shown in Appendix 2.E, the strange order parameter can always be chosen to be a set

of Pauli Z strings {QZ
k }. In what follows, we argue that the existence of this strange order

parameter is in conflict with the non-negative amplitudes of the SPT state |ϕSPT〉.
To see this, we consider {QZ

k } as a spontaneous-symmetry breaking order parameter for

|ϕSPT〉:13

〈ϕSPT|QZ
i Q

Z
j |ϕSPT〉. (2.38)

We evaluate the correlator by expanding 〈ϕSPT| in the X-basis. We label an X-basis state

by x and denote the non-negative amplitudes of 〈ϕSPT| by
√
p(x), where p(x) ∈ R≥0. 〈ϕSPT|

can then be written as:

〈ϕSPT| =
∑
x

√
p(x)〈x|. (2.39)

Inserting this into Eq. (2.38) gives us:

∑
x

√
p(x)〈x|QZ

i Q
Z
j |ϕSPT〉 =

√
p(+ . . .+)〈+ . . .+ |QZ

i Q
Z
j |ϕSPT〉

+
∑

x 6=+...+

√
p(x)〈x|QZ

i Q
Z
j |ϕSPT〉. (2.40)

The first term on the right-hand side of Eq. (2.40) is proportional to the strange correlator

with strange order parameter {QZ
k }. Consequently, it decays slowly with the separation of

i and j, i.e., it decays according to a power law or is constant in |i − j|. The second term

on the right-hand side of Eq. (2.40) is non-negative, because the amplitudes of |ϕSPT〉 are

non-negative and QZ
i , Q

Z
j preserve non-negativity (in the X-basis).

12Despite the notation |+ . . .+〉, the argument holds for systems of qudits.

13Note that QZi and QZj are charged, so the following matrix elements vanish: 〈+ . . . + |QZi |ϕSPT〉 =

〈+ . . .+ |QZj |ϕSPT〉 = 0.
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From Eq. (2.40), we see that |ϕSPT〉 has long-range order. This contradicts the assump-

tion that |ϕSPT〉 is an SPT state with short-range entanglement. Therefore, |ψSPT〉 must

have a symmetry-protected sign problem relative to the X-basis, where the symmetry is rep-

resented by products of diagonal Pauli operators. �

For a concrete application of Proposition 3, we can consider the cluster state, discussed in

Section 2.2.4. The Z2×Z2 symmetry of the cluster state is represented by Pauli X operators,

and therefore, the cluster state has a symmetry-protected sign problem relative to the X-

basis. This is to say, in the symmetry-charge basis, at least one amplitude of the cluster

state is outside of R≥0, and moreover, there are no symmetry-preserving local basis changes

from the X-basis that make all of the amplitudes of the cluster state non-negative.

We note that, although the cluster state has a symmetry-protected sign problem relative

to the X-basis, there still exists product state bases in which the amplitudes of the cluster

state are non-negative. In particular, the amplitudes of the cluster state are non-negative if

the Z-basis is used on even sites and the X-basis is used on odd sites.14Proposition 3 does

not apply in this case, because, in this basis, the symmetry is not diagonal, and it cannot

be mapped to the X-basis by symmetry-preserving local transformations.15

To highlight the quantum nature of states with a symmetry-protected sign problem, we

would like to describe an alternative proof of Proposition 3 that applies to 1D SPT states.

The idea is to make use of the quantum wire property, where, for certain 1D SPT states,

measurements in the symmetry-charge basis can be used to generate long-range entanglement

[37, 89, 90]. We argue that, if a state can serve as a quantum wire and it is non-negative

in the symmetry-charge basis, then it contradicts the results of Ref. [4], in which a bound

is set on the entanglement created by making measurements of a non-negative state. More

formally, we show the following:

14In fact, it can be checked that the Hamiltonian is stoquastic in this basis.

15Specifically, the bases are related by applying Hadamard gates on the even sites. Hadamard gates do
not commute with the symmetry formed by products of Pauli X operators.
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Proposition 3′ Let |ψSPT〉 be a state belonging to a 1D SPT phase protected by an Abelian

symmetry and corresponding to a maximally non-commutative cohomology class.16 Then

|ψSPT〉 has a symmetry-protected sign problem relative to product state bases in which the

symmetry is represented by products of diagonal unitaries.

Remark: Here, we make the technical assumption that |ψSPT〉 belongs to an SPT phase

labeled by a maximally non-commutative cohomology class to guarantee that |ψSPT〉 exhibits

the quantum wire property [89]. We note that we are also working under the assumption

that |ψSPT〉 is defined on a lattice with periodic boundary conditions and can be prepared

exactly from a product state by a FDQC, as established in Section 2.2.1.

Proof of Proposition 3 ′. First, we use the results of Ref. [89] to show that long-range

entanglement can be generated from measurements of |ψSPT〉. To see this, we consider a

matrix product state (MPS) representation of |ψSPT〉:

. (2.41)

We then coarse grain the lattice by combining a constant number of neighboring sites into

super-sites, such that, for each local tensor of the coarse grained MPS, there exists an

isometry W that graphically satisfies:

.
(2.42)

Here, W is an isometry that maps from the d-dimensional physical Hilbert space to a pair of

Hilbert spaces of dimension χL and χR, where χL and χR are the dimensions of the left and

right virtual Hilbert spaces, respectively. Importantly, W disentangles the states in the left

16A cohomology class [ω] ∈ H2[G,U(1)] is maximally non-commutative if for every element g ∈ G other
than the identity, there exists an h ∈ G such that ω(g, h) 6= ω(h, g).
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virtual Hilbert space from the states in the right virtual Hilbert space. Heuristically, WA at

the super-site A can be interpreted as first acting with a unitary operator supported on A

that locally disentangles |ψSPT〉 and then subsequently removing the unentangled degrees of

freedom.

Figure 2.4: (a) We partition the coarse grained MPS into regions A, B, and C by choosing
super-sites A and B. (b) Applying the isometry WA ⊗ WB to |ψSPT〉 splits it into two
unentangled MPS: |ψ1

SPT〉 and |ψ2
SPT〉. (c) The measurement on the super-sites in C fixes

the physical indices in the region C according to the measurement outcome |x〉 and leaves
us with the state |ψxAB〉 on A ∪B. |ψxAB〉 is entangled between A and B through the virtual
bonds, as described in Ref. [89].

The next step is to choose well-separated super-sites A and B and make measurements in

the symmetry-charge basis on the complement of A∪B, denoted by C (Fig. 2.4). We claim

that measurements in the symmetry-charge basis on C generate entanglement between A

and B lower bounded by a value that is independent of the separation of A and B. To show

this, we apply the isometry WA ⊗WB to |ψSPT〉, with WA and WB defined as in Eq. (2.42).
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The isometry splits |ψSPT〉 into two independent MPS, as shown in Fig. 2.4:

WA ⊗WB|ψSPT〉 = |ψ1
SPT〉 ⊗ |ψ2

SPT〉. (2.43)

Note that, after applying the isometry WA ⊗WB, the degrees of freedom at A and B corre-

spond to the virtual bonds of the MPS, up to local positive diagonal operators (see Cororally

3.12 of Ref. [91]). This is important given that the results of Ref. [89] show that measure-

ments of an SPT state create entanglement at the level of the virtual bonds.

We now measure the sites in C in the symmetry-charge basis and with probability px

obtain the product state |x〉 on C. We define |ψxAB〉 to be the state on A ∪ B given by

fixing the degrees of freedom of |ψ1
SPT〉 ⊗ |ψ2

SPT〉 on C according to the product state |x〉.
By the assumption that |ψSPT〉 belongs to an SPT phase corresponding to a maximally non-

commutative cohomology class, Theorem 1 of Ref. [89] tells us that |ψxAB〉 can be written in

the form:

|ψxAB〉 =
(
|ϕ1

junk〉 ⊗ Ux,1
B |Φ1

max〉
)
⊗
(
|ϕ2

junk〉 ⊗ Ux,2
B |Φ2

max〉
)
. (2.44)

Here, |ϕ1
junk〉,|ϕ2

junk〉 are unimportant states that depend on the details of |ψSPT〉, |Φ1
max〉,|Φ2

max〉
are

√
|G|-dimensional maximally entangled states between A and B, and Ux,1

B ,Ux,2
B are some

unitary operators supported only on B. Note that the first and second lines of Eq. (2.44)

correspond to independent contributions from |ψ1
SPT〉 and |ψ2

SPT〉. For any measurement out-

come |x〉, the entanglement entropy of |ψxAB〉 between A and B is therefore bounded below

as:

S (ρxA) ≥ 2 log2

√
|G|, (2.45)

with ρxA denoting the reduced density matrix of |ψxAB〉 on A. Since WA⊗WB has no affect on

the entanglement generated between A and B, we see that making measurements of |ψSPT〉
on C induces entanglement between A and B with a constant lower bound, as claimed.
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On the other hand, Proposition 4.1 of Ref. [4] implies that, if |ψSPT〉 is non-negative in

the symmetry-charge basis, then the average entanglement entropy after the measurements

is bounded from above as: ∑
x

pxS (ρxA) ≤ f(L), (2.46)

where L is the distance between the super-sites A and B, and f(L) is a function that

decays rapidly to zero (faster than any polynomial). For a sufficiently large L, the bound in

Eq. (2.46) conflicts with Eq. (2.45).

Therefore, |ψSPT〉 cannot be non-negative in the symmetry-charge basis. Furthermore, the

argument applies to any state constructed from |ψSPT〉 by a FDQC composed of symmetric

gates, since the quantum wire property is shared by states in the same phase. We can thus

conclude that |ψSPT〉 has a symmetry-protected sign problem relative to the symmetry-charge

basis. �

2.5 Discussion

We have introduced the concepts of symmetry-protected magic and a symmetry-protected

sign problem to facilitate the study of many-body magic and the sign structure of wave

functions. We have applied these concepts to SPT states to assess their quantum complexity.

Using the universal properties of certain non-trivial group cohomology phases in D ≥ 2

dimensions, we showed that the corresponding SPT states have symmetry-protected magic,

assuming the symmetry is represented by products of Pauli operators. This implies that

there is no stabilizer state representative in these SPT phases. We also argued that SPT

states in dimensions D ≤ 2 have a symmetry-protected sign problem in bases where the

symmetry is diagonal. Consequently, in this basis, there is an obstruction to a description

of the SPT phase by a non-negative wave function.

By imposing symmetry constraints, we were able to make analytic statements about

the complexity of quantum states, including the first verification of a sign problem at the

level of probability amplitudes. We note that a restriction to symmetric systems has also
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been beneficial for studying the No Low-energy Trivial States conjecture in Ref. [92]. We

anticipate that, moving forwards, symmetry constraints will be a valuable tool for addressing

outstanding quantum information problems.

We would like to emphasize that our assessment of the symmetry-protected magic in SPT

phases applies to systems with even-dimensional qudits. This is noteworthy given that magic

is more easily quantified and better understood in systems of qudits with odd dimensions

(and especially odd prime dimensions), thanks to the discrete Wigner formalism [93, 94].

The associated discrete Wigner function maps states to quasi-probabilities, and for systems

of odd dimensional qudits, the negative quasi-probabilities can be used to define a measure

of the amount of magic in the state [16].

In the case that the qudits are odd-dimensional, symmetry-protected magic can be in-

terpreted as a sign problem, which manifests through the quasi-probability distribution of

the discrete Wigner function (known as the discrete Hudson’s theorem) [94]. Symmetry-

protected magic says that the signs in the quasi-probability distribution cannot be removed

by making symmetry preserving unitary local changes to the state. We point out that this

sign problem has appeared in the simulation of random quantum circuits as in Ref. [95].

Our work therefore deals with two different notions of a sign problem – one relates to

the quasi-probability distribution of a discrete Wigner function, while the other corresponds

to the complex probability amplitudes of a state. It should be noted that these are distinct

from the usual notion of a sign problem related to the “stoquasticity” of a Hamiltonian and

discussed in the context of simulating quantum systems by Monte Carlo methods. However,

a sign problem at the level of the amplitudes of a wave function, in fact, implies that any

gapped parent Hamiltonian suffers from a sign problem in the stoquastic sense (see Ref. [4]

and Appendix A of Ref. [12]).

To conclude, we would like to further comment on related work, make a few conjectures,

and discuss some promising directions for future work.
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Symmetry-protected magic

Propositions 1 and 2 show that stabilizer operations are insufficient for simulating certain

SPT states. It is important to note that this also implies that those SPT states can be

used as a source of magic for quantum computing. It would be interesting if a quantized

universal property of the corresponding SPT phases - say, their responses to probing with

symmetry defects - could be exploited to reliably produce a standard magic state (e.g. a

CCZ state), independent of the microscopic details of the systems. We also speculate that

there is a series of adaptive measurements that produces a standard magic state on a large

length scale, similar to how a series of local measurements of 1D SPT states can create

entanglement between distant sites [90].

It is also interesting to consider the implications of our work for the use of group co-

homology SPT states as resources for measurement-based quantum computing (MBQC).

Remarkable progress has been made in identifying computationally universal phases of mat-

ter protected by subsystem symmetries [38, 39], but much remains to be understood about

the MBQC utility of SPT phases with global (0-form) symmetries. In Refs. [43] and [44], it

was recognized that a particular “fixed point” wave function in a 2D Z2 × Z2 × Z2 group

cohomology SPT phase harbors magic. Furthermore, it was shown that the state can be used

as a resource for universal MBQC using only Pauli measurements. It is natural to wonder

whether the entire phase can be used for universal MBQC with Pauli measurements. Our

results are consistent with this conjecture and suggest that other group cohomology SPT

states may be able to serve as universal resources as well. For a related discussion on the

quantification of magic, see Ref. [29].

According to Propositions 1 and 2, certain SPT states must be non-stabilizer and, as such,

cannot be prepared from |0 . . . 0〉 by a Clifford unitary. Inspired by Ref. [45], we speculate

that the higher levels of the Clifford hierarchy may also be useful for understanding the

complexity of SPT states. The Clifford unitaries form the second level of the hierarchy C2,
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and the higher levels of the hierarchy are obtained recursively as:

CD+1 ≡
{
U : UPU † ∈ CD, ∀P ∈ C1

}
, (2.47)

where C1 denotes the set of Pauli strings. The results of Ref. [45] imply that particular finely

tuned SPT states in D-dimensions cannot be prepared from |0 . . . 0〉 by any FDQC belonging

to the Dth level of the hierarchy. It may be interesting to study the extent to which this

applies to other states in the SPT phase.

In this chapter, we focused on the magic in quantum phases characterized by SRE states,

but an important avenue for future work is to study magic in systems with long-range

entanglement, such as in conformal field theories (CFTs) and intrinsic topological orders.

Refs. [27] and [28] have made the first steps in numerically studying the emergence of magic

at a critical point, and Ref. [27] conjectured that CFTs generically have magic at large length

scales, detectable by correlations.

Regarding the magic inherent in topologically ordered phases, Ref. [96] provided a clas-

sification of systems in 2D that can be described by a local stabilizer Hamiltonian, assuming

the stabilizer Hamiltonian is translationally invariant and defined on a Hilbert space built

of prime dimensional qudits. These results place important restrictions on the phases of

matter that admit a representation by a stabilizer state. However, more work is needed to

lift the assumptions and better understand long-range magic (Definition 2) in phases with

intrinsic topological order. We conjecture that states defined on qubits in the double semion

phase, for example, have long-range magic, and we look forward to commenting further on

this conjecture in upcoming work.

Symmetry-protected sign problem

We argued that non-trivial SPT states in dimensions D ≤ 2 have a symmetry-protected

sign problem relative to the symmetry-charge basis, where the symmetry is diagonal. It is

unclear whether these SPT states have a symmetry-protected sign problem relative to other
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bases, as our techniques are specialized for the symmetry-charge basis. For instance, does the

cluster state have a symmetry-protected sign problem relative to the Z-basis? A complete

characterization of the symmetry-protected sign problems might lead to new tools useful for

tackling the sign problem in the absence of symmetry constraints. New techniques are also

needed to study the symmetry-protected sign problem in SPT states in dimensions D ≥ 3,

since the strange correlations may no longer be a reliable way to diagnose the SPT order.

In Section 2.3.3, we also argued that the quantum wire property of non-trivial 1D SPT

states is incompatible with a non-negative wave function in the symmetry-charge basis. This

suggests a potential operational consequence of a symmetry-protected sign problem. In

particular, for non-trivial 1D SPT states, entanglement can be generated between any two

regions by making measurements on the complement in the symmetry-charge basis. We

speculate that, more generally, a symmetry-protected sign problem relative to a basis |{α}〉
implies that measurements in the |{α}〉 basis can be used to create entanglement between

distant regions. In any event, further work is needed to build off of the results of Ref. [4]

and to fully understand the connection between the sign structure of a quantum state and

its localizable entanglement [97].

Appendices

2.A Universality of the anomalous symmetry action

In Section 2.2.2, we stated that group cohomology SPT phases can be characterized by

anomalies – i.e., obstructions to finding an effective boundary symmetry action that is on-

site.17 The calculation of the anomaly, as described in Section 2.2.2, (seemingly) depends

on the following choices: (i) a representative SPT state, (ii) a parent SPT Hamiltonian for

the SPT state, and (iii) an effective boundary symmetry action derived from the parent

Hamiltonian. Following Appendix C of Ref. [46], we sketch an argument below that the

17More specifically, the obstructions are to finding an effective boundary symmetry action that is onsite
up to taking tensor products with effective actions of lower-dimensional SPT phases and by conjugating the
effective symmetry action with a FDQC.
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Figure 2.5: |ψ1〉 and |ψ2〉 are defined on a D-sphere SD. We partition SD into overlapping
regions L+ (union of blue and purple) and R− (union of red and purple). L+ contains the
subregion L (blue), and R− contains the subregion R (red).

computation of the anomaly ultimately does not depend on these choices. In other words,

we argue that the anomaly is well-defined as an invariant of the SPT phase. The strategy is

to study the anomaly at the interface between two different possible choices of (i), (ii), and

(iii). To simplify the discussion, we assume that the parent Hamiltonians are un-frustrated.

(This is sufficient for our purposes.) We expect that the argument can be generalized to

show that the anomaly is well-defined for any choice of parent SPT Hamiltonian.

We consider two states |ψ1〉 and |ψ2〉 belonging to the same D-dimensional SPT phase

along with a choice of corresponding SPT Hamiltonians H1 and H2. For concreteness, we

take |ψ1〉 and |ψ2〉 to be defined on a D-sphere SD. Since |ψ1〉 and |ψ2〉 are in the same

phase, there exists a FDQC Usym composed of symmetric gates such that:

Usym|ψ2〉 = |ψ1〉. (2.48)

We can then construct the SPT Hamiltonian H̃2, defined as:

H̃2 ≡ UsymH2 U †sym, (2.49)

which has the unique ground state |ψ1〉.

Now, we combine terms from H1 and H̃2 to form a new SPT Hamiltonian H on SD whose
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ground state is also |ψ1〉. Roughly speaking, H is comprised of the terms in H1 on the left

half of the sphere and the terms in H̃2 on the right half. More specifically, we divide the

D-sphere into two overlapping regions L+ and R−, as shown in Fig. 2.5. L+ and R− cover

the D-sphere, and their intersection is a thickened (D − 1)-sphere. We take the “width”

of the intersection to be large compared with the Lieb-Robinson length of some (arbitrary)

FDQC that prepares |ψ1〉. To construct H, we truncate H1 to L+, to define H
L+

1 , and we

truncate H̃2 to R−, to define H̃
R−
2 . The SPT Hamiltonian H is then:

H ≡ H
L+

1 + H̃
R−
2 , (2.50)

with the unique ground state |ψ1〉. The fact that |ψ1〉 is the ground state follows from the

assumption that H1 and H2 are un-frustrated.

Next, we study the possible anomaly at the interface between H1 and H̃2. In particular,

we introduce a boundary by truncating H to the region L ∪ R, where L and R are defined

as:

L ≡ L+ − L+ ∩R−, R ≡ R− − L+ ∩R−, (2.51)

as depicted in Fig. 2.5. In other words, we remove any term in H that is supported (in part)

on the overlap between L+ and R−. We are left with the truncated Hamiltonian HL∪R:

HL∪R ≡ HL
1 + H̃R

2 , (2.52)

where HL
1 is the truncation of H1 to L and H̃R

2 is the truncation of H̃2 to R. Importantly,

we consider HL∪R as a Hamiltonian on the full Hilbert space of SD.

The boundary Hilbert space of HL∪R can be decomposed into a tensor product of the

following three Hilbert spaces: (i) the low-energy Hilbert space of HL
1 on L, (ii) the full

Hilbert space on the intersection L+ ∩ R−, and (iii) the low-energy Hilbert space of H̃R
2 on

R. Accordingly, we can construct an effective symmetry action near the boundary of L∪R by
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multiplying an effective action on L, an onsite symmetry on L+∩R−, and an effective action

on R. More explicitly, we can choose the effective boundary symmetry action representing

g ∈ G to be vL(g) on L and vR(g) on R, so that an effective boundary symmetry action v(g)

on L ∪R is:

v(g) ≡ vL(g)

 ∏
i∈L+∩R−

ui(g)

 vR(g). (2.53)

We note that the effective boundary symmetry action in Eq. (2.53) is localized near L+∩R−.

The algorithm defined in Ref. [46] can now be applied to v(g) to identify potential obstruc-

tions to making v(g) onsite. The obstruction corresponds to an element [ω] ∈ HD+1[G,U(1)],

and one can show that it can be divided into a contribution [ωL] ∈ HD+1[G,U(1)] from vL(g)

and a contribution [ωR] ∈ HD+1[G,U(1)] from vR(g), so that:

[ω] = [ωL] · [ωR]. (2.54)

The last step is to argue that [ω] calculated from v(g) using the procedure in Ref. [46] must

correspond to the trivial class in HD+1[G,U(1)]. Therefore, regardless of the choices made

in determining vL(g) and vR(g), we have [ωL] = [ωR]−1. This constraint implies that the

anomaly is well-defined, since vL(g) and vR(g) can be chosen independently. For simplicity,

we show that [ω] is the trivial class for only the 1D case. We note that the 2D case can be

found in Appendix C of Ref. [46], and we fully expect that the argument can be generalized

straightforwardly to higher dimensions.

To show that [ω] must be trivial in the 1D case, we consider the state |ψ1〉. Since |ψ1〉
belongs to the boundary Hilbert space of HL∪R, the symmetry action u(g), for any g ∈ G,

can be replaced by v(g) when acting on |ψ1〉. Therefore, we have the equality:

v(g)|ψ1〉 = |ψ1〉, ∀g ∈ G. (2.55)
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In 1D, the support of v(g) can be partitioned into two connected components, which we label

as A and B. Consequently, v(g) can be split18 into an operator vA(g) supported on A and

vB(g) supported on B. From Eq. (2.55), we have:

vA(g)vB(g)|ψ1〉 = |ψ1〉, ∀g ∈ G. (2.56)

Furthermore, we can always define vA(g) and vB(g) so that:

vA(g)|ψ1〉 = |ψ1〉, ∀g ∈ G. (2.57)

It follows that vA(g) forms a linear representation of G on |ψ1〉:

vA(g)vA(h)|ψ1〉 = |ψ1〉 = vA(gh)|ψ1〉, ∀g, h ∈ G. (2.58)

Since vA(g) forms a trivial projective representation (i.e., a linear representation), the asso-

ciated element of H2[G,U(1)] must be the trivial class.

2.A.1 Cluster state example

Using the ideas above, we argue that the cluster state belongs to a non-trivial SPT phase.

In particular, the projective representation satisfied by the effective boundary symmetry

action poses an obstruction to finding a FDQC with symmetric gates that can disentangle

the cluster state. We show this by deriving a contradiction.

Suppose that |ψCS〉 can be disentangled by a FDQC Usym composed of symmetric gates:

Usym|ψCS〉 = |+ . . .+〉. (2.59)

Then the Hamiltonian H̃CS ≡ UsymHCS U †sym has the unique product state ground state

|+ . . .+〉. Further, we can identify an effective boundary symmetry action for H̃CS by

18The operator can be split unambiguously up to a g dependent phase.
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conjugating the effective action computed using HCS [copied from Eq. (2.16)]:

v((g, 1)) = Z1(Z2M−1X2M),

v((1, g)) = (X1Z2)Z2M ,
(2.60)

by the FDQC Usym:

ṽ((g, 1)) ≡ Usymv((g, 1))U †sym,

ṽ((1, g)) ≡ Usymv((1, g))U †sym.
(2.61)

Similar to the effective action in Eq. (2.60), when ṽ((g, 1)) and ṽ((1, g)) are restricted to a

region near either the endpoint 1 or 2M , they form a projective representation of Z2 × Z2,

corresponding to the non-trivial element of H2[Z2 × Z2, U(1)].

We compare H̃CS to the paramagnet SPT Hamiltonian H0:

H0 ≡ −
∑
i

Xi, (2.62)

which also has |+ . . .+〉 as its unique ground state. An effective boundary symmetry action

computed with respect to H0 is given by:

v0((g, 1)) ≡ X2X2M

v0((1, g)) ≡ X1X2M−1.
(2.63)

The restrictions of v0((g, 1)) and v0((1, g)) to an endpoint forms a linear representation of

Z2 × Z2, corresponding to the trivial element of H2[Z2 × Z2, U(1)].

We see that the quantized invariant for the SPT phase containing |+ . . .+〉 computed

using H̃CS differs from the quantized invariant computed using H0. This contradicts the fact

the anomaly is well-defined. Therefore, the cluster state |ψCS〉 cannot be disentangled using

a FDQC composed of symmetric gates.
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2.B Decorated domain wall models

In this section, we define decorated domain wall models corresponding to H×K SPT phases

characterized by an element of H1[H,HD[K,U(1)]]. To illustrate the construction, we con-

sider an example of a 1D SPT phase protected by a Z2×Z2 symmetry. We then demonstrate

that the decorated domain wall models have an effective boundary symmetry action that pre-

pares a (D − 1)-dimensional K SPT state from a trivial SPT state. This property of the

decorated domain wall models allows us to complete the proof of Proposition 2.

2.B.1 Review of H1[H,HD[K,U(1)]]

Our decorated domain wall models are constructed directly from the data of the group

cohomology group H1[H,HD[K,U(1)]]. Therefore, before describing the decorated domain

wall models, we review the essential details of H1[H,HD[K,U(1)]]. We refer to Ref. [49] for

more information on group cohomology.

We start by reviewing the relevant data of the group cohomology HD[K,U(1)]. The

elements of HD[K,U(1)] can be labeled by functions from KD+1 to U(1) satisfying certain

constraints. More specifically, an element [ν] in HD[K,U(1)] is labeled by a function ν :

KD+1 → U(1) that is closed and homogeneous. By closed, we mean that ν satisfies the

condition:

D∏
i=0

ν(k0, . . . , k̂i, . . . , kD+1)(−1)i = 1, (2.64)

where k̂i denotes that ki is omitted. By homogeneous, we mean that ν satisfies:

ν(k0, . . . , kD) = ν(kk0, . . . , kkD), (2.65)

for all k ∈ K.

The elements of HD[K,U(1)] form a finite Abelian group under multiplication with the
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product of [ν] and [ν ′] in HD[K,U(1)] given by:

[ν] · [ν ′] = [νν ′]. (2.66)

Accordingly, the group HD[K,U(1)] takes the general form:

HD[K,U(1)] =

p∏
j=1

Znj , (2.67)

where p gives the number of generators of HD[K,U(1)]. We label the jth generator of the

cohomology by the function νj.

With this, we can describe the data of the group cohomology H1[H,HD[K,U(1)]]. The

elements of the group H1[H,HD[K,U(1)]] can be labeled by functions of the form:

η ≡
p∏
j=1

ν
φj
j : KD+1 ×H2 → U(1). (2.68)

Here, φj is a function from H2 to Znj that is closed and homogeneous. In this case, closed

means that φj satisfies:

φj(h1, h2)− φj(h0, h2) + φj(h0, h1) = 0, (2.69)

and homogeneous means that φj satisfies:

φj(h0, h1) = φj(hh0, hh1), ∀h ∈ H. (2.70)

Explicitly, η evaluated on the group elements k0, . . . , kD in K and h0, h1 in H is:

η(k0, . . . , kD;h0, h1) =

p∏
j=1

νj(k0, . . . , kD)φj(h0,h1). (2.71)

In the next section, we show that the function η above can be used to construct a model
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Figure 2.6: The branching structure induces an ordering of the vertices of a simplex according
to the number of edges pointing towards a vertex. It also defines an orientation of d-simplices
in a d-manifold relative to the orientation of the manifold. We denote the {±1}-valued
orientation of a d-simplex ∆d by O∆d

.

belonging to the SPT phase characterized by [η] ∈ H1[H,HD[K,U(1)]].

2.B.2 Construction of the decorated domain wall models

We define our decorated domain wall models on an arbitrary triangulation of an orientable

closed D-dimensional manifold N . The triangulation specifies a decomposition of N into sim-

plices (e.g., vertices, edges, faces, etc.), and we denote d-dimensional simplices (d-simplices)

by ∆d. We also require that the triangulation is equipped with a branching structure, i.e.,

an assignment of an orientation to each edge so that there are no cycles around any face.

The branching structure defines a local ordering of the vertices and an orientation of the

d-simplices (for d ≥ 1), as shown in Fig. 2.6. We occasionally write a d-simplex in terms of

its vertices, such as: ∆d = 〈1, . . . , d〉, where the vertices 1, . . . , d are ordered according to

the branching structure.

To construct a model for an SPT phase protected by H × K symmetry, we place an

|H|-dimensional qudit at each D-simplex and a |K|-dimensional qudit at each vertex. We
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Figure 2.7: In 2D, the decorated domain wall model for an H×K SPT phase is defined on a
triangulation of a 2D lattice with an |H|-dimensional Hilbert space (blue) at each 2-simplex
and a |K|-dimensional Hilbert space (red) at each vertex. A product state basis for the total
Hilbert space is given by states labeled by (H × K)-configurations {h∆2}, {k∆0}. For the
basis state |{h∆2}, {k∆0}〉, the state at the 2-simplex ∆2 is |h∆2〉 and the state at the vertex
∆0 is |k∆0〉.

label the basis states of a qudit at a D-simplex by elements of H and the basis states of a

qudit at a vertex by elements of K. A basis for the full Hilbert space is then given by product

states of the form |{h∆D
}, {k∆0}〉, where the state at ∆D is |h∆D

〉 and the state at ∆0 is |k∆0〉
(Fig. 2.7). Furthermore, we define the H ×K symmetry to act as left multiplication, so for

any element (h, k) ∈ H ×K, the onsite symmetry action u((h, k)) is defined by:

u((h, k))|{h∆D
}, {k∆0}〉 = |{hh∆D

}, {kk∆0}〉. (2.72)

Next, we introduce an H×K paramagnet Hamiltonian with a ground state in the trivial

SPT phase. We construct the decorated domain wall models starting with the paramagnet

Hamiltonian. The paramagnet Hamiltonian is:

H0 ≡ −
∑
∆D

Π∆D
−
∑
∆0

Π∆0 , (2.73)
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where Π∆D
and Π∆0 are projectors onto symmetric states at ∆D and ∆0 (tensored with the

identity on all other sites):

Π∆D
≡ 1

|H|

(∑
h∆D

|h∆D
〉
)(∑

h∆D

〈h∆D
|
)
, (2.74)

Π∆0 ≡
1

|K|

(∑
k∆0

|k∆0〉
)(∑

k∆0

〈k∆0|
)
. (2.75)

The ground state of H0 is the symmetric product state:

|ψ0〉 ≡
∑

{h∆D
},{k∆0

}

|{h∆D
}, {k∆0}〉, (2.76)

with the sum over {h∆D
} and {k∆0} configurations and with the normalization suppressed.

To simplify the notation, we use C to denote a configuration of {h∆D
} and {k∆0}. |ψ0〉 can

then be written as:

|ψ0〉 =
∑
C

|C〉. (2.77)

The decorated domain wall models are constructed from the H ×K paramagnet Hamil-

tonian by conjugating with a FDQC Uη. The FDQC is built from a choice of η in Eq. (2.68)

and takes the form:

Uη ≡
∏

∆D−1

U∆D−1
, (2.78)

where U∆D−1
are the local gates:

U∆D−1
≡
∑
C

η̄C(∆D−1)|C〉〈C|. (2.79)

Here, η̄C(∆D−1) is a U(1)-valued phase that depends on the configuration C in the vicinity of
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Figure 2.8: The D-simplices L[∆D−1] and R[∆D−1] are the two D-simplices that neighbor the
(D− 1)-simplex ∆D−1. The normal vector of ∆D−1 (orange) is determined by the orientation
of ∆D−1 (Fig. 2.6) and points from L[∆D−1] to R[∆D−1].

∆D−1. For a (D − 1)-simplex ∆D−1 = 〈1, . . . , D − 1〉, η̄C(∆D−1) is explicitly:

η̄C(∆D−1) ≡ η(1, k1, . . . , kD−1;hL[∆D−1], hR[∆D−1])

=

p∏
j=1

νj(1, k1, . . . , kD−1)φj(hL[∆D−1],hR[∆D−1]),
(2.80)

where k1, . . . , kD−1 are the K labels at the vertices of ∆D−1 in the configuration C, and

L[∆D−1] and R[∆D−1] are the D-simplices on either side of ∆D−1 as depicted in Fig. 2.8.

We are now able to define the decorated domain wall Hamiltonian Hη corresponding

to the element [η] in the group cohomology H1[H,HD[K,U(1)]]. We define Hη to be the

Hamiltonian:

Hη ≡ U †ηH0Uη. (2.81)

Hη is local due to the finite Lieb-Robinson length of Uη, and it is symmetric due to the

fact that Uη commutes with the global symmetry u((h, k)), for every (h, k) in H ×K. The

symmetry of Uη can be checked by using that νj and φj are closed and homogeneous for

every j. Note that the local gates U∆D−1
are not symmetric for non-trivial η, however. The

ground state of Hη can be constructed by applying Uη to the ground state of H0; this defines:
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Figure 2.9: The ground state |ψη〉 is a superposition of decorated domain wall configurations,
where H domains (blue) are decorated with K SPT states (red) along the domain walls.

|ψη〉 ≡ Uη|ψ0〉 =
∑
C

∏
∆D−1

η̄C(∆D−1)|C〉. (2.82)

The ground state |ψη〉 can be understood in terms of H domain walls decorated by

(D−1)-dimensional K SPT states. To see this, we expand the amplitude in Eq. (2.82) using

the expression for η̄C(∆D−1) in Eq. (2.80). The amplitude corresponding to the configuration

C is:

∏
∆D−1

p∏
j=1

νj(1, k1, . . . , kD−1)φj(hL[∆D−1],hR[∆D−1]). (2.83)

The functions φj count the H domain walls between the D-simplices L[∆D−1] and R[∆D−1]

bordering ∆D−1. Factors of νj are assigned to the (D− 1)-simplices according to the number

of H domain walls. The product of νj along an H domain wall gives a (D − 1)-dimensional

K SPT state defined in Ref. [49]. The ground state |ψη〉 is depicted in Fig. 2.9.
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2.B.3 Cluster state example

To make the construction of the decorated domain wall models less abstract, we consider

a 1D example with a Z2 × Z2 symmetry. We show that the decorated domain wall model

reproduces the cluster state model in Section 2.2.4.

For D = 1 with a Z2×Z2 symmetry, the decorated domain wall model is characterized by

an element of the group cohomology H1[Z2,H1[Z2, U(1)]]. In this case, H1[Z2, U(1)] forms

a Z2 group, and the generator can be represented by the function ν : Z2
2 → U(1) defined by:

ν(k0, k1) = (−1)k0+k1 . (2.84)

The non-trivial element of the group cohomology group H1[Z2,H1[Z2, U(1)]] = Z2 can be

labeled by the function:

η = νφ : Z2
2 × Z2

2 → U(1), (2.85)

where φ : Z2
2 → Z2 is:

φ(h0, h1) = h0 + h1. (2.86)

More explicitly, η is defined by:

η(k0, k1;h0, h1) = ν(k0, k1)φ(h0,h1) = (−1)(k0+k1)(h0+h1). (2.87)

We can now build the decorated domain wall model on a periodic 1D lattice with a

qubit at each edge ∆1 and at each vertex ∆0. To make contact with the cluster state model

in Section 2.2.4, we label edges by even integers (∆1 = 2j) and vertices by odd integers

(∆0 = 2j + 1). The symmetry action corresponding to (h, k) in Z2 × Z2 is:

u((h, k))|{h2j}, {k2j+1}〉 = |{h+ h2j}, {k + k2j+1}〉, (2.88)
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where the addition is modulo 2. This can be represented by the product of Pauli X operators:

u((h, k)) =
(∏

j

X2j

)h(∏
j

X2j+1

)k
, (2.89)

in agreement with the symmetry action in Section 2.2.4.

We construct the Hamiltonian for the decorated domain wall model starting with the

Z2 × Z2 paramagnet Hamiltonian H0:

H0 = −
∑
i

Xi. (2.90)

Note that the paramagnet Hamiltonian above only differs from the Hamiltonian described

in Eq. (2.73) by a constant shift of energy. The ground state of the paramagnet Hamiltonian

is the product state:

|ψ0〉 =
∑
C

|C〉 = |+ · · ·+〉. (2.91)

The last step in the construction is to conjugate H0 by the FDQC Uη. Here, Uη is given

by:

Uη =
∏
j

∑
C

(−1)k2j+1(h2j+h2j+2)|C〉〈C|, (2.92)

which can be written using Pauli Z operators as:

Uη =
∏
j

Z
1
2

(1−Z2jZ2j+2)

2j+1 . (2.93)

The exponent in Eq. (2.93) detects domain walls between the sites 2j and 2j+2. The operator

Z2j+1 then creates a charge at 2j + 1 if there is a domain wall between the neighboring even

sites. The charge can be interpreted as a non-trivial 0-dimensional SPT state.
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Uη can equivalently be expressed as a product of control Z operators:

Uη =
∏
j

CZ2j(2j+1)CZ(2j+1)(2j+2) =
∏
i

CZi(i+1). (2.94)

In this form, one can see that Uη is precisely the FDQC UCS from Section 2.2.4. Furthermore,

the Hamiltonian Hη = UηH0U †η is the same as the cluster state Hamiltonian HCS in Eq. (2.12).

2.B.4 Effective boundary symmetry action of the decorated domain wall models

Our decorated domain wall models are designed so that the effective boundary symmetry

action corresponding to some element (h, 1) in H×K is a FDQC that prepares a non-trivial

K SPT state from a trivial SPT state. In fact, the effective boundary symmetry action

prepares the representative group cohomology K SPT states constructed in Ref. [49]. For

simplicity, we assume that H is Abelian. The computation can be generalized to non-Abelian

symmetries straightforwardly.

As described in Section 2.2.2, the first step in computing the effective boundary symmetry

action is to define the boundary Hilbert space. To do so, we truncate the Hamiltonian Hη

to a manifold M with boundary by removing any terms in Hη that are supported on sites

outside of M . The boundary Hilbert space Hlow
η is then the low-energy Hilbert space of the

truncated Hamiltonian HM
η .

We also define a truncation of the FDQC Uη to M . Uη is truncated by removing all of

the gates supported on sites outside of M . This gives the FDQC:

UMη ≡
∏

∆D−1∈M\∂M

U∆D−1
, (2.95)

where the product is over (D− 1)-simplices in M that do not belong to the boundary of M .

Importantly, for any state |ψlow〉 in the low-energy Hilbert space of HM
η , the FDQC (UMη )†

disentangles |ψlow〉 away from the boundary of M . More specifically, the action of (UMη )† on
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|ψlow〉 is:

(UMη )†|ψlow〉 = |ψ〉M\M◦ ⊗ |ψprod〉M◦ . (2.96)

Here, M◦ is a submanifold of M that contains the sites greater than two Lieb-Robinson

lengths from the boundary of M but does not contain any sites within one Lieb-Robinson

length of the boundary. Furthermore, in Eq. (2.96) |ψ〉M\M◦ is some state defined on the sites

in M outside of M◦, and |ψprod〉 is a symmetric product state on the sites in M◦. Eq. (2.96)

agrees with the intuition that states in the boundary Hilbert space resemble the ground state

of Hη far away from the boundary of M .

We now define the effective boundary symmetry action corresponding to (h, k) in H ×K
to be:

v((h, k)) ≡ uM((h, k))UMη u†M◦((h, k))(UMη )†, (2.97)

where uM((h, k)) and u†M◦((h, k)) are the onsite symmetry actions restricted to M and M◦,

respectively. To show that this is an appropriate choice for the effective boundary symmetry

action, we consider acting with v((h, k)) on an arbitrary state |ψlow〉 in the boundary Hilbert

space:

v((h, k))|ψlow〉 = uM((h, k))UMη u†M◦((h, k))(UMη )†|ψlow〉. (2.98)

Using Eq. (2.96) and that |ψprod〉M◦ is symmetric, we find:

v((h, k))|ψlow〉 = uM((h, k))UMη
(
|ψ〉M\M◦ ⊗ |ψprod〉M◦

)
= uM((h, k))|ψlow〉. (2.99)

Therefore, the action of v((h, k)) on states in the boundary Hilbert space is the same as

the action of uM((h, k)). This implies that v((h, k)) forms a linear representation of the

symmetry on the boundary Hilbert space. The support of v((h, k)) is also localized to the
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boundary of M . This is because Uη is symmetric, and UMη commutes with u†M◦((h, k)) up to

an operator supported within three Lieb-Robinson lengths of the boundary of M .

Finally, we compute the effective boundary symmetry action for an element (h, 1) in

H ×K using Eq. (2.97). We start by conjugating UMη by the symmetry action restricted to

M◦:

uM◦((h, 1))UMη u†M◦((h, 1)). (2.100)

The FDQC UMη only depends on the |H|-dimensional qudits through the functions φj in

Eq. (2.80). Given that each φj is homogeneous [Eq. (2.70)], UMη is only affected by the

symmetry action near the boundary of M◦. In particular, one can use that φj is closed

[Eq. (2.69)] to show:

uM◦((h, 1))UMη u†M◦((h, 1)) = V((h, 1))UMη , (2.101)

where V((h, 1)) is the operator:

V((h, 1)) =
∏

∆D−1∈∂M◦

∑
C

η̄
(h)
C (∆D−1)

O∆D−1 |C〉〈C|. (2.102)

In the expression above, the product is over (D−1)-simplices in the boundary of M◦, O∆D−1

is the {±1}-valued orientation of the simplex ∆D−1 relative to the boundary of M◦, and for

∆D−1 = 〈1, . . . , D − 1〉, η̄(h)
C (∆D−1) is the U(1) phase:

η̄
(h)
C (∆D−1) ≡

p∏
j=1

νj(1, k1, . . . , kD−1)φj(1,h). (2.103)

If φj(1, h) is non-trivial, then V((h, 1)) is precisely the FDQC described in Ref. [49] that

prepares a K SPT state characterized by the element of HD[K,U(1)] labeled by νj.

To finish the calculation of the effective boundary symmetry action, we substitute Eq. (2.101)
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into Eq. (2.97). This gives us:

v((h, 1)) = uM\M◦((h, 1))V((h, 1)), (2.104)

where uM\M◦((h, 1)) is the restriction of the onsite symmetry to the sites in M that are outside

of M◦. We now see that, for any (h, 1) in H×K for which φj(1, h) is non-trivial, the effective

boundary symmetry action prepares a (D−1)-dimensional K SPT state corresponding to νj

along the boundary of M◦. If the decorated domain wall model corresponds to a non-trivial

element of the group cohomology H1[H,HD[K,U(1)]] then φj(1, h) is non-trivial for some

group element (h, 1) and νj characterizes a non-trivial K SPT phase.

2.B.5 Completing the proof of Proposition 2

Thus far, we have shown that the decorated domain wall models characterized by a non-

trivial element of the group cohomology H1[H,HD[K,U(1)]] have an effective boundary

symmetry action that prepares a non-trivial SPT state in (D − 1)-dimensions. We now use

the decorated domain wall models to complete the proof of Proposition 2. In particular, we

argue that a stabilizer state |ψS〉 in dimension D ≥ 2 cannot belong to the same SPT phase

as a non-trivial decorated domain wall model (assuming the symmetry is represented by a

product of Pauli operators). The key observation is that the effective boundary symmetry

action of the stabilizer model cannot prepare a non-trivial (D−1)-dimensional K SPT state

for D ≥ 2.

To derive a contradiction, suppose |ψS〉 belongs to the same SPT phase as the ground

state |ψη〉 of a non-trivial decorated domain wall model. Then there exists a FDQC Usym

composed of symmetric gates with the property:

Usym|ψS〉 = |ψη〉. (2.105)
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With this, we can define a Hamiltonian H̃η as:

H̃η ≡ UsymHSU †sym, (2.106)

where HS is the local stabilizer parent Hamiltonian for |ψS〉. Notably, H̃η has the same

ground state as the decorated domain wall Hamiltonian Hη. In what follows, we use H̃η

to compute an alternative effective boundary symmetry action Ṽ((h, k)) for the decorated

domain wall model. We then show that Ṽ((h, k)) is inconsistent with the effective boundary

symmetry action V((h, k)) derived using Hη.

The first step in deriving an effective boundary symmetry action for the decorated domain

wall model using H̃η is to truncate H̃η and define the corresponding boundary Hilbert space.

Given a manifold with boundary M , we truncate H̃η to the submanifold M◦, with M◦

defined below Eq. (2.96). By truncating to M◦, we ensure that the low-energy Hilbert space

H̃low
η of the truncated Hamiltonian H̃M◦

η contains the low-energy Hilbert space Hlow
η of the

Hamiltonian HM
η , i.e., Hlow

η ⊂ H̃low
η . Therefore, any effective boundary symmetry action

defined on H̃low
η gives an effective boundary symmetry action on Hlow

η .

Recall that, in the proof of Proposition 1, we argued that an effective boundary symmetry

action for |ψS〉 with a local stabilizer parent Hamiltonian HS is given by a tensor product of

Pauli operators denoted as P((h, k)). Using P((h, k)) constructed on the submanifold M◦,

we define Ṽ((h, k)) as:

Ṽ((h, k)) ≡ UsymP((h, k))U †sym. (2.107)

Ṽ((h, k)) gives an effective boundary symmetry action on H̃low
η , and thus, it gives an effective

boundary symmetry action on the boundary Hilbert space Hlow
η . This means that, for any

(h, k) ∈ H ×K and any state |ψlow〉 ∈ Hlow
η , we have:

V((h, k))|ψlow〉 = Ṽ((h, k))|ψlow〉. (2.108)
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Figure 2.10: (a) The submanifold M of the torus is topologically equivalent to a thickened
1-dimensional torus, and the boundary of M has two components (dashed lines). (b) We
compactify the 2-dimensional torus to a (quasi) 1-dimensional torus by making the meridian
of the torus (orange) finite. Note that the component of the boundary of M (dashed line)
forms a non-contractible submanifold of the compactified torus.

We argue below that Eq. (2.108) leads to a contradiction. The main idea is that V((h, k))

prepares a non-trivial K SPT state, while Ṽ((h, k)) is unable to prepare a non-trivial (D−1)-

dimensional K SPT state from a trivial SPT state. To make this explicit, we use dimensional

reduction, as described in Ref. [98].

We consider the decorated domain wall model on aD-dimensional torus TD. We then con-

struct a submanifold M with boundary, by thickening a non-contractible (D−1)-dimensional

torus embedded in TD (see Fig. 2.10 for an example). The boundary of M has two compo-

nents, each of which is topologically equivalent to a (D− 1)-dimensional torus. We truncate

to the submanifold M in the usual way and define the effective boundary symmetry actions

V((h, k)) and Ṽ((h, k)). Since the boundary of M has two disconnected components, the

effective boundary symmetry actions split as:

V((h, k)) = Va((h, k))Vb((h, k))

Ṽ((h, k)) = Ṽa((h, k))Ṽb((h, k)),
(2.109)

where a and b denote the two components of the boundary of M .

We focus on the operators Va((h, k)) and Ṽa((h, k)). These create a symmetry branch

cut (or symmetry defect [99]) along a, and can intepreted as inserting symmetry flux through
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the D-torus. It is important to note that, for some group element (h, 1), Va((h, 1)) prepares

a non-trivial (D− 1)-dimensional K SPT state on the non-contractible submanifold a. Also

note that, for every (h, k) in H ×K, Ṽa((h, k)) takes the form of a tensor product of Pauli

operators Pa((h, k)) conjugated by Usym, as in Eq. (2.107):

Ṽa((h, k)) = UsymPa((h, k))U †sym. (2.110)

Assuming the components a and b are well separated in terms of the Lieb-Robinson length

of Uη, the action of Va((h, k)) and Ṽa((h, k)) agree on any state belonging to Hlow
η :

Va((h, k))|ψlow〉 = Ṽa((h, k))|ψlow〉. (2.111)

In particular, the ground state |ψη〉 on TD is in the low-energy Hilbert space Hlow
η , so the

operators satisfy:

Va((h, k))|ψη〉 = Ṽa((h, k))|ψη〉. (2.112)

Finally, we consider a compactification of TD to a (quasi) (D − 1)-dimensional torus

TD−1 by making one of the directions in TD finite, as shown in Fig. 2.10. In particular, we

compactify TD to TD−1 in such a way that a forms a non-contractible submanifold of TD−1.

The equality in Eq. (2.112) also holds on the (D − 1)-dimensional torus.

On the (D−1)-dimensional torus, we can argue that Eq. (2.112) gives a contradiction. It

can be checked using the methods of Ref. [46] that Va((h, 1)) prepares a non-trivial (D− 1)-

dimensional K SPT state for some choice of h, while Ṽa((h, 1)) cannot change the (D − 1)-

dimensional SPT phase of the compactified state |ψη〉 for any h. The latter is made explicit

by writing Ṽa((h, 1)) as:

Ṽa((h, 1)) = UsymPa((h, 1))U †sym. (2.113)
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Since Usym and U †sym are FDQCs composed of symmetric gates, they do not change the

SPT phase. Furthermore, the tensor product of Pauli operators Pa((h, 1)) is able to create

charges, but it is unable change the SPT phase of a (D − 1)-dimensional SPT state, for

D ≥ 2. Therefore, the states Va((h, 1))|ψη〉 and Ṽa((h, 1))|ψη〉 belong to distinct K SPT

phases for some h ∈ H.

We have shown that Eq. (2.112) is inconsistent. This implies that the stabilizer state

|ψS〉 cannot belong to the same phase as the ground state |ψη〉 of a non-trivial decorated

domain wall model, assuming the symmetry is represented by a Pauli string. In other words,

the stabilizer state must belong to an SPT phase characterized by the trivial element of

H1[H,HD[K,U(1)]]. This completes the proof of Proposition 2.

2.C Existence of a local stabilizer parent Hamiltonian

In the proof of Proposition 1, we claimed that a stabilizer SPT state admits a local symmetric

stabilizer Hamiltonian. Here, we justify this claim. We start by proving a lemma regarding

the stabilizer group G, defined in Eq. (2.30).

Lemma 1 Let G be the stabilizer group defined as:

G ≡ 〈UZiU † : i ∈ sites〉, (2.114)

which uniquely fixes the stabilizer state |ψS〉 constructed from |0 . . . 0〉 by the Clifford unitary

U . Then, if a Pauli string P satisfies one of the following, P is contained in G:

(i) P commutes with every element of G

(ii) P stabilizes |ψS〉, i.e., P |ψS〉 = |ψS〉.

Proof of Lemma 1: We make use of the fact that G can be constructed by conjugating the

generators of the stabilizer group G0 by the Clifford unitary U , where G0 is:

G0 ≡ 〈Zi : i ∈ sites〉. (2.115)
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If the Pauli string P satisfies (i), then U †PU is a Pauli string that commutes with every

element of G0. Any Pauli string that commutes with G0 must be a product of Pauli Z

operators. This implies that P is a product of Pauli strings of the form UZiU
†. Hence, P

belongs to G.

If the Pauli string P satisfies (ii), then U †PU is a Pauli string that leaves |0 . . . 0〉 in-

variant: U †PU |0 . . . 0〉 = |0 . . . 0〉. The only Pauli strings that leave |0 . . . 0〉 invariant are

products of Pauli Z operators. Therefore, U †PU is a product of Pauli Z operators, and P is

a product of elements in G. �

Now, we can prove the following statement about the existence of a local symmetric

stabilizer Hamiltonian.

Lemma 2 Let |ψS〉 be a stabilizer state which is a unique ground state of a geometrically

local Hamiltonian Hloc.
19 Then, there exists a local stabilizer Hamiltonian HS such that |ψS〉

is the unique ground state of HS . Furthermore, if |ψS〉 is invariant under a Pauli string P ,

i.e., P |ψS〉 = |ψS〉, then HS commutes with P .

Proof of Lemma 2. Since |ψS〉 is a stabilizer state, there is a stabilizer group G that uniquely

fixes |ψS〉, such as the stabilizer group in Lemma 1. We claim that the generators of G can

always be chosen to be geometrically local. To see this, we imagine minimizing the largest

support of the generators over all possible choices for generators of G. We let dS denote the

minimum length such that each stabilizer term can be contained in a ball of diameter dS.

We argue that dS is constant, i.e., independent of the system size.

If there exists a generator S that is not contained in a constant size ball, then there is a

stabilizer state |φS〉 that has a +1 eigenvalue for all the generators except S, for which the

eigenvalue is some root of unity (not equal to +1). |ψS〉 and |φS〉 are orthogonal, and yet

they have the same reduced density matrices on any constant-size region. The latter follows

19We recall that a geometrically local Hamiltonian is a sum of terms such that the support of each term
can be contained within a ball of fixed finite diameter.
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from the fact that S is not contained in any constant-size region and that the reduced density

matrices of stabilizer states on a region M depend solely on the stabilizer group elements

whose support is contained in M [100, 101]. (Note that if there is another generator T such

that ST is supported in a constant-sized region M , then we can use ST as a generator instead

of S. This contradicts the assumption that we have minimized the maximum support of the

generators.)

Since |ψS〉 and |φS〉 have the same reduced density matrices on constant-sized regions,

|φS〉 gives another ground state of Hloc. This conflicts with the assumption that Hloc has a

unique ground state. Thus, the support of S must be contained in a constant-size ball, and

dS can be chosen independent of the system size. Therefore, it is possible to find a set of

generators for G, which are geometrically local. We define HS to be the negative sum of the

local generators (with their Hermitian conjugates). |ψS〉 is the unique ground state of HS ,

since the terms of HS span G.

Lastly, if |ψS〉 is invariant under a Pauli operator P , then P is an element of G, assuming

G is the stabilizer group in Lemma 1. This follows directly from Lemma 1. Since G is a

commuting group, P commutes with HS . �

2.D Modified effective boundary symmetry action

To prove Proposition 1, we derived an effective boundary symmetry action P(g) for the

stabilizer state |ψS〉 using a stabilizer parent Hamiltonian HS . While the effective boundary

symmetry action forms a linear representation of the G = Zmq symmetry in the boundary

Hilbert space, it is only guaranteed to satisfy the group laws of G up to products of stabilizer

terms belonging to the truncated Hamiltonian HM
S . Here, we complete the proof of Propo-

sition 1 by showing that the effective boundary symmetry action can be modified so that

is satisfies the group laws exactly. This assumes that the state |ψS〉 is defined on a Hilbert

space composed of q-dimensional qudits.

To begin, we verify that the effective boundary symmetry action satisfies the group laws

up to elements of GM , where GM is the stabilizer group generated by the terms in HM
S . Recall
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that the effective boundary symmetry action derived in the proof of Proposition 1 is:

P(g) = PM(g)P̃ †M(g), (2.116)

where g is in G, PM(g) is the restriction of the onsite symmetry to M , and P̃ †M(g) belongs

to GM . The product of P(g) and P(h) for arbitrary elements g, h in G is then:

P(g)P(h) =
[
PM(g)P̃ †M(g)

] [
PM(h)P̃ †M(h)

]
. (2.117)

This can be simplified by commuting P̃ †M(g) past PM(h). These commute because PM(h) is

the onsite symmetry action restricted to M , and P̃ †M(g) is a product of symmetric stabilizer

terms whose supports are contained in M . This gives us:

P(g)P(h) = PM(gh)P̃ †M(g)P̃ †M(h). (2.118)

The product P̃ †M(g)P̃ †M(h) agrees with P̃ †M(gh) away from the boundary of M [see the def-

inition in Eq. (2.34)]. Moreover, it only differs from P̃ †M(gh) by elements of GM that are

supported near the boundary of M . We define S(g, h) to be the product of stabilizer terms

in GM near the boundary of M such that:

P̃ †M(g)P̃ †M(h) = S(g, h)P̃ †M(gh). (2.119)

Substituting Eq. (2.119) into Eq. (2.118), we arrive at:

P(g)P(h) = S(g, h)P(gh), (2.120)

which implies that the effective boundary symmetry action obeys the group laws up to

elements of GM supported near the boundary of M .

We note that the operators in Eq. (2.119) are mutually commuting. This is a consequence
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of the fact that, for any g ∈ G, P̃ †M(g) is a product of symmetric stabilizer terms whose

supports are contained in M . We also point out that the effective boundary symmetry

action P(1), corresponding to the identity in G, can be taken to be the identity. This

implies that S(g, 1) = S(1, g) = 1, for any g ∈ G.

The extra stabilizer terms S(g, h) in Eq. (2.120) can be eliminated by modifying the

effective boundary symmetry action. In particular, we are free to modify P(g) by any

product of stabilizers in HM
S supported near the boundary of M . We define P ′(g) to be the

effective boundary symmetry action modified by stabilizer terms T (g), i.e.:

P ′(g) = T (g)P(g). (2.121)

In what follows, we describe a particular choice of T (g) for every g ∈ G such that the

modified effective boundary symmetry action P ′(g) satisfies the group laws exactly.

To specify our choice of T (g), we introduce some notation for the elements of G = Zmq .

We denote the m generators of Zmq as a1, . . . , am, and the product of two generators ai, aj

as aiaj. A general element g of Zmq can then be written as:

g = ag1

1 a
g2

2 · · · agmm , (2.122)

where g1, . . . , gm are integers belonging to {0, . . . , q − 1}.

With this, we take T (ag1

1 a
g2

2 · · · agmm ) to be the product of stabilizer terms given by:

T (ag1

1 a
g2

2 · · · agmm ) =
m∏
i=1
gi 6=0

gi∏
ki=1

S(a
gi−1

i−1 a
ki
i , a

gi−ki
i a

gi+1

i+1 · · · agmm ). (2.123)

To build intuition for the expression above, we consider T (g), where g is either a generator

of Zmq or a product of two generators. When g is any generator ai, we have T (ai) = 1, since

S(h, 1) is the identity for any h ∈ Zmq . If g is aiaj 6= 1, then T (aiaj) is equal to S(ai, aj). We
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see that this implies that P ′(aiaj) is equal to the product of P ′(ai) and P ′(aj):

P ′(aiaj) = S(ai, aj)P(aiaj) = P(ai)P(aj) = P ′(ai)P ′(aj). (2.124)

More generally, the product in Eq. (2.123) is designed so that P ′(ag1

1 a
g2

2 · · · agmm ) satisfies:

P ′(ag1

1 a
g2

2 · · · agmm ) = P ′(a1)g1P ′(a2)g2 · · · P ′(am)gm . (2.125)

We now compute the group laws for the modified effective boundary symmetry actions

defined using the choice of T (g) in Eq. (2.123). The product of P ′(g) and P ′(h) for general

group elements g = ag1

1 a
g2

2 · · · agmm and h = ah1
1 a

h2
2 · · · ahmm is:

P ′(g)P ′(h) = [P ′(a1)g1P ′(a2)g2 · · · P ′(am)gm ]
[
P ′(a1)h1P ′(a2)h2 · · · P ′(am)hm

]
, (2.126)

where we have used the identity in Eq. (2.125). Since the operators on the right hand side

of Eq. (2.126) are mutually commuting, we can write P ′(g)P ′(h) as:

P ′(g)P ′(h) = P ′(a1)g1+h1P ′(a2)g2+h2 · · · P ′(am)gm+hm . (2.127)

We evaluate the expression in Eq. (2.127) further by writing gi + hi as:

gi + hi = (gi + hi − [gi + hi]q) + [gi + hi]q = niq + [gi + hi]q, (2.128)

where [·]q denotes addition modulo q, and niq is an integer multiple of q. Substituting

Eq. (2.128) into Eq. (2.127), we find:

P ′(g)P ′(h) = P ′(a1)n1qP ′(a2)n2q · · · P ′(am)nmq

× P ′(a1)[g1+h1]qP ′(a2)[g2+h2]q · · · P ′(am)[gm+hm]q . (2.129)
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According to Eq. (2.125), this is equivalent to:

P ′(g)P ′(h) = P ′(a1)n1qP ′(a2)n2q · · · P ′(am)nmqP ′(gh). (2.130)

Lastly, we argue that the pre-factor on the right hand side of Eq. (2.130) is the identity.

To see this, we expand each factor of P ′(ai) using the definition of P(g) in Eq. (2.116) and

use that PM(g) forms a linear representation of Zmq :

P ′(a1)n1qP ′(a2)n2q · · · P ′(am)nmq = P̃ †M(a1)n1qP̃ †M(a2)n2q · · · P̃ †M(am)nmq (2.131)

Since the system is defined on q-dimensional qudits, any product of stabilizer terms raised

to the power of q, such as P̃ †M(ai)
niq, must be the identity. Therefore, we have:

P ′(a1)n1qP ′(a2)n2q · · · P ′(am)nmq = 1, (2.132)

and according to Eq. (2.130), the modified effective boundary symmetry action satisfies the

group laws exactly:

P ′(g)P ′(h) = P ′(gh), ∀g, h ∈ G. (2.133)

2.E Simplified strange order parameter

In this appendix, we show that the strange order parameters used in the proof of Proposition 3

can always be chosen to be Z-type Pauli strings.

Lemma 3 Let {Ok} be a strange order parameter such that the strange correlator:

〈+ . . .+ |OiOj|ϕSPT〉
〈+ . . .+ |ϕSPT〉

, (2.134)

decays slowly, i.e., it decays as a power law or is constant in the separation of i and j. Then,

there exists a strange order parameter formed by Z-type Pauli string operators {QZ
k } that
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decays slowly in |i− j|.

Proof of Lemma 3: The strange order parameter {Ok} can be simplified by commuting the

Pauli X operators in Oi and Oj to act on 〈+ . . .+ | in Eq. (2.134). This leaves us with:

〈+ . . .+ |OiOj|ϕSPT〉
〈+ . . .+ |ϕSPT〉

=
〈+ . . .+ |ZiZj|ϕSPT〉
〈+ . . .+ |ϕSPT〉

, (2.135)

where Zi and Zj are charged operators generated by sums of Z-type Pauli strings. To be

explicit, Zi and Zj can be written as:

Zi =
∑
PZ

Ci
PZP

Z , Zj =
∑
PZ

Cj
PZ
PZ , (2.136)

where the sums are over all Z-type Pauli strings PZ , and Ci
PZ and Cj

PZ
are some complex

valued coefficients. Note that due to the locality of the Oi and Oj, Zi and Zj are localized

near i and j, respectively, and consequently, there are only finitely many non-zero coefficients

Ci
PZ and Cj

PZ
. Furthermore, the unitarity of Oi and Oj, implies |Ci

PZ |, |C
j
PZ
| ≤ 1 for every

PZ . We also note that neither Zi nor Zj is the identity, since Oi and Oj are charged.

With this, we can expand the right-hand side of Eq. (2.135) as:

∑
PZi

∑
PZj

Ci
PZi
Cj

PZj

〈+ . . .+ |PZ
i P

Z
j |ϕSPT〉

〈+ . . .+ |ϕSPT〉
. (2.137)

Given that the strange correlator in Eq. (2.134) decays slowly in |i− j|, the expression above

also decays slowly in |i− j|. Furthermore, since there are finitely many non-zero coefficients

Ci
PZi
, Cj

PZj
, all of which are bounded from above, there must be a choice of PZ

i and PZ
j such

that the expression:

〈+ . . .+ |PZ
i P

Z
j |ϕSPT〉

〈+ . . .+ |ϕSPT〉
(2.138)

decays slowly with the separation of i and j. Let us denote this choice of PZ
i and PZ

j by QZ
i
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and QZ
j . The set {QZ

k } forms a strange order parameter for |ϕSPT〉 with strange correlations

that decay slowly in the separation of i and j. �
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Chapter 3

TENSOR NETWORK APPROACH TO BOSONIZATION

This chapter is based on:

Sujeet K. Shukla, Tyler D. Ellison, and Lukasz Fidkowski. Tensor network approach

to two-dimensional bosonization. Phys. Rev. B, 101:155105, Apr 2020.

We present a 2D bosonization duality using the language of tensor networks. Specifically,

we construct a tensor network operator (TNO) that implements an exact 2D bosonization

duality. The primary benefit of the TNO is that it allows for bosonization at the level of

quantum states. Thus, we use the TNO to provide an explicit algorithm for bosonizing

fermionic projected entangled pair states (fPEPs). A key step in the algorithm is to account

for a choice of spin-structure, encoded in a set of bonds of the bosonized fPEPS. This

enables our tensor network approach to bosonization to be applied to systems on arbitrary

triangulations of orientable 2D manifolds.

3.1 Introduction

The Jordan-Wigner transformation is a well established example of a bosonization duality –

it maps a system of spinless complex fermions to a system of spins [102]. The duality has

led to many fruitful applications to one dimensional systems, where it equates 1D fermionic

models and spin chains. However, while the Jordan-Wigner transformation is a powerful

tool in one dimension, there are challenges to applying it to higher dimensional systems. To

implement the Jordan-Wigner transformation in dimensions greater than one, the duality is

applied along a 1D path which snakes through the fermionic system. In general, this yields a

transformation that maps local fermionic Hamiltonians to non-local bosonic Hamiltonians.

Generalizations of the Jordan Wigner transformation to two dimensions have since over-

come this obstacle and indeed map local fermionic Hamiltonians to local bosonic Hamilto-

https://link.aps.org/doi/10.1103/PhysRevB.101.155105


88

nians [15, 103–105]. Similar to the one dimensional Jordan-Wigner transformation, these

two dimensional bosonization dualities are expressed at the level of operators. That is, they

define a mapping of operators, where operators that act on fermionic degrees of freedom

are mapped to operators that act on spins. Such a mapping of operators1 necessarily comes

from conjugating by some unitary operator on the Hilbert space [106]. However, finding the

explicit form of this unitary, and thereby obtaining the action of the duality at the level of

quantum states, is challenging.

In this chapter, we formulate a two dimensional bosonization duality at the level of

quantum states. Specifically, we identify a tensor network representation of the duality in Ref.

[15]. This is to say, we construct a tensor network operator (TNO) which, by conjugation,

maps operators according to the transformation in Ref. [15]. Moreover, the TNO may be

applied directly to fermionic tensor network states to map them to bosonic states. Further,

we show that bosonized fermionic projected entangled pair states (fPEPS) may be written

explicitly as bosonic projected entangled pair states (bPEPS).

The TNO inherits two of the main features of the transformation detailed in Ref. [15].

First, the mapping of operators in Ref. [15] makes the physical interpretation of two dimen-

sional bosonization transparent – fermionic excitations are mapped to emergent fermions in

a Z2 gauge theory. Operators that create pairs of fermions are explicitly mapped to operators

that create pairs of emergent fermions, which are interpreted as bound states of a bosonic

gauge charge and flux. The gauge constraint on the bosonic side of the duality expressly

prohibits unbound charge and flux excitations. Consequently, our TNO clearly maps the sub-

space of states with an even number of fermions to a constrained Hilbert space with a basis

given by configurations of emergent fermions. Second, the bosonization duality of Ref. [15]

carefully accounts for spin-structure – a mathematical input necessary for bosonization du-

alities – while in other treatments, spin-structure is hidden in seemingly arbitrary choices.

In our construction, a choice of spin-structure is then specified by a certain set of bonds in

1This is technically a C∗ algebra automorphism.
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the TNO. Importantly, keeping track of the spin-structure allows us to establish our tensor

network bosonization for fermionic systems on arbitrary triangulations of closed, orientable

2D manifolds.

For context, our approach to bosonization is analogous to a method employed in Ref. [107]

for gauging symmetries at the level of quantum states. In Ref. [107], a TNO is used to

map a state with a global symmetry to a state with the corresponding gauge symmetry.

Indeed, symmetries may be gauged by using a duality [71], and the TNOs in Ref. [107] can

be understood as a tensor network representation of the duality corresponding to gauging

the symmetry. We note that, using the methods of Ref. [107] to gauge the fermion parity

symmetry in a fermionic system, one obtains a TNO that is closely related to our bosonization

TNO. However, unlike the bosonization TNO, the TNO corresponding to gauging fermion

parity maps to a system with fermionic degrees of freedom (although, see [108]). The inverse

(or Hermitian conjugate) of our bosonization TNO (this maps a bosonic state to a fermionic

state) can be understood as “un-gauging” fermion parity or “fermion condensation” [109–

111].

We emphasize that our bosonization duality is distinct from the efforts to express fermionic

tensor networks in terms of bosonic tensor networks. Refs. [112–114] develop strategies for

rewriting fermionic tensor network states as bosonic tensor network states. However, these

do not change the state – only its tensor network representation. The bosonization dual-

ity, in contrast, maps unentangled fermionic states to long-range entangled bosonic states.

Nonetheless, our bosonization duality may prove useful for analyzing fermionic states, since

expectation values of local fermionic operators can be recovered by computing the expecta-

tion value of the transformed operators in the bosonized tensor network state. Furthermore,

our bosonization duality and the subsequent rewriting as an explicit bosonic tensor network

state preserves the locality of the tensor network and only increases the bond dimension by

a factor of 2.

The remainder of the chapter is structured as follows. We begin by introducing the

formalism of Z2-graded Hilbert spaces and Z2-graded tensor networks. We find the language
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of Z2-graded tensor networks especially convenient for expressing our bosonization TNO, and

we use the notation established in section 3.2 throughout the text. We encourage readers that

are familiar with the formalism of Z2-grading to briefly skim section 3.2 to simply acquaint

themselves with our notation. Before constructing the bosonization TNO, we review the 2D

bosonization duality of Ref. [15], in section 3.3.1. Subsequently, in section 3.3.2 we construct

the TNO that implements this 2D bosonization duality at the level of states. After applying

the bosonization TNO to a fermionic tensor network state, the resulting state is not explicitly

a bosonic tensor network state. Therefore, section 3.4 is devoted to describing an algorithmic

procedure for “removing the grading” and rewriting a bosonized fPEPS as a bPEPS. The

procedure involves summing over inequivalent spin-structures, discussed in section 3.4.4.

Lastly, we note that we describe a tensor network representation of 1D bosonization in

Appendices 3.C and 3.D.

3.2 Z2-graded tensor networks

Our bosonization TNO is naturally expressed in terms of Z2-graded tensor networks. There-

fore, the purpose of this section is to give a concise introduction to Z2-graded tensor networks

and establish the notation used throughout the text. For a similar exposition of Z2-graded

tensor networks, one can consult Refs. [115, 116]. We start by defining Z2-graded Hilbert

spaces and Z2-graded tensors. Then, we introduce the contraction map to “glue” together

Z2-graded tensors. The contraction map allows us to define a linear action of tensors on each

other and to form Z2-graded tensor networks. Accordingly, we describe a representation of

a fermionic operator algebra in terms of Z2-graded tensors and present a diagrammatic rep-

resentation for Z2-graded tensor networks.

3.2.1 Z2-graded Hilbert spaces

A Z2-graded Hilbert space is a Hilbert space H with a natural direct sum decomposition:

H = H0
⊕H1. A vector |j) ∈ H lying solely in either H0 or H1 has a {0, 1} valued grading

denoted as |j|, where |j| = 0 if |j) ∈ H0 and |j| = 1 if |j) ∈ H1. (We use round brackets
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for vectors in Z2-graded Hilbert spaces.) In the context of fermionic systems, we consider

H0 to be the subspace spanned by states with an even number of fermions and H1 to be the

subspace spanned by states with an odd number of fermions. Thus, the grading of a vector

and its fermion parity coincide. For this reason, we use grading and parity interchangeably.

Further, we refer to vectors with a definite parity as homogeneous vectors, and we call states

formed from a superposition of both even and odd parity vectors inhomogeneous.

To capture the physics of a many-body fermionic system, we will need a generalization

of the usual tensor product – the graded tensor product ⊗̂. For graded Hilbert spaces Ha

and Hb, we define the graded tensor product space Ha⊗̂Hb to be the quotient space:

Ha⊗̂Hb ≡
(Ha ⊗Hb)

⊕
(Hb ⊗Ha)

∼ . (3.1)

Here, ⊗ is the usual (unsymmetrized) tensor product of Hilbert spaces, and ∼ denotes the

relation:

|j)a ⊗ |k)b ∼ (−1)|j||k||k)b ⊗ |j)a (3.2)

for |j)a ∈ Ha and |k)b ∈ Hb both with definite grading. The Hilbert space Ha⊗̂Hb is itself

a graded Hilbert space with the equivalence class |j)a⊗̂|k)b ∈ Ha⊗̂Hb having a grading of

|j|+ |k| mod 2. As a consequence of Eq. (3.2), we have:

|j)a⊗̂|k)b = (−1)|j||k||k)b⊗̂|j)a. (3.3)

This property of the graded tensor product is key to describing fermions, as it encodes the

exchange statistics of the fermions. One can see that the graded tensor product captures the

familiar notion of a fermionic Fock space by representing the equivalence class |j)a⊗̂|k)b by

the vector 1
2

(
|j)a ⊗ |k)b + (−1)|j||k||k)b ⊗ |j)a

)
. When |j)a and |k)b are both fermion parity

odd, we have an anti-symmetric combination – the Slater determinant.
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Before moving on to describe Z2-graded tensors, we would like to note that Hilbert spaces

for bosonic systems also fit into the framework of Z2-graded Hilbert spaces. A bosonic Hilbert

space can be understood as a Z2-graded Hilbert space for which H1, the space of vectors with

odd grading, is empty, leaving H = H0. The graded tensor product between two bosonic

Hilbert spaces reduces to the symmetrized tensor product between the Hilbert spaces, as

is standard in tensor networks for bosonic systems. In a slight abuse of notation, we will

denote vectors |j〉 in bosonic Hilbert spaces with angled brackets. In what follows, we will

freely take graded tensor products of states in bosonic Hilbert spaces and states in fermionic

Hilbert spaces, and the angled brackets are to remind us that those vectors necessarily have

trivial grading.

3.2.2 Z2-graded tensors

A rank N Z2-graded tensor T is an element of the graded tensor product of N Z2-graded

Hilbert spaces, i.e., T ∈ H1⊗̂ . . . ⊗̂HN . Similar to tensors used to study bosonic systems,

Z2-graded tensors admit a convenient graphical representation. Let us consider a specific

example with N = 4 for illustration:

p

q

r

s

T
≡
∑
a,b,c,d

Tabcd|a)p|b)q〈c|r(d|s. (3.4)

On the left hand side of Eq. (3.4), we have a diagrammatic representation of the tensor T ∈
Hp⊗̂Hq⊗̂H∗r⊗̂H∗s, where H∗ is the dual Hilbert space of H. In the diagram, the characters at

the end of the legs label the Hilbert spaces, and the orientation of the leg indicates whether

we consider the Hilbert space to be a dual Hilbert space. (Legs oriented towards the node

correspond to a dual Hilbert space.) Further, we have used red legs for Z2-graded Hilbert

spaces and black legs for bosonic Hilbert spaces.

The right hand side of Eq. (3.4) is the tensor component form of T with component values



93

Tabcd. Note that we have suppressed the ⊗̂ between vectors, and as previously mentioned,

we use angled brackets for vectors which necessarily have trivial grading [〈c|r in Eq. (3.4)].

Thus, the vector |a)p|b)q〈c|r(d|s has a grading of |a|+ |b|+ |d| mod 2. Since the graded tensor

product of Hilbert spaces is a graded Hilbert space, a tensor can be either homogeneous

or inhomogeneous. A homogeneous tensor has nonzero component values only for vectors

sharing the same parity, and otherwise, the tensor is inhomogeneous.

It is important to note that the tensor T is independent of the ordering of vectors in

Eq. (3.4), but the component values (Tabcd) can depend on the ordering. For example, if we

swap the order of |a)p and |b)q, we get:

T =
∑
a,b,c,d

Tabcd(−1)|a||b||b)q|a)p〈c|r(d|s. (3.5)

Hence, the tensor components have an additional sign (−1)|a||b| with the new choice of or-

dering. The ordering should therefore be interpreted as a particular choice of orthonormal

basis with which to express the tensor. We will often refer to the choice of ordering of the

vectors in the component form of a tensor as a choice of internal ordering.

3.2.3 Contraction map and tensor action

To form tensor networks, we require a map to “glue” together tensors. To this end, we define

the contraction map:

C : H∗⊗̂H → Ceqs

(j|⊗̂|k) 7→ (j|k) = δjk.
(3.6)

Notice that a reordering of vectors may be necessary before evaluating C. For example:

C
[
|k)⊗̂(j|

]
= C

[
(−1)|j||k|(j|⊗̂|k)

]
= (−1)|j||k|δjk. (3.7)
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Interpreting C
[
|k)⊗̂(j|

]
as tr[|k)⊗̂(j|], we see that it differs from the usual trace by a sign,

(−1)|j||k|. This phase is referred to as the supertrace sign.

In general, the indices to be contracted need not be next to each other in an algebraic

expression. For this reason, we introduce the superscript notation:

|k)C⊗̂(j|C ≡ C
[
|k)⊗̂(j|

]
. (3.8)

A dual vector and a vector with matching superscripts C are to first be reordered then

contracted with the map C.

We now provide examples to illustrate the contraction of Z2-graded tensors. We consider

the following three even parity tensors to guide the discussion:

p q

r

A

≡
∑
a,b,c

Aabc(a|q〈b|r(c|p (3.9)

q sB ≡
∑
d,e

Bde|d)q(e|s (3.10)

s C ≡
∑
f

Cf |f)seqs. (3.11)

First, we contract the s leg of B with the s leg of C. The resulting tensor is denoted as

B·C:

B C ≡ Cs
[
B⊗̂C

]
=
∑
d,e

Bde|d)q(e|Cs
∑
f

Cf |f)Cs =
∑
d,e

BdeCe|d)q ≡ B·C, (3.12)

where Cs [· · · ] refers to contraction of the s index. Notice that C is a Z2-graded vector, and

B is a Z2-graded matrix. We see that B acts on C by contraction and gives a new vector,

B·C. Hence B can represent linear operators on Z2-graded vector spaces.

Second, we contract A with B·C by contracting the q leg of A with that of B·C to produce
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a new tensor A·B·C:

A B C

≡ Cq
[
A⊗̂B·C

]
=
∑
a,b,c

Aabc(a|Cq 〈b|r(c|p
∑
d,e

BdeCe|d)Cq

=
∑
a,b,c,e

(−1)|a||c|AabcBaeCe〈b|r(c|p ≡ A·B·C. (3.13)

Note that the sign (−1)|a||c| comes from moving (a|q past 〈b|r(c|p in order to perform the

contraction. We can say that A acted on B·C by contraction to produce a tensor A·B·C.

In general, contraction of any two tensors can be interpreted in this way: a tensor T acts

on another tensor S by contraction to produce a tensor T·S. Letting ind be the set of indices

contracted between T and S, we have:

T·S = Cind[T⊗̂S], (3.14)

where Cind[...] refers to contraction over the indices in the set ind. Note that, since T·S

depends on the set ind, we should ideally write it as T·indS. However, the set ind is typically

clear from context, so we omit the subscript for notational convenience.

3.2.4 Z2-graded representation of a fermionic operator algebra

Now that we have defined tensors’ linear action via contraction, we establish a represen-

tation for the fermionic operator algebra of a spinless complex fermion using Z2-graded

tensors. The representation is essential for the construction of the bosonization TNO, since

the bosonization TNO maps fermionic operators represented by Z2-graded tensors to bosonic

operators.

The operator algebra of a spinless complex fermion at a site p is generated by the familiar

fermionic creation and annihilation operators: c†p, cp. However, it is often convenient to
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instead work with a generating set formed by the two Majorana operators :

γp = c†p + cp and γ̄p = i(c†p − cp). (3.15)

These are Hermitian, unitary operators:

γ†p = γp, γ̄†p = γ̄p, γ2
p = γ̄2

p = 1, (3.16)

and they satisfy the following commutation relations:

{γp, γ̄p′} =0

{γp, γp′} ={γ̄p, γ̄p′} = 2δp,p′ ,
(3.17)

where braces denote the anti-commutator and δp,p′ is the Kronecker delta function. Further-

more, the fermion parity operator Pp is given by:

Pp = (−1)c
†
pcp = −iγpγ̄p. (3.18)

We now show that γp, γ̄p and Pp can be represented as rank-2 Z2-graded tensors. Letting

|1) and |0) represent the fermion occupied and unoccupied states respectively, then the

creation and annihilation operators have the following canonical representations:

cp|1)p = |0)p, cp|0)p = 0

c†p|1)p = 0, c†p|0)p = |1)p.
(3.19)

Using Eq. (3.15), this leads to the following representation of Majorana operators:

p p
γ ≡ |1)p(0|p + |0)p(1|p =

∑
a

|a+ 1)p(a|p (3.20)
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p p
γ̄ ≡ i|1)p(0|p − i|0)p(1|p =

∑
a

(−1)ai|a+ 1)p(a|p. (3.21)

Here, and throughout the chapter, indices are assumed to take binary values, unless stated

otherwise. Thus,
∑

a ≡
∑1

a=0, and (a+ 1) ≡ (a+ 1) mod 2, etc. In Appendix 3.A, we show

that the algebraic properties of the Majorana operators are indeed satisfied by the tensor

representations in Eqs. (3.20) and (3.21). Furthermore, using Eq. (3.18), fermion parity P

can be represented as:

p pP ≡
∑
a

(−1)a|a)p(a|p = |0)p(0|p − |1)p(1|p. (3.22)

Eq. (3.22) agrees with the intuition that the Z2-grading of a vector corresponds to the fermion

parity of the state.

3.2.5 Z2-graded tensor network diagrams

To establish a general theory of Z2-graded tensor networks, we need to make sure that tensor

diagrams can unambiguously represent the algebraic values. For example, given the tensor

network diagram:

A B C

, (3.23)

how do we know whether it represents the tensor A·B·C or B·C·A, or any other order of

action of tensors A, B, and C? Unlike bosonic tensors, Z2-graded tensors do not commute

with each other, and hence, in general, A·B·C and B·C·A are different tensors. If T and S are

homogeneous tensors, then the commutation relation of graded tensor products in Eq. (3.3)

implies the following commutation relation:

T·S = (−1)|T||S|S·T. (3.24)
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In particular, as long as only one tensor is odd, we have T·S = S·T, and the order of action of

these tensors does not matter. Extending this argument, we see that for a set of homogeneous

tensors {A,B,C, . . .}, as long as at most one tensor is odd, the order of contraction does not

matter.

What happens when more than one odd tensor appears in a TN? An example of such a

tensor network is given in the following diagram, where we assume A is an even tensor:

A γ̄γ
. (3.25)

How should this tensor network diagram be read algebraically? For instance, it could repre-

sent either γ·A·γ̄ or γ̄·γ·A, among other possibilities. This is problematic because, according

to Eq. (3.24), γ·A·γ̄ = −γ̄·γ·A. Hence, the algebraic value of the this tensor network diagram

is ill defined.

