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We revisit and make progress on some old but challenging problems concerning least squares
estimation. Two major problems are addressed: (i) least squares estimation with heavy-tailed
errors, and (ii) least squares estimation in non-Donsker classes. For (i), we study this problem
both from a worst-case perspective, and a more refined envelope perspective. For (ii), we
perform two case studies in the context of (a) estimation involving sets and (b) estimation
of multivariate isotonic functions. Understanding these particular aspects of least squares
estimation problems requires several new tools in the empirical process theory, including
a sharp multiplier inequality controlling the size of the multiplier empirical process, and

matching upper and lower bounds for empirical processes indexed by non-Donsker classes.
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Chapter 1
INTRODUCTION

1.1 DMotivation and the questions

Suppose we observe data {(X;,Y;)},, where X are explanatory variables (covariates) and
Y; are the corresponding responses. The classical regression model specifies the relationship

between the covariates X; and the responses Y; as:
Vi=fo(Xi)+&, i=12,....n (1.1.1)

Here fj is considered as the ‘true regression function/signal’ modeling the relationship be-
tween X; and Y;, and the & are i.i.d. mean-zero additive measurement errors independent
of the covariates X;.

The simplest example for (1.1.1) is the linear regression model, where the regression
function f, satisfies a linear contrast: fo(X;) = XT3 for some 3y € R% In such a model,

we often write the model in compact form as

Y = XBo+ £, (1.1.2)

where Y = (Y7,...,Y,)" € R" is the response vector, X = [X; ... X,]T € R™ is the design
matrix, and € = (&,...,&,)" € R is the error vector.

Although the linear regression model (1.1.2) is often the method of first choice in appli-
cations due to its easy interpretability, the overly simplified linearity assumption can often
be severely violated. A first step in extending the parametric model (1.1.2) to cope with
more complicated situations is to consider non-parametric models, where in general instead
of specifying some exact form of f,, smoothness or qualitative assumptions are imposed on

fo. Classical examples in this direction include Hélder smoothness conditions (and more



general Besov classes), and monotonicity or convexity qualitative constraints. Recent years
(although perhaps starting as long ago as [79]) have also witnessed a tremendous interest in
the high-dimensional models; a canonical example is given by (1.1.2) where potentially the
problem dimension d can be much larger than the sample size n, so any reasonable method
of estimation would assume certain low dimension structure of the model—a certain variant
of sparsity.

A statistical goal for using the model (1.1.1) when observing (X;,Y;)’s is to recover the
true regression function fy;. There are countless statistical methods to ‘achieve this goal’,
but in this thesis, we will be interested in clarifying some mysterious aspects to the perhaps

most fundamental estimator—the least squares estimator (LSE) defined via
i in» (¥; - f(X0)’ 1.
fn € argrfrg;l;( FX9))7, (1.1.3)

where F is a model specified by the user that is believed to capture certain ‘structure’ of the
true signal fy. We assume without loss of generality throughout this thesis that the LSE is
well-defined (otherwise we may take a suitable approximating least squares estimator with
arbitrary precision to the global infimum).

Two central questions for the theory of the least squares estimator are to understand:

(M1) How fast does the LSE fn converge to the true signal fy as the sample size grows?

(M2) Is the above convergence rate “optimal” in some sense?

(M1) has been the focus of nonparametric statistical theory for decades. In the empirical
risk minimization (ERM) literature, the rate behavior of the LSE (3.1.2) has been well

understood under certain canonical settings. A classical result is the following:

Theorem 1.1.1. Suppose that:

1. the errors {&;} are sub-Gaussian (or at least sub-exponential);



2. the model F satisfies an entropy condition with exponent o € (0,2).
Then

£ — follzopy = Op (n_ﬁ) (1.1.4)

Theorem 1.1.1 is well-known in the literature, see e.g. [153, 21, 162, 160, 84, 17], to name
a few.

The optimality of Theorem 1.1.1, i.e. (M2), is classically studied in a minimax framework.
In particular, it is known that the rate Op(n_%%a) is the best-possible one can hope for
any estimation procedure [169] from a worst-case perspective. The remarkable feature of
Theorem 1.1.1 and this minimax optimality is that the least squares estimator is optimal in
this minimax sense under the specified assumptions as an estimation procedure.

One may naturally wonder if the least squares estimator continues to be an optimal

estimation procedure when either of the two major assumptions in Theorem 1.1.1 fails:

(1) The error distributions need to be lighted tailed (i.e. have exponentially many mo-

ments);

(2) The model cannot be too ‘rich’ in the entropy complexity sense.

At a more technical level, the first assumption (1) that the errors &;’s are sub-exponential
facilitates the use of the so-called ‘Bernstein-norm’ [21] so that the usual sharp exponential
chaining of the empirical processes is possible. When the errors &;’s are genuinely heavy-
tailed, apparently we can no longer expect exponential chaining in a usual sense at a general
level for the empirical processes. Such a difficulty is related to the following long-standing

open question:

Question 1.1.2. What is the rate performance of the LSE in a heavy-tailed regression setting

(i.e. the errors do not have exponential moments)?

! F satisfies an entropy condition with exponent a € (0, 2) if either (i) supg log N (¢|| F|| 1, (@), F, L2(Q))
e, where the supremum is over all finitely discrete measures @ on (X, .A); or (ii) log Vjj(e, F, Lo(P))
e

S
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As we will review in the next section, although there are some recent breakthroughs for
this question when the model satisfies very nice properties [91, 109, 113, 112], a solution at
a general level, even from a worst-case perspective, is still lacking.

The second assumption (2) that the model has ‘entropy complexity level’ a € (0,2) is,
unfortunately, necessary in general to guarantee that the convergence rate of the LSE is

optimal in a minimax sense. When o > 2, we have the following result due to [21]:

Theorem 1.1.3. Suppose

1. the errors {&;} are sub-Gaussian (or at least sub-exponential);

2. the model F is bounded with ‘entropy level” o € (2,400).

Then
1fo = follo(py = Op(n~24).

Furthermore, the rate cannot be improved under these assumptions.

The boundary case a = 2 gives rise to the rate Op(n~/*logn) which can be recovered
by both Theorems 1.1.1 and 1.1.3 up to a multiplicative logarithmic factor so we will not
illustrate this case separately from now on. Comparing the rates in Theorems 1.1.1 and
1.1.3, we immediately see that the power of the convergence rate does not depend ‘smoothly’
on the complexity level o of the model. The serious problem here is that the minimax rate
is always Op(n_?%a) (cf. [169, 20]) and hence the rate provided in Theorem 1.1.3 is strictly
sub-optimal when a > 2.

The striking phenomenon revealed here leads to the question, as to whether this sub-
optimality is due to the proof or to the least squares estimation procedure. It is shown in
[21] that the convergence rate derived in Theorem 1.1.3 is the best-possible one can hope for
under an entropy complexity assumption on the models—a slightly ‘constructed’ parameter
space (a subspace of the univariate Holder functions with regularity less than 1/2) witnesses
the rate Op(n~'/2*). Therefore it is clear that from a worst-case perspective, one should not

expect the LSE to converge at a minimax rate.



However, although being of great theoretical interest, a worst-case analysis can often
be conservative, and sometimes perhaps even mis-leading. In fact, from a practical point of
view, it is far from clear if we can give an answer to whether or not the LSE is rate-suboptimal

for a given model with entropy complexity level a > 2. The real difficult question here is:

Question 1.1.4. What is the rate performance of the LSE for any given model with entropy

complexity level o > 27

Both Questions 1.1.2 and 1.1.4, posed in statistical contexts, are manifestations of major
deficiencies in the current empirical process theory: it has now been well-understood that
the problem of deriving convergence rates of LSEs, is essentially equivalent to understanding

sharply the size of the multiplier empirical process ([76]; see also [36, 158] for related results):

> Gf(X)

=1

sup

_ (1.1.5)
ferF

In this thesis, we will therefore address Questions 1.1.2 and 1.1.4 by studying the size of
(1.1.5) in the context of

1. the multipliers &;’s only have a few moments, and

2. the model is ‘high-dimensional’ or very ‘high-dimensional’.

Question 1.1.2 then translates into an understanding for the size of the multiplier empir-
ical process (1.1.5) when &;’s can be genuinely heavy-tailed, while Question 1.1.4 is asking
about the size the empirical process (taking &;’s to be Rademacher random variables) when

the indexing set F has an entropy complexity level greater than 2.
1.2 Summary of the results and our contribution

In this thesis, we attempt to make progress on both Questions 1.1.2 and 1.1.4 mentioned

above.



1.2.1 Least squares estimation with heavy-tailed errors I: a worst-case analysis

In Chapter 2, we show that if the errors have finite L, (p > 1) moments, and the underlying
function class is uniformly bounded with an entropy of order e=* for some « € (0,2), then

the rate of convergence for the LSE is no worse than
Op (nm% v n—%%) . (1.2.1)

Furthermore, this rate is unimprovable under entropy conditions alone. To the best knowl-
edge of the author, this rate offers the first quantitative answer to Question 1.1.2 for a general
regression function class, and shows a clear tradeoff between the complexity of the function
class and the heaviness of the tail of the errors.

As indicated in the previous section, the problem of deriving convergence rates of the LSE
is essentially equivalent to that of obtaining sharp estimates for the associated multiplier em-
pirical processes. The key technical tool in this regard, as we will show, is a sharp multiplier

inequality characterizing the size of the multiplier empirical processes. Very informally,

B> &/ (X)#
=1

k
A max {‘growth rate’ of k — EHZ €if(Xi)HFaElr§?<§L’5i‘}-

i=1
In particular, the size of the multiplier empirical process is determined not only by the size
of the corresponding empirical process, but also by the moments of the multipliers.

Aside from the classical non-parametric regression models, we also consider in Chapter
2 high-dimensional models exemplified by the sparse linear regression model, where both
the design matrix and errors can be heavy-tailed. We suggest a new proof method that
combines our new multiplier inequality with Gaussian approximation techniques to quantify
the growth of the empirical process when both the design matrix and the errors can be
heavy-tailed. The new technique allows us to prove rate-optimality of the Lasso estimator

under a wide range of distributional assumptions on the design and the errors.



1.2.2  Least squares estimation with heavy-tailed errors II: an envelope perspective

In Chapter 2, we investigate Question 1.1.2 from a worst-case perspective. As is often
the case, worst-case analysis can be conservative in specific situations. In Chapter 3, we
consider further a more difficult regression model where the errors only have a second (or
Ly 1) moment, in which the worst case rate (1.2.1) derived in Chapter 2 is not very informative
in that it is always Op(n_l/ 1). On the other hand, there are many natural and important
examples for which the LSE is known to converge at a much faster rate than the worst-case
Op(n~*) rate.

To this end, we will show in Chapter 3 that, the size of the ‘localized envelope’ of F
gives a sharp interpolation between the parametric rate Op(n~'/2) and the worst-case rate
Op(n~*), and thereby determining the actual convergence rate of the Ly loss of the LSE
when the errors only admit an Ly; moment. More specifically, let Fp(d) be the envelope for
Fo(6) = {f € Fo : Pf* < 6%} where Fy = F — fy. We show that under certain uniform
entropy condition on the function class, if for some 0 < v < 1, the localized envelope has

the growth rate

[Fo(0) || 2Py ~ 67 (1.2.2)

then the convergence rate of the LSE in the Ls loss is no worse than
Op(n~ ). (1.2.3)

Furthermore, the rate (1.2.3) cannot be improved under the condition (1.2.2). It is easily
seen from (1.2.3) that, as the size of the localized envelope increases, the rate of the Ls loss of
the LSE deteriorates from the parametric rate Op(n~'/2) to the worst-case rate Op(n~1/%).

The envelope approach also gives a systematic approach to proving oracle inequalities
in the random design regression setting for these LSEs under an Ls; moment condition
on the errors. More specifically, we first prove the following oracle inequality that holds
for the canonical isotonic and convex LSEs in the simple regression models: Suppose that

| folle < oo and the errors {{;} are i.i.d. mean-zero with ||&|[2; < oco. Then for any



d € (0,1), there exists some constant ¢ > 0 such that with probability 1 — §,

I = il < cint, (inf = film + 2 otogn) . (12
where f is the Lo(P)-projection of fy onto the space of square integrable monotonic non-
decreasing (resp. convex) functions, and G,, is the class of piecewise constant non-decreasing
(resp. linear convex) functions on [0, 1] with at most m pieces in the isotonic (resp. convex)
model. The oracle inequality (1.2.4) is further verified for the shape-restricted LSEs in the
additive model, where now f is the marginal L, projection of the true regression function.
One striking message of the oracle inequality for the shape-restricted LSEs in the additive
model is the following: both the adaptation and Ls ;-robustness properties of the LSE can
be preserved, up to error distributions with an L,; moment, for estimating the shape-
constrained proxy of the marginal Ly projection of the true regression function, essentially

regardless of whether or not the additive structure is correctly specified.

1.2.3  Least squares estimation in non-Donsker models I: estimation involving sets

In Chapter 4, we attempt to give a solution to Question 1.1.4 in various problems involving
the class of indicators over measurable sets. Somewhat surprisingly, we show that global
ERM procedures are rate-optimal for the edge estimation problem in both additive and mul-
tiplicative regression models (cf. [87, 86]), and the binary classification problem in the learn-
ing theory (cf. [42, 100, 150, 108, 84, 89]) even if the indexing sets are non-Donsker. More
specifically, the convergence rate is shown to achieve the minimax optimal rate Op(n_%%a)
rather than the (expected) sub-optimal rate Op(n~2a) by using general empirical processes
tools.

The key technical ingredient is an understanding for the size of the associated empirical

process: if the Lo-size of the indexing set % is not too small (o2 > n~/@+) then

E sup |G,(C)| = max{o'~® nla" V2, (1.2.5)
Ceb (o)

where €(0) = {C € ¢ : P(C) < ¢*}, and «a is an entropy measurement of the complexity

of € in the sense that an (appropriate) entropy of € scales as O(e~®). Here G,(C) =



Vn(P, — P)(C) is the empirical process. The unified perspective (1.2.5) helps us to identify
an important phase transition phenomenon: the size of the empirical process indexed by a
Donsker class of sets is determined by its Lo-size along with its entropy complexity, while
for a non-Donsker class of sets only the complexity of the class € matters.

Using the sharp bounds (1.2.5), we further investigate the behavior of various ratio-type
empirical processes, complementing the results of [5, 60, 59] beyond the Donsker classes
of measurable sets. In particular, we obtain the exact order of the normalizing factor for
these ratio-type empirical processes, instead of only an upper bound as in [5, 60, 59]. The

associated notion of local asymptotic moduli (originated in [5]) is also examined.

1.2.4 Least squares estimation in non-Donsker models II: multivariate isotonic model

In Chapter 5, we attempt to shed light on Question 1.1.4 by another case study, where the

model is the class containing multivariate isotonic (block non-decreasing) functions on [0, 1]%:

Fyi= {f:[(),l]d—HR, flxy, ... mq) < fa),...,2))

when z; < for j=1,...,d}.

Under the assumptions that (i) X, ..., X, follow a uniform random design on [0, 1]* and (ii)
the errors &, ..., &, are Gaussian, we prove the following results: Let d > 2. There exists
Cg,7q > 0 such that

sup E|fu — follZ,z,) < Can™/"log™ n, (1.2.6)
Jo€FaNLoo(1)

and that

2 : : 2 274
Bl — fllen < i it 17 = ol + Ca(2) (1)) a2

feF®

where .Fc(lk) denotes the class of all multivariate isotonic functions on [0, 1]¢ that take constant
values on at most k rectangular regions. Inequalities of type (1.2.6) and (1.2.7) are usually

referred to as worst-case and adaptive risk bounds in the literature, cf. [172, 33, 18].
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The rate in (1.2.6) matches the corresponding minimax lower bound, and hence the class
Fq serves as another example for which the global ERM procedures can be rate-optimal
(up to multiplicative logarithmic factors) in non-Donsker problems. The rate in (1.2.7) also
reveals some surprising features: Sharp adaptive behavior for shape-constrained estimators
has previously only been shown when the adaptive rate is nearly parametric (cf. [172, 33, 18]);
our results here show that the least squares estimator in the d-dimensional isotonic regression
problem necessarily adapts at a strictly nonparametric rate. Clearly, the minimax optimal
rate for constant functions is parametric. Hence, the least squares estimator in this problem
adapts at a strictly suboptimal rate while at the same time being nearly rate optimal from
a worst-case perspective.

Similar inequalities to (1.2.6)-(1.2.7) are derived for the Ly(P) loss in the random design

case, and for the Ly(IP,) loss in the fixed lattice design case.
1.3 Notation

For a real-valued random variable £ and 1 < p < oo, let [[£]|, = (E]ﬂp)l/p denote the

ordinary p-norm. The L, ; norm for a random variable ¢ is defined by

1€ 11p.1 :=/0 P(|¢] > ¢)"7 dt.

It is well known that L,. C L,; C L, holds for any underlying probability measure, and
hence a finite L, ; condition requires slightly more than a p-th moment, but no more than
any p+ ¢ moment, see Chapter 10 of [93]. In this paper, we will primarily be concerned with
the case p = 2.

For a real-valued measurable function f defined on (X, A, P), ||f|.,»y = (P|fIP)V/?
denotes the usual L,-norm under P, and || f|lcc = ||f|lz.. = supex|f(z)]. f is said to be
P-centered if Pf = 0. L,(g, B) denotes the L,(P)-ball centered at g with radius B. For
simplicity we write L,(B) = L,(0, B).

Let (F, ||||) be a subset of the normed space of real functions f : X — R. Let N(e, F, |||

be the e-covering number, and let N(e, F,||-||) be the e-bracketing number; see page 83 of



11

[162] for more details. To avoid unnecessary measurability digressions, we assume that F
is countable throughout the thesis. As usual, for any ¢ : F — R, we write ||¢(f)||7 for
SqueF|¢(f)|‘

Throughout the thesis €4, ..., &, will be i.i.d. Rademacher random variables independent
of all other random variables. C, will denote a generic constant that depends only on =,
whose numeric value may change from line to line unless otherwise specified. a <, b and
a 2, bmean a < C.b and a > C,b respectively, and a <, b means a <, band a 2, b [a S b
means a < Cb for some absolute constant C]. For two real numbers a,b, a V b = max{a, b}

and a A b = min{a, b}. We slightly abuse notation by defining log(x) = log(z V e).
1.4 Organization

The thesis is organized as follows. In Chapter 2, which largely follows [76], we develop a
general sharp multiplier inequality to study the size of the multiplier empirical process, and
perform a worst-case analysis for the rate behavior of the least squares estimator in a heavy-
tailed regression setting. In Chapter 3, which large follows [77], we work in a more restrictive
heavy-tailed regression setup where the errors only admit a second moment, but take a
further step beyond a worst-case analysis, by characterizing the difficulty of the least squares
estimator in terms of the ‘localized envelopes’ of the model. In Chapter 4, we examine the
size of the empirical processes indexed by non-Donsker classes by a special case—the class
of indicators over measurable sets, and the associated least squares estimators in various
related learning problems. In Chapter 5, which is based on joint work with Sabyasachi
Chatterjee, Richard Samworth and Tengyao Wang [75], we study the behavior of the least
squares estimator in the multivariate isotonic model, and derive worst-case and adaptive risk

bounds for both fixed and random designs.
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Chapter 2

LEAST SQUARES ESTIMATION WITH HEAVY-TAILED
ERRORS I: A WORST-CASE ANALYSIS

2.1 Introduction

2.1.1 Motivation and problems

Consider the classical setting of nonparametric regression: suppose that

where fo € F, a class of possible regression functions f where f : X — R, X;,..., X, are
iid. Pon (X, A), and &, ..., &, are i.i.d “errors” independent of Xi,...,X,. We observe
the pairs {(X;,Y;): 1 <i <n} and want to estimate fo.

While there are many approaches to this problem, the most classical approach has been
to study the Least Squares Estimator (or LSE) f, defined by

fn = argminfe]—'% Z(Y; - f(Xi)>2' (2.1.2)

The LSE is well-known to have nice properties (e.g. rate-optimality) when:
(E) the errors {¢;} are sub-Gaussian or at least sub-exponential;
(F) the class F of regression functions satisfies a condition slightly stronger than a Donsker

condition: namely, either a uniform entropy condition or a bracketing entropy condition

with exponent a € (0,2):
Sgplog/\f(leHLQ(Q)fa Ly(Q)) S €7,
where the supremum is over all finitely discrete measures @ on (X, .A4), or

log Njj(e, F, La(P)) S e
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See for example [21] and [160], chapter 9, and Section 1.3 for notation. In spite of a very
large literature, there remains a lack of clear understanding of the properties of fn in terms
of assumptions concerning the heaviness of the tails of the errors and the massiveness or
“size” of the class F.

Our interest here is in developing further tools and methods to study properties of fn,

especially its convergence rate when the error condition (E) is replaced by:
(E') the errors {¢;} have only a p-moment for some 1 < p < 0.

This leads to our first question:

Question 2.1.1. What determines the convergence rate b, of fn with respect to some risk
or loss functions? When is this rate b, determined by p (and hence the tail behavior of the

&’s), and when is it determined by « (and hence the size of F)?

There are a variety of measures of loss and risk in this setting. Two of the most common

are:
(a) Empirical Ly loss: || f, — follzo@,', and the corresponding risk E||f, — JollLoce,)-

(b) Population (or prediction) Ly loss || fn, — fol| Lo(P), and the corresponding risk E| fo—

f0HL2(P)'

Here we will mainly focus on measuring loss or risk in the sense of the prediction loss (b)
since it corresponds to the usual choice in the language of Empirical Risk Minimization; see
e.g. [16, 17, 21, 84, 85, 108, 153, 160, 162]. Thus we will (usually) measure loss or risk in
Ly(P) and hence study rates of convergence of

1/2

1~ Folliar = [ /X Falas (X0 Y2, (X Vo)) — fo(@)P dP(@)|

'We write P,, for the empirical measure of the (X;,Y;) pairs: P, =n~' 31" §(x, vi)-
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or, in somewhat more compact notation,

1/2

Ellf, = folliacr = E[ [ Vo) = o) ap(e)

As we will see in Section 3, the rate of convergence of the LSE £, under conditions (E’) and

(F) is
R 1 1,1
1o = follop) = OP(” eV 2+2P). (2.1.3)

So, the dividing line between p and « in determining the rate of convergence of the LSE is

given by
p=1+2/a
in the following sense:

(R,) If p > 1+ 2/a, then for any function class with entropy exponent «, the rate of

convergence of the LSE is Op(n~1/ (),

(Rp) If p < 14 2/a, then there exist model classes F with entropy exponent a such that

the rate of convergence of the LSE is Op (n=1/2+1/(2)),

These rates in R, and R, indicate both some positive and negative aspects of the LSE in a

heavy-tailed regression setting:

e If p > 1+ 2/a, then the heaviness of the tails of the errors (E’) does not play a role in
the rate of convergence of the LSE, since the rate in R, coincides with the usual rate

under the light-tailed error assumption (E) and the entropy condition (F).

o If p < 1+2/q, there exist (many) hard models at any entropy level « for which the LSE
converges only at a slower rate Op(n~1/2*1/(2P)) compared with the faster (optimal)
rate Op(n~/(2**)—a rate that can be achieved by other robust estimation procedures.

See Section 3 for examples and more details.
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It should be noted that the assumption of independence of the errors &;’s and the X;’s
in the regression model (2.1.1) is crucial for the above results to hold. In fact, when the
errors &;’s can be dependent on the X;’s, there is no longer any universal moment condition
on the ;’s alone that guarantees the rate-optimality of the LSE, as opposed to (R,) (cf.
Proposition 2.3.12).

To briefly introduce the main new tool we develop in Section 2 below, we first recall
the classical methods used to prove consistency and rates of convergence of the LSE (and
many other contrast-type estimators). These methods are based on a “basic inequality”
which lead naturally to a multiplier empirical process. This is well-known to experts in

the area, but we will briefly review the basic facts here. Since fn minimizes the functional

feP (Y — f(X)?=n"13"0 (Y — f(X5))?, it follows that
Po(Y = fu(X))? < PulY — fo(X))*.
Adding and subtracting f, on the left side, some algebra yields

Po(Y — fo(X))2 + 2P (Y — fo)(fo — fu) + Bulfo — fo)? < Pu(Y — fo(X))%

Since & =Y; — fo(X;) under the model given by (2.1.1) we conclude that
P (FX) = Ri(0F < 28, (S(5,0X) = H(X) < 2500 (€F() ~ (X)) (214

where the process
f o (P = P)(EF(X)) = nPu(§F(X)) = 3 & (X0) (2.1.5)

is a multiplier empirical process. This is exactly as in Section 4.3 of [160]. When the ¢;’s are
Gaussian, the process in (2.1.5) is even a Gaussian process conditionally on the X;’s, and is
relatively easy to analyze. If the {{;}’s are integrable and F is a Glivenko-Cantelli class of
functions, then the inequality (2.1.4) leads easily to consistency of the LSE in the sense of

the loss and risk measures (a); see e.g. [160].
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To obtain rates of convergence we need to consider localized versions of the processes in
(2.1.4), much as in Section 3.4.3 of [162]. As in Section 3.4.3 of [162], (but replacing their
0 € © and ¢ by our f € F and &) we consider

Mn(f) = QPng(f - fO) - IP)n(f - f0)27

and note that fn maximizes M, (f) over F. Since the errors have zero mean and are indepen-
dent of the X;’s, this process has mean M(f) = —P(f — fo)?. Since M, (fo) = 0 = M(fy),

centering then yields the process

[ Zo(f) = Mou(f) — M (fo) — (M(f) — M(fo))
= 2P&(f — fo) — (Bn — P)(f — fo)*.

Establishing rates of convergence for fn then boils down to bounding

E sup Zn(f)
FEFP(f—fo)2<52

as a function of n and J; see e.g. [162] Theorem 3.4.1, pages 322-323. It is clear at least for
F C L that this can be accomplished if we have good bounds for the multiplier empirical

process (2.1.5) in terms of the empirical process itself

n

fen(P, = P)(f(X)) = (f(Xi) - Pf), (2.1.6)

i=1
or, in view of standard symmetrization inequalities (as in Section 2.3 of [162]), its sym-

metrized equivalent,
[ Z&f(Xz‘)a (2.1.7)
i=1

where the ¢; are i.i.d. Rademacher random variables P(¢; = +1) = 1/2 independent of the

X;’s. This leads naturally to:

Question 2.1.2. Under what moment conditions on the &;’s can we assert that the multiplier
empirical process (2.1.5) has (roughly) the same “size” as the empirical process (2.1.6) (or
equivalently the symmetrized empirical process (2.1.7) for (nearly) all function classes F in

a non-asymptotic manner?



17

In Section 2.2 below we provide simple moment conditions on the §;’s which yield a
positive answer to Question 2, when the &’s are independent from the X;’s. We then give
some comparisons to the existing multiplier inequalities which illustrate the improvement
possible via the new bounds in non-asymptotic settings, and show that our bounds also
yield the asymptotic equivalence required for multiplier CLT’s (cf. Section 2.9 of [162]).
Further impossibility results are demonstrated, showing that there is no positive solution to
Question 2 when the &;’s and the X;’s can be dependent.

In Section 2.3 we address Question 1 by applying the new multiplier inequality to derive
the convergence rate of the LSE (2.1.3) in the context of the nonparametric regression model
(2.1.1), and indicate in greater detail both the positive and negative aspects of the LSE due
to this rate. We further show that no solution to Question 1 exists when the errors §;’s and
the covariates X;’s can be dependent.

Not surprisingly, the new bounds for the multiplier empirical process have applications
to many settings in which the Least Squares criterion plays a role, for example the Lasso in
the sparse linear regression model. In Section 2.4 we give an application of the new bounds
in a Lasso setting with both heavy-tailed errors and heavy-tailed covariates. Most detailed

proofs are given in Sections 2.5-2.8.
2.2 The multiplier inequality

Multiplier inequalities have a long history in the theory of empirical processes. Our new
multiplier inequality in this section is closest in spirit to the classical multiplier inequality,
cf. Section 2.9 of [162] or [62], but strictly improves the classical one in a non-asymptotic
setting (see Section 2.2.3).

Our work here is also related to [110], who derived bounds for the multiplier empirical
process, assuming: (i) &’s have a 2+ ¢ moment, and (ii) {(&, X;)} are i.i.d. (i.e. & need not
be independent from X;). The bounds in [110] use techniques from generic chaining [146],
and work particularly well for ‘sub-Gaussian classes’ (defined in [110]). Our setting here will

be different: we assume that: (i) &’s have a L, ;(p > 1) moment and (ii) s are independent
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from X;’s, but the &;’s need not be independent from each other.

We make this choice in view of a negative result of Alexander [2], stating that there
is no universal moment condition on §;’s for a multiplier CLT to hold when ¢;’s need not
be independent from X;’s, while a Ly; moment condition is known to be universal in the
independent case [62, 93, 162]. The complication here makes it more hopeful to work in the

independent case for a precise understanding of the multiplier empirical process. In fact:

e In the independent case we are able to quantify the exact structural interplay between
the moment of the multipliers and the complexity of the indexing function class in the
size of the multiplier empirical process (cf. Theorems 2.2.1-2.2.6), thereby giving a

satisfactory answer to Question 2;

e Such an interplay fails when the X;’s may not be independent from the &;’s. Moreover,
no simple moment condition on the &’s alone can lead to a solution to Question 2 in

the dependent case (cf. Proposition 2.2.10).

2.2.1 Upper bound

We first state the assumptions.

Assumption A. Suppose that &, ..., &, are independent of the random variables X1, ..., X,

and either of the following conditions holds:

(Al) Xy,..., X, areii.d. with law P on (X, A), and F is P-centered.

(A2) Xy,...,X, are permutation invariant, and &, ...,&, are independent mean-zero ran-

dom variables.

Theorem 2.2.1. Suppose Assumption A holds. Let {Fy}7_, be a sequence of function classes

such that F, O F,, forany 1l < k < n. Assume further that there exist non-decreasing concave
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functions {1} : R>g — R with 1,(0) = 0 such that

K
E|Y ef(X)
i=1

< u(k) (2.2.1)

Fk

holds for all 1 < k <n. Then

E

ifif(Xi) < 4/000 %(Zn:IP’(I&I > t)) dt. (2.2.2)

The primary application of Theorem 2.2.1 to non-parametric regression problems in Sec-

Fn

tion 2.3 involves a non-increasing sequence of function classes F; D ... D F,. It is also
possible to use Theorem 2.2.1 for the case F; = --- = F,; see Section 2.4 for an application
to the sparse linear regression model.

The following corollary provides a canonical concrete application of Theorem 2.2.1.

Corollary 2.2.2. Consider the same assumptions as in Theorem 2.2.1. Assume for simplic-
ity that &;’s have the same marginal distributions. Suppose that for some v > 1, and some

constant kg > 0,

E < Ko - kY (2.2.3)

k
Z&f(Xi)

holds for all 1 < k <n. Then for any p > 1 such that ||&1]|,1 < o0,

F

E < dkg - nmax{l/%l/p}Hgl’

Fn

‘min{%p}vl'

Zfif(xi)

Proof. First consider v < p. In this case, letting 1, (t) = rot'/” in Theorem 2.2.1, we see
that E||>0, &F(Xo)|l7 < 4ko - nY/7||&1]l,1. On the other hand, if v > p, we can take
Yn(t) = Kot'/P to conclude that E||>0, &F(X) |7 < 4k - n'/P||&||l,1. Note that v > 1

ensures the concavity of ,. m

Corollary 2.2.2 says that the upper bound for the multiplier empirical process has two
components: one part comes from the growth rate of the empirical process; another part

comes from the moment barrier of the multipliers &;’s.
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Remark 2.2.3. One particular case for application of Theorem 2.2.1 and Corollary 2.2.2 is
the following. Let 6; > ... > 9, > 0 be a sequence of non-increasing non-negative real
numbers, and F be an arbitrary function class. Let F, = F (o) = {f € F : Pf* < 62} be
the ‘local’ set of F with Lo-radius at most d;. There exists a large literature on controlling
such localized empirical processes; a classical device suited for applications in nonparametric
problems is to use local maximal inequalities under either the uniform or bracketing entropy
conditions (cf. Proposition 2.5.1).
An important choice in statistical applications for J, is given by

k
Z eif(Xi)
i=1

E < k67 (2.2.4)

F(0k)

As will be seen in Section 2.3, the above choice {J;} corresponds to the rate of convergence
of the LSE in the nonparametric regression model (2.1.1).

In this case Theorem 2.2.1 and Corollary 2.2.2 yield that

E < nd? (2.2.5)

F(6n)

Z &if (Xi)

given sufficient moments of the &;’s.

Remark 2.2.4. Choosing v > 2 in Corollary 2.2.2 corresponds to the bounded Donsker
regime? for the empirical process. In this case we only need |[|£i]|a; < oo to ensure the
multiplier empirical process to also be bounded Donsker. This moment condition is generally
unimprovable in view of [92]. On the other hand, such a choice of 7 can fail due to: (i) failure
of integrability of the envelope functions of the classes {Fy}, or (ii) failure of the classes { Fy}
to be bounded Donsker. (i) is related to the classical Marcinkiewicz-Zygmund strong laws
of large numbers and the generalizations of those to empirical measures, see [7, 103, 105].
For (ii), some examples in this regard can be found in [141], Chapter 11 of [48], see also

Proposition 17.3.7 of [137].

®F is said to be bounded Donsker if sup,,cy Esup e 7| = 327 €0f (Xi)| < oo.
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Theorem 2.2.1 and Corollary 2.2.2 only concern the first moment of the suprema of the
multiplier empirical process. For higher moments, we may use the following Hoffmann-
Jorgensen/Talagrand type inequality relating the g-th moment estimate with the first mo-

ment estimate.

Lemma 2.2.5 (Proposition 3.1 of [61]). Let ¢ > 1. Suppose Xi,..., X, are i.i.d. with
law P and &,...,&, are ii.d. with ||&i|lavy < 00. Let F be a class of functions with

SUDfcr Pf? < 0% such that either F is P-centered, or & is centered. Then

q q
SK‘{(ESUp >

feF
+ ¢ (v/nll&]|20)? + ¢'B max |&|sup] f(X;)|7] .
1<i<n feF

> Gf(X)

i=1

> Gf(X)

i=1

E sup
fer

Here K > 0 is a universal constant.

2.2.2  Lower bound

Theorem 2.2.1 and Corollary 2.2.2 do not require any structural assumptions on the function
class F. [110] showed that for a ‘sub-Gaussian’ class, a 2+ ¢ moment on i.i.d. §’s suffices to
conclude that the multiplier empirical process behaves like the canonical Gaussian process.
One may therefore wonder if the moment barrier for the multipliers in Corollary 2.2.2 is due
to an artifact of the proof. Below in Theorem 2.2.6 we show that this barrier is intrinsic for

general classes F.

Theorem 2.2.6. Let X = [0,1] and P be a probability measure on X with Lebesgue den-
sity bounded away from 0 and oco. Let &,...,&, be i.i.d. random variables such that
Emax;<i<p|&| > kon'/P for some p > 1 and some constant ko independent of &. Then for
any vy > 2, there exists a sequence of function classes {Fy}}_, defined on X with Fy, DO F,

for any 1 < k <n such that for n sufficiently large,

Z&f(Xz')

E < k- kY7,

Fe
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holds for all 1 < k < n, and that

E|[ ) &f(X
i=1

Here Ky is a constant depending on ko, and P.

Z Kll_lnmax{l/'yvl/p} .

n

Remark 2.2.7. The condition on the &;’s will be satisfied, for example if the &;’s are i.i.d.
with the tail condition P(|&;| > t) > ky/(1 + t?) for t > 0.

Combined with Corollary 2.2.2, it is seen that the growth rate n™#{1/71/p} of the mul-
tiplier empirical process cannot be improved in general. This suggests an interesting phase
transition phenomenon from a worst-case perspective: if the complexity of the function class
dominates the effect of the tail of the multipliers, then the multiplier empirical process es-
sentially behaves as the empirical process counterpart; otherwise the tail of the multipliers

governs the growth of the multiplier empirical process.

Remark 2.2.8. The function class we constructed that witnesses the moment barrier rate
n'/P in Theorem 2.2.6 can be simply taken to be the class of indicators over closed intervals
n [0,1]. Although being the ‘simplest’ function class in the theory of empirical processes,

this class serves as an important running example that achieves the bad rate n'/?.

2.2.83 Comparison of Theorem 2.2.1 with the multiplier inequality in [162]

In this section we compare the classical multiplier inequality in Theorem 2.2.1 with the one
in Section 2.9 of [162], which originates from [64, 65, 92]; see also [62]: for i.i.d. mean-zero

&’s and ii.d. X;’s, and for any 1 < ng < n,

H\FZ&

E maxXj<i<n |§z|

vn

5 (no — DE[ f(X1)| 7 (2.2.6)

+ (1€ 112

21 Max ]EH\/_ZEZ

Non-asymptotic setting
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The major drawback of (2.2.6) is that it is not sharp in a non-asymptotic setting. For
an illustration, let &, ..., &, be 1.i.d. multipliers with ||&||,1 < oo (p > 2), X;’s be i.i.d. uni-
formly distributed on [0, 1], and F be a uniformly bounded function class on [0, 1] satisfying
the entropy condition (F) with a € (0,2). We apply (2.2.6) with F(n~1/2+%)) (note that
n~1/(+) is the usual local radius for 1/a-smooth problems) and local maximal inequalities

for the empirical process (Proposition 2.5.1 in Section 2.5 below) to see that

(2—c)

1 « _ (2o
E||l— (X < inf LT Y2HLp 22te) 2.2.7
H \/ﬁ ;f f( ) F(n—1/(2+a)) ~ 1S17%Snn0 " + ( )
< e (373) = pdilap)
On the other hand, Corollary 2.2.2 gives the rate:
1 — —min{52-2-,1/2—1/p} -6
El|l—= » &f(X; < 7 mintaray /2R =y —ba(an) 2.2.8
H vn ; (x) F(n—1/(2+a)) (2.28)

In the above inequalities we used the following bound for the symmetrized empirical process

(for illustration we only consider bracketing entropy):

Fn-1/(2+a))

Jy(n=/ @) F Ly(P
SJH(H1/(2+a),f,L2(P))(1+ nn F La( ))) 2

/- n2/@+a)
where in the last line of the above display we used
n—1/(2+a)

J[](n_l/(2+a),]:, Ly(P)) = / \/1 + log./\/ﬂ(a,f, Ly(P)) de < n2(22_ﬁ*).

0

It is easily seen that the bound (2.2.7) calculated from (2.2.6) is worse than (2.2.8) because
0 (a,p) < do(a,p) for all @ € (0,2) and p > 2. Moreover, if p > 1+ 2/a, the bound
(2.2.8) becomes n—ﬁ7 which matches the rate for the symmetrized empirical process
E[ln=2 320 eif (Xo)|| /ey

Asymptotic setting
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The primary application of (2.2.6) rests in studying asymptotic equicontinuity of the mul-
tiplier empirical process in the following sense. Suppose that F is Donsker. Then by the inte-
grability of the empirical process (see Lemma 2.3.11 of [162])%, E||n=Y2 3" & f(Xi)||5 — 0
as n — oo followed by § — 0. Now apply (2.2.6) via n — oo, ng — oo followed by § — 0
we see that E|ln=Y23"" & f(Xi)|l7 — 0 as n — oo followed by & — 0 if [|&1]|21 < oo. This
shows that (n='/237 @-f(Xi))feJT satisfies a CLT in ¢*°(F) if F is Donsker and the &’s
are i.i.d. with [|&;]|21 < oo.

Our new multiplier inequality, Theorem 2.2.1, can also be used to study asymptotic

equicontinuity of the multiplier empirical process with the help of the following lemma.

Lemma 2.2.9. Fiz 0 <y <1 and a concave function ¢ : R>o — R>q such that p(x) — oo
as x — oo. Let {a,} C Rxg be such that a,, — 0 as n — 0o, and 1) : Rsg — R>q be the least

concave magjorant of {(n,a,p(n))}>2,. Then ¥(t)/p(t) — 0 ast — oo.

The proof of this lemma can be found in Section 3.5. Take any sequence 6§, — 0 and
let a, = E|n~"23"" | ;f(X;)||7, - By Lemma 2.2.9, the least concave majorant function
Y : Rsg — Rsg of the map n — a,n'/?(n > 0) satisfies 1(t)/t'/?2 — 0 as t — co. Now an

application of Theorem 2.2.1 and the dominated convergence theorem shows that

1 n
E —E S(X3)
H\/ﬁl:1€f(

as n — 0.

/1/} ‘E'” VP> 1) dt =0
1

We note that the moment conditions of Theorem 2.2.1 and 2.2.6 have a small gap: in
essence we require an L, ; moment in Theorem 1, while an L, moment is required in Theorem
2. In the context of multiplier CLTs discussed above, [92] showed that the L,; moment
condition is sharp—there exists a construction of a Banach space of X on which a multiplier
CLT fails for £X if ||&1]|21 = oo. It remains open in our setting if L, (or L,) is the exact

moment requirement.

SHere Fs = {f —g: f.9 € F,||f — gllzo(p) < 6}
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2.2.4  An impossibility result

In this section we formally prove an impossibility result, showing that the independence
assumption between the X;’s and the &;’s is crucial for Theorem 2.2.1 and Corollary 2.2.2 to

hold.

Proposition 2.2.10. Let X = R. For every triple (8,7,p) such that § € (0,1/2), 2 <
v <14+1/(20) and 2 < p < min{4/§,2v/(1 + ~9)}, there exist X;’s and &;’s satisfying: (i)
{(X;,&)} s are i.i.d.; (i) & is not independent from X; but E[1|X1] =0, ||&1]lpa < oo, and

a sequence of function classes {Fy}r_, defined on X with Fi, O F, for any 1 < k <n, such

that
k
E Zng(X’L) SJ k1/77
i=1 Tk
holds for all 1 < k <n, and that
B[ Y &Gf(X)||  Zpwn),
i=1 Fu

where w(n) > nf-nm /P for some B = B(6,,p) > 0. In other words, w(n) grows faster
than n™>/71/k (= the upper bound in Theorem 2.2.1 and Corollary 2.2.2) by a positive

power of n.

Proposition 2.2.10 is a negative result for the multiplier empirical processes in the similar
vein as in [2], but more quantitatively: there is no universal moment condition for the
multipliers that yield a positive solution to Question 2 when the X;’s and the &;’s are allowed

to be dependent.

Remark 2.2.11. The basic trouble for removing the independence assumption between the
X;’s and the &;’s can be seen by the following example. Let X;’s be i.i.d. mean-zero random
variables with a finite second moment. Then clearly >°1 | X; grows at a rate Op(n'/2) by
the CLT. On the other hand, let & = ¢;X; where ¢;’s are independent Rademacher random

variables. Then the multiplier sum Y »' | &X; = >0 £, X2 may grow at a rate as fast as
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Op(n'=?), if £ X? is in the domain of attraction of a symmetric stable law with index close

to 1.
2.3 Nonparametric regression: least squares estimation

In this section, we apply our new multiplier inequalities in Section 2.2 to study the least
squares estimator (LSE) (3.1.2) in the nonparametric regression model (2.1.1) when the
errors &;’s are heavy-tailed (E’), independent of the X;’s (but need not be independent of
each other), and the model satisfies the entropy condition (F).

Our results here are related to the recent ground-breaking work of Mendelson and his
coauthors [91, 109, 112, 113]. These papers proved rate-optimality of ERM procedures
under a 2 4+ ¢ moment condition on the errors, in a general structured learning framework
that contains models satisfying sub-Gaussian/small-ball conditions. Their framework also
allows arbitrary dependence between the errors §;’s and the X;’s. See [111] for some recent
development. Here the reasons for our focus on the different structure—models with entropy

conditions, are twofold:

e Entropy is a standard and well-understood notion for the complexity of a large class

of models, see examples in [62, 162].

e The moment condition on the errors needed to guarantee rate-optimality of the LSE
in our setting is no longer a 2 + ¢ moment. In fact, as we will show, p > 1+ 2/« (cf.

Theorems 2.3.1-2.3.7) moments are needed for such a guarantee.

The reason that we work with independent errors is more fundamental: when the errors &;’s
are allowed to be dependent on the X;’s, there is no universal moment condition on the &;’s
alone that guarantees the rate-optimality of the LSE (cf. Proposition 2.3.12). In fact, even
in the family of one-dimensional linear regression models with heteroscedastic errors of any
finite p-th moment, the convergence rate of the LSE can be as slow as specified (cf. Remark

2.3.13).
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2.3.1 Upper bound for the convergence rates of the LSE

Theorem 2.3.1. Suppose that &1, ...,&, are mean-zero errors independent of Xy,..., X,
with the same marginal distributions, and ||&||,1 < oo for some p > 1. Further suppose that
F is a P-centered function class (if the &’s are i.i.d. F need not be P-centered) such that
F — fo C Loo(1) satisfies the entropy condition (F) with some o € (0,2). Then the LSE f,
in (3.1.2) satisfies

; 1 1,1
1o = follLop) = Op(n” 708 Vi 272, (2.3.1)
Furthermore, if £;’s are i.i.d. and p > 2, then (2.3.1) holds in expectation:
2 1 1,1
Ellfn = follLop) = O(n Ha V' 2+2P). (2.3.2)

One interesting consequence of Theorem 2.3.1 is a convergence rate of the LSE when the

errors only have a L,; moment (1 < p <2).

