
Haptic Simulation of Linear Elastic Media
with Fluid Inclusions

Andrew H. Gosline, Septimiu E. Salcudean, and Joseph Yan
Department of Electrical and Computer Engineering
University of British Columbia, Vancouver, Canada

{andrewg, tims, josephy}@ece.ubc.ca

Abstract
We present a fast technique for simulating fluid-filled elas-

tic objects with the Finite Element Method. By simulat-
ing the presence of fluid with hydrostatic fluid pressure, a
quasi-static simulation of fluid can be achieved by apply-
ing a force boundary condition to the nodes on the fluid-
elastic interface. Using a proportional feedback control algo-
rithm, a relationship between the volume and pressure of the
fluid structure can be maintained. Optimal parameters for
the control algorithm are found by determining the response
of the elastic system to changes in pressure. This approach
has been shown to agree with experimental deformation data
taken from a fluid-filled gelatin phantom. Combining linear
FEM methods with matrix condensation techniques and the
tuned proportional feedback control allows for the simula-
tion of a fluid-filled elastic object at real-time haptic update
rates.

1 Introduction
Haptic simulation of medical procedures is an active area

of engineering research. Analogous to flight simulators for
pilots, medical simulators allow students and doctors to learn
and practice difficult procedures in a risk-free virtual envi-
ronment with visual and force feedback. Procedures such as
bone dissection [2], laparoscopy [6], [16], suturing [9], [26],
and needle insertion [20] have been developed using a vari-
ety of techniques. One of the challenges in creating medical
simulations is the real-time simulation of soft tissue. Many
deformable methods have been developed and implemented
in surgical simulations, usually treating tissue as an elastic
material with either homogeneous or spatially varying stiff-
nesses. As medical simulators mature, however, more atten-
tion is required to model the human anatomy as accurately as
possible. Human tissue contains many fluid-filled anatomi-
cal structures like glands, cysts, or blood vessels which are
ignored if a deformable body is modeled using elastic tech-
niques alone. In simulators where fluid is considered, such
as laparoscopy [5] and mastiodectomy [2], it is done so only
for graphical representation. Many common medical pro-
cedures occur in close proximity to fluid-filled organs, such
as prostate brachytherapy. In this procedure the bladder is
filled with a dilute contrast agent for CT imaging [12]. The
prostate gland is located inferior to the bladder, so the blad-

der should be modeled as a fluid-filled elastic structure to
make simulation of this anatomy as realistic as possible.

This paper describes a physically based method for sim-
ulating fluid-filled elastic objects that is fast enough for the
high update rates required for haptics. Following a discus-
sion of the related work, in Section 2, the modeling methods
are described in Section 3. This includes a detailed problem
description, an introduction to the FEM for linear elastostatic
objects, a description of the fluid model employed, and a de-
scription of the numerical methods used to simulate the pres-
ence of fluid. Section 4 describes an experimental validation
performed to compare deformation results from a fluid-filled
gelatin phantom with results from a FEM simulation of the
same phantom. Section 5 describes condensation techniques
and presents an interactive haptic simulation of a fluid-filled
elastic object. Finally, Section 6 presents conclusions and a
discussion of future work.

2 Related Work
There has been a considerable amount of research done in

the area of medical simulation that has been broken up into
deformable models for haptics, FEM in haptics, and fluid
modeling with the FEM.

2.1 Deformable Modeling for Haptics

Many methods have been used to describe the deforma-
tion of objects in haptic simulations. There are two different
approaches, however, that make up the majority of this work.
One is spring-mass particle methods and the other is contin-
uum mechanics based elasticity methods.

Spring mass systems (SMS) use an interconnected net-
work of spring-damper assemblies with point masses to sim-
ulate the deformation of a continuous body. Because the
equations of motion are quite simple, SMS yields a rela-
tively low computational cost [19]. d’Aulignacet al. [17]
used SMS in a simulation of a human thigh, and Cotinet
al. [16] used a combination of SMS and FEM to simulate
laparoscopic surgery of a human liver. One of the bene-
fits of SMS is that it is possible to change the topology of
the mesh without a large computational penalty. This is not
the case for most continuum mechanics based methods, and
that is why Cotinet al. chose to couple SMS with FEM.
There is, however, a major drawback to SMS. The deforma-
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tion results are very sensitive to mesh topology and spring
parameters. Much of the SMS related research is aimed at
computing spring parameters and mesh topology such that
the deformation matches a set of training data from elastic-
ity or experimental measurements. For example, d’Aulignac
et al. [17] used a two-step nonlinear least squares approach
to match SMS parameters with a set of human thigh defor-
mations and Bianchiet al. [10] used genetic algorithms to
recreate SMS topology and parameters to mimic elastic de-
formations based on a FEM solution.

