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Physics

The muon g − 2 experiment at Fermilab aims to measure the anomalous magnetic moment

of the muon, aµ, to a precision of 140 parts per billion (ppb). The measurement will shed

light on the current >3σ deviation between Standard Model calculations and the previous

measurement made at Brookhaven National Laboratory, either resolving the discrepancy or

confirming it to >5σ. In the muon g−2 experiment, muons are stored in a magnetic storage

ring and their decays are observed. In order to reach the precision goal, the magnetic field

experienced by the muons must be known with an uncertainty of 70 ppb or less. To this

end, the magnetic field was shimmed to unprecedented homogeneity. Two measurement

systems are used to track the evolution of the magnetic field. This dissertation describes the

motivations for the g − 2 experiment, gives a brief overview of the experimental principles,

introduces the magnetic field measurement hardware, describes the magnetic field shimming

process, and presents an analysis of the magnetic field tracking for data collected in spring

2018 during run 1 of the Fermilab muon g − 2 experiment.



TABLE OF CONTENTS

Page

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

Chapter 1: Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Magnetic Moments and Spin Precession . . . . . . . . . . . . . . . . . . . . 2

1.2 A Brief Introduction to Muons . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Previous (g − 2)µ Measurements . . . . . . . . . . . . . . . . . . . . . . . . 8

1.4 (g − 2)µ in the Standard Model . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.5 Current Status of Theory vs. Experiment . . . . . . . . . . . . . . . . . . . 18

Chapter 2: The Fermilab Muon g − 2 Experiment . . . . . . . . . . . . . . . . . . 23

2.1 Measurement Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2 Magnetic Storage Ring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.3 Muon Beam Production . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.4 Beam Injection and Storage . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.5 ω̃p Measurement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.6 Anomalous Precession Frequency Measurement . . . . . . . . . . . . . . . . 37

Chapter 3: Magnetic Field Measurement . . . . . . . . . . . . . . . . . . . . . . . 41

3.1 Magnetic Field Measurement Goals . . . . . . . . . . . . . . . . . . . . . . . 41

3.2 Nuclear Magnetic Resonance . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.3 FID Frequency Extraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.4 pNMR Probes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.5 Trolley Probe Calibration . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.6 Magnetic Field Multipole Expansion . . . . . . . . . . . . . . . . . . . . . . 59

3.7 Magnetic Field-Muon Beam Convolution . . . . . . . . . . . . . . . . . . . . 61

i



Chapter 4: Magnetic Field Shimming . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.1 Magnetic Field Shimming Introduction . . . . . . . . . . . . . . . . . . . . . 62

4.2 Shimming Measurement Tools . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.3 Initial Magnetic Field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.4 Passive Shimming . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.5 Active Shimming . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

Chapter 5: Radial Magnetic Field Measurements . . . . . . . . . . . . . . . . . . . 87

5.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.2 Hall Effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

5.3 Planar Hall Effect Calibration . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.4 Measurement Platform . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.5 Measurement Procedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

5.6 Measurement Results and Effects . . . . . . . . . . . . . . . . . . . . . . . . 97

5.7 Canceling the Average Radial Magnetic Field . . . . . . . . . . . . . . . . . 99

Chapter 6: Magnetic Field Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 102

6.1 Magnetic Field Multipole Moments . . . . . . . . . . . . . . . . . . . . . . . 103

6.2 Magnetic Field Changes and Features . . . . . . . . . . . . . . . . . . . . . . 105

6.3 Magnetic Field Interpolation Overview . . . . . . . . . . . . . . . . . . . . . 110

6.4 Data Quality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

6.5 Interpolation Steps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

6.6 Interpolation Uncertainties . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

6.7 Combined Magnetic Field Interpolation Uncertainties . . . . . . . . . . . . . 155

Chapter 7: Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

ii



LIST OF FIGURES

Figure Number Page

1.1 Pion decay . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2 Number distribution and asymmetry function of electrons from muon decay . 9

1.3 Anomalous precession frequency . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.4 QED Feynman diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.5 Electroweak Feynman diagrams . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.6 Hadronic Feynman diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.7 Contributions to the hadronic R-ratio . . . . . . . . . . . . . . . . . . . . . . 17

1.8 Contributions to aSMµ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.9 Status of theory vs. experiment . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.1 Magnetic storage ring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.2 Magnetic storage ring cross section . . . . . . . . . . . . . . . . . . . . . . . 27

2.3 Fermilab muon beamline elements . . . . . . . . . . . . . . . . . . . . . . . . 29

2.4 Superconducting inflector magnet . . . . . . . . . . . . . . . . . . . . . . . . 31

2.5 Inflector, kicker, and quadrupoles . . . . . . . . . . . . . . . . . . . . . . . . 33

2.6 Electric field of the quadrupoles . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.7 Straw trackers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2.8 Decay positron path . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.9 Calorimeter crystals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.10 Positron detection histogram . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.1 Example FIDs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.2 Brookhaven pNMR probe . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.3 Fermilab pNMR probe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.4 Filling the pNMR probes with petroleum jelly . . . . . . . . . . . . . . . . . 51

3.5 Trolley and fixed probe arrays . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.6 Fixed probe locations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.7 Plunging probe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

iii



3.8 Delta-B method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.9 Magnetic field multipoles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.1 Magnetic storage ring cross section . . . . . . . . . . . . . . . . . . . . . . . 63

4.2 Shimming trolley . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.3 Shimming trolley pNMR probe matrix . . . . . . . . . . . . . . . . . . . . . 65

4.4 Electrolytic tilt sensor mount . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.5 Tilt sensor calibration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

4.6 Pre-shimming magnetic field . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.7 Shimmed Brookhaven magnetic field . . . . . . . . . . . . . . . . . . . . . . 70

4.8 Top hat shimming effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.9 Pole foot shims . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.10 Wedge shims . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.11 Iron foil laminations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.12 Post-rough shimming magnetic field maps . . . . . . . . . . . . . . . . . . . 77

4.13 Azimuthally averaged magnetic field using surface coils . . . . . . . . . . . . 84

4.14 Power supply feedback . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

5.1 Hall probe principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.2 Hall probe geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.3 Planar Hall effect measurement platform . . . . . . . . . . . . . . . . . . . . 92

5.4 Planar Hall effect measurement data . . . . . . . . . . . . . . . . . . . . . . 94

5.5 Radial/longitudinal magnetic field component measurement platform . . . . 95

5.6 Measured radial and longitudinal magnetic field components . . . . . . . . . 98

5.7 Canceling the average radial magnetic field . . . . . . . . . . . . . . . . . . . 101

6.1 Magnetic field residuals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6.2 Magnetic field drift vs. azimuth . . . . . . . . . . . . . . . . . . . . . . . . . 106

6.3 Azimuthally averaged magnetic field multipole drift . . . . . . . . . . . . . . 107

6.4 Fixed probe dipole evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

6.5 Magnetic field jump . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6.6 Trolley spike determination . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

6.7 Trolley spike threshold effect . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

6.8 Fixed probe resolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

6.9 Bad FIDs from quadrupole interference . . . . . . . . . . . . . . . . . . . . . 115

iv



6.10 Fixed probe spikes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

6.11 Trolley magnetic footprint characterization . . . . . . . . . . . . . . . . . . . 118

6.12 Trolley magnetic footprint, as seen by a fixed probe . . . . . . . . . . . . . . 120

6.13 Interpolation discontinuity histogram . . . . . . . . . . . . . . . . . . . . . . 121

6.14 Effect of number of trolley measurements on interpolation discontinuities . . 123

6.15 Stationary trolley run multipoles . . . . . . . . . . . . . . . . . . . . . . . . 126

6.16 Stationary trolley run multipole differences . . . . . . . . . . . . . . . . . . . 127

6.17 Fixed probe sidebands . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

6.18 Effect of sideband choice on interpolated fixed probe frequencies . . . . . . . 129

6.19 Fixed probe station interpolation . . . . . . . . . . . . . . . . . . . . . . . . 131

6.20 Interpolation discontinuity . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

6.21 Averaging methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

6.22 Magnetic field drift during a trolley run . . . . . . . . . . . . . . . . . . . . . 137

6.23 Magnetic field tracking at poor resolution fixed probe stations . . . . . . . . 139

6.24 Allan standard deviation of fixed probe data . . . . . . . . . . . . . . . . . . 141

6.25 Azimuthally averaged interpolation plots . . . . . . . . . . . . . . . . . . . . 143

6.26 Uncertainties associated with trolley position determination . . . . . . . . . 145

6.27 Magnetic field multipole moment evolution during run 1 . . . . . . . . . . . 146

6.28 Azimuthally averaged trolley normal decupole throughout run 1 . . . . . . . 149

6.29 Drift rate of the normal decupole . . . . . . . . . . . . . . . . . . . . . . . . 150

6.30 Simulated normal decupole changes . . . . . . . . . . . . . . . . . . . . . . . 151

6.31 Simulated normal decupole evolution paths . . . . . . . . . . . . . . . . . . . 152

6.32 Normal decupole tracking and uncertainty . . . . . . . . . . . . . . . . . . . 153

6.33 Dipole interpolation discontinuities from the entirety of run 1 . . . . . . . . . 154

6.34 Simulated azimuthally averaged dipole interpolation discontinuity evolution
paths . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

6.35 Azimuthally averaged dipole interpolation discontinuity growth and uncer-
tainties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

7.1 Run 1/2 data collection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

v



LIST OF TABLES

Table Number Page

2.1 Magnetic storage ring parameters . . . . . . . . . . . . . . . . . . . . . . . . 25

3.1 Magnetic field measurement uncertainties . . . . . . . . . . . . . . . . . . . . 42

4.1 Pre-shimming magnetic field multipoles . . . . . . . . . . . . . . . . . . . . . 70

4.2 Post-rough shimming magnetic field multipoles . . . . . . . . . . . . . . . . . 78

4.3 Magnetic field multipole moments . . . . . . . . . . . . . . . . . . . . . . . . 80

4.4 Surface coil configurations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.5 Surface coil configuration effects . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.6 Magnetic field multipoles using surface coils . . . . . . . . . . . . . . . . . . 85

5.1 Muon beam oscillation amplitudes caused by radial magnetic field . . . . . . 100

6.1 Parameters of the trolley magnetic footprint fit function . . . . . . . . . . . 119

6.2 Comparison of trolley azimuthal averaging methods . . . . . . . . . . . . . . 135

6.3 Multipole evolution between trolley runs . . . . . . . . . . . . . . . . . . . . 147

6.4 General interpolation uncertainties . . . . . . . . . . . . . . . . . . . . . . . 159

6.5 Dipole interpolation uncertainties . . . . . . . . . . . . . . . . . . . . . . . . 160

6.6 Normal quadrupole interpolation uncertainties . . . . . . . . . . . . . . . . . 160

6.7 Skew quadrupole interpolation uncertainties . . . . . . . . . . . . . . . . . . 161

6.8 Normal sextupole interpolation uncertainties . . . . . . . . . . . . . . . . . . 161

vi



ACKNOWLEDGMENTS

Many people have contributed to making me both the person and the scientist I am today,

and to the work reported on in this dissertation. First, I would like to thank my advisor

and close mentors at the University of Washington: Alejandro Garćıa, Erik Swanson, and
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1

Chapter 1

INTRODUCTION

Physicists strive to understand the world around us. In particular, the standard model

of particle physics is a theory which describes the elementary particles which make up our

universe, in addition to the four known fundamental forces. To test the validity of the

standard model, experimental measurements are compared to theoretical calculations. One

of the most stringent tests involves the comparison of the experimentally measured and

theoretically calculated values of the anomalous magnetic moment of the muon, aµ ≡ gµ−2
2

.

Measuring the muon’s anomalous magnetic moment requires precision measurements of

both a spin precession frequency and a magnetic field. This document describes the E989

Muon g − 2 Experiment at Fermilab, with a particular emphasis on the magnetic field

measurement. The work described in this dissertation concentrates on areas in which the

author has made significant contributions, with references to work on other parts of the

experiment provided throughout for the interested reader.

Chapter 1 provides an introduction to magnetic moments, spin precession, and muons. It

also presents previous muon g−2 measurements and provides an introduction to the theoret-

ical calculations of aµ. Chapter 2 presents the E989 experimental principles, while chapter

3 provides details on the magnetic field measurement hardware. Chapter 4 discusses the

process of making the magnetic field homogeneous, while chapter 5 details the measurement

of radial and longitudinal magnetic field components. Finally, chapter 6 discusses magnetic

field tracking while chapter 7 provides conclusions and an outlook for the future.



2

1.1 Magnetic Moments and Spin Precession

The magnetic moment of a particle characterizes how it interacts with external magnetic

fields. Borrowing the notation and introduction to the topic from [1], the basic laws of

magnetostatics read

~∇× ~B = µ0
~J

~∇ · ~B = 0,
(1.1)

where ~B is a magnetic field, µ0 is the permeability of free space, and ~J is a current density.

One way to solve these equations is to note that with the divergence of ~B disappearing

everywhere, the magnetic field can be described as the curl of a vector potential, ~B =

~∇× ~A (~x). The general form of the vector potential can be written as [1]

~A (~x) =
µ0

4π

∫ ~J (~x)

|~x− ~x′|
d3x′. (1.2)

With ~J a localized, divergenceless current distribution, [1] shows that the vector potential

of Eq. 1.2 can be approximated by

~A (~x) =
µ0

4π

~µ× ~x
|~x|3

, (1.3)

where ~µ is known as the magnetic moment. Far away from a localized current distribution,

the observed magnetic field can be calculated as that produced by the vector potential of a

magnetic dipole, Eq. 1.3, with the magnetic moment related to the current distribution as

~µ =
1

2

∫
~x′ × ~J (~x′) d3x′. (1.4)

For a current distribution created by a collection of charged particles with total charge Q

and total mass M , the magnetic moment can be written as

~µ =
Q

2M
~L, (1.5)

where ~L is the total orbital angular momentum of the group of charged particles [1].
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While a magnetic dipole creates a magnetic field, it also experiences a force when placed

in an external magnetic field:

~F = ~∇
(
~µ · ~B

)
. (1.6)

Interpreting this force as the negative gradient of a potential energy, a magnetic dipole in

the presence of an external magnetic field has a potential energy given by [1]

U = −~µ · ~B. (1.7)

To minimize potential energy, magnetic dipole moments tend to align with an external

magnetic field, a property which is exploited for the magnetic field measurement of the g−2

experiment.

In addition to alignment in an external magnetic field, particles with spin will also precess

in a magnetic field. Borrowing the notation and introduction to spin precession from [2], the

spin and magnetic moment of a particle are related as

~µ = γ~S, (1.8)

where γ is known as the gyromagnetic ratio. The Hamiltonian of such a particle in an

external magnetic field is given by

H = −γ~S · ~B. (1.9)

Information about the time evolution of such a system (with t0 = 0) is given by the time

evolution operator [2]

U (t) = exp

(
iγSzBt

~

)
, (1.10)

where the magnetic field has been arbitrarily chosen to point in the ẑ direction. This can

be interpreted as the rotation of the spin about the axis of the external magnetic field at a

frequency given by

ω = γB. (1.11)
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The rotation of a spin about an external magnetic field is known as spin precession, and

this phenomenon is the basis of both of the precision measurements carried out in the E989

experiment.

Reality however is not so simple. Experimental observations show that Eq. 1.5 does not

accurately describe the behavior of the simplest spin-1/2 particles, such as protons, electrons,

and muons. Instead, a dimensionless scaling factor, known as the g-factor, must be included

~µ = ±g e

2m
~S, (1.12)

where e and m are the elementary charge and particle mass. The electron and muon g-factors

are both approximately 2, while the proton g-factor is approximately 5.6 [3].

In 1925, Uhlenbeck and Goudsmit proposed the idea of particle spin to explain the fine

structure observed in the anomalous Zeeman effect [4]. In 1926, they concluded that the g-

factor for spin is twice that for orbital angular momentum [5]. In 1928, Paul Dirac published

The Quantum Theory of the Electron in which he introduced a relativistic wave equation

for the electron [6]. In discussing the effects of an external magnetic field on an electron,

he derived ge = 2, explaining the previous experimental observations. Later experiments

showed that gp ≈ 5.6 and that the neutron has a large magnetic moment, leading to the

convention of breaking the magnetic moment into 2 pieces:

µ = (1 + a)
q~
2m

a =
g − 2

2
,

(1.13)

where a is known as the anomalous magnetic moment. The first term is predicted by the

Dirac equation and is therefore known as the Dirac moment [7].

The anomalous magnetic moment of a particle is a property which can both be calculated

with high precision using the standard model and can also be measured with comparably

high precision for certain particles. ae, the anomalous magnetic moment of the electron,

has been measured to 0.28 parts per trillion [8]. The anomalous magnetic moment of the

muon, aµ, has most recently been measured at Brookhaven National Laboratory by the E821
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collaboration [9] to 540 parts per billion (ppb), and is currently being re-measured at Fermi

National Accelerator Laboratory (Fermilab) by the E989 collaboration with a precision goal

of 140 ppb [10].

1.2 A Brief Introduction to Muons

One of three known charged leptons, muons are typically thought of as heavy electrons.

With the same charge and spin, the largest differences between muons and electrons are

that muons are approximately 200 times more massive and have a much shorter lifetime

(∼ 2.197× 10−6 seconds, as compared to > 6.6× 1028 years [11]).

The dominant decay channels for pions and muons are given by:

π+ � µ+νµ

π− � µ−ν̄µ

µ+ � e+νeν̄µ

µ− � e−ν̄eνµ.

(1.14)

Muon beams are typically produced via pion decay, with pion decay leading to a muon with

a branching fraction of 99.9877%. Muons then decay to electrons/positrons with a nearly

100% branching fraction [11].

1.2.1 Pion Decay

From Eq. 1.14, pion decay leads to the production of a muon and a muon neutrino, with very

high likelihood. The next most likely decay channel produces an electron and an electron

neutrino. Charged pions have zero spin, so due to spin and momentum conservation, the

resultant muon and neutrino must therefore be emitted with opposite spin and momentum.

In positive pion decay, which produces a positively charged muon and a muon neutrino,

the neutrino is left-handed. Conservation of angular momentum implies that the muon

has the same handedness. In this decay, both particles have their spin and momentum in

opposite directions. In negative pion decay, the antineutrino and negatively charged muon
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Figure 1.1 – Pion decay is governed by the weak interaction, with the decay producing a muon

and muon neutrino with a greater than 99% branching fraction. In positive pion decay, the

produced particles both have their spin (purple) and momentum (red) in opposite directions.

In negative pion decay, the produced muon and muon antineutrino have spin and momentum

in the same direction.

are both right-handed, with each having their spin and momentum in the same direction [12].

Fig. 1.1 summarizes the momentum and spin directions in both positive and negative pion

decay. The g − 2 experiment uses a polarized, positive muon beam, where here polarization

refers to spin being in the opposite direction as the momentum vector.

1.2.2 Muon Decay

The three-body muon decay is more complicated than the two-body pion decay. With a

nearly 100% branching fraction, positive muon decay produces a positron and two neutrinos1,

with the decay being self-analyzing: the parity-violating correlation between the spin and

momentum of the produced decay particles provides information on the muon spin orientation

at the time of decay [13].

In muon decay, the produced positron can be emitted with an energy up to half of

the muon rest mass energy, depending on the energy imparted to the neutrinos. When

the neutrino and antineutrino are produced with momenta in the same direction, antipar-

allel to the positron direction, the positron is emitted with the maximum possible energy,

1Negative muon decay produces an electron and two neutrinos.
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Emax = mµc
2/2=52.8 MeV/c2. In this situation, the neutrino-antineutrino pair carries no to-

tal angular momentum. Conservation of angular momentum then requires that the positron’s

angular momentum be equal to that of the muon. The positron is preferentially emitted

right-handed, with a larger probability of its momentum being parallel to the muon spin in

the muon rest frame2. In the case where the neutrino and antineutrino are produced with

momenta in opposite directions, the pair carries a net angular momentum of 1, while the low

energy positron is preferentially produced with momentum anti-parallel to that of the muon

spin [13].

In the muon rest frame the differential decay distribution is given by

dP (y, θ∗)

dydΩ
= (1/2π)n∗(y) (1− α∗(y)cosθ∗) , (1.15)

where an asterisk represents the muon rest frame, y = E∗/Emax is the normalized electron

energy (Emax =52.8 MeV/c2), and θ∗ is the angle of the decay electron with respect to the

muon spin. n∗(y) is the number distribution, given by Eq. 1.16, while α∗(y) is known as the

asymmetry function and is given by Eq. 1.17 [14]:

n∗(y) = y2(3− 2y) (1.16)

α∗(y) =
q

e

2y − 1

3− 2y
. (1.17)

The asymmetry function encodes the strength of the correlation between the electron

momentum and muon spin as a function of electron energy. Electrons with y < 0.5 are

preferentially emitted along the negative muon spin direction (negative asymmetry), while

electrons with y > 0.5 are preferentially emitted in the opposite direction (increasing, positive

asymmetry). The number distribution also increases with increasing energy. The asymmetry

and number distributions are shown in Fig. 1.2a. The distributions boosted into the lab frame

(n∗ � N and α∗ � A) are shown in Fig. 1.2b at the muon momentum of 3.094 GeV/c used in

2In negative muon decay, the electron is preferentially emitted left-handed, with its momentum anti-
parallel to the muon spin.



8

the g − 2 experiment. The boosted product NA2 is inversely proportional to the statistical

uncertainty of the g − 2 anomalous precession frequency measurement [9].

1.3 Previous (g − 2)µ Measurements

The Fermilab g − 2 experiment builds upon other experiments which measured the anoma-

lous magnetic moment of the muon. More specifically, it builds upon three experiments

undertaken at CERN, and one at Brookhaven national laboratory (the E821 muon g− 2 ex-

periment). Details of the previous experiments can be found in [9, 15], with a short summary

provided here.

The first muon g − 2 experiment at CERN ran from 1958-1962 and provided the result

aµ = (1162± 5)× 10−6 (1.18)

with a 0.4% uncertainty. The result agreed with theoretical calculations at the time, within

experimental errors, and was taken as evidence that the muon behaved just like a heavy

electron, providing little insight into new physics [15].

The next generation experiment, the CERN II experiment, ran from 1962-1968. It rep-

resents the first use of a magnetic storage ring in a muon g − 2 experiment. In a magnetic

storage ring, the cyclotron and spin frequencies, ωc and ωs respectively, precess at different

rates for particles with g 6= 2, as shown in Fig. 1.3. The frequencies are given by

~ωc = − q
~B

mγ

~ωs =
gq ~B

2m
− (1− γ)

q ~B

γm
,

(1.19)

where ~B is the magnetic field and γ is the Lorentz factor. Their difference, the anomalous

precession frequency, is given by

~ωa = ~ωa − ~ωc = −
(
g − 2

2

)
q ~B

m
= −aµ

q ~B

m
, (1.20)

allowing aµ to be extracted if the magnetic field is well known [9]. Note however that if

g = 2, the anomalous precession frequency would be zero. This measurement principle is

sensitive to differences of g from 2, as opposed to measuring g itself.
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(a) Muon rest frame.

(b) Boosted lab frame.

Figure 1.2 – The number distribution and asymmetry function of electrons produced by muon

decay are shown as function of the normalized electron energy, y = E/Emax, in both the muon

rest frame and the boosted lab frame. The boosted product NA2 is inversely proportional to

the statistical uncertainty of the g − 2 anomalous precession frequency measurement. Image

credit: [9]
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Figure 1.3 – In a magnetic storage ring, the cyclotron (orange) and spin (purple) precession

frequencies of muons precess at different rates for particles with g 6= 2. By measuring the

difference of these frequencies, the anomalous precession frequency, the anomalous magnetic

moment can be extracted.

The CERN II experiment gave the result

aµ = (116616± 31)× 10−8 (1.21)

with a 270 ppm precision. The biggest sources of uncertainty were the magnetic field distri-

bution and the radial distribution of stored muons. This result again agreed with theoretical

calculations of aµ within experimental uncertainty [15].

