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With recent development of instrumentations, data collection capabilities, and computational soft-

wares, in cancer biology now one has high-throughput data on individual cells in a population:

its heterogeneous genomic makeups and/or phenotypic molecular markers. At this level of de-

scription, stochasticity is a significant component of the dynamics of single cells. Using purely

deterministic representations and mathematical models is no longer realistic nor desirable. In ad-

dition, most traditional deterministic models are based on differential equations and dynamical

systems with real numbers; single cell data are too discrete to fit a continuous state space.

This dissertation consists of three parts: Motivated by laboratory measurements, carried out

at Institute for Systems Biology, on the stochastic population growth of Leukemia cells (HL60),

Part I, Chapter 2 reports statistical analysis of the data and develops dynamic models in terms of

birth-death processes. It is shown that even in the very earlier stage of ∼ 10 cells, there exists

already multiple phenotypes in the population: This result invalidates the naive assumption of sta-

tistically identical individuals in exponential cell growth. Then in Chapter 3, branching processes

are introduced to study the equilibrium of heterogeneous cell population with multiple phenotype

switching. A law of large numbers is proven. A proof of mathematical relationship between multi-

type branching process and multi-dimensional birth-death process is given in Section 3.8.2.

Part II addresses a central issue in data statistics: How to quantify the logic causal effect among

observations of interdependent random variables. In terms of the notion of Markov boundary, we



provide a rather coherent quantification of a class of causal inference. We prove that in certain

special cases, quantifying causal effect is not possible. Computational algorithms for determining

such scenarios are proposed and implemented.

Stochastic processes employed in cancer biology and in statistical physics have a fundamental

difference: The latter as models for inanimate matters require detailed balance while the former, as

models of living organisms, have positive stationary entropy productions. In Part III (Chapter 5),

we investigate a theoretical issue of irreversible Markov processes without detailed balance: How

to represent the entropy production in a finite system through a lifting of this stochastic process. We

prove that the entropy production rate in the finite system can be represented in terms of a potential

function in the lifted infinite system with detailed balance. We propose to use this mathematical

result to unify the two different statements, due to Clausius and Lord Kelvin, of the Second Law

of Thermodynamics.
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Chapter 1

INTRODUCTION

With recent development of instrumentations, data collection capabilities, and computational

softwares, cell biology now has high-throughput data on individual cells in a population: its het-

erogeneous genomic makeups, biochemical compositions, and phenotypic molecular markers. To

many biomedical scientists, Single-Cell Biology holds the promise for revolutionizing biology and

medicine [117]. At this level of description, stochasticity is a significant component of both the

characterization of single-cell data and dynamic, mechanistic representations of the biology. Purely

deterministic representations and mathematical models based on differential equations, widely

used in mathematical biology [99], are no longer legitimate: They are neither realistic nor desirable

for the new biology. In addition, most traditional models are based on real-valued variables; single

cell data are too discrete to fit a continuous state space.

To develop the mathematical biology of single cells, we seek inspiration from the field of

single-molecule biophysics which had emerged in the early 1990s and risen to prominence in the

new millennium. The development of single-molecule biophysics led to the significant discovery

of stochastic gene expressions in single cells [129, 115]; that has provided a foundation for un-

derstanding cell differentiations and non-genetic heterogeneities in cell populations, and paved the

way for the current single-cell biology. Single-molecule biophysics has also inspired new develop-

ments in statistical research [127] and new results in probability [70].

We expect a fundamental difference between the stochastic processes employed in single-

molecule biophysics and in single-cell biology: The models for macromolecules in biophysics,

as inanimate matters, require detailed balance: The long-time limit of a model is a stationary

stochastic process that necessarily has time-reversal symmetry, a fundamental property of a part of
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a thermodynamic equilibrium with fluctuations. Single cells, however, are living organisms. In a

conceptualized homeostatic state, they continuously metabolize chemicals and dissipate heat. The

stationary stochastic processes that represent cells have positive stationary entropy production:

A mathematical concept developed in recent years precisely motivated by a need to differentiate

nonequilibrium living processes from equilibrium inanimate processes [71].

1.1 Data-driven stochastic cell growth

Stochastic processes in modeling cell growth via clonal expansion has a long history [167]. One

early work is the Luria-Delbrück model, which assumes cells grow deterministically, with wildtype

cells mutate and become cells with a different phenotype randomly [90]. Since then there have

been many further developments which incorporate more stochastic elements into the model, such

as Lea and Coulson [84], Koch [81], Moolgavkar and Luebeck [88], Dewanji et al. [25]. We

can find various stochastic processes: Poisson processes [12], Markov chains [57], and branching

processes [72], or even random sums of birth-death processes [25], all playing key roles in the

mathematical theories of cellular clonal growth and evolution.

In applied mathematics, after one establishes a mathematical model in terms of differential

equations or stochastic processes, the next obligatory question is how to obtain the behavior of

its dynamics. For stochastic processes, there are two complementary perspectives: the stochastic

trajectory and its probability distribution as a function of time. The former usually is expressed in

terms of a standard, simple process: Brownian motion for diffusion and Poisson process for con-

tinuous time Markov chain. The latter can be obtained as a solution to the Chapman-Kolmogorov

equation. For simple models, one can directly obtain analytical solutions. For relatively complex

processes, one can use generating functions to turn a stochastic problem into a differential equation

problem, and then analytically or approximately solve such equations [96], obtaining the proba-

bility distribution in a transformed form. There are of course a large repertoire of mathematical

methods for obtaining various properties of a stochastic-process model. A particular one used

in this dissertation is the martingale method for proving the asymptotic behaviors of branching

processes [67].
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There is a significant difference between the traditional stochastic dynamics of cell popula-

tions with genetic mutations and the current interest of non-genetic heterogeneity: The phenotype

changes in the former are practically never reversible, while epi-genetic phenotype switchings are

much more likely to be reversible, at least in principle. For a given cell, there are enormous possi-

ble genetic mutations in terms of changes in DNA than relatively small number of possible stable

non-genetic biochemical variations.

When one compares stochastic-processes models with real data, statistics enters our study.

One first needs statistical methods to estimate the value of parameters, as well as to derive the

confidence intervals. After the parameters being determined, one needs to evaluate how the model

fits the data. When there exist multiple models, one needs to compare their fitnesses on the data to

select the best one [77].

In data science, even without a complete model, one can test different assumptions with statis-

tics to provide useful information on the mechanism behind the data. For example, we can test

whether two groups have the same mean and variance, which informs us whether we should treat

them separately. We can compare and contrast one sample, of cell population growth, containing

four initial cells and four samples each with one initial cell, and test whether they behave statisti-

cally identical. Studies as such provide implications on whether the descendants of different cells

are independent.

At the Institute for Systems Biology, in the laboratory of Dr. Sui Huang, a strain of Leukemia

cancer cells (HL60) was cultured starting with a few single cells in vitro. The growth of cell pop-

ulation exhibits several phases: The first one is a lag phase during which it is assumed that the

cells become accustomed to the new environment and recover from manipulations in the “seeding

process”. The cell population then enters the exponential growth phase during which the average

per capita growth rate is essentially a constant: The total population therefore grows exponentially

in this phase. It is a widely held belief that the growth rates for all cells are independent and iden-

tically distributed. With the current technology from single-cell biology, one can experimentally

check this long-hold hypothesis: We shall show, by using statistics, that even during the exponen-

tially growing phase, individual cells are not independent. The data suggested that the cells should
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have at least three states that have different distributions on growth rates.

1.2 Mechanism-based stochastic cell growth

Equally important as data, biologists usually approach to biological problems with a plausible

mechanism in mind. In applied mathematics, this means developing mathematical models to ex-

plain certain biological phenomena. The first step here is to abstract biological mechanisms into

mathematical descriptions. The next step then is to study the properties of the mathematical model.

This includes finding solutions and proving theorems concerning the essential characteristics of the

model. The last step is to translate the mathematical results back into biological setting, in terms

of the biological language, to explain existing biological phenomena and predict new ones. Some-

times the mathematics itself becomes so interesting and important that the biology background

will be put aside for a while. Of the field of mathematical biology, there are important results even

from this mode of research. Two examples from population biology are the Galton-Watson process

of the extinction of family names [155] and the Lotka-Volterra system of equations for predator-

prey populations [87]. In physiology and biophysics, the Hodgkin-Huxley model for membrane

action potentials in neural communication [64] is one example of a work that combines mecha-

nism with data and produces significant new biology as well as pushes the frontier of new applied

mathematics.

It has become increasingly clear that at the level of individual cells, one genotype may cor-

respond to multiple phenotypes, which is usually defined by different biochemical compositions,

or molecular markers, of a cell. These different cellular phenotypes, same as genotypes, are also

relatively stable, and even can be transmitted to “descendants” through cell divisions [3]. More

interestingly, individual cells can switch among different phenotypes [29]. One well documented

fact is the asymmetric division of stem cells, where one stem cell divides into one stem cell and

one non-stem cell. Some cancer non-stem cells can even transform back to cancer stem cells [169].

In such cancer cell populations, there are now ample experiments showing that the proportions of

different phenotypes will always converge to the same invariant distribution, regardless of initial

proportions [57]. This phenomenon has been named “phenotypic equilibrium”.



5

Branching processes can be used as the proper representations of such population dynamics

[66]. In branching processes, there is a series of laws of large numbers under different assumptions,

which is quite similar to the “phenotypic equilibrium” phenomenon. Since 1960s, probabilists have

already proved that for a continuous-time multitype branching process, the proportions of different

types converge to a constant vector under different conditions. In [7], [8] and [139], the proofs

require that the coefficient matrix is irreducible, and the largest eigenvalue is positive. In [78],

it is required that the branching process is discrete in time. In [159, 160], it is assumed that the

initial population tends to infinity. The assumptions required in [67] is the weakest. Still one of the

assumptions is not always met in biology: The type with largest growth rate could transform into

any other types. In this dissertation, I aim to prove the same result without this assumption.

As a continuous-time Markov process, the waiting time of the branching process studied is

exponential. However, the time distribution of cell division in reality deviate significantly from

exponential [52]. In our treatment, we apply a special technique that introduces auxiliary types

such that the process is always Markovian, but the observed cell-division time is close to reality.

1.3 Data statistics and causality

Applied mathematics in the past was centered around the idea of “dynamics” – in fact, it is not an

overstatement that all major areas of modern applied mathematics arouse as a need to understand

dynamics, or more narrowly mechanics. The notion of dynamics is unique in science: it is the only

formal concept that offers a definitive causality (e.g. a mechanism for a phenomenon). Causality

is the foundation for modern science and knowledge; it is certain to say that causality will never

stop to be relevant, no matter what new paradigm arises in scientific discovery.

In recent years, with the development of high-throughput measurements, we can acquire large

amount of biological data, such as the single cell gene expression level for thousands of cancer

cells. Thus it might be feasible now to apply the mechanistic model free, data-driven paradigm, in

which causality determination has an essential role to play. In general, purely statistical models can

be classified into two groups: Those deal with discrete and/or continuous random variables, and

those deal with events and states. For the former data type, linear regression is widely considered
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as a power tool for extracting correlations; and for the latter, mutual information has risen to

prominence through information theory. To address causal relationship, several methods have

appeared in the literature: partial Granger causality [56], conditional mutual information [27], and

transfer entropy [135], to name a few.

However, data-driven paradigm might not be able to totally replace mechanism-based paradigm.

For example, when one only has partial knowledge for some variables, how should one apply such

knowledge into data-based methods? In such cases, model-driven method is natural to emerge.

Another problem is, whether the data method is really suitable for some data. In [162], the authors

treat ecosystems as nonlinear dynamical systems and only utilize data to produce forecasting. How-

ever, with measuring errors and natural stochasticity, the long time behavior of highly nonlinear

dynamical systems cannot be predicted even in theory. There is also a possibility that the data is

not reliable enough as claimed.

In 1956, Wiener proposed that one can detect whether the prediction of one time series could

be improved by incorporating knowledge of the other, so as to measure the causal influence of one

time series on another [157]. Later Granger formalized this idea with linear regressions to quan-

tify the prediction accuracy, namely the Granger causality [54]. Lately, the Granger causality is

modified to deal with multiple time series [47, 56]. There are also mutual information based quan-

tities. Schreiber proposed transfer entropy in 2000 [135], followed by several improvements later

[73, 40]. Another approach is utilizing directed acyclic graphs, mainly by theoretical statisticians

[152, 113, 5, 130]. There are many applications of causal inference methods to data in biological

research [9, 53, 106].

1.4 Stochastic, nonequilibrium physics of living cells

From the viewpoint of statistical mechanics, life is an open system which exchanges materials

(nutrients in the growth medium for cell culture) and energy with the environment. It needs to

keep a stationary condition so as to function normally. However, such a stationary state is far

from equilibrium, otherwise it is not “living”. A living cell is in a nonequilibrium steady state

(NESS) [103]. In recent years, the mathematical theory of NESS, in terms of the notion of entropy
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production, has been extensively developed [71].

The idea of stochastic process approach for statistical mechanics can be traced back to Ein-

stein’s work on Brownian motion [35]. Onsager exploited stochastic processes to discuss irre-

versible thermodynamics for systems close to equilibrium [105]. Prigogine started to study irre-

versible systems far from equilibrium [48]. In order to describe a macroscopic system which is

composed by enormous number (∼ 1023) of microscopic elements, we need to statistically study

the rapidly varying behavior of elements, and then the complex dynamics is projected to several

macroscopic variables [71].

For an irreducible continuous time Markov chain, any initial distribution will converge to the

unique stationary distribution exponentially fast. Starting from the stationary distribution, and

reversing the time, one has another stationary process. Only in special cases, this process is re-

versible, meaning that the reversed process has the same joint distribution (and the same transition

rates) with the original process. In this case, observing this process forwards or backwards in time

has no difference. For a reversible process at stationary distribution, the flux between two states

should cancel out. This also means that for any cycle, the net flux is zero: The probability of

A → B → C → A is the same as A → C → B → A. For a Markov chain, we can define

its entropy production rate at stationary, which describes the reversibility of this process. It is a

nonnegative quantity, and equals zero if and only if the Markov chain is reversible. The cycle flux

has essential relationship with reversibility. Biochemical reactions are obviously irreversible with

respect to time (how can you imagine a chicken turns back to an egg?). One can even say that

irreversibility is one of the chief characteristics of life activities.

For a steady state, the income flux must equal the outcome flux (Kirchhoff’s law), thus all

fluxes should be in the form of cycles. Therefore we have the circulation decomposition theorem:

The net flux on an edge can be decomposed into the flux of cycles passing this edge. In practice,

some cycles are not linearly independent, therefore we can determine a basis, and decompose the

flux solely in cycles in the basis. The next question is to study the behavior of cycles in the basis.

For a trajectory of a Markov chain, we can define its entropy gain. If we calculate the entropy

gain symbolically, then two trajectories with the same starting point have the same entropy gain if
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and only if they have the same net winding number for each cycle in the basis. Here the order of

cycles finished does not matter. This reminds us that the fundamental group of n dimensional torus

has similar properties. We will lift the finite Markov chain into an infinite Markov chain with global

potential, through the help of n dimensional torus. We will also prove that the entropy production

rate is invariant after the lifting. This approach explains the source of entropy in NESS system,

and could be used in unifying the two different statements, due to Clausius and Lord Kelvin, of the

Second Law of Thermodynamics.

∗ ∗ ∗

We have discussed a wide array of approaches to cancer biology from the standpoint(s) of

applied mathematics in a broad sense. With the rise of data science and the dawning of the age

of stochasticity [98] impacting on the traditional applied mathematics, in my Ph.D. research, I

have strived to study different aspects of cancer biology with various new perspectives. The goal

is to have a more comprehensive outlook at the emergent “single-cell cancer biology”, from its

fundamentals to the the practicals.

The dissertation is organized as follows. In Chapter 2, we study the cancer cell growth dynam-

ics based on experimental data using statistics. We develop models in terms of birth-death pro-

cesses, and show that there exist multiple phenotypes among cells. In Chapter 3, we prove a law

of large numbers in branching processes. The result provides an explanation for the phenotypic-

equilibrium phenomenon in cancer cell population. In Chapter 4, we prove that in some special

cases, quantifying causal effect is impossible. We have also designed and implemented algorithms

to determine such cases. In Chapter 5, we consider the lifting of irreversible stochastic processes

and prove the entropy production rates are invariant under the lifting. Chapter 6 discusses some of

the possible future works.

Even though I am primarily responsible for all the results in this document, many were the out-

comes of collaborative efforts. To acknowledge the contributions from others: Chapter 2, Edoardo

Pedrini, Joseph Xu Zhou, Irit Rubin, May Khalil and Sui Huang at Institute for Systems Biology
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and Hong Qian; Chapter 3, Da-Quan Jiang at Peking University and Da Zhou at Xiamen Univer-

sity. Chapter 4, Linbo Wang at Harvard University; Chapter 5, Hong Qian. Furthermore, Section

2.5.2 is a collaborative result with Yifei Liu at University of Wisconsin–Madison and Section 3.8.1

is with Zhongkai Zhao at Shandong Normal University.
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Chapter 2

STOCHASTIC GROWTH OF LEUKEMIA CELLS REVEALS THE
HETEROGENEOUS DIVERSITY

2.1 Introduction

Cancer has been known as a genetic disease caused by oncogenic mutations in somatic cells. Ac-

cording to the clonal evolution theory, cancer cells result from the accumulation of random genetic

mutations, which enable the emerging cell clones with novel genotype(s) to gradually out-grow

normal cells, break down the tissue homeostasis and gain other cancer hallmarks [59]. In this view,

a few genetically distinct clones of homogeneous cells dominate the cancer cell population since

they have higher growth fitness than normal cells. With the advance of single-cell technology and

the consequent experiments, however, it had been found that nongenetic cell heterogeneity uni-

versally exists in cancer cell population [118] - distinct cell subpopulations, transitions and the

interactions among them influence cancer cell growth, migration and drug resistance etc. [147].

Thus an contradistinctive view is that cancer is more like an evolving ecosystem [41] in which

cells, as biological individuals, diverge into various functionally distinct subpopulations with the

persistent cellular heterogeneity [32, 140]. Furthermore, cancer cell “ecology” differs fundamen-

tally from the classic ecological system: Its subpopulations transitions to each other in a reversible

way while the species in an animal kingdom do not transition between each other [19]. This enable

cancer cells to have remarkable heterogeneity and plasticity, giving rise to the concept of qua-

sispecies [33], which play important roles in their growth and later development of resistance to

therapeutic treatments [94].

Many new questions arise following the broad hypothesis that heterogeneity and transitions

are important factors for cancer. What is the dominant mechanisms behind the onset of cancer?

Is it due to the fastest growing clone begins to take off, or the cell population reaches the critical
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mass of positive feedback of subpopulations then take off? Should one target the fastest growing

subpopulations, or targeting the interactions and interconversions of cancer cells? Therefore, it

is important to develop a cancer growth model that fully considers the influence of heterogeneity

and inter-conversion of cancer cells on their growth pattern as well as the interplay between these

two modalities. The deepen understandings will help us to develop new successful therapeutic

strategies. Classically human tumors have been described to follow an exponential growth law

[91] but subsequently, to better fit experimental data, two different models have developed, the

Gompertz model and the West law model [163]. While there is no one specific model that can ad-

equately describe any one tumor, each model does highlight certain aspects of macroscopic tumor

kinetics (mainly the maximum size and the changing in growth rate at different stages). Assum-

ing cancer cells nongenetic heterogeneity with transitions dynamically, the population behavior

is influenced by many intrinsic and extrinsic factors which are both variable and unpredictable at

single-cell level. Thus, tumor growth cannot be adequately captured by a deterministic model,

rather a stochastic population kinetic model is more realistic. Stochastic processes in modeling

cell growth via clonal expansion has a long history [167]. One early work is the Luria-Delbrück

model, which assumes cells grow deterministically, with wildtype cells mutate and become cells

with a different phenotype randomly [90]. Since then there have been many further developments

which incorporate more stochastic elements into the model, such as Lea and Coulson [84], Koch

[81], Moolgavkar and Luebeck [88], Dewanji et al. [25]. We can find various stochastic processes:

Poisson processes [12], Markov chains [57], and branching processes [72], or even random sums

of birth-death processes [25], all playing key roles in the mathematical theories of cellular clonal

growth and evolution. These models have been applied to clinical data on lung cancer [101], breast

cancer [141], and treatment of cancer [142].

This paper focuses on the stochastic growth with heterogeneity of HL60 leukemia cells with

near single-cell sensitivities. We note fundamentally at the level of single cells, each cell as an

individual organism behaves differently from another; classification and grouping are necessary.

Classification requires cell markers whose legitimacy is difficult to determine a priori. Still, in

the context of cancer biology, the most legitimate maker is cell growth potential. Therefore, we
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observed longitudinally the growth of cancer cell populations seeded with very small number of

cells (1, 4 or 10 cells). We found the clear evidence that the clonal HL60 leukemia cells exhibit

diverse growth patterns. Based on quantitative statistical data analysis, we propose the existence

of three distinctive cell states and used branching processes to model the population kinetics with

distinctive cell subpopulations and the transition between them. Our results show that the initial

cancer cell growth is mainly driven by the fast-growing cell subpopulation in HL60 cancer cell

population. This observation opens a new door to develop novel cancer therapy to specifically

target the fast-growing cells and the transition to them from other cell subpopulations.

2.2 Results

2.2.1 Experiment summary of the different cell population growth rates from distinct initial seed-

ing cells number

To find how initial cell seeding number influences HL60 cell growth patterns, we chose three

experiment settings: each has 1, 4, 10 seeding cells per well and each has 80 wells as replicates.

Cells with different seeding numbers were sorted into wells of a 384-well plate filled with growth

medium and grew in the same conditions for 23 days. To avoid background noise in cell counting,

we took photos and estimated the area occupied by cells every 24 hours for each well from day 4.

Based on our benchmark experiment to count cell number and estimate the cell occupied area at

the same time, we found that one area unit has approximately 500 cells.

The experiment results of cell growth patterns with various initial seeding numbers were sum-

marized in Figure 2.1. In the left panel of Figure 2.1A the daily cell occupied areas were plotted in

linear scale while in the left panel of Figure 2.1B the same data were plotted in log10 scale. Almost

all growth curves were straight lines in log scale between day 5 and day 10 - suggesting that the

cells were mostly in exponential growth phase during this period. It was clear that cell growth

patterns varied even though they came from the same clone. The lower were the cell seeding num-

ber, the more significantly cell growth patterns varied. As shown in the left panels of Figure 2.1A

and 2.1B, the 10-seeding-cell populations (green curves) were all in exponential phase from day
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7 to day 13; almost all 4-seeding-cell populations (blue curves) were in exponential phase from

day 8 to day 15, except three wells which lagged behind around 7 days; 1-seeding-cell populations

(red curves) significantly varied from each other. They diverged into two distinct groups: growing

group and non-growing group. 18 one-seeding-cell wells never took off during the experiment

while the exponential growth onset in the remaining wells varied from day 10 to day 21 even they

all came from the same clone.

The wells with less initial cells numbers grow slower than other wells even when they were at

the moment with the same cell number, as shown in Figure 2.1C left panel. The same happened to

the population average growth, as shown in 2.1D. why cell population growth rates were influenced

by the initial cell numbers? It was plausible that the growth heterogeneity exists in the HL60 cell

line, which was revealed by the randomly sampling the population with small number of cells.

More detailed explanation demanded us to construct a quantitative dynamical model to recapitulate

the growth dynamics differences from cell populations with distinct initial cell numbers.

2.2.2 Experiment of inheritance of the growth patterns of HL60 cell subpopulations

To test if the HL60 cells can maintain the distinct growth rates across generation, we did further

experiment to re-seed the cells with different growth rates. We kept the cells in wells growing for

almost 3 weeks. At this point it was obvious that some wells are confluent (full of cells) with fast

growing cells; some wells are half full with moderately growing cells; some wells never took off.

We chose two wells of cells with different growth rates (one well is full while another is half full),

reseeded them into 32 wells separately (about 80 cell per well), and cultivated them for another 20

days. To qualitatively compare their growth rates after reseeding, we measured the time when the

cells in each well exceeded the half area of a well (see results in Table 2.2). We found that for fast-

growing wells, they exceeded half well during day 11–15, while moderately-growing wells started

to exceed half well on day 14, and most of wells exceeded half well at around day 20. 5 wells

with moderately-growing did not exceed half well at the end of the experiment. As shown in the

analysis in Table 2.2, the fast cells do keep growing fast across generation in the short term. i.e. the

heterogeneity of the growth rates are stable with 15–20 generations in our re-seeding experiment.



14

2.2.3 Statistical tests of cells growth independence during exponential growth phase

After the exponential growth phase, the cell growth slows down or even stops (as shown in Fig-

ure 2.1A and B), which are due to limited space, nutrients or cumulated waste. These factors can

be attributed to the indirect cell interactions due to their competitions for the limited resources in

the environment. Since this carrying capacity effects has been well known, we want to know if

cells influence each other’s growth before the cell-environment interaction kicks in. However, it is

difficult to measure the existence of extracellular signals directly. We would like to induce its exis-

tence indirectly: if there exist no strong extracellular interactions during exponential growth phase,

the behavior of cells should grow almost independently. Although we only knew the population

growth, i.e. the cell area, without detailed information of each cell, we can still statistically test

if cells grow independently. In the following sections, we would show that cells did not grow in-

dependently, therefore there exists strong extracellular interactions during the exponential growth

phase. This implied that leukemia cells might affect each other’s growth via some unknown cy-

tokine or chemokine signals, which will be our research in the future.

Statistical analysis of independency of the overall per capital growth rates of the cell subpopula-

tions

We tested whether there are differences of the per area growth rates for three groups with different

initial seeding cell numbers. First, we picked out all data points with value between 5 and 50

When cell growth is almost exponential. For each cell area ai at day i, we calculated the growth

rate ai+1/ai − 1, where ai+1 is the value of the same well at the next day. If cells are independent,

then the growth rates of the wells with different initial cell numbers should be the same. The

distributions of growth rates and data points numbers for three groups were shown in Figure 2.1 D.

The population average of the growth rate of 10-seeding cell group was the highest while the one

of 1-seeding cell was the lowest.

It was not proper to just average over all growth rates, since they have different areas (weights).

See Table 2.3 for weighted mean and variance of per area growth rates for different seeding cell
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numbers.

To determine whether these mean per area growth rates are statistical significantly different,

we applied weighted Welch’s t-test [50]. See Table 2.4 for results. We can see that for significance

level 0.001, the growth rates for any two groups are different. This implies that even with the same

area range, the grow rates of different groups are different. See Figure 2.2 C for plot of growth rate

vs. area. We can see that the average growth rates of different groups are different.

Statistical analysis of independency of the daily cell numbers of different cell subpopulations

We tested whether the normalized daily cell numbers of different groups are the same using various

statistical tests. Here the cell numbers are measured by the area occupied by HL60 cells in each

well. Between day 8 and day 13, the cell growth of all groups were almost exponential. If there

were no interactions among cells, we should expect that the ratio of the cell numbers for three

groups should be the same as their initial cell numbers, namely 10:4:1. We picked the cell numbers

if 10-seeding-cells and 4-seeding-cells group between day 8 and day 13 and normalized them

based on their initial cell numbers. Then we applied Welch’s t-test [156] to check if they have

the same cell numbers for each day. Since we conducted multiple comparison, we could use

the false discovery rate to evaluate these p-values. The total cell numbers in different days are

positively related, therefore we can use Benjamini-Hochberg-Yekutieli procedure [14]. Here we

calculated the p-values from Welch’s t-test, and the reference values which help to determine which

hypotheses should be rejected at significance level 0.05. See Table 2.5 for results. We can see that

at significance level 0.05, the normalized cell number for 1 and 10 seeding cells groups are different

in day 10 to day 13. This implies that there might be interaction among cells. See Figure 2.2 A for

visualized test results.

We could also use Bonferroni correction [30], which produces a single p-value for multiple

comparison. We could reject the null hypothesis that the mean areas are the same for all days

between day 8 and day 13 for 4- and 10-seeding-cells groups (significance level 0.00002) and 1-

and 10-seeding-cells groups (significant level 0.0009).
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Statistical analysis of independency of the variances of daily growth rates of different cell subpop-

ulation

We tested whether the variances of daily cell numbers of different groups are the same using the

Brown-Forsythe test [18]. We use the case of 4-seeding-cells group to demonstrate the principle

of our statistical test. Assuming that X1, X2, X3, X4 are the cell numbers at day n from each of

initial four cells, if there are no interactions between cells, X1, X2, X3, X4 can be considered as

four independent, identically distributed random variables. We know that the variance of the sum

of independent variables is the same as the sum of variance of the variables, i.e. var(X1 + X2 +

X3 +X4) = var(X1) + var(X2) + var(X3) + var(X4). On the other hand, for 1-seeding-cell group,

let Y be the area at day n. Since they both came from the same clone of leukemia HL60 cells, if

we assume that no interactions exist between the cells, then Y and X1 are identically distributed.

So we have var(X1 +X2 +X3 +X4) = 4var(Y ). It means that we can divide the variance of each

group by their initial seeding cell number, then compare whether they are the same to determine

if cells were growing independently. We applied the Brown-Forsythe test [18] for the variances of

daily growth rates normalized by their initial seeding cell number in the exponential growth phase

between day 8 and day 13. We calculated the p-values and set the threshold of significance to be

0.05 ( see Table 2.6 for details). We found that the variances of 1- and 10-seeding-cell groups are

significantly different from day 10 to day 13 ( see Figure 2.2 B for detailed results).

From Bonferroni correction, we could reject the null hypothesis that the variances are the

same for all days between day 5 and day 10 for 4- and 10-seeding-cells groups (significance level

0.0003), and 1- and 10-seeding-cells groups (significance 0.0002).

2.2.4 Statistical analysis of the inheritance of the subpopulation growth rates of HL60 cells

We separately reseeded 32 samples with 70 cells each into 96-well plate from each group of fast

and moderately growing cells. Fast growing cells occupied the whole well while the moderately

growing cells occupied about the half well after each of them grew for 2 weeks from one-seeding

cell. The total number of possible group combinations (32 vs. 32) is
(

64
32

)
, among which there were
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6 combinations to have the same mean time for fast wells, and 1 division to have smaller mean

time for fast wells, therefore the probability for the random division mean time to be no larger than

sample mean time is 7/
(

64
32

)
. We executed the permutation test [60], and found that the time needed

to exceed one half for fast wells is significantly shorter than that of moderate wells, with p-value

2× 7/
(

64
32

)
= 7.6× 10−18.

2.2.5 Branching processes model

From Figure 2.1 A, it was obvious that cell growth rates from different wells varied a lot, especially

for 4- and 1-seeding cell groups. We constructed a stochastic model with branching processes to

capture the large variations of cell growth patterns and performed the simulations to compare with

experiment results. Based on the experiment results, we assumed that there existed three pheno-

types: fast, moderately and slowly growing cells. Fast growing cells are common in exponential

phase wells of 4- and 10-seeding-cells group, and moderately growing cells and slowly grow-

ing cells are only common in 1-seeding-cell group, in which slowly growing cells were minority.

