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Thermoacoustic tomography is a developing medical imaging technique that combines the
propagation of electromagnetic and ultrasound waves with the purpose of producing a high
contrast and high resolution internal image of a specific part of the body. The underlying
physics involved in this technique naturally divides its theoretical analysis into two different
problems corresponding to each type of waves. One of them is the inverse thermoacoustic
tomography problem which studies the propagation of ultrasound across biological tissues
and aims to obtain internal information related with the initial source of the acoustic waves,
from data acquired on transducers placed outside the body of interest.

A natural difficulty in the analysis of ultrasound propagation is the attenuation effect
caused by different tissues, in particular in the case of biological bodies. Its study is of
course of great interest for real applications of this technology and it has received consid-
erable attention in the last few years. In this thesis, I review some previous results for the
thermoacoustic problem in the absence of acoustic dissipation, and in the second part, I
analyze the inverse problem of thermoacoustic tomography in the presence of two types of
attenuation models, local and nonlocal in time, and provide reconstruction formulas for both
cases under some assumptions on the geometry of the problem. New results on uniqueness

and stability of the inverse problem in the latter case are also established.
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GLOSSARY

: thermoacoustic/photoacoustic tomography;

. time reversal;

. initial value problem:;

. initial boundary value problem:;

. wave-front set;

. pseudo-differential operator;

. fourier integral operator;

: space of m-times continuously differentiable functions in U,

: space of infinitely differentiable functions supported inside U;
: space of square integrable function in U, for the measure u;

. space of square integrable function in U for the Lebesgue measure;

: space of functions in L?(U), such that (1 + [£]?)™/%a(¢) € L?,

where " stands for the Fourier transform;

: space of functions u € H'(U), such that u = 0 on 9;

: space of functions for which there exists ¢ € C5°(R™) such that ¢u € H'(R");
. space of linear operators from H into itself;

: cotangent space of R™;

: subset of T*R"™ containing all cotangent vectors (z, &) with base point

x in U C R™ and positive phase direction, i.e. £ > 0;

cosphere bundle of U C R";

. space of distributions in U;
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E'(U) : space of distributions compactly supported in U;

UO(U) : space of pseudo-differential operators of order zero in U.
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Chapter 1
INTRODUCTION

This thesis is intended to be a revision of my work on the inverse problem of thermoa-
coustic tomography (TAT) as a graduate student in the Department of Mathematics at
University of Washington. The problem of TAT in attenuating media was the first task
that my advisor, Professor Gunther Uhlmann, suggested me to work on and which gave rise
to two published papers [35] and [3], the later in a joint work with S. Acosta from Baylor
College of Medicine, Texas, US. Before start talking about TAT, I have decided to give a
brief and general introduction to the field of inverse problem.

We call inverse problem to the exercise of collecting some internal information about
an specific object or media where we don’t have full access. The idea is to illuminate it
by applying a particular type of waves (e.g. electromagnetic, elastic or sound waves) and
measure the behavior of these when they interact with the media. Given this information, the
goal is the reconstruction of some physical parameter in a given region of interest. Many of
the applications of such problems belong to medical imaging where the objective is to obtain
good resolution and good contrast pictures of the inside of the human body. For instance, in
X-ray Computerized Tomography (X-ray CT) the image corresponds to the electromagnetic
absorption coefficient of the biological tissues and it is obtained by probing the body with
high energy electromagnetic rays.

In mathematical terms, an inverse problem refers to the inversion of the forward or

measurement operator M : p +— wul|_, where provided a parameter p of the media being

]_"7
analyzed, we measure the its interaction with an emitted field of waves in a particular region

I'. More specifically, we seek to answer the following four questions:

e Uniqueness: M(p') = M(p*) = p'=p? (injectivity of M)



This property means that for every set of data there is a unique value of p that gives such
measurements. Provided the inyectivity of M is now reasonable to think about its inverse

M1, Then we can address the problems of:

o Stability: M(p') =~ M(p*) = p' ~ p?>. In other words, we would like to find the
modulus of continuity of M™!, i.e., an increasing function w : Ry — R, w(0) = 0,

such that
Ip" = P?[| < w([M(p') = M©P*)]).

for suitable norms.

This property tells us how the error in the measurements translates into error in the recon-
struction of the parameters and of course depends on how this function w is.

Finally we have:

e Reconstruction: Find an explicit formula for M.

e Implementation: Provide an efficient algorithm to compute M~

In most of the practical cases, using only one type of waves results in images that either
have good contrast and bad resolution or the other way around. However, in the last decade
many new imaging methods involving two types of waves have being developed, which rely
in different physical principle that respectively link the different waves. They receive the
name of coupled physics modalities.

Thermoacoustic and Photoacoustic tomography are coupled physics medical imaging
techniques that consist in the application of a harmless electromagnetic pulse to some target
tissue which causes an slightly increment in the local temperature, and makes the tissue to
expand and produce pressure waves which are then recorded and used to reconstruct opti-
cal parameters of the region of interest. Their difference lies in the frequency employed for
the illumination pulse being in the microwave range for TAT and in the infrared range for

PAT. The goal behind the integration of two different types of waves is to take advantage of



the good contrast of the electromagnetic absorption parameters and the good resolution the
ultrasound data provides, to finally obtain a tomogram endowed with both desired features.

This method is naturally divided into two steps due to the different time-scales of the
electromagnetic and sound propagation. The first one is the inversion of the ultrasound
measurements to get some internal information related with the absorption of the electro-
magnetic radiation (same problem for both TAT and PAT), and the second step, also called
quantitative TAT/PAT, consists in the inversion of such internal data to produce the actual
image. We will focus on the first step and we refer the reader to [7] to learn more about
QTAT/QPAT.

The problem of thermoacoustic tomography has been broadly studied by many authors.
Several reconstruction methods have been proposed for homogeneous media [16, 31, 15, 29,
56, 34, 36, 18], and also for heterogeneous media [5, 24, 23, 41, 42, 52, 26, 25, 1, 46, 30, 12, 46].
See also the reviews [4, 28, 6] for additional references. One of the most remarkable techniques
employed to reconstruct the initial condition is the so-called time reversal (TR) method. The
theoretical analysis of TR has gained considerable attention in the past few years, mainly
due to the work of Stefanov and Uhlmann in [41, 42]. In its initial formulation, the time
reversal technique gives an approximate solution that converges to the exact one as the
observation time increases. The problem of recovering the initial source for optimally short
measurement time was solved in [41] for variable sound speed employing techniques from
microlocal analysis. This work led to a very fruitful collection of articles seeking to extend
the original ideas to different practical setting.

Recently, the focus of the mathematical analysis has been placed on extensions in the
following two areas. First, there is the problem of accounting for attenuating media. Homan
in [20] gave a first extension of Stefanov and Uhlmann’s work in this direction by considering
the damped wave equation with sufficiently small damping coefficients and considering an
straightforward extension of the time reversal method. In the complete data case, those
results were extended to more general damping coefficients in my article [35]. In [2] the

authors addressed the TAT problem with thermoelastic attenuation. Second, recent publi-



cations have addressed the TAT problem in enclosed domains to model the interaction of
acoustic waves with reflectors and sensors. The advantages of working with this setting is
that it naturally allows to consider partial data and the inverse problem is closely related

with Boundary Control Theory. See for instance [1, 46, 30, 12].

The mathematical formulation of the inverse TAT problem is as follows. We denote by
f(x) a source of ultrasound waves that is related with the absorbed EM energy and the
absorption coefficient of the body. Because of the different time-scales between the EM
energy absorption and the sound propagation, f is considered to act only at the initial time

t = 0. Therefore, the ultrasound waves represented by u(t, x) satisfy the system
Otu — A (z)Au = f(2)0'(t), wu(t,z) =0 fort <0,

where ¢(x) is the (variable) sound speed of the media and ¢ is the derivative of the Dirac
delta distribution in time. It can be shown that this problem is equivalent to solve an initial
value problem (IVP) which we introduce next. Let U and Q be two open sets in R™ with
the latter being bounded. We are interested in two cases: U = R", and U = 2. The IVP
studied in TAT is the system

Pu =0, (t,x) € (0,00) x U
u(0,2) = f(x), z€U (1.1)
Owu(0,2) =0, zeU,

with supp f € Q and P is a hyperbolic operator of the form
Pu = 0}u — (x)Au, (1.2)

where all the parameters of the system (f and c¢) live in suitable functional spaces and we



assume P = 02u— Au outside Q. If U = Q we also consider boundary conditions of the form
Oyu = AN(z)0wu, on [0,T] x 00 (1.3)

where A > 0 is assumed to be smooth. In the case A = 0 we say that the problem has a
perfectly reflecting boundary, otherwise it has partially reflecting boundary. To carried out the
analysis below it is necessary to place the above functions in a suitable functional setting.
We introduce the following spaces, Hp(U) and H(U), as the completions of C§°(U) and
C(U) x C§°(U) for the respective norms

HfH?fD(U):/U\VfIde and |£]13,0) = il z, @) + I f2llZ2w)

with f = (fy, fo) and L?(U) = L*(U; ¢ %dx), the space of L? functions for the measure ¢~*dzr.
Then, H(U) can be identified with the space Hp(U) & L*(U).

Under the hypothesis that the sound speed of the media is known, our goal is to analyze

and hopefully invert the forward operator
M:f— u}z,

where ¥ =[0,T] x T', T' C 9Q open, and 0 < T' < co. Since u depends linearly on f (i.e. M
is linear), to prove uniqueness of the inverse problem, or equivalently the inyectivity of the

operator M, it is enough to show that
M(f)=0 = f=0.

As you will see soon, the linearity of M would be very helpful in the stability problem and

reconstruction as well.

Notice in the case U = R", u is a solution in the whole space so we assume the measure-

ments on the boundary do not affect its propagation. On the contrary, the case U = €2 with



corresponding boundary conditions, models the interaction between the acoustic waves and

the ultrasound transducers.

The rest of the thesis is divided into two main parts. Chapter 2 reviews the initial
formulation of the thermoacoustic inverse problem, this is when media does not attenuate
the propagating waves, which I call the classical TAT inverse problem. It contains three
subsections devoted to respectively answer the first three main questions presented above,
namely, uniqueness, stability and reconstruction. The most recent results on each topic are
stated, and most of the proofs, or at least the ideas behind them, are provided as well. On
the other hand, Chapter 3 consists in a detailed exposition of my two articles on the TAT
problem in attenuating media, where I seek to answer the same three main questions already

mentioned.



Chapter 2

THE CLASSICAL TAT INVERSE PROBLEM

Most of the recent advances in TAT are a consequence of a seminal paper of P. Stefanov
and G. Uhlmann [41] in 2009, where the authors considered the case of variable sound
speed ¢ = ¢(x), partial data on I' C 0f2, and finite observation time 0 < T' < co. Before
[41] the research was mostly based on the assumption of constant wave speed and infinite
measurement time, setting that even though is fair useful for applications it is not precisely
what one encounters in practice. Indeed, in some cases as for example in brain imaging, due
to the presence of the skull, a more accurate model for the sound speed is to consider ¢(x)
as a piecewise smooth function. This problem was addressed in a subsequent paper of the
same authors in 2011 [42]. In the rest of this section we review the questions of uniqueness,

stability and reconstruction based on the analysis developed in both articles [41] and [42].

2.1 Uniqueness: Carleman Estimates

The uniqueness question is intimately related with the existence/non-existence of patholog-
ical solutions of the equation in matter. In the context of boundary observation this means
we have uniqueness for the inverse problem whenever there is no non-trivial solution leaving
no trace on the measurement region. Such condition is guaranteed by Carleman estimates.
These are weighted inequalities which serve as magnifying glasses near the boundary and help
to ensure there is no pathological solutions invisible from the boundary, and consequently we
are able to acquire all the necessary information to solve the inverse problem. The main re-
sult of this subsection is the next uniqueness theorem from [41]. Its proof is a generalization
of the method applied in [15] for the constant sound speed case, by using a more powerful

unique continuation result which of course is based on the existence of Carleman estimates



(see [50]). The theorem reads as follows.

Theorem 2.1.1 (Stefanov & Uhlmann, 2009, [41]). Assume that P = 0? — A outside Q and
O is strictly convex. Under the assumption that f € Hp(Q) with suppf C K, for some

compact I C Q satisfying
Ve € K, 3z € T so that dist(x,2) < T,

if ulorxr = 0, then f =0 (dist(-,-) stands for the distance under the metric ¢~*da?).

Remark. In the full data case, uniqueness is guaranteed as long as we have suppf C  and
T > Ty(Q) = sup,cqd(z, 02), with d(x, 02) the infimum of the lengths of curves with respect

to c~2da?, starting at x and ending at 0.

The proof is based on the fact that we can extend in a even way the system (1.1) to

negative times, and the next.

Proposition 2.1.1. If u € H]_ satisfies Pu= 0 and u = 0 in a neighborhood of [T, T x
{q}, with some T >0, ¢ € R", then u =0 in the set {(t,x) : dist(z,q) + |t| < T},

This unique continuation for hyperbolic equations is a consequence of the next more
general result due to D. Tataru and the subsequent remark. Let’s first recall the following

definition.

Definition 2.1.1. Let S be a C?-hypersurface, this is, S = {z : p(x) = 0} for some
Y € C?(R™) such that Vip(z) # 0 in S. We say that S is strongly pseudoconver with respect

to P at xy € S on a closed conic subset I' C T*R™ if,

Re{p, {p, ¢} }(20,£) > 0 for all { € Iy \{0} such that p(xo,&) = {p, }(20,£) =0,
(2.1)

and
1 —
;{]_o(x, Q),p(x,)}xo,&) >0 forall £ €T, 7 >0 such that

p(ffm g) = {p(l’o, C)? 90}(%»5) = O’ with g - 5 + 17'Vg0($0)

(2.2)



Theorem 2.1.2 (Tataru, [50]). Let’s write v = (x4, ) € R™. Assume that P has coefficients
analytic with respect to x, and let S = {¢ = 0} be an oriented hypersurface which is strongly
pseudoconver in the subset I' = {(z,£) € R" x R" : £, = 0} C T*R". Assume that either of

the following two conditions holds:
a) P is elliptic in T

b) P has real symbol on T' and I is invariant with respect to the null bicharacteristic flow

of P (i.e. 0;,p=10 on{p=0,& =0}).

Then, if u is solution to P(x, D)u =0 near 2° € S so that supp u C {p < p(2) = 0}, then

2% ¢ supp u.

Remark. Let P = 02 — ¢¥ (x)9;0; with (¢”(x));; positive definite matrix-function, where here
and the rest of the thesis, we use the Einstein summation convention for repeated indices.

Its symbol is given by
p<t7 x, 57 S) = _82 + g”(x)ngj

Since P has time independent coefficient they are analytic with respect to the time variable
t, therefore I' = {s = 0} and the principal symbol becomes p = ¢"(x)&¢&; in T, ie. P
is elliptic in T'. On the other hand, {p(zo,& + iTV(z0)), ¢} # 0 whenever {¢ = ¢(2°)}
is noncharacteristic (i.e. p(t,z, Vizp) # 0), so the strongly pseudoconvexity condition is
satisfied by default in I'. Consequently, P has the unique continuation property across any

noncharacteristic surface.

The underlying principle behind Theorem 2.1.2 is a generalization of the classical Carle-
man estimates that accounts for the lost of pseudo-convexity in the whole cotangent bundle.
In the simpler case where an hypersurface S = {¢ = 0} is strongly pseudoconvex with re-
spect to P for all (z,€) € R*™, Hormander in [21] shown the existence of a constant C' > 0
where roughly speaking

le™ull < Clle™ Pull
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for all u supported near a point on S and for all values of 7 > 7y with 7y large. Then, if we
are given a solution to Pu = 0, by localizing and using the above inequality it is possible to
obtain the unique continuation property across S. This result applies for instance to general
elliptic operators and any smooth hypersurface S, and to the wave operator with constant

coefficients and strictly-convex hypersurfaces.

For more general differential operators and hypersurfaces S, the later might not be
strongly pseudoconvex with respect to P for all covectors in T{R™\{0}, with {0} the zero
section of the cotangent space. This is in fact the case of the operator in (1.2). If we let
now P to be as in Theorem 2.1.2 it is still possible to obtain an estimate of Carleman type
by microlocalizing first on I'. This is achieved by applying the pseudo-differential operator
with symbol e~z &l” | which it is nothing but a Gaussian function in phase space, cutting off
a small neighborhood of I'. Then, denoting D, = %8%, we get the inequality

e E PP ereul?, < € (JleEPF e Pull 4 7 Pul 4 ]l )

where

.= Y PO DY ullfegay and - flo = Il 2.
|lal+|8|<m

Notice that in this case we have extra terms in the right hand side which account for lost of
strongly pseudoconvexity in the whole cotangent bundle, therefore, if u solves Pu = 0, and

recalling that ¢ = 0 on the boundary, we deduce the inequality
le==1PPemen 2 < Ce™, 4 <,

on a sufficiently small neighborhood of a given point zy € S. The conclusion that u vanishes

on the other side of S follows from this inequality and [50, Theorem 4].