Continuum mechanics based methods, such as the FEM
[20], [9], [11], [6], [35], [16] and Boundary Element Method
(BEM) [28], [29], are based on elastic theory and tensor
analysis so they can be parameterized accurately by phys-
ical constants such as Young’s Modulus and Poisson’s Ra-
tio. This accuracy has made continuum mechanics methods,
mostly the FEM, very popular for many disciplines of engi-
neering. Section 2.2 will discuss the application of the FEM
for haptic simulations.

In addition to SMS and continuum mechanics based meth-
ods, there exist many hybrid and composite deformable
methods such as the Long Elements Method [4] and Chain-
Mail [24]. For further reading about deformable methods
for computer graphics and medical simulation, readers are
referred to two survey papers by Gibson and Mirtich [25]
and Delingette [19]. Due to the accuracy with which con-
tinuum mechanics based methods compute the deformation
of elastic objects, the FEM is discussed for the remainder of
this section.

2.2 Finite Element Methods in Haptics

There are methods with which FEM based elasticity can
be accelerated to haptic rates. Cotinet al. [16] precompute
the elementary deformations off-line and use linear superpo-
sition to render the deformations in real-time. BroNielsen
and Cotin [11] use matrix condensation techniques to re-
duce the FEM stiffness matrix to include only those nodes
that are on the surface of the deformable body. In a simi-
lar approach, Berkleyet al. use banded matrix algorithms
to precompute the stiffness matrix for a suturing simulator,
DiMaio and Salcudean [20] use condensation techniques in
an interactive needle insertion simulator, and Basdogan and
Srinivasan [6] used condensation in a laparoscopy simulator.
Instead of matrix condensation, an operation that is only ap-
plicable to linear systems, Zhuang and Canny [35] used an
interpolation scheme to allow fast haptic update rates in their
simulation of elastic objects with a nonlinear strain FEM for-
mulation.

The fastest and most flexible of the formulations used in
prior work is the linear elastostatic FEM with condensation.
The limitations associated with this method are that the lin-
ear elastic strain tensor is only accurate for small strains, of
order 1% [25], and that only a linear stress-strain relationship
can be accommodated. Linear elastostatic FEM has a huge
advantage over any nonlinear method because matrix con-
densation can greatly reduce the number of required com-

putations. With present computing hardware constraints and
haptic update requirements of approximately 500 Hz, linear
elastostatic FEM is a logical choice for the development of
medical simulators.

2.3 Fluid Modeling with the Finite Element Method

There are several ways that the FEM can be used to model
fluid-solid interaction. Batheet al. [7] use an Eulerian-
Lagrangian formulation to couple Navier-Stokes fluid flow
with structural analysis. This formulation requires that the
fluid boundary be coupled to the solid by integrating the
nodal velocities over a timestep. This results in a matrix
that is asymmetric and poorly banded, requiring the use of
iterative solvers like the Newton-Raphson method. As a re-
sult, this formulation is far too computationally intensive for
real-time applications.

In recent work, Baxter and Lin [8] used Navier-Stokes
based fluid mechanics to simulate haptic interaction with vis-
cous fluid in a painting simulation. In their work, using a
grid size of 64×64 nodes, the simulation can run at approx-
imately 70 Hz, so a low pass filter is required to stabilize
the interaction. This work illustrates how computationally
intensive Navier-Stokes based fluid dynamic analysis is. For
the goal of rendering fluid-filled elastic objects in medical
simulators, where the accurate flow simulation is not as im-
portant as the resulting elastic deformation, a simpler and
less computationally intensive fluid analysis should be used.

Donangunet al. [22] used irrotational elastic elements for
static and dynamic analysis of rigid water tanks. To decou-
ple the fluid elements from the elastic elements and enforce
the ‘slip’ condition at the fluid-elastic interface, short stiff
trusses were used. Unfortunately, these truss elements only
decouple the interface for deformations of the same magni-
tude as their length, and hence this method is unsuitable for
medical simulators where large deformations are required.

De and Srinivasan [18] used a nonlinear FEM formula-
tion to model human organs as thin elastic walls enclosing
incompressible fluid. Due to the nonlinear formulation, this
method cannot be accelerated with matrix condensation be-
cause it requires an iterative solution on the elastic system.
Furthermore, this method’s applicability to real-time simula-
tion is based solely on the reduction in dimensionality. That
is, to represent a volumetric deformable object using only a
thin surface reduces the complexity fromO(n3) to O(n2). If
a body of elastic solid is required in addition to a thin walled
organ, this reduction in dimensionality is no longer achieved,
and the solution time will likely be too large for real-time ap-
plications.