We also assumed that there existed the transitions between different phenotypes based on our ex-

periment data. For example, the transition clearly happened from the slow growing cells to the

moderately growing ones between day 10 and day 15 for one-seeding-cells group, as shown in

2.4. It was interesting to notice that these 4 wells started to take off after a considerably delay

compared with the average of the same group and they did not slow down after taking off. In order

to fully describe the population behavior of three phenotypes, multi-type discrete-time branching

process is applied in our model. As shown in 2.4.11, three phenotypes of fast, moderately and

slowly growing cells have their growth rates gF , gM , gS and death rates dF , dM , dS . They transition

to each other with constant transition rates.

Denote the population of fast, moderate and slow phenotypes at day n by F (n),M(n), S(n).

Then the population at day n+ 1 is:

(F (n+ 1),M(n+ 1), S(n+ 1)) =

F (n)∑
i=1

Ai +

M(n)∑
j=1

Bj +

S(n)∑
j=1

Ck,
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where Ai, Bj, Ck are independent for all i, j, k.

Ai represents the descendants of a fast cell i after one day. It equals (2, 0, 0) with probability gF ,

(0, 1, 0) with probability rFM , (0, 0, 1) with probability rFS , (0, 0, 0) with probability dF , (1, 0, 0)

with probability 1− rFM − rFS − gF − dF .

Bj represents the descendants of a moderate cell j after one day. It equals (0, 2, 0) with prob-

ability gM , (1, 0, 0) with probability rMF , (0, 0, 1) with probability rMS , (0, 0, 0) with probability

dM , (0, 1, 0) with probability 1− rMF − rMS − gM − dM .

Ck represents the descendants of a slow cell k after one day. It equals (0, 0, 2) with probabil-

ity gS , (0, 1, 0) with probability rSM , (1, 0, 0) with probability rSF , (0, 0, 0) with probability dS ,

(0, 0, 1) with probability 1− rSM − rSF − gS − dS .

In Methods section, We explained why branching process was the most suitable for modeling

this experiment and why there should be multiple phenotypes with transitions among them. We

also did parameter scanning to show that our model was quite robust to perturbations on model

parameters (see details in Table 2.7).

The simulation results were shown at the right panels of Figure 2.1 A, B and C in comparison

with the experiment data at the left panels. Our model qualitatively captured the growth dynamics

patterns of the groups with different initial seeding cell numbers. For example, in Figure 2.1 A,

all wells in 10-seeding-cells group in our model grew quickly until they reached carrying capacity.

Similar to the experiments, some wells in 1-seeding-cell group in our model never grew while

others began to take off after 14 days. In Figure 2.1 C, the growth rates of all cell populations

decreased with total cell number, which simply represent that cells reached the carrying capacity

of the wells. When wells are less than half full (cell number ¡ 20000), most wells in 10-seeding-

cells group grew faster than 1-seeding-cell group even when they had the same cell number. The

reason is that, for 10-seeding-cells group, the initial 10 cells are very likely to contain at least one

fast cell. This cell will dominate, and the growth rate will be the same with fast cells. For 1-seeding

cell group, the initial single cell is possible to be moderate or slow, therefore its descendants are

likely to keep the slower growth rate.
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2.3 Discussion

As many recent single-cell level data have shown, cancer has many distinct subpopulations with

transitions and interactions among them, which influence cancer cell growth, death and migration,

as well as many other features. Investigating the “non-genetic heterogeneity hypothesis of cancer

cells” is of paramount importance to understand cancers biology. In this paper we showed that the

Leukemia HL60 cell line has a cell growth heterogeneity, and the initial cell number influences the

overall growth rate of the HL60 cell population. This result might be explained by the multiple

distinct cell states and the transitions between them, therefore we introduced multiple phenotypes

in our stochastic model with the different growth rates and mutual transitions. In this model we

assumed the existence of three phenotypes: fast, moderately and slowly growing cells. The model

we built is able to recapitulate the key features in the experimental data.

We also found that a well starting with 1 cell is essentially different from a well starting with

10 cells even when they both reach the same amount of cell number. It seemed that the difference

(memory) of cell growth dynamics was long lasting. One possible explanation of the difference

in growth rates might be due to the presence/absence in the environment (media) of some soluble

factors released by the cells (quorum sensing).

The initial statistical tests on cell growth independence revealed that there must exist cell inter-

actions. However, we found that simple interactions could not explain why the wells from different

seeding cell numbers have different growth rates even when they reached the same cell number.

Thus we developed a mathematical model with three phenotypes. Currently we do not have direct

experimental evidence for it. But this might be tested by performing a single cell RNASeq over

the population and compare the results with the composition of the single-cell derived population.

Another alternative would be to build a model with only two phenotypes and some complicated

interactions which might lead to the long memory of growth rates on initial cell numbers. We

interpreted the difference of growth rates of wells with the same cell areas as the difference of

proportions of phenotypes. There are also some alternatives, such as true memory of history in

cells, or alteration of the composition of the media. To better understand which of the alternatives
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is more likely, we performed a resampling of the cells after having assessed the phenotype (fast

or moderately growing). All the wells derived from the fast phenotype are significantly faster

then the wells derived from the moderate phenotype, suggesting that the hypotheses of a different

proportion of phenotype seems more likely.

To conclude, we have carried out an experimental measurements and mathematical modeling

analysis on heterogeneity of cancer cell stochastic growth. We used HL60 as cellular model. The

percentage of cancer stem cells in a cancer cell line is generally known/reported; it would be

interesting to see whether the percentage of cancer stem cell correlates with the proportion of

slow wells from single cell population. A comparative study of the fast and moderate growing

single-cell-derived population kinetics in term of heterogeneity will provide further insights into

the nature of cancer tissue as a living organism.

2.4 Methods

2.4.1 Cell and sorting

HL60 were maintained in IMDM wGln, 20% FBS(heat inactivated), 1% P/S at a confluence be-

tween 0.3 ∗ 106 and 2.5 ∗ 106 cells/ml (GIBCO). Cells were always handled and maintained under

sterile conditions (tissue culture hood; 37◦C, 5% CO2, humidified incubator). The day of the exper-

iment cells are collected, washed two times in PBS and stained for vitality (Trypan blue GIBCO).

The population of cells is first gated for morphology and then for vitality staining. Only Trypan

negative cells are sorted (BD FACSAria II). The cells are sorted in a 384 well plate; IMDM wGln,

20% FBS(heat inactivated), 1% P/S (GIBCO).

2.4.2 Monitoring of the cell growth

Cell growth was monitored using a Leica microscope (heated environmental chamber and CO2

levels control) with motorized tray. Two days after the sorting (first data-point), each day (at the

same time), the 384 well plate is placed inside the environmental chamber. The images are acquired

everyday.
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2.4.3 Setup of fast and moderately growing cells experiment

HL60 leukemia cells were cultivated for two weeks, and then we chose one full well and one half

full well. We supposed the full well was dominated by fast type cells, and the half full well was

dominated by moderately growing type cells, which had smaller growth rates. We reseeded cells

from these two wells and cultivated them in two 96-well (row A-H, column 1-12) plates. In each

plate, B2-B11, D2-D11, F2-F11 wells started with 78 fast cells, C2-C11, E2-E11, G2-G11 wells

started with 78 moderate cells. Row A, H, column 1, 12 had no cells, no media, and we found that

wells in row B, G, column 2, 11, which were the outmost non-empty wells, evaporated much faster

than inner wells. Therefore, the growth of cells in those wells were much slower than inner wells.

Hence we only considered inner wells, where D3-D10, F3-F10 started with fast cells, C3-C10, E3-

E10 started with moderate cells, totally 32 fast wells, 32 moderate wells. During the experiment,

no media was added. Each day, we observed those wells to check whether their areas exceeded

one half of the whole well. The experiment was terminated after 20 days.

2.4.4 Welch’s t-test

Welch’s t-test, or unequal variances t-test, is a two-sample location test which is used to test the

hypothesis that two populations have equal means without the assumption that two populations

have the same variance [156].

First, define statistic

t =
X̄1 − X̄2√
s21
N1

+
s22
N2

where X̄i, s2
i , Ni are the sample mean, sample variance and sample size of group i, i = 1, 2.

The degree of freedom is

ν =
(
s21
N1

+
s22
N2

)2

s41
N2

1 ν1
+

s42
N2

2 ν2

where ν1 = N1 − 1, ν2 = N2 − 1.

Then t satisfies the t-distribution with degree of freedom ν.
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2.4.5 Weighted Welch’s t-test

Now assume for group i (i = 1, 2), the sample size is Ni. However, the jth sample is the average

of cji i.i.d. variables. Let Xj
i be the observed average for the jth sample. Weighted Welch’s t-test

is used to test the hypothesis that two populations have equal means, while sample values have

different weights [50]. Define

X̄i
W

= (

Ni∑
j=1

Xj
i cj)/(

Ni∑
j=1

)cj

s2
i,W =

Ni[
∑Ni

j=1(Xj
i )

2cj]/(
∑Ni

j=1 c
j
i )−Ni(X̄i

W
)2

Ni − 1

Then substitute X̄i by X̄i
W , and s2

i by s2
i,W in normal Welch’s t-test to get t and ν. Now t

satisfies the t-distribution with degree of freedom ν.

2.4.6 Brown-Forsythe test

Brown-Forsythe test is a multi-sample test which is used to test the hypothesis that two populations

have equal variances [18]. Denote the observation of group i by yij . Let zij = |yij − ỹj|, where ỹj

is the median of group j. Let us define:

F =
(N − p)
(p− 1)

∑p
j=1 nj(z̄·j − z̄··)2∑p

j=1

∑nj
i=1(z̄ij − z̄·j)2

,

where p is the number of groups, nj is the number of observations in group j, and N is the total

number of observations. Also, z̄·j are the group means of the zij and z̄·· is the overall mean of the

zij . Then F satisfies F -distribution F (k − 1, N − k).

2.4.7 Benjamini-Hochberg-Yekutieli procedure

When we have several hypothesis tests and corresponding p-values, Benjamini-Hochberg-Yekutieli

procedure can determine which hypotheses should be rejected. The main idea is to control the

false discovery rate [14]. Assume we have m null hypotheses H1, · · · , Hm, and m corresponding
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p-values p1, · · · , pm. Sort the p-values in ascending order p(1), · · · , p(m). Next, find the largest k

such that

p(k) ≤
k

mc(m)
α,

where c(m) = 1 for positively correlated tests. Then at significance level α, we reject the null

hypotheses H(i) for i = 1, 2, · · · , k.

2.4.8 Bonferroni correction

When we have several hypothesis tests and corresponding p-values, we can also use Bonferroni

correction [30]. Assume we have m null hypotheses H1, · · · , Hm, and m corresponding p-values

p1, · · · , pm. Pick out the smallest p-value pk, then at significance level α = pk ·m, we can reject at

least one hypothesis of H1, · · · , Hm.

2.4.9 Permutation test

Permutation test is a non-parametric method to test whether two samples have the same mean [60].

Assume we have two samples {x1, · · · , xm}, {y1, · · · , yn}. Consider the null hypothesis: the mean

of x and y are the same. For these samples, we calculate a feature, for example the mean difference:

µ0 = 1
m

∑
xi − 1

n
yj . Then we randomly divide these m + n samples into two groups with size

m and n: {x′1, · · · , x′m}, {y′1, · · · , y′n}, such that each permutation has equal probability. For these

new samples, we can calculate the same feature, namely the mean difference: µ′0 = 1
m

∑
x′i− 1

n
y′j .

Then the two-sided p-value is defined as

p = 2 min{P(µ0 ≤ µ′0), 1− P(µ0 ≤ µ′0)}.

If µ0 is an extreme value in the distribution of µ′0, then the two sample means are different. If the

sample size is large, generally the above probability is difficult to calculate precisely, unless the

two samples are extremely different.
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2.4.10 Model building

The traditional method of population dynamics is ordinary differential equations (ODE), which is

deterministic and has continuous variables. In the early stage of our experiments, the cell popula-

tion is relatively small, therefore it is not appropriate to treat population as continuously changing

variables. Also, with such small population, the stochasticity in cell activity cannot be averaged

out, it is better for us not to use deterministic model. On single cell level, each cell is not exactly

the same with another cell. We cannot consider every nuance among cells and apply different de-

terministic models for each cell, especially when we only have the information of initial seeding

cell numbers. For this purpose, stochastic processes are more suitable, since they can treat the

unobservable nuance as stochasticity while being capable to capture the dynamical behavior of

population.

Since the population is not large enough in our experiments, our model should be purely

stochastic, without any deterministic growth. Since we only consider finite (three) phenotypes,

and concern more on concrete population size, Poisson processes are not suitable. Markov chains

can partially describe the proportions under some conditions [72], but we can measure popula-

tion size, not just their ratios, therefore Markov chains are not necessary. Branching processes can

describe the population size of multiple phenotypes with symmetric and asymmetric division, tran-

sition and death. Also, the parameters can be set to temporal and spatial inhomogeneous, which is

convenient. Therefore we utilized branching processes in our model. Now we need to analyze the

possible mechanism of leukemia cell growth.

From Table 2.1, we can see that 14 of 80 wells in 1 seeding cell group never grow and all of

them are empty at day 20. There are 4 wells which contain more than 10 cells at day 9, but the

populations are always under 600. There are another 4 wells which contain more than 10 cells at

day 9 and populations at day 19 are under 1,000. For these wells, the populations at day 23 are all

larger than 5,000. In comparison, a typical well in 1 seeding cell group has more than 100 cells at

day 9, and almost full at day 19 and 23. Besides, no well in 4 and 10 seeding cells groups never

grow. Such contrast illustrates that, in some wells with 1-seeding-cell, when they grow into 10
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cells, they are still not the same as the wells starting with 10 cells. This implies that there should

be heterogeneity in growth rates among cells.

To explain the late growth and no growth, we can divide cells into at least two phenotypes,

fast-growing and slow-growing. For 4- and 10-seeding-cells group, since they start with more

initial cells, they are very likely to contain at least one fast cell. Such cell leads to fast growth

of whole population. For 1-seeding-cell group, if the only initial cell is in slow phenotype, then

the population will remain at a very low level or even die out. After a long waiting time, a slow-

growing cell can transform into a fast-growing cell, which leads to the late fast growth.

With such two-phenotypes model, we can explain the late growth and never growth in 1-

seeding-cell group. However, in such model, once the population starts to grow exponentially

fast, it implies that the population is dominated by fast-growing cells. Therefore, when the cell

area is large enough (> 5), almost all the cells are in the same phenotype, and the behavior of

whole population should only rely on current area. However, as we can see in Figure 2.2 C, at the

same area (5–35), wells with 10 initial cells have significantly larger growth rates than wells with

1 initial cell.

To explain this difference, we can introduce another phenotype, moderately-growing. The

growth rate of this phenotype is between fast-growing type and slow-growing type, such that start-

ing with this phenotype, the population will grow into exponential phase without waiting too long,

but still be slower than the fast-growing type. For 1-seeding-cell group, the only initial cell is likely

to be in moderately-growing phenotype, so that at areas around 5-35, the growth rate is around 0.4–

0.6. For 4- and 10-seeding-cells groups, they are likely to contain at least one fast-growing cell,

therefore the growth rate at areas around 5–35 is around 0.6–1. For area larger than 50, the popu-

lation is too crowded, and the growth rates of fast-growing and moderately-growing cells tend to

be the same.

Another possible explanation for such difference in growth rates is that the population will

be 10 small colonies when starting from 10 initial cells. while starting from 1 initial cell, the

population will be 1 large colony. With the same area, the total perimeter of 10 small colonies

should be much larger than that of 1 large colony. Since total perimeter describes the space of
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growth, it should have positive relationship with growth rate. However, this explanation is wrong.

We carefully checked the photos, and found that almost all wells will produce 1 large colony

with nearly the same shape, and there is no significant relationship between the perimeter and the

cell population growth rate. We assumed that the growth rate of each phenotype is a decreasing

function of total cell number regardless of colony shape. Three phenotypes can transform between

each other. Otherwise the fast-growing phenotype will dominate, and the other two phenotypes

will be extinct.

Since the only data we have is cell area, we are not able to verify most assumptions in our

model, not to mention determining the values of parameters. We chose the values of parameters ad

hoc and illustrated that our model can reproduce experimental phenomena, especially Figure 2.1

A and Figure 2.1 C (See Model Details for parameter scan results) .

2.4.11 Model details

The simulation time interval is half day, but we will only utilize the results in full days. For

each initial cell, the probability of being fast, moderately and slowly growing phenotypes are 0.3,

0.5, 0.2. Such proportions might validated from FACS sorting experiment if we have cell surface

biomarkers to distinguish them.

Each half day, for a fast-growing cell, it has probability 0.001 to die, probability s1 to divide.

The division produces two fast cells. Denote the total cell number of previous day as N , then

s1 = (1 − N2/C2)/2 + δ, where C = 40000 is the carrying capacity, δ is random, satisfies the

uniform distribution on [−0.1, 0.1], and it is the same for all cells in the same well. If s1 > 1, set

s1 = 1. If s1 < 0.001, set s1 = 0.001.

Each half day, for a moderately-growing cell, it has probability 0.001 to die, probability s2

to divide. The division produces two moderate cells. s2 = s1/1.5. Each half day, for a slow-

growing cell, it has probability 0.001 to transform into fast-growing type, probability 0.001 to die,

probability s3 to divide. The division produces two slow-growing cells. s3 = s1/3.

Since we only have cell area data, it is difficult to estimate every parameter in our model.

Therefore, we ran a parameter scan, namely checking the performance of our model with different
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Table 2.1: Population of some wells in 1 seeding cell group, and well 200 is for comparison. Some
numbers are approximated. These wells illustrated different behaviors from those wells starting
with 10 or 4 cells. Such difference implies that cells from wells with different initial cell numbers
are essentially different. Therefore, we had to consider cell type heterogeneity.

Well number

162,167,170,
176,177,179,
182,183,186,
201,234,236,
239,240

165 166 178 211 163 181 192 204
Comparison
(200)

Initial number 1 1 1 1 1 1 1 1 1 1
Day 9 <10 89 36 43 16 12 44 25 21 130
Day 19 0 350 120 170 200 300 550 800 600 40000
Day 23 Empty 500 150 200 400 5000 5500 9000 6000 40000

Table 2.2: The distribution of time needed for each well to reach one half area. We reseeded equal
numbers of fast cells and moderate cells, and cultivated them under same environment, to compare
their inherent growth rates. The results show that fast cells, even reseeded into new media, still
grew faster.

Time to reach
one half area 11 12 13 14 15 20 >20

Fast wells 26 2 1 2 1 0 0
Moderate wells 0 0 0 1 1 25 5

parameters. See Table 2.7 for results. We can see that within a large range of parameters, our

model can replicate the experiment results. Especially, the simulation results are not sensitive with

transition rates, therefore we set most transition rates to 0.
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Table 2.3: Weighted mean and variance of per area growth rates. The growth rate is positively
related to seeding cell number.

Seeding cell number 10 4 1
Weighted mean of per area growth rate 1.6181 1.5418 1.4875
Weighted variance of per area growth rate 0.6666 0.6104 0.6103

Table 2.4: Welch’s t-test on the mean per area growth rates during exponential phase. Groups with
different seeding cell numbers have significant difference.

Seeding cell numbers 10 vs. 4 10 vs. 1 4 vs. 1
Welch’s t-test p-value 2.12× 10−8 < 10−12 5.35× 10−5

Table 2.5: Welch’s t-test for same mean. For each day between Day 8 and Day 13, we used Welch’s
t-test to check whether the mean areas of wells from different initial cells are proportional to initial
cell numbers. The test results show that the differences are significant, which implies that cells are
not independent.

4 and 10 seeding cells groups
Time Day 8 Day 9 Day 10 Day 11 Day 12 Day 13
P-value 0.5648 0.9758 0.1618 0.0203 0.0030 0.0000
Reference 0.0417 0.0500 0.0333 0.0250 0.0167 0.0083
Significant Yes Yes Yes

1 and 10 seeding cells groups
Time Day 8 Day 9 Day 10 Day 11 Day 12 Day 13
P-value 0.3792 0.1232 0.0271 0.0055 0.0013 0.0001
Reference 0.0500 0.0417 0.0333 0.0250 0.0167 0.0083
Significant Yes Yes Yes Yes

1 and 4 seeding cells groups
Time Day 8 Day 9 Day 10 Day 11 Day 12 Day 13
P-value 0.2809 0.1458 0.1220 0.0655 0.0269 0.0167
Reference 0.0500 0.0417 0.0333 0.0250 0.0167 0.0083
Significant
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Figure 2.1: The comparison of cell growth dynamics between experimental data and simulation:
(A) The area of cell occupancy (cell numbers) vs. time was presented in linear scale. Each color
represented a different initial cells number. (B) The same data presented in (A) are presented in
log10 scale. The cell growth differences among different groups were clearly visible. (C) The violin
plot of cell growth rate distribution for each different seeding group. (D) The bar-plot showing the
number of datapoint per initial seeding group
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Figure 2.2: The statistical test of the means and the variance of daily cell growth for groups with
different seeding cell numbers. (A) p-value for the difference of the mean areas by day. The
significant differences are identified by (*). (B) p-value for the difference of the variances by day.
The significant differences are identified by (*). (C) Per area growth rates of 10 seeding cells group
and 1 seeding cell group with error bars.



31

S

rSM rMS rFMrMF

rSF

rFS

dS dF

dM

gS gF

M

F

Death

gM

Figure 2.3: Illustration of the branching processes model. F, M, S represent fast,
moderate, slow phenotypes. gF , gM , gS are division rates. dF , dM , dS are death rates.
rFM , rMF , rFS, rSF , rMS, rSM are transition rates between two phenotypes.
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Table 2.6: Brown-Forsythe test for same variance. For each day between Day 8 and Day 13, we
used Brown-Forsythe test to check whether the variance of areas of wells from different initial cells
are proportional to initial cell numbers. The test results show that the differences are significant,
which implies that cells are not independent.

4 and 10 seeding cells groups
Time Day 8 Day 9 Day 10 Day 11 Day 12 Day 13
P-value 0.8692 0.6362 0.1543 0.0220 0.0073 0.0000
Reference 0.0500 0.0417 0.0333 0.0250 0.0167 0.0083
Significant Yes Yes Yes

1 and 10 seeding cells groups
Time Day 8 Day 9 Day 10 Day 11 Day 12 Day 13
P-value 0.2558 0.1647 0.0294 0.0027 0.0008 0.0000
Reference 0.0500 0.0417 0.0333 0.0250 0.0167 0.0083
Significant Yes Yes Yes Yes

1 and 4 seeding cells groups
Time Day 8 Day 9 Day 10 Day 11 Day 12 Day 13
P-value 0.2188 0.3478 0.3275 0.1791 0.0799 0.0360
Reference 0.0333 0.0500 0.0417 0.0250 0.0167 0.0083
Significant

Figure 2.4: Putative wells underwent cell growth state transition. In this picture we highlighted the
wells which transitions most likely happened. The wells all belong to the 1-seeding- cell group,
which took considerably longer to take off compared to the population average.
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Table 2.7: Performances of our model with different parameters. Here we adjusted the parameters
of our model in a wide range, and observed whether the model could still reproduce some im-
portant features in the experiment. This parameter scanning shows that our model is robust under
perturbations on parameters.

Fast
cell
prop-
ortion

Moderate
cell
prop-
ortion

Slow
cell
prop-
ortion

Death
rate

Transition
rate
from
slow
cell to
fast
cell

10 seeding
cells
group
all
saturate

Exist late
growth
wells
in 1
seeding
cell group

Exist no
growth
wells
in 1
seeding
cell group

Growth
rate
difference
at same
population
between
1 and
10 seeding
cells
groups

0.3 0.5 0.2 0.001 0.001 Yes Yes Yes Yes
0.3 0.5 0.2 0 0.001 Yes Yes Yes Yes
0.3 0.5 0.2 0.02 0.001 Yes Yes Yes Yes
0.3 0.5 0.2 0.05 0.001 No Yes Yes Yes
0.3 0.5 0.2 0.001 0 Yes Yes Yes Yes
0.3 0.5 0.2 0.001 0.01 Yes Yes Yes Yes
0.3 0.5 0.2 0.01 0.05 Yes Yes Yes Yes
0.3 0.5 0.2 0.02 0.1 Yes Yes Yes Yes
0.4 0.5 0.1 0.001 0.001 Yes Yes Yes Yes
0.2 0.5 0.3 0.001 0.001 Yes Yes Yes Yes
0.2 0.4 0.4 0.001 0.001 No Yes Yes Yes
0.3 0.4 0.3 0.001 0.001 Yes Yes Yes Yes
0.4 0.4 0.2 0.001 0.001 Yes Yes Yes Yes
0.5 0.3 0.2 0.001 0.001 Yes Yes Yes Yes
0.4 0.4 0.2 0.01 0.05 Yes Yes Yes Yes
0.3 0.2 0.5 0.02 0.1 Yes Yes Yes Yes
0.2 0.1 0.7 0.02 0.1 Yes Yes Yes No
0.2 0.1 0.7 0.001 0.001 No Yes Yes No
0.5 0.5 0 0 0.001 Yes Yes No Yes
0.9 0.1 0 0 0.001 Yes No No No
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2.5 Appendix

2.5.1 Parameters estimation of birth-death process

Consider a linear birth-death process which describes a cell population dynamics. All cells are

independent. Each cell lives an exponential time with parameter (b+ d), and then with probability

b/(b+d) to divide, probability d/(b+d) to die. Here b is the birth rate, and d is the death rate. If we

consider the total number of cells, then it is a continuous-time Markov process, takes non-negative

integers, and the transition rates are q(n, n + 1) = nb, q(n, n − 1) = nd. 0 is the only absorbing

state. In the following we assume that b > d. Otherwise the cell population will die out with

probability 1.

Now consider an experiment. We cultivate m groups of cells, each starts with n0 cells. Then

count the cell numbers at time t1, t2, · · · , tk. Assume they fit the birth-death process. We want to

estimate the birth rate and death rate.

An obvious way is to calculate the maximal likelihood estimator (MLE). In this method, we

consider all possible rates, and find the one which is most likely to produce such data, namely

maximize the likelihood function. However, when data is not very small (for example, 30 groups

with 5 observations), the likelihood function is very complicated, such that we cannot analytically

find the MLE. The only way is to use brutal force to search. Also, we need very high accuracy.

Thus the calculating needs very long time.

The transition probability of starting with n0 cells, and having n > 0 cells at time t is

min(n0,n)∑
j=0

(
n0

j

)(
n0 + n− j − 1

n0 − 1

)
αn0−jβn−j(1− α− β)j

where α = d[e(b−d)t − 1]/[de(b−d)t − d], β = b[e(b−d)t − 1]/[de(b−d)t − d]. When n = 0, the

(extinction) probability is αn0 [10].

Here we give a quick method. We know that the expectation of cell number at time ti is

E[N(ti)] = n0 exp[(b − d)ti]. Then the mean cell number at each observation should be on an

exponential curve. For each observation, we can use the mean cell number to calculate b−d. Then
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the average of b− d over all observations is a good estimation of b− d.

Starting from n0 cells, the variance at time ti is [10]

Var(ti) =
n0(b+ d)

b− d
e(b−d)ti [e(b−d)ti − 1]

Once we know the estimation of b − d, the variance is a linear function of b + d. Using the same

method above, we can get an estimation of b + d. Then we get the estimation of both birth and

death rates.

2.5.2 Mean and variance estimation for single trajectory

Assume all cells are independent, but now we do not assume the population satisfies a linear birth-

death process. Also, this time we only have one group of cells, with several observations with

equal intervals. For example, we observe at t = 0, 1, 2, 3, 4, and see 1, 2, 4, 6, 9 cells. Now the

question is, how can we describe the dynamics of this process?

For one cell, denote the number of its living descendants after one time unit as X . Then the

above example can be rewrite as

X1 = 2, X2 + X3 = 4, X4 + X5 + X6 + X7 = 6, X8 + X9 + X10 + X11 + X12 + X13 = 9,

where all Xi are independent.

We can use these to estimate the mean and variance of X . In fact, we will try to find the

“Minimal Variance Unbiased Estimator” (MVUE). Unbiased means the estimator does not have

systematic bias. Minimal Variance means the estimator is most accurate. In the following we will

assume X is a normal distribution. In general case, the following method may not give MVUE,

but it is still very useful.

It is natural to think the sample mean (2 + 4 + 6 + 9)/(1 + 2 + 4 + 6) = 21/13 is a good

estimator. In fact, this is the MVUE. Assume we know all the values of Xi, not just their sum, then

the MVUE of mean is
∑
Xi/n. Since we have less information, we cannot get a better estimator.

Thus the sample mean is the MVUE.
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Now consider the estimator of variance. Assume X ∼ N (µ, σ2). The observation is S1 =∑k1
i=1X1i, · · ·Sn =

∑kn
i=1 Xni.

Theorem 2.1. The MVUE of variance is

1

n− 1

n∑
i=1

ki(Si/ki − µ̄)2

where µ̄ is the MVUE of mean (
∑n

i=1 Si)/(
∑n

i=1 ki).

Proof. We have Si ∼ N (kiµ, kiσ
2). The joint density of Si is

f(S1, · · · , Sn) =
n∏
i=1

1√
2kiπσ2

exp[− 1

2kiσ2
(Si − kiµ)2]

= h(σ2) exp[− 1

2σ2

n∑
i=1

S2
i

ki
+

µ

σ2

n∑
i=1

Si + g(µ, σ2)]

This is an exponential family with natural parameter θ = (µ/σ2, 1/2σ2) (notice that its two com-

ponents are linearly independent), and sufficient statistic T = (T1, T2), where T1 =
∑n

i=1 Si,

T2 =
∑n

i=1(S2
i /ki). We know that ET 2

1 = (
∑n

i=1 ki)
2µ2+(

∑n
i=1 ki)σ

2, ET2 = (
∑n

i=1 ki)µ
2+nσ2.

Then

E{[(
n∑
i=1

ki)T2 − T 2
1 ]/[(n− 1)(

n∑
i=1

ki)]} = σ2

From Lehmann-Scheffé theorem, [(
∑n

i=1 ki)T2−T 2
1 ]/[(n−1)(

∑n
i=1 ki)], as a measurable function

of T1 and T2, is the unique MVUE of σ2.

Finally, we can verify that [(
∑n

i=1 ki)T2 − T 2
1 ]/[(n − 1)(

∑n
i=1 ki)] = 1

n−1

∑n
i=1 ki(Si/ki −

µ̄)2.

Remark 2.1. When k1 = · · · = kn = 1, this estimator is just the sample variance 1
n−1

∑n
i=1(Xi −

µ̄)2.
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Chapter 3

PHENOTYPIC EQUILIBRIUM AS PROBABILISTIC CONVERGENCE
IN MULTI-PHENOTYPE CELL POPULATION DYNAMICS

3.1 Introduction

With the same genetic background, cell population may have different cellular phenotypes. This

has been one of the major topics in the research of cell population dynamics [3, 83]. Very recently

much attention has been paid to the stochastic conversions between different phenotypes [29, 57].

