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Abstract

Novel Statistical Methods for Causal Inference
Based on Truncated and Censored Time-to-Event Data

Eric Morenz

Chair of the Supervisory Committee:

Marco Carone
Department of Biostatistics

In this dissertation, we discuss two settings in which association parameters based on traditional models can
be challenging to interpret causally, even when exposure level is randomized. The first setting pertains to
human autopsy studies, in which a time-varying outcome is only measured at death. When the exposure
affects survival, the distribution of outcome measurement times differs across exposure levels, and can produce
misleading comparisons. We propose to study the causal effect of the exposure on the outcome process using
a contrast inspired by the mediation literature and that we refer to as the natural-time direct effect. As a
first step, we derive nonparametric debiased machine learning approaches for inference on survival integrals
using left-truncated right-censored data. We then use these methods to assess the effect of the APOE-4
gene on autopsy measures of Braak staging using data from the Adult Changes in Thought study. In the
second setting, a point-exposure of varying doses occurs at a random time, and we wish to characterize the
(possibly exposure time-specific) effect of dose on survival. In this context, standard survival models are
often not amenable to interpretably addressing the scientific question at hand. As an alternative, we propose
to use an accelerated residual failure time model. We develop methods for inference on model parameters
indexing a parametric accelerated residual failure time model using left-truncated right-censored data, and
provide a causal interpretation under natural causal conditions. Using data from the Life Span Study, a
long-term prospective cohort study of survivors of the atomic bombings of Hiroshima and Nagasaki, we use

these methods to study how a point-exposure to radiation of differing doses affects survival.
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Chapter 1

DEBIASED MACHINE LEARNING FOR SURVIVAL
FUNCTIONALS BASED ON LEFT-TRUNCATED
RIGHT-CENSORED DATA

Learning causal effects on time-to-event endpoints can be challenging because survival
times may be partially observed due to censoring and systematically biased due to trunca-
tion. In this work, we present nonparametric estimators of a counterfactual survival time
distribution for use when the data are subject to covariate-dependent left truncation and
right censoring. Our inferential procedures explicitly allow the integration of flexible ma-
chine learning tools for nuisance estimation, and enjoy certain robustness properties. The
approach we propose can be directly used to make pointwise or uniform inference on smooth
summaries of the counterfactual survival time distribution, and can be valuable even in the
absence of interventions, when summaries of a marginal survival distribution are of interest.
We showcase how our procedures can be used to learn a variety of inferential targets, and

illustrate their performance in simulation studies.



1.1 Introduction

In biomedical studies, the outcome of interest is often the time elapsed between an initiating
event and a terminating event. For example, investigators may wish to study the time from
some exposure or treatment (e.g., administration of vaccine) until a particular clinical event
(e.g., onset of symptomatic disease). In particular, they may be interested in determining the
effect of a treatment on the event time. Even in the context of a randomized trial, in which
the design ensures that the relationship between treatment and event time is unconfounded,
the analysis of time-to-event data remains challenging because event times are typically
only partially observed in some study participants. Indeed, some participants may exit
the study during the course of follow-up, or may not yet have experienced the event of
interest by the end of the study, in which case their event times are right-censored. Right-
censoring complicates the identification of the time-to-event distribution — notably, required
assumptions about the censoring mechanism may fail to hold even in randomized trials —
and ensuing procedures for assumption-lean statistical inference are also much more involved.
The problems that arise due to incomplete observation of terminating events are compounded
when the study does not include randomization, in which case appropriate deconfounding,

whenever possible, must also be incorporated into statistical procedures.

In many observational studies, in addition to right censoring, the available data are sub-
ject to left truncation, wherein only participants for whom the event time is larger than a
corresponding truncation time can be recruited into the study. This may occur, for exam-
ple, due to delayed entry into a prospective study or to the use of a cross-sectional sampling
scheme. Unlike censoring, which results in partially observed data but has no bearing on who
may be sampled, truncation implies a restriction on the sampling mechanism, and usually
renders the sampling population biased relative to the target population. Indeed, trunca-
tion induces systematic selection bias into the study design, with an over-representation of
participants with a longer event time. Failure to account for left truncation can result in

severely biased inferences and misleading scientific conclusions.



While the field of survival analysis is mature, with many decades of rigorous method-
ological developments pertaining to the analysis of left-truncated right-censored data, most
existing works have relied heavily either on semiparametric and parametric modeling as-
sumptions, or on strong uninformativeness assumptions about the censoring and truncation
mechanisms. Furthermore, while there has been a growing literature at the intersection of
survival analysis and causal inference, the focus has been almost exclusively on data subject
to right censoring without truncation — see, e.g., Westling et al. (2023) for a sampling of
such existing methods. In this work, we contribute to addressing this gap by developing novel
nonparametric statistical methods for estimating causal effect summaries with left-truncated

right-censored data.

In the developments below, we propose debiased machine learning techniques for nonpara-
metric inference on smooth summaries of a counterfactual time-to-event distribution using
left-truncated right-censored data. The class of summaries we consider is broad and includes,
in particular, commonly reported estimands, such as survival probabilities, restricted means,
and percentiles, as well as more complex functionals. Notably, the methods we develop allow
informative censoring and truncation insofar as can be explained by recorded covariates —
in other words, the censoring and truncation mechanisms may be covariate-dependent. They
also allow the use of flexible learning algorithms for estimating involved nuisance functions
without compromising the calibration of resulting statistical inferences. This is desirable
since the use of such algorithms can mitigate the risk of systematic bias possibly resulting
from inconsistent estimation of such nuisance functions.

We note that Wang et al. (2022) recently made important advances in the development
of debiased machine learning methods for use with left-truncated data. However, their
work focuses on inference for a marginal (rather than counterfactual) survival function,
and their procedures neither facilitate flexible estimation of the censoring mechanism nor
generally achieve the efficiency bound in the presence of right censoring. As such, our work
extends theirs by both including consideration of summaries of a counterfactual time-to-

event distribution and restoring efficiency even in the presence of both left truncation and



right censoring. We also note that our work can be seen as a natural generalization of the
recent work of Westling et al. (2023), which develops flexible techniques for nonparametric
efficient inference on a counterfactual survival function using right-censored data without
truncation. While traditional risk set-based methods for the analysis of right-censored data
can often be effortlessly extended to the analysis of left-truncated right-censored data, this
is not necessarily the case for other methods, including those based on influence functions
or Neyman orthogonalization, as in this work.

This chapter is organized as follows. In Section 1.2, we define the estimand of interest and
discuss its identification in contexts in which the time-to-event random variable is observed
subject to possibly covariate-dependent left truncation and right censoring. In Section 1.3,
we derive a linearization of the survival integral parameter viewed as a functional of the
observed data distribution. In Section 1.4, we use this linearization to construct two distinct
cross-fitted inferential procedures that explicitly allows the incorporation of machine learning
methods. In Section 1.5, we establish certain large-sample properties of the proposed proce-
dures, including both pointwise and uniform distributional results, and extend these results
to a larger class of smooth survival functionals. In Section 1.6, we discuss several analytic
examples of our general results, whereas in Section 1.7, we present results from numerical
experiments to illustrate the operating characteristics of our procedures. We conclude with

final remarks in Section 1.8.

1.2 Statistical setup and identification

1.2.1 Notation and examples

The ideal data unit is X := (T,C,W, A, Z) ~ Pxp, where Z € Z C RP denotes a vector
of baseline covariates, A € {0,1} is a binary exposure level indicator, W € [0,00) and
C € (0,00) are the truncation and censoring times, respectively, and the event time (or
survival time) is 7" € (0, 00). Here, Px o denotes the true (unknown) distribution of X in the

target population. For a fixed ag € {0,1} and known kernel function ¢ : R x R? — R, we



begin by studying inference on the survival integral

00 = // gO(t, Z) FX’O(dt | agp, Z) H)@Q(dZ) s (11)

where we define Fxo(t|a,z) := Pxo(T <t|A=a,Z=2) and Hxo(2) := Pxo(Z < 2)
pointwise. We note here that the ideal data unit may have been taken to simply be (T, A, Z)
since the estimand of interest depends only on the conditional distribution of T" given (A, Z)
and on the marginal distribution of Z, and if neither truncation nor censoring act on the
data unit, the value of (C,W) is irrelevant. Nevertheless, for notational convenience in
developments below, we define X to also include (C, W).

Survival integrals encompass several estimands of interest at the intersection of survival
analysis and causal inference. Under typical causal conditions, including that, within each
stratum of Z, the counterfactual event time T'(ag) corresponding to the intervention that sets
A = ag is independent of A, and that A = ag occurs with positive probability, 6, identifies
the counterfactual mean value Eq [¢(T'(ag), Z)] computed under the joint distribution Py of
(T'(ap), Z). Various choices of ¢ yield different causal estimands of practical interest. As
a special case, by considering the exposure A to be degenerate at ag, the survival integral
trivially corresponds instead to moments of the joint distribution of (7, Z), estimands that
arise in traditional survival analyses. Specific examples of estimands that motivate our work

and are later discussed include:
(1) the marginal survival probability Py (T > t);

(2) the Brier score Ex o {I(T > 1) — b(Z)}” of a given function b : Z — [0, 1] for predicting
survival at time 7 (Brier et al., 1950; Gerds and Schumacher, 2006);

(3) the counterfactual survival probability Py {7T'(ag) > t} (Westling et al., 2023).

Later, we build upon our results on survival integrals to develop inferential methods for
nonlinear survival functionals. This extension allows us to tackle many more estimands of

interest. Examples of such estimands that we study in greater detail include:



(4) the median counterfactual event time (Diaz, 2017);

(5) a model-agnostic measure of dependence of T'(ag) on ag (Vansteelandt et al., 2022).

Example 1 is the primary target of inference in classical survival analysis, although here we
wish to allow possibly covariate-dependent censoring and truncation. Example 2 arises in
the evaluation of prediction models in survival analysis, and emphasizes the value of allowing
the kernel value (¢, z) to depend on both ¢ and z. Examples 3 and 4 are commonly reported
summaries of the counterfactual survival distribution. Example 5 is a novel parsimonious
measure of the causal effect of A on T inspired by recent work on assumption-lean Cox
regression (Vansteelandt et al., 2022).

We refer to X as an ideal data unit because statistical inference would be straightfor-
ward if it were directly observed. However, in practice, this is rarely the case. In many
prospective cohort studies, the sampling distribution of X is a systematically biased version
of its target distribution due to left-truncation resulting, for example, from delayed entry or
cross-sectional sampling. Additionally, only a coarsened version O of X is observed due to
right-censoring. Thus, in order to derive procedures for statistical inference, we must first
represent 6y, which is explicitly defined as a summary of the ideal data distribution Px,
as a summary of the observed data distribution Py, thereby establishing identification under

suitable conditions. We refer to the distribution F, as defining the observable population.

1.2.2  Identification

The observed data structure is O = (Y, AW, A, Z) ~ Py, with Y := min(7,C) and
A = (T < C), and results from left-truncation and right-censoring of the ideal data
unit X. Specifically, only individuals with Y > W can be sampled — those who are neither
censored nor experience the terminating event before possible recruitment into the study —
and the event time T is subject to right-censoring by C'. We assume that C' > W with
Px o—probability one, since we are interested primarily in settings in which censoring is a

study-induced nuisance and only operates on individuals who can possibly be recruited into



the study. As such, the sampling conditions Y > W and T > W are equivalent. The ob-
served data distribution F is obtained from the target population distribution Py through

the relationship

Py (dy, dé, dw, da, dz)

Iy > w) { / /
=———"— 1) Px o (dy,dc,dw,da,dz) + (1 — 9 Px o (dt,dy,dw,da,dz) | v(dd
Poo@ =) 0 )., x,0 (dy )+ (1—9) - x,0 (dt, dy )| v(dd)

for € {0,1}, where v is the counting measure on {0,1}. As indicated above, even in
the absence of censoring, the sampling distribution F, of the observed data unit does not
coincide with the target distribution Px ¢ because individuals with T" < W are systematically
excluded. Individuals with larger values of T" are therefore over-represented in the observable
population relative to the target population. Throughout this chapter, the observed data
consist of n independent draws Oq, O,, ..., O, from F,.

We now consider the problem of recovering Px from F, on relevant portions of its
support, some of which may not be fully recoverable. For example, right-censoring often
precludes the identification of the right tail of the time-to-event distribution. Nevertheless,
6y may still be identified. To formalize these issues, we first define for a generic random

variable B the lower and upper support bounds

Tp(a,z) == sup{u: Pxo(B>u|A=a,Z =z2)=1};

Tp(a,z) = sup{u: Pxo(B>u|A=a,Z =2z2)>0}.

We also denote by T¢(a, z) := sup{u : Pxo(C >u|A=a,Z =2T>W) > 0} the upper
bound for the support of the censoring distribution, and by 7x o(z) := Pxo(A =a¢| Z = 2)
the propensity score for each z € Z. We make the following support recovery conditions for

identifiability:
(A1) for a € {0,1} and Px¢—almost every value z € Z, it holds that:

<i> IW(aa Z) S ZT(aa Z) )



(i) Tw(a, z) + « < min{7r(a, 2),7c(a, 2)} for some o > 0;

(iii) ¢+ @(t, 2) is constant for ¢t > T¢(a, 2) ;
(A2) for Pxo—almost every value z € Z, it holds that mxo(2) > 0.

These conditions can be interpreted heuristically as follows. First, if 7y, (a,2) > 7,(a, 2),
then individuals with exposure A = a, covariate vector Z = z and event time T = ¢ such that
7r(a,z) <t < 1y (a,2) are systematically excluded in the observable population. As such,
the target conditional time-to-event distribution function Fx (| a, z) cannot be identified for
any ¢t > 0, and neither can 6y if the set of such values has positive Px o—probability. Second,
if min{7r(a, 2),7c(a, 2)} < Tw(a, 2z), then individuals with exposure level A = a, covariate
vector Z = z and truncation time W = w such that min{7r(a, z),7c(a, 2)} < w < Tw(a, 2)
are systematically excluded in the observable population. As such, the right tail of the
target conditional truncation distribution function cannot be identified. This is problematic
because, as we will see below, identification of the marginal covariate distribution Hx o — and
thus of #y — hinges on that of the conditional truncation distribution. Third, for any z € Z,
Fxo(t|a,z) can only be identified up to T¢(a, 2) since values of 17" above T¢(a, ) can never
be observed, and so, unless t — ¢(t, z) is constant for ¢ > 7¢(a, z) and Px—almost every
z € Z, 0y also cannot typically be identified. These facts motivate the need for condition
(A1). Finally, it is necessary that mx ¢(z) > 0 in order to be able to learn Fx o(t | a, z) without
relying on extrapolating assumptions, since otherwise no inference could ever be made from
the subpopulation defined by (A, Z) = (a, z); this motivates condition (A2).

Beyond support recovery conditions, identification hinges fundamentally on the vector Z
of baseline covariates being sufficiently rich to account for any dependence between T and
(C,W). Specifically, we introduce the following additional conditions on the censoring and

truncation mechanisms:

(B1) T and W are independent given (A, Z) Pxo—almost surely;

(B2) T and C are independent given (W, A, Z) and T > W Px —almost surely.



We note that distributional constraints on C' are only imposed in the observable population,
that is, the subpopulation of individuals for whom 7" > W. In fact, C' need not even be
defined for individuals with 7" < W since censoring only ever affects those with T > W.
Under conditions (A1)—(A2) and (B1)—(B2), Pxo may be expressed in terms of Fy. For
0 < t < min{7r(2),7c(2)}, the target conditional distribution function Fx(t|aq, 2) is

identified via conditional product-integration (Gill and Johansen, 1990) by

Fo(t|ag,z) = 1-[

u<t

|:1 . Fljo(du | ao, Z)
Ro(u| ag, 2)

where Fig(u|a,z) = Py (Y <y,A=1|A=a,Z =2z2) is an observable conditional sub-
distribution function and Ry(ul|a,z) = Py (Y >u>W |A=a,Z = z) is an observable
conditional at-risk probability. As indicated above, the target conditional truncation dis-
tribution function, defined pointwise as Gxg(w|a,z) = Pxo(W <w|A=a,Z =z), is
needed to recover the target covariate distribution. For any w > 0, it can be expressed

as Gxo(w|a,z) o Sxo(ula,z)"'Go(dula,z), where we denote the observable con-

u<w
ditional truncation distribution function by Go(w|a,z) := Py (W <w|A =a,Z = z), the
survival function corresponding to F'x g by Sx, := 1 — Fx, and oc,, refers to proportionality
in w for fixed @ and z. The identification of Fx o over [0, min{7r(a,z2),7c(a,2)}) — and
thus, by condition (A1), over its subset [0, Ty (a, z)) — then implies that of Gx . The target

exposure-covariate distribution function Jx(a, 2) := Pxo(A < a,Z < z) can be expressed

as a reweighted version of its observable counterpart; indeed, we have that

Jo(da, dz)
[ Sxo(ula,z)Gxoldu]a,z)

Xa,z Jo(da,dz)/ Go(fiu [a,2)
1— Fo(ula,z)

JIxo(da,dz) g,

(1.2)

with Jy(a, z) := Py (A < a,Z < z) denoting the observable exposure-covariate distribution
function; here, o, , refers to proportionality in (a, z). In particular, (1.2) implies an identifi-

cation H, of the target covariate distribution Hy o using that Hy (dz) = [ Jx0(da, dz) for
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each z. These expressions suffice to identify 6 as the summary [[ ¢(t, z) Fy(dt | ag, ) Ho(dz)
of the observed data distribution Fy. Rather than focusing on the ideal data distribu-
tion of the censoring random variable, which as discussed earlier need not even be defined,
we note that the observable conditional censoring survival function @)y, defined pointwise
as Qo(clw,a,z) = Py(C >c|W=w,A=A,Z = z) can be identified using conditional
product-integration as used in Fy but without truncation and reversing the value of A to
1 — A. Additional details on these identification results are provided in Part A of the Ap-

pendix A.

1.3 Study of the target parameter

The above identification formulas motivate us to study the observed data parameter

U:P— // o(t,z) Fp(dt | ag, z) Hp(dz) . (1.3)

Here, Fp is defined pointwise as

_ Fip(du]ag, 2)
Rp(u|ag, 2)

Fp(t|ag,z) :=1— 7( [1
u<t

where Fy p and Rp are defined pointwise as F} p(u|a,z) =P (Y <u,A=1|A=a,Z = 2)
and Rp(u|a,z) = P(Y >u>W|A=a,Z=z), respectively. Further, Hp is defined
pointwise as Hp(dz) := [, 7p(a, 2) Jp(da,dz) with Jp(a,z) == P(A<a,Z < z), yp(a,z) =
[Sp(w|a,2)"'Gp(dw|a,2), vp := [[vp(a,2) Jp(da,dz) and Yp(a, 2) := vp(a, z)/vp, where
S(t|a,w) :=1— F(t|a,w) is the survival function corresponding to Fp and Gp(w |a, z) :=
P(W <w|A=a,Z = z) is the observable conditional truncation distribution function. Un-
der conditions (A1)—(A2) and (B1)—(B2), the survival integral 6, is identified by g := VU (F).
Thus, in the remainder of this chapter, we focus on developing inferential methods for 1)

and related estimands.

We wish to employ flexible learning strategies to avoid unnecessarily strong modeling
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assumptions on the data-generating mechanism Fy. As such, in order to carry out valid
nonparametric efficient inference, we develop debiased machine learning methods for this
problem. As a first step, we derive a linearization of the parameter mapping ¥ around F,
based on the nonparametric efficient influence function of ¥ at P = B, (Pfanzagl, 1982).
This linearization is critical for guiding the construction of our estimation procedure and

elucidating the conditions under which this procedure has desirable statistical properties.

Before tackling the problem in its generality, it is instructive to first examine the simpler
setting in which the support Z of the covariate vector is finite. In such case, for any fixed
z9 € Z, the inner integral [ ¢(t,z) Fo(dt|ag, z0) can be estimated nonparametrically under
the conditions we have introduced so far using the stratum-specific Kaplan-Meier integral
[ o(t, z) F,(dt | ao, 2), where F,(t|ag, z) denotes the Kaplan-Meier estimator of Fy(t | ag, 2o)
computed using only data from stratum (A, Z) = (ag, 20). Under certain regularity condi-
tions, this stratum-specific Kaplan-Meier integral can be shown to be regular and asymptot-

ically linear (Reid, 1981b; Stute, 1994) with influence function given by

I(a = ag,z = 2)

0,y) —
<Z7a7w7 7y) P(A:CLO,Z:ZO

)¢KM,P(LP7@)(Z7 a,w, 57 y) )

where for any P we denote by Lp,, : (y,a,2) — fyoo Sp(u|a, z)p(du, z) and we define point-

wise, for any function m : Y x {0,1} x Z — R,

m(y,a, z) / m(u,a,z) -+
s Wy W, 57 = ——— ]w — Ap(d )
¢KM,P(m)(z a,w y) Rp(y]a,z) + [w,y] (U)Rp(u]a,z) P( u|a Z)
with Ap(t|a,z) := Jt Sp(u|a,z) " Fp(du|a,z) denoting the cumulative hazard function
corresponding to Fp. In our constructions and theoretical results below, the function OKM,P

appears prominently, as we will now see.

Our linearization results involve additional notation that we now introduce. We define

the observable survival regression pp(z) := [ ¢(t, 2) Fp(dt | ag, 2), the observable propensity
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score mp(2) := P (A = ag | Z = z), and the partial truncation weight function

el a, 2) = / Ty ooy () Sp(u| @, 2) " Gp(du | a, 2) .

As we establish in the following theorem, the nonparametric linearization of W hinges crit-

ically on the nonparametric efficient influence function of ¥ at P, which can be written as

Op = ¢1,p + ¢ p With

¢LP : (Z7a7w7y75) = I(;P—(;;O) ( )(bKM P(LPAP)(Z a,w yvé)

pp(z) — ¥(P) _ 1
TP Sp(w|a,z)

¢27p : (z,a,w,y,é) — _QSKM,P(’YP,h)(Z?aawayvé) ’

and where yp(z) := >, Yp(a,z)mp(a|z). The nonparametric linearization of W(P) around
P = Py involves a second-order remainder term that can be written as R(P, Py) := Ry(P, Py)+

RQ(P, Po) + R3(P, Po) + R4(P, Po) with

Sr
RaP R = [ Eohesty.one) {1 - M} (S— - 1) (dy |a, =) Fo(d2) :

VO(:y?aaZ) SP

(PP = [ Lrs(va.2) {ZO(”?(Z)”P@’ %2) _ 1} (i - 1) (dy | ao, 2) o(d):

1 1
Re(P, By = /gp(z> {go(w e 2)} (G — Go) (dw | a, 2) Jo(da, d)

_ /gp(z) {gp(y la,z) — So(y|a, Z)}Z go(wﬁgz(i;wg‘;z’;?a 3 Jo(da,dz);

Ry(P, Py) = (70 - ) {R41(P, Py) + Rys(P, Py) + Rys(P, Py)} ,

where we define

Rey(P.Fy) - / £p(2) (rp(a,2) — 0(a,2)} o(da, dz)

RiaP.R) = [ 3 €n(ahm(az) {melal ) - m(a] 2} Holdo);

ae{0,1}
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Rus(P, o) = / S eo(e)mplal 2)vp(a, 2) (Hp — Ho) (d2)

ac{0,1}
and also write £p(2) := {pp(z) — U(P)}/vp and vp(y,a, z) == Sp(y|a,z)/Rp(y| a, 2).

Theorem 1. Suppose that conditions (A1)-(A2) and (B1)-(B2) hold. Then, the survival in-
tegral parameter P — W(P) is pathwise differentiable in a nonparametric model with efficient

influence function ¢p, and for each P, the linearization
U(P) -V (FR) = /¢p(0) (P — Py)(do) + R(P, Fy) .

We note that the efficient influence function ¢p we have provided above agrees with
existing results for special cases. In the absence of left-truncation, it coincides with re-
sults provided in Gerds et al. (2017) for a general survival integral — this is seen by tak-
ing the truncation distribution to be degenerate at zero, in which case ¢, p simplifies to
(z,a,w,y,0) = pp(z) — V(P) — and in Westling et al. (2023) for a counterfactual survival
probability, obtained by taking ¢(¢,z) = I(t < t;) for a fixed value t5. In the absence
of right-censoring and any treatment intervention, our result agrees with results presented

in Wang et al. (2022) for a marginal survival probability.

1.4 Proposed estimation procedure

Equation (1.3) expresses 1y in terms of components of the observed data distribution Py,
which are themselves functions of components of the ideal data distribution Py . Thus, an
estimator of 1y can thus be obtained by substituting an estimator of relevant components
of I into (1.3), or an estimator of relevant components of Px o, namely Fx o and Hy , into
(1.1). Additional parametrizations of Py — for example, using a combination of components
of Fy and of Py — can also be considered, each leading to a strategy for estimating 1)y with
relative advantages and disadvantages. Here, we consider a particular parametrization that

we believe provides a balance between implementability and desirable statistical properties,
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as we elaborate below. This parametrization is characterized by the following combination

of components of /) and Px o:

the observable conditional covariate distribution function Hy;
the observable conditional exposure probability m;
the observable conditional truncation distribution function Go;

the observable conditional censoring survival function Q)y;

AN e

the target conditional time-to-event distribution function Fx o (equivalently, survival
function Sx ), considered only on the observable region [0, min{7r(ao, 2), 7c(ao, 2)})

for each covariate value z € Z.

For notational convenience, we denote the vector (Hy, mo, Go, Qo, F'x,0) of nuisance functions
as 1. We note first that this is indeed a valid parametrization in the sense that two observed
data distributions are the same if and only if they agree in this parametrization. We also
note that components of this parametrization are variationally-independent in the sense
that fixing the value of a subset of components of 1y does not constrain the values that the
remaining components of 7y can take. The survival integral value 1, can be expressed in

terms of 1y as

J[] ot 2) Fxo(dt|ao, z) [ Sxo(u|a,z) Go(du|a, z) Jo(da,dz)
[I] Sxo(ula,z)"'Go(du|a, z) Jo(da, dz)

(1.4)

with Jo(da,dz) = [(1 —a){1 —mo(2)} + amo(2)] Ho(dz) v(da) itself a function of ny. Similarly,
the efficient influence function ¢ := ¢p, of P +— W(P) under sampling from P, can be

expressed as a function of 79 using the fact that we can write

“Qo(ulw,a,z)

Ro(u|a,z) = Sxo(ula,z) | Sxo(w]a2)

Go(dw | a,z) .

We write ¢y = 1, and ¢y = ¢,, to emphasize that ¢y and ¢y can be computed based on
1. This parametrization is convenient for the purpose of estimation since, on one hand, Hy,

7o and Gg can be estimated using off-the-shelf regression algorithms based on the observed



15

data, and on the other hand, @)y and Fx can be estimated using regression methods for
survival data subject to right censoring or right censoring and left truncation, respectively.
Furthermore, it facilitates the construct of estimators of ¥y that enjoy certain robustness

properties, as discussed in Section 1.5.

We wish to incorporate flexible learning strategies in our estimation procedure to mini-
mize the risk of systematic bias stemming from the use of misspecified parametric or semi-
parametric nuisance models. Once an estimator 7, of 7y is obtained, the naive plug-in
estimator 1, , obtained by replacing 7y by 7, in the form of 1,,, could be considered. We
refer to such an estimator as naive since in general 7, need not be tailored to the end goal
of estimating 1. Furthermore, if 7, is estimated flexibly, it is often the case that v, is
overly biased and fails to even be n2—consistent. Debiasing tools are typically used to ad-
dress this challenge. Here, we employ the one-step debiasing approach based on the efficient
influence function (Ibragimov and Has’ Minskii, 1981; Pfanzagl, 1982) as well as the optimal
estimating equations framework (Van der Laan and Robins, 2003).

A standard one-step debiased estimator of 1 is given by ¥, + %Z;;l ¢n, (0;). While
the simplicity of this estimator is appealing, its asymptotic linearity is only guaranteed
to hold under a stringent cap on the flexibility of the procedures used to yield n,. To
circumvent this constraint, cross-fitting can be incorporated into the construction of the
one-step debiased estimator (Zheng and Laan, 2011; Chernozhukov et al., 2018). In its
simplest form, this is achieved by partitioning the sample into two subsamples, using one
subsample to obtain 7, and the other to build the one-step debiased estimator, repeating
this construction with the roles of the subsamples reversed, and finally averaging the two
estimators obtained. This procedure can be naturally extended to involve partitioning the
sample into K > 2 subsamples of approximately equal sizes. Specifically, to compute the
K-fold cross-fitted one-step debiased estimator, we first randomly partition the index set
{1,2,...,n} into K subsets, say Vi, Vs, ..., Vg, of roughly equal sizes ni, no,...,ng. Then,
foreach k =1,2,..., K, an estimate ng,, = (Hk n, Tk, Gy Qkny Skn) 0f o is obtained using

only observations with indices not in Vj, and the estimate 5 , := 9,  + i > iev, Poen (Oi)
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of 1 is calculated. Finally, the average ) := % Zszl Y}, of fold-specific estimates is taken
to be the final estimate of v¢y. For any fixed K > 2, the cross-fitted one-step debiased
estimator is guaranteed to be asymptotically linear without the need to limit the range of
algorithms used to estimate 7y — details are provided in Section 1.5.

Alternatively, we consider a second estimator 17* based on solving the efficient influence
function estimating equation. To be precise, denoting by ¢, ,, the efficient influence function
¢p where all nuisances are replaced by corresponding components of 1 but the parameter

value W (P) is instead replaced by 1, the fold-specific estimator Y5, is the solution in ¢ of

the equation

Z qbnk,nﬂ/)(Oi) =0 )

1€V
and the estimator )" is taken to be the average % Ele Vi, of the fold-specific estimators.
Because for each fixed realization o of the data unit and each fixed nuisance n the mapping
Y = ¢pp(0) is linear in ¢, ¢* admits a closed-form expression: specifically, we find that

rn 18 given explicitly by

I Ai:a
Sieve | BT (Z0)brcrt i (L i) O3) + 1inl Z0) { sy — Ot (i) (0D

v, { stz — Ot (hns) 0)}

Because ¢,, 4 does not have the form g?)n — 1) for any function gz;n indexed by n but not 1, the
estimators ¢ and ¢** are distinct. As we will see below, these estimators not only differ in

their value on given samples but also in at least one key statistical property.

1.5 Large-sample inferential theory

1.5.1 Pointunse statistical inference

We study conditions under which the proposed estimators ¢ and ;* are asymptotically
linear and nonparametric efficient estimators of the survival integral ¢y. We denote by

Neo := (Ho, Toos Goos Qoo Sx,00) the common limit in-probability of the split-specific nuisance
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estimators 11, Non - - -, Nx ., and by 7(a, z) :== min{7r(a, 2), T¢(a, 2) } the maximum possible
follow-up time in the subpopulation of individuals with (A, Z) = (a, z). We will refer to the

following conditions on the nuisance estimators:

(C1) the following consistency conditions hold:

ﬁkn(aﬂ?Z) ’7oo(a07Z) 2 P
Ey |— - —0;
(a) max Eo Ton(Z) Too(Z) ’
_ 2
L Z) L Z
(b) max Ej sup f’n’“’(y’ao’ ) _ ?o,¢(y,a0, ) L 0;
y€[0,7(a0,2)] | Pkn\Y | Qo, oo \Y | Go,
k i Skn(ylao, Z)  Sx(y|ao, Z)
' Senw| A.2)  SuwlA D] »
(c) max Ey sup - 0;
) k yE[OT(AZ)] Rkn( ‘Aa Z) Roo<y’A7 Z)
(d) maXE() sup ’7]671 h(yu A’ Z) . ’7~Oo,h(y7 Aa Z) L 0
k el (427w (AD)] | Skn(y | A, Z)  Sw(y] A 2)
r 2
1 1
(e) max Fy sup 5 0;
k yelrw (42),mw (A2)] | Sy | A, Z)  SelylA Z)
_ 2
(f) max Ej sup Grn(u| A, Z) — Guo(u| A, Z)|| 50
F | u€lrw (4,2).7(A,2)]

(C2) there exists some constant x € (0,00) for which the following inequalities hold

with Py—probability tending to one:

Vi (@0, Z) Foolao, Z)
a : , <k
(a) Tk (Z) Too(Z)
Lkncp(y7a07Z)
Skn<y|a0a Z)

(b) SUP

y€(0,7(a0,2)]

Loo,so(y7a0>Z)‘ <
" yel07(a0.2)] | Seo(y | ao, Z)

Sy A, Z)
Reo(y| A, 2Z)

(c)  sup
y€[0,7(A,2)]

sup
yE[O,?(A,Z)]

IN
=

(d) sup

yElrr(A,Z), 7w (A, Z)]

fyoo,h(ya Aa Z) ‘ <

el (A2) 7w (A2)] | Seo(y | A, Z)
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1 1
- , = <
Sen(Tw (A, Z2)| A, Z) Seo(Tw (A, Z) | A, Z)

() oY, 2)) / oy, 7)) < n

()

(C3) the limits of the nuisance estimators agree with the true nuisances as follows:

(a) Sx(Y|A,Z)=Sx0(Y|A Z) and Goo(Y | A, Z) = Go(Y | A, Z) Py—almost surely;
(b) meo(Z) = mo(Z) Py—almost surely;
(¢) Qu(Y|A, Z)=0Qo(Y |A,Z) Py—almost surely;

1

(C4) maxy R(Nkn, o) = op(n™2).

