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Data sets are large and and are getting larger. Two common paradigms — data summarization
and data partitioning, are often used to handle big data. Data summarization aims at
identifying a small sized subset of the data that attains the maximum utility or information,
while a core goal of data partitioning is to split the data across multiple compute nodes
so that the data block residing on each node becomes manageable. In this dissertation, we
investigate how to apply submodularity to these two data processing paradigms.

In the first part of this thesis, we study the connection of submodularity to the data
summarization paradigm. First we show that data summarization subsumes a number of
applications, including acoustic data subset selection for training speech recognizers [Wei
et al., 2014], genomics assay panel selection [Wei et al., 2016|, batch active learning [Wei
et al., 2015], image summarization [Tschiatschek et al., 2014}, document summarization [Lin
and Bilmes, 2012], feature subset selection [Liu et al., 2013], etc. Among these tasks, we
perform case studies on the former three applications. We show how to apply the appropriate
submodular set functions to model the utility for these tasks, and formulate the correspond-
ing data summarization task as a constrained submodular maximization, which admits an
efficient greedy heuristic for optimization [Nemhauser et al., 1978]. To better model the util-
ity function for an underlying data summarization task, we also propose a novel “interactive”

setting for learning mixtures of submodular functions. For such interactive learning setting,



we propose an algorithmic framework and show that it is effective for both the acoustic
data selection and the image summarization tasks. While the simple greedy heuristic al-
ready efficiently and near-optimally solves the constrained submodular maximization, data
summarization tasks may still be computationally challenging for large-scale scenarios. To
this end, we introduce a novel multistage algorithmic framework called MULTIGREED, to
significantly scale the greedy algorithm to even larger problem instances. We theoretically
show that MULTGREED performs very closely to the greedy algorithm and also empirically
demonstrate the significant speedup of MULTGREED over the standard greedy algorithm on
a number of real-world data summarization tasks.

In the second part of this thesis, we connect submodularity to data partitioning. We first
propose two novel submodular data partitioning problems that we collectively call Submod-
ular Partitioning. To solve submodular partitioning, we propose several novel algorithmic
frameworks (including greedy, majorization-minimization, minorization-maximization, and
relaxation algorithms) that not only scale to large datasets but that also achieve theoretical
approximation guarantees comparable to the state-of-the-art. We show that submodular
partitioning subsumes a number of machine learning applications, including load balancing
for parallel systems, unsupervised image segmentation, and intelligent data partitioning for
parallel training of statistical models. We empirically evaluate the submodular partitioning
formulation on the latter two tasks. For both cases, we demonstrate the appropriate choice of
submodular utility model and the corresponding submodular partitioning formulation. Em-
pirical evidence suggests that the proposed submodular partitioning framework is effective

for both task.
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Chapter 1

INTRODUCTION
1.1 Background

Recently, data sets are large and are getting even larger. Many of the present-day machine
learning systems are trained on vast amounts of data. For example, the state-of-the-art
speech recognition systems are often trained on thousands of hours of acoustic data [Schalk-
wyk et al., 2010]. Larger training data sets often lead to gains in system performance. On one
hand, big data is particularly useful as “there is no data like more data.” On the other hand,
there are well-known problems associated with the ever-increasing data sets: First, larger
data sets place greater demands on available computational resources, such as storage and
CPU cycles. Second, existing software infrastructure often needs to be adapted to be able
to process ever-larger data sets, which requires developer time and experts. Third, the gains
in system performance achieved by increasing training data sets are often sublinear: after
an initial increase the gains becomes smaller, a phenomenon known as diminishing returns.
More importantly, the difficulty of handling big data becomes more aggravated especially
nowadays as we are nearing the end of Moore’s law [Thompson and Parthasarathy, 2006] and
the hardware performance for computing speed has unfortunately not significantly improved
since 2003.

One solution to the big data challenge is to carefully choose an informative and repre-
sentative subset of the data that retains as many of the benefits of the large data set as
possible, while simultaneously minimizing resource requirements. We call this problem data
summarization. A good data summarization strategy should be able to produce a relatively
small sized subset that becomes much easier to manage and process, while the summarized

subset still attains the most utility or information about the entire data set.



An alternative solution, on the other hand, is to utilize the parallel and distributed
computing paradigm. One common approach to achieve parallelism is to split the data into
chunks, each of which resides on a compute node. This is the idea behind many parallel
machine learning approaches such as ADMM [Boyd et al., 2011] and distributed neural
network training [Povey et al., 2014], just to name a few. Such parallel schemes are often
performed where the data samples are distributed to their compute nodes in an arbitrary or
random fashion. However, there has been apparently been very little work on how to split
the data more intelligently. In this case, an interesting goal is to identify a good partitioning
of the big data, from which a more efficient or effective parallel learning scheme is achieved.
We call this problem data partitioning.

In this dissertation, we address both the data summarization and the data partitioning
problem based on submodular functions. Submodular functions, often used in economics,
operations research, or (more recently) machine learning, are a special class of set functions
that satisfy the property of diminishing returns. Defined over a finite ground set V', a set
function f: 2V — R, is said to be submodular [Fujishige, 2005], if for any a € V and subsets
A C B CV, f satisfies the follows:

f({a}uA) = f(A) = f({a} U B) — f(B). (1.1)

Certain subclasses of submodular functions can be optimized easily with theoretical perfor-
mance guarantees. The optimization algorithms, moreover and very importantly, are scalable
to very large data sets. A more detailed survey of the submodular function optimization al-
gorithms is given in Section 1.5.

In addition to their amenable optimization properties, submodular functions naturally
measure the amount of information that lies within a given set A C V, what is actually
meant by “information” depends very much on the particular function and the application.
To name a few, given a collection of random variables X1, ..., X,,, where n = V', the entropy
function f(A) = H(UseaX,) is submodular. The rank of a subset A of columns of a matrix

is also submodular and can be seen as representing information as the dimensionality of the



vector space spanned by the vectors indexed by A. A survey on broad classes of submodular
functions that naturally capture the various notions of representativeness, coverage, diversity,

and information is given in Section 1.4.
1.2 Methodology

The methodology that we adopt to address both the data summarization and the data par-
titioning problems is to utilize the appropriate class of submodular functions to first model
the utility of a data set, and then formulate the corresponding problem as combinatorial
optimization with the submodular utility function as the objective. For the case of data
summarization, the combinatorial optimization problem seeks to identify a small sized sub-
set that satisfies certain summarization criterion, while the utility value modeled by the
submodular function is maximized. Let V denote the ground set of data, and f : 2V — R,
denote the submodular function measuring the utility of a data set. The data summarization

problem can be naturally formulated as follows:

max f(A), (1.2)

AeC

where C is the feasible set of subsets restricted by the summarization constraint. A simple
and often commonly used choice of C in applications is defined via the cardinality constraint,
ie,C={ACV:|Al <k} with some size constraint k < n. More sophisticated choices of
defining constraints for C include matroid constraint, knapsack constraint, or even intersec-
tion of multiple knapsacks and/or matroids. The feasibility set C controls the properties of
the resulting summary, while the submodular function f judges the quality of the summary.
In a word, Problem 1.2 asks for the summary set A* with the maximum utility value that
also abides by the feasibility constraints defined via C. Given the flexibility of the choice
of C, a large number of data summarization tasks can be naturally formed in such form of
optimization. As we will see, this formulation will be utilized to approach all of the case
studies that we consider for data summarization.

Following the similar methodology, we approach the data partitioning scenario by using



submodular functions as the model. Given V' as the ground set of the data, let the set of sets
T = (A7, A5,--- , A7) be a partition of a finite set V' (i.e, ;AT =V and Vi # j, ATNAT = 0),
and II refers to the set of all partitions of V' into m blocks. Denoting a function F': 7 — R,
that measures the goodness of each partitioning choice (defined in detail later). The data

partitioning problem may be formulated as the following combinatorial optimization:

max F (). (1.3)

mell
Since the quality of a partition often relies on the quality of all its blocks, the definition of
F(7) may be defined in many ways given the multi-criteria structure of the problem. Let
f : 2V :— R, be the submodular utility function that measures the goodness of each data
subset, a simple design of the partition function could be simply the average of the utility

scores across its blocks:
Fuug(m) = 3 (A7), (1.4
i=1
Another criterion would be to consider only the worst-case utility, leading to the formulation:
Fuin(m) = miin f(AT). (1.5)

An even more general objective could be taking the convex combination of the two terms

leading to
FM (1) = Mg () + (1 = X) Fypin (70), (1.6)

where 0 < A < 1. In general, all such definitions of the partition function measure an aspect
of the quality of the partitioning either via the averaged quality, worst-case quality, or a
trade-off of these two. Maximizing F' aims at finding a partitioning 7 such that the overall
blocks’ quality is optimized. In addition to naturally modeling the utility, information, and
diversity of a data set, submodular functions are also often used to capture the notion of
cooperative cost [Jegelka and Bilmes, 2011] and computational load [Li et al., 2015]. In such
cases, a natural goal is to find a partitioning of the data such that the costs of the resulting

blocks are minimized. Mathematically, the optimization has the following form:



min F(r), (1.7)

mell

where the partition function F' could be the averaged-case cost Fyye (as defined in Eqn 1.4),

the worst-case cost Fj,.x with the following form:
Fias () = ma f(AT), (18)
or a combination of the two:
FY™(7) = AFavg(m) + (1 = A) Finax (7). (1.9)

As we will see, both Problem 1.3 and 1.7 in terms of the different choices of the partition
function F' are useful in machine learning applications such as intelligent data partitioning
for distributed statistical learning problems, computational load balancing, and unsupervised
image segmentation.

The success of this methodology for both data summarization as well as data partition-
ing significantly hinges on the accuracy of the modeling and the efficiency of the resulting
optimization. As we will see in this dissertation, our aim is to address both components

utilizing the tool of submodularity.

1.3 Overview

For data summarization, we perform three concrete case studies on (1) speech data subset
selection, (2) genomics assay panel selection, and (3) batch active learning. For data parti-
tioning, we, on the other hand, perform one case study on intelligent data partitioning for

distributed machine learning.

1.3.1 Speech Data Subset Selection

The goal of speech data subset selection is to choose a subset of informative and representative

acoustic data, on which a high-performance speech recognizer can be trained. The data



selection procedure is often performed on thousands of hours of acoustic data, which consists
of over a million speech samples. The focus of this case study is on both the modeling of
the utility function for training a speech recognizer and the scalability of the data selection
procedure. As we will see in Chapter 2, submodularity naturally address both challenges.
We propose several variants of the submodular functions that handle both the medium-
and large-scale scenarios of the problem. We also categorize the data selection scenario as
supervised versus unsupervised depending whether the transcription of the training data is
accessible at the stage of selection. We extensively evaluate on both the phone recognition
and the more realistic large vocabulary continuous speech recognition tasks. Significant
and consistent improvements over the baseline approaches are achieved by the proposed

submodular optimization framework.

1.8.2  Genomics Assay Panel Selection

As for the genomics assay panel selection problem, the goal is to identify a small sized set of
genomics assays to perform so that most types of the DNA activities can be captured while
the cost of the performed genomics assays is minimized. Given a chosen set of genomics
assays, it is also challenging to systematically evaluate the quality of the selected set. In
Chapter 3, we concentrate on both the modeling of the utility function for capturing DNA
activities and the mechanism for evaluating the quality of any chosen set of genomics assays.
We show that using a simple variant of the submodular function as the model would result in
a choice of the genomics assays that almost exactly recapitulates the set chosen by biologists
using their domain knowledge. We also developed an evaluation framework for the selected
set of genomics assays. We focused on three of the most common downstream applications of
genomics data sets: (1) imputing assays that haven’t been performed, (2) locating functional
elements such as promoters and enhancers, and (3) annotating the genome using a semi-
automated method. Consistent and significant improvements are achieved by the proposed

approach on all three evaluation metrics.



1.3.3 Batch Active Learning

In our third case study, we focus on the batch active learning problem, where, given a col-
lection of unlabeled data samples, the goal is to label a small sized subset of the samples
such that the maximum performance gain is achieved by retraining a machine learning clas-
sifier with the newly labeled samples. Batch active learning is a classic machine learning
problem and has been extensively studied by a number of authors. Several have established
the connection of submodularity to this problem [Hoi et al., 2006, Cuong et al., 2010, Guil-
lory and Bilmes, 2010, Chen and Krause, 2013, Golovin and Krause, 2010]. Our focus there
is to show the submodularity in the log likelihood function for certain machine learning
classifiers, which, thereby, directly connects the submodularity to the utility of training ma-
chine learning classifiers and the batch active learning problem. In particular, we show,
for simple classifiers such as the Naive Bayes classifier and the Nearest Neighbor classifier,
the log likelihood of the data set for training such classifiers can be naturally formulated
as the submodular functions, as a result, leading to the corresponding data summarization
as constrained submodular maximization. Furthermore, we apply this framework to active
learning and propose a novel scheme called filtered active submodular selection (FASS),
where we combine the uncertainty sampling method with a submodular data subset selec-
tion framework. We extensively evaluate the proposed framework on text categorization
and handwritten digit recognition tasks with four different classifiers, including deep neural
network (DNN) based classifiers. Empirical results indicate that the proposed framework

yields significant improvement over the state-of-the-art algorithms on all classifiers.

1.8.4 Interactive Learning of Miztures of Submodular Functions

Next, we move a step forward on improving the goodness of the submodular utility model.
Instead of hand designing the appropriate submodular utility model using intuition or domain
knowledge, we study the problem of automatically learning the submodular utility model in

Chapter 5. Given the variety of information that may be captured by different submodular



functions, it is often desirable to design a family of submodular function components and
learn the utility set function for an underlying task as a non-negative weighted mixture of
these fixed submodular components, where the learned weight represents the importance of
information expressed by the corresponding submodular function. While the offline version
of this learning problem has been extensively studied in the literature, the focus of our
study here is to alleviate the bottleneck of the data collection challenge so that an accurate
submodular utility model may be learned in a more feasible manner. We define a novel
“interactive” setting for learning the mixtures by adaptively collecting training data, for
which we show a number of applications in data summarization, including speech data subset
selection, image summarization, and personalized media recommendation. We also provide
an integrated framework for solving this problem and empirically demonstrate the efficacy

of this framework on several of the aforementioned summarization tasks.

1.3.5 Fast Multi-stage Submodular Maximization

In addition to improving the modeling accuracy of the submodular functions, we address the
optimization component of the submodular function based data summarization paradigm.
As previously discussed, the submodular framework is often formulated as constrained sub-
modular maximization. In the theory literature for submodular maximization, the simple
greedy heuristic is often the optimization technique that one utilizes for solving such combi-
natorial optimization problems. Besides its simplicity and efficiency for the implementation,
the greedy algorithm is often guaranteed to yield a near-optimal solution. On the other
hand, many advanced machine learning algorithms that we need to use to process large data
sources, in some cases, are still too computationally costly for the amount of data. As we
will see in Chapter 6, we address the computational challenge of the greedy algorithm by
proposing a multi-stage submodular maximization framework, which at each stage we apply
an approximate greedy procedure to maximize surrogate submodular functions. The surro-
gates serve as proxies for a target submodular function but require less memory and are easy

to evaluate. Comparable theoretical guarantees are achieved by the proposed framework



while significant speedup over the standard greedy algorithm is achieved.

1.3.6  Mized Robust/Average Submodular Partitioning

In the second part of this dissertation, we study the data partitioning paradigm for the
big data challenge. Unlike the data summarization where the optimization algorithms for
Problem 1.2 have been extensively studied in the literature, the combinatorial optimization
formulation used for the data partitioning has drawn less attention in the machine learning
community. To this end, we investigate two novel mixed robust/average-case submodular
data partitioning problems (Problem 1.3 with F2, and Problem 1.7 with F} ) that we
collectively call Submodular Partitioning. These problems generalize purely the robust as
well as the average-case instances of the problem. In Chapter 7, we propose to solve the
submodular partitioning problems by several new algorithms (including greedy, majorization-
minimization, minorization-maximization, and relaxation algorithms) that not only scale to

large datasets but that also achieve theoretical approximation guarantees comparable to the

state-of-the-art.

1.3.7 Dustributed Machine Learning via Intelligent Data Partitioning

Armed with the theoretical advance in the submodular partitioning problems, we perform
a case study on the problem of training data partitioning for parallel learning of statistical
models. Motivated by the connection of submodularity to the log likelihood function for
certain machine learning classifiers, we utilize submodular functions to model the utility of
data subsets for training machine learning classifiers and formulate this problem mathemat-
ically as submodular partitioning (Problem 1.3). We utilize the simple greedy optimization
procedure as proposed in Chapter 7 to near-optimally solve the submodular partitioning
problem. We empirically demonstrate the efficacy of the proposed algorithm to obtain data
partitioning for distributed optimization of convex and deep neural network objectives. Em-

pirical evidence suggests that the intelligent data partitioning produced by the proposed
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framework leads to faster convergence in the case of distributed convex optimization, and

better resulting models in the case of parallel neural network training.

1.3.8 Road Map of This Thesis

In the rest of Chapter 1 we introduce basics about submodular functions as well as the
existing algorithms for optimizing submodular functions under various forms of constraints.

We structure the remaining chapters into two parts: (1) data summarization, and (2)
data partitioning. In Part I, we concentrate on the problem of data summarization. We first
give case studies on three concrete applications of data summarization, including speech data
subset selection (Chapter 2), genomics assay panel selection (Chapter 3), and batch active
learning (Chapter 4). In Chapter 5, we study an interactive learning scheme for improving
the accuracy of the submodular utility model for data summarization tasks. We address the
scalability of the data summarization algorithms in Chapter 6. In Part II, we investigate the
problem of data partitioning. We first study efficient and/or theoretically tight algorithmic
frameworks for solving the submodular data partitioning problems in Chapter 7. We next
perform a case study of the submodular data partitioning paradigm on data parallelism for
distributed statistical machine learning (Chapter 8).

Chapter 2 was originally presented in three conference papers:

e K. Wei, Y. Liu, K. Kirchhoff, J. Bilmes. Using Document Summarization Techniques
for Speech Data Subset Selection, In NAACL 2013.

e K. Wei, Y. Liu, K. Kirchhoff, and J. Bilmes. Unsupervised Submodular Subset Selection
for Speech Data, In ICASSP 2014.

e K. Wei, Y. Liu, K. Kirchhoff, C. Bartel, and J Bilmes. Submodular Subset Selection
for Large-Scale Speech Training Data, In ICASSP 2014.

Chapter 3 is being prepared for submission. A pre-print of this work is available online:
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e K. Wei, M. Libbrecht, J. Bilmes, and W. Noble. Choosing panels of genomics assays

using submodular optimization, in bioarxiv 2016.

Chapter 4 was originally published as a conference paper:

e K. Wei, R. Iyer, and J. Bilmes. Submodularity in Data Subset Selection and Active
Learning, in ICML 2015.

Chapter 5 is being prepared for submission.

Chapter 6 was originally presented in a conference paper:
e K. Wei, R. Iyer, J. Bilmes. Fast Multi-stage Submodular Mazximization, in ICML 2014.
Chapter 7 was originally presented in a conference paper:

e K. Wei, R. Iyer, S. Wang, W. Bai, J. Bilmes. Mized Robust/Average Submodular
Partitioning: Fast Algorithms, Guarantees, and Applications, in NIPS 2015.

Chapter 8 was originally published as a workshop paper:

e K. Wei, R. Iyer, S. Wang, W. Bai, J. Bilmes. How to Intelligently Distribute Train-
ing Data to Multiple Compute Nodes: Distributed Machine Learning via Submodular
Partitioning, in NIPS LearningSys Workshop 2015.

1.4 Submodular Functions: Definition and Examples

Submodularity plays an important role in combinatorial optimization problems. Tradition-
ally studied in mathematics, economics, and operations research, submodularity has recently
drawn more attention in the recent advances of many machine learning tasks [Zheng et al.,
2014, Hoi et al., 2006, Shamaiah et al., 2010, Prasad et al., 2014, Krause et al., 2008b, Das
and Kempe, 2011, Kempe et al., 2003, Gabillon et al., 2013, Chen and Krause, 2013, Reed
and Ghahramani, 2013, Tschiatschek et al., 2014, Singla et al., 2014, Shinohara, 2014, Liu
et al., 2013, Wei et al., 2014, Lin and Bilmes, 2011, Lin and Bilmes, 2012]. In this section,
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we introduce the background on submodular functions, which serves as the foundation for

understanding the remainder of the dissertation.

1.4.1 Definitions for set functions

Submodular functions comprise a special class of set functions. Let’s first define what a set
function is. A set function f : 2" — R is a function that maps from any subset A C V of
the underlying ground set V' to any real value f(A). Essentially, a set function f assigns
a real value for any subset A C V. Intuitively, defining f potentially requires 2!V different
valuations for each subset of V. Optimizing a set function f would involve enumerating
all possible subsets of V' to find the subset with the optimal function value, which has a
time complexity of 2/V! function valuations. This is clearly not feasible when the ground set
size |V| is large. Fortunately, as we will see, the optimization of a set function f becomes
much easier as the set function satisfies the notion of “diminishing returns”, or equivalently,
submodularity. Before formally introducing the definition of submodularity, we first define

some useful properties of a set function:

e normalized: f() =0

e monotonically non-decreasing: f(A) < f(B),VA C B.

e monotonically non-increasing: —f is monotonically non-decreasing.
e non-negative: f(A)>0,VACV.

e symmetric: f(A) = f(V\A),YVACV.

The set functions considered in this dissertation are assumed to be normalized and non-
negative, unless stated otherwise. The special structure of a set function such as mono-
tonicity and symmetry may be exploited to yield more efficient and/or tighter optimization
algorithms. When the monotonicity of a set function is assumed, we always assume that the

function satisfies the monotonically non-decreasing property, unless stated otherwise.
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1.4.2  Equiwvalent definitions for submodular functions

A submodular function f : 2 — R is a special class of set functions that satisfy the

diminishing returns as follows:

f({a}uA) = f(A) = f({a} U B) — f(B), (1.10)

for any A C B C V,a € V. To ease of the notations, we write the marginal gain of an item
a on any subset A C V as

flalA) £ f({a} U A) = f(A).
Eqn 1.10 implies that the incremental gain of any item a € V' always diminishes as the set, on
which a is conditioned, grows from A to B. Another equivalent definition of submodularity
has also been used in the literature and is given as: a set function f is said to be submodular

if it satisfies the following:
f(A)+ f(B) 2 f(ANB) + f(AU B), (1.11)

for any two subsets A, B C V.
In fact, one may come up with many more equivalent definitions of submodularity as

shown in the following Proposition.

Proposition 1 ( [Nemhauser et al., 1978]). Each of the following statements is equivalent

and defines a submodular function.
o f(A)+ f(B)> f(AUB)+ f(ANDB), for any A,B C V.
o f(alA) > f(a|B) foranyae€V and ACBCV.
o f(alA) > f(alAU ), forany ACV,a€eV\ A, andad €V.
e f(C|A) > f(C|B), forany AC BCV and any C CV \ B.

o f(B) < f(A)+ X pepa f(b]A), for any ACBCV.
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o f(A) < F(B)+2uemp [(alB) = 2pepa f(OIAUBN\D), for any A, B C V.

These equivalent definitions of submodularity can also be viewed as the properties that
a submodular function needs to satisfy. As we will see, these properties are very useful
in deriving optimality guarantees in the combinatorial optimization problems involving a

submodular function.

1.4.8 Definitions for supermodular and modular functions

Given the definition of a submodular function, we can also define a supermodular function
and a modular function. A set function h is said to be supermodular, if —h is submodular.

In other words, h always satisfies the following:
h(a|A) < h(a|B),YAC BCV,aeV\B. (1.12)

In fact, a supermodular function may also be defined via the same set of equivalent definitions
as given in Proposition 1 with a reversed inequality.
We say that a set function m is modular, if m is both submodular and supermodular.

Assuming that m is normalized and modular, m, then, always satisfies the following:

m(A) = Zm(a),VA cV. (1.13)

a€A

In contrast to the submodular and supermodular functions, the modular function, by such
definition, can be uniquely characterized by a set of |V| real values. Therefore, we typically
write a modular function as m : V' — R. One may regard a modular function as a discrete
analog of linear function, since its valuation for any set A C V is simply the linear sum over
all its included singleton scores.

For consistent notations, we will, for the rest of the thesis, use f to denote a submodular
function, use h for a supermodular function, and m for a modular function, unless stated

otherwise.
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1.4.4 Definition for curvature of a submodular function

We introduce here another interesting and useful construct called curvature [Conforti and
Cornuejols, 1984, Iyer et al., 2013a, Vondrak, 2010] — the deviation from modularity — of a
monotone submodular function. Given a monotone submodular function f, we define xs(A)

as the curvature of f with respect to a set A C V as follows:

L AN
va(A) =1 o f(’(}) .

k¢(A) lies in the range of [0, 1] and is monotonically non-decreasing in A. The total curva-

(1.14)

ture as defined in [Conforti and Cornuejols, 1984] is then x;(V'). We notate s, as the total
curvature of a submodular function f. Intuitively, kK measures the distance of f from mod-
ularity and sy = 0 if and only if f is modular. On the other hand, we say that a submodular
function f is fully curved if k; = 1. As we will see, the construct of curvature is particularly

useful for refining approximation bounds for a number of submodular optimization problems.

1.4.5 Important properties of submodular functions

In this section, we focus on the properties of submodular functions. In particular we define
a number of important operations that are commonly used in practice while preserving the
submodularity. These properties, as we will see, are very useful for proving submodularity

of a set function and will be repeatedly used in the upcoming chapters of this thesis.

Proposition 2 (Closed under conic combinations). Given k submodular functions {fi}¥_,
and k mizture weights {w;}¥_, with w; > 0,Yi, the weighted mizture f = S ¢ w;f; is also

submodular.

Proposition 3 (Complement). Given a submodular function f, its complement function

f(A) 2 f(V \ A) is also submodular.

Proposition 4 (Min between two). Given any two submodular functions fi and fs, the min-
imum of the two f(A) 2 min{f,(A), fo(A)} is submodular, if fi — fy is either monotonically

non-decreasing or noON-increasing.
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Proposition 5 (Composition of a modular function with a concave function). Given a

modular function m : V — R and a continuous concave function g : R — R, the composition

formed as f(A) £ g(m(A)) is submodular.

Proposition 6 (Restricted to a set). Given a submodular function f and a set B CV, the
restricted set function f'(A) £ f(AN B) is submodular.

Proposition 7 (Composition of a submodular function with a concave function). Given a
monotone submodular function f and monotone concave function g, the composition formed

as f'(A) £ g(f(A)) is also monotone submodular.

Corollary 1 (Truncated submodular function). Given a monotone submodular function f

and a constant c, the truncated function f'(A) = min{f(A),c} is monotone submodular.

Despite that the above operations nicely preserve submodularity, we would also like to

point out some other commonly used operations that often break submodularity below.

Proposition 8 (Operations that generally do not preserve submodularity). Given two sub-

modular functions fi and fo, none of the following can be gquaranteed as submodular:
o f(A)= fi(A)fo(A)

* fA) £ 5

o f(A) = fiA) — f2(4)

o f(A) = max{fi(A), f2(A)}

o f(A) = max{fi(A), f2(A)}
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1.4.6 FExamples of submodular functions

Having given the properties for proving submodularity, we will show, in this section, a number
of submodular functions that one may frequently come across in practice. First we consider
the class of submodular functions which are defined via modular functions. Many instances
of submodular functions are built upon modular functions despite their simplicity. Some
are formed by simply composing a concave function with a modular function, while other
forms include more non-linear operations over the modular functions, such as taking the
maximum. We summarize the various instances of the submodular functions in such form

in the following proposition:

Proposition 9 (Composition of modular functions). Given any two modular functions

m,m’ : V — R, the following set functions are submodular:
o f(A) 2 —m(A)m'(A).
o f(A) £ max,cam(a).
o f(A) = log(1+m(4)).
o f(A)21—T[,cam(a) with0<m(a) <1,VaeV.
o f(A)E1—a™™D with a > 1.

Next, we introduce another class of submodular functions that are defined via a bipartite
graph. Bipartite graphs are those graphs whose vertices can be categorized into two disjoint
sets, say V' and U, such that each edge connects a vertex v € V to a vertex u € U.

Formally, a weighted complete bipartite graph G(V, U, E) is defined via three components:
(1) V: a set of items, (2) U: a set of objects, and (3) E: the set of all edges connecting
between an item v € V and an object v € U. Let e,, denote the edge between v and u, and

w,,, be the weight associated with this edge. An example of a bipartite graph is illustrated
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Figure 1.1: An example of a bipartite graph G(V,U, E), where V = {vy,vq,v3,v4} and
U = {Ul,UQ,Ug}.

in Figure 1.1. Define a modular function m,(A4) £ Y, w,, that computes the relevance
of the set A C V to the object u € U.

Many variants of submodular functions can be defined via the weighted bipartite graph
G. For instance, the well-known set cover function is defined on a special instance of the
bipartite graph G where the weights w,,, take only either 0 or 1 indicating the presence of

an edge. The set cover function has the following form:

fee(A) = “min{m,(A4),1}. (1.15)

uelU

Here, the modular function m,,(A) is interpreted as the number of edges connecting A and w.
The submodularity of f. is evident as each of its constituent terms is submodular according
to Corollary 1.

Defining for each object u € U the importance level ¢, > 0 and the truncation level c,

the generalized set cover function has the following form:

fese(A) = qumin{m,(A), c}. (1.16)

uelU
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We may further generalize this function assuming a set of |U| given concave functions
gu : R — R for each u € U as follows:
JealA) =Y ugu(ma(A)). (1.17)
uel
In this dissertation, we call this function feature based function, since the set of objects U,
on which the function is defined, is often viewed as the set of features that one may wish to
cover in the tasks examined in this thesis. Here we define the concave functions in the most
general form: each feature is associated with a different concave function, however, it often
suffices to use a single concave function in practice. The notion of the features varies as the
application considered at hand. fs is a special instance of fi., with each concave function
g, identical as g(x) = min{z, c}. As we will see, the feature based function fg, naturally
occurs as the utility model of data set for a variety of summarization tasks. Furthermore,
nice interpretations can be given for certain instances of the feature based function in these
tasks.
Another class of submodular function also commonly used is called the maximum coverage
function, which is also known as the facility location function [Mirchandani and Francis,

1990]. This function has the following form:
frac(A) =) DX Wy (1.18)

The facility location function as defined in Eqn 1.18 implicitly assumes that the importance
level ¢, for each object v € U is uniform, and can be easily extended to a weighted mixture
specified by a set of non-uniform weights ¢,. Since the uniform weighted version as in
Eqn 1.18 is often the variant that one uses in practice, we only give the definition in this
form here. If w,, measures the relevance of the item a to the object u, the facility location
function fr.. valuates for any set A C V the sum over each object u € U the maximum
relevance scores in A. Intuitively, maximizing this function f,. naturally encourages finding
a set A with the diverse coverage over the set of objects U. fg. is submodular since each

constituent term max,ec4 wq, is submodular thanks to Proposition 9.
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Another interesting class of submodular function defined over a bipartite graph is called
probabilistic cover function [Yue and Guestrin, 2011, El-Arini et al., 2009]. Here, the weights
over the edges are given a probabilistic interpretation with the assumption that w,, €

[0,1],Vv € V,u € U. The function has the following form:

Joron(A) = Z%(l - H(l — Wau))- (1.19)

uelU a€A

Let w,, model the probability that the object u is covered by the item v. Assuming the
independence among the items for covering each object u, the probability that an object u
is covered by at least one item in A can be written as 1 — [] . 4(1 — wa,). Hence, foron(A)
evaluates the weighted expectation of the number of objects in U that are covered by at least

an item in A. The submodularity here follows because of Proposition 9.

Figure 1.2: An example of a bipartite graph G(V, U, E) for representing a complete similarity

graph, where V' = {vy, vo, v3,v4}.

Lastly, we focus on a different graph — complete similarity graph — and introduce sev-
eral classes of submodular functions that are defined on such graphs. The complete graph
Geomplete(V, E) is defined over a set of items V. For any pair of items v; € V and vy € V, the

graph has an edge e,, ,, € E connecting between them. The weight w,, ,, associated with the



21

edge defines the similarity between the two items. The similarity measure is symmetric, i.e.,
Wy, wy = Wy, fOr any pair vy, v, € V. One may also represent the complete similarity graph
using a bipartite graph as illustrated in Figure 1.2. The submodular functions previously
defined over the bipartite graph easily generalize to the complete similarity graph. As we
will see, the variant of the facility location function that is defined on the complete similarity

graph, i.e.,
fruc(A) = ) maxw,,, (1.20)

is more commonly used in the applications considered in this paper.
Another class of submodular function defined over the similarity graph is called the

saturated coverage function [Lin and Bilmes, 2011], which has the following form:
Jear(A) =) min{m,(A),c}, (1.21)

where my,(A) = >, 4 Wy, measures the relevance of the set A to the item v € V, and ¢
is a saturation hyperparameter that controls the level of coverage for each item v € V by
the set A. We would also like to point out that the saturated coverage function, which has
been successfully applied in the document summarization task, is a special instance of the
generalized set cover function fg ..

An interesting class of function that naturally captures the notion of redundancy of a
data set can also be defined via a similarity graph as follows:

fred(A) = Z Z Wa,a! - (122)

a€Aad €A

We call this function redundancy function. This function is supermodular, which can be
easily verified by the definition of supermodularity. Hence — f,q is submodular. Intuitively,
a set A of similar items tends to yield a high valuation in feq(A). In practice, one can
encourage the diversity in a data set by maximizing — fieq.

We conclude this section by the classic graph cut function as defined below:

fgC(A) = Z Z wv,a~ (123)

acAveV\A
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The submodularity of f,. can be verified by simply rewriting function as fe.(A) = >, oy M0 (A4)—

frea(A), where the first term is a modular function and the second term fcq is supermodular.

1.5 Submodular Function Optimization and Existing Algorithms

Assuming submodularity in a discrete objective, the resulting combinatorial optimization
becomes submodular function optimization. In this section, we survey the existing opti-
mization algorithms for various forms of submodular optimization problems. We first define
two notions of continuous extension of submodular functions: (1) Lovdsz extension, and
(2) multi-linear extension. The Lovdsz extension, in nature, is a convex extension of a
submodular function and is particularly useful for submodular minimization problems, while
the multi-linear extension serves, to some extent, as a concave extension of a submodular
function and is often applied in submodular maximization scenarios. We then introduce
the semigradients (subgradient and supergradient) of a submodular function. We will see
that a submodular function admits efficient computation of a subgradient and a supergra-
dient. They are particularly useful for defining the modular lower and upper bounds of the
submodular function. We lastly introduce the notion of a matroid, which is a combinatorial
structure that is well connected to submodular functions and is often used for defining the set
of feasibility sets in the constrained combinatorial optimization problems. Armed with the
continuous extensions of submodular functions and the tool of matroids, we survey the ex-
isting algorithms for the various forms of submodular optimization problems, including both
the maximization and the minimization scenarios, both the constrained and unconstrained

variants, and both the monotone and the non-monotone cases.

1.5.1 Continuous extensions of submodular functions
Lovdsz extension

A very nice property of a submodular function is that its convex extension can be efficiently

defined and is known as Lovdsz extension [Lovasz, 1983]. It reveals an interesting connection



23

of submodular set functions to the continuous convex functions. Given any set function
f 2V = R, we give the definition of its Lovész extension f : [0,1]" — R (|V| = n) as

follows:

Definition 1. Given any z € [0,1]", define a permutation o, by ordering its elements in non-
increasing order, and thereby a chain of sets S§* C,..., C Sy with S7* = {04(1),...,0.(j)}
for j=1,...,n. The Lovdsz extension f for f is the weighted sum of the ordered entries of

xT.

n

fla) = 3 el U(ST) = F(S70). (1.24)

7=1
An interesting relationship between submodularity and convexity can be built via the

Lovasz extension as shown below:

Theorem 1 ( [Lovész, 1983]). For any set function f : 2V — R and its Lovdsz extension

f: [0,1]" = R, f is submodular if and only if f is conver.

It is easy to see that the Lovasz extension f has the same function valuation as f on
vertices of the unit hypercube. Denoting 1, as the characteristic vector of the set A, it
always holds that f(14) = f(A),YA C V. Given a submodular function f, f is, therefore, a
convex extension of f thanks to Theorem 1. The Lovasz extension provides a general algo-
rithmic framework for minimizing submodular functions. Given an instance of submodular
minimization problem, one can relax the discrete submodular objective that is defined on
only the vertices of the unit hypercube to a continuous convex function that is defined on the
whole unit hypercube. In the unconstrained or constrained cases where the constraints may
be characterized as a convex set, then the relaxed optimization problem becomes a convex
optimization, for which there exists efficient and polynomial time solutions [Boyd and Van-
denberghe, 2004]. The remaining questions are to devise a rounding technique that rounds
the fractional solution output from the relaxation formulation to a vertex on the hypercube.
In many cases, efficient rounding techniques can be designed, by which bounded performance

loss is introduced, hence, leading to a near-optimal solution of this relaxation scheme.
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Multi-linear extension

For the purpose of maximizing a submodular function, a concave extension of a submodular
function is needed leading to relaxation algorithms for submodular maximization problems.
Unfortunately, the concave closure of submodular functions is NP-hard to evaluate [Vondrék,
2007]. An alternative variant of continuous extension is known as the multi-linear extension.
Although it is not concave, the multi-linear extension has some concave-like properties lead-
ing to efficient maximization algorithms for the resulting relaxation formulations. First
introduced by [Vondrak, 2008], the multi-linear extension f [0,1]" — R has the following

definition.

Definition 2. Given a set function f : 2" — R, its multi-linear extension f 20,1 = R
has the form:

Fa)=> fA) [z [] (- (1.25)

ACV a€A  a€V\A

The multi-linear extension f has a nice probabilistic interpretation: f () evaluates the
expected set function valuation f(A,) with A, being the random set that each item a € A,
is sampled with probability x,. Denoting 1,4 the characteristic vector for the set A C V', the
multi-linear extension f agrees with the set function f on the vertices of the hyper-cube,
ie., f (14) = f(A). Although evaluating f (x) for general x requires an exponential number
of queries on the function f, concentrated estimate of the multi-linear extension f can be
achieved using a polynomial number of evaluation of the function f on random subsets
according to the Chernoff bounds.

Moreover, useful conditions on the second-order derivative of a multi-linear function f

can be shown if its set function counterpart f satisfies submodularity.

Theorem 2. [Calinescu et al., 2007] Given a set function f: 2V — R and its multi-linear

extension f :[0,1]" = R. f is submodular if and only sz satisfies the following:

~

*f(z)
(%Uié?:vj

Q

<0,Vi,j,x € [0,1)". (1.26)
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Such a design of the continuous extension for a submodular function has proved to be
particularly useful for maximizing a submodular function under a matroid constraint. The
best and tightest algorithm for this optimization problem is achieved via a continuous greedy

procedure on optimizing the multi-linear extension [Vondrak, 2008].

1.5.2  Discrete semigradients of a submodular function

Convex functions naturally have subgradients (linear lower bounds), while concave func-
tions have supergradients (linear upper bounds). Interestingly, submodular functions have
both sub and super gradients. Subgradients of submodular functions are mostly studied
by [Fujishige, 2005], while the investigations on supergradients of a submodular function are
recently given by [Iyer, 2015, Iyer and Bilmes, 2015].

The subdifferential 0;(Y") of the submodular function f at a set Y C V' is defined analo-
gously to the subdifferential of a continuous convex function and has the following form [Fu-

jishige, 2005]:
(Y)={yeR": f(X)—y(X) > fY)—y(Y) for all X C V'}. (1.27)

Denote a subgradient at Y by hy € 0¢(Y'). The extreme points of 0¢(Y") may be computed
via a greedy algorithm: Let o be a permutation of V' that assigns the elements in Y to the
first |Y'| positions (o(i) € Y if and only if ¢ < |Y]).

Each such permutation defines a chain with elements S = 0, S7 = {o(1),0(2),...,0(i)},

and S =Y. An extreme point h of 0¢(Y) has each entry as

hy(o(i)) = f(S7) = F(S70)- (1.28)

h(o(i)) = f(S7) — f(S7_,). Defined as above, h{ forms a modular lower bound of f, tight
at Y ie, h(X) = X e hg () < F(X),¥X C V and h(Y) = f(Y).
Sharing the similar definition as the subdifferentials of a submodular function f, the

superdifferentials /(Y) of f at Y has the following form:

HY)={yeR": f(X) —y(X) < fY) —y(Y);for all X C V}. (1.29)
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Two specific forms of supergradients are often used to define the modular upper bounds

of a submodular function (we use m?l, mQQ € 0 (Y)):

mi (X) 2 F(V) = D fGIY\D+ D FGI0),

JEY\X jeEX\Y
miy(X) 2 (V)= > IV + DY FUIY). (1.30)
JEY\X JjEX\Y

Then mf, (X) > f(X) and m{,(X) > f(X),YX C V and m{,,(Y) = m{,(Y) = f(Y).
Hence both m{ﬂ and mQQ are modular upper bounds of f, tight at Y.

[Iyer, 2015] show that the semigradients of a submodular function are very useful to
provide scalable algorithms for a number of combinatorial optimization problems involving
submodular functions. As we will see in Chapter 7, efficient algorithms with bounded perfor-
mance guarantees can be designed using the same paradigm for the submodular partitioning

problems.

1.5.3 Matroid

In this section, we introduce the notion of a matroid — a combinatorial structure that is
well connected to submodular functions. We first give the definition of a matroid. We then
give several classes of matroids that are commonly used in practice. We last explain how

matroids may be connected to the paradigm of greedy algorithm and submodular functions.

Definition

A matroid is defined via two components: (1) a finite ground set V', and (2) an independence
system Z which consists of a collection of independent subsets of V. We denote a matroid
as M(V,Z). The independence system Z needs to satisfy the following three conditions so
that M is called a matroid.

1. 0 ez,

2. Given AeZ, BeZI VB CA.
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3. VA, B € T with |A| > | B|, there exists a € A\ B such that BU{a} € Z.

The first condition requires that the empty set is included in the set system Z. The
second condition makes sure that Z is down-closed, i.e., if a set is independent, all its subsets
should also be independent. The third condition is known as the exchange property, namely,
for any pair of subsets A and B that are not of the same size (assuming |A| > |B|), at least
one item from the A\ B can be added to B still rendering it independent.

For any subset A C V', a base of A is the set B, that is inclusionwise maximally inde-
pendent subset of A, namely, B4 € Z and there does not exist any Z € Z with By C Z C A.

A base of the matroid M is simply the base of the ground set V.

Proposition 10. Given a matroid M(V,I), for any A C V, any two bases of A have the

same size.

This Proposition follows from the third condition of the matroid. It also implies that any
bases of the matroid M should be of the same size.

Another useful concept associated with a matroid is called rank. Given a matroid M,
the rank of any subset A C V' is the common size of all the bases of A. The rank function
ry : 2Y — Zy of a matroid M is defined as a set function that returns the rank of any

subset A C V. More formally, the rank function has the following formulation:
TM(A):maX{|X|:XQA,XEI}:r)r(la%dAﬂXL (1.31)
€

For any set A C V, it always holds that r(A) < |A], and the equality is met when the set A
is independent, i.e., A € Z. Interestingly, the matroid rank function r,, is a submodular set
function providing a connection between matroids and submodularity.

Matroids, on the other hand, are often strongly tied with the greedy algorithm, a com-
monly used heuristic for combinatorial optimization problems. The idea of the greedy algo-
rithm is to iteratively update the solution such that the objective is improved the best. A

simple optimization problem involving a matroid is to maximize a modular function under
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a matroid constraint. Mathematically, the problem has the following form:

max m(A), (1.32)

where m : V' — R, is a modular function.

Algorithm 1: Greedy algorithm for modular maximization under a matroid constraint.

1 Input: A modular function m : V' — R, and a matroid M(V,Z).
2 Initialize: A « 0.

3 while Ja e V\ A: Au{a} €7 do

4 a € argmaXaEV\A:Au{a}eIw(a)-
5 A+ AU{a}.
6 Output: A.

Given the greedy heuristic as defined in Algorithm 1, a bridge connecting a matroid to

the greedy algorithm can be established via the following Theorem:

Theorem 3. [Edmonds, 1970] Let Z be an independence system. The pair (V,I) is a
matroid if and only if for every modular function m € R, Algorithm 1 solves Eqn 1.32

exactly.

Theorem 3 implies that the greedy heuristic is a defining characteristic of a matroid. We
point out that the optimal solution may not be attained by the greedy heuristic for Eqn 1.32
when the modular function m is generalized to be submodular. However, the very same
greedy heuristic, as we will see in Section 1.5.5, is still guaranteed to yield a near-optimal

solution in the case of a monotone submodular objective.

Matroid examples

In this section, we introduce several examples of matroids that are commonly used in prac-

tice. The first example is called k-uniform matroid. Given a ground set V', the independence
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system for the k-uniform matroid is the set of all subsets that are of size at most k. Mathe-

matically, the k-uniform matroid has an independent system
IT={ACV: |A <k}
The rank function, in this case, has the form:
r(A) = min{|A|, k}.

Its submodularity is easily verified as it is in the form of concave over modular with the
concave function g(x) = min{z, k}. Any subset A in a k-uniform matroid is independent if
the size | A| is no more than k. This matroid is particularly useful for modeling the cardinality
constraint of size k in the optimization problems.

Another class of matroids is called linear matroid. Defined on a matrix H of size mxn, the
linear matroid M(V,Z) has the ground set V' as the set of columns in H. The independence
system Z consists of subsets of V' such that if A € Z, the column vectors in H indexed by
A are linearly independent. The rank function r(A) simply returns the rank of the vector
space spanned by the column vectors indexed by A.

Another example of useful matroids is the partition matroid. Given a disjoint partitioning
of a ground set V- = {Vi,...,V,,} into m blocks, the independence system of the partition

matroid has the following definition:
IT={ACV ANV <k,Vi=1,...,m}, (1.33)

where kq,...,k,, > 0 are fixed parameters. The rank function, in this case, can be written

as

r(A) =Y min{|[ANVi| k}.
=1

The partition matroid generalizes the k-uniform matroid by setting m = 1 and k; = k. Given
a disjoint partition of V into m blocks and the fixed parameters ki, ..., k,,, the partition

matroid asks for an independent set to intersect each block V; with no more than k; items.
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1.5.4  Submodular Minimization

Armed with the preliminary definitions related to submodular functions, we are ready to
survey the existing algorithms for submodular optimization problems. Since the methodolo-
gies for minimizing a submodular function are often very different from the paradigms for
the maximization case, we survey the optimization algorithms separately for these two cases.
In this section, we focus on the submodular minimization problems. We further categorize

the problem into unconstrained and constrained cases.

Unconstrained case

The problem is only non-trivial if the submodular function is non-monotone. Analogous to
the convex function, any submodular function can be minimized in polynomial time.

The first polynomial time algorithm is given in [Grétschel et al., 1981]. This algorithm
employs the ellipsoid method to minimize the convex relaxation of the submodular function
via the Lovéasz extension. Despite its polynomial time complexity, the ellipsoid algorithm
is, in general, not practical in practice.

Combinatorial strongly polynomial algorithm was first developed for solving the mem-
bership problem for matroid polyhedra (a special case of submodular function minimization)
in [Cunningham, 1984]. Built on this framework, combinatorial strongly polynomial algo-
rithms were given for solving the general submodular minimization [Iwata et al., 2001, Schri-
jver, 2000]. Note that strongly polynomial algorithm given by [Iwata et al., 2001] runs in
O(yn"logn) while the complexity of Schrijver’s algorithm is O(n® + yn”) with v being the
complexity of function evaluation oracle. The currently fastest known strongly polynomial
time algorithm for submodular minimization is given in [Orlin, 2009], which runs with a time
complexity of O(n®y + n®). In general, these algorithms, although admitting a polynomial
running time, are not practical for scaling to applications of interests.

When the submodular function is symmetric, a significantly faster algorithm was pro-

posed by [Queyranne, 1998] for solving the minimization problem with O(n?®) function val-
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uations. Another popular algorithm for general submodular minimization is called the
minimum-norm-point algorithm [Fujishige et al., 2006], which is always among the best
empirical performance. Recently, the first pseudo-polynomial time guarantee is proved for
the minimum-norm-point algorithm, which is guaranteed to return the minimizer of f in
O((n®y + n")F?) time with F = max.ev{|f(a)|,|f(V) — f(V \ a)|} [Chakrabarty et al.,
2014].

Constrained case

In contrast to the unconstrained submodular minimization problem, the constrained case
is much harder. For even the simplest constraints such as size constraint, the problem
cannot be solved globally in polynomial time. Most existing work on constrained submodular
minimization assumes that the submodular objective is monotone.

In the case of cardinality lower bound constraint, [Svitkina and Fleischer, 2008 show that

the problem is information theoretically hard to approximate within o( &) and give a

(5 bgn, 1/2) bicriteria sampling-based approximation algorithm. In the case of equal cardi-
nality constraint, [Nagano et al., 2011] give a minimum-norm based algorithm, which exactly
solves the problem for certain choices of cardinality constraints. Recently, [Iyer et al., 2013b]
propose a majorization-minimization framework that handles the constrained submodular
minimization problem for general choices of constraints. Their idea is to iteratively derive a
tight modular upper bound of the submodular function and to transform the problem to its
modular function counterpart, which can always be solved exactly. Bounded performance
guarantees in terms of the curvature of the submodular function are given by this paradigm
for many constrained submodular minimization problems.