For example, we know that cancer stem cells can give rise to cancer non-stem cells, but cancer

non-stem cells can also transform back to cancer stem cells [169, 161]. Generally, we can use

a branching process (stochastic model) [66, 79, 158, 159, 160] or an ODE system (deterministic

model) [99] to describe the dynamics of such cell population with multiple phenotypes. However,

in many experimental settings, it is difficult or even impossible to count the total cell population

[20, 159, 160]. Thus in the last fifty years, people began to consider the proportions of cell in-

dividuals with distinct phenotypes instead of the absolute numbers of cells of various phenotypes

[66].

We know that through multistep accumulation gene mutations, healthy cells gradually trans-

form to malignant cancer cells, which is the current view of cancer progression [58]. Among those

mutations, most of them are neutral (“passenger mutations”) and have no effect on cell prolifer-

ation. Only a small portion of mutations will bring growth advantage (“driver mutations”) [17].

Since the emerging of mutations can be regarded as purely stochastic, we can model such proce-

dure with multitype branching processes (cf. Bozic et al.’s model [17, 80]). There have been some

results about the emerging time for certain number of driver mutations, and the relation between

the number of emerged driver mutations and emerged passenger mutations [17, 93].

In the experiments on breast cancer cell lines, Gupta et al. [57] found that the proportion of
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each phenotype will tend to a certain constant regardless of the initial population states (“pheno-

typic equilibrium”). They built a Markovian model, assuming that the evolution of the phenotypic

proportions satisfies an n-state Markov chain, and used the ergodicity of the Markov chain to ex-

plain this phenomenon [57]. However, we find that the Markovian model is just the ODE system

model under a special condition. We determine this condition and its biological meaning. Fur-

thermore, we try to remove this condition and explain the experimental phenomenon in [57] under

more general context.

In the deterministic model (ODE system), we only consider the average behavior of cell pop-

ulation dynamics (which requires a large initial population). However, using the stochastic model

(branching processes), we can study the trajectory behavior. We prove that the proportions will

converge not only on average, but also almost surely. This implies that even with a small initial

population, we can still observe “phenotypic equilibrium”.

In the theory of multitype branching processes, people have observed similar proportion con-

vergence phenomenon and proved such phenomenon in several limit theorems under different con-

ditions [78, 8, 67]. Those are possible ways to explain “phenotypic equilibrium”, but those required

conditions may not be satisfied in experiments. Thus we improve those limit theorems by drop-

ping redundant conditions. We will see that the conditions we need are all biologically reasonable.

Therefore, we give a stochastic explanation of “phenotypic equilibrium”. This result may also be

of interests to probabilists.

Generally we only consider Markovian branching processes, but sometimes the biological

process is not memoryless, thus we need to consider non-Markovian branching processes. We

show that under some conditions, the non-Markovian branching processes can be transformed

into Markovian branching processes. Using this trick, we demonstrate similar results for non-

Markovian branching processes.

In Section 3.2, we will define some notations, and give the mathematical description of our

models, which is based on [79] and [67]. In Section 3.3, we will describe under which condition

the deterministic model becomes the Markovian model in [57]. In Section 3.4, we will prove

that under some mild conditions, the “phenotypic equilibrium” phenomenon will always happen
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in the Markovian branching process model. Specifically, we will improve a limit theorem about

proportion convergence in multitype branching processes. We will also apply our results to Bozic

et al.’s model. In Section 3.5, as an application of our conclusions, we will investigate under what

conditions one of the phenotypes will die out or dominate. In Section 3.6, we will show that the

above conclusions are still valid in more general cases.

3.2 Notations and model description

Notations Boldface letter, like A, represents matrix. A′ means the matrix transpose of A. I is

the identity matrix. Letter with arrow above, like ~u, represents row vectors. ~1 and ~0 represent all

ones and all zeros vectors. Consider the population of cells with n phenotypes: Y1, Y2, · · · ,Yn. In

the stochastic model, ~X(t) = (X1(t), X2(t), · · · , Xn(t)) is the population at time t, where Xi(t)

is the population of phenotype Yi. Pi(t) = Xi(t)/
∑n

i=1Xi(t) is the proportion of phenotype Yi,

as long as the denominator is not zero. ~P (t) = (P1(t), P2(t), · · · , Pn(t)). In the deterministic

model, ~x(t) = (x1(t), x2(t), · · · , xn(t)) is the expected population at time t. We only consider the

case where each xi(t) is nonnegative, and at least one of them is positive (to guarantee |~x| > 0).

|~x| =
∑n

i=1 xi(t) is the total population. ~p = ~x/|~x| is the proportions of different subpopulations

among the total population.

Stochastic Model Assume that the population of cells have n phenotypes: Y1, Y2, · · · ,Yn. As-

sume that all the cells evolve independently. (During the exponential growth period, this assump-

tion is almost true [171].) We can present the generalized cell divisions, death and phenotypic

conversions as the following reaction form:

Yi
αi→ di1Y1 + di2Y2 + · · · + dinYn.

It means that for an Yi cell, it will live an exponential time (we will consider non-exponential life-

time in Section 3.6) with expectation 1/αi and turn into di1 Y1 cells, di2 Y2 cells, · · · , din Yn cells,

where di1, di2, · · · , din are random variables taking nonnegative integer values. di1, di2, · · · , din are
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not necessarily independent, but they are assumed to be independent with the exponential reaction

time of any cell.

For example, an asymmetric division Y1 → Y1+Y2 means (d11, d12, d13, · · · , d1n) = (1, 1, 0, · · · , 0).

A conversion Y1 → Y2 means (d11, d12, d13, · · · , d1n) = (0, 1, 0, · · · , 0). So the probability distri-

bution on the possible reactions gives the joint probability distribution of di1, di2, · · · , din.

In fact this is a multitype continuous-time Markovian branching process ~X(t) with state space

(Z∗)n, each component of which represents the population of a phenotype, as defined in [8] and

[67]. For example, if one Y1 cell splits symmetrically, the process will move from the state ~X =

(s1, s2, · · · , sn) to the state ~X = (s1 + 1, s2, · · · , sn). We require that Ed2
ij < ∞, ∀i, j. (In

experiments, dij is bounded, thus Ed2
ij < ∞ is always true.) Then this process will always have

finite value in finite time (non-explosion) with probability one [8, Section V.7.1, (3)–(4)].

Deterministic Model Now we consider the mathematical expectation of the populations, ~x =

E( ~X), which is nonnegative. Based on [8, Section V.7.2, (5)–(9)], we have the deterministic

model, namely the following ODE system:

d~x/dt = ~xA (3.1)

where A =


a1,1 · · · a1,n

... . . . ...

an,1 · · · an,n

, ai,i = αi(Edii − 1) ≥ −αi, ai,j = αiEdij ≥ 0 (i 6= j). Define

~b = ~1A′. From (3.1), we have d|~x|/dt = ~x~b′.

3.3 The relationship between the Markovian model and the deterministic model

In the Markovian model [57], it is assumed that the population proportions ~p satisfies the Kol-

mogorov forward equations of an n-state Markov chain:

d~p/dt = ~pQ (3.2)
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where Q is the transition rate matrix, satisfying ~1Q′ = ~0. In this section, we will discuss whether

such assumption can be satisfied in the deterministic model.

From (3.1), we have

d~p

dt
=

d(~x/|~x|)
dt

=
|~x|
|~x|2

d~x

dt
− ~x

|~x|2
d|~x|
dt

=
~xA
|~x|
− (~x~b′)~x

|~x|2
= ~p[A− (~p~b′)I] (3.3)

If ~b = k~1 for some constant k, then (3.3) becomes d~p/dt = ~p(A − kI), and ~1′(A − kI)′ =

~b′ − k~1′ = ~0′. Thus (3.3) has the same form of (3.2). If~b 6= k~1, there are non-zero quadratic terms

of pi(t) in (3.3), implying that (3.3) does not have the same form of (3.2).

Notice that~b = k~1 means

n∑
i=1

a1,i =
n∑
i=1

a2,i = · · · =
n∑
i=1

an−1,i =
n∑
i=1

an,i(= k). (3.4)

Thus we have

Theorem 3.1. Equation (3.4) is the sufficient and necessary condition for that the proportions of

different phenotypes in the deterministic model (3.1) satisfy the Kolmogorov forward equations of

an n-state Markov chain.

Now we know that the Markovian model is a special case of the deterministic model. In biol-

ogy, (3.4) means that the growth rates (average number of descendants produced per unit time) of

different phenotypes are the same. This condition might be well satisfied for breast cancer cells,

which explains why the data fitting in [57] is satisfactory.

3.4 Asymptotic behavior in general cases

In general cases, (3.4) is not satisfied since different phenotypes may differ in cell cycling time

[109, 39], then the Markovian model is invalid. Thus we need other methods to study the asymp-

totic behavior of the population dynamics. In this section, we will prove that under some mild

conditions, the proportions of different phenotypes will tend to some constants regardless of initial

population states.
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From Perron-Frobenius theorem [138, 76], we know that A has a real eigenvalue λ1 (called

Perron eigenvalue), such that for any eigenvalue µ 6= λ1, Re µ < λ1. λ1 has a left eigenvector

~u= (u1, u2, · · · , un) (called Perron eigenvector), satisfying ui ≥ 0,∀i and
∑n

i=1 ui = 1. When λ1

is simple, such ~u is unique. We know that the set of all n-order real square matrices with repeated

eigenvalue has measure 0 (as a subset of Rn2) [168]. Thus it is reasonable to assume that λ1 is

simple.

3.4.1 Deterministic model

We have proved the following theorem in Appendix B of [168].

Theorem 3.2. Assume that λ1 is simple. Starting from any initial value except for the point in some

zero-measure set, we have (x1(t), x2(t), · · · , xn(t))/ exp(λ1t)→c~u as t → ∞, where c > 0 is a

constant. In this case, the solution of (3.4) will tend to ~u as t → ∞. Thus (3.4) has one and only

one stable fixed point ~u and no stable limit cycle.

This gives a satisfactory deterministic explanation of the phenotypic equilibrium phenomenon

reported in [57].

Remark 3.1. If λ1 is not simple, then the convergence result may not hold. Consider A with

ai,j = 0,∀i 6= j and ai,i = 1,∀i. Here λ1 = 1 is not simple, xi(t) = xi(0) exp(λ1t), and

(x1(t), x2(t), · · · , xn(t))/ exp(λ1t) = (x1(0), x2(0), · · · , xn(0)) will never change. Convergence

to a common point will not occur.

3.4.2 Stochastic model

Since 1960s, probabilists proved that for a continuous-time multitype branching process, ~X(t)/eλ1t →

W~u under different conditions, where W is a nonnegative random variable. In [7], [8] and [139],

it is required that λ1 > 0 and A is irreducible (this implies λ1 is simple). In [8] it is proved that

W = 0 or W > 0 according to whether the population will become extinct. In [78], it is required

that the branching process is discrete in time. In [159, 160] it is required that the initial population
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tends to infinity. Janson [67] requires that λ1 > 0, λ1 is simple, and assumes a special condition

about communicating classes structure (see Remark 3.2). Based on [67] and [8], we will prove the

convergence theorem without Janson’s last assumption (Theorem 3.3). We can see the benefit of

this improvement in Section 3.5.

Preliminaries

In this section, we assume that λ1 is simple and positive. λ1 > 0 means that the total cell population

is increasing.

Sometimes, the transformation from one phenotype to another phenotype is not reversible. For

example, a mature human red blood cell (which loses its nucleus) cannot transform back to a zy-

gote. Thus we need to classify phenotypes according to communicating behaviors. In mathematical

language, we need to study communicating classes of A when A is reducible.

If a cell of phenotype Yi can produce (directly or indirectly) a cell of phenotype Yj and vice

versa, then we say phenotype Yi communicates with phenotype Yj (Yi ↔ Yj). Since “↔” is an

equivalent relation, we can divide the n phenotypes into several disjoint sets (called communicating

classes) according to A [104]. Then we can order the classes and rearrange the phenotypes suitably

to make A block-triangular. (Each diagonal block corresponds to a communicating class.) Thus

the eigenvalues of A consist of all eigenvalues of diagonal blocks. Every eigenvalue corresponds

to a diagonal block, and then corresponds to a communicating class. (See [67] and [78] for details.)

Denote the communicating class corresponding to the Perron eigenvalue λ1 by T .

For example, consider matrix A =


D1 W W 0

0 D2 0 W

0 0 D3 W

0 0 0 D4

, where each W represents a differ-

ent nonnegative matrix (not 0). Assume that D3 has the Perron eigenvalue λ1, then D3 corresponds

to the communicating class T . Denote the other three communicating classes by C1, C2, C4.

For two communicating classesCi andCj , we writeCi ⇒ Cj if there exist phenotypeXki ∈ Ci
and Xkj ∈ Cj such that akj ,ki > 0. For two communicating classes C and D, we write C → D if
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there exist communicating classes C = C1, C2, · · · , Cm = D such that Ci ⇒ Ci+1,∀1 ≤ i < m.

Stipulate that Ci ⇒ Ci and Ci → Ci.

Then we can illustrate the communicating classes in the example above as

C1

z� �#

��

C2

�$

T

{�
C4

For a communicating class C, define Ĉ = {Yi|Yi ∈ Cj, Cj → C}. In other words, Ĉ is the set

of all phenotypes that can produce (directly or indirectly) phenotypes in C. In the example above

T̂ = C1 ∪ T .

For a communicating class C, define C̄ = {Yi|Yi ∈ Cj, C → Cj}. In other words, C̄ is the set

of all phenotypes that can be produced (directly or indirectly) by phenotypes in C. In the example

above T̄ = T ∪ C4.

For the Markovian branching process ~X(·), we say that a cell V with phenotype in T̂ becomes

“essentially extinct” if at some time no cell of any phenotypes in T̂ is V or its descendants. In other

words, V and its descendants become extinct inside T̂ . We say that a trajectory of the branching

process ~X(·) becomes “ essentially extinct” if at some time no cell of any phenotypes in T̂ remains.

This means that we can never get a cell with phenotypes in T any more. If so, we cannot have the

desired convergence property (Theorem 3.3), since the proportions of phenotypes in T should be

positive (Lemma 3.2). Let the branching process ~X(·) start at any initial population ~X(0) as long

as it has some cells with phenotypes in T̂ .

Results and proofs

We now state the main result of this paper and then give the proof of it.

Theorem 3.3. Assume that λ1 is simple and positive. Conditioned on essential non-extinction, we

have almost surely (P1(t), P2(t), · · · , Pn(t))→ ~u = (u1, u2, · · · , un) as t→∞.
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Lemma 3.1. Assume that λ1 is simple. If for some i 6= j, ai,j > 0 in (3.1), then uj > 0⇒ ui > 0.

Proof. Without loss of generality, let i = 1, j = 2. Assume u1 = 0, u2 > 0. Let (p1, p2, · · · , pn) =

~u= (u1, u2, · · · , un) in the first equation of (3.3). Then it becomes dp1/dt =
∑n

k=2 a1,kuk > 0.

However ~u is a fixed point of (3.3) according to Theorem 3.2, thus we should have dp1/dt = 0,

which is a contradiction.

Lemma 3.2. Assume that λ1 is simple. Then ui > 0 ⇐⇒ Yi ∈ T̄ .

Proof. Apply the Perron-Frobenius theorem to AT̄ , the restriction of A on T̄ , and let ~w be its

Perron eigenvector. wT , the restriction of ~w on T cannot be ~0, otherwise λ1 is an eigenvalue of

AT̄\T , a contradiction. From Lemma 3.1 we know that ~w is positive. Set ui = wi if Yi ∈ T̄ , and

uj = 0 if Yj /∈ T̄ , then ~u is the Perron eigenvector of A. Thus ui > 0 ⇐⇒ Yi ∈ T̄ .

Lemma 3.3 (Lemma 9.8 in [67]). Assume that λ1 is simple and positive. Then we have almost

surely e−λ1t ~X(t) → W~u as t → ∞, where W is a nonnegative random variable, and P(W >

0) > 0.

Lemma 3.4 (Lemma 9.7 (ii) and (iii) in [67], originated from Theorem V.7.2 in [8]). Assume that

λ1 is simple and positive, and T̄ contains all phenotypes, then W = 0 if and only if the branching

process becomes essentially extinct almost surely.

Remark 3.2. Janson’s paper [67, Section 2] has six fundamental assumptions (A1)-(A6). Assump-

tions (A1)-(A5) have been satisfied in this paper (regarding (A5) as “the process is not essentially

extinct at time 0”). Assumption (A6) “T̄ contains all phenotypes” is only used in Lemma 3.4. In

fact, we will prove (in Lemma 3.7) that Lemma 3.4 is still correct without Assumption (A6). Thus

we can drop Assumption (A6) in the main result. Assumption (A6) implies all phenotypes should

have the same exponential growth rate λ1, and no phenotype will die out or dominate (see Sec-

tion 3.5), which is not necessarily satisfied in experiments. For example, in Bozic et al.’s paper

[17], they consider tumor cells which gradually cumulate mutations which accelerate cell growth.
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Since tumor cells with more accelerating mutations cannot switch back to tumor cells with less

such mutations, they must have different growth rates. Also, the proportion of tumor cells with less

accelerating mutations will gradually decrease to 0, which contradicts with assumption (A6).

The following lemma is a modification of the second Borel-Cantelli lemma. We base our proof

on Theorem 2.3.6 in [31].

Lemma 3.5. Consider events B1, B2, · · · , Bn, · · · . If for any positive integers m < n, we have

P(∩ni=m+1B
c
i ) ≤ (1 − ε)n−m, where 0 < ε ≤ 1, then P(lim supn→∞ Bn) = 1. In other words,

almost surely {Bn : n ≥ 1} will happen infinitely often.

Proof. Let 0 < M < N <∞. P(∩Ni=M+1B
c
i ) ≤ (1−ε)N−M → 0 asN →∞. So P(∪∞i=M+1Bi) =

1 for all M , and since ∪∞i=M+1Bi ↓ lim supn→∞Bn it follows that P(lim supn→∞Bn) = 1.

Lemma 3.6. For almost every essentially non-extinct trajectory (according to Lemma 3.3, the

set of such trajectories has positive probability), we can find an essentially non-extinct cell with

phenotype in T within finite time. If we can find such cell at time t, then we can find such cell at

any time τ > t.

Proof. If at some time t all cells with phenotypes in T̂ \T die out, then at least one of the remaining

cells with phenotypes in T is not essentially extinct.

Otherwise, at each time t = k (k ∈ Z+), there exists one cell Ek with phenotype in T̂ \ T . (For

different k, Ek may be the same cell.) Let Bk (k ∈ Z+) be the event that during the time interval

[k, k + 1), the cell Ek produces (directly or indirectly) at least one cell with phenotype in T .

If Bk happens, choose one such cell with phenotype in T and put it in a special set S. Consider

any two cells F and G in S, and assume F is produced in the time interval [i, i+ 1), G is produced

in the time interval [j, j + 1), and i < j, where i, j ∈ Z+. Then Ej is the ancestor of G. Since

Ej has phenotype in T̂ \ T , and F has phenotype in T , F cannot be the ancestor of Ej . Since Ej

is still alive at time t = j, when F has been produced, Ej cannot be the ancestor of F . Thus F

cannot be the ancestor of G. Since G is produced after F , G cannot be the ancestor of F . In sum,

one cell in S cannot be the ancestor of another cell in S. Thus all cells in S are independent.
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Consider two phenotypes Yi and Yj , and assume a cell with phenotype Yi can produce a cell

with phenotype Xj directly, namely P(dij > 0) > 0. Because of Markovian property, within a

time span of 1/n, the probability for a cell with phenotype Yi to produce a cell with phenotype Yj

directly is ηij = [1 − exp(−αi/n)]P(dij > 0) > 0. Let η = mini,j{ηi,j : P(dij > 0) > 0}. For a

cell with phenotype in T̂ \ T , it can produce a cell with phenotype in T within n steps. Thus the

probability of Bk is no less than ηn, regardless of what happens before time t = k.

Now we can use Lemma 3.5 with ε = ηn, and there will be an infinite number of cells in S,

except for a zero-measure set of trajectories. According to Lemma 3.3, the probability for one cell

in S to become essentially extinct is less than 1, thus the probability for all cells in S to become

essentially extinct is 0, and at least one cell in S is not essentially extinct, except for a zero-measure

set of trajectories.

Lemma 3.7. Assume that λ1 is simple and positive, then W = 0 if and only if the branching

process becomes essentially extinct almost surely.

Proof. ⇐: For a trajectory ~X(·) outside the zero-measure exclusion set of Lemma 3.3, assume

that at some time τ ≥ 0 (dependent on the trajectory), Xi(τ) = 0 for all Yi ∈ T̂ . For any Yj ∈ T ,

0 = limt→∞ e−λ1tXj(t) = Wuj . From Lemma 3.2, uj > 0. Thus W = 0 almost surely.

⇒: Assume that P(W = 0 & the trajectory is not essentially extinct) = P0 > 0. According

to Lemma 3.6, we can find time t0 > 0 large enough such that P(W = 0 & the trajectory is

not essentially extinct & there exists an essentially non-extinct cell with phenotype in T at time

t0) ≥ P0/2 > 0. On this set, only consider this essentially non-extinct cell and its descendants

from time t ≥ t0, then the population is restricted on T̄ and we can use Lemma 3.4. Now we have

W > 0 except for a zero-measure set of trajectories, which is a contradiction.

From Lemma 3.3 and Lemma 3.7,we can obtain Theorem 3.3.

Remark 3.3. The assumption of λ1 > 0 is not too strong. If λ1 < 0, then from Theorem 3.2, the

expected populations decay to ~0. Therefore this process will become extinct almost surely. For
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λ1 = 0, consider an example that each cell always have exactly one child, and the child can be

any phenotype with equal probability. Then the total population is fixed, and the proportions will

always fluctuate, so there is no convergence [67].

For Gupta el al’s experiment, the initial cell population is very large in cancer cell lines, thus

the probability of essential extinction is quite small. Therefore, the proportions will almost always

tend to the same constants. This gives a satisfactory stochastic explanation of the phenotypic

equilibrium phenomenon reported in [57].

The deterministic model only reflects the average behavior of many trajectories (or equiva-

lently a large initial population). When the cell number is relatively small, the stochasticity is not

negligible, and it is not very reasonable to assume the cell number changes continuously. So the

stochastic model is more effective than deterministic model. That is why we also prove the same

result for stochastic model.

Remark 3.4. In Bozic et al.’s model, we divide cells in groups by their number of driver mutations.

The growth rate for cells with k driver mutations is 1 − (1 − s)k/2 (s = 0.004 in [17]). Cells

can acquire driver mutations, but cannot lose them. Also we do not consider cell death, so there

is no essential extinction. If we only consider cells with no more than n driver mutations, then the

population of cells with exactly n mutations will grow with exponential growth rate 1− (1−s)n/2,

which is larger than that of cells with less driver mutations. So cells with n driver mutations

will dominate exponentially fast. Generally, the population of cells with n driver mutations will

grow exponentially with rate 1− (1− s)n/2, and as long as the next driver mutation emerges, its

proportion will decay to 0 exponentially fast. Also, we should notice that such results are valid for

almost every trajectories. Here we do not consider the difference in passenger mutations, since they

have no effect on cell growth, and considering them will make the Perron eigenvalue not simple.

The model in [17, 80] is discrete-time, but we can see from Section 3.6 that we can still apply our

results.
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3.5 When will one proportion tend to 0 or 1?

In population dynamics, we are also concerned about when one phenotype dies out or dominates.

In terms of the notations in this paper, we need to consider when Pi(t)→ 0 or Pi(t)→ 1 as t→∞.

In this section, we will still assume that the Perron eigenvalue λ1 of A is simple and positive.

Then from Theorem 3.3, we have (P1(t), P2(t), · · · , Pn(t)) → ~u= (u1, u2, · · · , un) almost surely

in the stochastic model. Thus we can get the following corollaries from Lemma 3.2.

Corollary 3.4. Pi(t)→ 0 ⇐⇒ Yi /∈ T̄ .

Corollary 3.5. Pi(t)→ 1 ⇐⇒ T̄ = T = {Yi}.

Remark 3.5. From Corollary 3.4 we can see that the sufficient and necessary condition under

which no phenotype dies out, namely ∀i, Pi(t) 9 0, is that T̄ contains all phenotypes. This is just

Janson’s last assumption.

Remark 3.6. If we find that Pi(t) → 0, Pj(t) 9 0 in an experiment, then we know that the

phenotype Yj will never transform to Yi in any way. If we find that Pi(t) → 1, then we know that

the phenotype Yi will never transform to any other phenotypes.

3.6 Model generalization: non-exponential lifetime

In the previous sections, we assumed that the lifetime of a cell is exponentially distributed and

independent of the type and number of its descendants. However, in real biological system, the

lifetime distribution should be more like lognormal, gamma, Weibull, or exponentially modified

Gaussian distribution [61, 52]. Furthermore, the time needed for division and conversion have dif-

ferent distributions [52]. In this way the process is a multitype Bellman-Harris branching process

(also called age-dependent branching process) [95], no longer Markovian.

We can use the “device of stages” method to approximate a non-exponential random variable

with several exponential random variables [22]. This indicates that through adding supplementary
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sub-phenotypes, we can simulate a non-Markovian branching process with a Markovian branching

process. See the example below:

(Y 1
1 )

α2
1 // (Y 2

1 )
α3
1 // (Y 3

1 )
α4
1 // Y1 + Y1

Y1

α9
1

!!

α1
1

==

α5
1 // (Y 4

1 )
α6
1 // (Y 5

1 )
α7
1 // (Y 6

1 )
α8
1 // Y2

(Y 7
1 )

α10
1 // (Y 8

1 )
α11
1 // (Y 9

1 )
α12
1 // Y2

Here (Y 1
1 ), · · · , (Y 9

1 ) are supplementary sub-phenotypes. We artificially assume such supplemen-

tary sub-phenotypes exist just by technical reasons. They do not have biological meanings. When

we count Y i
1 as Y1, the process has the same distribution with the original one. If we have conver-

gence with this new process, then we also have convergence for the original process. An Y1 cell

has probability α1
1/(α

1
1 +α5

1 +α9
1) to divide into Y1 +Y1, and probability (α5

1 +α9
1)/(α1

1 +α5
1 +α9

1)

to convert into Y2. Here we set α1
1, α5

1, and α9
1 to be large enough while keeping their proportions,

so that the time needed for the first step is ignorable (exponential random variable with expectation

1/(α1
1 + α5

1 + α9
1)).

Now the time distribution for division Y1 → Y1 + Y1 is approximately Ex(α2
1) ∗ Ex(α3

1) ∗

Ex(α4
1), where Ex(α) is the density function of exponential random variable with parameter α,

and ∗means convolution. Similarly, the time distribution for conversion Y1 → Y2 is approximately
α5
1

α5
1+α9

1
Ex(α6

1) ∗ Ex(α7
1) ∗ Ex(α8

1) +
α9
1

α5
1+α9

1
Ex(α10

1 ) ∗ Ex(α11
1 ) ∗ Ex(α12

1 ).

According to [22], any non-negative random variable can be approximated to any accuracy by

such combination of convolutions of exponential random variables. Thus we can simulate such

non-Markovian branching processes to any precision with Markovian branching processes. Here

the lifetime of a cell can be non-exponential, and the lifetime of a cell can depend on the type and

number of its descendants.

Now we can apply Theorem 3.3 to those sub-phenotypes. The proportion of each sub-phenotype

converges to a constant. Thus the proportion of each phenotype (including all its sub-phenotypes)

converges to a constant. This proves the “phenotypic equilibrium” phenomenon in a more realistic
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stochastic model. In addition, the conclusions in Section 3.5 are still valid.

Remark 3.7. The most unrealistic aspect of exponential lifetime is that the density function reaches

maximum at 0, but one cell cannot divide right after its birth. For the sum of several independent

exponential variables, the density function at 0 is 0. By the law of large numbers, the density

function of the sum of n independent exponential variables with parameter nλ will have a sharp

peak near λ when n is large.

Remark 3.8. The proportion convergence theorem for non-Markovian (age-dependent) branching

processes can be proved directly, but under stronger conditions [95].

3.7 Conclusion and discussion

We have presented a unified stochastic model for the population dynamics with cellular phenotypic

conversions. We have given the sufficient and necessary condition under which the dynamical be-

havior of our model can be described by an n-state Markov chain. In general case, we have proved

that the proportions of different phenotypes will tend to constants regardless of their initial values,

and we have investigated the sufficient and necessary conditions under which one phenotype will

die out or dominate. We also extend our model to non-Markovian case while keeping the above

conclusions valid. In this way we explain experimental phenomenon in [57].

As remarked in Section 3.4.2, we improve a limit theorem in branching processes, which may

be of theoretical interests.

Our results can also apply to cancer progression models with gene mutations, such as [17, 80,

93].

Since the phenotypic conversions have been reported in various cellular systems, such as E.coli

[107] and cancer cells [38, 161], we hope that our model here could be applied as a general frame-

work in the study of multi-phenotypic populations of cells.

With the improvement of experiment methods, we will accumulate more and more data for

single cell. In single cell level, the stochasticity is not negligible anymore. Thus we should build

detailed stochastic models (branching process would be a good framework) for cell population
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dynamics. Such models will provide new insights and predictions. In the meanwhile, stochastic

process related theories should attract more attention.

There are some possible improvements about this research. First, we assume that the branching

process is time homogeneous, namely the birth and death rates keep the same for all time. However,

as time goes on, the cell density increases, and the birth and death rates should change [171]. Thus

a possible improvement is to have time-dependent or density-dependent dij . Second, we only prove

the convergence for t → ∞, but in experiments we only have finite observation time. Thus it is

meaningful to estimate the convergence rate. Third, we only consider finite many phenotypes. We

find that there is essential difficulty to build similar theory for infinite-type branching processes.

However, there have been some works considering infinite many mutation states with multitype

branching processes, such as [93].
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3.8 Appendix

3.8.1 Fast algorithms for finding transposons in gene sequences

Introduction

A transposon is a DNA sequence that can change its relative position within the genome of a single

cell. The mechanism of transposition can be either “copy and paste” or “cut and paste”. However, it

is not so easy to determine which genes are transposons. If there is a template sequence which can

be viewed as the ancestor of other gene sequences, we can compare the other gene sequences with

this template, but we cannot determine which genes change their positions since there are different

ways to change the positions of genes to turn the template into the other gene sequences. In

addition, when we have more than two gene sequences, we can hardly know which gene sequence

is more primitive so that it can be viewed as the template. Thus, we should describe the definition

of “change its relative position” more precisely.

The criterion of transposons

First, let’s look at an example to have an intuitive sense of transposons. Consider two gene se-

quences, where number represents gene’s name:

{1,2,3,4} and {1,4,2,3}.

We will intuitively think gene 4 changes its position. However, changing genes 2, 3’s positions

can also explain this. Why do we think gene 4 moves, but not genes 2 and 3? The answer is that

in the former situation, the number of genes changing their positions is smaller. Nevertheless, “the

number of genes changing their positions” is not so easily determined. A proper way is to think of

the fixed genes, the complement of transposons. The minimum of transposons corresponds to the

maximum of fixed genes, so we reach the criterion of transposons: find the longest common

subsequence of these gene sequences, and the remainder are transposons. In the example

above, the longest common subsequence is {1, 2, 3}, so gene 4 is a transposon. Till now, we

have turn the problem of finding transposons into finding the longest common subsequence of
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several number sequences. In the following sections, we will consider different situations and give

corresponding algorithms.

