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Research on insect flight control has focused primarily on the role of wings. Yet airframe de-

formations via abdominal deflections during flight may potentially influence the dynamics of

flight and play a significant role in control and management of energy resources. To address

these general issues, I use a combination of a Model Predictive Control (MPC)-inspired

computational inertial dynamics model, free flight experiments in the hawkmoth, Mand-

uca sexta, and–in collaboration with another research group–bio-inspired machine learning

methods. The 2D inertial dynamics model simulated underactuated and fully actuated

models tracking a vertically oscillating flower. Flight performance was evaluated with two

metrics: tracking error and cost of transport. The models suggest that fully actuated sim-

ulations minimized the tracking error and cost of transport. Moreover nearly eliminating

the role of the abdomen by reducing its mass significantly worsened both flight performance

metrics. Additionally, I tested the e↵ect of restricted abdomen movement on free flight in

live hawkmoths by fixing a carbon fiber rod over the thoracic-abdomen joint. Hawkmoths

with a restricted abdomen flew less frequently compared to the sham treatment moths. Fur-

thermore those moths which flew, performed worse than sham treatment moths in various

flight performance metrics. I also explored inertial-elastic, and morphological modifications

of the dynamics model to examine the trade-o↵s between flower tracking accuracy and flight

performance for a range of size, shapes, abdominal masses, and thoracic-abdomen sti↵ness



values. I found that increasing abdominal mass reduced tracking error across size ranges

while also increasing the mechanical work and cost of transport. Moreover, increasing peti-

ole length reduced tracking error across size ranges while also increasing the mechanical

work and cost of transport. Lastly, in a collaborative study, we used deep neural networks

(DNNs) trained by MPC data sets to develop an e�cient method for solving inverse flight

control problems. Furthermore, these DNNs were pruned to determine how sparse a net-

work can be and still yield successful flight. We find that the network can be pruned to

⇠7% of the original networks weights and still fly successfully. Motions of non-aerodynamic

structures, found in all flying animals, and the use of pruning DNNs can inform the de-

velopment of multi-actuated micro air vehicles as well as determine the role the abdomen

plays in insect flight control and energetics.



TABLE OF CONTENTS

Page

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xiii

Chapter 1: Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

Chapter 2: Abdominal movements in insect flight reshape the role of non-aerodynamic
structures for flight maneuverability I: Model predictive control for
flower tracking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.3 Model formulation and methods . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.7 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.8 Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.9 Figures for Chapter 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.10 Tables for Chapter 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.11 Acknowledgments for Chapter 2 . . . . . . . . . . . . . . . . . . . . . . . . . . 34

Chapter 3: Abdominal movements in insect flight reshape the role of non-aerodynamic
structures for flight maneuverability II: performance trade-o↵s of in-
ertial, elastic, and morphological determinants of flight . . . . . . . . . 38

3.1 Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.3 Model formulation and methods . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

i



3.7 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.8 Figures for Chapter 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.9 Tables for Chapter 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.10 Acknowledgments for Chapter 3 . . . . . . . . . . . . . . . . . . . . . . . . . . 75

Chapter 4: Pruning deep neural networks generates a sparse, bio-inspired nonlin-
ear controller for insect flight . . . . . . . . . . . . . . . . . . . . . . . 78

4.1 Figures for Chapter 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

4.2 Table for Chapter 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

ii



LIST OF FIGURES

Figure Number Page

2.1 Model basis and modifications. The model has mechanical properties
described in blue, and the randomized applied e↵orts in red. Modifications to
the basic model are highlighted in green in (c-e). a) a tracing of a hawkmoth
in flight. b) The fully actuated model (“fa”) has two spheroids of prescribed
masses and moment of inertia. Reference frame describes positive motion
coordinates and rotational motions (counterclockwise). The spheroid of the
head-thorax mass is indicated in grey. c) The fully actuated and location of
applied force shifted treatment (“fs”) allows for an additional implicit torque
on the system. d) The underactuated treatment (“ua”) is identical to the
fully actuated treatment (b), with the applied wing torque set to zero. e)
The underactuated with location of applied force shifted treatment (“us”) is
most similar to treatment (c) but with the applied wing torque set to zero. . 29

iii



2.2 Methods for simulating trajectories. The model has a prescribed set
of biomechanical properties: both inertial parameters (masses: M1, M2, mo-
ments of inertia: I1, I2, vector lengths: L1, L2, L3, torsional spring constant:
, and torsional damping coe�cient: ⌘) and aerodynamic parameters (co-
e�cient of drag: Cd, dynamic viscosity of air: µa, and density of air: ⇢a).
Each simulation begins with a prescribed set of initial conditions (the set of
positions: q and their respective velocities: q̇). Monte-Carlo methods ran-
domized the applied forces (magnitude of force: F , direction of force: ↵) and
torques (abdominal torque: ⌧abdo, and wing torque: ⌧wing). There are a set of
2500 randomized forces and torques for each time 20 ms time period, yielding
the final conditions. The initial conditions, randomized torques and forces,
and biomechanical parameters are all passed into the ordinary di↵erential
equations (ODEs) of the system (to see the ODEs and their full derivations,
see Appendix Equations 2.30 - 2.33). A loss function (�) selects the trajec-
tory with the lowest loss function value. The loss function contains various
weights (w1�6, see Appendix Table 2.3) which penalize deviations from y and
x more than ✓. The composition of the vertically oscillating signal ygoal is
noted in the grey dashed box on the upper right. The time series of the ygoal
is displayed for a 10 second time period, the frequency components of this
signal are noted in the figure below. The values of amplitude and frequency
are noted in Appendix Table 2.1. The trajectory selected by the loss func-
tion uses the values 25% through the trajectory as the new initial conditions
for the next 20 ms time period. A visualization of the trajectories and the
selection of one trajectory through time is included in the light blue dashed
box on the lower right. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
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2.3 Evaluating simulated flight performance. Panel (a) is the non-dimensional
tracking error. Panel (b) is the Cost of Transport. The regular-sized abdomen
is based o↵ of our measured parameters (Appendix, Table 2.2), and the re-
duced mass abdomen is an abdomen mass decreased by ⇠90% to evaluate
the role of e↵ectively eliminating the abdomen mass from the system. The
grouping of four treatments on the left side of the panel correspond to the
regular-sized abdomen, while the grouping of four treatments of the right
side of the panel correspond to the reduced mass abdomen. For both panels,
and both sizes of abdomen all treatment shorthands are defined as follows:
fully actuated (“fa”), fully actuated and location of applied force shifted
treatment (“fs”), underactuated (“ua”), and underactuated with location of
applied force shifted treatment (“us”). All results here are based on 40 full
simulations per treatment. Each full simulation run time of 10 seconds of sim-
ulated flight. The letters above each box plot indicate statistical groupings.
All statistical tests for significance were performed by a Kruskal-Wallis rank
sum test. All statistical groupings were based on Bonferroni correction factor
(i.e., reject hypothesis if P > 0.05/2). For non-dimensional tracking error, all
model modifications except both fully actuated regular-sized abdomen treat-
ments (left columns, “fa” and “fs”), and the reduced mass “us” treatment
had significantly higher non-dimensional tracking error (P > 0.025). For cost
of transport, all model modifications except both fully actuated regular-sized
abdomen treatments (left columns, “fa” and “fs”) had significantly higher
cost of transport (P > 0.025). . . . . . . . . . . . . . . . . . . . . . . . . . . 31

2.4 Model dynamics output for all model variations of the regular-
sized abdomen model. All plots are with respect to time for a 10 second
simulation period. Top row is the x-motion in cm. Second row is the y motion
in cm (note the dashed red line is the goal motion of our vertically oscillating
goal). The third row is the head-thorax (m1) mass motion in degrees. The
fourth row is the abdominal motion (m2) in degrees. The bottom row is the
abdominal flexion angle (i.e. di↵erence between rows 4 and 3 respectively)
in degrees. For all treatments, the model tracks the input y-motion well. . . . 32

2.5 Model dynamics output for all model variations of the reduced-
sized abdomen model. All plots are with respect to time for a 10 second
simulation period. Top row is the x-motion in cm. Second row is the y motion
in cm (note the dashed red line is the goal motion of our vertically oscillating
goal). The third row is the head-thorax (m1) mass motion in degrees. The
fourth row is the abdominal motion (m2) in degrees. The bottom row is the
abdominal flexion angle (i.e. di↵erence between rows 4 and 3 respectively)
in degrees. For all treatments, the model tracks the input y-motion well. . . . 33
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3.1 Model basis and modifications. A) The base model as previously de-
scribed ([21]) has mechanical properties described in black, and the random-
ized applied e↵orts (using Monte Carlo methods) in orange-red. Reference
frame describes positive motion coordinates and rotational motions (coun-
terclockwise). B) Morphological modifications to the base model. There
were three sets of simulations of petiole length extension where a petiole of
prescribed length was inserted between the head-thorax mass (m1) and the
abdominal mass (m2). Such prescribed lengths were one of the following three
values: 0%, 20%, or 40%. Additionally, there were three sets of simulations
of length scale factor multipliers applied to the base model. This length scale
factor value was multiplied to all length scales in the base model. The length
scale factor simulations were one of the following three values: 0.5, 1, or 2. C)
Inertial-elastic modifications to the base model. There were three di↵erent
abdominal mass multipliers. The abdominal mass multipliers were multiplied
only to the abdominal mass and were one of the following three values: 0.1,
1 or 10. There were three di↵erent torsional spring constant multipliers. The
torsional spring constant multipliers were: 0.1, 1 or 10. D) A sample tracing
of the state variables progressing through the full 10 second simulation. The
left column is the vertically oscillating signal. The right column is hovering.
x, and y correspond to the rectilinear motion of the pin joint. ✓ is the head
motion. � is the abdominal flexion (where � = � - ✓ - ⇡). . . . . . . . . . . . 56

3.2 Inertial-elastic modification simulation results for tracking a verti-
cally oscillating signal. Figure legend indicates the inertial-elastic mod-
ifications as such: abdominal mass multiplier increases in a single order of
magnitude (i.e., white corresponds to 0.1 ⇤m2, grey corresponds to 1 ⇤m2,
black corresponds to 10 ⇤ m2); torsional spring constant multiplier also in-
creases by an order of magnitude twice (i.e., circle corresponds to 0.1 ⇤ ,
triangle corresponds to 1 ⇤ , square corresponds to 10 ⇤ ). For all figures,
the head mass (m1) does not change in magnitude. All results here are based
on 40 full simulations for each inertial-elastic combination. Each full simu-
lation run time was 10 seconds of simulated flight. All statistical groupings
are indicated by their respective box plot in lower-case letters. All statistical
groupings were based on Bonferroni correction factor (i.e., reject hypothesis
if P > 0.05/2). Panel A) is the non-dimensional tracking error for tracking
a vertically oscillating signal. Panel B) is the mechanical work expended
to track a vertically oscillating signal. Panel C) is the cost of transport for
tracking a vertically oscillating signal. . . . . . . . . . . . . . . . . . . . . . . 57
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3.3 Inertial-elastic modification simulation results for hovering. Figure
legend indicates the inertial-elastic modifications as such: abdominal mass
multiplier increases in a single order of magnitude (i.e., white corresponds to
0.1 ⇤m2, grey corresponds to 1 ⇤m2, black corresponds to 10 ⇤m2); torsional
spring constant multiplier also increases by an order of magnitude twice (i.e.,
circle corresponds to 0.1⇤, triangle corresponds to 1⇤, square corresponds
to 10 ⇤). For all figures, the head mass (m1) does not change in magnitude.
All results here are based on 40 full simulations for each inertial-elastic combi-
nation. Each full simulation run time was 10 seconds of simulated flight. All
statistical groupings are indicated by their respective box plot in lower-case
letters. All statistical groupings were based on Bonferroni correction factor
(i.e., reject hypothesis if P > 0.05/2). Panel A) is the non-dimensional track-
ing error for hovering. Panel B) is the mechanical work expended to hover.
Panel C) is the cost of transport for hovering. . . . . . . . . . . . . . . . . . 58

3.4 Morphological modification simulation results for tracking a verti-
cally oscillating signal. Figure legend indicates the morphological mod-
ifications as such: length scale factor increases from 0.5 to 2 (i.e., white
corresponds to a length scale factor of 0.5, grey corresponds to a length scale
factor of 1, black corresponds to a length scale factor of 2); petiole length
extension values are: 0%, 20%, and 40% of the total body length, and are
visually described. All results here are based on 40 full simulations for each
morphological combination. Each full simulation run time was 10 seconds of
simulated flight. All statistical groupings are indicated by their respective
box plot in lower-case letters. All statistical groupings were based on Bon-
ferroni correction factor (i.e., reject hypothesis if P > 0.05/2). Panel A) is
the non-dimensional tracking error for tracking a vertically oscillating signal.
Panel B) is the mechanical work expended to track a vertically oscillating
signal. Panel C) is the cost of transport for tracking a vertically oscillating
signal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
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3.5 Morphological modification simulation results for hovering. Figure
legend indicates the morphological modifications as such: length scale factor
increases from 0.5 to 2 (i.e., white corresponds to a length scale factor of
0.5, grey corresponds to a length scale factor of 1, black corresponds to a
length scale factor of 2); petiole length extension values are: 0%, 20%, and
40% of the total body length, and are visually described. All results here
are based on 40 full simulations for each morphological combination. Each
full simulation run time was 10 seconds of simulated flight. All statistical
groupings are indicated by their respective box plot in lower-case letters. All
statistical groupings were based on Bonferroni correction factor (i.e., reject
hypothesis if P > 0.05/2). Panel A) is the non-dimensional tracking error
for hovering. Panel B) is the mechanical work expended to hover. Panel C)
is the cost of transport for hovering. . . . . . . . . . . . . . . . . . . . . . . . 60

3.6 Trade-o↵s in components of mechanical work. The figure legend in the
center describes the di↵erent colors pertaining to the di↵erent work terms.
There were two rotational work components, and one rectilinear work com-
ponent. Green is the rotational work component from the product of the
wing torque (⌧wing) and the head-thorax rotational motion (✓). Blue is the
rotational work component from the product of the abdominal torque (⌧abdo)
and the rotational abdominal flexion motion (�). Lastly, red is the rectilinear
work component from the product of the applied force (F ) and the distance
the simulation traveled in the 20 ms time period (| �*

r |). The figure legends
on the right are the same as previous figures. . . . . . . . . . . . . . . . . . . 61

3.7 Absolute tracking error for all model variations. Figure legends are
the same as previous figures. All results here are based on 40 full simulations
for each morphological combination. Each full simulation run time was 10
seconds of simulated flight. All statistical groupings were based on Bonferroni
correction factor (i.e., reject hypothesis if P > 0.05/2). Panel A) is the
tracking error for the inertial-elastic modification simulations (in cm). Panel
B) is the tracking error for the morphological modification simulations (in
cm). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.8 Model dynamics output for the lowest abdominal mass multiplier
(0.1 ⇤m2) tracking a vertically oscillating signal. Torsional spring con-
stants increase from left to right (0.1, 1, 10 respectively). All plots are with
respect to time for a 10 second simulation period. All plots display the mean
+/- standard deviation (n = 40). Top row is the x-motion in cm. Second
row is the y-motion in cm. The third row is the head-thorax (m1) mass mo-
tion in degrees. The fourth row is the abdominal motion (m2) in degrees.
The bottom row is the abdominal flexion angle (i.e. di↵erence between rows
4 and 3 respectively) in degrees. For all simulations, the model tracks the
input y-motion well. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
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3.9 Model dynamics output for the intermediate abdominal mass mul-
tiplier (1⇤m2) tracking a vertically oscillating signal. Torsional spring
constants increase from left to right (0.1, 1, 10 respectively). All plots are
with respect to time for a 10 second simulation period. All plots display the
mean +/- standard deviation (n = 40). Top row is the x-motion in cm. Sec-
ond row is the y-motion in cm. The third row is the head-thorax (m1) mass
motion in degrees. The fourth row is the abdominal motion (m2) in degrees.
The bottom row is the abdominal flexion angle (i.e. di↵erence between rows
4 and 3 respectively) in degrees. For all simulations, the model tracks the
input y-motion well. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.10 Model dynamics output for the highest abdominal mass multiplier
(10 ⇤m2) tracking a vertically oscillating signal. Torsional spring con-
stants increase from left to right (0.1, 1, 10 respectively). All plots are with
respect to time for a 10 second simulation period. All plots display the mean
+/- standard deviation (n = 40). Top row is the x-motion in cm. Second
row is the y-motion in cm. The third row is the head-thorax (m1) mass mo-
tion in degrees. The fourth row is the abdominal motion (m2) in degrees.
The bottom row is the abdominal flexion angle (i.e. di↵erence between rows
4 and 3 respectively) in degrees. For all simulations, the model tracks the
input y-motion well. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.11 Model dynamics output for the lowest abdominal mass multiplier
(0.1 ⇤ m2) for hovering. Torsional spring constants increase from left to
right (0.1, 1, 10 respectively). All plots are with respect to time for a 10
second simulation period. All plots display the mean +/- standard deviation
(n = 40). Top row is the x-motion in cm. Second row is the y-motion in
cm. The third row is the head-thorax (m1) mass motion in degrees. The
fourth row is the abdominal motion (m2) in degrees. The bottom row is the
abdominal flexion angle (i.e. di↵erence between rows 4 and 3 respectively)
in degrees. For all simulations, the model tracks the input y-motion well. . . 66

3.12 Model dynamics output for the intermediate abdominal mass mul-
tiplier (1 ⇤m2) for hovering. Torsional spring constants increase from left
to right (0.1, 1, 10 respectively). All plots are with respect to time for a 10
second simulation period. All plots display the mean +/- standard deviation
(n = 40). Top row is the x-motion in cm. Second row is the y-motion in
cm. The third row is the head-thorax (m1) mass motion in degrees. The
fourth row is the abdominal motion (m2) in degrees. The bottom row is the
abdominal flexion angle (i.e. di↵erence between rows 4 and 3 respectively)
in degrees. For all simulations, the model tracks the input y-motion well. . . 67
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3.13 Model dynamics output for the highest abdominal mass multiplier
(10⇤m2) for hovering. Torsional spring constants increase from left to right
(0.1, 1, 10 respectively). All plots are with respect to time for a 10 second
simulation period. All plots display the mean +/- standard deviation (n =
40). Top row is the x-motion in cm. Second row is the y-motion in cm. The
third row is the head-thorax (m1) mass motion in degrees. The fourth row
is the abdominal motion (m2) in degrees. The bottom row is the abdominal
flexion angle (i.e. di↵erence between rows 4 and 3 respectively) in degrees.
For all simulations, the model tracks the input y-motion well. . . . . . . . . . 68

3.14 Model dynamics output for the lowest length scale factor multiplier
(LSF = 0.5) tracking a vertically oscillating signal. Petiole length
extension increases from left to right (0, 0.2, 0.4 respectively). All plots are
with respect to time for a 10 second simulation period. All plots display
the mean +/- standard deviation (n = 40). Top row is the x-motion in
cm. Second row is the y-motion in cm. The third row is the head-thorax
(m1) mass motion in degrees. The fourth row is the abdominal motion (m2)
in degrees. The bottom row is the abdominal flexion angle (i.e. di↵erence
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3.15 Model dynamics output for the intermediate length scale factor
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length extension increases from left to right (0, 0.2, 0.4 respectively). All
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display the mean +/- standard deviation (n = 40). Top row is the x-motion
in cm. Second row is the y-motion in cm. The third row is the head-thorax
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in degrees. The bottom row is the abdominal flexion angle (i.e. di↵erence
between rows 4 and 3 respectively) in degrees. For all simulations, the model
tracks the input y-motion well. . . . . . . . . . . . . . . . . . . . . . . . . . . 70
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motion in degrees. The fourth row is the abdominal motion (m2) in degrees.
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3.17 Model dynamics output for the lowest length scale factor multiplier
(LSF = 0.5) for hovering. Petiole length extension increases from left to
right (0, 0.2, 0.4 respectively). All plots are with respect to time for a 10
second simulation period. All plots display the mean +/- standard deviation
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4.1 Inverse problem of flight control. (A) The moth body is made of two
ellipses attached with a spring. There are three control variables (F , ↵, and
⌧) and four parameters to describe the state space (x, y, ✓, and �). See Table
?? and ?? for a full description of model parameters. (B) The di↵erential
equation solver solves the forward problem of insect flight control. (C) The
neural network is an attempt to solve the inverse problem of flight control. . . 92
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Chapter 1

INTRODUCTION

Animal locomotion relies on managing changes in body configuration to generate ap-

propriate forces. Complex negotiations of changes in body configuration are required in

terrestrial, aquatic, and aerial locomotion. An example of changes in body configuration

during terrestrial locomotion is the upward shifting of tail position in lizards assists in

pitch control and allows for lizards to jump onto substrates easier [80]. Such aquatic ex-

amples include: lift forces produced by tail and pectoral fins in various aquatic vertebrates

[4, 44, 49, 57, 67, 76, 77, 106, 134]. And lastly, in animal flight, wings undergo a dramatic

change in configuration (i.e. flapping, bending, twisting) to generate the necessary forces

for lift.