The following theorem describes the large-sample (pointwise) inferential properties of

estimators ¢} and ;" under appropriate conditions.
Theorem 2. Suppose that conditions (A1)-(A2) and (C1)-(C2) hold.
(i) If conditions (C3a)-(C3b) hold, then V% is a consistent estimator of 1.

(11) If condition (C3a) holds, then ¥ is a consistent estimator of .

(iii) If conditions (C3)-(C4) hold, then 1% and }* are asymptotically linear estimators of

Yo with common influence function ¢g, that is,
Ui = g +op(nT) = o+ = Z% )+ op(n72) .

In particular, this implies that ns (X — o) and ns (VX —1by) converge in distribution

to a mormal random variable with mean zero and variance o3 = varo{¢o(0)} < cc.

A simple estimator of 63 can be constructed as o2 := 13" {6, (0;) — ¢,}* with ¢,, :=

%21:1 $n(0;). Alternatively, a cross-fitted counterpart of o2 with possibly improved finite-
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sample performance can be obtained as

K

0'721,* = % Z nik Z{%k,n(oi) - <Z_5kn}2
k=1 """ eV,

with ¢, = n—lk > iey, Pn(Oi) for k=1,2,..., K. Wald confidence intervals with asymp-

totic coverage 1 — « can then be constructed as (v, — qaann’%, U + qaann’%), where ¢,

denotes the (1— §)-quantile of the standard normal distribution. Here, o, , can also be used

instead of o,,.

Beyond providing a template for making inference about 1y, the result above highlights
that ¢* and ¢** both enjoy some degree of robustness to inconsistent nuisance estimation.
Interestingly though, despite the fact that these two estimators are asymptotically equiva-
lent when all nuisance estimators are consistent for their intended target, they have differing
behavior when this is not the case. For example, the one-step estimator ¢} retains its con-
sistency for ¢y even when the censoring distribution is inconsistently estimated provided the
time-to-event distribution, truncation distribution, and treatment propensity score are esti-
mated consistently. In contrast, the estimating equations-based estimator 1}* is consistent
for 1y provided the time-to-event and truncation distributions are estimated consistently, ir-
respective of how poorly the propensity score and censoring distributions may be estimated.
As such, ¢* exhibits strictly greater robustness than ¢ in terms of consistency.

The conditions imposed in Theorem 2 can be scrutinized in the context of each appli-
cation at hand. Condition (C1) requires the weak consistency of certain transformations of
the nuisance estimators to their respective (possibly off-target) limits, often in some uniform
sense that depends partly on the kernel function ¢ defining the estimand of interest. Con-
dition (C2) requires that these transformations of nuisance estimators as well as their limits
be bounded above, at least in large samples, so that all terms involved in the linearization of
the survival integral estimator are controlled. Required support recovery assumptions ensure
that these conditions hold for the true nuisance values, whereas condition (C2) requires that

the same also be true of the nuisance limits. Condition (C3) is useful to describe various
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patterns of consistent or inconsistent estimation of certain nuisance components under which
consistency of the survival integral estimator may be preserved, as discussed above. Finally,
condition (C4) is a generic condition on the rate of convergence of nuisance estimators —
whether or not it holds in practice depends on the degree of smoothness or structure that
the nuisance functions satisfy and whether the nuisance estimators used are able to leverage

that structure effectively to achieve fast enough convergence.

1.5.2  Uniform statistical inference

We now study conditions under which we can make inference for a class of survival integrals
simultaneously. Suppose that {¢s : s € S} is a collection of kernel functions from [0, c0) x
Z to R indexed by a set S, and that we are interested in learning about a collection of
survival integral values {¢y(s) : s € S}, where 1)y(s) is the value of W(Fy) corresponding
to kernel function ¢ = ¢,. In most applications, S is finite-dimensional but that is not
a requirement for the developments below. For example, the set of kernels giving rise to
the joint distribution function Fy of (T'(ag), Z), namely (t,z) — Py {T(ap) < t,Z < z}, over
[0,7) x Z is specified by ¢, : (u,v) = I(u < t,v < z) for s := (t,2) ranging in § :=
[0,7) x Z. The conditions outlined so far pertain to inference for a fixed index s. To
ensure valid inference uniformly over a range of values, we require the following additional
conditions, where for any given kernel function ¢ = ¢, we explicitly define L, p pointwise
as Ly p(y|a,z) = fyoo Sp(t|a, z) ps(dt, z), and denote by ¢, p the nonparametric efficient
influence function of P +— W(P) with kernel ¢ = ¢, under sampling from P, and by R,(P, Fp)

the corresponding linearization remainder. We will make use of the conditions below:

(D1) the following consistency condition hold:

2

LS,k,n,tp(ya ag, Z) LS,OO,@ (y7 ap, Z) P

Sk,n(y‘a()az) goo(y‘OJO?Z)

sup  sup
y€[0,7(a0,2)] sES

(a) max Ey

(D2) there exists some constant x € (0,00) for which the following inequalities hold
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with Py—probability tending to one:

Ls,k,n(y ’ g, Z)
Sk,TL(y | ap, Z)

Ls,[)(ya ap, Z)
SO(?/ ’ aop, Z)

(a) sup  sup
s€S yel0,7(ao, )]

, Sup  sup
s€S yel0,7(ao, )]

B

(D3) max;, sup,es Re(Nen, 0) = 0p(n”2);
(D4) The set of functions {¢s : s € S} forms a Py—Donsker class.

Denoting the estimator of 1y(s) by ¥,(s), either corresponding to 1 or ¢** based upon
kernel ¢ = ¢, we define the standardized process B, := {B,(s) : s € S} pointwise as
B (s) := n2{thn(s) —1bo(s)}. The result below provides conditions under which B, converges
weakly to the same Gaussian process as the empirical process B, := {B}(s) : s € S} defined
pointwise as B, (s) := n~2 o $s0(0;). Below, £2°(S) refers to the space of uniformly

bounded functions from S to R.

Theorem 3. Suppose that condition (A1) holds for each ¢ = @ with s € S, and that
conditions (Cla)-(Clc), (C2a), (C3) and (D1)-(D4) also hold. Then, the process B,, con-
verges weakly to a tight mean-zero Gaussian process with covariance function og(s,t) :=

Ey [¢s0(0)pr0(0)] in the space ((S) relative to the supremum norm over S.

This result can be used to numerically construct confidence sets for {io(s) : s € S}
similarly as described in Westling et al. (2023). Asymptotically valid fixed-width bands
can be readily obtained using a Wald construction and an estimate of relevant quantiles of
Supses |Bn(s)|. Alternatively, variable-width bands could be obtained by instead considering
re-scaled process B,, := {B,(s) : s € S} with B, (s) := o(s,s) 2B, (s), as in Westling et al.
(2023). We note that conditions (D1), (D2) and (D3) are uniform counterparts to conditions
(C1b), (C2b) and (C4). Condition (D4) instead puts a constraint on the complexity of the
collection consisting of the nonparametric efficient influence function under sampling from
Py for each survival integral parameter considered. When § is finite-dimensional, this is

achieved, for example, if s — ¢, satisfies a certain Lipshitz condition (see Example 19.7
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of Van der Vaart, 2000). More generally, this condition holds if o + ¢,0(0) has uniform

sectional variation norm uniformly bounded over s € §.

1.5.8 FEaxtension to smooth functionals

The nonparametric inferential procedures we have described pertain to survival integral
estimands, which correspond to linear functionals of the joint distribution distribution [Fg
of (T'(ap),Z). However, in some applications, the relevant estimand may be a nonlinear
functional of this same distribution. Fortunately, through the delta method, our results on
linear functionals can be directly used to tackle a large class of nonlinear functionals. We
demonstrate how the established results readily permit the study of parameters that can be
expressed as sufficiently smooth functionals of F.

We denote by F the collection of distribution functions on R x Z restricted to the iden-
tification subset {(¢,z) : 0 <t < 7T¢(agp, 2),2 € Z} C R x Z. Suppose that © : F— Ris a
given functional, and that we are interested in nonparametric inference on 6y := O(FFy). The
results obtained so far describe how to construct, whenever possible, a uniformly asymptot-
ically linear and regular estimator FF,, of Fy. Provided © : ¥ — R is sufficiently smooth, it is
reasonable to expect that 6, := O(TF,) is an asymptotically linear and regular estimator of

By. Such a result is formalized in the following theorem.

Theorem 4. Suppose that the conditions of Theorem 3 hold, and that © is Hadamard dif-

ferentiable at Fy relative to the supremum norm. Then, it holds that
1 < 1
0, — 0y = 5289 (Fo; s — 650(0;)) + op(n~2) (1.5)

where 0O (Fo; h) denotes the Gateaux derivative of © at Fy in a given direction h : S — R.
In particular, this implies that n%(ﬁn —0y) tends to a mean-zero normal random variable with

variance given by o := varg [00 (Fo; s — ¢50(0))].

In Section 1.6, we explicitly discuss the implications of this result in the context of
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Examples 4 and 5, two motivating examples provided in Section 1.2 that feature nonlinear
functionals arising in applications. Before proceeding, we use the result above to describe how
to study problems in which the estimand can be expressed as the solution of an estimating

equation.

1.5.4 Application to estimating equations

Suppose that the estimand of interest my can be expressed as the solution in m of the

population estimating equation

/ / Un(t, 2) Fo(dt,dz) = 0 |

where for each m € R the function U,, maps from R x Z to R. Quantiles of the marginal
distribution of T'(ag), for example, can be expressed in this manner, as explicitly discussed
later. Similarly as before, to ensure identification, it must be the case that, for Px o—almost
every z € Z, the mapping t — U,,(t, z) is constant for ¢t > To(ag,z). Under certain reg-
ularity conditions, the solution m,, of the empirical version of this estimating equation in
m, [[Un(t, z) F,(dt,dz) = 0, is an asymptotically linear and regular estimator of mq with

influence function given by

-1
¢m,0 : (Zaavwvy75> = — lai// Um(t,Z> F()(dt,dZ) ] &m,0<zva7wuy7é) )
m

m=m
where the unscaled influence function ¢, is defined as

ng,() : (Z7 a,w,y, 6) — MWO(Z)CbKM,O(LU,O)(Z? a,w,y, 6)
7T0(Z)

:U'ao,O(Z> { 1
Yo So(w|a, z)

+ - ¢KM,0(70,E)(27a7w7y75)

and we write Lyo(y, a, 2) := [ So(u, 2)Unmq(du, 2), and piag0(2) := [ Upg(t, 2) Fo(dt, 2).
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1.6 Revisiting motivating examples

Example 1: marginal survival probability

To begin, we consider perhaps the simplest survival functional, the marginal survival prob-
ability Px o (T > t) for some ¢ > 0. Considered as a function of ¢, this estimand consists
of the marginal survival function, which describes the entire time-to-event distribution and
is commonly reported, for example, in studies of the natural history of disease in a popu-
lation. A marginal survival probability is typically estimated nonparametrically using the
Kaplan-Meier estimator, which handles left truncation in addition to right censoring through
a straightforward risk-set adjustment (Kaplan and Meier, 1958; Tsai et al., 1987). However,
this estimator builds upon marginal independence between 7" and (W, C'), and is inconsistent
when this condition fails to hold. Here, we allow dependence between T and (W, C') so long
as independence holds within strata defined by a baseline covariate vector Z.

In the last decades, several authors have developed methods for estimating a marginal
survival probability allowing covariate-dependent right censoring (e.g., Robins et al., 1993;
Murray and Tsiatis, 1996; Zeng, 2004; Moore and van der Laan, 2009) or covariate-dependent
left truncation (e.g., Chaieb et al., 2006; Mackenzie, 2012; Vakulenko-Lagun et al., 2022).
However, to the best of our knowledge, there is currently no method in the literature that
accounts for covariate-dependent right censoring and left truncation, facilitates the conduct
of valid inference even when flexible learning strategies are used to estimate involved nui-
sance functions, and also enjoys robustness to inconsistent estimation of certain nuisance
functions. The recent work of Wang et al. (2022) proposes an approach that comes closest
to achieving these desiderata, though their procedure does not appear to generally allow
flexible estimation of the conditional censoring distribution and robustness to its consistent
estimation.

Under conditions (B1)—(B2), the marginal survival probability Sx o(7) at fixed time 7 can
be expressed as the survival integral [[ I(t > 7) Fxo(dt | z) Hx (dz) corresponding to kernel
function ¢, (t,2) := I(t > 7). Using Theorem 1, and taking A to be degenerate in order to
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recover the simpler setting in which there is no exposure on which we wish to intervene, the
nonparametric efficient influence function of the corresponding parameter under sampling
from F, is given by
5l(y <T) YAT Axo(du|2)
o —Sx(7T z%z[—_—/ —_
O Rl "L Rl

Sxol7|2) = Sxol7) 1
o |:SX,O(UJ | 2) — dxmo(Y04) (2, w, Y, 0)

+

We can use our uniform results to construct an estimator and make inference on the marginal
survival function ¢ — Sx(f) in an interval within which identification is possible. To
enforce monotonicity of the resulting estimator, the resulting function-valued estimator can

be projected into the space of monotone functions using isotonic regression (Westling et al.,

2020).

Example 2: Brier score

The Brier score is defined as the survival integral [[[I(t > 7) — b(2)]? Fxo(dt|z) Hx o(dz)
corresponding to kernel function o, (¢, z) := [I(t > 7) — b(z)]?, and has been used to quantify
the predictive performance of a given algorithm z — b(z) for predicting whether the event
will occur by some fixed time 7 (Brier et al., 1950). Here again, we consider A to be
degenerate since there is no exposure on which we wish to intervene in this example. The
Brier score can be used to compare the performance of several prediction models. In the
absence of left truncation, Gerds and Schumacher (2006) derived an inferential procedure
allowing conditionally-dependent right-censoring. In the more general case of left-truncated
right-censored data, Theorem 1 implies that the nonparametric influence function for the

corresponding parameter under sampling from F, is given by

o (SIy <P =2b()] [ [ = 2b(2)]Axo(dul 2)
0 ~Sxo(T[2)%(2) { Foly|2) -/ Fo(a 2) }
Sxolr]2) = b -y [ 1
+ - s dente )
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where k. = Exolp, (T, Z)]. Since it is often used heuristically to compare the performance
of competing prediction algorithms, the Brier score is often not itself the target of inference
in a given problem. Nevertheless, our results make it straightforward to perform formal tests

to rigorously compare candidate prediction algorithms.

Ezxample 3: counterfactual survival probability

The counterfactual (or treatment-specific) survival probability So(7) := Py {T'(ag) > 7}, de-
fined as the probability of survival beyond a given time 7 under an intervention that sets
treatment (or exposure) to a specified level, is a useful summary to study treatment effects in
the context of time-to-event endpoints. Differences or ratios in counterfactual survival prob-
abilities across treatment levels are commonly used in clinical trials to quantify treatment

effects.

In addition to adjustment needed for possibly covariate-dependent right-censoring and
left-truncation, in order to identify the counterfactual survival probability, adjustment for
possible confounding between treatment level and survival is also required. Under typical
causal conditions, including positivity and conditional randomization, the counterfactual
survival distribution is identified by the survival integral [[ I(t > 7) Fx o(dt | ag, z) Hx o(dz)
corresponding to kernel function ¢, (¢,2) := I(t > 7). This is the same expression as in Ex-
ample 1 but without degeneracy of A. Westling et al. (2023) derived a nonparametric efficient
estimation procedure for a counterfactual survival probability based on right-censored data.
In view of Theorem 1, the nonparametric efficient influence function of the corresponding

parameter under sampling from Fj is given by

0 —Sx (7| ao,z)%(z)[<a = ) { ol(y<t) _ /yAT Axo(du ] ag, 2)}

WO(Z) RO(y’amz) w RO(u‘a'OaZ)
SX,()(T|CLO,Z) —S()(T) |: 1

+

Yo SX,O(w \ Qg, #

) drm0 (Vo) (2, @, w, Y, (S)} .

When there is no truncation, this influence function simplifies and agrees exactly with that
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provided in Theorem 2 of Westling et al. (2023). When A is degenerate, we recover the
expression obtained in Example 1. As in Example 1, our results readily described how to
perform uniform inference for the counterfactual survival function over an interval under

which identification is possible.

Example 4: median counterfactual event time

Due to the presence of right censoring, summaries of the (marginal or counterfactual) time-
to-event distribution that depend on its right tail — for example, the mean event time —
are typically not identified. Because it generally circumvents this right-tail issue, and also
because it affords an interpretation that is relevant in many scientific problems, the median
event time is often used instead of the mean survival time in survival analysis. Nonparametric
inference on the median marginal event time with right-censored data has a long history in
survival analysis, dating at least as far back as Reid (1981a). Corresponding results for the
median counterfactual event time are far more recent, with Diaz (2017) and Shepherd and

Moreno-Betancur (2022) studying the problem in the absence of censoring and truncation.

Here, we are specifically interested in nonparametric inference on the median of the
counterfactual time-to-event distribution, namely the median mg corresponding to the dis-
tribution function Fy of T'(ag), based on left-truncated right-censored data. To the best of
our knowledge, this problem has not been studied before. Of course, as discussed in Ex-
amples 1 and 3, results obtained for the median counterfactual event time imply results for
the median marginal event time. While the median counterfactual event time cannot be
expressed as a survival integral, it can be framed as the solution of an estimating equation
based on a survival integral. Specifically, since [ U, (t)Fo(dt) = 0 if and only if m = my
with Up,(t) :== I(t < m) — 0.5 under mild conditions, results from the last section can be

directly used to characterize the median counterfactual event time parameter. We first note
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that

t)Fo(dt)
8m/ of

= 6m // FXO dt|a0, )HX,O(dZ)
= /fX,o(mo\ao,Z)HX,o(dZ) = /fx,o(mofaoyz) go(d2)7

m=mo

which is simply the identification of the density function of T'(ag) evaluated at mg. Results
from Section 1.5.4 then yield that, under sampling from F,, the nonparametric influence

function of the counterfactual median event time parameter is given by

0 —

1 {[(a = aoﬁo('z)qﬁKM(LU,o)(Z’a’w’y’5>

[ fxo(mo|ao, 2)Ho(dz) mo(ao | 2)

0.5 — Sxo(mg | ao, 2) 1
| - 0
+ ’VO SX,()('LU ’ a’ Z) ¢KM(707H)(Z7 a? w7 y7 ) 9
where we have defined Ly (2, a,y) := —Sx,0(mo | ao, 2)I(y < mo). In the absence of a treat-

ment intervention and truncation, and under unconditionally independent right censoring, it
can be shown that this expression agrees with the influence function of the median marginal
event time provided in Reid (1981a). In the absence of censoring and truncation, this ex-
pression reduces to results for the standard G-computed median, as discussed extensively in

Diaz (2017) and Shepherd and Moreno-Betancur (2022).

Ezample 5: model-agnostic measure of dependence of T'(ag) on ag

Our final example serves to illustrate that the class of parameters covered by our theoretical
results is large enough to include methodologically challenging estimands of scientific interest.
An assumption-lean approach to Cox regression recently proposed in Vansteelandt et al.
(2022) is based on a nonparametric projection estimand that, in the case of a binary exposure
A, summarizes (t,z) — log Axo(t]1,z) —log Axo(t|0,z), the difference in log conditional

cumulative hazard functions. In this spirit, we consider here a novel version of this estimand,
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defined as the contrast L(1) — LL(0) with

L(ap) := /w(t) log[—log Po{T (ag) > t}]dt

for ay € {0,1} and some fixed weight function w such that [w(t)dt = 1. We have used here
that —logPo{7"(ap) > t} equals the counterfactual cumulative hazard function at ¢ under
continuity of the distribution function. The function w is taken to emphasize scientifically

relevant values of ¢ and to also restrict attention to values of ¢ at which the distribution

functions of T'(0) and 7'(1) are identified.

Notably, this estimand cannot be expressed as a survival integral; nevertheless, it is
generally a Hadamard differentiable functional of the counterfactual distribution function.
Specifically, writing O(F) := [w(t)log[—log{1l — F(t)}] dt, the corresponding parameter is
the difference between the evaluation of © on the counterfactual distribution function of 7°(1)
and on that of T'(0). In view of Theorem 4, it is not difficult to show that, under sampling

from Py, this parameter has nonparametric efficient influence function given by

¢1.4(0) _ %o,t(0)
o [t [{1—1F1(t)}1og{1—1t?1(t>} {1~ Fo(t)} log{1 ~ Fo ()}

dt

where ¢, ; is the nonparametric efficient influence function of the parameter identifying the
cumulative distribution F,, of T'(ag) at t, presented explicitly in Example 3. While this result
applies when w is fixed, it is possible to derive extended results for a weight function indexed
by Fp itself although those calculations would typically need to be done on a case-by-case

basis unless the dependence of the weight function on F, is very smooth.

1.7 Numerical illustrations

We now present results from a simulation study based on Example 1 described above. Specif-
ically, we make inference about a marginal survival function in the absence of a treatment

variable but including covariate-dependent censoring and truncation. We considered settings
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with high, low and no truncation levels, and high and low censoring levels.

Covariates Z7, Zs, and Z3 are independent random variables distributed uniformly on the
set {—1,+1}. Given covariate vector Z = z, the study entry time variable W is distributed
as 10U, where U is a Beta random variable with parameters a = a(z;) and 8 = b(z1). In
the low truncation setting (25% truncation), we set a(z;) = 1 and b(z;) = 1 + 2I(z <
0); in the high truncation setting (50% truncation), we set a(z1) = 1+ I(z; > 0) and
b(z1) = 1. Given W = w and Z = z, the censoring time is taken C' = W + D where
D is an independent random variable generated from a Gamma distribution with shape
k and scale \o = exp{—%o(zl + 2z + 23)}, where in each simulation setting k& was chosen
to yield a low (25%) or high (50%) censoring rate. Given covariate vector Z = z, we
independently simulated the event time T from a Gamma distribution with shape 6 and
scale Ay = exp{5(z1 + 22 + 23) }.

The marginal survival function was estimated at times corresponding to the first four
quintiles of the population event-times. Performance was assessed using the following met-

rics:

(A) empirical bias, scaled by n%;
(B) empirical variance, scaled by n;
(C) pointwise confidence interval coverage;

(D) average confidence interval width.

We note here that, in the absence of a treatment variable A, estimators ¢ and }* are
actually equal to each other, and so, all results pertain to this common estimation procedure.
Each nuisance function featuring in the construction of the debiased estimator were estimated
using flexible approaches. The conditional time-to-event and censoring survival functions
were estimated using global survival stacking with a learner library consisting of the empirical
mean, GLM, GAM, splines, random forests, and gradient-boosted trees. For comparison, a

correctly specified parametric regression model was also included. The conditional entry time
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distribution was estimated using the stratified empirical distribution function. The five-fold
cross-fitted one-step estimator was compared to the Kaplan-Meier estimator, which assumes
independent censoring and truncation.

Across all six scenarios, we observe similar patterns for simulation results. The debiased
global stacking estimator, as implemented in Section 1.5.1, has negligible bias, appropriate
coverage, and has similar variability as the debiased estimator based on correctly specified
parametric nuisance estimators. This is not surprising, since nuisance estimators only play
a second-order role in the behavior of the debiased estimator — in fact, as long as nuisance
functions are estimated sufficiently well, the debiased estimator with estimated nuisances is
asymptotically equivalent to the (oracle) debiased estimator based on the true nuisances.
In this setting, cross-fitting does not appear to greatly change the results but this is not
expected to always be the case. As expected, the Kaplan-Meier is biased in all settings but
resulting confidence intervals can undercover or overcover depending on which of the bias

and variance dominate.
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Figure 1.1: Summary of inferential performance metrics for scenario with 25% censoring and
no truncation. Including empirical bias, coverage, and variance of the different estimation
procedures.



33

BIAS COVERAGE VARIANCE
o —— S~ R
-051 0.80- 0.50. w
-1.0- 0.651 ' -
-1.51 : 0.254
58 =
g 00— o %] 30.75]
S 40 6. §050; °
S -1.51 2 5025 —=r——pr————
= 2.0 8 0.50- > 0.00-
g 0% S0 ey | & 1.00]
o 0.0ttt — 2 ©0.751
x 0.5 — | '5080; E 050 N
E ::]]g w 0.651 ﬂ0.25_ W ~
£ o e 18
o —— ] .
1.0 — | oesd 0501  [l—t—] |,
15 — : 0.25-
-2.04 0.50- 0.00-
500 750 1000 1250 1500 500 750 1000 1250 1500 500 750 1000 1250 1500
n n n

Estimator === global stacking ==e= Kaplan Meier === parametric

Cross-fitting FALSE === == TRUE

Figure 1.2: Summary of inferential performance metrics for scenario with 50% censoring and
no truncation. Including empirical bias, coverage, and variance of the different estimation
procedures.
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Figure 1.3: Summary of inferential performance metrics for scenario with 25% censoring and
25% truncation. Including empirical bias, coverage, and variance of the different estimation
procedures.
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Figure 1.4: Summary of inferential performance metrics for scenario with 50% censoring and
25% truncation. Including empirical bias, coverage, and variance of the different estimation
procedures.
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Figure 1.5: Summary of inferential performance metrics for scenario with 25% censoring and
50% truncation. Including empirical bias, coverage, and variance of the different estimation
procedures.
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Figure 1.6: Summary of inferential performance metrics for scenario with 50% censoring and
50% truncation. Including empirical bias, coverage, and variance of the different estimation
procedures.
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1.8 Concluding remarks

We have developed and studied debiased machine learning methods for making statistical
inference on summaries of a counterfactual time-to-event distribution using left-truncated
right-censored data. These methods require, as an intermediate step, estimation of various
nuisance functions. However, in view of the Neyman-orthogonal construction used, the use
of machine learning techniques is allowed to estimate these nuisances, thereby reducing the
risk of inconsistent estimation. In particular, through the use of adaptive ensemble learning,

this fact renders more realistic the rate conditions imposed on the nuisance estimators.

Identification of a summary of the time-to-event distribution requires that the set of
available covariates be sufficiently rich to explain any dependence between the treatment
allocation mechanism and counterfactual outcomes, between the truncation and event times,
and between the censoring and event times. While in this work we have focused on baseline
covariates exclusively, our methods could be extended to allow covariates recorded at (post-
baseline) study entry to possibly inform the relationship between the censoring and event
times. Identification also requires that the counterfactual time-to-event distribution itself be
identified over a sufficient large portion of its support to allow computation of the summary
of interest. Right censoring often precludes identification of the right tail of a time-to-
event distribution, rendering unidentifiable summaries that depend on the right tail, such as
moments of the time-to-event distribution. Interestingly, in some cases, left truncation can
help restore the identifiability of this right tail; this occurs, for example, when left truncation
arises due to cross-sectional sampling, and the censoring mechanism only acts on the portion
of the event time under follow-up (i.e., from study entry and on) and is independent of the
study entry time. Thus, in any given application, it is important to determine the extent to
which the time-to-event support may be recovered in a given application, and to consider its

implications on which summary can be identified.

The two estimation procedures we derived exhibited some level of robustness to the esti-

mation of involved nuisance functions. Specifically, they allowed a certain degree of inconsis-
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tent nuisance estimation under which the summary of interest is still estimated consistently.
Of the estimators proposed, we noted that estimating equations-based estimator is qualita-
tively more robust than the one-step estimator — this is an interesting example of a setting
in which two constructive approaches for nonparametric inference, while equivalent when all
nuisances are estimated sufficiently well, differ in behavior when that is not the case. Both
procedures considered required consistent estimation of the target conditional time-to-event
distribution and the observable conditional truncation distribution; in other words, neither
exhibits robustness to inconsistent estimation of these nuisances. In future work, it is im-
portant to consider how the use of different parametrizations may lead to different — and
possibly more permissive — robustness profiles. Additionally, while the robustness discussed
here pertains to preservation of consistency, it may be fruitful to also consider how to achieve
preservation of asymptotic linearity so that robust confidence intervals and p-values may also
be constructed, along the lines of Benkeser et al. (2017), for example.

While the class of summaries we considered in this chapter is broad, it does not include
all functionals for which parametric-rate inference is possible. For example, some summaries
that depend inextricably on the counterfactual time-to-event density function fall outside
the class considered, and appear more difficult to tackle in generality. Similarly, it is chal-
lenging to characterize inference for survival integrals for which the kernel ¢ depends on
the underlying distribution Px . However, such survival integrals do arise in contemporary
applications, and the developments provided here serve as important building blocks for the

study of such integral estimands.
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Chapter 2

DEBIASED MACHINE LEARNING FOR A
CAUSAL CONTRAST BASED ON AUTOPSY DATA

It is often of interest to characterize how an exposure relates to a particular disease-related
biomarker using observational data. While many biomarkers can be recorded in vivo, others
can only be measured by analyzing tissues collected during autopsy. This is the case, for
example, for neurological biomarkers that require sampling brain tissues. When the scientific
goal is to quantify the effect of an exposure (e.g., genetic mutation, smoking, air pollution)
on such biomarker, complications arise because biomarker data can only be collected when a
participant dies. Comparing observed biomarker values across exposure groups can be highly
misleading when the exposure under consideration affects survival, possibly even resulting
in a reversal in the direction of association. In this work, we propose a causal inference
framework for studying the effect of a point-exposure on a time-varying biomarker process
that can only be sampled at death. We derive nonparametric efficient inferential procedures
based on either prospective or retrospective studies, and establish the large-sample properties
of the proposed procedures. We illustrate the operating characteristics of these procedures
through simulation studies, and use our proposed methods to analyze the effect of the APOE-

4 gene hyperphosphorylated tau protein accumulation in the brain.
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2.1 Introduction

Whenever it is of interest to study the impact of various exposures on the risk of a partic-
ular disease, investigators at times seek to instead characterize how those exposures impact
biomarkers established to be intimately tied to the disease process. This is particular useful
in contexts in which the clinical endpoint occurs late in life, is relatively rare, or is difficult
to diagnose clinically. While many biomarkers can be recorded in vivo, others can only be
measured by analyzing tissue collected during autopsy. This is the case, for example, for neu-
rological biomarkers that can only be measured on brain tissue samples. When the scientific
goal is to quantify the effect of an exposure (e.g., genetic markers, smoking, air pollution)
on such biomarker, outcome data collection can only occur when a participant dies. Regard-
less of whether the exposure is randomized, comparing observed biomarker values across
exposure groups can be highly misleading when the exposure under consideration affects
survival. This occurs because such naive comparison ignores that observation times tend to

be different across exposure groups and that biomarker values typically vary temporally.

A notable example of the contradictions that can arise in estimating the effect of a toxic
exposure on biomarkers measured at autopsy arises in the Alzheimer’s disease literature.
A review of the literature quantifying the relationship between smoking and biomarkers of
Alzheimer’s disease and related dementia using post-mortem data noted inconsistencies in
the direction of the estimated effect of smoking (Chang et al., 2014). Previous investigations
found smoking to have both protective (Ulrich et al., 1997) and harmful (Tyas et al., 2003)
effects on Alzheimer’s disease progression. In the case of incident Alzheimer’s disease, various
theories have been posited to explain such counter-intuitive results (Hernan et al., 2008;
Chang et al., 2012), yet complexities inherent to the autopsy setting have been largely
unexplored. Reported differences in the autopsy setting could stem, for example, from the
fact that a variety of statistical estimands have been used across studies, rendering results

not directly comparable and more or less susceptible to autopsy-induced biases.

Here, we describe a framework for the analysis of studies in which the time-varying out-
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come of interest is only recorded once at a random time, and there may be a systematic
difference in observation times across exposure levels. For the autopsy setting, wherein the
time-varying outcome is measured as death, we define a causal estimand for describing the
effect of exposure on the outcome process and discuss its interpretation. We detail conditions
under which this estimand is identified in the context of a prospective observational study
with neither censoring not truncation, and find that the identification formula agrees with
that of the natural direct effect, a causal parameter featured prominently in causal mediation
analysis. More importantly, we derive identification formulas for use in two more complex
designs — a prospective design including possible delayed entry and incomplete follow-up,
and a retrospective design. Both settings are challenging to analyze because the outcomes
observed at autopsy represent a biased sample of the population due to truncation, the sys-
tematic exclusion of individuals based on their survival time. In this sense, while developed
with the analysis of autopsy data in mind, the methods developed here can also be used in
other problems in which the natural direct effect is of interest but the mediator is observed
subject to a combination of censoring and truncation. We utilize a debiased machine learning
approach to statistical inference to allow the use of flexible learning strategies in order to
minimize reliance on unnecessary statistical modeling assumptions in the process of learning

causal effects from autopsy studies.