Sequences without replicated genes

Consider gene sequences without replicated genes. For several permutations of 1, 2, 3 · · ·n (allow-

ing missing some numbers), we need to find the longest common subsequence of these number

sequences. Constructing a directed graph as following. Vertices are numbers from 1 to n. There

exists an directed edge from vertex i to j if and only if in all sequences i appears prior to j. If there

exist edges i → j, j → k, · · · , l → m, then the path i → j → k → · · · → l → m corresponds to

the common subsequence {i, j, k · · · l,m}. Thus the longest path in this graph corresponds to the

longest common subsequence.

This graph is transitive [49]: if there exist edges i → j, j → k, then there exists edge i → k,

since if i is prior to j and j is prior tok, then i is prior to k.

Furthermore, this directed graph has no loop. If there exists a loop i→ j → k → · · · → l→ i,

then from transitivity there exists edge i→ i, which means i is prior to i itself, a contradiction. No

loop means that the longest path does exist, and its length is finite.

If we add 0 to the head of each sequence and n + 1 to the tail, then the longest common

subsequence must begin at 0 and end at n+ 1. Thus, we only need to find the longest path between

two vertices in a directed graph without loop.
0
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Graph 1

Graph 1 corresponds to the example

{(0), 1, 2, 3, 4, (5)} and {(0), 1, 4, 2, 3, (5)},

where the longest path from 0 to 5 is

0 → 1 → 2 → 3 → 5, so the longest

common sequence is {(0), 1, 2, 3, (5)}, and

the transposon is 4.

We can use an iteration algorithm to find the longest path. For a vertex i, define F (i) to be the

vertex next to i in the longest path from i to n + 1, and G(i) to be the length of this path. Since

there exists edge i→ n+ 1, F can be defined for all vertices except n+ 1. Define G(n+ 1) = 0.
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The longest path is 0 → F (0) → F 2(0) → F 3(0) → · · · → F k−1(0) → F k(0) = n + 1, where

F j is the jth iteration of F . The iteration equations are:

F (i) = j, where j ∈ {k| there exists edge i→ k} and maximizes G(k).

G(i) = G(F (i)) + 1.

Since this graph has no loop, the iteration will terminate in finite steps and produce correct

answer. This iteration can be carried out though programming languages such as C++.

Assume there are m sequences with length n.

Space to restore these sequences is O(mn). The graph is restored in an (n + 2) × (n + 2)

matrix. Functions F and G needs O(n). Since n is much larger than m in general cases, the total

space complexity is O(n2).

Time to construct the graph is O(mn2) since we need to check each pair {i, j} in every se-

quence. In the iteration process, the calculation of each F (i) and G(i) needs O(n), since for every

i there are at most n+ 1 edges begin at i. Thus the time complexity of iteration is O(n2). The total

time complexity is O(mn2).

This algorithm is implemented and applied in [75].

Sequences with replicated genes

In general situations there may be replicated genes in a gene sequence. Notice that the definition

of transposon is a DNA sequence that has the ability to change its position, not a certain gene copy

that changes its position. Thus we should regard all copies of one gene as a whole. We should

not find the longest common subsequence of these sequences, like Section 3, but find the largest

number of genes that all their copies remain the same relative positions.

This time we consider an undirected graph. The vertices are different genes( not all copies).

There exists edge between vertices i and j (i and j are adjacent) if and only if all copies of i

and j remain the same relative positions in all sequences. A group of genes with all their copies

fixed corresponds 1-1 to a group of vertices that each two vertices are adjacent, which is called

“complete subgraph” in graph theory. Thus we need to find the largest complete subgraph of this
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undirected graph. This is the famous “Maximum Clique Problem”, which is NP-complete. We

certainly cannot give a universal algorithm with acceptable complexity. However, transposons are

much fewer compared with total genes in practice, so we can give an algorithm suitable for this

situation.

1

2 3

4 5
Graph 2

Graph 2 corresponds to

sequences {1, 2, 3, 2, 3, 4, 5} and

{2, 1, 3, 3, 2, 4, 5}, where the

largest complete subgraph is

{1, 3, 4, 5}, so the longest common

sequence is {1, 3, 3, 4, 5}, and the

transposon is 2.
Assume there are n genes in these sequences. In graph theory, the degree of a vertex i is the

number of vertices that are adjacent to i [49]. Notice that if a complete subgraph consists of k

vertices, then each of these vertices must has degree not less than k. Suppose the largest degree of

these vertices is k. Then we can check whether there are at least k vertices with degrees not less

than k. If so, check whether there exists a complete subgraph of k vertices. If there is no complete

subgraph of k vertices, replace k by k − 1 and repeat the former process until finding a complete

subgraph. In practice, there are only a few transposons and they generally change their relative

positions violently. In this situation, there will be a few vertices with significant small degrees,

and all the other vertices with large degrees form the largest complete subgraph. Thus the time

complexity can be sometimes limited to O(mn2).

More strict criterion for transposons

Maybe it is not strict enough to regard a gene which only changes its position in few sequences as

a transposon. We can loosen the definition of fixed genes that they should be the longest common

subsequence of m − k but not all m gene sequences. Certainly, k should be small enough, such

as k < 5. Then we can consider every m − k out of m sequences and find the longest common

subsequence, then pick the longest among these “longest”. In practice, no matter whether there

are replicated genes, the time complexity is O(mkn2): the construction of graph is O(mn2), and
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finding longest common subsequence is
(
m
k

)
O(n2) = O(mkn2).

3.8.2 Representations of branching processes

The multi-type continuous-time branching processes discussed in this chapter can be regarded as

special cases of other processes. Such new representations could bring different views of branching

processes.

Branching processes as chemical reactions

In such branching processes, one cell could become into many cells, therefore the cell number is

not conserved. We seek to present branching processes as chemical reactions, then we need some

invisible supplementary cell types.

Consider cells in n types: Y1, Y2, · · · , Yn.

Consider a continuous-time n-type branching process ~X(t) = {X1(t), X2(t), · · · , Xn(t)}.

Here Xi(t) is the number of cells with type Yi.

Cells proliferate as the following formula:

Yi
αi→ di1Y1 + di2Y2 + · · · + dinYn.

It means that for an Yi cell, it will live an exponential time with expectation 1/αi and turn

into di1 Y1 cells, di2 Y2 cells, · · · , din Yn cells, where di1, di2, · · · , din are random variables taking

nonnegative integer values. di1, di2, · · · , din are not necessarily independent, but they are assumed

to be independent of the exponential reaction time.
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For example, consider 2 types:

Y1 + Y1

Y1
α1=2 //

p3=0.5

""

p1=0.4
<<

p2=0.1 // ∅

Y2

It means that for a Y1 cell, it will wait for an exponential time with expectation 1/2, and turn

into 2 Y1 cells with probability 0.4, turn into nothing (die) with probability 0.1, and turn into 1 Y2

cell with probability 0.5.

We can use another equivalent way to describe a branching process. For the above example, a

Y1 cell has three independent exponential alarm clocks. The first one will ring after an exponential

time with expectation 1.25 = (1/2)/0.4, the second with expectation 5 = (1/2)/0.1, and the third

with expectation 1 = (1/2)/0.5. If the ith alarm clock rings first, then the Y1 cell will perform the

ith reaction. For example, the third alarm clock rings first, then the Y1 will turn into one Y2 cell.

Now we can add some invisible supplementary cell types A1, A2, · · · , An, and P1, P2, · · · , Pn,

such that the branching process can be described by a group of chemical reactions.

For

Y1 → d11Y1 + d12Y2 + · · · + d1nYn,

we revise it as

a1A1 + b1P1 + d12P2 + · · · + d1nPn + Y1 → c1A1 + d11Y1 + d12Y2 + · · · + d1nYn.

If d11 = 0, then a1 = 1, b1 = 0, c1 = 2. Otherwise, a1 = 0, b1 = d11 − 1, c1 = 0.

For the example above, the first reaction is

P1 + Y1
0.8→ 2Y1.
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The second reaction is

A1 + Y1
0.2→ 2A1.

The third reaction is

A1 + P2 + Y1
0.2→ 2A1 + Y2.

Now we get a group of conservative chemical reactions. We require that the inverse reactions

are extremely slow, such that we can neglect them. Also, the concentrations of A1, A2, · · · , An and

P1, P2, · · · , Pn are kept invariant. Then the reaction rate of a single Yi cell is kept the same.

Branching processes as Delbrück-Gillespie processes

Delbrück-Gillespie process is a general family of processes with discrete state space. We will show

that branching process is its special case.

Delbrück-Gillespie process: Assume we have n types of particles with names X1, X2, · · · , Xn.

At time t, the number vector of particles is (x1(t), x2(t), · · · , xn(t)). There are m different reac-

tions, each of which has the form

ai1X1 + ai2X2 + · · ·+ ainXn
αi−→ bi1X1 + bi2X2 + · · ·+ binXn.

Here the reaction rate αi is a function of current population (x1(t), x2(t), · · · , xn(t)) and the system

volume V with any form. aij, bij are arbitrary natural numbers. The process evolves as following:

At time t = 0, generate m independent exponential variables τ1, · · · , τm, where τi has parameter

αi(x1(0), x2(0), · · · , xn(0)). Assume t1 = τj is the smallest among all τi. Then the process jumps

from (x1(0), x2(0), · · · , xn(0)) to (x1(0) − aj1 + bj1, x2(0) − aj2 + bj2, · · · , xn(0) − ajn + bjn)

at time t1. Then we repeat this procedure by generating new τi with parameters determined with

population at time t1.

Continuous-time multi-type Markov branching process: Assume we have n types of particles

with names X1, X2, · · · , Xn. At time t, the number vector of particles is (x1(t), x2(t), · · · , xn(t)).
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There are m different reactions, each of which has the form

ai1X1 + ai2X2 + · · ·+ ainXn
αi−→ bi1X1 + bi2X2 + · · ·+ binXn.

This process evolves as Delbrück-Gillespie process, but there are two restrictions: (1) for one j,

aij = 1, for k 6= j, aik = 0. This means that the reactant is a single particle. (2) αi = cixj(t),

where ci is a positive constant. Under these two restrictions, all particles are independent.

Therefore, continuous-time multi-type Markov branching process is a special case of Delbrück-

Gillespie process.
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Chapter 4

ON THE BOUNDARY BETWEEN QUALITATIVE AND QUANTITATIVE
METHODS FOR CAUSAL INFERENCE

4.1 Introduction

Inferring causal relationships is among the most important goals in artificial intelligence as humans

tend to think causally rather than probabilistically. A formal approach to represent causal relation-

ships uses causal directed acyclic graphs [114], where random variables are represented as nodes

and causal relationships are represented as arrows. Besides qualitatively describing causal rela-

tionships via causal directed acyclic graphs, it is often desirable to obtain quantitative measures of

the strength of arrows therein since they provide more detailed information. There have been many

measures proposed in the literature to quantify the causal relationships between nodes in a causal

directed acyclic graph, such as the average treatment effect (ATE) [102, 134], conditional mutual

information (CMI) [27], causal strength (CS) [68] and part mutual information (PMI) [166].

An interesting observation is that none of these measures is both identifiable and reasonable

when the causal system under consideration is degenerate. As a simple example, consider the

confounder triangle Z → X → Y with an edge Z → Y , where Z = X almost surely. For

this example, the average treatment effect of X on Y is not identifiable, the conditional mutual

information CMI(X, Y | Z) always equals zero even when X influences Y strongly, while the

causal strength and part mutual information for the arrow X → Y are not well-defined. These

problems should not be viewed as drawbacks of these existing measures, since the causal effect of

X on Y is not distinguishable from the causal effect of Z on Y . Instead, they reflect the intrinsic

difficulty of defining causal measures for this particular degenerate system.

In this paper, we generalize the observation above by providing a formal characterization of

a degenerate causal system, and argue that qualitative causal methods should be used in place
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of quantitative causal methods when the causal system is degenerate. Our characterization of a

degenerate causal system is based on the notion of Markov boundary. The Markov boundary of

a variable W in a variable set S is a minimal subset of S, conditional on which all the remaining

variables in S, excluding W , are rendered statistically independent of W [145]. Under certain

criteria for a “reasonable” quantitative measure of causal effect, we show that if Y has multiple

Markov boundaries in S, its possible parents, then in general there is no measures for the causal

effect of X on Y that is both reasonable and identifiable. In this case, analysts may instead use

qualitative causal methods and report all the causal explanations (i.e. Markov boundaries) of the

response variable.

We then propose practical approaches to determine the uniqueness of Markov boundary from

data. Many methods for Markov boundary discoveries exist in the literature, such as IAMB [149],

KIAMB [116], Semi-Interleaved HITON-PC [1] and TIE* [145]. However, they often require

strong assumptions or output all the Markov boundaries, which is not necessary for our purpose.

In this paper, we instead derive a necessary and sufficient condition for the uniqueness of Markov

boundary, based on which we develop algorithms that are computationally more tractable. More-

over, the validity of our algorithms rely on fewer assumptions.

4.2 Background

4.2.1 Set-up

Consider a causal directed acyclic graph Γ with vertices V . We say X is a parent of Y if the path

X → Y is present in Γ, and Y is a descendant of X is a path X → · · · → Y is present in Γ. A

variable is a descendant of itself, but not a parent of itself. For a variable W , we use DES(W ) to

denote the set consisting of all descendants of W , and PA(W ) to denote the set consisting of all

parents of W . We assume the probability distribution P over variables V is Markov with respect

to Γ in the sense that for every W ∈ V , W is independent of V \ DES(W ) conditional on PA(W )

[144].

We assume that we observe independent replications of V . Set S to be all the possible parents
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of Y . This means that we discard all variables that are known not to be the parents of Y . In

particular, this can be achieved by excluding all variables that happen after Y from our analysis.

Therefore S \ {X} is sufficient to control for confounding between X and Y . For example, if we

know the full causal directed acyclic graph, then S = PA(Y ). If we have no knowledge of the

causal directed acyclic graph, then S = V \ {Y }. Suppose X is a possible parent of Y and we are

interested in the causal effect of X on Y . If the full causal directed acyclic graph Γ is known, set

L = PA(Y ) \ {X}. We denote the sample space of X, Y,L by X,Y,L, respectively.

4.2.2 Causal effect measures

We first review several causal effect measures commonly used in practice. For simplicity, we only

give the definitions in the discrete case. They can be easily extended to accommodate continuous

variables by replacing summation with integration.

Average treatment effect. Under our setting, if X is binary, then the average treatment effect

ATE can be defined as [131]

ATE(X → Y ) =
∑
x∈X

∑
y∈Y

∑
l∈L

−(−1)xyf(y | x, l)f(l),

where f denotes the probability mass function. The average treatment effect describes the shift in

the mean of Y caused by switching X from 0 to 1, but fails to capture the influence of X on higher

order moments of the distribution of Y .

Conditional mutual information. The conditional mutual information CMI between X and

Y conditional on L is defined as [27]

CMI(X, Y | L) =
∑
x∈X

∑
y∈Y

∑
l∈L

f(x, y, l) log
f(x, y | l)

f(x | l)f(y | l)
.

It can alternatively be expressed as

CMI(X, Y | L) = H(X,L) + H(Y,L)− H(L)− H(X, Y,L), (4.1)
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where H(X) = −
∑

x∈X f(x) log f(x) is the (Shannon) entropy. It is easy to see from (4.1) that

CMI is a continuous function of the joint distribution of (X, Y,L). Furthermore, unlike ATE, CMI

captures all conditional independences between variables in the sense that CMI(X, Y | L) = 0 if

and only if X |= Y | L.

Specifically, when the condition set L = ∅, CMI degenerates to mutual information (MI):

MI(X, Y ) = H(X) + H(Y )− H(X, Y ). We have CMI(X, Y | L) = MI({X} ∪ L, Y )− MI(Y,L).

Causal strength. The causal strength CS of X on Y is defined as [68]

CS(X → Y ) =
∑
x∈X

∑
y∈Y

∑
l∈L

f(x, y, l) log
f(y | x, l)∑

x′∈X
f(y | x′, l)f(x′)

.

Part mutual information. The part mutual information PMI between X and Y conditional on

L is defined as [166]

PMI(X, Y | L) =
∑
x∈X

∑
y∈Y

∑
l∈L

f(x, y, l) log
f(x, y | l)

f ∗(x | l)f ∗(y | l)
,

where f ∗(x | l) =
∑

y∈Y f(x | y, l)f(y), f ∗(y | l) =
∑

x∈X f(y | x, l)f(x). One may also show

that

PMI(X, Y | L) =
∑
x,y,l

f(x, y, l) log
f(y | x, l)∑

x′ f(y | x′, l)f(x′)

+
∑
x,y,l

f(x, y, l) log
f(x | y, l)∑

y′ f(x | y′, l)f(y′)

−
∑
x,y,l

f(x, y, l) log
f(x, y | l)

f(x | l)f(y | l)
.

(4.2)

The first term on the right hand side of (4.2) equals CS(X → Y ), and the third term equals

−CMI(X, Y | L).

The definitions of ATE and CS need the full causal directed acyclic graph. In the definitions

of CMI and PMI, the full causal directed acyclic graph is not necessary, and we can substitute the

conditional set L by other set, but then the interpretation will be irreplaceable information, not
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direct causal effect.

Other measures. Other measures of causal effect between random variables include Pearson

correlation coefficient and partial correlation. For time series data, effect measures commonly

used in practice include Granger causality [54], conditional Granger causality [47], partial Granger

causality [56], transfer entropy [135] and conditional transfer entropy [73, 40].

4.2.3 Markov blanket and Markov boundary

Definition 4.1. A Markov blanketM of a variable W within an observed variable set T (W /∈ T )

is a subset of T such that

W |= (T \M) | M. (4.3)

Using the notion of mutual information, condition (4.3) can be written as CMI(W, T | M) = 0,

or equivalently, MI(W, T ) = MI(W,M). In this sense, the Markov blanket M contains all the

information of T on W .

The following proposition is a direct application of the weak union property of probability

distributions [111].

Proposition 4.1. Any superset of a Markov blanket is still a Markov blanket.

Definition 4.2. A Markov boundary is a minimal Markov blanket. In other words, it is a Markov

blanket such that no proper subsets of which is also a Markov blanket.

Even though Markov boundaries are minimal, they need not be unique. As illustrated in our

confounder triangle example, both {X} and {Z} are Markov boundaries of Y . As another exam-

ple, consider the causal directed acyclic graph in Figure 4.1. Nodes X, Y, Z take value in {0, 1, 2},

while W takes value in {0, 1}. One may verify that there exist two Markov boundaries of Y :

{X,W} and {Z,W}. See also [145].

Unlike the confounder triangle example, the two Markov boundaries of Y in Figure 4.1 do

not coincide almost surely. However, they are still variation dependent since pr(X = 2) > 0,

pr(Z = 0) > 0, but pr(X = 2, Z = 0) = 0. This variation dependence is in fact an essential

property of the multiplicity of Markov boundaries.
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Z

X

Y W

0 0 0
0

1 1 1
1

2 2 2

Figure 4.1: A causal directed acyclic graph for which variable Y has multiple Markov boundaries.
Combinations of values connected with lines have positive joint probabilities. For example, pr(Z =
1, X = 0, Y = 0,W = 0) > 0, while pr(Z = 1, X = 2, Y = 1,W = 1) = 0.

Lemma 4.1. For a variable set T with Y /∈ T , let Θ denote all Markov boundaries of Y in

T . If X is contained in at least one, but not all of the Markov boundaries of Y so that X ∈

∪
M∈Θ

M\ ∩
M∈Θ

M, and K = T \ {X}, then X and K are variation dependent in that there exist

x ∈ X, k ∈ K such that f(x) > 0, f(k) > 0, but f(x, k) = 0.

Proof. Consider two Markov boundaries M1, M2 within {X} ∪ K. Let M1 = {X} ∪ Z1,

X /∈ M2, M2 \ M1 = Z2, K ∪ {X} \ (M1 ∪M2) = Z3, where Z1 = {Z1, . . . , Zn}, Z2 =

{Z ′1, . . . , Z ′m}, Z3 = {Z ′′1 , . . . , Z ′′l }. Therefore K = Z1 ∪ Z2 ∪ Z3.

Fix z1
0 ∈ Z1 such that f(z1

0) > 0. Assume that for xi ∈ X, f(xi, z
1
0) > 0 is true for i ∈

{1, . . . , p}. Assume that for z2
j ∈ Z2, f(z1

0 , z
2
j ) > 0 is true for j ∈ {1, . . . , q}. Consider any y ∈ Y.

To obtain contradiction, we assume that f(xi, z
1
0 , z

2
j ) > 0 for all i ∈ {1, . . . , p} and all j ∈

{1, . . . , q}.

Since X |= Y | (Z1,Z2) (Proposition 4.1) for all i, r ∈ {1, . . . , p} and all j ∈ {1, . . . , q},

f(y | xi, z1
0 , z

2
j ) = f(y | xr, z1

0 , z
2
j ).

Since Z2 |= Y | (X,Z1) for all r ∈ {1, . . . , p} and all j, s ∈ {1, . . . , q},

f(y | xr, z1
0 , z

2
j ) = f(y | xr, z1

0 , z
2
s).
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All the conditions have positive probabilities, so the conditional probabilities are well-defined.

Then we have

f(y | xi, z1
0 , z

2
j ) = f(y | xr, z1

0 , z
2
s),

for all i, r ∈ {1, . . . , p} and all j, s ∈ {1, . . . , q}.

Since this is true for any possible values of X and Z2 when Z1 = z1
0 , we know that

f(y | xi, z1
0 , z

2
j ) = f(y | z1

0).

Therefore, for all z1
1 ∈ Z1 with f(z1

1) > 0, all y ∈ Y and all i, j,

f(xi, z
2
j , y | z1

1) = f(xi, z
2
j | z1

1)f(y | z1
1)

is valid.

This implies that (X,Z2) |= Y | Z1, thereforeX |= Y | Z1, MI(Y,Z1) = MI(Y, (X,Z1)). Since

M1 = {X}∪Z1, MI(Y, (X,Z1)) = MI(Y,K). Thus MI(Y,Z1) = MI(Y, {X}∪K), implying that

Z1 is a Markov blanket, which is a contradiction. So there exists x ∈ X, z1
0 ∈ Z1, z2

1 ∈ Z2 such

that f(x, z1
0) > 0 (implies f(x) > 0), f(z1

0 , z
2
1) > 0, but f(x, z1

0 , z
2
1) = 0. Choose z3

1 ∈ Z3 such

that f(z1
0 , z

2
1 , z

3
1), and let k = (z1

0 , z
2
1 , z

3
1), then f(x) > 0, f(k) > 0, but f(x, k) = 0.

Remark 4.1. Let M′ ∈ {M ∈ Θ : X /∈ M} be a Markov boundary that does not contain

X . We point out that X and M′ may be variation independent. For example, suppose X,Z,W

are independent Bernoulli variables with mean 0.5, Y = X + Z mod 2 and U = W + Y

mod 2, where a mod b denotes the remainder of a divided by b. In this case Y has two Markov

boundaries: {X,Z} and {W,U}, and X is variation independent of {W,U}.

We now review some conditions under which the Markov boundary is unique.

Definition 4.3 (Faithfulness). Let Λ denote the collection of conditional independence relation-

ships shared by all probability distributions that are Markov with respect to Γ. A probability dis-
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tribution is faithful to Γ if and only if its conditional independence relationships are characterized

by Λ [116].

Definition 4.4 (Intersection). A probability distribution on V satisfies the intersection property if

and only if for any four subsets of variables P , Q, Z , W such that P |= Z | (Q,W), P |=W |

(Q,Z), we have P |= (Z,W) | Q.

Definition 4.5 (Strict positiveness). A probability distribution on V is called strictly positive if and

only if for any two disjoint subsets of variablesX andZ such that pr(X = x) > 0, pr(Z = z) > 0,

we have pr(X = x,Z = z) > 0.

Proposition 4.2. If a probability distribution on V (i) is faithful to Γ, or (ii) has intersection prop-

erty, or (iii) is strictly positive, then any variable Z ∈ V has a unique Markov boundary in V \{Z}.

We refer readers to [112] and [111] for a proof of Proposition 4.2. None of the three conditions

in Proposition 4.2 is necessary. For example, suppose X , Y , Z, W ∈ {0, 1}, pr(X = Z = Y =

W = 0) = 0.5, pr(X = Z = 1, Y = W = 0) = 0.25, pr(X = Z = Y = W = 1) = 0.25

and S = {X, Y, Z,W}. Since Y |= X | Z, Y |= Z | X , Y 6⊥⊥ X,Z, the joint distribution of

(X,Z, Y,W ) does not have intersection property and is hence not faithful. Since pr(X = 0) > 0,

pr(Z = 1) > 0, pr(X = 0, Z = 1) = 0, this distribution is not strictly positive. However, each

variable in this example has a unique Markov boundary within the other three variables.

There are many applications for which the Markov boundary of the response variable may not

be unique. For instance, in breast cancer studies, it may be the case that several gene sets have

nearly the same effect for survival prediction [34], such that each of the gene sets is a Markov

boundary of the survival indicator. We refer interested readers to [145] for more real-world exam-

ples on multiplicity of Markov boundaries.

4.3 Quantifying causal effects with multiple Markov boundaries

4.3.1 Problems of known causal effect measures

In this section, we show that the commonly used causal effect measures may not be reasonable or

identifiable when the response variable Y has multiple Markov boundaries in PA(Y ) = L ∪ {X}.
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On the one hand, forX ∈ ∪
M∈Θ

M\ ∩
M∈Θ

M,we have CMI(X, Y | L) = 0 even whenX influences

Y strongly. The reason is Proposition 4.1 and the fact that L contains a Markov boundary. This is

not desirable, as pointed out by [68, 166]. On the other hand, Lemma 4.1 shows that X and L are

variation dependent. It follows that f(y | x, l) may not always be defined even when f(x) > 0 and

f(l) > 0. It follows that ATE(X → Y ), CS(X → Y ) and PMI(X, Y | L) are not defined.

A natural solution to the latter problem is to assign a value in these degenerate scenarios. How-

ever, Theorem 4.1 shows that the resulting quantities are not continuous functions of the joint

distribution of (X, Y,L). In the following, for any given probability distribution P′, we can cal-

culate the corresponding causal quantities, denoted as CS[P′](X → Y ), PMI[P′](X, Y | L) and so

on.

Theorem 4.1. If X ∈ ∪
M∈Θ

M \ ∩
M∈Θ

M, then there exist two sequences of distributions on

(X, Y,L), denoted as {P1,P2, . . .} and {P′1,P′2, . . .}, both of which converge to P under the to-

tal variation distance, but limi→∞ CS[Pi](X → Y ) 6= limi→∞ CS[P′i](X → Y ). The same results

apply to ATE(X → Y ) and PMI(X, Y | L).

Theorem 4.1 may be proved using Lemma 4.1 and the following Lemma 4.2.

Lemma 4.2. Assume there exist x ∈ X, l ∈ L such that f(x) > 0, f(l) > 0, but f(x, l) = 0. Then

there exists two real numbers g1 < g2, such that for any g with g1 < g < g2, any δ > 0, there exists

a probability distribution P′ with d(P,P′) < δ, such that CS[P′](X → Y ) = g. The same results

apply to ATE(X → Y ) and PMI(X, Y | L).

Proof. In the following we will assume there is only one pair of (x, l) such that f(x) > 0, f(l) > 0,

f(x, l) = 0. If there are multiple pairs, we can treat them one by one.

We construct a family of probability distributions Pηi with mass functions f ηi based on P. For

(x′, l′) 6= (x, l), f ηi (x′, y, l′) = (1 − η)f(x′, y, l′). f ηi (x, l) = η > 0, f ηi (yj | x, l) = αji , where

αji ≥ 0,
∑

j α
j
i = 1. Then for each i, CS[Pηi ](X → Y ) can be defined, and when η → 0, f ηi

converges to f . The total variation distance between f and f ηi is η.
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When η → 0,

CS[Pηi ](X → Y ) =
∑
x′∈X

∑
y′∈Y

∑
l′ 6=l

f ηi (x′, y′, l′) log
f ηi (y′ | l′, x′)∑

x′′∈X f
η
i (y′ | l′, x′′)f ηi (x′′)

+
∑
x′∈X

∑
y′∈Y

f ηi (x′, y′, l) log
f ηi (y′ | l, x′)∑

x′′∈X f
η
i (y′ | l, x′′)f ηi (x′′)

→
∑
x′∈X

∑
y′∈Y

∑
l′ 6=l

f(x′, y′, l′) log
f(y′ | l′, x′)∑

x′′∈X f(y′ | l′, x′′)f(x′′)

+
∑
x′ 6=x

∑
y′∈Y

f(x′, y′, l) log f(y′ | x′, l)−
∑
j

f(yj, l) log{f(x)αji +
∑
x′ 6=x

f(x′)f(yj | x′, l)}.

For different i, when we let η → 0, the only different terms are −
∑

j f(yj, l) log{f(x)αji +∑
x′ 6=x f(x′)f(yj | x′, l)}. We will show that the above term is not a constant with {αji}. There-

fore we can find two groups of {αji} for i = 1, 2 such that g1 = limη→0 CS[Pη1](X → Y ) <

limη→0 CS[Pη2](X → Y ) = g2.

If there is only one y1 such that f(y1, l) > 0, then

−
∑
j

f(yj, l) log{f(x)αji +
∑
x′ 6=x

f(x′)f(yj | x′, l)}

= −f(y1, l) log{f(x)α1
i +

∑
x′ 6=x

f(x′)f(y1 | x′, l)}.

It is not a constant when we change α1
i .

If there are at least two values y1, y2 of Y , such that f(y1, l) > 0, f(y2, l) > 0, then we can

change α1
i while keeping α1

i + α2
i = d, and leave other αji fixed.

Set f(y1, l) = a1, f(y2, l) = a2, f(x) = c,
∑

x′ 6=x f(x′)f(y1 | x′, l) = b1,
∑

x′ 6=x f(x′)f(y2 |

x′, l) = b2. All these terms are positive. Then in −
∑

j f(yj, l) log{f(x)αji +
∑

x′ 6=x f(x′)f(yj |

x′, l)}, terms containing α1
i and α2

i are

−a1 log(cα1
i + b1)− a2 log{c(d− α1

i ) + b2}.
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Its derivative with respect to α1
i is

− a1c

cα1
i + b1

+
a2c

c(d− α1
i ) + b2

.

If the derivative always equal 0 in an interval, then we should have

a1

a2

≡ cα1
i + b1

c(d− α1
i ) + b2

,

which is incorrect.

Now we have two groups of {αji} for i = 1, 2 such that g1 = limη→0 CS[Pη1](X → Y ) < limη→0

CS[Pη2](X → Y ) = g2. Then for any g ∈ (g1, g2), any δ > 0, we can find η < δ small enough such

that CS[Pη1](X → Y ) < g, CS[Pη2](X → Y ) > g. Then we change {αj1} continuously to {αj2}.

During this process CS is always defined, and there exists {α3} such that CS[Pη3](X → Y ) = g.

This shows that CS(X → Y ) is essentially ill-defined.