Let’s go back for a moment to Proposition 2.1.1. The remark following Theorem 2.1.2
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tells us that we can uniquely extend a solution to Pu = 0 across a non-characteristic surface.
By considering a suitable family of (non-characteristic) hypersurfaces exhausting the double
cone {dist(z,q) + [t| < T}, we can iteratively extend the zero set of u until we hit the
characteristic set {dist(x,q) + |t| = T'}. The initialization of this inductive process follows
from the fact that there exists one of this hypersurfaces contained in the neighborhood of
[—T,T] x {q} where u = 0.

We are now ready to give the idea behind the proof of the uniqueness Theorem 2.1.1.

Sketch of the proof. The first thing to notice is that by extending u in an even way, we obtain
a solution to Pu = 0 for times in [=7,T]. Secondly, u is a solution of Pu = 0 in the whole

space and in particular it satisfies the exterior problem

Pu =0, r € R\Q, t € R,
u=u =0, xc&R"\Q,
u = h, red, teR

with h =0 on (=T,T) x I'. Therefore, the finite speed of propagation property for solutions
of this type of equations [16, Proposition 2| implies that u = 0 on a exterior neighborhood
of I, and for times t € (=7, T). For an arbitrary « € K, there exists p in such neighborhood
so that dist(z,p) < T, thus by applying Proposition 2.1.1 on p get that f(z) = 0. ]

In the case of an enclosure, the uniqueness is also a consequence of Proposition 2.1.1 and
the proof follows almost in the same way as above. The extra step we have to take is the
extension of the problem outside €2 close to the observable region I'. We denote this set by
Q and we extend the sound speed smoothly outside €2, thus since u has null Cauchy data
on I', we can set u equal to zero on Q\Q and it still satisfies the wave equation in the larger
domain. Since u = 0 for all (t,z) € (=T,T) x (2\Q) we can apply Proposition 2.1.1 as in
the proof of Theorem 2.1.1 and obtain the uniqueness. We then have.

Theorem 2.1.3 (Theorem 1 in [46]). Af = 0 for some f € Hp() implies f(x) = 0 for
dist(x,T") < T'. In particular, if T > Ty, then f = 0.
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2.2 Stability: Propagation of Singularities and Control Theory

The stability in the recovery of the initial source depends strongly in our ability of acquiring
information of the high frequency features of such function. In mathematical terminology
those high frequency features are called singularities. In this section we will see that in order
to answer the question of whether or not there is a stable recovery in the inverse problem, it
is necessary to study how singularities of the initial condition propagate through the media
and hopefully be able to detect everyone of them. We say (z,£) € T*R™ \ {0} (recall that
{0} stands for the zero section) is a singularity of a distribution u if (z, &) is an element of

its Wave Front Set, W F(u):

Definition 2.2.1. Let X C R” open. For v € D'(X), (zo,&) ¢ WF(u) if and only if
there exists ¢ € C§(X) with ¢(xy) # 0, and a conic neighborhood T' of &y, such that

pu(§), the Fourier transform of ou, is of rapid decrease in I' (i.e. for every N > 0, we have

[Pu(€)] < On(1+[¢)) N, eT).
In what follows we will use the following characterization of the wave front set.

Proposition 2.2.1.
(z0,&) € WF(u) iff 3P € V(X)) elliptic at (v0,&) s.t. Pu€ C®(X),

where W™ (X)) stands for the set of pseudo-differential operators (WDO) of order m in X (see
Definition A.1.2).

We will focus on the free space case and then give some ideas behind the analysis for the

case of an enclosure.

2.2.1 Stability in Free Space

The stability analysis is based on the idea that provided uniqueness for the inverse problem

and assuming we can recover all the singularities of the initial condition, the linear character
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of the inverse problem gives us the stability. Such approach is based in a corollary of the

following well known functional analysis result [51, Proposition V.3.1].

Theorem 2.2.1. Let T : E — X be a closed linear operator between Banach spaces, and

suppose K : E —'Y s compact. If for every u in the domain of T
[ullp < Cl|Tullx + Cl Kully,

then T" has closed range.

Corollary 2.2.1. Under the same hypothesis of the previous theorem, if in addition T is
injective then

lullp < C[|Tul|x,
for every u in the domain of T.

Recall we are trying to recover the initial source f in (1.1) by collecting Dirichlet boundary
data h = U|an(0,T), where €2 is a bounded set whose boundary does not perturb the outgoing
waves.

PROPAGATION OF SINGULARITIES

The analysis of singularities seek to determine the dynamic of singularities of solutions to
differential equations. We will see soon that for the wave equation we are able to explicitly
identify the paths that singularities follow, and assuming some conditions on the geometry
of the domain we can guarantee that they eventually reach 92, living the domain when the
boundary is invisible for the wave propagation, or being detected and/or reflected whenever
09 is a reflecting boundary. A first result and rather elemental is obtained by writing (1.1)
as a non-homogeneous initial value problem. By extending u to zero for negative times,
this is by replacing u with H (t)u(x,t), where H stands for the Heaviside function, we get a

solution to the problem

Pu=¢finR"™ wu=0fort<0, (2.3)
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where 0 is the Dirac’s delta distribution. In what follows we denote by u the extended
solution. Considering P as a pseudo-differential operator, the next proposition gives us a

first idea of the behavior of singularities.

Proposition 2.2.2. For any pseudo-differential operator P and u € D'(R™),
WF(Pu) C WF(u) C WF(Pu) U charP,
where charP is the characteristic set of P defined as

charP := {(z;¢) € T*(R") \ {0} : p(; &) = 0},

with p its principal symbol.

Let’s see what we can deduce from the above. If u solves Pu = F', then all the singularities
of F' are contained in the wave front set of u. On the other hand, the singularities of u are
either singularities coming from the source F, or they are produced by the dynamic generated
by P and therefore they belong to its characteristic set. In the problem we are studying,

2

p(t,x;7,&) = 72 — (x)[£|* and we have

WF(u) CWF(&'f) U{(t,z;7,§) € T*(R") \ {0} : 77 = () |¢["}.

We can go further tracking singularities thanks to the next sharp result due to Hérmander
(see for instance [22]). Recall Definition A.1.3 for the set W7 of classical YDO’s of order
m and Definition A.1.4 of operators of real principal type. We recall also that a null-
bicharacteristic strip v = (z(s),£(s)) of a DO with symbol p(z, £) is a curve in phase space
such that

dx @

p(x(s),£(s)) =0 and o= o

Theorem 2.2.2. Let P € V7(X) of real principal type, X C R"™ open, and let 7y : [a,b] —

d 0
(xvg)a d_i = _8_§(x7£)

T*X \ 0 be a null bicharacteristic strip with —oo < a < b < oo. Let u € D'(X) satisfy
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v([a, b)) "W EF(Pu) = 0. Thein either y([a,b]) € WF(u) or y([a,b]) N WF(u) = 0.

Let’s u be a solution to (2.3). Given a singularity p; = (t1,x1;71,&) of u for t; > 0,
we can parametrize the null bicharacteristic v passing through p; with parameter given
by the time variable, and track the singularity back in time until it reaches ¢t = 0. If
Y=o = (0, 20;70,&) & WEF(J'f), then we can apply again the theorem and conclude that
v(t) € WF(u) for t < 0 close to 0. However, u is smooth for negative times which contradicts
the previous, thus we must have that (0, zg;70,&) € WF(§'f) and then (z9,&) € WFE(f).
We finally get that

W F(u) = {v+(s) : null bicharacteristic s.t.y.(0) = (0, z; £c(x)|£], §) for some (z,§) € WF(f)}.

In the particular case of the wave equation, the projection z(s) of null bicharacteristics
v C T*(R™1) to R™ are precisely the geodesics for the metric ¢?dz? and consequently the
singularities propagate along geodesics. We say that (Q, c=2dx?) is non-trapping if all singu-
larities inside ) have finite length or in other words, fixing an initial time, they all leave the

domain in finite time.

We are now ready to state and prove the main result of this section. We first introduce
the stability time T for which the condition 7' > T} guarantees that all singularities leave a

trace on 02 and we are able to detect them. We set
Ty () := sup{|yl, : 7 geodesic for g = ¢ *da® on Q}.
The condition of (2, c"2dz?) being non-trapping translates to T} < oo.

Theorem 2.2.3 (Stability). Assuming that Ty < T < oo, then

1 fllzp0) < ClAS] 1 @0x 0.1))-
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Remark. This theorem is not sharp in the sense that it has been proven that stability still
holds when considering 7' > T3 /2 (see next Theorem 2.2.4). The final form of the stability
theorem follows from a more detailed microlocal analysis that we present in §2.3. Notice

that in a non-trapping geometry, Ty < 17/2, where Tj is the uniqueness time defined above.

Remark. 1f we a-priori know that suppf C K for some compact set K C €2, then the stability
is guaranteed as long as we have T > T (K), with the latter time defined as 77 (€2) but with

the supremum taken over all the geodesic passing through K.

Proof. Let’s denote by A : H ([0,T] x 0Q) — Hy() x L*(Q) the Time Reversal operator
that back propagates the Dirichlet data with null final conditions. Let x be a cut-off function
such that y = 11in (0,7 —6) for some small § > 0, and x(7T") = 0. If we call h = uj r)xo0 the
data from the TAT problem then Ayh is an approximation of f. It turns out that by linearity
and uniqueness of solutions for the IBVP, their difference satisfies that f — AxAf = w(-,0)

with w solution of

(0?2 — A(x)A)w = 0, (t,x) € (0,T) x Q2
(w, wy) = = (w0, ut) =1, = € Q (2.4)
w=(1-x)h, (x,t) € (0,T) x 0N.

By the above propagation of singularities result and since we are assuming 7" > T7(€2), all the
singularities of u are outside €2 at time 7" thus the operator f +— (u,u;)|(=7 maps Hp(2) to
C>®(Q) x C*°(Q2). Then, since there is compatibility to arbitrary order between the boundary
condition and the final condition, we get that w|,—o is also smooth, therefore the operator
R : f — w|i=g, maps Hp(2) to C°(Q) and we can write f = AxYAf — Rf. From the last
relation we get

[l < NAXAS [y + 1R a1

with A bounded from H'(992) to Hp(f), thus we in fact have

[y < CUAf Nl + 1B |a) -
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Recalling that A is injective due to the uniqueness result of Section 2.1, and that R is
smoothing thus compact from Hp to H', we conclude the proof by applying Corollary
2.2.1. O

Remark. A similar proof works when we assume the waves travel along an attenuating media

by satisfying the damped wave equation in R,

Pou = (9} + a(z)0; — (x)A)u = 0. (2.5)

Singularities propagate in the same way since lower order terms does not alter their behavior,

so they still flow along geodesics for the metric ¢~2dz?.

In [42] the authors improved the stability result by only requiring the observation time
T to be larger than T} /2. This is a direct consequence of a reconstruction formula obtained
in the same article and which we present in the next section (see Theorem 2.3.2). For a

compact I C 2 as in the second remark following Theorem 2.2.3, we have.

Theorem 2.2.4 (Improved stability). Assuming that T1(K)/2 < T < oo, then there ezists
C =C(K) > 0 such that

[ llzp00) < ClAS e 0.y xo0)-

2.2.2  Stability in an Enclosure

In the case we deal with an enclosure, the singularities are reflected in the boundary and
they remain inside the domain for all times. We don’t have anymore that the solution inside
the domain becomes smoother after some time which was a crucial ingredient in the proof
of stability for the free space case. However, we will see soon that due to such reflection of
singularities the case of partial data arises naturally and we are able to solve it by requiring
a geometrical condition on the acquisition region.

The stability for the inverse problem in an enclosure has been widely study by the Control

Theory community under the name of boundary observability. The observability property of a
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system like (1.1)-(1.3) means in words that enough energy coming from the initial condition
is detected in the accessible part of the boundary. In fact, this property is equivalent to
the detection of singularities in the observable region since it is a well-known fact that the

majority of the energy is carried by singularities.

Definition 2.2.2. We say the system (1.1)-(1.3) is observable from I' C 0f if there exists
C > 0 so that

Eq(u(0)) 2:/Q‘VU(O)PCZI‘—F/Q|Ut(0>|20_2dl’SC on Flatu|2dtd:z:. (2.6)

The term in the left hand side is the initial energy of the system.

In 1992, Bardos, Lebeau and Rauch in [8] proved a sharp condition on the boundary
acquisition region as well as in the observation time for which (2.6) holds. This is the

so-called Geometric Control Condition (GCC):

Condition 2.2.1. The geodesic flow of (2, ¢=2dz?) reaches T after possible reflections on
IO\ in finite time 7, and in addition, if X # 0 on system (1.1)-(1.3), {\ > 0} CI'. In other
words, there exists 0 < T < oo such that any geodesic ray, originating from any point in ) at
t =0, eventually reaches I' in a non-diffractive manner (after possible geometrical reflections

on OQ\ T') before time t = 7. The infimum of such 7’s is called exact controllability time.

We of course can reformulate the above condition in the case we a-priori know that
suppu(0) is contained in a given compact set K by requiring the GCC to hold only for the
geodesics passing through such set. In the particular case that I' = 99, then 7 = T} (K).

The proof of the sufficiency of Condition 2.2.1 is based on microlocal analysis techniques.
Bardos, Lebeau and Rauch studied how the energy of the solution is deposited in the bound-
ary, and concluded that violating the GCC there exists solutions concentrated near geodesics
so that most of their energy is never detected in the accessible region of the boundary. It then
follows directly from [8] that assuming the GCC there is stability for the inverse problem in

closed domains.
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Theorem 2.2.5. Assuming the GCC' for some compact set K C 2 and 7 < T, there ezists
C=C(K,T') >0 such that

| fllar gy < CIASf | 0,1)x1)-

2.3 Reconstruction

2.3.1 Free Space: Microlocal Energy Estimates

Most of the resent work in this area has been focus on the search of reconstruction prece-
dures via iterative formulas. These methods consist in iterative processes where one uses
the boundary data to solve wave equations, forward and backward in time, to refine the re-
construction on every step. The principle exploited in this approach is the time reversibility
of the wave equation. In [23] it was proved that back propagating the Dirichlet data into
inside the domain, by solving the wave equation backward in time with null final conditions,
gives a good approximate solution to the inverse problem, which gets better as we consider
larger measurement times. This time reversal technique is the natural thing to do due to the
already mentioned time-reversibility. In fact, if we had access to the final state of the wave
(i.e. at time T) it would be possible to perfectly reconstruct the initial source. In TAT /PAT
this is no the case though. The novel idea of Stefanov and Uhlmann introduced in [41] was
to use the boundary data at time 7', and construct a final condition for the backward prob-
lem that makes the error between the initial condition and this new time reversal technique
to be a contraction. This results in the convergence of a Neumann series which is nothing
but an iterative process like the one described above. In fact, choosing a measurement time

T1(2) < T < oo, they obtained that such error operator was compact.

Theorem 2.3.1 (Stefanov-Uhlmann, 2009, [41]). Let T1(Q) < T < oco. Then AN =1d— K,

where K is compact in Hp(SY), and | K||gy@) < 1. In particular, Id — K is invertible on
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Hp(Q) and the inverse thermoacoustic problem has an explicit solution of the form

f= iKmAh, hi=Af.

m=0

Proof. 1f we denote w = u—v with u the forward wave and v the time reversed one satisfying

(02 — A(x)A)v =0, (t,x)€ (0,T)xQ
(v,v)|i=r = (9,0), z€Q (2.7)
v=h, (t,2) € (0,T) x 99,

with ¢ the harmonic extension of h(7), it is easy to see that K f = w(0, -), where w satisfies

(02 — (x)A)w = 0, (t,z) € (0,T) x Q
(w7wt)’t:T = (U|t:T — @, Ut|t:T>7 x €} (2-8)
w =0, (t,z) € (0,T) x 0N.