Corollary 2.3.2. Suppose the assumptions in Theorem 2.3.1 hold with p € (1,2]. Then
; 1,1
1 fn = follopy = Op(n272) = 0p(1).

Consistency of the LSE has been a classical topic, see e.g. [152, 159] for sufficient and
necessary conditions in this regard under a second moment assumption on the errors. Here
Theorem 2.3.1 provides a quantitative rate of convergence of the LSE when the errors may
not even have a second moment (under stronger conditions on F).

The connection between the proof of Theorem 2.3.1 and the new multiplier inequality in

Section 2.2 is the following reduction scheme.

Proposition 2.3.3. Suppose that &, ..., &, are mean-zero random variables independent of

Xi,..., X, and F — fo C Loo(1). Further assume that

E sup < ¢n(9), (2.3.3)

FEF:f—follLy(py<d

% 6l - f (X



28

and

E sup < dn(9). (2.3.4)

FeEF:Nf=follLy(p)<o

% Z)Sz‘(f - fO)(Xi)

hold for some ¢, such that & — ¢,(8)/d is non-increasing. Then || f, — follzopy = Op(0y)
holds for any &, such that ¢,(0,) < \/nd2. Furthermore, if &,...,&, are i.i.d. mean-zero
with ||&1||, < oo for some p > 2, then E||f, — follLopy = O(6y) for any 6, > n % such
that ¢,(0,) < \/nd2.

The remaining task in the proof of Theorem 2.3.1 is a calculation of the modulus of
continuity of the (multiplier) empirical process involved in (2.3.3) and (2.3.4) using Theorem

2.2.1 and local maximal inequalities for the empirical process (see Proposition 2.5.1).

Remark 2.3.4. Some remarks on the assumptions on F.

1. The entropy condition (F) is standard in nonparametric statistics literature. The
condition « € (0,2) additionally requires F to be a Donsker class. Although the proof
applies to non-Donsker function classes with o > 2, the first term in (2.3.1) becomes

sub-optimal in general, see [21].

2. F is assumed to be P-centered when the errors &;’s have an arbitrary dependence
structure. It is known from [168] (see Theorem 1, page 638) that for a centered function
class, the minimax risk of estimating a regression function under arbitrary errors with
second moments uniformly bounded, is no worse than that for i.i.d. Gaussian errors.

If the errors are i.i.d., then F need not be P-centered (as stated in the theorem).

3. The uniform boundedness assumption on F, including many classical examples (cf.
Section 9.3 of [160]), should be primarily viewed as a method of proof: all that we need
is || fullse = Op(1). In subsequent work of the authors [77], this method is applied to

shape-restricted regression problems in a heavy-tailed regression setting.
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Remark 2.3.5. Here in Theorem 2.3.1 we focus on the regression model (2.1.1) with errors
&’s independent from X;’s. This is crucial: we show below in Proposition 2.3.12 that the
independence assumption between the X;’s and &;’s cannot be relaxed for the rate in Theorem
2.3.1 to hold.

On the other hand, our Theorem 2.3.1 is useful in handling centered models with ar-
bitrarily dependent errors in the regression model. This complements Mendelson’s work
91, 109, 112, 113, 114] that allows arbitrary dependence between &; and X;’s with indepen-

dent observations in a learning framework.

Remark 2.3.6. In Theorem 2.3.1 the results are ‘in probability’ and ‘in expectation’ state-
ments. It is easy to see from the proof that a tail estimate can be obtained for || f, — foll L,(p):

if ||&1]]p1 < oo for some p > 2, then

P(5;1||fn — follzop) > t) <Ct?,

where 9, = n"Te Vo T, Constructing estimators other than the LSE that give rise to
exponential tail bound under a heavy-tailed regression setting is also of significant interest.

We refer the readers to, e.g. [43, 94, 96] and references therein for this line of research.

2.3.2  Lower bound for the convergence rates of the LSE

At this point, (2.3.1) only serves as an upper bound for the convergence rates of the LSE.
Since the rate n~ s corresponds to the optimal rate in the Gaussian regression case [169], it
is natural to conjecture that this rate cannot be improved. On the other hand, the ‘noise’ rate
n~ 2% is due to the reduction scheme in Proposition 2.3.3, which relates the convergence
rate of the LSE to the size of the multiplier empirical process involved. It is natural to

wonder if this ‘noise rate’ is a proof artifact due to some possible deficiency in Proposition

2.3.3.

Theorem 2.3.7. Let X = [0,1] and P be a probability measure on X with Lebesgque density

bounded away from 0 and oo, and &;’s are i.i.d. mean-zero errors independent of X;’s. Then
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for each a € (0,2) and 2V /logn < p < (logn)=% with some § € (0,1/2), there exists a
function class F = F,,, and some fy € F with F — fy satisfying the entropy condition (F),
such that the following holds: there exists some law for the error & with ||&1]|,1 S logn, such

that for n sufficiently large, there exists some least squares estimator [ over JF, satisfying
E|lf = folliae) 2 p- (n” 555 V=25 ) (log n) 72
Here p > 0 is a (small) constant independent of n.

Theorem 2.3.7 has two claims. The first claim justifies the heuristic conjecture that the
convergence rate for the LSE with heavy-tailed errors under entropy conditions, should be
no better than the optimal rate in the Gaussian regression setting. Although here we give
an existence statement, the proof is constructive: in fact we use (essentially) a Holder class.
Other function classes are also possible if we can handle the Poisson (small-sample) domain
of the empirical process indexed by these classes.

The second claim asserts that for any entropy level a € (0, 2), there exist ‘hard models’
for which the noise level dominates the risk for the least squares estimator. Here are some

examples for these hard models:

Example 2.3.8. A benchmark model witnessing the worst case rate O(n_%%) (up to
logarithmic factors) is (almost) the one we used in Theorem 2.2.6, i.e. the class of indicators

* over closed intervals in [0, 1].

Example 2.3.9. Consider more general classes
k
.Fk = {Zci]‘[%—l@i} . ’CZ’ S 1,
i=1
0§ZL‘0<ZL‘1<...<{L‘k_1<1k§1},k’21.

The classes Fj. also witness the worst case rate O(Tf%%) (up to logarithmic factors) since

they contain all indicators over closed intervals on [0, 1], and are closely related to problems

4excluding the indicators indexed by intervals that are too short.
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p
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Gaussian rate =n~ z+e
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noise rate=n_ 2 2

Figure 2.1: Tradeoff between the complexity of the function class and the noise level of the
errors in the convergence rates for the LSE. The critical curve (purple): p =1+ 2/a.

in the change-point estimation/detection literature. For instance, the case k = 1 is of
particular importance in epidemic and signal processing applications; see [8, 170] from a
testing perspective of the problem. From an estimation viewpoint, [24] proposed an fy-type
penalized LSE for estimating regression functions in Fy, where a (nearly) parametric rate is
obtained under a sub-Gaussian condition on the errors. Our results here suggest that such
least-squares type estimators may not work well for estimating step functions with multiple

change-points if the errors are heavy-tailed.

Example 2.3.10. Yet another class is given by the regression problem involving image
restoration (or edge estimation), see e.g. [86, 87| or Example 9.3.7 of [160] (but we consider
a random design). In particular, the class ¢ = {1¢ : C' C [0,1]? is convex}® also witnesses
the lower bound (’)(niéJr%) (up to logarithmic factors) since it contains all indicators over

hypercubes on [0, 1]%.

2.3.8 Some positive and negative implications for the LSE

Combining Theorems 2.3.1 and 2.3.7, we see that the tradeoff in the size of the multiplier
empirical process between the complexity of the function class and the heaviness of the tail
of the errors (multipliers) tranlates into the convergence rate of the LSE (cf. Figure 2.1). In

particular, Theorems 2.3.1 and 2.3.7 indicate both some positive and negative aspects of the

Sexcluding the indicators indexed by sets with too small volume.
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LSE in a heavy-tailed regression setting:

(Positive implications for the LSE):
If p>1+2/a, then ||f, — JollLo(p) = Op (Tfﬁ) In this case, the noise level is ‘small’
compared with the complexity of the function class so that the LSE achieves the optimal

rate as in the case for i.i.d. Gaussian errors (see [169]).

(Negative implications for the LSE):

If p <1+2/a, then | f, — follopy = Op (n_%Jrﬁ). In this case, the noise is so heavy-
tailed that the worst-case rate of convergence of the LSE is governed by this noise rate
(see above for examples). The negative aspect of the LSE is that this noise rate reflects a
genuine deficiency of the LSE as an estimation procedure, rather than the difficulty due to
the ‘hard model” in such a heavy-tailed regression setting. In fact, we can design simple
robust procedures to outperform the LSE in terms of the rate of convergence.

To see this, consider the least-absolute-deviation(LAD) estimator f, (see e.g. [58, 124,
126], or page 336 of [162]) defined by f, = arg minscr L3V — F(X5)|. Tt follows from a
minor modification of the proof © in page 336 of [162] that as long as the errors & = Mn;’s
for some n; admitting a smooth enough density, median zero and a first moment, and M > 0
not too small, then under the same conditions as in Theorem 2.3.1, the LAD estimator fn

satisfies
£ _1
sup Efo”fn - fOHLQ(p) < O(n 2+o¢)’
fo€F

where clearly the noise rate O(n_%%) induced by the moment of the errors does not occur.
For statistically optimal procedures that do not even require a first moment on the errors,

we refer the reader to [14].

6More specifically, we can proceed by replacing the empirical measure P, by P, slightly restricting the

suprema of the empirical process to 1/n < P(f — fo)? < 62 in the third display on page 336 of [162], and
noting that Theorem 3.4.1 of [162] can be strengthened to an expectation since the empirical processes
involved are bounded.
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It is worthwhile to note that the shortcomings of the LSE quantified here also rigorously
justify the motivation of developing other robust procedures (cf. [9, 25, 28, 31, 32, 43, 80,
81, 95, 94, 96, 117]).

Remark 2.3.11. Our Theorems 2.3.1 and 2.3.7 show that the moment condition
p>1+2/a

that guarantees the LSE to converge at the optimal rate (as in the case for Gaussian errors),
is the best one can hope under entropy conditions alone. On the other hand, this condition
may be further improved if additional structure is available. For instance, in the isotonic
regression case (o = 1), our theory requires p > 3 to guarantee an optimal n~'/3 rate for the
isotonic LSE, while it is known (cf. [172]) that a second moment assumption on the errors
(p = 2) suffices. The benefits of this extra structure due to shape constraints are investigated

in further work by the authors [77].

2.83.4  An impossiblility result

In this section, dual to the impossibility result in Proposition 2.2.10 for the multiplier em-
pirical process, we formally prove that the independence assumption between the X;’s and

the &;’s is necessary for the rate in Theorems 2.3.1 and 2.3.7 to hold.

Proposition 2.3.12. Consider the regression model (2.1.1) without assuming independence
between the X;’s and the &’s. Let X = R. For every triple (6, c,p) such that 6 € (0,1/2),
4 <a<2and2 <p<min{4/d, 2+4/a)/(1+ (1+2/a)d)}, there exist

o X,’s and &;’s satisfying: (i) {(X;, &)} s are i.i.d.; (ii) & is not independent from X;
but E[&:|X1] = 0, [|€1lpa < 00;

e a function class F = F,, and some fy € F with F — fy satisfying the entropy condition

(F),
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such that the following holds: for n sufficiently large, there exists some least squares estimator

I over F, satisfying

IEH]F;< - fOHLQ(P) > 571

where 6, > nP - (n=VC+) v n712H/E0) for some B = B(5,a,p) > 0. In other words, J,
shrinks to 0 slower than n=Y2+e) vy n=1/241/@) (= the rate of the LSE in Theorems 2.3.1

and 2.8.7) by a positive power of n.

Proposition 2.3.12 is a negative result on the LSE: there is no universal moment condition
on &;’s that guarantees the rate-optimality of the LSE when the errors ¢;’s can be dependent

on the X;’s.

Remark 2.3.13. One basic model underlying the construction of Proposition 2.3.12 is the

following: consider the (one-dimensional) linear regression model with heteroscedastic errors
n:aoXi—i-&, izl,...,n

where & = ¢;X; for some independent Rademacher random variables ¢;’s. Clearly E[¢;|X;] =
0, but & is (highly) dependent on X;. The least squares estimator &, = arg mingegn =ty 5 (Y;—

aX;)? has a closed form:

&, = Z?:l XY Z?:l 5in‘2‘
> X7 > XP

Suppose X;’s have a finite second moment, then by the SLLN, &,, — «ag a.s., but the con-

vergence rate of ||f, — follrapy = |ém — apl|| X1]]2 can be as slow as any n™°: note that

Sor, X? = O(n) under the assumed second moment condition on X;’s, while the sum of

the centered random variables 277

1=

L &:X? may have a growth rate O(n'~?) if £, X? is in the
domain of attraction of a symmetric stable law with index close to 1 (recall Remark 2.2.11).

A simple modification of the construction along the lines of the proof of Proposition 2.2.10
allows the situation where &;’s have a finite p-th moment (p > 2), while the convergence rate

of the LSE can be as slow as n=°.
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So in order to derive the rate-optimality of the LSE under any universal moment condition
on the errors &’s, in a framework that allows arbitrary dependence between the &;’s and the

X,’s, it is necessary to impose conditions on the model F to exclude the counter-examples

(as in [91, 109, 112, 113, 114]).
2.4  Sparse linear regression: Lasso revisited

In this section we consider the sparse linear regression model:
Y =X0p+¢ (2.4.1)

where X € R™ 4 is a (random) design matrix and & = (&, ..., &,) is a mean-zero noise vector
independent of X. When the true signal 6, € R? is sparse, one popular estimator is the Lasso

[147]:
A 1
= in | —||Y — X063 : 2.4.2
b0 = axgiy 111V = X613+ Al (242)

The lasso estimator has been thoroughly studied in an already vast literature; we refer readers
to the monograph [29] for a comprehensive overview.

Our main interest here concerns the following question: under what moment conditions
on the distributions of X and & can the lasso estimator enjoy the optimal rate of convergence?
In particular, neither X nor £ need be light tailed apriori (i.e. not sub-Gaussian), and the
components &, ..., &, of the vector £ need not be independent.

Previous work guaranteeing rate-optimality of the Lasso estimator typically assumes that
both X and £ are sub-Gaussian, see [29, 121, 156]. Relaxing the sub-Gaussian conditions in
the Lasso problem is challenging: [91] showed how to remove the sub-Gaussian assumption
on £ in the case X is sub-Gaussian. The problem is even more challenging if we relax the
sub-Gaussian assumption on the design matrix X. Our goal in this section is to demonstrate
how the new multiplier inequality in Theorem 2.2.1, combined with (essentially) existing
techniques, can be used to give a systematic treatment to the above question, in a rather

straightforward fashion.
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Before stating the result, we need some notion of the compatibility condition: For any

L>0and S C{l,...,d}, define
1§L}.

Here for any 6 = (6;) € R%, 05 = (0;1;c5) and g = (0;1;¢s). Let By(s) be the set of s-sparse
vectors in R% i.e. 6 € By(s) if and only if |{i : 6; # 0}| < s. Further let ¥ = EX where

NOsll =1, [10se

. 1
¢<L,S): |S|m1n{%||X95—X95c 2

3= X TX/n is the sample covariance matrix, and 0; = oin () and G4 = omax(X) be the
smallest and largest singular value of the population covariance matrix, respectively. Here

d = d, and s = s,, can either stay bounded or blow up to infinity in asymptotic statements.

Theorem 2.4.1. Let X be a design matriz with i.i.d. mean-zero rows, and 0 < liminf o, <

limsup oy < oco. Suppose that

min ¢(3,.5) > ¢ (2.4.3)

|S|<s -
holds for some co > 0 with probability tending to 1 as n — oo, and that for some 1/4 < a <
1/2,
logd - (My(X) Vlog?d)

Y < 00, (2.4.4)

lim sup
n—oo

where My(X) = Emax;<;<q|X1;|*. Then for oL = 0(2L||€n||1/a1\/10g d/n),

16L2||€n||1/a,1 slogd _0
c n -

lim limsup sup Py, <—HX( — 0|5 >

L—oo pnosoo 9yeB (s)

Here |[€ullian =[5~ (5 20 P& > 1))" dt

The rate \/slogd/n in the above theorem is well-known to be (nearly) minimax optimal

(2.4.5)

for prediction in the sparse linear regression model (e.g. [128]). The quantity |&,|l1/a,1
should be thought as the ‘noise level’ of the regression problem. For instance, if the ;’s are
iid, and o = 1/2, then [|&,|1/a1 = [|&1]]2,1-

Although in Theorem 2.4.1 we only consider prediction error, the estimation error ||~ —
6p||1 can be obtained using completely similar arguments by noting that Lemma 2.4.5 below

also holds for estimation error.
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Remark 2.4.2. Two technical remarks.

1. As in Theorem 2.3.1, we assume in Theorem 2.4.1 that the rows of X have zero-mean
as vectors in R? so that arbitrary dependence structure among &;’s can be allowed. For

i.i.d. errors, the zero-mean assumption is not needed.

2. (2.4.5) is of an asymptotic nature mainly due to the weak asymptotic assumptions made
in (2.4.3) and (2.4.4). It is clear from the proof that concrete probability estimates can
be obtained if a probability estimate for (2.4.3) is available.

As an illustration of the scope of Theorem 2.4.1, we consider several different scaling
regimes for the parameter space (d,n,s). For simplicity of discussion we assume that the
errors &, ...,&, have the same marginal distributions and the design matrix X has i.i.d.

entries such that X;; has a Lebesgue density bounded away from oo and EX? = 1.

Example 2.4.3. Consider the scaling regime d/n — X\ € (0,1). We claim that E| X% Vv
|€]|l41 < oo for some € > 0 guarantees the validity of (2.4.5). First, (2.4.3) holds under the
finite fourth moment condition, see [12]. Second, (2.4.4) holds under the assumed moment
conditions. Note that a fourth moment condition on Xj; is necessary: if EX{; = oo, then
limsup 64 = 00 a.s., see [11]. This corollary of Theorem 2.4.1 appears to be a new result; [94]
considered a different ‘tournament’ Lasso estimator with best tradeoff between confidence

statement and convergence rate under heavy-tailed designs and errors.

Example 2.4.4. If || Xy, < p? for some 8 > 1/2 and all p < logn, then Theorem E of
[90] showed that the compatibility condition (2.4.3) holds under n > slogd V (logd)“#=1).
Condition (2.4.4) is satisfied if ||{]|21e < 0o and logd < logn.

The condition log d < logn requires polynomial growth of d with n; this can be improved
if X3, is light tailed. In particular, if Eexp(u|Xi1]?) < oo for some u,y > 0, then we can
take 3 = 1/v so that (2.4.3) holds under n > slogd V (log d)*/" =1 while (2.4.4) is satisfied

if ||€]|24e < 00 and d < exp(n+) for some constant ¢, > 0. Different choices of 7 lead to:
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e [f the entries of X have sub-exponential tails, then we may take v = 1. In this case,
(2.4.5) is valid under [|£]jo1. < 0o subject to n > slogd V log®d and d < exp(n®?)
for some constant c¢.; > 0. This seems to be a new result; the recent result of [138]
considered the similar tail condition on X along with a sub-exponential tail for the

errors &;’s, while their rates come with additional logarithmic factors.

e [f the entries of X have sub-Gaussian tails, then we may take v = 2. In this case,
(2.4.5) is valid under ||£||a1- < oo subject to n 2 slogd and d < exp(n®?) for some
constant c¢.o > 0. This recovers a recent result of [91] in the case where X and ¢ are

independent (up to the mild dimension constraint on d).

Now we prove Theorem 2.4.1. The following reduction (basic inequality) is well-known,

cf. Theorem 6.1 of [29].

Lemma 2.4.5. On the event £ = {maxi<j<q|2 Y1, &Xi5| < Ly/logd/n}, with tuning
parameter A\ = 2L+/logd/n, it holds that n~'|| X (0% — 60)||2 < 16L%¢2(3,Sy) - s logd/n
where Sy = {i: (6p); # 0} and so = |So|.

The difficulty involved here is that both X and £ can be heavy tailed. By Theorem 2.2.1,
to account for the effect of the &’s, we only need to track the size of Emax;<j<q|>.F, &,Xi]

at each scale k < n. This is the content of the following Gaussian approximation lemma.

Lemma 2.4.6. Let X1,..., X, be i.i.d. random vectors in R? with covariance matriz ¥. If

SUDPy Omax(X) < 00, then for all k,d € N,

k
E EiXij
i=1

The proof of the lemma is inspired by the recent work [39] who considered Gaussian

< (Klog® d - (My(X) Vv 1og®d))"* + (klog d)'/2.

E max
1<j<d

approximation of the maxima of high-dimensional random vectors by exploiting second mo-
ment information for the X;’s. We modify their method by taking into account the third

moment information of X;’s induced by the symmetric Rademacher ¢;’s; such a modification
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proves useful in identifying certain sharp moment conditions considered in the examples (in

particular Example 2.4.3). See Section 2.7.2 for a detailed proof.

Proof of Theorem 2.4.1. By Lemma 2.4.5 and the assumption on the compatibility condition
(2.4.3), we see that with the choice for tuning parameter A = 2L|(|£,||1/a,11/log d/n, the left
side of (2.4.5) can be bounded by

1 ~ 16L2H£n”% 1 slogd
Py, | —||X (8" — 6,)]3 > [l 1 2.4.6
A (nu 0 — )l > et S o 240
2 — log d
< z E X )
~ ]P)(lrggag(d n - fZXl] > LHEnHl/a,l n ) + 0(1>
By Lemma 2.4.6, we can apply Theorem 2.2.1 with F; = --- = F, = {m; : R? 5> R,j =

1,...,d} where m;(z) = z; for any =z = (z;), € RY, and

Ualk) = C (k" (log*d - (My v 1og?d))""" + k/2\/log d)

for any 1/4 < o < 1/2 such that (2.4.4) holds and [|&,||1/a,1 < 00, to conclude that

n

> &X

i=1

< n® (log”d - (My V1og? )" [|€al/a1 +n'*v/log d|[€n]2

< (n"‘ (log3 d- (M4 V log2 d))1/4 + nl/zx/log d) ||€n||1/a,1.

E max
1<j<d

By Markov’s inequality, (2.4.6) can be further bounded (up to constants) by

/4
1 (logd- (MyVlog®d) \'
Z ( n274a V1 +0(1)

The claim of Theorem 2.4.1 therefore follows from the assumption (2.4.4). ]

2.5 Proofs for the main results: main steps

In this section, we outline the main steps for the proofs of our main theorems. Proofs for

many technical lemmas will be deferred to later sections.
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2.5.1 Preliminaries

Let

1)
J<5»f7 LQ) E/ sup \/1+10gN’<€||F“Q,27F7 L2(Q)) d€ (251)
0 @

denote the uniform entropy integral, where the supremum is taken over all discrete proba-

bility measures, and

§
HEF D= [ 1+ 108N e F ) de (25.2)

denote the bracketing entropy integral. The following local maximal inequalities for the

empirical process play a key role throughout the proof.

Proposition 2.5.1. Suppose that F C Loo(1), and Xy, ..., X, ’s are i.i.d. random variables
with law P. Then with F(§) = {f € F : Pf* < §*},

1. If the uniform entropy integral (3.4.2) converges, then

(X o

< VnJ(0, F, Ly) (1 + —> 1 F| 2. (2.5.3)

E
Vo F|py

F(9)
2. If the bracketing entropy integral (2.5.2) converges, then
Z if(Xi)
i=1

E (2.5.4)

J(9, F, Ly(P))
AT L))

< V6. 7. o) 1
F(8)

Proof. (2.5.3) follows from [161]; see also Section 3 of [59], or Theorem 3.5.4 of [62]. (4.5.1)
follows from Lemma 3.4.2 of [162]. O

We will primarily work with F' = 1 in the above inequalities. A two-sided estimate for the
empirical process will be important for proving lower bounds in Theorems 2.2.6 and 2.3.7.

The following definition is from [59], page 1167.
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Definition 2.5.2. A function class F is a-full (0 < o < 2) if and only if there exists some

constant K, Ky > 1 such that both
log N (g]| F|| o), F o Lo(Py)) < Kie™®, a.s.
forall e > 0,n € N, and
log N (o || F| Loy /K2, F, La(P)) > Ky o™

hold. Here 0* = sup;cz P f?, F denotes the envelope function for F, and PP, is the empirical

measure for i.i.d. samples Xy, ..., X,, with law P.

The following lemma, giving a sharp two-sized control for the empirical process under

the a-full assumption, is proved in Theorem 3.4 of [59].

Lemma 2.5.3. Suppose that F C Loo(1) is a-full with 0* = sup;cx Pf?. If no* 2, 1 and
o (s /2 : .

no (—2- Za 1, then there exists some constant K > 0 depending only on o, K, Ko
such that

F Oé/2

o

n F OC/Q
doal(X)| < w%(””ﬂ) .
i=1 F o

Note that the right side of the inequality can also be derived from (2.5.3) (taking supre-

mum over all finitely discrete probability measures only serves to get rid of the random
entropy induced by Ly(P,,) norm therein).

The following lemma guarantees the existence of a particular type of a-full class that
serves as the basis of the construction in the proof of Theorems 2.2.6 and 2.3.7. The proof

can be found in Section 2.8.

Lemma 2.5.4. Let X, P be as in Theorem 2.2.6. Then for each o > 0, there exists some
function class F defined on X which is a-full and contains G = {1[a’b] 0<a<b< 1},
2.5.2  Proof of Theorem 2.2.1

The key ingredient in the proof of Theorem 2.2.1 is the following, which may be of indepen-

dent interest.
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Proposition 2.5.5. Suppose Assumption A holds. For any function class F,

n

> (nwl = sy NE

k=1

X)| <E
f

X;) ] (2.5.5)

where [nay| > -+ > |Nm)| > Mty = 0 are the reversed order statistics for: (i) (under
(A1)) {2|&]}y, (i) (under (A2)) {|& — &}y with {£!} being an independent copy of {&;}.

Proof of Proposition 2.5.5. We drop F from the notation for supremum norm over F and
write ||-|| for ||-]|z. We first consider the condition (A1). Note that for (Xj,..., X]) being

an independent copy of (Xi,...,X,), we have

E ggﬂx Za —Ex f( Xé))H <E gsxﬂxi)—f(X;))H-

Here in the first equality we used the centeredness assumption on the function class F

n (Al). Now conditional on &, for fixed e1,...,&,, the map (Xy,..., X, X{,..., X)) —

= Eex

>0 Gei(f(X3) — f(X)))] is a permutation of the original map (without £;’s). Since

(X1,..., Xn, X{,...,X]) is the coordinate projection of a product measure, it follows by
taking expectation over €y, ..., ¢, that
x| L6 (700 = 100)| = B Sttt - sex) |- 5o
=1 =1
This entails that
< 2E¢ . x |sgn(&)es f e f( (2.5.7)
where the equality follows since the random vector (Sgn(gl)sl, . ,sgn(fn)gn) has the same

distribution as that of (&1,...,&,) and is independent of i, ..., &,. We will simply write ||
without the absolute value in the sequel for notational convenience. Let m be a permutation

over {1,... ,n} such that & = &(x(:)). Then the right hand side of (2.5.7) equals

‘ (by relabelling) (2.5.8)

Wll)f Wll))

=E Zf(i)é‘if(X
i=1

(by invariance of (Px ® FP.)").
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Now write &) = D35 (Ek) — Ekt1)) Where €01y = 0. The above display can be rewritten as

n

k
D (Ewy — ) D _aif (X
=1

k=1

—F (2.5.9)

Z Z k+1 f(Xz)

=1 k=i

The claim under (A1) follows by combining (2.5.7)-(2.5.9). For (A2), let £!’s be an indepen-
dent copy of &’s. Then the analogy of (2.5.7) becomes

n

—E| > (&—E&)f

=1

E Zaﬂx

< EHZ Xl

'|€i_5£|f(X) il f(X5)

where 7; = & — £.. The claim for (A2) follows by repeating the arguments in (2.5.8) and
(2.5.9). O

Proof of Theorem 2.2.1. First consider (A1). Using Proposition 2.5.5 we see that,

< QE{Z(K(M — €ty ) E

k=1

) . ] (2.5.10)

n

k
Z eif (X
i=1

By the assumption that F, D F, for any 1 < k < n,
k

Z 5if(Xi)

i=1

<E < (k). (2.5.11)

Fk

k
E| > ef(X

Collecting (2.5.10)-(2.5.11), we see that

1€ k)]

)| < 2| St - bl =283 [ waihy
Fn k=1 13

(1)

<28 [“vultislel > 8) dté?/ooo%(i:ﬁp(m >0)

B> &f(X
=1

where the last inequality follows from Fubini’s theorem and Jensen’s inequality, completing
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the proof for the upper bound for (A1). For (A2), mimicking the above proof, we have
< /Owwn(;:m ~glz0)a

<[ %(gwm > 1/2)+ Bll] 2 4/2)) a

_ /OOO o (2§;P(|§i| > t/2)) dt

_ 2/000 ¥ (Qipqm > t)) dr.

The proof of the claim for (A2) is completed by noting that 1, (2x) < 2, (x) due to the

E

Z@f(xn

Fn

concavity of ¥, and 1, (0) = 0. ]

2.5.8  Proof of Theorem 2.2.6

We need the following lemma.

Lemma 2.5.6. Suppose that &, ...,&, are i.i.d. mean-zero random variables independent

of i.i.d. Xy,...,X,. Then

16 [ E

Z&f(Xi)

Proof. The proof follows that of the left hand side inequality in Lemma 2.9.1 of [162], so we

< 2E
f

Zfif(Xz’)

F

omit the details. O

Lemma 2.5.7. Let Xy,..., X, be i.i.d. random variables distributed on [0, 1] with a proba-
bility law P admitting a Lebesque density bounded away from co. Let {I;}7_ be a partition of
0,1] such that I; N I; =0 fori# j and U I; = [0,1], and L™'n~t < |L| < Ln~! for some
absolute value L > 0. Then there exists some T = 1, p € (0,1) such that for n sufficiently

large,

P(Xy,...,X, liec in at most Tn intervals among {I;}7_,) < 0.5"*.
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The proofs of Lemma 2.5.7 can be found in Section 2.8. Now we are in position to prove

Theorem 2.2.6.

Proof of Theorem 2.2.6. The proof will proceed in two steps. The first step aims at estab-
lishing a lower bound for the multiplier empirical process on the order of n'/”

Let @ = 2/(y — 1), and F be an a-full class on X' in Lemma 2.5.4. Further let &, =
k=14 and Fy = F(6,) = {f € F : Pf?> < 67}. Then it follows from Lemma 2.5.3 that

there exists some constant K > 0,

k
K—lka/(2+a) <E Z€Zf(X

i=1

< Kk,a/(Q—l—a) )
T

Lemma 2.5.6 now guarantees that E|Y°" & f(X;)||z can be bounded from below by a
constant multiple of n®/(+®) = n'/7 where the constant depends on ||&;||;. This completes
the first step of the proof.

In the second step, we aim at establishing a lower bound of order n'/?. To this end,
let {I;}7_, be a partition of X' such that L™'n™t < |I;| < Ln~t. On the other hand, let
fi =15 € F, for 1< j < n (increase 9, by constant factors if necessary), and &, denote
the event that Xi,..., X, liein N > 7n sets among {/;}7_,. Then Lemma 2.5.7 entails that
P(&,) > 1—0.5" > 1/2 for n sufficiently large. Furthermore, let Z; = {i : X; € I,;} and pick

any X,(;) € I;. Note that Z;’s are disjoint, and hence conditionally on X we have

< . : p
E pax, & <E 1r<n%(v’§ 5| (by ii.d. assumption on &'s)

< E max |£L ¢ tE Z fz (Z,’s are disjoint and E¢; = 0)

1<j<N
1€ \u(g)

< E max | Z fi’ (by Jensen’s inequality).

IsI=N 1€Z;
Then
E ;&f()a») n lgl]a<>;|2@fj ] > Ex [Ee 121%\;1&\1&

1
> Ex (e mac [61e.] 2 5Be max 1]
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for n sufficiently large. Now the second step follows from the assumption, and hence com-

pleting the proof. m

2.5.4  Proof of Theorem 2.3.1

We first prove Proposition 2.3.3.

Proof of Proposition 2.5.5. Let M, f = 23" (f — fo)(X))& — >0 (f — fo)*(X;), and

n

Mf=EM,(f)] =—P(f — fo)?. Here we used the fact that E¢; = 0 and the independence
assumption between {¢;} and {X;}. Then it is easy to see that

n

ST - o) (X8

i=1

2

M~ Mo = (041 = 2R < |2 1B PYS— S0

The first claim (i.e. convergence rate in probability) follows by standard symmetrization
and contraction principle for the empirical process indexed by a uniformly bounded function
class, followed by an application of Theorem 3.2.5 of [162].

Now assume that &,...,§, are i.i.d. mean-zero errors with ||&]|, < oo for some p > 2.
Fix t > 1. For j € N, let F; = {f € F: 275, < ||f — follzop) < 27t4,}. Then by a
standard peeling argument, we have

P (an — follLa(py > t5n> < Z]P’( sup (M, (f) — M, (fo)) > 0)-

=1 I

Each probability term in the above display can be further bounded by

P( sup (M (f) = Ma(fo) = (Mf = Mfo)) > 277257

< IP( sup
F€F—fo:llfllLy(p)<27ton

%i&ﬂxz) > 22”75%62)

+ IP’( sup
FEF—fo:ll fll Ly Py <27ton

% Z (P (X)) = Pf)| > 22f3t2¢ﬁ5§),

By the contraction principle and moment inequality for the empirical process (Lemma 3.4.2),
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we have
1 < 2
IE( sup ‘ &f ) ( sup — Y 54Xy )
feF—fo: \/_Z Z FEF—fo: \/ﬁ; ' '
”f”LQ(P)SQ]t&” Hf”LQ(P)S2jt6n

S [¢n(2jt5n)]2 (L |E0]12)22% 8262 + (1 ||&1l,)2n 2P,

In the above calculation we used the fact that Emax;<i<,|&]? < [|€1]|20*7 under [|& ], < oo.

By Chebyshev’s inequality,

. On(2766,) \° 1 1
P <an - fOHL2(P) 2 t(sn) < C¢ Z [ (22jt2\/ﬁ52 v 22j121,52 v 24jtAn2—2/pg4 |
]21 n n n

Under the assumption that §, > n_%Jrﬁ, and noting that ¢, (2t6,) < 2/t¢,(d,) by the

assumption that 0 — ¢,(d)/d is non-increasing, the right side of the above display can be

27t\/né2
bound follows by integrating the tail estimate. O]

2
further bounded up to a constant by .., (M) + # S % for t > 1. The expectation

The following lemma calculates an upper bound for the multiplier empirical process at

the target rate in Theorem 2.3.1. The proof can be found in Section 2.8.

Lemma 2.5.8. Suppose that Assumption A holds with i.i.d. X4,..., X, s with law P, and
F C Loo(1) satisfies the entropy condition (F) with o € (0,2). Further assume for simplicity
that &;’s have the same marginal distributions with ||&1||,1 < oco. Then with 6, = n" TV

1,1
n 2" 2, we have

sup
pf2 <,0252

sup
pf2 <,0252

Z& Zsf

_ nzta LV & h+2/a1), p>142/a,
< Ka(pl_a/Q \/p_a) ( +2/ )

1
n5 (L 16 l). 1<p<1+2/a

Proof of Theorem 2.3.1. The claim follows immediately from Lemma 2.5.8 by noting that
the rate d,, chosen therein corresponds to the condition (2.3.3) in Proposition 2.3.3, along

with Proposition 2.5.1 handling (2.3.4). O
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2.5.5 Proof of Theorem 2.3.7

We will prove the following slightly more general version of Theorem 2.3.7.

Theorem 2.5.9. Let X = [0,1] and P be a probability measure on X with Lebesque density
bounded away from 0 and co. Suppose that &1, ..., &, are i.i.d. mean-zero random variables

with ||&1]]p1 < 0o for some p > 2. Then:

1. For each a € (0,2), there exists a function class F and some fo € F with F — fy
satisfying the entropy condition (F), such that for p > 1+ 2/«, there exists some least

squares estimator f over F satisfying

* __1
Ellfr — follzopy = p - e,

Here p > 0 is a (small) constant independent of n.

2. For each a € (0,2), there exists a function class F = F,, some fo € F with F — fo
satisfying the entropy condition (F), such that the following holds: suppose v/logn <
p < (logn)'=? for some 6 € (0,1/2). Then there exists some law for the error &
with ||&1|lpa S logn, such that for n sufficiently large, there exists some least squares

estimator f) over F, satisfying

141 _
E|lfy = follapy = ¢ 122 (logn) ™2,
Here p' > 0 is a (small) constant independent of n.

The strategy
The proof of Theorem 2.5.9 is technically rather involved; here we give a brief outline.

There are two main steps:

1. We first show that (see Lemma 2.5.10): the risk of some LSE corresponds to the

extreme value 9 of the map

6 F,(0) = fe;jeu.gfmz@” — P)(2¢f — f*) — 0% = E,(6) — 6% (2.5.12)
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This step is similar in spirit to [36, 158] (e.g. Theorem 1.1 of [36]; Lemma 3.1 of [158]);
we will deal with the fact that the LSE may not be unique, and the map does not enjoy
good geometric properties such as convexity in [36], or uniqueness of the extreme value

of the map (2.5.12) as in [158].

2. Step 1 reduces the problem of finding ¢ to that of finding §; < d9 such that E,, (1) <
F,(05) [This means, F,(0) < F,(d2) for § < 6y, implying that the extreme value
0% > d1]. Hence our task will be to find d;,d; with matching order such that F,(d;)
is smaller than F,(d2) up to a constant order under a specific function class. The
construction of such an underlying regression function is inspired by the one used
in Theorem 2.2.6. The main technical job involves (i) developing a problem-specific
approach to derive an upper bound for E,(pd;) for small p > 0 (corresponding to the
Poisson (small-sample) domain of the empirical process where general tools fail), (ii)
using a Paley-Zygmund moment argument to produce a sharp lower bound for F},(ds)
and (iii) handling the delicate fact that the L, ; norm is slightly stronger than the L,

norm.

The reduction scheme

Lemma 2.5.10. Fiz e > 0. Let §; = inf{6* > 0 : F,(6*) > supse(go0) Fn(d) — €} Then
there exists a 2e-approvimate LSE [ such that

£ = follZocpy = (67)" —e.

Proof. Without loss of generality we assume fo = 0. Let f* be such that 6 = P(f})* < (07)?
and E,(6%) < (P, — P)(26f — (fF)?) + €. Note that for any f € F,

(P = P)26f = £7) = PF* < Fu(lf lzae) < Ful0}) +& = Ea(07) = (6,)" + ¢

< (Po = P)(26f5 — (f2)%) = P(f3)* + 2,
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where in the last inequality we used the definition of f* and the fact that (§%)? > P(fF)2.

This implies that for any f € F,

HY - f”i = ]P)n£2 - Pn(zéf - f2>
> P& =P, (26 fy — (f)?) —2e =Y — £l — 2.

Hence f7 is a 2e-approximate LSE. The claim follows if we can show §2 > (6%)? — . This is

valid: if (67)* > 62 + ¢, then

Fo(d0) = (P — P)(26f5 — (f2)*) = 0
> E,(0,) — & = 0 = Fu(0,) — e + ((03)" — &) > Fa(3y,),

a contradiction to the definition of ¢} by noting that dy < 4. ]

Since € > 0 in Lemma 2.5.10 can be arbitrarily small, in the following analysis we will
assume without loss of generality that ¢ = 0.
The following simple observation summarizes the strategy for finding a lower bound on

the rate of some least squares estimator.

Proposition 2.5.11. Suppose that 0 < 07 < 09 are such that E,(61) < F,(62). Then there
exists a LSE f such that || fr — foll.py = 01

Proof. The condition implies that F,(6) = E,(0) — 6 < E,(§) < E,(01) < F,(d3) for any
d < 07 and hence a maximizer §; of the map 0 — F,(d) cannot lie in [0, 4], i.e. 0 > ;.

The claim now follows by Lemma 2.5.10. O

In the next few subsections, we first prove claim (1) of Theorem 2.5.9. The proof of claim
(2) follows the similar proof strategy as that of claim (1); the details will be delayed until
the last subsection.
Upper bound

The regression function class F we consider will be the Holder class constructed in Lemma

2.5.4 with X = [0,1], and f; = 0. We first handle the upper bound part of the problem.
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Lemma 2.5.8 is awkward in this regard because general tools (Proposition 2.5.1) cannot
handle the Poisson (small-sample) domain of the empirical process, and hence the resulting
bound is insensitive with respect to small p > 0. The following lemma remedies this for our

special function class F.

Lemma 2.5.12. Suppose that X = [0, 1] and P is a probability measure on X with Lebesque
density bounded away from 0 and oo. Suppose further that the &;’s are i.i.d. mean-zero and

l€1][p1 < 00 and p > 1+ 2/a. Then for any p € (0,1), of
n >min{n >3 : p? > logn(n~®/*t)}, (2.5.13)

then with 6,, = n- e we have,

n

37 (265(X0) — FA(X0) + Pf?)| < Kpap 055 (1V [|€1]p0)-

i=1

E sup
fEF:Pf2<p252

Note that in the above lemma we may choose p small as long as the sample size condition
(2.5.13) is satisfied. The key idea of the proof is to compare sup cz.ps2 P, f? with o2
directly for (nearly) the whole range of o2 including the Poisson (small-sample) domain by
exploiting the geometry of F. Details can be found in Section 2.8.

Lower bound

Next we turn to the lower bound part of the problem. We will first consider a lower

bound in expectation, then a Paley-Zygmund type argument translates the claim from in

expectation to in probability.

Lemma 2.5.13. Let X = [0, 1], and P be a probability measure on X with Lebesque density
bounded away from 0 and oo. Let &,...,&, be i.i.d. mean-zero random variables such that
l€1]l1 > 0, and F be the Holder class constructed in Lemma 2.5.4. Then with d, = n T, if
l€1]]1 > Rap and ¥ > 1 for some Ry p > 0 depending only on a, P,

n

S (26F(X) = XD + PLY)| 2 Kpllallt'=™/2 - ne's.

i=1

E sup
Py2<9252
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The proof uses Lemmas 2.5.3 and 2.5.6, and the a-fullness of F: see Section 2.8. The

following Paley-Zygmund lower bound is standard.

Lemma 2.5.14 (Paley-Zygmund). Let Z be any non-negative random variable. Then for any

q/
e>0,P(Z >cEZ) > (%) , where q,q' € (1,00) are conjugate indices: 1/q+1/q = 1.

Now we turn the lower bound in expectation in Lemma 2.5.13 to a probability bound by

a Paley-Zygmund argument.

Lemma 2.5.15. Consider the same setup as in Lemma 2.5.13 with p > 2, and let Z =

SUPp p2<gagz | D iy 26 (Xi) = f2(Xi) + P f?]. Suppose p > 1+2/a. If &1l < oo, [|&1][1 > Ra,
9>1and 1< qg<p. Then

1 N o
P(Z > §Kp,a||§1||1191_°‘/2 cpata) > 97/ VI s g,
The constant in the probability estimate is defined below.

Proof. Lemma 2.5.13 entails that EZ > K, [|&19'~*/2 - n?%a. By the moment inequality

Lemma 3.4.2, if the &;’s have finite p-th moments, and ¢ < p,

=G [1 T (®2y EZ):

EZ) =
<c, [1 2 (K&l A1)

(Vr(l[&illz v 1)96,)7 1V Emax1§i§n|€z‘|q]

x (92l v 1)t 7w v gD g a3 ) }

<Gy [T+ 2 (Epli&lh A )"0l V 1] = Lagoar

In the second inequality we used |max;|&]|l, < [|max;|&]|, < n'/?||& ||, and the third

inequality follows by noting ¢ > 1 and the assumption p > 14 2/a. The proof is complete.
O

Putting the pieces together
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Proposition 2.5.16. Suppose ||&1]],1 < oo for p > max{2,1+ 2/a}. If [|&i]1 > Rap for
some (large) constant R, p > 0, then for n sufficiently large, there exist constants peqop <

Ve a,p such that on an event with positive probability p1 = p1(c, &, P) > 0 independent of n,
F,(Y¢a,p - TZ*?%“) > En(peap - nf”%)-

Proof. Lemma 2.5.12 and Markov’s inequality entail that for any p > 0, if n > min{n > 3:
p? > logn(n=*/*2))} then on an event with probability at least 1 — 1/M,

nE,(p6,) < MCe o p - p=*/*nz+a. (2.5.14)

We will choose p, M later on. On the other hand, apply Lemma 2.5.15 with ¢ = 2 (since
p>2)and ¥ = (Kpja||§1|]1/4)2+% (we may increase ||&]|; to ensure ¥ > 1 if necessary) we

see that on an event with probability at least 2p; = 2p;(a, &, P), we have

1 [e] [e]
nE, (96,) > 5K1D7a||§1||1z91—°“/2 -nZra — P2pia (2.5.15)
1 o o
> ZLKRO[Hgl||11§‘170[/2 TnFe = Q{,a,P TnZEa.

First we choose M = 1/p; so that with probability at least p;, (2.5.14) and (2.5.15) hold
simultaneously. Then we choose p = min{(plggja’P/QC‘&mp)%,19/2} to conclude F,, (99,) >
E,.(pd,) with probability at least p;. O

Now we have completed the program outlined in Proposition 3.4.5.