By 1969, many experiments had shown that the muon obeys Fermi-Dirac statistics, but

pure quantum effects were not as well understood. In particular, experiments measuring

the Lamb shift in atomic Hydrogen disagreed with theory. As the theoretical predictions

improved, the difference between experimental and theoretical values for aµ started to grow,

prompting a third CERN experiment [15].

The magnetic storage ring of the second experiment inspired the third experiment, but

the idea was improved in many ways. The new storage ring used a ring magnet with a
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uniform magnetic field. Vertical focusing was provided by electric quadrupoles, whose electric

field was seen by muons as a motional magnetic field that could affect the spin precession

frequency [15]. With both electric and magnetic fields present, the anomalous precession

frequency becomes

~ωa = − q

m

[
aµ ~B −

(
aµ −

1

γ2 − 1

) ~β × ~E

c

]
, (1.22)

which can be compared to Eq. 1.20. Using the “magic momentum” of 3.094 GeV/c, or

γ ≈ 29.3, the coefficient of the electric field term vanishes, separating the functions of the

fields: the magnetic field determines the muon spin precession while the electric field provides

vertical focusing, necessary to keep the muon beam stored within the magnet [9, 10]. The

CERN III experiment achieved a result of

aµ = 1165923(8.4)× 10−9 (1.23)

with a precision of 7 ppm, which was, again, in good agreement with theory[15, 16].

After completion of the third CERN experiment, theoretical efforts to calculate aµ con-

tinued. In 1984, theorists began pressing for an improved measurement, the Brookhaven

National Laboratory (BNL) E821 experiment. Like the CERN III experiment, the BNL

experiment used a magnetic storage ring with a uniform magnetic field and electric focusing.

The decays of magic momentum muons were measured.

The other experimental principles of the BNL experiment are very similar to those of the

Fermilab experiment, and will be discussed in Ch. 2. The final BNL result, calculated using

nearly equal amounts of positive and negative muon data, is

aµ(exp) =
1

2
(gµ − 2) = 11659208.0(6.3)× 10−10, (1.24)

a 540 ppb measurement [9]. A comparison of this measurement with the most up-to-date

theoretical calculations is presented in Sec. 1.5.
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1.4 (g − 2)µ in the Standard Model

Standard model calculations of the anomalous magnetic moment of the muon get contribu-

tions from three sources:

aSMµ = aQEDµ + aEWµ + aHadµ . (1.25)

These represent contributions from quantum electrodynamics, electroweak interactions, and

hadronic interactions. The hadronic contribution is further split into contributions from both

hadronic vacuum polarization and hadronic light-by-light scattering [17, 18]:

aHadµ = aHad,V Pµ + aHad,LbLµ . (1.26)

Each contribution to the standard model value comes with its own uncertainty. Calculations

of the contributions and uncertainties from each of these components are discussed in the

following sections.

1.4.1 Quantum Electrodynamics Contributions

The quantum electrodynamics contribution to aSMµ comes from Feynman diagrams involving

photons and leptons. It can be expressed as a perturbative expansion in α, the fine structure

constant [19]:

aQEDµ =
∞∑
n=1

(α
π

)n
a(2n)µ . (1.27)

The first order term is the Schwinger term, with a
(2)
µ = 1

2
leading to α

2π
. Higher order

contributions, up to a
(10)
µ , have been calculated by Aoyama et al. [19, 20]. They calculated

the contributions from over 10,000 Feynman diagrams, a small selection of which are shown

in Fig. 1.4.

In order to calculate a value of aQEDµ , a value for α must be chosen. Aoyama et al. [19]

provide two values, one using α as derived from measurements and theoretical calculations

of ae, the anomalous magnetic moment of the electron, and another using α as obtained from
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(a) One loop QED diagram. (b) Two loop QED diagrams.

Figure 1.4 – QED contributions to aSMµ come from Feynman diagrams containing photons

and leptons. Pictured are the one loop diagram contribution (the Schwinger term) and example

two-loop diagrams.

measurements of the recoil velocity of Rb atoms [21]:

α−1(ae) = 137.0359991736(0.25 ppb)

α−1(Rb) = 137.035999049(0.66 ppb).
(1.28)

Parker et al. [22] have also measured α using the recoil of cesium atoms in a matter-wave

interferometer:

α−1(Cs) = 137.035999046(0.20 ppb). (1.29)

Because theoretical calculations of ae and aµ are highly correlated, it is preferable to use

the value derived from either the Rb or Cs measurements. Aoyama et al. report a QED

contribution of

aµ(QED,Rb) = (11658471.8951± 0.008)× 10−10, (1.30)

where the main sources of uncertainty are the lepton mass ratios, the eighth-order contribu-

tion, the tenth-order contribution, and the value of α [19]. This term accounts for over 99%

of aSMµ , with a negligible contribution to the overall uncertainty.
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Figure 1.5 – The leading order electroweak Feynman diagrams which contribute to aSMµ . The

diagrams involve W/Z bosons and the Higgs particle.

1.4.2 Electroweak Contributions

Electroweak contributions to aSMµ come from Feynman diagrams which include a W or Z

boson, or a Higgs particle. The electroweak contributions have been calculated through

second order [23, 24], with the leading order Feynman diagrams shown in Fig. 1.5. The first

diagram has an identical structure to the Schwinger diagram, with the only difference being

that the photon is replaced by a Z boson or a Higgs particle. The other diagram represents

the conversion of a muon to a W boson, with the emission and subsequent recapture of a

neutrino. With the Higgs mass having been measured at the LHC, the reported contribution

to aSMµ from electroweak terms is [23]

aµ(EW ) = (15.36± 0.10)× 10−10. (1.31)

This is a 1.3 ppm contribution to aSMµ . The uncertainty of the electroweak contribution, while

approximately 13 times larger than the QED uncertainty, is still negligible when compared

to the achievable experimental uncertainty on the measurement of aµ.

1.4.3 Hadronic Contributions

Hadronic contributions to aSMµ come from Feynman diagrams including particles sensitive to

the strong interaction, such as quarks. While the overall contribution to aSMµ from these dia-



15

(a) Vacuum polarization diagram. (b) Light-by-light scattering diagram.

Figure 1.6 – The lowest order hadronic vacuum polarization and hadronic light-by-light scat-

tering Feynman diagrams which contribute to aSMµ .

grams is small (as are all contributions other than those from QED diagrams), the uncertainty

on the hadronic contributions dominates the uncertainty of the standard model prediction.

Unlike the QED and EW contributions, hadronic contributions can not be calculated using

perturbative expansions, but rather must be calculated using dispersion integrals and exper-

imentally measured cross sections [17, 18, 25]. The hadronic contributions are split into two

categories, vacuum polarization contributions and light-by-light scattering contributions.

Hadronic Vacuum Polarization Contributions

Fig. 1.6a shows the lowest order diagram which contributes to the hadronic vacuum polar-

ization term of aSMµ . The diagram looks identical to some QED diagrams, but it is a hadron

which undergoes pair production and subsequent annihilation, as opposed to a lepton.

The calculation of hadronic vacuum polarization contributions uses experimentally mea-

sured cross sections

σ0
had,γ(s) ≡ σ0

(
e+e− → γ∗ → hadrons + γ

)
, (1.32)

where the superscript 0 denotes the bare cross section (no vacuum polarization effects) and
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the subscript γ denotes the inclusion of effects from final state photon radiation. The lowest

order vacuum polarization contribution can be obtained from

aHad,LO,V Pµ =
α2

3π2

∫ ∞
m2
π

ds

s
R(s)Kµ(s), (1.33)

where K(s) is a kernel function and R(s) is the hadronic R-ratio given by

R(s) =
σ0
had,γ(s)

4πα2/(3s)
. (1.34)

The next to leading order term can be calculated similarly, using dispersion integrals and

kernel functions [17, 18, 26].

The cross section data used to calculate the hadronic R-ratio comes from a range of exper-

iments which measure cross sections for various particles. Fig. 1.7 shows the contributions to

the hadronic R-ratio. Combination of the different data sets must be carefully undertaken.

Two groups have recently completed independent analyses of aHad,V Pµ , with details given in

KNT19 [18] (an update to the results reported in KNT18 [17]) and DHMZ19 [25].

The reported leading order contributions from hadronic vacuum polarization are

aHad,V P,KNT19µ = (692.78± 2.42)× 10−10

aHad,V P,DHMZ19
µ = (693.9± 4.0)× 10−10,

(1.35)

with the dominant contributions coming from π+π− cross section data. These values rep-

resent only a 60 ppm contribution to aSMµ , but account for the largest fraction of the total

standard model uncertainty. New π+π− cross section measurements by BaBar, CMD-3,

SND, and possibly BELLE-2, in addition to new measurements of R-ratio data by BESIII

and experiments at Novosibirsk (SND, CMD-3, KEDR), will help to reduce these uncer-

tainties [17]. The g − 2 theory community additionally plans to release a white paper in

December 2019 with updates on the hadronic contributions to aSMµ .

Hadronic Light-by-Light Scattering Contributions

The simplest hadronic light-by-light scattering Feynman diagram is shown in Fig. 1.6b, and

involves the interaction of a propagating muon with 3 photons. These photons interact with
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Figure 1.7 – Many e+e− cross section measurements contribute to the hadronic R-ratio. The

contributions are pictured, with the final states listed on the right-hand side. The R-ratio is an

important input in calculating the hadronic vacuum polarization contribution to aSMµ . Image

credit: [17]
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hadronic matter, which in turn interacts with an external photon. Similar to the vacuum po-

larization diagrams, the contribution from light-by-light diagrams can not be calculated per-

turbatively. Instead, various model-dependent approaches have been used, including models

based on chiral perturbation theory estimates, perturbative quantum chromodynamics, and

meson exchanges [17, 26]. Theorists are also working on data-driven and model independent

calculations of aHad,LbLµ , with details of one such calculation given in [27].

The commonly accepted value for aHad,LbLµ is known as the “Glasgow consensus”3 [28].

Recent works have re-evaluated this value after it was noted that the contribution from axial

exchanges was overestimated due to an incorrect assumption about the symmetry of form

factors for the axial meson contribution under the exchange of two photon momenta [29].

KNT19 [18] reports a value for the hadronic light-by-light contribution of

aHad,LbLµ = (9.34± 2.92)× 10−10, (1.36)

a contribution approximately 74 times smaller than that of aHad,V Pµ (Eq. 1.35), but with a

similarly sized uncertainty.

1.5 Current Status of Theory vs. Experiment

The relative contributions to aSMµ from all of the terms in Eq. 1.25, in addition to their

contributions to the overall uncertainty, are pictured in Fig. 1.8. The standard model value

is almost entirely comprised of the QED contributions, while the uncertainty is dominated

by the hadronic terms.

Combining all terms, KNT19 [18] report a value for aSMµ of

aSMµ = (11659181.08± 3.78)× 10−10. (1.37)

This value represents from just one analysis of the standard model contributions. Fig. 1.9

shows a comparison of various analyses, all in agreement with one another. This value can

3The December 2019 white paper is expected to provide an updated value.
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(a) aSMµ contributions. (b) aSMµ uncertainties.

Figure 1.8 – The relative sizes and associated uncertainties of the contributions to aSMµ . While

the standard model value is dominated by QED contributions, the largest uncertainties come

from hadronic contributions.

be compared to the final E821 experimental result, leading to a discrepancy of

∆aµ = (28.02± 7.37)× 10−10, (1.38)

or 3.8σ. Should the Fermilab experiment achieve the 140 ppb uncertainty goal and measure

the same central value as the E821 result, this discrepancy would increase to approximately

7σ, evidence of physics beyond the standard model [18]. A second, independent experimental

measurement of aµ will be made at the Japan Proton Accelerator Research Complex [30].

This measurement will use a very different experimental set up from the Brookhaven or

Fermilab experiments and will provide a necessary cross check of the other measurements.

1.5.1 New Theoretical Contributions

New physics models which could account for the observed discrepancy between aSMµ and aexpµ

have been the focus of a lot of work and discussion in the theory community. These include

such models as supersymmetry, dark photons, and radiative mass corrections. The size of
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Figure 1.9 – A comparison of different analyses of aSMµ . All analyses are in agreement with

one another. Using the KNT19 [18] result, a 3.8σ deviation exists between standard model

calculations and the Brookhaven measurement of aµ. If the Fermilab experiment achieves

its precision goal and measures the same central value as the Brookhaven experiment, this

deviation will increase to 6.8σ. Image credit: [18]
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the contribution from new physics goes as

∆aNew Physics
l ' m2

l /Λ
2, (1.39)

where l represents the lepton flavor and Λ approximates the scale of the new physics [31].

This relationship shows that comparison of experimental and theoretical values of aµ is

approximately 43,000 times more sensitive to new physics than a similar comparison for ae.

The current size of the discrepancy puts constraints on the allowed parameter space that

any new physics models must occupy.

One popular model to explain the discrepancy is supersymmetric (SUSY) contributions

to aSMµ . In this model, smuon-neutralino and sneutrino-chargino loops must be accounted

for. Depending on the SUSY masses, mixing, and other involved parameters, the possible

contributions from supersymmetry can span a broad range of parameter space [31]. While

many such models have been postulated, experiments at the LHC can explore much of the

parameter space relevant to the g− 2 discrepancy. Much of the parameter space has already

been excluded, however small allowed regions still remain [32].

Another popular class of models are radiative muon mass models. These models were

first proposed to explain why lepton masses are so much smaller than boson masses. The

basic idea is that leptons begin with zero mass and only gain mass through quantum loop

effects, due to new particles. The same source of chiral symmetry breaking which gives the

muon mass would also contribute to aSMµ . The contribution would likely go as

aµ(New Physics) ' C
m2
µ

M2
, (1.40)

with M a mass associated with the new physics and C a model-dependent number of O(1)

[31].

Finally, the proposed dark photon could also explain the g−2 discrepancy. In this model,

there is an extra U(1) force carrier which couples to the standard model via kinetic mixing,

with the dark photon needing to be relatively light to explain the observed discrepancy. The

mixing parameter ε which governs the coupling of the dark photon to the electromagnetic
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charge can have a value within a large parameter space [33]. In their 2015 publication, the

NA48/2 collaboration reported that the entire parameter space of visible decay channels for

the dark photon4 which could resolve the muon g − 2 discrepancy has been excluded [34].

The invisible decay channels have also been excluded by the NA64 and BaBar collaborations

[35, 36]. The possibility of inelastic dark matter which undergoes semi-visible decays, ie

decays where there are both visible and invisible particles present in the end state, was

first proposed in 2001 [37]. New papers report that the relevant parameter spaces of such

models have evaded experimental detection and could still explain the muon g−2 discrepancy

[38, 39].

While many models have been proposed to explain the longstanding discrepancy between

experimental measurements and standard model calculations of the anomalous magnetic

moment of the muon, none have been verified. As the Fermilab E989 collaboration works

towards an even more precise experimental measurement, the theoretical community contin-

ues to try to explain the discrepancy. The remaining final few years of data collection and

analysis will be an exciting period, likely leading to either a reduced, inconsequential discrep-

ancy or the discovery that the standard model can not accurately calculate the anomalous

magnetic moment of the muon.

4In this context, a “visible” decay channel refers to one in which the decay particles are standard model
leptons.
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Chapter 2

THE FERMILAB MUON g − 2 EXPERIMENT

2.1 Measurement Overview

The Fermilab E989 muon g − 2 collaboration aims to measure the anomalous magnetic

moment of the muon to 140 ppb, a fourfold improvement over the most recent measurement

by the E821 collaboration at Brookhaven National Laboratory [10]. The basic measurement

principle of both experiments builds upon the principles of the CERN II and III experiments

(Sec. 1.3). Both experiments use a magnetic storage ring, but unlike the CERN experiments,

a polarized muon beam is injected into the storage ring. The storage ring’s highly uniform

magnetic field provides radial containment while electric quadrupoles are used for vertical

containment. A magnetic kicker deflects the muon beam onto a storage orbit with the proper

radius. The momentum and spin vectors of the muons precess at different rates, leading to

an anomalous precession frequency given by Eq. 1.22. The anomalous precession frequency

is measured by calorimeters, while the magnetic field in the muon storage region is measured

using pulsed nuclear magnetic resonance probes [9, 10]. Details about each of these systems

will be provided in subsequent sections and chapters.

The anomalous magnetic moment of the muon can be extracted from these two measure-

ments using the relationship of Eq. 1.20, which is reproduced here:

~ωa = −aµ
q ~B

m
. (2.1)

In order to extract aµ with the desired precision, all terms must be known to a similar

precision. The magnetic field can be rewritten in terms of the Larmor precession frequency

of free protons ωp and the proton’s magnetic dipole moment µp as

B =
~ωp
2µp

. (2.2)
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The elementary charge can be written in terms of the electron mass me, the electron dipole

magnetic moment µe, and the electron g-factor ge as

e =
4meµe
~ge

. (2.3)

Inserting Eqs. 2.2 and 2.3 into Eq. 2.1 yields

aµ =
ge
2

ωa
ωp

mµ

me

µp
µe
. (2.4)

In practice, due to nonuniformities of the magnetic field and the muon beam distribution, ωp

is replaced by ω̃p, the Larmor precession frequency of free protons weighted by the spatially

averaged distribution of muons in the magnetic storage ring. The final equation used by the

E989 collaboration for extracting a value of aµ from measurements of the muon anomalous

precession frequency and the magnetic field is

aµ =
ge
2

ωa
ω̃p

mµ

me

µp
µe
. (2.5)

The values of ge, mµ/me, and µp/µe are known to high precision from other experiments,

while both ωa and ω̃p are measured in the Fermilab experiment [10].

The Fermilab experiment uses the same magnetic storage ring as was used in the Brookhaven

experiment, but the kickers, electric quadrupoles, calorimeters, and nuclear magnetic reso-

nance probes were all redesigned and built new. The increased precision goal requires a large

number of muons, which would be difficult to achieve in a timely manner at Brookhaven Na-

tional Laboratory. The decision was made to move the experiment to Fermilab, a move

which took place during the summer of 2013. Fermilab is able to provide a muon beam for

typically 6-9 months per year, with an 11.4 Hz repetition rate for fills into the storage ring.

This is in comparison to 10-12 weeks of available beam time with a 4.4 Hz repetition rate at

Brookhaven [10].

2.2 Magnetic Storage Ring

The largest hardware component of the Fermilab experiment is a 7.11 m radius magnetic

storage ring, shown in place in the MC1 experimental hall at Fermilab in Fig. 2.1. Several
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Parameter Value

Design magnetic field 1.45 T

Design current 5200 A

Equilibrium orbit radius 7112 mm

Muon storage radius 45 mm

Cold mass 6.2 metric tons

Helium-cooled lead resistance 6 µΩ

Yoke height 157 cm

Yoke width 139 cm

Pole width 56 cm

Iron mass 682 metric tons

Nominal gap between poles 18 cm

Table 2.1 – Magnetic storage ring parameters. Table reproduced from [10].

important magnet parameters are listed in Tab. 2.1, while a cross-sectional view of the

storage ring is shown in Fig. 2.2. The cross section has C-shape to facilitate detecting decay

positrons in the storage ring interior.

Due to its size and weight (>7 m radius, 682 metric tons), the storage ring is split into

many smaller pieces. The outermost part of the storage ring, the yoke, is split into twelve

30° segments. Each yoke contains six pole pieces (each of which is 10° wide), 24 wedge shims,

and other components discussed in Ch. 4. Four continuous superconducting coils operating

at approximately 5200 A are used to produce a 1.45 T magnetic field [41].

A muon beam is injected into the storage ring vacuum chambers through a channel known

as the inflector (Sec. 2.4). At the time-dilated muon lifetime of 64.4 µs, muons traverse the

storage ring circumference hundreds of times on average before decaying. They orbit at the

center of the opening of the C-shaped magnet in a region where the transverse magnetic field
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Figure 2.1 – The g − 2 magnetic storage ring in the MC1 experimental hall at Fermilab.

Muons are injected into the storage ring from the M5 final focus line, the red magnets behind

the blue storage ring. Muons travel around the circumference of the storage ring, contained by

the storage ring magnetic field, until they decay. Decay positrons are detected by calorimeters,

located at 24 azimuthal locations. The author is pictured standing in the center of the storage

ring with Fermilab colleague Brendan Kiburg.
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Figure 2.2 – A cross-sectional view of the magnetic storage ring. Four superconducting coils

produce a 1.45 T magnetic field. Ultra-low-carbon steel pole pieces sit on an outer steel yoke.

Muons traverse the storage ring circumference between the pole pieces, in the muon storage

region. All other pictured components are used for magnetic field shimming (Ch. 4). Image

credit: [40]
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homogeneity is better than 1 ppm and varies by ±25 ppm peak-to-peak around the storage

ring circumference. Ch. 4 describes how this magnetic field homogeneity was achieved.

2.3 Muon Beam Production

The Fermilab accelerator complex provides the g − 2 experiment with an intense beam of

highly polarized muons centered around the magic momentum of 3.094 GeV/c. The polarized

muon beam is delivered to the experiment in fills, with a minimum temporal separation of

10 ms and an average rate of 11.4 Hz. As the cyclotron period of muons in the storage ring

is 149 ns, each fill must have a smaller temporal width, with a goal of approximately 120 ns.

The muon beam begins as a proton beam, which impinges on a target and produces pions.

The pions decay to muons, from which muons of the proper momentum are selected and

injected into the g − 2 magnetic storage ring. A brief summary of these steps is provided

below, with more detailed descriptions available in [10, 42].

The beamline elements used for muon production are shown in Fig. 2.3. The initial beam

is comprised of protons. It is accelerated in the linac to 400 MeV/c before being injected into

the Booster where it is further accelerated to 8 GeV. Due to a mismatch in sizes between the

Booster ring and the g − 2 storage ring, the proton beam that is accelerated in the Booster

is too long to fit within one revolution of the storage ring. The proton beam is injected into

the recycler, where it is split into four bunches, each of which can fit within one revolution

of the g − 2 storage ring. Each bunch from the recycler contains O (1012) protons and has a

width of approximately 120 ns.

One by one, each bunch from the recycler is directed down the P1, P2, and M1 lines to

the AP0 target hall. The proton beam is focused to a small transverse spot before impinging

on an Inconel target. Secondary positively charged particles, mostly pions and remaining

protons, are collected using a lithium lens. Particles with a momentum of 3.11 GeV/c (±10%)

are selected using a bending magnet, while off-momentum particles proceed directly to a

beam dump.

The secondary momentum-selected beam travels down the M2/M3 beamlines, during
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Figure 2.3 – The Fermilab beamline elements used to produce a polarized muon beam for

the muon g − 2 experiment. A proton beam (black elements) is accelerated in the linac and

Booster. In the recycler, the proton beam is split into bunches. Each bunch travels through

the P1, P2, and M1 lines before impinging upon a pion production target in the AP0 target

hall. The secondary beam (red elements) travels through the M2 and M3 lines, before traveling

around the delivery ring four times. The now primarily muon beam travels down the M4 and

M5 lines before injection into the g − 2 magnetic storage ring. Image credit: [10]
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which time pions decay into muons, forming the polarized muon beam necessary for the g−2

measurement. The composite beam is then directed into the Delivery Ring (DR), a ring with

a 500 m circumference which serves two purposes. The beam traverses the circumference of

the DR four times, allowing remaining pions to decay into muons. Additionally, the muons

separate in time from the heavier, same momentum protons still present in the beam. After

four turns, muons are allowed to pass on to the next section of beamline while a kicker

removes the protons.

The final beamline segments before the muon beam enters the g−2 magnetic storage ring

are the M4 and M5 lines. The M4 line is primarily used to transport the muon beam from

the DR to the MC1 building. The M5 line, known as the final focus section of the beamline,

is used to make final preparations to the momentum-selected polarized muon beam.

2.4 Beam Injection and Storage

At the end of the M5 line, the muon beam arrives at the entrance to the g−2 magnetic storage

ring. It is injected into the storage region through a superconducting inflector magnet,

installed in a hole which was bored through the storage ring yoke. Without the inflector

present, the fringe field from the storage ring magnetic field would make muon injection

into the storage region impossible, as the muons would be deflected into the yoke steel. The

inflector magnet was designed to cancel the fringe field in the bore, providing the muon beam

a field-free path to enter into the storage region [43]. The inflector placement and magnetic

field distribution are shown in Fig. 2.4.