We note that the inconsistencies that can arise in the study of autopsy data have been
investigated using various strategies. Researchers have highlighted certain sampling biases
that may be occur in autopsy studies due, for example, to the autopsy consent that the pa-
tient or their next-of-kin must provide (Haneuse et al., 2009) or to the truncation mechanism
that characterizes many retrospective autopsy samples (Rennert and Xie, 2019). Neverthe-
less, beyond the epistemology of inferring causes-of-death from autopsy data (Rothman and
Greenland, 2005), there has been minimal explicit discussion of what may be suitable causal
estimands for consideration in autopsy studies. In this chapter, we aim to bridge this gap
in the literature by providing a statistical framework for studying the causal effect of a

point-exposure on a time-varying biomarker process observed only at death.
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The chapter is organized as follows. In Section 2.2, we explicitly describe the challenges
in interpreting simple causal summaries of the effect of a binary exposure on outcomes
measured at autopsy, introduce the causal inference framework we build upon, and present
identification results for the simplest autopsy study setting. In Sections 2.3 and 2.4, we
describe two more realistic study designs for data collection, and derive the accompanying
results for identification as well as nonparametric estimation and inference for each of these
designs. Sections 2.3 and 2.4 both build upon results in Section 2.2 but can be read indepen-
dently of each other. Simulations are presented in Section 2.5 to validate the properties of
our inferential procedures. Finally, in Section 2.6 we analyze data from the Adult Changes
in Thought (ACT) prospective community-based cohort to estimate the effect of a positive

APOE-4 genetic expression on AD neurological biomarkers collected at autopsy.

2.2 DMotivation and problem setup

2.2.1 Setting and notation

We begin by introducing the variables used in our causal framework for autopsy studies. We
denote by L € £ C RP? a vector of baseline covariates, and write the point-exposure of interest
indicator as A. As a convention, we consider t = 0 to be the calendar time at exposure, and
assume that L is collected immediately before exposure. Here, we focus on settings with
a binary exposure — for example, A € {0, 1} may distinguish between exposed (A = 1)
versus unexposed (A = 0) individuals. Adopting the Neyman-Rubin (Neyman, 1923; Rubin,
1974) potential outcomes framework, we denote by T'(a) the counterfactual time elapsed
between exposure and death (hereafter simply referred to as survival time) corresponding
to exposure level A = a. Similarly, we denote by By(a) the counterfactual biomarker value
at time ¢ corresponding to exposure level A = a. We refer to {By(a) : t € (0,T(a)]} as
the counterfactual biomarker process, noting that By(a) is typically undefined beyond time
of death T'(a). This motivates the definition of the complete counterfactual data unit as

X = (L,AT(0),T(1),{B:(0) : 0 <t <T(0)},{B:(1) : 0 <t <T(1)}); we denote by Px
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the distribution of X characterizing the target population of interest. Of note, this data unit
includes the entire counterfactual biomarker process corresponding to each possible exposure
level.

In autopsy studies, by design, certain measurements are only observed at time of death.
In our setup, the point value of the biomarker process is only recorded when the patient
dies, which motivates the definition of B(a) := Brp)(a), the counterfactual biomarker
value measured at death. The counterfactual autopsy data unit is thus given by X :=
(L,A,T(0),7(1), B(0), B(1)), and we denote by Py ¢ the distribution of X induced by Px o.
Under ideal sampling conditions, where there is no loss to follow-up and the study popula-
tion is representative of the target population, the observed data unit is Z := (L, A, T, B),
where T := T'(A) and B := B(A) = Br(A) are the observed survival time and biomarker
value at death, respectively. We denote by Pz the distribution of the observable data unit
Z induced by Py . The ideal observable data consist of n independent draws Z;, Zs, ..., Z,
from Pz,. In this article, we focus on inference in the context of two sampling designs, each

of which generate a coarsened or biased version of these ‘ideal’ observable data.

2.2.2  Causal parameter of interest

In settings in which exposure is randomized, a naive analysis comparing biomarker values

collected at autopsy across exposure levels may focus on the contrast

Exo{B(1) = B(0)} = Ezo(B|A=1) = Ezo(B|A=0),

which corresponds to the average treatment effect of the exposure on the biomarker value
at autopsy. To illustrate why the interpretation of this estimand may be problematic, in

Figure 2.1, a hypothetical scenario is depicted in which:

(i) irrespective of exposure level, biomarker values increase with time;

(ii) at any time, biomarker values are higher under exposure;
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(iii) the exposed tend to have shorter survival time than the unexposed.

Despite these stipulations, the mean counterfactual biomarker value at death is the same
for the exposed and unexposed. In fact, if in this illustration the difference between the two
survival time distributions were increased, or the difference between the two latent biomarker
curves were decreased, the mean counterfactual biomarker value at death would be greater
in the unexposed. The example is constructed to highlight the critical role of the outcome
measurement timing when analyzing autopsy data and the unfair comparison that ensues
when contrasting the exposed and unexposed at their natural survival times. Indeed, the

average treatment effect on the autopsy-measured biomarker value can be rewritten as

Exo{B(1) = B(0)} = Ex0{Bru(1) — Br@(0)} ,

underscoring the difference in measurement times of the biomarker process across exposure

levels.

biomarker
value at time t

exposure

no exposure

survival density
attime t

timet

Figure 2.1: Hypothetical scenario to illustrate how a naive comparison across exposure levels
may yield problematic findings. Darker solid lines each represent a curve of ¢ — By(a) for
some value a € {0, 1}, whereas lighter solid curves each represent a density function of T'(a)
for some value a € {0,1}. Horizontal dashed lines denote the mean of B(a), and vertical
dashed lines denote the mean of T'(a).
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The interpretation of a parameter that quantifies an effect partly due to systematic dif-
ferences in survival time — the time at which the outcome is observed — may not be useful
to describe the causal effect of the exposure on the biomarker process. In the example (Fig-
ure 2.1), the true mean difference of the biomarker values collected at autopsy is zero, even
though by construction biomarker levels are always higher in the exposed versus unexposed.
We expect a meaningful summary to reveal a positive effect of exposure on biomarker levels
in such setting. This observation is distinct from existing methodological contributions to
the analysis of autopsy data, which typically seek to unravel sampling biases when infer-
ring on more traditional regression parameters (Haneuse et al., 2009). Rather, we focus on
formulating a causal estimand more specifically suited to addressing the underlying scien-
tific question and on establishing how to learn such an estimand in the context of various

sampling complexities.

As an alternative to the average treatment effect, we consider a causal parameter that
incorporates survival time standardization across exposure groups. Specifically, we focus on

the contrast

0o := Ex0{Bra)(1) = Bry(0)}

which we refer to as the natural-time direct effect (NTDE). The nomenclature emphasizes the
parallel to the natural direct effect (NDE) (Greenland et al., 1999; Rubin, 2004; Vander Weele,
2015a), which is commonly used to describe the effect of an exposure on an outcome through
mechanisms not involving a particular mediating variable. In this spirit, the NTDE compares
the average counterfactual biomarker values corresponding to exposure and non-exposure at
the natural survival time of an indiwidual under assignment to exposure. Here, in the parallel
to mediation analysis, survival time may be considered to play the role of the mediator.
The standardized contrast is represented by the vertical arrow in Figure 2.1, denoting the
difference between counterfactual outcomes at time 7'(1). The choice to standardize the
autopsy outcomes at the survival time under exposure is motivated by the fact that we are

considering settings in which the exposure is potentially harmful (and never beneficial) to
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survival. In such cases, it is reasonable to expect an individual to survive at least until time
T'(1) even under non-exposure. If instead the exposure is potentially beneficial (and never

harmful) to survival, standardization at 7'(0) would be more suitable.

Framing the causal analysis of autopsy data using ideas from the mediation literature, it

is natural to wonder whether the time-dependent comparison

Bo(t) == Exo{B:(1) — B:(0)} ,

which mirrors the definition of the controlled direct effect, may provide an alternative contrast
of interest. In mediation analysis, the controlled direct effect estimand is sometimes preferred
because its interpretation involves a more fine-tuned control of the mediator. However, the
interpretation of fy(t) as a time-dependent controlled direct effect can be problematic in
the autopsy setting. Indeed, at any time ¢, the populations of individuals surviving to time
t under assignment to exposure versus non-exposure may differ, so that in general [y(t)
represents a contrast across different populations. As a remedy, it may be tempting to define
Bo(t) conditionally upon survival to time ¢ under both assignment to exposure and to non-
exposure, or symbolically, on min{7(1),7°(0)} > ¢. While this may render 5y(¢) a fairer
contrast at any given t, the curve of 5y(t) versus ¢ still suffers from the same problem: the
populations for which min{7'(1),7°(0)} > ¢ differ across ¢. Thus, the curve may fail to provide
a meaningful interpretation and may even be misleading in practice. Investigators could
instead specify a fixed time 7 at which Sy(7) should be interpreted. While this approach
resolves the interpretability issue, the choice of 7 is arbitrary and subject to a trade-off.
Small values of 7 describe a large eligible population but correspond to fewer observed
autopsy outcomes. In contrast, large values of 7 are expected to yield a greater number of
observable autopsy outcomes but the population surviving to 7 is more limited and therefore
less relevant to answering the scientific question at hand. Defining the estimand in terms of
each individual’s (random) counterfactual survival time addresses both these limitations, as

the entire population is included in the definition of the estimand, and the time of comparison
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is practically meaningful. For these reasons, we consider the NTDE to be a more natural

estimand to address causal questions in autopsy studies.

2.2.83 Identification in ideal observational setting

Before tackling more complex sampling schemes, we consider the problem of recovering
the causal estimand of interest from the distribution Pz of the ideal observable data unit
Z, since this will serve as a springboard onto the more challenging settings. The causal
estimand 6y represents a contrast of mean counterfactual biomarker values across exposure
levels. Identification of the parameter in terms of the distribution Py from observable data
can be difficult because, even in studies in which investigators can randomize the exposure
level A, the survival-outcome relationship may still be confounded. This challenge can be
overcome if a sufficiently rich covariate vector L is available such that deconfounding is
possible, a strategy often employed in mediation analysis (Tchetgen and Shpitser, 2012).

This requirement can be formalized in terms of the following causal identification conditions:

(AO0) the stable unit treatment value assumption holds;
(A1) the inequality 7'(1) < T'(0) holds Px o—almost surely;
(A2) the following conditions hold for each a € {0,1} and Pxo—almost every ¢ € L:

i. Pxo(A=a|L=10)>0;
ii. T'(a) and A are independent given L = ¢ under Px.

Condition (A0) represents a standard requirement for relating counterfactual and observable
random variables as well as for defining meaningful average causal contrasts at the individual
level. More precisely, this conditions requires consistency, which specifies that B = B(1)A +
B(0)(1—-A)and T :=T(1)A+T(0)(1 — A), and absence of any interference, which states
that the exposure level of an individual cannot have an effect on the outcome of any other
individual. Condition (A1) is a monotonicity assumption that imposes that the exposure

never be beneficial to survival in the target population; a similar condition is leveraged in
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the use of instrumental variables for causal inference (Angrist et al., 1996). If investigators
are uncertain a priori of the direction of the effect of exposure on survival, an alternative
approach consists of defining the causal estimand conditionally on the subset of individuals
for whom condition (A1) is satisfied. Condition (A2) requires positivity of the probability of
exposure and conditional exchangeability of the exposure-survival relationship within each
stratum of the population defined by a sufficiently rich vector L of potential confounders.
Of course, this condition is automatically satisfied if the exposure status is randomized at
baseline.

Additional conditions are needed on the biomarker-survival relationship for causal iden-
tification. We denote by S(a, ) the support of the distribution of 7" given A = a and L = ¢

implied by Pzy. We introduce the following conditions:

(A3) the inclusion S(1,¢) C §(0,¢) holds for Pzo—almost every ¢ € L;
(A4) for Pzp—almost every ¢ € L, the following conditions hold for each a € {0,1} and
Py —almost every ¢t € S(0, ¢):

i. By(a) and A are independent given T'(a) =t and L = ¢,
ii. By(0) and T'(a) are independent given T'(0) >t and L = ¢.

Condition (A3) ensures that the counterfactual biomarker process { B;(0)} is well-defined at
T(1) in the target population — this can be viewed as requiring the absence of immortal
time windows, within which it is possible to experience death under exposure level A = 1
but not A = 0. Condition (A4)i. requires conditional exchangability of the biomarker
process and exposure level within each stratum defined by covariate and survival time values.
This condition ensures that the counterfactual biomarker value observed at autopsy has
a comparable distribution across exposure levels within strata defined by death time and
covariate vector values. Condition (A4)ii. expresses two different independence requirements.
For a = 1, this implies a modified cross-world independence condition, commonly required
in mediation analysis (Richardson and Robins, 2013; Pearl, 2014; VanderWeele, 2015b). For

a = 0, this instead requires that, within strata defined by covariate values, and among
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unexposed survivors at any given time ¢, there be no direct effect of the latent biomarker

value B;(0) on residual survival.

2.2.4 Observed data parameter

The stated conditions (A0) — (A4) are sufficient for identification of the natural-time direct
effect in the ideal observable data setting, and suggests that we study the observed-data

parameter
Yo i= Ezo{ Ez0|Bzo (BIT. A= 1,L) = Ezo (BIT,A=0,1) |[A=1,2]} . (1)

The identification formula given above is identical to that arising in the study of the NDE in
mediation analysis (VanderWeele, 2015a). Nevertheless, several of the causal identifiability
conditions stated above are novel — this is not surprising since the setting we are studying
is not in fact one of mediation analysis. Indeed, the survival time is not a true mediator;
rather, it defines the time interval over which the latent biomarker process is defined, and
thus indexes the observation time for the autopsy outcome. Yet, the survival time plays the
role of the mediating variable in the observable data identification. As a consequence, all
existing results for statistical inference on the NDE, including those of Petersen et al. (2006);
Tchetgen and Shpitser (2012); Zheng and van der Laan (2012), can be directly used to study
the natural-time direct effect in this ideal observable data setting and under the stated causal
identification conditions. As such, for brevity of discussion, we do not reproduce these results
explicitly.

We note here that, when certain simple regression models hold, ¥y can be expressed in

terms of regression coefficients. For example, if the biomarker regression model
EZ70(B|T:I§,A:(Z,L:£) = a0+aTt~|—aAa+0zL€ ,

then 1) is simply equal to the exposure regression coefficient « 4, which agrees with common
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practice in parametric mediation analysis (Baron and Kenny, 1986; Imai et al., 2010). How-
ever, even in the ideal data setting, regression coefficients can provide misleading conclusions
when the regression model is incorrectly specified (Zhao et al., 2010). Our work circumvents
the pitfalls of interpreting )y on the basis of restrictive (and unnecessary) modeling assump-
tions by using a nonparametric formulation of the problem and inferential strategy. This
approach also differs from other strategies of assessing potential bias from autopsy studies

using model-based approaches (Haneuse et al., 2009; Rennert and Xie, 2019).

Researchers have previously investigated the properties of the NDE under various sce-
narios, including in the context of missing outcomes (Emsley et al., 2010), instrumental
variables (Small, 2011; Frolich and Huber, 2017), and unmeasured confounding (Vander-
Weele, 2013). However, there has only been limited work on the problem of inference for
the NDE identification formula in settings in which the mediator is subject to a combination
of censoring and truncation. Existing work have been restricted to parametric modeling
approaches (Wang and Zhang, 2011; Schultzberg, 2016; Wang and Shete, 2018) and inverse
weighting approaches (Wang et al., 2019; Chernofsky et al., 2021). To the best of our knowl-
edge, nonparametric efficient inference for this problem has not been previously studied.
Such study is necessary for inference on the NTDE in autopsy studies, because the observed
data typically do not arise from the ideal observable data distribution Pz,. Usually, only a
coarsened version O of X may observed due to right censoring. Additionally, in many ap-
plications, the sampling distribution of X from which O is obtained is systematically biased
relative to the target population due to either left or right truncation. The following sections
provide conditions and results for statistical inference on the NTDE under prospective and

retrospective sampling designs.
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2.3 Prospective study design

2.3.1 Description of sampling design

The first design we consider involves prospective follow-up of individuals enrolled during
a study period. Individuals in the target population may be recruited into the study at
their own time zero or later, and are followed from enrollment until death, end of the study
or loss to follow-up. We assume that a participant’s baseline covariates can be measured
even if the participant entered the study after time zero, and that the outcome is either
measured at autopsy or missing. The observed data structure is O := (L, A,W,Y, A, U)
with A= [(T < C), Y := min(7,C) and U := AB denoting the event indicator, observed
follow-up time and observed outcome, respectively, and C' and W are censoring and study
entry (truncation) times, respectively. In view of delayed entry, only individuals that satisfy
the left truncation condition W < T' can possibly be recruited, resulting in a systematically
biased sample of the target population (Tsai et al., 1987). If an individual is lost to follow-up
or has not died by the end of the study — that is, A = 0 for this individual — their survival
time T is only partially known, and their biomarker value B at death is missing (and set
to zero by convention). Below, to simplify the discussion, we focus on the setting in which
W = 0 for every participant, in which all participants are followed from time zero and on.
However, all results in this chapter can be extended to the general case of delayed entry

using the results derived in Chapter 1. Details are provided in Appendix B.2.

2.3.2  Notation and identification

Additional conditions are required to identify the natural-time direct effect when the data
available are subject to right censoring of the survival time. To streamline the presen-
tation of the additional conditions needed, we redefine the full observable data unit as
Z = (L,A,T,C,B) — this is simply an augmented version of the data unit provided in
the previous section, namely also including the censoring time C. The identification pre-

sented in Section 2.2 remains valid using this augmented definition of the ideal observable



93

data unit Z, as the expression for ¢y given in Equation 2.1 is simply a summary of the distri-
bution Py, that depends only on the distribution of (L, A, T, B) implied by Pzo. We suppose
that the observed data consist of independent draws Oq,Os, ..., O, from the distribution F,
of O implied by Py.

We consider first the problem of recovering Py, from the observed data distribution
Py. To do so, we define the upper bound of the support of the conditional censoring time
distribution

7(a,l) :=sup{c: Pzo(C >c|A=a,L=1{) >0},

which restricts the survival time values that can even be observed. For each ¢ € L, we
define pointwise the propensity score mzg(a|l) := Pzo(A = a|L = () and the biomarker
regression function ¢zo(t,a,f) == Ezo(B|T = t,A = a,L = {). We make use of the

following additional conditions, which we suppose to hold for Pz j—almost every ¢ € L:

(B1) (a,t) — wzo(t,a,l) is constant for t > 7(a,{);
(B2) mzo(all) > 0 for each a € {0, 1};

(B3) (T,B) and C are independent given (A, L) = (a, ¢) for each a € {0, 1}.

Condition (B1) requires that, within strata defined by exposure and covariate vector values,
the mean biomarker value at different survival times be the same for all times beyond the
maximum observable time. This allows identification of the estimand of interest even when
the censoring mechanism precludes identification of the right tail of the survival time dis-
tribution. If this assumption is implausible, then the inferential procedures described below
can be viewed as targeting instead a version of the natural-time direct effect wherein time is
restricted to be no greater than some fixed upper bound at which identification is possible,
akin to the restricted mean survival time (Andersen et al., 2004; Diaz et al., 2019). While
it resolves the lack of identification possibly resulting from right censoring, this modified
estimand may be more challenging to interpret. Condition (B2) — typically referred to as

a positivity condition — requires that, at the population level, it be possible to observe all
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exposure levels within each subpopulation defined by values of the covariate vector. If in-
dividuals in certain subgroups of the population can never experience a particular exposure
level, this condition would be violated; to remedy such violation, the target population could
be redefined to exclude such subgroups. Finally, condition (B3) requires that, within strata
defined by exposure and covariate vector values, the censoring random variable be indepen-
dent of the survival and biomarker random variables. This condition allows the censoring
mechanism to be informative but only insofar as this informativeness is entirely explained by
the exposure and covariate vector values. The censoring variable induces a dual coarsening
mechanism — right-censoring of the survival times and missingness of the biomarker values
— and this condition is critical to be able to use the partial information provided by the
observed data unit O to recover relevant portions of the underlying ideal observable data
distribution Pg.

Suppose that conditions (B1)—(B3) hold. For 0 < ¢t < 7(a,{), the target conditional
time-to-event distribution function Fyzo(t|a,l) := Pzo(T <t|A = a,L = () is identified via

conditional product-integration (Gill and Johansen, 1990) by

Fo(t]a,0) ::1_]“(

u<t

Fl O(du | G,g)
R Rk
RO(“‘CLag)

where Fig(ula,l) .= Py (Y <y,A=1|A=a,L =) is an observable conditional subdis-
tribution function and Ry(u|a,?) := Py(Y > u|A =a,L =) is an observable conditional
at-risk probability. Because the data collection mechanism neither biases nor coarsens the
target covariate distribution Hzo(¢) := Pzo(L < (), the latter is simply identified by
Hy(¢) := Py(L < ¥¢). The outcome regression is identified by the observable regression
woly,a,0) = Ey(U|A=1Y =y, A=a,L=1).

Theorem 5. If conditions (A0)-(A4) and (B1)-(B3) hold, then it holds that

6y = / / (ol 1,6) — oy, 0, 0) Fo(dy| 1,.0) Holde)
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Beyond the natural-time direct effect, this result provides a nonparametric identification for
the natural direct effect when the mediator is subject to right censoring. The corresponding
result for settings in which the mediator is subject to both right censoring and left truncation

is provided in the appendix.

2.3.8  Study of the parameter

The identification result above suggests that we study the statistical parameter

U, @ P— // op (y,a0,€) Ep(dy | 1,0) Hp(dl) , (2.2)

where, for any given distribution P, the functions ¢p, Fp and Hp are obtained by substi-
tuting P in place of Py in the definition of ¢, Fo and Hy. Theorem 5 indicates that we
can write 6y = 1019 — o0 With Vg, 0 = Vu,(F) for ag € {0,1}. In view of this fact, in the

remainder of this section, we focus on developing inferential methods for 1, .

We note that even though 1, ¢ is explicitly a summary of the observed-data distribution
Fy, since Py is implied by the full observable-data distribution Py, 14,0 can be represented
in terms of components of Fy, of Pz, or a combination thereof. This gives rise to multiple
possible parametrizations for W, (P). In this work, we focus on parametrization in terms of
components of the full observed-data distribution since it provides greater interpretability
for conditions arising in our study. For a given full observed-data distribution P, we define
pointwise the propensity score mz(a|l) = Pz(A = a|L = (), the conditional censoring
survival function Qz(y|a,l) := Pz(C > y|A = a,L = (), and the conditional time-to-
event distribution and survival functions Fz(y|a,?) and Sz(y|a,?) := 1 — Fz(y|a,t) with
corresponding density function fz(y|a,f) and cumulative hazard function Az(u|a,?). We
also define the survival regression function puz(a, ) = [ ¢z(y,a,l) Fz(dy|1,¢) and partial

reverse regression function Dy ,(y, a, () := fyoo Sz(u|1,0) pz(du,a,l).

As we establish below, a linearization of P +— W, (P) is possible based on the influence
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function ¢g, p 1= Gag1,p + Gag2.p + Pay3.p , Where we define

0 I(GZGO) fZP(y\L@
a Do : u— , g, ¢
Pao 1P Qzpr(y|ao, ) mzp(ao|l) fz,p(y|ao,l) | #z.p (Y, a0, )
Dap2,p 1 0> — —

mzp(110) |Szp(y|1,0)Qzp(y|1,0) o Szpu|l,0)Qzp(u|l,l)
¢a0,3,P 10— NZ,P(CLOa f) - qjao(P) .

Equipped with these definitions, we can provide a description of the behavior of the parameter

U, (P) in a neighborhood of P = P, within a nonparametric model.

Theorem 6. Suppose that Conditions (A0)-(A4) and (B1)-(B3) hold. Then, the functional
P — VU, (P) is a pathwise differentiable parameter with nonparametric efficient influence

function ¢p. Furthermore, for each P, the linearization

Viy(P) = Uay(Po) = [ 6uy0(o)(P = P)(do) + R(P. )

holds with second-order remainder R(P, Py) defined in the Appendiz.

Results from this theorem enable us to derive a debiased machine learning inferential

strategy for learning the natural-time direct effect from a prospective cohort study design.

2.3.4  Estimation and inference

Equation 2.2 expresses the identified natural-time direct effect value in terms of components
of the observed data distribution Fy. A straightforward estimation strategy would consist of
substituting each nuisance appearing in (2.2) by a corresponding nuisance estimator. How-
ever, despite its simplicity, an estimator obtained in this manner suffers from important
drawbacks. In order to ensure nondegenerate root-n distribution results, only the simplest
of learning approaches (e.g., parametric models) can be used when building nuisance estima-
tors for use with such estimator. Any flexible learning approaches (e.g., machine learning)

can typically not be used, and rendering systematic bias due to model misspecification more
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likely and thereby possibly invalidating inference. Additionally, the simple plug-in strategy
results in an estimator that does not benefit from any robustness to inconsistent estimation
of nuisance functions. Both these drawbacks are related to the fact that, without additional
work, the behavior of the simple plug-in estimator is sensitive to the behavior of each of its
constituent nuisance function estimators. In contrast, the use of debiased machine learning
results in an estimator that is relatively insensitive to its nuisance estimators, thereby allow-
ing valid inference with machine learning tool and ascribing a degree of robustness to the

resulting estimator.

In contrast to the estimation strategy we outlined in Chapter 1, here we consider a repre-
sentation of 1)y and of the relevant efficient influence function provided in Theorem 6 in terms
of nuisance functions indexed by Pz,. The debiased machine learning procedure we describe
relies on an estimator 7, := (n, F,,, Qn, 7,) of the nuisance vector ny := (vz0, Fz0, Qo, Tz0)-
To discuss robustness properties of our proposed procedure, we suppose that 7, converge in
probability to some nuisance vector value 7o 1= (oo, Fro, @oo, Too) that may differ from 7.
Among several possible strategies, the influence function ¢,, p could be used in a one-step
debiasing procedure or instead as an estimating function for 1,, . In the setting including
only right censoring of the survival time along with missingness of the outcome for individ-
ual with censored times, these two distinct strategies result in exactly the same estimator.
Specifically, the resulting debiased machine learning estimator of the evaluation of the NTDE

identification formula vy := 119 — Yoo is given by

n n

. 1 1
wn = ﬁ Z [Mn(la LZ) — /,Ln(O, L1>] + ; Z [le,n(Oz) - ¢O,n(Oz)] )
i=1 =1
where we have defined y,, : (a,€) — [ on(u,£) Fp(du]a,l) and ¢oyn = Pag1.m, — Pag,2,, With
Gao,jmn Teferring to 1, ; p but with relevant components of P replaced by corresponding
components of 7,. We describe the implementation of this estimator in greater detail in

Algorithm 1. We note here that the first summand in the definition of ¢ is simply the

plug-in estimator based on the identification formula whereas the second summand is the
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debiasing term that endows the estimator with improved statistical properties.

Algorithm 1 Outline of estimation procedure

1:

Obtain estimate ¢,, of the outcome regression, 7, of the propensity score, and @,, of the
censoring survival function;

: Obtain estimate F;, of the survival distribution function, A, of the cumulative hazard

function, and m,, of the density ratio function;

: Obtain estimate u, of the survival regression integral and D, , of the partial reverse

regression function based on numerical approximations of integrals

in :—/son(u,f)Fn(dUILff) and Dy, := Su(t|1,0)¢(t, () —/ on(u, €) Fu(du [ 1,€);

u u>t

4: Construct plug-in estimate ¢, := £ 3" | [un(1, L;) — 11, (0, Ly)];

: Calculate estimated influence function ¢, := @ag,1.n + Pag2.n + Pag,3,n With

) I(a = ap)
ag nf,a, ,(S,U = mpy 7@7€ U — Pn 7a7€
¢ 717( Y ) Qn<y‘a0,€) 7Tn<a0|€) (y 0 )[ ‘% (y 0 )]
= )
it =~ 100 [ ODulrand [ Delulan Obidnl1g
0

mn(114) [Sn(y 1 1,0)Qn(y|1,0) Sn(u]1,0)Qn(ul1,0)
and ¢a0,3,n<€7 a,y, 57 U) = Mn<a07€> - wnu

. Calculate the debiased estimate

1 n
¢; = + E ;{Cblm(OZ) - ¢07n<01)} :

The following theorem states that v,, admits large-sample distributional approximations

that make it suitable as a basis for constructing confidence intervals and conducting hypoth-

esis tests under certain conditions described in Appendix B.2.

Theorem 7. Under conditions (B5)-(B8) enumerated in Appendiz B.2, 1 is an asymptot-

ically linear estimator of 1y with influence function ¢1 p, — Go p, -

This theorem immediately implies, by the weak law of large numbers, that 1 is a consis-

tent estimator of ¢y, and by the central limit theorem, that ns (1, — 1) tends to a mean-zero

normal random variable with variance o} := varg [¢1.5,(0) — ¢o.p,(O)].
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To establish Theorem 7, a remainder term emanating from the linearization provide
in Theorem 6 must be controlled along with an empirical process term that arises in the
study of v, — 1)y. For the former, we require that nuisance function estimators converge to
the true nuisance functions at a sufficiently fast rate in an appropriate sense. The use of
ensemble learning strategies can help achieve this condition by adaptively leveraging a variety
of different structures (e.g., smoothness, sparsity) to improve estimation rates. For the latter,
the learning strategies used to estimate nuisance functions must be constrained in complexity
so that the Donsker conditions imposed can be satisfied. Such conditions can preclude the
use of particularly flexible learning strategies. In order to circumvent this condition and
allow a greater range of learning approaches to be used, the estimator v,, can be constructed
using cross-fitting (see, e.g., Zheng and Laan, 2011), as described explicitly in Chapter 1.
In the context of the simulation study presented below, Fz and @)y are estimated based on
Cox proportional hazards models, whereas both (¢, a,f) and w(a|f) are estimated using a
generalized addative model and an empirical estimator, respectively. This ensure that these
regularity conditions are satisfied irrespective of the dimension of L. Of course, in practice,
a practitioner may not know that the Cox model holds in a given application, which would
motivate the use of more complex (e.g., machine learning) strategies for nuisance estimation.

While Theorem 7 describes the behavior of i, when all relevant nuisance functions are
estimated consistently, it is interesting to note that 1, retains consistency even when certain
nuisance functions are inconsistently estimated. Specifically, consistency of 1, to the target

limit ¢y only requires only two out of the three statements below to be true:

(i) VoY, A, L) = pzo(Y, A, L) with Py-probability one;
(i) (Qu(Y|A L) mo(A|L)) = (Qzo(Y | A, L), mz0(A[ L)) with Fy-probability one;
(iii) Fo(Y|A,L) = Fzo(Y | A, L) with Py—probability one.

This robustness property is similar to the multiple robustness that arises in nonparametric
inference for the natural direct effect in the absence of censoring — see Tchetgen and Shpitser

(2012) for details. It does differ, however, in that to benefit from consistent estimation of
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the propensity score, the censoring survival function must also be consistently estimated. In
the context of randomized clinical trials, it may be possible to ensure that Condition (ii) is
satisfied by design if censoring can only occur administratively (e.g., as imposed by study
investigators or end of the study period).

We note that while the two debiased machine learning strategies alluded to above result
in the same estimator in the context of right censoring alone, this is not the case when there
is also left truncation in the sampling scheme due to delayed entry into the prospective study.
Specifically, in this more complex scenario, the two distinct strategies yield estimators that
are not only different but also have different robustness profiles — this is discussed explicitly

in Chapter 1.

2.4 Retrospective study design

2.4.1 Description of sampling design

Prospective study designs, as described in the previous section, can be challenging to imple-
ment because of the need for lengthy follow-up in order to observe a sufficiently large number
of deaths and thereby record autopsy outcomes. Even under ideal conditions, the cost of
follow-up may be expensive and logistically complicated, leading to minimal information
about individuals with longer survival times. As an alternative, practitioners may instead
take a cross-sectional sample of an existing database of autopsy records. In such case, an
individual may only possibly recruited in the study if their survival time 7" is no greater than
the time W elapsed between their time zero and the time at which the database is queried;
symbolically, sampling is conditional on the criterion 7" < W, which is an example of selec-
tion bias due to right truncation. Such retrospective design can be conducted quickly and
does not require prospective follow-up, often making it resource-efficient. However, when one
of the exposure levels is rare, in order to recruit enough individuals having experienced that
exposure level so that reasonably precise inferences can be drawn, a large sample may be

required. In contrast, in a prospective follow-up study, investigators may determine by de-
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sign the relative representation of individuals with different exposure levels. Finally, we note
that while the analysis of outcomes collected from retrospective autopsy studies has been
discussed before (Rennert and Xie, 2019), the analytic approaches adopted have relied on
strong model structure in order to produce valid inference. Here, we adopt a nonparametric

approach and use debiased machine learning tools for estimation and inference.

2.4.2 Notation and identification

In the presence of right truncation, the observed data are drawn from the subpopulation
of individuals for whom 7" < W. For all sampled individuals, we suppose that there is
access to baseline information (L, A) and that the outcome is measured at time 7. We
define an augmented version of the full data unit, Z := (L, A,W,T, B) ~ Pzy; as in the
previous section, the expression for the target parameter in terms of the full data distribution
is unchanged by this updated definition of the data unit. The observed data consist of
independent draws O, Os, ..., O, from the conditional distribution Py of Z given T" < W
induced by Pz.