Proof of Theorem 2.5.9: claim (1). Recall that the regression function class is taken from
Lemma 2.5.4 with f, = 0. Combining the proof outline Proposition 3.4.5, with Proposition
2.5.16, we see that there exists an event with probability at least p; = pi(«, &, P) > 0, on
which at least one least squares estimator f over F satisfies || fr — follL.cp) = p - n” e,
where p > 0 is a (small) constant independent of n. The claim now follows by bounding the

expectation from below on this event. O

Remaining proofs for Theorem 2.3.7
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Here we prove the second claim of Theorem 2.5.9. Without loss of generality, we only
consider d = 1, and the probability measure P is assumed to be uniform for simplicity. To
this end, let F,, = {1j4 : a,b € [0,1] N Q,b —a > 62} U {0}, and G, = {g € CV*([0,1]) :
Pg? > 62}, and fy = 0, where 6, = pn~ /212 with % — ]% = ¢ for some numeric constants
g, p > 0 to be specified later. Let F = FoUG,.

In the current case E,(6) = 0 for 6 < 4, and hence our goal is to give a lower bound
for F,(0,). We mimic the proof strategy of the first claim of Theorem 2.5.9 by (i) giv-
ing a lower bound for the multiplier empirical process in expectation, and then (ii) us-
ing the Paley-Zygmund moment argument to translate the lower bound in probability.
The arguments are somewhat delicate due to the fact that the L,; norm is stronger than
the L, norm. For notational simplicity, let Z = sup;cz procs[d i &if (Xi)|, and Z =
Supfe]:‘n;Pf2§6%|Z?:1 2§if(Xi) - fz(Xi) + Pf2|-

Lemma 2.5.17. Suppose that &1, ..., &, are i.i.d. symmetric random variables with P(|&;| >
t) = 1/(1 + |t|P). Further suppose that p < (64/e*)'/%, e71/2 v 3 < p < logn/loglogn and
n > min{n > 2: 6, = pn /2T > flogn/n}. Then there exists some absolute constant

Cy > 0, and for any Cy > 0, there exists some constant C3 = C3(Cy) > 0 such that
i ]_ / \2 /
P(Z > Enl/p —V@T _ cgnt?\/log n) > Cy ((ep') A 1)° pte — g Celosn,
We need the following before the proof of Lemma 2.5.17.

Lemma 2.5.18. Suppose p < (64/e3)V/6 and &,,...,&, are i.i.d. mean-zero random vari-

ables. Then for n > 2, we have EZ > {E max; < y—1,1-1/ |§5-
Proof. Let I; = [(j — 1)62,702] C [0,1] for j = 1,..., N where N = §,2 < p~?n. Note that

for any ¢ € (0,1),
P (Xi,..., X, lic in at most ¢N intervals among {I;}1,)
= ]P (U|I|:cN{X1> e ,Xn € UZEIL})

< (]]\;) " S echog(e/c)—nlog(l/c) S B(CP—Qlog(e/c)flog(l/c))n.
&
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By choosing ¢ = p?/4, the exponent in the above display can be further bounded by
1log(e/c) —log(1/c) = 1log(c*e) = 1log(ep®/64) < —35 where the last inequality follows
by the assumption that p < (64/e*)'/®. Hence we conclude that on an event £ with proba-
bility at least 1 — 0.61", the samples X7, ..., X,, must occupy at least p?N/4 many intervals
among {I;}}_,. This implies that

1

) 1g > 2E max

EZ =
Sub 1<j<p2N/4

fefn Pf<8}

> E max
1<j<N

Z& Zlel

i€l

[3]

where we used the same arguments as in the proof of Theorem 2.2.6. The claim now follows

by noting p>N/4 = p?6;2/4 = n'~1/P' /4, 0

We also need some auxiliary results.

Lemma 2.5.19. Suppose that &y, ..., &, are i.i.d. symmetric random variables with p(t) =

P(|&| > t) =1/(1+ |t[’). Then for any 1 < q <p, andn > 2,

1 n! 1/q p+aq\"” 1
P < Emax|§l| < (E max|§|?) " < <—) n*/?.
2" 1<i<n p—q

We need the following exact characterization concerning the size of maxima of a sequence

of independent random variables due to [63], see also Corollary 1.4.2 of [41].
Lemma 2.5.20. Let &,...,&, be a sequence of independent non-negative random variables

such that ||&]|, < oo foralll <i<mn. ForA >0, setdp(A) =inf {t >0:> " P(& >1) < A}
Then

1 &K
H—A;Egi Less, < Elfgfgjlf < 1/\>\ZE5 Le,>50-

Proof of Lemma 2.5.19. For A = 1 in Lemma 3.5.3, § = inf{t > 0 : np(t) < 1} = (n — 1)/~
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Lemma 3.5.3 now yields that for ¢ < p,

E g%ﬁfﬂq < nE[1] g, 156

8o 00
=n[19><|§1\>60> [ s [ e e > 0 au
0

)

< nog > 1 d
— 14 (Sg Tan 5 up—a+1 u
=(n— 1>q/p + ¢ n (n — 1>q/p < Zﬂntﬂp

p—qn—1 pP—q
since n > 2. For a lower bound for Emax;<;<,|{;|, we proceed similarly as above by using

1+ uP < 2uP on [dy,00) for n > 2:

n [ d >~ 1 (n—1Y" 1,
E =2 qu| > TS L,
max & —2{1+%*1é 2 4—- 2 =1

This completes the proof. O

We also need Talagrand’s concentration inequality [145] for the empirical process in the

form given by Bousquet [23], recorded as follows.

Lemma 2.5.21. [Theorem 3.3.9 of [62]] Let F be a countable class of real-valued measurable

functions such that sup ;e z|| fllcc <. Then
P(sup|G,f| > Esup|G, f| + V262x + bx/3y/n) < e,
fer feF

where 5% = 02 + 2bn~*Esup ;. z|G, f| with 0* = sup,cz Varpf, and G, = /n(P, — P).

In applications, since

V252r < V202 + \/4(bx/\/ﬁ)Esup|an|
ferF
< V202 + 0 (bx//n) + SEsup|G,, f|
feFr

by the elementary inequality 2ab < 6~ 'a® + 6b*, we have for any § > 0,

P(sup|G,f| > (1 + §)Esup|G,f| + V202z + (37" + 6 ")bz/yv/n) < e ™. (2.5.16)
JeF feF

We will mainly use the above form (2.5.16) in the proofs.
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Proof of Lemma 2.5.17. The proof is divided into two steps. In the first step, we handle Z,
i.e. the multiplier empirical process part. In the second step we handle the residual term,
i.e. the purely empirical process part.

tep e first claim that there exists some absolute constant C; > 0 such that
S 1) We fi laim that th i bsol Cy >0 h th
1 / /
P(Z > 3—2n1/p YR > 0y ((ep) A1), (2.5.17)

Let G be the class of indicators functions 1, with 0 < a < b < 1. Then since 6,, > 4/log n/n,

by local maximal inequalities for the empirical process (Proposition 2.5.1),

< Vndo/log(1/6,) < nt/?' \/logn (2.5.18)

where in the last inequality we used p < 1. Applying Theorem 2.2.1 and noting that
p < logn/loglogn implying n'/?'\/logn < n'/?\/logn < n'/?, we see that for some abso-
>oin1 &ig(Xi)| < Cn'/P[[& |y, By the moment

inequality Lemma 3.4.2, we have for any ¢ > 1,

Z&Q(Xi)

=1

E sup
geG:Pg2<42

lute constant C' > 0, EZ < Esupycg.pge<s2

EZ? < Cy((BZ)" + (Vnll€ll20n)? + E max |&]7)
< C;(nq/PH&HZ,l /2 gy 14 + Efg%)fl’@’q)
< 2G5 (n"?([€xllpa V 1€1]l2)* + E max [&[1).

Now using the Paley-Zygmund inequality (Lemma 3.5.2) and Lemma 2.5.18, we see that

1 ./ EZ \¢
P(Z>-EZ)>2 9 ———
(2> 352) =2 (g

!

C’”( Emax,_;y 1,11/ 151 )q
T\ ([l VIIE 1) + (B maxicicn|&i]9)
By Lemma 2.5.19, the above display can be further estimated from below by

/

. ( n1/P'—1/ ()2 )q
T\ (16l VIS l) + [+ a) /(0" = )] an ¥
nl/v'=1/0")?

2
> h =q¢ =2
= (nl/p<r\51|\p,1 VTETH) +n1/p') (choose ¢ = ¢ =2)

2 2 2
7+il_

> " ((gp/) A 1)2 n » Y2 > ((5}9/) A 1)2 e




o8

where in the last line we use the following facts: (i) - — z% =g, (ii) p' > p > e Y? and (iii)

1
p

oo o0 1
=/ P >t1/pdt:/ ¢
leilya = | Pl >0 "
v1+/oo LA S .
oL w1 e
1

€]l < ||€1llor < 1+ —— < 1.
(r'/2) -1

The proof of (2.5.17) is complete by noting that

EZ > EE max 1&5] > 14—1/13’”1/17’—1/(19’)2 > 16 1pl/P—1/@)?,
2 1<j<a-ipt-1/v 8

(Step 2) We next claim that for any Cy > 0, there exists some absolute constant Cs > 0
such that

n

P(  sup | Z(fZ(XZ) —PfA)| < C’gnl/Qp,\/logn) > 1 — g C2logn, (2.5.19)
FEFnPSE =1

Note that by contraction principle and (2.5.18),

S (X)) - P

=1

Z 5ig(Xz’)

i=1

< %'\ /logn.

<E sup
geEG:Pg2<52

E sup
fEF,:Pf2<52

The claim (2.5.19) now follows from the above display combined with Talagrand’s concen-
tration inequality (Lemma 3.4.4) applied with x = C5 logn.
Now the claimed inequality in the lemma follows by considering the event that is the

intersection of the events indicated in (2.5.17) and (2.5.19). O

Now we are in a good position to prove the second claim of Theorem 2.5.9.

Proof of Theorem 2.5.9: claim (2). Suppose that nt @ <2 < 210g(6461'(;g)110g10gn and p =
1/8. Then
1

Enl/p/_l/(p/)2 — anl/Qp/\/logn - n(SZ
1

/ / 1 / /
_ (W . p2)n1/p _ C3n1/2p /logn > 6_4n1/p _ 03n1/2p /logn > 0.
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Since {Z > Lpl/P' =1/ anl/Qp/\/logn} C {Z —nd2 > 0} C {F.(6,) > E,(6,/2)}, it
follows from Lemma 2.5.17 that

]P’(é’n) =P (Fn(5n) > En(én/Q)) > () ((6p') A 1)2n_4e _ O 1ogn’

provided further ¢ > 1/p? p >3, n > 2 and n"/ ? > 64log n. Equivalently,

logn
64logn) + 21og(64C5)

e>1/p*, p>3, n>2, \/logzngp’glog(

Furthermore, since p’ = p/(1 — pe) < 2p if € < 1/2p, it suffices to require

logn
1/p?<e<1/2 >ns VA logyn < p < (logn)' | € oo
/P <e<1/2p, n>nsVe s, 0gyn < p < (logn) ~ 2log(64logn) |’

where nsg = min{n > 2 : (logn)’ > 2log(64logn)}. Hence for n in the indicated range (i.e.

sufficiently large depending on 4, Cs3), we have
P(E,) > Cy(logn)2n=% — e~218" > C(logn) 2n ",

where the first inequality follows from ep’ > ep > 1/p > 1/logn, and the second inequality

follows for n sufficiently large by choosing Cy = 3 since n=% > n=2. By Proposition 3.4.5,

EHf; - fOHLz(P) > ]EHf: - f0HL2(P)15n
O,

> 5 . C(lOg n)72n745 > Cln71/2+1/2p74.55(10g n)72'

For any 1/(1 —6) < a < 2 so that p = (logn)'/?, we may choose ¢ = p~® The claim
then follows by noting n=¢ = n=1/16" = =1 and ||& ||l,1 < 1+ (ep)~t = 1 + (logn)!~/* <

log n. O]
2.6 Proof of impossibility results

In this section we prove Propositions 2.2.10 and 2.3.12.

Proof of Proposition 2.2.10. Let X;’s be i.i.d. symmetric random variables with the tail

probability P(|X;| > x) = 7%, Let & = |X;|*/Pe;, where ¢;’s are Rademacher random
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variables independent of all other random variables. Then it is easy to check that (i)-(ii)
hold (in particular, § > 0 guarantees [|£;||,1 < 00). Now take any F satisfying the entropy
condition (F) with exponent o = 2/(y—1) € (0,2), and let F, = {f € F : Pf? < 52} U{dpe}
where 6, = k=% and ¢(x) = x. Then by Proposition 2.5.1, we have E[| S, e; f(Xi) || 7 <
k'/7. On the other hand, since p < 4/§, applying Theorem 3.7.2 of [51] we see that for n

large enough,

B> &GF(X0)| =6, D Ge(Xi)| = 0,E| > e X[ T
i=1 Fn i=1 i=1
1+2/p

= 0an 2 =7y,
The equality in the first line of the above display follows from
ie(X;) = |Xi|2/p5iXi =d |Xi|2/p5i5;|Xi| =d 5i|Xi|1+2/p

by symmetry of X;’s (¢}’s are independent copies of ¢;’s).

Now in order that r,, > nl/V,

14+2/p 1 I« @1+2/p>1+04
2+6 24+a v 2+a 2+6 2+«
2(1+2

oo 2052/0)

1+ (1+1/a)d
Hence it suffices to require that p < 2v/(14+d). On the other hand, in order that r,, > n'/?,

it suffices to require that

1+2/p 1 1 1 1 5 1

> — < — > —.
2490 24a p 246 24+a 240p

Since p > 2, we only need to check that

1 1 >5/2
24+0 24+a 2496

which holds since we choose a > 4§ (which is equivalent to v = 14 2/a < 1+ 1/(20)). This
completes the proof. O
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Proof of Proposition 2.3.12. We only sketch the proof here. Let X;’s, &’s and ¢ be defined
as in the proof of Proposition 2.2.10, f; = 0, and F be any function class defined on [0, 1]
satisfying the entropy condition (F) with exponent o € (0,2). Let 6, > 0 be determined
later on, and F,, = {f € F: Pf? > 62} U{d,e} U{0}. Then E,(d,/2) = 0 and we only need
to show that with positive probability, F'(d,,) > 0. To see this, note that we have shown in
Proposition 2.2.10 that |Y 1 | &e(X;)| 2 n35° with positive probability for n large enough.
Furthermore, by Talagrand’s concentration inequality (cf. Lemma 3.4.4), we have that with

overwhelming probability,

n

> (X)) — Pf)

=1

—~1/2

n sup

feFn

S E sup |G f2| + 0, +n 2 <, 617972,
feFn

n 125" 2 f(X3)| < 0 /% by using the standard con-

since Esup;cz, G, f? < Esup;cz,
traction principle and Proposition 2.5.1. Hence if §,, = n_%%a, then for n large enough, we

have with positive probability,

Z @e(Xi)

1

nE,(6,) > 6, —nd?

— sup
fe€Fn

D (A (X:) = Pf?)

+2/
> Cy0,n 705 — Cyn'/251-0/2 — pg?

> Cynf(nza v n%) — Cynt/2e1-/2 _ g
for some 8 = 5(6, o, p) > 0, where the last inequality follows from the arguments in the proof
of Proposition 2.2.10, by assuming that 2 < v < 1+1/(26) and 2 < p < min{4/0, 2v/(1+~6)}
where v = 1 + 2/a. This condition is equivalent to 40 < a < 2 and 2 < p < min{4/d, (2 +
4/a)/(1 + (1 +2/a)5)}. Hence we may choose 6, = CsnP/2(n~ e v n~1/2+1/) for some

constant C3 > 0 to ensure that the last line of the above display is > 0 for n large enough. [
2.7 Remaining proofs I

2.7.1 Proof of Lemma 2.2.9

Proof of Lemma 2.2.9. Without loss of generality we assume that a,, < 1foralln=0,1,....

For any € € (0,1), since a,, vanishes asymptotically, there exists some N, for which a, < ¢
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as long as n > N.. Consider

t), t < N
wiy =7

(1—2)p(N.) +2p(t), ¢ > N..

Then it is easy to verify that . is a concave function and majorizes n +— a,p(n) [since
Ye(n) > ep(n) > app(n) for n > N, and ¢¥.(n) = ¢(n) > a,p(n) for n < N, by the
assumption that a,, < 1]. Hence by definition of v, it follows that limsup,_, . ¥(t)/e(t) <
limy 00 ¥:(t) /p(t) = €. The claim now follows by taking ¢ — 0. O

2.7.2  Proof of Lemma 2.4.6
We need some auxiliary lemmas before the proof of Lemma 2.4.6.

Lemma 2.7.1. Let Fj3 : RY — R be the soft-maz function defined by Fz(z) = 37! log (Zle exp(ﬁxi)).
Then sup,cga Z?,k,l,m:1|ajklmFﬁ(x>| < 2533.

Proof. Let mj(x) = 0;F3(x) = exp(ﬁxj)/zzlzl exp(fz;) and 0;; = 1,—;. Then it is easy to
verify that (see Lemma 4.3 of [40])

OinFp = 0;(m) = B(ojums — T,

ajleg = BQ [5jk6ﬂ7rl — 5jk7Tj7Tl + 27Tj7Tk7Tl — (5ﬂ + 5kl)7rk7rl} .
Furthermore taking the derivative with respect to x,,, we have

8jklmF5 = ﬁQ [5jk5j18m(7rl) - (5jk8m(7rj7rl) -+ 28m(7rj7rkm) — (5jl -+ 5kl)0m(7rkm)}
= 52[(1) —(II)+2(1II) — ([V)},

where (I) = B(Sjkéjl <5lm7rl —7T17Tm>, (II) = ﬁéjk [(5jm+5lm)7rj7rl —27Tj7Tl7Tm], ([[I) = ﬁ[(éjm—i-

Okm + Opm) ;T — 37Tj7rk7rl7rm], and (IV') = B(0;1 + ) [(5jm + O ) T ) — 27rj7rk7rm]. Now

summing over j, k, [, m by noting that Zj m; = 1 yields the claim. O

Proof of Lemma 2.4.6. In the proof we write & = n to line up with the notation used in

[39]. Slightly abusing the notation, we use simply X;’s to denote £;X;’s. Let Yi,...,Y,, be
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centered i.i.d. Gaussian random vectors in R? such that EY;Y;" = EX; X|". We first claim

that it suffices to prove that,
EFS(X) — Fp(V)| S #n ' E(max| Xy 'V [V, [) = @000, (27)
YRS

where X = %Z? X, eRLY = \/LEZ;;Y; € RY and Fs : R? — R is defined by
Fs(x) = 87 log (ZZ L exp(Bz;)). Once (2.7.1) is proved, we use the inequality 0 < Fj(z) —

maxi<;j<qx; < " logd to obtain that

‘E < Bn My + B ogd.

max —— E Yi;
1<J<d

The conclusion of Lemma 2.4.6 follows by taking f = (n log d/ ]\7[4)1/ * and controlling the
size of the Gaussian maxima.

The proof of (2.7.1) proceeds in similar lines as in Lemma 1.1 of [39] by a fourth moment
argument instead of a third moment one used therein. We provide details below. Let
Z(t) = VX + 1=ty = Y" | Zi(t) be the Slepian’s interpolation between X and Y,
where Z;(t) = J=(VtX; + V1 —1Yi). Let ZU(t) = Z(t) — Z(t). Then,

EFs(X) —EF3(Y) =EF3(Z(1)) — EF3(Z(0)) (2.7.2)
1 n d
/ CEF(2(1)) dt = /O S S B[O F(Z0)24(0)]
where Z;;(t) = ﬁ(\%XU mYZ]) Now using Taylor expansion for 9;Fs(-) at Z?(t), we
have
0;F(Z(t)) = 8;F5(Z29 (1)) + Zaijﬁ (Z9(1)) Zin (t) (2.7.3)

+ Z 5jle/3(Z ‘ (t»Zikz(t)Zil(t)

+Z/ i Fo(Z () + 7 Z:(8)) Zin (D) Zu(6) Zim (1) d.

k,l,m
Hence (2.7.2) can be split into four terms according to (2.7.3). Now the key observation
here is that Z®)(t) is independent of Zi, Z:.. Since EZij(t) = 0, the contribution of the
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first order term in (2.7.3) vanishes. Similar observation holds for the second and third
order terms. For the second order term, we only need to verify EZ;(t)Zy(t) = 0; this
follows from the construction of ¥~ that matches the second moments of X: EZ;;(t) Zir(t) =
LB (LXy = AYy) (VEXi+ VT = 0) = & (BXy Xy — EY;Yy) = 0. For the third

order term,

EZij(t) Zir(t) Zu(t)

1 1 1
- WE(%XU \/1T )(\/_sz + V1 sz) (\/—le + \/1TY11)

= (2n3/2)_1(\/EEXiniqu — V1 —tEY;;YiYa).

Cross terms in the calculation of the last line in the above display all vanish by the in-
dependence and centeredness of X and Y. The first term of the above display is 0 since
(recall X; stands for €;X; throughout the proof) Ee? X;; X Xy = Ee? - EX;; X Xy = 0 by
the independence between the Rademacher ¢; and X;. The second term is also zero by a
similar argument: since Y; =, €;Y; for a Rademacher random variable ¢; independent of Y,
EY;; Vi Yy = Ee? - EY;;Yi Yy = 0. Hence the only non-trivial contribution of (2.7.3) in (2.7.2)

is the fourth order term:

[EF3(X) — Fp(Y)|

25 //ErammFﬁ (Z98) + 7Z4(8)) 245 (1) Zua () Za(0) Zm (D)7

i=1 j,k,l,m=1
< Z [ [ S O F5(200) + 7 2:0)
7.k, l,m=1
X lgg’ll%}n%dlz'ij(t)Zik(t)Zil(t>Zim(t)| dr dt
<2553Z / EKJIE%Q Zii(0) Zig () Zig(t) Zin (1)

where the last inequality follows from the dimension free property of the third derivatives of
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soft max function F3 (Lemma 2.7.1). Now the claim (2.7.1) follows by noting that

E_max_ [Z,(0)Z(t) Za(t) Zin(t)] < (B max|Z,[*) " (B max |2, )"

1<j,k,l,m<d 1<5<d
571‘2(\/_ \/_> (E maX|X1]| Vv [vy,lY)
and the fact that the integral fo (% ) dt < oo converges. [
2.8 Remaining proofs II
2.8.1 Proof of Lemma 2.5./
Proof of Lemma 2.5.4. Without loss of generality we assume P is uniform on X = [0, 1].

Take F = CY([0,1]) to be a 1/a-Holder class on [0,1] (see Section 2.7 of [162]). Let
F = FUG. For any discrete probability measure Q on X = 0, 1],

N (e, F,Ls(Q)) S N(e, F, L2(Q)) + N(e,G, La(Q))
< N(57 F, LOO([O’ 1])) + SgpN(Ev g, LQ(Q))>
where the last inequality follows from the fact that any e-cover of F in L., metric on [0, 1]
induces an e-cover on the function class F under any Lo(Q) on X'. Now by Theorem 2.7.1 of

[162] and the fact that G is a bounded VC-subgraph function class (see Section 2.6 of [162]),

we have the following entropy estimate:
suplog NV (e, F, Ly(Q)) < 2. (2.8.1)
Q

where the supremum is taken over all discrete probability measures supported on X'. On the

other hand, for some small ¢ > 0,
N (co,CY([0,1]) N Ly(o), L([0,1])) = exp(d'o™)

holds for another constant ¢ > 0 for all o > 0, due to the classical work of [30, 149] in the
context of more general Besov spaces. The connection here is C / “([0,1]) = Bééoéo(l) (in the

usual notation for Besov space, see Proposition 4.3.23 of [62]). See also [151], page 103-106
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for an explicit construction for a (local) minimax lower bound in L, metric for the Holder
class (which is essentially the same problem), where a set of testing functions {f; : i < M}
is constructed such that M > 2™/8 || f; — fellz, = m~Y* and || f;]|z, < m~Y/*. Hence we see

that
log N (co, F N Ly(0), Ly([0,1])) = o=, (2.8.2)

The claim follows by combining (2.8.1) and (2.8.2). O

2.8.2  Proof of Lemma 2.5.7

Proof of Lemma 2.5.7. Note that the event in question equals

Hence with K = sup,¢(o ;/(dP/dA)(z)], the probability in question can be bounded by

> (Z) (k-Ln ' K)" <) exp(klog(en/k)) (k/n)" - (LK)"

_ = (LK)” ;; exp (klog(en/k) — nlog(n/k))
< (eTLK)”_ ]; exp (— (n— k) log(n/k))
< (eTLK)"k;Z exp (— (1 — 7)nlog(n/k))
Sy (5

T+1/n

< (eTLK)”n/ 2= dg
0

n T —T "

<0.5"

for 7 < min{1/2,1/8¢(LK)*} and n > max{2,8¢(LK)?}. The first line uses the standard

inequality (}) < n*/k! < (en/k)*, since ¥ =37 k' /il > k*/k!. The last line follows since
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T (T+1/n) < 737 (1/2+41/2) < 2and e LK(7+1/n) T < Ve(LK)2(t+1/n) < 1/2

by the conditions on 7 and n. O

2.8.8  Proof of Lemma 2.5.8

Proof of Lemma 2.5.8. If p > 1+ 2/, then ¢,, = n" e, By local maximal inequalities for

empirical processes (see Proposition 2.5.1), we have

k

> ef(Xi)

i=1

E sup
Pf2<p?5}

1—a/2
< CVE(pop)'~ a/2<1 Vv %) (2.8.3)

< Ckﬂ%pl_a/2(1 Vi p—(1+a/2)>

< Cr(plfa/Z Vi pfa) . /{Zﬁ
Applying Corollary 2.2.2 we see that

E sup < C(p 2V p=®) - na (1V [[€allisoan)-

Pf2<p?53

Zﬁz‘f(Xi)

=1

If p<1+2/a, then §, = n"2%2 . In this case,

where the last inequality follows from % > <.2=1 by the assumed relationship between p and
P 2 p

a. Now apply Corollary 2.2.2 we have

N Gf ()| < Clo PV ) (€l v 1)

i=1

E sup
Pf2<p?83

as desired. ]
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2.8.4 Proof of Lemma 2.5.12

We first need the following.

Lemma 2.8.1. Let Xy,..., X, be i.i.d. P on [0,1] where P has Lebesque density bounded
away from 0 and oo. Set v, = kplogn/n where kp > 1 is a constant depending only on
P. Let I; = [(j — Dyn,Jvnm) for j = 1,...,n/(kplogn) = N. Then for some cp > 0,np
sufficiently large depending on P, if n > np, with probability at least 1 — 2n=2, all intervals

iy contain at teast one ana at Mmost Cp 1ogn samples.
I;} contain at least d at most cpl l

Proof. Without loss of generality we assume that P is uniform on [0,1]. The general case
where P has Lebesgue density bounded away from 0 and oo follows from minor modification.
Let &£1(&) be the event that all intervals {/;} contain at least one sample(at most clogn

samples). Then for kp = 6,

P (&) = P (Ui<j<n{I; contains no samples})

< N. (1 _ liPlOgn) < Ne—nplogn < n—5

On the other hand,

P(&5) = P( max ‘Zl; i)| > clogn)

< ZIP’(‘ Z (17,(X) — ) ‘ > (c—6)logn).

Now we use Bernstein inequality in the following form (cf. (2.10) of [22]): for S =" | (Z; —
EZ), v =" EZ? where |Z] < b for all 1 <i < n, we have P(S > t) < exp (—W)
We apply this with Z; = 1;,(X;) and hence v, = EZ; and v = Y | v, = 6logn, b =1, to
see that right side of the above display can be further bounded by

N 2
(c—6)*log™n ) 31 -2
exp | — Ne 28" < n
; ( 2(6logn + (¢ — 6)logn/3)

by choosing ¢ = 14. Combining the two cases completes the proof. O
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We also need Dudley’s entropy integral bound for sub-Gaussian processes, recorded below

for the convenience of the reader.

Lemma 2.8.2 (Theorem 2.3.7 of [62]). Let (T',d) be a pseudo metric space, and (Xi)ier be
a sub-Gaussian process such that Xy, = 0 for some to € T'. Then

diam(7T)

Esup|X;| < C V1ogN (e, T, d) de.

teT

Here C is a universal constant.

Proof of Lemma 2.5.12. By the contraction principle, we only need to handle

Zsf

Let F be the Holder class constructed in Lemma 2.5.4. We first claim that on an event &,

E sup
Pf2<p?62

sup
P £2<p262

> GF(x),

=1

with probability at least 1 — 2n =2, for any f € F,

P, f2 < cp (Pf2 + loin) . (2.8.5)

By Lemma 2.8.1, we see that on an event &, with probability at least 1 — 2n=2,

n N
ISPy =Y P Zcplogn max /(X))
i=1 j=1 X,€l;
Here N = n/(kplogn) is the number of intervals {I;}. The trick now is to observe that since
[ is at least 1/2-Holder, we have maxx, ez, f(X;) < minges, f(2)4+/Tn, Where v, = kplogn/n
is the length for each interval /;. Hence on the same event as above, the right side of the

above display can be further bounded by

N
2cplogn . .9 20plogn
— ;(grél};f( ) + Z%gg}lf +
20p/ f2 20p10gn
n )

where the inequality follows from the definition of Riemann integral. The claim (2.8.5) is

thus proven by noting that the intergal in the above display is equivalent to Pf? up to a
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constant depending on P only. Now using Dudley’s entropy integral (see Lemma 4.5.11)
and (2.8.5), we have for the choice o, = p(n_%%) > /logn/n [the inequality holds when

n > min{n > 3: p? > logn(n=*/+))1]
E sup

1 n

LS
fEFPf2<o? \/ﬁ; (X
/Zw/supfe}—]P’an

0

< CE ViogN(e, F, Ly(P,)) de

~Y

24/cp(c2+logn/n)
< / £7% de + J(00, F, Ly)P(ES) Spa (a,}b_a/Q +n7?).
0

Since \/ﬁa}fam = ,01_“/271%_%3%g = p=*2p7s and /n-n2<nl < < p? <
n2+a (logn)?
p'=®/?n7+a | in this case Corollary 2.2.2 along with the assumption p > 1 4 2/a yields that
E  sup Y &GF(X)| Spa 07 G lis2san < 0107 G lpa
feFP<o? | S
The proof is complete. O

2.8.5 Proof of Lemma 2.5.13

Proof of Lemma 2.5.13. By Lemmas 2.5.3 and 2.5.6, and the a-fullness of F, we have

> Gf(X)

1=

n

E sup > Cy & [10"~/*nata,

1
> SI&IWE  sup
Pf2<9262 2

Pf2<92s82

5if(Xi)

On the other hand, during the proof of Lemma 2.5.8 (see (2.8.3)) we see that Esupp o gog2 Dy €0 (Xi)| <
Cy(0'=2/2 v 1) - n¥+a . By de-symmetrization,

S - PR

=1

E sup < 2C,(92 Vv 1) - n7ia,

Pf2<9262

Here C4, Cy are constants depending on «, P only. Now for &[] > 2Cy/CY, since ¥ > 1, by

the triangle inequality we see that

n

Z (26 f(X;) — f2(Xi) + Pf?)

=1

> Cy]|& [0t 2nzta,

E sup
Pf2<9252

as desired. O
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Chapter 3

LEAST SQUARES ESTIMATION WITH HEAVY-TAILED
ERRORS II: AN ENVELOPE PERSPECTIVE

3.1 Introduction

3.1.1 Owverview

Suppose we observe (X1,Y1),...,(X,,Y,) from the regression model
Yi=fo(X)+ & 1<i<n. (3.1.1)

where the X;’s are independent and identically distributed X'-valued covariates with law P,
and the &’s are mean-zero errors independent of X;’s. The goal is to recover the true signal
fo based on the observed data {(X;, Y;)}",.

In the canonical setting where the errors &’s are Gaussian, perhaps the simplest esti-

mation procedure for the regression model (3.1.1) is the least squares estimator (LSE) f,,

defined by

n

fu € argmin » " (¥; — f(X;))?, (3.1.2)
feF 1

where F is a model chosen by the user. The use of the LSE in the Gaussian regression model

has been theoretically justified in the 1990s and the early 2000s, cf. [16, 17, 21, 84, 85, 108,
153, 160, 162]:

Theorem 3.1.1. Suppose that:

(E) the errors {&;} are sub-Gaussian (or at least sub-exponential);
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(F) the model F satisfies an entropy condition with exponent a € (0,2)!.

Then

I — follLopy = Op (n_%%) (3.1.3)

Furthermore, the rate (3.1.3) is unimprovable under the entropy conditions (F) in a
minimax sense, see e.g. [169].

Although the condition (F) is widely accepted in the literature as a complexity measure-
ment of the model F, it is far from clear if the light-tailed condition on the errors (E) is
necessary for the theory. Recently, we showed [76] that the condition (E) is actually more

than a mere technicality:

Theorem 3.1.2. Suppose that condition (E) in Theorem 3.1.1 is replaced by
(E’) the errors {&;} have a finite L, moment (p > 1)
and (F) holds. Then
1fo = follzary = Op (05 v ~2¥3). (3.1.4)

We also showed [76] that the rate (3.1.4) cannot be improved under (F) alone. Comparing
with (3.1.3), the rate in (3.1.4) clearly indicates that if the model F only satisfies (F), the
best possible moment condition on the errors to guarantee the same rate of convergence of
the LSE as in the case of Gaussian errors is p > 1+ 2/a.

The starting point for this paper originates from a remarkable result due to Cun-Hui
Zhang [172] in the context of isotonic regression. Zhang [172] showed that the Lo loss of the
isotonic LSE achieves the usual worst-case (minimax) Op(n~'/3) rate, and the adaptive rate
OP(\/W) if the true signal is, say, fy equals a constant, under only a second moment

assumption on the errors.

! F satisfies an entropy condition with exponent o € (0, 2) if either (i) supg log N (e[| F| 1, (q). F> L2(Q)) S
e, where the supremum is over all finitely discrete measures @ on (X, .A); or (ii) log Vjj(e, F, Lo(P)) <
e
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We view the first of these two properties established by Zhang as a “robustness property”
of the LSE with respect to the distribution of the errors {;}. We formalize this with the

following definition:

Definition 3.1.3. We will say that the estimator sequence { fn} is Lo-robust with respect
to the errors {&} in the model F (or just Ly-robust), if f, converges to f in Lo(P) at the
same rate for zero mean 0 errors with ||§;|l2 < oo as for errors {;} that are Gaussian or
sub-Gaussian. Similarly, if the same rate holds for zero mean errors with ||&||21 < oo, we

say that {f,} is Ly-robust with respect to the errors {&} in the model F.

Similarly, we view the second of the two properties established by Zhang as an “adaptation

property” of the LSE with respect to the model F:

Definition 3.1.4. We will say that the estimator sequence {fn} is adaptive to a subset G,
of the model F if it achieves a nearly (up to factors of logn) parametric rate of convergence

at all points f € G,,.

For the shape-constrained models we consider here the subsets G,, of F are natural
subclasses of extreme points of the class F: in the isotonic model F the collections G,,
consisting of m constant non-decreasing pieces, and in the convex regression model G,, can
be taken to be the piecewise linear (convex) functions with at most m linear pieces.

Zhang’s work [172] has generated intensive research interest in further understanding the
adaptation properties of the isotonic and other shape-restricted LSEs in recent years, cf.
(18, 33, 34, 35, 72, 73, 75]. These papers share a common theme: the shape-restricted LSEs
are adaptive to certain subsets {G,,} of the model F under a sub-gaussian assumption on
the distribution of the errors in the regression model.

Despite substantial progress in the adaptation properties of various shape-restricted LSEs,
there remains little progress in further understanding their Lo-robustness properties beyond
the isotonic model studied by Zhang [172]. Indeed, the challenges involved here were noted in
Guntuboyina and Sen [73] (page 30) as follows: “...... However the existing proof techniques
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for these risk bounds strongly rely on the assumption of sub-Gaussianity. It will be very
interesting to prove risk bounds in these problems without Gaussianity. We believe that new
techniques will need to be developed for this”. One of the goals of this paper is to provide
new approaches and insights concerning the Lo (or Ly ;)-robustness of various shape-restricted
LSEs.

Initially we had hoped to study this problem by appealing to the general Theorem 3.1.2.
However, the theory in Theorem 3.1.2 requires at least a third moment (note that here o = 1
for the isotonic model). This implies that the isotonic shape constraint must contain more
information than that provided by the entropic structure alone, so that Theorem 3.1.2 fails
to fully capture the Lo-robustness of the isotonic LSE.

One particular useful feature of the isotonic model is an explicit min-max formula for the
isotonic LSE in terms of partial sum processes; see e.g. [129]. Zhang’s techniques [172] make
full use of the min-max representation, and are therefore substantially of an analytic flavor.
Similar techniques have also been used in [33, 56], but have apparently not yet successful
in dealing with any other shape constrained models. The rigidity in this analytic approach
naturally motivates the search for other ‘softer’ properties of the isotonic shape constrained
model that explain the robustness of the LSE. These considerations lead to the following

question.

Question 3.1.5. What geometric aspects of the isotonic shape constrained model give rise

to the Ly(or Loy )-robustness property of the LSE?

To put this question into a more general setting, note that Theorem 3.1.2 implies that
the LSE can converge as slowly as Op(n~/4) for certain hard models when the errors only
have a second moment, while in the aforementioned isotonic regression case, it is possible
that the LSE converges at a nearly parametric rate OP(W) for certain special iso-
tonic functions. Therefore it seems more promising to search for a characterization of the
convergence rate of the Ly loss of the LSE in terms of some geometric feature of the model

F, when the errors have only an Ly(or Ly ;) moment.
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The first main contribution of this paper is to shed light on Question 3.1.5 from an
‘envelope’ perspective at this general level. Roughly speaking, the size of the ‘localized
envelopes’ of the model F determines the convergence rate of the Lo loss of the LSE when
the errors only have an Lo; moment. More specifically, let Fy(9) be the envelope for Fy(0) =
{f € Fo: Pf? < 6?} where Fo = F — fo. We show that (cf. Theorem 3.2.1), under a
certain uniform entropy condition on the function class, if for some 0 < v < 1, the localized

envelopes have the growth rate
| Fo(0)||opy ~ 07 : (3.1.5)

then the convergence rate of the LSE in the Ly loss is no worse than

Op (n~ @), (3.1.6)
Furthermore, the rate (3.1.6) cannot be improved under the condition (3.1.5), c¢f. Theorem
3.2.5. It is easily seen from (3.1.6) that, as the size of the localized envelopes increases, the
rate of the Ly loss of the LSE deteriorates from the parametric rate Op(n~'/2) to the worst-
case rate Op(n~'/*) as suggested by Theorem 3.1.2. For isotonic regression, we will see that
the localized envelopes of the model are small in the sense that v ~ 1 (up to logarithmic
factors) when f, = 0, and hence the LSE converges at a nearly parametric rate under an Lo ;
moment assumption on the errors. For the hard models identified in [76] (cf. Example 3.2.9
below), the localized envelopes are big in the sense that v = 0 so the LSE can only converge
at the worst-case rate.

Addressing Question 3.1.5 from a geometric point of view is not only of interest in its own
right, but also serves as an important step in better understanding the robustness properties
of other shape constrained models. This is the context of the second main contribution
of this paper: we aim at improving our understanding of the Ls;-robustness property of
shape-restricted LSEs, by providing a systematic approach to proving oracle inequalities in
the random design regression setting for these LSEs under an Ly ; moment condition on the

errors. This goal is achieved by exploiting the idea of small envelopes from the solution to
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Question 3.1.5. The formulation of the oracle inequality follows its fixed-design counterparts
that highlight the automatic rate-adaptive behavior of the LSE, cf. [18, 33]. More specifically,
we first prove the following oracle inequality that holds for the canonical isotonic and convex
LSEs in the simple regression models (cf. Theorem 3.3.1): Suppose that || fy]l < oo and
the errors {;} are i.i.d. mean-zero with ||&[]2; < co. Then for any § € (0,1), there exists

some constant ¢ > 0 such that with probability 1 — 4,
o 12 < ci i — 212 ™ og? 1.
o= 3l < e ut, (o= il + 2 ogn) . (D)

where f; is the Lo(P)-projection of fy onto the space of square integrable monotonic non-
decreasing (resp. convex) functions, and G,, is the class of piecewise constant non-decreasing
(resp. linear convex) functions on [0, 1] with at most m pieces in the isotonic (resp. convex)
model. The oracle inequality (3.1.7) is further verified for the shape-restricted LSEs in the
additive model (cf. Theorem 3.3.5), where now fj is the marginal Ly projection of the true
regression function. One striking message of the oracle inequality for the shape-restricted
LSEs in the additive model is the following: both the adaptation and L, ;-robustness proper-
ties of the LSE can be preserved, for estimating the shape-constrained proxy of the marginal
Ly projection of the true regression function, essentially regardless of whether or not the
additive structure is correctly specified.

The proofs in this paper rely heavily on the new empirical process tools and proof tech-
niques developed in [76]. Although we will list relevant results, readers are referred to [76]
for more discussion of the new tools. Along the way we also resolve the stochastic bounded-
ness issue of convexity shape-restricted LSEs at the boundary, which may be of independent

interest (this problem is in fact an open problem in the field, cf. [73]).
3.2 Convergence rate of the LSE: the envelope characterization

3.2.1  Upper and lower bounds

Our first main result is the following.
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Theorem 3.2.1. Suppose that &, ...,&, are i.i.d. mean-zero errors independent of i.i.d.
covariates X, ..., X, with law P such that ||&1]|21 < co. Further suppose that Fo = F — fo
is a VC-subgraph class, and the envelopes Fy(0) of Fo(6) = {f € Fo: Pf* < 62} satisfy the

growth condition
| Fo(O)||lapy < ¢ 67, foralld >0 (3.2.1)
for some constants 0 <~ <1 and ¢ > 0. If || fn — folloe = Op(1), then
1 fu = follzae) = Op (n”2=7).
Remark 3.2.2. Some technical remarks are in order.

1. Proving stochastic boundedness || f, — folle = Op(1) is often the first step in deriving
convergence rate of least squares type estimators, cf. [160]; see also [120] (e.g. Theorem
6.1) for related techniques in the context of model selection. If instead of || f, — follee =
Op(1) it is assumed that Fy C Le (1), then the conclusion of Theorem 3.2.1 can be

strengthened to an expectation: E| f, — follLapy = O(n~ 2(21—@).

2. Condition (3.2.1) on the size of the localized envelopes can be modified to incorporate

logarithmic factors. In particular, if
HE0(0) | La(py < ¢ 07 1og™ (1/0),

then we may slightly modify the proof of Theorem 3.2.1 to see that the convergence
rate of the L loss of the LSE is given by

Op (n_ﬁ logT = n)

3. We assume that the errors are identically distributed for simplicity: the case of mean-
zero, independent but not necessarily identically distributed errors follows from a minor

modification of the proof.
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Remark 3.2.3. Theorem 3.2.1 is actually proved for F; under a more general uniform VC-type
condition: Fy is said to be of uniform VC-type if there exists some « € [0,2) and 3 € [0, c0)

2 such that for any probability measure @, and any € € (0,1),8 > 0,
log N (<]| Eo(0) [ 2@ Fo(0): L2(Q)) S e~ log”(1/e). (3.2.2)

The most significant examples for uniform VC-type classes are the VC-subgraph classes
(o = 0,8 = 1). Other important examples include the VC-major classes, which satisfy
(3.2.2) up to a logarithmic factor (cf. Lemma 3.4.14). As we will see in Section 3.3, the
canonical examples of VC-major classes that satisfy (3.2.2) considered in this paper are the

classes of bounded monotonic non-decreasing and convex functions on [0, 1].

Remark 3.2.4. From a purely probabilistic point of view, the condition (3.2.1) is related to
Alexander’s capacity function [3, 4, 5] defined for VC class of sets that gives relatively sharp
asymptotic local moduli of weighted empirical processes indexed by such classes. Results
in a similar vein can be found in [59] who generalized this notion to bounded VC-subgraph

function classes.

So far we have derived an upper bound for the convergence rate of the L, loss of the LSE
under the condition (3.2.1). It is natural to wonder if such an upper bound is sharp in an

appropriate sense.

Theorem 3.2.5. Let P be the uniform distribution on [0,1]. For any v € (0,1], there
exists some uniformly bounded VC-subgraph class F on [0,1] and some fy € F such that
Fo = F — fo satisfies (3.2.1), and the following property holds: for each ¢ € (0,1/2), there
exist some constants c., > 0, p > 0 and some law for & with ||1||2q—e) < 00 such that, for

n large enough depending on €,, there exists a LSE [} whose Loy loss satisfies

1

— 7
”f:; N f0HL2(P) > Cey " 2@ “°

with probability at least p > 0. The constant c,, can be taken to be 2/7.

