(©Copyright 2020
Caleb Geiger



Singular Moduli and the Ideal Class Group

Caleb Geiger

A thesis
submitted in partial fulfillment of the
requirements for the degree of

Master of Science

University of Washington

2020

Committee:
Bianca Viray

Max Lieblich

Program Authorized to Offer Degree:
Mathematics



University of Washington

Abstract

Singular Moduli and the Ideal Class Group

Caleb Geiger

Chair of the Supervisory Committee:
Bianca Viray

Let dy and dy be discriminants of distinct quadratic imaginary orders Oy, and Oy, and let
J(dy,dy) denote the product of differences of CM j-invariants with discriminants d; and
do. In 2012, Lauter and Viray generalized the methods of Gross, Zagier, and Dorman to
give a computable formula for v,(J(dy,ds)) for any distinct pair of discriminants dy, ds and
any prime p > 2. Further, in the case that d; is squarefree and ds is the discriminant of
any quadratic imaginary order, they gave a simple closed form. To do this, they related
the question to a particular counting problem. We recap the developments of Gross-Zagier,
Dorman, and Lauter-Viray before making progress on the remaining cases by considering a

related counting problem.
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Chapter 1
INTRODUCTION

1.1 Brief History and Motivation

Gross and Zagier in their seminal paper | , Def 1.2] introduced a function of particular

note.

Definition 1.1.1. Given two arbitrary discriminants of imaginary quadratic orders, d; and

do, define the function

Jdi,do) =[] G(m) —i(r2))
disc[r;]=d;,

,€H/ SL2(Z)
where j is the elliptic modular function.

If the d; are coprime discriminants of mazimal orders, surprisingly, J (dl,dQ)ﬁ is an
integer; moreover, it is a so-called ‘highly-divisible’ integer, meaning it is divisible by many
small primes. In the maximal case, the paper of Gross-Zagier provided a beautiful description
of its factorization (which we discuss in §2.2).

Later, Dorman | ] would give an algebraic proof of one of the results of Gross-Zagier
about J(dy, dy), which was originally proven analytically. In particular, he gave an expression
for the powers of its prime factorization in the case of d; being square-free, dy fundamental,
and ged(dy, dy) =1 (his results are discussed in §2.3).

Finally, we discuss the most recent results of Lauter and Viray | ]. Inspired by
cryptographic applications to computing denominators of certain Igusa polynomials | ]
used in the construction of genus 2 curves, Lauter-Viray generalized the factorization to
include arbitrary discriminants. They give a method to compute the exact prime powers
dividing J(d,, dg)ﬁ and give an explicit expression for the powers under certain technical

conditions, conjecturing the result remains true when some conditions are dropped.



The expression given relates the power of the primes dividing J(d;, ds) to a counting of
ideals in an imaginary quadratic order of fixed norm with certain properties. In an attempt
to attempt to show the conjectured formula holds true, we have worked on this counting
problem. In §3, we determine the number of ideals of fixed norm in an imaginary quadratic
order of discriminant d, relating it to the case of a maximal order, resulting in an interesting
observation. We then give a proposed direction to prove the resut of Lauter-Viray and the

tools we have to complete this task.

1.2 Notation

We will use K and L to denote number fields with rings of integers Ok and Op, respectively.
Rational prime numbers will be denoted by ¢, p, and g with corresponding primes p, p, and
q being used for prime ideals of a number field lying over the corresponding rational prime.
In general, we try to use fraktur letters when referring to ideals, e.g. a and b. Completion
with respect to a prime ideal will be denoted via a subscript; so, for example Q, would be
the (-adic rationals, the fraction field of the f-adic integers Z,. To distinguish localization
at a prime from the former, we use parentheses, i.e., Z) and Op (. Since there is a unique
imaginary quadratic order for each discriminant d, we let this order be denoted Oy := Z[1],

d4/d
2

where 7 := and d < 0. We may also simply use O if the discriminant is clear from

context, and reserve D for a fundamental discriminant Op = Og,/p). This gives an alternate
expression for Oy = Z[f %ﬁ] where d = D f? for some integer f, which we call the conductor
of O,. Finally, we denote the class group of an order, that is, the group of locally principal
(invertible) ideals modulo principle ideals, by Cl(O,), the Picard group of the order, which

is of size h = hp, = hq.



Chapter 2
PREVIOUS RESULTS

This section recaps some of the results of Gross-Zagier, Dorman, and Lauter-Viray, which
will display the motivation of those questions that we begin to answer in §3. Proofs of the
results of this section are omitted, as they exist in the respective papers of note. We do,

however, try to state all the results from first principles.

2.1 Preliminaries

Let z € H = {z € C:Im(z) > 0} be a complex number in the upper-half plane. Then
there exists a certain function called the elliptic modular function j: H — C, which gives
a parameterization of homothetic lattices of the form Z[r] where 7 € H. That is, given
7,7 € H, then there is some A € C* such that Z[r] = AZ[r'] if and only if j(7) = j(7)

2miz

[ , Thm 4]. Explicitly, if we define ¢ := e*™* j is given by a g-expansion

1
j(2) ===+ T44 4+ 196884q + - = 1/q+ > cuq"
q n>0
for some ¢, € Z | ].
One may define an SLy(Z) action on the upper-half plane by linear fractional transfor-

a
mations. In particular, given A = 4 € SLy(Z) define A - z := izig

v 0

The j-function is

invariant under this action.