And yet, insect flight is incredibly complex. Flapping flight is di↵erent from fixed wing

aerodynamics in synthetic systems (i.e. airplanes). Flapping flight in particular is sub-

ject to non-linear fluid dynamics which lead to many unsteady mechanisms [40]. Such

unsteady mechanisms were summarized thoroughly by Sane in 2003 [108]. These unsteady

mechanisms in insect flight, reviewed by Sane included but were not limited to: the Wag-

ner e↵ect [130], clap-and-fling [11, 47, 81, 132], delayed stall and the leading-edge vortex

[37, 41, 98, 130], the Kramer e↵ect (rotational forces) [10, 37, 110], added mass inertia

[109, 128], and wing-wake interactions [39, 41]. Additionally, for insects, the various body

parts are multi-articulated for various physiological and morphological functions [25].

As a result of a desire to understand these phenomena, both in synthetic systems and bi-

ological systems, biologists and engineers developed a plethora of visualization and measure-

ment techniques within the last 50 years. Methods for modeling and imaging such complex

fluid phenomena and how organisms interact with fluids include: high speed videography,

computational fluid dynamics (CFD), and particle image velocimetry (PIV). In 2017, Bom-

phrey et. al masterfully combined these techniques [16]. Using an eight camera setup to
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record freely flying mosquitoes, they were able to model a number of metrics such as the

CFD of shed vorticies (often associated with lift), and PIV for both the trailing-edge, and

leading-edge vortex during flight. All of these techniques have been utilized at di↵erent

times for various insects [108].

Indeed, the vast majority of insect flight literature has focused on the wings because

they generate the lift forces necessary for flight [38, 42]. However, other body segments may

contribute to flight control and maneuverability by changing body configuration during

flight. Such examples include the tail motions as a mechanism for flight control in birds

and bats [53, 122, 126]. Insects do not have tails, but are rather divided into three body

segments (head, thorax, and abdomen), with six legs protruding from the thorax. The

legs have been observed to contribute to flight control in insect flight [31]. Likewise, flight

control by visually driven abdominal extension and flexion has been observed in various

insects [23, 45, 140, 139], along with abdominal undulations for monarch butterflies [125].

These changes in body configuration during flight may well contribute to path control.

This thesis set out to explore how flight control may involve reshaping of the airframe

itself by changes in its configuration. This relatively understudied aspect of animal flight

may apply to wide range of insect taxa as well as a host of vertebrate flyers. To address this

general topic, I combine computational approaches (inspired by model predictive control),

experimental analyses of flying hawkmoths, biomechanical measurements of the body, and

– in collaboration with another research group – bio-inspired machine learning methods.

The thesis is structured around three core chapters, each briefly summarized below:

Chapter 2 will explore if the abdomen contributes to flight control for a simulated

moth tracking a vertically oscillating flower. The model established in chapter 2 will recur

throughout the thesis. The model in chapter 2 will focus on flight performance between

underactuated and fully actuated simulations. Lastly, using the results of the model, we ab-

dominally restricted live hawkmoths to observe changes in flight performance. The findings

of this chapter are currently in review in Integrative Organismal Biology [21].

Chapter 3 explores the trade-o↵s between flower tracking accuracy and flight perfor-

mance (i.e. energetics) for inertial-elastic, and morphological modifications to the model

developed in chapter 2. The findings of this chapter are in prep for submission to Integrative
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Organismal Biology [22].

Lastly, chapter 4 uses the model developed in chapter 2, and uses a Deep Neural Network

(DNN) to solve the inverse problem of flight control. Additionally, the DNN is pruned to

identify how sparsely the network can be pruned and still yield successful flight. The findings

of this chapter are in prep for submission to PLoS Computational Biology [138].
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Chapter 2

ABDOMINAL MOVEMENTS IN INSECT FLIGHT RESHAPE THE
ROLE OF NON-AERODYNAMIC STRUCTURES FOR FLIGHT
MANEUVERABILITY I: MODEL PREDICTIVE CONTROL FOR

FLOWER TRACKING

Jorge Bustamante, Jr. [1,⇤], Mahad Ahmed [1], Tanvi Deora [1], Brian Fabien [2], and

Thomas L. Daniel [1]

[1] Department of Biology, University of Washington, Box 351800, 98195, WA, USA

[2] Shiley School of Engineering, University of Portland, 5000 N. Willamette Blvd.,

97203, OR, USA

[*] Primary author

2.1 Abstract

Research on insect flight control has focused primarily on the role of wings. Yet abdominal

deflections during flight can potentially influence the dynamics of flight. This paper assesses

the role of airframe deformations in flight, and asks to what extent the abdomen contributes

to flight maneuverability. To address this, we use a combination of both a Model Predictive

Control (MPC)-inspired computational inertial dynamics model, and free flight experiments

in the hawkmoth, Manduca sexta. We explored both underactuated (i.e. number of out-

puts are greater than the number of inputs) and fully actuated (equal number of outputs

and inputs) systems. Using metrics such as the non-dimensional tracking error and cost

of transport to evaluate flight performance of the inertial dynamics model, we show that

fully actuated simulations minimized the tracking error and cost of transport. Additionally,

we tested the e↵ect of restricted abdomen movement on free flight in live hawkmoths by

fixing a carbon fiber rod over the thoracic-abdomen joint. Moths with a restricted abdomen

performed worse than sham treatment moths. This study finds that abdominal motions con-

tribute to flight control and maneuverability. Such motions of non-aerodynamic structures,
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found in all flying taxa, can inform the development of multi-actuated micro air vehicles.

2.2 Introduction

With the exception of feed-forward control, most animal movements are governed by mul-

tiple streams of sensory inputs that are processed centrally to coordinate force and torque

generation by multiple actuators. Such multi-input, multi-output (MIMO) systems underlie

complex motor tasks such as grasping and manipulation as well as myriad modes of terres-

trial, aquatic and aerial locomotion [32]. Animal flight is an especially challenging MIMO

system that relies on both visual and mechanosensory information processing to coordinate

complex wing dynamics for movements ranging from forward flight, to hovering, to tracking

moving targets [32, 107, 124, 131]. The vast majority of literature pertaining to the control

and dynamics of animal flight, however, has largely focused on the wing motions for the

clear reason that wings generate the lift forces necessary for flight [38, 42]. Yet other body

segments may also contribute to movement control and maneuverability by changing the

configuration of their position during flight. For example, tail motions are a key component

of the flight control system in birds and bats [53, 122, 126]. In insects, rather than a distinct

tail, both the abdomen and legs have been implicated in flight control. For example, leg

extension in response to wind gusts in various Hymenoptera have been suggested to serve

a role in flight stability [31]. Similarly, visually driven abdominal flexion and extension is

thought to contribute to flight control in a variety of insects including moths [45], locusts

[23], and fruit flies [140, 139]. A previous study has shown that while insect flight is inher-

ently pitch unstable, movement of the abdomen yields short-term control in the thoracic

pitch of a 2-D simulated butterfly [66]. Finally, abdominal undulations (i.e., periodic ab-

dominal swings coupled to wing inertia) have been demonstrated both experimentally and

theoretically to be a mechanism which reduces the overall mean power and mean energy

requirements for hovering and forward climbing flight in monarch butterflies [125]. These

changes in body posture during flight (airframe deformations) may arise either actively (i.e,

movements driven by the insect) or passively (i.e, respond to external perturbations) and

may well contribute to path control.

Given that the abdomen contributes a large proportion of mass for insects (up to 46-67%
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of body mass for hawkmoths, see Appendix 2.7), a deeper examination of its role in flight

control is warranted. Additionally, understanding the relative roles of wings and abdominal

movements in accomplishing specific flight tasks presents an interesting inverse problem: can

one predict abdominal motions that are required to accomplish a specified path? Previous

literature has addressed the inverse problem of hovering and level forward flight using a

combination of genetic algorithm wedded with a simplex optimizer [59]. Moreover, a study

that solved the inverse problem by linearizing the dynamical system associated with flight

control [45] found that flapping flight with active abdominal control operates on the edge

of stability.

This paper focuses on flight control in the hawkmoth (Manduca sexta) by combining both

experimental and computational approaches to address the role of airframe deformations in

flight. Computationally, we use an inertial dynamics model of an insect tracking a vertically

oscillating signal in which abdominal flexion contributes to the control. Experimentally, we

explore this airframe control hypothesis through measurements of free flight behaviors for

animals whose abdominal motion is restricted.

We develop an inertial dynamics model inspired by Dyhr et. al, [45] to examine the

extent of abdominal contribution in the movement control of a 2D inertial model (an insect)

tracking a vertically moving target (a moving flower). We use an approach inspired by

Model Predictive Control (MPC) to solve the inverse problem of determining the wing

forces and torques, along with abdominal motions, that achieve a specified path. In doing

so, we explore a fully actuated control model (4 controls for 4 degrees of freedom) and an

underactuated model (3 controls for 4 degrees of freedom). In all cases we analyze both the

tracking error of these control strategies as well as a non-dimensional measure of the energy

cost associated with each strategy. Interestingly, all MPC solutions were able to solve the

flower tracking. However, there are subtle di↵erences in the errors of each approach and

substantial di↵erences in the cost of tracking. Additionally, experimentally suppressing

abdominal motions in live hawkmoths greatly inhibits flight performance.
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2.3 Model formulation and methods

We developed an inertial dynamics model coupled with Monte Carlo simulations to address

the question of abdominal contribution to flight maneuverability and flight control. Our

model simulates the dynamics of a flying moth as a reduced-order two-mass rigid body

system. We used an Euler-Lagrange formulation to generate a system of ordinary di↵erential

equations that relate wing forces and body torques to the position and angles of the body in

time. Our model includes aerodynamic drag forces and is in the form of a nonlinear, second

order system of ordinary di↵erential equations. As we indicate below, we use a method

inspired by Model Predictive Control (MPC).

Insect Geometric Model

The hawkmoth was modeled as two mechanically coupled ellipsoid masses: mass (m1 and

m2) with associated moments of inertia (I1 and I2) (Figure 2.1b). A pin joint connects

the base of the head-thorax mass m1 to the abdomen mass m2. The pin joint connection

between the two masses was modeled as a damped torsional spring with a spring constant ()

and a torsional damping term (⌘) as shown in Beatus and Cohen [7]. The externally applied

e↵orts of the system include the aerodynamic force of magnitude (F ), with a direction (↵)

with respect to the long axis of m1. Additionally, an abdominal torque at the pin joint

(⌧abdo), and the wing torque (⌧wing) serve as two additional control features.

The model follows the traditional right-hand coordinate system (i.e., x and y are positive

going right and upward respectively, Figure 2.1b). The angular motion associated with the

head-thorax mass relative to an inertial coordinate frame is ✓, while the motion associated

with the abdomen mass is �, which is also relative to an inertial frame (Figure 2.1b). To

keep consistency with right-handed coordinates, all counter-clockwise rotations are defined

as positive.

The model was modified to examine four cases with the modification shorthand in paren-

theses next to their respective definitions: (1) fully actuated (“fa”, the basic model, Figure

2.1b), (2) fully actuated with the location of the applied force shifted from the center of

mass (“fs”, Figure 2.1c), (3) underactuated (“ua”, Figure 2.1d) where the wings do not
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generate torque, (4) underactuated with the location of the applied force shifted from the

center of mass (“us”, Figure 2.1e). The modifications that include shifting the location of

the applied force from the center of the head-thorax mass are included to determine whether

the role of implicit torques on the system provide additional stability. Additionally, these

four modified cases were also run with a model where the abdomen mass was decreased by

90% to determine the role the applied torques contribute to maneuverability.

All model morphometric values and mechanical properties were measured from hawk-

moths (N = 10, 5 males & 5 females). These specific morphometric values and mechanical

properties can be found in the Appendix (Table 2.2). We used the torsional damping coef-

ficient from Dyhr et. al [45], and empirically measured the torsional spring constant in this

study (see 2.3 below).

Dynamical Equations

The Euler-Lagrange formulation (Equation 2.1) yields the equations of motion (see Ap-

pendix equations 2.9-2.33) necessary to simulate the dynamics of the multi-body model

(full derivation in Appendix).

d

dt

@T ⇤

@q̇
� @T ⇤

@q
+

@V

@q
+

@D

@q̇
= esq (2.1)

where T ⇤ accounts for the kinetic energies of the system, V accounts for the potential

energies of the system, D accounts for the dissipative energies of the system, and esq accounts

for the work due to external applied e↵orts. All energies and e↵orts are with respect to

the generalized coordinates. The equations of motion form a coupled system of second-

order non-linear ordinary di↵erential equations, which can be separated and solved using

an explicit numerical solver we have written in Python (using odeint). All code is available

on https://github.com/JorgeBJr/multibodyDynamicsModel.git .

Specifying motion and loss function value

We specified a challenging motion for the model to track. We chose prime frequencies as

used in Roth et. al [107], and Sponberg et. al [117] to determine whether the output
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response of the model was non-linear. The prescribed goal signal (equation 2.2) includes

eleven prime number frequencies (see Appendix 2.7, Table 2.1), and eleven amplitudes of

decreasing magnitude to ensure the velocity of the signal was not increasing as frequency

increases.

ygoal =A1sin(2⇡f1t) +A2sin(2⇡f2t) + ...

+A11sin(2⇡f11t)
(2.2)

where the amplitudes Ai and frequencies fi are specified in the Appendix (Table 2.1) for

the ygoal. The specified goal motion of the x-direction (xgoal) is always set to zero. The

specified goal angle of the head-thorax mass (✓goal) is always set to ⇡/2.

To explore the theoretical control authority, the applied e↵orts (F , ↵, ⌧abdo, ⌧wing) were

randomized using Monte-Carlo methods. Each individual randomized set of applied e↵orts

yields an individual realization. Each realization was allowed to run for a time period of

20 ms. 2500 realizations were generated from the randomized set of applied e↵orts for a

given 20 ms time period with the same initial conditions for each particular time period.

To simulate a closed-loop system, a loss function (Equation 2.3) selects one realization out

of the 2500 realizations with the lowest loss function value for the particular time period

(Figure 2.2, bottom right).

� = w1(x� xgoal)
2 + w2(y � ygoal)

2

+ w3(✓ � ✓goal)
2 + w4(ẋ� ẋgoal)

2

+ w5(ẏ � ẏgoal)
2 + w6(✓̇ � ✓̇goal)

2

(2.3)

The loss function takes the di↵erence between the prescribed goal value at the end of the

20 ms simulation, and where the realization actually ended up. This is calculated for the

head-thorax motion (✓), rectilinear position (x and y), and their respective derivatives(✓̇, ẋ,

and ẏ). Each term has a prescribed weighting coe�cient (w1�6 see Appendix) intended to

minimize deviations of the head-thorax motion and rectilinear motion.

Drawing inspiration from MPC, we incorporated a receding horizon to minimize the

time-accumulated error throughout the 20 ms simulation time. After the loss function
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selects the realization with the lowest loss function value, the model travels 25% of the

selected path. The state variables at this 25% point become the new initial conditions, and

we simulate a new batch of 2500 realizations (Figure 2.2). This method is repeated until

the simulation time of 10 seconds is completed.

Evaluating simulated flight performance

The model simulation flight performance was evaluated using two key metrics: (1) non-

dimensional tracking error, (2) cost of transport.

We defined the non-dimensional tracking error (equation 2.4) as the rectilinear distance

between the the final location of the 20 ms simulation (xsim, and ysim) and the goal position.

This distance is normalized by dividing the body by length of the organism.

q
(xsim � xgoal)

2 + (ysim � ygoal)
2

body length
(2.4)

The generalized form of mechanical work is defined in equation 2.5 as a summation of

rectilinear work (work done by the wing force in translational motions), rotational work

(work done by the torque resulting from wing forces), and the work due to applied torques

(wing torque and abdominal flexion torque).

Work =
*

F | �*
r | + | (*r ⇥

*

F )✓ |

+ | ⌧wing✓ | + | ⌧abdo� |
(2.5)

where
*
r is the generalized positional vector (see appendix), |�*

r | is the distance traveled in

each time step of the simulation. The absolute value of each term in equation 2.5 represents

the energy expenditure of movement in space. Note each model treatment as denoted in

Figure 2.1 may not contain every term in equation 2.5 for the instantaneous work.

The cost of transport describes the normalized energy expenditure of movement in space.

The cost of transport normalizes the mechanical work, as referred to in equation 2.5, by

dividing the product of the weight and distance traveled by the moth at any 20 ms interval

as seen in equation 2.6.
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C =
Work

mg | �*
r |

(2.6)

where m is the mass of the head-thorax section, and g is the acceleration due to gravity.

Experimental materials and methods

Hawkmoth preparation and abdominal restriction methods

Tobacco hawkmoths (Manduca sexta) were collected from a colony at the University of

Washington. The moths were maintained on a 12:12 hour light-dark cycle. For the free

flight experiment, we used 2-5 days post-eclosion hawkmoths, and specifically selected adults

who showed eagerness to feed (actively flew or hovered in front of a red-light headlamp) ⇠2

hours after the beginning of the dark cycle.