Since CS(X → Y ) and PMI(X, Y | L) have the same non-zero terms containing f(· | x, l), the

same argument shows that PMI(X, Y | L) is not well-defined.

The proof of ATE(X → Y ) is similar, but much more straightforward. We can change the

values of f(yi | x, l) for different i, while keeping their sum. Since ATE(X → Y ) is linear with

each f(y | x, l), and the corresponding coefficients are different, the conclusion is obvious.

Remark 4.2. Lemma 4.2 is similar in flavor to the Picard’s great theorem: If an analytic function

f has an essential singularity at a point w, then on any punctured neighborhood of w, f(z) takes

on all possible complex values, with at most a single exception. In this sense, CS and PMI are

“essentially singular” at the probability distribution that implies multiple Markov boundaries for

Y .

To get intuition into Theorem 4.1, consider the following example: X,Z ∈ {1, . . . , 2n}, Y ∈

{0, 1, 2, 3}. The causal directed acyclic graph is X → Y ← Z with an edge Z → X . For

i = 1, . . . , n, pr(X = i, Y = 0, Z = i) = ζ[1/n − 2nε − (2n − 1)δ]/3, pr(X = i, Y = 2, Z =

i) = 2(1 − ζ)[1/n − 2nε − (2n − 1)δ]/3. For i = n + 1, . . . , 2n, pr(X = i, Y = 0, Z = i) =
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2ζ[1/n − 2nε − (2n − 1)δ]/3, pr(X = i, Y = 2, Z = i) = (1 − ζ)[1/n − 2nε − (2n − 1)δ]/3.

For i = 1, . . . , 2n, pr(X = i, Y = 1, Z = i) = ζε/2, pr(X = i, Y = 3, Z = i) = (1 − ζ)ε/2.

For i 6= j, pr(X = i, Y = 0, Z = j) = ζδ/2, pr(X = i, Y = 1, Z = j) = ζε/2, pr(X = i, Y =

2, Z = j) = (1− ζ)δ/2, pr(X = i, Y = 3, Z = j) = (1− ζ)ε/2.

Letting ε→ 0, δ → 0, then CS(X → Y ) and PMI(X, Y | Z)/2 both converges to

log(3n) +
2

3
log 2− 2− ζ

3
log(2− ζ)− 1 + ζ

3
log(1 + ζ)

−1

3
ζ log{1 +

δ

δ + ε
(3n+ ζ − 2)} − 2

3
(1− ζ) log{2 +

δ

δ + ε
(3n+ ζ − 2)}

−2

3
ζ log{2 +

δ

δ + ε
(3n− ζ − 1)} − 1

3
(1− ζ) log{1 +

δ

δ + ε
(3n− ζ − 1)}.

By changing the value of δ/ε, PMI(X, Y | Z)/2 and CS(X → Y ) can take any value in an

interval. When n is large enough, the interval is approximately (0, log n).

When δ = ε = 0, 0 < ζ < 1, Y has two Markov boundaries: {X} and {Z}. When δ, ε, ζ tend

to 0, H(Y )→ 0, but CS and PMI can still take large values, which is problematic.

We can see that near a distribution with multiple Markov boundaries, CS and PMI will change

drastically. Therefore calculating CS or PMI of a distribution which is close to another distribution

with multiple Markov boundaries might not be numerically feasible.

Theorem 4.1 is also valid for PMI with another condition set J , especially when we do not have

the full causal directed acyclic graph. Here the condition is that Y has multiple Markov boundaries

within J ∪ {X}.

4.3.2 Criteria for reasonable causal effect measures

We propose the following criteria for reasonable definitions of the strength of arrows in a causal

graph.

C0. The strength of X → Y is identifiable from the joint distribution of Y and its possible

parents S.

C1. If there is unique Markov boundaryM of Y within S , and X /∈ M, then the strength of
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X → Y is 0.

C2. If there is unique Markov boundaryM of Y within S, and X ∈ M, then the strength of

X → Y is at least CMI(X, Y | M \ {X}).

C3. The strength of X → Y is a continuous function of the joint distribution of Y and S, under

total variation distance.

C0 is similar to the “Locality” postulate P2 in [68]. If Z is not a parent of Y , then it impacts

Y through some parents of Y . In other words, the knowledge of all possible parents should suffice

to determine the strength of X → Y . C1 is reasonable since Markov boundary contains all the

information on Y from S. It is natural to say that X has no causal effect on Y if X /∈ M. On

the other hand, if X is contained in the unique Markov boundaryM, then it contains non-trivial

information of Y since MI(Y,S\{X}) < MI(Y,S). In this case, it is reasonable to assign a positive

value to X → Y . In C2, the concrete form of the lower bound is not important. We only require

that it is positive, and relies only on the joint distribution ofM and Y . Finally, if C3 fails, then a

small observational error might lead to significant error in the estimated strength of arrow X → Y .

4.3.3 An impossibility result

In this section, we show that with multiple Markov boundaries, reasonable causal effect measures

are impossible, since the above criteria are incompatible.

Theorem 4.2. Assume there is no extra knowledge of the causal directed acyclic graph. AssumeX

is contained in some Markov boundary, but not all the Markov boundaries. Then we cannot define

the strength of X → Y satisfying criteria C0, C1, C2 and C3.

To provide intuition, we first show Theorem 4.2 for a simple distribution. Consider X, Y, Z

which only take 0, 1, 2. pr(X = 0, Y = 0, Z = 0) = 1/2 − ε, pr(X = 1, Y = 2, Z = 1) = 1/4,

pr(X = 1, Y = 0, Z = 1) = 1/4, pr(X = 2, Y = 2, Z = 0) = ε, where ε is a small positive

number. Here {X} is the unique Markov boundary of Y , so from criterion C2, the strength of

X → Y should be at least CMI(X, Y | ∅) = MI(X, Y ) ≈ 0.216. Now consider a perturbation of

the above example: pr(X = 0, Y = 0, Z = 0) = 1/2 − ε, pr(X = 1, Y = 2, Z = 1) = 1/4,
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pr(X = 1, Y = 0, Z = 1) = 1/4, pr(X = 0, Y = 2, Z = 2) = ε. Here we just switch X and Z

in the joint distribution. Now {Z} is the unique Markov boundary of Y , so from criterion C1, the

strength ofX → Y should be 0. We can see that with an arbitrarily small perturbation, the strength

of X → Y has to change drastically. Thus we cannot give a satisfactory value when ε = 0, while

keeping the strength continuous. Therefore criterion C3 is violated. Near ε = 0, such quantity

cannot be uniformly continuous, so no matter how we increase the accuracy of measuring joint

distribution, we might still have significant errors.

The key idea above is to show that under some arbitrarily small perturbation, there is only one

Markov boundary M which contains X . Let the magnitude of perturbation tend to 0, then the

strength of X → Y in the original distribution should be at least CMI(X, Y | M\{X}). However,

we can also add arbitrarily small perturbation such that there is only one Markov boundary, and

it does not contain X . When we let the magnitude of perturbation tend to 0, we can see that the

strength of X → Y in the original distribution should be 0. Such dilemma finishes the proof. First

we need the description of perturbations and some lemmas.

Definition 4.6. Given a variables Zi. Let ξi be an independent Bernoulli variable with mean

ε. If ξi = 0, then Zε
i = Zi. If ξi = 1, then Zε

i = Ui, where Ui is a random variable that is

independent of Zi and ξi. When we add ε-noise on multiple variables Zi, Zj, . . ., those variables

ξi, ξj, . . . , Ui, Uj, . . . are independent, and they are independent with X, Y, Z1, . . . , Zk.

We can see that substituting X by Xε does not affect the joint distribution of Y, Z1, . . . , Zk. If

we add ε-noise on m variables, then the total variation distance of joint distributions before and

after substituting is at most mε. Therefore, when we let ε→ 0, the perturbed joint distribution will

converge to the original distribution.

Lemma 4.3 (Strict Data Processing Inequality). S1 is a group of variables withoutX, Y . If we add

ε-noise on X to get Xε, then CMI(Xε, Y | S1) ≤ CMI(X, Y | S1), and the equality holds if and

only if CMI(X, Y | S1) = 0.

This is a special case of “data processing inequality” in information theory [21]. The intuition

is that transmitting data through a noisy channel cannot increase information, namely “garbage in,
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garbage out”. However, the original data processing inequality only indicates that the sufficient

and necessary condition under which the equality holds is CMI(X, Y | Xε,S1) = 0, which is

rather abstract and difficult to verify, since it depends on the form of ε noise. Here we propose

a full proof, since we need to show that adding non-zero ε-noise will always decrease (instead of

just “not increase”) the information of Y , unless there is no information to lose. In other words,

we propose the concrete form of the sufficient and necessary condition under which the equality

holds. That is why the proof is much lengthier than that of the original data processing inequality.

The proofs for discrete and continuous X are different, therefore we state them separately.

Whether Y is discrete or continuous does not matter, therefore we assume Y is discrete/continuous

when X is discrete/continuous. We impose some restrictions to simplify the proofs. If Zi is

discrete, then Ui is an arbitrary discrete random variable which takes all and only the values of Zi

with positive probabilities. If Zi is continuous, then Ui is continuous, and its density function is

always positive.

Proof. When X is discrete:

CMI(X, Y | S1) =
∑

s1
pr(S1 = s1)CMI(X, Y | S1 = s1). For a fixed s1, assume X can take

values 1, . . . , r′, UX can take 1, . . . , r′, . . . , r. Y can take values 1, . . . , twith positive probabilities.

Denote pr(X = i, Y = j | S1 = s1) by pij . Define p−j =
∑

i pij , pi− =
∑

j pij . With ε-noise,

pε−j = p−j , pεij = (1− ε)pij + εqip−j , pεi− = (1− ε)pi− + εqi. Then we have

CMI(X, Y | S1 = s1) =
t∑

j=1

r′∑
i=1

pij log
pij

pi−p−j
,

CMI(Xε, Y | S1 = s1) =
t∑

j=1

r∑
i=1

{(1− ε)pij + εqip−j} log
(1− ε)pij + εqip−j
{(1− ε)pi− + εqi}p−j

.

CMI(X, Y | S1 = s1)− CMI(Xε, Y | S1 = s1) =
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t∑
j=1

r∑
i=1

[
(1− ε+ qiε)pij log

pij
pi−p−j

+
∑
k 6=i

qiεpkj log
pkj

pk−p−j

−{(1− ε)pij + εqip−j} log
(1− ε)pij + εqip−j
p−j[(1− ε)pi− + εqi]

]
.

For fixed i, j and k = 1, . . . , r, set

akij =
pkj

pk−p−j
,

bkij =
εqipk−

(1− ε)pi− + εqi
for k 6= i,

biij =
(1− ε+ qiε)pi−
(1− ε)pi− + εqi

,

cij = p−j{(1− ε)pi− + εqi}.

Here we know that p−j > 0, (1− ε)pi− + εqi > 0. If pk− = 0, namely k = r′ + 1, . . . , r, then we

stipulate akij = 1. In this case, the corresponding bkij = 0.

Then we have

CMI(X, Y | S1 = s1)− CMI(Xε, Y | S1 = s1)

=
t∑

j=1

r∑
i=1

cij{
r∑

k=1

bkija
k
ij log akij − (

r∑
k=1

akijb
k
ij) log(

r∑
k=1

akijb
k
ij)} ≥ 0.

The last step is Jensen’s inequality, since akij ≥ 0, bkij ≥ 0,
∑r

k=1 b
k
ij = 1, cij > 0, f(x) =

x log x is strictly convex down when x ≥ 0 (stipulate 0 log 0 = 0).

The equality holds if and only if for each j, a1j = a2j = · · · = ar′j , which means pij/pi− are

equal for all i ≤ r′. Since
∑r′

i=1 pi−(pij/pi−) = p−j ,
∑r′

i=1 pi− = 1, we have pij/pi− = p−j for

each i, j such that pi− > 0 and p−j > 0. This is equivalent with that X and Y are independent

conditioned on S1 = s1.

CMI(X, Y | S1) = 0 if and only if X and Y are independent conditioned on any possible

value of S1. Therefore, CMI(Xε, Y | S1) ≤ CMI(X, Y | S1), and the equality holds if and only if

CMI(X, Y | S1) = 0.
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When X is continuous:

CMI(X, Y | S1) =

∫ ∞
−∞

CMI(X, Y | S1 = s1)h(s1)ds1,

where h(s1) is the probability density function of S1. For a fixed s1, denote the joint probability

density function of X, Y conditioned on S1 = s1 by p(x, y). Define p1(x) =
∫∞
−∞ p(x, y)dy,

p2(y) =
∫∞
−∞ p(x, y)dx. With ε-noise, the joint probability density function of X, Y conditioned

on S1 = s1 is (1 − ε)p(x, y) + εq(x)p2(y). Notice that
∫∞
−∞ q(x)dx = 1,

∫∞
−∞[(1 − ε)p(x, y) +

εq(x)p2(y)]dx = p2(y). Then we have

CMI(X, Y | S1 = s1)− CMI(Xε, Y | S1 = s1)

=

∫ ∞
−∞

∫ ∞
−∞

p(x, y) log
p(x, y)

p1(x)p2(y)
dxdy

−
∫ ∞
−∞

∫ ∞
−∞
{(1− ε)p(x, y) + εq(x)p2(y)} log

(1− ε)p(x, y) + εq(x)p2(y)

{(1− ε)p1(x) + εq(x)}p2(y)
dxdy

=

∫ ∞
−∞

∫ ∞
−∞

[
(1− ε)p(x, y) log

p(x, y)

p1(x)p2(y)
+ q(x)ε

{∫ ∞
−∞

p(x0, y) log
p(x0, y)

p1(x0)p2(y)
dx0

}
−{(1− ε)p(x, y) + εq(x)p2(y)} log

(1− ε)p(x, y) + εq(x)p2(y)

{(1− ε)p1(x) + εq(x)}p2(y)

]
dxdy.

For fixed x, y, we can define a probability measure on R, µx,y(x0), which is a mixture of discrete

and continuous type measures. For the discrete component, it has probability (1 − ε)p1(x)/{(1 −

ε)p1(x) + εq(x)} to take x. For the continuous component, the probability density function at x0

is q(x)εp1(x0)/{(1− ε)p1(x) + εq(x)}. Define Fx,y(x0) = p(x0, y)/{p1(x0)p2(y)}. If p1(x0) = 0

or p2(y) = 0, stipulate Fx,y(x0) = 1.

Now we have

CMI(X, Y | S1 = s1)− CMI(Xε, Y | S1 = s1)

=

∫ ∞
−∞

∫ ∞
−∞
{(1− ε)p1(x) + εq(x)}p2(y)

[ ∫ ∞
−∞

Fx,y(x0) logFx,y(x0)dµx,y(x0)
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−
{∫ ∞
−∞

Fx,y(x0)dµx,y(x0)
}

log
{∫ ∞
−∞

Fx,y(x0)dµx,y(x0)
}]

dxdy ≥ 0.

The last step is the probabilistic form of Jensen’s inequality, since Fx,y(x0) is non-negative and

integrable with probability measure µx,y(x0), {(1 − ε)p1(x) + εq(x)}p2(y) > 0 if p2(y) > 0, and

f(x) = x log x is strictly convex down when x ≥ 0 (stipulate 0 log 0 = 0).

The equality holds if and only if for p1(x0) > 0 and p2(y) > 0, Fx,y(x0) is a constant with

x0, which means p(x0, y)/p1(x0) is a constant. Since
∫∞
−∞ p1(x0)p(x0, y)/p1(x0)dx0 = p2(y),∫∞

−∞ p1(x0) = 1, we have p(x0, y)/p1(x0) = p2(y) for each x0, y such that p1(x0) > 0 and p2(y) >

0. This is equivalent with that X and Y are independent conditioned on S1 = s1.

CMI(X, Y | S1) = 0 if and only if X and Y are independent conditioned on any possible value

of S1, except a zero-measure set. Therefore, CMI(Xε, Y | S1) ≤ CMI(X, Y | S1), and the equality

holds if and only if CMI(X, Y | S1) = 0.

Expand CMI(Xε, Y | S1) ≤ CMI(X, Y | S1), then we have MI({Xε} ∪ S1, Y ) ≤ MI({X} ∪

S1, Y ). Especially, the total information MI(S, Y ) will not increase if we add ε-noise on possible

parents of Y .

Lemma 4.4. Assume Y has multiple Markov boundaries within S = {X,Z1, . . . , Zk}. Choose one

Markov boundary:M0. If we add ε noise on each variable in S \M0, then in the new distribution,

M0 is the unique Markov boundary.

Proof. Remember that a Markov boundary M is a minimal subset of S such that MI(M, Y ) =

MI(S, Y ). Denote S with ε-noise onZi /∈M0 by Sε. Since MI(M0, Y ) = MI(S, Y ), MI(M0, Y ) ≤

MI(Sε, Y ), MI(Sε, Y ) ≤ MI(S, Y ), we have MI(Sε, Y ) = MI(S, Y ). Therefore, M0 is still a

Markov boundary after adding ε-noise. Assume in the new distribution, there is another Markov

boundary, then it contains a variable with ε-noise: Zε
i . Denote this Markov boundary by {Zε

i }∪S1.

Therefore, CMI(Zε
i , Y | S1) > 0. However, from Lemma 4.3, this implies CMI(Zε

i , Y | S1) <

CMI(Zi, Y | S1), namely MI({Zε
i } ∪ S1, Y ) < MI({Zi} ∪ S1, Y ). But MI({Zε

i } ∪ S1, Y ) =

MI(Sε, Y ) = MI(S, Y ) ≥ MI({Zi} ∪ S1, Y ), which is a contradiction.
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Proof of Theorem 4.2. Lemma 4.4 shows that if X ∈ M0, X /∈ M1, then we can add ε-noise on

S \M0, such thatM0 is the only Markov boundary. Therefore, in the perturbed distribution, the

strength of X → Y is at least CMI(X, Y | M0 \ {X}), required by criterion C2. Let ε → 0, the

joint distribution converges to the original joint distribution, and the continuous criterion C3 shows

that the strength of X → Y in the original distribution is also no less than CMI(X, Y | M0 \{X}).

Similarly, we can add ε-noise on S \M1, such thatM1 is the only Markov boundary. Therefore,

in the perturbed distribution, the strength of X → Y is 0, required by criterion C1. When we let

ε→ 0, criterion C3 requires that the strength of X → Y in the original distribution is also 0. This

is the contradiction we need to finish the proof of Theorem 4.2.

In Theorem 4.2, we assume there is no extra knowledge of the causal directed acyclic graph. If

we know partial or full causal directed acyclic graph, then we know some variables do not cause

the response variable Y directly. After discarding these variables, we have similar results.

Theorem 4.3. Assume we have partial or full knowledge of the causal directed acyclic graph.

Discard all variables that have been known not causing Y directly. For the remaining variables,

namely all the possible parents of Y , assume X is contained in some Markov boundary, but not all

Markov boundaries. Then we cannot define the strength of X → Y satisfying criteria C0, C1, C2

and C3.

The proof is the same with Theorem 4.2. The reason of discarding variables that do not cause

Y directly is to guarantee the joint distribution with ε-noise is consistent with the causal directed

acyclic graph. Also it is required by criterion C0. Consider an example with causal directed acyclic

graph Z → X → Y , where X = Z. Here Z does not cause Y directly. If we do not discard Z,

then there are two Markov boundaries for Y : {X} and {Z}. However, in this case the strength

of X → Y is well-defined. If we try to utilize the proof of Theorem 4.2, in one step we need to

perturb the joint distribution by adding ε-noise on X . Then we have CMI(Z, Y | Xε) > 0, but the

causal directed acyclic graph requires Z |= Y | Xε. Therefore adding ε-noise on X is prohibited,

and the proof is invalid.
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In sum, when there are multiple Markov boundaries, quantifying the causal effect is an ill-posed

problem. We can only qualitatively describe the causal relationship. That is why the uniqueness of

Markov boundary is important.

4.4 Algorithms for testing the uniqueness of Markov boundary

4.4.1 An assumption-free algorithm

We have seen that when Markov boundary is not unique, causal quantities are problematic. The

next question is to determine the condition under which Markov boundary is unique.

Our first algorithm is based on the following necessary and sufficient condition for the unique-

ness of Markov boundary.

Definition 4.7 (Essential variable). A variable W ∈ S is called an essential variable with respect

to Y , if CMI(Y,S | S \ {W}) > 0. It means that W itself contains some irreplaceable information

of Y . Denote the set of all essential variables by E .

Lemma 4.5. E is the intersection of all Markov boundaries of Y within S.

Proof. Assume there exists a Markov boundaryM such that W ∈ E , W /∈ M. Since CMI(Y,S |

M) = CMI(Y,S | S) = 0, we also have CMI(Y,S | S \ {W}) = 0 (Proposition 4.1), which is a

contradiction.

If W /∈ E , then CMI(Y,S | S \ {W}) = 0, S \ {W} is a Markov blanket, which means it

contains a Markov boundary. This Markov boundary does not contain W .

Theorem 4.4. The Markov boundary of Y is unique if and only if CMI(Y,S | E) = 0. In this case,

the unique Markov boundary is E .

Proof. If Markov boundary is unique, then E is just the Markov boundary, therefore CMI(Y,S |

E) = 0.

If CMI(Y,S | E) = 0, then E is a Markov blanket, which means it should contain a Markov

boundary. But E should be contained in every Markov boundary, therefore E itself is a Markov
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boundary. E as a Markov boundary cannot be a proper subset of another Markov boundary, thus

the only Markov boundary is E .

Theorem 4.4 is the foundation of Algorithm 1. We construct E by checking whether CMI(Y,S |

S \ {W}) > 0 for each W , then check whether Y |= S | E .

Algorithm 1: An assumption-free algorithm for determining the uniqueness of Markov boundary

(1) Input
Observations of S = {X1, . . . , Xk} and Y

(2) Set E = ∅
(3) For i = 1, . . . , k,

Test whether Xi |= Y | S \ {Xi}
If Xi 6⊥⊥ Y | S \ {Xi}

E = E ∪ {Xi}
(4) If Y |= S | E

output: Y has a unique Markov boundary
Else

output: Y has multiple Markov boundaries

To perform the condition independence tests in Algorithm 1, one may use G-test [100] or

Pearson’s χ2-test if variables in S are discrete. For continuous variables, we can use KCI-test

[164], maximal nonlinear conditional correlation [65] or a weighted Hellinger distance based test

[146].

The conditional independence relationship test in Algorithm 1 concerns all observed variables,

so that Algorithm 1 may be highly data inefficient [116] in that to achieve a satisfactory accuracy,

it needs a large amount of observations. We now consider algorithms with better data efficiency.

4.4.2 Algorithm for producing a single Markov boundary

Alternatives for detecting the uniqueness of Markov boundaries usually depend on an algorithm

that generates one Markov boundary. Therefore we first consider such algorithms.
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There are many algorithms to produce Markov boundary, such as IAMB [149], KIAMB [116],

Semi-Interleaved HITON-PC [1]. There is a summary of different algorithms in [145].

Remark 4.3. There are also other approaches for finding Markov boundaries, such as MBOR [24],

BLCD [92], PCMB [116] and GLL-PC [1]. However, these algorithms require faithfulness of the

observed data distribution so that they cannot be used to detect uniqueness of Markov boundary.

IAMB and KIAMB can produce one Markov boundary if the distribution has composition

property. KIAMB has a parameter 0 ≤ K ≤ 1. When K = 1, it coincides with IAMB. When

K < 1, it is stochastic. When K = 0, every Markov boundary has a positive probability to be

produced in one execution. When K < 1, if there are multiple Markov boundaries, then at least

two of them have positive probabilities to be produced in one execution [116].

Semi-Interleaved HITON-PC requires that there exists a Markov boundary whose members are

all dependent and conditional dependent with the response variable, unless some variables have

exact the same information [1, 145]. Under this condition, multiple Markov boundaries is also

possible.

According to [116], KIAMB outperforms IAMB considerably often. The complexity of Semi-

Interleaved HITON-PC grows exponentially with the size of the Markov boundary, therefore it is

much slower than KIAMB [145]. Thus we utilize KIAMB in the implementation of Algorithm 3

below, where a general Markov boundary producing algorithm is needed.

The validity of all these algorithms relies on extra assumptions. Instead, we propose an assumption-

free algorithm to produce one Markov boundary.

Here the ∆ is a measure of association level of two random variables. In this paper we choose

the negative p-value of the conditional independence test as the association level.

Proof of correctness of Algorithm 2. Obviously the outputM is a Markov blanket. In the last step,

we have checked thatX0 6⊥⊥ Y | M\{X0}. ForXi ∈M, since ∆(Xi, Y | M\{Xi}) ≥ ∆(X0, Y |

M \ {X0}), we also have Xi 6⊥⊥ Y | M \ {Xi}. Therefore the output of Algorithm 2 is a Markov

boundary.
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Algorithm 2: An assumption-free algorithm for producing one Markov boundary

(1) Input
Observations of S = {X1, . . . , Xk} and Y

(2) SetM0 = S
(3) Repeat

Set X0 = arg minX∈M0 ∆(X, Y | M0 \ {Xi})
If X0 |= Y | M0 \ {X0}

SetM0 =M0 \ {X0}
Until X0 6⊥⊥ Y | M0 \ {X0}

(4) OutputM0 is a Markov boundary

In Algorithm 2, there are some conditional independence tests which concern all or almost all

variables, which is data inefficient. This is the price we pay for requiring no condition. As a result,

these tests may have lower power detecting conditional dependencies. Therefore, we need to avoid

executing such tests on almost all variables if the true result is not independent. Our solution is to

feed these tests the variables with the least association levels, namely with the highest possibilities

to be independent, so as to reduce the error rate.

4.4.3 Data efficient algorithms

TIE* is an algorithm to produce all Markov boundaries [145], which needs to utilize another al-

gorithm which can correctly produce one Markov boundary (for example KIAMB). To test the

uniqueness of Markov boundary, we can execute TIE* until it produces two Markov boundaries,

or it terminates with the unique Markov boundary. This is Algorithm 3.

Proof of correctness of Algorithm 3. Markov boundary is not unique if and only if there exists

variable Xi ∈ M0 which is not essential, namely MI(Y,S \ {Xi}) = MI(Y,S). Since MI(Y,S \

{Xi}) = MI(Y,Mi) and MI(Y,M0) = MI(Y,S), it is equivalent to MI(Y,Mi) = MI(Y,M0),

namely CMI(Y,M0 | Mi) = 0.

Specifically, in Algorithm 3, if we set Ω to be Algorithm 2, then we acquire an assumption free

algorithm to test the uniqueness of Markov boundnary, which is denoted as Algorithm 3-AF (AF
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Algorithm 3: A general algorithm for determining the uniqueness of Markov boundary

(1) Input
Observations of S = {X1, . . . , Xk} and Y
Algorithm Ω which can correctly produce one Markov boundary

(2) SetM0 = {X1, . . . , Xm} to be the result of Algorithm Ω on S
(3) For i = 1, . . . ,m,

SetMi to be the result of Algorithm Ω on S | {Xi}
If Y |=M0 | Mi

Output Y has multiple Markov boundaries
Terminate

(4) Output Y has a unique Markov boundary

means assumption free). Algorithm 3 with Ω set as KIAMB is denoted as Algorithm 3-KI.

In Algorithm 3, we first produce one Markov boundaryM0 = {X1, X2, . . . , Xm}. Then for

each Xi ∈ M0, we produce a Markov boundary within S \ {Xi},Mi, and check ifMi, which is

supposed to contain all the information in S \ {Xi}, has the same information with S. In fact, for

Xi ∈M0, we can directly test whether Y |= Xi | S \ {Xi}. This is Algorithm 4.

Algorithm 4: An assumption-free algorithm for determining the uniqueness of Markov boundary

(1) Input
Observations of S = {X1, . . . , Xk} and Y

(2) SetM0 = {X1, . . . , Xm} to be the result of Algorithm 2 on S
(3) For i = 1, . . . ,m,

If Y |= Xi | S \ {Xi}
If Xi 6⊥⊥ Y | S \ {Xi}

Output Y has multiple Markov boundaries
Terminate

(4) Output Y has a unique Markov boundary

Proof of correctness of Algorithm 4. For a Markov boundaryM0, it is the unique Markov bound-

ary if and only if it coincides with E . Therefore, we only need to check whether there exists a

variable Xi ∈M0 which is not essential, namely CMI(Y,Xi | S,M\ {Xi}) = 0.
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4.5 Simulation results and analysis

4.5.1 Simulation setup

We compare the performances of different algorithms for testing the uniqueness of Markov bound-

ary on randomly generated data, and then conduct some theoretical analyses. We implement Algo-

rithm 1, Algorithm 3 with Ω set as KIAMB (denoted as Algorithm 3-KI), Algorithm 3 with Ω set

as Algorithm 2 (denoted as Algorithm 3-AF) and Algorithm 4. We use R 3.3.2 and an R package

“infotheo” by P. E. Meyer. The significance level α is set to 0.05. In KIAMB, the parameter K is

set as 0.8, which is adopted in [116, 145]. We generate various random data with different mecha-

nisms, and count the frequency of success for each algorithm. Since all algorithms are theoretically

correct if the needed assumptions are satisfied, when the number of observations is large enough,

these algorithms can almost always produce correct results. To evaluate these algorithms, we need

to consider dataset with limited number of observations. We will also consider a case where the

needed assumption of KIAMB is violated. In each case, we run each algorithm 500 times for each

number of observations.

In all simulations, we consider 1 response variable Y and 10 possible parents of Y , S =

{X1, . . . , X10}. All variables are Bernoulli with mean 0.5.

We consider three cases with different mechanisms. In each case, we execute all algorithms

with multiple numbers of observations: 300, 500, 800, 1000, 1500, 2000, 3000, 4000, 5000, 6000,

7000, 10000, 12000, 14000, 17000, 20000, 23000.

Case A, X1, . . . , X10 are independent. Y = X1 with probability 0.8, Y = X2 with proba-

bility 0.1, Y = X3 with probability 0.1. There is unique Markov boundary: {X1, X2, X3}. The

composition property is satisfied.

Case B, X1, X2, X4, X5, . . . , X10 are independent. X3 = X4. Y = X1 with probability 0.8,

Y = X4 with probability 0.1, Y = X5 with probability 0.1. There are multiple Markov boundaries:

{X1, X3/X4, X5}. The composition property is satisfied.

Case C, define Z = X1 + X2 mod 2. X1, . . . , X8 are independent. Y = Z with probability

0.8, Y = X3 with probability 0.1, Y = X4 with probability 0.1. X9 = Z with probability 0.95,
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X9 = 1−Z with probability 0.05. X10 = X9. There is unique Markov boundary {X1, X2, X3, X4}.

We have X1 |= Y | (X3, . . . , X10), X2 |= Y | (X3, . . . , X10), but (X1, X2) 6⊥⊥ Y | (X3, . . . , X10),

therefore the composition property, which is required by KIAMB, is violated. Theoretically, in

this case, Algorithm 3-KI cannot recognize the information of X1 and X2, and will claim there are

multiple Markov boundaries: {X3, X4, X9/X10}. Even if we increase the number of observations,

Algorithm 3-KI still cannot provide correct results.