3 Method
Consider an arbitrarily shaped elastic bodyΩ, as illus-

trated in Figure 1. This body may contain pockets of fluid,
Ω f 1 andΩ f 2, each of which has aquasi-staticrelationship
between the pressure and volume that is known, shown in
Figure 1(a). This body may also contain regions in which
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Fig. 1. Fluid Filled Structures Enclosed in Elastic Media

fluid moves with known flow properties, shown in Figure
1(b). The exterior boundary,∂Ω, may be constrained by
a geometric Dirichlet boundary condition (∂Ωd), and trac-
tions may be imposed by a Neumann boundary condition
(∂Ωn). The problem is to compute the resulting body de-
formations and forces at a rate that is fast enough for haptic
simulation which requires force updates to be approximately
500 Hz. The remainder of this section describes a method
that achieves this goal.

3.1 Finite Element Method for Linear Elasticity

The Finite Element Method for homogeneous elastostatic
material is used to describe the deformation of elastic bodies
in this work. The Generalized Hooke’s law states:

σ = Dε (1)

whereσ and ε are the stress and strain vectors on a body
respectively, andD is the elasticity matrix. For the case of
isotropic materials, the elasticity matrix can be parameter-
ized by two independent elasticity variables, Young’s Mod-
ulus,E, and Poisson’s Ratio,ν. Young’s Modulus is a mea-
sure of the material’s stiffness, and can be determined exper-
imentally from the slope of a stress vs. strain curve. Pois-
son’s Ratio describes the compressibility of the material and
ranges from 0, for very compressible materials, to 0.5, for
incompressible materials.

The strain energy of a linear elastic body,Ω, can be com-
puted by:

Estrain =
1
2

Z

Ω
εT σ dx (2)

(2) can be expressed as a function of deformation by substi-
tutingσ = Dε andε = BuwhereB is the Linear Strain Tensor
[13] andu is the displacement vector.

E(u)strain =
1
2

Z

Ω
(Bu)TDBu dx (3)

Static equilibrium between deformation energy and external
force is achieved when the first variation ofE(u)strain van-
ishes. This occurs whenδE(u)strain = 0, which corresponds
to the potential energy of the system reaching a minimum
value [11]. For a finite element,Ωe:

δEe(u)strain = 0 =

Z

Ωe

BT
e DBeuedx− f

e
(4)

where f
e

andue are the force and displacement vectors that
have been discretized over the element, andBe is a constant
matrix (for a triangular or tetrahedral element) that uses the
natural co-ordinates of a triangle to interpolate nodal dis-
placements, as defined in [11]. (4) is integrated over each
discrete volumetric element to generate a stiffness matrixfor
each element. A stiffness entry from each element is added
to the global stiffness matrix,K, which creates a system of
3n (for a 3D object) linear equations that describes the de-
formation of each of then nodes by the linear system:

f = Ku (5)

whereu and f are the displacement and force vectors, or-
dered based on node number such that:

f =
[

f1x, f1y, f1z, f2x, . . . , fnx, fny, fnz
]T (6)

u =
[

u1x,u1y,u1z,u2x, . . . ,unx,uny,unz
]T

(7)

3.2 Fluid Simulation with Hydrostatic Pressure

Elastic Body

Fluid
Cavity

(a) Elastic Body
with Fluid Inclu-
sion

(b) FEM Dis-
cretization with
Pressure Normals

(c) Deformed Af-
ter Pressure Ap-
plied

Fig. 2. Elastic Body Discretized with 2D Triangular Finite Elements

In this work, fluid is modeled using static fluid analysis,
where the only fluid quantity is hydrostatic fluid pressure.
For simplicity, this pressure is assumed constant over the
fluid volume, neglecting gravitational effects. This assump-
tion is valid for small enclosed fluid volumes, as the pressure
gradient varies linearly with depth. For fluid flow, however,
gravitational effects would need to be computeda priori and
included with aquasi-staticfluid pressure to volume rela-
tionship such as pulsing blood pressure to model vascular
flow.

For FEM analysis, fluid pressure is treated as a constant
distributed force over each element, such that the effective
force on a fluid-elastic boundary element,Fe, is computed
by:

Fe =

Z

Ae

P dA= P Aen̂e (8)

whereP is the fluid pressure,Ae is the area of the element,
andn̂e is the outward unit normal of the element.Fe is used
as a force boundary condition for each of the fluid exposed
nodes to simulate the presence of a fluid. Figure 2(b) illus-
trates a discretized elastic body with fluid normals on the
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boundary. Figure 2(c) shows the elastic body after a positive
pressure is applied to the cavity. Note how the fluid cav-
ity has enlarged and the elements on the fluid boundary are
stretched.