The proof is then basically energy estimates for w and u. We have that

1K fll7, = Ealw, T) = [uler — 6ll%,, + [luele—rll7-
= l[ule=r 7, + lluele=rlZ2 — ll6ll%, (2.9)

S EQ(u7 T)a

thus by energy preservation in R",
1K fll7r, < Ba(u,T) < Egn(u,T) = Egn(u,0) = || f7,-

We claim that the previous inequality is strict. If there is equality for some f, then all the
above inequalities are equalities which means that v = 0 in R" \ Q. By extending u in
an even way to negative times, the unique continuation property for the wave operator in

Proposition 2.1.1 (se also [41, Theorem 4], [50]) implies that f = 0.
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We conclude now that || K||zm,) < 1 by noticing that K is compact since it is a com-
position of a compact and and a bounded operator, similarly as the case of the operator R
in the proof of Theorem 2.2.3 (i.e. by propagation of singularities). Then, if A; denotes the
largest eigenvalue of K*K we have that || K|| = v/A; and

thus by the above we obtain v/A; < 1. [

The previous result was improved in [42] by just requiring the time 7" to be larger than
T1(2)/2. Furthermore, to make the result work even in the case where the sound speed is
piecewise smooth, it is necessary to assume the initial condition is supported in a compact
set L C €0 where all the information generated there reaches the boundary in less than
the measurement time (probably after being transmitted and reflected several times). Such

condition is the following:

Condition 2.3.1 (Reconstruction geometric condition). For IKC C Q2 compact set with smooth

boundary, we assume that S*IKC C U (the cosphere bundle of K), with

U ={(z,§) € S*Q; there is a path of the geodesic issued from either (x,€)

or (x,—&) at t =0 never tangent to OS2, that crosses 02 at time t < T'}.

Recall we are assuming ¢ = 1 in R"\() therefore those geodesics that cross the boundary
transversally never return to €.
Since the time reversed wave at time ¢t = 0 might not have support in I we need to

project it, so we introduce the orthogonal projection map I : Hp(2) — Hp(K)

Ui f = flk — Poax(flox).

where Py is the Poisson operator of harmonic extension in K. The main idea behind this
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sharp result is that we can separate the analysis of the singularities to those which travel
respectively with positive and negative sound speed. The previous is a consequence of the
fact that for the wave operator P = 92 — ¢>A, we are able to orthogonally project the initial
data (up to smooth terms) to functions that generate only singularities traveling under the
positive or negative sound speed, this is f = IT,.f + I1_f (see [42, §4.2] for more details).
The solution then can be split into two parts, v, and u_, up to smooth terms. It will be
important to remember later that this property breaks when considering some perturbations

of the wave operator such as adding a damping —a(z)d;u or an integro-differential term
5 a(t — s, z)u(s)ds.

Theorem 2.3.2 (Stefanov-Uhlmann, 2011, [42]). Let K satisfy condition 2.53.1. Then Il AA =
Id— K in Hp(K), with | K|,k < 1. In particular, Id — K is invertible on Hp(KC), and A

restricted to Hp(KC) has an explicit left inverse of the form

f=> K™xAh, h:=Af.
m=0

Let’s point out first a few thing on the non-trapping case. By taking T' > T7(£2)/2 we have
that U equals the whole cosphere bundle S*€2, so condition 2.3.1 is satisfied for any compact
set in Q. In addition, we saw in §2.2.1 that when T' > T (1), the error operator K is compact,
however, for observation times in (77(Q2)/2,71(£2)), K might fail to be since there could still
be singularities inside the domain. In order to overcome the non-compactness issue it is
necessary to prove that measuring only one of the signals emanating from each singularity is
enough to achieve reconstruction. This is done by carrying out a careful microlocal analysis
close to the boundary and get microlocal energy estimates, this is, energy estimates for the
high-frequency part of the solution. As a direct consequence of the reconstruction formula
we get stability for T € (T1(Q)/2,71(£2)) in the non-trapping case. Even though we are
considering smooth sound speeds, the next reconstruction result as well as uniqueness and
stability, holds for piece-wise smooth speeds [42].

The purpose of the next two subsections is to construct approximate solutions in the
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sense that they satisfy (1.1) up to smooth terms and they contain all the singularities (high
frequency features) of the exact solution. We first construct one from the initial data and
after that we do a similar construction but this time from the boundary and obtain an inte-
gral representation of the measuring map A (up to smoothing operator). For a more general
and detailed exposition of the parametrix construction for hyperbolic equations we refer the

reader to [17] and [55]

GEOMETRIC OPTICS

Let’s denote by P the wave operator with smooth sound speed ¢(x),
P=0?—c()A,

which has principal symbol p(t, x; 7, &) = —7% + ¢(x)|£]?. We want to construct an operator
E acting on f = [fi, f5] such that P(Ef) = 0 modulo smooth terms, or equivalently P(Ef) €

C*(R™). Such E must also satisfies, up to smooth term, initial conditions

Ef|i—o = f1, OEflimo=fo, f1,/2€D.

Of course we are particularly interested in the case f; = f, fo = 0, however, we do the
computations for the general case since they will be helpful later. For simplicity we first

assume f; € C>®(R") with suppf; C Q and then we can extend the result to distributions.

Let’s start by considering F of the form

1 , . A B .

Blfi b)) = G D / 00t ()5 (t,03€) 1(€) + e 2o (3 2(6)) dE, (2.10)
o=%

where fl and fg are the respective Fourier transforms of f;, fo. The reason why we consider

two terms on F is because of the fact that the symbol p of the wave operator can be written

as p = (17 — c()|¢]) (7 + c(x)|€]), so there are two solutions associated respectively with the
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positive and negative wave speed c|¢| and —c[¢|.

We are looking for phase functions ¢, € C*(R;, xR? x (R™\0)), positive homogeneous of
degree 1 in £ and such that V,; ¢+ # 0, and amplitude functions a; + given asymptotically
by

aziNZa (t,2:€), i=1,2, (2.11)
with agji positive homogeneous of degree —j. The notation above means that a;+ —
Yoo ay € SMTHR X R x R™) for all m > 0 (see Definition A.1.1 and Lemma A.1.1 in the

Appendix). The construction is carried out iteratively by applying P to Ef and choosing ¢
and agji such that they kill the homogeneous terms of every degree. By applying P we get

1 , . o A
PEE= (5 P |09 (a0t ) Fi(€) + |€ ™ aza (b 25 £2(6) ) | de

L (<1060 + P(@)[ Vo0 ?) (@10 + 1€ a2 f2)

¢l

+ 30 3 20 (01640 — Vs Vi + Cu) ok + Pa V] Jel 7 fi f

k=1,2 j=0

with 2CL = P¢+ and a,(;il) = 0 for £ = 1,2. We also impose the initial conditions
E(f1, f2)(0) = f1 and 0, E(f1, f2)(0) = fa, therefore we need

bu(2,0:6) = -, (2.12)
a1 +(0)+a;—(0) =1, as+(0)+ as_(0) =0, (2.13)
11016+ (0)ar1.(0) + 0p- (0)ar - (0)] + (a1 +ar,-)(0) =0, (2.14)
1016+ (0)az,1.(0) + 0, (0)az— (0)] + Bu(az,y + a2,-)(0) = [¢]. (2.15)

To get rid of the terms homogeneous of degree 2, we choose ¢ to be solutions of the eikonal
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equation plus initial conditions:

atqb:l: - j:c(x>|vm¢:t|a ¢i(x707€) =T 5

Notice that then 0;¢1(0) = £ec(x)|€] and we get two solutions associated with the wave

speeds +c(x)|€]| respectively.

To deal with the terms homogeneous of degree 1 we choose ag?i such that they satisfy

the transport equations

2i (90 — Vs - Vo + Ci) al’) = 0. (2.16)

By the method of characteristics we can solve it as long as the eikonal equation is solvable

and (from (2.13) and (2.14)) considering the initial conditions
A (0) +aiL(0) =1, ic(w)gl(@i}(0) — aL(0)) = 0.

Next, for the terms homogeneous of degree 1 — j with 7 > 1, we proceed by induction so we

choose agjl as follows, with initial conditions from (2.13) and (2.14),

2i (83620, — Vs - Vo + O1) afs = —(92 — AA)a{L Y,
af’} (0) + o’ (0) = 0, (2.17)

ic(2)[¢|(af, (0) — a? (0)

j—1 i—1
= 8,0V 7Y +aP=V)(0),
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1)

and aga_ , with initial conditions from (2.13) and (2.15), satisfying

o 0 Jj=1,
22|§| ! (at¢iat - 02vm¢i : vﬂf + Cﬂ:) aéjil) - 1792 (3-2) :

—&171(0; —cA)aQi Jj =2,

o (0)+ a2V (0) =0, =1,

0 Jj=1,

ic(z)|€](a$ " (0) — a§=V(0)) = |
(1€] = 2V + o) (0)) 5> 2.

Given the functions {af@ obtained above, by Borel’s Lemma A.1.1, we define the amplitudes

ax as in (2.11), which belong to S*(R; x R} x Rg).

Remark. Tt’s important to point out that in general the eikonal equation can only be solved
locally for small intervals of time. We refer the reader to [17, §5] for a brief exposition on
Hamilton-Jacobi theory. To get then a parametrix in the whole interval [0, 7], by compact-
ness it is just necessary to repeat the construction a finite number of times. More precisely,
we split such interval into small subintervals (¢;,%;11) so that we can solve the eikonal equa-
tion there and considering initial conditions at times ¢ = ¢;. The global parametrix then

follows by gluing the local solutions through a (finite) partition of unity.

Remark. In the case we have ¢ = 1, the phase function reduces to ¢4 (t,z;&) = x - £ £ t|¢],
thus (02 — c?(x)A)¢+ = 0, and the transport equations simplify to

2i (e(@)|glg0 — (@) - V) = —(0F = PA)agL".

Then, their solutions are

1
af}r:a@r:? ali—Ofor]_IZ
ag‘?i = —ag?i S agji =0forj=1,2,.
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which are globally defined, and we get the simpler formula

E(fi (1) = (2%) S5 [ (i) + ilel ) e
o==%

The operator E(t) : C5° x C5° — C™°((—€p, €0) X R™) as in (2.10) is called a parametric
for the wave operator an it is an example of a Fourier Integral Operator (F1O). See defi-
nition A.1.6. Moreover, it can be extended to a linear operator from £'(R") x &'(R™) to

C*>®((—e€o,€0); D'(R™)). Then, for all f = [fi, fo] € E&'(R") x E'(R"), u = E(t)f is such that
Pu = Kf, U’t:() = f17 @u’tzo = f2, (218)

where K : C5°xCg° — D'((—ep, €9) xR™) has C*° Schwartz kernel thus K : £&'(R™)xE'(R") —
C°((—e€o, €0) x R™) is smoothing. We recall that there are two parametrix solutions, uy =
E,(t)f andu_ = E_(¢t)f, corresponding to the positive and negative sound speed respectively.

By restricting Ef to the boundary we obtain a representation of Af as an oscillatory integral,

1 ‘ A N
Af S “lay o (t, o )| d
s 22 0 (0ot 1 DR + 16, 510) |6
where = means equality up to a smooth function. It can be shown (see [41]) that A is an
elliptic FIO of order zero microlocally for covectors (z,£) € S*K provided condition 2.3.1
holds. A similar estatement is true for partial data on a subset of the boundary as long as

such set satisfies an analogous visibility condition.

Another representation of the parametrix of the wave equation is given by the semigroup

operator associated to the wave equation. By letting

0 I
P= and u= (u,u),
AA 0

the semigroup is denoted by e'f and when applied to an initial condition f gives u = e‘Ff,
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the solution to the IVP (1.1). For @ a pseudo-differential square roots of —c?A, i.e. it
satisfies Q% = —c2A up to a smoothing operator, we can microlocally split the semigroup by

doing e'F = ¢CTI, + e QII_, where

1{1 —iQ! 1 1 iQ~t
H+ -5 Q ’ I = Q
2\ip 1 2\-ig 1
Then, the parametrix solution constructed above satisfy that u, = @Il ,f and u_. =

eMRTT_f.

BOUNDARY PARAMETRIX

The idea is to get an approximate representation of the Dirichlet-to-Neumann map using
microlocal analysis. Close to the boundary we choose boundary normal coordinates = =
(', 2™), this is 2™ = dist(z,0N) is the distance to the boundary function (for the metric
¢ 2dx?) and (2') are local coordinates on 9€). Then, the boundary is characterized by 2™ = 0
and 2" > 0 in R™ \ Q.

Consider a compactly supported distribution 7 on R x 992 with W F'(h) contained in a
small conic neighborhood of some (1, 21,1, (£1)') € T*(R x 99Q), where (£!')’ is the tangential
projection of ¢! onto the boundary and (¢, 1) is the exit time and point of a geodesic 7y, ¢,
issued from some (¢, &) € S*K. Notice that we will do the parametrix construction mi-
crolocally near (¢, 1, 1, (£!)') and later we will set h = Af. As in [42] we can get parametrix
solutions for the transmitted wave outside 2 with Dirichlet boundary data h. Since 0f) is
an invisible boundary that does not perturb the propagation of waves, if we set h = Af the
transmitted waves will be the same as the initial ones (up to a smooth error) originated from

f at time t = 0. We want a transmitted solutions of the form
uCT, =(2m)™" / ew"(t’m”’gl)bg(t, X, T, 5/)?10(7', &drdg', o=+, (2.19)

where hy = — e T+ (¢ a')dtdr'. The phase functions ¢, must satisfy the
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eikonal equation plus boundary conditions on z" = 0:
+0r01 + c(2)|0ppL| =0,  @i|en—o = Ftr +2'- & (2.20)

while the amplitude functions satisfy equations similar to (2.16) and (2.17), and in particular
b(()o) = 1. In what follows we only show the argument in the case of the positive sound speed,

this is 0 = +, since the other case is analogous.

Let’s denote

. T
Pr:h = u|rxon,

which because of (2.20) is a DO of order zero with constant principal symbol b(f) = 1. You
can see this by plugging the boundary condition in (2.20) into (3.37). Near the intersection
point (t1, 1) between v,,¢ and OS2, we locally define the outgoing Dirichlet-to-Neumann
map as the following ¥DO of order 1

T
oul.

Rx 9 ox™

T
Nout.u+ .
Rx0Q

From (3.37) we deduce that its principal symbol is

.0
0(Now) = 1ai:

N

Rx 00

thus it is elliptic in the hyperbolic conic set ¢ 7| > |¢’|. Notice that the microsupport of
uz lies in this set due to the strictly convexity of 02 and because it is concentrated near the
null bicharacteristic associated to the geodesic issued from (g, &%), therefore near such null
bicharacteristic

[ R I > 0.

Remark. It’s important to point out that when A = Af both approximate solutions, for the
Cauchy problem and for the boundary value problem, coincide up to a smooth function.

Indeed, if (t],z]) is the point where the geodesic issued from (g, &) at time ¢ = 0 hits the
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boundary, by denoting u’ the above solution when h = Af, and by u; the first parametrix
constructed for the Cauchy problem, both solutions are equal near (¢;,z]) up to a smooth
operator applied to f, this is ul = uy + Rf with R smoothing. Moreover, for ¢ > ] close

enough, we have the estimate

[0 ()| mare < Cllu ()| mer: + Cf|| 2am—1. (2.21)

PROOF OF THEOREM 2.3.2

Recall that for any open set U C R™ and ' < t”, the solution of the wave equation in the

whole space satisfies the following energy equality

E’[](ll7 t//) = EU(U, t/) + 2R ut&,ﬂdtdS, (222)
[tl,t//}
where v stands for the outward unit normal vector to U. In particular, if U = B\Q, with B

a sufficiently large ball containing 2, and U = €2, the solution u to (1.1) satisfies respectively

Eqc(u,T) = —2R wdyudtdS and  Eq(u,0) = Eq(u,T)—2R w Oy udtdS (2.23)
(0,7 [0,T]

with v the exterior unit normal to 9.

Assume for a moment that W F(f) is contained in a conic neighborhood of a given
(w9, %) € S*K and set h = Af. With out lost of generality we can assume that h is supported
near (t1, ;) since otherwise we localize it with a smooth cut-off function. The wave front
set of u follows the bicharacteristic issued from (0, z¢; 1,£°) which hits the boundary at time
t1, therefore u is smooth near the boundary except for times close to ¢t;. Then, near (¢, x;)
we can approximate u by ur as constructed above, and away from there we approximate it

using uy which by the assumption on the wave front set of f it becomes a smooth function.
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We can now replace the right hand side of the first equality in (2.23) as follows

EQc (u, T) = 2R 8tuT0VﬂTdtdS
[0,T]x 00

[

where here = means equality up to smoothing operator applied to h. On the other hand,
since the parametrix obtained for the Cauchy problem wu satisfies (1.1) up to a smoothing
term depending on f, it satisfies an equality analogous to the second one in (2.23), of course
again up to smoothing operator applied to f. Since h = Af, the error can be expressed in
terms of a compact operator applied to h. Furthermore, due to the last remark above, the
boundary integral can be replaced by a similar one containing instead the second parametrix

up. Therefore,

EQ(H+, 0) = 2R 8tuT81,ﬂTdtdS,
[0,T]x 0%

where there is no term at time 7' since by propagation of singularities and condition 2.3.1,
u and therefore u, are smooth inside €2 at such time (here = again means equality up to

smoothing operator applied to h). Then, for any € (0,1) we get
Eqe(u,T) — pEq(uy,0) = R(Mh, h),
with M a WDOs of order 2, with principal symbols given by

o(M) = =2(1 = p)o(PrNg P Pr) = 2(1 — p)7/ 272 — {2,

In the hyperbolic region ¢?(z)7? — |¢/|* > 0 on the boundary it satisfies o(M) > 0, conse-
quently, since we are assuming h compactly supported (near (¢;,z1)) and with wave front

set contained in such region, we apply Garding’s inequality and get

Eoe(u, T) = jiBa(uy,0) = —Clhl2 5,000 (2.24)

)7
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for constant C' > 0 depending on K.