4.5.2 Simulation results and analysis

See Figures 4.2,4.3,4.4 for success rates and average time costs per execution of different algo-

rithms in Cases A, B, C.

Figure 4.2: Success rates and average time costs per execution (in seconds) of Algorithms 1 (red
circle), 3-KI (green ‘x’), 3-AF (blue ‘+’), 4 (black diamond) with different numbers of observations
in Case A. Number of observations and time costs are in logarithm.

See Tables 4.1, 4.2, 4.3 for detailed performances of different algorithms in different cases.

In all situations, The time costs are ascending for Algorithm 1, 4, 3-KI, 3-AF. Time cost in-

creases with the number of observations. Compared to Algorithm 1 and 4, Algorithm 3-AF and

3-KI calculates much more CMI, which significantly increases its time cost. Besides, when we
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Table 4.1: Success rates and time costs (in seconds) of Algorithms 1, 3-KI, 3-AF, 4 in Case A

Number of
observations

Success rate Time cost (s)
Alg 1 Alg 3-KI Alg 3-AF Alg 4 Alg 1 Alg 3-KI Alg 3-AF Alg 4

300 1 0.99 0.98 0 0.0434 0.129 0.3756 0.1684
500 1 1 0.976 0 0.0496 0.3368 0.6006 0.1954
800 1 1 0.99 0 0.0588 0.4542 0.7302 0.2338
1000 0.398 1 0.978 0 0.0688 0.4808 0.7944 0.2636
1500 1 1 0.998 0 0.0866 0.645 1.0636 0.327
2000 1 1 1 0 0.1094 0.8754 1.4664 0.486
3000 1 1 1 0 0.1932 1.6968 2.6992 0.6946
4000 0.992 1 1 0 0.2046 2.0004 2.8158 0.867
5000 0.35 1 1 0 0.2152 2.2218 3.4218 0.9474
6000 0.032 1 1 0.006 0.298 2.4618 3.575 1.0806
7000 0.432 1 1 0.168 0.2896 2.5534 3.9036 1.1618
10000 1 1 1 0.998 0.3778 3.5292 5.256 1.5946
12000 1 1 1 1 0.434 4.263 6.1956 1.8626
14000 1 1 1 0.998 0.503 4.7278 6.971 2.1094
17000 1 1 1 0.998 0.6408 6.84 9.467 2.8498
20000 1 1 1 0.998 0.742 7.3668 10.4418 3.1482
23000 1 1 1 0.998 0.8768 8.7754 12.2506 3.6182



88

Table 4.2: Success rates and time costs (in seconds) of Algorithms 1, 3-KI, 3-AF, 4 in Case B

Number of
observations

Success rate Time cost (s)
Alg 1 Alg 3-KI Alg 3-AF Alg 4 Alg 1 Alg 3-KI Alg 3-AF Alg 4

300 0 0.258 0.232 1 0.0358 0.1662 0.3986 0.1656
500 0 0.714 0.682 1 0.045 0.2358 0.4932 0.1922
800 0 0.99 0.952 0.996 0.0566 0.3542 0.5904 0.2278
1000 0 0.998 0.978 0.998 0.0612 0.3844 0.6624 0.254
1500 0 1 0.998 1 0.0758 0.5296 0.812 0.3148
2000 0 1 1 1 0.0942 0.6768 1.0474 0.409
3000 0 1 1 1 0.1238 1.0706 1.3846 0.5328
4000 0 1 1 1 0.162 1.341 1.8696 0.7224
5000 0 1 1 1 0.1862 1.5834 2.214 0.8606
6000 0 1 1 1 0.2204 1.8316 2.547 0.9752
7000 0 1 1 1 0.237 2.0884 2.889 1.103
10000 0.258 1 1 1 0.3756 3.576 4.655 1.741
12000 0.022 1 1 1 0.4504 3.8158 4.9024 1.8228
14000 0.012 1 1 1 0.4702 3.9478 5.5814 2.0734
17000 0.662 1 1 1 0.6304 5.982 7.8514 2.907
20000 1 1 1 1 0.7302 6.6294 8.3958 3.3172
23000 1 1 1 1 0.804 6.8026 9.036 3.4956
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Table 4.3: Success rates and time costs (in seconds) of Algorithms 1, 3-KI, 3-AF, 4 in Case C

Number of
observations

Success rate Time cost (s)
Alg 1 Alg 3-KI Alg 3-AF Alg 4 Alg 1 Alg 3-KI Alg 3-AF Alg 4

300 1 0.006 0.9 0 0.033 0.1394 0.4388 0.1628
500 1 0.002 0.98 0 0.046 0.238 0.6228 0.1768
800 1 0.006 0.996 0 0.0514 0.2712 0.8648 0.209
1000 1 0.002 1 0 0.056 0.441 0.9822 0.2298
1500 0 0.004 1 0 0.0692 0.7014 1.2396 0.2872
2000 0 0.006 1 0 0.0876 0.9118 1.5828 0.3682
3000 0.172 0.004 1 0 0.124 1.3462 2.1356 0.4936
4000 0.998 0.002 1 0 0.1642 1.6796 2.8578 0.6868
5000 1 0.004 1 0 0.1876 2.038 3.3824 0.7672
6000 1 0.002 1 0 0.2092 2.3474 3.8966 0.8992
7000 1 0.004 1 0 0.2478 2.6932 4.4848 1.0098
10000 0.968 0.006 1 0.004 0.3514 4.1476 6.1496 1.4352
12000 0.998 0.002 1 0.794 0.3806 4.3554 6.9754 1.7346
14000 1 0.002 1 1 0.4616 5.4454 8.1958 1.9872
17000 1 0.002 1 1 0.6096 7.6286 11.4054 2.677
20000 1 0.002 1 1 0.7244 8.4308 12.7722 3.0216
23000 1 0.002 1 1 0.864 10.2032 15.0404 3.6288
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Figure 4.3: Success rates and average time costs per execution (in seconds) of Algorithms 1 (red
circle), 3-KI (green ‘x’), 3-AF (blue ‘+’), 4 (black diamond) with different numbers of observations
in Case B. Number of observations and time costs are in logarithm.

execute multiple tests, we might need to make false discover rate adjustment [14], but in most

algorithms, the number of tests cannot be predicted, which might be problematic.

For success rate, Algorithm 3-AF is always satisfactory. Algorithm 3-KI performs slightly

better than Algorithm 3-AF if the composition property is satisfied (Case A, Case B), but performs

disastrously if the composition property is violated (Case C). In Case C, Algorithm 3-KI still has a

very small probability to produce correct answer, since it is stochastic. Algorithm 1 tends to claim

that Markov boundary is unique, while Algorithm 4 tends to claim that Markov boundary is not

unique, regardless of whether the Markov boundary is unique or not.

In the last step of Algorithm 1, Y |= S | E means Markov boundary is unique, while in the last

step of Algorithm 4, Y |= Xi | S\{Xi}means Markov boundary is not unique. For such tests which

concern all variables, when the number of observations is not large enough, they cannot reject the

conditional independence hypothesis, even if variables are dependent. Therefore, Algorithm 1

tends to claim Markov boundary is unique (false negative), Algorithm 4 tends to claim Markov

boundary is not unique (false positive), whether Markov boundary is really unique or not. In

Algorithm 3-AF, generally the last step test does not concern many variables. Although in the first
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Figure 4.4: Success rates and average time costs per execution (in seconds) of Algorithms 1 (red
circle), 3-KI (green ‘x’), 3-AF (blue ‘+’), 4 (black diamond) with different numbers of observations
in Case C. Number of observations and time costs are in logarithm.

few steps some tests concern almost all variables, these tests do not directly determine the output,

and we have argued that our implementation can significantly lower the error rate. In Algorithm

3-KI, generally there is no test with many variables. This explains why Algorithm 3-KI is slightly

better than Algorithm 3-AF under composition property, and why on average Algorithm 3-AF and

3-KI are better than Algorithm 1 and 4.

Wrong conditional independence tests are necessary but not sufficient for wrong final result

(except Algorithm 3-KI in Case C). In some cases, we can see that when we increase the number

of observations, the success rate of an algorithm might first decrease and then increase. The reason

is that, the success rate of each test is positively related to the number of observations, but the

success rate of the whole algorithm has complicated relationship with wrong tests. Initially this

algorithm has several tests with wrong results, but these wrong tests happen to make the correct

output. When we increase the number of observations, some of these tests become correct, but

the remaining wrong tests lead to wrong output. Finally when the number of observations is large

enough, all tests are correct, and the output is correct.

On average, Algorithm 3-KI performs the best when the composition property is satisfied.
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However, if we set Ω to be any algorithm which requires additional assumption, such as KIAMB,

we need to guarantee that theoretically algorithm Ω produces a correct Markov boundary in each

execution, otherwise Algorithm 3 might produce wrong results, just like Case C. To make sure

algorithm Ω can produce correct result, we can prove the distribution satisfies the condition re-

quired by algorithm Ω. However, generally such verification process is slower and less efficient

than Algorithm 1, 4 or 3-AF. If we do not verify the requirement of algorithm Ω, then we need to

verify the result of Ω is a Markov boundary after each execution. If the Markov boundary produced

by Ω is fake, then we need to apply Algorithm 2 to produce a correct Markov boundary, which is

cumbersome.

In sum, if we know that the condition required by Ω is satisfied with no or very small cost,

then utilizing Ω in Algorithm 3 is better. Otherwise, Algorithm 3-AF is better. Also, we can

directly utilize Ω in Algorithm 3, to obtain a less reliable result. Since multiple Markov boundaries

are problematic, we prefer false positive (regard unique as non-unique) rather than false negative

(regard non-unique as unique). In this sense, Algorithm 4 has the lowest false negative rate. If time

cost is much more concerned than accuracy, then Algorithm 1 is preferred.

As expected, all these algorithms are faster than executing full TIE* algorithm.
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4.6 Appendix

4.6.1 Review of causal quantities

Assume we have several random variables X, Y, Z, · · · , and there exist causal relationships be-

tween variables. Regard variables as vertices, and regard the causal relationship “X directly causes

Y ” as directed edge X → Y . Then we have a directed acyclic graph (DAG) [144]. The question

is, with or without prior knowledge of the DAG, how to quantitatively describe the strength of

causality between two variables X and Y (no direction). If we have known that there is no causal

relationship Y → X , then this quantity describes the strength of causality from X to Y .

We will define causal quantities on discrete random variables. Most of them can be generalized

to continuous random variables.

Quantities with no prior knowledge of DAG

Assume we only know the joint distribution of several random variables, and know nothing about

their causal relationships. All the quantities are symmetric with X and Y .

Correlation coefficient (ρ) Assume we only have two random variablesX and Y . The (Pearson)

correlation coefficient ρ is defined as

ρ(X, Y ) =
Cov(X, Y )√

Var(X)Var(Y )
=

E(XY )− E(X)E(Y )√
[E(X2)− (E(X))2][E(Y 2)− (E(Y ))2]

.

We have −1 ≤ ρ(X, Y ) ≤ 1. Notice that if X and Y are independent, then ρ(X, Y ) = 0, but

the inverse is not true. Correlation coefficient can only detect linear relationships.

Mutual information (MI) Assume we only have two random variables X and Y . The mutual

information MI is defined as [21]

MI(X, Y ) =
∑
y∈Y

∑
x∈X

P(x, y) log(
P(x, y)

P(x)P(y)
),
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where P(x, y) is the joint distribution ofX and Y , and P(x), P(y) are the marginal distributions.

This is just the Kullback-Leibler (KL) divergence of P(x, y) from P(x)P(y).

The (Shannon) entropy H of a random vector ~X is defined as

H( ~X) =
∑
~x∈ ~X

−P(~x) logP(~x).

The conditional entropy of ~Y conditioned on ~X is defined as

H(~Y | ~X) =
∑
~x∈ ~X

PH(~Y | ~X = ~x) = H(X, Y )− H(X).

Using entropy, we have an expression of MI:

MI(X, Y ) = H(X) + H(Y )− H(X, Y ) = H(Y )− H(Y |X).

MI(X, Y ) ≥ 0, and it equals 0 if and only if X and Y are independent.

We also have MI(X, Y ) ≤ min{H(X),H(Y )}.

If we have more variables, then ρ and MI, which only consider two variables, are not suitable.

For example, if the true causal relationship is X ← Z → Y , then we might have ρ(X, Y ) 6= 0 and

MI(X, Y ) > 0, but X and Y are not causal related.

Partial correlation (PC) Assume we have several random variables X, Y, Z1, · · · , Zk. The par-

tial correlation (PC) between X and Y conditioned on Z1, · · · , Zk is defined as [143]

PC(X, Y |Z1, · · · , Zk) = ρ(RX , RY ),

where RX (RY ) is the linear regression residual of X (Y) with Z1, · · · , Zk.

Still, PC can only detect linear relationships.
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Conditional mutual information (CMI) Assume we have several random variablesX, Y, Z1, · · · , Zk.

The Conditional Mutual information (CMI) between X and Y conditioned on Z1, · · · , Zk is de-

fined as [27]

CMI(X, Y |Z1, · · · , Zk) =
∑

x,y,z1,··· ,zk

P(x, y, z1, · · · , zk) log(
P(x, y|z1, · · · , zk)

P(x|z1, · · · , zk)P(y|z1, · · · , zk)
).

We also have

CMI(X, Y |Z1, · · · , Zk) = H(X,Z1, · · · , Zk)+H(Y, Z1, · · · , Zk)−H(Z1, · · · , Zk)−H(X, Y, Z1, · · · , Zk).

CMI(X, Y |Z1, · · · , Zk) ≥ 0, and it equals 0 if and only ifX and Y are independent conditioned

on Z1, · · · , Zk.

Notice that CMI(X, Y |Z) = H(X|Z)−H(X|Y, Z) ≤ H(X|Z) ≤ H(X), so CMI(X, Y |Z) ≤

min{H(X),H(Y )}.

There are several methods of estimating CMI from observation in [151, 133, 82, 23].

If the case is X → Z → Y , X ← Z ← Y or X ← Z → Y , then X and Y are independent

conditioned on Z, namely CMI(X, Y |Z) = 0. Thus there is no direct relation between X and Y .

However, when the case is X → Z ← Y , we can see that X and Y are independent, but they

are not necessarily independent conditioned on Z.

In this case, generally CMI(X, Y |Z) > 0, but X and Y are not directly related.

Part mutual information (PMI) Assume we have several random variables X, Y, Z1, · · · , Zk.

The Part Mutual information (PMI) between X and Y conditioned on Z1, · · · , Zk is defined as

[166]

PMI(X, Y |Z1, · · · , Zk) =
∑

x,y,z1,··· ,zk

P(x, y, z1, · · · , zk) log(
P(x, y|z1, · · · , zk)

P∗(x|z1, · · · , zk)P∗(y|z1, · · · , zk)
),
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where

P∗(x|z1, · · · , zk) =
∑
y

P(x|z1, · · · , zk, y)P(y),

P∗(y|z1, · · · , zk) =
∑
x

P(y|z1, · · · , zk, x)P(x).

We have

PMI(X, Y |Z1, · · · , Zk) =
∑

x,y,z1,··· ,zk

P(x, y, z1, · · · , zk) log
P(y|z1, · · · , zk, x)∑

x′ P(y|z1, · · · , zk, x′)P(x′)

+
∑

x,y,z1,··· ,zk

P(x, y, z1, · · · , zk) log
P(x|z1, · · · , zk, y)∑

y′ P(x|z1, · · · , zk, y′)P(y′)

−
∑

x,y,z1,··· ,zk

P(x, y, z1, · · · , zk) log(
P(x, y|z1, · · · , zk)

P(x|z1, · · · , zk)P(y|z1, · · · , zk)
).

The third term on the right hand side is just CMI(X, Y |Z1, · · · , Zk), which is non-negative. So

PMI(X, Y |Z1, · · · , Zk) ≤
∑

x,y,z1,··· ,zk

P(x, y, z1, · · · , zk) log
P(y|z1, · · · , zk, x)

P(y|z1, · · · , zk, x)p(x)

+
∑

x,y,z1,··· ,zk

P(x, y, z1, · · · , zk) log
P(x|z1, · · · , zk, y)

P(x|z1, · · · , zk, y)P(y)

=H(X) + H(Y ).

We also have PMI(X, Y |Z1, · · · , Zk) ≥ CMI(X, Y |Z1, · · · , Zk) ≥ 0 [166].

Quantities with partial prior knowledge of DAG

Assume we know the joint distribution of several random variables, and also have partial informa-

tion about the causal DAG. Here we only consider the most common case: we have time orders

of these variables (generally as time series). So if X is prior to Y in time, then there is no causal

arrow Y → X .

Assume we have several stationary time series {X(k)}, {Y (k)}, {Z(k)}, · · · , where k =

· · · ,−1, 0, 1, 2, · · · . We want to detect the relationships between the present of one series, like
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X(n), and its causes. Here we only need to consider the past of all these series, {· · · , X(n −

2), X(n − 1)}, {· · · , Y (n − 2), Y (n − 1)}, {· · · , Z(n − 2), Z(n − 1)}. Methods mentioned in

this subsection regard the past of a time series, like {· · · , Y (n− 2), Y (n− 1)}, as a single random

vector, not as separated random variables.

Conditional Granger causality (CGC) We conduct linear regression of X(n) with the past of

X,Z, and X(n) with the past of X, Y, Z:

X(n) =
∞∑
i=1

a1iX(n− i) +
∞∑
i=1

c1iZ(n− i) +R1n,

X(n) =
∞∑
i=1

a2iX(n− i) +
∞∑
i=1

b2iY (n− i) +
∞∑
i=1

c2iZ(n− i) +R2n,

where R1n, R2n are the regression residuals.

The Conditional Granger causality (GC) from Y to X conditioned on Z is defined as [47]

CGC(Y → X) = log
Var(R1n)

Var(R2n)
≥ 0.

CGC can only detect linear relationships.

If we only consider X(k) and Y (k), then it is the original Granger causality (GC) [54].

Conditional transfer entropy (CTE) The conditional transfer entropy (CTE) from Y to X con-

ditioned on Z is defined as [135, 73, 40]

CTE(Y → X|Z) =
∑

P(X(n), X
(k)
n−1, Y

(l)
n−1, Z

(m)
n−1) log

P(X(n)|X(k)
n−1, Y

(l)
n−1, Z

(m)
n−1)

P(X(n)|X(k)
n−1, Z

(m)
n−1)

,

whereX(k)
n−1 = (X(n−k), X(n−k+1), · · · , X(n−1)), Y (l)

n−1 = (Y (n−l), Y (n−l+1), · · · , Y (n−

1)), Z(m)
n−1 = (Z(n−m), Z(n−m+ 1), · · · , Z(n− 1)). Here k, l,m are the lengths of history we

consider. We can see that CTE is just the CMI of the present of X and the past of Y , conditioned
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on the past of X and Z [108]:

CTE(Y → X|Z) = CMI(X(n), Y
(l)
n−1|X

(k)
n−1, Z

(m)
n−1).

We have CTE(Y → X|Z) ≤ H(X(n)).

If we only consider X(k) and Y (k), then it is the original transfer entropy (TE) [135].

Quantities with full prior knowledge of DAG

Assume we know the joint distribution of several random variables, and also the full causal DAG.

Here the joint distribution and the DAG are compatible (satisfy the Causal Markov Condition) [68].

The question is to determine the strength of a given causal arrow.

We should only utilize the information of the direct causes of the target variable.

Causal strength (CS) Assume that X,Z1, · · · , Zk are all the vertices (variables) which point to

(directly cause) Y , namely there exists arrows from X,Z1, · · · , Zk to Y . Then the causal strength

of arrow X → Y is defined as

CS(X → Y |Z1, · · · , Zk) =
∑

x,y,z1,··· ,zk

P(x, y, z1, · · · , zk) log
P(y|z1, · · · , zk, x)∑

x′ P(y|z1, · · · , zk, x′)P(x′)
.

We have 0 ≤ CMI(X, Y |Z1, · · · , Zk) ≤ CS(X → Y |Z1, · · · , Zk) ≤ H(X).

We also have PMI(X, Y |Z1, · · · , Zk) ≥ CS(X → Y |Z1, · · · , Zk) [166].

4.6.2 Continuity and performance on highly correlated variables of causal quantities

In this subsection, we will check the performance of different causal quantities on highly correlated

variables. Also, we will check the (uniform) continuity since it determines whether computing such

quantities is well-conditioned.

Assume all the variables like X, Y, Z can take at most k values. Then the joint distribution of

X, Y, Z is a non-negative vector with length k3 and sum 1. We use the total variation distance. For
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two distributions P1 and P2, it is defined as

d(P1,P2) =
1

2

∑
x

|P1(x)− P2(x)|.

Linear quantities

The case of highly correlated variables is called multicollinearity (or collinearity) in multiple re-

gression [51].

Correlation coefficient In the definition of correlation coefficient (ρ), covariance and variance

are continuous functions of the joint distribution. So the only possible case of discontinuity is that

at least variance equals zero.

If both variance are zero, then ρ is not continuous. Let X = 0 with probability 1− 2ε, X = 1

and X = −1 with probability ε. When Y = X , ρ(X, Y ) = 1, and when Y = −X , ρ(X, Y ) = −1,

as long as ε > 0. However, when ε → 0, both joint distributions converge to X = Y = 0

with probability 1. So when Var(X) = Var(Y ) = 0, we cannot give a value to ρ(X, Y ) to make

it continuous. Also, near this case, ρ(X, Y ) is not uniformly continuous, so an arbitrarily small

perturbation might change ρ significantly.

If only one variance is zero, we can prove that ρ(X, Y ) = 0 and it is continuous. See Appendix

A for proof.

We can see that when Var(X) > 0, and Y = nX , then ρ(X, Y ) = 1, 0,−1 when n > 0, n = 0,

n < 0. When Var(X) = 0, Y = nX , ρ is not well-defined.

Partial correlation The joint distribution of the residuals from the linear regression is contin-

uous with the original joint distribution. The problem appears when we calculate the correlation

coefficient of the residuals.

If X = aZ + b, Y = cZ + d, then both residuals have variance 0. In this case, correlation

coefficient is not continuous, so PC is also not continuous. This is the only ill-defined case.

If only one variable of X, Y is linearly related to Z, then the variance of one residual is 0, but
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the other is not. In this case, the PC is 0.

(Conditional) Granger causality Still, the residuals of linear regressions are continuous with

the joint distribution. The only problem is when Var(R2n) = 0. If Var(R1n) > 0, then under

a small perturbation, Var(R2n) = 0 will change significantly (compared to its own magnitude),

and the calculated GC will change significantly, but will always be quite large. So in this case,

calculating the exact value of GC is ill-conditioned, but since it is always large, sometimes it is

enough.

The real problematic case is Var(R1n) = Var(R2n) = 0. Under a small perturbation, these two

variances will still be very small, but their ratio might take any positive values larger than 1. So in

this case, the calculated GC can take value in [0,+∞).

In sum, if only Var(R2n) is almost 0, the exact value is not reliable, but the statement “GC is

large” is reliable. If both variances are almost 0, then GC is not reliable at all.

Mutual information based quantities

Mutual information Recall that the entropy is defined as H(X) =
∑

x−P(x) logP(x). For

function f(p) = −p log p, if we define f(0) = 0, then it is uniformly continuous on p ∈ [0, 1].

Mutual information of X and Y is MI(X, Y ) = H(X) + H(Y )−H(X, Y ), so it is a uniformly

continuous function of the joint distribution. Thus there is no ill-posed case, and any small pertur-

bation on the joint distribution will only produce small change of MI. We can always reduce the

output error to a given level by increasing the accuracy of input to a pre-determined level.

When X = Y , H(X, Y ) = H(X) = H(Y ), so MI(X, Y ) = H(X) = H(Y ).

Conditional mutual information We have CMI(X, Y |Z) = H(X,Z) + H(Y, Z) − H(Z) −

H(X, Y, Z). So it is also a uniformly continuous function of the joint distribution.

Another expression is CMI(X, Y |Z) = H(X|Z)−H(X|Y, Z), namely, under the condition of

Z, how much extra information of X does Y contain. So if Y (or X) and Z are highly correlated,

CMI is almost 0.
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(Conditional) Transfer entropy Transfer entropy and conditional transfer entropy are essen-

tially CMI. Therefore they are uniformly continuous with the joint distribution.

If Y (l)
n−1 is highly correlated withX(k)

n−1 or Z(m)
n−1, then CTE(Y → X|Z) is almost zero. Similarly,

if Y (l)
n−1 is highly correlated with X(k)

n−1, then TE(Y → X) is almost zero.

Remark 4.4. For joint normal distributions, ρ and MI are equivalent, PC and CMI are equiv-

alent, (C)GC and (C)TE are equivalent [11]. Here equivalent means the two quantities have a

deterministic relation.

Causal strength and part mutual information

The continuity and performance on highly correlated variables of CS and PMI have been discussed

in previous sections. Here we consider another example: X and Z can take 1, 2, · · · , n, Y can take

0 or 1. If x = z, then P(X = x, Y = 0, Z = z) = 1/n − nε − (n − 1)δ, P(X = x, Y = 1, Z =

z) = ε. If x 6= z, then P(X = x, Y = 0, Z = z) = δ, P(X = x, Y = 1, Z = z) = ε.

If we let ε→ 0, δ → 0, then

PMI(X, Y |Z) = CS(X → Y |Z)→ log
n

1 + (n− 1) δ
δ+ε

.

By changing the value of δ/ε, PMI(X, Y |Z) and CS(X → Y |Z) can take any value between

0 and log n. However, the total information of Y , H(Y ) → 0. Any quantity that has the name

“mutual information” should be the information that is shared by X and Y in some sense, so

H(Y ), the total information of Y , should be a natural upper bound. Even if we divide PMI by a

constant, it might still exceed H(Y ). So we think part mutual information is not a proper name.

Also, we should ask, when Y is almost a constant, is it reasonable to assign a large value to the

strength of causal relationship X → Y ?

Consider another example with joint distribution in Table 4.4. Let ε → 0, δ → 0, ε/δ → 0,

then PMI(X, Y |Z) → 2 log 2. However, H(X, Y, Z) = H(X) = H(Y ) = log 2. So we even do

not have PMI(X, Y |Z) ≤ H(X, Y, Z).
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Table 4.4: Joint distribution in subsection 4.6.2

Z = 0 Z = 1

X = 0
Y = 0 (1− ε)(1− δ)/2 δ(1− ε)/2
Y = 1 ε(1− δ)/2 εδ/2

X = 1
Y = 0 εδ/2 ε(1− δ)/2
Y = 1 δ(1− ε)/2 (1− ε)(1− δ)/2

Summary of causal quantities

We summarize the mentioned causal quantities in Table 4.5.

For those quantities with variables as input (ρ, PC, MI, CMI, PMI, CS), X, Y, Z are random

variables. For those quantities with time series as input (GC, CGC, TE, CTE),X = {X(1), · · · , X(n−

1)}, Y = Y (n), Z = {Y (1), · · · , Y (n− 1)}, W = {Z(1), · · · , Z(n− 1)}.

Some quantities can only detect linear relationships (ρ, PC, GC, CGC). Although they might

have nonlinear versions [56], they still can only detect relationships specified by a given model.

Such quantities are not model-free. However, since they rely on pre-selected models, they need

less data to calculate. Other model-free quantities can detect any relationships, but they need more

data to calculate.

When some variables are the same or nearly the same, some quantities are ill-defined or ill-

conditioned. Some other quantities have values 0 or nearly 0. We will specify which cases they

are.
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Table 4.5: Summary of Causal Quantities

Input DAG
Model
Free

Lower
Bound

Upper
Bound Ill-defined Equals 0

Correlation
Coefficient
ρ(X, Y )

Two
Variables No No -1 1

X = Y
=const

Partial
Correlation
PC(X, Y |Z)

Multiple
Variables No No -1 1 X = Y = Z

X = Z
Y = Z

Granger
Causality

GC(X → Y |Z)

Two
Time Series Partial No 0 +∞ Y = Z X = Z

Conditional
Granger

Causality
CGC

(X → Y |Z,W )

Multiple
Time Series Partial No 0 +∞ Y = Z X = Z

Mutual
Information
MI(X, Y )

Two
Variables No Yes 0

min
{H(X),
H(Y )}

Conditional
Mutual

Information
CMI(X, Y |Z)

Multiple
Variables No Yes 0

min
{H(X),
H(Y )}

X = Z
Y = Z

Transfer
Entropy

TE(X → Y |Z)

Two
Time Series Partial Yes 0

min
{H(X),
H(Y )}

X = Z
Y = Z

Conditional
Transfer
Entropy
CTE

(X → Y |Z,W )

Multiple
Time Series Partial Yes 0

min
{H(X),
H(Y )}

X = Z
Y = Z

Part
Mutual

Information
PMI(X, Y |Z)

Multiple
Variables No Yes 0

H(X)
+H(Y )

X = Z
Y = Z

Causal
Strength

CS(X → Y |Z)

Multiple
Variables Full Yes 0 H(X) X = Z
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Chapter 5

ENTROPY PRODUCTIONS AND THEIR MATHEMATICAL
REPRESENTATIONS: CLAUSIUS’ VS. KELVIN’S VIEWS OF THE

SECOND LAW AND IRREVERSIBILITY

5.1 Introduction

There is a growing awareness toward a slow shifting in the foundation of the Second Law of Ther-

modynamics, from a macroscopic postulate concerning heat as a form of random mechanical mo-

tion [110] to a derivable mathematical discovery based on the stochastic dynamics of mesoscopic

systems [69, 137]. The first significant attempt in this direction was carried out by L. Boltzmann

through the equation that now bears his name and the H-theorem it derives. The theory is appli-

cable to gas dynamics; a fundamental assumption underlying the classic work is a stosszahlansatz

[55, 28]. Rigorous mathematical breakthrough on Boltzmann’s equation only became available

very recently [153]. In 1950s, Bergmann and Lebowitz set up a general stochastic theory for

closed as well as open mechanical systems that are consistent with Hamiltonian dynamics, and

easily obtained an H-theorem like result [16]. It becomes increasingly clear in recent years that a

stochastic description of the Nature is a very effective analytic tool from mathematics.

For dynamics that can be represented in terms of a Markov process, a rather coherent system of

mesoscopic theory of entropy productions has emerged. See [42, 150, 36, 165, 123] and references

cited within. More recently, when this theory is applied to general chemical reaction systems rep-

resented by stochastic kinetics of elementary reactions, a result that is consistent with and further

generalizes Gibbsian macroscopic chemical thermodynamics has been obtained, as a mathematical

limit by merely allowing the molecular numbers to be infinite [44, 45]. In particular it was able

to show, rigorously for the first time, that for each and every elementary, reversible reaction with

instantaneous forward and backward rates R+ and R−, the macroscopic entropy production rate is
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(R+ −R−) log(R+/R−) [132, 89, 13, 85].

In a Markov description of a driven system, irreversible kinetic cycles have been identified

as fundamental to entropy production [63, 71, 2, 126]. From the standpoint of an observer who

simultaneously follows the system’s internal stochastic dynamics as well as the external driving

mechanism, there is a dissipation associated with a “falling weight” [86], e.g., the work being done

by an external agent as a spontaneous process. There are two different perspectives that fittingly

echo the two fundamental statements of the Second Law of Thermodynamics, from Kelvin and

Planck and from Clausius respectively [119]:

“It is impossible to construct an engine which will work in a complete cycle, and

produce no effect except the raising of a weight and the cooling of a heat-reservoir.”