We will be primarily interested in evaluating j(7) where 7 satisfies
ar*> +br +c=0

for some a,b,c € Z where the discriminant d := disc(7) = b* — 4ac < 0. Such j(7) are

called singular moduli. This discriminant differs from the maximal order of K := Q(v/d) by



a square | , Proposition 6.2.6] called its conductor, which we will denote f.
Let O4 = Z[%E] be the imaginary quadratic order of dicsriminant d. The following
are standard (rather involved) results concerning singular moduli j(7), that can be found in

such texts as [ , Thm 10.23,§11] or | , Thm 6.10]:

e j(7) is an algebraic integer of degree h = # Cl(Qy), the class number of Oy, over Q,

e K(j(7)) is the ring class field of conductor f associated to K,

There exists an elliptic curve, F, having complex multiplication by O, with j invariant

J(E) = j(7),

and the h different conjugates of j(7) over O, are the values j(7’) where 7/ run over

the roots of the primitive quadratic polynomials of discriminant d.

Suppose that d; and dy are two negative, relatively prime discriminants. Define

J(dy,dg) = H (J(11) = j(72))-

disc[r;]=d;
This product is taken over the pairs of equivalence classes of imaginary quadratic elements
[71], [T2] modulo the SLy(Z) action given above.

One might be wary of the finiteness of this product, and rightly so; the finiteness of the
product is a consequence of the finiteness of the class group, which is a non-trivial result
itself | , 87).

In reference to this J function, the papers of Gross-Zagier and Dorman are concerned
only when d; = D; are fundamental. In this case, letting w; be the number of roots of unity
in Oy, J(Dy, Dg)ﬁ is an integer unless one of the D; = —4 in which case J(Dy, Dg)ﬁ
is an integer. The case where one of the discriminants is —3, say Do, results in adjoining
(3 a third root a unity, giving six roots of unity, i.e., wy = 6. This ostensibly gives a

cube root in the expression of J(D;, —3); however, j({3) = 0, and so the product becomes



J(D1, =3) = [laiscfry=p, J(71)- Since the other fundamental discriminant is coprime, we may
use a result that K (j(m)3) = K(j(1)) for any of the 7, [ , §13].

When one removes the coprime and fundamental discriminant restrictions, as | ]
find, the factorization results in powers which can be fractional. Omne could alternately
consider J(dj, dg)ﬁ to avoid such fractional powers; however, to stay as close as possible

to the statements of Gross-Zagier, we shall not do so.

2.2 Gross-Zagier

Let Dy, Dy be coprime, fundamental discriminants and w; = |OF, |. Letting D = D; D, we

consider all primes ¢ where (%) = 1, and for such primes, we define

Duy if (¢, D)) =1,
(o] ey

(B2) if(6,Dy) =1

2

where (%) is the Jacobi symbol. We extend € to Z=° by multiplicativity.
The main result of | ] is the following factorization formula:
Theorem 2.2.1 (| , Thm 1.3]).

Sy —x [ e
n,n! €L

n,n’>0,x2+4nn’'=D

One may rewrite this result by defining

F(m) _ H ne(n/)7
n,1;’:>7r6
then the result can be stated
8 D — 2
J(D.Dy)mm =+ [[ F ( . ‘ ) .

z2<D
z2=D mod 4

It is not at all obvious apriori, but these F'(m) are powers of a single prime, namely an

A Dfﬁ. The reason for the high-divisibility is then explained in a corollary.



Corollary 2.2.2 (| , Cor 1.6]). If £ is a rational prime dividing J(DI,DZ)ﬁ, then
(%) # 1, (%) # 1, and ¢ divides a positive integer of the form D_T”ﬁ. In particular,
¢ < D/4; moreover, if D = 1 mod 8, then ¢ < D/8, and if D; = Dy = 5mod 8, then

¢ < D/16.

Namely, every prime ideal containing j(7;) — j(72) lies in a particular, bounded collection

of rational primes, which is independent of the chosen prime ideal.
2.3 Dorman

In the paper of Gross-Zagier, the authors go on to give two proofs to provide a formula for
the prime factorization of the differences of two singular moduli. Whilst the proof in the
case of prime discriminants used only algebraic means, an analytic proof was necessary for
the composite, relatively prime case. Dorman remedied this by providing an algebraic proof
of such a formula in his paper | ].

Again, we let Dy, Dy be coprime, fundamental discriminants and w; = |Op, |. Let K =

Q(v/D;) and O = Ok be the ring of integers of K. Define
R(n) =4#{a C O :|0/a| = n}.

Extend R to Q by defining R(x) :=0 for x € Q\ {1,2,3,...}.

Let H be the Hilbert Class Field of K, i.e., the maximal unramified extension of K. It is
well-known that its Galois group G = Gal(H/K) ~ Cl(O) | , Thm 5.23]. Let xp, be
the primitive, quadratic character defined mod D; extended to Z in the standard way, i.e.,
start by letting

(
0 ifp|x

Xp(7) = Q1 if there is an a € Z : = a® mod p

—1 if thereis no a € Z : x = a® mod p,
(

then one can extend this to xp, : (Z/D1)* — {£1} by multiplication and to Z by residue

class.



Now, if p 1 Dy, define the Frobenius

.
1 if p splits in K,
Frob(p) =

—1 if p remains inert in K.
\

Then, given n = up® € Z where ged(p, u) = 1, we define ¢, by

(

sgn(n) if p=o00

ep(n) = { Frob(p)® if pt Dy,

\Xp(u)XDl/p(p)aP if p| D;.