In order to simulate the presence of a fluid inside the cav-
ity, an appropriate pressure to volume relationship is usedto
accommodate different fluid geometries. For instance, blood
flow could be simulated using a time varying pressure rela-
tionship that uses typical human blood pressures and heart
rates to govern the fluid related deformation. While this is a
coarse approximation to the complex flow that actually oc-
curs in the vascular system [23], it will indeed be fast enough
to solve at haptic update rates. On the other hand, an in-
compressible fluid-filled cavity exhibits a constant volume
regardless of the body deformation. In this case, the fluid
pressure will change such that volumetric strain is zero. The
challenge is to compute this incompressible fluid pressure
and simulate the fluid-filled object at haptic update rates. Be-
cause an incompressible fluid-filled cavity is both a useful
and challenging, this is the fluid model that is concentrated
on for the remainder of the paper. However, the methods
described in the following sections use general principles
that would work for other types of fluid-elastic systems like
blood vessels.

3.3 Incompressible Fluid-Filled Cavities

To simulate an incompressible fluid-filled cavity, it is nec-
essary to compute the internal pressure such that the cavity
volume remains constant. It is possible to add the deforma-
tion energy of the fluid to the Finite Element formulation,
but the resulting relationship is nonlinear [34]. In order to
preserve the linearity of the FEM formulation, the fluid sim-
ulation should be abstracted from the elastic simulation so
that linear system optimization techniques are still applica-
ble. The method by which this is done is to iteratively change
the fluid pressure until the cavity volume is conserved. Fig-
ure 3 illustrates the algorithm using a square fluid-filled cav-
ity enclosed in an elastic body. In Figure 3(a), the object has
no external load, and the internal cavity pressure is the same
as the external pressure. In Figure 3(b), an external force
has been applied, but still the cavity pressure is the same as
external pressure, so the object has deformed and the cav-
ity volume has decreased. In Figure 3(c), an external force
has been applied and pressure has been added to the cavity
such that the cavity volume is the same as in the rest case.
Note that the cavity in Figure 3(c) has bulged to maintain a
constant volume.

For real-time simulation of incompressible fluid-filled
structures, a fast numerical method is required to compute
the appropriate fluid pressure such that volume is conserved.
The relative volume error is defined as:

Error i = 1−
Vi

Vo
(9)

whereVi is the volume of the deformed cavity andVo is the
original volume. To minimize the error within a predefined
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Fig. 3. Example of FEM Algorithm

tolerance to zero, a proportional pressure update law is used,
such that:

Pi+1 = Pi +KpError i (10)

whereKp is a constant gain.
The performance of this update law is dependent on the

tuning ofKp as the relationship between the cavity pressure
and volume varies with the stiffness and geometry of the
elastic object. As a result, a method for tuning the update
law to a given elastic object is required.

Given an elastic object with a cavity inside, such as Figure
3, an object-specific pressure vs. volume curve can be gen-
erated by changing the pressure inside the cavity and com-
puting the volume of the cavity at each pressure. Figure 4
shows the pressure vs. volume curve for the elastic object
in Figure 3, that is a 5×5× 1.2cm3 block with a Young’s
Modulus of 34 kPa and Poisson’s Ratio of 0.35. The cavity
pressure is varied from a 30% reduction in volume to a 30%
increase in volume, shown by Figures 4(b) and 4(c).

From Figure 4(a) it can be seen that the pressure vs. vol-
ume curve for this object is nonlinear. However, a least
squares line fit to the curve provides a very good approxi-
mation over the 30% range. The slope of this line represents
a linear approximation to the cavity pressure to volume re-
lationship of the elastic object, and is therefore an excellent
choice forKp. With this slope as an optimal value forKp,
performance of the update law is good. Strains of order 0.3%
to 15% solve to a volume tolerance of 1% in a maximum of 1
pressure update. For the relatively simple fluid-filled elastic

4



0.7 0.8 0.9 1 1.1 1.2 1.3
−8000

−6000

−4000

−2000

0

2000

4000

6000

8000

Volume Ratio

P
re

ss
ur

e 
[P

a]

P vs. V Data
Linear Polynomial Fit

(a) Pressure vs. Volume Curve

−0.03 −0.02 −0.01 0 0.01 0.02 0.03

−0.05

−0.04

−0.03

−0.02

−0.01

0

x[m]

y[
m

]

(b) Cavity at 70% Volume

−0.03 −0.02 −0.01 0 0.01 0.02 0.03

−0.05

−0.04

−0.03

−0.02

−0.01

0

x[m]

y[
m

]

(c) Cavity at 130% Volume

Fig. 4. Pressure vs. Volume of the Cavity in a Simulated Elastic Body

objects presented in this paper, the slope was used asKp with
good results. However, if the pressure vs. volume cannot be
approximated well with a single line fit, a piecewise line ap-
proximation or a line search algorithm such as the golden
section rule could be used.

3.4 Volume Calculation

It is necessary to compute the volume of the cavity for
each iteration numerically. The computation of the area of a
2D polyhedral shape is computed by summing the areas of
all of the trapezoids in order of connectivity. (11) expresses
the sum of each trapezoid around the contour. It is important
that the order be consistent so that trapezoids on the upper
surface contribute positively to the area, and trapezoids on
the lower surface contribute negatively.