To remove this ambiguity, we need to indicate the order in which γ and γ̄ are applied.

We do this by adopting the following simple notation: if two or more odd tensors appear in a

diagram, we place numbers next to their nodes to indicate their relative order. For example,

γ·A·γ̄ and γ̄·γ·A are then respectively represented by the following diagrams:

γ·A·γ̄ ≡
A γ̄

1

γ
2

(3.26)

γ̄·γ·A ≡
A γ̄

2

γ
1

. (3.27)

In fact, the first diagram can also represent any tensor network in which γ̄ is applied before

γ, so it can also represent γ·γ̄·A or A·γ·γ̄. Similarly, the second diagram can also represent

γ̄·A·γ and A·γ̄·γ (recall that we assume A is an even tensor).



99

1 2

3

4

5

6

7

8

9 10 11

⇒

1 2

3

4

5

6

7

8

9 10 11

Figure 3.1: The bosonization duality maps a system of spinless complex fermions to a
system of spin-1/2 degrees of freedom. The bottom picture shows the fermionic degrees of
freedom (red circles) at each triangular face f . The top picture shows the spin-1/2 bosonic
degrees of freedom (black circles) on each edge e.

3.3 Tensor network bosonization duality in 2D

In this section, we use the formalism of Z2-graded tensor networks to construct a TNO

that implements the exact 2D bosonization duality of Ref. [15]. We start by reviewing the

operator-level duality, and then show that it can be naturally represented by a TNO, which

we refer to as the bosonization TNO. The TNO representation allows us to easily compute

the action of bosonization on quantum states (as opposed to just the action on operators).

In particular, in Section 3.4, we use the bosonization TNO to map fermionic tensor network

states to bosonic tensor network states.

3.3.1 Review of the operator-level bosonization duality

To begin, we describe the lattice on which the duality is defined and set some notation.

The duality in Ref. [15] can be defined on an arbitrary triangulation of a 2D manifold with

boundary [109, 117]. It is also required that the lattice has a branching structure, i.e. each

edge has an orientation (see Fig. 3.1) such that the edges around any triangle do not form



100

a cycle. The branching structure yields an ordering of the vertices around a triangle and

allows us to define an orientation of each triangle relative to the orientation of the underlying

oriented manifold. We denote the ordered vertices of the triangular face f as f0, f1 and f2,

where fj is the j-vertex of the triangle, and j refers to the number of edges of the triangle f

that point toward fj. We adopt the convention that a triangle is positively oriented if f0, f1

and f2 appear in counter-clockwise order, and otherwise it is negatively oriented. Further,

we label the edges of f by f01, f12, and f02, such that fjk is the edge pointing from fj to fk.

We also find it convenient to denote the endpoints of the edge e as e0 and e1, with e pointing

from e0 to e1.

Let us illustrate the notation above using examples from Fig. 3.1. (Note that the vertices

in Fig. 3.1 are labeled with integers arbitrarily simply to guide the discussion. They do not

denote a global ordering of the vertices.) If f = 〈3, 2, 4〉 then f0 = 〈3〉, f1 = 〈2〉, f2 = 〈4〉
and f01 = 〈3, 2〉, f12 = 〈2, 4〉, f02 = 〈3, 4〉. Further, if e = 〈2, 4〉, then e0 = 2, e1 = 4. The

triangle 〈8, 1, 7〉 is positively oriented while 〈3, 2, 4〉 is negatively oriented.

We are now in a position to describe the fermionic degrees of freedom on the lattice and

the corresponding operator algebra mapped by the bosonization duality. Each triangle f

hosts a spinless complex fermion, and as explained in Section 3.2.4, its operator algebra is

generated by Majorana operators, γf and γ̄f . The total fermionic algebra is generated by

the set of γf , γ̄f for all triangles f .

The bosonization duality is defined on a subset of the full fermionic operator algebra to

ensure that the duality maps local operators to local operators. Specifically, the duality is

defined on the subalgebra of even operators E , i.e., the operators that commute with the

global fermion parity operator
∏

f Pf , where

Pf = −iγf γ̄f (3.28)

is the fermion parity operator at f . E is generated by fermion parity Pf at each triangle f ,
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and hopping operators Se at each edge e defined as:

Se = i(−1)ηeγLe γ̄Re . (3.29)

Here, Le and Re denote the triangle to the left and right of the edge e, respectively. For

example, in Fig. 3.1, we have L〈2,4〉 = 〈2, 4, 7〉 and R〈2,4〉 = 〈3, 2, 4〉. (−1)ηe is a sign that

comes from a choice of the so-called spin-structure η [109]. We postpone a detailed discussion

of spin-structure until Section 3.4.4 below. For now, η should be understood as a chosen set

of edges with ηe defined as:

ηe =

1 if e ∈ η

0 otherwise.

(3.30)

As we will explain below, η is dependent upon the branching structure, and roughly speaking,

ensures that the bosonization duality is uniform across the 2D manifold.

We now discuss the relations satisfied by the generators of the even algebra E . First, all

parity operators commute with each other: PfPf ′ = Pf ′Pf , for all f, f ′. However, not all

hopping operators commute with each other. Instead, they satisfy the following commutation

relations:

SeSe′ = (−1)δLe,Le′ (−1)δRe,Re′Se′Se. (3.31)

That is, two hopping operators anticommute if and only if they have a common triangle

to the left or to the right. For example, in Fig. 3.1, S〈2,4〉 and S〈3,2〉 anti-commute because

they have a common triangle to the right: R〈2,4〉 = R〈3,2〉 = 〈324〉. However, S〈2,4〉 and S〈3,4〉

commute because they do not have a common right or left triangle. Parity operators and
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hopping operators anti-commute if they share a triangle:

SePf = (−1)δe⊂fPfSe, (3.32)

otherwise they commute. (δe⊂f = 1 if edge e is part of the triangle, otherwise it is 0.)

Furthermore, the fermion parity operators and hopping operators are not independent, since

for each vertex v, they satisfy the relation [109]:

∏
e:e0=v

Se
∏
e:e1=v

Se
∏

f :f0,f2=v

Pf = 1. (3.33)

In equation (3.33), the first product is over all edges e for which the e0 vertex is v, the

second product is over all edges e for which v is the e1 vertex, and the last product is over

all triangles for which v is either a 0-vertex or a 2-vertex. Note that the sign of (−1)ηe in

the definition of the hoping operator [Eq. (3.29)] is crucial to obtain 1 on the right hand side

of Eq. (3.33). This completes our description of the algebra E on the fermionic side of the

duality2, and we move on to describe the bosonic side of the duality.

On the bosonic side of the duality, as shown in Fig. 3.1, we have a spin-1/2 degree of

freedom at each edge e. The operator algebra at e is generated by the Pauli operators Xe

and Ze, and the full bosonic algebra is generated by the set containing Xe and Ze for all

edges e. The bosonization duality maps to just a subalgebra of the full bosonic algebra,

where the subalgebra is defined by a certain Z2 gauge constraint. The explicit form for the

gauge constraint will emerge naturally from the mapping of operators described below.

The bosonization duality D, is a homomorphism from the algebra of fermion parity even

operators E to a particular bosonic subalgebra. D is defined by its action on the generators

of E , Pf and Se. It maps fermion parity Pf to an operator that measures the Z2 flux at

2For each non-contractible cycle of the manifold there is an additional relation between the parity oper-
ators and hopping operators. These relations correspond to a certain product of Se and Pf along the cycle.
With an appropriate choice of η we are in the +1 sector of these relations. See [117] for more detail.
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triangle f , namely:

Wf ≡ Zf01Zf12Zf02 . (3.34)

Since Se and Pf anticommute whenever e borders f , a natural first guess for the image of Se

under D is the operator Xe. Xe creates a pair of Z2 fluxes and hence anti-commutes with

the operator that measures flux on a neighboring triangle. However, mapping Se to Xe does

not preserve the commutation relations with the other hopping operators. To remedy this,

we dress Xe with Pauli Z operators:

Ue ≡ Xe

∏
f∈{Le,Re}

Z
δe,f12
f01

. (3.35)

In words, the expression in Eq. (4.35) says that if e is the f12 edge of the triangle to the

left, then we include a factor of Zf01 on the f01 edge of that triangle. Likewise, if e is the

f12 edge of the triangle to the right, then we include a factor of Zf01 on the f01 edge of

that triangle. For example, looking at Fig. 3.1, we have U〈3,4〉 = X〈3,4〉, U〈2,4〉 = X〈2,4〉Z〈3,2〉,

U〈5,7〉 = X〈2,7〉Z〈4,5〉Z〈11,5〉, etc.

Lastly, we must check that the relation in Eq. (3.32) is preserved by the bosonization

duality. For each vertex v, we find:

∏
e:e0=v

Ue
∏
e:e1=v

Ue
∏

f :f0,f2=v

Wf = Gv, (3.36)

where Gv is equal to:

Gv =
∏
e⊃v

Xe

∏
f :f0=v

Wf . (3.37)

The first product in Eq. (3.37) is over all edges e connected to v. Thus, to preserve the

relation (3.32), we need to impose the gauge constraint Gv = 1 for all v.



104

Denoting by G the bosonic subalgebra generated by the set of Wf and Ue with the gauge

constraint Gv = 1 for all v, we see that the 2D bosonization duality D is a bijective map

from E to G defined by:

D(Pf ) = Wf ,

D(Se) = Ue.
(3.38)

The choice of spin-structure η ensures that the gauge constraint on the bosonic side of the

duality is Gv = 1 at every vertex v. In Section 3.4, we detail a prescription for choosing a

suitable spin structure η.

3.3.2 TNO representation of the 2D duality

Having reviewed both Z2-graded tensor networks and the operator-level 2D bosonization

duality, we can now describe one of our main results – a realization of 2D bosonization at

the level of quantum states. To accomplish this, we represent the bosonization duality D in

Eq. (3.38) using a TNO, D. We say that a TNO D represents the duality D, if it satisfies:

A

D = D

D(A)

D , (3.39)

for all fermion parity even operators A ∈ E . Algebraically, this is:

D·A = D(A)·D. (3.40)

In Eq. (3.40), we have used the operation · defined in Section 3.2.3 for the contraction of

Z2-graded tensors. For Eq. (3.40) to hold, it suffices to show that D satisfies Eq. (3.40) for

the generators of E , since for any A,B,C ∈ E we have:
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Figure 3.2: TNO representation of the bosonization duality on a general triangulation of
a 2D torus. The TNO is constructed from three types of tensors: F on positive triangles
(downward pointing triangular nodes), F̄ on negative triangles (upward pointing triangular
nodes), and Bη on edges (circular nodes). The TNO is a map from the fermionic legs (red
legs, pointing towards the triangular nodes from behind) of F and F̄ tensors to the bosonic
legs of Bη (black legs, pointing out of the page).

D·(AB + C) = D·AB + D·C = D(A)·D·B + D(C)·D

= D(A)D(B)·D + D(C)·D = D(AB + C)·D (3.41)

Hence, we need only find a D that satisfies:

D·Pf =Wf ·D (3.42a)

D·Se =Ue·D, (3.42b)

for all triangles f and edges e. To this end, we propose the TNO ansatz for D shown in

Fig. 3.2.
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Figure 3.3: Graphical representation of the symmetries in Eqs. (3.51) and (3.53) for the
tensors F[f ] (downward pointing triangular nodes), F̄[f ] (upward pointing triangular nodes).

Figure 3.4: Graphical representation of the symmetry in Eq. (3.55) for the tensor Bη[e]
(circular nodes).
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The ansatz depicted in Fig. 3.2 is created by contracting together three kinds of tensors:

tensors F[f ] on positivly oriented triangles, tensors F̄[f ] on negativly oriented triangles, and

tensors Bη[e] on edges. In explicit component form, the tensors F[f ] and F̄[f ] are:

F[f ] ≡
∑
j,a,b,c

F j
a,b,c|c)f01|a)f12(b|f02(j|f

F̄[f ] ≡
∑
j,a,b,c

F̄ j
a,b,c|b)f02(a|f12(c|f01(j|f ,

(3.43)

where all sums are over binary values. Diagrammatically, we represent F[f ] and F̄[f ] respec-

tively as:

f

f01 f12

f02

,

ff01 f12

f02

. (3.44)

The legs labeled by f are the physical legs and extend into the page. These legs contract

with fermionic operators or a fermionic tensor network state when the TNO is applied.

The tensor Bη[e] at each edge is obtained by making a spin-structure dependent modifi-

cation to a tensor B[e]. B[e] has the component form:

B[e] =
∑
j,a,b

Bj
a,b|a)e|j〉e(b|e, (3.45)

while the component form of Bη[e] is:

Bη[e] =Zηe
e ·B

=
∑
j,a,b

(−1)jηeBj
a,b|a)e|j〉e(b|e,

(3.46)
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which is pictorially represented as:

e e

e
≡

e e

eZηe

. (3.47)

The darker node on the left hand side represents Bη, and the lighter node on the right hand

side represents B. The physical legs are bosonic Hilbert spaces depicted in black and pointing

out of the page. D is formed by gluing together the three tensors as dictated by the diagram

(3.2), using the contraction map defined in Section 3.2.

Now, we view the constraints in Eqs. (3.42a) and (3.42b) as symmetries of the tensor D,

and search for constraints on the local tensors F, F̄, and B that ensure these symmetries.

To build intuition, we consider an example using bosonic tensors. Suppose the tensor A · B
composed of the bosonic tensors A and B has the following symmetry:

A B

=
A B

C D . (3.48)

A sufficient condition, for A · B to satisfy Eq. (3.48), is that the local tensors A and B have

the symmetries:

A

= C

UA

,
B

=
BU †
D , (3.49)

for some unitary operator U . This is because the contraction of A and B then satisfies:

A B

=
A BU U †
C D . (3.50)

Since U and U † on the virtual legs cancel, we obtain the symmetry in Eq. (3.48).

Additional symmetries of A · B require further constraints on the local tensors A and B.

To determine a non-trivial solution for A and B, the symmetries of the local tensors need to

be compatible. For example, if the symmetries S1 · A = A and S2 · A = A anticommute, i.e.,
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S1 · S2 · A = −S2 · S1 · A, then A is forced to be 0.

Using the principles illustrated in the example above, we identified symmetries of F, F̄,

and B that yield the constraints of D in Eqs.(3.42a) and (3.42b). The symmetries of the

local tensors are depicted in Figs. 3.3 and 3.4. Algebraically, we write the symmetries for

F[f ] and F̄[f ] as:

F = Pf01·Pf12·F·Pf02·Pf = Pf01·γf12·F·γf (3.51)

= γf01·F·γf = F·γf02·iγ̄f (3.52)

F̄ = Pf02·F̄·Pf01·Pf12·Pf = F̄·γf12·Pf01·iγ̄f (3.53)

= F̄·γf01·iγ̄f = γf02·F̄·γf (3.54)

and the symmetries for B[e] can be written as:

Bη = Pe·Bη·Pe = Pe·Ze·Bη = (−1)ηeγe·Xe·Bη·γe, (3.55)

where the contractions in Eqs. (3.51), (3.53), and (3.55) should be read in conjunction with

the diagrams in Figs. 3.3 and 3.4. We note that the first symmetry of each tensor implies

that it is fermion parity even.

To see how the symmetries of the local tensors ensure that D satisfies the relations in

Eqs. (3.42a) and (3.42b) we use the graphical representations of the symmetries shown in

Figs. 3.3 and 3.3. For example, consider the action of the TNO on the parity operator at

face f :

D·Pf =

P

= P

P

P =

Z

Z

Z

= Wf ·D. (3.56)

Here, we have applied the symmetries of F[f ] and B in succession to show that D satisfies



110

Eq. (3.42a). Similarly, for a hopping operator we have:

D·Se = (−1)ηe iγ̄

γ
2

1

= (−1)ηe γ
γ

P
2

1

=
Z X

= Ue·D. (3.57)

Thus, D satisfies (3.42b) as well. This implies that D formed from F, F̄, and Bη is indeed a

representation of the operator-level duality of Ref. [15].

The tensors F, F̄, and Bη can be computed explicitly using their symmetries in Figs. 3.3

and 3.3. This is because the symmetries are independent, commute with each other, and

square to the identity. Hence for F and F̄, they form a Z5
2 symmetry group, and for B they

form a Z3
2 symmetry group. Since F and F̄ belong to 25 dimensional spaces, and B belongs

to a 23 dimensional space, their symmetries fix their values uniquely up to a normalization

factor. With this, we compute the local tensors to be:

F[f ] ∝
∑
a,b,c

|c)f01|a)f12(b|f02(a+ b+ c|f

F̄[f ] ∝
∑
a,b,c

|b)f02(c|f01(a|f12(a+ b+ c|f

B[e] ∝
∑
a

|a)e|a〉e(a|e.

(3.58)

Remember that all indices take values in {0, 1}, and a+ b+ c ≡ a+ b+ c mod 2.
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3.3.3 Bosonization of quantum states

We are now able to define the bosonization of quantum states, wherein a fermionic state

is bosonized by simply applying the bosonization TNO. Before providing a simple example,

we comment on constraints of the state-level duality that arise from the symmetries of D.

In particular, we show that fermion parity odd states belong to the kernel of D and that D

maps to bosonic states satisfying the constraint Gv = 1 for all v. Hence, fermion parity even

states are mapped to bosonic states in a certain Z2 gauge theory.

To show that fermion parity odd states are in the kernel of the bosonization TNO, we

use that
∏

f Wf = 1 on a closed manifold. This leads to:

D =
∏
f

Wf ·D = D·
∏
f

Pf . (3.59)

When D is applied to a fermionic state |ψf ), Eq. (3.59) implies:

D|ψf ) = D·
∏
f

Pf |ψf ). (3.60)

Thus, if |ψf ) is fermion parity odd, we have:
∏

f Pf |ψf ) = −|ψf ), and it must be that

D|ψf ) = 0.

The constraints on the image of D can be determined using the relation in Eq. (3.33).

We see that:

D = D·
( ∏
e:e0=v

Se
∏
e:e1=v

Se
∏

f :f0,f2=v

Pf

)
=

( ∏
e:e0=v

Ue
∏
e:e1=v

Ue
∏

f :f0,f2=v

Wf

)
·D = Gv·D. (3.61)

Hence, for any bosonic state 〈ψb|:

〈ψb|D = 〈ψb|Gv·D, (3.62)

which implies that D projects to the Gv = 1 subspace for each vertex v.
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Now, we give a first example of the state-level duality and use the symmetries of D to

show that the bosonization of an atomic insulator state yields a ground state of the toric

code (a deconfined Z2 gauge theory). The atomic insulator state |ψAI) is the unique ground

state of the Hamiltonian: HAI = −∑f Pf . HAI is certainly unfrustrated, so |ψAI) satisfies

Pf |ψAI) = |ψAI) for all f . Applying D to |ψAI), we find:

D|ψAI) = D·Pf |ψAI) = Wf ·D|ψAI), ∀f. (3.63)

Therefore, the bosonized state D|ψAI) is in the +1 eigenspace of Wf for all f . Given the

constraint on the image of D, the bosonized state is also in the +1 eigenspace of Gv for all v.

Hence, D|ψAI) is a ground state of the unfrustrated Hamiltonian H = −∑v Gv −
∑

f Wf .

Recalling the definition of Gv defined in Eq. (3.37):

Gv =
∏
e⊃v

Xe

∏
f :f0=v

Wf , (3.64)

we see that the Gv terms in H can be replaced by
∏

e⊃vXe without changing the ground

states. (Gv =
∏

e⊃vXe in the subspace where Wf = 1.) Thus, D|ψAI) is a ground state of

the toric code Hamiltonian HTC = −∑v

∏
e⊃vXe −

∑
f Wf .

To gain intuition for the mapping, we consider acting with D on a state with non-trivial

fermion occupancy. In particular, we apply a hopping operator Se at edge e to the atomic

insulator state |ψAI) to obtain a state with fermions at the two faces neighboring e. The

image of Se|ψAI) under D is:

D·Se|ψAI) = Ue·D|ψAI) = Ue|ψTC〉. (3.65)

Ue (defined in Eq.(4.35)) creates a Z2 flux (−1 eigenvalue of Wf ) at each face bordering the

edge e and moves Z2 charges (−1 eigenvalue of
∏

e⊃vXe) to the 0-vertices of Le and Re. A

Z2 flux bound to a Z2 charge has fermionic statistics – it is an emergent fermion. Therefore,
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physical fermions are mapped to emergent fermions in the Z2 gauge theory. The gauge

constraint Gv = 1, ∀v removes ambiguity in this mapping, since it enforces that charges are

bound to fluxes, with the charges located at the 0-vertex of the corresponding triangle.

Any fermion parity even state can be created from |ψAI) by applying operators in E .

Hence, one strategy for mapping an arbitrary even fermion parity state |ψf ) is to identify an

even operator O
(
{Se}e, {Pf}f

)
, written here explicitly in terms of the generators of E , such

that:

|ψf ) = O
(
{Se}e, {Pf}f

)
|ψAI). (3.66)

Then, the duality maps:

|ψf )→ O
(
{Ue}e, {Wf}f

)
|ψTC). (3.67)

In general, it may be challenging to find an operator, expressed in terms of the generators

of E , that creates |ψf ) from |ψAI). Moreover, the analysis of bosonizing states, thus far, has

only required the operator-level bosonization duality. In the next section, we illustrate the

true potential of the bosonization TNO. Given a fermion parity even state |ψf ) constructed

from the contraction of local tensors, we show that |ψf ) can be bosonized by using D to

modify each of the local tensors. The resulting state can then be written as a bosonic tensor

network state.

3.4 Bosonization of fPEPS

In the previous section, we introduced the bosonization of a fermionic state |ψf ) as the action

of the bosonization TNO D on |ψf ). As we now show, the TNO is especially useful when the

fermionic |ψf ) is represented as a fermionic tensor network state. While the action of D on

the fermionic tensor network state |ψf ) indeed yields a bosonic state D|ψf ) = |ψb〉, |ψb〉 is not

manifestly a bosonic tensor network state. This is due, in part, to the Z2-graded virtual legs



114

1 2

3

4

5

6

7

8

9 10 11

Figure 3.5: An example fPEPS on an arbitrarily triangulated torus. The square nodes
represent the tensors T and T̄ in Eqs. (3.68) and (3.69). The legs affixed to the center of the
square nodes and pointing out of the page are the physical legs of the fPEPS. All other legs
are contracted with a leg of a neighboring tensor.
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of the bosonization TNO. However, if |ψf ) is in the form of a fermionic projected entangled

pair state (fPEPS) (see Fig. 3.5 for an example), we can explicitly rewrite |ψb〉 as a bosonic

projected entangled pair state (bPEPS). In this section, we give a detailed algorithm for

converting bosonized fPEPS into bPEPS, which is well defined on arbitrary triangulations

of orientable 2D manifolds without boundary.

3.4.1 Contracting the bosonization TNO with an fPEPS

An fPEPS on a triangulated manifold is built from Z2-graded tensors T[f ′] on positively

oriented triangles and T̄[f ′] on negatively oriented triangles.

Assuming that the tensors are fermion parity even, they can be written in component

form as:

T[f ′] ≡
∑
a,b,c

T
(f ′)
abc |c)f ′01

|a)f ′12
(b|f ′02

(a+ b+ c|f ′

T̄[f ′] ≡
∑
a,b,c

T̄
(f ′)
abc |b)f ′02

(a|f ′12
(c|f ′01

(a+ b+ c|f ′ ,
(3.68)

where for generality, the tensor components are position dependent. T[f ′] and T̄[f ′] can then

be represented, respectively, as follows:

T
f ′01 f ′12

f ′02

f ′

,
T̄

f ′01 f ′12

f ′02

f ′ . (3.69)

Fig. 3.5 shows an fPEPS formed from contracting T[f ′] and T̄[f ′] on an arbitrary triangula-

tion of a torus.

In general, one can insert matrix product operators (MPO) before closing an fPEPS on

a closed manifold. Though we believe our construction can be extended to such cases, in

the interest of brevity and clarity, we restrict the discussion to fPEPS without any MPO
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insertions.

To apply D to an fPEPS |ψf ), we contract the physical indices of F tensors with those

of the T tensors, and likewise, we contract F̄ tensors with T̄ tensors. Thus, the first step in

bosonizing an fPEPS is to calculate the tensors Mf = F·T for positively oriented triangles

and the tensors M̄f = F̄·T̄ for negatively oriented triangles. Graphically, Mf and M̄f can be

drawn, respectively, as:

f ′01 f ′12

f ′02

f01 f12

f02

,

f ′01 f ′12

f ′02

f01 f12

f02

. (3.70)

The bosonized state |ψb〉 is a tensor network state (in fact an fPEPS) generated by tensors

Mf , M̄f , as well as Bη[e] on edges. Since there are two layers of virtual legs to be contracted,

we refer to them as the “state layer” and the “TNO layer”. Note that Mf and M̄f tensors

have virtual legs on both layers, but Bη[e] is only on the TNO layer.

While |ψb〉 is a tensor network state and an fPEPS, it is not generically a bPEPS, as there

are fermionic virtual indices remaining. The challenge is then to re-express |ψb〉 as a bPEPS,

or, in a sense, to convert the fermionic virtual legs to bosonic virtual legs. We accomplish

this by systematically accounting for the signs accrued in contracting the fermionic virtual

legs – the so-called Koszul signs. To make our strategy clear, we first discuss Koszul signs

and introduce the idea of a removable grading. These concepts play a key role in the rest of

this section, so we describe them in generality before returning to the problem of converting

the fermionic virtual legs of |ψb〉 to bosonic virtual legs.

3.4.2 Koszul signs and removable grading

The bosonized fPEPS encodes a bosonic quantum state |ψb〉 =
∑
{φ}Cφ|φ〉, where the col-

lection of |φ〉 form a complete set of product states. The coefficients Cφ can be recovered

from the bosonized fPEPS by fixing the physical indices according to |φ〉 and summing over
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the virtual indices. Given the Z2-grading of the virtual legs, there are signs picked up upon

re-ordering and contracting the Z2-graded vectors, which can contribute to the coefficient

Cφ. A natural question is whether the grading of a virtual index is essential to the tensor

network, i.e., if the grading of a particular virtual index is removed, does the value of the

bosonized fPEPS change?

For illustration, consider the two simple graded tensors:

A =
∑
a,a′

Aaa′(a
′|s(a|t, B =

∑
b,b′

Bbb′ |b′)s|b)t. (3.71)

(We can think of s and t as indices corresponding to the state and TNO layers, respectively.)

We want to calculate the tensor network (which is a scalar in this case) A·B. Let us describe

the contraction of these tensors as a two step process. In the first step, we contract the basis

tensors:

(a′|s(a|t·|b′)s|b)t =(−1)|b
′||a|δabδa′b′ , (3.72)

and in the second step, we calculate the components:

∑
a,a,b,b′

(−1)|b
′||a|δabδa′b′Aaa′Bbb′ =

∑
a,a′

(−1)|a
′||a|Aaa′Baa′ . (3.73)

Notice that we produce an additional sign of (−1)|b
′||a| in the basis contraction step due to

the graded nature of indices. This is the key difference between virtual indices of fermionic

and bosonic tensor networks – bosonic indices do not produce any additional signs in basis

contraction. We refer to these additional signs of basis contractions as Koszul signs. The

point is that the grading of a virtual index contributes to the fPEPS only through possible

Koszul signs. Therefore, we can remove the grading of a virtual index as long as we properly

account for the Koszul signs.

Sometimes this can be done simply by picking a specific internal ordering for the fermionic
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tensors and interpreting their components, with respect to this ordering, as components of

purely bosonic tensors. We say that the grading of the virtual indices in the original fermionic

tensor network can be removed, if the contraction of this new bosonic tensor network is the

same as that of the original fermionic tensor network. When we have some a priori internal

ordering for the fermionic tensors in mind already – one that does produce Koszul signs – then

we can refer to this process as changing the internal ordering to eliminate the Koszul signs.

For example, consider changing the internal ordering of A to A =
∑

a,a′ Aaa′(−1)|a
′||a|(a|t(a′|s.

Now, there is no Koszul sign in the basis contraction: (a|t(a′|s·|b′)s|b)t = δa,bδa′,b′ . Removing

the grading from A and B yields:

Ab =
∑
a,a′

Aaa′(−1)|a
′||a|〈a|t〈a′|s, Bb =

∑
b,b′

Bbb′|b′〉s|b〉t. (3.74)

Ab and Bb are purely bosonic tensors, and they produce the same tensor network: Ab·Bb =

A·B. Note that the grading is removable for only particular choices of the internal ordering.

In other cases, the Koszul signs can be accounted for with a removal of the grading,

followed by an insertion of additional operators into the tensor network. To see an example

of this, consider the two even tensors A =
∑

aAa|a)p(a|q and B =
∑

bBb|b)q(b|p. We then

aim to compute the tensor network (a scalar) tr [A·B], where the · denotes the contraction

of the q leg and the trace over the p index is to emphasize that we are contracting the first

index with the last index to close the loop. Contracting the basis tensors yields:

tr [|a)p(a|q·|b)q(b|p] = δabtr [|a)p(b|p] = (−1)|a|δab. (3.75)

The grading of the q vector did not produce a sign, so it can be removed without affecting

the tensor network. However, if we try to remove the grading of the p vector as well, the

sign (−1)|a| is no longer accounted for. One way to reproduce the sign (−1)|a| is to insert a

Z =
∑

c(−1)|c||c〉〈c| operator on leg p after removing the grading. That is, grading removal
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gives bosonic tensors Ab =
∑

aAa|a〉p〈a|q and Bb =
∑

bBb|b〉q〈b|p, which satisfy:

tr [Ab·Bb·Zp] =
∑
a,b,c

(−1)|c|AaBbtr [|a〉p〈a|q·|b〉q〈b|p·|c〉p〈c|p] = tr [A·B] (3.76)

When the grading of a virtual index can be accounted for by inserting an additional op-

erator O on un-graded indices, we will say that the grading is “removable with O-insertion”.

3.4.3 Koszul signs in the bosonized fPEPS

We now return to the problem of re-writing the bosonized fPEPS as an explicit bPEPS.

We will find that, for a particular internal ordering, the grading of the virtual legs in the

bosonized fPEPS is removable with (Zt ⊗ Zs)
ηe-insertion. Here, Zt is a Pauli Z operator

acting in the TNO layer, and Zs is a Pauli Z operator acting in the state layer. In other

words, the state represented by the bosonized fPEPS may be equivalently represented by

the bPEPS obtained by removing the grading of the virtual legs (assuming a certain internal

ordering) and applying (Zt⊗Zs)ηe before contracting the tensors at each edge. To show this,

we will compute the Koszul signs explicitly. We will see that the Koszul signs have a nice

geometric interpretation in terms of the branching structure of the triangulated manifold.

Simplifying the Koszul sign calculation

We begin by simplifying the problem. First, Bη = Zηe·B does not contribute to any Koszul

signs, since Bη can always be contracted with one of its neighboring Mf or M̄f tensors without

any change of internal ordering. This is possible due to the even parity of Bη and its simple,

two-virtual-leg form Bη =
∑

a(−1)aηe|a)e|a〉e(a|e. Therefore, the Koszul signs accrued in

contracting the tensors Mf , M̄f , and Bη are equivalent to the Koszul signs from directly

contracting the Mf and M̄f tensors without Bη.

We continue to simplify the calculation of the Koszul signs by reducing Mf and M̄f from

two layers of fermionic virtual legs as in Eq. (3.70) to a single layer of fermionic virtual

legs. The first step is to choose the following internal ordering for the tensors Mf and M̄f ,
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respectively:

(i) (iii)

(vi)

(ii) (iv)

(v)

,

(vi) (iv)

(i)

(v) (iii)

(ii)

. (3.77)

Notice that for outward pointing legs (ket vectors), the state layer index comes before the

TNO layer index, while for inward pointing legs (bra vectors), the order is reversed. Letting

|a′)s and |a)t be the state and TNO layer vectors, respectively, then with the ordering in

Eq. (3.77), we have (a|t(a′|s·|a′)s|a)t = 1, and no Koszul sign is produced between a′ and

a. Therefore, we can combine the legs and consider a composite index (a′, a) with tensors

written in terms of |a′, a)st and (a′, a|st. The Hilbert space of the composite leg corresponds

to the Hilbert space of two spinless fermions. This is isomorphic to a single spinless fermion

and a spin-1/2 under the isomorphism:

|a′, a)↔ |a+ a′)|a〉. (3.78)

Since the spin-1/2 degree of freedom does not affect the Koszul signs, we may disregard it

for the present computation.

In summary, we have reduced the calculation of the Koszul signs of the bosonized fPEPS

to a calculation of the Koszul signs obtained in the contraction of single layer tensors with

internal orderings inherited from Eq. (3.77) and pictured below:

0 2

1

(i) (ii)

(iii)

,

0 2

1

(iii) (ii)

(i)

. (3.79)
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In Eq. (3.79), we have again used triangular nodes, but these tensors should not be confused

with the four legged F and F̄ tensors. It should be noted that similar simplifications can be

performed for the contraction (inner product) of any two fPEPS (built from fermion parity

even local tensors). Consequently, the calculation of the Koszul signs below holds more

generally than the application at hand – turning a bosonized fPEPS into a bPEPS.

Contraction of basis tensors

As mentioned in Section 3.4.2, the contraction of tensors can be performed in two steps:

(i) the basis tensors are contracted, and (ii) the components are calculated. The Koszul

signs arise only in the first step. Therefore, to calculate the Koszul signs, we focus on the

contraction of basis tensors with the ordering in Eq. (3.79). We denote the set of basis

tensors at a positively oriented face f as Q[f ] and the set of basis tensors at a negatively

oriented face f as Q̄[f ]. Explicitly, we have:

Q[f ] ={|a+ b)f01|a)f12(b|f02 , a, b = 0, 1}

Q̄[f ] ={|b)f02(a|f12(a+ b|f01 , a, b = 0, 1}.
(3.80)

Note that the tensors in Q[f ] and Q̄[f ] are fermion parity even by construction. Mf and M̄f

are fermion parity even, so their component value for any fermion parity odd basis tensor is

necessarily zero. Thus, we can disregard fermion parity odd basis tensors in computing the

Koszul signs.

We now analyze the contraction of basis tensors in Eq. (3.80). For each triangle, we have

an independently chosen element of either Q[f ] or Q̄[f ] (depending on the orientation of f).

The resulting product of basis tensors evaluates to 0, −1, or 1. If an odd vector |1) is paired

with an even vector |0) at any edge, then the product is 0. (This is simply the statement

that (0|1) = (1|0) = 0.) Thus, the configurations of basis tensors that evaluate to a nonzero

value must have odd legs paired at edges. Since the elements of Q[f ] and Q̄[f ] have even

fermion parity (an even number of odd legs), this implies that the odd legs form closed loops



122

1 2

3

4

5

6

7

8

9 10 11

1 2

3

4

5

6

7

8

9 10 11

Lx

1 2

3

4

5

6

7

8

9 10 11
Ly

1 2

3

4

5

6

7

8

9 10 11
Lx + Ly

Figure 3.6: Examples of 1-cochains. Edges intersected by the blue line have coefficient
ge = 1, while all other edges have ge = 0. The top left picture is an example of a contractible
1-cocycle. The other three pictures are representative 1-cocycles of the three non-trivial
classes.

(on the dual lattice) for any configuration that gives a nonzero value.

The computation of the Koszul signs then distills down to calculating the ±1 valued

contraction of configurations with closed loops of |1) states at edges. To formalize the

problem, we define ge as the {0, 1} valued index at the edge e, and σ̂({ge}) = ±1 as the sign

obtained by evaluating the tensor contractions corresponding to the configuration {ge}.
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Basis contraction and cohomology

To make our arguments precise, we find it convenient to describe configurations of odd edges

using the language of cohomology. To this end, we define a 0-cochain as a sum
∑

v gvv,

where v is a Z2-valued function of vertices such that v evaluates to 1 on the vertex v and 0

otherwise, and gv are coefficients in Z2. Similarly, 1-cochains and 2-cochains may be defined

as sums
∑

e gee and
∑

f gf f , respectively. A configuration of odd edges {ge} then naturally

corresponds to the 1-cochain
∑

e gee. Furthermore, j-cochains can be added by combining

the coefficients component wise, i.e.,
∑

e gee +
∑

e g
′
ee =

∑
e(ge + g′e)e.

The coboundary operator δ from j-cochains to j + 1-cochains is defined by:

δv =
∑
e⊃v

e, δe =
∑
f⊃e

f , (3.81)

where the sum on the left is over all edges sharing the vertex v and the sum on the right is

over the two faces bordering the edge e. For example, in Fig. 3.6:

δ〈4〉 =〈2,4〉+ 〈3,4〉+ 〈4,5〉+ 〈4,7〉

δ〈4,7〉 =〈2,4,7〉+ 〈4,5,7〉
(3.82)

We call a cochain C closed if δC = 0. Note that each of the 1-cochains depicted in Fig. 3.6,

for example, are closed. More generally, a closed 1-cochain, or 1-cocycle, can be thought of

as a sum of loops along the dual lattice. As such, the configurations {ge}, obtained from

basis contraction, are examples of 1-cocycles.

A 1-cochain C is called a 1-coboundary if there exists a 0-cochain R such that C = δR. δ

can be understood as a boundary operator on the dual lattice, so intuitively, a 1-coboundary

is a boundary of a region on the dual lattice. For example, the top left picture of Fig. 3.6

depicts a 1-coboundary – it is equal to δR for R = 〈7〉+ 〈4〉. In general, 1-coboundaries are

sums of contractible loops, which are generated by small loops Lv ≡ δv enclosing a single

vertex. A configuration L with a single, contractible loop is a 1-coboundary of a 0-cochain R
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containing vertices enclosed by the loop, i.e., L =
∑

v∈L Lv with the sum being over vertices

v enclosed by L. Some loops of odd edges such as the 1-cocycles Lx, Ly, and Lx + Ly in

Fig. 3.6, are non-contractible. These are 1-cocycles that cannot be written as δR for any

0-cochain R.

We can further define an equivalence of 1-cocycles where C1 ∼ C2 if there exists a 0-

cochain R such that C1 = C2 + δR. In other words, two 1-cocycles are equivalent if one

can be constructed from the other by appending, or adding contractible loops. Hence, all

1-coboundaries belong to the same equivalence class – the class of trivial 1-cocycles. For a

torus, it is well known that there are four inequivalent classes of 1-cocycles. These may be

represented by Lx, Ly, Lx +Ly, and δR for a 0-cochain R. Therefore, an arbitrary 1-cocycle

on a torus can be expressed as:

C = gxL
x + gyL

y +
∑
v

gvLv, (3.83)

for some choice of gx, gy, gv ∈ Z2.

Koszul signs from a single loop

Given that a 1-cocycle can be decomposed in terms of constituent loops, as in Eq. (3.83),

we begin by calculating the Koszul sign σ̂(L) for configurations L with a single loop of odd

edges along the path L in the dual lattice. To propose an exact value for σ̂(L), we introduce

the following notation. We assign a direction to the path L so that, with respect to a global

orientation of the 2D manifold, the loop has a “left side” and a “right side”.3 L overlaps

with a triangle f at two edges, and we call the common vertex of these two edges fL. There

are six possibilities for fL: it can be a 0-, 1-, or 2-vertex of the triangle f , and it can lie

to the left or to the right of the loop. We let l̄L and r̄L be the sets of fL for which fL is a

3More formally, let v1 be the unit tangent vector along L, in the direction of L. Then we say that the
unit normal vector v2 points to the “left” side of L if v1 ∧ v2 is equal to the orientation of the underlying 2D
manifold.
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Figure 3.7: The branching structure is interpolated into the interior of each triangle to form
the continuous, non-vanishing vector field V .

1-vertex of f and is to the left or right of L, respectively. We use n(l̄L) and n(r̄L) to denote

the cardinality of l̄L and r̄L. Then we have:

Proposition 4

σ̂(L) = −(−1)
1
2
(n(l̄L)−n(r̄L)). (3.84)

Proof of Proposition 4. See Appendix 3.B. �

Winding number and Koszul signs

σ̂(L) is closely related to the winding number of a certain vector field along the oriented path

L. In particular, σ̂(L) can be computed from the continuous, non-vanishing vector field V
obtained from the branching structure by interpolating it into the interior of the triangles,

as shown in Fig. 3.7 (see Ref. [118]). To calculate the winding number of V along L we define

n̂ to be the left pointing unit normal vector of the loop L and v̂ to be the local vector of

V . Then, we integrate the derivate of the angle θ = cos−1(v̂ · n̂) between n̂ and v̂ along L.

Given that θ is continuous, the change in θ around L must be 2πm, where m is an integer.

m gives the winding number of V along L, which we denote as w(L).4 For definiteness, we

4Note that the definition of winding number here is the winding number of the vector field relative to the
normal vector of the loop L. We emphasize that this differs by a sign from a notion of the winding number
of a vector field sometimes used in physics.
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choose clockwise rotation to be positive.

Proposition 5

w(L) =
1

2
(n(l̄L)− n(r̄L)). (3.85)

Equivalently,

σ̂(L) = −(−1)w(L). (3.86)

Proof of Proposition 5. We consider the ways in which L can pass through triangles and in

each case, identify the change in θ = cos−1(v̂ · n̂). When fL is a 0- or 2-vertex, the total

change in θ is 0. This is illustrated in the following example, where fL is a 2-vertex:

n̂

n̂
. (3.87)

The change in θ through the triangle above is 0, since the vector field is nearly parallel to n̂

along the path. A similar argument applies whenever fL is a 0- or 2-vertex. Thus, the only

crossings that can contribute to the winding number are when fL is a 1-vertex.

We first examine the case where fL is a 1-vertex to the left of L, i.e., fL ∈ l̄L. There are

two such crossings:

, . (3.88)
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(Note the triangle on the left is negatively oriented while the triangle on the right is positively

oriented.) For both crossings, moving along L, the vector field rotates clockwise relative to

n̂, and θ changes by +π. If instead, fL is to the right of L then the corresponding crossings

are:

, . (3.89)

We see that, in this case, the vector field winds counterclockwise along L, and θ changes by

−π.

In conclusion, whenever fL belongs to l̄L, θ changes by π, and when fL is in r̄L, θ changes

by −π. Accordingly, the winding number along L, with respect to n̂, is:

w(L) =
∑
fL

(
1

2
δfL∈l̄L −

1

2
δfL∈r̄L

)
=

1

2
(n(l̄L)− n(r̄L)), (3.90)

where δfL∈l̄L and 1
2
δfL∈r̄L are indicator functions for the sets l̄L and r̄L, respectively. �

In Refs. [118, 119], it is argued that a function on loops of the form −(−1)w(L), such

as σ̂(L), gives a quadratic refinement of the intersection pairing. This is to say that, as a

consequence of Prop. 5, σ̂ satisfies:

σ̂(L1 + L2) = (−1)〈L1,L2〉σ̂(L1)σ̂(L2), (3.91)

where 〈L1, L2〉 is the intersection number (mod 2) of L1 and L2. For example, the non-

contractible cycles Lx and Ly on a torus in Fig. 3.6 have an intersection number 〈Lx, Ly〉 =

1 mod 2. Therefore, by Eq. (3.91), we have: σ̂(Lx + Ly) = −σ̂(Lx)σ̂(Ly).

Importantly, Eq. (3.91) allows us to relate the sign σ̂(C) for a general configuration
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C =
∑

i Li to the signs σ̂(Li) of constituent loops. For a single contractible loop L, which

can be decomposed into a sum of loops L =
∑

v∈L Lv, the sign σ̂(L) can be written as [using

Eq. (3.91):

σ̂(L) =
∏
v∈L

σ̂(Lv). (3.92)

The product in Eq. (3.92) is over vertices enclosed by the loop L.

We call a vertex v singular if the loop Lv, enclosing only v, is such that σ̂(Lv) = −1.

Referring to Eq. (3.92), the sign σ̂(L) for a contractible loop L can be computed by simply

counting the singular vertices enclosed by L. Explicitly, σ̂(L) for a contractible loop L is:

σ̂(L) = (−1)nsv(L), (3.93)

where nsv(L) is the number of singular vertices enclosed by the loop L. This is a manifestation

of Stokes’ theorem for the winding number of the vector field along L. We note that,

using Prop. 4, a vertex v is singular if it is the 1-vertex of 4m triangles, for an integer m.

Alternatively, using Prop. 5, v is singular if −(−1)w(Lv) = −1.

3.4.4 Removing grading and choosing spin-structure

The function σ̂ captures the Koszul signs accrued in the contraction of the fermionic virtual

legs of the bosonized fPEPS. The goal of this section is to replace the Z2-graded virtual legs

of the bosonized fPEPS with un-graded legs and simulate the Koszul signs given by σ̂ by

inserting Pauli Z operators on certain bosonic virtual legs.

More specifically, we first convert the fermionic virtual legs to bosonic virtual legs, i.e.,

with the internal ordering fixed, we map a fermion parity even state |0) to an up spin |0〉
(in the Z basis) and a fermion parity odd state |1) to a down spin |1〉. The bosonic virtual

legs fail to replicate the Koszul signs that were obtained by contracting the fermionic virtual

legs. Thus, second, we fix this by choosing a set of edges η (a choice of spin-structure) and
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Figure 3.8: An arbitrary triangulation of a torus with the four singular vertices: 〈3〉, 〈7〉,
〈5 = 8〉, 〈2 = 10〉, 〈2 = 11〉. (a) Z-operators placed at edges corresponding to the spin-
structure η = {〈3, 4〉, 〈4, 7〉, 〈8, 10〉}. (b) Z-operators placed at edges for an alternative choice
of spin-structure η = {〈3, 4〉, 〈4, 2〉, 〈7, 8〉}.

including an extra Z operator on edges e ∈ η before contraction. When down spins |1〉
contract on an edge e ∈ η, the extra Pauli Z operator results in a sign −1. We need to

choose η so that the contraction of a configuration C of loops of down spins |1〉 yields the

sign σ̂(C).

We begin by accounting for the Koszul signs σ̂(L) accrued by contractible loops L. Next,

we discuss a matrix product operator (MPO) which captures the Koszul signs from non-

contractible loops. We focus on the case when the manifold is a torus and only outline the

procedure for more general 2D manifolds.

Reproducing Koszul signs for contractible loops

Our strategy for accounting for σ̂(L), when L is a contractible loop is to ‘pair-up’ the singular

vertices and construct the set η from edges that connect the two singular vertices in each

pair. More precisely, Stokes’ theorem guarantees an even number of singular vertices on a
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closed manifold, so we can always find a set of edges η such that the boundary of η gives

the set of singular vertices. Here, the boundary of η is defined as the set of vertices that

are endpoints of an odd number of edges in η. Intuitively, η can then be understood as

‘pairing-up’ singular vertices with each other through arbitrary paths. Fig. 3.8 provides an

example of choosing η on a torus.

To replicate the sign σ̂(L), we insert Z operators on all edges in η (see Fig. 3.8). Now,

in evaluating a configuration with a single loop L of down spins |1〉, we incur the sign:

ση(L) ≡ (−1)n(L,η), (3.94)

where n(L, η) denotes the number of common edges (or crossings) between the loop L and

the edges in η. Given our construction of η, n(L, η) is equal (mod 2) to the number of

singular vertices enclosed in L. Therefore, for any contractible loop L:

ση(L) = (−1)nsv(L), (3.95)

in agreement with Eq. (3.93). Consequently, for any 1-cocycle C and 0-cochain R, we have:

ση(C + δR) = ση(C)ση(δR) = ση(C)
∏
v⊂R

ση(Lv). (3.96)

The product
∏

v⊂R is over all vertices such that the coefficient of v in R is nontrivial.

We note that a choice of η can be modified by including any set of edges forming a

contractible loop. We call two sets η and η′ equivalent spin-structures, if one can be obtained

from the other by appending contractible loops of edges.

Reproducing Koszul signs for non-contractible loops

ση(C) simulates σ̂(C) for trivial 1-cocycles C. This is sufficient to account for Koszul signs

when the fermionic system is defined on a sphere or an infinite plane. However, ση(C) does
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not capture the sign σ̂(C) when C is a non-trivial 1-cocycle. To account for the Koszul

signs on a torus or higher genus manifolds, we insert MPOs along non-contractible loops to

perform a certain sum over inequivalent spin-structures. In the following, we describe the

case of a torus in detail and only sketch the generalization to higher genus manifolds.

To start, we consider a particular triangulation of a torus without any singular vertices,

as shown in Fig. 3.9(a-c). Since there are no singular vertices, σ̂(L) = 1 for any contractible

loop L. For non-contractible loops, however, the Koszul signs are non-trivial. To see this,

we let Lx and Ly be distinct non-contractible loops lying parallel to the x-axis and y-axis,

respectively. The specific choices of Lx and Ly do not matter, because contractible loops can

freely be appended without changing σ̂(Lx) and σ̂(Ly). This follows from Eq. (3.91) and the

fact that there are no singular vertices. Now, using either Prop. 4 or Prop. 5, one finds:

σ̂(Lx) = σ̂(Ly) = σ̂(Lx + Ly) = −1. (3.97)

Hence, after converting the Z2-graded virtual legs to bosonic virtual legs, a modification is

necessary to simulate the sign in Eq. (3.97). A possible solution is to insert Pauli Z operators

along non-contractible loops. Naively, we can insert Z operators along only the x-axis

[Fig. 3.9(a)], only the y-axis [Fig. 3.9(b)], or both the x-axis and the y-axis [Fig. 3.9(c)]. We

find that all of these options fail to reproduce the sign in Eq. (3.97). The solution is a certain

superposition of these options, which can be expressed using an MPO. Before describing this

MPO, we develop some notation and discuss the effects of inserting Z operators along the

axes.

First, we define the spin-structure ηx, which contains the edges along the x-axis. The

product of Z operators applied along the edges in ηx can be expressed as
∏

e Z
ηx

e , where, in

this expression, ηx is the indicator function for the set ηx. The operator
∏

e Z
ηx

e is pictured

in Fig. 3.9(a). Then, letting σηx(L) be the sign obtained in contracting a configuration of
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Figure 3.9: Triangulation of a torus without any singular vertices, but with Z-operators
placed along (a) the x-axis (b) the y-axis (c) both the x-axis and the y-axis.

down spins along L with the added operator
∏

e Z
ηx

e , we have:

σηx(L
x) = 1, σηx(L

y) = −1, σηx(L
x + Ly) = −1. (3.98)

Next, we define the spin-structures ηy and ηxy similarly. ηy is the set of edges along the

y-axis and corresponds to the insertion of the operator
∏

e Z
ηy

e , depicted in Fig. 3.9(b). In

this case, the sign accrued in contracting the bosonic legs is:

σηy(L
x) = −1, σηy(L

y) = 1, σηy(L
x + Ly) = −1. (3.99)

If we instead insert Z operators along both the x-axis and y-axis, as in Fig. 3.9(c), and define

ηxy as the union of ηx and ηy, we obtain the signs:

σηxy(L
x) = −1, σηxy(L

y) = −1, σηxy(L
x + Ly) = 1. (3.100)

In each case above [Eqs. (3.98)-(3.100)], the operator insertion fails to replicate the sign in



133

G

Figure 3.10: Triangulation of a torus without any singular vertices, and with the MPOs
generated by W (square nodes) and G (circular nodes). The MPOs generated by W wrap
around both the x-axis and the y-axis and the G tensor is placed at their intersection.

Eq. (3.97). However, the sign in Eq. (3.97) can be simulated using the following superposition

of operators:

1

2

(
−1 +

∏
e

Zηx

e +
∏
e

Zηy

e +
∏
e

Zηxy

e

)
. (3.101)

Explicitly, the sign obtained in contracting an arbitrary loop of down spins L is then:

1

2
(− 1 + σηx(L) + σηy(L) + σηxy(L)). (3.102)

One can check that, for loops Lx, Ly, and Lx + Ly, the sign given by Eq. (3.102) matches

the sign in Eq. (3.97). Furthermore, the sign in Eq. (3.102) agrees with σ̂ on all loops.

The operator in Eq. (3.101) can be represented using MPOs. We start by considering an

MPO of the form:

W W W , (3.103)
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generated by the local tensors W, given by:

p q

r

s

W =
∑
a,b

(−1)(a)(b)|a〉p|b〉r〈b|s〈a|q = |0〉I〈0|+ |1〉Z〈1|. (3.104)

When the virtual (horizontal) legs take value 0, W acts as the identity, and when they take

value 1, W acts as a Z operator. Therefore, W generates a controlled Z operator of the form

. . . III . . .+ . . . ZZZ . . ..

If we insert this MPO on the virtual level of the bosonic tensor network, say, along the

x-axis, it is equivalent to inserting the operator 1 +
∏

e Z
ηx

e . Similarly, inserting it along the

y-axis is equal to the operator 1 +
∏

e Z
ηy

e . If we insert the MPO along both the x-axis and

the y-axis they cross as a single vertex, and we link the MPOs together at their intersection

using another tensor G (see Fig. 3.10). We take G to be:

p q

r

s

G =
1

2

∑
a,b

(−1)(a+1)(b+1)|a〉p|b〉r〈b|s〈a|q

=− 1

2
|0〉p|0〉r〈0|s〈0|q +

1

2
|0〉p|1〉r〈1|s〈0|q

+
1

2
|1〉p|0〉r〈0|s〈1|q +

1

2
|1〉p|1〉r〈1|s〈1|q.

(3.105)

Now, when virtual legs of the MPOs in both the x and y direction take value 0, G is −1
2
,

and otherwise it is 1
2
. Thus, the total MPO produces the superposition of operators:

1

2

(
−1 +

∏
e

Zηx

e +
∏
e

Zηy

e +
∏
e

Zηx

e

∏
e

Zηy

e

)
. (3.106)

Recalling that ηxy is the union of ηx and ηy, we see that the operator above is equivalent
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to the operator in Eq. (3.101). The Koszul signs, therefore, can be accounted for using the

MPO generated by W and G, pictured in Fig. 3.10.

In effect, the MPO implements a sum over inequivalent spin-structures to capture the

Koszul signs of non-contractible loops. The tensor G dictates the particular sum over spin-

structures and, in general, depends on the branching structure. To see this, we next consider

a general triangulation of a torus, where we must incorporate ση, accounting for singular

vertices, with the sum over inequivalent spin-structures given by the MPO.

General triangulation of a torus

Thus far, we have argued that we can account for Koszul signs in the following two cases:

(i) trivial 1-cocycles formed from contractible loops of |1) states and (ii) non-contractible

loops formed by |1) states in the absence of singular vertices. To reproduce the Koszul signs

from contraction on a general triangulation of a torus, we then must be able to simulate

the Koszul signs from non-contractible loops in the presence of singular vertices. We will

find that we require a branching structure dependent choice of the tensor G to obtain an

appropriate sum over inequivalent spin-structures.

The first step is to account for the Koszul signs of contractible loops, as in 3.4.4. That is,

we choose a set of edges η such that the edges in η pair up the singular vertices and insert Z

operators at the edges in η. The sign from evaluating a loop L of down spins is then ση(L)

as in Eqs. (3.94) and (3.95).

After choosing η we can account for the Koszul signs from non-contractible loops. As

before, we choose representative non-contractible loops Lx and Ly lying parallel to the x-

and y-axis, respectively, such as those in Fig. 3.6. However, unlike the case with no singular

vertices, the choice of Lx and Ly matters. For example, the sign σ̂(Lx) changes if Lx is

shifted across a singular vertex. Likewise the sign of ση(L
x) changes if Lx is shifted across a

singular vertex. Therefore, to remove the ambiguity, we define the {0, 1} valued αx and αy
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by:

(−1)αx ≡ σ̂(Lx)/ση(L
x) (3.107)

(−1)αy ≡ σ̂(Ly)/ση(L
y) (3.108)

(−1)αx+αy+1 = σ̂(Lx + Ly)/ση(L
x + Ly). (3.109)

We emphasize that the expressions above are independent of the particular choice of repre-

sentative non-contractible loops Lx and Ly, using Eqs. (3.91) and (3.96).

We now only need to reproduce the signs on the left side of Eqs. (3.107), (3.108), and

(3.109) for non-contractible loops using the MPO generated by W and G. A superposition

of operators that yields these signs from contracting bosonic legs is:

1

2
(−1)αxαy

(
1 + (−1)αy

∏
e

Zηx

e + (−1)αx
∏
e

Zηy

e + (−1)αx+αy
∏
e

Zηxy

e

)
. (3.110)

It can be shown that this operator is generated by W and G with the components of G given

by:

Gab =
1

2
(−1)(αy+a)(αx+b). (3.111)

For the special case of the triangulation in Fig. 3.9, αx = αy = 1 and Eq. (3.111) gives Gab =

1
2
(−1)(a+1)(b+1), which matches our previous result. Given the spin structure in Fig. 3.13,

αx = αy = 0. Thus, in this case, to capture the Koszul signs from non-contractible loops,

the components of G should be Gab = 1
2
(−1)ab.

Higher genus manifolds

We briefly describe how our results can be extended to higher genus manifolds. We exploit the

fact that any 2D oriented manifold M with genus g is topologically equivalent to a manifold

constructed from the connected sum # of a sphere with g torii: M ' S2#T 2# · · ·#T 2.
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Figure 3.11: A cocycle on a genus g manifold is cohomologous to a Z2 sum of cocycles on
the component torii. The non-trivial cocycles on independent torii on the right hand side
have a trivial intersection number.

Figure 3.12: MPOs generated by W and G are inserted on each component torii. The G
tensor may differ between the torii.
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Furthermore, given a decomposition of M into a connected sum of a sphere and torii, any

cocycle C can be written as:

C =

g∑
j=1

aj,xL
j,x +

g∑
j=1

aj,yL
j,y + δR. (3.112)

Here, Lj,x and Lj,y denote generators of the non-trivial cocycles around the jth torus in the

connected sum decomposition, and δR gives a trivial cococyle. According to Eq. (3.112),

any cocycle C is cohomologous to one of the form [see Fig. 3.11]:

g∑
j=1

aj,xL
j,x +

g∑
j=1

aj,yL
j,y. (3.113)

With this, we can now describe how to account for the Koszul signs from contraction

on a genus g manifold. As before, the Koszul signs from contractible loops can be taken

care of by making a choice of η and inserting Pauli Z operators along the edges in η. As

for non-trivial cocycles, we first decompose the cocycle as in Eq. (3.112). Then, we identify

the cohomologous cocycle given in Eq. (3.113), which differs by a trivial cocycle. (The

difference in the Koszul sign between the cohomologous cocycles is already accounted for by

the choice of η.) Using that the Koszul sign corresponds to a quadratic refinement of the

intersection pairing [Eq. (3.91)], the computation of the Koszul signs for a cocycle in the

form of Eq. (3.113) reduces to a computation of the Koszul signs for the loops Lj,x and Lj,y.

This is because loops belonging to different torii have trivial intersection number:

〈Lx,j, Lx,k〉 = 〈Lx,j, Lx,k〉 = 〈Lx,j, Lx,k〉 = 0 mod 2, (3.114)

for all j 6= k. Therefore, the problem is reduced to that of g independent arbitrarily trian-

gulated torii. The Koszul signs of non-contractible loops can be accounted for by inserting

MPOs generated by W and G as in Fig. 3.12. A similar strategy as in Section 3.4.4 can be

used to choose G at each intersection of the MPOs.
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Grading removal for the bosonized fPEPS

Now, we return to the original problem of writing bosonized fPEPS as bPEPS. To compute

the Koszul signs, we worked with a single layer of fermionic virtual legs, while a bosonized

fPEPS has both the state layer and TNO layer of fermionic virtual legs. Therefore, we need

to translate our results for accounting for Koszul signs back to the case of two layers of

virtual legs.

To simplify the calculation of the Koszul sign, we noticed that [Eq.(3.78)], with the chosen

ordering of the fermionic virtual legs, the pair of virtual legs |a)t|a′)s could be mapped to a

spinless fermionic degree of freedom and a spin-1/2 via the isomorphism:

|a)t|a′)s → |a+ a′)|a〉. (3.115)

Then, we worked only with the fermionic leg. Ultimately, we converted the fermionic legs

|a + a′) to bosonic legs |a + a′〉 with the addition of Z operators on certain edges. A Z

operator acting on |a + a′〉 correponds to acting with a parity operator on |a + a′) or the

operator Ps ⊗ Pt on |a)t|a′)s. Therefore, to replace the two layers of fermionic legs with two

layers of bosonic legs: |a)t|a′)s → |a〉t|a′〉s, we see that we need to apply operators Zt ⊗ Zs
at edges to account for Koszul signs.

In summary, we convert the two layers of fermionic legs (with the fixed internal ordering)

to bosonic legs. Then, we insert (Zt ⊗ Zs)ηe at every edge to account for the Koszul signs

from contractible loops. To account for the Koszul signs from non-contractible loops, we

modify the MPO so that W in Eq. (3.104) is: |0〉(It ⊗ Is)〈0|+ |1〉(Zt ⊗ Zs)〈1|.

3.4.5 Algorithm for bosonizing an fPEPS

The following gives an algorithm for bosonizing an fPEPS on a torus and writing it explicitly

as a bPEPS.

1. Given a triangulated 2D manifold with branching structure, determine the singular
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vertices. Singular vertices are those that are 1-vertices of 4m number of triangles. Pair

singular vertices along convenient paths. The edges along these paths are the elements

of η.

2. Construct the tensors Mf = F·T and M̄f = F̄·T̄. Rearrange the virtual indices to match

the order shown in Eq. (3.77). Remove the grading of the virtual indices of Mf , M̄f ,

and Bη. The resulting tensors are Mb, M̄b, and Bb, respectively.

3. Choose convenient generators of the non-contractible loops parallel to the x-axis and y-

axis, say Lx and Ly, and calculate (−1)αx = σ̂(Lx)/ση(L
x) and (−1)αy = σ̂(Ly)/ση(L

y).

Determine the tensor G using Eq. (3.111).

4. Insert factors of Zt⊗Zs on virtual legs corresponding to the edges in η. Insert tensors

W along convenient generators of non-contractible loops parallel to the x- and y-axes,

and glue the MPOs at their intersection with the G tensor calculated in the previous

step. Finally, contract Mb, M̄b, and Bb with the inserted factors of Zt ⊗ Zs and the

MPO generated by W and G.

3.4.6 Example of bosonizing an fPEPS

As an example, we bosonize the atomic insulator state |ψAI) on a 2D torus, triangulated

as shown in Fig. 3.13. The tensor network representation has a vacuum tensor everywhere:

T000 = 1, T̄000 = 1 and all other components zero.

Step 1: The singular vertices are 〈3〉, 〈7〉, 〈8〉 and 〈10〉. We pair them along the paths

shown in Fig. 3.13, so the spin structure η is η = {〈3, 4〉, 〈4, 7〉, 〈8, 10〉}.

Step 2: We compute the tensors Mf , M̄f , and Bη, order the legs according to Eq. (3.77), and



141

1 2

3

4

5

6

7

8

9 10 11

Z

Z

Z

G

Figure 3.13: Choice of spin structure η = {〈3, 4〉, 〈4, 7〉, 〈8, 10〉} and placement of the MPO
generated by W and G. The Zηe operators shown represent the (Zt ⊗ Zs)ηe-operators that
are inserted in the example of Section 3.4.6.

replace the fermionic legs with bosonic legs to obtain:

Mb =
∑
a,b,c

δa+b+c,0|c〉f01|0〉f ′01
|a〉f12|0〉f ′12

〈0|f ′02
〈b|f02

M̄b =
∑
a,b,c

δa+b+c,0|b〉f02|0〉f ′02
〈0|f ′12

〈a|f12〈0|f ′01
〈c|f01

Bb =
∑
a

Zηe
e |a〉e|a〉e〈a|e.

(3.116)

Step 3: We use Lx in the upper right corner of Fig. 3.6 to calculate:

(−1)αx = σ̂(Lx)/ση(L
x) = 1, (3.117)

and we use Ly in the lower left corner of Fig. 3.6 to calculate:

(−1)αy = σ̂(Ly)/ση(L
y) = 1. (3.118)
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αx = αy = 0, so G has components Gab = (−1)ab.

Step 4: We insert the operator (Zt ⊗ Zs)ηe at each edge and insert the MPO generated by

W and G as in Fig. 3.13. The state layer has only 0 indices, so the factors of Zs do not affect

the state. We freely remove all of the state layer indices. The factors of Zηe
t cancel with the

factor of Zηe
e in the definition of Bb in Eq. 3.116.

The result is a bPEPS generated by the tensors:

Mb =
∑
a,b

|a+ b〉f01|a〉f12〈b|f02

M̄b =
∑
a,b

|b〉f02〈a|f12〈a+ b|f01

Bb =
∑
a

|a〉e|a〉e〈a|e,

(3.119)

with the MPO generated by W and G inserted along the x- and y-axes (Fig. 3.13). The

bPEPS is in a ground state of Kitaev’s toric code Hamiltonian. One way to see this is to

notice that Mb and M̄b have the MPO symmetries:

Zf01Zf12Zf02·Mb = Mb

Zf01Zf12Zf02·M̄b = M̄b,
(3.120)

indicative of the toric code phase. Moreover, the symmetry implies that Mb and M̄b have an

even number of down spins. Since Bb copies the virtual legs to the physical leg, the ground

state is a superposition of all loops (on the dual lattice) of down spins. The tensor G dictates

the particular toric code ground state. For the branching structure in Fig. 3.13, the ground

state is an equal amplitude superposition of all loops (on the dual lattice) of down spins

acted on by the following operator:

1

2

(
1−

∏
e

Zηx

e −
∏
e

Zηy

e +
∏
e

Zηxy

)
. (3.121)
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While the example of an atomic insulator state is rather simple, we expect the algorithm to

extend naturally to more complicated problems.

3.5 Discussion

Tensor networks provide a powerful framework for studying quantum many-body systems.

Their simple parameterization allows for efficient numerical computations, and their dia-

grammatic representation elucidates the structure of entanglement in quantum states. More

abstractly, tensor networks provide a uniform language for discussing quantum many-body

systems. Here, we have extended the formalism of tensor networks to exact bosonization

dualities. In particular, we have constructed a TNO that implements the two dimensional

bosonization duality first discussed in Ref. [15]. Furthermore, our bosonization TNO can be

applied directly to fermionic tensor network states, thus defining bosonization at the level of

quantum states.

A critical step of our bosonization procedure is to express the bosonized state as an explicit

bosonic tensor network. To this end, we described how to account for Koszul signs accrued

in contracting fermionic tensor networks, and we constructed matrix product operators to

be placed along non-trivial cycles for this purpose. As a result, our bosonization duality

at the level of states can be applied to fermionic systems on arbitrary triangulations of 2D

manifolds without a boundary.

We would also like to emphasize that the calculation of Koszul signs in Section 3.4

has potential for applications outside of the bosonization of fPEPS. In fact, the calculation

applies to the contraction of any5 2D fPEPS generated by fermion parity even local tensors

and without fermionic physical legs. In particular, it may be useful for efficiently evaluating

the overlap between two fPEPS. Explicitly, one can use the technology developed in Section

3.4 to replace the fermionic virtual legs with bosonic virtual legs and account for the Koszul

signs. Notably, for a regular triangular lattice or square lattice, our results show that the

5Assuming the 2D fPEPS is defined on a triangulation of an orientable 2D manifold.
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fermionic virtual legs can freely be replaced with bosonic virtual legs as long as the MPO

generated by W and G is inserted before closing the tensor network on a manifold with

non-trivial genus.

Directions for future work include generalizing our bosonization duality, identifying tensor

network representations of wider classes of dualities, and utilizing the bosonization TNO to

study fermionic systems. A natural generalization is to develop a 3D bosonization duality

at the level of quantum states. Recently, [120] presented a bosonization duality in 3D, and

we expect that this duality admits a tensor network representation. Formulating a TNO

for the 3D duality might also make it clear how to bosonize in dimensions greater than

three. Another possible generalization is to extend our bosonization duality to manifolds

with boundaries.

It would be interesting to construct tensor network representations for other operator-

level dualities. Ref. [117] describes a duality for parafermionization in 2D, in which a sys-

tem of constrained spins is dual to a system of parafermions. Formulating a corresponding

TNO would require a careful understanding of paraspin-structure – a generalization of spin-

structure to parafermions. We also expect that recently developed dualities for gauging

subsytem symmetries can be naturally formulated in terms of tensor networks [121]. Fur-

ther, it would be nice to interpret the results of Ref. [122] using tensor networks.

We anticipate that our bosonization procedure will be useful for studying fermionic topo-

logical orders. Beginning with a fermionic tensor network state, one can apply the bosoniza-

tion procedure outlined in the text and subsequently analyze the topological order of the

bosonic state using the myriad of techniques developed to study bosonic topological orders.

In addition, MPO symmetries of the fermionic state can be tracked through the bosonization

procedure to obtain the MPO symmetries of the bosonic system.

Going the other direction, the Hermitian conjugate of the bosonization TNO can be

applied to a bosonic state to obtain a fermionic tensor network state. Two dimensional

(non-chiral) bosonic topological orders have been well studied using tensor networks, so we

can use the known tensor network representations of fixed point states to construct fixed point
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states for fermionic topological phases. Furthermore, the MPO symmetries of the bosonic

system descend to MPO symmetries of the fermionic system. While fixed point states for

intrinsic fermionic topological orders and fermionic symmetry protected topological phases

were identified in Refs. [115,116], our bosonization procedure gives a means for constructing

and studying fixed point states for fermionic symmetry-enriched topological orders as well.

Appendices

3.A Z2-graded tensor representation of Majorana operators

In this appendix, we show that the tensors introduced in section 3.2 and rewritten here:

e e
γ =

∑
a

|a+ 1)e(a|e (3.122)

e e
γ̄ =

∑
a

(−1)ai|a+ 1)e(a|e, (3.123)

are indeed good representations of Majorana operators. To do so, we explicitly show that the

algebraic relations of the Majorana tensors match those of the Majorana operators introduced

in section 3.2.4.

We begin by analyzing the algebra at a single site e. To this end, we apply the Majorana

tensors to an arbitrary state A at site e:

e A ≡
∑
a

Aa|a)e. (3.124)

According to section 3.2.4, at site e, γ2
e = γ̄2

e = 1. Applying a single γ tensor to A, we find:

Ae
γ ≡

∑
b

|b+ 1)e(b|Ce
∑
a

Aa|a)Ce =
∑
a

Aa|a+ 1)e. (3.125)
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Then, acting with another γ on γA gives:

Ae
γ γ
2 1

≡
∑
b

|b+ 1)e(b|Ce
∑
a

Aa|a+ 1)Ce =
∑
a

Aa|a)e. (3.126)

Since A was arbitrary, we see that γ contracted in succession with another γ acts as the

identity. The relation γ̄2
e = 1, can be shown similarly.

Next, we show that the relation γ̄eγe = −γeγ̄e is represented by the Majorana tensors.

γ̄γA is:

Ae
γ̄ γ
2 1

≡
∑
c

(−1)ci|c+ 1)e(c|C2e
∑
b

|b+ 1)C2e (b|C1e
∑
a

Aa|a)C1e = −
∑
a

(−1)ai|a)e,

(3.127)

while γγ̄A is:

Ae
γ γ̄
2 1

≡
∑
b

|b+ 1)e(b|C2e
∑
c

(−1)ci|c+ 1)C2e (c|C1e
∑
a

Aa|a)C1e =
∑
a

(−1)ai|a)e.

(3.128)

Comparing (3.127) and (3.128), we see that the tensors γ and γ̄ capture the relation γeγ̄e =

−γ̄eγe. It is important to note that in going from (3.127) to (3.128), the contractions are

different. The difference in sign is not simply due to the odd grading of γ and γ̄.

Now, we consider the algebraic relations of Majorana operators at different sites. Majo-

rana operators acting at different sites anti-commute, so we must show that switching the

order of contraction, for Majorana tensors applied to different legs yields a sign. This prop-

erty follows from the odd grading of the Majorana tensors. We write an arbitrary state |ψ)

with N two dimensional fermionic site Hilbert spaces as:

|ψ)

=
∑

a1,...,aN

Ψa1,...,aN |a1)e1 . . . |aN)eN . (3.129)
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First acting with γ at site ej and second acting with γ at site ei, we have:

|ψ)

γi 2 γj 1 (3.130)

≡
(∑

c

|c+ 1)ei(c|C2ei
)(∑

b

|b+ 1)ej(b|C1ej
) ∑

a1,...,aN

Ψa1,...,aN |a1)e1 . . . |ai)C1ei . . . |aj)C2ej . . . |aN)eN

(3.131)

=
∑

a1,...,aN

Ψ′a1,...,aN
|a1)e1 . . .

(∑
c

|c+ 1)ei(c|C2ei
)
|ai)C2ei . . .

(∑
b

|b+ 1)ej(b|C1ej
)
|aj)C1ej . . . |aN)eN

(3.132)

=
∑

a1,...,aN

Ψ′a1,...,aN
|a1)e1 . . .

(∑
c

|c+ 1)ei(c|C1ei
)
|ai)C1ei . . .

(∑
b

|b+ 1)ej(b|C2ej
)
|aj)C2ej . . . |aN)eN

(3.133)

=

(∑
c

|c+ 1)ei(c|C1ei
)(∑

b

|b+ 1)ej(b|C2ej
) ∑

a1,...,aN

Ψa1,...,aN |a1)e1 . . . |ai)C1ei . . . |aj)C2ej . . . |aN)eN

(3.134)

= −
(∑

b

|b+ 1)ej(b|C2ej
)(∑

c

|c+ 1)ei(c|C1ei
) ∑

a1,...,aN

Ψa1,...,aN |a1)e1 . . . |ai)C1ei . . . |aj)C2ej . . . |aN)eN

(3.135)

= −
|ψ)

γi 1 γj 2 (3.136)

In (3.132), we have absorbed the signs from moving the Majorana tensors past odd vectors

into the coefficient Ψ′. After moving the Majorana tensors, the ordering of the contractions

are switched [line (3.133)]. Lastly, we have moved the Majorana tensors to the left and

interchanged their order [(3.134) and (3.135)]. The contraction C1 is then to the right of C2,

and we can read line (3.135) as first a γ acts on site ei then a γ acts on site ej. We thus

have that γ tensors acting on different sites anti-commute. Looking at (3.130) and (3.135),
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we see that the difference in sign is purely a consequence of the odd parity of γ. Indeed,

more generally, γ tensors acting on different legs of an arbitrary tensor will anti-commute.

An analogous calculation for γ̄ tensors or a mixture of γ and γ̄ tensors shows that they

anti-commute when acting on different legs.

3.B Calculation of the Koszul sign for a single loop

Here, we provide a proof of Prop. 4. We choose an arbitrary edge of the loop L to be e0

and label the jth edge of the path as ej. Starting with the triangle following e0, along the

orientation of L, we denote the jth triangle on the path as f j. For each triangle f j, we

have a specific basis tensor QL
fj from the set Q[f ] or Q̄[f ] [see Eq. (3.80)] depending on the

orientation of f j. The sign to be calculated is then:

σ̂(L) = tr
[
QL
f0·QL

f1· . . . ·QL
fn

]
. (3.137)

As already mentioned, there are six possible ways for the loop to cross a triangle. We list

the six possible crossings of a positive triangle and its associated basis tensors QL
f (ignoring

legs with even parity):

ej ej+1 ≡|1)ej |1)ej+1 = −i|1)ej
[
i|1)ej+1

]
,

ej+1 ej ≡− |1)ej |1)ej+1 = i|1)ej
[
i|1)ej+1

]

ej

ej+1 ≡|1)ej+1(1|ej =
[
i(1|ej

][
i|1)ej+1

]
,
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ej+1

ej ≡|1)ej(1|ej+1

ej

ej+1 ≡|1)ej+1(1|ej =
[
i(1|ej

][
i|1)ej+1

]

ej+1

ej ≡|1)ej(1|ej+1 . (3.138)

The blue arrows denote the loop L, which enters at edge ej and exists from edge ej+1. Notice

that when the loop goes around a 0-vertex or a 2-vertex (bottom four pictures), both edges

point to the same side of L, but when the loop goes around a 1-vertex (top two pictures),

a right-left transition of edge directions occurs. The relation between the diagrams and the

tensors can be summarized as follows:

(i) Edges ej pointing to the right of L contribute (1|ej to the tensor QL
fj−1 and |1)ej to the

tensor QL
fj .

(ii) Edges ej pointing to the left of L contribute i|1)ej to the tensor QL
fj−1 and i(1|ej to the

tensor QL
fj .

(iii) If fL is an 1-vertex, then we accrue an additional phase iδfL∈l̄L i−δfL∈r̄L , where δfL∈l̄L = 1

if fL ∈ l̄L and δfL∈l̄L = 0 otherwise. δfL∈r̄L is defined similarly. Therefore, if fL is a

1-vertex, we accrue a phase i, if it lies to the left of L or a phase −i, if it lies to the

right of L.

Negatively oriented triangles also have 6 possible crossings. It can be checked that the

same rules as in (i)-(iii) above apply to negative triangles. For example, consider the following
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crossing on a negative triangle:

ej ej+1

≡ (1|ej+1(1|ej , (3.139)

where the RHS is an element of (3.80) (ignoring even parity legs). Now, we verify that

the rules (i)-(iii) yield the RHS of Eq. (3.139). Rule (ii) implies ej contributes i(1|ej , rule

(i) implies edge ej+1 contributes (1|ej+1 , and finally, rule (iii) implies that the fL vertex

contributes an i phase. Putting it together, we get the tensor i(1|ej(1|ej+1i = (1|ej+1(1|ej ,
which is indeed the RHS of Eq. (3.139). The other five cases of crossing across negatively

oriented triangles can be checked similarly.

With this, we calculate the sign in Eq. (3.137). We consider the contraction of tensors

QL
fj−1 and QL

fj at the edge ej. If ej points to the the right of L, then, according to rule (i),

QL
fj−1 has (1|ej and QL

fj has |1)ej . No Koszul sign is produced in contraction at ej because

(1|ej ·|1)ej = 1. Similarly, if ej points to the the left of L, then, according to rule (ii), QL
fj−1

has i|1)ej and QL
fj has i(1|ej , and again no Koszul sign is produced: i|1)ej ·i(1|ej = 1. The

remaining sources of signs are triangles that contribute a sign iδfL∈l̄L i−δfL∈r̄L according to

rule (iii), and the overall −1 supertrace sign that comes from contracting the first and last

indices in Eq. (3.137). Therefore, the total sign is:

σ̂(L) = −
∏
fL

iδfL∈l̄L i−δfL∈r̄L = −i(n(l̄L)−n(r̄L)) = −(−1)
1
2
(n(l̄L)−n(r̄L)). (3.140)

Note that σ̂(C) is always ±1, because the total number of transition points n(l̄L) + n(r̄L)

has to be even. This implies n(l̄L)− n(r̄L) is even as well.
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⇑
Figure 3.14: The bosonization duality is a map from a fermionic system to a bosonic system.
In the fermionic system there is a spinless complex fermion degree of freedom (red circles)
at each edge e. In the bosonic system there is a spin-1/2 at each vertex v.

3.C Tensor Network Bosonization in 1D

For completeness, we give a detailed description of the TNO representation of bosonization

in 1D. To start, we present 1D bosonization as a map of local fermionic operators to local

bosonic operators.

3.C.1 Review of 1D bosonization

On the fermionic side of the duality, we consider a one dimensional lattice with a spinless

complex fermion at each edge, as pictured in Fig. 3.14. The complex fermion at edge e may

be described using the familiar fermionic creation and annihilation operators: c†e, ce. These

generate the full fermionic operator algebra at e. However, it will be convenient to instead

work with Majorana operators, γe, γ̄e, as discussed in section 3.2.4.

To ensure the bosonization duality maps local operators to local operators, we define

the duality on a subset of the full fermionic operator algebra - the subalgebra of fermion

parity even operators E . The fermion parity even operators are those that commute with

the global fermion parity operator
∏

e Pe, where Pe is the fermion parity at the edge e. E
can be generated by two types of operators: fermion parity Pe at each edge and the hopping

operators Sv at each vertex v. The hopping operators transfer fermion parity between edges
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and are defined by:

Sv ≡ iγLv γ̄Rv , (3.141)

with Lv and Rv the edge to the left and right of vertex v, respectively. The hopping operators

are mutually commuting and commute with all parity operators besides the neighboring two,

i.e.:

SvPe =(−1)δv⊂ePeSv, (3.142)

where δv⊂e = 1 if vertex v is at one of the endpoints of the edge e and δv⊂e = 0 otherwise.

With open boundary conditions, the set of fermion parity operators and hopping operators

are independent. However on a closed manifold they satisfy the relation:

∏
v

Sv
∏
e

Pe = −1 (3.143)

On the bosonic side of the duality we have a spin-1/2 at each vertex (see Fig. 3.14). The

operator algebra of the spin-1/2 at vertex v can be generated by the Pauli operators: Xv,

Zv. Thus, the set of Xv and Zv for all vertices generates the full bosonic operator algebra,

which we denote as A.

We now define the duality map D : E → A on the generators of E :

D(Pe) =Ze0Ze1

D(Sv) =Xv. (3.144)

where e0 and e1 denote the vertices at the endpoints of e such that e points from e0 to e1

(Fig. 3.14). D is an injective homomorphism from E to A so that for A1, A2 ∈ E :

D(A1 + A2) =D(A1) + D(A2)
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Figure 3.15: Diagrammatic representation of the symmetries of F (first line) and B (second
line) written algebraically in Eqs. (3.152a) and (3.152b).

D(A1A2) =D(A1)D(A2). (3.145)

One can check that D preserves the commutation relations in (3.142).

Note that the bosonization duality in Eq. (3.144) is not the usual Jordan-Wigner trans-

formation, defined, for example, in Ref. [123]. D is instead the composition of the familiar

Jordan-Wigner transformation (restricted to E) with the Kramers-Wannier duality. We have

chosen the duality D to define bosonization, because it is locality preserving and more nat-

urally relates to the 2D bosonization in section 3.3.

To translate the operator duality defined in (3.144) to a TNO, we employ the formalism

of Z2-graded Hilbert spaces and graded tensor products.

3.C.2 TNO representation of the duality

We now give a tensor network operator (TNO) representation D of the bosonization duality

D in Eq. (3.144). We begin with the following TNO ansatz:

D = F F

e
FB

e1

B

e0

. (3.146)
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For now, we leave the boundary conditions of D unspecified – they will enter the construction

later.

D is constructed by gluing together two kinds of local tensors, F (triangular nodes) and

B (circular nodes), as pictured in (3.146). An F tensor is placed at each edge e and is

represented as follows:

e1 e0

e

F ≡
∑
j,a,b

F j
a,b|a)e1(j|e(b|e0 . (3.147)

At each vertex v, we place a tensor B:

v v

v

B

≡
∑
j,a,b

Bj
a,b|a)v|j〉v(b|v. (3.148)

Notice that in Eq. (3.147), we have three distinct Hilbert spaces labeled by the same site –

one fermionic space (to which |a)v belongs), one dual fermionic space (to which (a|v belongs)

and one bosonic space (to which |j〉v belongs).