As the muon beam exits the inflector and enters the muon storage area, it is radially

offset from the center of the muon storage region by 77 mm. In order to center the muon

beam, a set of pulsed kicker magnets is used to deflect the muons. The kicker system is

located 90° downstream of the inflector entrance and consists of three sets of plates across

which high currents are applied to create a pulsed magnetic field. Fig. 2.5 shows the relative

locations of the inflector magnet and the kicker plates. The ideal kick is a square pulse with

the necessary amplitude to deflect magic momentum muons approximately 11 mrad in the
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(a) Inflector channel. (b) Inflector magnetic field.

Figure 2.4 – The muon beam enters the magnetic storage ring through a hole bored in a yoke

segment. A superconducting inflector magnet is used to cancel the fringe field of the storage

ring magnetic field, providing the muon beam with a field free entrance channel. The inflector

position in the yoke is shown in (a) while the magnetic field distribution inside of the inflector

is shown in (b). The radial position is relative to the center of the storage ring and the height

is relative to the nominal muon beam orbit. Image credit: [43] and [42]
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radial direction and a width shorter than the muon orbital period of 149 ns, such that all

particles are kicked only once [10, 44].

With the muon beam orbiting at the correct radius, the vertical magnetic field provides

radial containment. For particles with momentum only in the azimuthal direction, nothing

is needed for vertical containment. However, any particle with a momentum component

parallel to the magnetic field would be quickly lost. To combat these losses and provide

vertical containment, electric quadrupoles are used. The quadrupoles consist of four sets of

four plates (the four sets cover 43% of the storage ring circumference, as shown in Fig. 2.5)

across which high voltage is applied to create an electric field which varies as shown in

Fig. 2.6. Muons which are vertically high (low) feel a downwards (upwards) force [10, 45].

The magnetic field and electric quadrupoles are used in conjunction to contain the muon

beam in both transverse directions.

2.5 ω̃p Measurement

The magnetic field in the muon storage region of the storage ring must be well known in order

to extract a value of aµ with high precision. In order to extract ω̃p, both the magnetic field

distribution and the muon beam distribution must be known. These comprise two separate

measurements which are later combined, as discussed in Sec. 3.7.

2.5.1 Magnetic Field Measurement

The magnetic field strength and variations within the muon storage region of the storage

ring are of utmost importance to the g − 2 experiment. The nominal 1.4513 T magnetic

field serves to radially contain muons with the magic momentum of 3.094 GeV/c in a stable

orbit with a radius of 7.112 m [9, 10]. Azimuthal variations of the magnetic field cause local

disturbances to the muon beam orbit.

Pulsed nuclear magnetic resonance (pNMR) probes are used to measure the magnetic

field. A “trolley” carrying an array of 17 pNMR probes measures the magnetic field in the

muon storage region approximately every three days. A suite of 378 pNMR probes embedded



33

Figure 2.5 – The end of the inflector channel (black) is radially offset from the ideal muon

orbit by 77 mm. A set of pulsed kicker magnets (blue) located 90° downstream of the inflector

exit deflect the muon beam onto the ideal orbit. Electric quadrupoles (red) cover 43% of the

storage ring circumference and are used for vertical containment of the muon beam. Image

credit: [10]
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Figure 2.6 – Electric quadrupoles are used for vertical containment of the muon beam. The

quadrupoles consist of four plates at high and low voltages. The muon storage region is marked

in blue and electric field lines are drawn around the quadrupole plates. Muons which are high

(low) feel a downwards (upwards) force from the electric field. Image credit: [10]
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in grooves in the top and bottom walls of the vacuum chambers monitor the magnetic field

evolution while muons are present. In order to relate the measurements from the pNMR

probes to measurements of the Larmor precession of free protons, a “plunging probe” with

well understood characteristics is used for calibration. The g−2 pNMR probes are discussed

in Sec. 3.4, pNMR probe calibration in Sec. 3.5, and magnetic field analysis and tracking in

Ch. 6.

The magnetic field homogeneity in the muon storage region was improved significantly

during a period of shimming which took place from late 2015-August 2016. Magnetic field

variations were improved both azimuthally, where variations have an RMS of less than

25 ppm, and transversely, where azimuthally averaged magnetic field variations are less than

1 ppm. Shimming, which is discussed in detail in Ch. 4, involved the addition and movement

of almost 10,000 pieces of ferrous and non-ferrous materials around the muon storage region.

2.5.2 Muon Beam Distribution Measurement

The final aexpµ calculation requires knowing the muon-weighted magnetic field value, ω̃p. The

muon distribution is measured using straw tracking detectors, or “trackers”. There are

two tracking stations in the storage ring, at 180° and 270°, with each station containing

eight tracker modules. Each module consists of four layers of straw tubes, with alternating

planes oriented ±7.5° from vertical. Each row of straws contains either 32, 24, or 16 straws,

depending on the location. Each straw consists of a Mylar outer shell threaded with a wire

which can hold high voltage. A tracker module is pictured in Fig. 2.7a. The trackers sit

in the vacuum chamber, just before the calorimeters (in the white space to the left of the

calorimeters in Fig. 2.8).

As a positron passes through a tracking detector, it ionizes the Argon-Ethane gas mixture

with which the straws are filled. The now freed electrons drift towards the sense wire, creating

a measurable signal. The time of each signal is read out and the event is then defined as a

straw hit. Hits close together in time are grouped into “time islands” which are analyzed to

reconstruct both the positron trajectory and the positron birth time, position and momentum
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(a) Tracker module.

(b) Muon beam distribution.

Figure 2.7 – Each straw tracking detector station contains eight tracker modules (a), each

of which contains four planes of high voltage wires threaded in mylar straws. As a positron

passes through a straw, it ionizes the gas filling the straw and the free electrons drift towards

the sense wire, creating a measurable signal. The positron birth times, locations, and momenta

can be extracted from tracker measurements. The birth locations are used to reconstruct the

stored muon beam distribution (b). Image credit: [46]
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[10, 46]. The muon beam distribution is constructed by looking at the average birth positions

of many positrons. An example beam distribution is shown in Fig. 2.7b.

2.6 Anomalous Precession Frequency Measurement

The other measurement which contributes to the aexpµ calculation is the measurement of ωa,

the anomalous precession frequency of muons in the storage ring. The anomalous precession,

caused by a difference in spin and cyclotron precession frequencies, causes an oscillation in

the number of positrons emitted in the forward direction. The value for ωa is determined by

observing decay positrons using calorimeters located in the center of the storage ring.

2.6.1 Calorimeters

When muons decay, the produced positrons move towards a lower radius due to their lower

momenta. The positrons quickly exit the storage ring through thin aluminum windows in

the vacuum chambers and are detected by electromagnetic calorimeters located at 24 evenly

spaced azimuthal locations inside of the storage ring. Fig. 2.8 shows the path of both a high

and low energy positron as it exits the storage ring and hits a calorimeter. The calorimeters

are designed to measure the arrival time and energy of decay positrons, and are used to

count the number of positrons with energy above a given threshold.

Each calorimeter station contains a 9 × 6 array of PbF2 crystals, each of which has a

silicon photomultiplier (SiPM) chip glued to its downstream face, as shown in Fig. 2.9. As

a positron passes through a calorimeter, Cerenkov light is produced. This light is detected

by the SiPMs and is used to extract the positron arrival time and energy. In order to avoid

transmission of light between neighboring crystals, each crystal is wrapped in a light-tight

cover. The segmented design, unique to the Fermilab experiment, allows for distinction

between positrons which arrive within a short time window but at different positions, some-

thing which the Brookhaven calorimeters could not do. The pulses measured by the SiPMs

are fit to custom pulse templates, from which the positron energy and arrival time can be

extracted [10, 47].
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Figure 2.8 – After a muon decays, the produced positron curls towards the center of the

storage ring due to its lower momentum. Upon exiting the vacuum chamber, positrons are

detected by electromagnetic calorimeters, which are located at 24 evenly spaced azimuthal

locations. Image credit: [47]

Figure 2.9 – Each calorimeter consists of a 9x6 array of PbF2 crystals with attached silicon

photomultiplier (SiPM) chips. The SiPMs detect the Cerenkov light produced in the crystals

when a positron passes through a calorimeter. Image credit: [48]
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Figure 2.10 – Each detected positron with energy above a given threshold is inserted into a

histogram. This plot shows oscillation due to the anomalous precession and exponential decay

due to the finite muon lifetime. Image credit: [10]

2.6.2 ωa Measurement

Positrons with an energy above a given threshold are added to a histogram, as shown in

Fig. 2.10. The number N of high energy positrons striking the calorimeters as a function of

time can be described in the most simple form as

N(t) = N0 exp (−t/γτ) [1− A cos(ωat+ φ)], (2.6)

where N0 is a normalization factor, γτ is the time-dilated muon lifetime, A is the decay

asymmetry, and φ is an arbitrary phase [47].

In actuality, many effects must be considered to correctly describe the time variation of

the signal recorded by the calorimeters, including but not limited to: muons don’t orbit the

storage ring following a simple elliptical path, but instead undergo betatron oscillation; some

muons are not stored and pass through calorimeters; muons are not evenly distributed as a

function of azimuth; due to betatron oscillations, muons have a momentum component in
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the same direction as the magnetic field; off-momentum muons see the quadrupole electric

field distribution as a motional magnetic field. There are also detector effects which must be

accounted for. The final function used to fit the histogram of positron counts must account

for all of these effects. Detailed descriptions of these effects can be found in Aaron Fienberg’s

thesis [49].
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Chapter 3

MAGNETIC FIELD MEASUREMENT

3.1 Magnetic Field Measurement Goals

As discussed in Ch. 1, in order to precisely extract the anomalous magnetic moment of

the muon (aµ), the muon g − 2 experiment carries out two precision measurements: a mea-

surement of the anomalous precession frequency of muons in a magnetic field (ωa) and a

measurement of the magnetic field experienced by the muons. In practice, the magnetic

field is measured as the precession frequency of free protons in the magnetic field, ωp. To

reach the final uncertainty goal of 140 ppb for aµ, a 70 ppb uncertainty goal was set for the

magnetic field measurement. A breakdown of the uncertainty budget for the magnetic field

measurement is given in Tab. 3.1, together with the final uncertainties from the Brookhaven

experiment. More details are provided in [9, 10]. The following sections detail the E989

magnetic field measurement hardware, with magnetic field analysis discussed in Ch. 6.

3.2 Nuclear Magnetic Resonance

The magnetic field in the muon storage region of the g−2 magnetic storage ring is measured

using pulsed Nuclear Magnetic Resonance (pNMR) probes. The main probes used were built

at the University of Washington. Two special pNMR probes were also designed and built at

the University of Massachusetts [50] and University of Michigan [51]. These probes are used

for calibration purposes, to relate measured precession frequencies to free proton precession

frequencies.

The pNMR probes work based on the principle of the Larmor precession of spins when

placed in a magnetic field. In vacuum, the Larmor precession of a particle’s spin is related
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Source of Uncertainty Uncertainty Achieved,

Brookhaven (ppb)

Uncertainty Goal,

Fermilab (ppb)

Absolute calibration of

standard probe

50 35

Calibration of trolley

probes

90 30

Trolley measurements of B0 50 30

Interpolation with fixed

probes

70 30

Muon distribution 30 10

Time dependent external

magnetic fields

- 5

Other sources (higher order

magnetic field multipoles,

kicker eddy currents,

trolley temperature)

100 30

Total 170 70

Table 3.1 – The final uncertainties achieved in the Brookhaven magnetic field measurement

(final combined uncertainty of 170 ppb) can be compared to the uncertainty goals for the

Fermilab experiment (combined goal of 70 ppb).
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to the magnetic field magnitude B as

ωL =
geB

2m
, (3.1)

where ωL is the Larmor precession frequency and g, e, and m are the g-factor, charge, and

mass of the particle [52]. A brief summary of the basic principles of pulsed NMR, geared

towards the g − 2 pNMR probes, is provided below. Refs. [53] and [54] provide historical

background information on nuclear magnetic resonance measurements.

One of the most crucial parts of any pNMR probe is the spin sample. In particular,

a sample of protons, as found in petroleum jelly or water, is used in the g − 2 pNMR

probes. Due to the magnetic moment-field interaction, there is a small net magnetization of

the proton sample when in the presence of an external magnetic field. This magnetization

is aligned with the magnetic field. The fraction of aligned spins can be described by the

Boltzmann equation [55]

Naligned =
e−µzBz/kBT − eµzBz/kBT

e−µzBz/kBT + eµzBz/kBT
. (3.2)

Using the CODATA values for µp and the Boltzmann constant kB [3], Naligned ≈ 4.94× 10−6

at room temperature (300 K) in the g − 2 1.45 T magnetic field. This is a small but useful

fraction of aligned spins.

To initiate a magnetic field measurement with a g−2 pNMR probe, an RF magnetic field

is superimposed around the proton sample. This causes the polarization vector of the sample

to rotate into the plane perpendicular to the external magnetic field. With the frequency

of the RF magnetic field chosen to be the expected Larmor precession frequency of protons,

the magnetic field experienced by the sample is expressed as

~B = b cos(Ωt)x̂+ b sin(Ωt)ŷ +B0ẑ, (3.3)

where B0 is the external magnetic field strength (defined to point in the ẑ direction), b is the

RF magnetic field strength, and Ω is the frequency of the applied RF magnetic field [56].
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The ẑ′ component1 of the spin precession vanishes in the frame rotating at a frequency

Ω = ωL,p, the Larmor precession frequency of protons (61.79 MHz in the g−2 magnetic field).

Given a perfectly on-resonance RF magnetic field, the oscillating field in the x̂′ direction looks

constant2, or Bx′ = b. The net magnetization of the proton sample thus rotates about the x′

axis, towards the x− y plane. In the g − 2 pNMR probes, the RF pulse is applied just long

enough for the magnetization of the sample to rotate π/2 radians, until it lies in the x − y

plane. The RF pulse is thus referred to as a π/2 pulse.

After the RF pulse has been turned off, the polarization vector of the sample precesses

in only the external magnetic field. This precession lasts until the net magnetization returns

to being aligned with the external magnetic field. The precession component in the x − y

plane induces a detectable EMF in the same coil used to apply the RF pulse. The resultant

signal is known as a free induction decay signal, or FID.

The resultant FID does not show a constant oscillation, but rather an oscillation with a

decaying envelope. This decay is caused by two main factors: longitudinal relaxation and

transverse relaxation. Longitudinal relaxation occurs due to the alignment of the spins in the

sample with Bz. The precession component in the x−y plane, which causes the induced EMF,

is reduced as the spins move towards being aligned with the external magnetic field. This

process proceeds exponentially with a characteristic time T1. Transverse relaxation occurs

for two reasons. The first is that the sample, while finite, is not point-like. In a magnetic

field that is not perfectly homogeneous, each spin experiences a slightly different magnetic

field. The spin precession for each spin therefore progresses slightly differently. This spin

decoherence reduces the strength of the induced EMF. Spin-spin interactions between atoms

in the sample additionally lead to further spin decoherence. Like longitudinal relaxation,

transverse relaxation proceeds exponentially, with a characteristic time T2.

The time evolution of the magnetization ~M after the RF pulse has been applied is de-

1Primed quantities represent the rotating frame.

2If the RF magnetic field is off resonance, a residual, time-varying field remains
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scribed by the Bloch equations [56, 57]

dMx

dt
= −γ (MyBz −MzBy)−

Mx

T2
dMy

dt
= −γ (MzBx −MxBz)−

My

T2
dMz

dt
= −γ (MxBy −MyBx)−

1

T1
(Mz −M0) ,

(3.4)

where γ is the gyromagnetic ratio of the spin sample particles. In a perfectly uniform external

magnetic field in the ẑ direction, there would be no spin decoherence, i.e. T2 → ∞. The

solutions to Eqs. 3.4 in the x and y directions would be given by a simple sinusoid with an

exponentially decaying amplitude with characteristic time T1:

Mx,y(t) = exp−t/T1 sin(ωt− φ0). (3.5)

An example FID that would be produced in this magnetic field environment is shown in

Fig. 3.1a. If the external magnetic field is not perfectly homogeneous, the resultant FIDs

would look similar to Fig. 3.1b.

3.3 FID Frequency Extraction

The frequency of an FID encodes the magnetic field strength experienced by the spin sample

in the pNMR probe, as described by Eq. 3.1. Magnetic field gradients, the finite extent of

the sample, and the sensitivity of the pickup coil are just three of many effects which can

affect the extraction of a frequency from an FID. Many methods for frequency extraction

were studied, with details provided in [58]. A method known as the phase fit method is used

in all following analyses. In this method, the phase of an FID, as opposed to the frequency,

is extracted as a function of time.

The first step in the phase fit method of frequency extraction is the calculation of the

Hilbert transform of the FID

h(t) = IFFT (−i · sgn(ω)f(ω)) , (3.6)
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(a) Ideal FID.

(b) Typical FID.

Figure 3.1 – In a perfectly homogeneous magnetic field, the FID produced by the relaxation of

the net magnetization of a sample of spins after a π/2 pulse has been applied is a sinusoid with

an exponentially decaying amplitude (a). In an inhomogeneous magnetic field, the resultant

FIDs look more similar to (b). Image credit: [58]
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where IFFT stands for Inverse Fast Fourier Transform and f(ω) is the Fourier transform

of the FID signal in the time domain (f(t)). The Hilbert transform assigns an imaginary

complement to each real part of a signal by shifting each Fourier component of the signal

by a quarter of a period. In the frequency domain, this can be understood as adding a 90°

phase shift to each Fourier component [59]. The phase as a function of time is extracted by

taking the arctangent of the ratio of the FID and its Hilbert transform:

φ(t) = arctan (h(t)/f(t)) . (3.7)

As discussed, each spin in the sample experiences a slightly different magnetic field,

causing the relaxation of each spin to proceed uniquely. Each spin thus contributes differing

amounts to the measured FID as a function of time. Flowers et al analytically calculated the

frequency distribution of an FID as an expansion in terms of moments and showed that the

initial frequency of an FID corresponds to the centroid frequency of the signal [60]. For this

reason, the FID frequency is extracted for use in the g − 2 experiment as the linear slope of

the extracted phase at time t = 0, ∂φ
∂t
|t=0.

3.4 pNMR Probes

Three different types of pNMR probes were built for use in the Fermilab g − 2 experiment.

The first type of probe, of which over 400 were built, uses petroleum jelly as the proton

sample. Two special probes, known as the plunging and 3He probes, were built for calibration

purposes.

3.4.1 Petroleum Jelly pNMR Probes

The basic design of the g − 2 pNMR probes was first developed by the magnetic field team

of the Brookhaven g − 2 experiment. Fig. 3.2 shows a diagram of a BNL pNMR probe, a

resonant RLC circuit. The probes initially used water doped with paramagnetic CuSO4 as

a spin source, where the doping agent was added to reduce the T1 relaxation time. A coil

wrapped around the source was used to both apply π/2 pulses and record the induced EMF.
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Figure 3.2 – Diagram of a Brookhaven pNMR probe. Water doped with CuSO4 was used

as a spin sample. A coil (Ls) wrapped around the water sample was used to both apply π/2

pulses and record the resultant FIDs. A teflon cylinder (CS) could be moved in and out to

tune the resonant circuit. The probes were housed within cylindrical aluminum shells. Image

credit: [57]

A teflon cylinder could be moved in and out to tune the resonant circuit. The probes were

housed within aluminum outer shells [57].

A sample Fermilab pNMR probe is shown in Fig. 3.3. Designed and built at the University

of Washington, the probes draw from and improve upon the Brookhaven design. Each pNMR

probe consists of two inductor coils, a Teflon sample holder, a tunable Teflon capacitor, an

aluminum outer shell, and an RF cable with an SMA connector. One of the two coils

surrounds a petroleum jelly sample and is used to both apply π/2 pulses and record the

resultant FID signals. The other is used to match the 50Ω impedance of the cable.

Throughout the course of the Brookhaven experiment, the pNMR probe performance

gradually worsened. The cause of this worsening was found to be the slow evaporation of

the water samples, leading to the corrosion of the interior parts of the probes. Some probes

were refilled with petroleum jelly, as time allowed [9]. All Fermilab probes use petroleum

jelly as a proton source, with the petroleum jelly all coming from the same produced batch.

These samples should neither evaporate nor cause corrosion.

An additional improvement was made in the connection between the pNMR probe body
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(a) Fermilab pNMR probe diagram.

(b) Fermilab pNMR probe.

Figure 3.3 – A diagram and picture of one of the pNMR probes used to measure the magnetic

field in the Fermilab g − 2 experiment. A petroleum jelly sample is surrounded by a serial

inductor coil which is used to both provide π/2 pulses to tilt the net magnetization of the

sample and to measure the relaxation of the magnetization after the pulse has been applied. A

teflon tuning capacitor is used to tune the resonant circuit to the expected Larmor precession

frequency of protons in the g − 2 magnetic field. A parallel inductor coil is used to tune the

probe impedance. Image credit: [61]
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and the signal cable. Many Brookhaven probes provided poor signals due to weak connections

to the signal cable. In the Fermilab probes, a more stable crimp connection is used. Finally,

an improvement was made to the tuning capacitor. In the Brookhaven probes, the outer

aluminum shell had to be removed to tune a probe’s resonant frequency. Each removal of

the shell provided an opportunity to damage the probe in various ways. In the Fermilab

probes, only an end cap needs to be removed to tune the resonant frequency. With the cap

removed, a special screwdriver can be used to adjust the position of the Teflon capacitor,

thereby changing the capacitance of the pNMR probe.

The process for assembling and tuning the Fermilab pNMR probes was developed at the

University of Washington [62]. The first step in building a probe involves filling the Teflon

sample holders with petroleum jelly. As petroleum jelly is a solid at room temperature, it

is first melted in a 90 ◦C water bath. The sample holders are warmed in this same bath, as

shown in Fig. 3.4. The melted petroleum jelly is transferred into the warm sample holders

using a syringe which has also been warmed in the same water bath, before being removed

from the bath and allowed to cool to room temperature. This procedure makes the filling

process simple, in addition to minimizing the risk of air bubble formation.

Once the sample holders have been filled, a winding machine is used to wind the coil

surrounding the petroleum jelly sample. Finally, to ensure a permanent and low resistance

connection between the serial inductor coil and the capacitor, an eye is soldered to the inner

conductor using an ultrasonic soldering iron. The serial conductor wire is then soldered to

this same eye.

After being assembled, the resonant frequency of each pNMR probe is tuned to 61.79 MHz,

the Larmor precession frequency of protons in the g − 2 experiment’s 1.45 T magnetic field.

The impedance of each probe is tuned to 50Ω. A network analyzer is used for both of these

tuning procedures. After tuning, every pNMR probe is catalogued in an online database in

order to track the individual probe characteristics.
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Figure 3.4 – To fill the teflon sample holders of the pNMR probes with petroleum jelly, the

sample holders are placed in an aluminum block and warmed in a 90 ◦C water bath. With the

holders warm, the petroleum jelly is melted in the same bath. Filling warmed sample holders

with melted petroleum jelly both makes the filling procedure simple and minimizes the risk of

air bubble formation. Image credit: [62]
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Trolley and Fixed Probe Systems

The magnetic field in the muon storage region is mapped by an array of 17 pNMR probes

every three days. The probes and their associated electronics are housed in what is known

as the “trolley”. This array contains one center probe, an inner ring of four probes at a

radius of 1.75 cm, and an outer ring of twelve probes at a radius of 3.50 cm. The relative

positions of the trolley pNMR probes are illustrated in Fig. 3.5a. The trolley rides on rails

within the vacuum chambers and is centered at the nominal muon beam radial and vertical

positions. While muons are present in the storage ring, the trolley is parked outside of the

storage region in a “garage.”