2We can also allow a = 2, 3 < —2 but we are not aware of any such examples.
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Theorem 3.2.5 shows that our upper bound Theorem 3.2.1 cannot be improved substan-
tially under (3.2.1): the size of the localized envelopes drives the convergence rate of the Lo
loss of the LSE over VC-subgraph models (or more generally, models of uniform VC-type)
in the heavy-tailed regression setting where the errors only admit (roughly) a second mo-
ment. Since the median regression estimator over VC-subgraph models achieves a nearly
parametric rate Op(\/W) at least when the errors are symmetric and admit smooth
densities; cf. Section 3.4.4 of [162], Theorem 3.2.5 illustrates a genuine deficiency of the LSE
in VC-subgraph models when the envelopes of the model are not small. We remark that the
case v = 0 is excluded mainly for simplicity of presentation; similar conclusions hold under
a slightly weaker formulation, cf. Theorem 5 of [76].

The proofs of Theorems 3.2.1 and 3.2.5 are based on recent developments on the equiva-
lence between the convergence rate of the Ls loss of the LSE and the size of the multiplier
empirical process, cf. [36, 76, 158]. For the upper bound, our proofs rely heavily on a
new multiplier inequality developed in [76]. The lower bound, on the other hand, is based
on an explicit construction of F that witnesses the desired rate within uniformly bounded

VC-subgraph classes satisfying (3.2.1).

3.2.2  FExamples

In this section, we use Theorem 3.2.1 to examine the convergence rate of the Ly loss of the

LSE in several important examples.

Example 3.2.6 (Linear model). Let F = {f3(z) = 87z : B € R?} and let P be the uniform
distribution on [0,1]¢ . This is the simplest linear regression model. A second moment
assumption on the errors §;’s yields a closed-form LSE with a parametric convergence rate:
1 fo = follaey = 180 — Boll2 = Op(n~'/2). This rate is obviously much faster than the
worst-case rate Op(n~'/%) as suggested by Theorem 3.1.2. Thus the LSE sequence {f,} is
Ly-robust for the model F by a direct argument while our Theorem 1 very nearly recovers

this: it shows that { fn} is Ly i-robust for the model F.
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For simplicity of discussion, we assume d = 1 in the sequel. We may also restrict the
model to be {fz : f € [—1,1]}; this is viable since the LSE localizes in the sense that
| Fulloo = |8n] = Op(1). Moreover, it is clear that the model is a VC-subgraph class. For any
6 >0, || fsllro(p) < 0 implies that |3] < v/3, and thus

F(O)(z)= sup |Ba| =30,
BE[—V/36,1/38]
which in turn yields ||F(0)|/z,(p) = 0. Hence Theorem 3.2.1 applies with v = 1 to recover
the usual parametric rate Op(n~'/2) for the L loss of the LSE.

Our approach here should be compared with the common practice of using local entropy

to recovery the exact parametric rate for parametric models—but the latter does not extend

directly to the heavy-tailed regression setting, cf. pages 152-153 of [160].

Example 3.2.7 (Isotonic model). Let F be the class of monotonic non-decreasing functions
on [0,1] and let P be the uniform distribution on [0, 1]. It is shown in a related fixed design
setting (cf. [33, 56, 172]) that a second moment condition on the errors ¢; is sufficient for the
isotonic LSE to achieve the nearly parametric adaptive rate OP(\/W) in the discrete
¢y loss, when the true signal is fo = 0. This naturally suggests a similar rate for the Lo
loss of the isotonic LSE in the random design setting. Apparently, this (suggested) nearly
parametric rate is far from the worst-case rate Op(n~1/4).

In this model, since the univariate isotonic LSE localizes in L., norm (cf. Lemma 3.4.10),
we may assume without loss of generality that F = {f : non-decreasing, || f|lcoc < 1}. The
entropy condition (3.2.2) can be verified using the VC-major property of F up to a logarith-
mic factor (cf. Lemma 3.4.14). On the other hand, for any § > 0, by monotonicity and the

L, constraint, we can take
FO)x)=6-(a7"*v(1—2) )AL

Evaluating the integral we see that || F(0)[|1,(p) S 04/log(1/§). Then an application of The-
orem 3.2.1 along with Remarks 3.2.2 (2) and 3.2.3, we see that the Ly loss of the LSE fa

converges at a parametric rate up to logarithmic factors when the truth f; is a constant
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function and the errors are Ly ;. The observation concerning the role of the localized en-
velopes in the isotonic model here is the starting point for a systematic development of oracle

inequalities for shape-restricted LSEs in Section 3.3.

Example 3.2.8 (Single change-point model). Let F = {1,1 : a € [0,1]} be the model
containing signals on [0, 1] with a single change point. Let P be the uniform distribution on
[0, 1].

This model is contained in the isotonic model—from here we already know by Example
3.2.7 that the localized envelopes of F are small, and hence the LSE converges at a rate no
worse than a nearly parametric rate under an Lo; moment assumption on the errors. We
can do better: since the localized envelopes are exactly given by F(d) = 1_s2,1), it follows
that ||F(6)||z,(p)y = 9, and hence by Theorem 3.2.1 with v = 1 we see that the LSE converges
exactly at the parametric rate Op(n~'/2) even if the errors only admit an L,; moment. This

is in stark contrast with the multiple change-points model detailed below.

Example 3.2.9 (Multiple change-points model). Consider the following multiple change-

points model:

k
Fi = {Zcil[mhwi} el <1,
=1
0§I0<[E1<...<l‘k_1<l’k§1},]€21.

It is shown in [76] that the Lo loss of the LSE over (a subset of) Fj cannot converge at a
rate faster than Op(n~1/%) for some errors & with only (roughly) a second moment. The
LSE fails to be rate-optimal in this model: if the errors are Gaussian (or even bounded),
the convergence rate of the L loss of the LSE (over VC-subgraph classes) is no worse than
O/ ToE ).

Note that in this model, the localized envelopes are given by F(§) = 1 for any § > 0
and hence ||F(0)||z,py = 1. Applying Theorem 3.2.1 with v = 0 recovers the correct rate
Op(n~/*) for the Ly loss of the LSE in this model.
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Example 3.2.10 (Unimodal model). Let F contain all (bounded) unimodal functions on
[0,1], i.e. all f:[0,1] — R such that there exists some z* € [0, 1] with f|j ,+] non-decreasing
and f

[z+1] Don-increasing. [35] and [18] considered the performance of the LSE in a fixed-
design unimodal Gaussian regression setting, where similar adaptive behavior as in the iso-
tonic case (cf. [172]) is derived. Since the class of (bounded) unimodal functions on [0, 1]
contains the class of multiple change-points model F; as studied in Example 3.2.9, our results
here imply that the unimodal shape constraint does not inherit the Ly (or Lg;)-robustness
property as in the isotonic shape constraint in Example 3.2.7: the worst-case Op(n~'/?) is
attained by the LSE in the unimodal regression model for some errors ;’s with (roughly) a

second moment.

3.3 Shape-restricted regression problems

As briefly mentioned in the Introduction, it is well-known that in the fixed design regression
setting, the isotonic least squares estimator (LSE) only requires a second moment condition
on the errors to enjoy an oracle inequality, cf. [33, 56, 172]. The proof techniques used therein
rely crucially on (i) some form of representation of the isotonic LSE in terms of partial sum
processes, and (ii) martingale inequalities. Unfortunately, such an explicit representation
does not exist beyond the isotonic LSE, and hence these techniques do not readily extend to

other problems.

Our goal here is to give a systematic treatment of the robustness properties of shape-
restricted LSEs in a random design setting, up to error distributions with an L,; moment.
The examples we examine are (i) the canonical isotonic and convex regression models, and
(ii) additive regression models with monotonicity and convexity shape constraints. As we will
see, the ‘smallness’ of the localized envelopes, along with their special geometric properties,

play a central role in our approach.

Henceforth, the isotonic (resp. convex) model refers to the regression model based on the

class of monotonic non-decreasing (resp. convex) functions on [0, 1].
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3.8.1 Prologue: the canonical problems

We start by considering the ‘canonical’ problems in the area of shape-restricted regression:
the isotonic and convex regression problems. Note that a generic LSE fn in (3.1.2) is only
well-defined on the design points Xi,...,X,,. Our results below hold for the canonical
LSFEs: for the isotonic (respectively convex) model, f. is defined to be the unique left-
continuous piecewise constant (resp. linear) function on [0, 1] with jumps (respectively kinks)
at (potentially a subset of) {f,(X;)}™,.

Some further notation: let M,, = M,,([0,1]) (respectively C,, = C([0,1])) be the
class of all non-decreasing piecewise constant functions (respectively convex piecewise linear
functions) on [0, 1] with at most m pieces. Let P denote the uniform distribution on [0, 1]

for simplicity of exposition.

Theorem 3.3.1. Consider the regression model (3.1.1). Let F be either the isotonic or
convex model. Suppose that || fol|cc < 00, and the errors are i.i.d. mean-zero with ||&]|21 <
o0o. Then for any 0 € (0,1), there exists ¢ = ¢(0,|&]l2.1, || folloos F) > 0 such that with
probability 1 — ¢, the canonical LSE fn defined above satisfies

r * (12 . . * (12 m 2
U Filiry < 9 (a1 Filigr 5 -l
where f5 = argminge 7o, py | fo—9llo(p), and G = M., for the isotonic model and G, = Cp,

for the convex model.

The isotonic regression problem, included here mainly for sake of later development in
the additive model, is a benchmark example in the family of shape-restricted regression
problems. Even in this simplest case, the above oracle inequality in Lo(P) loss seems new?.

For the more interesting convex regression problem, our oracle inequality here confirms

for the first time both the adaptation and robustness properties of the convex LSE up to

3An oracle inequality in L(P,) loss follows immediately from [33] (with a second moment assumption
on the errors) since the monotone cone does not change with the design points. See [75] for different
techniques in the multivariate isotonic regression problem when the errors are Gaussian.
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Envelopes F(0)’s

5\, 0

r
o
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Figure 3.1: Envelopes for isotonic model with ¢ = 1 in (3.3.2). From top to bottom: § =
0.7,0.5,0.3,0.1.

error distributions with an L,; moment. Previous oracle inequalities for the convex LSE
exclusively focused on the fixed-design setting under a (sub-)Gaussian assumption on the

errors [18, 33]; see also Section 3 of [73] for a review.

Remark 3.3.2. Two technical comments on the formulation of the oracle inequality in The-

orem 3.3.1:

1. The oracle inequality holds for the projection f; of fy to F N Ly(P) and hence allows
for model mis-specification: the only assumption on f; is boundedness: || fyll < 00.

The same comment also applies to the oracle inequality in the additive model below.

o

The oracle inequality cannot be strengthened to an expectation, in view of a coun-
terexample discovered in [13] in the convex model: the convex LSE f, has infinite L,

risk in estimating fo = 0 even if the errors are bounded: E||f, — OH%Q( p) = .
The proof of Theorem 3.3.1 contains two major steps.

(Step 1) We first localize the shape-restricted LSEs in L., norm. This step requires some under-

standing of the boundary behavior of the shape-restricted LSEs under a second moment
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85

assumption on the errors. The case for isotonic regression is relatively straightforward,
while the case for convex regression is much more difficult. Here we resolve this issue

in Lemma 3.4.10.

After the localization in Step 1, the problem essentially reduces to controlling a mul-

tiplier empirical process of the form

E sup . (3.3.1)

fEF:f=f§€L2(dn)NLoo(B)

T2 D6 = R

A sharp bound for (3.3.1) is inspired by the observation in Example 3.2.7, where the

(untruncated) localized envelopes of the isotonic model take the form
F()(x) = co - (x_1/2 V(11— x)_l/Q) (3.3.2)

for some absolute constant ¢ > 0. The envelopes for the convex model also take the
same form (3.3.2), c¢f. Lemma 3.4.15. On the other hand, the localized envelopes
(3.3.2) are centered at 0, while the multiplier empirical process (3.3.1) in question
is centered at fJ. By exploiting the exact form of (3.3.2), we perform a ‘change-
of-center argument’ on (3.3.1) by shifting f; to an arbitrary piecewise simple signal
fm € Gm N Loo(|| filloo), ¢f. Lemma 3.4.12, thereby reducing the control of (3.3.1) to
control of several multiplier empirical processes centered at 0. The effect of the heavy-
tailed &’s is then accounted for, via the multiplier inequality developed in [76], by a
uniform estimate for the corresponding empirical processes in terms of the L, size of

the localized envelopes (3.3.2).

The envelope technique used in Step 2 is related to a recent work [75] in the context

of multivariate isotonic regression with Gaussian errors. There the envelope of the class

of multivariate block-decreasing functions is useful in obtaining a sharp estimate for the

(symmetrized) empirical process indexed by such a class localized at 0.

Remark 3.3.3. Currently our oracle inequality comes with a log?n term. It is known in (i)

the fixed design isotonic model with a second moment assumption on the errors, and (ii)
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the fixed design convex model with sub-Gaussian errors, that the power of the logarithmic
factor can be reduced to 1. The additional logarithmic factor in Theorem 3.3.1 occurs due
to the use of VC-major property for the isotonic and convex models in the random design
setting: the entropy estimate of bounded VC-major classes comes with logarithmic factors

that involve the Lo size of the envelopes (cf. Lemma 3.4.14).

3.3.2  Additive regression model with shape constraints

Consider fitting (z, z) — ¢o(x, z), the conditional mean of the regression model
Yi=¢o(Xi, Zi) + &, 1<i<n, (3.3.3)

by additive models of the form {(z,z) — f(z) + h(2)} fernen, where F,H are two function
classes on [0,1]. To capture the mathematical essence of the problem, we assume that the
covariates {(X;, Z;)}1, are i.i.d. from the uniform law P on [0, 1]> and are independent of
the errors {§;}. We use Py, Pz to denote the marginal distributions of P. For identifiability
we assume that H is centered.

Additive models of the type have a long history; see e.g. [78, 139]. When the additive
model is well specified (i.e. ¢o(z,2) = fo(x) + ho(z) with fo € F,hy € H), and the non-
parametric components enjoy smoothness assumptions, standard methods such as iterative
backfitting, e.g. [98] and penalized LSE (smooth spline), e.g. [164], can be used to estimate
fo and hyg.

Instead of computational issues, we will be interested here in certain structural aspects

of the additive LSE f, defined via:

(farhn) € argmin > (Vi — f(Xi) — h(Z))".
(fR)EFxH 3

(3.3.4)

Since the true regression function ¢y need not have an additive structure, one may naturally
expect that fn and h,, estimate the marginal Ly projections x — fo(z) = Pzoo(x, Z) and
z = ho(z) = Px¢o(X, z) — Py (cf. Appendix 4, page 439 of [19]). Our primary structural
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question on the behavior of the additive LSE fn concerns the situation in which the model

F involves shape constraints:

Question 3.3.4. Does the additive LSE fn over the shape constrained model F enjoy similar

robustness and adaptation properties as in the univariate case (treated in Theorem 3.53.1)?
The next theorem gives an affirmative answer to Question 3.3.4.

Theorem 3.3.5. Suppose that (X;,Z;,Y;), i = 1,...,n, are i.i.d. with values in [0,1] X
0,1] x R and satisfy (3.3.3) where ||¢ollcc < 00, and the errors {&;} are i.i.d. mean zero
with ||&1]|21 < oo. Let F be either the isotonic or convexr model. Further suppose that

H C Loo(2||pol|e0) satisfies the following Lo, covering bound: for some v € (0,2)
log N (e, H, Loo) S €77, foralle € (0,1). (3.3.5)

Then for any § € (0,1), there exists ¢ = c(9, ||€]|2.1, [|o|cos F, H) > 0 such that with proba-
bility 1 — ¢, the canonical LSE fn in (8.8.4) satisfies

£ * . . * m
| fr — Jo ||%2(P) < C;LféfN (fnllggm”fm — /o ||3:2(P) + o log2 n) )

where f5 = argmingezop,py |l fo — 9llrapy with fo = Pzgo(-, Z), and G, = M.y, for the

isotonic model and G,, = C,, for the convex model.

There is very limited theoretical understanding of the properties of shape-restricted esti-
mators when additive models are used. [116] investigated identifiability issue for the additive
LSE in the fixed design setting. [101] considered pointwise performance of the LSE where
both F and H are monotonic with errors admitting exponential moments. [38] gives an
extension to a semiparametric setting assuming the same moment condition on the errors,
still considering pointwise performance of the LSEs for the isotonic components. [37] proved
consistency of the MLEs for a generalized class of additive and index models with shape
constraints, without rate considerations. A common feature of all these works is that the

model is required to be well-specified.
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To the best knowledge of the authors, Theorem 3.3.5 is the first oracle inequality for
shape-restricted LSEs in regression using an additive model, and moreover, allowing for
model mis-specification: not only the regression function class F can be mis-specified, but
the additive model itself may also be mis-specified. Our result here therefore gives a strong
positive answer to Question 3.3.4: both the adaptation and robustness properties of additive
shape-restricted LSEs can be preserved in estimating the shape constrained proxy of the
marginal Ly projection of the true regression function, up to error distributions with an Lo ;
moment, essentially regardless of whether or not the additive structure is correctly specified.
Examples under correct specification of the additive structure

Now we consider the important situation when ¢q has an additive structure:

bo(z,2) = fo(x) + ho(2).

In such a scenario, our result here is related to the recent work [157], who asserted that
the rate optimality nature of the (penalized) LSE over F in the Gaussian regression setting
can be preserved regardless of the smoothness level of H. Our Theorem 3.3.5 reveals a
further structural property of the LSEs: the robustness and adaptation merits due to shape
constraints can also be preserved, regardless of the choice of H under the entropy condition
(3.3.5).

To further illustrate this point, we consider some examples.

o (Parametric model) H = {fs(z) = B(z —1/2) : € [-1,1]}. In this case (3.3.3)

becomes the semiparametric partially linear model.

o (Smooth model) H is the class of centered uniformly bounded a-Holder (v > 1/2)
continuous functions on [0, 1] with uniformly bounded derivatives (cf. Theorem 2.7.1

of [162]).

o (Shape constrained model) H is the class of centered uniformly Lipschitz convex func-

tions on [0, 1] (cf. Corollary 2.7.10 of [162]).
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Proof strategy of Theorem 3.3.5

The basic strategy in our proof of Theorem 3.3.5 is similar to that of Theorem 3.3.1.
First, we need to localize the LSEs in L., norm under a second moment assumption on the
errors and P,H? < oo, cf. Lemma 3.4.20. Next, in addition to the multiplier empirical

process (3.3.1), the major additional empirical process we need to control is

1 n
. vn i(f = Jo)(Xi)(h = - Xi, Zi)| 3.3.6
fef:ffgeisl{?z‘sn)ﬂLoo(B) NG ;E (f = o) (Xa)( (o — fo))( ) ( )

where the ¢;’s are i.i.d. Rademacher random variables. One notable feature in (3.3.6) is that
the supremum over H need not be localized when the interest is in the behavior of fn, cf.
Proposition 3.4.16. In other words, no apriori information on the behavior of B (other than
the assumption (3.3.5)) is needed in order to understand the behavior of f,.

The entropy condition (3.3.5) serves as a sufficient condition for a sharp estimate for
(3.3.6) (and thereby for the oracle inequality in Theorem 3.3.5), but is apparently not nec-
essary; we make such a choice here to cover the above common examples. A case-by-case
study is possible as long as (3.3.6) can be well-controlled. For instance, it is not hard to
verify a similar bound for (3.3.6) as in Lemma 3.4.17 (and hence the oracle inequality for
shape-restricted LSEs fn) when the additive structure is correctly specified, and H is the
class of centered indicator functions over closed intervals on [0, 1] and hg = 0 (note that this
class fails to satisfy (3.3.5) since H is not totally bounded in L.,). This is a difficult case:
although the L, loss of the LSE h, is known to converge at a worst-case rate Op(n~/4)
(cf. Example 3.2.9), Theorem 3.3.5 tells us that the bad behavior of h, has no effect on the
good (robust and adaptive) performance of fn, at least under reasonable assumption on the

distribution of the covariates (X, Z).
3.4 Proofs of the main results

In this section we outline the main steps in proving the main results of the paper, namely:

1. Theorems 3.2.1 and 3.2.5 characterizing the geometric feature of the model that deter-
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mines the actual convergence rate of the Ly loss of the least squares estimator, and

2. Theorems 3.3.1 and 3.3.5 highlighting oracle inequalities in shape-restricted regression

models with a Ly ; moment assumption on the errors.

Proofs of many technical intermediate results will be deferred to Section 3.5.

3.4.1  Preliminaries

In this subsection we collect the empirical process tools that will be needed in the proofs to

follow. Our first ingredient is a sharp multiplier inequality proved in [76].

Lemma 3.4.1 (Theorem 1 in [76]). Suppose that &,...,&, are i.i.d. mean-zero random
variables independent of i.i.d. Xy,...,X,. Let F; D --- D F, be a non-increasing sequence
of function classes. Assume further that there exist non-decreasing concave functions {{,}

R>o — Rxq with 1,(0) = 0 such that

k
E Z 5if(Xi>

< (k) (3.4.1)

F

holds for all 1 < k <n. Then

Z@-f(xn

Lemma 4.5.6 controls the first moment of the multiplier empirical process. For higher

E

34Am%mypmﬂ>@)m.

Fn

moments, the following moment inequality is useful.

Lemma 3.4.2 (Proposition 3.1 of [61]). Suppose Xi,..., X, are i.i.d. with law P and
&1y, & are i.4.d. mean-zero random wvariables with |||l < oo. Let F be a class of

measurable functions such that sup sz Pf? < o2 Then for any q > 1,

2”: & f (X5) > q

i=1
+¢2 (V|6 [l20)" + ¢"E max |&]* supl £ (X3)|7].
Sen fer

> &f(Xi)

=1

E sup
feFr

q
< K14 {(Esup
feF

Here K > 0 is a universal constant.
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To use Lemma 4.5.6, we need to control the size of the empirical process. Let

4
(6, F, Ly) z/ aup 1+ 05N (el Fllao), 7. L2(Q)) de (3.4.2)
0

denote the uniform entropy integral, where the supremum is taken over all discrete probability
measures.

We will frequently use the following Koltchinskii-Pollard maximal inequality.

Lemma 3.4.3 (Theorem 2.14.1 of [162]). Let F be a class of measurable functions with

measurable envelope F', and X4, ..., X, are i.i.d. random variables with law P. Then

Zéif(Xz')

Our last technical ingredient is Talagrand’s concentration inequality [145] for the empir-

E SVRI (1, F, Lo)|| F|| yp)-

f

ical process in the form given by [106]:

Lemma 3.4.4. Let F be a class of measurable functions such that sup ;e z|| fllcc < b. Then

P(sup\an] > 2E sup|G,, f| + V8o2x + 34.5bi> <e®,
feF JeF \/ﬁ

where 0> = sup;er Varp f, and G, = /n(P, — P).

3.4.2  Proof of Theorem 3.2.1

Proof of Theorem 3.2.1. We only prove the case Fy C Ly (1) as in Remark 3.2.2 (1). The
proof for the case || fr — folloo = Op(1) follows with only minor modifications. We also work
with the more general uniform VC-type condition as in Remark 3.2.3. Let 0, = n~ 20

By the proof of Proposition 2 of [76], we only need to estimate for each ¢t > 1, with Fy(r) =
{feF—fo:llflrap <7}
> 2

2 n
1
; E( sup  |—= Y & f* (X))
) FEF(27t6,) \/ﬁ;

% (X

E( sup
fe}-()(than)
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By the contraction principle for Rademacher processes and the moment inequality Lemma

) )2 (3.4.3)

3.4.2, we only need to estimate the sum of

2
\/_ Z& Z ) ( feguzgta

(1) = (Zto,(||&]]la v 1) + 0t - E max (& v 1) - | Fo(27t6,)]17,(p)- (3.4.4)

n=(E s

feFo(29t,)

fz@

and

For the first summand (3.4.3), by the Koltchinskii-Pollard maximal inequality for empirical
processes (cf. Lemma 3.4.3), since F is of uniform VC-type, it follows that

e e

We may apply the multiplier inequality Lemma 4.5.6 with v, (k) = \/EC}(Qj )77 to see that

IZ&

max E  sup
I<k<n  rer,(21t5,)

< Crl|Fo(2t0n) [l a(p) < CH(21)5.

E sup < 40_7_-(2]t) ||§1||2 157

fEF0(29t6,)

Hence,
(3.4.3) < Cre(27t6,)™. (3.4.5)

(3.4.4) is easy to handle by noting that Emax;<;<,(|&]V 1)? < n under the assumption that

lI€1]]2 < oo, which entails that
(3.4.4) < C¢ ((2746,)% + (27t5,)™) . (3.4.6)

Combining (3.4.5) and (3.4.6) and the arguments in the proof of Proposition 2 of [76], we

have

. 29t0,)? + (27t6,)*
P(Ifn — follzagry = t62) < Cre Y ( > : ( ! )
o< (2P/nd})
/ 2(2, ) —1 1 ’ 9
< Cre(nd,” ) ; (27t)4-21 = < COret™,
where the last inequality follows from the choice of §,,. Now the claim of the theorem (in the
form of Remark 3.2.2 (1) and under the more general condition as in Remark 3.2.3) follows

by integrating the above tail estimate. O]
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3.4.83 Proof of Theorem 3.2.5

The basic device we will use to derive a lower bound for the risk of the least squares estimator

is the following.

Proposition 3.4.5 (Proposition 6 of [76]). Let
F0)= s (Pu— D)L — f2) = 8 = B,(6) — &
JeF—fo:Pf2<62
Suppose that 0 < 61 < dy are such that E,(61) < F,(d2). Then there exists a LSE f such

that || £y = follzo(p) = 01.
The key ingredient in applying the above device is the following.

Proposition 3.4.6. For any v € (0,1], there exists some VC-subgraph class F satisfying
(8.2.1) with the following property: for each ¢ € (0,1/2), there exists some law for & with

1€1ll2(1—) < 00 such that
1. for any ¥ > 4, there exists some p > 0, with dy = ﬁn_ﬁ,
1 L
P(Fn(52) 2 jad’n 2”%(&7)) > 2p,

holds for n large enough depending on €,9,~. Here ¢, depends on €,v, and 1,(¢,v) =

11—y €

n27'y'276 3

2. for any p > 0, with 6; = pn_2<21*v>_’85,

P (Ea(01) < p7'Cegpn #7wn(e,7)) 21— p.

— € _
Here wy(e,~) = n P29

In (1)-(2) above, F,,(0) = sup e z.ppocs2(Pn — P)(28f — f?) — 0% = E,(0) — 6.

The proof of Proposition 3.4.6 relies on a delicate construction of a tree-structured F,

and a sequence of technical arguments including concentration of empirical processes, the
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Paley-Zygmund moment argument, and an exact characterization of the size of the maxima
of summations. To ease reading, a formal proof of Proposition 3.4.6 will be given in Section

3.5.

Proof of Theorem 3.2.5. Let fy = 0. In order to apply Proposition 3.4.5, we only need to
require an order in the exponent of 7,,(+, -) and w,(+, -) in Proposition 3.4.6, by making a good
choice of §.. To this end, it suffices to require

€ 11—~ ¢ 2—evy

2-9)2-72-2)]
Since € € (0,1/2) and v € (0, 1], we may choose 5. = (2/7) - €, along with any ¥ > 4 and

g
VB + 20 Be 5

<
—€) 2—-792-—c¢

p > 0 small enough to conclude. O

3.4.4  Proof of Theorem 3.3.1

The proof of Theorem 3.3.1 follows from a more principled oracle inequality presented
below—it captures the essential geometric property in the model that accounts for both
the adaptation and robustness property of the shape-restricted LSE up to error distributions

with an Ly; moment.

3.4.5 The general oracle inequality
First some definitions.

Definition 3.4.7. F is said to satisfy a convezity-based shape constraint (under P) if F is
convex, and F(0) = {f € F : Pf? < §*} admits a convex envelope F(d).

Definition 3.4.8. G C F is said to be a basic adaptive subset of F if F —G C F. G, is said
to be an m-th order adaptive subset of F if for any ¢,, € G,,, there is an interval partition

{I;}j, of X =[0,1] and elements g; € G such that g,, = >, 11,g; € F.

Before stating the general oracle inequality, recall that a function class F defined on
X =10,1] is called VC-major if the sets {x € X : f(z) > t} with f ranging over F and ¢

over R form a VC-class of sets.
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Theorem 3.4.9. Consider the regression model (3.1.1) and the LSE f, in (3.1.2). Suppose
that || folloo V | fillee < 00, and that &,...,&, are mean zero errors independent of i.i.d.
covariates X;’s with ||&1||21 < 0o. Further assume that: (i) F satisfies a converity-based
shape constraint, and FN\Le(B) is a VC-magor class for any B > 0, and (i) || fo]lco = Op(1).
Then for any 6 € (0,1), there exists ¢ = c(0,||€ll21,F, || folloos || filleo) > O such that with
probability 1 — 6,
; ) . . |2 m 2
1 fn = 1o HLQ(P) < CnlféfN (fmegmmani(nfgoo)Hfm —fo HLQ(p) + o log n) )

where fi = argminge rop,p)llfo — 9llLo(p), and Gy, is an m-th order adaptive subset of F.

The proof of Theorem 3.4.9 will be deferred to the next subsection. We first use it
to prove Theorem 3.3.1. To this end, we only need to check: (i) the convexity-based shape
constraint and VC-major condition of the isotonic and convex models; and (ii) the stochastic

boundedness condition for the corresponding LSEs fn.

Proof of Theorem 3.3.1. For the isotonic model F, F is clearly convex, and (3.3.2) is an
envelope for F(0) by the Ly constraint and monotonicity of the function class. Furthermore,
it is clear by definition that F N Ly (B) is VC-major. Similarly we can verify that the
convex model satisfies both the convexity-based shape constraint with the envelope (3.3.2)
(cf. Lemma 3.4.15) and the VC-major condition.

The stochastic boundedness of the isotonic and convex LSEs is established in the following

lemma:

Lemma 3.4.10. If || fo|lco < 00 and ||&;1||2 < 00, then both the canonical isotonic and convex

LSEs are stochastically bounded: || fu]|s = Op(1).

For the isotonic LSE, we use an explicit min-max representation (cf. [129]) to prove this
lemma, while for the convex LSE, the explicit characterization of the convex LSE derived in
[70] plays a crucial role. The details of the proof of this lemma can be found in Section 3.5.

Now the claim of Theorem 3.3.1 follows from Theorem 3.4.9, by noting that ||fi|lc < o0

under || folloo < 00, and that inf,, cg,.nre (s 1o0) | fn = fo 112, p) = 0 e L — 117, (p) fOr
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isotonic model, and the same holds for the convex model when Lo (|| fi]|) is replaced by

Lo (C| f3]loo) for some large enough C' > 0. O

3.4.6  Proof of Theorem 3.4.9

The first ingredient of the proof is the following proposition relating the convergence rate of

fn to the size of localized empirical processes.

Proposition 3.4.11. Consider the regression model (3.1.1) and the least squares estima-
tor fn in (8.1.2). Suppose that &,...,&, are mean-zero random variables independent of

Xy, ..., Xn, and F is convex with F — f§ C Loo(1). Further assume that

E sup
FEF | f=f5llLo(p)<d

%Zw—mm) < 6(6),

1 n
- T 2.5 = [o)(Xa)) S #n(0), 3.4.7
fef;||f_s}?ﬁL2(P)§6 \/ﬁgg(f Jo)(Xi)| S én(9) (3.4.7)

% Sl = I o = F3)(X0)| S 6(0),

E sup
FEFf=follLyp) <6

hold for some ¢, such that § — ¢,(5)/0 is non-increasing. Then
I fn = fillza(r) = Op(6,) holds for any 6, such that ¢,(5,) < \/nd?.

Proof. This is a special case of Proposition 3.4.16, the proof of which will be given therein. [

By Proposition 3.4.11, we only need to control the size of the empirical processes (3.4.7)
centered at fj. The following lemma will be useful in this regard by approximating f; via

arbitrary f,, € G,,.

Lemma 3.4.12. Suppose that the hypotheses of Theorem 3.4.9 hold. Let {0,}nen be a

sequence of positive real numbers such that 6, > 1/n. Then for any fm € Gun N Loo (|| f5]lc0)
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and B > 0,

max {]E sup
JEF:f—f€L2(n)NLoo(B)

\/—Z&f X)),
Z&f fo)(Xa) |,

— Z eilf = FX) (o= F5)(X)

E sup
FEF: f—fr€La(6n)NLoo(B)

E sup
FEF:f— 5 €La(62)N Loo (B)

|

< Cr i follsolifillooB - 1€11120V108(1/6) Ly - (0n V [ fire = S5 I 2c)) V2,

where L, = +/logn.

To prove Lemma 3.4.12, we need the following form of a multiplier inequality proved in

Proposition 1 of [76].

Lemma 3.4.13. Suppose that &q,...,&, are i.i.d. mean-zero random variables independent

of i.i.d. Xy,...,X,. Then for any function class F,

n

> (| = InwsnDE

k=1

X)| <E
F

X,) ] (3.4.8)

where [nay| 2> -+ > |Nwy)| = [Mm+1y| = 0 are the reversed order statistics for {|§; — &|}io,

with {&} being an independent copy of {&:}.
The following entropy estimate for bounded VC-major classes will be useful.

Lemma 3.4.14. Let Fy C Loo(1) be a VC-major class defined on X. Then there exists some
constant C' = C'r, > 0 such that for any F C Fy, and any probability measure ), the entropy

estimate

1

c  /C
log N (e[l F [ 2@, F L2(Q)) < — log { — ) log | —rmer—
g N (el Pl @, F, L2(Q) < - g(g) g(5||FHLz(Q)

>, for alle € (0,1)
holds for any envelope F of F.

The proof of this lemma essentially follows from page 1171-1172 of [59] with a minor

modification. We include some details in Section 3.5 for the convenience of the reader.
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We also need the following lemma concerning the envelope of a convex function given

constraints on its Ly size. The proof can be found in Lemma 7.3 of [72].

Lemma 3.4.15. If f is a convex function on [0,1] with fol\f(x)\Q de < 1, then |f(z)] <
2v3(z V2V (1 —z)7Y?) for all z € (0,1).

Proof of Lemma 3.4.12. In the proof we omit the dependence on L., (B) if there is no confu-
sion. All three empirical processes can be handled in essentially the same way so we focus on
the most difficult first one (with &;’s only admitting a Ls; moment). We will apply Lemma
3.4.13 in the following form:

E sup (3.4.9)

fEFf—f5€L2(0n)

% Y6l - )X

< 3|21 max E sup
ISksn peF.f—frels(s,

\/—Z@f Jo) (X))

To see this, note that the right hand side of (4.5.8) can be bounded by

E{g\@(lmml—lmm }-ggggﬂﬂiu\/—zsz

where E[ S°7_ VE(nm | — nan))] < vallmllza < 3v/nll&ll2:. The first inequality follows
from similar lines as in the proof of Theorem 1 of [76] and the second inequality uses Problem
2 on page 186 of [162]. This proves (3.4.9). Note that any f,, € G,, has a representation
fm = 22501 9511, where {I; = [z}, 7;11]}72, is a partition of X' = [0, 1] with 1 = 0, 7,41 = 1
and g; € G. Then for any f,, € G,,, the empirical process localized at f; can be controlled
via

E sup
FEFf— i €La(62)N Loo(B)

(3.4.10)

2= Yoalf — )

k
fom)

<E sup
FEFf—fmllLy@) <n+tlfm—f5llLy Py
[1flloo <B+|f5 loo

+ ”fg - fm||L2(P)>
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where the second term holds because the collection { f§ — f,} consists of just one element.
The first term in the above term can be further bounded by
m /kj
ZE —FE sup
= LVE LreRir—tnllyie<ontlfn—Fi I,
[l <B+£§ lloo

1 > alf —g)(X) (3.4.11)

Vi i,

< E{ jE{ sup ' eiflr. (Xi)
j; \/E f|Ij€'F|Ij: \/kj )(ZZGIJ J
[1flloo <B+2[ £l oo
Pf2<(Sn+fm—F§lypy)?

ki (X) = /fJH

where k;(X) = Zle 17,(X;), and in the second line we used the definition of a basic adaptive
subset (cf. Definition 3.4.8). From now on we write 0, = 6, + || fm — fillopy and By =
B+ 2| ;]| for notational convenience. Since (F N Lo(By))ls, is VC-major, so is its subset
Fi,(00) = {fl1, € (FNLao(Bo))|r, : Pf? < 2}. Tt follows by Lemma 3.4.14 that there exists

some C' = Cr g, > 0 such that for any probability measure ) on [;, and any ¢ € (0, 1),

. N C C 1
I;\Yn )| L2

where F,(0) is any envelope for F7,(§). This enables us to apply the Koltchinskii-Pollard
maximal inequality to see that the summand (=conditional expectation) in the second line
of (3.4.11) can be bounded by (further conditioning on which X;’s lie in the interval ;, each

case corresponds to i.i.d. uniforms on I;)

1
/ ¢ log <g> log ( _ ! - ) de -/ Pr,F? (5,), (3.4.12)
o \/ € € einfo F; (0n)l| Lo ’

where P, is the uniform distribution on ;.

In order to evaluate (3.4.12), note that by the definition of convexity-based shape con-
straint and Lemma 3.4.15, the envelopes F7,(6)’s can be taken as the restrictions of the global

envelope
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to the I;’s. Without loss of generality we assume: (i) By = 1, (ii) 62 < 1/2 and (iii) 62
and 1 — Sfl are one of the endpoints of some intervals in {;} (otherwise, we may take an
alternative representation of f,, € G,,42 by adding these two points).

Note that ianHF[j(Sn)HLQ(Q) > /20, > 1/n by the assumption 4, > 1/n, and hence the

integral term in (3.4.12) can be bounded by

1
/ \/g log (g) log <g) de < +/logn = L,,.
0

To handle the PI].FIQJ_ (0,) term in (3.4.12), define the index sets J; = {1 <j <m: I, C
0,2, o={1<j<m:I;C[031 -3} and s={1<j<m:IC[1-05,1]} Itis
easy to see that J; U b U J3 = {1,...,m}. Clearly for j € J, U Js,

PLFG) = I [ PR do <1

I;

AR 1
Py F7 (6 )<u|152/ (—v )dx
@ r 1—x
. . 1— 2.
<|L|7'e? {log (%H) V log (—33])] :
Z; 1-— Tjt1
Summarizing the above discussion shows that we can further bound (3.4.11) by a O(L,)
_] lOg xj+1 log('r]) (3413)
V k V Tjp1 —
/ log(1 — z;) —log(1 — z;41)
1 — .CL’J (1 — .l’j+1)

and for j € Js,

multiple of

2. B

JET1IUT3

1|+ 6,-E

JjE€ET2

+> 0K

JjE€ET2

= (I) + (II) + (III).

The first term of (3.4.13) is easy to handle: by the Cauchy-Schwarz inequality,

n< (B Y k) wuals [ Y bl vasiym

JETIUT3 JETNUT3
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The second and third terms of (3.4.13) can be handled in a similar fashion; we only consider

the second term of (3.4.13). Again by the Cauchy-Schwarz inequality,

(IT) < bp/m - E{ Z ki(X) log(wj41) — log(xj)]

jem F Tt T

= uv/m | (log(j41) —log(x;)) S v/m - buy/log(1/6,,).

VIENE

Collecting the above estimates, we see that (3.4.11) can be bounded by a constant multiple

of \/m - 0,1/log(1/6,)L,,. Thus, (3.4.10) yields that

< C'\/m - 67/ log(1/6,) L.

max E sup
Isksn e F:f—frela(6n)

k
1
LS e i)
vk

Combined with (3.4.9), the claim of the lemma follows. O

Proof of Theorem 3.4.9. The proof follows easily from the reduction scheme Proposition
3.4.16 and Lemma 3.4.12 by solving a quadratic inequality. We provide some details below.
Abusing notation, we let f,, € argmin, g ||gm — f5||z,p) and m be the index attaining the
infimum of the oracle inequality in the statement of the theorem. We only need to choose

0, such that

V(8 + || fm = fol2a(p) V108(1/00) L < €5.71 55 1 ez V120

Suppose log(1/4,) < logn. Then we can easily solve for the zeros for quadratic forms to see

that the inequality in the last display holds if

mL?logn mL2logn .
R Y LA P )

The assumption log(1/4,) < logn apparently holds. The right hand side of the above display
can be further bounded up to a constant by @ 1 fm— 1 ||%2( P) by the basic inequality
ab < (a® + b?)/2, thereby completing the proof of Theorem 3.4.9. O
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3.4.7 Proof of Theorem 3.3.5

The proof of Theorem 3.3.5 follows a similar strategy as that of Theorem 3.4.9. First we

need the following reduction scheme.

Proposition 3.4.16. Consider the additive model (3.3.3) and the least squares estima-
tor fn in (3.3.4). Suppose that &,...,&, are mean-zero random variables independent of
(X1, Z1), ..., (X, Zn), and F is convex with F — f§ C Loo(1). Further assume that all three
parts of (3.4.7) and

1 n
K = i(f = o) (Xa)(h — - Xi, Z;)| S on(6), 3.4.14
o e 7 2 T TN (0= B 2| S 00 (2419

hold for some ¢, such that 0 — ¢,(0)/6 is non-increasing. Then
an — [Sll2a(py = Op(8,) holds for any 6, such that ¢,(d,) < /nd?.

Proof. Recall that fy = Pz¢o(-, Z). By the definition of the LSE,
Po(Go + & = fo = hn)* < Buldo + & — f5 — hn)
& Pulfs = fa) (200 +26 — fo — f7 —2h,) <0
& Pulfs = fu)? + 2Pulfs — fu) (b0 + €= f5 —ha) <0
& =Pu(f5 = fa)? = 2Pulf5 — f)6 = 2Pu(fs — Fu)(fo — f7)
— 2P, (f5 = fu)(¢o = fo—hn) > 0
& —(Pu—P)|(fg = fa) = 26(f5 = )| = P(fs = fu)?
—2(B, — P)(f5 — fu)(fo— ) = 2P(f5 = fu) (fo = f5)
—2(P, — P)(fg — fa)(60 — fo — n) > 0.
The last equivalence holds since
P(f5 = Fa)(X) (o = fo— ha)(X, Z)
= P[(fs — f)(X)P[(d0 = fo— hn)(X, Z)M}

_ p[<f;; R (Poo(X, 2)|X] — folX) - Pﬁn<Z>)} —0,
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where we used (i) Plpo(X, 2)|X] = fo(X), and (ii) Ph = 0 for all h € H. Now since fj €
argminge =z, p) |l fo— 9llL,(p), it follows from the convexity of F that P(f5 — ) (fo—f2) >0
[more specifically, for each € > 0, since (1 — ¢)f; +ef* € F N Ly(P) by convexity of F, the
definition of f yields that P(fo— f3)* < P(fo—(1—¢)fg —efn)? = P(fo — f5+e(fs —F)2.
The claim follows by expanding the square and taking ¢ — 0]. This implies that, with
S(0,) = {f € F: 2718, < |If = filliacr) < 296,}, on the event {20716, < o — filair) <
276, }, it holds that

sup |(P, — P)(f — f5)?l +2 sup [(Pn— P)E(f — f5)l
f€S;(6n) 1€5;5(6n)

+2 sup (P, — P)(f — f5)(fo— fo)l

f€S;(6n)

+2  sup  [(Pn = P)(f = fo)(h = (0 — fo))]

£ES;(6n),heH

Z _(Pn _P) (fg - fn>2 - 25(]%k - ]En)
— 2P — P)(fs = fa)(fo— £3) — 2(Pu — P)(f5 — fu) (0 — fo — )

> 92242,

Hence by symmetrization, the contraction principle for Rademacher processes and the as-
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sumptions we see that

]P)(“fn - f(}kHLz(P) > 2M_15”)
< S B( sw (B = PSSP 42 sup (B = PG F5)

S \fesiGn ) £€5;(6n)
+2 sup [(P, — P)(f — f5)(fo— fo)l
f€8S;(0n)

e I(IP’n—P)(f—fJ)(h—(cbo—fo))l222j_25i)

fGSj (6n),heH

(2¥\/ndz) <E|!Gn||f0(mn) V E[Gull 7 206,)0¢

jzM

V E||Gll 7 @i6m)o(fo—f1) V EHGnl\fo(za‘an)@(H(qsofo)))
62(275,) )
SOy U o5l S

as M — oo. Here we denote Fy = F — f;, and in the last sequence of inequalities we used

the assumption that 6 — ¢,,(0)/J is non-decreasing and the definition of é,,. This completes

the proof. n

By Proposition 3.4.16, apart from the empirical processes in Lemma 3.4.12, we also need
to control the empirical process (3.4.14) indexed by a suitably localized subset of F @ (H —
(90— fo)) = {f(z)(h(z) — ¢o(x, 2) — fo(x)) : f € F,h € H}. In a related work, [155] derived
bounds for similar empirical processes under L..-type entropy conditions for both F and H

(cf. Theorem 3.1 of [155]), which apparently fail for shape constrained classes.

Lemma 3.4.17. Suppose that the hypotheses of Theorem 3.3.5 hold. Let {6, }nen be a

sequence of positive real numbers such that 6, > 1/n. Then for any fm € Gm N Loo (|| f5]lo0)s
and B > 0,

E sup
fEF:f—fE€L2(6n)NLoo(B)
heH

fozf FOX) (h = ho)(Xi, Z:)

< Cr 7 bolloerl e loosB * V108(1/00) Ly - (6 V || frn = f5 || Lo(py) v/
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Here L,, = \/logn.