For the experimental treatment (3 moths, a total of 12 trials), a single carbon fiber

rod (0.048-0.095 g) was glued on the dorsal side across the thorax and abdomen joint

using superglue to restrict the motion of this joint. Carbon fiber rods for the experimental

treatment composed 0.40% +/- 0.14% (mean +/- standard deviation) of moth body mass.

A sham treatment was also incorporated in a separate set of moths (4 moths, total of

14 trials). These sham treatment moths had two separate carbon fiber rods glued to the

thorax and abdomen respectively (total weight range 0.047-0.067 g). Carbon fiber rods for

the sham treatment composed 0.24% +/- 0.03% (mean +/- standard deviation) of moth

body mass. The purpose of the sham treatment was to account for the weight of the carbon

fiber rod. For moths that flew, their last exposure to light was 1.03-4.78 hours (or 62-287

minutes) before flight experiments.

All free flight experiments were performed during the active, night period of hawkmoths

including dusk and dawn at 20-25�C. All moths were flower-näıve and had never fed as

adults prior to experimentation.

A separate set of 10 hawkmoths (5 males, 5 females) were used to measure the percentage

of abdominal mass (as reported in the Introduction). For these measurements, we used 1-

3 days post-eclosion hawkmoths. The total mass of the moth was weighed prior to cold
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anesthetization. After at least 45 minutes of cold anesthetization, the head, thorax, and

abdomen were all excised and weighed separately. The value reported in the introduction is

the range of percentages of abdominal mass for each individual moth (See Appendix, Table

2.4).

Free flight behavioral setup

To document flight behaviors we used an experimental system established by Deora et. al

[35]. Moths flew in an artificial arena (36” x 27” x 36”), darkened, and enclosed from all

external lighting. We used an overhead video camera (Basler piA640-210gm GigE) recording

at 100 frames per second, 200 µsec exposure under infrared illumination. The enclosure was

illuminated with di↵use white light at 0.1 lux with a custom-made LED lightbox (SpyeGrey

film, SpyeglassTM).

The moths were tasked with feeding from an artificial, 3D printed, funnel shaped, sta-

tionary flower [35]. We used a 7-component scent mixture which mimicked the scent of hawk

moth-pollinated flowers to motivate flight ([24, 105]: 0.6% benzaldehyde, 17.6% benzyl al-

cohol, 1.8% linalool, 24% methyl salicylate, 3% nerol, 9% geraniol, 0.6% methyl benzoate in

mineral oil). A few drops of this scent was placed on filter paper. The filter paper was placed

directly above the artificial flower on the ceiling of the artificial enclosure, and covered with

a dark cloth so as not to cause a visual distraction for moths during the experiment.

Evaluation of moth free flight performance

We tracked the moth head using DeepLabCut (DLC, [85], see also methods of Deora et.

al [35]) to capture and analyze flight paths of the abdominally restricted and sham treated

moths. The DLC model was trained on a previous training data set in [35] which used similar

overhead view of moth feeding from artificial flower. We wrote custom codes (available on

https://github.com/itsMahad/MothAbdominalRestriction) to analyze these flight tracks.

We used several metrics to capture flight dynamics and flight path characteristics like mean

velocity, mean acceleration, flight path tortuosity, box dimension as well as analyzed the

spectral characteristics of the path. We used a Wilcoxon rank sum test to analyze the
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di↵erences between abdominally restricted and sham moths across all metrics.

We computed the path tortuosity (equation 2.7), a metric of how much a moth deviates

from a mean or straight flight path to compare flight paths across our treatments. Because

moths flight path often cross themselves in this behavioral paradigm, we analyzed tortu-

osity along smaller segments of the path, essentially creating a sliding window estimate of

tortuosity of 40 frames (100ms, equivalent to 10 wing beats which we felt was an adequate

time scale to capture relevant flight trajectory features) for each trajectory and computed

the total distance and displacement for each window. We used the following equation to

compute tortuosity of each segment (Equation 2.7), and average across these to compute

the mean tortuosity for each flight path. Similarly, we also used fast Fourier transform on

each trajectory segment to compute the mean power at various temporal frequencies.

Tortuosity =

i+40P
k=i

p
(xk+1 � xk)2 + (yk+1 � yk)2

p
(xc � x0)2 + (yc � y0)2

(2.7)

where i = [i, N � 40] and N is the number of frames for any trial. This represents a sliding

window of tortuosity estimates.

We also used fractal dimensions (box counting dimension) to quantify the complexity

(i.e. jaggedness) of each flight trajectory. Fractal dimensions have been previously used to

quantify the geometry of animal paths [9]. They measure how shapes and patterns scale in

comparison to the space they occupy. Hence smaller a fractal value (⇠1) means a measured

dimension is more similar to a line; higher values (>1.5) means a measured dimension more

similar to that of an area. Prior to analysis, each trajectory was saved as an image, so that

the space between discrete centroid positions was linearly interpolated. This allowed us to

analyze the entire shape of the trajectory irrespective of the moth’s velocity.

Double-blind scoring of rolling maneuvers

With a single camera system, body pitch and roll are di�cult to quantify, but human

observers are able to assess the presence or absence of such motions. To determine whether

or not there was an increased incidence of rolling in experimental treatment moths relative

to sham moths, we used a double-blind study of the moth video trials. Eight volunteers
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were tasked with the simple binary scoring (yes/no) of whether or not they witnessed rolling

in the 26 flight bouts (12 videos of experimental treatment flight bouts, and 14 videos of

sham treatment flight bouts). The order of the videos was randomized, and the treatment

of the moth was hidden to the volunteer. The metric of evaluation for this scoring was if

the incidence of rolls in experimental treatment moths were higher than the incidence of

rolls in the sham treatment moths.

Torsional spring constant measurements

The torsional spring constant was empirically measured for our multibody dynamics model.

All torsional spring constant experiments were performed on 1-2 days post-eclosion dead

hawkmoths (N = 20 moths). There were two groups of dead moths: moths in the freezer

(-20�C) for 1 hour before (N = 10 moths; 5 male, 5 female) and 10 minutes before (N =

10 moths; 5 male, 5 female) the head was excised. At the time of head ablation, the wings

and legs were also ablated. The scales were removed from the thorax so as to mount the

moth into its measurement rig more easily.

Moths were mounted on a micro manipulator with the thorax firmly pierced by two

nails to maintain its position during measurements. The abdomen was aligned with a the

true vertical as best as possible, and lassoed to the lever arm of a Dual Mode Muscle Lever

System (Aurora Scientific, Model 360) firmly with thread.

The Dual Mode Muscle Lever System had the dual task of applying the sinusoidal

oscillations and recording the torque that the abdomen exerted back on the lever arm as a

response. Calibration of the Dual Mode Muscle Lever System to the corresponding angles

and torques was done by tying a rubberband (Sparco Premium Quality Rubber Bands,

1614LB, Size 16, 2 1/2” x 1/16”) to a vertical rod. All data acquisition was performed with

a National Instruments DAQ (NI USB-6229) at a sampling frequency of 1000 Hz.

The prescribed sinusoidal signal was 15 seconds long, and composed of one of five driving

frequencies (0.2, 1, 5, 10, 20 Hz), with one of three input voltages (2, 5, 9 Volts) which

correspond to the di↵erent angular excursions of the lever arm. Each of these 15 signals

had three replicates. The order of these 45 trials were randomly permuted for each of the
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20 moths to ensure there was no statistical bias or unusual response by the moth abdomen

to di↵erent driving frequencies and amplitudes.

We recorded the time series for both the abdominal angle and applied torque for these

45 trials. Both time series signals were Fourier transformed. These two Fourier transformed

signals each have a real component and an imaginary component. The real components of

the two Fourier transformed signals is used to calculate the torsional spring constant:

 = Real

✓
T

⇥

◆
+ I!2 (2.8)

where T is the Fourier transform of the torque signal, ⇥ is the Fourier transform of the angle

signal, I is the moment of inertia of the moth abdomen, and ! is the driving frequency. For

the full derivation, see the Appendix.

All instantaneous torsional spring constants (for all trials and moths) were plotted

with respect to driving frequency and fit with a second degree polynomial function. The

x-intercept of this polynomial fit was the torsional spring constant used in all of our

simulations. The torsional spring constant value we used in the simulations is 0.0023

kg m2 rad�1 s�2 (see Results).

2.4 Results

Torsional spring constant measurements

Moths which were in the freezer for 10 minutes prior to head excision had a torsional spring

constant of 0.0023229 +/- 0.00071788 kg m2 rad�1 s�2 (mean +/- standard deviation).

Moths which were in the freezer for 1 hour prior to head excision had a torsional spring

constant of 0.0033906 +/- 0.0019621 kg m2 rad�1 s�2 (mean +/- standard deviation). We

decided to use a value within the range of the moths which were in the freezer 10 minutes

prior to head excision because such moths have material properties more directly relevant

to the live moths.
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Simulated flight: non-dimensional tracking error

Non-dimensional tracking error denotes the 2-dimensional rectilinear distance between the

final state of the model in a 20 ms simulation run time, and the goal position normalized

to body length (L1 + L2, constant for all simulations) of the simulated moth. A Kruskal-

Wallis one-way analysis of variance test showed at least one of the groups were significantly

di↵erent from the other (Kruskal-Wallis, �2 = 294.14, df = 7, P = 2.2e-16): the Dunn’s

test for multiple comparisons revealed the treatments which had the lowest non-dimensional

tracking error were the two fully actuated treatments for the regular-sized abdomen, and

one underactuated treatment for the reduced mass abdomen (regular-sized abdomen “fa”

and “fs” in Figure 2.3a, and reduced mass abdomen “us”).

Simulated flight: cost of transport

The cost of transport is defined as the non-dimensional work normalized to the weight of

the simulated insect multiplied by the distance it traveled in the 20 ms time frame. Cost

of transport was lowest for the regular-sized abdomen fully-actuated simulations (Figure

2.3b, treatments “fa” and “fs”) and were significantly di↵erent from the other statistical

groupings (Kruskal-Wallis �2 = 295.27, df = 7, P = 2.2e-16).

Energy expenditure was minimized for fully actuated treatments. Decreasing the ab-

domen mass by 90% yields flight dynamics similar to a normal abdomen (see Appendix,

Figures 2.4, 2.5) for the underactuated and location of applied force shifted treatments.

However, the cost of transport is higher for all reduced abdomen size treatments than the

fully actuated, regular-sized abdomen treatments.

Moth free flight: incidence of flight

One metric to observe any di↵erences between the two treatments is the incidence of flight.

After dark adaptation, moths were brought into the darkened arena and allowed 10 minutes

to initiate flight. Flight or no flight was scored and compiled. Of 40 experimental treatment

trials, 7 trials resulted in moth flight. Of 37 sham treatment trials, 18 resulted in moth flight.

The incidence of flight is much lower in experimental treatment moths (17.5%) than in sham
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treatment moths (48.6%).

Moth free flight: kinematics and path metrics

For all moths which successfully flew, we used various metrics to evaluate the dynamics of

the flight paths, and observe the di↵erences between the two treatments. These metrics

included root mean square (RMS) velocity, RMS acceleration, tortuosity, box dimension,

the log-log transform of the spatial frequencies of flight path, and flight duration.

The RMS velocity was not significantly di↵erent for both the experimental and sham

treatments (Wilcoxon rank sum exact test, P = 0.6947). The RMS acceleration was not

significantly di↵erent for both the experimental and sham treatments (Wilcoxon rank sum

exact test, P = 0.6505). The sliding window tortuosity was not significantly di↵erent for

both the experimental and sham treatments (Wilcoxon rank sum exact test, P = 0.261).

The box dimension was not significantly di↵erent for both the experimental and sham

treatments (Wilcoxon rank sum exact test, P = 0.6495). Neither the slopes nor intercepts

of the log-log transform of the spatial frequencies of tortuosity were significantly di↵erent

between experimental and sham treatments (Wilcoxon rank sum exact test, slope: P =

0.9408; intercept P = 0.3312 ).

However, the flight duration was significantly di↵erent for both the experimental and

sham treatments (Wilcoxon rank sum exact test, P = 0.01561). This implies inhibition of

abdominal movements yields shorter flight bouts for experimental treatment moths.

Double-blind scoring of rolling maneuvers

The incidence of rolls in the experimental treatment was 45 of 96 (46.9%). The incidence

of rolls in the sham treatment was 23 of 112 (20.5%). This di↵erence was statistically

significant (Wilcoxan rank sum exact test,W = 132, P = 0.01332). This implies inhibition of

abdominal movements yields a greater incidence of rolls for experimental treatment moths,

although it remains unclear if this is a behavioral compensation or an inertial consequence

of the abdominal restriction.



18

2.5 Discussion

In this study we have provided both theoretical and experimental evidence that abdominal

motions can play a critical role in flight control. This is shown in both the inertial dynamics

model of this study and in experimental treatments of freely flying hawkmoths. Three key

results arise from our computational analysis. First, our computational approach, inspired

by Model-Predictive Control (MPC), successfully predicts forces and torques required to

accomplish the complex motor task of tracking a moving target. Second, we find that both

fully actuated and underactuated models of control can successfully accomplish these tasks.

However, the error associated with tracking is generally greater for underactuated systems.

Third, we find that the energetic cost of transport, as measured by the energy divided by

the product of the thorax muscle weight and distance traveled, depends quite strongly on

the abdominal motions. We showed that all computational model variations were able to

successfully track the vertically oscillating goal, yet two treatments in particular minimized

the cost of transport (both fully actuated, regular-sized abdomen models, see Figure 2.3b,

left columns, treatments “fa” and “fs”). We also showed that when abdomen motion was

inhibited in freely flying moths attempting to feed from a stationary 3D printed flower,

yielded a drastically lower incidence of flight, and for moths which successfully flew, the

duration of the flight bouts were significantly shorter and less stable.

Inverse solutions using MPC-inspired models

Flight control is a non-linear problem in which the inverse solution–finding forces and torques

required to follow a specified path–can be quite challenging. As mentioned previously, a

number of outstanding studies have solved this inverse problem using a variety of approaches.

For example, Hedrick and Daniel [59] used a genetic algorithm melded with a simplex

optimization in which 10 parameters were used to solve the inverse problem of hovering

and level flight control with the same four degrees of motion we allowed in our simulations.

With 10 control parameters, they simulated an overactuated system, particularly given that

the state space is dominantly four degrees of freedom. Nonetheless, that study showed it

was possible to fix all but two kinematic parameters and still accomplish successful flight
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([59], Table 2). Interestingly, that study also showed that a single underactuated kinematic

parameter set could perform the task of hovering, albeit with considerably higher error.

This particular underactuated kinematic parameter set was the inspiration for our study as

underactuated systems have been of particular interest in synthetically designed engineered

systems [60, 86].

Genetic algorithms have been used elsewhere in studies of flight control including but

not limited to: identifying actuator placement, controller design, vehicle design to launch

small satellites, and other general optimization processes [121]. While, to our knowledge,

only Hedrick and Daniel [59] incorporate the use of a genetic algorithm for computing the

inverse problem of hovering in a biological context, a similar approach was used to compute

wing kinematics in flight that minimized the energy required for hovering [12].

Analogously, MPC approaches for flight control have gained considerable attention in

recent literature including on-board control of quadrotors [17], target tracking in fixed wing

aircraft [120, 140], and other synthetic systems [115]. However, to our knowledge, it has not

been widely deployed as a method for exploring natural flight systems. MPC approaches also

lend themselves to future studies in which deep neural networks (DNNs) can be developed,

refined, and influence the basis of problems with otherwise infinite state-space permutations.

In summary, the implementation of MPC approaches coupled with DNNs can provide unique

insight into a vast array of physically bounded, biologically relevant questions.

Fully actuated and underactuated controls

For our model of a flying moth moving with four degrees of freedom–in our cases two

translational (x, y) and two rotational (✓,�) directions–we explored two control scenarios,

one in which the model is fully actuated using four control inputs and one in which it is

underactuated, where we use just three control inputs. Formally, underactuated systems are

those for which the control system cannot accomplish any acceleration in some of the degrees

of freedom at any instant in time [116]. Underactuated systems have received considerable

attention in recent years, often because they are commonly seen in a variety of biological

systems. For example, Deng et. al [137] show that time invariant averaging theory can be
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used for controlling bioinspired insect robots that are underactuated. Similar approaches

have been used for underactuated fish-like robots [89].

Similar to the time-averaging methods above, in our underactuated scenario, we use a

fixed force and fixed abdominal torque during the equivalent time of half a wing stroke

to e↵ect control, e↵ectively serving as a stroke averaged control. As we noted above, this

approach leads to e↵ective tracking, though an intriguing trade-o↵ appears. When the

abdominal mass is close to that observed in Manduca the cost of transport in both un-

deractuated configurations (“ua” and “us”) is greater than that associated with the fully

actuated system (“fa” and “fs”) (Figure 2.3b). If, however, the abdominal mass is dras-

tically smaller, as in our reduced mass abdomen models, the cost of transport is actually

greater for the fully actuated system. In that case the underactuated system for both the

normal abdominal mass and the reduced mass are similar in magnitude (Figure 2.3b).

Taken together, the flight dynamics (Appendix, Figures 2.4, 2.5), non-dimensional track-

ing error (Figure 2.3a), and cost of transport (Figure 2.3b) yield conflicting results with the

findings of [59] (see Hedrick and Daniel, Table 2). For the normal mass simulations, a

higher non-dimensional tracking error, and cost of transport was shown for both underac-

tuated treatments (“ua” and “us”) when compared to the fully actuated treatments (“fa”

and “fs”) which is in accordance with Hedrick and Daniel [59]. However, the flight dynam-

ics (Appendix, Figures 2.4, 2.5) reveals that while the model can track rectilinear motions

accurately (x, y), and even maintain a relatively reasonable head-thorax rotation (✓, with

some abrupt jostling), the abdominal motions spin indefinitely for both underactuated con-

figurations (“ua” and “us”). This dramatic abdominal spin demonstrates a conflict with

the findings of Hedrick and Daniel [59].

In all instances when applied wing torques or o↵set origin of wing forces are absent from

the system, we observe unstable dynamics (“ua” treatment in Appendix, Figures 2.4, 2.5),

high energy expenditure, and high tracking error (Figure 2.3, “ua” models). This implies

the necessity of an applied torque, regardless of how miniscule, is essential for dynamical

stability. Interestingly, the pitch moment of inertia about the center of mass for the entire

head/thorax and abdomen system will depend on abdominal flexion angle: greater flexion

has a lower pitch moment of inertia.
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Restricting natural abdominal motions compromises flight

For freely flying moths given the task of feeding from a stationary 3D printed flower, our

sham treatment moths flew successfully with no discernible inhibition to their flight pat-

tern. Flight incidence was dramatically decreased for moths given this same task with the

carbon fiber rod restricting their abdominal motion. Additionally, if moths flew, various

flight dynamics (e.g. velocities, path tortuosity) were not significantly di↵erent between

treatments, except for length of flight duration. This indicates the experimental treatment

moths that were able to fly were inhibited to the point of having shorter flight bouts.