To implement the duality map D of Eq. (3.144), we need to choose tensors F and B such

that the following relations hold for all even operators A ∈ E :

D·A = D(A)·D, (3.149)

or diagrammatically:

A

=
D(A)

. (3.150)

Note that, we need only show that the relations are satisfied for Pe and Sv – the generators
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of E . That is, we need to show that:

D·Pe = D(Pe)·D = Ze0Ze1·D (3.151a)

D·Sv = D(Sv)·D = Xv·D. (3.151b)

We can look at these constraints as symmetries of the tensor D, which can be reduced

to symmetries of local tensors F and B. We claim that D satisfies (3.151a) and (3.151b) if F

and B have the following symmetries:

F = Pe1·F·Pe0·Pe = F·iγe·γ̄e0 = γ̄e1·F·γ̄e (3.152a)

B = Pv·B·Pv = Zv·B·Pv = γ̄v·Xv·B. (3.152b)

These symmetries are represented graphically in Fig. 3.15.

Using the diagrammatic representation of the symmetries, we can illustrate that D obeys

(3.151a) and (3.151b). By successive applications of the symmetries in Fig. 3.15, we have:

D·Pe =

Pe

= P P

=
Ze1 Ze0

= Ze1Ze0·D.

(3.153)
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Similarly, for the hopping operator, we have:

D·Sv =D·iγLv γ̄Rv

=

iγLv γ̄Rv
2 1

= γ̄ γ̄
12

=
Xv

= Xv·D.

(3.154)

Hence, D is a good representation of the operator duality D.

Furthermore, we can use the symmetries of F and B to compute their explicit component

form. Notice that the three symmetries of F are independent, commute with each other,

and square to the identity. Thus, they generate a Z3
2 = Z2 × Z2 × Z2 symmetry group.

Similarly, the three symmetries of B form a Z3
2 group. Since both tensors are vectors in

a 23 = 8 dimensional Hilbert space, the symmetries fix the tensors completely (up to a

normalization). The explicit tensors can then be calculated by projecting the vaccuum

tensor onto the symmetric subspace:

F ∝
∑
a,b,c

(γ̄e1 γ̄e)
a(iγe)

bP c
e1
|0)e1(0|e(0|e0P c

eP
c
e0
γbe0 =

∑
a,b

|a)e1(a+ b|e(b|e0 . (3.155)

Applying the same strategy to compute B, we find:

B ∝
∑
a

|a)v|a〉v(a|v. (3.156)

Thus far, we have constructed a TNO that implements a map of local operators to local
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operators. In the next subsection, we will illustrate one of the key advantages of the TNO

representation of the bosonization duality. That is, we will see that D may be applied to

fermionic tensor network states to map them to bosonic tensor network states.

3.D Bosonization of fermionic matrix product states

We now show that certain fermionic matrix product states (fMPS) can be directly bosonized

using the bosonization TNO, D, defined in the previous subsection. In particular, we will

describe the bosonization procedure for fMPS of the form:

|ψ) =
T T T T Oψ

, (3.157)

where T is a fermion parity even tensor and Oψ is an operator with definite parity. Oψ is

inserted before closing the fermionic matrix product state to dictate the parity of the state

and the boundary conditions. We will use vertical dash-dotted lines to denote closing the

boundary (or taking the trace, algebraically). Unless otherwise stated, we assume the Hilbert

spaces are two dimensional. Algebraically, |ψ) can be written as:

|ψ) =
∑

j0,...,jN

tr
[
T j0T j1 . . . T jNOψ

]
|j0)e0|j1)e1 . . . |jN)eN , (3.158)

where ek denotes the edge connecting the k − 1 vertex and the k vertex. The first step in

bosonizing |ψ) is to close D with an operator OD:

OD
. (3.159)

As we will show now, the choice of OD determines both the subspace of the fermionic Hilbert

space mapped non-trivially by the duality as well as the subspace of the bosonic Hilbert

space in the image of the duality.
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3.D.1 Boundary conditions in 1D

Here, we discuss how the choice of OD affects the duality. With OD parameterized as OD =

(−iγ̄)αP β and α, β ∈ {0, 1}, we will show that α determines the parity of the fermionic

states that are mapped to non-trivial bosonic states and β dictates the image of the duality.

Specifically, for α = 0(1), the subspace of states with even (odd) parity are mapped to the

subspace of bosonic states invariant under the operator (−1)β+1
∏

vXv.

To begin, we note that the choice of OD does not affect the duality away from the

boundary. Away from the boundary, the graphical calculation in (3.153) and (3.154) is

unchanged by the choice of OD. For a chain with N +1 sites, we constrain OD by considering

the image of the fermion parity operator Pe0 and the hopping operator SN . (Recall that we

have defined ek as the edge connecting vertices k − 1 and k, so e0 connects 0 and N .) We

will also require that, similar to the case away from the boundary, D maps local operators

near the boundary to local operators.

Now, we consider acting on Pe0 with D. The diagrammatic calculation yields:

D·P =

Pe0

OD
= PODP

ZN Z0

= ZNZ0·D′. (3.160)

Note that the operator ZN is required to ensure that the commutation relations between Pe0

and SN are preserved by the duality. In the last line of (3.160), D′ is the same as D but with

OD replaced by PODP . The bosonization TNO should be left unmodified, so we require that

D′ ∝ D. This means that PODP = cOD for some c ∈ C, and we have:

D = D·P 2
e0 = c2D. (3.161)

Therefore, c must be ±1, or PODP = ±OD. We then see that OD must have definite fermion
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parity, so it can be parameterized as OD = (−iγ̄)αP β with α, β ∈ {0, 1}.

Next, we act on the hopping operator SN with D:

D·SN = D·iγeN γ̄e0 =(−1)|OD|
OD

iγeN γ̄e02 1

= ODγ̄ODγ̄

(−1)|OD|XN

= (−1)|OD|XN ·D′′.

(3.162)

The factor of (−1)|OD| is a consequence of moving iγeN past OD. In the last line of (3.162),

D′′ is the same as D except with OD replaced by γ̄ODγ̄. To obtain a relation as in (3.149),

we require that D′′ ∝ D. Assuming γ̄ODγ̄ = aOD for a ∈ C, we obtain:

D = D·S2
N = a2D, (3.163)

and thus, a = ±1.

We are now able to discuss the affect of OD on the mapping of states. We define Dαβ

to be the TNO formed by closing D with OD parameterized by OD = (−iγ̄)α(P )β. Then,

(3.160) and (3.162) are summarized by:

Dαβ·Pe0 =(−1)αZNZ0·Dαβ (3.164)

Dαβ·SN =(−1)α+βXN ·Dαβ. (3.165)
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Acting on global fermion parity with Dαβ, we find:

Dαβ·
∏
e

Pe = (−1)α

(∏
e

Ze0Ze1

)
·Dαβ = (−1)αDαβ. (3.166)

This implies that Dαβ maps fermionic states |ψ) with |ψ| 6= α to zero. Explicitly, we have:

Dαβ|ψ) = (−1)|ψ|Dαβ·
∏
e

Pe|ψ) = (−1)|ψ|+αDαβ|ψ). (3.167)

Therefore, Dαβ|ψ) = 0 whenever |ψ| 6= α. To bosonize an even state, α should be equal to

0, and accordingly, OD is proportional to I or P . For an odd state, one should use α = 1, in

which case, OD is proportional to −iγ̄ or γ.

To understand the role of the β parameter, we act on Dαβ with
∏

vXv:

∏
v

Xv·Dαβ = (−1)α+βDαβ·
∏
v

Sv. (3.168)

Now we use a global relation of the fermionic operator algebra. It can be checked that:

∏
v

Sv = −
∏
e

Pe. (3.169)

Hence, continuing the calculation from (3.168):

∏
v

Xv·Dαβ = (−1)α+β+1Dαβ·
∏
e

Pe = (−1)β+1Dαβ. (3.170)

This means that the duality maps a fermionic state |ψ) to the (−1)β+1 eigenspace of
∏

vXv,

as can be seen from the following:

∏
v

Xv·Dαβ|ψ) = (−1)β+1Dαβ|ψ). (3.171)

We have thus shown that OD can be parameterized by OD = (−iγ̄)αP β with α, β ∈ {0, 1},
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and that D closed with OD gives a map from the (−1)α eigenspace of
∏

e Pe to the (−1)β+1

eigenspace of
∏

vXv.

3.D.2 Converting virtual indices to bosonic indices

The second step is to contract D with |ψ) to form |ψbos〉:

|ψbos〉 =

Oψ

OD . (3.172)

We can then see that |ψbos〉 is built from the local tensors Mf ≡ T·F·B:

e′1 e′0

e1 e0

e0

, (3.173)

and the tensor network is closed with the operator Of ≡ OψOD:

N N

N ′ N ′
Of

≡
Oψ

OD
. (3.174)

The state |ψbos〉 formed by contracting together Mf and closing with Of is indeed a bosonic

state. However, it is not manifestly a bosonic matrix product state (bMPS), since the virtual

legs may have nontrivial grading.

In the third and final step of the bosonization procedure, we write |ψbos〉 as a bonafide

bMPS – constructed from a local tensor with bosonic virtual legs. As suggested in section

3.4.2, we do so by choosing a particular internal ordering of the virtual legs of Mf and Of , in

which they become convertible to bosonic indices. We start by writing Mf and Of in tensor
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Mf Mf Mf Of
= Mb Mb Mb Ob Z

Z

Figure 3.16: With the internal ordering chosen in (3.176) and (3.178), the virtual legs of Mf

and Of can be replaced with un-graded virtual legs. The supertrace sign produced between
the first and last indices on both layers is accounted for by inserting the operator ZN ⊗ ZN ′
before closing the state generated by Mb and Ob.

component form. In tensor component form, a generic Mf is:

Mf =
∑

j,a′,a,
b,b′

=0

(Mf )
j
aa′,b′b|a′)e′1|a)e1|j〉e0(b|e0(b′|e′0 , (3.175)

where the components of Mf can of course be expressed in terms of the components of F, B,

and T. Note that we have chosen a specific ordering of the vectors in Mf . Schematically, the

vectors are ordered as:

(i) (v)

(ii) (iv)

(iii)

. (3.176)

Next, we write a generic Of in tensor component form:

Of =
∑

a′,b′,a,b

(Of )a′,b′,a,b|a′)N ′|a)N(b|N(b′|N ′ , (3.177)

where we have intentionally ordered the graded vectors according to the diagram:

(ii) (iii)

(i) (iv)
Of

. (3.178)

It may be checked that with the special choices of ordering in (3.176), we do not produce
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any Koszul signs while contracting the Mf with each other. Therefore, as suggested in section

(3.4.2), we can simply replace all fermionic virtual legs shared by two Mf tensors with bosonic

legs. Similarly, with the choice of ordering in (3.178), no sign is produced in the contraction

of Mf with Of , so their common indices can also be replaced with bosonic indices. However,

a Koszul sign is produced in the trace operation (contraction of first and last indices) due

to the supertrace phase [see (3.7)]. However, these indices are convertible to bosonic indices

with (ZN ⊗ ZN ′)-insertion (see section 3.4.2). That is, we can replace them with bosonic

indices as long as we insert an operator ZN ⊗ZN ′ (one Z on each of the two virtual indices)

before closing the MPS.

We denote the bosonic tensor obtained by replacing the fermionic virtual legs of Mf as

Mb, and similarly, we denote the bosonic tensor obtained by replacing the fermionic virtual

legs of Of as Ob. Then, the state generated by Mf and Of and the state generated by Mb

with Ob and ZN ⊗ ZN ′ is the same state (see Fig. 3.16). It is convenient to further absorb

the Z factors into the definition of Ob. With this, the bMPS is generated by the tensors:

Mb =
∑

j,a′,a
,b,b′

=0

(Mf )
j
aa′,b′b|a′〉e′0|a〉e0|j〉e1〈b|e1〈b

′|e′1 (3.179)

Ob =
∑

a′,b′,a,b

(Of )a′,b′,a,b(−1)b+b
′ |a′〉N ′ |a〉N〈b|N〈b′|N ′ , (3.180)

where the phase (−1)b+b
′

comes from the application of ZN ⊗ZN ′ . Now, contracting Mb and

closing the tensor network with the bosonic tensor Ob yields |ψbos〉, and in this way, |ψbos〉
is expressly a bMPS. Thus, we have successfully mapped the fMPS |ψ) to the bMPS |ψbos〉.

In summary, bosonization of a fMPS defined by a tensor T and operator Oψ as in Eq.

(3.158) proceeds in three steps.

1. Choose an operator OD = (−iγ̄)αP β with α, β ∈ {0, 1} with which to close the

bosonization TNO.

2. Construct Mf by contracting T, F, and B. Form Of by combining Oψ and OD.
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3. Rearrange the vectors in Mf and Of to match the ordering in (3.176) and (3.178),

respectively. Form Mb and Ob from Mf and Of by taking the graded vectors to have

trivial grading and modifying the components (Of )a′,b′,a,b of Of by (−1)b+b
′

to account

for the supertrace.

In the next subsection, we provide explicit examples of the tensor network bosonization steps

above.

3.D.3 Examples

We will illustrate the tensor network bosonization procedure of the previous section on two

examples – a trivial atomic insulating state and the nontrivial ground state of the Kitaev

chain. To motivate the TNO duality, we also analyze the examples at the operator level

using the duality of section 3.C.1.

Example 1: The trivial atomic insulating state is the ground state of the Hamiltonian

Htriv = −∑e Pe. It has zero fermion occupancy at each site and can be expressed in the

form:

|ψtriv) =
∑

j0,...,jN

tr
[
T j0 . . . T jNOψ

]
|j1)e0 . . . |jN)eN . (3.181)

with T being the trivial tensor:

e1 e0
T

e
= |0)e1|0)e(0|e0 , (3.182)

and Oψ equal to the parity operator P .

Using the 1D operator duality in section 3.C.1 [Eq. (3.144)], we see that Htriv is mapped

to the spontaneous symmetry breaking Hamiltonian HSSB = −∑e Ze1Ze0 . In accordance,

we will see that the bosonization TNO maps the ground state of Htriv to a ground state of

HSSB.
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The first step of the tensor network bosonization procedure is to choose an operator OD

with which to close the bosonization TNO. For simplicity, let us choose OD to be fermion

parity P . This choice of OD gives a map from the set of fermion parity even states to the

set of states symmetric under
∏

vXv (Appendix 3.D.1).

Next, we construct the tensor Mf and the operator Of . Mf is obtained by contracting T,

F, and B as in (3.173):

Mf = T·F·B = |0)e′1|0)C1e′ (0|e′0
∑
a,b

|a)e1(a+ b|C1e (b|C2e0
∑
c

|c)C2e0 |c〉e0(c|e0

=
∑
a

|0)e′1(0|e′0|a)e1 |a〉e0(a|e0 =
∑
a

|0)e′1|a)e1|a〉e0(a|e0(0|e′0 ,
(3.183)

and Of is simply

Of =

(∑
b′

(−1)b
′ |b′)N ′(b′|0′

)(∑
b

(−1)b|b)N(b|0
)
. (3.184)

Then, we rearrange the order of the graded vectors in Mf and Of according to (3.176)

and (3.178). In the final step of the tensor network bosonization procedure, we construct Mb

and Ob by removing the grading and appropriately accounting for the supertrace. Following

these steps, Mb is:

Mb =
∑
a

|0〉e′0|a〉e0|a〉e1〈a|e1〈0|e′1 , (3.185)

and re-ordering the vectors of Of and accounting for the supertrace gives:

Ob =
∑
b′,b

|b′〉e′0 |b〉e0〈b|e1〈b
′|e′1 . (3.186)

The bosonized state is constructed by gluing together Mb and closing the tensor network

with Ob. To see that Mb generates the ground state of HSSB, we first notice that, for Mb in

Eq. (3.185), the e′0 and e′1 indices do not affect the bosonized state. Therefore, Mb and Ob
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can be reduced to:

M̃b =
∑
a

|a〉e0|a〉e1〈a|e1 (3.187)

Õb =
∑
b

|b〉e0〈b|e1 . (3.188)

M̃b generates the state:

|ψbos〉 = |00 . . .〉+ |11 . . .〉, (3.189)

which is the ground state of HSSB. Therefore, Mb also generates the ground state of HSSB.

Example 2: Now, we turn to the example of the non-trivial ground state |ψK) of the

Kitaev chain. |ψK) is the ground state of the Hamiltonian HK = −∑v Sv, and it can be

written as a fMPS with [115]:

T =
∑
a,b

(−1)a(a+b)|a)e′1 |a+ b)e(b|e′0 , (3.190)

and Oψ = −iγ̄.

The operator duality D maps HK to the paramagnet Hamiltonian Hpara = −∑vXv,

so the bosonization TNO should transform |ψK) to the paramagnet ground state |ψpara) =

|+ + . . .〉, where |+〉 = 1√
2

(|0〉+ |1〉).

Following the three steps outlined in the previous section, we first choose OD. Since Oψ

is fermion parity odd, we choose OD = (−iγ̄)P = γ. First, we compute Mf by contracting
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T, F, and B:

Mf =T·F·B

=

[∑
a′,b′

(−1)|b
′|(|a′|+|b′|)|a′)e′0|a

′ + b′)C1e′ (b
′|e′1

][∑
a,b

|a)e0(a+ b|C1e (b|C2e1

][∑
c

|c)C2e1 |c〉e1(c|e1

]

=
∑

a,b,a′,b′

(−1)(b′+b)(a′+b′)δa+b,a′+b′ |a′)e′0|a)e0|b〉e1(b|e1(b′|e′1

Next, we remove the grading of the vectors in Mf and Of = −iγ̄ and account for the supertrace

to form Mb and Ob:

Mb =
∑
a,b
a′,b′

(−1)(a′+b)(a′+b′)δa+b,a′+b′|a′〉e′0|a〉e0|b〉e1〈b|e1〈b
′|e′1 (3.191)

Ob =
∑
b,b′

(−1)b+b
′ |b′〉N ′ |b〉N〈b+ 1|0〈b′ + 1|0′ . (3.192)

Explicitly, we have:

Mb =
(
|00〉 − |11〉

)(
|0〉〈00| − |1〉〈11|

)
+
(
|10〉+ |01〉

)(
|0〉〈10|+ |1〉〈01|

)
(3.193)

Ob = |00〉〈11|+ |11〉〈00| − |01〉〈10| − |10〉〈01|. (3.194)

Defining |v0〉 = |00〉 − |11〉 and |v1〉 = |10〉 + |01〉 and the corresponding projectors:

Pj = |vj〉〈vj|, j = 0, 1, then Mb satisfies MbPj = PjMbPj. The boundary operator also

satisfies PjOb = PjObPj. Thus, there are two canonical blocks:

PjMbPj = |vj〉(|+〉)〈vj| j = 0, 1

〈vj|Ob|vj〉 = −1, (3.195)

where |+〉 = |0〉+ |1〉. Both blocks give the same state: −|+〉⊗N .
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Chapter 4

DISENTANGLING INTERACTING FERMIONIC SPT
PHASES IN TWO DIMENSIONS

This chapter is based on:

Tyler D. Ellison and Lukasz Fidkowski. Disentangling interacting symmetry-protected

phases of fermions in two dimensions. Phys. Rev. X, 9:011016, Jan 2019.

We construct fixed point lattice models for group supercohomology symmetry protected

topological (SPT) phases of fermions in 2 + 1D. A key feature of our approach is to con-

struct finite depth circuits of local unitaries that explicitly build the ground states from a

tensor product state. We then recover the classification of fermionic SPT phases, including

the group structure under stacking, from the algebraic composition rules of these circuits.

Furthermore, we show that the circuits are symmetric, implying that the group supercoho-

mology phases can be many body localized. Our strategy involves first building an auxiliary

bosonic model, and then fermionizing it using the duality of Ref. [15]. One benefit of this

approach is that it clearly disentangles the role of the algebraic group supercohomology data,

which is used to build the auxiliary bosonic model, from that of the spin structure, which

is combinatorially encoded in the lattice and enters only in the fermionization step. In par-

ticular this allows us to study our models on 2d spatial manifolds of any topology, and to

define a lattice-level procedure for ungauging fermion parity.

4.1 Introduction

A major goal in understanding symmetry protected topological (SPT) phases is their clas-

sification, i.e. the identification and enumeration of the possible phases. Essential to a

classification scheme is the construction of microscopic models for each phase, as well as the

identification of quantized many-body invariants which discriminate between the different

https://link.aps.org/doi/10.1103/PhysRevX.9.011016
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phases. For bosonic SPT phases in 2+1D with unitary onsite symmetries, the classification is

well understood in terms of the framework of group cohomology theory. The algebraic data

of group cohomology is used both in the construction of exactly solvable lattice models [49]

and in the identification of quantized invariants, where group cohomology classes appear in

the universal statistics of the symmetry flux excitations [71].

In contrast, despite much recent progress [116, 124–129], the classification of fermionic

SPT phases is not as well understood. A mathematical structure analogous to group coho-

mology - termed group supercohomology - was introduced in the pioneering work of Ref. [126]

to describe a subset of fermionic SPT phases. However, group supercohomology has yet to

be as directly connected to explicit lattice Hamiltonians or to universal quantized observ-

ables. While certain lattice fermionic Hamiltonians were, in fact, written down in terms

of group supercohomology data in Ref. [126], these intricate constructions rely on seem-

ingly arbitrary choices and cannot straightforwardly be put on spatial manifolds of general

topology. In a space-time path integral formalism, these arbitrary choices have since been

interpreted as choices of spin structure [125] – now understood to be a crucial ingredient in

constructing fixed point fermionic SPT models. Progress has been made in incorporating

spin structures directly in a Hamiltonian formalism [130–132], in particular in Ref. [129],

where ground state wavefunctions incorporating spin structure were defined implicitly in

terms of constraints that involve different lattice structures related by local deformations.

However, there is still no general prescription for turning group supercohomology data and

a choice of spin structure into a fermionic Hamiltonian on a fixed lattice in a general spatial

geometry.

Group supercohomology classes have also not yet been directly connected to quantized

many-body invariants of gapped, lattice Hamiltonians. It has been shown [133], that the

supercohomology data can be interpreted as quantized topological terms in the effective

space-time action for a combination of the global symmetry and fermion parity gauge fields.

That being the case, these space-time observables should in principle be encoded in the

joint braiding statistics of symmetry and fermion parity fluxes, but such statistics have only
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been studied in the continuum [128, 134]. For bosonic SPT phases, the underlying group

cohomology data can be extracted using a well defined lattice minimal coupling gauging

procedure that maps the SPT system to a system with topological order. An analogous

lattice Hamiltonian procedure has so far been missing on the fermionic side - making it

difficult to argue that group supercohomology classes are quantized invariants of lattice

fermionic SPT Hamiltonians.

In this chapter, we solve both of these problems in the case of 2+1 dimensions and finite

unitary on-site symmetry G × Zf
2, where Zf

2 is fermion parity. Specifically, we accomplish

the following:

(1) We construct a representative fermionic lattice SPT Hamiltonian for every choice

of group supercohomology data, 2d oriented spatial manifold M , and spin structure on M .

Moreover, we write down an explicit finite depth quantum circuit of local unitaries that

constructs its ground state from a trivial product state.

(2) Using these finite depth circuits, we recover the group structure of our SPT phases

under stacking. We also find that two different sets of group supercohomology data can lead

to circuits that differ only by a product of symmetric local unitaries, and hence define the

same phase. This leads to a natural equivalence relation on group supercohomology data,

which matches that of previous works. Conversely, we prove that for inequivalent group

supercohomology data, the corresponding Hamiltonians are in distinct phases.

A choice of group supercohomology data is encoded in a pair (n, ν), where n and ν

are certain Z2 and U(1)-valued functions of G variables, respectively (defined precisely in

section 4.2.1 below). Given the data (n, ν), the construction of our fermionic lattice SPT

Hamiltonian, inspired by the work of Ref. [124], proceeds in 3 steps.

(i) We use n and ν to construct an auxiliary bosonic SPT Hamiltonian with enlarged

symmetry group G̃, where G̃ is the extension of G by Z2 determined by n. G̃ contains Z2 as

a subgroup and G as a quotient: G = G̃/Z2, so the auxiliary bosonic SPT model has a global

Z2 symmetry but is not in general G-symmetric. Being a group cohomology bosonic SPT,
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it can be put on any spatial manifold M with a triangulation and branching structure [49].

(ii) We gauge the Z2 ⊂ G̃ by minimally coupling the auxiliary bosonic SPT to a Z2 lattice

gauge field and imposing a Gauss’s law constraint. By choosing an appropriate basis of

gauge invariant operators, this gauge theory can be interpreted as an unconstrained bosonic

model - which we refer to as the ‘shadow’ model following Ref. [124] - with global symmetry

G = G̃/Z2 and toric code topological order. Specifically, the shadow model has generalized

G-spin vertex degrees of freedom, which transform under the G symmetry in the standard

way, and spin-1
2

link degrees of freedom, which encode a toric code topological order.

(iii) Finally, we obtain our fermionic SPT by applying the fermionization duality of

Ref. [15] (reviewed below) to trade the bosonic spin-1
2

link degrees of freedom in the shadow

model for spinless complex fermions located on the triangular faces. The underlying idea

behind this fermionization is to represent the fermion as the bound state of a toric code charge

and flux excitation [104, 135]. The fermionization procedure is not unique, however, as it

requires a choice of spin structure. Spin structure enters our construction only here, encoded

combinatorially in a certain subset of links E . This step can be thought of as effectively

‘un-gauging’ fermion parity symmetry [111], resulting in a model defined in a fermionic Fock

space.

This three-step construction highlights one important advantage of our approach: it

clearly disentangles the roles of group supercohomology data and spin structure in fermionic

SPT models. One needs just the group supercohomology data to construct the bosonic

shadow model (steps (i) and (ii)), whereas the spin structure enters only in the fermionization

duality that maps this shadow model to the desired fermionic SPT (step (iii)).

A key part of our approach is the construction of finite depth quantum circuits of local uni-

taries1 [1], which build the fermionic SPT ground states from a trivial product state. Access

1A finite depth quantum circuit of local unitaries is a unitary operator that can be expressed in the form(∏
j Un,j

)
· · ·
(∏

j U1,j

)
where the unitaries Ui,j satisfy the following properties. First, each Ui,j acts as the

identity everywhere except on spins located in a disk of finite radius. In this sense, Ui,j is a local unitary.
Furthermore, for each j 6= k, Ui,j has non-overlapping support with Ui,k. The collection of unitaries sharing
the first index define a ‘layer’ of the quantum circuit. That is,

∏
j Ui,j is the ith layer of the quantum circuit.
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Ungauging
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�!<latexit sha1_base64="2OdrFuT0JqDVwIwOaByh+no0tP0=">AAACFnicbVDLSgMxFM34rPVVdekm2ApuLDPd6LLgxmUF+4BOKZnMnWloJhmSjFKGfoUbf8WNC0Xcijv/xvQhaOuBwOGce7i5J0g508Z1v5yV1bX1jc3CVnF7Z3dvv3Rw2NIyUxSaVHKpOgHRwJmApmGGQydVQJKAQzsYXk389h0ozaS4NaMUegmJBYsYJcZK/dK5H0DMRE5BGFBjXPG5FLFi8cAQpeR9peiDCH/sfqnsVt0p8DLx5qSM5mj0S59+KGmW2DjlROuu56amlxNlGOUwLvqZhpTQIYmha6kgCehePj1rjE+tEuJIKvuEwVP1dyInidajJLCTCTEDvehNxP+8bmaiy17ORJoZEHS2KMo4NhJPOsIhU0ANH1lCqGL2r5gOiCLUdqCLtgRv8eRl0qpVPbfq3dTK9dq8jgI6RifoDHnoAtXRNWqgJqLoAT2hF/TqPDrPzpvzPhtdceaZI/QHzsc3VEugCA==</latexit><latexit sha1_base64="2OdrFuT0JqDVwIwOaByh+no0tP0=">AAACFnicbVDLSgMxFM34rPVVdekm2ApuLDPd6LLgxmUF+4BOKZnMnWloJhmSjFKGfoUbf8WNC0Xcijv/xvQhaOuBwOGce7i5J0g508Z1v5yV1bX1jc3CVnF7Z3dvv3Rw2NIyUxSaVHKpOgHRwJmApmGGQydVQJKAQzsYXk389h0ozaS4NaMUegmJBYsYJcZK/dK5H0DMRE5BGFBjXPG5FLFi8cAQpeR9peiDCH/sfqnsVt0p8DLx5qSM5mj0S59+KGmW2DjlROuu56amlxNlGOUwLvqZhpTQIYmha6kgCehePj1rjE+tEuJIKvuEwVP1dyInidajJLCTCTEDvehNxP+8bmaiy17ORJoZEHS2KMo4NhJPOsIhU0ANH1lCqGL2r5gOiCLUdqCLtgRv8eRl0qpVPbfq3dTK9dq8jgI6RifoDHnoAtXRNWqgJqLoAT2hF/TqPDrPzpvzPhtdceaZI/QHzsc3VEugCA==</latexit><latexit sha1_base64="2OdrFuT0JqDVwIwOaByh+no0tP0=">AAACFnicbVDLSgMxFM34rPVVdekm2ApuLDPd6LLgxmUF+4BOKZnMnWloJhmSjFKGfoUbf8WNC0Xcijv/xvQhaOuBwOGce7i5J0g508Z1v5yV1bX1jc3CVnF7Z3dvv3Rw2NIyUxSaVHKpOgHRwJmApmGGQydVQJKAQzsYXk389h0ozaS4NaMUegmJBYsYJcZK/dK5H0DMRE5BGFBjXPG5FLFi8cAQpeR9peiDCH/sfqnsVt0p8DLx5qSM5mj0S59+KGmW2DjlROuu56amlxNlGOUwLvqZhpTQIYmha6kgCehePj1rjE+tEuJIKvuEwVP1dyInidajJLCTCTEDvehNxP+8bmaiy17ORJoZEHS2KMo4NhJPOsIhU0ANH1lCqGL2r5gOiCLUdqCLtgRv8eRl0qpVPbfq3dTK9dq8jgI6RifoDHnoAtXRNWqgJqLoAT2hF/TqPDrPzpvzPhtdceaZI/QHzsc3VEugCA==</latexit><latexit sha1_base64="2OdrFuT0JqDVwIwOaByh+no0tP0=">AAACFnicbVDLSgMxFM34rPVVdekm2ApuLDPd6LLgxmUF+4BOKZnMnWloJhmSjFKGfoUbf8WNC0Xcijv/xvQhaOuBwOGce7i5J0g508Z1v5yV1bX1jc3CVnF7Z3dvv3Rw2NIyUxSaVHKpOgHRwJmApmGGQydVQJKAQzsYXk389h0ozaS4NaMUegmJBYsYJcZK/dK5H0DMRE5BGFBjXPG5FLFi8cAQpeR9peiDCH/sfqnsVt0p8DLx5qSM5mj0S59+KGmW2DjlROuu56amlxNlGOUwLvqZhpTQIYmha6kgCehePj1rjE+tEuJIKvuEwVP1dyInidajJLCTCTEDvehNxP+8bmaiy17ORJoZEHS2KMo4NhJPOsIhU0ANH1lCqGL2r5gOiCLUdqCLtgRv8eRl0qpVPbfq3dTK9dq8jgI6RifoDHnoAtXRNWqgJqLoAT2hF/TqPDrPzpvzPhtdceaZI/QHzsc3VEugCA==</latexit>
Auxiliary bosonic

SPT
<latexit sha1_base64="YahO+GfBOwQOAWfH4c/kMVoopAE=">AAACH3icbVDLSgMxFM34rOOr6tJNsAiuykwX2mXFjcuKfUGnlEx624ZmkiHJiGXon7jxV9y4UETc9W9M2xG09UDgcM653NwTxpxp43lTZ219Y3NrO7fj7u7tHxzmj44bWiaKQp1KLlUrJBo4E1A3zHBoxQpIFHJohqObmd98AKWZFDUzjqETkYFgfUaJsVI3fxmEMGAipSAMqAm+Th4ZZ0SNcSi1FIziIMDufbWG3QBE7yfXzRe8ojcHXiV+RgooQ7Wb/wp6kiaRHaecaN32vdh0UqIMoxwmbpBoiAkdkQG0LRUkAt1J5/dN8LlVergvlX3C4Ln6eyIlkdbjKLTJiJihXvZm4n9eOzH9cidlIk4MCLpY1E84NhLPysI9poAaPraEUMXsXzEdEkWo7UC7tgR/+eRV0igVfa/o35UKlXJWRw6dojN0gXx0hSroFlVRHVH0hF7QG3p3np1X58P5XETXnGzmBP2BM/0Gq2uiqQ==</latexit><latexit sha1_base64="YahO+GfBOwQOAWfH4c/kMVoopAE=">AAACH3icbVDLSgMxFM34rOOr6tJNsAiuykwX2mXFjcuKfUGnlEx624ZmkiHJiGXon7jxV9y4UETc9W9M2xG09UDgcM653NwTxpxp43lTZ219Y3NrO7fj7u7tHxzmj44bWiaKQp1KLlUrJBo4E1A3zHBoxQpIFHJohqObmd98AKWZFDUzjqETkYFgfUaJsVI3fxmEMGAipSAMqAm+Th4ZZ0SNcSi1FIziIMDufbWG3QBE7yfXzRe8ojcHXiV+RgooQ7Wb/wp6kiaRHaecaN32vdh0UqIMoxwmbpBoiAkdkQG0LRUkAt1J5/dN8LlVergvlX3C4Ln6eyIlkdbjKLTJiJihXvZm4n9eOzH9cidlIk4MCLpY1E84NhLPysI9poAaPraEUMXsXzEdEkWo7UC7tgR/+eRV0igVfa/o35UKlXJWRw6dojN0gXx0hSroFlVRHVH0hF7QG3p3np1X58P5XETXnGzmBP2BM/0Gq2uiqQ==</latexit><latexit sha1_base64="YahO+GfBOwQOAWfH4c/kMVoopAE=">AAACH3icbVDLSgMxFM34rOOr6tJNsAiuykwX2mXFjcuKfUGnlEx624ZmkiHJiGXon7jxV9y4UETc9W9M2xG09UDgcM653NwTxpxp43lTZ219Y3NrO7fj7u7tHxzmj44bWiaKQp1KLlUrJBo4E1A3zHBoxQpIFHJohqObmd98AKWZFDUzjqETkYFgfUaJsVI3fxmEMGAipSAMqAm+Th4ZZ0SNcSi1FIziIMDufbWG3QBE7yfXzRe8ojcHXiV+RgooQ7Wb/wp6kiaRHaecaN32vdh0UqIMoxwmbpBoiAkdkQG0LRUkAt1J5/dN8LlVergvlX3C4Ln6eyIlkdbjKLTJiJihXvZm4n9eOzH9cidlIk4MCLpY1E84NhLPysI9poAaPraEUMXsXzEdEkWo7UC7tgR/+eRV0igVfa/o35UKlXJWRw6dojN0gXx0hSroFlVRHVH0hF7QG3p3np1X58P5XETXnGzmBP2BM/0Gq2uiqQ==</latexit><latexit sha1_base64="YahO+GfBOwQOAWfH4c/kMVoopAE=">AAACH3icbVDLSgMxFM34rOOr6tJNsAiuykwX2mXFjcuKfUGnlEx624ZmkiHJiGXon7jxV9y4UETc9W9M2xG09UDgcM653NwTxpxp43lTZ219Y3NrO7fj7u7tHxzmj44bWiaKQp1KLlUrJBo4E1A3zHBoxQpIFHJohqObmd98AKWZFDUzjqETkYFgfUaJsVI3fxmEMGAipSAMqAm+Th4ZZ0SNcSi1FIziIMDufbWG3QBE7yfXzRe8ojcHXiV+RgooQ7Wb/wp6kiaRHaecaN32vdh0UqIMoxwmbpBoiAkdkQG0LRUkAt1J5/dN8LlVergvlX3C4Ln6eyIlkdbjKLTJiJihXvZm4n9eOzH9cidlIk4MCLpY1E84NhLPysI9poAaPraEUMXsXzEdEkWo7UC7tgR/+eRV0igVfa/o35UKlXJWRw6dojN0gXx0hSroFlVRHVH0hF7QG3p3np1X58P5XETXnGzmBP2BM/0Gq2uiqQ==</latexit>

Bosonic shadow
model

<latexit sha1_base64="stfD8DFpUNqaxmnzafhZ0dAWMA4=">AAACHnicbVDLSgMxFM34rONr1KWbYBFclZmC2GXRjcsK9gGdUjKZ2zY0kwxJRilDv8SNv+LGhSKCK/0b04egrQcCh3PO5eaeKOVMG9//clZW19Y3Ngtb7vbO7t6+d3DY0DJTFOpUcqlaEdHAmYC6YYZDK1VAkohDMxpeTfzmHSjNpLg1oxQ6CekL1mOUGCt1vfMwgj4TOQVhQI3xpdRSMIr1gMTyHochdhMZA8duCCL+iXW9ol/yp8DLJJiTIpqj1vU+wljSLLHjlBOt24Gfmk5OlGGUw9gNMw0poUPSh7algiSgO/n0vDE+tUqMe1LZJwyeqr8ncpJoPUoim0yIGehFbyL+57Uz06t0cibSzICgs0W9jGMj8aQrHDMF1PCRJYQqZv+K6YAoQm0H2rUlBIsnL5NGuRT4peCmXKxW5nUU0DE6QWcoQBeoiq5RDdURRQ/oCb2gV+fReXbenPdZdMWZzxyhP3A+vwEapaJn</latexit><latexit sha1_base64="stfD8DFpUNqaxmnzafhZ0dAWMA4=">AAACHnicbVDLSgMxFM34rONr1KWbYBFclZmC2GXRjcsK9gGdUjKZ2zY0kwxJRilDv8SNv+LGhSKCK/0b04egrQcCh3PO5eaeKOVMG9//clZW19Y3Ngtb7vbO7t6+d3DY0DJTFOpUcqlaEdHAmYC6YYZDK1VAkohDMxpeTfzmHSjNpLg1oxQ6CekL1mOUGCt1vfMwgj4TOQVhQI3xpdRSMIr1gMTyHochdhMZA8duCCL+iXW9ol/yp8DLJJiTIpqj1vU+wljSLLHjlBOt24Gfmk5OlGGUw9gNMw0poUPSh7algiSgO/n0vDE+tUqMe1LZJwyeqr8ncpJoPUoim0yIGehFbyL+57Uz06t0cibSzICgs0W9jGMj8aQrHDMF1PCRJYQqZv+K6YAoQm0H2rUlBIsnL5NGuRT4peCmXKxW5nUU0DE6QWcoQBeoiq5RDdURRQ/oCb2gV+fReXbenPdZdMWZzxyhP3A+vwEapaJn</latexit><latexit sha1_base64="stfD8DFpUNqaxmnzafhZ0dAWMA4=">AAACHnicbVDLSgMxFM34rONr1KWbYBFclZmC2GXRjcsK9gGdUjKZ2zY0kwxJRilDv8SNv+LGhSKCK/0b04egrQcCh3PO5eaeKOVMG9//clZW19Y3Ngtb7vbO7t6+d3DY0DJTFOpUcqlaEdHAmYC6YYZDK1VAkohDMxpeTfzmHSjNpLg1oxQ6CekL1mOUGCt1vfMwgj4TOQVhQI3xpdRSMIr1gMTyHochdhMZA8duCCL+iXW9ol/yp8DLJJiTIpqj1vU+wljSLLHjlBOt24Gfmk5OlGGUw9gNMw0poUPSh7algiSgO/n0vDE+tUqMe1LZJwyeqr8ncpJoPUoim0yIGehFbyL+57Uz06t0cibSzICgs0W9jGMj8aQrHDMF1PCRJYQqZv+K6YAoQm0H2rUlBIsnL5NGuRT4peCmXKxW5nUU0DE6QWcoQBeoiq5RDdURRQ/oCb2gV+fReXbenPdZdMWZzxyhP3A+vwEapaJn</latexit><latexit sha1_base64="stfD8DFpUNqaxmnzafhZ0dAWMA4=">AAACHnicbVDLSgMxFM34rONr1KWbYBFclZmC2GXRjcsK9gGdUjKZ2zY0kwxJRilDv8SNv+LGhSKCK/0b04egrQcCh3PO5eaeKOVMG9//clZW19Y3Ngtb7vbO7t6+d3DY0DJTFOpUcqlaEdHAmYC6YYZDK1VAkohDMxpeTfzmHSjNpLg1oxQ6CekL1mOUGCt1vfMwgj4TOQVhQI3xpdRSMIr1gMTyHochdhMZA8duCCL+iXW9ol/yp8DLJJiTIpqj1vU+wljSLLHjlBOt24Gfmk5OlGGUw9gNMw0poUPSh7algiSgO/n0vDE+tUqMe1LZJwyeqr8ncpJoPUoim0yIGehFbyL+57Uz06t0cibSzICgs0W9jGMj8aQrHDMF1PCRJYQqZv+K6YAoQm0H2rUlBIsnL5NGuRT4peCmXKxW5nUU0DE6QWcoQBeoiq5RDdURRQ/oCb2gV+fReXbenPdZdMWZzxyhP3A+vwEapaJn</latexit>

Fermionic SPT
<latexit sha1_base64="sS2BD7zDwpreMNLmDHYpcvOMzVU=">AAACEnicbVDLSsNAFJ3UV42vqEs3g0XQTUm6scuCIC4r9gVtKJPJbTt0MgkzE6GEfoMbf8WNC0XcunLn3zhtI2jrgYHDOfdw554g4Uxp1/2yCmvrG5tbxW17Z3dv/8A5PGqpOJUUmjTmsewERAFnApqaaQ6dRAKJAg7tYHw189v3IBWLRUNPEvAjMhRswCjRRuo7F70AhkxkFIQGOcXXICNjMIrv6g27ByL8sfpOyS27c+BV4uWkhHLU+85nL4xpGpk45USprucm2s+I1IxymNq9VEFC6JgMoWuoIBEoP5ufNMVnRgnxIJbmCY3n6u9ERiKlJlFgJiOiR2rZm4n/ed1UD6p+xkSSahB0sWiQcqxjPOsHh0wC1XxiCKGSmb9iOiKSUNOBsk0J3vLJq6RVKXtu2butlGrVvI4iOkGn6Bx56BLV0A2qoyai6AE9oRf0aj1az9ab9b4YLVh55hj9gfXxDZLGnfw=</latexit><latexit sha1_base64="sS2BD7zDwpreMNLmDHYpcvOMzVU=">AAACEnicbVDLSsNAFJ3UV42vqEs3g0XQTUm6scuCIC4r9gVtKJPJbTt0MgkzE6GEfoMbf8WNC0XcunLn3zhtI2jrgYHDOfdw554g4Uxp1/2yCmvrG5tbxW17Z3dv/8A5PGqpOJUUmjTmsewERAFnApqaaQ6dRAKJAg7tYHw189v3IBWLRUNPEvAjMhRswCjRRuo7F70AhkxkFIQGOcXXICNjMIrv6g27ByL8sfpOyS27c+BV4uWkhHLU+85nL4xpGpk45USprucm2s+I1IxymNq9VEFC6JgMoWuoIBEoP5ufNMVnRgnxIJbmCY3n6u9ERiKlJlFgJiOiR2rZm4n/ed1UD6p+xkSSahB0sWiQcqxjPOsHh0wC1XxiCKGSmb9iOiKSUNOBsk0J3vLJq6RVKXtu2butlGrVvI4iOkGn6Bx56BLV0A2qoyai6AE9oRf0aj1az9ab9b4YLVh55hj9gfXxDZLGnfw=</latexit><latexit sha1_base64="sS2BD7zDwpreMNLmDHYpcvOMzVU=">AAACEnicbVDLSsNAFJ3UV42vqEs3g0XQTUm6scuCIC4r9gVtKJPJbTt0MgkzE6GEfoMbf8WNC0XcunLn3zhtI2jrgYHDOfdw554g4Uxp1/2yCmvrG5tbxW17Z3dv/8A5PGqpOJUUmjTmsewERAFnApqaaQ6dRAKJAg7tYHw189v3IBWLRUNPEvAjMhRswCjRRuo7F70AhkxkFIQGOcXXICNjMIrv6g27ByL8sfpOyS27c+BV4uWkhHLU+85nL4xpGpk45USprucm2s+I1IxymNq9VEFC6JgMoWuoIBEoP5ufNMVnRgnxIJbmCY3n6u9ERiKlJlFgJiOiR2rZm4n/ed1UD6p+xkSSahB0sWiQcqxjPOsHh0wC1XxiCKGSmb9iOiKSUNOBsk0J3vLJq6RVKXtu2butlGrVvI4iOkGn6Bx56BLV0A2qoyai6AE9oRf0aj1az9ab9b4YLVh55hj9gfXxDZLGnfw=</latexit><latexit sha1_base64="sS2BD7zDwpreMNLmDHYpcvOMzVU=">AAACEnicbVDLSsNAFJ3UV42vqEs3g0XQTUm6scuCIC4r9gVtKJPJbTt0MgkzE6GEfoMbf8WNC0XcunLn3zhtI2jrgYHDOfdw554g4Uxp1/2yCmvrG5tbxW17Z3dv/8A5PGqpOJUUmjTmsewERAFnApqaaQ6dRAKJAg7tYHw189v3IBWLRUNPEvAjMhRswCjRRuo7F70AhkxkFIQGOcXXICNjMIrv6g27ByL8sfpOyS27c+BV4uWkhHLU+85nL4xpGpk45USprucm2s+I1IxymNq9VEFC6JgMoWuoIBEoP5ufNMVnRgnxIJbmCY3n6u9ERiKlJlFgJiOiR2rZm4n/ed1UD6p+xkSSahB0sWiQcqxjPOsHh0wC1XxiCKGSmb9iOiKSUNOBsk0J3vLJq6RVKXtu2butlGrVvI4iOkGn6Bx56BLV0A2qoyai6AE9oRf0aj1az9ab9b4YLVh55hj9gfXxDZLGnfw=</latexit>⌦

<latexit sha1_base64="hFZbopQV0iHrnBF3vL/a7qNQUYA=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAVXJWZbnRZdOOygn1AO5RMmmlDM8mQZIQ6FH/FjQtF3Pof7vwb03YW2nogcDjnHu7NCRPOtPG8b6ewtr6xuVXcLu3s7u0fuIdHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdPKj3FhiObi8wIq0RKoSt9t+xVvTnQKvFzUoYcjb771RtIksZUGMKx1l3fS0yQYWUY4XRa6qWaJpiM8ZB2LRU4pjrI5tdP0blVBiiSyj5h0Fz9nchwrPUkDu1kjM1IL3sz8T+vm5roKsiYSFJDBVksilKOjESzKtCAKUoMn1iCiWL2VkRsB5gYW1jJluAvf3mVtGpV36v6d7Vy/TqvowincAYX4MMl1OEWGtAEAo/wDK/w5jw5L86787EYLTh55hj+wPn8AZJ9lUg=</latexit><latexit sha1_base64="hFZbopQV0iHrnBF3vL/a7qNQUYA=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAVXJWZbnRZdOOygn1AO5RMmmlDM8mQZIQ6FH/FjQtF3Pof7vwb03YW2nogcDjnHu7NCRPOtPG8b6ewtr6xuVXcLu3s7u0fuIdHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdPKj3FhiObi8wIq0RKoSt9t+xVvTnQKvFzUoYcjb771RtIksZUGMKx1l3fS0yQYWUY4XRa6qWaJpiM8ZB2LRU4pjrI5tdP0blVBiiSyj5h0Fz9nchwrPUkDu1kjM1IL3sz8T+vm5roKsiYSFJDBVksilKOjESzKtCAKUoMn1iCiWL2VkRsB5gYW1jJluAvf3mVtGpV36v6d7Vy/TqvowincAYX4MMl1OEWGtAEAo/wDK/w5jw5L86787EYLTh55hj+wPn8AZJ9lUg=</latexit><latexit sha1_base64="hFZbopQV0iHrnBF3vL/a7qNQUYA=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAVXJWZbnRZdOOygn1AO5RMmmlDM8mQZIQ6FH/FjQtF3Pof7vwb03YW2nogcDjnHu7NCRPOtPG8b6ewtr6xuVXcLu3s7u0fuIdHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdPKj3FhiObi8wIq0RKoSt9t+xVvTnQKvFzUoYcjb771RtIksZUGMKx1l3fS0yQYWUY4XRa6qWaJpiM8ZB2LRU4pjrI5tdP0blVBiiSyj5h0Fz9nchwrPUkDu1kjM1IL3sz8T+vm5roKsiYSFJDBVksilKOjESzKtCAKUoMn1iCiWL2VkRsB5gYW1jJluAvf3mVtGpV36v6d7Vy/TqvowincAYX4MMl1OEWGtAEAo/wDK/w5jw5L86787EYLTh55hj+wPn8AZJ9lUg=</latexit><latexit sha1_base64="hFZbopQV0iHrnBF3vL/a7qNQUYA=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAVXJWZbnRZdOOygn1AO5RMmmlDM8mQZIQ6FH/FjQtF3Pof7vwb03YW2nogcDjnHu7NCRPOtPG8b6ewtr6xuVXcLu3s7u0fuIdHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdPKj3FhiObi8wIq0RKoSt9t+xVvTnQKvFzUoYcjb771RtIksZUGMKx1l3fS0yQYWUY4XRa6qWaJpiM8ZB2LRU4pjrI5tdP0blVBiiSyj5h0Fz9nchwrPUkDu1kjM1IL3sz8T+vm5roKsiYSFJDBVksilKOjESzKtCAKUoMn1iCiWL2VkRsB5gYW1jJluAvf3mVtGpV36v6d7Vy/TqvowincAYX4MMl1OEWGtAEAo/wDK/w5jw5L86787EYLTh55hj+wPn8AZJ9lUg=</latexit>

⌦
<latexit sha1_base64="hFZbopQV0iHrnBF3vL/a7qNQUYA=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAVXJWZbnRZdOOygn1AO5RMmmlDM8mQZIQ6FH/FjQtF3Pof7vwb03YW2nogcDjnHu7NCRPOtPG8b6ewtr6xuVXcLu3s7u0fuIdHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdPKj3FhiObi8wIq0RKoSt9t+xVvTnQKvFzUoYcjb771RtIksZUGMKx1l3fS0yQYWUY4XRa6qWaJpiM8ZB2LRU4pjrI5tdP0blVBiiSyj5h0Fz9nchwrPUkDu1kjM1IL3sz8T+vm5roKsiYSFJDBVksilKOjESzKtCAKUoMn1iCiWL2VkRsB5gYW1jJluAvf3mVtGpV36v6d7Vy/TqvowincAYX4MMl1OEWGtAEAo/wDK/w5jw5L86787EYLTh55hj+wPn8AZJ9lUg=</latexit><latexit sha1_base64="hFZbopQV0iHrnBF3vL/a7qNQUYA=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAVXJWZbnRZdOOygn1AO5RMmmlDM8mQZIQ6FH/FjQtF3Pof7vwb03YW2nogcDjnHu7NCRPOtPG8b6ewtr6xuVXcLu3s7u0fuIdHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdPKj3FhiObi8wIq0RKoSt9t+xVvTnQKvFzUoYcjb771RtIksZUGMKx1l3fS0yQYWUY4XRa6qWaJpiM8ZB2LRU4pjrI5tdP0blVBiiSyj5h0Fz9nchwrPUkDu1kjM1IL3sz8T+vm5roKsiYSFJDBVksilKOjESzKtCAKUoMn1iCiWL2VkRsB5gYW1jJluAvf3mVtGpV36v6d7Vy/TqvowincAYX4MMl1OEWGtAEAo/wDK/w5jw5L86787EYLTh55hj+wPn8AZJ9lUg=</latexit><latexit sha1_base64="hFZbopQV0iHrnBF3vL/a7qNQUYA=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAVXJWZbnRZdOOygn1AO5RMmmlDM8mQZIQ6FH/FjQtF3Pof7vwb03YW2nogcDjnHu7NCRPOtPG8b6ewtr6xuVXcLu3s7u0fuIdHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdPKj3FhiObi8wIq0RKoSt9t+xVvTnQKvFzUoYcjb771RtIksZUGMKx1l3fS0yQYWUY4XRa6qWaJpiM8ZB2LRU4pjrI5tdP0blVBiiSyj5h0Fz9nchwrPUkDu1kjM1IL3sz8T+vm5roKsiYSFJDBVksilKOjESzKtCAKUoMn1iCiWL2VkRsB5gYW1jJluAvf3mVtGpV36v6d7Vy/TqvowincAYX4MMl1OEWGtAEAo/wDK/w5jw5L86787EYLTh55hj+wPn8AZJ9lUg=</latexit><latexit sha1_base64="hFZbopQV0iHrnBF3vL/a7qNQUYA=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAVXJWZbnRZdOOygn1AO5RMmmlDM8mQZIQ6FH/FjQtF3Pof7vwb03YW2nogcDjnHu7NCRPOtPG8b6ewtr6xuVXcLu3s7u0fuIdHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdPKj3FhiObi8wIq0RKoSt9t+xVvTnQKvFzUoYcjb771RtIksZUGMKx1l3fS0yQYWUY4XRa6qWaJpiM8ZB2LRU4pjrI5tdP0blVBiiSyj5h0Fz9nchwrPUkDu1kjM1IL3sz8T+vm5roKsiYSFJDBVksilKOjESzKtCAKUoMn1iCiWL2VkRsB5gYW1jJluAvf3mVtGpV36v6d7Vy/TqvowincAYX4MMl1OEWGtAEAo/wDK/w5jw5L86787EYLTh55hj+wPn8AZJ9lUg=</latexit>

Fermionization
<latexit sha1_base64="gVQ9AYvbD/Mq/yBEz6hJm33gXCc=">AAACE3icbVDLSgMxFM3UVx1foy7dBIsgLspMN7osCOKygn1AW0omvdOGJpkhyQh16D+48VfcuFDErRt3/o1pO4K2HggczrmHm3vChDNtfP/LKaysrq1vFDfdre2d3T1v/6Ch41RRqNOYx6oVEg2cSagbZji0EgVEhBya4ehy6jfvQGkWy1szTqAryECyiFFirNTzzjohDJjMKEgDaoKvQAlrsPuZ73ZA9n+8nlfyy/4MeJkEOSmhHLWe99npxzQVNk450bod+InpZkQZRjlM3E6qISF0RAbQtlQSAbqbzW6a4BOr9HEUK/ukwTP1dyIjQuuxCO2kIGaoF72p+J/XTk100c2YTFIDks4XRSnHJsbTgnCfKaCGjy0hVDH7V0yHRBFqO9CuLSFYPHmZNCrlwC8HN5VStZLXUURH6BidogCdoyq6RjVURxQ9oCf0gl6dR+fZeXPe56MFJ88coj9wPr4BfoifGw==</latexit><latexit sha1_base64="gVQ9AYvbD/Mq/yBEz6hJm33gXCc=">AAACE3icbVDLSgMxFM3UVx1foy7dBIsgLspMN7osCOKygn1AW0omvdOGJpkhyQh16D+48VfcuFDErRt3/o1pO4K2HggczrmHm3vChDNtfP/LKaysrq1vFDfdre2d3T1v/6Ch41RRqNOYx6oVEg2cSagbZji0EgVEhBya4ehy6jfvQGkWy1szTqAryECyiFFirNTzzjohDJjMKEgDaoKvQAlrsPuZ73ZA9n+8nlfyy/4MeJkEOSmhHLWe99npxzQVNk450bod+InpZkQZRjlM3E6qISF0RAbQtlQSAbqbzW6a4BOr9HEUK/ukwTP1dyIjQuuxCO2kIGaoF72p+J/XTk100c2YTFIDks4XRSnHJsbTgnCfKaCGjy0hVDH7V0yHRBFqO9CuLSFYPHmZNCrlwC8HN5VStZLXUURH6BidogCdoyq6RjVURxQ9oCf0gl6dR+fZeXPe56MFJ88coj9wPr4BfoifGw==</latexit><latexit sha1_base64="gVQ9AYvbD/Mq/yBEz6hJm33gXCc=">AAACE3icbVDLSgMxFM3UVx1foy7dBIsgLspMN7osCOKygn1AW0omvdOGJpkhyQh16D+48VfcuFDErRt3/o1pO4K2HggczrmHm3vChDNtfP/LKaysrq1vFDfdre2d3T1v/6Ch41RRqNOYx6oVEg2cSagbZji0EgVEhBya4ehy6jfvQGkWy1szTqAryECyiFFirNTzzjohDJjMKEgDaoKvQAlrsPuZ73ZA9n+8nlfyy/4MeJkEOSmhHLWe99npxzQVNk450bod+InpZkQZRjlM3E6qISF0RAbQtlQSAbqbzW6a4BOr9HEUK/ukwTP1dyIjQuuxCO2kIGaoF72p+J/XTk100c2YTFIDks4XRSnHJsbTgnCfKaCGjy0hVDH7V0yHRBFqO9CuLSFYPHmZNCrlwC8HN5VStZLXUURH6BidogCdoyq6RjVURxQ9oCf0gl6dR+fZeXPe56MFJ88coj9wPr4BfoifGw==</latexit><latexit sha1_base64="gVQ9AYvbD/Mq/yBEz6hJm33gXCc=">AAACE3icbVDLSgMxFM3UVx1foy7dBIsgLspMN7osCOKygn1AW0omvdOGJpkhyQh16D+48VfcuFDErRt3/o1pO4K2HggczrmHm3vChDNtfP/LKaysrq1vFDfdre2d3T1v/6Ch41RRqNOYx6oVEg2cSagbZji0EgVEhBya4ehy6jfvQGkWy1szTqAryECyiFFirNTzzjohDJjMKEgDaoKvQAlrsPuZ73ZA9n+8nlfyy/4MeJkEOSmhHLWe99npxzQVNk450bod+InpZkQZRjlM3E6qISF0RAbQtlQSAbqbzW6a4BOr9HEUK/ukwTP1dyIjQuuxCO2kIGaoF72p+J/XTk100c2YTFIDks4XRSnHJsbTgnCfKaCGjy0hVDH7V0yHRBFqO9CuLSFYPHmZNCrlwC8HN5VStZLXUURH6BidogCdoyq6RjVURxQ9oCf0gl6dR+fZeXPe56MFJ88coj9wPr4BfoifGw==</latexit>

Bosonization
<latexit sha1_base64="W2jdgByTPKIY5Vvb+VGnJp9HQl4=">AAACEXicbVDLSgMxFM3UVx1foy7dBIvQVZnpRpdFNy4r2Ad0SslkbtvQTDIkGaEO/QU3/oobF4q4defOvzF9CNp6IHA45x5u7olSzrTx/S+nsLa+sblV3HZ3dvf2D7zDo6aWmaLQoJJL1Y6IBs4ENAwzHNqpApJEHFrR6Grqt+5AaSbFrRmn0E3IQLA+o8RYqeeVwwgGTOQUhAE1wZdSS8HuZ64bgoh/nJ5X8iv+DHiVBAtSQgvUe95nGEuaJTZOOdG6E/ip6eZEGUY5TNww05ASOiID6FgqSAK6m88umuAzq8S4L5V9wuCZ+juRk0TrcRLZyYSYoV72puJ/Xicz/YtuzkSaGRB0vqifcWwkntaDY6aAGj62hFDF7F8xHRJFqO1Au7aEYPnkVdKsVgK/EtxUS7Xqoo4iOkGnqIwCdI5q6BrVUQNR9ICe0At6dR6dZ+fNeZ+PFpxF5hj9gfPxDdmnnjg=</latexit><latexit sha1_base64="W2jdgByTPKIY5Vvb+VGnJp9HQl4=">AAACEXicbVDLSgMxFM3UVx1foy7dBIvQVZnpRpdFNy4r2Ad0SslkbtvQTDIkGaEO/QU3/oobF4q4defOvzF9CNp6IHA45x5u7olSzrTx/S+nsLa+sblV3HZ3dvf2D7zDo6aWmaLQoJJL1Y6IBs4ENAwzHNqpApJEHFrR6Grqt+5AaSbFrRmn0E3IQLA+o8RYqeeVwwgGTOQUhAE1wZdSS8HuZ64bgoh/nJ5X8iv+DHiVBAtSQgvUe95nGEuaJTZOOdG6E/ip6eZEGUY5TNww05ASOiID6FgqSAK6m88umuAzq8S4L5V9wuCZ+juRk0TrcRLZyYSYoV72puJ/Xicz/YtuzkSaGRB0vqifcWwkntaDY6aAGj62hFDF7F8xHRJFqO1Au7aEYPnkVdKsVgK/EtxUS7Xqoo4iOkGnqIwCdI5q6BrVUQNR9ICe0At6dR6dZ+fNeZ+PFpxF5hj9gfPxDdmnnjg=</latexit><latexit sha1_base64="W2jdgByTPKIY5Vvb+VGnJp9HQl4=">AAACEXicbVDLSgMxFM3UVx1foy7dBIvQVZnpRpdFNy4r2Ad0SslkbtvQTDIkGaEO/QU3/oobF4q4defOvzF9CNp6IHA45x5u7olSzrTx/S+nsLa+sblV3HZ3dvf2D7zDo6aWmaLQoJJL1Y6IBs4ENAwzHNqpApJEHFrR6Grqt+5AaSbFrRmn0E3IQLA+o8RYqeeVwwgGTOQUhAE1wZdSS8HuZ64bgoh/nJ5X8iv+DHiVBAtSQgvUe95nGEuaJTZOOdG6E/ip6eZEGUY5TNww05ASOiID6FgqSAK6m88umuAzq8S4L5V9wuCZ+juRk0TrcRLZyYSYoV72puJ/Xicz/YtuzkSaGRB0vqifcWwkntaDY6aAGj62hFDF7F8xHRJFqO1Au7aEYPnkVdKsVgK/EtxUS7Xqoo4iOkGnqIwCdI5q6BrVUQNR9ICe0At6dR6dZ+fNeZ+PFpxF5hj9gfPxDdmnnjg=</latexit><latexit sha1_base64="W2jdgByTPKIY5Vvb+VGnJp9HQl4=">AAACEXicbVDLSgMxFM3UVx1foy7dBIvQVZnpRpdFNy4r2Ad0SslkbtvQTDIkGaEO/QU3/oobF4q4defOvzF9CNp6IHA45x5u7olSzrTx/S+nsLa+sblV3HZ3dvf2D7zDo6aWmaLQoJJL1Y6IBs4ENAwzHNqpApJEHFrR6Grqt+5AaSbFrRmn0E3IQLA+o8RYqeeVwwgGTOQUhAE1wZdSS8HuZ64bgoh/nJ5X8iv+DHiVBAtSQgvUe95nGEuaJTZOOdG6E/ip6eZEGUY5TNww05ASOiID6FgqSAK6m88umuAzq8S4L5V9wuCZ+juRk0TrcRLZyYSYoV72puJ/Xicz/YtuzkSaGRB0vqifcWwkntaDY6aAGj62hFDF7F8xHRJFqO1Au7aEYPnkVdKsVgK/EtxUS7Xqoo4iOkGnqIwCdI5q6BrVUQNR9ICe0At6dR6dZ+fNeZ+PFpxF5hj9gfPxDdmnnjg=</latexit>

Spin
structure
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Figure 4.1: Our construction of a fermionic SPT Hamiltonian begins with the input of
supercohomology data and a choice of manifold M with branching structure. This data is
used to build an auxiliary bosonic SPT protected by a G̃ symmetry. Then we gauge the
Z2 subgroup of G̃ to obtain the bosonic shadow model - a G symmetry enriched toric code.
Finally, with a choice of spin structure, we fermionize the bosonic shadow model to arrive at
the G protected fermionic SPT.

to these finite depth circuits has several benefits. First, they give us explicit representations

of the corresponding ground states in terms of G domain models decorated with fermions

(as opposed to ground state wave functions that are only defined implicitly via constraints).

Second, we show that composing these circuits is equivalent to stacking the corresponding

fermionic SPT phases, allowing us to extract the stacking group law for supercohomology

data just by multiplying circuits. Third, we show that equivalent group supercohomology

data gives rise to circuits that differ by a product of symmetric local unitaries, and hence

correspond to the same phase. Conversely, by bosonizing our models and using well estab-

lished classification results for bosonic symmetry enriched toric code phases [130, 136, 137],

we show that inequivalent group supercohomology data always lead to inequivalent phases.

An intriguing feature of the finite depth circuit that builds our supercohomology fermionic

SPT ground state is that, as a unitary operator, it is G-symmetric. This is despite the

fact that, when the SPT phase in question is nontrivial, the local unitaries that make it

‘Finite depth’ means that the number of layers remains finite in the thermodynamic limit of large system
size.
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up cannot all be individually G-symmetric. This is a property that the supercohomology

models share with bosonic group cohomology models, but not with the so-called ‘beyond

group cohomology’ models (see e.g. appendix C of Ref. [138]). One consequence of this

property is that the supercohomology phases can be many-body localized [139–145]. This is

done by disordering the couplings in a trivial commuting projector parent Hamiltonian for

the trivial product state and then conjugating by the circuit.

The rest of this chapter is structured as follows. In section 4.2, we focus on the con-

struction of the bosonic shadow model described in steps (i) and (ii) above. In section 4.3,

we review the bosonization duality of Ref. [15] and complete step (iii) of our construction.

In section 4.4, we study the group structure of fermionic SPT phases using the finite depth

circuits that build their ground states. In particular, we derive a notion of equivalence of

group supercohomology data (in agreement with Ref. [124, 128, 129]) such that equivalent

data gives rise to models in the same phase and inequivalent data necessarily yields inequiva-

lent phases. We conclude in section 4.5 with some comments about many-body localizability

for our models, possible future extensions of our work, and comparisons with other work.

Throughout the chapter we illustrate our results for the simple case of G = Z2 (i.e. total

symmetry Z2×Zf
2). In Appendices 4.A-4.F, we provide detailed derivations of the results in

this chapter.

As we were completing this work, we learned of a related preprint by N. Tantivasadakarn

and A. Vishwanath [146], which also constructs a many-body localizable model for the Z2×Zf
2

group supercohomology SPT.

4.2 Bosonic shadow model from group supercohomology data

In this section we will show how to use group supercohomology data associated to a finite

group G to construct a purely bosonic Hamiltonian lattice model, which, in agreement with

Ref. [124], we refer to as the shadow model. The model is defined on a triangulation of a

2d manifold - i.e. a planar graph consisting of vertices p and links 〈pq〉, all of whose faces
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Figure 4.2: All of the models constructed in this chapter may be defined on an arbitrary
triangulation of an orientable 2d manifold with a branching structure. Note that a trian-
gulation is a planar graph in which all faces are triangular. Also, recall that a branching
structure is an assignment of an orientation to each link such that there are no cycles around
any of the triangles.

are triangular - with branching structure (FIG. 4.2). Recall that a branching structure is an

assignment of an orientation to each link with the property that there are no cycles around

any triangle. The notation 〈pq〉 always denotes a link oriented from p to q. The Hilbert space

will consist of generalized G-spin degrees of freedom |gp〉 at vertices p and spin-1
2

degrees of

freedom on links 〈pq〉, with Pauli algebra generated by X̂pq, Ẑpq (see FIG. 4.3).

Before delving into the construction of the shadow model Hamiltonian, let us first provide

some intuition for why a bosonic model built on such a Hilbert space can encode the physics

of a fermionic SPT. This intuition is based on interpreting the spin-1
2

link degrees of freedom

as the Hilbert space of the usual commuting projector toric code Hamiltonian:

Ĥt.c. = −
∑
p

∏
〈st〉3p

X̂st −
∑
〈pqr〉

ẐpqẐqrẐpr, (4.1)

where the product in the first sum above is over all oriented links 〈st〉 that contain the vertex

p (i.e. either s = p or t = p). A basis for this toric code Hilbert space can be obtained by

specifying, for each basis state, the locations of all the vertex (‘e’) and triangular plaquette

(‘m’) excitations, which are violations of the first and second terms in (4.1), respectively.
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<latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit><latexit sha1_base64="6st+2unI49vTKzHpFrX8LltbNi8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB252M9Q==</latexit>

p
<latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit>

|gpi
<latexit sha1_base64="SJRum15zky4yZ9Z2rQzvH6Swhmw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbp0swm7G6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7j6g0T+SDmaToxzSSPOSMGiv1nqJB2ldURgIH1Zpbd+cgq8QrSA0KNAfVr/4wYVmM0jBBte55bmr8nCrDmcBppZ9pTCkb0wh7lkoao/bz+clTcmaVIQkTZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0x47edcpplByRaLwkwQk5DZ/2TIFTIjJpZQpri9lbARVZQZm1LFhuAtv7xK2hd1z61795e1xk0RRxlO4BTOwYMraMAdNKEFDBJ4hld4c4zz4rw7H4vWklPMHMMfOJ8/lZiRbw==</latexit><latexit sha1_base64="SJRum15zky4yZ9Z2rQzvH6Swhmw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbp0swm7G6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7j6g0T+SDmaToxzSSPOSMGiv1nqJB2ldURgIH1Zpbd+cgq8QrSA0KNAfVr/4wYVmM0jBBte55bmr8nCrDmcBppZ9pTCkb0wh7lkoao/bz+clTcmaVIQkTZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0x47edcpplByRaLwkwQk5DZ/2TIFTIjJpZQpri9lbARVZQZm1LFhuAtv7xK2hd1z61795e1xk0RRxlO4BTOwYMraMAdNKEFDBJ4hld4c4zz4rw7H4vWklPMHMMfOJ8/lZiRbw==</latexit><latexit sha1_base64="SJRum15zky4yZ9Z2rQzvH6Swhmw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbp0swm7G6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7j6g0T+SDmaToxzSSPOSMGiv1nqJB2ldURgIH1Zpbd+cgq8QrSA0KNAfVr/4wYVmM0jBBte55bmr8nCrDmcBppZ9pTCkb0wh7lkoao/bz+clTcmaVIQkTZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0x47edcpplByRaLwkwQk5DZ/2TIFTIjJpZQpri9lbARVZQZm1LFhuAtv7xK2hd1z61795e1xk0RRxlO4BTOwYMraMAdNKEFDBJ4hld4c4zz4rw7H4vWklPMHMMfOJ8/lZiRbw==</latexit><latexit sha1_base64="SJRum15zky4yZ9Z2rQzvH6Swhmw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbp0swm7G6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7j6g0T+SDmaToxzSSPOSMGiv1nqJB2ldURgIH1Zpbd+cgq8QrSA0KNAfVr/4wYVmM0jBBte55bmr8nCrDmcBppZ9pTCkb0wh7lkoao/bz+clTcmaVIQkTZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0x47edcpplByRaLwkwQk5DZ/2TIFTIjJpZQpri9lbARVZQZm1LFhuAtv7xK2hd1z61795e1xk0RRxlO4BTOwYMraMAdNKEFDBJ4hld4c4zz4rw7H4vWklPMHMMfOJ8/lZiRbw==</latexit>

hpri
<latexit sha1_base64="mdSN4sh6edpnsTPIE5b1JK42Q64=">AAAB+3icbZBNS8NAEIYnftb6FevRy2IRPJVEBD0WvXisYD+gKWWznbRLN5uwuxFL6V/x4kERr/4Rb/4bt2kO2vrCwsM7M8zsG6aCa+N5387a+sbm1nZpp7y7t39w6B5VWjrJFMMmS0SiOiHVKLjEpuFGYCdVSONQYDsc387r7UdUmifywUxS7MV0KHnEGTXW6ruVQFA5FEhSRQKVY9+tejUvF1kFv4AqFGr03a9gkLAsRmmYoFp3fS81vSlVhjOBs3KQaUwpG9Mhdi1KGqPuTfPbZ+TMOgMSJco+aUju/p6Y0ljrSRzazpiakV6uzc3/at3MRNe9KZdpZlCyxaIoE8QkZB4EGXCFzIiJBcoUt7cSNqKKMmPjKtsQ/OUvr0LrouZ7Nf/+slq/KeIowQmcwjn4cAV1uIMGNIHBEzzDK7w5M+fFeXc+Fq1rTjFzDH/kfP4AmrWUJQ==</latexit><latexit sha1_base64="mdSN4sh6edpnsTPIE5b1JK42Q64=">AAAB+3icbZBNS8NAEIYnftb6FevRy2IRPJVEBD0WvXisYD+gKWWznbRLN5uwuxFL6V/x4kERr/4Rb/4bt2kO2vrCwsM7M8zsG6aCa+N5387a+sbm1nZpp7y7t39w6B5VWjrJFMMmS0SiOiHVKLjEpuFGYCdVSONQYDsc387r7UdUmifywUxS7MV0KHnEGTXW6ruVQFA5FEhSRQKVY9+tejUvF1kFv4AqFGr03a9gkLAsRmmYoFp3fS81vSlVhjOBs3KQaUwpG9Mhdi1KGqPuTfPbZ+TMOgMSJco+aUju/p6Y0ljrSRzazpiakV6uzc3/at3MRNe9KZdpZlCyxaIoE8QkZB4EGXCFzIiJBcoUt7cSNqKKMmPjKtsQ/OUvr0LrouZ7Nf/+slq/KeIowQmcwjn4cAV1uIMGNIHBEzzDK7w5M+fFeXc+Fq1rTjFzDH/kfP4AmrWUJQ==</latexit><latexit sha1_base64="mdSN4sh6edpnsTPIE5b1JK42Q64=">AAAB+3icbZBNS8NAEIYnftb6FevRy2IRPJVEBD0WvXisYD+gKWWznbRLN5uwuxFL6V/x4kERr/4Rb/4bt2kO2vrCwsM7M8zsG6aCa+N5387a+sbm1nZpp7y7t39w6B5VWjrJFMMmS0SiOiHVKLjEpuFGYCdVSONQYDsc387r7UdUmifywUxS7MV0KHnEGTXW6ruVQFA5FEhSRQKVY9+tejUvF1kFv4AqFGr03a9gkLAsRmmYoFp3fS81vSlVhjOBs3KQaUwpG9Mhdi1KGqPuTfPbZ+TMOgMSJco+aUju/p6Y0ljrSRzazpiakV6uzc3/at3MRNe9KZdpZlCyxaIoE8QkZB4EGXCFzIiJBcoUt7cSNqKKMmPjKtsQ/OUvr0LrouZ7Nf/+slq/KeIowQmcwjn4cAV1uIMGNIHBEzzDK7w5M+fFeXc+Fq1rTjFzDH/kfP4AmrWUJQ==</latexit><latexit sha1_base64="mdSN4sh6edpnsTPIE5b1JK42Q64=">AAAB+3icbZBNS8NAEIYnftb6FevRy2IRPJVEBD0WvXisYD+gKWWznbRLN5uwuxFL6V/x4kERr/4Rb/4bt2kO2vrCwsM7M8zsG6aCa+N5387a+sbm1nZpp7y7t39w6B5VWjrJFMMmS0SiOiHVKLjEpuFGYCdVSONQYDsc387r7UdUmifywUxS7MV0KHnEGTXW6ruVQFA5FEhSRQKVY9+tejUvF1kFv4AqFGr03a9gkLAsRmmYoFp3fS81vSlVhjOBs3KQaUwpG9Mhdi1KGqPuTfPbZ+TMOgMSJco+aUju/p6Y0ljrSRzazpiakV6uzc3/at3MRNe9KZdpZlCyxaIoE8QkZB4EGXCFzIiJBcoUt7cSNqKKMmPjKtsQ/OUvr0LrouZ7Nf/+slq/KeIowQmcwjn4cAV1uIMGNIHBEzzDK7w5M+fFeXc+Fq1rTjFzDH/kfP4AmrWUJQ==</latexit>

|Zpri
<latexit sha1_base64="/zpudX6J8jfA7Z+uNr8M9eEFWPc=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0lE0GPRi8cK9gPbUDbbabt0swm7G6HG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTATXxvO+nZXVtfWNzcJWcXtnd6/k7h80dJwqhnUWi1i1QqpRcIl1w43AVqKQRqHAZji6nvrNB1Sax/LOjBMMIjqQvM8ZNVbquqWn+26WqAnpKCoHArtu2at4M5Bl4uekDDlqXfer04tZGqE0TFCt276XmCCjynAmcFLspBoTykZ0gG1LJY1QB9ns8Ak5sUqP9GNlSxoyU39PZDTSehyFtjOiZqgXvan4n9dOTf8yyLhMUoOSzRf1U0FMTKYpkB5XyIwYW0KZ4vZWwoZUUWZsVkUbgr/48jJpnFV8r+LfnperV3kcBTiCYzgFHy6gCjdQgzowSOEZXuHNeXRenHfnY9664uQzh/AHzucP9pyTRQ==</latexit><latexit sha1_base64="/zpudX6J8jfA7Z+uNr8M9eEFWPc=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0lE0GPRi8cK9gPbUDbbabt0swm7G6HG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTATXxvO+nZXVtfWNzcJWcXtnd6/k7h80dJwqhnUWi1i1QqpRcIl1w43AVqKQRqHAZji6nvrNB1Sax/LOjBMMIjqQvM8ZNVbquqWn+26WqAnpKCoHArtu2at4M5Bl4uekDDlqXfer04tZGqE0TFCt276XmCCjynAmcFLspBoTykZ0gG1LJY1QB9ns8Ak5sUqP9GNlSxoyU39PZDTSehyFtjOiZqgXvan4n9dOTf8yyLhMUoOSzRf1U0FMTKYpkB5XyIwYW0KZ4vZWwoZUUWZsVkUbgr/48jJpnFV8r+LfnperV3kcBTiCYzgFHy6gCjdQgzowSOEZXuHNeXRenHfnY9664uQzh/AHzucP9pyTRQ==</latexit><latexit sha1_base64="/zpudX6J8jfA7Z+uNr8M9eEFWPc=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0lE0GPRi8cK9gPbUDbbabt0swm7G6HG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTATXxvO+nZXVtfWNzcJWcXtnd6/k7h80dJwqhnUWi1i1QqpRcIl1w43AVqKQRqHAZji6nvrNB1Sax/LOjBMMIjqQvM8ZNVbquqWn+26WqAnpKCoHArtu2at4M5Bl4uekDDlqXfer04tZGqE0TFCt276XmCCjynAmcFLspBoTykZ0gG1LJY1QB9ns8Ak5sUqP9GNlSxoyU39PZDTSehyFtjOiZqgXvan4n9dOTf8yyLhMUoOSzRf1U0FMTKYpkB5XyIwYW0KZ4vZWwoZUUWZsVkUbgr/48jJpnFV8r+LfnperV3kcBTiCYzgFHy6gCjdQgzowSOEZXuHNeXRenHfnY9664uQzh/AHzucP9pyTRQ==</latexit><latexit sha1_base64="/zpudX6J8jfA7Z+uNr8M9eEFWPc=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBU0lE0GPRi8cK9gPbUDbbabt0swm7G6HG/hIvHhTx6k/x5r9x2+agrQ8GHu/NMDMvTATXxvO+nZXVtfWNzcJWcXtnd6/k7h80dJwqhnUWi1i1QqpRcIl1w43AVqKQRqHAZji6nvrNB1Sax/LOjBMMIjqQvM8ZNVbquqWn+26WqAnpKCoHArtu2at4M5Bl4uekDDlqXfer04tZGqE0TFCt276XmCCjynAmcFLspBoTykZ0gG1LJY1QB9ns8Ak5sUqP9GNlSxoyU39PZDTSehyFtjOiZqgXvan4n9dOTf8yyLhMUoOSzRf1U0FMTKYpkB5XyIwYW0KZ4vZWwoZUUWZsVkUbgr/48jJpnFV8r+LfnperV3kcBTiCYzgFHy6gCjdQgzowSOEZXuHNeXRenHfnY9664uQzh/AHzucP9pyTRQ==</latexit>

r
<latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit>
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Figure 4.3: The bosonic shadow model is defined on a Hilbert space with generalized G-
spin degrees of freedom at vertices and spin-1

2
degrees of freedom on links. This gives the

total Hilbert space:
(⊗

pC
|G|
p

)
⊗
(⊗

〈pq〉C2
pq

)
. A basis is given by configuration states

|{gp}, {Zpq}〉, i.e. product states for which gp ∈ G is chosen for each vertex p and Zpq = ±1
is chosen for each link 〈pq〉.

The key idea is that the bound state of an e and an m excitation is a fermion, so a fermionic

Hilbert space can effectively be constructed by restricting to the subspace where all of the e

excitations have been bound up with m excitations into fermions.

Because the e excitations live on vertices and the m excitations live on plaquettes, there is

some arbitrariness in defining their fermionic bound state. This arbitrariness can be resolved

by using the branching structure. Following Ref. [15], we define a fermion on triangle 〈pqr〉
to be the bound state of an m excitation on 〈pqr〉 with an e excitation on its first vertex p.

