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Abstract

Vortex Dynamics of Geostrophically Adjusted Density Perturbations in
Triply-Periodic Models of Stratified Incompressible Fluids

Joshua Jacobs

Chair of the Supervisory Committee:
Professor of Applied Mathematics Randall J. LeVeque

Department of Applied Mathematics

A model exploring contributions to lateral dispersion in the oceanic submesoscale

is presented. Well-mixed patches of fluid, produced by turbulent mixing events,

are geostrophically adjusted to create compound vortices. The dynamics of these

vortices are investigated for their contributions to inverse cascades of kinetic energy

and to the lateral dispersion of a passive tracer in numerical simulations. When

perturbed by the proximity of another vortex, these vortices break down into

propagating dipole forms, contributing to the dispersion of tracers. A memory

effect for the locations of well-mixed patches is explored for its effect on dispersion

dynamics. The vertical periodicity of triply-periodic numeric domains is found

to be a source of weakly dissipated, slowly accumulated, barotropic mode kinetic

energy and increased tracer dispersion. The two dimensionality of the barotropic

mode is found to be the source for observed inverse cascades of kinetic energy

in viscous simulations of anisotropic domains. Signatures of inverse cascades in

nearly equilibrated simulations are found to strongly contribute to the lateral

dispersion of a passive tracer. Additional techniques are proposed to evaluate

lateral dispersion relevant to the ocean.
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Chapter 1

INTRODUCTION

The stirring and mixing of physical and biological quantities in the ocean is one

of the most fundamental, yet least understood, of oceanic processes. Processes of

both lateral and vertical mixing are essential to distribute carbon dioxide, plank-

ton, nutrients, and pollutants throughout the depth and breadth of the ocean.

Anthropogenic carbon dioxide is broadly accepted by the scientific community

to be the primary green house gas responsible for warming our climate (Hansen

et al., 2010). The ocean is responsible for absorbing 25% of the annual emissions

of anthropogenic carbon dioxide (Sallée et al., 2012). Whereas a large portion of

this carbon dioxide is subducted into deeper layers of the ocean, another portion

is integrated into the oceanic food chain starting with phytoplankton. The abil-

ity of phytoplankton to absorb and convert carbon dioxide into organic carbon is

dependent on the availability of macro-nutrients (e.g. nitrates, phosphates) and

micro-nutrients (e.g. iron, zinc, cobalt). When any of these nutrients are in limited

supply the populations of various phytoplankton are limited in their growth (Mar-

tin, 2003, 2012). These nutrients must be dispersed from some source to be used by

the phytoplankton. The sources of effective nutrients can be from rivers, dust, the

vertical mixing of nutrient-rich deep water in the ocean, or intentionally adding a

missing nutrient. A recent experiment in the Southern Ocean involved adding iron

to otherwise nutrient rich waters (Smetacek et al., 2012). They concluded that at

least half of the resultant bloom sank below 1,000 meters, effectively sequester-

ing the absorbed carbon for centuries. In addition, the capacity of the ocean to

transport or disperse concentrated pollutants can either extend or ameliorate their

effects. For example, numerical models of radioactive water from the Fukushima

Dai-ichi power plant present concern that eddy-trapped radioactive isotopes may
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be harmful to organisms in its locality (Prants et al., 2011). However, they indi-

cate a small likelihood that these radioactive isotopes would be transported large

distances without thorough mixing.

The distribution of carbon dioxide, phytoplankton, nutrients, and pollution

in the ocean all depend on stirring and mixing on multiple scales. The ocean

contains a broad range of energetic scales that transport and mix these various

quantities. On one extreme, large scale motions are responsible for transporting

Gulf Stream waters thousands of kilometers from the tip of Florida towards Eu-

rope. The presence of Gulf Stream water provides a more moderate climate for

Western Europe than would otherwise be granted by its latitude. On the other

extreme, the small scales of turbulent surf quickly mix small quantities of dye

beyond recognition. In placid conditions this same mixing would take months to

achieve through molecular diffusion. Though the processes of large scale trans-

port and small-scale turbulent mixing are well characterized, there exists a lack of

understanding how the scales between contribute to mixing and dispersal in the

ocean.

A large portion of the ocean’s energy enters through predominantly large scales

from tidal and wind forcing (Thorpe, 2005). Balancing the large scale forcing of

energy is dissipation at small scales. The process of large scale energy being suc-

cessively broken down into smaller, dissipative scales is known as a forward energy

cascade (Pope, 2000). In this process, large vortices are broken into successively

smaller vortices until dissipated by viscosity. Forward energy cascades are charac-

teristic of the oceanic microscales, up to 1 km. However, this is not the only way

that energy can be transfered. In the oceanic mesoscales, between 10 km to 100

km, the coalescence of vortices can produce an inverse energy cascade. With for-

ward cascades dominating the microscale and inverse energy cascades occupying

the mesoscales, the mechanisms transferring energy through the submesoscales,

100 m to 10 km, have yet to be fully characterized McWilliams (2008). Of specific

interest are the contributions to mixing that is made by submesoscale processes

in the ocean.
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A five-year directed research initiative, Scalable Lateral Mixing and Coherent

Turbulence, is underway to evaluate three major hypotheses that contribute to

lateral dispersion unaccounted for by known models (Paluszkiewicz et al., 2008).

Those three hypotheses are: Vortical stirring from the adjustment of mixed re-

gions generated by turbulent internal wave breaking, submesoscale instabilities of

mesoscale oceanic fronts, and large scale straining of conserved quantities down to

the submesoscale. Understanding submesoscale processes will provide a means to

parameterize mixing for global models that cannot resolve small scales.

It is the purpose of this dissertation to investigate the mechanisms involved

in the first hypothesis above. Of particular interest is the capacity of vortices at

the submesoscale to participate in an inverse cascade of kinetic energy. An inverse

cascade of vortical mode kinetic energy may provide a mechanism that accounts for

the observed lateral dispersion at the submesoscale. A process of vortex creation

is presented below and the non-linear interactions responsible for observed inverse

energy cascades are examined in the core chapters of this dissertation.

As noted above, submesoscales connect the large energetic scales of the ocean

to the small dissipative scales. Submesoscale processes contribute to ecosystem

dynamics, such as predator-prey relationships and primary production, which have

their foundation in the dispersal rates of nutrients and plankton that require them

(Martin, 2003). Models of the submesoscale show that strong horizontal shear

can bring nutrients up into the euphotic zone, where phytoplankton can utilize

them. However, these processes can also disperse nutrients too quickly to support

high rates of productivity (Thomas et al., 2008). Variability in nutrient transport,

primary production, and gas exchange make submesoscales an essential element

of the global carbon cycle (Doney et al., 2003) and an unevaluated contributor to

our changing climate.

The submesoscale process under consideration is the geostrophic adjustment

of well-mixed patches of water in the thermocline of the ocean. In Gregg et al.

(1986), micro-structure and current profilers detect patches of well-mixed water

in the thermocline of the California Current. The turbulent events that gave
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rise to these mixed patches are hypothesized to be the result of breaking inter-

nal waves. These well-mixed patches of water, 1 − 10 m in height and 0.1 − 1

km in diameter, have also been observed as variations in the stratification over

the continental shelf of Northwest Africa using salinity-temperature-density pro-

filers (Barton and Hughes, 1982). Other field experiments have confirmed that

breaking internal waves can lead to the development of mixed patches (Alford and

Pinkel, 2000). Furthermore, numerical simulations have shown breaking internal

waves can lead to the conversion of kinetic energy of small scale turbulence to the

potential energy embodied by the mixed patches (Winters, 1994; Birch and Sun-

dermeyer, 2010). Current instabilities (Thorpe, 2005) and hydrothermal plumes

(Helfrich and Battisti, 1991) have also been shown to be able to create well-mixed

patches of fluid in the stratified ocean. Analysis of the Coastal Mixing and Optics

experiment showed that current models of lateral dispersion could not account for

what was observed in the data (Sundermeyer and Ledwell, 2001). It hypothesized

that vortical motions caused by the geostrophic adjustment of well-mixed patches

of fluid may contribute to observed rates of lateral dispersion for a passive tracer

unaccounted for by current models (Sundermeyer, 1998).

After the completion of a turbulent mixing event, a well-mixed region goes

through a period of gravitational slumping. This is characterized by the fluid at

the vertical extents, being heavier (top) or lighter (bottom) than the surounding

ambient fluid, moving towards the vertical center of the mixed patch. Due to the

conservation of mass, fluid is pulled inward at the vertical extremes of the mixed

patch. Likewise, the vertical convergence of fluid induces a radially symmetric

horizontal flow away from the vertical and horizontal center of the patch. In less

than one inertial period, should the mixed patch be large enough, the Coriolis effect

induces an anticyclonic flow in the vertical center flanked above and below by two

weaker cyclones. An inertial period is denoted Tip = 2π
f

, where f is the Coriolis

parameter. An inertial period is approximately 18 hours at mid-latitudes. In the

Northern Hemisphere, cyclonic flow is counter-clockwise and anti-cyclonic flow is

clockwise in rotation. This compound structure is referred to as an adjustment
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(a) t = 0.1Tip (b) t = 5.0Tip

Figure 1.1: Earlier (a) and later times (b) in the development of an adjustent
vortex. Contours of perturbation density reflect the outward slumping and the
downward pull of fluid from the vertical extents. Arrows of velocity show the
geostrophic adjustment of the fluid velocity into three vortices. The center anti-
cyclone rotates clockwise while the top and bottom cyclones rotate anti-clockwise
(b).

vortex throughout this dissertation. Oscillations of the mixed patch due to the

slumping process and its rebound emit internal waves until the oscillations subside.

The structure of a numerically simulated adjustment vortex can be seen in Figure

1.1.

The geostrophic adjustment of a well-mixed lens within a rotating, stratified,

and incompressible fluid was first explored by McWilliams (1988). The existence of

vortices created from the gravitational flattening (or slumping) and geostrophic ad-

justment of a well-mixed lens was shown through Lagrangian conservation relations

of potential vorticity, mass, and angular momentum. More recently, geostrophic

adjustment of well-mixed patches were numerically examined (Lelong and Sunder-

meyer, 2005). Mixed patches that convert most of their initial potential energy to

the kinetic energy of a vortex have lateral radius equal to the internal deformation

radius of the fluid. The deformation radius is defined by the scale at which a phe-
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nomenon is influenced by the Coriolis effect. The adjustment of the mixed patch

converts the initial potential energy approximately to 10% the kinetic energy of

internal waves, 25% to the available potential energy of internal waves, and 20%

to the kinetic energy of the vortex while 45% remains as available potential en-

ergy of the vortex. For a mixed patch with radius smaller than the deformation

radius, more of the initial energy is converted into internal waves. However, when

a mixed patch has a radius greater than the deformation radius, the geostrophic

adjustment process arrests before much of the initial available potential energy is

converted to either internal waves or vortex kinetic energy. Some of these observa-

tions have been confirmed by rotating table experiments in which perturbed linear

stratification is allowed to adjust under the influence of rotation (Stuart, 2011).

Periodic introduction of adjusted mixed patches, that are uniformly distributed in

a numeric domain, were used to investigate contributions to the lateral mixing of

a passive tracer at the submesoscale (Sundermeyer and Lelong, 2005). When the

mixed patches are introduced at a rate of 10 per inertial period, an inverse cascade

of kinetic energy is observed. Non-linear interactions between adjustment vortices

were hypothesized to be the source of the inverse cascade of kinetic energy and

the lack of statistical equilibration.

The presence of the inverse cascades of kinetic energy are not without prece-

dence. In the quasi-geostrophic limit, with strong rotation and stratification, it

is predicted that incompressible fluids, with negligible viscosity, will exhibit in-

verse cascades of kinetic energy (Charney, 1971). As the Taylor-Proudman effect

reduces vertical gradients in fluids of constant density and strong stratification re-

duces vertical velocity outright, layers of fluid are decoupled into two-dimensional

slabs. Scaling arguments of Kraichnan (1967) predicted the inverse kinetic energy

cascades and the forward cascade of enstrophy of two-dimensional turbulence.

Many numerical simulations and rotating table experiments confirm the inverse

cascade of kinetic energy in two dimensional fluids. Recent arguments present

an analytic foundation for both dipolar and bar end states in randomly forced,

periodic, two-dimensional flows with small viscosity (Beck and Wayne, 2012). The
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dipolar end state of two-dimensional flows consists of two counter-rotating vortices

that dominate the domain. The bar end state consists of a jet that encircles the

toroidal domain with another jet in the opposite direction. Many studies of ro-

tating, stratified fluids have used these arguments as a foundation for the inverse

energy cascades observed on planetary scales. Examples of these are seen in the

merging of Gulf Stream rings (Cresswell, 1982) and the large spot on Jupiter.

Numerical studies of quasi-geostrophic and Boussinesq fluids have demon-

strated inverse energy cascades in anisotropic, triply-periodic models of rotat-

ing stratified fluids. McWilliams and Weiss (1994) and McWilliams et al. (1994)

demonstrate triply-periodic, anisotropic models exhibiting large coherent vortices

emerging from random initial conditions. Triply-periodic numerical simulations of

rotating stratified flows that were spectrally forced around a mean scale with ki-

netic energy also resulted in inverse cascades (Métais et al., 1996). Using a similar

forcing in a Boussinesq fluid, inverse cascades of kinetic energy were also observed

(Smith and Waleffe, 1999, 2002). However, there is a concern that vertically

periodic boundary conditions may strongly contribute to these inverse cascades.

Dritschel and Macaskill (2000) show that changing the aspect ratio of the domain

in relation to the number and aspect ratio of initial vortices considerably affects

the capacity to form coherent two-dimensional vortices.

This dissertation is divided into six chapters and three appendices. The present

introduction chapter has outlined the phenomenon of interest and the context in

which it resides. Concepts and elements of the numerical model that are employed

throughout the rest of the dissertation are presented in Chapter 2. In Chapter

3, two vortices of geostrophic adjustment are introduced into a rotating, strati-

fied, numerical domain with small viscosity. The proximal interactions of the two

compound vortices are described with respect to the type of stable form that re-

sults. Using a clustering assumption of continually forced simulations in Chapter

4 a spatial Poisson process is used to cluster mixing events and examine the ef-

fect upon lateral dispersion. It is expected that the non-linear interactions will

drive greater dispersion of a passive tracer in the numerical model representative
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of an oceanic context. The results of this chapter, along with the next, reveal

the nature of the inverse energy cascade and the effects on the dispersion of the

passive tracer. The non-dimensionalization of the spectral Boussinesq equations

in Chapter 5, reveal that comparatively weak barotropic damping in anisotropic,

triply-periodic numerical models contribute to inverse cascades of kinetic energy.

Numerical simulations confirm that the undamped accumulation of barotropic

mode kinetic energy is strongly associated with an inverse cascade of kinetic en-

ergy for the model, parameters, and forcing used. In the Conclusions chapter, the

results from each of the core chapters are summarized in terms of contributions

that they make to the understanding of modeling the submesoscale ocean.

The three appendices present supporting and unpublished studies that con-

tribute to the dissertation as a whole. In Appendix A, the technique of diffusively

forcing density stratified domains is presented in depth. It is shown that in-

troducing diffusive forcings in close proximity to previously destratified regions

introduces varying amounts of energy. In Appendix B, what is known about the

stability properties of an adjustment vortex is presented. Finally, in Appendix C,

a simple technique for incorporating higher-order dissipative terms is developed.
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Chapter 2

BACKGROUND

In this chapter, concepts relevant to the modeling of processes in the oceanic

submesoscale are presented. First, the theory of internal waves is given a cursory

review. Next, elements of geostrophic adjustment of mixed patches unaddressed in

the Introduction are presented. Finally, the numerical model used for simulations

of this dissertation is presented. When a technique used in the numerical model

has consequences relevant to material presented in specific chapters, the reader is

referred to the chapter of interest.

2.1 Internal Waves

Internal waves come in a few simple varieties. The first is seen at the interface of

fluids of two different densities. These interfacial waves behave much like the waves

I know that form at the interface between air and water. The propagation speed of

interfacial waves are dependent on the difference in the densities of the two fluids.

Otherwise, the energy of these waves are transfered only in horizontal directions.

The second variety, internal waves propagating through a continuously stratified

fluid, transfer energy vertically as well as horizontally. To see this, the Boussinesq

equations of motion are simplified. The Boussinesq equations of motion are

∂u

∂t
+ u · ∇u + fe3 × u = − 1

ρ0

∇p′ − ge3
ρ′

ρ0

+ ν∇2u, (2.1)

∇ · u = 0, (2.2)

∂ρ′

∂t
+ u∇ρ′ + w

∂ρ̄

∂z
= κ∇2ρ′, (2.3)
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where the velocity vector u = [u, v, w]T , perturbation pressure p′, and perturbation

density ρ′ are the solution variables. The remaining parameters are the vertical

density gradient dρ̄/dz, background density ρ0, vertical unit vector e3 = [0, 0, 1]T ,

Coriolis parameter f , gravitational acceleration g, Laplacian viscosity ν, and

Laplacian diffusivity κ. These three equations are the momentum equations (2.1),

incompressibility constraint (2.2), and the density evolution equation (2.3). The

full density is in a Reynolds decomposition of background with linearly varying

vertical density profile and a perturbation from the previous two, ρ = ρ0+ρ̄(z)+ρ′.

Taking the inviscid form of these equations, assuming the vertical density profile

remains constant (d2ρ̄/dz2 = 0), removing the Coriolis term, assuming that the

physical quantities are perturbations from rest, and removing the squares of these

perturbations, (2.1)-(2.3) are simplified to

∂u

∂t
= − 1

ρ0

∂p

∂x
(2.4)

∂v

∂t
= − 1

ρ0

∂p

∂y
(2.5)

∂w

∂t
= − 1

ρ0

∂p

∂z
− g ρ

ρ0

, (2.6)

∂ρ

∂t
+ w

∂ρ̄

∂z
= 0, (2.7)

where all lower case variables are assumed to be perturbations from a rest state.

The equations (2.4)-(2.7) can be simplified to an equation only in w as follows.

From (2.4) and (2.5),

∂2u

∂x∂t
+

∂2v

∂y∂t
= − 1

ρ0

[
∂2p

∂x2
+
∂2p

∂y2

]
. (2.8)

Using (2.2),

∂2w

∂z∂t
=

1

ρ0

[
∂2

∂x2
+

∂2

∂y2

]
p. (2.9)

Eliminating ρ from (2.9) requires another relation. This is accomplished by taking
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a time derivative of (2.6), solving for ∂ρ
∂t

, and equating with (2.7),

∂2w

∂t2
+N2w = − 1

ρ0

∂2p

∂z∂t
, , (2.10)

where N2 = − g
ρ0

dρ̄
dz

is the Brunt-Väisälä frequency, or buoyancy frequency, squared.

The Brunt-Väisälä frequency is the frequency with which a disturbed parcel of fluid

will oscillate vertically around its preferred location in a density stratified fluid.

The restoring force that produces the oscillation is the buoyancy force of the fluid

parcel being out of equilibrium with its surroundings.

The final step is to construct an equation involving only w, eliminating the pres-

sure variable p. This is accomplished by applying the operator (∂2/∂x2 + ∂2/∂y2)

to (2.10), applying the operator ∂2/∂z∂t to (2.9), and adding. This results in,

∂2

∂t2

[
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

]
w +N2

[
∂2

∂x2
+

∂2

∂y2

]
w = 0. (2.11)

This differential equation for w has traveling wave solutions

w = Re {W exp [i(k · x− ω(k)t)]} , (2.12)

where W , ω(k), x = [x, y, z]T , and k = [k, l,m]T are the wave amplitude, disper-

sion relation, position vector, and wavenumber vectors respectively. The dispersion

relation, ω(k), satisfies

ω2(k) =
(k2 + l2)N2

k2 + l2 +m2
, (2.13)

or

ω2(k) =
k2
hN

2

k2
h +m2

, (2.14)

where k2
h = k2 + l2. The other components of velocity and the density have similar

solutions that can be inferred by conservation of mass (2.2) and the evolution of

density (2.3).

Another expression for the above dispersion relation is ω(k) = N cos θ, where

θ = cos−1[(kh)/
√
k2
h +m2] is the angle between the horizontal plane and the wave
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vector k. With the inclusion of the Coriolis terms into equations (2.4)-(2.7), and

following a similar process, the dispersion relation becomes,

ω2(k) =
(k2 + l2)N2 +m2f 2

k2 + l2 +m2
. (2.15)

One interesting consequence of the dispersion relation is that the phase velocity

cp = ω(k) · k

|k|2
(2.16)

and the group velocity

cg = ∇kω(k) (2.17)

are orthogonal, cp · cg = 0 (Figure 2.1). The energy of the internal wave is trans-

fered in the direction of the group velocity. As with surface waves, internal waves

can reflect when they encounter a boundary to their propagation. In this way

internal waves can transport energy from the boundaries of the ocean (surface,

bottom, and continental shelves) to the interior. The above derivations for solu-

tions of internal waves can be found in many texts on fluid dynamics (Acheson,

1990; Lighthill, 1996; Cohen and Kundu, 2007).

When the conditions allow for the steepening of internal waves, they can break,

create turbulence, and deposit energy in a localized region by turbulent mixing.

The turbulent mixing increases the local available potential energy by reducing the

stratification of that region. When the amplitude of an internal wave exceeds the

wavelength, overturning and breaking can occur. This sensitivity to overturning

is encoded in the Richardson Number Ri = N2/(du/dz)2. One of the necessary

conditions for the breaking of internal waves is for the Richardson Number to

be sufficiently small, Ri < 1/4. Resonant interactions with other internal waves,

reflective focusing off a boundary, or instabilities inherent in wave shear are other

means through which internal wave breaking can occur (Staquet and Sommeria,

2002).

In this dissertation, the turbulent mixing of an internal wave breaking event
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Figure 2.1: Phase and group velocity of an internal wave (Acheson, 1990)

itself is not directly modeled (see Section 2.3.2), the conditions required for the

breaking of internal waves are considered in constructing a probability model (see

Chapter 4). The localized mixing generated by parameterized internal wave break-

ing provides potential energy in the form of a locally destratified lens. Modeling

the adjustment of this destratified lens into a vortex is the starting point for the

numerical model employed.

2.2 Geostrophic Adjustment

Geostrophic adjustment is the process by which a disturbed fluid attains a balance

between the horizontal pressure gradient and the Coriolis force. As reviewed in

the introduction, a well-mixed region in a stably stratified fluid is geostrophically

adjusted. This mixed region is generated by a turbulent mixing event. These

turbulent mixing events can be caused by the breaking of an internal wave as well

as shear instabilities and other processes.
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The above balance adjustment process is not completely in the linear geostrophic

regime. At the scales and velocities that are being investigated, effects of the non-

linear term have some influence. The significance of the non-linear term puts the

flow in the gradient wind regime. This is also known as the non-linear geostrophic

regime (Lelong and Sundermeyer, 2005).

In the numerical study of Lelong and Sundermeyer (2005), it is shown that

mixed patches convert the most available potential energy to balanced, or vortex,

kinetic energy when their radial extent is equal to the internal Rossby radius of

deformation,

R =
∆Nh

f
, (2.18)

where h is the height of the mixed patch, f is the Coriolis parameter, and ∆N is the

change in buoyancy frequency. The change in buoyancy frequency is derived from

comparing the square buoyancy frequency at a location, N2 = −g/ρ0∂ρ/∂z, with

its linear component, N̄2 = −g/ρ0∂ρ̄/∂z, orN2 = N̄2−∆N2, with 0 ≤ ∆N2 ≤ N2.

For ∆N2 = N2 the mixed patch is totally destratified. The remainder of the

energy resides in the potential energy of the balanced flow or the internal wave

field generated by the adjustment process.

2.3 Numerical Model

As in previous studies (Lelong and Sundermeyer, 2005; Sundermeyer and Lelong,

2005), the pseudo-spectral numerical model of Winters et al. (2004) is used. This

code solves the three dimensional Boussinesq equations, with a constant Coriolis

parameter, coupled with advection/diffusion equations for fluid density and the

evolution of a passive tracer on a triply-periodic domain. Spatial derivatives are

approximated with Fourier transforms. Time stepping is implemented with a

third-order Adams-Bashforth method.
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Table 2.1: Model Parameters for base run (Sundermeyer and Lelong, 2005)

Variable Symbol Model Value Scaled Value
Horizontal and vertical domain size Lx = Ly, Lz 500 m, 12.5 m 5 km, 12.5 m
Coriolis parameter f 9.5× 10−4 s−1 9.5× 10−5s−1

Background stratification ∂ρ
∂z 0.037 kg m−4 0.037 kg m−4

Interval between anomalies τ = 1/φ 3 2π
f 3 2π

f

Anomaly amplitude ∆N2/N2 1.0 1.0
Anomaly horizontal scale L = 2σx, 2σy 50 m 500 m
Anomaly vertical scale h = 2σz 1.25 m 1.25 m
∇2 viscosity ν2 2.5× 10−5 m2 s−1 2.5× 10−6 m2 s−1

∇2 diffusivity κ2 2.5× 10−6 m2 s−1 2.5× 10−7 m2 s−1

∇6 viscosity (horizontal) ν6 48 m6 s−1 —
∇6 diffusivity (horizontal) κ6 48 m6 s−1 —
∇6 viscosity (vertical) ν6 1.8× 10−10 m6 s−1 —
∇6 diffusivity (vertical) κ6 1.8× 10−10 m6 s−1 —
Model time step ∆t 30 s 30 s
Total model run time — 800× 2π

f 800× 2π
f

Tracer injection time — 100× 2π
f 100× 2π

f

The governing equations are,

∂u

∂t
+ u · ∇u + fe3 × u = − 1

ρ0

∇p′ − ge3
ρ′

ρ0

+ ν2∇2u + ν6∇6u, (2.19)

∇ · u = 0, (2.20)

∂ρ′

∂t
+ u · ∇ρ′ + w

dρ̄

dz
= κ2∇2ρ′ + κ6∇6ρ′, (2.21)

∂C

∂t
+ u · ∇C = κ2∇2C + κ6∇6C, (2.22)

where, as in (2.1)-(2.3), the velocity vector u, pressure perturbation p′, and den-

sity perturbation ρ′ are the solution variables. The remaining parameters are the

linear density gradient dρ̄/dz, the background density ρ0, the Coriolis parameter

f , the gravitational acceleration g, Laplacian viscosity ν2, sixth-order viscosity ν6,

Laplacian diffusivity κ2, sixth-order diffusivity κ6, and unit vector in the vertical

e3 = [0, 0, 1]T . These four equations represent evolution of momentum (2.19),

incompressibility constraint (2.20), evolution of density (2.21), and the evolution
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of tracer (2.22). Terms referring to linearly varying vertical gradients of pressure

and density, p̄ and ρ̄, have been removed from (2.19) with use of hydrostatic bal-

ance. This leaves perturbation variables that are periodic and can be treated with

Fourier methods. The higher-order viscosity and diffusion terms for momentum

(2.19), density (2.21), and tracer (2.22) equations remove steep gradients of veloc-

ity, density, and tracer at the smallest resolved scales. Without higher-order terms,

steep gradients may cause Gibbs phenomenon and numerical errors to accumulate.