These €, are thought of as ‘genus characters’ of K. That is, they reflect whether or not a
particular ideal is a square in the class group or not (this being its genus). Thus, we arrive

at Dorman’s main result:

Theorem 2.3.1 (| , Thm 1.2]). Let £ be a rational prime with ramification index e in
K. Then,
DD,
ord, (J(Dl,Dg “f1w2> _ ZZ ool (T)
xGZ n>1

where

0 if there is a p | Dy : p # € and e,(x® — D1 Dy) = —1

pe(w) =

o#{pplecd(z,.D1)}  Htherwise.

Notice the relationship between the powers of primes dividing J(D1, Ds) to ideals of some
norm ‘in a specific genus class.” The generalized version of this result, which we will talk

about in the following section is the main drive behind studying the questions of §3.

Remark 2.3.2. A great portion of the proofs rely on facts surrounding embeddings of en-
domorphisms of elliptic curves into the endomorphisms of their reduction, which requires a
decent understanding on quaternion algebras. For general understanding of quaternion alge-
bras, we direct the reader to | |, which we found to be quite useful in the understanding

on the proofs.



2.4 Lauter-Viray

Finally, we shall consider dy, ds to be arbitrary discriminants. In such a case, we lose the fact
that the Oy, are Dedekind domains, integrally closed, locally DVRs, etc. Remarkably, one

can still state something of the same flavor as the results of Gross-Zagier.

Theorem 2.4.1 (| , Thm 1.1]). Let dy,dy be any two distinct discriminants. Then,
there exists a function F' that takes non-negative integers of the form m = %“”2 to (possibly

fractional) prime powers. This function satisfies

s dydy — 2
J(dl,dg)wle =+ H F <%> .

z2<dydy
z2=d1ds mod 4

Moreover, F(m) =1 unless either
e m =0 and dy = d(** for some prime £, or

e The Hilbert symbol (dy,—m), = —1 al a unique finite prime £ and this prime divides

m.

In both of these cases F(m) is a (possibly fractional) power of €.

We remark again that the fractional powers of primes occur exactly when 3 | di,ds.

Lauter-Viray give an additional result, generalizing the work of Dorman.

Theorem 2.4.2 ([ , Thm 1.5]). Let dy,ds be any two distinct discriminants, and let

: : dydo—x?
m be a non-negative integer of the form ==
f1 = COl’ld(dl).

If m > 0 and either £ > 2 or 2 does not ramify in both Q(v/dy) and Q(v/ds), then

and ¢ a fixed prime that is coprime to

ve(F(m)) can be expressed as a weighted sum of the number of certain invertible integral

ideals in Og4, of norm m/l" for r > 0.



Moreover, if m is coprime to the conductor of dy, then vy(F(m)) is an integer and the

weights are easily computed and constant; more precisely we have

Lo(m o A(m /" it £ 1 cond(ds),
on(Fm)) = (M) 2y A(m/ ) f cond(d,) (2.4.1)
p(m)2A(m /e+vcond(@))) if ¢| cond(dy),

where e is the ramification degree of £ in Q(\/dy) and

0 if (dy, —m), = —1 for p|di,pt fil,
o#{pl(m.d1):ptfz or p=t}

p(m) =
otherwise,

N(b) = N, b invertible,
AN)=#< bC Oy : p1tbforall p|(N, fo),p1ld : (2.4.2)

p® 1 b for all p|p|(N, fa, d1),p # ¢
If m =0, then either vo(F(0)) = 0 or dy = d1£** and

ve(F(0)) = 2. # Pic(Oy,).

w1y
Finally, Lauter-Viray conjectures a formula for the powers of the primes dividing the J

function in the case of the discriminants having coprime conductors.

Conjecture 2.4.3 (| , Conj 1.7]). Let dy and dy be two distinct discriminants with
relatively prime conductors. Write f for the product of the two conductors and for any

prime p, let diy € {dy,ds2} be such that p{ cond(dy)). Then, for any prime €

o) (%) = 1ptf,

2 (%) = 1.plf. on
_8 p|d(p)7(d(p)7_m)]9: 17p)ff
ve(J(di,do) 2 ) = H+ Y efz) J] < )
22<dids plma,p#l | 1 <M> =—1,p1 f,v,(m) even or
22=d;d> mod 4 p

p|d(P)7 (d(P)7 _m)P = 17p‘f? Up<m> =2

0 otherwise,
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where H = 0 unless dy = di(** for some k > 0, in which case H = w% - # Pic(Oy,),

_ dido—z?
= A=,

and
My :

(

ve(my) if 014 f,¢|d,

Lve(my) + 1), if 01 fdgy, ve(m) odd,
eo(x) =

e}

if €4 dgy, ve(m) even,

\ 1 otherwise.

Thus, we see the utility in considering a counting problem of particular invertible ideals

of each norm. It is for this reason that we will shift our attention to the task of counting

ideals in imaginary quadratic orders.
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Chapter 3
RESULTS

As we now see that the question of factoring J(d,ds) is directly related to the counting

of ideals, we focus our attention on the following question:

Question 3.0.1. Without the additional constraint of m being coprime to the conductor of

dy, can we give an alternate formulation of 2(N) so that Thm 2.4.2 still holds?

Though we do not give a solution to this problem, we make progress by counting a
superset of the ideals considered in the expression of 2(N) in Thm 2.4.2 and discuss further
steps to be taken to find the proper collection of ideals to yield the desired equality. Namely,
our results consist of determining the number of integral ideals of fixed norm in an order of
arbitrary discriminant, as well as the number of invertible integral ideals of fixed norm.