We consider the problem of recovering relevant portions of Pz from the observed data
distribution F,. To do so, we must be able to recover the support S(a, ¢) of the conditional

target survival time distribution. We define the upper support bounds

7r(a,l) :=sup{t: Pzo(T > t|A=a,L=1")>0},

mwi(a,l) :=sup{w : Pzo(W >w|A=a,L=1/{)>0},

which we use to describe the support from which observations may be observed. We denote
by mzo(a|l) := Pzo(A = a|L = () the propensity score and ¢z(t,a,l) := Ezo(B|T =
t,A = a, L = () the biomarker regression. We suppose that, for Pyg—-almost every £ € £ and
for each a € {0,1}, the following conditions hold:

(C1) for some a > 0, it holds that 7y (a, ) > 7r(a,l) + o
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(C2) it holds that mzo(a|l) > 0 ;

(C3) (7, B)and W are independent given (A, L) = (a, /).

Condition (C1) requires that, within strata defined by the exposure and covariate vector val-
ues, the sampling scheme permits the entire support of the target survival time distribution
to be recoverable. Similarly as in the prospective design, if the sampling design systemat-
ically excludes a portion of the population, then it is not possible to recover information
from that subpopulation without extrapolation. In such cases, the inferential procedures de-
scribed below can be viewed as targeting a version of the natural-time direct effect wherein
time is restricted to be no greater than some fixed upper bound at which identification is
possible. Condition (C2) requires that, at a population level, it is possible to observe all
exposure levels within each subpopulation defined by the values of the covariate vector. As
discussed before, if individuals in certain subgroups of the population can never experience
a particular exposure level, this condition would be violated; to remedy such violation, the
target population could be redefined to exclude such subgroups. Finally, condition (C3)
requires that, within strata defined by the exposure and covariate vector values, both the
truncation-survival relationship and the truncation-outcome relationship be independent.
When time zero represents birth or any fixed age (e.g., 65 years, as in our motivating exam-
ple), under cross-sectional retrospective sampling, the truncation time conveys information
about an individual’s birth cohort. In such case, we interpret this condition as requiring
sufficient information in the collection of covariates to describe the variability in outcomes

across different birth cohorts.

Under conditions (C1)-(C3), the target distribution Pz, may be expressed in terms of
Py. For t € (0,00), the target conditional survival distribution Fyzo(t|a, () is identified via
conditional product-integration integral (Woodroofe, 1985) by

) Fo(du|a, )
Fo(t]a,l) = ﬂ {1 B W} ’

u>t
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where Fy(u|a,l) .= Py(T <u|A=a,L="{)and Ry(u|a,l):=FP(T<u<W|A=a,L=
?) both describe summaries of the observed data distribution and are implicitly defined by the
sampling inclusion T' < W. An added complexity, due to the systematic bias induced by the
truncation of event times, is that the observed covariate distribution is no longer representa-
tive of the target covariate distribution. We must express the target covariate distribution in
terms of the observed covariate distribution. This can be done using inverse-probability-of-
inclusion weighting — for example, as in Chan and Wang (2012) and Cheng and Wang (2012)
— leading to Ho(dl) := v(£)Ho(dl) for weight function ¢ — ~(¢) := > aciony V@, Omo(al L),
where y(a, () := — [ Fo(w|a, ) *Go(dw | a, ) with Go(w|a,l) := Py(W > w|A =a,L = ()
the observed data truncation survival function, and v := [ ~(¢)Hy(dl) is a normalizing con-

stant. We note that y(a, ¢) is in fact equal to Pzo(T < W |A=a,L=1{)"".

Theorem 8. If conditions (A0)-(A4) and (C1)-(C3) hold for, then it holds that

6)0 = //[QDO(ta 1’6) - 900(757075)]Fo(dt | 17£)ﬁ0(d6) :

2.4.8 Study of the parameter

The identification result above suggests that we study the statistical parameter

U, P // on(t, ag, 0) Fp(dt |1, 0) Fp(dl)., (2.3)

where, for any given distribution P, the functions ¢p, Fp and Hp are obtained by substi-
tuting P in place of Py in the definition of ¢, FO and I:IO. Theorem 8 indicates that we
can write 6y = 19 — Yo With ¢4 0 := W, (F) for ag € {0,1}. In view of this fact, in the
remainder of this section, we focus on developing inferential methods for 14, o.

In this work, as in the previous section, we focus on parametrization in terms of com-
ponents of the full observed-data distribution since it provides greater interpretability for
conditions arising in our study. However, in practice it may prove at times prove more

convenient to use a mixed parametrization for estimation. For a given full observed-data
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distribution Pz, we define pointwise the propensity score mz(a|f) = Pz(A = a|L = {),
the truncation survival function Gz(w|a,l) := Pz(W > w| A = a, L = (), and the survival
distribution function Fy(t|a,l) := Pz(T < t|A = a,L = () and its corresponding density
function fz(t|a,!) and reverse-time cumulative hazard function T'z (¢ | a, £) := log Fz(t | a, ¢).
We also define pointwise the survival regression function pz(a, €) := [ pz(t,a,€) Fz(dt|1,£),
the marginal inclusion probability vz := Pz(T < W), and the partial regression function
Dy, :(t a,0) |—>f0 Fz(ul|1,0) oz(du,a,l).

As we establish below, the nonparametric linearization of P — W, (P) hinges on the

influence function ¢, p := %Z(qbaml,p + Gag2.p + Gag.3.p), Where we define

I(a=ag) fz(t|1,0) 1 B .
mz(ao | ) fz(t]ag,0) Gz(t|ag,¥) [b—@z(t, a0, 0)];

I(a:l) DZ7<P(t,CL0,€> _/w DZ¢(U agp, ) (du|1 ﬁ) )
121 0) | Fz(t|1,0G4(t]1,0) ), Golu|a,))Fz(u|1,0) Lz ’

Do (0) 01 [z(an, £) — Voo (P)] [F ( :

Gap1.p(0) 10—

¢a0727p(0) 10— —

)
+¢thwa€]
Zw|a7)

1 —Gg(t|a,l) _/“’ 1—Gz(u|a,0)]
Fy(ta,0)Gz(t|a,l) J, Fz(u|la,0)Gz(u|a,l)

¢rz,p(0) 1 0 Iz(dula,?).

Equipped with these definitions, we provide a description of the behavior of the parameter

U, (P) in a neighborhood of P = Py within a nonparametric model.

Theorem 9. Suppose that conditions (A0)-(A4) and (C1)-(C3) hold. Then, the functional
P — U, (P) is a pathwise differentiable parameter with nonparametric efficient influence

function ¢4y p. Furthermore, for each P, the linearization

¥y (P) = ay(Fy) = [ Guy00)(P = Fo)(do) + R(P. )
holds with second-order remainder R(P, Py) defined in the Appendix.

Results from this theorem enable us to derive a debiased machine learning inferential

strategy for learning the NTDE from a retrospective cohort study design.
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2.4.4 Estimation and inference

Similarly as before, we outline a strategy for estimating the value 6, of the NTDE identi-
fication formula parameter when data are collected through a cross-sectional retrospective
cohort sample. In contrast to the prospective sampling design, the one-step debiased esti-
mation procedure and Neyman-orthogonal estimating equations approach do not necessarily
yield equivalent estimators. In this work, we use an estimating equations approach as it
provides an intuitive multiple robustness property. Still, as in the prospective setting, esti-
mation of the target parameter requires that we first estimate the relevant components of
the data-generating distribution Py o. The debiased machine learning procedure we describe
relies on an estimator 7, := (¢, Fy,, Gy, m,) of the nuisance vector 1o := (2,0, Fz0, Go, T20)-
To discuss robustness properties of our proposed procedure, we suppose that 7, converges in
probability to some nuisance vector value 7o 1= (Poo, Fro, Goo, Too) that may differ from 7.
We consider the estimating function given by the mapping U(;0) : 9 +— ¢1,0.4(0) — ¢0,0.4(0),
where @g, 0.0 = Pag,1,P + Pag.2,P + Pag,3,P0 With ¢q, 3 py defined exactly like ¢4, 3 p, but with
U, (Fy) replaced by . It can be shown that the target parameter value vy uniquely solves
the estimating equation Eo{U(¢; O)} = 0. The resulting empirical estimating equation has a
unique, closed-form solution, and the resulting estimator is asymptotically linear under cer-
tain regularity conditions — details are provided in Appendix B.2. We provide an overview

of the estimation strategy for retrospective sampling designs in Algorithm 2.

Theorem 10. Under conditions (C4)-(C7) enumerated in Appendiz B.2, V7 is an asymp-

totically linear estimator of 1y with influence function ¢1.p, — ¢o,p, -

As before, this theorem immediately implies, by the weak law of large numbers, that v}
is a consistent estimator of 1y, and by the central limit theorem, that n%(z/};; — 1)) tends
to a mean-zero normal random variable with variance of := varg [¢1,5,(0) — ¢o.p,(0)]. The
chosen construction admits a multiple robustness property. Specifically, consistency of ¥ to

the target limit vy requires only two out of the three statements below to be true:

(i) 0oo(Y, A, L) = (Y, A, L) with Py—probability one;
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(i)  (Goo(Y| A L), moo(A|L)) = (Gzo(Y | A, L), 7z0(A| L)) with Py-probability one;

(iii) Foo(Y | A, L) = Fzo(Y | A, L) with Py-probability one.

Algorithm 2 Outline of estimation procedure

1:

2:

Obtain estimate ¢, of the outcome regression, m, of the propensity score, and G,, of
truncation time distribution;

Obtain estimate .S,, of the survival distribution function, I',, of the backwards hazard
function and m,, of the density ratio function;

: Obtain estimate p, of the survival regression integral, D, , of the partial survival re-

gression function, and ¢, of the weight function based on numerical approximations of
integrals

iy = /(pn(u, O)F,(du|1,0)

D, , =F,(t|1,0)p / on(u, O)F,(dul|1,0)

1—Gp(t]a,l) / [1—-Gu(u|a, 0l (du|a, z)
Fa(t]a,O)Gn(t]a, ) Jicucw — Fulula, 0)Gn(ula,l)

Opn =Fp(w]a, Ot

: We define the estimating function U, (¢; O;) : ¥ — @14 — Gony such that ¢une =

¢00717n»¢ + ¢00727n7¢7 and

1 I(a = ay) B .
Gn(t | CLO,K) Wn(a(] | g) mn<t7 a(bg) [b (pn(t, 0,8)]

I(a=1) Dy, ,(t, a9, ) B Dy, o(u|ag, )Ly (du|1,¢)
mn(1]0) | Fu(t|1,0)G,(t]1,0) /t<u<w F,(ul1,0)G,(u|1,¢)
¢a0,2,n7w<0) = (ﬂn(a[b 6) - ¢) ¢F,n(€7 a,w, t)

(bao,l,n(o) =

: The estimator 1, defined as

¢* o Zz 1[¢1 1 n( l) ¢O 1 n( )] + ¢F,n(0i) [:un(lv Li) B :un(ov Lz)]
" Zi:l ¢F,n(0i) 7

is the solution of the equation £ =" U, (;0;) =

However, in order to benefit fully from this robustness property, additional work may be

needed to devise nuisance function estimators that are themselves multiply-robust. Indeed,
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in our current implementation, the nuisance estimator m,, is constructed using an estimator of
the observed-data propensity as well as estimators of the survival and truncation distributions
— the latter are used to relate the observed-data propensity score to the target propensity
score. Therefore, for the proposed estimator to be consistent, condition (iii) must be satisfied
along with at least one of conditions (i)—(ii). Determining whether the target population

propensity score could be estimated directly remains an important open question.
2.5 Simulation study

2.5.1 Description of data-generating mechanism

We conducted a series of numerical studies using simulated data to assess the finite sample
performance of the proposed methods. To construct a random data unit, we first generated a
covariate vector L := (Lq, L, L3) with L; and Ly independent random variables distributed
uniformly on the set {—1,+1} and L3 a Bernoulli random variable with conditional success
probability expit(L;) given (Li, Ly). Given (L, Lo, L) = (¢1,03,¢5), we generated A as a
Bernoulli random variable with conditional success probability given by expit[—1 + log{1 +
exp(f) + exp(—¥2)}]. Given (A, Ly, Lo, L3) = (a,{1,0s,03), we generate T according to a

Gamma random variable with shape parameter 6 and scale parameter

Ar(a, by, 0y, b3) = exp (—1 + 3a+ 20y — 53) |

5

given (T, A, Ly, Lo, L3) = (t,a,t,05,03), we generated Z from a normal distribution with
mean @zo(t,a,ly, 0o, 03) =1+t + %Sin(%t) — 2a — 05 + /3 and unit variance. In this partic-
ular data-generating mechanism, there is no interaction in the biomarker regression model
between A and T'; as such, the NTDE value is simply given by the value —2 of coefficient of
A in the biomarker regression model. A visual depiction of the variables at play is provided
in Figure 2.2. Conditions (A2)—(A4) are satisfied by this data-generating mechanism.

We further introduce systematic bias in the sampling mechanism by including left trunca-

tion of survival times in addition to right censoring. Given (A, Ly, Lo, L3) = (a, {1, ls, l3), we
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generated the truncation variable W as 10U, where U is a Beta random variable with param-
eters a(a, 0y, 0o, l3) and S(a, ly, ls, l3) selected to achieve a certain truncation level. For the
low truncation scenario (25% truncation), we set a(a, ¢1,03,¢3) = 1 and (a, {1, 09, 03) = 1+
21(¢; < 0), whereas for the high truncation scenario (50% scenario), we set «(a, {1, s, l3) =
1+ I(¢; > 0) and S(a,ly,0a,03) = 1. Given (T, W, A, Ly, Ly, L) = (t,w,a,ty,l2,{3), the
censoring time C' was generated as W+ V', where V follows a Gamma distribution with scale
parameter Ao = exp(l + 0.1L, — 0.1L3) and shape parameter chosen to yield a censoring

rate of 25% (low censoring) or 50% (high censoring).

Figure 2.2: Directed acyclic graph representing the data-generatin mechanism underlying
the simulation study, excluding truncation and censoring variable.

2.5.2  Results of simulation studies

We simulated 100 datasets with sample size n taking values in {250,500, 750, 1000}. We
computed the proposed estimator ¢ of the the identified NTDE value 1) = —2. For each
nuisance parameter, we detail the estimation approach used for simulation. We used a
generalized additive model (GAM) with identify and logistic links, respectively, to estimate

the outcome regression ¢y (t, ap, {) and observed data propensity score my(¢). In practice, as
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suggested before, we recommend using ensemble learning strategies. As a caveat, whenever L
is high-dimensional, propensity score estimates may require trimming to avoid values close to
the boundary of (0,1). The survival, truncation and censoring distributions were estimated
using penalized spline functions for survival data using the survPen package in R.

To quantify the performance of the proposed estimator in this simulation study, we exam-
ined the finite sample bias and confidence interval coverage. We compared the performance
of the proposed estimator using GAM and penalized spline nuisance estimators to one based
on correctly-specified parametric models for all nuisance functions. To emphasize the need
for debiasing, we also compared the proposed debiased estimator to the plug-in estimator
without debiasing. In all settings, the proposed estimator was found to be approximately
unbiased and constructed 95% confidence intervals had empirical coverage near the nominal
level, similarly as the procedure based on parametric nuisance function estimators. In the
high truncation setting, some under-coverage was observed in confidence intervals at smaller
sample sizes due to numerical instability in the nuisance function estimators; in the larger
sample sizes, the coverage reached the nominal level. As expected, the undebiased plug-in
estimator was excessively biased, which resulted in poor interval coverage, thus emphasizing

the need for debiasing when using flexible algorithms for learning nuisance functions.
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Figure 2.3: Empirical bias and coverage from simulation study for setting in which the sur-
vival times are observed subject to 25% censoring, and 25% truncation (left), 50% truncation
(right). Values on the x-axis denote sample sizes.
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2.6 Results from the ACT study

2.6.1 Study description

Alzheimer’s disease and related dementias (ADRD), a group of neurological diseases involv-
ing progressive cognitive decline (involving, for example, memory loss, behavioral changes
and speech difficulties), is the fifth leading cause of death worldwide and one of the greatest
sources of morbidity and dependency among elderly individuals (Gaugler et al., 2022). Tt
represents a major burden for patient caregivers and health systems. Alzheimer’s disease
is characterized by the presence of extracellular amyloid 8;_4 (AB;_42) plaques and inter-
neuronal tau aggregations (neurofibrillary tangles) in the brain. These alterations, among
others, disrupt cell-to-cell communication and transport, and trigger pathological inflamma-
tory processes (Selkoe, 1991; Serrano-Pozo et al., 2011). The presence of the e4—allele of the
gene encoding apolipoprotein E (APOE-4) has been associated with increased mortality and
a decline in cognitive function (Tilvis et al., 2004). Neuritic plaque density in the cerebral
cortex is commonly quantified using the Consortium to Establish a Registry for Alzheimer’s
disease (CERAD) score (taking values between 1 and 3) (Mirra et al., 1991), whereas the
neurofibrillary tangle distribution is assessed using the Braak score (taking values between
1 and 6) (Braak and Braak, 1991). Here, using the method developed in this paper and au-
topsy data from the Adult Changes in Thought (ACT) study, we sought to understand the
effect of a positive APOE-4 gene expression on these two established correlates of cognitive
decline and Alzheimer’s disease progression.

The ACT study is a longitudinal community-based prospective cohort study conducted
to study brain aging and the epidemiology of dementia (Kukull et al., 2002). The ACT study
cohort is comprised of an urban and suburban elderly population (> 65 years at enrollment)
randomly recruited from a well-established health maintenance organization (Kaiser Perma-
nente of Washington) in the Puget Sound area. Enrollment of cognitively intact (defined
as Cognitive Abilities Screening Instrument score of >85 or consensus diagnosis of “not

demented”) individuals began in 1994-1996 and continued until 2020. Participants could
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consent to an autopsy upon death during the study period; this was discussed at study en-
rollment and follow-up visits. Consent was also confirmed by the next-of-kin at the time of
participant death, as required by Washington State law. For this analysis, we use data from
all participants in the cohort but only had autopsy outcomes for individuals having both
consented to autopsy and died at the time of last data freeze (October 2021). For the 921
participants with evaluable autopsy brain tissues, preservation and evaluation procedures

have been described elsewhere (Sonnen et al., 2007).

2.6.2 Methods

In our analysis, we made certain assumptions to facilitate study of the natural-time direct
effect (NTDE) of APOE-4 on AD neuropathologic markers. We defined time ¢ = 0 to be age
65 since all participants had to be at leat 65 years old at recruitment, and assumed that the
available covariates were either measured at baseline or represented relatively unchanging
features over time. Given our current identification strategy, we assumed that the exposure
A is not a cause of any component of the covariate vector L, which possibly confounds the

outcome-mortality relationship. The covariates used in the full analysis include:

e [, = { BMI status, diabetes diagnosis, history of cardiovascular disease, hypertension,

education, smoking history, alcohol history, birth cohort, sex, race };

e Ly = { race, birth cohort }.

A DAG representation of the relationship between the variables of interest is illustrated in
Figure 2.5; the structure described ensures that conditions (A2)—(A4) hold.

To implement the estimation procedure proposed in this paper, the outcome regression
function was estimated using splines with all other variables (i.e., covariates, exposure) pos-
sibly interacting with APOE-4; the propensity score and truncation distribution were esti-
mated empirically; and the survival and censoring distributions were estimated using survival
splines implemented on the hazard scale. These estimators performed well in simulation and

were considered sufficiently numerically stable.
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Figure 2.5: Directed acyclic graph of the ACT study autopsy data analysis. Variables include
A := APOE-4 gene presence, T' := survival time, By := neuropathological marker at autopsy,
(L1, Ly) := potential confounders, W := enrollment time, C' := censoring time.

Selection bias is a challenge in the analysis of autopsy outcomes collected from patients
enrolled in the ACT study cohort (Tsuang et al., 2005; Haneuse et al., 2009). As indi-
cated before, participant or next-of-kin consent was required to record an individual’s AD
neuropathologic markers at autopsy. To address the missingness in autopsy outcomes due
to lack of consent, we used an inverse-probability-of-consent weighting approach using vari-
ables in Lo. For stability, estimated consent probabilities were truncated within the interval
(0.1,0.9) to reduce the risk of few individuals having undue influence in the analysis; this

approach has been used in previous ACT autopsy data analyses (Shaffer et al., 2021b).

2.6.3 Results from ACT study

Characteristics of individuals in the ACT study cohort as a whole (Shaffer et al., 2021a)
and within the subgroup of participants having provided consent to autopsy (Shaffer et al.,
2021b) have been previously described—the summary characteristics presented in the refer-

enced work used data collected before September 2018. The key variables used in our NTDE
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analysis are summarized in Table B.3. On average, for each baseline covariate, there was less
than 7% missingness across participants. These missing values were imputed by the mode for
categorical variables and the mean for quantitative variables. The cohort consisted of older
individuals at enrollment, with a majority being 75 years of age at enrollment. Participants
who died during follow-up were older, with a median age of 88.2 years (range from 66 to
108 years old). Participants spanned birth cohorts between 1890-1950, with a large por-
tion (40%) born between 1930-1950. The cohort included 89.3% white participants; 40.1%
participants with a positive APOE e4-allele; 33.1% participants with a recorded autopsy
consent; and 16.1% participants with recorded autopsy measures. The distribution of ob-
served Braak scores and CERAD scores are summarized in Table B.3. As the APOE-4 gene
is defined at birth, the effect of APOE-4 on AD neuropathologic markers observed at autopsy
is unconfounded. When excluding participants who did not consent to autopsy, the average
treatment effect of a positive APOE-4 gene expression on Braak score at death was estimated
to be 0.44 (95% CI: 0.18 to 0.70); when accounting for consent, the estimate was instead
0.47 (95% CI: 0.20 to 0.75). In contrast, the NTDE of a positive APOE-4 gene expression
on Braak score was estimated to be 0.58 (95% CI: 0.31 to 0.85) when excluding participants
who did not provide consent, and instead 0.45 (95% CI: 0.09 to 0.81) when adjusting for

consent. Results for the CERAD score were similar and described in Appendix B.1.

To interpret the autopsy average treatment effect and NTDE as an effect of APOE-4
on AD neuropathologic markers, we return to the causal question described in Section 2.2.
In Figure 2.6, we highlight the similarity of the outcome and survival time distributions
to the hypothetical scenario we constructed and summarized in Figure 2.1. The estimated
survival distribution for ACT study participants with a positive APOE-4 gene expression
was slightly more skewed to the left compared to those that have negative gene expression.
In this setting, the difference in Braak scores by APOE-4 gene expression could have led to
a reversal in direction of association if the difference in mortality had been greater. In this
setting, the difference in survival was relatively small across exposure groups, which resulted

in similar estimates of the autopsy ATE and NTDE. However, in general, the interpretation
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of the autopsy ATE can still lead to confusion, while the NTDE is defined to account for

potential differences in mortality.

Braak Stage

70 80 90 700
Age at death

Figure 2.6: Red indicates the APOE-4 positive group, while Blue denotes the APOE-4
negative group. Solid lines indicate the marginal mean Braak stage observed at time-of-
death, while dashed lines are overlayed survival time densities.

2.7 Concluding remarks

We have developed and studied a framework for summarizing the causal effect of a point
exposure on a time-varying biomarker process observed only at death. The causal estimand
we proposed quantifies a marginal contrast in counterfactual outcomes after eliminating
exposure-induced differences in survival, and provides a natural scientific interpretation. In
the absence of survival complications, the identified expression for the natural-time direct
effect is exactly that for the natural direct effect even though the definition presented does
not explicitly describe a mediation problem. Regardless, the results for nonparametric iden-
tification, estimation and inference we derived can be viewed as an extension of existing

result from the mediation literature to settings in which the mediating variable is subject to
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censoring, truncation or both.

The natural-time direct effect is preferable to a naive contrast across exposure groups and
should be considered as possible target of interest in prospective and retrospective autopsy
designs. The causal framework we build upon draws attention to the necessity of account-
ing for covariates that may confound the survival and biomarker outcome relationship when
outcomes are observed at the time of death. Unadjusted comparisons can result in biased es-
timates due to systematic differences in observed outcomes, even in simple randomized trials.
We believe that the identification formula for the natural-time direct effect is a reasonable
statistical parameter even if the causal conditions stated do not strictly hold. Indeed, this
estimand still describes a standardized summary of differences in autopsy outcomes, which
is typically more interpretable than a marginal comparison across exposure groups in this
problem.

In Chapter 1 we developed and studied debiased machine learning methods for making
statistical inference on summaries of a counterfactual time-to-event distribution using left-
truncated right-censored data. These results were critical to developing methods for debiased
machine learning of the natural-time direct effect under the prospective and retrospective
study designs considered. To the best of our knowledge, this work is the first to present a
derivation of the nonparametric efficient influence function for the natural direct effect in
the context of a right-censored mediating variable, let alone of left- or right-truncation on
the mediating variable.

Our application focused on the point-exposure genetic biomarker APOE-4 and its po-
tential effect on biomarkers of neurodegeneration. In this work, we do not provide results
that accommodate time-varying exposures or time-varying covariates. In future work, we
aim to extend our results to a time-varying setting for both exposure and covariates, as we
believe this may lead to causal conditions that are more likely to hold in studies of toxic
environmental exposures (Carone et al., 2020). These results could be used to establish the
effect of important environmental exposures, such as air pollution or smoking, on cognitive

decline. It may also be fruitful to consider alternative strategies for identifying the natural-
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time direct effect estimand under different conditions that may be more natural in certain
applications, including the use of instrumental variables. Current work in the mediation
literature on stochastic effects may provide possible avenues for relaxing the most restrictive

causal assumption (i.e., cross-world independence) used in this Chapter.
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Chapter 3

QUANTIFYING RESIDUAL LIFETIME
ACCELERATION FROM A POINT-EXPOSURE

Analyses based on the proportional hazard model are most common for studying time-
to-event outcomes. Critics of this model have noted the difficulty in ascribing a causal
interpretation to the hazard ratio even under ideal conditions. Given the increased interest
of practitioners in formally studying causal relationships, even in observational contexts,
models for which the statistical estimand of interest lends itself more readily to a causal
interpretation, such as the accelerated failure time (AFT) model, may be preferred. However,
in its standard implementation, the AFT model does not naturally handle situations in
which the exposure occurs at a random point in time. To address this gap, we propose
a novel residual accelerated failure time model that quantifies the association between a
point-exposure and acceleration of residual lifetime, possibly as a function of circumstances
of the exposure event itself, including the age at which exposure occurred. We show that
parameters of this model admit a natural causal interpretation under typical conditions for
causal identification. Focusing on a parametric implementation of the model, we show that
maximum likelihood estimation can be used to conduct valid inference for model parameters
in the presence of left truncation and right censoring. We illustrate the use of our proposed
model and methods by quantifying the age-dependent association between radiation dose
and acceleration of residual lifetime among Japanese survivors of the 1945 atomic bombings

of Hiroshima and Nagasaki.
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3.1 Introduction

A major objective of environmental epidemiology is to quantify the human health effects
of physical, biologic, and chemical exposures from the external environment. Results from
environmental epidemiology studies have established ambient air pollution, lead dust, and
ionizing radiation, among others, as risk factors for adverse health outcomes and early mor-
tality. Researchers conducting environmental epidemiology studies consider a number of
important factors that are out of their control due to the observational nature of the design.
For example, the age at which an individual is exposed and the extent of exposure (e.g.,
dose) can have a significant bearing on the effect of exposure on health outcomes. Therefore,
it may be important to better understand the manner in which age-at-exposure and dose
impact the effect of an environmental exposure in order to quantify its population-level im-
pact. For example, the Life Span Study is a prospective cohort study of Japanese survivors
of the 1945 atomic bombings of Hiroshima and Nagasaki that has quantified the long-term
human health effects of acute radiation exposure (Ozasa et al., 2019). Analyses of the Life
Span Study data with hazard-based statistical models have consistently demonstrated that
increasing radiation dose leads to decrements in survival, and that age-at-exposure (i.e., age
at the time of the atomic bombings) modifies the association between radiation dose and

mortality (Ozasa et al., 2012).

When dealing with time-to-event outcomes, analysts often resort to the use of the Cox
proportional hazards model (Cox, 1972) and the accelerated failure time (AFT) model (Wei,
1992). To account for differences in exposure effect due to variations in age-at-exposure, the
implementation of such models would need to allow for such time dependence. In the Cox
model, this can be easily done since the conditional definition of the hazard function naturally
allows for incorporation of time-varying covariates. Even though the standard AFT model
does not allow the use of time-varying covariates, modifications that do have been put forth.
Most notably, the time-dependent accelerated failure time (TD-AFT) model was proposed

to quantify associations between a time-dependent continuous exposure and time-to-event
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outcomes (Cox and Oakes, 1984; Robins, 1992). However, neither the Cox model nor the TD-
AFT model provide an entirely satisfying interpretation when making inference on how age-
at-exposure modifies the exposure-outcome association. On one hand, when accommodating
dependence of the hazard ratio on age through specification of a time-varying hazard ratios
in a Cox model, the resulting time-varying parameter estimates are challenging to interpret
causally and can be subject to bias from differential selection (Herndn, 2010). On the other
hand, the formulation and implementation of the original TD-AFT specify a general time-
dependent exposure model, which does not immediately accommodate age-specific effects of

an acute exposure.

We overcome these important limitations by proposing a novel extension of the AFT
model that explicitly allows a point-exposure to occur post-baseline. In particular, this
allows us to study how an acute exposure alters the residual survival of exposed populations
based on exposure at different points in life. Framing the problem with this structure is
useful to quantify how the effect of a continuous exposure on residual lifetime is modified as
a function of exposure timing. For this reason, we refer to the model as a residual accelerated
failure time (R-AFT) model and provide conditions under which the model parameters admit
a causal interpretation equivalent to those in structural failure time models (Robins, 1992;

Lok et al., 2004).

The article is organized as follows. In Section 3.2, we formulate the R-AFT model for
quantifying the age-specific association between a continuous exposure (e.g., radiation dose)
and residual lifetime. We describe conditions under which the model parameters admit a
causal interpretation and contrast the proposed model to existing methods. Parametric
procedures for estimation and inference are described in Section 3.3. In Section 3.4, we
examine the finite sample performance of the proposed estimation procedure in a simulation
study. In section 3.5, we conduct an illustrative analysis of the Life Span Study data.

Concluding remarks are provided in Section 3.6.
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3.2 Proposed model

3.2.1 Notation

We are interested in quantifying the effect of an acute exposure on survival among individuals
in a target population. For each individual in this population, we denote by Z a vector of
baseline covariates, and by W the time elapsed between birth and possible enrollment into
the study. If recruitment happens at a fixed point 7 in calendar time, then W is simply given
by 7 — B with B denoting birth date. We denote by E € {0, 1} an indicator of exposure,
and for an individual with £ = 1, we denote by A and X the age at exposure and exposure
dose, respectively. For any individual with £ = 0, A and X are undefined. We denote by T’
the total lifetime and by C the age at which the individual is possibly lost to follow-up or
otherwise right-censored. We define the data unit @ := (Z, E, X, A, W, T, C') and denote its
(unknown) distribution by P,. The observed data unit is O := (Z, E, X, A, W, Y, A), where
Y := min{7,C} and A := I(T < C). We denote by Fj the distribution of O conditional
on the criterion W < T and induced by F,. The observed data consist of a sample of n
independent draws Oy, Os, ..., 0, from Fj;.

We suppose that the full-data generating mechanism satisfies the following conditions

Py—almost surely:

(A1) T and W are independent given (A, X, E, Z);
(A2) T and C are independent given (W, A, X, E, Z) and T > W ;
(A3) min{Py(T > W |E), BT < C|E,T > W)} > 0.

Condition (A1) requires conditional independence between total lifetime and truncation time,
whereas condition (A2) requires conditional independence between the the total lifetime and
censoring time within the observable (i.e., truncated) population. In particular, this allows
censoring to only pertain for observable individuals; this is important since in many cases
censoring is undefined outside the context of the study. A discussion of various possible

assumptions for identification under left truncation and right censoring can be found in Qian
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and Betensky (2014). Condition (A3) eliminates scenarios under which no individual could be
sampled from the population of interest or no total lifetime could be fully observed. Under the
conditions (A1)—(A3), the conditional density of (Y, A) given (W, A, X, E, Z) = (w,a, e, 2)

can be expressed as

) S()(y | (Z,QZ,@,Z)

po(y. 0w, a,z,e,2) = Xo(y|a, z, €, 2) So(w|a,z,e z)’

where \g and Sy denote the conditional hazard and survival functions corresponding to the

distribution of T" given (A, X, E, 7).

3.2.2  Model formulation

To motivate the R-AFT model, we first describe the null relationship from which we wish
to measure deviations using model parameters. In the Life Span Study, survivors who were
within three kilometers of the atomic hypocenter were potentially exposed to radiation;
survivors who were more than three kilometers away were enrolled as an internal reference
group and matched to proximal survivors on city, sex and age-at-exposure (Ozasa et al.,
2019). If exposure is entirely inconsequential and does not alter an individual’s life course,

we may expect that

Ph(T>tlA=a,X=0,E=1,Z=2)=FR (T >t|T>a,E=0,7Z =2) (3.1)

for each (z,z,a) and t > a. This states that, under the null setting in which the exposure
has no effect, the survival profile of an individual exposed to dose = at age a is the same as
that of an unexposed individual who survived until at least age a. In other words, the only
information derived from an individual’s exposure is the age they must have attained.