Another general paradigm for solving the constrained submodular minimization problems
is to relax the submodular function as a convex function via its Lovédsz extension [Iyer et al.,
2014], where they propose simple rounding techniques that yield bounded rounding loss for

general constaints such as the matroid constraint, set covers, paths, cuts, and matchings.

Other variants of constrained submodular minimization problems can be found in these
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work [Goel et al., 2009, Iwata and Nagano, 2009].

1.5.5 Submodular Mazimization

Unlike the minimization case, submodular maximization subsumes a number of NP-hard
problems, e.g., max-k-cover and graph cut, hence is generally NP-hard. Fortunately, there
often exists low order polynomial algorithms for most cases of submodular maximization
for both the unconstrained and the constrained scenarios. Contrary to the minimization
case, we give more detailed survey on the algorithms for submodular maximization, since
some of the algorithms are actually implemented in our work for several data summarization
applications. Moreover, some of the algorithmic ideas are also leveraged to devise even more
efficient algorithms for submodular data summarization and submodular data partitioning

problems.
Problem 1 (Unconstrained Submodular Maximization).

max f(A) (1.34)

ACV

In the unconstrained case, the problem is only non-trivial if the submodular function
is non-monotone. [Feige et al., 2011] show that the problem in the general non-monotone
case is information theoretically hard to approximate better than 1/2. A randomized linear
time bi-directional greedy procedure (see Alg. 2) is given in [Buchbinder et al., 2012]. This
algorithm performs only one pass over the entire data V. In each iteration ¢, the algorithm
maintains two candidate solutions X;_; and Y;_; simultaneously, examines the gain of either
adding v; to X;_; or the gain by removing v; from Y;_;, and performs either operation with
a randomized strategy where the probability of choosing either operation is proportional to
its benefit for improving the objective value. Albeit its simplicity and the efficiency, Alg. 2 is
guaranteed to output a solution X,, that attains a 1/2-approximation factor on expectation
to Problem 1. Therefore, this algorithm is the first optimal algorithm for the unconstrained

submodular maximization.
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Algorithm 2: Bi-directional greedy algorithm for Problem 1 [Buchbinder et al., 2012]

1 Input: An ordered ground set V = {vy,...,v,}.
2 Initialize: X, <+ 0, Yy < V.
sfori=1,...,ndo

4 a; < max{0, f(v;| X;-1)}.

5 b; «— max{0, —f(v;|Yi—1 \ v)}.

6 Sample a number p uniformly and independently at random from [0, 1].
7 if p < 24 then

8 X Xi—1 U{v;}.

9 Y, <Y, 4.

10 Xz — Xi—l'
11 Y <+ Y1\ {vi}.

12 Return: X, (or equivalently Y,,).

Recently, there has been some advances in further scaling up the bi-directional greedy
algorithm [Pan et al., 2014] as well as designing optimal deterministic algorithms [Buchbinder
and Feldman, 2015]. Several parallel variants of Alg. 2 are proposed in [Pan et al., 2014]
to address the scalability issue, where the data set size is simply too large to fit into a
single compute node. The parallel schemes either scale up the algorithm at the cost of a
weaker approximation guarantee or the cost of synchronization. On the theoretical side, a
deterministic algorithm has been shown in [Buchbinder and Feldman, 2015] to achieve the
optimal 1/2-approximation for Problem 1.

Next we study the constrained case of submodular maximization. Since monotone sub-
modular functions are mostly used in the applications examined in this paper, we will con-
centrate on the monotone case and defer the discussion on the non-monotone case to the end
of this section. A simple but extremely useful constraint is the cardinality constraint leading

to Problem 2.
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Problem 2 (Cardinality Constrained Submodular Maximization).

s, f(A) (1.35)

Algorithm 3: Greedy algorithm for Problem 2 [Nemhauser et al., 1978]

1 Input: £k, V, and f.
2 Initialization: A < (.

while |[A| < k do

w

N

a* < argmax,cin 4 f(alA).

5 A+— AUa*.

Output: A« A.

(=)

A simple greedy heuristic (see Alg. 3) is first proposed in [Nemhauser et al., 1978] to near-
optimally solve the problem. The greedy algorithm, in each iteration ¢, finds the item a* with
the maximum marginal gain conditioned on current solution A and adds it to the solution
as A « AU a*. Despite its simplicity, the algorithm attains the following approximation

guarantee.

Theorem 4. [Nemhauser et al., 1978] Algorithm 3 is guaranteed to output a solution A
such that

F(A) > (1— 1/e) f(A4) ~ 0.63/(4"), (1.36)
where A* € argmax s <y acy f(A) is the optimal solution for Problem 2.

Using the notion of curvature r¢ of the submodular function f (k; € [0,1] and see
Section 1.4.4 for definition of £¢), one can refine the analysis and show an improved approx-

imation factor in terms of the curvature xy:

Theorem 5. [Conforti and Cornuejols, 1984] Algorithm 3 is guaranteed to output a solution

A such that
1
Ky

FIA) 2 —(1—e ™) f(A") = (1= 1/e) f(A). (1.37)
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We remark that the bound recovers (1—1/e) when the submodular function is fully curved,
i.e., Ky = 1. The guarantee is improved when the curvature x; satisfies that k; < 1. The
bound also implies that the greedy algorithm exactly solves Problem 2 when the submodular
function f is modular, ie., Ky = 0.

Despite the improved analysis in terms of k¢, the greedy algorithm still attains a guarantee
of (1 —1/e) when f is fully curved. Therefore, a critical question remains: “Is there any
polynomial time algorithm that is guaranteed to achieve a solution with higher approximation

factor?” The answer to this question is negative as proved in the following Theorem.

Theorem 6 ( [Feige, 1998]). There does not exist any polynomial time algorithm that solves

Problem 2 with an approzimation factor better than (1 —1/e) unless P = NP.

It implies that the greedy algorithm, although simple, already achieves the best possible
approximation guarantee for Problem 2.

The time complexity of the greedy algorithm is O(nk) function evaluations. When the
constraint k is in the order of n, the complexity becomes quadratic in the problem size, which
is computationally infeasible for large-scale applications. Fortunately, submodularity can be
utilized to scale up the greedy implementation leading to an algorithm often known as lazy
greedy (LAZYGREED) [Minoux, 1978]. The key insight here is that the marginal gain of any
element v € V' is non-increasing during the greedy algorithm (a consequence of the submod-
ularity of f). Instead of recomputing f(a|A) for each a € V' \ A, LAZYGREED maintains
a list of upper bounds p(a) on each item’s current marginal gain. They are initialized as
p(a) < f(a), and sorted in decreasing order. In iteration ¢, the algorithm pops the element
a off the top of the priority queue and updates the bound p(a) < f(alA). a is selected if
p(a) > p(v), where v is at the current top of the priority queue, since submodularity in such
case guarantees that a provides the maximal marginal gain. Otherwise, we appropriately
place the updated p(a) back in the priority queue and repeat. Although LAZYGREED, in
the worst case, still requires O(kn) function evaluations, it is often, in practice, much more

efficient than the naive greedy implementation (Alg. 3). We empirically often observe that
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only O(n) function evaluations is needed for LAZYGREED on the submodular functions that
we utilize in the experiments.

Recently, there has been a number of further advances in scaling up LAZYGREED to even
larger problem sizes. Parallel computing approaches are often a natural pursuit for solving
large-scale algorithmic challenges, and some instances of distributed algorithms for submod-
ular optimization have already been investigated for Problem 2 on extremely large-scale data.
For example, [Chierichetti et al., 2010] propose a distributed algorithm to solve Problem 2
with the set cover function as the objective, and with an approximation factor of (1—1/e—e).
Similarly, [Kumar et al., 2013] propose a distributed algorithm to solve Problem 2 with any
submodular objective and with an approximation factor of (1/2 — €). Motivated by the
difficulty of rendering the entire data set centrally for function evaluation, [Mirzasoleiman
et al., 2013] propose a two-stage algorithmic framework to solve Problem 2 with an approx-

imation factor of O(—% )) where k and m are the cardinality constraint and the number

min(k,m
of distributed partitions, respectively. Later, [Barbosa et al., 2015] show that the same dis-
tributed algorithm is guaranteed to achieve a constant factor of (1_71/6) on expectation if the
data is partitioned in a uniformly random manner. All these distributed algorithms can be
implemented in a Map-Reduce style.

If restricted to uni-processor approach, existing efficient algorithms for Problem 2, in
general, focus on scaling up LAZYGREED in one or more of the three directions: (1) reducing
the number of function evaluations required for the algorithm [Badanidiyuru and Vondrék,
2014, Mirzasoleiman et al., 2015], (2) decreasing the complexity of function evaluations by
using simpler surrogate (proxy) functions [Iyer et al., 2013b, Lindgren et al., |, (3) reducing
the memory footprint [Mei et al., 2016]. As we will see in Chapter 6, we propose a multi-stage
framework (MULTGREED) that directly addresses the time and memory complexity issues
of LAZYGREED in all three aforementioned directions.

To reduce the number of function valuations needed, [Badanidiyuru and Vondrak, 2014]

propose a greedy procedure based on a decreasing threshold, which is guaranteed to yield a

(1—1/e—¢)-approximation with only O(% log #) function valuations. Similarly, a lazier than
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lazy greedy algorithm is given by [Mirzasoleiman et al., 2015] to always find a solution with
an approximation factor (1 —1/e — €) in expectation in O(nlog %) function calls. Instead
of searching among V' for the item with the maximum marginal gain in each iteration as
LAzYGREED, this algorithm uniformly and independently samples a random subset of items,
from which it searches for the item with the maximum marginal gain. In [Iyer et al., 2013b,
Lindgren et al., |, several classes of simpler surrogate functions are proposed to reduce the
time and memory complexity of evaluating certain submodular functions, hence scaling the
optimization framework up to larger problem sizes. On the other hand, it is also very
desirable to prune out items of the ground set significantly (hence reducing the memory
footprint) without incurring a significant performance loss. This is the essential idea behind

the work on the reducibility of submodular functions [Mei et al., 2016].

Another line of work independent of the three aforementioned directions focuses on maxi-
mizing a submodular function under the streaming setting [Badanidiyuru et al., 2014, Bateni
et al., 2013, Buchbinder et al., 2015]. For example, a threshold-based procedure is proposed
in [Badanidiyuru and Vondrak, 2014], where the algorithm maintains O(k’%k) candidate so-
lutions simultaneously at any given iteration and performs only one pass over the ground
set V' with computing the adding gain of each item to all the candidate solutions. Such

klogk ligk ) memory footprint, a total number of O(@) function valu-

algorithm requires O(
ations, and is guaranteed to achieve a solution with a factor 1/2 —e. A swapping-based
algorithmic framework is studied by [Buchbinder et al., 2015]. Instead of maintaining multi-
ple candidate solutions as [Badanidiyuru and Vondrak, 2014], the swapping-based approach
only maintains one candidate solution at any given iteration. With only one pass of the
data, the algorithm, at each iteration, swap the item into the candidate solution if sufficient
gain in the function valuation can be achieved by such operation. With an appropriately
chosen threshold scheme, this algorithm is guaranteed to output a solution with a factor
1/4. This algorithm needs to evaluate the function nk times and a memory complexity of

only k. Furthermore, [Buchbinder et al., 2015] show that it is information theoretically hard

for any deterministic streaming algorithm to achieve a performance guarantee better than
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1/2. Another streaming algorithm is proposed by [Bateni et al., 2013], where the algorithm
is simply adapted from the algorithm for the k-secretary problem. Assuming a uniformly
random ordering of the data stream with a known length n, the algorithm first partitions the
data stream into k equally sized blocks, and runs a standard secretary algorithm to pick an
element with the maximum marginal gain conditioned on the current solution in each block.
Such algorithm also takes only one pass of the data, n function valuations, and a memory of

size k. [Bateni et al., 2013] show that a constant factor (17—71/8) is achievable on expectation.

Algorithm 4: Greedy algorithm for submodular maximization under a matroid con-

straint.

1 Input: A submodular function f:V — R, and a matroid M(V,Z).

2 Initialize: A < 0.
3 while Ja e V\ A: Au{a} €7 do
4 a € a’rgmaXaGV\A:AU{a}EI f(CL|A)

A+ AU{a}.

9]

Output: A« A.

[=2]

In the following, we study a slightly more general form of a constrained submodular
maximization problem. Here, we consider the matroid constraint (see Section 1.5.3 for

definition):
Problem 3 (Matroid constrained submodular maximization).

max f(A), (1.38)

where M(V,I) is a matroid.

Note that Problem 2 is a special instance of Problem 3 with a k-uniform matroid. Hence,
Problem 3 captures a larger classes of optimization problems than Problem 2. Similar to

Problem 2, the simple greedy algorithm also solves Problem 3 with a constant factor. We
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describe the greedy algorithm in Alg. 4. Note that Alg. 4 generalizes the Alg. 1 for solving the
modular version of Problem 3. The idea here is to keep adding an item to the solution if the
maximum marginal gain is achieved while the solution after the update is still independent.

Despite its simplicity, 1/2-approximation guarantee can be shown for this algorithm.

Theorem 7 ( [Fisher et al., 1978]). Algorithm 4 is guaranteed to find a solution A such that

~

f(A) > = f(A"), (1.39)

N | —

where A* € argmax 4z f(A).

We point out that a simple generalization of Problem 3 is to consider more than one
matroid as the constraint. Given p different matroids, Problem 3 may be generalized as
maximizing f under the constraint that the solution is independent for all p matroids®. Al-
though the intersection of p matroids, in general, is not a matroid, the same greedy procedure
can be slightly modified to solve the generalized problem with a (ﬁ)-approximation guar-
antee [Fisher et al., 1978]. Since most of our problem formulations are defined via a single
matroid constraint, we, therefore, focus only on Problem 3 here. It is also worth noting that
the same lazy evaluation trick for Problem 2 applies here to significantly speed up the greedy
implementation leading to an almost linear time complexity algorithm. Similar to Problem 2,

the analysis may be refined using the notion of the curvature ¢ of the submodular function
I

Theorem 8 ( [Conforti and Cornuejols, 1984]). Algorithm 4 is guaranteed to output a solu-
tion A such that

fAd) > —

Z T f(A7), (1.40)

N | —

f(A) =
where ks € [0,1] is the total curvature of the submodular function f.

When the submodular function is fully curved, i.e., k; = 1, Theorem 8 recovers the 1/2-

approximation bound shown in Theorem 7. When the submodular function f is modular,

!The intersection of p matroids is also known as the p-system
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i.e., ky = 0, Theorem 7 implies that the optimal solution is found by Alg. 4, hence, recovers a
part of Theorem 3. Furthermore, Theorem 8 suggests that better approximation bound can
be shown by Alg. 4 as the submodular function f becomes less curved (i.e., with a smaller
curvature ry).

On the other hand, it is still worth noting that the approximation factor of Alg. 4, in
the worst, case, is still 1/2. However, the best known NP-hard hardness for Problem 3 is
(1 —1/e), which follows from the hardness result for Problem 2 proved by [Feige, 1998]. A
critical question remains: “Is there any polynomial time algorithm that achieves the optimal
guarantee of (1 —1/e)?” This question remains open until recently it is answered positively
by [Vondrak, 2008], who give a multi-linear extension-based algorithm that achieves the
optimal factor (1 —1/e).

The idea of the relaxation algorithm proposed in [Vondrak, 2008] is to relax the discrete
optimization problem as a continuous problem, where the submodular function f is relaxed
as its multi-linear extension f, and the matroid constraint M(V,T) is relaxed as a matroid
polytope constraint. [Vondrak, 2008] utilizes a continuous greedy procedure to find a frac-
tional solution for the continuous relaxation problem and then round the fractional solution
to a vertex of the matroid polytope (an independent set) via the pipage rounding technique.
Interestingly, [Vondrak, 2008] show that such a procedure guarantees a factor of (1 — 1/e)
for Problem 3. We point out here that the continuous greedy algorithm, although theoreti-
cally optimal, is computationally very intensive, due to the high order time complexity for
discretizing the continuous greedy procedure, for pipage rounding procedure, and for eval-
uating the multi-linear extension of a submodular function. A naive implementation of the
continuous greedy algorithm requires a time complexity of at least O(n”) for most commonly
used submodular functions [Iyer et al., 2014].

From the practical point of view, we suggest using the simple greedy algorithm as Alg. 4
for solving Problem 3 on real-world large-scale applications. Moreover, most of algorithmic
advances in scaling up the greedy algorithm for Problem 2 easily generalize to the greedy

algorithm for Problem 3.
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Algorithm 5: Greedy algorithm for Problem 4 [Krause and Guestrin, 2005b]

1 Input: b, V, ¢, and f.
2 Initialization: A < 0.

while ¢(A4) < b do

w

% alA
a” < argmaX,cy\ A:c(a)+c(A)<b fﬁ(t‘z) ) :

5 A+ AUa*.

'

(=]

a* < argmaXaGV:c(a)gb f(CL)

7 Output: A « argmax{f(A), f(a*)}.

Next, we study the problem of maximizing a submodular function under a knapsack
constraint. This variant of submodular maximization problem, as we will see, is particularly
useful in the speech data subset selection problem. We mathematically define the problem

as follows:
Problem 4 (Knapsack constrained submodular maximization).

Aglvr}c?i{)gbf (A), (1.41)

where ¢ : V= R is a modular function (c(A) £ Y, c(a),Ya € A) with c(a) measuring the

cost of each item a € V', and b is the budget.

Problem 4 generalizes Problem 2 when ¢(a) = 1,Va € V and b = k. On the other hand,
Problem 4 generalizes the well-known knapsack problem when the submodular function f
is modular. Since the knapsack constraint cannot be captured by any matroid, Problem 4
defines a different class of optimization problems from Problem 3. Interestingly, almost
the same greedy heuristic can be used to near-optimally solve Problem 4. We describe the
greedy algorithm in Alg. 5. Note that the variant of the greedy algorithm here differs from

the greedy algorithm for the cardinality constraint case in two ways:

1. The item with the maximum marginal gain normalized by its cost is chosen in each

iteration,
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2. A final comparison of the solution to the feasible singleton item with the maximum

function value is added.

The first modification is natural in that the cost of selecting an item is accounted for in the
algorithm. The second modification, on the other hand, is needed for preserving a constant
approximation bound. In practice, the last step may not be necessary, since it is often that
the singleton value of any item @ € V is much smaller than the solution f(A) when the
budget b is reasonably large. The algorithm attains an approximation factor of $(1 — 1/e)

as shown below:

Theorem 9 ( [Krause and Guestrin, 2005b)). Algorithm 5 is guaranteed to output a solution
A such that

(1—=1/e)f(A"), (1.42)

N —

f(A) =
where A* € argmax ycy..(a)<p f(A).

The same lazy evaluation trick proposed in [Minoux, 1978] also applies here to scale up
the greedy implementation, again, leading to an almost linear time algorithm in practice.
Since Problem 4 generalizes Problem 2, the hardness analysis of (1 —1/¢e) for Problem 2 also
applies here. The greedy procedure, though attains a constant factor approximation, has not
yet achieved the optimal guarantee. [Sviridenko, 2004] show that the optimal guarantee of
(1—1/e) is possible by modifying Alg. 5. The modified algorithm enumerates over all feasible
subsets of cardinality three, runs an independent instance of Alg. 5 with each subset as the
initialization set, and outputs the best solution among all instances. Although theoretically
tight, this algorithm requires O(n®) function valuations, hence is not feasible for large-scale
applications. Often, the simple and efficient greedy algorithm as Alg. 5 suffices to yield a
very nice solution for Problem 4.

Several generalized forms of Problem 4 have been considered recently by a number of
authors [Iyer and Bilmes, 2013, Kulik et al., 2009]. For example, [Iyer and Bilmes, 2013]

generalize the knapsack constraint to a submodular cost constraint, where the cost function
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¢ is assumed to be submodular instead of modular as Problem 4. They show that the

generalized problem is much harder and is information theoretically hard to approximate

within a factor O(\/Lﬁ) They also give an approximation algorithm with a guarantee of

O(\FI;) matching the lower bound up to a log factor. Another extension of Problem 4 is
nlogn

to consider multiple knapsack constraints as is done in [Kulik et al., 2009], where they give

a scheme achieving an approximation factor (1 —1/e — ¢).

We conclude this section by surveying the algorithms for the constrained case of max-
imizing a non-monotone submodular function, for which several approximation algorithms
are designed for various choices of constraints. The first constant factor approximation al-
gorithm for maximizing a non-monotone submodular function under the intersection of k

matroids (with a guarantee of or k knapsack constraints (with a guarantee of %)

;)
2+k+ 1/
is given by [Lee et al., 2009]. [Vondrak, 2013] study the case where the optimized set is a
base of a matroid and give an approximation algorithm with a factor 0.309. This was later
improved to 0.325 by [Gharan and Vondrék, 2011] using the simulated annealing approach.
It was later further improved to (1/e) by [Feldman et al., 2011]. Recently, an improved
approximation algorithm has been designed by [Buchbinder et al., 2014], which breaks the

(1/e) for the k-uniform matroid case.

1.5.6 Other combinatorial optimization problems involving submodularity

In this section, we study several instances of combinatorial optimization problems that in-
volve submodular functions as the objective. A class of optimization problems that has
recently drawn more attention is the difference of submodular (DS) optimization problem as

defined below:

Problem 5 (Difference of submodular optimization).

max f1(A) — f2(A4), (1.43)

AeC

where f1 and fy are monotone submodular functions and C defines the feasibility sets.
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Here C may be any constraint such as non constraint (i.e., C = {A C V'}), the cardinality
constraint, the matroid constraint, or the knapsack constraint. The maximization problem
is equivalent to the minimization case with fo — f; as the objective. The DS optimization
formulation captures a very general class of combinatorial optimization problems as a result
of the fact that any general set function can be decomposed as a difference of submodular
functions [Narasimhan and Bilmes, 2005]. On the other hand, a non-trivial such construc-
tion may require an exponential time complexity in the worst case. Moreover, [Iyer and
Bilmes, 2012] show that Problem 5 is extremely hard: it is information theoretically hard
to approximate within any polynomial function of the problem size. In other words, such
optimization problem is inapproximable to any factor. Despite the inapproximability, DS
optimization has still found a number of real-world applications [Iyer and Bilmes, 2012, Bach,

2011, Narasimhan and Bilmes, 2005, Kawahara et al., 2011].

The general idea for optimizing a DS function is to utilize an iterative procedure, where,
in each iteration, the underlying objective is approximated by a tight submodular surrogate
defined via the semigradients of both submodular functions f; and f;. A common approach
for Problem 5 is to, in each iteration, approximate fo with a tight modular lower bound lead-
ing to a subproblem in the form of (constrained) non-monotone submodular maximization,
which there exists a vast number of efficient and near-optimal algorithms.

If any general set function can be naturally written as a difference of submodular functions
f1 and fy, this paradigm provides a principled approach for applying the vast literature on
submodular optimization to solve the DS optimization. Despite the lack of approximation
factor, such paradigm guarantees that the solution is improved in successive iterations and
is bounded with an additive error to the optimal solution [Iyer and Bilmes, 2012]. As we
will see in Chapter 5, Problem 5 naturally occurs as the optimization formulation for the

problem of interactive learning of submodular functions.

Next we focus on another class of optimization problems that involve submodularity. In

this case, the goal is to minimize the ratio of submodular (RS) functions as defined below:
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Problem 6 (Ratio of submodular functions minimization).

min hi(4)
PCACV fg (A) ’

(1.44)

where f1 and fy are monotone submodular functions, where f1(A) > 0, fo(A) > 0,V C A C
V.

Problem 6 has recently been systematically studied in [Bai et al., 2016]. They show nice
connections of RS minimization to Problem 5. Special cases of Problem 6 have been studied
with either f; and/or fy being modular. Interestingly, when f; is modular, Problem 6 can
be reduced to submodular minimization, which is polynomial time solvable. When f; is
modular, the problem can be near-optimally solved with a greedy procedure with a factor
(1 —1/e). For the most general case (i.e., f; and f, are submodular), [Bai et al., 2016]
show that the problem is information theoretically hard to approximate better than O(y/n).
Furthermore, they give an ellipsoidal approximation based algorithm that attains a factor of
O(y/nlogn) matching the hardness up to a log factor.

For the completeness of the survey, we also briefly introduce the submodular partitioning
problems here. We defer the readers to Chapter 7 for the detailed discussions as well as effi-
cient optimization algorithms for the submodular partitioning problems. Here we formalize
the mathematical formulation of the problems introduced in Section 1.2. Recall that given
V' as the ground set, we define the set of sets m = (AT,..., AT) as the partitioning of the
ground set V' into m blocks. We also define II as the set of all partitioning of V' into m

blocks. Note that 7 satisfies the following conditions:
e Union gives the ground set: U" ;AT = V.
e Empty intersection: AT N AT =0, Vi # j.

Given m monotone submodular functions: fi,..., f,, that valuates the utility of the data

sets, a natural optimization problem is given below:
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Problem 7 (Max-(Min+Avg) Submodular Partitioning).

max [)\ min f;(AT) Zf] (A7) } (1.45)

mell
where()g)\gl,;\él—)\.

On the other hand, when the monotone submodular functions fi,..., f,, measure the

notion of cost and complexity, another natural formulation is as follows:

Problem 8 (Min-(Max+Avg) Submodular Partitioning).

min )\max fi(AT) Zf] (A7) } (1.46)

well
where()g)\gl,;\él—)\.

In both problems, the parameter A controls the objective: A = 1 is the average case,
A = 0 is the robust case, and 0 < A < 1 is a mixed case. By definition, Problem 7 asks for a
partition whose blocks each (and that collectively) are a good, say, summary of the whole.
Problem 8, on the other hand, asks for a partition whose blocks each (and that collectively)
are internally homogeneous (as is typical in clustering). Taken together, we call Problems 7
and 8 Submodular Partitioning. We further categorize these problems depending on if the f;’s
are identical to each other (homogeneous) or not (heterogeneous). The heterogeneous case
clearly generalizes the homogeneous setting, but as we will see in Chapter 7, the additional
homogeneous structure can be exploited to provide more efficient and/or tighter algorithms.

These problems are, in fact, very general. They generalize purely robust instances of the
problem, namely maz-min submodular fair allocation (Problem 7 with A = 0) [Golovin, 2005]
and min-maz submodular load balancing (Problem 8 with A = 0) [Svitkina and Fleischer,
2008], and also average-case instances, that is the submodular welfare problem (Problem 7
with A = 1) [Vondrék, 2008] and submodular multiway partition (Problem 8 with A =
1) [Chekuri and Ene, 2011a).

While the robust versions have been studied in the theory community [Goemans et al.,

2009, Golovin, 2005, Khot and Ponnuswami, 2007, Svitkina and Fleischer, 2008, Vondrak,
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2008], existing work has focused on tight approximation guarantees, and the resultant al-
gorithms are not generally scalable to large real-world applications. This is in contrast to
the average case, where most of the algorithms are scalable. As we will see in Chapter 7,
we bridge this gap, by proposing several new algorithms (including greedy, majorization-
minimization, minorization-maximization, and relaxation algorithms) that not only scale
to large datasets but that also achieve theoretical approximation guarantees comparable to
the state-of-the-art. We moreover provide new scalable algorithms that apply to additive

combinations of the robust and average-case objectives.
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Part I
DATA SUMMARIZATION

In the first part of this thesis, we focus on the problem of data summarization. We pro-
pose a generic data summarization paradigm based on submodular function optimization.
Our main focus is on both the modeling and the optimization components of the submod-
ular data summarization paradigm. We examine the efficacy of submodular utility model
on three concrete case studies, including speech data subset selection (Chapter 2), genomics
assay panel selection (Chapter 3), and batch active learning (Chapter 4). As we will see,
appropriate submodular utility functions naturally occur as the model for these tasks. To
further strengthen the expressive power of submodular utility functions, we propose a learn-
ing framework that “interactively” learns the mixtures of submodular function (Chapter 5).
Lastly, we address the efficiency of the submodular data summarization paradigm by propos-
ing a novel multi-stage algorithmic framework to significantly scale up the paradigm while

attaining comparable optimality guarantees (Chapter 6).
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Chapter 2
CASE STUDY I: SPEECH DATA SUBSET SELECTION

Present-day automatic speech recognition (ASR) systems are trained on vast amounts of
acoustic data. Although larger training data sets often lead to gains in system performance,

there are well-known problems associated with ever-increasing data sets:

1. Larger data sets place greater demands on available resources, such as storage and

CPU cycles.

2. Existing software infrastructure often needs to be modified to be able to process ever-

larger data sets, which requires developer time and expertise.

3. An aggravating factor is that many statistical learning procedures (e.g., the Expectation

Maximization algorithm typically used for training Gaussian Mixtures Models (GMM),
or the back-propagation algorithm for training neural networks) typically process train-

ing data sets repeatedly.

4. More importantly, the gains in system performance achieved by increasing training
data sets are often sublinear: after an initial increase the gains become smaller; a

phenomenon known as diminishing returns.

The last issue is due to that additional data may be noisy, irrelevant to the task at hand or,
most probably, fully or partially redundant with already existing data. Having unnecessary
and redundant data thus results in wasted computational resources. Therefore, it is critical
to develop methods to select an informative and representative subset of a large data set

that retains as many of the benefits of the large data set as possible, while simultaneously



20

minimizing resource requirements, a goal that naturally falls under the data summarization
paradigm.
Speech data subset selection, in general, has been conducted for several different scenarios

that frequently occur in the field of speech processing:

1. Identifying a smaller subset of the data that fits a given budget but provides as much

information as the original large data set.

2. Data selection for human annotation, which is of interest when developing ASR systems

for new languages or dialects whose audio data has not yet been transcribed.

3. Selection for adaptation, where the goal is to tune a system to a known development

or test set.

In this Chapter, we concentrate on the first two scenarios. For the first scenario, we
assume that the manual labels of the acoustic data are available to a data subset selection
algorithm and call such setting supervised data subset selection. For the second scenario,
we constrain ourselves to the unsupervised data subset selection setting, where the subset
selection framework does not assume access to any of the data labels and is solely dependent
on the acoustic features of the data. For both the supervised and the unsupervised settings,
we are interested in studying the following question: given a drastic reduction in training set
size (from one to two orders of magnitude), what is the smallest degree of information loss
possible?

In the supervised setting, the intended benefit is to significantly shorten experimental
turn-around time — often, systems need to be trained repeatedly with different model config-
urations or parameters. If this could be done on a small subset, more experimentation could
be performed within a given time period, and systems could be more highly and accurately
tuned. In the unsupervised setting, the intended benefit is that an equally effective ASR
system can be trained using a smaller but wisely selected manually labeled data set than a

randomly selected set.
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Most approaches to data subset selection in speech recognition are based on the framework
of active learning, where additional training data is chosen to update an already existing
system [Hakkani-Tur et al., 2002, Lamel et al., 2002, Kemp and Waibel, 1998]. Under this
approach the utility of each sample in the training data set is equivalent to the confidence
score given by an existing ASR system. All samples are then ranked according to their utility
score, and the samples with highest scores are selected. The drawback of this approach is
that it requires a fully-trained speech recognizer with reasonable performance that repeatedly

iterates over the training set.

In [Liu et al., 2007], data selection at different levels (e.g., utterance level, phone level,
and frame-level) is performed for the purpose of discriminative training of acoustic models.
The selection criterion is the average phone accuracy of utterances. In [Itoh et al., 2012], they
propose a method for data subset selection that meets the criteria of both informativeness
and representativeness. The informative score of an utterance is computed as the entropy of
its N-best word hypotheses produced by a baseline ASR system. The representative score of
an utterance with respect to a data pool is calculated as the average TF-IDF similarity with
all other utterances in the pool. Like the active selection methods, this approach requires a

word recognizer.

A number of authors study selecting acoustic data based on the coverage of the linguistic
units (e.g., phonemes, words, triphones, and etc.) as the selection criterion. For example, [Wu
et al., 2007] propose a method to subselect acoustic training data based on the transcriptions
of the data. Their objective is to select a subset of the data that results in a maximum-
entropy distribution (or equivalently the most uniform distribution) over linguistic units in
the set. On the other hand, [Siohan, 2014| argue that better performance is achievable for
semi-supervised update of acoustic models when the acoustic training data is selected such
that the resulting set is close in distribution of the linguistic units to that of the a curated
development set. As we will see, either criterion is, in fact, easily formulated as an instance

of submodular data summarization paradigm.
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While the above methods select data using a greedy algorithm, in general there is not a
guarantee that such an algorithm applied to the above objectives has any quality assurance.
Another line of work focuses on formulating the data selection as a constrained submodular
maximization problem. Submodular data selection was first presented in [Lin and Bilmes,
2009] for a small-scale phonetic recognition task on TIMIT under a supervised scenario.
A KL-divergence submodular function is proposed in [Shinohara, 2014] and shown to be
submodular. Given any desirable distribution, the utility of a data set is modeled as how close
the distribution of the speech units within the selected data set is to the desirable distribution
measured by KL-divergence. However, no empirical evaluation is given in [Shinohara, 2014]
to assess the performance of this objective.

As we will see, the presented results in this Chapter significantly extends this line of
research. We investigate both the supervised and unsupervised settings for the small scale
phone recognition task evaluated on TIMIT. We, moreover, propose a general and scalable
feature-based function and show the connection of the proposed framework to the data selec-
tion criteria in [Siohan, 2014], [Wu et al., 2007] and [Shinohara, 2014]. We lastly empirically
demonstrate the success of the proposed framework on a large-vocabulary speech recognition

task.

2.1 Submodular Data Subset Selection Framework

2.1.1 Problem Formulation

Suppose we have a set of speech utterances V' = {v,vs,...,v,}. Consider a monotonically
non-decreasing submodular set function f : 2 — R, which maps each subset A C V to a
real number that represents the value f(A) of subset A. The speech data subset selection
problem, then, can be viewed as maximizing the value f(A) of A such that the cost of
the selected subset A does not exceed a given budget. Here, we use a modular function
¢ : V. — R to define the cost of each speech utterance. We denote c¢(v) as the cost of the

utterance v. Therefore, the cost of a subset A is simply the sum of the individual cost,
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namely c(A4) = > ., c(a). In this work, we define the cost c¢(v) of a speech utterance v as

its length. Mathematically, the problem can be formulated follows:

amax f(A) (2.1)

where b is a budget on the amount (or cost) of speech data to be selected and ¢(A) measures
the amount (or cost) of speech contained in a subset A of the whole corpus. Note that
the combinatorial optimization problem here asks for maximizing a monotone submodular
function under a knapsack constraint (Problem 4). The scalable and efficient greedy algo-
rithm (Alg. 5) solves the problem with a constant factor 1(1—1/e). We defer the readers to

Section 1.5.5 for more details about this optimization problem.

2.1.2  Submodular Objectives

Having defined the formulation, the remaining problem is how to appropriately choose the
submodular objective f that best characterizes the utility of the acoustic data for training
ASR systems. To this end, we introduce a broad range of submodular functions that have
shown success on this task. We first introduce two classes of submodular functions that
are defined via a pairwise similarity graph. The first objective is called the facility location

function with the following form:
ffaC(A) = Z I}'leaj( wi,jy (22)

where w; ; > 0 indicates the similarity between utterances ¢ and j. For now, we assume the
similarity between utterances is given. In Sec 2.1.3, we formally introduce a class of methods
to characterize the similarity between utterances that accounts for both the acoustic and
phonetic information.

Sharing a similar flavor, Saturated coverage functions also naturally models the notion

of representativeness and diversity in a set of speech utterances. Successfully applied in
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document summarization tasks [Lin and Bilmes, 2011], the function has the following form:
far(A) =) min{C;(A), aCy(V)} (2.3)
ieV
where C;(A) = ZjeA w;; and 0 < a < 1 is the saturation coefficient. Note that C; : 2" — R
is itself monotone submodular (modular in fact).

Both the facility location function and the saturated coverage funcions are graph-based,
since a pairwise similarity graph is required to instantiate them. Even with highly optimized
data structures, efficient computation of similarity measures, and graph approximations,
graph construction can become computationally prohibitive when |V is big (e.g., millions,
or larger).

An alternative class of submodular functions that do not require a pair-wise similarity
graph is feature-based, defined as:

frea(4) = D wug(mau(A)) (2.4)

ueU

where ¢() is a non-negative monotone non-decreasing concave function (e.g., g(x) = /= and
g(x) =log(x)), U is a set of features, w, is the weight for the feature u, the modular feature
function m,(A) = >_ 4 mu(j) is a non-negative score for feature u in a set A, with m,(j)
measuring the degree of feature u present in utterance j € A. In the context of speech data
subset selection, U can take various forms including triphones, words, phonemes, acoustically
derived measures, etc. Moreover, there are many different ways to define the relevance score
m.(s). One simple way might be to define it as the count of frames in the utterance s that
has the label w.

Next, we are going to connect the feature based function with the form defined above
to the KL-divergence minimization of the distribution in the set of speech units U. Given
a set of m speech units U = {uy,...,u,} and any distribution 7 = (m,,,...,m,,) (e,
Y wer Tw = L and m, € [0,1],Vu € U) of the units that we wish to maintain in a data set,
consider a variant of the feature-based submodular function with the following form:

fEa(A) = m,logmy(A), (2.5)

uelU
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where the feature weight w, is defined as 7, for each unit u € U and the concave function g
is chosen as the log function !. Let p,(A) = % be the fraction of the frames labeled
/e m

as u in a set A of utterances. Let
D (r||p(A Z Ty log (2.6)
uelU
be the KL-divergence between the target distribution 7 and p(A). Next, we establish the

connection of the function ff _(A) to Dxr(m|[p(A)) as follows:

Dgr(m||p(A Zﬂu log (2.7)
uclU

= —Zﬂ'u log pu(A) + Zm log m, (2.8)
uelU ucelU

= —Zwu log m, (A) + Zlomeu(A) + Zwu log 7, (2.9)
uel uelU uelU uelU

= ffea —I—Zbgc )—I—Zﬂulogﬂu. (2.10)

uelU uelU

Eqn 2.9 follows from the definition of p,(A) = %, and Eqn 2.10 holds since ¢(A) =
ue w

Y wer Mu(A). As a reminder, c(A), the cost of the set A, is defined as the total number of

frames in the set A. Then, the following optimization problem:

i D A 2.11
soin kL(m|[p(A)) (2.11)

can be equivalently solved as
(A 2.12

since the third term in Eqn 2.10 is a constant, and the second term is also a constant
equal to |U|logb as a result of the equality constraint in Problem 2.11. Given a budget

constraint b, maximizing fffe a with respect to a target distribution 7 is equivalent to finding

!To avoid numerical issues, a slightly modified variant of the form Jha(A) = Y wer Tulog(my(A) + 1)
can be used in practice, where the counting function m,(A) is implemented with add-one smoothing for
each speech unit u € U.
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the minimizer of Dy (7||p(A)) with the cost of A being equal to b. We remark that our
analysis here builds upon the result presented in [Shinohara, 2014]. However, our analysis
demonstrates a stronger connection between the feature-based submodular function to that
KL-divergence minimization, since the equivalence is shown for even the non-uniform cost
scenario (i.e., the knapsack constraint setting), which was not shown in [Shinohara, 2014].

To encourage selecting a data set with uniform coverage over a set of speech units, one may
design the target distribution 7 as the uniform distribution, i.e., 7, = %, Yu € U. However,
it should be clear that the KIL-divergence function can be used for a much more general
scenario, since the target distribution 7w can be instantiated as any distribution. [Siohan,
2014] reported that a training data set that has a distribution of the triphones matching
with that of a development data set yields better performance for semi-supervised training
than a randomly sampled data set of similar size. They employ a greedy heuristic to optimize
over D1, (m||p(A)), where 7 is the distribution of the triphones in a predefined development
data set. However, the greedy heuristic is limited for choosing data sets of any desirable
size, and engineering tricks are used for constructing data sets of different sizes. With the
submodularity of ff = —and the established connection between ff —and Dgr, (7[|p(A)), one
may formulate the data selection criterion proposed by [Siohan, 2014] as Problem 2.1 which
can be efficiently solved with favorable optimality guarantees for any selection sizes.

As a slight digression, we next analyze the maximum-entropy criterion proposed in [Wu
et al., 2007] for speech data subset selection, where they model the utility of a data set as
the level of uniform coverage of a data set A over the speech units U through the notion of
entropy:

B(A) = =3 pu(A) logpa(A). (2.13)

uel
Given the defined objective h(A), [Wu et al., 2007] propose to perform data selection by
maximizing this objective via a streaming greedy heuristic. Setting an adding threshold T,
the streaming heuristic performs one pass over the entire data and adds an utterance to

the selected set if the improvement to the objective h by adding this item is larger than the
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threshold 7. The streaming heuristic, though efficient, needs to tune the threshold parameter
7 so that data selection of different sizes can be obtained. In some cases, large sizes of data
selection (e.g. 10%, or higher) cannot be achieved with this heuristic no matter how the
parameter 7 is tuned due to saturation of the objective h, as we will see in our experiments
(Section 2.2.2). Furthermore, the streaming heuristic does not have any optimality guarantee
in terms of the objective being optimized.

As we will see next, this heuristic can be significantly improved leading to a much more
principled optimization method thanks to submodularity. For ease of analysis, we first in-

troduce an objective that we call histogram-entropy function in the following form:

fentr(A) = = mu(A)logm,(A). 2 (2.14)

uelU

Recall that m,(A) always takes integer values in this application, since it is defined as the
frame count of the speech unit u in the set of utterances A. By definition, fopty is always
negative and is, in form, a sum of monotone-decreasing concave functions composed with
modular functions, which can be again easily shown to be monotone non-increasing submod-
ular [Stobbe and Krause, 2010]. We will first derive the connection of the objective h(A)
to fontr(A), and, then, show that maximizing h(A) with equal budget constraint is equiv-
alent to optimizing over fontr, and, lastly, describe a method for optimizing a monotone
non-increasing submodular function fapty. The connection of h(A) to foptr(A) can be seen

as follows:

my(A) my(A)

h(A) - uclU Zu’EU mu/(A) log Zu’EU mu/(A) (215)
S Z WZZX)U logm,(A) +log c(A) (2.16)
_ fentr(A) +log c(A). (2.17)

c(A)

2Similar to Jioa(A), a slightly modified variant of the form fentr(A) = — Y wer Mu(A)log(my,(A) + 1)
can be used in practice to avoid numerial issues, where the counting function m,(A) is implemented with
add-one smoothing for each speech unit v € U.
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Then, it’s easy to verify that the following optimization problem:

h(A 2.18
iy MY (218)

is equivalent to the following:
x| fentr (4). (2.19)

Problem 2.19 does not admit the same form as Problem 2.1 in that fonty(A) is not monotone
non-decreasing, and the inequality in the constraint is reversed. To address this issue, we
define an auxiliary function for foptr as fentr(A) = fontr(V\ A) = fentr(V). Note that fopir
is normalized monotone non-decreasing submodular. Problem 2.19 can be transformed into

an equivalent form as:

C(Agggi)_b Jentr(4), (2.20)

which is in the form of Problem 2.1, hence, can be solved by the greedy algorithm described
in Alg. 5. We take the complement of the output data set by the greedy algorithm as the final
output for Problem 2.19. To summarize, the optimization recipe is as follows: (1) Derive the
auxiliary function fepty for foptp- (2) Run Alg. 5 with the input objective as fopp and the
selection budget as ¢(V) — b. (3) Given the solution A from Step 2, output its complement
V '\ A as the final solution.

Given the above analysis, interestingly enough, we show that the maximum-entropy crite-
rion proposed by [Wu et al., 2007] also admits an equivalent transformation to the constrained
submodular maximization formulation, for which one can efficiently and near-optimally op-
timize.

We next concentrate back to the feature-based submodular function. Although it has
shown great flexibility in modeling the utility of data set, one issue with the feature-based
functions is that they represent interactions between different items in the whole set V', but
cannot represent interactions between different features or sets of features, meaning that

information within one feature v € U might be partially redundant with another feature
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u € U, v # u. A solution to this issue is to use a novel construct we call a two-layer
feature-based submodular functions. Let U be a set of features, U? be a set of meta-features,
where |U'| = dy,|U?| = dy and d; > dy. Between U' and U?, we define a weight matrix W of
dimension dy X d;. Entries in W measure the interactions between the lower-level features in
U! and corresponding meta-features in U2. The two-layer feature-based submodular function

takes the following form:

Fofeal®) =D a1( D Wiz ur)gs(my, (A))) (2.21)

ug€U? u1€U?!
where g1 () and go() are non-negative monotonically non-decreasing concave functions, m,, (A4)
takes the same form and interpretation as in the feature-based submodular function. W (us, u;)
is the entry in the weight matrix W that measures the interaction between the feature u, € U*
and the feature uy € U?. The submodularity of fo ¢, (A) follows from Theorem 1 in [Lin
and Bilmes, 2011].

2.1.83  Similarity Between Speech Utterances

As mentioned in the previous part, some graph-based submodular functions, e.g., facility
location function and the saturated coverage function, need to be instantiated on a pairwise
similarity graph, which requires computation of similarity measure between any pair of speech
utterances. In this section, we describe three methods to characterize the similarity between
two speech utterances: (1) Firsher kernel; (2) TF-IDF kernel; and (3) String kernel.

First, we introduce the Fisher kernel to derive the similarity between utterances, which
was first presented and used in [Lin et al., 2009]. The Fisher kernel is computed based on
the vector of derivatives Ux of the log-likelihood of the acoustic data (X) with respect to

the parameters in the phone HMMs 64, ..., 8,, for m models, having similarity score:

Wi = (I?%/Xdl/]/) — dija where dij = HUZ/ — U;Hl;

UY = elog P(X|0), and Uy = UG o U% 0. 0 Ul
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By its definition, Fisher kernel focuses on measuring similarity between utterances in terms
of their acoustic features. Essentially, the idea of the Fisher kernel is to first represent a
speech utterance of variable length with a fixed length size feature vector. Each entry of the
feature vector measures the derivative of the log-likelihood for the corresponding parameter.

Next, we consider similarity measure that moves beyond purely acoustic similarity mea-
sures and consider kernels derived from discrete representations of the acoustic signal. First
we run a tokenizer over the acoustic signal that converts it into a sequence of discrete la-
bels. In our TIMIT experiments, we use a simple bottom-up monophone recognizer (without
higher-level constraints such as a phone language model) that produces phone labels. We
then use the hypothesized sequence of phonetic labels to compute two different sentence
similarity measures: (a) cosine similarity using TF-IDF weighted phone n-gram counts, and
(b) string kernels.

Let s; be the phone sequence for each speech utterance ¢ € V. We compute the TF-IDF

weighted cosine similarity between any pair of speech utterances i and j as follows:
. 1¢2
> wes, tus, X thos, x idf2

Wiy = : (2.22)
\/Zwesi tf?ﬂysi 1df1211 \/ZwESj tf?u,sj ldf?u

where tf,, s, is the count of n-gram w in s; and idf,, is the inverse document count of w (each
sentence is a “document”).

Many variants of string kernels exist in the literature. In this work, we adopt the gapped,
weighted subsequence kernel of the type described in [Rousu and Shawe-Taylor, 2006] as the
string kernel. Formally, we define a sentence s as a concatenation of symbols from a finite
alphabet ¥ (here the inventory of phones) and an embedding function from strings to feature
vectors, ¢ : X* — H. The string kernel function K(s,t) computes the distance between the

resulting vectors for two sentences s; and s;. The embedding function is defined as

gi(s):= Y Al wext (2.23)

fru=s(i)

where k is the maximum length of subsequences, |i| is the length of i, and A is a penalty
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parameter for each gap encountered in the subsequence. K is defined as

K(si,85) = Y _(buls1), duls;))wy (2.24)

u

where w is a weight dependent on the length of u, [(u). Finally, the similarity measure is

obtained as the normalized the kernel score:

’C(Si’sj> _
VK(si,5:)K(s;, s5)

2.2 Experimental Results

We evaluate the proposed speech data subset selection framework on two tasks: (1) small-
scale phone recognition task, which is evaluated on the TIMIT corpus; (2) large vocabulary
continuous speech recognition (LVCSR) task, which is tested on 1300 hours of conversational
English corpus. Both the supervised and unsupervised settings are evaluated on the TIMIT

data. We tested only the supervised setting on the large-scale experiments.

2.2.1 Phone Recognition Ezperiments
Data and Systems

We evaluate our approach on subselecting training data from the TIMIT corpus for train-
ing a phone recognizer. Although this is not a large-scale data task, it is an appropriate
proof-of-concept task for rapidly testing different combinations of submodular functions and
similarity measures. Our goal is to focus on acoustic modeling only; we thus look at phone
recognition performance and do not currently take into account potential interactions with
a language model. We also chose a simple acoustic model, a monophone HMM recognizer,
rather than a more powerful but computationally complex model in order to ensure quick
experimental turnaround time. Note that the goal of this study is not to obtain the highest
phone accuracy possible; what is important is the relative performance of the different subset

selection methods, especially on small data subsets.
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The sizes of the training, development, and test data are 4620, 200 and 192 utterances,
respectively. Preprocessing was done by extracting 39-dimensional MFCC feature vectors
every 10 ms, with a window of 25.6ms. Speaker mean and variance normalization was
applied. Following the selection of subsets (1%, 2.5%, 5%, 10%, etc. of the data, measured
as percentage of non-silence speech frames), we train a 3-state HMM monophone recognizer
for all 48 TIMIT phone classes on the resulting sets and evaluate the performance on the
core test set of 192 utterances, collapsing the 48 classes into 39 in line with standard practice.
The HMM state output distributions are modeled by diagonal-covariance Gaussian mixtures
with the number of Gaussians ranging between 4 and 64, depending on the data size.