This problem sounds deceptively simple, especially considering the ease with which one
can answer the same question when the order is maximal. We shall see that it requires quite
a bit of delicacy to answer most questions when working in non-maximal orders. The main
difficulty comes from the fact that we lose the factorization of ideals into a product of primes.
This added complication becomes clear even in the statements of the number of ideals in

each case.

The proofs of the results follow in §3.3.

3.1 Ideal Counting

Proposition 3.1.1. Toke K = Q(\/E) to be imaginary quadratic. Let p be a rational prime

and m > 0 a non-negative integer. Then, the number of ideals of norm p™ in Ok is sum-
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marized by the following equality:

.

m + 1, if p splits,
#{a C Ok : N(a) =p"} = ¢ 1, if p is inert and 2 | m, or if p is ramified,

0, otherwise.

\

Proof. Break into cases depending on the splitting behavior of the prime p: one has either
p = p is inert and is of norm p?; p = p? and p has norm p; or p = p;p2, each of which has norm
p. All ideals have a unique factorization as a product of primes; so, starting in split case,
we have the ideals of norm p™ will be exactly those of the form pip5*~" for r € {0,...,m},
giving m + 1 such ideals. In the inert case, the only possibility is p™/2, requiring m to be

even. In the ramified case, the only ideal is p™. O

In contrast to the Dedekind case, in an arbitrary imaginary quadratic order O we lose the
factorization into prime ideals. We do still have primary decomposition, but importantly,
the localizations at prime ideals are no longer DVRs. This makes it difficult to compute the
norm of the localization of our ideal.

Our first result follows:

Theorem 3.1.2. Let K = Q(v/D) be an imaginary quadratic field of discriminant D < 0
with mazimal order Ok = Z[%ﬁ], and let O = Z[f%ﬁ] be the order of conductor f in
K. Choose a rational prime p that divides the conductor f and a non-negative integer m.
Let w := v,(f) and let € = 0 or 1 if m is odd or even, respectively. Then, if v,(d/4) > m

L] . . . .
then there are % ideals of norm p™ in O; otherwise, if v,(d/4) < m and p # 2, the
number of ideals of norm p™ in O is summarized as follows:

(

pw;_ll_l if p ramifies in Ok,
#{a CO:[O:a]=p"} = pwz:l_l if p is inert in Ok
pw;jfl +p¥(m+1—2w—¢€) ifp splits in O.
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Finally, the number of ideals of norm 2™, assuming v,(d/4) < m, is given by the following

equality:
)
Qutl 1 if D =0 mod 8,
Qute — ] if D =4 mod 8,
#{a CO:[0:a] =27} = ¢ow-lte _q if 2 is inert in Ok, w # 1
2l+e — 1 if 2 4s inert in O, w =1
k2“’“—1—1—2“’(m—i—1—2w—e) if 2 is split in O

Since we're interested in invertible ideals with a certain property, we see which of the
ideals found in the previous theorem are actually invertible. This will require a case-by-case

analysis to determine a closed form, which gives the following result.

Corollary 3.1.3. Using the notation of Thm 3.1.2, when v,(d/4) > m, the number of
wnvertible ideals of norm p™ in Oy = Z[fD+T‘/E] is p™?2 if m is even and 0 if m is odd;
otherwise, assuming v,(d/4) < m, the number of ideals of norm p™ is summarized by the

following equality:

(
w

P if p ramifies in O

#{aCO:[O:af=p"} =1 pv + pvt if p is inert in Ok, m even,

(p* — p* V) (m+1—2w) if p splits in Ok
\

We now see how the problem is a bit more complicated than the Dedekind case, simply
from the statement of the results. In particular, we remark on the fact that in the maximal
case, the number of ideals of norm p™ is independent of p, which is no longer true in the

non-maximal case. For some reason, the larger the prime, the more ideals lie over it.

We begin with a couple of requisites.
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3.2 Preliminary Results

Proposition 3.2.1. Let O = Z[7] = Z[dgﬂ] = Zlz]/(x* — dx + %) = Z[z]/(g(x)). Let p

be a rational prime. Denote the irreducible factors of g(x) mod p by g;(x). Then, the primes
of O containing p are exactly p; = pO + (g;(7)), where g; is a lift of ;.

Proof. Let p = (p) + I is a prime ideal in question over (p) for some ideal /. Then we have
the following isomorphism:

Zlx]/(g(x)) _ Z/plel/(1 gi(x))
p)+1 I ’

Ofp=

where I is the corresponding ideal under the reduction map. In order to be an integral

domain, I must contain (g;) for some i. This implies, p D (p, g;), which is maximal; hence,

Lemma 3.2.2. For any prime p C O = Z [dg‘/ﬂ, letting T = (d + V/d)/2, we have
Op 2 Zy [1] with equality when p is not split in O. In particular, in the non-split case,

a+br € O C O, is invertible in O, exactly when p{N(a+ b1).