Consider now an arbitrary f € H(Q2) and set h = AII Xf, where X = [X, X] and
X a UDO of order zero with essential support contained in a small conic neighborhood of
(x0,&) € S*K. From [41], we know the map A : f — h is a FIO of order 0 with canonical
relation of graph type, therefore it is continuous from H/2(Q) @ H~'/%(Q) to H'?(R x 99Q)
and we get

Eq(uy,0) < CEoc(w, T) + ClTL XE 712 0)e -1/2(0)

In addition, by construction of the parametrix, u; now satisfies that u, (0) = IT, Xf which

leads to

ITE X B0y < Ol @eporeian) + CIE I sapon-vio

where here u stands for the real solution of (1.1) with initial conditions II, Xf, i.e. u =
ePTI, Xf. By restricting the initial conditions to functions of the form f = [f,0] with
f € Hp(K), we have that IT, Xf = $[X f,iQX f], thus since Q is an elliptic ¥DO of order

1, elliptic regularity implies
1X fllzp@ < Clla(T)| m@oecz@e) + Cllf g

We glue all the microlocal estimates obtained above using a partition of unity. Indeed, by
compactness of S*IC we can take a finite pseudo-differential partition of unity of symbols,
1 =5 i Xj, of ¥DO’s X; microlocalizing in conical neighborhoods of a finite number of
covectors (z;,&’) € S*K. Then, f =30 X;f + (Id — 3>, X;) f and and moreover WF(f) N
WEF(Id— Zj X;)f =0, i.e. all the singularities of f are contained in the term Zj X, f. We

have

1 o) < DX f @) < D Clle™ Moy X f | _pllm@ojerzioe) + Cllf ),
J J

with (j) = 4+ or —, depending on which branch of the geodesic issued from (z;,£?) hits the
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boundary first. To flip the order of the operators in the first term of the right hand side we
use Egorov’s Theorem (see [17, Theorem 10.1]), thus there exists a collection {X;} of ¥DO’s
of order 1 such that e'"TI,;,X; = X e up to smoothing operators. Therefore, denoting

u = ¢'Pf the exact solution to (1.1) we get

[ fllzp00) = 1flap@) < Cla(D) || @oorze) + Cllflmz@)

Notice that the inclusion Hp(K) +— H/2(f2) is compact, and also as a consequence of domain

of dependance for the exterior problem and unique continuation we have that
Hp(K) > f—u(T) € H(Q°) @ L*(Q°)

is an injective bounded map (see [42] for more details on this), therefore Corollary 2.2.1 leads

to

| fllzpie) < Cllua(T)|| a1 @e)er2@e)- (2.25)

This is an observability inequality that says that at time 7" most of the initial energy has

propagated across the boundary, and therefore it has been measured and lies outside 2.

The finite speed of propagation for the wave equation allows us to apply Poincare’s
inequality and get
1117, ) < CEoc(u(T)). (2.26)

We now conclude the proof of the theorem by noticing that since K = I (I — AA), then we

get a similar inequality as in (2.9),

1K f Il ) < Ea(w(0)) = Ea(w(T)) < Ea(u(T)),
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nevertheless, from the observability estimate for the error operator (2.26), it follows

IKfI* < Eo(a(T)) = Egn(a(T)) — Eqc(u(T))
= Ex(u(0)) = Eq-(u(T))

< (1= C ey

2.3.2  Enclosure: Stabilization of Waves

The reconstruction method based on Neumann series, as you could see in the previous section,
relies on having good energy (observability) estimates. More precisely, it is expected to have
those estimates if either the forward problem is energy-decreasing or the error function
satisfies an energy-decreasing backward problem. The latter can be achieved by modifying
accordingly the time reversal technique. Here again the advantage of considering a domain
with reflecting boundaries comes from Control Theory, in particular from the problem of
stabilization of waves which is exactly the study of energy estimates for energy decreasing
hyperbolic systems. Of course, as in the stability section we will also need the GCC 2.2.1.
Neumann series reconstruction formulas have been found for partially reflecting bound-
aries and perfectly reflecting boundaries in [1] and [30] respectively. In the later case, there is
a different approach introduced in [47], which through an averaging process of the Time Re-
versal technique they can prove the error operator in their case is compact and consequently
obtain a Neumann series formula for the reconstruction. On the other hand, the method

used in both [1, 30] are based on the stabilization result in [8] which reads as follows:

Proposition 2.3.1. Let u be a solution of (1.1)-(1.3) with A # 0. Assume that ' = {\ > 0}
satisfies the GCC' 2.2.1 with T the controllability time. Then, the following estimate holds

for some a > 0 and for every T > T
Eq(u(T)) < e T Eq(u(0)).

In the case of partially reflecting boundary the forward wave wu satisfies boundary condi-



35

tions with A #Z 0 (Robin boundary conditions), thus the energy is lost through I' = {\ > 0},
and u satisfies an inequality as in the previous proposition. By considering the back projected

wave given by
(02 — A(x)A)v =0, (t,z) € (0,T)xQ
(v,v)|4=r = (0,0), € (2.27)
O,v = —NOAS, (t,z) € (0,T) x 01,

the error function w = u — v which defines the error operator K f = w(-,0), satisfies the

energy preserving system

(02 — *(x)A)w =0, (t,z) € (0,T) x Q
(wywt)|t:T = (U, ut)lt:T, x € (2.28)
d,w =0, (t,x) € (0,T) x 0L.

Then, in some suitable norms (see [1]), from the usual energy inequalities and the stabilization

of waves we get
IKFI* = Ea(w(0)) = Ea(w(T)) = Eq(u(T)) < 1(T)Eq(u(0)) = (T)| fII*,

for some u(7") € (0,1) independent of f. We then have proved the error operator to be a

contraction so AA = I — K has a left inverse given by a Neumann series.

For ) having perfectly reflecting boundary we only have to modify the time reversed
problem. Here A = 0, so we instead consider a new smooth function v > 0 defined on 0f)

and let v be a solution of

(02 —(x)A)v=0, (t,z) € (0,T) xQ
(U7Ut>’t=T = (07 0)7 T € (229)
dv —y0ww = —yO,Nf, (t,x) € (0,T) x 0N.

Such function 7 helps us to absorb energy during the back projection process making the
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system satisfied by the error function to be energy decreasing when solved backward in time.

In fact, w = u — v solves

(02 — *(x)A)w = 0, (t,z) € (0,T) x Q
(w, w)le=r = (U, ue)e=r, €N (2.30)
dyw — yOw = 0, (t,z) € (0,T) x 09.

Assuming that Q and T' = {r > 0} satisfies the GCC 2.2.1, we apply Proposition 2.3.1 to

(2.30) and similarly as in the previous case, for some p/(T") € (0, 1), we obtain
1K fI* = Ea(w(0)) < ¢/ (T)Ea(w(T)) = i (T)Eo(a(T)) = 1/ (T) Ea(u(0)) = u'(T)| 1>

Consequently, there is a Neumann series reconstruction formula.
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Chapter 3

ATTENUATED TAT WITH COMPLETE DATA IN FREE
SPACE

The effect of ultrasound attenuation produced by biological tissue has been observed
and studied by groups of researchers working in the experimental side of the thermoacoustic
technology (see for instance [37]). In fact, standard reconstruction techniques in some cases
generate poor images due to the presence of attenuation. Consequently, in order for this
medical imaging technique to reach real applications in hospitals, it becomes necessary to
compensate the attenuation effect for instance by including it in the modeling of the problem

as well as developing suitable reconstruction procedures.

In the literature we can find many works on this area using different approaches to tackle
this issue as well as different models used to represent the attenuation phenomenon. Even
though there is no consensus about the precise model for attenuation in biological bodies, it
is known that such effect is frequency dependent, which then leads to consider fractional or
non-local models (see [27] and references therein). The first article that followed the method
of Time Reversal and iterative reconstruction formulas (explained in the first part of this
thesis) was [20], where the author considers the simpler model of the damped wave equation,
this is, the attenuation is represented by a term of the form a(z)0d;. It is a critical assumption
on that work the smallness of the damping coefficient a(x) because then the reconstruction
formula is obtained from a continuity argument with respect to the attenuation term and
using an straightforward extension of the TR method employed in [41]. My first paper
published as a Ph.D student [35] is a follow-up on this problem, where I was able to remove
the restriction of a(z) being small, by applying the microlocal energy estimate argument used

in the proof of Theorem 2.3.2. My second paper on this topic is a joint work with Sebastian
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Acosta [3]. In this article we studied the more accurate model of an integro-differential wave
equation with attenuation expressed as a memory term (convolution in time) and which is
motivated by some of the fractional models found in the literature. The novelty in this work
is that we allow the memory kernel to depend on both space and time, and as far as we know
this has not been fully considered in the literature from an analytical point of view. From a
heuristic perspective, some advances have been made though. For the case of constant wave
speed and constant coefficient of attenuation, Modgil et al. [33] designed a method based
on relating the unattenuated wave field to the attenuated wave field via an integral operator
and its subsequent inversion using a singular value decomposition. Treeby et al. [53, 54]
proposed a reconstruction based on time reversal and the k-space computational method.
Attenuation compensation was achieved by separating the absorbing and dispersion terms
in the wave equation, and reversing the sign of the absorbing coefficient during the time
reversal. This method was modified in [25] where the coefficient of attenuation was allowed
to vary within the region of interest, but the exponent of the power-law attenuation was still
assumed to be constant. A general class of integro-differential models was considered in the
recent paper [19], where a different iterative method is used to achieve reconstruction and
which is based on solving an adjoint problem. That work though still requires the assumption
of constant sound speeds and power-law exponent. However, in some practical settings such
as in the presence of bone and soft-tissue, the domain exhibits regions of varying power-law
exponents. An appropriate method needs to be devised to avoid blurring and distortions
in the reconstruction. Our work is a step in that direction, where the coefficients a,b, c
and the kernel @ in (3.1)-(3.2) are allowed to vary, which effectively accounts for power-law

attenuation of spatially varying exponent.

Considering attenuation terms of integral type brings some difficulties to the analysis on
the propagation of waves. In particular, the equation is no longer reversible and local in time,
and consequently, it is not possible to use techniques such as Tataru’s unique continuation
to get uniqueness, at least not in a direct way. Moreover, the microlocal properties of this

type of integro-differential operators are not well understood. Nevertheless, it is possible to
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exploit the fact that an integral term of the sort considered here only presents a compact
perturbation of the differential operator.

The rest of this thesis is devoted to present with details the results obtained in both
articles [35, 3]. As in the first part we split this section in three subsections corresponding

to the problems of uniqueness, stability and reconstruction.

3.1 The Inverse Problem

As it was mentioned above, it is well known that for biological tissues the attenuation of
acoustic waves is frequency-dependent. One way to model this attenuation is to use frac-
tional time derivatives and consequently the representation of the propagation of ultrasound
waves by integro-differential equations. Examples of this modeling are frequency power-law
attenuation or fractional Szabo models (see for instance [48, 11, 39, 53, 38, 25, 27]) where

the traveling wave may be assumed to satisfy an equation of the form
c20%u — Au + BOFTu = F(t,x), forsome a € (0,1), k=1,2,

and where the fractional derivative term can be written as a convolution in time

t
B(z)oF Ty = / Do (t — 5,2)0" (s, x)ds.

—0o0

Assuming, as in thermoacoustics, that the wave field vanishes for negative times, and pro-
vided that the kernel is bounded and regular enough, we can perform integration by parts and
write the previous integral as a convolution of v with a different kernel, plus time-derivatives
of u up to order two. In the case k = 2, the sound speed is perturbed resulting in a different
speed ¢2 = ¢ 24 3®,(0), which requires conditions on 8 and ®,, in order to get an effective

wave speed ¢ > 0. We point out there is a recent definition for derivatives of fractional order

which employs such continuous and bounded kernels [10].

The inverse problem in consideration is then the determination of the initial source f in
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an attenuating medium, provided boundary data u|j r1xo0 and where the acoustic wave u is

assumed to satisfy the system

OPu — AAu+ bu+ Au(t,z) =0, € RxR"
u(t,z) =0, t <0,

(3.1)

where A is assume to be one of the next attenuation processes,
t
AL u(t, z) = adyu + / O(t — s, 2)0Fu(s, r)ds, o€ (0,1), k=0,1,2,3. (3.2)
0

To alleviate the notation, when there is no confusion on the kernel in consideration we will
just write A*. Here a is a strong (and local) damping coefficient, while ® represents a
memory kernel which depends on the history of the system and varies in space. We suppose
a,b,c € C*(R™), ® € C*R"*Y), a,b >0, ;' > ¢ > ¢y > 0, and for a fixed open bounded
set 2 C R™ with smooth boundary, we suppose a = b =c — 1 = ® = 0 in R*\(2. This last
condition can be interpreted as knowing those coefficients outside the region of interest €.
Recall that as it was mentioned before, due to the continuity of the kernel and since u = 0
for negative times, it is enough to analyze (3.1) with £ = 0, so from now on we assume this.

We shall use the following notation throughout this section:
t
Poo =0 FA+b+ A% dxu= / O(t — s, x)u(s, x)ds.
0

In particular P, ¢ = P := 07 — A outside Q. The Cauchy problem associated with (3.1) is

Pa,Cbu = 07 (ta .CE) < (07 OO) X Rn?
uli—o = f, (3.3)
3tu|t:0 = —af,

since any solution of (3.3) extended by zero to (—oo,0) x R™ is a solution of (3.1). Indeed,

given a smooth solution u of (3.3) we consider H(t)u(x,t) where H(t) is the Heaviside func-
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tion. Then, we can pull out the Heaviside function from the convolution since it integrates

on the interval (0,t), thus we get
P,o(Hu) = ud’ + 2(0u)d + aud + (P, ou)H

with the last term vanishing because P, ou = 0.

For an arbitrary test function ¢ € C>°(R™™!) we have the following,

(P.o(Hu), ¢) = / ) [ — (Ou)p — u(8:9) + 2(0pu)p + aug]|,_,dx
= - /n Uat¢|t:0dl“
= (fd', ),

which is the same as problem (3.1).

The thermoacoustic tomography problem in a medium with convolution-type attenuation

can be modeled by the following (a bit more general) initial value problem (IVP):

P, ou(t,x) =0, (t,z)€ (0,T)xR"
U’t:O = f17 (3-4)
atu‘t:O = f2>

where we aim to recover the initial source f = (f1, f2) from boundary measurements u/o,r)xa0,
and assuming the waves propagate freely in space, that is, we suppose the boundary of 2
does not interact with the outgoing waves. Notice we have decided to state the problem for
general initial conditions (fi, f2), nevertheless, in applications we are interested in the case
f = (f,—af). When ® = 0, so there is no memory kernel, the equation in (3.4) reduces to
the damped wave equation and we replace P, ¢ with the operator P, = 92 — ¢ A + ad, + b.
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3.2 Preliminaries

3.2.1 Direct Problem

Let U C R™ be an open bounded set with smooth boundary, vy € H}(U), u; € L*(U) and
F e L*([0,T); L*(U)). We say u is a generalized solution of

Pa@u = Fin [O,T] X U, u|[O,T]><8U = 0, U(O) = Uy, ut(O) = Uy, (35)
if u e L*([0,T); HY(U)), us € L*([0,T]; L*(U)), uy € L*([0,T); H~1(U)) and
(g, 0) + Blu, ) = (¢ 2f, ) Vo € C°(U) and for ae. t € [0, 7] (3.6)

where (-,-) and (-, -) stand for the duality product of H~! and H{, and the L? inner product

respectively, and B(,-) is the bilinear form given by
B(u,p) = (Vu, Vi) + (ac up, @) + (b u, ) + (¢ 2@ % u, ).

The well-posedness follows from Theorems 2.1 and 2.2 in [13]. We refer to the appendix
for a complete proof. In our case, by finite speed of propagation we can take U to be a large

ball containing €2 to ensure we have null Dirichlet conditions.

3.2.2  Energy Space and Positive-Definite Kernels

Given a domain U C R™ and a scalar function u(t, z), we define the local energy of u = [u, u,]
at time t as

Ey(u(t)) = /(|Vmu|2—|—b|u|2—|—c_2|ut|2)dx.
U

In order to give problem (3.4) a physical sense we need to assume some conditions on the
attenuation terms since it is natural to request the system to be energy decreasing over time

due to the attenuation. We recall once again that all the attenuation processes are linked
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through the system (3.1), so the next condition on A4 is such that the above energy functional

for solutions of (3.4) with A = A; decreases in time.