We need some technical lemmas. Recall Px, P, are the marginal probability distributions

of (X, Z), i.e. uniform distribution on [0, 1].
Lemma 3.4.18. Let H be a class of measurable functions defined on [0,1], and let f €
Ly(Px),g € La(P). Then for any probability measure Q on [0,1]%,

Lemma 3.4.19. Suppose the conditions on H in Theorem 3.53.5 hold and F is the class of
monotonic non-decreasing or convex functions on [0,1]. Then for any F' C F N Ls(1) and

any probability measure Q on [0, 1)%, the entropy estimate

log N (el F' @ 1|50y, F ® (H — (do — fo)), L2(Q))

1 1 1
< -log|—-)lo Ve foralle € (0,1
s 2o (3 oe (g ) Ve -1

holds for any envelope F' of F'. The constant in the above estimate does not depend on the

choice of F' or Q.

The proofs of Lemmas 3.4.18 and 3.4.19 are standard. We include the details in Section

3.5 for completeness.

Proof of Lemma 3.4.17. The proof follows the same strategy as that of Lemma 3.4.12. We
only prove the isotonic case G,, = M,,; the convex case follows by similar arguments. As in
the proof of Lemma 3.4.12, we will omit the explicit dependence on L. (B) if no confusion

arises. Note that

E sup (3.4.15)

FEF: f—fi€L2(dn),heH

% > ailf = )X (h = (b0 — fo)) (X Z)

n

1
<E > eilf = F) XD = (60— f))(Xi Z
B fG-FHf—fm\\LQ(P?251+||fm—f5\|L2(P)7 \/ﬁ i=1 ) (f ! )< )( (¢0 fO))( )
heH
1 n
+ Esup T ;_1 €i(fm — J0)(Xa)(h = (90 = fo))(Xs, Z3)| = (1) + (11).
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We first handle (/1) in (3.4.15). The entropy assumption on H coupled with Lemma 3.4.18
entails that the uniform entropy integral for the class (fn — f) ® (H — (¢o — fo)) converges.
By Theorem 2.14.1 of [162], we have the following estimate

(I1) < Cull fm = f3 |l a(p)-

For the first term (/) in (3.4.15), we mimic the proof strategy in Lemma 3.4.12: any piecewise
constant f,, € M,, has a representation f,, = Z;nzl gi1r;, where {[; = [z;,z;1]}/L, is a
partition of [0,1] with ;1 = 0,%,,11 = 1 and g; takes constant values on the intervals I;.
Then for such f,, € M,,, write fj = I; x [0,1], we have
Z E {%E { sup
j=1

FEF:f—fmEL2(dn)
heH

1
—— > alf —g)X)(h— (%~ fo)(Xi. Z)
Vi (Xi,Zi)€l;

wiX.2) =]

SZE{W_jE[ sup '—n Y af@(h—(¢o— fo))l; (X, Z:)
1 £lloo <B+211£ lloos B
PfoS(S%,hE,H

n;(X, Z) 27%'”

where 6, = 6, + || fin — fillLo(p). Here nj(X,Z) = >0, 1;.(X;, Z;) and in the second line
we used the fact that (f — f,)|;, € F|;,. By Lemma 3.4.19 and the Koltchinskii-Pollard

maximal inequality, each summand of the above display can be bounded up to a constant

(depending on F, H, ||¢o||o) by

b 1 1
/ —log (—) log < = ) Ve de
oy & \f ellF1;(0n) @ 1 Lo(@)
Lo\ 1/2 _ =
% (P FEG0) S Lo/ PLFE (30),

where P; is the uniform distribution on I; and F 7,(6) is the envelope for (F N Loo(B +

2| f¢llos) M L2(8))|1,, and the inequality in the above display follows from similar arguments
as in the proof of Lemma 3.4.12. From here the proof proceeds along the same lines as that

of the proof for Lemma 3.4.12. O
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Proof of Theorem 3.3.5. The proof of Theorem 3.3.5 follows the arguments of the proof of
Theorem 3.4.9 by using Proposition 3.4.16 along with Lemmas 3.4.12 and 3.4.17, combined
with the stochastic boundedness of the LSE:

Lemma 3.4.20. Suppose that the hypotheses of Theorem 3.3.5 hold (except that H is only
required to have a continuously square integrable envelope PzH? < o). Then both the

canonical isotonic and conver LSEs in the additive regression model (3.3.4) are stochastically

bounded: || f, o = Op(1).

The proof of this lemma will be detailed in Section 3.5, and hence completes the proof

of Theorem 3.3.5. O
3.5 Proofs of technical results
In this section, we collect the proofs for technical results in three groups:

1. the key Proposition 3.4.6 used in the proof of Theorem 3.2.5;
2. entropy results in Lemmas 3.4.14, 3.4.18 and 3.4.19;

3. stochastic boundedness for shape-restricted LSEs in Lemmas 3.4.10 and 3.4.20.

3.5.1 Proof of Proposition 3.4.6

In the next few subsections, we will prove Proposition 3.4.6 step by step.
Construction of F

First consider the case v € (0,1). We will do the construction iteratively. For [ = 1,
since [0, 1] contains PﬁJ many equal-length intervals (with length (2ﬁ)71), we can pick
2 intervals among them; this is denoted %,. For | = 2, each interval in %, contains PﬁJ
many equal-length subintervals with length (2ﬁ) _2, we can pick 2 subintervals among each
of the interval; this is denoted %5. In this way we can define iteratively %, for any [ € N.
Let F; = {1;: I € %}. Clearly |F| = 2" and contains indicators over intervals in [0, 1] with
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length (2ﬁ)4. Now let F = UienF; U {0} where 0 denotes a mapping taking identical
value 0. Next, for v =1, let F = {1105 :0< 8 <1}
We show that the constructed F satisfies the desired growth condition (3.2.1). Recall P

is the uniform distribution on [0, 1].
Lemma 3.5.1. [t holds that

1) | a(py < V207,
where F () denotes the envelope for F(5).

Proof. The claim is trivial for ¥ = 1. For v € (0, 1), since each element in %, is contained
in some element in 4, we only need to count the number of intervals for the smallest level
[(0) such that the length of intervals in .7:"5(5) is no more than §2. In other words, {(d) is the

integer for which
(2=) " <52, (2m) O S 2

Hence the number of intervals in Fys) is N(8) = 2/®) € [6-329 25-=27)] from which the

claim of the lemma holds. O]

Proof of claim (1) of Proposition 3.4.6
The following standard Paley-Zygmund lower bound will be used.

Lemma 3.5.2 (Paley-Zygmund). Let Z be any non-negative random variable. Then for any

q/
e>0,P(Z>cEZ) > <EIIE;))I§E/Z(1> , where q,q' € (1,00) are conjugate indices: 1/q+1/q' = 1.

We need the following exact characterization concerning the size of maxima of a sequence

of independent random variables due to [63], see also Corollary 1.4.2 of [41].

Lemma 3.5.3. Let &1,...,&, be a sequence of independent non-negative random variables
such that ||&]| < oo foralll <i<mn. ForX >0, setdp(A) =inf {t >0: > " P(& >1) < A}
Then

I &K,
H—)\;EQ Less, <E maXf < —ZEf £>30-
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Proof of Proposition 3.4.6, claim (1). (Case 1: 0 < v < 1). Recall d, = 9n~ 7@, Then
by the proof of Lemma 3.5.1, we see that there exists some level {(d2) € N such that the
N(92) many intervals {Il}lj\;(fQ) in j:"l((;Q) have length at most 02 and at least 27Y/(1=7)42  while
the number of intervals satisfies 9~ 222 < N(&) < 20-=20p 37 | et &, be the event
that all intervals {7;}1** contain at least 9713922 of the X,’s and at most %19271% of

the X;’s. Then by a union bound and Bernstein’s inequality (cf. (2.10) of [22]),

Zlh ) —n||

< 29~ n= exp ( — 0719271;%).

P& < ]P’( max

1<I<N(62)

> 2'5_319%?3) (3.5.1)

Let 7, = {X; € [,} for 1 <1 < N(d2) and {f }z,zzl be i.i.d. random variables with the same

law as &;. Then for some ¢,, > 0 to be determined later,

IP’< sup | > &f(X)| = >>JEX {Pg( max | Y &1,,(X;) >tn) 15,1} (3.5.2)
feFpfe<sy | i ISISN() |53
|Z: | "
—Ex|P D > ¢, )16 |.
X|: 5(@2%}&2) ;5 _tn) sn]

Our goal now is to make a good choice of the law for 5.(')’8 so that we may obtain a good
estimate for t, and thereby using the Paley-Zygmund argument. Let & be distributed
according to the symmetric o, = 2 — ¢ stable law, i.e. the characteristic function of &; is
©e, (t) = exp(—|t|*). Apparently, k~1/e Zle ﬁfl) has the same law as that of &;, and hence
we can take

1 a1 1/ce
tn:§ 27T 9 n E¢ max |§l| (3.5.3)

1<I<N(82)

Then the conditional probability in the last line of (3.5.2) can be bounded from below by

1 E g
Pg( max ‘fl‘ Z _]E§ max |§l’) 2 <2( gmaX1§l§N(52)|§l|)1/r) (354)

1<I<N(62) 2 T I<ISN(82) Ee max; <;<n(s,)|&|"

for some conjugate indices (r,7’) € (1,00)?. (3.5.2) and (3.5.4) suggest that we need to derive

a lower bound for E¢ max;<;<n(s,)|&| and an upper bound for Eg max;<;<ns,)|&|". This can
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be done via the help of Lemma 3.5.3: since P(|§| > ) < 14238 (cf. Property 1.2.15, page 16

of [132]), we can choose A = 1 and &y <. N(05)"/ to see that

N(d2)
Ee max )|€Z|T = Z E|&] 1g>s,

1<I<N (83
=1
do
= N((gg) (Pﬂé-ll > 50)/ Tu’"_l du
0
—l—/ ru" P (|€1] > u) du)
)

=er N (y)"/e.

Now as long as € < 1/2, we may choose r > 1 close enough to 1, e.g. r = 1.1, to conclude

that there exists p; € (0,1/8) that only depends on ¢ such that
Left hand side of (3.5.4) > 8p;. (3.5.5)

Combining (3.5.1), (3.5.2) and (3.5.5), and the fact that ¢, = ¢; (ﬁ”n;%)wae for some con-

stant ¢; depending on €, only, we have that for n large enough depending on 9,7,

]P’( sup
fEF:Pf2<632

On the other hand, by Talagrand’s concentration inequality (cf. Lemma 3.4.4) and the

> Gf(X)

=1

> (ﬁwné_”:)Q/aE) > 4}31 (356)

contraction principle for Rademacher processes, we have with probability at least 1 — 2p4,

sup  [Gu(f) < C(E  sup  [Guf] + d20/log(1/2p1) +log(1/2p1)/v/n)  (3.5.7)

fEF:Pf2<62 fEF:Pf2<63

< C. - 653/10g(1/6,) < C..9n 7@ \/logn.

Combining (3.5.6)-(3.5.7), we see that with probability at least 2p;,

sup (P, — P)(26f — f%)

fEF:PF2<62
1-7v\2/a. _ __t 1
> 2cq (WnQ—v) fos =1 CeyUn 220 24/logn

B/ 1
> 201197n7ﬁ ~Tale, ) — Ceyin ) Viegn > ¢;9'n g ~Tu(g,7)
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11—y ¢

for n large enough depending on &,9,v, where 7,(g,7) = n2'2=. Hence with the same

probability estimate,
Fu(6) =  sup (B, — P)2Lf — f7)
feF:Pf2<82

1
> clmn_ﬁm(a,’y) — T > §clﬁ7n_ﬁrn(€,7)

holds for n large enough depending on ¢, ¢, v, completing the proof for the claim for 0 < v <
1.

(Case 2: v = 1). Recall §, = Yn~/2, and there exists one interval I with length 2. It
is easy to see that P(|>1, 1;(X;) — 9% > 9¥?/2) < 2exp(—9?/10). For ¥ > 4, we see that
with probability at least 0.5, there are O(1) points X; € I. Denote this event &;. Let

Z= sw |2 S G (X) —n(Ba— P)(/ )
feF:Pf2<s2 \
Note we can use the absolute value in the suprema in the above display. Since E|(P, — P) (1;)|* <

¥?n~2, we see that on an event with probability at least 0.96, |n (P, — P) (17)] < 259. De-
note this event by &. Then for any £ such that E|{| > 259, let ¢t = E|¢| — 259, and

NI = Z:’Lzl 1I(XZ>7

P(Zy > 1) > Ex _Pg(zzszlf )@= P) 1) 2 1) 1se|
> Ex -Pﬁ( Z 5@ t + 2579)/2) 151052:|
> Ex P&( Zéi > %Eﬁ ' )15@52}
o =1

where in the last inequality we used Jensen’s inequality. Let 1 be a symmetric random
variable given by P(|n| > t) = 1/(1 + t?), then it is easy to calculate that E|p| = 7/2, and
Eln|" = ¢, < oo for r < 2. Let &€ = 5009% - 5. Then E[¢| = 25m9? > 250, and hence choosing
r > 1 close enough to 1 in the Paley-Zygmund Lemma 3.5.2 yields that

P (Z, > 25m9* — 250) > 2p,
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for some constant ps > 0 depending only on ¥ (through the estimate on N; on the event &).

Hence with probability at least 2ps,

F,(63) > (25m09% — 250)n~" — 9*n~! > 2859n 1.
This completes the proof. O
Proof of claim (2) of Proposition 3.4.6

Proof of Proposition 3.4.6, claim (2). Recall 6; = pn~ 2%, Note that by Koltchinskii-

Pollard maximal inequality for empirical processes (cf. Theorem 2.14.1 of [162]), we have

max B sup < IF @) ary < C17.

1<k<n =
== fE]-':PfQSz?%

% Z €¢f(Xz')

Hence we may take 1, (k) = C1k"/?729)§) in the multiplier inequality Lemma 4.5.6 to see
that

> GF(X)

i=1

E sup
fEF:PF2<8?

§4/ Gu(nP(&1] > 1)) dt
0
< 40153711/2(178)H§1H2(1—€),1'

On the other hand, again by the Koltchinskii-Pollard maximal inequality and the contraction

principle for Rademacher processes,

E  sup |G.(f)|<E sup
fEF:Pf2<62 fEF:Pf2<82

SR

% 3 e

Combining the above estimates, we arrive at

EEn<51) < 8C16’1yn71 . n1/2(178)H£1H2(1_6)’1 + C2n71/25'1y

< Cegpn T wn(e,7).

The claim (2) of Proposition 3.4.6 now follows from Markov’s inequality and hence the proof

of Theorem 3.2.5 is complete. O
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3.5.2  Proof of entropy results

Proof of Lemma 3.4.14. Let t; = (1 + €)™/ and m(e) be the smallest integer j such that
t; < el|F||lLy@)- Now for any f € F, define

m(e)

Je = Z (t 1<ty 4 (—tim) 1 cp<y,)
j=1

Then if z € X is such that
1. t; < f(z) < tj_; for some j < m(e),

0< f(z)— fo(z) <tjo1 —t; <et; <ef(x) <eF(z).

2. —tj1 < f(z) < —t; for some j < m(e),

0< flz) = fola) < —t; = (=tj21) S ety < e( = f(2) < eF(a).

3. — ) < f( ) m(g

(@) = fe(@)] <ty < el Fllraq)

Combining the above discussion we arrive at || f — fE||%2(Q) < 352||F||%2(Q). Let F. = {f-:
f € F}. Then since the sets

{(,t): fola) >t} =0 o f zt}x(tj,tj_l]
LJUm(6 2> —tj- 1} —tj-1, ta]
U {x : f( = m 5)} (e) m(E)]

as f. ranges over JF. is the union of at most 2m(e) +1 VC-classes with disjoint supports, and
hence the VC-dimension of F. is no larger than Vm(e), where V' € (0, 00) only depends on
Fo. The rest of the proof proceeds along the same lines as in page 1172 of [59]. n
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Proof of Lemma 3.4.18. Let {h;}Y, be a minimal e-covering set of H under L.,. For any
probability measure @ on [0,1]?, and any f ® (h —g) € [ ® (H — g), take h; such that
Ilh — hi]lo <e. Then

|f @ (hi—g)— f®(h— 9)”%2(@) < Hf”%g(Q)EQ =|f® 1”%2(62)52'
completing the proof. n

Proof of Lemma 3.4.19. Since F' C F N Ly (1) is VC-major, Lemma 3.4.14 yields that for

any probability measure @), on [0, 1] and any £ > 0,

C C 1
log NV (e[| F" || a(qu: F' L2(@x)) < — 1o <_> to (—)
g N (el F'|| o) 2(Qx)) e 2\ ) P Tnan

Now for any discrete probability measure Q@ = n='>"" | 64, . on [0, 1)%, let Q, = n~1 >°1 | 6,
be the (marginal) probability measure on [0, 1]. Take a minimal e[| F”||,(q,)-cover of F" under

Ly(Q.), namely {fx}, the log-cardinality of which is no more than

g log (€> log (—1 )
£ £ ellF | La@a) /)

Further take a minimal e-cover of H under L, namely {h;}, the log-cardinality of which is
at most a constant multiple of e~7. Consider the set {f; ® h;}, the log-cardinality of which

is at most a constant multiple of

SEE——
—log | — ) log e 7.
£ £ eNlF" @ 1|1y

For every f® (h— (9o — fo)) € F' @ (H — (o — fo)), let fk, h; be such that Ilf— fk||L2(Qw) <
el FN 1o,y and ||h — hil|so < €. Then

I1f @ (h = (¢0 — fo)) = fu ® (i — (0 — fo))ll7a(0)
- %Z <f(96z)(h(zi) — (do(wi, i) — fo(x:)))

— frla) (ha(z:) — (dol@s, z1) — fo(%'))))

S P = hlZ 2o + 90lll f = Fillzaan)

S AV 16oll2) 1 [, = (L V Igoll2)e* |1 F @ 111Z, )
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as desired. O

3.5.8  Proof of stochastic boundedness of shape-restricted LSEs

Proof of Lemma 3.4.10, isotonic case. The isotonic least squares estimator fn has a well-

known min-max representation [129]:

. 1 i

(X)) = minmax ——— Y; 3.5.8

Jn(X;) v>j USJXU—U—f—l; (358)
where we slightly abuse the notation X;’s so that X; < --- < X, denote the ordered
covariates and Y; denotes the corresponding observed response at X;. Since fn is non-

decreasing, we only need to consider

v

; 1 o 1
o = fu(Xy) = min - 2 Yi, Bn=fu(Xn)= max ——— ;K

n

Note that

Ela| v E|f,] < Emax + ol

1 k
E;&

The first term is O(1) by a simple blocking argument and a Lévy-type maximal inequality

due to Montgomery-Smith [118] (see also Theorem 1.1.5 of [41]); we include some details for
the convenience of the reader: suppose without loss of generality that log,n is an integer,

then for any t > 1,

k log, n k n
1 1
_ ) < _ ) )
(e F 26 DE 2 (,m, DI ) +e( 2 > )
Jl€L 3
< P | > 201 L2
- ; (erlngakxdj Zf ~ ) nt?
& ||2
<9 IP’( > 27 1t/30>
J=1

logy

11 L
<clel( X 5a+ —) < e,

j=1

completing the proof. O
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The proof of stochastic boundedness of the convex least squares estimator crucially uses

the characterization developed in Lemma 2.6 of [70]. Note that the characterization is purely

deterministic.

Lemma 3.5.4. fn 18 a convex least squares estimator if and only if for all j = 2,...,n,
Jj—1 Jj—1
> Re(Xppr — Xi) > ) Si(Xpr — Xa),
k=1 k=1

with inequality holds if and only if f, has a kink at X;. Here R, = Zf;l fu(X;) and S, =
Zle Y;, where we abuse the notation X;’s for the ordered covariates such that X; < ... <

X,, and Y;’s are the corresponding observed responses at X;.

Proof of Lemma 3.4.10, convex case. By symmetry we only consider the behavior of fn(O)
Let 7,, denote the first kink of fn away from 0. Then it follows from the characterization

Lemma 3.5.4 that

Tn—2 Tn—2
Z Ri(Xpt1 — Xy) > Z Se( X1 — Xi),
k=1 k=1
Tn—1 TTn—1
> Be(Xir = Xi) = Y Se(Xir1 — Xi)-
k=1 k=1

The above two (in)equalities necessarily entail that

an—l(X'rn - XTn—l) S S’Tn—l(XTn - X’T‘ —1)-

n

Hence with probability 1 we have R, 1 < S5, _1, i.e.

Tn—1 Tn—1

PIRACOEDIRG (3.5.9)

Since f, is linear on [0, X, |, we can write

) = (1= 5 ) B0+ 506 (35.10)

n
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Combining (3.5.9) and (3.5.10) we see that

(- 2) )0+ [ s < £

=1 i=1 Tn
and hence
A 1 ST B . s
2(0) < L=l n f f.(x)l, 3.5.11
R0 < (125 ) EE | it ) (35.11)
where

1t 1
_ X, | —
By (3.5.11), we need to handle three terms:

(i) 1=8.)7"

(i) Yty

Tn—1

, and

(i) [infoeqo,y fo(2)].
We first handle term (i). We claim that for some universal constant C' > 0, it holds that

P( max (1—8,)"' >¢t) <Ct™". (3.5.12)

2<k<n

To see this, note that for each k& < n, conditional on Xy, X;/Xy, ..., Xx_1/X} are distributed
as the order statistics for £ — 1 uniform random variables on [0, 1]. Let Uy, ..., U, be an i.i.d.
sequence of uniformly distributed random variables on [0, 1], and 0 < U(Ti) <...< U(% <1
be their associated order statistics. Then by using a union bound, the probability in (3.5.12)
is bounded by

Se( S M) < Salr(E v ) |
k=2 k 1z= X _k=1 k]:l V= o
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—!l)k by volume

For ¢ > 3, the probability in the bracket equals P(Z§:1 U; < kt™') = (ktk

computation: \{Zle z; < a}| = a*/k!. Now combining the probability estimates we arrive

at

2<k<n k! (
k>1

- (kt~H)" (kt~H)* -1
P(max (1—f)"' >t) <) <> = < Ct,
proving the claim (3.5.12) for ¢ > 3. For ¢ < 3, it suffices to increase C.

The second term (ii) can be handled along the same lines as in the proof for the isotonic

model, assuming || fo||leo < 00 and [|&]]2 < 0.

Finally we consider the third term (iii) |[inf,ep fn(x)]. We claim that with probability

limsup sup |fu(z)] < Ce . (3.5.13)
n—oo  x€(1/4,3/4]

The claim will be verified in the proof of Lemma 3.4.20 below in a more general setting. In
particular, (3.5.13) implies that supxe[1/473/4]|fn(x)] = Op(1). Hence for any ¢ > 0, there
exists a constant K. > 0 such that for all n large enough, with probability at least 1 — ¢,
SUD,e(1/4,3/4)] fn(x)| < K.. This event is denoted &. Now by convexity of f,, it follows
that [inf e, falz)| < 2K. on E.. To see this, we only need to consider the case where
the minimum of f, is attained in, say, [0,1/4]: then the line connecting (1/4, f,(1/4)) and
(3/4, f(3/4)) minorizes f, on [0,1/4], which is bounded from below by —2K_ and hence the
same lower bound holds for inf ¢ fn (x) on the event &. An upper bound for inf ¢ 1 fn (x)
is trivial: inf,ejo ) falz) < SUD,e(1/4,3/4] fo(®) < K. on &. These arguments complete the
proof for |inf,cp 1 fo(@)| = Op(1).

The claim that || /.|| = Op(1) follows by combining the discussion of the three terms
above and (3.5.11) which proved | £,(0)| V |f,(1)] = Op(1) and [inf,co1 fo(2)| = Op(1). O

Proof of Lemma 3.4.20, isotonic case. The proof essentially follows the isotonic case of Lemma

3.4.10 by noting that the least squares estimator fn for F in the additive model has the fol-
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lowing representation:

fn(Xj) = min maX; Z (Y;- — iLn(ZZ))

v>j u<j v—u-+1

i=u
where X; < --- < X, denote the ordered X;’s, Y;’s are the observed responses at the
corresponding X;’s, and Z;’s are the corresponding Z;’s following the ordering of the X;’s.
The rest of the proof proceeds along the same lines as in the isotonic case of Lemma 3.4.10
by noting that

max sup

k
1<k<n peyy | K 4

Z (¢0(Xi, Zi) — h(Z;)

1

1
7 3.5.14
. (3.5.14)

)

< [|¢olloe + max (%ZH(ZZ)) = Op(1),

1<k<n

where the stochastic boundedness follows from the same arguments using Lévy-type maximal

inequality as in the isotonic case of Lemma 3.4.10, since we have assumed P,H? < co. [

Proof of Lemma 3.4.20, convex case. We use the same strategy as the convex case of Lemma
3.4.10 by replacing Y; with Y; — h,(Z;), and handling terms (i), (ii) and (iii) as in the proof of
the convex case of Lemma 3.4.10 . Term (i) can be handled using the same arguments as in
the proof of the convex case of Lemma 3.4.10 ; term (ii) can be handled similar to (3.5.14).
Hence it remains to handle (iii). Let ¢n (2, 2) = fo(2) + hn(z). We claim that there exists
some M > 0 such that

]P( (mvz)eiﬁl/fél 73/4]2@”(:5, 2) — ¢o(x, 2)| > M i.o.) =0. (3.5.15)
Once (3.5.15) is proved, the event & = Up>1 Npsm {inf$€[1/473/4]]fn(x)] < M} happens
with probability 1, where M = M + sup(, .jcpi/az/a2 H(2) + l[¢olle < o0. Let z, €
argmin, ey /4 3/4) fu(z) and M, = |fo(z,)|. On the event &, for all n large enough, there
exists ¥ € [1/4,3/4] such that |f,(z*)] < 2M. The key observation is the following: if

M, > 10M, then

~

f (x) Vv inf  fu.(z) >

1 _
inf n —(M,, — 10M). 3.5.16
xe[11/I116,1/8] x€[7/8,15/16] 4 ( ) ( )
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To see this, we only consider the case 1/4 < z,, < z} < 3/4, and derive a lower bound
for inf,e7/8,15/16) fn(x), the other case follows from similar arguments. Note that the line L
connecting (2, fn(n)) and (2%, f,(z*)) minorizes f, on [7/8,15/16]. Since M, > 10M >
2M, fn(xn) < 0 and hence the line L has a positive slope s; bounded below by (M, —
2M)/(3/4 — 1/4) = 2(M,, — 2M). This implies that for any = € [7/8,15/16],

ful@) > fu(7/8) > L(7/8) = L(x%) + s1.(7/8 — )

> fulay) +2(M, — 2M) - (7/8 — 3/4)

(~200) + (M, — 201) = 7 (M, — 1030),

v

proving (3.5.16). Now we assume without loss of generality that inf,cpi 161/ fn(x) > (M, —
10M)/4. Let I = [1/16,1/8] x [0,1]. Since

1 — . 9
5; (Vi — 0u(Xi, Zs))

- %Z (& + 00(Xi, Zi) — ha(Z) — [u( X))

=1

1 ; 2
> S (X0~ (HZ) + ool + 160))
(X4,2Z:)el
1
", Z B - S BHAZ) + 3ol +36)
el " xizoer
10M s \[{i€l:n]:(X;,Z) €T}
> — 3[|doll%
n
_3 Z HZ(Z-)—§ Z &2
n Y n v
(Xi,Z;)el (X;,7Z;)el
Hence by the law of large numbers, on an event with probability 1, if M, > 10M,
lim su Y n(Xi, Z; 3.5.17
msup Z 6u(X.,2)° (3:5.17)

S (hm sup,, oo M, — 10M)?

3
B 16 - 32 = 16 (I90ll2 + Pz H? + E).
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On the other hand, since quSn is the least squares estimator, for any h' € H,

lim sup 1 S (Y- u(Xi, 2)) (3.5.18)
=1

n—00 ni

1 n
<limsup Y (V; = W(Z;))" < 3EE + 3| pol%, + 3P, H.

n
n—00 i1

Combining (3.5.17) and (3.5.18), it follows that on an event with probability 1,

limsup M, < C ([l + | Hllzage,) + ol + 31),

n—oo

holds for some absolute constant C' > 0, thus proving that with probability 1,

B | ze[fﬁ,z/ﬂf @] < Cesonar

That

limsup | sup  fu(@)| < CLpgonr
n—o00 x€[1/4,3/4]

with probability 1 can be proved in a completely similar manner by noting that the supremum
of f, over [1/4,3/4] is taken either at 1/4 or 3/4. These claims show that with probability
L,

limsup sup | Fu()] < L ar
n—oo x€[1/4,3/4] o

Note that we have also verified the announced claim (3.5.13) in the convex case of
Lemma 3.4.10 by taking ¢g(z,2) = fo(z) and H = {0}. The rest of proof for handling
term (iii) proceeds along the same lines as in the proof of the convex case of Lemma
3.4.10, modulo the unproved claim (3.5.15). Below we prove that (3.5.15) holds for M >
\/32(H§1H§ + ||¢oll% + PzH?). To this end, first we prove

P(Sl = { inf (q@n(x, z) = ¢o(z,2)) > M i.o.}) =0. (3.5.19)

(z,2)€[1/4,3/4]2
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On the event &; intersecting a probability-one event, there exists a subsequence {ny }r>1 such

that
lim inf -+ i (Vs = b (Xi, Z2)) (3.5.20)
koo My, £ RS -
>liminfL Z (¢ — ¢ )Q(X. Z;) — lim inzkgz
= e 2nk; 0 ng iy 1 ko0 T, 4 i
(X, 2:)€l1/4,3/4)2 im1
> M?/8 — E&3,

and thus by (3.5.18), M? < 32(|&1||3+ [|¢o||% + PzH?). Hence & must be a probability-zero

event, which proves (3.5.19). Using the same arguments we can prove

IP’( sup ((ﬁn(:ﬂ,z) — (bo(:c,z)) < -M i.o.) = 0. (3.5.21)
(z,2)€[1/4,3/4]2

The claim (3.5.15) now follows from (3.5.19) and (3.5.21). This completes the proof. O
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Chapter 4

LEAST SQUARES ESTIMATION IN NON-DONSKER
MODELS I: ESTIMATION INVOLVING SETS

4.1 Introduction

4.1.1  Overview

In this paper we are interested in various behavior related to the empirical process indexed
by a class of measurable sets. Such an object has been a classical topic in the history of
empirical process theory, when the indexing set is a Donsker class, cf. [3, 4, 5]. A particular
fruitful complexity measurement of the indexing set is based on the VC-dimension, a notion
that can be easily generalized to the setting where the index set is a function class [59].

Somewhat surprisingly, such a simple object has not received much attention when the
indexing set is non-Donsker. The only works in this regard we are aware of are [47, 1], who
obtained global upper bounds in probability for the empirical process.

Out interest in the behavior of the empirical process indexed by non-Donsker class of
sets, beyond the obvious theoretical desire to better understand the behavior of a natural
object in a complicated setting, lies in the deep connection related to statistical applications
discovered by Birgé and Massart, who showed in their seminal work [21] that the convergence
rate of the empirical risk minimization procedures(=‘minimum contrast estimators’ coined
in [21]) over a non-Donsker class can be strictly sub-optimal (i.e. off the optimal rate by
a multiplicative polynomial factor of n), while the rate in the Donsker regime is typical
optimal.

Such a strange phenomenon has a far-reaching influence on the development of ‘efficient’
estimation procedures in statistical theory. One generic way of getting around the issue is

to design ‘sieved’ estimators [166, 160] that mimics a maximal packing set of the parameter
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space which achieves the minimax rate of convergence [169]. The sieving idea [68] has
been used frequently in statistical theory to get optimal rates for non-Donsker classes, cf.
(99, 71, 26], to name a few.

At the empirical process level, the main technical reason for this to happen is the discrep-
ancy between Sudakov-minorization-type lower bound and the Dudley-entropy-integral-type
upper bound. The former, intrinsically connected with a minimax approach to the estimation
problem, usually leads to optimal rates in classical statistical experiments(e.g. regression,
density estimation, etc.). The latter, on the other hand, only matches with the former when
the entropy integral converges, i.e. the parameter space cannot be non-Donsker.

It is now well understood that the convergence rate of (a large class of) ERM procedures
can be completely characterized by the behavior of the underlying empirical process [36, 158].
The curious phenomenon observed in [21] naturally suggests that general tools for controlling
the empirical process indexed by non-Donsker classes, are unfortunately generically sharp
from a worst-case perspective. On the other hand, the lack of matching lower bounds for
the empirical process indexed by non-Donsker classes precludes determination if the worst
case analysis presented in [21] is an exotic phenomenon, or a genuinely unfortunate feature
of ERM procedures for ‘most’ massive parameter spaces. This point of view naturally raises

the following question:

Question 4.1.1. Can we give sharp upper and lower bounds for the empirical process indexed

by some natural non-Donsker classes?

A closely related question that asks for a ‘best-case’ analysis rather than the worst-case

presented in [21] is the following:

Question 4.1.2. Can we find a natural subset of non-Donsker classes over which global

ERM procedures are rate-optimal?

Our main goal of this paper is to give a solution to Questions 4.1.1 and 4.1.2 in the

context of the class of indicators over measurable sets. Although our main interests lie in
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non-Donsker classes of sets, we adopt a unified perspective: we show that, if the Ls-size of
the indexing set % is not too small (o2 > n=1/(@+1),

E sup |G,(C)| = max{o!~* nl@"V/2FDY, (4.1.1)
Ce% (o)

where €(0) = {C € € : P(C) < 0%}, and «a is an entropy measurement of the complexity
of € in the sense that an (appropriate) entropy of € scales as O(¢~®). Here G,(C) =
Vn(P, — P)(C) is the empirical process. The unified perspective (4.1.1) helps us to identify
an important phase transition phenomenon: the size of the empirical process indexed by
Donsker sets is determined by its Lo-size and along with its entropy complexity, while for
non-Donsker sets only the complexity of class matters.

It should also be mentioned that both the proofs for the upper and lower bounds in (4.1.1)
require novel techniques. The upper bound (for the non-Donsker regime) utilizes a special
chaining technique tailored to the geometry of indicators that prevents the chaining steps
from being terminated too early, as in the case for a general non-Donsker class of functions.
The proof of the lower bound makes crucial use of a sharp multiplier inequality proved in
the authors’ previous work [76] that allows Gaussianization of the empirical process without
inducing additional costs. The lower bound technique extends to empirical processes indexed
by general classes of bounded functions without difficulty, which may be of independent
interest.

Using the sharp bounds (4.1.1), we further investigate the behavior of various ratio-type
empirical processes, complementing the results of [5, 60, 59] to the class of sets satisfying
bracketing entropy conditions instead of the VC-type(uniform) entropy conditions, both in
the Donsker and the non-Donsker regimes. In particular, we obtain the exact order of the
normalizing factor for these ratio-type empirical processes, instead of only an upper bound
as in [5, 60, 59]. The local asymptotic moduli (originated in [5]) for the empirical process
indexed by class of sets satisfying bracketing entropy conditions is also examined.

As mentioned earlier, the sharp bounds (4.1.1) translate to a rate of convergence for

ERM procedures that involve indicators over sets. In particular, we consider global ERM
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procedures for the edge estimation problem in both additive and multiplicative regression
models (cf. [87, 86]), and the binary classification problem in the learning theory (cf. [42,
100, 150, 108, 84, 89]), where all the estimators are shown to achieve the optimal rate of
convergence when the indexing sets are non-Donsker. We thereby answer Question 4.1.2 by
identifying a number of natural statistical problems for which the global ERM procedures
are indeed rate-optimal for non-Donsker classes, while general empirical process tools fail to
obtain sharp rates.

We end the introduction with a quotation from Van de Geer’s book [160] page 121-122:

... Because there do exist other estimators with a better rate of convergence,
the conclusion is that one should not use the maximum likelihood estimator when

the entropy integral diverges.

Our results here show that, the problem of determining whether a global ERM procedure in
a non-Donsker problem should be used, is a more subtle issue: the specific property of the in-
dexing function class, beyond its complexity measurement in terms of the metric(bracketing)
entropy numbers, must be taken into account.

Although the focus of the current paper is on the classical case for classes of measur-
able sets, we hope our approach here, along with a case study for the class of multivariate
block-increasing functions conducted in [75], can serve as useful starting points for future
contributions on the size of the empirical processes indexed by general classes of measurable

functions and related ERM procedures in the non-Donsker regime.
4.2 Empirical processes indexed by sets

Let Xi,...,X, be iid. with distribution P on a sample space (X,.A), and € a collection
of measureable sets contained in X. For any o > 0, let €(0) = {C € ¢ : P(C) < o?}.
Following the notation in [48] (page 270, (7.4)), let N;(e, €, P) be the e-bracketing number
for € under P, i.e. the smallest integer m such that there exist {C; C D;}, C A with the

following property: for any C' € €, there exists some ¢ € {1,...,m} such that C; C C' C D,
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and P(D;\ C;) <e. N(g, %, P) will be used for the standard e-covering number for 4 under
P.

Assumption B. Fix some a > 0 and consider the following entropy conditions:
(E1) logNi(e,€,P) < Le~°.
(E2) logN(e/2,€¢(\/2), P) > L™~

For examples satisfying the above entropy conditions, see [48]. L will be a large enough
absolute constant throughout the article, the dependence of which will not be explicitly
stated in the theorems.

For 0 < a < 1, the bracketing condition in (E1) can also be replaced by a uniform entropy

condition:

sup logN(€7 %7 Q) S Lgiaa
Q
where the supremum is taken over all finitely discrete probability measures ). This case is
essentially covered in [59]. Our proof techniques also apply to this case; see remarks after
the proofs of Theorems 4.2.1 and 4.2.3.

4.2.1 Upper and lower bounds

We first state the upper bound.

Theorem 4.2.1. Suppose (E1) holds and o > n=1/(@+1),

1. Let 0 < aw < 1. Then we have

E sup [G0(C)] So 0™
Ce%é (o)

2. Let « > 1. Then we have

E sup |G,(C)| < Esup|G,(C)| Sa n* /21,
Ce% (o) ce%
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Global upper bounds in probability are obtained in [47, 1]. Here we strengthen their
results to an expectation bound in the sense that, from a modern perspective the first
moment of a bounded empirical process contains all probabilistic information in view of the

celebrated Talagrand’s concentration inequality [145].

The upper bounds derived in [59] take into account the size of the envelope function of
the localized function class. Such a consideration is especially suited to the study of VC-type
classes, where the entropy bound naturally incorporates the information of the size of the
envelope function. We refer the reader to the discussion in [59] page 1171 for more details.
Since we are not aware of any specific example of class of sets that has a bracketing entropy
estimate taking into account the size of the envelope function, we will not address this point

hereafter.

We now comment on the proof technique of Theorem 4.2.1, which is based on a specialized
chaining technique. The classical chaining argument for Donsker indexing function classes
iterates the chaining step infinitely many times(=construct a chain that approximates any
given element in the function class with arbitrary precision) and then a union bound is used
to control uniformly the errors occured in each iteration. This technique, originated in Dud-
ley’s entropy integral [46], further developed by [122], leads to an undesirable, yet generically
sharp, entropy-integral-type upper bound for non-Donsker classes since the chaining has to
be terminated before reaching the Poisson domain of the empirical process, which optimally
matches with Sudakov-type lower bounds. The special feature of the class of indicator func-
tions allows us to run the chaining argument exactly until the empirical process is localized
near its Poisson domain, thereby maintaining sharp estimates. The success of this approach
lies in the crucial geometric property of the indicator functions: a neighborhood in L; metric

is the same as the one in squared Lo metric.

Remark 4.2.2. To compare our Theorem 4.2.1 with general empirical process results, let

us appeal to the usual local maximal inequality for the empirical process under bracketing
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condition: by Lemma 2.14.3 of [162], we have

B sup [6.(0)] S nf {vin+ [ Vi N7, 7) .
v ¥

Cceé (o)

For 02 = ¢?n~'/(@*1) and the entropy condition of Theorem 4.2.1 with o > 1, the above

bound reduces to

E  sup  [Gu(O)| S inf {Vny+7'"} — o7 x ploie
Ce% (en—1/2(at1)) >0

Similarly we can compute
E sup|G,(C)| S inf {\/57 + Wl—a} — pla=1)/2a
Cce¥€ >0

Compared with the bounds obtained in Theorem 4.2.1, we see that current general empirical

process tools lead to strictly sub-optimal bounds in the non-Donsker regime.

Our next result asserts matching lower bounds under additional lower bounds on the

metric entropy.

Theorem 4.2.3. Suppose both (E1)-(E2) hold, and ¢® > n=/(@+1),

1. Let 0 < a < 1. Then we have

Ecz;%)\Gn(C)l Za 0T (4.2.1)
2. Let o > 1. Then we have
Esup|G,(C)| > E sup |G,(C)| Zq n@ /20, (4.2.2)
cev CEe% (o)

Remark 4.2.4. Our proof shows that in the Donsker regime (i.e. 0 < a < 1), thw lower

bound (4.2.1) holds under a weaker entropy condition: we only need to require that

log N'(c/4,€(Ve), P) < Le™®, logN(g/2,%(\/e),P) > L'

hold for some large L > 0.
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Compared with upper bounds for empirical processes, much less is understood for lower
bounds. [59] provided a lower bound under: (i) an upper uniform entropy condition; (ii)
a lower metric entropy condition in the Donsker regime. Here our entropy conditions are
based on the bracketing entropy that applies to classical set examples (cf. [48]), and the lower
bound also applies to the non-Donsker regime. Another set of case-by-case lower bounds are
provided in Section 11.1 of [48], where the lower bounds therein holds for all P,,. The strong
statement helps to identify that the studied cases therein are non-Donsker at the borderline.
This certainly comes at a price: no generality is provided, we must do a case-by-case analysis.

We briefly mention our proof technique for the lower bounds, which is based on Gaus-
sianization of the empirical process, followed by Sudakov minorization, coupled with a sharp
multiplier inequality proved in [76] to remove the effect of Gaussian multipliers without
incurring the worst-case cost (which is a multiplicative factor of O(y/logn) ). The Gaus-
sianization trick is classically adopted to prove asymptotic (equicontinuity) statements, cf.
(64, 65, 66], while previous lower bound techniques (cf. [59]) are based on the corresponding
lower bounds for Rademacher processes (cf. [93]), which inevitably involves uniform entropy
conditions.

Our lower bound technique holds more generally for empirical processes indexed by classes
of bounded measurable functions. For sake of completeness, we state this result without a

formal proof.

Theorem 4.2.5. Suppose that F C Lo (1) is a class of measurable functions, and that the

following entropy estimate holds for some v > 0:
log N[ )(g, F, Ly(P)) < Le™**, logN'(/2, F(e), Lo(P)) > L™ (4.2.3)

Here F(e) = {f € F: Pf? <&%}. Then for 0* 2 n= Y@+ we have:

1. Let 0 < a < 1. Then,

E sup |Gn(f)] Za o™ (4.2.4)
feF(o)
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2. Let a > 1. Then,

Esup|G,(f)| > E sup [Gn(f)| Za nl*" D2, (4.2.5)
fer feF(o)

The analogy of Remark 4.2.4 applies here as well. It is easy to see from the local maximal
inequality for the empirical process (cf. Lemma 4.5.2) that (4.2.4) is sharp. On the other
hand, as the counterexample suggested in [21], the lower bound (4.2.5) is not sharp for all

F.

Combining Theorems 4.2.1 and 4.2.3, we see one important message in these bounds:

1. In the Donsker regime (0 < o < 1), the local size of the empirical process

E sup |G,(C)| <o
Ce% (o)

is determined by the Ls-radius o and the complexity of the class of sets % .

2. In the non-Donsker regime (a > 1), the size of the empirical process

E sup |G,(C)| = Esup|G,(C)| < nlo-D/2+D)
Ce%(o) Cce%

is determined by the complexity of the set €, regardless of the local Lo-radius o.

To write Theorems 4.2.1 and 4.2.3 in a more compact form, we have the following.

Corollary 4.2.6. Suppose both (E1)-(E2) hold for some o # 1. Then for o* 2 n=Y@+D
holds that
E sup |Gn<0)’ = max{al_OC’n(a—l)/Q(oH_l)}'
Ceb (o)

4.2.2  Equivalence of sizes of the empirical process G,, and the limiting P-bridge process Gp

Let Gp be the standard P-Brownian bridge process. By Donsker theorem, we know that

Gy, —4q Gp in £ (€) for a Donsker class of set €, and hence

E sup |G,(C)] = E sup |Gp(C)|
Ce% (o) Ceb (o)
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as n — oo for a fixed Lo-radius o > 0. Here we are interested in the following question: Can
we assert the ‘closeness’ between the size of the empirical process Esupcey ()| Gn(C)| and its
limiting counterpart Esupceq () |Gp(C)| in a non-asymptotic setting (in particular, o = oy,
may change with n)?

The following theorem is a rather immediate consequence of Theorems 4.2.1 and 4.2.3.

Theorem 4.2.7. Suppose both (E1)-(E2) hold for some 0 < «a < 1. Then for o® >
en~V(@*D) there exists some K = K(c,a) > 0 such that

K 'E sup |Gp(C)] <E sup |G,(C)| < KE sup |Gp(C)|.
Ceb (o) Ce%é (o) Ceb (o)

To the best knowledge of the authors, Theorem 4.2.7 is the first result in the literature
asserting the equivalence (up to multiplicative constants) of the sizes of the empirical process
and its limiting Brownian bridge process in a non-asymptotic setting. Although far from
being satisfactory, such a result can also be viewed as a first step towards a ‘Gaussian
characterization’ for the size of empirical processes in analogy to Talagrand’s Majorizing

Measure Theorem [146] for the size of Gaussian processes.