Proof. Since p lies over (p), we know p N Z = (p). Hence, every integer coprime to p is
invertible in O, showing Z,) C O,, giving the desired containment.
Now assume that p is not split. In O, all elements are of the form o/ where o € O, 3 €

O\ p. Since in O,

BB =N(B) =N(][ 0, n0O) =[]0 : 80,n O] € Z,

q q
each [O : O, N O] is a power of the rational prime ¢ over which q lies, and p is the unique
prime lying over p, we know that p + 33. Hence, 3 is invertible in O,. This allows us to

rewrite /8 = a3/ N(B) € Z,[7], showing the reverse containment. O

Remark 3.2.3. The primes that split in O are exactly those that split in Ok and are prime

to the conductor.
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For the remainder of this section, let O = Z[d+2*/3] = Z[r] so that 7% — dr + d24_d = 0,
take p to be a rational prime dividing f = cond(d), and define w := v,(f).
Since we will be counting ideals of a fixed norm, we find necessary and sufficient conditions

for the generators of a p-primary ideal to have norm p™.

Lemma 3.2.4. Let g(z) = 2% — dv + # so that O = Z[1] = Z[z]/g(x) is the quadratic
imaginary order of discriminant d. Let p C O be a prime ideal over some rational prime p
dividing the conductor cond(d). If a € O is a p-primary ideal of norm p™ for some non-
negative integer m, then there exists a minimal integer k with m/2 < k < m and a unique
residue class [A] € Z/p**=™ where g(A) = 0 mod p**~™, which give a = (p&, p™ k(1 — A)).

Conversely, any such ideal is p-primary of norm p™.

Proof. Assume that a C O is of norm p™ and let k be such that p* is the minimal, non-
negative integer in a. If k = 0, then a = O implying m = 0, and (1, p(7 — 0)) certainly takes
the desired form. So, we may assume k > 0 throughout. We write a = (p*) + (;); where

a; € O are the remaining generators of a. Now, we manipulate O/a as follows:

O/a = [Z[z]/(g(x))] / (0", i) = Z/p"[2]/ (9(x), o)

where by abuse of notation g and the «; are now considered as polynomials in Z/p*[z]. Note
that the minimality of p* implies that the ideal (g(z), ;) contains no non-zero constants.
Now, as ¢ is monic of degree 2, we can assume that the a; are linear. In fact, we only need
one such «;; to see this, consider an ideal (p®z + ag, p’z + by) C Z/p*[z] with a < b that
contains no non-zero constants. Then, the difference between the second generator and p®~®

time the first must be zero. i.e.,
(P’ — by) — p"*(p"x — ag) = p"“ap — by € (p"x + ag, P’z + bo)

is a constant in the ideal; hence, p’~%ay = by in Z/p*. However, this implies that the ideal
is principal generated by (p®z — ag). Moreover, since this principal ideal (p®x — ag) contains

a

no non-zero constants, it must be that a < v,(ag), as multiplication by p*~* would give a

non-zero constant.
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Thus, in our case, we may write (g(z), a;) = (g(z), p*(z—A)). Now, again by the fact that
we require this ideal to not contain non-zero constants, we must have that g(A) = 0 mod p*~;
one may see this by the fact that modding by the ideal gives relations g(z) = 0 mod p* and
p(x — A) = 0 mod p*, which together give g(A) = 0 mod pF~2.

As [O : a] = p™, it must be that [Z/p*[z]/g(z) : (p*(z — A))] = p™. So, we note
m/2 < k < m, which we will use extensively throughout the proof beyond this lemma.
We may, of course, compute the index [Z/p*[z]/g(x) : (p®(x — A))] directly by noting that
in Z/p*x]/g(x), z(p*(x — A)) = (d — A)p*(z — A)). So, one may compute the size of the
ideal #|(p®(z — A))| = p*~* by just considering its integer multiples. Hence, the index
1Z)p"[z]/g(x) : (p*(x — A))] = p?*/p*~* = pF*2, which shows a = m — k. This computation
shows the converse of the lemma, as well.

Putting this all together, we see that a = (p*, p™*(7 — A)) for some A such that g(A) =
0 mod p?*=™. Our final task is to show that such an ideal is unique up to choice of A mod
p?*~™. To do this, we begin by noticing that O-linear combinations of the generators are

exactly Z-linear combinations.

Remark 3.2.5. This follows from an argument similar to that done in the quotient. Namely,

since k > m — k we have

mph = ApF + p? "R (T — A))]

and similarly

"R (r — A) = p™ R (2 — A7)

2 _
:pm_k {d’i’—{- <—d 1 d) —AT:|

— pmk [dr + (A% —dA + Cp*™) — Ar], for some C € Z

= Cp* + (d— A)p™*(r — A).

So, every element of our ideal is a Z-linear combination of our generators.

Say (p*,pm*(r — A)) = (p*,p"*(r — B)) for some A, B € Z. Then, there are integers
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ai, as such that

pm_k(T —A)= arp® + agpm_k(T — B).

Considering the coefficients of 7, we see that 1 —ay = 0, i.e., as = 1. Reordering the integer
portion, we find

p" (B — A) = apt,

showing that A = B mod p**~™, as desired. O

Lemma 3.2.6. For a prime p, we let r and s be non-negative integers such that 2r < s and

u be an integer coprime to p. Then, the number of roots of z*> — p*u = 0 mod p°® is zero

s—2r

when u is not a quadratic residue modulo p*~=". Otherwise, when u is a quadratic residue

mod p*~%", finding the number of roots is equivalent to counting those . € Z/p*~" for which

r

p? =1mod p*~2". The number of such p is explicitly given by the following:

(
2p" , whenp # 2
P o 2" , whenp =2, and s —2r =1
#{peZ/p™™ :p?=1mod p* "} =
'l when p=2, and s — 2r = 2
k2’”“2 , when p =2, and s — 2r > 3.