The trolley is pulled around the storage ring azimuth in vacuum using a fishing line in

one direction and a signal cable in the other. The trolley’s azimuthal position is tracked

using two methods. The first method monitors the encoder counts of the motors used to

pull the trolley. The second method relies upon a series of barcode markings printed on the

bottoms of the vacuum chambers. A “barcode reader” detects the markings and the unique

patterns are used to determine the trolley’s location. When the trolley encounters regions

of the storage ring where it experiences increased friction, there is an increased force in the

pulling cable. The encoders interpret this increased tension as trolley motion, even when

the trolley is stationary. Using the barcode markings is therefore a more robust position

determination method.

Due to the fact that the trolley can not be present in the muon storage region at the same

time as muons, a second set of pNMR probes is used to constantly monitor the evolution

of the magnetic field. A suite of 378 probes, known as the “fixed probes,” is embedded in

grooves in the outer walls of the vacuum chambers, as shown in Fig. 3.5b. Fixed probes are

located at 72 azimuthal locations, or “stations”, evenly spread around the magnetic storage

ring with either four or six pNMR probes per station (two or three probes each on both

the top and bottom of the vacuum chambers). Fig. 3.6 shows the azimuthal distribution

of the fixed probes. The probes within each station have a radial separation of 3 cm, with
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(a) Trolley pNMR probe array.

(b) Fixed probes grooves on the top of a vacuum chamber.

Figure 3.5 – The trolley holds an array of 17 pNMR probes at three different radii (a). It is

pulled through the muon storage region every three days. The fixed probes are a suite of 378

pNMR probes embedded in grooves on the tops and bottoms of the vacuum chambers (b). The

fixed probes constantly monitor the evolution of the magnetic field. Image credit: [10]
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Figure 3.6 – Fixed probes are located at 72 azimuthal locations around the storage ring. Each

location contains either four or six pNMR probes.

the middle probe centered radially on the ideal muon storage radius. They are located at

vertical positions of ±7.71 cm with respect to the muon beam storage region mid-plane.

Each fixed probe makes a measurement every 1.7 seconds at all times when the magnetic

field is on, whether the trolley is parked in its garage or is being pulled through the muon

storage region. When the trolley is being pulled through the storage region, each trolley

probe makes two measurements per second. Details on tracking the magnetic field evolution

between trolley runs using the fixed probes are presented in Ch. 6.

3.4.2 Plunging Probe

Frequencies extracted from the FIDs of the previously discussed pNMR probes are the Lar-

mor precession frequencies of protons in petroleum jelly. However, what is needed for the

extraction of aµ is the precession frequency of free protons. A “plunging probe” was de-
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(a) Plunging probe design.

(b) Plunging probe.

Figure 3.7 – The plunging probe is a pNMR probe whose magnetic characteristics are well

understood. It uses a cylindrical sample of water as the proton source. The plunging probe is

used to calibrate the trolley probes, such that measured precession frequencies of protons in

petroleum jelly can be related to the equivalent frequencies of free protons in the same magnetic

field. Image credit: [63]

signed by David Flay (UMass Amherst) to calibrate the trolley pNMR probes. It is used to

convert Larmor precession frequencies extracted from petroleum jelly pNMR probe FIDs to

free proton frequencies [50]. The plunging probe is pictured in Fig. 3.7.

The plunging probe uses water as its proton source, with the bare proton precession

frequencies getting masked by multiple sources. This masking requires corrections to the
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measured signals as follows [10, 50, 64]:

ωmeasp = ωfreep

(
1− σ(H2O, T )−

(
ε− 4π

3

)
χ(H2O, T )− δm

)
. (3.8)

In this equation, σ(H2O, T ) is the effect of the diamagnetic shielding of protons by the

electrons in the water molecules. This effect has been measured by Neronov and Seregin, as

well as by Phillips et al [65, 66], and is given as a function of temperature as

σ (H2O, T ) = [25680.0(2.5) + 10.36(30)× (T − 25 ◦C)]× 10−9. (3.9)

This is a 25 ppm effect for the g − 2 magnetic field measurement. The χ(H2O, T ) term

corrects for the bulk susceptibility of the water sample, including shape dependent effects.

The plunging probe uses a cylindrical sample holder with a 5 mm outer diameter, for which

ε = 2π (this factor assumes an infinite cylinder, a good approximation in the case of the

plunging probe) [1]. The temperature dependence of the susceptibility of water has been

measured by Blott and Daniell [67] and is given by

χ (H2O, T ) = χ (H2O, 20 ◦C)× [1 + a1(T − 20 ◦C) + a2(T − 20 ◦C)2 + a3(T − 20 ◦C)3], (3.10)

where χ (H2O, 20 ◦C) = −720(3)×10−9, and the ai terms have values a1 = 1.3881×10−4/◦C,

a2 = −1.2684 × 10−7/◦C2, and a3 = 8.09 × 10−10/◦C3. Finally, δm is the effect due to the

magnetization of the probe materials which perturb the magnetic field at the site of the

sample. This effect has been carefully measured for the plunging probe, as described in [68].

With the relationship between the precession frequency extracted from a plunging probe

measurement and the precession frequency of a free proton well understood, the plunging

probe can be used to calibrate the trolley pNMR probes. The relationship between the

precession frequency of a free proton and the precession frequency of a proton in petroleum

jelly does not need to be well known.

3.5 Trolley Probe Calibration

Each trolley probe must be separately calibrated in order to understand the magnetic field

experienced by muons as measured by free protons. The calibration principle is simple: the
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Figure 3.8 – To calibrate a particular trolley probe, the plunging probe and the trolley probe

must make measurements at the same location, to within approximately 2 mm in all directions.

Measurements taken with and without applied, well-known magnetic field gradients are com-

pared in order to locate the probes. This is known as the “Delta-B” method. Image credit:

[63]

plunging probe, whose magnetic field measurements are related to those of a sample of free

protons by Eq. 3.8, is brought to the location of each trolley probe and the differences in the

measurements of the two types of pNMR probes are calculated.

A method known as the “Delta-B” method is used to align the plunging probe with

each trolley probe. To determine the location of a given probe, known linear gradients are

individually applied in all three coordinate directions3 using a set of current carrying coils4.

By comparing the differences in measured magnetic field values with these gradients turned

on and off, the probe in question can be located in the dimension being studied [68]. The

Delta-B principle is pictured in Fig. 3.8, with the plunging probe used as a reference.

The first step in calibrating an individual trolley probe is determining its location us-

ing Delta-B measurements in the three coordinate directions. This is done at a specific

3A gradient of 40 Hz/mm is used in the transverse directions, while 10 Hz/mm is used in the azimuthal
direction.

4The coils used are known as surface coils. They are described in Sec. 4.5.1.
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azimuthal location in the magnetic storage ring where the magnetic field has been made

extremely homogeneous. With the trolley probe position known, the trolley is moved out

of the calibration region and the plunging probe is moved to approximately the same loca-

tion. The same three Delta-B measurements are then taken. The plunging probe location is

systematically adjusted until all three of its Delta-B measurements are within 20 Hz of the

trolley probe’s measurements. This amounts to a physical alignment of the two systems to

approximately 1-2 mm in all three directions [68].

Once the trolley probe and plunging probe can be reliably positioned at the same location,

a sequence of alternating measurements is taken in quick succession. After taking a trolley

measurement, the trolley is moved azimuthally out of the calibration region and the plunging

probe is moved to the calibration position. After a plunging probe measurement has been

made, the plunging probe is retracted and the trolley is moved back to the calibration position

for another measurement. A single swap sequence, defined as making one measurement with

each type of probe, takes six minutes. The swapping sequence is repeated 10 times per trolley

probe.

The trolley must be moved away from the calibration position not only so that the

plunging probe can be inserted, but also because the trolley has a magnetic footprint that

would perturb the magnetic field measured by the plunging probe were it too close5. A

dedicated study showed that if the trolley is moved 4° (50 cm) away from the calibration

position, its magnetic footprint is no longer visible to the plunging probe.

Calibration of the 17 trolley probes was first undertaken in July 2018. Preliminary results

are presented in [69]. A second round of calibration measurements was started in February

2019, but not all trolley probes were calibrated at this time. The remaining probes were cal-

ibrated in July 2019. Ideally, the calibration procedure should be done both before and after

every data taking run. The July 2018 calibration results are used in the analysis presented in

Ch. 6, where for each trolley probe, the calculated calibration offset is individually applied

5The trolley magnetic footprint is discussed in Ch. 6.
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to each trolley probe measurement. The fixed probes are calibrated to trolley measurements,

so individual fixed probes are not calibrated directly to the plunging probe.

An alternative calibration probe which uses 3He to provide a spin sample is used for

verification. The motivation for a cross check with a different probe is that 3He has different

systematics than water as an NMR sample. The diamagnetic shielding term is larger for 3He

than water, but is known with four times better precision and has a smaller temperature

dependence. The magnetic susceptibility of 3He is also smaller than that of water, and

because of its gaseous form, the associated correction is less sensitive to the sample shape.

Details of the 3He probe cross-calibration are presented in [51].

3.6 Magnetic Field Multipole Expansion

A 2D multipole expansion is used to discuss the uniformity of the magnetic field in the muon

storage region, the same as was done in the Brookhaven experiment [9]. During a trolley

run, magnetic field measurements are taken at over 7000 azimuthal locations. A frequency

is extracted from the FID of each trolley probe from each measurement (or “event”), and

the calibration correction is applied. The calibrated frequencies are fit to a function of the

form

B(r, θ) = B0 +
N∑
n=1

(
r

r0

)n
[an cos(nθ) + bn sin(nθ)], (3.11)

where B0 is referred to as the dipole magnetic field component, the an values as normal

multipole components, and the bn values as skew multipole components. The multipoles are

normalized to r0 = 4.5 cm, the edge of the muon storage region. The multipole components

through n = 4, besides the dipole component which is a constant vertical magnetic field,

are graphically represented in Fig. 3.9. n = 1 terms are referred to as quadrupole terms,

n = 2 terms as sextupole terms, n = 3 terms as octupole terms, and n = 4 terms as decupole

terms. For the remainder of this document, the magnetic field will be discussed in terms of

the amplitudes (the an and bn values) of these magnetic field multipole moments.

The magnetic field experienced by the muon beam in the g − 2 magnetic storage ring is
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Figure 3.9 – Graphical representations of the first eight magnetic field multipole components

described by Eq. 3.11. Color scale in arbitrary units.
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not simply two-dimensional, but rather is a three-dimensional magnetic field. The differences

between a 2D and 3D multipole expansion have been studied [70]. A toroidal expansion of

the three-dimensional magnetic field has also been explored [71]. A 3D multipole expansion

of the magnetic field has not yet been included in any Fermilab magnetic field analyses, but

incorporating one presents a unique improvement that could be made by future analyses.

3.7 Magnetic Field-Muon Beam Convolution

The final value of ωp required for the extraction of aµ is not simply the average magnetic field

experienced by muons as measured by free protons, but rather the measured magnetic field

weighted by the muon beam distribution. Simply put, the average magnetic field experienced

by stored muons is required. The muon beam distribution is reconstructed using the tracking

detectors6. Letting M(~r, t) represent the muon beam distribution as a function of space and

time, the muon-weighted free proton precession frequency is calculated as

ω̃p =

∫∫
M(~r, t)ωp(~r, t)dtdV, (3.12)

where the magnetic field as a function of time (ωp(~r, t)) is determined using fixed probe

tracking, discussed in Ch. 6.

The timescale over which this convolution should be done has not yet been determined.

One consideration includes a balance between increasing the resolution of the magnetic

field measurements (by averaging together data) while still retaining information about real

magnetic field changes. A similar consideration must be taken into account for ωa data,

while also considering the statistical impact that a longer data taking period has on the ωa

measurement.

6Details of the tracking detectors and how they are used to reconstruct the muon beam distribution can
be found in [46].
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Chapter 4

MAGNETIC FIELD SHIMMING

4.1 Magnetic Field Shimming Introduction

One of the first activities that took place after the magnetic storage ring was assembled

at Fermilab was the process of shimming the magnetic field. In this context shimming

refers to fine-tuning the magnetic field in the muon storage region, both to make it uniform

as a function of azimuth and to make the cross-sectional magnetic field distribution at all

azimuthal locations homogeneous. Both types of homogeneity are important in minimizing

the uncertainty in magnetic field tracking.

Shimming consists of two distinct phases. Passive shimming, which took place from Oc-

tober 2015-September 2016, involved the precise adjustment of thousands of pieces of ferrous

and nonferrous material in and around the muon storage region. Active shimming involves

the setting and monitoring of 200 concentric current-carrying wires sitting on the pole faces,

which are continuously active when the magnet is powered. A cross-sectional view of the stor-

age ring magnet with many shimming “toolbox” elements labeled is depicted in Fig. 4.1. It

is reproduced here from Fig. 2.2. The mechanical design includes various adjustable compo-

nents which can be used to locally tune the magnetic field multipole components introduced

in Sec. 3.6. The effects of these adjustable knobs were first simulated and calibrated by

the Brookhaven magnetic field team [72, 73, 74, 75, 76]. The Fermilab magnetic field team

repeated this process of simulation and calibration. Individual components are discussed in

the following subsections.
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Figure 4.1 – A cross-sectional illustration of the g−2 storage ring magnet, highlighting various

elements of the passive shimming “toolbox.” The image is reproduced here from Fig. 2.2. Ultra-

low-carbon steel pole pieces sit in the opening of the C-shaped outer steel yoke. Wedge shims

sit between the poles and the yokes, while surface correction coils sit on the pole faces. Image

credit: [40]
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Figure 4.2 – A special shimming trolley was used to make magnetic field measurements during

the rough shimming period of the Fermilab experiment. The trolley holds a matrix of 25 pNMR

probes and is equipped with capacitive sensors (orange strips). Image credit: [77]

4.2 Shimming Measurement Tools

4.2.1 Shimming Trolley

During the rough shimming period, before vacuum chamber installation, measurements of

the magnetic field in the muon storage region were made using a “shimming trolley” that

was pulled along the bottom pole surfaces [10]. Designed by Brendan Kiburg (Fermilab), it

is pictured in Fig. 4.2. The shimming trolley was designed to be completely non-magnetic,

so that it does not affect any magnetic field measurements. The cart is built out of PEEK,

chosen for its strength and non-magnetic properties, and the wheels are plastic ball bearings

with glass balls.

The shimming trolley holds a matrix of 25 pNMR probes at radii of 0 cm (1 probe),

2.25 cm (8 probes), and 4.5 cm (16 probes) with respect to the central muon beam orbit.

The probe matrix is pictured in Fig. 4.3. During the assembly process, the end caps of the
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(a) Front view. (b) Side view.

Figure 4.3 – 25 pNMR probes are mounted in a matrix affixed to the shimming trolley. The

probes were aligned using an alignment plate and are held in place by PEEK rings and set

screws to ensure that the centers of the petroleum jelly samples remain in the same plane.

Three pNMR probes are mounted to the top of the matrix, at the radial and vertical locations

of the fixed probes.

probes were aligned with an alignment plate. The probes are held in place with PEEK rings

and set screws to ensure that the centers of the 25 petroleum jelly samples remain in the

same transverse plane.

The shimming trolley is also equipped with four Capacitec 4100-SL capacitive sensors

[78]. The sensors are mounted to the tops and bottoms of two quartz plates at the inner

and outer cart radii. They were used to measure both the individual pole shapes and the

shape of the gap between the top and bottom pole surfaces with 70 nm resolution and a few

micron reproducibility.

Similar to the trolley discussed in Sec. 3.4.1, the shimming trolley could be pulled around

the full 360° of the storage ring magnet. Because the vacuum chambers were not yet installed

in the magnet gap at the time of rough shimming, a stepper motor was used to pull the
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shimming trolley around the storage ring. The magnetic stepper motor was mounted on a

vertical arm attached to a non-magnetic table which sat in the center of the storage ring,

thereby moving the motor more than 1.5 m away from the muon storage region. Fishing line

wound around a pulley in the magnet gap connected the shimming trolley to the motor.

The stepper motor had the ability to pull the shimming trolley around the storage ring

with varying step sizes. For a typical magnetic field scan, a step size of 5 mm was used. When

aiming to understand magnetic field features present in a specific region of the storage ring,

a step size of 1 mm was used. The smaller step size gave better resolution on the magnetic

field shape. The trolley’s azimuthal location, height, and radial position were tracked using a

laser tracker located at the center of the storage ring in conjunction with four retroreflectors

attached to the inner quartz plate (not pictured in Fig. 4.2).

4.2.2 Tilt Measurements

The shapes of individual pole pieces and the relative alignment of the top and bottom pole

pieces have a large effect on the local magnetic field strength. The shape and alignment of all

72 poles pieces were measured using electrolytic tilt sensors mounted on a platform machined

from a single piece of aluminum to ensure parallelism of the faces. The platform, pictured

in Fig. 4.4, uses a 3-point contact system with two sets of three ceramic balls located on the

base of the platform and on rods machined onto the platform. Balls 1 and 2 are separated

by 11.75 inches. Ball 3 is centered between the other two, offset by 2.25 inches. A pair of

electrolytic tilt sensors are mounted to the center of the platform, oriented to measure tilt

in the radial and azimuthal directions. The two Fredericks Co. 0719-3701-99 tilt sensors are

read out with a Fredericks Co. 1-6200-012 signal conditioning board [79].

Small pieces of shim material of known thickness were inserted under two of the ceramic

balls to calibrate the responses of the tilt sensors. Shims inserted under ball 1 affected both

the radial and azimuthal tilts of the platform, while shims inserted under ball 3 affected

only the azimuthal tilt. Shim thicknesses up to 10 mils were used, corresponding to tilts

of up to 0.25°. For each trial, the tilt sensor output bits were recorded and plotted as a
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Figure 4.4 – Two electrolytic tilt sensors are used to measure the tilts of the poles in both

the radial and azimuthal directions. Three balls in the base of the measurement platform and

three on the tops of rods on the platform form a 3-point contact system for both bottom and

top pole tilt measurements. Image credit: [61]

function of expected tilt. The data were fit to a linear line whose slope corresponds to the

bits/degree calibration necessary to interpret tilt measurements. Two example calibration

plots are shown in Fig. 4.5. The tilt sensors are quoted to have a linear response within a

range of ±0.25°. The outlier point in the azimuthal tilt plot is on the edge of this range

and was not included in the fit. Due to the experimental setup, more shim material was

required to change the radial tilt of the platform than the azimuthal tilt. The platform

became unstable at the largest tested tilt. This point was not included in the fit of the radial

tilt sensor calibration data.

4.3 Initial Magnetic Field

The magnetic storage ring was first powered at Fermilab on September 22, 2015. Shortly

thereafter, the magnetic field team began commissioning the shimming trolley. On October

14, the magnetic field in the full 360° of the muon storage region was measured for the first
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(a) Radial tilt calibration. (b) Azimuthal tilt calibration.

Figure 4.5 – Shims of varying thicknesses were placed underneath the bottom ceramic balls

of the tilt sensor platform to calibrate the tilt sensors. A calibration value in bits/degree was

extracted for both the radial and azimuthal tilt sensors by fitting a plot of expected tilt vs. tilt

sensor readout to a linear line.

time. Fig. 4.6 shows both the dipole magnetic field component as a function of azimuthal

position and the azimuthally averaged magnetic field as a function of x and y (computed

from the individual x − y slices at each azimuthal measurement location) from this first

measurement. The amplitudes of the azimuthally averaged magnetic field multipole moments

are listed in Tab. 4.1. The dipole component varied by ±700 ppm and the azimuthally

averaged magnetic field showed a large normal quadrupole component. This can be compared

to the fully shimmed Brookhaven magnetic field, pictured in Fig. 4.7. The dipole magnetic

field component varied by ±50 ppm and all azimuthally averaged multipole components had

amplitudes at the 1 ppm level [9]. In the process of disassembling the storage ring magnet,

transporting it from Brookhaven National Laboratory to Fermilab, and reassembling it, the

magnet was not put together in exactly the same way. The Fermilab shimming team was not

able to build upon the Brookhaven shimming efforts, but rather had to begin anew, starting

with passive shimming.
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(a) Dipole magnetic field component vs azimuth.

(b) Azimuthally averaged magnetic field as a function of x

and y.

Figure 4.6 – The first shimming trolley measurement was made on October 14, 2015. The

amplitude of the dipole magnetic field component is shown as a function of azimuthal location

in (a). The azimuthally averaged magnetic field in the muon storage region is shown in (b).

The amplitude of the dipole component varied by ±700 ppm while a large normal quadrupole

magnetic field component is visible in the azimuthally averaged magnetic field.
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Multipole Normal component

amplitude (ppm)

Skew component

amplitude (ppm)

Quadrupole -25.4 1.09

Sextupole -1.81 0.35

Octupole 0.98 -0.13

Decupole 0.90 -0.42

Table 4.1 – Amplitudes of the azimuthally averaged magnetic field multipole components from

the first shimming trolley measurement taken on October 14, 2015.

(a) Dipole vs azimuth. (b) Azimuthally averaged magnetic

field.

Figure 4.7 – The fully shimmed Brookhaven magnetic field. The amplitude of the dipole

magnetic field component varied by ±50 ppm in azimuth (a) while the azimuthally averaged

magnetic field (b) contained variations up to ±2 ppm. Image credit: [9]
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4.4 Passive Shimming

The process of passive shimming, which relied heavily on the work of the Brookhaven mag-

netic field shimming team [72, 73, 74, 75, 76], included the adjustment and addition of over

10,000 pieces of ferrous and nonferrous material near the muon storage region. The goal

of passive shimming was to reduce the azimuthal variations of the magnetic field multipole

components. The components discussed below are all depicted in Fig. 4.1. Passive shimming

adjustments were calculated by Matthias Smith [58], while the author took a leading role in

the implementation of the recommendations.

4.4.1 Top Hats

Top hats are the largest shims with the most far reaching effect of all shims available for use

during passive shimming. They are 15° long pieces of steel which are bolted to the tops and

bottoms of the yokes. Strips of G10, up to 2 mm thick, were either added to or removed from

the gap between the yokes and the top hats. The effect of adding one such strip is shown

in Fig. 4.8, showing the large azimuthal extent (±50°) of the effect on the strength of the

dipole magnetic field component.

4.4.2 Pole Pieces and Pole Feet

The pole pieces are 10° long segments of iron located above and below the muon storage

region. There are six pole pieces per yoke segment, three each on top and bottom. Each

pole is held to the yoke by four bolts and sits on either eight or ten pole feet. Thin pieces

of material (iron, aluminum, or bronze), ranging in thickness from 0.25-10 mils, sit between

each pole and its pole feet and help orient and flatten the pole face. Fig. 4.9 shows a graphical

representation of the the shims between a pole and a pole foot.

The shapes of the pole pieces affect the strengths of both the dipole and normal quadrupole

magnetic field components. The size of the air gap between the upper and lower pole faces

at any location is the main factor in determining the strength of the dipole magnetic field
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Figure 4.8 – Changing the air gap between a top hat and a yoke affects the amplitude of the

dipole magnetic field component over a large azimuthal extent (±50°). The effect due to the

insertion of a G10 shim under a top hat at 150° is pictured as a function of azimuthal location.

Plot credit: [58]

Figure 4.9 – 10° long pole pieces, bolted to the magnet yoke, sandwich the muon storage

region. Pole feet sit between the poles and the yoke, and sandwich thousandths of an inch

thick shims which orient and flatten the pole pieces.
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component at that location. A relative tilt between the top and bottom pole faces creates

a normal quadrupole magnetic field component, a linear variation in magnetic field strength

as a function of radial position [80]. Using input from tilt sensor measurements taken across

the pole surfaces, the shims between the poles and the pole feet were adjusted to both flatten

the pole faces and to ensure that the bottom and top pole faces are parallel to one another.

This adjustment allowed for alterations of the planes of the pole pieces of up to 200 µm,

with a precision of 5 µm. The pole face smoothness was verified post-shimming using both

the capacitive sensors mounted on the shimming trolley and the tilt sensors. The pole foot

adjustments were completed over an almost three month long period in early 2016.

4.4.3 Wedge Shims

Wedge shims are 10 cm wide, 53 cm long, wedge shaped pieces of steel that are thicker at the

outer radius than inner. They sit between the poles and the yokes, as shown in Fig. 4.10a.