While simple metrics of flight dynamics such as speeds, accelerations, or tortuosities

did not yield significant di↵erences between moths with restricted abdominal motions and

control individuals, moths in the experimental treatment group were observed to engage in a

higher incidence of rolling motions than sham treatment moths. We suspect that abdominal

flexion could increase the rotational moment of inertia in the roll axis: a straight cylinder

has a lower roll moment of inertia than a bent cylinder of identical length and mass. Indeed,

maneuvering via abdominal flexion may allow roll motions when straight and roll stability

when bent.

Similarly, this inhibition of abdominal movements is shown to have adverse e↵ects on

other animals as seen in a number of other studies. For example, juvenile mantids that had

their abdominal segments restricted by superglue resulted in slower rotations necessary to

complete a jump [20], sometimes causing them to crash head-first into their task goal–an

otherwise easy to accomplish task for normal juvenile mantids. Wingless aphids passively

correct their body posture when falling without the use of their nervous system (though

achieve a better rate of body posture correction while alive, [104]) which indicates a purely

physical method of aerial righting. At critical stages of aerial righting, wingless nymphal

stick insects actively use their legs to reorient while falling [141]. Gliding ants (wingless ant

workers) apply active control over their aerodynamic forces when righting their path back

to tree trunks [91] despite their lack of having aerodynamically streamlined appendages to

accomplish this task.

Future work could include 3D motion tracking of moths using the same vertically os-
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cillating signal in our MPC-inspired model on live moths. This potential new study could

also include varying degrees of inhibited abdominal motion ranges (i.e., potential halfway

degrees of treatment–sticks which get sti↵er as flexion increases).

2.6 Conclusion

Airframe deformation: inertial reconfiguration contributes to flight control

Taken together, both the computational and experimental results point to an important

role for inertial reconfiguration of body elements in movement control. While wings are

clearly the most important structures for animal flight control, this study shows that inertial

components of non-wing structures also play an important role.

2.7 Appendix

Model formulation and methods

The Euler-Lagrange equations form a system of four coupled second order ordinary di↵er-

ential equations for the state variables q, (q = x, y, ✓,�)

The Euler-Lagrange equation is written in the following general form:

d

dt

@T ⇤

@q̇
� @T ⇤

@q
+

@V

@q
+

@D

@q̇
= esq (2.9)

Where q is a placeholder for a flow variable (x, y, ✓, �). x and y are with respect to the

standard Cartesian coordinates, ✓ is the angle of the head-thorax mass with respect to the

x-axis, and � is the angle between the midline of the abdomen with respect to the x-axis

(Figure 2.1b).

Furthermore, T ⇤(p) is defined as the kinetic co-energy, V is defined as the potential

energy, D(p) is defined as the dissipative energy, and esq the external e↵ort exerted that

a↵ects the respective flow variable (either x, y, ✓, �). This yields four Euler-Lagrange

equations for the four variables of this model:

d

dt

@T ⇤

@ẋ
� @T ⇤

@x
+

@V

@x
+

@D

@ẋ
= esx (2.10)
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d

dt

@T ⇤

@ẏ
� @T ⇤

@y
+

@V

@y
+

@D

@ẏ
= esy (2.11)

d

dt

@T ⇤

@✓̇
� @T ⇤

@✓
+

@V

@✓
+

@D

@✓̇
= es✓ (2.12)

d

dt

@T ⇤

@�̇
� @T ⇤

@�
+

@V

@�
+

@D

@�̇
= es� (2.13)

The positional vectors of our two masses with respect to the thorax-abdomen joint are

the following:

*
r1 = (x+ L1cos✓)̂i+ (y + L1sin✓)ĵ (2.14)

*
r2 = (x+ L2cos�)̂i+ (y + L2sin�)ĵ (2.15)

Where L1 is a fixed length between the thorax-abdomen joint to the center of the head-

thorax mass (Figure 2.1b). Similarly, L2 is a fixed length between the thorax-abdomen joint

to the center of the abdomen mass (Figure 2.1b).

The velocity vectors for each of the two masses are simply the derivatives of the positional

vectors with respect to time as follows:

*̇
r1 = (ẋ� L1✓̇sin✓)̂i+ (ẏ + L1✓̇cos✓)ĵ (2.16)

*̇
r2 = (ẋ� L2�̇sin�)̂i+ (ẏ + L2�̇cos�)ĵ (2.17)

The kinetic energy of the system is as follows:

T ⇤ =
1

2
m1

*̇
r1

*̇
r1 +

1

2
I1✓̇

2 +
1

2
m2

*̇
r2

*̇
r2 +

1

2
I2�̇

2 (2.18)

Where m1 is the mass of the head-thorax, I1 is the moment of inertia of the same mass,

m2 is the mass of the abdomen, and I2 is the moment of inertia of the abdomen. When the

velocity vectors are substituted in, (2.18) becomes the following form:
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T ⇤ =
1

2
m1(ẋ

2 + ẏ2 + 2L1✓̇(ẏcos✓ � ẋsin✓) + L2
1✓̇

2)

+
1

2
I1✓̇

2

+
1

2
m2(ẋ

2 + ẏ2 + 2L2�̇(ẏcos�� ẋsin�) + L2
2�̇

2)

+
1

2
I2�̇

2

(2.19)

The potential energy of the system is as follows:

V =
1

2
((�� ✓ � ⇡)� (�o � ✓o � ⇡))2

+m1g(y + L1sin✓)

+m2g(y + L2sin�)

(2.20)

Where  is the torsional spring constant of the joint that connects the thorax to the

abdomen, g is the acceleration due to gravity, �o is the initial abdomen angle, and ✓o is the

initial head-thorax angle. And �rest is defined as: �o - ✓o - ⇡.

The dissipative energy of the system is as follows:

D =
1

2
⌘(�̇� ✓̇)2 (2.21)

Where ⌘ is the torsional damping constant of the joint that connects the thorax to the

abdomen. The work done by the applied e↵orts to the system are as follows:

�Wx = Qx�x (2.22)

�Wy = Qy�y (2.23)

�W✓ = Q✓�✓ (2.24)

�W� = Q��� (2.25)
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Therefore, the applied e↵orts are as follows:

esx = Qx =Fcos(✓ + ↵)� 1

2
⇢aSheadCdhead | ẋ | ẋ

� 1

2
⇢aSabdoCdabdo | ẋ | ẋ

(2.26)

esy = Qy =Fsin(✓ + ↵)� 1

2
⇢aSheadCdhead | ẏ | ẏ

� 1

2
⇢aSabdoCdabdo | ẏ | ẏ

(2.27)

es✓ = Q✓ = ⌧abdo + ⌧wing + L3Fsin(↵) (2.28)

es� = Q� = �⌧abdo (2.29)

Where F is the averaged aerodynamic lift force over the course of the 20 ms simulation

time period caused by the flapping wings of the insect, ↵ is the angle of the aerodynamic lift

force with respect to the midline of the head-thorax mass, ⇢a is the density of air, S is the

surface area of the insect which is experiencing aerodynamic drag (modeled as a sphere).

Cdx, and Cdy are the coe�cients of drag in the x-direction and in the y-direction respectively,

⌧abdo is the torque applied to the thorax-abdomen joint for flight correctional purposes

and/or to counteract external perturbations (note: conservation of angular momentum

requires an equal and opposite torque applied by the abdomen), and L3 is the fixed length

between the thorax-abdomen joint to the center of the aerodynamic lift of the thorax-

abdomen joint to the center of aerodynamic lift of the insect located in the head-thorax

mass.

Taking the appropriate derivatives of equations 2.19-2.21 as required by equations 2.10-

2.13, yield the following four equations of motion (note, not all derivatives mentioned in

equations 2.10-2.13 are necessary):

Equation of motion in the x-direction:

(m1 +m2)ẍ�m1L1✓̈sin✓ �m2L2�̈sin�

�m1L1✓̇
2cos✓ �m2L2�̇

2cos� = Fcos(✓ + ↵)

� 1

2
⇢aSheadCdhead | ẋ | ẋ� 1

2
⇢aSabdoCdabdo | ẋ | ẋ

(2.30)
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Equation of motion in the y-direction:

(m1 +m2)ÿ +m1L1✓̈cos✓ +m2L2�̈cos�

�m1L1✓̇
2sin✓ �m2L2�̇

2sin�+ (m1 +m2)g

= Fsin(✓ + ↵)� 1

2
⇢aSheadCdhead | ẏ | ẏ

� 1

2
⇢aSabdoCdabdo | ẏ | ẏ

(2.31)

Equation of motion in the theta-direction:

(m1L
2
1 + I1)✓̈ �m1L1ẍsin✓ +m1L1ÿcos✓

� ((�� ✓ � ⇡)� (�o � ✓o � ⇡)) +m1gL1cos✓

� ⌘(�̇� ✓̇) = ⌧abdo + ⌧wing + L3Fsin↵

(2.32)

Equation of motion in the phi-direction:

(m2L
2
2 + I2)�̈�m2L2ẍsin�+m2L2ÿcos�

+ ((�� ✓ � ⇡)� (�o � ✓o � ⇡)) +m2gL2cos�

+ ⌘(�̇� ✓̇) = �⌧abdo

(2.33)

These equations of motion (Equations 2.30 - 2.33) are the ones used in our inertial

dynamics model.

Loss function weighting coe�cients

The loss function weighting coe�cients are defined in Table 2.3. These coe�cients ensure

that deviations from our goal position and rotation heavily penalize rectilinear motion

deviations (x, y), with head motion deviations penalized secondarily as strong (✓). The

derivatives of these motions (ẋ, ẏ, ✓̇) are not as strongly penalized.

Prescribed goal motion frequencies and amplitudes

The frequencies of the prescribed goal motion are 11 prime number frequencies drawn di-

rectly from Roth et. al [107]. The purpose of these prime number frequencies is two-fold:

1) to determine if the output of the system is linear or non-linear, 2) to ensure that any
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potential harmonics of the system can be distinguished from their basal frequencies (i.e.

not overlap).

The amplitude(s) of the goal motion signal decrease by a prescribed factor as shown in

equation 2.34. This amplitude decrease is necessary to ensure that the derivative of the

models tracking this goal do not accelerate substantially causing unwanted instabilites in

the system.

An =
A1

2⇡fn
2⇡f1 (2.34)

Derivation of torsional spring constant system

As stated in Methods, the moths used in this experiment can be modeled as a system of two

masses (thorax and abdomen) connected with a torsional spring constant and a torsional

damper (Figure 2.1b), and represented by Equation 2.35

⌧ = ✓ + ⌘✓̇ + I ✓̈ (2.35)

Which can be transformed into Equation 2.36

T = ⇥+ ⌘(i!)⇥+�I(!2)⇥ (2.36)

This can be rearranged into a torque-angle ratio form as seen in equation 2.37

T

⇥
= + i⌘! � I!2 (2.37)

The system yields two components: the real component (Equation 2.38), and the imag-

inary component (Equation 2.39).

Real

✓
T

⇥

◆
= � I!2 (2.38)

Imag

✓
T

⇥

◆
= i⌘! (2.39)

The real component corresponds to the torsional spring constant and can be rearranged

into Equation 2.8 (see Methods) to calculate the torsional spring constant. The imaginary

component corresponds to the torsional damping coe�cient which is not calculated in this

study, but rather, a value previously calculated by Dyhr et. al [45] is used.
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Measurements of body segment masses

Five male hawkmoths, and five female hawkmoths had their total mass, head, thorax, and

abdomen weighed. For a full distribution of these values, see Table 2.4.
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2.9 Figures for Chapter 2

Figure 2.1: Model basis and modifications. The model has mechanical properties de-
scribed in blue, and the randomized applied e↵orts in red. Modifications to the basic model
are highlighted in green in (c-e). a) a tracing of a hawkmoth in flight. b) The fully actu-
ated model (“fa”) has two spheroids of prescribed masses and moment of inertia. Reference
frame describes positive motion coordinates and rotational motions (counterclockwise). The
spheroid of the head-thorax mass is indicated in grey. c) The fully actuated and location of
applied force shifted treatment (“fs”) allows for an additional implicit torque on the system.
d) The underactuated treatment (“ua”) is identical to the fully actuated treatment (b), with
the applied wing torque set to zero. e) The underactuated with location of applied force
shifted treatment (“us”) is most similar to treatment (c) but with the applied wing torque
set to zero.
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Figure 2.2: Methods for simulating trajectories. The model has a prescribed set of
biomechanical properties: both inertial parameters (masses: M1, M2, moments of inertia:
I1, I2, vector lengths: L1, L2, L3, torsional spring constant: , and torsional damping
coe�cient: ⌘) and aerodynamic parameters (coe�cient of drag: Cd, dynamic viscosity of
air: µa, and density of air: ⇢a). Each simulation begins with a prescribed set of initial
conditions (the set of positions: q and their respective velocities: q̇). Monte-Carlo methods
randomized the applied forces (magnitude of force: F , direction of force: ↵) and torques
(abdominal torque: ⌧abdo, and wing torque: ⌧wing). There are a set of 2500 randomized
forces and torques for each time 20 ms time period, yielding the final conditions. The
initial conditions, randomized torques and forces, and biomechanical parameters are all
passed into the ordinary di↵erential equations (ODEs) of the system (to see the ODEs and
their full derivations, see Appendix Equations 2.30 - 2.33). A loss function (�) selects the
trajectory with the lowest loss function value. The loss function contains various weights
(w1�6, see Appendix Table 2.3) which penalize deviations from y and x more than ✓. The
composition of the vertically oscillating signal ygoal is noted in the grey dashed box on
the upper right. The time series of the ygoal is displayed for a 10 second time period, the
frequency components of this signal are noted in the figure below. The values of amplitude
and frequency are noted in Appendix Table 2.1. The trajectory selected by the loss function
uses the values 25% through the trajectory as the new initial conditions for the next 20 ms
time period. A visualization of the trajectories and the selection of one trajectory through
time is included in the light blue dashed box on the lower right.
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Figure 2.3: Evaluating simulated flight performance. Panel (a) is the non-dimensional
tracking error. Panel (b) is the Cost of Transport. The regular-sized abdomen is based o↵
of our measured parameters (Appendix, Table 2.2), and the reduced mass abdomen is
an abdomen mass decreased by ⇠90% to evaluate the role of e↵ectively eliminating the
abdomen mass from the system. The grouping of four treatments on the left side of the
panel correspond to the regular-sized abdomen, while the grouping of four treatments of
the right side of the panel correspond to the reduced mass abdomen. For both panels,
and both sizes of abdomen all treatment shorthands are defined as follows: fully actuated
(“fa”), fully actuated and location of applied force shifted treatment (“fs”), underactuated
(“ua”), and underactuated with location of applied force shifted treatment (“us”). All
results here are based on 40 full simulations per treatment. Each full simulation run time of
10 seconds of simulated flight. The letters above each box plot indicate statistical groupings.
All statistical tests for significance were performed by a Kruskal-Wallis rank sum test. All
statistical groupings were based on Bonferroni correction factor (i.e., reject hypothesis if
P > 0.05/2). For non-dimensional tracking error, all model modifications except both
fully actuated regular-sized abdomen treatments (left columns, “fa” and “fs”), and the
reduced mass “us” treatment had significantly higher non-dimensional tracking error (P >
0.025). For cost of transport, all model modifications except both fully actuated regular-
sized abdomen treatments (left columns, “fa” and “fs”) had significantly higher cost of
transport (P > 0.025).
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Figure 2.4: Model dynamics output for all model variations of the regular-sized
abdomen model. All plots are with respect to time for a 10 second simulation period. Top
row is the x-motion in cm. Second row is the y motion in cm (note the dashed red line is the
goal motion of our vertically oscillating goal). The third row is the head-thorax (m1) mass
motion in degrees. The fourth row is the abdominal motion (m2) in degrees. The bottom
row is the abdominal flexion angle (i.e. di↵erence between rows 4 and 3 respectively) in
degrees. For all treatments, the model tracks the input y-motion well.
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Figure 2.5: Model dynamics output for all model variations of the reduced-sized
abdomen model. All plots are with respect to time for a 10 second simulation period. Top
row is the x-motion in cm. Second row is the y motion in cm (note the dashed red line is the
goal motion of our vertically oscillating goal). The third row is the head-thorax (m1) mass
motion in degrees. The fourth row is the abdominal motion (m2) in degrees. The bottom
row is the abdominal flexion angle (i.e. di↵erence between rows 4 and 3 respectively) in
degrees. For all treatments, the model tracks the input y-motion well.
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2.10 Tables for Chapter 2
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Goal motion Goal motion

Frequency amplitude

0.2 5

0.3 3.3333

0.5 2

0.7 1.4286

1.1 0.9091

1.7 0.5882

2.9 0.3448

4.3 0.2326

7.9 0.1266

13.7 0.0730

19.9 0.0503

Table 2.1: The prime number frequencies listed out in sequential order and their respective
amplitudes. Amplitudes decreased with increasing frequency to prevent the system from
going unstable.
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Mechanical property Numerical value

L1 0.908 cm

L2 1.9 cm

L3 0.75 cm

ahead 0.908 cm

abutt 1.9 cm

bhead 0.5 cm

bbutt 0.75 cm

 23000 cm2g/(rad ⇤ s2)

⌘ 14075.8 cm2g/s

From [45]

⇢head 0.9 g/cm3

⇢butt 0.4 g/cm3

⇢air 1.18 ⇤ 10�3g/cm3

µair 1.86 ⇤ 10�4g/(cm ⇤ s)

g 980 cm/s2

Table 2.2: The mechanical properties of the model are fixed throughout the duration of all
simulations. All values were calculated from our own measurements and rounded as appro-
priate with the exception of one: the torsional damping coe�cient ⌘ which was previously
measured in Dyhr et. al [45].
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Loss function weighting coe�cients

Coe�cient Value State variable

assigned to:

w4 109 x

w5 1010 y

w6 1010 ✓

w1 10�5 ẋ

w2 10�5 ẏ

w3 108 ✓̇

Table 2.3: The weighting coe�cients of the loss function penalize rectilinear motions higher
than head-thorax motion. Such weights are critical for the loss function to function.
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Sex - Total Head Thorax Abdomen

Statistic mass mass mass mass

(g) (g) (g) (g)

Male 2.0758 0.135 0.584 1.0252

average (6.5%) (28.3%) (49.3%)

st.dev 0.145 0.0267 0.0449 0.126

min. 1.953 0.100 0.532 0.916

(5.1%) (24.9%) (46.0%)

max. 2.302 0.173 0.651 1.187

(7.5%) (32.7%) (53.1%)

Female 3.550 0.183 0.686 2.206

average (5.2%) (19.6%) (61.9%)

st.dev 0.489 0.0264 0.0692 0.394

min. 2.790 0.148 0.618 1.660

(4.2%) (15.8%) (59.3%)

max. 4.054 0.214 0.796 2.728

(6.2%) (22.7%) (67.3%)

Table 2.4: Body segment mass distribution in grams. The mean and standard deviation
values are calculated of the set of five male moths and five female moths respectively.
The minimum and maximum of each set of five male moths and five female moths are
also reported. The parenthetical values report the corresponding percentages of the value
within the cell. Note the percentages summed across rows do not sum to 100% because 1)
the wings and legs were not included in this measurement, and 2) the distribution reported
reflects the value of the set (i.e., the minimum/maximum values not be shared by the same
individual moth).
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Chapter 3

ABDOMINAL MOVEMENTS IN INSECT FLIGHT RESHAPE THE
ROLE OF NON-AERODYNAMIC STRUCTURES FOR FLIGHT
MANEUVERABILITY II: PERFORMANCE TRADE-OFFS OF

INERTIAL, ELASTIC, AND MORPHOLOGICAL DETERMINANTS
OF FLIGHT

Jorge Bustamante, Jr. [1,⇤], Tanvi Deora [1], and Thomas L. Daniel [1]

[1] Department of Biology, University of Washington, Box 351800, 98195, WA, USA

[*] Primary author

3.1 Abstract

While flight control due to wing shape, size, and motion has been studied extensively,

a lesser studied mechanism of motion control and maneuverability includes the changing

configuration of the body shape during flight (i.e. airframe configuration). Insects in

particular change airframe configuration during flight, and span a broad range of shapes

and sizes. Insects must also manage a variety of physiological and developmental, and elastic

changes throughout their respective lifespans. An existing inertial-elastic dynamics model

was modified to reflect the various morphological and inertial-elastic changes. This study

modified a previously published inertial dynamics model to survey the flight performance

trade-o↵s of two inertial-elastic modifications (i.e., torsional spring constant, and abdominal

mass). Additionally, our modified model explored these flight performance trade-o↵s in a

broader morphospace by modifying size and morphological shape of a previously published

inertial dynamics model. We find that 1) increasing abdominal mass reduced tracking error

across size ranges while also increasing the mechanical work and cost of transport, and 2)

increasing petiole length reduced tracking error across size ranges while also increasing the

mechanical work and cost of transport. Additional nuanced trade-o↵s are discussed in this

study. Such examination of inertial-elastic modifications, and morphospace modifications
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can provide insight into flight stability of various insect morphologies, and further inform

development of bioinspired robotics.