Proof. When p # 2, the roots of 22 — 1 mod p*~2" are exactly &1, as a root is such that
p*%" | (r —1)(x+1). In particular, p | (x —1) or (z+1), and the other term will be coprime
to p.

When s — 2r > 3 and p = 2, the roots of 22 — 1 mod 2°~2" can by found by noticing that
one of (x — 1), (z + 1) is divisible by 2 but not 4, meaning that one of the factors of 22 — 1
is divisible by 2°72~!. Hence, = £1 or 272" £ 1. In the final two cases, when s — 2r = 1,
we have the sole root, x = 1 and when s — 2r = 2, we check we only get two roots, 1. This
gives 1,2, or 4 roots in the respective cases.

Now, elements of Z/p*~" that map to these roots will be of the form z+yp* 2" 1 <y < p"

where Z is a lift of one of the roots we found mod p*~2". For each of the 1,2 or 4 roots we
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find, such lifts are distinct, which agrees with the number claimed in the statement of the

lemma. O

Lemma 3.2.7. For any integers r and s where v > 0, the ideal (p" (T — 5))Oy contains

manimal, positive integer p"Trr(N(T=s))

Proof. Letting k = 7 + v,(N(7 — s)), we see that p"(7 — s)(7 — s) = p*u for some (u,p) = 1.
So, we need only show minimality. For convenience, we note that O, = Z,)[7] = Z,)[Vd/2]
since d/2 € O,.

We rewrite p" (1 — s) = p"(V/d/2 + a) for some a € Z,. Say 8 = by + b;Vd/2 € O, is
such that p'(v/d/2 — a)B = p’ is minimal in ¢. Since p’ is in Z,), the coefficient on v/d/2

must be zero, i.e., p"(by + ab;) = 0. Hence,

That is, this matrix has rank 1 over Q. This tells us that the conjugate of 3 is a Z;,)-multiple
of Vd/2 4+ a =T — s, giving the result. O

Lemma 3.2.8. Given «, 3, and r € Z with r > 0, the ideals p" (1 — a)O, and p" (7 — )0,
are equal exactly when v,(N(T — a)) = v,(N(7 — B8)) and a = 8 mod porNT=a),

Proof. Note that the intersections with O are the p-primary ideals (p" ™= p7(7 — a))
and (prte(NT=8) pr(r — B)) from Lemma 3.2.7. The result follows from the uniqueness of

the equivalence class of A in Lemma 3.2.4. n
We can now prove Thm 3.1.2 and Corollary 3.1.3.

3.3 Proofs

Proof. We will use the notation t(p™) := #{a C O : [O : a] = p™} and vty (p™) := #{a C
O: [0 :a] =pmpkea and p* ! € a}. We note that in the proof of the Lemma 3.2.4

for an ideal a = (p*,p™*(r — A)) the minimal value k must lie in m/2 < k < m. As
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a consequence, our task will be to count the roots of g(z) = 0 mod p?*~™ for each k in

m/2 < k < m. Totaling such values will then give us the desired count of ideals, i.e.,

m/2<k<m
Firstly, notice that with a little cosmetic work,

d>—d

g(z) = 2% —do + = (v —d/2)* —d/4.

Now, if p = 2, then 4 | d and both d/2 and d/4 are integers; otherwise, if p # 2, then 2

2k—m 2k—m

is invertible mod p , allowing us to consider g(z + d/2) mod p . Hence, using the
change of variables x +— x + d/2, the ideal counting problem reduces to counting roots of
22 — d/4 mod p?*~™.

We split into two cases depending on whether or not the constant term is zero. Equiv-
alently, we break into cases based upon 2k — m < v,(d/4) or 2k —m > wv,(d/4). As
we will be counting by ranging over the values of k& we rewrite these conditions in terms
on k, ie., k < w and k > W. This is because if k£ < w, then
2% — d/4 = 2? — 0 mod p*—™.

vp(d/4)+m
2

Letting k = we see,

m/2<k<m
= Z #{x € Z/p* ™ 2? = 0} + Z #{x € Z/p* ™ : 2% — d/4 = 0}.
m/2<k<k k<k<m

For the first summand, k& < k, in order for  to be a root, v,(z) > (2k —m)/2. Hence,
there are p*~1"/21 possibilities for z.

Notice that if v,(d/4) > m then k will always be less than x. So, the total number of
ideals would be given by
B+

L
m -1z b=z
w(pr) = Y, plEl=

m/2<k<m p= 1



In the event that m > v,(d/4) then there is the possibility k& > &, and the problem

becomes a bit more involved.

D+VD ]

So, we now assume k > . Notice that if p ramifies in the maximal order O = Z[=5

g(xz +d/2) = 2% — (f2/4)D does not have a root mod p**~™. To see this, if p # 2 or

D =0mod 8, then, in terms of integers, v,(2?) is even but v,(d/4) would be odd. Moreover,

when D =4 mod 8 one considers 22 — f2(D/4) where D/4 = 3 mod 4, which is a quadratic

1+m vp(d/4)+m
2 S - 2

residue only modulo 2; however, 2k — m = 1 when k = = Kk, outside our
current case, showing there are no roots when p ramifies in Ok and k > k. So, if p ramifies,
the total collection of such ideals can be computed by summing those k£ < &, i.e.,

m —[z p
(pr) =Y, Pl =

we | EEE | _rmpy

9

p—1
which matches the proposed solution for each of the cases where p ramifies in O.

Outside of the ramified case, we use Lemma 3.2.6. Firstly, rewrite
22 —d/4 = 2® — p*(f*/p*”)D/4 mod p*—™.