We compared our method against two baseline approaches. For a random sampling
baseline, we perform 100 random draws of the specified subset sizes and average the results.
The second baseline consists of the method in [Wu et al., 2007], where utterances are selected

to maximize the entropy of the histogram over phones in the selected subset.

Supervised Data Subset Selection

In the first set of experiments, we test on the supervised setting, where the manual labels
of the utterances are available for data subset selection. In this case, we tested the three
different similarity measures in combination with the facility location and saturated coverage
functions. We first train a 16-component Gaussian mixture monophone HMM system on the
full data set. We use the parameters trained from the acoustic model to derive the Fisher
kernel similarity. We also utilize the trained system to generate the hypothesized phone
sequences for each speech utterance, which are then used the phone sequences for deriving
the string kernel and TF-IDF based similarity measures. The parameters of the gapped
string kernel (i.e., the kernel order k, the gap penalty A, and the contiguous substring length
[) were optimized on the development set. The best values were A = 0.1,k = 4,1 = 3.
Figure 2.1 shows the performance of the random and entropy-based baselines as well
as the performance of the facility location function with different similarity measures. The

entropy-based baseline beats the random baseline for most percentage cases but is otherwise
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Comparison of different data subset selection methods

2.5
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Percentage of Speech in Selected Subset

B random B entropy Fisher kernel
B TF-IDF unigram [ TF-IDF bigram [ TF-IDF trigram
H string kernel

Figure 2.1: Supervised setting: Phone accuracy for different subset sizes; each block of
bars lists, from top to bottom: random baseline, entropy baseline, Fisher kernel, TF-IDF

(unigram), TF-IDF (bigram), TF-IDF (trigram), string kernel.

the lowest-performing method overall. Note that this baseline uses the true transcriptions
in line with [Wu et al., 2007] rather than the hypothesized phone labels output by our
recognizer. The low performance and the fact that it is even outperformed by the random
baseline in the 2.5% and 70% cases may be because the selection method encourages highly
diverse but not very representative subsets. Furthermore, the entropy-based baseline utilizes
a non-submodular objective function with a heuristic greedy search method. No optimality

guarantee can be made for this method.

Among the different similarity measures, the Fisher kernel outperforms the baseline meth-

ods but has lower performance than the TF-IDF kernel and the string kernel. The best
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performance is obtained with the string kernel, especially when using small training data
sets (2.5%-10%). The submodular selection methods yield significant improvements (p <

0.05) over both the random baseline and over the entropy-based method.

Comparison of different submodular functions

50

Phone accuracy (%)
o
(6)]

45 M
25 5 10 20 30 40 60 60 70 80

Percentage of speech in selected subset

M Random Facility Location Function [l Saturated Coverage Function

Figure 2.2: Phone accuracy obtained by random selection, facility location function, and

saturated coverage function (string kernel similarity measure).

We also compared the facility location function vs. the saturated coverage function. Fig-
ure 2.2 shows the performance of the facility location (fi..) and saturated coverage (fsat)
functions in combination with the string kernel similarity measure. Comparing fg.. vs. fsat,
fsat primarily controls for over-coverage of any element not in the chosen subset via the a
saturation hyper-parameter. However, at a given « and for a given subset size, it does not
guarantee that every non-selected element has good representation in the chosen subset. fq.
measures the quality of the subset by how well each individual element outside the subset

has a surrogate within the chosen subset (via the max function), and hence can do better at



extreme size reductions (e.g., 2.5% - 10%).
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Figure 2.3: Phone accuracy for true vs. hypothesized phone labels, for string-based similarity

measures.

Finally we examined whether using hypothesized phone sequences vs. the true transcrip-

tions has negative effects.

Figure 2.3 shows that this is not the case: interestingly, the

hypothesized labels even result in slightly better results. This may be because the recog-

nized phone sequences are a function of both the underlying phonetic sequences that were

spoken and the acoustic signal characteristics, such as the speaker and channel. The true

transcriptions, on the other hand, are able to provide information only about phonetic as

opposed to acoustic characteristics.
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Unsupervised Data Subset Selection

Next, we examine the performance of unsupervised submodular selection, which does not
use the transcriptions. The different submodular objectives were fg, . and fo_f., (Equations
2.2 and 2.21, respectively). The similarity matrix in f, . was computed by a gapped string
kernel on tokenized utterances. In contrast to the supervised case, we utilized an HMM
trained n an unsupervised way to produce the tokenization. This unsupervised model had
40 HMM states and 64 Gaussian mixture components per state and was trained on all of the
training data. To instantiate the two-layer feature based function fy_g,,, we constructed the
set of meta features U? as the set of tri-states extracted from the sequences of HMM state
labels. Each tri-state u, € U? was distinguished by the dominating Gaussian component
index at the middle state; its corresponding lower-level features were constructed as the
tri-state with all possible Gaussian component indices in the middle state. We constrained
interactions between lower-level features and meta features to the case where both features
shared the same tri-state, i.e., W (uy,uz) = 1 if u; and wuy shared the same tri-state, and

W (uy,us) = 0 otherwise.

In addition to using an unsupervised HMM as the tokenizer we also tried using a k-
component single-state unsupervised GMM. This model converted acoustic utterances into
sequences of indices representing the dominant Gaussian component at each frame. A 512-
component GMM was used to generate the set of low-level features U!, and a 32-component
GMM was used to generate meta features U2. In both cases, we generate features as the
Gaussian mixture indices for two consecutive frames (bigrams). The weight W (uy,us) was
set to the co-occurrence count of features u; € U' and uy € U? in the training set. In
both instantiations of fy_f.,, the concave functions g;() and g() were set to the square root
function, and the feature score function m,(A) was the sum of TF-IDF normalized feature

counts.

Figure 2.4 shows the performance of the three unsupervised submodular selection methods

described above. They all significantly (p < 0.05) outperform the random baseline for all
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Comparison of Unsupservised Submodular Methods and Baseline Methods
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Figure 2.4: Unsupervised setting: Phone accuracy for different subset sizes; each block of

bars lists, from top to bottom: random baseline, histogram-entropy baseline (supervised

setting), fo_faq+ GMM-HMM, fy . +GMM, fg,..

subset sizes except for fo_f.,+GMM at 40%. The improvement is more evident for small
subset sizes (1%, 2.5%, 5%). In general, these unsupervised methods yield a performance
comparable to that of the histogram-entropy baseline, which is a supervised method. In
particular, f9 o, +GMM-HMM outperforms the histogram-entropy baseline at all subset

sizes, except for 20%.

2.2.2 LVCSR FExperiments
Data and Systems

We evaluate our approach on selecting subsets from 1300 hours of conversational English
telephone data from the Switchboard, Switchboard Cellular, and Fisher corpora. We train

a separate ASR system on each resulting subset, where the sizes are chosen to be signif-
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icantly smaller than the whole (namely, 1%, 5%, 10% and 20% of the whole non-silence
training data). The development and test data sets are unchanged, and are the 2001 and
2002 NIST Rich Transcription development sets, with 2.2 hours and 6.3 hours of acoustic
data, respectively. Two different ASR systems were used for our experiments, distinguished
by their acoustic modeling approach. The first is SRI’'s DECIPHER system (Stolcke et
al., 2000). The preprocessing component extracts 13-dimensional mel-frequency cepstral
coefficients (MFCCs) along with their 1st, 2nd, and 3rd order derivatives. The resulting 52-
dimensional feature vectors are mean and variance normalized, and reduced to 39 dimensions
by heteroscedastic Linear Discriminant Analysis (HLDA) [Kumar and Andreou, 1997]. The
features are then discriminatively transformed using feature minimum phone error training
(fMPE) [Povey et al., 2005]. Acoustic models consist of three-state left-to-right HMMs with
GMNMs as output probability distributions. Each GMM represents a decision-tree clustered
cross-word triphone state. GMMs are first estimated using the maximum likelihood crite-
rion and are used to generate phone lattices, which are utilized for minimum phone error
training (MPE) [Povey and Woodland, 2002] to create the final models. During decoding,
a first-pass search is performed using a bigram language model. A recognition pass using
maximum-likelihood linear regression (MLLR) speaker-adapted acoustic models generates a
set of lattices. Finally, these lattices are rescored with a trigram language model to generate

the final output.

The second system was also developed at SRI and utilizes DNNs as acoustic models and
Kaldi [Povey et al., 2011] as the decoder. The inputs to the DNN consist of 15 frames of
40 dimensional Mel-scaled filter-bank outputs. The DNN targets are decision-tree clustered
triphones with approximately 3750 targets for data subsets and 7800 for the full set.®> The
number of layers in each network was tuned based on the development set word error rate.

As before, a first pass search is performed during decoding using a bigram language model,

3To clarify this point, the process of training a system using a subset (rather than all) of the training
data was optimized in an attempt to get the best performance possible for any given amount of available
data. Included in this process was the number of decision-tree clustered triphones for a given subset size.
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and the resulting lattices are rescored using a trigram language model. The language model
(LM) is the same in both systems and consists of an interpolation of various genre-specific
LMs trained on meeting transcriptions, spontaneous telephone speech, broadcast news, and
web data selected to match the transcribed data. The interpolation weights are optimized
on a held-out set of meeting data.

We also compare our submodular data selection approach against two different baseline
methods: random baseline, and the “histogram-entropy” baseline. For the random baseline
we randomly sample data sets at the appropriate size (1%, 5%, 10%, or 20%), train different
ASR systems for each set, and average their word error rates. For the histogram-entropy
baseline, the objective is to select a subset of the data that results in a maximum-entropy
distribution over linguistic units (e.g., triphone states or words) in the set. We implemented
two variants of the baseline: (a) using the words from the true word transcriptions as phonetic
units, as described in [Wu et al., 2007], and (b) using the triphone state labels from a forced
alignment of the transcriptions to the acoustic data. For our experiments the fully-trained
Decipher system was used for the forced alignment; note, however, that it is in principle
also possible to use different acoustic models, or to perform an unsupervised tokenization of
the acoustic signal. Also note that for the histogram-entropy method the objective criterion
(maximum entropy of the distribution over phonetic units in the data) may saturate (i.e.,
no further increase is possible) before the budget constraint is reached. We found that this
was the case for the 20% subset, i.e., the entropy saturates before 20% of the data has been
selected. To reach 20%, more data would have to be added randomly, which would render
the method largely equivalent to the random selection baseline. Results are unavailable for

the histogram-entropy at 20% level.

Supervised Data Subset Selection

All experiments were conducted with the feature-based submodular function (Equation (2.4)).
Several experiments were run with different instantiations of feature sets (words, triphones,

triphone HMM state ids, and n-grams thereof), as well as different ways of normalizing
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feature counts and different concave functions. The best results obtained with submodular
selection were based on the square root function as the concave function g, the counts of
triphones as the m,(s) scores, and the IDF weight of the triphone as the weight w, for the
corresponding feature u. The triphone annotation was also based on a forced-alignment of
the word transcriptions to the signal. For each system and subset, the complexity of the
acoustic model (number of initial clusters for bootstrapping the acoustic model, and the
number of leaves in the decision tree used for state clustering) was optimized on the devel-
opment set. Optimizing the number of parameters is important since data sets with greater
inherent complexity can in theory support more parameters in the acoustic model, whereas
inherently redundant data sets might lead to poorly trained models if too many parameters

are utilized.

1% 5% 10% 20% all
Rand 02.1+£ 1.5 | 38.2£0.2 | 35.1£0.3 | 34.4+0.2
HE (words) 49.6 36.5 34.8 N/A
HE (3-phones) |  47.5 37.6 34.2 N/A 0
SM (3-phones) 47.5 35.7 33.3 32.6

Table 2.1: Word error rates for the HMM-GMM system, for subsets of various sizes chosen by
the random (Rand), histogram-entropy (HE), and the submodular (SM) selection method.
The histogram-entropy results for the 20% condition are not available due to that objective’s

saturation after 10%.

Table 6.1 shows the results for the HMM-GMM system. The random results are an
average over four independent subsets for each size percentage, and are shown as mean +
standard _deviation. We see that our proposed method outperforms all baseline systems

under all conditions.

Results for the DNN system are shown in Table 2.2. In this case, owing to the longer



1% 5% 10% 20% | all
Rand 43.740.5 | 34.340.9 | 31.5+0.5 | 29.840.2
HE (3-phones) | 428 33.9 31.3 N/A | 26.0
SM (3-phones) | 41.1 31.8 29.3 28.2
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Table 2.2: Word error rates for the DNN system, for the random, histogram-entropy (HE)

and the submodular (SM) training data subset selection methods.

training time, the random results are an average of three subsets for each size percentage.
The histogram-entropy baseline and the submodular systems followed the same design as in
the previous set of experiments. For all systems, the number of parameters (layers in the
deep neural network) was optimized on the development set; it varied between three and six
(with most systems having five layers). The number of hidden units was 1200 in each case.
Here, too, the results shows that the submodular method clearly outperforms both baseline

methods in all cases.

Comparing Table 6.1 to Table 2.2, moreover, shows an interesting trend. The submodular
selected subset at 5% achieves a WER of 31.8% with the deep model system, while the
HMM-GMM system using 100% of the training data achieves a WER of 31.0%. That is,
the deep system using the “right” 5% of the training data almost matches the HMM-GMM
system using all of the data. Note that the deep system is unable to do that, however,
using the baseline methods for choosing 5% of the training data. Also, the deep system
using only 10% of the submodular subselected data achieves a result (i.e., 29.3%) that is
strictly better than the GMM system at 100% of the training data (i.e., 31.0%). These
results, therefore, offer evidence of the combined power of a properly chosen subset of the
training data (using a submodular function) and a modern speech recognition system (deep
model based). Moreover, with such a large reduction (at 5%), the time spent training a deep

system is approximately 20x faster, which could lead to many more model variants being
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investigated in the same amount of time.
2.3 Discussion

In this chapter, we studied the speech data subset selection problem under both the super-
vised and unsupervised setting. The proposed submodular data summarization paradigm is a
very general and efficient framework for such task. Mathematically, we showed that the data
selection criteria proposed in [Siohan, 2014] and [Wu et al., 2007] can be equivalently mod-
eled by our submodular framework with appropriate submodular functions. Moreover, our
method has proved empirically effective on both small scale phone recognition and LVCSR
tasks.

Future work will concentrate on selecting speech data for the active learning setting, where
acoustic data is adaptively selected for labeling to further improve the system performance
of an existing speech recognizer. Another direction of the future work is to select data in a

less memory demanding scenario, such as the streaming setting.
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Chapter 3

CASE STUDY II: GENOMICS ASSAY PANEL SELECTION

In our second case study, we apply the data summarization paradigm to the data collected
from the biological domain. In particular, we focus on the genomics assay data, which is ob-
tained by high-throughput DNA sequencing of the genomic positions. Genomics assays such
as ChIP-seq, DNase-seq and RNA-seq can measure a wide variety of types of DNA activity.
But their applications are significantly limited by their costs. In general, researchers would
like to perform every type of genomics assay to characterize a cell type. Unfortunately, it
costs about $400 [scienceexchange, 2015] to perform a single genomics assay with reasonable

sequencing depth.

Even the ENCODE and Roadmap Epigenomics consortia [Bernstein et al., 2010, EN-
CODE Project Consortium, 2012], whose major responsibilities are to develop, perform, and
analyze genomics assays, has only performed a total of about 1,359 assays as of January
2015. Among these assays, a total of 216 types of assays have been performed on at least
one cell type, and at least one assay is done for a total of 228 cell types. On the other hand, it
would be a total number of 49,248 assays if all types of assays are performed for all cell types.
Despite the worldwide efforts with large budgets, the two consortia has only performed 5%
of the possible number. Moreover, an infinite number of perturbations and variations of a
given cell type exists. It would be of interest to study the various DNA activities on these

cell types leading to an extremely large number of assays needed to be performed.

It is, therefore, critical to select a small panel of assays to perform on each cell type of
interest—a problem we call assay panel selection—is a key step in any genomics project. So
far, there has been little literature on how to choose such a panel. Most of the procedures

for assay panel selection adopted in consortia such as ENCODE and Roadmap are based on
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the investigators’ domain knowledge and intuition.

In this Chapter, we give a more principled approach to address the problem based on
the submodular data summarization paradigm. Our method aims to exploit the redundancy
among assay types on the basis of existing data sets. In fact, many pairs of assay types yield
similar information. Just to name a few, the transcription factors REST and RCORI1 are
cofactors and therefore bind almost the same set of genomic positions [Andrés et al., 1999].
Similarly, the histone modification H3K36me3 primarily marks gene bodies, which are also
transcribed and therefore measured by RNA-seq. Hence, a large fraction of the information
learned from the full set of assay types may be extracted from only a small sized subset of
representative assays.

As previously discussed, submodular functions are natural models for information and
representativeness. Hence, a solution to the assay panel selection is to define an appropriate
submodular function that characterizes the quality of a panel of assay types, and then to
formulate the problem as a submodular optimization, for which one can efficiently find a
panel with a high score according to the objective. Similar to what we have observed in the
case study of speech data subset selection, we find that the facility location function is again
a natural model and often yields superior performance on this task. Computing the facility
location function requires a measure of similarity between assay types. For this purpose, we
use the Pearson correlation between the two assays, averaged over the cell types in which
the assays have been performed. As we will see, this objective function is chosen because
it performs better than or comparably to the other methods. We call the resulting method
submodular selection of assays (SSA).

Another important contribution of this case study is on the development of three eval-
uation mechanisms for automatically assessing the quality of any panel of assays. This
contribution is independent of the proposed approach for the assay panel selection problem.
In other words, the evaluation metrics will be useful for any future study of the quality of a
panel of assays, independent of the particular procedure used to choose such a panel. The

three evaluation metrics, each of which assesses the quality of a panel with respect to a
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distinct application, are described as follows:

1. Assay imputation: the accuracy with which the panel can be used to impute the results

of assays not included in the panel;

2. Functional element prediction: the accuracy with which the panel can be used to
detect functional elements such as transcription factor binding sites, promoters, and

enhancers;

3. Annotation-based evaluation: the quality of a whole-genome annotation produced us-

ing the panel.

In addition to the evaluations metrics, we investigate the assay panel selection problem
under two settings. We call the first setting — the “future” variant. It arises when a researcher
is interested in applying a panel of genomics assays to a new tissue type or cellular condition.
In this case, the researcher must use previously performed assays in other cell types to choose
a representative panel of assay types. The second setting we consider is called the “past”
variant. It arises, on the other hand, when one is interested in applying a computationally
expensive analysis, such as a genome annotation method, that cannot efficiently be run on
all available data sets. In this setting, the researcher must choose a representative panel
from the available data to use as input to the analysis. In this case, the researcher may
use the data from assays performed on the cell type in question to inform their choice. We
propose a variant of our method, called SSA-past, which leverages this information to allow a
researcher to choose such a representative panel in this setting. In this work, we are primarily
interested in the “future” setting.

We illustrate the assay panel selection problem along with the selection process by SSA
schematically in Figure 3.1. In summary, the method takes as input all available existing
genomics assays, where each assay is represented as a real-valued track over the genome. In
the SSA-past mode, SSA selects a panel of already-performed assays to use as input to an

expensive computational analysis. In the SSA-future mode, SSA chooses a panel of assay
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Figure 3.1: Schematic illustration of the assay panel selection problem, selection process,

and evaluation mechanisms.

types to be performed in a new cell type. In both cases, the resulting data sets are provided
as input to downstream analyses, which may include imputing assays that weren’t performed,

predicting the locations of functional elements, or semi-automated genome annotation.

3.1 Framework for Submodular Selection of Assays

In this section, we describe the proposed framework — SSA in detail. We first define the useful
notations that facilitates the description of the method. We then define the problem of assay
panel selection as a constrained submodular optimization, where the facility location function
is the objective. We lastly describe the technique for computing the similarity between assay

types, which is useful for instantiating the facility location function.
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3.1.1 Notation

We use the following notation below to facilitate the description of our method. We use the
term “assay type” to mean a particular genomics assay protocol that may be performed in any
cell type (for example “ChlP-seq targeting H3K27me3”) and “assay” to mean a particular
assay type performed in a particular cell type. The term “cell type” refers to any cellular
state that may be queried with a genomics assay, which may refer to any combination of cell
line, tissue type, disease state (such as cancer), individual, or drug perturbation. We refer
to a cell type as ¢ and the entire set of all cell types as C (|C| = 228). We use a to refer to an
assay type, A for a subset of assay types, and A for the set of all assay types (|.A| = 216).
We use s to denote a single assay (that is, a given assay type performed in a given cell type),
S for a set of assays, and S as the set of all available performed assays. Given any cell type
¢ € C we define the set of assay types performed in this cell type as A° and the corresponding
assays as S¢. We define I = {1,...,n} as the set of all positions in a genome. An assay s is
represented as a vector of length n; i.e., s € R”. We denote its ith entry (i.e., the value of

assay s at genomic position 7) as s(i).

3.1.2 Problem Formulation

Similar to the speech data subset selection framework, we are given a set V' = {vy,..., v}
of assay types and a monotone submodular function f : 2 — R that valuates the quality
of any subset A C V as f(A). Given the constraint of selecting no more than k assay types,

the assay panel selection problem can be formulated as follows:

maximize f(S), subject to |S| <k (3.1)

for some integer k£ < |V|]. It is in the form as described in Problem 2, which has been
extensively studied in the submodular optimization literature. The simple greedy algorithm

(Alg. 3) approximately solves the problem with a constant factor (1 — 1/e).
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In this work we use the facility location function to measure the quality of panel of assay
types. Recall that the facility location function f,e : 2¥ — R has the following definition:
fuel) = 3 maer o (3:2)
s'eV
where 7y s measures the pairwise similarity between assays s’ and s (defined below). Intu-
itively, the facility-location function takes a high value when every assay in V' has at least
one similar representative in S.

We define this similarity between assay types differently depending on the application:
In the selection of past assays setting, the particular assays performed in the cell type of
interest ¢ are available, while in the selection of future assays setting we must estimate this
similarity from reference cell types. In the selection of past assays setting, we directly use the
signal vectors s; and s; to derive the similarity. We define this similarity as 7y, s, = |ps,.s;| €
0, 1], where Ps;,s; 15 the Pearson correlation between the signal vector s; and s;. Pearson
correlation is frequently used to evaluate the similarity between genomics assays [ENCODE
Project Consortium, 2012]. For efficiency, we compute the correlation measure py, , only
across a subset of genomic positions I’ C I, where I’ is randomly subsampled from I, and
|I'| =~ 0.01|1].

In the selection of future assays setting, the assays in the cell type ¢ are not available,
but the assays performed in cell types other than ¢, S\ S¢, are available. Let a;,a; € A be
the assay types associated with the assay s; and s;, respectively. Let $% be the set of assays
in § with type a;. We approximate the similarity between s; and s; by aggregating the all
similarity between the pairs in S \ s; and S% \ s;. We utilize the aggregation strategy by
taking the average of these similarity scores. Mathematically, the aggregated similarity is

defined below:

1
R AT v i D MR 33)

SGS“w\s s'€S8%\s;
We chose to use the average correlation r because the facility location function defined via the

similarities aggregated in this way correlated best with our evaluation metrics. We provide
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Figure 3.2: The overall cross-validation evaluation strategy.

the comparison of such aggregation strategy against other strategies in the experimental

section.
3.2 Evaluation Methods

In this section, we focus on the method for evaluating the quality of a panel of assay types. We
first define a useful cross-validation strategy and then introduces three classes of evaluation

metrics that characterize the quality of a panel for distinct applications.

3.2.1 Cross-validation strategy

We would prefer to apply our method once to select a single panel of assay types. However,
doing so could result in a panel of assay types that have not been performed in any cell type
(or very few cell types), which would prohibit evaluating the quality of this panel. Therefore,
we apply a cross-validation strategy that repeatedly holds out a subset of assay types for

evaluation and selects a panel from the remaining assay types, and we perform this cross-
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Figure 3.3: Schematic of the assay imputation.

validation separately for each cell type in turn (Figure 3.2). To evaluate the quality of our
method with respect to a cell type ¢, we restrict ourselves to selecting from the set of assays
performed in ¢ (§¢). We randomly partition S¢ into 10 equally-sized, disjoint folds. Of the
10 folds, a single fold is retained as the target set 7¢, and the remaining 9 blocks are used as
the source set V¢. We select a panel of assays S C V¢ from the source set V¢ and evaluate the
panel on the assays relative to the target set 7° using the three evaluation metrics described
below. The process is then repeated ten times, with each of the ten folds used once as the
target set. We average the ten results are averaged to produce a single number representing

the performance.

3.2.2  Assay imputation

The assay imputation evaluation metric measures the ability of a panel of assay types to be

used to impute the results of other assay types outside the panel (Figure 3.3). We formalize
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Figure 3.4: Schematic of the functional element prediction.

assay imputation metric as a regression problem in which the assays in the panel S are used
as features to predict the target set assays, ' € 7¢. In this regression problem we have one

labeled example for each position in the genome.

As our regression model, we use support vector regression with a Gaussian kernel. To
construct the training and test data, we randomly choose disjoint sets of genomic positions
ITr [Te C I, where IT"NIT¢ = (). In our experiments, we set [I7"| = 5,000 and |I7¢| = 2, 000.
Given the panel S = {s1,..., 55/}, a target assay s’ € T°, and the training genomic positions
I'", we create the training data as DI" = {a, y'},crr, where o' = [s1(2), $2(4), . . ., s15(1)]"
and y' = s'(i). Similarly, the test data set is constructed as DT¢ = {z' y'};cre. The hy-
perparameters of the regression model are tuned using 5-fold cross validation. We measure
the performance of the trained model on the test data D¢ as the squared correlation co-
efficient 6. We repeat this evaluation process for every target assay in 7¢ and report the

performance of the panel S as the average squared correlation coefficient 6 = ﬁ Yosere s
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3.2.3  Functional element prediction

The functional element prediction evaluation metric evaluates how well a panel of assays
can predict the genomic locations of functional elements such as promoters, enhancers
and insulators. Because there are few validated examples of each type of element, we use
experimentally-determined binding of transcription factors, as determined by transcription
factor ChIP-seq peaks, as a proxy for functional elements. Most known types of functional
elements can be characterized by the binding of particular transcription factors [Visel et al.,
2009, Burgess-Beusse et al., 2002]. Note that functional element prediction is similar to as-
say imputation in the sense that both evaluation metrics aim to predict the output of a
genomics assay; however, functional element prediction focuses on just transcription factor
binding sites, whereas assay imputation focuses on the whole genome. Similar to assay im-
putation, we consider this metric separately for each cell type. For an evaluation cell type c,
we denote the set of transcription factor ChIP-seq assays performed in ¢ as S° C 8¢ Given
a bi-partition of §¢ into the source set V¢ and the target set 7¢, we choose from the source
set V¢ a panel of assays, and we evaluate functional element prediction only on the target
assays in the set T¢=T¢NS" in contrast to the assay imputation metric where all assays

in T°¢ are used for evaluation.

For a target transcription factor assay s € 7’0, let p be a binary vector {0, 1}" indicating
the genomic positions where s has a peak as called by the peak-calling algorithm. That is,
p(i) = 1 if there is a peak at position i, and p(i) = 0 otherwise. We use a support vector
machine (SVM) with Gaussian kernel to predict p given a panel of assays S C V°. For a given
testing factor p, we refer to the positions where p = 1 as I, and the set of positions where
p=0asI_ = I\I;. Werandomly choose IT" C I, and I" C I_ as the positive and negative

positions to generate training samples. Similarly, the testing samples are randomly chosen

from I7¢ C Iy \ IT" and IT¢ C I_\ IT". Given the panel S = {si,...,s)5} of assays and
the set of positive training genomic positions IIT, we construct the set of positive training

samples as DI" = {2¢, +1}. ;7 where 2' = [s1(4),...,s5(7)]*. Similarly, we construct the
p + ) iel] ) y 95| Y,
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Figure 3.5: Schematic of the annotation-based evaluation metric.

negative training samples, positive test samples, and negative test samples as DI", Dfe, and
DTe, respectively. The SVM is first trained on the training data set D'™ = {DI", DI"}, and
then evaluated on the testing data set DT¢ = {D1¢, DI}

Because there are far more genomic positions that are not a functional element than there
are positions that are, measures of predictive accuracy such as the total fraction of correct
predictions (“accuracy”) and the area under the receiver operating characteristic curve do
not offer a reasonable measure of performance. Instead, we compute the area under the
curve of a precision-recall plot (AUC-PR), which is particularly well suited for settings with
imbalanced class distributions [Craven and Bockhorst, 2005, Davis and Goadrich, 2006]. In
our experiments we set |I1"| = 200, |IX"] = 20,000, |I{¢] = 100 and |[I7¢] = 10,000. We
apply 5-fold cross validation for tuning the hyperparameters of the SVM. Let vy, be the
normalized area under curve for the precision-recall plot (i.e., 74 € [0,1]) for each target
assay s’ € T¢. We illustrate this procedure schematically in Figure 3.4. We report the

performance as the average AUC-PR on all target assays, i.e., v = TL Yo srede Vs
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3.2.4  Annotation-based evaluation

The annotation-based evaluation metric measures the quality of a panel of genomics assays
according to the quality of the genome annotation that is obtained by inputting the panel
into a semi-automated genome annotation (SAGA) algorithm. SAGA algorithms are widely
used to jointly model diverse genomics data sets. These algorithms take as input a panel
of genomics assays and simultaneously partition the genome and label each segment with
an integer such that positions with the same label have similar patterns of activity. These
algorithms are considered “semi-automated” because a human performs a functional inter-
pretation of the labels after the annotation process. Examples of SAGA methods include
HMMSeg [Day et al., 2007], ChromHMM [Ernst and Kellis, 2010], Segway [Hoffman et al.,
2012] and others [Thurman et al., 2007, Lian et al., 2008, Filion et al., 2010]. These genome
annotation algorithms have had great success in interpreting genomics data and have been
shown to recapitulate known functional elements including genes, promoters and enhancers.
We use the SAGA method Segway in this work.

In order to apply annotation-based evaluation to a panel of assays, we input this panel
into a SAGA algorithm and evaluate the resulting annotation (Figure 3.5). Intuitively, a
diverse panel of assays input to a SAGA algorithm should more accurately capture important
biological phenomena than a redundant panel. To evaluate the quality of an annotation
relative to a particular genomics data set, we use the variance explained measure [Libbrecht
et al., 2015]. Given an evaluation cell type ¢ we randomly partition S¢ into a source set
V¢ and a target set 7¢. For a given panel of assays S C V¢, we first train a Segway model
based on the panel and then obtain an annotation y. Segway outputs an annotation y € )",
where Y = {1,2,...,k} is a set of k labels that an annotation can take on at each genomic
position. For each target assay s’ € T¢, we measure the quality of the annotation y as how
well it explains the variance of the assay s’. We first compute the signal mean of s’ over the

positions assigned a given label ¢ as

L S0 =050
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We then define a predicted signal vector 8" with §'(i) = p,;) and compute the prediction
error as d; = §'(i) — s'(i). We compute the residual standard deviation of the signal vector

as

1 ¢ 1 —
res £ td d m) = - dz - d ‘n 2 = — ER .
o stdev(dy.,) Z( mean(dy.,)) n; ? (3.5)

n <
=1
The last equality holds because mean(d;.,) = 0 by construction. o, measures the resid-
ual standard deviation of the target assay s’ accounting for the annotation y. Let ooy =

stdev(s'(1 : n)) be the overall standard deviation of the assay s’. The normalized variance

explained by the annotation y is then

gy = Tov — Ores (3.6)

Oov
Observe that o, always upper bounds oy.s. The measure ay € [0, 1] represents the fraction
of the variance of the assay s’ explained by the annotation y, where larger values indicate
better agreement.
In our experiments, we trained the Segway model with 10 EM random initializations and
15 labels at 100 base-pair resolution. We report the performance as the averaged measure

on all target assays as a = qu Y osege Qs
3.3 Experimental Results

3.3.1 Genomics Data

We acquired all public genomics data from the ENCODE (http://hgdownload.cse.ucsc.
edu/goldenPath/hgl19/encodeDCC/) and Roadmap Epigenomics (https://sites.google.
com/site/anshulkundaje/projects/epigenomeroadmap) projects as of January 2015. These
data sets were processed by the two consortia into real-valued data tracks, as described pre-
viously [Hoffman et al., 2013, Kundaje et al., 2015]. We omitted all assays with more than
1% unspecified positions, which may indicate errors during processing or mapping. We man-
ually curated these assays to unify assay type and cell type terminology and, when multiple

assays were available, we arbitrarily chose a representative assay for each (cell type, assay
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type) pair. This procedure resulted in a total of 1,359 assays comprised of a total of 216
assay types and 228 cell types. The assay types include ChIP-seq with a variety of targets
(both histone modification and transcription factor), DNase-seq, FAIRE-seq, Repli-seq and
RNA-seq. We applied the inverse hyperbolic sine transform asinh(x) = In(z + v/22 + 1) to
all signal data. This function has the compressing effect of a function like logx for large
values of z but it is defined at zero and has much less of a compressing effect for small
values. The asinh transform has been shown to be important for reducing the effect of large
values in analysis of genomics data sets [Johnson, 1949, Hoffman et al., 2012]. Transcription
factor ChIP-seq peaks were called by each consortium for each factor using MACS using an

irreproducible discovery rate (IDR) threshold of 0.05 [Zhang et al., 2008, Landt et al., 2012].

3.3.2  Submodular selection of assays identifies diverse panels of genomics assays

Because researchers generally perform panels of either histone modifications or transcription
factor ChIP-seq assay types but rarely perform mixed panels, we run the method separately
on transcription factor and histone modification types. We first experiment with the “future”
setting. We implement SSA with the facility location function, whose similarity measure
between assay types is derived according to Eqn. 3.3.

By analyzing data from the ENCODE and Roadmap Epigenomics Consortia, we found
that SSA results in assay panels with diverse genomic functions. When choosing from tran-
scription factors, SSA chooses factors that engage in diverse regulatory pathways (Table 3.1).
The vast majority of transcription factors in our data set bind to promoters and enhancers
and regulate the transcription of RNA Pol II-transcribed genes. The top five transcription
factors chosen by SSA include three of these factors, each of which regulate very differ-
ent regulatory pathways: SMARCBI1, an ATP-dependent chromatin remodeler; PML, a
tumor suppression factor; and STAT5A, a factor involved in developmental signal transduc-
tion [Consortium, 2014]. The top five also includes two factors—CTCF and BRF2—that are
not solely involved in RNA Pol II-mediated transcription. CTCF, part of the cohesin com-

plex, regulates chromatin conformation and enhancer-promoter insulation, and only about
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Choice Transcription . Singleton Objective
Function
order factor score gain
1 SMARCB1 ATP-dependent chromatin remodeling 14.78 14.78
2 PML Tumor suppression 14.12 1.84
3 STAT5A Developmental signal transduction 14.17 0.91
4 CTCF Chromatin conformation and insulation 8.40 0.81
5 BRF2 RNA polymerase III initiation complex 8.88 0.55

Table 3.1: Panels of transcription factors assays chosen by SSA-future. Each assay type is
in the order assigned by SSA; for any size k, the top k assay types in the list are the chosen
panel of this size. The “singleton score” is the objective value of a panel containing only
the indicated assay type, and the “objective gain” indicates the improvement in objective
that results from SSA adding the indicated assay type to the growing panel. Because there
are 80 transcription factors, we display just the top five chosen by SSA. Associations are

summarized from UniProt [Consortium, 2014].

half of its binding sites occur in promoters or enhancers. BRF2 is part of the RNA Poly-
merase I1I complex, which transcribes rRNA, tRNA and other small RNAs. These two assay
types each have low objective scores when in a panel by themselves (“singleton scores”), but
are chosen by SSA because they measure different types of activity than the rest of the panel.

Therefore, they are important to include in a diverse panel.

When choosing a panel of histone modifications, SSA selects marks that cover diverse
types of genomic regions and exhibit qualitatively different patterns (Figure 3.6 and Ta-
ble 3.2). The top six histone modifications include a promoter mark (H3K4me3), an enhancer
mark (H3K4mel), a gene mark (H3K79me2) and marks associated with both known types of
repressive domains, facultative (H3K27me3) and constitutive (H3K9me3) heterochromatin.

The two repressive marks, H3K27me3 and H3K9me3, have the lowest singleton scores of all
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Figure 3.6: Redundancy in histone modification signal in the genome. The top five assay

types chosen by SSA are boxed in red.

the histone modifications, but they give a high objective gain because they measure distinct
activity from the rest of the panel. In contrast, even though H3K27ac is sometimes con-
sidered the best individual mark of enhancers and has a high singleton score, it is chosen
last by SSA because it is redundant with other assay types in the panel, such as H3K4mel
and H3K9ac. The top six includes two different marks of transcription, H3K79me2 and
H3K36me3, but these two modifications mark different parts of genes and are regulated dif-
ferently relative to the gene’s level of transcription [Li et al., 2007]. As expected, SSA ranks
additional measures of regulation (H3K4me2, H2A.Z, H3K9ac and H3K27ac) low on the list
because these marks are redundant with the regulatory marks H3K4mel and H3K4me3.
SSA almost exactly recapitulates the panel of histone modifications chosen by the Roadmap

Epigenomics consortium (boldface entries in Table 3.2). This consortium chose a set of five
“core” histone modifications to assay across 111 human primary tissues. This choice was
made by the members of this consortium based on their collective, expert knowledge. These
five core histone modifications ranked among the top six modifications chosen by SSA. In
fact, the SSA-chosen and Roadmap-chosen panels of size 5 have very similar scores according

to the facility location function, ranking 1 and 16 respectively out of all (151) = 2772 possi-
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Choice Histone Association Singleton Objective Objective loss
order modification score gain if swapped in
1 H3K4me3 Promoters 3.18 3.18
2 H3K79me2 Transcription 2.40 0.97
3 H3K9me3 Constitutive heterochromatin 0.70 0.34
4 H3K27me3 Facultative heterochromatin 0.86 0.25
5 H3K36me3 Transcription 1.21 0.23
6 H3K4mel Enhancers 1.86 0.18 0.05 (H3K36me3)
7 H3K4me2 Regulatory 3.12 0.08 0.07 (H3K36me3)
8 H3K9ac Regulatory 3.13 0.07 0.15 (H3K36me3)
9 H2A.Z Promoters 2.47 0.05 0.16 (H3K27me3)
10 H4K20mel Transcription 1.41 0.005 0.22 (H3K36me3)
11 H3K27ac Regulatory 2.61 0 0.14 (H3K36me3)

Table 3.2: Panels of histone modification assays chosen by SSA-future. See the text for
a description of the “Objective loss if swapped in” column. There are only eleven histone
modifications, so we display the full list. Bold font indicates those histone modification

assays chosen by the Roadmap Epigenomics consortium.

ble panels of five histone modifications. Therefore, SSA closely reproduces careful, manual
selection by experts in an entirely automated and data-driven way.

To better understand the choices made by SSA in selection of histone modifications, we
performed a “swap-out” experiment (final column of Table 3.2). We started with the panel
of size five selected via SSA, and we asked, for each of the remaining six histone modification
assays, how much the objective function would decrease if we were forced to swap one of
the SSA-selected assays for the excluded assay. In five out of the six cases, the objective
is maximized by swapping the excluded assay with the last-selected histone modification,
H3K36me3. However, the magnitude in the change in objective varies quite a bit: swapping
in H3K4mel makes very little difference (0.05), whereas swapping in H3K36me3 yields a

relatively large change in objective (0.22). This type of exploratory analysis can be quite
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valuable in the context of a real experimental design setting, where qualitative features of the

assays (e.g., familiarity to the researchers involved) are important but difficult to quantify.

3.3.3 Choose the best variant of SSA

In this section, we empirically evaluate a number of variants of SSA via the panel evaluation
framework as proposed in Section 3.2. We compare among various submodular functions
as the objective for SSA. We also examine various aggregation strategies for similarity com-
putation. A comparative study is performed on different supports of the genomics regions
for deriving assay type similarities. We also analyze the difference in performance by using
Pearson correlation versus Spearman correlation for similarity computation.

First, to determine the most effective objective function, we compared the facility location
function and four other potential objective functions based on the pairwise similarity matrix.
The potential objectives include the saturated coverage function f,, diversity function fg;y,

and log determinant function fiogdet. The definitions of these functions are given below:

1. Saturated coverage function:

fsat(A) = Zmln{z Tv,a) 5 Z rv’,v}a (37)

veV acA v'eV
where 0 < 8 < 1 is a hyperparameter that controls the saturation of the coverage for
each item v € V. In the experiment we set 8 = k/n, where k is the target number of

assays to select, and n is the size of entire set V' of all available assays.

2. Diversity function:

fdiV(A) = - Z Z Ta,a’ (38)

a€Aad' €A

3. Log determinant function:

flog—det(A) = log det([ -+ )\SA), (39)
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correlation between function valuation and the performance metrics.

where A > 0 is a hyperparameter, and S, is the pairwise similarity matrix indexed by

the subset A C V.

We measure the performance of these submodular objectives by examining how their
objective valuations correlate with the three proposed evaluation metrics (assay imputation,
functional element prediction, and annotation-based evaluation). The experiment is per-
formed under the selection of past assays setting, where we compute the similarity between
a pair of assays using the Pearson correlation. Given an evaluation metric, a cell type ¢, a
selection budget K, and a submodular objective f, we randomly draw n subsets {A;}} ; of
assays from the cell type ¢, where each subset A; is of size k. We then compute the Spear-
man correlation between the submodular valuation {f(A;)}", and the performance measure
{yi}?_, under the evaluation metric. We report the correlation measure averaged over budget

constraints k = 3,4,5,6. In the experiment we set n = 20, and we test on the cell types
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K562, HI-hESC, and GM12878. The results (Figure 3.7) suggest that the facility location
function, in most cases, yields the highest correlation with the three evaluation metrics.
Next, we study how the performance of SSA for the selection of future assays scenario
varies with different choices of similarity aggregation strategies. We focus on strategies for
defining the pairwise similarity between assay types in an evaluating cell type ¢ given the
assays performed on cell types other than ¢. We consider the six aggregation strategies
rtor2, 3, 4 r® and r®, where they take the average, 0", 25%h 50 75% and 100%™
percentile over the available similarity scores, respectively. For completeness, we also give
their corresponding mathematical definition below:
N 1 1
Pus 2 G e @] 2 - 2 el (3.10)

s€8%\s; s'€8%\s;

32,78], £ percentile({|ps.«| : s € 8%, s € 8% \ s,},0), (3.11)
ry s, = percentile({|ps o] : s € S, 5" € 8 \ 55}, 25), (3.12)
Ti,s]— £ percentile({|p,.«| : s € 8%, s € 8% \ s,},50), (3.13)
r?i’sj £ percentile({|ps.«| : s € 8%, s € 8% \ s,},75), (3.14)
rghsj £ percentile({|ps.«| : s € 8%, s € 8% \ s,},100), (3.15)

where the function percentile(C, p) returns the p** percentile of the items in the list C' sorted
in non-decreasing order.

We evaluate the performance of the aggregation strategies using the facility location
function. In particular we utilize the six different aggregation strategies to compute the
pairwise similarity measure for defining the facility location function. We test separately
on three cell types: H1-hESC, K562, and GM12878. Similar to the previous experiment
for comparing among different submodular objectives, we measure the performance of an
aggregation strategy as how the valuation given by facility location function defined via the
similarity matrix computed using this strategy correlates with the three proposed evaluation
metrics. Following the same evaluation procedure we show the Spearman correlation measure

for each aggregation strategy on each cell type and evaluation metric in Figure 3.8. We
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Figure 3.8: Comparison among various similarity aggregation strategies in terms of the
Spearman correlation between the facility location function valuation instantiated by the

similarity measure and the performance metrics.

observe that the aggregation strategies of taking the mean or 75" percentile yield the best
performance for most cell types and most evaluation metrics. Between these two strategies
we observe that the aggregation by mean performs marginally better. Therefore we choose
it as the strategy for computing the similarity between assay types in the propose approach

SSA under the selection of future assays setting.

We also compared between two strategies for deriving the Pearson correlation. The first

computes the correlation based on random samples of genomic positions, and the second on
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Figure 3.9: Scatter plot between the two variants of SSA with different genomic support for
similarity computation. Each dot in the plot corresponds to the performance (measured as
relative to an estimate of the performance on all possible panels) of the two variants of SSA
for a selection budget (k = 3,4,5,6) evaluated using a metric (assay imputation, function
element prediction, and annotation-based evaluation) in a cell type (K562, GM12878, and
H1-hESC). Its x- and y-values are the performance measure for the DNase peaks-based SSA

and random genomic positions-based SSA, respectively.

the DNase peak positions only. We show the comparison between these two variants in the
form of scatter plot in Figure 3.9. We observe that consistent and significant improvements
over the random selection baseline are achieved by the variant of SSA using DNase peaks
only. Between the two variants of SSA, it is hard to establish the superiority of one variant

over the other according to Figure 3.9.

We lastly compared the effectiveness of using Pearson versus Spearman correlation for
computing the similarity measure. We show the comparison of the performance between
the Pearson correlation-based SSA and Spearman correlation-based SSA in Figure 3.10. We
found that consistently better performance is achieved when the similarity is defined using

the Pearson correlation.

These observations led us to choose our variant of facility location as the SSA’s objective



95

00,
09 (o] DOQ)OO
800 ©
05—O 8 § o °, 500
(e 0%

3

o

e 2 2 o o
P

Pearson correlation
&

I
)

°

o

0 0.2 0.4 0.6 0.8 1
Spearman correlation

Figure 3.10: Scatter plot between the two variants of SSA with different correlation metrics
as the similarity measure. Each dot in the plot corresponds to the performance (again
measured as relative to an estimate of the performance on all possible panels) of the two
variants of SSA for a selection budget evaluated using a metric in a cell type. Its x- and y-
values are the performance measure for the Spearman correlation-based SSA and the Pearson

correlation-based SSA, respectively.

function. As illustrated in Figure 3.11, such variant of the objective shows great correlation

with all three evaluation metrics.

3.8.4 Panels chosen by SSA perform well on three evaluation metrics

In this section, we utilize the best SSA variant as discussed in the previous section and
compare it to alternative panel selection approaches over the three evaluation metrics. As
a baseline, we considered randomly selected panels of a given size. We also considered the
panel of most frequently performed assays (Table A.1) as a good proxy for a likely data-
driven choice. We found that the panels reported by SSA perform among the top few
percent out of the space of all possible panels, and this high performance is consistent across
panel sizes, evaluation cell types and performance metrics (Figure 3.12). We found that SSA

also greatly outperforms the panel of most-frequently performed assay types. Indeed, this
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Figure 3.11: Relationship between the facility location objective function and evaluation
metrics. Each dot corresponds to one of 40 randomly-chosen panels. Pink triangles indicate
results from maximizing the SSA-future facility location function; red diamonds indicate the
panel of most-frequently performed assay types (Table A.1). These results were computed

in GM12878, using panels of four assay types.

commonly-performed panel actually performs worse than the average panel in many cases,
which may be a consequence of the fact that the most commonly-performed assay types mea-
sure broad marks of regulation, such as histone modifications and DNA accessibility, which
do not have the specificity to identify pathway-specific elements. These results demonstrate
quantitatively that panels chosen by SSA are effective when applied to their most common

downstream tasks.

3.8.5 SSA can select a subset of performed assays as input to an expensive analysis

So far we have considered panel selection in the “future” setting, where a researcher is
planning to experimentally perform a panel of assay types. Panel selection is sometimes
also important in the “past” setting, where a researcher wishes to apply a computationally
expensive analysis that cannot be efficiently applied to all assays together and therefore must
be applied to a smaller panel. Importantly, in the selection of past assays case, a different

panel can be selected for each cell type, based on the available data. To test SSA in the
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Figure 3.12: Performance of panel selection strategies. (a) Boxplots show the distribution

of evaluation metrics over 40 random panels on data from cell type GM12878. The panels

of most-frequently performed assays are composed of the top & most frequent assay types

available in our data set, where k is the size of the panel. Each evaluation metric is normalized

to lie within [0, 1] by subtracting the lowest value and dividing by the highest. (b) Scatter

plot between the performance of SSA-past and SSA-future across cell types K562, GM12878,

and H1-hESC. Each dot in the plot corresponds to the two variants of SSA for a panel

size evaluated using a metric in a cell type. The performance is measured as the fraction

of panels that perform worse than the SSA-chosen panel, estimated by comparing to 40

randomly-selected panels.
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past setting, we used the same evaluation strategy as in the future setting, but using the
source assays themselves to compute the similarity matrix. SSA performs consistently well
according to these metrics, and it performs slightly better on some cell types in the past

than the future setting due to the availability of this additional information (Figure 3.12B).
3.4 Discussion

In this chapter, we provide a submodular data summarization paradigm— SSA— for the assay
panel selection problem. Moreover, we provide three downstream analysis techniques for
automatically evaluating the quality of any panel of assay types. SSA is shown effective on
selecting assay types from the ENCODE and Roadmap data sets. In particular, our method
almost recapitulates the choice of histone modification assay types made by researchers.
Moreover, our method proves to be empirically effective on all three evaluation metrics
proposed here for both the future and the past setting.