“Heat can never pass from a colder to a warmer body without some other change,

connected therewith, occurring at the same time.”

In the present paper, we shall show that in the setting of irreversible Markov processes, both with

finite state space and on a continuous n-torus with local potential, counting kinetic cycles consti-

tutes a lift of the Markov processes, respectively, into either an infinite-state Markov process or

diffusion on Rn. The lifted Markov process satisfies detailed balance; it has many different invari-

ant measures. However, it has one natural potential function and thus a corresponding Gibbsian

invariant measure. This “no-flux” Gibbs measure is non-normalizable; its unbounded potential

function provides a rigorous notion of an “internal energy” function ϕx. This is a new feature

of the present theory that is different from previous works that usually assume the existence of a

unique stationary probability measure as t→∞.

We shall show that, in the limit of t → ∞, the positive stationary entropy production rate in

the original Markov process is precisely the change in mean internal energy, E ≡ E[ϕ], of the free

energy dissipation Ḟ = Ė − Ṡ in the lifted system. The energetic part of the free energy grows

linearly with t; the entropic part of the free energy dissipation vanishes as t → ∞ in Cesàro’s

sense Ṡ ≡ S(t)/t → 0. Surprisingly, in rigorous mathematics, we have not been able to show the

stronger assertion that dS(t)/dt→ 0 in general except some very special cases.
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Our mathematical theory, therefore, rigorously establishes an equivalence between the two

famous statements concerning the Second Law of Thermodynamics: A cyclic view of dissipation

[63, 15] and a non-stationary view of irreversibility. In fact, there is a continuous surjective map

between the trajectories before and after the lifting: In the long-time behavior, the cycle completion

and entropy production in the former is precisely represented by the potential change in the latter.

Alternatively, dissipation in the former is due to indistinguishability of the locally equivalent states

in the latter.

The paper is structured as follows: In Sec. 5.2, we prove an embedding theorem that establishes

a minimal lift of a continuous time, finite state Markov chain to a detailed balance process with a

proper potential function. An equivalence between the path-dependent entropy production in the

former and the potential difference in the latter is provided. Then in Sec. 5.3, we prove the theorem

that, in the limit of t → ∞, equating the entropy production rate ēp(t) of the finite system with

the Cesàro limit of ep(t) from the lifted system. For lifted, detailed balance systems, ep(t) can be

expressed as −dF/dt where free energy F (t) = DKL
(
p(t), µ

)
is the relative entropy of p(t) with

respect to the Gibbs measure µ = e−ϕ. We show as t → ∞, F (t) = E(t) − S(t) has a linearly

decreasing E(t) and a sublinear S(t) controlled by log t. Therefore in the long time limit ēp equals

to −Ė.

Sec. 5.4 is a mathematical generalization of Sec. 5.3 to diffusion processes on n-torus and their

lifting to Rn. The paper concludes with Sec. 5.5.

5.2 The lifted Markov chain and its infinite state space

In this section, we study the lifting of a continuous time, finite state Markov chain. First, we need

some prerequisite in different fields.
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5.2.1 Prerequisites

Graph theory

Consider an undirected connected simple finite graph (V,E), where V is the vertices set, E is the

edges set. Simple means that there is at most one edge between two vertices, and there is no edge

which connects a vertex to itself.

Definition 5.1. A cycle in graph (V,E) is a sequence of distinct vertices (x0, x1, · · · , xk), where

there exists an edge connecting xi and xi+1 (i = 0, 1, · · · , k, regarding xk+1 as x0). Here we do not

distinguish between a cycle with its inverse or shift, such as (xk, xk−1, · · · , x0), (x1, x2, · · · , xk, x0).

Definition 5.2. A tree is a connected graph without cycle.

Definition 5.3. A subgraph of a graph (V,E) is called a spanning tree if it is a tree, and contains

all the vertices of (V,E). Any undirected connected simple finite graph has at least one spanning

tree.

Definition 5.4. The first Betti number of graph (V,E) is b(V,E) = |E| − |V |+ 1.

The following Lemma 5.1 combines Theorem 1.5.1 and Theorem 1.5.3 in [26].

Lemma 5.1. b(V,E) ≥ 0. b(V,E) = 0 if and only if (V,E) is a tree. b(V,E) = 1 if and only if

(V,E) contains exactly one cycle.

Lemma 5.2. For graph (V,E), we can find b(V,E) cycles c1, c2, · · · , cb(V,E), and each ci contains

an edge e∗i which is not contained in any cycle cj with j 6= i.

Proof. Consider a spanning tree (V,E ′) of (V,E). By Lemma 5.1, we know that |E| − |E ′| =

b(V,E). Consider an edge e∗i which is contained in (V,E) but not (V,E ′) (we have b(V,E) of

them). Adding each e∗i to (V,E ′) will let this spanning tree have first Betti number 1, which means

it forms exactly one cycle ci. Now we get the desired b(V,E) cycles. We call such edge e∗i as

“special edge”.
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Algebraic graph theory

The definitions and notations in this part are from [120].

Now consider a directed connected simple finite graph (V,E). The only difference is that now

each edge e is assigned an orientation. The inverse edge is denoted as−e. Define ∂ to be a |V |×|E|

matrix which describes the relationship between V and E. For v ∈ V , e ∈ E, ∂ve equals 1 if edge

e goes into vertex v, −1 if edge e comes out of vertex v, and 0 otherwise.

Definition 5.5. An algebraic cycle C is an element in the null space of ∂.

Consider the following graph: v1
e1

  
e5

��

e4

~~
v4 v2

v3

e3

``

e2

>>

The corresponding ∂ is


−1 0 0 −1 −1

1 1 0 0 0

0 −1 −1 0 1

0 0 1 1 0


The cycle v1, v2, v3, v4 (e1,−e2, e3,−e4) corresponds to an algebraic cycle, (1,−1, 1,−1, 0).

It is easy to see that each cycle corresponds to an algebraic cycle. In the following we do not

distinguish between a cycle and its corresponding algebraic cycle.

Lemma 5.3. The b(V,E) cycles in Lemma 5.2 constitute a basis of the algebraic cycle space.

Proof. From [120], we know that the dimension of algebraic cycle space is b(V,E) = |E|−|V |+1.

Furthermore, we can see that the b(V,E) cycles in Lemma 5.2 are linearly independent, since each

of them has a unique “special edge”.

In the above example, consider this spanning tree: v1

v4 v2

v3
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This means we can choose c1 = (v1, v2, v3) (1,−1, 0, 0,−1) (corresponds to edge e2) and

c2 = (v1, v3, v4) (0, 0, 1,−1, 1) (corresponds to edge e3) as a basis. Then cycle c3 = (v1, v2, v3, v4)

(1,−1, 1,−1, 0) can be expressed as c3 = c1 + c2.

In the following we only consider cycles (sometimes as algebraic cycles).

Potential of Markov chain

For a Markov chain, we define the potential gain of a trajectory i1, · · · , ik as

k−1∑
j=1

log
qij+1ij

qijij+1

.

If there exists a function on state space, f(i), such that the potential gain of a trajectory is the

difference of this function on the two end states, then f(i) is a global potential of the Markov

chain.

Global potential exists if and only if the potential gain of a closed trajectory is 0. In general, a

finite Markov chain does not satisfy this condition.

A global potential is proper if different states have different potentials. (In this paper, potential

is always calculated symbolically.)

Algebraic topology

Definition 5.6. Let X be a topological space. A covering space of X is a topological space C

together with a continuous surjective map p : C → X , such that for every x ∈ X , there exists an

open neighborhood U of x, such that p−1(U) is a union of disjoint open sets in C, each of which

is mapped homeomorphically onto U by p. A path in X can be uniquely lifted to C with a given

starting point.

Definition 5.7. A covering space is a universal covering space if it is simply connected. General

space, such as connected graph or n dimensional torus, has universal covering space. If exists,

universal covering space is unique.
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For a finite graph, its covering space is still a graph. Each vertex in the covering space has an

image vertex in the original graph, and they have the same neighbors. We say that the covering

space is locally isomorphic to the original graph.

5.2.2 Embedding a Markov chain into an n-torus

Motivation and results

Consider a continuous time irreducible Markov chain with transition rate matrix Q = {qij}. We

require that qij > 0 if and only if qji > 0. Then we can define a graph (V,E). Vertices are states of

this Markov chain, and edges are possible transitions. We would like to study the reversibility of a

trajectory. We define the potential gain of a trajectory i1, · · · , ik as

k−1∑
j=1

log
qij+1ij

qijij+1

.

When a trajectory finishes a cycle, the potential gain is not zero in general, although it returns

to its starting point. The aim is to find a new expression of the Markov chain, such that we can

determine the potential gain of a trajectory by its starting point and ending point.

This means there exists a global potential, therefore potential gain is path-independent. The

new expression should still be a Markov chain, and locally isomorphic to the original Markov

chain.

A simple way is to expand all the cycles, such that there is no cycle in the new Markov chain.

To be precise, this is the universal covering space of the original Markov chain. Covering space

guarantees local isomorphism, and universal implies there is no cycle.

A problem of universal covering space is that different states may have the same potential,

namely the potential is not proper. A natural idea is to glue states together if they have the same

potential, but the result is difficult to study.

Now the goal is to find a new Markov chain, which is locally isomorphic to the original Markov

chain, and has a proper global potential.
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To illustrate our idea, consider a 3-state Markov chain, with one cycle 1− 2− 3− 1. We can

embed the corresponding graph into S1, and then lift it to R. Now it is · · ·−1−2−3−1−2−3−1−· · · .

There exists a proper global potential. As long as we know the ends of a trajectory, we know the

potential gain of this trajectory.

This problem implies relationship with the fundamental group of the original Markov chain.

Notice that the potential gain of a trajectory is invariant if we exchange the order of cycles in the

trajectory. Therefore we need the abelianization of the fundamental group. If the original Markov

chain has first Betti number n, then the abelianization of its fundamental group is Zn. This is the

fundamental group of n dimensional torus Tn. Therefore we consider combining the Markov chain

with Tn.

Theorem 5.1 (torus version). For a Markov chain with qij > 0 ⇐⇒ qji > 0, it can be embedded

into n-torus Tn, such that any closed path has zero potential gain if and only if it is homotopy

trivial, namely it could continuously transform into a single point. (For n = 1, only the cycle can

be embedded.)

Theorem 5.2 (lifted version). With the same condition above, one can find a Markov chain with a

proper global potential, and it is locally isomorphic with the original Markov chain.

Proofs

We will prove the lifted version directly. We will use the example in Sec. 5.2.1.

Regard Tn as the unit hypercube [0, 1]n with opposite hypersurfaces glued together. For the

original Markov chain with first Betti number b(V,E) = n, choose a spanning tree, and embed it

into Tn. For each edge of the original Markov chain that is not in the spanning tree (we have n

of such special edges), assign a pair of opposite hypersufraces to it. Draw this edge in Tn while

crossing the corresponding hypersufrace once. Now we have embedded the original Markov chain

into Tn.

Consider the universal covering space of Tn, Rn. Correspondingly, the embedded Markov

chain is lifted into Rn. The lifted Markov chain is connected and locally isomorphic to the original
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Figure 5.1: In this example, the Markov chain (left) has first Betti number b(V,E) = 2, therefore
we can choose a spanning tree (middle), which corresponds to two special edges 2 − −3 and
3 == 4. Embed the spanning tree into T2, which is a square in R2 with opposite boundaries glued.
Assign special edge 2 − −3 to vertical boundaries, and 3 == 4 to horizontal boundaries. Then
connect 2 and 3 across the vertical boundaries, connect 3 and 4 across the horizontal boundaries.
Now we have embedded the Markov chain into T2 (right).

Markov chain. A trajectory of the original Markov chain can be lifted into the new Markov chain.

A trajectory of the lifted Markov chain can be folded back to the original Markov chain. We can

assign an n-tuple coordinate to each unit hypercube. On the lifted Markov chain, moving along

special edges is the only way to change the coordinate.

Consider a closed trajectory in the lifted Markov chain. The net number of each special edge

appears in the trajectory equals the net number of corresponding hypersurface crossed, which is

0. Therefore, the net number of all special edges are 0. Fold this trajectory back to the original

Markov chain, then it is an algebraic cycle. It is the linear combination of the cycles in the basis,

where the basis is determined by the spanning tree. Now the coefficient of each cycle in the basis

is the net number of corresponding special edge, which is 0. Therefore The folded trajectory as an
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algebraic cycle is all 0. Thus the closed trajectory in the lifted Markov chain has 0 potential gain.

If a trajectory in the lifted Markov chain has 0 potential gain, then first its starting point and

ending point should be of the same state. Otherwise the total number of edges containing the

starting point state is odd, a contradiction. Also, if the starting point and ending point are different,

then at least one component of their coordinates are different, which means the net number of the

corresponding special edge is not 0. Thus the potential gain is not 0.

This finishes the proof of the lifted version. We prove that a path in the lifted Markov chain has

0 potential gain if and only if it is closed. Furthermore, a closed path in Tn is homotopy trivial if

and only if its lifting in Rn is still closed (recall that the fundamental group of Tn is Zn). Therefore

we also prove the torus version.

Properties

Consider a closed path in the original Markov chain. Using the notion of the “derived chain” [71],

we can count all cycles completed in this path. Now decompose cycles with cycles in the basis,

and count their net numbers. Then we know the net number of each cycle in the basis, which is the

net number of the corresponding special edge. Also, the coordinate changes if and only if it passes

the corresponding special edge.

This means that for the lifted path, the coordinate difference of its ends is just the net number

of cycles completed (winding number). Two paths with the same ends have the same winding

number.

When the path is not closed, the coordinate difference may not be exactly the winding number.

For example, the trajectory 1− 2− 3− 1− 3 has one cycle completed, and 1− 2− 3 has no cycle

completed. However, the absolute error for each cycle in the basis is at most 1. Therefore, counting

cycles becomes counting the special edges, which is much simplified.
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5.3 Thermodynamic quantities of Markov chains

With a Markov process and its lift established, we now consider the entropy production of the

corresponding Markov processes.

5.3.1 Stationary distributions and measures of finite-state Markov chain and its lifting

We consider a continuous-time finite-state Markov chain. The chain is irreducible, and for any

states i, j, the transition rates satisfy qij > 0⇔ qji > 0.

We lift this Markov chain to be an n-dimensional Markov chain with infinite states, where n

is the first Betti number of the former. State i is lifted to iα, where α ∈ Zn. The lifted initial

distribution is compatible with the original distribution: p̄i(0) =
∑

α piα(0). Then we have p̄i(t) =∑
α piα(t).

The distribution of lifted Markov chain satisfies

dpiα
dt

=
∑
jβ∼iα

[pjβqji − piαqij].

We write jβ ∼ iα if jβ and iα are adjacent.

For the finite Markov chain, starting from any initial distribution p̄i(0), it will converge to the

unique stationary distribution π̄i.

The lifted chain has an invariant measure

πiα = π̄i,

where iα is a copy of state i in the original chain.

Since the lifted Markov chain has a global potential ϕiα , one could construct a detailed balance

stationary measure µiα = exp(−ϕiα), such that µiαqij = µjβqji.

To further study the stationary distributions and measures, we need to consider the relative

entropy of pi(t) with respect to any stationary measure θiα ,
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DKL(p, θ) =
∑
i

∑
α

piα(t) log
piα(t)

θiα
.

Remark of summation indices: In
∑

jβ∼iα , the adjacent pair (jβ, iα) is the same as (iα, jβ). In∑
i

∑
α

∑
jβ∼iα , (jβ, iα) and (iα, jβ) are counted separately. Thus

∑
jβ∼iα

fiαjβ =
1

2

∑
i

∑
α

∑
jβ∼iα

fiαjβ

for any fiαjβ with fiαjβ = fjβiα .
∑

i,j is the same as
∑

i

∑
j .

The following Lemma 5.4 can be found in many references [97, 154, 148].

Lemma 5.4. DKL(p, θ) is monotonically decreasing.

Proof.

d

dt

∑
i

∑
α

piα(t) log
piα(t)

θiα

=
∑
i

∑
α

dpiα(t)

dt
log

piα(t)

θiα
+
∑
i

∑
α

dpiα(t)

dt

= −
∑
i

∑
α

∑
jβ∼iα

[piα(t)qij − pjβ(t)qji] log
piα(t)

θiα

= −1

2

∑
i

∑
α

∑
jβ∼iα

[
piα(t)qij − pjβ(t)qji

] [
log

piα(t)

θiα
− log

pjβ(t)

θjβ

]

= −
∑
i

∑
α

∑
jβ∼iα

piα(t)qij log
piα(t)θjβ
θiαpjβ(t)

≤ −
∑
i

∑
α

∑
jβ∼iα

piα(t)qij

[
1−

θiαpjβ(t)

piα(t)θjβ

]

= −
∑
i,j

p̄i(t)qij +
∑
j

∑
β

∑
iα∼jβ

qijθiαpjβ(t)

θjβ
= −

∑
i,j

p̄i(t)qij +
∑
j

∑
β

pjβ(t)

θjβ

∑
i

qjiθjβ

= −
∑
i,j

p̄i(t)qij +
∑
j,i

p̄j(t)qji = 0.

The inequality is from log y ≥ 1 − 1/y. The equality holds if and only if piα(t) = cθiα for a
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constant c.

Then we can prove the following result:

Proposition 5.1. The lifted Markov chain has no stationary probability distribution.

Proof. Assume there exists a stationary probability distribution ηiα . Let p(t) be the stationary

distribution, and θ be π, then DKL(p, π) is a constant. This is true only if the equality holds in

Lemma 5.4, which means ηiαπj = ηjβπi. Thus η and π only differ by a constant multiple. π is

non-normalizable, so is η.

5.3.2 Instantaneous entropy production rate, free energy, and housekeeping heat

For the finite Markov chain, one could define several thermodynamic quantities: entropy produc-

tion rate, free energy, and housekeeping heat.

Definition 5.8. The instantaneous free energy of finite Markov chain F̄ (t) is defined as F̄ (t) =

DKL(p̄, π̄).

Definition 5.9. The instantaneous entropy production rate of finite Markov chain ēp(t) is defined

as [71]

ēp(t) =
∑
i∼j

[
p̄i(t)qij − p̄j(t)qji

]
log

p̄i(t)qij
p̄j(t)qji

.

This definition is derived from the original idea of entropy production rate that it describes the

difference between a process and its time inverse.

Definition 5.10. The instantaneous housekeeping heat of finite Markov chain Q̄hk(t) is defined as

ēp(t) + dF̄ (t)/dt.

For the lifted Markov chain with probability distribution piα(t), since there is no stationary

distribution, one could choose a stationary measure instead. In general stationary measure is not

unique, therefore one could have different versions of free energy and housekeeping heat.
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Definition 5.11. The instantaneous free energy with respect to stationary measure θ, F θ(t), is

defined as F θ(t) = DKL(f, θ). Its time derivative is

dF θ(t)/dt = −
∑
iα∼jβ

[piα(t)qij − pjβ(t)qji] log
piα(t)θjβ
pjβ(t)θiα

.

Definition 5.12. The instantaneous entropy production rate ep(t) is defined as [71]

ep(t) =
∑
iα∼jβ

[
piα(t)qij − pjβ(t)qji

]
log

piα(t)qij
pjβ(t)qji

.

Definition 5.13. The instantaneous housekeeping heat with respect to stationary measure θ,Qθ
hk(t),

is defined as

Qθ
hk(t) = ep(t) + dF θ(t)/dt =

∑
iα∼jβ

[
piα(t)qij − pjβ(t)qji

]
log

θiαqij
θjβqji

.

From Lemma 5.4, dF θ(t)/dt ≤ 0. From the definition of instantaneous entropy production

rate, ep(t) ≥ 0. For Qθ
hk(t), we have the same result.

Proposition 5.2. Qθ
hk(t) ≥ 0.

Proof.

Qθ
hk(t) =

∑
i

∑
α

∑
jβ∼iα

piα(t)qij log
θiαqij
θjβqji

≥
∑
i

∑
α

∑
jβ∼iα

piα(t)qij

[
1−

θjβqji

θiαqij

]
=

∑
i,j

p̄i(t)qij −
∑
i

∑
α

piα(t)

θiα

∑
jβ∼iα

qjiθjβ =
∑
i,j

p̄i(t)qij −
∑
i

∑
α

piα(t)

θiα

∑
j

qijθiα

=
∑
i,j

p̄i(t)qij −
∑
i,j

p̄i(t)qij = 0.

The inequality is from log y ≥ 1− 1/y.
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Thus we have the decomposition

ep(t) = Qθ
hk(t) + [−dF θ(t)/dt],

where each term is non-negative. This is also valid for the finite Markov chain version.

5.3.3 Time limits of thermodynamic quantities

Since p̄(t) converges to π̄, F̄ (t) and dF̄ (t)/dt converge to 0, ēp(t) and Q̄hk(t) converge to the

stationary entropy production rate

ēp =
∑
i∼j

[π̄iqij − π̄jqji] log
π̄iqij
π̄jqji

.

For the lifted Markov chain, p(t) does not converge to a stationary distribution, therefore we

do not have the stationary version of these quantities. However, we can still study their behavior as

t→∞.

If we set θ to be the periodic stationary measure π, then Qπ
hk(t) converges to

∑
i∼j

[π̄iqij − π̄jqji] log
π̄iqij
π̄jqji

,

which is just ēp.

If we set θ to be the detailed balance stationary measure µ, then Qµ
hk(t) ≡ 0 since µiαqij =

µjβqji.

For the time limit of ep(t), we have the following theorem. The proof is in the next part.

Theorem 5.3. Assume the initial distribution piα(0) has finite covariance matrix. Then ep(t) con-

verges to ēp in Cesàro’s sense that limT→∞
1
T

∫ T
0
ep(t)dt = ēp.

In summary, ep = Qθ
hk + (−dF θ/dt), where ep, Qθ

hk and −dF θ/dt are non-negative.

ep → ēp in Cesàro’s sense, dF µ/dt = −ep → −ēp in Cesàro’s sense, Qµ
hk ≡ 0, dF π/dt → 0

in Cesàro’s sense, Qπ
hk → ēp in general sense.
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Therefore, the periodic stationary measure π and the detailed balance stationary measure µ

reach the maximum and minimum of Qθ
hk, ēp and 0, as t→∞.

For the two special stationary measures θ and µ, the expectation of their Radon-Nikodym

derivative is ∑
iα

piα(t)
µiα
πiα

.

Since

dF π(t)/dt− dF µ(t)/dt =
∑
iα∼jβ

[
piα(t)qij − pjβ(t)qji

]
log

µiαπjβ
µjβπiα

= Qρ
hk(t)−Q

µ
hk(t),

we have
d

dt

∑
iα

piα(t)
µiα
πiα

= dF π(t)/dt− dF µ(t)/dt = Qπ
hk(t)−Q

µ
hk(t)→ ēp.

5.3.4 Proof of Theorem 5.3

The proof consists of the following Lemmas 5.5-5.8. The key idea is that we have

ep(t)− ēp(t) =
dF̄ (t)

dt
− dF π(t)

dt
. (5.1)

We have dF̄ (t)/dt → 0 and ēp(t) → ēp. For F π(t), we prove dF π(t)/dt < 0, and F π(t) >

−C log t for large t. Thus

lim
T→∞

1

T

∫ T

0

dF π(t)

dt
dt = 0,

therefore we have

lim
T→∞

1

T

∫ T

0

ep(t)dt = ēp.

These results are not enough, however, for proving dF π(t)/dt→ 0. Thus we do not have ep(t)→

ēp.
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For the lifted Markov chain, the entropy of distribution piα(t) is

h[p(t)] =
∑
iα

−piα(t) log piα(t).

Lemma 5.5. Assume the initial distribution p(0) has finite entropy. Then limT→∞
1
T

∫ T
0
ep(t)dt−

ēp = 0 is equivalent with limT→∞ h[p(T )]/T = 0.

Proof. We have

dF π(t)

dt
+ ep(t) =

1

2

∑
i,j

[p̄i(t)qij − p̄j(t)qji] log
π̄iqij
π̄jqji

=
dF̄ (t)

dt
+ ēp(t).

Therefore

1

T

∫ T

0

ep(t)dt−
1

T

∫ T

0

ēp(t)dt

=
1

T

[
F π(0)− F π(T ) + F̄ (T )− F̄ (0)

]
.

Since p̄(t) converges to π̄, F̄ (t) converges to 0, therefore F̄ (T ) is bounded.

F π(0)− F̄ (0) = h[p̄(0)]− h[p(0)], which is finite.

F π(T )+h[p(T )] = −
∑

i p̄i(T ) log π̄i, which is bounded. Thus limT→∞ F
π(T )/T = − limT→∞ h[p(T )]/T .

We also have limT→∞
1
T

∫ T
0
ēp(t)dt = ēp.

Therefore limT→∞
1
T

∫ T
0
ep(t)dt− ēp = − limT→∞ h[p(T )]/T .

We have a famous result that the maximal entropy under fixed variance is achieved by normal

distributions [136]:

Lemma 5.6. For a continuous probability density function p on Rn with fixed covariance matrix

Σ, its entropy h[p] satisfies

h[p] ≤ 1

2

[
n+ log

(
2nπn det Σ

)]
.
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The equality holds if and only if p is an n-dimensional normal distribution with covariance matrix

Σ.

The last step is using variance to bound entropy. But variance does not naturally exist for

all Markov chains. Also, the distribution is discrete. We can utilize the embedding of Markov

chain into n-torus, then expand it. Now the lifted Markov chain is embedded into Rn. Since we

only embed finite states into a torus, we can put hypercubes centered at each state, such that these

hypercubes do not intersect. Denote the length of these hypercubes by l. Then we construct a

Markov process with finite density function.

The initial density is 0 outside all hypercubes, and equals piα(0)/ln in the hypercube centered at

state iα. For a point inside the hypercube centered at state iα, it has transition rate qij to jump to an

adjacent hypercube centered at state jβ . The destination is uniformly distributed in this hypercube.

Therefore, the density of this new Markov process at time t is 0 outside all hypercubes, and equals

piα(t)/ln in the hypercube centered at state iα. At any time, the entropies of the Markov chain

distribution and this Markov process distribution only differ by a constant n log l. Now the process

is in Rn, and the distribution is continuous.

Lemma 5.7. Consider the Markov process X(t) on Rn defined above with initial distribution

p(x, 0). Assume the initial distribution has finite covariance matrix. Then there exist constants

C, T0 such that for any T > T0, i, j = 1, · · · , n, |Cov[X(T )]ij| ≤ CT 2.

Proof. For any jump, the step length at each coordinate direction has an upper bound L. Then

starting from any initial distribution, for i = 1, · · · , n, ∆t > 0 and any 0 ≤ ∆t′ ≤ ∆t,

Var
[
Xi(t+ ∆t′)−Xi(t)

]
≤
[
Xi(t+ ∆t′)−Xi(t)

]2

≤ EN2(t, t+ ∆t′) ≤ EN2(t, t+ ∆t),

where N(t, t+ ∆t) is the number of jumps in time interval [t, t+ ∆t).

Now set q = max qij , and define a new process with transition rates q′ij = q. Denote the number

of jumps in time interval [t, t+ ∆t) by N0(t, t+ ∆t), then we have N(t, t+ ∆t) ≤ N0(t, t+ ∆t).
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N0(t, t+∆t) is a Poisson variable with parameter q∆t, therefore EN2
0 (t, t+∆t) = q∆t+(q∆t)2 <

∞.

Then we can choose a constant G and a small enough ∆t such that for any 0 ≤ ∆t′ ≤ ∆t,

i = 1, · · · , n,

Var
[
Xi(t+ ∆t′)−Xi(t)

]
≤ G∆t,

regardless of the value of X(t).

Denote D = maxi Var[Xi(0)].

For a fixed T > 0, set m = dT/∆te. Then

Cov[X(T )] = Cov{X(0) + [X(∆t)−X(0)] + · · ·+ [X(T )−X((m− 1)∆t)]}.

For two random variables Y, Z, we have |Cov(Y, Z)| ≤
√

Var[Y ]Var[Z].

Applying this inequality to Cov[X(T )], we have

|Cov[X(T )]ij| ≤ D + 2m
√

2DG∆t+ 2m2G∆t

When T is large enough, |Cov[X(T )]ij| ≤ 3(T/∆t)2G∆t.

When |Cov[X(T )]ij| ≤ CT 2, | det Cov[X(T )]| ≤ n!CnT 2n. Combining the above two lem-

mas, we have

Lemma 5.8. For the lifted Markov process X(t) on Rn, assume the initial distribution p(x, 0) has

finite covariance matrix. Then its entropy at time T , h(T ), is controlled by C ′′ ≤ h(T ) ≤ C ′ log T

for T large enough, where C ′ and C ′′ are constants. Therefore limT→∞ h(T )/T = 0.

This finishes the proof of Theorem 5.3.
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5.3.5 Entropy production as energy dissipation

Consider the free energy with detailed balance stationary measure µ = exp(−ϕ)

F µ(t) =
∑
iα

piα(t) log
piα(t)

µiα
=
∑
iα

piα(t) log piα(t) +
∑
iα

piα(t)ϕiα .

Here S(t) = −
∑

iα
piα(t) log piα(t) is the entropy, and E(t) =

∑
iα
piα(t)ϕiα is the mean

potential energy. Thus F µ(t) = E(t)− S(t).

For E(t), we have the following result:

Proposition 5.3. The time derivative of E(t) converges to the negative stationary entropy produc-

tion rate,
dE(t)

dt
→ −ēp.

Proof.

dE(t)

dt
+ ēp(t) =

∑
iα∼jβ

[piα(t)qij − pjβ(t)qji] log
µiα p̄i(t)qij
µjβ p̄j(t)qji

→ 1

2

∑
i,j

(π̄iqij − π̄jqji) log
π̄i
π̄j
.

The last term is the time derivative of
∑

i p̄i(t) log p̄i(t) when p̄i(t) = π̄i, which is 0.

In the decomposition of free energy F µ(t) = E(t) − S(t), The first term is asymptotically

linear with t, and the second term is sub-linear with t (controlled by C log t).

The entropy production of the finite Markov chain, which cannot be described by system status

quantities directly, is reflected by the free energy/potential energy dissipation of the lifted Markov

chain.

5.4 Lifting and thermodynamic quantities of multidimensional diffusion processes

5.4.1 Diffusion processes on Euclidean space and torus

Consider a time-homogeneous diffusion process X(t) on Rn:
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dX(t) = Γ(X)dB(t) + b(X)dt,

where B(t) is an n-dimensional standard Brownian motion. The drift parameter b(x) is Rn → Rn,

C∞, with period 1 for each component. The diffusion parameter Γ(x) is Rn → Rn×n, non-

degenerate for each x, C∞, and 1-periodic for each component. We shall also denote D(x) =

1
2
Γ(x)ΓT (x). It is positive definite for each x. All vectors are n× 1.