When p = 2, using the notation of Lemma 3.2.6, we may take r = w — 1 and u = f2D/p?¥,
and when p # 2 we take r = w and u = f2D/(4p**). The number of ideals is then given by
the result of the lemma.

Thus, we have found the number of ideals for each value of k. We now explicitly sum
these k depending on whether p is inert or split in O to match the explicit forms given in
the theorem, as we have already considered p being ramified.

Consider the case of p # 2. When p is inert, D is not a quadratic residue mod p?~™;

S0, we get the same sum as in the ramified case:

w2241 _
m rm P 2 2

—1
'Up(d/4)+m p
2

m/2<k<
which we simplify using the fact that v,(D/4) = 0. Notice that | %] — [%] +1 = 0,1 when
m is odd, even, respectively; so, if we define ¢ = 0,1 when m is odd, even, we see this agrees

with the theorem.
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If instead p splits in O, then Lemma 3.2.6 gives 2p"” roots for each values of k between
k < k <m. Again using the € notation, we obtain the following total:

v(p™) = > PE 2 ime va(d/é) ) =

m/2<k< el rm

pw+e_1
p—1

+p¥(m+1—2w—e),

completing the case of p #£ 2.

Now, turn to the case of p = 2. When 2 is inert in Ok, i.e., D = 5mod &, we know
that D is a quadratic residue only mod 2 or 4. The only case in which 2k —m =1 or 2 and
k>r=w—1+%is when w = 1. In such a case, Lemma 3.2.6 tells us that we will have 1
or 2 roots when 2k —m = 1 or 2, respectively. So, in total, if we let 6 = 0,1 when w # 1 or

w = 1, respectively, then the total number of ideals when 2 is inert in O is given by
epm) = Y0 2FTET) a0 = 2w lEITET g 4520 = 2v e — 1 4521,
m/2<k<k

Finally, in much the same way, when 2 splits in O, the total number of ideals is given

by
> o lET ) ot vt i — k] - 1) = 2" — 14 2%(m+ 1 — 2w — ¢)
m/2<k<k

where the middle term 2%~1*¢ comes from the fact that 2k —m = 1 or 2 depends on m being

odd or even, respectively. O

Now, we prove the statement of Corollary 3.1.3.

m=k(r — A)) = yO, for some

Proof. Say (%,p
v =cp® + czpm_k(T — A).

Being a generator, there is another element 7/ € O, for which vy = p™*(r — A). By

considering the coefficient on 7, we see that v,(cy) = 0. Hence, multiplying by a unit, we
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can assume 7 is actually of the form

v =cpt +p"F(r — A)

=" = (A= ap™™™))

="M —a)

for some integer « in the same equivalence class mod p?~™ as A.

Applying Lemma 3.2.7 and Lemma 3.2.8, we need to count those a where v,(N(7 —
a)) = 2k —m, i.e., a must be a root of g(x) mod p?*~™ but not a root mod p?*~m+L,
We break up into cases similar to the proof of the theorem in an attempt to see which
lifts give us some non-root mod p?*~™*!: namely, consider the cases of m < v,(d/4) and
m > v,(d/4). Additionally, as we range over values of k, those k where 2k —m < v,(d/4),
2k —m = vy(d/4), and 2k — m > v,(d/4) will be useful to consider as the counting will

depend on whether d/4 = 0 mod p?*~™. Writing these in terms of k, we will consider

b m/bm g @Am g g @,
Define
R(p™) := #{a C O : ais locally principal, [O : a] = p™}

and

Ri(p™) := #{a C O : a is locally principal, [O : a] = p™, p* € a, and p*' & a}.

Then, letting x = w

Y

Rp™ = > K™ +RPM)+ Y, Rlp™),

m/2<k<r k<k<m
where R, (p™) = 0 when « is not an integer.
When m < v,(d/4) then all values m/2 < k < m will be such that the polynomial
g(x +d/2) = 2* —d/4 = 22 mod p** ™FL. If m is odd, then we see that any value z for

2k—m+1

which 22 = 0 mod p**~™ will also satisfy 22 = 0 mod p So, there are no such

principally generated ideals when m is odd. However, when m is even, we may take those

r=pF %y whereuw € {1,.... p"

m
2

— 1} is coprime to p.
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For each k the number of such values is ¢(p*~2), and so the total number of principal

ideals will be

agreeing with the corollary. Additionally, when m = 0, there is a unique such ideal, and we
will assume m > 0 from here onwards.

Assume now m > v,(d/4). We will work through the cases of p ramifying, remaining
inert, and splitting in Ok, and within each case, treat p = 2 separately.

We first work through the case of p being ramified in Og. For clarity, we work through
the case of p # 2. For k < k the argument is the same as above, giving us 0 ideals when m

is odd and

m
w+2

> o) = p”

k=m/2

when m is even. Now, when k = k, then we have to be a bit careful. Noting that this
equality can only occur when m is odd, we ask which x are such that 22 = 0 mod p?*~™ but
2?2 —d/4 # 0 mod p?* ™! Certainly the lift of any such value remains zero, as m is odd,
and since d/4 # 0 mod p*~™%1 any of the p* roots of the former lifts to a non-root. Hence,
regardless of the parity of m, we have R(p™) = p* when p # 2.