They can be moved in the radial direction over a distance of 18 mm. Changing the radial

position of a wedge shim has the largest effect on the strength of the dipole magnetic field

component, because the change in position causes more/less iron to be present at a given

radius. The effect has an approximately gaussian shape that is centered at the azimuthal

location of the wedge shim and extends over a range of ±10°. Changing the radial position

of a wedge shim also causes a smaller change in the strength of the local normal quadrupole

magnetic field component [81].

Various configurations were used to calibrate the effects of changing the radial position

of a wedge shim. To begin, all wedges in a pole were aligned at the center of their range

of motion and a magnetic field measurement was taken with the shimming trolley. One (or

multiple) wedges would then be moved radially into or out of the storage region by a known

amount, and the magnetic field would be rescanned. The difference in the magnetic field,

shown in Fig. 4.10b for moving one wedge shim, was used as a calibration.

Positioning the wedge shims was an iterative process. To begin, the magnetic field was

measured as a function of azimuth. This measurement served as input to an optimization
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(a) Wedge shim. (b) Wedge shim calibration.

Figure 4.10 – 10 cm wide wedge shaped pieces of iron known as wedge shims sit between the

pole pieces and the yoke, as shown in (a). Their radial positions, which can be varied over an

18 mm range, affect the magnetic field strength over an azimuthal extent of ±10°. (b) shows

the effect of moving one wedge shim as a function of azimuthal location, where the red and

blue curves represent two different fits to the measured data. Image and plot credit: [10, 58]
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program which provided recommendations for ideal wedge shim positions. After the radial

positions of all wedge shims had been adjusted, the magnetic field was remeasured, providing

new input to the optimization program. This process was repeated until the recommended

changes caused immeasurably small improvements to the magnetic field uniformity.

4.4.4 Iron Foil Laminations

The final passive shimming tool, the one with the smallest azimuthal extent, is known as

iron foil laminations. This idea was used in the Brookhaven experiment, but not to the same

extent [82]. During the summer of 2016, over 8,000 four-inch long strips of 1 mil thick iron

were arranged on the pole surfaces at three radial positions with a 0.244° spacing. The foils

were each modeled as a collection of magnetic dipoles in order to determine the width of

foil (or equivalently the weight of iron) to place at each location. The number of magnetic

dipoles at each azimuthal and radial position was iteratively increased until the strengths of

the higher order magnetic field multipole components were minimized [83].

For the production of the iron foil laminations, iron strips of varying width (mass) were

laser cut and cleaned in an ultra-sonic bath. Each strip was weighed and sorted into groups by

mass, thereby creating a catalogue of available strips. This method of manual histogramming

utilized over 100 bins, with each bin containing iron foils within a 2% range of a mean mass.

The foils were taped to G10 sheets cut to the exact size and shape of the pole piece

faces, which were then installed directly on the pole faces. After installation of the first G10

sheets, it was quickly found that the radially oriented iron foils caused intolerable magnetic

field gradients across the sensitive volumes of the fixed probes, rendering the fixed probes

unusable. This issue was circumvented by replacing the radially oriented iron foils at these

azimuthal locations with azimuthally oriented thin iron strips. The thickness of the thin

strips was determined based on the total mass of the four-inch long strips that were being

replaced. The thin strips produce much smaller magnetic field gradients than the wider, four

inch long strips and allow for good fixed probe performance. Fig. 4.11 shows a rendering

of a G10 sheet with iron foils attached. After all of the iron foils for a pole face had been
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Figure 4.11 – Iron foil laminations consist of four inch long pieces of iron of varying widths

arranged in three rows at different radial positions with a 0.244° azimuthal spacing. The radially

oriented strips at fixed probe locations are replaced by thin, azimuthally oriented iron strips

which produce much smaller magnetic field gradients. These laminations reduce the strengths

of local higher order magnetic field multipole components.

attached to the G10 sheet, the sheet was epoxied to the pole surface.

4.4.5 Passive Shimming Results

After eight months of passive shimming, the magnetic field homogeneity in the muon storage

region had been improved significantly. The azimuthal variations of the dipole component

were reduced from ±700 ppm to ±25 ppm. The strengths of all azimuthally averaged higher

order magnetic field multipole components, besides the skew octupole, were reduced to sub-

ppm values. Final rough shimming magnetic field maps are shown in Fig. 4.12 and the

strengths of the multipole components are listed in Tab. 4.2.

4.5 Active Shimming

At the end of the passive shimming period, the azimuthally averaged magnetic field variations

were still above the final magnetic field uniformity goal. Nothing more could be done to

reduce the azimuthal magnetic field variations with the built-in toolkit, but one tool remained
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(a) Amplitudes of the pre- and post-rough shimming dipole magnetic field component vs azimuth.

(b) Post-rough shimming azimuthally averaged magnetic field.

Figure 4.12 – Rough shimming reduced the azimuthal variations of the dipole magnetic field

component from ±700 ppm to ±25 ppm, as shown in (a). The post-rough shimming azimuthally

averaged magnetic field map is shown in (b). The amplitudes of all azimuthally averaged

magnetic field multipole components, besides the skew octupole, were reduced to sub-ppm

values.
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Multipole Normal component

amplitude (ppm)

Skew component

amplitude (ppm)

Quadrupole 0.02 -0.71

Sextupole 0.75 0.44

Octupole -0.56 -3.77

Decupole 0.62 -1.61

Table 4.2 – Amplitudes of the azimuthally averaged magnetic field multipole components after

rough shimming.

to minimize the amplitudes of the azimuthally averaged higher order magnetic field multipole

components. The subsystem is known as the “surface coils”. Additionally, the strength of

the dipole magnetic field component is kept stable over time through a system known as

power supply feedback.

4.5.1 Surface Coils

The surface coils are two sets of 100 concentric, current-carrying coils, located above and

below the vacuum chambers. The coils sit on top of the iron foil laminations and have a

radial spacing of 2.5 mm. The currents in the coils are controlled by driver boards, each of

which controls four coils. Each current source can be adjusted within a range of ±2.5 A.

Different patterns of currents can be used to produce the various magnetic field multipole

components.

To derive the current distributions which produce the different multipole components, one

starts with Maxwell’s equations (the derivation is reproduced here in full, with the different

steps taken from a combination of sources [84, 85, 86, 87]). Specifically, one starts with the

fact that in free space, with no current sources, the curl of a magnetic field is zero:

~∇× ~B = 0. (4.1)
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The magnetic field can therefore be written as the gradient of a scalar potential Ψ

~B = ~∇Ψ, (4.2)

where the potential can be generally expressed in cylindrical coordinates as

Ψ = Anr
n sin (nθ + α) . (4.3)

α = 0 corresponds to normal magnetic field multipole components and α = π/2 to skew

components. Combining Eqns. 4.2 and 4.3, the magnetic field components in the the x

(radial) and y (vertical) directions can be expressed as

Bx =
∂

∂x
Ψ = Annr

n−1 sin ((n− 1)θ + α) (4.4)

and

By =
∂

∂y
Ψ = Annr

n−1 cos ((n− 1)θ + α) . (4.5)

Assuming that the pole pieces have a large (infinite) permeability, there is a boundary

condition on the tangential magnetic field created by the surface coils

n̂× ~H = ~K −→ µ0
~K = n̂× ~B, (4.6)

where ~K is the current density and n̂ is the direction normal to the pole surface. The surface

coil currents are constrained to flow azimuthally, in the ẑ direction. The vectors normal

to the plane of the coils point in the ±ŷ direction, such that n̂ = (0,±1, 0). The current

distributions associated with each magnetic field component can therefore be written as

µ0Kz = −nyBx, (4.7)

with ny = 1 at the bottom pole and ny = −1 at the top pole. Using Eq. 4.4 and ignor-

ing overall constants, the magnetic field multipole moments can be expressed as shown in

Tab. 4.3.
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n (Multipole

moment)

Bx, α = 0 (Normal) Bx, α = π/2 (Skew)

1 (Dipole) 0 1

2 (Quadrupole) r sin(θ) = y r cos(θ) = x

3 (Sextupole) r2 sin(2θ) = 2r2 sin(θ) cos(θ) = yx r2 cos(2θ) = r2
(
cos2(θ)− sin2(θ)

)
= x2 − y2

4 (Octupole) r3 sin(3θ) = . . . = 3yx2 − y3 r3 cos(3θ) = . . . = x3 − 3y2x

5 (Decupole) r4 sin(4θ) = . . . = yx3 − y3x r4 cos(4θ) = . . . = x4 + y4 − 6x2y2

Table 4.3 – Normal and skew magnetic field multipole moments expressed in both polar and

cartesian coordinates.

Defining the distance from the pole midplane to the pole surfaces (9 cm) as a, ytop = a

and ybot = −a. From Eq. 4.7, Kz = −nyBx/µ0. Ignoring the constant, the distributions

of currents in the top and bottom surface coils which produce the different magnetic field

patterns are thus given as

Ktop
z = Bx (4.8)

and

Kbot
z = −Bx. (4.9)

The current distributions which produce the different magnetic field multipole components

are derived by inserting the expressions of Tab. 4.3 into Eqs. 4.8 and 4.9. They are listed in

Tab. 4.4.
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n (Multipole moment) Normal, Ktop
z Normal, Kbot

z Skew, Ktop
z Skew, Kbot

z

1 (Dipole) – – a −a

2 (Quadrupole) a a x −x

3 (Sextupole) ax ax x2 − a2 −x2 + a2

4 (Octupole) 3ax2 − a3 3ax2 − a3 x3 − 3a2x −x3 + 3a2x

5 (Decupole) ax3 − a3x ax3 − a3x x4 + a4 − 6a2x2 −x4 − a4 + 6a2x2

Table 4.4 – The surface coil current configurations which produce the different magnetic field

multipole components. In these expressions x is radial position and a is a constant.

Thus, for example, the same current (magnitude and sign) can be used in all 200 coils to

produce a normal quadrupole magnetic field distribution. To produce a skew quadrupole

distribution, the strengths of the currents in the top coils should vary linearly as a function

of radial position, while the currents in the bottom coils should have the same magnitudes

but opposite signs.

While each of the current configurations in Tab. 4.4 aims to create one pure magnetic

field multipole component, each also creates small amounts of the other components. The

multipole components produced by each configuration must be well understood in order to

properly shim the magnetic field. After vacuum chamber installation, the trolley described

in Sec. 3.4.1 was used to measure the effects of each current configuration. For this study, the

currents in the 200 surface coils were toggled between two configurations: all set to 0 A and all

set to a value consistent with a given multipole configuration. The differences in the measured

strengths of the magnetic field multipole components between the two configurations were

taken as the calibration values for that multipole current configuration. A maximum current

of 2 A was used for the calibration measurements. Scaling linearity was verified with the

normal quadrupole configuration by measuring the magnetic field components produced by

currents of 10 different strengths.
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Multipole

Effect

(ppm)

Norm.

Quad.

Config

Skew

Quad.

Config

Norm.

Sext.

Config

Skew

Sext.

Config

Norm.

Oct.

Config

Norm. Quad. -339.402 4.726 2.493 0.433 -43.661

Skew Quad. -10.505 -141.516 -0.970 0.472 -1.244

Norm. Sext. -2.052 -0.202 -56.291 1.391 0.678

Skew Sext. 0.042 -1.454 -3.575 -20.951 -0.242

Norm. Oct. 3.378 -1.213 -0.322 -0.044 -9.979

Skew Oct. 0.818 11.110 -0.016 -0.387 -0.904

Norm. Dec. -0.221 0.024 1.711 -0.474 -0.147

Skew Dec. 0.040 0.196 0.366 3.106 -0.036

Table 4.5 – The strengths of the magnetic field multipole components produced by the current

configurations of Tab. 4.4. Each configuration through the skew sextupole produces the desired

magnetic field component, in addition to small amounts of the other components. The normal

octupole configuration produces a large normal quadrupole component.

Results of the calibration measurements are given in Tab. 4.5. Current configurations

through the skew sextupole produce the desired magnetic field distributions. The hardware

configuration was unable to produce the desired results for the higher order multipole config-

urations1. However, this fact is not concerning. As discussed in Sec. 3.7, the magnetic field

is convoluted with the muon beam distribution. However, there are no significant multipole

components present in the muon beam distribution above the normal sextupole.

A method of images calculation was used to verify the measured magnetic field contri-

butions from each current configuration. The magnetic field produced by a circular current-

1A method of images calculation revealed that these current configurations would only be effective with
either more concentric coils or with a smaller gap between the upper and lower pole pieces.
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carrying coil in free space can be expressed using the law of Biot-Savart:

Bcoil(r) =
µ0I

2r
. (4.10)

In the g − 2 setup, the surface coils sit very close to the iron pole pieces. Image currents of

strength

Iimage =

(
µ− µ0

µ+ µ0

)
I (4.11)

must be accounted for in both the upper and lower pole pieces, where µ is the permeability

of the pole material. The image locations in the top and bottom poles can be expressed as

yimage,1 = (−1)n+1 [2(n+ 1)a+ ycoil] (4.12)

yimage,2 = (−1)n [2(n+ 1)a− ycoil], (4.13)

where a is again the magnet half gap height and ycoil = 8.8 cm is the vertical distance between

the surface coils and the magnet midplane [88, 89]. These image coil locations are used to

calculate the |~r| = |~rloc − ~rcoil| that is an input to Eq. 4.10 when calculating the magnetic

field created by the surface coils at any location in the muon storage region.

For each current configuration in Tab. 4.4, a method of images calculation was used

to calculate the sum of the magnetic fields created by all 200 coils at each trolley probe

location. Good agreement was found between a multipole expansion of these values and

the calibration measurement results. This calculation was also used to extract the radial

magnetic field contribution from each current configuration, a magnetic field component

which can not be measured by the trolley pNMR probes. More discussion of the radial

magnetic field is provided in Ch. 5.

Current Optimization

The surface coils are used to minimize the strengths of all azimuthally averaged higher order

magnetic field multipole components, including the radial component, present in the muon

storage region. This is done by creating magnetic field multipole components of the same
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Figure 4.13 – The azimuthally averaged magnetic field in the muon storage region as a function

of x and y after surface coil shimming in Spring 2017.

magnitude but opposite sign of those that are present. An optimization program takes the

amplitudes of the azimuthally averaged magnetic field multipole components as input and

produces suggested currents for the 200 coils. The program minimizes the quantity |Ax− y|

using a least squares algorithm, where |A| is a matrix of the magnetic field components

produced by each of the current configurations (the values of Tab. 4.5), x is a vector of the

strength of each configuration to be used relative to the 2 A that were used for calibration,

and y is a vector of the multipoles to be minimized.

Using the post-rough shimming multipole component amplitudes of Tab. 4.2 as input

to the optimization program, the amplitudes of the azimuthally averaged magnetic field

components were all reduced to less than 300 ppb. An azimuthally averaged magnetic field

map from spring 2017 is shown in Fig. 4.13 while the strengths of the azimuthally averaged

multipole components are listed in Tab. 4.6.
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Multipole Normal component

amplitude (ppm)

Skew component

amplitude (ppm)

Quadrupole -0.19 0.28

Sextupole 0.05 0.27

Octupole -0.07 0.25

Decupole 0.23 0.07

Table 4.6 – Amplitudes of the azimuthally averaged magnetic field multipole components after

surface coil shimming in Spring 2017. These can be compared to the values in Tab. 4.2.

4.5.2 Power Supply Feedback

The second active shimming tool used in the Fermilab experiment is known as “power supply

feedback.” Due to temperature variations in the experimental hall, the magnet geometry

changes over time. The magnet steel expands and contracts, changing the air gap between

the pole pieces and thus the magnitude of the dipole magnetic field component in the muon

storage region2. To counteract this change, a characteristic subset of 50 fixed probes are

used to monitor the average magnetic field. The main magnet current is regulated to keep

the fixed probe average constant to within ±10 Hz (±160 ppb). Typical performance keeps

the fixed probe average stable to within ±1 Hz, as shown in Fig. 4.14.

2The magnitudes of the other magnetic field components also change, but the power supply feedback is
unable to counteract this.
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Figure 4.14 – A subset of fixed probes is used to monitor the evolution of the average magnetic

field (blue points). With typical performance, the power supply feedback system keeps this

average stable to ±1 Hz (red bands), surpassing the ±10 Hz goal. Plot credit: [63]
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Chapter 5

RADIAL MAGNETIC FIELD MEASUREMENTS

5.1 Motivation

In previous chapters, the magnetic field in the muon storage region has been discussed

only as a scalar distribution, ignoring the non-vertical components. However, because these

components cause real effects on the motion of the muon beam, they must be understood. A

symmetric muon beam centered at the magic radius would be subjected to only a radial force

from a magnetic field with no non-vertical components and with the same strength at all

locations. The muon beam would be completely contained in the radial direction. This is not

the case in the Fermilab g − 2 experiment. The magnetic field has non-vertical components

and is not perfectly homogeneous, and the muon beam distribution is not symmetric or

radially centered. Muons experience a vertical force from the non-vertical magnetic field

components. For example, in the g − 2 magnetic storage ring a 50 ppm radial magnetic

field component causes a 2.5 mm vertical beam displacement [90]. However, the azimuthally

averaged radial magnetic field component can be minimized using the surface correction coils

described in Sec. 4.5.1.

As discussed in Ch. 3, pNMR probes are used to both map the magnetic field in the

muon storage region and to track the magnetic field evolution from outside of the vacuum

chambers. While techniques for extracting frequencies from FIDs allow for magnetic field

measurements good to the 10 ppb level, pNMR probes are sensitive only to magnetic field

magnitude, not direction. While they are incredible tools for measuring the vertical com-

ponent of the magnetic field in the muon storage region, they can not be used to measure

radial or longitudinal magnetic field components. A different type of magnetometer, a Hall

probe, was used instead.
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5.2 Hall Effect

Discovered in 1879 by Edwin Hall, the Hall effect is the production of a potential difference

across a semiconductor sample, perpendicular to a current flowing in the semiconductor,

when exposed to a magnetic field [91]. The measurable voltage is proportional to the com-

ponent of the magnetic field normal to the semiconductor surface. This principle is the

foundation of Hall probes, which are sensitive to both magnetic field magnitude and direc-

tion.

A typical Hall probe consists of a semiconductor sample with four contacts: two current

contacts and two voltage contacts, as shown in Fig. 5.1. A stable current source is used to

provide a current which flows across the semiconductor. With no magnetic field present,

electrons in the semiconductor sample move parallel to the electric field ~E. In the presence

of a magnetic field ~B, electrons moving with a velocity ~v feel a Lorentz force given by

~F = e( ~E + ~v × ~B). (5.1)

As a consequence of this force, electrons begin to pile up on one side of the semiconductor

sample, creating a charge imbalance. This charge imbalance leads to the production of an

electric field perpendicular to the current, known as the Hall field ~EH . The strength of the

Hall field stops increasing and equilibrium is achieved when the force on the electrons from

the magnetic field is balanced by the force from this induced electric field. The now stable

Hall field causes a measurable potential difference, known as a Hall voltage, between the

edges of the semiconductor sample [91].

In the presence of an external magnetic field, the electric field in the semiconductor of a

Hall probe is given as

~E = ρ ~J +Rh
~B × ~J −Mρ~B × [ ~B × ~J ], (5.2)

where ρ is the resistivity, ~J is the current density across the semiconductor sample, Rh is the

Hall magnetoresistivity, and M is the transverse magnetoresistivity. The induced voltage
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Figure 5.1 – Typical Hall probes consist of a semiconductor sample with four contacts: two

current contacts (yellow) and two voltage sensing contacts (light blue). In the presence of a

magnetic field, electrons begin to pile up on one side of the sample. In response to this, a Hall

field EH forms to balance the force on the electrons from the magnetic field B and the electric

field Ee. The Hall field creates a measurable potential difference across the semiconductor

sample, perpendicular to the applied current, which is proportional to the strength of the

magnetic field component normal to the semiconductor surface. Image credit: [91]
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Figure 5.2 – The induced voltage across a Hall probe, given by Eq. 5.3, is proportional to

the components of the magnetic field ~B both in the plane of the semiconductor sample and

perpendicular to it. It is additionally dependent upon the angle φ between the current ~I and

the in-plane magnetic field. Image credit: [92]

across the semiconductor sample is given by

V = k1B⊥I + k2 ~B
2
||I sin(2φ) + Voff , (5.3)

where B⊥ is the magnitude of the magnetic field component normal to the semiconductor, ~B||

is the in-plane magnetic field, φ is the angle between the current and the in-plane magnetic

field, Voff is the zero magnetic field offset voltage, and k1 and k2 are known as the Hall and

planar Hall coefficients respectively [90]. This geometry is illustrated in Fig. 5.2.

When a Hall probe is used to measure a particular component of a magnetic field, it is

the normal Hall voltage that is desired (the first term in Eq. 5.3). The planar Hall effect and

offset voltage (the 2nd and 3rd terms) must be properly accounted for. The voltage offset can

be minimized by making measurements with the Hall probe rotated 180° about the vertical

axis. This rotation effectively changes the direction of the current (the sign of I) and causes

the signs of the normal and planar Hall effects to flip. The offset voltage is unaffected.

Taking the difference of the measurements and dividing by 2 cancels the contribution from
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this unwanted offset voltage.

Multiple methods can be used to minimize the planar Hall effect, all of which require

making multiple measurements and taking differences. From Eq. 5.3, the planar Hall effect

is proportional to the sine of twice the angle between the current and the in-plane magnetic

field. The sign of the effect can be flipped by changing this angle by 90°. One way to achieve

this rotation is to physically rotate the Hall probe. Another is to use two Hall probes, with

one rotated by 90° with respect to the other1. A third option is to use the “spinning current

technique” in which the current and voltage leads are interchanged, effectively changing the

current direction by 90°.

Performing physical rotations and making multiple measurements carries with it the

possibility for many different alignment issues (details on Hall probe misalignments are pre-

sented in [93]). The spinning current technique was therefore chosen for use when making

measurements of the radial and longitudinal magnetic field components in the muon storage

region.

5.3 Planar Hall Effect Calibration

An Asensor HE244T Hall probe was used to measure the radial and longitudinal magnetic

field components in the g − 2 storage ring [94]. This probe was chosen due to its marketed

“ultra low planar hall coefficient.” The hope was that the planar Hall effect would be negligi-

bly small and only the offset voltage would need to be mitigated. The planar Hall coefficient

needed to be measured to verify this.

As discussed, the planar Hall effect has a sin(2φ) dependence. A mount was designed

which allowed for varying φ over a full 360°. The mount design is shown in Fig. 5.3. The

mount consists of a base plate sitting on three ceramic balls which form a 3-point contact

system and a large cylinder which can rotate about its central axis. The front face of the

cylinder has degree markings and the back face contains a slot to hold an aluminum cube

1This method was used to measure the radial magnetic field in the Brookhaven experiment [90].
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(a) Front view, with degree markings. (b) Rear view, with a Hall probe mounted on an aluminum

cube.

Figure 5.3 – An apparatus was designed for rotating the Hall probe around its normal axis.

It was used to measure the planar Hall coefficient of the Hall probe by changing the angle

between the current and the in-plane magnetic field component. The front of the apparatus

has degree markings while the back contains a slot into which a hall probe mounted to a cube

was inserted. Image credit: [61]

onto which a Hall probe is mounted. Two electrolytic tilt sensors were mounted onto the

baseplate to measure the platform tilt in two orthogonal directions during the planar Hall

coefficient measurement.

In fall 2016, after rough shimming but before vacuum chamber installation, the planar

Hall effect was measured by rotating the cylinder in 10° steps. The voltage was measured for

each rotation angle. This process was repeated four times with the measurement platform

at different radial tilts. In the first trial, the three ceramic balls sat directly on the bottom

pole surface. For the other three trials, a 10, 33, or 65 mil thick piece of aluminum was

inserted under one of the balls. Fig. 5.4 shows the recorded voltages as a function of rotation

angle with the no shim data in red, 10 mil shim data in blue, 33 mil shim data in black,

and 65 mil shim data in brown. The data were fit using two sinusoids with periods of π
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and 2π. The amplitude of the π component was negligible for all data sets . Fitting for

only a 2π signal resulted in non-sinusoidal residuals at the 50 µV level, which is compared to

the 5 mV amplitude of the sinusoid. The lack of a π component confirmed that the planar

Hall coefficient of the chosen Hall probe is negligibly small and that the use of the spinning

current technique was unnecessary.