3.2 Introduction

Flight control in insects involves a variety of both active and passive dynamics. Wings, for

example, are actively controlled and also undergo significant, and aerodynamically impor-

tant, deformations. Similarly, the entire body of insects is also subject to both active and

passive deformations, largely mediated via abdominal flexion and extension which change

the shape of the airframe, and thus alter the inertial dynamics of the body. While the con-

sequences of wing size and shape have been subjects of considerable focus in the literature,

far less is know about size and shape determinants of airframe deformations. There is a

stunning range of body sizes and shapes among flying insects with body length range that

spans 6 orders of magnitude, from aerial plankton such as fairy wasps (approximately 0.13

mm Dicopomorpha echmepterygis, [64]) to massive and extinct protodonates with a body

length estimated to be about 350 mm).

Just as there is considerable variation in body size, so too is there variation in the body

shape of flying insects. From elongated abdomens of dragonflies and damselflies to the stout

body forms of flying beetles the shapes of airframes varies dramatically. Some particularly

extreme examples include, at one extreme, the massive Hercules beetles with a thick el-

lipsoidal and, at another extreme certain Hymenoptera such as mud daubers (Sceliphron

caementarium), or hover wasps (Parischnogaster mellyi) which have their thorax and ab-

domen separated by an impressively elongated abdominal segment known as the petiole.

In addition to taxonomic di↵erences in size and shape, there are a host of physiological

and developmental mechanisms that can contribute to significant changes in the mass distri-

bution within the airframe of flying insects. For example, egg-development and deposition

in gravid females, or ingesting particularly large meals. Female dragonflies, for example,

increase their total mass by 125% +/- 64% (mean +/- standard deviation) in the time

between the teneral stage and mature adulthood, while males increase their total mass by

84% +/- 69% (various species [6]); with one species where female dragonflies increase their

total body mass by 248% in a matter of weeks (Libellula luctuosa). [6] describe the increase
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in mass is observed in the thorax for males, and both the thorax and abdomen in females.

As another example, female mosquitoes (Anopheles quadrimaculatus, Anopheles albimanus,

and Aedes aegypti) have been observed to ingest more than their own body weight during a

blood meal [68], [28], [55]. Mosquitoes of various species have been observed to fly at least

one mile (most likely more) between the time of blood feeding and when the blood meal

was completely digested [46]. Whether dragonflies or mosquitoes, or any other insect fauna

which have a dramatic change in abdominal mass, successful flight is necessary to avoid

predation and perpetuate the species.

While size and shape variation found among flying insects are important determinants

of flight performance, there are also potential biomechanical di↵erences in the ability to

deform the airframe through active and passive mechanisms. Though this aspect of airframe

reconfiguration has received far less attention, some earlier studies have shown that, in

Manduca sexta, the joint between the abdomen and thorax is a critically damped spring

[45] and provides stability in response to perturbations.

Over the broad span of size, shape, and inertial-elastic factors, flying insects are able

to accomplish amazingly complex flight dynamics, including maneuvering through foliage,

while minimizing collisions with foliage or other insects, attacking prey [29, 30, 97, 96, 131],

and avoiding predators. Some insects also perform the task of hovering while feeding from

moving flowers [107, 117]. One can naturally ask the question: given the broad range of

morphologies (i.e. size and shape), and inertial-elastic changes (i.e. abdominal mass, and

muscle flexion), what are the kinematic and energetic trade-o↵s that occur over a range of

sizes, shapes and airframe mechanics?

Recently developed simulations of insect flight [21, 59, 125] provide inroads for exploring

the theoretical trade-o↵s for insects of varying morphologies and inertial-elastic changes

during flight maneuvers. In this study we use a model previously developed in Bustamante

et. al [21] to to explore how size, shape, and airframe biomechanics influence the energetic

and kinematic trade-o↵s in two flight tasks: hovering and target tracking.
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3.3 Model formulation and methods

We use an inertial dynamics model coupled with Monte Carlo methods previously developed

[21] to address two di↵erent sets of modifications to a fully actuated model: 1) inertial-

elastic modifications of abdominal mass (m2), and torsional spring constant (), and 2)

morphological modifications of: 1) all body length scales, and 2) petiole length extension.

Our model simulates the dynamics of a flying moth as a reduced-order two-mass rigid body

system consisting of four simultaneous non-linear ordinary di↵erential equations that are

solved numerically, similar to previous methods [21]. Both sets of modifications were tasked

with two kinematic conditions associated with flower tracking: 1) a vertically oscillating

flower (target tracking), and 2) stationary flower (hovering).

3.3.1 Base model formulation

The base model for this study was previously developed, and is fully actuated ([21], “fa”

treatment): two applied torques and two components of a wing-force vector control a four

degree of motion model of a flexing flying airframe (Figure 3.1). In brief summary, the

inertial dynamics model designates two spheroid masses: the head-thorax mass (m1), and

the abdominal mass (m2). Each mass has a fixed moment of inertia (I1 and I2, head-

thorax, and abdomen respectively). The two masses connect with a pin joint modeled by

a torsional spring constant () and a torsional damper (⌘) [7]. The model contains four

external applied e↵orts: the aerodynamic force (F ), the direction of the aerodynamics force

(↵), the abdominal torque produced at the pin joint (⌧abdo), and the wing torque (⌧wing).

The inertial dynamics model uses a right-handed coordinate system where x motions are

defined positive going right, y are defined positive going upward. Likewise, all counter-

clockwise rotations are defined as positive for the head-thorax mass (✓), and the abdominal

mass (�). Numerical values for all parameters of this base model are provided in Appendix,

Table 2.2.
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3.3.2 Modifications of the base model

We varied two inertial-elastic parameters associated with airframe biomechanics: abdominal

mass (m2) and torsional spring constant (). We did so by modifying the base parameters

by scale factors that span two orders of magnitude: the abdominal mass (m2) and torsional

spring constant () with multipliers of 0.1, 1, and 10. These two parameter modifications

yielded nine pairwise combinations of the modified parameters (see Figure 3.1).

In addition, we varied two size and shape parameters: a length scale factor (LSF) and

the petiole length extension (PLE). LSF values were 0.5, 1, and 2 and applied to all linear

dimensions in the model. The three petiole length extension (PLE) values were: 0, 0.2,

and 0.4 (i.e., no petiole, 20%, 40% of the respective body length of the model). These

two morphological modifications also yielded nine pairwise combinations of the modified

parameters.

3.3.3 Metrics of simulated flight performance

Similar to Bustamante et. al [21], the model simulation flight performance was evaluated

using three key metrics: (1) non-dimensional tracking error, (2) mechanical work, and (3)

cost of transport. Additionally, we examined the fraction of each term relative to the total

mechanical work and cost of transport (see Equations 3.2-3.3).

The non-dimensional tracking error (equation 3.1) is the rectilinear distance between

the the predicted location of the 20 ms simulation (xsim, and ysim) and the goal position

[21]. This term is normalized by dividing by the body length of the simulated organism. In

this study, the body length of the set of morphological modification simulations vary by the

LSF multiplier and PLE.

q
(xsim � xgoal)

2 + (ysim � ygoal)
2

body length
(3.1)

The mechanical work is the sum of rotational work, and the work due to applied torques

and applied forces:
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Work =
*

F | �*
r | + | ⌧wing✓ | + | ⌧abdo� | (3.2)

where F is the vector of the applied wing force, ⌧wing is the torque applied by the wing,

⌧� is the torque applied by the abdominal flexors and extensors and |�*
r | is defined as the

distance traveled in each time step of the simulation. The angles ✓ and � are defined in

Figure 3.1. To represent energy expenditure of movement in space, the absolute value was

taken of each term in equation 3.2.

The non-dimensional cost of transport describes the expenditure of movement in space

normalized to the product of the weight and distance traveled by the simulated moth during

the 20 ms interval [21]. The cost of transport is defined in equation 3.3.

C =
Work

m1g | �*
r |

(3.3)

where m1 is the head-thorax mass, and g is the acceleration due to gravity.

3.3.4 Statistical analysis

All flight performance metrics were statistically analyzed with the same statistical methods.

We analyzed the e↵ects of abdominal mass multiplier, torsional spring constant multiplier,

length scale factor (LSF), and petiole length extension (PLE) on each of the flight perfor-

mance metric: non-dimensional tracking error, mechanical work, and cost of transport for

both hovering and vertically oscillating target using a linear regression model (custom codes

written in Python can be found at https://github.com/JorgeBJr/multibodyDynamicsModel.gitGitHub).

In addition to estimating the e↵ect of individual parameters we also analyzed how the inter-

action of the inertial-elastic parameters: abdominal mass and torsional spring constant as

well as the interaction of the two morphological parameters: length scale factor and petiole

length extension e↵ected the flight performance metrics.

To further evaluate the statistical significance between simulations of the same length

scale factor or abdominal mass multiplier, a Kruskal-Wallis one-way analysis of variance

test was performed on each trio of simulations. For all within-trio analyses, the statistical
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groupings were denoted as brackets above the box plots (i.e., ”n.s.” means not significant,

and * means P < 0.05/2). All statistical groupings were determined by the Kruskal-Wallis

test in R (kruskal.test), with a post hoc Dunn’s test for multiple comparisons with Bonferroni

correction.

3.4 Results

For both target tracking and hovering (all inertial-elastic and morphological modifications)

we evaluated simulated flight performance with three core metrics: 1) non-dimensional

tracking error, 2) mechanical work required to perform the task, and 3) cost of transport

(i.e., non-dimensional mechanical work) for performing the task.

3.4.1 Non-dimensional tracking error for tracking a vertically oscillating signal (inertial-

elastic modifications)

The linear regression model reveals that the abdominal mass multiplier is negatively corre-

lated with tracking error such that the lowest abdominal mass multiplier (0.1 ⇤m2) simu-

lations, yielded the highest non-dimensional tracking error whereas the highest abdominal

mass multiplier (10 ⇤ m2) had the lowest non-dimensional tracking error for a vertically

oscillating flower (Figure 3.2A). Neither the torsional spring constant multiplier by itself,

nor the interaction of the abdominal mass multiplier and the torsional spring constant have

a significant e↵ect on the tracking error according to the linear regression. However, a

Kruskal-Wallis one-way analysis of variance within each abdominal mass multiplier reveals

that the torsional spring constant has an e↵ect depending on the abdominal mass multiplier.

Non-dimensional tracking errors are significantly di↵erent for the di↵erent torsional spring

constant multipliers across the highest abdominal mass multiplier, as well as in the inter-

mediate abdominal mass multiplier (post hoc Dunn’s test for multiple comparisons with

Bonferroni correction, P < 0.05/2, Figure 3.2A). All statistical significance and regression

model coe�cients are reported in Table 3.1.
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3.4.2 Mechanical work for tracking a vertically oscillating signal (inertial-elastic modifica-

tions)

Both the abdominal mass and the torsional spring constant have a significant e↵ect on

mechanical work. The highest mechanical work was with the highest abdominal mass mul-

tiplier (10 ⇤m2), whereas the lowest mechanical work was the intermediate abdominal mass

multiplier simulations (1 ⇤ m2), (Figure 3.2B). Mechanical work is significantly di↵erent

for the di↵erent torsional spring constant multipliers across all abdominal mass multipliers

(Kruskal-Wallis, post hoc Dunn’s test for multiple comparisons with Bonferroni correction,

P < 0.05/2, Figure 3.2B).

3.4.3 Cost of transport for tracking a vertically oscillating signal (inertial-elastic modifi-

cations)

Increasing abdominal mass increases the cost of transport. The e↵ect of torsional spring

constant, however, depends on the abdominal mass: at a lower mass, the spring constant

has a negative e↵ect on cost of transport. Cost of transport is significantly di↵erent for the

highest torsional spring constant in the lowest and intermediate abdominal mass, and only

significantly di↵erent from the intermediate torsional spring constant for the highest abdom-

inal mass (Kruskal-Wallis, post hoc Dunn’s test for multiple comparisons with Bonferroni

correction, P < 0.05/2, Figure 3.2C)

3.4.4 Non-dimensional tracking error for hovering (inertial-elastic modifications)

Similar to the vertically oscillating signal, the abdominal mass multiplier is also negatively

correlated with tracking error (Figure 3.3A). The torsional spring constant multiplier has a

slight positive e↵ect on non-dimensional tracking error, however, this e↵ect is dependent on

the abdominal mass. When the abdominal mass increases, the positive e↵ect of torsional

spring constant is reduced (linear regression model Table 3.2). Non-dimensional tracking

error is significantly di↵erent across all torsional spring constants for the highest abdominal

mass, but not for the lowest abdominal mass (Kruskal-Wallis, post hoc Dunn’s test for

multiple comparisons with Bonferroni correction, P < 0.05/2, Figure 3.3A).
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3.4.5 Mechanical work for hovering (inertial-elastic modifications)

Increasing both the abdominal mass and the torsional spring constant reduces the me-

chanical work (linear regression model Table 3.2). The highest torsional spring constant

always significantly reduces the work as compared with the other torsional spring constant

(Kruskal-Wallis, post hoc Dunn’s test for multiple comparisons with Bonferroni correction,

P < 0.05/2, Figure 3.3B).

3.4.6 Cost of transport for hovering (inertial-elastic modifications)

Increasing abdominal mass results in a large increase in the cost of transport, whereas the

torsional spring constant has only a slight negative e↵ect (linear regression model Table

3.2). Cost of transport is significantly di↵erent for the highest torsional spring constant

in the intermediate and highest abdominal mass (Kruskal-Wallis, post hoc Dunn’s test for

multiple comparisons with Bonferroni correction, P < 0.05/2, Figure 3.3C)

3.4.7 Non-dimensional tracking error for tracking a vertically oscillating signal (morpho-

logical modifications)

Increasing both petiole length and length scale factor decreases the non-dimensional tracking

error. Recall that the goal signal has a peak-to-peak amplitude of 10 cm (see Methods).

Thus, the larger length scale factor simulated insects travel a shorter distance relative to the

smaller length scale factor simulated insects. However, the e↵ect of petiole length increase

on the non-dimensional tracking error is dependent on the size itself: at larger sizes, the

e↵ect of petiole length is smaller (Table 3.1). Within each length scale factor, an increase

in petiole length extension decreases the non-dimensional tracking error (Kruskal-Wallis,

post hoc Dunn’s test for multiple comparisons with Bonferroni correction, P < 0.05/2,

Figure 3.4A). Notably, we observed a 3 fold decrease for non-dimensional tracking error by

increasing petiole length to 40% of the body length.
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3.4.8 Mechanical work for tracking a vertically oscillating signal (morphological modifica-

tions)

Mechanical work increases with an increase in both length scale and petiole length. However,

at larger length scales, increasing petiole length decreases work. Similar to non-dimensional

tracking error, within each length scale factor, an increase in petiole length extension de-

creases the mechanical work especially at larger length scales (Kruskal-Wallis, post hoc

Dunn’s test for multiple comparisons with Bonferroni correction, P < 0.05/2, Figure 3.4B).

3.4.9 Cost of transport for tracking a vertically oscillating signal (morphological modifica-

tions)

Again, increasing both the overall size as well as petiole length increases the cost of trans-

port. Although at larger length scales, increasing petiole length decreases the cost of trans-

port. An increase in petiole length extension significantly decreases the cost of transport

for the smallest and largest length scales, however this trend was reversed for the intermedi-

ate length scale factor (Kruskal-Wallis, post hoc Dunn’s test for multiple comparisons with

Bonferroni correction, P < 0.05/2, Figure 3.4C).

3.4.10 Non-dimensional tracking error for hovering (morphological modifications)

The trends for hovering are the same as those for the vertical oscillating signal: both the

length scale and petiole length decrease the tracking error, however the e↵ect of petiole

length change depends on the length scale. At higher length scales, changing petiole length

does not decrease the error as much. Also analogous to the vertically oscillating signal,

within each length scale factor, an increase in petiole length extension decreases the non-

dimensional tracking error (Kruskal-Wallis, post hoc Dunn’s test for multiple comparisons

with Bonferroni correction, P < 0.05/2, Figure 3.5A)

3.4.11 Mechanical work for hovering (morphological modifications)

Like the vertically oscillating signal, increasing both the petiole length and length scale

increases work. However, the e↵ect of petiole length depends on the length scale: at larger
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length scales, the e↵ect of the petiole length reduces. Also like the vertically oscillating

signal, within each length scale factor, an increase in petiole length extension decreases the

mechanical work especially at larger length scales (Kruskal-Wallis, post hoc Dunn’s test for

multiple comparisons with Bonferroni correction, P < 0.05/2, Figure 3.5B)

3.4.12 Cost of transport for hovering (morphological modifications)

Increasing both the length scale factor and petiole length increases the cost of transport.

Interestingly, for hovering flight the e↵ect of petiole length increases at larger size, thereby

increasing the cost even further. An increase in petiole length extension significantly de-

creases the cost of transport for the smallest length scales, however this trend was reversed

for both the intermediate and largest length scale factor (Kruskal-Wallis, post hoc Dunn’s

test for multiple comparisons with Bonferroni correction, P < 0.05/2, Figure 3.5C).

3.4.13 Trade-o↵s in components of mechanical work

Recall that in this study, the mechanical work is composed of three terms (Equation 3.2).