Remark 4.2.8. Some technical remarks in order:

1. Using same proof techniques, Theorem 4.2.7 also holds for empirical processes indexed
by a general class of functions: if both entropy estimates in (4.2.3) hold for a uniformly
bounded class F, then

E sup |G,(f)| =ca E sup |Gp(f)]
feF(o) fE€F(0)

holds for 02 > en~'/(@*1) We remark again that the bracketing entropy condition can

be replaced by a uniform entropy condition.

2. The condition o2 > n='/(@*1) requires the empirical process is in its Gaussian domain
where the Lo-radius of ¥ dominates the size of the empirical process. Such a condition

cannot be relaxed in general: if the empirical process is in its Poisson domain, the L.,
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size of € can be dominating. As an illustrating example, we may take € = {[a, ] :

0<a<b<1}andn =1 Then Esupcey(,|Gi(C)| <1 for all (small) o > 0, while

Esupceq (o) |Gr(C)] S oy/log(1/0).

3. By Talagrand’s concentration inequality for empirical processes and Borell-Sudakov-
Tsirelson concentration inequality for Gaussian processes, it can be easily deduced that
the conclusion of Theorem 4.2.7 also holds in its L,(1 < p < co) version:

E( Sup ‘GMC)]) X;D,oz]E< sup ‘GP(C)O :

Ce?(o) Ce% (o)

4.3 Ratio-type empirical processes indexed by sets

4.3.1 Ratio-type empirical processes

In this subsection, we will be interested in the following prototypical question in the theory

of ratio-type empirical process:

Question 4.3.1. For what sequences of r, — 0 and ~,, — o0, is the sequence

P, (C) — P(C)|
no S , neN 4.3.1
! CG%:T%SI;’(C)Sl P(C) ( )

bounded away from 0 and oo, and does the sequence

sup | Pn(C)
cevr2<pcy<t P(C)

-1, neN (4.3.2)

converge to 0 almost surely?

Such a question, initiated addressed in [165, 136, 142, 104, 143] for uniform empirical
processes on (subsets of) R (or R?), is further investigated in [5] for VC classes of sets, and
extended by [60, 59] who studied more general VC-subgraph classes. These authors work
with classes satisfying uniform entropy conditions, and the class of sets (or functions) need be
Donsker apriori. The lack of corresponding results for non-Donsker class of sets are mainly
due to the lack of sharp upper and lower bounds for the behavior of empirical process. Here

we fill in this gap by using our Theorems 4.2.1 and 4.2.3.
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Theorem 4.3.2. Consider the sequence (4.5.1). Let r2 2 n=Y/+) gnd

n'2re o € (0,1);

Tn = L
n2e+n o > 1.
Then we have the following:
1. If (E1) holds,
. P, (C) — P(C)]
lim sup 7, sup < 00 a.s. 4.3.3
nooo | Cei<P(C)<1 P(C) .
2. If (E1)-(E2) hold,
P —P
lim inf ~,, sup P+ (C) (©)] >0 a.s. (4.3.4)
=00 Cegr2 <P(0)<1 P(C)

Theorem 4.3.3. Consider the sequence (4.3.2). Then there exists some large constant

K, > 0 such that:

1. If (E1) holds and

lim inf ri -p/(atl) > P
n—oo -

for some p € (Kq, 00|, then

lim sup sup |

~1/<0 (p‘(l/\HTa)> , a.s.
n—oo  Ce?:r2<P(C)<1 P(C) | -

2. If (E1)-(E2) hold and

limsupr? - nt/(+) < 5

n—oo
for some p € (K, ], then
. . ]P)n(c) _—(1ptte
lim inf sup -1 > (9( (1045 )> , a.s.
=00 CG%”:T%SP(C)SJ P(C) | ’

Remark 4.3.4. We make some technical remarks in order.

1. The analogy of Remark 4.2.4 holds for Theorems 4.3.2 and 4.3.3.
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2. Theorem 4.3.2 reveals a similar phenomenon as have seen in Theorems 4.2.1 and 4.2.3:
the normalizing factor +, for the standardized empirical process is determined by the
smallest Lo-radius of the element when the indexing class is Donsker, while such a

radius plays no role in 7, for a non-Donsker class of sets.

3. An interesting corollary of Theorem 4.3.3 is that under entropy conditions (E1)-(E2),
the sequence in (4.3.2) converges to 0 as n — oo almost surely if and only if r2 -

nt/(e+) - oo,

4. Theorems 4.3.2 and 4.3.3 are also valid in their L,(1 < p < 0o) versions (which can be

seen by integrating the tail estimates in the proofs). For instance, if (E1) holds, then

: P (C) = P(C)]
lim sup||yy sup [, (pem) < 00,
n—00 Cet:r2<P(C)<1 P(C>

and

P.(C _(1plta
lim sup|| sup ] ©) _ Uz, peny < O (/_) (1n5 ))

n—oo  Ce%:r2<P(C)<1 P(C)

Remark 4.3.5. We may consider more general weighting functions of form ¢(1/P(C)) as in
[59] rather than the special cases ¢;(t) = ¢ in Theorem 4.3.2 and ¢5(t) = t* in Theorem
4.3.3. Here we make these choices mainly due to the fact that ¢, ¢o are of special interest
in the history of empirical process theory [165, 136, 142, 104, 143, 5], and the corresponding

results for more general cases follow from minor modifications of the proofs.

[59] derived similar theorems (cf. Theorem 4.1 and Theorem 4.6 therein) as our Theorems
4.3.2 and 4.3.3 in terms of the size of a normalized version of the localized empirical processes.
In concrete applications, the results of [59] are especially suited for VC classes of sets, with
a special focus on recovering the classical results for uniform empirical processes on (subsets
of) R and R?. Our results here complement the results in [59] by allowing non VC-type

classes of sets, both Donsker and non-Donsker.
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4.3.2  Local asymptotic moduli

In this subsection we study local asymptotic moduli of the empirical process, which has been

considered historically for VC-type classes of sets and function classes in [5, 60, 59].

Definition 4.3.6. A local asymptotic moduli of the empirical process indexed by a class
of sets € is an increasing function w(-) for which there exist some r, < 4, < 1/2 both

non-increasing with 1/nd,, non-decreasing, such that

limsup  sup 1G] <00 as. (4.3.5)
n—oo r2<P(C)<62 W(y/P(C))

Such a local asymptotic moduli is called sharp if furthermore

L |G ()]
liminf  sup >0 as. (4.3.6)
n=o0 2 ep(oy<sz w(y/ P(0))

An important message of Theorems 4.2.1 and 4.2.3 is that a local asymptotic moduli of
the empirical process does not exist for a non-Donsker indexing class of sets, and hence we

will only consider Donsker classes of sets in the following theorem.

Theorem 4.3.7. Let 0 < o < 1. If (E1) holds, then w(t) = t'~% is a local asymptotic moduli,
i.e. (4.3.5) holds. If furthermore (E2) holds, then such a moduli is sharp, i.e. (4.3.6) holds.

We remark that our Theorem 4.3.7 extends directly to uniformly bounded function class
with entropy conditions (E1)-(E2) replaced by (4.2.3). The local asymptotic moduli for the
empirical process indexed by a class of measurable functions can be defined similarly as
Definition 4.3.6, where \/P(C) therein is replaced by op(f) = \/Varp(f) = /P(f — Pf)2.

The classical results concerning the local asymptotic moduli focus on VC class of sets

(cf. [5]), or more generally, VC-type class of functions (cf. [60, 59]). This roughly cor-
responds to the case v ~ 0 in (E1) with the bracketing entropy condition replaced by a

uniform entropy condition. Indeed, it is known that for a VC-subgraph class of functions F,

w(t) = ty/loglog(1/t) 4+ log(|| F||L,(p)/t) is a local asymptotic moduli for F, where F; is a

measurable envelope for {f € F : Pf? < t?}. As such, the local asymptotic moduli varies
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from ~ t\/m to ~ tm for VC-subgraph classes, depending on the size of
the localized envelope. As mentioned before, since we are not aware of any example for
which the size of the envelope is explicitly adjusted in the bracketing entropy estimates, we
do not illustrate such improvements here (in fact, we do not know any such example beyond
VC-type classes). We also note that none of [5, 60, 59] examined the sharpness of the local

asymptotic moduli in the sense of (4.3.6) in our Definition 4.3.6.

Remark 4.3.8. Similar to (3) of Remark 4.3.4, under respective conditions in Theorem 4.3.7,

(4.3.5) and (4.3.6) also hold in their L, versions.
4.4 Statistical applications

In this section, we apply the sharp bounds in Theorem 4.2.1 and 4.2.3 to several non-
Donsker statistical problems including edge estimation problem in additive and multiplicative
regression model, and the binary classification problem. The common theme is that global
empirical risk minimization procedures in these non-Donsker problems converge at an optimal

rate rather than a strictly sub-optimal rate obtained in [21].

4.4.1  Least squares estimation: additive errors

Let Xi,...,X, be iid. samples from law P on a sample space (X, .A). In this subsection

we consider the regression model with additive errors:
YVi=1g(Xi) + &, i=1,....n (4.4.1)

This model has been historically considered by [86, 87] and more recently by [26]. We assume
for simplicity that the ;’s are Gaussian errors with variance 1, and are independent of X;’s.
Let € be a collection of measurable sets in X, and we will fit the regression model by
{1¢ : C € €}. Our interest will be the behavior of the least squares estimator C, defined
by

n

~

i Y — 1c(X3))?.
C, € argmin (Y; — 1o(X3)) (4.4.2)

=1
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We assume that C), is well-defined without loss of generality.

Theorem 4.4.1. Suppose that for some a # 1, we have the entropy estimate
log Ni(e, ¢, P) < Le™®.

Then

sup B¢, |CAC,| < n~/(@+D),
Co€e?

By the seminal work [169], the rate n=!/(®*1) cannot be improved in a minimax sense if
furthermore a lower bound on the metric entropy on the same order as that of the upper
bound is available.

As a straightforward corollary of the above Theorem 4.4.1, let 6 be the collection of all
convex bodies contained in the unit ball in R¢ and P the uniform distribution on the unit

ball.
Corollary 4.4.2. Fiz d > 4. Then

sup E¢,|CrAC,| < n~2/(@+D),
C()E(b(/d

Proof. The claim essentially follows from Theorem 8.25 and Corollary 8.26 of [48], asserting
that we can take a = (d — 1)/2 in Theorem 4.4.1. O

The corollary shows that we can use a global least squares estimator rather than a sieved

least squares estimator (cf. [26]) to achieve the optimal rate of convergence.

4.4.2  Least squares estimation: multiplicative errors

In this subsection we consider the regression model with multiplicative errors as in [87, 99]:

Y = feo(Xom, (4.4.3)

where fo,(z) = 21¢,(z) —1 and n;’s are i.i.d. random variables such that P(n; = 1) =1/2+a
and P(n; = —1) = 1/2 —a for some a € (0,1/2). Such a model is motivated by estimation of
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sets in multi-dimensional ‘black and white’ pictures, where Y; = 1 is interpreted as observing
black, and Y; = —1 is white. We refer the reader to [99] for more motivation for this model.

Apparently, the model (4.4.3) can be rewritten as

Y =2afc,(X;) + & (4.4.4)

where & = fc,(X;)(n; — 2a)’s are bounded errors. An important property for these errors
is that E[§|X;] = 0 for all ¢ = 1,...,n. Note here ¢ is not independent of X; and hence a
different analysis is needed. Now consider the least squares estimator
C, = i Y; = 2afo(X)))?. 4.
arg min ;( afo(X,)) (4.4.5)

Theorem 4.4.3. Suppose that for some o # 1, we have the following entropy estimate:
log Ni(e, ¢, P) < Le™“.

Then

sup B¢, |CACy| < n~H/(@+D),
Coe?

Compared with Theorem 4.1 in [99], we use an unsieved least squares estimator to achieve
the optimal rate, rather than their theoretical ‘sieved’ estimator. This provides another
example for which the simple least squares estimator can be rate-optimal for non-Donsker

function classes in a natural setting.

4.4.3  Binary classification: excess risk bounds

In this subsection we consider the binary classification problem in learning theory, cf. [150,
108]. Suppose one observes i.i.d. (Xi,Y1),...,(X,,Y,) with law P, where X takes values in
X, and the responses Y; € {0,1}. A classifier g : X — {0, 1} over a class G has a generalized
error P(Y # g(X)). The excess risk for a classifier g under a law P is given by

Erlg) = P(Y # 9(X)) — inf P(Y £ ¢/(X)
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It is known that for a given law P on (X,Y), the minimal generalized error is attained by
a Bayes classifier go(x) = 1,(2)>1/2 where n(z) = E[Y'|X = «], cf. [42]. It is then natural to
consider an estimator of gy by minimizing the empirical training error:
Jpn = argmin L zn: Lyizg(x0)-
9€G N =

The quality of the estimator g, is measured by the excess risk:

Ep(gn) = P(Y # gn(X)) = P(Y # go(X)).

Let IT be the marginal distribution of X under P. We assume the following ‘Tsybakov’s

margin(low noise) condition’ (cf. [100, 150]): there exists some ¢ > 0 such that for all g € G,

Ep(g) > c(T(g(X) # go(X))) = cllg = goll7,p)- (4.4.6)

Here we have assumed that the margin condition holds with x = 1. For more general margin
condition k > 1, faster rates are possible, cf. [100, 150]. We will not go into this direction
to avoid distraction from our main points.

Below is the main result in this subsection, the formulation of which follows that of

84, 59.

Theorem 4.4.4. Suppose G = {1¢ : C' € €} satisfies the following entropy condition: there

exists some o # 1 such that for all € > 0,

log N;(e,€,P) < Le™“.

If r2 > n=V@+) then

]P’( AT (1+K S gD )) < K'exp(—s/K"),

geg:p(g)>r2 €P(9) 2 nr2 nr2

holds for some constants K, K' > 0. In particular,
P (Ep(gn) > 12) < K exp(—nr?/K")

holds for some constant K" > 0.
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[150] considered the same problem under the working assumption o € (0, 1) (cf. Assump-
tion A2, page 140). [108] used ratio-type empirical process techniques to give a more unified
treatment of deriving risk bounds for this problem, when the class of classifiers satisfies a
Donsker bracketing entropy condition (i.e. 0 < a < 1), or a Donsker uniform entropy condi-
tion. [59] further improved the result of [108] in the Donsker regime under a uniform entropy
condition, by taking into account the size of the localized envelopes. See also [84] page 2618,
[89] page 1706 for similar Donsker conditions. To the best knowledge of the authors, our
Theorem 4.4.4 gives a first result for the global ERM to be rate-optimal in a non-Donsker

setting in the classification problem.

4.5 Proofs of the main results

In this section we prove Theorems 4.2.1-4.3.7. Theorem 4.2.5 follows line by line from the

proof of Theorem 4.2.3 so we omit the details.

4.5.1  Proof of Theorem 4.2.1

Proposition 4.5.1. Suppose there exists some o > 1 such that for € > 0, we have the

entropy estimate
log N;(e,€, P) < Le™“.

Then

E sup|G,,(C)| < Cponl D/t
cew

Proof. Let k, be such that 2%» = n!/(@*1) (by slightly ignoring the rounding issue for no-
tational convenience). For any 1 < k < k,, let N, = N;(27% €, P) < exp(L2**), and let
{Ar; C B,m-}f-\[:’“1 denote a minimal bracketing set such that P(By; \ Ay;) < 27%. Then for
any A € €, there exists some i = i(k, A) € [1 : Ni] such that Ay; C A C By,. Note that for
any k > 0,

P (Akite, ) AAk—1i0-1,4)) < P (Apie,a)AA) + P (Ap_1i6-1,4)AA)

S 2—k‘ + Q—k-‘rl S 2—k‘+2'
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Consider the set

Qk = {C € -/4 . C S {Ak,z \ Ak*l,ja Akfl,j \ Ak,h Bk,i \ Ak,i}lgiSNk,lngNk,la
P(C) < 2721,

Then | Qx| < 2Nj_1Ni+ Ni, < 3exp(2L-2%*). By Bernstein’s inequality (cf. page 36 of [22]),
for any 1 < k < k,,,
E max |G, (C)| < % + 2772 /log| Qx|
CeQy ~ \/ﬁ

Qka
< _+2k(a71)/2'

NL \/ﬁ

For any A € €, consider the following chaining:

kn
1Akn,i(kn,A) = Z <1Ar,i(r,A) - 1Ar71,i(r71,A)>
r=1
where we define Ag. = (). Then,
Ac®
kn kn
S Z E Sup‘Gn(Ar,i(r,A) \ Arfl,i(rfl,A))‘ + Z E Sup’Gn(Arfl,i(rfl,A) \ Ar,i(r,A))’
~ Ace — aee
kn kn ora
<2» Emax|G,(C)|] <1 ( + 2’"(0‘1)/2>
ana

+ an(a—l)/2 < OL an(a—l)/Q(oH-l)

<
~L,a \/ﬁ

by our choice of k, such that 2¥» = n!/(®+1)  On the other hand,

E sup|Gn(A\ Ak, ik,,4))]
Ae?

<E sup VP (B ik, 4) \ Ak ithn.a)) + sup VP (Br, ik, 4) \ Akpikn,A))
S S

S ]E sup |Gn(0)| + 2 sup \/ﬁP(Bkn,i(kn,A) \Akn,i(kn,A)>
CEan Ac®

kna
< 2 4 gknla=1)/2 \/52—1% <, n@=1)/2(a+1)

~n
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This entails that

Ae? A€ Ae?€

SL,a n(afl)/Q(aJrl) :

as desired. ]

We shall note that the above chaining argument used L; =< L2 in the end. This property
explains why such a chaining method is particularly well suited for the class of indicator

functions and does not extend to a general function class.

Lemma 4.5.2 (Lemma 3.4.2 of [162]). Suppose that F C Ly(1), and Xy,..., X, s are i.i.d.
random variables with law P. Then with F(8) = {f € F : Pf* < §*}. Then

(4.5.1)

E||Z€if(Xz‘)”}'(6) S \/EJH((S, F, Ly(P)) (1 + JH<57 F, L2(P))).

Vné?

Here

d
HEFID= [ i+ 108N F ) de

Proof of Theorem 4.2.1. First consider 0 < a < 1. Upper bounds in this regime follow di-
rectly from the local maximal inequality as in Lemma 4.5.2 by noting that Njj(e, €, Ly(P)) =
Ni(e?, %€, P), and hence

(0, %, Lo(P)) < / e de <, 01,
0
For o2 > n~Y(@+1) we then have

E sup [Gu(C)] Ko 0™
Ce%é (o)

Next consider a > 1. A global upper bound follows from Proposition 4.5.1:

E Sup|Gn(C)| 504 n(a—l)/?(a-&-l)’
Cce?s

completing the proof. O
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Remark 4.5.3. From the proof of Theorem 4.2.1, we see that for 0 < a < 1, the bracketing
entropy condition can be replaced by the uniform entropy condition—then we only need to

use the corresponding local maximal inequality for empirical processes instead of Lemma

4.5.2 used here, cf. [161] or Section 3 of [59].

4.5.2  Proof of Theorem 4.2.3
We first prove the lower bound for Gaussianized empirical process.

Proposition 4.5.4. For any o > 15n~Y? such that

log N'(0/4,€ (), La(P)) < no? /400,

we have

E sSup |\/—29le ZU\/IOgN(O/z%(U)?LQ(P))'

Ceb (o)
Lemma 4.5.5 (Sudakov minorization [144]). Let (Xi)ier be a centered separable Gaussian

process, and ||t — s||* := E(X; — X,)?. Then

Esup X; > C~ sup€\/10g/\/€ T, [])).

teT

Here C' is a universal constant.

Proof of Proposition 4.5.4. By Sudakov minorization (cf. Lemma 4.5.5), for any o > 0,

E sup |\/_Zgzlc (X;)| 2 Eo+/log N (c/10,€(0), Ly(P,,)). (4.5.2)

Ce% (o

We claim that for any o > 0 such that log N (0 /4,6 (0), Ly(P)) < no? /400,

P (N(0/10,%(0), Ls(Pn)) > N(0/2,€(0), Lo(P))) > 1 — e~"77/20, (4.5.3)

To see this, let C,...,Cy be a maximal o/2-packing set in the Lo(P) metric, i.e. for ¢ # j,
P(1¢, — 1¢,)? > 0?/4. Since P(1¢, — lcj)4 = P(1¢, — 1¢,)* < 20°, we apply Bernstein’s

inequality followed by a union bound to see that with probability at least 1 — N2 exp(—t),

- 2t —
max (nP(lCZ - 1Cj>2 - Z(lol — ]-Cj)2(Xk)> S g + 4tno?.

1<i#j<N
<i#j< Pt
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With t = cno? with a constant ¢ > 0 to be specified below, we obtain

L1 ) , (1 2
- — 10 > -
P<lg?;52m2<la o000 o (-5 40))

> 1 —exp (2logD(0/2,€(0), L2(P)) — cno?)

> 1—exp (2log N (0/4,% (0), Ls(P)) — cno?) .

By choosing ¢ = 0.01 and log N'(c/4,% (0), Lo(P)) < no?/400, we have

ISIASN 0 4

1 n
P ( min =Y (g, — 1¢,)*(X) > 0.0402) > 1 — exp(—no?/200).
The event in the probability on the left side of the above display is
D(o/5,%(0), La(P,)) > N =D(c/2,%(0), La(P)).

Hence for any o > 0 such that log N'(0/4, € (0), Ly(P)) < no? /400, with probability at least
1— 67n0'2/200’
N(0/10,% (), Ly(B,)) > D(0/5,%(0), Lu(P,))
> D(0/2,%(0), L2(P)) =2 N(0/2,%(0), L2(P)),

completing the proof of (4.5.3). Hence for any o > 15n~'/2 such that the entropy log N'(¢/4, € (c), Lo(P)) <
no? /400, the claim of the proposition follows from (4.5.2) and (4.5.3). O

Next we eliminate the effect of the Gaussian multiplier. We need the following form of a

multiplier inequality to handle lower bounds in the Donsker regime.

Lemma 4.5.6 (Theorem 1 in [76]). Suppose that &,...,&, are i.i.d. mean-zero random
variables independent of 1.i.d. Xy,...,X,. Let F1 D --- D F, be a non-increasing sequence
of function classes. Assume further that there exist non-decreasing concave functions {1\, } :

R>o — Rxg with 1,(0) = 0 such that

EIIZ&f(Xi)ka < Pn(k) (4.5.4)
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holds for all 1 < k <n. Then

EIIZ& Mz <4 [ (Pl > 1) . (155)

Proposition 4.5.7. Suppose that the following entropy estimates

log N'(e/4,%(Ve), P) < Le™®, logN (/2,4 (\/e), P) > L'

hold for some o € (0,1) and L > 0 large enough. Then for o2 > en=(@+Y) with some

constant ¢ > 0,

E sup [G,(C)] 20 ol
CECK(UTL)

Proof. By Proposition 4.5.4, the Gaussianized empirical process satisfies

sup Zgzlc z)| Z Jn\/logN(an/Qy(g(gn% LQ(P)) Z C11_10-111_06‘

CECK(O"/L
Suppose that ¢ < ¢. Without loss of generality, we assume that ¢ = 0,(y)* = en™7 for
some 0 <y < 1/(aw+1). We first prove the following claim: there exists some ¢; > 0 such
that for any 0 <~ <1/(a+ 1),

E sup \/—Z&lc D > ol (4.5.6)

Ceb(on)
Suppose the contrary, then for any ¢, > 0, we can find some +" € [0,1/(c 4 1)] such that

sup |Z€le D] < cav/no, (V)Y = et =928,

CGCK (on) i—1

where 8 = (o, 7)) = $(1-(1—a)v') € [a/(1+«),1/2]. Now apply the multiplier inequality
Lemma 4.5.6, we see that

n

AM=R2pf — ol < O B sup IZ gile(Xy)|
Ce(bﬂ(Un) i=1

< 4020(1_“)/271*8/ (P(|lg:| > t))ﬁ dt
0

< 4eyGy, - 1=2)/2p8
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where Gy = [° (P(|g1| > t))a/ 149 4t < 0o since Gaussian random variables have finite
moments of any order. The above display will be invalid as soon as ¢y < 1/4G,,. This proves
our claim (4.5.6). Now by de-symmetrization inequality (cf. Lemma 2.3.6 of [162]), we have
that

E sup gilo(X))| <2E sup |G, (C)|+ 20,. 4.5.7
Cewn)\/—z i)l CEZ(%)! (@] (4.5.7)

For o, < (1/4¢;)Y* A ¢'/2, the claim of the proposition follows from (4.5.6) and (4.5.7). On
the other hand, the claim is trivial for o, > (1/4c;)Y/* A c'/2. O

The following alternative formulation of the multiplier inequality, proved in Proposition

1 of [76], will be useful in handling the lower bounds in the non-Donsker regime.

Lemma 4.5.8. Let &, ...,&, be i.i.d. symmetric mean-zero multipliers independent of i.i.d.

samples X1, ..., X,. For any function class F,

EHZ& r <E Z(I% | = 1&w+)) EHZ eilf (Xi)llx (4.5.8)

k=1

where [y > -+ > |Em)| = [€ma1)| = 0 are the reversed order statistics for {&}i,.
Proposition 4.5.9. Suppose that the following entropy estimates

logNi(e,€,P) < Le™®, logN(e/2,€¢(\/e),P) > L™ e
hold for some o > 1. Then for o2 = cn= Y@+ with some constant ¢ > 0,

E sup |G,(C)] > nla-b/2a+D),
CEC(om)

Proof. Proposition 4.5.4 shows that

1 n
E sup |— g:1c(Xy)| 2 o /Iog N (0,/2,€(0,), L2(P)) = nle—1)/2(e+1)
Cet(on) VI ; v

Now applying Lemma 4.5.8 in the following form,

k
E sup 9ilo(X;)| < max E sup gilo(X
Ce?(on) \/_Z RS I<k<n ceg( an) Z:
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we see that

max E sup |Gy > pla-l)/2atl),
Isksn Ce‘r”(an)| )]

On the other hand, Proposition 4.5.1 entails that

E sup ’Gk(cﬂ Sa k(afl)/Q(OkFl),
Ceb(ok)

and hence

max E sup |Gy <, nlamb/2a+D)
1<k<n CG%(U/C)| ( )l

by the assumption o > 1. Combining the upper and lower estimates we see that there exists

some K = K, > 1 such that

K 1ple— 1)/2(a+1)< max E sup |Gx(C)|
1<k<n Ce?(on)

< max E sup |G(C)| < Knlo-D/2etD),
1<k<n Ce (o)

Now we will argue that the max operator can be ‘eliminated’. To this end, let ap =
Esupcey(o,)|Gr(C)| and B = (a — 1)/2(a + 1) for notational convenience. Let k, =
arg maxi<j<, ax. We claim that k, € [en,n] where ¢ = K~/ € (0,1). To see this, we
only need to note

K™'n? < max ay = ay,, <Kk5

1<k<n
which entails k7 > K~2n®. Hence
K~ ipleD/2e+) < B sup |Gy, (C)] < —E  sup |Gn(C’)|
Ce%(on) \/_ Ce%(on)
where the last inequality follows from Jensen’s inequality, proving the claim. O]

Proof of Theorem 4.2.3. The claims follow by combining Propositions 4.5.7 and 4.5.9.  [J

Remark 4.5.10. For 0 < a < 1, Proposition 4.5.7 only requires a metric entropy condition,
which is weaker than a uniform entropy condition (cf. Problem 2.5.1 of [162]). Hence our

proof technique applies to the uniform entropy assumption case as studied in [59].



149

4.5.83  Proof of Theorem 4.2.7

We need Dudley’s entropy integral bound, recorded below for the convenience of the reader.

Lemma 4.5.11 ([46]). Let (X,)ier be a centered separable Gaussian process, and ||t —s||* :=

E(X; — X,)?. Then

diam(7")
Esup X, < c/ VI N T ) de.
0

teT
Here C' is a universal constant.
Proof of Theorem 4.2.7. Let g be a standard normal random variable independent of Gp,
and let Zp(C) = Gp(C) + g - P(C). The covariance structure of Zp is then given by
EZp(C)Zp(C") = Plgler = P(C N '), and hence the canonical distance associated with
Zp is dz(C,C") = \/E(Zp(C) — Zp(C"))2 = \/P(1c — 1)? = /P(CAC"). By Sudakov

minorization (cf. Lemma 4.5.5), we have

E sup |Zp(C)| 2 0\/log N(0%/2,%(0), P) Z o
Cet(o)

Dudley’s entropy integral (cf. Lemma 4.5.11) entails that

E sup |Zp(C)| 5/ Viog N (€2, €, P) de < o' 7.
0

Ce%b (o)
Now Theorems 4.2.1 and 4.2.3 entail that
E sup [G,(C)] <o E sup |Zp(C)|.
Ce%(o) Ce% (o)
On the other hand, by definition of Zp, we have
E sup |Zp(C)|<E sup |Gp(C)|+sup P(C) <o *+o0 S
Ceb (o) Ce% (o) Cev

since o < 1, and

Cet (o) Cet (o) cew
if 0 < (c1/2)"/*. Thus we have shown that

E sup [G,(C)] <. E sup |Gp(C)|.
Ce% (o) Ce% (o)

holds for o < (c;/2)"/®. The case for o > (c;/2)"® holds trivially from the ordinary Donsker

theorem. O
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4.5.4  Proofs of Theorems 4.3.2-4.3.7

Before proving Theorems 4.3.2-4.3.7, we need some preparation. We will investigate the
behavior of ratio-type empirical processes in a more general setting as in [59]. Let ¢ be a
continuous and strictly increasing function with ¢(0) = 0. Let ¢ (r) = {C € ¢ : P(C) < r?}
and €'(r,s] = €(s) \ €(r). Fix 0 <r < § < 1. For a real number 1 < ¢ <2, let | =15, be

the smallest integer no smaller than log,(d/r). Put for any s = (sq1,...,s;) € RL,,

E[| G|« rgi—1lrqi
Br.q(r,0) = max [Gnll 2 re)
’ 1<t p(rgd)

rq’\/S; + si/\/n
Tnq(7,0,8) = max ¢S j/\/_
’ 1<t o(rgd)

The following result is essentially due to [59]. We state a somewhat simplified and easier-to-

)

(4.5.9)

use version.

Proposition 4.5.12. Assume that ¢ is continuous, strictly increasing and satisfies sup,<,<; ¢(qzr)/¢(x) =

Krq < 00 for some 1 < q<2. Then for any s = (s1,...,5) € RZZO, both the probabilities
G, (C
P sup 1G] > KKyg (ﬁn,q(r, 8) + Tug(r, 6, s))
Ce?:r2<P(C)<4? gb < P(C’))

and

P sup _— < K(ﬁw(r, §) — Tng(r, 9, s))
Ce¢:r2<P(C)<52 ¢ ( P(O))

can be bounded by
!
KZexp (—s;/K).
j=1
Here K > 0 is a universal constant.

Proof of Proposition 4.5.12. We only prove the first claim; the second follows from similar
arguments. The proof is a simple application of Talagrand’s concentration inequality com-
bined with a peeling device. Write €; = € (r¢? !, r¢’] and ¢ (u) = ¢(r¢?) if u € (r¢? ', r¢’|

for notational convenience. By Talagrand’s concentration inequality,

s
IP’{HG,ZH% > K (E|]Gn||<gj +4/o2s; + 7%) } < Kexp(—s;/K)
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where 0]2 = SUPjeq, P (C) = r?q¥. Hence by a union bound we see that with probability at

least 1 — 22:1 K exp(—s;/K), it holds that

G, (C
sup |—()’ — K Bnq(r,9)
Ce€:r2<P(C)<8? ¢q ( P(O))
+
Gulle.  KE|G, || £rgi-1 rgi rq’ /5 + s /\/n
< max H ||‘6J . || ||]:(Aq ,rq?) < K max q \/_J ]/\/_
1<\ o(r¢?) P(rg) 1<j<i o(rg’)
Now the conclusion follows from sup,.,<, ¢(qz)/¢(x) < oco. O

The next lemma, due to Lemma 7.2 of [5], provides a convenient device to derive almost

sure results for ratio-type empirical processes.

Lemma 4.5.13. Let ¢, u, be such that c,/n N\, and u, \, and assume that r, \, and
V/né, /. For a centered function class F C Lao(P), put the events

A, =A{|G,f| > cudp(opf) + uy, for some f € F,r, <opf <dn},

and

As = {]Gnﬂ > (1—¢)(cad(opf) +uy) for some f € F,

rnSO’PfS V1+€6n}

Assume that inf,>1 i, 5] cn@ > 0. Then if

P(4;) = O(1/(logn)™*)
holds for some €,60 > 0, we have
P(A, i.0.) =0.
Proof of Theorem 4.3.2 . Consider the first claim. Note that for 0 < a < 1,

') "
< max ("— =
Pra < 1<G<E Tog?

—
n

while for oo > 1,
n(a_l)/Q(OH‘l) «
Bng S max ————— < n2efD,
’ 1<5<i rng?
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For s; = s + 2K log j, we have

2K log j
Tn7q<max( 5+2Klogj—|—8+ Og])
<

< Vs Vioglog(1/r,) + (s V 1)~ %+

and the probability estimate

l l

KZeXp(—sj/K) = Ke™* Zj‘Q < K'e™®.

j=1 =1
This proves that

¢ G.(C)

sup —
cevr2<pc)<1 / P(C)

> K (,Bn,q + /s Vloglog(1/ry,) + (s V mrm) ) (4.5.10)
< K'e™".

The first claim of (1) follows from Lemma 4.5.13 by setting s < loglogn. The second
claim follows from similar lines by observing that under (E2), Theorem 4.2.3 yields that for

O0<a<l,

while for o > 1,
n(a—l)/Q(a—l—l) N

g 2, Max —————— <X n20f,
1<5< Tng?

and 7, , can be estimated from above using the same arguments. O]

Proof of Theorem 4.53.3. The proof of Theorem 4.3.3 uses a similar strategy as that of The-
orem 4.3.2. For convenience of the reader we provide some details. Consider the first claim.

Note that for 0 < a < 1,

r qj)l—a
< max (n— =r
6717‘1 ~ 1<j<l r%qgj

—(1+a)

3

while for oo > 1,
nla—1)/2(a+1)

a—1
qu < max T S T;2’I’I,2(0‘+1> .
1<5<! riq
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For s; = s + 2K log j, we have

_ - s+ 2Klogy
Tn,q S mgxi( (rnl,/s —+ 2K10g] + W)
< \/T;Q (s V log log(l/rn)) + (s V1) (v/nr?)™t

This shows that, for

Ly |20 g e (0, 1);
Vn = (ngn_aTl> = 1
o inT e a>1.
we have
P,(C)— P(C
Py [OPO
Cetr2<P(C)<1 P(C)
> K <% + \/(m‘%)‘l(s Vloglog(1/r,)) + (s v 1)(nri)‘1) ) (4.5.11)

< K'e™®.

The first claim of the theorem follows by taking s < loglogn, applying Lemma 4.5.13 and
noting that limsup, 7, < 3*1 by the assumption. The second claim follows similarly by
estimating f3,, from below, up to a multiplicative constant, by %, and then repeat the

arguments as above. O

Proof of Theorem 4.5.7. Let 2 =< n='+) and §2 = o((loglogn)~/*). We will apply
Proposition 4.5.12 with ¢ = 2. Note that sup, < w(2z)/w(x) = 2'"* < oo, satisfying the
assumption of Proposition 4.5.12. If (E1) holds, we see by Theorem 4.2.1 that [, 4(rn, 0,,) <

C; for some C; > 0. Choose s; = 3K loglogn, we have that
a6 8) = max m2v/1oglogn + loglogn/y/n

1<5<i rl-e2i(l-a)

loglogn
o5 (1
i~ o)

for our chosen 7, and d,. Now the claim follows from the first inequality of Proposition

< 604/loglogn +

4.5.12 and Lemma 4.5.13. The second claim follows by noting that 3, ,(r,0,) > Cy for
some Cy > 0 in view of Theorem 4.2.3, and using the same estimate for 7, 4(ry,0,,s) as

above. O



154

4.6 Proofs of the applications

In this section we prove Theorems 4.4.1-4.4.4.

4.6.1 Proof of Theorem 4.4.1

Lemma 4.6.1 (Proposition 2 of [76]). Consider the regression model (4.4.1) and the least
squares estimator C., in (4.4.2). Suppose that &, ...,&, are mean-zero random variables

independent of Xy, ..., X,. Further assume that

E sup Zéz — 1) (Xi)| S ¢n(6),
CG<5-\CACO\<52

E fza ~16,)(X)] £ 60(0).

ce%: |CACO|<62
hold for some ¢, such that & — ¢y (6)/8 is non-increasing. Then E|CLACy| = O(52) holds
for any 8, such that ¢,(8,) < /né>.

Proof of Theorem 4.4.1. By Lemma 4.6.1 the risk of the least squares estimator

62 = sup B¢, |C,ACy| = sup Eq,(1s — 1¢,)>
Coe? Coe?

can be solved by

sup E sup \/_ 25 — 1¢,)(Xi)| S V/ndy,

Coe? CE(&”:|CA00|§§2

sup E sup |\/— Zﬁz ]-Co 2)| SJ \/55721

Co€?  Ce?:|CACH <2

Since the global entropy estimate is invariant over shift, by Theorem 4.2.3, we obtain

sup E sup |—= 0i(le — 1) (Xi)| S max{(srlb_a,n(a_l)/z(m“l)},
Co€E  Ce?:|CAC,H|<52 \/_ Z ’

It is now easy to see that the choice §2 =< n™! /(e+1) Jeads to an upper bound of the the
above display on the desired order y/nd?. The Gaussian randomized empirical process can
be handled via the multiplier inequality Lemma 4.5.6 by letting v, (t) = () = t*/(®*1) and
then use the fact that Gaussian random variables have infinitely many moments. We omit

the details. N
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4.6.2  Proof of Theorem 4.4.3

We need the following analogy of Lemma 4.6.1 before proving Theorem 4.4.3.

Proposition 4.6.2. Consider the regression model (4.4.4) and the least squares estimator

C., in (4.4.5). Further assume that

E sup Zéz — 1) (X3)| S ¢n(0),

06%;\0A00\<52

holds for some ¢, such that & — ¢,(8)/8 is non-increasing. Then E|C,ACy| = O(82) holds
for any 8, such that ¢,(5,) < /ndé>.

Proof. Let

Mof = 2 S0~ f)(X)E — = 7~ HP(X), MF = —P(f ~ fo)?

i=1 =1

Here we used the fact that E[§;|X;] = 0. Then it is easy to see that

M, f M fo — (Mf = M) < 12 S2(F = o) (X081 +1(Ba = P — fo)’]

i=1
The first term can be handled by a conditioning argument with contraction principle for the
empirical process so that &’s are eliminated (i.e. the dependence structure of &’s does not

matter), while the second term is standard, and then we use the proof strategy of Proposition

2 in [76]. 0
Proof of Theorem 4.4.3. The proof follows by Proposition 4.6.2 and similar arguments as
the proof of Theorem 4.4.1. O]

4.6.3  Proof of Theorem 4.4.4

We need some further notations. For any g € G, write fy(2,y) = 1,44). Let G(6) = {g €
G : Ep(g) < d}. Let [ be the smallest integer such that 22! > 1, and for any 1 < j <, let

Fi={fg —fo: 91,92 € g(rfﬂj)}.
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Lemma 4.6.3. Suppose G = {1¢ : C € €} satisfies the following entropy condition: there

exists some o # 1 such that for all € > 0,
log Ni(e, ¢, P) < Le™“.

Then

P(max supser, [P (f) — P(f)] zc<i+K 5 Lk

1<5<1 227 nr nr

S

)) < K'exp(—s/K')
holds for some constants K, K' > 0 provided r2 - n'/(@*1) > 1.

Proof. The proof is similar to that of Theorem 4.5.12. By Talagrand’s concentration inequal-

ity, we see that

P

sup |G, (f)| = K <E sup |Gy (f) +4/07s; + S—j>] < Kexp(—s;/K).
feF; feF; \/ﬁ

Let . ={S5: f, = 1g,9 € G}. Note that for g; = 1¢,, g2 = 1¢, € G, where C;,Cy € €, we

have f,, = 1g,, fg, = 1s,, and hence
P(S1AS3) = P(fg — fe)* < P91 — g2)* = P(CLACY).

This shows that N;(e,.”, P) < Ni(e, ¢, P). Furthermore, for any g € G(r227), let S € .%

be such that f; = 1g. Then similar to the above display, we have
P(SASy) < llg = golli,py < ¢ 12,

where the last inequality follows from the margin condition. Now by Theorem 4.2.1, we

obtain
Esup |G,(f)| SE sup [Gn(fy)]

feF; 9€9(ri27)

<E sup |G, (9)]
Se.7:P(SASy)<c—1r227

< max{(r227)(1-0)/2 ploa=/2at)y
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On the other hand,

O'J2~ = sup||f||%2(p) = sup |fy — f92||%2(P)
fEF; 91,92€G(r227)

<4 sup |lg—golli,p) Sdct sup  Ep(g) < de 2’
9€G(r22)) 9€G(r32))

This implies that with s; = s27,

P [supfe;cj |Pn(f) - P(f)|

Y,
ra2l

> K.r, 2277 <max {n_1/2(r32j)(1_a)/2, n_l/(a“)}

+ T Y2(r220)12 /5002 4 n_132j)}

< K exp(—52’/K).
Note that

ry, 227 (max {n~ 1/2(y297)(1=0)/2 _1/(a+1)} + V2 (220 Y2 [52/2 4 '527)

< 1 1 S S
max \/_ra+1 r2pl/(e+1) + n_n%+n_7“,21

- 4K \/ ,% nr2

under the assumption. Now a union bound leads to the desired claim. O

Proof of Theorem 4.4.4. Given the estimate in Lemma 4.6.3, the proof of the theorem closely
follows that of Theorem 7.1 of [59]. We provide some details for the convenience of the reader.

Then on the event

EE{{E]aqsupfefm”() P(f)’< (ZIL+K +Ki>},

r227 nr2 nr2
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we have for any g € G(r227) \ G(r227~!) and ¢’ € G(0o) for some 0 < o < r227,
Ep(9) = P(fy — fo) + [P(fy) = Pfoo]
< P(fy—fg)+0o
<Pulfy = fo) + 0+ [P — Pl5

1 s .
<& K K— ) r22
< ]}Dn(g)+0+6<4—|— m02+ W%)rn

4 nr

1
< - .
_5[pn(g)+0'+( + K 2+Knr)2gp(g)

n

Since o > 0 is taken arbitrarily, we see that on the event F, it holds that

Ep (9) 1
> _ _
Ep(g) 1 5 + 2K m“2 + 2Km“2 (4.6.1)

for all g € G such that Ep(g) > r2. Furthermore, the above display entails that on the event
E, we necessarily have Ep(g,) < r2 for n large enough. Hence for any g € G(r227)\G(r22771),

we have

&r,(9) = Pulfy) = Pulfs.)
SPfg_Pfgn+||Pn_PHF-

1
< — .
<o)+ (3 K[ 4 ) 26000)

n

Sgull((g)) - 1+( +2K\/7n+2Knr2)' (4.6.2)

The proof of the claim is complete by combining (4.6.1)-(4.6.2) along with Lemma 4.6.3. [

This entails that

4.7 Talagrand’s concentration inequality

We frequently use Talagrand’s concentration inequality [145] for the empirical process in the

form given by [106] in the proofs. For sake of completeness, we record it as follows.

(TALAGRAND’S CONCENTRATION INEQUALITY) Let F be a countable class of real-valued

measurable functions such that sup ;cz|| f||cc < b. Then

P <sup|an| > 2Esup|G,, f| + V8a2x + 34.5b—> <e®
fer fer
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where 0* = sup;c» Varpf, and G,, = y/n(P, — P).
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Chapter 5

LEAST SQUARES ESTIMATION IN NON-DONSKER
MODELS II: MULTIVARIATE ISOTONIC MODEL

5.1 Introduction

[sotonic regression is perhaps the simplest form of shape-constrained estimation problem,
and has wide applications in a number of fields. For instance, in medicine, the expression
of a leukaemia antigen has been modelled as a monotone function of white blood cell count
and DNA index [134], while in education, isotonic regression has been used to investigate the
dependence of college grade point average on high school ranking and standardised test re-
sults [53]. A further application area for isotonic regression approaches has recently emerged
in genetic heritability studies, where it is often generally accepted that phenotypes such as
height, fitness or disease depend in a monotone way on genetic factors [102, 131, 97]. In
these latter contexts, as an initial simplifying structure, it is natural to ignore potential ge-
netic interactions and consider additive isotonic regression models; however, these have been
found to be inadequate in several instances [135, 67, 54]. Alternative simplifying interaction
structures have also been explored, including those based on products [55], logarithms [133]
and minima [148], but the form of genetic interaction between factors is not always clear and
may vary between phenotypes [102, 97].