Condition 3.2.1.
a(x) >0 and (—1)j8,f®(t,:c) >0,Vt>0, zeR", 7=0,1,2. (3.7)

The previous condition guarantees the positive-definiteness of the kernel as shown in [32]

and [40]. Moreover, if we define

Uit ) = — /too B(s, )ds, (3.8)

it turns out that —W is also a positive-definite kernel since it satisfies the same condition as

o.

—a(z)t

Remark. An example of a kernel satisfying Condition 3.2.1 is ®(¢,z) = g(x)e , for some

positive functions ¢, € C(R"). In the recent article [10], the authors introduce a new

ot As a consequence, the

definition for fractional derivatives whose kernel is of the form e~
analysis carried out here might be applied to fractional models of wave propagation following

this new definition of fractional derivatives.

Under Condition 3.2.1 we define an extended energy functional at time 7 > 0, analogously

as in [35], to be

Eu(u,7) = Ey(u(r)) + 2/ ac”?u, P dzdt + 2/ 2 (® * uy) uydadt, (3.9)
[0,7]xU [0,7]xU

where the last two terms take into account the portion of the energy that is lost due to the
attenuation process. This functional is the natural one from (3.1) with attenuation process
Ay (ie. kK =1). If we set U = R", or by finite propagation speed we take U equal to

any sufficiently large ball, in the interval [0,7] the unattenuated energy functional Ey is
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non-increasing since we get

iEU(u(t)) = —2/ ac™?|u,Pdxdt — 2/ 2 (D * uy) wpdadt <0,
[0,7]

dt <U [0,7]xU

and integrating in time we deduce that the extended functional is conserved.

We adopt the same functional framework as in previous articles related to thermoacoustic
tomography. The energy space H(U) of initial conditions is defined to be the completion of
C(U) x C§°(U) under the energy norm

120, = / (Vo fi[2 + 2 fof2)da

with f = (f1, f2). We also let Hp(U) denote the completion of C§°(U) under the norm

12 = / V. f .

Notice that H(U) = Hp(U) & L*(U; c™2dx) with the latter space denoting the L? functions
under the weight ¢=2dx.
Denoting by §2 the region of interest and ¥ = [0, 7] x 0€2, we introduce the measurement

operator

A:H(Q) S = uly € H(D),

where u satisfies (3.4). We might also write A f, in which case it is implicit that we are taking

f=(f, —af), with f € Hp(Q).

3.3 Uniqueness

There is a simple uniqueness result for the purely damped wave equation, this is when ® = 0,
that follows in the same fashion as the unattenuated case and the reader can find its proof
in [20]. We only point out that it is based on Proposition 2.1.1, and since the damping

term breaks the reversibility in time of the equation it is not possible to extend the problem
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to (—=7,0), thus we are forced to take a larger time-observation window. It is worth to
mention that such unique continuation result can not be applied to the integro-differential

case because we lose locality of the equation.

Theorem 3.3.1 (Theorem 3.1 in [20]). Assume that Q is strictly convex and that T >
2T5(2). If Af =0, then £ = 0.

In the presence of a memory integral the new tool that comes in play is a foliation
condition. In the rest of this subsection it is more convenient to work with the more general

hyperbolic operator
Poou = uy — 0;(g” (2)0u) + (A(x),u') + b(x)u + @ * u, (3.10)

associated to a Riemannian metric g. Here v’ = (u,, us), A = (Ay, ..., Ap,a), and we assume
the vector-function A, the scalar-function b and the kernel ® to be merely continuous.

Foliation conditions were introduced in [44] in the context of an inverse source problem
for hyperbolic equations. In the field of travel time tomography in seismology, where one
aims to recover the inner structure of the Earth by measuring travel times of seismic waves,
at the beginning of the 20th century, Herglotz, and Weichert and Zoeppritz considered a
special assumption on the isotropic wave speed that turned out to be a particular instance of
Stefanov and Uhlmann’s foliation condition (see [45, §6] and reference therein). These type
of assumptions seem to be the natural conditions under which one could expect to propagate
information from the exterior towards the interior of the domain. In particular, it has been
applied before in the thermoacoustic setting to prove uniqueness for the inverse problem of
recovering a sound speed when the initial source is known [44, §3].

Theorem 3.3.2 is a direct consequence of [9, Theorem 1], a boundary unique continuation
result for hyperbolic equations with a memory term, where, for the sake of simplicity, the
authors restricted their analysis to the Euclidean case. Nevertheless, in our work we need
the full strength of such unique continuation so we have included a brief proof in the case

of waves traveling in a general Riemannian setting. In few words, the idea introduced in [9]
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Figure 3.1: Foliation by the strictly convex levels sets of the distance to the boundary function
dist(z, 0Q).

works as follows. For a solution with null Cauchy data at the boundary, it can be shown
by compactness that it vanishes near the boundary and for small times, and then extend its
zero set up to the characteristic time but still in a neighborhood of the boundary. The proof
is then complete by noticing that assuming the levels sets of the distance to the boundary
function are strictly convex, one can repeat the same process in a layer stripping fashion (see
Figure 3.1). The utilization of this strategy then makes necessary to consider full boundary
data and the convexity assumption on the distance to the boundary function, which indeed
gives us the internal foliation of the domain. This is the main reason of our hypotheses
in Theorem 3.3.2. We point out that a similar method was also applied in [44] to obtain
uniqueness for partial data and more general foliations. It was of fundamental importance in
such proof the possibility of using a partial boundary unique continuation result independent

of the foliation (see Proposition 2.1 in that article).

Theorem 3.3.2 (Theorem 1 in [3]). Let Q be a bounded open subset of R™ with 02 smooth
and strictly convez for a Riemannian metric g. Let T > 0 be such that " = dist(z, 02)
is a smooth function in Q) with non-zero differential for 0 < x" < T and its level surfaces
{z" = s}, for 0 < s < T, are strictly convez for the metric g as well. If f € Hp(Q) is such
that Af = 0 with f = (f, —af), then f =0 in {x € Q : dist(z,Q) < T}. In particular, if
T > Ty(2) := sup,eq dist(z, 0Q), then f =0.

Remark. Under the above hypothesis, this result presents an improvement in the condition

imposed on T for uniqueness in the damped wave equation (7" > 275(f2) in [20, Theorem
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3.1]).

Let @ = (0,7) x Q and 2" = dist(z,012) the signed distance function defined in a
neighborhood of the boundary and such that €2 and 0€) are characterized respectively by

2™ > 0 and 2™ = 0. We define the following weight function
o(x,t) = (R—2") — at® —r?, (3.11)

which is invariantly defined for any local coordinates (z*, ..., 2"~ !) in 9. Here a = (9, g) >
0 is sufficiently small and R,r > 0 will be chosen large and close to each other. For ¢ > 0

we also consider the sets

Qle) = {(t,z) € Q:p(x,t) > €}, (3.12)
Qe) = {2€Q:(R—2")?>7r*+¢}. (3.13)

By taking r close to R, the set Q(0) is a small neighborhood of {0} x 9 inside Q.

We recall that in boundary normal coordinates, a Riemannian metric g takes the form
Jap(z’, x™)dzda? + (dz?)?, (3.14)

for a, f < mn —1. We denote § = (Gap(z)). Moreover, the strictly convexity of the level

surfaces {z™ = s} translates into

1 0Ga
(v, v) = (—§%> 0P > kg lv 2, VveT{z"=s},

with ks > 0 the smallest eigenvalue (principal curvature) of the second fundamental form IT

1

in {z" = s}, where R; = k;' can be think as the largest curvature radius of {z" = s}. The

analogous condition for convectors follows from the natural isomorphism &; = g;;(x)v? and
reads

16‘&&5 2 * n
(e, = (3o ) euto 2wy, Ve T o =) (5,19
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Remark. The next two lemmas also hold if the coefficients A and b are analytic functions in

t.

Lemma 3.3.1. Let Q and T be as in Theorem 2.1. Let f € L*(Q) and v € H?*(Q) be a

solution of
Pou=0 1n (0,T) x Q,
U0 =0 in Q, (3.16)
Oyt|y—o = fin QL

If u=0,u=0 on0Q(0)NIN, then

u =0 in Q(0), and in particular f =0 in (0).

Proof. Given a point y = (y/,0) € 99, let’s consider local coordinates (U, (x!,...,2""1)) in

the boundary near y'. For ¢ > 0 we define the sets

Que) = {(t,x) € Q:p(x,t)>¢ 2" €U}, (3.17)
Que) = {z€Q:(R—2")?>r’+¢ 2/ €U} (3.18)

In what follows we take r = R — §, for some ¢ > 0 small enough, therefore 2" € [0,0) in the

set Q(0).

Let’s first consider an arbitrary function v € C*(Q,(0)) such that v = d,u = 0 on
Q,(0)N9Q, and let u(t,z) = x(z')u(t,z), with x € C§°(U). The idea is to obtain a well
known local Carleman estimate for @ and later use it, along with a partition of unity, to get

an analogous estimate in Q(0).

Let’s denote P = uy; —0;(g" (2)d;u), the principal part of Pp. By analyzing the conjugate

operator P, = e™¥Pe "¢, it is possible to deduce (after long computations) a pointwise
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estimate for v = €4 of the form:

C|Pr|? > 7(|ve]® + |[va]?) + 72 0)? + div, (V) + 0,2
. (3.19)
+47(R — §)? (Eﬁngklvkvl> — 27’7|v$|§

for some constant v > 0 depending on the parameter o which is chosen small enough, and
with (Y, Z) a vector-valued function depending on lower order derivatives of v and vanishing
in 0Q,(0)\{y = 0}. In fact, the previous follows by decomposing P,v as the sum of two
operators,

Prv=wvy — aj(gijaz‘v) + 700, @ = 90? - |90x|§

and

Pv =27 (P, Va)g — prvr) + 7V, W =0;(g"8i) — pu,

and bounding from below the inequality
|Pvl? > |Pyvf® + 2(Pyv)(P_v).

Here we apply the convexity condition on the level surfaces {z" = s} in (3.15). By choosing

then R large enough and ¢ small, we arrive to the estimate
ol + 7(luf + |v.]2) < C (7Pl — divy (V) — 9,2).

Because v = €"%u, we can bound from below the left hand side of the previous inequality
by similar terms but involving now the function u (and the exponential weight function).

Integration over ), (0) and the Gauss-Ostrogradskii formula give us that

T/ 270 (P2l + il + |, 2) dedt

<C 2| Puf*dadt + C (Xqu/, ') + (Xo, uyu + Xs|u|*)dS,
Qy(0) 'y (0)
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where dS denotes the surface measure on I'y(0) = Q,(0) N {¢ = 0}, and the matrix-function
Xi(z,t), the vector-function Xs(x,t), and the scalar-function X3(z,t) are some continuous
functions depending on ¢ and @,(0). Using the continuity of the coefficients in the lower

order terms (l.o.t) of Pg and noticing that
|Pa|* < 2|Psii|* + 2|(l.o.t of Pg)iil?,

we can choose 7y larger if necessary and absorb the second summand in the right hand side

above with the left hand side of (3.20). Then

r [ P + ) dode
@ (3.21)

<C 2| Pyii|2dwdt + C (Xqu', ') + (X, W' )u + Xs|u|?)dS,
Qy(0) ['y(0)

The analogous inequality in the larger set (0) is obtained by considering a partition

of unity and using the compactness of 9§2. More precisely, let now v € C*(Q(0)) and let
{U;}: be a finite covering of the boundary such that on each U; we can define boundary local

coordinates, and let {x;}; be a finite smooth partition of unity subordinate to {U;};. We

/

also consider a collection of points y; € U;. Then, denoting u; = X; 2u, and the measure
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do = dtdVol(z) on @, from the previous estimates we get

r [l + uf)do

Q(0)
_TZ/ o (P2 ul? + el + o) dadt
vy / 27 (22 g ()2 + | (1) 2) ddt

+ CT/ > lul*do
Q(0)

<C (/ > | Pyul*do + / (Xqu', ') + (Xo, u'yu + Xs|ul*)dS
Q(0) (0)

+Z/ e*™|[Pa, xilul dxdt—i—T/Q(O) 627‘p|u|2d0) )

where notice [Pg, x;| are differential operators of order 1. We absorb the interior integrals

with lower order derivatives of u using the left hand side and get

P fuf? + ) do

o (3.22)

< C/ > Pyul*do + C/ (X', u') + (Xo, u'yu + Xs|ul*)dS
Q) r(o)

It follows from a density argument that the previous estimate also holds for functions in
H?(Q) with null Cauchy data in 9Q(0) N 9.

Let u be as in the hypothesis of the lemma. Then, u satisfies an inequality of the
form (3.22), without the interior integral in the right hand side. Noticing that the boundary

integral does not depends on 7, we let 7 goes to infinity and conclude that u = 0 in Q(0). O

The aim of the second lemma is to extend the time for which w is zero. Based again
on Carleman estimates we will be able to succeed until we hit the characteristic surface

associated to the principal part of Pg, this is the surface {(¢,z) : T — t = dist(x, 002)}.

Lemma 3.3.2. Let Q and T be as in Theorem 2.1. If u € H*(Q) is a solution of (3.16)
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such that w = 0,u =0 on (0,T) x OS2, then
u=0 m {(t,x) € Q:dist(z,00) <e 0<t<T —dist(z,00)}

for some 0 < e <T.

Proof. From Lemma 3.3.1, u = 0 in some neighborhood {(t,z) € Q : (R — z™)? > at® + r*}
for appropriate constants «, R, r. It is clear that for sufficiently small €1, €5 > 0, the previous

set contains [0, ;] x {z € Q : dist(z, 092) < e }.

In a neighborhood of 9€) we define
Y(t,x) = (eg —a")(T —t — "), (3.23)
and for v > 0 we consider the sets

Q'EyQ = {(tvx) €Q | w(tax) >, 2" < 62}7

which exhaust Q2 = {(t,z) € Q | 2" < &, 0 <t < T — 2"}, thisis Q2 = [J . Q>

Moreover, there exists vy > 0 such that
@#Qfﬁ) C [0,61] X {.I'GQ:JZ'n <€2}.
We denote by B(ty,zo;7) the ball centered at (¢p,z() and radius r for the euclidean

metric. Given the following

Claim. Suppose that for (to,zo) € Q, u vanishes below the level surface {Y(z,t) =
U(to, x0)} near (to, xo), this is in Q. N Blto, zo;7) for some r > 0. Then, u = 0 in

a neighborhood of (xg,ty).

the proof of the lemma is complete by the next argument. Let’s assume that suppunNQ© # ().
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We can find 0 < v* < 74 such that

suppu N QT =0, Vy >~ and suppun{(t,z) € Q% : (t,z) ="} # 0.

The application of the claim on every contact point (t*, z*) € suppun{(t,z) € Q< : Y(t,x) =
v*}, contradicts the choice of v*. Consequently, we deduce that u = 0 on every Q2,7 >0,
and therefore u = 0 in Q.

It only remains to show the previous claim. Here is where Carleman estimates play
a fundamental role, and as before we will consider a particular choice of weight function
which needs to fulfill a pseudo-convex condition with respect to P = 92 — 0, (gij Oyi ), in

the set {(0,&) € T,

(to xO)Q}. Moreover, we will take it to be linear and non-increasing in

time. Provided the above, it is possible to apply a pseudo-differential Carleman estimate
introduced in [49] and conclude that u vanishes near (¢, zo).

Let’s consider local coordinates in 9€) near some y € 0€) such that in those coordinates
y = (2(,0). For some 6 > 0 to be appropriately chosen, we define the following weight

function

plt,2) = {2, ) ~ {10, 0) — 50l — ol

where here | - | stands for the euclidean norm and % as in (3.23). Denoting the principal
symbol of P by p(t,x;0,&) = —0° + ]2, where [{]2 = g% (2)&;&; is the norm on covectors

induced by g, the pseudo-convexity condition requires to show that ¢ satisfies

(1) Re{ﬁ? {p790}}(t07'r0707€) > 0 for all g 7é 0 such that p(to,fo;ojf) = 07

(2) %{pw,pw}(to,xo;(),ﬁﬁ) >0forall{#0, 7>0
such that py(to, z0;0,£,7) = 0.