It would be interesting in the future to apply the same submodular data summarization
paradigm to select a set of informative and representative cell types to study. This cell
type panel selection setting can be viewed as a dual variant of the assay panel selection
problem. The methodologies proposed here for evaluating the quality of a panel of assay
types (e.g., assay imputation, and annotation-based evaluation) may also be extended to
assess the goodness a cell type panel selection approach.

Another direction of this work is to study assay selection in a more general form. Instead
of forcing to choose some assay type from one cell type, an interesting scenario is to analyze
how to arrange the order of assays to perform across assay types and cell types so that the

most information about all cell types can be learned.
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Chapter 4
CASE STUDY III: BATCH ACTIVE LEARNING

In our third case study, we aim to understand a bit better about the submodular functions
for modeling the utility of data sets. Given the great success of the submodular data summa-
rization paradigm on the speech data subset selection and the genomics assay panel selection
problems, we study how to design the submodular utility function in a more principled way.
We focus on the problem of data summarization for training machine learning (ML) classi-
fiers. Here the goal is to identify a subset of the data so as to minimize any significant loss in
training a machine learning classifier. The problem can be categorized into three scenarios

depending whether the labels of the data are available to the data summarization algorithm:

1. Supervised setting: the selection algorithm has access to the labels of the training data.
2. Unsupervised setting: the selection algorithm does not use the labels for selecting data.

3. Active learning: Label queries are made on subsets of data in an iteratively manner.

Note that the categorization here is very similar to the speech data subset selection
problem. In this chapter, we concentrate on both the supervised setting and the active
learning setting. We first propose an approach to the supervised setting by connecting
submodularity to likelihood functions of classifiers. Specifically, we express the utility set
function for two simple classes of classifiers, the Naive Bayes (NB) classifier and the Nearest
Neighbor (NN) classifier utilizing submodularity. We identify two classes of submodular
functions, Naive Bayes submodular and Nearest Neighbor submodular, that naturally model
maximum likelihood estimates over data subsets for both NB and NN classifiers. Data

summarization for training either classifier is then performed as constrained submodular
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maximization. The Naive Bayes submodular function is a special case of the feature based
submodular functions that have been successfully used for the speech data subset selection
(see Chapter 2), while the Nearest Neighbor submodular function generalizes the class of
facility location function [Mirchandani and Francis, 1990] that have also been previously
successfully used for the speech data subset selection and the genomics assay panel selection
problems (see Chapter 2 and 3).

Supervised data subset selection for the NN classifier, in particular, has great practical im-
portance, since the NN classifier is non-parametric — i.e., the classifier must essentially mem-
orize, and allocate storage for, the entire training set. The complexity of classifying one sam-
ple is dependent on the training set size, which can be expensive for large-scale applications.
Our supervised data subset selection strategies reduce the training set size, and when the sub-
modular function used to perform the subset selection is matched with the NN classifier, there

is little performance loss even though the NN classifier has significantly less data to memorize.

Armed with the theoretical analysis of the utility functions, we next study the active learn-
ing setting by extending the proposed supervised submodular data summarization methods.
We focus on the batch-mode active learning scenario, where there are multiple rounds of
data selection, each of which selects a batch of data points whose label may be used to select
the data points at future rounds. In fact, the problem of active learning has been studied by
a number of authors. Among them, some have connected submodularity to active learning
in various ways. Just to name a few, [Hoi et al., 2006] investigate the batch active learning
problem for logistic regression, and connect this to submodular optimization. They model
the utility of labeling a set of instances as the reduction on the Fisher information and show
this utility function is monotone submodular. [Guillory and Bilmes, 2011] study the role of
submodular functions in subset selection for very general simultaneously active and semi-
supervised learning algorithms. Another thread of work [Guillory and Bilmes, 2010, Golovin
and Krause, 2010, Cuong et al., 2010] provides a link between submodularity and active
learning through notions of interactive and adaptive submodularity. In much of this work,

they model version space reduction via adaptive submodular functions. While this focuses
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on the fully adaptive setting, [Chen and Krause, 2013] extend this to the batch setting.
Other algorithms having an active learning flavor include selecting the most informative set
of items at every round [Settles, 2010], where the informativeness refers to utility of the items
from the classifiers’ point of view. The informativeness is often measured by the classifier’s
uncertainty (in the case of uncertainty sampling) [Lewis and Gale, 1994] or the variance (in
the case of Query by Committee) [Seung et al., 1992]. It is interesting to note that some of
these methods, e.g., uncertainty sampling, are special cases of adaptive submodular maxi-
mization [Cuong et al., 2010]. These techniques do not ideally capture the representativeness
of the samples, a problem further aggravated in the batch setting. By representativeness, we
mean how well a set of items covers the entire training set. This aspect is naturally modeled
by density based methods [Nguyen and Smeulders, 2004]. In order to obtain the benefits of
both classes of algorithms, several papers have combined both notions (informativeness and
representativeness) in a single objective [Xu et al., 2003, Huang et al., 2010].

To address the batch active learning problem, we propose a novel multi-stage scheme we
call filtered active submodular selection (FASS). At every round, as more labeled data be-
comes available, FASS uses an improved approximation to supervised data subset selection.
We show how our framework naturally combines the notions of sample informativeness and,
via submodularity, representativeness. We also show how our method is scalable relative
to existing active learning techniques that attempt to combine these two notions. As we
will see in Section 4.3, FASS significantly outperforms existing active learning baselines over
a number of classifiers, including Naive Bayes, Nearest Neighbor, Logistic Regression, and

Deep Neural Networks.

4.1 Supervised Data Subset Selection

4.1.1 Naive Bayes Classifier

We first consider the class of Naive Bayes classification problems. Let V' = {(z*,y")}", be

a set of training samples, where 2! € X¢ is a d-dimensional feature vector, and each feature
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takes a value from the finite set X’; each sample’s label y* € Y takes a value from the finite
set Y of classes. The ground set V may be partitioned as V = V' UV2U---U VPl where
V¥ is the set of all samples in V' with class label y. We write the jth dimension of a feature
vector x as x; € X. We denote the maximum likelihood (ML) estimate of the parameters
6 of a Nalve Bayes model, given a set of training samples S C V', as (S5), and also use
0x,1y = p(x;]y) and 0, = p(y). For simplicity, we first assume no smoothing occurs during

estimation but this will be considered later. The ML parameter function 6(S) can be given

as follows:
mwjﬂy(s),
Or,1y(S) = my(9) (4.1)
and
_ my(S)
0,(S) = ST (4.2)

where my, ,(S) = > ;e Hah = ; Ay = y} and my(S) = > °,cs H{y’ = y}. By definition,
My, 4(S) counts the number of samples in S whose class label is y € ) and whose jth
dimension feature takes value z; € X'. Similarly, m,(S) counts the number of samples in S
whose class label is y € ). Both m,, ,(S) and m,(S) are modular set functions, i.e., for any
S CV,mg,y(S) =D cgMa,y(s) and my(S) = > _gmy(s). Given the parameter function
9(S), we introduce the notion of data log-likelihood set function ¢NB : 2V — R that maps

from each set S C V of training samples to a log likelihood evaluated on the whole data set
V:
(NB(S) =) logp(a', y'; 6(S)), (4.3)
=%
where p(z',y"; 0(S)) is the likelihood of the sample 7 parameterized by 6(S). (NB(S) acts as
a utility set function for training a NB classifier. Under the Naive Bayes assumption, we can
express NB(9) as follows:

(NB(S) = log p(a'[y’; 6(S)) + log p(y'; 6(S))

2%
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=3 logp(aily';6(S)) + Y logp(y'; 6(S))

i€V j=1 i€V
d
= ZZlogeg@yi(S) + Zlog@w(S)
eV j—l eV
37 Z’J
_Z\;; R +;1 |5|

= Z Z Zm% y(V) log(ma, 4 (5))

j=1z;eX ye)y
N

s

-~

term 1: fxg(S5)

—(d—1))_m,(V)log(m,(S)) - |V|log S| .

yey , term 3

term 2
Since myg; ,(V), my(V), and |V| are all independent of S, they can be treated as constants
n (NB(S). Then the first, second, and third terms of /NB(S) are in the form of a sum of
concave over modular functions, hence they are all monotone submodular [Lin and Bilmes,
2011]. As a result, /NB(S) is in the form of difference of submodular functions, and the
underlying optimization problem becomes a difference of submodular (DS) optimization (see
Problem 5):

|r§1|zi>]§€ (). (4.4)

While there are scalable heuristics that work well in practice to minimize a difference of
submodular functions [Narasimhan and Bilmes, 2005, Iyer et al., 2014], these techniques lack
worst-case guarantees since the underlying problem is hard to optimize. Fortunately, the
second and the third term of /NB(S) become constants when we enforce a set of inconsequen-
tial constraints. We call the first term (the only active term in a transformed optimization

problem) the Naive Bayes submodular function:

fxn(S Z DY ma (V) logmg, (). (4.5)

Jj=1 z;€X ycy
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Given the equality constraint |S| = k, the third term in /NB(S) becomes a constant in
Problem 4.4. Furthermore, we make an assumption that the selected set should be balanced,
which makes the second term also a constant. In particular, we say that a set S is balanced
if S maintains the same distribution over the class labels as the whole data set. A set S
of size k is balanced if the proportion of each class label in the set S is the same as the

whole data set V, ie., |SN VY = kI for any y € Y for some k. We assume that k is

Vi
chosen such that k% is an integer for all y € ), and if not then we round k’% to the
closest integer. With balance enforced and |S| = k, we have that m,(S) =[S N VY| = k%

for all y € V. Therefore, term 2 of /NB(S) also becomes a constant. Let M(V,Z) be a
partition matroid using the partition {V¥},cy, where the set of bases B(M) is defined as
BM)={SCV:|SNnVY = k%,Vy € Y}. Thus, a set S of size k being balanced is
equivalent to S being a base of the matroid M, i.e., S € B(M). Since the second and the

third term of /NB(S) are constants given the constraint S € B(M), the above optimization

problem is equivalent to:

sax fxs(S). (4.6)

It becomes maximizing a submodular function under a matroid constraint (see Problem 3),
for which one may efficiently, scalably, and approximately solve using the lazy greedy algo-
rithm [Fisher et al., 1978]. This formulation asks for a small training data subset S such
that the likelihood of the ML parameters 6(S) is large on the entire data set V, and the

following Theorem offers perspective in terms of the KL-divergence.

Theorem 10. Let Dyt (p(w, y; (V)| [p(a, 4 0(S))) £ 3 e va 3 yey P, 35 (V) log BELELY
be the KL-divergence between p(x,y;0(V)) and p(x,y;0(S)), where p(x,y;0(S)) is the maxi-
mum likelithood estimate of the joint distribution given a data set S. Under the Naive Bayes

assumption, Problem /./J is equivalent to

.%}E,t Dir(p(z,y;0(V))lp(x, y;0(5))). (4.7)



Proof. We derive D, as follows:

Dyr(p(z,y; 0(V)l[p(z,y; 6(5)))
Z Zp(xl,...,xd,y;Q(V))logp(ml,...,xd,y;Q(S))

L] yeeny rqg€X yey

+ Z Zp(:cl, o wg,y; 0(V)) logp(ay, ..o za,;,0(V))

J/

~
constant: C

d
- > D pla, ,:cd,y;(?(V))Zlogp(%ly;H(S))
- Z > o1,y wa,y;0(V)) log p(y; () + C

== > p(ws,y;0(V)) log p(asly; 0(S))

7j=1 T eX yey

= > p(y;0(V)) log p(y; 6(S)) + C

yey
_ mﬂcy y(S) my(V) my(5>
__ZZZ \V\ my (S) _Z V] log 5]
j= 1zJeXyey yey

|V\{ Z Z me w(V)logmy, ,(S) + [V]log|S|

j=1 z;€X yey

d—1) Zmy )logm,(S)} + C

yey

1
—meNB(S) +C

Therefore, Problem 4.7 is equivalent Problem 4.4 as shown below:

D (p(z, 5 0(V)) | |p(, 4 0(5))) = —ﬁﬂ%) el
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(4.8)

]

We next point out connections between the Naive Bayes submodular function fyg and

the class of feature-based submodular functions fg, that have effectively been applied in the
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speech data subset selection task in Chapter 2. Recall that the feature-based function is

defined in the following form:

ffea(S) = Z wug(cu<5))>

uel

where ¢ is a concave function, U is a set of “features”, {w, },cv is a set of non-negative weights
for each feature u € U, and ¢, (S) = Y, g cu(s) is a non-negative modular score for feature
u € U in S, with ¢,(s) measuring the degree to which item s “possesses” feature u. Defining
U as the set of all possible input-label pairs, i.e., U = {(z;,y)|z; € X,y € V,j =1,...,d},
the weight for each feature as w, = m,(V’), the concave function as g(z) = logz, and
the modular score as ¢,(S) = m,(S), fyp is then an instance of a feature-based function.
Maximizing fxg chooses data that has diverse coverage in the set of features U where the
desired coverage for each feature u € U is controlled by its weight w, = m, (V).

Laplace smoothing: Without any smoothing, it may be that the Naive Bayes submod-
ular function fyg is undefined at S = (). Smoothing not only fixes this issue, it is naturally
incorporated into the submodular framework. Given a Laplace smoothing parameter o > 0,

for a set S C V, the Laplace smoothed ML estimated parameters become

My, 4(S) + ‘

071y (S) = W, (4.9)
le _ my(s) + «
0,(S) = Sl alyl Dl (4.10)

We may formulate this similar to Problem 4.6, where the objective is slightly modified from
before. First, define a slightly expanded ground set V' = VU{v'} where ¢’ is a pseudo-sample
that has the property m,, ,(v') = o, Vo; € X,y € ¥,j =1,...,d. We next define a function

d
fll\IB(a)(S) = Z Z mej,y(v) 10g(mxj,y(5)) (4.11)

j=la;eXyey
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For any S C V, fl'\IB(a)(S U {v'}) represents the Laplace-smoothed ML objective. From
this, we obtain a normalized monotone submodular function fxpa) : 2V — R, where
Iae@)(S) = fp@(SU{v'}) — fup ({v'}) whose score is the Laplace-smoothed ML es-
timate minus a constant.

Naive Bayes in Text Classification: Next, we consider the problem of text clas-
sification, where Naive Bayes classifier under the bag-of-words model often performs very
well. In this context, V = {(D% y")}icv is a set of document-label pairs, ) is a set of
document labels (e.g., topics), each document D’ is assigned to only one label y* € ).
We represent each document D* as a bag of words D' = {w;}}.,, where n; is the num-
ber of words in the document, and each word w; is taken from a vocabulary W.  Let
cy(S) = X ,es Hy' = y}n; counts the number of words in the set S of documents labeled as
y. ¢,(S) is a modular function for each label y € Y. We also define my,,(S) = > .cq My ()
where My (i) = 3 ep, H{w' = w A y' = y}. By definition, m,,,(S) counts the number of
occurrences of w € W in the subset S of documents that are labeled as y. Following the

same spirit, we define the data log likelihood function /NE  (S) with the following form:

text

ot (S) =D logp(D',y';6(5)). (4.12)

eV

Under the Naive Bayes assumption, we can simplify it as follows:

Gt (9) = "logp(Dily';0(8)) + > logp(y'; 0(S))

i€V i€V

=> > logp(wly’;6(S)) + Zlogp(yi; 0(S))
i€V weDi €V

— Z Z log —2——~ M y + Zl S
1€V weD? eV | |

= Z mey(V) log My, (S) — |V]log | S|
1v€W yey | term 2

~~
term 1:fNB-tcxt

=Y e, (V)loge,(S)+ > my(V)logm,(S)

yeY yeY

J/ N J/
-

TV
term 3 term 4
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The data log likelihood function é?égxt(s ) is again in the form of difference of submodular
functions. By enforcing the chosen set S to be of fixed size and balanced, term 2 and 4 can
be handled as constants. Furthermore, term 3 can also be a constant if each document has
the same length d, i.e., n; = d for all © € V. This can be a reasonable assumption to make,
since one can always normalize the word counts for each document such that each document
has constant length with potentially fractional word counts, and more importantly, it has
been reported in [Nigam et al., 2000] that better bag-of-words NB model may be trained
if the training documents are word-count normalized. We formulate the supervised data
subset selection for text classification problem under the bag-of-words Naive Bayes model as

follows:

8 (S 4.13
Sgllge(L./}\c/l) text( )7 ( )

which can be equivalently transformed to the following:

—text (5 4.14
Sé%’%/}\(/l)fNBt t( ) ( )

where
InBetext (S) = Z me,y<v) log mw,y(s)- (4.15)
weW yey
The same Laplace smoothing technique can also be naturally incorporated into this frame-

work and make fyp-text Well-defined at S = 0.

4.1.2  Nearest Neighbor Classifier

In this section, we consider (non-parametric) Nearest Neighbor (NN) classifiers and formulate
supervised data subset selection problem as constrained submodular maximization. Given a
set of training samples V = {(z%,4")}", C X x Y and a similarity function w : V x V —
R* which measures the similarity between any pair of data instances in feature space, the
NN classifier simply classifies x € X based on its closest training sample. The similarity

between training sample pairs ¢ and j is given as w(i,j) = d — ||z° — 27]|3 > 0, where
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d = max,cy. ey || 2¥ — 2|3 is the maximum pairwise distance. Though extremely simple, the
NN classifier has been applied on a number of machine learning tasks, including hand-written
digit recognition, text categorization, object recognition, etc [Bhatia et al., 2010, Boiman
et al., 2008]. For a NN classifier, no model needs to be “learnt” as nearly all the computation
takes place at the classification stage. The complexity of classifying a sample can be expensive
and is dependent on the number of training samples. A way to alleviate this problem is to
reduce the training set size ideally without losing performance, a problem well suited to
supervised data subset selection.

Similar to the NB classifier analysis, we consider a data log-likelihood set function /NN :

2V — R that maps each subset S C V to a log likelihood score on the whole set V:

(NN(S) = logp(x'ly’; 6(5)) + Y logp(y';6(S)),
i€V eV
where p(z'|y’; 0(S)) and p(y'; 6(S)) are the generative likelihood and the prior likelihood of
the sample i € V' given by 6(S). The idea of the data subset selection is to select a small
sized set S so that (NN(S) is maximized. As in the NB scenario, we express the prior as

p(y";0(9)) = 75(\ ). The key question regarding the function /NN is how to appropriately

characterize the generative likelihood function p(z'|y’; 6(S)) so that it is of a simple form
leading /™Y to be submodular and also maps well to the NN classifier. To this end, we

assume the following:

1. p(x'|y’;6(S)) is determined only by the sample j in S that is with label y* and is closest

to i, i.e., j € argmax g\ w(i, 5);

2. The generative likelihood is expressed as p(z'|y’;0(S)) = ce =73 = cewlin)-d —
de?hd) = ¢ exp (maxsE syt W(E, 5)) , where ¢ and ¢’ are constants.
i w(i, s)

We express the generative log-likelihood as log p(z'|y*; 0(S)) = logc + max_ g,
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yielding:
MN(S) = E max w(i,s) + E my (V') log m, (S)
esnvy
yeyievy yey
termT:fNN te;r; 2

— |[V]log|S|+ _C
—_——— ~~~

term 3 constant

The first term is the Nearest Neighbor submodular function:
Ian (S Z Z Sglg%)‘gyw i,8) (4.16)
yeY ieVY
Similar to the NB case, "N(S) is a difference of submodular functions. In a manner

similar to the NB classifier, we assume that the selected set is balanced and of fixed size k.

The second and the third term of /NN are treated as constants. Hence, the problem

NN
S{%z‘gkﬁ (5) (4.17)

is equivalently expressed as constrained submodular maximization:

. 41
Jmex fxn(S) (4.18)

Connection to facility location function: Next we show fyn’s connections to the

facility location function. Recall that the facility location function has the following form:
fac(S Zmaxw i,7). (4.19)

Facility location function is often used to identify representative instances from a big col-
lection of items. Furthermore, we have already shown that the facility location is very
effective in both the speech data subset selection and the genomics assay panel selection
problems. Moreover, the facility location function has been used as the data summarization
objective for a number of tasks by a number of authors [Zheng et al., 2014, Lin and Bilmes,
2011, Gomes and Krause, 2010]. Sharing very similar definitions, the facility location func-
tion f. is in fact a special case of fyn, when all items in V' take the same class labels, or

equivalently, |Y| = 1. Given its resemblance to fyn, the facility location function should
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naturally model the utility of data sets for training NN classifiers, although it was originally
designed to measure the representativeness of each set S about the whole set V. Also, fan
can be written as a sum of facility location functions since fan(S) = 3_, ¢y, fih.(SNVY) with
Jiac(S) = > ey maxjesw(i, j) a facility location with ground set VY. As far as we know,
we are the first to 1) connect the facility location function to the utility of training NN
classifiers, and 2) to show that the utility of a set for training NN classifiers is measured by
its representativeness about the data partition for each class.

Extension to k-Nearest Neighbor classifiers: Next, we extend the analysis of the
likelihood function to the k-Nearest Neighbor classifiers for £ > 1. Consider a data log-
likelihood set function /NN : 2V — R that maps from each subset S C V to a log-likelihood

score of the k-NN classifier on the whole data set V:

(NN = "log p(a'ly’; 0(5)) + Y log p(y'; 0(S)). (4.20)
eV eV
It is straightforward to write the prior likelihood as p(y’;0(S)) = m“TT(S) The remaining

question is how to characterize the generative likelihood function p(z’|y*; 6(S)) given a set

of items S C V. In the context of a k-NN classifier, we assume the followings:

1. The similarity w(i, ) between any pair of items i and j is computed as w(i,j) =
d — ||z" — 7|3, where d = max;eyjev ||z° — 27||3 is the maximum pairwise Euclidean

distance.

2. p(x'ly’; 6(S)) is determined by the set of k samples T' C S that are with label y* and are

closest to 4, i.e., T € argmaXpy_y.rcgnyv 2orer W(t, 1), (here we assume [S'N VY| > k)

3. The generative likelihood is parameterized as

p('ly’;0(S)) oc [ e "1 (4.21)

teT

=c[Jev (4.22)

teT
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=cexp{ max Z w(i, t)} (4.23)

TCSAVYS|TI=k {7,
Using this, we derive the log generative likelihood as

log p(z'|y’;0(S)) =logd +  max Zw(i,t),

TCSNVY|T|=k {7

leading to the following:

EkNN(S) — Z Z Tgsrrjlxl/%ﬁﬂ:k Z w(i, t)

yeY ieVy teT
N

s

~
term 1: fi. NN

+3 my (V) logm,(S) — |[V|log|S|+ C_ .

yey y term 3 constant

ter‘rfl 2
Given the same assumption about the chosen set to be balanced, the first term is the only ef-
fective term in the transformed optimization problem. We call the first term k-Nearest Neigh-
bor submodular function with the form fixn(S) = 2_,cy D ievy MAXTCSAVYTI=k Dper W(E5T),
which interestingly turns out to be in form of the weighted matroid rank functions as defined

in [Shioura, 2009].
4.2 Batch Active Learning

We next extend the results of supervised data subset selection to the batch active learn-
ing setting, where we incrementally obtain labels. We define a multistage adaptive active
learning framework, where selection adapts to the labels previously obtained. Moreover, we
show how we can naturally combine the notions of representativeness and information by
filtering. Here, we focus on uncertainty sampling (defined later) to represent information,
but our methods can extend to other strategies, such as Query by Committee, as well.

In the batch active learning setting, the algorithm iteratively selects a set of B unlabeled
instances to label at every round, and this is done for 7" rounds. Later rounds get to use the

labels previously selected, so this is an adaptive strategy, but within each batch all labels
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Algorithm 6: Filtered Active Submodular Selection
1: Input: U, T, B, {B;}_,, Starting set of labels £

2: fort=1,---,7T do

3:  Train the classifier using the labeled set £, and derive the uncertainty scores §;
4 U € argmaxycn gu)=p, 2ouer O

5. Obtain the most probable labels as the hypothesized labels {7, }ueut-

6:  Instantiate ft U 5 R, on {Uu }ucut and UY;

7. Find L' € argmax;q_p gy £:(S).

8: L=LUL.

9: end for

are selected simultaneously without mutual knowledge of or interaction with each other. In
the end, we obtain & = BT labeled instances. We denote the set of unlabeled instances
as U, and the goal is to select a labeled set £ such that |£| = k. A common strategy is
uncertainty sampling, where the B most uncertain examples (from the current classifiers
perspective) are chosen for labeling [Lewis and Gale, 1994] at every round. Given a round ¢
and a set of labeled items L, let %, > 0 be the uncertainty score for an example u € U \ L.
The uncertainty sampling approach, then, simply selects S € maxgcon i s/|=B 2 _yes Oy and
adds these to the labeled set £. The drawback of this approach is that it fails to model
the interactions between samples, i.e., labeling one sample could often affect the utility of
labeling another. Simply choosing the most uncertain samples might lead to a selected set

with high redundancy. A better strategy would choose a diverse set of samples from amongst

those that the currently trained model is most uncertain about.

To this end, we propose a multi-stage batch active learning scheme called filtered active
submodular selection (FASS). This algorithm (see Alg. 9) attempts to solve the original
data subset selection problem of maximizing a submodular function f (i.e., either the Naive

Bayes submodular function fyg, or the NN submodular function fyy) in an iterative manner.
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At every round t, we first filter out data samples that the current model is certain about,
and preserve a candidate set of §; (5; > B) most uncertain samples. Specifically, we find a
solution to U' € argmaxyy i ri07=p, 2 uepr O- Since we do not know the labels of the items
in U', we use the most probable prediction (based on the current classifier) g, for each item
u € Ut as its hypothesized label. We then instantiate an appropriate submodular objective
fi + 24" — R, which has essentially the same form as f, except that it is defined on the
ground set U*, and uses the hypothesized labels 7, Vu € U'. We then solve the optimization

problem

~

+(9). (4.24)

max
|S|=B;SCut

The scheme of FASS is fully characterized by the choice of the monotone submodular ob-
jective f, the scaling parameters {;}1_, and the classifier. Given a classifier, better perfor-
mance of FASS is expected when the submodular objective f matches the utility function for
training the classifier. Hence in the case of the NB classifier, we use fyg as the submodular
function, while in the case of NN classifier, we can use fyn or fr... In general however, we
can use any submodular function f in our framework. In Section 4.3, we show that FASS
with fyp yields superior performance in the case of NB classifiers, while FASS with fe,. or
fnn performs better on NN classifiers.

Next, we discuss the scaling parameters {;}L_, for FASS. For any round ¢, 3; is the size
of the candidate set U’ and controls the trade-off between the criteria of uncertainty and
the submodular objective f. If 8, = B,Vt, the selected set is chosen only accounting for
the uncertainty scores, and FASS is reduced to the uncertainty sampling approach. When
Br = [U\L], the selected set does not account for the uncertainty scores, and is solely chosen
by the submodular objective f. In our experiments, we set the scaling parameters at each
round as constant [, i.e., 5; = (,Vt. Choice of § affects the time and memory complexity
of an instance of FASS scheme. It becomes significant when f is a graph-based submodular
function, e.g., fnn and fra.. The time and memory complexity for constructing the similarity

graph grows quadratically with . Fortunately, we empirically observe that FASS often
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performs rather well for small values of 5 (8 < |U|). As a result, FASS can easily scale
to extremely large data sets. Thanks to our uncertainty sampling based filtering and data
selection via submodular maximization, we naturally incorporate notions both of information
and representativeness. Moreover, thanks to the greedy algorithm for maximization, as well
as the prefiltering we perform, our approach can easily scale to large real-world machine
learning problems.

We also point out that FASS subsumes the submodular active learning framework in [Hoi
et al., 2006] as it is a special case of FASS with 8, = |/ \ £| and f being chosen as the
Fisher information submodular function fi defined as

1 (1 —
fs(8) = Ezﬂz‘(l —m) =) ( )

ieu s O ]%;fj(l —mj)(xfz;)?

where ¢ > 0, 7; is the posterior probability of a sample ¢, and z; is the feature representation
for 4. It is shown in [Hoi et al., 2006] that fi is normalized monotone submodular. Their
proof is done by using the diminishing return definition of submodularity, i.e., by proving
f(alA) > f(a|B) for any a € V and A € B C V. Furthermore, they show that fg
approximates the utility of a given set S by how much it reduces the Fisher information for

logistic regression classifier. We compare our method with fg in the experiments.

4.3 Experimental Results

We empirically evaluate the proposed framework on the supervised data subset selection
problem and the batch active learning problem. In the set of experiments, we wish to address
the following: 1) How Eqn 4.6 and 4.18 perform on the supervised data subset selection for
NB and NN classifier, respectively; 2) How FASS performs on active learning under various
choices of f and f; and 3) How well the proposed framework extend to other classifiers,
including Logistic Regression (LR) and Deep Neural Networks (DNN). In our experiments,
we evaluate on two separate tasks: 1) text categorization, where we tested three classifiers:
NB, NN, and LR; and 2) handwritten digit recognition, where we evaluated NN and DNN

classifiers.
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4.3.1 Text Categorization Experiments

Experimental setup: We evaluate text categorization on the 20 Newsgroups data set ,
which consists of 18774 articles divided almost evenly among 20 different UseNet discussion
groups [Lang, 1995]. The goal is to classify an article into one newsgroup (of twenty) to
which it was posted. For each instance of the experiment, we randomly split % and % of the
whole data set as the training and test samples. Each subset selection strategy is applied to
sub-select the training samples and then train a classifier. We report its classification error
rate on the test set averaged over 20 instances of random data splits as the performance
for each subset selection strategy. For batch active learning experiments, we first randomly
label B = 100 samples, on which we train a classifier as the initial model. In each iteration,
additional B unlabeled examples are selected for labeling to update the model. We evaluate
for T = 10 iterations ending with a total of £k = 1000 labeled examples. Under the least
confident criterion, in each iteration ¢, we compute the uncertainty score 0! of a sample u
as 0% = 1 — p(Ju|x.), where g, is the most probable prediction of the sample u given by the
currently trained model, i.e., g, € argmax,, p(y|z,). We evaluate the proposed supervised
data subset selection framework also on the same sequence of subset sizes so that it can be
compared with the batch active learning results. We construct a random sampling baseline
for comparison, where we randomly sample the data set at appropriate sizes for labeling. The
similarity between any pair of documents is defined as the cosine similarity between their
TF-IDF representations. For FASS, we fix 8; = g = 4000, V¢ and test four different submod-
ular objectives: fxp, fN, frac, and fgs (¢ = 0.1). In addition, we construct another baseline
(FASS+RS), which is implemented the same as FASS, except that in each iteration, the sub-
modular optimization procedure in Line 7 is replaced with a random sub-sampling strategy.
Naive Bayes Classifier: We first explore the NB classifier under the bag-of-words
model. We apply a Laplace smoothing parameter of 0.02 for training all NB models in

the experiments. We evaluate the supervised data subset selection framework (SS+ fxg)

!Data is obtained at http://qwone.com/~jason/20Newsgroups/
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Figure 4.1: Text categorization: classification error evaluated on (a) NB classifier; (b) NN
classifier; and (c¢) LR classifier for different subset sizes chosen by uncertainty sampling
(US), random sampling (RS) (error bars indicate standard deviation over multiple random
draws), FASS with fg, feac, fnB, NN, supervised data subset selection (SS) with fyg or fyn
(SSH+{ fxB, fun}). Error rates for NB, NN, and LR classifiers trained on the whole set are
11.1%, 19.1%, and 11.7%.

as Problem 4.6 with the objective fxB-text(a=0.02)- As shown in Figure 4.1a, SS+ fyg and
FASS+f for any choice of f perform consistently superior to random sampling (RS), which
outperforms the uncertainty sampling (US) at all sizes. FASS+RS is significantly outper-
formed by FASS+f for any f. Drastic improvement at small sizes is achieved by SS+ fxg,
which is outperformed by FASS+ fxg at larger sizes. Comparing different f in FASS+f,
fng performs the best.

Nearest Neighbor Classifier: Next, we focus on how the proposed approaches per-
form on training NN classifiers. We evaluate the supervised data subset selection framework
(SS+ fxn) formulated as Eqn 4.18 with fyn. Unlike NB classifier, NN is not a probabilistic
model. We model the posterior probability of a sample u given by a labeled training set .S

as

exp (manevay w(% 7))

p(y|xua (S)) Zy’ey exp (manESﬂVy, U)(U, ]))

(4.25)
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Figure 4.2: Handwritten digit recognition: classification error evaluated on (a) NN classifier
and (b) DNN classifier for various subset sizes chosen by different methods. The error rates

for NN and DNN classifiers trained on the whole set are 3.1% and 1.0%.

As shown in Figure 4.1b, SS+ fxn yields superior performance across the board over all
other subset selection methods. The performances of different FASS schemes are ordered
as frac > fan > fuB > frs. Superior results are achieved with f,e or fan, either of which
matches well with the Nearest Neighbor classifier. Between fyn and frac, frac always performs
better, which may be due to the fact that the effectiveness of fyy is very sensitive to the

accuracy of the hypothesized class labels on which it is defined.

Logistic Regression Classifier: Lastly, we extend to select data for training an LR
classifier, which is formulated and solved by the LIBLINEAR tools [Fan et al., 2008]. The
results are shown in Figure 4.1c. Although fxy and fyp are not derived based on the LR
model, superior results are still observed with them in the supervised setting. Between fnn
and fyxg, fnn performs better, which indicates that fyn may fit better with the properties of
the LR classifiers. Similar to the results in the NN classifier, FASS with fyn and fg.. perform
better than other objectives, and yield performance competitive with SS+{ fxn, fng} at large

subset sizes.
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4.3.2  Handwritten Digit Recognition Erperiments:

Experimental Setup: We evaluate the handwritten digit recognition task on the MNIST
database 2, which consists of 60,000 training and 10,000 test samples. Each data sample
is an image of a handwritten digit. The training and test data are both almost evenly
divided among 10 different classes. The goal is to classify each image as a digit. Different
from the setup for the text categorization experiments, we only run one instance of each
subset selection strategy except for the random sampling baseline, since the training and
test data are fixed. We run 10 instances of random draw for the random sampling baseline,
and report the averaged classification error as its performance. For batch active learning,
we also experiment with B = 100, 7" = 10 and £ = 1000. We bootstrap the batch active
learning with a different strategy: instead of randomly selecting B examples, we label a set
of B representative data instances by solving max|si=p;scu frac(S) (frac does not assume any
labels). On this task, we examine how various subset selection strategies perform on NN
and DNN classifiers. The NB classifier is not included since it does not fit with this task.
We didn’t evaluate SS+ fyg or FASS+ fxg for comparison either, since the proposed Naive
Bayes submodular function fyg is defined on discrete features, i.e., a set features that take
categorical values.

Nearest Neighbor Classifier: First, we evaluate the proposed framework on NN
classifiers. The similarity between any pair of data instances i and j is measured as d — ||z* —
27]|3, where d = max, ey [|2* — 2*||3. We represent the feature z* of each image i as the
vector of its pixel values. We compare different instances of FASS with § = 4,000. The
results in Figure 4.2a show similar trends to the 20 Newsgroup experiments under the NN
classifier.

Deep Neural Network Classifier: Lastly we test on DNN based classifiers. A
DNN model, which consists of two convolution layers followed by two fully connected layers,

is trained using Caffe [Jia et al., 2014] on the set of labeled images selected by each ap-

2The data set is downloaded from yann.lecun.com/exdb/mnist
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proach. We report the results in Figure 4.2b. SS+ fxn performs well at small sizes and then
matches the random baseline. This indicates that fyn, though performing well on NN and
LR classifiers for the supervised setting, does not fit with the properties of the DNN model.
Interestingly, drastic improvements are achieved by the uncertainty sampling strategy, which
suggests that manually labeling the samples that are uncertain to the current system is very
valuable for updating the DNN model. Different from other classifiers, FASS+f tends to
perform well when £ is small and in the range [300, 1000]. Here we show results for 8 = 300.
Significant improvements are achieved by FASS+ fyn or fr.. Though formal analysis for
the DNN model is not available, the empirical results suggest that it is beneficial to select a

set of uncertain data instances that are representative about the whole set as well.

4.3.3 Choice of B for FASS

In this part, we discuss the interplay of the choice of 5 for FASS schemes and its performance.
We show the comparison for NB, NN, and LR classifiers on text categorization experiments
in Figure 4.3a, 4.3b, and 4.3c, respectively. Figure 4.3a and 4.3b show that FASS schemes
are, in general, not sensitive to the choice of § when § ranges between [2000, 6000] under NB
and NN classifiers. In Figure 4.3c, we observe that the performance of FASS+ f;.. varies as
different choices of . However, consistent and significant improvements are achieved with
each choice of 3 for FASS+ fr.. over the random baseline. Similarly, we observe that FASS
with different submodular objectives are not sensitive to § under either NN (Figure 4.3d) or

DNN (Figure 4.3e) classifier for the handwritten digit recognition task.
4.4 Discussion

As an extension to our work, we would like to look at the likelihood, or more generally risk, of
a large family of classifiers as a function of subsets of training data and from the perspective
of submodularity. Given the enormous empirical success of deep neural networks (DNNs),
it would also be useful to complement our currently empirical-only results of Figure 4.2b

that, while showing good performance, could be significantly improved with a submodular
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Figure 4.3: Comparison among FASS with different § on text categorization experiments

(first row) and handwritten digit recognition experiments (second row).

function that better matches the properties of the DNN.
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Chapter 5

INTERACTIVE LEARNING OF SUBMODULAR MIXTURES

Given the success of the submodular data summarization paradigm for the three case
studies, we are now confident that submodular set functions can naturally capture the notions
of representativeness, coverage, diversity, and information for a number of tasks. In some
cases, there is an underlying submodular function that fully characterizes the utility of a data
set as we have shown in Chapter 4. However, it is more often the case that the underlying
utility function, though submodular, cannot be easily analyzed, or even non-submodular. It
is still of great interest to express the utility function in terms of a submodular function so
that the amenable optimization properties of submodularity can be leveraged. This is the key
motivation behind our submodular data summarization framework for the case studies on the
speech data subset selection and the genomics assay panel selection. In both case studies, we
proposed several classes of submodular functions as the surrogate objective to approximate
the underlying utility function in these tasks. These functions were chosen based on either
the domain knowledge or the validation on the experiments. We have not yet, however,
attempted to further improve the goodness of the submodular surrogate functions for these
tasks. In other words, the surrogate utility functions are not “learned” so as to better

approximate the utility function of the underlying task.

In this chapter, we move a step forward and study a principled method to learn a sub-
modular function as the utility model. Several variants for learning submodular functions
have been studied in the literature. For example, [Goemans et al., 2009] study the follow-
ing problem: given an unknown monotone submodular function f, how to efficiently find a
surrogate submodular function f that approximates the unknown function everywhere, i.e.,

~

f(A) < f(A) < g(n)f(A),VA. They give an ellipsoid-based approximation scheme for con-
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structing surrogate functions that is guaranteed to bound the unknown function f everywhere

with g(n) = O(y/nlogn). Moreover, they show that the problem is information theoretically

n
logn

hard for any polynomial time algorithm to achieve a guarantee of O( ). Another variant
of the learning problem was studied by [Balcan and Harvey, 2011]. They consider learning
an unknown submodular in a PAC setting. Given valuations of the submodular function f
on subsets sampled from a distribution, they give a learning algorithm that approximates
f on subsets sampled from the same distribution with high probability and with a factor
O(y/n). They show that the problem has a lower bound of O(n'/?). Therefore, approxi-
mating a submodular function everywhere (with or without a distributional assumption) is
theoretically hard.

Instead, we adopt a much simpler learning paradigm that we believe is more practical in
our applications. The learning paradigm is based on a given set of fixed submodular compo-
nents. Formally, given the variety of information that may be captured by different submod-
ular functions, it is often desirable to design a family of d submodular function components
{ £}, and express the utility set function for an underlying task as a non-negative weighted
mixture 2?21 w; f; of these fixed submodular components with [wy,...,ws" = w € R%.
Note that Zle w; f; is also submodular. Each non-negative weight w; represents the impor-
tance of the information expressed by the corresponding submodular function. When the
number of submodular components d is small, the weights may be hand-tuned to better fit
for the task. It is of much more interest and practical utility, however, to learn a weighted
mixture of these submodular components in an automatic fashion, a problem we call learning

of miztures of submodular functions (LMSF).

The offline version of LMSF has been extensively studied for a number of machine
learning tasks, including document summarization [Lin and Bilmes, 2012, Sipos et al., 2011,
Bairi et al., 2015], image summarization [Tschiatschek et al., 2014], and video summariza-
tion [Gygli et al., 2015]. Given a family of fixed submodular components, this work learns a
weighted mixture from a batch of training data that consists of a set of (collection,summary)

pairs. Taking an image summarization task as an example, a collection is a large set of
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images, and a summary is a small subset of chosen images — often by a human annotator —
to best represent the collection. The approach formulates LMSF as a supervised learning
problem via large-margin structured prediction, in order to optimize the weight vector w
such that the human summaries scored by the learned submodular function are separated
from competing summaries by a large margin. The learning framework is offline in nature,
since the training data needs to be available up front, before learning begins.

Though showing great success on a number of tasks, the applicability of LMSF in the
offline setting is significantly limited by the challenges of training data collection. Learning
a good submodular function often relies on a large amount of high-quality training samples
(ground truth (collection,summary) pairs). For most summarization tasks, producing good
summaries from a large collection of items is costly and error-prone, especially when the data
is acquired via a crowdsourcing marketplace. Another relevant application is redundancy
removal, via summarization, in machine learning training data sets as investigated in the
case studies in the speech data subset selection and the batch active learning; here evaluation
of a summary involves training on a subset of the training data followed by evaluating on
a test set. Learning a submodular mixture as a surrogate objective for this process would
require producing training data subsets of high quality, i.e., multiple “core sets” for machine
learning problems [Agarwal et al., 2005]. For many modern machine learning methods (e.g.,
deep models) this is currently impractical. Therefore, preparing high-quality summarization
training datasets, in general, can be extremely time-consuming, taking months or years to
produce. It is this problem that we address in this work.

For the problems such as the above, one viable option is to approach LMSF from an
interactive setting, as we do in this work. By interactive, we mean a weighted mixture of
submodular functions is continuously learned while the training samples are collected on
the fly. Evaluation is always done on candidate summaries generated by the learner (i.e., a
human would not be faced with the arduous task of summarizing an image collection and
rather would only be faced with evaluating the quality of summaries that are much smaller;

a machine learning training/testing system need not repeatedly train and test on the full
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training data, but rather only quickly evaluate the quality of a relatively small training data
set). To be precise, an interactive learning problem consists of two components — a learner
and an evaluator. At each round ¢ = 1,...,T, the learner interacts with the evaluator in the

following way:

1. Query selection: A collection of items V; is revealed to the learner. The learner
chooses a summary A; C V; (e.g., a subset of fixed size k) from the collection based on

the data V; and the feedback from previous rounds.
2. Feedback collection: The evaluator provides feedback y(A;) on the chosen summary A;.

3. Parameter estimation: The learner updates the estimate of the weight vector w.

A critical goal is to design a learner that identifies the most informative summary to query
in each round so as to learn a good mixture ), w; f; using a minimum number of queries.
We call this problem interactive learning of miztures of submodular functions (ILMSF). In
this setting, we require that the feedback y(A;) is a single score (which may take a discrete
or real value depending on the application) representing the quality of the summary as a
whole, and that no additional feedback is provided (e.g., no feedback on the individual items
a€ ).

We are unaware of previous work that studies such interactive learning with a feedback
model similar to the above, despite — as we will see — the utility of our model for a number
of applications.

One line of work similar to ILMSF is [Yue and Guestrin, 2011, El-Arini et al., 2009, Ra-
man et al., 2012]. They focus on learning a mixture of submodular components in the context
of online learning, where the goal is to maximize the cumulative quality feedback scores of
the chosen summaries (equivalently, minimize the cumulative regret). In this work, they
consider applications such as news recommendations and web search engines, and utilize
the weighted mixture of submodular components as the utility model. Our problem setting

differs from such work, however, in both the learning goal and the feedback model. Our
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aim is to learn a good utility function with few queries, whereas their approaches focus on
choosing summaries to minimize the cumulative regret. Our feedback model assumes only
a single number representing the quality of the summary A;, whereas their work requires
(cumulative) feedback for each individual item a € A;.

Other relevant work includes [Singla et al., 2016], where they consider the application of
summarizing content (e.g., an image collection) by leveraging users’ feedback. Assuming that
the utility function is an unknown submodular function whose noisy evaluations are accessi-
ble from the users’ feedback, their goal is to maximize the utility function in an interactive
manner while minimizing the cost of user queries. Although related in spirit, their problem
setting differs from ILMSF in both the query model and the utility model. In ILMSF, at
round ¢, we query the quality of a complete and composed summary A, C V;, whereas the
query setting in [Singla et al., 2016] focuses on obtaining the feedback on the gain of adding
an item to an existing subset. An unknown and abstract submodular function is utilized
in [Singla et al., 2016] to model the utility, whereas we assume the utility function admits a
representation as a weighted mixture of known submodular components.

In this chapter, we propose a novel setting for interactively learning mixtures of sub-
modular functions. We demonstrate that ILMSF naturally occurs in a number of machine
learning applications, including speech data subset selection, data collection summarization
using users’ feedback, and personalized recommendation of media contents.

To address ILMSF, we propose a novel algorithmic framework—AcCTIVECOMBSAMPLING.
In contrast to the large-margin framework often used for LMSF, we adopt the linear regres-
sion framework for estimating the parameter w, which easily handles the varying nature
of the quality feedback scores in ILMSF'. For the query selection problem, we approach it
from the active learning perspective. In particular, we utilize a simple uncertainty sampling
strategy. The strategy is implemented as follows: in each round ¢, the algorithm identifies
and queries the summary A, that has the largest uncertainty (defined in Sec 5.2.2). Given
the combinatorial structure of the problem, the pool of all possible summaries is exponential

in the size of the collection V;. Clearly, a brute-force search for the summary that has the
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maximum uncertainty is infeasible. Instead, we formulate the search problem as combinato-
rial optimization, where the objective set function represents the variance for estimating the
quality score of each subset. Though we demonstrate the inapproximability of this optimiza-
tion problem, we show, for the applications considered in this work, that this objective can
be naturally decomposed as a difference of submodular (DS) functions. Therefore, the under-
lying problem (Problem 5) can be efficiently optimized with the submodular-supermodular
procedures that admit additive approximation guarantees [Narasimhan and Bilmes, 2005, Iyer
and Bilmes, 2012, Byrnes, 2015].

Next, we show that the proposed framework ACTIVECOMBSAMPLING can be slightly
modified to handle ILMSF under the regret minimization setting. This setting asks for a
learner to choose summaries such that their cumulative quality feedback scores are maxi-
mized. A critical goal for this setting is to optimize the exploration-exploitation trade-off
(Section 5.4) at the query selection step. Interestingly, we demonstrate that the trade-off
can be easily modeled by a slight modification of the objective function for ACTIVECOMB-
SAMPLING.

Lastly, we empirically evaluate the proposed ACTIVECOMBSAMPLING for ILMSF. In
particular, we demonstrate its efficacy on simulated data, and on real-world applications,
including image collection summarization, and speech training data subset selection. We
show that these tasks can be learned in the proposed interactive learning framework, and,
moreover that, given the same number of queries, the proposed ACTIVECOMBSAMPLING is

shown to consistently outperform the baseline methods.
5.1 Problem Formulation

In this section, we formally define the setting of ILMSF. Let T" be the total number of
rounds. For each round t =1,...,T, a collection of items V; is made available to the learner.
A family of d submodular components { f{}¢_, is also accessible to the learner. We clarify that
each component function f! : 2" — R, is indexed by the round ¢ via the ground set V;, which

may vary in . However, the analytical definition of each component f} does not change with
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t. Each subset A C V; is represented by a d-dimensional vector fi = [fi(A),..., fi{(A)]".
In the query selection step, the learner composes and queries a summary A; C V; from
the collection. We assume all summaries satisfy a cardinality constraint |A;| = k. As shown
below, our proposed algorithm, however, can also handle more general cases such as knapsack
and matroid constraints.

Given the queried summary A;, the system, next, offers feedback y(A;) to the learner,
which then updates the estimate of w. We assume that the feedback y() for any subset
A is randomly and independently sampled from some distribution with mean w"' f4, and
variance 02, where w € R? is the unknown and desired parameter. Without loss of generality,
the distribution is presumed Gaussian, i.e., N (w" fh,,0%), since, for applications where the
Gaussian assumption does not hold, one can always query A; multiple times (e.g., query the
same summary from different users) and take their sample mean as its feedback y(A;), which
asymptotically is a random sample from the Gaussian distribution with mean w " f4, by the
central limit theorem.

The objective of ILMSF is to learn the unknown parameter w accurately using a min-

imum number of queries.
5.2 An Algorithmic Framework for ILMSF

In this section, we study both the parameter estimation and the query selection problem
for ILMSF. In particular, we formulate the parameter estimation problem as an instance of
linear regression. We then show how to approach the query selection problem using the un-
certainty sampling strategy. Combining these two components together leads to the proposed

algorithm-ACTIVECOMBSAMPLING (Alg 7).