5.4 Measurement Platform

The rotating cylinder platform was specifically designed for measuring the size of the planar

Hall effect. It is not well suited for measurements of the radial and longitudinal magnetic

field components in the muon storage region. A second platform was therefore designed

which allowed for easy tilt adjustments and 180° rotations of the Hall probe. The design of

this platform is shown in Fig. 5.5. The Hall probe is still mounted to an aluminum cube, but

in this setup the cube is clamped onto a platform with the Hall probe face sitting parallel

to the vertical axis. The small platform holding the cube also holds the two tilt sensors,

oriented to measure the tilt of the platform in the radial and azimuthal directions. This

small, Hall probe carrying platform has three ceramic balls in its base which sit in milled out

holes on the uppermost plate of the entire measurement platform. Holes are provided for

four measurement orientations: two radial and two longitudinal. The uppermost plate can

slide vertically along three rods, with its height fixed using aluminum spacers. The spacers

sit around the rods between the top plate and an additional bottom plate. The bottom plate

sits on radially-oriented rails, allowing the radial position of the Hall probe to be varied. The

radial position is also fixed using aluminum spacers.

The entire platform is supported by three ultra-finely threaded screws: Proforma ultra-

fine hex adjusters 3/16”-100 [95]. These screws both define the plane of the apparatus

and are used to make microradian level adjustments to the platform tilt in the radial and

azimuthal directions. One screw is located at the azimuthal center of the platform, 2.5 cm

radially inwards, while the other two are located on the left and right edges of the radially

outwards side of the platform. These two screws are symmetrically positioned around the
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Figure 5.4 – The cylinder into which the Hall probe was mounted was rotated through a full

360° with the platform sitting at four different radial tilts. The recorded voltages are plotted as

a function of rotation angle. The red data was collected with all three balls on the bottom of

the measurement apparatus sitting directly on the bottom pole surface. The blue, black, and

brown data sets were collected with one of the balls sitting on a 10 mil, 33 mil, or 65 mil thick

piece of aluminum respectively. The data were fit with two sinusoids of periods π and 2π. The

negligible amplitudes of the π components led to the conclusion that the planar Hall coeficient

is negligibly small in the chosen Hall probe.
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Figure 5.5 – A Hall probe was used to measure the radial and longitudinal magnetic field

components in the g−2 muon storage region. The hall probe is attached to an aluminum cube

which is held in place on a platform which also holds two tilt sensors, oriented to measure tilts

in the radial and azimuthal directions. This small platform has three ceramic balls in its base,

which sit in milled out holes on the top plate of the complete platform. The height and radial

position of the Hall probe can be adjusted using two sets of aluminum spacers. Image credit:

[61]
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platform’s azimuthal center, with a spacing of 22.1 cm. They are located 27.2 cm radially

outwards from the front screw. The front edge of the platform base holds two alignment pins

which are used for radial alignment against an inner edge shim.

5.5 Measurement Procedure

The radial and longitudinal magnetic field components in the muon storage region were

measured at over 100 azimuthal locations in fall 2016. Before the measurements began, a

laser tracker was used to locate the desired positions, which were then marked on the pole

pieces. The measurement platform was brought to each azimuthal location and a mark on

the base plate was aligned with the pole mark. The base plate mark indicates the azimuthal

location of the Hall probe.

At each azimuthal location two measurements were made: one with the Hall probe in

its nominal orientation and one with the Hall probe rotated 180° about the vertical axis.

Data were collected for 90 seconds in each orientation. After a rotation, the platform tilts

in both the radial and azimuthal directions were adjusted using the finely threaded screws

to be within 5 µrad of their pre-rotation values (2-3 µrad was often achieved). To minimize

the required tilt adjustments after a rotation, each measurement began with the platform

oriented such that the two tilt sensors reported tilts close to their “zero” tilt values. These

values were determined by allowing the tilt sensors to settle in one orientation2, recording

the tilts, performing a 180° rotation, and then again recording the tilts after the tilt sensors

had settled. The average of the tilt sensor readings in the two orientations was interpreted

as the “zero” value.

In practice, due to the settling time of the tilt sensors after a rotation, performing all

four required measurements (radial and longitudinal magnetic field components, both before

and after a rotation) in series at the same location was not the most time effective strategy.

Instead, one type of measurement was taken at multiple azimuthal locations. Each location

2Because the tilt sensors are electrolytic, movement causes the liquid to coat the inner pads. This leads
to false measurements until all of the liquid has settled at the bottom of the vessel.
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was later revisited, this time making measurements with the Hall probe in the reverse orien-

tation. The radial and longitudinal magnetic field components were measured multiple times,

on multiple days, at several specific azimuthal locations, verifying that the components were

stable at the sub-10 ppm level.

5.6 Measurement Results and Effects

The measured radial and longitudinal magnetic field components are pictured in Fig. 5.6 as

a function of azimuthal location in the storage ring magnet. An average radial magnetic

field of 68.5±68.9 ppm and an average longitudinal magnetic field of 0.14±36.9 ppm were

measured, where a positive radial magnetic field is defined as pointing towards the center of

the storage ring (outer to inner radius) and a positive longitudinal magnetic field is defined

as pointing downstream. While the longitudinal magnetic field in the muon storage region

was not measured in the Brookhaven experiment, the Fermilab radial magnetic field mea-

surements can be compared to the 28.2±117.1 ppm average radial magnetic field measured

at Brookhaven [90]. The uncorrected-for average radial magnetic field at Fermilab is higher

than it was at Brookhaven, but azimuthal variations are reduced by a factor of almost two.

The effects of these non-vertical magnetic field components on the motion of the muon

beam can be estimated using equations of motion. The main conclusions from [96] are

reproduced here. Working in cylindrical coordinates with ẑ the vertical direction and x̂ = r̂,

the equation of motion for muons in the g − 2 storage ring is

∂2z

∂θ2
+

(
r0
βB0

k − r0
B0

∂Bz

∂x
|0
)
z = r0

Bx(θ)

B0

, (5.4)

where r0 is the equilibrium radius of the muon orbit, β = v/c, B0 is the average vertical

magnetic field strength, and k is associated with the quadrupole electric field contribution

( ~E = k(xx̂−zẑ)). x and z are measured with respect to the equilibrium radius at the storage

region midplane, while the term in parentheses is known as the effective field index, neff .

The azimuth-dependent radial magnetic field can be expressed as a Fourier series

Bx(θ) =
∞∑
N=0

RN cos (Nθ + φN) , (5.5)
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(a) Radial magnetic field as a function of azimuthal position.

(b) Longitudinal magnetic field as a function of azimuthal position.

Figure 5.6 – The radial and longitudinal magnetic field components were measured at over 100

azimuthal locations around the g − 2 magnetic storage ring. The measurements are pictured

as a function of azimuthal position. An average radial magnetic field of 68.5±68.9 ppm and an

average longitudinal magnetic field of 0.14±36.9 ppm were measured.
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where RN (φN) is the amplitude (phase) of the Nth harmonic of the radial magnetic field.

Inserting Eq. 5.5 into Eq. 5.4, the equation of motion becomes

∂2z

∂θ2
+ neffz =

r0
B0

∞∑
N=0

RN cos (Nθ + φN) . (5.6)

Solving this differential equation, muons oscillate vertically according to

z(θ) = Az cos(νzθ + φz) +
∞∑
N=0

r0
ν2z −N2

RN

B0

cos(Nθ + φN), (5.7)

where νz =
√
neff is the known as the vertical tune and Az and θ in the betatron motion

term are determined from initial conditions.

Expanding the radial field magnetic field measurements of Fig. 5.6a in a Fourier expansion

and using an effective field index of neff = 0.17, the amplitude of the vertical oscillation

caused by each Fourier term can be calculated. The amplitudes due to the first six terms are

listed in Tab. 5.1, with higher order terms leading to even smaller amplitudes. The N = 0

term, caused by the azimuthally averaged radial magnetic field, has the largest effect on the

muon beam motion by a factor of 10. However, its effect is minimized by using the surface

coils to create a radial magnetic field of the same magnitude but opposite sign.

5.7 Canceling the Average Radial Magnetic Field

A method of images calculation3 was used to determine the radial magnetic field produced

by the surface coil current configurations of Tab. 4.4. However, creating a radial magnetic

field of the same magnitude but opposite sign of the average measured field did not lead to a

vertically centered muon beam. This is because the radial magnetic field was not measured

over the full 360° of the muon storage region. Instead, the muon beam itself was used to

determine the actual azimuthally averaged radial magnetic field present in the muon storage

region. This was done by observing the average decay positron height, a proxy for the muon

beam height, measured by the 24 calorimeters.

3The method of images calculation is described in Sec. 4.5.1.
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Fourier term Vertical oscillation amplitude (mm)

0 2.702

1 0.267

2 0.088

3 0.017

4 0.018

5 0.005

Table 5.1 – The presence of an azimuth-dependent radial magnetic field in the muon storage

region causes the muon beam to oscillate vertically. Expanding the data of Fig. 5.6a in a Fourier

expansion, the oscillation amplitude caused by each Fourier component can be calculated using

Eq. 5.7. The amplitudes caused by the first six Fourier components are listed.

Using a radial magnetic field surface coil configuration4, the strength of the radial mag-

netic field produced by the surface coils was varied. The average muon beam height was

later extracted for each setting. The effect of the magnitude of the surface coil currents on

the beam height is shown in Fig. 5.7, where a magnitude of 100 mA produces a 29.7 ppm

radial magnetic field. Using a current magnitude of 260.12 mA in all surface coils centered

the decay positron distribution vertically. This current setting produces a 77.2 ppm radial

magnetic field. The average radial magnetic field extracted from this study was combined

with trolley measurements as the input to the surface coil current optimization program.

This produced a current configuration which both vertically centers the muon beam and

minimizes the azimuthally averaged magnetic field multipoles.

4A radial magnetic field is created by setting the currents in all top coils to one value and the currents in
all bottom coils to the same value but with the opposite sign.
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Figure 5.7 – A radial magnetic field can be produced with the surface coils by using the same

current in all top coils, and the same current but of opposite sign in all bottom coils. Varying

the magnitude of the current causes the equilibrium muon beam height to change. The mean

vertical positron position measured by the calorimeters, a proxy for the muon beam height, is

shown as a function of surface coil current. A current magnitude of 260.12 mA, corresponding

to a radial magnetic field of 77.2 ppm, was found to center the muon beam vertically in the

muon storage region.
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Chapter 6

MAGNETIC FIELD ANALYSIS

The magnetic field in the muon storage region of the g − 2 magnetic storage ring is

mapped approximately every three days by a trolley carrying an array of 17 pNMR probes

(henceforth referred to as “probes”), as described in Sec 3.4.1. While muons are present

in the storage region, the trolley is parked outside of the storage region in a “garage” and

the magnetic field evolution is tracked using a suite of probes embedded in grooves on the

outsides of the vacuum chambers, the fixed probe array. The process of tracking the magnetic

field evolution is called “interpolation.” There are two separate interpolation teams, Bloch

and Purcell, with the Bloch interpolation steps and associated uncertainties discussed in the

following sections, as well as in [97]. The author of this dissertation is the lead analyzer of

the Bloch team. Details of the Purcell interpolation can be found in [98].

The description of team Bloch interpolation begins with a short discussion of magnetic

field multipole moments in Sec. 6.1 and a discussion of magnetic field evolution in Sec. 6.2.

Sec. 6.3 provides a brief introduction to the interpolation process, while data quality consid-

erations are presented in Sec. 6.4. Sec. 6.5 and its associated subsections provide detailed

information on each step of magnetic field interpolation, while Sec. 6.6 presents information

on the systematic uncertainties associated with interpolation. Run 1 uncertainty tables are

presented in Sec. 6.7, with combined uncertainties on the tracking of the evolution of all

magnetic field multipole components at the sub-100 ppb level.

In the following sections, the strengths of the magnetic field multipole moments may be

referred to by their multipole names, ie “the normal quadrupole magnetic field multipole

moment” may be referred to as “the normal quadrupole.” When referring to multipole mo-

ments calculated from measurements of either the trolley probes or the fixed probes, the
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formulation “trolley/fixed probe normal quadrupole” will be used.

6.1 Magnetic Field Multipole Moments

As discussed in Sec. 3.6, the magnetic field in the muon storage region is expressed in terms

of magnetic field multipoles, described by Eq. 3.11 and reproduced here

B(r, θ) = B0 +
N∑
n=1

(
r

r0

)n
[an cos(nθ) + bn sin(nθ)], (6.1)

where an values represent normal magnetic field multipole strengths and bn values represent

skew magnetic field multipole strengths.

Magnetic field multipoles through n = 4, or the skew decupole, were used to describe the

magnetic field distribution during the process of rough shimming (Ch. 4). For interpolation

analysis, a study looking at magnetic field residuals after fitting the trolley probe measure-

ments through various multipole moments showed that the normal duodecapole (n = 6) is

the last significant multipole component present in the azimuthally averaged magnetic field

in the muon storage region [99]. Magnetic field multipoles through this order are thus fit for

in the team Bloch analysis. Magnetic field residuals remaining after fitting the azimuthally

averaged magnetic field from a characteristic trolley run through the normal duodecapole

are shown in Fig. 6.1. No additional higher order magnetic field multipole moments can be

seen.

As discussed in Ch. 5, pNMR probes are sensitive only to magnetic field magnitude,

not direction. For this reason, the multipole expansion of Eq. 6.1 assumes that no radial or

longitudinal magnetic field components are present in the muon storage region, an incorrect

assumption. While the azimuthally averaged magnetic field components in the radial and

longitudinal directions are at the sub-1 ppm level (the geometry of the magnetic storage

ring leads to the longitudinal magnetic field component being naturally small, while the

surface coils are used to minimize the radial magnetic field component), local radial and

longitudinal magnetic field components remain. Because the present analysis concentrates on

interpolation of the azimuthally averaged magnetic field experienced by muons, and because
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Figure 6.1 – The magnetic field in the muon storage region is described in terms of multipole

moments. Fitting the azimuthally averaged magnetic field through various multipole moments,

magnetic field residuals were used to determine that the normal duodecupole is the highest order

magnetic field multipole moment necessary to describe the azimuthally averaged magnetic field

present in the muon storage region. While structure remains after fitting through this order,

the structure does not correspond to any higher order multipole moments and instead informs

how well a multipole expansion of trolley data describes the magnetic field experienced by

muons. Image credit: [100]
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the radial and longitudinal magnetic field components add quadratically to the main vertical

magnetic field and thus make a negligible contribution, these local variations are ignored1.

6.2 Magnetic Field Changes and Features

Between trolley runs, the local magnetic field in the muon storage region can drift by parts

per million due to temperature changes in the experimental hall. Fig. 6.2 shows the dipole

as a function of azimuth for the two trolley runs bracketing a three day period of data

collection (4/22/18-4/25/18), as well as the difference between them. Fig. 6.3 shows the

dipole-subtracted azimuthally averaged magnetic field maps for the two trolley runs. The

total range of the dipole azimuthal differences lies within a 16 ppm band. It is the job of the

interpolation analyzers to determine the magnetic field at all times between trolley runs.

The evolution of the dipole at a characteristic fixed probe station is shown in Fig. 6.4. In

addition to typical magnetic field drifts, this plot also reveals characteristic magnetic field

features that the interpolation analyses must take into account, such as the magnetic field

spike just before 7:00 am on 4/22/18. As discussed in Sec. 4.5.2, a subset of fixed probes is

monitored in order to keep the dipole magnetic field component in the muon storage region

constant. A feedback system adjusts the current of the main magnet coils to compensate

for detected instabilities in the average of the measurements of these probes. At the time of

this spike, the power supply feedback control was accidentally turned off and then back on.

When turned off, the output current of the feedback system ramped to 0 A, causing a real

magnetic field change. In addition to the spike, six “field jumps” can be seen. In a field jump

event, the magnetic field suddenly “jumps” to a new value. This effect can be measured at

all azimuthal locations, but with different amplitudes, as shown in Fig. 6.5. Each field jump

creates a maximum positive magnetic field change at a particular azimuthal location, while

the change is negative far away. The origin of these field jumps is not currently understood,

but motion of the superconducting coils is suspected.

1The effects of these variations are described in Sec. 5.6.
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(a) Dipole vs. azimuth.

(b) Dipole difference vs. azimuth.

Figure 6.2 – The magnetic field in the muon storage region can drift by parts per million over

the course of time between two trolley runs. The dipole magnetic field component is shown as

a function of azimuth for two trolley runs separated by three days (4/22/18-4/25/18) in (a)

while the difference of the two curves is shown in (b).
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(a) Trolley run 1. (b) Trolley run 2.

Figure 6.3 – All magnetic field multipole components evolve between trolley runs. The dipole-

subtracted azimuthally averaged magnetic field maps for the two trolley runs shown in Fig. 6.2a

are pictured.
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Figure 6.4 – The evolution of the fixed probe dipole magnetic field component from a charac-

teristic fixed probe station. Multiple field steps are seen, as is a magnetic field spike due to an

accidental power cycle of the power supply feedback system that occurred just before 7:00am

on 4/22/18.
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Figure 6.5 – In a field jump event, the magnetic field suddenly “jumps” to a new value. The

jump is always centered around an azimuthal location, although the effect can be seen with

varying amplitudes at all azimuthal locations. Fixed probes at all radial and vertical locations

(top/bottom [T/B], and inner/middle/outer [I/M/O]) see the same effects. Image credit: [101]



110

The magnetic field data quality group flags periods of time when something other than

typical magnetic field evolution occurs which causes the magnetic field to rapidly change,

such as a field jump or a magnetic field change caused by the power supply feedback being

operated incorrectly. Because the magnetic field distribution is convoluted with the muon

beam distribution for the aµ calculation (Sec. 3.7), these time periods are given to the ωa

data quality control group and are subsequently ignored by ωa analyzers. However, while

this data is not included in the aµ calculation, interpolation analyzers must understand the

magnetic field evolution during these periods, as they represent real magnetic field changes.

6.3 Magnetic Field Interpolation Overview

The fixed probes are used to track the evolution of the dipole, normal quadrupole, skew

quadrupole, and normal sextupole magnetic field multipole components at all times between

trolley runs. As the trolley passes underneath each fixed probe station during a trolley run,

the 17 trolley probes and four or six fixed probes sample the magnetic field at the same

time and azimuthal location. A calibration can be done at this time, relating the magnetic

field components measured by the two systems. After this time, only the fixed probes can

be used to track the magnetic field evolution at that azimuthal location until the trolley

returns, typically three days later.

The basic interpolation process is as follows:

1. Determine the time at which the sensitive regions (petroleum jelly samples) of the

trolley probes are directly underneath the sensitive regions of the fixed probes at all

fixed probe stations.

2. Determine the trolley dipole, normal quadrupole, skew quadrupole, and normal sex-

tupole at this time.

3. Determine the fixed probe dipole, normal quadrupole, skew quadrupole, and normal

sextupole at this time.
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4. Track changes of the magnetic field using only the fixed probes.

5. Evaluate the magnetic field predictions against new trolley measurements at the time

of the second trolley passing.

6. Use the two trolley measurements to correct the fixed probe predictions at times be-

tween the trolley runs in order to provide the best estimates of the magnetic field.

Interpolation is done for each fixed probe station individually. Additionally, an azimuthally

averaged magnetic field is predicted. Details on each step listed above are provided in the

following subsections. Tracking of the higher order magnetic field multipole moments relies

upon trolley measurements and simulations, and is discussed in Sec. 6.6.2.

6.4 Data Quality

Data quality must be taken into account before beginning interpolation. The quality of an

FID recorded from a pNMR probe depends on many factors. For both the trolley probes

and the fixed probes, large magnetic field gradients lead to very short FID signals due to

spin decoherence. Such FIDs are difficult to reliably extract frequencies from and are flagged

as problematic by the magnetic field data quality group based on amplitude, length, and

power. Additionally, the fixed probe system occasionally experienced false triggers which

led to nonphysical FIDs, which are also flagged based on amplitude, length, and power.

Finally, the trolley is constantly in motion, and as it moves it occasionally experiences jolts

(it jerks/pitches/rolls). This sudden movement generates eddy currents in the trolley shell,

creating a real, additional magnetic field at the location of the probes which is not experienced

by muons. This additional magnetic field leads to a “spike” in extracted trolley frequencies.

Considering the trolley first, spikes are the most common issue. These anomalies, which

each affect only one trolley measurement (event), can be detected by comparing each trolley

event to a subset of events taken immediately before and after. The mean and RMS of the

extracted frequencies from a given trolley probe near the event in question are calculated.
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Figure 6.6 – To determine whether a trolley measurement (orange point) has been affected

by eddy currents in the trolley shell, the measurement in question is compared to clusters of

measurements taken immediately before and after (green and yellow groups). If the extracted

frequency is either above or below the mean of both neighboring clusters by greater than 10 Hz,

it is considered a spike event and is replaced by a linearly interpolated value. Image credit:

[99]

If a measured frequency is either higher or lower than the mean of both of its neighboring

clusters by a given threshold (10 Hz was chosen), it is considered a spike event and is replaced

by a linearly interpolated value. Fig. 6.6 shows a graphical representation of a suspected

trolley spike event and its neighboring clusters, while Fig. 6.7 shows that the choice of spike

detection threshold has a sub-10 ppb effect on the azimuthally averaged trolley dipole [99].

Each fixed probe is different and must be characterized. Fixed probe resolution is cal-

culated as the RMS of frequency differences between consecutive measurements. The reso-

lutions of all 378 fixed probes over a 12 hour period are shown in Fig. 6.8 [102]. While the

magnetic field changes as a function of time, this characterization assumes that it does not

change significantly in the two seconds between fixed probe measurements.
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Figure 6.7 – The effect of the spike detection threshold on the azimuthally averaged trolley

dipole. Sigma represents the average RMS of trolley measurements, typically on the order of

30 Hz. A factor of 20 in the threshold has a 0.4 Hz, or 6 ppb, effect. Image credit: [99]

The majority of fixed probes with poor resolution, defined as >20 Hz, are located in the

inflector vacuum chamber, between 345°-15°. Of the six fixed probe stations in this vacuum

chamber, three stations contain probes with good resolutions, while the probes at the other

three stations are affected by large magnetic field gradients. Rather than including data from

these poorly performing fixed probes in an azimuthal average, an average of the fixed probe

measurements from the neighboring stations is used instead. The probes at these stations

do a better job of tracking the magnetic field evolution measured by the trolley, which will

be discussed in Sec. 6.5.5.

Finally, there were periods of time when the fixed probes suffered from interference with

an external system. The pulser cabinet for the quadrupoles (Sec. 2.4) faces the electronics

rack holding the fixed probe NMR pulsing hardware. Due to inadequate shielding of both

systems, the pulser cabinet occasionally radiated a signal which initiated the generation

of spurious π/2 pulses in the fixed probe system. These spurious pulses led to distorted

FID signals, two examples of which are shown in Fig. 6.9, which the frequency extraction

algorithm cannot properly handle. Improperly extracted frequencies manifest as spikes when
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(a) Probe resolution.

(b) Probe resolution distribution.

Figure 6.8 – a) Fixed probe resolution is defined as the RMS of frequency differences be-

tween consecutive measurements. 12 hours of data (∼25,000 measurements) were analyzed to

calculate the resolutions of all 378 probes. A resolution >20 Hz is considered bad. b) The

distribution of probe resolutions. Green probes perform well, while red probes perform poorly.

Orange probes have resolutions in the range 2-20 Hz. For the interpolation analysis, data from

the fixed probes at the three bad stations (1, 3, and 5) in Yoke A are not used, while all other

fixed probes are included in the analysis.
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(a) (b)

Figure 6.9 – Throughout run 1, there was interference between the fixed probe system and

the quadrupole pulser cabinet. The pulser cabinet occasionally radiated signals which caused

the generation of spurious π/2 pulses in the fixed probe system. This led to unphysical FIDs,

two examples of which are shown with axes of arbitrary units.

compared to neighboring measurements. This interference was mitigated at the end of run

1 and will not be an issue in the analysis of future datasets.