We visualized the averages of each work component as a fraction of the total mechanical

work in Figure 3.6.

In the inertial-elastic modification simulations (Figure 3.6A), the dominant component

of work is associated with airframe deformations (|⌧abdo�|) for the smaller and intermedi-

ate abdominal masses. The airframe deformation component of work remains the domi-

nant component of work for hovering in the simulations with the largest abdominal mass

multiplier. However, the other two other components associated with wing forces and

wing torques increase their contribution towards the total mechanical work. Lastly, the

work component associated wing forces (|�*
r |) was dominant in the vertical flower tracking

inertial-elastic modification simulations. This implies increasing wing forces is necessary to

maintain vertical flower tracking as abdominal mass increases.

In the morphological modification simulations (Figure 3.6B), a di↵erent trend arises

with respect to body length. For both the intermediate and larger length scale factor

simulations, the dominant component of work is associated with airframe deformations



49

(|⌧abdo�|). Additionally, as length scale factor increased, the component of work associated

with wing torques (|⌧wing✓|) increased. Yet for the smaller length scale factor simulations,

wing forces were the dominant component of work.

3.5 Discussion

In this study we have used a computational analysis of insect flight based on Model Pre-

dictive Control (MPC) approaches [21]. Using a four degree of freedom forward dynamics

model for two-dimensional motions of a model insect with a deformable airframe, we exam-

ined the theoretical trade-o↵s between the precision of trajectory control versus the cost of

that control for two, two-dimensional, flight tasks: tracking a vertically moving target or

hovering, both of which correspond to an insect feeding from a flower while flying. In solv-

ing for four actuation variables (two rectilinear and two rotational controls) that determine

control in this fully actuated model, we focused on the role of airframe deformation in flight

control. In particular, we asked how size, shape, and body mechanical properties determine

the precision and cost of flower tracking.

Three key results emerge from our study: (1) non-dimensional tracking error and the

cost of transport (i.e. non-dimensional work) both increase with body size (2) the size

dependence of these two performance metrics implies a trade-o↵ between cost of transport

and the control of the flight trajectory and (3) the underlying mechanical work components

for flight control similarly trade-o↵ with body size, with wing forces dominating for smaller

sizes and airframe control dominating for larger sizes.

Trajectory Tracking

Various flight maneuvers including flower tracking have been studied for the hawkmoth

(Manduca sexta), the model organism we have focused on here. Sprayberry and Daniel [118],

for example, explored the energetics of tracking a sinusoidally moving flower and found that

moths tracking flowers moving with higher oscillation frequencies necessarily incur greater

acceleration costs, but those costs are tiny with respect to the energy gained through nectar

feeding. Roth et. al [107] explored how visual and mechanosensory information combine as

moths feed from horizontally moving flowers and found that both modalities play important,
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parallel, and redundant roles in the sensorimotor control of flight. Similarly, Sponberg et.

al [117] found that ambient light levels also influence floral tracking capabilities. Together

these studies show that moths are capable of feeding from flowers during flight, and can do

so for complex floral motions. But, because these studies logically focused on one model

organism, their ability to explore variation in size, shape and mechanics were limited.

Our MPC approach was developed to explicitly explore how morphology and mechanics

combine to determine flight performance. The model successfully provides relatively accu-

rate motion tracking, regardless of the tracking task for all sizes, shapes, and mechanical

properties we examined. In general the worst non-dimensional tracking occurred at the

smallest sizes (smallest length scales or masses). That said, sizes varied by two orders of

magnitude and the absolute tracking error is quite small – a maximum of ⇠7 mm for floral

motions of 10 cm excursions – and generally decreases with size (Figure 3.7). The errors

in tracking we predict in this study are consistent with the level of error predicted in a

previous analysis of the inverse problem of hovering flight control [59].

Trade-o↵s between flower tracking accuracy and energetics

The precision with which flight trajectories are controlled comes with some energetic cost

– both in terms of absolute mechanical work and in terms of the non-dimensional cost of

transport. In general the highest mechanical work and cost of transport occurred at the

largest sizes (largest length scales or masses). This size dependence provides an interesting

trade-o↵: lower tracking error (higher precision) comes at a higher energetic cost. Inter-

estingly, we found that either smaller mass or smaller length scales are associated with

lower work and cost. This trend stands in sharp contrast to the traditional size-dependent

cost of transport which, for all modes of locomotion, decreases with increasing body size

[5, 51, 52, 112]. The key di↵erence between the traditional measures of cost and those de-

veloped here lies in how cost is measured. In our study, we simulate di↵erent sized animals

undergoing identical tasks: all had to either hover at a fixed location or track a moving

flower. In contrast, scaling studies of cost of transport have size dependent kinematics (e.g.

speed, actuator frequency and amplitude), thus the kinematics vary.
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To our knowledge, the trade-o↵ between accuracy of trajectory control (hovering or

flower tracking) and the cost of transport has not been previously examined. The increased

cost of tracking for larger sizes is likely related to the larger forces needed to correct for

trajectory errors, either in hovering or tracking. And, for hovering, the work is generally

lower, since the body undergoes much smaller displacement. The additional decrease in

work for hovering is likely due body inertia a↵ording greater stability for hovering. And,

for hovering, that size-dependent stability contributes to a lower tracking error.

At the largest body size, the mechanical properties (the torsional spring sti↵ness) of

the abdominal joint also influence the work and cost (and to some extent tracking error).

Interestingly, there are specific combinations of body mass and spring sti↵ness values that

minimize cost of transport, representing the possibility of size-dependent tuning of body

mechanical properties.

It is interesting to note, that mass changes occur not only between individuals and

species, but also within an individual. One example of mass change within an individual

includes the large egg loads have been observed to negatively e↵ect the flight performance

of flesh flies (Neobellieria bullata) by reducing lift [13]. Our simulations suggest that during

this particular morphological state, gravid flesh flies may minimize their tracking error while

hovering, while simultaneously increasing the mechanical work (and cost of transport) due

to this additional mass in the abdomen. That said, the energetic consequences of trajectory

tracking for large egg loaded flesh flies remain unexplored.

Additionally, insects with long, spindle-like abdomens, such as the Odonates and robber

flies, may function in a similar capacity to an extended, and shifted center of mass (i.e. a

petiole length extension). While both the dragonflies and robber flies, both exceptionally

e↵ective predators, use visual interception strategies to capture prey in flight (dragonflies:

[87, 96, 95]; robber flies: [131]) our models suggest that the long, spindle-like abdomens of

both predators may provide an inertial mechanism of aid in their tracking of prey at the

expense of a higher mechanical work and cost of transport.

By coincidence, one particular morphology we modeled was similar to that of a mud

dauber (Sceliphron caementarium, [72]). This morphology is of the lowest length scale

factor (LSF = 0.5), paired with the longest petiole length extension (PLE = 0.4) set of
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simulations (3rd column in Figures 3.4A and 3.5A). Our model suggests that insects of

this particular morphology tasked with vertical flower tracking or hovering may benefit

greatly in the three key performance metrics presented in this study simply by virtue of

their morphology.

In synthetic systems, trade-o↵s are frequently analyzed in robotics and engineering,

recently with terrestrial robotics [71]. Trade-o↵s in flight have more traditionally been

examined in the negotiations of size, weight, and power (SWaP) in synthetic systems [90].

Contributions to mechanical work by wings and airframe deformations

Another interesting pattern that emerged from our simulations, is how the actuation from

wings contributes to mechanical work when compared to the actuation from the airframe

deformations.

At smaller sizes (LSF = 0.5), we observed that the rectilinear work term associated

with wing force actuation is the dominant component of mechanical work (see orange-red

bars in Figure 3.6B corresponding to
*

F |�*
r |). Recall that in all simulations we used the

wing beat frequency of the hawkmoth (Manduca sexta), 25 Hz. Interestingly, Greenewalt,

1975 [54] demonstrated that as wing length decreases, wing beat frequency increases – where

simultaneously, wing length is directly proportional to the mass of the animal. This suggests

that a possible reason for increased wing beat frequency in smaller flapping flight organisms

is to perform the wing actuation work necessary for flight.

For larger sizes, and both the lowest and intermediate abdominal mass multipliers, the

dominant component of mechanical work was the component associated with abdominal

actuation. This result is consistent with Dyhr et. al [45] which found that abdominal

flexions redirect the forces generated by wings and are thus a mechanism for flight control

and stability. Our simplified model also stands in contrast to the findings of Hedrick and

Daniel [59] as our model finds that the rotational work due to abdominal actuation is greater

in most variations to our simulations than the work due to wing torques – except in the

case of the largest abdominal mass multiplier simulations.

Lastly, our results show that as size increased (either abdominal masses or length scale
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factor), the component of wing torque also increased its fraction of mechanical work. This

is consistent with previous literature which indicates that wing torques provide a greater

role in flight control as sizes of organism increase.

3.6 Conclusion

This study examined the theoretical trade-o↵s in negotiating flower tracking accuracy with

flight performance energetics (such as mechanical work and cost of transport) for both

vertical flower tracking and hovering. We modified an existing forward dynamics model for

two-dimensional motions of a model insect with a deformable airframe [21]. In general, we

find an inverse relationship between flower tracking accuracy and the cost of transport as

masses or sizes increase to perform the given task. We also find a greater role for wing forces

for smaller sized simulations, while larger sized simulations generally relied more on airframe

deformations to vertically track or hover. This study has theoretically demonstrated the

role for abdominal deformations in flower tracking flight for a range of inertial-elastic, and

morphological modifications.

3.7 Appendix

Mechanical properties of the previously described model

The mechanical properties described in Table 2.2 were previously defined and described in

Bustamante et. al [21]. These mechanical properties were also defined in the code available

on https://github.com/JorgeBJr/multibodyDynamicsModel.gitGitHub. To reiterate, the

mechanical properties of the model were defined as follows: L1 is a fixed length between

the thorax-abdomen joint to the center of the head-thorax mass (in cm), L2 is a fixed

length between the thorax-abdomen joint to the center of the abdomen mass (in cm), and

L3 is the fixed length between the thorax-abdomen joint to the center of the aerodynamic

lift of the thorax-abdomen joint to the center of aerodynamic lift of the insect located in

the head-thorax mass (in cm), (Figure 3.1A). ahead is the major axis of the head-thorax

ellipsoid mass (in cm). abutt is the major axis of the abdomen ellipsoid mass (in cm). bhead

is the minor axis of the head-thorax ellipsoid mass (in cm). bbutt is the minor axis of the
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abdomen ellipsoid mass (in cm).  is the torsional spring constant of the thorax-petiole

joint as experimentally measured in [21] (in cm2g/(rad ⇤ s2)). ⌘ is the torsional damping

coe�cient of the thorax-petiole joint as reported in [45] (in cm2g/s). ⇢head is the density of

the head-thorax mass (in g/cm3). ⇢butt is the density of the abdomen mass (in g/cm3). ⇢air

is the density of air (in g/cm3). µair is the dynamic viscosity of air at 27�C (in g/(cm ⇤ s)).

And lastly, g is the acceleration due to gravity (in cm/s2).

Prescribed goal motion frequencies and amplitudes

The frequencies of the prescribed goal motion are 11 prime number frequencies drawn di-

rectly from [107]. The purpose of these prime number frequencies is two-fold: 1) to de-

termine if the output of the system is linear or non-linear, 2) to ensure that any potential

harmonics of the system can be distinguished from their basal frequencies (i.e. not overlap).

The amplitude(s) of the goal motion signal decrease by a prescribed factor as shown in

equation 3.4.

An =
A1

2⇡fn
2⇡f1 (3.4)

This amplitude decrease is necessary to ensure that the derivative of the models tracking

this goal do not accelerate substantially causing unwanted instabilites in the system.

Absolute tracking error for all model variations

The absolute tracking error was the dimensional counterpart of panel A in Figures 3.2 -

3.5 (in cm). For the inertial-elastic modification simulations, this trend was identical as

the body length of all simulations was identical (3.7A). For the morphological modification

simulations, there were di↵erent body lengths depending on length scale factor and petiole

length extension (3.7B). This change in body length as petiole length extension increased,

amplified the di↵erences in tracking error.
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General Linear Model statistics

The general linear model statistics were defined in Tables 3.1 and 3.2. All general linear

model statistics were performed in R.

Model dynamics for all model variations

The model dynamics for all model variations are plotted in this appendix section. Figures

3.8-3.10 are the model dynamics of the inertial-elastic models tracking a vertically oscillating

signal. Figures 3.11-3.13 are the model dynamics of the inertial-elastic models hovering.

Figures 3.14-3.16 are the model dynamics of the morphological models tracking a vertically

oscillating signal. Figures 3.17-3.19 are the model dynamics of the morphological models

hovering. In both Figures 3.10 and 3.13, an oscillation was observed for the simulations of

the highest abdominal mass multiplier (10 ⇤ m2), paired with the lowest torsional spring

constant multiplier (0.1 ⇤ ). Given the nature of dynamics, mass, inertia, and spring

constant which connects the two masses, an oscillation is expected to occur though the

specific cause of this oscillation is currently not known. Future work will address this issue.
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3.8 Figures for Chapter 3

Figure 3.1: Model basis and modifications. A) The base model as previously described
([21]) has mechanical properties described in black, and the randomized applied e↵orts
(using Monte Carlo methods) in orange-red. Reference frame describes positive motion
coordinates and rotational motions (counterclockwise). B) Morphological modifications to
the base model. There were three sets of simulations of petiole length extension where
a petiole of prescribed length was inserted between the head-thorax mass (m1) and the
abdominal mass (m2). Such prescribed lengths were one of the following three values:
0%, 20%, or 40%. Additionally, there were three sets of simulations of length scale factor
multipliers applied to the base model. This length scale factor value was multiplied to all
length scales in the base model. The length scale factor simulations were one of the following
three values: 0.5, 1, or 2. C) Inertial-elastic modifications to the base model. There were
three di↵erent abdominal mass multipliers. The abdominal mass multipliers were multiplied
only to the abdominal mass and were one of the following three values: 0.1, 1 or 10. There
were three di↵erent torsional spring constant multipliers. The torsional spring constant
multipliers were: 0.1, 1 or 10. D) A sample tracing of the state variables progressing
through the full 10 second simulation. The left column is the vertically oscillating signal.
The right column is hovering. x, and y correspond to the rectilinear motion of the pin joint.
✓ is the head motion. � is the abdominal flexion (where � = � - ✓ - ⇡).
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Figure 3.2: Inertial-elastic modification simulation results for tracking a verti-
cally oscillating signal. Figure legend indicates the inertial-elastic modifications as such:
abdominal mass multiplier increases in a single order of magnitude (i.e., white corresponds
to 0.1 ⇤ m2, grey corresponds to 1 ⇤ m2, black corresponds to 10 ⇤ m2); torsional spring
constant multiplier also increases by an order of magnitude twice (i.e., circle corresponds
to 0.1 ⇤ , triangle corresponds to 1 ⇤ , square corresponds to 10 ⇤ ). For all figures,
the head mass (m1) does not change in magnitude. All results here are based on 40 full
simulations for each inertial-elastic combination. Each full simulation run time was 10 sec-
onds of simulated flight. All statistical groupings are indicated by their respective box plot
in lower-case letters. All statistical groupings were based on Bonferroni correction factor
(i.e., reject hypothesis if P > 0.05/2). Panel A) is the non-dimensional tracking error for
tracking a vertically oscillating signal. Panel B) is the mechanical work expended to track
a vertically oscillating signal. Panel C) is the cost of transport for tracking a vertically
oscillating signal.
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Figure 3.3: Inertial-elastic modification simulation results for hovering. Figure leg-
end indicates the inertial-elastic modifications as such: abdominal mass multiplier increases
in a single order of magnitude (i.e., white corresponds to 0.1⇤m2, grey corresponds to 1⇤m2,
black corresponds to 10⇤m2); torsional spring constant multiplier also increases by an order
of magnitude twice (i.e., circle corresponds to 0.1 ⇤ , triangle corresponds to 1 ⇤ , square
corresponds to 10 ⇤ ). For all figures, the head mass (m1) does not change in magnitude.
All results here are based on 40 full simulations for each inertial-elastic combination. Each
full simulation run time was 10 seconds of simulated flight. All statistical groupings are
indicated by their respective box plot in lower-case letters. All statistical groupings were
based on Bonferroni correction factor (i.e., reject hypothesis if P > 0.05/2). Panel A) is
the non-dimensional tracking error for hovering. Panel B) is the mechanical work expended
to hover. Panel C) is the cost of transport for hovering.
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Figure 3.4: Morphological modification simulation results for tracking a vertically
oscillating signal. Figure legend indicates the morphological modifications as such: length
scale factor increases from 0.5 to 2 (i.e., white corresponds to a length scale factor of 0.5,
grey corresponds to a length scale factor of 1, black corresponds to a length scale factor of
2); petiole length extension values are: 0%, 20%, and 40% of the total body length, and are
visually described. All results here are based on 40 full simulations for each morphological
combination. Each full simulation run time was 10 seconds of simulated flight. All statistical
groupings are indicated by their respective box plot in lower-case letters. All statistical
groupings were based on Bonferroni correction factor (i.e., reject hypothesis if P > 0.05/2).
Panel A) is the non-dimensional tracking error for tracking a vertically oscillating signal.
Panel B) is the mechanical work expended to track a vertically oscillating signal. Panel C)
is the cost of transport for tracking a vertically oscillating signal.
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Figure 3.5: Morphological modification simulation results for hovering. Figure
legend indicates the morphological modifications as such: length scale factor increases from
0.5 to 2 (i.e., white corresponds to a length scale factor of 0.5, grey corresponds to a length
scale factor of 1, black corresponds to a length scale factor of 2); petiole length extension
values are: 0%, 20%, and 40% of the total body length, and are visually described. All
results here are based on 40 full simulations for each morphological combination. Each
full simulation run time was 10 seconds of simulated flight. All statistical groupings are
indicated by their respective box plot in lower-case letters. All statistical groupings were
based on Bonferroni correction factor (i.e., reject hypothesis if P > 0.05/2). Panel A) is
the non-dimensional tracking error for hovering. Panel B) is the mechanical work expended
to hover. Panel C) is the cost of transport for hovering.
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Figure 3.6: Trade-o↵s in components of mechanical work. The figure legend in the
center describes the di↵erent colors pertaining to the di↵erent work terms. There were two
rotational work components, and one rectilinear work component. Green is the rotational
work component from the product of the wing torque (⌧wing) and the head-thorax rotational
motion (✓). Blue is the rotational work component from the product of the abdominal
torque (⌧abdo) and the rotational abdominal flexion motion (�). Lastly, red is the rectilinear
work component from the product of the applied force (F ) and the distance the simulation
traveled in the 20 ms time period (| �*