Here the ordering p, q, r of the vertices is specified uniquely by the branching structure (see

FIG 4.4). The condition that all the e excitations have been bound up with m excitations

into fermions in this way can then be stated as follows. At each vertex p, the Z2 charge

(i.e. number of e excitations modulo 2) measured at p must be equal to the total Z2 flux

(i.e. number of m excitations modulo 2) on all triangles 〈pqr〉 for which p is the first vertex

according to the branching structure. Defining

Ŵpqr ≡ ẐpqẐqrẐpr (4.2)
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<latexit sha1_base64="9XvkoWZhy/WiPewy0PoHEulk5Rc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFNSDUPTisYJri+1Ssmm2Dc0ma5IVytJ/4cWDild/jjf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3r2WqSLUJ5JL1QqxppwJ6htmOG0liuI45LQZDq8nfvOJKs2kuDOjhAYx7gsWMYKNlR5kN0se1fjyxOuWK27VnQItEi8nFcjR6Ja/Oj1J0pgKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pQLHVAfZ9OIxOrJKD0VS2RIGTdXfExmOtR7Foe2MsRnoeW8i/ue1UxOdBxkTSWqoILNFUcqRkWjyPuoxRYnhI0swUczeisgAK0yMDalkQ/DmX14k/mn1ourd1ir1qzyNIhzAIRyDB2dQhxtogA8EBDzDK7w52nlx3p2PWWvByWf24Q+czx+U35Bk</latexit><latexit sha1_base64="9XvkoWZhy/WiPewy0PoHEulk5Rc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFNSDUPTisYJri+1Ssmm2Dc0ma5IVytJ/4cWDild/jjf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3r2WqSLUJ5JL1QqxppwJ6htmOG0liuI45LQZDq8nfvOJKs2kuDOjhAYx7gsWMYKNlR5kN0se1fjyxOuWK27VnQItEi8nFcjR6Ja/Oj1J0pgKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pQLHVAfZ9OIxOrJKD0VS2RIGTdXfExmOtR7Foe2MsRnoeW8i/ue1UxOdBxkTSWqoILNFUcqRkWjyPuoxRYnhI0swUczeisgAK0yMDalkQ/DmX14k/mn1ourd1ir1qzyNIhzAIRyDB2dQhxtogA8EBDzDK7w52nlx3p2PWWvByWf24Q+czx+U35Bk</latexit><latexit sha1_base64="9XvkoWZhy/WiPewy0PoHEulk5Rc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFNSDUPTisYJri+1Ssmm2Dc0ma5IVytJ/4cWDild/jjf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3r2WqSLUJ5JL1QqxppwJ6htmOG0liuI45LQZDq8nfvOJKs2kuDOjhAYx7gsWMYKNlR5kN0se1fjyxOuWK27VnQItEi8nFcjR6Ja/Oj1J0pgKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pQLHVAfZ9OIxOrJKD0VS2RIGTdXfExmOtR7Foe2MsRnoeW8i/ue1UxOdBxkTSWqoILNFUcqRkWjyPuoxRYnhI0swUczeisgAK0yMDalkQ/DmX14k/mn1ourd1ir1qzyNIhzAIRyDB2dQhxtogA8EBDzDK7w52nlx3p2PWWvByWf24Q+czx+U35Bk</latexit><latexit sha1_base64="9XvkoWZhy/WiPewy0PoHEulk5Rc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFNSDUPTisYJri+1Ssmm2Dc0ma5IVytJ/4cWDild/jjf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3r2WqSLUJ5JL1QqxppwJ6htmOG0liuI45LQZDq8nfvOJKs2kuDOjhAYx7gsWMYKNlR5kN0se1fjyxOuWK27VnQItEi8nFcjR6Ja/Oj1J0pgKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pQLHVAfZ9OIxOrJKD0VS2RIGTdXfExmOtR7Foe2MsRnoeW8i/ue1UxOdBxkTSWqoILNFUcqRkWjyPuoxRYnhI0swUczeisgAK0yMDalkQ/DmX14k/mn1ourd1ir1qzyNIhzAIRyDB2dQhxtogA8EBDzDK7w52nlx3p2PWWvByWf24Q+czx+U35Bk</latexit>

p
<latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="8L1cupouso8C9LxJr+KwQknogis=">AAAB3HicbZDNSgMxFIXv+Ftr1erWTbAIrsqMG3UnuHHZgrWFdiiZ9E4bm8kMyR2hDH0CNy5UfC53vo3pz0JbDwQ+zknIvSfKlLTk+9/exubW9s5uaa+8Xzk4PKoeVx5tmhuBLZGq1HQiblFJjS2SpLCTGeRJpLAdje9mefsZjZWpfqBJhmHCh1rGUnByVjPrV2t+3Z+LrUOwhBos1ehXv3qDVOQJahKKW9sN/IzCghuSQuG03MstZlyM+RC7DjVP0IbFfNApO3fOgMWpcUcTm7u/XxQ8sXaSRO5mwmlkV7OZ+V/WzSm+Dgups5xQi8VHca4YpWy2NRtIg4LUxAEXRrpZmRhxwwW5bsquhGB15XVoXdZv6kHThxKcwhlcQABXcAv30IAWCEB4gTd49568V+9j0daGt6ztBP7I+/wBNiWLdg==</latexit><latexit sha1_base64="8L1cupouso8C9LxJr+KwQknogis=">AAAB3HicbZDNSgMxFIXv+Ftr1erWTbAIrsqMG3UnuHHZgrWFdiiZ9E4bm8kMyR2hDH0CNy5UfC53vo3pz0JbDwQ+zknIvSfKlLTk+9/exubW9s5uaa+8Xzk4PKoeVx5tmhuBLZGq1HQiblFJjS2SpLCTGeRJpLAdje9mefsZjZWpfqBJhmHCh1rGUnByVjPrV2t+3Z+LrUOwhBos1ehXv3qDVOQJahKKW9sN/IzCghuSQuG03MstZlyM+RC7DjVP0IbFfNApO3fOgMWpcUcTm7u/XxQ8sXaSRO5mwmlkV7OZ+V/WzSm+Dgups5xQi8VHca4YpWy2NRtIg4LUxAEXRrpZmRhxwwW5bsquhGB15XVoXdZv6kHThxKcwhlcQABXcAv30IAWCEB4gTd49568V+9j0daGt6ztBP7I+/wBNiWLdg==</latexit><latexit sha1_base64="2qS+dgS5gWtsxGazfPM/4R/vybo=">AAAB53icbVBNT8JAEJ3iF+IX6tHLRmLiibRe1BvRi0dIrJBAQ7bLFFa222Z3a0IafoEXD2q8+pe8+W9coAcFXzLJy3szmZkXpoJr47rfTmltfWNzq7xd2dnd2z+oHh496CRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzvz2EyrNE3lvJikGMR1KHnFGjZVaab9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+6JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE10FOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7EheMsvrxL/on5d91purXFTpFGGEziFc/DgEhpwB03wgQHCM7zCm/PovDjvzseiteQUM8fwB87nD0dHjMQ=</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit>

q
<latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRHQgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit><latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRHQgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit><latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRHQgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit><latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRHQgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit>

r
<latexit sha1_base64="h2ocIhLM9kHvcKI1FkYCOi9gJR8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaqlepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0uNjMo=</latexit><latexit sha1_base64="h2ocIhLM9kHvcKI1FkYCOi9gJR8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaqlepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0uNjMo=</latexit><latexit sha1_base64="h2ocIhLM9kHvcKI1FkYCOi9gJR8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaqlepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0uNjMo=</latexit><latexit sha1_base64="h2ocIhLM9kHvcKI1FkYCOi9gJR8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaqlepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0uNjMo=</latexit>
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<latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRHQgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit><latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRHQgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit><latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRHQgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit><latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRHQgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit>
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<latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="8L1cupouso8C9LxJr+KwQknogis=">AAAB3HicbZDNSgMxFIXv+Ftr1erWTbAIrsqMG3UnuHHZgrWFdiiZ9E4bm8kMyR2hDH0CNy5UfC53vo3pz0JbDwQ+zknIvSfKlLTk+9/exubW9s5uaa+8Xzk4PKoeVx5tmhuBLZGq1HQiblFJjS2SpLCTGeRJpLAdje9mefsZjZWpfqBJhmHCh1rGUnByVjPrV2t+3Z+LrUOwhBos1ehXv3qDVOQJahKKW9sN/IzCghuSQuG03MstZlyM+RC7DjVP0IbFfNApO3fOgMWpcUcTm7u/XxQ8sXaSRO5mwmlkV7OZ+V/WzSm+Dgups5xQi8VHca4YpWy2NRtIg4LUxAEXRrpZmRhxwwW5bsquhGB15XVoXdZv6kHThxKcwhlcQABXcAv30IAWCEB4gTd49568V+9j0daGt6ztBP7I+/wBNiWLdg==</latexit><latexit sha1_base64="8L1cupouso8C9LxJr+KwQknogis=">AAAB3HicbZDNSgMxFIXv+Ftr1erWTbAIrsqMG3UnuHHZgrWFdiiZ9E4bm8kMyR2hDH0CNy5UfC53vo3pz0JbDwQ+zknIvSfKlLTk+9/exubW9s5uaa+8Xzk4PKoeVx5tmhuBLZGq1HQiblFJjS2SpLCTGeRJpLAdje9mefsZjZWpfqBJhmHCh1rGUnByVjPrV2t+3Z+LrUOwhBos1ehXv3qDVOQJahKKW9sN/IzCghuSQuG03MstZlyM+RC7DjVP0IbFfNApO3fOgMWpcUcTm7u/XxQ8sXaSRO5mwmlkV7OZ+V/WzSm+Dgups5xQi8VHca4YpWy2NRtIg4LUxAEXRrpZmRhxwwW5bsquhGB15XVoXdZv6kHThxKcwhlcQABXcAv30IAWCEB4gTd49568V+9j0daGt6ztBP7I+/wBNiWLdg==</latexit><latexit sha1_base64="2qS+dgS5gWtsxGazfPM/4R/vybo=">AAAB53icbVBNT8JAEJ3iF+IX6tHLRmLiibRe1BvRi0dIrJBAQ7bLFFa222Z3a0IafoEXD2q8+pe8+W9coAcFXzLJy3szmZkXpoJr47rfTmltfWNzq7xd2dnd2z+oHh496CRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxzfzvz2EyrNE3lvJikGMR1KHnFGjZVaab9ac+vuHGSVeAWpQYFmv/rVGyQsi1EaJqjWXc9NTZBTZTgTOK30Mo0pZWM6xK6lksaog3x+6JScWWVAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE10FOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7EheMsvrxL/on5d91purXFTpFGGEziFc/DgEhpwB03wgQHCM7zCm/PovDjvzseiteQUM8fwB87nD0dHjMQ=</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit>
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hpqri
<latexit sha1_base64="XoWqLASmBXrBJmEXZlhakkeDPfU=">AAAB+3icbZDNSsNAFIUn9a/Wv2iXbgaL4KokIqi7ohuXFYwttKFMpjft0MkkzkyEEOqruHGh4tYXcefbOE2z0NYDAx/n3su9c4KEM6Ud59uqrKyurW9UN2tb2zu7e/b+wb2KU0nBozGPZTcgCjgT4GmmOXQTCSQKOHSCyfWs3nkEqVgs7nSWgB+RkWAho0Qba2DX+5yIEQecPEjclwUP7IbTdArhZXBLaKBS7YH91R/GNI1AaMqJUj3XSbSfE6kZ5TCt9VMFCaETMoKeQUEiUH5eHD/Fx8YZ4jCW5gmNC/f3RE4ipbIoMJ0R0WO1WJuZ/9V6qQ4v/JyJJNUg6HxRmHKsYzxLAg+ZBKp5ZoBQycytmI6JJFSbvGomBHfxy8vgnTYvm+7tWaN1VaZRRYfoCJ0gF52jFrpBbeQhijL0jF7Rm/VkvVjv1se8tWKVM3X0R9bnD9nslHQ=</latexit><latexit sha1_base64="XoWqLASmBXrBJmEXZlhakkeDPfU=">AAAB+3icbZDNSsNAFIUn9a/Wv2iXbgaL4KokIqi7ohuXFYwttKFMpjft0MkkzkyEEOqruHGh4tYXcefbOE2z0NYDAx/n3su9c4KEM6Ud59uqrKyurW9UN2tb2zu7e/b+wb2KU0nBozGPZTcgCjgT4GmmOXQTCSQKOHSCyfWs3nkEqVgs7nSWgB+RkWAho0Qba2DX+5yIEQecPEjclwUP7IbTdArhZXBLaKBS7YH91R/GNI1AaMqJUj3XSbSfE6kZ5TCt9VMFCaETMoKeQUEiUH5eHD/Fx8YZ4jCW5gmNC/f3RE4ipbIoMJ0R0WO1WJuZ/9V6qQ4v/JyJJNUg6HxRmHKsYzxLAg+ZBKp5ZoBQycytmI6JJFSbvGomBHfxy8vgnTYvm+7tWaN1VaZRRYfoCJ0gF52jFrpBbeQhijL0jF7Rm/VkvVjv1se8tWKVM3X0R9bnD9nslHQ=</latexit><latexit sha1_base64="XoWqLASmBXrBJmEXZlhakkeDPfU=">AAAB+3icbZDNSsNAFIUn9a/Wv2iXbgaL4KokIqi7ohuXFYwttKFMpjft0MkkzkyEEOqruHGh4tYXcefbOE2z0NYDAx/n3su9c4KEM6Ud59uqrKyurW9UN2tb2zu7e/b+wb2KU0nBozGPZTcgCjgT4GmmOXQTCSQKOHSCyfWs3nkEqVgs7nSWgB+RkWAho0Qba2DX+5yIEQecPEjclwUP7IbTdArhZXBLaKBS7YH91R/GNI1AaMqJUj3XSbSfE6kZ5TCt9VMFCaETMoKeQUEiUH5eHD/Fx8YZ4jCW5gmNC/f3RE4ipbIoMJ0R0WO1WJuZ/9V6qQ4v/JyJJNUg6HxRmHKsYzxLAg+ZBKp5ZoBQycytmI6JJFSbvGomBHfxy8vgnTYvm+7tWaN1VaZRRYfoCJ0gF52jFrpBbeQhijL0jF7Rm/VkvVjv1se8tWKVM3X0R9bnD9nslHQ=</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="gOoZTUpUiOzQuGF9nXZzlhmyZk4=">AAAB8HicbZBPS8MwGMbfzn9zTq169BIcgqfRelFvghePE6wbbGWk2bstLE1rkgqlzK/ixYOKn8ab38as20E3Hwj8eJ6E980TpYJr43nfTmVtfWNzq7pd26nv7u27B/UHnWSKYcASkahORDUKLjEw3AjspAppHAlsR5ObWd5+QqV5Iu9NnmIY05HkQ86osVbfPeoJKkcCSfqoSE+V3HcbXtMrRVbBX0ADFmr13a/eIGFZjNIwQbXu+l5qwoIqw5nAaa2XaUwpm9ARdi1KGqMOi3L5KTm1zoAME2WPNKR0f78oaKx1Hkf2ZkzNWC9nM/O/rJuZ4WVYcJlmBiWbDxpmgpiEzJogA66QGZFboExxuythY6ooM7avmi3BX/7yKgTnzaumf+dBFY7hBM7Ahwu4hltoQQAMcniBN3h3np1X52PeVsVZ1HYIf+R8/gB2vpMO</latexit><latexit sha1_base64="gOoZTUpUiOzQuGF9nXZzlhmyZk4=">AAAB8HicbZBPS8MwGMbfzn9zTq169BIcgqfRelFvghePE6wbbGWk2bstLE1rkgqlzK/ixYOKn8ab38as20E3Hwj8eJ6E980TpYJr43nfTmVtfWNzq7pd26nv7u27B/UHnWSKYcASkahORDUKLjEw3AjspAppHAlsR5ObWd5+QqV5Iu9NnmIY05HkQ86osVbfPeoJKkcCSfqoSE+V3HcbXtMrRVbBX0ADFmr13a/eIGFZjNIwQbXu+l5qwoIqw5nAaa2XaUwpm9ARdi1KGqMOi3L5KTm1zoAME2WPNKR0f78oaKx1Hkf2ZkzNWC9nM/O/rJuZ4WVYcJlmBiWbDxpmgpiEzJogA66QGZFboExxuythY6ooM7avmi3BX/7yKgTnzaumf+dBFY7hBM7Ahwu4hltoQQAMcniBN3h3np1X52PeVsVZ1HYIf+R8/gB2vpMO</latexit><latexit sha1_base64="+q4Aj/kmLyiPq/sgKjCxpgA1sPs=">AAAB+3icbZC9TsMwFIWd8lfKX6Aji0WFxFQlLMBWwcJYJEKRmqhy3JvWquME20GKovIqLAyAWHkRNt4GN80ALUey9Once3WvT5hyprTjfFu1ldW19Y36ZmNre2d3z94/uFNJJil4NOGJvA+JAs4EeJppDvepBBKHHHrh5GpW7z2CVCwRtzpPIYjJSLCIUaKNNbCbPidixAGnDxL7suSB3XLaTim8DG4FLVSpO7C//GFCsxiEppwo1XedVAcFkZpRDtOGnylICZ2QEfQNChKDCory+Ck+Ns4QR4k0T2hcur8nChIrlceh6YyJHqvF2sz8r9bPdHQeFEykmQZB54uijGOd4FkSeMgkUM1zA4RKZm7FdEwkodrk1TAhuItfXgbvtH3Rdm+cVueySqOODtEROkEuOkMddI26yEMU5egZvaI368l6sd6tj3lrzapmmuiPrM8f2KyUcA==</latexit><latexit sha1_base64="XoWqLASmBXrBJmEXZlhakkeDPfU=">AAAB+3icbZDNSsNAFIUn9a/Wv2iXbgaL4KokIqi7ohuXFYwttKFMpjft0MkkzkyEEOqruHGh4tYXcefbOE2z0NYDAx/n3su9c4KEM6Ud59uqrKyurW9UN2tb2zu7e/b+wb2KU0nBozGPZTcgCjgT4GmmOXQTCSQKOHSCyfWs3nkEqVgs7nSWgB+RkWAho0Qba2DX+5yIEQecPEjclwUP7IbTdArhZXBLaKBS7YH91R/GNI1AaMqJUj3XSbSfE6kZ5TCt9VMFCaETMoKeQUEiUH5eHD/Fx8YZ4jCW5gmNC/f3RE4ipbIoMJ0R0WO1WJuZ/9V6qQ4v/JyJJNUg6HxRmHKsYzxLAg+ZBKp5ZoBQycytmI6JJFSbvGomBHfxy8vgnTYvm+7tWaN1VaZRRYfoCJ0gF52jFrpBbeQhijL0jF7Rm/VkvVjv1se8tWKVM3X0R9bnD9nslHQ=</latexit><latexit sha1_base64="XoWqLASmBXrBJmEXZlhakkeDPfU=">AAAB+3icbZDNSsNAFIUn9a/Wv2iXbgaL4KokIqi7ohuXFYwttKFMpjft0MkkzkyEEOqruHGh4tYXcefbOE2z0NYDAx/n3su9c4KEM6Ud59uqrKyurW9UN2tb2zu7e/b+wb2KU0nBozGPZTcgCjgT4GmmOXQTCSQKOHSCyfWs3nkEqVgs7nSWgB+RkWAho0Qba2DX+5yIEQecPEjclwUP7IbTdArhZXBLaKBS7YH91R/GNI1AaMqJUj3XSbSfE6kZ5TCt9VMFCaETMoKeQUEiUH5eHD/Fx8YZ4jCW5gmNC/f3RE4ipbIoMJ0R0WO1WJuZ/9V6qQ4v/JyJJNUg6HxRmHKsYzxLAg+ZBKp5ZoBQycytmI6JJFSbvGomBHfxy8vgnTYvm+7tWaN1VaZRRYfoCJ0gF52jFrpBbeQhijL0jF7Rm/VkvVjv1se8tWKVM3X0R9bnD9nslHQ=</latexit><latexit sha1_base64="XoWqLASmBXrBJmEXZlhakkeDPfU=">AAAB+3icbZDNSsNAFIUn9a/Wv2iXbgaL4KokIqi7ohuXFYwttKFMpjft0MkkzkyEEOqruHGh4tYXcefbOE2z0NYDAx/n3su9c4KEM6Ud59uqrKyurW9UN2tb2zu7e/b+wb2KU0nBozGPZTcgCjgT4GmmOXQTCSQKOHSCyfWs3nkEqVgs7nSWgB+RkWAho0Qba2DX+5yIEQecPEjclwUP7IbTdArhZXBLaKBS7YH91R/GNI1AaMqJUj3XSbSfE6kZ5TCt9VMFCaETMoKeQUEiUH5eHD/Fx8YZ4jCW5gmNC/f3RE4ipbIoMJ0R0WO1WJuZ/9V6qQ4v/JyJJNUg6HxRmHKsYzxLAg+ZBKp5ZoBQycytmI6JJFSbvGomBHfxy8vgnTYvm+7tWaN1VaZRRYfoCJ0gF52jFrpBbeQhijL0jF7Rm/VkvVjv1se8tWKVM3X0R9bnD9nslHQ=</latexit><latexit sha1_base64="XoWqLASmBXrBJmEXZlhakkeDPfU=">AAAB+3icbZDNSsNAFIUn9a/Wv2iXbgaL4KokIqi7ohuXFYwttKFMpjft0MkkzkyEEOqruHGh4tYXcefbOE2z0NYDAx/n3su9c4KEM6Ud59uqrKyurW9UN2tb2zu7e/b+wb2KU0nBozGPZTcgCjgT4GmmOXQTCSQKOHSCyfWs3nkEqVgs7nSWgB+RkWAho0Qba2DX+5yIEQecPEjclwUP7IbTdArhZXBLaKBS7YH91R/GNI1AaMqJUj3XSbSfE6kZ5TCt9VMFCaETMoKeQUEiUH5eHD/Fx8YZ4jCW5gmNC/f3RE4ipbIoMJ0R0WO1WJuZ/9V6qQ4v/JyJJNUg6HxRmHKsYzxLAg+ZBKp5ZoBQycytmI6JJFSbvGomBHfxy8vgnTYvm+7tWaN1VaZRRYfoCJ0gF52jFrpBbeQhijL0jF7Rm/VkvVjv1se8tWKVM3X0R9bnD9nslHQ=</latexit><latexit sha1_base64="XoWqLASmBXrBJmEXZlhakkeDPfU=">AAAB+3icbZDNSsNAFIUn9a/Wv2iXbgaL4KokIqi7ohuXFYwttKFMpjft0MkkzkyEEOqruHGh4tYXcefbOE2z0NYDAx/n3su9c4KEM6Ud59uqrKyurW9UN2tb2zu7e/b+wb2KU0nBozGPZTcgCjgT4GmmOXQTCSQKOHSCyfWs3nkEqVgs7nSWgB+RkWAho0Qba2DX+5yIEQecPEjclwUP7IbTdArhZXBLaKBS7YH91R/GNI1AaMqJUj3XSbSfE6kZ5TCt9VMFCaETMoKeQUEiUH5eHD/Fx8YZ4jCW5gmNC/f3RE4ipbIoMJ0R0WO1WJuZ/9V6qQ4v/JyJJNUg6HxRmHKsYzxLAg+ZBKp5ZoBQycytmI6JJFSbvGomBHfxy8vgnTYvm+7tWaN1VaZRRYfoCJ0gF52jFrpBbeQhijL0jF7Rm/VkvVjv1se8tWKVM3X0R9bnD9nslHQ=</latexit><latexit sha1_base64="XoWqLASmBXrBJmEXZlhakkeDPfU=">AAAB+3icbZDNSsNAFIUn9a/Wv2iXbgaL4KokIqi7ohuXFYwttKFMpjft0MkkzkyEEOqruHGh4tYXcefbOE2z0NYDAx/n3su9c4KEM6Ud59uqrKyurW9UN2tb2zu7e/b+wb2KU0nBozGPZTcgCjgT4GmmOXQTCSQKOHSCyfWs3nkEqVgs7nSWgB+RkWAho0Qba2DX+5yIEQecPEjclwUP7IbTdArhZXBLaKBS7YH91R/GNI1AaMqJUj3XSbSfE6kZ5TCt9VMFCaETMoKeQUEiUH5eHD/Fx8YZ4jCW5gmNC/f3RE4ipbIoMJ0R0WO1WJuZ/9V6qQ4v/JyJJNUg6HxRmHKsYzxLAg+ZBKp5ZoBQycytmI6JJFSbvGomBHfxy8vgnTYvm+7tWaN1VaZRRYfoCJ0gF52jFrpBbeQhijL0jF7Rm/VkvVjv1se8tWKVM3X0R9bnD9nslHQ=</latexit>

opqr = +1
<latexit sha1_base64="9XvkoWZhy/WiPewy0PoHEulk5Rc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFNSDUPTisYJri+1Ssmm2Dc0ma5IVytJ/4cWDild/jjf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3r2WqSLUJ5JL1QqxppwJ6htmOG0liuI45LQZDq8nfvOJKs2kuDOjhAYx7gsWMYKNlR5kN0se1fjyxOuWK27VnQItEi8nFcjR6Ja/Oj1J0pgKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pQLHVAfZ9OIxOrJKD0VS2RIGTdXfExmOtR7Foe2MsRnoeW8i/ue1UxOdBxkTSWqoILNFUcqRkWjyPuoxRYnhI0swUczeisgAK0yMDalkQ/DmX14k/mn1ourd1ir1qzyNIhzAIRyDB2dQhxtogA8EBDzDK7w52nlx3p2PWWvByWf24Q+czx+U35Bk</latexit><latexit sha1_base64="9XvkoWZhy/WiPewy0PoHEulk5Rc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFNSDUPTisYJri+1Ssmm2Dc0ma5IVytJ/4cWDild/jjf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3r2WqSLUJ5JL1QqxppwJ6htmOG0liuI45LQZDq8nfvOJKs2kuDOjhAYx7gsWMYKNlR5kN0se1fjyxOuWK27VnQItEi8nFcjR6Ja/Oj1J0pgKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pQLHVAfZ9OIxOrJKD0VS2RIGTdXfExmOtR7Foe2MsRnoeW8i/ue1UxOdBxkTSWqoILNFUcqRkWjyPuoxRYnhI0swUczeisgAK0yMDalkQ/DmX14k/mn1ourd1ir1qzyNIhzAIRyDB2dQhxtogA8EBDzDK7w52nlx3p2PWWvByWf24Q+czx+U35Bk</latexit><latexit sha1_base64="9XvkoWZhy/WiPewy0PoHEulk5Rc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFNSDUPTisYJri+1Ssmm2Dc0ma5IVytJ/4cWDild/jjf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3r2WqSLUJ5JL1QqxppwJ6htmOG0liuI45LQZDq8nfvOJKs2kuDOjhAYx7gsWMYKNlR5kN0se1fjyxOuWK27VnQItEi8nFcjR6Ja/Oj1J0pgKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pQLHVAfZ9OIxOrJKD0VS2RIGTdXfExmOtR7Foe2MsRnoeW8i/ue1UxOdBxkTSWqoILNFUcqRkWjyPuoxRYnhI0swUczeisgAK0yMDalkQ/DmX14k/mn1ourd1ir1qzyNIhzAIRyDB2dQhxtogA8EBDzDK7w52nlx3p2PWWvByWf24Q+czx+U35Bk</latexit><latexit sha1_base64="9XvkoWZhy/WiPewy0PoHEulk5Rc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFNSDUPTisYJri+1Ssmm2Dc0ma5IVytJ/4cWDild/jjf/jWm7B219MPB4b4aZeWHCmTau++0UlpZXVteK66WNza3tnfLu3r2WqSLUJ5JL1QqxppwJ6htmOG0liuI45LQZDq8nfvOJKs2kuDOjhAYx7gsWMYKNlR5kN0se1fjyxOuWK27VnQItEi8nFcjR6Ja/Oj1J0pgKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pQLHVAfZ9OIxOrJKD0VS2RIGTdXfExmOtR7Foe2MsRnoeW8i/ue1UxOdBxkTSWqoILNFUcqRkWjyPuoxRYnhI0swUczeisgAK0yMDalkQ/DmX14k/mn1ourd1ir1qzyNIhzAIRyDB2dQhxtogA8EBDzDK7w52nlx3p2PWWvByWf24Q+czx+U35Bk</latexit>

oqpr = �1
<latexit sha1_base64="INKbw7SOKGLLKr1dhI3NbZq6Foo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCupBKHrxWMG1xXYp2TTbhmaTNckKZem/8OJBxas/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKS8srq2vF9dLG5tb2Tnl3717LVBHqE8mlaoVYU84E9Q0znLYSRXEcctoMh9cTv/lElWZS3JlRQoMY9wWLGMHGSg+ymz0manx54nXLFbfqToEWiZeTCuRodMtfnZ4kaUyFIRxr3fbcxAQZVoYRTselTqppgskQ92nbUoFjqoNsevEYHVmlhyKpbAmDpurviQzHWo/i0HbG2Az0vDcR//PaqYnOg4yJJDVUkNmiKOXISDR5H/WYosTwkSWYKGZvRWSAFSbGhlSyIXjzLy8S/7R6UfVua5X6VZ5GEQ7gEI7BgzOoww00wAcCAp7hFd4c7bw4787HrLXg5DP78AfO5w+X6JBm</latexit><latexit sha1_base64="INKbw7SOKGLLKr1dhI3NbZq6Foo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCupBKHrxWMG1xXYp2TTbhmaTNckKZem/8OJBxas/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKS8srq2vF9dLG5tb2Tnl3717LVBHqE8mlaoVYU84E9Q0znLYSRXEcctoMh9cTv/lElWZS3JlRQoMY9wWLGMHGSg+ymz0manx54nXLFbfqToEWiZeTCuRodMtfnZ4kaUyFIRxr3fbcxAQZVoYRTselTqppgskQ92nbUoFjqoNsevEYHVmlhyKpbAmDpurviQzHWo/i0HbG2Az0vDcR//PaqYnOg4yJJDVUkNmiKOXISDR5H/WYosTwkSWYKGZvRWSAFSbGhlSyIXjzLy8S/7R6UfVua5X6VZ5GEQ7gEI7BgzOoww00wAcCAp7hFd4c7bw4787HrLXg5DP78AfO5w+X6JBm</latexit><latexit sha1_base64="INKbw7SOKGLLKr1dhI3NbZq6Foo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCupBKHrxWMG1xXYp2TTbhmaTNckKZem/8OJBxas/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKS8srq2vF9dLG5tb2Tnl3717LVBHqE8mlaoVYU84E9Q0znLYSRXEcctoMh9cTv/lElWZS3JlRQoMY9wWLGMHGSg+ymz0manx54nXLFbfqToEWiZeTCuRodMtfnZ4kaUyFIRxr3fbcxAQZVoYRTselTqppgskQ92nbUoFjqoNsevEYHVmlhyKpbAmDpurviQzHWo/i0HbG2Az0vDcR//PaqYnOg4yJJDVUkNmiKOXISDR5H/WYosTwkSWYKGZvRWSAFSbGhlSyIXjzLy8S/7R6UfVua5X6VZ5GEQ7gEI7BgzOoww00wAcCAp7hFd4c7bw4787HrLXg5DP78AfO5w+X6JBm</latexit><latexit sha1_base64="INKbw7SOKGLLKr1dhI3NbZq6Foo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2VXCupBKHrxWMG1xXYp2TTbhmaTNckKZem/8OJBxas/x5v/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKS8srq2vF9dLG5tb2Tnl3717LVBHqE8mlaoVYU84E9Q0znLYSRXEcctoMh9cTv/lElWZS3JlRQoMY9wWLGMHGSg+ymz0manx54nXLFbfqToEWiZeTCuRodMtfnZ4kaUyFIRxr3fbcxAQZVoYRTselTqppgskQ92nbUoFjqoNsevEYHVmlhyKpbAmDpurviQzHWo/i0HbG2Az0vDcR//PaqYnOg4yJJDVUkNmiKOXISDR5H/WYosTwkSWYKGZvRWSAFSbGhlSyIXjzLy8S/7R6UfVua5X6VZ5GEQ7gEI7BgzOoww00wAcCAp7hFd4c7bw4787HrLXg5DP78AfO5w+X6JBm</latexit>

Figure 4.4: The vertices around a triangle are ordered by the number of links pointing
towards the vertex. opqr is −1 or +1 depending on the orientation of the triangle relative to
a choice of orientation for the manifold.

to be the operator that measures the Z2 flux on 〈pqr〉, this is then just the condition that

the state be in the +1 eigenspace of each operator

Ĝp ≡
∏
〈tqr〉
t=p

Ŵtqr

∏
〈st〉3p

X̂st. (4.3)

The first product above is over all triangles whose first vertex is p. We thus expect that the

shadow model Hamiltonian will commute with all of the Ĝp and that its ground states will

lie in the +1 eigenspace of each Ĝp. Because of the second product in (4.3), Ĝp resembles

a Gauss’s law constraint. In accordance with Ref. [15], we will refer to it as a ‘modified

Gauss’s law’.

Our construction of the shadow model Hamiltonian proceeds in two steps. First, we

use group supercohomology data to construct an auxiliary bosonic SPT, with an enlarged

symmetry group G̃ equal to a certain Z2 extension of G. Second, we gauge the global Z2

subgroup of G̃ in this auxiliary bosonic SPT to end up with our desired bosonic shadow

model. Again, we emphasize that because all of these constructions are bosonic, the spin

structure does not enter into them at all. To begin, we briefly review group supercohomology.
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4.2.1 Group supercohomology data

For a finite group G, group supercohomology data consists of a pair (n, ν), where n :

G×G×G→ Z2 is a Z2 valued function of 3 group variables, and ν : G×G×G×G→ U(1)

is a U(1) valued function of 4 group variables, satisfying the following two properties:

1) n is a homogeneous cocycle, where homogeneity means

n(gg0, gg1, gg2) = n(g0, g1, g2) (4.4)

for all g, and the cocycle property is 2

δn = 0. (4.7)

2) ν is homogeneous, i.e.

ν(gg0, gg1, gg2, gg3) = ν(g0, g1, g2, g3), (4.8)

for all g and satisfies

δν(g0, g1, g2, g3, g4) = (−1)n(g0,g1,g2)n(g2,g3,g4). (4.9)

Just as for ordinary group cocycles, there is an equivalence relation on group supercohomol-

2Let h be a map from Gk to Z2. The coboundary of h is given by

δh(g0, ..., gk) =

k∑
j=0

(−1)jh(g0, ..., ĝj , ..., gk) (4.5)

where ĝj means that gj is omitted. Let f be a map from Gk to U(1). Then the coboundary of f is given by

δf(g0, ..., gk) =

k∏
j=0

f(g0, ..., ĝj , ..., gk)(−1)j . (4.6)
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Figure 4.5: The auxiliary bosonic SPT has G̃ degrees of freedom at each vertex. Specifically,
at each vertex, we attach a Hilbert space C|G̃| with a basis labeled by elements of G̃. A natural

basis for the total Hilbert space
⊗

pC
|G̃|
p is then a set of product states for which at each

vertex an element of G̃ is chosen. We refer to this basis of product states as the configuration

basis. An arbitrary element of the configuration basis may be written as
∣∣{g(mp)

p

}〉
.

ogy data. Rather than defining it now, we will postpone the discussion of this equivalence

relation to section 4.4.3, where we identify it through physical arguments. Group superco-

homology classes will then be defined as equivalence classes of group supercohomology data

modulo this relation.

For convenience, in our constructions below, we will always take n to be a normalized

cocycle. This is to say, we choose n such that

n(g, g, h) = n(g, h, h) = 0 (4.10)

for all g, h. There is no loss of generality in restricting to normalized cocycles, because

each equivalence class of group supercohomology data has a representative (n, ν) with n

normalized.

4.2.2 Auxiliary bosonic SPT

The auxiliary bosonic SPT is again defined on a triangulation of an orientable two dimen-

sional spatial manifold M together with a branching structure. The symmetry group G̃ of
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the auxiliary bosonic SPT is the Z2 extension of G determined by n. Explicitly, G̃ consists

of 2|G| elements g(m), where g ∈ G and m ∈ Z2 = {0, 1}, obeying the group law:

g(m)h(`) = (gh)(m+`+n(1,g,gh)). (4.11)

The degrees of freedom in the auxiliary model are generalized G̃-spins
∣∣g(mp)
p

〉
living on the

vertices of the triangulation, and the standard bosonic SPT construction of Ref. [49] allows

us to write down the following SPT ground state wave function in the
{
g

(mp)
p

}
configuration

basis:

ΨSPT

({
g(mp)
p

})
=
〈
{g(mp)

p }
∣∣ΨSPT

〉
=
∏
〈pqr〉

α
(
g(mp)
p , g(mq)

q , g(mr)
r , 1

)opqr
. (4.12)

Here, as below, we do not keep track of the irrelevant overall normalization factor of the

ground state wave function. The product in (4.12) is over ordered triangles 〈pqr〉, with the

ordering determined by the branching structure. opqr is +1 if the orientation of the triangle

〈pqr〉 is aligned with the orientation of the manifold and −1 otherwise (see FIG. 4.4). Finally,

α is defined in terms of the group supercohomology data as [124]:

α
(
g

(m0)
0 , g

(m1)
1 , g

(m2)
2 , g

(m3)
3

)
≡ ν(g0, g1, g2, g3)(−1)ε

((
g

(m0)
0

)−1

g
(m1)
1

)
n(g1,g2,g3), (4.13)

where we have defined the projector

ε
(
g(m)

)
≡ m. (4.14)

One can explicitly verify that α is homogenous and a cocycle (δα = 0) by using equations

(4.4) and (4.8) along with the group law (4.11) of G̃, as well as the normalization property

(4.10). Thus (4.12) is a bosonic SPT ground state. The seemingly complicated cocycle α is

designed to produce a shadow model wave function that lies in the Ĝp = +1 Hilbert space,

as we will see in the next subsection.
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4.2.3 Bosonic shadow model wave function

We now construct the bosonic shadow model by gauging the Z2 subgroup of G̃ in the auxiliary

bosonic SPT. This is done in the standard way by introducing a lattice Z2 gauge field

µzpq = ±1 and performing the usual minimal coupling procedure [71], so we relegate the

details to Appendix 4.A. A complete set of commuting gauge invariant observables in the

resulting gauge theory is given by {gp, Zpq}, where gp is the G component of the G̃ degree of

freedom g
(mp)
p at vertex p, and

Zpq = µzpq(−1)ε
((
g

(mp)
p

)−1

g
(mq)
q

)
(4.15)

can be thought of as the Z2 part of the lattice gauge covariant derivative of the G̃ ‘matter’

fields. We explicitly demonstrate in Appendix 4.A that this gauge theory Hilbert space is

isomorphic, via a duality transformation, to the unconstrained Hilbert space of generalized

G-spin degrees of freedom |gp〉 at vertices p and spin-1/2 degrees of freedom on links 〈pq〉,
with Pauli algebra generated by X̂pq, Ẑpq.

A ground state wave function Ψb of the gauged theory can be obtained by setting the

amplitude Ψb({gp, Zpq}) of any configuration {gp, Zpq} equal to ΨSPT

({
g

(mp)
p

})
if there exists{

g
(mp)
p

}
for which

Zpq = (−1)ε
((
g

(mp)
p

)−1

g
(mq)
q

)
= (−1)mp+mq+n(1,gp,gq) (4.16)

and zero otherwise (see FIG. 4.6 and 4.7 for an example). Such
{
g

(mp)
p

}
, if it exists, is

ambiguous only up to a global Z2 transformation, i.e. a shift mp → mp + 1,3 and since ΨSPT

is invariant under this shift, Ψb is well defined. Explicitly,

Ψb ({gp, Zpq}) =
∏
〈pqr〉

ν(gp, gq, gr, 1)opqrZn(gq ,gr,1)
pq

3Here we use the fact that n is a normalized 2-cocycle.
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×

∏
〈pqr〉

δZpqZqrZpr,(−1)n(gp,gq,gr)

h({Zpq(−1)n(1,gp,gq)}), (4.17)

as can be verified by observing that we recover the auxiliary bosonic SPT ground state wave

function amplitude by inserting (4.16) in (4.17). Again, we do not keep track of the irrelevant

overall normalization of the wave function. The function h({Zpq(−1)n(1,gp,gq)}) = 0, 1 is a

constraint that enforces trivial µz-holonomy around each topologically nontrivial cycle in the

geometry. Specifically, it is equal to a product of delta functions over all nontrivial cycles,

which enforce the constraint that the product of Zpq(−1)n(1,gp,gq) along the links of the cycle

is equal to 1. These holonomy constraints, together with the delta functions in (4.17), ensure

that the amplitude of a given configuration {gp, Zpq} is nonzero if and only if there exists{
g

(mp)
p

}
satisfying (4.16). Once we write down a parent Hamiltonian for Ψb, we will have

other ground states, which will all be of the form (4.17) except with nontrivial holonomy

constraints.

Because it comes from gauging a global Z2 symmetry in a short range entangled state,

the shadow model wave function Ψb describes a toric code topological order. Furthermore,

since ΨSPT is G̃ symmetric, Ψb is G symmetric, and hence the shadow model wave function

describes a G-symmetry enriched toric code. One can also explicitly check that

Ĝp|Ψb〉 = |Ψb〉 (4.18)

for all p, so that |Ψb〉 contains only fermion excitations, without any unbound e excitations

or m excitations, in the sense defined above. We will also verify (4.18) below by writing down

a finite depth circuit of local unitaries which commutes with all of the Ĝp, and constructs

Ψb from a state which trivially lies in the Ĝp = +1 eigenspace of each Ĝp.
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4.2.4 Bosonic shadow model Hamiltonian from a finite depth circuit

Our ultimate aim is to use the fermionization duality of Ref. [15] to turn the bosonic shadow

model wave function into the ground state of a fermionic SPT. However, as this fermionization

duality is defined at the level of local operators, we must first write down a local parent

Hamiltonian for |Ψb〉 on which we can apply the duality.

One way to obtain such a parent Hamiltonian is to simply start with the form of the

bosonic G̃ SPT parent Hamiltonian written down in Ref. [49] and directly couple it to a

lattice Z2 gauge field. We outline this approach in Appendix 4.A, but for our purposes, we

will find it more useful to construct a different parent Hamiltonian for |Ψb〉.

Our choice of parent Hamiltonian is based on the insight that |Ψb〉, as defined by the

wavefunction in (4.17), can be obtained by applying an appropriate finite depth circuit of

local unitaries to a ground state of the following Hamiltonian, which describes a trivial

generalized G-spin paramagnet and a decoupled copy of the toric code:

Ĥ0
b = −

∑
p

P̂ sym
p −

∑
p

∏
〈st〉3p

X̂st −
∑
〈pqr〉

Ŵpqr. (4.19)

Here, P̂ sym
p is the projector onto the symmetric state 1√

|G|

∑
gp∈G |gp〉 at vertex p tensored

with the identity on the remaining sites, and Ŵpqr, which was defined in (4.2), measures the

Z2 flux on 〈pqr〉. One ground state of (4.19) is

Ψt.c.({gp, Zpq}) =

∏
〈pqr〉

δZpqZqrZpr,1

h({Zpq}), (4.20)

where the holonomy constraint h({Zpq}) was defined below (4.17).

We now claim that

|Ψb〉 = Ûb|Ψt.c.〉, (4.21)
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where Ûb is the following finite depth circuit of local unitaries:

Ûb =
∏
〈pqr〉

(
ν̂opqrpqr Ẑ

n̂qr
pq

)∏
〈pq〉

X̂ n̂pq
pq

∏
〈pqr〉

Ŵ n̂pr
pqr . (4.22)

Here, n̂pq is the operator defined by

n̂pq |{gt}〉 = n(gp, gq, 1)|{gt}〉, (4.23)

and ν̂
opqr
pqr is given by

ν̂opqrpqr |{gt}〉 = ν(gp, gq, gr, 1)opqr |{gt}〉. (4.24)

To see that |Ψb〉 = Ûb|Ψt.c.〉, first note that the all of the configurations appearing with

non-zero amplitude in |Ψt.c.〉 have trivial Z2-flux through all triangles, while the states in

(4.17) have nontrivial Z2-flux at triangles 〈pqr〉 for which (−1)n(gp,gq ,gr) = −1. This difference

is remedied by the term
∏
〈pq〉 X̂

n̂pq
pq in (4.22). The cocycle condition δn = 0 guarantees that

the nontrivial Z2-fluxes are put into the correct positions by this term. Second, the term∏
〈pqr〉 ν̂

opqr
pqr Ẑ

n̂qr
pq is simply to ensure that the phases assigned to configurations match those

in |Ψb〉.

It is proved in Appendix 4.B that Ûb is nearly G-symmetric - conjugating it by any

global symmetry generator yields Ûb multiplied by a product of some Ĝp operators. This

property of Ûb in particular relies on the term
∏
〈pqr〉 Ŵ

n̂pr
pqr in (4.22), which may have seemed

unnecessary at first since it acts trivially on the toric code ground states.

Together with the manifest G and Ĝp invariance of Ĥ0
b, this property of Ûb implies that

Ĥb = ÛbĤ
0
bÛ
†
b, (4.25)

is a G-symmetric parent Hamiltonian for |Ψb〉. We will see in section 4.3.4 that Ûb also

commutes with all Ĝp, so that the Ĥb does as well. We have thus constructed, using group
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<latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit>

)
<latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit>

 b
<latexit sha1_base64="/XgYAECfPegQUO5LaJNnI6vKjmg=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJlgEV2VGBF0W3LisYh/QGUomzbShmcyY3CmWoeC/cONCEbf+GHf+G9PHQlsPBD7OuSE3J0ylMOi6387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4MB9eTvDnk2ohE3eMo5UFMe0pEglG0VuDXjOj4yB8xD8edUtmtuFORZfDmUIa5ap3Sl99NWBZzhUxSY9qem2KQU42CST4u+pnhKWUD2uNti4rG3AT5dOkxObVOl0SJtkchmbq/b+Q0NmYUh3Yyptg3i9nE/C9rZxhdBblQaYZcsdlDUSYJJmTSAOkKzRnKkQXKtLC7EtanmjK0PRVtCd7il5ehcV7x3Ip3e1Gu3j3N6ijAMZzAGXhwCVW4gRrUgcEDPMMrvDlD58V5dz5moyvOvMIj+CPn8wdeK5Lu</latexit><latexit sha1_base64="/XgYAECfPegQUO5LaJNnI6vKjmg=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJlgEV2VGBF0W3LisYh/QGUomzbShmcyY3CmWoeC/cONCEbf+GHf+G9PHQlsPBD7OuSE3J0ylMOi6387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4MB9eTvDnk2ohE3eMo5UFMe0pEglG0VuDXjOj4yB8xD8edUtmtuFORZfDmUIa5ap3Sl99NWBZzhUxSY9qem2KQU42CST4u+pnhKWUD2uNti4rG3AT5dOkxObVOl0SJtkchmbq/b+Q0NmYUh3Yyptg3i9nE/C9rZxhdBblQaYZcsdlDUSYJJmTSAOkKzRnKkQXKtLC7EtanmjK0PRVtCd7il5ehcV7x3Ip3e1Gu3j3N6ijAMZzAGXhwCVW4gRrUgcEDPMMrvDlD58V5dz5moyvOvMIj+CPn8wdeK5Lu</latexit><latexit sha1_base64="/XgYAECfPegQUO5LaJNnI6vKjmg=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJlgEV2VGBF0W3LisYh/QGUomzbShmcyY3CmWoeC/cONCEbf+GHf+G9PHQlsPBD7OuSE3J0ylMOi6387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4MB9eTvDnk2ohE3eMo5UFMe0pEglG0VuDXjOj4yB8xD8edUtmtuFORZfDmUIa5ap3Sl99NWBZzhUxSY9qem2KQU42CST4u+pnhKWUD2uNti4rG3AT5dOkxObVOl0SJtkchmbq/b+Q0NmYUh3Yyptg3i9nE/C9rZxhdBblQaYZcsdlDUSYJJmTSAOkKzRnKkQXKtLC7EtanmjK0PRVtCd7il5ehcV7x3Ip3e1Gu3j3N6ijAMZzAGXhwCVW4gRrUgcEDPMMrvDlD58V5dz5moyvOvMIj+CPn8wdeK5Lu</latexit><latexit sha1_base64="/XgYAECfPegQUO5LaJNnI6vKjmg=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJlgEV2VGBF0W3LisYh/QGUomzbShmcyY3CmWoeC/cONCEbf+GHf+G9PHQlsPBD7OuSE3J0ylMOi6387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4MB9eTvDnk2ohE3eMo5UFMe0pEglG0VuDXjOj4yB8xD8edUtmtuFORZfDmUIa5ap3Sl99NWBZzhUxSY9qem2KQU42CST4u+pnhKWUD2uNti4rG3AT5dOkxObVOl0SJtkchmbq/b+Q0NmYUh3Yyptg3i9nE/C9rZxhdBblQaYZcsdlDUSYJJmTSAOkKzRnKkQXKtLC7EtanmjK0PRVtCd7il5ehcV7x3Ip3e1Gu3j3N6ijAMZzAGXhwCVW4gRrUgcEDPMMrvDlD58V5dz5moyvOvMIj+CPn8wdeK5Lu</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>
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<latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit>

)
<latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit>

 SPT
<latexit sha1_base64="i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbMEmZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mWYpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJrPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJnqWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7tO3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit><latexit sha1_base64="i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbMEmZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mWYpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJrPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJnqWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7tO3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit><latexit sha1_base64="i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbMEmZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mWYpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJrPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJnqWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7tO3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit><latexit sha1_base64="i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbMEmZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mWYpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJrPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJnqWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7tO3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit>

2<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

3
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<latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit>

)
<latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit>

 SPT
<latexit sha1_base64="i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbMEmZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mWYpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJrPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJnqWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7tO3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit><latexit sha1_base64="i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbMEmZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mWYpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJrPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJnqWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7tO3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit><latexit sha1_base64="i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbMEmZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mWYpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJrPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJnqWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7tO3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit><latexit sha1_base64="i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbMEmZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mWYpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJrPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJnqWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7tO3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit> 1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>
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=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit> 0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>(

<latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit>

)
<latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit>

 b
<latexit sha1_base64="/XgYAECfPegQUO5LaJNnI6vKjmg=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJlgEV2VGBF0W3LisYh/QGUomzbShmcyY3CmWoeC/cONCEbf+GHf+G9PHQlsPBD7OuSE3J0ylMOi6387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4MB9eTvDnk2ohE3eMo5UFMe0pEglG0VuDXjOj4yB8xD8edUtmtuFORZfDmUIa5ap3Sl99NWBZzhUxSY9qem2KQU42CST4u+pnhKWUD2uNti4rG3AT5dOkxObVOl0SJtkchmbq/b+Q0NmYUh3Yyptg3i9nE/C9rZxhdBblQaYZcsdlDUSYJJmTSAOkKzRnKkQXKtLC7EtanmjK0PRVtCd7il5ehcV7x3Ip3e1Gu3j3N6ijAMZzAGXhwCVW4gRrUgcEDPMMrvDlD58V5dz5moyvOvMIj+CPn8wdeK5Lu</latexit><latexit sha1_base64="/XgYAECfPegQUO5LaJNnI6vKjmg=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJlgEV2VGBF0W3LisYh/QGUomzbShmcyY3CmWoeC/cONCEbf+GHf+G9PHQlsPBD7OuSE3J0ylMOi6387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4MB9eTvDnk2ohE3eMo5UFMe0pEglG0VuDXjOj4yB8xD8edUtmtuFORZfDmUIa5ap3Sl99NWBZzhUxSY9qem2KQU42CST4u+pnhKWUD2uNti4rG3AT5dOkxObVOl0SJtkchmbq/b+Q0NmYUh3Yyptg3i9nE/C9rZxhdBblQaYZcsdlDUSYJJmTSAOkKzRnKkQXKtLC7EtanmjK0PRVtCd7il5ehcV7x3Ip3e1Gu3j3N6ijAMZzAGXhwCVW4gRrUgcEDPMMrvDlD58V5dz5moyvOvMIj+CPn8wdeK5Lu</latexit><latexit sha1_base64="/XgYAECfPegQUO5LaJNnI6vKjmg=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJlgEV2VGBF0W3LisYh/QGUomzbShmcyY3CmWoeC/cONCEbf+GHf+G9PHQlsPBD7OuSE3J0ylMOi6387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4MB9eTvDnk2ohE3eMo5UFMe0pEglG0VuDXjOj4yB8xD8edUtmtuFORZfDmUIa5ap3Sl99NWBZzhUxSY9qem2KQU42CST4u+pnhKWUD2uNti4rG3AT5dOkxObVOl0SJtkchmbq/b+Q0NmYUh3Yyptg3i9nE/C9rZxhdBblQaYZcsdlDUSYJJmTSAOkKzRnKkQXKtLC7EtanmjK0PRVtCd7il5ehcV7x3Ip3e1Gu3j3N6ijAMZzAGXhwCVW4gRrUgcEDPMMrvDlD58V5dz5moyvOvMIj+CPn8wdeK5Lu</latexit><latexit sha1_base64="/XgYAECfPegQUO5LaJNnI6vKjmg=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJlgEV2VGBF0W3LisYh/QGUomzbShmcyY3CmWoeC/cONCEbf+GHf+G9PHQlsPBD7OuSE3J0ylMOi6387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4MB9eTvDnk2ohE3eMo5UFMe0pEglG0VuDXjOj4yB8xD8edUtmtuFORZfDmUIa5ap3Sl99NWBZzhUxSY9qem2KQU42CST4u+pnhKWUD2uNti4rG3AT5dOkxObVOl0SJtkchmbq/b+Q0NmYUh3Yyptg3i9nE/C9rZxhdBblQaYZcsdlDUSYJJmTSAOkKzRnKkQXKtLC7EtanmjK0PRVtCd7il5ehcV7x3Ip3e1Gu3j3N6ijAMZzAGXhwCVW4gRrUgcEDPMMrvDlD58V5dz5moyvOvMIj+CPn8wdeK5Lu</latexit>
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Figure 4.6: Pictured above is an example of the amplitude Ψ±b ({gp}, {Zpq}) for the G =
Z2 case with nontrivial n, defined in (4.30). Here, the argument of Ψ±b is a particular
configuration with a single |0〉 vertex and all other vertices in the |1〉 state. The link degrees
of freedom are |1〉 everywhere besides the three | − 1〉 valued links illustrated in the figure.
The ellipses denote the fact that Ψ±b is dependent on the global configuration despite the fact
that we have only shown a local portion of the configuration. The amplitude Ψ±b ({gp}, {Zpq})
is equivalent to Ψ±SPT
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for all 〈pq〉. In this example, with G̃ = Z4, ε(0) = ε(3) = 0, and ε(1) = ε(2) = 1, two such
configurations exist. One has a single |0〉 vertex with all other vertices |1〉 while the other has
a single |2〉 vertex with all other vertices |3〉. These two configurations differ by the square of

the Z4 global symmetry generator, so due to the fact that Ψ±SPT
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is Z4-symmetric,

they give the same amplitude.

supercohomology data, a bosonic shadow model Hamiltonian that commutes with all of the

Ĝp, and whose ground states all satisfy Ĝp = +1. This bosonic shadow model describes a

G-symmetry enriched toric code phase.

4.2.5 Example: G = Z2

Let us describe the above constructions for the simplest nontrivial examples of supercoho-

mology phases, which occur for G = Z2 (i.e. total symmetry group Z2 × Zf
2). In contrast to

the case of general G, where we used multiplicative notation for the group law, in the case

G = Z2, we will use additive notation and denote Z2 elements by s = 0, 1.

For G = Z2, there are four inequivalent supercohomology classes. Two of these have

trivial n and correspond to the trivial phase and the purely bosonic Z2 SPT. The other two



185(
<latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit>

)
<latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit>

 b
<latexit sha1_base64="/XgYAECfPegQUO5LaJNnI6vKjmg=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJlgEV2VGBF0W3LisYh/QGUomzbShmcyY3CmWoeC/cONCEbf+GHf+G9PHQlsPBD7OuSE3J0ylMOi6387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4MB9eTvDnk2ohE3eMo5UFMe0pEglG0VuDXjOj4yB8xD8edUtmtuFORZfDmUIa5ap3Sl99NWBZzhUxSY9qem2KQU42CST4u+pnhKWUD2uNti4rG3AT5dOkxObVOl0SJtkchmbq/b+Q0NmYUh3Yyptg3i9nE/C9rZxhdBblQaYZcsdlDUSYJJmTSAOkKzRnKkQXKtLC7EtanmjK0PRVtCd7il5ehcV7x3Ip3e1Gu3j3N6ijAMZzAGXhwCVW4gRrUgcEDPMMrvDlD58V5dz5moyvOvMIj+CPn8wdeK5Lu</latexit><latexit sha1_base64="/XgYAECfPegQUO5LaJNnI6vKjmg=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJlgEV2VGBF0W3LisYh/QGUomzbShmcyY3CmWoeC/cONCEbf+GHf+G9PHQlsPBD7OuSE3J0ylMOi6387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4MB9eTvDnk2ohE3eMo5UFMe0pEglG0VuDXjOj4yB8xD8edUtmtuFORZfDmUIa5ap3Sl99NWBZzhUxSY9qem2KQU42CST4u+pnhKWUD2uNti4rG3AT5dOkxObVOl0SJtkchmbq/b+Q0NmYUh3Yyptg3i9nE/C9rZxhdBblQaYZcsdlDUSYJJmTSAOkKzRnKkQXKtLC7EtanmjK0PRVtCd7il5ehcV7x3Ip3e1Gu3j3N6ijAMZzAGXhwCVW4gRrUgcEDPMMrvDlD58V5dz5moyvOvMIj+CPn8wdeK5Lu</latexit><latexit sha1_base64="/XgYAECfPegQUO5LaJNnI6vKjmg=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJlgEV2VGBF0W3LisYh/QGUomzbShmcyY3CmWoeC/cONCEbf+GHf+G9PHQlsPBD7OuSE3J0ylMOi6387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4MB9eTvDnk2ohE3eMo5UFMe0pEglG0VuDXjOj4yB8xD8edUtmtuFORZfDmUIa5ap3Sl99NWBZzhUxSY9qem2KQU42CST4u+pnhKWUD2uNti4rG3AT5dOkxObVOl0SJtkchmbq/b+Q0NmYUh3Yyptg3i9nE/C9rZxhdBblQaYZcsdlDUSYJJmTSAOkKzRnKkQXKtLC7EtanmjK0PRVtCd7il5ehcV7x3Ip3e1Gu3j3N6ijAMZzAGXhwCVW4gRrUgcEDPMMrvDlD58V5dz5moyvOvMIj+CPn8wdeK5Lu</latexit><latexit sha1_base64="/XgYAECfPegQUO5LaJNnI6vKjmg=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJlgEV2VGBF0W3LisYh/QGUomzbShmcyY3CmWoeC/cONCEbf+GHf+G9PHQlsPBD7OuSE3J0ylMOi6387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4MB9eTvDnk2ohE3eMo5UFMe0pEglG0VuDXjOj4yB8xD8edUtmtuFORZfDmUIa5ap3Sl99NWBZzhUxSY9qem2KQU42CST4u+pnhKWUD2uNti4rG3AT5dOkxObVOl0SJtkchmbq/b+Q0NmYUh3Yyptg3i9nE/C9rZxhdBblQaYZcsdlDUSYJJmTSAOkKzRnKkQXKtLC7EtanmjK0PRVtCd7il5ehcV7x3Ip3e1Gu3j3N6ijAMZzAGXhwCVW4gRrUgcEDPMMrvDlD58V5dz5moyvOvMIj+CPn8wdeK5Lu</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

�1<latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit><latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit><latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit><latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit>

�1<latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit><latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit><latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit><latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit>

�1<latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit><latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit><latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit><latexit sha1_base64="VHuAnIK6HQukuXfWtT+pc/O3tuM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBiyWRgh6LXjxWsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSw4XXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m186JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU0GXCEzYmIJZYrbWwkbUUWZseGUbAje8surpHVZ9dyqd1+r1G/yOIpwAqdwDh5cQR3uoAFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB+PijOw=</latexit>

0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AeRmMtA==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit> 1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit> (
<latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit>

)
<latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit>

 SPT
<latexit sha1_base64="i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbMEmZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mWYpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJrPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJnqWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7tO3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit><latexit sha1_base64="i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbMEmZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mWYpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJrPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJnqWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7tO3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit><latexit sha1_base64="i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbMEmZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mWYpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJrPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJnqWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7tO3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit><latexit sha1_base64="i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbMEmZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mWYpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJrPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJnqWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7tO3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit>

2<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

3
<latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit><latexit sha1_base64="JYBj3t+WTAQe8bLkJgi7MxOh5ms=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFVqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfaWMtw==</latexit>

(
<latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit>

)
<latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit>

 SPT
<latexit sha1_base64="i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbMEmZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mWYpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJrPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJnqWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7tO3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit><latexit sha1_base64="i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbMEmZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mWYpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJrPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJnqWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7tO3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit><latexit sha1_base64="i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbMEmZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mWYpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJrPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJnqWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7tO3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit><latexit sha1_base64="i/sEIaH4Y7tj5SHwaLhWe4pwb68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoigh6LXjxG7Be0IWy2m3bpZhN2J2IN/SVePCji1Z/izX/jts1BWx8MPN6bYWZemAquwXG+rdLa+sbmVnm7srO7t1+1Dw7bOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLxzczvPDCleSKbMEmZH5Oh5BGnBIwU2NW+p3nQB/YI+b3XnAZ2zak7c+BV4hakhgp4gf3VHyQ0i5kEKojWPddJwc+JAk4Fm1b6mWYpoWMyZD1DJYmZ9vP54VN8apQBjhJlSgKeq78nchJrPYlD0xkTGOllbyb+5/UyiK78nMs0AybpYlGUCQwJnqWAB1wxCmJiCKGKm1sxHRFFKJisKiYEd/nlVdI+r7tO3b27qDWuizjK6BidoDPkokvUQLfIQy1EUYae0St6s56sF+vd+li0lqxi5gj9gfX5A+F+kzg=</latexit>
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<latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit><latexit sha1_base64="eTq1/s9f4/oEOSlTeQSU6pI7d14=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR2UK27NXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqx5bs1rXlXqt3kcRTiDc6iCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AbPmMrA==</latexit>

)
<latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit><latexit sha1_base64="Wfo7aZwEB67t95XkBqUIBZ/MaEg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoOgTbiTgJYBG8tEzAckR9jbzCVr9vaO3T0hHAF7GwtFbP1Jdv4bNx+FJj4YeLw3w8y8IBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaLSPJb3ZpygH9GB5CFn1FipftErltyyOwNZJd6ClGCBWq/41e3HLI1QGiao1h3PTYyfUWU4EzgpdFONCWUjOsCOpZJGqP1sduiEnFmlT8JY2ZKGzNTfExmNtB5Hge2MqBnqZW8q/ud1UhNe+xmXSWpQsvmiMBXExGT6NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+S5mXZc8tevVKq3j3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwCZTY09</latexit>

 b
<latexit sha1_base64="/XgYAECfPegQUO5LaJNnI6vKjmg=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJlgEV2VGBF0W3LisYh/QGUomzbShmcyY3CmWoeC/cONCEbf+GHf+G9PHQlsPBD7OuSE3J0ylMOi6387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4MB9eTvDnk2ohE3eMo5UFMe0pEglG0VuDXjOj4yB8xD8edUtmtuFORZfDmUIa5ap3Sl99NWBZzhUxSY9qem2KQU42CST4u+pnhKWUD2uNti4rG3AT5dOkxObVOl0SJtkchmbq/b+Q0NmYUh3Yyptg3i9nE/C9rZxhdBblQaYZcsdlDUSYJJmTSAOkKzRnKkQXKtLC7EtanmjK0PRVtCd7il5ehcV7x3Ip3e1Gu3j3N6ijAMZzAGXhwCVW4gRrUgcEDPMMrvDlD58V5dz5moyvOvMIj+CPn8wdeK5Lu</latexit><latexit sha1_base64="/XgYAECfPegQUO5LaJNnI6vKjmg=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJlgEV2VGBF0W3LisYh/QGUomzbShmcyY3CmWoeC/cONCEbf+GHf+G9PHQlsPBD7OuSE3J0ylMOi6387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4MB9eTvDnk2ohE3eMo5UFMe0pEglG0VuDXjOj4yB8xD8edUtmtuFORZfDmUIa5ap3Sl99NWBZzhUxSY9qem2KQU42CST4u+pnhKWUD2uNti4rG3AT5dOkxObVOl0SJtkchmbq/b+Q0NmYUh3Yyptg3i9nE/C9rZxhdBblQaYZcsdlDUSYJJmTSAOkKzRnKkQXKtLC7EtanmjK0PRVtCd7il5ehcV7x3Ip3e1Gu3j3N6ijAMZzAGXhwCVW4gRrUgcEDPMMrvDlD58V5dz5moyvOvMIj+CPn8wdeK5Lu</latexit><latexit sha1_base64="/XgYAECfPegQUO5LaJNnI6vKjmg=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJlgEV2VGBF0W3LisYh/QGUomzbShmcyY3CmWoeC/cONCEbf+GHf+G9PHQlsPBD7OuSE3J0ylMOi6387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4MB9eTvDnk2ohE3eMo5UFMe0pEglG0VuDXjOj4yB8xD8edUtmtuFORZfDmUIa5ap3Sl99NWBZzhUxSY9qem2KQU42CST4u+pnhKWUD2uNti4rG3AT5dOkxObVOl0SJtkchmbq/b+Q0NmYUh3Yyptg3i9nE/C9rZxhdBblQaYZcsdlDUSYJJmTSAOkKzRnKkQXKtLC7EtanmjK0PRVtCd7il5ehcV7x3Ip3e1Gu3j3N6ijAMZzAGXhwCVW4gRrUgcEDPMMrvDlD58V5dz5moyvOvMIj+CPn8wdeK5Lu</latexit><latexit sha1_base64="/XgYAECfPegQUO5LaJNnI6vKjmg=">AAAB9HicbZBLSwMxFIXv+Kz1VXXpJlgEV2VGBF0W3LisYh/QGUomzbShmcyY3CmWoeC/cONCEbf+GHf+G9PHQlsPBD7OuSE3J0ylMOi6387K6tr6xmZhq7i9s7u3Xzo4bJgk04zXWSIT3Qqp4VIoXkeBkrdSzWkcSt4MB9eTvDnk2ohE3eMo5UFMe0pEglG0VuDXjOj4yB8xD8edUtmtuFORZfDmUIa5ap3Sl99NWBZzhUxSY9qem2KQU42CST4u+pnhKWUD2uNti4rG3AT5dOkxObVOl0SJtkchmbq/b+Q0NmYUh3Yyptg3i9nE/C9rZxhdBblQaYZcsdlDUSYJJmTSAOkKzRnKkQXKtLC7EtanmjK0PRVtCd7il5ehcV7x3Ip3e1Gu3j3N6ijAMZzAGXhwCVW4gRrUgcEDPMMrvDlD58V5dz5moyvOvMIj+CPn8wdeK5Lu</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>
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1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

 ±
b

<latexit sha1_base64="WMSiLxcQtmxRK4tCpdUfPDS/gX4=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoMeiF48V7Ac0MWy2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZemAquwXG+rdLK6tr6RnmzsrW9s7tnV/fbOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLR1dTv3DOleSJvYZwyPyYDySNOCRgpsKteU/M7L40DD9gj5OEksGtO3ZkBLxO3IDVUoBnYX14/oVnMJFBBtO65Tgp+ThRwKtik4mWapYSOyID1DJUkZtrPZ6dP8LFR+jhKlCkJeKb+nshJrPU4Dk1nTGCoF72p+J/XyyC68HMu0wyYpPNFUSYwJHiaA+5zxSiIsSGEKm5uxXRIFKFg0qqYENzFl5dJ+7TuOnX35qzWuCziKKNDdIROkIvOUQNdoyZqIYoe0DN6RW/Wk/VivVsf89aSVcwcoD+wPn8AvwSUTg==</latexit><latexit sha1_base64="WMSiLxcQtmxRK4tCpdUfPDS/gX4=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoMeiF48V7Ac0MWy2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZemAquwXG+rdLK6tr6RnmzsrW9s7tnV/fbOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLR1dTv3DOleSJvYZwyPyYDySNOCRgpsKteU/M7L40DD9gj5OEksGtO3ZkBLxO3IDVUoBnYX14/oVnMJFBBtO65Tgp+ThRwKtik4mWapYSOyID1DJUkZtrPZ6dP8LFR+jhKlCkJeKb+nshJrPU4Dk1nTGCoF72p+J/XyyC68HMu0wyYpPNFUSYwJHiaA+5zxSiIsSGEKm5uxXRIFKFg0qqYENzFl5dJ+7TuOnX35qzWuCziKKNDdIROkIvOUQNdoyZqIYoe0DN6RW/Wk/VivVsf89aSVcwcoD+wPn8AvwSUTg==</latexit><latexit sha1_base64="WMSiLxcQtmxRK4tCpdUfPDS/gX4=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoMeiF48V7Ac0MWy2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZemAquwXG+rdLK6tr6RnmzsrW9s7tnV/fbOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLR1dTv3DOleSJvYZwyPyYDySNOCRgpsKteU/M7L40DD9gj5OEksGtO3ZkBLxO3IDVUoBnYX14/oVnMJFBBtO65Tgp+ThRwKtik4mWapYSOyID1DJUkZtrPZ6dP8LFR+jhKlCkJeKb+nshJrPU4Dk1nTGCoF72p+J/XyyC68HMu0wyYpPNFUSYwJHiaA+5zxSiIsSGEKm5uxXRIFKFg0qqYENzFl5dJ+7TuOnX35qzWuCziKKNDdIROkIvOUQNdoyZqIYoe0DN6RW/Wk/VivVsf89aSVcwcoD+wPn8AvwSUTg==</latexit><latexit sha1_base64="WMSiLxcQtmxRK4tCpdUfPDS/gX4=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoMeiF48V7Ac0MWy2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZemAquwXG+rdLK6tr6RnmzsrW9s7tnV/fbOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLR1dTv3DOleSJvYZwyPyYDySNOCRgpsKteU/M7L40DD9gj5OEksGtO3ZkBLxO3IDVUoBnYX14/oVnMJFBBtO65Tgp+ThRwKtik4mWapYSOyID1DJUkZtrPZ6dP8LFR+jhKlCkJeKb+nshJrPU4Dk1nTGCoF72p+J/XyyC68HMu0wyYpPNFUSYwJHiaA+5zxSiIsSGEKm5uxXRIFKFg0qqYENzFl5dJ+7TuOnX35qzWuCziKKNDdIROkIvOUQNdoyZqIYoe0DN6RW/Wk/VivVsf89aSVcwcoD+wPn8AvwSUTg==</latexit>

 ±
b

<latexit sha1_base64="WMSiLxcQtmxRK4tCpdUfPDS/gX4=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoMeiF48V7Ac0MWy2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZemAquwXG+rdLK6tr6RnmzsrW9s7tnV/fbOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLR1dTv3DOleSJvYZwyPyYDySNOCRgpsKteU/M7L40DD9gj5OEksGtO3ZkBLxO3IDVUoBnYX14/oVnMJFBBtO65Tgp+ThRwKtik4mWapYSOyID1DJUkZtrPZ6dP8LFR+jhKlCkJeKb+nshJrPU4Dk1nTGCoF72p+J/XyyC68HMu0wyYpPNFUSYwJHiaA+5zxSiIsSGEKm5uxXRIFKFg0qqYENzFl5dJ+7TuOnX35qzWuCziKKNDdIROkIvOUQNdoyZqIYoe0DN6RW/Wk/VivVsf89aSVcwcoD+wPn8AvwSUTg==</latexit><latexit sha1_base64="WMSiLxcQtmxRK4tCpdUfPDS/gX4=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoMeiF48V7Ac0MWy2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZemAquwXG+rdLK6tr6RnmzsrW9s7tnV/fbOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLR1dTv3DOleSJvYZwyPyYDySNOCRgpsKteU/M7L40DD9gj5OEksGtO3ZkBLxO3IDVUoBnYX14/oVnMJFBBtO65Tgp+ThRwKtik4mWapYSOyID1DJUkZtrPZ6dP8LFR+jhKlCkJeKb+nshJrPU4Dk1nTGCoF72p+J/XyyC68HMu0wyYpPNFUSYwJHiaA+5zxSiIsSGEKm5uxXRIFKFg0qqYENzFl5dJ+7TuOnX35qzWuCziKKNDdIROkIvOUQNdoyZqIYoe0DN6RW/Wk/VivVsf89aSVcwcoD+wPn8AvwSUTg==</latexit><latexit sha1_base64="WMSiLxcQtmxRK4tCpdUfPDS/gX4=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoMeiF48V7Ac0MWy2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZemAquwXG+rdLK6tr6RnmzsrW9s7tnV/fbOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLR1dTv3DOleSJvYZwyPyYDySNOCRgpsKteU/M7L40DD9gj5OEksGtO3ZkBLxO3IDVUoBnYX14/oVnMJFBBtO65Tgp+ThRwKtik4mWapYSOyID1DJUkZtrPZ6dP8LFR+jhKlCkJeKb+nshJrPU4Dk1nTGCoF72p+J/XyyC68HMu0wyYpPNFUSYwJHiaA+5zxSiIsSGEKm5uxXRIFKFg0qqYENzFl5dJ+7TuOnX35qzWuCziKKNDdIROkIvOUQNdoyZqIYoe0DN6RW/Wk/VivVsf89aSVcwcoD+wPn8AvwSUTg==</latexit><latexit sha1_base64="WMSiLxcQtmxRK4tCpdUfPDS/gX4=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5KIoMeiF48V7Ac0MWy2m3bpZhN2J2qJ/SlePCji1V/izX/jts1BWx8MPN6bYWZemAquwXG+rdLK6tr6RnmzsrW9s7tnV/fbOskUZS2aiER1Q6KZ4JK1gINg3VQxEoeCdcLR1dTv3DOleSJvYZwyPyYDySNOCRgpsKteU/M7L40DD9gj5OEksGtO3ZkBLxO3IDVUoBnYX14/oVnMJFBBtO65Tgp+ThRwKtik4mWapYSOyID1DJUkZtrPZ6dP8LFR+jhKlCkJeKb+nshJrPU4Dk1nTGCoF72p+J/XyyC68HMu0wyYpPNFUSYwJHiaA+5zxSiIsSGEKm5uxXRIFKFg0qqYENzFl5dJ+7TuOnX35qzWuCziKKNDdIROkIvOUQNdoyZqIYoe0DN6RW/Wk/VivVsf89aSVcwcoD+wPn8AvwSUTg==</latexit>

 ±
SPT

<latexit sha1_base64="eEEELMDUEgIa+te9BxQixbieW1Y=">AAAB/HicbVBNS8NAEN34WetXtEcvwSJ4KokIeix68RixX9DEsNlu2qW7SdidiCHUv+LFgyJe/SHe/Ddu2xy09cHA470ZZuaFKWcKbPvbWFldW9/YrGxVt3d29/bNg8OOSjJJaJskPJG9ECvKWUzbwIDTXiopFiGn3XB8PfW7D1QqlsQtyFPqCzyMWcQIBi0FZs1zFbv3UhF4QB+huHNbk8Cs2w17BmuZOCWpoxJuYH55g4RkgsZAOFaq79gp+AWWwAink6qXKZpiMsZD2tc0xoIqv5gdP7FOtDKwokTqisGaqb8nCiyUykWoOwWGkVr0puJ/Xj+D6NIvWJxmQGMyXxRl3ILEmiZhDZikBHiuCSaS6VstMsISE9B5VXUIzuLLy6Rz1nDshnN7Xm9elXFU0BE6RqfIQReoiW6Qi9qIoBw9o1f0ZjwZL8a78TFvXTHKmRr6A+PzB/julPc=</latexit><latexit sha1_base64="eEEELMDUEgIa+te9BxQixbieW1Y=">AAAB/HicbVBNS8NAEN34WetXtEcvwSJ4KokIeix68RixX9DEsNlu2qW7SdidiCHUv+LFgyJe/SHe/Ddu2xy09cHA470ZZuaFKWcKbPvbWFldW9/YrGxVt3d29/bNg8OOSjJJaJskPJG9ECvKWUzbwIDTXiopFiGn3XB8PfW7D1QqlsQtyFPqCzyMWcQIBi0FZs1zFbv3UhF4QB+huHNbk8Cs2w17BmuZOCWpoxJuYH55g4RkgsZAOFaq79gp+AWWwAink6qXKZpiMsZD2tc0xoIqv5gdP7FOtDKwokTqisGaqb8nCiyUykWoOwWGkVr0puJ/Xj+D6NIvWJxmQGMyXxRl3ILEmiZhDZikBHiuCSaS6VstMsISE9B5VXUIzuLLy6Rz1nDshnN7Xm9elXFU0BE6RqfIQReoiW6Qi9qIoBw9o1f0ZjwZL8a78TFvXTHKmRr6A+PzB/julPc=</latexit><latexit sha1_base64="eEEELMDUEgIa+te9BxQixbieW1Y=">AAAB/HicbVBNS8NAEN34WetXtEcvwSJ4KokIeix68RixX9DEsNlu2qW7SdidiCHUv+LFgyJe/SHe/Ddu2xy09cHA470ZZuaFKWcKbPvbWFldW9/YrGxVt3d29/bNg8OOSjJJaJskPJG9ECvKWUzbwIDTXiopFiGn3XB8PfW7D1QqlsQtyFPqCzyMWcQIBi0FZs1zFbv3UhF4QB+huHNbk8Cs2w17BmuZOCWpoxJuYH55g4RkgsZAOFaq79gp+AWWwAink6qXKZpiMsZD2tc0xoIqv5gdP7FOtDKwokTqisGaqb8nCiyUykWoOwWGkVr0puJ/Xj+D6NIvWJxmQGMyXxRl3ILEmiZhDZikBHiuCSaS6VstMsISE9B5VXUIzuLLy6Rz1nDshnN7Xm9elXFU0BE6RqfIQReoiW6Qi9qIoBw9o1f0ZjwZL8a78TFvXTHKmRr6A+PzB/julPc=</latexit><latexit sha1_base64="eEEELMDUEgIa+te9BxQixbieW1Y=">AAAB/HicbVBNS8NAEN34WetXtEcvwSJ4KokIeix68RixX9DEsNlu2qW7SdidiCHUv+LFgyJe/SHe/Ddu2xy09cHA470ZZuaFKWcKbPvbWFldW9/YrGxVt3d29/bNg8OOSjJJaJskPJG9ECvKWUzbwIDTXiopFiGn3XB8PfW7D1QqlsQtyFPqCzyMWcQIBi0FZs1zFbv3UhF4QB+huHNbk8Cs2w17BmuZOCWpoxJuYH55g4RkgsZAOFaq79gp+AWWwAink6qXKZpiMsZD2tc0xoIqv5gdP7FOtDKwokTqisGaqb8nCiyUykWoOwWGkVr0puJ/Xj+D6NIvWJxmQGMyXxRl3ILEmiZhDZikBHiuCSaS6VstMsISE9B5VXUIzuLLy6Rz1nDshnN7Xm9elXFU0BE6RqfIQReoiW6Qi9qIoBw9o1f0ZjwZL8a78TFvXTHKmRr6A+PzB/julPc=</latexit>

 ±
SPT

<latexit sha1_base64="eEEELMDUEgIa+te9BxQixbieW1Y=">AAAB/HicbVBNS8NAEN34WetXtEcvwSJ4KokIeix68RixX9DEsNlu2qW7SdidiCHUv+LFgyJe/SHe/Ddu2xy09cHA470ZZuaFKWcKbPvbWFldW9/YrGxVt3d29/bNg8OOSjJJaJskPJG9ECvKWUzbwIDTXiopFiGn3XB8PfW7D1QqlsQtyFPqCzyMWcQIBi0FZs1zFbv3UhF4QB+huHNbk8Cs2w17BmuZOCWpoxJuYH55g4RkgsZAOFaq79gp+AWWwAink6qXKZpiMsZD2tc0xoIqv5gdP7FOtDKwokTqisGaqb8nCiyUykWoOwWGkVr0puJ/Xj+D6NIvWJxmQGMyXxRl3ILEmiZhDZikBHiuCSaS6VstMsISE9B5VXUIzuLLy6Rz1nDshnN7Xm9elXFU0BE6RqfIQReoiW6Qi9qIoBw9o1f0ZjwZL8a78TFvXTHKmRr6A+PzB/julPc=</latexit><latexit sha1_base64="eEEELMDUEgIa+te9BxQixbieW1Y=">AAAB/HicbVBNS8NAEN34WetXtEcvwSJ4KokIeix68RixX9DEsNlu2qW7SdidiCHUv+LFgyJe/SHe/Ddu2xy09cHA470ZZuaFKWcKbPvbWFldW9/YrGxVt3d29/bNg8OOSjJJaJskPJG9ECvKWUzbwIDTXiopFiGn3XB8PfW7D1QqlsQtyFPqCzyMWcQIBi0FZs1zFbv3UhF4QB+huHNbk8Cs2w17BmuZOCWpoxJuYH55g4RkgsZAOFaq79gp+AWWwAink6qXKZpiMsZD2tc0xoIqv5gdP7FOtDKwokTqisGaqb8nCiyUykWoOwWGkVr0puJ/Xj+D6NIvWJxmQGMyXxRl3ILEmiZhDZikBHiuCSaS6VstMsISE9B5VXUIzuLLy6Rz1nDshnN7Xm9elXFU0BE6RqfIQReoiW6Qi9qIoBw9o1f0ZjwZL8a78TFvXTHKmRr6A+PzB/julPc=</latexit><latexit sha1_base64="eEEELMDUEgIa+te9BxQixbieW1Y=">AAAB/HicbVBNS8NAEN34WetXtEcvwSJ4KokIeix68RixX9DEsNlu2qW7SdidiCHUv+LFgyJe/SHe/Ddu2xy09cHA470ZZuaFKWcKbPvbWFldW9/YrGxVt3d29/bNg8OOSjJJaJskPJG9ECvKWUzbwIDTXiopFiGn3XB8PfW7D1QqlsQtyFPqCzyMWcQIBi0FZs1zFbv3UhF4QB+huHNbk8Cs2w17BmuZOCWpoxJuYH55g4RkgsZAOFaq79gp+AWWwAink6qXKZpiMsZD2tc0xoIqv5gdP7FOtDKwokTqisGaqb8nCiyUykWoOwWGkVr0puJ/Xj+D6NIvWJxmQGMyXxRl3ILEmiZhDZikBHiuCSaS6VstMsISE9B5VXUIzuLLy6Rz1nDshnN7Xm9elXFU0BE6RqfIQReoiW6Qi9qIoBw9o1f0ZjwZL8a78TFvXTHKmRr6A+PzB/julPc=</latexit><latexit sha1_base64="eEEELMDUEgIa+te9BxQixbieW1Y=">AAAB/HicbVBNS8NAEN34WetXtEcvwSJ4KokIeix68RixX9DEsNlu2qW7SdidiCHUv+LFgyJe/SHe/Ddu2xy09cHA470ZZuaFKWcKbPvbWFldW9/YrGxVt3d29/bNg8OOSjJJaJskPJG9ECvKWUzbwIDTXiopFiGn3XB8PfW7D1QqlsQtyFPqCzyMWcQIBi0FZs1zFbv3UhF4QB+huHNbk8Cs2w17BmuZOCWpoxJuYH55g4RkgsZAOFaq79gp+AWWwAink6qXKZpiMsZD2tc0xoIqv5gdP7FOtDKwokTqisGaqb8nCiyUykWoOwWGkVr0puJ/Xj+D6NIvWJxmQGMyXxRl3ILEmiZhDZikBHiuCSaS6VstMsISE9B5VXUIzuLLy6Rz1nDshnN7Xm9elXFU0BE6RqfIQReoiW6Qi9qIoBw9o1f0ZjwZL8a78TFvXTHKmRr6A+PzB/julPc=</latexit>

Figure 4.7: Here we show the evaluation of Ψ±b on a specific configuration with one vertex in
the |0〉 state and all other vertices, including those not pictured, in the |1〉 state along with
|1〉 states at every link Hilbert space. The amplitude of this configuration is zero because

there is no configuration
{
g

(mp)
p

}
such that (4.16) is satisfied. This can be seen by the fact

that the product of Zpq around either one of the two shaded triangles is 1 while the product

of (−1)ε
((
g

(mp)
p

)−1

g
(mq)
q

)
around either of these triangles is (−1)n(gp,gq ,gr) = −1.

both have the same nontrivial n:

n(s0, s1, s2) =


1 (s0, s1, s2) = (0, 1, 0)

1 (s0, s1, s2) = (1, 0, 1)

0 otherwise,

(4.26)

but different ν:

ν±(s0, s1, s2, s3) =


±i (s0, s1, s2, s3) = (1, 0, 1, 0)

±i (s0, s1, s2, s3) = (0, 1, 0, 1)

1 otherwise.

(4.27)

This data defines two possible phases according to the choice of sign in (4.27), which turn

out to be the index 2 and 6 members of the Z8 interacting classification in this symmetry

class [147–149]. The Z2 extension of G = Z2 defined by n is G̃ = Z4, and ε is ε(0) = ε(3) = 0,

ε(1) = ε(2) = 1. Explicitly computing the cocycle α defined in (4.13), we obtain

α±(s̃0, s̃1, s̃2, s̃3) = (±i)(s̃0−s̃1)(s̃1−s̃2)(s̃2−s̃3), (4.28)
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where s̃ ∈ Z4 and the overline denotes reduction modulo 2.

The corresponding auxiliary Z4 SPT wave function is:

Ψ±SPT({s̃p}) =
∏
〈pqr〉

α±(s̃p, s̃q, s̃r, 0)opqr . (4.29)

The bosonic shadow Hilbert space has Z2 degrees of freedom sp = 0, 1 on vertices p and

spin-1
2

degrees of freedom Zpq = ±1 on links 〈pq〉. The shadow model ground states are (see

FIG. 4.6 and 4.7)

Ψ±b ({sp}, {Zpq}) =
∏
〈pqr〉

ν± (sp, sq, sr, 0)opqr Zn(sq ,sr,0)
pq

×

∏
〈pqr〉

δ
ZpqZqrZpr,(−1)n(sp,sq,sr)

h({Zpq(−1)n(1,sp,sq)}). (4.30)

Here, h({Zpq}) = 0, 1 is a function that projects onto a choice of holonomy of the Z2 gauge

field.