A =
n

∑
i=1

Ai =
n

∑
i=1

hidxi =
1
2

n

∑
i=1

xiyi+1−xi+1yi (11)

Computing the volume of an arbitrary 3D object that is
defined by a polyhedral surface, and is not necessarily con-
vex is not as trivial as in 2D. Mirtich [30] developed a fast

method for computing polyhedral mass properties based on
a surface representation that uses three steps to reduce a vol-
ume integration to a set of line integrals over each face. His
method is used to compute the volume of the fluid cavity in
the 3D cases.

The method first uses the Divergence Theorem to reduce
a volume integral of a vector fieldF over a volumeV , to an
integral over a closed surface,∂V by:

Z

V

∇ ·FdV =

Z

∂V
F · n̂ dA (12)

If F = [x,0,0], then∇·F = 1, and the left side of (12) reduces
to

R

V
1 dV =V. The volume of the closed surface composed

of discrete faces,F can be computed by:

V = ∑
F ∈ ∂V

n̂x

Z

F

xdA (13)

Next, the integral over a face,F , in (x,y,z) is reduced to a
projection integral over the bounded region,Π, in the(α,β)
plane where(α,β,γ) is a right-handed permutation of(x,y,z)
chosen so that the projection onto the plane is maximized
to minimize numerical errors. A plane in(α,β,γ) space is
defined by:

n̂αα+ n̂ββ + n̂γγ+w = 0 (14)

So, the face integral is reduced to a projection integral by:

Z

F

f (α,β,γ) dA=
1
n̂γ

Z

Π
f (α,β,h(α,β)) dαdβ (15)

whereh(α,β) = 1
−n̂γ

(n̂αα+ n̂ββ+w). Finally, the projection
integral is reduced to a set of line integrals by Green’s The-
orem in a Plane, which is a 2D version of the Divergence
Theorem.

Z

Π
∇ ·H dA=

I

∂Π
H · m̂ds (16)

where m̂ is the outward normal of each line segment of
lengths, that make up the bounded region,Π, in a counter
clockwise order. It is interesting to note that (16) reduces
exactly to (11), so the 2D area calculation presented previ-
ously is an intuitive implementation of Green’s Theorem in
a Plane.

4 Experimental Validation
To validate that the combination of hydrostatic fluid pres-

sure with linear FEM analysis predicts deformations in a
physically realistic manner, an experimental validation has
been performed. A fluid-filled gelatin phantom, with known
material properties, was deformed with a known load while
the top surface was tracked with a digitizing pen and the con-
tour of the fluid cavity was imaged using ultrasound. The
data from these experiments were then compared to an FEM
analysis of the experiment. In this section, each of the ex-
perimental components is discussed in detail, and results are
presented.
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4.1 Phantom

There exist a variety of materials that are suitable for con-
struction of tissue phantoms. For experimental validationof
the fluid modeling method described in the previous section,
however, a material that exhibits linear elastic properties is
required. Hallet al. [27] tested the material properties of
agar and gelatin for elastography. According to their study,
gelatin is linear elastic to approximately 10% strain, while
agar exhibits nonlinear elastic properties. Due to the easeof
use and linear elastic properties, gelatin was chosen as the
phantom material for this work.

Gelatin phantoms were constructed by dissolving 13% B-
Type Sigma Gelatin from bovine skin in heated de-ionized
water, then pouring the mixture into a mold and cooling until
the gel is set. To add a fluid enclosure to the phantom, a
fluid-filled latex glove fingertip was cast inside the gelatin.
This required that the glove tip was suspended by threads in
the mold prior to pouring the gelatin. These threads were
then carefully removed after the phantom had set. Care was
taken to make sure the fluid-filled glove tip was as compliant
as possible, so its effect could be neglected from the FEM
analysis. The glove fingertip was filled with a 10% glycerol-
de-ionized water mixture.

To image the fluid pocket shape with ultrasound, there
must be sufficient contrast between the fluid pocket and the
surrounding gelatin. A byproduct of ultrasound imaging
is “speckle”, which is the result of random sound waves
that have been deflected by reflective objects in the sample.
Gelatin alone, however, does not produce “speckle”, and if
the fluid-filled phantom were made with gelatin alone, there
would be very little contrast between the fluid and elastic
regions. To generate sufficient “speckle”, small scattering
objects were added to the gelatin mixture. According to the
results found by Rickeyet al. [31], 3% SigmaCell cellu-
lose was added to the gelatin mixture prior to pouring the
mold. The cellulose does not dissolve in the gelatin mixture,
so once mixed into suspension, the gel was cooled immedi-
ately to minimize settling. The resulting contrast between
the fluid and gelatin is evident in the ultrasound images in
Section 4.5.