The numerical model of Winters et al. (2004) uses Fourier transforms to convert

the above equations to spectral equivalents. Derivatives of quantities involved in

non-linear terms (i.e. u du/dx) are taken in spectral space, brought back to phys-

ical space through inverse transforms, combined with associated quantities, and

transformed back to spectral space. This method avoids aliasing of wavenumbers

in the non-linear terms (Orszag, 1972). The Fourier transform of (2.19) is

∂ûk
∂t
− Tk + fe3 × ûk = −ik

ρ0

p̂′k − e3
g

ρ0

ρ̂′k −
1

2
Dkûk, (2.23)

with all hatted variables being Fourier transforms at wavenumber k and

Tk = − ̂(u · ∇u)k, (2.24)

Dk = 2ν2 |k|2 + 2ν6 |k|6 , (2.25)

where Tk is the Fourier transform of the non-linear term and Dk is the spectral

dissipation operator. Using the spectral form of the incompressibility constraint

(k · ûk = 0) on (2.23), the pressure variable is solved for in terms of the other

variables,

p̂′k =
ik

|k|2
·
(
fe3 × ûk −

g

ρ0

ρ̂′ke3 − Tk
)
. (2.26)

The spectral momentum equation can now be expressed as,

∂ûk
∂t

= F(ûk, ρ̂
′
k,k)− 1

2
Dkûk, (2.27)
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where F is the collection of all other terms not shown. Using an integrating factor

exp
{
−1

2
Dkt
}

, (2.27) is expressed as,

∂

∂t

[
ûke

− 1
2
Dkt
]

= e−
1
2
DktF. (2.28)

The quantity ûke
− 1

2
Dkt is integrated discretely in time using a third-order, Adams-

Bashforth, finite-difference method. Each time step for the remaining evolved

quantities is accomplished using the same integrating factor technique. The method

is bootstrapped by using lower-order techniques until a sufficient number of snap-

shots are available for the third-order method.

In this dissertation, and in related work, additional settings and techniques

are used. The techniques in the following subsections are used for computational

tractability and numerical stability. Where pertinent, the reader is referred to

relevant chapters and appendices that present important considerations to the

techniques presented.

2.3.1 Model Setup

The scales represented by the horizontal and vertical resolution reflect the scaling

between the Brunt-Väisälä and Coriolis frequencies (L/H ∼ N/f). The modeled

domain width, 500m, has a resolution of 128 grid points, while the vertical extent,

12.5m, has a resolution of 64 grid points. The extent of the domain is chosen to

allow ten mixing events to occur in the domain without overlapping. Baroclinic

vortices in a rotating stratified flow are known to have aspect ratios that reflect

these considerations (Thorpe, 2005). Values for other parameters (background

vertical density gradient, viscosity, diffusivity, and mixed patch dimensions) are

listed in Table 2.1.

2.3.2 Diffusive Forcing

The diapycnal mixing of a fluid is brought about by a turbulent mixing event,

such as a breaking internal wave packet. Simultaneously modeling the wave break-
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ing, turbulent mixing, and geostrophic adjustment of a fluid is a computationally

prohibitive process. Modeling turbulent mixing on small physical scales would

require increased spatial resolution and a comparative refinement in time stepping

for numeric stability. To avoid numerically modeling both large and small scales

a technique of a parameterized diffusive forcing is employed. This technique is

applied while the rest of the Navier-Stokes model is in between time steps.

Parameterized diapycnal mixing events are introduced by temporarily imposing

a vertical diffusivity of the form

κ∗(x, t) =
1

∆t

∆N2

N2
σ2
z exp

(
−
[

(x− x0)2 + (y − y0)2

2σ2
r

+
(z − z0)2

2σ2
z

])
,(2.29)

centered at a chosen location, (x0, y0, z0), in the density stratified domain, where

∆N2/N2 ∈ [0.0, 1.0] represents the extent of destratification that is desired for

the mixed region. Complete destratification, ∆N2/N2 = 1.0, is used for all sim-

ulations. The horizontal and vertical extent, σr = 12.5m and σz = 0.625m, are

used in conjunction with ∆N2/N2 = 1.0 to ensure the most conversion of initial

potential energy to vortex kinetic energy as in Lelong and Sundermeyer (2005).

The density perturbation of the code is combined with a shifted linear density

profile ρ̄(z− z0), where z0 is the center of the mixed patch. This places the center

of the mixed patch, (x0, y0, z0), at the center of a shifted linear density profile. The

full density of the fluid is updated by solving a diffusivity equation, ρt = (κ∗ρz)z,

with vertically varying diffusivity parameter (2.29), for a fixed amount of time.

After completion, the shifted linear density profile is removed, leaving a density

perturbation at the desired location. Application of this off-line diffusive forcing

has the effect of creating a well mixed region that introduces available potential

energy into the domain. The resulting mixed patch is the initial condition for the

geostrophic adjustment described above.

In practice, the above process produces a destratification ratio of only ∆N2/N2 =

0.5 for a single mixing event. This, coincidentally, is close to what is found in com-

parative oceanic settings, see Gregg et al. (1986). Attempts to increase this ratio
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through changes in (2.29) or extending the length of time it is imposed, create

density gradients too sharp for the Fourier method to accurately resolve for the

resolution used. In simulations where adjustment is allowed to occur for an inertial

period between adding five mixing events in close proximity, the destratification

ratio can be as high as ∆N2/N2 = 0.7. This occurs in conjunction with a doubling

in the radius of the mixed patch created and a 10% increase in mixed patch height.

A more complete review and other consequences of diffusive forcing are outlined

in Appendix A.

2.3.3 N/f Scaling

The range of temporal and spatial scales necessary for modeling the range of

dynamics typical of mid-latitude, oceanic submesoscales are computationally pro-

hibitive. While internal waves require scales of seconds and meters to be well

resolved, turnover times and horizontal scales for submesoscale vortices are on

the order of days and kilometers. Numerically modeling one vortex turnover time

would require thousands of time steps with high spatial resolution. Artificially

increasing the Coriolis parameter by a factor of ten decreases the ratio of inertial

to buoyancy time scales from N/f ≈ 100 to N/f ≈ 10 and reduces the inter-

nal deformation radius by the same amount. To maintain dynamic similarity to

an unscaled domain, the radius of the vortices L is reduced by a factor of ten,

the viscosity ν2 is increased by the same factor, and the vortex height h is held

constant. This ensures that the Burger (Bu = (∆Nh/fL)2 = (R/L)2), Ekman

(Ek = h2f/ν2), and Rossby (Ro = U/fL) numbers are preserved along with their

implied dynamics. Using the N/f scaling technique, as in Lelong and Dunkerton

(1998), enables a thousand fold increase in computational efficiency, but is not

without additional considerations.

Although the Burger, Ekman, and Rossby numbers are preserved by the N/f

scaling, the Reynolds number is not. For consistent velocity scale U the above

adjustments in vortex radius L and viscosity ν scale the Reynolds number two or-

ders of magnitude lower than in the unscaled domain, Re = U(L0/10)/(ν0 · 10) =
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Re0/100, with L0, ν0, and Re0 being the unscaled vortex radius, Laplacian vis-

cosity, and Reynolds number. With the dissipation times for vertical gradients

of velocity the Reynolds number scales as Re = Ro/Ek(f/N)2. For simulations

where viscosity is sufficiently small, Reynolds numbers will remain in a turbulent

range (Re > 10, 000). However, when Reynolds number is scaled through tran-

sitional Reynolds numbers, the behavior of the scaled domain will no longer be

representative of unscaled dynamics. It can also be seen in the above spectral diffu-

sion operator (2.25) that the Reynolds number is directionally different depending

on the anisotropy of the domain. When the velocity gradients are strongest in the

vertical direction, it is the vertical Reynolds number that is important. Likewise,

if the velocity gradients are primarily in the horizontal direction, it is the horizon-

tal Reynolds number that takes precedence. These observations are also made in

Chapters 4 and 5. The numerical simulations of Chapter 3 are in a high Reynolds

number regime and are unaffected by this adjustment.

2.3.4 Hyper-viscosity

The hyper-viscosity (as hyper-diffusion) provides a strong dissipation at the small-

est scales in the simulation. This, in turn, extends the inertial subrange of the

flow, where the fluid is effectively described by the inviscid equations (Borue and

Orszag, 1995b). In the anisotropic domain used for all simulations, the hyper-

viscosity and hyper-diffusion ensure numerical stability in the horizontal direction

while the Laplacian terms, with lower Reynolds numbers (Re = UL/ν2), repre-

sent the physical background viscosity and diffusion that act primarily on small

vertical scales. For the high Reynolds numbers of the presented simulations, the

hyper-viscosity removes enstrophy at small scales in all directions.

Hyperviscosity is used in conjunction with the 8/9 wavenumber truncation

number of Orszag and Patterson (1971) such that the dissipation timescale, or

e-folding timescale, is constant on the surface of an ellipsoid defined by

(
k

kmax

)2

+

(
l

lmax

)2

+

(
m

mmax

)2

≈ 1,
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where k = [k, l,m]T is the wavenumber vector and kmax = [kmax, lmax,mmax]
T is

the maximum retained wavenumber in each direction, defined by truncating the

largest 1/9 of the wavenumbers in each direction. Therefore, the dissipation and

diffusion time-scales for the above parameters is Tmax = 1/ν6 on the wavenumber

ellipsoid defined above.

Further insights and motivations are provided in both Chapter 5 and in Ap-

pendix C. Chapter 5 provides a comparison of the above hyper-viscosity represen-

tation to one directly derived from the non-dimensionalization of the Boussinesq

equations of motion. For anisotropic domains, the above representation gives a

near isotropic dissipation in spectral space. Appendix C further develops tech-

niques concerning hyper-viscosity. Appropriate settings for parameters of hyper-

dissipation can provide desired dynamics for specified ranges of wavenumbers.

2.3.5 Effective Diffusivity

Sundermeyer and Lelong (2005) presented a parameterization of the effective lat-

eral diffusivity for the weakly non-linear regime:

κH α

(
1

2

)(
h2∆N2

Lf 2

)2

φ

(
h2/νB
1/f

)
. (2.30)

This parameterization is derived from a random walk. The step size is the

geostrophic velocity, U = h2∆N2

Lf2
, multiplied by the adjustment time scale, T =

1/f , or S = h2∆N2

Lf2
. Taken with the frequency of events, φ, gives an estimate

of a diffusivity, κe = 1
2
S2φ. The last element of the parameterization represents

the lifetime of the vortices in relation to the inertial time scale, or inverse Ekman

number (Ek−1 = h2/νB
1/f

).

This parameterization is consistent with statistics taken from multiple runs in

the following manner:

κH =
1

2

∂σ2
x

∂t
, (2.31)
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where

σ2
x =

∫
V

x2Ĉ(x)dV − µ2
x, (2.32)

Ĉ(x) =
C(x)∫

V
C(x)dV

, (2.33)

µx =

∫
V

xĈ(x)dV, (2.34)

where the effective diffusivity κH is calculated from the horizontal variance of the

tracer σ2
x, the horizontal mean of the tracer µx, the concentration of the tracer

C, and the normalized concentration of the tracer Ĉ at selected times during the

simulations.

The parameterization above is found to be consistent for a weakly non-linear

regime. In this regime, the adjusted mixed patches dissipate away before another

mixed patch is able to interact with them. However, when the recurrence fre-

quency φ of the density anomalies is too high, or the Laplacian viscosity ν2 is too

low, a strongly non-linear and energetic regime is entered. In this regime the pa-

rameterization of κH is no longer representative. The recurrence and persistence

of mixed regions is strong enough to induce interactions between the vortices of

adjustment. In this non-linear regime the numerical simulation no longer balances

the addition of potential energy with the dissipation of kinetic energy. The inverse

energy cascade results in the build up of kinetic energy at large scales and the loss

of a statistically stationary flow. Without a statistically stationary flow the cur-

rent method of calculating effective diffusivity from simulation data can no longer

be used.

Select simulations that were used to produce these results are revisited in

Chapter 4. Additionally, a clustering assumption is used to investigate the effect

of non-linear interactions between adjustment vortices. Inverse cascades of kinetic

energy occurring largely in the barotropic mode are found to contribute to the

lateral dispersion of a passive tracer. The mechanisms for this inverse energy
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cascade are evaluated in Chapter 5.

2.4 Wave-Vortex Decomposition

The wave-vortex decomposition of Bartello (1995) is used to divide the energy into

wave and vortical modes. It uses a normal mode decomposition of the inviscid,

linearized Navier-Stokes Equations in Fourier space. This decomposition uses the

fact that internal waves have no potential vorticity and the rest of the energy

must be in the vortical mode. These energies are further divided into potential

and kinetic energy components using known ratios between kinetic and potential

energies for the wave and vortical modes (Gill, 1982; Polzin et al., 2003). This

decomposition is compared to the decomposition used in Lelong and Sundermeyer

(2005). Lelong and Sundermeyer (2005) consider the energy within the volume of

a single, isolated mixed patch to be vortex energy and that outside to be the wave

energy. The normal mode decomposition captures the linear, rather than non-

linear, behavior of the vortices. As a consequence, the normal mode decomposition

does not capture the initial slumping behavior of the adjustment process. However,

the longer term behavior (t > 4 IP ) of the two methods is comparable (Figure 2.2).

The normal mode decomposition is tested on a domain with a forced mode

1 internal wave. As expected, the wave energy is sharply peaked at the mode 1

wavenumber. The vortex energy is also peaked at the mode 1 wavenumber, though

five orders of magnitude less. If the Coriolis parameter is increased, decreasing

the Rossby number, the effect upon the vortex energies is significantly decreased.

Though this normal mode decomposition is more accurate for smaller Rossby

numbers, it provides a good estimate of the energies in the wave and vortex fields.

The wave-vortex decomposition is used in Chapter 3 and Appendix B to inves-

tigate transfers of energy between the available potential energy of an adjustment

vortex and its kinetic energy during the evolution of an instability. It is found that

for the scale of vortices investigated, baroclinic instabilities draw kinetic energy

from the conversion of available potential energy.
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(a) R/L = 1.0 from Lelong and Sundermeyer
(2005).

(b) Single Mixing Event

Figure 2.2: Comparison between the wave-vortex decompositions from (a) a vol-
ume decomposition and (b) a normal mode decomposition. Differences can be
accounted for by the linearity of the normal mode decomposition and the super-
position of waves and vortices in the volume decomposition.
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Chapter 3

PAIRWISE INTERACTION OF ADJUSTMENT
VORTICES

In this chapter, I explore the interactions of two adjustment vortices in a near

inviscid domain (very high Reynolds number or low Ekman number). Although

stable merging of adjustment vortices are seen, overlapping diffusive forcing can

create larger adjustment vortices with more energy. Instabilities, dipole pairing,

and partial merger is seen to play a role in the formation of stable structures. The

resultant stable structures are seen to interact, merge, and vertically couple with

the assistance of associated dipole pairs.

3.1 Introduction

In recent years much interest has been given to submesoscale processes and their

contributions to a range of oceanic processes. One area of investigation has been

how kinetic energy is able to cascade from geostrophic, largely two-dimensional,

flows through the submesoscale to small dissipative scales. McWilliams (2008)

proposed the straining of large fronts in the ocean as one possible mechanism in

this energy cascade. Field experiments by D’Asaro et al. (2011) observed enhanced

turbulence on the boundaries of large fronts in support of this theory.

Furthermore, the amount of energy available to drive lateral dispersion at sub-

mesoscales has a direct impact on the dispersal of the nutrients necessary for the

growth of plankton (Levy, 2008; Thomas et al., 2008). In addition, variations in

the rate of gas exchange between the ocean and atmosphere make submesoscale

processes important contributors to the global carbon cycle (Doney et al., 2003).

Intense variability in rates of submesoscale lateral dispersion are currently not

accounted for in global models of the ocean and atmosphere.

The submesoscale process presently investigated is the geostrophic adjustment
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of well-mixed patches in the oceanic thermocline. The majority of these mixed

patches are thought to be generated by turbulent mixing driven by the episodic

breaking of internal waves (Gregg et al., 1986). These well-mixed patches of water,

1-10 m in height and 0.1-1 km in diameter, have been observed as variations in the

stratification over the continental shelf of Northwest Alaska (Barton and Hughes,

1982), off the coast of California (Gregg et al., 1986), and on the New England

shelf (Sundermeyer et al., 2005). Indeed, field and numerical experiments have

confirmed that breaking internal waves can lead to the development of mixed

patches (Alford and Pinkel, 2000), and to the conversion of kinetic energy of small

scale turbulence to the potential energy embodied by the mixed patches (Winters,

1994; Birch and Sundermeyer, 2010). Current instabilities (Thorpe, 2005) and

hydrothermal plumes (Helfrich and Battisti, 1991) have also been shown to be

able to create well-mixed patches of fluid in the stratified ocean. Although the

breaking of internal waves is not the only process that can lead to the mixing of

a localized patch of fluid, it will serve to describe what leads to and is left behind

by a turbulent mixing event.

Despite being studied in numerical simulations and laboratory settings, adjust-

ment vortices have yet to be observed in the ocean. One factor contributing to

this may be the disparity in horizontal and vertical scales that need to be sampled

to resolve an adjustment vortex. Another factor may be the shorter lifetimes of

the vortices due to their stability properties. Whether unstable perturbations are

introduced by varying the shape of the mixing event (see Appendix B), by numer-

ical noise, or by the presence of internal waves (Brunner-Suzuki et al., 2012), the

instabilities result in the eventual breakdown of the adjustment vortex structure.

The evolution of the instabilities seen in an adjustment vortex involves two-

dimensional instabilities of each vortex core and interactions between counter-

rotating, adjacent cores. Instabilities of two-dimensional isolated vortices have

been identified by Carton and Legras (1994). For these two-dimensional vor-

tices, initialized with a vertical vorticity profile of ζ = (1− 1
2
αrα) exp(−rα), with

steepness parameter α, a mode two azimuthal instability has the fastest growth
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for 1.85 < α < 6.0. The instabilities of these vortices portray linear growth,

non-linear amplification, and non-linear saturation phases resulting in a stable,

two-dimensional tripole structure. In two-layer simulations of baroclinic, quasi-

geostrophic vortices, the number of split-propagating dipoles (hetons) that a vor-

tex evolved into depended on the initially perturbed azimuthal modes (Helfrich

and Send, 1988). As will be shown, the instabilities that evolve in adjustment

vortices show similar behavior to the above vortices.

The introduction of episodic mixed patches into a viscous, rotating, and strat-

ified domain has been used to study the influence of adjustment vortices on the

lateral dispersion of a passive tracer at the submesoscale (Sundermeyer and Le-

long, 2005). As the rate of mixed patch introduction is increased, an accumulation

of energy is observed at large scales. The interactions between adjustment vortices

that contribute to an inverse energy cascade have yet to be explored. Being in a

regime influenced by dynamics of both large and small scales, the details of how

submesoscale vortices of geostrophic adjustment interact with one another are un-

known. In this study, the interactions of two vortices of geostrophic adjustment

are numerically investigated as well as their potential contributions to an inverse

energy cascade.

Two shielded and isolated mono-polar vortices have been shown to stably merge

in two-dimensional simulations when the separation distance between respective

cores is in an appropriate range (Carton, 1992). This effect remains when taken to

a two-layer, quasi-geostrophic framework (Valcke and Verron, 1997). The success

and final structure of this merger has recently been shown to depend on Reynolds

number (Re = UL
ν

, with velocity scale U , length scale L, and viscosity ν) as well

as initial separation distance (Tóth and Házi, 2010). Three-dimensional, quasi-

geostrophic simulations of the pairwise interactions between piecewise, ellipsoidal

vortices show robust merging with both horizontal and vertical separation dis-

tances (Reinaud and Dritschel, 2002; Bambrey et al., 2007; Ozugurlu et al., 2008).

Conversely, in three-dimensional, non-rotating, linearly stratified laboratory ex-

periments and numerical simulations, co-rotating mono-polar shielded vortices do
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not merge (Beckers et al., 2002).

Just as the merging of co-rotating cores from two different adjustment vortices

is a possibility, the dipole association of counter-rotating cores is also a potential

interaction. Dipole pairings of co-rotating vortices have been explored with two-

dimensional shielded vortices (Schmidt et al., 1998) as well as with single three

dimensional shielded baroclinic vortices (Beckers et al., 2002).

It is anticipated that the shear and strain of proximal adjustment vortices

will have multiple effects. First, it is expected that instabilities that lead to

the breakdown of a single vortex will occur more readily. Next, it is expected

that the merging of co-rotating cores will be observed along with the pairing of

counter-rotating cores. Furthermore, I hope to identify the interactions between

adjustment vortices that contribute to an inverse energy cascade.

The numerical algorithm and methods of analysis for the interactions between

two adjustment vortices are presented in Section 2.3. The results, Section 3, show

that proximal adjustment vortices evolve into different stable forms depending

on relative position. The results are summarized in the discussion, Section 4,

and variations of experiments are considered. Contributions to an inverse energy

cascade are presented in the conclusions of Section 5.

3.2 Model and Methods

As in previous studies (Lelong and Sundermeyer, 2005; Sundermeyer and Lelong,

2005), the pseudo-spectral numerical model developed by Winters et al. (2004) is

used. Section 2.3 addresses this numerical model and the techniques of potential

energy forcing, N/f -Scaling, and hyper-viscosity used. The following sub-section

quantifies the pairwise interactions between adjustment vortices.

3.2.1 Measuring Pairwise Interactions

In this study, two mixed patches of the same dimensions and destratification are

sequentially introduced with varied relative position into a domain . The dimen-

sions of the mixed patches are chosen such that the resultant adjustment vortices
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have the highest possible ratio of vortex kinetic energy to initial potential energy.

The relative position of each mixed patch with respect to the other is given by the

ordered pair (∆r,∆z) (Figure 3.1). The horizontal separation ∆r is scaled by the

internal Rossby radius of deformation, while the vertical separation ∆z is scaled

by the separation between the vorticity extrema of a single adjustment vortex.

The scaling of the vertical separation is a convenience to denote which cores of

respective adjustment vortices are interacting and is helpful in understanding the

types of interactions that can occur. The mixed patches are introduced into the

domain one inertial period apart, the first being introduced at the beginning of

each simulation. This is intended to represent the episodic nature of mixed patches

in the ocean. The 66 numerical simulations performed are represented in Figure

3.2.

It is noted by Flierl (1988) that external shears and strains provide a means to

excite the natural modes of oscillation of a vortex. The external shear and strain

of one vortex proximal to another is measured by the total strain rate,

s =

[(
∂u

∂x
− ∂v

∂y

)2

+

(
∂u

∂y
+
∂v

∂x

)2
]1/2

, (3.1)

and compared to the vorticity at 5 Tip for each simulation. For weak but axially

asymmetric strain rates, it is expected that each adjustment vortex will be subject

to evolving instabilities. For stronger strain rates between counter-rotating and

co-rotating vortex cores it is expected that dipole pairing or merger of respective

cores will occur. The strain between pairs of counter-rotating vortices is known

to pull vortices together into propagating pairs (Schmidt et al., 1998; Beckers

et al., 2002). The jet between the counter-rotating vortices is both the source

of their propulsion and their attraction to one another. For pairs of co-rotating

vortices it is the the strong, mutual shearing and integration of vorticity provide

the mechanism for merging (Valcke and Verron, 1997). However, there is a point

when the strain rates are too weak and the evolution of instabilities dominates the

capacity to pair or merge.
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(a) (2.0,0.0) (b) (2.0,1.0)

(c) (2.0,2.0) (d) (2.0,3.0)

Figure 3.1: Mixed regions are introduced an inertial period apart and spaced by
(∆r,∆z). Shown above are vertical cross sections of vertical vorticity for inter-
actions between co-rotating vortices that result in merging (a,c,d) and counter-
rotating vortices that result in dipole pairing (b). The gray scale represents scaled
vertical vorticity (ζ/f = (dv/dx− du/dy)/f).
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Figure 3.2: The numerical simulations performed are shown in (∆r,∆z) space.
The horizontal separation ∆r is scaled by the internal Rossby radius of the mixed
patch. The vertical separation ∆z is scaled by the distance between the respective
cores of an adjustment vortex. Cases of overlapping mixing events are depicted in
the shaded region.
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The vertical vorticity, ζ = dv/dx − du/dy, is the dominant component of the

vorticity vector, ω = ∇ × u, for adjustment vortices. The structure and behav-

ior of vertical vorticity in adjustment vortices is consistent with two-dimensional

counterparts. The vertical vorticity of each core of an adjustment vortex pos-

sesses a horizontal profile most closely resembling those with steepness parameter

α = 2.0 as in Carton and Legras (1994). As with the shielded vortices of Car-

ton and Legras (1994), the instabilities of any core in the adjustment vortex goes

through a linear growth phase and a non-linear amplification phase. Similar to the

two-layer, counter-rotating baroclinic vortices of Helfrich and Send (1988), the de-

veloping instabilities of adjustment vortices are out of phase in vertically adjacent

cores. As an elliptical (azimuthal mode two) instability develops in a core, the

shield is displaced and intensifies in regions where the cores have become narrow.

These regions of increased vorticity interact with the cores in the non-linear am-

plification phase, resulting in shields that focus vorticity into two discrete centers.

In the present study, unlike in Carton and Legras (1994), the tripoles formed by

each original core with its fragmented shield do not stabilize. Rather, the out-of-

phase cores strongly associate and exchange vorticity with the divided shields on

adjacent layers. The strain of the divided and strengthened shields is enough to

split the three cores into two split dipoles (Figure 3.3a). These split dipoles are a

three-layer analog to the two-layer propagation seen in Helfrich and Send (1988),

where two vortex cores are associated with one another across the boundary of two

layers of fluid. The split dipoles are composed of a central core flanked above and

below by cores of opposite vorticity connected to each other through the weaker

asymmetric shield of the central core.

The instabilities that develop on individual adjustment vortices are identified

by taking the volume averaged, azimuthal fast Fourier transform of horizontal

cross sections of vorticity through the individual cores. The development of az-

imuthal modes in vortices has been used to study vortex stability and evolution in

other numerical studies (Helfrich and Send, 1988; Carton and Legras, 1994). With

assumptions of symmetry and for the sake of simplicity, I investigate the azimuthal
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(a) Split Dipole (b) Tilted Dipole

Figure 3.3: Two major kinds of dipoles resulting from adjustment vortex interac-
tions. Split dipoles (a) have cyclonic cores vertically aligned, while tilted dipoles
(b) have cyclonic cores vertically offset with one being dominant. The gray scale
represents scaled vertical vorticity (ζ/f = (dv/dx − du/dy)/f), where f is the
Coriolis parameter.

instabilities in the region of the initial vortex introduced into the domain.