Motivated by these considerations, we note that a general class of isotonic functions,
which includes all of the above structures as special cases, is the class of block increasing

functions

-Fd::{f:[oal]d%Ra f(mlv"'axd)Sf(xlb"‘?x:yl)

when z; <af for j =1,...,d}.
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In this paper, we suppose that we observe data (Xi,Y7),...,(X,,Y,), with n > 2, satisfying

where fy : [0,1]¢ — R is Borel measurable, &, ... &, are independent N(0,1) noise, and
the covariates X, ..., X,,, which take values in the set [0, 1], can either be fixed or random
(independent of &3, ..., &,). Our goal is to study the performance of the least squares isotonic

regression estimator f,, € argmin .z > {Y; — f(X;)}? in terms of its empirical risk

. 1 < -
Ro(fu: fo) = E [5 2 {n(X0) = (XY (5.1.2)
Note that this loss function only considers the errors made at the design points Xi,..., X,

and these points naturally induce a directed acyclic graph Gx = (V(Gx), E(Gx)) with
V(Gx) ={1,...,n} and E(Gx) = {(3,7) : (X3); < (X#); Vj =1,...,d}. It is therefore
natural to restate the problem in terms of isotonic vector estimation on directed acyclic
graphs. Recall that given a directed acyclic graph G = (V(G), E(G)), we may define a
partially ordered set (V(G), <), where u < v if and only if there exists a directed path from

u to v. We define the class of isotonic vectors on G by
M(G) :={# e RV D .9, <0, for all u < v}.

Hence, for a signal vector 6y = ((6p):)1~, := (fo(Xi))7, € M(Gx), the least squares estima-
tor B, = ((6,):)™; := (f(X;))™, can be seen as the projection of (Y;)™, onto the polyhedral
convex cone M(Gx). Such a geometric interpretation means that least squares estimators
for isotonic regression, in general dimensions or on generic directed acyclic graphs, can be
efficiently computed using convex optimisation algorithms (see, e.g., [52, 88, 140]).

In the special case where d = 1, model (5.1.1) reduces to the univariate isotonic regression
problem that has a long history [e.g. [27, 163, 15, 153, 154, 45, 21, 115, 50, 49, 167]]. See
[69] for a general introduction. Since the risk only depends on the ordering of the design
points in the univariate case, fixed and random designs are equivalent for d = 1 under the

empirical risk function (5.1.2). It is customary to write Rn(én, 6p) in place of R, ( o, fo) for
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model (5.1.1) with fixed design points. When (6p); < --- < (6p), (le. Xy <--- < X,,), [172]

proved that for d = 1 there exists a universal constant C' > 0 such that

(fo)n — (90)1>2/3 N 10gn}7

n n

Ry (0,,00) < C{(

which shows in particular that the risk of the least squares estimator is no worse than
O(n=%?) for signals #y of bounded uniform norm. In recent years, there has been con-
siderable interest and progress in studying the automatic rate-adaptation phenomenon of
shape-constrained estimators. This line of study was pioneered by [172] in the context of
univariate isotonic regression, followed by [33] and most recently [18], who proved that

Ro(0,,00) < inf {||6_90H%+k§f)log( €">>}, (5.1.3)

T 9eM(Gx) n k(0

where k(6) is the number of constant pieces in the isotonic vector 6. The inequality (5.1.3)
is often called a sharp oracle inequality, with the sharpness referring to the fact that the
approximation error term n!(|0 — 6|3 has leading constant 1. The bound (5.1.3) shows
nearly parametric adaptation of the least squares estimator in univariate isotonic regression
when the underlying signal has a bounded number of constant pieces. Other examples
of adaptation in univariate shape-constrained problems include the maximum likelihood
estimator of a log-concave density [83], and the least squares estimator in unimodal regression
35].

Much less is known about the rate of convergence of the least squares estimator in the
model (5.1.1), or indeed the adaptation phenomenon in shape-restricted problems more gen-
erally, in multivariate settings. The only work of which we are aware in the isotonic regression
case is [34], which deals with the fixed, lattice design case when d = 2. For a general dimen-
sion d, and for ny,...,ng € N, we define this lattice by Ly, n, == H?Zl{l/nj, 2/n;, ..., 1}

when n; = ... = ng = n'/? for some n € N, we also write Layn = Lgpn,, . n, as shorthand.

d

When {X1,..., X,,} = Loy, n,, [34] showed that there exists a universal constant C' > 0 such
that

— 4 8
Rn(én,go) < C’{ ((90)7117712 (90)1,1) log n n log n}’

nt/2 n
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—-1/2

with a corresponding minimax lower bound of order n over classes of uniformly bounded

signals. They also provided a sharp oracle inequality of the form

R _ 2 1 8
Ro(0n00) < in (”9 bolla | Ok(0) Lo ”) (5.1.4)
0eM(L2nq ny) n n

where k(0) is the minimal number of rectangular blocks into which Ly ,,, », may be partitioned
such that 0 is constant on each rectangular block.

A separate line of work has generalised the univariate isotonic regression problem to
multivariate settings by assuming an additive structure (see e.g. [10, 119, 101, 37]). In the
simplest setting, these works investigate the regression problem (5.1.1), where the signal f

belongs to

d
Fild = {f € Fa: f(wy,...,2q) = ij(%’),fj € F1, Ifillo < 1}-

The additive structure greatly reduces the complexity of the class; indeed, it can be shown
that the least squares estimator over F349 attains the univariate risk n=2/3, up to multiplica-
tive constants depending on d [e.g. Theorem 9.1 [160]].

The main contribution of this paper is to provide risk bounds for the isotonic least squares
estimator when d > 3, both from a worst-case perspective and an adaptation point of view.
Specifically, we show that in the fixed lattice design case, the least squares estimator satisfies

sup Rn(én,Qo) < Cn~4 log* n, (5.1.5)
Oo€EM(La,n),l100[lc0<1

for some universal constant C' > 0. This rate turns out to be the minimax risk up to poly-
logarithmic factors in this problem. Furthermore, we establish a sharp oracle inequality:
there exists a universal constant C' > 0 such that for every #, € Rtdan,

Ru(0,,00) < inf {M + C(@)Z)/d log® (%) } (5.1.6)

- 0eM(LLg,yn) n

where k(#) is the number of constant hyperrectangular pieces in 6. This reveals an adaptation

rate of nearly (k/n)%*? for signals that are close to an element of M(LLy,) that has at most
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k hyperrectangular blocks. A corresponding lower bound is also provided, showing that the
least squares estimator cannot adapt faster than the n=%¢ rate implied by (5.1.6) even for
constant signal vectors. Some intuition for this rate is provided by the notion of statistical
dimension, which can be thought of as a measure of complexity of the underlying parameter
space; see (5.2.2) below for a formal definition. A key step in the proof of (5.1.6) is to observe
that for d > 2, the statistical dimension of M(ILg,,) is of order n'=2/¢ up to poly-logarithmic
factors; see Table 5.1. The adaptation rate in (5.1.6), at least in the constant signal case,
can therefore be understood as the ratio of the statistical dimension to the sample size. This
reasoning is developed and discussed in greater detail at the end of Section 5.2.

We further demonstrate that analogues of the worst-case bounds and oracle inequali-
ties (5.1.5) and (5.1.6), with slightly different poly-logarithmic exponents, remain valid for
random design points X1, . .., X, sampled independently from a distribution P on [0, 1]¢ with
a Lebesgue density bounded away from 0 and co. Such random design settings arguably oc-
cur more frequently in practice (cf. the examples given at the beginning of this introduction)
and are particularly natural in high dimensions, where sampling design points on a fixed lat-
tice is rarely feasible or even desirable. Nevertheless, we are not aware of any previous works
on isotonic regression with random design even for d = 2; this is undoubtedly due to the
increased technical challenges (described in detail after the statement of Theorem 5.3.2 in
Section 5.3) that arise in handling the relevant empirical processes.

In addition to the risk R, (f,, fo) in (5.1.2), for random designs we also study the natural

population squared risk

R(fus fo) = E|lfo — fol2y0p) = E[{fa(X) — fo(X)}7].

where (X,Y) < (X1,Y1) and is independent of (X1,Y1),...,(Xn,Ys). We note that the
quantity £ [{ Y — fn(X )}2] , often referred to as the generalisation error for squared error loss
in the machine learning literature, is simply equal to 1+ R(f,, fo) in our context. Both our
upper and lower bounds for the R( o, fo) are broadly similar to the R, ( f, fo) setting, though

the proofs are very different (and quite intricate), and we incur an additional multiplicative
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factor of order logn for the approximation error term in the oracle inequality.
Our results in both the fixed and random design settings are surprising in particular with

regard to the following two aspects:

1. The negative results of [21] have spawned a heuristic belief that one should not use
global empirical risk minimisation procedures' when the entropy integral for the cor-
responding function class diverges (e.g. [160] page 121-122, [127]). It is therefore of
particular interest to see that in our isotonic regression function setting, the global
least squares estimator is still rate optimal (up to poly-logarithmic factors). See also

the discussion after Corollary 5.2.3.

2. Sharp adaptive behaviour for shape-constrained estimators has previously only been
shown when the adaptive rate is nearly parametric (see, e.g., [72, 33, 18, 83]). On the
other hand, our results here show that the least squares estimator in the d-dimensional
isotonic regression problem necessarily adapts at a strictly nonparametric rate. Clearly,
the minimax optimal rate for constant functions is parametric. Hence, the least squares
estimator in this problem adapts at a strictly suboptimal rate while at the same time

being nearly rate optimal from a worst-case perspective.

In both the fixed lattice design and the more challenging random design cases, our analyses
are based on a novel combination of techniques from empirical process theory, convex geom-
etry and combinatorics. We hope these methods can serve as a useful starting point towards
understanding the behaviour of estimators in other multivariate shape-restricted models.
The rest of the paper is organised as follows. In Section 5.2, we state the main results
for the fixed lattice design model. Section 5.3 describes corresponding results in the random

design case. Proofs of all main theoretical results are contained in Sections 5.4-5.7.

!The term ‘global’ refers here to procedures that involve minimisation over the entire function class, as
opposed to only over a sieve; cf. [160].
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5.1.1 Some further notation

For any Borel measurable R C X, we write | f||1,pr) == ([ [f]? dP)l/p. For r > 0, we
write By(r, P) = {f : X = R, ||fllz,p) <7} and Bo(r) == {f : & = R, [|f|lcc < 7r}. We
will abuse notation slightly and also write B,(r) := {v € R" : |jv||, < r} for p € [1,00]. The
Euclidean inner product on R? is denoted by (-,-). For z,y € RY, we write <X y if z; < y;
forall j=1,....,d.

Throughout the article &y, ..., &, and {&, : w € Ly, . n,} denote independent standard
normal random variables and 4, ..., ¢, denote independent Rademacher random variables,
both independent of all other random variables. For two probability measures P and @)
defined on the same measurable space (X,.A), we write dry (P, Q) := supc4 |P(A) — Q(A)|
for their total variation distance, and di;, (P, Q) := [, log % dP for their Kullback-Leibler

divergence.

5.2 Fixed lattice design

In this section, we focus on the model (5.1.1) in the case where the set of design points forms
a finite cubic lattice L, defined in the introduction. In particular, we will assume in this
section that n = nl for some n; € N. We use the same notation Ly, both for the set of
points and the directed acyclic graph on these points with edge structure arising from the
natural partial ordering induced by <. Thus, in the case d = 1, the graph L, , is simply a
directed path, and this is the classical univariate isotonic regression setting. The case d = 2

is studied in detail in [34]. Our main interest lies in the cases d > 3.

5.2.1 Worst-case rate of the least squares estimator

Our first result provides an upper bound on the risk of the least squares estimator 0, =

0,(Y1,...,Y,) of By € M(Lg,).
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Theorem 5.2.1. Let d > 2. There exists a universal constant C > 0 such that
sup R (0,,00) < Cn~Ylog* n.
00EM(Lg,n)NBoo(1)
Theorem 5.2.1 reveals that, up to a poly-logarithmic factor, the empirical risk of the

1/d

least squares estimator converges to zero at rate n="/¢. The upper bound in Theorem 5.2.1

is matched, up to poly-logarithmic factors, by the following minimax lower bound.

Proposition 5.2.2. There exists a constant cq > 0, depending only on d, such that for

d>2,
inf sup Rn(én, 00) > can M4,
On QQEM(Ld,n)mBoo(l)
where the infimum is taken over all estimators 9~n = én(ifl, ..., Yy) of 0.

Recall that, given a directed acyclic graph G = (V, E), a chain in G of cardinality L
is a directed path of the form (iy,...,is), where (i;,4i;41) € E for each j = 1,...,L — 1;
an antichain in G of cardinality L is a subset {i1,...,ir} of V such that for each distinct
J.j" € {1,..., L} there is no chain containing both i; and ;. A key observation in the proof

1-1/d  As design

of Proposition 5.2.2 is that L4, contains a large antichain of size L 24 n
points in the antichain are mutually incomparable, an intuitive explanation for the lower
bound in Proposition 5.2.2 comes from the fact that we have L unconstrained parameters
in [—1, 1] to estimate from n observations, which translates to a rate at least of order L/n.
From Theorem 5.2.1 and Proposition 5.2.2, together with existing results mentioned in the
introduction for the case d = 1, we see that the worst-case risk n~™{2/(@+2).1/d} (yp to poly-
logarithmic factors) of the least squares estimator exhibits different rates of convergence in
dimension d = 1 and dimensions d > 3, with d = 2 being a transitional case. From the
proof of Proposition 5.2.2, we see that it is the competition between the cardinality of the
maximum chain in Gx and the cardinality of the maximum antichain in G x that explains the
different rates. Similar transitional behaviour was recently observed by [82] in the context of

log-concave density estimation, though there it is the tension between estimating the density

in the interior of its support and estimating the support itself that drives the transition.
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The two results above can readily be translated into bounds for the rate of convergence
for estimation of a block monotonic function with a fixed lattice design. Recall that Fy is
the class of block increasing functions. Suppose that for some f, € Fy, and at each € Ly,

we observe Y'(z) ~ N(fo(z), 1) independently. Define P, :=n~"3" _ 4, and let A denote

the set of hypercubes of the form A = H?:1 A;, where either A; = [0, nll] or A; = (ijﬁzl, :le]

for some i; € {2,...,n1}. Now let H denote the set of functions f € F; that are piecewise

constant on each A € A, and set f, := argmingcy, > {Y(z) — f(x)}*. The following is

JTG]Ld’n

a fairly straightforward corollary of Theorem 5.2.1 and Proposition 5.2.2.

Corollary 5.2.3. There exist c4,Cy > 0, depending only on d, such that for Q = P, or
Lebesgue measure on [0,1]¢, we have
can M <inf  sup Bl fn— folli,o
frn fo€F4NBoo(1)

< sup  E|fu— foll},o < CanVlog'n,
fo€EF4NBoo(1)

where the infimum is over all measurable functions of {Y (x) : x € Ly, }.

This corollary is surprising for the following reason. [57] Theorem 1.1 proved that when

d > 3 and Q denotes Lebesgue measure on [0, 1]%,
log N (2, F4 N Boo (1), || * || £a(q)) =a e 2“7, (5.2.1)

In particular, for d > 3, the classes F; N Bo(1) are massive in the sense that the entropy
integral f; log"/? N (g, FaN Buo(1), || || 1,(@)) de diverges at a polynomial rate in 6~ as § \, 0.
To the best of our knowledge, this is the first example of a setting where a global empirical risk
minimisation procedure has been proved to attain (nearly) the minimax rate of convergence

over such massive parameter spaces.

5.2.2  Sharp oracle inequality

In this subsection, we consider the adaptation behaviour of the least squares estimator in

dimensions d > 2 (again, the d = 2 case is covered in [34]). Our main result is the sharp
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oracle inequality in Theorem 5.2.4 below. We call a set in R? a hyperrectangle if it is of the
form H;.lzl I; where I; C R is an interval for each j = 1,...,d. If A = H?Zl[aj,bj] where
{j : b; = a;}| > d —2, then we say A is a two-dimensional sheet. A two-dimensional sheet
is therefore a special type of hyperrectangle whose intrinsic dimension is at most two. For
0 € M(Lg,), let K(0) denote the smallest K such that Ly, C US| A, where Ay, ..., A
are disjoint two-dimensional sheets and the restricted vector 64,1 4n 18 constant for each

(=1,... K.

Theorem 5.2.4. Let d > 2. There exists a universal constant C > 0 such that for every

80 € RLd’",
; - 10 —6oll3 , CKB), s(_n
(O, 00) < f 1 .
B (On, o) eeAllI(lLd,n){ n * n e K(0)

We remark that Theorem 5.2.4 does not imply (nearly) parametric adaptation when
d > 3. This is because even when 6, is constant on L,, for every n, we have K(6)) =
nl@=2/d 5 o0 as n — oo. The following corollary of Theorem 5.2.4 gives an alternative
(weaker) form of oracle inequality that offers easier comparison to lower dimensional results
given in (5.1.3) and (5.1.4). Let M®)(IL,,,) be the collection of all § € M(L,,,) such that
there exist disjoint hyperrectangles R, ..., Ry with the properties that Ly, C Uf_, R, and

that for each £, the restricted vector 0g,r,, is constant.

Theorem 5.2.5. Let d > 2. There exists a universal constant C > 0 such that for every

QO € Rﬂ‘d’",
) : . 16— 6oll3 K\ g (1
< 17— ollz r LARS
B0, 00) < lgellfw{ee/\/l%ggﬂld,n) n +C n log.4 k

It is important to note that both Theorems 5.2.4 and 5.2.5 allow for model misspecifica-
tion, as it is not assumed that 6y € M(Lg,). For signal vectors 6, that are piecewise constant
on k hyperrectangles, Theorem 5.2.5 provides an upper bound of the risk of order (k/n)%?
up to poly-logarithmic factors. The following proposition shows that even for a constant

signal vector, the adaptation rate of n=2/¢ given in Theorem 5.2.5 cannot be improved.
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Proposition 5.2.6. Let d > 2. There exists a constant cq > 0, depending only on d, such
that for any 6y € MW (Ly,,),

) n~tlog’n ifd=2
Rn(erw 90) Z Cd

n~2/d if d > 3.

The case d = 2 of this result is new, and reveals both a difference with the univariate
situation, where the adaptation rate is of order n='logn [18], and that a poly-logarithmic
penalty relative to the parametric rate is unavoidable for the least squares estimator. More-
over, we see from Proposition 5.2.6 that for d > 3, although the least squares estimator
achieves a faster rate of convergence than the worst-case bound in Theorem 5.2.1 on con-
stant signal vectors, the rate is not parametric, as would have been the case for a minimax
optimal estimator over the set of constant vectors. This is in stark contrast to the nearly
parametric adaptation results established in (5.1.3) and (5.1.4) for dimensions d < 2.

Another interesting aspect of these results relates to the notion of statistical dimension,

defined for an arbitrary cone C' in R™ by?
5(C) = / T (2)|[2(2m) /261182 4 (5.2.2)

where Il is the projection onto the set C' [6]. The proofs of Theorem 5.2.5 and Propo-
sition 5.2.6 reveal a type of phase transition phenomenon for the statistical dimension
§(M(Lgp)) = Rn(6,,0) of the monotone cone (cf. Table 5.1).

The following corollary of Theorem 5.2.4 gives another example where different adapta-
tion behaviour is observed in dimensions d > 3, in the sense that the n=?/%1log®n adaptive
rate achieved for constant signal vectors is actually available for a much wider class of iso-
tonic signals that depend only on d — 2 of all d coordinates of Lg,,. For r = 0,1,...,d, we
say a vector 8y € M(LLy,,) is a function of r variables, written 6, € M, (L), if there exists
J C{1,...,d}, of cardinality r, such that (6y) ... 2. = (90)(33/17.”%) whenever z; = z; for
all j € J.

20ur reason for defining the statistical dimension via an integral rather than as E||ILc(€)||3 is because, in
the random design setting, the cone C' is itself random, and in that case 6(C) is a random quantity.
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Table 5.1: Bounds™ for (M (Lg,)).

d upper bound lower bound

1 it Yt
2 <log®nt > log®n
>3 < pl=2dlogtp >, nl-2/d

* Entries without a reference are proved

in this paper.

Corollary 5.2.7. For d > 2, there exists constant Cy > 0, depending only on d, such that

(

n=%10g%n ifr <d—2
Sup Rn<éna to) < Cq  n=4/d) 10g16/3 n ifr=d-1
00EM ;- (Lg.n)NBoo (1)
n~Ydlog*n ifr=d.

\

If the signal vector 6y belongs to M,.(Lg,), then it is intrinsically an r-dimensional iso-
tonic signal. Corollary 5.2.7 demonstrates that the least squares estimator exhibits three
different levels of adaptation when the signal is a function of d,d — 1,d — 2 variables re-
spectively. However, viewed together with Proposition 5.2.6, Corollary 5.2.7 shows that no
further adaptation for the least squares estimator is available when the intrinsic dimension
of the signal vector decreases further. Moreover, if we let 7 = n*¢ denote the maximum
cardinality of the intersection of Ly, with a two-dimensional sheet, then the three levels of
adaptive rates in Corollary 5.2.7 are =1, 7~2/3 and 7~'/2 respectively, up to poly-logarithmic

factors, matching the two-dimensional ‘automatic variable adaptation’ result described in [34]
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Theorem 2.4. In this sense, the adaptation of the isotonic least squares estimator in general

dimensions is essentially a two-dimensional phenomenon.

5.3 Random design

In this section, we consider the setting where the design points Xy, ..., X, are independent
and identically distributed from some distribution P supported on the unit cube [0, 1]¢. We
will assume throughout that P has Lebesgue density po such that 0 < mqo < inf ¢ 132 po(z) <
SUP,e(o.14 Po(z) < My < oo. Since the least squares estimator fn is only well-defined on
X1,..., X, for definiteness, we extend f, to [0,1]¢ by defining f,(z) := min({fn(X,-) 1<
i <n,X; =z} U{max; fn(Xl)}) If we let P, :=n~tY "  dy,, then we can consider the
empirical and population risks B, (Fu, fo) = Ellfu—fol3 s, and R(Fu, fo) = Ell fufoll2 r)

The main results of this section are the following two theorems, establishing respectively
the worst-case performance and the adaptation behaviour for the least squares estimator in
the random design setting. We write F, a(lk) for the class of functions in F; that are piecewise
constant on k hyperrectangular pieces. In other words, if f € fék), then there exists a

partition [0, 1]¢ = LU§_, Ry, such that each R, is a hyperrectangle and f is a constant function

when restricted to each Ry. Let 7o :=9/2 and v, := (d* + d + 1)/2 for d > 3.

Theorem 5.3.1. Let d > 2. There exists Cqmon, > 0, depending only on d,my and Mo,
such that

sup max{R(fn, fo), Rn(fm fo)} < Cd,mo,Mon_l/d log™ n.

fo€EFaNBos (1)

Theorem 5.3.2. Fiz d > 2, and a Borel measurable function fo : [0,1]7 — R. There exists

Camo, Mo > 0, depending only on d, my and My, such that

7 AN n
< . . . 2 v 27(1 v ]
Rn(fmfo) = lirellg{felr;-gk) ||f fO||L2(P) +Cd,m0,M0 (n> 10g+ (k?)}

On the other hand, if we also have || follo < 1, then there exists a universal constant C' > 0

such that

P . . k: Q/d
R(fn, fo) < ,igg{ClOgn m%; If — f0||i2(p) + Camo. M, (ﬁ) loghdn},

feFs
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To the best of our knowledge, the bound in Ls(P,) risk in Theorem 5.3.2 is the first
sharp oracle inequality in the shape-constrained regression literature with random design.
The different norms on the left- and right-hand sides for the R, (f,, fo) bound arise from the
observation that E|| f — f0||%2(Pn) =|f- f0||%2(P) for f € ]-"C(lk). For the R(f,, fo) bound, the
norms on both sides are the same, but we pay a price of a multiplicative factor of order logn
for the approximation error.

The proofs of Theorems 5.3.1 and 5.3.2 are considerably more involved than those of
the corresponding Theorems 5.2.1 and 5.2.4 in Section 5.2. We briefly mention two major

technical difficulties:

1. The size of F,4, as measured by its entropy, is large when d > 3, even after L., truncation
(cf. (5.2.1)). As rates obtained from the entropy integral [e.g. [160] Theorem 9.1] do not
match those from Sudakov lower bounds for such classes, standard entropy methods
result in a non-trivial gap between the minimax rates of convergence, which typically
match the Sudakov lower bounds [e.g. [169] Proposition 1], and provable risk upper

bounds for least squares estimators when d > 3.

2. In the fixed lattice design case, our analysis circumvents the difficulties of standard
entropy methods by using the fact that a d-dimensional cubic lattice can be decomposed
into a union of lower-dimensional pieces. This crucial property is no longer valid when

the design is random.

We do not claim any optimality of the power in the poly-logarithmic factor in The-
orems 5.3.1 and 5.3.2. On the other hand, similar to the fixed, lattice design case, the

~1/d

worst-case rate of order n up to poly-logarithmic factors cannot be improved, as can be

seen from the proposition below.

Proposition 5.3.3. Let d > 2. There exists a constant cqmq.m, > 0, depending only on

d, mqy and My, such that,

inf  sup  min{R(fu, fo), Ru(fu, fo)} > camonren ™%,
fn fo€EF4NBoss (1)
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where the infimum is taken over all measurable functions f, of the data (X1,Y1),..., (X, Ya).

We can also provide lower bounds on the adaptation rate risks for the least squares

estimator when f; is constant.

Proposition 5.3.4. Let d > 2. There exists a constant cqa, > 0, depending only on d and
My, such that for any fo € Fél),

Rn(fna fO) Z Cd,Mon_Q/d~

On the other hand, when d > 2, there exist a universal constant co > 0 and cqmgn, > 0 for

d > 3, depending only on d, mqg and My, such that for any fy € ]:C(ll),

—1 .
R(fn, ) > Com ford =2

Camo o~ Nog ¥ n for d > 3.

A key step in proving the first part of Proposition 5.3.4 is to establish that with high
probability, the cardinality of the maximum antichain in G is at least of order n'~'/¢.
When d = 2, the distribution of this maximum cardinality is the same as the distribution of
the length of the longest decreasing subsequence of a uniform permutation of {1,...,n}, a

famous object of study in probability and combinatorics. See [130] and references therein.

5.4 Proofs of results in Section 5.2

Throughout this section, £ = (&u)weL dogng denotes a vector of independent standard nor-

mal random variables. It is now well understood that the risk of the least squares estimator
in the Gaussian sequence model is completely characterised by the size of a localised Gaus-
sian process; cf. [36]. The additional cone property of M(L,,) makes the reduction even
simpler: we only need to evaluate the Gaussian complexity of M(Lg,) N Bz(1), where the
Gaussian complexity of T C RF¢mina is defined as wy 1= Esupyer(&,0). Thus the result

in the following proposition constitutes a key ingredient in analysing the risk of the least

squares estimator.
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Proposition 5.4.1. There exists a universal constant C' > 0 such that for d > 2 and every

1<n < - <ny with H;l:lnj:n, we have

V2/m d-1,-1/2 < | n

A sip (g6 <C log" n.
(d— 1)1 0EM(Lan, . ..n))NBs(1) Nd—1Mq
We remark that in the case ny = --- = ng = n'/?, we have n¢~'n=1/2 = n__ —

ng—1nq
n'/2-1/4 " Also, from the symmetry of the problem, we see that the restriction that n; <
-+« < ng is not essential. In the general case, for the lower bound, n; should be replaced
with min; n;, while in the upper bound, n4_;n4 should be replaced with the product of the

two largest elements of {ny,...,ngq} (considered here as a multiset).

.....

W+ :={w € Lan,, . n, : ijl njw; > n1} and W~ = {w € Lyp,, . n, : Z;l:l njw; < n}.

we define 6(§) =

,,,,, ng’

,,,,,

(

1 if we W+
0w := { sgn(&,) ifwe W

—1 fweW-.

\

Since [|0(£)]|3 = n, it follows that

0(¢) >
E 6 E —_—
P M PRULE <5’ EGIE

..... ng

weW+ weW = weW

The proof of the lower bound is now completed by noting that

W= (Zf;) > (lell)d_l. (5.4.1)

We next prove the upper bound. For j = 1,...,d — 2 and for z; € {1/n;,2/n;,...,1},

we define AI1 Tg_o = {’UJ = (wl,...,wd) € Ld,nl 7777 ng - (wl,...,wd_z) = (,Tl,...,ﬂfd_g)}.

.....
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.....

D.,..c,, M(As 2, ,). Hence, by the Cauchy—Schwarz inequality and [6] Proposition 3.1
(5,9,10), we obtain that

2 2
(E sup <£,9>> SE{( sup <£,e>> }
0EM (L, . )OBs(1) 0EM (L, .. )OBa(1)

AAAAAAAAAA

n

1Ogi (ndflnd> )

d—2
— §(M(Lyy <
(M< 2nq_1, d)) En] ~ N 1M
as desired. Here, the final inequality follows from [34] Theorem 2.1 by setting 8* = 0 (in
their notation) and observing that 5(/\/1 (]Lgvnd_hnd)) = nd_lnan(én, 0) < logi(nd_lnd). O

Proof of Theorem 5.2.1. Fix 0y € M(Ly,,) N Boo(1). We have by [36] Theorem 1.1 that the

function

t—E sup (£,0 — 0p) —12/2
0eEM(La,n),ll0—b0|<t

is strictly concave on [0,00) with a unique maximum at, say, ¢, > 0. We note that tq < ¢,

for any t, satisfying
t2
E sup (&,0 —0y) < = (5.4.2)
0EM(Lan).||0—6ol|<t. 2

For a vector 6 = (0,)zeL,,,, define § :=n=t 3" 0, and write 1, € Rtan for the all-one

:EE]Ld’n

vector. Then

E sup <£7 6) - 90> = E sup <€7 8 - 9_01n>
0EM(La,n),[10—0oll2<tx 0eM(La,n),10—00ll2<t«
<E sup (&0 —001,,)

GEM(qun)vHe_é()ln||2gt*+n1/2

—F sup (€,0) = {t. + 0" hwrgw,)n.);
0EM(Lg,n)NBa(ts+n'/?)
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where we recall that waw,,)nB,(1) = ESuDgem, ,)np.(1)(§: 0)- Therefore, to satisfy (5.4.2),

it suffices to choose

1/2
te = Wat(Le0nBo(1) + {0y nBa() T 20 20y nB0 |

1/2
S maX{wM(Ld,n)ﬂBz(l)v ”1/41”/\{1(%,")032(1)}- (5.4.3)

Consequently, by [36] Corollary 1.2 and Proposition 5.4.1, we have that

~

Rp(0,00) < ntmax(1,t2) <n 2 < nVeloghn,
which completes the proof. O

The following proposition is the main ingredient of the proof of the minimax lower bound
in Proposition 5.2.2. It exhibits a combinatorial obstacle, namely the existence of a large
antichain, that prevents any estimator from achieving a faster rate of convergence. We state
the result in the more general and natural setting of least squares isotonic regression on
directed acyclic graphs. Recall that the isotonic regression problem on a directed acyclic
graph G = (V(G), E(G)) is of the form Y, = 0, + &,, where § = (6,)vev(c) € M(G) and

£ = (&)vev(e) is a vector of independent N (0, 1) random variables.

Proposition 5.4.2. If G = (V(G), E(G)) is a directed acyclic graph with |V (G)| = n and
W C V(Q) is an antichain of G, then

~ 4\W
inf sup R, (0,,00) > u»

On o€ M(G)NBoo(1) 2Tn

where the infimum is taken over all measurable functions 6, of {Y, : v € V(G)}.

Proof. Let Wj be a maximal antichain of G containing W. If v ¢ W}, then by the maximality
of Wy, there exists ug € Wy such that either ug < v or ug > v. Suppose without loss of
generality that it is the former. Then v £ wu for any u € W), because otherwise we would
have ug < u, contradicting the fact that W, is an antichain. It follows that we can write
V(G) = Wt UWo U W, , where for all v € W, u € Wy, we have u 2 v, and similarly for all

veW,, ueW,, we have v 2 u.
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For 7 = (7,) € {0,1}° =: T, we define ™ = (07) € M(G) N B (1) by
(

S
<3
Il

p(2r, — 1) ifveW,

1 if ve Wy,

\

where p € (0,1) is a constant to be chosen later. Let P, denote the distribution of {Y,, : v €
V(G)} when the isotonic signal is 7. Then, for 7,7" € T', by Pinsker’s inequality [e.g. [125]
page 62], we have

1 1,
d?FV(PT’PT’) < §d%<L(PTvPT’) = ZHQ =075 = p*IT = 7'llo-
Thus, setting p = 2/3, by Assouad’s Lemma [cf. [171] Lemma 2], we have that

inf  sup  Ry(0,,6) > infsup R,(6,,607)

On 0oeM(G)NBoso(1) 0n TET
2
p°|Wol 4|W|
>—(1— > —
-~ n ( p)Z 27n '
as desired. O

Proof of Proposition 5.2.2. Recall that n, = n'/¢. We note that the set

d
W = {U: (Ul,...,vd)T GLd,n : Zvj - 1}
j=1

is an antichain in L, of cardinality (7;1:11) > (”dl:ll)d_l. The desired result therefore follows

from Proposition 5.4.2. O]

Proof of Corollary 5.2.3. For ) = P,, the result is an immediate consequence of Theo-
rem 5.2.1 and Proposition 5.2.2, together with the facts that

inf sup Rn(én, 0p) =inf  sup Ean — fOH%Q(Pn)
On 90€M(Ld,n)ﬂ3m(l) fn fondﬂBoo(l)
and
sup Rp(0n:00) =  sup  Elfu— foll,p-

OoeM(Lg,n)NBoo (1) fo€FaNBoso (1)
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Now suppose that Q is Lebesgue measure on [0, 1]¢. For any f : [0,1]¢ — R, we may define
0(f) := f‘]Ld,n. On the other hand, for any 6 : L;,, — R, we can also define f(6) : [0,1]¢ - R
by

FO) (1, ... zq) = 0(n]  nuzy], ..., ny nizg)).

We first prove the upper bound by observing from Lemma 5.7.1 and Theorem 5.2.1 that

sup  Ellfn— foll,0)

fo€FaNBoo(1)
<2 sup {0 T'EN0(fa) = 0(f0)I3 + ILfo = FOU)Tae }
fo€FaNBoo(1)
1 .
<2 sup —E||0, — 6o]|3 + 8dn~Y? < Cyn~Ylog’ n,

906/\/((1[‘(1‘")0300(1) n
as desired. Then by convexity of H and Proposition 5.2.2, we have

inf  sup  El|fy— foll7,q > inf sup Ell fo — £(00)ll7,0)
fr fo€FaNBoo (1) fn BoeM(Lg )NBoo(1)

= inf sup El| f(0(fa)) — f(00)lI7,0)
fn GQGM(]Ld n)NBso(1)

= inf sup —E||9~n — )% > cqn~ 1,

On BoeM(Ly,)NBoo(1) T

which completes the proof. O]

Proof of Theorem 5.2.4. Recall that the tangent cone at a point x in a closed, convex set K
is defined as T'(z, K) := {t(y —z) : y € K,t > 0}. By [18] Proposition 2.1 (see also [34]
Lemma 4.1), we have

Ro(00) <~ in L6 — 6ull3 + 5(7(0. ML)} (5.4.4)

1 0eM(Lq,n)
For a fixed § € M(LLg,) such that K(0) = K, let L,,, = UL, A, be the partition of L, into
two-dimensional sheets A, such that 6 is constant on each A,. Define my := |A,|. Then any
u € T(0, M(Ly,)) must be isotonic when restricted to each of the two-dimensional sheets;

in other words

T(0, M(Lg,)) @ (0, M(Ay)) = P M(A).
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By [6] Proposition 3.1(9,10), we have

5(T(0, M(Ly,))) < 5(@ M(A@) = 5(M(Ay)). (5.4.5)
(=1 /=1

By a consequence of the Gaussian Poincaré inequality [cf. [22] page 73] and Proposition 5.4.1,

we have

2
§(M(Ay)) < (E sup (5A2,0)> +1 < log? my. (5.4.6)
9EM(A)NBa(1)

Thus, by (5.4.5), (5.4.6) and Lemma 5.7.2 applied to x ~ log% x, we have

K
n
§(T(0, M(Lap))) S Z log} my < K logh (E)’
=1
which together with (5.4.4) proves the desired result. O

Proof of Theorem 5.2.5. For a fixed § € M®) (Layp), let Ly, C Lllgleg be a covering of L,
by disjoint hyperrectangles such that 6 is constant on each hyperrectangle R,. Suppose
R N Ly, has side lengths my,...,mg (so [ReNLgy| = H?Zl m;). Then it can be covered

m“ifl | parallel two-dimensional sheets, where m; and m;: are the largest two
A

by the union of
elements of the multiset {m,,...,my}. By Jensen’s inequality (noting that x — 2'~%/¢ is

concave when d > 2), we obtain

k 1-2/d
K0) <S> [ReN Lg% < k(= . 5.4.7
)< DD RenLanl = < £ (547)
This, combined with the oracle inequality in Theorem 5.2.4, gives the desired result. O

Proof of Proposition 5.2.6. Since the convex cone M(Ly,) is invariant under translation
by any 6y € MW(Ly,), we may assume without loss of generality that 6, = 0. By the

Cauchy-Schwarz inequality, we have

Rn<én70) = %5(M(Ld,n>) >

(E%M( sup (€, e>)2, (5.4.8)

Lgn)NB2(1)

S|
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which, together with Proposition 5.4.1, establishes the desired lower bound when d > 3. For
the d = 2 case, by Sudakov minorisation for Gaussian processes [e.g. [123] Theorem5.6 and

the remark following it] and Lemma 5.7.3, there exists a universal constant £y > 0 such that

E sup <£7 9> Z €0 10g1/2 N(€07 M(L2,n> N B?(1>7 H ’ ||2> Z IOg n.
0eM(La,n)NBa(1)

This, together with (5.4.8), establishes the desired conclusion when d = 2. O

Proof of Corollary 5.2.7. Without loss of generality, we may assume that 0y € M, (Ly,) is

a function of the final r variables. For x3,...,24 € {1/n1,2/nq,...,1}, we define A,, ., :=
{(1,...,24) : @1,20 € [0,1]}. When r < d — 2, we have that 6 is constant on each
Ass...zy N Lay. Hence, by Theorem 5.2.4,
) K(6p)log’ (n/K (0
ol ) 5 KON RG] iy,

n

Now suppose that 0y € Mg_1(Lgy,). Let m be a positive integer to be chosen later. Then

.....

(-1 Y
A S Agyzg N {U €Llgn: —— < (6p)y < _}
m m

.....

¢ =—m,...,m. Then setting m =< n%Gd1og=*3 n, we have by Theorem 5.2.4 that

A < 119 — 6ol3 N K(0'™)log? (n/K(6™))

Ry (0,0
( 0) n n
1 m _
< 3 + i log®n < n~4/Gd log'%/3 n.
as desired.
Finally, the r = d case is covered in Theorem 5.2.1. O

5.5 Proof of results in Section 5.3

From now on we write G,, := n'/?(P, — P). Recall that v, = 9/2 and v4 = (d?> +d +1)/2 for
d>3.
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In our empirical process theory arguments, we frequently need to consider suprema over
subsets of Fy;. In order to avoid measurability digressions, and since our least squares es-
timator fn is defined to be lower semi-continuous, we always assume implicitly that such
suprema are in fact taken over the intersection of the relevant subset of F; with £, the
class of real-valued lower semi-continuous functions on [0,1]%. Then F}, := {f € F,N L :
flnpe € Q} is a countable, uniformly dense? subset of F; N L so that, for example,

sup re 0 Gnf = supye 7 G, f, which ensures measurability.

5.5.1 Preparatory results

We first state a few intermediate results that will be used in the proofs of Theorems 5.3.1
and 5.3.2. The proofs of propositions in this subsection are contained Section 5.6 in the
online supplementary material.

The following proposition controls the tail probability of || fo — Jollo(py on the event
{Ifn = follse < 6log'’?n} by two multiplier empirical processes (5.5.2) and (5.5.3). For
fo € Fy, r,a > 0, define

G(fo,r,a) :={f € Fa: f — fo € Ba(r, P) N Bus(a)}. (5.5.1)

Proposition 5.5.1. Suppose that fo € FqN By (1) and that for each n > 2 there exist both a
function ¢, : [0,00) = [0,00) and a sequence r, > n~Y?log"*n such that ¢, (r,) < n'/?r2.

Moreover, assume that for all r > r, the map r+— ¢,(r)/r is non-increasing and

E sup
f€G(fo,r,6l0g'/? n)

7 G = RO < Kol 5.52)

E sup
F€G(fo,r,6log"/? n)

< Kon(r), (5.5.3)

# Z&'{f(Xi) - fO(Xi>}2

for some K > 1 that does not depend on r and n. Then, there exist universal constants

3Here ‘uniformly dense’ means that for any f € F4 N L, we can find a sequence (f,) in F; such that
|| fma = flloo = 0. This can be done by defining, e.g., f(x) == m~[mf(z)].
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C,C" > 0 such that for all r > C'Kr,, we have

2
B({llfu — follary = v} O {1 fu - foliooéf”og”””SCGXP(‘cZgn)

Consequently,

E{ll/n = foll o) Ly f- ol sstogzm } S 070

By means of Lemmas 5.7.5 and 5.7.6, the control of the empirical processes (5.5.2)

and (5.5.3) in turn reduces to the study of the symmetrised local empirical process

1/2 Z’SZ

for a suitable Ly(P) radius r. To obtain a sharp bound on the empirical process in (5.5.4),

E sup
feg(o,r,1)

(5.5.4)

which constitutes the main technical challenge of the proof, we slice [0,1]? into strips of
the form [0, 1]%7! x [%, n%], for ¢ = 1,...,ny, and decompose > &;f(X;) into sums of
smaller empirical processes over these strips. Each of these smaller empirical processes is
then controlled via a bracketing entropy chaining argument (Lemma 5.7.7). The advantage

of this decomposition is that the block monotonicity permits good control of the Ls(P) norm

of the envelope function in each strip (Lemma 5.7.9). This leads to the following conclusion:

Proposition 5.5.2. Let d > 2. There exists Cymy.m, > 0, depending only on d, mg and Mo,

such that if r > n=%(log, logn)? when d = 2 and r > n~1=%/9 log? Y2 when d > 3, then

1/2 ng

On the other hand, there exists cqm, > 0, depending only on d and mg, such that if r <1,

E sup 1/2-1/d log%i_l/z n

feg(o,r,1)

< Cmo,MoTN

then

) > 1/2-1/d
Efezl(lo% 1) n1/2 282 CdmoT T '

Our next proposition controls the discrepancy between the Lo(P) and Lo(P,) risks for

the truncated estimator, fn = fn]l{nfnnoogﬁlogm n} when the true signal fy, = 0.
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Proposition 5.5.3. Fizd > 2 and suppose that fo = 0. There exists Cymom, > 0, depending
only on d, mg and My, such that

|l ., < Camonnon? log™ n 4 B[ FE )

Propositions 5.5.1, 5.5.2 and 5.5.3 allow us to control the risk of the least squares estimator

when the true signal fo = 0.

Proposition 5.5.4. Let d > 2. There exists a constant Cgmy.m, > 0, depending only on
d, mqy and My, such that

max{R(fn,O ), fn, } < Chmo. oM n~2/410g% .

5.5.2  Proofs of Theorems 5.3.1 and 5.3.2 and Propositions 5.3.3 and 5.5.4

The risk bounds in Ly(P) loss and Ly (P,) loss are proved with different arguments and hence

presented separately below.

Proof of Theorem 5.3.1 in La(P) loss. Recall the definition of the function class G(fo,r,a)
in (5.5.1). Let r,, := n~/@) 1og"/2 . For any r, a > 0, by the triangle inequality, Lemma 5.7.5

and Proposition 5.5.2, we have that for r > r,,
1 n
E sup ngi{f(Xi) - fO(Xi)}’
i=1

F€G(fo,rAlog!/? n)
2 log
S Z eif (X

1/2—1/d

<E sup
£€G(0,r+1,610g"/2 n)

SdmoMy (1 +1)n log¥ n < n'/?rr,,.