The material properties of the gelatin/cellulose mixture
are required as input parameters for the FEM analysis. Ac-
cording to Sciarrettaet al. [33], gelatin is nearly incompress-
ible, with a Poisson’s Ratio of approximately 0.485. The
Young’s Modulus of the mixture can be determined experi-
mentally using a parallel plate compression test. A block of
the gelatin/cellulose mixture of known size was compressed
over a series of known compressive displacements with a
motion stage, while a force sensor measured the compres-
sive force at each displacement. Figure 5(a) shows the ap-
paratus. From the displacement vs. force data a stress vs.
strain plot was generated, as shown in Figure 5(b). The
gelatin/cellulose mixture was found to have a linear Young’s
Modulus of approximately 15.2 kPa up to approximately
15% strain.

(a) Parallel Plate Compression
Apparatus
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Fig. 5. Ultrasound Phantom Material Properties

4.2 Experimental Apparatus
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Fig. 6. Experimental Apparatus

The experimental apparatus is shown in Figure 6(a) and an
apparatus schematic diagram is shown in Figure 6(b). On the
left is a 12 MHz, 40 mm linear array ultrasound probe rigidly
mounted to a full length aluminum base. This probe is con-
nected to an Ultrasonix 500 ultrasound imaging system with
the research software package [15]. The probe is mounted
flush to a vertical plate that constrains the phantom and al-
lows the fluid inclusion to be imaged. In the middle is the
phantom, with the top surface and tracking markers visible.
To the right of the phantom, an ATI Nano25 force/torque
sensor is mounted to a Newport 3DOF motion stage. The
motion stage is rigidly mounted to the same aluminum base
as the ultrasound probe to ensure all compressive force im-
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parted by the motion stage is transfered directly to the phan-
tom.

4.3 Digitizing Pen

3D locations of regularly spaced markers on the top sur-
face of the phantom were sampled using a digitizing pen that
uses the OptoTrak 3020 tracking system. The digitizing pen
consists of 4 OptoTrak markers that are rigidly attached in a
“T” pattern to a sharp pointer. Once the pen has been cal-
ibrated, using the method described by Rohlinget al. [32],
the digitizing pen can be used to sample marker co-ordinates
with sub-millimeter accuracy. The largest source of error in
tracking the markers by hand comes from the manual posi-
tioning of the pen tip.

4.4 Finite Element Simulation

To re-create the experiment with a FEM simulation, a 3D
FEM mesh of the phantom is required. To generate such a
mesh, a series of parallel ultrasound images were taken at
2 mm increments with the 3DOF motion stage. To take this
set of ultrasound images, the apparatus was slightly modified
from the configuration shown in Figure 6(a). The force sen-
sor and impactor were removed from the motion stage, and
the ultrasound probe was moved closer to the motion stage.
The phantom was then placed on the stage so that it could
move vertically relative to the probe with known displace-
ments, and a series of parallel images could be taken. Each
of the resulting images was hand segmented for the location
and radius of the fluid inclusion using a digital caliper and
the image scale factor. This set of images was taken perpen-
dicular to the long axis of the fluid pocket so that in each im-
age the contour of the fluid inclusion is circular. Next, a reg-
ularly spaced mesh of the phantom cast filled with tetrahe-
dral elements was created. Elements that contain a node that
is inside the fluid inclusion were removed from the mesh.
Then the boundary of the inclusion was shifted to match the
center point and radius measurements. The resulting mesh
had 1328 nodes, which yields a 3984× 3984 stiffness ma-
trix. A Young’s Modulus of 15.2 kPa and a Poisson’s Ratio
of 0.485, from [33], were used as the elasticity parameters
for the 4 node, linear strain tetrahedral elements.

The motion stage imparts a known displacement on the
phantom. As such, the boundary condition that must be ap-
plied to the FEM model should also be a displacement. To
achieve this, a boundary condition change [20], is necessary.
After boundary condition changes have been performed on
K−1, the notation changes tox = K−1′y wherex replacesu
andy replacesf because what used to be homogeneous dis-
placement and force vectors now contain a mix of displace-
ment and force entries. This notation is used in the remain-
der of the paper to indicate that boundary condition changes
have been applied.

As described in Section 3.1, the elastostatic FEM formu-
lation used in this work only considers an energy balance
between deformation and external force. It is therefore re-
quired that the elastic object be sufficiently constrained in

all degrees of freedom such that the body can only deform,
it cannot move. If the object is not sufficiently constrained,
there will be no unique solution, andK is singular. The
phantom is constrained horizontally between the two plates,
and vertically along the bottom surface, shown in Figure
6(b). With these constraints, the phantom is sufficiently con-
strained in bothX andY, but not inZ. To ensure a unique
solution, a node on the ultrasound plate at the bottom of the
phantom was constrained inZ.