We define the dilated residual lifetime uy(z, z, a,t) := (t —a)¢(z, z, a) 4+ a for individuals
in the exposed population. The acceleration factor ¢(z,z,a) > 0 quantifies the extent to
which residual lifetime is accelerated (or decelerated) upon exposure. We propose the R-AFT

model to relate the exposed and unexposed populations as
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Ph(T>t|A=a, X =0, E=1,Z=2)=F (T > ug(z,z,a,t)|T >a,E=0,Z = 2)

for each (z,2,a) and ¢t > a. Because residual lifetime survival probabilities are defined

conditionally on survival to age a, this can be alternatively restated in terms of hazards as
Atla,x,1,2) =¢(z,x,a) \o(ug(z, z,a,t) | 2),

where Ao (- | z) is the lifetime hazard function corresponding to the unexposed population with
covariate profile z. The R-AFT model expresses the survival probability among the exposed
population according to the survival probability among the unexposed based on a dilated or
contracted residual time-scale. If ¢(z, x,a) = 1, the null setting is recovered. If ¢(z,x,a) > 1,
then the exposure is harmful and results in a contraction of time upon exposure, whereas if

instead ¢(z,x,a) < 1, the exposure is protective and a dilation of residual time occurs.

The acceleration function ¢ is typically the component of primary scientific interest in the
R-AFT model. Analogously to the traditional AFT model, the acceleration factor ¢(z,x, a)

can be represented as the ratio of residual moments, namely as

Eo[m(T—a)|T>a,E=0,Z = z]

¢(z’$’a):Eo[m(T—a)|A:a,X:x,E:1,Z:z]’ (3:2)

for any monotone function m : R — R; it can also be expressed as a ratio of corresponding
quantiles. In particular, ¢(z,z,a)™! can be interpreted, among individuals with covariate
profile z, as the relative difference in mean (or median) residual lifetime comparing individuals
exposed to dose x at age a to unexposed individuals who survived until at least age a. For
example, if ¢(z,z,a) = 2, then among individuals with covariate value z, the mean (or
median) residual lifetime is halved among those exposed to dose x at age a relative to the

unexposed who survived to age a.

For the sake of providing a simple, parsimonious summary of the contraction function

¢, we formulate a parametric model that relates the acceleration factor to a parsimonious
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summary of the covariates. A natural parametrization for the acceleration function is given

by the log-linear form

10g¢ﬁ(2,$, CL) = ﬁ + 514@ +5Xx +ﬁZz7

which provides a simple representation of the interplay between residual lifetime and the
exposure dose, age-at-exposure and baseline covariate vector. Under correct specification of

the R-AFT model, since
op(z,x+1,a)
—————— =exp(Bx),
¢ﬁ (Za z, a)
the exponentiated coefficient exp(—[fx) represents the relative median residual survival com-
paring two exposed populations with same age-at-exposure, same baseline covariate vector,
and exposure doses that differ by one unit. Of course, the log-linear model can be modified

to include nonlinear or interaction terms similarly as with other regression models.

The straightforward interpretation of Sx described above does not readily extend to
coefficients 4 and 4 because the denominator in (3.2) is not the same for subpopulations
of individuals who differ by one unit in either their covariate vector or age-at-exposure values.
The exponentiated term exp(—(8— B4a— [z2) represents the relative median residual survival
comparing, among individuals with covariate vector value z, subpopulations of individuals
exposed at age a to a null dose and unexposed populations surviving until at least age a.
This difference in interpretations of the model coefficients differs from those of the Cox and
AFT models, for which each coefficient can typically be interpreted as the ratio between
any two populations that differ by one unit in the corresponding covariate. Due to this
important distinction, the coefficients in the R-AFT model are most naturally viewed as
measures of exposure interactions — and as we outline below, under certain conditions, as

effect modifiers of exposure.
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3.2.3  Causal interpretation of model parameters

An appealing property of the R-AFT model is that, under certain causal conditions, the ac-
celeration factor ¢(z,z,a) has a natural causal interpretation. Adopting the Neyman-Rubin
potential outcomes framework (Neyman, 1923; Rubin, 1974), we denote by 7T'(0) the coun-
terfactual survival time under no exposure, and conditional on 7'(0) > a, the counterfactual
survival time T'(a,x,e) corresponding to an exposure at x and age a. We introduce the
following conditions, under which a nonparametric causal interpretation of the acceleration

factor ¢(z,x,a) will be possible:

(B0O) Interventions on one individual do not have repercussions on outcomes in other indi-
viduals.

(B1) The relationship T'=T(0) + I(T'(0) > A, E = 1)[T(A, X,1) — T(0)] between uninter-
vened survival time 7" and counterfactual survival times holds Fy—almost surely.

(B2) Py(E=1|Z2)>0 Py-almost surely;

(B3) for Py—almost every A = a in the support of 7'(0) and every (X, E) = (z,e), T(a,x,e)
and (A, X, E) are conditionally independent given 7(0) > a and Z holds Py—almost

surely.

Condition (B0) describes the ‘no interference’ assumption, which essentially requires that an
individual’s counterfactual lifetime be independent of interventions carried out in any other
individual. This most commonly fails in the context of infectious diseases. Condition (B1) is a
statement of consistency of the observed survival outcomes, which indicates that the survival
time observed corresponds to the counterfactual survival time corresponding to the exposure
actually experienced. The statement of consistency is more complicated in our context
because exposure only possibly happens at random time A, which must be accounted for
carefully. Together, conditions (B0) and (B1) describe a version of the Stable Unit Treatment
Value Assumption for this context. Condition (B2) is a positivity assumption, which requires

that exposure or non-exposure both be possible in all strata defined by values of the baseline
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covariate vector. Condition (B3) is a requirement that there be no unmeasured confounding
between the exposure vector (A, X, E') and lifetimes among individuals who survive to age

a under no exposure.

Theorem 11. Under conditions (B0)-(B2), the acceleration factor admits the following

representation as a causal contrast:

82,7, a) = Eo [m(T(0) —a) | T(0) > a, Z = £]
o Eom(T(z,a,1) —a)|T(0) >a,Z =2]’

where m : R — R is any monotone function.

This result states that, within the subpopulation of individuals who survive until at least
age a in the absence of the exposure and who have baseline covariate value z, the reciprocal
of the acceleration factor ¢(z,z,a) can be interpreted as the relative change in mean (or
median) residual lifetime that results from enforcing exposure at dose z at age a rather
than assigning no exposure. Notably, the interpretation of ¢(z,x,a) does not lend itself
to a temporal interpretation in age a, as the reference population varies with a. This is
a common problem in the interpretation of causal parameters in survival settings (Young
et al., 2020). The causal interpretation of ¢(z,z,a) agrees with the expression provided in
structural nested failure time models, a class of structural distribution models used for causal
inference (Lok et al., 2004; Vansteelandt and Joffe, 2014; Vock et al., 2013). In settings in
which it is not possible to adjust for a suitably rich vector Z of covariates, the acceleration
factor retains an interpretation as a conditional association between residual lifetime and

exposure.

3.2.4  Comparison to alternative models

The R-AFT model is formulated to emphasize an interpretable age-dependent association
between a point exposure occurring at a random time and residual survival. In contrast,
the Cox and AFT model — the most popular statistical models for studying time-to-event

endpoints — do not provide such interpretable summaries. The Cox model readily handles
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time-dependent exposures but does not produce interpretable causal summaries for the effects
of dose (Herndn, 2010). Further, hazards are limited by their interpretation being subject
to differential selection bias (Robins, 1998).

While it is natural to wonder whether the R-AFT model is equivalent to an AFT model
for the residual lifetime T'— A, in reality, the two models are distinct. To illustrate this point,
consider the acceleration factor ¢(a) = exp(faa) in the R-AFT model. Under the null setting
in which exposure does not affect survival, by design, it will be the case that 34 = 0. However,
when implementing an AFT model on the residual survival time scale with acceleration
factor ¢papr(a,e) = exp(faae) — the interaction term here is the relevant one since we are
contrasting the exposed and unexposed population at a fixed age— the parameter 54 may
not be zero. The difference in interpretation of these corresponding parameters results from
the fact that age-at-exposure is a component of total lifetime. Therefore, age-at-exposure A
and residual survival time T'— A are expected to be negatively correlated in most scenarios
— and certainly in the null setting. Because in the absence of dose and baseline covariates

the acceleration factor in the AFT model on the residual time is given by

Eo[m(T — A)|A=0,E = 0]

parr(a) = Eo[m(T—A)|A=a,E=1]"

the acceleration factor ¢ apr(a) contrasts individuals exposed at age a to those unexposed at
age 0 rather than to those who have survived at least to age a, as in the R-AFT model. In
the standard AFT model, the age-at-exposure parameters are not interpretable due to the
inherent negative association between age and residual survival. In contrast, our formulation
of the R-AFT model explicitly describes the association between a point-exposure occurring

at a random time and residual survival.

We note that the R-AFT model can be viewed as an extension of the time-dependent
AFT model — a modification of the standard AFT that allows the inclusion of time-varying
exposures — wherein the age-at-exposure is of scientific interest as an effect modifier of the

exposure (Cox and Oakes, 1984). The resulting causal interpretation is similar to the one
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derived from the structural nested failure time model proposed by Robins (1992), itself an
extension of the time-dependent AFT model. The primary difference between the R-AFT
model and the time-dependent AFT model framing of the problem is that the latter directly
equates the counterfactual survival times across exposure levels via a mapping h.(Z, X, A, T)
for some acceleration function indexed by . The structural nested failure time model imposes
a time scaling on individual counterfactual survival times, which might be an overly restric-
tive structure. However, imposing an acceleration model for the unintervened survival time
distribution might be more natural to practitioners as it relates two observable populations;
specifically, the R-AFT model relates the observable residual survival time distributions.
The R-AFT model specification is specifically devised to assist practitioners in quantifying
how differences in residual survival between populations is modulated by age-at-exposure.
The model formulation allows for flexible specification of the acceleration factor ¢(z,x,a)
to describe effect-modifiers of a point-exposure. While the acceleration factor ¢(z, z,a) may
not have a causal interpretation when there are unmeasured confounders, it can nevertheless
be used to describe meaningful adjusted relationships in settings in which age-at-exposure

is a possible effect modifier of survival.

3.3 Estimation and inference

3.3.1 Identification and estimation

In Section 3.2.2, we highlighted that the R-AFT model is indexed by the acceleration factor
¢ and the lifetime survival function S among the unexposed. We suppose that the true
acceleration factor ¢g lies in a d-dimensional subspace {¢s : 8 € B C R%} so that ¢g = ¢35,
for some By € B. We further suppose that the unexposed survival function Sy lies in a
p-dimensional subspace {5, : n € H C RP} so that Sy = S, for some 7y € H. We collate
these index parameters as 6y := (o, 10) and refer to a generic candidate value for 6y as 6. We
denote the remaining portions of the data-generating mechanism that do not contribute to

the likelihood function as 7y, and note that 7 is orthogonal to y. Letting 1y be unrestricted,
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we denote by P the resulting model for F.

We suppose the data consist of n independent draws Oq, O, ..., 0, from F,. For any
distribution that lies within the R-AFT model P € P, when conditions (A1) — (A3) hold,
the contribution to the relevant portion of the log-likelihood function for an individual with

observation o := (y, 0, w, a, x, e, z) is

Sy(u(0; )

£(0;0) := dlog A\y(u(o; B) | 2)} + log {517(1)(0—5);3} 7

where u(o;5) = (y — a)¢s(a,z,2)¢ + a and v(o; 5) = (w — a)pg(a,z,2)* + a denote the
contracted lifetime and truncation time, respectively. The remaining contribution to the
likelihood pertain to the censoring, truncation and covariate distribution, and without ad-
ditional knowledge (e.g., about the truncation or covariate distribution), does not contain
information about 6.

We denote by £y(0) := Z2.0(6; 0) the score function for the parameter 6, and introduce the

following regularity conditions:

(A4) for some o-finite measure p, Py has finite u—density py satisfying the M-estimator
regularity conditions (Van der Vaart, 2000);

(A5) the score function class {fy : § € ©} is Py-Donsker;

(A6) for each e > 0, inf{|Ey[ly(O)]| : 0 € © with |6 — 6| > €} > 0.

The conditions ensure that model is sufficiently well-behaved such that true parameter 6, is

identified and estimable from the observed data.

Lemma 1. Under conditions (A1)-(A6), the mazimum likelihood estimator 0,,, which solves

the score equation £ 377" | 0, (0;) =0, is a consistent estimator of .

The estimator 6, can be characterized as an estimating equations-based estimator (or Z-
estimator) (Qin and Lawless, 1994; Vaart and Wellner, 1996) and converges to the true
parameter ¢, in probability. However, to perform valid inference, distributional results are

also needed. These are provided in the next theorem.
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3.3.2  Statistical inference

We suppose that the information matrix I(6y) := Eq |/g, (O)TEQO(O)] is invertible.

Theorem 12. Under conditions (A1)-(A6), if Py € P and 0 — I(0)~' is continuous at

0 = 0y, then 0, is a reqular and asymptotically linear estimator that satisfies
1 ,
V0, — ;) = NG > " 1(00) gy (O) + 0p(1) -
i=1

In particular, Theorem 12 implies that \/n (6,, — 6p) converges in distribution to a mean-

zero normal random variable with variance-covariance matrix
So = 1(6) "o | {4, (0) {9, (0)] 1(60) ™"

The sufficient conditions for asymptotic linearity of the estimator 6,, detailed in Theorem 12
cover a number of parametric models for the acceleration factor and unexposed survival
distribution. As an alternative, we propose a simple checklist for practitioners to verify
if a chosen parametric model can be used when building a R-AFT model. The following

conditions are sufficient for conditions (A4)-(A6) to hold:

1. denoting by {f,(-|2)} the class of density functions defining the parametric model for
T given E = 0 and Z = z, and defining I(n) := —E) [88—:2 log f,(T'| Z)], it holds that
I(no) is finite and I(7n) is invertible in a neighborhood of 7;

2. in a compact set By C B, for Py—almost surely (Z, X, A) = (z,z,a), f — ¢p(z,z,a) is

Lipschitz differentiable over B,.

Verifying the two conditions is straightforward in most applications. The Weibull and other
common parametric families satisfy Condition 1, with detailed results for the Weibull dis-
tribution found in Example 5.4.3 in Van der Vaart (2000). Condition 2 is satisfied for most

functions used, including log linear models with interactions.
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For ease in implementation, we consider a model-based estimator of the variance-covariance
matrix Xy given by

-1

En,model = Z f@ Tgé )

This estimator can be obtained using existing software. However, the result of Theorem 12

also suggest the model-robust ‘sandwich’ variance estimator

2 = 1,(0,)7'2 !

n,model

L(0) ™

n,robust —

with [,,(6,) == =L 31" 05, (0;). When the model P is correctly specified, both variance
estimators are consistent although the model-based estimator is expected to be more efficient.
When conditions (A1l)-(A3) hold but the R-AFT model does not hold, then 6,, converges
to 65, the closest 0 € © to 6, in a Kullback-Leibler sense (White, 1982) and then only the

model-robust variance estimator is generally consistent.

3.4 Numerical studies

In this section, we present empirical results on the performance of the maximum likelihood es-
timator of R-AFT model parameters in finite sample settings. We make use of the Flexsurv
(version 2.2) package in R (version 3.5.1), which evaluates the likelihood and score func-
tions for a collection of parametric distributions. To evaluate the maximum likelihood, we
used the Nelder-Mead algorithm within the optim function. We construct model-based 95%
Wald-type confidence intervals using the model-based standard errors o7, ., as described in
Section 3.3.2. We consider a data-generating mechanism according to the following sequential

pecification:

1. baseline covariates: generate Z; = z; ~ Bernoulli(0.5) and Zy = z3 ~ Uniform(0,1),
independent of each other;

2. exposure indicator: generate F = e ~ Bernoulli(0.5);
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3. age-at-exposure: if e = 1, generate A = a ~ min[Weibull(2.5, 45), 100];
4. dose: if e = 1, generate X = z as I(0.001 < X < 4)X +4I(X > 4) with X a

lognormal(-4, 2.3) random variable;

5. unexposed survival time: if e = 0, generate T' =t ~ Weibull(5, 70);

6. exposed survival time: if e = 1, generate T' = t ~ a+U with U following the conditional
distribution of U — a given U > a for U ~ Weibull(5, 70/¢(z, z, a));

7. truncation time: generate W = w ~ a + 30xBeta(3, 10);

8. censoring time: generate C' = ¢ ~ w+Beta(20, 10)x S¢.

The collection of baseline covariates represent potential confounders or effect modifiers
in the Life Span Study data. The covariate Z; is analogous to sex, which modifies the
acceleration factor. The variable Z, is distributed according to a Uniform(0,1) and represents
a proxy variable for socioeconomic status. Age-at-exposure A is chosen to have a distribution
centered near 25 so that it is comparable to the observed data on age-at-exposure. Dose X
is generated according to a log-normal with mean and standard deviation values matching
those observed in the Life Span Study dataset.

We generated 1000 datasets of size n € {250, 1000, 10000} and examined performance for

two choices of acceleration factors log ¢s(z, z, a), namely

1. Model 1: log ¢p1(2, 2, a) = Bo + BageA + Baosen X + Bz1Z1 + Bz2 2o

2. Model 2: 1Og gb,@,?('zu x, CL) = /30 + BageA + Bdose,QX + 5Z121 + 5Z2Z2 + ﬁdose:ZlXZh

which differ in whether or not they include an interaction term. In addition, we vary the
censoring distribution coefficient So € {70, 80,90}, which results in different censoring levels.
For brevity, we present only the performance of the MLE f,, of the dose main effect. The
results presented in Table 3.1 and Figure 3.1 demonstrate that the method results are unbi-
ased and have appropriate coverage of the acceleration factor coefficients in the simulation

scenarios considered.
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Size (n) A =0 Mean Bypse1 Coverage Bapse; Mean Bupseo Coverage Buose 2

27% | 0.520 | 94.3 (%) | 0.539 | 93.7
20 7% | o517 | 94.1 (%) | 0.544 936
10% | 0.516 | 94.4 (%) | 0.544 | 95.2
27% | 0.502 | 94.4 (%) | 0.501 | 97.6
1000 179 | 0.503 944 (%) | 0.509 | 94.3
10% | 0.502 | 94.5 (%) | 0.509 | 94.2
27% | 0.499 | 95.7 (%) | 0.501 | 95.1
10000 4797 | 0.499 969 (%) | 0.500 | 95.9
10% | 0.499 | 95.9 (%) | 0.501 | 95.2

Table 3.1: Performance of parametric estimation strategy in simulated data setting, true
Baose = 0.5 in both settings. Performance is evaluated over 1000 replications. Column one
indicates the percentage of missing outcomes due to censoring, columns two and four show
mean of the estimator, columns three and five show empirical coverage.

150

count
=
o
o

0 - _- .
-10 -5 0 5 10
~Jn — scaled bias

Figure 3.1: Empirical distribution of Sy, coefficient estimates over 1000 replications
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3.5 Results from the Life Span Study

The Life Span Study is a prospective cohort study of Japanese survivors of the 1945 atomic
bombings of Hiroshima and Nagasaki (Ozasa et al., 2019). The study cohort includes 93,741
survivors who were located within 10 kilometers of the hypocenter in either city at the time
of the bombings. Participants were recruited through a supplementary survey to the 1950
National Census of Japan; their follow-up began on 1 October 1950. For each participant,
follow-up continued until the date of death obtained from the Japanese National Family
Registry system, which is virtually complete. The primary outcome for our analysis was
death due to any cause. Participants were considered to be censored when they emigrated
from Japan, when they attained 110 years of age, or at the end of the study period on 31
December 2009. DS02R1 radiation doses were estimated from the DS02 dosimetry system
based on a participant’s age-at-exposure; the city in which they were exposed; the ground
distance between the bomb’s hypocenter and their reported location; the amount and type
of shielding between the participant and the blast; and the orientation of the participant
relative to the direction of the blast (Cullings et al., 2006, 2017). Weighted absorbed dose to
the colon (in gray) measured the absorbed energy per unit mass of tissue calculated using the
DS02R1 radiation doses. Participants with an unknown dose (n=7,021) — primarily due to
complex shielding situations not accommodated by the dosimetry system — were excluded,
resulting in a sample size of 86,559. We defined the ‘unexposed’ (or reference) group as
survivors at distal locations (i.e., more than three kilometers from the hypocenter) (Cologne
and Preston, 2001); estimated radiation doses are set to zero for these participants. Relevant
covariates included city (Hiroshima or Nagasaki), government-reported sex (male or female),
and age-at-exposure (in years).

In line with the data structure presented in Section 3.2.2, the data were prospectively
collected from the target population based on a national census. Due to the length of time of
collection, we account for left truncation from the time at which the census was taken. Cohort

follow-up begins 5 years after the time-of-exposure, which restricts the study to measuring
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the long-term survival outcomes due to radiation exposure excluding acute effects. As such,
we modify the definition of survival to be conditional on the subset of individuals who were

alive prior to 1945 and after 1950.

Coeflicient ‘ B™ (s.e.) Bt (s.e.)

Bo | -0.11 (0.006) | -0.13 (0.009)
A | 0.18 (0.04) -0.07 (0.06)

P | 0.56 (0.12) | 1.23 (0.18)

Bs -0.05 (0.14) | -0.21 (0.19)

B -0.01 (0.018) | 0.08 (0.018)
Bs | 0.056 (0.02) | -0.006 (0.02)
Be | -0.012 (0.006) | -0.0002 (0.007)

Table 3.2:  Estimates of model coefficients for RERF data stratified by sex m :=male,
f :=female. The age variables (1, B2, 33) are on the scale of (years/100), while dose variables
(B4, Bs, Bs) are in gray. s.e. denotes the standard error estimates.

We note that in the Life Span Study cohort government-reported sex s € {m, f} is an
established effect modifier of radiation dose and modulates survival in the reference pop-
ulation (Ozasa et al., 2012). A Weibull distribution was assumed for the survival times
among the unexposed population. The association of radiation dose with mortality is known
to depend on age-at-exposure and might not be linear (Ozasa et al., 2012). Therefore, we
fit a simple yet flexible log-linear model for the acceleration factor, which included a cubic

specification for age-at-exposure a and for radiation dose x:
log ¢5(a, z) = B3 + Bra + Bsa® + Bsa® + Bix + Bix® + Bix®

We provide parameter estimates and standard error estimates in Table 3.2 and summarize
the findings by quantifying residual survival within specific populations. We interpret the

results using both the relative and absolute differences in estimated median residual survival
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as a function of radiation dose for individuals exposed at the same fixed age.

At 0 gray, the median relative residual survival decreases as age-at-exposure increases
(Figure 3.2). In particular, male survivors exposed to a dose of 0 gray (i.e., in proximal
locations) at age 30 years had a 1% reduction in median residual survival compared to
unexposed survivors (i.e., in distal locations) who were alive at age 30 years. Among all
age-at-exposure groups, relative median residual survival decreased as dose increased. For
example, men exposed to 2 gray at age 30 years had a 11% reduction in median residual
survival compared to men exposed to 0 gray at age 30 years. Compared to unexposed
survivors who were alive at age 30 years, the reduction in median residual survival was also

roughly 11% (i.e. 1 - 0.89 x 0.99).

Age at exposure, years B 10 B 30 B 50 Age at exposure, years B 10 B 30 B 50

[N
-
[N
[N

=
o
=
o
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Relative median residual survival

o
©

Relative median residual survival

0.7 0.7

0 1 2 3 0 1 2 3
Radiation dose, gray Radiation dose, gray

Figure 3.2: Estimated relative median residual survival by varying radiation exposure doses
among men (left) and women (right) when compared to an unexposed individual of the same
Sex.

Alternatively, we make use of the parametric model structure to summarize the median
number of residual years lost due to radiation exposure (Figure 3.3). Among all age-at-
exposure groups, the median difference in residual years worsened as radiation dose increased.
For example, men exposed to 2 Gy at age 30 years lost 4.8 median residual years compared
to men exposed to 0 Gy at age 30 years. The results shown in Figure 3.3 are consistent with

earlier analyses of the Life Span Study data (Ozasa et al., 2012), which reported that higher
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radiation dose is associated with greater decrements in survival, survivors exposed at younger

ages are particularly sensitive to radiation, and women have a greater radiation-associated

loss of life compared to men.

Age at exposure, years B 10 B 30 H 50

-10

Difference in median survival, years

-15

-10

Difference in median survival, years

-15

Age at exposure, years B 10 B 30 H 50

0 1

Radiation dose, gray

2 3 0 1

Radiation dose, gray

2

Figure 3.3: Estimated difference in median residual survival by varying radiation exposure
doses among men (left) and women (right) when compared to a 0 dose exposed individual

of the same sex.
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Figure 3.4: Estimated survival curves of unexposed population of men and women under
Weibull distribution compared to Kaplan-Meier.
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A comparison between the parametric estimated survival distribution and the nonpara-
metric Kaplan-Meier among the nonexposed group is presented in Figure 3.4. This figure
suggests that the Weibull model provides a decent fit to the observed data, though an im-
proved fit may be possible with a more complex parametric model for the unexposed survival

time.
3.6 Concluding remarks

We have introduced the residual accelerated failure time model as a statistical tool to quan-
tify the association between a point-exposure and residual life expectancy. It is especially
useful in settings in which the exposure occurs at a random time and has an effect possibly
modulated by dose and age-at-exposure. In such cases, the acceleration factor quantifies the
relative mean (or median) residual survival as a function of dose for a given age-at-exposure
and covariate level compared to an unexposed group with the same covariate profile that
survived to the same age. The advantage of the R-AFT model is that the coefficients for
age-at-exposure are interpretable as effect modifiers of exposure — such interpretation does
not readily follow from use of either a traditional AFT model or Cox model.

We propose a parametric modeling strategy in this chapter and establish the asymptotic
linearity of the maximum likelihood estimator of model parameters. This naturally gives rise
to both model-based and model-robust approaches to inference. We use the developed model
to study the cohort of participants in the Life Span Study, namely examining the relationship
between radiation dose exposure and residual survival. This application illustrates well the
need for the proposed model since it involves a point-exposure occurring at a random time.
It is of interest to develop inferential methods for use in semiparametric formulations of the
proposed model, which would make fewer modeling assumptions without jeopardizing the
interpretability of model coefficients. However, such extension requires significant analytic

developments and is left as future work.
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Appendix A

CHAPTER ONE APPENDIX

Appendix

A.1 Part A: identification

Before establishing the identification of 6y, we show that components of the ideal data dis-
tribution Px can be identified in terms of the observed data distribution F.

Under conditions (A1)-(A2), in view of Theorem 11 of Gill and Johansen (1990), for any

t € (0,72(2)), we can write

1—Fxo(t|la,z) = Sxo(tla,z) = T {1—Axo(dula,z)} (A.1)

u€[0,t)
for  Axo(t]a,z2) = Ot % We first express the observed
follow-up  time subdistribution function in terms of Pxp. Defining
Fo(tlw,a,z) = PxoT<t|W=wA=a,Z=2T>W) and Go(w|a,z) :=

Pxo(W <w|A=a,Z =2T>W), we note that

To(w)Fxo(dt | a, 2)Gxo(dw | a, 2)

Fo(dt |w, a,2)Go(dw | a, z) = [ Gxoula,z)Fxo(du]a,z)

under conditions (B1)—-(B2). So, we have that

Fioula,z) = PB(Y <uA=1|A=a,Z =2z)
= Pxo(T<u,T<C|A=a,Z=2T>W)

= //I[O7u](t)PX70 (C>t|T=t, W=wA=a,Z=2T>W)Fy(dt|w,a,z)Go(dw|a, z)
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= //Ioﬂ](t)Qo(ﬂw,a, 2)Fy(dt | w, a, 2)Go(dw | a, z)
S T (6)Qo(t | w, a, 2) Fx o (dt | a, z) G x o (dw | a, z)
[ Gxo(t]a,z)Fxo(dt]a,z)

[ o, (@) { [ Lio.g(w)Qo(t |w, a, 2)Gxo(dw | a, z)} Fxo(dt]|a,z)
[ Gxpo(t|a,z)Fxo(dt]a,z) ’

which implies that

2) = [ i) (w)Qo(u | w, a, 2)Gx o(dw] a, 2)

Fyo(d
10(du|a, S Gxo(t]a, z)Fxo(dt|a,z)

Fxo(dula,z) .
Next, we can write that

Ro(ula,z) = PB(W <u<Y|A=a,Z =2)

= /[[O’u}(w)PX,O(TZu,C’zulW:w,A:a,Z:z,TzW)Go(dw\a,z)

— /[ s <u>@o<u (1w, 0, 2)Fo(dt | w, a, 2)Go(duw | a, 2)
T e (19)@o(u 10,0, )T () Pt |, 2) Gl |, 2)
fGXp(u |a, z)Fxo(du]a, 2)

_ [ i) (w)Qo(u| w, a, )G x o(dw] a, z)
J Gxoltla,2)Fxo(dt|a, z)

Sxo(ula,z) .

Thus, under conditions (B1)—(B2), we find that

t t
N Foi(du|a,z) / Fxo(du|a,z)
Ao(tla,z)= | ———"2= [ ——"2L=Axo(t|a,z),
oltlens) =[RS ) Soasy ~eatle
and so, in view of (A.1), Fxo(t|a,z2) is identified by Fy(t|a,z) = 1 — Tuconil —
A(t|a,z)}. The fact that Fy is identified directly implies that the target conditional
truncation distribution Gx is itself identified in view of the fact that Gxo(du|a, z) g,

Sxo(ula,z)"'Go(du|a,z), which allows us to write that

1
Yo(a, z)

Gxo(wla,z) =

/ Sxo(ula,2)"'Go(du|a, 2)
0
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with yo(a, 2) == [ Sxo(u|a,z)"'Go(du|a, z) the appropriate normalizing constant. Simi-
larly, identification of F'x o implies identification of the target joint exposure-covariate distri-

bution function Jx in view of the fact that

Jo(da,dz)

[ Sxolu|a,2)Gxo(du,a,z) Yo(a, 2)Jo(da, dz)

Jxo(da,dz) o, .

so that Jxo(da,dz) = o(a, z)Jo(da,dz) with Yo(a,z) := v(a,z)/ [ 10(a, 2)Jo(da,dz). Of
course, the target marginal covariate distribution Hx is then itself identified from the
identification for Jx o through marginalization. Since 6, is a functional of Fxy and Hx o, the
identification of the latter distributions directly implies that of 6.

The observable conditional censoring survival function )y can also be identi-
fied using product-integration as in the well-known context of right-censoring with-
out truncation. Defining with some abuse of notation the subdistribution func-
tion Foo(u|w,a,z) = Py(T <u,A=0|A=a,Z=z) and at-risk probability function
Ro(ulw,a,z) =P (W <u<Y|W=w,A=a,Z = z), we have that

Foolulw,a,z) = —

Ic<u)Py(T>c|W=w,A=0a,Z =2C = c)Qy(dc|w,a,z)

——

IHe<uw)Py(T>c|W=wA=a,Z =z)Qo(dc|w,a,z),

which implies that Foo(du|w,a,2) = =Py (T >u|W =w,A=0a,Z = z) Qo(du|w,a, z),

and furthermore, for u > w, we have that

Ro(u|w,a,z) = Po(Y Zu|W =w,A=a,Z = z)

= PR(C>ulW=wA=a,Z=2)R(T>u|W=wA=0a7=2).

Thus, we find that Fjo(du|w,a,z)/Ro(u|w,a,z) = —Qo(du|w,a,z)/Qo(u|w,a,z), which
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then implies that Qg(c|w, a, z) can be identified by the product-integral

-y

c€[0,u)
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A.2 Part B: proofs of theorems

To begin, we present certain key identities on the linearization of conditional survival integrals

that will be used below.

Lemma 2. For each (a,z) € {0,1} x Z and any 0 < o < < oo, the following identities
hold:

@ [ ety 2)(Fr = Fo)dy|0.2) = /hwma@—ﬁiiﬁm ~Ro)dyla,2):

Se(y|a,z)

(b) / (SP~_ So)(w|a, z) Gpldw|a,z) = /rypu(y, a z)M(AP — /~\0)<dy |a,2)

Sp(w|a,z)? Sp(y|a,z)

Bw > pr(y,az) dy|a, 2 Lo ,(y,a, Z)A dyla
[t [ a2 - e bt S|
v (w, o su L~p<p(y,a ?) — LP’“"@’CZ’z)
= el 76)y€ap5 Sp(yla,z) So(y|a,z)
vre(y:a,2) 5 dyla, =) — Lot (y, a, 25 dyla -
/ hﬁﬂa@ rldy102) = 5 Ta sy @1 ﬂ'
")/Ph(y7a Z) P):O, (y>aa Z)
Sp(yla,z)  So(yla,z)

(c)

< 3v,(w,a, B) sup

y€[a,B]
3v.(w, o, B)
———— sup |G a,z2)—G a,z
S()(ﬁ|(l,2)3 ye[al,),b’}| P<y| ) O(yl )|
2v,(w, a, B) 1 1

sup

(6|a Z)SO(ﬂ|a Z) yE€la,p]

Sp(yla,z)  So(yla,z)|’

where v,(w, a, B) denotes the mazimum of the total variation and supremum norm of the

function y — w(y, z) over the interval |o, (].