r |). The figure legends on the right are the same as
previous figures.
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Figure 3.7: Absolute tracking error for all model variations. Figure legends are
the same as previous figures. All results here are based on 40 full simulations for each
morphological combination. Each full simulation run time was 10 seconds of simulated flight.
All statistical groupings were based on Bonferroni correction factor (i.e., reject hypothesis if
P > 0.05/2). Panel A) is the tracking error for the inertial-elastic modification simulations
(in cm). Panel B) is the tracking error for the morphological modification simulations (in
cm).
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Figure 3.8: Model dynamics output for the lowest abdominal mass multiplier
(0.1 ⇤m2) tracking a vertically oscillating signal. Torsional spring constants increase
from left to right (0.1, 1, 10 respectively). All plots are with respect to time for a 10 second
simulation period. All plots display the mean +/- standard deviation (n = 40). Top row is
the x-motion in cm. Second row is the y-motion in cm. The third row is the head-thorax
(m1) mass motion in degrees. The fourth row is the abdominal motion (m2) in degrees. The
bottom row is the abdominal flexion angle (i.e. di↵erence between rows 4 and 3 respectively)
in degrees. For all simulations, the model tracks the input y-motion well.
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Figure 3.9: Model dynamics output for the intermediate abdominal mass mul-
tiplier (1 ⇤ m2) tracking a vertically oscillating signal. Torsional spring constants
increase from left to right (0.1, 1, 10 respectively). All plots are with respect to time for a
10 second simulation period. All plots display the mean +/- standard deviation (n = 40).
Top row is the x-motion in cm. Second row is the y-motion in cm. The third row is the
head-thorax (m1) mass motion in degrees. The fourth row is the abdominal motion (m2) in
degrees. The bottom row is the abdominal flexion angle (i.e. di↵erence between rows 4 and
3 respectively) in degrees. For all simulations, the model tracks the input y-motion well.
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Figure 3.10: Model dynamics output for the highest abdominal mass multiplier
(10 ⇤m2) tracking a vertically oscillating signal. Torsional spring constants increase
from left to right (0.1, 1, 10 respectively). All plots are with respect to time for a 10 second
simulation period. All plots display the mean +/- standard deviation (n = 40). Top row is
the x-motion in cm. Second row is the y-motion in cm. The third row is the head-thorax
(m1) mass motion in degrees. The fourth row is the abdominal motion (m2) in degrees. The
bottom row is the abdominal flexion angle (i.e. di↵erence between rows 4 and 3 respectively)
in degrees. For all simulations, the model tracks the input y-motion well.
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Figure 3.11: Model dynamics output for the lowest abdominal mass multiplier
(0.1 ⇤ m2) for hovering. Torsional spring constants increase from left to right (0.1, 1,
10 respectively). All plots are with respect to time for a 10 second simulation period. All
plots display the mean +/- standard deviation (n = 40). Top row is the x-motion in cm.
Second row is the y-motion in cm. The third row is the head-thorax (m1) mass motion in
degrees. The fourth row is the abdominal motion (m2) in degrees. The bottom row is the
abdominal flexion angle (i.e. di↵erence between rows 4 and 3 respectively) in degrees. For
all simulations, the model tracks the input y-motion well.
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Figure 3.12: Model dynamics output for the intermediate abdominal mass multi-
plier (1 ⇤m2) for hovering. Torsional spring constants increase from left to right (0.1, 1,
10 respectively). All plots are with respect to time for a 10 second simulation period. All
plots display the mean +/- standard deviation (n = 40). Top row is the x-motion in cm.
Second row is the y-motion in cm. The third row is the head-thorax (m1) mass motion in
degrees. The fourth row is the abdominal motion (m2) in degrees. The bottom row is the
abdominal flexion angle (i.e. di↵erence between rows 4 and 3 respectively) in degrees. For
all simulations, the model tracks the input y-motion well.
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Figure 3.13: Model dynamics output for the highest abdominal mass multiplier
(10 ⇤m2) for hovering. Torsional spring constants increase from left to right (0.1, 1, 10
respectively). All plots are with respect to time for a 10 second simulation period. All
plots display the mean +/- standard deviation (n = 40). Top row is the x-motion in cm.
Second row is the y-motion in cm. The third row is the head-thorax (m1) mass motion in
degrees. The fourth row is the abdominal motion (m2) in degrees. The bottom row is the
abdominal flexion angle (i.e. di↵erence between rows 4 and 3 respectively) in degrees. For
all simulations, the model tracks the input y-motion well.
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Figure 3.14: Model dynamics output for the lowest length scale factor multiplier
(LSF = 0.5) tracking a vertically oscillating signal. Petiole length extension increases
from left to right (0, 0.2, 0.4 respectively). All plots are with respect to time for a 10 second
simulation period. All plots display the mean +/- standard deviation (n = 40). Top row is
the x-motion in cm. Second row is the y-motion in cm. The third row is the head-thorax
(m1) mass motion in degrees. The fourth row is the abdominal motion (m2) in degrees. The
bottom row is the abdominal flexion angle (i.e. di↵erence between rows 4 and 3 respectively)
in degrees. For all simulations, the model tracks the input y-motion well.
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Figure 3.15: Model dynamics output for the intermediate length scale factor
multiplier (LSF = 1) tracking a vertically oscillating signal. Petiole length extension
increases from left to right (0, 0.2, 0.4 respectively). All plots are with respect to time for a
10 second simulation period. All plots display the mean +/- standard deviation (n = 40).
Top row is the x-motion in cm. Second row is the y-motion in cm. The third row is the
head-thorax (m1) mass motion in degrees. The fourth row is the abdominal motion (m2) in
degrees. The bottom row is the abdominal flexion angle (i.e. di↵erence between rows 4 and
3 respectively) in degrees. For all simulations, the model tracks the input y-motion well.
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Figure 3.16: Model dynamics output for the highest length scale factor multiplier
(LSF = 2) tracking a vertically oscillating signal. Petiole length extension increases
from left to right (0, 0.2, 0.4 respectively). All plots are with respect to time for a 10
second simulation period. All plots display the mean +/- standard deviation (n = 40).
Top row is the x-motion in cm. Second row is the y-motion in cm. The third row is the
head-thorax (m1) mass motion in degrees. The fourth row is the abdominal motion (m2) in
degrees. The bottom row is the abdominal flexion angle (i.e. di↵erence between rows 4 and
3 respectively) in degrees. For all simulations, the model tracks the input y-motion well.
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Figure 3.17: Model dynamics output for the lowest length scale factor multiplier
(LSF = 0.5) for hovering. Petiole length extension increases from left to right (0, 0.2,
0.4 respectively). All plots are with respect to time for a 10 second simulation period. All
plots display the mean +/- standard deviation (n = 40). Top row is the x-motion in cm.
Second row is the y-motion in cm. The third row is the head-thorax (m1) mass motion in
degrees. The fourth row is the abdominal motion (m2) in degrees. The bottom row is the
abdominal flexion angle (i.e. di↵erence between rows 4 and 3 respectively) in degrees. For
all simulations, the model tracks the input y-motion well.
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Figure 3.18: Model dynamics output for the intermediate length scale factor
multiplier (LSF = 1) for hovering. Petiole length extension increases from left to right
(0, 0.2, 0.4 respectively). All plots are with respect to time for a 10 second simulation period.
All plots display the mean +/- standard deviation (n = 40). Top row is the x-motion in
cm. Second row is the y-motion in cm. The third row is the head-thorax (m1) mass motion
in degrees. The fourth row is the abdominal motion (m2) in degrees. The bottom row is
the abdominal flexion angle (i.e. di↵erence between rows 4 and 3 respectively) in degrees.
For all simulations, the model tracks the input y-motion well.
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Figure 3.19: Model dynamics output for the highest length scale factor multiplier
(LSF = 2) for hovering. Petiole length extension increases from left to right (0, 0.2, 0.4
respectively). All plots are with respect to time for a 10 second simulation period. All
plots display the mean +/- standard deviation (n = 40). Top row is the x-motion in cm.
Second row is the y-motion in cm. The third row is the head-thorax (m1) mass motion in
degrees. The fourth row is the abdominal motion (m2) in degrees. The bottom row is the
abdominal flexion angle (i.e. di↵erence between rows 4 and 3 respectively) in degrees. For
all simulations, the model tracks the input y-motion well.
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Vertical flower tracking motion

Non-dimensional tracking error

(R2 = 0.658)

Regressors P coe�cients

Intercept 2.824747e-159 0.1363

Abdominal mass multiplier 5.922190e-69 -0.0068

Torsional spring constant 5.822850e-1 0.0002

Abdominal mass multiplier: 3.990169e-1 -5.16e-5

Torsional spring constant

Length scale factor 3.940395e-58 -0.0547

Petiole length extension 6.542726e-50 -0.2395

Length scale factor: 4.020455e-16 0.1002

Petiole length extension

Mechanical work

(R2 = 0.880)

Regressors P coe�cients

Intercept 4.095407e-157 -3.9803

Abdominal mass multiplier 1.602505e-8 -0.0580

Torsional spring constant 2.225490e-10 -0.0653

Abdominal mass multiplier: 1.233514e-3 0.0059

Torsional spring constant

Length scale factor 1.159264e-245 4.8850

Petiole length extension 4.862947e-37 5.9160

Length scale factor: 1.288715e-43 -5.2854

Petiole length extension

Cost of transport

(R2 = 0.962)

Regressors P coe�cients

Intercept 9.168632e-192 -97.3372

Abdominal mass multiplier 9.259754e-152 7.2360

Torsional spring constant 3.749781e-11 -1.4045

Abdominal mass multiplier: 1.081050e-6 0.1831

Torsional spring constant

Length scale factor 0 158.5716

Petiole length extension 1.458673e-25 98.1725

Length scale factor: 5.296836e-16 -60.7136

Petiole length extension

Table 3.1: General linear model statistics for vertical flower tracking. The sta-
tistical significances and coe�cients of the general linear model were described across all
vertical flower tracking simulations.
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Hovering

Non-dimensional tracking error

(R2 = 0.493)

Regressors P coe�cients

Intercept 8.805088e-77 0.4577

Abdominal mass multiplier 2.665695e-50 -0.0322

Torsional spring constant 1.053008e-4 0.0078

Abdominal mass multiplier: 1.852378e-2 -0.0008

Torsional spring constant

Length scale factor 7.666801e-6 -0.0814

Petiole length extension 2.228747e-21 -0.8460

Length scale factor: 7.814085e-4 0.2380

Petiole length extension

Mechanical work

(R2 = 0.866)

Regressors P coe�cients

Intercept 4.630745e-168 -4.1330

Abdominal mass multiplier 1.196009e-9 -0.0631

Torsional spring constant 1.197474e-9 -0.0631

Abdominal mass multiplier: 2.083802e-3 0.0057

Torsional spring constant

Length scale factor 2.079187e-245 4.8336

Petiole length extension 2.189303e-44 6.6415

Length scale factor: 9.040791e-46 -5.5298

Petiole length extension

Cost of transport

(R2 = 0.967)

Regressors P coe�cients

Intercept 4.022451e-138 -97.9502

Abdominal mass multiplier 0 21.0860

Torsional spring constant 2.070096e-5 -1.2149

Abdominal mass multiplier: 1.792286e-10 0.3297

Torsional spring constant

Length scale factor 4.286171e-304 168.2932

Petiole length extension 1.989993e-6 58.7830

Length scale factor: 2.598480e-4 36.7959

Petiole length extension

Table 3.2: General linear model statistics for hovering. The statistical significances
and coe�cients of the general linear model were described across all hovering simulations.
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Abstract

Insect flight is a strongly nonlinear and actuated dynamical system. As such, strategies

for understanding its control have typically relied on either model-based methods or lin-

earizations thereof. Here we develop a framework that combines model predictive control

on an established flight dynamics model and deep neural networks (DNN) to create an e�-

cient method for solving the inverse problem of flight control. We turn to natural systems

for inspiration since they inherently demonstrate network pruning with the consequence of

yielding more e�cient networks for a specific set of tasks. This bio-inspired approach allows

us to leverage network pruning to optimally sparsify a DNN architecture in order to perform

flight tasks with as few neural connections as possible. But there are limits to sparsifica-

tion. Specifically, as number of neurons are below a critical threshold, flight performance

drops considerably. We develop sparsification paradigms and explore their limits for control

tasks. Monte Carlo simulations also quantify the statistical distribution of network weights

during pruning given initial random weights of the DNNs. We demonstrate that on aver-

age, the network can be pruned to approximately 7% of the original networks weights, with

statistical distributions quantified at each layer of the network. Overall, this work shows

that sparsely connected DNN is capable of predicting the forces required to follow complex
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trajectories. Additionally, sparsification has sharp performance limits.

Introduction

Between childhood and adolescence, the number of synaptic connections between neurons

sharply decreases through a process called synaptic pruning [26]. Depending on the neural

system, synaptic pruning can improve the brain’s e�ciency and a↵ect cognitive function.

In fact, synaptic pruning is seen as a mechanism for learning, in which the environment

a↵ects which neural connections are maintained and which are removed [33]. Refinement

of neural connections via pruning occurs in wide ranging taxa, from humans to Drosophila

and in systems ranging from sensory input to motor control [70, 129]. For example, during

metamorphosis of the hawkmoth, Manduca Sexta, synapses are pruned and reconnected to

enable adult-specific behaviors [1]. Synaptic pruning plays a significant role in task-specific

behavioral development across many di↵erent taxa, the result of which is a more sparsely

connected network that can still perform complex cognitive and motor tasks.

Deep neural networks (DNNs) are capable of modeling high-dimensional, complex, non-

linear mappings for a large diversity of problems, ranging from image and speech recognition

to fluid flow control [15, 78, 84]. DNNs learn these mappings by combining gradient descent

with the backpropagation algorithm. However, most DNNs are highly over-parameterized

and their layers are fully-connected. For example, the natural language processing model,

GPT-3, is the largest DNN ever built with 175 billion parameters [19] and successful models

with millions of parameters are not uncommon. There are many di↵erent methods to make

DNNs more sparse, ranging from regularization during training [111] to specifying sparse

architectures [88]. Biologically inspired neural network pruning has also been shown to be

an e↵ective method for sparsifying a DNN without compromising performance [58, 75, 79,

82, 83]. In neural network pruning, the connectivity of a DNN is made more sparse by

forcing select weights between the layers to zero and then retraining, resulting in a more

sparse network that is capable of performing comparably to the fully-connected network

up to a certain limit. Pruning has been used to prevent network overfitting and to reduce

overall model size. In fact, dropout regularization is a form of random pruning, where

weights are made zero during training to prevent overfitting [119]. Pruned DNNs have the
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advantage of being computationally less expensive than their fully-connected counterparts.

They are also more representative of biological neural systems, in which neural pathways

are sparsely and specifically connected for task performance.

The inverse problem of insect flight is a highly non-linear dynamical system, in part due

to the unsteady mechanisms of flapping flight [40, 108]. As such, the inverse problem of

insect flight serves as an exemplar to study whether a DNN can solve a biological control

problem while mandating a sparse connectivity pattern. In an inverse problem, the initial

and final conditions of a dynamical system are known and used to find the parameters

necessary to control the system. In other words, the DNN in this study is trained to

predict the controls required to move the simulated insect from one state space to another.

Solving the inverse problem of insect flight has been previously simulated using a genetic

algorithm wedded with a simplex optimizer for hawkmoth level forward flight and hovering

[59]. Another study linearized the dynamical system of simulated hawkmoth flight finding

the system to operate on the edge of stability [45]. Recently, a study developed an inertial

dynamics model of M. sexta flight as it tracked a vertically oscillating signal, which modeled

the control inputs using Monte Carlo methods in a model-inspired by model predictive

control (MPC) [21].

In this work, we use the inertial dynamics model in [21] to simulate examples of M.

sexta hovering flight. Fig. 4.1 shows the physical parameters of the simulated moth and

the inertial dynamics model. These data are used to train a DNN to learn the controllers

for hovering. Drawing inspiration from pruning in biological neural systems, we sparsify

the network using neural network pruning. Here, we prune weights based simply on their

magnitudes, i.e. remove the weights closest to zero. This bio-inspired approach to sparsity

allows us to find the optimally sparse network for completing flight tasks. We employed two

methods for neural network pruning: either through manually setting weights to zero or

by utilizing binary masking layers. Furthermore, the DNN is pruned sequentially, meaning

groups of weights are removed slowly from the network, with retraining in between prunes,

until a target sparsity is reached. Monte Carlo simulations are also used to quantify the

statistical distribution of network weights during pruning given random initialization of

network weights. This work shows that sparse DNNs are capable of predicting the controls
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required for a simulated hawkmoth to move from one state-space to another.

Materials and methods

Moth model

The simulated insect uses an inertial dynamics model developed in Bustamante et al., 2021

[21] and was modeled after the hawkmoth, M. sexta with body proportions rounded to the

nearest 0.1 cm. The simulated moth was made up of two ellipsoid body segments, the head-

thorax mass (m1) and the abdomen mass (m2). The body segments are connected by a pin

joint consisting of a torsional spring and a torsional damper as seen in [7]. The simulated

moth model could move in two linear dimensions (x,y), both the head-thorax mass, and the

abdominal mass could rotate clockwise or counter-clockwise (✓,�). See Fig. 4.1 and Table

2.2 for more description of the simulated insect.

The computational model of the moth had three control variables and four state-space

variables (as well as the respective state-space derivatives). This model is by definition

underactuated because the number of control variables is less than the degrees of freedom.

The controls are as follows: F , the magnitude of force applied; ↵ the direction of force

applied (with respect to the midline of the head-thorax mass); and ⌧ , the abdominal torque

exerted about the pin joint connecting the two body segment masses (with its equal and

opposite response torque). The controls are randomized every 20 ms, which is approximately

the period of the wing downstroke or upstroke for M. sexta (25 Hz wing beat frequency).

The motion of the moth state-space is described by four parameters (x: horizontal

position, y: vertical position, ✓: head-thorax angle, and �: abdomen angle), as well as the

respective state-space derivatives (ẋ: horizontal velocity, ẏ: vertical velocity, ✓̇: head-thorax

angular velocity, and �̇: abdomen angular velocity). The x and y position are indicate the

position of the pin joint where the head-thorax connects with the abdomen.

Generating training data

We used the ordinary di↵erential equations from [21] (See 2.7, Equations 30-33) to generate

a dataset for training the deep neural network. We started all simulated trajectories from



82

the origin (i.e., (x0,y0) = (0,0)). We randomly sampled initial horizontal velocity (ẋ0),

vertical velocity (ẏ0), head-thorax angle (✓0), abdomen angle (�0), head-thorax angular

velocity (✓̇0), and abdomen angular velocity (�̇0). We also randomly sampled force (F ),

force angle (↵), and torque (⌧). We created a training data set of 10 million simulated

trajectories and a test set containing an additional 5 million trajectories. The trajectories

were simulated using the Python (Python Software Foundation, https://www.python.org/)

function, scipy.integrate.odeint [127]. Fig. 4.1 shows which variables were inputs and

outputs from the di↵erential equation solver.

Data preparation for deep neural network training

The force (F ) and force angle (↵) were converted to horizontal and vertical components (Fx

and Fy), using the following equations: Fx = F · cos(↵) and Fy = F · sin(↵). The data were

split into training and validation sets for cross validation (80:20 split). The validation data

is a sample used to provide an unbiased evaluation of a model fit while tuning the hyper

parameters (such as number of hidden units, number of layers, optimizer, etc.). The data

were scaled using a min-max scaler according to the training data set and transformed values

to be between -0.5 and +0.5. The same scaler was then used to transform the validation

and test data. See Fig. 4.1 for a diagram comparing the data generation process vs. the

training of the neural network.