5.2.1 Parameter Estimation of w

At the end of any round ¢, a set of ¢ training samples D, = {f5 € R%,y(A;) € Ry} has
been collected. Given the feedback model that assumes y(A,) to be independently sampled

from the Gaussian distribution N (w" T 0?) for any time 7, estimating the parameter w
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from the training set D; can be easily formulated as a linear regression problem. Applying a
Gaussian prior on the parameter w as N (o, Xo), the posterior distribution p(w|D;) can be
derived in a closed form as a Gaussian distribution A(fi, Cy) (detailed derivations are given

in the Appendix A.2), where

Co= (S + 5 A n)T) s (5.1
T=1
o= G55 0 + = > uAnr): (5.2

Observe that fi; is the maximum a posterior (MAP) estimate of the parameter w given
the data D;, and the positive semidefinite matrix C, measures the covariance for estimating
w. As we will see, C; will be used for query selection.

Instead of the large-margin formulation previously employed for the offline LMSF, we
adopt the linear regression framework for estimating the parameter w from the training
samples D,. The reason for choosing the regression framework is due to the nature of the
training data available for the interactive setting. The training data for the offline LMSF
often consists of a set of ground-truth (collection,summary) pairs, whereas, for ILMSF,
the training sample collected at any round ¢ can be regarded as a tuple of three elements
{Vi, At,y(As)}. Unlike the handcrafted summaries for LMSF that are deemed high quality,
the queried summaries for ILMSF may have quality scores that range between low and high,
or that are more fine-grained as real values depending on the applications. The regression

framework can easily handle this varying nature of the quality feedback scores.

5.2.2  Query Selection

Formulation: Another key problem regarding ILMSF is how to select the summary
to query so as to improve the estimate of the parameter w the best. This problem can
be cast as an instance of active learning for training linear regression models. Although

it has been previously studied in the active learning literature [Settles, 2009, Chaudhuri
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Algorithm 7: AcTivECOMBSAMPLING
1: Input: po, Yo, 02, d, T, V; and {f{}¢ fort=1,...,T.

2: Initialize C’O = 2.

3 fort=1,...,T do

& Define o(A) = 33", f1(A)f1(4)

5 A€ argmaX‘A‘::iZw v(A) // Solved via DS optimization;
6: Ci+ (So'+ 530, f}lT(fZlT)T)_l// Covariance matrix;
T i C’t<251,uo +530 y(AT)f};T> // Estimate of w;

8: end for

9: Output w < fir.

et al., 2015, Gu et al., 2012, MacKay, 1992], most existing approaches do not directly apply
to the setting of ILMSF, since they, in general, require enumerating over the pool of all
unlabeled data items. Let A; be the set of all candidate summaries for querying in round
t (|A¢] is exponential in |V;|), the active learning approaches in [Chaudhuri et al., 2015, Gu
et al., 2012] require computing a Fisher information matrix over the pool of all candidate

summaries: La, = Y 4o 4 f4(f4)" , which is clearly infeasible in this case.

To this end, we appeal to the simple and also commonly used query selection strategy:
uncertainty sampling [Lewis and Gale, 1994]. The idea of the uncertainty sampling is to,
in each round, query the most informative summary, whose informativeness is measured
by the uncertainty of estimating its quality score. While having an exponential searching
complexity, the uncertainty sampling method, as we will see, can be formulated as a dif-
ference of submodular (DS) optimization, which admits simple and efficient optimization
algorithms [Iyer and Bilmes, 2012]. Moreover, the uncertainty sampling criterion may be
slightly modified leading to a sampling strategy that handles ILMSF under the regret min-

imization setting (Section 5.4).

We next discuss how to apply the uncertainty sampling strategy to our query selec-
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tion problem. At any given round ¢, the posterior distribution p(w|D;_1) has the form
N (fiyq, ét,l). Therefore, the distribution of the estimated quality score for any summary
A C V; can be written as p(w' f4]|D;_1), which is also a Gaussian distribution A (r(A),v(A))
with mean r(A) = 4, f4 and variance v(A4) = (f4)TCi_1f4. The uncertainty sampling
strategy is to identify the summary A C V; of size k that has the largest variance v(A).
More formally, the uncertainty sampling problem can be formulated as a combinatorial op-

timization:

B =3

where v(A) = (f4)TCo_yfly with f4 = [fI(A),..., fi(A)]T for all A C V. Observe that
v:2"% — R, is a set function that maps any subset A C V; to a non-negative real value,
since the covariance matrix C’t_l, as defined in Eqn. (5.1), is a positive semidefinite matrix.
)th

Denoting the (i, 7)™ entry of the maxtrix Cy_; as Ci/,, the objective set function v(A) can

also be decomposed as follows:

d d

o(A) =) CLFHA) (A, (5:4)

i=1 j=1
which is the weighted sum over the product between every pair of submodular components

fi and f;. Note that the weights C’Zﬁl € R may take negative values.

Hardness:  Our next goal is to study the optimization problem as defined in Eqn. (5.3).
Clearly, brute-force searching for the optimal summary requires exponential complexity. It
would be ideal if the objective v(A) can be shown as submodular, leading Eqn. (5.3) to a
submodular optimization problem, which one can solve efficiently and near-optimally. Un-
fortunately, v(A), in general, is not submodular. In fact, we show that Eqn. (5.3) is hard
to optimize within any polynomial factor, even if the family of submodular components are

chosen from any general submodular functions.

Theorem 11. Unless P = NP, there cannot exist any polynomial time approrimation

algorithm for Eqn. (5.3). In particular, let n = |V;| and 0 < a(n) < 1 be any positive
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function of n, if there exists an algorithm that approzimates Eqn. (5.3) within the factor

a(n), then P = NP.

Proof. Similar to the idea employed in the proof of Theorem 5.1 in [Iyer and Bilmes, 2012],
we prove this hardness result by reducing Eqn. (5.3) to the subset sum problem. Given
a positive modular function m and a positive constant ¢, the subset sum problem asks if
there is any subset S C V such that m(S) = t. First we choose a random subset C' of
size k (unknown to the algorithm), and define ¢ = m(C'). Define a set function v such that
v(A) = a(n) if m(A) # t and v(A) = 1 + € otherwise. Consider the optimization problem
maxacv, 4=k V(A). Suppose that the problem can be approximated within the factor a(n) by
some polynomial time algorithm, it implies that the algorithm is guaranteed to find a subset
A of size k such that v(A) > a(n)(1 + €) > a(n), thereby, the solution A must have value
v(A) = 1+ €. The algorithm then solves the subset sum problem, which is a contradiction
unless P = NP.

Next, we show that the set function v(A) can be written as

v(A) = [fi(A), ..., fa(A)|C[f1(A), .. '7fd(A)]T

for some positive semidefinite matrix C' and some vector of d submodular components.
Consider the instance of d = 2 and C' = [1,—1;—1,1]. Let v/(4A) = /v(A). Let a £
minycycv; v (71X) — v'(j]Y), where a > 2(y/a(n) — 1). Let f{(4) = /]A] and g £
minxcycry AGIX) = AGY) = 2vn = T—vn = 2—/n. Let fo(A) = v/'(A)+ 5 /JA]. Let
fi(A) = ‘/7& f1(A). Tt is easy to verify that both f; and f, are submodular. Moreover, Using f;
and f, as the submodular components, we can derive that [fi(A), fo(A)]C[fi(A), f2(A)]" =

(fi(A) = f2(A))? = v(A). Therefore, there cannot exist any polynomial time algorithm that
solves Eqn. (5.3) within any factor «(n) unless P = NP.
[l

Moreover, even if the family of submodular components {f!}4_, is constrained to be as
simple as modular set functions, namely, each component f/ satisfies f/(A) = > ., fi(a),VA C

Vi, Eqn. (5.3) is still not easy to optimize as shown below:
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Theorem 12. Suppose { f1}4_, are all modular functions, there does not exist any polynomial
time algorithm that approzimates Eqn. (5.3) within any constant factor if the Random k-SAT
hypothesis is true.

Proof. The key idea is to reduce Eqn. (5.3) to the well-known densest-k-subgraph prob-
lem [Feige et al., 1997].

For simplicity of notations, we denote Ci_1 as C, the (i,7)™ entry of C' as C;;, and
each submodular component f! as f;. Using the modular assumption about each component

function f;, we have the following:

v(A) =YY " Ciifi(A) fi(A) (5.5)

d d
=330 B i) (5.6)
i=1 j=1 acAa’cA

=>_ > 0. Cufilfia)} (5.7)

a€Aa'cA =1 j=1

= Z Z Sa,a’; (58)

acAad' €A

where s, = Z?:l ijl Ciifila)fi(a) = fICfu, with f, = [fi(a),..., fa(@)]". Se« can
be interpreted as the inner product between the vector f, and f, in the transformed vector
space by the covariance matrix C. Note s, 4 is symmetric, but may take negative values. In
this case, Eqn. (5.3) is then written in the following form:

AR ACY; ; % S (5.9)
Note that this optimization problem generalizes the well-known Densest-k-Subgraph (DkS)
problem [Feige et al., 1997] when s, o is symmetric and non-negative for any pair of a, a’ € A.
Therefore, Eqn. (5.3) is at least as hard as DkS, which has been shown by [Alon et al.,
2011] not to admit any constant factor approximation algorithms under the Random k-SAT

hypothesis as defined in [Feige et al., 1997].
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The Random k-SAT hypothesis is proposed in [Feige, 2002] and known as the average-case
hardness assumption. Under this hardness assumption, Theorem 12 rules out the constant
approximation algorithms for Eqn. (5.3) even when the submodular components are as simple

as modular.

DS Optimization: Despite the inapproximability of Eqn. (5.3), it would still be de-
sirable to design scalable and intuitive heuristics that work well in practice for optimizing
Eqn. (5.3). To this end, we appeal to the difference of submodular (DS) optimization tech-
niques that were introduced and successfully applied to a number of real-world tasks [Iyer
and Bilmes, 2012, Bach, 2011, Narasimhan and Bilmes, 2005, Kawahara et al., 2011]. Given
an objective set function v(A), the idea of this approach is to first naturally decompose it
as v(A) = g(A) — h(A) with ¢ and h being submodular. Given such decomposition, the
objective may be optimized in an iterative manner, where, in each iteration, the underlying
objective is approximated by a tight submodular surrogate. The efficient submodular opti-
mization techniques can be applied to solve the subproblem in each iteration near-optimally.
Given a number of submodular maximization algorithms that handle general constraints
(e.g., knapsack [Gupta et al., 2010] and matroid constraints [Lee et al., 2010]), Eqn. (5.3)
may be extended to these constraints and can still be optimized by the DS techniques. Given
a DS decomposition of the objective v(A), this paradigm provides a principled approach for
applying the vast literature on submodular optimization to solve Eqn. (5.3). Despite the
lack of approximation factor for Eqn. (5.3), DS optimization techniques guarantee that the
solution is improved in successive iterations and is bounded with an additive error to the
optimal solution [Iyer and Bilmes, 2012].

The remaining goal is to study how to naturally decompose the objective v(A) as a DS
function. Although any general set function can be written as a DS function, a non-trivial
such construction may require exponential computational complexity [Iyer and Bilmes, 2012].
In Section 5.3, we demonstrate that deriving the DS decomposition for v(A), however, is very

easy for the applications considered in this work.
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5.3 Applications & Submodular Components

In this section, we describe how to apply ILMSF to a number of machine learning tasks. For
each application, we discuss the appropriate choices of submodular components and provide
guidelines on how to decompose the corresponding query selection objective v(A) as a DS

function.

5.8.1 Speech data subset selection

Given a large speech data set for training automatic speech recognition systems (ASR), the
goal of the speech data subset selection problem is to select a representative and informative
subset of speech data and train a system on only the subset. Recall in Chapter 2, we model
the utility set function r; for this task as a weighted mixture of submodular components,

ri(A) =) w,p(my,(A)), (5.10)

where U is a set of speech units (e.g., phonemes and words), w,’s are a set of non-negative
weights, ¢() is a concave function (e.g., ¢(x) = /& or ¢(z) = log(1l + x)), and m,(A) =
Y aca Mu(a) is a non-negative score for the speech unit u € U in the set A, with m,(a) >0
measuring the relevance of the speech unit u to the data item a. In this work, the weights w,,’s
are predefined or hand-tuned according to the authors’ intuitions and domain knowledge.
As we show below, ILMSF naturally addresses the weight tuning problem in an automatic
fashion. In this context, V; is the entire speech training data and is the same in every round.
At round t, a data subset A; is chosen to train an ASR system. The quality feedback y(A;)
on the subset A; is given by the performance (recognition accuracy) of the trained system
on a test set. Since training an ASR system, even on a subset of data, takes a long time, it
is desirable to reduce the number of queries (and the size of the queries) needed for tuning

a good weighted mixture, a goal addressed by ILMSF.
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DS decomposition: By examining the definition of v(A) in Eqn. (5.4), it suffices to derive
v(A) as a DS function, if each product term f;(A)f;(A) is represented as a DS function. In
this application, each component function admits the form: f;(A) = ¢(m;(A)). We consider

three classes of commonly used concave functions:
L. ¢exp(x) =1—a " with a > 1,
2. ¢poiy(z) =2 with 0 < B < 1,

3. @rog(x) =log(1 + yz) with v > 0.

When the concave function is @eyp, it is straightforward to derive the corresponding
product as fi(A)fj(A) = dexp(mi(A)) + dexp(m;(A)) — Gexp(mi(A) + m;(A)), which admits
the DS representation. When the concave function is ¢pey, we show below that, under
mild assumptions on the data, the corresponding product is either monotone submodular or

supermodular depending on /3. For either case, the objective v(A) becomes a DS function.

Lemma 1. Let f;(A) = (mi(A))B with 0 < 8 <1 fori =1,...,d. Given i and j, let
rij(a) = mild) - (assuming mi(a),m;(a) > 0,Ya € V). When 0 < 5 < 1/2, f;(A)f;(A) is

m;(a)
guaranteed to be monotone submodular, if r; j(a) € [0(8),1/0(B)],Ya € V, where 6(8) =

- Vlgw -1 —i—% € (0,1). When 1/2 < B < 1, fi(A)f;(A) is guaranteed to be monotone

supermodular if r; j(a) € [6'(B),1/0'(8)],Va € V', where 0'(5) = 57?‘/25771 € (0,1).

The proof is given in Appendix A.3. Assuming that the ratio of the modular singleton
scores 1; j(a) is close to 1 for all @ € V, the product f;(A)f;(A) becomes monotone submod-
ular if § < 1/2 and monotone supermodular otherwise. When 0 < 5 < 1/2, observe that
the condition #(5) monotonically decreases as [ decrease and limg_,o6(5) = 0, indicating
that weaker assumption is needed as [ decreases. As a concrete example, if § = 0.1, we
have 6(5) ~ 0.056 leading to the condition as 7; j(a) € [0.056,17.9], which is a reasonable
assumption for real-world problems. On the contrary, when 1/2 < g < 1, 6'(/3) is a monotone

decreasing function in 3, suggesting that less stringent constraint is required for guaranteeing
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the supermodularity as § increases. If 5 = 0.9, we have 0'(5) = 0.236 leading to the con-
dition as 7; j(a) € [0.236,2.806]. Interestingly, Lemma 1 provides a full characterization of
submodularity /supermodularity for f;(A)f;(A) in terms of 3, which may be of independent
interests, especially, to problems that involve a product of two submodular functions of this
form.

Lastly, when the concave function is ¢y, the product function f;(A)f;(A) can also be

shown to be submodular under conditions similar to Lemma 1.

Lemma 2. Given i, j, v > 0 and § > %, let fi(A) = log(1 + ~ym;(A)) fori=1,...,

and r; j(a) = mild) g e V. fi(A) f;(A) is guaranteed to be monotone submodular if m;(a) >

— mj(a)’

OVi=1,....,d,a €V andr; (a) € [0(,0),1/0(v,0)],Va € V, where (v, 0) = log(1 +~d) —
\/10g2(1 +76) — 1.

Proof is in Appendix A.4. As a concrete example, if ¥ = 10 and § = 1, we then have that
9(~y,0) = 0.21, leading to the condition of the ratio as r; ;(a) € [0.22,4.58],Va € V. This

assumption can also be satisfied by most of the real-world applications.

5.3.2  High quality summaries generation

Recently proposed in [Singla et al., 2016], we are given one collection of data items (e.g.,
an image collection) and the goal is to generate a high quality summary of the collection
by leveraging users’ feedback. Take the image collection summarization as an example, one
can define the utility function in the same form as Eqn. (5.10) via a set U of visual words
(e.g., super-pixels and/or high-level concepts). The goal is to learn the weights w,’s from
the users’ feedback so that each learned weight w, appropriately captures the importance of
the corresponding visual word u as desired by a high quality summary. Using such utility
model, one may apply ILMSF to this application as follows: in each round ¢, the learner
first presents an image collection summary A; C V; to a human annotator, who returns the
quality feedback y(A;), and then the learner updates the estimate of the parameter w given

the feedback. In this case, V; is defined as the same image collection in every round ¢, and
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the feedback y(A;) may be in a binary form of “like” v.s. dislike”, or a more fine-grained

form such as an integer scale of 1-5.

DS decomposition: Given the same utility model, the DS decomposition of the query

selection objective v(A) simply carries over from the speech data subset selection task.

5.8.8  Learning a user’s preference model

It is often of interest to learn a preference model of a user for personalized recommenda-
tion of media contents (e.g., news articles, movies, and advertisements). This problem has
been studied in a number of fields, such as diversified retrieval and online learning [Yue
and Guestrin, 2011, Qin et al., 2014, Radlinski et al., 2008, El-Arini et al., 2009]. In par-
ticular, [Yue and Guestrin, 2011 and [El-Arini et al., 2009] show that a user’s preference
can be modeled by the class of probabilistic coverage submodular functions. Take the news
recommendation as an example, the utility function is defined as:

ra(A) = w,(1 =[] (1 = pula))), (5.11)

uel acA

where U is a set of “topics” that the user may be interested in (e.g., politics, sports, and
weather), 0 < p,(a) <1 is an independent probability of the article a covering topic u, and
each weight w, € R, is an unknown parameter representing the user’s preference or interest
level for the topic u — each component function (1 — [],c,(1 — pu(a))) is submodular. If
the goal is to learn the user’s personal preference via the weights w,’s with as few queries,

this problem then naturally fits in the framework of ILMSF.

DS decomposition: In this application, the corresponding product term f;(A)f;(A) as
shown below is also easily decomposable as a DS function, leading to a DS representation of

v(A).

Lemma 3. Let fi(A) = 1 —[[,ca(1 = pia)) fori=1,...,d. Given any i and j, it holds
that f;(A)f;(A) = g(A) — h(A), where both g(A) = fi(A) + f;(A) and h(A) =1—T],c4 (1 -
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Algorithm 8: ONLINECOMBSAMPLING
1: Input: A\, d, T, Vi, oy, and {f}L, fort =1,...,T.

2: Initialize C’O = My and fip = 0.
3 fort=1,...,T do
d d .
4: Define v(A) = 3> Gy fi(A) f1(A)
1

. Define u(A) = Y i\ (4)

6: Ay € argmax|q_y acy, W(A) + at\/v(A) // Solved via DS optimization;
o G (AL +Y0 fATT(fATT)T)_l// Covariance matrix;

8 iy ét(Zj—:l y(AT)f£T> // Estimate of w;

9: end for

pi(a) — p;(a) + pi(a)p;(a)) are monotone submodular.
We give the proof in Appendix A.5.

5.4 Extension to Regret Minimization Setting

Instead of aiming to learn w with the minimum number of queries as ILMSF', an interesting
variant of the problem may require a learner to choose a summary A; in each round so as to

minimize the cumulative regret:

Regret(T) = (w' fh. —w' f4), (5.12)

t=1

where A} € argmax|a_j acv; Z?Zl w; fI(A). We call this scenario the regret minimization
setting. This setting naturally occurs in a number of recommendation applications, where
the goal is to recommend summaries A;’s that are deemed high quality while the unknown
parameter w is learned on the fly. For the regret minimization setting, a critical goal is
to optimize the exploration-exploitation trade-off at the query selection step. Exploration

refers to the goal of learning w as quickly as possible, and the idea of exploitation is to
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utilize the currently learned parameter w to choose a high quality summary. Interestingly,
AcTIVECOMBSAMPLING can be slightly modified to handle the regret minimization setting.
In particular, the query selection objective may be slightly modified to model the exploration-
exploitation trade-off. Rather than solving Eqn. (5.3) asin ACTIVECOMBSAMPLING, we may

solve a different combinatorial optimization problem:

max  u(A) + o/ v(A), (5.13)

|Al=k, ACV;
where u(A) = Y0 i, f{(A) is the estimated utility of A, and v(A) (defined in Eqn. (5.4))
measures the uncertainty of the estimate. The parameter «; > 0 is a predefined function
of ¢t that controls the exploration-exploitation trade-off. We call the modified scheme ON-
LINECOMBSAMPLING (see Alg 8). Since Eqn. (5.13) generalizes the formulation in Eqn. (5.3),
the inapproximable results easily carry over to this problem. Even with the DS decomposi-
tion of v(A), it is not straightforward to represent the objective u(A) + a;4/v(A) as a DS
function. However, we show below that Eqn. (5.13) can be approximately transformed to

the following problem:

2 2
|A\£}fj{gwu (A) + aju(A). (5.14)

Lemma 4. Suppose that fi; > 0 and that an algorithm always outputs a solution A for
Eqn. (5.14) with a A-approzimation (A < 1), the solution A also yields a \/g—approximation
for Eqn. (5.13).

Proof. Since fi; > 0, u(A) = Z?Zl fif;(A) > 0 holds for all A C V. Then, we have the

following;:

(u(A) + g /v(A))? > u?(A) + a?v(A) (5.15)
> () + ary/v(A)" (5.16)

- 2

Let A* be the optimal solution Eqn. (5.13). Given an algorithm that always outputs a
solution A for Eqn. (5.14) with A guarantee, the following holds:

(uw(A) 4+ ap\/v(A)? > u?(A) + a?v(A) (5.17)
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> \u?(A*) + afv(AY) (5.18)

> %{u(A*) + s/ v(A*) 2. (5.19)

Therefore, it holds that u(A) 4+ azy/v(A) > \/g(u(A*) + a/v(AY)). O

Given the choices of the submodular components discussed in Section 5.3, the objective
u?(A) + ayv(A) admits the DS representation, leading Eqn. (5.14) to a DS optimization
problem. Moreover, Lemma 4 shows that the optimality guarantee of any algorithm for
Eqn. (5.14) almost carries over to Eqn. (5.13).

We point out the optimization objective for ONLINECOMBSAMPLING (Eqn. (5.13)) matches
the criterion adopted in the LinUCB algorithm, which was proposed for the contextual lin-
ear bandit problem [Li et al., 2010, Yue and Guestrin, 2011]. Assuming that Eqn. (5.13)
can be solved optimally, the sublinear regret analysis for LinUCB directly applies and ON-

LINECOMBSAMPLING is guaranteed to incur regret that grows as O(dv/T log T).
5.5 Experimental Results

In this section, we empirically evaluate the proposed algorithm ACTIVECOMBSAMPLING for
ILMSF on both the simulated data and the real-world applications, including the image

collection summarization and the speech data subset selection.

5.5.1  Simulations on Synthetic Data

We define the utility function as r(A) = 7 w;¢(m;(A)), where ¢(z) = log(1+x), m;(A) =
Y aeami(a), d = 20, |V| = 30, and the unknown parameters w;’s are independently and
uniformly sampled from [0, 1]. Each modular score m;(a) is also independently and uniformly
sampled from [0, 1]. We evaluate the ILMSF setting with 7' = 60 and k& = 5. We test two
different quality feedback scenarios: (1) noisy feedback, (2) L-discretized feedback. In the
noisy feedback setting, we simulate the feedback score for the queried summary A; as y(A;) =

r(A;) + o, where o is independently and randomly sampled from N(0,0.3). In the case of
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Synthetic data with L-discretized feedback (L=2) Synthetic data with noisy feedback
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Figure 5.1: Comparison among different learning strategies: ACTIVECOMBSAMPLING
(ACS), ONLINECOMBSAMPLING (OCS) with various choices of a: 0, 1, 10, random sampling

(Rand) (error bars indicate the standard deviation over 10 random instances).

L-discretized feedback, the quality feedback y(A;) is obtained by discretizing r(A;) into L
bins. To be more precise, let ryax € argmax cy; |aj— r(A) and 7y, € argmin 4 v, A=k r(A)
be the best and the worst score of a summary. We simulate the L-discretized feedback as:

) = |2 Lo

F—— L. (5.20)
Therefore, the L-discretized feedback score is always an integer between 0 and L. Since 7.y
and 7,;, are N P-hard to obtain, we approximate r,,, by running the greedy algorithm on
the objective r(A) and approximate ry;, by taking the minimum score out of 200 randomly
chosen summaries.

For fair comparisons, we use the same linear regression formulation for parameter esti-
mation in each round. We compare among different query selection strategies. We construct
a random sampling baseline, where, in each round, a subset of size k is randomly chosen
for querying. We run 10 instances of the random sampling baseline, and report its averaged

performance as well as the standard deviation. As a comparative study, we also evaluate

ONLINECOMBSAMPLING with various choices of a; (cf. Eqn. (5.13)), even though we pro-
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pose this algorithm for the regret minimization setting. In the experiments, we set the
hyperparameter a; = «, Vt and test three choices of a: 0, 1, 10.

We assess the performance of a method through the quality of the learned parameter.
Let w! be the estimated parameter at round ¢. Let A* be the summary obtained by greedily
optimizing r(A), and A,: be the summary selected by greedily optimizing the estimated

objective: 7,0(A) = 3% wid(m;(A)). We report the performance as the normalized score:

7= T(Awt)
= (5.21)

In general, 7, is always bounded within [0, 1].

The results for the 2-discretized feedback and the noisy feedback settings are shown in
Figure 5.1a and 5.1b, respectively. For both feedback settings, ACTIVECOMBSAMPLING
achieves superior results over the random baseline as well as ONLINECOMBSAMPLING with
all choices of a. For ONLINECOMBSAMPLING, we observe that the performance gets worse
as a decreases from 10 to 0, suggesting that more exploitation in the objective (smaller value
of ) leads to worse performance in this task. For all methods, the performance consistently
improves as the interactive learning procedure proceeds. We also note that the learned
performance by ACTIVECOMBSAMPLING converges to about 99% of the best possible score,

indicating that the learned parameter w almost converges to the unknown parameter w.

5.5.2  Image Collection Summarization

We also evaluate our framework on the image collection summarization task. We test on
the image collection database created by [Tschiatschek et al., 2014]. The data set consists
of 14 image collections, each comprising 100 images. For each collection, human-generated
summaries are available with each summary consisting of 10 images. In this experiment, we
evaluate ILMSF on each image collection separately and report the averaged results over
all 14 collections. Following the evaluation criterion proposed in [Tschiatschek et al., 2014],
we use the V-rouge function rv_youge(A4) as the unknown utility function for measuring the

quality of a summary A. Given an image collection and the corresponding set S of human
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‘Image ization with L-Dit ized feedback (L=5) Image ization with V-rouge feedback

Figure 5.2: Comparison for the image collection summarization task is evaluated under
three different feedback settings: (1) 2-discretized V-rouge, (2) 5-discretized V-rouge, and
(3) V-rouge feedback.

generated summaries, the V-rouge function is defined as:

ZueU ZSES mln{mu(A)> mu(s)}
ZueU ZS@S mU(S) 7

where U is a set of visual words (e.g., super-pixels or concepts), and m,(A) = Y, 4 mu(a)

T'V-rouge (A> -

is the modular function measuring the occurrence of the visual word u in the set A.

For each collection, we test ILMSF with 7" = 80. We assume that the set S of the human-
generated summaries is not available to the learning algorithm, however, in each round ¢, the
information about the V-rouge score of the queried summary A; is returned to the learner.
We simulate with two forms of quality feedback: (1) V-rouge feedback, (2) L-discretized
V-rouge feedback. For the first case, we return y(A¢) = rv_rouge(A:) as the quality feedback,
whereas, in the second case, the learner receives an L-discretized V-rouge feedback, which is
obtained by discretizing the V-rouge score v youge(A¢) into L bins as defined in Eqn. (5.20).

We model the utility function via a family of submodular components {¢(m,(A)) buev
with ¢(z) = log(1 + 100x) and U being the same set of visual words for defining ry_rouge-
Same as the synthetic data simulation, we report the normalized score (Eqn. (5.21)) as

the performance measure. The results for 2-discretized, 5-discretized, and V-rouge quality
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Figure 5.3: Comparison for the speech data subset selection task.

feedback settings are given in Figure 5.2a, 5.2b, and 5.2c. We observe that ACTIVECOMB-
SAMPLING yields consistent improvements over the other methods for both the 2-discretized
and 5-discretized feedback settings. In the V-rouge feedback case, comparable performance
is achieved by ACTIVECOMBSAMPLING and ONLINECOMBSAMPLING with o« = 1,10. All
these methods significantly outperform the random sampling baseline. Among the three
quality feedback settings, we observe that the converged performance of the V-rouge feed-
back case is better than the 5-discretized case, both of which outperform the 2-discretized
feedback scenario. It suggests that better performance can be achieved if a more fine-grained

form of quality feedback setting is adopted.

5.5.83 Speech Data Subset Selection

In the last set of experiments, we examine the task of speech data subset selection on the
TIMIT data set. Given the long experimental turnaround, we test ILMSF with T"= 10. In
each round, 1% of the speech data is chosen as the training data, from which a phone recog-
nizer is trained. The accuracy of the trained system on the test set is then returned as the
quality feedback to the learner. Unlike the image collection summarization and the synthetic
data simulation experiments, the utility function, in this case, cannot be represented in a

closed-form and can only be evaluated via training a speech recognizer on the given subset.
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We model the utility function as 7,(4) = > .y wu@(mu(A4)), where ¢(x) = log(1l +
0.1z), U is a set of phonemes, and m,(A) is a modular function that counts the number
of occurrences of the phoneme u in the subset A. Given a learning method, let w’ be the
learned parameter at round ¢, and A,: be the data subset selected by greedily optimizing
the estimated objective 7,:(A). We report the performance of the learning method as the
accuracy of the phone recognizer trained on the data subset A,:. We show the results in
Figure 5.3. For comparison, we also report the averaged accuracy for randomly choosing
1% of the data as 38.13% with standard deviation 1.76%. We observe that the results in
Figure 5.3 share the similar trend as the image collection summarization and the synthetic
data simulation. In particular, ACTIVECOMBSAMPLING learns faster than the other methods

and converges to better results.
5.6 Discussion

In this Chapter, we introduce a novel interactive setting for learning mixtures of submodular
functions-ILMSF'. Different from prior investigations on the similar problems, our interac-
tive learning setting only assumes a single quality feedback score of the queried summary
in each round. Such restricted quality feedback setting is more realistic to obtain the appli-
cations considered in this work, such as the image collection summarization and the speech
data subset selection. For all the applications investigated here, our proposed framework
leads to better empirical performance than the baseline methods. Future work will concen-
trate on analyzing the sample complexity of ACTIVECOMBSAMPLING for ILMSF. For the
problem under the regret minimization setting, another extension is to analyze the sublinear
convergence of the cumulative regret for ONLINECOMBSAMPLING assuming that Eqn. (5.13)

may be solved near-optimally.
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Chapter 6
FAST MULTI-STAGE SUBMODULAR MAXIMIZATION

So far, we have mainly focused on the modeling component of the submodular data sum-
marization paradigm for a number of machine learning tasks. In particular, we have shown
that submodular set functions are often the natural model for information, representative-
ness, and diversity for the data summarization tasks considered thus far. Another important
component regarding this paradigm is the efficiency of the optimization algorithms. Recall
that the data summarization problems are often formulated as a combinatorial optimization

problem as follows:

max f(.5), (6.1)

|S|lecC
where f is the submodular utility function and C defines the set of feasible sets as a summary.
A simple form of the feasibility set is defined by the cardinality constraint leading to the

following problem:

%@f@), (6.2)

where /¢ is the size constraint. Note this formulation was used for genomics assay panel
selection and some of its extensions (knapsack constraint or matroid constraint) were ap-
plied to speech data subset selection and batch active learning problems. For simplicity of
discussion, we focus on Problem 6.2 here, but as we will see, our study easily generalizes to
other constraints as well. As discussed in Section 1.5.5, the accelerated variant of the greedy
algorithm (LAZYGREED) is guaranteed to near-optimally solve this problem with almost
linear number of function valuations in practice.

In many cases, however, the very advanced machine learning algorithms that we need to

use to process large data sources are too computationally costly for the amount of data that
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exists. For example, when the data source is very large (e.g., n in the billions or trillions),
even LAZYGREED becomes untenable. Moreover, even smaller sized n can be prohibitive,
particularly when evaluating the function f itself is expensive. For example, in document
summarization [Lin and Bilmes, 2011] and speech data subset selection the graph-based
submodular functions (e.g., facility location function and saturated coverage function) are
often defined via a pair-wise similarity graph, having a time and memory complexity of
O(n?). This is infeasible even for medium-scale values of n. Another application is the
feature selection [Krause and Guestrin, 2005a, Liu et al., 2013], where a common objective is
to maximize the mutual information between a given set of random variables X 4 and a class
C (i.e I(X4;C)). The mutual information depends on computing the entropy H(X4) which
can be expensive (or even exponential cost) to evaluate. Similarly, the recent promising
work on determinantal point processes (DPPs) [Kulesza and Taskar, 2012], where one wants
to maximize the submodular function f(A) = logdet(S,4) for a given matrix S, becomes
problematic since computing log-determinant can require an O(n3) computation which is
impractical already on medium-sized data sets. We therefore ask the question: are there
other approaches that can address Problems (6.2) and that are scalable to very large data
sets, and that still offer theoretical guarantees?

In fact, there has been great advances in addressing the sacalability issue of Problem 6.2.

Existing work addresses the problem from one of the following directions:

1. streaming setting: reduce the centralized greedy algorithm to a more time and memory

efficient streaming algorithm.

2. distributive setting: reduce the computationally difficult problem into many feasible

subproblems that can be solved in parallel.

3. single compute setting: reduce the complexity in both the time and memory of the

algorithm so that it can run feasibly on a single machine.

A detailed survey on existing work for this problem was given in Section 1.5.5. In this chapter,
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we propose a multi-stage framework (MULTGREED) that scale up the greedy algorithm in a
single computing setting. In particular, the proposed framework directly addresses the time

and memory complexity issues of running LAZYGREED in three ways:

1. reducing the number of function evaluations required for the algorithm,

2. decreasing the complexity of function evaluations by using simpler surrogate (proxy)

functions,

3. reducing the ground set size.

Though quite different in spirit from the distributive framework, our approach could easily
be performed in concert with existing distributed algorithms. For instance, we can apply
MULTGREED instead of LAZYGREED for solving each sub-problem in [Mirzasoleiman et al.,
2013]. Conversely, their distributed procedure could also be used to solve the sub-problem
in each stage of MULTGREED. The theoretical analysis for both frameworks could easily be
combined with each other, and they could be integrated to provide still more efficient large-
scale algorithmic frameworks for these problems. Hence, our approach is complementary to
the existing distributive architectures, although in this chapter we will concentrate on our

novel multi-stage uni-processor approach.

We structure the remaining chapter as follows. Section 6.1 gives an overview of our
framework. In Section 6.2, we theoretically analyze its performance while Section 6.3 offers
several choices of surrogate functions for certain practical and useful classes of submodu-
lar functions. In Section 6.4, we focus on the design of MULTGREED on a broad range of
submodular functions, and instantiate our general framework for several submodular func-
tions, thereby providing recipes for many real-world problems. In Section 6.5, we empirically

demonstrate the performance of MULTGREED.
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6.1 Multi-Stage Algorithmic Framework

Often in applications, there is a desirable in quality but prohibitive in computational com-
plexity submodular function that we shall refer to as the target function f. We assume a
ground set size of n = |V, a cardinality constraint of ¢, and that the optimal solution to
Problem (6.2) is SOFT.

For completeness, we describe here how LAZYGREED accelerates the naive greedy imple-
mentation. The key insight is that the marginal gain of any element v € V' is non-increasing
during the greedy algorithm (a consequence of the submodularity of f). Instead of recomput-
ing f(v|S;_1) for each v, the accelerated greedy algorithm maintains a list of upper bounds
p(v) on each item’s current marginal gain. They are initialized as p(v) < f(v) for each
v € V, and sorted in decreasing order (implemented as a priority queue). In iteration i,
the algorithm pops the element v off the top of the priority queue and updates the bound
p(v) < f(v]S;). v is selected if p(v) > p(u), where u is at the current top of the priority
queue, since submodularity in such case guarantees that v provides the maximal marginal
gain. Otherwise, we appropriately place the updated p(v) back in the priority queue and
repeat.

To this end, we consider three schemes to further accelerate LAZYGREED: (a) reduce the
number of function evaluations (Approximate greedy), (b) reduce the complexity of function
evaluations (using simpler proxy functions), (c¢) reduce the ground set size (Pruning). This

ultimately leads to our multi-stage greedy framework MULTGREED.

Approximate greedy

In this part, we introduce a mechanism called APPROXGREED, to reduce the number of
function evaluations in LAZYGREED. We give a theoretical analysis for APPROXGREED in
Section 6.2 — the current section defines and then offers intuition for the method. The key
idea of APPROXGREED is that it does not insist on finding the item that attains exactly

the maximum marginal gain in each iteration, but instead, looks for an item whose marginal
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gain is close to this maximum. APPROXGREED only modifies LAZY GREED by weakening the
selection criteria in each iteration. More formally, if an item v is selected by LAZYGREED,
the optimality of its marginal gain is guaranteed if the ezact condition p(v) > p(u) (u is the
current top of the priority queue) is met. APPROXGREED relaxes this to an approzimate
condition p(v) > Pp(u), where 0 < f < 1. Since a potentially large number of items’
marginal gains need to be reevaluated until the exact condition is met, using the approximate
condition could effectively reduce the number of function evaluations at a loss of the original
guarantee. The parameter 5 controls the level of sub-optimality: the smaller 3 is, the
number of function evaluations reduces as does the performance guarantee. In other words,
APPROXGREED, as an approximate scheme to LAZYGREED, has its performance guarantee
carried over from that of LAZYGREED, with an additional level of approximation governed
by the value 3 (the formal guarantee of (1 — e™#) is given in Lemma 6). We would like to
point out the resemblance of APPROXGREED to the recently proposed fast greedy algorithm
for Problem 6.2 [Badanidiyuru and Vondrdk, 2014]. Similar to APPROXGREED, they seek
to identify an item whose marginal gain is within a fraction 8 of the maximum marginal gain
in each iteration and yield the an approximation factor of (1 —e=#). Unlike their algorithm,
APPROXGREED builds on top of the LAZY GREED, hence, further exploits the submodularity.
Though quite similar in spirit, APPROXGREED might run significantly faster, in practice,

than their algorithm, while yielding the same performance guarantee.

APPROXGREED can be further generalized by setting the value of 8 individually for each
iteration, i.e., a sequence {B;}_; = {B1,...,B¢}. Intuitively, we would design {8;}{_, to
be non-decreasing, i.e., the allowed sub-optimality decreases as the algorithm proceeds. The
reason for this is that a less accurate selection at the begin has a chance of being corrected by
more accurate selection in later iterations. One possible schedule would be §; = c+175(i—1),
where ¢ < 1 determines the initial sub-optimality degree of the algorithm. Then, §; grows
linearly in ¢ from ¢ to 1, and the choice of ¢ determines the trade-off between the running
time reduction and performance guarantee loss. Given f, ¢, and {f;}{_,, we shall instantiate

the approximate greedy procedure as S € APPROXGREED(f, ¢, {5 }i_,).
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Algorithm 9: MULTGREED: A Multi-Stage Greedy Alg.
1 Input: f, ¢, J, {f; }']:17 {gj}jjzla {Bi}izs

2 Initialization: C' + (), L < 0;

3 forj=1...Jdo

4 | Define Fj(S) £ £;(S|C) for all S CV;

5 S € APPROXGREED(Fj}, ¢, {f; fjfil);

6 L=L+ Ej;

7 C+CuUS,

Output C

0]

Multi-stage framework

APPROXGREED yields effective reduction on the number of function evaluations in LAZY-
GREED, however, the complexity of each function evaluation could still be so high that the
greedy procedure is rendered impractical. To address this issue, we propose an approach,
MULTGREED, that utilizes classes of simple surrogate functions which could be applied to a
broad range of submodular functions. The idea is to optimize a series of surrogate (proxy)

functions instead of optimizing the target function f.

Given a sequence {3;}{_,, a set of cardinality constraints {1, ..., ¢;} such that ijl l; =
¢ and ¢; > 0,Vj, and a corresponding set of J surrogate (proxy) submodular functions
{f;}/=1, we define our framework MULTGREED as shown in Algorithm 9. The series of the
surrogate functions should be designed in increasing order of complexity, and at the last
stage of MULTGREED, f; can even be the target function f. The algorithm should typically
start with a computationally simple surrogate submodular function f; (which could even
be modular). Since the surrogate functions f;’s are designed to be computationally cheaper

than the target function f, and since APPROXGREED is applied instead of LAZYGREED in

each stage, we are guaranteed to achieve an overall reduction in computation. In practice
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(see Section 6.4 and 6.5), we often observe an instance of MULTGREED with J = 2 suffices
to yield good enough performance and complexity reduction as well, though our results are

much more general.

Pruning: In addition to the above two schemes, it is also desirable to prune out items of the
ground set that will never be chosen anyway, especially for large-scale data set. This is com-
monly done for submodular minimization [Fujishige, 2005, Iyer et al., 2013b]. Arbitrary prun-
ing procedures, however, can significantly weaken the theoretical guarantee for Problem 6.2.
We introduce here a simple new method that can prune away items without a corresponding
performance loss. Consider the sequence of items {uy,...,u,} ordered non-increasingly in
terms of their gain conditioned on all other items, i.e., f(ug|V \u1) > -+ > f(un|V \ un).

For an instance of Problem 6.2 with cardinality constraint ¢, we have the following Lemma:

Lemma 5. LAZYGREED applied on the reduced ground set V = {j € V|f(j) > f(ueV \ue)}
15 equivalent to that applied on the ground set V.

The proofs for all the results in this chapter are deferred to Appendix. This procedure
can easily be implemented in parallel, since f(j) and f(j|V \ j) can be computed indepen-
dently for all 7 € V. The pruning procedure is optional and is applicable only when the
complexity of evaluating f(u|V \ u) is no greater than that of f(u). This is the case, for
example, in our graph-based submodular functions. It is not true, however, for the entropy-
based functions, nor the log-determinant style functions. Otherwise, the complexity of the
pruning procedure could potentially even dominate that of LAZYGREED, rendering it use-
less. MULTGREED may optionally start with this ground set pruning step, but it does not
influence our analysis.

Our analysis of Algorithm 9 is given in Section 6.2, while in Section 6.3, we illustrate
examples on how to design surrogate functions. In Section 6.4, we shall instantiate our
framework and provide recipes for choosing the parameters of MULTGREED for several

submodular functions which occur as models in real world applications.
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6.2 Analysis

In this section, we formally analyze the methods presented in Section 6.1. We first define
several crucial constructs that will facilitate this analysis.

Greedy ratio: We define a new construct we call the greedy ratio that will quantify the
performance of a given instance of MULTGREED, which is characterized by the parameters:
{fiY_1, {6;}-,, {B:}i=,. Guidelines on how to design the parameters of the multi-stage
framework for several natural instances of useful submodular functions are given in Sec-
tions 6.3 and 6.4, but for now assume they are given. Let sq, ..., sy, be the sequence of items
selected by the instance of MULTGREED. Let S; = {s1,..., s;}, be a set element of the chain
S, CSyC---C Sy, with Sy = 0.

Define the individual greedy ratio o; for i =1,... ¢ as:

_ InaXyey f(u|Si—1)

R T PRI

(6.3)

Each «; captures the ratio of the marginal gain of the greedily selected element to the
marginal gain of the element s; selected by MULTGREED. Therefore, «; is a function of both
the target function f but also, indirectly via ordered list (sy, s, ..., s;), all of the remaining
parameters {f;}X,, {6}, {8}, Also, since max,cy f(u|S;_1) > f(s:i]Si_1), we have
that a; > 1,Vi. Moreover, since under APPROXGREED we have f(s;|S;-1) > B;f(u|S;-1) for
all w € V'\ S;_1, it follows that «; < 1/p; for each i.

The list {a;}%, collectively measures the quality of the multi-stage framework. We
therefore define the greedy ratio o to be an aggregation of the individual greedy ratios.
While there are many ways of aggregating, the harmonic mean, as we will show, provides

the tightest characterization. We thus define the greedy ratio o as:

oot (6.4)

> e
The greedy ratio, as we shall see, will provide a tight approximation guarantee. Ideally, we

would like to have each individual greedy ratio o; = 1 for all ¢, and thus a greedy ratio of
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a = 1. In particular, our strategy for choosing surrogate functions and other parameters is

to induce a greedy ratio that is as small as possible.

Curvature: Another important construct we shall need is the curvature (defined in Sec-
tion 1.4.4). Given a submodular function f, recall that x;(S) as the curvature of f with

respect to a set S is defined as follows:

ky(S) =1—min (6.5)

k¢(S) lies in the range of [0, 1], and is monotonically non-decreasing in S. It measures the
distance of f from modularity and x; = 0 if and only if f is modular (or additive, i.e.,
J(S) =>,cs f(i)). The total curvature [Conforti and Cornuejols, 1984] y is then sz(V).

We now provide our main result:

Theorem 13. Given a target submodular function f with total curvature k¢, an instance of

MULTGREED with greedy ratio o is gquaranteed to obtain a set Sy s.t.

FS) 1 P
f(SOPT)EK_f(l_(l_@)E )Zﬁ—f(l—e *)
> (1—e0)

Conversely, for any value of « > 1 and Ky € [0,1], there exists a submodular f with the
total curvature Ky, on which an instance of MULTGREED with the greedy ratio o achieves

an approzimation factor H—lf(l —(1— é)enf)'

Theorem 13 states that MULTGREED’s guarantee is quantified tightly by the greedy
ratio a. Moreover, the bound is, indirectly via «, dependent on all the parameters {f;}X,,
{6YE {8}, of MULTGREED. Theorem 13 generalizes bound %(1 — e *f) [Conforti and
Cornuejols, 1984] when a = 1. By accounting for curvature, the bound %(1 — e~ ") itself
generalizes the well-known result of 1 — 1/e for LAZYGREED on Problem 6.2. Also, as an
immediate corollary of Theorem 13, we obtain the theoretical guarantee for APPROXGREED

in terms {5 }¢_,.
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Lemma 6. Given a submodular function f with total curvature k¢, APPROXGREED(f, £, {B}i_)

is guaranteed to obtain a set Sy: (here B =1/ Zle Bi)

f(Se) 1 B e, 1
Wzﬁ_f(l_(l_z)e )Zli_f

> (1 - e_ﬁ)v

(1 — e "f)

If the {3;}i_, are set as 3; = ¢+ 5% with 0 < ¢ < 1 (c.f. Section 6.1), we have
B> % > % Hence, this choice endows APPROXGREED with a solution having a factor no
worse than 1 — e~1/2 ~ 0.39.

The performance loss in MULTGREED comes from two sources, namely the approximate
greedy procedure and the surrogate functions. To simplify our analysis, we henceforth utilize
only the exact greedy algorithm, (Vi,3; = 1). It should be clear, however, that our results
will immediately generalize to the approximate greedy case as well.

The greedy ratio « is the harmonic mean of the values {a;}‘_, that themselves can be
partitioned into J blocks based on the J stages of MULTGREED. For j = 1...J, define
L= Z;,:l lyr,and let I; = {L; 1+ 1,L; 1 +2,...,L;} be the set of ¢; indices for the j
block. Each stage j provides a bound on the greedy ratio since a < £/ 3. 71 Ja;. As a
particularly simple example, if the target function f itself were to be utilized as the surrogate
in the j*™ stage for ¢; items, then each corresponding greedy ratio has value a; = 1 leading to
the bound o < ¢/¢;. Therefore, from the perspective of this upper bound, one is afforded the
opportunity to design each stage semi-independently. On the other hand, to achieve a given
desired «, it is not possible to design the stages entirely independently since the individual

greedy ratios interact within the harmonic mean.

Generalization to knapsack constraint: Besides its flexibility in giving theoretical anal-
ysis of MULTGREED, the greedy ratio can work in a broader scenario. Consider a more

general formulation of Problem 6.2 as:

C(Sggggf@) (6.6)
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where ¢(S) = > g c(v) with ¢(v) > 0 being the cost of v € V and b is the budget constraint.
The problem becomes maximizing a monotone submodular function under a knapsack con-
straint (see Problem 4). Note many problems in machine learning applications, including
sensor placement [Leskovec et al., 2007], document summarization [Lin and Bilmes, 2011],
social networks [Singer, 2012] and speech data subset selection (see Chapter 2), are formu-
lated in this form. Recall that a modified variant of the greedy algorithm (Alg. 5) solves this
problem with a factor 2(1 — e™!) [Krause and Guestrin, 2005b]. Here, we call this variant
the knapsack greedy algorithm

The knapsack greedy algorithm differs from LAZYGREED in two aspects: (a) it, in each
iteration, greedily selects the element that maximizes the marginal gain normalized by its

cost, Le., finding s; € argmax,cng, , f(“!(SJ)*I); (b) it compares the final solution of the

greedy algorithm with the maximum singleton value with cost under the budget constraint
B, ie., max.cv,e)<p f(e), and outputs the maximum of the two. The multi-stage framework
designed to solve Problem 6.2 can be adapted to incorporate the above two modifications
and applied to Problem 6.6. Assume an instance of the multi-stage procedure stops at
iteration NV, we denote the chain of items selected as {s1,..., sy}, with S; = {s1,...,s;} for

t=1,...,N. We generalize the definition of the individual greedy ratio as:

| MaXuev\s; —f(qﬁ(%)_l) 6.7
& = f(silSi-1) (6.7)
c(si)
for i =1,...,N. And define the knapsack greedy ratio as
B/
a= (6.8)

N  c(s;
S

where B’ = Zf;l c(s;). It is worth pointing out the previously defined greedy ratio is a

special case of the knapsack greedy ratio, where ¢(v) =1 for v € V.