Proof. The Duhamel equation (Theorem 6 of Gill and Johansen, 1990) indicates that

Y So(ua, 2)

o Sula,z) (A = Ao) (du]a, 2)

(S_ SO)(y’aa Z) = _S(y‘aaz)

for any two continuous survival functions S and Sy and their corresponding cumulative
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hazard function A and Ag. The differential form of this equation is

(P=Fo)(dy | 0.2) = Soly |0, ) A=Ay 0, 2)- [ Solwl@:2) (x _ A)) (dula, 2)F(dy]a. 2).

o Sula,2)

The latter equation allows us to write

/ o(y,2)(Fp — Fo)(dy|a, 2)

= /(p(y, )So(y]a,z) ~P—/~X0)(dy’aaz)

|
5
<
X
c\@
Pz
==
E@
=
e
|
=1
o
=
N
=g
B
N
S—
el
N
<
B
X

// (u <)y, 2 )S( |’az))(Ap—A0)(du|az)Fp(dy|az)

= [Sutwlas) {otm - SP(1|aZ)/mwu,z)Fp(dura,z)}<AP—A0><dy|a,z>

= [ Lortvla z>%m ~ Ro)dyla,2).,

where we have used that

/yOOSO(UaZ)FP(dum,z) = _/yoosﬁ(u,Z)Sp(dum,z)

= — gp(u, Z)SP(U‘G,Z) :o‘l’ /oo gP(u|aa z)gp(du, Z)

= ¢(y,2)Sp(y|a,2) + L p(y,a,z) .

and this establishes part (a). We again make use of the Duhamel equation and write that

/(5‘p~— So)(w | a, z)G (dw |, 2)

w|az)

v So(ula,2)
/SP w|a Z (w|(l,2)/0 ~—)<AP—A0)(dU|a Z)Gp(dw|a Z)

Sp(ula,z
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) _/{ uooap<dw|a,z>}sp< 10.2) &, Ro)(dula. 2

SP(w|a Z) <u|a7 Z)
- /yph(u a Z)%(AP —Ao)(dy|a,z)

which establishes part (b). Next, using the fact that

L@(u)A(du):z-%g(du)+-¢(du)

for any survival function S, corresponding cumulative hazard function A and ¢—integrated

form L, we have that

Bw - LP,SO<y7a7Z>~ a.z) — L080<y’a Z) a,z
|t >{—§P(y,ajz) oty 0.2) = 220 3y >]

A Lp, Lo
= ) — d 3 _T’wd )
té wQJZ){Sb( yla,z) B (y|a2ﬂ

0
LPM(y,a, z) B Loyw(y,a,z)} B . /B [LNPM(?/,&, 2) B LNO,ga(?J,a, z)] w(dy, z) .
« SP(y|aa Z) So(y|(l, 2)

= “2) [§P<y|a,z> Soly| @, 2)

Y=«

This then implies that

/fw@,z) {% P(dyla,z) - %ﬁ (dy’az)H

L L
2 sup |w Y,z |+/ |CL) dy, sup ~P¢(y’a Z) o ~07<P(y7aa Z) .
velol | Sp(y|a, 2) So(y|a, 2)

y€[a,B]

<

which implies the claimed inequality in (c). Finally, using integration by parts, we write

Sp(y|a,z) (y|CL,Z)
N T R B )
(‘”’ )[sp<y|a,z> Soly | a. z>}
A fYP,h<y7a7’Z> ( Z) W . ﬁw » fYP,h(dyvaa Z) _Vo,h(dyva Z)
+ {Sp<y\a,z> so<y\az>] @9+ [ ol )[3p<y|a,z> Solya2)
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and furthermore expand

[ewalgiis —2ans] = L[5 E' G”EZ‘TL‘L?]

N /a “l5:2) {gp(ylla, 2?2 Soly |1a,Z) ] pldy|e:2) / y|a S coldule?
B

:Ll“@”ﬁ&mjm@_ﬁmﬁm@}&ﬂim@+'<|aay%w““”

C (G — ) D S M ol (1) I 0z
b [ (Gr = G la,s) [t + g e Fldy]a.)].

This allows us to write

/jw(y,Z) {%J\p(d(ﬂlay z) - —?05{5’ ZZ)) o(dy | a, Z)H

< |2 sup |w(y,z \—l—/ lw(dy, 2)|| sup VNPU(y’a ?) VNO,u(y,a,z)

yela,f] velad) | Sp(y | a, 2) So(y|a, z)

# s ol )] | g b o] 1 1
sup |jwly, 2 sup |—= _
y€la,f] Sp(ﬁ |a, z) So(ﬁ |a, 2) ] yela,8) | SP(y | a, 2) So(y la, 2)

2 |w(dy, )| 25up,cias [w(y:2)]

+ |5 + ’ sup |Gp(y|a,z) —Go(y|a,z)|,

[ SO(B | a, z)2 So(ﬁ | a, 2)3 velof] ’ P( ‘ ) O( | )|
thus implying the claimed inequality. ]

Proof of Theorem 1

Let P € M be given, and take {P. : |¢] < ¢} to be a suitably smooth and bounded (i.e.,
Hellinger-differentiable) path with P._q = P and score for € at € = 0 given by h € LY(P), and
let h = hy + hy denote the LY(P)—unique decomposition of i for which o — hy(y,d, w,a, 2)
and o — hg(a, z) are such that, P-almost surely, Ep[hi(O)|A, Z] = 0, Ep[ha(O)] = 0,

varplhi(O) | A, Z] < oo, and varp[hy(O)] < co. We wish to compute the pathwise derivative

// () F oo, ) ()|

0
e V(7
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= 5% /// (t, 2)F.(dt | ag, 2)7c(a, 2)Jc(da, dz) B

where here and below we use the shorthand notation A, to refer to Ap, for any relevant
quantity Ap indexed by P. Furthermore, under mild regularity conditions allowing inter-

change of integral and derivative operations, this pathwise derivative can be decomposed as

(1) + (2) + (3) with

(1):// /tz o, 2)|
(2):/// tszdt]ao,)a%(az)

(3) = / / / o(t, 2)Fp(dt | ag, 2)7p(a, 2) %Je(da,dz)

’_yp(a z)Jp(da, dz)

Jp(da, dz)

e=0

Below, we study each of these summands separately.
By integration by parts, we first note that [(t,2)F.(dt|ag,2) = ¢(0,2) +

1l S.(t | ag, 2)p(dt, z), and so, we can equivalently write

I s

To compute the pathwise derivatives of € ~ S.(t|ag,z), we first consider the pathwise

o(dt, 2)yp(a, z)Jp(da, dz) .

e=0

derivative of € — A (t \ ag, z), where A, is the cumulative hazard function corresponding to

S., defined as A(t]ag, fo (w]ag, 2) ' Fi(du] ag, z). We can show that

0 + L 2F (dulao, )| _ t LR (ulao,2)| _
—A(t = [ 2= e —/ o L =0 p(d
86 ( ‘CL(),Z) — /0 RP(U|a0, ) o RP(U|G0,2)2 17P( U|CL07Z)
ALY <1) IW<u<Y)-
= F —_ =7 Ap(d h A= 7 =
e / Ro(ulap,2) " r\dloo ) ph(O) A =a0,2 =2

= FEp [—gbKM,p((U, a, Z) — I(u < t))(O)]’Ll(O) | A= Qagp, Z = Z]
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by first showing that

9, 0 (y <w
&FLE<U’|G’O7 /// RP 5‘@0, hl(yaéawaa’07z)P(dy’d5a dU)|CLO,Z)
and
<u<
gR (U’ ap, 2 //// w ‘l; y Ap(dUlCL(), )hl(yaéawaaﬂ)z)P(d{y’déa dw|a'07z)'
€ 05 %

This then implies, using Theorem 8 of Gill and Johansen (1990), we that

/~\E(t|a0,z)

Sl

= —gp(t | ap, Z)

e=0

o -
asg(t | ao, Z)

e=0

= Ep [—gp(t | ag, 2)pxm p((u, a, z) = I(u < t))(O)hi(O) | A=ay, Z = z| .

In particular, this allows us to compute

o -
/ &S&t ’ ao, Z)

pldt,z) = Ep[=diur(Lpy)(0)h(0)[A=ao, Z = 7]

e=0

- B | AILAGZ‘;): Somur(Ln, ) (O)h(0) ‘ 7= z]
and therefore, we have that
W - [[ & {— s a;‘?_ 0ur(Le ) (O)(O) ‘ 7= z] 5p(a, 2)Jp(da, dz)
~ Ee|Br |-, AILAGO‘|‘;°>: Sour(Lr, O (0)| 2] 30(4,2)
— B [ (Z)orann(Lr )OO

where we have defined 4p : z +— Ep[yp(A,Z)|Z = =z]. From the result
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Ep|oxm,p(Lpy)(0)| A= ay, Z] =0 P-almost surely, we can write

I(A = ay)
CP(A=ay|Z =2)

(1) = Ep Tp(Z)¢xm,p(Lpe)(O)R(0)
in view of the fact that hy(O) is only a function of (A, 7).
We now turn to computing the pathwise derivative of € — J.(a,z) at ¢ = 0, which is

critical for computing (2). We have that

119 0

godas)| = o [ Sodaw)|  =n(es) o ]
ZQM 'ypaZ // —.(a, z) p(da,dz) + //vpaz—(]dadz)
de v |- Oe e=0

using that v. = [[ 7e(a, z)J.(da, dz), so that we can decompose (2) = (2a) + (2b) + (2¢) with

(2a) = —//up a%cm) )
@) = —wr) [ Sates)|

(2¢) = —\I/(P)i//yp(a, 2)hs(a, z)Jp(da,dz) .

P

Jp(da,dz)

Jp(da,dz)

In particular we note that

@)+ 20) = [[ erl2) Foutas)|

with £p(2) = yp' {up(z) — W(P)}. This expression involves the pathwise derivative of

Jp(da,dz)

€ — Ye(a,w) at e = 0, which we can be computed as

0

d
&%(a,z) w|a 2)

=0 (96 Sw]az

1
— /W@eG<dw|a 2)

e=0
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1 0 o -
1
— N—h P d ,d57d ,
///Sp(w|a,z) 1(0)P(dy wla,z)

- u,a,z u<w =a :Z—G(dw|a,z)
[ B l-dnpln0,2) = 1 SO (O) | A= 0,7 = ) £ T007
1
= Ep {{SHW—M —pl(a,z) — ¢KM,P(’YP,h)(O)} h(O) ‘ A=a,Z= Z} :

where we re-centered the first summand by vp(a,2) = [ Sp(w]|a,2)"")Gp(dw|a,z) in the
penultimate step, which then allowed h; to be replaced by h since hy(O) only depends on
(A, Z). We can therefore write that

1

(2a) + (2b) = Ep [fP(Z) {W

~19(4,2) = brour(12:)(0) b 1(O)]

Using the fact that hy(O) has mean zero conditional on (A, Z) and that Ep[yp(A, Z)] = 1,

we can write that

(26) = ~0(P) [ [ 3p(a,2)bala, 2)In(de, ) = ~Ep [W(P) {10(A, 2) ~ 1} 1(O)],

from which we conclude that

2) = B H&”(Z) {m (4, 7) - ¢KM,p<vP,u><0)} ~W(P) {30(4, 7) - 1}} h<0>]

- 5 |[er® {W ~1P(A. 2) = drp(1£:)(0) } — U(P) 13p(4. 2) ~ 1}] 1(O)]

The final term to compute, (3), has a simple form. Indeed, using a similar argument as

above, it can be written as

®) = [ [ nreinta2)hala,2)Ip(da. dz)

= Eplup(Z)7p(A, Z)ha(A, Z)] = Ep[{upr(2)7p(A,Z) — ¥ (P)} h(O)].
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Adding the expressions derived for each of (1), (2) and (3), as claimed, we find that the

pathwise derivative of € — W(FP,) at € = 0 is given by

1
gP(W’Aa Z)

Ep H_ I(A = ao)yr(Z)

P<A = Qo | 7 = z)¢KM7P<LP:<P)(O) + SP(Z) {

- draur()(0) ] 10)].

which is simply Ep[¢p(O)h(O)] with ¢p as defined in the main text. This establishes the
pathwise differentiability of P +— W(P) relative to a nonparametric model as well as the fact
that ¢p is the nonparametric efficient influence function of ¥ at P.

We now study the linearization of ¥ around P, based on ¢p. Specifically, we derive the
form of the remainder term R(P, Py) := ¥(P) — VY (Fy) — (P — Fy)¢p from this linearization.
We begin by decomposing the difference W(P)— ¥ (Fp) as the sum (D1)+ (D2)+ (D3) + (D4)
with

OV = [[ el 2)(Fr = Fldy|an,2) od2)
02) = [[ &) trrta.2) = 0la,2)) doda dz)

©3) = 222 [[ cooufa ) dntda. )
O = [[ Grpa2)0r - h)(dasds).

First, using part (a) of Lemma 2, we can write

//Lp@ o, z) 0 0.2 )(A ~ Ro)(dy | ao, ) Ho(d=)

P(y | Qg, =

Next, we decompose (D2) as the sum (D2a) + (D2b) + (D2c) + (D2d) with

(D2a) ///gp Sp (w]a,z) — So(w|a, z)} Gr(dw]a, Z)Jo(d ,dz)

Sp(w|a,z)?

(D2b) := / / / m (Gp — Go) (dw| a, 2)Jy(da, dz)
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(D2c) // £n(z { |az)_ (1 }(GP—GO)(dwya,z)Jo(da,dz)

| a,2)

(D2d) /// {Sofpm o SPfPﬂi Z)} {§O(w|a, 2) — Sp(w|a, z)} %Jo(da, d2)

Using part (b) of Lemma 2, we can rewrite

Soly|a, 2)
(D2a) = //fp {/’}/Ph Y, a,z) Syla2) (A — Ao)(dy | a, z)} Jo(da,dz) .

We then note that we can decompose (D3) as the sum (D3a) + (D3b) with

(D3a) := u/ ¢p(2) [vp(a, 2) — vo(a, 2)] Jo(da, dz)

(D3b) := 12— / p(2)vp(a, 2) (Jp — Jo) (da, dz)

using the fact that [[&p(2)vp(a,z)Jp(da,dz) = 0.

We now compute the linear term (P — Py)¢p = —Py¢p, which can be decomposed as the

sum (L1) 4+ (L2) + (L3) + (L4), where we define

//71’0
(12) ///&a o m(y,az)(AP—Ao><dy|az>Jo<dadz>
(L3) /// (562 (Gp — Go)(dw| a, 2)Jo(da, dz)
2

- o

We now scrutinize the terms appearing in R(P, Py) = (D1) + (D2) 4+ (D3) + (D4) — (L1) —

R0<y7 g, 2 ) LP,Lp(y7 ao, Z)(AP — /NX(J)(dy | ap, Z)ﬁO(dZ)
RP(yaa(]? )

X:UI \Q| \QI

)(Jp — Jo)(da,dz) .

(L2) — (L3) — (L4). First, we observe that (D4) — (L4) = 0 and (D2b)

use vp(y,a,z) := Sl

— (L3) = 0. Next, we
—RP(‘” [a:2) for simplicity and we note that

(D1) - (L1)
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RP y7a07z) N S’p<y|a0,2)

_ // Liu(y, a0, ) {m(z) _P(GO;Z)) Ro(( ,a0,2)  Soly|ao, 2) } (]\P _ ]\o)(dy | ao,z)ﬁo(dz)
_ // Lp#,(y,ao,z) {7;?(2) ’7P<a0, 2) l/P((y;(IO, Z) . 1} M(AP . A())(dy | ao, Z)ﬁo(dZ)

(Z) _O(CLO’Z) Yo quOuz) Sp(y|a0,z)
o a U(Z)’_VP(CLOaZ) VP(yacLOaz) _ i_ an. 2 7 p
- Jf et S S S 1}(5 1) @l Tl
= Ri(P,P),

where we used the fact that

M(AP—AOMW 5 = (5— - 1) (dy]a,2)

P(Z/‘C% Z) P

which is a consequence of the Duhamel equation in Theorem 6 of Gill and Johansen (1990).

Using the same argument, we note that

(D2a) — (L2)
= // Ep(2)vpy(y, a, 2) { k?o(ym’ 2 _ @O(ym’ ?) } (Ap — No)(dy | a, 2)Jo(da, dz)

P(ylawz) RP<y|a7Z)
= [[[ srtenmatoa s {1 -0} LSS R~ Aoyl =) . i)

w(yla z) ) Sp(yla,z)
- // Ep(2)ypy(y, a, 2) {1 — ZI;((y ||;l ;)} (— — 1) (dy|a,z)Jo(da,dz) = Ro(P, Py).

We also note that (D3) = (D3a) + (D3b) = R4(P, ) and that (D2c¢) + (D2d) = R3(P, B).

As such, we find that the remainder from the linear approximation of W(P) — W(F)) by
(P — Py)¢p is given by {(D1) + (D1) 4 (D1) + (D1)} — {(L1) + (L2) 4 (L3) 4 (L4) }, and this
quantity coincides precisely with the form of R(P, Py) given in the theorem.
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Proof of Theorem 2

We begin by studying the estimation error of ¢;;. First, by Theorem 1, we note that ¢, , —
o = —Fodn, , + BNk, mo) for each k =1,2,..., K, and so, denoting Doo := Doo — Pythoo, We

can write

U — o =

==
] =

(Vs + Pogdn, o — %0)

k=1

[
= -
M=

{(]Pn,k — By)boo + (Prg — Po)(by,. ;. — Poo) + R0k 770)}

1

3 >
Il

éoo(Oz) + Tan + Ton + Ten
1

S|

%

where we have defined 74, := %= S0 Pk — Po)doo, Ton = 2 St (Puk — Po) (¢, — Poo)
and 7., = % Z,If:l R(Ngn,mo). We first show that r,, = op(n~1/?). To see this, we note that

since we can always find ny, ng, ..., ng such that [ny K —n| < K for each k =1,2,... ,n, we
have that
- 11 n 1 &
rul = [ 3 (o ) =000 < max| 1] o0

< (75%) s X a0l = 0pla™)

_ Op(nfl/Q)

in view of the fact that varo{¢.(O)} < co. Next, we show that ry, = op(n~/?) under Con-
ditions (C1)—(C4). Denoting by Dy := U;¢V; the portion of the dataset used to construct
Nk and writing A, ;1= /2 (P, — Po)(y,.,. — o), by Chebyshev’s inequality, for any e > 0,

we have that

varo (An,k | Dn,k) < E . PO ((bn,k: - ¢00)2

Py (|[Apk| >¢|Dy) <
o (|Ank| >€[Dy) < = - =2

— 0
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provided Py (¢ — $s0)? tends to zero in probability and using that n/n, — K < oo. By
the Bounded Convergence Theorem, it follows that A, , tends to zero in probability since

we can write

PO(|An,k| > 6) = E() [PO(|An,k| > €|Dk)] — 0

-1/21 K

>y An = op(n7?), as claimed, provided

for each € > 0. This implies that r,, = n
we can show that Py (¢nx — ¢se)” = 0p(1). To do so, we first observe that we can express

Onk — Poo as the sum Uy 1 + Uz e + ... + Ut1 i, Where we define

f?n,k(aﬂ Z) . f_}/OO(a’a Z)
Tnk(2) Too(2)

Ul,n,k 10— [(a = (10) |: :| ¢KM,%(Lw,¢)(za a,w,y, 5)

U2 k0 [(CL = Ao, 0 = 1)’_)/11,]@(@; Z)‘goo(y ‘ a, Z) le,k,go(ya a, Z) . L~oo,<,0(y7 a, Z)
o Wn,k(Z)Roo(y ’ a, Z) Sn,k(y ‘ a, Z) 500<y ’ a, Z) ]
U3 L 0 — [(CL:(J,(),(S: 1>f_>/n,k(a7 Z)Ln,k,<p(y,a, Z) ‘?n,k(ylawz) _ ‘?Oo(y|a7 ’Z)
" T (2)Snk(y | @, 2) Rok(yla,z)  Re(yla,z)
Ui 01 _1(a = ao)Ynx(a, 2) /y Spr(ula,z) B Seolula, 2) LNOO’LP(u,a, z)[X (dula, 2)
,n, 7rn7k<z) w Rmk(u ‘ a, Z) Roo(u | a, z) Soo(u | a, Z) o] y
I(a = ag)Ynr(a, z
Uspnp 0+ — ( WOZZ’)’“< )
/y Spr(ula,z) Lzlykw(u,a,z)]\ W(dula,2) — L~oo7¢(u,a,z)/~x (dula.2)
w Bogp(ula,z) | S, p(ula,z) ’ Seolula,z) = 7
nk(2) — ool 1
U6,n,k 10— K ’k( )ﬁ)/oolu ( ) |:Soo<w ‘ a, Z) - ¢KM,OO(7007H>(27 a,w,y, 5):|
1 1
Urpnr: 0= tni(z) | = — =
Tk 0 ) [Sn,mw o Bl zm]
U8 L0 6:un,k(z>goo<y | a, Z) ’Yn,lf,b (3/7 a, Z) . voi,ﬂ(ya a, Z)
" Rw(yla, 2) Tk Snk(Y]a,2)  YooSe(y]a, 2)
U9 L0 _6,un,k(z~)'7n,k,h (Z/; a, Z) Sn,k(@/ | a, Z) . goo(y | a, Z)
h YagkSun(yla,2) | Bap(yla,z)  Ru(yla,2)

Sn,k(u|a’7 Z) 5'oo(u|a’72:)

’YOO,u (u | a? Z) z
R - 2 A
wk(u]a,z)  Re(ula,z) (du|a,z)

YooSoo (| @, 2)

Yy
Uiop g : 01— Nn,k(z)/

w
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Yooi (1,0, 2) Aw(du la, 2)

vS . (u a, z
Ui 0 Mn,k(z)/ ] )

Yrgn(U,a, z)  «
A, (dula, 2) —
w Rn,k<u|a Z) [ ,k( u’a Z)

fYnkSn K(ula, 2) VOOgOO(u|a7Z)
with i, 1(2) := [ p(u, 2)(F, ) — Fo)(du| ag, z). By the triangle inequality, we then have that
Py (Snk = 00e)” < {(POU00)® + (RUZ,0)% + -+ (PoU) T,

and so, we can focus on bounding each PyU?, , separately. ~We define 7(z) :=

min{7¢(z), 7r(z)} and the (random) bounding terms Mj ,, x, Moy, - - ., M n s given by

f_yn,k(aOv Z) . 5/00(0’07 Z) ‘2
7Tn7k(Z) WOO(Z)

Ln,k,ap(y7 Gy, Z) LOO,(p<y7 Gy, Z)

2 —
M7, = Eo

2 L
]\/[M,,f = Fy sup

gn,k(y|a0,Z) goo(y|a07Z)

_yG[O,?(ao,Z)]
M2 — EO sup Sn,k(y|A7 Z) . Soo(y|A7 Z)
sk veraz) | Bk A Z)  Reo(y| A Z)
M2 L= EO sup f_y h(ya ) ) . f_YOO,h(ywAa Z)
dnk = —
velrr(A.2) 7w (a2)] | Snp(y | A Z)  Sw(y| A, Z)
B 2
1 1

Mgnk = Fy sup
| velrw (4,2),7w (A,2)]

2

Mg’nyk = E) sup |Gri(ul A, Z) — Goo(u| A, Z)|

_uE [IW (sz)vF(sz)]

)

where Ej is a Py—expectation over the random data unit (W, A, Z) drawn independently of
Nnk- Below, we restrict our attention to the portion of the sample space on which Fo(t | ag, 2)
is identified — this is the relevant event to focus on since it has FPy—probability tending to
one by Condition (Al). Before proceeding, we note that |¢xm,co(Looe)(2, a0, w,y,0)| <

Vioo(Ys 2) + Vaoo(y, w, z), where we write

‘ Sso(y | ao, 2)
Roo(y ‘ ao, Z)

Vieo(y,2) =

‘ LOO,§0<y7 Qo, Z)
Soo(y ’ ao, Z)

_ ‘LOO,WQ/? Qo, Z)
Roo(y ‘ ag, Z)
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Y Loo,o(u] ag, 2)
Voo — Zoo e\ 190, %) | ap,
2, (y7w72> /1; Roo(u’a()’z> ( u’ao Z)
B Y Loo(u| ag, 2) Ao (du | ag, 2)
a /w Roo(ulag, 2) Soo(u | a0, 2) Seol(u | ag, 2)
v Seo(ul]ag,z) 1
= || Locp(ulan2)5 (u|a(; S5 @ulan?)
Seo(u | ag, 2) /y
< Loo ) o d 9
S I Rclular,2)| J,, oot 2l ldelao. 2)

Now, for each z over [0,7(2)], u — ¢(u, 2) is assumed to have finite variation, and so, we
can write (-, z) = 1(+,2) — a(+, 2) for non-decreasing functions ¢i(+, z) and @s(+, z) with
finite variation. This implies that we can write Lo, = Loo, o, — Loop, With Log ), Lo,y > 0,

which implies that |Loo ,(u | a, 2)| < Loog, (6| ag, 2) + Loop, (4| ag, 2) and

[ st an, 2 g ao,2)
Y

1 1
< / Lo o, (u] ag, )S—(du|a0,z)+/ Lm7@2(u|a0,z)s—(du|ao,z).

w

By integration by parts, we have that

Y 1
/ Lo, (u] agp, Z)S—(du | ag, z)

Lo . (y]|ag, 2 Lo o (w|ag, z 4 1
Seo(Y] ag, 2) Seo(w ] ag, 2) w Seo(u|ag,z) 7
Loy (u]ag, 2) Y Lo o(ulag, 2)
< 2 sup s +/ pi(du,z) < 2 sup |1+ 110 2) o)) 5
u€w,y] SOO(U|(10,Z) w ’ u€[w,y| SOO(U|CL0,Z) ’ 07

which then implies that

Lo o(u|ag, 2)

Soo(u | ao,Z) + H(P(;Z) v,

/ | Lo, (u | ao, )| (du!ao,z) < 4 sup

u€(w,y]
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and therefore that |pxm,eo(Looy) (2, ag, w,y,d)| is bounded above by

SOO )
NI
u€(w,y]

[5 sup

u€[w,y]

Roo(u | ag, 2) + ||90('7Z)||v,[0w(z>}] :

In view of the above, we have that

Ynk(ao, Z)  Asolao, Z

PU? < F
e I Too(Z)

2
)' brcrte (L) (Zo a0, WY, A | < 36 K02,

We can write that

P0U22nk S EO -[i’n,k,lp(y7 CLO7Z) _ -[ioo,lp<y7 CLO,Z) f?’n,k(a(hZ) SOO(Y|a07Z) S /€4M22nk )
v Snk(Ylao, Z2)  Sw(Yao,2) | mni(Z) Reo(Y|ao, 2) o
We can also write that
N N 2
POUg?nk S EO Sn,k(yla())Z) . SOO(YIG/O7Z> /Vn,k(amz) LNn,k,cp(Yu CL(),Z) S K4M§nk .
o Rox(Ylao,Z) Re(Ylao,Z)| mui(Z) S, i(Y|ao,2) o
We have that
Yy (0, Z) /Y Sni(u|ag, Z)  Sw(u]ao, 2) 1
PU? . = F, ’ : — L ,ag, Z)—(d A
Wink = B\ 200 o | Buslul a0, 2) ~ Beclufao, 2) | oot 000 D)5l a0, 2)
An (@0, Z) Spi(ulag, Z)  Sel(ulag, Z) /Y 1
< Ey |—————= sup ’ — Lo o(ulag, Z)|—(dul|ag, Z
N 2] o | Roi(ula0,2)  Reolulan, 2)| Sy IFett a0 Dlg(dufao. 2)
25k%

2
—— M3, -
,yn,k

Next, using part (¢) of Lemma 1, and writing for convenience

L Z - L Z ~
Iz,k,so(uy Qo, )An’k(du | ao, Z) and @oo(du) - MAm(du | Qo, Z) ,
Sn(u | ao, Z) Seo(u] a0, 7)

Onk(du) :=




we have that

2
pOUS,n,k

(U|ao, )

< Ejy

/j—s oloo)

nk(ao, Z)
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7Tn7k<Z)

k— Ox)(du)

Y SuplulanZ) N
/W Rop(ulag,2) O~ O )] |

To make further progress on this bound, we note that

Using arguments used above, we observe that

[ 1@ - <du>|s[uy|@n,k<du>\+/y|@m<du>|

Y |Ly :
w Sn,k(u|a0>z)

< 4 sup
u€[w,y]

and also, in view of part (c¢) of Lemma 1, that

/Y Seo(u ] ag, Z)
w Reo(u|ao, Z)

Lo o(u|ag, 2)

Seolu | ag, z)

(Onk — Oco)(du)

+4 sup

u€[w,y]

< 3k sup

)(du)

Loo ) A
/ | Loo g (] a0, 2 )|Aoo(du\ag,z)
(U | ag, 2)

Ln,k,go (U ’ Qo, 2 )
Snx(ulag, z)

+ 2[5 2o o7z < 108

Ln,k,ap(ua Qop, Z) LOO,L,O(“’? Qop, Z)

uew,Y] | Sni(ulag, Z) goo(u\ao,Z)

holds Py—almost surely. As a consequence, we find that

2
P0U5,n,k

< Ey

Y §n7k(u|a0,Z)

An (0, )/
Tk(Z) Jw Rox(ul|ao, Z)
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S 54<10M3,n,k + 3M2,n,k)2
Before studying the remaining terms, we note that

i (2) — pioo(2) = / o, 2)(Fuk — Fo)(dy | a0, 2) — / (1, 2)(Foo — Fo)(dy | ao, 2)

Lnk@(y7a07z)
= — e g ao, 2)(An i — No)(dy | ag, 2
{/ Snk(y | ao, ) 0(y | ao, 2)(An 0)(dy | ao, 2)

_ [ Leosly.00,2) - B .
/Soo(y’aO,z) So(y | a0, 2) (Moo — Ao)(dy | ao, )]

Lnkmp(?],@g,Z) LOO‘P(yaa07Z):|
- - o So(y | ag, 2)No(dy | ag, 2
/ |:Sn7k<y|a0,2) Soo(yla[),Z) O(yl 0 ) 0( y‘ 0 )

L, ,ag, 2 Loy, ao, 2
— /So(y\ag,z) {%An,k(d?]’amz) - %Am(dwao,z)] :

and so, in view of part (c¢) of Lemma 2, we find that

Lan,go(Z/a o, Z) LOO,(P (y7 ap, Z)

Snr(ylao,z)  Se(y|ao, 2)

|n(2) = poo(2)] < 4 sup
yel0,7(2)]

Similarly as above, before proceeding, we note that |@xm,co(Looy)(2, @, w,y,0)| is bounded

above by Vi (Y, a, z) + Va oo (y, w, a, z), where we write

=i Rl E el e
Vaoooly,w,a,2z) = /wy %Am(dum,z)
| oot
- wy Yooy (U] @, Z)]i(:((z || Z: z))i(du la, 2)
< sup |20 [ e gl
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and since we have that

Y 1 'VOOH( |az
< —(d =
0 < / 'yoo’h(u|a,z)soo( ula,z) Sw(u]a,2)

w

o (d
B - [ srdanla)

_ wgslula,2)| +/y {Sooumz} (du]a.2)

Seo(w]a, 2) |, w

PYOO,ﬂ(“ ‘ a, Z)
Seolu]|a, z)

< 2 sup +

u€[w,y]

[Soo(?w(Z) | a,Z)r’

it follows that |dxm.co(Loow)(Z, A, W, Y, A)| < K(2k + k?) < 0o Py-almost surely. Using this

fact, we then can write that

POUG?,n,k = IYO_QEO |:[:un,k<Z) - :U’OO(Z)] {W - QSKM,(XJ(,VOO,U)(Za A7 I/V, }/7 A):|:|

K+ 26+ 8217,
MQ,n,k :
o

< [“”ff*““f% sl 2) = i 2)F < 16

Next, we have that

1 1
PU2 . = Ey | pni(2) | = — -
O Tk s Jf( ) Sn,k(W’Aa Z)’Vn,k SOO(W‘Aa Z)”Yoo
2
1 1 1 1 1 1

< Eo |pni(2) | = ( ——>+—{~ — = }

1 1 (7 2 (7 1 1
< - 0~M,k() +E0ﬂ,k() o

2

< |:2/€ L—L +2HLM5nk:|

Using a similar expansion, it can be shown that

1 1 1 2
— = — +2/€—M4nk]

PUS,p < 257 {2/@
771 k Yoo Yoo

2

N

T
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We have that

Wn,k,h <Y7 A7 Z)
S.x(Y|A, 2)

gn,k(Y|sz> 5;oo<Yr|147Z)