Depending on the kind of interaction expected (instabilities, dipole pairing,

or merging) the amount of time until the adjustment vortices attain a stable

form will vary. Where azimuthal instabilities dominate, it is the time it takes

for the split-dipoles to form. Where interactions between counter-rotating cores

dominate, it is the time until the dipole pairing is complete. As in (Schmidt et al.,

1998), the dipole pairing process is considered to be complete when the maximum

propagation velocity is reached, which also corresponds to the closest distance

between the counter-rotating cores. Finally, the time until a merger is considered

complete is identified by the amount of time it takes for the individual cores to

stably merge or evolve into other stable forms.

3.3 Results

The interactions of two sequential adjusted mixing events fall into three broad

categories: Those that result in the destructive instabilities of individual adjust-

ment vortices, those that result in the dipole pairing of counter-rotating vortex
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cores of respective structures, and those that result in transient merging of co-

rotating cores of respective adjustment vortices. Although there are simulations

beyond the representative subset presented, all interactions have been found to be

influenced by vortex stability, dipole pairing, or merging. Additionally, when the

mixed patches are introduced in an overlapping fashion, strong variations in total

energy may occur.

The following results address each of the above broad categories and the ad-

ditional concern of overlapping diffusive forcings in turn. First, the causes and

consequences of the azimuthal instabilities of an adjustment vortex are examined.

Proceeding, the interactions of counter-rotating vortices that result in propagat-

ing dipole pairs are investigated. Next, the effect of the transient merging of like

signed vortex cores is considered. Finally, the consequences of the volume of a

diffusive forcing event overlapping with an already existing adjustment vortex are

presented.

3.3.1 Induced Azimuthal Instabilities

Azimuthal instabilities for both adjustment vortices are induced by the background

noise in the domain or the shear and strain they exert on one another. This

background noise can be seen as a combination of numerical noise introduced

in the equations and the adjustment driven internal waves superimposing with

themselves via the triply-periodic boundary conditions. For instabilities induced

exclusively by background noise, the time for the strongest instability to evolve

is virtually identical (around 100Tip) from one simulation to the next. A single

adjustment vortex in the same numerical domain takes twice as long to develop the

same instabilities. Furthermore, the time until the identifiable onset of instability

is inversely related to the amount of axially asymmetric strain of the interacting

vortices.

For two sequential mixed patches placed into the domain at (8.0, 0.0), evolu-

tion of instabilities into two split dipoles each progresses as with a single, isolated

adjustment vortex (Figure 3.4). The second azimuthal mode of the initial adjust-
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ment vortex becomes dominant around 68Tip and grows exponentially until 101Tip

(Figure 3.5), yielding an e-folding time of τ = 10.8Tip. After 101Tip, non-linear

amplification ensues, concluding with the breakdown into two propagating split

dipoles for each adjustment vortex at around 150Tip. The other modes presented

are the mean vorticity (mode 0), vortex core displacement (mode 1), and a three-

lobed mode (mode 3). All higher modes are seen to grow at slower rates and are

not displayed. As the unstable modes are developing, the potential energy of the

vortex is being converted into the kinetic energy of those azimuthal modes. This

is especially noticeable using a wave-vortex decomposition of the energy (Bartello,

1995). This linear decomposition of the energy portrays energy associated with

Ertel potential vorticity (vortex mode) and the energy associated with the ab-

sence of Ertel potential vorticity (wave mode). After the onset of the non-linear

amplification phase, around 100Tip (Figure 3.6), the exchange of vortex potential

to vortex kinetic energy is observed. All cases that evolve from adjustment vor-

tices into stable forms exhibit this conversion of vortex potential energy to vortex

kinetic energy.

As the two adjustment vortices are placed closer, the proximal strain of the

two vortices can be enough to induce instabilities that precipitate the breakdown

of those structures. In contrast to the (8.0,0.0) case above, the (4.0,0.0) case

shows a dominant azimuthal mode one instability by 3Tip. This mode grows

linearly until 10Tip, with an e-folding time scale of τ = 11.6Tip, before non-linear

amplification and breakdown (Figure 3.7). The azimuthal mode one is primarily

a lateral displacement of one of the cores in relation to the others, precipitating

the interactions of cores with the shields in adjacent layers. In this case, each

adjustment vortex breaks down into a single split dipole form. Increasing the

horizontal distance weakens the induced first azimuthal mode, but it is still able

to facilitate the asymmetry in the pairs of split dipoles for each adjustment vortex

until ∆r ≥ 6.0.

The azimuthal instabilities induced by the shear and strain of a proximal vor-

tex, being stronger than the ones driven by the background noise of the domain,
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(a) 50 Tip (b) 100 Tip

(c) 150 Tip (d) 191 Tip

Figure 3.4: The instabilities of distant vortices (8.0, 0.0) are seen to develop into
split dipoles. The instability is visible by (b) 100 Tip, develops a tri-polar structure
by (c) 150 Tip, and evolves into propagating split dipoles by (d) 191 Tip. The
gray scale represents scaled vertical vorticity (ζ/f = (dv/dx − du/dy)/f). The
“waves” around vortices in (d) are the result of the bottle-necking of kinetic energy
described in Appendix C.
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Figure 3.5: Evolution of the first three azimuthal modes for the central anticyclone
of the (8.0, 0.0) case. The second azimuthal mode grows from 68 Tip until 140 Tip,
after which the vortex breaks into two propagating pairs. The azimuthal mode
zero represents the mean vorticity in the sample frame and declines when the split
dipoles propagate out of the sampling frame. The first azimuthal mode represents
the mean lateral displacement of the vortex cores. The third azimuthal mode is
a tri-lobed undulation. All higher modes are seen to grow at slower rates and are
not displayed.
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Figure 3.6: A wave-vortex energy decomposition for the (8.0,0.0) case. The evo-
lution of the total energy (solid line) of two adjustment vortices decomposed into
kinetic (dashed) and available potential (dotted) energy in both wave (non-circled)
and vortex (circled). The onset of the non-linear amplification phase is correlated
with the exchange of vortex potential to kinetic energy.
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Figure 3.7: Evolution of the first three azimuthal modes for the central anticyclone
of the (4.0,0.0) case. The first azimuthal mode, displacement of an adjustment
vortex’s cores relative to one another, governs the conversion into one split dipole
for each adjustment vortex.
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take less time to evolve into the stable dipole forms.

3.3.2 Dipole Pairing

When the adjustment vortices are placed even closer, counter-rotating cores of the

respective vortices can couple to form asymmetric dipole pairs that propagate in

circles. This process occurs most strongly for the ∆z = 1.0 cases, where respective

vortex cores are vertically aligned with matching, counter-rotating pairs (Figure

3.1b). Direct dipole pairing also occurs for other cases (∆z 6= 1.0), but only

the ∆z = 1.0 cases are presented. The evolution of the dipole pairing for the

(2.0,1.0) case is shown in Figure 3.8. Time until complete pairing, defined by

maximum dipole propagation speed, varies from 5Tip to 80Tip for the simulations

from (1.0,1.0) to (3.5,1.0). The time until pairing is closely fit with an exponential

relationship to the horizontal distance between the counter-rotating cores (not

shown). Beyond ∆r = 3.5, azimuthal instabilities result in the breakdown of each

structure before dipole pairing can occur.

The strain rate (3.1) necessary for dipole pairing to dominate over azimuthal

instabilities is observed to be at least s = 0.47 f . Contours of strain rate, s, are

overlaid upon color gradients of vorticity in Figure 3.9. For the two simulations

shown, ∆r = 2.0, 3.0 with ∆z = 1.0 (Figure 3.9a,b), dipole pairing occurs when

the strain rate is above this limit. Contours of strain can also be seen to include

both vortices. For the other two simulations shown, ∆r = 4.0, 6.0 with ∆z = 1.0

(Figure 3.9c,d), the contours of strain no longer surround both vortices, and strain

is insufficient to create dipole pairing. In one of these latter cases, (4.0, 1.0) (Figure

3.9c), the strain perturbs the azimuthal instabilities of the vortices before pairing

can occur.

In some extended simulations, the resulting propagating dipoles exchange part-

ners with other dipole pairs and exhibit the horizontal merger and vertical coupling

of like signed vortex cores. Paired anticyclonic cores are observed to capture an ad-

ditional partner and facilitate the merger between the new cyclone and its original

partner. When the cyclones of respective pairs come in close vertical proximity,
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(a) 2 Tip (b) 10 Tip

(c) 15 Tip (d) 50 Tip

Figure 3.8: The interaction of counter-rotating cores of different adjustment vor-
tices are observed to form an asymmetric, propagating dipole. Dipole pairing,
with initial conditions (2.0,1.0), is completed by 15Tip (c) and propagates in a
circle. Filaments of the shields are seen to stretch out behind the dipole by (d) 50
Tip. Presented is a plan-view of vertical vorticity scaled by the Coriolis parameter
(ζ/f = (dv/dx− du/dy)/f) through vertical center of initial mixed patch.
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(a) (2.0,1.0) (b) (3.0,1.0)

(c) (4.0,1.0) (d) (6.0,1.0)

Figure 3.9: The vertical vorticity distribution at 2 Tip for ∆z = 1.0 simulations
with varied radial spacing, ∆r ∈ {2.0, 3.0, 4.0, 6.0}. Overlaid are contours of the
total strain. Both vertical vorticity and strain are scaled by 1/f . The contour
spacing is 0.2.
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(a) 2 Tip (b) 150 Tip

(c) 160 Tip (d) 180 Tip

(e) 200 Tip (f) 210 Tip

Figure 3.10: An extended simulation for (3.5, 1.0) case. Interacting dipole pairs
can be seen to display merging (c) and exchanging partners (f).The vortices are
labeled from top to bottom, left to right (A to F). The B+F dipole is meeting
up with the A+E dipole by 150Tip. Although the A and F cyclones started on
different levels they can be seen to vertically couple by 160Tip. All five vortices
form a compound structure that is pulled together. By 220Tip anti-cyclonic core B
has become associated with the merged A-F cyclone and the propagating structure
assumes a different trajectory than the remaining vortex cores.
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they have a strong tendency to vertically couple, forming a taller and stronger

vortex.

For the (3.5,1.0) case the asymmetric dipole pairs propagate on circular paths,

resulting in respective cyclones meeting up (Figure 3.10). The vortices are labeled

from top to bottom left to right (A to F). The B+F dipole is meeting up with

the A+E dipole by 150Tip. Although the A and F cyclones started on different

levels they can be seen to vertically couple by 160Tip. All five vortices form a

compound structure that is pulled together. By 220Tip anti-cyclonic core B has

become associated with the verticlly coupled A-F cyclone and the propagating

structure assumes a different trajectory than the remaining vortex cores.

3.3.3 Merging Cores

The cases that lead to the most apparent, although unstable, merging are where

the mixed patches are introduced on the same plane (∆z = 0.0). A critical distance

for merging to take place is observed at ∆r = 2.5. In the (2.0,0.0) case (Figure

3.11), the anti-cyclonic cores coalesce into a single structure by 15 Tip. However,

the cyclonic cores of the adjustment vortices of these cases do not merge. Rather,

they vertically associate with strengthened portions of the cyclonic shield of cen-

tral, merging anti-cyclones. This can be seen starting at 2 Tip (Figure 3.11a) above

and below the point of closest contact between the two anti-cyclones. By 15 Tip

these two regions have not only accumulated more of the cyclonic vorticity in the

shield, but they have become strongly associated with the cyclonic cores above

and below the merged anti-cyclonic cores seen in Figure 3.11. The strain of the

combined strength of the associated cyclones is enough to pull the anti-cyclonic

cores apart into two split dipoles.

The value of strain rate that is necessary to drive the merging for these vortices

is s ≥ 0.80 f . The shear-strain (∂u
∂y

+ ∂v
∂x

)2 is the dominant component of the strain

parameter (3.1) for co-rotating vortices. When the shear-strain is in this range,

the vortices are stretched and pulled into one another to merge (Figure 3.12).

The (2.0, 0.0) case exhibits the minimum merging time of 15Tip, with the
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(a) 2 Tip (b) 10 Tip

(c) 15 Tip (d) 50 Tip

Figure 3.11: The (2.0,0.0) case showing the merging of anti-cyclonic cores (b,c)
and the development of two split dipoles (d).
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(a) (2.0,0.0) (b) (3.0,0.0)

(c) (4.0,0.0) (d) (5.0,0.0)

Figure 3.12: The same as Figure 3.9, but with vertical separation of mixed patches
at ∆z = 0.0 (Figure 1a).



47

maximum strain rate in the first five inertial periods of s = 0.84 f . Complete

split into propagating dipoles is achieved by 45Tip. The (2.5, 0.0) case has the

maximum time until merging of 25Tip, with propagating split dipoles by 32Tip.

Similar merging is found for interacting cyclones of the adjustment vortices when

∆z ≥ 2.0 (Figure 3.1cd). The top cyclonic core of the initial adjustment vortex

merges with the bottom cyclonic core of the second adjustment vortex. Merging

occurs for ∆r ≤ 1.0, but is a by-product of the proximal placement of the mixed

patches. The inward flow of fluid that draws the respective cores together is an

effect of the adjustment process. The merged cyclones create the strain necessary

to pull both anticyclonic cores out of place to form a large compound tilted dipole

(multi-pole) by 15Tip. A tilted dipole is a structure in which one of the cyclonic

cores strongly associates with a mode one azimuthal asymmetry in the cyclonic

shield of the anti-cyclonic core (Figure 3.3b). The other cyclonic core becomes

out of phase from the dominant one, becoming associated with a weaker mode

two azimuthal asymmetry of the shield. The compound tilted dipole is unstable,

collapsing when the larger cyclone associates with only one of the anticyclones (see

Figure 3.10). These tilted dipoles and multi-poles have been observed in earlier

numerical simulations of isolated vortices in the ocean (Morel and McWilliams,

1997).

3.3.4 Overlapping Mixed Patches

The Gaussian profile of a mixed patch extends the density perturbation beyond

two standard deviations of the patch. If a subsequent mixed patch is placed

far enough from the initial, they will not interfere with each other’s adjustment.

However, when a subsequent mixed patch is introduced into the domain such that

its density perturbation overlaps the initial patch, the energy introduced by the

second mixed patch can vary by up to 40%. Introducing the second, overlapping,

mixed patch on the same plane as the first (∆z = 0) produces a single, larger,

although asymmetric vortex with more total energy than otherwise. Conversely,

introducing the subsequent mixing event at ∆z = 1.0 results in less energy. Both
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Figure 3.13: Time in inertial periods until a stable form evolves. Symmetric over-
laps, ∆r = 0, as well as distant runs are the most stable, with the longest times to
reach a stable form. The region where internal waves induce azimuthal instabili-
ties are outside the dotted line. Regions of co-rotating core merging are within the
dashed lines. Regions influenced by dipole pairing are within the dashed-dotted
lines. The region where overlapping effects are seen is within the solid line. The
remainder is influenced by azimuthal modes one and two due to shear and strain.
Curves are estimated from observations of all simulations.

of these effects are the byproduct of using the diffusive forcing method on fluid

that is no longer linearly stratified after the initial parameterized mixing event.

Each of the above simulations has an observed time until the stable forms are

achieved. These times are represented in Figure 3.13 for all simulations. The out-

lining ovals estimate regions where the specified behavior is observed to dominate.

3.4 Discussion

The above simulations show interactions between adjustment vortices can result

in different types of propagating dipoles. Background noise or the proximal strain

from nearby vortices induce instabilities that result in split or tilted dipoles, de-
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pending on the azimuthal modes that are excited. Counter-rotating cores of re-

spective vortices form asymmetric dipole pairs that propagate in circles when the

adjustment vortices are within a certain range of distances (∆r < 3.5) and verti-

cal alignment (0.7 ≤ ∆z ≤ 1.3). The anti-cyclonic cores of respective adjustment

vortices temporarily merge and continue to evolve as one unstable vortex before

breaking into two split dipoles, while the merging of cyclonic cores results in tilted

dipoles. Overlapping a subsequent mixing event with an existing mixed patch

results in varied amounts of induced potential energy and a redistribution of the

potential energy of the initial mixed patch.

Adjustment vortices are unstable to perturbations by azimuthal modes. When

there are two distant adjustment vortices in the domain, noticeable instabilities

develop by 68Tip, at least 100Tip earlier than a single adjustment vortex in the

same domain. Adjustment vortices are unstable to perturbations caused by the

shear and strain of an internal wave field (Brunner-Suzuki et al., 2012). Each

adjustment vortex produces an internal wave field during adjustment. In near

inviscid simulations in a triply-periodic domain, these internal waves persist and

interact with each other and the vortices. It is thought that the internal waves

provide the largest component of the background noise that drives the instability

of distant vortices. The periodic Cartesian boundary conditions, as in Melander

et al. (1991), create small perturbations of azimuthal modes that may lead to in-

stabilities seen here. Shear and strain of proximal vortices displace the vortex cores

relative to one another. This is represented on an azimuthal Fourier transform by

a mode one perturbation. Depending on the influence of the displacement mode,

the adjustment vortices evolve into one to two dipole forms each. For adjustment

vortices that evolve into two split dipoles, the displacement mode can influence

the size of each.

For adjustment vortices that may form in the ocean, it is expected that the

shear and strain fields within the ocean will excite the natural modes of oscillation

in the vortices (Flierl, 1988). This may be one reason that adjustment vortices

have yet to be observed in the ocean. The tendency to evolve into propagating
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forms would contribute to rates of dispersion observed in field studies unaccounted

for by established theories Sundermeyer and Ledwell (2001).

Dipole pairing and unstable merging of cores of this study occur within es-

tablished critical distances for mono-polar forms of vortices observed in previous

studies. Dipole pairing of counter-rotating cores of adjustment vortices is observed

for ∆r ≤ 3.5. This compares well to the dipole pairing distance of ∆r ≤ 4.0 (as

a ratio of vortex radius) observed in two-dimensional, counter-rotating vortices

by Schmidt et al. (1998). Likewise, our critical merging distance is found to be

∆r ≤ 2.5 for the co-rotating anti-cyclones. This is consistent with the critical

merging distances Valcke and Verron (1997) reported with two-dimensional vor-

tices (∆r = 2.3). Sufficient proximal strain rates are necessary for the pairing

and merging processes to compete with the azimuthal instabilities of individual

adjustment vortices.

Although the primary interactions of proximal adjustment vortices do not re-

sult in stable merger, the merger and vertical coupling of co-rotating vortex cores is

still observed. The stable merger and vertical coupling of co-rotating cores is only

observed after the breakdown of adjustment vortices. Each dipole type consists

of a large anticyclone associated with one or two smaller cyclones. The dominant

anti-cyclones of the dipole forms exchange and exhibit the merger of peripheral cy-

clones. Though the exchange of cores in dipole collisions are not new (Dubosq and

Viúdez, 2007), this is the first study that I am aware of that investigates the three-

dimensional exchange of cores in vortices of this type. Additionally, the merging

of multiple like-signed cores associated with a stronger counter-rotating vortex

has been reported in oceanic observations and numerical simulations (Rodŕıguez-

Marroyo et al., 2011). The stability properties of each compound vortex type

determine the capacity to stably merge or vertically couple. As is noted above

and in Appendix B, adjustment vortices are inherently unstable. Criteria for the

interactions of dipoles resulting from the breakdown of adjustment vortices has

yet to be developed.

Interactions of subsequent diffusive forcings overlapping with the density per-
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turbations of prior vortices introduce vortices with varying sizes, shapes, and en-

ergy content. This particular effect is a result of the non-linearity of the density

field and is not produced by an inverse energy cascade. The extremes of this

particular effect are unlikely to occur in an oceanic setting. The mixed patches

introduced into the numerical domain are a parameterization of the turbulent mix-

ing of breaking internal waves. Internal waves have been shown to be less likely

to break within regions of decreased stratification in a Boussinesq fluid (Brown

et al., 2008). This makes the more energetic cases of overlapping, ∆z = 0.0, un-

likely for subsequent, internal wave driven mixing events of the same size in the

ocean. Nevertheless, superpositions of incident and reflected internal waves off of

a destratified region have been shown to lead to breaking. Although parameteriz-

ing of mixing events is intended to introduce a particular energetic scale into the

domain, variability in the forcing emulates some of the natural variability of such

mixed patches in the ocean.

Interactions between the end products of adjustment vortex instability, dipole

pairing, or transient merging are shown to result in vortex core merging or ver-

tical coupling. The merging of vortex cores is the fundamental process through

which the inverse cascade of kinetic energy occurs. The merging of the vortex

cores results in an increase in horizontal and vertical scales, whereas the vertical

coupling increases the vertical scale without a corresponding increase in horizontal

scale. Determining the relative dominance between horizontal merging and verti-

cal coupling in numerical simulations with multiple forcings may be important in

evaluating the existence of an inverse cascade from similar oceanic submesoscale

processes. With predominantly horizontal mergers, an inverse cascade of kinetic

energy is consistent with what is predicted by quasi-geostrophic theory (Charney,

1971). However, if vertical coupling is dominant, vertically periodic boundary con-

ditions will drive a two-dimensional inverse cascade, as is seen in Chapter 5. In the

ocean, compounded vertical coupling may eventually result in further instabilities

such as seen by Billant and Chomaz (2000).

Ripples in the vorticity field of Figure 3.4 show the consequence of stretching
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and thinning of vorticity filaments. This represents a forward cascade of enstro-

phy. However, it may also be associated with a bottle-necking effect discussed in

Appendix C. The bottle-necking effect represents a build up of kinetic energy at

the smallest scales before dissipation by higher order viscosity. Though a forward

cascade of kinetic energy is usually associated with fully three-dimensional fluids,

the quasigeostrophic apporoximation does not prohibit a forward cascade of ki-

netic energy as do two-dimensional flows (Tung and Orlando, 2003). Futhermore,

the Boussinesq approximation also allows for forward cascades of kinetic energy.

There are several questions encountered that are left unexplored. First, the

evolution time of most interactions presented above are longer than the dissipation

time, TD = h2/ν2 = 10Tip, for adjustment vortices in viscous simulations of

previous work Sundermeyer and Lelong (2005). This disparity is explored more in

Chapter 4 and Chapter 5. It is unknown if the interactions between two vortices

would yield similar results in these domains or, as in Tóth and Házi (2010) and

Dubosq and Viúdez (2007), whether they would result in a stable merger between

adjustment vortices. Numerical simulations in Chapter 4 and Chapter 5, along

with the stability analysis of Appendix B, indicate the former. Furthermore, the

varying scale and energy that the diffusive forcing introduces points to the need

to explore interactions between adjustment vortices of varying size, scale, and

destratification. Also open for investigation is the manner in which an adjustment

vortex interacts with and affect the breaking of internal waves. Contributions

to lateral dispersion from the evolution of adjustment vortices into propagating

dipoles has yet to be considered. In the turbulent oceanic context, bolus transfer of

tracer by propagating dipoles could contribute to the observed lateral dispersion.

Although criteria for vortex merger in oceanic tripoles have been explored for

mesoscale vortices (Rodŕıguez-Marroyo et al., 2011), criteria for the exchange and

merger of components of the stable dipoles has yet to be established. The multi-

mixing event simulations of following chapters suggest that the vertical coupling

of multiple co-rotating cores may be one of the driving mechanism that creates an

increasingly two-dimensional flow.
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3.5 Conclusion

Two vortices produced by the geostrophic adjustment of sequential parameterized

mixing events in a linearly stratified fluid show a variety of interactions resulting

in one of three stable forms. Azimuthal instabilities, dipole pairing, or unstable

merging of component vortex cores result in propagating dipoles, split dipoles, or

tilted dipoles. Although the direct, stable merging of two adjustment vortices is

not observed, the evolution into and interactions between stable forms exhibit the

exchange and coalescence of like signed vortex cores. The unstable interactions

between adjustment vortices, resulting in propagating dipoles, present another

mechanism contributing to lateral dispersion in the ocean. The interaction of

resultant dipole pairings portray a mechanism capable of participating in both

forward and inverse energy cascades at the submesoscale.
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Chapter 4

CLUSTERING PARAMETERIZED WAVE-BREAKING
EVENTS AND THE EFFECT ON LATERAL

DISPERSION

Proximal adjustment vortices are created by clustered mixing events. The clus-

tering of adjustment vortices is performed using the assumption that the adjust-

ment vortices themselves increase the likelihood of other mixing events in their

proximity. In this manner, non-linear interactions between adjustment vortices

may be used to increase the lateral dispersion of a tracer. It is found that in-

creases in scale of resultant vortices can account for much of the increase in lateral

dispersion of a tracer beyond the diffusive regime limit. For simulations with high

rate densities of mixing event introduction, passive tracer dispersion dynamics fall

into a non-linear regime. This behavior is explained mostly from the scales of

kinetic energy that are persistently at or greater than the scale of the tracer, with

a portion of this kinetic energy from barotropic mode energy that is accumulating

due to the unphysical dissipation at that mode.

4.1 Introduction

The introduction of episodic mixed patches into a viscous, rotating, and stratified

domain has been used to study the influence of adjustment vortices on the lateral

dispersion of a passive tracer at the submesoscale (Sundermeyer and Lelong, 2005).

Characteristics consistent with an inverse energy cascade were observed in the

numerical domains as the frequency of introduced mixed patches was increased.

It was hypothesized that the non-linear interactions between adjustment vortices

precipitated the inverse energy cascade and prevented statistical equilibration of

the velocity fields. In the present study, a clustering assumption is used to locally

increase the rate of mixing event introduction while keeping the global rate of
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mixing events constant. From this local increase, I hope to be able to accomplish

two things. First, to investigate the increase in the rates of lateral dispersion of a

passive tracer due to the clustering assumption and the dynamics therein. These

results are compared to the parameterization of lateral dispersion presented by

Sundermeyer and Lelong (2005). Second, the nature of the non-linear interactions

that lead to the inverse energy cascades observed in previous work is investigated.

Although the relationship between the model configuration and the inverse energy

cascade are covered in more detail in Chapter 5, it has an effect upon the results

presented here.

The clustering assumption is supported as follows. Firstly, it has been pro-

posed that rotating stratified fluids possess a turbulent memory effect (Vanneste

and Haynes, 2000), that turbulence is more likely in regions that have experienced

turbulence in the recent past. Next, for the modeled process, internal waves are

more likely to break in regions of increased vertical shear Winters (1994). Fur-

thermore, internal waves are known to amplify and break when moving through

decreasing stratification in the atmosphere (Staquet and Sommeria, 2002). Fi-

nally, although internal waves are less likely to break within a destratified region,

superpositions of internal waves, incident and reflected from a destratified region,

can lead to breaking and turbulence (Brown et al., 2008). From the clustering as-

sumption, a time varying, spatial Poisson process is utilized to localize an increase

in rate of mixing events.

The presentation of the paper is as follows. The numerical model, spatial Pois-

son process, use of a barotropic damping, and methods for analysis are presented

in Section 2. In the results, Section 3, the effects of clustering on dynamics of

the flow and a passive tracer field are presented. These results are compared to

simulations without clustering, but at the same global rate. Furthermore, these

unclustered cases are compared to simulations performed with barotropic damp-

ing. In the discussion, Section 4, the findings and their implications for simula-

tions of anisotropic, rotating, stratified flow are reviewed. Further investigations

are proposed to address outstanding issues discovered. Finally, in the conclusion,
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Section 4, the effects of clustering on lateral dispersion and the barotropic mode

are summarized.