Training and pruning a deep neural network

The deep, fully-connected neural network was constructed with ten input variables and seven

output variables (see Fig. 4.1). The initial and final state space conditions are the inputs

to the network: (ẋi, ẏi, �i, ✓i, �̇i, ✓̇i, xf , yf , �f , ✓f ). The network predicts the control vari-

ables and the final derivatives of the state space in its output layer (Fx, Fy, ⌧, ẋf , ẏf , ✓̇f , �̇f ).

The final derivatives of the state space were made outputs for the neural network to be able

to chain 20 ms allow the moth to complete a complex trajectory. The training and pruning

protocols were developed using Keras [27] with the TensorFlow backend [2]. To scale up

training for the statistical analysis described in a later section, the training and pruning
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protocols were parallelized using the Jax framework [18].

To demonstrate the e↵ects of neural network pruning, the network was chosen to have

a deep, feed-forward architecture with wide hidden layers (many more nodes than in the

input and output layer). The network had four hidden layers with 400, 400, 400, and 16

nodes, respectively. Wide hidden layers were used rather than using a bottleneck structure

(narrower hidden layer width) to allow the network to find the optimal mapping with little

constraint. The inverse tangent activation function was used for all hidden layers to in-

troduce non-linearity in the model. To account for the multiple outputs, the loss function

was the uniformly-weighted average of the mean squared error for all the outputs com-

bined. There are several hyper-parameter di↵erences in the TensorFlow model and the Jax

model in order to optimize performance. In developing the training and pruning protocol

in TensorFlow, the network was trained using the rmsprop optimizer with a batch size of

212 samples. However, for scaling up and speeding up training using the Jax framework,

the Adam optimizer [73] was used and the batch size was reduced to 128 samples. Regu-

larization techniques such as weight regularization, batch normalization, or dropout were

not used. However, early stopping (with a minimum delta of 0.000001 with a patience of

150 epochs) was used to reduce overfitting by monitoring the mean squared error on the

validation data.

After the fully-connected network is trained to a minimum error, the method of neural

network pruning was used to promote sparsity between the network layers. Other regular-

ization techniques (such as lasso) promote sparsity during training. In contrast, pruning

achieves sparse connections between layers by setting weights below a specified threshold

to zero. In this work, a target sparsity (percentage of pruned network weights) is specified

and those weights are forced to zero. The network is then retrained until a minimum error

is reached. This process is repeated until most of the weights have been pruned from the

network.

Two methods to prune the neural network were developed: 1) a manual method that

involves setting a number of weights to zero after each training epoch and 2) pruning using

TensorFlow’s Model Optimization Toolkit which involves creating a masking layer to control

sparsity in the network. Both methods are described in detail in the following sections.
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Manual Pruning

Our algorithm describes the a method of pruning in which the n weights whose magnitudes

are closest to zero are manually set to zero. If N is the total number of weights in the net-

work, the n weights are chosen such that n/N is equivalent to a specified pruning percentage

(e.g. 15%, 25%, ..., 98%). After the n weights are set to zero, the network is retrained for

one epoch. This process is repeated until the loss is minimized. After the network has been

trained to a minimum loss, we select the next pruning percentage from the predetermined

list and repeat the above steps. The entire process is repeated until the network has been

pruned to the final pruning percentage in the list.

Upon retraining, the weights are able to regain a non-zero weight and the network

is evaluated using these non-zero weights. Although this likely still captures the e↵ects

of pruning the network over the training time, it is not true pruning in the sense that

connections that have been pruned can regain weight.

Pruning using Model Optimization Toolkit

The manual pruning method described above has the downside of allowing weights to regain

non-zero value after training. These weights are subsequently set back to zero on the next

epoch, but the algorithm does not guarantee that the same weights will be pruned every

time.

To ensure weights remain pruned during retraining, a TensorFlow built toolkit called the

Model Optimization Toolkit was implemented in the pruning protocol. The toolkit contains

functions for pruning deep neural networks. In the Model Optimization Toolkit, pruning is

achieved through the use of binary masking layers that are multiplied element-wise to each

weight matrix in the network. A four-layer neural network can be mathematically described

the following way.

ŷ = �4(A4...(�1(A1x)) (4.1)

In Eq. 4.1, the inputs to the network are represented by x, the predictions by ŷ, the

weight matrices by Ai, and the activation function by �i, where i = 1, 2, 3, 4 for the four
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layers of the network. During pruning, the binary masking matrix, Mi is placed between

each layer.

ŷ = M4 � �4(A4...(M1 � (�1(A1x))) (4.2)

In Eq. 4.2, the binary masking matrices, Mi, are multiplied element-wise to the weight

matrices (� denotes the element-wise Hadamard product). The sparsity of each layer is

controlled by a separate masking matrices to allow for di↵erent levels of sparsity in each

layer. Before pruning, all elements of Mi are set to 1. At each pruning percentage (e.g.

15%, 25%, ..., 98%), the n weights whose magnitudes are nearest to zero are found and the

corresponding elements of the the Mi are set to zero. The network is then retrained until

a minimum error is achieved. The masking layers are non-trainable, meaning they will not

be updated during backpropagation. Then, the next pruning percentage is selected and the

process is repeated until the network has been pruned to the final pruning percentage.

In the Model Optimization Toolkit, the binary masking layer is added by wrapping each

layer into a prunable layer. The binary masking layer controls the sparsity of the layer by

setting terms in the matrix equal to either zero or one. The masking layer is bi-directional,

meaning it masks the weights in both the forward pass and backpropagation step, ensuring

no pruned weights are updated [144]. A separate algorithm describes the pruning paradigm

utilizing the Model Optimization Toolkit.

Rather than controlling for sparsity at each epoch of training, as done in the manual

pruning method described above, we control for sparsity each time we want to prune more

weights from the network. Sparsity is kept constant throughout each pruning cycle and

therefore we can use TensorFlow’s built-in functions for training the network and regular-

ization.

Preparing for statistical analysis of pruned networks

To be able to train and analyze many neural networks, the training and pruning protocols

were parallelized in the Jax framework [18]. Rather than requiring data to be in the form of

tensors (such as in TensorFlow), Jax is capable of performing transformations on NumPy
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[56] structures. Jax however does not come with a toolkit for pruning, therefore pruning by

way of the binary masking matrices was coded into the training loop.

The networks were trained and pruned using a NVIDIA Titan Xp GPU operating with

CUDA [93]. At most, 400 networks were trained at the same time and the total number

of networks used in the analysis was 1306. These networks were all trained with identical

architectures, pruning percentages, and hyper-parameters. The only di↵erence between the

networks is the random initialization of the weights before training and pruning. The Adam

optimizer [73] and a batch size of 128 were used to speed up training and cross-validation

was omitted. However, early stopping was used on the training data to avoid training

beyond when the loss was adequately minimized. Additionally, early stopping was used to

evaluate the decrease in loss across batches, rather than epochs.

Results

Network pruning results

Fig. 4.2 shows the learning curve for a network trained using the sequential pruning protocol

with TensorFlow’s Model Optimization Toolkit (see Methods section for details) [2]. The

network is trained until a minimum error is reached, and then pruned to a specified sparsity

percentage and then retrained until the loss is once again minimized. The sparsity (or

pruning) percentages are shown in Fig. 4.2 where they occur in the training process. A

threshold error of 10�3 (shown as a red, dashed line) was chosen to define the sparsest

optimal network. This threshold was chosen because it is near the performance of the

trained, fully-connected network. In the example in Fig. 4.2, the sparsest optimal network

occurs at 94% sparsity (or when only 6% of the connections remain). Beyond 94% sparsity,

the performance of the network breaks down because too many critical weights have been

removed.

Monte Carlo results

To compare results across networks, 1320 networks were trained with di↵erent random ini-

tialization on the same dataset. In training these networks, the hyper-parameters, pruning
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percentages, and architecture are held constant. Fig. 4.3 shows the training curves of 9

sample networks. The red, dashed line in each of the panels represents the same threshold

as in Fig. 4.2 (10�3). The black, solid lines in Fig. 4.3 represent the sparsest, optimal

network. Although the majority of networks in this subset breakdown at 93% sparsity, a

few breakdown before and after.

On average, before pruning, the fully-connected networks reach a minimum loss of 10�3.

The average loss of all the networks can be seen in Fig. 4.4. The first box in the box plot

in Fig. 4.4 corresponds to the losses of all the trained networks before any pruning occurs.

The variance on the loss is relatively small, but there are several outliers. Once again, the

red, dashed line in the box plot in Fig. 4.4 represents the threshold. Many networks make

it to 93% sparsity before the performance breakdown. Of the 1320 networks trained, 858 of

the networks are optimally sparse at 93% sparsity. The optimal, sparse networks are shown

in the bar plot at the top of Fig. 4.4. Note that the total number of networks represented

in the bar plot does not add up to 1320. This is because several networks never perform

below the threshold throughout the sequential pruning process (see outliers in Fig. 4.4).

Analysis of layer sparsity

The subset of optimally sparse networks pruned to 93% are used in the following analysis

of network structure. The sparsity across all the layers was found to be uniform (7% of

weights remain in each layer) despite not explicitly requiring that in the pruning protocol.

Table 4.1 shows the average number of remaining connections across the 858 networks, as

well as the variance and the fraction of remaining connections.

To study the a↵ects of random network initialization on network structure, we trained

and pruned 1320 networks and compared their performance. Fig. 4.4 shows the loss after

pruning the 1320 networks at varying pruning percentages (from 0% sparsity to 98% spar-

sity). Fig. 4.4 can be compared directly to Fig. 4.2 but is the compilation of the results

for many di↵erent networks. The networks do not all converge to the same set of weights,

which is evident by the numerous outliers, as well as the variance around the average loss.

Many networks, however follow a similar pattern and perform under the threshold under
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they are more that 93% sparse. Some networks remain under the threshold up until 95%

pruned. Many networks perform better when pruned up to 85% sparsity.

We looked at the subset of networks (858 networks) that were pruned to 93% sparsity.

Fig. 4.5 shows a box plot of the number of connections from the input layer to the first

hidden layer for the subset of pruned networks. Interestingly, the initial head-thorax angular

velocity was completely pruned out of all of the networks in the subset, meaning it has no

impact on the output and predictive power of the network. Additionally, the initial abdomen

angular velocity connects to either zero, one, or two nodes in the second hidden layer, while

all the other inputs are connected to at least 5% of the weights in the first hidden layer on

average.

Discussion

In this study, we set out to investigate whether a sparse DNN can control a biological,

motor-task (i.e. moth hovering). Taking inspiration from synaptic pruning found across

wide ranging animal taxa, we pruned a DNN to di↵erent levels of sparsity in order to

find the optimal sparse network capable of controlling moth hovering. The DNN uses data

generated by the inertial dynamics model in [21] which models the forward problem of flight

control. In this work, the DNN models the inverse problem of flight control by learning the

controls given the initial and final state-space variables.

Through this work, we found that sparse DNNs are capable of solving the inverse problem

of flight control, i.e. predicting the controls that are required for a moth to hover to a

specified state-space. In addition, we demonstrate that across many networks, a network

can be pruned by as much as 93% and perform comparably to the average performance of a

fully-connected network. However, there are sharp performance limits and on average, most

networks pruned beyond 93% see a breakdown in performance. We found that although

uniform pruning was not enforced, on average, each layer in the network pruned to match

the overall sparsity (i.e. sparsity of each layer was 93% for networks pruned to overall

sparsity of 93%). Finally, we looked at the sparsity of individual layers and found that the

initial head-thorax angular velocity is consistently pruned from the input layer of networks

pruned to 93% sparsity, indicating a redundancy in the forward original model.
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Though we have shown that a DNN is capable of learning the controls for a flight

task, there are several limitations to this work. Firstly, though the model in [21] used to

generate the training data provided control predictions for accurate motion tracking in a

two-dimensional task, biological reality is more rich and complex than can be captured by

the forward model. Thus, since the DNN is trained with this data, it is only capable of

learning the dynamics captured in the model in [21]. Furthermore, the size, shape, and body

biomechanics of this systems all matter. This study uses the same global parameters across

the data set (see morphometrics measured in Chapter 2), but, in reality, these parameters

vary significantly (across insect taxa and within the life of an individual) and this likely

a↵ects the performance of the DNN.

We have shown here that DNNs are capable of learning the inverse problem of flight

control. The fully-connected DNN used here learned a nonlinear mapping between input

and output variables, where the inputs are the initial and final state-space variables and the

outputs are the controls and final velocities. On average, a fully-connected network can learn

this task with a loss of approximately 0.001. However, due to the random initialization of

weights preceding training, some networks perform as much as an order of magnitude worse

(see Fig. 4.4). This suggests that the performance of a trained DNN is heavily influenced

by the random initialization of its weights.

We used magnitude-based pruning to sparsify the DNNs in order to find the optimal,

sparse network capable of controlling moth hovering. For the task of moth hovering, a

DNN can be pruned to approximately 7% of its original network weights and still perform

comparably to the fully-connected network. The results of this analysis show that when

trained to perform a biological task, fully-connected DNNs are indeed overparameterized.

Much like their biological counterparts, DNNs do not require fully-connected connectivity

to accomplish this task. The performance threshold represented by the red dashed line in

Figs. 4.2, 4.3, and 4.4 was chosen to represent a loss comparable to the loss of the fully-

connected network (i.e. 0.001). In other words, this line represents a noise threshold, below

which the network is considered well-performing. It has been shown that biological motor

control systems are adapted to handle noise [50]. Biological pruning may be a mechanism

for identifying sparse connectivity patterns that allow for control within a noise threshold.
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On average, when the networks are pruned beyond 7% connectivity, there is a dramatic

performance breakdown. Beyond 93% sparsity, the performance of the networks break

down because too many critical weights have been removed. A significant proportion of

the 1320 networks breakdown before they reach 7% connectivity (approximately 30% of the

networks). This again supports the aforementioned claim that the random initialization of

the weights before training a↵ects the performance of a DNN and can be exacerbated by

neural network pruning. Additionally, this shows that there exists a diversity of network

structures that perform within the bounds of the noise threshold.

To investigate the substructure of the well-performing, sparse networks, we looked closer

at the subset of networks that were optimally sparse at 93% pruned (858 networks). We

have shown that the average sparsity of each layer in this subset is uniform, meaning each of

the five layers have approximately 7% of their original connections remaining. However, the

variance on the number of remaining connections between input layer and first hidden layer

and between the final hidden layer and the output layer is markedly higher than the variance

in the weight matrices between the hidden layers. This suggests that in networks pruned

to 93% sparsity, the greatest amount of change in network connectivity occurs in input and

output layers. However, there are notable features in the connectivity between the input

and first hidden layer that are consistent across the 858 networks. Fig. 4.5 shows that the

input parameter, initial head-thorax angular velocity (✓̇i), is completely pruned from all of

the 858 networks. The initial abdomen angular velocity (�̇i) is also almost entirely pruned

from all of the networks. All of the other input parameters maintain an average of at least

5% connectivity to the first hidden layer. The complete pruning of ✓̇i suggests a redundancy

in the original forward model. However, this redundancy makes physical sense because ✓i

and �i are coupled in the original forward model.

In this work, we have shown that a sparse neural network can learn the controls for

a biological motor task and we have also shown, via Monte Carlo simulations, that there

exists at least some aspects of network structure that are stereotypical. In future work,

we will investigate network structure further by comparing network motifs across the 1320

networks. Network motifs are statistically significant substructures in a network and have

been shown to be indicative of network functionality in control systems [63]. Other areas
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of future work include investigating the sparse network’s response to noise and changes in

the biological parameters. Biological control systems are adapted to function adequately in

the presence of noise. Does the sparsity of biological neural networks play a role in their

response to a noisy environment? Furthermore, is a sparse neural network more equipped

to handle changes in the biological parameters (such as size and shape of the simulated

moth)?
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4.1 Figures for Chapter 4

Dynamics 
(ODEs)

Initial conditions

Biomechanical parameters
Inertial Aerodynamic

Randomized torques 
and forces

Final conditions
Time

20 ms

(A) Schematic of simulated moth

(B) Simulated moth data generation

(C) Neural network inverse model

Pruning

Figure 4.1: Inverse problem of flight control. (A) The moth body is made of two
ellipses attached with a spring. There are three control variables (F , ↵, and ⌧) and four
parameters to describe the state space (x, y, ✓, and �). See Table ?? and ?? for a full
description of model parameters. (B) The di↵erential equation solver solves the forward
problem of insect flight control. (C) The neural network is an attempt to solve the inverse
problem of flight control.
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Figure 4.2: Learning curve for sequential pruning of network. Fully-connected
neural network is trained until the mean-squared error is minimized. Then the network is
sequentially pruned by adding in a masking layer and trained again. The performance of
the network improves below the minimum error achieved by the fully connected network for
low levels of pruning, but performs comparably to the fully-connected network until 95% of
the network is pruned.



94
M

ea
n-

sq
ua

re
d 

lo
ss

Batches

Figure 4.3: Performance breakdown of 9 sample pruned networks. The networks are
sequentially pruned. Each network is evaluated to find the sparsest, optimally performing
network. The red dashed line represents the performance threshold (10�3). The sparsest
network that performs below this threshold is shown by the solid, black vertical line.
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Figure 4.4: Monte Carlo analysis of pruned networks. 1306 networks are sequentially
pruned and loss of the pruned networks at each sparsity percentage is recorded in the box
plot. The bar plot records the number of networks that make it to the corresponding sparsity
percentage before exceeding the hypothetical threshold (10�3).
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Figure 4.5: Sparsity of input layer of networks pruned to 93% sparsity. Each box
represents the average number of connections remaining between a parameter in the input
layer and the first hidden layer. For all 858 networks in this group, ✓̇i was pruned entirely
from the network.
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Figure 4.6: Example trajectories of the simulated insects. Each trajectory is 20 ms,
and each starts at (x,y) = (0,0). Force (F ) is indicated with the straight red arrow, and
torque (⌧) is shown with the curved arrows at the thorax-abdomen joint (red dot). The
center of mass of each body segment is shown with black dots.
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Figure 4.7: Error evaluation of a fully-connected network before any pruning. The seven
parameters shown are the outputs of the network, the three control variables and the final
derivatives of the state space. The residual plots are also shown (denoted by Actual -
Prediction).
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Figure 4.8: Error evaluation (with pruning) Note that axes for residual plots are scaled
to include the max outliers
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4.2 Table for Chapter 4

Layer i Average number remaining Variance Percentage remaining

1 280 23 0.07

2 11199 0 0.07

3 11199 0 0.07

4 447 0.04 0.07

5 8 6 0.07

Table 4.1: Number of remaining parameters in networks pruned to 93% sparsity
This table gives the average number of remaining weights in each layer of the networks
pruned to 93% sparsity. The variance on the number of connections, as well as the fraction
of remaining connections are also given.
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