PU2 ., = E _
OU .k 0 Rox(Y|A,Z) Ro(Y|AZ)

b1 (2)] < ARMME, ), -

Next, we note that

J e -
/ Sn k(u|aa Z) . SOO(Ula, Z) ,YOO;h(u|a7z) Aoo(dU|Cl, Z)
w Rnk(u|avz> Roo(u|a7z) /YooSOO(u|a’Z)
_ S’nk<u|a’>z) S’OO(U|G,Z) /y
< vl sup ’ — Voop(t]a, z2)—(du|a, z
u€lw,y] Rn,k(u|a,z) ROO(U|CL,Z) w h( | ) oo( | )
_ Snk(u‘awz) S’OO(U|(Z,Z) fYooh(u‘avz) |: :|2
< Ve sSUp |- - 2 sup - —
wewy] | Bnk(u]a,2)  Roo(ula,2)| | ey Seol(t|a, z) Soo(Tw (2) | a, 2)

using the fact that

y 1 oo (t] a,2) | / Rk
< N — AN 7 _ -
0 < / Vsl 2)g—(dula, ) = AT [ Gafdula, 2

2
Yoor(u|a, 2) [ 1 }

< 2 sup — .
u€w,y] S (u’av Z) SOO(TW(Z)‘CLVZ)

Thus, using that |p.(2)| < |Ju— @(u, 2)||, we find that

2
[(u, 2) = p(u, 2)||oo (2K + /€2)1 A2
Yoo 3nk *

2
POUlO,n,k < |:

To study the final term, similarly as in the study of P0U52’,n7k, we first note that
Y Sn ula,z
/ ( la,2) (Oni — Oxo)(du)

Ron (u|az)
[z

(u|ag, z) goo(UIa, 2) /y Seolu|a, 2)
B - B 7 1. N\IUnk — Yo d
- Bk “|a 2)  Reo(ula,2) (O = Oce)du)) + Reo(u|a, z)(@ &~ Oco)(du)
Spr(ula,z)  Se(ula,z) / v S (ula,z)
< su : — n )(du)| + Ze L (0, — O)(du)],
= ety | Rur(ua,2)  Roo(u]a,2) 1(One ~ ) Roo(u |a,z)( k )(du)




where we have now redefined ©,,; and O via the differentials

Ok (du) = M[\nk(du la,z) and O (du) = w Ax(dula,Z) .
Sl 2) Sl a,2)

Using similar arguments as used above, we observe that

[ @ —eu@] < [ jewtdn]+ [ ox(an)

w

vy y -
/ (v,a,2) = A ,k(du|a,z)+/ MAOO(CZUM,Z)
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w u|az Seo(u]a, z)
2 2
Tnks(U] @, 2) Voos (@, 2) [ } [ 1 }

<2 sup | ——F——|+2 sup — + —

wE[w,y| Sn,k<u|a'7 Z) u€lw,y) Soo(u’| a, Z) SOO(TW(Z) |CL, Z) Smk(TW(Z) |CL,Z)
< 4k + 2K?
and also, in view of part (d) of Lemma 2, that fY I%:(—llﬁ?)(@”’k —Ou)(du| A, Z)| is Py—
almost surely bounded above by

Tnkg(U| A Z)  Yoog(ul A, Z)‘ 4
3Kk sup — +3k" sup |Gop(u|AZ)—G(u|A Z
o Sl A, 2) T S 4,2) | T Sy Gl A7) = Gl 4, 2)
+2x* su L — ! '
weliiy] | Sux(@| A, 2) ~ Sw(u] A 2)|

As a consequence, we find that

Y Sonlul A Z
B2k < Eo | nn(2) / Sutltl 4 2) 1o (du] A, Z) - O (du]| A, Z)]

w Rog(ul A, Z)

< 45> [(4/{ + 2/@2)M37n’k + 3kMyp g + 3/{4M6’n,k + 2/{4M57n7k]2 )

In view of all the inequalities derived, we see that if M, 5, Mok, ..., Ms ik tend to zero

in probability, then so does each P,U?

tends to zero in probability, as required to complete the proof.

ok for j =1,2,...,11 and thus Py(¢, 1 — b0 )? itself

We prove criteria (i), we do so by using an showing that Py¢,_ 4, = 0 under condition
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(C3a). We can write each of the equations

Fioo(ula,2) =P (Y <u,A=1|A=a,Z =2)

:fI[OU ) Tio.g(w) Qoo (t | w, a, 2)Gx o(dw]| a, z) } Fxo(dt|a, 2)
[ Gxpo(t|a,z)Fxo(dt]a,z) ’

and

Ro(ula,z) = Po(W <u<Y|A=a,Z=2)

f][()u )Qoo(u | w, a, 2)Gx o(dw| a, 2)
fGX70 t|a, Z)FX70(dt|a,Z)

Sxo(u|a,z),

and therefore observe that F) o (dul|a,z)/Re(ula,z) = Fxo(du|a,z)/Sxo(u|a,z). We
observe further that v, = 70, under condition (C3a), and then observe that

Bo Drtn (L) (O | A= a7 = 2] = [ Loellt Bfolu]a2) {F Leoldu]a,2) _ Froldula, 2 }

ROO(U|CL7Z) Roo(u‘a7z) RO(U|6L,Z)

Y

Voo i (Ws @, 2) Ro(u | a, z) {Flpo(du la,2)  Fiol(dula,z) }

Bo (9K M (Voo 2)(Oi) [ A = 0, Z = 2] = / Ry (ula,z) Roo(ula, z) Ro(ula,z)

=0.
We next note that under condition (C3a) that . = o and therefore

Podre o =Yoo Bo [(1o(Z) — %0)70(4, Z))]

_ (4, 2)
= (oo (Z) — t0) o

g O’

and therefore completing the proof of (i).

Criteria (ii) follows from evaluating the remainder term R(P., Fy) directly given condi-
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tions (C3a) and (C3b). It is evident that each of Ry(Px, ), Re(Px, Fo), and Rs3(Ps, Fo)
are 0 when (C3a) holds. Because 7., = 7 when both conditions hold then R4(Ps, Py) = 0.
Thus we have proved criteria (ii).

The equivalence of the approaches is established by observing that when the plug-in

estimator v, = is consistent we can write

Uh =Y 1% Y [G1m, (08) + Vi (1 (Z5) = W ) (Skn(Wi | Aiy Zi) ™" + Ocasing, (Vn2(02)]

1€V
= wnk,n + Pyk_,:Lnlzl Z |:( Z:kn - Qpnk,n)(sk»n(m | Ai? Zi)_l + d)KMankgn (Pyk,mh)(Ol)] )
1€V
which means that
1.1

Un — Y =g > — [ = Unn] [Vem Sk Wi | Aiy Zi) ™1 4+ v brending (Vo) (00) = 1]

k=1 * icv,
and Conditions (Cl)—(C4) are sufficient to establish that

- Zzevk {nSkan(Wi| A, Z) =1} = Op(n,?) and 150, drcarm,, (Trns) (01)— =
O p(nk ), which then establishes that ¢ —¢** = op(n~="/ 2) and the asymptotic equivalence

of both estimators.

Proof of Theorem 3

We first show that the stochastic processes B, := {v/n[¢,(s) — ¥o(s)] : s € (0,7)} and
B, = {n"Y2>". $s0(0;) : s € (0,7)} are asymptotically equivalent. Under Condition (D2),
B,, converges weakly to By relative to the supremum norm. The limiting distribution By is a
mean-zero Gaussian process with covariance function 02 (s, t) := Eq {¢s0(0)¢:0(O)}, in view
of Theorem 19.3 (Van der Vaart, 2000). Let g be any function bounded by M, and Lipschitz

with constant Ly. We know that Eq {g(B,)} converges to Eq {g(Bo)}| from the convergence
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of B,, to By, therefore the inequality

Eo {g(Bn)} — Eo {g(Bo)}| <[Eo{9(Bn) — g(Bn)}| + [Eo {9(Bn)} — Eo{g(Bo)}|

will establish uniform convergence if we can show that [Eq {g(B,) — g(B,)}| tends to zero.

We note that condition (D4)) and the definition of the function g ensures that
[Eo {9(Bn) — g(Bn) }| < Eo {min(Lon"/||ru]|, 2Mo) }

and it straightforward to establish that Eq{min(Lon'/?|r,||s,2M)} — 0. Because
Eo{g(B,)} converges in expectation to Ey{g(By)} for any bounded and Lipschitz function
g, we conclude that B, converges weakly to B, relative to the supremum norm.

Following this result, Condition (D1) is a modification of Condition (C1) that ensure
the upper bound holds uniformly. We define B ::= {\/ﬁ% :s € (0,7)} and seek
to accomplish the task of establishing that B} converges weakly to a mean-zero standard

process (Bf) relative to the supremum norm. We define oy := inf,c( ) 00(s), which is

strictly positive. By the definition of a Lipschitz function, the following bound holds
* * LO
l9(B;) — 9(Bg)| < —[By — Bol|oo
oL

which implies that B}, converges to a standardized Gaussian process defined by {Bg(s)/o0(s) :
s € (0,7)} when B,, converges to By. The above result therefore implies that B! converges

weakly to a standard mean-zero Gaussian process relative to the supremum norm.

Proof of Theorem

We first observe that the distribution function is linear I(t < s) — [I(t < s)Fo(dt) and
therefore has Gateaux derivative ¢go(0) := I(t < 5) — ¢40(0), where ¢,0(0) defines the
influence function for Fy(s) pointwise (presented in Example 1). We use Theorem 20.8

of Van der Vaart (2000), Theorem 2 of this article, and the fact that Gateaux derivatives
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are linear in their second argument to show

O(F,) — O(Fy) = d(Fy; F,, — Fo) + op (n~1/?)

¢ (w 5" drofo) + Rulm. no>> +op (n717)
=1

1 e . )
= E Z 0] <Fo; qb]p’o(o)) + op (n_l/Z) ,
i=1
where the final argument follows from the condition that supg Rs(7,,70) -
(iD(IFO; Rs(nn,m0)) = op (n*1/2), which completes the proof.
A.3 Part C: reparametrization

We establish the identification, variation independence and reparametrization of the observed
data distribution P in terms of the chosen nuisance parameters n(P) := (Fx. o, Qo, Go, Jo)-

We first write
Py(do) = Py(dy,dd |w, a, z)Go(dw | a, z)Jo(da, dz) ,

which leaves the conditional distribution Py(dy,dd | w,a, z) left to identify in terms of the
distributions T'| A, Z and C'|W, A, Z, T > W. This is done by noting the following equality

P(Y <y, A=1lw,a,z) = /PO(TSC,Tgy|C:c,W:w,A:a,Z:z)Po(dc]w,a,z)

(Al):/PO(T§c/\y|W:w,A:a,Z:z)Po(dc|w,a,z)
< < pu— f—
<A2):/PX70(U}_T_C/\y|A a,Z = z)

Sxo(w|a,z)

PO(dC|w7a7Z)7
which gives the desired result for § = 1. Similarly for § = 0, we have

P(Y <y, A=0|w,a,z) = /PO(Cgt,C§y[W:w,A:a,Z:z)Fo(dt|w,a,z)
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Fxo(dt|a,z)
Sxo(w]a,z)

B /[1_Q0(c/\y|w,a,z)]

Using the results from identification we can write the observed at risk probability as

Go(dw | a, z)

Ro(u|a, z) :== Sxo(ula,z / ulw,a, z) ———=,
o(]a,2) 1= Sxofula,2) | Qufulw.a2) g2 T

which together with the previous results gives a representation of the parameter and influence
function as functionals of n(P).
A.4 Part D: example of functionals

Corollary 1

The corollary 1 follows directly from Theorem 4, but we include the details as an example
application of the result. We first set P. = P + eh and note that ®(V(P,; P.) = 0 for each
¢ and that ®(V(P); P) = ®(¥(P);F), such that F is the distribution function that agrees
with P. When the parameter W(F,) is differentiable then,

0= —®(¥(F); F)

+ ®(F; h)

and we can solve for the derivative of interest. The existence of a solution and regularity
conditions under which differentiablity and inversion is possible are omitted but provided for

specific examples. Rearranging the terms

d .

Sup) == - |

—®(e; P)

-1
O(F; h),
de \I,(P)]

€=
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which completes the proof.

Example 1

The derivation follows from Theorem 1 and evaluating the function Los(y,a,z) and

Lor(y,a,z) for a fixed 7. as in the example. It is straight forward to show that

Los(y,a,2) = I(y < 7)Sx0(7 | a, 2)

LO,F(ya a, Z) = - [(y S T)SX,O(T ’ a, Z) )

which is sufficient for the result of example 1 and provides the details for the result of

Theorem 4.

Ezxample 2

Following the previous example, we evaluate Lg ,(y, a, z) where p(y, z) := [I(y > 7) — b(2)]*.

We first note that p(y, z) = I(y > 7) — 2 (y > 7)b(2) — b(2)?, therefore it is straight forward

to use the result from example 1 that
L07(p(y7 a, Z) - I(y S T>SX,0(T | a, Z) {]‘ - 2b(2)} )
which we substitute into the result of Theorem 1 and this completes the result.

Example 3

The derivation follows from Theorem 1 and using Example 1.

Ezxample 4

The linear term ¢y (o) is straightforward to evaluate, since following examples 1 and 2 the
function Lyo(z,a,y) = Sxo(y|a, 2)I(y < mg). Further, we observe that po(z) := [I(y <

mo) —0.5Fx o(dy | ag, z) = Fxo(mo | ag, z) —0.5, which we can rearrange to produce the result
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in the article. Finally, the derivative

= d ](y < E)Fxo(dy | g, 2 )I:[O(dz)

d
—®(e; By) e

de

e=myo

_ /fx,o(e | ag, 2)Ho(dz)

e=myo

e=myo

and this completes the result. If we set w = 0 with probability 1, and keep the same notation

and assumptions then the result simplifies to

Frmo(00) [ [ Fxotomol o >Ho<dz>]_1{Masmwm)(o)+o.5—sx,o<mo|ao,z>},

mo(ao | 2)
* oI (y<m Am Ax o(dula,z
such that 9 (Lua)(0) = Sxo(mal a0 2) { sttty — ™ seataiosiantaas | @

useful for application in clinical trials where truncation is less prominent.

Example 5

The derivation of the influence function of L, : F,(t) = —1= [ log {—log [l — Fa,(t)]}
follows from Theorem 4 and the Gateaux derivative. The Gateaux derivative in direction

IE‘In_]FO

La,o(Fo; Fr — Fo) = — (1 —To(t }lig{l — ]Fg(t)}aF" — Fo)(dt)

¢IFO 027
S jat
Z/So IOgSo

where ¢p(0;;t) is the pointwise influence function of the distribution Fyo(t). The details

of Example 1 complete the proof. The choice to define the parameter over a standardized

interval (71, 73) is for identification, the topic is also discussed in (Vansteelandt et al., 2022).
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CHAPTER TWO SUPPLEMENTARY MATERIALS

AND APPENDIX

B.1 Supplementary materials

We present additional information about the ACT study cohort in this section. Figure B.1

contains estimated marginal survival probability curves for each group. Tables B.2 and

B.3 denote summaries of the relevant confounding variables and outcomes included in the

analysis. Table B.1 contains the results of the analysis comparing the APOE-e4 positive

group to the APOE-e4 negative group. In every analysis, both the NTDE and ATE estaimted

an increase in CERAD scores among the group with a positive APOE-4 gene expression.

APOE-A4 \ Adjusting for consent \ Not adjusting

Mean, (95% CI)

NTDE estimate on CERAD | 0.51 (0.11-0.92)

0.41 (0.27-0.55)

ATE estimate on CERAD | 0.41 (0.25-0.57)

0.40 (0.24-0.56)

Table B.1: Estimates of the natural time direct effect and the autopsy average treatment

effect of APOE-4 on CERAD scores measured at death.
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Figure B.1: Red indicates the APOE-4 positive group, while Blue denotes the APOE-4
negative group. Solid lines denote the estimated marginal survival probability within each
group, estimated using using survival splines implemented on the hazard scale.



- APOE e4 + APOE e4 Overall
(N=3418) (N=2291) (N=5709)

Braak score

Mean (SD) 3.50 (1.62) 4.05 (1.69) 3.67 (1.66)

Median [Min, Max] 4.00[0,6.00] 4.00[0,6.00] 4.00 [0, 6.00]

Missing 2829 (82.8%) 2036 (88.9%) 4865 (85.2%)
CERAD score

Mean (SD) 1.44 (1.13) 1.91 (1.05) 1.58 (1.13)

Median [Min, Max] 1.00[0,3.00] 2.00[0,3.00] 2.00 [0, 3.00]

Missing 2827 (82.7%) 2035 (88.8%) 4862 (85.2%)
Autopsy consent

No 2779 (81.3%) 2009 (87.7%) 4788 (83.9%)

Yes 639 (18.7%) 282 (12.3%) 921 (16.1%)
Sex

Female 1918 (56.1%) 1396 (60.9%) 3314 (58.0%)

Male 1500 (43.9%) 895 (39.1%) 2395 (42.0%)
Race

Non-White 324 (9.5%) 281 (12.3%) 605 (10.6%)

White 3090 (90.4%) 2006 (87.6%) 5096 (89.3%)

Missing 4(0.1%) 4 (0.2%) 8(0.1%)
BMI

Normal 1070 (31.3%)  765(33.4%) 1835 (32.1%)

Obese 856 (25.0%) 587 (25.6%) 1443 (25.3%)

Overweight 1388 (40.6%) 838 (36.6%) 2226 (39.0%)

Underweight 28 (0.8%) 28 (1.2%) 56 (1.0%)

Missing 76 (2.2%) 73 (3.2%) 149 (2.6%)
Education

<13 1012 (29.6%)  545(23.8%) 1557 (27.3%)

13-16 1402 (41.0%) 917 (40.0%) 2319 (40.6%)

17+ 1003 (29.3%) 829 (36.2%) 1832 (32.1%)

Missing 1(0.0%) 0 (0%) 1(0.0%)
History of diabetes

No 2867 (83.9%) 2009 (87.7%) 4876 (85.4%)

Yes 551 (16.1%) 282 (12.3%) 833 (14.6%)

History of heart disease

No
Yes

2490 (72.8%)
928 (27.2%)

1760 (76.8%)
531 (23.2%)

4250 (74.4%)
1459 (25.6%)

Table B.2: Summary characteristics of the ACT study cohort participant population. Groups
are stratified based on the presence of a positive APOE-e4 gene expression.



- APOE e4 + APOE e4 Overall
(N=2212) (N=1172) (N=3384)

Braak score

Mean (SD) 3.50 (1.62) 4.05 (1.69) 3.67 (1.66)

Median [Min, Max] 4.00[0,6.00] 4.00[0,6.00] 4.00 [0, 6.00]

Missing 1623 (73.4%) 917 (78.2%) 2540 (75.1%)
CERAD score

Mean (SD) 1.44 (1.13) 1.91 (1.05) 1.58 (1.13)

Median [Min, Max] 1.00[0,3.00] 2.00[0,3.00] 2.00 [0, 3.00]

Missing 1621 (73.3%) 916 (78.2%) 2537 (75.0%)
Autopsy consent

No 1573 (71.1%) 890 (75.9%) 2463 (72.8%)

Yes 639 (28.9%) 282 (24.1%) 921 (27.2%)
Sex

Female 1229 (55.6%) 706 (60.2%) 1935 (57.2%)

Male 983 (44.4%) 466 (39.8%) 1449 (42.8%)
Race

Non-White 181 (8.2%) 138 (11.8%) 319 (9.4%)

White 2030 (91.8%) 1034 (88.2%) 3064 (90.5%)

Missing 1(0.0%) 0 (0%) 1(0.0%)
BMI

Normal 699 (31.6%) 387 (33.0%) 1086 (32.1%)

Obese 533 (24.1%) 303 (25.9%) 836 (24.7%)

Overweight 903 (40.8%) 423 (36.1%) 1326 (39.2%)

Underweight 25 (1.1%) 9 (1.6%) 44 (1.3%)

Missing 52 (2.4%) 40 (3.4%) 92 (2.7%)
Education

<13 835 (37.7%) 407 (34.7%) 1242 (36.7%)

13-16 937 (42.4%) 498 (42.5%) 1435 (42.4%)

17+ 439 (19.8%) 267 (22.8%) 706 (20.9%)

Missing 1(0.0%) 0 (0%) 1(0.0%)
History of diabetes

No 1809 (81.8%) 976 (83.3%) 2785 (82.3%)

Yes 403 (18.2%) 196 (16.7%) 599 (17.7%)

History of heart disease

No
Yes

1478 (66.8%)
734 (33.2%)

782 (66.7%)
390 (33.3%)

2260 (66.8%)
1124 (33.2%)

Table B.3: Summary characteristics of the individuals that have died among the ACT study
cohort. Groups are stratified based on the presence of a positive APOE-e4 gene expression.
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B.2 Appendix

Part A: Ideal data setting
Details of identification result

We denote by Fzo(t|f) the distribution function of the counterfactual random variable
T(1)| L, and by Fzo(t|a,l)) the observed conditional distribution function of 7| A =1, L =
(. Further, we denote by Hz () : Pzo(L < {) the distribution of the covariates L.

Lemma 3. When conditions (A0) — (A4) hold, the natural time direct effect 6y is identified
by 1y define in Equation 2.1.

Proof. Condition (A0) specifies that the observed autopsy outcome is B = ABp(1)(1) + (1 —
A)Br()0 and the observed survival time is 7' = AT'(1) 4+ (1 — A)T'(0), then

Ex o[Bra)(1) — Br)(0)] = Exo {Exo [Bra)(1) — Bray(0) | T(1), L]}

using (A1) (A3) = / / o [Bi(1) = Bi(0) | T(1) = t, L = | Fyo(dt | €) H(dl)
Under conditions (A0)- (A3), we can write Fzo(t|¢) = Fzo(t|1,¢), then by condition i.
Exo[B(1)|T(1)=t,L={=Ezo(B|T=t,A=1,L=1{),
and when conditions (A3)- (A4) hold

Exo[B0)|T(1) = t,L = {] = Ex o [Bi(0) | T(1) = t, T(0) > t, L = (]
= Exo[Bi(0)| T(0) = t,T(0) > ¢, L = (]
=By (B|T=t,A=0,L=1)),

combining the terms completes the proof. O]
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Part B: Prospective data setting
Details of identification result

The strategy used for identification of Theorem 1 incorporates strategies from the causal
inference mediation literature (Robins, 1986; VanderWeele, 2015a) along with survival anal-
ysis (Beran, 1981; Reid, 1981b; Dabrowska, 1987). Before we establish the identification
of 1y, we show that the components of the ideal data distribution Py, can be identified
in terms of the observed data distribution Fy. We expand the conditions presented in the
paper to account for left truncation of the survival times. We use the same notation as in
the retrospective data setting, where W denotes the left-truncation times and F, denotes
the data distribution implied by Pz in which the observed data satisfy 7' > .

We first define for a generic random variable U the lower and upper support bounds

Ty(a,l) == sup{u: Pzo(U>u|A=a,L=1{)=1};

Tu(a,l) == sup{u: Pzo(U>u|A=a,L=1"{)>0}.

We also denote by T¢(a,l) := sup{u : Pzo(C >u|A=a,L=0¢T2>W) > 0} the upper
bound for the support of the censoring distribution, and by 7z o(ag | ¢) := Pzo(A =a¢| L =¥)
the propensity score for each ¢ € £. We make the following support recovery conditions and

independence assumptions for identifiability:

(B1) for Pzp—almost every value ¢ € £ and a € {0, 1}, it holds that:

(i) wl(a,€) < zp(a,l);
(i) Tw(a,l) + a« < min{7r(a,l),7c(a, )} for some a > 0;

(iii) ¢(t,¢) is constnant for each t > 7¢(a, l);
(B2) for Pzp—almost every value ¢ € £, it holds that mz(ag|¢) > 0.

(B3) (T, B) and W are independent given (A, L). Further (7, B) and C are independent
given (W, A, L) and T' > W.
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Under conditions (B1)—(B2), according to the product integral form of Theorem 11 of Gill
and Johansen (1990), for any ¢ € (0,7(a,¢) := min{7r(a,?),7c(a,l)}), we can write

1 —Fzo(t|a,l):=Szo(t]a,l)= T {1—Azo(dula,l)}, (B.1)

u€(0,t)
for  Ago(t|a,l) = Ot % We first  express the observed
follow-up  time subdistribution function in terms of Pzp. Defining
Fo(tlw,a,l) = Pro(T<t|W=w,A=a,L=0T>W) and Go(w|a,l) :=

Pro(W <w|A=a,L=10T>W), we note that

Io (W) Fro(dt | a, )G zo(dw | a, )

Fo(dt | w, a, ()Go(dw | a, ) = [ Gro(u|a, £)Fzo(du]a,f)

under conditions (B1)- (B3), where Gzo(w|a,l) := Pzo(W < w|A = a,L = () denotes
the target population truncation distribution. In Chapter 1, the censoring distribution is
not defined in the target population, but only in the observed data population. As such a

target version of the censoring distribution is not explicitly defined. We have that

Fioula,l) = PB(Y <u,A=1|A=a,L=1)
= P (T<uT<Cl|A=a,L=0T>W)

- / / Lo, ()Qo(t | w, 0, £) Fo(dt | w, 0, £)Go(dw | a, )

[ T () { ] Ton(w)Qo(t | w, a, O)Gzo(dw | a,l)} Fzo(dt|a,l)
[ Gzo(t]a,l)Fzo(dt]a,l) ’

which implies that

[ jo,u)(w)Qo(u | w, a, 0)G z0(dw | a, ()

Fio(d 4
Lo(dula,l) = [ Gzo(t|a,0)Fzo(dt|a,l)

Fzo(du|a,l) .
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Next, we can write that

Ro(u|a,z) = PB(W <u<Y|A=a,L=1{)

_ // T (0)Qo (| w, a, ) Fo(dt | w, a, 0)Go(dw | a, )

T (w)Qo(u| w,a,0)Gro(dw | a, ()

Szolula,l) .
[ Gzo(t]a,b)Fzo(dt|a,l) zo(ula,l)

Thus, under conditions (B1)— (B2), we find that

¢ t
~ F01(du|a,€) FZO(d’LL|CL,€)
Ata,é—/’—— = = Ago(t]a,l),

oft]a, ) o Ro(ula,l) o Szo(ula,l) zoltla,b)

and so, in view of (B.1), Fyo(t|a,f) is identified by Fy(t|a,f) = 1 — Nuconil —

A(t|a,0)}. The fact that Fyq is identified directly implies that the target conditional

truncation distribution Gzg is itself identified in view of the fact that Gzo(du|a,l) X,

Szo(ula, ) 'Go(du|a, ), which allows us to write that

1 w
G () = —— S 0O Go(d l
olw]a.f) = —— [ Saful .07 Gofdu] 0.1
with yo(a, £) == [ Szo(ula, )" 'Go(du|a, ) the appropriate normalizing constant. Similarly,

identification of F; implies identification of the target joint exposure-covariate distribution

function Jz in view of the fact that

Jo(da,dz)

da.dz) ,
Jz0(da, d2) o<a g [ Sz0(u]a,0)Gzo(du, a, )

= v(a, £)Jo(da,dz)

so that Jzo(da,dz) = Fo(a, £)Jo(da,dz) with Fo(a, ) == v0(a,0)/ [[ vo(a, €)Jo(da,dz). Of
course, the target marginal covariate distribution Hy is then itself identified from the iden-
tification for Jz through marginalization. Since 1 is a functional of Fzy and Hy, the
identification of the latter distributions directly implies that of /.

The observable conditional censoring survival function @)y can also be identi-
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fied using product-integration as in the well-known context of right-censoring with-
out truncation. Defining with some abuse of notation the subdistribution func-
tion Fyo(u|w,a,l) = Po(T <u,A=0|A=a,l=z) and at-risk probability function
Ro(ulw,a,l) =P (W <u<Y|W =w,A=a,l=z), we have that

Foolu|w,a,l) = —/](CSU)PO(TZc|W:w,A:a,Ezz,C’:c)Qo(ddw,a,@
= —/I(cgu)Po(Tzc]W:w,A:a,Ezz)QO(dc\w,a,f),

which implies that Foo(du|w,a,l) = =Py (T > u|W =w, A= a,l = z) Qo(du|w,a,l), and

furthermore, for u > w, we have that

Ro(u|w,a,l) = Po(Y >u|W =w,A=a,l=2)
= PR(C>ulW=wA=al=2)P (T >u|lW=w,A=a,l=2).

Thus, we find that Fyo(du|w,a,?)/Ro(u|w,a,l) = —Qo(du|w,a,l)/Qo(u|w,a,l), which
then implies that Qo(c|w,a, ) can be identified by the product-integral

LT

c€[0,u)

Theorem 13. Given the conditions (B1)- (B3) hold for a € {0, 1} then,

o = / / oy, 1.0) — o, 0, 0)] Fu(dy| 1, 0) Ho(de)

Py-almost surely.

Proof. The representation of the conditional mean is dependent on conditions (B2)- (B3),
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such that

EZ7Q(B|T:t,A:CL0,L:£,TZW):EZ70(B|A:CL0,T:75,C>t,L:£,TZW)
—Fo(B|lA=an,A=1,Y =t,L =(,T > W)
:E0<B|A:CL0,A:17Y:t,L:A€)

and we can replace B with U when conditioning on A = 1. Using this result and the previous
identification results for F' and H, we complete the proof. The proof of Theorem 5 follows

immediately from the previous argument when W = 0 with probability one. O

We have provided a representation of the target distribution Pz, in terms of observable
nuisance parameters. Using the results of Chapter 1, we will also go in the reverse direction

and results equations in terms of the target parameters. Given condition (B3) we can write,

UIGID) mola | €)Ho(dl)

Y0

7TZ70<CZ | K)Hz,o(dé) =

where 7 := Eo[10(A, L)]. Summing over a € {0,1} gives the result Hy(dl) := VOW—E)Z)HO(dﬂ) =
Hyo(dl), and 7—f)ﬁo(a | 0) = mz0(a| L), where vo(¢) := Eo[v0(A, L) | L = {]. Therefore each

o(a,
Yo (¢
of the relevant contributions of the target distribution has a representation in terms of the

observed data parameters, which is sufficient for identification.

Linearization of target parameter

To simplify the presentation of the results we introduce an additional condition
(B4) C and W are independent given (A, L) and "> W.

We use this condition to factor the term

/I[M] (w)Qo(u|w,a,l)Gzo(dw|a,l) =Qo(u|a, )Gzo(u]|a,l),
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and clarify the contributions of each term. In this section we show that under condi-
tions (B1) — (B4) the linearization term ¢,, p := 721(%071,1: + Gag2.p + Pay.3.p) is the non-
parametric influence function of the parameter W, (P), where we define vz := Pz(T > W)

and

05(y | ao, ) I(a = ao) fz(y|1,0) w— a

ol a0, ) 7alaal0) Folylao, 0~ #7102 )
I(a=1) [0Dz4(y a0, () /y Dy (ulag, O)Az(du|1,7?)
7TZ(1|€) Rz(y|1,0) w Rz(u|1,0)

Pap3.P() == {1z(ao, £) — Voo (P)} ¢s.p(1 — Gz)(0;),

gbao,l,P(ga a,vy, 57 U) =

¢ao,2,P(€; a,y, 5) =

1 + d[1-Gz(ylal)] _ (v _[1-Gz(ula0]Az(du]al)
Sz(w|a,l) Sz(yla,l)Qp(yl|al)Gz(ylal) w Sz(ulal)Qp(ulal)Gz(u|al

in Chapter 1 and Ry (y|a,?) :== Sz(y|1,0)Qp(y|1,0)Gz(y|1,¢). When there is no trunca-

where ¢sp(1—Gz):0—

7 as
tion, when W = 0 with probability one, this result simplifies to the what is presented in
Chapter 2.3.3 by observing that Gz(w|a,?¢) =1 and ¢gp(1 — Gz)(0) = 1 almost-surely .

Lemma 4. The component of the nonparametric gradient of the parameter V(P) that lies

in the tangent space U | AY, A, L, T > W is

1 d I(a = ap)
a 0) =— m , a 76 U — @Y, 7£ )
¢ 071< ) vz QP<y|a0,€)GZ(y|CLO,€) 7TZ(a0|€) Z<y 0 )[ ¥ (y 0 )]
where m,(y, ag, £) := chZZ((yy“alo’%.

Proof. Let P € M be given, and take {F. : |¢| > 0} to be a suitably smooth and bounded
(i.e., Hellinger-differentiable) path with P._y = P and score for € at ¢ = 0 given by h €
LY(P), for which o — h(y,d,w,a,l) such that P-almost surely, Ep[h(O)|Y,A, A, L] = 0,
varp[h(0)|Y,A, A, L] < co. We wish to compute the pathwise derivative

9 //%te Ly, OB ()]

86‘“

where here and below we use the shorthand notation A, to refer to Ap for any relevant
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quantity Ap indexed by P. Furthermore, under mild regularity conditions allowing inter-

change of integral and derivative operations, this pathwise derivative can be decomposed as
Ho(d?)