4.2 Model and Methods

As in previous studies (Lelong and Sundermeyer, 2005; Sundermeyer and Lelong,

2005), the pseudo-spectral numerical model developed by Winters et al. (2004) is

employed in this chapter. In addition to the numerical model and the techniques

described in Section 2.3, a few more techniques are introduced and reviewed.

4.2.1 Energetics and Energy Spectra

Both kinetic and available potential energy are needed to detect statistical equi-

librium in the domain. Statistical equilibrium occurs when there is a balance

between the energy forced into the domain and the energy dissipated out of the

domain. The globally averaged kinetic energy is calculated as 1
2

1
V

∫
V
u · u dV .

The domain averaged potential energy is calculated as 1
2

1
V

∫
V

(
g

Nρ0
ρ′
)2

dV . Both

kinetic energy and available potential energy are in units of Joules per kilogram

J/kg. For domains without isopycnal overturns this approximation of available

potential energy is considered accurate (Gill, 1982). The total available energy in

the domain is the sum of the kinetic and available potential energy.

Depending on the background stratification present in the domain, diffusive

forcings can introduce varying amounts of available potential energy. For a more

complete review of how this occurs, see Appendix A. The sampling rate of the

energetics is fine enough to capture these differences. Comparing the total energy

in the domain just before a diffusive forcing event to that just after allows us to

calculate statistics on the energy delivered by a diffusive forcing event. Likewise,

comparing the total energy just after a diffusive forcing event to the level of energy

just before the next allows us to measure the dissipation of energy between events

and calculate statistics on those as well.

The two kinds of energy spectra presented here are the vertically averaged,

horizontally isotropic spectrum of kinetic energy and the horizontally averaged,
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vertical spectrum of kinetic energy. The first allows us to determine the distribu-

tion of kinetic energy at different horizontal scales. The second allows us to deter-

mine the distribution of kinetic energy at different vertical scales. The distribution

of the vertical kinetic energy spectrum between barotropic and baroclinic modes

(wavenumber vectors with zero and non-zero vertical components respectively) is

critical in understanding the effect of vertical periodic boundary conditions on the

dynamics of rotating, stratified flows.

4.2.2 Inferring Effective Diffusivity

The domain is allowed to reach apparent statistical equilibrium before a streak

of passive tracer is injected into the numerical domain. For most simulations,

statistical equilibrium is achieved after 100Tip and the passive tracer is injected

in a Gaussian streak parallel to the y direction in the middle of the domain. The

horizontal and vertical variance of the injected tracer is initially the same as the

radial and vertical variance of the diffusively forced mixed patch. The method for

estimating effective (or eddy) diffusivity from the numerical domain is described

in Section 2.3.5. When the evolution of a passive tracer variance is linear with

respect to time it is possible to infer a constant diffusivity parameter. However,

when the variance of the dye is in a near-linear regime, such an estimate is no

longer accurate. To depict this both the log-log plots and the slope of the log-log

plot of variance with respect to time are taken. The slope-log-log plots are derived

as follows,
∂(log σ2

T )

∂(log t)
=
∂σ2

T

∂t
· t
σ2
T

. (4.1)

For a tracer variance defined by σ2
T = C0t

p(t),

∂(log σ2
T )

∂(log t)
= p(t), (4.2)

or the power with which the tracer is being dispersed.
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4.2.3 Poisson Process with Gaussian Clusters

A continuous Poisson process is a stochastic process in which events occur con-

tinually and independently. In the simplest sense, it is a process that counts the

number of events that occur in a given time interval. The number of events in a

time interval, N(t), are Poisson distributed,

P [N(t) = n] = e−λt
(λt)n

n!
, n ∈ {1, 2, 3, · · · } , (4.3)

E[N(t)] = λt, (4.4)

if they are independent of events occurring in any other time interval, and are

never simultaneous (N(0) = 0). The parameter λ represents the frequency of

occurring events. For a Poisson process, the waiting time between events is always

finite, non-zero, and exponentially distributed (with mean 1/λ) (Ross, 2009).

Extending the above process to include spatial variations of a recurrence rate

in the domain, a spatial Poisson process is considered. The rate parameter is gen-

eralized to include these spatial variations, λ(x, t) such that
∫
V
λ(x, t)dV = λc,

where λc is the domain level recurrence frequency. It is simplified further by mak-

ing the temporal and spatial components separable, λ(x, t) = λcf(x), where f(x)

is a probability density function. This separation enables the separate selection

and control of the global rate parameter λc and the spatial probability density

function f(x). This generalized rate parameter λ(x, t) can be seen to be a rate

density function for each point in the domain or as a recurrence frequency per unit

volume.

In a departure from a traditional Poisson process, waiting times between mixing

events are held constant, instead of being exponentially distributed with a global

rate parameter. This is done, in part, to be consistent with the methods of previous

research (Sundermeyer and Lelong, 2005), but it also lends itself to certain aspects

of data analysis. Though this change makes the probability model Markovian

instead of Poisson, statistics taken from long simulations are seen to be negligibly

different.
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The numerical study of Sundermeyer and Lelong (2005) uses a spatial distri-

bution that is uniformly random in space, f(x) = 1/V , with fixed waiting times

between events, τ = 1/λc. The rate density function, λ(x, t) = λcf(x), is constant

for the entire domain. By varying the rate density function in space, regions are

created where mixing events occur with increased frequency. This allows for the

dynamics of these mixing events to interact in the strongly non-linear regime of

Sundermeyer and Lelong (2005), without increasing the global rate of mixing event

occurrence.

However, care must be taken to preserve the ergodicity of the domain. If the

rate density function is varying throughout the domain, but remains constant for

the entire simulation, then the activity experienced by each subset of the domain

is not representative of any other subset (on average). That is, some regions will

experience more energy and dye dispersion than others because of the probability

density function of mixing events being fixed in time. To address this, the following

technique is employed such that the effects of proximity can be examined while

still maintaining the ergodicity of the domain.

Mixing events are clustered by using a Gaussian probability density function,

with given dimensions, around a randomly chosen center for a set number of wait-

ing times. After the set number of waiting times, chosen to preserve ergodicity,

the mean of the Gaussian probability density function is moved and the process

started over again. The scale of the Gaussian probability density function, repre-

sented by σ, is a scaling of the radial and vertical dimensions of well-mixed region

introduced by a diffusive forcing, diag (Σ) = σ[σ2
r , σ

2
r , σ

2
z ], where Σ is the covari-

ance matrix for the Gaussian and σr and σz are the radial and vertical standard

deviation for the individual well-mixed regions. The numerical simulations pre-

sented are evaluated from varying the waiting times between mixing events τ , the

size of the Gaussian cluster σ, and the number of mixing events in each cluster N

before moving the center to another location. For the simulations presented here,

the waiting times between events are τ = 4.0Tip, τ = 2.0Tip, and τ = 1.0Tip.

The scaling of the Gaussian clusters are σ = 5.0, σ = 2.5, and σ = 0.5 times the
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original dimensions of a mixed patch. The volume of the Gaussians, determined

by the selection of σ, within one standard deviation are thus successively smaller

than the volume of the domain by factors of 4.8, 8.0, and 125. Together, τ and σ

indicate the increase of rate density in the locale of the cluster until a new center

is introduced. Within the volume of one standard deviation around the mean of

the Gaussian probability density function, the average rate density is λ = 1
τ Va

,

where Va is this volume. Instead of calculating and presenting the numeric rate

densities, the values of waiting times τ and scalings σ are presented in decreasing

increments or increasing rate density.

Note, the smallest cluster sizes are an extreme from which to measure the po-

tential effects of overlapping diffusive forcing. The effects of these tightly clustered

cases upon the size of the resultant mixed patches are explored in the results.

4.2.4 Barotropic Dynamics

Investigated in Chapter 5 is the discrepancy in dissipation timescales between the

barotropic and baroclinic modes of kinetic energy in anisotropic domains with

Laplacian viscosity. In numerical simulations that have a high frequency of the

diffusive forcing in relation to the volume and dissipation timescales, it is found

that accumulated, undissipated, barotropic mode kinetic energy makes the largest

contribution to an inverse energy cascade. This occurs after the barotropic mode

kinetic energy has started to dominate all levels of baroclinic mode kinetic energy.

It is found that by applying a scaled dissipation to the barotropic mode kinetic

energy this inverse cascade was arrested, without noticeable effect on the baroclinic

modes. To this end, the contribution of barotropic mode kinetic energy to the

lateral dispersion of a tracer is accounted for. The levels of barotropic mode kinetic

energy are determined in numerical simulations without clustering effects. A scaled

barotropic damping is applied to these simulations to determine the effect of the

barotropic mode on the dispersal of a passive tracer. Finally, the consequences of

clustering on the equilibration of simulations, the barotropic mode kinetic energy,

and the dispersion of the passive tracer are speculated upon.
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4.3 Results

The results are presented as follows. First, the variations of forcing, kinetic energy,

spectra, and passive tracer dispersion for the unclustered, base cases are presented.

Each base case is of increasing frequency, with decreasing waiting times (τ =

4.0Tip, τ = 2.0Tip, and τ = 1.0Tip) between each forcing. Data and statistics

for all results are presented in order of increasing frequency (decreasing waiting

times). Next, I will present the effects of clustering on each of the base cases

in turn. Finally, considerations on the relationship between the presence of the

barotropic mode kinetic energy and the lateral dispersion of a passive tracer are

reviewed.

4.3.1 Unclustered Cases

To begin, I investigate the energetics and dispersion rates of the unclustered base

cases, τ = 4.0Tip, τ = 2.0Tip, and τ = 1.0Tip. Each of these base cases ap-

proximately equilibrates after 100Tip, showing only a 2.84%, 1.76%, and 4.32%

additional growth in mean kinetic energy (taken in a 50Tip frame) by the end

of the simulations (Figure 4.1). The mean quantity of available potential en-

ergy, per mixing event, introduced by the diffusive forcing for each the base cases,

7.89× 10−9J/kg, 7.83× 10−9 J/kg, and 7.79× 10−9 J/kg respectively, show little

difference, being only 1.27% smaller for the highest frequency of forcing. Alterna-

tively, the standard deviation from the mean of the diffusive forcing increases with

frequency, 2.2 × 10−10 J/kg, 3.2 × 10−10 J/kg, and 4.9 × 10−10 J/kg respectively.

This amounts to 2.75%, 4.14%, and 6.25% percent variation from the mean forcing

for each case (Figure 4.2). The variability of the diffusive forcing is compounded

by the increase in forcing frequency when viewed in terms of the rate of energy

introduction per unit time. At later times, there is an easily discernible difference

in the horizontal scale of the kinetic energy in the domain between these base runs

(Figure 4.3). When the dominant scale of energy is larger than the scale of the

dye, the rate of dye dispersion increases.
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Figure 4.1: Evolution of the domain averaged kinetic energy for unclustered sim-
ulations.
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Figure 4.2: Mean and standard deviation of the diffusive forcing and dissipation
for base runs.
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Figure 4.3: Horizontal kinetic energy spectrum at 800Tip for τ = 4.0Tip, τ =
2.0Tip, and τ = 1.0Tip compared to the kinetic energy spectrum of a single ad-
justment vortex in domain with small viscosity at 20Tip.
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Turning to the time evolution of variance of the dye (Figure 4.4), apparent

linear growth occurs after 400Tip. However, when investigating the same plot in

a logarithmic frame (Figure 4.5), the fitted growth for the variance is not linear

as anticipated. The fitted logarithmic slopes vary from almost linear to almost

quadratic, σ2
T = O(t1.195), σ2

T = O(t1.388), and σ2
T = O(t1.744) respectively. Inves-

tigating further, the time evolution of the logarithmic slope (algebraic power) of

tracer variance evolves over time as well (Figure 4.6). For the τ = 4.0Tip base

case, the logarithmic slope p(t) for σ2
T = O(tp(t)) of the variance evolution averages

in linear regime, p(t) ∼ 1.0, between 100Tip and 400Tip. However, after 400Tip

tracer variance progresses into a more nonlinear regime, p(t) > 1.0. Conversely,

the τ = 1.0 base case initially disperses the passive tracer in a nonlinear regime

p(t) ∼ 2.0 before dropping to a more linear regime, p(t) ∼ 1.5, after 600Tip. Fur-

thermore, for all cases that equilibrate, the power of the dispersion rates settle

down to nearly the same level, p(t) ∼ 1.5. This effect is related to the undamped

accumulation of barotropic mode kinetic energy reviewed in Section 4.3.3.

4.3.2 Clustered Cases

Turning now to the clustered cases, the same qualities of the simulations for dif-

ferent cluster sizes σ and cluster population N are examined. As the global rate

density of the diffusive forcing is increased with the frequency, it is also increased

as the volume is restricted into which the mixing events are introduced. For the

base cases, the global rate density increases by factors of 2 as the forcing interval

decreased from τ = 4.0 down to τ = 1.0. Likewise, for each decreasing cluster

size, σ = 5, σ = 2.5, and σ = 0.5, the rate density is successively increased by

factors of 4.8, 8, and 125 within the standard deviation volume of the Gaussian

probability density function above the rate density of the associated base case.

For each of the global frequencies, the clustering had the same general effect

on the statistics of the diffusive forcings. For the largest cluster sizes, σ = 5.0,

there was very little effect upon the mean diffusive forcing. The mean potential

energy for each forcing varied 0.29% to 0.35% from that of their associated base
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Figure 4.4: Evolution of the variance of a tracer after its introduction at 100Tip.
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Figure 4.5: Evolution of the variance of a tracer after introduction at 100Tip in
logarithmic scaling.
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Figure 4.6: Evolution of the variance exponent of a tracer after introduction at
100Tip.
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cases. The standard deviations of the diffusive forcings from this mean ranged

from just below that of those for the base cases to about a percentage point (2.6%-

3.4%, 4.4%-4.7%, and 6.2%-7.1% respectively). For somewhat smaller cluster sizes,

σ = 2.5, the mean of the diffusive forcings varied a bit more, 0.2% to 1.4%, but

the standard deviations were greater than the associated base cases (5.9%-6.8%,

7.0%-9.4%, and 14.2%-17.1% respectively). Finally, for the smallest cluster sizes,

σ = 0.5, the mean diffusive forcing was 14-39% more than the associated base case,

increasing in direct proportion with the cluster population, N , and only slightly in

relation to the associated base frequency. Furthermore, the standard deviations of

the forcings were significantly larger than the standard deviations of the base case

(13%-15%, 14%-17%, and 15%-19% respectively). These differences in diffusive

forcing are illustrated in Figure 4.7 (left bars), for the τ = 4.0Tip cases, along with

the associated dissipation of energy between forcings (right bars). Distributions of

forcing and dissipation for higher rate densities (τ = 2.0Tip, and τ = 1.0Tip) had

very similar responses to clustering. Finally, the volume average kinetic energy

increased in direct relation to increasing rate density (both global and local) and

the population of each cluster. For the smallest cluster sizes, kinetic energy of the

simulations does not approach equilibration as in simulations with lower overall

rate densities.

Additionally, the smallest cluster sizes behaved as a single, larger destratified

region. The destratification ratio for a single diffusive forcing is ∆N2/N2 = 0.5

instead of the expected ∆N2/N2 = 1.0 (see Appendix A). The destratification

ratio for the smallest clusters, σ = 0.5, is twenty percent more, ∆N2/N2 = 0.6 for

the waiting times τ = 1.0Tip and cluster populations N = 5. This is accompanied

by a 10% increase in destratified height and a doubling of horizontal extent. The

density profile of the compounded mixed patch was allowed to adjust between

clustered diffusive forcings, explaining a smaller ratio between the deformation

radius to horizontal scale of the mixed patch. The shape of the compounded mixed

patch places the resulting adjustment vortex into a different Burger number regime

(Lelong and Sundermeyer, 2005; Brunner-Suzuki et al., 2012). Only simulations
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Figure 4.7: Mean and standard deviation of the diffusive forcing and dissipation
for simulations with τ = 4.0Tip waiting time.
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with the highest rate densities exhibit this kind of behavior. The less tightly

clustered cases do not show this behavior and result in separate mixed patches on

average.

The above variations in energy and shape produced by clustering are also seen

by investigating the horizontal kinetic energy spectrum. For waiting time between

forcings of τ = 1.0Tip, the kinetic energy spectrum of the base case is compared

to the clustered runs with population N = 5 at different times throughout the

simulations (Figures 4.8 - 4.11). At 10 Tip all of the clustered cases have more

energy at larger scales than the base case (Figure 4.8). However, the base case

has more energy at moderate scales than the σ = 5.0 and σ = 2.5 cases. This is

consistent with the above mean forcing of these cases being close to that of the

base case although with larger deviations in the quantity and scale of that forcing.

The variability in the quantity and scale of the energy, along with the dissipation

of kinetic energy, is enough to reduce the magnitude of large scales in some of

the clustered simulations below that of the base case (Figures 4.9,4.10). However,

the deviations of forcing around the mean is not enough to diminish the scale and

quantity of kinetic energy of the most tightly clustered case below that of the other

cases. In general, clustering increases the the amount of large scale energy in the

domain. This, in turn, has a direct effect on the dispersion of a passive tracer.

Again, for each of the global rate densities of the diffusive forcings, the clus-

tering had the same general effect on the lateral dispersion of a tracer. Despite

having local rate densities almost five times larger than the associated base case,

the largest cluster sizes, σ = 5.0 showed no more lateral dispersion than the associ-

ated base cases. In fact, some cases showed slightly less overall lateral dispersion,

especially for the τ = 4.0Tip cases. For somewhat smaller cluster sizes, σ = 2.5,

both overall lateral dispersion and the variability in the rate of the lateral disper-

sion increase. The only exception is the τ = 2.0Tip, N = 5 case that still shows

greater variability in the rate of dispersion. The smallest cluster sizes, σ = 0.5,

show the most total lateral dispersion of all cases without exception. However, the

kinetic energy for the smallest cluster sizes did not attain statistical equilibrium.
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Figure 4.8: Horizontal spectrum of kinetic energy for base case and clustered cases,
N = 5, at 10Tip. The above shows the general effect of increased large scale energy
for clustering.
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Figure 4.9: Horizontal spectrum of kinetic energy for base case and clustered cases,
N = 5, at 50Tip. Dissipation and deviations in forcing can cause kinetic energy of
the large scales in clustered cases to drop below that of the base case.
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Figure 4.10: Horizontal spectrum of kinetic energy for base case and clustered
cases, N = 5, at 250Tip. Dissipation and deviations in forcing can cause kinetic
energy of the large scales in clustered cases to drop below that of the base case.
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Figure 4.11: Horizontal spectrum of kinetic energy for base case and clustered
cases, N = 5, at 750Tip. The above shows the general effect of increased large
scale energy for clustering.
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Figure 4.12: Evolution of the variance of a tracer after introduction at 100Tip for
waiting times τ = 4.0Tip with N = 5 and σ ∈ {5.0, 2.5, 0.5} with logarithmic
axes. Dashed lines are for comparison with the linear (lower) and the quadratic
(upper) rates of dispersion.

For this group of cases, the τ = 1.0Tip simulations show a leveling off of tracer

variance toward the end of the simulations due to lateral saturation (horizontal

variance of the dye approaching the limiting value of σ2
T = L2

x

12
= 20, 833). The

effects of the clustering upon the variance of the passive tracer is illustrated in

Figures 4.12-4.14 in log-log plots of tracer variance to time.

4.3.3 Influence of the Barotropic Mode

Proceeding, the influence of the barotropic mode on the lateral dispersion of the

passive tracer is investigated. The first 7 vertical modes of an unclustered case,

τ = 1.0Tip, show the slow accumulation of the barotropic mode kinetic energy with
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Figure 4.13: Evolution of the tracer variance after introduction at 100Tip for
waiting times τ = 2.0Tip, N = 5, and σ ∈ {5.0, 2.5, 0.5} with logarithmic axes.
Dashed lines are for comparison with the linear (lower) and the quadratic (upper)
rates of dispersion.
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Figure 4.14: Evolution of the variance of a tracer after introduction at 100Tip for
waiting times τ = 1.0Tip, N = 5, and σ ∈ {5.0, 2.5, 0.5} with logarithmic axes.
Dashed lines are for comparison with the linear (lower) and the quadratic (upper)
rates of dispersion.
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respect to the relatively equilibrated baroclinic modes (Figure 4.15). The effect

on the vertically averaged horizontal modes are shown in Figure 4.16 and Figure

4.17. The accumulation of barotropic mode kinetic energy is nearly linear, scaling

with the sum of each adjustment’s contribution to the barotropic mode minus the

dissipation. It is approximately an order of magnitude weaker (5.62 × 10−8 J)

than the first baroclinic mode (3.18×10−7 J) and reaches a maximum energy level

near the fourth baroclinic mode (4.95× 10−8 J) near the end of the simulation at

800Tip. Investigating the two clustered cases of this base frequency, τ = 1.0Tip

(not shown), differences in the amount of accumulated barotropic mode kinetic

energy are observed. For a moderately clustered case, σ = 2.5, the barotropic

mode contains about twice as kinetic energy (1.08×10−7 J) as the unclustered base

case, while the first baroclinic energy stays approximately the same (3.61 × 10−7

J). Striking differences occur for the most tightly clustered case, σ = 0.5, where

the barotropic mode kinetic energy (5.60×10−7 J) concludes at a level just greater

than all of the baroclinic modes (4.37× 10−7 J). Simulations where the barotropic

mode kinetic energy remains sub-dominant show dispersion rates that conclude

at a near linear state σ2
T = O(t1.5). However, for the unequilibrated clustered

simulations, the barotropic mode comes to dominate and the tracer dynamics

portray a quadratic evolution σ2
T = O(t2.0). This is due to both the unequilibration

and the barotropic dynamics.

As a check, the unclustered base cases are run with a scaled dissipation for

the barotropic mode (for the exact form see Chapter 5). First, these simulations

equilibrated with near identical global kinetic energy dynamics as the original runs.

The exception is that these simulations have less kinetic energy (4.06%, 4.09%, and

4.76% averaged over the last 100Tip) than the original runs and they do not have

the slight upward drift over the course of the simulation. The barotropic mode does

not show unabated growth as it does in the original simulations, equilibrating an

order of magnitude weaker than the original base cases (1.43×10−9 J, 3.1×10−9 J,

and 6.2×10−9 J). Furthermore, the total dispersion of the passive tracer is less than

or equal to that of the original cases (variances of dye 30.38%, 35.97%, and 50.83%
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Figure 4.15: Time evolution of the first 6 vertical modes of the τ = 1.0Tip simula-
tion showing the slow accumulation of barotropic mode kinetic energy with respect
to the relatively equilibrated baroclinic modes.
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Figure 4.16: Time evolution of the first 6 horizontal modes of the τ = 1.0Tip
simulation. The first two horizontal modes become persistently dominant after
700 Tip. This is seen more clearly in Figure 4.17.
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Figure 4.17: Snapshots of horizontal kinetic energy spectrum for the largest scales
of the τ = 1.0Tip simulation. The slow accumulation of kinetic energy is seen in
at the largest scales.

smaller) (Figure 4.18). The logarithmic slope of the tracer variance eventually

averages in the linear regime (σ2
T = O(t)) after 600Tip (Figure 4.19). Additionally,

comparing the plan views of tracer for the unclustered case for τ = 1.0Tip waiting

times, the barotropic mode kinetic energy contributes to large meanders in the

dye that are not present when the barotropic damping is applied (Figure 4.20).

4.4 Discussion

Working from a clustering assumption for turbulent mixing events that the ad-

justment of turbulent mixing events set up conditions for future instabilities and

mixing, introduced well-mixed regions are restricted with Gaussian probability

density functions of various, scaled sizes. Additionally, varying the population of
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Figure 4.18: Time evolution of the variance of the passive tracer after introduction
at 100Tip for original base cases (solid) compared to base cases with barotropic
damping (dashed).
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Figure 4.19: Time evolution of the variance exponent of a tracer after introduction
at 100Tip for unclustered simulations with barotropic damping.

(a) Without Barotropic Dissipation (b) With Barotropic Dissipation

Figure 4.20: Plot of end-time distribution of tracer for simulations, with and
without barotropic damping, for waiting time τ = 1.0Tip. The color is scaled by
the maximum concentration of the passive tracer in the domain.
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each cluster and the waiting time between mixing events, the results of both ener-

getics and passive tracer dispersal to that of unclustered simulations are compared.

Both global and local increases in the rate density of the diffusive forcings showed

increases in the overall variability of the diffusive forcings themselves. Increases

in the scale of kinetic energy came along with increases in global and local rate

density of the diffusive forcings. With increasing rate density comes the increase

in lateral dispersal and rates of lateral dispersal of a passive tracer. Although

some of the rates of dispersion are close to linear, none concluded in a purely,

linearly dispersive regime. The accumulating barotropic mode energy is investi-

gated and found to strongly influence the dispersion of the passive tracer. With

the barotropic mode kinetic energy damped, the dispersal of the passive tracer is

30% to 50% less and concludes in a linear regime for all simulations.

Increasing the rate density of the diffusive forcing, both globally and locally,

increases the likelihood that the forcing overlaps with the remains of previous

forcings. It is noted that the dissipative timescale T = ν/h2 of the vortices is

approximately 10Tip. This is shorter than most of the timescales of instabilities

(60Tip - 200Tip), dipole pairing (5−80Tip), and partial merger (15−20Tip) found

in Chapter 3 for near inviscid simulations of two proximal adjustment vortices.

Although dipole pairing can occur within the dissipation timescale, the rate of the

non-linear transfer of kinetic energy is dominated by the dissipation rate. This

is easily seen by calculating the Reynolds number Re = UL/ν. Using measured

quantities of horizontal velocity (U = .002 m/s), vortex radius (L = 25 m), and

Laplacian viscosity (ν = 2.5×10−5 m2/s) in the numeric simulations, the Reynolds

number (Re = 2, 000) indicates a near laminar flow. The choice to scale viscosity

has the consequence of dissipating vortices before most of the non-linear interac-

tions can occur. Should non-linear interactions result in instabilities or pairing,

they are quickly homogenized in the vertical by the strong viscosity. This, in turn,

makes the overlapping diffusive forcing as the primary source of scale increasing

interactions. It may be that the vertical scale of an adjustment vortex grows suf-

ficiently to participate in other non-linear behavior before dissipation. A doubling
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in dissipation time requires a forty percent growth in the height of the adjustment

vortex. Simulations with the highest rate densities (and overlapping diffusive forc-

ings) show only a ten percent growth in height over the course of adding additional

forcing to the cluster. The most clustered cases have twice the radius and a slightly

more thorough destratification than a single mixed patch. The most significant

effect on scale and dispersion comes from the barotropic mode kinetic energy.