4.5 Results

The phantom was deformed with three displacements,
3 mm, 6 mm, and 9 mm. For each deformation, an ultra-
sound image and surface data were collected. Figure 7 shows
the ultrasound images of the fluid inclusion in comparison
with the FEM predicted shape. Nearest-neighbor was used
as the interpolation scheme to interpolate the node positions
from the FEM simulation, and the results were scaled and
translated to match the images. The top of each image cor-
responds to the side of the phantom that is held in contact
with the ultrasound probe, while the bottom of each image is
in contact with motion stage (visible as the bright horizon-
tal line). The FEM solution predicts the contour of the fluid
pocket quite well. The largest error occurred in the 9 mm
deformation case where the top left of the contour was pre-
dicted by FEM to move approximately 3.3 mm while the
ultrasound contour moved 3.71 mm. Note that the contour
of the pocket and the nodes of the pocket are not perfectly
aligned even in the undeformed case, which is likely caused
by the circular contour assumption in hand segmentation.

Figure 8 shows a comparison between deformations from
the markers and the FEM simulation. The trends are con-
sistent between the experimental and simulated data. The
markers near the displacement surface move considerably,
while the markers near the fixed surface move only slightly.
Markers in the center of the phantom compress almost ver-
tically, with very little horizontal expansion, while markers
near the edges show considerable horizontal expansion.

Figure 9 shows the locations of markers compared with
the locations of the corresponding FEM nodes for the vari-
ous deformation cases. Marker positions are registered with
the FEM data using a 2-step least squares approach. The data
were first fit to a plane for the undeformed case using the
method described by Anet al. [3]. Then, linear least squares
was used to compensate for rotation and scaling [14]. De-
spite the errors introduced by hand tracking the markers on
a soft, deformable object, the FEM simulation agrees with
the experimental data on the top surface. The “o” symbols
in the figure are approximately 1 mm in diameter, which is
representative of the estimated 1 mm error from hand track-
ing. The majority of the node positions are within the “o”,
indicating that the data agree with the simulation within the
error of the experiment.
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(a) No Load (b) 3 mm Displacement (c) 6 mm Displacement (d) 9 mm Displacement

Fig. 7. Ultrasound vs. FEM Contours
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Fig. 8. Top Surface Marker Displacements vs. FEM Displacements

5 Haptic Simulation
Matrix condensation is an important component of the ap-

proach that allows fluid-filled elastic structures to be simu-
lated at typical haptic update rates. This section will outline
matrix condensation, then describe an implementation of the
algorithm presented in Section 3.

5.1 Matrix Condensation

The technique that allows FEM simulation of elastic ob-
jects to run at typical haptic update rates is matrix condensa-
tion. Consider the linear FEM system:

Ku = f (17)

In typical FEM systems, the load vectorf is known, and
the displacement vectoru is unknown. Also, because many
nodes are located within the volume of the elastic solid and
are not subject to external force, the load vector is typically
sparsely populated. Matrix condensation takes advantage of
this sparsity by precomputing for nodes that do not have a
force applied to them, referred to as “free” nodes. The result
is a system that computes only the deformation of non-free
nodes exactly as if the full system was solved [11].

In the case of an implicit linear system, such as (17), the
system can be condensed using Gaussian Elimination [13].
When the implicit system is condensed, however, changes to
the system are computationally expensive because the sys-
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tem needs to be re-condensed. This is not the case, however,
for the explicit system:

u = K−1 f (18)

The explicit system is not typically used in engineering ap-
plications due to long inversion time and numerical errors
due to inversion [11]. However, for the application of real-
time haptics, neither of these drawbacks outweigh the benefit
that the explicit system can be condensed trivially on the fly.
For example, the system
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can be reduced to:
[

u1

u3

]

=

[

K−1
11 K−1

13
K−1

31 K−1
33

][

f1
f3

]

(20)

if f2 and f4 are free.

5.2 Interactive Simulation of a Fluid-Filled Structure

Using the needle insertion simulator described by DiMaio
and Salcudean [20] as a basis, an interactive simulation of an
incompressible fluid-filled elastic object was created. This
2D simulator uses the 3DOF planar pantograph as an inter-
face [21]. The simulation architecture consists of two PCs
that communicate over a UDP socket connection. The first
PC is a 2.0 GHz Pentium 4 that runs VxWorks at a fixed up-
date rate of 512 Hz. This PC is responsible for device con-
trol, dynamics, and simulation. The second PC runs Win-
dows and is responsible for graphics, which is updated at
approximately 30 Hz. Figure 10(a) shows the simulation in
use, while Figures 10(b) and 10(c) show a close up of the
graphics output when the fluid pocket is under tension and

compression respectively. The elastic object in the haptic
simulation is identical to the one discussed in Section 3.3,
so the pressure update gain that was determined numerically
in Section 3.3 was used. The scope output at the bottom of
Figures 10(b) and 10(c) displays the relative volume of the
fluid pocket in real-time. The scope output showed that the
volume did not deviate from the initial volume by more than
0.1%, and the pressure calculation did not require more than
1 iteration. A short video clip is available online [1].