Using the explicit form of the supercohomology data n(sp, sq, 0) = (1 − sp)sq and

ν±(sp, sq, sr, 0) = (±i)sp(1−sq)sr , we see that the circuit (4.22) becomes

Û±b =
∏
〈pqr〉

(±i)opqr ŝp(1−ŝq)ŝrẐ(1−ŝq)ŝr
pq ×

∏
〈pq〉

X̂(1−ŝp)ŝq
pq

∏
〈pqr〉

Ŵ (1−ŝp)ŝr
pqr . (4.31)

From this circuit, we obtain the Hamiltonian

Ĥ±b = Û±b Ĥ
0
b(Û±b )† (4.32)

for the gauged model.

For completeness, we note that the global Z2 symmetry generator in the gauged model
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acts by

|{sp, Zpq}〉 → |{1− sp, Zpq}〉. (4.33)

This is just the descendant of the Z4 generator in the Z4 SPT.

4.3 Fermionizing the shadow model

In the previous section, we used the supercohomology data to construct a bosonic shadow

model Ĥb on a Hilbert space consisting of generalized G-spin degrees of freedom on vertices

p and spin-1
2

degrees of freedom on links 〈pq〉. In this section, we describe how this bosonic

model may be fermionized, i.e. rewritten in terms of local fermionic operators. This fermion-

ization is effectively a procedure for ‘un-gauging’ fermion parity symmetry. Equivalently, it

can be viewed as a prescription for a lattice level fermion condensation (see Appendix 4.D for

further detail). We emphasize that this is the only point at which a choice of spin structure

enters the construction.

Focusing just on the spin-1
2

link degrees of freedom, we utilize the fermionization pre-

scription developed in Ref. [15], reviewed in the next three subsections, which provides an

exact duality between the local operator algebra of a bosonic model and that of a fermionic

model. To define this duality, one must specify some combinatorial data, which we show

amounts to a choice of spin structure for the spatial manifold M . We will first define the

local bosonic and fermionic operator algebras Abos and Afer, respectively, and then construct

the spin-structure dependent duality between them. Finally, we apply this duality to Ĥb to

produce our fermionic Hamiltonian Ĥf and demonstrate that it describes an SPT.

4.3.1 Bosonic operator algebra Abos

On the bosonic side, we consider the spin-1
2

degrees of freedom living on links, with Pauli

algebra generated by X̂pq and Ẑpq. Abos is defined as the operator algebra generated by the
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subset of local operators that commute with all the Ĝp defined in (4.3):

Ĝp =
∏
〈tqr〉
t=p

ẐtqẐqrẐtr
∏
〈st〉3p

X̂st (4.34)

and modulo the relations Ĝp = 1 for all p.4 Thus we may think of Abos as the algebra of

operators generated by the subset of local operators which are gauge invariant with respect

to the modified Gauss’s law Ĝp = 1.

We now identify two sets of local, modified Gauss’s law invariant operators which generate

all of Abos [15]. The first is Ŵpqr = ẐpqẐqrẐpr. The second is Ûpq, defined as:

Ûpq ≡ X̂pqK̂LpqK̂Rpq , (4.35)

with K̂Rpq and K̂Lpq defined as follows. The action of K̂Rpq is dependent upon the triangle

Rpq to the right of 〈pq〉. If the triangle to the right of 〈pq〉 has vertex ordering 〈rpq〉, with

p and q being the second and third vertices, respectively, then K̂Rpq acts as Ẑrp. Otherwise,

K̂Rpq = 1. The action of K̂Lpq is defined similarly but with ‘right’ replaced with ‘left’. Some

examples of the action of Ûpq are depicted in FIG. 4.8. Intuition for this seemingly contrived

definition can be obtained by recalling that the modified Gauss’s law is a constraint that

binds a Z2 flux on a triangle to a Z2 charge at the first vertex of that triangle. The operator

Ûpq then hops a Z2 flux across the link 〈pq〉, and also rearranges the Z2 charges in such a

way that the modified Gauss’s law remains enforced.

As shown in Ref. [15], the only nontrivial relations among the Ûpq and Ŵpqr operators

4Note that on manifolds M with nontrivial H1(M) global relations need to be specified to ensure that
the duality is consistent. These additional relations can be seen as coming from operator identities on the
fermionic side of the duality - certain products of fermionic ‘hopping’ operators and parity operators along
nontrivial 1-cycles are equivalent to the identity.
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Ẑtp
<latexit sha1_base64="PgYAHLQ7eKvOAZoYfmis+Q31kLY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfoZJ3q/W3Lo7B1klXkFqUKDZr375g5ilEVfIJDWm57kJBhnVKJjkecVPDU8om9AR71mqaMRNkM1vzsmZVQZkGGtbCslc/T2R0ciYaRTazoji2Cx7M/E/r5fi8DrIhEpS5IotFg1TSTAmswDIQGjOUE4toUwLeythY6opQxtTxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwSeIZXeHNS58V5dz4WrSWnmDmGP3A+fwCv7pIY</latexit><latexit sha1_base64="PgYAHLQ7eKvOAZoYfmis+Q31kLY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfoZJ3q/W3Lo7B1klXkFqUKDZr375g5ilEVfIJDWm57kJBhnVKJjkecVPDU8om9AR71mqaMRNkM1vzsmZVQZkGGtbCslc/T2R0ciYaRTazoji2Cx7M/E/r5fi8DrIhEpS5IotFg1TSTAmswDIQGjOUE4toUwLeythY6opQxtTxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwSeIZXeHNS58V5dz4WrSWnmDmGP3A+fwCv7pIY</latexit><latexit sha1_base64="PgYAHLQ7eKvOAZoYfmis+Q31kLY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfoZJ3q/W3Lo7B1klXkFqUKDZr375g5ilEVfIJDWm57kJBhnVKJjkecVPDU8om9AR71mqaMRNkM1vzsmZVQZkGGtbCslc/T2R0ciYaRTazoji2Cx7M/E/r5fi8DrIhEpS5IotFg1TSTAmswDIQGjOUE4toUwLeythY6opQxtTxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwSeIZXeHNS58V5dz4WrSWnmDmGP3A+fwCv7pIY</latexit><latexit sha1_base64="PgYAHLQ7eKvOAZoYfmis+Q31kLY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfoZJ3q/W3Lo7B1klXkFqUKDZr375g5ilEVfIJDWm57kJBhnVKJjkecVPDU8om9AR71mqaMRNkM1vzsmZVQZkGGtbCslc/T2R0ciYaRTazoji2Cx7M/E/r5fi8DrIhEpS5IotFg1TSTAmswDIQGjOUE4toUwLeythY6opQxtTxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwSeIZXeHNS58V5dz4WrSWnmDmGP3A+fwCv7pIY</latexit>

X̂pq
<latexit sha1_base64="IscWjSUVTpfO6uw89pSj9dQm5Nw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0s4m7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzLp5P0se83615tbdOcgq8QpSgwLNfvXLH8QsjbhCJqkxPc9NMMioRsEkzyt+anhC2YSOeM9SRSNugmx+c07OrDIgw1jbUkjm6u+JjEbGTKPQdkYUx2bZm4n/eb0Uh9dBJlSSIldssWiYSoIxmQVABkJzhnJqCWVa2FsJG1NNGdqYKjYEb/nlVdK+qHtu3bu/rDVuijjKcAKncA4eXEED7qAJLWCQwDO8wpuTOi/Ou/OxaC05xcwx/IHz+QOoR5IT</latexit><latexit sha1_base64="IscWjSUVTpfO6uw89pSj9dQm5Nw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0s4m7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzLp5P0se83615tbdOcgq8QpSgwLNfvXLH8QsjbhCJqkxPc9NMMioRsEkzyt+anhC2YSOeM9SRSNugmx+c07OrDIgw1jbUkjm6u+JjEbGTKPQdkYUx2bZm4n/eb0Uh9dBJlSSIldssWiYSoIxmQVABkJzhnJqCWVa2FsJG1NNGdqYKjYEb/nlVdK+qHtu3bu/rDVuijjKcAKncA4eXEED7qAJLWCQwDO8wpuTOi/Ou/OxaC05xcwx/IHz+QOoR5IT</latexit><latexit sha1_base64="IscWjSUVTpfO6uw89pSj9dQm5Nw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0s4m7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzLp5P0se83615tbdOcgq8QpSgwLNfvXLH8QsjbhCJqkxPc9NMMioRsEkzyt+anhC2YSOeM9SRSNugmx+c07OrDIgw1jbUkjm6u+JjEbGTKPQdkYUx2bZm4n/eb0Uh9dBJlSSIldssWiYSoIxmQVABkJzhnJqCWVa2FsJG1NNGdqYKjYEb/nlVdK+qHtu3bu/rDVuijjKcAKncA4eXEED7qAJLWCQwDO8wpuTOi/Ou/OxaC05xcwx/IHz+QOoR5IT</latexit><latexit sha1_base64="IscWjSUVTpfO6uw89pSj9dQm5Nw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0s4m7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzLp5P0se83615tbdOcgq8QpSgwLNfvXLH8QsjbhCJqkxPc9NMMioRsEkzyt+anhC2YSOeM9SRSNugmx+c07OrDIgw1jbUkjm6u+JjEbGTKPQdkYUx2bZm4n/eb0Uh9dBJlSSIldssWiYSoIxmQVABkJzhnJqCWVa2FsJG1NNGdqYKjYEb/nlVdK+qHtu3bu/rDVuijjKcAKncA4eXEED7qAJLWCQwDO8wpuTOi/Ou/OxaC05xcwx/IHz+QOoR5IT</latexit>

q
<latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRHQgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit><latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRHQgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit><latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRHQgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit><latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRHQgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit>t

<latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVBNS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBBPjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyTE3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit><latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVBNS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBBPjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyTE3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit><latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVBNS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBBPjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyTE3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit><latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVBNS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBBPjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyTE3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit>

p
<latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit><latexit sha1_base64="sa3XKU6W0cCRxW+vAd2sBJl5xKI=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaaa9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBIh4zI</latexit>

r
<latexit sha1_base64="h2ocIhLM9kHvcKI1FkYCOi9gJR8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaqlepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0uNjMo=</latexit><latexit sha1_base64="h2ocIhLM9kHvcKI1FkYCOi9gJR8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaqlepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0uNjMo=</latexit><latexit sha1_base64="h2ocIhLM9kHvcKI1FkYCOi9gJR8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaqlepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0uNjMo=</latexit><latexit sha1_base64="h2ocIhLM9kHvcKI1FkYCOi9gJR8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaqlepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuec2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifP0uNjMo=</latexit>

Ẑtp
<latexit sha1_base64="PgYAHLQ7eKvOAZoYfmis+Q31kLY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfoZJ3q/W3Lo7B1klXkFqUKDZr375g5ilEVfIJDWm57kJBhnVKJjkecVPDU8om9AR71mqaMRNkM1vzsmZVQZkGGtbCslc/T2R0ciYaRTazoji2Cx7M/E/r5fi8DrIhEpS5IotFg1TSTAmswDIQGjOUE4toUwLeythY6opQxtTxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwSeIZXeHNS58V5dz4WrSWnmDmGP3A+fwCv7pIY</latexit><latexit sha1_base64="PgYAHLQ7eKvOAZoYfmis+Q31kLY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfoZJ3q/W3Lo7B1klXkFqUKDZr375g5ilEVfIJDWm57kJBhnVKJjkecVPDU8om9AR71mqaMRNkM1vzsmZVQZkGGtbCslc/T2R0ciYaRTazoji2Cx7M/E/r5fi8DrIhEpS5IotFg1TSTAmswDIQGjOUE4toUwLeythY6opQxtTxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwSeIZXeHNS58V5dz4WrSWnmDmGP3A+fwCv7pIY</latexit><latexit sha1_base64="PgYAHLQ7eKvOAZoYfmis+Q31kLY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfoZJ3q/W3Lo7B1klXkFqUKDZr375g5ilEVfIJDWm57kJBhnVKJjkecVPDU8om9AR71mqaMRNkM1vzsmZVQZkGGtbCslc/T2R0ciYaRTazoji2Cx7M/E/r5fi8DrIhEpS5IotFg1TSTAmswDIQGjOUE4toUwLeythY6opQxtTxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwSeIZXeHNS58V5dz4WrSWnmDmGP3A+fwCv7pIY</latexit><latexit sha1_base64="PgYAHLQ7eKvOAZoYfmis+Q31kLY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfoZJ3q/W3Lo7B1klXkFqUKDZr375g5ilEVfIJDWm57kJBhnVKJjkecVPDU8om9AR71mqaMRNkM1vzsmZVQZkGGtbCslc/T2R0ciYaRTazoji2Cx7M/E/r5fi8DrIhEpS5IotFg1TSTAmswDIQGjOUE4toUwLeythY6opQxtTxYbgLb+8StoXdc+te/eXtcZNEUcZTuAUzsGDK2jAHTShBQwSeIZXeHNS58V5dz4WrSWnmDmGP3A+fwCv7pIY</latexit>

X̂pq
<latexit sha1_base64="IscWjSUVTpfO6uw89pSj9dQm5Nw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0s4m7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzLp5P0se83615tbdOcgq8QpSgwLNfvXLH8QsjbhCJqkxPc9NMMioRsEkzyt+anhC2YSOeM9SRSNugmx+c07OrDIgw1jbUkjm6u+JjEbGTKPQdkYUx2bZm4n/eb0Uh9dBJlSSIldssWiYSoIxmQVABkJzhnJqCWVa2FsJG1NNGdqYKjYEb/nlVdK+qHtu3bu/rDVuijjKcAKncA4eXEED7qAJLWCQwDO8wpuTOi/Ou/OxaC05xcwx/IHz+QOoR5IT</latexit><latexit sha1_base64="IscWjSUVTpfO6uw89pSj9dQm5Nw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0s4m7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzLp5P0se83615tbdOcgq8QpSgwLNfvXLH8QsjbhCJqkxPc9NMMioRsEkzyt+anhC2YSOeM9SRSNugmx+c07OrDIgw1jbUkjm6u+JjEbGTKPQdkYUx2bZm4n/eb0Uh9dBJlSSIldssWiYSoIxmQVABkJzhnJqCWVa2FsJG1NNGdqYKjYEb/nlVdK+qHtu3bu/rDVuijjKcAKncA4eXEED7qAJLWCQwDO8wpuTOi/Ou/OxaC05xcwx/IHz+QOoR5IT</latexit><latexit sha1_base64="IscWjSUVTpfO6uw89pSj9dQm5Nw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0s4m7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzLp5P0se83615tbdOcgq8QpSgwLNfvXLH8QsjbhCJqkxPc9NMMioRsEkzyt+anhC2YSOeM9SRSNugmx+c07OrDIgw1jbUkjm6u+JjEbGTKPQdkYUx2bZm4n/eb0Uh9dBJlSSIldssWiYSoIxmQVABkJzhnJqCWVa2FsJG1NNGdqYKjYEb/nlVdK+qHtu3bu/rDVuijjKcAKncA4eXEED7qAJLWCQwDO8wpuTOi/Ou/OxaC05xcwx/IHz+QOoR5IT</latexit><latexit sha1_base64="IscWjSUVTpfO6uw89pSj9dQm5Nw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gOaUDbbbbt0s4m7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzLp5P0se83615tbdOcgq8QpSgwLNfvXLH8QsjbhCJqkxPc9NMMioRsEkzyt+anhC2YSOeM9SRSNugmx+c07OrDIgw1jbUkjm6u+JjEbGTKPQdkYUx2bZm4n/eb0Uh9dBJlSSIldssWiYSoIxmQVABkJzhnJqCWVa2FsJG1NNGdqYKjYEb/nlVdK+qHtu3bu/rDVuijjKcAKncA4eXEED7qAJLWCQwDO8wpuTOi/Ou/OxaC05xcwx/IHz+QOoR5IT</latexit>

Ẑrp
<latexit sha1_base64="b4B3lCyoC4Mv27EXxDzvYTvQGkU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfqaTvF+tuXV3DrJKvILUoECzX/3yBzFLI66QSWpMz3MTDDKqUTDJ84qfGp5QNqEj3rNU0YibIJvfnJMzqwzIMNa2FJK5+nsio5Ex0yi0nRHFsVn2ZuJ/Xi/F4XWQCZWkyBVbLBqmkmBMZgGQgdCcoZxaQpkW9lbCxlRThjamig3BW355lbQv6p5b9+4va42bIo4ynMApnIMHV9CAO2hCCxgk8Ayv8Oakzovz7nwsWktOMXMMf+B8/gCs4pIW</latexit><latexit sha1_base64="b4B3lCyoC4Mv27EXxDzvYTvQGkU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfqaTvF+tuXV3DrJKvILUoECzX/3yBzFLI66QSWpMz3MTDDKqUTDJ84qfGp5QNqEj3rNU0YibIJvfnJMzqwzIMNa2FJK5+nsio5Ex0yi0nRHFsVn2ZuJ/Xi/F4XWQCZWkyBVbLBqmkmBMZgGQgdCcoZxaQpkW9lbCxlRThjamig3BW355lbQv6p5b9+4va42bIo4ynMApnIMHV9CAO2hCCxgk8Ayv8Oakzovz7nwsWktOMXMMf+B8/gCs4pIW</latexit><latexit sha1_base64="b4B3lCyoC4Mv27EXxDzvYTvQGkU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfqaTvF+tuXV3DrJKvILUoECzX/3yBzFLI66QSWpMz3MTDDKqUTDJ84qfGp5QNqEj3rNU0YibIJvfnJMzqwzIMNa2FJK5+nsio5Ex0yi0nRHFsVn2ZuJ/Xi/F4XWQCZWkyBVbLBqmkmBMZgGQgdCcoZxaQpkW9lbCxlRThjamig3BW355lbQv6p5b9+4va42bIo4ynMApnIMHV9CAO2hCCxgk8Ayv8Oakzovz7nwsWktOMXMMf+B8/gCs4pIW</latexit><latexit sha1_base64="b4B3lCyoC4Mv27EXxDzvYTvQGkU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbbbt0swm7E6GE/A0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuhtRwKRRvoUDJu4nmNAol74ST25nfeeLaiFg94DThQURHSgwFo2gl3x9TzB7zfqaTvF+tuXV3DrJKvILUoECzX/3yBzFLI66QSWpMz3MTDDKqUTDJ84qfGp5QNqEj3rNU0YibIJvfnJMzqwzIMNa2FJK5+nsio5Ex0yi0nRHFsVn2ZuJ/Xi/F4XWQCZWkyBVbLBqmkmBMZgGQgdCcoZxaQpkW9lbCxlRThjamig3BW355lbQv6p5b9+4va42bIo4ynMApnIMHV9CAO2hCCxgk8Ayv8Oakzovz7nwsWktOMXMMf+B8/gCs4pIW</latexit>

q
<latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRHQgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit><latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRHQgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit><latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRHQgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit><latexit sha1_base64="83fwI0nShfakYn4NGBxfM07bbHI=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03c3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/WbT6g0j+WdGScYRHQgeZ8zaqzUeOyWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9KCozJ</latexit>t

<latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVBNS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBBPjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyTE3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit><latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVBNS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBBPjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyTE3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit><latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVBNS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBBPjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyTE3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit><latexit sha1_base64="l+MdhfFlEjVcYqVUvKQQvZBwXVY=">AAAB53icbVBNS8NAEN34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7E6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLUykMuu63s7K6tr6xWdoqb+/s7u1XDg4fTJJpDj5PZKLbITMghQIfBUpopxpYHEpohaPbqd96Am1Eou5xnEIQs4ESkeAMrdTEXqXq1twZ6DLxClIlBRq9yle3n/AsBoVcMmM6nptikDONgkuYlLuZgZTxERtAx1LFYjBBPjt0Qk+t0qdRom0ppDP190TOYmPGcWg7Y4ZDs+hNxf+8TobRVZALlWYIis8XRZmkmNDp17QvNHCUY0sY18LeSvmQacbRZlO2IXiLLy8T/7x2XfOaF9X6TZFGiRyTE3JGPHJJ6uSONIhPOAHyTF7Jm/PovDjvzse8dcUpZo7IHzifP06TjMw=</latexit>
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Figure 4.8: The action of Ûpq on link 〈pq〉 depends on the branching structure of the neigh-

boring triangles. X̂pq is always applied to 〈pq〉, but a Pauli Ẑ acts on the link connecting the
first and second vertex of the neighboring triangle if and only if 〈pq〉 is the link connecting
the second and third vertices of that triangle.

are captured in the following operator identity. For any vertex p,

∏
〈tq〉
t=p

Ûtq
∏
〈qt〉
t=p

Ûqt = Ĝp

∏
〈tqr〉
t=p

Ŵtqr

∏
〈qrt〉
t=p

Ŵqrt. (4.36)

Note that in the first product on the left hand side all the links are oriented away from p,

while in the second product all the links are oriented towards p.

4.3.2 Fermionic operator algebra Afer

On the fermionic side, the degrees of freedom are complex fermions - one at the center of

each triangle 〈pqr〉. We use the pair of Majorana operators γpqr and γ̄pqr to represent the

operator algebra for this complex fermion. The fermion parity at triangle 〈pqr〉 is measured

by

(−1)F̂pqr ≡ −iγpqrγ̄pqr, (4.37)
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and an operator is fermion parity even if it commutes with
∏
〈pqr〉(−1)F̂pqr . The algebra

Afer of fermion parity even operators is generated by the (−1)F̂pqr and a certain set of ‘hop-

ping operators’, which transfer fermion parity across a link 〈pq〉. Specifically, we define the

hopping operator

Ŝ ′pq ≡ iγLpq γ̄Rpq , (4.38)

where we have again denoted the triangles to the left and right of 〈pq〉 by Lpq and Rpq,

respectively.

The (−1)F̂pqr and Ŝ ′pq satisfy nearly the same algebraic relations with each other as do

the bosonic operators Ŵpqr and Ûpq. The only difference is that (−1)F̂pqr and Ŝ ′pq satisfy an

algebraic relation that is similar to but not exactly the same as (4.36) [15]:

∏
〈tq〉
t=p

Ŝ ′tq
∏
〈qt〉
t=p

Ŝ ′qt = c(p)
∏
〈tqr〉
t=p

(−1)F̂tqr
∏
〈qrt〉
t=p

(−1)F̂qrt . (4.39)

In (4.39), c(p) is a sign factor determined solely by the branching structure near p. We prove

(4.39) in Appendix 4.C, where we also derive the following graphical method for explicitly

calculating c(p). First, we interpolate the branching structure to the interiors of the triangles

to give a continuous non-vanishing vector field [125] V (see FIG. 4.9). Singularities in this

vector field can occur only at vertices, and c(p) = −1 if the vertex p has a singularity with

odd winding number and c(p) = 1 otherwise.

4.3.3 Spin structure dependent duality between Abos and Afer

The geometric interpretation of the sign c(p) in (4.39) as counting the singularities of a vector

field V immediately points to a possible modification of the operators generating Afer that

makes Afer manifestly isomorphic to Abos. To make this modification, first note that there
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Figure 4.9: The interpolating vector field lies parallel to the branching structure for both
opqr = +1 and opqr = −1 triangles. There are no singularities of the vector field away from
the vertices.

Figure 4.10: The red vertices mark singularities of the interpolating vector field with odd
winding numbers, and the red link gives a choice of E . The green inset shows the interpolating
vector field near a link not belonging to E , while the purple inset shows the 2π twist of the
vector field near a link in E .
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are an even number of vertices with c(p) = −1. 5 Thus, we can find a set E of links such that

the vertices in the boundary of E (the boundary being defined as the set of vertices which are

endpoints of an odd number of links in E) are precisely the vertices with c(p) = −1. Then,

we can modify the vector field V by giving it an extra 2π winding as it crosses a link in E
(see FIG. 4.10). The result is a new vector field with even singularities only. It is known

that in 2 dimensions a vector field with only even singularities defines a spin structure [119].

Hence, a choice of E corresponds to a choice of spin structure.

Having made a choice of E , we now define modified hopping operators

Ŝpq ≡ (−1)Epq Ŝ ′pq (4.40)

where Epq = 0, 1 is the indicator function for E , i.e. Epq = 1 if 〈pq〉 ∈ E and Epq = 0 otherwise.

These modified operators then satisfy

∏
〈tq〉
t=p

Ŝtq
∏
〈qt〉
t=p

Ŝqt =
∏
〈tqr〉
t=p

(−1)F̂tqr
∏
〈qrt〉
t=p

(−1)F̂qrt . (4.41)

Now, comparing with (4.36), we see that the correspondence given by

Ŵpqr ←→ (−1)Fpqr (4.42)

Ûpq ←→ Ŝpq

defines an explicit isomorphism of operator algebras between Abos and Afer. We emphasize

that this correspondence depends on a choice of spin structure, via the choice of E .

The fermionization duality reviewed here admits an intuitive description in terms of a

‘condensation of fermions’. We elaborate on this point in Appendix 4.D.

5The fact that the number of vertices p with c(p) = −1 is even is just a consequence of the fact that the
winding number of singularities is additive: a contour that encloses several singularities has a winding number
equal to the sum of the winding numbers of those singularities. On a compact manifold, a small contour
enclosing no singularities can equivalently be thought of as a large contour enclosing all the singularities (by
exchanging the notion of ‘inside’ and ‘outside’ the contour).
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4.3.4 Fermionic SPT Hamiltonian

Let us now use the dictionary given in (4.42) to rewrite each local term in the shadow model

Hamiltonian

Ĥb = ÛbĤ
0
bÛ
†
b, (4.43)

defined in (4.25), in terms of local fermionic operators. This can be carried out by fermion-

izing Ĥ0
b, defined in (4.19), and Ûb, defined in (4.22), independently. To fermionize Ĥ0

b, we

first use the definition of Ĝp to rewrite it as

Ĥ0
b = −

∑
p

P̂ sym
p −

∑
p

(
Ĝp

∏
〈tqr〉
t=p

Ŵtqr

)
−
∑
〈pqr〉

Ŵpqr. (4.44)

Then, according to the dictionary in (4.42), Ĥ0
b fermionizes to

Ĥ0
f = −

∑
p

P̂ sym
p −

∑
〈pqr〉

(−1)F̂pqr , (4.45)

after using the gapped and unfrustrated property of the Hamiltonian to remove the fermion-

ization of the second term in (4.44). This Hamiltonian describes a trivial atomic insulator,

and the unique ground state |Ψ0
f 〉 is a product state of symmetrized states at the vertices

and zero fermion occupancy on the triangles.

To fermionize Ûb, we note that the product

∏
〈pqr〉

Ẑ n̂qr
pq

∏
〈pq〉

X̂ n̂pq
pq (4.46)

in (4.22) can be rearranged into

κ̂
∏
〈pq〉

Û n̂pq
pq . (4.47)
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p
<latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit>

|gpi
<latexit sha1_base64="SJRum15zky4yZ9Z2rQzvH6Swhmw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbp0swm7G6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7j6g0T+SDmaToxzSSPOSMGiv1nqJB2ldURgIH1Zpbd+cgq8QrSA0KNAfVr/4wYVmM0jBBte55bmr8nCrDmcBppZ9pTCkb0wh7lkoao/bz+clTcmaVIQkTZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0x47edcpplByRaLwkwQk5DZ/2TIFTIjJpZQpri9lbARVZQZm1LFhuAtv7xK2hd1z61795e1xk0RRxlO4BTOwYMraMAdNKEFDBJ4hld4c4zz4rw7H4vWklPMHMMfOJ8/lZiRbw==</latexit><latexit sha1_base64="SJRum15zky4yZ9Z2rQzvH6Swhmw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbp0swm7G6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7j6g0T+SDmaToxzSSPOSMGiv1nqJB2ldURgIH1Zpbd+cgq8QrSA0KNAfVr/4wYVmM0jBBte55bmr8nCrDmcBppZ9pTCkb0wh7lkoao/bz+clTcmaVIQkTZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0x47edcpplByRaLwkwQk5DZ/2TIFTIjJpZQpri9lbARVZQZm1LFhuAtv7xK2hd1z61795e1xk0RRxlO4BTOwYMraMAdNKEFDBJ4hld4c4zz4rw7H4vWklPMHMMfOJ8/lZiRbw==</latexit><latexit sha1_base64="SJRum15zky4yZ9Z2rQzvH6Swhmw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbp0swm7G6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7j6g0T+SDmaToxzSSPOSMGiv1nqJB2ldURgIH1Zpbd+cgq8QrSA0KNAfVr/4wYVmM0jBBte55bmr8nCrDmcBppZ9pTCkb0wh7lkoao/bz+clTcmaVIQkTZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0x47edcpplByRaLwkwQk5DZ/2TIFTIjJpZQpri9lbARVZQZm1LFhuAtv7xK2hd1z61795e1xk0RRxlO4BTOwYMraMAdNKEFDBJ4hld4c4zz4rw7H4vWklPMHMMfOJ8/lZiRbw==</latexit><latexit sha1_base64="SJRum15zky4yZ9Z2rQzvH6Swhmw=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbp0swm7G6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7j6g0T+SDmaToxzSSPOSMGiv1nqJB2ldURgIH1Zpbd+cgq8QrSA0KNAfVr/4wYVmM0jBBte55bmr8nCrDmcBppZ9pTCkb0wh7lkoao/bz+clTcmaVIQkTZUsaMld/T+Q01noSB7Yzpmakl72Z+J/Xy0x47edcpplByRaLwkwQk5DZ/2TIFTIjJpZQpri9lbARVZQZm1LFhuAtv7xK2hd1z61795e1xk0RRxlO4BTOwYMraMAdNKEFDBJ4hld4c4zz4rw7H4vWklPMHMMfOJ8/lZiRbw==</latexit>

r
<latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit>

|gri
<latexit sha1_base64="6yQ4TMdoHEUQqUk+J2eQ9KoHBI0=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbp0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3A2ZACgUtFCihm2pgcSChE4xvZ37nEbQRiXrASQp+zCIlQsEZWqn3FA10XzMVSRhUa27dnYOuEq8gNVKgOah+9YcJz2JQyCUzpue5Kfo50yi4hGmlnxlIGR+zCHqWKhaD8fP5yVN6ZpUhDRNtSyGdq78nchYbM4kD2xkzHJllbyb+5/UyDK/9XKg0Q1B8sSjMJMWEzv6nQ6GBo5xYwrgW9lbKR0wzjjalig3BW355lbQv6p5b9+4va42bIo4yOSGn5Jx45Io0yB1pkhbhJCHP5JW8Oei8OO/Ox6K15BQzx+QPnM8fmK6RcQ==</latexit><latexit sha1_base64="6yQ4TMdoHEUQqUk+J2eQ9KoHBI0=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbp0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3A2ZACgUtFCihm2pgcSChE4xvZ37nEbQRiXrASQp+zCIlQsEZWqn3FA10XzMVSRhUa27dnYOuEq8gNVKgOah+9YcJz2JQyCUzpue5Kfo50yi4hGmlnxlIGR+zCHqWKhaD8fP5yVN6ZpUhDRNtSyGdq78nchYbM4kD2xkzHJllbyb+5/UyDK/9XKg0Q1B8sSjMJMWEzv6nQ6GBo5xYwrgW9lbKR0wzjjalig3BW355lbQv6p5b9+4va42bIo4yOSGn5Jx45Io0yB1pkhbhJCHP5JW8Oei8OO/Ox6K15BQzx+QPnM8fmK6RcQ==</latexit><latexit sha1_base64="6yQ4TMdoHEUQqUk+J2eQ9KoHBI0=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbp0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3A2ZACgUtFCihm2pgcSChE4xvZ37nEbQRiXrASQp+zCIlQsEZWqn3FA10XzMVSRhUa27dnYOuEq8gNVKgOah+9YcJz2JQyCUzpue5Kfo50yi4hGmlnxlIGR+zCHqWKhaD8fP5yVN6ZpUhDRNtSyGdq78nchYbM4kD2xkzHJllbyb+5/UyDK/9XKg0Q1B8sSjMJMWEzv6nQ6GBo5xYwrgW9lbKR0wzjjalig3BW355lbQv6p5b9+4va42bIo4yOSGn5Jx45Io0yB1pkhbhJCHP5JW8Oei8OO/Ox6K15BQzx+QPnM8fmK6RcQ==</latexit><latexit sha1_base64="6yQ4TMdoHEUQqUk+J2eQ9KoHBI0=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbSbp0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpDi2eyER3A2ZACgUtFCihm2pgcSChE4xvZ37nEbQRiXrASQp+zCIlQsEZWqn3FA10XzMVSRhUa27dnYOuEq8gNVKgOah+9YcJz2JQyCUzpue5Kfo50yi4hGmlnxlIGR+zCHqWKhaD8fP5yVN6ZpUhDRNtSyGdq78nchYbM4kD2xkzHJllbyb+5/UyDK/9XKg0Q1B8sSjMJMWEzv6nQ6GBo5xYwrgW9lbKR0wzjjalig3BW355lbQv6p5b9+4va42bIo4yOSGn5Jx45Io0yB1pkhbhJCHP5JW8Oei8OO/Ox6K15BQzx+QPnM8fmK6RcQ==</latexit>

�pqr
<latexit sha1_base64="DkYtrjskOQLo2bpwlE+ctUKOLKw=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48V7Ad0lzKbZtvQJBuTrFCW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZppQlsk5anuxmAoZ5K2LLOcdpWmIGJOO/H4duZ3nqg2LJUPdqJoJGAoWcIIWCeF4RCEgH6uHvW0X635dX8OvEqCgtRQgWa/+hUOUpIJKi3hYEwv8JWNctCWEU6nlTAzVAEZw5D2HJUgqIny+c1TfOaUAU5S7UpaPFd/T+QgjJmI2HUKsCOz7M3E/7xeZpPrKGdSZZZKsliUZBzbFM8CwAOmKbF84ggQzdytmIxAA7EupooLIVh+eZW0L+qBXw/uL2uNmyKOMjpBp+gcBegKNdAdaqIWIkihZ/SK3rzMe/HevY9Fa8krZo7RH3ifP4M1kfs=</latexit><latexit sha1_base64="DkYtrjskOQLo2bpwlE+ctUKOLKw=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48V7Ad0lzKbZtvQJBuTrFCW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZppQlsk5anuxmAoZ5K2LLOcdpWmIGJOO/H4duZ3nqg2LJUPdqJoJGAoWcIIWCeF4RCEgH6uHvW0X635dX8OvEqCgtRQgWa/+hUOUpIJKi3hYEwv8JWNctCWEU6nlTAzVAEZw5D2HJUgqIny+c1TfOaUAU5S7UpaPFd/T+QgjJmI2HUKsCOz7M3E/7xeZpPrKGdSZZZKsliUZBzbFM8CwAOmKbF84ggQzdytmIxAA7EupooLIVh+eZW0L+qBXw/uL2uNmyKOMjpBp+gcBegKNdAdaqIWIkihZ/SK3rzMe/HevY9Fa8krZo7RH3ifP4M1kfs=</latexit><latexit sha1_base64="DkYtrjskOQLo2bpwlE+ctUKOLKw=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48V7Ad0lzKbZtvQJBuTrFCW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZppQlsk5anuxmAoZ5K2LLOcdpWmIGJOO/H4duZ3nqg2LJUPdqJoJGAoWcIIWCeF4RCEgH6uHvW0X635dX8OvEqCgtRQgWa/+hUOUpIJKi3hYEwv8JWNctCWEU6nlTAzVAEZw5D2HJUgqIny+c1TfOaUAU5S7UpaPFd/T+QgjJmI2HUKsCOz7M3E/7xeZpPrKGdSZZZKsliUZBzbFM8CwAOmKbF84ggQzdytmIxAA7EupooLIVh+eZW0L+qBXw/uL2uNmyKOMjpBp+gcBegKNdAdaqIWIkihZ/SK3rzMe/HevY9Fa8krZo7RH3ifP4M1kfs=</latexit><latexit sha1_base64="DkYtrjskOQLo2bpwlE+ctUKOLKw=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48V7Ad0lzKbZtvQJBuTrFCW/g0vHhTx6p/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61TZppQlsk5anuxmAoZ5K2LLOcdpWmIGJOO/H4duZ3nqg2LJUPdqJoJGAoWcIIWCeF4RCEgH6uHvW0X635dX8OvEqCgtRQgWa/+hUOUpIJKi3hYEwv8JWNctCWEU6nlTAzVAEZw5D2HJUgqIny+c1TfOaUAU5S7UpaPFd/T+QgjJmI2HUKsCOz7M3E/7xeZpPrKGdSZZZKsliUZBzbFM8CwAOmKbF84ggQzdytmIxAA7EupooLIVh+eZW0L+qBXw/uL2uNmyKOMjpBp+gcBegKNdAdaqIWIkihZ/SK3rzMe/HevY9Fa8krZo7RH3ifP4M1kfs=</latexit>

�̄pqr
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Figure 4.11: The fermionic SPT Hamiltonian acts on a Hilbert space with generalized G-
spin degrees of freedom on vertices and a single complex fermion degree of freedom for each

triangle. Explicitly, the total Hilbert space is
(⊗

pC
|G|
p

)
⊗Z2

(⊗Z2

〈pqr〉C
1|1
pqr

)
, where

⊗Z2 is

a Z2 graded tensor product. We use γpqr and γ̄pqr as a basis for the operator algebra of the
complex fermion at 〈pqr〉.

where κ̂ is a certain diagonal operator in the {gp} configuration basis with eigenvalues ±1.

The eigenvalue is locally determined, in that it is a product of signs, each of which is depen-

dent upon only the G-configuration within a disk of finite radius around some point. These

signs result from commuting Ẑpq past X̂pq and hence the eigenvalues are dependent on the

choice of ordering of the Ûpq operators in (4.47). Although the operator κ̂ is complicated

to write out for general G, we note that the locality property above makes it a finite depth

circuit of local unitaries. Furthermore, we will see below that in the example G = Z2 the

situation simplifies considerably: κ̂ is trivial in that case, and all of the terms in the product

in (4.47) commute. Also, in Appendix 4.E we present another way of circumventing the

issue posed by the unwieldy form of κ̂, by introducing ancillary spin-1
2

degrees of freedom on

the triangles. This allows for a more canonical finite depth circuit that does not require an

arbitrary choice of ordering.

We now use (4.42) to map (4.47) to fermionic operators. The result of fermionizing Ûb

is the finite depth circuit of local unitaries

Ûf = κ̂
∏
〈pqr〉

ν̂opqrpqr

∏
〈pq〉

Ŝn̂pqpq

∏
〈pqr〉

(
(−1)F̂pqr

)n̂pr
. (4.48)
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Therefore, fermionization turns Ĥb into

Ĥf = ÛfĤ
0
f Û
†
f . (4.49)

Ĥf is comprised of two types of terms. First, we have the conjugates of the terms in the

second sum in (4.45), namely:

−Ûf(−1)F̂pqrÛ †f = −(−1)n̂pqr(−1)F̂pqr . (4.50)

These energetically enforce fermions to occupy the triangles 〈pqr〉 with nontrivial n(gp, gq, gr).

Second, we have the conjugates of the terms in the first sum in (4.45):

−ÛfP̂
sym
p Û †f . (4.51)

These fluctuate the G-configuration at vertex p and move the neighboring fermions so that

the fermion occupancy conforms to the first term. We will see the action of Ĥf more explicitly

below when we treat the case G = Z2.

Ĥf describes a fermionic SPT phase because (1) it is gapped (2) it has a unique, SRE

ground state, and (3) it is symmetric. It is gapped because it is an unfrustrated commuting

projector Hamiltonian. The unique ground state is Ûf|Ψ0
f 〉, and since Ûf is a finite depth

circuit of local unitaries, the ground state is SRE. Lastly, it is G-symmetric because Ĥb is

G-symmetric, and the fermionization procedure commutes with the global action of G.

4.3.5 Example: G = Z2

Recall that in the G = Z2 case, (4.31) is

Û±b =
∏
〈pqr〉

(±i)opqr ŝp(1−ŝq)ŝrẐ(1−ŝq)ŝr
pq

∏
〈pq〉

X̂(1−ŝp)ŝq
pq

∏
〈pqr〉

Ŵ (1−ŝp)ŝr
pqr . (4.52)
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To avoid confusion, we will for the remainder of this section focus on the case Û+
b and drop

the + superscript; the case Û−b can be treated similarly.

To fermionize Ûb, we first recognize that it may be written in terms of the local operators

Ûpq of section 4.3. The product

∏
〈pqr〉

Ẑ(1−ŝq)ŝr
pq

∏
〈pq〉

X̂(1−ŝp)ŝq
pq (4.53)

in (4.52) is exactly equal to

∏
〈pq〉

Û (1−ŝp)ŝq
pq (4.54)

without any additional factor of κ̂. This is due to the fact that (1 − sq)sr and (1 − sp)sq
cannot simultaneously be 1, so that we never have to move anti-commuting operators past

each other to go from one expression to the other. Therefore, the fermionization duality

applied to Ûb yields

Ûf =
∏
〈pqr〉

iopqr ŝp(1−ŝq)ŝr
∏
〈pq〉

Ŝ(1−ŝp)ŝq
pq

∏
〈pqr〉

(
(−1)F̂pqr

)(1−ŝp)ŝr
(4.55)

with Ŝpq and (−1)F̂pqr defined in section 4.3. Hence, Ĥb explicitly fermionizes to

Ĥf = ÛfĤ
0
f Ûf, (4.56)

where

Ĥ0
f = −

∑
p

P̂ sym
p −

∑
〈pqr〉

(−1)F̂pqr . (4.57)

We have thus constructed a Z2-symmetric fermionic SPT Hamiltonian for the supercoho-

mology data specified in (4.26) and (4.27).
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=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit> fermion
<latexit sha1_base64="XMx76ZCEOw9jz1gpSrSFKNBWj98=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48V7Ae0a8mms21oNrsks2pZ+j+8eFDEq//Fm//GtN2Dtj4YeHlvhsy8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtB9BGxOoOxwn4ERsoEQrO0Er3XYQnzELQkX1NeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42WzrCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD7/KEwlxZhOI6B9oYGjHFvCuBZ2V8qHTDOONqiSDcFbPHmZNM+qnlv1bs8rtas8jiI5IsfklHjkgtTIDamTBuFEk2fySt6cR+fFeXc+5q0FJ585JH/gfP4AXX6TDw==</latexit><latexit sha1_base64="XMx76ZCEOw9jz1gpSrSFKNBWj98=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48V7Ae0a8mms21oNrsks2pZ+j+8eFDEq//Fm//GtN2Dtj4YeHlvhsy8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtB9BGxOoOxwn4ERsoEQrO0Er3XYQnzELQkX1NeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42WzrCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD7/KEwlxZhOI6B9oYGjHFvCuBZ2V8qHTDOONqiSDcFbPHmZNM+qnlv1bs8rtas8jiI5IsfklHjkgtTIDamTBuFEk2fySt6cR+fFeXc+5q0FJ585JH/gfP4AXX6TDw==</latexit><latexit sha1_base64="XMx76ZCEOw9jz1gpSrSFKNBWj98=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48V7Ae0a8mms21oNrsks2pZ+j+8eFDEq//Fm//GtN2Dtj4YeHlvhsy8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtB9BGxOoOxwn4ERsoEQrO0Er3XYQnzELQkX1NeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42WzrCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD7/KEwlxZhOI6B9oYGjHFvCuBZ2V8qHTDOONqiSDcFbPHmZNM+qnlv1bs8rtas8jiI5IsfklHjkgtTIDamTBuFEk2fySt6cR+fFeXc+5q0FJ585JH/gfP4AXX6TDw==</latexit><latexit sha1_base64="XMx76ZCEOw9jz1gpSrSFKNBWj98=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKoMeiF48V7Ae0a8mms21oNrsks2pZ+j+8eFDEq//Fm//GtN2Dtj4YeHlvhsy8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6nvqtB9BGxOoOxwn4ERsoEQrO0Er3XYQnzELQkX1NeuWKW3VnoMvEy0mF5Kj3yl/dfszTCBRyyYzpeG6CfsY0Ci5hUuqmBhLGR2wAHUsVi8D42WzrCT2xSp+GsbalkM7U3xMZi4wZR4HtjBgOzaI3Ff/zOimGl34mVJIiKD7/KEwlxZhOI6B9oYGjHFvCuBZ2V8qHTDOONqiSDcFbPHmZNM+qnlv1bs8rtas8jiI5IsfklHjkgtTIDamTBuFEk2fySt6cR+fFeXc+5q0FJ585JH/gfP4AXX6TDw==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

2<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

1<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>
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2<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

2<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

edges in E
<latexit sha1_base64="zNAGeqDxeeuZHYpGY1fZ0HwhVSU=">AAACBnicbVDLSgNBEJyNrxhfUY8iDCaCp7Argh6DIniMYB6QhDA76SRDZmeXmV4xLDl58Ve8eFDEq9/gzb9xNslBEwsaiqpuurv8SAqDrvvtZJaWV1bXsuu5jc2t7Z387l7NhLHmUOWhDHXDZwakUFBFgRIakQYW+BLq/vAq9ev3oI0I1R2OImgHrK9ET3CGVurkD1sID5hAtw+GCkWLrYDhgDOZXI+L406+4JbcCegi8WakQGaodPJfrW7I4wAUcsmMaXpuhO2EaRRcwjjXig1EjA9ZH5qWKhaAaSeTN8b02Cpd2gu1LYV0ov6eSFhgzCjwbWd6pJn3UvE/rxlj76KdCBXFCIpPF/ViSTGkaSa0KzRwlCNLGNfC3kr5gGnG0SaXsyF48y8vktppyXNL3u1ZoXw5iyNLDsgROSEeOSdlckMqpEo4eSTP5JW8OU/Oi/PufExbM85sZp/8gfP5A+ukmMA=</latexit><latexit sha1_base64="zNAGeqDxeeuZHYpGY1fZ0HwhVSU=">AAACBnicbVDLSgNBEJyNrxhfUY8iDCaCp7Argh6DIniMYB6QhDA76SRDZmeXmV4xLDl58Ve8eFDEq9/gzb9xNslBEwsaiqpuurv8SAqDrvvtZJaWV1bXsuu5jc2t7Z387l7NhLHmUOWhDHXDZwakUFBFgRIakQYW+BLq/vAq9ev3oI0I1R2OImgHrK9ET3CGVurkD1sID5hAtw+GCkWLrYDhgDOZXI+L406+4JbcCegi8WakQGaodPJfrW7I4wAUcsmMaXpuhO2EaRRcwjjXig1EjA9ZH5qWKhaAaSeTN8b02Cpd2gu1LYV0ov6eSFhgzCjwbWd6pJn3UvE/rxlj76KdCBXFCIpPF/ViSTGkaSa0KzRwlCNLGNfC3kr5gGnG0SaXsyF48y8vktppyXNL3u1ZoXw5iyNLDsgROSEeOSdlckMqpEo4eSTP5JW8OU/Oi/PufExbM85sZp/8gfP5A+ukmMA=</latexit><latexit sha1_base64="zNAGeqDxeeuZHYpGY1fZ0HwhVSU=">AAACBnicbVDLSgNBEJyNrxhfUY8iDCaCp7Argh6DIniMYB6QhDA76SRDZmeXmV4xLDl58Ve8eFDEq9/gzb9xNslBEwsaiqpuurv8SAqDrvvtZJaWV1bXsuu5jc2t7Z387l7NhLHmUOWhDHXDZwakUFBFgRIakQYW+BLq/vAq9ev3oI0I1R2OImgHrK9ET3CGVurkD1sID5hAtw+GCkWLrYDhgDOZXI+L406+4JbcCegi8WakQGaodPJfrW7I4wAUcsmMaXpuhO2EaRRcwjjXig1EjA9ZH5qWKhaAaSeTN8b02Cpd2gu1LYV0ov6eSFhgzCjwbWd6pJn3UvE/rxlj76KdCBXFCIpPF/ViSTGkaSa0KzRwlCNLGNfC3kr5gGnG0SaXsyF48y8vktppyXNL3u1ZoXw5iyNLDsgROSEeOSdlckMqpEo4eSTP5JW8OU/Oi/PufExbM85sZp/8gfP5A+ukmMA=</latexit><latexit sha1_base64="zNAGeqDxeeuZHYpGY1fZ0HwhVSU=">AAACBnicbVDLSgNBEJyNrxhfUY8iDCaCp7Argh6DIniMYB6QhDA76SRDZmeXmV4xLDl58Ve8eFDEq9/gzb9xNslBEwsaiqpuurv8SAqDrvvtZJaWV1bXsuu5jc2t7Z387l7NhLHmUOWhDHXDZwakUFBFgRIakQYW+BLq/vAq9ev3oI0I1R2OImgHrK9ET3CGVurkD1sID5hAtw+GCkWLrYDhgDOZXI+L406+4JbcCegi8WakQGaodPJfrW7I4wAUcsmMaXpuhO2EaRRcwjjXig1EjA9ZH5qWKhaAaSeTN8b02Cpd2gu1LYV0ov6eSFhgzCjwbWd6pJn3UvE/rxlj76KdCBXFCIpPF/ViSTGkaSa0KzRwlCNLGNfC3kr5gGnG0SaXsyF48y8vktppyXNL3u1ZoXw5iyNLDsgROSEeOSdlckMqpEo4eSTP5JW8OU/Oi/PufExbM85sZp/8gfP5A+ukmMA=</latexit>

= |0i domain
<latexit sha1_base64="bI64aARLdRC16eQG1y5ElUs8kWc=">AAACAnicbVA9SwNBEN3zM8avqJXYLAbBKtyJoI0QtLGMYD4gF8LeZpIs2ds7dufEcAYb/4qNhSK2/go7/42b5ApNfDDweG+GmXlBLIVB1/12FhaXlldWc2v59Y3Nre3Czm7NRInmUOWRjHQjYAakUFBFgRIasQYWBhLqweBq7NfvQBsRqVscxtAKWU+JruAMrdQu7F/QB9fXTPUk+Aj3mNJOFDKhRu1C0S25E9B54mWkSDJU2oUvvxPxJASFXDJjmp4bYytlGgWXMMr7iYGY8QHrQdNSxUIwrXTywogeWaVDu5G2pZBO1N8TKQuNGYaB7QwZ9s2sNxb/85oJds9bqVBxgqD4dFE3kRQjOs6DdoQGjnJoCeNa2Fsp7zPNONrU8jYEb/bleVI7KXluybs5LZYvszhy5IAckmPikTNSJtekQqqEk0fyTF7Jm/PkvDjvzse0dcHJZvbIHzifPwpulzQ=</latexit><latexit sha1_base64="bI64aARLdRC16eQG1y5ElUs8kWc=">AAACAnicbVA9SwNBEN3zM8avqJXYLAbBKtyJoI0QtLGMYD4gF8LeZpIs2ds7dufEcAYb/4qNhSK2/go7/42b5ApNfDDweG+GmXlBLIVB1/12FhaXlldWc2v59Y3Nre3Czm7NRInmUOWRjHQjYAakUFBFgRIasQYWBhLqweBq7NfvQBsRqVscxtAKWU+JruAMrdQu7F/QB9fXTPUk+Aj3mNJOFDKhRu1C0S25E9B54mWkSDJU2oUvvxPxJASFXDJjmp4bYytlGgWXMMr7iYGY8QHrQdNSxUIwrXTywogeWaVDu5G2pZBO1N8TKQuNGYaB7QwZ9s2sNxb/85oJds9bqVBxgqD4dFE3kRQjOs6DdoQGjnJoCeNa2Fsp7zPNONrU8jYEb/bleVI7KXluybs5LZYvszhy5IAckmPikTNSJtekQqqEk0fyTF7Jm/PkvDjvzse0dcHJZvbIHzifPwpulzQ=</latexit><latexit sha1_base64="bI64aARLdRC16eQG1y5ElUs8kWc=">AAACAnicbVA9SwNBEN3zM8avqJXYLAbBKtyJoI0QtLGMYD4gF8LeZpIs2ds7dufEcAYb/4qNhSK2/go7/42b5ApNfDDweG+GmXlBLIVB1/12FhaXlldWc2v59Y3Nre3Czm7NRInmUOWRjHQjYAakUFBFgRIasQYWBhLqweBq7NfvQBsRqVscxtAKWU+JruAMrdQu7F/QB9fXTPUk+Aj3mNJOFDKhRu1C0S25E9B54mWkSDJU2oUvvxPxJASFXDJjmp4bYytlGgWXMMr7iYGY8QHrQdNSxUIwrXTywogeWaVDu5G2pZBO1N8TKQuNGYaB7QwZ9s2sNxb/85oJds9bqVBxgqD4dFE3kRQjOs6DdoQGjnJoCeNa2Fsp7zPNONrU8jYEb/bleVI7KXluybs5LZYvszhy5IAckmPikTNSJtekQqqEk0fyTF7Jm/PkvDjvzse0dcHJZvbIHzifPwpulzQ=</latexit><latexit sha1_base64="bI64aARLdRC16eQG1y5ElUs8kWc=">AAACAnicbVA9SwNBEN3zM8avqJXYLAbBKtyJoI0QtLGMYD4gF8LeZpIs2ds7dufEcAYb/4qNhSK2/go7/42b5ApNfDDweG+GmXlBLIVB1/12FhaXlldWc2v59Y3Nre3Czm7NRInmUOWRjHQjYAakUFBFgRIasQYWBhLqweBq7NfvQBsRqVscxtAKWU+JruAMrdQu7F/QB9fXTPUk+Aj3mNJOFDKhRu1C0S25E9B54mWkSDJU2oUvvxPxJASFXDJjmp4bYytlGgWXMMr7iYGY8QHrQdNSxUIwrXTywogeWaVDu5G2pZBO1N8TKQuNGYaB7QwZ9s2sNxb/85oJds9bqVBxgqD4dFE3kRQjOs6DdoQGjnJoCeNa2Fsp7zPNONrU8jYEb/bleVI7KXluybs5LZYvszhy5IAckmPikTNSJtekQqqEk0fyTF7Jm/PkvDjvzse0dcHJZvbIHzifPwpulzQ=</latexit>

= |1i domain
<latexit sha1_base64="0tI7LFAxk2lBZuzUTTuyUTJFoJA=">AAACAnicbVA9SwNBEN3zM8avqJXYLAbBKtyJoI0QtLGMYD4gF8LeZpIs2ds7dufEcAYb/4qNhSK2/go7/42b5ApNfDDweG+GmXlBLIVB1/12FhaXlldWc2v59Y3Nre3Czm7NRInmUOWRjHQjYAakUFBFgRIasQYWBhLqweBq7NfvQBsRqVscxtAKWU+JruAMrdQu7F/QB8/XTPUk+Aj3mNJOFDKhRu1C0S25E9B54mWkSDJU2oUvvxPxJASFXDJjmp4bYytlGgWXMMr7iYGY8QHrQdNSxUIwrXTywogeWaVDu5G2pZBO1N8TKQuNGYaB7QwZ9s2sNxb/85oJds9bqVBxgqD4dFE3kRQjOs6DdoQGjnJoCeNa2Fsp7zPNONrU8jYEb/bleVI7KXluybs5LZYvszhy5IAckmPikTNSJtekQqqEk0fyTF7Jm/PkvDjvzse0dcHJZvbIHzifPwwHlzU=</latexit><latexit sha1_base64="0tI7LFAxk2lBZuzUTTuyUTJFoJA=">AAACAnicbVA9SwNBEN3zM8avqJXYLAbBKtyJoI0QtLGMYD4gF8LeZpIs2ds7dufEcAYb/4qNhSK2/go7/42b5ApNfDDweG+GmXlBLIVB1/12FhaXlldWc2v59Y3Nre3Czm7NRInmUOWRjHQjYAakUFBFgRIasQYWBhLqweBq7NfvQBsRqVscxtAKWU+JruAMrdQu7F/QB8/XTPUk+Aj3mNJOFDKhRu1C0S25E9B54mWkSDJU2oUvvxPxJASFXDJjmp4bYytlGgWXMMr7iYGY8QHrQdNSxUIwrXTywogeWaVDu5G2pZBO1N8TKQuNGYaB7QwZ9s2sNxb/85oJds9bqVBxgqD4dFE3kRQjOs6DdoQGjnJoCeNa2Fsp7zPNONrU8jYEb/bleVI7KXluybs5LZYvszhy5IAckmPikTNSJtekQqqEk0fyTF7Jm/PkvDjvzse0dcHJZvbIHzifPwwHlzU=</latexit><latexit sha1_base64="0tI7LFAxk2lBZuzUTTuyUTJFoJA=">AAACAnicbVA9SwNBEN3zM8avqJXYLAbBKtyJoI0QtLGMYD4gF8LeZpIs2ds7dufEcAYb/4qNhSK2/go7/42b5ApNfDDweG+GmXlBLIVB1/12FhaXlldWc2v59Y3Nre3Czm7NRInmUOWRjHQjYAakUFBFgRIasQYWBhLqweBq7NfvQBsRqVscxtAKWU+JruAMrdQu7F/QB8/XTPUk+Aj3mNJOFDKhRu1C0S25E9B54mWkSDJU2oUvvxPxJASFXDJjmp4bYytlGgWXMMr7iYGY8QHrQdNSxUIwrXTywogeWaVDu5G2pZBO1N8TKQuNGYaB7QwZ9s2sNxb/85oJds9bqVBxgqD4dFE3kRQjOs6DdoQGjnJoCeNa2Fsp7zPNONrU8jYEb/bleVI7KXluybs5LZYvszhy5IAckmPikTNSJtekQqqEk0fyTF7Jm/PkvDjvzse0dcHJZvbIHzifPwwHlzU=</latexit><latexit sha1_base64="0tI7LFAxk2lBZuzUTTuyUTJFoJA=">AAACAnicbVA9SwNBEN3zM8avqJXYLAbBKtyJoI0QtLGMYD4gF8LeZpIs2ds7dufEcAYb/4qNhSK2/go7/42b5ApNfDDweG+GmXlBLIVB1/12FhaXlldWc2v59Y3Nre3Czm7NRInmUOWRjHQjYAakUFBFgRIasQYWBhLqweBq7NfvQBsRqVscxtAKWU+JruAMrdQu7F/QB8/XTPUk+Aj3mNJOFDKhRu1C0S25E9B54mWkSDJU2oUvvxPxJASFXDJjmp4bYytlGgWXMMr7iYGY8QHrQdNSxUIwrXTywogeWaVDu5G2pZBO1N8TKQuNGYaB7QwZ9s2sNxb/85oJds9bqVBxgqD4dFE3kRQjOs6DdoQGjnJoCeNa2Fsp7zPNONrU8jYEb/bleVI7KXluybs5LZYvszhy5IAckmPikTNSJtekQqqEk0fyTF7Jm/PkvDjvzse0dcHJZvbIHzifPwwHlzU=</latexit>

Figure 4.12: Pictured here is the effect of
∏
〈pq〉 Ŝ

(1−ŝp)ŝq
pq on a domain wall configuration. For

clarity the lattice is suppressed and we have only drawn the interpolating vector field along
the domain walls. The edges of E , introduced in section 4.3, are shown to illustrate their
affect on the ordering of the fermions in the figure.

Picture of the ground state: The finite depth circuit of local unitaries Ûf in (4.55)

allows us to explicitly construct the ground state |Ψf〉 of Ĥf. This is accomplished by applying

Ûf to |Ψ0
f 〉, the ground state of Ĥ0

f . |Ψ0
f 〉 is a product state with the Z2-symmetric state

1√
2
(|0〉+ |1〉) at each vertex p and zero fermion occupancy at every triangle 〈pqr〉. Expressed

in the configuration basis, |Ψ0
f 〉 is an equal amplitude superposition of domain configurations

– domains containing states |0〉 or |1〉 at vertices. Note that the domain walls between the

|0〉 and |1〉 domains run along the edges of the dual lattice. The ground state of Ĥf is

|Ψf〉 = Ûf|Ψ0
f 〉 =

∑
configs

Ûf

∣∣∣∣∣∣
〉
. (4.58)

The above sum is over all Z2-spin domain configurations tensored with the empty fermionic

state. The operator Ûf decorates fermions onto each such domain configuration and multiplies

by a configuration-dependent phase, but it does not alter the shape of the domains.

We can break the action of Ûf on a domain configuration up into three steps. In the first
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<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

2
<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

1
<latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit><latexit sha1_base64="l9eImvYcFOKpzEDji/n9jPDeWb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Aep2MtQ==</latexit>

2
<latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit><latexit sha1_base64="bGronyvkxiOrftIdMcDlRYPusyM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWRuUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSrlU9t+o1ryr12zyOIpzBOVyCB9dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AfCGMtg==</latexit>

|1i domain
<latexit sha1_base64="JuN6KbHaeQOI5xVkFpFl4WYvXzc=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSrciaBlwMYyikmEJIS9zSRZsrd37M6J4bzGv2JjoYitP8POf+MmuUITHww83pthZl4QS2HQ876dwtLyyupacb20sbm1vePu7jVMlGgOdR7JSN8FzIAUCuooUMJdrIGFgYRmMLqc+M170EZE6hbHMXRCNlCiLzhDK3Xdg0e/rZkaSGgjPGBKe1HIhMq6btmreFPQReLnpExy1LruV7sX8SQEhVwyY1q+F2MnZRoFl5CV2omBmPERG0DLUsVCMJ10+kBGj63So/1I21JIp+rviZSFxozDwHaGDIdm3puI/3mtBPsXnVSoOEFQfLaon0iKEZ2kQXtCA0c5toRxLeytlA+ZZhxtZiUbgj//8iJpnFZ8r+Jfn5WrN3kcRXJIjsgJ8ck5qZIrUiN1wklGnskreXOenBfn3fmYtRacfGaf/IHz+QMw3JbU</latexit><latexit sha1_base64="JuN6KbHaeQOI5xVkFpFl4WYvXzc=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSrciaBlwMYyikmEJIS9zSRZsrd37M6J4bzGv2JjoYitP8POf+MmuUITHww83pthZl4QS2HQ876dwtLyyupacb20sbm1vePu7jVMlGgOdR7JSN8FzIAUCuooUMJdrIGFgYRmMLqc+M170EZE6hbHMXRCNlCiLzhDK3Xdg0e/rZkaSGgjPGBKe1HIhMq6btmreFPQReLnpExy1LruV7sX8SQEhVwyY1q+F2MnZRoFl5CV2omBmPERG0DLUsVCMJ10+kBGj63So/1I21JIp+rviZSFxozDwHaGDIdm3puI/3mtBPsXnVSoOEFQfLaon0iKEZ2kQXtCA0c5toRxLeytlA+ZZhxtZiUbgj//8iJpnFZ8r+Jfn5WrN3kcRXJIjsgJ8ck5qZIrUiN1wklGnskreXOenBfn3fmYtRacfGaf/IHz+QMw3JbU</latexit><latexit sha1_base64="JuN6KbHaeQOI5xVkFpFl4WYvXzc=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSrciaBlwMYyikmEJIS9zSRZsrd37M6J4bzGv2JjoYitP8POf+MmuUITHww83pthZl4QS2HQ876dwtLyyupacb20sbm1vePu7jVMlGgOdR7JSN8FzIAUCuooUMJdrIGFgYRmMLqc+M170EZE6hbHMXRCNlCiLzhDK3Xdg0e/rZkaSGgjPGBKe1HIhMq6btmreFPQReLnpExy1LruV7sX8SQEhVwyY1q+F2MnZRoFl5CV2omBmPERG0DLUsVCMJ10+kBGj63So/1I21JIp+rviZSFxozDwHaGDIdm3puI/3mtBPsXnVSoOEFQfLaon0iKEZ2kQXtCA0c5toRxLeytlA+ZZhxtZiUbgj//8iJpnFZ8r+Jfn5WrN3kcRXJIjsgJ8ck5qZIrUiN1wklGnskreXOenBfn3fmYtRacfGaf/IHz+QMw3JbU</latexit><latexit sha1_base64="JuN6KbHaeQOI5xVkFpFl4WYvXzc=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSrciaBlwMYyikmEJIS9zSRZsrd37M6J4bzGv2JjoYitP8POf+MmuUITHww83pthZl4QS2HQ876dwtLyyupacb20sbm1vePu7jVMlGgOdR7JSN8FzIAUCuooUMJdrIGFgYRmMLqc+M170EZE6hbHMXRCNlCiLzhDK3Xdg0e/rZkaSGgjPGBKe1HIhMq6btmreFPQReLnpExy1LruV7sX8SQEhVwyY1q+F2MnZRoFl5CV2omBmPERG0DLUsVCMJ10+kBGj63So/1I21JIp+rviZSFxozDwHaGDIdm3puI/3mtBPsXnVSoOEFQfLaon0iKEZ2kQXtCA0c5toRxLeytlA+ZZhxtZiUbgj//8iJpnFZ8r+Jfn5WrN3kcRXJIjsgJ8ck5qZIrUiN1wklGnskreXOenBfn3fmYtRacfGaf/IHz+QMw3JbU</latexit>

|0i domain
<latexit sha1_base64="annJPdhsXC8IchVY9yKdl2kWTcg=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSrciaBlwMYyikmEJIS9zSRZsrd37M6J4bzGv2JjoYitP8POf+MmuUITHww83pthZl4QS2HQ876dwtLyyupacb20sbm1vePu7jVMlGgOdR7JSN8FzIAUCuooUMJdrIGFgYRmMLqc+M170EZE6hbHMXRCNlCiLzhDK3Xdg0evrZkaSGgjPGBKe1HIhMq6btmreFPQReLnpExy1LruV7sX8SQEhVwyY1q+F2MnZRoFl5CV2omBmPERG0DLUsVCMJ10+kBGj63So/1I21JIp+rviZSFxozDwHaGDIdm3puI/3mtBPsXnVSoOEFQfLaon0iKEZ2kQXtCA0c5toRxLeytlA+ZZhxtZiUbgj//8iJpnFZ8r+Jfn5WrN3kcRXJIjsgJ8ck5qZIrUiN1wklGnskreXOenBfn3fmYtRacfGaf/IHz+QMvQ5bT</latexit><latexit sha1_base64="annJPdhsXC8IchVY9yKdl2kWTcg=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSrciaBlwMYyikmEJIS9zSRZsrd37M6J4bzGv2JjoYitP8POf+MmuUITHww83pthZl4QS2HQ876dwtLyyupacb20sbm1vePu7jVMlGgOdR7JSN8FzIAUCuooUMJdrIGFgYRmMLqc+M170EZE6hbHMXRCNlCiLzhDK3Xdg0evrZkaSGgjPGBKe1HIhMq6btmreFPQReLnpExy1LruV7sX8SQEhVwyY1q+F2MnZRoFl5CV2omBmPERG0DLUsVCMJ10+kBGj63So/1I21JIp+rviZSFxozDwHaGDIdm3puI/3mtBPsXnVSoOEFQfLaon0iKEZ2kQXtCA0c5toRxLeytlA+ZZhxtZiUbgj//8iJpnFZ8r+Jfn5WrN3kcRXJIjsgJ8ck5qZIrUiN1wklGnskreXOenBfn3fmYtRacfGaf/IHz+QMvQ5bT</latexit><latexit sha1_base64="annJPdhsXC8IchVY9yKdl2kWTcg=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSrciaBlwMYyikmEJIS9zSRZsrd37M6J4bzGv2JjoYitP8POf+MmuUITHww83pthZl4QS2HQ876dwtLyyupacb20sbm1vePu7jVMlGgOdR7JSN8FzIAUCuooUMJdrIGFgYRmMLqc+M170EZE6hbHMXRCNlCiLzhDK3Xdg0evrZkaSGgjPGBKe1HIhMq6btmreFPQReLnpExy1LruV7sX8SQEhVwyY1q+F2MnZRoFl5CV2omBmPERG0DLUsVCMJ10+kBGj63So/1I21JIp+rviZSFxozDwHaGDIdm3puI/3mtBPsXnVSoOEFQfLaon0iKEZ2kQXtCA0c5toRxLeytlA+ZZhxtZiUbgj//8iJpnFZ8r+Jfn5WrN3kcRXJIjsgJ8ck5qZIrUiN1wklGnskreXOenBfn3fmYtRacfGaf/IHz+QMvQ5bT</latexit><latexit sha1_base64="annJPdhsXC8IchVY9yKdl2kWTcg=">AAACAHicbVA9SwNBEN2LXzF+nVpY2CwGwSrciaBlwMYyikmEJIS9zSRZsrd37M6J4bzGv2JjoYitP8POf+MmuUITHww83pthZl4QS2HQ876dwtLyyupacb20sbm1vePu7jVMlGgOdR7JSN8FzIAUCuooUMJdrIGFgYRmMLqc+M170EZE6hbHMXRCNlCiLzhDK3Xdg0evrZkaSGgjPGBKe1HIhMq6btmreFPQReLnpExy1LruV7sX8SQEhVwyY1q+F2MnZRoFl5CV2omBmPERG0DLUsVCMJ10+kBGj63So/1I21JIp+rviZSFxozDwHaGDIdm3puI/3mtBPsXnVSoOEFQfLaon0iKEZ2kQXtCA0c5toRxLeytlA+ZZhxtZiUbgj//8iJpnFZ8r+Jfn5WrN3kcRXJIjsgJ8ck5qZIrUiN1wklGnskreXOenBfn3fmYtRacfGaf/IHz+QMvQ5bT</latexit>

Figure 4.13: The order in which the fermions are created along the domain wall is based
on the spin structure. Fermions are created in pairs – one on either side of the regions for
which the interpolating vector field points from |0〉 (white) to |1〉 (gray). These fermions
are created left to right if there are an even number of edges in E (pictured in red) between
them and created right to left order otherwise. The ordering is labeled above. Note that
equivalently, the fermions can be ordered from left to right across every |0〉 to |1〉 pointing
region as long as a −1 sign is picked up for each edge in E oriented from |0〉 to |1〉.

step, we apply

∏
〈pqr〉

(
(−1)F̂pqr

)(1−ŝp)ŝr
. (4.59)

As the domain configurations in |Ψ0
f 〉 have no fermions, they are +1 eigenvectors of the

fermion parity operators in (4.59). Thus, this term does not affect the state.

In the second step, we act on the domain configuration with

∏
〈pq〉

Ŝ(1−ŝp)ŝq
pq . (4.60)

The exponent in (4.60) is 1 precisely when the link 〈pq〉 points from a |0〉 domain to a |1〉
domain. As a result, Majorana operators are applied to the two triangles on either side of

the link 〈pq〉, and in this way, fermions are only created along the domain wall. The result

is a pair of fermions at the two endpoints of each portion of the domain wall where the
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Figure 4.14: In the figure above, as we move left to right along the domain wall, the inter-
polating vector field (blue arrows) rotates. When it rotates clockwise from pointing towards
the |0〉 domain (white) to pointing towards the |1〉 domain (gray), we get a phase of +i.
When it rotates clockwise from pointing towards the |1〉 domain to pointing towards the |0〉
domain, we obtain a phase of −i. Counterclockwise rotations of the vector field along the
domain wall give a trivial phase. The twist of the vector field near an edge in E (red edges),
as displayed in FIG. 4.10, does not affect the calculation of this phase.

interpolating vector field points from the |0〉 to the |1〉 domain (see FIG. 4.12 and 4.13). The

order in which these two fermions are created depends on the spin structure E as follows.

First, we locally orient the domain wall so that it runs horizontally with the |0〉 domain

below and the |1〉 domain above, as illustrated in FIG. 4.13. If there are an even number

of edges in E crossing the |0〉 to |1〉 pointing portion of the domain wall, then we create the

fermion on the left endpoint first, followed by the fermion on the right endpoint. When there

are an odd number of edges in E crossing the region, the fermions are created in the opposite

order (FIG. (4.13)). Since the difference between these two procedures is just a minus sign,

we can alternatively always create the fermions from left to right, and at the end multiply

by −1 for every edge of E that points from the |0〉 to the |1〉 domain.

Lastly, we act with

∏
〈pqr〉

iopqr ŝp(1−ŝq)ŝr . (4.61)
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This term assigns a phase to each configuration, which can be thought of as a product of

contributions associated to points of tangency of the vector field with the domain wall, or,

equivalently, associated to the fermions. These contributions can be determined as follows.

Moving from left to right along a domain wall with the |0〉 domain below and the |1〉 do-

main above, we track the interpolating vector field. If the interpolating vector field rotates

clockwise, from initially pointing in the direction of the |0〉 domain to finally pointing in the

direction of the |1〉 domain, then we accrue a phase of i. If the interpolating vector field

rotates clockwise from initially pointing towards the |1〉 domain to finally pointing towards

the |0〉 domain, then a phase of −i is picked up (see FIG. 4.14). For the two other possible

rotations, no phase is picked up.

We would like to emphasize that the ground state constructed according to this prescrip-

tion admits a continuum interpretation. Namely, in the continuum we can think of the spin

structure being encoded in a smooth vector field together with a set of smooth segments E
connecting the odd singularities of this vector field. The ground state is a superposition over

smooth domain wall configurations decorated with fermions. The fermions appear precisely

at the locations where the vector field is tangent to a domain wall, and the above prescrip-

tion gives a specific ordering of fermion creation operators used to create this fermionic state

from the empty fermionic state. Finally, the amplitude for each decorated domain wall is

multiplied by products of ±i as determined by the rotation of the vector field at the points

of tangency, as detailed above.

4.4 Classification

Thus far, we have used a choice of supercohomology data (n, ν) together with a spin structure

on a 2d triangulated spatial manifold with branching structure to construct a zero correlation

length fermionic SPT Hamiltonian. The strategy was to first construct a bosonic shadow
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model using the group supercohomology data. This led us to a finite depth circuit Ûb (4.22):

Ûb =
∏
〈pqr〉

(
ν̂opqrpqr Ẑ

n̂qr
pq

)∏
〈pq〉

X̂ n̂pq
pq

∏
〈pqr〉

Ŵ n̂pr
pqr , (4.62)

which, when applied to an ordinary toric code ground state, produced the ground state of

the bosonic shadow model. Furthermore, the fermionization of Ûb yielded Ûf (defined in

(4.48)) - a fermionic finite depth circuit that builds a fermionic SPT ground state from a

trivial product state.

In this section, we show that the composition of these circuits gives insight into the group

structure of fermionic SPT phases. First, we clarify the physical meaning behind composing

finite depth circuits. Then, we give a physically motivated definition of equivalence for

sets of supercohomology data. Lastly, we use this notion of equivalence to establish group

supercohomology classes as topological invariants for lattice fermionic SPT Hamiltonians.

4.4.1 Stacking as composition of circuits

The additive group structure on the set of SPT phases is given by stacking. To stack two

SPT Hamiltonians, let us imagine that they are defined on identical lattices extending in

the x, y directions, and let us put one lattice directly over the other, i.e. separated in the z

direction. Then, grouping pairs of vertically separated sites with the same x, y-coordinates

into supersites, the sum of the two decoupled SPT Hamiltonians for the two layers defines

another 2d gapped SPT Hamiltonian. This stacking operation respects the notion of phase

equivalence and thus defines an additive structure on the set of SPT phases.

We can reinterpret the stacking operation as composition of finite depth circuits of local

unitaries that create the corresponding SPT ground states from a product state. To see this,

suppose that Û and Û ′ are two such circuits that act on identical Hilbert spaces made out

of sites which form identical G-representations. The ground state of the stacked system is

(
Û ⊗ Û ′

)
(|0〉 ⊗ |0〉′) =

(
Û |0〉

)
⊗
(
Û ′|0〉′

)
. (4.63)
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Now let V̂ be the unitary operator which exchanges the two layers. Note that V̂ can be

defined as a tensor product of finite dimensional unitaries acting on the individual supersites,

where they just swap the two sites in each supersite. V̂ clearly commutes with the action of

the global symmetry, and we have

V̂
(
Û ⊗ 1

)
V̂ †
(

1⊗ Û ′
)

(|0〉 ⊗ |0〉′) =
(

1⊗ Û Û ′
)

(|0〉 ⊗ |0〉′) = |0〉 ⊗
(
Û Û ′|0〉′

)
. (4.64)

Hence (4.64) is equivalent to the state obtained by composing the two circuits. Notice, V̂

can be continuously connected to the identity via a path in the space of symmetric finite

depth circuits. To construct such a path, one just needs to find a path connecting the swap

unitary to the identity for a single supersite and tensor these over all the supersites. For

a single supersite, the problem is straightforward. This is because, in a finite dimensional

Hilbert space, any symmetric unitary is connected to the identity through a path in the

space of symmetric unitaries, as can be seen by breaking up the Hilbert space into irreducible

representations of G and applying Schur’s lemma.

We now use this equivalence between stacking and composing circuits to derive the stack-

ing rule for our supercohomology SPT models. In particular, this will show that the super-

cohomology SPT phases form a closed subgroup under stacking.

4.4.2 Computation of stacking rules by composing circuits

Let (n, ν) and (n′, ν ′) be two sets of supercohomology data. Further, denote the bosonic

finite depth circuits obtained from (n, ν) and (n′, ν ′) via our construction by Ûnν
b and Ûn′ν′

b ,

respectively. The composition of Ûnν
b with Ûn′ν′

b yields a finite depth circuit corresponding

to yet another set of supercohomology data. This can be seen by explicit computation. The

product of Ûnν
b with Ûn′ν′

b is

Ûnν
b Ûn′ν′

b =
∏
〈pqr〉

(
ν̂opqrpqr Ẑ

n̂qr
pq

)∏
〈pq〉

X̂ n̂pq
pq

∏
〈pqr〉

Ŵ n̂pr
pqr

∏
〈pqr〉

(
ν̂ ′opqrpqr Ẑ

n̂′qr
pq

)∏
〈pq〉

X̂
n̂′pq
pq

∏
〈pqr〉

Ŵ
n̂′pr
pqr . (4.65)
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To obtain an expression in the same form as Ûb, and thus reveal the group structure of the

fermionic circuits, we group similar terms. In doing so, the only non-trivial signs arise when

we move

∏
〈pqr〉

Ŵ n̂pr
pqr past

∏
〈pq〉

X̂
n̂′pq
pq (4.66)

and

∏
〈pqr〉

X̂ n̂pq
pq past

∏
〈pq〉

Ẑ
n̂′qr
pq . (4.67)

Using δn = 0, we can write the resulting sign as:

∏
〈pqr〉

(−1)n̂prn̂
′
pqr+n̂pqn̂

′
qr . (4.68)

We then have

Ûnν
b Ûn′ν′

b =
∏
〈pqr〉

ν̂opqrpqr ν̂
′opqr
pqr (−1)n̂prn̂

′
pqr+n̂pqn̂

′
qr

∏
〈pqr〉

Ẑ
n̂qr+n̂′qr
pq

∏
〈pq〉

X̂
n̂pq+n̂′pq
pq

∏
〈pqr〉

Ŵ
n̂pr+n̂′pr
pqr . (4.69)

This is precisely the circuit Ûb formed from the input supercohomology data (n +

n′, νν ′(−1)n∪1n′), where6

(n ∪1 n
′)(gp, gq, gr, 1) = n(gp, gr, 1)n′(gp, gq, gr) + n(gp, gq, 1)n′(gq, gr, 1) (4.72)

6As a reminder, the cup product ∪ between homogeneous functions f : G`+1 → A and h : Gk+1 → A
(for abelian group A) is

(f ∪ h)(g0, ..., g`+k−1) = f(g0, ..., g`)h(g`, ..., g`+k−1). (4.70)

The ∪1 product of f and h is

(f ∪1 h)(g0, ..., g`+k−1) =

`−1∑
i=0

f(g0, ..., gi, gk+i, g`+k−1)h(gi, ..., gk+i). (4.71)
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agrees with the sign in (4.68) and (4.69).

Therefore, stacking the fermionic SPT phases corresponding to (n, ν) and (n′, ν ′) results

in the fermionic SPT phase corresponding to (n+ n′, νν ′(−1)n∪1n′), or

(n, ν) ∗ (n′, ν ′) = (n+ n′, νν ′(−1)n∪1n′) (4.73)

with ∗ denoting the stacking operation. This is in accord with the supercohomology data

group law found in Ref. [124] through continuum space-time methods.

4.4.3 Equivalence relation on supercohomology data

The stacking rules allow us to define a physically motivated notion of equivalence between

two sets of supercohomology data, which agrees with the mathematical one given in e.g. Ref.

[133]. We will say that two sets of supercohomology data are equivalent if the corresponding

fermionic SPT Hamiltonians Ĥf, constructed in section 4.3.4, are in the same phase.

Consider the supercohomology data7

(n0, ν0) = (δβ, (−1)β∪δβδω), (4.74)

where β : G × G → Z2 and ω : G × G × G → U(1) are both homogeneous. We claim that

this set of data gives a finite depth circuit Ûn0ν0
b built from symmetric local unitaries (up to

factors of Ĝp), i.e. the fermionic SPT phase corresponding to this set of data is trivial [1].

In Appendix 4.F, we compute Ûn0ν0
b in detail, and we simply state the result here:

Ûn0ν0
b =

∏
〈pqr〉

ω̂−opqrpqr (−1)β̂pq β̂qr
∏
〈pqr〉

Ẑ β̂qr
pq

∏
〈pq〉

X̂ β̂pq
pq

∏
〈pqr〉

Ŵ β̂pr
pqr

∏
p

Ĝβ̂p
p . (4.75)

7See Appendix 5.A for the definition of the cup product ∪.
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Above, ω̂pqr, β̂pq, and β̂p are defined by

ω̂pqr|{gt}〉 = ω(gp, gq, gr)|{gt}〉 (4.76)

β̂pq|{gt}〉 = β(gp, gq)|{gt}〉 (4.77)

β̂p|{gt}〉 = β(gp, 1)|{gt}〉. (4.78)

The local unitary operators in Ûn0ν0
b (besides Ĝ

β̂p
p ) are then manifestly symmetric due to

the homogeneity properties of β and ω. Fermionization maps Ĝ
β̂p
p to the identity, so the

finite depth circuit Ûn0ν0
f obtained from fermionization is indeed built from symmetric local

unitaries. Hence, Ûn0ν0
f applied to a trivial product state gives us a trivial SPT.

Stacking a trivial SPT phase leaves the system in the same phase. Therefore, composition

of Ûn0ν0
b with Ûnν

b should give us a circuit corresponding to some supercohomology data that

is equivalent to (n, ν). According to the composition rules (4.73) in the previous subsection,

the product Ûn0ν0
b Ûnν

b is the circuit corresponding to the supercohomology data8

(
n+ δβ, ν(−1)β∪δβ+n∪β+β∪nδ

[
ω(−1)n∪1β

])
. (4.80)

ω(−1)n∪1β in (4.80) is some homogeneous function, which we will denote as η, from G×G×G
to U(1). Therefore, two sets of supercohomology data (n, ν) and (n′, ν ′) are equivalent if there

exists a homogeneous function β : G×G→ Z2 and homogeneous function η : G×G×G→
U(1) such that

n′ = n+ δβ (4.81)

ν ′ = ν(−1)β∪δβ+n∪β+β∪nδη.

8Here we use the definition of ∪1 (see Appendix A of [133]) to write

n ∪1 δβ = n ∪ β + β ∪ n+ δ(n ∪1 β). (4.79)
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It can be checked that this is a symmetric and transitive relation, and hence defines an

equivalence relation. In what follows, we will show that two sets of group supercohomology

data that are inequivalent with respect to this relation necessarily give rise to distinct SPT

phases.