The proof when p = 2 ramifies in Ok breaks into D = 4 mod 8 and D = 0 mod §;
however, D = 0 mod 8 is exactly the same as p # 2 since vy(d/4) = 2w + 1. So, we proceed

assuming D =4 mod 8. For k < k we get no ideals when m is odd, and we get

w+F -1

> o@E) =2

k=m/2
ideals when m is even. Now, when k = x, which occurs only when m is even, the values x =
2u Ly for any r € {0,...,2*"1} will be exactly the desired values. This gives 2*~! additional
values, totaling 2% locally principal ideals when m is not odd. When d/4 # 0 mod 2%*~™
then 22 —d/4 = 22 —2%*(f?/22*)(D/4) = 0 mod 22*™ has a root only when 2k —m = 2w+1

since D/4 = 3 mod 4, which is not a quadratic residue. Hence, when m is odd, we can take
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k=w+ mT“ so that 2k —m = 2w + 1, and by lemma 3.2.6, with s = 2w + 1,7 = w we see
that there are 2% such roots. In any case, when p is ramified, R(p™) = p*.

Now, assume that p is inert in Og. Again, for convenience, we will prove p # 2 separate
from p = 2. Assuming p # 2, we find that the number of ideals gained over those k where

2k —m < vy(d/4) when m is odd is zero, and when m is even we find

wtg -1

> ot ) =pr!

k=m/2

ideals. When k = w + m/2, none of the lifts are roots, and so, all p* roots give us an ideal.
Noting there are no roots when k > w + m/2, we have R(p™) = p¥ + p*~! when p # 2 and
m 1s even.

Now assume p = 2. Then, in much the same way, the number of ideals gained over those

d/4 . . ,
k< M when m is odd is zero, and when m is even we find

w2 0 if w=1
> o) =
k=m/2 2v=2  if w > 1.

When k& = w — 1+ m/2, which occurs only when m is even, we gain those z = 2*r for any
r, giving an additional 2*~2 roots. So, regardless of the value of w, this gives R(2™) = 2v~1
roots when m is even and 0 otherwise.

As we are in the inert case, D = 5 mod 8; hence, for k > w—1+m/2, ¥2—d/4 mod 2%¢—m
has a root only when k£ = 2w — 2+ 1 or 2w — 2 4 2 depending on whether m is odd or even,
respectively. In the odd case, all the roots are still roots after being lifted, and in the even
case, none of the lifts are roots. Hence, only in the even case, we gain additional ideals.
Applying lemma 3.2.6, we find an additional 2 roots. Hence, whether or not p = 2, we have
R(p™) = p* + p»~! when m is even and p is inert in Ok.

Finally, we work through the case of p being split in Og. Starting with p # 2 and m
even, we gain p¥~! ideals from those & < k. When k = k, we count those x such that

2?2 = 0mod p?” but 22 —d/4 # 0 mod p***!. The total number of roots mod p?* is p*, but
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we have to take away those roots that are reductions of roots. Using, lemma 3.2.6, we know

2w—+1 w—1

there are 2p" roots mod p , giving p reductions; hence, we gain p¥ — 2p*~! ideals.
Finally, for each k > , we gain 2p¥ — 2p“~! by a similar counting argument. Adding all of

these together, we find
Rp™) = > B@™)+R@™)+ > R(p™)
m/2<k<k K<k<m
=p" + (" = 2" + (2" = 2" ) (m — (w+m/2+1) +1)

=" —p")(m+1-2uw)

When m is odd, the only roots come from those k& > x. Namely, we find 2(p* — p*~1)(m —
(2 +w) 4+ 1) = (p — p* ') (m + 1 — 2w) invertible ideals, as well.

Our final case will be p = 2 splitting in Ok, i.e., D = 1 mod 8. When m is even, in exactly
the same way as the inert case, we find 2¢7! = 2% — 2@~ ideals when k < k = w — 1 +m/2.
If k£ is such that 2k —m = 1 or 2, then lemma 3.2.6 shows us that all lifts are still roots. So,

we sum over k > w + 1 +m/2, each giving 2(2% — 2*~1) ideals to get
22% =2 N (m — (w+1+m/2) +1) = (2¥ — 2 1) (m — 2w)

additional ideals, showing the total agrees with the p # 2 case. The case of m is odd is

similar, giving

RE™) =22 =2 (m— (w+ 1+ (m+1)/2)+1) = (2¥ =2 (m +1 - 2w).

3.4 Conclusion and Future Work

Now that we have determined the number of invertible ideals in an arbitrary imaginary
quadratic order, the next step would be to determine an expression for 2(N) from equal-
ity (2.4.2) that would satisfy the relation (2.4.1) in Lauter-Viray’s theorem without their

additional assumptions.
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In the proof of the equality, Lauter-Viray make extensive use of the assumption that m
need be coprime to the conductor of d;. The constraints given in (2.4.2) are a necessary
set of conditions for the equality to hold in general, but when m is not coprime to d; they
appear to be too lax. As such, to determine a set of sufficient conditions, we wish to perform
explicit calculations to determine the genus class of the invertible ideals, which we have yet
to properly do in the case where the ideal non-trivially intersects the conductor.

Additionally, we remark (as was pointed out to us by Bianca Viray) that the number of
ideals of fixed norm seems to have a relationship to the number of ideals in the maximal order.
Namely, the number seems to differ by a factor of the size of one of G,(Z/p"), G,.(Z/p"),
or PY(Z/p") for an appropriate choice of r. Whether this is merely coincidence, or if there
exist some underlying maps of interest is still unclear, but it is a question that seems worth

keeping in the back of our minds.
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