(P1) + (P2) with
ey = [[ 5 [edt0Ran|

®2) = [ entt.0) 5 [Flit oo, 0, (a0)

e=0

We have already studied the summand (P2) in Appendix A, below we study (P1).
Replacing the identified expression of the survival distribution with its target equivalents

we have that

I0=1)I(a=a -
P1) = [ g S ) uha(o) P, 45 d, da . ) Faofdy | 1. o)

which nearly isolates the linearization term. Before centering, we simplify the expression of

the density given the relationship

Fioldy|ag, l
Fyo(dy| ag,1) = _;%ZE;T Loo@)

= Po(dy | 1)

Sz0(y|ao,l)

P(A=1,A=ay|Y =y,L=1Y)
’YZ,o(ao, E)Qo(y | ay, K)Gz,o(y | ag, £)mo(ag ’ 5)
1 Pi(A=1,A=ay|Y =y, L=1)
Yz0(l)Tz0(a0 | £) Qo(y | a0, £)G z0(y | ao, ) ’

= Py(dy| )

where Py(dy |£) denotes the density of Y | L. We define mzo(y, a,l) := % and using

the cancellation we can write

[(A = 1)mz,0(Y, A, L) I(A = Cl())

Pl) = E
(P1) PlQo(Y|A=ae, L=0Gz0(Y|A=ay,L=10)Pro(A=ay|L =10

UK(0)

Using the fact that h(O) has mean zero conditional on (Y, A, A, L) and T' > W, and that
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the mean Ep [U |Y =y, A =1, A =ag, L =] = ¢y(y,l), we can write

I(A=1)mgzo(Y,A L) I(A = ag) [U — oy, 0)] h(O)}
QQ(Y|A:(I,Q,L:€)GZ,O(Y|A:ao,ng) PZ70(A:a0|L:€) ’

(P1) = EP{

Equation (P2) was studied in Appendix A.2 and when we write the observed data parameters

in terms of target parameters we get the given expressions for ¢, 2 p and ¢4, 3, p. O

In the analysis of autopsy data we may have to account for potential differences in the
observed autopsy outcomes among individuals that have consented compared to those that
have not. To do this we introduce two variables to distinguish between outcomes that are
missing due to lack of consent and those missing because they are still alive. Let Ay = 1
indicate observable outcomes among for those that consent, and Ay, = I(T < C) is the
indicator of survival these are used to construct the observed autopsy outcomes U := BA;A,.
We note that we can always write Eo(U | A = ag,T = y,L = () := Ey(B|A; = 1,y =
1LA=ap,Y =y, L=0P(A; =1|Ays =1, A=ap,Y =y, L =0P(Ay =1|A=apY =
y, L = (). Following the above result we can rewrite the first contribution of the influence

function as

B 51 52 I(GZGO)
mp1(1]1,a0,9,0) Qp(y|ao, O)Gz(y | ap, L) mz2(ag | L)

Pag,1(0) mz(y, ao, £) [u — . (y, a0, £)] ,

where mp1(1]1,a0,9,0) == Pz(Ay = 1]Ay = 1A = ap,Y = y,T = t,7 > W) and
mza(ag|l) == Pz(A = ao| L = ). Notably the consent probability mp; is defined in the
observable population.

We use the representation of the nonparametric efficient influence function ¢,, p of ¥(P)

to show the additional contribution of (¢, ¢) no longer being a fixed function to the remain-

der.

Lemma 5. The remainder R(P, Py) := V(P)—Y(Fy)+ Py, p can be written as R(P, Py) =
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Rl(P, Po) + RQ(P, Po) + R3(P, PQ) with

UZO(y>a07L) mz(y,Go,L)
R{(P Fy):=E L)— L) |1 —-—=
(P10 i= B [lelyan D) - ozalpnao, 1)) |1 - 200 D) 2l T)

DZt,o y\GO, Szo(y‘l L) (Vzo(y,ao,L) ) }
. -1 (A=A dy|1,L
{ SZ y|1 L) VZ(ZJ’(ZO,L) ( Z Z’Ox y| )

| Faatan1.}

Ry (P, Fy) :

where vz(y,ag,l) = vzQp(y|ao, )Gz (y|ao, €)mz(ao| ) and Rs(P, Py) includes the term
Ry (P, Py) + R3(P, Py) + Ry(P, Py) defined in Appendiz A.

Proof. We examine the first order difference of the parameter around F,

W(P) ~ W(R) = [lnataa,0) ~ nzolan, OVAzo(d0) + [ pizlao, Oz ~ Hz)(@0)

and further expand the survival regression,

pz(ao, €) — pzolao, €) = /[SOZ(% ao, ) — pz0(y, a07£)]ﬁz,o(dy 11, 0)
+ [ zolany. O(Fz = Fro)ldy|1,0).
We have studied the remainder in detail in Appendix A of Chapter 1 and therefore only

present the novel contribution. Using Lemma 2 of in the Appendix A and Theorem 6 (Gill

and Johansen, 1990), we can write

/DZQO y7a07 SO(?/’1 ﬁ)

wIL0) (Ap = Ro)(dy | 1,0)

/SOZ(Ganae)(FP — Fp)(dy|1,0) =

Next, we write the expectation of the influence function as

mz y7a07 I/ZO(ya(IOag) r-
P — F 1,0)H,
0Pao,P = //mzo y\l l Vz(y,ao,f) [¢Z,O<y7a0>€) @Z(%ao,f)] o(dy| J) o(dg)

DZ‘P ’a’07 ( | 1,€> VZO(y,ao, L) . N
’ Ap — Ao)(dy | 1,0)Hyo(dl
/ Sz(y|1,0) vz(y,ao, L) (Ap — Ao)(dy | 1, £)Hz,0(dl)

- /ﬂz(@m@(HZ — Hzy)(dl),



157

which when combined with the first order difference gives the expression for the remainders

Ry (P, Py) and R2(P, Fy) and completes the proof. O

Theorem 14. If conditions (B1)-(B3) hold for ay € {0,1} then, the functional P — ¥, (P)

is a pathwise differentiable parameter with influence function ¢q, p(0) and the linearization
¥y (P) = oy (Fo) = [ 0uy00)(P = Fo)(do) + R(P. )

holds for P € M.

Proof. Using Lemma 3 from Section B.2 and Theorem 1 in Chapter 1, the representation of

the influence function follows. O

Estimation and Inference

We propose the following conditions under which asymptotic inference is valid. We de-
note the data generating distribution implied by the estimated nuisance functions by
P, := (¢n, Fr, G, Qn, ™). Further, we denote by P = (¥oo; Foos Goos oo, Too) the lim-
iting distribution of each estimated nuisance function. We suppose the following conditions

hold Py—almost surely.

(B5) The class of functions {o — (¢, — ¢o)(0)} is Donsker.

(B6) There exists a constant € > 0 such that for all y € (0,7(a,¢)) and almost every ¢:

() /m(l) <& 1/mo(l) <6
(i)  1/Qn(yla,f) <& 1/Quw(yla,l) <
(i)  1/Gulyla,0) <& 1/Gu(yla,l) <e
(iv)  Dig,(y,a,0)/Su(ya,0) < €&  Dooyo(y:a,0)/Suc(y]a,l) <e.

(B7) For almost-every (a,¢) and for all y € (0,7(a,¢)) the following hold

(i) FOO(y | a?@ = FZ,O(y | a?@a
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(i) Quo(yla,l) =Qo(y|a,l), Go(yla,l) = Gzo(yla,l), and 7o (f) = m70(L);
(iil) ¢ooly|a,l) = ¢zo(y|a,l)

(B8) For all y € (0,7(a,)) and each ay € {0, 1}, it holds that
R(Pn7 PO) = Oop (n71/2) )

where R(P,, P,) is the remainder evaluated at the distribution implied by the

estimation procedure.

We prove the robustness result from Section 2.3.3 in the absence of left truncation.

Lemma 6. In the absence of left truncation, when W = 0 with probability one, if two of the
three conditions of (B7) are satisfied, then 1 i)wo. In this setting an empirical one-step

estimator and the estimating equations estimator are identical.

Proof. Showing the equivalence is accomplished by rearranging the term ¢,, 3 p(¢), and isolat-
ing the parameter. In the absence of left truncation the remainder term is exactly R(P, Fy) =
Ry (P, Ry) + Ry(P, ), therefore it is sufficient to show that R(Px, Py) = 0 when two out of
three conditions are satisfied. If either ¢, = ¢ or all of (Fi, = Fy, Qoo = Qo, Too = o) then
Ri(Py, Py) = 0. If either F, = Fy or both (Qu = Qo, Too = o) then Ry(Py, By) = 0. We

need only two of the three conditions to ensure R(Py, Py) = 0.

Proof of Theorem 7

Specifically, we restate Theorem 7 as the following. When conditions (B5) - (B8) hold, the

one-step estimator is asymptotically linear
n'/? [, — o] < N(0,07)

where o3 := Eq [1,0(0)* + ¢0.0(0)* — 2¢1,0(0)po,(0)].
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Proof. For each treatment level ag € {0, 1}, we can decompose the one-step estimator as

¢a0,n - ¢a0,0 = (]P)n - PO)¢a0,O + (]P)n - PO)(éao,n - ¢a0,0) + R(Pna PO)

Conditions (B5) — (B7) and Lemma 19.24 of Van der Vaart (2000) ensures that (P, —
Po)(¢agn — Pag0) = 0P (n_l/Q) and that

Vi(Br = Po)dag0 —+ N(0,0 Tap0)

where 07 o = Eo[¢a,0(0)?], while condition (B8) and Lemma 5 ensure that R(P,, Fy) =
op (n7'/?). Using the delta method for the difference 1} := Vi, — V5., completes the

proof. O]

Lemma 7. When conditions (B5) — (B8) hold and if L 37 {7, '¢rn(0;) — 1} = Op (n71/?)
then, the estimating equations estimator 1), has the same limiting distribution as the one-step

estimator ,. Further the difference between the two estimators is

Z{m:lcm o - 1w -0},

where 1@ is an arbitrary consistent estiamtor of iy.

Proof. We define ¢4 ,, 1= ¢110 — Po.1,n a0d P2, 1= @12, — P02, as the first two contributions
of the influence function of ¥y (P,) and Wo(P,). For a choice consistent plugin estiamtor v,

the one step estimator can be written as

Ur =0+ = ZV [(bln )+ $2.0(0;) + [{Nn(LLi) — (0, Li) } — Q/Af] CbF,n(Oi)}

=+ EZQSF’;—NZ' {0 (0 ) = 00, L)} = ] = [{p1a (1, L) = (0. L)} = 3]

where we’ve utilized the definition of the estimating equations estimator. Rearranging the
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terms completes the proof
* x l En -1 N x 0
¢n - wn - n — {771 ¢F7TL<OZ) 1} {wn ¢} )

and notably if v, := £ 3" | ¢, (0;) then the estimating equations estimator is equivalent

to a modified one-step. O

Part C: Retrospective data setting
Details of identification result

Many of the arguments presented in the retrospective data setting follow from the prospective
setting. Two notable differences are the absence of censoring and the direction of truncation.
As we will see this simplifies the results and only mildly changes the derivations. Before we
establish the identification of ¢y, we show that the components of the ideal data distribution
Py can be identified in terms of data distribution Fy. Under conditions (Cl) — (C2),
according to the product integral form of Theorem 11 of Gill and Johansen (1990), for any

t € (0,7r(a,l)), we can write

Fzo(t|a,l) = Pgo(T <tla,l)= T {1—-Tzo(dul|a,l)}

u€(t,00)

Gzo(w|a,l) = Pro(W >wla,l) = J {1—Azo(du|a,0)},

u€(0,w)

oo Fy o(du]a,l)

. B aTagr 18 the backwards cumulative hazard of the event-time
Z,O(ulaag)

v Gzo(du|a,l)
0 Gzo(ulal)

times. Defining Fy(t|a,l) = Py(T < t|A =a,L =0, T < W), Go(w|a,l) == P (W >
w|A=a,L=2"),and Ry(u|a,l) =P (T <u<W]|A=a,L=0)=Pro(T<u<WI|A=

where I'z(t]a, () :=

distribution and Azo(w|a,?) = is the cumulative hazard of the truncation

a, L =10,T < W), we will identify the target survival and truncation distributions using the
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product-integral form via

Fo(t]a,0) = T {1 M}

wse U Rolula,0)
~ Go(du]a,ﬁ)}
G WARE 14 —123 .
O(w‘a ) u);(t{ RO(u‘aHg)

First, we can write the observed data distribution in terms of target distribution param-

eters, specifically as

Py(dt, da, dw, dt,db) = —Pzo(db|w,t,l,a)l(t < w)yzoFzo(dt|a,l)Gzo(dw|a,l)Pzo(dl,da),
(B.2)

where vz := P(T < W)~'. We define the inclusion probability weights as vzo(a,l) =

Pzo(T <W|A=a,L=1{)""such that when condition (C3) holds, the observed follow-up

and truncation distributions can be written as

Fo(ula,l) =Pzo(T <u|A=a,L=0T<W)
:7270(&,5)/ Gzo(t]a,0)Fzo(dt|a,rl)
0
Go(ula,l) =Pyo(W >u|A=a,L=0T<W)

= —vz0(a,0) / Fzo(w|a,0)Gzo(dw]a,l),
and the observed risk probability
Ro(u|a,l) :=vz0(a,0)Gzo(u|a,O)Fzo(u|a,l).

Thus, under conditions (C1) — (C3), we find that

Fzo(dula,l)| Fo(dula, 0)\ =
Faoltla,f) = JL{“ m} - JL{“ m} = Ft]a6)

and the result is similar for Agzg(w]a,?), and following Theorem 11 of Gill and Jo-
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hansen (1990) this gives a representation of the target survival distribution. We note

that these identification results also give a representation for vzo(a,l) via Fo(a,l) :=

[ Go(t|a, 0O)Fy(dt | a,0).

Proof Theorem 8

Proof. The representation of the conditional mean is dependent on conditions (C2) — (C3),

such that

EZ,o(B’T:t,A:ao,ng) :EZ’O(B’T:t,W>t,A:&0,L:€>
:EO(B|T:t,A:CL(),L:£)

To complete the identification result we present a representation of the target propensity and
covariate variable distributions in terms of observed data summaries. Given conditions (C1) —

(C3) we can write,

’70(a7 g)
Y0

7TZ’0<CL|€)HZ,Q(d€) = 7T0(CL|£)H0(CZ!€)
where vy := Eo[10(A, L)]. Summing over a € {0,1} gives the result Hy(dl) = Hyzo(df),
and “’sél&? mo(a|l) = mzo(a| L), where vo(¢) :== Eo[70(A, L) | L = ¢]. Each term of the target

distribution has a representation in terms of the observed data parameters, which completes

the proof. n

Linearization of target parameter

In this section we show that under conditions (C1) — (C3) the linearization term ¢, p :=
”ygl(qﬁaml,p + Gag2.p + Pays.p) is the nonparametric influence function of the parameter

U, (P), where we define v, := Pz(T < W), the partial integral kernel Dy, : (¢, a9, () —
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f(f Fz(u|1,0)¢z(du,ap, ). and

I(a=ag) fz(t]1,0) 1

t b) = _
¢ao,1(£a a,t,w, ) ﬂ_Z(aO’g) Z(t‘ag, )Gz(t’a g) [b @Z(t a07€)]
_ 1(a=1) Dy, (t, ao, ! Dy (u, ag, ()
¢a0,2(€7a,t,w) - 7]'0(]_ ‘ 6) Fz(t|1 £ GZ t|]_ £ GZ u|a l FZ<U | 1 6) ( |1 g)

¢a0,3(£7 a, t? w) = [NZ(a07 6) - wa(),Z] ¢F,P(1 - GZ)(O> ’

as in Part

1-Gz(t]a,l) [1— Gz(u|a€ Tz (du|al
-

. 1
where ¢pp(l —Gz) @ 0 = Frwled T FralabCs D (w]a,0)F7(u]af)

B. The result follows from the results of Chapter 1 in the absence of censoring. The right
truncation case has the same linearization but uses the reverse hazard function instead of
the usual hazard function. The argument for ¢,,; follow exactly from Appendix B.2. We

present a modification of Lemma 2 (a) in Appendix A for the case of right truncation

Lemma 8. For each (a,l) € {0,1} x L, the following identities hold

(@) Fa(t]a, ) — Fro(t|a,0) = —Fy(t|a,0) /too %(FZ CTyo)(dula, )
(b) / oL, 0)(Fy — Fyo)(dt |, 0) / Dot a, ];ZZO& ’a“ ;;) (T = To)(dt | a, £).

Proof. Following the same argument as Theorem 6 of Gill and Johansen (1990) we can write
for any two continuous distribution functions Fz and Fz, and their corresponding reverse
cumulative hazard function I'; and I'z . Starting on the right hand side we use integration

by parts to write

[ R o, = — B2
t

77 (a,f) N /oo FZ70(du ’ a, E)
FZ(u | a, 6) t

Fy(ula, )

Fzo Fzo(ula,f)
A 14 —r .
(t]a,?) /t Fyula. D) zo(du|a,?)

Replacing this result into the right hand side of Equation (a) gives the result.
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The differential form of this equation is

(FZ - FZ,O) (dt | a,f) = FZ70(U | a,ﬂ)(FZ - FZ70)(dU, | a,f)
o FZ70<U|CL, E)
Fait|at) [ 7 (T = Taa)(dul ).

t

which allows us to write

/gp(t, 0)(Fz — Fz0)(dt]a,?)

_ / (1) {Fm(u la,0)(Ty — Tpo)(du| a, £) — Fy(dt|a,0) /1t h %(rz —Tyo)(dula, e)}

_ / / w, 0)Fy(du | a, 0) ];?ZO((;"; f)) (T — To)(dt | a, )

where we use integration by parts and swap the order of integration of the second term,

similarly to Appendix A. n

We now study the linearization of ¥, around F based ¢,, p. Specifically, we derive the

form of the remainder term R(P, Fy) := W, (P) — VY, (Fy) + Poda, p from this linearization.

Lemma 9. The remainder R(P,Py) = Wo,(P) — Yy (Py) + Poga,.p can be written and
R(P, Py) = Ri(P, Py) + Ro(P, Py) + R3(P, Py) + Ry(P, Py) + Rs(P, Py) with

VZO(y7a07L) mZ(yaaﬂ?L)
P P) =F L) — L) |1l—--—= Fyo(dt|1, L
R1( ) 0) Z,0 {/[@Z(y,am ) @Z,o(%aoa )] [ ug(y,ao,L) mZ,O(%aO’L) Z,o( | ) )

Ra(P, Py i= g { [ P2eltge el ILO Jomit L) i, - 1) (1,0

_m Wz(A,L) B Fzyo(t’A, L)GZ’Q(t’A, L) SZ,O B
rpr) =2 { o an | 250 - TSmO (1) @i

Fz(UJ|A,L) —FZ’O(IU’A,L)
FZ(w|A7L)

Ry(P, Py) = %E { Jrton, 1) - wa(ra)| | 62~ Graawia )}

Ra(P. Fy) o= 20 / 1z(a0, 0)(Jy — Jro)(da, dO)

where we define {4(t,a,0) = [uz(ao,l) — Vay.z(Pz)][1 — Gz(t|a,l)] and vz(t,ap,l) =
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V2Gz(t | ag, O)mz(ao | £).
Proof. We begin by decomposing the difference ¥, (P) — ¥, (F) as the sum (D1) 4+ (D2) +
(D3) + (D4) + (D5) with

(D1) = /[902(75;@0,5) —pz0(t ao, O)]Fzo(dt|1,0)Hzo(dl)

(D2) = /g@z(t, ap, E)[Fp - Fb](dt | 1, E)Hzﬂ(dé)

(D3) = /7zl[ﬂz(@07€) — Yaq.z)[vz2(a, €) = vz0(a, £)]Jo(da, df)

(D4) = /[Mz(ao,ﬁ) — Yay.2] REACRD (Jp — Jo)da,dl

Yz
(D5) = / a0, €) = W 2] (H = o) (d0) 20—

We leave (D1) unchanged for now and move to (D2). Using Lemma 6, we can write

)
/ D p{t. 0. ) S (T = T ) a0, O Hi ).

Next we decompose (D3) as the sum (D3a) + (D3b) + (D3c) with

(D30) =~ [ 27zl ) = b 2llFatw] ) = Faalwo]a, 0] G Do,
(D3b) := / [“ii‘gfzu]f‘?)’Z] (Gp — Go) (dw| a, £)Jo(da, d0)
_z0 Fz(w|a,l) — Fzo(w]a,l)
(D?)C) = ,y—Z [,Lbz(a(), g) - wamz] FZ(w | a, g) (GZ — GZ70)(dw | a, E)szo(da, df) y

and it is important to note that terms without a Z subscript denote the biased observed
data version of those parameters. We leave the remaining difference terms unchanged.
We now compute the linear terms —(P — Fy)¢a, p = Poay.p, Which can be decomposed

as the sum (L1) + (L2) 4 (L3), where we define

(L1) := / {Zj((;,’zs,’ﬁ)) VVZ;((;’;;O”E?} [z0(t, €) — pz(t,0)] Fzo(dt|1,0)Hzo(dl)
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FZ,O(t | 1, Z) VZ,O(ta 1,6)
(12) 1= [ Dt o0, ) o T ) (0t ]1.0) = A ] 1.0) Hyafat)

(L2) :=(L2a) + (L2b) + (L2c),

such that

(L3a) = — / Wii‘?,;a)"a‘f’?)z} (Gp — Go) (dw| a, €)Jo(da, df)

(130) = = [ lnans) = vy 25 1 — ) )

L 7ZO FZO t|CL E)Gzo(tla E) .
(L3c) := /fz ,a,l Folt |0, 0G(t|a.0) (Cz —Tzo) (dt|a,l)Jz0(da,dl)

and we are using that Py(dl, da,dw,dt,db) = 1(t < w)yz0Pzo(dl,da,dw,dt,db). We again
note that terms without a Z subscript are observed data quantities.

We now scrutinize the terms appearing in R(P, Fy) = (D1)+(D2)+ (D3)+ (D4) + (D5) +
(L1) 4+ (L2) + (L3). First, we observe that (D4) + (L3b) = 0 and (D3b) + (L3a) = 0. Next

we note that
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Proof of Theorem 9

When conditions (C1) — (C3) hold for ay € {0,1} then, the functional P — ¥, (P) is a

pathwise differentiable parameter with influence function ¢,, p(0) and the linearization

Uy (P) — Wy (Py) = / b000(0)(P — Py)(do) + R(P, Fy)

holds for P € M.

Proof. Using Lemma 2 from Appendix B.2 and Theorem 1 in Chapter 1, the representation

of the influence function follows. O

Estimation and inference

We propose the following conditions under which asymptotic inference is valid. We will
denote the estimator described in Algorithm 2 as v} to clarify that it is an estimating
equation estimator, we use 1, as in Appendix B.2 to denote the one-step estimator. We
denote the data generating distribution implied by the estimated nuisance functions by
P, = (pn, F, Gy, m,) and denote by Py = (@oo, Fros Goo, Too) the limiting distribution
of each estimated nuisance function. We suppose the following conditions hold FPy—almost

surely.

(C4) The class of functions {o — (¢, — ¢o)(0)} is Donsker.
(C5) There exists a constant € > 0 such that for almost every y € (0,7(a,)) and (a, £):
(i) m(all)<e 1/m(all) <¢
(i) 1/Gu(yla,f) <& 1/Go(yla,l) < ¢
(111) Dn#?n(ya CL, E)/S’I’L<y | CL, 6) S 6; DOO,<,Doo (ya CL, é)/SOO(y | aa E) S €.

(C6) For almost-every (a,¢) and for all y € (0,7(a,?)) the following hold

(1) Foo(y | a?@ - FZ,0<y | a7€)7
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(i) Goo(y]a,l) = Gzo(y|a,f), and 7 (€) = mz0(0);
(i) peo(yla,l) = ¢zo(yla,l)

(C7) For all y € (0,7(a,¥)), it holds that
R(P,, Py) = op (n_1/2) )
where R(P,, Py) is the remainder evaluated at the distribution implied by the

estimation procedure.

Theorem 15. If two of the three conditions of (C6) are satisfied, then ¢ L5 1.

Proof. We first note that the linearization of the weight adjustment function ¢z p has another

equivalent expression ¢ p, where

_ 1—Gpt|a€ v 1—Gp |CL€)
:F 1 F
bmplo) = Fe(wla, ) 4 { o CrEled o [F O]t

_ 1 1—Fp(wla,?) /w 1— Fp(u|a,l)
¢a.r(0) =Crlt]af) +{F (wla,0)Gp(w|a,f) Fp(ul|a,l)Gp(u|a, E)AG’P(dMa’E)

and I'p(dt|a,l) := Fp(dt|a,l)/Fp(t|a,l) and Ag p(dw|a,l) == —Gp(dw|a,l)/Gp(w]a,l).

I(a =ag) fz(t]1,0) 1 B )
WZ(GOIK) Z(t\a()’ )GZ(t’a ﬁ) [b @Z(t, o,é)]

I(a=1) Dy ,(t, ao,l Dy ,(u, ap, t)
= — 1
Gavallatw) = = =G\ B, G t|1 0) Golula )y 10" 240

¢a0,3(£7 a, t? w) = [:uZ(a’(b 6) - wa(),Z] ¢F,P(1 - GZ)(O> ’

¢ao,1(€a a, ta w, b) =

We denote by U(Fy,Gz,mz,¢z;0) the estimating function evaluated at the specified
nuisance functions and at y. For each piece of the influence function we define a corre-

sponding estimating function (Uggy1, Usg2; Usy,3) such that U(P;0) = Uy (P;0) — Uy(P;0)
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and where U, (P;0) = Ugy1(P;0) 4+ Uy 2(P;0) + U,y 3(P;0). The goal is to show that
PyU(Fw, Goo, Too, Poo) under the conditions of (C6). We observe that Ey[B — ¢o(T, L) | A =
ag, L =20,T =t,T > W] = 0 therefore using iterated expectations

]P)()Uao,l(Fpa GPJ TP, QDO) =0 )

which shows one case. We next use Equation B.2 to show that

TI1,L) I(A= T L) — T L
POUao,l(F07G077TO790P):EOEO{fZ70( LL) K a0)lp20(T, a0, L) = (T, o, )]‘A L}

fz0(T | ap, L) Yzomzo(ao | L)Gz0(T | ag, L)
=%Ez0 {MF0,¢Z<L) — po(L)}

and we will later show the cancellation. Next we use the definition of Ry(u | a, ) and we note

that

Dy, (u,ag,?)
< < Pz ’ ! = =
Ey {/](W _U_T>Gz(u|1,f) ol | I’K)FZ,O(CZMLE)‘A 1,L E}

Gzo(ul|a,l)Dy,,(u,ao,t
=ozala.0) [ RGO 1.0,

.. D ao,f) G u | a,l)D u,a0,f
and similarly EO{F(trl‘PEZ)gZOHM |A = 1,0} = vz0(al) [ z( |Gzzu|0’&z)( s )Fz,o(du\ 1,0),

which using iterated expectations gives the result PoU,, 2(Fo, Gp,7p, pp) = 0. Next we

study U,, 2 when F is mispecified, using the same conditional expectation result

(t, ap, L)FZ@(t | 1, L)
Fz(t[1,L)

D
PoUsqy2(Fp, Go, 70, 00) = Ez {/ Fz.¢0 (Izo—Tz)(dt]1, L)} :

Using integration by parts we write

7r(a,l)

/DFZ<P0 t , Ao, )FZO(t|1’€>FZ<dt|17£) _ _DFz<,00(t ao,f)FZ()<t|]_ E)
Fu(t]1,0) Fy(t]1,0)

D t Fro(t)1
/on(ﬂl O)pzo(dt, ag, € / CENULULAIU ’E)Fz,o(dﬂlag)

Fy(t[1,0)
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- - DFZ»WO(TT<CL7 6)7 ap, £) + DF0,<,00 (TT(av E), aop, 6) = /’LF7§00(GO7 6) - NO(a07 ﬁ) )

which gives the result

PoUag2(Fp, Go, 0, 0) =YL z0[1try.00(L) — po(L)]

We split the problem into each case separately for U,, 3. First using the same argument as

Ugp.2 Wwe can show that

POUao,?)(FOa GP: Tp, @0) = EO {[MO(L) - wao,O}EO[qu,O(W? Tv A? L) | A? L]}

= —YFEzo {MO(L) - 2ﬂo} =0.

We use the same argument but use the representation ¢ to show that

PoUs3(Fp, Go, o, 00) = Eo {[1t0(L) — Yae.0] Eolpao(W, T, A, L) | A, L]}

= —Y0Ez0 {1re (L) — po(L)} -

Finally, the last follows the same argument as the first case

PoUay 3(Fo, Go, o, 0p) = — Yo Ez0 {ftr0p (L) — po(L)}

We now show that PyU(Py) = 0 by arguing that FyU,,(Px) = 0 when two of the three

conditions hold.

(Casel) (Fuo, Gooy Too) = (Fiz0,Gz0,T20) then

PoUay(Poo) = %0 E 70 {11500 (L) = 110(L)} — Y0 Ez0 {1700 (L) — po(L)} =0
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(Case2) (Goo; Toos Poo) = (G20, T2,0, Pz,0) then

PoUay(Poo) = %0E 70 {1tFy.000 (L) = 110(L)} — Y0 E 20 {#tF00 (L) — po(L) } =

(Case3) (Fuo, ¥oo) = (Fzp0,9z0) then

PyU,(Py) =0

and this completes the robustness result. O]

Proof of Theorem 10

When conditions (C4) — (C7) hold, the one-step estimator is asymptotically linear
n!/2 [y, — o] = N(0,03)

where 02 = Ey[$1.0(0)? + ¢00(0)? — 2¢0,0(0) 0 0(0)?], and the estimating equations esti-

mator ¢ is asymptotically equivalent to the one-step estimator ,.

Proof. Using Theorem 8, we can decompose the one-step estimator as

wn - ¢0 = (Pn - PO)¢ao,0 + (Pn - ]P)O)((b(ZO,Pn - ¢ao,0> + R(Pm PO)

Condition (C4) and Lemma 19.24 of Van der Vaart (2000) ensures that (P, — Py)(¢a,.p, —
$ao0) = op (/%) and that

V(P = Bo)bay0 — N(0,02) .

Condition (C7) ensures that R(P,, Py) = op (n~'/?), which completes the proof. O
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Lemma 10. When conditions (C4) — (C7) hold and if 137" {7, ¢r.(0;) — 1}
Op (n‘1/2) then, the estimating equations estimator 1. defined in Algorithm 2 has the same
limiting distribution as the one-step estimator v,,. Further the difference between the two

estimators is

2{7 Yo rn( z_]-}{ }

where 1@ s a consistent plug-in for 1.

Proof. We define ¢1,, := @110 — @o.1,n and @2, 1= @12, — P02, as the first two contributions
of the influence function of ¥, (P,) and Wy(F,). For a choice plugin 1, the one step estimator

can be written as
=+ Z 81000 + 62(0) + {11, L) = p1a(0.L)] =0} 610(0)
=+ = Z% = {01, L) = 100, L)) = 03} 650 (0) + {l1n (1, L) = a0, L)) = 0 } 670 (0)]

where we’ve utilized the definition of the estimating equations estimator. Rearranging the

terms completes the proof

Z{v Yrn(0) = 1} v - B}

and notably if v, = %22;1 ¢rn(0;) then the estimating equations estimator is equivalent

to a modified one-step. n
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Appendix C

CHAPTER THREE SUPPLEMENTARY
MATERIALS AND APPENDIX

Proof of identification

The Residual accelerated failure time model implies the relationship ¢(z, x, a) can be written
as in Equation 3.2. This relation is confirmed by the observation that for any increasing

continuous function m : [0, co] — [0, oo]

Em(T —a)|A=aX=x,E=1,Z=2z2]=

/P(T—a>m1(u)]A—a,X—x,E—1,Z—z)du

0

:/ P(T—a>¢ z,m,a)m ™ (u) | T >a,E=0,Z = 2)du
0

—F {m((T—a)qﬁ(z,x,a)) | T>a,E=0,7=z|.

This result, much like an Accelerated Failure Time (AFT) model relates ¢(z,z,a) to the
ratio of moments of the residual lifetime. However we can extend this result if we consider
additional assumptions. If we consider the indicator function which is not continuous, namely

m(u) :u 1(u > Qr(z,7,a,e)) where Q. denotes the conditional 7" quantile of T, then

l—7m=P(T—-a>Q(2,z,0,1) | A=a, X =2, E=1,7 = 2)
:P(T—a>¢’1(2,x,a)Qﬂ(2,x,a,1)]T>a,E:0,Z:z)

=P(T—-a>Qa,2,0)|T>a,FE=0,Z =2),
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with Q,(a,z,0) denoting the 7 residual quantile among the unexposed. Comparing the

final two lines of the derivation completes the result.
Proof of Theorem 1

Under the conditions (Al)- (A3) and (B0)- (B2), the acceleration factor can be written as
the causal contrast

E[m(T(0)—a)|T0)>a,Z = z]

(]5(2,5(],&) = E[m(T(ZL’,CL,l) —CL) |T(O) > CL,Z = Z] ’

where m : R — R is any monotone function.

Proof. We begin with the numerator,

Em(T0)—a)|T0)>a,Z=z2]=E[m(T —a)|T >a,E=0,Z = z],

when the conditions hold. The denominator is

E[m(T(x,a,1) —a)|T0)>a,Z=z]|=E[m(T —a)|T0) >a,X =2, FE=1,Z = z]

=Em(T—-0a)|T>a,X=2,E=1,7Z=2],
when the exposure occurs at age a. Using the previous identification result completes the
proof. O]

Proof of Theorem 2

Both Lemma 1 and Theorem 12 are direct consequences of parametric estimation theory.
Theorem 5.23 in  Van der Vaart (2000) describes the general results and conditions for

asymptotic normality of M-estimators.
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