The algorithm for an incompressible fluid pocket is as fol-
lows:
1. OFFLINE: Create a FEM system matrix,K−1

global, and ini-
tially condense this matrix to include only the nodes that
exist on the fluid boundary,K−1

working. Compute the original
volume of the fluid pocket,Vo, and compute the normal di-
rections to the fluid cavity. Precompute the optimal gain,Kp.
2. As the needle comes in contact with the tissue, add
the new node’s appropriate row and column entries from
K−1

global to K−1
working. Perform the necessary boundary condi-

tion changes and local co-ordinate system changes, as out-
lined in [20]. Add the needle force contribution to the vector
y.
3. Compute the productx = K−1

workingy, then the volume of

the fluid pocket, and the error termError i = 1− Vi
Vo

.
4. If the error is not within a 0.1% tolerance to zero, update
the pressure byPi+1 = Pi +KpError i . Add the force contri-
butions from pressure to they vector. Re-iterate from step 3.
5. Integrate needle forces, output hand force to haptic de-
vice, send node positions to graphics display.

5.3 Computational Requirements

Condensation allows a fluid-filled volumetric object to be
represented by a contact area and a fluid interface surface.
As a result, the size ofK−1

working scalesO(n2) with the number

of nodes on the fluid boundary. The complexity ofK−1
workingy

also scalesO(n2), while the volume calculation scalesO(n).
The result of this scaling is that a large fluid-filled elastic
body can be simulated while only the nodes that are either in
contact with the surgical tool or on the fluid-elastic boundary
need to be computed in the haptic loop.

A computational timing experiment using a 2.4 GHz Pen-
tium 4 PC with 512 Mb of memory was performed to in-
vestigate the update rates possible on current hardware. The
3D simulation of the ultrasound phantom, as described in
Section 4, was condensed to include the nodes on the fluid-
elastic interface (80 nodes) and 2 nodes on the exterior sur-
face to simulate a tool in contact with the phantom. This
condensed system is consistent with what would be required
in the haptic loop of a haptic simulation of the experimental
phantom, and the same method for computing the optimal
control gain as described in Section 3.3 was used. Using the
Intel C++ 7.0 optimized compiler, this 82 node condensed
system could be solved with 1 pressure iteration at an update
rate of approximately 3000 Hz. It is important to note, how-
ever, that this timing experiment did not address the compu-
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(a) Haptic Simulation Setup (b) Pocket under tension (c) Pocket under compression

Fig. 10. Haptic Simulation of Fluid Enclosures In a 2D Environment

tations involved with controlling the haptic device nor dis-
playing graphics to the user. This result only indicates that
the iterative solution of the condensed fluid-elastic system
can be solved at a rate that is fast enough for haptic applica-
tions.

6 Conclusions
This paper presents a technique for modeling fluid-filled

structures enclosed by linear elastic media with the FiniteEl-
ement Method that is fast enough for real-time haptic render-
ing. By treating hydrostatic fluid pressure as a force bound-
ary condition that acts normal to the fluid-solid boundary, the
presence of fluid can be simulated in a simple, yet physically
based way. Using a proportional feedback control algorithm
that is tuned by numerically investigating the elastic system’s
response to changes in pressure, aquasi-staticrelationship
between the volume and pressure of the fluid structure can
be maintained. It is important to note that this method for
fast simulation of fluid-filled structures is not limited to use
with the FEM. A fluid-filled structure could be added to a
deformable object modeled using any method that can ac-
commodate force boundary conditions.

Because the underlying elastic model is linear, com-
putations can be accelerated with matrix condensation
techniques. These techniques, along with the optimized
pressure-volume understanding, allow for an incompressible
fluid pocket to be simulated at 512 Hz as an addition to an
existing needle insertion simulation.

The realistic behavior of the method has been validated
against an elastic tissue phantom containing an incompress-
ible fluid pocket. Using ultrasound imaging and surface
markers for comparison, results from a simulation of the
phantom compared well with experimental data up to ap-
proximately 15% strain. The accuracy of the method at
strains higher than 15% will likely suffer due to the limi-
tations of the linear FEM formulation, as it has limited accu-
racy at high strain [16].

There are several opportunities for this work to be ex-

tended in future research. Firstly, a 3D simulation of sur-
gical techniques that involve avoidance or interaction with
fluid pockets could be created using the FEM, fluid model-
ing, and acceleration methods described in this work. Sec-
ondly, the accuracy of these methods could be further vali-
dated against other anatomically motivated geometries such
as a vein or artery. Thirdly, it would be very interesting to
validate the accuracy not only of the deformation, but also
of the pressure prediction. A simple experiment with a pres-
sure transducer inside the fluid cavity would yield a good
evaluation of the predicted fluid pressure.
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