Theorem 14. Given a target submodular function f, an instance of MULTGREED with

knapsack greedy ratio a is guaranteed to obtain a set S s.t.

F(8) > =(1— e a) f(SOFT) (6.9)

N —
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where SOFT € argmaxgcy.s)<p f(5)-

Theorem 14 generalizes the approximation factor %(1 —e™!) [Krause and Guestrin, 2005b]

where the knapsack greedy ratio is 1.

Generalization to submodular set cover problem: Closely related to Problem 6.6,

the submodular set cover problem [Wolsey, 1982] is formulated as:

min c(9) (6.10)
f($)zf(V),ScV

where f is a monotone submodular function and the same as before, ¢(S) = > ¢ c(v) with
c(v) > 0 being the cost of item v. The same knapsack greedy algorithm solves Problem
6.10 with log factor approximation guarantee [Wolsey, 1982]. Therefore, the same multi-
stage greedy framework that solves Problem 6.6 can be carried over to solve Problem 6.10.
Given the observation that Problem 6.6 and 6.10 are duals of each other in that solution
for one problem can be efficiently transformed to a solution for the other with bi-criterion

approximation guarantee [Iyer and Bilmes, 2013|, we obtain the following result.

Theorem 15. An instance of MULTGREED that solves Problem 6.6 with the knapsack greedy

ratio o returns a solution that can be transformed to a solution S for Problem 6.10 such that

o(8) < e(SOT) and f(S) > S(1—ea)f(V), (6.11)

N —

where SOFT ¢ argmaxgcy, ¢(s)>£(v) c(S)

The solution only satisfies approximate feasibility to Problem 6.10. Theorem 15 shows
that an instance of the multi-stage knapsack greedy algorithm provides constant factor bi-
criterion approximation guarantee, although Problem 6.10 does not admit any constant-

factor approximation algorithms [Feige, 1998].

6.3 Surrogate Functions

In this section, we investigate the interplay between the greedy ratio and several choices of

surrogate functions for classes of submodular functions which appear often in practice. Since



159

providing bounds on the performance of each stage individually implies an upper bound on
the greedy ratio, we shall restrict ourselves to the analysis of the surrogate function at a given
stage 7, and the final performance guarantee is easily obtained by combining the guarantees

for the different stages.

Uniform Submodular Mixtures: We first consider a class of submodular functions that
can be represented as
= 7 ; fi(S (6.12)
where |7| > 1, and f; is monotone submodular V¢t € 7. We name this class uniform sub-
modular mixtures as they are similar to the submodular mixtures previously defined in the
context of learning [Lin and Bilmes, 2012]. They are also similar to the decomposable sub-
modular functions of [Stobbe and Krause, 2010] but without the requirement that f;(S) be a
non-decreasing concave function composed with a non-negative modular function. A number
of natural submodular functions (e.g., facility location function, feature based submodular
function, saturated coverage function, set cover function, etc.) belong to this class.
The complexity of evaluating f is determined both by | 7| and the complexity of evaluating

individual f;’s. Given such an f, a natural class of random surrogates takes the form

Z fi(S (6.13)

€T’

sub
P = 17
where 7/ C T, and T is generated by sampling individual elements from 7 with probability
p. As p decreases, so does the complexity of evaluating ]?sub but at the cost of a worse
approximation to f. Applying a random function fSUb derived in this way to MULTGREED,

and assuming |f,(S)| < B,Vt € T,S C V, we obtain:

Lemma 7. Using the surrogate uniform mixture fSUb for stage j in MULTGREED gives

individual greedy ratios of

1
].SO[Z‘S]_—,\V/Z.GIJ', (614)
— €
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_ np(g9)2e?

with probability 1 — &, where § = (1 — 5n'e” 657 ) and ¢* = max,es, , f(ulSi—1) > 0.

Fixing §, a smaller value of probability p yields a higher value of €, weakening the bound
on each «;. Fixing both 0 and ¢, increases in the ground set size n = |V| could yield a choice
of surrogate function fsub having a smaller sampling probability p and thus that is easier
to evaluate. More importantly, fixing § and p, € can be made arbitrarily close to 0 for n
sufficiently large, a result that is of great interest for very large-scale problems. We shall use

this result to provide bounds for several instances of submodular functions in Section 6.4

Modular Upper bounds: = We next focus on a class of surrogate functions applicable
to general submodular functions. Given a submodular function f, its simple modular upper

bound is given as

frod(s) =37 f(s). (6.15)

seSs

For some submodular functions such as entropy (including Gaussian entropy and the
log det functions used for DPPs) or mutual information, evaluating med(S) is very easy,
while evaluating f(.S) might sometimes even require computation exponential in |S|. Though
extremely simple, this class nevertheless can act as an efficient class of surrogate functions
especially useful when the target function is not very curved. med is not only easy to
optimize exactly, but it has previously been considered as a surrogate for various other forms
of submodular optimization. The curvature sy, by definition, measures how close f is to
being modular. If a modular surrogate function med, for general submodular function
f, is applied within MULTGREED, we can thus bound the individual greedy ratio via the

curvature:
Lemma 8. Using the modular upper bound as a surrogate function, it holds that

1§O!7,§ ,Vielj

1— /ﬁ?f(Sifl)
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Unsurprisingly, we see that the less curved the target function f is, the tighter bound

fmod Lorforms as a surrogate. In particular, if f is modular, i.e.,

on «;’s, and the better
ky = 0, then, all individual greedy ratio c;’s are tightly bounded as 1. Lemma 8 also implies

that the bound of the individual greedy ratio weakens as ¢ increases, since ) increases

1
I—H(Si_l
with . Therefore, this modular proxy, if applied, is best done in the first (or at most early)

stages of MULTGREED.

Graph based Submodular functions: = We focus next on a class of submodular func-
tions based on an underlying weighted graph and hence called graph-based. Many submodular
functions used in machine learning applications belong to this class [Kolmogorov and Zabih,
2004, Wei et al., 2013, Liu et al., 2013, Lin and Bilmes, 2011]. These functions require O(n?)
time to compute and store, which is not feasible for large n.

To form surrogates for the class of graph-based submodular functions, a natural choice
is to utilize spanning subgraphs of the original graph. One choice is the k-nearest neighbor
graph (k-NNG), defined as the spanning subgraph formed with each vertex v € V' connected
only to its k£ most similar neighbors (under the similarity score given by the edge weights).
k-NNG has found great utilities in many machine learning applications [Shah et al., 2011,
Boiman et al., 2008]. We write fk'NNG as the surrogate function defined on a k-NNG for a
graph-based submodular function f. The sparsity of the k--NNG depends on the value of k.
The denser the graph (higher k), the costlier both the function evaluations and the memory
complexity becomes. In Section 6.4, surprisingly we will show that fk'NNG, even for k as

sparse as O(logn), can be good enough for certain graph-based functions.
6.4 Instantiations with Real World Submodular functions

Given the previously defined machinery to analyze MULTGREED, we now focus on a broad
range of submodular functions that appear as models in real world applications, and pro-
vide guidelines on how to design the surrogate functions as well as how to choose the size

constraints. We investigate the following special cases: 1) the facility location function, 2)
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saturated coverage function, 3) feature based function. We focus on analyzing the theoret-
ical guarantees for these functions here and demonstrate the performance of some of these

empirically in the next section.

Facility location function: Given a weighted graph G = (V,E), with w,, the edge
weight (i.e., similarity score) between vertices u and v for u,v € V, the (uncapacitated)

facility location function is defined as

Jfac(S)= ) maxw,,. (6.16)

) ues
Define w as k-NNG counterpart of w, i.e., w;; = w;; if j is among the k nearest neighbor
of ¢, and w;; = 0, otherwise. To establish that ffl; g\ING, even with very sparse k, is a
good approximation of fg, ., we rely on a key observation: max;esw;; = maxjeg w;; holds
if the set S contains at least one item that is among the k nearest neighbor of 7. Thus,
showing that f%{a_ é\ING(S) = ffac(S) is equivalent as showing that the set S contains at
least one item that is among the k nearest neighbor of item ¢ for any ¢ € V. Let’s denote
w; = {w;1,...,w;n} as the vector containing the weights on all edges out of the vertex i. To
this end, we assume that the ranking of any item 7 € V among the vector wj; for any i € V
is uniformly distributed over {1,2,...,n} and that the ranking of j in one weight vector w;

is independent of its ranking in another.

Lemma 9. For the facility location function, we have:
FNG(S) = F1e($),YS CV st |S] > m, (6.17)
with probability at least (1 — @), and the sparsity of the k-NNG being at least

). (6.18)

Assuming that m, n are in the same order and that 6 is a constant, we have lim,, o, n[1 —

(%)%] = O(logn). The Lemma implies that with high probability, ffka_ (1:\TNG and fg,. share
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the same function value for any sets of size greater than some threshold m, where the k-NNG
can be as sparse as k = O(logn).

By Lemma 9, f%;’ é\I NG alone provides a good approximation for fg,.. It thus suffices,
in this case, to apply a single-stage greedy algorithm (MULTGREED with J = 1) using
ffka' CNNG as the surrogate. As a concrete example, consider an instance of the procedure
with & = 0.05, n = 10%, k = 0.009n, and ¢ = 0.1n. Then, Lemma 9 implies that with
probability 95%, f%;‘g\ING(S) = [fac(S) holds for any [S| > 0.00186n, giving an individual
greedy ratio of o; = 1 for 0.00186n < ¢ < 0.1n. The greedy ratio «, defined as the harmonic
mean of {a;}¢_;, is then bounded as o < 1.02, which guarantees a solution in this instance
close to optimum, thanks to Theorem 13.

Saturated coverage function: Successfully applied in document summarization [Lin

and Bilmes, 2011], the saturated coverage function is another subclass of graph-based sub-

modular functions, defined as

fsat(S) = Zmln{z wv,uagzwv,u}a (619)

veV ues ueV
where 0 < £ < 1 is a hyperparameter that determines the saturation ratio. The class of
uniform submodular mixtures includes fga¢. In this case, we can construct a two-stage
greedy algorithm, where the modular upper bound med and a sampling based function

f sub (with sampling probability p) are used as the two surrogates.

Lemma 10. Given the saturated coverage function, an instance of MULTGREED with the

maXy,y Wu,v

min(y, »)e B(G) Wu,v’

size constraints (1 = Lﬁ] and Uy = max{0,{—{,} (wherey = assuming

all extent graph edges are positively weighted) yields a solution with the individual greedy

ratios
a; =1, fori=1,...,0
And with probability 1 — 9,

1
1§ai§1—, fori=40,+1...¢
—€
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where § = (1 — bn'e” o157 ) and ¢ = max,es, , f(ulSi—1) > 0.

A main intuition of this result, is that fy,t is modular up to set of size ¢;. Hence it
makes sense to use med for these cases. Similarly for the second stage, it is reasonable to

use

#8Ub with an appropriate p.

Feature based submodular function: Successfully applied in the case studies on
speech data subset selection (Chapter 2) and batch active learning (Chapter 4), the feature
based submodular function can also be efficiently optimized using MULTGREED. Recall that
the feature based submodular function has the following form:

uelU

where ¢ is concave, U is a set of “features”, w, > 0 is the weight for the feature u, and
cu(S) = > ,cqcu(s) is a non-negative modular score for feature v € U in set S, with c,(v)
measuring the degree to which item u possesses feature u. Here, we consider a special case
of the feature based function with the concave function of the form g(z) = 2% for 0 < a <1
and the weights w, = 1,Vu € U. Again, ff,, is a member of the class of uniform submodular
mixtures. The curvature of fg,, is governed by the curvature of the concave function g and

thus is determined by a. We can construct a two-stage procedure similar to that for fg,¢,

where we optimize over M4 and 5Ub with a suitable choice of the sampling probability

p.

Lemma 11. Given the feature based submodular function, an instance of MULTGREED with
the size constraints being {1 and {5, yields a solution with the individual greedy ratio bounded

as:
1<a; <O@6EY), fori=1,...,04
And with probability 1 — 9,

1
1§ozi§1—, fori=0+1...¢
—€

np(g%)2e?

where § = (1 — bn'e” e57 ) and ¢ = max,evs, , f(ulSi—1) > 0.
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Figure 6.1: A comparison of the function values (top row), the running time (middle row),
the greedy ratio (bottom row) between lazy greedy and our multi-stage approach, under
different choices of the surrogate function for f, . (left column), fea¢ (middle column), and

fteq (right column).

The lemma implies that with an appropriate choice of the sampling probability p for
fSUb, the performance loss in the second stage could be negligible. However, there is some
performance loss introduced by the first stage, depending on a and ¢;. The choices for ¢; and
{5 determine the tradeoff between loss of the performance guarantee and the computational
reduction: larger ¢; is chosen when computation is critical or when g is less curved (larger
values of a), while larger /5 is chosen when algorithmic performance is the priority or g is

more curved (smaller values of a).
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6.5 Experiments

We empirically test the performance of MULTGREED for three of the submodular functions
considered above. We address the following questions: 1) how well does MULTGREED per-
form compared to LAZYGREED, 2) how much relative time reduction can be achieved, 3)
how well does the greedy ratio perform as a quality measure, 4) how well does the frame-
work scale to massive data sets. We run experiments on two scenarios: 1) simulations with

medium sized data, 2) real world speech data selection on millions of ground elements.

6.5.1 Simulations

All simulations are performed on the same data with size |V| = 20,000, formed by randomly
sampling from a large speech recognition training corpus (the “Fisher” corpus). Each sample
pair has a similarity score, and the graph-based submodular functions f¢,. and fga¢ are in-
stantiated using the corresponding similarity matrix. A set of features F sized |F| ~ 75000
is derived from the same data to instantiate fg,,. In all runs of MULTGREED, we set {£;}{_,

_(1;1)[(1%) with ¢ = 0.5. Performance of MULTGREED and LAZY-

using the schedule 3; = ¢+
GREED is measured by the function valuations and the wall-clock running time. The optional
stage of pruning is performed only for fg,,, but not for fg, . fsat, since both fg, . and fqa
are very curved functions, for which the pruning procedure cannot effectively remove items.

For fg,.. use one stage with surrogates fk'NNG with & € {50, 100,200,300}. MuULT-
GREED gives about a 20-80 times speedup over LAZYGREED with at least 99.8% of the
standard greedy solution (first column of Fig. 6.1). For fq,¢, the saturation ratio & is set
as 0.25. Two stages using surrogate functions med and fsub are applied, under size con-
straints ¢; = L5(1f—g)+gJ = 0.05n, and fy = £ — ;. We test fSUb with various sampling
probabilities: p € {0.25%,0.5%,1%, 1.5%}. The results (2nd column of Fig. 6.1) show a
speedup of up to 250 with at least 99.25% the quality of LAZYGREED. Next, for fg,,, we set

g to be the square root function. Two stages of surrogates f mod 44 f Sub are applied. fSUb

is defined on a randomly selected feature subset of size 37,500. We test with different com-



167

5% | 10% | 20% | all

Averaged Random 38.2 | 35.1 | 344
Histogram-Entropy 37.6 | 34.2 | fail | 31.0
Multi-stage Submodular | 37.3 | 34.1 | 32.7

Table 6.1: Word error rates under averaged random, histogram-entropy, and the multi-
stage submodular chosen subsets at various sized percentages (lower the better). Histogram-
entropy result for the 20% condition is not available due to its objective’s saturation after

10%.

binations of size constraints ¢ and ¢y by setting ¢; € {0,0.25¢,0.5¢,0.75¢} with ¢y = ¢ — ;.
This gives about a 2-8 times speedup with at least 99.3% of LAZYGREED quality (right
column of Fig 6.1). Empirically, the greedy ratio is very tight since it is always close to
1. For most cases, it is a good indicator of the performance for function valuations, since
lower values of o always lead to higher performance of MULTGREED. For f, . and fgat, the
speedup reported does not include the potentially significant additional complexity reduction
on graph-construction. Especially for ff, ., efficient algorithms exist for fast (approximate)

construction of the k-NNG [Beygelzimer et al., 2006].

6.5.2 Speech Data Subset Selection

We next test the performance of MULTGREED on a very large-scale problem, where running
even LAZYGREED is infeasible. We address the problem of speech data subset selection
(Chapter 2): given a massive (speech) data set for training automatic speech recognition
(ASR) systems, we wish to select a representative subset that fits a given budget (measured
in total time) and train a system only on the subset. Problem 6.6 addresses this where the
objective is the facility location function ff,., and the pair-wise similarity between speech
samples is computed by TF-IDF kernel as defined in Chapter 2. We subselect 1300 hours

of conversational English telephone data from the “Switchboard”, “Switchboard Cellular”,



168

and “Fisher” corpora, which, in total, comprises 1,322,108 segments of speech (i.e., |V| =
n = 1,322,018). The estimated running time of LAZYGREED with f, . on such large data
is at least a week. Rendering the full O(n?) similarity matrix is even more impractical
due to memory requirements. We here test MULTGREED using f%{aj g\ING with the sparsity
of k-NNG set as £ = 1,000. MULTGREED, then, runs in only a few minutes, yielding a
speedup of more than a thousand over LAZYGREED! We measure the performance of the
selection by the word error rate (WER) of the ASR system trained on the corresponding
selected subset of the data. We test on different budget constraints (5%, 10% and 20% of
the whole speech data). We compare our selection against two baseline selection methods:
(1) averaged random method, where we randomly sample the data set at appropriate sizes,
train different ASR systems for each set, and average their WER; (2) a non-submodular
“histogram-entropy” based method, described in [Wu et al., 2007]. Table 6.1 illustrates that

our framework yields consistently superior results to these baselines.
6.6 Discussion

Certain other domains may be applicable to the analysis introduced in this chapter. In the
case of feature selection, for example, one may wish to optimize the mutual information func-
tion fi; = 1(Xg; C) which either is not submodular, or can become submodular by assuming
that the random variables Xy are independent given C' [Krause and Guestrin, 2005a]. In
either case, however, the complexity of evaluating f,); can be daunting, leading to previous
work suggesting a tractable surrogate fmi(S) = s [ X; O) =AY e 1(Xo; X)), where
A is a hyperparameter [Peng et al., 2005]. Under certain assumptions, this surrogate is in
fact equivalent to the original [Balagani and Phoha, 2010]. Unnoticed by these authors,
however, this function is submodular and non-monotone. We plan in the future to extend
our framework to additionally handle such functions.

We would also like to extend these ideas to other submodular optimization scenarios, like

submodular minimization [Fujishige and Isotani, 2011, Iyer et al., 2013a, Iyer et al., 2013b],

and the class of optimization problems involving submodular constraints [Iyer and Bilmes,
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2013] (which includes the submodular set cover, the submodular cost submodular set cover,
and the submodular cost submodular knapsack). While many of the algorithms for these
problems use proxy functions as surrogates, they often choose generic functions as proxies to
obtain theoretical guarantees. It will be interesting to see if an intelligent design of surrogate

functions, could yield better theoretical guarantees for real world problems.
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Part 11
DATA PARTITIONING

So far, we have mainly focused on data summarization paradigm for addressing the big
data challenge. An alternative solution to this challenge is via parallelism or distributed
computation as will be done in Part II. The goal of data partitioning is to split the data
into multiple compute nodes such that the utility or the goodness of the data residing on
each node is high. In some other cases, an intelligent data partitioning scheme aims to
distribute data so as to minimize the communication and/or memory cost associated with
each compute node. As we will see in Part II, these problems can be naturally formulated in
terms of our novel submodular data partitioning problem. Similar to the data summarization
paradigm, the success of submodular data partitioning paradigm significantly hinges on the
appropriate utility model as well as efficient optimization algorithms. Given the success of
the case studies in Part I, we are now confident that submodular functions are appropriate
utility models for a number of machine learning tasks. Hence, our focus here is more on the
optimization component of the problem. In Chapter 7, we study various forms submodular
partitioning problems, for which we give efficient and/or tight approximation algorithms. In
Chapter 8, we give a concrete case study that applies submodular partitioning framework to

intelligently distributing data for parallel learning statistical models.
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Chapter 7

MIXED ROBUST/AVERAGE SUBMODULAR
PARTITIONING

This chapter studies the optimization algorithms for the two new mixed robust/average-
case partitioning problems as previously defined in Section 1.5.6. For completeness of this

Chapter, we redefine the problems as follows:

mell i

max [)\ min f;(AT) + %z’: fj(A}r)], (7.1)

Hllll’[l [)\ max f;(Al)

3|>'

i: ] (7.2)

where 0 < XA < 1, A & 1 — )\, the set of sets 7 = (AT, AZ,--- , A7) is an ordered partition
of a finite set V' (i.e, U;AT = V and Vi # j, AT N AT = ()), and II refers to the set of all
ordered partitions of V' into m blocks. In contrast to the notion of the partition often used
in the computer science and mathematical communities, we clarify that an ordered partition
7 is fully characterized by both its constituent blocks { AT}, as well as the ordering of the
blocks. The parameter A controls the objective: A = 1 is the average case, A = 0 is the
robust case, and 0 < A < 1 is a mixed case. In general, Problems 7.1 and 7.2 are hopelessly
intractable, even to approximate, but we assume that the fi, fo,--- , f,, are all monotone
non-decreasing (i.e., f;(S) < fi(T) whenever S C T'), normalized (f;(0) = 0), and submod-
ular (i.e., VS, T CV, f;(S)+ fi(T) > fi(SUT) + f;(SNT)). These assumptions allow us to
develop fast, simple, and scalable algorithms that have approximation guarantees, as is done
in this chapter. When minimizing, submodularity naturally model notions of interacting
costs and complexity, while when maximizing it readily models notions of diversity, summa-

rization quality, and information. Hence, Problem 7.1 asks for a partition whose blocks each



Problem 7.1 (Max-(Min+Avg))

Approximation factor

A = 0, BINSRCH [Khot and Ponnuswami, 2007] 1/(2m —1)
A =0, MATCHING [Golovin, 2005] 1/(n—m+1)
A =0, ELLIPSOID [Goemans et al., 2009] O(y/nm"/*1log nlog®? m)
A =1, GREEDWELFARE [Fisher et al., 1978] 1/2
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A = 0, GREEDSAT* (1/2 =6, 17575)

A =0, MMaX* O (min AT D05 (D))

T A [Vmlog® m

A =0, GREEDMAX* 1/m

0 < A <1, GENERALGREEDSAT" A2
0 < X <1, COMBSFASWP* max{55%, A3}

0 < X< 1, CoMBSFASWP'™* max{min{a, % ,;\%, A\G}
1/2 [Golovin, 2005]

1 — 1/e [Vondrak, 2008]

A = 0, Hardness
A = 1, Hardness

Table 7.1: Summary of our contributions and existing work on Problem 7.1.2 See text for

details.

(and that collectively) are a good, say, summary of the whole. Problem 7.2 on the other
hand, asks for a partition whose blocks each (and that collectively) are internally homoge-
neous (as is typical in clustering). Taken together, we call Problems 7.1 and 7.2 Submodular
Partitioning. We further categorize these problems depending on if the f;’s are identical to
each other (homogeneous) or not (heterogeneous).! The heterogeneous case clearly general-
izes the homogeneous setting, but as we will see, the additional homogeneous structure can

be exploited to provide more efficient and/or tighter algorithms.

ISimilar sub-categorizations have been called the “uniform” vs. the “non-uniform” case in the past [Svitk-
ina and Fleischer, 2008, Goemans et al., 2009].
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Special cases of Problem 7.1 have appeared previously in the literature. Problem 7.1
with A = 0 is called submodular fair allocation (SFA), which has been studied mostly in
the heterogeneous setting. When f;’s are all modular, the tightest algorithm, so far, is to
iteratively round an LP solution achieving O(1/(y/mlog® m)) approximation [Asadpour and
Saberi, 2010], whereas the problem is NP-hard to 1/2+ ¢ approximate for any € > 0 [Golovin,
2005]. When f;’s are submodular, [Golovin, 2005] gives a matching-based algorithm with
a factor 1/(n —m + 1) approximation that performs poorly when m < n. [Khot and Pon-
nuswami, 2007] propose a binary search algorithm yielding an improved factor of 1/(2m —1).
Another approach approximates each submodular function by its ellipsoid approximation
(non-scalable) and reduces SFA to its modular version leading to an approximation factor
of O(y/nm!/* log nlog®? m). These approaches are theoretically interesting, but they either
do not fully exploit the problem structure or cannot scale to large problems. On the other
hand, Problem 7.1 for A = 1 is called submodular welfare. This problem has been extensively
studied in the literature and can be equivalently formulated as submodular maximization
under a partition matroid constraint [Vondrak, 2008]. It admits a scalable greedy algorithm
that achieves a 1/2 approximation [Fisher et al., 1978]. More recently a multi-linear exten-
sion based algorithm nicely solves the submodular welfare problem with a factor of (1 —1/e)
matching the hardness of this problem [Vondrak, 2008]. It is worth noting that the homo-
geneous instance of the submodular welfare with m = 2 generalizes the well-known max-cut
problem [Goemans and Williamson, 1995], where the submodular objective is defined as the
submodular neighborhood function [Iyer and Bilmes, 2013]. As far as we know, Problem 7.1
for general 0 < A < 1 has not been studied in the literature.

When A = 0, Problem 7.2 is studied as submodular load balancing (SLB). When f;’s
are all modular, SLB is called minimum makespan scheduling. In the homogeneous setting,

[Hochbaum and Shmoys, 1988] give a PTAS scheme ((1 + €)-approximation algorithm which

2Results obtained in this paper are marked as *. Methods for only the homogeneous setting are marked
as 7.

3Results obtained in this paper are marked as *. Methods for only the homogeneous setting are marked
as 7.
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Problem 7.2 (Min-(Max+Avg))

Approximation factor

A =0, BALANCED' [Svitkina and Fleischer, 2008]

min{m,n/m}

A =0, SAMPLING [Svitkina and Fleischer, 2008]

O(v/nTogn)

A =0, ELLIPSOID [Goemans et al., 2009]

O(v/nlogn)

A =1, GREEDSPLIT! [Zhao et al., 2004, Narasimhan et al., 2005] 2
A =1, RELAX [Chekuri and Ene, 2011a] O(logn)
_ R 2|AT |
A =0, MMIN X AT =)=y, (AT )
A =0, LovAsz ROouND* m
0 < A < 1 GENERALLOVASZ ROUND* m

0 < X< 1, COMBSLBSMP*

min{a%,ﬁ(mjwi- A}

0 < X< 1, ComBSLBSMP*

min{m, 29, B(mA+ \)}

A = 0, Hardness*

m

A = 1, Hardness

2 —2/m [Ene et al., 2013]

Table 7.2: Summary of our contributions and existing work on Problem 7.23.

runs in polynomial time for any fixed €), while an LP relaxation algorithm provides a 2-
approximation for the heterogeneous setting [Lenstra et al., 1990]. When the objectives are
submodular, the problem becomes much harder. Even in the homogeneous setting, [Svitkina
and Fleischer, 2008] show that the problem is information theoretically hard to approximate
within O(W)- They provide a balanced partitioning algorithm yielding a factor of
min{m,n/m} under the homogeneous setting. They also give a sampling-based algorithm
achieving O(m) for the homogeneous setting. However, the sampling-based algo-
rithm is not practical and scalable since it involves solving, in the worst-case, O(n®logn)
instances of submodular function minimization each of which in general currently requires
O(n®y 4+ n®) computation [Orlin, 2009], where v is the cost of a function valuation. Similar

to Submodular Fair Allocation, [Goemans et al., 2009] applies the same ellipsoid approxi-
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mation techniques leading to a factor of O(y/nlogn) [Goemans et al., 2009]. When A = 1,
Problem 7.2 becomes the submodular multiway partition (SMP) for which one can obtain a
relaxation based 2-approximation [Chekuri and Ene, 2011a] in the homogeneous case. In the
non-homogeneous case, the guarantee is O(log n) [Chekuri and Ene, 2011b]. Similarly, [Zhao
et al., 2004, Narasimhan et al., 2005] propose a greedy splitting 2-approximation algorithm
for the homogeneous setting. To the best of our knowledge, there does not exist any work
on Problem 7.2 with general 0 < A < 1.

In contrast to Problems 7.1 and 7.2 in the average case (i.e., A = 1), existing algorithms
for the worst case (A = 0) are not scalable. In this chapter, we close this gap, by proposing
three new classes of algorithmic frameworks to solve SFA and SLB: (1) greedy algorithms;
(2) semigradient-based algorithms; and (3) a Lovdsz extension based relaxation algorithm.

For SFA, when m = 2, we formulate the problem as non-monotone submodular max-
imization, which can be approximated up to a factor of 1/2 with O(n) function evalua-
tions [Buchbinder et al., 2012]. For general m, we give a simple and scalable greedy algorithm
(GREEDMAX), and show a factor of 1/m in the homogeneous setting, improving the state-of-
the-art factor of 1/(2m — 1) under the heterogeneous setting [Khot and Ponnuswami, 2007].
For the heterogeneous setting, we propose a “saturate” greedy algorithm (GREEDSAT) that
iteratively solves instances of submodular welfare problems. We show GREEDSAT has a
bi-criterion guarantee of (1/2 —6,5/(1/2 4 6)), which ensures at least [m(1/2 — §)] blocks
receive utility at least §/(1/2 + 0)OPT for any 0 < 6 < 1/2. For SLB, we first generalize
the hardness result in [Svitkina and Fleischer, 2008] and show that it is hard to approximate
better than m for any m = O(W) even in the homogeneous setting. We then give
a Lovdsz extension based relaxation algorithm (LOVASZ ROUND) yielding a tight factor of
m for the heterogeneous setting. As far as we know, this is the first algorithm achieving a
factor of m for SLB in this setting. For both SFA and SLB, we also obtain more efficient
algorithms with bounded approximation factors, which we call majorization-minimization
(MMIN) and minorization-maximization (MMAX).

Next we show algorithms to handle Problems 7.1 and 7.2 with general 0 < A < 1. We
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first give two simple and generic schemes (COMBSFASWP and COMBSLBSMP), both of which
efficiently combines an algorithm for the worst-case problem (special case with A = 0), and
an algorithm for the average case (special case with A = 1) to provide a guarantee inter-
polating between the two bounds. Given the efficient algorithms proposed in this paper
for the robust (worst case) problems (with guarantee ), and an existing algorithm for the
average case (say, with a guarantee (), we can obtain a combined guarantee in terms of
a,f and A. We then generalize the proposed algorithms for SLB and SFA to give more
practical algorithmic frameworks to solve Problems 7.1 and 7.2 for general A. In particular
we generalize GREEDSAT leading to GENERALGREEDSAT, whose guarantee smoothly inter-
polates in terms of A between the bi-criterion factor by GREEDSAT in the case of A = 0 and
the constant factor of 1/2 by the greedy algorithm in the case of A = 1. For Problem 7.2
we generalize LOVASZ ROUND to obtain a relaxation algorithm (GENERALLOVASZ ROUND)
that achieves an m-approximation for general \. Motivated by the computational limita-
tion of GENERALLOVASZ ROUND we also give a simple and efficient greedy heuristic called
GENERALGREEDMIN that works for the homogeneous setting of Problem 7.2.

We also demonstrate a number of applications of submodular partitioning in real-world
machine learning problems. We show Problem 7.1 is applicable in distributed training of
statistical models. Problem 7.2, on the other hand, is useful for data clustering, image
segmentation, and computational load balancing. In this chapter we empirically show the
efficacy of Problem 7.2 on an unsupervised image segmentation task. We defer the concrete
case study of applying Problem 7.1 to distributed training statistical models to Chapter 8. As
an outline of this chapter, we provide algorithms for SFA and SLB in Section 7.1. Algorithms
for Problems 7.1 and 7.2 with general A\ are given in Section 7.2. We demonstrate the appli-

cations of Problems 7.1 and 7.2 in Section 7.3. Experimental results are given in Section 7.4.
7.1 Robust Submodular Partitioning (Problems 7.1 and 7.2 when \ =0)

Here, we give some useful notations to facilitate the description of this chapter: we define

fG1S) = f(SUj) — f(S) as the gain of j € V in the context of S C V. Then, f is
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submodular if and only if f(j]S) > f(j|T) for all S C T and j ¢ T. Also, f is monotone iff
f(41S) > 0,v5 ¢ 5,5 C V. We assume w.l.o.g. that the ground set is V' = {1,2,--- /n}.

7.1.1  Approzimation Algorithms for SFA (Problem 7.1 with A =0)

We first investigate a special case of SFA with m = 2. When m = 2, the problem becomes

max g(A), (7.3)

where g(A) = min{fi(A), f2(V \ A)} and is submodular thanks to Theorem 16.

Theorem 16. If f; and fo are monotone submodular, min{fi(A), fo(V \ A)} is also sub-

modular.

All proofs for the theoretical results in this chapter are given in Appendix. Interestingly
SFA for m = 2 can be equivalently formulated as unconstrained submodular maximization
(see Problem 1 for more details). This problem has been well studied in the literature [Buch-
binder et al., 2012, Dobzinski and Mor, 2015, Feige et al., 2011]. A simple bi-directional
randomized greedy algorithm (see Algorithm 2) solves Eqn 7.3 with a tight factor of 1/2.
Applying this randomized algorithm to solve SFA then achieves a guarantee of 1/2 match-
ing the problem’s hardness. However, the same idea does not apply to the general case of
m > 2.

For general m, we approach SFA from the perspective of the greedy algorithms. Greedy
is often the algorithm that practitioners use for combinatorial optimization problems since
they are intuitive, simple to implement, and often lead to very good solutions. Here we intro-
duce two variants of a greedy algorithm — GREEDMAX (Alg. 10) and GREEDSAT (Alg. 11),
suited to the homogeneous and heterogeneous settings, respectively.

GreedMax: The key idea of GREEDMAX (see Alg. 10) is to greedily add an item with
the maximum marginal gain to the block whose current solution is minimum. Initializing
{A;}, with the empty sets, the greedy flavor also comes from that it incrementally grows
m fi(A;) until {A;}™, forms

the solution by greedily improving the overall objective min;—,

-----

a partition. Besides its simplicity, Theorem 17 offers the optimality guarantee.
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Algorithm 10: GREEDMAX
1: Input: f, m, V.

2 Let Ay —=,....— A, —0: R=V.
3: while R # () do

4 j* € argmin; f(A;);

5. a* € argmax,ep, f(alA;)

6: Ay« ApU{a*}; R+ R\ a*
7: end while

8: Output {4;}7,.

Theorem 17. Under the homogeneous setting (f; = f for all i), GREEDMAX 1is guaranteed

to find a partition © such that

‘min f(AF) > lmaX min f(A7). (7.4)

i=1,....m m well i=1,....m

By assuming the homogeneity of the f;’s, we obtain a very simple 1/m-approximation
algorithm improving upon the state-of-the-art factor 1/(2m — 1) [Khot and Ponnuswami,
2007]). Thanks to the lazy evaluation trick as described in [Minoux, 1978], Line 5 in Alg. 10
need not to recompute the marginal gain for every item in each round, leading GREEDMAX
to scale to large data sets.

GreedSat: Though simple and effective in the homogeneous setting, GREEDMAX
performs arbitrarily poorly under the heterogeneous setting. Consider the following example:
Vi={vi, v}, filvr) = 1, fi(v2) = 0, fi{vr, v2}) = 1, fo(vr) = 1+€ fo(2) = 1, fo{vr, 02}) =
2+ €. f1 and f5 are monotone submodular. The optimal partition is to assign v; to f; and
vy to fy leading to a solution of value 1. However, GREEDMAX may assign v; to fo and v,
to fi leading to a solution of value 0. Therefore, GREEDMAX performs arbitrarily poorly on
this example.

To this end we provide another algorithm — “Saturate” Greedy (GREEDSAT, see Alg. 11).

The key idea of GREEDSAT is to relax SFA to a much simpler problem — Submodular Wel-
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Algorithm 11: GREEDSAT
1: Input: €, {f;}2, m, V, a.

2: Let Fo(r) = =" min{f;(A]),c}.

1
3. Let Cmin = 07 Cmax = mini fl<v)

4: while ¢ — Cmin > € dO
S c= %(Cmax + Cmin)
6: ¢ € argmax, . F°(r) // solved by GREEDSWP (Alg 12)

7. if F°(7°) < ac then

8: Cmax = C

9: else

10: Cmin = C; T — 7€
11:  end if

12: end while

13: Output: 7.

fare (SWP), i.e., Problem 7.1 with A = 0. Similar in flavor to the one proposed in [Krause
et al., 2008a] GREEDSAT defines an intermediate objective F°(w) = Y f(AT), where
fE(A) = L min{f;(A),c} (Line 2). The parameter ¢ controls the saturation in each block.
It is easy to verify that ff satisfies submodularity for each i. Unlike SFA, the combinatorial
optimization problem max < () (Line 6) is much easier and is an instance of SWP, which
can be cast as maximization of submodular function under a partition matroid constraint
(Problem 3). We solve Line 6 using the greedy algorithm as described in Alg. 4, which attains
a constant 1/2-approximation [Fisher et al., 1978]. For completeness, we also describe the
implementation detail of this algorithm in Alg. 12. Moreover the lazy evaluation trick also
applies for Alg 12 enabling the wrapper algorithm GREEDSAT scalable to large data sets.

One can also use a more computationally expensive multi-linear relaxation algorithm as given

in [Vondrék, 2008] to solve Line 6 with a tight factor o = (1 — 1/e). Setting the input argu-
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Algorithm 12: GREEDSWP
Input: {fi}™%,, ¢, V
Initialize: A; =,...,= A,, =0, and R« V
while R # () do

fori=1,...,m do
0; = max,eg min{ f;(A4; Ur), c} — min{ f;(4;), c}
a; € argmax,.p min{ f;(A4; Ur),c} — min{ f;(4;), c}
J € argmax; 0(7)
Ay A;jU{a;}
| R+ R \ a;
Output 7¢ = (Ay, ..., An).

ment « as the approximation factor for Line 6, the essential idea of GREEDSAT is to perform
a binary search over the parameter ¢ to find the largest ¢* such that the returned solution
7¢" for the instance of SWP satisfies F" (7€) > ac*. GREEDSAT terminates after solving

O(log(w)) instances of SWP. Theorem 18 gives a bi-criterion optimality guarantee.

Theorem 18. Given e > 0, 0 < a <1 and any 0 < 0 < a, GREEDSAT finds a partition

such that at least [m(a — §)| blocks receive utility at least l_fw(maxﬂen min; f;(AT) —¢).

For any 0 < 0 < o Theorem 18 ensures that the top [m(a—J)]| valued blocks in the parti-
tion returned by GREEDSAT are (6/(1 —a+J) —e€)-optimal. ¢ controls the trade-off between
the number of top valued blocks to bound and the performance guarantee attained for these
blocks. The smaller ¢ is, the more top blocks are bounded, but with a weaker guarantee. We
set the input argument o = 1/2 (or & = 1—1/e) as the worst-case performance guarantee for
solving SWP so that the above theoretical analysis follows. However, the worst-case is often
achieved only by very contrived submodular functions. For the ones used in practice, the
greedy algorithm often leads to near-optimal solution ( [Krause et al., 2008a] and our own
observations). Setting a as the actual performance guarantee for SWP (often very close to

1) can improve the empirical bound, and we, in practice, typically set a = 1 to good effect.
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Algorithm 13: MMax
. Input: {f;}™,, m, V, partition 7°.

—_

2: Let t = 0.

3: repeat

4: fori=1,...,mdo

5: Pick a subgradient h; at Aft for f;.
6: end for

7. 7wt € argmax, o min; b (A7)

8 t=t+1;

9: until 7t = 7t=1

10: Output: 7 € argmax,_ .

-----

MMax: In parallel to GREEDSAT, we also introduce a semi-gradient based approach
for solving SFA under the heterogeneous setting. We call this algorithm minorization-
maximization (MMAX, see Alg. 13). Similar to the ones proposed in [Iyer et al., 2013b, Iyer
and Bilmes, 2013], the idea is to iteratively maximize tight lower bounds of the submodular
functions. Recall from Section 1.5.2 that submodular functions have tight modular lower
bounds, which are related to the subdifferential 0;(Y") of the submodular set function f at

a set Y C V. For easy reference, we redefine the subdifferential below:
Or(Y) ={y e R": f(X) —y(X) = f(Y) —y(Y) for all X € V'}. (7.5)

For a vector + € RY and X C V, we write 2(X) = Y,y 2(j). Denote a subgradient at ¥’
by hy € 0¢(Y), the extreme points of d¢(Y") may be computed via a greedy algorithm: Let
o be a permutation of V' that assigns the elements in Y to the first |Y'| positions (o(i) € Y
if and only if ¢ < |Y|). Each such permutation defines a chain with elements S§ = 0,

57 ={o(1),0(2),...,0()}, and S, =Y. An extreme point h{, of 9¢(Y’) has each entry as

hy (o (i) = F(S7) = F(S70)- (7.6)
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Defined as above, hf, forms a lower bound of f, tight at Y — i.e., h{-(X) = > h$(j) <
f(X),VX C V and hy(Y) = f(Y). The idea of MMAX is to consider a modular lower
bound tight at the set corresponding to each block of a partition. In other words, at iter-
ation t + 1, for each block 7, we approximate f; with its modular lower bound tight at Aft
and solve a modular version of Problem 1 (Line 7), which admits efficient approximation
algorithms [Asadpour and Saberi, 2010]. MMAX is initialized with a partition 7°, which is
obtained by solving Problem 1, where each f; is replaced with a simple modular function

Ji(A) = > .ca fila). The following worst-case bound holds:

Theorem 19. MMAX achieves a worst-case guarantee of

O(min -F (A7 - D —?)/ffi(Az- )
i |AT[/mlog” m

where & = (AT, --- | AT ) is the partition obtained by the algorithm, and

),

AW
rp(d) =1 veV f(v)

is the curvature of a submodular function f at A C V.

€ [0,1]

When each submodular function f; is modular, i.e., ks, (A) = 0,VA C V,i, the approx-

imation guarantee of MMAX becomes O( which matches the performance of the

é)
Vmlog®m?/’
approximation algorithm for the modular problem. When each f; is fully curved, i.e., k5, = 1,

we still obtain a bounded guarantee of O( . Theorem 19 suggests that the perfor-

é)
ny/mlog> m
mance of MMAX improves as the curvature xy, of each objective f; decreases. This is natural
since MMAX essentially uses the modular lower bounds as the proxy for each objective and
optimizes with respect to the proxy functions. Lower the curvature of the objectives, the
better the modular lower bounds approximate, hence better performance guarantee.

Since the modular version of SFA is also NP-hard and cannot be exactly solved in poly-
nomial time, we cannot guarantee that successive iterations of MMAX improves upon the

overall objective. However we still obtain the following Theorem giving a bounded perfor-

mance gap between the successive iterations.
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Theorem 20. Suppose modular version of SFA is solved with an approximation factor o < 1,

we have for each iteration t that

min f;(A7") > amin f;(A]"). (7.7)

7.1.2  Approzimation Algorithms for SLB (Problem 7.2 with A =0)

In this section, we investigate the problem of submodular load balancing (SLB). It is a
special case of Problem 7.2 with A = 0. We first analyze the hardness of SLB. We then
show a Lovész extension-based algorithm with a guarantee matching the problem’s hardness.
Lastly we describe a more efficient supergradient based algorithm.

Existing hardness for SLB is shown to be o(y/n/logn) [Svitkina and Fleischer, 2008].
However it is independent of m, and [Svitkina and Fleischer, 2008] assumes m = O(1/n/logn)
in their analysis. In most of the applications of SLB, we find that the parameter m is such
that m < n and can sometimes be treated as a constant w.r.t. n. To this end we offer a

more general hardness analysis that is dependent directly on m.

Theorem 21. For any ¢ > 0, SLB cannot be approzimated to a factor of (1 — €)m for any
m = o(y/n/logn) with polynomial number of queries even under the homogeneous setting.

Though the proof technique for Theorem 21 mostly carries over from [Svitkina and Fleis-
cher, 2008], the result strictly generalizes the analysis in [Svitkina and Fleischer, 2008]. For
any choice of m = o(+/n/logn) Theorem 21 implies that it is information theoretically hard
to approximate SLB better than m even for the homogeneous setting. For the rest of the
paper, we assume m = O(W) for SLB, unless stated otherwise. It is worth pointing
out that arbitrary partition w € II already achieves the best approximation factor of m that
one can hope for under the homogeneous setting. Denote 7* as the optimal partitioning for
SLB, i.e., 7* € argmin_. max; f(AT). This can be verified by considering the following:

m

max f(AT) < f(V) <Y f(AT) < mmax f(AT). (7.8)

=1
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Algorithm 14: LovAsz ROUND
1 Inmput: {fi}m,, {fi},, m, V.
2: Solve for {z}}7, via convex relaxation.

3: Rounding: Let A; =,...,= A,, = 0.

4: for j=1,...,ndo
5. 1 € argmax; zi(j); A; = A Uj
6: end for

7. Output 7 = {A;}",.

It is therefore theoretically interesting to consider only the heterogeneous setting.
LovaszRound: Next we propose a tight algorithm — LovAsz ROUND (see Alg. 14) for
the heterogeneous setting of SLB. The algorithm proceeds as follows: (1) apply the Lovész
extension of submodular functions to relax SLB to a convex program, which is exactly solved
to a fractional solution (Line 2); (2) map the fractional solution to a partition using the 6-
rounding technique as proposed in [Iyer et al., 2014] (Line 3 - 6). The Lovasz extension,
which naturally connects a submodular function f with its convex relaxation f , is defined as
follows: given any = € [0,1]", we obtain a permutation o, by ordering its elements in non-
increasing order, and thereby a chain of sets S¢* C, ..., C S7= with S7* = {0.(1),...,0.(j)}
for j =1,...,n. The Lovész extension f for f is the weighted sum of the ordered entries of

€.

n

fla) =) a(aa(Mf(S77) = F(S5520)). (7.9)

Jj=1

Given the convexity of the f;’s , SLB is relaxed to the following convex program:

min  max fi(z;), s.t le(j) >1,forj=1,....n (7.10)
i=1

Z1,...,m €[0,1]?
Denoting the optimal solution for Eqn 7.10 as {z7, ...,z }, the #-rounding step simply maps
each item j € V to a block 7 such that 7 € argmax; () (ties broken arbitrarily). The bound

for LovAsz ROUND is as follows:
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Theorem 22. LOoVASZ ROUND is guaranteed to find a partition & € II such that
max fi(A]) < mminmax f;(A])

mell

We remark that, to the best of our knowledge, LOVASZROUND is the first algorithm that

is tight and that gives an approximation in terms of m for the heterogeneous setting.

Algorithm 15: MMIN
. Input: {f;}™,, m, V, partition 7°.

—_

2: Let t=0

3: repeat

4. fori=1,...,mdo

5: Pick a supergradient m; at Aft for f;.
6: end for

7. Tl € argmin, . max; m;(AT)

8 t=t+1;

9: until 7t = 7t~1

10: Output: wt.

MMin: Similar to MMAX for SFA, we propose Majorization-Minimization (MMIN, see
Alg. 15) for SLB. Here, we iteratively choose modular upper bounds, which, recall from

Section 1.5.2, can be defined via superdifferentials 87(Y) of a submodular function at Y
HYV)={yeR": f(X)—y(X)< f(Y)=y(Y)forall X CV}. (7.11)

As shown in Section 1.5.2; there are specific supergradients that define the following two

modular upper bounds (when referring to either one, we use mﬁi):

mi (V) £ f(X) =Y fUIXN) +)_ fGI0),

jeX\Y JEV\X
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mi (V)2 F(X) =D fGIVA)+D . f(IX).

jeX\Y JEY\X

Then m,(¥) 2 f(¥) and mf,(Y) = F(V),9 C V and m,(X) = mf,(X) = f(X).
At iteration t 4+ 1, for each block 7, MMIN replaces f; with a choice of its modular upper
bound m; tight at AT and solves a modular version of Problem 2 (Line 7), for which there
exists an efficient LP relaxation based algorithm [Lenstra et al., 1990]. Similar to MMAX,

the initial partition 7% is obtained by solving Problem 2, where each f; is substituted with

fi(A) = > .ca fila). The following worst-case bound holds:

| AT
(AT [-1)(1—ryg, (ATT))

Theorem 23. MMIN achieves a worst-case guarantee of (2 max; n ), where

7t = (AT |-+, A™") denotes the optimal partition.

Similar to MMax, we can show that MMin has bounded performance gaps in successive

iterations.