Here p,(to, 20;0,&;7) = p(t, x; 0 + iy, € +it¢,) and {-, -} is the Poisson bracket

 \~O0f Oh  Of Oh OfOh Of Oh
U =2 5ear " ou 8 T 060t~ 2t 6
Jj=1
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Recall that we are working in boundary normal coordinates hence the metric g takes the
form (3.14). The first condition is trivially fulfilled since the principal symbol p is elliptic
in the set {# = 0}. Let’s use the following notation: the variable appearing in the subindex
means we are differentiating with respect to such variable, for instance ¢, = 0@ and
Yran = O0yOpnip. To verify the second condition we notice first that ¢, (to, o) = ¥ (to, o) = 0,
Oan (to, To) = VYuen(to, zo) = —a and (o, xo) = Y4 (to, o) = — where « > > 0. In fact,

a=(e—a5)+ (T —ty—xp5), and [ =e —xy.
Also, denoting d;; the Kronecker delta,
it = O, Dtat = dm, Dpigi = 26'm6]n — (5 . 62]

Secondly, it is easy to check that p,(to,%0;0,&,7) = 0 is equivalent to &, = 0 and \§’|3 =
72(a? — $%). Then, after some tedious computations, in the set of points (tg, xo;0,&; 7) such

that p, = 0, we get

1 1
—{Py.pp} = ={Rep,,1
Z',,_{psﬁ pQD} 7_{ epw mpcp}
1

= 87%(a? — ap) + 4a (ﬁﬁnf]”) §i&s — oM,

with M = 47202 4 4 (g7%¢}) (g™¢]) such that, for some C' > 0,
M < 47%(a® + C(a? — B%)).

Let’s recall the positive-definiteness of the second fundamental form in (3.15), and denote

K = MiNge[o,c,] K5 By choosing § > 0 small enough we obtain that

K

Sla+ 5)) 4572 (a2 + Ca® — 7)) > 0,

%{@,,pg{,} > 8r%a(a— ) (1+
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therefore ¢ satisfies the second condition of pseudo-convexity. It follows from [50, Theorem
3] that there exists i, C,d > 0 such that any function v supported inside B(to, zo;n) (we of
course choose 0 < n < r), for which the RHS of the next inequality is finite, satisfies the

pseudo-differential Carleman estimate
T EBe™ |t < C (| B Pol® + e~ T[T Pul|* + e *T[le™ |}, 1)) . (3.24)
for the weighted norms
ol = > P ND DI gy, T >0 (= o,

la[+5<m

| Dy |2

and the pseudo-differential operator E := ez- . This operator can also be considered as

the convolution operator

1/2 rlt—s|2
Ev(x,t) = <L> /e_ e v(z, s)ds.

2me

We would like to apply the above Carleman estimate to u and eventually deduce that

vanishes near (ty, zo). With that in mind we need first to localize it near (to,x¢). As in [9],

in (¢ (to, z0))t = {(0,€) : (¢'(to, o), (6,€))ewy = 0} we see that |0] < C1|¢],, hence

(1 = 9)"(0,6).(0,€))g = 01&l5 = c2|(6,6)I2e,-

Therefore, by choosing [; < 0 small enough in magnitude, the set {p(t,z) > L} N{Y(t,z) <
¥ (to, xo)} is contained in a sufficiently small vicinity of (¢9,x¢). We then localize u by
multiplying it with a function of the form x(p(t,x)) with x € C*(R) a nondecreasing

function such that
0 for s <y,

x(s) =

1 for s > I,
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where [; < ls < 0 are small enough in magnitude, then

supp [u(t, z)x(¢(t, x))] C Blto, zo; ).

In what follows we write y meaning the composition x o ¢. Consequently, v = yu satisfies

the inequality (3.24). We include the integral term in the estimates by noticing that
P(xu) = xPu + [P, xJu = xPou — x® x u + Pru,

where P; is a differential operator of order 1 with coefficients supported in {(¢, z)|¢(t, ) <

ls}. Consequently

B (xw) oy < e(1B P ()2 + [ Bem (@ 5 ) -

n e—deTHeT‘P’P(Xu)’P + e*dETHGW(XU)H%l,T)) :

The idea in what remains of the proof is to estimate ||[Ee™ (xu)||(2,-) by a term of the form
el™, with [ < 0, and use [49, Proposition 4.1] to conclude that yu = 0 in {(¢,2)|o(t,z) > [}.
Such estimate is obtained in exactly the same way as in the proof of Lemma 6 in [9], where
everything reduces to estimate the term with the convolution since the other terms in the
right hand side of the last inequality are easily bounded. For the arguments needed to

conclude the claim we refer the reader to [9]. O

Proof of Theorem 2.1. Let u be a solution of P, ¢u = 0 with initial conditions [f, —af] and
such that Af = 0. Due to our assumption on the coefficients of P, g, u solves (97 — A)u = 0
in (0,7) x (R*\ Q) with null initial and Dirichlet boundary data. Then, for any z, € R™\ Q,
u vanishes in (0,7) x V for some small neighborhood V' of xq such that VN Q = (). The
previous is a consequence of a sharp domain of dependence for the wave operator in the
exterior problem (see [16, Proposition 2|). Then w = 0 in (0,7") x (R™\ ©) which implies

null Neumann data 0.

2u| _
> Ov 1(0,T)x 0
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Let’s set
t 00
u(t, x) :/ u(s,x)ds and VY(t,x)= —/ (s, x)ds. (3.26)
0 t

Note that @, (¢, x) = u(t,z) and ;¥ = ®. Moreover

8t</0t U(t —s,z)us(s, x)ds) = U(0,z)u(t,x) + /Ot O(t — s, x)us(s, x)ds,

which, since u(0, x) = 0 and integration by parts, implies

/Ot(/or¢(7—37x)u(s,x)ds> :/th)(t—S,x)ﬂ(s,x)ds. (3.27)

We integrate equation (3.4) on the interval (0,t) for any ¢ > 0. It follows from the previous
computations that @ solves a system of the form (3.16) with vanishing Cauchy data. In
addition, notice that ay = u; € L*(Q), so using equation (3.16) we get c?Au € L?(Q), which
by elliptic regularity implies @ € H?(Q). We can now apply Lemma 3.3.2 on % and conclude
that u = 0 in a set of the form {(t,z) € @ : 2™ < €0 <t < T — z"}. This implies we have
reduced the problem to the smaller domain [0,7 — €] X {x € Q : 2™ > €}. If e =T we are
done, otherwise we can apply again Lemma 3.3.2 in the new domain. Iterating this process

we conclude the result. [ |

Let’s consider now the isotropic case where the metric takes the form g = ¢=2dx?. There is

a common condition appearing in the literature of Carleman estimates and inverse problems

related to the wave equation with variable sound speed, which assumes the existence of some
o € R™ for which

(x — xg) - Opc(z) < c(z) VreR™ (3.28)

In geometric terms, (3.28) says that the spheres with center at xq are strictly convex for the
metric ¢~?dz? [44, §3]. Such collection of spheres can then be used to foliate the domain

and, as you will see in the next theorem (see also Figure 3.2), it allows us to prove unique
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{dist(z,Epy) =T —t}———

{lz —zo| = Ra— T}

Figure 3.2: (a) Foliation of Q by Euclidean spheres {¥}s centered at xo. (b) Sub-characteristic
unique continuation under condition (3.28).

continuation and consequently uniqueness for the inverse problem without the assumption
of  and the level surfaces of the distance function, dist(-, 92), being strictly convex. The
price we pay by removing the convexity requirement on €2 is the lost of sharpness in the
bound of T that guarantee uniqueness.

Let €2 C R™ be an open and bounded subset with 9€2 smooth, and T > 0. We assume the
sound speed c(x) satisfies condition (3.28) and assume the constant ¢y > 0 is a lower bound

for the sound speed. Let’s denote
Rg = m>a§<{|x — 9| 1 x € 0N},

H1>10H{‘ZL‘ — x| 1w € 00}, if 3y € RM\Q
0, otherwise,

and DQ:RQ—’/’Q.

Theorem 3.3.3 (Theorem 2 in [3]). Assume 2, T' and ¢ are as above, and as in the TAT
problem, we assume P, = 07 — A outside Q. If u € H*(Q) is a solution of (3.16) such that
u=0,u=0 on (0,7) x 0L, then

u=0 in {(t,2)eQ :0<t<T—c;'(Rqg—|z—20])}.
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As a consequence, in the thermoacoustic problem, if f € Hp(Q) is such that Af = 0, with
f= [f? _@f], then
f=0 in {zeQ:|x—urxy>Rqg—cT},

and in particular, f =0 when T > c;' Dq.

Remark. From [43, Proposition 7.1], the uniqueness time defined in Theorem 2.1 satisfies

Ty < ;' Dq.

Proof. Let’s extend u to be zero outside € in the interval [0,7]. Due to the null Cauchy
data, finite speed of propagation and the well-posedness of the exterior problem, u solves
(3.16) in the whole space. Notice that in particular, u = d,u = 0 on the Euclidean sphere
{x € R®: |x — x| = Rq}, for all t € [0,T]. 9, stands for a generic exterior normal derivative.

We denote 3, = {z € R : |z — z¢| = r} the sphere of center zy and radius r, and we set
ro = max{0, coT — Dq}. By hypothesis, ¥, with r € [rg, Rq| are strictly convex surfaces for
the metric ¢2dz? that foliate Q (see Figure 3.2(a)). For a given r € [rg, Rq], let’s assume
that

u=0,u=0 on [0,T—cy'(Rqg—r)]x,.

Since Y, is strictly convex we can apply Lemma 3.3.2 with € replaced by B(z,r), the

Euclidean ball of center xy and radius r, and deduce that u = 0 in
{(t,x) € (0,T) x B(wg,r) : dist(z,%,) <€, t <T — cg*(Rq — 1) — dist(z, 2,)},
for some € > 0. Recalling that ¢y is a lower bound for ¢, we have that
dist(z,%,) < ¢ (r — |v — x0]) Vo € B(xo,7),
therefore we can find r € (0,7) such that u vanishes in the smaller set

{t,x) iy <|rx—mo| <r, 0<t <T —cy'(Rq — |z —w0])}.
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Moreover, u has null Cauchy data on ¥, for all ¢ € (0,7 —cy'(Rq—171)) (see Figure 3.2(b)).

If we denote by s the infimum of the radius r» > rg for which v has vanishing Cauchy
data in (0,7 —cy'(Rq —7)) X ,, by the first paragraph and the previous argument we know
s < Rgq (since T' > 0). Moreover, if s > rg, it must also satisfies the same property, this is,
u=0,u=0inY, for all t € (0,7 — c;'(Rq — s)). Consequently, we can still apply the
arguments in the paragraph above which leads us to conclude s = ry.

Let now f € Hp.(€2) be as in the hypothesis, and u solution of (3.4). Analogously to the
proof of Theorem 2.1, the function u defined in (3.26) satisfies a system of the form (3.16)

with null Cauchy data. The result then follows directly from the previous. n
3.4 Stability

A fundamental reason behind the fact that the stability property holds in the classical
setting for observation times larger than 77(£2)/2, is the possibility of (microlocally) split
the dynamic of singularities to those following respectively the positive and negative sound
speed £c(x). It will be clear in the next subsection that this is no longer possible when an
strong attenuation process is in action, however, if we let T' > T1(Q2) we still hope to obtain
stability. Indeed, this is the case. As it was mentioned in the remark following the proof of
Theorem 2.2.3, the local and lower order perturbation of the wave operator P = 9? — ¢*A
given by the damping coefficient do not perturb the propagation of singularities, and they
still travel along geodesics for the metric ¢=2dz?. In consequence, the stability property for
the purely damped wave equation (i.e. ® = 0) follows from Theorem 2.2.3. In the case
there is no damping and instead the attenuation is given uniquely by a memory term, we
recover the optimal stability time 77(€2)/2. We will see that in terms of stability, the integral
(memory) perturbation is in fact milder than the local one (damping term).

From now on, we restrict our analysis to the conformal case of ¢ = ¢ 2da?, with ¢ the
wave speed of the media. The next theorem establish the stability property for the two cases
treated in the previous subsection, this is, when the distance to the boundary function has

strictly convex level sets, and when the sound speed satisfies condition (3.28). They are
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related through the inequality 77/2 < (Rq — rq)/(acy) with (see [43, Proposition 7.1])

a =min(1 — ¢z — x0) - Opc) > 0. (3.29)

z€Q

Theorem 3.4.1. Let Q be strictly convex for the metric g = ¢ 2dx*. Assume that Q and T
are as in Theorem 2.1 (or as in Theorem 3.3.3). In addition, assume T1(2) < T < oo ifa # 0
and 3T1(Q2) < T < oo otherwise (resp. 2a~'cy'Dg < T < 0o and a~'¢;'Dg < T < o0).
Then there exists C' > 0 such that for all f € Hp(Q2),

HfHHD(Q) < C||Af||H1((0,T)><89)~

Remark. In the case ® = 0 so there is only local attenuation, there is a slightly stronger
stability result which follows in the same way as Theorem 2.2.4 (see the remarks following
it). Indeed,

1£]l250) < CIAE||m0.1)%00), VE € H(Q).

Proof. The idea is to compare the observation map A with its analogous for the undamped
(a = ® = 0) and damped case (a # 0, & = 0), which here we respectively denote by
Ay and A,. From §2.2.1, these last two operators are known to be stable maps whenever
T > Ti(Q)/2 and T" > T1(2) respectively. Furthermore, from the results of the previous
subsection §3.3, we know A is injective. The proof then reduces to show that the respective
error operators are compact. We only show this for the case a = 0, the proof when there is

a damping coefficient is obtained analogously.

From Theorem 2.2.4 it follows there is a constant C > 0 such that
[l < CllAof[lar < ClAf |l + Cl[(A = Ao) fll -

Let’s denote R = A — Ay and u(t, z) the attenuated wave related with A. Then, R maps
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€ Hp(Q) to the boundary data w|,r)xaq of the system

(02 — A+ b)w=—Pxu, (t,r)€ (0,T)xR"
wli=o = 0, (3.30)

wt|t:0 = 0.

By finite propagation speed we can work in a larger domain €’ such that w = u = 0 on
its boundary and outside 2. Due to the higher regularity theorem in [14, §7.2.3 Theorem
5], since F(t,x) = —[® * u](t,z) satisfies F, F; € L*((0,T); L*({Y')), we obtain that w €
C((0,T); H*(Q')) and wy; € C((0,T); H(')), and consequently the trace of w in 9 belongs
to H3/2((0,T) x 09Q), with the latter space compactly embedded in H'((0,T) x 09).

The stability inequality is obtained by recalling the injectivity of A from Theorem 2.1
(respectively Theorem 3.3.3) and applying the classical result [51, Proposition V.3.1]. O

3.5 Reconstruction

We aim to construct a Neumann series that allow us to recover f in (3.4) from boundary
measurements as it was done in §2.3.1 for the classical setting. A formula of this kind
was obtained for the damped wave equation in [20], under the hypothesis of the damping
coefficient being sufficiently small. For the Time Reversal step, the author considered the

System
(02 — A(2) A+ ad)v =0, (x,t) € Qx(0,T)
(v,

Ut)’t:T = (¢7 O)? r €
v=h, (x,t) € 02 x (0,T),

which has the problem of being energy increasing when solved backward, from the final time
T to the initial one ¢ = 0. One possible way of controlling the energy in the iterations of
the Neumann series is by means of the smallness assumption on the damping coefficient.
However, it is also possible to modify the TR system in such a way that the energy in that

process is controlled. We call this new system dissipative Time Reversal and was firstly
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introduced by myself in [35] for the damped wave equation and subsequently for the integro-

differential equation in (3.4) in my second article [3].

3.5.1 Local Attenuation

Let’s denote by A, : H(lo)([O,T] x 0Q) — H(Q), the dissipative TR operator for the ther-
moacoustic problem with local damping, which is defined as A,h = (v(0,-), v4(0,-)), for v

solution to
02— A()A+b—ad)v=0, (z,t)€Qx(0,7T)

Uavt>|t=T - (¢7 0)7 T &€ Q
v=h, (2,1) € 99 x (0, T).

We then have the next result.

Theorem 3.5.1. Let Q be strictly convex for the metric g = ¢ 2dz? and non-trapping, and
assume T > T1(Q2). Then A,A = Id — K with ||K||z@) < 1, and for any £ € H(Q), the

thermoacoustic inverse problem with local attenuation has a reconstruction formula given by

0
f=> K"Ah, h=Af.
m=0
Proof. We follow the same approach as the proof of Theorem 2.3.2; so let’s recall the un-
derlying idea behind such demonstration. We want to construct two approximate solutions,
or parametrix solutions, in the sense that they contain all the singularities of the original
solution to (3.4), however they satisfy the damped wave equation up to a smooth function
which depends on the initial source f. For this, we employ an analogous geometric optic
construction as in §2.3.1, for the initial value problem and for the boundary value problem
with data Af. Those microlocal approximations are used to obtain an observability type
estimate, which together with energy estimates implies the error operator is a contraction,
and consequently the convergence of the Neumann series. One of the main implications of
considering an attenuation is the lack of (microlocal) projection operators to split the anal-

ysis of singularities for the positive and negative wave speeds. You will see that for every
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singularity in the initial source, we are forced to track both branches of the respective bichar-
acteristic. Then, for a singularity to be visible at the boundary it is necessary to measure

the Dirichlet data for times larger than 77 ().