4.4.4 Quantized invariants for fermionic SPT phases

We are now in a position to establish group supercohomology data as quantized invariants

for fermionic SPT phases at the level of gapped lattice Hamiltonians. In the previous sub-

section, two sets of supercohomology data were said to be equivalent if they correspond to

the same fermionic SPT phase. Therefore, we need only argue that inequivalent sets of

supercohomology data necessarily correspond to distinct fermionic SPT phases.

Suppose (n′, ν ′) and (n′′, ν ′′) are inequivalent choices of group supercohomology data with

respect to the equivalence relation (4.81). We will show that the corresponding models are

in distinct SPT phases. First, we stack the phase corresponding to (n′, ν ′) with the inverse of

the phase corresponding to (n′′, ν ′′). Then, using the fact that SPT phases form an abelian

group under stacking, the two phases will be distinct if and only if

(n, ν) ≡ (n′, ν ′) ∗ (n′′, ν ′′)−1 (4.82)

gives rise to a nontrivial fermionic SPT phase. In other words, we need to demonstrate that

(n, ν) corresponds to a nontrivial phase whenever it is not of the form (4.74).

To show that the phase corresponding to (n, ν) is nontrivial, we bosonize it, i.e. reverse

the fermionization procedure described above. This should simply return our bosonic shadow

model. However, because the bosonization dictionary is many-to-one, in the sense that all the

Ĝp operators map to the identity on the fermionic side, we have to define our bosonization

procedure carefully to avoid ambiguities. We do this by dressing each local term on the

bosonic side with a projector onto the Ĝp = 1 Hilbert space everywhere in the vicinity of

that term and by adding a term −∑p Ĝp to ensure that the ground state is in the Ĝp = 1
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subspace. It is important to note that this bosonization can be performed for any gapped

fermionic Hamiltonian defined on our Hilbert space, not just on our specific fixed point

model. Now, having mapped the fermionic SPT Hamiltonian corresponding to (n, ν) to a

bosonic symmetry enriched toric code Hamiltonian, we look for quantized invariants of the

symmetry enriched model that can then be pulled back to give fermionic SPT invariants.

If (n, ν) is nontrivial, i.e. not of the form (4.74), then there are two cases. The first is

that n cannot be written in the form n = δβ for any choice of β (β defined below (4.74)).

The second is that n can be written as δβ, but ν is nontrivial (clarified below). We treat

these cases in turn.

Case 1: Assume that n cannot be written as δβ. Then, after bosonizing, we will show

that the fermion parity flux excitations (e or m excitations of the bosonic shadow model)

carry the nontrivial fractionalization class n ∈ H2(G,Z2). Starting with the ground state of

the bosonic shadow model |Ψb〉, we can create a pair of e excitations at some well separated

vertices a and b by applying a string operator. From this state, a low energy Hilbert space

HL is obtained by projecting onto fixed values of the G-spins ga and gb at vertices a and b,

respectively. HL has dimension |G|2, with a natural basis {|Ψee
b ; ga, gb〉}. Explicitly,

|Ψee
b ; ga, gb〉 = Ûnν

b |Ψee
t.c.; ga, gb〉, (4.83)

where |Ψee
t.c.; ga, gb〉 is the toric code state consisting of two e excitations at a and b respectively,

tensored with a trivial G-spin paramagnet on all vertices p 6= a, b and G-spins at a and b

fixed to ga and gb, respectively.

Letting V̂ (g) be the global on-site symmetry operator corresponding to the group element

g, we now compute V̂ (g)|Ψee
b ; ga, gb〉:

V̂ (g)|Ψee
b ; ga, gb〉 = V̂ (g)Ûnν

b |Ψee
t.c.; ga, gb〉. (4.84)
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Using the fact (proved in Appendix 4.B) that Ûnν
b is symmetric up to factors of Ĝp:

V̂ (g)Ûnν
b = Ûnν

b

∏
p

Ĝn̂gp
p V̂ (g), (4.85)

where n̂gp is defined by

n̂gp|{gt}〉 = n(gp, 1, g)|{gt}〉, (4.86)

we have

V̂ (g)|Ψee
b ; ga, gb〉 = Ûnν

b

∏
p

Ĝn̂gp
p |Ψee

t.c.; gga, ggb〉 = Ûnν
b (−1)n̂

g
a(−1)n̂

g
b |Ψee

t.c.; gga, ggb〉

= (−1)n(gga,1,g)+n(ggb,1,g)|Ψee
b ; gga, ggb〉.

(4.87)

Focusing on just the a vertex, we see from (4.87) that the local effective action of V̂ (g) near

a is given by the operator:

V̂a(g)|Ψee
b ; ga, gb〉 = (−1)n(gga,1,g)|Ψee

b ; gga, gb〉. (4.88)

With V̂b(g) defined analogously, we recover V̂a(g)V̂b(g) = V̂ (g), as required. Note that there

is a g dependent sign ambiguity in the definition of this local effective action. (A possible

phase ambiguity is restricted to just an ambiguity in sign by the Z2 fusion rules of the e

excitations [130,136].)

The fractionalization class captures the failure of the symmetry group law to be satisfied

by the effective symmetry action on a single anyon. To compute this fractionalization class,

we therefore compute the phase difference between V̂a(g)V̂a(h) and V̂a(gh). For V̂a(g)V̂a(h),

we have

V̂a(g)V̂a(h)|Ψee
b ; ga, gb〉 = V̂a(g)(−1)n(hga,1,h)|Ψee

b ;hga, gb〉

= (−1)n(ghga,1,g)+n(hga,1,h)|Ψee
b ; ghga, gb〉,

(4.89)
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while for V̂a(gh), we have

V̂a(gh)|Ψee
b ; ga, gb〉 = (−1)n(ghga,1,gh)|Ψee

b ; ghga, gb〉. (4.90)

Using δn = 0 and the homogeneity of n, we see that the difference in sign between the far

right hand side of (4.89) and the right hand side of (4.90) is precisely (−1)n(1,g,gh). Thus, the

fractionalization class of the local symmetry action is indeed given by n. Accounting for the

g dependent sign ambiguity in the local symmetry action noted just below (4.88), one can

show [46,130,136] that the symmetry fractionalization is well defined with n ∈ H2(G,Z2).

The nontrivial symmetry action on the fermion parity fluxes indicates that the bosonic

shadow model corresponding to (n, ν) is in a nontrivial symmetry enriched phase [128,136].

Pulling back via bosonization, this implies that the fermionic SPT corresponding to (n, ν) is

nontrivial. Hence, the fermionic SPT phases given by (n′, ν ′) and (n′′, ν ′′) are distinct.

Alternatively, the nontrivial symmetry fractionalization can be seen more informally by

recalling that the shadow model comes from gauging the Z2 subgroup of G̃, with G̃ the

Z2-extension of G determined by n. Therefore, the G group law relations close only modulo

a Z2 gauge transformation, and the fermion parity flux, being charged under this gauged Z2,

acquires minus signs corresponding to the fractionalization class n when acted on by global

G symmetry.

Case 2: Now, suppose instead that n is trivial, i.e. n = δβ. Then using the equivalence

relation (4.81), we can ‘gauge’ n away entirely, so that the supercohomology data (n, ν) is

equivalent to (0, ν̃), with δν̃ = 0. For (0, ν̃) to be nontrivial, it must be that there does not

exist an ω (as defined below (4.74)) such that δω = ν̃. That is to say, ν̃ must be nontrivial

in H3(G,U(1)).

The fixed point fermionic circuit Û0ν̃
f corresponding to (0, ν̃) acts trivially on the fermionic

degrees of freedom, whereas the portion of it that acts on the bosonic G-spin degrees of

freedom is precisely the circuit that constructs a group cohomology SPT ground state from

a trivial product state [49]. To see that this system is nontrivial as a fermionic SPT, we
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bosonize the system. The result is a trivial toric code phase stacked with the bosonic group

cohomology phase corresponding to ν̃. This symmetry enriched toric code is precisely what

one obtains from gauging the Z2 subgroup of G×Z2 in the ordinary bosonic SPT of G×Z2

with cocycle ν̃ ⊗ 1. ν̃ ⊗ 1 is nontrivial in H3(G×Z2, U(1)) by Künneth’s theorem [150] and

the assumption that ν̃ is nontrivial.

We have thus shown that (4.81) generates the maximal possible set of equivalence re-

lations on supercohomology data, with inequivalent data necessarily giving rise to distinct

phases. A subtle point is that the fermionic phases corresponding to inequivalent sets of

supercohomology data (n′, ν ′) and (n′′, ν ′′) might still bosonize into the same symmetry en-

riched toric code phase [128]. Hence, it was important in the above argument to bosonize

the model corresponding to (n′, ν ′) ∗ (n′′, ν ′′)−1, rather than bosonizing those corresponding

to (n′, ν ′) and (n′′, ν ′′) individually. This subtlety arises in the the G = Z2 example, which

we discuss below.

4.4.5 Example: G = Z2

For G = Z2, we have

Û±b =
∏
〈pqr〉

(±i)opqr ŝp(1−ŝq)ŝrẐ(1−ŝq)ŝr
pq

∏
〈pq〉

X̂(1−ŝp)ŝq
pq

∏
〈pqr〉

Ŵ (1−ŝp)ŝr
pqr . (4.91)

Let us square this circuit. Then the sign in (4.68) is just +1, so that, according to (4.69),

we get

(
Û±b

)2

=
∏
〈pqr〉

ν̂2
pqr. (4.92)

But ν̂2
pqr = (−1)ŝp(1−ŝq)ŝr is just the nontrivial cocycle in H3(Z2, U(1)) evaluated on

(sp, sq, sr, 0). Therefore the circuit
(
Û±b

)2

builds the nontrivial bosonic Z2 SPT [49, 71].

Thus, stacking two identical copies of either the + or − group supercohomology phase re-

sults in the nontrivial bosonic Z2 SPT phase, and in this sense, these group supercohomology
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phases are ‘square roots’ of the bosonic phase.

Note that bosonizing the + and − phases actually results in the same symmetry enriched

topological order. Indeed, after gauging the Z2 global symmetry, the resulting twisted Z4

topological orders are the same. This can be seen from the fact that both can be obtained

by gauging Z4 in the corresponding auxiliary Z4 bosonic SPTs, and the 3-cocycles defining

these SPTs differ by the generator of H3(Z2, U(1)) pulled back to H3(Z4, U(1)), which is

trivial. Thus, the + and − phases cannot be distinguished in this simple way; nevertheless,

we know they correspond to distinct fermionic SPT phases by the argument in the previous

section.

4.5 Discussion

We have shown how to use group supercohomology data (n, ν), together with a choice of spin

structure on a 2d oriented manifold M , to construct a corresponding lattice fermionic SPT

Hamiltonian on M . Our procedure cleanly disentangles the roles of the supercohomology

data and spin structure. The former is used to build a bosonic ‘shadow’ model, and the latter

to fermionize this model. Another advantage of our procedure is that it explicitly builds the

finite depth circuit of local unitaries Ûf that creates the desired fermionic SPT ground state

from a product state. Our SPT Hamiltonian is then

Ĥf = ÛfĤ
0
f Û
†
f , (4.93)

where Ĥ0
f is the trivial fermionic Hamiltonian - an atomic insulator tensored with a trivial

G-spin paramagnet whose ground state is a product state with zero fermion occupancy. Key

to this approach is the fact that the circuit Ûf is G-symmetric. This is the case despite the

fact that the individual local unitaries that make up the circuit cannot all be G-symmetric,

for otherwise the fermionic SPT would be trivial. Note that while we have assumed that

the global action of G is unitary, we expect our construction to generalize to anti-unitary

symmetries with only minor modifications.
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Our commuting projector Hamiltonians suffice to show that the supercohomology phases

protected by abelian groups [151] can be many-body localized. The couplings in the Hamil-

tonian9 Ĥ0
f can be disordered (or made quasi-periodic), leading to a many-body localized

Hamiltonian [141–145], or at least one that has a long thermalization time scale. Since Ĥf

is just the conjugate of Ĥ0
f by a finite depth circuit, the same is true of Ĥf.

The fermionization duality that was used to construct our zero correlation length lattice

models can also be reversed and used to bosonize fermionic SPT Hamiltonians. This, together

with a reinterpretation of the stacking structure of SPT phases in terms of composition of the

corresponding finite depth circuits, allows well established invariants of the bosonic symmetry

enriched toric code to be pulled back to these fermionic SPT Hamiltonians. The result is a

classification of fermionic supercohomology SPT phases, with inequivalent supercohomology

data necessarily defining distinct phases.

One may ask whether a similar construction is possible for the so-called beyond superco-

homology phases [124,127–129,133,152] in 2 + 1D. That is, for these phases, can an exactly

solvable model be obtained by conjugating a trivial fermionic Hamiltonian by a symmetric

finite depth circuit of local unitaries? We argue that, in contrast to the supercohomology

phases, the answer is no. In particular, we claim that the ground states of beyond superco-

homology phases cannot be constructed from a trivial product state by applying a globally

symmetric finite depth circuit of local unitaries. See Appendix 4.G for further discussion.

It is worth discussing the relation of our work to previous work. Supercohomology models

were introduced in the pioneering work of Ref. [126], where wave functions for these models

were written from a lattice path integral. However, the wave functions were only explicitly

constructed on a specific planar lattice and required seemingly arbitrary choices to account

for a spin structure. In Ref. [132], a related wave function, for the so-called fermionic toric

code, was written down; this is the topological order that would result from gauging the

global Z2 in our G = Z2 models. The ground states were defined by graphical rules, but

9Strictly speaking, the argument holds for a slightly modified Ĥ0
f (see appendix A of Ref. [145]).
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again, the spin structure was encoded in these rules in a non-manifest way. The roles of

the spin structure and group supercohomology data were disentangled in Ref. [125], but

only in a lattice spacetime formalism. Ref. [124] extended this to beyond-supercohomology

models, and also made the connection between the supercohomology data and the algebraic

data defining the shadow models. Insofar as lattice Hamiltonians, Refs. [152], [131] clari-

fied the role of spin structure in beyond-supercohomology models, and Ref. [129] extended

this to include supercohomology models; however, Ref. [129] did not write down explicit

Hamiltonians, but rather defined the ground states implicitly using certain self-consistent

lattice-deforming local rules. The present work builds on these developments by construct-

ing explicit Hamiltonians, as well as building the ground states explicitly using finite depth

circuits, on oriented 2d manifolds of any topology. It uses in an essential way the 2+1D

bosonization duality introduced in Ref. [15].

There are many possible avenues for future work. One would be to extend this formalism

to group supercohomology models in three spatial dimensions. Another avenue is to extend

the present formalism to more complicated groups than G × Zf
2, such as ones where the

fermion parity symmetry forms a nontrivial subgroup of the overall symmetry. Yet another

possibility is to extend the quantum circuit formalism to beyond-supercohomology models,

both in two and three spatial dimensions. It may also be fruitful to understand our work

in terms of tensor network states and operators. Indeed, preliminary investigations suggest

that the bosonization duality can naturally be interpreted as a tensor network operator. It

would then be nice to understand the relation between the present work and the fermionic

models written down in Ref. [116]. Futher, our finite depth circuits could be used to study

the edge theories of these fermionic SPT phases. Finally, it would be interesting to study the

classification of symmetry enriched phases using finite depth circuits applied to the ground

states of fixed point Hamiltonians. The circuits Ûb, introduced in section 4.2.4, construct

ground states of symmetry enriched toric code phases from a trivial toric code state, and

thus provide a nontrivial realization of such a construction.
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Appendices

4.A Derivation of the bosonic shadow theory ground state

In this appendix, we provide a derivation of the bosonic shadow theory ground state Ψb

introduced in section 4.2.3. Recall that the first step of the construction is to form an

auxiliary G̃ bosonic SPT from a choice of normalized supercohomology data (n,ν), where G̃

is a Z2 extension of G by n. The next step is to ‘gauge’ the Z2 subgroup of G̃ in the standard

way by minimally coupling the SPT Hamiltonian to a Z2 gauge field. We will implement

this procedure explicitly and argue that the symmetry enriched Hamiltonian obtained from

this procedure - which we refer to as the ‘standard’ symmetry enriched Hamiltonian - can

in principle be fermionized since it commutes with the modified Gauss’s law Ĝp for all p.

4.A.1 Gauging the Z2 ⊂ G̃

As stated in (4.12), the auxiliary G̃ SPT ground state wave function in the configuration

basis is

ΨSPT

({
g(mp)
p

})
=
∏
〈pqr〉

α
(
g(mp)
p , g(mq)

q , g(mr)
r , 1

)opqr
. (4.94)

(Recall that α can be expressed in terms of n, ν, and ε using (4.13).) A simple Hamiltonian

ĤSPT with this ground state is

ĤSPT = −ÛSPT

(∑
p

ˆ̃P sym
p

)
Û †SPT (4.95)

where ÛSPT is the finite depth circuit of local unitaries defined by matrix elements

〈{
h(`p)
p

}∣∣ÛSPT

∣∣{g(mp)
p

}〉
= δ{

h
(`p)
p

}
,
{
g

(mp)
p

} ∏
〈pqr〉

α
(
g(mp)
p , g(mq)

q , g(mr)
r , 1

)opqr
, (4.96)
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and ˆ̃P sym
p is the projector onto the symmetric state at vertex p

1√
|G̃|

∑
g

(mp)
p ∈G̃

∣∣g(mp)
p

〉
(4.97)

tensored with the identity on the remaining sites.

We gauge the Z2 subgroup of G̃ using the usual algorithm as described in Ref. [71] and

Ref. [153]. First, we introduce at each link 〈pq〉 a spin-1
2

Hilbert space with Pauli operators

µxpq and µzpq, and at all sites p, impose the gauge constraint

∏
〈st〉3p

µ̂xst = êZ2
p . (4.98)

Here, the product runs over all links starting or ending on p, and êZ2
p is the operator that on

vertex p takes

∣∣g(mp)
p

〉
→
∣∣g(mp+1)
p

〉
(4.99)

and acts as the identity on all other sites. In other words, the action of êZ2
p in the configuration

basis is multiplication by the generator of the Z2 subgroup, 1(1), with the assumption that

n is normalized.

Second, we minimally couple each term in (4.95) to the Z2 gauge field degrees of freedom.

In order to make this gauging procedure unambiguous, we multiply each term by a projector

onto trivial Z2 flux on triangles in the vicinity of that term, and add the term

−J
∑
〈pqr〉

µ̂zpqµ̂
z
qrµ̂

z
pr (4.100)

with J large enough to ensure that the ground state is in the trivial Z2 flux sector. The

result is a Hamiltonian Ĥgauged which is invariant under the gauge constraints in (4.98).
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A ground state of Ĥgauged can be written as

Ψgauged

({
g(mp)
p

}
, {µzpq}

)
=
∏
〈pqr〉

ν(gp, gq, gr, 1)opqr
(
µzpq(−1)ε

((
g

(mp)
p

)−1

g
(mq)
q

))n(gq ,gr,1)

×

∏
〈pqr〉

δW ′pqr,1

h({µzpq}). (4.101)

The function h determines the holonomy of the particular ground state. The ground state

with trivial holonomy, for example, is obtained with the choice of h:

h({µzpq}) =

1 if {µzpq} ∼ {µzpq = +1}

0 otherwise

(4.102)

where ∼ means ‘gauge equivalent to’. For the ground states with nontrivial holonomy, h is

defined similarly.

The δ function in (4.101) is a consequence of the flux penalizing term in the gauging

procedure. The µz-flux is

W ′
pqr = µzpqµ

z
qrµ

z
pr, (4.103)

so the delta function

δW ′pqr,1 =

1 if W ′
pqr = 1

0 otherwise

(4.104)

ensures that all configurations in the ground states have trivial µz-flux.

In going from (4.94) to (4.101), we have also multiplied (−1)ε
((
g

(mp)
p

)−1

g
(mq)
q

)
by µzpq. This

guarantees that Ψgauged is gauge invariant and reduces to ΨSPT when all µzpq = +1.



217

4.A.2 Mapping to unconstrained variables

To obtain Ψb as expressed in section 4.2.3, we must rewrite the system in terms of uncon-

strained variables. To this end, we define an isomorphism of operator algebras below. This

isomorphism will allow us to convert Ĥgauged into Ĥ ′b, a Hamiltonian acting on an uncon-

strained Hilbert space with ground state Ψb. On one side of the isomorphism, we have

the algebra Aconstrained appearing in the previous subsection and consisting of gauge invari-

ant operators, modulo the Gauss’s law relation. On the other side of the isomorphism, we

have Aunconstrained, an operator algebra naturally represented on a tensor product Hilbert

space with degrees of freedom matching those of the bosonic shadow theory. We now define

Aconstrained and Aunconstrained more carefully and write an explicit isomorphism between the

two algebras.

Algebra of constrained operators Aconstrained

Aconstrained admits a representation on the Hilbert space discussed in the previous subsection,

i.e. G̃ degrees of freedom on vertices and spin-1
2

degrees of freedom on links. It can generated

by êZ2
p , ĝ

(0)
p , ˆ̃P g

p , µ̂xpq, and (−1)ε̂pq µ̂zpq obeying the relation

∏
〈st〉3p

µ̂xst = êZ2
p (4.105)

for all p. Here, ĝ
(0)
p and ˆ̃P g

p are the defined by their action on a configuration state:

ĝ(0)
p

∣∣h(`p)
p

〉
=
∣∣(gh)(`p)

p

〉
(4.106)

and

ˆ̃P g
p

∣∣{h(`q)
q

}〉
= δgp,hp

∣∣{h(`q)
q

}〉
. (4.107)
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In words, ĝ
(0)
p is the operator that multiplies by g(0) at vertex p and acts as the identity

elsewhere, while ˆ̃P g
p is the projector onto the subspace spanned by states with configuration

g(0) or g(1) at vertex p.

Finally, ε̂pq, appearing in the generator (−1)ε̂pq µ̂zpq, is given by

ε̂pq
∣∣{g(mr)

r

}〉
= ε
((
g(mp)
p

)−1
g(mq)
q

)∣∣{g(mr)
r

}〉
. (4.108)

It can be checked that products of ĝ
(0)
p , ˆ̃P g

p µ̂xpq, and (−1)ε̂pq µ̂zpq span all gauge invariant

operators.

Algebra of unconstrained operators Aunconstrained

We will represent Aunconstrained on a tensor product Hilbert space comprised of G degrees

of freedom |gp〉 on vertices and spin-1
2

degrees of freedom on links. The generators of this

operator algebra acting on vertex Hilbert spaces are ĝp and P̂ g
p defined by

ĝp|hp〉 = |(gh)p〉 (4.109)

and

P̂ g
p |{hq}〉 = δgp,hp |{hq}〉. (4.110)

We take generators acting on the link Hilbert spaces to be the Pauli operators X̂pq and Ẑpq.
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Isomorphism of Aconstrained with Aunconstrained

An isomorphism of Aconstrained with Aunconstrained is given by the map of generators:

êZ2
p ←→

∏
〈st〉3p

X̂st

ĝ(0)
p ←→ ĝp

∏
〈tq〉
t=p

X̂
ξ̂
gp
tq

tq

∏
〈qt〉
t=p

X̂
ξ̂
gp
qt

qt

ˆ̃P g
p ←→ P̂ g

p

µ̂xpq ←→ X̂pq

(−1)ε̂pq µ̂zpq ←→ Ẑpq

(4.111)

where ξ̂
gp
pq and ξ̂

gp
qp are defined by

ĝ(0)
p (−1)ε̂pq = (−1)ξ̂

gp
pq (−1)ε̂pq ĝ(0)

p (4.112)

and

ĝ(0)
p (−1)ε̂qp = (−1)ξ̂

gp
qp (−1)ε̂qp ĝ(0)

p . (4.113)

Explicitly, ξ̂
gp
pq and ξ̂

gp
qp act on configuration states as

ξ̂gppq |{ht}〉 = (n(1, hp, hq) + n(1, gp, gphp) + n(1, gphp, hq))|{ht}〉 (4.114)

and

ξ̂gpqp |{ht}〉 = (n(1, hq, hp) + n(1, gp, gphp) + n(1, hq, gphp))|{ht}〉. (4.115)

ξ̂
gp
pq and ξ̂

gp
qp defined in this way ensure that the commutation relations exhibited by ĝ

(0)
p

and (−1)ε̂pq µ̂zpq are mirrored on the right hand side of the mapping (4.111). Note that the
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isomorphism is well defined since, for all p, the relation

∏
〈st〉3p

µ̂xst = êZ2
p (4.116)

is mapped to the identity.

Now, given a system described in terms of the operators in Aconstrained, one can rewrite it

as a system in terms of the operators belonging to Aunconstrained. In particular, we can apply

this isomorphism to Ĥgauged to obtain Ĥ ′b acting on an unconstrained Hilbert space. Ĥ ′b has

the ground state

Ψb({gp}, {Zpq}) =
∏
〈pqr〉

νopqr(gp, gq, gr, 1)Zn(gq ,gr,1)
pq

×

∏
〈pqr〉

δWpqr,(−1)n(gp,gq,gr)

h({Zpq(−1)n(1,gp,gq)}), (4.117)

which is precisely the ground state of the bosonic shadow theory identified in section 4.2.3.

4.A.3 Fermionizability of ‘standard’ Hamiltonian

To conclude this appendix, we prove that Ĥ ′b is fermionizable, i.e. Ĥ ′b commutes with the

modified Gauss’s law Ĝp for all sites p. To do this, we first note that ĤSPT in (4.95) commutes

with

ÛSPTê
Z2
p Û

†
SPT (4.118)

which follows simply from the fact that êZ2
p commutes with P̂ sym

p . After gauging the Z2

subgroup of G̃, Ĥ ′b must commute with the gauged version of (4.118), which, using the
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definition of α along with δn = 0 we find to be equal to

∏
〈tqr〉
t=p

(−1)n̂pqr
∏
〈st〉3p

X̂st. (4.119)

Next, we see that (4.100), the term penalizing µz-flux in triangle 〈pqr〉, turns into

J(−1)n̂pqrẐpqẐqrẐpr. (4.120)

when written in terms of the unconstrained variables (here we used the definition of the

group law of G̃ to simplify the expression).

Then, multiplying the operator in (4.119) by the product of the terms in (4.120) over all

triangles whose first vertex is p yields an operator proportional to

∏
〈tqr〉
t=p

Ŵtqr

∏
〈st〉3p

X̂st, (4.121)

which is just Ĝp, as defined in (4.3). Since the Hamiltonian Ĥ ′b commutes with both (4.120)

and (4.119), it must commute with Ĝp as well. Thus Ĥ ′b is fermionizable. However, explicitly

fermionizing it is unwieldy in general, as we do not have an explicit expression for it in terms

of the modified Gauss’s law invariant operators Ŵpqr and Ûpq. For this reason, we constructed

and worked with the parent Hamiltonian Ĥb in section 4.2.4 instead.

4.B Symmetry of the shadow model Hamiltonian

In this appendix we prove that Ĥb is G-symmetric, as claimed in section 4.2.4. It follows that

the fermionic SPT Hamiltonian Ĥf constructed in section 4.3.4 is also G-symmetric, since the

fermionization procedure commutes with the global G-symmetry action. Concretely, letting
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V̂ (g) be the global symmetry operator representing g ∈ G and acting as

|gp〉 → |ggp〉 (4.122)

on every vertex degree of freedom, we will show that V̂ (g) commutes with Ĥb.

Recall that

Ĥb = ÛbĤ
0
bÛ
†
b (4.123)

so that

V̂ (g)ĤbV̂
†(g) =

(
V̂ (g)ÛbV̂

†(g)
)
Ĥ0

b

(
V̂ (g)Û †bV̂

†(g)
)

(4.124)

where we have used that Ĥ0
b is symmetric.

Let us now compute V̂ (g)ÛbV̂
†(g). In (4.22), Ûb was defined as

Ûb =
∏
〈pqr〉

(
ν̂opqrpqr Ẑ

n̂qr
pq

)∏
〈pq〉

X̂ n̂pq
pq

∏
〈pqr〉

Ŵ n̂pr
pqr , (4.125)

with the operators ν̂
opqr
pqr and n̂pr defined just below (4.22). To proceed, it is useful to first

re-express Ûb in terms of the generators of the bosonic algebra Abos. Following (4.47), the

result is

Ûb = κ̂
∏
〈pq〉

Û n̂pq
pq

∏
〈pqr〉

Ŵ n̂pr
pqr . (4.126)

Here, κ is a unitary operator that acts as multiplication by a {|gp〉}-dependent eigenvalue

and whose explicit form will not be required.
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Conjugating by V̂ (g) gives

V̂ (g)ÛbV̂
†(g) = φ̂κ̂

∏
〈pq〉

Û n̂gpq
pq

∏
〈pqr〉

Ŵ n̂gpr
pqr . (4.127)

Here φ̂ and n̂gpq are operators that act as multiplication by a {|gp〉}-dependent eigenvalue. φ̂

is unitary and its explicit form will again not be required, whereas the eigenvalue of n̂gpq is

n(g−1gp, g
−1gq, 1) = n(gp, gq, g). The cocycle condition δn = 0 gives

n(gp, gq, g) = n(gp, 1, g) + n(gq, 1, g) + n(gp, gq, 1). (4.128)

Thus, n̂gpq decomposes into three diagonal operators corresponding to the terms in (4.128),

i.e.

n̂gpq = n̂gp + n̂gq + n̂pq. (4.129)

If we substitute for n̂gpq and do some rearranging, the right hand side of (4.127) becomes

φ̂′Ûb

∏
〈pq〉

Û n̂gp+n̂gq
pq

∏
〈pqr〉

Ŵ n̂gp+n̂gr
pqr (4.130)

where, again, φ̂′ multiplies by a {|gp〉}-dependent eigenvalue whose precise form will not be

required. It is a combination of φ̂ and a phase picked up in commuting the Ûpq operators.

Next, the product of Ûpq in (4.130) can be re-organized so that (4.130) is

φ̂′′Ûb

∏
p

∏
〈tq〉
t=p

Ûtq
∏
〈qt〉
t=p

Ûqt


n̂gp ∏
〈pqr〉

Ŵ n̂gp+n̂gr
pqr . (4.131)

φ̂′′ is yet another diagonal operator in the configuration basis. Employing the identity (4.36),
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we thus find that V̂ (g)ÛbV̂
†(g) is equal to

φ̂′′Ûb

∏
p

Ĝp

∏
〈tqr〉
t=p

Ŵtqr

∏
〈qrt〉
t=p

Ŵqrt


n̂gp ∏
〈pqr〉

Ŵ n̂gp+n̂gr
pqr . (4.132)

The flux operators Ŵpqr in (4.132) cancel, so we conclude

V̂ (g)ÛbV̂
†(g) = φ̂′′({gp})Ûb

∏
p

Ĝn̂gp
p . (4.133)

Next, we show that φ̂′′ in (4.133) must be 1. Let us denote the ground state of Ĥ0
b with

trivial holonomy by |Ψ0
b〉. It is a tensor product of trivial symmetric states

1

|G|
∑
gp

|gp〉 (4.134)

at vertices p with the trivial holonomy toric code ground state for the Zpq degrees of freedom.

The latter is just a superposition of all trivial holonomy Zpq configurations with trivial Z2-flux

Wpqr at every triangle. We then have the following chain of equalities

|Ψ0
b〉 = V̂ (g)|Ψ0

b〉

= V̂ (g)Ûb
†Ûb|Ψ0

b〉

= V̂ (g)Ûb
†V̂ †(g)Ûb|Ψ0

b〉

= φ̂′′∗Ûb
†Ûb|Ψ0

b〉

= φ̂′′∗|Ψ0
b〉.

(4.135)

In the first equality we used that |Ψ0
b〉 is symmetric, and in the third equality we used that

Ûb|Ψ0
b〉 is symmetric. The fourth equality uses (4.133) and the fact that Ûb|Ψ0

b〉 belongs to

the Ĝp = 1 eigenspace for all p.

Now, comparing the far left hand side and the far right hand side of (4.135), we can



225

see that φ̂′′ is trivial as follows. φ̂′′ is a diagonal operator in the configuration basis, while

|Ψ0
b〉 contains an equal amplitude superposition over all G configurations at vertices. For the

equality to hold, it must be that φ̂′′ has eigenvalue 1 on all configurations. Hence, φ̂′′ = 1.

Looking back at (4.133), we therefore have

V̂ (g)ÛbV̂
†(g) = Ûb

∏
p

Ĝn̂gp
p . (4.136)

Substituting (4.136) into (4.124) and using the fact that Ĥ0
b commutes with Ĝp to cancel the

factors of Ĝp, we find

V̂ (g)ĤbV̂
†(g) = Ĥb. (4.137)

Therefore, Ĥb is symmetric, and Ĥf is symmetric since fermionization commutes with the

global G symmetry.

4.C Graphical interpretation of spin structure dependent relation

Here we prove that c(p), as defined in (4.39) and restated here for convenience:

∏
〈tq〉
t=p

Ŝ ′tq
∏
〈qt〉
t=p

Ŝ ′qt = c(p)
∏
〈tqr〉
t=p

(−1)F̂tqr
∏
〈qrt〉
t=p

(−1)F̂qrt , (4.138)

is proportional to the identity operator, and equal to ±1 depending on whether the interpo-

lating vector field V , illustrated in FIG.4.9 has an even or odd winding number about p. To

see this, we first examine the two types of links around p. There are links that are oriented

towards p and links that are oriented away from p. These two types of links form domains

as seen in FIG. 4.15. Domains of outward pointing links are separated from domains of

inward pointing links by a triangle 〈qpr〉 where p is the second vertex in the ordering. There

are necessarily an even number of triangles around p for which p is the second vertex. We

will call these types of triangles 〈qpr〉-triangles, and we will think of them in pairs – the
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two 〈qpr〉-triangles on either side of an inward pointing domain forming a pair. Moving

counter-clockwise around p, we see that each pair results in a 2π clockwise rotation of the

vector field V , relative to the outward normal. Without any 〈qpr〉-triangles, all the links are

oriented towards p or they are all oriented away from p, and the vector field rotates by 2π.

Therefore, the winding number of the interpolating vector field around p is, modulo 2, equal

to 1− Nqpr
2

, where Nqpr is the (even) number of triangles for which p is the second vertex in

the ordering.

We will now show that c(p) is −(−1)
Nqpr

2 . In terms of Majorana operators, the equation

for c(p) is

c(p) =

∏
〈tq〉
t=p

iγLtq γ̄Rtq


∏
〈qt〉
t=p

iγLqt γ̄Rqt


∏
〈tqr〉
t=p

−iγtqrγ̄tqr


∏
〈qrt〉
t=p

−iγqrtγ̄qrt

 . (4.139)

Each term in the products over links (the first two products on the right hand side of (4.139))

has a factor of i. The number of such factors of i is equivalent to the total number of triangles

having p as a vertex. We can thus assign each of these factors of i to a different triangle

having p as a vertex. Each term in the product over 〈pqr〉-triangles and 〈qrp〉-triangles (the

last two products on the right hand side of (4.139)) contains a factor of −i. After multiplying

out all of the factors of i and −i we are thus left only with an i for each 〈qpr〉-triangle. Since

these come in pairs we have

c(p) = (−1)
Nqpr

2

∏
〈tq〉
t=p

γLtq γ̄Rtq


∏
〈qt〉
t=p

γLqt γ̄Rqt


∏
〈tqr〉
t=p

γtqrγ̄tqr


∏
〈qrt〉
t=p

γqrtγ̄qrt

 . (4.140)

Next, we notice that the terms in the product over inward pointing links all commute with

each other. Likewise, the terms in the product over outward pointing links all commute

with each other. Therefore, we may choose any ordering of the terms within each product.

We choose to have the inward pointing link terms to be ordered counter-clockwise around
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Figure 4.15: The inward oriented domains consisting of 〈qrp〉-triangles are shaded in green,
and the outward oriented domains consisting of 〈pqr〉-triangles are shaded in purple. The
green (purple) arrows show the ordering of the product over inward (outward) oriented links
in (4.140). We have also shown one of the two Majorana operators associated with each
〈qpr〉-triangle, and re-labeled it with the subscript d that labels inward pointing domains
in order to make subsequent notation convenient. The reason for only showing one of the
two Majorana operators is that the one we have shown is the only one that enters into the
computation of c(p).
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p and for the outward pointing link terms to be ordered clockwise as in FIG. 4.15. With

this ordering, the two Majorana operators corresponding to each 〈pqr〉 triangle end up being

positioned next to each other in the product over outward pointing links. Similarly, the

two Majorana operators corresponding to each 〈qrp〉 triangle end up positioned next to

each other in the product over inward pointing links. This accounts for all but two of the

Majorana operators in each such product. The remaining two Majorana operators appearing

at the beginning and end of each product are located respectively on the two 〈qpr〉-triangles

bordering each domain. Numbering the inward oriented domains by a domain index d =

1, . . . , D, we then (by a slight abuse of notation) re-label these 〈qpr〉-triangle Majorana

operators by γd, γ̄d, as illustrated in figure 4.15. Note that this labeling scheme accounts for

only one Majorana operator located on each 〈qpr〉-triangles; the other one does not appear

in the expression for c(p) and hence plays no role in the following. Moving the γ̄d operators

past the (even number of) other terms in each product, we obtain

c(p) = (−1)
Nqpr

2

(
D∏
d=1

γ̄d+1γd

)∏
〈tqr〉
t=p

γ̄tqrγtqr


(

D∏
d=1

γ̄dγd

)∏
〈qrt〉
t=p

γ̄qrtγqrt



×

∏
〈tqr〉
t=p

γtqrγ̄tqr


∏
〈qrt〉
t=p

γqrtγ̄qrt

 (4.141)

where the subscript D + 1 is meant to be read as 1.

After canceling the Majorana bilinears corresponding to 〈pqr〉-triangles and 〈qrp〉-
triangles (last line in the product above), we find

c(p) = (−1)
Nqpr

2

(
D∏
d=1

γ̄d+1γd

)(
D∏
d=1

γ̄dγd

)
(4.142)

= −(−1)
Nqpr

2 γD

(
D−1∏
d=1

γ̄d+1γd

)
γ̄1

(
D∏
d=1

γ̄dγd

)
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= −(−1)
Nqpr

2

(
D∏
d=1

γdγ̄d

)(
D∏
d=1

γ̄dγd

)
= −(−1)

Nqpr
2 .

As we argued at the beginning of this appendix, −(−1)
Nqpr

2 is precisely −1 raised to the

power of the winding number of the interpolating vector field V . Thus, we have proved the

claim: c(p) is −1 when the interpolating vector field has an odd winding number at p and

c(p) is 1 otherwise.

4.D Fermion condensation and fermionization

In this appendix, we will illustrate that the fermionization duality outlined in section 4.3

and first described in Ref. [154], can be interpreted as a fermion condensation procedure for

certain lattice Hamiltonians.

Fermion condensation has been thouroughly studied using a spacetime formulation [111]

and admits the following intuitive picture. We begin with a bosonic system with emergent

fermions and introduce a system with bonafide physical fermions. Next, we pair each emer-

gent fermion with a physical fermion and the composite excitation, having bosonic statistics,

is then condensed. This results in a fermionic theory in which all particles braiding with the

emergent fermion have been confined. As argued in Ref. [124], it outputs a supercohomology

SPT phase when applied to the corresponding bosonic shadow theory.

To see the relation with the fermionization duality described in the main text, we must

first develop fermion condensation at the lattice Hamiltonian level. To do so, we consider

Hamiltonians defined on a Hilbert space consisting of spin-1
2

degrees of freedom on links,

the same as that of the bosonic shadow models defined in section 4.2, and we assume that

the Hamiltonians commute with Ĝp, for all vertices p. The restriction to Hamiltonians

that commute with Ĝp can be motivated by interpreting Ĝp as a short closed emergent

fermion string operator around the vertex p. Thus, the Hamiltonians considered here have a

particular emergent fermion string operator, which we describe in detail below. We note that
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this particular string operator creates emergent fermion excitations in the bosonic shadow

models constructed in section 4.2, since those models commute with Ĝp.

We define the emergent fermion string operator
ˆ̃
UΓ by

ˆ̃
UΓ ≡

∏
〈pq〉∈Γ

ˆ̃
Upq, (4.143)

where Γ is a path in the dual lattice and
ˆ̃
Upq is

ˆ̃
Upq ≡ X̂pq

ˆ̃
KLpq

ˆ̃
KRpq . (4.144)

The action of
ˆ̃
KRpq is dependent upon the triangle Rpq to the right of 〈pq〉. If the triangle to

the right of 〈pq〉 has vertex ordering 〈pqr〉, with p and q being the first and second vertices,

respectively, then K̂Rpq acts as Ẑqr. Otherwise, K̂Rpq = 1. The action of K̂Lpq is defined

similarly but with ‘right’ replaced with ‘left’. Intuitively,
ˆ̃
Upq creates a pair of Z2 fluxes

and moves Z2 charges so that they are bound to the fluxes at the third vertex in the vertex

ordering. Letting Γ be a path in the dual lattice around the vertex p, we find that
ˆ̃
UΓ is

equal to Ĝp up to an inconsequential sign.

We may now describe the fermion condensation procedure for a Hamiltonian Ĥ which

commutes with Ĝp. First, as Ûpq and Ŵpqr generate all the local operators that commute

with Ĝp, Ĥ can be expressed in terms of Ûpq and Ŵpqr. To make this explicit, we write Ĥ as

Ĥ(Ûpq, Ŵpqr). Next, we introduce fermionic degrees of freedom into our system by adding a

complex fermion degree of freedom to each triangle. The fermion parity even operators are

generated by fermion parity (−1)F̂pqr and hopping operators Ŝpq. Here, Ŝpq includes the spin

structure related sign for edges in E , as described in section 4.3.3.

The next step in fermion condensation is to bind physical fermions to emergent fermion

excitations and to condense the composite particles. The binding of physical fermions to
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emergent fermion excitations is accomplished by replacing Ŵpqr with Ŵpqr(−1)F̂pqr so that

Ĥ(Ûpq, Ŵpqr) −→ Ĥ(Ûpq, Ŵpqr(−1)F̂pqr). (4.145)

In the resulting system, a pair of emergent fermions can be created for free as long as there

is a physical fermion attached to each emergent fermion. As a consequence, the Hamiltonian

becomes highly degenerate. This degeneracy, however, is eliminated by adding a term that

proliferates emergent fermion-physical fermion pairs. A pair of composite excitations is

created by the operator
ˆ̃
UpqŜpq, so the term

−J
∑
〈pq〉

ˆ̃
UpqŜpq, J > 0 (4.146)

energetically prefers states where the composite excitations have been proliferated. Adding

the term in 4.146 to the Hamiltonian, we have

Ĥ(Ûpq, Ŵpqr(−1)F̂pqr) −→ Ĥ(Ûpq, Ŵpqr(−1)F̂pqr)− J
∑
〈pq〉

ˆ̃
UpqŜpq. (4.147)

One may be concerned that the J-term will not proliferate the composite excitations as

promised due to possible competition with Ĥ(Ûpq, Ŵpqr(−1)F̂pqr). However, it can be shown

that Ûpq commutes with
ˆ̃
U st for every 〈st〉 and Ŵpqr(−1)F̂pqr commutes with

ˆ̃
U stŜst for every

〈st〉. Therefore, Ĥ(Ûpq, Ŵpqr(−1)F̂pqr) commutes with −J∑〈pq〉 ˆ̃
UpqŜpq and the J-term is

indeed minimized in the ground state.

Finally, we drive the system deep into the fermion condensed regime and consider the

limit as J → ∞. In the resulting effective Hilbert space,
ˆ̃
UpqŜpq = 1 for all 〈pq〉. Thus, in

this effective Hilbert space, the Hamiltonian acts as

Ĥ(Ûpq
ˆ̃
UpqŜpq, Ŵpqr(−1)F̂pqr), (4.148)

where we have inserted
ˆ̃
UpqŜpq = 1 and removed the J-term. Relabeling Ŵpqr(−1)F̂pqr as
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(−1)
ˆ̃
F pqr (note the tilde above F ) and Ûpq

ˆ̃
UpqŜpq as

ˆ̃
Spq, we have

Ĥ(
ˆ̃
Spq, (−1)

ˆ̃
F pqr). (4.149)

(−1)
ˆ̃
F pqr and

ˆ̃
Spq satisfy the same commutation relations as fermion parity operators (−1)F̂pqr

and hopping operators Ŝpq, respectively, and it can be checked that they satisfy a relation

analogous to (4.41).

Functionally, our prescription for fermion condensation maps a Hamiltonian Ĥ(Ûpq, Ŵpqr)

to Ĥ(
ˆ̃
S, (−1)

ˆ̃
F pqr). In effect, we have replaced Ûpq with

ˆ̃
Spq and Ŵpqr with (−1)

ˆ̃
F pqr , which is

precisely the result of applying the fermionization duality. Hence, we have shown that, for

Hamiltonians that commute with Ĝp, fermionization agrees with fermion condensation.

We expect that the steps described above can be generalized to a wider class of emergent

fermion string operators. This may yield new fermionization dualities and further extend

our understanding of fermion condensation at the lattice level.

4.E Adding ancillary spin-1
2

degrees of freedom

In section 4.3.4, we presented the construction of a fermionic SPT Hamiltonian obtained

by conjugating a trivial fermionic Hamiltonian by Ûf. However, Ûf was written with an

unspecified locally determined configuration dependent sign κ̂. κ̂ is dependent upon the

triangulation of the manifold as well as an ordering of operators. Here we discuss a work

around to calculating κ̂ applicable to arbitrary triangulations.

Recall that κ̂ is a consequence of rearranging terms in

Ûb =
∏
〈pqr〉

(
ν̂opqrpqr Ẑ

n̂qr
pq

)∏
〈pq〉

X̂ n̂pq
pq

∏
〈pqr〉

Ŵ n̂pr
pqr , (4.150)

to make it manifestly fermionizable. We will show that by adding ancillary spin-1
2

degrees of

freedom on triangles and composing Ûb with a certain trivial circuit, we can reorganize the

expression into a fermionizable operator without accruing a sign.
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To this end, let us add a spin-1
2

degree of freedom to each triangle so that in total we

have G degrees of freedom at vertices, a spin-1
2

degree of freedom at every link, and a spin-1
2

at each triangle. The Pauli X and Pauli Z operators acting on the spin-1
2

at 〈pqr〉 will be

denoted as τ̂xpqr and τ̂ zpqr, respectively.

Next, we compose the operator in (4.150) with a circuit that acts trivially on the triangle

spin-1
2

degrees of freedom. Namely, we compose with

1 =

∏
〈pqr〉

(
τ̂ zpqr
)n̂qr ∏

〈pqr〉

(
τ̂xpqr
)n̂pq∏

〈pqr〉

(
τ̂xpqr
)n̂pq ∏

〈pqr〉

(
τ̂ zpqr
)n̂qr (4.151)

to obtain

Û τ
b ≡

∏
〈pqr〉

(
ν̂opqrpqr Ẑ

n̂qr
pq

)∏
〈pq〉

X̂ n̂pq
pq

∏
〈pqr〉

Ŵ n̂pr
pqr

×

∏
〈pqr〉

(
τ̂ zpqr
)n̂qr ∏

〈pqr〉

(
τ̂xpqr
)n̂pq∏

〈pqr〉

(
τ̂xpqr
)n̂pq ∏

〈pqr〉

(
τ̂ zpqr
)n̂qr . (4.152)

The circuit in (4.151) is equal to the identity, and as such, stacking it with Ûb certainly does

not affect the phase of our system. However, we can use the anti-commutativity of τ̂ zpqr and

τ̂xpqr to make up for the anti-commutivity of Ẑpq and X̂pq. In particular, we arrange the τ̂ zpqr

and τ̂xpqr so as to ‘dress’ the Ẑpq and X̂pq and avoid incurring the sign κ̂.

First, we move τ̂ zpqr operators next to the Ẑpq operators:

Û τ
b =

∏
〈pqr〉

(
ν̂opqrpqr

(
Ẑpq τ̂

z
pqr

)n̂qr)∏
〈pq〉

X̂ n̂pq
pq

∏
〈pqr〉

Ŵ n̂pr
pqr

×
∏
〈pqr〉

(
τ̂xpqr
)n̂pq ∏

〈pqr〉

(
τ̂xpqr
)n̂pq ∏

〈pqr〉

(
τ̂ zpqr
)n̂qr .

Next, we rewrite the product
∏
〈pqr〉

(
τ̂xpqr
)n̂pq

as a product over edges. This will allow us

to dress the X̂pq terms appearing in a product over edges. To the 〈pq〉 edge of triangle 〈pqr〉
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we associate the the operator τ̂xpqr. This gives

∏
〈pqr〉

(
τ̂xpqr
)n̂pq

=
∏
〈pq〉

(
ÂLpqÂRpq

)n̂pq
, (4.153)

where the action of ÂRpq , appearing in the formula above, is determined as follows. If

the triangle to the right of 〈pq〉 is 〈pqr〉, where p and q are the first and second vertices,

respectively, then ÂRpq acts as τ̂xpqr. Otherwise, ÂRpq = 1. The action of ÂLpq is defined

analogously but we look at the triangle to the left of 〈pq〉 instead.

Now we write

Û τ
b =

∏
〈pqr〉

ν̂opqrpqr

(
Ẑpq τ̂

z
pqr

)n̂qr∏
〈pq〉

(
X̂pqÂLpqÂRpq

)n̂pq ∏
〈pqr〉

Ŵ n̂pr
pqr

×
∏
〈pqr〉

(
τ̂xpqr
)n̂pq ∏

〈pqr〉

(
τ̂ zpqr
)n̂qr

. (4.154)

One can check that Ẑpq τ̂
z
pqr and X̂pqÂLpqÂRpq commute. Therefore, we are free to rearrange

the Ẑpq τ̂
z
pqr and X̂pqÂLpqÂRpq operators to form a product of Ûpq (defined in (4.35)) without

picking up the sign κ̂.

Explicitly, rearranging yields

Û τ
b =

∏
〈pqr〉

ν̂opqrpqr

∏
〈pq〉

(
ÛpqB̂LpqB̂RpqÂLpqÂRpq

)n̂pq ∏
〈pqr〉

Ŵ n̂pr
pqr

∏
〈pqr〉

(
τ̂xpqr
)n̂pq ∏

〈pqr〉

(
τ̂ zpqr
)n̂qr

, (4.155)

where we have introduced B̂Lpq and B̂Rpq . B̂Rpq is τ̂ zrpq when the triangle to the right is of

the form 〈rpq〉, i.e. p is the second vertex in the ordering and q is the third vertex in the

ordering. B̂Rpq is 1 otherwise. B̂Lpq is defined analogously, but for the triangle to the left of

〈pq〉.

With a choice of spin structure to define the duality, Û τ
b can be fermionized straightfor-
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wardly. If we let Ŝτpq be ŜpqB̂LpqB̂RpqÂLpqÂRpq , then

Û τ
f =

∏
〈pqr〉

ν̂opqrpqr

∏
〈pq〉

(
Ŝτpq

)n̂pq ∏
〈pqr〉

(
(−1)F̂pqr

)n̂pr ∏
〈pqr〉

(
τ̂xpqr
)n̂pq ∏

〈pqr〉

(
τ̂ zpqr
)n̂qr

. (4.156)

A fermionic SPT Hamiltonian Ĥτ
f can be formed by conjugating the trivial fermionic

Hamiltonian

−
∑
p

P̂ sym
p −

∑
〈pqr〉

(−1)F̂pqr −
∑
〈pqr〉

τ̂xpqr (4.157)

by Û τ
f . Ĥτ

f acts identically to Ĥf on the vertex and complex fermion degrees of freedom. We

have simply encoded the sign κ̂ appearing in Ĥf in the ordering of the Pauli operators of Ĥτ
f .

Indeed, if one were to cancel the triangle Pauli operators in (4.156), one would obtain the

sign κ̂. In the end, we have arrived at an explicit form for a Hamiltonian in the same phase

as Ĥf for an arbitrary triangulation of a 2+1D manifold with spin structure.

4.F Trivial fermionic finite-depth circuit

In section 4.4.3, we claimed that the supercohomology data (n0, ν0) =
(
δβ, (−1)β∪δβδω

)
corresponds to a trivial fermionic SPT phase. We prove this claim here by showing that the

finite depth circuit Ûn0ν0
b can be written in terms of symmetric local unitaries, up to factors

of Ĝp. This implies that the fermionized circuit Ûn0ν0
f constructs a trivial SPT ground state

from a trivial product state because fermionization respects the G-symmetry and maps Ĝp

to the identity.

Plugging the data (n0, ν0) into the expression for Ûb (4.22) we obtain

Ûn0ν0
b =

∏
〈pqr〉

(−1)β̂pqδβ̂qr (δω̂pqr)
opqr

∏
〈pqr〉

Ẑδβ̂qr
pq

∏
〈pq〉

X̂δβ̂pq
pq

∏
〈pqr〉

Ŵ δβpr
pqr , (4.158)
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with δβ̂pq and δω̂pqr defined by

δβ̂pq|{gt}〉 = δβ(gp, gq, 1)|{gt}〉 (4.159)

δω̂pqr|{gt}〉 = δω(gp, gq, gr, 1)|{gt}〉. (4.160)

Now we notice

∏
〈pqr〉

(δω(gp,gq, gr, 1))opqr ==
∏
〈pqr〉

(
ω(gq, gr, 1)ω(gp, gq, 1)

ω(gp, gr, 1)ω(gp, gq, gr)

)opqr
=
∏
〈pqr〉

ω(gp, gq, gr)
−opqr .

(4.161)

The last equality follows from treating ω(gs, gt, 1) as corresponding to the edge 〈st〉 and

canceling factors of ω(gs, gt, 1) from neighboring triangles. Therefore,

∏
〈pqr〉

(δω̂pqr)
opqr =

∏
〈pqr〉

ω̂−opqrpqr (4.162)

for ω̂pqr:

ω̂pqr|{gt}〉 = ω(gp, gq, gr)|{gt}〉. (4.163)

Using δβ̂pq = β̂pq + β̂p + β̂q (with β̂pq and β̂p defined in (4.77) and (4.78)) as well as the

equality in (4.162), Ûn0ν0
b becomes

Ûn0ν0
b =

∏
〈pqr〉

ω̂−opqrpqr

∏
〈pqr〉

(−1)β̂pq(β̂qr+β̂q+β̂r)
∏
〈pqr〉

Ẑ β̂qr+β̂q+β̂r
pq

∏
〈pq〉

X̂ β̂pq+β̂p+β̂q
pq

∏
〈pqr〉

Ŵ β̂pr+β̂p+β̂r
pqr ,

(4.164)

Rearranging and keeping track of the resulting sign we have

Ûn0ν0
b =

∏
〈pqr〉

ω̂−opqrpqr

∏
〈pqr〉

(−1)β̂pq(β̂qr+β̂q+β̂r)
∏
〈pqr〉

(−1)β̂qβ̂pq+β̂rβ̂pq
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×
∏
〈pqr〉

Ẑ β̂qr
pq

∏
〈pq〉

X̂ β̂pq
pq

∏
〈pqr〉

Ŵ β̂pr
pqr

∏
〈pqr〉

Ẑ β̂q+β̂r
pq

∏
〈pq〉

X̂ β̂p+β̂q
pq

∏
〈pqr〉

Ŵ β̂p+β̂r
pqr . (4.165)

Next we write
∏
〈pq〉 X̂

β̂p+β̂q
pq in (4.165) as a product over vertices:

∏
〈pq〉

X̂ β̂p+β̂q
pq =

∏
p

 ∏
〈st〉3p

X̂
β̂p
st

 . (4.166)

Further, one can check that∏
p

 ∏
〈st〉3p

X̂
β̂p
st

 ∏
〈pqr〉

Ŵ β̂p
pqr =

∏
p

Ĝβ̂p
p . (4.167)

Hence, substituting (4.167) in (4.165) and canceling signs we are left with

Ûn0ν0
b =

∏
〈pqr〉

ω̂−opqrpqr

∏
〈pqr〉

(−1)β̂pq β̂qr
∏
〈pqr〉

Ẑ β̂qr
pq

∏
〈pq〉

X̂ β̂pq
pq

∏
〈pqr〉

Ŵ β̂pr
pqr

∏
〈pqr〉

Ẑ β̂q+β̂r
pq

∏
〈pqr〉

Ŵ β̂r
pqr

∏
p

Ĝβ̂p
p .

(4.168)

The product
∏
〈pqr〉 Ẑ

β̂q+β̂r
pq

∏
〈pqr〉 Ŵ

β̂r
pqr above expressed in terms of Ẑpq operators is

∏
〈pqr〉

Ẑ β̂q+β̂r
pq Ẑ β̂r

pq Ẑ
β̂r
qr Ẑ

β̂r
pr =

∏
〈pqr〉

Ẑ β̂q
pq Ẑ

β̂r
qr Ẑ

β̂r
pr =

∏
〈pq〉

Ẑ β̂q
pq Ẑ

β̂q
pq = 1. (4.169)

With (4.169) we finally have that

Ûn0ν0
b =

∏
〈pqr〉

ω̂−opqrpqr

∏
〈pqr〉

(−1)β̂pq β̂qr
∏
〈pqr〉

Ẑ β̂qr
pq

∏
〈pq〉

X̂ β̂pq
pq

∏
〈pqr〉

Ŵ β̂pr
pqr

∏
p

Ĝβ̂p
p , (4.170)

as claimed in section 4.4.3.

The homogeneity of ω and β guarantees that the local unitaries (not including
∏

p Ĝ
β̂p
p )

in (4.170) are symmetric. Fermionization commutes with the global symmetry operator and

it takes
∏

p Ĝ
β̂p
p to 1. Therefore, the resulting circuit Ûn0ν0

f is a finite depth circuit built from
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Figure 4.16: (Far left) The beyond supercohomology models in Ref. [152] have G degrees of
freedom (green dots) at vertices and a single complex fermion degree of freedom (yellow dots)
at each link. (a) We add an additional complex fermion degree of freedom (hollow yellow
circle) to each link and modify the Hamiltonian by adding a term that enforces zero fermion
occupancy at each of these additional sites. (b) We add links to the lattice to form the
barycentric subdivision of our original triangulation. (c) The links of the original lattice are
removed in the bulk and we associate one complex fermion to each triangle of the resulting
lattice. The branching structure is determined by the branching structure of the original
lattice. Importantly, the final Hilbert space has a single complex fermion degree of freedom
for each triangle. Note that the G degrees of freedom remain in place.

symmetric local unitaries, and consequently, creates a trivial fermionic SPT from a trivial

product state.

4.G Symmetric quantum circuits for beyond supercohomology phases

Here, we present an argument that the ground states of the beyond supercohomology phases

cannot be constructed from a trivial product state using a globally symmetric finite depth

quantum circuit. It has been shown, using a spacetime formulation, that the shadow mod-

els for beyond supercohomology phases are symmetry enriched toric code phases with the

property that certain global symmetries transform e excitations into m excitations and vice-

versa [124,155]. We begin by giving an independent argument that this property has to hold

for the lattice Hamiltonian shadow models associated to a beyond supercohomology SPT.

We also show how existing lattice Hamiltonian models for beyond supercohomology phases,

namely those of Ref. [152], can be slightly modified so as to be amenable to our bosonization
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procedure. This argument can be generalized to show that any lattice Hamiltonian SPT

model can be modified so as to be bosonizable via our procedure. We then demonstrate

that this property of a global symmetry operator exchanging e and m in the shadow model,

together with the assumption of the existence of a globally symmetric finite depth circuit

disentangling the ground state of the original fermionic SPT, lead to a contradiction.

The beyond supercohomology models constructed in Ref. [152] are not immediately

bosonizable, because the fermionic degrees of freedom live on the links instead of at the

centers of triangles. This can be remedied as follows. First, we introduce a second complex

fermion degree of freedom at each link and add a term to the Hamiltonian that energeti-

cally favors zero fermion occupancy at each of the new complex fermion degrees of freedom.

Functionally, we have stacked an atomic insulator onto the original system, so it remains

in the same phase. Then, we perform a barycentric subdivision of the lattice, remove the

original lattice, and associate the two complex fermions per link to different triangles. This

procedure is illustrated in FIG. 4.16. In this process, we have not changed the dynamics of

the system, and in the end, we have a beyond supercohomology model which lives in the

same Hilbert space as the supercohomology models constructed in this chapter, and hence

is readily bosonizable.

Now we argue that bosonizing these beyond supercohomology models gives symmetry

enriched toric code models in which global symmetries convert e excitations into m exci-

tations. Key to this argument is the following property of the symmetry action in beyond

supercohomology models with symmetry defects. For beyond supercohomology phases with

symmetry G, there is an additional piece of data relative to supercohomology phases - a

homomorphism σ : G → Z2. According to Refs. [151, 152, 155], the effective symmetry ac-

tion near a fermion parity defect is fermion parity odd when acting with on-site symmetry

operator V̂ (g) representing g ∈ G for which σ(g) is non-trivial.

We analyze this effect in our beyond supercohomology models by inserting a pair of

fermion parity defects at well separated vertices a and b. Loosely, we create the pair of

fermion parity defects by choosing a path Γ connecting a and b and modifying hopping
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operators in the Hamiltonian corresponding to links in Γ. Heuristically, the modification of

the Hamiltonian makes it so that when a fermion moves around one of the fermion parity

defects, it picks up an extra −1 sign.

To include fermion parity defects, we first write the beyond supercohomology model Ĥb.s.

as a sum of local terms

Ĥb.s. =
∑
j

ĥb.s.
j , (4.171)

with each ĥb.s.
j supported on the spatially bounded region Rj. Now, we define

P̂p =
1

2

1 +
∏
〈tq〉
t=p

Ŝtq
∏
〈qt〉
t=p

Ŝqt
∏
〈tqr〉
t=p

(−1)F̂tqr
∏
〈qrt〉
t=p

(−1)F̂qrt

 (4.172)

and

P̂Rj =
∏
p⊂Rj

P̂p, (4.173)

and write

Ĥ ′
b.s.

=
∑
j

P̂Rj ĥb.s.
j P̂Rj −

∑
p

P̂p. (4.174)

P̂p is identically equal to 1, so Ĥ ′
b.s.

is equivalent to Ĥb.s..

Next, let us modify this Hamiltonian to insert a pair of defects at two well separated

vertices a and b. Let Γ be a path of links connecting a and b, and let Γpq be the indicator

function

Γpq =

1 if 〈pq〉 ∈ Γ

0 otherwise.

(4.175)
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Now we write each local term ĥb.s.
j explicitly as a linear combination of products of Ŝpq and

(−1)F̂pqr , and we make the replacement:

ĥb.s.
j (Ŝpq, (− 1)F̂pqr) −→ ĥb.s.

j,Γ ≡ ĥb.s.
j ((−1)Γpq Ŝpq, (−1)F̂pqr). (4.176)

Making the same replacement in P̂j yields a new Hamiltonian Ĥb.s.
Γ .

Notice that replacing Ŝpq with (−1)Γpq Ŝpq in the expression defining P̂R yields 0 if a or b

is contained in the region R. As a consequence, Hamiltonian terms whose support contains

the defects are removed from the Hamiltonian.

Now we bosonize Ĥb.s. and Ĥb.s.
Γ . This yields

Ĥb.s.
b ≡ Ĥ ′

b.s.
(Ûpq, Ŵpqr) (4.177)

and

Ĥb.s.
b,Γ ≡ Ĥ ′

b.s.
((−1)Γpq Ûpq, Ŵpqr). (4.178)

The operators P̂R become projectors onto the Ĝp = 1 subspace for all p ⊂ R. As a conse-

quence, the ground states of Ĥb.s.
b are in the Ĝp = 1 subspace, and away from the defects,

the ground states of Ĥb.s.
b,Γ are in the Ĝp = 1 subspace. We also note that, by construction,

the bosonized Hamiltonians commute with Ĝp for all p, and thus, Ĝp can be interpreted as

a small loop of an emergent fermion string operator around the vertex p.

We can obtain a ground state of Ĥb.s.
b,Γ by applying a certain string operator to a ground

state of Ĥb.s.
b . In particular, the string operator ÛΓ =

∏
〈pq〉∈Γ Ẑpq does the job. Explicitly,

Ĥb.s.
b,Γ ÛΓ|Ψb.s.

b 〉 = ÛΓĤ
b.s.
b |Ψb.s.

b 〉 = EminÛΓ|Ψb.s.
b 〉, (4.179)

where in the first equality, we used that ÛΓ anticommutes with Ûpq for 〈pq〉 ∈ Γ. Applying
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Ĝp to this ground state at either endpoint of Γ, we find that moving an emergent fermion

around the endpoint produces a minus sign:

Ĝa/bÛΓ|Ψb.s.
b 〉 = −ÛΓ|Ψb.s.

b 〉. (4.180)

Hence, ÛΓ creates either e excitations or m excitations at its endpoints.

Since ground states of Ĥb.s.
b,Γ have a pair of e or m excitations relative to ground states of

Ĥb.s.
b , we can determine the effective symmetry action on a pair of e or m excitations at a

and b by bosonizing the effective symmetry action on the fermionic state with fermion parity

defects at a and b. For g such that σ(g) is non-trivial, the effective symmetry action on

the state with fermion parity defects splits into a fermion parity odd operator associated to

each defect. Expressing the symmetry action in terms of local fermion parity even operators,

so that it may be bosonized, requires a string of hopping operators and fermion parity

operators connecting the two fermion parity odd operators. Hence, bosonization yields an

effective symmetry action that includes an em string connecting a and b. This em string

converts an e (m) string into an m (e) string, and we have recovered the expected effective

symmetry action in the bosonic shadow theory of a beyond supercohomology phase at the

lattice level.

Finally, to demonstrate that beyond supercohomology SPT ground states cannot be

constructed by applying a symmetric finite depth quantum circuit to a trivial product state,

we assume that this is indeed possible and derive a contradiction. If such a circuit Ûb.s.

exists, then in bosonizing the circuit we obtain a circuit Ûb.s.
b which is globally symmetric up

to factors of Ĝp. (The Ĝp generate the kernel of the fermionization duality.) Explicitly,

V̂ (g)Ûb.s.
b = Ûb.s.

b fg(Ĝp)V̂ (g) (4.181)

for some g dependent function fg of the Ĝp. In what follows, let us assume that ÛΓ creates a

pair of e excitations. An analogous argument can be made if ÛΓ instead creates m excitations.
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Writing a ground state of the toric code with a pair of e excitations as |Ψee
t.c.〉, the ground

state of Ĥb.s.
b with e excitations is Ûb.s.

b |Ψee
t.c.〉. We then compute the effective symmetry

action on a pair of e excitations:

V̂ (g)Ûb.s.
b |Ψee

t.c.〉 = Ûb.s.
b fg(Ĝp)V̂ (g)|Ψee

t.c.〉

= Ûb.s.
b fg(Ĝp)|Ψee

t.c.〉. (4.182)

As we have argued (at least for the anyons created by ÛΓ), the effective symmetry action

should convert the e excitations into m excitations. However, fg is a function of small

emergent fermion loop operators. Loops of em string are unable to transform e excitation

into m excitations. This contradicts the expected affect of global symmetry action in the

bosonic shadow model for beyond supercohomology phases.

We have now shown that the ground state of a specific beyond supercohomology model

cannot be constructed by applying a symmetric quantum circuit to a trivial product state.

This is sufficient to argue that no ground state of any supercohomology model can by con-

structed from a trivial product state with a symmetric quantum circuit. This is because, by

definition, ground states of two beyond supercohomology phases can be related by a quantum

circuit built of symmetric local unitaries.

While we have shown that a symmetric quantum circuit is incapable of building the

ground state of a beyond supercohomology phase from a trivial product state, it would be

interesting to identify a quantum circuit, albeit not symmetric, which is capable of creating

the ground state of a beyond supercohomology SPT from a trivial product state. We leave

this for future work.
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Chapter 5

DISENTANGLING INTERACTING FERMIONIC SPT
PHASES IN THREE DIMENSIONS

This chapter is based on:

Yu-An Chen, Tyler D. Ellison, and Nathanan Tantivasadakarn. Disentangling su-

percohomology symmetry-protected topological phases in three spatial dimensions.

Phys. Rev. Research, 3:013056, Jan 2021.

We build exactly solvable lattice Hamiltonians for fermionic symmetry-protected topo-

logical (SPT) phases in (3 + 1)D classified by group supercohomology. A central benefit of

our construction is that it produces an explicit finite-depth quantum circuit (FDQC) that

prepares the ground state from an unentangled symmetric state. The FDQC allows us to

clearly demonstrate the characteristic properties of supercohomology phases - namely, sym-

metry fractionalization on fermion parity flux loops – predicted by continuum formulations.

By composing the corresponding FDQCs, we also recover the stacking relations of super-

cohomology phases. Furthermore, we derive topologically ordered gapped boundaries for

the supercohomology models by extending the protecting symmetries, analogous to the con-

struction of topologically ordered boundaries for bosonic SPT phases. Our approach relies

heavily on dualities that relate certain bosonic 2-group SPT phases with supercohomology

SPT phases. We develop physical motivation for the dualities in terms of explicit lattice

prescriptions for gauging a 1-form symmetry and for condensing emergent fermions. We

also comment on generalizations to supercohomology phases in higher dimensions and to

fermionic SPT phases outside of the supercohomology framework.

https://link.aps.org/doi/10.1103/PhysRevResearch.3.013056
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5.1 Introduction

Symmetry-protected topological (SPT) phases of matter are classified by quantized invariants

that capture a characteristic response to probing with symmetry defects [46,50,71,127,134,

156–164]. SPT phases built from fermionic degrees of freedom (d.o.f.) must conserve fermion

parity, and the associated fermion parity symmetry defects can be used to probe the system.

Consequently, the classification of fermionic SPT (fSPT) phases, where the constituent d.o.f.

may be fermions, is notably distinct from the classification of bosonic SPT (bSPT) phases,

composed of only bosonic d.o.f.. In particular, in three spatial dimensions and with unitary

internal symmetries, the bSPT phases are believed to be classified by group cohomology,

while the fSPT phases are only partially classified by the more rich, group supercohomology

theory [46,49,50,126,129].

The algebraic data of group cohomology can be used to construct an exactly solvable

model belonging to a bSPT phase [49]. The celebrated group cohomology models yield a

transparent connection between the quantized invariant - namely, a group cocycle ν - and a

lattice Hamiltonian. Another feature of these models is that a finite-depth quantum circuit

(FDQC) [1] that prepares the ground state from a tensor product state can be written

expressly in terms of ν. Further, in Ref. [165], it was shown that the group cohomology data

could be used to identify symmetric topologically ordered gapped boundaries for the group

cohomology models, by enlarging the protecting symmetry group on the boundary.

In this chapter, we construct exactly solvable models for (3 + 1)D fSPT phases directly

from the group supercohomology data that characterizes the phases. The resulting superco-

homology models describe fSPT phases protected by finite unitary internal symmetries of the

form Gf = G × Zf2 , where Zf2 denotes the fermion parity symmetry. The supercohomology

data can be written as a certain pair of G-dependent functions (ρ, ν), where heuristically,

ν corresponds to the data that characterizes the bSPT phases, while ρ captures a response

that is intrinsic to fSPT phases [163, 164]. With this, our principal contributions can be

stated as follows. For any choice of supercohomology data (ρ, ν) characterizing a (3 + 1)D
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fSPT phase:

(i) We construct a representative fSPT Hamiltonian with mutually commuting un-

frustrated terms and verify that the quantized responses of the model correspond to

the data (ρ, ν) - by explicitly computing the G-symmetry fractionalization on fermion

parity fluxes.

(ii) We identify a FDQC that prepares the ground state from a symmetric product state

and determine the stacking rules for supercohomology phases from the composition of

the FDQCs.

(iii) We use an extension of the symmetry to build symmetric topologically ordered gapped

boundaries for the supercohomology model.

Our strategy is largely motivated by the spacetime formulation in Ref. [133], wherein

fSPT phases are related to particular 2-group bSPT phases through a process of bosonization.

More specifically, our construction can be broken down into the three succinct steps outlined

below, and shown schematically in Fig. 5.1.

Figure 5.1: To construct a Gf = G×Zf2 supercohomology SPT model we start with a model
for a particular 2-group SPT phase determined by the supercohomology data (ρ, ν). Next,
we gauge the Z2 1-form symmetry of the 2-group to build the shadow model. We then
condense the fermion in the shadow model, or apply the fermionization duality, to obtain a
model for the supercohomology SPT phase corresponding to (ρ, ν).
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(1) Starting with a choice of supercohomology data (ρ, ν), we first build an auxiliary bSPT

model with a 2-group symmetry. The 2-group symmetry contains a Z2 1-form symme-

try as a subgroup.

(2) We gauge the Z2 1-form subgroup by minimally coupling the model to a 2-form gauge

field. This produces a symmetry-enriched Z2 gauge theory with an emergent fermion,

referred to as the ‘shadow model’ [124].

(3) Finally, we pair the emergent fermion with a physical fermion and condense the com-

posite excitation: the Z2 gauge theory is dual to a fermionic theory [166]. The result

is a model for a fSPT phase characterized by the supercohomology data (ρ, ν).

Relation to previous work

Our work can be viewed as a generalization of the exactly solvable supercohomology models

in (2 + 1)D, described in Refs. [124, 146, 167]. Similarly, the first step is to construct an

auxiliary bSPT model from the supercohomology data. In the case discussed here, however,

the auxiliary bSPT phase is protected by a higher-form symmetry.

In the pioneering work of Ref. [126], representative wave functions for supercohomology

phases were identified by studying re-triangulation invariant non-linear σ models on a discrete

spacetime manifold. Later, Ref. [129] provided a comprehensive classification of fSPT phases

on a spatial lattice, by solving for consistent domain wall decorations. Our work builds

on these results by constructing an explicit parent Hamiltonian for their fixed point wave

functions along with FDQCs that prepare the ground states from a product state. Within

our framework, we are also able to demonstrate that the supercohomology models indeed

exhibit the universal responses to symmetry fluxes captured by the supercohomology data

(ρ, ν).

Our strategy for constructing the supercohomology models mirrors the methods employed

at the level of spacetime partition functions in Refs. [133,168,169]. In particular, Ref. [168]
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studies supercohomology phases by constructing a Lagrangian for the associated shadow

model. However, we go beyond studying the shadow model and explicitly implement the

fermionization duality to establish supercohomology data as quantized invariants of lattice

Hamiltonians. In recent work, Ref. [169] constructed gapped boundaries for spacetime models

of supercohomology phases using a symmetry extension (see also Ref. [170]). We employ a

similar symmetry extension to construct the supercohomology Hamiltonians on a manifold

with boundary.

We note that many of the models constructed in this chapter describe intrinsically in-

teracting fSPT phases [127,134]. That is, there are neither interacting bosonic counterparts

nor free-fermionic representations of the phases. Hence, in particular, our work falls outside

of the scope of Refs. [10,11,171].

Structure of the chapter

In Section 5.2, we define the quantized invariants of supercohomology phases and present

our supercohomology models in terms of the associated data. Subsequently, we describe the

derivation of the bulk supercohomology models in Sections 5.3 and 5.4. In Section 5.3, we

give an example of our construction, for the case where the protecting symmetry is simply

Gf = Zf2 . We use the opportunity to introduce the notation of cohomology on a manifold

M , which is used throughout the text. Furthermore, in Section 5.3.2 and Section 5.3.3,

we detail a lattice prescription for gauging a 1-form symmetry and condensing an emergent

fermion, respectively. Section 5.4 describes the construction of the supercohomology models

more generally, where the protecting symmetry is Gf = G × Zf2 . We show that the lattice

Hamiltonians are indeed characterized by the supercohomology data and recover the additive

group structure of supercohomology phases under the operation of stacking by composing

the corresponding FDQCs in Section 5.4.4. Section 5.5 presents the symmetry extension

method for constructing symmetric gapped boundaries for the supercohomology models; we

leave the detailed derivation to Appendix L of Ref. [76]. In Appendix 5.A, we compile

the notation used in the chapter. We discuss spin structure and the bosonization duality
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of Ref. [166] in Appendix 5.E. The remaining appendices provide the technical details and

explicit calculations used in the derivation of our models.

5.2 Supercohomology models

Before discussing the construction of the supercohomology models in Sections 5.3 and 5.4,

we give a concise description of the models themselves. We begin with a definition for the

supercohomology data (ρ, ν), and we assume familiarity with group cohomology. The group

cohomology notation used here is summarized in Appendix 5.A.1. In Section 5.2.2, we then

review the group cohomology models of Ref. [49]. We finish with Section 5.2.3, where we

define the more general supercohomology models and describe the stacking rules for the

supercohomology phases, derived from the composition of FDQCs.

5.2.1 Supercohomology data

The supercohomology data gives quantized invariants for (3 + 1)D fSPT phases protected

by a finite onsite1 unitary Gf = G× Zf2 symmetry. To streamline the discussion, we refer to

Appendix 5.A.1 for a review of the notation from group cohomology. We freely use the notion

of group cochains, the coboundary operator δ, and the cup-n products ∪n with n ∈ {0, 1, 2}
in the discussion below.

For a finite group G, the supercohomology data is given by a pair of group cochains (ρ, ν)

belonging to:

(ρ, ν) ∈ C3(G,Z2)× C4(G,R/Z). (5.1)

Furthermore, ρ and ν satisfy the relations [126]:

δρ = 0, δν =
1

2
ρ ∪1 ρ. (5.2)

1An onsite representation of a 0-form G symmetry is a representation of G in which, for all g ∈ G the
representation V (g) is a tensor product of linear representations of G on each site.
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Note that if ρ = 0, then ν is a group cocycle (δν = 0). In this case, the supercohomology data

reduces to the data that characterizes bSPT phases within the group cohomology framework

[49].

The supercohomology data is further organized into equivalence classes. Two sets of

supercohomology data (ρ, ν) and (ρ′, ν ′) are considered equivalent if there exists:

β ∈ C2(G,Z2), η ∈ C3(G,R/Z), (5.3)

such that:

ρ′ = ρ+ δβ

ν ′ = ν + δη +
1

2
β ∪ β +

1

2
β ∪1 δβ +

1

2
ρ ∪2 δβ.

(5.4)

In Section 5.4.4, we give physical motivation for the equivalence relation and show that if

(ρ, ν) and (ρ′, ν ′) are equivalent, then the corresponding supercohomology models belong to

the same fSPT phase.

Throughout the text, we use the convention that group cochains are homogeneous. There-

fore, in what follows, we take ρ and ν to be functions:

ρ : G4 → Z2 = {0, 1},

ν : G5 → R/Z = [0, 1),
(5.5)

which are homogeneous, i.e., for any h ∈ G:

ρ(g0, g1, g2, g3) = ρ(hg0, hg1, hg2, hg3),

ν(g0, g1, g2, g3, g4) = ν(hg0, hg1, hg2, hg3, hg4).
(5.6)



251

Figure 5.2: A branching structure determines an ordering of the vertices of a tetrahedron.
The vertices are ordered by the number of edges oriented towards the vertex. The branching
structure also gives an orientation of each tetrahedron relative to the orientation of M . We
use the convention that the tetrahedron pictured on the left is positively oriented (Ot = +1),
and the tetrahedron to the right is negatively oriented (Ot = −1).

5.2.2 Review of group cohomology models

When ρ is zero, the supercohomology data is equivalent to the familiar group cohomology

data, which characterizes (3 + 1)D bSPT phases with a finite onsite unitary G symmetry.

As a consequence, the corresponding group cohomology models are a special case of the

supercohomology models. We build up to the supercohomology models in Section 5.2.3 by

first reviewing the group cohomology models of Ref. [49].

The group cohomology models are defined on an arbitrary triangulation of an orientable

closed 3-manifold M . The triangulation of M gives a decomposition of M into vertices,

edges, faces, and tetrahedra. We further require that the triangulation is equipped with a

branching structure – an assignment of an orientation to each edge in such a way that there

are no cycles around any of the faces. A branching structure yields both an ordering of the

vertices of each tetrahedron as well as an orientation Ot ∈ {−1,+1} of any tetrahedron t

relative to the orientation of M (see Fig. 5.2).

The Hilbert spaces for the group cohomology models are formed by placing a G d.o.f.

on each vertex of M (Fig. 5.3). A basis for the |G| dimensional Hilbert space at vertex v

is given by states |gv〉 labeled by elements of G. Furthermore, a basis for the full Hilbert
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space is given by product states of the form |{gv}〉, in which, the state at vertex v is |gv〉.
The G symmetry is represented using the regular representation, i.e., for any h ∈ G, h is

represented by:

V (h) ≡
∑
{gv}

|{hgv}〉〈{gv}|. (5.7)

The group cohomology models can be built from a G-paramagnet Hamiltonian – a Hamil-

tonian belonging to the trivial SPT phase. The G-paramagnet Hamiltonian is given by:

HG ≡ −
∑
v

Pv, (5.8)

where the sum is over vertices in M , and Pv is a projector onto a symmetric state at the

vertex v, i.e.:

Pv ≡
1

|G|

(∑
gv

|gv〉
)(∑

gv

〈gv|
)
. (5.9)

The ground state |ΨG〉 of the G-paramagnet Hamiltonian is a tensor product of a symmetric

state at each vertex. This can be written as an equal amplitude superposition over all {gv}
configurations:

|ΨG〉 ≡
∑
{gv}

|{gv}〉. (5.10)

Here, as elsewhere in the chapter, we omit the normalization of the state for notational

convenience.

We build the group cohomology model corresponding to the group cocycle ν by conju-

gating HG by a FDQC Ub. Ub is defined in terms of the data ν as [49]:

Ub ≡
∑
{gv}

∏
t=〈1234〉

e2πiOtν(1,g1,g2,g3,g4)|{gv}〉〈{gv}|, (5.11)
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Figure 5.3: The group cohomology models are defined on a Hilbert space consisting of a G
d.o.f. on every vertex. The configuration states |{gv}〉 form a basis for the Hilbert space.

where the product is over all tetrahedra in M , the vertices specifying the tetrahedron 〈1234〉
are ordered according to the branching structure, and 1, in the argument of ν, denotes

the identity in G. To simplify the notation, we introduce an operator ν̂(〈1234〉), for each

tetrahedron 〈1234〉 in M :

ν̂(〈1234〉) ≡
∑
{gv}

ν(1, g1, g2, g3, g4)|{gv}〉〈{gv}|. (5.12)

With this, Ub can be written more compactly as:

Ub =
∏
t

e2πiOtν̂(t). (5.13)

The Hamiltonian for the group cohomology model is then:

Hb ≡ UbHGU †b , (5.14)

with the unique ground state:

|Ψb〉 ≡ Ub|ΨG〉 =
∑
{gv}

∏
t=〈1234〉

e2πiOtν(1,g1,g2,g3,g4)|{gv}〉. (5.15)
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The Hamiltonian Hb indeed describes a bSPT phase. This is because the Hamiltonian is

both symmetric and has a unique short-range entangled (SRE) ground state. The symmetry

of the Hamiltonian follows from the fact that Ub is symmetric, which can be shown using the

property δν = 0. The ground state is SRE, since it can be prepared from a product state

by the FDQC Ub.2 Furthermore, the group cohomology models exhibit the characteristic

responses encoded by ν, as can be checked by introducing symmetry defects or gauging the

G symmetry and analyzing the properties of the symmetry fluxes [46,160].

5.2.3 Definition of supercohomology models

We now generalize the discussion to supercohomology models, which describe fSPT phases.