Theorem 24. Suppose the modular version of SLB can be solved with an approzimation

factor a > 1, we have for each iteration t that

max f;(A") < amax f;(A]""). (7.12)

7.2 General Submodular Partitioning (Problems 7.1 and 7.2 when 0 < A < 1)

In this section we study Problem 7.1 and Problem 7.2, in the most general case, i.e., 0 <
A < 1. We use the proposed algorithms for the special cases of Problems 7.1 and 7.2 as
the building blocks to design algorithms for the general scenarios (0 < A < 1). We first
propose a simple and generic scheme that provides performance guarantee in terms of A for
both problems. We then generalize the proposed GREEDSAT to obtain a more practically
interesting algorithm for Problem 7.1. For Problem 7.2 we generalize LOVASZ ROUND to
obtain a relaxation based algorithm.

Extremal Combination Scheme: First we describe the scheme that works for both

problem 7.1 and 7.2. It naturally combines an algorithm for solving the worst-case problem
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(A = 0) with an algorithm for solving the average case (A = 1). We use Problem 7.1 as an ex-
ample, but the same scheme easily works for Problem 7.2. Denote ALGWC as the algorithm
for the worst-case problem (i.e. SFA), and ALGAC as the algorithm for the average case
(i.e., SWP). The scheme is to first obtain a partition 7r; by running ALGWC on the instance
of Problem 7.1 with A = 0 and a second partition 75 by running ALGAC with A = 1. Then
we output one of 7; and 7o, with which the higher valuation for Problem 7.1 is achieved.
We call this scheme COMBSFASWP. Suppose ALGWC solves the worst-case problem with
a factor @ < 1 and ALGAC for the average case with g < 1. When applied to Problem 7.2
we refer to this scheme as COMBSLBSMP (v > 1 and § > 1). The following guarantee holds

for both schemes:

Theorem 25. For any A € (0,1) COMBSFASWP solves Problem 7.1 with a factor max{ 2% Sorar A}
,AB} in the homogeneous case. Simi-

B(mA+ \)} in the hetero-

in the heterogeneous case, and max{min{c, £}, 2% Yora)

larly, COMBSLBSMP solves Problem 7.2 with a factor min

/\+>\ ’

geneous case, and min{m B(mA + \)} in the homogeneous case.

) m)\+)\ )

GeneralGreedSat: The drawback of COMBSFASWP and COMBSLBSMP is that they
do not explicitly exploit the trade-off between the average-case and worst-case in terms of .
To obtain more practically interesting algorithms, we first give GENERALGREEDSAT (See
Alg. 16) that generalizes GREEDSAT to solve Problem 7.1 for general A. The key idea of
GENERALGREEDSAT is again to relax Problem 7.1 to a simpler submodular welfare problem
(SWP). Similar to GREEDSAT we define an intermediate objective:

m

Fi(n) = %me{)\ft(/lf) + )\% Z fi(A7), c}. (7.13)

j=1
It is easy to verify that the combinatorial optimization problem max ey F¢(m) (Line 6) can
be formulated as the submodular welfare problem, for which we can solve efficiently with
GREEDSWP (see Alg. 12). Defining « as the optimality guarantee of the algorithm for solving

Line 6 GENERALGREEDSAT solves Problem 7.1 with the following bounds:
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Algorithm 16: GENERALGREEDSAT
1: Input: e, {f;}, m, V, A, a.

2: Let Fg(m) = L 57" min{Af;(AT) + AL 27, f5(AT), c}.
3: Let Cmin = 07 Cmax = 2211 fz(v)

4: while ¢ — Cmin > € dO

S c= %(Cmax + Cmin)
6: ¢ € argmax, . FS(m) // solved by GREEDSWP (Alg. 12)

7. if F°(7°) < ac then

8: Cmax = C

9: else

10: Cmin = C; T — 7€
11:  end if

12: end while

13: Output: 7.

Theorem 26. Given e > 0, 0 < a < 1, and 0 < XA < 1, GENERALGREEDSAT finds a

partition T that satisfies the following:
Amin f;(AT) + A ! g’” fi(AT) > Ma(OPT —¢) (7.14)
1 I3 . — i . = — .
' l L l ‘

where OPT = maX e A min; fi(AT) + )\% o fi(AT).
Moreover, let Fy;(m) = M;(AT) + A+ >y fi(AT). Given any 0 < 0 < «, there is a set
I C{1,...,m} such that |I| > [m(a — )] and

FL)\(’]AT) 2 max{%m,)\a}(OPT — 6),Vi el (715)

Eqgn 7.15 in Theorem 26 reduces to Theorem 18 when A = 0, i.e., it recovers the bi-
criterion guarantee in Theorem 18 for the worst-case scenario (A = 0). Eqn 7.14 in Theo-

rem 26 implies that a-approximation for the average-case objective can almost be recovered
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Algorithm 17: GENERALLOVASZ ROUND
1: Tnput: { £}y, {fi7e, A om, V.
2: Solve

m

_ . .
i Mi(x) + A= (x), st () >1, forj=1,..., 7.16
min_ maxAf(z;) + m;fj(x]) sty wilj) > 1, for j n o (7.16)

3317---7x'me[071]n ? .
=1

for {x}™, via convex relaxation.
3: Rounding: Let A, =,...,= A,, = 0.
4: for j=1,...,ndo
5. 1 € argmax; zi(j); Ay = A:Uj
6: end for

7. Output 7 = {A;}1",.

by GENERALGREEDSAT if A = 1. Moreover Theorem 26 shows that the guarantee of GEN-
ERALGREEDSAT improves as A increases suggesting that Problem 7.1 becomes easier as the
mixed objective weights more on the average-case objective. We also point out that the
approximation guarantee of GENERALGREEDSAT smoothly interpolates the two extreme

cases in terms of \.

GeneralLovasz Round: Next we focus on designing practically more interesting algo-
rithms for Problem 7.2 with general A. In particular we generalize LOVASZ ROUND leading
to GENERALLOVASZ ROUND as shown in Alg. 17. Sharing the same idea with LOVASz
ROUND, GENERALLOVASZ ROUND first relaxes Problem 7.2 as a convex program (defined
in Eqn 7.16) using the Lovdsz extension of each submodular objective. Given the fractional
solution to the convex program {z}}7,, the algorithm then rounds it to a partition using the
f-rounding technique (Line 3- 6). Note the rounding technique used for GENERALLOVASZ

ROUND is the same as in LOVASZ ROUND. The following Theorem holds:
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Theorem 27. GENERALLOVASZ ROUND is guaranteed to find a partition 7« € II such that
- 1 <« . - 1 <

max Af;(A7) + A— z; f3(47) < mminmax Af;(AT) + A— 2 Fi(AD). (7.17)
j= j=

Theorem 27 generalizes Theorem 22 when A = 0. Moreover we achieve a factor of m by
GENERALLOVASZ ROUND for any A. Though the approximation guarantee is independent
of A the algorithm naturally exploits the trade-off between the worst-case and average-case
objectives in terms of A. The drawback of GENERALLOVASZ ROUND is that it requires high
order polynomial queries of the Lovasz extension of the submodular objectives, hence is not
computationally feasible for even medium sized tasks. Moreover, if we restrict ourselves to
the homogeneous setting (f;’s are identical), it is easy to verify that arbitrary partitioning
already achieves a guarantee of m while Problem 7.2, in general, cannot be approximated
better than m as shown in Theorem 21.

GeneralGreedMin: In this case, we should resort to intuitive heuristics that are
scalable to large-scale applications to solve Problem 7.2 with general A. To this end we
design a greedy heuristic called GENERALGREEDMIN (see Alg. 18).

The algorithm first solves a constrained submodular maximization on f to obtain a set
Sseed Of m seeds. Since f is submodular, maximizing f always leads to a set of diverse seeds,
where the diversity is measured by the objective f. We initialize each block A; with one
seed from Sgeq. Defining k£ as the number of items that have already been assigned. The
main algorithm consists of two phases. In the first phase (k < (1 — \)|V|), we, for each
iteration, assign the item that has the smallest marginal gain to the block whose valuation is
the smallest. Since the functions are all monotone, any additions to a block can (if anything)
only increase its value. Such procedure inherently minimizes the worst-case objective, since
it chooses the minimum valuation block to add to in order to keep the maximum valuation
block from growing further. In the second phase (k > A|V|), we assign an item such that its
marginal gain is the smallest among all remaining items and all blocks. The greedy procedure
in this phase, on the hand, is suitable for minimizing the average-case objective, since it, in

each iteration, assigns an item so that the valuation of the average-case objective increases
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Algorithm 18: GENERALGREEDMIN

1:

2:

>

10:

11:

12:

13:

14:

15:

Input: f,m, V,0< A< 1;

Solve Sgeed € ATgMaX gy, 5= f(S) for m seeds with Sgeea = {$1,...,5m}. Initialize each
block i by the seeds as A; < {s;}, Vi. Initialize a counter as k = m and R =V \ Sgeeq-
while R # () do

if £ <(1—\)|V| then
j* € argmin; f(A;); a* € mingep f(alA;-)
Ap —ApUa R+ R\ a*
else
for:=1,...,m do
af € argmin,cp f(a]Ay)
end for
j* €argmin,_; . f(aj|Ay); Aj < Aj»Ua"; R« R\ aj.
end if
k=Fk+1;
end while

Output {A4;}7,.

the least. The trade-off between the worse-case and the average-case objectives is controlled

by A, which is used as the input argument to the algorithm. In particular, A controls the

fraction of the iterations in the algorithm to optimize the average-case objective. When

A = 1, the algorithm solely focuses on the average-case objective, while only the worst-case

objective is minimized if A = 0.

In general GENERALGREEDMIN requires O(m|V|?) function valuations, which may still

be computationally difficult for large-scale applications. In practice, one can relax the con-

dition in Line 5 and 9. Instead of searching among all items in R, one can, in each round,

randomly select a subset R C R and choose an item with the smallest marginal gain from
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only the subset R. The resultant computational complexity is reduced to O(m/|R||V]) func-
tion valuations. Empirically we observe that GENERALGREEDMIN can be sped up more

than 100 times by this trick without much performance loss.

7.3 Applications

7.8.1 Applications of Problem 7.1

Distributed statistical training: An important machine learning application is dis-
tributed training of statistical models. As data set sizes grow, the need for statistical training
procedures tolerant of the distributed data partitioning becomes more important. Existing
schemes are often developed and performed assuming data samples are distributed to their
computational clients in an arbitrary or random fashion. As an alternate strategy, if the data
is intelligently partitioned such that each block of samples can itself lead to a good approx-
imate solution, a consensus amongst the distributed results could be reached more quickly
than when under a poor partitioning. As shown in Chapter 4, submodular functions can in
fact express the value of a subset of training data for certain machine learning risk functions.
Using these functions within Problem 7.1, one can expect a partitioning (by formulating the
problem as an instance of Problem 7.1, A &~ 0) where each block is a good representative
of the entire set, thereby achieving faster convergence in distributed settings. We defer the

readers to Chapter 8 for a concrete case study on this application.

7.8.2  Applications of Problem 7.2

Data clustering and image segmentation: Submodular functions naturally capture
notions of interacting cooperative costs and homogeneity and thus are useful for clustering
and image segmentation [Narasimhan et al., 2005, Boykov and Jolly, 2001, Kolmogorov and
Zabih, 2004, Kohli et al., 2013]. While the average case instance (Problem 7.2 with A\ = 1)
has been used before, a more worst-case variant (i.e., Problem 7.2 with A ~ 0) is useful

to produce balanced clusterings (i.e., the submodular valuations of all the blocks should be
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similar to each other). Problem 7.2 also addresses a problem in image segmentation, namely
how to use only submodular functions (which are instances of pseudo-Boolean functions)
for multi-label (i.e., non-Boolean) image segmentation. Problem 7.2 addresses this problem
by allowing each segment j to have its own submodular function f;, and the objective
measures the homogeneity f;(A7) of segment j based on the image pixels AT assigned to it.
Moreover, by combining the average case and the worst case objectives, one can achieve a
tradeoff between the two. Empirically, we evaluate our algorithms on unsupervised image
segmentation (Section 6.5) and find that it outperforms other clustering methods including
k-means, k-medoids, graph cut, and spectral clustering.

Computational load balancing: Submodularity also accurately represents computa-
tional costs in distributed systems, as shown in [Li et al., 2015]. They consider a problem of
text data partitioning for balancing memory demands. Given a large collection of documents
V ={v1,...,v,}, the goal is to distribute the documents into m machines such that the mem-
ory requirements across the machines are balanced and minimized. Each document v € V
consists a set of keys, and let U = {uy, ..., u;} be the set of all possible keys. |U| can be in
the order of billions (e.g., the set of all unigrams, bigrams, and trigrams). Let N(v;) C U
be the set of keys contained by the document v;. Given a partition 7 = (A7,..., A7) of the
documents V', the number of unique keys associated with the collection AT on machine ¢ is

expressed as
fsc(AZr) = | UvGA;’ N(U)|7 (718)

where f. is the set cover function. A hard constraint for a partition {X3,..., X,,} to satisfy
is that the number of unique keys on each machine has to be small enough so that they
can be cached into each machine’s memory. Since the memory needed to cache the keys on
machine ¢ is proportional to | Uyex, N(v)|, a feasible partition of the documents satisfying

the memory requirement can, therefore, be found by solving the following:

min max fi. (A7), (7.19)

mell i=1,....m

which is an instance of Problem 7.2 for A = 0 with f,. as the objective function.
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7.4 Experimental Results

7.4.1 Simulations on Synthetic Data Sets

In this section we evaluate separately on four different cases: Problem 7.1 with A = 0 (SFA),
Problem 7.2 with A = 0 (SLB), Problem 7.1 with 0 < A < 1, and Problem 7.2 with 0 < A < 1.
Since some of the algorithms, such as the Ellipsoidal Approximations [Goemans et al., 2009
and Lovasz relaxation algorithms, are computationally intensive, we restrict ourselves to
only 40 data instances, i.e., |[V| = 40. For simplicity we only evaluate on the homogeneous
setting (f;’s are identical). For each case we test with two types of submodular functions:
facility location function, and the set cover function. The facility location function is defined

as follows:
frac(A) =) A 5,4, (7.20)

where s, , is the similarity between item v and a and is symmetric, i.e., s, , = S4,, for any pair
of v and a. We define f,. on a complete similarity graph with each edge weight s, , sampled
uniformly and independently from [0, 1]. The set cover function is defined in Eqn 7.18. In
the experiments we choose |U| = 40 and define f,. over a bipartite graph between V' and
U. An edge between an item v € V and an object u € U is defined independently with

probability p = 0.2.

Problem 7.1 For A = 0, i.e., SFA, we compare among 6 algorithms: GREEDMAX, GREED-
SAT, MMaAX, Balanced Partition (BP), Ellipsoid Approximation (EA) [Goemans et al.,
2009], and Binary Search algorithm (BS) [Khot and Ponnuswami, 2007]. Balanced Partition
method simply partitions the ground set V' into m blocks such that the size of each block is
balanced and is either (‘lmw or L%J We run 100 randomly generated instances of the bal-
anced partition method. GREEDSAT is implemented with the choice of the hyperparameter
a = 1. We compare the performance of these algorithms in Figure 7.1a and 7.1b, where we

vary the number of blocks m from 2 to 14. The three proposed algorithms (GREEDMAX,
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Figure 7.1: Synthetic experiments on Problem 7.1 with A\ = 0 on facility location function

(a) and set cover function (b).

GREEDSAT, and MMAX) significantly and consistently outperform all baseline methods for
both fg. and fi.. Among the proposed algorithms we observe that GREEDMAX, in general,
yields the superior performance. Given the empirical success, computational efficiency, and
tight theoretical guarantee, we suggest GREEDMAX as the first choice of algorithm to solve
SFA under the homogeneous setting.

Next we evaluate Problem 7.1 with general 0 < A < 1. Baseline algorithms for SFA such
as Ellipsoidal Approximations, Binary Search do not apply to the mixed scenario. Similarly
the proposed algorithms such as GREEDMAX, MMAX do not simply generalize to this sce-
nario. We therefore only compare GENERALGREEDSAT with the Balanced Partition as a
baseline. The results are summarized in Figure 7.2a and 7.2b. We observe that GENERAL-
GREEDSAT consistently and significantly outperform even the best of 100 instances of the

baseline method for all cases of A.

Problem 7.2 For A\ = 0, i.e., SLB, we compare among 5 algorithms: LOvVAsz ROUND,

MMIN, GENERALGREEDMIN, Ellipsoid Approximation (EA) [Goemans et al., 2009], and
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Figure 7.2: Problem 7.1 with general 0 < A < 1 on facility location function (a) and set

cover function (b).

Balanced Partition [Svitkina and Fleischer, 2011]. We implement GENERALGREEDMIN
with the input argument A = 0. We also run 100 randomly generated instances of the
Balanced Partition method as a baseline. We show the results in Figure 7.3a and 7.3b.
Among all five algorithms MMIN and GENERALGREEDMIN, in general, perform the best.
Between MMIN and GENERALGREEDMIN we observe that GENERALGREEDMIN performs
marginally better, especially on f,.. The computationally intensive algorithms, such as
Ellipsoid Approximation and LOVAsz ROUND, do not perform well, though they carry better

worst-case approximation factors for the heterogeneous setting.

Lastly we evaluate Problem 7.2 with general 0 < A < 1. Since MMIN and Ellipsoid Ap-
proximation do not apply for the mixed scenario, we test only on GENERALLOVASZ ROUND,
GENERALGREEDMIN, and Balanced Partition. Again we test on 100 instances of randomly
generated balanced partitions. We vary A in this experiment. The results are shown in Fig-

ure 7.4a and 7.4b. The best performance is consistently achieved by GENERALGREEDMIN.
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Figure 7.3: Synthetic experiments on Problem 7.2 with A\ = 0 on facility location function

(a) and set cover function (b).

7.4.2  Unsupervised Image Segmentation

Lastly we test the efficacy of Problem 7.2 on the task of unsupervised image segmentation.
We evaluate on the Grab-Cut data set, which consists of 30 color images. Each image has
ground truth foreground/background labels. By “unsupervised”, we mean that no labeled
data at any time in supervised or semi-supervised training, nor any kind of interactive
segmentation, was used in forming or optimizing the objective. In our experiments, the
image segmentation task is solved as unsupervised clustering of the pixels, where the goal is
to obtain a partitioning of the pixels such that the majority of the pixels in each block share
either the same foreground or the background labels.

Let V' be the ground set of pixels of an image, 7 be an m-partition of the image, and
{yv}vev as the pixel-wise ground truth label (y, = {0,1} with 0 being background and 1

being foreground). We measure the performance of the partition 7 in the following two steps:

1. For each block 4, predict g, for all the pixels v € AT in the block as either 0 or 1

having larger intersection with the ground truth labels, i.e., predict 9, = 1,Vv € AT, if
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(a) Problem 7.2 on fg,. with varying A (b) Problem 7.2 on fy. with varying A
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Figure 7.4: Problem 7.2 with general 0 < A < 1 on facility location function (a) and set

cover function (b).

Y vear Hyo =1} = 37 cur H{yy = 0}, and predict g, = 0,Vv € AT otherwise.

2. Report the performance of the partition 7 as the F-measure of the predicted labels

{9 }vev relative to the ground truth label {y,},ev.

In the experiment we first preprocess the data by downsampling each image by a factor
0.25 for testing efficiency. We represent each pixel v as 5-dimensional features z, € R®,
including the RGB values and pixel positions. We normalize each feature within [0, 1]. To
obtain a segmentation of each image we solve an instance of Problem 7.2 (0 < A < 1) under
the homogeneous setting using GENERALGREEDMIN (Alg. 18). We use the facility location
function fg,. as the objective for Problem 7.2. The similarity s, , between the pixels v and
a is computed as s, , = C — ||z, — 24|z With C = max, ey ||z, — 2} ||2 being the maximum
pairwise Euclidean distance. Since the facility location function f,. is defined on a pairwise
similarity graph, which requires O(|V'|?) memory complexity. It becomes computationally
infeasible for medium sized images. Fortunately a facility location function that is defined on

a sparse k-nearest neighbor similarity graph performs just as well with k& being very sparse
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Figure 7.5: Comparison of our method with varying .

as discussed in Chapter 6. In the experiment, we instantiate fr. by a sparse 10-nearest
neighbor sparse graph, where each item v is connected only to its 10 closest neighbors.

We test against the following unsupervised methods as baselines in the experiment:

1. k-means,

2. k-medoids,

3. graph cuts [Boykov and Kolmogorov, 2004] ,

4. spectral clustering [Von Luxburg, 2007].

We use the RBF kernel sparse similarity matrix as the input for spectral clustering. The
sparsity of the similarity matrix is £ and the width parameter of the RBF kernel 0. We test
with various choices of o and k and find that the setting of 0 = 1 and k = 20 performs the
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Figure 7.6: Comparison of our method against baseline methods with varying m.

best, with which we report the results. For graph cuts, we use the MATLAB implementa-
tion [Bagon, 2006, which has a smoothness parameter ov. We tune o = 0.3 to achieve the

best performance and report the result of graph cuts using this choice.

The proposed image segmentation method involves a hyperparameter A\, which controls
the trade-off between the worst-case objective and the average-case objective. First we
examine how the performance of our method varies with different choices of A in Figure 7.5.
The performance is measured as the averaged F-measure of a partitioning method over all
images in the data set. Interestingly we observe that the performance smoothly varies as A
increases from 0 to 1. In particular the best performance is achieved when A is within the
range [0.7,0.9]. It suggests that using only the worst-case or the average-case objective does
not suffice for the unsupervised image segmentation / clustering task, and an improved result
is achieved by mixing these two extreme cases. In the subsequent experiments we show only

the result of our method with A\ = 0.2.



201

F-measure on .
all of Grabcut | Original
Ground
1.0 Truth
0.810 k-means
0.823 k-medoids |
0.854 Spectral
Clustering
0.853 Graph
Cut
0.870 Subr.n.odL.JIar !
Partitioning g

Figure 7.7: Unsupervised image segmentation (right: some examples).

Next we compare the proposed approach with baseline methods on various m in Fig-
ure 7.6. In general, each method improves as m increases. Submodular partitioning method
performs the best on almost all cases of m. Lastly we show in Figure 7.7 example segmenta-
tion results on several example images as well as averaged F-measure in the case of m = 15.
We observe that submodular partitioning, in general, leads to less noisy and more coherent

segmentation in comparison to the baselines.

7.5 Discussion

In this chapter, we considered two novel mixed robust/average-case submodular partition-
ing problems, which generalize four well-known problems: submodular fair allocation (SFA),
submodular load balancing (SLB), submodular welfare problem (SWP), and submodular
multiway partition (SMP). While the average case problems, i.e., SWP and SMP, admit
efficient and tight algorithms, existing approaches for the worst case problems, i.e., SFA and

SLB, are, in general, not scalable. We bridge this gap by providing several new algorithms
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that not only scale to large data sets but that also achieve comparable theoretical guaran-
tees. Moreover we provide a number of efficient frameworks for solving the general mixed
robust /average-case submodular partitioning problems. We also demonstrate that submodu-
lar partitioning is applicable in a number of machine learning problems involving distributed
optimization, computational load balancing, and unsupervised image segmentation. Lastly
we empirically show the effectiveness of the proposed algorithms on these machine learning
tasks.

Future work will concentrate on proving hardness bound for SFA and correspondingly
Problem 7.1 with general \. Though GREEDMAX improves upon the state-of-the-art al-
gorithm by [Khot and Ponnuswami, 2007] for SFA under the homogeneous setting, we hy-
pothesize that a tighter algorithm with a constant factor guarantee may be designed for
this scenario. Other variants of the submodular partitioning should also be interesting to
analyze. In particular, it is worth considering the problem with size constraints in addition
to the partition constraint. Another direction would be to consider the scenario of allowing
each item to be included in multiple blocks. This case is natural in file systems where each
data file need to be duplicated and stored in multiple machines. Aside from the theoretical
investigation, it is also interesting to come up with more practical applications that may be

naturally formulated in terms of submodular partitioning.
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Chapter 8

CASE STUDY I: DISTRIBUTED MACHINE LEARNING VIA
INTELLIGENT DATA PARTITIONING

In this chapter we perform a case study of the submodular partitioning problem (Prob-
lem 7.1) on training data partitioning for parallel learning of statistical models. Big data
presents significant computational challenges to machine learning since, while big data is
still getting bigger, it is expected that we are nearing the end of Moore’s law [Thompson
and Parthasarathy, 2006], and single threaded computing speed has unfortunately not sig-
nificantly improved since about 2003. It is hence imperative to develop efficient and scalable
methods for large scale training of statistical models. Parallel and distributed computing

approaches are natural for this challenge.

Since machine learning procedures are performed over sets of data, one simple way to
achieve parallelism is to split the data into chunks each of which resides on a compute node.
This is the idea behind many parallel learning approaches such as ADMM [Boyd et al., 2011]
and distributed neural network training [Povey et al., 2014], to name only a few. Such parallel
schemes are often performed where the data samples are distributed to their compute nodes
in an arbitrary or random fashion. However, there has apparently been very little work on
how to intelligently split the data to ensure that the resultant model can be learned in a

more efficient manner.

One way to approach this problem is to consider a class of “utility” functions on the
training data. Given a set V = {vy,...,v,} of training data items, suppose that we have
a set function f : 2V — R, that measures the utility in subsets of the data set V. That
is, given any A C V| f(A) measures the utility of the training data subset A for producing

a good resulting trained model. Given a parallel training scheme (e.g., ADMM) with m
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compute nodes, we consider an m-partition 7 = (A], A5,..., A7) (i.e., U;AT = V and
Vi # j, AT N AT = ) of the entire training data V, where we send the " block AT of the
partition 7 to the i*! compute node. If each compute node i has a block of the data AT that
is non-representative of the utility of the whole (i.e., f(A") < f(V)), the parallel learning
algorithm, at each iteration, might have the compute nodes deduce models that are widely
different from each other. Any subsequent aggregation of the models could then result in a
joint model that is non-representative of the whole, especially in a non-convex case like deep
neural network models. On the other hand, suppose that an intelligent partition 7 of the
training data V' is achieved such that each block AT is highly representative of the whole
(i.e., f(A™) = f(V),Vi). In this case, the models deduced at the compute nodes will tend to
be close to a model trained on the entire data, and any aggregation of the resulting models
(say via ADMM) will likely be better. An intelligent data partition, in fact, may have a

positive effect in two ways:

1. It can lead to a better final solution (in the non-convex case),

2. Faster convergence may be achieved even in the convex case thanks to the fact that any
“oscillations” between a distributed stage (where the compute nodes are operating on
local data) and an aggregation stage (where some form of model average is computed)

could be dampened and hence reduced.

8.1 Problem Formulation

In this chapter, based on the above intuition, we mathematically describe this goal as ob-
taining an m-partition of the data set V such that the worst-case or the average-case utility
among all blocks in the partition is maximized. More precisely, this can be formulated as
follows:

max | (1 — )mln fi(AT) + ij (A7) ] (8.1)

mell
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where the set of sets m = (AT, A%,--- , AT ) forms a partition of the finite set V, II refers to
the set of all partitions of V into m blocks, and f; models the utility score assigned to i*®
block AT of the partition. The first term min; f;(AT) valuates the worst-case utility among
the blocks in the partition 7, while the second term % Yo, [i(AT) measures the averaged
utility of the partition. The parameter A controls the objective: A = 1 is the average case,
A = 0 is the robust case, and 0 < A < 1 is a mixed case.

In general, Problem 8.1 is hopelessly intractable, even to approximate. However, as we
have shown in Chapter 7, the problem becomes tractable and can be approximately solved
by efficient and scalable algorithms when we assume f;’s to be monotone submodular. These
assumptions, moreover, allow us to retain the naturalness and applicability of Problem 8.1
to the goal at hand. Submodular functions are an ideal class of functions for modeling
information over data sets. For example, we demonstrated in Chapter 4 that the utility
functions of data subsets for training certain machine learning classifiers can be derived as
submodular functions. If f is selected as the class of submodular functions that appropriately
model the notion of utility for a given machine learning setting (which could be different
depending, say, on what form of training one is doing), solving the homogeneous instance
of Problem 8.1 with f as the objective, then, addresses a core goal in modern machine
leanring on big data sets, namely how to intelligently partition and distribute training data
to multiple compute nodes.

It should be noted that a random partition might have a high probability of performing
well, and might have exponentially small probability of producing a partition that is worst
case. On the other hand, there are also quite likely a small number of partitions that perform
exceedingly well and a random partition also has exponentially small probability of landing
on one of these high quality partitions. Our quest is to develop methods that increase the
likelihood that we can discover one of these rare but high performing partitions.

Chapter 7 has already fully described all algorithms, theorems demonstrating mathemat-
ical guarantees, and related work regarding both Problem 8.1 and also its dual companion

problem that is useful for other applications. In this chapter, we concentrate on the afore-
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mentioned application. We omit the discussion of the previous work on Problem 8.1, which
has been described in Chapter 7. In general, much of the previous work focuses on de-
signing theoretically tighter algorithms that are not as scalable. Moreover, in the below we
concentrate on the robust A = 0 case under the homogeneous setting (f;’s are identical to
each other) for now, although we believe that more experiments with the right submodular

functions will show some utility in the 0 < A < 1 case as well.
8.2 Approximation Algorithms for Problem 8.1 with \ = (
The homogeneous instance of Problem 8.1 with A = 0 can be equivalently stated as follows:

max min f(A7). (8.2)

well 4

We gave an algorithm with a greedy flavor (GREEDMAX, see Alg. 10) in Chapter 7 for this
problem. The key idea of GREEDMAX is to greedily add an item with the maximum marginal
gain to the block whose current solution is minimum. By assuming the homogeneity of the
fi’s, GREEDMAX attains a 1/m-approximation on this problem. Moreover, GREEDMAX is
scalable to large data sets thanks to the lazy evaluation trick as described in [Minoux, 1978|.

Another variant of the greedy algorithm (GREEDSAT, see Alg. 11) can also approximately
solve Problem 8.1 with a bicriterion guarantee. However, this algorithm was designed for a
more general case-heterogeneous setting. It does not fully exploit the homogeneous struc-
ture in our problem formulation here. Moreover, it requires much more computational cost
than GREEDMAX. Hence, we believe that GREEDMAX should better suit the application
considered in this Chapter.

In the context of parallel machine learning, obtaining a partition for Problem 8.1 using
GREEDMAX can be viewed as an initial pass on the entire training data to distribute subsets
of it to compute nodes before the parallel computation begins. Although the proposed
algorithm GREEDMAX is scalable even to very large data sets, it should be noted that there
are still computational costs associated with this initialization procedure. However, many

statistical learning methods (e.g., the EM algorithm for training Gaussian Mixtures Models,



207

5-Partition on 20newsgroup with ADMM 10-Partition on 20newsgroup with ADMM

® ® ©
o ) ES
T T T

Test accuracy (%)
~
[e2]

Test accuracy (%)

~
o
T

80 " 74 é —¥— Submodular partition
&] —¥— Submodular partition —¥— Adversarial partition
1 Random partition ] Random partition
™t . . . \ \ . . . . \ \ \
5 10 15 20 25 30 35 5 10 15 20 25 30 35
Number of iterations Number of iterations
(a) (b)

Figure 8.1: Comparison between submodular and random partitions for ADMM on 20News-
group with m =5 (a) and m = 10 (b). For the box plots, the central mark is the median,

the box edges are 25th and 75th percentiles, and the bars indicate the best and worst cases.

or the back-propagation algorithm for training deep neural networks) typically involve many
training passes over the entire data set. Moreover, during model development (when a
researcher is uncertain about the optimal model topology), a number of model topologies
need to be tested until the best setting is discovered, even for tools such as [Snoek et al.,
2012]. We contend that any cost associated with the initial pass over the data (solving
Problem 8.1 for an intelligent partition) can be amortized over the life of the utility of the
resulting partition since a smart partition will speed up training time and may even lead to

a better overall model in the non-convex case.

8.3 Experimental Results

In this section we empirically evaluate the proposed framework on real-world data partition-

ing applications including distributed ADMM and distributed deep neural network training.
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8.8.1 Distributed Convexr Optimization

We first consider data partitioning for distributed convex optimization. We evaluate on a
text categorization task. We use 20 Newsgroup data set !, which consists of 18,774 articles
divided almost evenly across 20 classes. The text categorization task is to classify an article
into one newsgroup (of twenty) to which it was posted. We randomly split 2/3 and 1/3 of
the whole data as the training and test data. The task is solved as a multi-class classification
problem, which we formulate as an L-2 regularized logistic regression. We solve this convex
optimization problem in a distributive fashion, where the data samples are partitioned and
distributed across multiple machines. In particular we implement an ADMM algorithm as
described in [Boyd et al., 2011] to solve the distributed convex optimization problem.

We formulate the data partitioning problem as an robust instance (A = 0) of Problem 8.1
under the homogeneous setting. In the experiment, we solve the data partitioning using
GREEDMAX. We model the utility of a data subset using the Naive Bayes submodular

function as defined in Eqn 4.15, which has the form:

fNB—text(S) = Z me,y(‘/) log mey(S), (83)

weWw yey

where W is the set of all possible words in the documents, M ,(A) = >, c 4 Muwy(a) with
My y(a) counts the number of occurrences of w € W in the subset A of documents that are
labeled as y. fnp-text 1S in the form of a sum of concave over modular functions, hence is
monotone submodular [Stobbe and Krause, 2010]. fxp.text has been shown in Chapter 4 to
model the log-likelihood of a data subset for a Naive Bayes classifier.

We compare the submodular partitioning with the random partitioning for m = 5 and
m = 10. We test with 10 instances of random partitioning. The results are plotted in
Fig 8.1. For m = 10 we also run an instance on an adversarial partitioning, where each block
is formed by grouping every two of the 20 classes in the training data. We observe sub-

modular partitioning converges faster than the random partitioning, both of which perform

!Data set is obtained at http://qwone.com/~jason/20Newsgroups/
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Figure 8.2: Comparison between submodular and random partitions for distributed deep

neural nets on MNIST The adversarial partitions are so bad that they are off the plots.

significantly better than the adversarial partition. In particular significant and consistent
improvement over the best of 10 random instances is achieved by the submodular partition

across all iterations when m = 5.

8.3.2  Distributed Deep Neural Networks (DNN)

Next we evaluate our framework on the distributed deep neural network (DNN) training.
We test on two tasks: 1) handwritten digit recognition on the MNIST database ?; 2) phone
classification on the TIMIT data. The data for the handwritten digit recognition task consists
of 60,000 training and 10,000 test samples. Each data sample is an image of handwritten
digit. The training and test data are almost evenly divided into 10 different classes. For the
phone classification task, the data consists of 1,124,823 training and 112,487 test samples.
Each sample is a frame of speech. The training data is divided into 50 classes, each of which

corresponds to a phoneme. The goal of this task to classify each speech sample into one of

2Data set is obtained at yann.lecun.com/exdb/mnist
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Figure 8.3: Comparison between submodular and random partitions for distributed deep

neural nets on TIMIT. The adversarial partitions are so bad that they are off the plots.

the 50 phone classes.

A 4-layer DNN model is applied for the MNIST experiments, and we train a 5-layered
NN for the TIMIT experiments. We apply the same distributed training procedure for both
tasks. Given a partitioning of the training data, we distributively solve m instances of sub-
problems in each iteration. We define each sub-problem on a separate block of the data. We
employ the stochastic gradient descent as the solver on each instance of the sub-problem.
In the first iteration we use a randomly generated model as the initial model shared among
the m sub-problems. Each sub-problem is solved with 10 epochs of the stochastic gradient
decent training. We then average the weights in the m resultant models to obtain a consensus
model, which is used as the initial model for each sub-problem in the successive iteration.

Note that this distributed training scheme is similar to the one presented in [Povey et al.,

2014].

The submodular partitioning for both tasks is obtained by solving the homogeneous case

of Problem 8.1 with A = 0 using GREEDMAX on the Nearest Neighbor submodular function
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fxn as proposed in Chapter 4. The function is defined as follows:

fan(A yezyvezvy nax s, (8.4)
where s, , is the similarity measure between sample v and a, ) is the set of class labels, and
V¥ is the set of samples in V' with label y € V. Note {V¥},¢y forms a disjoint partitioning
of the ground set V. In both the MNIST and TIMIT experiments we compute the similarity
Sp,q as the RBF kernel between the feature representation of v and a. As we have shown in
Chapter 4, f... models the log-likelihood of a data subset for a Nearest Neighbor classifier.
In the same chapter, we have also empirically demonstrated the efficacy of fyy in the case
of neural network based classifiers.

We run 10 instances of random partitioning as the baseline. As shown in Figure 8.2
and 8.3, the submodular partitioning significantly outperforms the random baseline. For all
cases, we observe that better resulting models are obtained by using the submodular parti-
tioning than all 10 instances of the random partitioning. On the other hand, the adversarial
partitioning, which is formed by grouping items with the same class, cannot even be trained

in both cases.
8.4 Discussion

In this chapter we present a framework for splitting training data intelligently as an ini-
tial step to existing parallel statistical learning paradigms. The framework is formulated as
a submodular partitioning problem, where we utilize appropriate submodular functions to
model the utility of data subsets for training machine learning classifiers. We use a simple
and efficient greedy algorithm for solving the submodular partitioning problem. We give
empirical validation of the proposed approach on both distributed convex optimization and
parallel neural network training across a number of machine learning tasks, including text
categorization, handwritten digit recognition, and phone classification. Consistent and sig-
nificant improvements over the principle of random partitioning are achieved by the proposed

intelligent data distribution framework.
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Although the empirical success on the TIMIT data set that has over a million training
samples was shown here, this is still a proof of concept experiment as the TIMIT data is
still able to reside on a single compute. Future work will concentrate on evaluating the
framework on even larger scale of problems for which the parallel training scheme is more
suitable. Another direction for the future work is to consider more explicit constraint for
modeling the balance of the computational costs associated with each block in a resultant

partitioning.
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Chapter 9
CONCLUSIONS

This thesis has presented a data summarization and a data partitioning paradigm for
addressing the big data challenge using the tool of submodular function optimization. For
both paradigms, we concentrate on two components: modeling and optimization. We argue
that submodularity naturally addresses both components. In our case studies for data sum-
marization and data partitioning (Chapter 2, 3, 4 and 8) we demonstrate that submodular
functions naturally occur as the model for the notion of utility and information for these real-
world tasks and moreover, our proposed framework yields significantly better performance
over the existing baseline approaches across these tasks. To further improve the goodness of
a submodular function as the utility model, we give a novel “interactive” learning algorith-
mic framework, which enables learning the mixture of submodular functions more feasible
and scalable (Chapter 5). Our algorithmic contributions for scaling up the submodular data
summarization and data partitioning paradigms are presented in Chapter 6 and 7, where we
proposed several new algorithms that not only scale to large data sets but also achieve the-
oretical guarantees comparable to the state-of-the-art. We conclude with several directions

of research as the future work of this thesis.

e One interesting direction of research is to show further connection of submodular opti-
mization to the increasingly popular area of deep neural networks (DNN). In Chapter 4
and 8 we have leveraged the use of submodular optimization to several DNN related
tasks. We demonstrated the success of the submodular data summarization paradigm
for the task of batch active learning of DNN models (Chapter 4) as well as the effec-
tiveness of the submodular data partitioning paradigm on the task of parallel training

of DNN’s (Chapter 8). It would be interesting, in the future, to investigate many other



214

connections between these two technologies.

One simple idea would be to utilize deep learning models to featurize data which is
then applied to instantiate the submodular functions. One may significantly improve
the empirical performance of the submodular function based paradigms on the case
studies considered in this thesis by instantiating the submodular utility functions via

the DNN based features.

Another idea is to apply submodular function based data processing techniques to ar-
range the data for better training of DNN models, in addition to using the submodular
data partitioning method for improving DNN parallel training problems. One idea
would be to devise a scheme to manipulate the order of the training data so that faster
training of DNN models may be achieved on both the single compute and the parallel

computing settings.

It would also be of interest to apply submodular optimization to optimize DNN struc-
tures. Motivated by [Mariet and Sra, 2015] where they show empirical success of using
Determinantal Point Processes (DPP) to diversify a learned model by pruning out re-
dundant neurons , it would be worthwhile investigating whether similar or even better
performance improvement of this idea may be achieved by using the submodular data

summarization paradigm proposed in this thesis.

In this thesis, we primarily focus on submodular optimization problems and their appli-
cations. The optimization problems are, in general, in terms of discrete set functions.
This optimization setting can be significantly generalized if the optimization objective
involves both discrete and continuous variables. To make it more concrete, define a
function f : 2" x R? — R that maps a set A C V and a real-valued vector z € R? to
a real value f(A,x), the generalized optimization problem can be stated as follows:

max_f(A,z), (9.1)

AeC,xeD
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where C C 2V defines the set of all feasible sets for A, and D C R? defines the
feasible region of the continuous variable x. Problem 9.1, in the most general form, is
extremely hard to optimize with any performance guarantee. The open question would
be: “Are there approximation algorithms for Problem 9.1 when f is submodular in A
and concave in z, and the feasibility constraints C and D can be defined via a matroid
and a convex set, respectively?” Moreover, it would be of great interest to examine
whether the applications considered in this thesis could be formulated in terms of this

general optimization problem.
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Appendix A
APPENDIX

A.1 Table of the 10 most frequently performed assay types

Assay Type

—_

DnaseSeq
H3K4me3
CTCF
FaireSeq
POLR2A
H3K27me3
H3K36me3
H3K79me2
H3K4me2
H3K9me3

© o0 N O ot ks W N

—_
=)

Table A.1: The 10 most frequently performed assay types.

A.2 Derivations for Eqn. (5.1) and (5.2)

6= (53t 5 nT) (A1)

t
jie=C(Sa o+ 5 S u(AfL ) (A.2)
T=1
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Proof. We denote z, = f4_forall 7 =1,...,t and y, = y(A,). Consider the following:

t

p(w|Dy) o p(Dilw)p(w) o [ [ p(ar, y-lw)p(w)

o Hexp —%(yf - UJT%)2}
exp{—l(w — 110) ' Zg (w — o)}
x exp{z —w'z,)%}

exp{——(w 110) " g o (w— o)}

ocexp{—— Zw X, w——ZyTx w+—ZyT

+w' S5 w — 29 25w + g S o]

ocexp{—— ZxT:c + %5t
Zyw + 210 55 ) Z?JT+NOZO o]}
ocexp{——w— me + 351
t
(%Zyﬂljr_"#o Z$T$ + 35t
[w — ( U2Z:Ux + 351 ZyTxT—i-,uo DI}

1 . _ .
x exp{—5(r — ) CM e - )}

A.3 Proof for Lemma 1

Lemma. Let f;(A) = (mi(A))ﬁ with 0 < B <1 fori =1,...,d. Given i and j, let
rij(a) = mil@) g ssuming mi(a),m;(a) > 0,Ya € V). When 0 < 5 < 1/2, f;(A)f;(A) is

m;(a)
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guaranteed to be monotone submodular, if r; j(a) € [0(8),1/0(B)],Ya € V, where 0(8) =

—VI2E 1+ 1€ (0,1). When 1/2 < 8 < 1, fi(A)f

i(
supermodular if r; j(a) € [0'(5),1/0'(5)],Ya € V, where 6'(3

1
A) is guaranteed to be monotone
)=

VBT ¢ (0,1).

Proof. For simplicity of notations, we write 8 as ¢, 1 ; as r, m;(A), m;(A) as my(A4), ma(A),
6(8) as 0_(c), 1/0(B) as 6.+ (c), and the product f;(A)f;(A) as p(A).

We first prove the first half of the Theorem, i.e., given the condition r(a) € [0_(c), 0, (c)]
for all a € A and 0 < ¢ < 1/2, p(A) is monotone submodular. The monotonicity of the
set function p(A) can be trivially verified. To prove submodularity of p(A), we consider
the problem in the continuous space. First we denote f(z) = z¢, and g(z,y) = f(z)f(y).
Both f and ¢ are defined over the continuous space. The marginal gain p(a|A) can be
equivalently written as g(mi(A+a), me(A+a)) — g(mi(A), ma(A)). Similarly, we can write
pla|B) = g(my(B + a),ma(B + a)) — g(m1(B), ma(B)). To prove submodularity of p(A),
we need to equivalently show that p(a|A) > p(a|B),Ya € V;A C B C V. It is easy to
see that the marginal gain p(a|A) can be seen as the integral of the directional derivative
of g(z,y) in the direction u = [my(a), ma(a)]” from the point z; = [mi(A), ma(A)]" to the
point 2] = [m1(A + a),ma(A + a)]T. Mathematically, it can be written as follows:

p(alA) = /eo Vg(s)ds, (A.3)

where (1 is the line segment from the point z; to z}. Similarly, the marginal gain p(a|B) can
be interpreted as the integral of the derivative of the function g(x, y) in the same direction u =
[m1(a), ma(a)]’ from point zo = [m1(B), ma(B)]" to the point 2, = [my(B+a), mo(B+1)]".

Let v = 29— 21 be the vector difference between point 2o and z;. Then, we have the following:

p(a|B) = /EC Vg (s)ds /EC Vg(v + 5)ds, (A4)

where Cf is the line segment from z, to 25. To establish that p(a|A) > p(a|B),Va € V, A C
B C V., it is sufficient to show the following:

Vy(s)ds — Vg(v+ s)ds > 0,Vs € Cf, (A.5)
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Since Vg(v+s)ds—Vg(s)ds = fwec3 V(Vg(s+w)ds)dw, where Cj is the line segment from the
origin [0,0]" and v. Therefore, the above condition can be shown if the following condition

holds:

V(Vg(s +w)ds)dw < 0,Vs € Cy,w € Cs. (A.6)
We denote A = 92, 3 = %2 and 4 = £. Consider the following:
V(Vyg(z,y)ds)dw = V(%dsl + %Zy)dsz)dw
_ [(82%(;’ Y g, + angEg’yy)dSQ)dwl
R Rk
= [t (THED 1 g ) T80 P00

Next, we plug in the definition of g(z,y) and its partial derivatives into the above equation

and obtain the following:

V(vy(z,y)ds)dw
= dy, ds, (c(c — 1)x672yc + (A + B)c%“lycfl
+ c(c — 1)xcyc_2)\ﬁ)

= cdy,dy 2y ((c — 1)y + A+ Ble+ (e~ 1)?5)

<cdwldslx0101< (c—=1DV/AB+ A+ D) )

< cdwldslx‘:_ly‘:_%(c% +2(c— 1)\/§ + c)

Let p = \/g Given that r(a) = z;—g € [0_(c), 0. (c)], we can derive that A, 5 € [0_(c), 04 (c)].
Since 0_(c)0+(c) = 1, we can also show that p € [#_(c),0.(c)]. To show Eqn. (A.6), it is
sufficient to prove cp® + 2(c — 1)p+ ¢ < 0 for p € [0_(c),0,(c)]. This is easy to see since
6_(c) and 6, (c) are the two roots for the equation cp* +2(c — 1)p + ¢ = 0.
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To prove the supermodularity of p(A) given the condition r(a) € [0 (c), ' (c)] and 1/2 <
¢ < 1. We utilize the same proof techniques as above. In fact, it is sufficient to show the

following:
V(Vg(s +w)ds)dw > 0,Vs € Cy,w € Cs. (A.7)

This condition can be sufficiently proved if the following holds:

V(Vyg(z,y)ds)dw (A.8)
c—1, c—1 o c c— 1

= cdy, dg 2y ((c Dy 4+ A+ B)e+( 1)7)\5> (A.9)

>0 (A.10)

Consider the following:

(c= 1)y + (A +B)e+ (c— 1)%)\6 (A11)

> (= 17+ 20/ + (e = 1) 243 (A.12)
:\/E((C—UJLWHH(C-U@) (A.13)

Suppose that r(a) = 228 € [s,1] with 0 < s < 1, we can derive that \, 3,7 € [s,1/s]. Let

— L. We can also show that a € [s2,1/s%]. We then have the following;

(= 1)y + (A +B)e+ (c— 1)%)\6 (A.14)

> \/E<(c— Do+ (c— 1)é+2c) (A.15)

>\/_(c—1 S+(C—1)1—|—20> (A.16)

= VB3 <c—1s + 2cs? +(c—1)) (A.17)

Given that the equation (c—1)s*+2cs?+ (c—1) has aroot § = /Y2~ and that 0 < § < 1,

it can be shown that if s is chosen such that s > 3, the above becomes always lower bounded

by 0. Therefore, the sufficient condition for p(A) to be monotone supermodular is to ensure
that r(a \/Cf 1V_2E \/cﬂ 2o m
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A.4 Proof for Lemma 2

Lemma. Given i, j, v >0 and § > e;—l, let f;(A) = log(1 4+ ym;(A)) fori=1,...,d, and
rij(a) = %,Va e V. fi(A)f;(A) is guaranteed to be monotone submodular if m;(a) >
OVi=1,....,d,a €V andr; (a) € [0(v,0),1/0(v,0)],Va € V, where (v, ) = log(1 + ) —
\/10g2(1 +0) — 1.

Proof. For simplicity of notations, we write r;; as r, m;(A), m;(A) as mi(A), my(A), and
the product f;(A)f;(A) as p(A).