As noted in Chapter 5, the large scales of the barotropic mode kinetic energy

are dissipated four orders of magnitude slower than comparative large scales of

the baroclinic modes in an unscaled domain. With forcings that result in small

amounts of barotropic mode kinetic energy, undissipated energy tends to accu-

mulate. As is shown, the barotropic mode is the source of virtually all of the

unequilibrated kinetic energy. This has a consequence of contributing to the non-

linear dispersal of a passive tracer in three major ways. Firstly, the energy is not

equilibrated. Though the barotropic mode kinetic energy only amounts to less

than five percent of the total kinetic energy, it does not stop growing. Next, large

scale, barotropic mode, kinetic energy dissipates at least four orders of magnitude

slower than the baroclinic modes and smaller barotropic scales. This allows the

larger and slower barotropic scales of a single adjustment vortex to advect the fluid

for long times (Lelong and Sundermeyer, 2005). Lastly, the barotropic mode is

vertically invariant and is thus a two-dimensional mode. Inverse energy cascades

are a known property of two dimensional flows. As a result, scales of motion con-

tributing to the stirring are steadily growing throughout the simulation. For the

first, the 4% difference in barotropic kinetic energy is able to produce nearly as

much lateral dispersion as doubling the rate of mixing event introduction. This

effect alone is not enough to describe the differences. Addressing the third and the

second collectively, Chapter 5 shows that for the τ = 1.0Tip unclustered simula-

tion an inverse energy cascade is the most likely way to account for the increase in

the scales of kinetic energy in the barotropic mode. However, the unequilibration

of kinetic energy will also account for some of this dispersion. The contributions

of each have yet to be fully explored.
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The scale-dependent dispersion observed for a passive tracer is consistent with

observations by both Okubo (1971) and Taylor (1921). In analysis of twenty

different sets of field data, Okubo (1971) calculated the apparent diffusion in

relation to time of dispersion and radial scale of a dye patch. He found that

apparent (or effective) diffusion varied as t2.3 and `1.1, where t and ` are the

time and length scales under consideration. With a broad range of kinetic energy

scales and associated processes, this is consistent with the theory of Taylor (1921).

As presented in Cohen and Kundu (2007), when the scale of a dye patch is less

than the mean scale of motion, the effective diffusivity of the dye are nonlinear

(σ2
T = O(tp), p > 1). However, when the scale of the dye patch exceeds that of

the largest vortices, the effective diffusivity approaches a constant Fickian value

(σ2
T = O(tp), p = 1). As the ocean contains many scales of eddies, the latter

regime of dispersion will probably never be achieved.

Yet unaddressed is the effect of the N/f scaling upon the Reynolds number

of the modeled flow. For an anisotropic fluid, the horizontal length scale L is in

proportion to the ratio of buoyancy frequency N and vertical length scale H to

the Coriolis frequency f , L = N
f
H. For a given Ekman number,

Ek = ν/(fH2) = ν/(fL2)(N/f)2,

= (UL/ν)−1(U/fL)(N/f)2,

= Ro/Re(N/f)2. (4.5)

Solving for the Reynolds number,

Re = Ro/Ek(N/f)2. (4.6)

This shows that reducing (N/f) by an order of magnitude in turn reduces the

Reynolds number by two orders of magnitude. Rescaling the Reynolds num-

ber in the numerical simulations (Re = O(1, 000)) to the oceanic scales (Re =

O(100, 000)) takes us from a laminar flow to a turbulent flow. The laminar flow of
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the N/f -scaled domain dissipates the baroclinic vortices before non-linear inter-

actions between adjustment vortices can evolve into propagating dipoles observed

in Chapter 3. With overly damped baroclinic modes and insufficiently damped

barotropic modes, it is doubtful that these simulations are representative of dy-

namics in the intended oceanic context.

However unrepresentative, it is still likely that the non-linear interactions be-

tween proximal adjustment vortices will increase lateral dispersion in the ocean.

As is shown in Chapter 3, the close proximity of adjustment vortices to one an-

other precipitate instabilities, dipole pairing, and transient mergers. Furthermore,

the Re = O(10, 000) regime of simulations in Chapter 5, for uniformly distributed

mixed patches, show the evolution of multiple non-linear interactions and an in-

verse energy cascade, although unequilibrated. It may be that higher Reynolds

number numerical simulations with single clusters and small populations of mixing

events can shed light upon related oceanic processes. The execution and analysis

of such numerical simulations is currently underway.

Due to the non-linearity of the dispersion dynamics, a direct comparison with

the parameterized scaling of effective diffusivity by Sundermeyer and Lelong (2005)

is not yet possible. This linear scaling is not constructed for the variations in

energetic scales observed in this current study.

Further work needs to be done to investigate how the barotropic damping

may be appropriately applied. It will also be necessary to numerically model a

Reynolds number that is more representative of the unscaled dynamics. With both

barotropic damping and a more turbulent Reynolds number range, the important

non-linear dynamics may be equilibrated and investigated.

4.5 Conclusions

Although clustering diffusive forcing events increases the lateral dispersion of the

tracer, it is not due to the non-linear interactions explored in Chapter 3. The over-

lapping diffusive forcing and the inverse cascade of kinetic energy in the barotropic

mode are the primary drivers of scale increasing interactions. These larger scales
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drive the broader dispersal of a tracer and contribute more to an unabated accu-

mulation of barotropic mode kinetic energy. The non-linear interactions are sup-

pressed until the flow is able to become more turbulent, through increased horizon-

tal scales, increased velocity, and the dynamics of a virtually inviscid, barotropic

mode. Further work is needed to address the concerns of unequilibrated barotropic

mode and the sub-turbulent Reynolds number.



90

Chapter 5

INVERSE CASCADES OF KINETIC ENERGY IN
ANISOTROPIC, ROTATING, STRATIFIED DOMAINS

In this part of the dissertation, the contribution of the anisotropic scaling of

the domain to inverse energy cascades of kinetic energy is explored. These inverse

cascades of energy have have been observed in previous numerical simulations

(Sundermeyer and Lelong, 2005).

5.1 Introduction

Pseudo-spectral numerical methods involving discrete Fourier transforms have

been utilized in investigating diverse phenomena. From quantum mechanics (Kosloff,

1988) to atmospheric fluid dynamics (Bartello, 2010), they provide accurate results

that are supported by experimental data. Their precision for periodic phenomena

is well known, as are some of their limitations. Presented here are some addi-

tional limitations to Fourier methods in the context of investigating the rotating,

stratified, flows of anisotropic domains with viscosity.

The inverse cascade of kinetic energy is a well known characteristic of two-

dimensional turbulence. Scaling arguments of Kraichnan (1967) predict the inverse

kinetic energy cascades and forward cascade of enstrophy. It was also predicted

that a similar cascade of energy occurs in three-dimensional, quasi-geostrophic

flows, the limit of strong rotation and stratification (Charney, 1971). Recent anal-

ysis shows support for both di-polar and bar end states in randomly forced, peri-

odic, two-dimensional flows with small viscosity (Beck and Wayne, 2012). Bar end

states of doubly-periodic domains consist of two opposing jets that wrap around

the periodic boundary. Many studies of rotating, stratified fluids have used these

arguments to explain the inverse energy cascades seen on planetary scales. Exam-

ples of these are seen in the merging of Gulf Stream rings Cresswell (1982) and



91

the large spot on Jupiter.

Rotating, stratified flows experience two antagonistic effects. First, stemming

from strong rotation, is the Taylor-Proudman effect. This effect eliminates the ver-

tical gradients of velocity in constant density fluids with strong rotation, thereby

stiffening the fluid in the vertical direction and creating a flow that is effectively

two-dimensional (Vallis, 2006). The second, stratification, leads to the decou-

pling of horizontal layers of fluid. When the vertical shear between layers is

strong enough to overcome stratification it can inhibit two-dimensional turbu-

lence (Métais and Herring, 1989). From these two effects, it is found that the

aspect ratio of many baroclinic vortices scale as H/L ∼ f/N , where H, L, f , and

N are the horizontal length scales, vertical length scales, Coriolis parameter, and

Brunt-Väisälä frequency. These two effects have been used to show the presence

of an inverse kinetic energy cascade in numerical simulations of rotating, strati-

fied flows with minimal dissipation, such as found on large scales in the stratified

ocean.

Numerical studies of quasi-geostrophic and Boussinesq fluids have demon-

strated inverse energy cascades in anisotropic, spectral domains of rotating strat-

ified fluids. In McWilliams and Weiss (1994) and McWilliams et al. (1994), a

triply-periodic, anisotropic, domain displays large coherent vortices emerging from

random initial conditions. Spectrally three-dimensional, Gaussian forcings, around

a mean scale, of rotating, stratified, triply-periodic domains also display inverse

energy cascades (Métais et al., 1996). Using a similar forcing in a Boussinesq fluid,

a similar inverse energy cascade was observed (Smith and Waleffe, 1999, 2002). On

the contrary, there is a question as to the effect that vertically periodic boundary

conditions have upon an inverse cascade. Dritschel and Macaskill (2000) showed

that changing the aspect ratio of the domain in relationship to the number and

aspect ratio of initial vortices considerably affects the capacity to form coherent

two-dimensional vortices.

In this chapter, as in previous chapters, the domain is periodically forced with

available potential energy instead of kinetic energy. This available potential energy
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takes the form of a well mixed patch of water within the linearly stratified domain.

The relaxation and geostrophic adjustment of these well-mixed patches of water

is what delivers kinetic energy to the domain. This process, and the oceanic

context in which it could occur, is described in more detail in the Introduction,

Chapter 2, and Chapter 3. Previous studies have shown that an inverse cascade

of kinetic energy can occur as the rate of forcing is increased Sundermeyer and

Lelong (2005). It was hypothesized that non-linear interactions between proximal

adjustment vortices precipitated this inverse energy cascade.

The close scrutiny of the inverse energy cascades observed in past viscous sim-

ulations of a Boussinesq fluid forms the purpose of the present chapter. Deriving

a spectral and non-dimensional form of the Boussinesq Navier Stokes equations

with dissipation, differences in vertical Fourier modes to take under considera-

tion are presented. I present select numerical simulations where the evolution of

the specified vertical Fourier modes portray the expected inverse energy cascade.

By applying a scaled damping to the barotropic mode (zeroth vertical Fourier

wavenumber), it is shown that the inverse energy cascade can be arrested.

In the Section 5.2, the Boussinesq equations of motion are non dimensionalized

with anisotropic scaling, the numerical model used is reviewed, and a method of

barotropic dissipation put up for consideration. In the results, the contributions

to the barotropic mode kinetic energy of a single adjustment vortex are presented.

These contributions are investigated to show that an accumulation of kinetic en-

ergy in the barotropic mode together with an inverse energy cascades of kinetic

energy for both low and high frequencies of forcing. When the barotropic dissi-

pation is applied, in both cases, the inverse energy cascade is arrested. Potential

implications for other work on rotating, stratified flows is considered and future

work is proposed in the discussion. I conclude with a summary of the findings.

5.2 Methods

In the sections below, an anisotropic scaling is performed on the Boussinesq equa-

tions of motion. The numerical method used to implement the equations are as
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described in Section 2.3 and employed in Chapter 3 and Chapter 4. A review of

the hyperviscosity is presented in light of the non-dimensional equations. Finally,

a method to damp the accumulating kinetic energy in the barotropic mode is pre-

sented. The numerical method is employed on a single adjustment vortex and four

simulations with periodically introduced mixing events. The simulations are di-

vided into a low frequency forcing, a high frequency forcing, and both frequencies

of forcing with a scaled dissipation to the barotropic mode exclusively.

5.2.1 Anisotropic Scaling for Boussinesq Equations of Motion with Laplacian

Viscosity

The Boussinesq equations are

∂u

∂t
+ u · ∇u + fe3 × u = − 1

ρ0

∇p− ge3
ρ

ρ0

+ ν2∇2u + ν6∇6u, (5.1)

∇ · u = 0, (5.2)

∂ρ′

∂t
+ u · ∇ρ′ + w

dρ̄

dz
= κ2∇2ρ′ + κ6∇6ρ′, . (5.3)

The solution variables are, as in (2.19)-(2.21, the velocity vector u, pressure per-

turbation p′, and density perturbation ρ′. The remaining parameters are, also

as in Section 2.3, the linear density gradient dρ̄/dz, the background density ρ0,

the Coriolis parameter f , the gravitational acceleration g, Laplacian viscosity ν2,

sixth-order viscosity ν6, Laplacian diffusivity κ2, sixth-order diffusivity κ6, and

unit vector in the vertical e3 = [0, 0, 1]T . Together the above set of equations are

the momentum equation (5.1), incompressibility condition (5.2), and the advection

diffusion equation for density (5.3). The pressure and density perturbations are

obtained by removing components related to hydrostatic balance, dp̄(z)
dz

= −gρ̄(z),

where p̄ and ρ̄ are linearly varying pressure and density.

Using the anisotropic scaling of both length scales and velocity scales (L/H ∼

N/f and U/W ∼ N/f where L, H, U, and W represent horizontal length scale,
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vertical length scale, horizontal velocity scale, and vertical velocity scale), as in

McWilliams and Weiss (1994), and the following scalings,

t =
L

U
t†, (5.4)

p′ = U2ρ0p
†, (5.5)

ρ′ = H
dρ̄(z)

dz
ρ†, (5.6)

for time, pressure perturbation, and density perturbation, the non-dimensionalized

form of (5.1) is

∂u

∂t
+ u · ∇u +

fL

U
e3 × u = −A2

[
∇p′ − e3

(
U

NH

)−2

ρ′

]
(5.7)

+
ν2

UL
(A∇)2 u

+
ν6

UL5
(A∇)6 u,

where,

A =


1 0 0

0 1 0

0 0 (N/f)

 , (5.8)

(A∇)2 = (A∇) · (A∇), (5.9)

and all variables are in their non-dimensional forms. With the non-dimensional

numbers,

Ro =
U

fL
(Rossby), (5.10)

Fr =
U

NH
(Froude), (5.11)

Re2 =
UL

ν2

(second order Reynolds), (5.12)

Re6 =
UL5

ν6

(sixth order Reynolds), (5.13)
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the Fourier transform of (5.7) becomes,

∂ûk
∂t
− Tk +Ro−1e3 × ûk = A2

[
−ik
ρ0

p̂′k + Fr−2e3ρ̂
′
k

]
− 1

2
Dkûk, (5.14)

with

Tk = − ̂(u · ∇u)k, (5.15)

Dk =
2

Re2

|Ak|2 +
2

Re6

|Ak|6 , (5.16)

where Tk is the Fourier transform of the nonlinear term and Dk is the spectral

dissipation operator. The sixth-order component of spectral dissipation operator

Dk is updated in Section 5.2.2 to dissipate kinetic energy at selected maximum

wavenumbers in each direction with the same rate of decay.

With the spectral form of the incompressibility constraint (k · ûk = 0), the

spectral Poisson problem for pressure is solved,

p̂k =
ik

|Ak|2
·
(

1

Ro
e3 × ûk − Fr−2A2e3ρ̂k − Tk

)
. (5.17)

Next, to obtain the full spectral, kinetic energy equations, the inner product

of (5.14) with the conjugate of the spectral velocity vector , û∗k, is taken and the

inner product of the velocity vector is taken with the conjugate of (5.14). Finally,

adding these products together results in the spectral kinetic energy equations,

∂|ûk|2

∂t
= Tk − Dk|ûk|2, (5.18)

where,

Tk = û∗k ·
(
Tk − iA2kp̂k + Fr−2A2e3ρ̂k

)
+ c.c., (5.19)

where c.c. is the complex conjugate of the previous term. The Coriolis term has
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been removed by complementary cancellation. This is understandable since it does

not add or remove kinetic energy to the domain.

From this point, the differences between the non-dimensional, spectral kinetic

energy equations of the baroclinic and barotropic modes in the anisotropic domain

are investigated. The baroclinic modes have a nonzero vertical component to the

wavenumber vectors (kbc = [k, l,m]T , m 6= 0) where the barotropic terms have a

zero vertical component to all wavenumber vectors (kbt = [k, l, 0]T ). This difference

in wavenumber vectors affect each term of the non-dimensionalized spectral kinetic

energy equation (5.18). Each of these differences are examined in turn.

To begin, the spectral dissipation operator (5.16) and its effect on the evolution

of the kinetic energy are examined. To do this, for the moment neglecting Tk in

(5.18), and reducing the spectral energy evolution equation to an energy diffusion

equation,

∂|ûk|2

∂t
= Dk|ûk|2, (5.20)

which has solution

|ûk(t)|2 = |ûk(0)|2 exp {−Dkt} , (5.21)

giving an e-folding dissipation time of

Tk =
1

Dk

, (5.22)

for wavenumber vector k = [k, l,m]T . Using the full version of the spectral diffu-

sion operator (5.16) for baroclinic wavenumber kbc = [k1, 0,m1]T , with k1 = m1 =

2π being the smallest non-zero, dimensionless, horizontal and vertical wavenum-
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bers for isotropic, dimensionless domain, the e-folding dissipation timescale is

Tkbc =
1

2Re−1
2 (k2

1 + (N/f)2m2
1) + 2Re−1

6 (k2
1 + (N/f)2m2

1)3

=
1

2Re−1
2 (k2

1 + (N/f)2k2
1) + 2Re−1

6 (k2
1 + (N/f)2k2

1)3

=
1

2Re−1
2 (1 + (N/f)2)k2

1 + 2Re−1
6 (1 + (N/f)2)3k6

1

. (5.23)

This yields the dissipation times for the smallest non-zero, baroclinic wavenum-

ber. Depending on the Reynolds numbers, Re2 and Re6, the hyper-viscous term

usually becomes much less influential at larger scales than the Laplacian viscous

term, yielding dissipation times that can be compared to the smallest, non-zero,

barotropic wavenumbers,

Tkbc =
1

2Re−1
2 (1 + (N/f)2)k2

1

=
1

1 + (N/f)2
Tkbt . (5.24)

Depending on the anisotropy of the domain, kinetic energy in the largest baroclinic

mode dissipates at a rate of 1+(N/f)2 faster than its barotropic counterpart. For

typical N/f = 100 this represents a four order of magnitude difference. If an

N/f = 10 scaling is used, this difference is reduced to two orders of magnitude.

However, as reviewed in the discussion, this is not without consequences. Alterna-

tively, if the hyper-viscous terms remain dominant, then a similar analysis follows,

but with a difference of 1 + (N/f)6 in dissipation times between large baroclinic

and barotropic wavenumbers.

Next, the components of the energy transfer function (5.19) are addressed in

turn. Those components are non-dimensional forms of the pressure term (5.17),

the buoyancy flux term (Fr−2A2e3ρ̂k), and the nonlinear term (5.15). The spectral

pressure term involves the dot product with a wavenumber vector, leading to the

elimination of all vertical components of the spectral pressure in the barotropic

mode, including the buoyancy term and the vertical component of the nonlinear
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term. Simply put, the barotropic perturbation pressure is vertically invariant,

contributes nothing to the vertical velocity component, and depends exclusively

upon the horizontal velocity.

The next component of the kinetic energy transfer term is the buoyancy flux

term Fr−2A2e3ρ̂k. It is noted that the density perturbation, as is the pressure

and vertical length scale, is stretched by (N/f)2. The buoyancy flux term, as

with any other barotropic variable, is vertically invariant. The barotropic den-

sity perturbation is only non-zero when the density is no longer stably stratified.

With the density stratification assumed to stay stable during the simulations the

contribution of this term to the barotropic vertical velocity is zero.

The last component of the energy transfer term to investigate for differences is

the non-linear term (5.15). Using a convolution sum for the transfer terms,

Tk =
∑
p

ûp · ∇ûk−p (5.25)

=
∑
p

ûp · (k− p)ûk−p. (5.26)

The importance of the non-dimensional form is that there is locality in the non-

dimensionally isotropic wavenumber space. The relative importance of this term,

in the pressure term as well as in the energy equation, is determined by the size

of the local Rossby number. This is the only term that can provide forcing for the

barotropic mode kinetic energy.

Further differences between the baroclinic and barotropic modes arise from the

two-dimensionality of the barotropic mode. All quantities (velocity, pressure, and

density) are vertically invariant. For the barotropic mode velocity, the divergence

free condition is restricted to the horizontal components, kbt ·ukbt = kukbt + lvkbt =

0. Though this does not exclude vertical velocity in the barotropic mode, or even

horizontal variance in the vertical velocity, the lack of forcing in a stably stratified

domain make the barotropic vertical velocity zero.

In summary, there are definite differences between the evolution of kinetic

energy in the baroclinic and barotropic modes of a strongly anisotropic domain.
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If Laplacian viscosity is present, it is more prevalent for the baroclinic modes

than the barotropic modes. Unless otherwise adjusted, this effect is also seen

in the hyper-viscous term. This is the main difference between isotropic and

anisotropic domains that have been spectrally modeled. The pressure term of the

barotropic mode arises purely from its need to balance the velocity terms, and

not from variations in density. Differences in pressure and density are not limited

to anisotropic domains. The only term that can contribute to kinetic energy in

the barotropic mode is the nonlinear term (5.15) of the Boussinesq Navier Stokes

equation.

5.2.2 Hyperviscosity

The methods of hyperviscosity are employed in numerical simulations, as in Section

2.3. However, some details are refined here that provide a representation consistent

with the derivation above. The sixth-order hyperviscosity operator is

D(6)
k = ν ′6

[(
k

kmax

)2

+

(
l

lmax

)2

+

(
m

mmax

)2
]3

, (5.27)

where the exponent of (6) on the operator pertains to the order of the dissipation

operator and the ν ′6 parameter represents the inverse dissipation timescale (1/s)

at the maximum wavenumbers. Assuming horizontal isotropy, kmax = lmax, the

horizontal terms are integrated into the viscosity parameter,

D(6)
k = ν6

[
k2 + l2 +

(
kmax
mmax

m

)2
]3

, (5.28)

where ν6 = ν ′6/k
6
max now has the appropriate units (m6 s−1).

Upon review, one quickly notices that the above produces a different hypervis-

cosity than implied by the dissipation operator in the non-dimensional equations

(5.16). Due to the scaling of the numerical domain L/H = 40 and the resolution

nx/nz = 2, this changes the effective hyper-dissipation in the vertical direction for



100

(a) Horizontal Wavenumbers (b) Vertical Wavenumbers

Figure 5.1: E-folding dissipation time scale for kinetic energy at various vertical
wavenumbers for given horizontal wavenumber (a) and horizontal wavenumbers
for given vertical wavenumber (b). This shows that vertical dissipation dominates
horizontal dissipation (a) and that the barotropic mode, m0, dissipates kinetic
energy four orders of magnitude slower than the first baroclinic mode (b).

the dimensionless equations,

D(6)
k = ν6

[
k2 + l2 + (N/f)2

(
kmax
mmax

m

)2
]3

. (5.29)

This amounts to replacing the matrix A (5.16) by another matrix,

B =


1 0 0

0 1 0

0 0 1
2

 , (5.30)

creating a near isotropic hyper-dissipation parameter for the spectral equation.

Without this adjustment, the hyperviscosity would dominate in the vertical spec-

trum and be barely effective in the horizontal. Allowing for the near isotropy in

the hyper-viscosity permits only the first few wavenumbers in each direction to

be subject to Laplacian viscosity (Figure 5.1). The value of the hypervisocity,

definition of maximum wavenumber, and the power of the operator can be used

to make further refinements to this range.
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5.2.3 Barotropic Dissipation

The solution for the dimensionless spectral diffusion equation shows us that dissi-

pation timescales are at least two orders of magnitude longer for largest baroclinic

scales than for comparative barotropic scales. As is seen, this leads to the accu-

mulation of kinetic energy in the barotropic scales for continuously forced, triply

periodic domains that are balanced by dissipation.

The finite periodic domains attempt to emulate a domain with unbounded

height in the barotropic mode. It is possible to model the dissipation at the

barotropic mode as if it were the first baroclinic mode of a domain twice as high.

Implementing this would give a scale appropriate dissipation for the barotropic

mode, rather than treating it as fluid at an unbounded vertical extent. Continuity

in the wavenumber spectrum near zero would normally imply an unbounded do-

main (Trefethen, 2000). Though the domain is not unbounded, this idea is used to

propose a scaled dissipation for the barotropic mode. The spectral energy diffusion

equation for the smallest non-zero, discrete, vertical wavenumber m1 is:

|û|2t = −2νm2
1|û|2. (5.31)

It is easy to represent the dissipation at the barotropic mode with a wavenumber

of m1/2. This gives the barotropic diffusion equation of

|û|2t = −4ν
(m1

2

)2

|û|2

= −νm2
1|û|2 (5.32)

where the contributions from positive and negative wavenumbers are taken into

account (5.32).

5.3 Results

Five numerical simulations are investigated. First, the adjustment of a single

mixed patch is examined in a viscous, rotating, stratified domain. This demon-
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strates the effects of mode differential dissipation on a single adjustment vortex.

Next, numerical simulations are performed with both low and high forcing rates.

Finally, the above barotropic dissipation technique is applied to these latter two

simulations.

5.3.1 Single Adjustment Vortex

A single adjustment vortex in a viscous domain is seen to dissipate before any

instabilities can occur and change the characteristics of the flow. By contrast,

with viscosity reduced by at least an order of magnitude, instabilities become

apparent under proper conditions (See Appendix B).

With an adjustment vortex presented into a viscous domain, the adjustment

process distributes kinetic energy into various vertical modes. The barotropic

mode is forced exclusively by the non-linear term (5.15), which delivers the ki-

netic energy that is delivered to the baroclinic modes from the buoyancy flux term

(Fr−2A2e3ρ̂k). After kinetic energy is delivered to the barotropic mode it is dissi-

pated at least two orders of magnitude slower than kinetic energy in the baroclinic

modes for the N/f -scaled domain. A physical explanation for this effect is the

slumping portion of the adjustment processes is experienced throughout the verti-

cal extent of the periodic domain. These effects are apparent in the time evolution

in the first seven modes of the horizontally averaged vertical spectrum (Figure 5.2).

The barotropic mode does not visibly decay over the duration of the simulation,

whereas the remaining six vertical modes shown have kinetic energy reduced from

two to fourteen orders of magnitude. Side view snapshots of vorticity show the

detectable evolution to a predominantly barotropic vortex by 100Tip (Figure 5.3).

The velocities of the adjustment vortex peak at 0.002 m/s during adjustment and

decay to 2× 10−5 m/s at 100Tip.

5.3.2 Persistent Periodic Forcing

For persistent and periodic forcing by parametrically induced mixing events, sim-

ulations of both low and high rates of forcing are presented. In the first, mixing
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(a) Vertical Modes (b) Horizontal Modes

Figure 5.2: Evolution of vertical and horizontal energy by mode number for a
single adjustment vortex. For the vertical modes (a), the barotropic mode m0

shows no appreciable decay over the runtime of the simulation. The first three
non-zero modes of (b) are emphasized by dimming the plots of the remaining
horizontal wavenumbers.

events are introduced once per inertial period. For the second, mixing events are

introduced at a rate of forty per inertial period. In both simulations, the accumu-

lation of barotropic mode kinetic energy and an inverse cascade of kinetic energy

is seen.

In the low forcing frequency simulation, τ = 1.0Tip, the domain averaged ki-

netic energy attains near equilibrium after 100Tip (Figure 5.4), after which it grows

about four percent by the end of the simulation. Investigating the evolution of the

first seven modes of the horizontally averaged, vertical kinetic energy spectrum,

most of this growth is accounted for in the undissipated accumulation of barotropic

mode kinetic energy (Figure 5.5a). As this only accounts for about four percent

of the total energy, it does not visibly affect the largest modes of the vertically

averaged horizontal spectrum (Figure 5.5b). And, unlike the next simulation, the

influence of the barotropic mode kinetic energy is subtle.