Similarly, by Lemma 5.7.6 and Proposition 5.5.2, we have that for r > r,,

E sup
F€G(fo,r4log!/? n)

D0 — (XY

log'/?n &

i=1

SE sup
£€G(0,r+1,61log'/2 n)

+ lOg / d ,mo,Mo nl/QTTn-
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Thus, conditions (5.5.2) and (5.5.3) in Proposition 5.5.1 are satisfied with ¢,(r) = n'/?rr,
and 1 < K <gmonsy 1. Let Qo := {||fn— folloo < 61og!/?>n}. It follows from Proposition 5.5.1
and Lemma 5.7.10 that

R(fu, fo) = E{Ifo0 — foll2aip 20 } + E{lIfn = foll2,mLag}

2 —1 —1/d
Samoty T2+ 1t SnHlogh n,

as desired. ]

Proof of Theorem 5.3.1 in Ly(P,,) loss. Since the argument used in the proof of Theorem 5.2.1,
up to (5.4.3), does not depend on the design, we deduce from [36] Corollary 1.2, [6] Propo-
sition 3.1(5) and the Cauchy—Schwarz inequality that

. 1
Ro(fn, fo) < E]Emax{l,5(M(GX)),n1/26(M(GX))1/2}. (5.5.5)
On the other hand, by Proposition 5.5.4, we have
ES§(M(Gx)) Samont, 1~/ *log” n. (5.5.6)

We obtain the desired result by combining (5.5.5) and (5.5.6). O

Proof of Theorem 5.3.2 in Ly(P,) loss. For any f € Fy, we can define a random vector
Orx := (f(X1),..., f(X,))". By[18] Proposition 2.1, we have

A 1
Ro(fn: fo) < B {fien]f.d{HQf,X — O x5+ 5(T(9f,X’M(GX)))}}

1. .
< - éggférgk){mwﬁx ~ O x|+ EO(T(0rx, M(Gx))) }. (55.7)
Now, for a fixed f € fék), let Ry, ..., Ri be the corresponding hyperrectangles such that f is
constant when restricted to each R,. Define X, := R, N{Xy,..., X, } and N, := |AX;|. Then
for fixed X1,...,X,, we have T(0;x, M(Gx)) € @}_,T(0, M(Gx,)) = @), M(Gx,).
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Therefore, by [6] Proposition 3.1(9,10) and (5.5.6), we have that

E5(T(<9f,x,M(GX))) = E[E{(S(T(9ﬁX7M(GX))) ‘ N1,...,Nk}]
gE{ > E{é(M(GXZ)) ‘Ng}} Sdomo, My { Z N, 10gr Ng}

San(k/n)**log¥ (n/k), (5.5.8)

where the final bound follows from applying Lemma 5.7.2 to the function z +— z'=%/¢ log?ﬂd x
We complete the proof by substituting (5.5.8) into (5.5.7) and observing that

1
— inf IEH@fX 05.xl5 = lnf Elf = foll i@, = lnf If = follZ,cp)
N jersd fer er

as desired. ]

Proof of Theorem 5.3.2 in Lo(P) loss. Fix k € N, f;. € ]_-Cgk) N Boo(1) and let Ry, ..., Ry
be the corresponding hyperrectangles such that f; is constant when restricted to each R,.
Define Ny := {X1,..., Xp} NRy|.

We let P;, and P, denote the probability with respect to the data generating mechanisms
Y = fo(Xi) + & and Y; = fi.(X;) + & respectively, and write Ej, and E;, for the respective
expectations. For any ¢ > 0, write 2, := {an—fo”L2(p) > ka—foHLQ(p)—i-t}ﬂ{an—f0||oo <
310g1/2 n} We have that

Py, (%) <Py, ({an Jellzopy >t} N {an felloo < 6log1/2 n})

- =3 llf—foll7 =221 &i(fr—fo) (X3)
= ]Efk:{e 2 k= JOl Ly Py 1 k—JO ]]‘{fn*kaBQ(t P)CﬁBoo(ﬁlogl/Qn)}}

<Py {fo— fr € Ba(t, P)° N Boo(6log'/* n)} /2{]E nllfi= fO”L2<ﬂ>n>}1/2 (5.5.9)

where the equality follows from a change of measure (the Radon—-Nikodym theorem), and the
final step uses the Cauchy—Schwarz inequality. We control the two factors on the right-hand

side separately. For the second factor, since ||fx — follco < 2, we have by Lemma 5.7.12 that

R e TollZ ey < AnlTe—TolE,p) (5.5.10)
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For the first factor, for all r > (k/n)Y?log’ n =: r,, 1, we have that
Es sup

g;
FeGfrml) n1/2z v

N2
< By, Z f/Q Eg, sup
N1 FEFa||f~fullos1
- I f=frllLypiry)<T

L Z 5if(Xi)

12
NZ 1:X;ERy

)

Ya—1/2

rlog n 1-1/d
Sd,mo,Mo — LKy Z N, /
6:Np>1
1\ Ve
< rpl/? (—) log?=Y2 p,
n

where the penultimate inequality follows from Proposition 5.5.2 and the final step uses
Jensen’s inequality. Using the above bound together with Lemmas 5.7.5 and 5.7.6 as in
the proof of Theorem 5.3.1, we see that (5.5.2) and (5.5.3) (with fy replaced with fj there)
are satisfied with 1 < K <y, 1 and ¢,(r) = n'/2r, 7, so by Proposition 5.5.1, there

exist universal constants C, C" > 1 such that for ¢t > C'Kr,,x,
Py { fu — fr € Ba(t, P)° N Boo(6log'/?n)} < Cem/(Clogn), (5.5.11)

Substituting (5.5.11) and (5.5.10) into (5.5.9) and writing ¢, := (28C'logn)"2|| fi — foll£.(p)
we have for all t > to + C'Kr,, that

]P)fo (Q:g) 5 67”||fk—f0H2L2(p)—”tQ/(QCIOg”) < e—ntz/(4Clogn).

Combining the above probability bound with Lemma 5.7.10, we obtain that

A 1
R(fme) f,]Efo{an f0HL2 {an f0||oo<310g1/2n}} +_
S fe = folltmylogn + K2r2y+ [ (t+ to)P, () dt
to/2+C' Kry,

S — f0||%2(P) logn + K*r}
< 9 kN 2/d oy
S fw = follzypylogn + Came, g (ﬁ) log® n

where Cy o0, > 0 depends only on d, my and M. The desired result follows since the above
inequality holds for all k € N and f; € ]-“Cgk) N By(1), and inffefgk)mBoo(l) | f = follrapy =

nffefa(lk) ||f_f0||L2(P)‘ :
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Proof of Proposition 5.3.3 in Ly(P) loss. By [57] Theorem 1.1, we have
log N (2, F4 N Boo (1), ]| - |1o(P)) Zmosd g~2d-1),
The desired lower bound in Ly (P) risk then follows from [169] Proposition 1. [

Proof of Proposition 5.3.3 in Ly(P,) loss. Without loss of generality, we may assume that

n = nd for some n; € N. Let W —{weLdn:ijlezl}. For any w = (wy,...,wg)" €

W, we define C,, := H?Zl(wj —1/ny1,w;]. Note that z = (21,...,24)" € UpewC, if and only

if [nyzy] + -+ [maz4] = ny. For any 7 = (7,) € {0, 11"l =: T, we define f, € F,; by
(

0 if [nyzy] 4+ 4 [mzg] <ng —1

fr(x) =<1 if [z + -+ [mzg] >np+ 1

PT([ma1),mizg]) T € UpewC,

where p € [0, 1] is to be specified later. Moreover, let 7% be the binary vector differing from 7
in only the w coordinate. We write E, for the expectation over (X1,Y7),...,(X,,Y,), where
Y, = fr(X;)+& fori=1,...,n. Welet Ex be the expectation over (X;), alone and Ey x -

be the conditional expectation of (Y; ( )P, given (X;)™,. Given any estimator f,, we have

max B || fo = £r[3, 0. = 57 ZZ]E/ )2 dP,

weW €T
2|W|+1 ngW;{ / fT) dP, + E;w /w<fn_frw)2dpn}
= 2|W|+3 Z ZEX{/ — fr)?d [1 —dry (PY\X,T, PY|X,Tw)] }, (5.5.12)
weW reT

where Py |y, (respectively Py x ) is the conditional distribution of (Y;)i, given (X;)i,
when the true signal is f. (respectively frv). The final inequality in the above display
follows because for A := (fcw(fT — frw)? d]P’n)l/2 and A = {fcw(fn — fr)2dP, > A2/4}, we

have

EYX,T/ (.}En - fr)2 d]Pn + EY\X,TW / (fn - f’r“’)2 d]P)n

AQ . AQ
> {Prix-(4) + Py\X,Tw(AC)} > {1 = drv(Prixs Prixse) )
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By Pinsker’s inequality [cf. [125] page 62], we obtain that

1 n
dry (PY|X,7'7 PY|X,Tw> < id%(L<PY|X,T7 Py|x ) = ZHfT — frollT @) (5.5.13)

Writing N, := > | L{x,ec,}, we have N, ~ Bin(n, P(Cy)), so ExN,, > mq and I['EX]\TS/2 <
(ExN2ExN,)Y2 < 21202, Thus, together with (5.5.13), we have

EX{/Cw<fT - fT“’)Q dPn |:1 — dTV <PY\X,7—, PY|X77—w>j| }
1/2
> ]EX{”fT - fT””%Q(Pn) (1 — nT“fT _ fT“’“Lg(Pn)) }

2 3 2
_p P 3/2 < P P32

Substituting (5.5.14) into (5.5.12), we obtain that for p = 23/2m0/(3M§’/2),

(W] mg 1/d

max B[l fo — follp 0,y 2 5o 23 = Cdmo Mo

where the final inequality follows from a counting argument as in (5.4.1). This completes

the proof. n

Proof of Proposition 5.3.4 in Ly(P) loss. Case d =2. First note that, by translation in-
variance, R( fn, fo) is constant for fy, € ]:C(ll). We then observe that, given any estimator
f, = fn(Xl,Yl, ooy X, o) of fo € ]—"Lgl), we can construct a new estimator ﬁ’l by setting
f'(z) == Pf, for all z € [0,1]%. Then

R(fur fo) = R(F fo) + / (o~ J2dP > R(F. fo),

[0,1]¢

so in seeking to minimise sup Ferm R( fn, f), we may restrict attention to estimators that are
d

constant on [0, 1]. Tt follows that for any fy € .7:(51),

~ A ) ~ ) . 1
R(fu, fo) = sup R(fn, f) >inf sup R(fn,f) = infsupE{(fi, — pn)*} = =,
fe}—((il) fn fe}—a(ll) Hno peR n

where the second infimum is taken over all estimators fi, = fi,,(Y1,...,Y,) of u = fy(0).
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Case d > 3. It suffices to only consider the case when fo = 0. For i = 1,...,n, let

é = giﬂ{‘£i|gzlog1/2 n} and for r,b > 0, define

E,(r,b) :== - 2{2& i) — LX) + 112, -

fE./—'dﬁBQ(’r‘ P)ﬂBoo

Observe that for r > n="2logn, b € [0,6log"?n] and any f € F; N By(r, P) N By (D), we

have

Var {26, f(X1) — f2(X1)} < r*(8 +2b%) S rPlogn,

1261 f — f*]loo < 4blog"?n + 0% < logn.

It follows by Talagrand’s concentration inequality [145] in the form given by [106] Theorem
3, that for each r > n~"/2logn and b € [0, 610g1/2 n], there is a universal constant Cy > 0

and an event (),.;, with probability at least 1 —n™!, such that on €,
1
§EEn(r, b) — Cor? < E,(r,b) < 2EE,(r,b) + Cor”. (5.5.15)

Let F,(r) := E,(r,61og"/*n) — r? and choose

n

fn € argmin Z{é — (X))}

FEFaNBoo (6logt/? n) =1

such that f, = f, on the event Qo := {[|fullee < 6log'?n} NN, {|&] < 2log"?n}. Then

for any r > 0, we have

Fu(r) < sup —Z{Qé} i) = (X))}

fe]-'dﬂBg(r P)ﬁBoo(Glogl/2 n) n i=1

< - Z{Zngn(Xz) - fg(Xz)} = Fn(“anLQ(P))'

In other words, || fullz,(p) € argmax,q F (7).

If we can find 0 < r; < ry such that

E,(r1,610g" n) < F,(ry), (5.5.16)
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then for all » € [0, 7], we have F,(r) < E,(ry,6log"/?*n) < F,(ry). This means that 7, is a

lower bound for argmax,~ F;,(r) and therefore
1 fall 2oy = rila,. (5.5.17)

It remains to choose suitable r; and ro that satisfy (5.5.16).
By (5.5.15), the symmetrisation inequality [162] Lemma 2.3.1, Lemmas 5.7.5 and 5.7.6

and Proposition 5.5.2, we have that for 7; > n~'/?logn and on

T1,610g1/2 n’
E,(r,6 logl/2 n)
2 |
<2E sup {_Zg 1—/2an2} + COT%
FEF4NBa(r1,P)NBoo (610g!/2n) LTV 57 n
<104 log *nkE sup Z eif + C()Tl
FEFaNBa(r1,P)NBoo (6log'/? n)

< C’d,mmMorln_l/d log7n + Corl,

for some Cymyas, > 0 depending only on d,my and M. Similarly, for ro € [n7/2logn, 1],

b € [ry,6l0g"/?n] and on Q,.,,,
F,(ry) = Ey(ra,610gY? n) — 12

1 1 9 9
§ — - 1
-E sup JABuo b){ gz z n1/2 an } (CO + )7”2

2 feFaNBa(ra,P

| \/

> (E|&;| — 4b)E sup —Zaz ) — (Co+ 1)1

feFaNBa(ra, P)ﬂBOQ(b

> (1/2 —4b)cd7m07"2n 1/d — (Co+ )7“2,

for some cq,,, > 0 depending only on d and my. Hence, when d > 3, we can choose b = 1/10,
ry = (2Co + 2)71(1/2 — 4b)cgmen 4 and r1 = ¢y, yon Y log T n, where ¢, > 0 s
chosen such that

1/1
Camontyrin” /4 logn + Corf < 2 (5 - 45) Camoran” 4.
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We then see that for all n larger than some integer depending on d, mg, My only, (5.5.16)
is satisfied. We therefore conclude from (5.5.17), Lemma 5.7.10 and the fact that P(|&] >
210g!/? n) < n~? that

—2/d

R(fn’ O> = E{anH%Z(P)]lgomﬂ 1/2 nmﬂrz,b} Zd,mmMo n 108;727‘1 n,

r1,6log

as desired. ]

Proof of Proposition 5.3.4 in Ly(P,,) loss. Due to translation invariance we only need to es-
tablish the claim for fy, = 0. By Lemma 5.7.4, there is an event £ with probability at
least 1 — e—ed '(Mom)/%log(Mon) o which the data points X, ..., X, contain an antichain
Wy of cardinality at least n!=Y/?/(2eMy’"). Write Wy := {X, : 3w € Wy, X; = w} and
Wy = {X; : 3w € Wx, X, < w}. For each realisation of the n-dimensional Gaussian

random vector &, we define 0x = 0x (&) = ((0x)w) by

1 if we Wy

(Ox)w == { sgn(&,)  ifwe Wy

-1 it we Wy,
\
so 0x € M(Gx). By [36] Theorem 1.1, for fy = 0, we have that
A 12
n'?|| f, LaPa) = argmax( sup (€,0) — —> = sup (€,0).
2En >0 \0eM(Gx)NBa(t) 2 9eM(Gx)NBa(1)

Hence

X 1 1 Ox (&
Ellfall e,y = 2B sup <€’9>2mE<<5’ ||ef<(§>)||2>15)

PeM(Gx)NBa(1)
1
=-E e — A e ). 5.
- ( > Gle— D Gle+ ) |5z|ﬂg) (5.5.18)
X EW X EWy X €EWx

The first two terms in the bracket are seen to be zero by computing the expectation condi-
tionally on X1y,...,X,,. For the third term, we have that
E( > la-mg> —E Y E(|&lle | X1, ., Xo)
X, eWx . X, eWx

> (2/m)PE(|[Wx|le) Zan, n' Y4 (5.5.19)



193

By (5.5.18), (5.5.19) and the Cauchy—-Schwarz inequality, we have that

—2/d

EHﬁ"b”ig(Pn) > {E Ja LQ(Pn)}2 RaMo M

as desired. ]

5.6 Proofs of Preparatory Propositions

Proof of Proposition 5.5.1. For any f : [0,1]7 — R, define M, f = 23"  &{f(Xi) —
fo(Xa)} = 2 {f(X0) = fo(Xi)}? and M f :=EM,f = —n|f — fol?,p- By the definition
of f,, we have that Z:‘:l(fn(XZ) — fo(Xi) — &)? < D70, &2, which implies that M., f,, > 0.

We therefore have that for any r > 0,
P({an — follzapy = 7} 0 {an — folleo < 6log'/? n})

Z sup (M,, — M) f > n22z_2r2)

]P(
=1 f€G(fo,2%r,6 log!/? n)\G(fo,2¢~1r,6 log!/2 n)

o D&~ (X

IN

IA

i P ( sup
=

1 \fEG(fo,2¢r,6logt/2n)

> 22£4n1/2r2>

oo

+ ZP( s |Galf ~ fo)?
=1 Med(

fo0,2%r,61og'/? n)

> 22"3n1/2r2>. (5.6.1)

By a moment inequality for empirical processes [61] Proposition 3.1 and (5.5.2) in the main

p} 1/p

< K¢, (2%) + 27p"% + n=?plogn. (5.6.2)

text, we have for all p > 1 that

E [ sup
f€G(fo0,2¢r,6 logl/2 n)

o DG — fo(X)}

For any C" > 0 and r > C'Kr,, we have ¢,,(27) < 2°(r/rp)on (1) < 20120, r < (C'K) 7120 1/2r2,
It therefore follows from (5.6.2) and Lemma 5.7.11 that there exist universal constants

C,C" > 0 such that for all / € N and r > C'Kr,,
1 n
P( Sup ni/2 Z &{f(Xi) — fO(Xi)}’ 2 2%_4”1/27’2>
FEG(fo,20r610g! 2 )| V"7 S

226 2
< C’exp(—olggn) (5.6.3)
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Similarly, by a symmetrisation inequality (cf. [162] Lemma 2.3.1), (5.5.3) in the main text

and the same argument as above, and by increasing C, C" if necessary, we have that for all

¢eNandr>CKr,,
22ty 2
< — . .6.4
r)_CeXp( Clogn) (5.6.4)

P( swp | Galf = fo?
fed(

fo,2tr,61log!/2 n)

Substituting (5.6.3) and (5.6.4) into (5.6.1), we obtain that for all » > C"Kr,,

P({|lfn = follzary = 7} N Il o — folloo < 6l0g?n})

- 2262 nr?
< ex — < ex — .
= p< Clogn) ~ p( Clogn)

It follows that

E(”f” fO”Lz Lijg- folloo<610g1/2n})
= [ 2P0~ Bllpyry 2 8} 0 {1 fll < 610820}

t2
< K2 —I—/ 2texp(——) dt < K%r2,
C'Kry, CTn

as desired, where we have used 2 > n~!logn in the penultimate inequality. O

Proof of Proposition 5.5.2. [Upper bound] It is convenient here to work with the class of
block decreasing functions Fu | := {f : [0,1] = R : —f € F,} instead. We write F; := {f €
Fi: f >0} and F, i = {f € Fq, : f > 0}. By replacing f with —f and decomposing any
function f into its positive and negative parts, it suffices to prove the result with G;" f (0,7,1) :=
Fi N Ba(r, P) N Byo(1) in place of G(0,7,1). Since G (0,7,1) = G(0,1,1) for r > 1, we
may also assume without loss of generality that » < 1. We handle the cases d =2 and d > 3

separately.

Case d = 2. We apply Lemma 5.7.7 with n = r/(2n) and Lemma 5.7.8 to obtain

n

(X))

=1

r 1 4 1 1 2
< dimoMo n1/27]+10g3n/ gde—i— (log n)T(Z1O/§ ogn) < rloghn,
n

E sup
fef;pBg(r,P)mBoo(l)




195

as desired.

Case d > 3. We assume without loss of generality that n = n{ for some n; € N. We define
strips I, := [0,1]971 x [%, n%] for £ = 1,...,nq, so that [0,1]* = U}, I,. Our strategy is
to analyse the expected supremum of the symmetrised empirical process when restricted
to each strip. To this end, define Sy := {Xy,..., X,,} NI, and N, := |S,|, and let Q :=
{mon'="4/2 < min, N, < max, N; < 2Myn'~/4}. Then by Hoeffding’s inequality,

ni
P(QS) < Z}P’(‘Ng - ENE‘ > ZLO”
/=1

<9 —m2nl-2/d /)
n1) < nlexp( mgn /)

Hence we have

1 n
E . Sup ‘m Z i f(Xi)
fE./—-d7¢032 (r,P)NBo(1) i=1
N1/2
< ]E( > %EZ 190) + Cexp(—man'~%/16), (5.6.5)
0:Np>1 n
where

L Z 5if<Xi)

172
Ne 1:X,ESy

E, ::E{ sup 'Nl,...,Nm}.
fEFS NBa(r,P)NBoo(1)

By Lemma 5.7.9, for any f € F NBay(r, P)NByo(1) and £ € {1,...,n,1}, we have ffe f2dP <
7(Mo/mo)t 12 logn =: 7>, Consequently, we have by Lemma 5.7.7 that for any 7 €

[O’ T’n’g/?)%

Hipyo(rne)
N2

where Hj,(e) := log NH(s,]-"L(Ig) N By (Tne, Pi10) N Boo(1; 1), || - |1a(pir,)- Here, the set

Tn, e
E, <Ny +/ HYZ(e) de + (5.6.6)
n

F,(I¢) is the class of non-negative functions on I, that are block decreasing, Buo(1; I;) is the

class of functions on I, that are bounded by 1 and Bs (7, P; Iy) is the class of measurable

Boo(1; I) can be rescaled into a function f, € F; N By (n}/Z(MO/mO)l/%M, P) N By(1) via

functions f on I, with || f|z,(pi,) < Tne. Note that any g € ]:;fi(fg) N Ba(rne, P; 1) N

the invertible map f,(z1,...,%a—1,2q) == g(21,...,Ta—1, (xa+¢—1)/n1). Moreover, we have
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f[o el — f)?dP > ny(mo/My) f] g — ¢ )*dP. Thus, by Lemma 5.7.8, for £ € [n, rp,

H[Lg(E) S IOgNH( 1/( 2d)( /M )1/2

JT':;;LQBQ( / (M /mo) QT’nvg,P) ﬂBoo(l)7|| . ||L2(p))
KD
St (2) o (172,

Substituting the above bound into (5.6.6), and choosing n = n=/?4r, , we obtain

T, rn d—1 10 d2 n
Ey Samonty o1+ log®/” ”/ (_g) de + —2
n € N,

rét! log® /% n log” n
a2 N2
¢

SN+

Hence
Elg, <4 oMo TMnl/z—l/d 1Ogd2/2 n+ n—1/2+1/(2d) logd2 n

1/2-1/d 160 #/2 (5.6.7)

§m07M0 TneN

2—d)/2

where in the final inequality we used the conditions that d > 3 and r > n~(1=2/d Jog(@ n.

Combining (5.6.5) and (5.6.7), we have that

1 n
m Z Eif(X
i=1

Sdimo.Mo rnt/2—3/(2d) log(d2+d)/2 n Zg—lﬂ < rpl/2-1/d log(d2+d)/2 n,

/=1

E sup
fEFS NBa(r,P)NBoo(1)

which completes the proof.

[Lower bound] Assume without of loss of generality that n = n¢ for some n; € N.
For a multi-index w = (wy,...,wqs) € Ly, let L, = H;lzl(wj — 1/ny,w;] and N,
X1, ..., Xn} N Ly|. We define W = {(wy,...,wq) : Z;i=1 w; = 1} to be indices of a
mutually incomparable collection of cubelets and define W := {w € W : N,, > 1} to be the
(random) set of indices of cubelets in this collection that contain at least one design point.

For each w € W, associate i, := min{i : X; € L, }. For each realisation of the Rademacher
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random variables ¢ = (g;)"; and design points X = {X;}",, define f. x : [0,1]? — [-1,1]
to be the function such that

(

rEi, ifa:ELw,wGW

fex(m) = qr if v € L,, with Z?:l wj > ny

—r otherwise.
\

For r <1, we have f. x € FqN By(r, P) N Bs(1). Therefore,

E sup g f(Xi) >E» ef x(X
oy SO 2 B
E{E{Z eifex (X)) ‘ X1, X {ei, we VV}H
=1

=EY e, fx(Xi,) =rE[W].
wEVV

The desired lower bound follows since E[W| > {1 — (1 —mqo/n)"}W| > (1 — ™) |[W| Zd.mo

n'=1/4 where the final bound follows as in the proof of Proposition 5.4.1. O

Proof of Proposition 5.5.3. Let 1, := n~"Y%log" n. We write

EanHiz(Pn): E{ HfnHiQ(Pn)]]_{”fn”LQ(P)STn}} + ]E{ Hf””ig(IPn)ﬂ{||fn||L2(P)>Tn}} (5.6.8)

and control the two terms on the right hand side of (5.6.8) separately. For the first term, we
have

E{Hf”Hiz(Pn)]l{anHLz(P)STn}} S Sup -~ Z f

FEFaNBa(rn,P)NBoo (61log/? n)

n

<r:4+-E sup Z e f2(X5)
n 1/2 X
fEFaNBa(rn,P)NBoo(6log'/2 n) | ;1
10 1/2 n
Sr2 4 08 g sup Z g f(Xi)
n 1/2 X
fEF4NBa(rn,P)NBx (6 log / n)l;—1

2 ~1/d 2
Samoy T2+ 1an V4 ogn < 2, (5.6.9)
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where the second line uses the symmetrisation inequality [cf. [162] Lemma 2.3.1], the third
inequality follows from Lemma 5.7.6 and the penultimate inequality follows from Proposi-
tion 5.5.2. For the second term on the right-hand side of (5.6.8), we first claim that there

exists O > 0, depending only on d, my and M, such that

mo,Mo
. 2

where

P, f2
S

To see this, we adopt a peeling argument as follows. Let Fy,:= {f € F4N 1’300(610,52;1/2 n):

£ = { sup
FEF4NBa(Tn,P)¢NBoo (6log!/? n)

27192 < P2 < 242} and let m be the largest integer such that 2™r2 < 32logn (so that

m < logn). We have that

2
Puf max {(2£Ti)—1 sup |(an2|}.

sup 1<
Pf? ‘ nl/2 e=1,..m fE€Fae

FEF4NBoo (6log'/? n)
£l Ly (py>Tn

By Talagrand’s concentration inequality for empirical processes [145] in the form given by

[106] Theorem 3, applied to the class {f?: f € F;,}, we have that for any s, > 0,

1242s,1
[ED{ sup |G, f*| > 2E sup |G, f?| + 12\/5(2235 log n)l/QTn +— ie/;gn}
fE]'—d,g fe]'—d,l’. "
<e .

Here we have used the fact that supfefd[Varpr < supfefMPfQHngo < 36 - 272 logn.
Further, by the symmetrisation inequality again, Lemma 5.7.6 and Proposition 5.5.2, we

have that

n

Z&'f(Xz')

=1

481og'/?
<2008 N nE sup

2
ESUP|an2| < — >~ TLl/2 P
€S de

1/2
f€Fae nt/

Zﬁz‘fQ(Xz’)

E sup
T€Fau

0/2,. . 1/2-1/d
Sdmo, Mo 2 P2y 21 o
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Se

By a union bound, we have that with probability at least 1 —> ", e™*,

P, f?
sup 5 1
fEF4NBa (11, P)°NBoo (6log!/? n) Pf
_ -— nt/2=1/d1og7 p 4 8;/2 10g1/2 n  s/logn
Nd,mo,Mo Z:Lm’m 26/2’]'1,1/27’” 2&"”0% .

By choosing s, := 2°logn, we see that on an event of probability at least 1 — > )" e™%¢ >

1- Z;; n~=1 >1—2n"2 we have

P, f?
Pf2 - 1‘ Sd,mo,Mo ]-7

sup
FEF4NBa(rn,P)°NBeo (6log!/? n)

which verifies (5.6.10). Thus

S 2 ~ 2 72logn
E{[[ £l e Ytutnym st t < Bl ) Lty opsr Re b + 2
~ 721
< Clmoits + VNl + == G011
Combining (5.6.8), (5.6.9) and (5.6.11), we obtain
E Z 12 < 2 E T2
£l ey Samont 7o+ Bl fall Ly

as desired. ]

Proof of Proposition 5.5.4. Let r, := n~"%log” n and observe that by Lemma 5.7.5 and

Proposition 5.5.2, we have that for r > r,,

E sup 1/2=1/d ggva p,

fEFaNBa(r,P)NBoso (6 log!/2 n)

Sd,mo,Mo ™m

1 n
7 D&l (X))
i=1
On the other hand, by Lemma 5.7.6 and Proposition 5.5.2, for r > r,,

E sup 1/2—1/d

fEF4NBa(r,P)NBoo (6log/? n)

Sdmo. My T log” n.

1 n
W Z 5if2(Xi)
i=1

It follows that the conditions of Proposition 5.5.1 are satisfied for this choice of r, with

Gn(r) = rnt/2"Ydlogm n and K Zgqme, 1. By Lemma 5.7.10, Propositions 5.5.3 and 5.5.1,



200

we have that

Rp(fa:0) S El full o, +n7"

Samonty 1 Nog™ n + E|| full 7, (py Samonty n~ 2 log? n,
as desired. O]
5.7 Ancillary lemmas

We collect here various ancillary results used in the proofs.
The proof of Corollary 5.2.3 in the main document requires the following lemma on

Riemann approximation of block increasing functions.

Lemma 5.7.1. Supposen, = n'/? is a positive integer. For any f € Fy, define fr(z1,...,1q) =

f(nf1 lnir], ..., nyt Lnlxdj) and fu(zy,...,xq) = f(nl’l (niri],...,nyt [nlxd]), Then,

[ o= gt < an g

Proof. For x = (zy1,...,24)" and 2/ = (2},...,2,)" in Ly,, we say = and 2’ are equivalent
if and only if z; —zy =2} — 2 for j =1,...,d. Let Ly, = |_|iV:1 P, be the partition of Ly,
into equivalence classes. Since each P, has non-empty intersection with a different element
of the set {(z1,...,74) € Ly, : max;z; = 1}, we must have N < dn'~1/¢. Therefore, we

have

N
. 2 _ o 2
/[0,1](1(fU fL) ; /r+n11(1,0}d(fU fL)

N
S%HfHOOZ Z {f(z1,....2za) = fz1 =", zg—nih)}

r=1 g=(x1,...,24) T €P>

IA

2N _
as desired. ]

The following is a simple generalisation of Jensen’s inequality.
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Lemma 5.7.2. Suppose h : [0,00) — (0,00) is a non-decreasing function satisfying the

following:

(i) There exists xo > 0 such that h is concave on [xg, 00).
(i) There exists some x1 > xg such that h(z1) — x1h' (z1) > h(zo), where I/, is the right

derivative of h.

Then there exists C, > 0, depending only on h, such that for any nonnegative random

variable X with EX < oo, we have
Eh(X) < CLh(EX).
Proof. Define H : [0,00) — [h(0),00) by

Hiz) = h(zy) — 21k (1) + b/ (z1) if x € [0,21)

h(x) if © € [21,00).

Then H is a concave majorant of h. Moreover, we have H < (h(z1)/h(0))h. Hence, by

Jensen’s inequality, we have

as desired. O

We need the following lower bound on the metric entropy of M(La,,) N By(1) for the

proof of Proposition 5.2.6.

Lemma 5.7.3. There exist universal constants ¢ > 0 and €y > 0 such that
log N (g9, M(La,) N Ba(1), ]| - [|2) > clog”n.

Proof. 1t suffices to prove the equivalent result that there exist universal constants c,eq > 0
such that the packing number D (e, M(Ls,,) N Ba(1),] - [|2) (i-e. the maximum number of
disjoint open Euclidean balls of radius €y that can be fitted into M(Ly,,) N B2(1)) is at least
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exp(clog®n). Without loss of generality, we may also assume that n, := n'/? = 26 — 1 for
some / € N, so that £ < logn. Now, for r = 1,...,¢, let I, := n;"{2""',... 2" — 1} and

consider the set

_ —17,«1 =171
M::{QGRLQ’":GT 56{ e rXls }}
Irxl V2rtstlogn /27 log n

C M(Ly,n) N Bo(1),

where 1; ;. denotes the all-one vector on I, x I,. Define a bijection 1 : M — {0, 1}52 by

4
P(0) == (ﬂ{g,ms:1,M,s/¢2r+is+uogn}>7~,s:1‘

Then, for 6,0’ € M,

”0 o 0/||§ _ dH<w<9)7¢<9,))1<1 1 ) ,

log®n 4\~ 212

where dy(+, -) denotes the Hamming distance. On the other hand, by the Gilbert—Varshamov
inequality [e.g. [107] Lemma 4.7], there exists a subset Z C {0, 1}’ such that |Z| > exp(¢2/8)
and dg(v,v") > ¢%/4 for any distinct v,v’ € Z. Then the set ¢y~ (Z) C M has cardinality at
least exp(£2/8) > exp(log®n/32), and each pair of distinct elements have squared ¢, distance

at least g9 := lﬁ:;éii(l — 515)? 2 1, as desired. O

Lemma 5.7.4 below gives a lower bound on the size of the maximal antichain (with
respect to the natural partial ordering on R?) among independent and identically distributed

X1, X,

Lemma 5.7.4. Let d > 2. Let Xq,...,X, S P, where P is a distribution on [0,1]%

with Lebesque density bounded above by My € [1,00). Then with probability at least 1 —

1/d)

eed ™ (Mon) /M los(Mon) yhere is an antichain in Gx with cardinality at least nt=14/(2e M,

Proof. By Dilworth’s Theorem [44], for each realisation of the directed acyclic graph Gy,
there exists a covering of V(G x) by chains Cy,...,Cy, where M denotes the cardinality of

a maximum antichain of Gx. Thus, it suffices to show that with the given probability, the
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maximum chain length of Gy is at most k := [e(Myn)"/?] < 2e(Myn)'/?. By a union bound,
we have that

n!

(n—k)!

n i . en k L —k(d—-1) i
(o= () ()"

< (Mon)‘k/d < p—ed™ ! (Mon)'/¢ log(Mon)

P(3 a chain of length £ in Gx) < P(X; < 2 Xy)

as desired. O

The following two lemmas control the empirical processes in (5.5.2) and (5.5.3) in the

main text by the symmetrised empirical process in (5.5.4) in the main text.

Lemma 5.7.5. Let n > 2, and suppose that Xl,...,Xn,él,...,én are independent, with
Xy, ..., X, identically distributed on X and él, e ,én wdentically distributed, with |§1| stochas-
tically dominated by |&1|. Then for any countable class F of measurable, real-valued functions

defined on X, we have

< 2log'? nEsup
reF|?

Z& Z&

Proof. Let ag := 0, and for k =1,...,n, let oy, := E|§(k)|, where |€(1)| <. < |§(n)| are the

E sup
feFr

order statistics of {|§1\ -, &al}, so that a,, < (2logn)'/2. Observe that for any k = 1,...,n,
Eaupl3 )] - Expl3 e )+E 3 )
<E§161]131E{ ;52 X;) ‘Xl,...,Xk,al,...,ek}
< Eig ZE, (5.7.1)

We deduce from [76] Proposition 1 and (5 7.1) that

Z@

< 21/2 Z(an+1 E— Qp_k ]Esup

1 Ferly
Z&

> artx

E sup
Ferly

< 2120, sup
JeFl;
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as required. O

Lemma 5.7.6. Let Xq,..., X, be random variables taking values in X and F be a countable

class of measurable functions f: X — [—1,1]. Then

oS

reFl o

< 4Esup i&f(Xi) .

ferliz

Proof. By [93] Theorem 4.12, applied to ¢;(y) = y*/2 for i = 1,...,n (note that y — y*/2

is a contraction on [0, 1]), we have

E sup g fA(X {Esup gif* (X ‘X,...,X }
i Z upl 2 1
< 4E< E sup gif(X ‘X,... }—4Esup e f
{ > 1 supl3 e
as required. N

The following is a local maximal inequality for empirical processes under bracketing
entropy conditions. This result is well known for n = 0 in the literature, but we provide a

proof for the general case n > 0 for the convenience of the reader.

Lemma 5.7.7. Let Xq,..., X, NP on X with empirical distribution P,, and, for some

r >0, let G C By(r, P) N Bs(1) be a countable class of measurable functions. Then for any
n € [0,7/3), we have
Esup [Guf| S n1/2n+/ log!/* Niy(e, G, || - llza(p)) de
€ U]

1
+ nl/2 log, NH(T,Q’, | - HLQ(P))‘

The above inequality also holds if we replace G, f with the symmetrised empirical process

n=1/?2 Zz 5zf(X )

Proof. Writing N, := Njj(r,G, | - [|1o(p)), there exists {(fF, ff) : £ =1,...,N,} that form
an r-bracketing set for G in the Lo(P) norm. Letting G, := {f € G : f£ < f < fV} and
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Go={feG: fE<f<fI\ Uf;i o for £ =2,...N,, we see that {G,}1"", is a partition
of G such that the Ly(P)-diameter of each G, is at most r. It follows by [162] Lemma 2.14.3
that for any choice of f, € Gy, we have that
Bap|Gof] S i + [ 1og)” N(e.G.] - 1ucm)
€ U

+E max |G,f:]+E max
¢=1,...,N, ¢=1,...,N,

G, (?gglz |f = fe|) ‘ (5.7.2)

The third and fourth terms of (5.7.2) can be controlled by Bernstein’s inequality (in the
form of (2.5.5) in [162]):

log, N,
Gu(sup If = fil)| $ ot + rlog/* N,

E max |G VE ma
,max [Gufe| VE max sup 7

L.,Ny 00 e N,

Since n < r/3, the last term rlogi/ >N, in the above display can be assimilated into the
entropy integral in (5.7.2), which establishes the claim for Esup;cg |G, f|.

We now study the symmetrised empirical process. For f € G, we define e® f : {—1,1} X
X — Rby (e® f)(t,z) :=tf(x), and apply the previous result to the function class e® G :=
{e®f: feG} C By(r,P-® P)N Byx(1), where P. denotes the Rademacher distribution on
{—1,1}. Here the randomness is induced by the independently and identically distributed

pairs (g4, X;)j~;. For any f € G and any e-bracket [f, f] containing f, we have that [e; ®

f—e ® fies @ f—e_® f] is an e-bracket for e ® f in the Ly(P. ® P) metric, where
e4(t) := max{e(t),0} = max(t,0) and e_(t) := max(—t,0). It follows that for every & > 0,

N[](g, e® g, Lg(Pa (%9 P)) < NH(E, g, LQ(P)),
which proves the claim for the symmetrised empirical process. O

In the next two lemmas, we assume, as in the main text, that P is a distribution on
[0, 1]¢ with Lebesgue density bounded above and below by M, € [1,00) and mgy € (0, 1]
respectively. As in the proof of Proposition 5.5.2, let ]:;ti ={f:—f € F;f >0} The
following result is used to control the bracketing entropy terms that appear in Lemma 5.7.7

when we apply it in the proof of Proposition 5.5.2.
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Lemma 5.7.8. There exists a constant Cy > 0, depending only on d, such that for any
r,& >0,
log Nij(e,.F;, N Ba(r, P) N Bos (1), || - lo(p))
o J O/ g (T gl (1/2) logh () ifd =2
< Cq

(r/e)2@=D(Mo)d-11ogT (1 /fe) ifd>3.

Proof. We first claim that for any n € (0,1/4],

log N[](E,f(z¢ N BZ(Tv P), H : HLz(PﬂTI,l]d))

(£)240 Jog? (o) log (1/n) log? (HEL) if d =2, 573
(2)2d=D) (Moyd—1 1500 (1 /) if d > 3.

mo

<

~d

By the cone property of ]-; 1» it suffices to establish the above claim when r = 1. We denote
by vol(S) the d-dimensional Lebesgue measure of a measurable set S C [0,1]¢. By [57]
Theorem 1.1 and a scaling argument, we have for any 6, M > 0 and any hyperrectangle

A C[0,1]¢ that

(v/6)*log? (v/6) ifd =2,

(v/8)2d=D if d > 3,

log Nij (8, Ff, N Boo(M), || - | o)) < (5.7.4)

where v = Mol/szoll/z(A). We define m := |log,(1/n)] and set I, := [2%n, 2 1n] N[0, 1]
for each £ =0,...,m. Then for ¢,..., 0, €{0,...,m}, any f € ]-"Caﬂ By (1, P) is uniformly
bounded by {mq H?Zl(Qﬁjn)}_l/Q on the hyperrectangle H;l:l I;,. Then by (5.7.4) we see
that for any § > 0,

log N[](@ ]:dlﬂB2(17P>7 H ) ||L2(P;1‘[j:112j))

0~2(Mo/mo)log®(52) log? (1/6)  if d = 2,
~d

62D ( My /mg )t if d > 3,
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where we have used the fact that log, (axz) < 2log, (a)log, () for any a,z > 0. Note that
these bounds do not depend on 7, since the dependence of M and vol(A) on 7 is such
that it cancels in the expression for v. Global brackets for ;| N By(1) on [, 1] can then
be constructed by taking all possible combinations of local brackets on I, x --- x I, for
l1,...,4g € {0,...,m}. Overall, for any ¢ > 0, setting 6 = (m + 1)~%2¢ establishes the
claim (5.7.3) in the case r = 1.

We conclude that if we fix any € > 0, take n = 2/(4d) A 1/4 and take a single bracket

d

consisting of the constant functions 0 and 1 on [0,1]¢\ [, 1]¢, we have

log NH (6,}2& N BQ(T, P) N Boo(l)a H ' ||L2(P))

<log Ny (e/2, Ff, N Ba(r, P), || lla(pinye))

(r/e)? Mo Jog?(Mo) Jog? (1/¢) log? ("B W) if d =2,
~d
(r/e) =D (Gia)* og (1/¢) ifd >3,

completing the proof. O

For 0 < r < 1, let F, be the envelope function of ;| NBy(r, P)NBu(1). The lemma below
controls the Ly(P) norm of F, when restricted to strips of the form I, := [0,1]%7! x [&2, £]

ni ’ni

for/=1,...,n.

Lemma 5.7.9. For any r € (0,1] and ¢ = 1,...,ny, we have

2 d 2
/ F2ap < TMor®logd (1/r )
I, mol
Proof. By monotonicity and the Lo(P) and L., constraints, we have F2(xy,...,14) <

r__ A1. We first claim that for any d € N,

moTi-Tq

t
/ d( /\1) do; - dag < 5tlogd (1/1).
[0,1]

xln..$d

To see this, we define Sy := {(ml, Ce, ) H;l:l x> t} and set ag := de L dzy---day

T1xg

and by = |, S, dxq---dxy. By integrating out the last coordinate, we obtain the following
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t
Sy 1 XT1 Tg_1

On the other hand, we have by direct computation that

1 1 t
a‘d:/"'/ dxd...dxl
t

t T1-- Ty
T1Td—1

< ag_log(1/t) < --- < aylog™t(1/t) = tlog®(1/t).

Combining (5.7.5) and (5.7.6), we have

t
/ d(fL‘ 7y /\1) dxl d{L‘d (ld+1 —bd
CRIEANC

<minfag + 1,aq0+aq1+ -

< min{tlogd(l/t) +1

+a;+1—101}

M} < 5tlog? (1/1),

"Tog(1/t) — 1
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(5.7.5)

(5.7.6)

as claimed, where the final inequality follows by considering the cases t € [1/e, 1], t €

[1/4,1/e) and t € [0,1/4) separately. Consequently, for £ =2, ...

@/nl 2
/ F2dP < —/ / (ﬂ Al
I 1)/ny J[0,1]¢-1 \ L1 """ Ld—1

£/n1

< 5(r?/x4) log?! (vq/r%) dg

mo (6-1)/n1

< %57’2 log " (1/r*) log(¢/(¢ — 1)) <
Mo

as desired. For the remaining case ¢ = 1, we have

/FfdPgMo/ F?dxy---dag <

I [0,1)4

which is also of the correct form.

Lemma 5.7.10. For any Borel measurable fy : [0, 1]

P(|| £, — follso > @) < ne=@2*/2 Consequently,

E(an - f0||go]l{||fn—fo\\oo>a}> <n(a®+2+2v2r)e 72

,n1, we have that

) dxq -+ -dzg_1dzy

7Myr? logt™!

My 5. 4 9
1 1
mo r Og—l—( /r )’

]

— [=1,1] and any a > 2, we have
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Proof. Recall that we say U C R? is an upper set if whenever x € U and = < y, we have
y € U; we say, L C R? is a lower set if —L is an upper set. We write & and L respectively
for the collections of upper and lower sets in [0, 1]%. The least squares estimator fn over JFy

then has a well-known min-max representation [129] Theorem 1.4.4:

X;,) = min max Yinu
Ja(X5) LELLSX; UEU,USX; ’

where Y~y denotes the average value of the elements of {Y; : X; € LN U}. Thus we have

1 falloe = max [ fo(X3)] < max [Yi].

1<i<n 1<i<n

Since Y; = fo(X;) + & and || folleo < 1, we have by a union bound that

P(|lfo = folleo > 1) < nP(|&4] >t —2).

The first claim follows using the fact that P(&; > t) < %e‘tz/ 2 for any t > 0. Moreover, for

any a > 2,

E(an - fOHgoﬂ{||fn7f0||oo>a}> = /0 2“}»(”]?71 — folloo = max{a,t}) dt

<na®P(|&] >a—2)+n | 2P(|&| >t —2)dt

a

< n(a2 + 24 2V 27?) e_(“_2)2/2,
as desired. ]

Lemma 5.7.11. IfY is a non-negative random variable such that (EYp)l/p < Ajp+Asp' P+
Az for all p € [1,00) and some Ay, Ay >0, A3 > 0, then for every t > 0,

. t t2
P(Y >t + eAs) < eeXp(_ mm{FAl’ FA%})

Proof. Let s := min{t/(2eA;),t*/(2¢A5)?*}. For values of ¢ such that s > 1, we have by

Markov’s inequality that

Als -+ A281/2 + A3
t+6A3

P(Y >t +ed;) < ( ) <et<el

For values of ¢ such that s < 1, we trivially have P(Y > t + eA3) < P(Y > t) < ™%, as
desired. []
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Lemma 5.7.12. Let X be a non-negative random variable satisfying X < b almost surely.

Then

b _
EeX §exp{6 2 1EX}.

Proof. We have

as required. N
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