The Lemma can be restarted as: given the condition of r(a) € [#(7,d),1/0(v,0)],Va € A
and my(a), me(a) > §,Va € V, p(A) is monotone submodular. The monotonicity of the set
function p(A) can be trivially verified. To prove submodularity of p(A), we adopt the same
strategy for proving Lemma 1. We consider the problem in the continuous space and use
the same notation as in the proof for Lemma 1. Let g(z,y) = log(1 + vz)log(1 + ~vy). Let

dws

A= Ju’s and g = j—zf. To prove the submodularity of p(A), it is sufficient to show the

following holds given the condition on the function:

?g(x,y) %g(x,y) g(,y)
( ox? +(A+5) 0x 0y T8 0y? ><O'

Let ¢’ = log(1++). Next, we plug in the definition of g(x, y) and its partial derivatives into

the above equation and obtain the following:

Pg(z,y) Pg(z,y) g(z,y)
( ox? +(A+5) 0x0y T8 0y? )

2 2

v v

= ——— log(1+y) + (A + )

(14 yz) (14 yz)(1 +y)
— )\ﬁﬁbg(l + )
2 2
: _W‘S/ tA+A) (1+ %3(1 +7Yy)
2
- A5(1 :'yy)zél
= ” Wy iy (a4 )

(1+~vz)(1+~yy) _1—|—7x 14~y
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2

! =208 + (A + )]

= (1 +72)(1 +y
B oe) A g A
B Em i \ﬁ 1)

Let p = \/% Given that r(a) = ™9 ¢ [0(v,8),1/6(v,8)], we can derive that X, 3 €

ma(a)

[0(7,0),1/0(~,5)]. We can also show that p € [6(v,9),1/0(~,d)]. Next, we only need to
prove that p*> —28p+ 1 < 0 for p € [0(7,5),1/60(v,0)]. This is easy to see since (v, d) and

1/6(~,d) are the two roots for the equation p* — 2§'p +1 = 0.

A.5 Proof for Lemma 3

Lemma. Let f;(A) = 1 = [[,ca(1 = pi(a)) with pi(a) € [0,1] fori =1,...,d. Given any
i and j, it holds that f;(A)f;(A) = g(A) — h(A), where both h(A) =1 = [[,ca(1 — pi(a) —
p;i(a) + pi(a)p;(a)) and g(A) = fi(A) + f;(A) are monotone submodular.

Proof. Consider the following for the product of the two functions:

AS(4) = (1- 1o - pi(a))) (1 - 1o - pi(a) (A18)
- (1-IIo —m(z;)) +(-TJo —:m))) (A.19)
- (1- H [10- 0 —pja»)) (A.20)
= (1 H<1 pi(a))) + (1- [ ~pi(0))) (A-21)
- (1- EA@ ~ pifa) = py(a) +:<a>pj<a>>) (A.22)
= 9(4) a—ehw (A.23)

It’s easy to verify that g(A) is monotone submodular. The remaining question is to es-

tablish the submodularity of h(A). We prove the submodularity by using the definition of
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submodularity. The marginal gain of an item a to a subset A C V' can be written as follows:

h(d'|A) = h(d' + A) — h(A) (A.24)
== E(Aq ,)(1 —pi(a) = pj(a) + pia)p;(a)) (A.25)
# [10 = (o) = i) + p (el (e) (A.26)
- (ag(l —pi(a) = p;(a) + pi(a)p;(a))) (A.27)
(pi(a) +pi(a) = pia)p; () (A.28)

Since 0 < p;(a),pj(a) < 1, it is easy to see that p;(a’) + pj(a’) — pi(a’)pj(a’) > 0, therefore,
h(A) is monotone. Since the first term (], ,(1—p;i(a) —p;(a) —l—pi(a)pj(a))) becomes smaller
as the subset A grows, h(A) also satisfies submodularity. ]

A.6 Proof of Lemma 5

Lemma. LAZYGREED applied on the reduced ground set V = {j € V|f(j) > flueV \ ug)}
15 equivalent to that applied on the ground set V.

Proof. Let sq1,...,s, be the sequence of items selected by an instance of the LAZYGREED.
We denote that S; = {s1,...,s;}, such that S; C Sy C --- C S,. Consider the sequence of
items {uq,...,u,} ordered non-increasingly in terms of their gain conditioned on all other
items, i.e., f(ug|V \uy) > -+ > f(un|V \ u,). Without loss of generality, we assume that

Sy # {uq,...,u}, otherwise, the Lemma follows trivially. Next, we show the following:

We consider two cases:
(1) u; & Sia

Consider the following:

F(5ilSi-1) = max f(v[Si1)
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> f(uilSi1)

> flwV\ w)
(2) u; € S;—4

Since S;_; is of size i — 1 and contains an item wu;, S;_; cannot include all items in the
set {uy,...,u;_1}. Therefore, there exists an index ¢ < i — 1 such that u; ¢ S; 1. We have
the following;:
f(silSi—1) = max f(]Si-1)

> flue]Si-1)

> flw]V \ w)

> flwlV \ w)

For items j € V'\ V, the singleton gain can be bounded as the following;:

() < fluelV\we) < f(s]Se-1)

The singleton gain of the items in the removed data set is strictly less than smallest the
marginal gain of the selected item by the greedy algorithm, hence, it is guaranteed that the
greedy selection does not pick items from V'\ V, hence the pruning procedure does not affect

the performance of the standard greedy procedure. O

A.7 Proof of Theorem 13

Theorem. Given a target submodular function f with total curvature kg, an instance of

MULTGREED with greedy ratio o is guaranteed to obtain a set Sy s.t.

f(Sf> 1 1 Lry 1 f%c
Wza(l—(l—@) )Zﬁ—f(l—e )
> (1—6’5)

Conversely, for any value of « > 1 and ks € [0,1], there exists a submodular f with the
total curvature Ky, on which an instance of MULTGREED with the greedy ratio o achieves

: : 1 1 \¢k
an approximation factor ?f(l —(1—2) f).
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Proof. We employ similar proof techniques from [Conforti and Cornuejols, 1984|, where
they show the curvature dependent bound for Problem 6.2. We generalize their results by
introducing the greedy ratio in the bound.

To prove the theorem, we need the following two Lemmas.

Lemma 12.

1 1
[[a-—<a-—) (A.30)
i=1 Li Th
where x; > 1,¥Vi=1,...,n, and ), is harmonic mean of x;’s, i.€., Tp = =1

i=17;

Proof. Consider the fact that geometric mean of any non-negative vector lower bounds arith-

metic mean of the same vector, namely,

n

(JJz)"" < ¥ (A.31)

i=1
where z; > 0, Vi.

Let z; =1 — %, where x; > 1, we have

(H(l - ) === (A.32)
Then,

[I- 1< (—Zi:l(1 — “)>” (A.33)

—1- A.34
- - (A.34)
1
—1-— (A.35)
1
=1 (A.36)



Lemma 13. Fort=0,...,/ —1,

Yoo fEISTY R Y fslSTH+

i:5,€8tNSOPT i:8;€St\SOPT

are1 (0= |S* N ST f(s041]S%) = F(SOTT),
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where S* = {s1,...,8;}, { is the size constraint, ks is the total curvature of f, and «; is the

indiwidual greedy ratio for iteration 1.

Proof. By submodularity and definition of the greedy ratio, we have the following inequality:

FSPTUS) < F(SH+ D) flulSh

ueSOPT\ 5t

< f(S') + Z a1 f(s141]5")

uGSOPT\St

= f(S) + ST\ S'ars1 f(s141]5)
By the definition of curvature, we have

f(SOPT U St)
— f(SOPT) + Z f(8i|SOPT Usi—l)

i:siest\SOPT

> fSN) + (L —kp) D flsilSTY

i:5;,€S81\SOPT

Combining inequalities A.39 and A.42, we can get the following bound:

FEOP + @ —rp) DY flsilST

i:SZ'ESt\SOPT
< F(SY) 4+ 15O\ S g f(se41]S")

Then,

FSP + A —rp) D flsilST

i:5;,€St\SOPT

(A.37)

(A.38)

(A.39)

(A.40)
(A1)

(A.42)
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< Z flsilS™H + (018N SOPTDO&tHf(StH‘St)

s;€5t

]

Consider the family F . of all instances of Problem 6.2. For notation simplicity we write
F = Fiux- Given a problem instance, we assume that the multi-stage greedy algorithm

MULTGREED returns a subset S¢ and |S€ N SOPT| =m. For0<m </l let 1 <i; <iyp<

,o.s< im < £ be a sequence of integers such that S* = {s,ss,...,5.} has the elements
Sis ..., 8, in common with the optimal solution SOPT. Note that when m = 0, the set of
common elements is empty. By Lemma 13, it’s easy to verify that f(’;(TSﬁ)) > Bty yim),
where B(iy,...,14,) is the solution to the following optimization problem:
min 17p (A.43)
P1se--5P2
subject to pi>0,i=1,...¢ (A.44)
Aiy, .. igm)p > 1 (A.45)
Note the matrix A(iy,...,1,) is defined the same as the matrix used in the proof of Lemma

5.1 in [Conforti and Cornuejols, 1984], except that we have all the diagonal entries of the
matrix scaled by «; for each i. Since the matrix A(iy,...,4%,) is full rank, the polyhedron
given by A(i1,...,4y,)p > 1 has only one vertex, and solving A(iy,...,iy,)p = 1 yields the
vertex p* > 0. Note that the optimum of an LP can always be obtained at a vertex,the only
feasible vertex p* is guaranteed to be among the optimum. Therefore p* is also the solution
to the linear program. Hence, B(iy,...,iy) = Zle 5.

Next,we are going to show that B(iy,...,i,) > B(0). We start with the case where
m = 1, and assume that S* N SOPT = {s,},1 < p < £. We denote the solution to the

problem B(p) as p/, and the solution to B((}) as p. Solving for p and p’ yields the following:
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fori=p+1,...,¢

To show that B(p) > B(()), it suffices to show that p; < p! for any i, equivalently B <1

Consider the following for ¢ = p,... ¢

n 1—1 K
Pi 5 —11- oy
Pi fap o1 L T
K i—1 K
g_ll_f —L (AAT7)
Ll j=pt1 -1
(-1
T (A.48)
(£-1)
<1 (A.49)

The first inequality follows since 1}% is monotonically non-increasing with «, hence, its
maximum is attained when a = 1. The last inequality follows from the fact that (1 — )"~
where x € [0, 1], is monotonically non-increasing when x > 1. We have shown that p; < pf
for any 4, hence, B(()) < B(p). We are going to show that B(iy,...,i,) > B({) by induction.
It’s already proved that it holds when m = 1. Suppose B(iy, ..., i,) > B(0) holds, we wish to
show the following: B(i1,... 44, 4q+1) > B(i1,...,4,) for any .41 ¢ {i1,...,i,}. We denote
the solution to problem B(iy,...,i,) as pPs, and the solution to problem B(iy,...,i,1)

as pPati. It’s easy to see that pfq“ = pfq, for i = 1,...,4g41. Let » = 4444, then for

1=r+1,...,¢, we have the following:

B S — Ky il K
Pi q _ (b—q)a; (1 (E—q)ar) M (A 50)
Bgt1 1 1— 1 1 — P .

pi (Zilil)ai (Z7Q)0‘7‘ j=r+1 (f—q—l)aj
(—q—11=75 1—=72
: q( S M (A.51)

1—

- l—q 1— = —q—l
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(1 _ ﬁ)é—l—l
< — A.52
(1 _ Eiq71>€—q—2 ( )
<1 (A.53)

Therefore, we have pf"’ < pfq“ for all 4, thus B(i1,...,i;) < B(i1, ..., ig41)-

Then, we have the following:

SK . .
% > B(it, ..y im)
> B(0)
1 ‘ K
_ 2(1 _ H(l — Eozz))
> %(1 — e a)

where « is the harmonic mean of «;’s.

To show that the approximation factor is tight. We only show for the case where xk = 1.
Results could be generalized for any value of «.

We use the similar tight instance construction as in [Nemhauser and Wolsey, 1978], where
they show a class of instances of the greedy algorithm that achieves the approximate factor
(1—(1—%)"). In this case, we are going to show an instance of MULTGREED that achieves the
approximate factor (1—(1—2¢)"), where a is the greedy ratio of this instance of MULTGREED.
To this end, let’s define a family of submodular functions that provide worst-case examples
over all possible a > 1 and £. The (a, £)th subfamily is specified by function g’,. Notice that
g’ is a set function on a ground set V of cardinality n. For notation simplicity, we drop the
dependency on n in the set function g%, although there is a different function for each n.
We will show how to construct a submodular function for a combination of n, «, £, on which
MULTGREED achieves the approximation factor (1 — (1 — &)°).

Consider ground set V' = {1,2,...,n} that contains two types of elements special and

plain. The subset M, with |M| = ¢, is the set of special elements and V' \ M is the set
of plain elements. Value of ¢(S5),S C V, depends only on |S|,|S N M|,a and ¢. For this
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reason, we write g°(S) = ¢5(|S N M|, |S]) = ¢°(i,7), where i = |SN M| and j = |S|,i =

0,...,min(4,¢),7 =0,...,n. Let ¢g'(i,j) for general £, a, i, j be defined as following:

1.

gﬁ(ovj) :£<1_(1_@)])a0§j§n; <A54)
. o L—gt0,5—i

gh(i.G) = gh(0,5 — i) +i— (5 1=8) (A.55)

for 1 <i<li<j<m (A.56)

The fact that g’, is monotone submodular is proved by tedious enumeration of the defini-
tion of submodularity and monotonicity case by case. We leave out the proof here and defer
readers to [Nemhauser and Wolsey, 1978] for detail. Consider an instance of MULTGREED

performed on ¢’,, that only choose items from V' \ M. Then, the greedy ratio would be:

o — e W51 96(10) = ga(0,i—1)
L v f(silSiz1) g4(0,4) — ¢g£ (0,7 — 1)

Hence, the harmonic mean of «;’s is equal to a. Output subset of MULTGREED is a subset

(A.57)

of V'\ M with cardinality ¢, thus has function value ¢5/(0, ¢) = (1 — (1 — )", while optimal

=Y

subset that maximizes submodular function f under cardinality constraint £ should be M and

has function value g% (M) = ¢’ (¢,¢) = ¢. Approximation factor becomes ?1%((?\;)) =1-(1-1)%

Therefore, the bound in terms of the greedy ratio « is tight. O

A.8 Proof of Theorem 14

Theorem. Given a target submodular function f, an instance of MULTGREED with knap-

sack greedy ratio o is gquaranteed to obtain a set S s.t.

F(8) > =(1—e7a) f(SOFT) (A.58)

DN | —

where SOFT ¢ argmaxgcy,(sy<p Jf (S

Proof. Following the similar proof techniques from [Nemhauser et al., 1978] along with the
definition of the knapsack greedy ratio in Eqn 6.7, we have the following:

F(S) < S F(a1Si) + (Sia) i = 1. N (A.59)
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Rearrange the inequality, we get the following:

2N HST) - £(Si)

F(SOPT) = f(Si) < (1 -
holds for ¢ = 1,..., N. Then, we can obtain the following:

N
c(si) OPT
> (1 — _ oy
fsw) 2 (= ] 10 = SN s®)
By definition of the knapsack greedy ratio in Eqn 6.8 and Lemma 12, we obtain the following:
FSv) = (1= (1 = )% F(50T)
V= aBN

> (1 — e~ Ba) f(SOPT)

> (1—e o) f(5°°T)

Since Sy is not a feasible solution to Problem 6.6, but Sy_; is. The knapsack greedy
algorithm compares the solution between Sy_; and the maximum single value f(v*), where
v* € argmax, ey .o(u)<p f (), and outputs the maximum of the two. Then, we can bound the

output solution as follows:

max{ f(v*), f(Sny_1)} > 1(f(v*) + f(Sn-1))
(f(sn) + f(Sn-1))

>

>

NI RN N~
s
©”
4
N—

> (1 —e =) f(SOFT)

A.9 Proof for Theorem 15

Theorem. An instance of MULTGREED that solves Problem 6.6 with the knapsack greedy
ratio o returns a solution that can be transformed to a solution S for Problem 6.10 such that

1

o(S) < e(SOT) and £(S) = =(1— e H)F(V), (A.60)

DO | —

where SOFT € argmaxgcy ;(5)s sy €(S)
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Proof. This Theorem immediately follows from Theorem 14 and Theorem 3.1 of [Iyer and
Bilmes, 2013]. O

A.10 Proof of Lemma 7

Lemma. Using the surrogate uniform mizture fSUb for stage 7 in MULTGREED gives indi-

vidual greedy ratios of

1
1 <q; < :,ViE[j, (A61)

np(g®)2e2

with probability 1 — &, where § = (1 — 5ne™ o187 ) and g* = max,evns, , f(ulSi—1) > 0.

Proof. We employ methods that are similarly presented in [Mirzasoleiman et al., 2013], where

fsub

they show the theoretical guarantee of applying as a surrogate function for the class
of decomposable submodular functions. For notation simplicity, we write fSUb as f . We
denote the ground set size to be |V| = n. The expected size of the subset 7' C T is np.
We are going to show that f is close to the target function f for all possible subset S of size
|S| < ¢ with high probability, where ¢ is the size constraint of the selection. Given a fixed
S C V, we can treat all f;(5)’s as independent random variables and, by assumption, they
are bounded as 0 < f;(S) < B.

By Chernoff bound, we can bound the probability Pr(|7’| < snp) < e~%. By the
Hoeffding inequality, we can bound the probability Pr(|f(S) — u| > €) < 2672;7;2 and
Pr(|f(S) — pu| > €) < 26_%2, where p is the mean of the random variable f;(S) for any i.

By union bound, we have the following for € being small such that ;3—22 < %

2 2

Pr(|f(S) — f(S)| < 26) > 1— 2e 8 — 20 % — ¥
nps2
>1—5e B2

There are in total n’ sets of size less or equal to . By the union bound again, we can have

the following;:

np52

Pr(|f(S) — f(S)] < 26,¥S CV,|S| <) > 1 - 5n'e »2 (A.62)
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n 62
Notice that this bound is meaningful only when 1 — 5nle” 52 > 0, in other words, we can
obtain meaningful theoretical guarantee when the ground set size n is sufficiently large.
Now, we can analyze the performance guarantee in terms of the greedy ratio. Continuing

from the results in the inequality A.62 , we have that

1FGIS\ ) = FUIS\ )| < 4e

n €2
for any 7 € V', and |S| < ¢, with probability (1— 5n€e_%). Let the gain in the last iteration
of the greedy algorithm to be g, and assume that g5 > 0. Let ¢; be the item that attains
the maximum marginal gain by applying the target function f and s; be the item selected
by the surrogate function f for iteration 4, then we have the following
[l Sic1) f(t:]Si—1) < f(#:]Si—1)

n F(silSic1) ™ f(si]Sio1) —4e = f(t:|Sio1) — 4e

- f(tz‘Szfl)—&E N 1—;72 N 1—¢

<

where € = g8—f. To formalize the result in terms of the greedy ratio, we can claim that
G

np(gf)2e’?
with probability (1 — 5nfe” 6152 ), we can bound the greedy ratio in each iteration as

OQ'SL. ]

1—¢’

A.11 Proof of Lemma 8
Lemma. Using the modular upper bound as a surrogate function, it holds that

1-— /'if(Sifl)
Proof. Let t; be the item with maximum marginal gain in iteration i, i.e., ¢; € argmax, ¢y f(u|S;—1)

By definition of the greedy ratio, we have the following:

o f(ti]Si1) f(ts) f(s:)
@ f(si‘sifl) = f(si|Si71) = f(si’Sifl)
1
<

- 1- K',f(Si,1>
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The second inequality follows from that fact that s; is the item greedily selected by the
modular proxy med, therefore f(s;) = maxuewng, , f(u) > f(t;). The last inequality

follows from the definition of the curvature. O]

A.12 Proof of Lemma 9

Lemma. For the facility location function, we have:
FENNG(S) = f1,0(8).9S €V s.t. [S] = m, (A.63)

with probability at least (1 — 0), and the sparsity of the k-NNG being at least

E=nf— (%)

n

3

! (A.64)

Proof. Let @; be the ith row vector obtained from the k-NNG approximation from the
full graph. Then, W; is the approximate vector for w; with only k largest values retained.
The key observation for the facility location function is that f,.(S) = fk NN G( S), if the
set S contains items that are among the top k values of the row vector w; for all i, since
maxes W;(j) = maxeg 151( ), if S contains items that are among the top k values of ;.

For notation simplicity, we write f for fk NNG ;nd J for fye. For any item ¢t € V, we
have the probability of w;; not being among the top k elements of the row vector w; as "T_k,
given the uniform distribution assumption.

By the independence assumption, the probability, for which a set .S,, of size m contain
at least one item among the top k elements for each row vector, can be then computed as
1= (2t

Let the probability that S,, covers among the top k elements of all row vectors be 1 — 6.
Then, we have the following:

n—=k
n

[1—(

Mt=1-0
Simplify the equation, we can get the following:

k=n[l—(1-(1-8)")n] (A.65)
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)] (A.66)

)] (A.67)

The first approximation follows since (1 — 9)% ~ e‘%, for 6 being close to 0. The second

approximation follows from that enoa ] — %, with —% ~ 0. O
A.13 Proof of Lemma 10

Lemma. Given the saturated coverage function, an instance of MULTGREED with the size

| and ly = max{0,0 — {1} (where y = ——=wrfur - qesuming all

constraints 1 = Wi (o) e B(G) Waro

[t
(A=&+¢
extent graph edges are positively weighted) yields a solution with the individual greedy ratios

a; =1, fori=1,..., 0
And with probability 1 — 9,

1
1§ai§1—, fori=40,+1...¢
—€

n ( [)262
T ) and g° = maxyew\s, , f(u|[Se—1) >0

where 6 = (1 — bn'e

Proof. The bound of the individual greedy ratio «;’s for i = ¢; +1,...,¢ can be immediately
derived from Lemma 7. Therefore, it is left to show that o; = 1 for ¢ = 1,..., /1, which, by
Lemma 8, is equivalently as to show that x¢(S) = 0 for |S| < ¢;. For notation simplicity, we
write fqat as f. To show that x;(S) = 0, we can equivalently show that f(S) = >_..s f(J)
for any S of size |S| < L#{YHJ

Consider the following for any S C V' such that |[S] < | 7= 5)7+€J:

D jes Wiy > jes Wiy
djev Wij  Djes Wij 2 jevis Wiy
|5 pmax
B ’S‘pmax + (n - |S’)pmin
_ STy
S|y + (n —15])
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1

n 1
1 + né - né
YT+ A=) Te

Without loss of generality, we can assume that all w; ; > 0 for any j € S and a given 4, since
the above holds as well for 5" = {j € S|w;; > 0,Vi}. Therefore, we have that ;s w;; <

£ ey wiy for all 4. From which, we conclude that rf(S) = 0, for any |S] < 7 O

1*5)%5J
A.14 Proof of Lemma 11
Lemma. Given the feature based submodular function, an instance of MULTGREED with

the size constraints being {1 and {5, yields a solution with the individual greedy ratio bounded

as:
1<a; <036, fori=1,.... 04
And with probability 1 — 9,

1
1§ai§1—, fori=0+1...,¢
—€

n (\2)262
where § = (1 — 5n‘e” #5452 ) and ¢" = max,ens, , f(u|Se—1) > 0.
Proof. The bound of the individual greedy ratio «;’s for i = ¢; +1,...,¢ can be immediately
derived from Lemma 7. Therefore, it is left to show that a; < O(i'™) for i = 1,...,4;.
For notation simplicity, we write ff., as f. Let pnin = MiNyer vevic,)>0 Cu(v) and pmax =

maxyer yev Cu(v). It suffices to show the following:

1
I+ G =Dy = (=)™

o; <

where v = ’:“J. It is easy to verify that

min

1 ‘1—a
R R e (R A
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given 7 is a constant. Let ¢; denote the item with maximum marginal gain in iteration ¢, i.e.,
t; € argmax,cng, , f(u[Si-1), and s; denote the item selected by using the modular proxy

f mod‘ Consider the following:

f(ti|Si—1) f(ti) f(si)
f(silSi-1) = f(54]Si-1) = f(54]Si-1)

_ Zfef[cf(si)]a

D perles(si) +ep(Simn)]e = [ep(Sima)]

. > erles (sl

T D erler(si) + (0= 1) pmax]® = [(2 = 1) pmax])®

o; =

Let’s consider the following function:

i (i)
Mz, ... x,) = =5 = (A.68)
> i (i + C)r = C9)
where C' is a constant. The function A is symmetric about all its variables z1, ..., x,. Notice

that the function h() is not convex or concave in its variables. However, we still want to
maximize the function over the vector x within the range [pmin, fmax] element-wisely. First,
we easily see that h evaluated at 1 = z9 = - -+ = x,, ranges in (1, 00).

To maximize the function h, we can simply maximize the function h over the subspace

where 1 = - -+ = x,,, since the maximum of A can be achieved in the subspace x1 = - - - = z,,.
To maximize h, we can equivalently maximize the function Tere—ve for x € [pmin, Pmax)

and it’s easy to verify that the maximum is attained at x = pn;,. Moving back to upper

bounding the greedy ratio at the ¢th iteration, we can get the following

< p?nin
- [Iomin + (Z - 1)pmax]a - [(Z - 1)pmaX]a
1

[T+ (= 1)) —[(@ = 1)v]°

a;

A.15 Proof for Theorem 16

Theorem If f; and fy are monotone submodular, min{ fi(A), fo(V\A)} is also submodular.
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Proof. To prove the Theorem, we show a more general result: Let f and h be submodular,
and f — h be either monotone increasing or decreasing, then g(.S) = min{ f(.5), h(S)} is also
submodular. The Theorem follows by this result, since f(S) = f1(S) and h(S) = fo(V \ 5)
are both submodular and f(S) — h(S) = f1(S) — f2(V '\ S) is monotone increasing.

In order to show g is submodular, we prove that g satisfies the following:
g(S)+g(T)>g(SNT)+g(SUT),¥VS, T CV (A.69)

If g agrees with either f or h on both S and 7', and since

fS)+ f(T) = [(SUT)+ f(SNT) (A.70)
h(S) + h(T) > h(SUT) + h(SNT), (A.71)
(A.72)

Eqn A.69 follows.
Otherwise, w.l.o.g. we consider ¢g(S) = f(S) and ¢g(T") = h(T). For the case where f — h

is monotone non-decreasing, consider the following:

9(8) +9(T) = f(5) + h(T) (A.73)
> f(SUT)+ f(SNT)— (f(T)— h(T)) // submodularity of f (A.74)
> f(SUT)+ f(SNT)—(f(SUT)—h(SUT)) // monotonicity of f —h
(A.75)
=f(SNT)+h(SUT) (A.76)
> g(SNT)+g(SUT). (A.77)

Similarly, for the case where f — h is monotone non-increasing, consider the following:

9(5) +9(T) = f(5) + MT) (A.78)
>h(SNT)+h(SUT)+ (f(S) = h(S)) // submodularity of h (A.79)
>hSUT)+hSNT)+ (f(SUT)—h(SUT)) // monotonicity of f — h

(A.80)
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=h(SNT)+ f(SUT) (A.81)
>g(SNT)+g(SUT). (A.82)
O

A.16 Proof for Theorem 17

Theorem Under the homogeneous setting (f; = f for all i), GREEDMAX is guaranteed to

find a partition © such that

max min f(A7). (A.83)

Proof. We prove that the guarantee of 1/m, in fact, even holds for a streaming version of the
greedy algorithm (STREAMGREED, see Alg. 19). In particular, we show that STREAMGREED
provides a factor of 1/m for SFA under the homogeneous setting. Theorem 17 then follows

since GREEDMAX can be seen as running STREAMGREED with a specific order.

Algorithm 19: STREAMGREED

1 Input: V = {vy,v9,...,0,}, fym

2 Initialize: Ay =,...,= A, =0, k=1
3 while £ <n do

4 i* € argmin; f(A;)

5 Ay Ay U{ug}

6 k+—k+1

To prove the guarantee for STREAMGREED, we consider the resulting partitioning after
an instance of STREAMGREED: 7 = (ATUAZ, ..., AT). For simplicity of notation, we write

AT as A; for each ¢ in the remaining proof. We refer OPT to the optimal solution, i.e.,
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OPT = max, min; f(A4;). W.Lo.g., we assume f(A;) = min; f(A;). Let a; be the last item
to be chosen in block A; for i =2,... ,m.
Claim 1:
OPT < f(V\A{ag,...,am}) (A.84)

To show this claim, consider the following: If we enlarge the singleton value of a;,7 =

2,...,m, we obtain a new submodular function:
FA) = f(A) +a) |Anai, (A.85)
i=2

where « is sufficiently large. Then running STREAMGREED on f’ with the same ordering of
the incoming items leads to the same solution, since only the gain of the last added item for
each block is changed.

Note that f'(A) > f(A),YA C V, we then have max, min; f'(A7) > OPT. The optimal
partitioning for f’ can be easily obtained as 7' = (V' \ {ag,...,an},as,...,a,). Therefore,

we have that
OPT < maxmin f'(AT) = f'(V\{ag,...,an}) = f(V\{ag,...,an}). (A.86)

Lastly, we have that f(A;) > f(A; \ a;) for any ¢ = 2,...,m due to the procedure of

STREAMGREED. Therefore we have the following:

F(AD) 2 —([(4) + Y F(AN @) (A7)
> %f(v \ {as,...,an}) // submodularity of f (A.88)
> %OPT // Claim 1 (A.89)

O]
A.17 Proof for Theorem 18

Theorem Given ¢, o and any 0 < 0 < «, GREEDSAT finds a partition such that at least

[m(a—0)] blocks receive utility at least I_ZM(maX7r min; f;(AF) —¢).
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Proof. When GREEDSAT terminates, it identifies a c¢y;, such that the returned solution
femin gatisfies F'omin (7emin) > . Also it identifies a cpax such that the returned solution
fremax gatisfies Fomax (7max) < qepax. The gap between cpax and ¢y, is bounded by e, i.e.,
Cmax — Cmin < €.

Next, we prove that there does not exist any partitioning 7 that satisfies min; f;(AT) >
Cmaxs 1-€.; Cmax > MaXyer min; f;(AF).

Suppose otherwise, i.e., Ir* : min; fi(AT ) = Cmax + 7 With v > 0. Let ¢ = cpax + 7,
consider the intermediate objective F(r) = = 3" min{f;(A7),c}, we have that F°(7*) =
c. An instance of the algorithm for SWP on [ is guaranteed to lead to a solution 7€ such that
Fe(7°) > ac. Since ¢ > cpay, it should follow that the returned solution 7= for the value
Cmax also satisfies F emax (1) > Qemax. However it contradicts with the termination criterion
of GREEDSAT. Therefore, we prove that ¢pax > maxgenmin; f;(AF), which indicates that
Cimin = Cmax — € > MaXyep min f;(AF) — €.

Let ¢* = % and the partitioning returned by running for ¢* be 7 (the final output

partitioning from GREEDSAT). We have that F¢ (7) > ac*, we are going to show that for

any 0 < § < «, at least a [m(a — )| blocks given by 7 receive utility larger or equal to

) *
1—a+6c '

Just to restate the problem: we say that the i*" block is (c, §)-good if fi(AF) > ﬁc"‘.

Then the statement becomes: Given 0 < § < a, there is at least m[a — 0| blocks that are
(a, 0)-good.

To prove this statement, we assume, by contradiction, that there is strictly less than
[m(a — )] (a,0)-good blocks. Denote the number of («a, §)-good blocks as mgeoq. Then we
have that mgeoq < [m(a — )] —1 < m(a—0). Let § = =524 be the fraction of (o, d) good
blocks, then we have that 0 < 6 < (v — J) < 1. The remaining fraction (1 — ) of blocks are

5

not good, i.e., they have valuation strictly less than ——

or5¢" Then, consider the following:

FE () = — S min{fi(47), '} (A.90)
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(a) o
* 1—0)— A.91
< O+ ( 9)1_&+5c (A.91)
o 11—«
_ * * A.92
1—a—|—5c+1—0z—|—560 (4.92)
(b) ) l—a
* _ * A'
<1—a+§c+1—a+5(a O)e (A.93)
= ac” (A.94)

Inequality (a) follows since good blocks are upper bounded by ¢*, and not good blocks have

*

values upper bounded by ﬁc . Inequality (b) follows by the assumption on 6. This
therefore contradicts the assumption that F (#) > ac*, hence the statement is true.
This statement can also be proved using a different strategy. Let f¢ = min{f;(AT),c*}
and f; = fi(AT) for all 4. For any 0 < 3 < 1 the following holds:
_ . 1 . 1 1 1 1 1
* < C o — C < _ f = . _ ) _ *k . *
ac —F (ﬂ-) mz.fz — mfz mz fz+mz fz< anrnbadﬁC +mmgoodc
i i fi<Bc* i fi > Bc*
(A.95)

where m = Mpad + Mgood and Mgeoq are the number that are f-good (i.e., ¢ is f-good if

fi > Bc*). The goal is to place a lower bound on mgeeq. From the above

a < (1 - Teeodyg Meood (A.96)
m m
which means
a—p
Mgood > [1 — ﬁm—l (A97)
Let g = ﬁ, the statement immediately follows.

Note ¢* = Cm”% > Cmax — € > Maxgen min; f;(AT) — e. Combining pieces together,

we have shown that at least [m(« — d)] blocks given by 7 receive utility larger or equal to

4

Tars (maXzem min; f; (A7) — €). O

A.18 Proof for Theorem 19
1+(‘A?|_1)(1_’§f¢(14?))) where & —

AT log® m
(AT .- | AT ) is the partition obtained by the algorithm, and rk;(A) = 1 — min,ey W €

Theorem MMAX achieves a worst-case guarantee of O(min;

0, 1] is the curvature of a submodular function f at A C V.
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Proof. We assume the approximation factor of the algorithm for solving the modular version

of Problem 1 is @ = O( Asadpour and Saberi, 2010]. For notation simplicity,

Vmlog3m
we write T = (fll, o ,Am) as the resulting partition after the first iteration of MMAX,
and ™ = (Aj,..., A) as its optimal solution. Note that first iteration suffices to yield
the performance guarantee, and the subsequent iterations are designed so as to improve
the empirical performance. Since the proxy function for each function f; used for the first
iteration are the simple modular upper bound with the form: h;(X) =3, fi(j)-

Given the curvature of each submodular function f;, we can tightly bound a submodular

function f; in the following form [Iyer et al., 2013al:

| X
filX) < hi(X) < 1+ (IX] = D(1 — rp, (X))

[X) VX CV (A.98)

Consider the following:

N 1 A
L+ (JAs | =1) (1=r7, (A7)
1 A

LHIAT=1) (1=, (A)
L+ (Al = DA = 57 (A))

> amin A min h; (A7) (A.101)
> avmin L+ (4] - |1f)1(|1 = F(A) min f;(A7) (A.102)
1+ (JAi| — 1)(1 — kp, (A
— O(min — (4] = 1) . i ’)))mjn Fi(A). (A.103)
é |A;|v/mlog” m i
O

A.19 Proof for Theorem 20

Theorem Suppose there exists an algorithm for solving the modular version of SFA with an

approximation factor o < 1, we have that

min f;(A™) > amin f;(A]""). (A.104)

1
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Proof. Consider the following:

7

min f;(A7""") = min h;(A]*"")// tightness of modular lower bound. (A.105)

< amin h;(A7*)// approximation factor of the modular SFA. (A.106)

< ah;(AT)//j € argmin £,(AT) (A.107)
< afj(A7)/ /(A7) upper bounds f; everywhere. (A.108)
= avmin f;(A7") (A.109)

[l

A.20 Proof for Theorem 21

Theorem For any ¢ > 0, SLB cannot be approximated to a factor of (1 — €)m for any

m = o(y/n/logn) with polynomial number of queries even under the homogeneous setting.

Proof. We use the same proof techniques as in [Svitkina and Fleischer, 2008]. Consider two

submodular functions:

£1(5) = min{(s], a}; (A110)
f2(S) :min{Zmin{B,|SﬂVz‘|},Oé}; (A.111)

n

where {V;}2, is a uniformly random partitioning of V' into m blocks, & = = and § = i g

To be more precise about the uniformly random partitioning, we assign each item into

any one of the m blocks with probability 1/m. It can be easily verified that OPT; =

mingengmax; f1(A7) = n/m and OPTy, = mingcn max; fo(AF) = mQ("l_e). The gap is then
—8112% =m(l —e).

Next, we show that f; and f, cannot be distinguished with n“® number of queries.

Since f1(S) > f2(S) holds for any S, this is equivalent as showing P{f1(S) > f2(S)} <

n—w(l)'
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As shown in [Svitkina and Fleischer, 2008], P{f1(S) > f2(S)} is maximized when |S| = a.

It suffices to consider only the case of |S| = a as follows:
P{fi(S) > f2(5) : 18] = o} = P{D_min{B,|SNVi[} < o : |S] = o} (A.112)

i=1
The necessary condition for > " min{/, [SNV;|} < a is that |[SNV;| > S is satisfied for some
62n

i. Using the Chernoff bound, we have that for any i, it holds P{|SNV;| > 8} < e #m? = n~«1)
when m = o(y/n/logn). Using the union bound, it holds that the probability for any one
block V; such that |S N V;| > 3 is also upper bounded by n~“(!). Combining all pieces

together, we have the following:
P{fi(S) > fo(S)} < n~O. (A.113)

Finally, we come to prove the Theorem. Suppose the goal is to solve an instance of
SLB with fs. Since f; and fy; are hard to distinguish with polynomial number of function
queries, any polynomial time algorithm for solving fs is equivalent to solving for f;. However,
the optimal solution for f; is a = 7+, whereas the optimal solution for f, is 8 = ﬁ

Therefore, no polynomial time algorithm can find a solution with a factor m(1 — €) for SLB

in this case. OJ

A.21 Proof for Theorem 22

Theorem LOVASZROUND is guaranteed to find a partition 7 € 11 such that max; f;(AT) <

m mingen max; f;(A7).

Proof. 1t suffices to bound the performance loss at the step of rounding the fractional solution

{z}™,, or equivalently, the following:
. 1
max f;(x]) > — max f;(4;), (A.114)
? m ?

where {A;}™ is the resulting partitioning after the rounding. To show Eqn A.114, it suffices
to show that f,(x;“) > %fi(Ai) for all i = 1,...,m. Next, consider the following:

" o1
filA;) = fi(1a,) = mfi(—14,)// positive homogeneity of Lovasz extension (A.115)
m
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. . 1 .
For any item v; € A;, we have z}(j) > -, since > "z

*
7

(7) > 1 and z}(j) = max; x4 (j).
Therefore, we have %1 4, < xf. Since f; is monotone, its extension f; is also monotone. As

a result, fi(A;) = mfi(51a,) < mfi(x}).

A.22 Proof for Theorem 23

AT
—1)(1—ry, (A7)

Theorem MMIN achieves a worst-case guarantee of (2 max; AT ), where

7 = (AT, A™") denotes the optimal partition.

Proof. Let a = 2 be the approximation factor of the algorithm for solving the modular version
of Problem 2 [Lenstra et al., 1990]. For notation simplicity, we write 7 = (1211, o ,Am) as
the resulting partition after the first iteration of MMIN, and 7* = (A7,..., A) as its
optimal solution. Again the first iteration suffices to yield the performance guarantee, and
the subsequent iterations are designed so as to improve the empirical performance. Since
the supergradients for each function f; used for the first iteration are the simple modular
upper bound with the form: h;(X) =", fi(j), we can again tightly bound a submodular

function f; in the following form:

F(X) < hi(X) < X

Consider the following:

max f;(A;) < max h;(A;) (A.117)
< amax h;(AY) (A.118)
<amax—— (A119

BT AT = D = g (A7)
< amax [A;] max f; (A7) (A.120)

L+ (A = D = k(A7)
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A.23 Proof for Theorem 24

Theorem Suppose there exists an algorithm for solving the modular version of SLB with an

approzimation factor o > 1, we have for each iteration t that

max f;(A") < amax f;(A]""). (A.121)

Proof. The proof is symmetric to the one for Theorem 20. [
A.24 Proof for Theorem 25

We prove separately for Problem 7.1 and Problem 7.2.

Theorem Given an instance of Problem 7.1 with 0 < A < 1, COMBSFASWP provides

an approzimation guarantee of max{min{c, =}, Xgia’/\ﬁ} in the homogeneous case, and a

factor of max{ Z\giw)‘@} in the heterogeneous case, where o and B are the approrimation

factors of ALGWC and ALGAC for SFA and SWP respectively.

Proof. We first prove the result for heterogeneous setting. For notation simplicity we write

the worst-case objective as Fj(mw) = min;—y __,, f(AF) and the average-case objective as

Fy(m) = % Zi:l,...,m f(AT).

Suppose ALGWC outputs a partition 7 and ALGAC outputs a partition m,. Let 7* €
arg max, e A (7) + AFy(7) be the optimal partition.

We use the following facts:

Factl
Fl(’/'ATl) ZO(F1<7T) (A122)
Fact2

Fg(?’[’g) Z 5FQ(7T) (A123)
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Fact3
Fy(r) < Fy(n) (A.124)
Then we have that
AF (7)) 4 AFy(79) > AFy() (A.125)
> \GF(m*) (A.126)
> A3 [AF(7*) + AFy ()] (A.127)

and

AFL(71) + APy (1) > p [AFL(71) + AFS(71)] + (1 — p) [AFL(R1) + AF(71)] (A.128)
s

> 4w PaR(r) + AR ()] + (- @) 04 AR (A129)
> EERR(T) + (1= ) BAR () (A.130)
> min %, (1 —p)B} [AFL(7™) + AFy ()] (A.131)

min{ &, (1 — p)B} is a function over 0 < pp <1 and p* € argmax, min{**, (1 — p)8}. It

is easy to show

' AB

== A.132
= Sita ( )
mgxmin{%, (1-p)pB} = Mﬁj‘_ - (A.133)
5\F1(7AT1) + )\Fg(ﬁl) Z = ﬁa [E\Fl(ﬂ'*) + )\Fg(ﬂ'*ﬂ (A134)
NG+«
Taking the max over the two bounds leads to
B

max{XFl(frl) + )\Fg(ﬁ'l), 5\F1(7AT2) + )\Fg(ﬁ'g)} Z maX{ /\ﬂ} Iilgl_}[(;\Fl(’iT) + )\FQ(W)

A3 +a’
(A.135)
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Next we are going to show the result for the homogeneous setting. We have the following

facts that hold for arbitrary partition 7:

Fi(71) > aFy(n), Fy(7y) > BFy(n) (A.136)
Fi(m) < Fy(m), Fy(m) > %Fgm) (A.137)

Consider the following:
5\F1(7AT1) + )\F2(7AT1) Z OéS\Fl(W*) + %FQ(W*) (A138)
> min{a, %} [NFL (1) + AFy(n%)] (A.139)

and

AF () + AFy(79) > AFy(72) (A.140)
> \3Fy(7) (A.141)
> A3 [AFL(7*) + AFy ()] (A.142)

Taking the max over the two bounds and the result shown in Eqn A.134 gives the following:

max{\F (7)) + AFy (1), AFy(72) + AFy(72)} > max{min{a, ! } )\/Bﬁi AL} max AFy () + AFy(mr).
(A.143)
O
Theorem COMBSLBSMP provides an approximation gquarantee of min{m, m/\H,ﬁ(m)\—l—/\)}

in the homogeneous case, and a factor of min{-22- 3(mA+ \)} in the heterogeneous case,

mA+\’
for Problem 7.2 with 0 < X\ < 1.

Proof. Let m; be the solution of ALGWC and 75 be the solution of ALGAC. Let 7* €
arg ming e AFy (7) + AFy(7) be the optimal partition. The following facts hold for all 7 € II:
Fact1

F1(7AT1) S OzFl(ﬂ') (A144)
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Fact2
Fact3
Fy(m) < Fi(m) < mFy(m) (A.146)
Then we have the following:
AFy (7)) + AFy(71) < Fi(71) (A.147)
< aFy(m") (A.148)
o - . A .
mo <~ . .
<— - [AFL (%) + AFy ()] (A.150)
and
< (mA+ \)BFy () (A.152)
< (mA+ ) B [AF (") + AFy(7")] (A.153)
(A.154)
Taking the minimum over the two leads to the following:
min{ \F} (71) + AFy (7)), N (72) + APy ()} < min{%, B(mA+ )} min AF () + AFy()
(A.155)

Equation A.155 gives us a bound for both the homogeneous setting and the heterogeneous
settings.

Furthermore, in the homogeneous setting, for arbitrary partition 7, we have

AFy () + Ay () < mII1€11[[1 AFy () + AFy(7) (A.156)
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and we can tighten the bound for the homogeneous setting as follows:

min{ AFy (7t1) + A5 (71), AFL (7)) + AFy(72)} < min{m, ma ,B(mA+ N} max AFy () 4+ AFy(7)

mA+ A
(A.157)

O]
A.25 Proof for Theorem 26

Theorem Givene, a, and, 0 < XA < 1, GENERALGREEDSAT finds a partition 7 that satisfies

the following:
Amin f;(AT) + A = Xm:f (AT) > Ma(OPT — ¢) (A.158)
(A — J(AT) > —€), .
i (2 m — 7

where OPT = max e A min; fi(AT) + )\% Yo fi(AT).
Moreover, let Fy;(m) = Afi(AT) + AL >y fi(AT). Given any 0 < 0 < «, there is a set
I C{1,...,m} such that |I| > [m(a — )] and

0
F1i7/\(’fr) Z max{ T

5 Aa}(OPT —¢),Vi € 1. (A.159)

Proof. Denote intermediate objective F(r) = =3 min{Af;(AT) + AL > iy fi(AT), ).
Also we define the overall objective as F(7) = Amin; f;(AT) + AL > fi(AT). When
the algorithm terminates, it identifies a c,;, such that the returned solution 7°»i» satisfies
Femin (7emin) > aCpin. Also it identifies a cpax such that the returned solution 7°=x satisfies
Fremax(gemax) < qeyay. The gap between cpay and cpi, is bounded by €, i.e., Chax — Cmin < €.

Next, we prove that there does not exist any partitioning 7 that satisfies F\(7) > cpax,
i.e., cmax > OPT.

Suppose otherwise, i.e., I7* : F(7*) = cpax +77 With v > 0. Let ¢ = ¢pax + 7, consider the
intermediate objective F¢(), we have that F(7*) = c. An instance of the algorithm for SWP

on F° is guaranteed to lead to a solution 7 such that F ¢(7°) > ac. Since ¢ > Cmax, it should
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follow that the returned solution 7= for the value cyay also satisfies F emax (1) > Cpax-
However it contradicts with the termination criterion of GREEDSAT. Therefore, we prove
that cpax > OPT, which indicates that cpin > Cmax — € > OPT — €.

Let ¢* = C“‘”‘TJFC‘“‘“ and the partitioning returned by running for ¢* be & (the final output
partitioning from the algorithm). We have that F* (%) > ac*.

Next we are ready to prove the Theorem: F(7) > Aa. For simplicity of notation, we

rewrite y; = Afi(A]) + A+ > i fi(A7) and z; = min{\f;(A]) + AL > [i(AT), ¢} =

min{y;, c*} for each i. Furthermore, we denote the sample mean as 7 = L Y™ z; and
m 1=

y==>" 3. Then, we have F(7) = min,; y; and F° (&) = z. We list the following facts

to facilitate the analysis:
1. 0 < z; < ¢* holds for all 7;
2. y; > Ay holds for all i;
3. x; > A% holds for all ¢;
4. & > ac’
5. x; = min{y;, ¢*}, Vi.

The second fact follows since

1 &
- ’ Al
y=— ;1 Y (A.160)

=S AN A3 f(AT) (A.161)
_ %ifj(A?) < b (A.162)

Given the second fact, we can prove the third fact as follows. Let ¢* € argmin,y;. By

definition z; = min{y;, ¢*}, then i* € argmin, z;. We consider the two cases:
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(1) y < c*: In this case, we have that x; = ;. Since z; < y;, Vi, it holds that = < 7.
The third fact follows as x;+ = y;« > Ay > A\T.

(2) yi > ¢*: In this case, y; > ¢* holds for all i. As a result, we have z; = ¢*,Vi.
Therefore, x; =& = ¢* > A\c*.

Combining fact 3 and 4, it follows for each i:
_ A 1 & A
Mi(AT) + A\— g fi(A7) = yi > 23 > AT > alc” > aA(OPT —¢). (A.163)
m
j=1

The first part of the Theorem is then proved.
The second part of the Theorem simply follows from the proof in Theorem 18 and

Eqn A.163. O

A.26 Proof for Theorem 27

Theorem Define F*(r) = Amax; f;(AT) + AL 3" fi(AT) for any 0 < X\ < 1. GENER-

ALLOVASZ ROUND is guaranteed to find a partition # € II such that

FA(#) < mmin FA(r) (A.164)

mell

Proof. We essentially use the same proof technique in Theorem 22 to show this result. After
solving for the continuous solution {x} € R"}7,, the rounding step simply chooses for each

j=1,...,n, assigns the item to the block i* € argmax,_; ,, z(j). We denote the resulting

partitioning as # = { AT} .
It suffices to bound the performance loss at the step of rounding the fractional solution

{z}™,, or equivalently, the following:

Folox 1 s

filai) = Efz(Az)a (A.165)
Given Eqn A.165, the Theorem follows since

FA(r*) > Xmax filz %i (A.166)
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> e (A7) + 2 D f(A7) (A.167)
1 .
> EFA(W)' (A168)

To prove Eqn A.114, consider the following:
o o1
fi(AT) = fi(147) = mfi(—14%)// positive homogeneity of Lovdsz extension  (A.169)
K2 m K2

For any item v; € AT, we have z}(j) > L, since > 27(j) > 1 and z(j) = maxy zy(j).
Therefore, we have %1 4, < xf. Since f; is monotone, its extension f; is also monotone. As

aresult, f;(A;) =mfi(E1a) < mfi(x]). O
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