The magnetic field data quality team flags suspicious FIDs based on their amplitude,

length, and power. Because flagged events do not correspond to real magnetic field changes,

these frequency spikes are replaced by interpolated values, using measurements taken imme-

diately before and after the interference event. Fig. 6.10 shows an example of fixed probe

frequency spikes and their replacement values.

6.5 Interpolation Steps

6.5.1 Alignment of the Fixed Probes and Trolley Probes

The first step in magnetic field interpolation is calibrating the fixed probes to the trolley

probes, relating the measurements of the two systems. This process must be done at the
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Figure 6.10 – Fixed probe spikes do not correspond to real magnetic field changes, but rather

to events that were affected by interference between the fixed probe and quadrupole pulser

systems. The incorrect frequency values (black points) are replaced with linearly interpolated

values (green points), where good, neighboring measurements (a subset of blue points) are used

for interpolation.
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time when the pNMR probe active regions (the petroleum jelly samples) are at the same

azimuthal location2. This calibration is repeated during each trolley run.

The trolley itself perturbs the magnetic field in the muon storage region, and as such its

magnetic footprint is seen by the fixed probes as it passes by. The trolley magnetic foot-

print, shown in Fig. 6.11, was measured at Argonne National Laboratory in an MRI magnet

repurposed for use in the g − 2 experiment. A pNMR probe, identical to the fixed probes,

was scanned along the length of the trolley at a distance of 7 cm below the trolley shell,

comparable to the distance between the trolley and the fixed probes. The magnetic field

perturbation caused by the trolley was computed as the difference between these measure-

ments and measurements taken in an identical scan without the trolley present [101]. The

distance between the plane of trolley probe active regions, determined by applying alternat-

ing magnetic field gradients (the delta-B method described in Sec. 3.5), and the location

on the trolley that produces the maximum magnetic field perturbation is 339.5±2.0 mm,

corresponding to 2.70±0.02° in the storage ring.

In order to determine the time of overlap of the trolley and fixed probe active regions at

each fixed probe station, the trolley’s position at the time of maximum perturbation on each

fixed probe is first found. In a typical trolley run, the trolley is pulled around the storage ring

circumference in the counterclockwise, or upstream, direction, while the 17 pNMR probes

are housed in the downstream end of the trolley. The overlap thus occurs when the trolley

is 2.70° upstream of this location.

The trolley position at the time of maximum perturbation is determined by fitting each

fixed probe’s measurement of the trolley footprint to a sum of three Gaussian curves

y = [0] + [1]
(
e−a[2](x−[3])

2

+ be−c[2](x−[3]−d)
2

+ fe−g[2](x−[3]−h)
2
)
, (6.2)

where [0], [1], [2], and [3] are fit parameters and the values of a, b, c, d, f , g, and h are listed

in Tab. 6.1. The values of a, b, c, f , and g were determined by fitting characteristic trolley

perturbations in many fixed probes and serve to keep the ratios of the widths and heights of

2This time will be referred to as the time of active region overlap.
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Figure 6.11 – The trolley itself perturbs the storage region magnetic field. A pNMR probe was

scanned along the trolley’s length in an MRI magnet located at Argonne National Laboratory.

The trolley’s magnetic footprint was extracted by comparing these measurements to measure-

ments taken without the trolley present. The difference is shown as a function of distance from

the plane of trolley probe active regions. Image credit: [101]

the three Gaussian curves constant. The values of d and h help with the fitting procedure,

ensuring the proper spatial ordering of the three Gaussian curves [103]. Fit parameter [3]

is the time corresponding to the maximum of the tallest Gaussian curve, the time when

the most magnetic part of the trolley is azimuthally aligned with the fixed probe. Due to

installation variations, the active regions of each probe in a fixed probe station are not at

the exact same azimuthal locations, leading to different active region overlap times. Each

station is thus assigned an active region overlap time that is the average of the overlap times

of all of the probes at this location. A fit of the trolley magnetic footprint as seen by a fixed

probe is shown in Fig. 6.12.

This method for determining the active region overlap time relies on knowing the trolley

position at all times during a given trolley run, but assumes nothing about the repeatability

of position determination during different trolley runs. While the repeatability is good for the
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Parameter a b c d f g h

Value 0.0118 0.48 0.0326 15 0.13 0.0112 30

Purpose Gaussian

1 width

(sec)

Gaussian 2

relative

amplitude

(Hz)

Gaussian

2 width

(sec)

Gaussian

2 spatial

offset

(sec)

Gaussian 3

relative

amplitude

(Hz)

Gaussian

3 width

(sec)

Gaussian

3 spatial

offset

(sec)

Table 6.1 – Parameters of the trolley magnetic footprint fit function, Eq. 6.2.

method which uses the barcode reader (Sec. 3.4.1), the trolley positions determined using the

motor encoders are not consistent between trolley runs. Determining the time and associated

trolley position of active region overlap during every trolley run, as opposed to determining

active region overlap positions one time and evaluating the trolley measurements at the same

positions for all subsequent trolley runs, is robust to all trolley position extraction methods.

6.5.2 Determining the Trolley Magnetic Field Components

After determining the time and trolley position during active region overlap, the trolley mul-

tipole components at this time are extracted. Rather than using only the one measurement

corresponding to the time of active region overlap, multiple measurements are averaged.

The “interpolation discontinuity” of a fixed probe station is defined as the difference

between the predicted magnetic field at the time of a second trolley passing and the actual

magnetic field as measured by the trolley:

discontinuity = Bactual (ttrolley)− Bpredicted (ttrolley) . (6.3)

The means and standard deviations of interpolation discontinuity distributions as a function

of the number of trolley measurements averaged were used to determine how many trolley

measurements to average at each fixed probe station location. Fig. 6.13 shows a characteristic
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Figure 6.12 – As the trolley passes a fixed probe, it perturbs the magnetic field measured by

the probe. The perturbation is fit to a sum of three Gaussian curves to extract the time of

maximum perturbation.

dipole interpolation discontinuity histogram, while Fig. 6.14 shows the means and standard

deviations of the interpolation discontinuity distributions for a characteristic pair of trolley

runs when different numbers of trolley measurements were averaged together.

The ideal number of trolley measurements to average was chosen to be 49 (the measure-

ment closest to active region overlap, in addition to 24 measurements on either side). The

trolley moves approximately 0.04° in the time it takes to make measurements with the 17

probes, such that averaging 49 trolley measurements is equivalent to averaging data over an

angular extent of approximately 2°. Although the standard deviations of the distributions

continue to decrease as the azimuthal extent of trolley measurements averaged increases,

the means of the distributions (particularly the dipole and normal quadrupole) begin to in-

crease as more measurements are used and the magnetic field predictions become worse. The

choice of 49 measurements represents the best balance of statistics and correlation between
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Figure 6.13 – The interpolation discontinuity is defined as the difference between the pre-

dicted magnetic field component from fixed probe tracking and the measured trolley magnetic

field component at the time of a second trolley run. A characteristic histogram of the dipole

interpolation discontinuities for all fixed probe stations from one trolley run pair is pictured.

The distribution is described by -0.017±0.46 ppm
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(a) Dipole.

(b) Normal quadrupole.
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(c) Skew quadrupole.

(d) Normal sextupole.

Figure 6.14 – The means and standard deviations of the interpolation discontinuity distri-

butions when different numbers of trolley measurements are averaged together to extract the

trolley magnetic field multipoles when the trolley passes a fixed probe station.
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the trolley and fixed probe measurements, despite the fact that the fixed probes are sensitive

to magnetic field changes over an azimuthal extent greater than 2°.

6.5.3 Determining the Fixed Probe Magnetic Field Components

Due to their locations and small numbers3 the fixed probes are not as well suited to a

multipole expansion of the magnetic field as the trolley probes. However, analogous magnetic

field moments can still be calculated from their measurements (recall that the magnetic

field multipole moments are pictured in Fig. 3.9). The dipole magnetic field component

is a measure of the average vertical magnetic field in the muon storage region and can be

calculated using the fixed probes at a given azimuthal location by taking an average. For

fixed probe stations with six probes, the frequencies measured by all six probes are averaged.

For stations with four probes, only the two probes at the radially centered location are used,

because using all four probes would introduce a bias due to the asymmetric sampling.

The normal quadrupole magnetic field component is a linear variation in magnetic field

strength as a function of radial position. It can be calculated from fixed probe measurements

as radial differences (outer-inner measurements for stations with six probes and outer-middle

for stations with four). The skew quadrupole magnetic field component is a linear variation

in magnetic field strength as a function of vertical position. It can be calculated as the

average of top probe - bottom probe measurement differences. Finally, the normal sextupole

magnetic field component can be calculated from measurements at six probe fixed probe

stations as (outer + inner - 2×middle), but can not be tracked by four probe stations. All

calculated differences are scaled to be relative to 4.5 cm, the same as is done for the trolley

multipoles.

Unlike the trolley multipoles, the fixed probe multipoles are not independent of one

another. In particular, the presence of a normal sextupole causes the fixed probes to sense

an additional dipole magnetic field component. This is because, in the presence of a normal

3Recall, each fixed probe station contains either four or six probes.
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sextupole magnetic field component, the fixed probes all sense a magnetic field of the same

sign, as can be seen in the normal sextupole image of Fig. 3.9. This can be compared to the

skew sextupole, where the average of the contributions to the fixed probes cancel. This mixing

of multipole moments is corrected for by calculating the normal sextupole contribution to the

calculated fixed probe dipole and then subtracting it. Additionally, all fixed probes at the

six stations in the inflector vacuum chamber are radially offset from their nominal positions

by 1 cm, which causes the normal quadrupole to mix into the fixed probe dipole. This is

corrected for in the same manner as the normal sextupole.

These schemes for calculating the fixed probe multipoles can be tested using studies

where the trolley sits stationary under a fixed probe station for a long period of time. The

trolley and fixed probe multipoles during a five hour long stationary trolley run are shown in

Fig. 6.15. The differences between the multipoles of the two systems are shown in Fig. 6.16.

The fixed probes do not perfectly track the magnetic field changes measured by the trolley

probes, which is attributed to multiple effects. The most dominant effect is the evolution of

higher order magnetic field multipole components that can not be tracked which affect the

calculation of fixed probe multipoles.

During a non-stationary trolley run, fixed probe multipoles can be easily calculated at

times before and after the trolley passing. However, while the trolley magnetic footprint is

visible to a fixed probe, special care must be taken, as it is the magnetic field that the fixed

probe would have measured without the trolley present that must be known. Rather than

using the fit described above, this is determined by fitting the fixed probe trends before and

after the trolley passing to a linear line and doing linear interpolation, as shown in Fig. 6.17.

When doing such a fit, a number of measurements on either side of the trolley pertur-

bation are used for the linear interpolation. The collections of measurements are known

as “sidebands.” The extracted fixed probe frequency at the time of active region overlap

is shown in Fig. 6.18 as a function of the distance between the sidebands. The extracted

frequency flattens out when the sidebands are chosen to be greater than 22° apart [102]. As

discussed in Sec. 6.5.1, the angular distance between the most magnetic part of the trolley
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(a) Dipole. (b) Normal Quadrupole.

(c) Skew Quadrupole. (d) Normal Sextupole.

Figure 6.15 – A comparison of the trolley and fixed probe dipole, normal quadrupole, skew

quadrupole, and normal sextupole during a five hour run where the trolley was parked station-

ary underneath a fixed probe station. The trolley multipoles are drawn in blue while the fixed

probe multipoles are drawn in black. For all curves, the average value has been subtracted

from each point.
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(a) Dipole. (b) Normal Quadrupole.

(c) Skew Quadrupole. (d) Normal Sextupole.

Figure 6.16 – The evolution of the difference between the trolley and fixed probe dipole,

normal quadrupole, skew quadrupole, and normal sextupole during a five hour run where the

trolley was parked stationary underneath a fixed probe station (the data of Fig. 6.15). All

curves have been shifted to be centered approximately around zero and a 1000 second moving

average is used to reveal finer details. The differences between the measurements of the two

systems are attributed to multiple effects, the most dominant of which is changing higher order

magnetic field multipole components which affect the calculation of fixed probe multipoles, but

that the fixed probes can not track.



128

Figure 6.17 – As the trolley passes underneath a fixed probe, the magnetic field measured by

the fixed probe is perturbed. The fixed probe trends before and after the trolley passing (green

points, referred to as “sidebands”) are fit to a linear line, allowing for linear interpolation of

the frequencies the fixed probe would have measured without the trolley present.
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Figure 6.18 – Linear interpolation is used to remove the effect of the trolley magnetic footprint

on fixed probe measurements during trolley runs (Fig. 6.17). In this process, special care must

be taken to use measurements (“sidebands”) far enough away from the trolley’s magnetic

footprint. The extracted frequency for a characteristic fixed probe is shown as a function of the

distance between the measurements used for linear interpolation. The plot gets asymptotically

flat when the sidebands are 20° apart. Image credit: [102]

and the plane of trolley pNMR probe active regions is small, only 2.70°. However, trolley

motion creates a much larger footprint, which is about 20° wide. The mechanism which

causes this large footprint is not fully understood. Overall, the choice of sidebands used

for linear interpolation creates a 2 Hz, or 32 ppb, uncertainty on the fixed probe multipoles

calculated when the trolley is present.
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6.5.4 Making Magnetic Field Predictions

The magnetic field interpolation process begins at each fixed probe station when the trolley

passes by and the station’s fixed probes are calibrated to the trolley probes. At the time

of active region overlap, the fixed probe and trolley measurements do not agree, because

the two sets of probes are located at different places within the storage ring. Despite these

physical offsets, the two sets of probes measure the magnetic field at the same azimuthal

location at the same time, so the differences are treated as offsets.

Calibrated trolley measurements are used as the absolute starting point for magnetic

field interpolation because the trolley probes directly sample the magnetic field in the muon

storage region. The evolution of the fixed probe multipoles are tied to these measurements.

At any time i after a trolley passing, the magnetic field prediction is calculated as

B[i] = B[i− 1] + (BFP [i]−BFP [i− 1]) , (6.4)

where B[i− 1] is the last calculated magnetic field value (B[0] is the trolley measurement),

and BFP [i] and BFP [i−1] are the current and most recently calculated fixed probe multipoles.

If magnetic field interpolation worked perfectly, the interpolation discontinuities for all

fixed probe stations (Eq. 6.3) would be on the order of the average fixed probe resolution.

However, this is not the case. A dipole interpolation plot for one fixed probe station is shown

in Fig. 6.19, with a zoomed view of the time of the second trolley passing shown in Fig. 6.20.

A 200 ppb interpolation discontinuity is visible.

With trolley measurements taken as truth values, interpolation uncertainties should scale

with temporal distance from the nearest trolley run. The largest uncertainty should occur

directly between trolley runs. The previous discussion used only the first trolley run to

make magnetic field evolution predictions. The same process can be followed in reverse,

using the second trolley run as the starting point and using the fixed probes to backtrack

the magnetic field evolution. To remove the interpolation discontinuity from a fixed probe

station prediction and produce a prediction that is tied to measurements from both trolley

runs, the prediction at all times between trolley runs is calculated as a time-weighted average
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Figure 6.19 – A representative dipole interpolation plot for one fixed probe station. Purple

points represent the trolley dipole during consecutive trolley runs while green points are the

interpolated magnetic field evolution, calculated using fixed probe measurements.
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Figure 6.20 – A zoomed in view of the second trolley passing shown in Fig. 6.19. There is

an approximately 200 part per billion difference between the predicted magnetic field (green

points) and the magnetic field measured by the trolley (purple point) at the time of active

region overlap, known as the interpolation discontinuity.
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of the two predictions (forward and backward tracking). This calculation assumes a smooth,

linear growth of the interpolation discontinuity during one-directional tracking. Details of

this tying process are discussed in Sec. 6.5.5, in the context of the azimuthally averaged

magnetic field. In cases where there is only one good trolley run associated with a dataset,

tracking is done in only the forward or backward direction, leading to higher uncertainties

as discussed in Sec. 6.6.3.

6.5.5 Azimuthal Averaging

Run 1 magnetic field interpolation analysis concentrates on tracking the azimuthally averaged

magnetic field, which in practice requires doing two separate azimuthal averages: one of the

trolley multipoles and one of the fixed probes multipoles. These will be discussed separately.

Trolley Averaging

The trolley traverses the full 360° of the storage ring magnet during each trolley run, sampling

the magnetic field along the way. However, the trolley step size as it is pulled around the

storage ring is not constant, complicating azimuthal averaging. Before averaging begins,

the data is sorted by azimuthal position. There is approximately half of a degree of the

storage ring, at the trolley drive (the location of the motors which pull the trolley), that gets

measured at both the beginning and end of each trolley run. Were the data not sorted, the

magnetic field in this region of the storage ring would enter twice into two of the averages

described below.

The most naive averaging method gives equal weight to each trolley measurement. In this

method, referred to as the “straight average” method, an average is calculated by computing

the sum of all trolley measurements and then dividing by the total number of measurements.

Because of the uneven trolley step sizes, this method more heavily weights the magnetic

field in areas of the storage ring where the trolley moved with smaller steps. This method

therefore isn’t used in Bloch interpolation.
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(a) Trapezoidal Integration. (b) Simpson’s Integration.

Figure 6.21 – In trapezoidal averaging, the area under a curve is determined by connecting

adjacent points with a linear line and calculating the sum of the areas of the resultant trapezoids.

In Simpson’s averaging, three adjacent points are connected by a parabola, and the area of the

resultant shapes are summed. The implementations of both methods are robust to uneven

distances between points. To compute an average value using either method, the calculated

area is divided by the total width of all measurements.

Two alternative averaging methods were tested: trapezoidal averaging and Simpson’s

averaging. In the trapezoidal method, the area under the curve between two points is

approximated by connecting the two points with a straight line and calculating the area

of the resultant trapezoid. The total area is divided by the total width, resulting in an

average value. The Simpson’s method is similar, but rather than connecting two adjacent

points with a line, a quadratic curve is used to connect three consecutive points. Graphical

representations of these two methods are shown in Fig. 6.21. The implementations of both

methods are robust to uneven trolley step sizes.

For a typical trolley run, the trapezoidal and Simpson’s averaging methods produce the

same value for the azimuthally averaged trolley multipoles at the sub-1 ppb level. The naive
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Multipole

Moment

(ppm)

Straight

Average,

Run 1

Trapezoidal

Average,

Run 1

Simpson’s

Average,

Run 1

Straight

Average,

Run 2

Trapezoidal

Average,

Run 2

Simpson’s

Average,

Run 2

Dipole 842.592 842.545 842.545 841.643 841.613 841.613

Normal

Quadrupole

-0.079 -0.078 -0.078 0.195 0.194 0.194

Skew

Quadrupole

0.212 0.195 0.195 0.422 0.411 0.411

Normal

Sextupole

-1.269 -1.258 -1.258 -1.363 -1.354 -1.354

Table 6.2 – Three averaging methods were tested for calculating the azimuthally averaged

trolley dipole, normal quadrupole, skew quadrupole, and normal sextupole. The trapezoidal

and Simpson’s averaging methods produce the same results at the sub-1 ppb level, while the

straight average can differ by up to 50 ppb.

straight averaging method can differ by up to 50 ppb. Analyses by different analyzers agree at

the sub-5 ppb level. Azimuthally averaged trolley values for the dipole, normal quadrupole,

skew quadrupole, and normal sextupole for one pair of consecutive trolley runs are given in

Tab. 6.2. For run 1 analysis, Simpson’s averaging is used.

An important caveat to the above discussion is that it takes approximately 80 minutes to

complete a full 360° trolley run. During this time, the power supply feedback system attempts

to keep the azimuthally averaged dipole stable, but it is not perfect. Additionally, it is

incapable of minimizing the drift of higher order magnetic field components. An azimuthally

averaged magnetic field, calculated as just discussed, includes magnetic field drift. This must

be corrected for.

The first trolley run in a pair is considered first. It is not until the end of the trolley
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run that all fixed probe stations are calibrated to the trolley, but magnetic field drift can be

tracked locally beginning immediately after the trolley passes each station. For each station,

the magnetic field drift between the time of the trolley passing and the end of the trolley run

is calculated. The dipole drift is shown as a function of the order in which the trolley passes

the fixed probe stations (ie, station 0 corresponds to station 54, the first station upstream

of the trolley drive, while station 71 corresponds to station 55, the first fixed probe station

downstream of the trolley drive) in Fig. 6.22. An average of these drifts is used to determine

the overall contribution of magnetic field drift to the trolley azimuthal average. The average

normal quadrupole, skew quadrupole, and normal sextupole drifts are calculated in the same

way. Typical corrections for all multipole moments can be up to 50 ppb. These corrections are

added to the trolley azimuthal averages, providing predictions of the azimuthally averaged

magnetic field the trolley would measure, if it were able to measure the magnetic field in all

360° of the storage ring at the same time.

For the second trolley run in a pair, a similar process is used to make a drift correction to

the trolley azimuthal average. However, rather than tracking the magnetic field drift between

the time of trolley passing and the end of the trolley run, the magnetic field drift between

the start of the trolley run and the time of the trolley passing each fixed probe station is

tracked. An average of these drift values is subtracted from the trolley azimuthal average.

The uncertainty on these corrections is calculated using the random walk model discussed

in Sec. 6.6.3.

Fixed Probe Averaging

Trapezoidal averaging is used for calculating fixed probe azimuthal averages. As discussed in

Sec. 6.4, all probes at three fixed probe stations in the inflector vacuum chamber have very

poor resolution (>20 Hz). Measurements from these probes are excluded from the azimuthal

average and a distance-weighted average of the magnetic field evolution predicted by the

neighboring stations is used as a replacement. The trolley multipoles at these bad stations

are still used for the fixed probe calibration of the weighted average of the neighbors.
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Figure 6.22 – During a trolley run, each fixed probe station is calibrated as the trolley passes

underneath it. When calculating an azimuthally averaged trolley magnetic field value, the

average includes the effect of magnetic field drift during the time it takes the trolley to traverse

the full 360° of the magnetic storage ring. This drift is corrected for by tracking the magnetic

field drift at each fixed probe station from the time of the trolley passing to the end of the

trolley run. The drift of the fixed probe dipole is pictured as a function of the order in which

the trolley passes the fixed probe stations in a 360° counterclockwise trolley run.
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Fig. 6.23 shows the evolution of the difference of the trolley and fixed probe dipoles

during a stationary trolley run with the trolley parked underneath a poor resolution fixed

probe station. The difference is calculated using both the poor resolution fixed probes and

using an average of the tracking from the two neighboring stations. The neighboring stations

do a significantly better job at tracking the dipole evolution measured by the trolley. The

same is true for the other tracked magnetic field multipole components.

After calculating the azimuthally averaged fixed probe multipoles at all times, the fixed

probe averages at the times of the two trolley runs are not equal to the azimuthally averaged

trolley multipole components. However, the causes of these differences are well understood.

As discussed in Sec. 6.5.2, the tracking at each fixed probe station is tied to an average of 2° of

trolley data. The azimuthally averaged fixed probe data should thus only be expected to be

equal to an average of 144° of trolley data. To remove this difference and properly track the

azimuthally averaged magnetic field, the azimuthally averaged fixed probe predictions are

shifted in the same manner as was described for removing the interpolation discontinuities

from individual fixed probe station predictions (Sec. 6.5.4).

The resolutions of the fixed probe azimuthal averages must be understood in order to

determine how much to shift the azimuthally averaged fixed probe data at the times of the two

trolley runs. This is important for minimizing the interpolation uncertainty. For example, if

the resolution is 5 Hz, tying the fixed probe data to the trolley measurements using only one

fixed probe measurement could lead to an error of up to 2.5 Hz (40 ppb). When calculating

the azimuthally averaged fixed probe resolution, both inherent measurement fluctuations

and real magnetic field drift contribute.