To see the subtle influences of the barotropic mode, the vertically averaged

(barotropic) vorticity and the horizontal kinetic energy spectrum of the barotropic

and baroclinic modes are investigated. Plan views of the barotropic vorticity,
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(a) 1Tip (b) 10Tip

(c) 50Tip (d) 100Tip

Figure 5.3: Evolution of vorticity for a single adjustment vortex, side view. By
20Tip (not shown) the cyclones have visibly connected across the vertically periodic
boundary. Vorticity is scaled by the Coriolis parameter f .
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Figure 5.4: Evolution of the domain averaged kinetic energy for τ = 1.0Tip waiting
time between adjustment events.

(a) Vertical Modes (b) Horizontal Modes

Figure 5.5: Semi-logy plots of the horizontally averaged kinetic energy in the
barotropic mode, m0, and first six baroclinic modes, m1 to m6, (a) and the verti-
cally averaged kinetic energy in the first seven horizontal modes, k0 to k6 (b) of
the τ = 1.0Tip simulation. The first three non-zero modes of (b) are emphasized
by dimming the plots of the remaining horizontal wavenumbers.
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(a) 10Tip (b) 800Tip

Figure 5.6: Views of the barotropic mode vertical vorticity scaled by the Coriolis
parameter, f , for early (a) and later (b) times of the τ = 1.0Tip simulation.

scaled by f , show distinct differences between early and late times of the simulation

(Figure 5.6). At early times, many distinct, barotropic vortices can be seen with

radii close to 25 m. At later times, there are a few vortices that are larger that

the forcing scale of the vortices. The horizontal kinetic energy spectrum of the

barotropic mode shows a steady increase in scales of energy that are larger than

the scale of forcing (Figure 5.7). The scale of the forcing can be seen at 2 Tip in the

figure after two forcings. This is a clear indication that there is an inverse energy

cascade in the barotropic mode kinetic energy of the simulation with relatively

low forcing frequency. However, the first baroclinic mode, along with all other

baroclinic modes, do not exhibit the same behavior (Figure 5.8). The horizontal

kinetic energy spectrum of the first baroclinic mode shows near equilibration after

50 Tip, with little overall growth in kinetic energy in large scales thereafter.

The second numeric simulation is forced at a rate of forty mixing events per

inertial period, or τ = 0.025Tip. Unlike the low forcing simulation, the kinetic

energy does not equilibrate at any time during the simulation (Figure 5.9). Again,

using the evolution of the first seven modes of the averaged vertical spectrum, the

barotropic mode is observed to contain most of this unequilibrated kinetic energy

(Figure 5.10a). Likewise, the dominance of the largest horizontal wavenumber
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Figure 5.7: Horizontal spectrum of barotropic mode kinetic energy for τ = 1.0Tip
case at various times throughout simulation. Later times (106Tip, 800Tip), show
definite growth in large scale energy over earlier times. The scale of the forcing
can be seen after two forcings at 2 Tip.
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Figure 5.8: Horizontal spectrum of first baroclinic mode kinetic energy for τ =
1.0Tip case at various times throughout simulation. The scales of first baroclinic
mode kinetic energy are nearly equilibrated after 50 Tip.
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Figure 5.9: Evolution of the domained averaged kinetic energy for τ = 0.025Tip
waiting time between adjustment events.

is observed in the evolution of the first seven modes of the vertically averaged

horizontal spectrum (Figure 5.10b). The inverse energy cascade is apparent in

plan view plots of the vorticity through the center of the numerical domain (Figure

5.11). In early times, there are many vortices of small size, but at late times there

are two counter-rotating vortices that dominate the domain. These two vortices

fill the entire vertical extent of the modeled domain. The end velocities of this

simulation were approximately 0.01 m/s with vortex radii of approximately 125

m. Furthermore, log-log plots of horizontal kinetic energy spectrum for both

barotropic and first baroclinic modes show similar behavior as above (Figures

5.12,5.13). The barotropic mode kinetic energy experiences growth at large scales

while the first baroclinic mode kinetic energy is nearly equilibrated after 50 Tip.

The first baroclinic spectrum is reduced to levels lower than at 50 Tip at the end

of the simulation, despite high rates of forcing.
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(a) Vertical Modes (b) Horizontal Modes

Figure 5.10: Semi-logy plots of the horizontally averaged kinetic energy in the
barotropic mode, m0, and first six baroclinic modes, m1 to m6, (a) and the verti-
cally averaged kinetic energy in the first seven horizontal modes, k0 to k6 (b) of
the τ = 0.025Tip simulation. The first three non-zero modes of (b) are emphasized
by dimming the plots of the remaining horizontal wavenumbers.

(a) 10Tip (b) 800Tip

Figure 5.11: Plan views of the vertical vorticity at mid depth, scaled by f , of the
τ = 0.025Tip simulation for early (a) and late (b) times. Much of the vorticity for
the late times is vertically invariant.
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Figure 5.12: Horizontal spectrum of barotropic mode kinetic energy for τ =
0.025Tip case at various times throughout simulation. Growth of kinetic energy
at large scales is an indication of an inverse energy cascade.
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Figure 5.13: Horizontal spectrum of first baroclinic mode kinetic energy for τ =
0.025Tip case at various times throughout simulation. The kinetic energy of the
first baroclinic mode shows little variation in scale after 50 Tip.
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(a) Vertical Modes (b) Horizontal Modes

Figure 5.14: Semi-logy plots of the horizontally averaged kinetic energy in the
barotropic mode, m0, and first six baroclinic modes, m1 to m6, (a) and the verti-
cally averaged kinetic energy in the first seven horizontal modes, k0 to k6 (b) of the
τ = 1.0Tip simulation with scaled barotropic dissipation. The first three non-zero
modes of (b) are emphasized by dimming the plots of the remaining horizontal
wavenumbers.

Next, applying the scaled barotropic dissipation to the low frequency simu-

lation (τ = 1.0Tip), definite changes are noticed. The domain averaged kinetic

energy no longer grows after equilibration. This simulation has only four percent

less total kinetic energy than the simulation without barotropic dissipation at the

conclusion of both. These differences are apparent in depictions of the vertical

spectrum evolution. The barotropic mode kinetic energy does not accumulate

over the entire simulation (Figure 5.14a). Unlike the high frequency simulation,

this difference is not detectable in the evolution of the first seven modes of the

averaged horizontal spectrum (Figure 5.14b).

Finally, applying scaled barotropic dissipation to the high frequency simula-

tion, the differences are even more striking. The domain averaged kinetic energy

equilibrates over the course of the simulation (Figure 5.15), with equilibration of

the barotropic mode kinetic energy accounting for almost all of this change (Fig-

ure 5.16a). Without this build-up in barotropic mode kinetic energy there is an

equilibration in the horizontal modes (Figure 5.16b). Maximum velocities of this
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Figure 5.15: Evolution of the domained averaged kinetic energy for τ = 0.025Tip
waiting time between adjustment events with scaled barotropic dissipation.

simulation are only approximately 0.003 m/s.

5.4 Discussion

For spectrally modeled, Boussinesq fluids with viscosity in an anisotropic domain,

non-dimensional equations that predict large differences in dissipation between

the baroclinic and barotropic modes are derived. These differences are shown to

have an effect upon the evolution of vortices in a computational model. Presented

is the evolution of a single adjustment vortex, low frequency forcings of mixing

events, and high frequency forcings that result in an inverse energy cascade in

the barotropic mode. Using a scaled barotropic dissipation, this effect can be

addressed and an inverse energy cascade arrested.

The non-dimensional equations show kinetic energy enters into the barotropic
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(a) Vertical Modes (b) Horizontal Modes

Figure 5.16: Semi-logy plots of the horizontally averaged kinetic energy in the
barotropic mode, m0, and first six baroclinic modes, m1 to m6, (a) and the verti-
cally averaged kinetic energy in the first seven horizontal modes, k0 to k6 (b) of
the τ = 0.025Tip simulation with scaled barotropic dissipation. The first three
non-zero modes of (b) are emphasized by dimming the plots of the remaining
horizontal wavenumbers.

mode exclusively through the non-linear interactions (5.15) in a stably stratified

fluid. Furthermore, the spectral dissipation operator is demonstrated to damp ki-

netic energy in the barotropic mode proportionately weaker than in the baroclinic

modes. For the adjustment of a single mixing event in a viscous numeric simu-

lation, it is demonstrated that the barotropic mode kinetic energy, though weak,

decays at a much slower rate than all baroclinic modes. When simulations are

persistently and periodically forced, the barotropic mode accumulates the kinetic

energy of each adjustment. The total amount of kinetic energy in the barotropic

mode is directly related to the contributions of each adjustment, the contributions

of overlapping forcings, additional gains or losses from the non-linear term, and

losses from the dissipation of barotropic horizontal scales. Although the dissipa-

tion rates in these simulations do not allow the full evolution of the non-linear

interactions seen in Chapter 3, the initial phases of these non-linear interactions

may deliver kinetic energy to the barotropic mode. In the above numerical sim-

ulations, the lack of equilibration of the kinetic energy is exclusively due to the
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undissipated accumulation of kinetic energy in the barotropic mode. Simulations

with a high rate of forcing accumulate enough kinetic energy in the barotropic

mode to participate in an inverse energy cascade. Even though weak, the accumu-

lating barotropic mode kinetic energy in simulations with lower forcing frequencies

has been shown to strongly affect the dispersal of a passive tracer (see Chapter 4).

With single adjustment vortices having velocities U ∼ 0.002 m/s and radius

r = 25 m, the Laplacian Reynolds number is, Re2 = UL/ν ∼ 2, 000. This is below

the Reynolds numbers usually considered turbulent, Re ∼ 10, 000 (Pope, 2000).

Using the non-dimensional equations and the anisotropic scaling for the vertical

dissipation this is further reduced to (f/N)2Re2 = 20. With the final velocities for

the simulation with high forcing frequency being U ∼ 0.01 m/s and vortex radii of

r ∼ 125m the Reynolds number increases to Re2 ∼ 50, 000, being well in the range

expected for turbulence, albeit two dimensional. These scaled Reynolds numbers

explain the steep spectral slopes, k−10, of the horizontal kinetic energy spectrum

in this and previous work Sundermeyer and Lelong (2005). With sufficiently high

Reynolds numbers to ensure turbulent interactions, the kinetic energy spectrum is

expected to have logarithmic slope of k−5/3 (Pope, 2000). The difference is due to

the rate of non-linear transfer of kinetic energy not being dominated by the rate

of viscous dissipation.

Appendix B shows that the instabilities of perturbed adjustment vortices emerge

when the Laplacian viscosity is reduced by an order of magnitude. With Ekman

number scaling, this is equivalent to increasing the height and length scales of

the mixed patch by a factor of three. When the instabilities evolve into sets of

propagating dipoles, the energy in the barotropic and first baroclinic modes in-

crease by three and one orders of magnitude respectively. The change in energy

is driven by a baroclinic instability that converts the available potential energy

to the kinetic energy of the instability. The kinetic energy grows in the first two

modes due to a change in structure. The change in structure is from a three-

lobed, alternating, vertical structure of the adjustment vortex to a single-lobed,

vertical structure of the complementary pairs in a propagating dipole. Whereas
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the vertical average of vorticity, and barotropic kinetic energy, in the alternating

structure is close to zero, this is not the case for the single-lobed structure. Fur-

thermore, the Fourier transform of a Gaussian profile is another Gaussian profile

peaked around wavenumber zero. In pairwise interactions of adjustment vortices

in a numeric domain with small viscosity, it is shown that proximal vortices can

induce the non-linear behaviors of partial merging, dipole pairing, and instabili-

ties (see Chapter 3). The non-dimensional anisotropic scaling and the numerical

simulations predict that the unequlibrated kinetic energy can be accounted for by

the accumulation in the barotropic mode. Furthermore, the technique of scaled

barotropic damping is akin to Rayleigh damping used in other work to prevent

unphysical accumulation of kinetic energy (Bartello, 2010).

As a check, some numerical simulation are done with τ = 1.0Tip waiting time

between forcings and viscosity reduced by an order of magnitude below what is im-

plied by the N/f -scaling. With the Laplacian viscosity at ν = 2.5×10−6 non-linear

interactions are able to fully evolve without being overly damped. Barotropic

damping is applied in various degrees to ascertain its effect on the inverse cascade

of kinetic energy. With the decreased viscosity, the kinetic energy grows in an un-

bounded manner and, as above, most of this occurs in the barotropic mode (Figure

5.17a). Characteristics of the inverse cascade of kinetic energy are seen in the time

evolution of kinetic energy in horizontal modes (Figure 5.17b). Examining the full

horizontal spectrum of kinetic energy at different points in time, it is clear that

most of this kinetic energy cascade occurs in the barotropic mode (Figure 5.18).

However, growth in the kinetic energy of the first baroclinic mode between 100 Tip

and 300 Tip shows a temporary increase in large scales (Figure 5.19). At the end

of the simulation, the scale distribution of kinetic settles back down to levels at-

tained at 100 Tip. There are a few different possible causes for this behavior. First,

non-linear interactions change the overall structure of vorticity and distribution of

energy in the vertical modes. The analysis of Appendix B shows the conversion of

available potential energy into the kinetic energy of the evolving instability. Most

of the kinetic energy from this conversion is delivered to the barotropic and first
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(a) Vertical Modes (b) Horizontal Modes

Figure 5.17: Semi-logy plots of the horizontally averaged kinetic energy in the
barotropic mode, m0, and first six baroclinic modes, m1 to m6, (a) and the verti-
cally averaged kinetic energy in the first seven horizontal modes, k0 to k6 (b) of the
τ = 1.0Tip simulation with ν = 2.5× 10−6. The first three non-zero modes of (b)
are emphasized by dimming the plots of the remaining horizontal wavenumbers.

baroclinic mode. Therefore, it could be the change of vortex structure that is pro-

viding kinetic energy to the first baroclinic spectrum of Figure 5.19 between 100

Tip and 400 Tip. Both the equilibration of energy in the first baroclinic mode and

the horizontal shear of the barotropic mode could be causing the kinetic energy to

equilibrate at a smaller value. Second, the growth in quantity and scale of the first

baroclinic mode kinetic energy could be the sign of an inverse cascade of kinetic

energy in this vertical mode. Non-linear interactions could be driving horizontal

mergers of vortices in the baroclinic mode. These larger structures could then be

vertically coupling and continuing to drive the inverse cascade of kinetic energy

in the barotropic mode. Careful examination of the physical fields is necessary to

determine which possibility may be occurring.

The barotropic damping used above is not sufficient to prevent the inverse

cascade of kinetic energy in the barotropic mode. Rates of energy transfer from

non-linear interactions are greater than the rate of dissipation. With increased

damping in the barotropic mode, the inverse cascade of kinetic energy can be

arrested and equilibration can be achieved. However, this does not come with-
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Figure 5.18: Horizontal spectrum of the barotropic mode kinetic energy for the
τ = 1.0Tip and ν = 2.5 × 10−6 case at various times throughout simulation. An
inverse cascade of kinetic energy is apparent in the barotropic mode.
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Figure 5.19: Horizontal spectrum of first baroclinic mode kinetic energy for the
τ = 1.0Tip and ν = 2.5× 10−6 case at various times throughout simulation. The
kinetic energy of the first baroclinic mode shows growth at large scales by 300 Tip
before equilibration at later times.
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out an additional effect. The structure of the propagating dipoles (see Chapter 3

and Appendix B) requires the kinetic energy of the barotropic mode to be main-

tained. When the barotropic mode kinetic energy is overly damped, the dipoles

are dissipated.

It is apparent, from this last observation, that the barotropic mode is required

for the structure of resultant vortices of non-linear interactions and the inverse

cascade of kinetic energy observed. How the presence of barotropic mode ki-

netic energy can be reconciled with the possibility of inverse cascades of kinetic

energy in the baroclinic modes is, for the moment, left unexplored. There may

exist a balance between the quantities of barotropic kinetic energy required for

the structure of propagating dipoles and level that begins to interfere with the

quasi-geostrophic dynamics of the baroclinic modes. One means to explore this

could entail increasing the vertical scale of the domain from 12.5 m to 50 m or 100

m, without changing grid resolution. This would change the scaling of horizontal

to vertical dimension from L/H = 40 to L/H = 10 or L/H = 5. The effects

of dimensional anisotropy would be diminished. The increased resolution of the

vertical spectra would allow a more detailed investigation of the transfer of energy

between the baroclinic and the barotropic modes. Additionally, strongly damp-

ing the largest barotropic modes, in addition to the damping above, may allow

equilibration and other dynamics to be observed. This may allow the non-linear

evolution of instabilities and interactions that contribute to the lateral dispersion

of a tracer. Furthermore, adding new forcings to an already energetic domain on

as “as needed”, rather than periodic, basis may provide the statistical equilibra-

tion needed for dispersion dynamics. This would entail providing multiple initial

forcings and slowly adding more to replace energy lost through dissipation.

5.5 Conclusion

Large disparities in dissipation of kinetic energy are shown to occur for modeled,

anisotropic, rotating, stratified fluids with viscosity. Non-dimensional equations

and numerical simulations demonstrate the accumulation of barotropic mode ki-
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netic energy. In some cases, this leads to an inverse energy cascade. The effects

of accumulated barotropic mode kinetic energy can be ameliorated by the appli-

cation of a scaled barotropic dissipation and the dynamics of a finite domain can

be preserved. However, when numerical simulations are performed with a more

realistic Reynolds number, barotropic damping can no longer be used to achieve

equilibration. Further investigations are needed to explore improvements to this

method that yield results representative of oceanic dynamics.
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Chapter 6

CONCLUSIONS

The purpose of this dissertation is to investigate contributions of non-linear

interactions between vortices of geostrophic adjustment to inverse cascades of ki-

netic energy and the lateral dispersion of a passive tracer. One source of the

inverse energy cascade is found to be the barotropic, or purely two-dimensional,

mode of the triply-periodic numerical model. The cascade of kinetic energy in the

barotropic mode is found to strongly influence the dispersion of a passive tracer

at low forcing frequencies. Although weak, large scales continue to disperse the

tracer in a non-linear regime. Interactions of two vortices of geostrophic adjust-

ment, in a weakly dissipative domain, show non-linear interactions that are likely

to contribute to lateral dispersion in the ocean. The results presented have led to

a deeper understanding of the numerical methods used in modeling the oceanic

submesoscale. Furthermore, additional mechanisms are observed to occur within

the submesoscale as a result of interacting vortices.

The contributions that this dissertation makes to understanding the fluid dy-

namics of the oceanic submesoscale are as follows. First, interactions between

ensembles of adjustment vortices are a likely source for lateral dispersion not pre-

viously taken into account or measured. Next, it is found that the continual forcing

and excessive dissipation of triply-periodic numerical models will manifest an in-

verse cascade of kinetic energy that is a consequence of the purely two-dimensional,

spectrally barotropic mode. The final contribution is a design of higher-order dis-

sipative terms for ranges of wavenumbers based on the dynamics desired.

The non-linear interactions between adjustment vortices were investigated in

Chapter 3. It is shown that proximal adjustment vortices, interacting in a near-

inviscid domain, break down into propagating structures. With the multiple scales
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of adjusting mixed patches occuring in the ocean, it is believed that these non-

linear interactions contribute to the lateral dispersion measured in the oceanic

submesoscale. As is elaborated in Appendix A, positioning a new mixing event

overlapping with the density perturbation of an existing one introduces varying

amounts of available potential energy. The stability of adjustment vortices is more

fully explored in Appendix B. The introduction of multiple, periodic diffusive forc-

ings with increased global and local rate density is the subject of Chapter 4. Ef-

fects of overlapping diffusive forcing (Appendix A) and the significantly smaller

barotropic mode dissipation (Chapter 5) are found to contribute to the lateral

dispersion of a passive tracer more than the non-linear effects between adjust-

ment vortices themselves (Chapter 3). Adjustments to viscosity, applied with the

method of N/f -scaling, are shown to damp the non-linear interactions before they

can fully evolve. The direct causes for the inverse cascade of kinetic energy, in these

dissipative simulations, are shown in Chapter 5. The spectral Boussinesq equa-

tions are non-dimensionalized and shown to influence the numerical method used

to simulate the processes of interest. The vertically periodic boundary conditions

of the anisotropic numerical domains are shown to dissipate barotropic mode ki-

netic energy four orders of magnitude slower than that of the first baroclinic mode.

The accumulated barotropic mode kinetic energy participates in the known pro-

cess of a two-dimensional inverse energy cascade. A method of barotropic mode

damping is applied to arrest this accumulation, arresting the observed inverse

energy cascade as well. However, in simulations with more oceanic levels of tur-

bulence, the barotropic damping is unable to arrest the inverse cascade of kinetic

energy and statistically equilibrate that kinetic energy. Both inverse cascades of

kinetic energy and the lack of statistical equilibration present difficulties in esti-

mating rates of lateral dispersion with the techniques outlined. Both Chapter 4

and Chapter 5 present potential techniques through which this may be addressed.

Additionally, the method of using higher-order dissipation is simplified in Ap-

pendix C. Using the power of higher-order dissipation and the dissipation times

at selected wavenumbers, the dynamics of interest can be preserved for prede-
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termined ranges of wavenumbers. Preserving intended dynamics for wavenumber

ranges brings the spectral slope of these ranges closer to those predicted by the-

ory and confirmed by experiment. These slopes are k−5/3 for forward energy and

enstrophy cascades and k−3 for inverse energy cascades.

The results of this dissertation both limit and provide context for numeri-

cal models of submesoscale processes. It is shown that triply-periodic numer-

ical methods must take into account the purely two-dimensional effects of the

barotropic mode when discussing inverse cascades of kinetic energy. The vor-

tices of geostrophic adjustment, and the products of their non-linear interactions,

have different signatures on the vertical spectrum. Adjustment vortices’ alter-

nating structure eliminate all but a small contribution to the barotropic mode in

a vertically finite domain. However, when a compound vortex no longer has a

vertically alternating structure the barotropic mode, by definition, contains the

vertically averaged energy. With more kinetic energy in the barotropic mode, the

tendency to produce an inverse cascade of kinetic energy is more pronounced. With

the damping of the accumulating barotropic mode, statistical equilibration of nu-

meric models can occur sooner, resolution can be increased, and simulation times

shortened to better investigate contributions to lateral dispersion with methods

presented.

My investigation of adjustment vortices, through numerical methods, has pro-

vided insights to understanding lateral dispersion at the submesoscale. Unfortu-

nately, with these insights come limitations to what can be inferred about dynamics

of the physical ocean. First, the non-linear behavior of adjustment vortices pro-

vide another mechanism through which to explore lateral dispersion at the oceanic

submesoscale. However, the barotropic mode dynamics of a triply-periodic model

interfere with the capacity to take meaningful statistics of domains with and with-

out oceanic levels of turbulence. It will be the subject of continuing work to

address these limitations using a broader range of modeled scales, vortices, and

dissipations dynamics.
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Appendix A

NONLINEARITY OF DIFFUSIVE FORCING

The method of introducing available potential energy through diffusive forcing

of a rotating and stratified domain is reviewed. This method reduces the range

of spatial and temporal resolution that would be needed to model both turbulent

mixing and geostrophic scales. This method has been found to introduce variable

quantities of available potential energy in the numerical model. The sources and

consequences of this variablity are identified.

A.1 Introduction

For all the numerical simulations performed in this dissertation, the following tech-

nique is implemented to introduce well mixed patches into a stratified-rotating,

fluid domain. This is the same technique that is employed in previous and related

work (Lelong and Sundermeyer, 2005; Sundermeyer and Lelong, 2005; Brunner-

Suzuki et al., 2012). This technique is used to parameterize turbulent mixing

events in a computationally efficient manner. Resolving the physical and tempo-

ral scales needed for both small-scale turbulent mixing and large-scale geostrophic

adjustment would require orders of magnitude in both spatial scales and time step-

ping. It would be prohibitive to perform a simulation with multiple adjustments

while resolving turbulent mixing. In the following sections I review the method of

diffusive forcing, concerns and consequences that this method introduces, and how

those consequences are accounted for in simulations. These finding are reviewed

in the conclusion.
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A.2 Method

The core of parameterizing a turbulent mixing event (be that from a shear insta-

bility, breaking internal wave, or other such process) utilizes a vertical diffusion

equation with a strong, localized diffusivity parameter:

∂ρ

∂t
=

∂

∂z

(
κ∗(x, y, z)

∂ρ

∂z

)
, (A.1)

with

κ∗(x, y, z) =
1

∆t̂

(
∆N2

N2

)
σ2
z exp

{
−1

2

[
x2 + y2

σ2
r

+
z2

σ2
z

]}
, (A.2)

where the density ρ is the only solution variable. The additional parameters

are the spatially varying diffusivity κ, the amount of time to be forced ∆t̂, the

buoyancy frequency N , the change in buoyancy frequency desired ∆N , radial half-

width of mixed patch σr, and the vertical half-height of the mixed patch σz. The

buoyancy frequency N , also known as the Brunt-Väisälä frequency, is defined by

N2 = −g/ρ0
∂ρ̄(z)
∂z

, with gravitational acceleration g, background density ρ0, and

linear density profile ρ̄(z). The diffusivity parameter, κ, is further divided into a

horizontally varying component,

β = exp
[
−(x2 + y2)/(2σ2

r)
]

(A.3)

and a vertically varying component,

κ̂(z) = κ(x, y, z)/β. (A.4)

The (x, y, z) locations of the diffusivity parameter is adjusted to introduce the

strong diffusivity at an arbitrary location (x − x0, y − y0, z − z0). Furthermore,

the rest of the simulation algorithms use the density perturbation ρ′ of a Reynolds

decomposition ρ = ρ̄(z)+ρ′, to ensure triply periodic boundary conditions needed

for the spectrally treated spatial components. Before the diffusive forcing method
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is applied, the linear density component is added back to the density perturbation

such that it is centered around the vertical location of the mixed patch. This en-

sures that the diffusive forcing is not being applied over the discontinuous vertical

boundary of the complete density profile.

The time stepping of the diffusive forcing routine is performed on each vertical

column of the domain using a Forward Euler Finite Difference method,

U
(n+1)
xy − U (n)

xy

∆t
= D−KD+U

(n)
xy , (A.5)

where the discrete density profile U
(n)
xy at time step n, the time step ∆t, the diag-

onalization of the diffusivity parameter K, right sided differentiation matrix D−

and left sided differentiation matrix D+. Each of the finite differences for spatial

derivatives are left and right first-order methods,

∂ρ(x, y, zm)

∂z
≈ ρ(x, y, zm)− ρ(x, y, zm−1)

h
,

∂ρ(x, y, zm)

∂z
≈ ρ(x, y, zm+1)− ρ(x, y, zm)

h
, (A.6)

where zm = m · h = m∆z. Dirichlet boundary conditions are imposed from the

values of the original full density. Solving (A.5) for U
(n+1)
xy gives,

U (n+1)
xy = (I + ∆tD−KD+)U (n)

xy , (A.7)

= (I + ∆tD−KD+)n U (0)
xy , (A.8)

where U
(0)
xy is the initial condition of density in a vertical column of fluid at coor-

dinates (x, y).