The transition probability density function f
(
x, t|x0

)
of the diffusion process X(t) is the fun-

damental solution to the linear, Kolmogorov forward equation:

∂f(x, t)

∂t
= −∇ ·

[
b(x)f(x, t)

]
+∇ · ∇ · [D(x)f(x, t)] . (5.2)

For an n×nmatrix M with i-th row Mi,∇·M is defined as n×1 vector (∇·M1, · · · ,∇·Mn)T .

In parallel, consider a time-homogeneous diffusion process X̄(t) on Tn, where Tn is defined

as [0, 1)n:

dX̄(t) = Γ̄(X̄)dB̄(t) + b̄(X̄)dt.

Here B̄(t) is an n-dimensional standard Brownian motion on Tn. Γ̄(·) and b̄(·) are the restrictions

of Γ(·) and b(·) on Tn. Similarly, the transition probability density function for X̄(t), f̄(x̄, t|x̄0)

satisfies the Kolmogorov forward equation:

∂f̄(x̄, t)

∂t
= −∇ ·

[
b̄(x̄)f̄(x̄, t)

]
+∇ · ∇ ·

[
D̄(x̄)f̄(x̄, t)

]
, (5.3)

in which D̄(·) and b̄(·) are the restrictions of D(·) and b(·) on Tn.

For the above diffusion process X(t) on Rn with periodic diffusion and drift, we can “fold”

the trajectories to Tn by

X̄(t) = X(t) mod 1,

where mod 1 is for every component. Since b(·) and Γ(·) are 1-periodic, the folded process

on Tn is exactly the above diffusion process X̄(t) on Tn. Therefore, the corresponding density



125

function on Tn is

f̄(x̄, t) =
+∞∑

i1=−∞

· · ·
+∞∑

in=−∞

f(x̄ + i1e1 + · · ·+ inen, t
)
, (5.4)

where ek is an elementary n-vector, with 1 as its k-th component and 0 for other components. Eq.

5.4 can be directly verified based on the linearity of Kolmogorov forward equation.

For the diffusion process X̄(t) on Tn, we can also lift it to a diffusion process X(t) on Rn, and

the above relationship between f(x, t) and f̄(x̄, t) is still valid.

5.4.2 Stationary distributions and measures

The diffusion process X̄(t) on Tn has a stationary distribution ρ̄(x̄). Its 1-periodic continuation to

Rn,

ρ(x) = ρ̄(x mod 1),

is a stationary measure of the diffusion process X(t) on Rn.

To further study the stationary distributions and measures, we need to consider the relative

entropy of f(x, t) with respect to any stationary measure ν(x)

DKL[f(t), ν] =

∫
Rn
f(x, t) log

f(x, t)

ν(x)
dx.

Lemma 5.9. DKL[f(t), ν] is monotonically decreasing with t.

Proof.

DKL[f(t), ν] =
d

dt

∫
Rn
f log

f

ν
dx =

∫
Rn

∂f

∂t
log

f

ν
dx +

∫
Rn

∂f

∂t
dx

=

∫
Rn

[−∇ · (bf) +∇ · ∇ · (Df)] log
f

ν
dx

=

∫
∂Rn
∇ ·
[
−bf log

f

ν
+∇ · (Df) log

f

ν

]
dS −

∫
Rn

[−bf +∇ · (Df)] · ∇
(

log
f

ν

)
dx

= −
∫
Rn

[−bf + f∇ ·D + D∇f ] ·
(
ν

f
∇f
ν

)
dx
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= −
∫
Rn

[
−bν + ν∇ ·D + D

ν

f
∇f
]
· ∇
(
f

ν

)
dx

= −
∫
Rn

[
−bν +∇ · (Dν)−D∇ν + D

ν

f
∇f
]
· ∇
(
f

ν

)
dx

= −
∫
∂Rn

f

ν
[∇ · (Dν)− bν]dS +

∫
Rn

f

ν
∇ · [−bν +∇ · (Dν)] dx

−
∫
Rn

[
D

(
ν

f
∇f −∇ν

)]
· ∇
(
f

ν

)
dx

= −
∫
∂Rn
∇ ·
[
D

(
ν

f
∇f −∇ν

)
f

ν

]
dS +

∫
Rn

f

ν
∇ ·
[
D

(
ν

f
∇f −∇ν

)]
dx

=

∫
Rn
−f
ν
∇ ·
(
Df∇ν

f

)
dx

=

∫
∂Rn
−∇ ·

(
f

ν
Df∇ν

f

)
dS +

∫
Rn

(
Df∇ν

f

)
· ∇f

ν
dx

= −
∫
Rn

(f∇ν − ν∇f)T
D

fν2
(f∇ν − ν∇f) dx,

which is non-positive. It is 0 if and only if f∇ν = ν∇f , namely ∇ log f = ∇ log ν, thus f = cν

for a constant c.

The above lemma is also valid for diffusion on torus, thus DKL[f̄(t), ρ̄] is monotonically de-

creasing for any f̄ . If the diffusion on torus has another stationary distribution θ̄, then DKL[θ̄, ρ̄] is a

constant. However it should decrease unless ρ̄ = cθ̄, which means θ̄ = ρ̄. Therefore, the diffusion

on torus has unique stationary distribution, and any initial distribution will converge to it.

The lifted diffusion on Rn has no stationary distribution. An intuition is that Rn is not compact,

and the density function f(x, t) will converge to 0 at each x as t→∞.

Proposition 5.4. The lifted diffusion process has no stationary probability distribution.

Proof. Assume there exists a stationary probability distribution p. Let f(t) = p, then DKL(p, ρ) is

a constant. This is true only if the equality holds in Lemma 5.9, which means p and ρ only differ

by a constant multiple. However ρ is non-normalizable, so is f .
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Notice that
+∞∑

i1=−∞

· · ·
+∞∑

in=−∞

f(x̄ + i1e1 + · · ·+ inen, t) = f̄(x̄, t)

will converge to ρ̄(x̄).

Different from lifted Markov chain, the detailed balance measure does not always exist for

lifted diffusion.

If the detailed balance measure exists, then the probability flux satisfies

J = ∇ · (Df)− bf = 0.

This is equivalent with

−D−1(∇ ·D − b) = ∇ log f.

In general, this is impossible, since D−1(∇ ·D − b) may not be curl-free (conservative).

The idea of lifting is that, the process has asymmetric cycles. For Markov chain, since cycle

number is finite, we can expand all of them, such that in the lifted Markov chain, there is no

asymmetric cycle. For diffusion process on Tn, there are n non-trivial basic cycles, which might

be asymmetric. We expand these cycles and lift the process into Rn. However, there are still infinite

many local cycles in the lifted process, which are homotopic to a single point. In such local cycles,

the curl is not always 0, therefore these cycles might be asymmetric, and we cannot expand all of

them [128].

Assume that−D−1(∇·D−b) = ∇g(x) is curl-free in Rn. Then there exists a detailed balance

stationary measure, µ(x) = ceg(x), where c is any positive number. Then J = ∇· (Dµ)−bµ = 0.

5.4.3 Instantaneous entropy production rate, free energy, and housekeeping heat

For the diffusion process X̄(t) on Tn, one could define several thermodynamics quantities: entropy

production rate, free energy and housekeeping heat.

Definition 5.14. The instantaneous free energy on torus F̄ (t) is defined as F̄ (t) = DKL(f̄ , ρ̄).
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Definition 5.15. The instantaneous entropy production rate on torus ēp(t) is defined as [71]

ēp(t) =

∫
Tn

1

f̄
[−b̄f̄ + f̄∇ · D̄ + D̄∇f̄ ]TD̄−1[−b̄f̄ + f̄∇ · D̄ + D̄∇f̄ ]dx̄.

This definition is derived from the original idea of entropy production rate that it describes the

difference between a process and its time inverse.

Definition 5.16. The instantaneous housekeeping heat on torus Q̄hk(t) is defined as ēp(t)+dF̄ (t)/dt.

For the lifted diffusion process X(t) on Rn with probability density function is f(x, t), since

there is no stationary distribution, one could choose a stationary measure instead. In general sta-

tionary measure is not unique, therefore one could have different versions of free energy and house-

keeping heat.

Definition 5.17. The instantaneous free energy with respect to stationary measure ν, F ν(t), is

defined as F ν(t) = DKL(f, ν). Its time derivative is

dF ν(t)/dt = −
∫
Rn

[
− bf + f∇ ·D + D∇f

]
·
[
∇f
f
− ∇ν

ν

]
dx.

Definition 5.18. The instantaneous entropy production rate ep(t) is defined as [71]

ep(t) =

∫
Rn

(−bf + f∇ ·D + D∇f)Tf−1D−1(−bf + f∇ ·D + D∇f)dx

=

∫
Rn

[
− bf + f∇ ·D + D∇f

]
·
[
∇f
f

+ D−1∇ ·D −D−1b

]
dx.

Definition 5.19. The instantaneous housekeeping heat with respect to stationary measure ν,Qν
hk(t),

is defined as

Qν
hk(t) = ep(t) + dF ν(t)/dt =

∫
Rn

[
− bf + f∇ ·D +D∇f

]
·
[
∇ν
ν

+ D−1∇ ·D −D−1b

]
dx.

From Lemma 5.9, dF ν(t)/dt ≤ 0. Since D is positive definite, ep(t) ≥ 0. For Qν
hk(t), we

have the same result.
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Proposition 5.5. Qν
hk(t) ≥ 0.

Proof.

Qν
hk(t) =

∫
Rn

[
− bf + f∇ ·D + D∇f

]
·
[
∇ν
ν

+ D−1∇ ·D −D−1b

]
dx

=

∫
Rn
f

[
∇ν
ν

+ D−1∇ ·D −D−1b

]T
D

[
−D−1b + D−1∇ ·D +

∇f
f

]
dx

=

∫
Rn
f

[
∇ν
ν

+ D−1∇ ·D −D−1b

]T
D

[
−D−1b + D−1∇ ·D +

∇ν
ν

]
dx

+

∫
Rn
f

[
∇ν
ν

+ D−1∇ ·D −D−1b

]T
D

[
−∇ν

ν
+
∇f
f

]
dx.

Since D is positive definite, the first term is non-negative. The second term equals

∫
Rn

[D∇ν + ν∇ ·D − bν]T
f

ν

[
−∇ν

ν
+
∇f
f

]
dx

=

∫
Rn

[D∇ν + ν∇ ·D − bν]T∇
(
f

ν

)
dx

= −
∫
Rn

f

ν
∇ · [D∇ν + ν∇ ·D − bν]dx = 0,

since ν is a stationary measure,∇ · ∇ · (Dν)−∇ · (bν) = 0.

Thus we have the decomposition

ep(t) = Qν
hk(t) + [−dF ν(t)/dt],

where each term is non-negative. This is also valid for the torus version.
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5.4.4 Time limits of thermodynamic quantities

Since f̄(t) converges to ρ̄, F̄ (t) and dF̄ (t)/dt converge to 0, ēp(t) and Q̄hk(t) converge to the

stationary entropy production rate

ēp =

∫
Tn

1

ρ̄
[−b̄ρ̄+ ρ̄∇ · D̄ + D̄∇ρ̄]TD̄−1[−b̄ρ̄+ ρ̄∇ · D̄ + D̄∇ρ̄]dx̄.

For the lifted diffusion process, f(t) does not converge to a stationary distribution, therefore we

do not have the stationary version of these quantities. However, we can still study their behavior as

t→∞.

If we set ν to be the periodic stationary measure ρ, then Qρ
hk(t) converges to

∫
Tn

[−b̄ρ̄+ ρ̄∇ · D̄ + D̄∇ρ̄] ·
[
∇ρ̄
ρ̄

+ D̄−1∇ · D̄ − D̄−1b̄

]
dx̄,

which is just ēp.

If we set ν to be the detailed balance stationary measure µ (if exists), then Qµ
hk(t) ≡ 0 since

∇ · (Dµ)− bµ = 0.

For the time limit of ep(t), we have the following theorem. The proof is in the next part.

Theorem 5.4. For any initial distribution f(x, 0) that has a finite covariance matrix, the entropy

production rate of diffusion process X(t) on Rn, ep(t), also converges to ēp in Cesàro’s sense that

lim
T→∞

1

T

∫ T

0

ep(t)dt = ēp.

In summary, ep = Qν
hk + (−dF ν/dt), where ep, Qν

hk and −dF ν/dt are non-negative.

ep → ēp in Cesàro’s sense, dF µ/dt = −ep → −ēp in Cesàro’s sense, Qµ
hk ≡ 0, dF ρ/dt → 0

in Cesàro’s sense, Qρ
hk → ēp in general sense.

Therefore, the periodic stationary measure ρ and the detailed balance stationary measure µ

reach the maximum and minimum of Qν
hk, ēp and 0, as t→∞.

When −D−1(∇ ·D − b) is not curl-free, µ does not exist, and the minimum of Qν
hk is larger
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than 0.

For the two special stationary measures ρ and µ, the expectation of their Radon-Nikodym

derivative is ∫
Rn
f(t)

µ

ρ
dx.

Since

dF ρ(t)/dt− dF µ(t)/dt =

∫
Rn

[
− bf + f∇ ·D + D∇f

]
·
[
∇ρ
ρ
− ∇µ

µ

]
dx = Qρ

hk(t)−Q
µ
hk(t),

we have
d

dt

∫
Rn
f(t)

µ

ρ
dx = dF ρ(t)/dt− dF µ(t)/dt = Qρ

hk(t)−Q
µ
hk(t)→ ēp.

5.4.5 Proof of Theorem 5.4

The proof consists of the following lemmas. The key idea is that we have

ep(t)− ēp(t) =
dF̄ (t)

dt
− dF ρ(t)

dt
.

Also ēp(t)→ ēp, dF̄ (t)/dt→ 0.

For F ρ(t), we prove dF ρ(t)/dt ≤ 0, and F ρ(t) > −C log t for large t. Thus

lim
T→∞

1

T

∫ T

0

dF ρ(t)

dt
dt = 0,

therefore we have

lim
T→∞

1

T

∫ T

0

ep(t)dt = ēp.

But these are not enough for dF ρ(t)/dt→ 0, therefore we do not have ep(t)→ ēp.

For a distribution q(x), its entropy is defined as

h[q] =

∫
Rn
−q(x) log q(x)dx.
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Lemma 5.10. Assume the initial distribution f(x, 0) has finite covariance matrix for any x. Then

limT→∞
1
T

∫ T
0
ep(t)dt− ēp = 0 is equivalent with limT→∞ F

ρ(T )/T = 0.

Proof. We have

ep(t)− ēp(t) =

∫
Rn

1

f
(∇f)TD∇fdx−

∫
Tn

1

f̄
(∇f̄)TD̄∇f̄dx̄ = −dF ρ(t)

dt
+

dF̄ (t)

dt
.

Thus
1

T

∫ T

0

ep(t)dt−
1

T

∫ T

0

ēp(t)dt =
1

T
[F ρ(0)− F ρ(t) + F̄ (T )− F̄ (0)].

Since f̄(x̄, t) converges to ρ̄(x̄), F̄ (t) converges to 0, therefore T̄ is bounded.

F ρ(0) − F̄ (0) = h[f̄(0)] − h[f(0)]. Since f(x, 0) has finite covariance matrix, Lemma 5.6

shows that h[f(0)] is finite, so as h[f̄(0)].

We also have limT→∞
1
T

∫ T
0
ēp(t)dt = ēp.

Therefore limT→∞
1
T

∫ T
0
ep(t)dt− ēp = limT→∞ F

ρ(T )/T .

The next step is to control F ρ(T ) for large T . Since F ρ(T ) = −h[f(T )]−
∫
Rn f(x, T ) log ρdx,

and
∫
Rn f(x, T ) log ρdx converges to

∫
Tn ρ(x̄) log ρ(x̄)dx̄, which is finite, we only need to show

h[f(T )]/T → 0.

Since f(x, t) ≤ f̄(x̄, t), f̄(x̄, t) converges to ρ̄(x̄), f(x, t) has a uniform upper bound for

large t. Therefore h[p(t)] has a finite lower bound for large t. We only need to control h[f(t)] from

above. From Lemma 5.6, we need to control the covariance matrix of the diffusion process.

Lemma 5.11. Consider the diffusion process X(t) on Rn with initial distribution f(x, 0). Assume

the initial distribution f(x, t) has finite covariance matrix. Then there exist constants C, T0 such

that for any T > T0, i, j = 1, · · · , n, |Cov[X(T )]ij| ≤ CT 2.

Proof. For the diffusion process X(t) on Rn, we have the infinitesimal mean

E[X(t+ ∆t)−X(t) |X(t) = x0] = b(x0)∆t+O(∆t2).
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We also have the infinitesimal variance

E{[X(t+ ∆t)−X(t)][X(t+ ∆t)−X(t)]T |X(t) = x0} = Γ(x0)Γ(x0)T∆t+O(∆t2).

Therefore the covariance matrix satisfies

Cov[X(t+ ∆t) |X(t) = x0] = Γ(x0)Γ(x0)T∆t+O(∆t2).

Set G = maxx,i[Γ(x)Γ(x)T ]ii <∞. Then we can choose a small enough ∆t such that for any

0 ≤ ∆t′ ≤ ∆t, i = 1, · · · , n

Var[Xi(t+ ∆t′)−Xi(t)] ≤ 2G∆t,

regardless of the value of X(t).

Denote D = maxi Var[Xi(0)].

For a fixed T > 0, set m = dT/∆te. Then

Cov[X(T )] = Cov{X(0) + [X(∆t)−X(0)] + · · ·+ [X(T )−X((m− 1)∆t)]}.

For two random variables Y, Z, we have |Cov(Y, Z)| ≤
√

Var[Y ]Var[Z].

Applying this inequality to Cov[X(T )], we have

|Cov[X(T )]ij| ≤ D + 2m
√

2DG∆t+ 2m2G∆t

When T is large enough, |Cov[X(T )]ij| ≤ 3(T/∆t)2G∆t.

When |Cov[X(T )]ij| ≤ CT 2, | det Cov[X(T )]| ≤ n!CnT 2n. Now we have

Lemma 5.12. For the diffusion process X(t) on Rn, assume the initial distribution f(x, 0) has

finite covariance matrix. Then its entropy at time T , h(T ), is controlled by C ′′ ≤ h(T ) ≤ C ′ log T

for T large enough, where C ′ and C ′′ are constants. Therefore limT→∞ h(T )/T = 0.
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This finishes the proof of Theorem 5.4.

In general we do not have ep(t)→ ēp. However, we can prove ep(t)→ ēp for a special case.

Proposition 5.6. For the diffusion process X(t) on Rn, if b(x) and Γ(x) are constants, initial

distribution f(x, 0) has finite covariance matrix, then limt→∞ ep(t) = ēp.

Proof. We need to prove dF ρ(t)/dt → 0. Since ρ(x) is a constant function in this case, we only

need r(t) = dh[f(t)]/dt → 0. In the following we will prove dr(t)/dt ≤ 0. Then r(t) is positive

and decreasing, therefore it has a limit c. Thus

c = lim
T→∞

1

T

∫ T

0

r(t)dt = 0.

Set f0(x, t) = f(x − bt, t), then it is the density function of the no-drift process dX0 =

ΓdB(t). Entropy is invariant under translation, h[f(t)] = h[f0(t)], therefore we can set b = 0.

Since Γ is non-degenerate, we have singular value decomposition Γ = UΣV T , where U ,V are

orthonormal, and Σ is diagonal and positive. Now dUTX0 = ΣdV TB. V TB is still an n-

dimensional standard Brownian motion. Since entropy is invariant under rotation, Y = UTX0

has the same entropy with X0. We can set Γ to be diagonal and positive. Finally, set Z = Σ−1X ,

then dZ = dB. Now the entropy of Z and X only differ by a constant det(Σ), which does not

affect the derivative. Therefore, we only need to prove d2h[f(t)]/dt2 ≥ 0 for process dX = dB,

where the Kolmogorov forward equation is heat equation ft = ∆f/2.

The following proof is from [37].

We shall abbreviate df/dxi by fi in the following to prevent double subscripts. We also assume

that the initial condition is sufficiently nice to guarantee integration by parts being valid.

dh[f(t)]

dt
=

∫
Rn

∇f · ∇f
2f

dx.
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d2h[f(t)]

dt2
=

∫
Rn

(
∇f · ∇ft

f
− ∇f · ∇f

2f 2
ft

)
dx

=

∫
Rn

(
1

2

∑
i,j

fifijj
f
− 1

4

∑
i,j

fififjj
f 2

)
dx.

Integrate by parts yields,

d2h[f(t)]

dt2
=

∫
Rn

(
−1

2

∑
i,j

fij
ffij − fifj

f 2
+

1

4

∑
i,j

fj
2f 2fifij − 2f 2

i ffj
f 4

)
dx

= −1

2

∫
Rn

(
f 2
ij

f
− 2

fifjfij
f 2

+
f 2
i f

2
j

f 3

)
dx

= −1

2

∫
Rn

(
fij√
f
− fifj

f
√
f

)2

dx ≤ 0.

5.4.6 Entropy production as energy dissipation

Consider the free energy with detailed balance stationary measure µ = exp(−ϕ) (if exists)

F µ(t) =

∫
Rn
f(x, t) log

f(x, t)

µ(x)
dx =

∫
Rn
f(x, t) log f(x, t)dx−

∫
Rn
f(x, t) log µ(x)dx.

Here S(t) = −
∫
Rn f(x, t) log f(x, t)dx is the entropy, and E(t) =

∫
Rn f(x, t)ϕ(x)dx is the

mean potential energy. Thus F µ(t) = E(t)− S(t).

For E(t), we have the following result:

Proposition 5.7. The time derivative of E(t) converges to the negative stationary entropy produc-

tion rate,
dE(t)

dt
→ −ēp.

Proof.
dE(t)

dt
+ ēp(t) =

∫
Rn

[∇ · (Df)− bf ] ·
(
∇µ
µ

)
dx
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+

∫
Rn

[∇ · (Df)− bf ] ·
(
∇f̄
f̄

+ D−1∇ ·D −D−1b

)
dx

=

∫
Tn

[
∇ · (D̄f̄)− b̄f̄

]
·
(
∇f̄
f̄

)
dx̄ = −

∫
Tn
∇ ·
[
∇ · (D̄f̄)− b̄f̄

]
log f̄dx̄

= −
∫
Tn
∇ ·
[
∇ · (D̄ρ̄)− b̄ρ̄

]
log ρ̄dx̄ = 0.

In the integral
∫
Rn · · · dx, f̄(x) is the 1-periodic extension of f̄(x̄). We also apply the facts

that∇ ·
[
∇ · (D̄ρ̄)− b̄ρ̄

]
= 0 and ∇µ

µ
+ D−1∇ ·D −D−1b = 0.

In the decomposition of free energy F µ(t) = E(t) − S(t), The first term is asymptotically

linear with t, and the second term is sub-linear with t (controlled by C log t).

The entropy production of the diffusion process on Tn, which cannot be described by system

status quantities directly, is reflected by the free energy/potential energy dissipation of the lifted

diffusion process on Rn.

5.5 Discussion and summary of conclusions

5.5.1 Gibbs potential and Kirkwood’s potential of mean force

Relative entropy w.r.t. the Lebesgue measure, e.g., Gibbs-Shannon’s entropy, is not the most

appropriate information characteristics for system with a nontrivial invariant measure. This in-

sight has already in the work of classical thermodynamics, where entropy as the “thermody-

namic potential” of an isolated system with a priori equal probability is replaced by the free

energy as the proper thermodynamic potential for an isothermal system. In Gibbs’ theory of

chemical thermodynamics, chemical potential of a chemical special i has actually three parts:

µi = µoi + kBT log xi = ho − Tso + kBT log xi.
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5.5.2 The nature of nonequilibrium dissipation

The nature of “thermodynamic dissipation” has long been debated. A notion that is generally

agreed upon was put forward by Onsager [105], who clearly identified a dissipation with a trans-

port process, with both nonzero thermodynamic force and thermodynamic flux. In fact, they are

necessarily vanishing simultaneously in a thermodynamic equilibrium with detailed balance. This

gives rise to the reciprocal relation in the linear regime near equilibrium. Macroscopic transport

processes, however, can be classified into two gross types: Those induced by a nonequilibrium

initial condition and those driven by an active forcing. This distinction, we believe, is precisely

behind Clausius’ and Kelvin’s statements of the Second Law of thermodynamics, as well as behind

the irreversibility formulated by Boltzmann and I. Prigogine, respectively. Still, in the latter case,

the precise physical step(s) at which dissipation occurs has generated a wide range of arguments:

It is attributed to the external driving force, to the transport processes themselves inside a system,

and to the “boundary” where a system in contact with its nonequilibrium environment [6]. Our

mathematical theory clearly indicates that all these perspectives are not incorrect, but a more pre-

cise, complete notion really is to identify nonequilibrium cycles which have been independently

discovered by T. L. Hill [63] and by Laudauer and Bennett [15], in biochemistry and computation

respectively.

A cyclic macroscopic transport process driven by a sustained nonequilibrium environment is

of course an idealization of the reality: A battery has to be re-charged, the chemical solution that

sustains a chemostat has to be replenished. In fact, almost all engineering systems do not use a

continuously charged energy source, but rather rely on the principle of quasi-stationarity [43]: A

narrow range of decreasing external driving force is acceptable. Therefore, by clearly recognizing

the source of a driving force, the cycles inside a finite driven system can and should be identified

with a spontaneous “downhill” of an external process, as clearly shown in the present paper. In fact,

a perfect stationary driving force, which is represented by the house-keeping heat in the present

work, corresponds to an unbounded potential energy function on a non-compact space.

Mathematically, this lifting of a driven system with discrete state space or continuous n-torus
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state spaces has been rigorously established in the present work. Generalization of this result to

Rn without local potential is technically challenging, but that should not prevent our understanding

of the nature of the physics of nonequilibrium dissipation. In fact, we propose a modernized,

combined Clausius-Kelvin statement:

“A mesoscopic engine that works in completing irreversible internal cycles statis-

tically has necessarily an external effect that passes heat from a warmer to a colder

body.”



139

· · · · · · · · ·

4 4 4

1 1 1

· · · 3 2 3 2 3 2 · · ·

4 4 4

1 1 1

· · · 3 2 3 2 3 2 · · ·

4 4 4

1 1 1

· · · 3 2 3 2 3 2 · · ·

· · · · · · · · ·

Figure 5.2: Continued with Figure 5.1. T2 is lifted to its universal covering space R2. Accordingly
the embedded Markov chain is lifted to a covering space (not universal), which is a larger Markov
chain.
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Chapter 6

FUTURE WORKS

6.1 General problems

In recent years, with the dramatic advances in financial mathematics, diffusion processes have

become one of widely studied and applied types of stochastic processes with continuous state

space. On the other hand, significant applications of continuous-time, discrete-state Markov pro-

cesses have also developed in single-molecule biophysics [127], and continuous-time integer-

valued Markov processes in the stochastic kinetics of intracellular biochemical reactions [121,

122]. One expects this latter approach, a generalized multi-dimensional birth-death process on Nn,

to also have a significant role to play in the mathematical theory of Single-Cell Biology. It provides

a natural generalization, in terms of T. G. Kurtz’s law of large numbers [4], of the deterministic

differential equations based population dynamics. Stochastic dynamics with discrete state space

also calls for more combinatorics techniques and discrete mathematics.

As the biology of transcriptomics and proteomics enter the single-cell level [117], a single

cell is no longer the negligible one individual in a total population, but a wealth of statistical

information. The interplay between individual cell phenotype switchings and the population of

interacting cells with differential growth gives rise to an ecological population dynamics of cells

in a tissue, normal and/or malignant. In the limit of large tissues, laws of large numbers in Kurtz’s

type yield the traditional deterministic dynamic models for nonlinear population dynamics. One

expects a much more realistic and mathematically sophisticated population dynamics theory to

emerge.

Cancer biology also suggests a novel type of stochastic dynamics: processes that continuously

“grow” thus without a long-time stationary probability. One needs a stochastic theory beyond

the perspective of nonequilibrium steady state [46]. The next, natural idealization is to consider
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processes that have a stationary “drift” in the long-time limit. The distinction between stationary

phenotypic distribution of an “individual cell” and stationary proportions of independent cells in

a growing population with differential rates of proliferation constitutes the “pure Darwinian se-

lection”, as already noted succinctly by Dr. Sui Huang [170]. Several mathematical issues in

connection to this general problem arose in this dissertation: The law of large numbers in Chapter

3, and the observation of entropy and mean potential energy growing as log t and t respectively

in the lifted system in Chapter 5. In a long-time limit, drift dominates stationary growth. There

might indeed be a connection between Darwinian natural selection’s fitness, the theory of large

deviations, and entropy production of stationary drifting processes, as hypothesized by Dr. Hong

Qian [124, 125].

6.2 Specific problems

6.2.1 Data–based stochastic cell growth

For the stochastic cell growth project at the Institute for Systems Biology, more experiments are in

progress or in preparation. Currently the data is only on counting the number of cells. The future

data will include clear linage between individual cells and their descendants. Intracellular gene

expression patterns within single cells will be measured. In addition, barcodes will be injected into

gene sequences, such that the genealogy can be determined by genes. With the gene expression

data, we might be able to verify our current hypothesis concerning the heterogeneity among cells,

and further estimate transition rates.

In current experimental data, the correlation coefficient of populations at different times is

relatively small, compared with that of the model we use. This might be a possible direction of

proposing more valid models.

In [62], it is reported that during the metastasis of cancer cells, the pioneer cells which are

killed by immune systems can affect the function of immune systems, such that the later arrived

cancer cells will be less vulnerable. Inspired by this, we can include the number of dead cells in

our models. This might produce more complicated behaviors.
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6.2.2 Mechanism–based stochastic cell growth

For the theory of branching process, there is another approach that we do not mention much, the

generating function method. Through this method, more analysis tools could be introduced, and it

is possible to prove further theorems, especially in the non-Markovian case.

Stochastic processes have much broader applications in cell biology than what we discuss here.

One plan is to study other stochastic processes with biology background, such as coalescent pro-

cesses. Such research results might be applied to population biology directly.

6.2.3 Data statistics and causality

Chapter 4 only considers the negative aspect of causal inference, namely when the data is not

coherent with quantitative causal methods. However, the core concept in this chapter, Markov

boundary, is essential in applications of causal inference, even in machine learning. Therefore, it

is a good start for the positive aspect of causal inference, namely designing causal methods and

determining the condition under which it is valid.

6.2.4 Entropy production of stochastic processes

In Chapter 5, we prove that the entropy production rate of the lifted process converges to that of the

original process. However, the convergence is only in Cesàro’s sense. We believe the convergence

is also valid in a stronger version. Based on more than a year of struggle and exploration, however,

I suspect that a proof might need much more delicate techniques.

We have shown that there exist deep relationships between algebraic topology and the entropy

theory of stochastic processes. One could search further applications of algebraic topology, espe-

cially homology theory, in non-symmetric Markov processes [74].

Diffusion processes in Chapter 5 are limited to Tn and Rn. However, there have been studies

that extend entropy theory to diffusion processes on general closed manifolds [128]. The local

flux can be lifted through connection to a circle bundle. In such way, the process is totally lifted,

such that for a lifted trajectory, the non-triviality of its entropy production is equivalent with the
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non-triviality of its topology. We guess that through such total lifting, our results in Chapter 5 are

still valid.
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