We leave the explicit derivation of the models from a choice of supercohomology data (ρ, ν)

to Sections 5.3 and 5.4. Similarly to the group cohomology models, the supercohomology

models are prepared from a Hamiltonian in a trivial SPT phase by conjugation with a

FDQC. Further, the FDQCs for (ρ, ν) and (ρ′, ν ′) can be used to recover the stacking laws

for supercohomology phases, discussed at the end of this section.

The supercohomology models are defined on a Hilbert space withG d.o.f. at the vertices of

M , as in the previous section, along with a fermionic d.o.f. at each tetrahedron.3 Specifically,

we place a single spinless complex fermion at the center of each tetrahedron and label the

two Majorana operators at the tetrahedron t by γt and γ′t (see Fig. 5.4). The fermion parity

at t is then given by:

Pt ≡ −iγtγ′t, (5.16)

and we also introduce a “hopping” operator Sf that changes the fermion parity on either

2We note that, although Ub is symmetric, this does not imply that the state |Ψb〉 in Eq. (5.15) belongs
to the trivial SPT phase. This is only the case if Ub can additionally be expressed as a FDQC composed of
symmetric local unitaries.

3We note that the manifold admits a spin structure. This is always true for orientable 3-manifolds.
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Figure 5.4: Our model for a fSPT phase is defined on a Hilbert space with G d.o.f. on the
vertices of a triangulation of M and a single spinless complex fermion at the center of each
tetrahedron.

side of the face f :

Sf ≡ (−1)f(E)iγL(f)γ
′
R(f). (5.17)

Here, L(f) and R(f) are the tetrahedra neighboring f such that the orientation of f points

out of the tetrahedron L(f) and into the tetrahedron R(f) (see Fig. 5.5). f(E) ∈ {0, 1}
corresponds to a choice of spin-structure and is determined by the branching structure of

the triangulation of M . We refer to Appendix 5.E and Ref. [172] for the explicit form of

f(E). As before, the G symmetry is represented with the regular representation, and here

the global fermion parity symmetry is generated by
∏

t Pt.

The supercohomology models are built from a Hamiltonian belonging to a trivial fSPT

phase - namely, an atomic insulator with a decoupled G-paramagnet. The trivial fSPT

Hamiltonian is explicitly:

HG
AI ≡ −

∑
t

Pt −
∑
v

Pv. (5.18)

The ground state |ΨG
AI〉 of HG

AI is a product state with zero fermion occupancy at each
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Figure 5.5: The orientation of a face f (red vector) is determined by the branching structure.
The orientation of f points out of the tetrahedron L(f) and into the tetrahedron R(f). The
hopping operator Sf acts with γ on the complex fermion Hilbert space at L(f) and γ′ on
the site at R(f).

tetrahedron and a symmetric state at each vertex.

Given a choice of supercohomology data (ρ, ν), we prepare the supercohomology model

from HG
AI by conjugation with the FDQC Uf :

Uf ≡
∏
t

e2πiOtν̂(t)ξρ̄(M)
∏
f

S
ρ̂(f)
f

∏
t

P
∫
ρ̂∪2t

t . (5.19)

Let us unpack the notation used in the definition of Uf . First of all, the ν̂(t) term is

analogous to the FDQC Ub in Section 5.2.2, tensored with the identity on the fermionic

d.o.f.. Second, the product over hopping operators in Eq. (5.19) depends on a choice of

ordering for the faces f ∈ M , since not all hopping operators commute. However, ξρ̄(M) is

an order dependent sign that compensates for the choice of ordering. Therefore, in the end,

the FDQC is independent of the choice of ordering for the faces in M . We give the explicit
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form of ξρ̄(M) in Section 5.4.4.4 ρ̂(f) is the ρ-dependent operator:

ρ̂(〈123〉) ≡
∑
{gv}

ρ(1, g1, g2, g3)|{gv}〉〈{gv}|, (5.20)

for an arbitrary face 〈123〉 and implicitly tensored with the identity on the fermionic d.o.f..

Finally, for a tetrahedron t = 〈1234〉,
∫
ρ̂ ∪2 t is shorthand for:

∫
ρ̂ ∪2 t = ρ̂(〈123〉) + ρ̂(〈134〉). (5.21)

The exactly-solvable fermionic Hamiltonian produced by conjugating HG
AI by Uf is thus:

Hf ≡ UfHG
AIU †f , (5.22)

which has the unique ground state |Ψf〉:

|Ψf〉 ≡ Uf |ΨG
AI〉. (5.23)

Hf describes a system in a G × Zf2 fermionic SPT phase, because (i) Hf is symmetric

and (ii) it has a unique, SRE ground state [Eq. (5.23)]. The Hamiltonian in Eq. (5.22) is

symmetric, since both HG
AI and Uf are invariant under the symmetry – we argue that Uf is

symmetric in Section 5.4.4.5 The ground state is unique and SRE, because Hf is unitarily

equivalent to a trivial fSPT Hamiltonian with a unique ground state and the unitary is a

FDQC.

Most importantly, Hf belongs to the fSPT phase characterized by the corresponding su-

percohomology data (ρ, ν). We show this in Section 5.4.4, by gauging the fermion parity

symmetry of Hf . This results in a G-symmetry-enriched Z2 gauge theory, where the G sym-

4We note that while ξρ̄(M) depends on a global ordering of the faces in M , it can nonetheless be
implemented by a FDQC. This can be seen from the derivation of ξρ̄(M) in Appendix 5.G.2.

5Although Uf is symmetric, it cannot be decomposed into a FDQC comprised of symmetric local unitaries.
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metry fractionalizes on the fermion parity flux loops, as determined by ρ. The appropriate

responses to G-symmetry defects follow from the bosonic, group cohomology case.

We can gain intuition for the fSPT Hamiltonian by inserting the right hand side of

Eq (5.18) into the expression for Hf :

Hf = −
∑
t

(
UfPtU †f

)
−
∑
v

(
UfPvU †f

)
. (5.24)

By commuting the hopping operators of Uf past the parity operator Pt and using that δρ = 0,

the tetrahedron terms become:

−
∑
t

(
UfPtU †f

)
= −

∑
t=〈1234〉

(−1)ρ(g1,g2,g3,g4)Pt. (5.25)

In the ground state, the fermion occupancy depends on the {gv}-configuration. For a {gv}-
configuration |{gv}〉, it is energetically preferable for the fermion occupancy at the tetra-

hedron 〈1234〉 to be equal to ρ(g1, g2, g3, g4). In this way, complex fermions are bound to

junctions of symmetry domains. The vertex terms of Hf , on the other hand:

−
∑
v

(
UfPvU †f

)
, (5.26)

are more difficult to compute, in general. Heuristically, they fluctuate the G d.o.f. and

create, move, and annihilate fermions without affecting the tetrahedron terms in Eq. (5.25).

The ground state is thus a weighted superposition of {gv}-configurations with the fermion

occupancy at each tetrahedron 〈1234〉 equal to ρ(g1, g2, g3, g4). This is in agreement with the

fixed point wave functions in Ref. [129].

Stacking rules for supercohomology phases

Having defined the models, we can now deduce the stacking rules for supercohomology

phases. We recall that two states can be stacked by taking the tensor product. Given two
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Figure 5.6: In the case of Gf = Zf2 , the construction of a fermionic model starts with a
model for a certain Z2 1-form SPT phase. We then gauge the Z2 1-form symmetry to obtain
a twisted toric code. Lastly, we fermionize the twisted toric code, and the result is a model
for an atomic insulator.

G-SPT states |ΨSPT1〉 and |ΨSPT2〉, the stacked state |ΨSPT1〉 ⊗ |ΨSPT2〉 also belongs to a

G-SPT phase. Thus, the stacking of G-SPT states induces an operation � at the level of

the SPT phases.

In Ref. [167], it was argued that the stacking operation � on SPT phases can be deter-

mined from the composition of FDQCs. To state the result from Ref. [167], we define USPT1

and USPT2 to be symmetric FDQCs that prepare the G-SPT states |ΨSPT1〉 and |ΨSPT2〉, re-

spectively, from a symmetric product state. According to Ref. [167], if |ΨSPT1〉 and |ΨSPT2〉
belong to the same Hilbert space, then the composition of the FDQCs USPT1 and USPT2

prepares a state belonging to the same G-SPT phase as |ΨSPT1〉 ⊗ |ΨSPT2〉.
With this, we determine the group law under stacking for (3 + 1)D supercohomology

phases by composing the FDQCs Uf defined in Eq. (5.19). Given two sets of supercohomology

data (ρ, ν) and (ρ′, ν ′) both characterizing fSPT phases with a G×Zf2 symmetry, we consider

stacking the ground states of the corresponding supercohomology models, denoted by |Ψρν
f 〉

and |Ψρ′ν′

f 〉, respectively. The result from Ref. [167] tells us that the stacked state |Ψρν
f 〉 ⊗

|Ψρ′ν′

f 〉 belongs to the same phase as the state prepared by applying Uρ′ν′f Uρνf to a symmetric

product state. Here, Uρνf and Uρ′ν′f are the FDQCs from Eq. (5.19) that prepare |Ψρν
f 〉 and

|Ψρ′ν′

f 〉 from an unentangled symmetric state, respectively. In Appendix 5.G.3, we show

that the composition Uρ′ν′f Uρνf is equivalent to a FDQC Uρ′′ν′′f corresponding to a set of
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supercohomology data (ρ′′, ν ′′):

(ρ′′, ν ′′) = (ρ+ ρ′, ν + ν ′ +
1

2
ρ ∪2 ρ

′). (5.27)

Therefore, at the level of the supercohomology data, the stacking operation � is:

(ρ, ν) � (ρ′, ν ′) = (ρ+ ρ′, ν + ν ′ +
1

2
ρ ∪2 ρ

′), (5.28)

in agreement with Ref. [126].

5.3 Bulk construction: Gf = Zf2

We begin by illustrating our construction of exactly-solvable models for fSPT phases in the

simplest possible case – for fSPT phases protected by only fermion parity symmetry Zf2 .

While the resulting fSPT model is trivial (an atomic insulator), we nonetheless find this

example instructive in demonstrating the general strategy. Moreover, we use this as an

opportunity to introduce notation used throughout the chapter.

To start, we describe a model for a certain bosonic SPT phase protected by a Z2 1-form

symmetry in (3+1)D. The special property of this bosonic SPT is that, upon gauging the Z2

1-form symmetry, we obtain a Z2 gauge theory with an emergent fermion. We refer to this

Z2 gauge theory as the twisted toric code. In the final step, we employ the fermionization

duality of Ref. [15] to map the twisted toric code to a model with a fundamental fermion.

The construction is shown schematically in Fig. 5.6, for the case of Gf = Zf2 .

5.3.1 1-form SPT and notation

SPT phases protected by higher form symmetries, including 1-form symmetries, were first

introduced in Ref. [173]. Subsequently, fixed point Hamiltonians for 1-form SPT phases were

described in detail in Refs. [74] and [79]. We note that the Hamiltonian discussed in this

section agrees with the model in Ref. [79] and is closely related to the Z2 × Z2 1-form SPT
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Figure 5.7: The 1-form SPT model is defined on a triangulation where each edge hosts a
Z2 d.o.f. (represented by a circle). A state in the configuration basis is given by a value
ae ∈ {0, 1} chosen for each edge e. We have suppressed the branching structure for clarity.

model of Ref. [74].6

Our model for a nontrivial Z2 1-form SPT phase can be defined on an arbitrary triangu-

lation of an oriented closed 3-manifold M equipped with a branching structure, as described

in Section 5.2.2. We define a Hilbert space on M using the triangulation of the manifold –

at each edge of the triangulation, we place a single Z2 degree of freedom. Correspondingly,

a basis for the Hilbert space at edge e is given by states |ae〉 with ae valued in {0, 1}. The

Pauli Z and Pauli X operators at each e act as:

Ze|ae〉 = (−1)ae|ae〉, Xe|ae〉 = |ae + 1〉, (5.29)

where addition is taken modulo 2. A basis for the total Hilbert space consists of states |{ae}〉
labeled by configurations {ae} (Fig. 5.7). Here, the state |{ae}〉 denotes a product state with

the d.o.f. at edge e in the state |ae〉.

The Z2 1-form symmetry acts on closed codimension-1 submanifolds of the dual lattice.

In particular, we represent the symmetry action on a closed surface Σ of the dual lattice

6Specifically, our model is equivalent to the model in Ref. [74] on a four-colorable triangulation and upon
restricting to the diagonal Z2 of the Z2 × Z2 symmetry.
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Figure 5.8: The 1-form symmetry operators act on closed surfaces in the dual lattice. Pauli
X operators are applied to each edge intersected by the surface. The figure shows a surface
Σ (blue) that encloses a single vertex.

with the operator:

AΣ ≡
∏
e⊥Σ

Xe, (5.30)

where the product is over edges intersected by the surface Σ (see Fig. 5.8).

We construct our model for the nontrivial SPT phase starting with a Hamiltonian for a

Z2 1-form paramagnet. The Hamiltonian for the 1-form paramagnet is given by:

H0 = −
∑
e

Xe. (5.31)

H0 is certainly symmetric, as it commutes with AΣ for every surface Σ of the dual lattice.

Further, the unique ground state of H0 is a product state with the +1 eigenstate of Xe at

each edge e. This state can be expressed in the configuration basis as:

|Ψ0〉 ≡
∑
{ae}

|{ae}〉, (5.32)

with the sum over all configurations {ae}.
Now, our model for the nontrivial Z2 1-form SPT phase is built from the 1-form param-
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agnet in Eq. (5.31) by conjugation with the FDQC:

U1 ≡
∑
{ae}

∏
t=〈1234〉

(−1)a12(a23+a34+a24)|{ae}〉〈{ae}|. (5.33)

Specifically, the Hamiltonian of the nontrivial Z2 1-form SPT model is:

H1 ≡ U1H0U †1 = −
∑
e

U1XeU †1 . (5.34)

Indeed, H1 describes a nontrivial Z2 1-form SPT phase. In the next section, we show this by

gauging the 1-form symmetry. The 1-form paramagnet H0 is mapped to a Z2 gauge theory

with an emergent boson - the usual 3D toric code, while H1 is mapped to a Z2 gauge theory

with an emergent fermion - a “twisted toric code”.

For now, we note that the model in Eq. (5.34) is symmetric and exactly solvable. In

Appendix 5.B, we show that U1 is symmetric under the Z2 1-form symmetry. Consequently,

H1 is also symmetric. Furthermore, the model is exactly solvable, since by construction, the

terms in H1 are mutually commuting and unfrustrated. The unique ground state is then

expressly:

|Ψ1〉 ≡ U1|Ψ0〉 =
∑
{ae}

∏
t=〈1234〉

(−1)a12(a23+a34+a24)|{ae}〉. (5.35)

To further motivate this model, we recount the spacetime construction of the Z2 1-form

SPT phase in Ref. [79]. We consider a partition function for the SPT phase on the cone of M ,

denoted CM , which is the (3+1)D spacetime formed by connecting a single spacetime vertex

to each vertex of the closed manifold M as shown in Fig. 5.9. This produces a manifold

with a boundary equal to M . We refer to the edges connected to the additional spacetime

point as “time-like” edges and extend the branching structure so that the time-like edges

have an orientation pointing away from the additional spacetime vertex. Then, the partition
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Figure 5.9: The cone of M is constructed by connecting the vertices of M to an additional
spacetime point labeled by 0. A tetrahedron of the spatial manifold M is shown in black.
The time-like edges (orange) are oriented away from the 0 vertex. The 1-form SPT partition
function is defined on CM with Z2 d.o.f. on the time-like edges (orange circles). Due to the
re-triangulation invariance of the partition function, a01, a02, and a03 can be set to 0.

function for the 1-form SPT model is [79]:7

Z1 =
∑
{ae}

∏
〈01234〉

(−1)(a01+a12+a02)(a23+a34+a24), (5.36)

with the product over spacetime 4-simplices. The amplitude for a fixed configuration {ae}:

Ψ1({ae}) ≡
∏
〈01234〉

(−1)(a01+a12+a02)(a23+a34+a24), (5.37)

is topological in the sense that it is invariant under re-triangulations of the spacetime man-

ifold. Through re-triangulations, it can be seen that the values of ae on the time-like edges

do not affect the amplitude. Therefore, we may set their value to 0, for simplicity. As a

7Using notation introduced later in the chapter, the expression:

(a01 + a12 + a02)(a23 + a34 + a24),

can be written as δae ∪ δae(〈01234〉). δae ∪ δae is a nontrivial Z2 1-form cocycle that has been pulled back
to CM .
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result, the amplitude for a configuration {ae} on M reduces to:

Ψ1({ae}) ≡
∏

t=〈1234〉

(−1)a12(a23+a34+a24), (5.38)

where the product is over tetrahedra t = 〈1234〉 on the boundary of CM . This gives the am-

plitude Ψ1({ae}) for a wave function on M with the configuration {ae}, as in Eq. (5.35). We

remark that this construction parallels the approach for building 0-form SPT Hamiltonians

in Ref. [49].

Z2 cohomology on M

At this point, we find it convenient to introduce the language of Z2 cohomology on M . The

cohomology notation allows for compact expressions and, in our opinion, more transparent

calculations. Here, we only describe the necessary ingredients, and we leave a more thorough

summary to Appendix 5.A.2. In the process of introducing concepts from Z2 cohomology on

M , we re-express the 1-form SPT model using the corresponding notation. In particular, we

aim to write H1 in an explicit form.

To begin, we define a p-cochain as a linear, Z2-valued function of p-simplices in M . For

example, we can consider the 1-cochain e defined by:

e(e′) =

1 e′ = e

0 otherwise.

(5.39)

In words, e evaluates to 1 on the edge e and 0 on all other edges. More general 1-cochains

can be formed from linear combinations of 1-cochains of the form in Eq. (5.39). Specifically,

for each configuration {ae} we can define a corresponding 1-cochain ae as:

ae ≡
∑
e

aee. (5.40)
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Evaluating ae on an edge e′ gives:

ae(e
′) =

∑
e

aee(e′) = ae′ . (5.41)

Given the correspondence between 1-cochains and configurations {ae} in Eq. (5.40), we

can label a configuration state |{ae}〉 by the 1-cochain ae:

|{ae}〉 → |ae〉. (5.42)

In this notation, a Pauli Z operator at edge e′ acts on the state |ae〉 as:

Ze′ |ae〉 = (−1)ae(e
′)|ae〉, (5.43)

and an Xe′ operator acts as:

Xe′ |ae〉 = |ae + e′〉. (5.44)

Moreover, the action of the 1-form symmetry operator AΣ on a configuration state is:

AΣ|ae〉 =
∏
e⊥Σ

Xe|ae〉 = |ae +
∑
e⊥Σ

e〉 = |ae + Σ〉, (5.45)

where we have defined the 1-cochain Σ as:

Σ ≡
∑
e⊥Σ

e. (5.46)

Next, we introduce the coboundary operator δ, which is a linear map taking p-cochains

to (p+ 1)-cochains. Specifically, it maps a p-cochain c to the (p+ 1)-cochain δc for which:

δc(s) = c(∂s), (5.47)
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where s is any (p+1)-simplex and ∂s denotes a formal sum of p-simplices in the boundary of

s. Simply put, the (p+ 1)-cochain δc is evaluated on a (p+ 1)-simplex s by evaluating c on

the boundary components of s. The coboundary of ae, for example, is a 2-cochain satisfying:

δae(〈123〉) = ae(〈12〉+ 〈23〉+ 〈13〉) (5.48)

= ae(〈12〉) + ae(〈23〉) + ae(〈13〉)

= a12 + a23 + a13,

for a face 〈123〉.

If the coboundary of a p-cochain is 0, we call the p-cochain closed. The 1-cochain Σ in

Eq. (5.46) is closed, i.e.:

δΣ = 0. (5.49)

This is because Σ is a closed surface of the dual lattice. As such, for any face f , the boundary

of f contains an even number of edges intersected by Σ.

Further, we define the cup product ∪. The cup product maps a p-cochain c and a q-

cochain d to a (p + q)-cochain c ∪ d. Specifically, c ∪ d evaluated on a (p + q)-simplex

〈0, . . . , p+ q〉 is:

c ∪ d(〈0, . . . , p+ q〉) = c(〈0, . . . , p〉)d(〈p, . . . , p+ q〉). (5.50)

c is evaluated on the p-simplex formed by the first p + 1 vertices, while d is evaluated on

q-simplex formed by the last q + 1 vertices.

A suggestive example of the cup product comes from considering ae ∪ δae. ae ∪ δae
evaluated on a tetrahedron 〈1234〉 gives:

ae ∪ δae(〈1234〉) = ae(〈12〉)δae(〈234〉) = a12(a23 + a34 + a24). (5.51)
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Referring to Eq. (5.33), we see that the FDQC U1 can be written as:

U1 =
∑
ae

∏
t

(−1)ae∪δae(t)|ae〉〈ae|, (5.52)

with the sum over all 1-cochains.

To simplify the notation, we use the shorthand:

∫
N

c ≡
∑
s∈N

c(s), (5.53)

where c is a p-cochain, N is a p-dimensional manifold, and the sum is over p-simplices s in

N . Throughout the text, unless specified otherwise, it should be assumed that the integral

is over the manifold M . In particular, we can make the replacement:

∫
ae ∪ δae =

∑
t∈M

ae ∪ δae(t). (5.54)

With this, the circuit U1 is:

U1 =
∑
ae

(−1)
∫
ae∪δae|ae〉〈ae|, (5.55)

and the ground state in Eq. (5.35) is:

|Ψ1〉 =
∑
ae

(−1)
∫
ae∪δae|ae〉. (5.56)

Lastly, we introduce the cup-1 product ∪1. Although abstract, the cup-1 product allows

for a convenient form of the Hamiltonian H1 and is key to our analysis of the twisted toric

code in the subsequent section. The cup-1 product takes a p-cochain c and a q-cochain d to a

(p+q−1)-cochain c∪1d. Explicitly, c∪1d evaluated on a (p+q−1)-simplex 〈0, . . . , p+q−1〉
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Figure 5.10: Pictured above is an example of a term in H1 associated to an edge e with three
tetrahedra meeting at e. The operator acts with Xe on e (blue) and with Pauli Z operators
on edges nearby (shown in red). The placement of the Pauli Z operators depends on the
branching structure through the exponent

∫
f ∪1 δe.

is:

c ∪1 d(〈0, . . . , p+ q − 1〉) =

p−1∑
i=0

c(〈0, . . . , i, q + i, . . . , p+ q − 1〉)d(〈i, ..., q + i〉). (5.57)

A useful example, relevant to our expression for H1, is the cup-1 product of f and δe.

Here, f is the 2-cochain that evaluates to 1 on the face f and 0 for all other faces:

f(f ′) =

1 f ′ = f

0 otherwise.

(5.58)

The 3-cochain f ∪1 δe evaluated on a tetrahedron 〈1234〉 is [using Eq. (5.57)]:

f ∪1 δe(〈1234〉) = f(〈134〉)δe(〈123〉) + f(〈124〉)δe(〈234〉). (5.59)

Now, with the notation from Z2 cohomology on M , we can express H1 in Eq. (5.34) in a
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compact form. In Appendix 5.B, we show that:

H1 = −
∑
e

(
Xe

∏
f

W
∫
f∪1δe

f

)
. (5.60)

Above, we have used Wf to denote the product of Ze around the face f :

Wf ≡
∏
e⊂f

Ze. (5.61)

While the product in Eq. (5.60) is over all faces in M , the Hamiltonian is indeed local. This

is because f ∪1 δe(t) = 0, if the face f and edge e do not both belong to the tetrahedron

t. Heuristically, Xe is “dressed” with loops of Pauli Z operators around certain faces near e

[Fig. 5.10].

5.3.2 Twisted toric code

The twisted toric code is constructed from H1 in Eq. (5.60) by gauging the Z2 1-form sym-

metry. In this section, we provide a physical description of the gauging procedure following

the steps outlined in Ref. [71]. After gauging the 1-form symmetry of H1, we show that the

resulting twisted toric code admits localized excitations with fermionic statistics.

The prescription for gauging a Z2 0-form symmetry in Ref. [71] naturally generalizes to

gauging a Z2 1-form symmetry. In particular, the 1-form symmetry is gauged according to

the following steps.

1. We introduce Z2 d.o.f. on faces corresponding to 2-form gauge fields. We denote the

Pauli Z and Pauli X operators at the face f by Zf and Xf , respectively.

2. We impose a gauge constraint at each edge e:

Xe

∏
f⊃e

Xf = 1, (5.62)
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where the product is over faces containing e. This constraint can be interpreted as a

1-form Gauss law. We note that the operator Xe

∏
f⊃eXf defines a local action of the

1-form symmetry. That is, a product of Xe

∏
f⊃eXf over edges intersected by a closed

surface Σ in the dual lattice yields the 1-form symmetry operator AΣ.

3. To make coupling to the gauge field in the subsequent step unambiguous, we energet-

ically enforce a “no flux condition”. The point-like 1-form gauge flux can be detected

by the operator Wt, where Wt is a product of Zf operators around a tetrahedron t:

Wt ≡
∏
f⊂t

Zf . (5.63)

Therefore, the no flux condition is enforced by adding to the Hamiltonian the term:

−
∑
t

Wt. (5.64)

In addition, we conjugate each Hamiltonian term by a local projector onto the zero flux

subspace in the vicinity of the term. That is, for a Hamiltonian term whose support8

is contained in the bounded region R, we conjugate by a projector:

P0-flux
R ≡

∏
t∈R

(1 +Wt)

2
, (5.65)

where the product is over tetrahedra in R.

4. We then minimally couple the Z2 1-form symmetric model to the gauge fields, so as to

make the model invariant under the gauge constraint. In particular, Wf is coupled to

the gauge field as:

Wf → WfZf . (5.66)

8The support of an operator is the set of sites on which the operator acts non-identically.
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5. We fix a gauge by mapping gauge invariant states to representative states in which

the eigenvalue of Ze is 1 at every edge e9. This gauge fixed Hilbert space is equivalent

to a Hilbert space with only the gauge field d.o.f. on the faces. The action of Xe

on gauge invariant states is replaced by
∏

f⊃eXf after fixing the gauge, and WfZf in

Eq. (5.66) becomes equivalent to Zf in the gauge fixed Hilbert space. Therefore, the

gauge invariant operators Xe and WfZf are mapped according to:

Xe →
∏
f⊃e

Xf , WfZf → Zf . (5.68)

We remark that, operationally, the gauging procedure is equivalent to a certain operator

duality. In particular, the duality maps the 1-form symmetric operators Xe and Wf according

to:

Xe →
∏
f⊃e

Xf , Wf → Zf . (5.69)

We have summarized the corresponding operator duality in Table 5.1.

As a result of applying steps 1-5 above to our model for the nontrivial 1-form SPT

phase, we obtain the twisted toric code. The twisted toric code is defined on a Hilbert space

composed of Z2 d.o.f. attached to each face of the triangulation of M (Fig. 5.11). Further,

a basis for the Hilbert space is given by the product states |{af}〉, where the state at the

face f is |af〉 (with af ∈ {0, 1}). In analogy to Eq. (5.42), a configuration state |{af}〉 can

9More precisely, we can form an over-complete basis for the gauge invariant Hilbert space by projecting
configuration basis states to the gauge invariant subspace with the operator:

∏
e

1 +Xe

∏
f⊃e

Xf

 . (5.67)

Each gauge invariant state in this (over-complete) basis is a superposition of configuration states and includes
exactly one state for which the eigenvalue of Ze is 1 at every edge. By gauge fixing, we mean that the over-
complete basis states are mapped to the “representative” state with the eigenvalue of Ze equal to 1 at each
edge. The representative states form a basis for the gauge fixed Hilbert space.
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Model with Z2 Model with dual Z2

1-form symmetry 1-form symmetry

Xe

∏
f⊃e

Xf

Wf =
∏
e⊂f

Ze Zf

AΣ =
∏
e⊥Σ

Xe, δΣ = 0 1

1 Mσ =
∏
f⊂σ

Zf , ∂σ = 0

Table 5.1: In the process of gauging the 1-form symmetry, the generators of local, 1-form
symmetric operators are mapped according to the duality above. The symmetry operators
AΣ are mapped to the identity in the dual theory. The system on the right-hand side has a
Z2 1-form symmetry, generated by membrane operators Mσ, where σ is a closed 2D surface
on the direct lattice.

be labeled by a 2-cochain af :

af ≡
∑
f

aff . (5.70)

With this notation, the Pauli Z and Pauli X operators acting on the face f ′ can be written

as:

Zf ′|af〉 = (−1)af (f ′)|af〉, Xf ′ |af〉 = |af + f ′〉. (5.71)

By gauging the 1-form symmetry of H1 [Eq. (5.60)], we find the twisted toric code Hamil-

tonian:

Httc ≡ −
∑
e

Ḡe −
∑
t

Wt, (5.72)
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Figure 5.11: We define the twisted toric code on a triangulation with Z2 d.o.f. at each face
(represented by a circle). A configuration state is given by a value af ∈ {0, 1} chosen for
each face f .

where Ḡe is:

Ḡe ≡
∏
f⊃e

Xf

∏
f

Z
∫
f∪1δe

f . (5.73)

An example of the term Ḡe is shown in Fig 5.12. For simplicity, we have omitted the local

projectors from step 3 of the gauging procedure. They do not affect the discussion in this

section. The terms of Httc are all mutually commuting, since the gauging procedure preserves

the commutation relations. We show in Appendix 5.C that a ground state of the model is:

|Ψttc〉 ≡
∑
ae

(−1)
∫
ae∪δae|δae〉. (5.74)

Note that while the expression for |Ψttc〉 has a sum over 1-cochains ae, there are no d.o.f.

on the edges. Rather, by summing over 1-cochains ae, |Ψttc〉 is a ground state of Httc with

trivial holonomy.
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Figure 5.12: An example of Ḡe for the edge e (dashed line) is shown above. Pauli X operators
act on the faces (shaded blue) adjoined at e and Pauli Z operators (shaded red) act on nearby
faces according to

∫
f ∪1 δe.

Excitations in the twisted toric code

There are two types of excitations of the twisted toric code. The first, is a line-like Z2 1-form

gauge charge corresponding to violations of the edge terms Ḡe. A small loop of gauge charge

around the face f is created by acting with the face operator Zf . A larger loop of gauge

charge can be created by acting with Zf on all faces contained in a 2D membrane σ of the

direct lattice:

Mσ ≡
∏
f⊂σ

Zf . (5.75)

We think of the gauge charge as lying along the boundary of σ, since the membrane operator

Mσ anti-commutes with the edge terms Ḡe for which e is in the boundary of σ.

The second type of excitation of Httc is a point-like Z2 1-form gauge flux corresponding

to a violation of a Wt term. A pair of gauge fluxes can be created at neighboring tetrahedra
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Figure 5.13: The operator Ūf applies a Pauli X operator at f (blue) and Pauli Z operators
on certain faces of the neighboring tetrahedra (red). For a tetrahedron t = 〈1234〉, the cup-1
product of f and f ′ evaluates to f ∪1 f

′(t) = f(〈134〉)f ′(〈123〉) + f(〈124〉)f ′(〈234〉). In
the figure above, f is the 〈124〉 face of the tetrahedron 〈1234〉 on the right. Thus, Ūf applies
a Pauli Z to f ′ = 〈234〉.

by the short string operator:10

Ūf ≡ Xf

∏
f ′

Z
∫
f∪1f

′

f ′
, (5.76)

pictured in Fig. 5.13. Ūf anticommutes with the tetrahedron terms Wt on either side of the

face f . Thus, we interpret the gauge fluxes as living at the centers of tetrahedra. The Pauli

Z operators in Eq. (5.76) ensure that for any f and any e, Ūf commutes with Ḡe. The short

string operators satisfy the commutation relations [166]:

Ūf Ūf ′ = (−1)
∫

(f ′∪1f+f∪1f
′)Ūf ′Ūf , (5.77)

for any faces f and f ′.

Longer string operators can be formed by composing the short string operators in

10To avoid confusion with the operator Uf ≡ Xf

∏
f ′ Z

∫
f ′∪1f

f ′ in Ref. [166], we use Ūf .
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Figure 5.14: The paths p, p′, and p′′ share a single common endpoint b inside of a tetrahe-
dron t. Furthermore, the paths intersect distinct faces of t. Other details of the paths are
unimportant in the computation of the statistics of the gauge fluxes.

Eq. (5.76). However, a simple product of Ūf operators along a path p in the dual lattice is

ambiguous. This is because, given the commutation relations in Eq. (5.77), a product of Ūf

operators is generically order dependent. To remove the ambiguity, we define the following

notation. For any set F of faces, we define an order independent product of Ūf by:

∏
f∈F

Ūf ≡
∏
f∈F

(∏
f ′

Z
∫
f∪1f

′

f ′

)∏
f∈F

Xf . (5.78)

Here, all of the Pauli Z operators from the definition of Ūf appear to the left of the Pauli X

operators. We can then unambiguously define a gauge flux string operator Sp along a path

p in the dual lattice by:

Sp ≡
∏
f∈F⊥p

Ūf , (5.79)

where F⊥p denotes the set of faces intersected by p.

Remarkably, the gauge fluxes are emergent fermions. To see this, we use the methods
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developed in Refs. [135] and [174] for computing the statistics of anyons from microscopic

models. We consider three paths p, p′, and p′′ along the dual lattice sharing a common

endpoint, as in Fig. 5.14. The statistics of the gauge fluxes can be deduced by comparing

the product SpSp′Sp′′ to Sp′′Sp′Sp.
To gain intuition for this comparison, we imagine gauge fluxes at a and b in Fig. 5.14.

In the first process SpSp′Sp′′ , the gauge flux at b is moved to c and the gauge flux at a is

moved to d. Whereas, in the second process Sp′′Sp′Sp, the gauge flux at b is moved to d

and the gauge flux at a is moved to c. The final configurations of the gauge fluxes differ

by an interchange of the position of the gauge fluxes. Consequently, the difference between

SpSp′Sp′′ and Sp′′Sp′Sp determines the statistics of the gauge fluxes.

It can be shown that the gauge flux string operator satisfies:

SpSp′Sp′′ = −Sp′′Sp′Sp. (5.80)

This follows from an explicit computation using the commutation relations of the operators

Ūf in Eq. (5.77).11 Therefore, the gauge fluxes are emergent fermions. We note that this is

equivalent to saying that the twisted toric code has an anomalous Z2 2-form symmetry [133,

166]. The 2-form symmetry, which, by definition, acts on closed codimension-2 subspaces, is

generated by loops of the emergent fermion string operator. It is called anomalous, simply

because the gauge fluxes have fermionic statistics.

Before leveraging our understanding of the twisted toric code to construct a model of

physical fermions, we would like to point out that the emergent fermion string operator is

not unique. In fact, we can define an alternative emergent fermion string operator built from

the short segments:

Ũf ≡ ŪfWR(f), (5.81)

11More precisely, this can be checked by explicitly computing the sign for each possible intersection at a
tetrahedron. The sign for only four of the possible orientations of the tetrahedron needs to be verified, as
the others follow from symmetries of the calculation.
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Figure 5.15: The atomic insulator is defined on a Hilbert space with a single complex fermion
d.o.f. (yellow circle) at each tetrahedron. The operator algebra at the tetrahedron t = 〈1234〉
is generated by the Majorana operators γt and γ′t.

with R(f) denoting the tetrahedron neighboring f in the direction of the orientation of f

(see Fig. 5.5). The corresponding string operator along a path p in the dual lattice is:

S̃p ≡
∏
f∈F⊥p

Ūf
∏
f∈F⊥p

WR(f). (5.82)

An important observation moving forward is that Ḡe is equivalent to a small loop of S̃p
string around the edge e (see Appendix 5.D):

Ḡe = S̃pe , (5.83)

where the path pe intersects only the faces adjoined at e. Therefore, the Ḡe operators are

local generators of an anomalous Z2 2-form symmetry. Since Ḡe commutes with Httc, we see

explicitly that the twisted toric code has an anomalous 2-form symmetry.

5.3.3 Atomic insulator

The last step of our G = Zf2 example is to convert the twisted toric code into a model with

physical fermions. This can be accomplished by applying the (3+1)D fermionization duality
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introduced in Ref. [166], reviewed in Appendix 5.E. In this section, we instead opt to describe

the fermionization process in terms of fermion condensation [111,167]. That is, we construct

the fermionic model by pairing emergent fermions with physical fermions and condensing

the composite bosonic excitations. The fermion condensation procedure, described below,

can be interpreted as a generalization of Refs. [71] and [175] to gauging an anomalous 2-form

symmetry. Although an anomalous symmetry typically implies an obstruction to gauging

the symmetry, we bypass the obstruction by employing fermionic d.o.f. for the gauge fields.

Our prescription for fermion condensation starts by introducing a spinless complex

fermion d.o.f. at the center of each tetrahedron (Fig. 5.15). Thus, to prepare for the dis-

cussion of fermion condensation, we recall the notation for the operators on the fermionic

Hilbert space, defined in Section 5.2.3. The fermion parity operator at t is:

Pt = −iγtγ′t, (5.84)

and the hopping operator Sf across the face f is:

Sf = (−1)f(E)iγL(f)γ
′
R(f). (5.85)

L(f) and R(f) are defined below Eq. (5.17), and E is a formal sum of 2-simplices that

amounts to a choice of spin-structure; see Appendix 5.E for the explicit form of E.12 The

hopping operators satisfy the commutation relations:

SfSf ′ = (−1)
∫

(f ′∪1f+f∪1f
′)Sf ′Sf , (5.86)

which we note matches the commutation relations of Ūf in Eq. (5.77). Lastly, we define

an alternative hopping operator S̃f , instrumental for the fermion condensation prescription

12Note that every orientable 3-manifold admits a spin structure, so a choice of E is guaranteed.
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Figure 5.16: To condense the emergent fermion, we impose the gauge constraint Ũf S̃f = 1.
Acting on the vacuum, Ũf creates a pair of emergent fermions (red) and S̃f creates a pair
of physical fermions (yellow). The composite excitation (dashed blue circle) has bosonic
statistics, so it may be condensed. Heuristically, emergent fermions can be replaced with
physical fermions in the constrained Hilbert space.

below:

S̃f ≡ PL(f)Sf . (5.87)

With notation for the fermionic d.o.f. defined, we can describe the fermion condensation

procedure. Our procedure applies to any Hamiltonian with an emergent fermion created by

the string operator S̃p in Eq. (5.82). In other words, the fermion condensation procedure

applies to any Hamiltonian with an anomalous Z2 2-form symmetry locally represented by

the operators Ḡe. Fermion condensation then proceeds as follows.

1. We introduce a spinless complex fermion d.o.f. at each tetrahedron. In terms of gauging

the 2-form symmetry, the anomalous nature requires that the “3-form gauge fields” are

fermionic d.o.f..

2. We impose a gauge constraint:

Ũf S̃f = 1, (5.88)
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for each face f . This constraint enforces a proliferation (or condensation) of composite

excitations composed of an emergent fermion and a physical fermion. This is because

Ũf is a short segment of emergent fermion string operator [Eq. (5.82)], which creates

emergent fermions at the tetrahedra on either side of f , while S̃f creates physical

fermions at the corresponding tetrahedra (Fig. 5.16). Importantly, the constraints at

different faces commute, due to the matching commutation relations of Ũf and S̃f (see

Appendix 5.D). We note that the gauge constraint in Eq. (5.88) is a local action of the

Z2 anomalous 2-form symmetry, in the sense that the product of Ũf S̃f around an edge

returns Ḡe; this is guaranteed by the spin structure dependent sign in the definition of

the hopping operator.

3. To make the Hamiltonian gauge invariant, i.e., commute with the constraints in

Eq. (5.88), we couple the Hamiltonian to the fermionic d.o.f.. Since the Hamilto-

nian commutes with Ḡe, it can be expressed in terms of Ūf and Wt operators [166].

We couple Ūf operators and Wt operators to the gauge fields as:

Ūf → ŪfPL(f), Wt → WtPt. (5.89)

To avoid possible ambiguity, we require that the coupling preserves the locality of the

Hamiltonian. Any local, gauge invariant operators can be expressed in terms of the

operators ŪfPL(f) and WtPt.

4. We fix a gauge in which the eigenvalue of Zf is 1 at each face f . The action of ŪfPL(f)

on the constrained space is replaced by Sf in the gauge fixed Hilbert space.13 Further,

the gauge invariant operator WtPt becomes Pt after fixing the gauge. The generators

13This can be seen by multiplying ŪfPL(f) by Ũf S̃f = 1. We obtain:

ŪfPL(f) = ŪfPL(f)Ũf S̃f = ŪfPL(f)ŪfWR(f)PL(f)Sf = WR(f)Sf .

WR(f) acts as the identity in the fixed gauge.
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Model with Model with

emergent fermions even fermion parity

Ūf Sf

Wt =
∏

f⊂t Zf Pt

Ḡe 1

1
∏

t Pt

Table 5.2: Fermion condensation implements an operator duality, wherein operators describ-
ing a model with an emergent fermion (commute with Ḡe) are mapped to operators that
act on a fermionic Hilbert space and have even fermion parity (commute with

∏
t Pt). For

simplicity, we have only listed the local generators Ḡe of the anomalous 2-form symmetry.

of local, gauge invariant operators are thus mapped according to:

ŪfPL(f) → Sf , WtPt → Pt. (5.90)

The mapping in Eq. (5.90) produces a fermionic Hamiltonian defined on a Hilbert

space with a single spinless complex fermion d.o.f. at each tetrahedron, as depicted in

Fig. 5.15.

By condensing the emergent fermion in the twisted toric code, we obtain a model for

an atomic insulator. More specifically, applying the fermion condensation procedure to Httc

yields the atomic insulator Hamiltonian (Appendix 5.D):

HAI ≡ −
∑
t

Pt. (5.91)

This Hamiltonian has a unique ground state |ΨAI〉, a product state with zero fermion oc-

cupancy at each tetrahedron. Excitations are physical fermions, where Pt has eigenvalue

−1.

The process of gauging a non-anomalous symmetry, such as the 1-form symmetry in Sec-
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tion 5.3.2, can be stated as an operator duality [71]. Likewise, the fermion condensation

procedure can be implemented by a mapping of operators. We summarize the correspond-

ing duality in Table 5.2 and provide more details in Appendix 5.E. Notably, the duality

corresponding to fermion condensation maps:

Ūf → Sf , Wt → Pt. (5.92)

Combining Eqs. (5.89) and (5.90), we see that the duality is functionally the same as the

fermion condensation procedure outlined above.

5.4 Bulk construction: Gf = G× Zf2

We now generalize the discussion of Section 5.3 to construct fSPT models protected by

a Gf = G × Zf2 symmetry. In this case, we require a choice of supercohomology data

(ρ, ν). Therefore, before outlining the construction of the fSPT models, we first review

the supercohomology data (ρ, ν), and introduce corresponding cochains on the manifold

M . Then, we use the supercohomology data to build a 2-group SPT model, which, loosely

speaking is protected by an interdependent 1-form and 0-form symmetry. Next, we gauge the

1-form symmetry of the 2-group to obtain the so-called shadow model – a symmetry-enriched

twisted toric code. The shadow model is such that fermion condensation produces a model

for the fSPT phase corresponding to the supercohomology data (ρ, ν). The construction is

shown schematically in Fig. 5.1.

5.4.1 Supercohomology data on M

In Section 5.2.1, we introduced the supercohomology data (ρ, ν) as homogeneous functions:

ρ : G4 → Z2, ν : G5 → R/Z, (5.93)
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which, as group cochains, satisfy the relations:

δρ = 0, δν =
1

2
ρ ∪1 ρ. (5.94)

In what follows, we find it convenient to work with cochains on M – functions of simplices in

the triangulation of M . Therefore, in this section, we describe how functions of G variables,

can be pulled back to cochains on M .

We use the functions ρ̄, ρ̄h, and ν̄ as examples for describing the pull back of functions

to cochains on M . ρ̄, ρ̄h, and ν̄ are defined by:

ρ̄(g1, g2, g3) ≡ ρ(1, g1, g2, g3), (5.95)

ρ̄h(g1, g2) ≡ ρ(1, h−1, g1, g2), (5.96)

ν̄(g1, g2, g3, g4) ≡ ν(1, g1, g2, g3, g4), (5.97)

with 1 denoting the identity in G. The pull backs of these functions play an important role

in the construction of the supercohomology models below. We note that the functions are

not group cochains, since they fail to be homogeneous.

To define cochains on M , corresponding to ρ̄, ρ̄h, and ν̄, we assign an element of G to each

vertex in the triangulation of M . We refer to the set of G labels {gv} as a {gv}-configuration.

With G labels on the vertices of M , functions of Gp can be pulled back to p-cochains on M .

For each {gv}-configuration, we define the cochains ρ{gv}, ρ
h
{gv}, and ν{gv} on M satisfying:

ρ{gv}(〈123〉) ≡ ρ̄(g1, g2, g3), (5.98)

ρh{gv}(〈12〉) ≡ ρ̄h(g1, g2), (5.99)

ν{gv}(〈1234〉) ≡ ν̄(g1, g2, g3, g4), (5.100)

for an arbitrary face 〈123〉, edge 〈12〉, and tetrahedron 〈1234〉.

The Hamiltonians discussed below are defined on triangulated manifolds with a G d.o.f.
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at every vertex, such as in Figs. 5.3 and 5.4, and a set of basis states can be labeled by

{gv}-configurations. Hence, to simplify the notation in the construction of the supercoho-

mology models, we introduce diagonal operators for each {gv}-dependent cochain on M . The

operator associated to the {gv}-dependent p-cochain c{gv} and a p-simplex s is defined as:

ĉ(s) ≡
∑
{gv}

c{gv}(s)|{gv}〉〈{gv}|. (5.101)

The operators associated to ρ{gv}, ρ
h
{gv}, and ν{gv} are thus:

ρ̂(f) ≡
∑
{gv}

ρ{gv}(f)|{gv}〉〈{gv}| (5.102)

ρ̂
h
(e) ≡

∑
{gv}

ρh{gv}(e)|{gv}〉〈{gv}| (5.103)

ν̂(t) ≡
∑
{gv}

ν{gv}(t)|{gv}〉〈{gv}| (5.104)

for a choice of face f , edge e, and tetrahedron t. Unless otherwise stated, it should be

assumed that the operators are tensored with the identity on any other d.o.f. in the model.

The coboundary operator and cup products can naturally be extended to the operators

at the cochain level. For example, the coboundary of ρ̂ is the operator:14

δρ̂(t) =
∑
{gv}

δρ{gv}(t)|{gv}〉〈{gv}|, (5.105)

where t is an arbitrary tetrahedron. Similarly, the cup-1 product ρ̂ ∪1 f(t) should be inter-

14In fact, δρ̂ is equivalent to the operator ρ̂, corresponding to the cochain ρ{gv} and the function ρ in
the natural way. This follows from the coboundary relation in Eq. (5.94). We note that, although δρ{gv} is
indeed equal to ρ{gv}, this does not imply that ρ is a group coboundary. The equality holds for cochains on
M . Lacking homogeneity, ρ̄ is not a group cochain.
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Figure 5.17: The Hilbert space for the 2-group SPT model has G d.o.f. on vertices and Z2

d.o.f. on edges. We have labeled the states at the edges by the value of ae(e) = ae.

preted as:

ρ̂ ∪1 f =
∑
{gv}

ρ{gv} ∪1 f(t)|{gv}〉〈{gv}|. (5.106)

Using these operators we now build a Hamiltonian describing a certain 2-group SPT phase.

5.4.2 2-group SPT

In this section, we construct a model for a 2-group SPT phase, given a set of supercohomology

data (ρ, ν). The particular 2-group symmetry is dependent upon G and the group cochain ρ.

For simplicity, we describe the relevant 2-group symmetry in terms of its representation on a

lattice. More details on 2-groups including a formal definition can be found in Appendix K

of Ref. [76]. Our model for the 2-group SPT phase is based on a Euclidean spacetime picture

presented in Ref. [133], and we elaborate on the connection to this perspective at the end of

this section.

The model for the 2-group SPT phase is defined on a Hilbert space consisting of a Z2

d.o.f. at each edge and a G d.o.f. at each vertex of a triangulation of M (see Fig. 5.17). As

described in the previous section, a basis for the G d.o.f. is given by configuration states
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|{gv}〉, and as in section 5.3.1, a basis for the edge d.o.f. can be formed by states |ae〉 labeled

by Z2 1-cochains ae. Thus, we use the collection of states of the form |{gv},ae〉 as a basis

for the total Hilbert space.

The 2-group symmetry has both a Z2 1-form symmetry and a certain 0-form symmetry

parameterized by elements of G. Similar to Section 5.3.1, we represent the 1-form symmetry

using the operators:

AΣ =
∏
e⊥Σ

Xe, (5.107)

where the product is over edges intersected by the closed surface Σ on the dual lattice. The

action of the 1-form symmetry operator on a basis state is explicitly:

AΣ|{gv},ae〉 = |{gv},ae + Σ〉, (5.108)

for a closed 1-cochain Σ corresponding to Σ [see Eq. (5.45)].

We represent the 0-form symmetry action associated to h ∈ G as:

Vρ(h) ≡ V (h)
∏
e

X ρ̂
h

(e)
e . (5.109)

Here, V (h) acts by (left) group multiplication of h on the vertex d.o.f.:

V (h) ≡
∑
{gv},ae

|{hgv},ae〉〈{gv},ae|. (5.110)

Therefore, the action of the 0-form symmetry operator Vρ(h) on a basis state is:

Vρ(h)|{gv},ae〉 = |{hgv},ae + ρh{gv}〉. (5.111)

We now construct a model for an SPT phase protected by the 2-group symmetry gen-

erated by the operators in Eqs. (5.107) and (5.109). We start with the 1-form paramagnet
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Hamiltonian H0 in Section 5.3.1 and the decoupled G paramagnet HG from Section 5.2.2:

HG
0 ≡ H0 +HG. (5.112)

The 2-group SPT Hamiltonian is prepared from HG
0 by conjugation with the FDQC U2,

which is a composition of two FDQC:

U2 = U ′2U1. (5.113)

U1 is the FDQC from Section 5.3.1 – it prepares a 1-form SPT model from a 1-form param-

agnet:

U1 =
∑
{gv},ae

(−1)
∫
ae∪δae|{gv},ae〉〈{gv},ae|. (5.114)

U ′2 is a FDQC that couples the vertex d.o.f. to the edge d.o.f. and ensures that the model is

2-group symmetric. Explicitly, U ′2 is:

U ′2 ≡
∏
t

[
e2πiOt[ν̂(t)+ 1

2
ρ̂∪1ρ̂(t)]

∏
f⊂t

W
ρ̂∪1f(t)
f

]
. (5.115)

Here, the Ot is the orientation of each tetrahedron, defined in Fig. 5.2, the second product

is over the faces in the boundary of t, and Wf is given in Eq. (5.61) . The 2-group SPT

Hamiltonian H2 is thus:

H2 ≡ U2H
G
0 U †2 . (5.116)

In Appendix 5.F, we prove that H2 is indeed invariant under the 2-group symmetry operators

in Eqs. (5.107) and (5.109).

The important property of this 2-group SPT Hamiltonian is revealed after gauging the

1-form symmetry of the total 2-group symmetry. In the next section, we show that the re-
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maining 0-form G symmetry “fractionalizes” on the loop-like 1-form gauge charges according

to the group cochain ρ. This property is key to characterizing the fSPT phase that results

from this construction.

Before gauging the 1-form symmetry, however, we motivate the 2-group SPT model

from the spacetime construction in Ref. [133]. The spacetime model is defined on CM , the

cone of the closed 3-manifold M . We orient the time-like edges, those connected to the

additional spacetime point, towards the vertices of M (Fig. 5.9). We also place a G d.o.f.

on the additional spacetime point of CM as well as a Z2 d.o.f. on each time-like edge. The

partition function for the 2-group SPT phase is taken to be:

Z2 ≡
∑
{gv},ae

∏
∆4

e2πiO∆4
α{gv}(∆4), (5.117)

where the product is over 4-simplices ∆4, and α{gv} is a certain {gv}-dependent R/Z valued

cochain on M . In particular, α{gv} is defined in terms of the supercohomology data (ρ, ν) as:

α{gv} ≡ ν{gv} +
1

2
ρ{gv} ∪1 ε{gv} +

1

2
ε{gv} ∪ ε{gv}. (5.118)

To define α{gv}, we have introduced the cochains ρ{gv}, ν{gv}, and ε{gv}. ρ{gv} is the Z2

3-cochain given by:

ρ{gv}(〈0123〉) ≡ ρ(g0, g1, g2, g3), (5.119)

for any 3-simplex 〈0123〉, and ν{gv} is the R/Z valued 4-cochain:

ν{gv}(〈01234〉) ≡ ν(g0, g1, g2, g3, g4), (5.120)

where 〈01234〉 is an arbitrary 4-simplex. Lastly, ε{gv} denotes the 2-cochain:

ε{gv} ≡ ρ{gv} + δae. (5.121)
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As elaborated on in Appendix K of Ref. [76], α{gv} is the pullback of a 2-group cocycle [133]:

α ≡ ν +
1

2
ρ ∪1 ε+

1

2
ε ∪ ε, (5.122)

which acts on the 2-group classifying space.

To write down the SPT state, we consider the amplitude for a fixed configuration:

Ψ2 ({gv},ae) ≡
∏
∆4

e2πiO∆4
α{gv}(∆4). (5.123)

The amplitude is invariant under re-triangulations of CM , so by a series of re-triangulations,

we can remove both the dependence on the G d.o.f. at the additional spacetime point and

the dependence on the Z2 d.o.f. at the time-like edges. Therefore, without affecting the

amplitude, the additional d.o.f. can be set to the identity state. It can be checked that the

resulting amplitude gives precisely the wave function for the ground state of the 2-group

SPT Hamiltonian H2.

5.4.3 Shadow model

The next step in our construction is to build the shadow model. We start by gauging the

Z2 1-form symmetry of the 2-group SPT Hamiltonian H2. Then, we perform a change of

basis to ensure that the remaining 0-form symmetry forms an onsite representation of G.

The result is the shadow model – a G-symmetry-enriched twisted toric code, where the G

symmetry fractionalizes on the loop-like 1-form gauge charges. We compute the symmetry

fractionalization on the loop-like excitations explicitly, and show that the fractionalization

is governed by the group cochain ρ in the supercohomology data (ρ, ν). In the subsequent

section, we condense the emergent fermion in the shadow model to complete the construction

of the G× Zf2 fSPT model corresponding to the supercohomology data (ρ, ν).

We gauge the 1-form symmetry of H2 following the discussion in Section 5.3.2. As de-

scribed earlier in the chapter, the procedure for gauging the 1-form symmetry is functionally
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Figure 5.18: The Hilbert space for the shadow model consists of G d.o.f. on vertices and Z2

d.o.f. on faces. In the state |{gv},af〉, the values of the Z2 d.o.f. at the faces are given by
af (f) = af .

equivalent to applying a duality that maps the 1-form symmetric operators Xe and Wf

according to:

Xe →
∏
f⊃e

Xf , Wf → Zf . (5.124)

For the 2-group SPT model, the gauging procedure maps to a Hilbert space composed of Z2

d.o.f. on faces and G d.o.f. on vertices (Fig. 5.18). A basis for this Hilbert space is given

by states of the form |{gv},af〉, where we have used notation from Section 5.3.2 to label a

configuration of the face d.o.f. with a 2-cochain af .

To apply the operator duality in Eq. (5.124) to H2, we rewrite H2 as:

H2 = U ′2
(
U1H

G
0 U †1

)
U ′†2 , (5.125)

and map U1H
G
0 U †1 and U ′2 independently. U1 prepares the 1-form SPT model in Section 5.3.1

from HG
0 , so gauging the 1-form symmetry of U1H

G
0 U †1 yields HG

ttc, a twisted toric code with
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a decoupled G paramagnet:

HG
ttc ≡ Httc +H0

G. (5.126)

Importantly, we retain the local projectors P0-flux
R in Eq. (5.65) from the gauging procedure

(for appropriate choices of regions R). They are needed to ensure that the shadow model is

G symmetric.15

We next apply the duality to U ′2. Before doing so, however, we multiply U ′2 by the

identity:16

1 =
∏
t

(∏
f⊂t

Wf

)∫ ρ̂∪2t

. (5.127)

Here, we have used the cup-2 product ∪2, defined in Appendix 5.A.2. The ∪2 product of ρ̂

and t evaluated on the tetrahedron 〈1234〉 is:

ρ̂ ∪2 t(〈1234〉) =
[
ρ̂(〈123〉) + ρ̂(〈134〉)

]
t(〈1234〉). (5.128)

After multiplying by the operator in Eq. (5.127), U ′2 becomes:

U ′2 ≡
∏
t

[
e2πiOt[ν̂(t)+ 1

2
ρ̂∪1ρ̂(t)]

∏
f⊂t

W
ρ̂∪1f(t)
f

]∏
t

(∏
f⊂t

Wf

)∫ ρ̂∪2t

. (5.129)

While the modification to U ′2 has no affect on the ground state subspace of the shadow model,

it is crucial to the symmetry of the FDQC in Section 5.4.4 that prepares the fSPT ground

state (see Appendix 5.G.1 for details). After the modification, U ′2 maps to the FDQC U ′s:

U ′s ≡
∏
t

[
e2πiOt[ν̂(t)+ 1

2
ρ̂∪1ρ̂(t)]

∏
f⊂t

Z
ρ̂∪1f(t)
f

]
prodtW

∫
ρ̂∪2t

t . (5.130)

15Without the projectors, the shadow model is only guaranteed to be G symmetric up to factors of Wt.

16The operator
∏
f⊂tWf is identically 1, since:

∏
f⊂tWf =

∏
f⊂t

∏
e⊂f Ze =

∏
e⊂t Z

2
e = 1, where the

last product is over edges e in t.
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The gauging procedure produces the Hamiltonian:

H ′s ≡ U ′sHG
ttcU ′†s . (5.131)

H ′s is invariant under a 0-form G symmetry given by applying the gauging duality to the

0-form symmetry of the 2-group [Eq. (5.109)]. The 0-form symmetry operator corresponding

to h ∈ G is mapped to:

V ′ρ(h) ≡ V (h)
∏

f=〈123〉

X
ρ̂
h
(〈23〉)+ρ̂

h
(〈13〉)+ρ̂

h
(〈12〉)

f =
∑
{gv},af

|{hgv},af + δρh{gv}〉〈{gv},af |.

(5.132)

We notice that the resulting symmetry V ′ρ(h) is not necessarily onsite. This is because the

term δρh{gv}(f) in the second line of Eq. (5.132) depends on the {gv}-configuration at the

vertices of f , in general.

To obtain the shadow model, we make a local change of basis – implemented by a FDQC,

which makes the remaining 0-form G symmetry onsite. We implement the change of basis

with the unitary operator:

R ≡
∏
f

X
ρ̂(f)
f . (5.133)

Every state |Ψ〉 and operator O is transformed as:

|Ψ〉 → R|Ψ〉, O → ROR†. (5.134)

Under the transformation above, V ′ρ(h) becomes:

∑
{gv},af

|{hgv},af + ρ{hgv} + δρh{gv}〉〈{gv},af + ρ{gv}|. (5.135)
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It can be shown, using that ρ is a cocycle [Eq. (5.94)], that ρ{gv} and ρh{gv} are related by:

ρ{hgv} + δρh{gv} = ρ{gv}. (5.136)

Thus, the operator in Eq. (5.135) is equivalent to the onsite symmetry action:

V (h) ≡
∑
{gv},af

|{hgv},af〉〈{gv},af |. (5.137)

We apply the basis transformation R to H ′s by conjugation. This produces the shadow

model:

Hs ≡ RH ′sR† = R
(
U ′sHG

ttcU ′s
)
R† = UsHG

ttcU †s , (5.138)

where, in the last line, we have introduced Us:

Us ≡ RU ′s. (5.139)

The FDQC Us is explicitly:

Us =
∏
f

X
ρ̂(f)
f

∏
t

[
e2πiOt[ν̂(t)+ 1

2
ρ̂∪1ρ̂(t)]

∏
f⊂t

Z
ρ̂∪1f(t)
f

]∏
t

W
∫
ρ̂∪2t

t . (5.140)

The Hamiltonian Hs describes a symmetry-enriched twisted toric code. This is because it

is both G symmetric and can be constructed from HG
ttc using the FDQC Us. The symmetry

of Hs follows from the symmetry of the 2-group SPT Hamiltonian H2 (Appendix 5.F).

Similar to the twisted toric code, Hs admits loop-like excitations as well as point-like

excitations with fermionic statistics. In the twisted toric code, the loop-like excitations

are created at the boundary of a surface σ using the membrane operator Mσ, defined in

Eq. (5.75). Therefore, the loop-like excitations can be created in the shadow model with the
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operator:

M s
σ ≡ UsMσU †s =

∏
f⊂σ

[
(−1)ρ̂(f)Zf

]
, (5.141)

where in the second equality we have commuted Us past the Pauli Z operators in Mσ. Like-

wise, emergent fermion string operators in the shadow model can be formed by conjugating

the twisted toric code string operators Sp and S̃p by Us:

Ssp ≡ UsSpU †s , S̃sp ≡ UsS̃pU †s . (5.142)

For certain choices of supercohomology data (ρ, ν), the corresponding shadow model

describes a nontrivial, symmetry-enriched twisted toric code. In particular, the group cochain

ρ determines the fractionalization (defined below) of the G symmetry on the loop-like 1-form

gauge charges. This symmetry fractionalization partially characterizes the G-symmetry-

enriched twisted toric code phase [163].

Symmetry fractionalization on loop-like excitations

In what follows, we compute the symmetry fractionalization on the loop-like excitations of

the shadow model, explicitly. We do so by considering an excited state of Hs obtained by

applying M s
σ to a ground state |Ψs〉 of Hs. The resulting state M s

σ|Ψs〉 has a single loop of

1-form gauge charge along ∂σ, the boundary of σ. We study the effect of the G-symmetry

action on this state to determine the fractionalization of the symmetry on the loop-like

excitation.

To set up the computation and make the discussion more precise, we introduce an effective

Hilbert space in the vicinity of the 1-form gauge charge. We define the state |ψttc, {gv}∂σ〉
to be the ground state of the twisted toric code Hamiltonian HG

ttc with fixed G configuration

{gv}∂σ at vertices v contained in ∂σ. The set of states
{
|Ψttc, {gv}∂σ〉

}
spans a Hilbert space

with dimension |G|N , where N is the number of vertices in ∂σ. The effective Hilbert space
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is then formed by the states
{
|Ψ∂σ

s , {gv}∂σ〉
}

, where |Ψ∂σ
s , {gv}∂σ〉 is defined by:

|Ψ∂σ
s , {gv}∂σ〉 ≡M s

σUs|Ψttc, {gv}∂σ〉. (5.143)

We note that, in particular, the state M s
σ|Ψs〉 belongs to the effective Hilbert space:

M s
σ|Ψs〉 =

∑
{gv}∂σ

|Ψ∂σ
s , {gv}∂σ〉. (5.144)

Heuristically, a state |Ψ∂σ
s , {gv}∂σ〉 in the effective Hilbert space resembles the ground state

|Ψs〉 far away from ∂σ.17 Since |Ψs〉 is symmetric, we expect the symmetry to act as the

identity on |Ψ∂σ
s , {gv}∂σ〉 away from ∂σ. However, the symmetry may act non-identically on

the states in the effective Hilbert space, and we define the projection of the symmetry action

to the effective Hilbert space to be the effective symmetry action on a 1-form gauge charge.

The fractionalization of the G-symmetry action is an obstruction to realizing the effective

symmetry action onsite.

We next determine the effective symmetry action on the loop-like excitation by acting on

an arbitrary state |Ψ∂σ
s , {gv}∂σ〉 in the effective Hilbert space with the symmetry operator

V (h):

V (h)|Ψ∂σ
s , {gv}∂σ〉 = V (h)M s

σUs|Ψttc, {gv}∂σ〉. (5.145)

The expression on the right hand side of Eq. (5.145) can be evaluated further by commuting

V (h) past M s
σ and Us. Using the relation in Eq. (5.136), we find:

V (h)M s
σ =

[ ∏
e⊂∂σ

(−1)ρ̂
h−1

(e)
]
M s

σV (h), (5.146)

17More concretely, any reduced density matrix of the state |Ψ∂σ
s , {gv}∂σ〉〈Ψ∂σ

s , {gv}∂σ| will agree with the
reduced density matrix of |Ψs〉〈Ψs| on regions far from ∂σ.
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Figure 5.19: A loop-like excitation is created at ∂σ (dashed orange line) by applying the
operator M s

σ on the surface σ of the direct lattice. ` (thick blue line) is a connected subman-
ifold of ∂σ used to determine the fractionalization of the symmetry on the gauge charge. a
and b label the end points of `.

and as shown in Appendix 5.G.1, V (h) commutes with Us up to factors of Ḡe:

V (h)Us = Us
[∏

e

Ḡρ̂
h−1

(e)
e

]
V (h). (5.147)

Therefore, the action of V (h) on a state in the effective Hilbert space is:

V (h)|Ψ∂σ
s , {gv}∂σ〉 =

∏
e⊂∂σ

(−1)ρ̂
h−1

(e)|Ψ∂σ
s , {hgv}∂σ〉, (5.148)

where we have used that |Ψttc, {hgv}∂σ〉 is a +1 eigenstate of Ḡe. The effective symmetry

action for h ∈ G is explicitly:

V∂σ(h) ≡∑
{gv}∂σ

∏
e⊂∂σ

(−1)ρ̂
h−1

(e)|Ψ∂σ
s , {hgv}∂σ〉〈Ψ∂σ

s , {gv}∂σ|.
(5.149)

We identify the fractionalization of the symmetry, or an obstruction to an onsite represen-

tation, by considering the effective symmetry action restricted to a connected submanifold `
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of ∂σ (Fig. 5.19):18

V`(h) ≡
∑
{gv}`

∏
e⊂`

(−1)ρ̂
h−1

(e)|Ψ∂σ
s , {hgv}`〉〈Ψ∂σ

s , {gv}`|, (5.150)

with V`(h) acting as the identity on sites in ∂σ not contained in `. While V∂σ(h) satisfies

the group law:

V∂σ(h1)V∂σ(h2) = V∂σ(h1h2), (5.151)

V`(h) only satisfies the group law up to an operator Ω(h1, h2):

V`(h1)V`(h2) = Ω(h1, h2)V`(h1h2). (5.152)

For V`(h) given in Eq. (5.150), we find:

Ω(h1, h2) =
∑
ga,gb

[
(−1)ρ(1,h1,h1h2,ga)+ρ(1,h1,h1h2,gb)|Ψ∂σ

s , ga, gb〉〈Ψ∂σ
s , ga, gb|

]
, (5.153)

where we have labeled the endpoints of ` as a and b, and Ω(h1, h2) acts as the identity on

all other sites in ∂σ. Ω(h1, h2) acts non-trivially only near the endpoints of `. Hence, we can

split Ω(h1, h2) into an operator Ωa(h1, h2) acting at a and an operator Ωb(h1, h2) acting at b.

The decomposition is unique up to a sign,19 which may depend on h1 and h2. For example,

we may write:

Ωa(h1, h2) =
∑
ga

(−1)ρ(1,h1,h1h2,ga)|Ψ∂σ
b , ga〉〈Ψ∂σ

b , ga|, (5.154)

which acts as the identity away from the endpoint a. Alternatively, we could modify both

18There is some ambiguity in defining the restriction near the boundaries of `. In fact, the calculation is
unaffected by the particular choice. For more details, we refer to Ref. [46].

19The Z2 fusion rules of 1-form gauge charges reduce the ambiguity from a general phase to a sign [163].
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Ωa(h1, h2) and Ωb(h1, h2) by a sign (−1)β(1,h1,h1h2), where β is an arbitrary group cochain in

C2(G,Z2).

The symmetry fractionalization can be shown by analyzing the associativity of the re-

stricted group action. The associativity of the V`(h) operators implies (see Ref. [46]):

Ω(h1, h2)Ω(h1h2, h3) = V`(h1)Ω(h2, h3)V`†(h1)Ω(h1, h2h3). (5.155)

If the effective symmetry action can be written as onsite, then Eq. (5.155) is satisfied in-

dependently at endpoints a and b for some choice of β. (This follows from Appendix B of

Ref. [46].) On the other hand, if Eq. (5.155) is not satisfied independently at the endpoints

for any choice of β, then there is an obstruction to realizing the effective symmetry action

onsite.

For Ωa in Eq. (5.154), Eq. (5.155) only holds up to a G-dependent sign at the endpoint

a:

Ωa(h1, h2)Ωa(h1h2, h3) = (−1)ρ(1,h1,h1h2,h1h2h3)V`(h1)Ωa(h2, h3)V`†(h1)Ωa(h1, h2h3). (5.156)

The sign (−1)ρ(1,h1,h1h2,h1h2h3) in Eq. (5.156) captures the symmetry fractionalization on the

1-form gauge charge. Taking into account the ambiguity in defining Ωa, we see that ρ is

well defined up to a group coboundary δβ, with β an arbitrary element of C2(G,Z2). In

other words, the symmetry fractionalization on the loop-like excitation is described by an

element of the group cohomology H3(G,Z2). Therefore, when ρ represents a nontrivial class

in H3(G,Z2), there is a nontrivial symmetry fractionalization on the 1-form gauge charges

of the shadow model.

The group cohomology class represented by ρ defines a quantized invariant of the

symmetry-enriched twisted toric code phase. To make this explicit, we note that any state

belonging to the same symmetry-enriched phase can be constructed (approximately) from

|Ψs〉 by applying a FDQC built of symmetric local unitaries. If we modify Us by a FDQC
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built of symmetric local unitaries, the calculation above is unchanged. Thus, the symmetry

fractionalization on a gauge charge is given by the same group cohomology class for any state

in the symmetry-enriched phase.

In the next section, we see that this quantized invariant may be pushed forward to

characterize the corresponding fSPT obtained from condensing the emergent fermion in the

shadow model.

5.4.4 Fermionic SPT

Finally, we condense the emergent fermion in the shadow model to construct a fSPT Hamil-

tonian corresponding to the supercohomology data (ρ, ν). In the process, we find a FDQC Uf
that prepares the fSPT ground state from a product state. We argue that our models exhibit

the expected responses to probing with fermion parity defects, by referring to the properties

of the shadow models. Lastly, we interpret the equivalence relation on supercohomology data

in Ref. [126] using the stacking rules.

Fermion condensation, described in Section 5.3.3, can be readily applied to any Hamil-

tonian expressed in terms of the operators Ḡe, Ūf , and Wt. The fermion is then condensed

by mapping the operators according to:

Ḡe → 1, Ūf → Sf , Wt → Pt. (5.157)

The result is a model defined on a Hilbert space with a single spinless complex fermion at

each tetrahedron. We emphasize again that this mapping requires the spatial manifold to

admit a spin structure.

To apply the fermion condensation duality in Eq. (5.157) to the shadow model:

Hs = UsHG
ttcU †s , (5.158)

we write HG
ttc and Us in terms of Ḡe, Ūf , and Wt operators. By definition, HG

ttc can be written
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using Ḡe and Wt. As for Us, the Pauli X and Pauli Z operators can be commuted to write

(see Appendix 5.G.2 for a derivation):

Us =
∏
t

e2πiOtν̂(t)ξρ̄(M)
∏
f

Ū
ρ̂(f)
f

∏
t

W
∫
ρ̂∪2t

t . (5.159)

Here, we have defined an arbitrary ordering of faces on M :

{f1, . . . , fi, . . .}, (f1 < · · · < fi < · · · ), (5.160)

and the product of Ūf operators is determined by the order of faces in M :

∏
f

Ū
ρ̂(f)
f =

(
· · · Ū ρ̂(fi)

fi
· · · Ū ρ̂(f1)

f1

)
. (5.161)

ξρ̄(M) in Eq. (5.159) is a sign that compensates for the order dependence of the product of

Ūf operators, so that Us is independent of the choice of ordering. Specifically, ξρ̄(M) is given

by (Appendix 5.G.2):

ξρ̄(M) ≡
∏

i,i′|i′<i

(−1)ρ̂(fi′ )ρ̂(fi)
∫
f i′∪1f i . (5.162)

We emphasize that, although ξρ̄(M) and the product of Ūf operators depend on a choice of

ordering of the faces in M , the FDQC Us does not depend on the choice of ordering.20

With this, we apply the mapping of operators in Eq. (5.157) to Hs to condense the emer-

gent fermion. First, HG
ttc is mapped to an atomic insulator and a decoupled G paramagnet

(Appendix 5.D):

HG
AI ≡ −

∑
t

Pt −
∑
v

Pv. (5.163)

20The independence on the ordering can be derived from the commutation relations: Ūf Ūf ′ =

(−1)
∫

(f ′∪1f+f∪1f
′)Ūf ′Ūf , as described in Appendix 5.G.2.
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Second, Us is mapped to a FDQC Uf :

Uf ≡
∏
t

e2πiOtν̂(t)ξρ̄(M)
∏
f

S
ρ̂(f)
f

∏
t

P
∫
ρ̂∪2t

t . (5.164)

Thus, fermion condensation leads to the exactly-solvable fermionic Hamiltonian:

Hf ≡ UfHG
AIU †f . (5.165)

This is precisely the Hamiltonian described in Section 5.2.3.

We note that Hf is symmetric due to the symmetry of both HG
AI and Uf . To see that

Uf is symmetric, we consider the bosonic FDQC Us. Us commutes with the symmetry up

to factors of Ḡe (see Appendix 5.G.1), and since Ḡe maps to the identity under fermion

condensation, Uf must commute with the symmetry.

Equivalence relation on supercohomology data

For each set of supercohomology data, we can now construct a fSPT Hamiltonian Hf . How-

ever, the Hamiltonians constructed from two a priori different sets of supercohomology data,

say (ρ, ν) and (ρ′, ν ′), may be within the same phase. This motivates imposing an equiva-

lence relation on the supercohomology data, so that two sets of supercohomology data are

equivalent if and only if they describe the same characteristic response of the SPT phase.

Ref. [126] used spacetime methods to argue that the appropriate equivalence relation ∼ on

the supercohomology data is:

(ρ, ν) ∼ (ρ+ δβ, ν + δη +
1

2
β ∪ β +

1

2
β ∪1 δβ +

1

2
ρ ∪2 δβ). (5.166)

Here, β and η are arbitrary group cochains:

β ∈ C2(G,Z2), η ∈ C3(G,R/Z), (5.167)
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and the group cup products can be written explicitly using the general formulas in Ap-

pendix 5.A.1.

We point out that the equivalence relation can be phrased in terms of the operation �
induced by stacking. As discussed in Section 5.2.3, the stacking operation can be determined

by composing FDQCs. The stacking operation applied to (ρ, ν) and (ρ′, ν ′) gives:

(ρ, ν) � (ρ′, ν ′) = (ρ+ ρ′, ν + ν ′ +
1

2
ρ ∪2 ρ

′). (5.168)

With this, we see that any two equivalent sets of supercohomology data can be related by

stacking a “trivial” set of supercohomology data:

(ρ0, ν0) ≡ (δβ, δη +
1

2
β ∪ β +

1

2
β ∪1 δβ), (5.169)

for some choice of β in C2(G,Z2) and η belonging to C3(G,R/Z). Explicitly, stacking (ρ0, ν0)

with an arbitrary set of supercohomology data (ρ, ν) yields:

(ρ, ν) � (δβ, δη +
1

2
β ∪ β +

1

2
β ∪1 δβ) = (ρ+ δβ, ν + δη +

1

2
β ∪ β +

1

2
β ∪1 δβ +

1

2
ρ ∪2 δβ),

(5.170)

which is equivalent to (ρ, ν) according to Eq. (5.166).

The equivalence relation given in Eq. (5.166) can be motivated in terms of our superco-

homology models. We show this by arguing that (i) equivalent sets of supercohomology data

lead to Hamiltonians in the same phase and (ii) inequivalent sets of supercohomology data

give rise to Hamiltonians in distinct phases (up to stacking bosonic SPT phases).

To see that supercohomology models built from equivalent sets of supercohomology data

belong to the same phase, we consider the ground state |Ψρ0ν0

f 〉 of the Hamiltonian corre-

sponding to a set of trivial data (ρ0, ν0). In Appendix 5.H, we show that |Ψρ0ν0

f 〉 can be
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written as:

|Ψρ0ν0

f 〉 =
∏
t

e2πiOtη̂(t)ξβ(M)
∏
f

S
β̂(f)
f

∑
{gv}

|{gv}, vac〉, (5.171)

where ξβ(M) is defined as in Eq. (5.162). Due to the homogeneity of η and β, we see

that |Ψρ0ν0

f 〉 can be prepared from a product state by a FDQC composed of symmetric

local unitaries. This implies that |Ψρ0ν0

f 〉 belongs to a trivial fSPT phase. Therefore, the

ground state of the Hamiltonian constructed from (ρ, ν) belongs to the same phase as the

ground state of the Hamiltonian built from the equivalent set of data (ρ, ν) � (ρ0, ν0) (see

the discussion of the stacking rule in Section 5.2.3).

We note that in the special case that β and η in Eq. (5.169) are closed, the trivial

data (ρ0, ν0) is equal to (0, 1
2
β ∪ β). This corresponds to the data of a bosonic SPT phase,

which according to the equivalence relation, must be trivial when considered as a fermionic

SPT phase.21 Although 1
2
β ∪ β may be a nontrivial cocycle, the bosonic SPT model can

nonetheless be disentangled by a FDQC composed of local symmetric unitaries if fermionic

hopping operators are used.

Next, we argue that supercohomology models constructed using inequivalent sets of su-

percohomology data belong to distinct fSPT phases. To make this precise, suppose (ρ, ν)

and (ρ′, ν ′) are inequivalent, or in other words, the stack:

(ρ̃, ν̃) ≡ (ρ, ν) � (ρ′, ν ′)−1 (5.172)

is not equal to (ρ0, ν0), for any choice of (ρ0, ν0) in Eq. (5.169). There are then two possibilities

for (ρ̃, ν̃) to be nontrivial. The first possibility, which is the focus of our discussion, is that

ρ̃ is a nontrivial element of H3(G,Z2), so it cannot be written as δβ for any choice of group

cochain β ∈ C2(G,Z2). The second possibility is that ρ̃ is trivial (i.e., ρ̃ = δβ), but ν̃ is

21An example (though for an anti-unitary symmetry) was given in Ref. [126], where it was observed that
the in-cohomology (3+1)D bosonic SPT phase protected by time-reversal symmetry is trivial in the presence
of fermions.
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nontrivial [i.e., ν̃ is not equal to δη + 1
2
β ∪ β + 1

2
β ∪1 δβ for any choice of η ∈ C3(G,R/Z)].

In this case, (ρ̃, ν̃) is equivalent to a set of supercohomology data of the form (0, ν̃ ′), for

some ν̃ ′. Hence, (ρ, ν) and (ρ′, ν ′) differ by a bosonic group cohomology SPT phase with a

G symmetry. To show that (ρ, ν) and (ρ′, ν ′) belong to different fSPT phases, one needs to

determine whether the bosonic SPT phase is trivialized in the presence of fermions. Below,

we address only the first possibility and leave the question of the trivialization of bosonic

SPT phases in the presence of fermions for future studies.

Considering the first possibility, if ρ̃ represents a nontrivial class in H3(G,Z2), then we

can use the symmetry fractionalization properties of the shadow model to argue that (ρ̃, ν̃)

must correspond to a nontrivial fSPT phase. To derive a contradiction, suppose that the

Hamiltonian H ρ̃ν̃
f built using (ρ̃, ν̃) is in a trivial fSPT phase. Then, we can find a path of

symmetric gapped Hamiltonians connecting H ρ̃ν̃
f to the atomic insulator Hamiltonian HG

AI.

For each Hamiltonian in this path, we can gauge the fermion parity symmetry – or “ungauge”

the anomalous 2-form symmetry. More precisely, we can map the fermionic operators to

bosonic operators according to the duality in Table 5.2. To avoid ambiguity in this ungauging

process, we conjugate the bosonic operators by local projectors onto the Ḡe = 1 subspace

and add a term −∑e Ḡe to enforce the Ḡe = 1 constraint. The result of ungauging the

anomalous 2-form symmetry is a symmetric gapped path of Hamiltonians connecting the

shadow model corresponding to (ρ̃, ν̃) to the twisted toric code Hamiltonian HG
ttc. This is a

contradiction, because the shadow model describes a nontrivial symmetry-enriched twisted

toric code when ρ̃ is nontrivial in H3(G,Z2), while HG
ttc is in a trivial symmetry-enriched

phase. Therefore, H ρ̃ν̃
f is in a nontrivial SPT phase, and (ρ, ν) and (ρ′, ν ′) must correspond

to distinct fSPT phases.

We note that the procedure for ungauging an anomalous 2-form symmetry, briefly de-

scribed here, can be applied to any fermionic model. We emphasize that it is equivalent to

gauging the fermion parity symmetry – the point-like 1-form fluxes in the shadow model cor-

respond to fermion parity gauge charges and the loop-like 1-form gauge charges correspond

to fermion parity gauge fluxes.
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5.5 Gapped boundaries through symmetry extension

The supercohomology models, described in Sections 5.3 and 5.4, characterize the bulk of

the SPT phase, i.e., the Hamiltonians are defined on manifolds without boundary. In this

section, we consider models on manifolds with boundary. In particular, we describe super-

cohomology models that feature gapped, topologically ordered boundaries. To get started,

we review gapped boundaries for group cohomology models, constructed via a symmetry ex-

tension [165]. We then generalize the symmetry extension construction to supercohomology

models. Our generalization relies on the connection between 2-group SPT phases and su-

percohomology phases. The details of the construction, starting from a 2-group SPT model,

are provided in Appendix L of Ref. [76].

5.5.1 Review of gapped boundary construction of group cohomology models

As shown in Ref. [165], symmetric gapped boundaries for group cohomology models can

be constructed by first enlarging the symmetry at the boundary. One can then partially

gauge the extended symmetry to produce a symmetric, topologically ordered boundary. To

illustrate the construction, we consider a (3 + 1)D group cohomology model corresponding

to the group cocycle ν ∈ H4(G,R/Z) with a unitary G symmetry.

We motivate the gapped boundary construction by reviewing the proof that the ground

state of the group cohomology model is symmetric on a manifold without boundary. Recall

that the ground state of the group cohomology model is:

|Ψb〉 =
∑
{gv}

Ψb({gv})|{gv}〉, (5.173)

with the amplitude Ψb({gv}) given by:

Ψb({gv}) ≡
∏

t=〈1234〉

e2πiOtν(1,g1,g2,g3,g4). (5.174)
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Applying the symmetry action V (h), for h ∈ G, to |Ψb〉 yields:

V (h)|Ψb〉 =
∑
{gv}

Ψ̃b({gv})|{gv}〉. (5.175)

Here, we have shifted the indices and used the homogeneity of ν to define:

Ψ̃b({gv}) ≡
∏

t=〈1234〉

e2πiOtν(h,g1,g2,g3,g4). (5.176)

We evaluate Eq. (5.176) further by using the cocycle property of ν, which tells us:

ν(h, g1, g2, g3, g4) = ν(1, g1, g2, g3, g4)− ν(1, h, g2, g3, g4)

+ν(1, h, g1, g3, g4)− ν(1, h, g1, g2, g4) + ν(1, h, g1, g2, g3).
(5.177)

The last four terms in Eq. (5.177) each correspond to a face of the tetrahedron 〈1234〉.
Therefore, in substituting Eq. (5.177) into Eq. (5.176), the terms associated to faces cancel

in pairs. We are left with: Ψ̃b({gv}) = Ψb({gv}), which implies that |Ψb〉 is symmetric.