To account for the horizontally varying component of the diffusivity parameter,

β(x, y), powers of two are added to the spatial component of the above method to

yield sixty-four distinct differentiation matrices,

Ai =
(
I + 2−i∆tD−KD+

)n
, i ∈ {0, 1, 2, · · · , 63} . (A.9)
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This is and applied to yield,

U (n+1)
xy =

(
63∏
i=0

aiAi

)
U (0)
xy (A.10)

where each ai ∈ {0, 1} is successivley chosen such that
∑63

i=0 ai2
−i ≤ β(x, y) is the

largest sum that meets this condition.

The numerical stability of the above method can be ensured by investigating

the stability of ut = λu, where λ is an eigenvalue of A0. The stability region

of a forward Euler method is the unit circle in the complex plane centered at

Z = −1. The matrix D−KD+ is symmetric and negative definite with real and

negative eigenvalues. With the diagonal elements of K enumerated k1, k2, · · · kn,

each interior row of D−KD+ is ai = [0 · · · 0 ki − ki − ki+1 ki+1 0 · · · 0/∆z2], where

ai is the ith row. According to Gershgorin’s Circle Theorem, every eigenvalue will

lie within a Gershgorin disc around the diagonal element. For the given row ai,

all eigenvalues will lie within a (|ki|+ |ki+1|)/∆z2 distance from −ki− ki+1. With

σ2
z as the maximum element of the diagonal matrix K, all eigenvalues of D−KD+

will satisfy λp ≥ −4σz/∆z
2. For the above method to be stable, the condition

∆tλp ∈ (−2, 0) must be met. With Gershgorin’s Circle Theorem this is bounded

as ∆t4σ2
zλq ∈ (−2, 0). Using a CFL-like condition for the heat equation (LeVeque,

2007, Pg. 223), the condition for stability reduces to,

4σ2
z∆t

∆z2
≤ 2 (A.11)

or

∆t ≤ 1

2

(
∆z

σz

)2

. (A.12)

For refinements in vertical resolution, appropriately modifying the time step size

∆t, and implementing for a total of 1.0/∆t time steps, gives the desired and stable

result.

Improvements to the above method are possible. Implementing a Crank-
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Nicolson method may be more efficient. Although each time step must be ap-

plied multiple times, the time steps themselves can be larger and still maintain

stability. The Crank-Nicolson method is implicit and can be solved with order n

tri-diagonal solver. Depending on the time step taken, this may be more efficient

than the above method.

A.3 Consequences of Diffusive Forcing in a Numeric Domain

In practice, the above method does not give a completely destratified region for

∆N2/N2 = 1.0. Rather it gives a partial destratification after applying the

method for a duration of one second. This can be seen in Figure A.1b, where

the ∆N/N ≈ 0.71, which leads to a destratification ratio of ∆N2/N2 = 0.5. In

the same figure, the diffusion is applied with increasing durations. Though this

gives a more complete destratification in the center of the patch, the density gra-

dients at the vertical extremities of the density perturbation are too sharp to be

accurately resolved with Fourier methods. This leads to the inability to proceed

with the numerical simulation due to unstable time stepping.

Another consequence of the method involves diffusive forcings interacting with

a perturbed density field. When the density field is no longer completely linear,

the diffusive forcing method can introduce varying amounts of potential energy

into the stratified fluid. The dynamics of the original diffusion equation (A.1)

act to reduce density gradients that are in the scope of the diffusivity parameter

(A.2). If applied in the vertical center of a mixed patch, this has both the effect

of increasingly homogenizing the fluid in the vertical center and of steepening

the gradients at the vertical extents. The steep vertical density gradients at the

boundary of the mixed patch start to drive the diffusion for an arbitrarily small,

but non-zero, diffusivity parameter. Taken to an extreme, this effect would drive an

increasingly large region of destratification, with the introduced available potential

energy approaching a fixed value (Figure A.2). If the diffusive forcing is applied in

the steep density gradient of a mixed patch, it tends to reduce that stratification,

reducing the size of the previous mixed patch, create a mixed patch that is off-
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(a) density perturbation

(b) destratification ratio

Figure A.1: Density perturbation (a) and destratification ratio (∆N2/N2) (b) for
seven increasing durations of diffusive forcing at the same location.
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Figure A.2: Available potential energy for continuously forcing a mixing event for
1,000 seconds.
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centered with the mean density of its surroundings, and introducing less available

potential energy. The vertical asymmetry results in more energy radiated away

in internal waves and smaller vortices. With two subsequent diffusive forcings

separated by one inertial period in the full simulation, the potential energy of

the latter forcing can vary by 40% (Chapter 3). In simulations with persistent

forcings, this has the consequence of introducing vortices with a broader range of

scales and energy content than originally intended (Chapter 4).

A.4 Detecting Differences in Diffusive Forcing

In simulations with increases in local and global rate density of diffusive forcings,

regions of new forcings overlap with old mixed patches of fluid. Depending on

the density gradient where diffusive forcings are introduced, they will introduce

varying amounts of available potential energy in the form of mixed regions of dif-

ferent symmetries. We can readily observe these differences in available potential

energy throughout simulations that diffusively force multiple mixing events. In a

simulation that introduces a mixing event every two inertial periods, these differ-

ences are readily apparent (Figure A.3). A sharp rise in the total energy of the

domain provide a means to measure how much energy is delivered by the forcing.

Likewise, the more gradual decline of energy after the forcing provides a means

to measure the dissipation of that energy. Investigating the amount of energy

delivered by each event over the course of a simulation provide us with relevant

statistics (Figure A.4). For the simulation shown, the forcings deliver a mean

energy of 1.029× 10−8J/kg with a standard deviation of 1.91× 10−9, or nearly a

19% variation in delivered energy in one standard deviation around the mean. In

Chapters 3 and 4 of this dissertation, it is shown that these overlapping diffusive

forcings can create a broader range of energetic scales than is initially intended.

The larger scales of adjustment vortices persist longer in the domain, making them

more likely to encounter an overlapping forcing. Furthermore, when events locally

occur in quick succession, a single mixed patch can result in increases of vertical

extent, horizontal extent, and destratification. These larger adjustment vortices
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Figure A.3: Details of changes in total domain energy as several parameterized
mixing events are introduced. The sudden jump in energy is the forcing while the
more gradual decline afterwards is the dissipation of that energy.

also have an increased signature in the barotropic Fourier mode and will tend to

contribute more to an inverse cascade of kinetic energy, as seen in Chapter 5.

A.5 Conclusion

The technique of diffusively forcing simulations of rotating, stratified, incompress-

ible fluids has proven to be useful in creating adjustment vortices, but it is not

without concerns. When the location of a diffusive forcing coincides with a pre-

viously destratified and geostrophically adjusted region, variation in introduced

energy and physical qualities can occur. Though this variation may be more rep-

resentative of oceanic properties, barotropic dynamics (Chapter 5) interfere with

the capacity to infer useful dispersion statistics after long times. Some attempts
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Figure A.4: The energy delivered by each forcing, for a particular simulation, is
plotted with respects to time. The mean and standard deviation of the forcings
are correlated with variations in kinetic energy scale in simulations.
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have been made to vertically diffuse momentum as well as density. As of yet, these

techniques do not guarantee that the incompressibility constraint is met. For the

numerical simulations presented in this dissertation, little difference is seen when

vertically diffusing momentum.
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Appendix B

STABILITY OF ADJUSTMENT VORTICES

The stability of adjustment vortices is compared to the stability of known two-

dimensional structures. These two-dimensional instabilities are reviewed from the

literature. Techniques for the analysis of full three-dimensional perturbations to

an adjustment vortex are not yet considered.

B.1 Introduction

The adjustment vortices of this dissertation have been found to be unstable to

perturbations, commented on in Chapter 3. These instabilities were first noticed

in Brunner-Suzuki et al. (2012). In this document we address the stability of these

vortices more thoroughly. Though adjustment vortices are fully three-dimensional

structures, they have sufficient similarities to two-dimensional vortices to warrant

comparison. The evolution of instabilities in adjustment vortices are compared to

similar stages in the evolution of instabilities in two-dimensional vortices.

The stability of two-dimensional vortices has received a thorough treatment.

The foundation for much of what is known is laid down in Reid et al. (1981).

In this book, the one dimensional mean flow (azimuthal velocity varying only

in the radial direction) is perturbed by three-dimensional variations from the

mean flow. Simplifications to these perturbations lead to different classes of in-

stabilities. In (Gent and McWilliams, 1986) the perturbed azimuthal velocity

profile Vθ(r) = −2r exp−r
2

is investigated for stability properties for the quasi-

geostrophic, potential vorticity conservation equation. The mean flow is perturbed

by azimuthal modes ` and vertical modes m of vertical structure functions F (z)

that satisfy

f 2(Fz/N
2)z +m2F = 0. (B.1)
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The fastest growing vertical modes m were found for the azimuthal wavenumbers

` ∈ {1, 2}. Purely two dimensional perturbations to different profiles are exam-

ined by Carton et al. (1989). For an azimuthal velocity profile, Vθ(r) = 1
2
re−r

α
,

azimuthal wavenumber ` = 2 is found to be the fasted growing mode for the steep-

ness parameter α > 1.85. This profile for velocity represents a “shielded vortex”,

where the horizontal integral of vorticity over the entire domain, or circulation,

is zero. Instabilities are found to develop in stages of linear growth, non-linear

amplification, and non-linear saturation or breakdown (Carton and Legras, 1994).

In the first stage, linear growth of unstable modes draws energy from the mean

flow. In the next stage, non-linear amplification, satellite vortices emerge from the

separation of vorticity in the “shield”. Lastly, there is finite-amplitude saturation

or breakdown. The finite-amplitude saturation results in a stable tripole structure

(a core with two satellites). The breakdown that occurs for α > 3.5 results in a

set of dipole pairs propagating away from the site of the original vortex. Further

work developed the growth rates for individual azimuthal modes depending on

the steepness parameter α (Kloosterziel, 1994; Kloosterziel and Carnevale, 1999).

For α ∈ (1.85, 6) the second azimuthal mode, ` = 2, was found to be the fastest

growing. For α > 6, the third azimuthal mode becomes dominant. Additionally,

centrifugal instabilities were found to be more influential than barotropic instabil-

ities for α < 1.85 (Carnevale and Kloosterziel, 2011).

Whereas the above analysis of two-dimensional mean flows gives insight into

the barotropic instabilities of vortices in two-dimensional fluids, perturbations of

mean flows with vertical variations also give us insight into our problem. Contour

dynamics were used to analyze the stability for

q =


q1(z) + q2(z), r < 1 + η(z),

qb(z), 1 + η(z) < r < b+ τ(z)

0, b+ τ(z) < r

, (B.2)

with potential vorticity q, non-dimensional radial coordinate r, non-dimensional

vertical coordinate z, vertically varying perturbation to inner extent η (r = 1),
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and vertically varying perturbation to the outer extent τ (r = b) for the vortex

defined in a piecewise manner. When the structure is purely two-dimensional (q, η

and τ do not vary in z), the structure of the vortex is shown to be unstable when

the thickness of the outer extent b as compared to the ratio of the inner and outer

potential vorticity ∆ = qb/(q1 + qb) is in the appropriate range. When taken to

two layers, counter-rotating vortices spawn propagating pairs of layer-separated

vortices whose number are in direct relation to the azimuthal mode perturbed

(Helfrich and Send, 1988). A mode two perturbation would yield two propagating

pairs and, likewise, a mode three perturbation would yield three propagating pairs.

Furthermore, where the analysis of continuous vertical variations in a strati-

fied, non-rotating fluid becomes prohibitive, numerical simulations have provided

additional insight. In Beckers et al. (2001, 2003) numerical simulations of isolated

mono-polar vortices are used to examine and extend observations of physical ex-

periments. Where Beckers et al. (2001) present a method to numerically simulate

these vortices and compare them to physical experiments, Beckers et al. (2003)

use numeric simulations to investigate the stability of these vortices in relation to

steepness parameter, viscous effects, and stratification (α, Reynolds number Re,

and Froude number Fr). The method by Beckers et al. (2001, 2003) defines a

horizontal structure for velocity with a shielded profile and a Gaussian structure

to define its vertical extent

vθ,α(r, z; t = 0) =
1

Λ
√

2π
e−(1/2)(z/Λ)2 × 1

2
re−r

α

. (B.3)

Cyclostrophic balance is used to define an initial condition for the density per-

turbation. Like what has been seen in Carton and Legras (1994), these vortices

can undergo instabilities that result in stable tripole structures or propagating

dipoles, depending on steepness. Unlike the two-dimensional, quasi-geostrophic

vortices described above, the instabilities of these vortices can draw energy from

the conversion of the available potential energy in the density perturbations to

kinetic energy when the Froude number is sufficiently large, Fr > 0.6. These
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instabilities are classified as baroclinic, rather than barotropic instabilities that

draw energy mainly from the mean flow.

In subsequent sections of this appendix the instabilities of an adjustment vortex

are addressed. In Section 2, the techniques used in previous work to analyze the

stability of two-dimensional vortices are reviewed. In Section 3, these techniques

are applied to an analytical representation of adjustment vortex mean flow with

perturbations. The difficulties in solving for growth rates are briefly discussed. In

Section 4, a numerical simulation of a single adjustment vortex is shown to produce

mode two azimuthal instabilities from model specific perturbations. The evolution

of instabilities is compared to instabilities evolving in two-dimensional vortices.

In Section 5, a technique to numerically explore the instabilities of these vortices

is presented. As in Beckers et al. (2003), dependencies on Reynolds, Froude,

and perturbation amplitude need to be explored. However, unlike previous work,

additional concerns of Rossby number will come into play. Also, with the steepness

parameter set by the adjustment process, it is unlikely that we can explore ranges

of this parameter in numerical simulations.

B.2 The Stability of Two-Dimensional Vortices

To explore the two-dimensional instabilities of barotropic vortices, we will start

by simplifying the cylindrical Navier-Stokes equations (Cohen and Kundu, 2007),

∂u

∂t
+ (u · ∇)u− fv − v2

r
= − 1

ρ0

∂p

∂r
+ ν

(
∇2u− u

2
− 2

r2

∂v

∂θ

)
, (B.4)

∂v

∂t
+ (u · ∇)v + fu+

uv

r
= − 1

ρ0r

∂p

∂θ
+ ν

(
∇2v +

2

r2

∂u

∂θ
− v

r2

)
, (B.5)

∂w

∂t
+ (u · ∇)w = − 1

ρ0

∂p

∂z
− g ρ

ρ0

+ ν∇2w, (B.6)

∂ρ

∂t
+∇ · (ρu) = κ∇2ρ, (B.7)

1

r

∂

∂r
(rvr) +

1

r

∂vθ
∂θ

+
∂vz
∂z

= 0, (B.8)
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to their two-dimensional, inviscid form,

∂u

∂t
+ (u · ∇)u− fv − v2

r
= − 1

ρ0

∂p

∂r
, (B.9)

∂v

∂t
+ (u · ∇)v + fu+

uv

r
= − 1

ρ0r

∂p

∂θ
, (B.10)

1

r

∂

∂r
(rvr) +

1

r

∂vθ
∂θ

= 0. (B.11)

In the above equations, the solution variables are the horizontal velocity parallel

to the x-axis u, the horizontal velocity parallel to the x-axis v, the vertical velocity

w, the pressure p, and the density ρ. Other constant parameters are the mean

density ρ0, the viscosity ν, the diffusivity κ, the gravitational acceleration g, and

the Coriolis parameter f . The vertical velocity is eliminated as is the density

equation due to the constant density of the two-dimensional flow. Next we assume

a mean flow that is in steady-state, hydrostatic, and gradient wind balance,

fVθ +
V 2
θ

r
=

1

ρ0

∂P

∂r
, (B.12)

∂p

∂z
= −ρg, (B.13)

∂Vθ
∂θ

= 0. (B.14)

The two-dimensional, cylindrical Navier-Stokes equations is expressed as a pertur-

bation around the above mean flow:

∂u

∂t
+
Vθ
r

∂u

∂θ
− fv − Vθv

r
= − 1

ρ0

∂p

∂r
, (B.15)

∂v

∂t
+ u

∂Vθ
∂r

+
Vθ
r

∂v

∂θ
+ fu+

Vθu

r
= − 1

ρ0r

∂p

∂θ
, (B.16)

1

r

∂

∂r
(rvr) +

1

r

∂vθ
∂θ

= 0, (B.17)

where all lower case variables are perturbations around the mean flow Vθ. Terms

in gradient wind balance or therms that contain the product of perturbations have

been removed.
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At this point the stream function,

ψ = φ(r)ei(`θ−ωt), (B.18)

is introduced such that the horizontal velocity components can be expressed by

u =
1

r

∂ψ

∂θ
=

i`

r
φ(r)ei(`θ−ωt), (B.19)

v = −∂ψ
∂r

= −φ′(r)ei(`θ−ωt). (B.20)

Furthermore, to assist in the simplification of the equations, the pressure pertur-

bation term is also expressed as p = p̂(r)ei(lθ−ωt).

Substituting the above expressions for velocity and pressure and removing the

exponential term yields

ω`

r
φ− l2

r2
Vθφ+ fφ′ +

Vθ
r
φ′ = − 1

ρ0

p̂′, (B.21)

(iω)φ′ +
i`

r
V ′θφ− (i`)

Vθ
r
φ′ + f

i`

r
φ+

Vθ
r

i`

r
φ = − i`

ρ0r
p̂. (B.22)

From reorganizing (B.22), taking the radial derivative, setting equal to the previous

equation, and simplifying, we arrive at,

(cr − Vθ)
(
φ′′ +

1

r
φ′ − `2

r2
φ

)
+

∂

∂r

[
1

r

∂(rVθ)

∂r

]
φ = 0. (B.23)

This is the Rayleigh equation derived in Reid et al. (1981), Gent and McWilliams

(1986), and Carton and Legras (1994). The technique for solving for the growth

rate c of azimuthal mode ` presented in Carton and Legras (1994) is as follows.

For a velocity profile defined,

Vθ(r) =
1

2
re−r

α

, (B.24)
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the vertical vorticity is,

Q(r) =
1

r

d(rVθ)

dr
,

=
(

1− α

2
rα
)
e−r

α

. (B.25)

The above velocity profile is constructed in a piecewise continuous manner,

0 < r < a, Vθ(r) = r
2
, Q(r) = 1,

a < r < b, Vθ(r) = a2

2r
, Q(r) = 0,

b < r < 1, Vθ(r) = a2

2(1−b2)

(
1
r
− r
)
, Q(r) = a2

1−b2 ,

1 < r, Vθ(r) = 0, Q(r) = 0,

at predetermined points 0 < a < b < 1. As a consequence, the derivative of

vorticity is zero on all intervals and does not exists over the boundaries between

intervals.

With the above definition for vorticity, the Rayleigh equation above becomes

(cr − Vθ)
(
d2ϕ

dr2
+

1

r

dϕ

dr
− `2

r2
ϕ

)
+ ϕ

dQ

dr
= 0. (B.26)

On sections of the interval where Q is constant, ϕ must satisfy the Euler equations.

Therefore,

0 < r < a, ϕ(r) = a1r
`,

a < r < b, ϕ(r) = a2r
` + b2r

−`,

b < r < 1, ϕ(r) = a3r
` + b3r

−`,

1 < r, ϕ(r) = b4r
−`,

where the constants ai and bi are attained by enforcing continuity constraints for

ϕ and integrating across the discontinuities of (B.26),
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d2ϕ

dr2
+

1

r

dϕ

dr
− `2

r2
ϕ = −

ϕdQ
dr

(rĉ− V )
, (B.27)∫ a+ε

a−ε

(
d2ϕ

dr2
+

1

r

dϕ

dr
− `2

r2
ϕ

)
= −

∫ a+ε

a−ε

ϕdQ
dr

(rĉ− V )
, (B.28)

dϕ

dr

∣∣∣∣a+ε

a−ε
+
ϕ

r

∣∣∣a+ε

a−ε
−
∫ a+ε

a−ε

`2

r2
ϕdr = − ϕQ

(rĉ− V )

∣∣∣∣a+ε

a−ε
+ (IBP), (B.29)

where (IBP) represents integration by parts. In the limit as ε→ 0 and with con-

tinuity of ϕ, the second and third terms on the right hand side vanish, as do all

(IBP) terms, resulting in,

(rĉ− V )
dϕ

dr

∣∣∣∣a+ε

a−ε
= −ϕQ|a+ε

a−ε , (B.30)

`

(
ĉ− 1

2

)
((a2 − a1)a` − b2a

−`) = a1a
`. (B.31)

Repeating this for the other points of discontinuity gives us the system of

equations,

a`a1 = a`a2 + a−`b2, (B.32)

b`a2a2 + b−`b2 = b`a3 + b−`b3, (B.33)

a3 + b3 = b4, (B.34)

`

(
ĉ− 1

2

)
((a2 − a1)a` − b2a

−`) = a1a
`, (B.35)

`

(
c− a2

2b2

)
(b`(a3 − a2) + b−`(b2 − b3)) = Q(b`a3 + b−`b3), (B.36)

`c(b4 − b3 + a3) = Qb4, (B.37)

where the first three equations pertain to the continuity of ϕ and the latter three

come from the above process of integrating over the discontinuities.

In order to admit non-trivial solutions for the vector b = [a1, a2, a3, b2, b3, b4]T ,

the determinant of the above system must be zero. This yields a dispersion relation
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for c. Setting ` = 2, the determinant of the system is

64b4c3 − 16b2(2a2 + b2)c2 + 4a2(2b2 − a4(1 + b2)

+a2b2(2 + b2))c+ a8 − a4b2(b2 + 2) = 0. (B.38)

Thus the growth rate of azimuthal instabilities can be calculated for velocity pro-

files (B.24) with different steepness parameters. By refining the number of points

between which the velocity profile is piecewise constant, refinements to this algo-

rithm have been made to predict growth rates (Kloosterziel and Carnevale, 1999).

B.3 An Eigenvalue Problem for an Approximated Adjustment Vor-
tex

To analyze the instabilities of a perturbed adjustment vortex, an analytic repre-

sentation of a balanced adjustment vortex is substituted for a mean flow. Instead

of creating an adjustment vortex from a resting state with perturbed density, the

structure of a developed adjustment vortex is used as a guide for an analytic de-

scription. As in Beckers et al. (2001, 2003), three dimensional structure functions

for the velocity profile in a stratified fluid are introduced. Assuming hydrostatic

and gradient wind balance, it is possible to derive an equation for the density

perturbation that would exactly balance the structure of the velocity.

In the horizontal, the adjustment vortex most resembles the shielded mono-

polar vortices proposed by Carton and Legras (1994). These take the form of

G(r̂) =
1

2
r̂e−r̂

α

, (B.39)

where r̂ = r/σr is the nondimensional radius scaled by σr, the dimensional radius.

In the vertical, a tri-lobed structure is needed, thus the form of

H(ẑ) =
(
1− βẑβ

)
e−ẑ

β

, (B.40)

where ẑ = z/σz is the nondimensional height scaled by σz, the dimensional height.



156

Combined with the amplitude A these two structure functions compose the az-

imuthal velocity of an adjustment vortex in cylindrical coordinates:

Vθ(r̂, ẑ) = AG(r̂)H(ẑ). (B.41)

For non-dimensional variables r̂ and ẑ, the vertical vorticity is zero when either of

them is one. Furthermore, the azimuthal velocity is at a maximum when r̂ = 1

and is zero when ẑ = 1.

To construct the density perturbations required for gradient wind (B.12) and

hydrostatic balance (B.13), an equation similar to the thermal wind equation

(Vallis, 2006) is derived,

f
∂Vθ
∂z

+
2Vθ
r

∂Vθ
∂z

= − g

ρ0

∂%′

∂r
, (B.42)

where %′ is the density perturbation required for gradient wind balance. Assuming

that %′ → 0 as r → ∞ the following gives us a solution to %′ in terms of the

structure functions above,

%′(r, z) = −ρ0

g

∫
∂Vθ
∂z

(
f + 2

Vθ
R

)
dR, (B.43)

= −ρ0

g
A

∫
H ′(z)G(R)

(
f + 2A

H(z)G(R)

R

)
dR, (B.44)

= −ρ0

g
AH ′(z)

[
f

∫
G(R)dr + 2AH(z)

∫
(G(R))2

R
dR

]
. (B.45)

A similar technique, using only cyclostrophic and hydrostatic balance, was used

by Beckers et al. (2001) and Beckers et al. (2003).

By examining the velocity and vorticity profiles of an adjustment vortex de-

rived from a mixed patch, the above parameters can be chosen to closely match.

The choices A = 6.6e−3, σr = 27.0, σz = 1.35, α = 2.0, and β = 2.4 provide close

matching of velocity, vorticity, and perturbation density to a vortex derived purely

from adjustment (Figures B.1, B.2, and B.3). Numerical simulations have shown

that this structure function approximation of an adjustment vortex behaves in
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(a) Analytic (b) Simulated

Figure B.1: Comparison between the Analytic and the Simulated velocity fields

much the same way as one produced by the adjustment process itself. The most

notable exception is that the energy in the internal wave field is two orders of

magnitude less than created in a vortex from adjustment. The structure func-

tions for velocity and density perturbations assume an infinite domain. That they

are truncated to a finite and triply-periodic domain is a likely cause for further

adjustment and the production of internal waves.

Using the derived solution above as a steady state, it is possible to construct

an eigenvalue problem from perturbations to this steady state. The variables of

velocity, pressure, and density are represented as perturbations to that steady

state,

v = v̄ + v′ =< 0, Vθ, 0 > + < u, v, w >, (B.46)

p = p̄+ p̃+ p′, (B.47)

ρ = ρ̄+ %′ + ρ′, (B.48)

with u, v, and w the velocity perturbations from the mean azimuthal velocity Vθ;

p′ the perturbation pressure from the gradient wind pressure p̃ and hydrostatic

pressure p̄; and ρ′ the perturbed density from the gradient wind perturbation

density %′ and the linear density gradient ρ̄. When these variables are used in



158

(a) Analytic (b) Simulated

Figure B.2: Comparison between the Analytic and the Simulated vorticity fields

(a) Analytic (b) Simulated

Figure B.3: Comparison between the Analytic and the Simulated perturbation
density fields
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the inviscid version of the cylindrical Navier-Stokes equations (B.4)-(B.8), the

components pertaining to gradient wind and hydrostatic balance can immediately

be eliminated. For linearization, products of perturbations are removed, resulting

in,

∂u

∂t
+
Vθ
r

∂u

∂θ
− fv − Vθv = − 1

ρ0

∂p

∂r
, (B.49)

∂v

∂t
+
Vθ
r

∂v

∂θ
+ fu+

uVθ
r

= − 1

ρ0r

∂p

∂θ
, (B.50)

∂w

∂t
+ ur

∂Vθ
∂r

+
Vθ
r

∂w

∂θ
= − 1

ρ0

∂p

∂z
− g ρ

ρ0

, (B.51)

∂ρ

∂t
+ (u

∂ρ̂

∂r
+
Vθ
r

∂ρ

∂θ
+ w

∂%′

∂z
) + %′∇ · v = 0, (B.52)

1

r

∂

∂r
(rvr) +

1

r

∂vθ
∂θ

+
∂vz
∂z

= 0, (B.53)

where all lower-case variables are perturbations from the mean state, unless oth-

erwise noted.