1. Parametrix for the Cauchy problem. The next parametrix construction was intro-
duced in [20] for the case f = (f, —af), following the standard argument presented in §2.3.1.
Its generalization to initial conditions f = (fi, fo) is straightforward and the main difference

resides in the transport equations (3.33).

We are looking for a solution of the form
u(t,z) = (2m)™" Z/ewa(t’x’") (AT (t,,m) fi(n) + |nl A3 (¢, 2, m) fa(n)) dn,
o=+

where ﬁ stands for the Fourier transform of f;. To find the equations that ¢* and Aj[, j=1,2,

must satisfy we first compute:
Paou = (2m)~ Z/ IUO+IU1+If2]f1+’77| 1[100+101+]g2]f)d77
o=%
where

I7, = = A7 ((0197)* = [V, 67 ),
17, = 2i[(8,¢°) (9, A7) — AV, 67 - V, A7) + iAT0,6°,

I7y = PaoAj.
Considering classical amplitude functions given by the asymptotic expansions

AS(t,z,n) ~ ZA (t,z,n), o=,

k>0

with A7, homogeneous of degree —k in 7, we would like to find those A7, so that u solves
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Paou = 0 up to a smooth terms. We then choose ¢” and Af; so that the terms of same
order of homogeneity in 7 cancel each other. The phase functions must satisfy the eikonal
equation which takes into account the second order terms [7,, and we endow it with initial

conditions

Fopt = c|Vio*

(3.31)
¢i‘t:[) = T -1.

Consequently, we obtain I7, = 0.

To get rid of the next terms with less order of homogeneity we have to solve transport

equations. We define the vector field
X7 =2(0,¢°)0; — 2¢*V 47 - V. (3.32)
Then, the coefficients of both amplitude functions must satisfy
XA g+ AT gPapd” =0, and X7A7, + A7 P, 09" = —FPaoAj,_ for k>1.  (3.33)
Since we must have that u|,—o = f1, this is
filx) = (2m)™" / (AT + AD)|imofi(n) + |0l (AF + A3)|i=of2(n))dn,
we need the condition

AT +AT =1, A7 +A;=0, att=0.
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Analogously, from u;|;—o = f2 and since ¢ satisfies (3.31), we have

fole) = (@m) / e [ichnl (— AT + A7) + 0AT + AD) o fi(n)

+ [ic(—AF + A7) + |n| 10 (AT + Ai)ﬂt:oﬁ(ﬁ))dm
thus, at ¢ = 0 we require
icnl(= AT + A7) + (AT + A7) =0, ic(—AF + A7) + [n|'0(AF + A7) = 1.

We then consider initial conditions given by the following system at ¢ = 0, which can be

solved iteratively:

Afg+47, = 1 Afg— A7, = 0

Al +AL = 0, k>1 Al — AT, = it nl T oA AL, B>,
(3.34)

Ajp+ A3y = 0 Asg— Ay = ifc

Aj+ Ay, = 0, k>1 A= Ase = i T O(AS L A, B> 1
(3.35)

We solve the transport equations in (3.33) on integral curves of X7 as longs as the eikonal
equation (3.31) is solvable, and imposing the initial conditions from (3.34) and (3.35). In

particular, at ¢ = 0, the leading term are given by Afj = Ajj =1, and AJ, = —A; = £.

We can iteratively use the previous construction by solving the eikonal equation in small
increments on time and via a finite partition of unity, get parametrices u,u_ defined on
[0, T]. In addition, by assuming the wave front set of f lies inside a small conic neighborhood
of some (x9,&)) € S*Q, their supports can be assumed to be contained in small neighbor-
hoods of the respective branches of the geodesics issued from (xg,&p), and their wave front
sets contained in small neighborhoods of the bicharacteristics issued from (0, xg, 1,&y) and

(0, g, 1, —&o) respectively.

If we restrict the previous solution to the boundary we obtain an approximate represen-
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tation (up to smooth term) of the measurement operator A,, as a sum of Fourier Integral

Operators, this is A, f = ATf + AJf, where

[AZE](t,2) = [AZ i + Ao ol (8, @)

= (QW)‘”/6i¢i(t’x’”) (AF(t, 2, ) fi(n) + |77|‘1A§t(t,x7n)fz)dn‘m

It follows from the same arguments as in [20] and [41] that their canonical relations are of

+

o1 are FIO’s of order 0 and A}, are of order -1, writing

graph type. In consequence, since A

h = A.f we get the estimate
1] 00,11 x00) < ClIf||lHo()xH-1(02)- (3.36)

Remark. From the assumption on the wave front set of f, we can assume that Aff and A, f
have disjoint wave front set which is a consequence of the fact that bicharacteristics don’t

self intersect.

2. Parametrix at the boundary. We now want to have a pseudodifferential rep-
resentation of the Dirichlet-to-Neumann map. Let’s pick any (x9,&) € S*Q and denote
by (t1,21,1,&) € T*(R x Q) the point in phase space where the bicharacteristic issued
from (0, xg,1,&) hits the boundary. We also denote by (¢1, 21,1, (&)") its projection onto
T*(R x 092). Close to the boundary and in a neighborhood of z; we choose local coordinates
x = (2/,2") such that 0L is given by 2" = 0 and z™ > 0 in R" \ Q. The following analysis
can also be done for the other bicharacteristic issued from (0, xg, 1, —&p).

Consider a compactly supported distribution h on R x 02 with W F'(h) contained in a
small conic neighborhood of (t1, 2y, 1, (€')"). Asin [42] we can get an approximate solution to
(3.4) outside 2 for the transmitted wave with positive wave speed c(x)[¢], as an FIO applied
to h. Since 0f) is an invisible boundary for the forward wave, such transmitted wave would

be the same (up to smooth function) as the solution u, defined above. The transmitted
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wave related to the positive wave speed has the form
uy = (27?)_”/eiw+(t’x’T’§/)b+(t,x,7, Eh (7, €)drde, (3.37)

where h, = — et 0 (¢ o' )dtdax'. In particular, the phase functions ¢, must

satisfy the eikonal equation plus boundary conditions on ™ = 0:
O+ +c(@)|Vaps| =0, @plinmg = —tT +2"- ¢, (3.38)

where the choice of sign in the eikonal equation is such there is compatibility with ¢* in
(3.31). In the case of the negative sound speed, the transmitted wave u; has the same form
(3.37) but interchanging h, with h_ = Jewgno1 € HTHEOR (¢ 2 dtdr', and @ with ¢_
which satisfies

—0ip_ 4+ c(2)|Vop_| =0, @_|gmeo=tr+2"-£. (3.39)

As in the previous construction, we consider the amplitude functions to be classical, this is
by ~ > w0 bki with blf homogeneous of degree —k in 7 and £’. It then follows that b, satisfy

analogous equations to (3.33) with boundary conditions
br=1, by=0,k>1, ata"=0.

We use the previous to locally define the Dirichlet-to-Neumann (DN) maps for the positive
and negative wave speed as the following WDO'’s of order 1 (this is due to (3.38))

+
Oup

o™ IRxoQ

Ny h—

This definition is local since it depends on the choice of local boundary coordinates. From

(3.37) we get their principal symbols are the same and given by

0
o) =02 /TR

Rx09Q
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thus they are elliptic in the hyperbolic conic set ¢7!|7] > [¢|. In particular, it is positive
because the symbol is supported near a null bicharacteristic for the symbol of 9? — ¢?A,
where ¢272 — |¢/|? ~ |£,*> > 0. Notice that in contrast with [42], since the boundary
doesn’t perturb the propagation of the wave, there is no distinction between the incoming

and outgoing DN maps.

Remark. The previous parametrix agrees up to smooth terms with the approximate solutions
for the Cauchy problem u, and u_, in a neighborhood of the boundary, when we take h = AZf

respectively.

3. Observability type estimate. We use the above approximate solutions to track the

energy propagated near the singularities of the solution. This results in the next.

Proposition 3.5.1. Let u be a solution of (3.4) with ® = 0 and initial condition in H(S2).
There exists C' > 1 so that for all f € H(Q),

[0y < CEae(u(T)).

Recall that for any bounded domain U with smooth boundary and for ¢’ < t < ¢” with
t' < t”, if uis a solution of the damped wave equation then
ou

Ev(u, ") = Ey(u,t’) + 2R u——dtdsS, (3.40)
[t/,t"]xdU 8V

where v is the outward normal unit-vector to 9U.

Let’s assume for a moment that W F(f) is contained in a conical neighborhood of some
(20, &) € S*Q and as before we denote by (¢, z7) the times and points where the respective
branches of the geodesic issued from (z¢, &) make contact with the boundary. We now want
to estimate the energy transmitted outside €2 up to compact operator applied to f, and at

time ¢ = T. For a large ball B, the energy of the solution u = eP«f of (3.4) in U = B\ Q is
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given by

ou 0w
Eoe(u, ty) = 2R UM 11ds. 3.41
ar(, o) (0,t2]xo0 Ot OV (3.41)

where there is no term at time ¢ = 0 since u(0) vanishes outside §2. Here v stands for the

interior unit normal vector to 0€2. Notice we used the hypothesis on the support of a in

order to have the equality Eqc(u(ts)) = Eqe(u, ta).

Let’s denote by h the Dirichlet data on 9 given by h = hy + h_, with he = AZFf,
and recall Remark 3.5.1. We can use the construction near the boundary from the previous
section and get a representation of the transmitted wave, ur = uj. +uy, which satisfies that
ur = u, with = meaning equality up to a smoothing operator applied to h. Notice this

£). For times outside

parametrix solutions are only constructed in neighborhoods of (¢, z7).
this neighborhoods, we can approximate u using the FIOs of section 4.1. Nevertheless, for
such intervals of time we know the solution is smooth, therefore the more energetic part of

u is contained precisely in u}. and uy. Then we can estimate the RHS of (3.41) and get,

modulo compact operators applied to h,

8U,T 0ET
Eqc(u, T) = 2R —— ——dtdS
(1) o,]x00 Ot Ov

=~ 2R(Pih, — (N ht + N_h7)) (3.42)
>N " R(-2N;Pho, hy),
o=+

where (-,-) stands for the inner product in L*(R x R"1). Notice there is no cross terms
between the functions hy in the right hand side. This is because the wave front set of NI
is contained in a small neighborhood of (¢, zF, 1, (&)’), while the wave front set of h= lies
close to (t7,27,1,(&5)’). Since both bicharacteristics don’t intersect each other the above
wave front sets are disjoint and consequently N} P,h+ are smooth functions. Therefore, those

terms involve compact operators applied to the functions h.
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From the definition of the DN map and the above energy relation we deduce that

Eo-(u(T)) = Y~ R(M,hg, ho)
o=%

with My two WDOs of order 2 with the same principal symbol

(M) = o ~N3P) = 2 e 77— T - (i)
oo e

Notice that hy are compactly supported and as we mentioned before, their wave front sets
are respectively contained in neighborhoods of the points (¢, z7, 1, (€f°)") where the respec-
tive bicharacteristic through (0, zg, 1,+&y) hits the boundary. Furthermore, their essential
supports lie in the hyperbolic region ¢|{'| < 7 due to the strictly convexity of € which makes
the bicharacteristics to cross 99 non-tangentially. Then, o(My) > C|(,£')|* and we can

apply Garding’s inequality to obtain

Eqe(u(T)) > Cy Y llhollFn@xany = C2 Y, ollio@xan
o==+ o=%

> C1||2l3 a0y — Co Z 1726 | 310 (R x 062)-

o=+

(3.43)

Let X = diag(X, X), with X a zero order ¥DO with essential support in a conic neigh-
borhood of (¢, &) € S*Q\ 0, and such that Xf vanishes outside . From the last inequality
and by choosing h = AXf = AFXf + A, Xf, the continuity (3.36) and stability of the

measurement operator (see the remark following Theorem 3.4.1) give us that

IX£ 30y < CEac(u(T)) + ClIXE [ Fo) w10 (3.44)

By compactness of W F(f) N S*Q, in a conic neighborhood of such set we can consider

a finite pseudo-differential partition of unity 1 = > x; of symbols of YDO’s X}, localizing
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in conic neighborhoods of a finite number of points (z;,&7) € WE(f) N S*Q. Then, f =
(I =Y X)f+ > X,f, where WE(f)NnWF(I -3 X;) =0, thus from the inequality above
we get

||f||31(9) < OZ Eqe (e X,£(T)) + CHﬂﬁIO(Q)xH—l(m-

j
We can substitute e+ X;f by Q;X,f in the right hand side, with Q; denoting the parametrix
operator for the wave equation localized near (x;,§;), since both are equal up to a compact
operator applied to f (see [42, §4.10]). By means of Egorov’s Theorem (see for instance
[17, Theorem 10.1]) there exist zero order WDO'’s, Xj, such that Q;X; = Xij modulo a

smoothing operator, therefore the exact solution u = eP«f of (3.4) satisfies

£l < Cllu(T)||a1@9er2e) + ClIf[ o) a-1(0)- (3.45)

To get rid of the second term in the right hand side we use a classical argument that requires

to show

H(Q) > f—u(T) € HY(R™\ Q) @ L*(R™\ Q)

is an injective bounded map. The continuity follows from [20, Proposition 1] when the domain
is a large ball containing supp(u(7)), which we know exists by finite speed of propagation.

Assume there is f € H(€2) such that
w(T,z) =0, Vo € R"\ €.

By finite domain of dependence of the damped wave equation, u must vanish in {(¢,z) €
(0,00) x R" : dist(z,0Q) > |T — t|}, and since u(0,-) = f with suppf C Q, by the same
reason u = 0 in {(¢,z) € (0,00) x R : dist(x,02) > t}. Intersecting both light cones we in
fact have that u vanishes in [0,37/2] x {x € R" : dist(x,0Q) > T/2}. By Tataru’s unique
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continuation [49, Theorem 4] and since we assume T > T(§2) > 271(2), with

T1(Q2) = sup d(z, 092),

€N

and d(z,dQ) the infimum of the lengths of curves with respect to ¢2daz? starting at = and
ending at Jf2, we obtain u = 0 in a neighborhood of {37'/4} x R™. From Proposition 1 in
[20], it then follows by solving the initial value problem backward from t = 37"/4 to t = 0,
that « = 0 in [0,37"/4] x €, so in particular f = 0.

On the other hand, the inclusion H(Q) — H°(2) x H~'(Q) is compact, so by Corollary

2.2.1, there is some C' > 1 which depends on a, such that

[fllne < Cllu(@)|mEnoer@m\)-

To obtain the energy Eqc(u(7")) in the right hand side of the last estimate and conclude the
proof, we apply Poincare’s inequality in B \ Q with B a large ball containing {2 and such

that u(7") vanishes in its complement (exists by finite speed of propagation).

4. Energy estimates. The error operator K can be characterized by Kf = (w(0, -), w;(0, -)),

where w = u — v is the error function satisfying the system

(02 — A(2)A + b(z))w = —a(x)(u, + v,)0, (z,t) € Qx (0,T)
(w, wy)|e=1 = (uls=r — &, Ue|s=1), x €

~0, (z,t) € 9Q x (0,T).

Multiplying the above equation by w; = (u; — v;) and integrating on (0,7") x €, we get that
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the local energy of w satisfies

Eq(w(0)) = Eq(w(T)) + 2/[0T} . ac?(uy + v;) (ug — vy )dtdz

— Ea(w(T))+2 |

ac w2 dtdr — 2/ ac”?|v|Adtdx
[0,7]x$2

[0,T]x$2

T
< fther — 6, ueh—r ey + 2 / / ac2|u,Pdtda.
0 Q

Moreover, since ¢ is harmonic and equal to u|,—7 on 0f2, we have

lule=r — &, wl=z]l3y) = Ba((T)) = |¢l71, 0)-
Then, gluing the above things together we get
Eq(w(0)) < &a(u,T). (3.46)
On the other hand, the previous proposition implies

Eo(w,T) = Ern(u, T) — Eqe(u, T) < [Ifl50) — Ifll30)/C

< (1= YOl

where we used that the extended energy is preserved in R™, i.e. Egn(u,T) = Ern(u,0).

Finally, by recalling (3.46), we conclude that
IKf[F ) = Ea(w(0)) < pllfll30,

with 0 < p < 1, therefore K is a contraction in the norm induced by || - |[3() and there is

convergence of the Neumann series. O
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3.5.2  Integro-Differential Attenuation

For this case we restrict our analysis to the natural thermoacoustic initial conditions, this
is, functions of the form f = (f, —af) for any f € Hp(£2). This choice is based on technical
reasons and the problem of reconstructing a general initial source (f1, f2) remains open. The
strategy is again to consider a dissipative TR system in such a way that the initial energy
of the error function is bounded by the total energy (kinetic, potential and energy lost by
attenuation) of the forward wave, inside the domain and at time 7, analogously to (3.46).
Such total energy in the whole space has the attribute of being conserved in time, fact that
allows us to reduce the proof to an observability-type estimate (as in Proposition 3.5.1) in-
volving the norm of the initial source and the energy of the forward wave outside €2. The

estimate says that at time 7', a significant portion of the energy lies outside the domain.