The Allan standard deviation gives the resolution of a signal as a function of averaging

time. Fig. 6.24 shows a plot of the azimuthally averaged fixed probe dipole and a plot of

the Allan standard deviation as a function of averaging time. The time of the minimum of

the Allan standard deviation plot represents the averaging time for which the best resolution

can be achieved, before magnetic field drift starts to become the dominant effect. Because

of power supply feedback, the azimuthally averaged dipole does not drift significantly over
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(a) Average of neighboring stations.

(b) Poor resolution fixed probes.

Figure 6.23 – The probes at three of the fixed probe stations in the inflector vacuum chamber

have very poor resolution. Fixed probe and trolley measurement differences (for all tracked

multipole moments, but pictured for the dipole) from long runs with the trolley parked sta-

tionary under these stations show that a distance-weighted average of the measurements from

fixed probes at the two neighboring stations (a) tracks the magnetic field evolution measured

by the trolley better than the poor resolution fixed probes (b).
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short times compared with the inherent fixed probe resolution, so the ideal averaging time is

approximately 1500 seconds. Using this averaging time yields an azimuthally averaged fixed

probe dipole resolution of 13 ppb.

The azimuthally averaged fixed probe dipole is thus shifted, at the time of the first trolley

run, by an amount equal to the difference between the azimuthally averaged trolley dipole

and an average of the first 1500 seconds of fixed probe data. At the time of the second

trolley run, the same process is followed using the last 1500 seconds of fixed probe data.

At all times between the trolley runs, the azimuthally averaged fixed probe predictions are

shifted by a temporally weighted combination of the shifts at the times of the two trolley

runs. This same procedure is used to correct the predictions of the normal quadrupole, skew

quadrupole, and normal sextupole, but with averaging times of 270 seconds, 680 seconds,

and 2970 seconds, corresponding to resolutions of 4.2 ppb, 0.7 ppb, and 2.3 ppb respectively.

Characteristic azimuthally averaged magnetic field interpolation plots for one trolley run

pair are shown in Fig. 6.25. The plots have been overlaid with orange points which show

the times that are considered good by both the ωa and ωp data quality teams. Times corre-

sponding to abnormal magnetic field features caused by such things as misuse of the power

supply feedback system and malfunctioning hardware have been cut, as have periods where

there were problems with the muon beam or storage systems (ie the accelerator complex

wasn’t sending muons or the quadrupoles sparked and were recovering).

Diurnal cycles are apparent in the normal quadrupole interpolation plot. The tempera-

ture in the g − 2 experimental hall increases during the day and decreases overnight. The

size of the gap between the pole pieces increases/decreases in response to the changing tem-

perature, causing a change in the normal quadrupole magnetic field component. The power

supply feedback mitigates this effect for the dipole. However, as can be inferred from the

fact that Fig. 6.25a has a downwards slope as opposed to being flat, the subset of fixed

probes used as input to the feedback system did not provide a perfect representation of the

azimuthally averaged dipole.
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(a) Azimuthally averaged fixed probe dipole.

(b) Allan standard deviation.

Figure 6.24 – The Allan standard deviation is used to determine how much to shift the az-

imuthally average fixed probe multipoles to match the azimuthally averaged trolley multipoles.

The azimuthally averaged fixed probe dipole over the course of three days between trolley

runs is shown in (a), while the Allan standard deviation of the data is shown as a function of

averaging time in (b).
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(a) Dipole.

(b) Normal quadrupole.
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(c) Skew quadrupole.

(d) Normal sextupole.

Figure 6.25 – Azimuthally averaged dipole, normal quadrupole, skew quadrupole, and nor-

mal sextupole interpolation plots for one trolley run period. Purple points represent trolley

azimuthal averages, while green points are the predicted magnetic field evolution. The overlaid

orange points show the times which are considered good by both the ωa and ωp data quality

teams.
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6.6 Interpolation Uncertainties

The total uncertainty associated with magnetic field interpolation gets contributions from

both the interpolation process just described, as well as from effects not directly related to

the interpolation process. The following subsections detail the contributions studied by team

Bloch, while additional uncertainties are listed in the tables of Sec. 6.7.

6.6.1 Trolley Position Extraction

The trolley position, crucial in understanding the azimuthal variations of the magnetic field

and calibrating the fixed probes to the trolley, can be determined in two ways. One method

monitors the motors that control the motion of the trolley. This method’s reliability is poor

when the trolley is moving through an area where it experiences increased friction. Movement

in such regions causes an increased force in the pulling cable. The motor encoders interpret

this force as trolley motion, even when the trolley is momentarily stuck and immobile. The

other method uses a barcode reader to read unique barcode markings printed on the bottoms

of the vacuum chambers. This method, which is used in the Bloch interpolation analysis, is

more reliable. Each barcode marking is 2 mm wide, so a conservative estimate for position

uncertainty is ±2 mm, or ±0.016°.

A typical trolley run was used to investigate the effect of the trolley position determi-

nation on the calculation of azimuthally averaged trolley multipoles. The trolley position

associated with every measurement in a 360° run was “smeared” by adding an offset drawn

from Gaussian distributions of varying widths. The azimuthally averaged frequencies mea-

sured by each of the 17 trolley pNMR probes were then computed using the Simpson’s

averaging method. The smearing was tested 50 times for each Gaussian distribution width.

Fig. 6.26 shows the mean and RMS of the resultant frequency spreads for one trolley probe.

A position uncertainty of ±2 mm leads to an uncertainty on the azimuthally averaged trolley

frequency of 0.16 Hz, or 2.5 ppb.
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(a) Mean. (b) RMS.

Figure 6.26 – The trolley positions associated with each measurement in a trolley run were

smeared by values drawn from Gaussian distributions of varying widths to study the effect of

trolley position determination on the azimuthally averaged trolley magnetic field values. For

each Gaussian width, 50 trials were calculated and the mean and RMS values of the resultant

frequency spreads were recorded, pictured here for one trolley probe.
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Figure 6.27 – The evolution of the azimuthally averaged trolley multipoles as a function of

time during run 1 of the Fermilab g−2 experiment. Some multipole moments have been shifted

vertically. Image credit: [100]

6.6.2 Higher Order Magnetic Field Moments

The trolley’s 17 probes can resolve many more magnetic field multipole moments than the

fixed probes. Fig. 6.27 shows the evolution of the azimuthally averaged trolley multipoles for

all trolley runs throughout run 1 of the Fermilab g − 2 experiment. The normal quadrupole

shows the most variation, while the other multipoles show smaller, more gradual changes.

Fixed probe tracking of the evolution of the dipole, normal quadrupole, skew quadrupole,

and normal sextupole has already been discussed. Tab. 6.3 lists how the azimuthally averaged

trolley multipoles, through the normal duodecupole, changed between three pairs of trolley

runs, each separated by approximately three days. The dipole, normal quadrupole, and skew

quadrupole show the largest changes, although the normal and skew sextupole occasionally

show a large change as well.

For the aµ calculation, the magnetic field is convoluted with the muon beam distribu-
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Magnetic Field

Multipole Moment

Runs

3997-3956

(ppb)

Runs

4181-4138

(ppb)

Runs

4226-4189

(ppb)

Dipole -932 -871 -696

Normal Quadrupole 271 58 -53

Skew Quadrupole 216 114 -11

Normal Sextupole -96 -47 -10

Skew Sextupole 78 42 -17

Normal Octupole -4 2 0

Skew Octupole 20 22 1

Normal Decapole 2 -7 5

Skew Decapole 14 -3 3

Normal Dodecapole 3 -15 5

Skew Dodecapole -19 -6 2

Normal Duodecapole -13 1 5

Table 6.3 – The change in the azimuthally averaged trolley multipoles between three pairs of

trolley runs, each separated by approximately three days.
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tion, as discussed in Sec. 3.7. A multipole expansion of the run 1 muon beam distribution

showed that the most significant muon beam multipole components were the dipole, normal

quadrupole, and normal sextupole. All other multipole moments were smaller by a factor of

at least three [100].

While the fixed probe array is used to track the evolutions of the magnetic field equivalents

of the most prevalent muon beam multipole components, it is also important to quantify

how the higher order magnetic field multipoles could be changing. All azimuthally averaged

magnetic field multipoles are known at the times of trolley runs. Between trolley runs it

is assumed that the magnetic field evolution follows a smooth, pseudo-random walk, as

opposed to undergoing large discrete changes, but the allowed magnetic field values at all

times between successive trolley runs must be well understood. The normal decupole will be

used as an example in the following discussion, but the same process is used for understanding

the possible evolution of all magnetic field multipoles not tracked by the fixed probe array.

Fig. 6.28 shows the evolution of the azimuthally averaged trolley normal decupole, plot-

ted as a function of trolley run number. This plot reveals a downwards trend of the pseudo-

randomly sampled data points. In order to understand how the normal decupole could have

reasonably evolved between these measurements, it is assumed that the spread in measure-

ments that were taken reveals the reasonable spread that could be expected. To investigate

this spread, the normal decupole drift per hour, shown in Fig. 6.29a, was studied. A his-

togram of the drift rate (Fig. 6.29b) has a mean of 0.02 ppb/hr and a width of 0.07 ppb/hr.

A random walk simulation is used to determine the reasonable normal decupole variations

between two trolley runs. Starting with a trolley measurement, a step size is drawn from

a Gaussian distribution every hour, representing the evolution of the normal decupole. To

find the input parameters for the Gaussian distribution, the random walk simulation was run

with Gaussian distributions with means of 0 ppb/hr and varying widths. 1,000,000 random

walks were simulated per tested width. The difference between the starting and ending

normal decupole values were recorded and histogrammed for each trial. An input Gaussian

width of 0.7 ppb/hr leads to a histogram of normal decupole change per hour that matches
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Figure 6.28 – The azimuthally averaged trolley normal decupole as a function of trolley run

number.

run 1 observations. This distribution is then used to model the possible evolution of the

normal decupole between any pair of trolley runs. Histograms of simulated normal decupole

change and drift per hour are shown in Fig. 6.30 for a 100 hour period. The histogram of

drift per hour has a mean of 0 ppb/hr and a width of 0.07 ppb/hr, matching experimental

observations.

A histogram of the evolutions of the normal decupole from 1,000,000 random walk sim-

ulations is shown in Fig. 6.31. The paths are not bounded and are allowed to evolve for 100

hours. The distribution at each time slice is investigated to understand the tracking of the

normal decupole at any time. The mean and RMS values are shown as a function of time

from the trolley run in Fig. 6.32. To determine the normal decupole strength and associated

uncertainty at any time between trolley measurements, values are read from these plots at a

time equal to the temporal distance to the nearest trolley run. For a period of time bounded

by two trolley runs, the uncertainties are thus symmetric in time. This same simulation is
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(a) Drift as a function of run number.

(b) Histogrammed drifts.

Figure 6.29 – Drift of the azimuthally averaged trolley normal decupole, in ppt/hr, is shown

as a function of trolley pair number during run 1 in (a) and is histogrammed in (b). The drift

rate is characterized as 19.42±70.45 ppt/hr.
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Figure 6.30 – A simulation is used to understand the possible paths that the normal de-

cupole evolution could take between trolley runs. For each hour, the rate of change of the

normal decupole is drawn from a Gaussian distribution with a mean of 0 ppb/hr and a width of

0.7 ppb/hr. This simulation was run 1,000,000 times. Histograms of the total normal decupole

change over a 100 hour period (the maximum amount of time allowed between trolley runs), as

well as a histogram of the change per hour, are shown. The change per hour histogram has a

mean of 0 ppb/hr and a width of 0.07 ppb/hr, matching experimental observations (Fig. 6.29).

Image credit: [77]
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Figure 6.31 – 1,000,000 random walks were simulated to investigate the possible normal

decupole evolution between trolley runs. The various paths are pictured as a function of time

from the nearest trolley run. The simulation was run for 100 hours and is unbounded. Image

credit: [77]

used, with different input parameters, for each magnetic field multipole component which

can not be tracked by the fixed probes.

6.6.3 Uncertainty in the Dipole, Normal Quadrupole, Skew Quadrupole, and Normal Sex-

tupole Tracking

Having developed a method for determining the evolution of the untracked magnetic field

multipole components, a similar study can be used to determine how the uncertainty on

the dipole, normal quadrupole, skew quadrupole, and normal sextupole tracking evolves

between trolley runs. Using the same random walk method to study the dipole evolution as

was presented for the normal decupole leads to a maximum uncertainty of 590 ppb for an 80

hour period bounded by two trolley runs, with this maximum occurring 40 hours into the
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Figure 6.32 – Predictions for the normal decupole evolution and associated uncertainty be-

tween trolley runs come from looking at the mean and RMS of the possible magnetic field

values at each time slice (the data shown in Fig. 6.31). The value and uncertainty at any time

are evaluated from these plots at a time corresponding to the temporal distance to the most

recent trolley run. Image credit: [77]
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Figure 6.33 – The interpolation discontinuities from all 72 fixed probe stations are used to

characterize how well the fixed probes are able to track magnetic field evolution. The dipole

interpolation discontinuities from nine trolley run pairs were normalized by the time between

trolley runs. A histogram of these values shows a mean interpolation discontinuity growth rate

of 0.14 ppb/hr and a width of 8.825 ppb/hr.

period. However, the simulation leading to this result assumes that no information exists

about the multipole evolution between trolley measurements. This is not the case for the

dipole.

The interpolation discontinuities from all 72 fixed probe stations from nine pairs of trolley

runs were used to study how well the fixed probes track the magnetic field evolution. Fig. 6.33

shows a histogram of the dipole interpolation discontinuities normalized by the times between

trolley measurements. The distribution has a mean growth rate of 0.14 ppb/hr and a width

of 8.825 ppb/hr.

Rather than tracking the evolution of the azimuthally averaged dipole, the simulation

is used to track the evolution of the azimuthally averaged interpolation discontinuity. In
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practice, this is achieved by drawing 72 values for interpolation discontinuity evolution from

a Gaussian distribution every hour, one for each fixed probe station. The azimuthally av-

eraged interpolation discontinuity growth is calculated as the average of these 72 values for

each time step. Using a Gaussian distribution with a mean of 0.14 ppb/Hr and a width of

88.25 ppb/hr as input to the random walk simulation results in a final distribution of inter-

polation discontinuities, over 1,000,000 trials, with a mean of 0.14 ppb/Hr and a width of

8.825 ppb/hr, the same as observed in Fig. 6.33.

Fig. 6.34 shows the paths by which the azimuthally averaged dipole interpolation dis-

continuity grew in the 1,000,000 random walk simulations. Fig. 6.35 shows the mean and

RMS of the distribution at every time slice, where the mean represents the correction that

is applied to remove the interpolation discontinuity at the time of the second trolley run and

the RMS represents the interpolation uncertainty. For an 80 hour period of time bounded

by two trolley runs, the maximum dipole interpolation uncertainty, occurring 40 hours after

the first trolley run, is 66 ppb. This can be compared to the 590 ppb uncertainty achieved

with no knowledge of the fixed probe tracking.

The same process is used to characterize the uncertainties on the other tracked magnetic

field multipole components. The normal quadrupole interpolation discontinuity growth rate

is characterized as 0.431±5.054 ppb/hr, while the skew quadrupole and normal sextupole

rates are characterized as -0.368±4.505 ppb/hr and 0.260±5.451 ppb/hr respectively. Gaus-

sian distributions with widths of 50.54 ppb/hr, 45.05 ppb/hr, and 54.51 ppb/hr are used as

inputs to the simulation, leading to maximum uncertainties of 38 ppb, 34 ppb, and 41 ppb

respectively for the normal quadrupole, skew quadrupole, and normal sextupole for an 80

hour period between trolley runs.

6.7 Combined Magnetic Field Interpolation Uncertainties

All uncertainties associated with the team Bloch magnetic field interpolation analysis are

presented in the following tables. Tab. 6.4 summarizes uncertainties associated with all mag-

netic field multipole components, while Tabs. 6.5, 6.6, 6.7, and 6.8 summarize uncertainties
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Figure 6.34 – The interpolation discontinuity is a representation of the uncertainty on the

interpolation analysis, characterizing how well the fixed probes are able to track the magnetic

field evolution. Using the dipole interpolation discontinuities from all 72 fixed probe stations

from nine trolley run pairs as input to simulation, the evolution of the azimuthally averaged

dipole interpolation discontinuity was studied. 1,000,000 paths that the evolution could take

over a 100 hour period are pictured. The width of the distribution increases over time, indicating

a greater uncertainty in our understanding of the actual interpolation discontinuity. Image

credit: [77]
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Figure 6.35 – Dipole interpolation uncertainties are based on the possible evolutions of the

azimuthally averaged dipole interpolation discontinuity. The mean and RMS values of the

distributions of Fig. 6.34 are plotted for every hour, showing how the azimuthally averaged

dipole interpolation discontinuity and interpolation uncertainty grow as a function of temporal

distance from the nearest trolley run. Image credit: [77]
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associated with the dipole, normal quadrupole, skew quadrupole, and normal sextupole re-

spectively. Effects which contribute to the total Bloch interpolation uncertainties, but which

have not been studied specifically by the interpolation team, are also included with references

provided.

Two of the multipole-specific uncertainties depend on the particular trolley run pair and

the time between the trolley runs: the magnetic field drift correction to trolley azimuthal

averages, and the general interpolation uncertainty. For the drift correction, typical values are

presented. Uncertainties are calculated using the random walk model. For the interpolation

uncertainty, an average period of 80 hours is assumed between trolley runs, such that the

maximum uncertainty occurs 40 hours from each trolley run. However, for a given trolley

run pair, the maximum uncertainty actually occurs at a time t = T/2 where T is the time

between the trolley runs. If a data period has only one good bookending trolley run, the

maximum uncertainty occurs at a time t = T where T represents the length of the period.
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Uncertainty Source Correction Value

(ppb)

Uncertainty

Value (ppb)

Details

Trolley spikes (Eddy

currents)

0 6 Sec. 6.4

Trolley position

determination

0 2.5 Sec. 6.6.1

Trolley rail misalignment 0 16 [104]

Trolley azimuthal averaging 0 5 Sec. 6.5.5

Trolley frequency

extraction

0 10 [105]

Fixed probe frequency

extraction with trolley

present

0 32 Sec. 6.5.3

Table 6.4 – Uncertainties associated with the Bloch fixed probe interpolation analysis that

affect all magnetic field multipole moments.
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Uncertainty Source Correction Value

(ppb)

Uncertainty

Value (ppb)

Details

Trolley probe calibration 0 5.1 [63]

Magnetic field drift during

trolley run

<50 8.7 Sec. 6.5.5,

Fixed probe dipole

resolution

0 13 Sec. 6.5.5

Maximum dipole

interpolation uncertainty

0 85 Sec. 6.6.3

Table 6.5 – Uncertainties associated with the Bloch fixed probe interpolation analysis for the

dipole magnetic field component.

Uncertainty Source Correction Value

(ppb)

Uncertainty

Value (ppb)

Details

Trolley probe calibration 0 8.3 [63]

Magnetic field drift during

trolley run

<50 5.0 Sec. 6.5.5,

Fixed probe normal

quadrupole resolution

0 4.2 Sec. 6.5.5

Maximum normal

quadrupole interpolation

uncertainty

0 64 Sec. 6.6.3

Table 6.6 – Uncertainties associated with the Bloch fixed probe interpolation analysis for the

normal quadrupole magnetic field component.
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Uncertainty Source Correction Value

(ppb)

Uncertainty

Value (ppb)

Details

Trolley probe calibration 0 10.8 [63]

Magnetic field drift during

trolley run

<50 4.4 Sec. 6.5.5,

Fixed probe skew

quadrupole resolution

0 0.7 Sec. 6.5.5

Maximum skew quadrupole

interpolation uncertainty

0 61 Sec. 6.6.3

Table 6.7 – Uncertainties associated with the Bloch fixed probe interpolation analysis for the

skew quadrupole magnetic field component.

Uncertainty Source Correction Value

(ppb)

Uncertainty

Value (ppb)

Details

Trolley probe calibration 0 10.3 [63]

Magnetic field drift during

trolley run

<50 5.4 Sec. 6.5.5,

Fixed probe normal

sextupole resolution

0 2.3 Sec. 6.5.5

Maixmum normal

sextupole interpolation

uncertainty

0 65 Sec. 6.6.3

Table 6.8 – Uncertainties associated with the Bloch fixed probe interpolation analysis for the

normal sextupole magnetic field component.
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Chapter 7

CONCLUSION

At the time of this dissertation (December 2019), the Fermilab muon g − 2 experiment

is beginning run 3 of data collection. During the first two running periods, datasets were

collected totaling four times the statistics of the Brookhaven dataset. The progress of data

collection is shown in Fig. 7.1. With ωa and ωp analyses both maturing, analysis of the run

1 dataset will soon be unblinded. The result will provide a value for aµ with an uncertainty

comparable to that of the Brookhaven result and will give a first glimpse at whether the

long-standing discrepancy between theoretical calculation and experimental measurement of

aµ will be confirmed or resolved. Runs 3, 4, and 5 (spanning winter 2019-spring 2022) aim

to record enough muon decays to make the combined Fermilab dataset 20 times larger than

that of the Brookhaven experiment, imperative in reaching the 140 ppb uncertainty goal.

This dissertation has detailed the determination of the magnetic field for data collected

during the first running period of the Fermilab g−2 experiment. The author has made signif-

icant contributions to both the magnetic field measurement hardware and the magnetic field

analysis. On the hardware side, the author contributed to the design and construction of the

pulsed nuclear magnetic resonance probes used for measuring the magnetic field magnitude.

At Fermilab, the author was a core member of the small team that made the magnetic field in

the muon storage region two times more homogeneous than was achieved in the Brookhaven

experiment. She also measured the radial and longitudinal magnetic field components at over

100 azimuthal locations in the storage ring using a Hall probe apparatus she co-designed.

On the analysis side, she has developed algorithms for tracking the evolution of the magnetic

field at the sub-100 ppb level, meeting the run 1 interpolation uncertainty goal and paving

the way for future analyses to reach the final 30 ppb magnetic field interpolation uncertainty
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Figure 7.1 – Over the course of two running periods, the Fermilab muon g − 2 experiment

collected a dataset four times larger than the complete Brookhaven dataset. With three more

running periods expected, the experiment aims to collect a total dataset in excess of 20x that

of the Brookhaven experiment in order to reach the 140 ppb uncertainty goal. Image credit:

[106]
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goal.

The largest suspected contributor to the current magnetic field interpolation uncertainty

is evolving higher order magnetic field multipoles which the fixed probes can not track, but

which affect the calculation of fixed probe multipoles. The leading cause of the changes

of these multipoles is the changing experimental hall temperature. During run 1, the tem-

perature in the g − 2 experimental hall increased by almost 6 ◦C. In summer 2018, before

beginning run 2, the storage ring magnet was wrapped in fiberglass insulation to help mini-

mize temperature variations of the magnet steel. A hall cooling system was installed in fall

2019, with the goal that the experimental hall temperature will be stable at the 1 ◦C level

for run 3 and all future running periods.

There also exist improvements which could be made to the Bloch interpolation analysis to

further reduce uncertainties and gain a better understanding of the magnetic field evolution.

In the current scheme, azimuthal variations of the radial and longitudinal magnetic field

components have been ignored. There are discussions underway about the possibility of

building a “radial field trolley” which would operate inside of the vacuum chambers to

measure the radial magnetic field component at all azimuthal locations. Should such a

trolley be built, a three-dimensional multipole expansion could be used to better describe

the magnetic field in the muon storage region. Additionally, a study is ongoing to understand

the magnetic field evolution at all azimuthal locations, as opposed to just at the azimuthal

fixed probe station positions. The method involves using the magnetic field changes at fixed

probe locations to evolve 360° trolley measurements in time. The results of this study could

be used to construct more accurate fixed probe azimuthal averages.

Overall, the determination of the magnetic field in the Fermilab muon g − 2 experiment

is in good condition, with all run 1 uncertainty goals having been met. Future improvements

are expected to reduce all uncertainties to their final goals, which are listed in Tab. 3.1. Run

1 results are expected to be published in early 2020, with the results of later running periods

published in subsequent years.
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