Where the analysis of two-dimensional instabilities allows for the removal of

all but radial variable dependence (B.22), the vertical dependence of both the

mean state and the perturbation variables prohibit a simple Fourier component

analysis. While it may be possible to remove the vertical dependence in the pertur-

bation variables, analysis of the instabilities of a simulated vortex from adjustment

does not support this. The instabilities of an adjustment vortex are fully three-

dimensional. Analyzing this space for solutions may be possible with numeric

techniques not yet considered.

B.4 Evolution of a Single Adjustment Vortex

Using the numerical codes of Winters et al. (2004), a well mixed region is in-

troduced into a rotating stratified fluid. It develops the form of the adjustment

vortex after one inertial period (defined as Tip = 2π/f , where f is the Corio-

lis parameter). After one inertial period, the structure of the adjustment vor-

tex can be seen in contours of the vertical component of the vorticity vector

(ζ = [∇ × u]z = dv/dx − du/dy), or vertical vorticity (Fig.B.4a). Though other
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components of the vorticity vector are present, the vertical vorticity is the one that

is investigated for azimuthal instabilities. The growing mode 2 instability first be-

comes apparent after about 170 inertial periods (see Fig.B.5b) though this is not

visible in the 3D view until after about 180 inertial periods (Fig. B.4b). Though

not pronounced in the 3D evolution (Fig.B.4), the mode 2 instabilities growing in

the top and bottom components of the adjustment vortex are almost 90 degrees

out of phase from the central structure. This effect is seen in Helfrich and Send

(1988), where counter-rotating vortices in separate layers develop instabilities. As

the mode 2 instabilities grow in strength, the annular rings of each core aggregate

into satellite vortices. This is much like the non-linear amplification stage seen by

Carton and Legras (1994). By 210 inertial periods (Fig. B.4c), the layers of vortic-

ity have ceased to be separate. The like signed vorticity of each layer has merged

with the like signed vorticity of the adjacent layers. I believe It is this merging

that gives strength to the respective satellite vortices to tear the structure apart at

less than the horizontal steepness required in Carton and Legras (1994) (α ≥ 3.2).

The results of this break up is seen after 250 inertial periods (Fig. B.4d) in the

form of propagating dipoles. The resolution of the simulation makes the straining

of the vorticity seem discontinuous.

To explore the evolution of the azimuthal and vertical structure of the adjust-

ment vortex, a projection onto cylindrical coordinates is made (Fig. B.5,B.6).

In Figure B.5, a horizontal cross section through the middle of the central anti-

cyclone is taken. The evolution of the second mode and break up into propagating

structures is easily seen. In Figure B.6, the merging of like signed vorticity across

previously isolated layers is apparent. A Fourier transform is taken of the vertical

vorticity seen in Figure B.4 and volumetrically averaged. The evolution of the first

six azimuthal modes is shown in Figure B.7 and compared to a similar method

used by Carton and Legras (1994). Both figures show the growth of a dominant

azimuthal mode two instability.

The source of the instabilities for an isolated adjustment vortex in these codes

is not yet fully understood. It is suspected that internal waves that are reentrant
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(a) 1 I.P. (b) 180 I.P.

(c) 210 I.P. (d) 255 I.P.

Figure B.4: The evolution of instabilities of a single adjustment vortex. Red
denotes cyclonic vorticity and blue anticyclonic vorticity. Contours of vertical
vorticity, scaled by the Coriolis parameter, shown are ζ = −0.4 f (blue) and
ζ = 0.4 f (red).
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(a) 1 I.P. (b) 170 I.P.

(c) 210 I.P. (d) 255 I.P.

Figure B.5: The polar evolution of instabilities of a single adjustment vortex
through the center of the anticyclonic core.
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(a) 1 I.P. (b) 170 I.P.

(c) 210 I.P. (d) 255 I.P.

Figure B.6: The cylindrical evolution of instabilities of a single adjustment vortex
through a radial section within the cores (r = 20m).
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into the triply-periodic, Cartesian domain could induce the azimuthal mode 4 (and

harmonics) perturbations. Instabilities of mode 4, and harmonics, have affected

simulations of circular jet flows in periodic Cartesian domains (Melander et al.,

1991). This potential source is also supported by the instabilities developing twice

as fast when two distant, well-mixed regions are introduced into a domain (Chap-

ter 3). To eliminate this source for instabilities of a vortex, a cylindrical Navier-

Stokes solver was used to evaluate the stabilities of baroclinic, cyclostrophic vor-

tices (Beckers et al., 2003). Another cause could be low level numeric noise present

through the time stepping of the numerical method.

For a single adjustment vortex we can characterize some of the non-dimensional

numbers based on data from the physical fields. With U = 0.002 m/s, L = 25 m,

h = 1.25 m, f = 9.5× 10−4 s−1, N = 0.01885 s−1, and ν = 2.5× 10−10 m2/s being

the maximum horizontal velocity, radius of the mixed patch, height of the mixed

patch, Coriolis parameter, buoyancy frequency, and viscosity; the Reynolds (Re =

UL/ν), Ekman (Ek = ν/h2f), Rossby (Ro = U/fL), and Froude (Fr = U/Nh)

numbers are investigated. The Reynolds number for the low viscosity simulation is

well in the range for turbulence, Re = 2× 108, as is apparent by the development

of instabilities. The Ekman number is small, Ek = 1.68 × 10−7, indicating the

relative importance of viscosity to inertial effects. The Rossby number is also

small, Ro = 0.0842, indicating the importance of planetary rotation in the balance

equations. Lastly, the Froude number is again small, Fr = 0.0848, indicating

importance of stratification over vertical shear instabilities. If we unconventionally

take N to be the actual measure of stratification in the center of the mixed patch,

N = 5.655× 10−3, we get a larger Froude number, Fr = 0.2829. This change may

help examine the type of instability that is found to evolve.

For isolated shielded vortices in a stratified, non-rotating fluid the azimuthal in-

stabilities were baroclinic for Fr = 0.80, while they were barotropic for Fr = 0.16

(Beckers et al., 2003). The baroclinic azimuthal instabilities draw kinetic en-

ergy from the conversion of available potential energy in the density field, while

barotropic azimuthal instabilities draw kinetic energy from the kinetic energy of
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(a) Adjustment vortex (b) Vortex from Carton and Legras (1994)

Figure B.7: Comparison of the growth of azimuthal modes of an adjustment vortex
and in Carton and Legras (1994). Both show the growth of azimuthal mode two
being the dominant instability. The azimuthal mode two is the fastest growing
mode for an adjustment vortex from 150Tip to 220Tip.

the mean flow. However, for rotating stratified flows the azimuthal instabilities

may be primarily baroclinic (Saunders, 1973; Griffiths and Linden, 1981; Verzicco

et al., 1997). The strongest instabilities for an adjustment vortex have character-

istics of a baroclinic instability.

Investigating the evolution of a single adjustment vortex, the relative strength

of the azimuthal modes (Figure B.7) grow in direct relationship to the exchange

of available potential energy to the kinetic energy of the vortex (Figure B.8).

Furthermore, the barotropic and first baroclinic modes (zeroth and first vertical

Fourier modes) see the most gain in kinetic energy, without relative gains in the

other baroclinic modes (Figure B.9). This change can be seen to be related both to

the conversion of vortex potential energy to vortex kinetic energy and a change in

the structure of the vorticity itself. During the initial stable phase, an adjustment

vortex has three vortex cores with vertically alternating sign. This three-lobed,

alternating structure virtually eliminates the vertical average of velocity, giving the

barotropic mode near zero kinetic energy. After the development of instabilities

and breakdown of the vortices into dipole pairs, the vorticity structures vertically

have one lobe of vorticity or two lobes of tightly coupled vorticity of the same sign.
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Figure B.8: Wave-vortex decomposition for the evolution of a single adjustment
vortex. Exchanges of vortex available potential energy to vortex kinetic energy
indicates baroclinic instability.

As the Fourier transform of a Gaussian structure is itself a Gaussian in spectral

space, the vertically single-lobed structures will have a strong peak in the lower

Fourier modes. That the barotropic mode is not completely dominant at later

times may be the consequence of the wave field or smaller vortical structures.

For simulations of multiple adjustment vortices in a triply-periodic and viscous

domain, the existence of the barotropic mode can induce an inverse cascade of ki-

netic energy (see Chapters 4 and 5). This is primarily due to the much smaller

dissipation of the accumulated barotropic mode kinetic energy of each adjustment

vortex. When the viscosity is small, ν = 2.5 × 10−10, the above instabilities can

evolve by proximal effects (see Chapter 3). For simulations of multiple adjustment

vortices with small viscosity, inverse cascade of kinetic energy occur more read-
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Figure B.9: The evolution of kinetic energy in the first seven modes of horizontally
averaged, vertical kinetic energy spectrum. The barotropic modem0 kinetic energy
increases by three orders of magnitude, while the first baroclinic mode m1 kinetic
energy increases less than an order of magnitude.
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ily with the increase in barotropic mode kinetic energy provided by developing

instabilities.

B.5 Proposed Numerical Study

In all the previous studies of the geostrophic adjustment of mixed patches there has

been little done to explore the effects of varying non-dimensional number ranges

upon stability. In microstructure field study by Gregg et al. (1986), most mixed

patches were found to be vertically small (< 1m) and transient. Taller destrat-

ified regions were seen to persist for days, potentially indicating the persistence

of an adjustment vortex. All the mixed patches in this dissertation, and in previ-

ous numerical studies, have mixed patch height of 1.25m, close to what is called

“transient puffs” by Gregg et al. (1986). Lelong and Sundermeyer (2005) inves-

tigated varying the Burger number, Bu = (R/L)2 (R the internal deformation

radius and L being the radius of the mixed patch), on the effectiveness of convert-

ing the potential energy of the mixed patch into the kinetic energy of a vortex.

These simulations were done in a triply-periodic domain with small viscosity for

relatively short times (< 20Tip) as compared to instability times. Reducing the

viscosity increases the Reynolds number and reduces the Ekman number. Equiv-

alent Ekman dynamics are achieved by increasing the vertical scale of the vortex

proportional to the root of decrease in viscosity scale. Changes in viscosity do

not change the Rossby, Froude, or Burger number of the mixed patches, although

changes in radius and vertical height will. Changes in the height of the mixed

patch will be translated into changes of radius as the patch adjusts towards its

deformation radius.

Instead of exploring all five (Ro, Fr, ReEk, Bu) dimensionless numbers, a few

are chosen to be investigated at a time, although changes in some will invariably

affect the others. One such dependence, with N/f -scaling, is Re = Ro/Ek(N/f)2.

For anisotropic domains, the Reynolds number is directionally dependent, with the

effectiveness depending on the gradients of velocity in each direction (see Chapter

5). Numerical simulations have been started that vary the viscosity, azimuthal
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Figure B.10: The first six azimuthal modes of an elliptical mixing event that is
perturbed by a mode-two azimuthal instability with amplitude 10% of the mean
flow.

wavenumber, amplitude of perturbation, and the radius of the mixed patch. The

change in viscosity affects the Reynolds numbers and Ekman numbers exclusively,

while the change in patch radius affects Reynolds, Burger, and Rossby numbers.

Changes to Froude number may play an important role in stability dynamics and

cascades of kinetic energy independent of those solely due to barotropic effects.

The quasi-geostrophic approximation is known to drive inverse cascades of kinetic

energy in the limit of small Rossby and Froude numbers (Charney, 1971).

Preliminary results show an order of magnitude reduction in viscosity, from

ν = 2.5 × 10−5 to ν = 2.5 × 10−6, is enough to allow instabilities to evolve. A

10% perturbation to azimuthal mode 2 is sufficient to display instability growth,

non-linear saturation, and breakdown within 80Tip (Figure B.10). Variations in

azimuthal mode 2 amplitude show some stabilizing effects, resulting in three-

dimensional, horizontal, tri-pole structures similar to the two-dimensional tripole

structures in Carton and Legras (1994) and Kloosterziel (1994). Other azimuthal
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modes and variations in Burger number have yet to be performed.
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Appendix C

HYPERVISCOSITY SIMPLIFIED

The use of higher-order dissipation has been employed to ensure numerical

stability in many kinds of models. None of the references that utilize higher-

order dissipation have presented sufficient rationale for the parameters they use.

Lacking adequate rationale has led to extensive experimentation to find suitable

parameters for the desired dynamics. In the following, I offer a simplified method

of higher-order dissipation that addresses this.

C.1 Introduction

Numeric simulations of the Navier-Stokes equations are inherently limited in the

range of scales that they can effectively model. Laplacian viscosity dissipates ve-

locity primarily at centimeter to millimeter scales. However, to be computation-

ally tractable, large scale simulations do not simultaneously model the virtually-

inviscid, larger scales and the dissipative small scales. For simulations with tur-

bulent forward cascades of energy and enstrophy, this can lead to the build up

of kinetic energy and enstrophy at the smallest resolved scales. To address this

potential for numeric instability, a higher order dissipative term, or hyperviscosity,

has often been employed.

Hyperviscosity has been used in many studies to maintain inertial dynamics for

a broad range of scales, while strongly dissipating kinetic energy at the smallest

resolved scales. Fourth order dissipative terms, −ν∇4, were used to model large

coherent vortices emerging from random initial conditions in an anisotropic and

quasi-geostrophic triply-periodic numerical models (McWilliams and Weiss, 1994;

McWilliams et al., 1994). For triply-periodic, Boussinesq simulations spectrally

forced around a mean scale, a sixteenth-order dissipative term was used, (−1)p+1×
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ν(∇2)pu with p = 8 in place of the normal viscosity term ν∇2u (Smith and Waleffe,

1999, 2002). Throughout this dissertation, and in all related work (Lelong and

Sundermeyer, 2005; Sundermeyer and Lelong, 2005; Brunner-Suzuki et al., 2012),

both Laplacian viscosity and a sixth-order hyperviscosity was used in conjunction

with a wavenumber truncation method (Orszag and Patterson, 1971).

Though many numerical models allow for the use of hyperviscosity, the ra-

tionale for the magnitude and power is not yet consistent in the literature. The

following sections present an alternative perspective on the hyperviscosity pre-

sented in previous work.

C.2 Dissipation Time Scales

To begin with, we start with the momentum components of the Navier-Stokes

equations. These are,

∂u

∂t
+ u · ∇u + f × u = − 1

ρ0

∇p− g
ρ

ρ0

+ ν2∇2u + (−1)p/2+1νp∇pu, . (C.1)

where the solutions variables, as in (2.19), are the velocity vector u, perturbation

pressure p′, and perturbation density ρ′. Also, as in (2.19), the additional parame-

ters are the background density ρ0, the Coriolis vector f = [0, 0, f ]T , gravitational

acceleration g = [0, 0, g]T , Laplacian viscosity ν2, and hyper-viscosity νp (p even).

Using the anisotropic scaling of N/f for both length scales and velocity scales

(L/H ∼ N/f and U/W ∼ N/f where L, H, U, and W represent horizontal length

scale, vertical length scale, horizontal velocity scale, and vertical velocity scale),

as in McWilliams and Weiss (1994), and the following scalings,

t =
L

U
t†, (C.2)

p′ = U2ρ0p
†, (C.3)

ρ′ = H
dρ̄(z)

dz
ρ†, (C.4)
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for time, pressure perturbation, and density perturbation, we non-dimensionalize

with parameters,

Ro =
U

fL
(Rossby), (C.5)

Fr =
U

NH
(Froude), (C.6)

Re2 =
UL

ν2

(second order Reynolds), (C.7)

Rep =
ULp−1

νp
(p-th order Reynolds). (C.8)

The dimensionless equations are converted to spectral space by the use of Fourier

transforms,

∂ûk
∂t
− Tk +Ro−1e3 × ûk = A2

[
−ik
ρ0

p̂′k + Fr−2e3ρ̂
′
k

]
− 1

2
Dkûk (C.9)

with

Tk = − ̂(u · ∇u)k, (C.10)

Dk =
2

Re2

|Ak|2 + (−1)p/2+1 2

Rep
|Ak|p , (C.11)

where Tk is the Fourier transform of the nonlinear term and Dk is the spectral

dissipation operator.

A single adjustment is needed to allow the Laplacian dissipation dynamics

to influence vertical gradients of velocity rather than having them dominated

by the hyper-dissipation. This change also makes the higher-order dissipation

nearly isotropic in wavenumber space for the anisotropic scaling. To provide addi-

tional insight into this, the hyperviscosity is constructed such that the dissipation

timescale, or e-folding timescale, is constant on the surface of an ellipsoid defined

by (
k

kmax

)2

+

(
l

lmax

)2

+

(
m

mmax

)2

≈ 1,

where k = [k, l,m]T is the wavenumber vector and kmax = [kmax, lmax,mmax]
T is
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the maximum retained wavenumber in each direction, defined by truncating the

largest 1/9 of the wavenumbers in each direction. Integrating this into a spectral

hyper-dissipation operator,

D(p)
k = (−1)p/2+12ν ′p

[(
k

kmax

)2

+

(
l

lmax

)2

+

(
m

mmax

)2
]p/2

, (C.12)

where the exponent of (p) on the operator pertains to the order of the dissipa-

tion operator and the ν ′p = 1/Tmax parameter represents the inverse dissipation

timescale (1/s) at the maximum defined wavenumbers. Absorbing isotropic hori-

zontal terms, assuming that kmax = lmax, into the hyper-viscosity operator yields

D(p)
k = (−1)p/2+12νp

[
k2 + l2 +

(
kmax
mmax

m

)2
]p/2

, (C.13)

where νp = ν ′p/k
p
max now has the appropriate units (mp s−1). With the scaling

of our numerical domain Lx/Lz = 40 and the resolution nx/nz = 2, this will

change the effective hyper-dissipation in the vertical direction for the dimensionless

equations,

D(p)
k = (−1)p/2+1 2

Rep

[
k2 + l2 + (N/f)2

(
kmax
mmax

m

)2
]p/2

. (C.14)

This amounts to replacing the matrix A in (C.11), for the higher-order terms, by

another matrix,

B =


1 0 0

0 1 0

0 0 12

 , (C.15)

creating a near isotropic hyper-dissipation parameter for our spectral equation. For

domain scaling as Lx/Lz = N/f and equal numbers of grid points in horizontal

and vertical directions, nx/nz = 1, this matrix will be the identity B = I.

Eliminating all but the time derivative and the dissipation terms in (C.1),
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taking the Fourier transform, and multiplying by the conjugate of the spectral

velocity vector, û∗k, gives the kinetic energy diffusion equation,

∂|ûk|2

∂t
= −Dk|ûk|2. (C.16)

Solving (C.16) yields the solution,

|ûk(t)|2 = |ûk(0)|2 exp {−Dkt} , (C.17)

with e-folding dissipation time of,

Tk =
1

Dk

, (C.18)

for the kinetic energy at wavenumber vector k = [k, l,m]T . This decomposition

makes it is possible to investigate dissipation time scales for ranges of wavenum-

bers.

For simulations in this dissertation and related work, parameters influencing

dissipation time scales have been set as follows: The length scales, Lx = Ly =

40Lz = 500m, number of grid points, nx = ny = 2nz = 128, Laplacian vis-

cosity, ν2 = 2.5 × 10−5m2/s, and the sixth-order dissipation inverse timescale,

ν ′6 = 48 s−1. Dissipation time scales are displayed for the complete horizontal

wavenumber spans of vertical wavenumbers (Figure C.1a) and complete verti-

cal wavenumber spans of the first seven horizontal wavenumbers (Figure C.1b).

What is immediately noticeable is the effect of anisotropy on the distribution of

timescales for various wavenumber. The first seven vertical modes have decreasing

dissipation timescales that are a product of strong Laplacian dissipation for ver-

tical wavenumbers. As was more thoroughly discussed in Chapter 5, dissipation

timescales for the barotropic mode is four orders of magnitude longer than for the

first baroclinic mode. Furthermore, the sixth-order dissipation is seen to dominate

the range of wavenumbers, leaving only a narrow range for Laplacian dynamics

at larger scales. If the rate of energy transfer through non-linear interactions is
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significantly slower than the dissipation rate of kinetic energy, the kinetic energy

spectrum will have a steeper spectral slope than k−5/3 predicted by theory.

C.3 Defining the Higher-Order Dissipation Range

The above dynamics limit the Laplacian dissipation dynamics to a small range for

the smallest wavenumbers in each direction. Higher-order dissipation was origi-

nally intended to remove strong velocity gradients at the largest wavenumbers. To

define a desired effective range for higher-order dissipation, a further simplifica-

tion to the dissipation timescale is made. With a zero vertical wavenumber, the

dissipation timescale becomes,

Tk =
1

νk2 + ν ′p(k/kmax)
p
. (C.19)

The wavenumber for which the higher-order term has equivalent influence as the

Laplacian term can be solved for by

ν ′p

(
ke
kmax

)p
− ν2k

2
e = 0. (C.20)

Solving this equation for the positive real root gives,

ke =

(
kpmax

ν2

ν ′p

)1/(p−2)

, (C.21)

= (kpmaxν2Tmax)
1/(p−2) , (C.22)

where ke and Tmax are the equivalence wavenumber and dissipation timescale at

the maximum wavenumber. If a certain ratio of the wavenumbers is desired to

have Laplacian dynamics, we can express Pe = ke/kn, with kn = 2π nx/Lx being

the Nyquist wavenumber. Wavenumbers less than ke will be primarily influenced

by Laplacian dynamics, with the rest influenced by the higher-order dissipation.

We can now solve for the necessary order p of the higher-order dissipation,

p =
ln(P 2

e k
2
nν2Tmax)

ln(Pekn/kmax)
, (C.23)
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and round it to the closest even number.

For the above settings for length scales, resolution, and viscosity parameters,

p = 26 gives the higher-order dissipation that allows for Pe = 0.50 of the wavenum-

bers to experience Laplacian dynamics (Figure C.2).

Alternatively, if the effect of the Laplacian dynamics are negligible, one can

define the desired percentage of wavenumbers to experience an e-folding timescale

over the length of the simulation, or any other useful timescale. Solving (C.19) for

the dissipation timescale without Laplacian dynamics yields,

Psimkn = ksim = kmax (νpTsim)−1/p , (C.24)

were Psim is the ratio of wavenumbers, ksim/kn, with dissipation timescales greater

than the simulation time, Tsim. With the same parameters, p = 30 gives the higher-

order dissipations that allows for Psim = 0.50 of the wavenumbers to have a longer

dissipation timescale than the simulation time, Tsim = 800Tip (Figure C.3).

The power of hyperviscosity for the above estimates are much higher than has

been commonly used in the literature. In the limit of very high powers of hyper-

viscosity a “bottleneck“ effect can occur before the dissipative subrange (Frisch

et al., 2008). This consists of a build up of kinetic energy from non-linear trans-

fers that occurs before dissipation is dominant. A value of p = 16 is considered to

be a moderately high setting (Borue and Orszag, 1995a; Smith, 1997). A couple

of minor adjustments can be made to the above parameters to bring the power

of hyperviscosity down into this range. First, changing the dissipation timescale

at the maximum defined wavenumber to half that of the simulation time step,

Tmax = 1/ν ′p = ∆t/2 = 15 s, reduces the power of the first to p = 16. Next,

changing the representative dissipation timescale from that of the length of the

simulation to that of the instability timescale, Tsim = 50Tip, also brings down the

power of the second example to p = 16.

Both of these modifications will be effective in maintaining numeric stability

and creating representative subranges on two conditions. The first condition is
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(a) First Seven Vertical Modes

(b) First Seven Horizontal Modes

Figure C.1: Dissipation timescales for the first seven vertical (a) and horizontal
(b) wavenumbers with Lx = Ly = 40Lz = 500m, ν2 = 2.5× 10−5m2/s, and ν ′6 =
48 s−1. Tsim, Tip, TN , T∆t, and Tmax are the simulation timescale, inertial timescale,
buoyancy timescale, simulation time step, and dissipation time at the maximum
defined wavenumber (kmax or mmax). Also, ke and me are the wavenumbers for
which the Laplacian and higher-order dissipation have an equivalent effect for the
respective zeroth wavenumber.
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(a) First Seven Vertical Modes

(b) First Seven Horizontal Modes

Figure C.2: Dissipation timescales for the first seven vertical (a) and horizontal
(b) wavenumbers with Lx = Ly = 40Lz = 500m, ν2 = 2.5 × 10−5m2/s, and
ν ′26 = 48 s−1.
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(a) First Seven Vertical Modes

(b) First Seven Horizontal Modes

Figure C.3: Dissipation timescales for the first seven vertical (a) and horizontal
(b) wavenumbers with Lx = Ly = 40Lz = 500m, ν2 = 0m2/s, and ν ′30 = 48 s−1.
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that they prevent the build up of energy at the smallest scales. And secondly,

that the non-linear transfer of energy to smaller scales is faster than dissipation

for the defined inertial subranges.

One concern of this technique is that it would lead to insufficient thermalization

of the energy at small scales. Higher order dissipation is seen to lead to this

”bottleneck“ effect in some numerical simulations (Frisch et al., 2008). With the

bottleneck effect, there is a build up of energy at small scales due to the lack

of energy at the smallest scales to provide an eddy viscosity. A few numerical

simulations with very high orders confirm that this will remain a concern.

C.4 Conclusion

The capacity to set higher-order dissipation according to dynamics desired for

ranges of wavenumbers is presented. For Laplacian dynamics, it has been shown

that an equivalent scale can be set according to the ratio of wavenumbers to have

Laplacian dynamics. With negligible Laplacian dynamics for a simulation, it is

possible to set the order of dissipation according to the required level of dissipation

at two different timescales. It is further noted that the scaling of the maximum

wavenumber in each direction for the higher-order dissipation can be set without

the need to be integer multiples of some minimum, non-zero wavenumber. It

would also be possible to reduce the dissipation to zero for a range of smaller

wavenumbers, thereby making cascades to dissipative wavenumbers the only way

energy could get out of the inertial range of wavenumbers. Furthermore, the rate

at which energy is dissipated at the selected maximum wavenumbers may be set

to be at or greater than the rate of energy transfer from larger scales through

nonlinear interactions. The rate of energy dissipation presented for the selected

maximum wavenumbers is most likely to be unnecessarily high. These rates may

be set more appropriately and help prevent the bottleneck effect discussed above.

Though this technique is presented for an anisotropic, stratified, rotating do-

main it could also be useful in isotropic models that use higher-order dissipative

terms. These models will not be limited to those that simulate fluid dynamics.
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Higher-order dissipative terms have been used in other areas with mixed success

and would benefit from a more effective design.
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