The cancellation of the face terms in the calculation above relies crucially on the fact

that the manifold has no boundary. The wave function in Eq. (5.173) is not guaranteed to

be symmetric on a manifold M with boundary ∂M , since the terms associated with faces fail

to cancel at the boundary. In this case, the symmetry action V (h) on |Ψb〉 leaves a residual

phase factor Vh({gv}) on the boundary of M , i.e.:

Ψ̃b({gv}) = Vh({gv})Ψb({gv}), (5.178)

where Vh({gv}) is the phase:

Vh({gv}) ≡
∏

f∂=〈123〉

e2πiOf∂ ν(1,h,g1,g2,g3). (5.179)

Here, the product is over faces f∂ in the boundary of M and Of∂ ∈ {−1,+1} is −1 if the
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orientation of f∂ points out of M and +1 otherwise. The residual phase factor is indicative

of the anomalous symmetry action at the boundary of the SPT phase [46]. To find a gapped

boundary, we search for a modification of |Ψb〉 near the boundary to “saturate” the anomaly.

The key observation, made in Refs. [165] and [176], is that the anomaly can be saturated

by enlarging the symmetry at the boundary. To make this precise, we define L to be a central

extension of G by a group K,22 giving the short exact sequence:

1→ K → L
π−→ G→ 1. (5.180)

The group cocycle ν can then be pulled back by π to form a cocycle ν∗ ∈ H4(L,R/Z):

ν∗(`0, `1, `2,`3, `4) ≡ ν(π(`0), π(`1), π(`2), π(`3), π(`4)), (5.181)

with `0, `1, `2, `3, and `4 in L. According to Refs. [165] and [177], one can always find an

extension L such that ν∗ is a coboundary, i.e.:

ν∗ = δη, (5.182)

for some η in C4(L,R/Z). As described below, the cochain η can be used to absorb the

residual phase factor in Eq. (5.178).

To build a symmetric wave function using η, we extend the global symmetry of the group

cohomology model to L by replacing each G d.o.f. on the boundary with an L d.o.f. (see

Fig. 5.20). We denote a configuration of the L and G d.o.f. by {`w, gv}, where `w is an

element of L labeling the boundary vertex w ∈ ∂M and gv belongs to G and labels a vertex

v in the bulk v ∈M \ ∂M . For h ∈ L, the global L symmetry is then represented by:

V (`) ≡
∑
{`w,gv}

|{``w, π(`)gv}〉〈{`w, gv}|. (5.183)

22By a central extension, we mean that K belongs in the center of L.
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Figure 5.20: The L symmetric state |ΨL
b 〉 is defined on a Hilbert space with L d.o.f. (blue)

on the boundary of M . The vertices on the interior of M host G d.o.f. (green), as in Fig. 5.3.

Heuristically, the symmetry acts as L on the boundary sites and G on the bulk sites.

Now, we consider a modified state built using both ν and η and show that it is invariant

under the L symmetry in Eq. (5.183). In particular, we consider the state |ΨL
b 〉 defined as:

|ΨL
b 〉 ≡

∑
{`w,gv}

Ψη({`w})Ψb({π(`w), gv})|{`w, gv}〉. (5.184)

Here, Ψη({`w}) is a product of η dependent phase factors corresponding to faces in ∂M :

Ψη({`w}) ≡
∏

f∂=〈123〉

e−2πiOf∂ η(1,`1,`2,`3). (5.185)

To see that |ΨL
b 〉 is invariant under the L symmetry, we act on the state with V (`) in

Eq. (5.183). After shifting the indices and using the homogeneity of ν and η, we find:

V (`)|ΨL
b 〉 =

∑
{`w,gv}

Ψ̃η({`w})Ψ̃b({π(`w), gv})|{`w, gv}〉, (5.186)
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where Ψ̃η({`w}) is the phase:

Ψ̃η({`w}) ≡
∏

f∂=〈123〉

e−2πiOf∂ η(`,`1,`2,`3). (5.187)

The phase factors Ψ̃η({`w}) and Ψ̃b({π(`w), gv}) can be simplified by using the coboundary

relations for ν and η. Similar to Eq. (5.178), the coboundary relation for ν leads to a residual

phase factor:

Ψ̃b({π(`w), gv}) = V`({`w, gv})Ψb({π(`w), gv}), (5.188)

with V`({`w, gv}) given by:

V`({`w, gv}) ≡
∏

f∂=〈123〉

e2πiOf∂ ν
∗(1,`,`1,`2,`3). (5.189)

As for η, the coboundary relation in Eq. (5.182) tells us:

η(`, `1, `2, `3) = ν∗(1, `, `1, `2, `3) + η(1, `1, `2, `3)

− η(1, `, `2, `3) + η(1, `, `1, `3)− η(1, `, `1, `2).
(5.190)

The last three terms correspond to edges in ∂M and cancel pairwise, when substituted into

Eq. (5.187). The ν∗ term in the coboundary relation of η produces a phase that precisely

cancels the excess phase factor in Eq. (5.189):

Ψ̃η({`w}) = V−1
` ({`w, gv})Ψη({`w}). (5.191)

Inserting Eqs. (5.188) and (5.191) into the expression for V (`)|ΨL
b 〉, we see that |ΨL

b 〉 is sym-

metric under the L symmetry. The η-dependent phase factors at the boundary compensates

for the failure of the bulk wave function to be symmetric. (We note the similarity with

anomalous SPT states introduced in Ref. [178].)
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The state |ΨL
b 〉 can be prepared from the product state:

|ΨL〉 ≡
∑
{`w,gv}

|{`w, gv}〉 (5.192)

by the FDQC ULb :

ULb ≡
∏
f∂

e−2πiOf∂ η̂(f∂)
∏
t

e2πiOtν̂(t). (5.193)

Here, η̂(f∂) is the operator given by:

η̂(〈123〉) ≡
∑
{`w,gv}

η(1, `1, `2, `3)|{`w, gv}〉〈{`w, gv}|, (5.194)

and ν̂(t) is explicitly:

ν̂(t) =
∑
{`w,gv}

ν{π(`w),gv}|{`w, gv}〉〈{`w, gv}|, (5.195)

with ν{π(`w),gv} defined in Eq. (5.98). ULb can be used to create a gapped parent Hamiltonian

for |ΨL
b 〉 by conjugating a certain paramagnet Hamiltonian whose ground state is |ΨL〉.

To recover the G symmetry, we can gauge the K subgroup of the L symmetry. This

results in a G symmetric system with a K gauge theory at the boundary. The K gauge

theory lives only on the boundary d.o.f., because the K subgroup acts as the identity on

the bulk sites. We have thus constructed a group cohomology model with a symmetric,

topologically ordered gapped boundary.

5.5.2 Gapped boundary construction for supercohomology models

We now generalize the construction of gapped boundaries for group cohomology models

to build gapped boundaries for (3 + 1)D supercohomology models. The first step of the

construction for group cohomology models is to find an extension of the G symmetry to
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‘trivialize’ the cocycle ν. That is, to find an extension L such that the pull back of ν is a

coboundary. Similarly, for supercohomology models, we first identify an extension of the G

symmetry to an L symmetry that trivializes the supercohomology data (ρ, ν). Here, we say

the supercohomology data is trivialized if the pull back (ρ∗, ν∗) is of the form:

(ρ∗, ν∗) = (δβ, δη +
1

2
β ∪ β +

1

2
β ∪1 δβ), (5.196)

for some β ∈ C2(L,Z2) and η ∈ C3(L,R/Z). (The trivial supercohomology data in

Eq. (5.196) was identified in Section 5.4.4.) We then use the data (β, η) to build a symmet-

ric, topologically ordered gapped boundary for the supercohomology model. The detailed

derivation from a 2-group SPT model is given in Appendix L of Ref. [76].

Before defining the supercohomology models on a manifold with boundary using (β, η),

we argue that there exists a central extension of G for which the supercohomology data is

trivialized, as in Eq. (5.196). To show that such an extension exists, we make two consecutive

extensions of G. The first is given by the short exact sequence:

1→ K1 → L′
π1−→ G→ 1, (5.197)

and is chosen to trivialize ρ. We denote the pull backs of ρ and ν to L′ by ρ′ and ν ′,

respectively. By the definition of this extension, ρ′ can be written as: ρ′ = δβ′, for some

β′ ∈ C2(L′,Z2). Using ν ′ and β′, we then construct a cocycle:

ν ′ +
1

2
β′ ∪ β′ + 1

2
β′ ∪1 δβ

′. (5.198)

The second extension is defined to trivialize the cocycle in Eq. (5.198) and corresponds to

the short exact sequence:

1→ K2 → L
π2−→ L′ → 1. (5.199)
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Consequently, there exists η ∈ C3(L,R/Z) such that:

δη = ν∗ +
1

2
β ∪ β +

1

2
β ∪1 δβ, (5.200)

where ν∗ and β are the pull backs of ν ′ and β′ by π2. The extensions in Eqs. (5.197)

and (5.199) are guaranteed to exist by the arguments presented in Ref. [177]. Since the

composition of two central extensions is itself a central extension, there exists an extension:

1→ K → L
π−→ G→ 1, (5.201)

which trivializes the supercohomology data (ρ, ν) such that the pull back (ρ∗, ν∗) is:

(ρ∗, ν∗) = (δβ, δη +
1

2
β ∪ β +

1

2
β ∪1 δβ), (5.202)

for β ∈ C2(L,Z2) and η ∈ C3(L,R/Z). In Appendix M of Ref. [76], an example is given of

the trivialization of supercohomology data by extending a G = Z2 × Z4 symmetry. We also

note that the two consecutive extensions above were used in Ref. [169] to construct gapped

boundaries for supercohomology models using a spacetime formalism.

We now use an extension L of G, given in Eq. (5.201), and the data (β, η), satisfying

Eq. (5.202), to define supercohomology models with a topologically ordered gapped bound-

ary. To this end, we first build a gapped Hamiltonian HL
f with an L symmetry and bulk

terms that are equivalent to those of a supercohomology model with a G symmetry. The K

subgroup of the L symmetry can then be gauged to obtain a G symmetric supercohomology

model hosting a K gauge theory at the boundary.

The Hilbert space for the L symmetric Hamiltonian HL
f can be constructed from the

Hilbert space of the bulk supercohomology models. We recall that the supercohomology

models on a manifold without boundary are defined on a Hilbert space with a G d.o.f. at

each vertex and a single complex fermion on each tetrahedron, as in Fig. 5.4. For HL
f on

a manifold M with boundary ∂M , we replace the G d.o.f. on the boundary with L d.o.f.
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Figure 5.21: The Hamiltonian HL
f acts on a Hilbert space with an L d.o.f. (blue) on each

boundary vertex and a spinless complex fermion (yellow) on every face of ∂M . The d.o.f.
in the bulk, a G-valued spin (green) at every vertex and a spinless complex fermion on each
tetrahedron, are the same as the d.o.f. in Fig. 5.4.

and introduce a single spinless complex fermion on each face in ∂M (see Fig. 5.21). To

define the hopping operators on this Hilbert space, we imagine extending the manifold to

M by connecting all of the boundary vertices to an additional “artificial” vertex. Each

fermionic d.o.f. on a boundary face can then be associated to a tetrahedron connected to

the artificial vertex, and every boundary edge e∂ can be assigned a face f(e∂) containing

the artificial vertex, as pictured in Fig. 5.22. The trick of adding a vertex allows one to

unambiguously determine the spin structure dependent sign in the definition of the hopping

operator, discussed in Appendix 5.E. We use Se∂ to denote the hopping operator Sf(e∂)

between ferminionic d.o.f. at boundary faces:

Se∂ ≡ Sf(e∂). (5.203)

Similar to Eq. (5.183), the L symmetry is represented by:

V (`) =
∑
{`w,gv}

|{``w, π(`)gv}〉〈{`w, gv}|, (5.204)

tensored with the identity on the fermionic d.o.f..
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Figure 5.22: The hopping operator Se∂ on the boundary is defined by connecting the vertices
in the boundary to an artificial vertex. The edges connecting to the artificial vertex are
shown in orange and are oriented away from the additional point. The boundary edge e∂
is associated to the artificial face f(e∂) (shaded orange). For clarity the bulk d.o.f. are not
pictured.

The Hamiltonian HL
f is formed from a trivial Hamiltonian - with a product state ground

state - by conjugation with a FDQC. The trivial Hamiltonian HL
AI is an atomic insulator

with a decoupled L-paramagnet, defined as:

HL
AI ≡ −

∑
v/∈∂M

PGv −
∑
w∈∂M

PLw −
∑

f∂∈∂M

Pf∂ −
∑
t∈M

Pt. (5.205)

Here, PGv and PLw are projectors onto the symmetric state at the bulk vertex v and boundary

vertex w, respectively, and Pf∂ is the fermion parity operator at a face f∂ in ∂M .

We prepare HL
f from HL

AI by conjugation with the FDQC ULf :

ULf ≡
∏
f∂

e−2πiOf∂ η̂(f∂)χβ(∂M)
∏
e∂

Sβ̂(e∂)
e∂

∏
f∂

P
∫
∂M f∂∪1β̂

f∂

×
∏
t

e2πiOtν̂(t)ξρ̄(M)
∏
f

S
ρ̂(f)
f

∏
t

P
∫
M ρ̂∪2t

t .
(5.206)

The first line of Eq. (5.206) is a FDQC supported on the boundary sites, while the second line

is the FDQC that prepares the bulk supercohomology model (composed with the projector
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π on the boundary vertices). The η̂ term in Eq. (5.206) is the analog of the η̂ term in

Eq. (5.193) for the group cohomology models. In the configuration basis, χβ(∂M) is a sign

that depends on an ordering of the faces in ∂M and makes up for the order dependence of

the product of Se∂ hopping operators; the explicit form of χβ(∂M) is given in Eq, L41 in

Appendix L of Ref. [76]. Furthermore, β̂(e∂) is the diagonal operator:

β̂(〈12〉) ≡
∑
{`w,gv}

β(1, `1, `2)|{`w, gv}〉〈{`w, gv}|, (5.207)

defined for an arbitrary edge e∂ in the boundary of M . With this, HL
f is the Hamiltonian:

HL
f ≡ ULf HL

AIULf †. (5.208)

The derivation of the model above largely follows the construction of the bulk models,

in that, we first build a model for a 2-group SPT phase, then subsequently gauge the 1-

form symmetry and apply the fermionization duality. However, special care is needed at the

boundary, and the full detail can be found in in Appendix L of Ref. [76]. As a consistency

check, notice that when ρ and β are zero, the FDQC ULf reduces to the FDQC ULb for the

group cohomology case in Section 5.5.1. We also note that HL
f agrees with the G-symmetric

bulk supercohomology model on the interior of M . This is because, away from the boundary

of M , the action of ULf is equivalent to that of the bulk circuit Uf .

HL
f has a global L symmetry, so to recover a supercohomology model with a G symmetry,

one can gauge the K subgroup of L. Due to the peculiar L symmetry in Eq. (5.204), the K

gauge fields live only on the boundary of M . Therefore, after gauging the K symmetry, we

obtain a G-symmetric supercohomology model with a gapped boundary, hosting a K gauge

theory.
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5.6 Discussion

We have constructed exactly solvable lattice Hamiltonians for supercohomology fermionic

SPT (fSPT) phases in (3 + 1)D. Moreover, we have identified finite-depth quantum circuits

(FDQCs) that prepare the SPT ground states from symmetric product states. The Hamil-

tonians are of the simple form:

Hf = UfHG
AIU †f , (5.209)

where Uf is the FDQC that prepares the ground state and HG
AI has a unique unentangled

symmetric ground state. With our models, we are able to explicitly compute the superco-

homology invariants by gauging the fermion parity symmetry and calculating the symmetry

fractionalization on the flux loops. We also generalized the gapped boundary construction

for group cohomology models in Ref. [165] to construct gapped boundaries for the superco-

homology models through a symmetry extension.

Our construction is based on the correspondence between certain bosonic 2-group SPT

phases and the supercohomology fSPT phases, first recognized in Refs. [124] and [173]. By

gauging the Z2 1-form symmetry of the 2-group SPT phase, we obtain the shadow model – a

Z2 gauge theory with an emergent fermion. The emergent fermion can be interpreted as the

gauge charge of an fSPT phase after gauging fermion parity. The supercohomology model

results from condensing the emergent fermion, or equivalently, applying the fermionization

duality of Ref. [166].

We would like to point out that by adding a disordered or quasi-periodic onsite potential

to the Hamiltonian in Eq. (5.209), the abelian supercohomology models can in principle

exhibit many-body localization, or at least a long-lived pre-thermal regime [140–144,151,179].

This is because each eigenstate of the disordered Hf is short-range entangled and can be

viewed as a representative ground state of the supercohomology SPT phase.

We also comment further on the relation between our models and the Lagrangian formu-
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lation of Ref. [168]. In Ref. [168], it was shown that the shadow theory can be thought of as

a G-symmetry-enriched Z2 gauge theory with a Steenrod square topological term in the ac-

tion, which transmutes the statistics of the point-like gauge charge. In our case, we built the

2-group SPT model from a 2-group cocycle α = ν+ 1
2
ρ∪1 ε+ 1

2
ε∪ε, described in Section 5.4.2

and Appendix K of Ref. [76]. The cocycle α is cohomologous to α′ ≡ ν + 1
2
ε ∪1 ρ + 1

2
ε ∪ ε,

which can be expressed in terms of the Steenrod square Sq2 as α′ = ν + 1
2
Sq2ε. α′ is in the

same form as the action in Ref. [168], and accordingly, our shadow model Hamiltonians can

be understood as the Hamiltonian formulation of the Lagrangians in Ref. [168], for a unitary

Gf = G× Zf2 .

There are many interesting potential generalizations of our models and avenues for future

work. We briefly comment on them below.

Supercohomology models in higher dimensions: We conjecture that supercoho-

mology models in (n + 1)D can be constructed using a similar approach. In general, the

supercohomology data (ρ, ν) belongs to Zn(G,Z2) × Cn+1(G,R/Z) and satisfies the con-

straints:

δρ = 0, δν =
1

2
ρ ∪n−2 ρ. (5.210)

Using ρ and ν one can first build an auxiliary bosonic SPT model with an (n − 1)-group

symmetry with the (n− 1)-group cocycle:

α = ν +
1

2
ρ ∪n−2 εn−1 +

1

2
εn−1 ∪n−3 εn−1. (5.211)

Here, εn−1 can be pulled back to M to give a cochain εn−1 ∈ Cn−1(M,Z2) satisfying δεn−1 =

ρ.23 In principle, one can gauge an (n − 2)-form Z2 subgroup to build the shadow model

and then apply the fermionization duality of Ref. [172] to construct the fSPT model. We

therefore, see no obstruction to finding symmetric FDQCs that prepare the ground states

23For simplicity, we have suppressed the configuration dependence in the subscript used in Section 5.4.1.
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from a symmetric product state, unlike the beyond cohomology model in Ref. [83] and the

beyond supercohomology model in Appendix G of Ref. [167].

Time-reversal and nontrivial extensions by fermion parity: Our supercohomology

models are protected by unitary symmetries of the form Gf = G × Zf2 . An important

generalization is to symmetries which may include anti-unitary symmetries, such as time-

reversal, and for which Gf is a nontrivial central extension of G by fermion parity. These

cases are outside of the supercohomology framework, however, we expect some of our results

to apply more broadly.

To include time-reversal symmetries, we can modify ν as in Refs. [49] and [126] so that

the homogeneity of ν is replaced with:

(−1)s(h)ν(g0, g1, g2, g3, g4) = ν(hg0, hg1, hg2, hg3, hg4), (5.212)

where s(h) ∈ {0, 1} is 1 if h includes time-reversal. We expect that, with this modification,

the FDQC Uf will prepare the ground state of the corresponding fSPT model – the symmetry

fractionalization on fermion parity flux loops can be generalized to anti-unitary symmetries

as described in Appendix B of Ref. [163]. However, the equivalence relation in Eq. (5.166)

relies on the assumption that G is unitary. In fact, the models with time-reversal can be

“trivialized” by accounting for the beyond supercohomology data as described in Refs. [129]

and [178].

More generally, Gf can take the form Gf = G ×ψ Zf2 , where Gf is a nontrivial central

extension of G by Zf2 , specified by a 2-cocycle ψ ∈ H2(G,Z2). Each element of Gf can be

written as gΠm, with g ∈ G, m ∈ Z2 and Π denoting global fermion parity. The group laws

in Gf are defined by:

(gΠm) (hΠn) = (gh)Πm+n+ψ(1,g,gh). (5.213)
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The supercohomology data (ρ, ν) is modified to satisfy [129]:

δρ = 0, δν =
1

2
ρ ∪1 ρ+

1

2
ψ ∪ ρ. (5.214)

We can define a model for the fSPT protected by Gf = G×ψ Zf2 corresponding to (ρ, ν)

in Eq. (5.214). To do so, we first describe the representation of the symmetry on a Hilbert

space with G d.o.f. on vertices and a spinless complex fermion on each tetrahedron. For any

gΠm in Gf , the Gf symmetry acts as:

V(gΠm) ≡
∏
v

Vv(gΠm), (5.215)

with the product over vertices and Vv(gΠm) the symmetry action associated to v. Here,

Vv(gΠm) is defined as:

Vv(gΠm) ≡ Vv(g)
∏

t=〈1234〉|v=〈1〉

Pm
t , (5.216)

where Vv(g) is the regular representation of g at v, and we have associated the fermionic

d.o.f. at the tetrahedra t = 〈1234〉 to the vertex 〈1〉.

It can be checked that Uf built with the modified (ρ, ν) is symmetric under the representa-

tion of Gf in Eq. (5.215), so we can define a Hamiltonian Hf as in Eq. (5.209). Furthermore,

it can be shown that the symmetry fractionalizes on the fermion parity flux loops according

to ρ as in Section 5.4.3. Finally, using a similar argument as in Ref. [167], it can be verified

that the symmetry fractionalization on the fermion parity gauge charges is determined by

ψ, in accordance with Ref. [134]. However, in this case, more work is needed to understand

both the equivalence relations and the corresponding auxiliary bosonic SPT phases.

Beyond supercohomology models: We showed in Section 5.2.3 that the ground states

of the supercohomology models have (0+1)D junctions of symmetry domain walls decorated

by complex fermions. The domain wall decoration picture can be extended to the beyond
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supercohomology phases, where the fixed point wave functions feature (1+1)D and (2+1)D

junctions of symmetry domains decorated by Majorana wires and p + ip superconductors,

respectively [129]. Although exactly-solvable models for beyond supercohomology phases

have been constructed in Refs. [124,133,152,173,180–184], it would be interesting to search

for models of the form in Eq. (5.209) – related to a trivial SPT Hamiltonian by conjugation

with a locality preserving unitary. Such a construction might have implications for the classi-

fication of fermionic quantum cellular automata, analogous to the beyond group cohomology

models in Ref. [83]. It would also be interesting to study the boundaries of the beyond

supercohomology models in (3 + 1)D using exactly-solvable models, similar to Ref. [185].

Appendices

5.A Terminology from cohomology

Here, we compile the cohomology notation used in this chapter. This includes the group

cohomology notation used to define the supercohomology data as well as the simplicial

cohomology notation employed to describe the construction of the supercohomology models.

For both, we define group cochains, the coboundary operator, and cup products.

5.A.1 Group cohomology

For our purposes, a p-cochain is a homogeneous function from Gp+1 to A, where G is a finite

group and A is either Z2 = {0, 1} or R/Z = [0, 1). By a homogeneous function, we mean

that the p-cochain c satisfies:

c(g0, . . . , gp) = c(hg0, . . . , hgp), ∀h ∈ G. (5.217)

The collection of p-cochains is denoted as Cp(G,A).

The coboundary operator δ maps a p-cochain to a (p+1)-cochain. Explicitly, the cobound-
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ary operator maps c to the (p+ 1)-cochain δc, defined as:

δc(g0, . . . , gp+1) ≡
p+1∑
i=0

(−1)ic(g0, . . . , ĝi, . . . , gp+1), (5.218)

where ĝi indicates that gi has been omitted. When A = Z2, the sign in Eq. (5.218) can be

ignored. A p-cochain c satisfying δc = 0 is called a p-cocycle, and we use Zp(G,A) to denote

the set of p-cocycles.

We can impose an equivalence relation on Zp(G,A) to define the pth group cohomology.

We call the p-cocycles c and c′ equivalent if there exists a (p − 1)-cochain d ∈ Cp−1(G,A)

such that:

c′ = c+ δd. (5.219)

The set of equivalence classes under the equivalence relation above defines the pth group

cohomology, denoted Hp(G,A).

Throughout our calculations, we assume that the cocycles are normalized. That is, the

p-cocycle c satisfies:

c(1, 1, g2, . . . , gp) = 0, ∀gi, i ∈ {2, . . . , p}, (5.220)

where 1 is the identity in G. This assumption is justified by the fact that every group

cohomology equivalence class has a normalized representative.

Lastly, for A = Z2, we define the cup-n products ∪n with n ∈ {0, 1, 2}. The cup-n

product maps a p-cochain c and a q-cochain d to a (p+ q − n)-cochain c ∪n d. We note

that the cup-0 product is referred to as simply the cup product and is denoted by ∪. The

cup product of the homogeneous group cochains c ∈ Cp(G,Z2) and d ∈ Cq(G,Z2) is the

(p+ q)-cochain given by:

c ∪ d(g0, . . . , gp+q) ≡ c(g0, . . . , gp)d(gp, . . . , gp+q). (5.221)
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The cup-1 product of a p-cochain c and a q-cochain d is the (p+ q − 1)-cochain defined by:

c ∪1 d(g0, . . . , gp+q) =

p−1∑
i=0

c(g0, . . . , gi, gq+i, . . . , gp+q−1)d(gi, . . . , gq+i). (5.222)

We refer to Ref. [172] for the general formula for the cup-2 product. In the main text, we

only ever use the cup-2 product between two group 3-cochains. Hence, we give the explicit

cup-2 product of c and d with c, d ∈ C3(G,Z2):

c ∪2 d(g1, g2, g3, g4, g5) ≡ c(g1, g2, g3, g4)d(g1, g2, g4, g5) + c(g1, g3, g4, g5)d(g1, g2, g3, g5)

+ c(g1, g2, g3, g4)d(g2, g3, g4, g5) + c(g1, g2, g4, g5)d(g2, g3, g4, g5).

(5.223)

5.A.2 Simplicial cohomology

Simplicial cohomology on M with coefficients in Z2 was introduced in Section 5.3.1 in the

context of the 1-form SPT model. Here, we summarize the terminology from Section 5.3.1

and give the cup product relations that are used in the appendices.

Given a triangulation of a manifoldM , we denote the vertices, edges, faces, and tetrahedra

by v, e, f , and t, respectively. We often denote a p-simplex by its p+1 vertices, i.e., 〈0, . . . , p〉.
(Elsewhere in the chapter, we omit the commas between vertices for simplicity.) We define

a p-chain as a formal sum (mod 2) of p-simplices in the manifold M .

A p-cochain on M is a linear, Z2-valued function of p-chains. The set of p-cochains on

M is denoted by Cp(M,Z2). We use a bold font for cochains on M , e.g., c ∈ Cp(M,Z2).

A cochain labeled by a p-simplex is a p-cochain that evaluates to 1 on the corresponding

p-simplex and 0 otherwise. For example, v denotes the 0-cochain dual to the vertex v, i.e.:

v(v′) =

1 v′ = v

0 otherwise.

(5.224)
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Likewise, for an edge e, we have:

e(e′) =

1 e′ = e

0 otherwise,

(5.225)

and for a face f :

f(f ′) =

1 f ′ = f

0 otherwise.

(5.226)

The coboundary operator δ is a linear map from p-cochains to (p+ 1)-cochains:

δ : Cp(M,Z2)→ Cp+1(M,Z2). (5.227)

The coboundary of a p-cochain c is defined as the (p+ 1)-cochain δc such that:

δc(s) = c(∂s), (5.228)

for an arbitrary (p+ 1)-simplex s and ∂s its boundary. Explicitly, ∂s is an equally weighted

sum of the p-simplices in s.

A p-cochain c is called closed, if δc = 0. We denote the collection of closed p-cochains

on M as Zp(M,Z2). We also note that δδ = 0, which follows from Eq. (5.228) and the fact

that ∂∂ = 0. Therefore, δd is a closed p-cochain for any d ∈ Cp−1(M,Z2).

The cup product ∪ maps a p-cochain and a q-cochain to a (p+ q)-cochain:

∪ : Cp(M,Z2)× Cq(M,Z2)→ Cp+q(M,Z2). (5.229)

The cup product of c ∈ Cp(M,Z2) and d ∈ Cq(M,Z2) evaluated on a (p + q)-simplex
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〈0 . . . p+ q〉 is:

c ∪ d(〈0 . . . p+ q〉) = c(〈0 . . . p〉)d(〈p . . . p+ q〉). (5.230)

The coboundary operator is a derivation, meaning it satisfies:

δ (c ∪ d) = δc ∪ d+ c ∪ δd. (5.231)

The cup-1 product ∪1 produces a (p+ q − 1)-cochain from a p-cochain and a q-cochain:

∪1 : Cp(M,Z2)× Cq(M,Z2)→ Cp+q−1(M,Z2). (5.232)

For c ∈ Cp(M,Z2) and d ∈ Cq(M,Z2) the cup-1 product c∪1 d evaluated on the (p+ q−1)-

simplex 〈0, . . . , p+ q − 1〉 is:

c ∪1 d(〈0, . . . , p+ q − 1〉) =

p−1∑
i=0

c(〈0, . . . , i, q + i, . . . , p+ q − 1〉)d(〈i, . . . , q + i〉). (5.233)

Furthermore, the cup-1 product satisfies [186]:

δ(c ∪1 d) = δc ∪1 d+ c ∪1 δd+ c ∪ d+ d ∪ c. (5.234)

Finally, we introduce the cup-2 product

∪2 : Cp(M,Z2)× Cq(M,Z2)→ Cp+q−2(M,Z2). (5.235)

The general formula for the cup-2 product is given in Ref. [172]. We provide the explicit

formula for the cup-2 product of a 3-cochains c ∈ C3(M,Z2) and a 4-cochain d ∈ C4(M,Z2):
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c ∪2 d(〈1234〉) ≡ c(〈123〉)d(〈1234〉) + c(〈134〉)d(〈1234〉), (5.236)

for an arbitrary tetrahedron 〈1234〉. The cup-2 product satisfies:

δ(c ∪2 d) = δc ∪2 d+ c ∪2 δd+ c ∪1 d+ d ∪1 c. (5.237)

To simplify the expressions in the chapter, we also introduce the notation
∫
N
c as short-

hand for the sum:

∫
N

c =
∑
s

c(s). (5.238)

Here, N is a p-dimensional manifold, c is a p-cochain, and the sum is over all p-simplices in

N . If unspecified, it should be assumed that the integral is over the manifold M .

5.B Explicit 1-form SPT Hamiltonian

In this appendix, we derive the 1-form SPT Hamiltonian H1 in Eq. (5.60), i.e.:

H1 = −
∑
e

(
Xe

∏
f

W
∫
δe∪1f

f

)
, (5.239)

and demonstrate that it is indeed symmetric under the 1-form symmetry in Eq. (5.30). We

begin with H1 defined in Eq. (5.34) as:

H1 = −
∑
e

U1XeU †1 , (5.240)
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with U1 given by:

U1 =
∑
ae

∏
t

(−1)ae∪δae(t)|ae〉〈ae|. (5.241)

To compute U1XeU †1 in Eq. (5.240) explicitly, we first evaluate U1Xe. We find:

U1Xe =
∑
ae

∏
t

(−1)ae∪δae(t)|ae〉〈ae|
∑
a′e

|a′e + e〉〈a′e| (5.242)

=
∑
ae

∏
t

(−1)(ae+e)∪δ(ae+e)(t)|ae + e〉〈ae|

= Xe

∑
ae

∏
t

(−1)(ae+e)∪δ(ae+e)(t)|ae〉〈ae|

Expanding the cup product in the last line of Eq. (5.242), we obtain:

U1Xe = Xe

∑
ae

∏
t

(−1)(e∪δae+ae∪δe+e∪δe)(t)|ae〉〈ae|U1 (5.243)

e∪ δe(t), in the expression above [Eq. (5.243)], is zero for all tetrahedra t. This can be seen

by evaluating e ∪ δe on an arbitrary tetrahedron 〈1234〉:

e ∪ δe(〈1234〉) = e(〈12〉) [e(〈23〉) + e(〈34〉) + e(〈24〉)] . (5.244)

The right hand side is zero if e 6= 〈12〉. However, if e = 〈12〉, then the term in square brackets

must be zero. Hence, we see that e ∪ δe(t) = 0. We then have:

U1Xe = Xe

∑
ae

∏
t

(−1)(e∪δae+ae∪δe)(t)|ae〉〈ae|U1. (5.245)

We simplify the right hand side of Eq. (5.245) further by employing the identities in
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Eqs. (5.231) and (5.234). An application of Eq. (5.231) gives us:

U1Xe = Xe

∑
ae

∏
t

(−1)(δe∪ae+ae∪δe)(t)|ae〉〈ae|U1, (5.246)

where we have also used that M is closed. Then, using Eq. (5.234), we see:

U1Xe = Xe

∑
ae

∏
t

(−1)δae∪1δe(t)|ae〉〈ae|U1, (5.247)

where again we have used that M is closed.

We can express the term:

∑
ae

∏
t

(−1)δae∪1δe(t)|ae〉〈ae| (5.248)

in Eq. (5.247) using Pauli Z operators. To do so, we notice that, for any face f = 〈123〉:

∑
ae

(−1)δae(f)|ae〉〈ae| =
∑
ae

(−1)a12+a23+a13|ae〉〈ae| = Wf , (5.249)

where in the last equality we have defined:

Wf ≡
∏
e⊂f

Ze. (5.250)

Therefore, Eq. (5.248) can be written as:

∑
ae

∏
t

(−1)δae∪1δe(t)|ae〉〈ae| =
∏
t

∏
f

W
f∪1δe(t)
f , (5.251)

with
∏

f a product over all faces in M . Exchanging the product over tetrahedra for a sum,
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we see that:

∑
ae

∏
t

(−1)δae∪1δe(t)|ae〉〈ae| =
∏
f

W
∫
f∪1δe

f . (5.252)

Then, plugging Eq. (5.252) into Eq. (5.247), we arrive at:

U1Xe = Xe

∏
f

W
∫
f∪1δe

f U1. (5.253)

Finally, we can compute U1XeU1
†. From Eq. (5.253), we have:

U1XeU1
† =

(
Xe

∏
f

W
∫
f∪1δe

f U1

)
U1
† = Xe

∏
f

W
∫
f∪1δe

f . (5.254)

The 1-form SPT Hamiltonian is then:

H1 = −
∑
e

(
Xe

∏
f

W
∫
f∪1δe

f

)
, (5.255)

as claimed.

Next, we show that H1 is symmetric under the Z2 1-form symmetry. Recall that the

symmetry is generated by operators of the form [Eq. (5.30)]:

AΣ ≡
∏
e⊥Σ

Xe, (5.256)

for a closed surface Σ of the dual lattice. We prove that H1 is symmetric by showing that

U1 is symmetric, i.e.:

AΣU1AΣ = U1, (5.257)

for all choices of Σ.
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Conjugation of U1 by an arbitrary generator of the 1-form symmetry AΣ gives:

AΣU1AΣ =
∑
ae

∏
t

(−1)ae∪δae(t)|ae + Σ〉〈ae + Σ|. (5.258)

Redefining the summation, we have:

AΣU1AΣ =
∑
ae

∏
t

(−1)(ae+Σ)∪δ(ae+Σ)(t)|ae〉〈ae|. (5.259)

Then we expand the exponent and use that δΣ = 0 to obtain:

AΣU1AΣ =
∑
ae

∏
t

(−1)ae∪δae(t)+Σ∪δae(t)|ae〉〈ae|. (5.260)

Finally, we employ the identity in Eq. (5.231) and use that M is closed to arrive at:

AΣU1AΣ =
∑
ae

∏
t

(−1)ae∪δae(t)+δ(Σ∪ae)(t)|ae〉〈ae| =
∑
ae

∏
t

(−1)ae∪δae(t)|ae〉〈ae| = U1.

(5.261)

Thus, U1 is symmetric.

5.C A ground state of the twisted toric code

Here, we give a direct proof that the state |Ψttc〉, defined in Eq. (5.74) as:

|Ψttc〉 ≡
∑
ae

∏
t

(−1)ae∪δae(t)|δae〉, (5.262)

is a ground state of the twisted toric code Hamiltonian:

Httc =
∑
e

Ḡe −
∑
t

Wt. (5.263)
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In particular, we show that |Ψttc〉 is a +1 eigenstate of both Wt and Ḡe. This implies that

|Ψttc〉 is a ground state of Httc, since Wt and Ḡe have eigenvalues ±1.24

Let us compute Wt|Ψttc〉 and Ḡe|Ψttc〉 explicitly. For Wt|Ψttc〉, we have:

Wt|Ψttc〉 = Wt

∑
ae

∏
t

(−1)ae∪δae(t)|δae〉 =
∑
ae

(−1)δae(∂t)
∏
t

(−1)ae∪δae(t)|δae〉

=
∑
ae

(−1)ae(∂∂t)
∏
t

(−1)ae∪δae(t)|δae〉 = |Ψttc〉. (5.264)

While for Ḡe|Ψttc〉, we find:

Ḡe|Ψttc〉 = Ḡe

∑
ae

∏
t

(−1)ae∪δae(t)|δae〉 =
∑
ae

∏
t

(−1)ae∪δae(t)+δae∪1δe(t)|δae + δe〉. (5.265)

To evaluate this further, we focus on the sign:

∏
t

(−1)ae∪δae(t)+δe∪1δae(t). (5.266)

Using Eqs. (5.234), (5.231) and that M is closed, we can write the sign as:

∏
t

(−1)(ae+e)∪δ(ae+e)(t). (5.267)

Now, we plug this sign into the expression for Ḡe|Ψttc〉 in Eq. (5.265):

Ḡe|Ψttc〉 =
∑
ae

∏
t

(−1)(ae+e)∪δ(ae+e)(t)|δae + δe〉 =
∑
ae

∏
t

(−1)ae∪δae(t)|δae〉 = |Ψttc〉.

(5.268)

Therefore, |Ψttc〉 is a +1 eigenstate of Wt and Ḡe for all t and e, respectively.

24This follows from the observation that Wt and Ḡe square to the identity
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5.D Fermion condensation of the twisted toric code

Here, we elaborate on the fermion condensation procedure for the twisted toric code:

Httc = −
∑
e

Ḡe −
∑
t

Wt. (5.269)

We begin by showing that the operators Ḡe are local generators of an anomalous Z2 2-form

symmetry of the twisted toric code. Then, we apply the prescription for fermion condensation

in Section 5.3.3 to the twisted toric code.

Anomalous 2-form symmetry of the twisted toric code

We prove the identity in Eq. (5.83) – for a path pe intersecting the faces meeting at the edge

e:

Ḡe = S̃pe , (5.270)

where for reference, Ḡe is defined as:

Ḡe =
∏
f⊃e

Xf

∏
f

Z
∫
f∪1δe

f . (5.271)

Eq. (5.270) says that Ḡe is equal to a small loop of emergent fermion string operator, i.e., it is

a local generator of a Z2 anomalous 2-form symmetry. We prove the equality in Eq. (5.270)

as follows. First, by definition, S̃pe is:

S̃pe ≡
∏

f∈F⊥pe

Ūf
∏

f∈F⊥pe

WR(f). (5.272)

We simplify the Wt term and Ūf term independently and then show that their product is

Ḡe.
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To simplify the Wt term, we note that the product
∏

f∈F⊥pe
WR(f) can be rewritten as:

∏
t

W
t∪1e(t)+e∪1t(t)
t . (5.273)

For t = 〈1234〉, the cochain t ∪1 e(t) + e ∪1 t(t) evaluates to:

e(〈12〉) + e(〈23〉) + e(〈34〉) + e(〈14〉). (5.274)

The edges 〈12〉, 〈23〉, 〈34〉, and 〈14〉 above are precisely the edges e of t such that, for the two

faces of t meeting at e, the orientation of one is towards the center of t, while the orientation

of the other is away from the center of t. Therefore, for exactly one of these faces, we have

R(f) = t. Using the higher cup product relations in Appendix 5.A.2, we can re-express

Eq. (5.273) in terms of a product over faces as:

∏
t

W
t∪1e(t)+e∪1t(t)
t =

∏
f

Z
∫

(f∪1δe+δe∪1f)
f . (5.275)

For the Ūf term of Eq. (5.272), we have:

∏
f∈F⊥pe

Ūf =
∏
f

Z
∫
δe∪1f

f

∏
f⊃e

Xf . (5.276)

By commuting the Pauli Z operators to the right of the Pauli X operators, we find:

∏
f∈F⊥pe

Ūf = (−1)
∫
δe∪1δe

∏
f⊃e

Xf

∏
f

Z
δe∪1f(t)
f . (5.277)

Using the cup product relations in Appendix 5.A.2, it can be shown that
∫
δe ∪1 δe = 0.

Therefore, the product in Eq. (5.272) is:

S̃pe =
∏
f⊃e

Xf

∏
f

Z
δe∪1f(t)
f

∏
f

Z
∫

(f∪1δe+δe∪1f)
f =

∏
f⊃e

Xf

∏
f

Z
∫
f∪1δe

f . (5.278)
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This is exactly Ḡe in Eq. (5.270).

Fermion condensation procedure

Following the steps outlined in Section 5.3.3, we first introduce a fermionic d.o.f. at the

center of each tetrahedron and impose the gauge constraint:

Ũf S̃f = 1, (5.279)

at each face f . As noted in the main text, the product of Ũf S̃f over faces adjoined to the

edge e is precisely Ḡe. Therefore, in the constrained space and after a shift of energy, Httc

becomes:

H ′ttc = −
∑
t

Wt. (5.280)

Next, we couple Httc to the fermionic d.o.f. to make the Hamiltonian gauge invariant. We

do so by replacing Wt with WtPt:

H ′′ttc ≡ −
∑
t

WtPt. (5.281)

The last step is to fix a gauge in which the eigenvalue of each Zf is +1. Starting with H ′′ttc,

this gives us the atomic insulator Hamiltonian:

HAI = −
∑
t

Pt. (5.282)

Thus, fermion condensation produces the atomic insulator from the twisted toric code Hamil-

tonian.

For completeness, let us show here that the gauge constraints in Eq. (5.279) are all

mutually commuting. Using the definition PL(f)S̃f = Sf and Eq. (5.86), the commutation
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relations between S̃f and S̃f ′ are:

S̃f S̃f ′ = (−1)
∫

(f ′∪1f+f∪1f ′)(−1)δf
′(L(f))+δf(L(f ′))S̃f ′S̃f .

The expression δf ′(L(f))+δf(L(f ′)) is 1 when both f and f ′ share a tetrahedron t and the

orientation of only one of the faces points towards the center of t. Otherwise, the expression

is 0. This is also true of δf ′(R(f)) + δf(R(f ′)), so we may write:

S̃f S̃f ′ = (−1)
∫

(f ′∪1f+f∪1f ′)(−1)δf
′(R(f))+δf(R(f ′))S̃f ′S̃f .

Given the commutation relations between Ūf and Ūf ′ in Eq. (5.77), for Ũf and Ũf ′ , we have:

Ũf Ũf ′ = (−1)
∫

(f ′∪1f+f∪1f ′)(−1)δf
′(R(f))+δf(R(f ′))Ũf ′Ũf .

Therefore, for all faces f and f ′:

(
Ũf S̃f

)(
Ũf ′S̃f ′

)
=
(
Ũf ′S̃f ′

)(
Ũf S̃f

)
.

5.E Bosonization duality in (3 + 1)D and spin structure

In this appendix, we review the operator-level duality between a fermionic theory and a Z2

lattice gauge theory in three spatial dimensions [166]. The fermion condensation duality

in Section 5.3.3 is functionally equivalent to applying the duality described here. We also

elaborate on the spin structure dependent sign in the definition of the hopping operator. We

note that the boson-fermion duality in (2 + 1)D is described in Ref. [15], and the duality in

arbitrary dimensions is worked out in Ref. [172].

The duality is defined for fermionic systems where each tetrahedron t of the triangulated

3-manifold M hosts a single spinless complex fermion with an operator algebra generated

by the Majorana operators γt, γ
′
t. The fermion parity even algebra is generated by the site
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fermion parity:

Pt = −iγtγ′t, (5.283)

and the fermionic hopping operator:

Sf = (−1)f(E)iγL(f)γ
′
R(f). (5.284)

In the definition of Sf , L(f) and R(f) are the tetrahedra on either side of f , with the

orientation of f pointing out of L(f) and into R(f) (Fig. 5.5). We discuss the spin structure

dependent sign (−1)f(E) of Sf in detail below.

The 2-chain E ∈ C2(M,Z2) in Eq. (5.284), is a formal sum of faces, corresponding to

a choice of spin structure. E is chosen such that the boundary of E is equal to w2 ∈
C1(M,Z2), a representative of the Poincaré dual of the second Stiefel-Whitney cohomology

class w2(TM). For a triangulated 3D manifold, a representative w2 is given by [98,129,172,

187]:

w2 =
∑
e

[1 +N+
13(e) +N−02(e)]2 · e, (5.285)

where [· · · ]2 denotes that the coefficient of e is taken modulo 2, N+
13(e) is the number of pos-

itively oriented tetrahedra 〈0123〉 such that 〈13〉 = e, and N−02(e) is the number of negatively

oriented tetrahedra 〈0123〉 such that 〈02〉 = e.

The set of edges with coefficient 1 in w2 admits a graphical interpretation, which gener-

alizes the graphical interpretation in Refs. [167] and [188] for a spin structure in 2D. To see

this, we use the branching structure of M to define a section of the frame bundle on M -

an assignment of a coordinate frame to each point in M . Similar to the 2D case, we first

interpolate the branching structure to a vector field on the interior of a tetrahedron of M ,

as depicted in Fig. 5.23. These vectors form the x-axes of the coordinate frames. The y-axes

are then formed by interpolating the orientations of the faces to a vector field on the interior

of the tetrahedron. Finally, the z-axes are determined by the orientation of M . The edges
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Figure 5.23: A coordinate frame field can be constructed from the branching structure. We
show cross sections of the frame field above. The x-axes (blue vectors) are given by an
interpolation of the edge orientations into the interior of the tetrahedron. The y-axes (red
vectors) are an interpolation of the face orientations into the interior of the tetrahedron. The
z-axes (not pictured) are chosen with respect to the orientation of the manifold.

forming w2 give precisely the singular edges of the frame field, i.e., for any path that encloses

an odd number of edges in w2, the frames along the path rotate by an odd multiple of 2π.

Heuristically, a fermion that is moved around a singular edge is rotated by an odd multiple

of 2π, and the sign in Eq. (5.284) compensates for the rotation via the spin-statistics of

fermions (see Fig. 5.24).

To describe the bosonization duality, it is convenient to define a product of hopping

operators corresponding to a 2-cochain. For a 2-cochain λ, we define Sλ to be:

Sλ =
∏

i,i′|i<i′
(−1)λ(fi)λ(fi′ )

∫
f i∪1f i′

∏
f

S
λ(f)
f , (5.286)
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Figure 5.24: The frames along a path (yellow) rotate by an odd multiple of 2π when linked
with the 1-chain w2 (red). The 2-chain E (blue) satisfies ∂E = w2. The hopping operators
are modified with the sign (−1)f(E) to account for the twisting of the framed path by an odd
multiple of 2π.

where the faces are arbitrarily ordered {f1, f2, f3, · · · } and the product is
∏

f∈{f1,f2,··· ,fn} Sf =

Sfn · · ·Sf2Sf1 . The order dependent sign ensures that the definition of Sλ is independent of

the choice of ordering. This follows from the commutation relations of the hopping operators:

SfSf ′ = (−1)
∫

(f∪1f
′+f ′∪1f)SfSf ′ . (5.287)

Given a pair of 2-cochains λ and λ′, we have the identity:

Sλ+λ′ ≡ (−1)
∫
λ∪1λ

′
Sλ′Sλ. (5.288)

The two generators Pt and Sf satisfy the following constraint at each edge e [172]:

Sδe
∏
t

P
∫
e∪1t+t∪1e

t = 1 (5.289)

The physical meaning of this identity is that moving a fermion along a small loop around

a edge e is an identity operator. We note that the spin structure dependent sign in the
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definition of the hopping operator guarantees that the product in Eq. (5.289) is 1.

The bosonic dual of this system has Z2-valued spins on the faces of the triangulation,

with an operator algebra generated by X, Z Pauli operators. For every tetrahedron t, we

define the flux operator:

Wt =
∏
f⊂t

Zf , (5.290)

and for every face f , we define a bosonic hopping operator:

Ūf =
∏
f ′

Z
∫
f∪1f

′

f ′ Xf . (5.291)

Similar to the fermionic hopping operator, we define a product of Ūf for any 2-cochain λ.

In this case, Ūλ is defined as:

Ūλ =
∏
f ′

Z
∫
λ∪1f

′

f ′

∏
f

X
λ(f)
f . (5.292)

To define a consistent duality between the even fermionic operator algebra and the algebra

generated by Wt and Ūf operators, we also define Ḡe, given by:

Ḡe =
∏
f⊃e

Xf

∏
f ′

Z
∫
f ′∪1δe

f ′ . (5.293)

The duality in Ref. [15], is an isomorphism of the C∗ algebras F and B, where F is the

algebra of even fermion parity operators and B is the algebra generated by Wt and Ūf with

the constraint Ḡe = 1. The mapping of operators is:

Wt ↔ Pt, Ūf ↔ Sf . (5.294)

We note the correspondence above is well-defined since the nontrivial relations map to con-
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straints on the algebra, i.e.:

Ḡe ↔ Sδe
∏
t

P
∫
e∪1t+t∪1e

t = 1

∏
t

Wt = 1↔
∏
t

Pt.
(5.295)

Also, the operators Ūλ and Sλ are defined so that the duality in Eq. (5.294) maps:

Ūλ ↔ Sλ, (5.296)

for any 2-cochain λ. This is because the Pauli X and Pauli Z operators in Ūλ can be

commuted past one another to obtain (see Appendix 5.G.2):

Ūλ =
∏

i,i′|i<i′
(−1)λ(fi)λ(fi′ )

∫
f i∪1f i′

∏
f

Ū
λ(f)
f . (5.297)

5.F Symmetry of the 2-group SPT Hamiltonian

We use this Appendix to prove that the 2-group Hamiltonian H2 = U2H
G
0 U †2 in Section 5.4.2

is symmetric. Given that HG
0 is invariant under the 2-group symmetry, it suffices to show

that U2 is symmetric. For convenience, we re-write U2 here as:

U2 =
∑
{gv},ae

∏
t

e2πiOtα{gv}(t)|{gv},ae〉〈{gv},ae|, (5.298)

where the 3-cochain α{gv} is:

α{gv} = ν{gv} +
1

2
ρ{gv} ∪1 ρ{gv} +

1

2
ρ{gv} ∪1 δae +

1

2
ae ∪ δae. (5.299)

We note that we have expressed the Wf term of U2 in terms of δae.

First of all, the FDQC U2 is symmetric under the 1-form symmetry in Eq. (5.107). The

1-form symmetry only affects the last two terms of α{gv}, those with ae. The 1
2
ae∪ δae term
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is invariant, as shown in Appendix 5.B. The 1
2
ρ{gv} ∪1 δae term is also symmetric, since it

can be written in terms of the 1-form symmetric operators Wf , as in Eq. (5.115).

Second, we show that U2 commutes with the 0-form symmetry operator Vρ(h), for all

h ∈ G:

Vρ(h) = V (h)
∏
e

X ρ̂
h

(e)
e . (5.300)

Specifically, we compute:

Vρ(h)U2V
†
ρ (h). (5.301)

First, in moving the product of Pauli X operators in Eq. (5.300) past U2, we find:

Vρ(h)U2V
†
ρ (h) = V (h)

∑
{gv},ae

∏
t

e2πiOtα′{gv}(t)|{gv},ae〉〈{gv},ae|V †(h), (5.302)

where α′{gv} is:

α′{gv} = ν{gv} +
1

2
ρ{gv} ∪1 ρ{gv} +

1

2
ρ{gv} ∪1 δ(ae + ρh{gv}) +

1

2
(ae + ρh{gv}) ∪ δ(ae + ρh{gv}).

Then, conjugation by V (h) on the right hand side of Eq. (5.302) produces:

Vρ(h)U2V
†
ρ (h) =

∑
{gv},ae

∏
t

e
2πiOtα′{h−1gv}

(t)|{gv},ae〉〈{gv},ae|, (5.303)

with α′{h−1gv}
given explicitly by:

α′{h−1gv}
= ν{h−1gv} +

1

2
ρ{h−1gv} ∪1 ρ{h−1gv}

+
1

2
ρ{h−1gv} ∪1 δ(ae + ρh{h−1gv}

) +
1

2
(ae + ρh{h−1gv}

) ∪ δ(ae + ρh{h−1gv}
). (5.304)

We now simplify the expression for α′{h−1gv}
in Eq. (5.304). To do so, we make use of the
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cochain ρ̃h{gv}, defined on an arbitrary edge 〈12〉 as:

ρ̃h{gv}(〈12〉) = ρ(h, 1, g1, g2). (5.305)

It is also useful to introduce ν̃ h{gv}:

ν̃ h{gv}(〈123〉) ≡ ν(h, 1, g1, g2, g3), (5.306)

for an arbitrary face 〈123〉. We then employ the following identities:

ν{h−1gv} = ν{gv} + δν̃ h{gv} +
1

2
δρ̃h{gv} ∪1 ρ{gv} +

1

2
ρ̃h{gv} ∪ δρ̃

h
{gv} + δ(ρ̃h{gv} ∪1 ρ{gv}), (5.307)

ρ{h−1gv} =ρ{gv} + δρ̃h{gv},

(5.308)

ρh{h−1gv}
=ρ̃h{gv}.

(5.309)

The first relation, in Eq. (5.307), can be derived using the coboundary relation of ν [Eq. (5.2)],

the homogeneity of ν [Eq. (5.6)], and the cup product relations in Appendix 5.A.2. The

second identity, [Eq. (5.308)], follows from the fact that ρ is closed [Eq. (5.2)] as well as the

homogeneity of ρ [Eq. (5.6)]. The final relation, [Eq. (5.309)], is a result of the homogeneity

of ρ. Plugging Eqs. (5.307), (5.308), and (5.309) into the right hand side of Eq. (5.304) and

using the cup product relations, we find:

α′{h−1gv}
= α{gv} (5.310)

+
1

2
δ
[
ν̃ h{gv} + ρ̃h{gv} ∪1 (ρ{gv} + δae) + ae ∪ ρ̃h{gv}

]
. (5.311)

On a closed manifold, the coboundary term in Eq. (5.310) vanishes after taking the

product over all tetrahedron in Eq. (5.298), by Stokes’ theorem. Therefore, for arbitrary
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h ∈ G:

Vρ(h)U2V
†
ρ (h) = U2. (5.312)

Since U2 commutes with the symmetry, H2 must be symmetric under the 2-group symmetry.

5.G Properties of Us

The goal of this Appendix is to establish the properties of the FDQC Us employed in the

main text. We first show that Us is symmetric up to factors of Ḡe. This is used to compute

the fractionalization of the G symmetry on the loop-like excitations of the shadow model

(see Section 5.4.3). Next, we express Us in terms of Ūf and Wt, as required in Section 5.4.4.

As such, Us can be straightforwardly fermionized using the fermion condensation duality in

Section 5.3.2. Lastly, we derive the algebraic composition laws of the FDQCs for different sets

of supercohomology data. With this, we determine the stacking laws of the corresponding

fSPT phases in Section 5.4.4.

To start, we make a minor simplification to Us:

Us =
∏
f

X
ρ̂(f)
f

∏
t

[
e2πiOt[ν̂(t)+ 1

2
ρ̂∪1ρ̂(t)]

∏
f⊂t

Z
ρ̂∪1f(t)
f

]∏
t

W
∫
ρ̂∪2t

t . (5.313)

We commute the product of Xf operators past the product of Zf operators. This cancels

the sign from 1
2
ρ̂ ∪1 ρ̂(t), and we are left with:

Us =
∏
t

e2πiOtν̂(t)
∏
f

Z
∫
ρ̂∪1f

f

∏
f

X
ρ̂(f)
f

∏
t

W
∫
ρ̂∪2t

t . (5.314)

We have also changed the product of Zf operators to a product over all faces in M . Since

the ∪1 product vanishes if f is not contained in the boundary of t, the change of bounds

does not affect Us. We use the form of Us in Eq. (5.314) for the calculations below.



345

5.G.1 Symmetry variation

Our goal is to show the identity:

V (h)Us = Us
[∏

e

Ḡρ̂
h−1

(e)
e

]
V (h), (5.315)

for an arbitrary h ∈ G, used in Section 5.4.3 [Eq. (5.147)]. We compute the action of the

symmetry on Us, i.e., V (h)UsV †(h) by conjugating terms in Us one at a time.

First, conjugation of the ν̂ term by V (h) produces:

V (h)
∏
t

e2πiOtν̂(t)V †(h) = φ(h, {gv})
∏
t

e2πiOtν̂(t). (5.316)

φ(h, {gv}) is a phase factor that depends on h and the {gv}-configuration. We put constraints

on the phase factors that appear during the calculation at the end by using the symmetry

of the ground state(s) of Hs.

Next, we conjugate the Pauli X and Pauli Z terms:

∏
f

Z
∫
ρ̂∪1f

f

∏
f

X
ρ̂(f)
f . (5.317)

After conjugation by the symmetry, ρ̂ becomes:

ρ̂→ ρ̂+ δρ̂
h−1

. (5.318)

Therefore, up to a phase factor φ′1(h, {gv}), the Pauli X and Z terms of Us are mapped by

the symmetry action to:

∏
f

Z
∫
ρ̂∪1f

f

∏
f

X
ρ̂(f)
f φ′1(h, {gv})

∏
f

X
δρ̂
h−1

(f)
f

∏
f

Z
∫
δρ̂
h−1

∪1f
f (5.319)
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Rearranging the last two products in Eq. (5.319), we find:

∏
f

Z
∫
ρ̂∪1f

f

∏
f

X
ρ̂(f)
f (5.320)

×φ′2(h, {gv})
∏
e

(∏
f⊃e

Xf

∏
f

Z
∫
δe∪1f

f

)ρ̂g−1

(e)

, (5.321)

for another phase factor φ′2(h, {gv}). The term in parentheses in Eq. (5.320) is equal to:

∏
f⊃e

Xf

∏
f

Z
∫
δe∪1f

f = Ḡe

∏
t

W
∫
δe∪2t

t , (5.322)

after using a cup product relation from Appendix 5.A.2. Thus, the symmetry action on the

Pauli X and Pauli Z terms yields:

∏
f

Z
∫
ρ̂∪1f

f

∏
f

X
ρ̂(f)
f φ′2(h, {gv})

∏
e

Ḡρ̂
g−1

(e)
e

∏
t

W
∫
δρ̂
h−1

∪2t
t . (5.323)

Lastly, we compute the symmetry action on the Wt term of Us:

∏
t

W
∫
ρ̂∪2t

t . (5.324)

ρ̂ is transformed as in Eq. (5.318), so we obtain:

∏
t

W
∫
ρ̂∪2t

t

∏
t

W
∫
δρ̂
h−1

∪2t
t . (5.325)

Putting Eqs. (5.316), (5.323), and (5.325) together, we have:

V (h)UsV †(h) = φ′′(h, {gv})Us
∏
e

Ḡρ̂
h−1

e , (5.326)

where φ′′(h, {gv}) is some yet undetermined phase factor. We note that the equality above
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differs from Eq. (5.315) by precisely φ′′(h, {gv}). In what follows, we use the symmetry of

the ground state(s) of Hs to argue that φ′′(h, {gv}) is indeed 1.

A ground state of the shadow model is given by applying Us to a ground state of HG
ttc:

|Ψs〉 ≡ Us
∑

{gv},{ae}

(−1)
∑
t ae∪δae(t)|{gv}, {δae}〉. (5.327)

Furthermore, the state |Ψs〉 is invariant under the G symmetry, i.e.:

V (g)|Ψs〉 = |Ψs〉. (5.328)

The symmetry of |Ψs〉 follows from the symmetry of Hs and the fact that it can be prepared

from a ground state of HG
ttc by a FDQC.

With this, we argue that the phase factor φ′′(h, {gv}) is 1. We apply V (h) to |Ψs〉 to find:

V (h)|Ψs〉 = V (h)Us
∑

{gv},{ae}

(−1)
∑
t ae∪δae(t)|{gv}, {δae}〉. (5.329)

= Us
∑

{gv},{ae}

φ(h, {gv})(−1)
∑
t ae∪δae(t)|{gv}, {δae}〉,

where we have used both Eq. (5.326) and that the ground state(s) of HG
ttc are +1 eigenstates

of Ḡe. Now, in comparing Eq. (5.328) and the last line of Eq. (5.329), we see that φ′′(h, {gv})
must be 1 for every {gv}. This implies that:

V (h)Us = Us
∏
e

Ḡρ̂
h−1

e V (h), (5.330)

as claimed.

5.G.2 Fermionizability

Here, we show that the FDQC Us in Eq. (5.314) can be expressed in terms of Ūf and Wt

operators. The fermion condensation duality (Table 5.2) can then be immediately applied
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to Us to construct the FDQC Uf .

By re-arranging the Pauli X and Pauli Z operators in Eq. (5.313):

Us =
∏
t

e2πiOtν̂(t)
∏
f

Z
∫
ρ̂∪1f

f

∏
f

X
ρ̂(f)
f

∏
t

W
∫
ρ̂∪2t

t , (5.331)

we can form Ūf operators. To show this, we decompose the product of Zf operators into:

∏
f

Z
∫
ρ̂∪1f

f =
∏
f

∏
f ′

Z
ρ̂(f)

∑
t f∪1f

′(t)
f ′ . (5.332)

We then see that we can form a factor of Ū
ρ̂(f)
f for each face f :

Ū
ρ̂(f)
f = X

ρ̂(f)
f

∏
f ′

Z
ρ̂(f)

∑
t f∪1f

′(t)
f ′ . (5.333)

Given the commutation relations of Ūf operators, the resulting product of Ū
ρ̂(f)
f operators

will generically depend on a choice of ordering. Hence, we choose an arbitrary ordering of

the faces (f1 < · · · < fi < · · · ) of the set F of faces in M . We aim to form a product of

Ū
ρ̂(f)
f according to the ordering on F , i.e.:

∏
f∈F

Ū
ρ̂(f)
f = (· · · Ū ρ̂(fi)

fi
· · · Ū ρ̂(f1)

f1
). (5.334)

We re-order the Pauli X and Pauli Z operators of Us into the product in Eq. (5.334) by first,

ordering the product of Zf operators by the ordering on F :

∏
f∈F

∏
f ′

Z
ρ̂(f)

∑
t f∪1f

′(t)
f ′ =

[
· · ·
∏
f ′

Z
ρ̂(fi)

∑
t f∪1f

′(t)
f ′ · · ·

∏
f ′

Z
ρ̂(f1)

∑
t f∪1f

′(t)
f ′

]
. (5.335)

To form Ū
ρ̂(fi)
fi

, X
ρ̂(fi)
fi

in Eq. (5.331) is commuted past the Pauli Z operators of Ū
ρ̂(fi′ )
fi′

for
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each i′ < i. This produces the sign:

∏
i′<i

(−1)ρ̂(fi′ )ρ̂(fi)
∑
t f i′∪1f i(t). (5.336)

In creating the product in Eq (5.334), we thus accrue the sign:

ξρ̄(F ) =
∏
i

[∏
i′<i

(−1)ρ̂(fi′ )ρ̂(fi)
∫
f i′∪1f i

]
. (5.337)

In summary, we have shown that Us can be written as:

Us =
∏
t

e2πiOtν̂(t)ξρ̄(F )
∏
f∈F

Ū
ρ̂(f)
f

∏
t

W
∫
ρ̂∪2t

t . (5.338)

which matches the form of Us in Eq. (5.159). Fermion condensation is implemented by

replacing Ūf with Sf and Wt with Pt. This gives the circuit Uf in Eq. (5.164):

Uf ≡
∏
t

e2πiOtν̂(t)ξρ̄(M)
∏
f

S
ρ̂(f)
f

∏
t

P
∫
ρ̂∪2t

t . (5.339)

5.G.3 Composition laws

As argued in Section 5.2.3, the stacking laws of supercohomology phases can be determined

by composing the FDQCs Uf that prepare the supercohomology models. For convenience, we

evaluate the composition of the FDQCs Us that prepare the shadow model. The composition

of Uf operators follows from this by applying the fermionization duality to the Us circuits.

For reference, the FDQC Us corresponding to the supercohomology data (ρ, ν) is:

Uρνs =
∏
t

e2πi ν̂(t)Ot
∏
f ′

Z
∫
ρ̂∪1f

′

f ′

∏
f

X
ρ̂(f)
f

∏
t

W
∫
ρ̂∪2t

t . (5.340)

Given two sets of supercohomology data (ρ, ν) and (ρ′, ν ′), we calculate the product of
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Uρνs and Uρ′ν′s directly:

Uρνs Uρ
′ν′

s =
∏
t

e2πi ν̂(t)Ot
∏
f ′

Z
∫
ρ̂∪1f

′

f ′

∏
f

X
ρ̂(f)
f

∏
t

W
∫
ρ̂∪2t

t

×
∏
t

e2πi ν̂
′
(t)Ot

∏
f ′

Z
∫
ρ̂
′∪1f

′

f ′

∏
f

X
ρ̂
′
(f)

f

∏
t

W
∫
ρ̂
′∪2t

t

=
∏
t

e2πi ν̂
′′

(t)Ot
∏
f ′

Z
∫
ρ̂
′′∪1f

′

f ′

∏
f

X
ρ̂
′′

(f)
f

∏
t

W
∫
ρ̂
′′∪2t

t .

(5.341)

In the last line, we have combined the Pauli Z and Pauli X operators and defined ρ̂
′′ ≡ ρ̂+ρ̂

′
.

The operator ν̂
′′

is a sum of ν̂ and ν̂
′
and also incorporates the sign incurred from commuting

the Pauli X and Pauli Z operators. In particular, to form the last line in Eq. (5.341), we

commute the operators:

∏
f ′

(
Z

∫
ρ̂
′∪1f ′

f ′

)
past

∏
f

(
X
ρ̂(f)
f

)
,

∏
f

(
X
ρ̂
′
(f)

f

)
past

∏
t

(
W ρ̂∪2t
t

)
.

(5.342)

This produces the sign:

(−1)
∫
ρ̂
′∪1ρ̂+ρ̂∪2δρ̂

′
, (5.343)

so we define ν̂
′′

as:

ν̂
′′ ≡ ν̂ + ν̂

′
+

1

2
ρ̂
′ ∪1 ρ̂+

1

2
ρ̂ ∪2 δρ̂

′
. (5.344)

Now, we recover the supercohomology data corresponding to ρ̂
′′

and ν̂
′′

from their diag-

onal matrix elements. For a face 〈123〉, the matrix element 〈{gv}|ρ̂
′′
(〈123〉)|{gv}〉 is:

〈{gv}|ρ̂
′′
(〈123〉)|{gv}〉 = ρ(1, g1, g2, g3) + ρ′(1, g1, g2, g3). (5.345)
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Therefore, ρ̂
′′

corresponds to the function ρ′′ = ρ + ρ′. For ν̂
′′
, we compute the matrix

element 〈{gv}|ν̂
′′
(〈1234〉)|{gv}〉, with an arbitrary tetrahedron 〈1234〉:

〈{gv}|ν̂
′′
(〈1234〉)|{gv}〉 = ν(1, g1, g2, g3, g4) + ν ′(1, g1, g2, g3, g4)

+
1

2
ρ(1, g1, g2, g3)ρ′(1, g1, g3, g4) +

1

2
ρ(1, g2, g3, g4)ρ′(1, g1, g2, g4)

+
1

2
ρ(1, g1, g2, g3)ρ′(g1, g2, g3, g4) +

1

2
ρ(1, g1, g3, g4)ρ′(g1, g2, g3, g4).

(5.346)

To obtain the right-hand side of Eq. (5.346), we have used the explicit formulas for

cup products in Appendix 5.A.2. The sum of ρ and ρ′ terms can be further simpli-

fied to 1
2
ρ ∪2 ρ

′(1, g1, g2, g3, g4) with Eq. (5.223). Thus, ν̂
′′

corresponds to the function

ν ′′ ≡ ν + ν ′′ + 1
2
ρ ∪2 ρ

′.

In summary, we have found Uρνs Uρ
′ν′
s = Uρ′′ν′′s , where (ρ′′, ν ′′) is:

(ρ′′, ν ′′) = (ρ+ ρ′, ν + ν ′′ +
1

2
ρ ∪2 ρ

′). (5.347)

Since the composition rules are preserved under fermionization, we have that Uρνf Uρ
′ν′

f =

Uρ′′ν′′f . Hence, the stacking rules for supercohomology phases is given by:

(ρ, ν) � (ρ′, ν ′) = (ρ+ ρ′, ν + ν ′ +
1

2
ρ ∪2 ρ

′). (5.348)

5.H SPT state built from trivial supercohomology data

In this appendix, we show that the fSPT state |Ψρ0ν0

f 〉 corresponding to the trivial superco-

homology data:

(ρ0, ν0) = (δβ, δη +
1

2
β ∪ β +

1

2
β ∪1 δβ), (5.349)
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can be constructed from a product state by a FDQC composed of local symmetric unitaries.

According to the definition of fSPT phases, |Ψρ0ν0

f 〉 must belong to the trivial fSPT phase.

This verifies the claim made in the main text that the supercohomology data (ρ0, ν0) corre-

sponds to the trivial phase. As a warmup, we consider the case in which β and η are closed.

We then derive the more general statement for an arbitrary choice of (ρ0, ν0).

Assuming β and η are closed

In this case, (ρ0, ν0) is equal to (0, 1
2
β ∪ β). Note that ν0 is given by the group cocycle

1
2
β ∪ β, which can be used to construct a group cohomology model following the discussion

in Section 5.2.2. If 1
2
β ∪ β is a nontrivial cocycle, then the model describes a nontrivial

bosonic SPT phase. However, after introducing fermions [either emergent (in the twisted

toric code) or physical (in the fSPT model)], the phase factor associated to 1
2
β ∪ β can be

produced by a FDQC comprised of local symmetric unitaries, as we show below.

For convenience, we consider the shadow model. A ground state of the shadow model

corresponding to the supercohomology data (0, 1
2
β ∪ β) is:

|Ψρ0ν0
s 〉 =

∑
{gv},ae

(−1)
∫
β̂∪β̂+ae∪δae|{gv}, δae〉, (5.350)

where we have introduced the notation:

β̂(〈123〉)|{gv}, δae〉 = β(g1, g2, g3)|{gv}, δae〉,

β̂(〈12〉)|{gv}, δae〉 = β(1, g1, g2)|{gv}, δae〉.
(5.351)

Since β is a cocycle, we have δβ̂ = β̂. Using the cup product relations in Appendix 5.A.2,

the exponent in Eq. (5.350) can be written as:

∫
β̂ ∪ δβ̂ + ae ∪ δae =

∫
(ae + β̂) ∪ δ(ae + β̂) + β̂ ∪1 δae. (5.352)
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By defining a′e ≡ ae + β̂, the ground state of the shadow model in Eq. (5.350) becomes:

|Ψρ0ν0
s 〉 =

∑
{gv},ae

(−1)
∫
β̂∪1(δa′e+β̂)+a′e∪δa′e

∏
f

X
β̂(f)
f |{gv}, δa′e〉

=
∑
{gv},a′e

∏
f ′

Z
∫
β̂∪1f

′

f ′

∏
f

X
β̂(f)
f (−1)

∫
a′e∪δa′e|{gv}, δa′e〉

=
∑
{gv},a′e

Ūβ(−1)
∫
a′e∪δa′e|{gv}, δa′e〉.

(5.353)

According to the fermionization duality reviewed in Appendix 5.E |Ψρ0ν0
s 〉 maps to the

fermionic state:

|Ψρ0ν0

f 〉 =
∑
{gv}

Sβ|{gv}, vac〉. (5.354)

Here, Sβ is the FDQC built from the product of hopping operators:

Sβ ≡ ξβ(M)
∏
f

S
β̂(f)
f , (5.355)

with ξβ(M) given by:

ξβ(M) ≡
∏

i,i′|i′<i

(−1)β̂(fi′ )β̂(fi)
∫
f i′∪1f i . (5.356)

The FDQC Sβ is composed of local symmetric unitaries due to the homogeneity of β. There-

fore, |Ψρ0ν0

f 〉 belongs to the trivial fSPT phase.

General trivial supercohomology data

We now consider the more general case where (ρ0, ν0) takes the form in Eq. (5.349) for any

η ∈ C3(G,R/Z) and β ∈ C2(G,Z2). A ground state of the shadow model (after the basis
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transformation introduced in Eq. (5.133)) is:

|Ψρ0ν0
s 〉 =

∑
{gv},ae

∏
t

e2πiOtν̂(t)(−1)
∫
ρ̂∪1(δae+ρ̂)(−1)

∫
ae∪δae

∏
f

X
ρ̂(f)
f |{gv}, δae〉. (5.357)

The ν̂ term can be decomposed into:

∏
t

e2πiOtη̂(t)(−1)
∫
β̂∪β̂+ρ̂∪β̂+β̂∪1ρ̂, (5.358)

where ρ̂ and ρ̂ are defined by:

ρ̂(〈1234〉)|{gv}, δae〉 = ρ(g1, g2, g3, g4)|{gv}, δae〉,

ρ̂(〈123〉)|{gv}, δae〉 = ρ(1, g1, g2, g3)|{gv}, δae〉.
(5.359)

To obtain Eq. (5.358), we have used ρ̂ = δβ̂ and the explicit ∪1 product:

β̂ ∪1 δβ̂(〈01234〉) =β̂(〈034〉)δβ̂(〈0123〉) + β̂(〈014〉)δβ̂(〈1234〉)

=ρ̂(〈123〉)β̂(〈34〉) + β̂(〈14〉)ρ̂(〈1234〉)

=[ρ̂ ∪ β̂ + β̂ ∪1 ρ̂](〈1234〉).

(5.360)

Now, using the identity ρ̂ = β̂+ δβ̂ and defining the new variables a′e ≡ ae + β̂, the ground

state of the shadow model can be organized into:

|Ψρ0ν0
s 〉 =

∑
{gv},a′e

∏
t

e2πiOtη̂(t)(−1)
∫
β̂∪1(δa′e+β̂)(−1)

∫
a′e∪δa′e

∏
f

X
ρ̂(f)
f X

δβ̂(f)
f |{gv}, δa′e〉

=
∑
{gv},a′e

∏
t

e2πiOtη̂(t)
∏
f ′

Z
∫
β̂∪1f

′

f ′

∏
f

X
β̂(f)
f (−1)

∫
a′e∪δa′e|{gv}, δa′e〉

=
∑
{gv},a′e

∏
t

e2πiOtη̂(t)Ūβ(−1)
∫
a′e∪δa′e|{gv}, δa′e〉

(5.361)
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This fermionizes to the fermionic state:

|Ψρ0ν0

f 〉 =
∑
{gv}

∏
t

e2πiOtη̂(t)Sβ|{gv}, vac〉 =
∏
t

e2πiOtη̂(t)Sβ
∑
{gv}

|{gv}, vac〉, (5.362)

which is constructed from a product state by a FDQC composed of local symmetric unitaries.



356

BIBLIOGRAPHY

[1] Dominic J. Williamson, Nick Bultinck, Michael Mariën, Mehmet B. Şahinoğlu, Jutho
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[67] Héctor J. Garćıa, Igor L. Markov, and Andrew W. Cross. On the geometry of stabilizer
states. Quantum Info. Comput., 14(7 & 8):683720, May 2014.

[68] Victor Veitch, Christopher Ferrie, David Gross, and Joseph Emerson. Negative
quasi-probability as a resource for quantum computation. New Journal of Physics,
14(11):113011, nov 2012.

[69] Mark Howard and Earl Campbell. Application of a resource theory for magic states
to fault-tolerant quantum computing. Phys. Rev. Lett., 118:090501, Mar 2017.

[70] Sergey Bravyi, Dan Browne, Padraic Calpin, Earl Campbell, David Gosset, and Mark
Howard. Simulation of quantum circuits by low-rank stabilizer decompositions. Quan-
tum, 3:181, September 2019.

[71] Zi-Wen Liu, Kaifeng Bu, and Ryuji Takagi. One-shot operational quantum resource
theory. Phys. Rev. Lett., 123:020401, Jul 2019.



362

[72] Xin Wang, Mark M. Wilde, and Yuan Su. Efficiently computable bounds for magic
state distillation. Phys. Rev. Lett., 124:090505, Mar 2020.

[73] Michael Levin and Zheng-Cheng Gu. Braiding statistics approach to symmetry-
protected topological phases. Phys. Rev. B, 86:115109, Sep 2012.

[74] Trithep Devakul, Dominic J. Williamson, and Yizhi You. Classification of subsystem
symmetry-protected topological phases. Phys. Rev. B, 98:235121, Dec 2018.

[75] Yizhi You, Trithep Devakul, F. J. Burnell, and S. L. Sondhi. Subsystem symmetry
protected topological order. Phys. Rev. B, 98:035112, Jul 2018.

[76] Beni Yoshida. Topological phases with generalized global symmetries. Phys. Rev. B,
93:155131, Apr 2016.

[77] Robert Raussendorf, Sergey Bravyi, and Jim Harrington. Long-range quantum entan-
glement in noisy cluster states. Phys. Rev. A, 71:062313, Jun 2005.

[78] Yu-An Chen, Tyler D. Ellison, and Nathanan Tantivasadakarn. Disentangling super-
cohomology symmetry-protected topological phases in three spatial dimensions. Phys.
Rev. Research, 3:013056, Jan 2021.

[79] Sam Roberts, Beni Yoshida, Aleksander Kubica, and Stephen D. Bartlett. Symmetry-
protected topological order at nonzero temperature. Phys. Rev. A, 96:022306, Aug
2017.

[80] Sam Roberts and Stephen D. Bartlett. Symmetry-protected self-correcting quantum
memories. Phys. Rev. X, 10:031041, Aug 2020.

[81] Lokman Tsui and Xiao-Gang Wen. Lattice models that realize Zn-1 symmetry-
protected topological states for even n. Phys. Rev. B, 101:035101, Jan 2020.

[82] Juven C. Wang, Zheng-Cheng Gu, and Xiao-Gang Wen. Field-theory representation
of gauge-gravity symmetry-protected topological invariants, group cohomology, and
beyond. Phys. Rev. Lett., 114:031601, Jan 2015.

[83] F. J. Burnell, Xie Chen, Lukasz Fidkowski, and Ashvin Vishwanath. Exactly soluble
model of a three-dimensional symmetry-protected topological phase of bosons with
surface topological order. Phys. Rev. B, 90:245122, Dec 2014.

[84] Lukasz Fidkowski, Jeongwan Haah, and Matthew B. Hastings. Exactly solvable model
for a 4 + 1D beyond-cohomology symmetry-protected topological phase. Phys. Rev. B,
101:155124, Apr 2020.



363

[85] Jeongwan Haah, Lukasz Fidkowski, and Matthew B. Hastings. Nontrivial Quantum
Cellular Automata in Higher Dimensions. arXiv e-prints, page arXiv:1812.01625, De-
cember 2018.

[86] Sergey Bravyi, David P. Divincenzo, Roberto Oliveira, and Barbara M. Terhal.
The complexity of stoquastic local hamiltonian problems. Quantum Info. Comput.,
8(5):361385, May 2008.

[87] Lalit Gupta and Itay Hen. Elucidating the interplay between non-stoquasticity and
the sign problem. Advanced Quantum Technologies, 3(1):1900108, 2020.

[88] Luiz H. Santos. Rokhsar-kivelson models of bosonic symmetry-protected topological
states. Phys. Rev. B, 91:155150, Apr 2015.

[89] Zohar Ringel and Steven H. Simon. Hidden order and flux attachment in symmetry-
protected topological phases: A laughlin-like approach. Phys. Rev. B, 91:195117, May
2015.

[90] Thomas Scaffidi and Zohar Ringel. Wave functions of symmetry-protected topological
phases from conformal field theories. Phys. Rev. B, 93:115105, Mar 2016.

[91] Iman Marvian. Symmetry-protected topological entanglement. Phys. Rev. B,
95:045111, Jan 2017.

[92] J.I. Cirac, D. Prez-Garca, N. Schuch, and F. Verstraete. Matrix product density
operators: Renormalization fixed points and boundary theories. Annals of Physics,
378:100149, Mar 2017.

[93] Sergey Bravyi, Alexander Kliesch, Robert Koenig, and Eugene Tang. Obsta-
cles to State Preparation and Variational Optimization from Symmetry Protection.
arXiv:1910.08980, October 2019.

[94] William K Wootters. A wigner-function formulation of finite-state quantum mechanics.
Annals of Physics, 176(1):1 – 21, 1987.

[95] D. Gross. Hudsons theorem for finite-dimensional quantum systems. Journal of Math-
ematical Physics, 47(12):122107, 2006.

[96] Hakop Pashayan, Joel J. Wallman, and Stephen D. Bartlett. Estimating outcome
probabilities of quantum circuits using quasiprobabilities. Phys. Rev. Lett., 115:070501,
Aug 2015.



364

[97] Jeongwan Haah. Classification of translation invariant topological Pauli stabilizer codes
for prime dimensional qudits on two-dimensional lattices. arXiv:1812.11193, December
2018.

[98] M. Popp, F. Verstraete, M. A. Mart́ın-Delgado, and J. I. Cirac. Localizable entangle-
ment. Phys. Rev. A, 71:042306, Apr 2005.

[99] Nathanan Tantivasadakarn. Dimensional reduction and topological invariants of
symmetry-protected topological phases. Phys. Rev. B, 96:195101, Nov 2017.

[100] Maissam Barkeshli, Parsa Bonderson, Meng Cheng, and Zhenghan Wang. Symmetry
fractionalization, defects, and gauging of topological phases. Phys. Rev. B, 100:115147,
Sep 2019.

[101] David Fattal, Toby S. Cubitt, Yoshihisa Yamamoto, Sergey Bravyi, and Isaac L.
Chuang. Entanglement in the stabilizer formalism. arXiv:quant-ph/0406168, June
2004.

[102] Noah Linden, Frantisek Matus, Mary Beth Ruskai, and Andreas Winter. The Quantum
Entropy Cone of Stabiliser States. In Simone Severini and Fernando Brandao, editors,
8th Conference on the Theory of Quantum Computation, Communication and Cryp-
tography (TQC 2013), volume 22 of Leibniz International Proceedings in Informatics
(LIPIcs), pages 270–284, Dagstuhl, Germany, 2013. Schloss Dagstuhl–Leibniz-Zentrum
fuer Informatik.

[103] P. Jordan and E. Wigner. Über das paulische äquivalenzverbot. Zeitschrift für Physik,
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