Let’s introduce the following convolution-type operator
T
®i0](s, ) = / Bt — s, 2)o(t, 2)dt, (3.47)

which is just the adjoint operator of ®  (-) under the L? inner product in (0,7, this is, for
any L?-functions u, v,

<(I) * U, U)LZ(O,T) = <'LL, qD;U)LZ(O,T)' (348)

Indeed, denoting by x; the indicator function in the interval I C R,

/0 (D * u (t)v(t)dt://X(t)[oﬂx(s)[o,t](b(t—s)u(s)v(t)dsdt
_ / / XS Opn®(t — syu(s)o(t)dsdt
:/ [P5v](s)u(s)ds.

0
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In the same way as in the proof of uniqueness, instead of working with u we set

alt,z) = /Otu(s,x)ds,

and V(¢,x) as in (3.8). Recalling our notation regarding the different attenuation processes

in (3.2), we have A}, = ad; + ¥ * 9, therefore @ satisfies

O?u— AAu+pu+ Ayu=0 in (0,T) x R,
ti—o =0 inR" (3.49)
Optift=o = f in R"

with p(x) = b(x) — ¥(z,0) > 0. Notice we do not use (3.27) to obtain an equation as in
(3.16) and we keep a derivative inside the convolution. Let’s denote by A the observation

operator corresponding to (3.49), this is
A L2(Q;¢7%dz) — H'((0,T) x 09Q),  Af = ii|or)xo0-
By well-posedness of the direct problem we have the following relation,
_ t
Af— / IAfl()de, VS € Hp(Q).
0
For the data h = Af and denoting

B\lp = —a@t — \I/>T<(9t,
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we consider the solution v of the following dissipative TR system

;

(02— AA+p+By)v = 0 in(0,T) x Q,
ther = 0 (3.50)
Ut|t:T = 0,
U‘(O,T)XOQ = 71,

\

with ¢ the harmonic extension of A(T,-) in . Notice that problem (3.50) is well-posed.
This is due to the convolution term that involves values of v in the interval (¢,7T"), thus by
doing the change of variables t — T'—t we get an IBVP of the form (3.49) which is uniquely

solvable. The associated dissipative Time Reversal operator is then given by
A HSO)([O,T] x 0Q) — L*(Q; ¢ 2dx), Ah=v,(0,-),
and we denote by K the error operator defined as
K : L*(Q;c%dx) — L*(Q; ¢ %dx), K =1d— AA,

and characterized by K f = w(0,-), with w = @ — v, the error function that solves problem
(3.51) below.

We recall that the reconstruction problem is in some sense a consequence of the injectivity
of the inverse problem and the visibility of all the singularities from the boundary. Then, it
is at least necessary to suppose the domain €2 is non-trapping (i.e. 71(£2) < co) and measure

the system until we receive information from every singularity. The result is the following.

Theorem 3.5.2. Let Q be strictly convex for the metric ¢ = ¢ 2dz?® and non-trapping.
Assume that Q@ and T are as in Theorem 2.1 (or as in Theorem 3.3.3). In addition, assume
Ti(Q) < T < oo ifa# 0 and $T1(Q) < T < oo otherwise (resp. 2a~'cy' Do < T < 0o and
aleg' Do < T < oo, with o as in (3.29)). Then AN = Id — K with | K| c(z2(0.c-2d2)) <
1, and for any initial condition of (3.4) of the form £ = (f, —af) with f € Hp(Q), the
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thermoacoustic inverse problem has a reconstruction formula given by

f=S KT AR h=Af
m=0

Proof. Notice the error function w = u — v satisfies the equation

;

(02 —c 2 A +pw = —au; —avy — VU * i — Vv in (0,T) x Q,
=T
Wer = u — ¢,
=7 ¢ (3.51)
wt’t:T = atT;
w|o,mxr = 0.

with a7 = (T, -) and d,u” = 9,u(T,-). Moreover, we can write
Kf=f—Ah=w/(0), with h=Ayf.

We want to estimate the norm of K f, hence we need to compute the energy of w. Multiplying

(3.51) by 2¢ 2wy and integrating over (0,T) x Q we obtain

ac 2uwpdzdt + 2/ ac” 2vpwdxdt
[0,T]xQ

[0,7]x$2
+ 2/ ¢ 2V * O,u1)wdxdt + 2/ ¢ 2 (\If%ﬁtv)wtdxdt
[0,7]x€2 [0,T]xQ

ac” |t |*dzdt — 2/ ac”?|v,|*dadt

[0,T]xQ

= Eq(w,T) +2/

[0,T]xQ

+ 2/ ¢ (U x 0yu)Oyudwdt — 2/ ¢ 2(Ux0w)Opvdrdt
[0, 7] [0,T]x
— 2/ c 2 (U x 0yu) Oyvdadt + 2/ 672(\I/>T<3tv)(9tﬂdmdt.
[0, 7]x2 [0,T] %
Neglecting the integration in the spatial variable in the last two terms for a moment, we can

use the identity (3.48) which makes them cancel each other out. Furthermore, it follows from

the same identity and Condition (3.7) on the kernels (which guarantees positive-definiteness)
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that
/ ¢ 2 (Ux0)Ovdwdt = / ¢ (W * Q) Owdadt > 0.
[0,T1xQ

[0,TTxQ

In consequence we get

Eq(w,0) < Eq(w,T) + 2/ ac 2|, |*dxdt
[0,T]xQ2

(3.52)
+ 2/ c 2V * O,u) 0y udxdt.
[0,T]xQ

The choice of the time reversal system (3.51) helps to minimize the total energy in the
dynamic satisfied by the error function w in a similar way as the functions ¢ helps to

minimize the energy of w at time 7T'. Indeed, by integration by parts we have that

(@ = ¢, ®) ) = —/(uT — ¢)Apdx + / (@’ — ¢)8,¢dS = 0,
Q

o

therefore

Eo(w(T)) = [a" = ¢l ) + 141 72(0) = Ba(@(T) = 6/l @) (3.53)

From the above relations (3.52) and (3.53), we deduce
1K fl1 7200200y < Balw,0) < Ea(a, T), (3.54)

where recall the term in the right hand side is the extended energy functional associated to

(3.4) and defined in (3.9). By conservation of the extended energy in R”,
Ea(u, T) = Egn (1, T) = Eqe(u, T) = || fl|72(c-2a) — Bae (@, T). (3.55)

The conclusion of the theorem follows from the next proposition which is known to hold

when there is no integral term.

Proposition 3.5.2. There is C > 0 so that for all f € L*(Q;c 2dx) and u solutions of
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(3.49),
HfH%Q(Q;szdz) S CEQC (/a, T)

We again remark that in the absence of damping coefficient, the analysis of singularities
can be decoupled to those following the positive and negative sound speed. The time needed
then for the estimate to hold equals the time needed to get at least one signal from each
singularity of the initial condition, this is T' > %TI(Q). In contrast, the appearance of a
damping term makes no longer possible such microlocal decoupling, and therefore it becomes
necessary to wait until both signals, issued from every singularity of the initial condition,

reach the boundary, or in other words 7" > T} (12).

Let’s prove the above proposition. Denote by U(z,t) the solution of

(02 + ad; — A +b)U(t,z) =0, (t,x) € (0,T)x R"
Uli=o = 0, (3.56)
Ut’t:o = f

Denoting f = [0, f] € H(2), in the presence of a damping (a # 0), it follows from Proposition
3.5.1 that there is C' > 0 so that

||f||2L2(Q;c—2d:E) = ||f||§-{,(Q) < CEQC(Ua T)7

whenever T' > T7(€2). The same conclusion can be achieved in the absence of a damping by

using instead the analogous to inequality (2.25) for initial conditions of the form (0, f).

Furthermore, defining W = U — @ we obtain

1172 (ue2ar) < C (Bae (@, T) + Eqe(W,T))



81

and letting w(t) = [a(t), u:(t)], W(t) = [W(t), W;(t)], the previous inequality implies
1£1lz2(ue2a0) < ClIO(T) 11 (00)22(00) + CIWI(T) |11 0y 22(0)

where the error function W satisfies the TVP

(02 +ad; — A+ V)W =V x 9y, (t,z) € (0,T) x R"
Wli—o = 0, (3.57)
Wt‘tzo = 0.

We claim the bounded map L*(Q;¢2dz) > f — u(T) € H'(Q°) ® L*(Q) is injective. In
fact, it can be decomposed as the composition of two injective bounded maps, the first
one being the observation operator A, which is injective since (3.49) is equivalent (following
the computation in (3.27)) to a system of the form (3.16) where the method used to prove
Theorem 2.1 (resp. Theorem 3.3.3) can be applied, and our choice of T > %Tl > Ty (resp.
T > atcg'Rg > %Tl). The second map is the exterior IBVP map that takes Dirichlet
boundary data h € H(lo)([O, T) x 99Q) to v(T) € H'(Q°) @ L*(Q), where v solves:

;

(02 — EAYo(t,z) = 0, (7)€ (0,T) x R"\ O
’D’tZO = 07

O0y0lt—o = 0,

(3.58)

|0, 11x00 = h-

\

To see the injectivity of the latter map, consider h € H(lo)([O,T] x 0R) such that o(T) =
0(T) = 0, with v solution of (3.58). By domain of dependence and reversibility in time of
the exterior problem, we have that © vanishes in {(t,z) € (0,00) x R™\Q : dist.(z, 0Q) > t}
and also in {(¢,2) € (0,00) x R"\Q : dist.(z, 9Q) > |T — t|}. Therefore
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Figure 3.3: Unique continuation from points in {z € R™\Q : dist.(z,0Q) > T/2} implies null
Cauchy data on (T7'/2,T) x 0f.

Applying Tataru’s unique continuation theorem on any p € {dist.(x,9Q) > T/2}, we deduce
that
=0 in (R™\Q)N{(t )€ (0,00) x R": |x —p| + |t — 3T /4| < 3T/4},

]

which implies that h vanishes for t € (T/2,T) (see Figure 3.3). We can now apply the same
argument replacing T by 7//2 and get that h is null in the interval (7'/4,T/2). Tterating this
process we finally conclude that h = 0 for all ¢ € (0,7)).

Our second claim is that the map
L*(Q;c7%dz) > f — W(T) € HY(Q) ® L*(Q°)
is compact. It is in fact a composition of the bounded maps
L*(Q; ¢ %dx) > f v 1, € L*((0,7); LA(R™)), a1, — W(T) € H*(Q°) @ H*(Q°)
and the compact embedding

H?*(Q°) @ H'(Q°) — H'Y(Q°) ® L*(Q°).
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The continuity of the second map for those Sobolev spaces is due to [14, §7.2.3 Theorem 5]
since denoting F' := W * @, then F, Fy € L*((0,T); L*(Q2°)). It follows from Corollary 2.2.1

that for a different constant

I fllz2(@ic2dz) < CllA(T) || 5100022 (00) -

The proposition is then proved by recalling the finite speed of propagation and applying
Poincare’s inequality on a large ball minus 2.

We conclude the proof of Theorem 3.5.2 by joining (3.54), (3.55) and Proposition 3.5.2.

m
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Appendix A
SOME TOOLS FROM MICROLOCAL ANALYSIS

A.1 Symbols, YDO’s and FIO’s

Definition A.1.1 (Space of symbols of order m). For any X C R? open and m € R, we
define S™(X x RY) as the Fréchet space of all smooth functions a € C*(X x R¥) such that

for all compact K C X and for all « € N?, 3 € NV, there is a constant C' = C , 5 such that
9505w, )l < CA+ )", (2.) € K xR,

We also define S™°(X x RY) = N,,,cpS™(X x RY).

Lemma A.1.1 (Borel’s lemma). Let {my}r>0 C R be a sequence decreasing to —oo. Given
pr € S™ (X x RY) for k >0, there exists a unique p € S™ (X x RY) modulo S~™°(X x RY)
such that p ~ > pe o Dk, this is, p— > p_opr € S™+ (X x RY) for alln > 0.

Definition A.1.2 (Pseudodifferential operators of order m). Let X C R™ open and m € R.
Given a symbol a(z, £) € S™(X xRY), we define a pseudodifferential operator A : C§°(X) —
D'(X) of order m, as

- g | e it

where u stands for the Fourier transform of u. The set of all pseudodifferential operators of

order m is denoted by ¥™(X), and U~®(X) = Nyer¥™(X).

Definition A.1.3 (Classical ¥DO’s). We denote by W7 (X) the set of all operators in U™ (X)

whose symbols have the asymptotic expansion

a(z, &) ~ x(&) Z i (2, §),

J=0
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for some cut-off function x(£) € C*°(R"™) such that x(¢) = 0 near £ = 0 and x(§) = 1 for
€] > 1, and where a,,,—;(z,£) sin S (X x RY) are positively homogeneous in ¢ of order
m — j, this is,

(2, 08) = Ny j(2,6), V€ X, £ € RN

Definition A.1.4. A pseudodifferential operator A with principal symbol a(z,§) is called
of real principal type in X C R™ if, a(x, ) is real-valued and for all (z, &) € T*X\0, the form
dyea(x,§) is not proportional to the form &dz.

Definition A.1.5 (Phase function). Let X C R™ open. A function ¢(x,§) € C®(X X
(RM\0)) is called a phase function if for all (z,&) € X x (RV\0):

o Jmp(z,§) >0,
o o(z,X) = Ap(z,§) forall A >0,

o dp #0.

Definition A.1.6 (Fourier Integral Operators). Let X C R"™* Y C R™ and m € R.
Given a phase function ¢ on X x Y x (RN¥\0) and a € S™(X x Y x RY), we say that
A:CP(Y) — D'(X) is a Fourier Integral Operator if it is given by

Au(z) = //ei“p(x’y’e)a(az,y,G)u(y)dyd@, u e C°(Y).
A.2 Garding’s inequality

Let X C R" open and K C X compact. Let A € ¥%"(X) properly supported, m > 0, with
principal symbol a(zx, £) satisfying
Rea(z,&) > 0.

Then, there is a constant C'(K) such that

Re(Au,u) > =Cllullfm-1s2,



for all smooth functions compactly supported in K.

In the case that for some Cy > 0

Rea(z, &) > Colé|*™,

then, there is C'(K') such that

1
Re(Au, u) > Zlluflzm — Cllulfio.
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Appendix B
WELL-POSEDNESS OF (?7)

For the existence of solutions we follows the proof of [13, Theorem 2.1]. Let’s assume

without lost of generality that ug = 0. For a fixed ¢y € (0,7 let
&y = {v()[v(t) € C=([0,t0]; Hy (U)), v(0) = 0},
with two inner product given by

(v, W)y = /0 "L (0(8), wi(0) + (Tolt), V() bt
and
(U)w)Q = (U7w)1 + to(vt(o)th(0)>v

and respective norms || - ||; and || - [|o. Let Fy, be the completion of &, under the norm || - ||;.
It can be proved, for instance by Stone-Weierstrass, that u € Fj, is a generalized solution in

the interval [0, #o] if and only if

B(u,v) =D(f,v) + to(c_Qul,Ut(O))Lz(U), Yu € &, (B.1)
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where

Bu) = [ =) (e 0 a(6) — (Fult), Ve(0) = (¢ o (o) v (1)
(e 2bult), w(t)) — /0 (2Dt — Yy (7). w(t))dr | dt
+ /0 (), (1))t

Do) = = [ =t 0wt

where (B.1) is obtained by using the test function (t — to)v:(t) with v € &, in (3.6). Notice
that applying integration by parts we get that the bilinear form B satisfies that for all v € &
(recall v(0) = 0),

/ (¢ Pu(t), ve(2)) + (Vo(t), Vo(t)) + (¢ ?bo(t), v(t))] dt

[\DI»—t

/ (t — 1) (e 2avi () w(6)) — (SO} (1), (1)
—/0( 2¢(t—s)v(s),v(t))ds]dt
t

+ 50(0_21),5(0), 0:(0)).

Therefore, recalling that 0 < ¢y < ¢ < ¢;', we bound from bellow and choosing t, > 0 small

enough and using Poincare’s inequality we get

I
B(v,v) 25 min{1, g} |lvllz = Cto([llalloc + [2(0)|oo + toll@lloc) [01]7 = dJ0ll3.

for some § > 0.

On the other hand,
ID(f,0)] < toc®[| fll 2|02

lto(c*uq, v¢(0))] <t0 2 Junll 2|0l
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Then, similarly as in [?, Chap. III, Theorem 1.1], we get the existence of weak solutions on
the interval [0, to]. Iterating this argument for the intervals [tg, 2t], [2to, 3to] etc, we conclude

the existence on [0,7]. The uniqueness follows the same ideas as in [13, Theorem 2.2].



